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Abstract

This thesis is concerned with the development and application of methods for the analysis,

design and control of chemical process systems that are subject to uncertainty. In Part

I, a new framework is presented, based on parametric programming, which unifies the

various flexibility analysis and design optimization problems that arise for both linear and

non-linear, steady-systems. Algorithms are developed for the flexibility test and index

problems in systems with deterministic parameters, and for the stochastic and expected

stochastic flexibility evaluation problems in systems with stochastic parameters. These

algorithms are computationally efficient and give the explicit dependence of the flexibility

metrics on the values of the design variables. The latter feature enables the easy and

efficient comparison of design alternatives. It also allows for the compact formulation of

design optimization problems that can be solved parametrically to give the algebraic form

of the trade-off curve of economics against flexibility. The key features of the proposed

approach are demonstrated through both linear and non-linear, mathematical and process

examples.

Part II of the thesis focuses on non-linear, dynamic systems. The design and control of

such systems involves mixed-integer dynamic optimization (MIDO) problems, which are,

in general, very difficult to solve. A formulation and algorithm for solving such problems

are proposed based on iterative decomposition between a primal dynamic optimization

problem and a mixed-integer linear master problem. This method does not require any

dual information with respect to the differential-algebraic equations, leads to a very sim-

ple form for the master problem and allows existing dynamic optimization packages to be

used for solving MIDO problems. The potential of the algorithm for solving large-scale

problems is illustrated in a case study that also serves to demonstrate the application of

previously developed methods for solving realistic design and control problems. As part

of this study, a rigorous, mixed-integer dynamic distillation model is developed and the

column design and control scheme, involving both discrete and continuous variables, are

simultaneously determined to give an economically optimal system that is guaranteed to

give feasible operation in the face of specified disturbances and uncertainty.

The final area of new research in this thesis addresses a hitherto unresolved problem in

applied statistics, namely that of computing general, one- and two-sided probabilities for

multivariate normal distributions where the variance-covariance matrix is singular and of

arbitrary structure and unrestricted rank. Such probabilities can arise in process systems

during stochastic flexibility analysis, although they have a wider field of application in

science and economics. Two new algorithms are presented, one based on linear program-

ming and one on multi-parametric linear programming, and their successful application

demonstrated with a number of examples.
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"If a man will begin with certainties,

he shall end in doubts;

but if he will be content to begin with doubts,

he shall end in certainties."

Francis Bacon, The Advancement of Learning (1605)



Chapter 1

Introduction

1.1 General Background

Chemical plants are subject to considerable uncertainties and variations during their de-

sign and operation. At the design stage, values of model parameters such as heat transfer

coefficients and reaction rate constants may not be properly established, while during op-

eration there will commonly be fluctuations in process parameters (e.g. stream flow-rates

and qualities) and external parameters (e.g. product demands and prices). Moreover,

there can be uncertainties in discrete states corresponding, for example, to equipment

availability, while the mathematical models themselves may not accurately represent the

real behaviour of the process (Pistikopoulos, 1995).

As an illustration of this, consider Fig. 1.1 which shows a heat exchanger network taken

from Grossmann and Floudas (1987). The system operates at steady-state, and has been

designed with maximum heat integration for nominal conditions. Although the network

is sound from an economic point of view, the temperatures of the four inlet streams, 71,

T3, T5 and 215 (nominal values shown), are actually uncertain due to upstream conditions.

Thus, there are question marks over its ability to be operated feasibly (as defined by ther-

modynamic driving force constraints and specifications on the outlet temperatures) in the

face of changing conditions. This attribute of a steady-state system is termed flexibility.

In particular, one might ask:

(i) Can the network be operated feasibly over the whole ranges of uncertain inlet tem-

peratures?

(ii) How much variation in the temperatures can the network actually tolerate?

(iii) If the inlet temperatures are described through probability distributions, what is the

probability that the network can be operated feasibly?

Such flexibility analysis questions are clearly important, not only for testing and quantify-

ing how operable the system is, but, more generally, for comparing design alternatives and

1
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Figure 1.1: Illustrative Example 1: A Heat Exchanger Network.

for incorporating into flexible design methods which give systems that are economically

optimal and can be operated feasibly. Conventional practice in the process industries,

however, has been to test for feasibility at whatever scenarios an engineer judges are likely

to be 'critical', and to use empirical, often ad hoc over-design factors to try to improve the

flexibility. The use of such approaches will usually lead to unnecessarily expensive sys-

tems, while there is no guarantee that what is 'intuitively' regarded as a critical scenario

or as a sensible decision to improve the flexibility of a process will have the desired effect;

in fact, the converse may be true (as demonstrated by Grossmann and Moran, 1983).

Another typical chemical engineering system subject to changes, a binary distillation col-

umn, is shown in Fig. 1.2. Unlike the network in Fig. 1.1, this system is dynamic,

and as well as (time-invariant) uncertainties, it must be able to handle time-dependent

variations, such as in the feed composition. In this case, the engineer's objective is to

design the column, and the control scheme that may be required to offset the effects of

the variations, at minimum total annualised cost, which is also capable of satisfying the

operational constraints such as the specifications shown on the products' qualities.

The optimal design and operation of such a separation system is a far from trivial task.

From a structural perspective, a discrete decision has already been made in choosing one

distillation column, rather than, for example, two columns which are thermally linked.

Given the flowsheet structure, there are still many different process design alternatives,

however, both in terms of discrete decisions (optimal number of trays and feed tray loca-

tion) and continuous ones (column diameter and heat exchangers' surface areas). There are
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Figure 1.2: Illustrative Example 2: A Binary Distillation Column.

also a large number of control alternatives, which again involve discrete decisions related

to the choice and pairing of manipulated and controlled variables (and more generally,

what type of controller to use). For each control configuration, there is then the issue of

optimally tuning the controllers. The control problem is further complicated by the mul-

tivariable nature of the control systems required, the high degree of interaction between

control loops, the non-linear behaviour in the column, and the fact that the uncertain-

ties in the system have a significant impact on the selection of the controlled variables

(Stephanopoulos and Ng, 2000).

Clearly, the extent to which the control factors affect the economics of the process is

dependent on which process structure and design is used, a fact that was recognised over

fifty years ago (Ziegler and Nichols, 1943). Unfortunately, this insight was largely for-

gotten in the subsequent decades, and traditional industry practice has been to consider

the design and control tasks in a decoupled, sequential manner. Again, this often leads

to economically sub-optimal systems, whose operability is only achieved after much trial-

and-error.

Over the past twenty years or so, factors such as tighter product quality demands, stricter

environmental regulations, and generally more fickle markets, have re-awakened the reali-

sation in both academia and industry that systematic methods are needed which account

for operability issues at the earliest stages of process design, leading to a glut of publi-

cations in the field. The primary aim of this thesis is to develop and apply new solution

techniques and algorithms to improve the applicability of some of these methods.
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1.2 Thesis Outline

The work in this thesis is divided into two parts. Part I (Chapters 2-4) is concerned with

the development of new approaches for solving flexibility analysis and design problems

such as those described in §1.1 for the network in Fig. 1.1. Part II (Chapters 5-7) looks

at dynamic systems such as the column in Fig. 1.2 and the application of methods for

simultaneous optimization of the process design and control system.

In Part I, Chapter 2 reviews the existing mathematical formulations and methods for

flexibility analysis and design, while identifying potential limitations. A new unified ap-

proach, based on multi-parametric programming, is described in Chapter 3 and applied to

linear systems. Comparisons with existing methods are also shown in this chapter. Chap-

ter 4 then extends the approach to tackle convex systems and the global optimization of

non-convex systems.

Important spin-off work from the research presented in Chapters 3 and 4 is described

in Appendix A so as not to disturb the flow of the work in the main body of the thesis.

There, new algorithms are reported for tackling a problem that can arise in the flexibility

analysis of linear systems, and one which is unresolved in the field of applied statistics,

namely that of computing general singular multivariate normal probabilities.

Part II begins with a literature review in Chapter 5 which demonstrates the relation-

ship between simultaneous design and control methods and the flexible design methods

presented in Part I, and again highlights issues that need addressing. As a response to

this, Chapter 6 describes a formulation for potentially improving the computational per-

formance and ease of use of mixed-integer dynamic optimization algorithms. This is then

utilised in Chapter 7 where the original problem illustrated in Fig. 1.2 is re-visited in a

detailed design and control case study.

Finally, in Part III (Chapter 8), the major contributions of the work presented in the

thesis are summarised and recommendations for future research directions are outlined.



Part I

New Methods for Flexibility
Analysis and Design



Chapter 2

Literature Review
"Every new beginning comes from some other beginning's end."

From the song Closing Time by the band Semisonic

This chapter augments and updates previous reviews (Grossmann and Floudas, 1987;
Grossmann and Straub, 1991; Chapter 21 of Biegler et at., 1997) of the existing mathe-
matical formulations and methods for flexibility analysis and design. Potential limitations
are identified so as to motivate the work that is presented in subsequent chapters.

2.1 Preliminaries

The physical performance of a chemical process at steady-state can be described by the

following mathematical model:

(x,z, 0, d, y)	 0, m E M,	 (2.1)

gj (x, z, 0, d, y) < 0, 1 E L,	 (2.2)

where (2.1) represents equations such as material and energy balances; (2.2) represents

inequalities such as design specifications and physical operating limits that must be satis-

fied for feasible operation; x is the vector of M state variables; z is the vector of control

variables that can be manipulated during plant operation depending on the values of the

uncertain parameters 0; d is the vector of continuous design variables that define equip-

ment sizes; and y is the vector of integer variables (usually 0-1) that define the structure

of the process flowsheet. For convenience in presentation, most of the literature usually

eliminates the state variables x from (2.1), i.e. x = x (z, 0, d, y), and substitutes them in

(2.2) to obtain a set of reduced inequalities:

[x (z, 0, d, y) , z, 0, d, y] =	 (z, 0, d, y) < 0, 1€ L.	 (2.3)

Research in flexibility analysis and design has generally considered two cases: one, where

the uncertain parameters are described through a set of lower and upper bounds (deter-

ministic case), and the other where statistical information is available and the uncertain

parameters are described by a joint probability density function (stochastic case). The dif-

ferent analysis and design problems, formulations and solution approaches for these two

6
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cases will now be considered in turn.

2.2 Deterministic Analysis

2.2.1 Flexibility Test Formulation

Given nominal values for the uncertain parameters, O N , expected deviations in the positive

and negative directions, AO+ and AO- , respectively, and a set of constraints, r (0) < 0

(which may include equations correlating the uncertain parameters if they are not inde-

pendent), the region that contains all possible values of the uncertain parameters, T, is

defined by:

T = fOION - AO- < 0 < ON + AO+ , r (0) < 01 .	 (2.4)

As discussed by Halemane and Grossmann (1983), the feasibility or flexibility test problem

for a given design and structure involves ensuring that for every possible realisation of

0 E T, there exists at least one set of controls, z, that can be chosen during plant operation

such that all the constraints in (2.2) are satisfied. Mathematically, this is equivalent to

evaluating a flexibility test measure:

X (cl , Y) = max min max gi (x,z, 0, d, y) ,
GET z /EL

s.t.	 0 = h„, (x, z, 0, d, y) ,

If x (d, y) < 0, feasible operation can be ensured for all 0 E T; if x (d, y) > 0, there exists

at least one set of values 0 E T for which no controls can be found to satisfy all the system

inequalities.

The solution of (2.5) gives the "critical" parameter values, OC , or bottlenecks, for op-

eration. If x (d, y) < 0, Oc corresponds to the set of parameter values for which the

inequalities are closest to being violated. If x (d, y) > 0, Oc corresponds to the point at

which the largest inequality constraint violation occurs (see Fig. 2.1).

The solution of the flexibility test problem (2.5) is made difficult by the max-min-max

constraint, which can lead to non-differentiable global optimization problems (Grossmann

et al., 1983). As shown by Halemane and Grossmann (1983), a natural way to simplify

(2.5) to facilitate its solution is to decompose it into a two-stage optimization problem,

i.e.

X (d i Y) = max ti, (0, d, y) ,
BET

0 (0, d, y) = min max gi (x, z, 0, d, y) ,
Z 1EL

0 = h„, (x, z, 0, d, y) ,	 m E M.

8. t. (2.6)
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0 (8, d, y) is called the feasibility function and corresponds to:

11) (0 , d, y) = min u,z,u
s.t.	 hm (x, z, 0, d, y) = 0,	 m E M,

	

9/ (x, z, 0, d, y) < u,	 1 E L,

in which u is a scalar variable.

For a fixed design and structure, the feasibility function 1,/) (0, d, y) defines the feasible

operating region of the system in the space of the uncertain parameters 0. It follows from

(2.7) that values of 0 for which 11) (0, d, y) < 0 are feasible, while the boundary of the

feasible operating region in 0-space is determined implicitly by 11) (0, d, y) = 0 (see Fig.

2.1).

2.2.2 Flexibility Index Formulation

The flexibility index, defined by (Swaney and Grossmann, 1985a), corresponds to the

largest scaled deviation, 5, of any of the expected uncertain parameter deviations, AO+

and AO-, that a design and structure can handle for feasible operation. Mathematically

this is formulated as:

F (d, y) = max 8,

s.t.	 0 > max ik (0 , d, y) ,
ems)

T(6) = {010N - S0- < 0 < ON + 8 AO+ , r (0) < 0} ,

6 > O.

T(F) corresponds to the largest hyper-rectangle that can be inscribed within the feasible

region (see Fig. 2.2). This rectangle is centred at the nominal point and its sides are

proportional to the expected uncertain parameter deviations, A0 + and A0-. A value

of F = 1 therefore indicates that the design has the exact flexibility to satisfy the system

constraints (in this cage, a flexibility test would give x (d, y) = 0.) A value of F > 1

implies that an even wider range of uncertainty than that originally tested by the designer

can be handled (x (d, y) < 0); F < 1 indicates that only a fraction of the expected pa-

rameter deviations can be tolerated (x (d, y) > 0). The critical parameter realisation Oc

that limits the flexibility index of the design is defined through the feasibility function in

(2.8). Since this corresponds to lb (0' , d, y) = 0, this point lies on the boundary of the

feasible operating region (see Fig. 2.2).

(2.7)

(2.8)

Note that Chacon-Mondragon and Himmelblau (1988,1996) defined an alternative flex-

ibility index corresponding to half of the side of the maximum hyper-cube that can be
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inscribed within the space of the uncertain parameters while still ensuring feasible oper-

ation. This metric is much less intuitive than that of Swaney and Grossmann (1985a)

and no algorithms have been reported for its evaluation when the inequalities (2.3) are

non-linear in the controls z.

02

Figure 2.1: Region of Operation for Infeasible Design (Flexibility Test Problem).

Figure 2.2: Geometrical Representation of Flexibility Index.
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2.2.3 Existing Evaluation Approaches

2.2.3.1 Non-Linear Systems

Assuming that there are no constraints r (0) < 0, the simplest methods for solving the

flexibility test and index problems are vertex enumeration schemes (Halemane and Gross-

mann, 1983; Swaney and Grossmann, 1985a). Here, it is assumed that the critical param-

eter points correspond to vertices of T (8) = {010N — 8 AO— < 0 < ON + (U0+ }, where

8 = 1 for the flexibility test. (2.5) can thus be reformulated as:

x(d,y) -= max uv,
vEv

where V = {v} corresponds to the set of vertices and, for the vth vertex point 0v:

(2.9)

U" = min u,
z,u

s.t.	 h„, (x, z, Ov , d, y) = 0, M E M,

gi (x, z, Ov , d, y) < u, 1 E L.

(2.10)

(2.9) and (2.10) can then be solved for a given design, a, and structure, y . In a similar

manner, the flexibility index problem (2.8) becomes:

F (d, y) = min 81) ,	 (2.11)
vEV

where

8" = max 5,
zo5

s.t.	 h,,,, (x, z, 0, d, y) = 0, m E M,	 (2.12)

gi (x, z, 0, d, y) < 0, l E L,
0 = oN + (imp ,

8 > 0,

where A0" is the vector of deviations from the nominal point towards the vth vertex.

There are a number of potential drawbacks with this kind of approach. For example,

the critical vertex assumption is only strictly valid for feasible regions which are one-

dimensional convex, which is the case when the reduced inequalities (2.3) are jointly

one-dimensional convex (e.g. linear) in 0 and z. Furthermore, the number of optimization

problems that must be solved in (2.10) and (2.12) increases exponentially with the number

of uncertain parameters, ne (2n8 problems). The implicit enumeration schemes developed

by Swaney and Grossmann (1985b) and Kabatek and Swaney (1992) go some way towards

avoiding this.

Grossmann and Floudas (1987) developed mixed-integer formulations for the flexibility

test and index problems which make no assumption about the location of the critical

points 0'. These formulations utilise the fact that 0(0, d, y) is a piecewise-continuous
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function for a particular design and structure, with segments characterised by different

sets of active inequality constraints; it is these sets of active constraints that define the

boundaries of the feasible region and limit flexibility. The flexibility test measure can be

evaluated by solving the following mixed-integer, non-linear program (MINLP):

X (d, Y) =	 max	 u,
0,s,u,a1,0mtAtali

s.t.	 h,n(x,z,O,d,y) = 0,	 m E M,

(x, z, 0, d, y) — u

EA,
1EL

Ohm

E	 E Ai
mEM	 1EL

OhmE /Am- + Aiaz	 az
mEM	 IEL

—

— U(1 —pi )

IEL

ON — Atr < e < eN + AO+,

r(0) < 0,

= 0,1; A 1 ,81 > 0,	 E E L,

p,n E	 m E M.

for a given design and structure. In (2.13), Am is the Karush-Kuhn-Tucker (KKT) mul-

tiplier for equality constraint m; 81 and Ai are the slack variable and KKT multiplier,

respectively, for inequality constraint 1; pl is a binary variable that takes a value of one

if constraint / is active and is zero if constraint / is inactive; U is a large number that

serves as an upper bound for the slack variables si ; and nz is the number of control vari-

ables. If there is linear independence in the gradients of the constraints, the number of

active constraints is equal to nz -1-1 (Swaney and Grossmann, 1985a). The flexibility index

formulation is similarly given by:

F (d, y) =	 min	 (5,
0,x,505,81,mm,Aian

<

<

<

0,

1,

0,

0,

0,

0,

nz+1,

/ E L,

/ E L,

E E L, 

(2.13)

s.t. hm (x,z,O,d,y) = 0,

= 0,

= 1,
IEL

Ohm
E	 +	 = 07

tnEM	 1EL

in E M,

/ E L,

(2.14)
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Ohm E , OmE A	 +m- Ai = 0,
az	 az

mEm	 IEL

	

Ai — pi < 0,	 1 E L,

	

si —U(1— pi) < 0,	 1 E L,

Epi < nz + 1,
1EL

ON - 8A0- < 0 < ON - 4 - (SAO+,

r(0) < 0,

	

pi = 0,1; Ai ,si > 0,	 1 E L,

	

tim E n,	 m E M.

Another approach for the flexibility test problem (but not the flexibility index problem)

was developed by Ostrovsky et al. (1994,1997). This involves the calculation of an upper

bound on the flexibility test measure for a particular design and structure by solving [c.f.

(2.5)]:

XII (d, y) = min max gi (x, z, 0, d, y) ,
Z BET,IEL

0 = hm (x, z, 0, d, y),	 m E M.

A lower bound is found from:

8. t.

(2.15)

8. t.

XL (d, y) = max min gi (x, z, 0, d, y) ,
BET,IEL z

0 = hn, (x, z, 0, d, y) ,

(2.16)

r11 E M.

A branching procedure is then used in 0-space in order to successively tighten these bounds

and approximate the solution of (2.5).

It should be noted that if the flexibility test and index problems are not solved to global

optimality, then optimistic conclusions may be drawn about a system's flexibility since

the value of x may be under-estimated and the value of F may be over-estimated. A

framework for the global optimization of non-linear bi-level programming problems such

as (2.7) was recently proposed by Giimfiq and Floudas (1999) and utilised for deterministic

flexibility analysis problems (Floudas et al., 1999). Considering the flexibility index prob-

lem, for example, the idea is to obtain an upper bound, FU , by solving the original active

set MINLP (2.14) using a local optimization method. A lower bound, FL , is obtained

by convexifying the feasibility function problem (2.7); formulating an active set MINLP

analogous to (2.14) through the KKT conditions of the convexified problem; and then

solving this to global optimality using an algorithm such as SMIN-aBB or GMIN-aBB

(Floudas, 2000). If convergence between FU and FL is not achieved within the desired

tolerance E, branching is performed on 0 and z and the process is repeated.



k [0c,k (8k)	 = 0 k =1, (2.22)

F (a, y) min Sk. (2.23)
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2.2.3.2 Linear Systems

For the case when the system constraints (2.1) and (2.2) are linear, such as for the heat
exchanger network in Fig. 1.1, Pistikopoulos and Grossmann (1988a,b) showed that the
feasibility function, le, associated with the kth set of active inequalities, L, can be
expressed analytically as a linear function of the uncertain parameters and design variables
when the process structure is fixed (y = yr):

te (0, d,	 E pmk h,„ (x, z, 9, d,	 E APgi (x,z,O, d, y), (2.17)
mEM	 iELt
no

or tk k (0, d,	 E ail • Oi	 E f3t • di + 'y',
i=1	 i=1

(2.18)

where nd is the number of design variables d; and at, and 'yk are constants for each
active set. The critical direction of each uncertain parameter is defined as the one in which
there is the largest increase in 1kk (0, d, . This can be expressed as:

(1 AKA > 0, i = 1, ..., ne,	 (2.19)
00i

where M k is the critical deviation of the ith uncertain parameter. From (2.18), the par-
tial derivatives are at, i.e. they are simply constants. Pistikopoulos and Grossmann
(1988a,b) used this, together with the fact that for linear systems the critical directions
are vertex directions, to show that:

aok
(a) if	 < 0 A0 ic 'k = — AOT KA = Or — 8k AOT i= 1, ..., ne ;	 (2.20)

aok
(b) if	 > 0 AK'k =

00i
K'k = Or + Ok AO; , i = 1, . , ne ,	 (2.21)

where (Sig is the flexibility index associated with the kth active set. They then calculated
these indices for a given design C-1 by solving the linear equations:

where n., is the number of active sets. The flexibility index of the system is then simply
given by:

The approach of Pistikopoulos and Grossmann (1988a,b) provides useful analytical in-
formation and was extended by the authors to special classes of bi-linear systems (Pis-
tikopoulos and Grossmann, 1989a); the drawback, however, is that it requires the a priori
identification of all the sets of active constraints. Although Pistikopoulos and Grossmann
(19886) proposed a systematic enumeration procedure to achieve this, it can involve the
solution of a large number of mixed-integer linear programs (MILPs) since the number of
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possible sets of active constraints is often very large.

Varvarezos et al. (1995) tried to overcome this problem with an approach that uses sen-
sitivity information of (2.7) with respect to the uncertain parameters to only identify
non-redundant sets of active constraints. They also indicated how, for a fixed flexibility
index, the corresponding feasibility functions can be expressed linearly in terms of the
design variables d.

2.2.4 Remarks

Methods for deterministic flexibility analysis are well-established. Nevertheless, we observe
the following about the evaluation approaches described in the previous section:

1. The works of Pistikopoulos and Grossmann (1988b) and Varvarezos et al. (1995) have
demonstrated how, for linear systems, the feasibility functions can be expressed as

functions of the uncertain parameters and design variables. However, no developed
method has explicitly shown the dependence of the flexibility test measure and the
flexibility index on the values of the design variables.

2. For non-linear systems, except for very special cases, no approaches exist that give
information on the dependence of the feasibility functions on the values of the un-
certain parameters and design variables.

3. Until very recently (Floudas et al., 1999), little was reported on solving determin-
istic flexibility analysis problems to global optimality. This is important if overly-
optimistic conclusions are not to be drawn about a system's flexibility.

2.3 Deterministic Design

2.3.1 Optimal Design with Fixed Degree of Flexibility

The objective in this problem is to find the economically optimal design which can also
be operated feasibly over the set of uncertain parameters T defined in (2.4) (equivalent
to a flexibility index F = 1). Halemane and Grossmann (1983) posed this as a two-stage
problem. In the operating stage, with the plant design and structure fixed (d = a and
y = y), the controls z are selected so that the plant is operated optimally while satisfying
the process constraints for all possible realisations of the uncertain parameters, i.e.

= mIn C (x, z, 0, el, y) ,

s.t.

	

hi), (x, z, 0, T1, y) = 0,	 m E M,
	 (2.24)

	

gi (x, z, 0, a, yr) < 0,	 1 E L,



max 8,
z,6

(2.27)
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where C is a cost function. If (2.24) is solved repeatedly V 0 E T, then an expected cost
of operation, EtET [Cs (0, a, y) ] , can be defined.

The design stage corresponds to the selection of d and y so that the expected cost of
operation is minimised while ensuring that for all possible realisations of 0 there exist
controls z that can be chosen during operation to satisy the constraints. This can be
expressed as:

min EeET r (0, d, y)],
d,y

s.t.
max min max

1EL 
gi (x, z, 0, d, y) < 0,	 (2.25)

e€T z 
hni (x, z, 0, d, y) = 0,	 m E M.

Combining (2.24) and (2.25) thus gives:

min EI, ET [min C (x, z, 0, d, 3) 1 h = 0, g � 0] ,
d,y	 z

s.t.
max min max 

g 
(x, z, 0, d, y) < 0,.ET z 

16, (x, z, 0, d, y) = 0,	 m E M.

(2.26)

Note that it is assumed here that the controls can be adjusted immediately depending on
the values of 0.

2.3.2 Design with Optimal Degree of Flexibility

This problem is a generalisation of the previous design problem. Here, the objectives are
to simultaneously minimise the cost and maximise the flexibility index, while ensuring
feasible operation over the set T (6) (which itself is to be determined). This can be
formulated as (Grossmann and Moran, 1983):

min E„ET(8) [min C (x, z, 0, d, y) I h = 0, g < 0] ,
d,y	 z

8.t.
max min max 91 (x, z, 0, d, y) < 0,

.ET(8)	 z	 /EL
kr, (x, z, 0, d, y) = 0,	 M E M.

(2.27) defines an infinite number of trade-off or pareto-optimal solutions where it is not
possible to improve one objective without worsening the other. When 8 = 1, (2.27) is
equivalent to (2.26).
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2.3.3 Existing Approaches

2.3.3.1 Non-Linear Systems

Both (2.26) and (2.27) correspond to optimization problems with an infinite number of
search variables (since for every realisation of 0 an optimal z is chosen), and as such are
extremely difficult to solve exactly. Halemane and Grossmann (1983) built on previous
work by Grossmann and Sargent (1978) to show that the solution of (2.26) can be approx-
imated by applying the following iterative algorithm (Biegler et al., 1997):

Step I

Choose an initial set of uncertainty scenarios 0 i , i = 1, ..., ns. This may consist, for ex-
ample, of the nominal point and some vertex points.

Step 2
For the current set of scenarios, obtain a design (d*, y*) by solving the multi-period design
optimization problem:

{
Ens Wi •C (Xi , Zi , Oi l d , Y) } ,
1.1

min

s.t.

kr, (xi , zi , 0i , d, y) = 0, m E M,	 (2.28)

gi (xi , zi , 0i , d, y) < 0, 1 E L,

i = 1, ..., ns,

where wi are discrete probabilities for the selected parameter points O i (all wi = 1),
and are usually chosen based on engineering judgement.

Step 3

Test the design from Step 2 for feasibility over the whole ranges of the uncertain param-
eters by solving (2.5). If x (d*, y*) < 0, then the system is feasible and the algorithm
terminates; otherwise, the solution of (2.5) defines a critical point which is then added to
the set of scenarios, before returning to Step 2.

This algorithm is illustrated schematically in Fig. 2.3. Other authors have reported that
it commonly requires only one or two major iterations before an economically optimal and
flexible system is obtained (Floudas and Grossmann, 1987; Papalexandri and Pistikopou-
los, 1993; Rooney and Biegler, 1999). The latter authors use joint confidence intervals
of the uncertain parameters (obtained from measurement data) to generate the initial set
of scenarios in Step 1 for the special case of (2.26) when the objective is only a function of d.

The usual approach that is employed for solving (2.27) is to simply solve it at a num-
ber of different values of 5 (Grossmann and Moran, 1983), i.e. apply the algorithm above
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(Initialisation)

Assume critical scenarios
for uncertain parameters
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Optimal and flexible
System

Figure 2.3: Flexible Design Algorithm of Grossmann and Co-Workers.

using different sets T in Step 3. A trade-off curve of cost vs. flexibility index can then be
drawn up and the engineer can choose a design.

2.3.3.2 Linear Systems

Pistikopoulos and Grossmann (1988b) showed that for systems where (2.1) and (2.2) are
linear, and the objective function only depends on d, the iterative approach of the al-
gorithm described in the previous section can be avoided. This is achieved by using the
linear feasibility function expressions (2.18) with critical parameter values, Oc'k , identified
from (2.20) and (2.21) for a fixed target flexibility index, Ft . Thus, a single linear program

(LP) can be solved:

where

min C (d, ,
nd	ne

E ot • di +	 E ce! • K ik	 0,
i=1	 V	 i=1

49,/,k
"N(a) if	 < 0	 0.1k = u . — FIAOT, i = 1, ..., ne ;s	 s00i

ook
(b) if	 > 0 Kik = Oii‘r + P-4 AO; , i = 1, n• • •	 •

s.t.

(2.31)
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Varvarezos et al. (1995) solved a similar problem to (2.29) but using their sensitivity-based
approach described in §2.2.3.2 to generate the feasibility function expressions.

In order to generate the cost vs. flexibility index trade-off curve, (2.29) can again be
solved at numerous different values of Ft. Pistikopoulos and Grossmann (19886) pre-
sented an alternative formulation and algorithm which uses range analysis in an attempt
to reduce the computational effort associated with this approach.

2.3.4 Remarks

1. Pistikopoulos and Grossmann (1988b) and Varvarezos et al. (1995) have shown that
for linear systems it is possible to solve a single design optimization problem (for a
given flexibility index), instead of having to use the iterative, decomposition strategy
shown in Fig. 2.3. However, to generate the cost vs. flexibility trade-off curve is still
computationally expensive.

2. For non-linear systems, there are currently no approaches where only a single design
optimization problem needs to be solved.

2.4 Stochastic Analysis

2.4.1 Stochastic Flexibility Definition

For a system with continuous uncertain parameters described by a joint probability density
function (p.d.f.), j (0), the typical analysis problem is to evaluate the probability that, for a
given design and structure, a system can be feasibly operated through appropriate manip-
ulation of the control variables. This probability is referred to as the stochastic flexibility,

SF (Pistikopoulos and Mazzuchi, 1990; Straub and Grossmann, 1990). Mathematically,
this means computing

SF (d, y) = Pr (0 (0, d, y) 5_ 0) ,	 (2.32)

over all possible realisations of 0. The stochastic flexibility can also be expressed as the
integral of the joint p.d.f. over the feasible region of operation in the space of the uncertain
parameters, i.e.

SF (d, y) =	 j(0) dO.
10:0(O,d,y)Lco}

(2.33)

This concept is illustrated in Fig. 2.4 for a system with two independently distributed
parameters, 01 and 02. In this example, the joint p.d.f. is a uniform density function, and
the stochastic flexibility, as given by (2.33), corresponds to the integral of this function
over the shaded region. The region considered when evaluating the deterministic flexibility
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Figure 2.4: Illustration of Stochastic Flexibility for a Uniform Distribution.

index is also shown, and it can be seen that this index can lead to a conservative estimate

of the inherent flexibility of a design. Note, however, that the information provided by the

stochastic and deterministic metrics is actually complementary, in that the former gives a

probability of feasible operation, while the latter gives a parameter range for guaranteed

2.4.2 Existing Evaluation Approaches

Pistikopoulos and Mazzuchi (1990) developed a procedure for evaluating the stochastic

flexibility of linear systems when the uncertain parameters are all described by normal

p.d.f.s. The first step of their method is to develop the linear feasibility function expres-

sions (2.18) using the active set identification algorithm of Pistikopoulos and Grossmann

(1988/9. Since these feasibility functions are linear in the independent, normally dis-

tributed parameters 0, they themselves are normally distributed random variables and

define a multivariate normal distribution (MVN). This is described by a vector of means,

pit, and a variance-covariance matrix, E. The former is given by

Region for evaluation of
deterministic flexibility

index

T
= {psi ps2 . . .	

i

with individual elements

= E kai • tie, + E /3ii, • di + e •

(2.34)

(2.35)



no

ate' ok2 = E „,ii . or . att.

i=1
(2.36)
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E, is an as x na, matrix with individual elements, ook102, Id, k2 = 1, ..., n.„„, given by:

The stochastic flexibility of the system can then be calculated as an MVN probability

using (2.32), i.e.

na,

SF (a, y) . P[n (0 , o)].
k=1

(2.37)

For the case when the variance-covariance matrix is non-singular, SF can be computed

using existing commercial computer codes such as GO1HBF (NAG, 1998); when this ma-

trix is singular, because there were no statistical methods available for this computation,

Pistikopoulos and Mazzuchi (1990) proposed a procedure which provides lower and upper

bounds on the solution.

The drawbacks of this approach are that it is again centred around the a priori iden-

tification of active sets and that it only applies to systems with normally distributed pa-

rameters. Straub and Grossmann (1990) overcame the latter limitation using an inequality

reduction scheme which successively projects the functions ik k (0, d, ) , k = 1, ..., n„„, into

lower dimensional spaces in 0. Lower and upper bounds for each uncertain parameter

are generated and Gaussian quadrature points are placed within the feasible operating

region. The integral (2.33) is then numerically approximated. The major difficulty with

this method, however, is that it requires identification of active sets at each projection of

the feasibility functions.

Straub and Grossmann (1993) developed an algorithm that does not rely on identification

of the active sets for evaluating the stochastic flexibility in linear or non-linear systems with

generally distributed uncertain parameters. The basic strategy is to solve an optimization

problem in order to compute bounds in the feasible region for one uncertain parameter,

place quadrature points for that parameter, and then for each quadrature point calculate

the bounds for the next uncertain parameter, and so on. Once sufficient quadrature points

have been placed, the joint p.d.f. of the uncertain parameters can be numerically inte-

grated over the region. A drawback of this approach is that the number of optimization

sub-problems that needs to be solved increases exponentially with the number of uncertain

parameters, no, and the number of quadrature points used for each parameter, Q . Straub

and Grossmann (1993) did propose an embedded formulation to avoid this, but, even for

linear process models, this corresponds to the solution of a very large NLP. More efficient

integration techniques than Gaussian quadrature have also been proposed in the context

of stochastic design optimization, such as specialised quadratures and cubatures for nor-

mally distributed parameters (Bernardo et al., 1999), and Monte Carlo methods with
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efficient sampling techniques (Diwekar and Kalagnanam, 1997; Acevedo and Pistikopou-

los, 1998). The difficulty in applying these methods to stochastic flexibility evaluation,

however, is that each of the generated integration points must be checked to see if it actu-

ally lies within the feasible region of uncertain parameters. Besides the subsequent issue

of integration accuracy, this will typically involve solving the feasibility function problem

(2.7) at each point, and so the computational burden can actually be greater than that

using conventional Gaussian quadrature (as pointed out by Straub and Grossmann, 1990).

2.4.3 Remarks

1. The most general algorithm for evaluating the stochastic flexibility in linear and non-

linear systems is the one of Straub and Grossmann (1993). However, the exponential

growth in sub-problems with the number of uncertain parameters and quadrature

points can make it exceedingly computationally intensive.

2. There are no methods that give any information at all on the dependence of the

stochastic flexibility on the design.

3. From a statistics perspective, it is interesting that there appear to be no established

methods for computing singular multivariate normal probabilities (as found by Pis-

tikopoulos and Mazzuchi, 1990).

2.4.4 Expected Stochastic Flexibility Definition

If the discrete probability for the availability of each piece of equipment in a process

with stochastic parameters is given, then the appropriate analysis problem is to deter-

mine the expected probability of feasible operation. This is known as the combined

flexibility-availability index (Pistikopoulos et al., 1990), or expected stochastic flexibility,

ES F (Straub and Grossmann, 1990). Mathematically, it is defined as:

rq
ESF (d) = E SF (d, y'). P(y8),	 (2.38)

a.si

where s is the index set for the system states; P (y8 ) is the (discrete) probability that the

system is in state s; and eq is the number of pieces of equipment in the system. Each state

of the system is defined by different combinations of available and unavailable equipment.

Thus, if y: is a binary variable which takes a value of 1 if equipment i is available, and is

zero otherwise; and pi is the probability that equipment i is available, then:

P(y8) =	 II Pi	 II (1 — Pi) •	 (2.39)
{ily:=1}	 {ily:.o}
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2.4.5 Existing Evaluation Approaches

The obvious way to evaluate the expected stochastic flexibility for a particular set of con-

tinuous design variables is to calculate the stochastic flexibility for each state 8 using the

method of Pistikopoulos and Mazzuchi (1990), Straub and Grossmann (1990) or Straub

and Grossmann (1993), and then apply (2.38) and (2.39). A drawback with this approach

is the potentially large number of system states, 2", and hence summation terms in (2.38).

For such cases, Straub and Grossmann (1990) have proposed an effective bounding scheme

which requires the examination of much fewer states.

2.5 Stochastic Design

Pistikopoulos and Grossmann (1988c) simplified problem (2.27) for linear systems with

independent, stochastic parameters by maximising the expected revenue while minimising

the investment cost. A modified Cartesian integration method was used to evaluate the

expected revenue, and, as in their previous work (Pistikopoulos and Grossmann, 1988b),

range analysis was used to generate the trade-off curve of profit against deterministic flex-

ibility index.

Straub and Grossmann (1993) proposed a Benders' decomposition strategy for maximising

the stochastic flexibility while minimising a cost function that is only dependent on the

design variables. This involves fixing the design and calculating the stochastic flexibility

as described in §2.4.2; this gives a lower bound on SF. Lagrange multipliers are then

calculated and a master problem is solved where a constraint is imposed on the maximum

cost; a new design and an upper bound on SF are obtained. Iterations are performed until

the bounds on SF converge. By repeating the whole procedure for different cost constraint

values, trade-off curves of stochastic flexibility vs. investment cost can be drawn up.

Pistikopoulos and Ierapetritou (1995) built on the two works above to present a two-

stage formulation where the expected revenue/profit is optimized while simultaneously

measuring the stochastic flexibility. This work was then extended by Ierapetritou et al.

(1996) in a framework which considers both deterministic and stochastic parameters. A

multi-period approach is used for the deterministic parameters to enforce a fixed degree

of flexibility while feasibility is enforced for the stochastic parameters by solving similar

optimization sub-problems to those introduced by Straub and Grossmann (1993). For

linear systems, Acevedo and Pistikopoulos (1997a) used multi-parametric programming

to avoid the exponential increase in the number of sub-problems (see §2.4.2) and to obtain

information on the dependence of the feasible region boundary on the values of the design

variables. This was extended to the design of non-linear systems by Hene (1998).
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2.6 Conclusions

In this chapter, the various deterministic and stochastic flexibility analysis and design

problems have been defined and existing solution approaches reviewed. The following

limitations exist:

1. For deterministic analysis in linear systems, Pistikopoulos and Grossmann (1988b)

and Varvarezos et al. (1995) have shown that the feasibility function ti) can be ex-

pressed as a piecewise-linear function of the uncertain parameters and the design

variables. It seems logical that it should be possible to obtain the flexibility test

measure and the flexibility index as explicit functions of the design variables, but

this has not been addressed.

2. For deterministic design in linear systems, Pistikopoulos and Grossmann (1988b)

and Varvarezos et al. (1995) have also shown that the computationally expensive,

iterative strategy shown in Fig. 2.3 can be avoided and a single optimization problem

solved instead. However, this needs to be solved repeatedly to solve the problem of

design with optimal degree of flexibility, which is inefficient.

3. Very few of the special results for linear systems have been extended to non-linear

systems. For deterministic analysis, no methods exist that enable the feasibility func-

tion to be expressed in terms of the uncertain parameters and the design variables.

Similarly, for optimal design with a fixed degree of flexibility, the decomposition ap-

proach in Fig. 2.3 must be used, and used repeatedly if the trade-off curve of cost vs.

flexibility index is to be obtained. Furthermore, very few methods exist for global

optimization in flexibility analysis and design, which may lead to overly optimistic

conclusions about a system's flexibility.

4. For stochastic analysis, the most general approach is that of Straub and Grossmann

(1993). However, this suffers from the disadvantage that there is an exponential

increase in the number of optimization sub-problems that must be solved as the

numbers of uncertain parameters and quadrature points increase.

5. From a statistics perspective, there appear to be no available methods for computing

singular multivariate normal probabilities (found by Pistikopoulos and Mazzuchi,

1990, in their work on stochastic analysis).

In the context of stochastic design, Acevedo and Pistikopoulos (1997a) and Hene (1998)

have used multi-parametric programming to reduce computation times and to obtain some

information on the dependency of a system's feasibility with respect to the continuous

design variables. In the next two chapters, we show how this kind of approach can be

used to efficiently solve all the flexibility analysis and design problems described in this

chapter and to address the issues outlined above.



Chapter 3

A New Approach for Linear
Flexibility Analysis and Design

"Is there anything of which one can say, 'Look! This is something new'?"

Ecclesiastes 1:10, The Bible (NIV)

This chapter presents a new, unified theory and algorithms, based on multi-parametric
programming techniques, for the solution of the various flexibility analysis and design
optimization problems described in Chapter 2 for the special case of linear process systems.
The algorithms are computationally efficient and give new, explicit information on the
dependence of the various metrics on the values of the design and structural variables. The
key features of the approach are demonstrated through both mathematical and process
examples.

3.1 Introduction to Parametric Programming

At the end of the previous chapter, parametric programming was identified as a tool that

may have the potential for allowing more explicit information to be obtained from flexibil-

ity analysis and design problems. In this section, we present a brief overview of parametric

programming before showing in the remainder of the chapter how it can indeed be used

for the flexibility analysis and design of linear systems.

Consider a general optimization problem of the form:

min f (w, y, 0) ,
w,y

g (w, y, 0) < 0,

where w and y are vectors of continuous and integer search variables, respectively, and 0

is a vector of parameters. Clearly, the value of the optimal solution is dependent on what-

ever values are chosen for the elements of 0. The goal of (multi-)parametric programming

techniques is to express this optimal solution explicitly as a mathematical function of 0
over a given range of values for 0 without having to exhaustively enumerate the space of

these parameters.

(3.1)

s.t.

24
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For the case when f and the components of g are linear functions of w and 8, and there

are no integer variables, (3.1) corresponds to a multi-parametric linear program (mp-LP).

In this case, the optimal solution is a piecewise-linear function of 8, and its exact form

can be obtained by extending the Simplex algorithm for linear programs to explicitly in-

corporate the parameters 8 (Gal and Nedoma, 1972; Gal, 1995).

When f is a quadratic function, g is a vector of linear functions, and there are no in-

teger variables, (3.1) corresponds to a multi-parametric quadratic program (mp-QP). In

this case, the search variables w are piecewise-linear functions of 0, while the optimal

objective function is a convex, piecewise-quadratic function of 0 (Dua et al., 2000).

For the case when f and g are convex, and there are no integer variables, (3.1) cor-

responds to a convex, multi-parametric non-linear program (mp-NLP). For this case, the

optimal solution is a continuous, convex function of 8 (Fiacco and Kyparisis, 1986), whose

form is typically obtained (approximately) by bounding the non-linear function by linear

profiles (Fiacco and Kyparisis, 1986; Dua and Pistikopoulos, 1999). Techniques have also

been proposed for non-convex mp-NLPs based on bounding the solution via convex over-

and under-estimating problems (corresponding to the solution of convex mp-NLPs), and

then branching in the space of w (Benson, 1982; Fiacco, 1990; Dua et al., 1999).

When integer variables are present, there is an extra complication due to the discrete

nature of the solution space. Techniques for solving multi-parametric mixed-integer lin-

ear programs (mp-MILPs) are either based on branch-and-bound principles, where multi-

parametric lower bounds are obtained by relaxing the integrality conditions (Acevedo and

Pistikopoulos, 1997b); or on solving 'conventional' MILPs to obtain candidate integer

structures and solving mp-LPs for these structures with the addition of integer and para,-

metric cuts (Pertsinidis, 1992; Dua and Pistikopoulos, 2000). For convex, multi-parametric

mixed-integer non-linear programs (mp-MINLPs), solution algorithms tend to decompose

the problem into a primal sub-problem for fixed integers, corresponding to the solution of

a convex mp-NLP, and a master sub-problem corresponding to an MINLP or mp-MILP

which gives a new integer solution (Acevedo and Pistikopoulos, 1996; Pertsinidis et al.,

1998; Papalexandri and Dimkou, 1998; Dua and Pistikopoulos, 1999). An algorithm for

the solution of non-convex mp-MINLPs has also been recently proposed (Dua et al., 1999).

It is apparent from the above discussion that methods for solving optimization problems

parametrically are becoming well-established for different types of mathematical model.

We choose to turn our attention first to the case of linear process models since previous

works in the flexibility literature (Pistikopoulos and Grossmann, 1988b; Varvarezos et al.,

1995) have already partly demonstrated that explicit information can be obtained for this

case. The work presented in the rest of this chapter will also serve as a foundation for

work involving the flexibility of non-linear systems which is presented in Chapter 4.



0 (0) = min (cT .w +w
s.t.	 Ai .w = b1 + F1.8,

A2 .w < b2 + F2.0,

uL) ,

t" (0,d) =
ne	 rad

E o,0 + E Pt • di + 7k. (3.4)
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3.2 Flexibility Test and Index

3.2.1 Parametric Programming Approach

The starting point for the new approach is the feasibility function problem (2.7). It can

be seen that (2.7) is of the same form as (3.1) because the objective 0 is dependent on

the values of 0, d and y. For a linear system (2.7) becomes:

t I, (0,d,y) = min u,
LOA

s.t.	 Hx.x + Ilx.z +H0.0+ Hd.d + Hy.y + hc = 0,	 (3.2)

Gx.x + G..z + G9.0 + Gd .d + Gy.y + g, < u.e,

where H and G are matrices of constants; lic and gc are vectors of constants; and e is a
vector whose elements are all equal to one. For a fixed structure, (3.2) can be re-arranged

into the following form:

(3.3)

0 < b3 + F3.0,
w > 0,

N

where w = (RT 1 iT 1 fi)
T

 ; e = (9T I dT)

T

 ; c is a column vector where the final element is

1 and all the other elements are zero; A1 = [Hx I H. I 0]; b 1 = — H..xL — H..zL — Hy .y-
hc ; F1 = [-Ho I -lid]; A2 = [Gx I Gs I —e]; b2 = —G..xL — G..zL — Gy.y — gc + uLe;

F2 = [ —G9 I —Gd]; 
cc = x _ xi. ; I = z _ zL ; ti = u _ uL ; xL , zL , uL are lower bounds

on their respective variables; and the constraints 0 < b3 + F3 .0 incorporate the lower

and upper bounds on the uncertain parameters and design variables, as well as other con-

straints such as relationships between dependent uncertain parameters.

The reformulated system (3.3) is now in the correct form for solution as a multi-parametric

linear program (mp-LP) using algorithms already reported in the literature. For example,

the algorithm of Gal and Nedoma (1972), described in Appendix B, can be used to give a

set of expressions for V) that are linear in 8 (i.e. in 0 and d), and a corresponding set of

regions (defined by linear inequalities in 0 and d) in which these solutions are optimal.

The kth feasibility function expression given by the mp-LP algorithm for the structure

under consideration is of the same form as (2.18),

Once these expressions have been obtained, the flexibility test measure and the flexibility

index can be solved, not just for a given design as in previous works, but as a function of
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the continuous design variables. This requires the use of the properties for linear systems
reported by Pistikopoulos and Grossmann (1988b) and a comparison procedure similar
to that proposed by Acevedo and Pistikopoulos (1997b). First, the critical uncertain
parameter values are identified from (2.20) and (2.21):

ook
(a) if — < 0 Atr'k = —A0T, 9c,k= — 6k4W , i=	 ;	 (3.5)

aik

aok
(b) if — >0 6.0i4k =	 Oic'k = Or + OkA0t, i= 1, , ne ,	 (3.6)

00,

where 6k is the flexibility index associated with each feasibility function.

For the flexibility test, the critical uncertain parameter values from (3.5) and (3.6), with
8k = 1, are substituted into (3.4) to give the expressions:

nd
d) = E op .	 ek,

i=1

where ek is a constant term. The set of linear, parametric expressions for x (d), and the
associated regions of optimality, are then obtained by comparing the feasibility functions
(3.7) and retaining the upper bounds (see Appendix C).

For the flexibility index, linear parametric expressions for 6 k (d) , k = 1, K, are ob-
tained by solving the linear equations 	 [oc,k (ok) d] = u k = 1, ..., K. The set of
linear solutions for F (d) and the associated regions of optimality can then be obtained
by comparing O k (d) and the constraints S k (d) > 0, and retaining the lower bounds.

3.2.2 Algorithm 3.1

Based on the above theory, the steps of the proposed parametric programming algorithm
to solve the flexibility test and index problems for a linear process system with fixed struc-
ture can be summarised as follows:

Step 1

Re-formulate the feasibility function problem (3.2) into the form (3.3).

Step 2

Solve (3.3) as an mp-LP using the algorithm described in Appendix B. This will give a
set of K linear parametric solutions, Ok (0), and corresponding regions of optimality, C Rk.

Step 3

For each of the K feasibility functions, ik k (0, d), obtain the critical uncertain parameter
values, oc,k , from (3.5) and (3.6).

(3.7)



= —2x + 2z
= —x + 5-2 z

< x, z,

— 10,
3 , —	 02	 + 2d2 -I- ; < 0, (3.8)

+ 101 — 	 02 — cl, + 1d2 — 1 < 0,
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Step 4
• For the flexibility test:

(a) substitute ec 'k with bk = 1 into the feasibility function expressions to obtain
, 1	 , k 1a	 = ,	 K, as in (3.7);new expressions	 )

(b) obtain the set of linear solutions Xk (d), and the associated regions of opti-

mality, CRk, k = 1, ..., Kx, where Kx < K, by comparing the functions

tfik (irk , d) , k = 1, K, and retaining the upper bounds, as described in

Appendix C;

(c) for any desired d, evaluate the flexibility test measure from x (a) = maxk Xk (a).
If x (a) < 0, then the design under consideration can be feasibly operated.

• For the flexibility index:

(a) solve the linear equations, Ik [oc,k (8k) di =k	 ,	 u k = 1, K, to obtain a set

of linear expressions for 15k , k = 1, K, in terms of d;

(b) obtain the set of linear solutions Fk (d), and the associated regions of optimal-

ity, k = 1, ..., KF, by comparing the functions 8k (d) and the constraints

8k (d) > 0, k = 1, K, and retaining the lower bounds, as described in Ap-
pendix B;

(c) for any desired d, evaluate the index from F (d) = mink Fk (a).

3.2.3 Illustrative Example

The steps of Algorithm 3.1 are now illustrated on a small, mathematical example. The
system is described by the following set of constraints:

h1 =	 2x — 3z + 01	— d2	 = 0,
1	 10 ± 102 4- dl91 =	 x — -x —2	 2 1	 — id2	 < 0,

92

93

—50

0
0

< 01 , 82 < 4,

< d1 , d2 < 5.

Step I

22,

The reformulated feasibility function problem becomes:

	

=	 min	 — 50) ,

	

s.t. —2i + 3i	 50	 +	

dd
-21 1

-	

ti <	 —25	 +	 10	 — d1	id2,2 1

	—2i + 2i	 (9

	

< —501 +	 101 +	 2
+ -25 i —	 <	 26

-	

191 + Oz +	 Id
222,

o	 < 01 , 02 <	 4,	 (3.9)

	

0 < d1 , d2 <	 5,



Step 3

Vol < 0

<0

0

<0
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where lower bounds of xL = = uL = —50 have been used. Note that a strict lower
bound on u could have been found by solving the original feasibility function problem with
x, z, 0, and d, all as free variables.

Step 2
Solving (3.6) as an mp-LP gives the two parametric expressions and corresponding regions
of optimality, (B.7) and (B.8), derived in Appendix B. These are repeated below:

= _ 0 _ 102 + ldi _ d + 101 (0, d)	 (3.10)3 1 4	 2	 2 6'

/ 20
1 — P/2 — 2di + 3d2 < 1

CR1 = 0 < 01, 02 < 4
0 < d1 < 5.

02 (0, d) = a _ avi v2 — .cli + il d2 — —1 ,

1201— 102 — 2d1 + 3d2 > 1
CR2 = 0 < 01 , 02 < 4

0 < d1 , d2 < 5.

(3.11)

= —2,

= —2,

Acq,2 = +2,

464,2 = _2,

9 3

,.c,2

(4,2

= 2

= 2

= 2

= 2

— 281.

—

+ 2P.

_ 282.

Step 4

• For the flexibility test:
1	 1(a) 01 (0;1 , d) = —d1 — d2 -I- —2	 6'

02 (0c,2 , -)d = 1	 1
- -2 di-}--2 d2+1.

(b)	
(d) = c1 1 — d2	 (3.12)

CR =  
2d1 — 3d2 > g
d1 < 5, d2 > 0.



(b) 1(d) = — (3d1 — 3d2 + 10) ,
16

(3.14)
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X2 (d) =	 + d2+ 1,

crz2 = 2d, — 3d2 <

t 0 d1 , d2 < 5.

(3.13)

• For the flexibility index:

(a) 1
8 1 (d) = —

11 
(-34 + 6d2 -1- 10) ,

1
52 (d) =	 (34 — 3d2 + 10) .

+ <
_ 1 43 - d2 < A%- 0 < dl , d2 < 5

0 < d2 < 5.

1
F2 (d) = — (-34 6d2 + 10) ,

11

1 
1 d , - d2 < 1

c Te = Er di — d2 > At
di < 5, d2 > 0.

7—R1

(3.15)

F3 (d) = 0,	 (3.16)

1= —1d1 ± Y2 � 1
ch > 0, d2 < 5.

F4 (d) = 0,	 (3.17)

=
1_.4	 14 — d2 � 1

CR 	 2
(1 1 < 5, d2 > 0.

The parametric flexibility test solutions, (3.12) and (3.13), are illustrated graphically in
d-space in Fig. 3.1, while the flexibility index solutions, (3.14) to (3.17), are shown in Fig.
3.2. Note that solutions (3.16) and (3.17), where the flexibilityindex is zero, correspond
to designs where the nominal uncertain parameter point, Oiv = e = 2, is infeasible.

C R3
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Figure 3.1: Parametric Flexibility Test Solutions in d-space for the Linear Illustrative

Example.
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Figure 3.2: Parametric Flexibility Index Solutions in d-space for the Linear Illustrative

Example.
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3.2.4 Remarks on Algorithm 3.1

1. In some cases, it may be computationally advantageous to first eliminate the state
variables x from the equality constraints using simple matrix manipulations. If this
is done, then the feasibility function formulation (3.2) becomes:

ii) (0, d, y) = min u,
s,u

s.t. d..z + 60 + dd.d + dry +gc < u.e, (3.18)

where di . G.; — G..H,7 1 .H1 for i = z, 0, d and y; and gc . g, — G..H,71.11c.

2. The set of active constraints associated with each of the K feasibility function expres-
sions obtained from Step 2 is automatically given by the mp-LP algorithm through
the non-basic slack variables (see Appendix B). For the illustrative example above,
te corresponds to inequalities g i and 92 being active, while 02 corresponds to 92 and
g3 being active. The process examples presented later in this chapter will demon-
strate the advantage of this compared to finding all potential sets of active constraints
(many of which may be redundant) using the method of Pistikopoulos and Gross-
mann (1988b).

3. The algorithm gives the explicit (linear) dependence of the flexibility test measure
and index of a system on the continuous design variables. This reduces the subse-
quent computation of these metrics for a particular design to simple function eval-
uations and also gives a designer insight into which design variables most strongly
limit the flexibility. Moreover, for the system structure under investigation, this
enables the construction of a 'feasible region' in the design space through the ex-
pressions xk (d) < 0, k = 1, ..., Kx (or, for a target flexibility index Ft , through
Fk (d) > Ft , k = 1, ..., KF). In Fig. 3.3, the shaded area shows the feasible region
for the illustrative example, as defined by [x1 (d) < 0 n x2 (d) < 01. Any set of de-
sign values, {d 1 , d2}, which lies in this shaded region, leads to a system that can be
operated feasibly through proper manipulation of the control variables, no matter
what values the uncertain parameters take within their lower and upper bounds.
This clearly demonstrates the power of this parametric programming algorithm in
enabling a designer to know, a priori, the full range of flexible designs.

4. An alternative to Algorithm 3.1 is to use the flexibility test and index formulations,
(2.13) and (2.14), of Grossmann and Floudas (1987) and solve them directly as

multi-parametric, mixed-integer, linear programs (mp-MILPs), using, for example,
the algorithm of Acevedo and Pistikopoulos (1999) or that of Dua and Pistikopoulos
(2000). The latter algorithm is outlined in Appendix D, where it is illustrated for
the flexibility test of the mathematical example above. This method does indeed
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Feasible region of designs

d1

Figure 3.3: Feasible Region in d-space for the Linear Illustrative Example.

give the same parametric expressions and regions of optimality as Algorithm 3.1.
However, such an mp-MILP method offers little advantage because (i) it involves
the solution of far more sub-problems (for the illustrative example: 6 MILPs, 3
mp-LPs, and a comparison of parametric solutions, compared to just 1 mp-LP and
a comparison of parametric solutions with Algorithm 3.1); and (ii) it involves the
solution of much larger sub-problems, since the vector of search variables, w, must
be expanded to include 0, the Lagrange multipliers 0 and A, and extra slack vari-
ables (for the individual mp-LPs in the illustrative example, although the number
of parameters is reduced from 4 to 2 compared to Algorithm 3.1, there are 13 search
variables compared to 6).

5. For systems which are non-linear in the continuous design variables d, as well as the
integer variables y, Algorithm 3.1 can still be applied, provided that both the design
and the structure are fixed before Step 2. In this case, the complete map of solutions
in the continuous design space cannot be obtained. However, linear expressions for
the feasibility functions in terms of the uncertain parameters 0 will be yielded by
Step 2, and the final result will be values for x and F. To illustrate this, consider
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the non-linear system described by the following set of constraints:

hi =
= 

2x
x -

- di.z —+ 01	 - dz	 = 0,
gi 1	 101 -I- 102 + di — id2	 <	 o,-2 Z

92 = -2x + 2z - 01-3— — 02 +	

+2d

	

<	 0,1
93 = --z+ 5-2 Z + Pi — 02 — di +	 2

	

id - d3 <	 0,2 
-50 <	 x, z,

0	 <	 01 , 02	 < 4,	 (3.16)

with di = 3 and d2 = 1. Application of Algorithm 3.1 gives:

0/ (0)	 _291 1	 292 +
3	 4	 3'

{ 201 - 302 < 4
CR1 =

0 < 01 , 02 < 4.

02 (0, d) = -10 0	 43 1 — 2 —

CR2 = 20
1 - 102 > 4

01 < 4, 02 > 0.

2
x =	 F=.

3.3 Design Optimization

Multi-parametric programming can be used to avoid the computational expense associated
with existing design optimization approaches (see §2.3.3). Firstly, by applying Algorithm
3.1, all of the critical points of the uncertain parameters are identified a priori and ana-
lytical expressions are obtained for the flexibility test measure and the flexibility index.
The problem of optimal design with fixed degree of flexibility (§2.3.1) can then be solved
via a single LP: na

 I	 wi.ctinear (xi ,zi	 d,

s.t. himinear	 0i, d,

g li inear (xi , xi , 0i , d,

Xk (d , Y)
(IL < d

0, m E M, i = 1, ..., ns,

• 0, 1 E L,	 i = 1, ..., ns,

• 0, k = 1, ..., Kx,

< du ,

(3.19)

where the set 0i , i = 1, ..., ns, consists of the critical points identified in Step 4a of
Algorithm 3.1 as well as other points such as the nominal one.
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The more general problem of design with optimal degree of flexibility (§2.3.2) can be

similarly formulated as:

s.t.

min	 toxiinear

i=1

hiinear [x', zi , o (F*) , d, rdm

lineargi	 [xt , zt , Ot (Ft) , d,

Fk (d, y)

CIL 	<	 d

[xi,	 oi (Ft) , d,

= 0, m E M,	 i =

<	 o,	 1 E L,	 i =

>	 F*,	 k = 1, ..., KFI

<	 du,

,

1, ..., ns,

1,	 ns,

(3.20)

where the critical points within 0 i , i = 1, ..., ns, are functions of the target flexibility

index, Ft , since they are identified in Step 4b of Algorithm 3.1 with bk = Ft , k = 1, ..., K.
Instead of having to solve (3.20) repeatedly for different values of the target flexibility in-

dex, F*, the exact, algebraic form of the trade-off curve can be obtained by realising that

(3.20) corresponds to a single parameter linear program (p-LP) in F t . This can be solved

(see Chapter 3 of Gal, 1995) to explicitly yield all the cost solutions as linear functions of

F*.

In order to illustrate this, consider the case when the objective function only involves

the design variables d, as commonly occurs in retrofit design problems (Pistikopoulos and

Grossmann, 19886; Varvarezos et al., 1995). In this case (3.20) can be simplified further

because none of the system equations or inequalities are required. For the illustrative

example in §3.2.3, solving

Cost = dmiidn2 (10d, -I- 104) ,

1
s.t.	 = — (3d, — 3d2 + 10) > F',

16
1

F2 = — (-3di 6d2 + 10) > Ft,

o < d,,d2 < 5,

0.65 < P < 1,

as a p-LP gives: 1	 1
Cost' = 53-

3
P —

CR 1 = { 0.65 < Ft <

Active constraint: F1 = Ft.

1	 2
Cost2 = 233-

3
Ft — 166-

3'

CR2 =	 < F' < 1,

Active constraint: F2 = Ft.
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-
0.65	 0.74	 0.80

Target Flexibility Index, F '

Figure 3.4: Cost vs. Flexibility Index Trade-off Curve for the Linear Illustrative Example.

The parametric solutions above, illustrated in the trade-off curve of cost against target

flexibility index in Fig. 3.4, enable the cost for a desired flexibility index to be calculated

through a function evaluation. They indicate the exact point at which there is a change-

over from Fl being active to F2 being active, namely Ft = —22°7 ''-' 0.74. They also show
that the cost is more than four times more sensitive to changes in the target flexibility
index once F2 becomes active, and as such, that there is a high economic penalty for
guaranteeing feasibility over the complete space of uncertain parameters. For example, a
designer may choose to design for a flexibility index of 0.80 instead of 1 since the cost of
the former is less than one-third of the latter (20 compared to 66i). Note also that the
solution at Ft = 1 corresponds to the solution of the problem of optimal design with fixed
degree of flexibility (§2.3.1), i.e. to the solution of the LP:

Cost = vidn2 (10d, -I- 10d2),

1
s.t. X1 = —

2
4— d2+ —

1 
< 0,

6 —

X2 = - -1d1 + -
1

d2 + 1 < 0,
2	 2

0 < di ,d2 < 5,

and that the optimal design for this example, di = V, d2 = ;, lies at the intersection of

xl = 0 and x2 = 0, on the boundary of the feasible region of designs, as can be seen from

Fig. 3.3.



(3.21)
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3.4 Stochastic Flexibility

3.4.1 Parametric Programming Approach

Parametric programming can be used to overcome the computational difficulties associ-

ated with the stochastic flexibility evaluation methods outlined in §2.4.2 and §2.4.3. For

example, instead of relying on active set identification, Algorithm 3.1 can be used to gen-

erate the linear feasibility function expressions required for the analysis of Pistikopoulos

and Mazzuchi (1990). Moreover, the singular multivariate normal probabilities that often

arise in their method can be computed using parametric programming (see Appendix A

for two new algorithms which address this problem).

The method of Straub and Grossmann (1993) can also be adapted within a paramet-

ric programming framework in order to evaluate the stochastic flexibility in linear systems

with continuous uncertainties described by any type of joint p.d.f. Furthermore, the use

of parametric programming allows the method to be extended to give information on the

dependence of the stochastic flexibility on the continuous design variables. Such an algo-

rithm is summarised in the next section.

3.4.2 Algorithm 3.2

Steps 1 and 2
Obtain the linear feasibility functions lb k (0 d), k = 1, K, by applying Steps 1 and 2

of Algorithm 3.1 (§3.2.2).

Step 3
For i = 1 to no:

(a) Compute the upper and lower bounds of Oi in the feasible operating region, era- and

erin respectively, as linear functions of lower-dimensional parameters, 8p(p=1,...,i_1),

and d (Acevedo and Pistikopoulos, 1997a), by solving the mp-LP:

max (Or"'''''

jk (eaq i •••qs -1
ui

minq i ...q, _ ,

3(3=i+1••••one)/ vi

04' < eql , -1 eb.41-91 -1
—	 I

Of,	 Orinql •••q7-1

Here 84 and 04 reflect the fact that different values of Oh j = i + 1, ..., na, mustj

be chosen in order to calculate the upper and lower bounds on Oi ; while qi is the

s .t.

o1inqi.-91-1)

el—qP

091-9P d)

< omaxqi -91-1

AL	 pqi ...qp
vp	 vp

dL < d
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erax

Chapter 3.	 New Approach for Linear Flexibility Analysis and Design	 38

index set for the quadrature points to be used for the ith parameter. The solution

of (3.21) gives Ni solutions and corresponding regions of optimality in Op(p=1,...,i_i)

and d.

Note that lower and upper bounds on the uncertain parameters can be obtained
by truncating the probability distributions at points beyond which there is a negli-
gible change in probability. For example, for a normally distributed parameter with

mean p and standard deviation a, bounds of el, = p — 4o and Ou = p + 4a can be

used.

(b) Express the quadrature points, 011—qt , in terms of the locations of Gauss-Legendre

quadrature points in the [—LI] interval (Carnahan et al., 1969), vt , from:

op ...q. (a)	 —
1 

Prazq1...q.-1 (1 +'4')	 emingi 	... qi-i (1— 01 )1 V q.	 (3.22)
2

Step 4

nmarqi _ 072-nino	 C/neerax _ (Tin Qi
SF (d) = 	 E wqi v2 	 E tv,,q7 j (Or ,...,e,t-gne) , (3.23)

2	 i	 2q1=1

where w', qi = 1, ...,Q,, are the weights of the Gauss-Legendre quadrature points (Car-

nahan et al., 1969) for the ith parameter.

3.4.3 Illustrative Example

Consider the problem of evaluating the stochastic flexibility of the system described by
constraints (3.5), for uncertain parameters which are independently, normally distributed,

according to 9 1 ,02 N (2, 1).

Steps I and 2
These give the feasibility functions (3.10) and (3.11).

Step 3

= 4, Orin = 0, CR" =	 — 2d2 < .

= 4, Orin = id, — d2 — CR" = td1 — 2d2 > .3	 3	 5	 5

Or" = 4, 012ninql = --85 01 1 + 2d, — 4d2 + -25,

_ger +24 — 4d2 < V

—ger +24 — 4d2 > 3.
cR23 =



Chapter 3.	 New Approach for Linear Flexibility Analysis and Design	 39

Orazql = 4, Cinql = 0,

{ 
ger — 4d, + 4d2 < 38-

cR2,2=
ler + 24 — 4d2 < —1.

el: arql
1 9 ,	 1	 1 .	 1= 4 , OT2nniql = 50 1 — id, + i a2 — 3,

CR2 '3 = { ler — 4di + 4d2 � 1.

(b) In CR I,1 : er = 2 (1 + iir ) , Vqi.
In C11"2: Or = i (11 + nyr) + I ( 1 - yr) (a, - 2d2) , Vqi.

In CR2,I : or = I (7 + 5yr ) - 0. - yr ) (ler — di + 2d2) , V91, Vqz.
In CR2,2 : Or q2 = 2(1 + ,42 ),Vqi , Vq2.
In C R2 '3 : Or q2 = I (11 + 134 1 ) + (1 —. 142 ) (2071 — 3di + 34)1 Vql, Vq2-

Step 4

The stochastic flexibility for a given set of design variables and quadrature points can be
calculated by substituting the relevant values in the expressions obtained in Steps 3(a)
and (b) and then substituting the resulting values in (3.23). Note that the bivariate p.d.f

defined by 81 and 02 is given by (Lapin, 1990):

i (911 , 911q2 ) = —
2 

. exp { —2 [(e I — 2)2 + (9p o — 2)11.
ir

Table 3.1 shows the stochastic flexibility results for three different designs.

3.4.4 Remarks on Algorithm 3.2

1. Algorithm 3.2 clearly demonstrates the power of a parametric programming approach
to flexibility analysis in terms of the solution information it gives. The algorithm
provides the explicit dependence of the uncertain parameter bounds (and hence,
ultimately, the stochastic flexibility) on the values of d and the parameters of the
quaxlrature method being used. This means that by applying the algorithm just
once, a designer can then calculate the stochastic flexibility of any design, for any
given number of quadrature points, by simply performing a sequence of function eval-
uations. This feature makes the application of Algorithm 3.2 particularly amenable
as a tool for comparing design alternatives on the basis of their stochastic flexibility.
For the illustrative example above, Table 3.1 demonstrates this, where it can be
seen that no further optimization sub-problems need to be solved in order to obtain
the stochastic flexibilities of the second and third designs. In this case, the second
design, d = (5, 1•4)T , has the highest flexibility of the three designs considered.
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Number of Sub-Problems CPU (s)
d Qi = Q2 SF Algorithm 3.2 Sequential Algorithm 3.2 Sequential

8 0.6691 t 9 LPs t 0.1

(4, 0 T 12 0.6806 3 mp-LPs 13 LPs 0.2 0.2

16 0.6801 17 LPs 0.2
32 0.6801 4. 33 LPs 4. 0.4

8 0.9393 t 9 LPs t 0.1
(5, 1.4)T 12 0.9440 No 13 LPs neg. 0.2

16 0.9442 extra 17 LPs 0.2
32 0.9442 4. 33 LPs 4. 0.4
8 0.8981 t 9 LPs t 0.1

(3.2, 0.4)T 12 0.9050 No 13 LPs neg. 0.2
16 0.9050 extra 17 LPs 0.2
32 0.9050 4. 33 LPs 4. 0.4

Total: 3 mp-LPs 216 LPs 0.2 2.7

Table 3.1: SF of Linear Illustrative Example: Parametric vs. Sequential Approach.

2. The parametric programming approach leads to a reduction in the size of the in-
dividual optimization sub-problems. This is achieved through the use of the feasi-
bility functions rather than the complete system equations and inequalities, as, for
example, in the 'sequential' approaches of Straub and Grossmann (1993) and Pis-
tikopoulos and Ierapetritou (1995). In Algorithm 3.2, the number of constraints in
Step 3(a), excluding the parameter bounds, is 2K. Using the complete model of the
system leads to 2 (dim{h} + dim{g}) constraints. The former number is, in general,
considerably smaller, since there are usually far fewer sets of active constraints than
equations and inequalities in the process model. Furthermore, the number of opti-
mization search variables is reduced in Algorithm 3.2 since the states x and controls
z are eliminated. All this comes at the expense of the solution of only 1 mp-LP in
Steps 1 and 2. For the illustrative example above, the use of Algorithm 3.2 essen-
tially halves the size of the problems in Step 3(a) compared to using the full set of
system equations. For example, there are only 4 constraints instead of 8, while for
i = 2, the number of search variables is reduced from 4 to 2.

3. Algorithm 3.2 leads to a significant reduction in the number of optimization sub-
problems that need to be solved and hence in the computation time compared to a se-
quential approach. The latter requires the solution of [1 + Q 1 (1 + Q2 (• • • (1 + Qn._i)))]

LPs; Algorithm 3.2, on the other hand, only requires the solution of (1 + no) mp-
LPs. The benefit of this can be seen in Table 3.1 for the illustrative example. In
order to generate the stochastic flexibilities shown requires the solution of a total of
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216 LPs using the sequential approach compared to just 3 mp-LPs with Algorithm

3.2. This translates to a total of 2.7s CPU on a Sun ULTRA 1 work station for the

former approach using GAMS/CPLEX (Brooke et al., 1992), compared to 0.2s for

the latter approach using the prototype Fortran code of Acevedo and Pistikopoulos

(1997b). Thus, even for such a tiny problem, a more than tenfold computational

saving is achieved. This saving will increase as the number of uncertain parameters

increases, as will be demonstrated with the process examples later in this chapter.

Note that the computational effort associated with both the sequential and para-

metric programming approaches can be diminished through parallelisation. For the

former, this is achieved by solving the first LP, then solving the next Q i LPs in

parallel, then the next Q 1 .Q2 LPs in parallel, and so on. For the latter, the benefit

is even greater, since all of the mp-LPs in Step 3(a) can be solved in parallel.

4. For systems that are non-linear in d, such as (24), the design is fixed before Step 2,

and Algorithm 3.2 then proceeds in a similar fashion.

5. In principle, the information from Algorithm 3.2 can be used to formulated a design

optimization problem for target stochastic flexibility. For example, one might pose

the problem as:

Cost = min KT .d,
d

s.t.	 SFk (d) > SP,	 V k,	 (3.24)

clL < d < du,

where SP is the target stochastic flexibility. However, since SFk (d), V k, are,
in general, non-linear and non-convex, (3.24) corresponds to a non-convex, single-

parameter, non-linear program (p-NLP). Global optimization methods for the solu-

tion of such problems are currently under development (Dua et al., 1999).

3.5 Expected Stochastic Flexibility

As explained in §2.4.4 and §2.4.5, existing evaluation approaches for the expected stochas-

tic flexibility consist of calculating the stochastic flexibility for each system state and then

applying (2.38):

2eq

ESF(d) = E SF (d, ya).P(yg),
8=si

and (2.39):

P(y8) =	 H Ps	 II (1 — Pt) •
{ s lii:= 1 }	 {214=0

(3.25)

(3.26)
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By the same token, the use of Algorithm 3.2 for the stochastic flexibility calculation en-
ables the expected stochastic flexibility for any given design to be reduced to a series of
function evaluations, thus allowing the very efficient comparison of design alternatives.
This approach is illustrated in the first process example below.

3.6 Process Example 3.1: Chemical Complex

Fig. 3.5, adapted from Straub and Grossmann (1990), shows a system where a species A
is converted to a species C via two different process routes. In the first, plant 1 is used
to convert A to an intermediate B, with a conversion factor ti = 0.92, and then plant 2
converts B to C with a conversion factor e2 = 0.85. In the second process, plant 3 converts
A directly into C with a conversion factor t3 = 0.75. The linear process model, comprising
molar balances and specifications, is shown in Table 3.2. Note that F refers to molar flow
rate; di is the processing capacity of plant i; and y i is a binary variable that takes a value of
1 when plant i is available and a value of zero when it is unavailable. It is assumed that the
supply of raw material, S, is uncertain, with a nominal value of 12 and range 8 < S < 16;
as is the product demand, D, which has a nominal value of 7 and range 3 < D < 11. The
process model thus consists of five state variables, x = [F3, F4, F5, F6, FdT ; two control
variables, z = [F1 , F2] T ; two uncertain parameters, 0 = [S, D]T ; and three design vari-
ables, d = [d1 , d2 , d3] T . The ranges of interest for the latter are 3 < di < 7,7 < d2 < 9,
and 7 < d3 < 9.

Figure 3.5: Process Example 3.1: Chemical Complex.

3.6.1 Flexibility Test and Index

Consider the case when all three plants are available, denoted as system state Si (i.e.
ysi = [1, 1, 1]T) Algorithm 3.1 gives two feasibility function expressions (as opposed
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Equalities	 Inequalities
F1 = F2 + F3	 gi = F1 — S < 0
F4 = 0.92F2	 92 = F2 — d1 .91 < 0
F5 = 0.85F4	 93 = F4 — d2 -92 � 0
Fg = 0.75F3	 g4 = F3 — d3 .y3 < 0
F7 = F5 + Fg	 g5 = D — F7 < 0

Table 3.2: Model for Process Example 3.1.

to the four given by the method of Pistikopoulos and Grossmann, 1988b), one expression
for the flexibility test measure, valid over the whole range of d, and two flexibility index
expressions:

01 (o, ci, ysi) = —0.42101 + 0.56102 — 0.0184,

CR1 = { 1.42101 — 0.56102 — 0.982d 1 — d3 < 0,

Active constraints: 91 , g2 and 95.

02 (0, d, 1s1) = 0.39502 — 0.309d1 — 0.296d3,

C R2 = { 1.42101 — 0.56102 — 0.982d1 — d3 > 0,

Active constraints: 92 , 94 and 95.

x (d,ysi) = 0 1 (Oc' 1 ,d,Y51) = 2.806— 0.0184.

F1 (d, y5') = 0.0054 + 0.286, if {1.0184 + d3 > 10.857.

F2 (d, si)y	 = 0.1964 + 0.188d3 — 1.750, if {1.0184 + d3 < 10.857.

Notice how the two feasibility functions are independent of the capacity of plant 2, d2.
Also, the flexibility test measure is only dependent on the capacity of plant 1, di . The

ysmallest value of x (d, ysi) occurs for di = 7, which gives x ( s 1 )= 2.680. Thus, for the
given processing capacity ranges, the chemical complex cannot be operated feasibly over
the whole ranges of supply and demand, even if all three processing plants are available.

The parametric flexibility index solutions are illustrated graphically in d i d3-space in Fig.
3.6. The maximum value of the flexibility index occurs for d1 = 7, which gives F = 0.318.
This means that the maximum supply and demand ranges that can be simultaneously
tolerated are 10.73 < S < 13.27 and 5.73 < D < 8.27, respectively.
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d3

7.80

9

7

d1

Figure 3.6: Parametric Flexibility Index Solutions for Process Example 3.1.

3.6.2 Design with Optimal Degree of Flexibility

Consider an economic objective function, Cost = 10di + 3d2 -I- 10d3. Solving a p-LP in a
similar manner to that in §3.3 over the range of possible target flexibility indices given by
Fl and F2 , 0.149 < Ft < 0.318, leads to:

Costl = 51.15Ft + 113.38, if {0.149 < F' < 0.303.

Cost2 = 2187.50Ft — 534, if {0.303 < Ft < 0.318.

The trade-off curve of cost against target flexibility index is shown in Fig. 3.7. It can be
seen that the slope of the curve is forty times steeper when Fl is active compared to when
F2 is active. The result of this is that a target flexibility index Ft = 0.303, which is 95%
of the maximum possible index, Ft = 0.318, has an associated cost which is only 80% of
the latter (128.9 units vs. 161 units).

3.6.3 Expected Stochastic Flexibility

Let the probability of operation of plants 1, 2 and 3 be pl = 0.95, p2 = 0.92 and p3 = 0.87,
respectively. Since there are 3 plants, there are 2 3 = 8 different system states, which are
listed in Table 3.3 along with their respective probabilities of occurrence (calculated using
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Cost
161 1	

F'F active

2F active

121
0.149

Target Flexibility Index, Ft

Figure 3.7: Cost vs. Flexibility Index Trade-off Curve for Process Example 3.1.

State, el y; y; y; P (y8)

Si 1 1 1 0.760
S2 1 1 0 0.114
S3 1 0 1 0.066
S4 0 1 1 0.040
S5 1 0 0 0.010
S6 0 1 0 0.006
S7 0 0 1 0.003
S8 0 0 0 0.001

Table 3.3: System States and Associated Probabilities for Process Example 3.1.
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(2.39)). In order to evaluate the expected stochastic flexibility from (2.38), the stochastic
flexibility of each state must be calculated. It is clear that states S5, S6 and 88 all have
associated stochastic flexibilities of zero since there is no way of producing species C in
these cases. It is also clear that the stochastic flexibilities of states 83 and 84 will be
identical to that of state S7, since if either plant 1 or plant 2 is unavailable, the only way
to produce species C is by directing all the inlet flow to plant 3. Thus, for this example,
the expected stochastic flexibility can be expressed as:

ESF (d) = 0.7608F (d, ysi) + 0.114SF (d, ys2) + 0.110SF (d, y57) . (3.27)

Consider the case where (i) the supply is log-normally distributed with parameters in =

1, a = 0.6 (Hastings and Peacock, 1975); and (ii) the demand is normally distributed
according to D , N (7,1). The joint p.d.f. is then given by:

1
i (or , oy 0 ) 

= 1 2 (O	
8) exp {_1.39 [ln (Or — 8)12 — 1 (Or — 7)2 } 43.28)

.r r — 

Applying Algorithm 3.2 for each of the three states, Si, 52 and 87, requires the solution
of three mp-LPs, with a total CPU time of 0.428 in each case. The following expressions
are obtained:

• For state Si:
quiz

e2Marql

92Ma"1

= 16, Orin = 8.

. 0.782d1 + 0.750d3, Ori" = 3, if {(11 + d3 < or.

. 0.750911 + 0.0324, C i" = 3, if {d1 ± d3 > °r•

• For state 82, if 3.836 < di < 7 (otherwise, SF = 0):

OT" = 16, erin = 8.

OT2nazq' = 0.782d1 , Cinql = 3.

• For state S7:

Or" = 16, (Tin = 8.

012narql = 0.750d3,O'271ingi = 3, if {d3 < O1.

r2n"qi = 0.75097', Or in'= 3, if {d3 > or .

The expressions above, obtained using the parametric programming approach, together
with (3.22), (3.23), (3.27) and (3.28), give information on the dependence of the expected
stochastic flexibility of the system on the continuous design variables that could not have
been obtained using other evaluation approaches. For instance, in this example, the anal-
ysis indicates that if the capacity of plant 1 is less than 3.836, then state S2 is incapable
of meeting the constraints and does not contribute to the expected probability of feasible
operation of the system. Furthermore, the calculation of the expected stochastic flex-
ibility for different values of the design variables (and different numbers of quadrature
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points) is reduced to a series of function evaluations, thus facilitating a computationally
efficient comparison of design alternatives. For example, using 10 quadrature points for
both uncertain parameters, plant capacities d l = [5, 7, 91T give SF (ys1) = 0.510,
SF (ys2) = 0.001, SF (y51 = 0.353, and ESF = 0.427. Alternatively, plant capaci-

ties d2 = [7, 7, 71T give SFy	 SF= 0.533,pi)	 (-.92) = 0.064, SF (ys7) = 0.041 andy- 

ESF = 0.417. Hence although, d2 is more attractive in state Si, i.e. when all the plants
are operational, cl l has a marginally higher probability of feasible operation when all the
possible system states are considered.

3.7 Process Example 3.2: HEN with 2 Hot, 2 Cold Streams

Consider the heat exchanger network (HEN) used as an illustrative example in Chap-
ter 1 and shown again in Fig. 3.8. This is taken from Grossmann and Floudas (1987),
and was subsequently studied by Pistikopoulos and Mazzuchi (1990), Straub and Gross-
mann (1990) and Varvarezos et al. (1995). The process model comprises energy balances
around each exchanger and temperature feasibility constraints, as shown in Table 3.4
for a minimum temperature approach, AT„,in = OK. This system has four state vari-
ables, x = [T2, T4, T6, TdT ; one control variable, z = Qc; four uncertain parameters,
0 = [Ti, T3, T5, T8] T ; and no design variables. The expected deviations in the uncertain
parameters are all ±10K.

HI, 1.5 kW/K	 H2. I kW/K

T1 (Tr = 620 K)	 Ts (T134 = 583 K)

Cl, 2 kW/K •

	 •
T3

(T= 388 K)

Figure 3.8: HEN with 2 Hot and 2 Cold Streams.
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Equalities	 Inequalities
1.5(T1 – T2) = 2 (T4 – T3)

	 gi = T3 — T2 < 0

(T5 – T6) = 2 (563 – T4)
	

g2 = T4 — T6 < 0

(T6 – T7) = 3 (393 – T8)
	 g3 = Tg — T7 < 0

Q, = 1.5 (T2 – 350)
	

g4 = 393 – T6 < 0
g5 = T7 — 323 < 0

Table 3.4: Model for Process Example 3.2.

3.7.1 Flexibility Test and Index

The application of Algorithm 3.1 gives four feasibility function expressions, contrasting
with the six (two redundant) using the method of Pistikopoulos and Grossmann (19880:

0 1 (0) = - 33	 1	 29 401 – 302 – 33 – 304 + 922,

{ 
tO1 + 102 + 103 + VO4 � 2167

CR 1 =

(oc' 1) = 8-
4
 61 = —

14
.

5'	 25

02 (0) = 104 – 1611,

101 + 102 +103 + 152 04 � 2167
CR2=

12 03 – '1 04 � 541,

Active constraints: g4 and g5,

AO ]. + L02 – Le3+ 104 LC 487i,

Active constraints: gi and g4,

03 (0)

(ca) = 62 = 1.

3 1 4
=

7
— — 02

7
— — 03

7
+ 643-

3
,

7

10 + 102 –	 + 104 > 4871cR3 = io 1 io	 10	 5 —	 2
Pf01-1- 102 + .303 -1- 304 < 2306i,

Active constraints: g i and 112,

• /13 (0c13) =
4 (53	 19

20.
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04 (0) = --31 03 -I- 04 — 12551,

1 03 — 204 < 541cR4 = { 2	 4 - — 4
,101 + .102 + .393 + 394 > 23063,

Active constraints: g 2 and g5,

(044) = 6_2 
'
 54 =

3 	 2

Thus, the flexibility test measure, x = 81, indicating that the network cannot be operated
feasibly over the whole range of uncertain parameters. This is confirmed by the flexibility
index, F = which shows that the network can tolerate simultaneous variations in the
inlet temperatures of the process streams of up to ±5K.

3.7.2 Stochastic Flexibility

Consider the case where T1 and T3 are normally distributed, while T5 and Ts are uniformly
distributed, according to T1 	N (620,6.25), T3 e*s N (388,6.25), T5	 U [573,593], and

T8	 U [303, 323], respectively. Applying Algorithm 3.2 gives the following expressions:

=	 630, 017'in = 610.

0'2flazqi	 398, Oring ' = 378.

07"91 "	 =	 593.

()Ting ' q2	 =
3
01 — —

1
0,qm + 1126, if {-

3
el +-1 0q1q2 < 553.

4	 4	 4 1	 4 2

0,3nin9 q2	 573	 if	 —
3

Oq '	 —
1

(Pi " > 553.
4 1	 4 2

1	 1
er""2" = eA"2 " + 125-

3
.

r 3	 1	 1	 1
If t	 —Ogiq2 

▪ 

—09"2" < 849— and	 —
3

Oq ' + 10.1"2 eq"2" > 1126:34 -	 4 2	 2 3	 2	 4 1	 4
cinq 92 q3 = _ _3 eq l _	 1	 1

-01"2" 11+ 52—
4 1	 4 2	 2 3	 2*

If
 {3
	 1	 1	 1

—eq'	 eqlq2 	 > 849— •
4 1	 4 2	

▪ 

2 3	 2 •

97inql "" = 303.

1
If {-

3
0P 

4 -	 4	

▪ 

—0q"2" < 1126:
2 3

gmsnqj q2" = NIA (infeasible problem).

Using the expressions above, together with (3.22), (3.23), and the joint p.d.f., given by:

1 
j (Or q2 , Or q2 ", Or"") = 50007r exp {-0.08 [(Or — 620) 2 + (Or — 388)1} ,



Chapter 3.	 New Approach for Linear Flexibility Analysis and Design	 50

Qi , i = 1, 2, 3, 4 SF
Number of Sub-Problems CPU (s)
Algorithm 3.2 Sequential Algorithm 3.2 Sequential

8 0.8209 4 mp-LPs 585 LPs t 7.1
12 0.8230 and 1885 LPs 0.9 24.2
16 0.8230 1 LP 4369 LPs 4- 53.0

Total: 4 mp-LPs+1 LP 6839 LPs 0.9 84.3

Table 3.5: SF of Process Example 3.2: Parametric vs. Sequential Approach

the stochastic flexibility of the system can be calculated for different numbers of quadra-
ture points through a simple sequence of function evaluations. The results are shown in
Table 3.5, which indicates that, although the heat exchanger network can only tolerate
±5K deviations in the uncertain inlet temperatures, there is actually an 82.3% probability
that it can be operated feasibly through proper manipulation of the cooling duty. Table
3.5 also compares the number of sub-problems that have to be solved using Algorithm 3.2,
and the associated computation times, with those required by the sequential approach
of Straub and Grossmann (1993) and Pistikopoulos and Ierapetritou (1995). It can be
seen that the computational savings given by the parametric programming approach are
very large. In order to generate the three stochastic flexibility values in Table 3.5 using
Algorithm 3.2 requires the solution of a total of 4 mp-LPs and 1 LP, with a total CPU
time of 0.9s. This contrasts sharply with the sequential approach, where a total of 6839
LPs must be solved, taking 84.38 CPU.

3.8 Process Example 3.3: HEN with 4 Hot, 3 Cold Streams

Fig. 3.9 shows another HEN structure taken from Grossmann and Floudas (1987), and
also studied by Pistikopoulos and Mazzuchi (1990). This system has seven uncertain
parameters (with nominal values as shown, and expected deviations of ±10K), and one
control variable, z, which is the temperature of the hot stream flowing from exchanger
5 to exchanger 3. The full model of the system consists of eight energy balances and a
number of inequalities describing feasible heat exchange (AT„, in = OK). In this case, it is
advantageous to eliminate the state variables according to (3.18) because this reduces the
model to the seven non-redundant constraints shown in Table 3.6 (c.f. nineteen reported
by Grossmann and Floudas, 1987).

3.8.1 Flexibility Test and Index

Algorithm 3.1 gives four feasibility function expressions:

1 A	 0 i 7 11le (0) = 5 01 4_ 5 0 + 1 n	 25n
18	 36 2 

3 u3 + 72 u5 + 06 + -3-177 - 011 u,
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- 2 + A03 — R05 +	 � 40P2

CR1 = —1580i + 136 02 — 103 + P2 06 + 06 — 107 117n12
18.1	 + lea + 107 > 6551-18 a	 36 •	 3 %.	 72	 2	 3 .	 12 •

Active constraints: 11 and k,

(oca) 35	 132= 5_ ,=
36'	 175

n
6 ± 

4n 
7 n5 

n
02 (0) = —V13 +17	 —r/	 oa.,

5	 5

1 

— 1101 — A02 -1- LO3 — R06 + A07 > 40h

CR2 = —03 + 06 — 107 > 158

103 + 06+ 1 07 > 695i.

Active constraints: 16,

(0c,2) = 6, 82 = 10
13.

C R3 =

03 (0) = 03 + 07 — 700,

fiel + A02 — 103 + 05 + 06 — 107 < 117 ;4
-03 +06 - -}07 < 158

03 — 106 + 07 > 5371,

Active constraints: 17,

3
03 (043) = 5, 63 =

4

CR4 =

04 (0) = 06 — 161 ,

3A02 + 103 -I- Res+ y6+ 197 < 655k

103 + 06+ 107 < 6951

03 — 106 + 07 < 537k,

Active constraints: fi and f4,

(0;4)
1	 1

= —12-
2' 

A 
= 3-

2
.

These lead to x = 6 and F = 1, indicating that the network can only tolerate simultaneous
variations in the inlet temperatures of up to ±7.5K.
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Figure 3.9: HEN with 4 Hot and 3 Cold Streams.

Inequalities

11 = z+ 403 + 06 + 407 — 6821 < 0,

12 = hz— 401 — 402 + 1 93- he5 + 96+ 107 - 357k < 0,
f3 = - -hz + 101 + 102 + 103 -1- 105+ 06 + 107 - 10071 < 0,

f4 = — hz —103— 507 -I- 3571 < 0,

15 = 2 — 04 < 0,

16 = 1 03 + 06 + 1 07 - 858 < 0,
f7 = 03 + 07 — 700 < 0.

Table 3.6: Reduced Inequality Set for Process Example 3.3.



cR7,2 = 1
ter20 +ezig2q3m6 > 622
0

g1q2""q6 > 2986	 —
5 1091 _i_ 5 0q142 _i_ 25 0192 q345 _i_ 'W142434546
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< 460.
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3.8.2 Stochastic Flexibility

Consider the case where 03, 06 and 07 are uniformly distributed between their lower and
upper bounds, while the other inlet temperatures are described by beta distributions be-
tween their bounds with p.d.f. parameters a = b = 1.2 (Ross, 1988). Applying Algorithm
3.2 gives:

()Tax =
92mazqi =

or:m(110 =
05Ma0q 1 42 q3 =

06mazq 1 42 q3 q5 =
07rnin91424395 q6 =

410, Olnin = 390.

460, C i"' = 440.

410, 0 ing1q2 = 390.

320, 075ning"2" = 300.

300, 076ninglq2"" = 280.

275.

erz914243q546 = 296,

49

0q1

gio

q2" 

qs 

< 405

+ og i q2 q3 q5 q6 < 622
5 3	 6

CR7,1 =	 31	
—

5 9q1 _i_ 5 WM _i_ 1 041 q2q3 _i_ M01924345 _F 4142939596
18'1 -T- 36'2	 1 3 3	 ' 72-5

0711=919243096
7

= _8q19293
3

_ _5 04192439596
4 6

+ 10721
2'

< 719k.

97919243 q5 q6 = _ er 093

{ 

Ber2" > 405
CR7 '3 = elq2q3q5q6 < 2986

0q1 + 10q1q2 + 2-ke lq2"" + 41.7"3"" < 584
12'18 1	 36 2	 72 5	 —

0
rnaxqlq2q3q5q6 = — —

5
Oql — en q2

— eq1q2 " — —
25 

Oq""3 " — 30"2""" + 2453,
6 1	 12 2	

3	 24

72 5

	 6	 4

seqi + 5 9g 1 q2 4_ legi
3

o q3 + zsei g2 q3 q5 + egi q2 q3 q5 q6 > 719 7
18 1	 36 2	 , 5	 5

14 = 1	 Oql + O 
2
q192CR7	 + 25 09"2"" -I- 7 ellq2q3q5q: › 460h18 1	 36	 72 5	 1 ri 6

—158 01 + P6 02 + P2 06 + 06 � 584L.	

12

-I- 700,

Notice how the use of the parametric feasibility function expressions, which are indepen-
dent of 04 , allows us to eliminate this parameter from consideration (and so reduce the
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Qi , i = 1,...,7 SF
Number of Sub-Problems CPU (s)

Algorithm 3.2 Sequential Algorithm 3.2 Sequential

8 0.9732 t 3.00e5 LPs t = 4.0e3

12 0.9689 5 mp-LPs 3.26e6 LPs 2.3 = 4.4e4

16 0.9684 + 1 LP 1.79e7 LPs = 2.5e5

20 0.9682 4- 6.74e7 LPs 4. ,..., 9.6e5

Total: 6 mp-LPs+1 LP 8.88e7 LPs 2.3 .-.-. 1.3e6

Table 3.7: SF of Process Example 3.3: Parametric vs. Sequential Approach

dimensionality of the sub-problems) in the evaluation of the stochastic flexibility. Using

the expressions above, together with (3.22), (3.23), and the joint p.d.f., given by

j = (5.00e - 8). (wr )0.2 (1 - ter ) 0.2 (44 1 q2)0.2 (1 - 441122)0.2 (4924395)0.2 (1 ,.,21229345 N 0.2
w5	 )

where 41 = 0.05 (or - 390), wro = 0.05 (911q2 - 440), and 41q2" 95 = 0.05 (Orms - 300),

leads to the stochastic flexibility values shown in Table 3.7. It can be seen that the proba-

bility of feasible operation of the network is 0.968. The table also compares the number of

optimization sub-problems and associated computation times with those required by a se-

quential approach. Generating the four values in Table 3.7 using the latter approach may

be impractical since it does require the solution of almost 89 million LPs, with a projected

total CPU time of approximately 350 hours. The parametric programming approach, on

the other hand, only requires the solution of 6 mp-LPs and 1 LP, with a total CPU time

of just 2.3s. This clearly demonstrates the enormous computational savings that can be

obtained by using a parametric programming approach, especially when the system has a

large number of uncertain parameters.

3.9 Incorporation of Discrete Decisions

The algorithms in this chapter have so far been presented for the case when all the integer

variables, y, corresponding to discrete decisions, are fixed. One way of accounting for these

variables is to apply the algorithms for each different integer combination. However, this

can be computationally expensive, particularly if y contains a large number of elements.

An alternative is to relax the integer variables and then simply treat them as parameters

in a similar manner to 0 and d. The relevant flexibility measures can then be evaluated for

each desired integer combination through a simple function evaluation. To illustrate this,

re-consider Process Example 3.1 in §3.6. After exactly linearising the bi-linear terms in

inequalities g2 , g3 and g4 (see Table 3.2) using the approach of Glover (1975), the following



/

dl - 4yi > 3
-0.42101 + 0.16602 + 0.3094 + 0.296d3 + 0.801y, + 2.073y3 > 3

CR2 = -0.42101 + 0.16602 + 0.3094 + 0•801y1 + 2.666y3 > 0.927
-0.42101 + 0.16602
-0.42101 + 0.16602

+ 0.296d3
+ 2•036yi

+ 2.036y,
+ 2.666y3

+ 2.073y3
> 0.

> 2.073

03 (0, d, y)	 = 0.39502 - 0.309d1 - 0.296d3 - 0.927y, - 2.073y3

+ 0.873yi + 2.073y3
+ 0.801yi + 2.073y3

+ 3,

< 2.946
< 3

/CR3 = d3 - 2y3 < 7
cl, - 4yi < 3
0.3094 -I- 0.296d3 - 1.235y' - 0.592y3 < 3.

-0.42101
-0.42101

+ 0.16602
+ 0.16602

+ 0.2914
+ 0.3094

+ 0.296d3
+ 0.296d3
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feasibility function expressions are obtained:

01 (9, d, y) = -0.42101 + 0.56102 - 0.0184 - 0.054yi + 0.054,

/

dl - 4y1 < 3
- 0.42101 + 0.16602 + 0.2914 + 0.296d3 + 0.873yi + 2.073y3 > 2.946

CR1 = -0.42101 + 0.16602 + 0.2914 + 0.873yi + 2.666y3 > 0.873
- 0.42101 + 0.16602 - 0.0184 + 0.296d3 + 2.108y, + 2.073y3 > 2.020
0.42101 - 0.16602 + 0.0184 - 2.108yi - 2.6643 < 0.054.

02 (0, d , 3r) = -0.4210 1 + 0.56102 - 0.126yi,

04 (0, d , 3') = 0.39502 - 0.3094 - 0.927y, - 2.6643 ± 0.927,

1-

0.42101 + 0.16602 + 0.2914 + 0.873y i + 2.666y3 < 0.873
- 0.42101 + 0.16602 + 0.3094

	

	 4+ 0.801y1 + 2.66 3 < 0.927
CR4 = d3 - 2y3 > 7

- 0.3094 + 0.296d3 + 1.235yi - 0.592y3 > 1.147
dl - 4y, < 3.

05 (0, d , 3') = 0.39502 - 0.296d3 - 2.162y, - 2.073y3 + 2.073,

/-0.42101 + 0.16602 - 0.0184 + 0.296d3 + 2.108y' + 2.073y3 < 2.020

- 0.42101 + 0.16602 + 0.296d3 + 2.036y + 2.073y3 < 2.073
CR5 = dl - 4yi > 3

- 0.3094+ 0.296d3 + 1.235y1 - 0.592y3 < 1.147
d3 - 2y3 <7.
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06 (0 , d, y) = 0.39502 — 2.162y 1 — 2.666y3,

10.42101 — 0.16602 + 0.0184 — 2.108y1 — 2.6643 > 0.054
-I-—0.42101 0.16602 -I- 2.036y1 ± 2.666y3 < 0

CR6 = 0.3094 + 0.296d3 — 1.235y1 — 0.592y3 > 3
di — 4yi > 3
d3 — 2y3 > 7.

It is now possible to obtain linear parametric expressions for the flexibility test measure,
x, and the flexibility index, F, in terms of d and y. Furthermore, the expressions for

F (d, y) can be incorporated into the optimization problem (3.20) with the elements of y
as additional search variables. For a linear system, this corresponds to a single parameter,
mixed-integer linear program (p-MILP) which can be solved using existing methods (see
Appendix D) for the determination of the economically optimal structure and design as a

function of the flexibility index.

By treating y similarly to 0 and d, Algorithm 3.2 (§3.4.2) will give linear paramet-
ric expressions for 07'"41-1 and 91ininqi—qs-1 in terms of lower-dimensional parameters
0p(p=1,...,;_i), d and y. The stochastic flexibility for a given structure and design is thus
reduced to a series of function evaluations. This can also aid expected stochastic flexibility
evaluation. For example, for Process Example 3.1, instead of solving three mp-LPs as in

§3.6.3, one (albeit larger) mp-LP can be solved.

3.10 Extension to Multi-Purpose Processes

In a multi-purpose system such as an in-line blending system, different configurations of
pumps, valves, transfer lines, and so on, are used to make a range of product recipes.
Such 'systems can be described by the following model (Pistikopoulos et al., 1991; Bozinis,

1995):

h,„ (x, z, y, 0, d, y) = 0, m E M,	 (3.29)

gi (x, z, y.,0, d, y) < 0, 1 E L.	 (3.30)

The only difference between (3.29) and (3.30) and the equalities and inequalities of the
systems considered thus far in this chapter is the presence of the variables y,. These binary
variables correspond to discrete modes of operation which can be altered depending on
the values of the uncertain parameters 0. If flexibility analysis of such a system is to be
conducted, the starting feasibility function problem becomes:

0(0, d, y) = min u,z,yz,u
s.t.	 hm (x, z, Yz, 0, d, y) = 0,	 m EM,

	

gi (x, z, y„, 0, d, y) < u,	 1 E L.

(3.31)
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For linear h and g, this corresponds to a multi-parametric, mixed-integer linear pro-

gram (mp-MILP). Clearly, an algorithm such as that of Dua and Pistikopoulos (2000),

as described in Appendix D, can be used to obtain linear parametric expressions for the
feasibility functions. The algorithms already described in this chapter can then be applied

in a similar fashion.

3.11 Conclusions

This chapter has presented a new unified approach for the solution of deterministic and
stochastic flexibility analysis and design optimization problems in linear process systems.
The foundation of the approach is to use multi-parametric programming techniques to
obtain explicit linear expressions for the feasibility functions in terms of the uncertain
parameters and the design variables. For systems with deterministic uncertain parame-
ters, an algorithm has been presented for the flexibility test problem and for flexibility
index evaluation that uses the parametric feasibility function expressions to identify all
the critical directions and values of the uncertain parameters that limit flexibility. It also
provides explicit expressions for the flexibility test measure and the flexibility index of the
system as linear functions of the continuous design variables and the integer (structural)
variables. This feature reduces the flexibility test and index problems to simple function
evaluations for a given design and structure and enables a designer to know a priori which
designs have the desired level of flexibility. It also enables the compact formulation of de-
sign optimization problems, which can be solved using parametric programming to readily
obtain the exact algebraic form of the trade-off curve of cost against target flexibility index

for a system.

For systems with stochastic parameters of any kind of probability distribution, a paramet-
ric programming-based algorithm has been presented for stochastic flexibility and expected
stochastic flexibility evaluation, which also utilises the parametric feasibility function ex-
pressions within its formulations. This algorithm reduces the evaluation of the stochastic
metrics for a given design and structure and a given number of integration points to a
series of function evaluations. This makes the algorithm particularly useful for the effi-
cient comparison of design alternatives. The computational efficiency of the algorithm and
enormous reduction in the number of sub-problems that need to be solved, compared to
earlier methods, has been clearly demonstrated through the illustrative and the process
examples (Tables 3.1, 3.5 and 3.7). It is evident that the benefits offered by the para-
metric programming approach increase markedly as the number of uncertain parameters

increases.



Chapter 4

A Parametric Programming

Framework for Non-Linear

Flexibility Analysis and Design

"A complex system that works is invariably found to have evolved from a

simple system that worked." 	
John Gall

In this chapter, the multi-parametric programming-based algorithms presented in the
previous chapter for linear systems are extended for the global flexibility analysis and
design of both convex and non-convex, non-linear systems. Based on these developments,
a unified theoretical framework is proposed for the flexibility analysis and design of linear
and non-linear systems with deterministic or stochastic parameters.

4.1 Flexibility Test and Index for Convex Systems

4.1.1 Parametric Programming Approach

Consider a system where the equality constraints are linear and the inequality constraints,
enwex , are convex functions of the states x, the controls z, the uncertain parameters 0,
the continuous design variables d, and the (relaxed) structural integer variables y. In this
case, the feasibility function problem (2.7) becomes:

11) (0, d,y) = min u,
a,u

s.t.	 0 = 11..x + Hs.z -I- H0.0 + Hd.d +Hy .y + lic,
	 (4.1)

u.e > gc"""" (x, z, 0, d, y) ,

where the various matrices and vectors have the same definitions as in (3.2); lower and
upper bounds are given on 0, d and y; and there may be additional convex constraints
representing relationships between dependent uncertain parameters. (4.1) corresponds to
a convex, multi-parametric non-linear program (mp-NLP), where the objective is a con-

vex function of 0, d and y (Fiacco and Kyparisis, 1986). This can be solved using the

58
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primal part of the convex mp-MINLP algorithm of Dua and Pistikopoulos (1999), a mod-
ified version of which is described in Appendix E. The outcome of this is a set of linear
parametric expressions for (0, d, y) and a corresponding set of linear inequalities defining
the regions in which these solutions are optimal. The feasibility function expressions all
have a known absolute accuracy, E, which is less than or equal to some initial user-specified
tolerance, e. Since for convex systems the critical uncertain parameter points lie in vertex
directions (Swaney and Grossmann, 1985a), exactly the same techniques as those used for
linear systems (see §3.2.1) can be applied to obtain linear parametric expressions for the
flexibility test measure, x, and the deterministic flexibility index, F, in terms of d and y.

4.1.2 Algorithm 4.1

A parametric programming-based algorithm to solve the flexibility test and index prob-
lems for a convex process system can be developed in an analogous way to that for linear
systems (§3.2.2). Hence:

Step I
Solve the feasibility function problem (4.1) as a convex mp-NLP using the method de-
scribed in Appendix E. This will give a set of K linear parametric solutions, Ikk (0 d, y),
accurate within E, and corresponding regions of optimality, C Rk.

Step 2
For each of the K feasibility functions, tkk (0, d, y), obtain the critical uncertain parameter
values, Oe'k , using vertex properties, i.e.

011)k 	c(a) if — <	 9"=	 gc,k
= 	— AOT	 = 1, , no ;	 (4.2)

00i

(b) if (liatkk > 0 AK'k = +WI", KA =	 + 8k AOt , i= 1, . . . , 	 ,	 (4.3)

where AK'k is the critical deviation of the ith uncertain parameter from its nominal value
Or; and bk is the flexibility index associated with the kth feasibility function.

Step 3

• For the flexibility test:

(a) substitute 0c 'k with 6" = 1 into the feasibility function expressions to obtain
new expressions 	 (0c,k d, y k =	 K;

(b) obtain the set of linear solutions Xk (d, y), and the associated regions of op-
timality, CRk , k = 1, ..., Kx, where Kx < K, by comparing the functions

(0c,k d, y k = 1, K, and retaining the upper bounds, as described in
Appendix C;
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(c) for any desired d and y, evaluate the flexibility test measure from x (a, y) =
maxk xk (d, y). If x (a, y) < 0, then the structure and design under investiga-
tion can be feasibly operated.

• For the flexibility index:

,	 '‘,(a) solve the linear equations, :P [0ck (81e) dk	 ,,	 y] = u k = 1, ..., K, to obtain a
set of linear expressions for bk , k = 1, ..., K, in terms of d and y;

(b) obtain the set of linear solutions Fk (d, y), and the associated regions of op-
timality, CV, k = 1,...,KF, by comparing the functions oh (d, y) and the
constraints O k (d, y) > 0, k = 1, ..., K, and retaining the lower bounds, as

described in Appendix B;

(c) for any desired d and y, evaluate the index from F (a, y) = mink Fk (d, Sr).

4.1.3 Illustrative Example

The steps of Algorithm 4.1 are now illustrated on a small, mathematical example. The
system is described by the following set of reduced inequalities:

fi = 0.08z2 — 01 — —
1 

02 -I- —
1

4 — 13 < 0,
20	 5

1 1	 1

	

12 = — z — —0 2 + —d2 + 11-
1
 < 0,	 (4.4)

3 1 20	 3 —
1	 1	 1

13 = e021z + 01 + —02 — —di — —d2 — 11 < O.
20	 5	 20

The ranges of interest for the design variables are 10 < di < 15 and 2 < d2 < 4. The
uncertain parameters both have nominal values of 3 and expected deviations ±1, i.e.
2 < 01 , 02 < 4.

Step 1

The feasibility function problem is solved as an mp-NLP, as demonstrated in detail for
this example in Appendix E.2. Note that if the problem was solved using the ranges
2 < 01 , 02 < 4, then any expressions generated for the flexibility index using Algorithm
4.1 would only be valid in this range also, corresponding to F < 1. Therefore, in order
to account for designs for which the flexibility index may be greater than 1, expanded
ranges of 1.5 < 01 , 02 < 4.5 are used. Nine parametric expressions are found, which all
over-estimate the real solution to within Z = 0.0042:

01 (0, d)	 =	 0.205201

CR1 =

+ 0.015002 — 0.0601d1 + 0.0200d2 — 0.1983,

/ 1.1385e30 1 — 02 + 4d 1 + 2d2 < 2.2787e3
47.692201 — 02 — 4d1 — 2d2 > 48.3653
—15.45640i — 02 -I- 4d 1 -I- 2d2 < 29.9632.

(4.5)
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02 (0, d) = 0.30110i + 0.017602 - 0.07044 + 0.0148d2 - 0.3661,	 (4.6)

CR2 = { 21.57140 1 + 02 - 4d1 - 2d2 > 45.1858.

03 (0, d) = -0.436601 - 0.017402 + 0.06964 + 0.0326d2 - 1.0807,	 (4.7)

CR3 = { -19.889901 + 02 + 4(4 + 0.3570d2 < 27.1686.

04 (0, d) = 0.254201 + 0.015702 - 0.06304 + 0.0185d2 - 0.2749,	 (4.8)

CR4 =
1.0561e301 + 02 - 4d1 - 2d2 > 2.9549e3
16.297401 - 02 - 4d1 - 2d2 > 1.5220.

IP (0, d) = 0.226901 -I- 0.015002 - 0.0600d1 + 0.0200d2 - 0.2418,	 (4.9)

1.1385e30 1 - 02 + 4(4 + 2d2 > 2.2787e3
36.61660i + 02 - 44 - 2d2 < 44.3804

CR5 =
-16.755401 + 82 + 44 + 2d2 < 12.3243
50.18900 1 -I- 02 - 44 - 2d2 > 37.7185.

06 (0, d) = 0.27920 1 + 0.016602 - 0.06644 + 0.0168d2 - 0.3203,	 (4.10)

/ 21.57140 1 + 02 - 44 - 2d2 < 45.1858
CR6 = 29.73250 1 - 02 - 44 - 2d2 < 53.7990

82.91100 i + 02 - 4d1 - 2d2 > 260.7200.

07 (0, d) = 0.23910 1 + 0.015702 - 0.06294 + 0.0185d2 - 0.2328,	 (4.11)

47.69220i - 02 - 4d1 - 2d2 < 48.3653
1.0561e301 + 02 - 4d1 - 2d2 < 2.9549e3

CR7 =
-16.75540 1 + 02 + 4d1 + 2d2 > 12.3243
37.87900 1 - 02 - 4d1 - 2d2 > 62.8240.

08 (0,d) = 0.195101 + 0.014402 - 0.0575d1 -I- 0.0213d2 - 0.2179,	 (4.12)

/-15.456401 - 02 + 44 + 2d2 > 29.9632
CR8 = -19.88990 1 + 02 + 4d1 + 0.3570d2 > 27.1686

50.189001 + 02 - 4d1 - 2d2 < 37.7185.

09 (0, d) = 0.26520 1 + 0.016402 - 0.0657d 1 + 0.0172d2 - 0.2760,	 (4.13)

1CR9 =

36.616601 + 02 - 4d1 - 2d2 > 44.3804
29.732501 - 02 - 44. - 2d2 > 53.7990

16.29740 1 - 02 - 4d1 - 2d2 < 1.5220
82.91100 1 + 02 - 4d1 '-2d2 < 260.7200
37.879001 - 02 - 44 - 2d2 < 62.8240.


