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A process design space (DS) is defined as the combination of process design and operational conditions that
guarantees the assurance of product quality. This principle ensures that, as long as a process operates within its
DS, it consistently yields a product that meets specifications. A novel DS identification method called the R-DS
identifier has been developed in this work. It makes no assumptions about the underlying model - the only
requirement is that each model constraint (e.g., defining product Critical Quality Attributes or process Key
Performance Indicators) should be approximated by a closed-form function, e.g., a multivariate polynomial
model. The method utilizes the methodology of V.L. Rvachev’s R-functions and allows for explicit analytical
representation of the DS with only a limited number of model runs. R-functions provide a framework for rep-
resenting complex geometric shapes and performing operations on them through implicit functions and in-
equalities defining the regions. The theory of R-functions enables the solution of geometric problem such as
identification of DS through algebraic manipulation. It is more practical than traditional sampling or

optimization-based methods. The method is illustrated using a batch reactor model.

1. Introduction

The pharmaceutical manufacturing industry is subject to strict re-
quirements to ensure drug quality and safety. The modern approach to
regulating pharmaceutical product development utilizes the concept of
Quality by Design (QbD), introduced by the US Food and Drug Admin-
istration and the International Council for Harmonisation (ICH, 2009).
QbD is based on the principle that quality should be built directly into
the design of products and manufacturing processes. This approach
ensures that the physical or chemical properties of a product, known as
critical quality attributes (CQAs), remain within specified limits. CQAs
can vary during processing due to inevitable variations in critical pro-
cess parameters (CPPs), which are closely monitored and controlled. To
manage variability in process operational parameters, the QbD principle
includes the use of the design space (DS), defined as "the multidimen-
sional combination and interaction of input variables and process pa-
rameters that have been demonstrated to provide assurance of quality"
(ICH, 2009). Within the regulator-approved DS, operators can adjust (or
tolerate fluctuations of) process parameter values without violating
CQAs, providing manufacturers with operational flexibility that does not
require further approvals or product quality testing. Importantly, the
QbD paradigm involves the use of model-based approaches to identify
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acceptable operating conditions (i.e., the DS) at the process design as
opposed to Quality-by-Testing that relies on exhaustive experimentation
which may be costly, time-consuming and therefore potentially
infeasible.

A probability-based concept of the DS was introduced by Castagnoli
et al., 2010, defining DS as a set of process conditions where the prob-
ability of meeting Critical Quality Attributes (CQA) exceeds business
risk, accounting for parameter uncertainty. There are three primary
methods for identifying DS: optimization techniques, Bayesian inference
and sampling of the knowledge space.

Optimization-based methods, rooted in flexibility analysis
(Halemane and Grossmann, 1983; Grossmann and Morari, 1983),
involve solving a problem under CQA constraints. The primary objective
of flexibility analysis is to identify and characterise the flexibility region,
which defines the operational conditions that ensure feasible and safe
process performance. Swaney and Grossmann (1985a,b) introduced the
flexibility index as the largest deviation in uncertain parameters (within
a specified range) for which the system remains feasible.

Flexibility index and design centering are two complementary ap-
proaches for evaluating candidate DSs. From a geometric viewpoint, the
flexibility index seeks to identify the largest hyperrectangle (or other
geometric shape) that can be inscribed within the feasible region, while
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design centering aims to locate the center of that region, maximizing
robustness to variations. Zhao et al. (2022) proposed a novel flexibility
index formulation using a direction search method, capable of handling
design spaces of any shape. However, its application was demonstrated
only for rectangular and elliptical cases, highlighting the method’s
complexity. Although optimization methods are computationally effi-
cient, they may lead to non-unique solutions and complex multi-level
problems. Additionally, these methods are typically limited to pro-
cesses with closed-form and differentiable constraints. Tian et al. (2024)
presented an overview of key concepts and computational methods for
evaluating feasibility and flexibility, including recent advances and
applications in optimizing process design and operations.

Zhao and Chen (2018) proposed an operational flexibility analysis
method to explicitly describe the flexibility region and establish func-
tional relationships between uncertain parameters and control vari-
ables. The problem is framed as an existential quantifier problem, solved
using the cylindrical algebraic decomposition method to eliminate
quantifiers and derive triangular quantifier-free formulas. A logical
combination of these formulas defines the flexibility region and provides
a control strategy for feasible operations. Although it is limited to
polynomial functions, the method can handle non-polynomial systems
using local polynomial approximations. Due to the computational in-
tensity of symbolic computation needed to apply the cylindrical alge-
braic decomposition method, the computational burden increases
exponentially with system size, hence the method is only applicable to
relatively small-scale problems.

Bayesian approaches (Kusumo et al., 2019) offer flexible DS esti-
mation by incorporating uncertainty and prior knowledge, making them
particularly useful when data is limited. Sampling-based methods assess
dense grids of parameter space points, with deterministic DS derived
from simulations and probabilistic DS obtained using Monte Carlo
simulations (Figueroa et al., 2013; Garcia-Munoz et al., 2015). While
accurate, this can be computationally expensive. Metamodels (Rogers
and lerapetritou, 2015; Wang and Ierapetritou, 2018) improve effi-
ciency in high-dimensional models.

Original sampling-based methods for defining the Design Space (DS)
involved creating a dense grid of sample points across the process
parameter space and performing simulations at each point to assess
whether the CQAs are met, resulting in a set of feasible points defining a
deterministic DS. When uncertainties are present in the process model, a
probabilistic DS can be constructed via a Monte Carlo simulation over
uncertain process parameters at each sampling point in the space of
deterministic operational parameters. The probability is estimated as
the fraction of times the Monte Carlo simulations produce results that
comply with all CQAs. Although computationally demanding, this
method provides a straightforward way to identify the DS
(Garcia-Munoz et al., 2015). Identification of probabilistic DS is a
demanding task and for a typical practical problem the traditional
approach based on exhaustive sampling requires costly computations. A
novel theoretical and numerical framework for determining probabi-
listic DS using metamodelling and adaptive sampling was proposed in
Kucherenko et al. (2020). It is based on the multi-step adaptive tech-
nique using a metamodel for a probability map as an
acceptance-rejection criterion to optimize sampling for identification of
the DS. This methodology was further developed for the case of multiple
unit operations in Kucherenko et al. (2024).

Wang and Ierapetritou (2018) provided an overview of recent ad-
vancements in the use of global sensitivity analysis (GSA) and flexibility
analysis techniques, aimed at enhancing the understanding of pharma-
ceutical processes. Global Sensitivity Analysis (GSA) attributes the un-
certainty in model outputs to the uncertainty in input factors,
characterized by probability distribution functions (Saltelli et al., 2004;
Sobol and Kucherenko, 2005). It is widely applied in decision-making,
risk assessment, model simplification, and other fields. Unlike local
sensitivity analysis, GSA accounts for interactions between variables by
evaluating the effect of varying a specific input (or set of inputs) while
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allowing all other inputs to vary as well, making it independent of any
“nominal” point. GSA is suitable for non-linear, static, and
time-dependent models. It is commonly used to rank variables by
importance or to identify non-essential variables that can be fixed at
nominal values to reduce model complexity. Among GSA methods,
Sobol’s variance-based global sensitivity analysis method has become
the preferred choice among practitioners because of its efficiency and
straightforward interpretability. Kucherenko et al. (2025) demonstrated
that application of variance based GSA can significantly reduce model
complexity and reduce computational time for identifying and quanti-
fying a probabilistic DS by screening out nonimportant uncertain
parameters.

A challenge remains in the visualization of DS needed to communi-
cate high-dimensional probability maps in formal documentation
required for the approval of the DS by a government agency. For more
than three process parameters visualization of a DS is a challenging task.
Guidance for Industry, Q8(R2) Pharmaceutical Development (2009) has
the following recommendations: “When multiple parameters are
involved, the design space can be presented for two parameters, at
different values (e.g., high, middle, low) within the range of the third
parameter, the fourth parameter, and so on.” Considering DS in
n-dimensional process parameters space, a graphical presentation of DS
via 2D plots prescribed in Guidance for Industry (2009) would result in
Np = @ 3"-2 two-dimensional plots.

In this paper, we introduce the R-DS method, which utilizes V.L.
Rvachev’s R-function methodology (Rvachev, 1982) to analytically
represent the DS. By leveraging R-functions, complex geometric shapes
can be represented and manipulated through implicit functions,
enabling the identification of the DS via algebraic operations. This
approach significantly reduces the number of required model runs
compared to traditional methods. Unlike previous studies where the DS
was identified by simultaneously considering all CQAs, our approach
involves a two-stage process. First, we identify feasible subspaces of the
process operational parameter space for each constraint separately,
deriving implicit functions to analytically describe their boundaries.
Next, we use the theory of R-functions to define the DS as the intersec-
tion of these feasible subspaces. This method yields the DS given by a
single analytical expression, which also addresses the issue of commu-
nicating high-dimensional DS to regulators in formal documentation.
Moreover, the analytical definition of the DS using R-functions offers
additional advantages, such as streamlining operations like "boxing"
(determining a tight axis-aligned bounding box), identifying points
within the feasible domain, and calculating the domain’s volume. In
addition, this method also allows the handling non-convex and disjoint
DS shapes.

This paper is organized as follows: Section 2 provides the mathe-
matical formulation of the DS problem. Section 3 provides an overview
of the theory of R-functions and demonstrates their utility for the
description of geometrical domains using 2D and 3D examples
(expanded upon in the Appendix). Section 4 introduces the methodology
for identifying the DS of a process model using R-functions and illus-
trates its application on the model of a batch reactor system. Conclusions
are presented in Section 5.

2. Definition of design spaces

Consider vector functions f(u;0) and g(u; @) representing a process
model and a set of inequality constraints (product CQAs), respectively:

y=fwo), @
gu0) >g, @)

where y is a vector of model outputs (e.g., state variables). Here u is a
vector of process operational parameters defined in the n-dimensional
real space R", 6 is a vector of uncertain parameters defined in the m-
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dimensional real space R™ with a given probability density function
(PDF) ¢(0), g* is a vector of L thresholds for the process CQAs. Function
g(u;0) can (and often does) depend on model outputs y but this
dependence is not indicated explicitly here for brevity. The DS is then
defined as:

DS =DS(u | p(u) >p*), 3)

p(u) = E;[I(g(w;0) > g")]. 4

Egs. (3) and (4) define the DS as a set of values of process parameters
u such that the probability of the process meeting the CQA constraints is
greater than the critical probability threshold p*. Here I(-) represents an
indicator function taking the value of either 1 (satisfying constraints) or
0 (not satisfying constraints).

Consider a case when a vector of uncertain model parameters 6 has a
fixed value @ = 6" and p*=1. It is formally equivalent to the probability
density function ¢(6) being equal to the delta function: (@) =50 — 6).
Then DS is defined as

DS = DS(ulp(u) = 1), (5)

or equivalently
DS = DS(u|g(u;0") > g"). (6)

This setting can also be seen as deterministic and as a subset of the
general formulation (3), (4). In this work, we consider primarily the
deterministic setting, but the developed methodology can be easily
extended for the case of probabilistic setting. In presenting the results,
we include the probabilistic setting for comparison purposes. Further we
omit the dependence of g(u;6") on the constant vector of parameters 6"
for brevity.

We highlight the following important equality for the proposed
methodology:

ps(ulgtu) > ) = 0 (ul | (wsa) > &) ) = /DS (ulg) > 5).
@)

which is valid for any finite number of constraints L.
3. Introduction to R-Functions

René Descartes introduced the coordinate method, linking geometric
objects such as points, lines, and shapes with analytical representations
like numbers, equations, and inequalities. Historically, much attention
has been devoted to the direct problem of analytic geometry: analyzing
curves and surfaces defined by equations. The inverse problem- repre-
senting geometric objects with equations- has been solved for basic
shapes like lines, circles, conic sections, and second-degree surfaces,
typically described by polynomial equations. While polynomials are
relatively simple, solving these equations often proves challenging,
limiting their application to more complex shapes. However, by incor-
porating additional operations, the descriptive capabilities of analytical
methods can be significantly expanded. This expansion enables the
creation of equations for geometric objects of almost any shape, effec-
tively solving the inverse problem of analytic geometry in principle.

Rvachev’s R-functions, named after the Ukrainian mathematician
Vladimir Rvachev (Rvachev, 1982; Shapiro, 1991), are a versatile
mathematical tool widely used in fields such as computer graphics,
computational geometry, and solid modeling. They offer a formal
framework for representing complex geometric shapes and performing
operations on them using implicit functions. This introduction high-
lights the core concepts, applications, and advantages of R-functions.

R-functions are based on the use of implicit functions to define
geometric objects. An implicit function f(x), x € R" represents a shape
in R" such that the points inside the shape satisfy f(x) > 0, points on the
boundary satisfy f(x) = 0, and points outside satisfy f(x) < 0. R-func-
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tions extend this principle by enabling set-theoretic operations, such as
union, intersection, and difference, through algebraic combinations of
these implicit functions. These combinations implement logical opera-
tions like conjunction (AND), disjunction (OR), and negation (NOT),
making R-functions a powerful tool for manipulating and combining
geometric shapes.

3.1. Applications of R-functions

R-functions find applications across a wide range of fields. In com-
puter graphics, they facilitate procedural modeling, enabling the crea-
tion of complex shapes using simple algebraic expressions. In
computational geometry, R-functions are instrumental in representing
and manipulating geometric objects, making them essential for tasks
such as collision detection, mesh generation, and object recognition. In
solid modeling, they offer robust tools for constructing and editing solid
models in CAD systems, supporting Boolean operations and freeform
shape design. Additionally, in engineering analysis, R-functions are used
in finite element analysis and other simulations to precisely define do-
mains and boundary conditions.

The use of R-functions offers several advantages:

1. Compact representation: They allow for expressing complex shapes
using simple algebraic expressions, reducing storage and computa-
tional needs.

2. Smooth transitions: R-functions ensure smooth transitions between
combined shapes, which is beneficial for applications requiring high-
quality surface continuity.

3. Versatility: The framework allows for easy modification and com-
bination of shapes, making it highly adaptable for various design and
analysis tasks.

4. Mathematical rigor: R-functions provide a mathematically rigorous
way to perform set-theoretic operations on geometric objects,
ensuring consistency and accuracy.

3.2. Theory of R-functions

Function y = f(x1,...,x,) is called an R-function if there exists a
Boolean function Y = F(Xj, ..., X,) such that the following equality holds
for any (xi,...,Xx,) € R" (Shapiro, 1991):

SIF (1, Xa)] = FIS(X1), -0, S(xa)]- ®)
Here S(x) is a step function:
0 if -0
S(X):{l ;f§§+of ©)

Xi, ..., X, are Boolean variables which are obtained by applying the
step function S(x) to each real variable: X; = S(x;) fori=1,2,...,n. We
recall that a Boolean function is a mathematical function that takes in-
puts from a set of binary values (usually O and 1, or false and true) and
produces a binary output. The Boolean function F is referred to as the
companion function of a given R-function.

A real-valued function qualifies as an R-function if its sign changes
only when one or more of its arguments also change sign. Basic R-
functions can be defined using logical operations on implicit functions:

e Union (OR): The union of two implicit functions f; and f, is defined
by f, > 0if f > 0 or f, > 0. It is also called R-disjunction.

e Intersection (AND): The intersection of two implicit functions f; and
f2 is defined by f, >0 if f1 >0 and f> > 0. It is also called R-
conjunction.

e Complement (NOT): The negation of f describes the complement of
the set defined by this function: f_ > 0 if f < 0. It is also called R-
negation.



S. Kucherenko et al.

In all the definitions above, the functions depend on the input (xy,...,

Xn). These operations use specific algebraic combinations of implicit
functions to preserve geometric properties.

According to the above definition, the following real-valued func-
tions qualify as R-functions, with their respective Boolean companion
functions indicated in parentheses (Shapiro, 1991):

C
X

R-functions are infinite in variety, but only a sufficiently complete
system is needed for practical applications. For instance, conjunction ( A
) and negation (—) form a complete system. In this work we consider the
following general set R, of R-functions:

1
X1 Xy = —— (X1 4+ X2 — /3% + X% — 20x1%2 );
1 2 1+a< 1+ X2 1+ X5 1X2
X1 VX = L X1+ X 4+ /3% + X% — 201%
1+a T2 ’

12)

where a(x1,x2) is an arbitrary symmetric function such that — 1 < a(xy,

Xx2) < 1. Value of a defines smoothness of R-functions. The first function
in (12) defines R-conjunction, while the second function defines R-
disjunction. Negation is defined as

X —X. 13)

3.3. Describing geometrical objects with real functions

This section explores how geometric objects can be represented using
real functions in Euclidean space R" and a theory of R-function.

Drawings and Regions: A drawing is defined as the set of points
where a function ¢(x1, ...,x,) = 0 holds. A region is defined by points
satisfying ¢(xi1,...,xn) > 0. Many well-known geometric shapes (curves
and surfaces) are algebraic drawings. These are often defined by poly-
nomial functions, serving as "building blocks" for more complex shapes.

Composite Geometric Regions: A composite geometric region D C
R" can be described as:

where ¢;(x1,...,X,) > 0 define primitive geometric regions. F is a set
function constructed using standard set operations N,U,\ on these
primitives.

Logical Representation: F can also be viewed as a Boolean function
where set operations are replaced with logical functions (A,V, ).

For a composite object D defined as a closed subset of R", it can be
proven (Rvachev, 1982; Shapiro, 1991) that a real function defining the
region D can be obtained by constructing an appropriate R-function and
substituting its arguments with the real functions ¢; defining the prim-
itive regions:

f(1,.,m) > 0. (15)

This formulation provides a mathematical framework for repre-
senting complex geometric shapes using real-valued functions. In the
next Section we show how it works in practice.

3.4. Illustrative examples

In the following, we will be using the branch of R-functions R; (i.e.,
an instance of system R, with a« = 1). Then from (12) we obtain:
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= —x; (logical negation — ) x; A1x, =min(x;,x); (logical conjunction A ) x; V1x, =max(x;,x2); (logical disjunction V )

1 1
ahxe = 5 (xl +xp— (33 +x3 - 2x1x2)2),
16)
1 2 2 %
x1Vixy = 3 X1 + X2 + (X1 +Xx5; — 2x1x2) .
These expressions can also be rewritten in the following form:
= const; (logicall)
1
X1A1Xe = 5 (X1 + %2 =[x — Xal),
1 a7
X1V1Xy = E(Xl + X2 + 31 — Xal).

We assume that we are given a set of implicit functions (¢, ..., ¢,,)
describing individual elementary geometric regions through inequalities
¢ >0, k =1,...,m, which define a more complex geometric region of
interest. Following the theory of R-functions, if all the inequalities must
be simultaneously satisfied, the resulting region is defined by applying
the continuous R-conjunction to all functions ¢,:

Frreeesbm) = (i A1 Padhy) = 0. as)

Another possible alternative is a “disjunctive region” consisting of
points for which at least one of the inequalities is satisfied. It can be
defined using R-disjunction in the following way:

Folrseeesbm) = (V- NVaghy) = 0. 19

Shapes of any complexity can be constructed in a similar way by
applying the three R-functions in an appropriate way as illustrated
below in 2D and with additional examples in 3D presented in Appendix.

1 .5 T T
Parabola 1: ¢1(x,y) =0
Parabola 2: ¢>2(x,y) =0
1F Circle 1: ¢>3(x,y) =0
Circle 2: ¢4(x,y) =0

15 . . 1 . .
-1.5 -1 -0.5 0 0.5 1 1.5

Fig. 1. The eye-shaped domain generated using the R-function (22) produced
from the primitives in (20).
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3.5. A disjoint and non-simply connected region

In this Section we construct a complex region using all three R-op-
erations (R-conjunction, R-disjunction and negation) to illustrate how
they can be used to generate shapes of any complexity including those
with holes or consisting of multiple disjoint domains. For this example,
we define the following four constraints (or primitives):

blxy) = y + 06(1 - x*) >0, (20)
$3(xy) = 052 —x* -y >0,
Da(x,Y) 032 — x> — y*>0.

These constraints represent the area under the parabola (i) y =
0.6(1 — x?), (ii) area above the parabola y = 0.6(x> — 1), (iii)
inside of the circle of radius 0.5 centred at the origin, and (iv) inside of
the circle of radius 0.3 centred at the origin.
The shaded area in Fig. 1 is constructed through a series of logical
operations applied to the primitives in (21), as described by the
following R-function:

f=01MeM(P3V104)- (21)

The process begins by forming the intersection of the regions beneath
parabola 1 and above parabola 2 (¢, A1 ¢,), resulting in an "eye"-shaped
region. To remove the "iris" from the eye, we negate the inequality
@5 > 0, which describes the interior of the larger circle, making its
interior infeasible. This negated region is then combined using R-
disjunction with the "pupil" of the eye, defined by ¢, > 0 (@5V1¢,).
Finally, this result is intersected with the previously formed "eye"-sha-
ped region, producing the expression given in (22).

IA| |25|A| +50]y| +30x2 — 34| |y| 3x*> 13

f=

4 100 2 10 ?2 ©22)
A=2x 42y - —.
X+ 50

This example shows the flexibility of the R-function method for
generating geometrical regions of any level of complexity.
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4. Design space description using R-functions
4.1. R-DS identification method

The definition of a DS in (7) readily lends itself to the application of
R-functions to find its representation as a single implicit algebraic
inequality, provided the individual constraints g(u), i =1,...,L can be
defined in an explicit form. When modelling realistic processes, this is
not always feasible as the constraints can either be data-driven or
defined implicitly (e.g., when the value of the constraint depends on the
solution of the process model f(u;6"), in which case the whole model
must be solved to establish whether a given set of process parameter
values u belongs to the DS). Therefore, we propose a novel method of
finding an explicit analytical form of the whole DS which involves three
key stages:

1. approximation of implicitly defined constraints gj(u) >0 with
Multivariate Polynomial Regression metamodels g¥(u), i = 1,...,L;
2. definition of approximate feasible regions corresponding to indi-
vidual constraints DS; ~ DS;(u|gM(u) > g;) via implicit functions
¢i(u) =g} (u) — g
DS; ~ DS;(u|g(w) > 0),i=1,...,L (23)

3. construction of the joint DS using R-conjunction (see Sections 3.3-
3.4):

DS — ii DS;asDS = DS(u| f (¢ (1), .., d, (w)) > 0). 4

A detailed illustration of the methodology is provided in the flow-
chart (Fig. 2), which outlines the process of constructing metamodels for
individual constraints using a sample of model runs within an appro-
priate subspace of the parameter space u € R".

This algorithm is more efficient and practical than the existing
sampling-based methods in that:

Define the number N of samples in the process parameter space

~N

J

Generate sampling pointsu,,, m =1, ...,N

~N

J
N
Execute process model and compute constraints g;(u,,),
i =1,..,Lateach sampled pointu,,
J

Build Multivariate Polynomial Regression metamodels g/ (u),
i =1,..,Lusingsampled data {u,,, 9;(u, )}, m=1,..,N

J

Define design space DS;,i = 1, ..., L for each constraint using the\
implicit functions glM(u) (Equation 23)

Construct the joint design space (Equation 24)

€E€ECECEL

Fig. 2. Flowchart detailing the steps of the R-DS methodology.
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Table 1

Mean values of the kinetic parameters.
Parameter Value
E; (J/mol) 2500.2
E, (J/mol) 5000.1
k°; (min™) 0.0666
k, (min?) 10,334.5

1. metamodels are built for individual constraints and not for the joint
DS. In this case the number of required model runs N is smaller due to
the individual constraints generally being smoother (both in terms of
the geometrical shapes and the respective algebraic functions
describing them) than more complex shapes of the joint DS for which
metamodels were built previously;

2. the identified joint DS is represented in an explicit analytical form as
a single algebraic inequality.

We note that other types of functional approximations, such as those
based on Fourier series or other types of function expansions, can also be
used instead of Multivariate Polynomial Regression on stage (i).

4.2. Batch reactor system

To illustrate the R-DS methodology on a practical example, we
consider a batch reactor problem adapted from Samsatli et al. (1999),
where the following two-stage chemical reaction takes place:

21888 ¢

The reactor is a fixed-volume vessel with the volume V = 1 m® that
initially contains a solution of reactant A at a concentration 2000 mol
/m® B represents the desired product, while C denotes an undesired
byproduct.

The mathematical model of the reactor is formulated as the following
system of differential-algebraic equations (DAEs):

dCs

? = t~( — 2k;-Cy 2),

dc,

(TTB =t-(ky-Cs 2 —kz-Cyp),

dc

(TTC = t-(ky-Cp),

k= ke B/ j=1,2 (25)

with the initial conditions Ca(r = 0) = Cao = 200028, Cp(r = 0),
C¢(r = 0) = 0, where 7 is the normalized time, 7 € [0, 1], t is the pro-
cessing time (batch duration), T is the reactor temperature (assumed to
be constant as reactor operation is isothermal), and k; are the reaction
rate constants.

The mean values of reaction kinetic parameters (activation energies
E; and pre-exponential factors k;) are given in Table 1.

For the model with uncertain parameters, the reaction kinetic pa-
rameters 6 follow a normal distribution with mean values specified in
Table 1 and a coefficient of variation (CV). In studies by Kucherenko
et al. (2020, 2025), a CV value of 1 % was used. Kucherenko et al. (2024)
demonstrated through GSA that only the parameter k°; significantly
influences the model output. Consequently, to define the DS, the three
non-influential parameters (E;, Ezk"2) can be fixed at their nominal
values. It was shown to reduce model complexity and computation time
without affecting the results. To get a better agreement between the
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deterministic and probabilistic DSs, we set CV to 0.1 %. This low CV
value indicates minimal variability of the uncertain parameter k*; . Value
of p* in Eq. (3) was taken to be equal 0.9.

The two controlled variables (temperature T and processing time t)
can be adjusted independently to satisfy two CQAs: the product’s
Purity = g (u) and operational Profit = g»(u) with u = (t, T) should be
above their lower thresholds at 7 = 1: Purity(r = 1) > P* = 80%, Prof-
it(r=1) > Pr* = $128/min, where Purity and Profit are defined as

Cs(7)

Purity (¥) = & TG0 £ Cole) (26)

Profit(z) = (100G, (ZL_B(Z)O'CAO v 27)

Further we will omit their dependence on 7 by assuming their final
values at 7 = 1. The ranges of the controlled variables are T € [250, 300]
K, and t € [250, 350] mins.

To construct an analytical description of the process DS, where both
constraints (Eq. (26)) and (Eqgs. (26) and (27)) are simultaneously
satisfied, we apply the methodology outlined in Section 4.1. First, we
need to define separately the DSs for Purity and Profit:

DS(upuriyw) = (u| Purity > P* ), (28)

DS(u:Pmﬁt(u)) = (u\ Proﬁt > Pr' ) 29)

For this purpose, we build Multivariate Polynomial Regression
metamodels g, i =1, 2 for each of the two constraints g (u), i =1, 2.
N points are sampled in the space of the controlled variables u = (t, T).
For each sampled point the DAE system (24) is solved, and the resulting
input-output table is used to build metamodels.

In this work we used the SobolGSA software (Kucherenko and Zac-
cheus, 2024) to build Multivariate Polynomial Models. There are two
different methods implemented in SobolGSA: the Random
Sampling-High Dimensional Model Representation (RS-HDMR) (Li
et al., 2002; Zuniga et al., 2013) and the Bayesian Sparce Polynomial
Chaos Expansion (BSPCE) method (Shao et al., 2017). These methods
belong to a class of methods known as polynomial chaos expansion
(PCE). PCE is a metamodeling technique in which the output of a model
is presented as a series of polynomial functions of the input variables,
with each polynomial term weighted by coefficients that reflect the
contribution of the corresponding input variable to the output vari-
ability. Usually only a few terms are really relevant in the PCE structure.
The BSPCE method makes use of sparse PCE, in which the selection of
the proposed PCE structure is based on a Bayesian approach using the
Kashyap information criterion for model selection (Shao et al., 2017).
This enables the construction of accurate metamodels using only a
limited number of model runs. Sampling was performed using QMC
sampling based on Sobol’ sequences (Sobol et al., 2011). QMC sampling
gives a much better way of arranging N points in n-dimensions and a
faster convergence rate than random sampling (Kucherenko et al.,
2015).

The application of BSPCE showed that, for both constraints, the
optimal PCE approximation is a second-order polynomial in T, a first-
order polynomial in ¢, and a first-order cross term between T and t:

g =dl +d\T+al T +alt+dleT (30)

The coefficients {a,[ﬂ} are found by fitting the polynomial function
(29) to the input-output training data. Tests showed that N = 32 model
runs were sufficient to build metamodels for Purity(t, T) and Profit(t, T)
with high accuracy: in both cases the coefficient of determination R? was
very close to 1. However, we opted to use N = 64 in all tests, as this value
provided a DS volume closer to the average across different model run



S. Kucherenko et al. Computers and Chemical Engineering 198 (2025) 109112

Purity (Metamodel) & DS(Purity = P*) Purity (Model) & DS({Purity = P*)

0.8
0.75

0.7

Purity

0.65

0.8
300

350 350

Temp 250 Time Temp 250 Time

(a) (b)

300

ssnnnnnnns DS(Purity Metamodel=P*)

205 e DS (Purity Model=P*)

290 |

285 L

280 L

275 L

Temp

270 L ]

265 | _

260 L .

255 L _

250 1 I I 1 1 1 I I 1
250 260 270 280 290 300 310 320 330 340 350

Time
(c)

Fig. 3. Comparison of model constraints and their metamodels for CQA Purity(t,T): (a) metamodel; (b) exact model. Curves in red show DS boundaries corresponding
to the Purity threshold value P*. (¢) DS boundaries Purity(t, T) = P* for metamodel (red broken line) and exact model (blue solid line).
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to the Profit threshold value Pr*. (c) DS boundaries Profit(t, T) = Pr* for metamodel (red broken line) and exact model (blue solid line).
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Fig. 5. DS boundaries for Purity (light blue) and Profit (orange).

counts. This is discussed further in Section 4.3.

Comparisons of metamodels for Purity(t, T) and Profit(t, T) with the full
model solutions show a very good agreement between surfaces (Figs. 3 and
4). DS boundaries for each of the two constraints (red curves) defined by
DS(wpuritywy) = (U, Purity=P*), DSwuprofir(u)) = (W, Profit= Pr*)  also
agree very well (Figs. 3c and 4c).

The fact that the metamodels of process CQAs are given explicitly in
the analytical forms (30) enables the application of the theory of
R-functions for the identification of the joint DS from the equations for
individual DSs. Following the framework presented in Section 4.1, we
define implicit functions

G (T.t)= —P' + all +al{T+aiT* + dle + dljt T, (31)
bo(T,t) = —Pr + a2+ d®T+d31 + aPt+ d?t T, (32)

which change sign at the boundaries of the corresponding individual
DSs.

The best-fit metamodels are shown in Egs. (32)-(33) with exact
polynomial coefficients. Fig. 5 shows the DS curves for Purity(t, T) and

39711080778074699 « T  1485375102527066265 * t
f/\(T7 t) = + -

Profit(t, T) defined by (33), (34).

1492155457490699 + T  6353038647553177+ t
18014398509481984 1152921504606846976
5532151810052315+ T * t
295147905179352825856
2496177142651283* T>  8909117195501237

18446744073709551616  703687441776640 -
(33)

¢ (T, t) = —P"+

6181541458134125« T  1444357484257337 + t
281474976710656 1125899906842624
6903876884140963+ T * t
~ 1152921504606846976
(5220857310952963 * Tz) 6981627641092835
144115188075855872 2199023255552

¢o(T,t) = —Pr +

(34)

The critical values of P*, Pr* are given above. Applying R-conjunc-
tion f,(¢,, ¢,) we obtain the joint DS in an analytical form:

1772924634150138843T « T

36028797018963968 2305843009213693952

590295810358705651712

—(8809301652650171065 + T + t — 1885016352296908686080 * t
—32286842704944603217920 * T + 53261884692746238480 * T+

4666607225702618943717376)> (%)
2951479051793528258560

(35)

(670765912944630547 * TZ) 2243029962345208437

36893488147419103232

1407374883553280
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Fig. 6. (a) Joint DS analytically defined as f,(T,t) = 0 (Eq. (34)) for the deterministic model of the batch reactor system; (b) probabilistic DS identified using the
acceptance-rejection sampling approach (Kucherenko et al. 2019).
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The boundary of the joint DS defined by Eq. (34) is presented in probabilistic model (Fig. 6b) shows a qualitative similarity in the shapes

Fig. 6a. Comparing the DS derived using the R-function for the deter- of both DSs. However, differences remain, as the DS volumes Vpg (see
ministic model (Fig. 6a) with the DS obtained through the acceptance- Section 4.3 for details) differ and the exact locations of the two DSs do
rejection sampling method (Kucherenko et al., 2020) for the not completely align due to the differences in deterministic and
3
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Fig. 7. Axis-aligned bounding box (blue dashed line) and the enclosed DS domain (red curve) obtained using: (a) the Monte Carlo sampling approach, and (b)
solutions of the constrained optimization problem (35) (blue points). In (a), a heatmap illustrates the function values f,(T,t) > 0 within the DS.
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probabilistic problem settings.

The R-DS method required approximately 1 s of the CPU time on a
strandard PC, whereas the acceptance-rejection sampling approach took
49 s. However, The probabilistic problem setup includes an additional
loop over the space of uncertain parameters, with the loop running for j
= 1: Ny, where Ny = 32 in this case. When adjusting the CPU time for
the acceptance-rejection sampling approach to N, = 1, the estimated
time reduces to 29 s. Consequently, the R-DS method is approximately
30 times faster than the acceptance-rejection sampling approach.

We evaluated the accuracy of the R-DS identifier method for iden-
tifying the DS using its volume, Vpg as the accuracy criterion. A series of
tests were conducted with the number of model runs N ranging from 32
to 256. The results showed that the average Vpg across different runs was
880 units (see Section 4.3 for details), with a coefficient of variation CV
of 1%. For all subsequent tests, N = 64 model runs were used. In com-
parison, the acceptance-rejection method (Kucherenko et al., 2019)
applied to a probabilistic model required N = 1730 model runs to ach-
ieve converged results.

In the acceptance-rejection method the solution for the DS is given as
a set of “accepted points”. The MATLAB (The MathWorks, 2024) “con-
vhull” function was used to compute the convex hull of the accepted
points and plot the DS boundary (Fig. 6b). However, there are no
comparable easy to apply tools for accurately representing the DS shape
when the points form a non-convex set in a multidimensional case. In
contrast, the R-DS identifier method can handle any shape, including
non-convex and disjoint regions.

The proposed method is straightforward to implement using sym-
bolic computation tools available in software platforms such as MAT-
LAB, Maple, Mathematica, or Python. These tools facilitate the
derivation of implicit functions ¢;(u) for individual DSs and the joint DS
fa(u). In this study, MATLAB was used for all symbolic computations and
plotting. However, the R-DS methodology can also be applied using
standard numerical methods without symbolic computations. In this
case, the implicit functions ¢;(u) and the joint DS f,(u) can be obtained
through grid-based or sampling approaches.

We observe that, although other methods—such as the one intro-
duced by Zhao and Chen (2018), which relies on the cylindrical alge-
braic decomposition method (referred to as the CAD method for
brevity)—can analytically represent DSs or flexibility regions, the R-DS
method provides several significant advantages:

1. It represents the DS using a single implicit function, unlike the CAD
method, which defines the DS or flexibility regions as multiple
disjoint feasible regions through quantifier elimination.

2. The R-DS method is not restricted to polynomial functions, whereas
the CAD method is inherently limited to polynomial functions.
Although CAD can handle non-polynomial systems, it does so by
employing local polynomial approximations, which introduce
approximation errors.

3. The application of R-functions is straightforward, computationally
efficient, and scalable, as it can be performed with or without sym-
bolic computation and easily handles high-dimensional problems. In
contrast, the CAD method involves computationally intensive sym-
bolic operations, with the computational burden growing exponen-
tially with the system’s size, making it suitable primarily for small-
scale problems.

4.3. Exploration of the identified DS

Defining the DS analytically using R-functions has additional bene-
fits, such as simplifying operations like “boxing” (determining a tight
axis-aligned bounding box), identifying points within the feasible
domain, and calculating the domain’s volume. Monte Carlo sampling is
one of the simplest approaches for achieving these tasks.

Steps to determine an axis-aligned bounding box:

12
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1. Define the implicit function f, that characterizes the DS, such as the
one given by Eq. (35).

2. Generate a set of points within a broader domain that is guaranteed
to encompass the entire DS.

3. Calculate f, at each sample point and retain those where f, > 0.

4. Identify the minimum and maximum values of each parameter uy
among the feasible points. These values approximate the lower and
upper bounds of a tightly fitting hyperrectangular box.

Fig. 7a illustrates the application of this algorithm. The volume of the
DS, Vps is calculated by multiplying the fraction of points accepted in
Step 3 by the total volume V of the sampled parameter domain (see Step
2): Vps = 880 (K * mins), while V = 50 (K) * 100 (mins) = 5000 (K *
mins). For comparison, in the acceptance-rejection method, Vps = 790
(K * mins).

For low dimensions, Step 2 can be executed using sampling on a
regular grid. In higher dimensions, Monte Carlo or Quasi Monte Carlo
sampling is preferred. Note that the density of sample points influences
the accuracy of determining the bounding box.

Another approach to define an axis-aligned bounding box is to solve
a constrained optimization problem with nonlinear constraints:

min a'x,
st. || =1 (36)
fa(x)=0.

Minimizing a" x represents a linear projection of x along the direc-
tion of a. By choosing different vectors @ and initial guesses for the
optimization problem (36), one can determine the minimum value of x
on the surface defined by f,(x) = 0 along direction a.

For the test case considered, where x = (t, T), the method of
Lagrange multipliers was applied to identify all critical points (the
minimum and maximum ¢ and T) on the DS boundary. The critical points
were identified using two direction vectors @; = (0,1) and a; = (1,0),
and were subsequently used to construct the axis-aligned bounding box
shown in Fig. 7b.

5. Conclusions

V.L. Rvachev’s R-functions are incredibly useful for representing
geometric shapes and operations. Their ability to combine implicit
functions to represent complex geometric shapes through algebraic ex-
pressions makes them invaluable in fields ranging from computer
graphics to engineering analysis. We showed that they also enable the
solution of geometric problems such as the identification of Design
Spaces (DS) through algebraic manipulation.

Many manufacturing processes, especially in pharmaceutical pro-
duction, are governed by highly complex mathematical models, making
it computationally challenging to define the DS using existing methods.
This challenge is particularly pronounced in multidimensional cases
where the DS shape can be non-convex, as no efficient methods currently
exist to accurately represent such shapes.

We have developed a new methodology for efficient DS identifica-
tion by using R-functions to describe the DS in the form of analytical
inequalities involving algebraic functions over polynomials. The R-DS
identification method can accommodate any shape, including non-
convex and disjoint regions. Importantly, the R-DS methodology is not
limited to constraint functions that are defined as or approximated by
polynomials.

A major strength of the R-DS methodology is its broad applicability,
enabling it to address "implicit" constraints. In practical applications,
like those demonstrated in this work, evaluating such constraints typi-
cally involves solving the process model, as explicit analytical expres-
sions may be unavailable for a given set of parameter values. In these
scenarios, approximating constraints using polynomial models offers a
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practical and efficient solution.

This approach can help effectively convey high-dimensional DS
shapes and incorporate this information into formal documentation
required for the approval of process DSs by regulatory authorities.
Indeed, the application of the R-DS methodology results in a single

algebraic inequality representing the whole DS as opposed to Np =

@ 3"2 two-dimensional cross-section plots (the number of which
grows exponentially with the number of process parameters) that are
typically conveyed to regulatory authorities under the current approval
process.
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Appendix

Test cases in 3D Paraboloids and cylinders
Consider the following inequalities that define:

1. the area under the paraboloid z = 0.6(1 — x2 — y?) :

filx.y.2) = —2+06(1-x*-y*) >0

2. the area above the paraboloid z = — 0.6(1 — x? — y?):
f2(x,y,2) =2+0.6(1-x>—y*) > 0

3. the area inside of the cylinder of radius 0.5 centered around the z-axis:

fa(x,y,2) =05>—x*> —y*>0

4. the area inside of the cylinder of radius 0.3 centered around the z-axis:

falxy,2) =032 —x* —y* > 0.
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Fig. A.1. fi(x,y,5) = 0 (a); f2(x,y,5) = 0 (b); R-conjunction of fi (x,y,2) and fa(x,y,2): firrfa =0 (¢); firafor (FsVafa) =0 (d).

Using these geometrical primitives, we can construct domains either using simple operations as above, such as an R-conjunction of f; (x,y, z) and
fa(x,y,2) (Fig. A.1c), as well as their combinations to describe complex non-simply connected domains like the one shown in Fig. A.1d The latter is
described by the R-function fi A1faAr (f_;;\/l f4) > 0 and represents the domain shown in Fig. A.1c with an annular cylindrical cut-out.
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