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Abstract The study of acoustic receptivity in quiet disturbance environments can be
decomposed into several sub-problems. One such problem consists of determining
the response of the unsteady boundary layer to acoustic forcing in the freestream.
In this paper, we describe two methods to characterize the acoustic boundary layer
response based on the linear stability equations. In their inviscid form, we first show
how to determine the reflection coefficient. The sum of the incident and reflected
waves then drives the unsteady Stokes motion within the boundary layer, for which
a double-layer high Strouhal number asymptotic solution is obtained. The outer
layer solution is calculated numerically whereas the inner layer solution, introduced
to satisfy the no-slip condition, is determined analytically. The full linear stability
equations can also be integrated numerically to directly obtain a complete disturbance
profile accounting for the effects of viscosity. A comparison between these models
and the linearised unsteady boundary layer equation (LUBLE) model shows good
agreement at high Strouhal number, low Mach number and for downstream-travelling
waves. However, for near sonic Mach numbers and for upstream-travelling waves,
the LUBLE are shown to be not valid because the assumption that the acoustic
wavelength is long compared to the boundary layer thickness no longer holds.
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1 Introduction

At subsonic Mach numbers (i.e. M., < 1), most acoustic receptivity studies are re-
stricted to downstream travelling waves, together with the assumption that the acous-
tic wavelength remains large relative to the boundary layer thickness. Under such
conditions, the usual assumption of the pressure invariance through the viscous wall-
normal layer can be introduced to model the forced response of the boundary layer
to plane acoustic waves. This leads to a parabolic set of governing equations, the so-
called linearised unsteady boundary layer equations (LUBLE) [Raposo et al., 2019].

The LUBLE are a valid model of the boundary layer acoustic signature provided
that the acoustic transverse unsteady pressure oscillations are negligible. If we choose
the acoustic streamwise wavelength 1/}, and boundary layer thickness §* as the
streamwise and transverse length scales respectively, scale analysis of the convective
terms of the x-momentum equation indicates that the transverse velocity of the
acoustic perturbation is of order
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where U is the far-field uniform flow velocity. If we then balance the wall-normal
pressure gradient and the convective terms in the y-momentum equation we obtain
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where the over-bar denotes steady base flow quantities, the subscript “a” denotes
acoustic quantities and the subscript oo is concerned with far-field quantities. This
implies that
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Therefore transverse pressure variations become significant when the streamwise
wavelength of the acoustic wave is comparable to the boundary layer thickness.
This also indicates that the streamwise diffusion terms are no longer negligible,
invalidating another core premise of the boundary layer approximation.

Let us consider two-dimensional acoustic waves impinging on a flat plate. The
acoustic wave dispersion relation suggests that the wavelength is shortened for up-
stream inclined waves and in near sonic flows. In such cases, the LUBLE should
be replaced by a more accurate model of the acoustic signature within the bound-
ary layer. [Gaponov, 1977] and [Mack, 1984] introduced forcing theory based on the
compressible linear stability equations to predict the forced response of the boundary
layer to external disturbances such as acoustic and vortical waves. [Duck, 1990] also
studied this topic in the high Reynolds number limit but he did not obtain quantitative
agreement with the results of Mack. Other works based on forced linear stability
equations are by [Choudhari, 1994] in the context of subsonic acoustic receptivity
and [Balakumar et al., 2016] in the context of supersonic acoustic receptivity. On the
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one hand, the linear stability equations make no simplifying assumptions based on
the order of magnitude of the disturbances, unlike the LUBLE. This ensures that the
effects of wall-normal pressure gradients are fully accounted for. On the other hand,
the main disadvantage of this method is that it makes a parallel flow assumption
and therefore it can not account for the slow variation of the basic flow nor for the
upstream history of the acoustic disturbance.

In this paper we investigate two distinct models of the acoustic forcing based
on the compressible linear stability equations. Firstly, we study the inviscid limit of
the governing equations. This analysis is similar to that of [Duck, 1990], however
the technique to derive the acoustic reflection coefficient is based on the work of
[Brand and Nagel, 1982]. A complete disturbance profile is obtained by introducing
an inner viscous layer that satisfies the no-slip condition and deriving composite
solutions. The second approach consists of numerically integrating the full linear
stability equations. The essentials to perform such direct integration have been de-
scribed by [Gaponov, 1977], [Scott and Watts, 1977] and [Mack, 1984]. We remove
the assumption that the acoustic wave travels in a single direction and proceed to
investigate the validity of the LUBLE across the Mach number and angle of inci-
dence parameter space. A study of the effects of these parameters on the boundary
layer unsteady disturbance profiles and on the reflection coefficient is carried out.
The limitations of each of the models based on their respective assumptions are then
discussed.

2 Acoustic Boundary Layer Modelling

The forced response of the boundary layer to acoustic forcing is essential to quanti-
fying acoustic receptivity. A model based on numerical solutions of the LUBLE was
devised by [Raposo et al., 2019] for three-dimensional incident acoustic waves. In
this section, we present two alternative models based on the linear stability equations
for two-dimensional (2D) carrier flows and 2D acoustic waves over a zero pressure
gradient flat plate geometry.

2.1 Inviscid Reflection

Under a quasi-parallel flow assumption, the governing equations are the compressible
linear stability equations [Mack, 1984]. In the inviscid limit [Lees and Lin, 1946],
they reduce to the following system of first-order differential equations
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or a single second-order differential equation for the acoustic pressure p,
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where ¢, = w/a, is the phase speed. Acoustic quantities are decomposed ac-
cording to a Fourier series and a single harmonic is analysed, e.g. p,(y) =
Da(y)exp (i (—wt + ay4x)). The reference scales are the usual far-field quantities
while the reference length scale is the streamwise coordinate of the boundary layer
profile.

Following [Brand and Nagel, 1982], we consider the freestream acoustic pressure
perturbation

Pa,co = Pa,i€Xp (id1@aqy) + Pa,rexp (id12qy) , (6)

where p, ; is the amplitude of the incident wave and p, , is the amplitude of the
reflected wave. For this representation to be consistent, 4; is such that 1, is always
positive. We define the reflection coefficient C, = p, /pP,.; and write the ratio of
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The problem of acoustic reflection in the presence of a boundary layer is thus reduced

to calculating Q (y) which, we will see shortly, is very advantageous. Dividing eq. (5)

by p, and introducing the change of variable 66’; 2 /pa = Q(y) yields
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Equation (9) is a nonlinear first-order differential equation, readily solved by numer-
ical integration given an initial condition at the wall. Provided the perturbed flow
satisfies the impermeability condition, it follows from eq. (4a) that Q (0) = 0. We use
a third-order implicit Adams method from the complex-valued variable-coefficient
ordinary differential equation solver in the Python package SciPy. Special care
performing the integration is required when a critical layer arises - U(y.) = cq.
However, our focus here is in subsonic flow conditions where the critical layer singu-
larity issue does not arise. Furthermore, note that eq. (9) must be integrated far into
the freestream where solution (6) becomes valid and therefore eq. (8) can be used
to determine the reflection coefficient. After determining the reflection coefficient,
eqs. (4) can be solved subject to boundary conditions
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74(0)=0, (10a)
Da(Ye) = Pa,i [exp(=idiaaye) + Crexp(idiaaye)] , (10b)

where y, defines the edge of the computational domain. In practice, these equations
are amenable to a simple shooting method.

To obtain complete disturbance profiles across the boundary layer we must in-
troduce an inner layer solution that satisfies the no-slip condition, violated by the
inviscid solution. The y-momentum linear stability equation provides the matching
condition, indicating that aaiy” = 0 near the wall. Consequently, the LUBLE are a
valid set of governing equations. Following a similar procedure to that of Sect. 2.2.2
of [Raposo et al., 2019], we arrive at the following high Strouhal number solution

a, = SePal0) (1 ~ expi— /_”‘fiy}) , (11a)
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where p,(0) is determined by the inviscid solution of eq. (4), S,, is the adiabatic wall
temperature and i, is the dynamic viscosity at the wall. The wall-normal coordinate
Y is defined in detail in [Raposo et al., 2019]. Composite solutions can be obtained
for each flow field variable following an identical procedure to the one used in
[Raposo et al., 2019].

2.2 Viscous Reflection

Let us now consider the full compressible linear stability equations (see [Mack, 1984]).
Herein, we seek to solve these equations subject to inhomogeneous boundary con-
ditions representing the forcing of the boundary layer by an incident plane acoustic
wave from the far field. We choose to use a shooting method, following the work of
[Gaponov, 1977] and [Mack, 1984].

The compressible linear stability equations form a system of six first-order
variable-coefficient linear ordinary differential equations. The coefficients become
constant in the far-field limit y — oo, and the equations admit the solution
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where c; are constants determining the amplitude of each mode, A; are the eigenvalues
and g, are the eigenvectors. Moreover, note that 8, denotes the temperature acoustic
perturbation. In the limit of high Reynolds number, the eigenvalues simplify to
[Mack, 1984]
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A1 =tiagy1 = M2 (1-cg)?, (13a)
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where R = x*Uc /e is the Reynolds number based on the distance from the leading
edge of the flat plate x*, and o is the Prandtl number. From the expression of 41 »
we can deduce that if
1 1
cag>1+— or co<l——, (14)
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then A, > is a purely real number and therefore the first and second eigenmodes are
purely oscillatory and thus bounded. We recognize the lower and upper bounds of the
acoustic phase velocity as being the phase velocities of the inviscid downstream and
upstream acoustic wave solutions, respectively. The first and second eigenmodes are
identified with incident and reflected acoustic waves, where the angle of incidence
is controlled by the ratio 41 »/a,. The effects of viscosity are to weakly dampen the
acoustic waves in their direction of propagation. This means that the incident wave
violates the boundedness condition in the far field. However, in reality this wave is
generated at a finite distance from the flat plate, thus bounding its amplitude to a
finite value.

The eigensolutions 3 and 4 correspond to the first viscous velocity solution,
whereas 5 and 6 correspond to a viscous temperature solution. These eigenmodes
are highly amplified or damped. Modes 3 and 5 violate the boundedness condition
and therefore must be excluded from a physical solution

R P
s lias Pas s o, 20| = G beaoe™ besdue™ +eodoe™ . (15)
dy = dy
The eigenvectors and eigenvalues are obtained with the generalised eigenvalue prob-
lem solver eig from the Python package SciPy. The basic idea of the shooting method
is to continue these freestream eigensolutions §;exp (id;y) into the boundary layer
by direct numerical integration of the linear stability equations. The amplitude of
the incident wave c; is considered known. The problem is then reduced to finding a
linear combination of the four modes such that the boundary conditions are respected

Pg=lg=0,=0, atthewall, (16)

which is always possible. The viscous modes are highly amplified in the direc-
tion of numerical integration. Thus numerical round-off errors tend to be amplified
accordingly until the solution is completely spoiled. This so-called parasitic error
growth problem has been addressed by multiple authors and with a number of
methods - see [Mack, 1984] and [Asfar et al., 1990]. Gram-Schmidt orthonormal-
ization is one of the most popular and effective methods to overcome this issue.
[Scott and Watts, 1977] describe it comprehensively and discuss implementation
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issues in great detail. Numerical integration is performed with a fixed step-size
fourth-order Runge-Kutta method.

3 Acoustic Boundary Layer Profiles

The main objective of this section is to cross validate the three different models of the
boundary layer acoustic signature and assess their domain of validity, recognising
the underlying assumptions and limitations.

Firstly, in figs. 1 and 2 we compare the acoustic streamwise velocity perturbation
profile across the boundary layer for different conditions. The angle of incidence ©;
is 0° for downstream-travelling waves and 180° for upstream-travelling waves. We
denote the approaches described in Sects. 2.1 and 2.2 “Inviscid LSE” and “Viscous
LSE” respectively, where LSE is an abbreviation for linear stability equations.

—— LUBLE —— LUBLE
6 —— Viscous LSE 6 —— Viscous LSE
-=-- Inviscid LSE -=-- Inviscid LSE
S S
= =
2 2
b
0 0
0.00 0.25 050 0.75 1.00 1.25 1.50 1.75 2.00 0.00 0.25 050 0.75 1.00 1.25 1.50 1.75 2.00
|uq|/a |uq|/a
(a) Strouhal number S = w*x*/Us =5 (b) Strouhal number S = 50

Fig. 1: Stokes layer streamwise velocity profile scaled by a = 1/M., (from left to
right My, = {0.4,0.8}, ©; = 45° and R = Ueox*/7eo = 0.5 x 10°); o7, represents the
boundary layer displacement thickness. Comparison between the LUBLE and the
LSE, in full viscous and inviscid limits.

For an angle of incidence of 45°, we observe generally good agreement between
the LUBLE and the “Viscous LSE” at all Mach and Strouhal numbers considered.
Expectedly, the comparison between the “Inviscid LSE” and the other two approaches
is dependent on the Strouhal number — excellent agreement is observed for S = 50,
but it deteriorates for S = 5. This approach is only formally valid in the high Strouhal
number limit, thus these computations confirm expected behaviour. For an angle of
incidence of 150° the LUBLE no longer always agree with the profiles obtained
with the “Viscous LSE” approach. At M., = 0.4 the differences are negligible
at both Strouhal numbers, but at M, = 0.8 and S = 50 the two solutions are
not even comparable. The latter case corresponds to the lowest ratio between the
acoustic wave streamwise wavelength and the boundary layer thickness among all
the different conditions analysed in figs. 1 and 2. Therefore it is abundantly clear that
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Fig. 2: Stokes layer streamwise velocity profile scaled by a = 1/Ms (from left to
right Mo, = {0.4,0.8}, ®; = 150° and R = 0.5 x 109). Comparison between the
LUBLE and the LSE, in full viscous and inviscid limits.

viscosity, i.e. the presence of the boundary layer, affects the acoustic wave reflection
and boundary layer signature.

In figs. 3 and 4 we show how the reflection coefficient C, varies with the angle of
incidence ©; of the acoustic wave for different combinations of Strouhal and Mach
number, and using both the “Viscous LSE” and the “Inviscid LSE” models. Note
that the reflection coefficient is based on the acoustic wall-normal velocity ¥, rather
than pressure, and that it is measured at y* = 369, where 6, is the boundary layer
thickness such that U(y* = d5) = 0.99.

When using the LUBLE model there is an assumption that the acoustic waves
reflect off a solid wall in a purely inviscid process. Consequently, the reflection
coefficient is C, = —1 (Arg(C,)= = rad., |C,| = 1), which follows immediately
from its definition and the far-field acoustic wave solution. The corresponding wall-
pressure perturbation is |f,(0)| = 2/ M. In the discussion that follows we will refer
to this result as the “baseline” case.

4 0.95]¢
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|
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Fig. 3: Reflection coefficient variation with incident acoustic wave angle at fixed
My = 0.4 and R = 0.5 x 10°. Solid lines - S = 5; Dashed lines - S = 50; Red lines
- Viscous LSE; Black lines - Inviscid LSE.
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Fig. 4: Reflection coefficient variation with incident acoustic wave angle at fixed
My = 0.8 and R = 0.5 x 10°. Solid lines - S = 5; Dashed lines - S = 50; Red lines
- Viscous LSE; Black lines - Inviscid LSE.

We note that the amplitude of the reflection coeflicient according to the “Inviscid
LSE” is constant and equal to |C,| = 1. The sole effect of the boundary layer is
to cause a phase shift of the outgoing acoustic wave. The effects of viscosity, as
seen from the difference between “Viscous LSE” and “Inviscid LSE” result, are
mostly felt at the amplitude level and thus the reflected waves magnitude is generally
reduced. At M, = 0.4, for both Strouhal numbers and a relatively large variation
of the incident angle, the reflection coefficient is very similar to that of the baseline
case. Deviations appear at shallow incidences with respect to both the directions of
downstream and upstream-travelling waves. Moreover, higher Strouhal numbers are
associated with larger deviations over wider ranges of acoustic wave incident angles.
The increase in Mach number has a similar effect, most notably in the amplitude
of the reflected wave — which can be as low as approximately 70% of that of the
incident wave for Mo, = 0.8 and S = 5.

The approaches based on the LSE should be more accurate than the approach
based on the LUBLE because they account for the boundary layer and for the effects
of viscosity on the acoustic wave reflection. Mathematically, these models resolve
the y-momentum equation, neglected in the boundary layer approach (0p,/dy = 0).
On the other hand, we note that in the limits of ®; — 0° and ®; — 180° the
predicted boundary layer acoustic signature by these models tends to vanish. This
is most easily seen by considering the “Inviscid LSE” approach. The amplitude of
the reflection coeflicient is constant and equal to one and its phase tends towards
zero in these limits. Meanwhile, the equivalent reflection coefficient based on the
pressure perturbation is —1 which, through eq. (10b), indicates that the total pressure
perturbation in the far field is zero. Because the acoustic waves are then plane, the
wall-normal velocity in the far field tends to vanish too. Consequently, the solution
to the system of eqs.(4) is the trivial solution. The decrease in the wall-pressure
perturbation amplitude for large angles of incidence nearing 180°, as well as the
corresponding trend of the reflection coefficient C, — 1, are in agreement with the
theoretical study of [Bernots, 2014], particularly with his equations 3.55 and 3.56.
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It is also in agreement with the trends observed in the acoustic receptivity study of
[Choudhari, 1994].

Nevertheless, these results seem to contradict the acoustic signature solution for
downstream-travelling waves obtained by a number of other researchers through
asymptotic methods, linear stability theory and DNS [Ruban, 1985, Bernots, 2014,
De Tullio and Ruban, 2015]. The reason eqs. (4) do not support a non-trivial solution
when forced by a plane acoustic wave (9,(0) = 0 and ?,(y.) = 0) is because the
steady boundary layer forces a displacement effect causing a non-zero wall-normal
velocity to appear which is incompatible with the plane acoustic wave solution in
the far field. In general, the introduction of a reflected wave works to compensate for
this effect which, in the particular case of ®; — 0° and ®; — 180°, means that the
“reflected” wave mirrors exactly the incident wave, resulting in zero total disturbances
throughout the boundary layer. We would argue that this approach is invalid for very
shallow angles of incidence with respect to the upstream and downstream directions
of propagation. This is essentially for two reasons: (i) in a finite-sized flat plate not all
streamwise positions would “see” a reflected wave because the angle of incidence,
and therefore of reflection, is too shallow; locally, the boundary layer is therefore not
necessarily excited by the sum of these two waves; (ii) there is no guarantee that the
parallel flow assumption holds when the incident acoustic wave travels within the
boundary layer for a streamwise distance that is comparable with the characteristic
boundary layer development length scale and with the acoustic waves streamwise
wavelength; consequently, this undermines the assumption that the reflected wave
exits the boundary layer at a supplementary angle (see eq. (6)). A study of the domain
of validity of the approaches based on the LSE would clearly be useful.

4 Conclusions

This research was motivated by the need to obtain accurate solutions of the acoustic
boundary layer signature in order to predict acoustic receptivity in compressible
boundary layer flows. The main limitation of the numerical LUBLE-based method
in [Raposo et al., 2019] is that it neglects wall-normal unsteady pressure variations
which may be important when the acoustic wavelength is comparable to the boundary
layer thickness. Such situations arise at near sonic Mach numbers, high frequencies
and for near-upstream travelling waves. Consequently, an effort was made to assess
limitations of the LUBLE-based approach and develop alternative models based
on the forced linear stability equations (in the full viscous and inviscid limits). In
their current form, the LSE-models are only applicable to flat plate geometries. The
inviscid LSE-based method relies on a three-layer decomposition of the acoustic
field that differs from the LUBLE-based method in that it accounts for the steady
boundary layer effects over the inviscid wave-plate interaction. A comparison of the
models showed that appreciable differences between the LSE-based and LUBLE-
based results arise at high Mach numbers and for upstream-propagating waves.
However, the fact that the LSE-based models breakdown for waves travelling parallel
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to the plate suggests that further investigations should be undertaken for shallow
angles of incidence.
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