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Abstract

This thesis is dedicated to the study of the qualitative properties of many-particle
systems. We specifically consider those systems that can be described by a family of
interacting diffusion processes, similar to the ones considered by Henry P. McKean. We
study the behaviour of these systems in the limit as the number of particles N tends to∞.
Their asymptotic behaviour in the mean field limit is described by nonlocal parabolic par-
tial differential equations (PDEs) that are characterised by a competition between a linear
or nonlinear diffusion term and a nonlocal interaction/aggregation term. These equations
share the common feature of being gradient flows of a certain free energy functional, E,
on the space of probability measures.

We provide a characterisation of both the set of stationary solutions of these nonlocal
mean field PDEs and the set of minimisers of the associated energy, E. We demonstrate
how these sets vary as the relative strength of the diffusion and aggregation terms is varied.
This variation corresponds to the phenomenon of phase transitions. We also provide
conditions on the interaction and confining potentials under which the minimisers of the
energy E have certain symmetries. Furthermore, we establish conditions under which
the free energy E possesses a saddle point and use this, along with an appropriate large
deviations principle, to establish bounds on the escape probabilities of the underlying
interacting particle systems. Finally, we study the effect of these phase transitions on
the behaviour of the underlying particle system under certain distinguished scaling limits.
Namely, we study the mean field limit N → ∞ and the diffusive limit ε → 0 and show
that, in general, these two limits do not commute in the presence of a phase transition.
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CHAPTER 0

Notation and preliminaries

The purpose of this chapter is to provide a concise summary of the notation used in
this thesis and to discuss some preliminary notions that will play an important role in the
analysis presented in the subsequent chapters. We start by presenting a list of frequently
used notation and symbols for the convenience of the reader.

0.1. List of Notation

We denote by (X , d) some Polish metric space equipped with the Borel sigma algebra.
We denote by Ω some domain: either Rd or Td for some d ≥ 1. Depending on context,
we denote by X a topological vector space, a Banach space, or a Hilbert space.

R the set of real numbers

C the set of complex numbers

R+ the set of nonnegative real numbers

Z the set of integers

N the set of natural numbers including 0, i.e. {0, 1, 2, . . .}

T the torus of length L > 0, i.e. R/(LZ)

Spaces of measures and functions on X

M(X ) the space of finite signed Borel measures on X

P(X ) the set of Borel probability measures on X

Pp(X ) the set of Borel probability measures on X with finite p-moment, 1 ≤ p <∞

C0(X ) the space of real-valued continuous functions on X

C0
b (X ) the space of real-valued continuous and bounded functions on X

Lip(X ) the space of real-valued Lipschitz functions on X

Spaces of measures and functions on Ω

Pac(Ω) the space of Borel probability measures absolutely continuous with respect
to the Lebesgue measure on Ω

P+
ac(Ω) the subspace of Pac(Ω) with strictly positive densities a.e.

Ck(Ω) the space of real-valued k-times, k ∈ N continuously differentiable functions
on Ω

1



2 0. NOTATION AND PRELIMINARIES

Ck
b (Ω) the space of Ck(Ω) functions, k ∈ N, with bounded derivatives up to order

m

C0,α
b (Ω) the space of C0

b (Ω) functions which are α-Hölder continuous

Ck
c (Ω) the space of Ck(Ω) functions, k ∈ N with compact support

C∞(Ω) the space of smooth functions on Ω, i.e.
⋂
m∈N

Ck(Ω)

C∞c (Ω) the space of compactly supported smooth functions, i.e. the space of C∞(Ω)
functions with compact support

S(Ω) the Schwartz space of rapidly decreasing smooth functions on Ω

(S(Ω))′ the space of tempered distributions, i.e. the topological dual of S(Ω)

Lp(Ω, ρ) the space of real-valued p-Lebesgue space, 1 ≤ p ≤ ∞ with respect to the
measure ρ ∈ P(Ω)

Lp(Ω, ρ;Rd) the space of vector-valued p-Lebesgue space, 1 ≤ p ≤ ∞, with respect to the
measure ρ ∈ P(Ω)

W s,p(Ω, ρ) the Sobolev space of real-valued s-times weakly differentiable, s ≥ 0, 1 ≤
p ≤ ∞ functions with Lp(Ω, ρ) weak derivatives up to order s

Hs(Ω, ρ) the Hilbertian Sobolev space W s,2(Ω, ρ)

Hs
0(Ω, ρ) the homogeneous Sobolev space, i.e. the space of Hs(Ω, ρ) functions with

mean zero

H−s(Ω, ρ) the dual of the space Hs(Ω, ρ)

H−s0 (Ω, ρ) the dual of the space Hs
0(Ω, ρ)

Functional analysis

X ′ the (topological) dual of a topological vector space X

L(X) the space of bounded, linear operators on a Banach space X

L(X, Y ) the space of bounded, linear operators from a Banach space X to another
Banach space Y

K(X) the space of compact operators on a Banach space X

〈·, ·〉X′,X the dual pairing between a topological vector space X and its (topological)
dual X ′

〈·, ·〉X the inner product on a Hilbert space X

Norms and distances

|·| the Euclidean norm on Rd

dTd(·, ·) the geodesic distance on Td

dM(·, ·) the geodesic distance on a complete, connected Riemannian manifold

‖·‖X the norm on a Banach space X
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‖·‖Cb(X ) the supremum norm on Cb(X )

|·|α the α-Hölder seminorm on C0,α
b (Ω)

‖·‖Ckb (Ω) the norm on Cm
b (Ω)

‖·‖Lp(Ω,ρ) the norm on Lp(Ω, ρ)

‖·‖Lp(Ω,ρ;Rd) the norm on Lp(Ω, ρ;Rd)

‖·‖W s,p(Ω,ρ) the norm on W s,p(Ω, ρ)

‖·‖Hs(Ω,ρ) the norm on Hs(Ω, ρ), m ∈ R

‖·‖Hs
0(Ω,ρ) the norm on Hs

0(Ω, ρ), m ∈ R

‖·‖TV (X ) the total variation norm onM(X )

dp(·, ·) the p-Wasserstein distance on Pp(X )

‖·‖L(X) the operator norm on the space of bounded, linear operators L(X) on Banach
space X

‖·‖HS the Hilbert–Schmidt norm on Hilbert–Schmidt operators

Miscellaneous

f ? g the convolution between two functions f and g

supp(·) the support of a continuous function or a measure

χA(·) the indicator function of a measurable subset A ⊂ X

Bd
ε (x) the open ball of size ε > 0 in the metric d around the point x ∈ X

|A| the Lebesgue measure of a measurable subset A ⊂ Ω

diam(A) the diameter of a bounded set A ⊂ X

inf/ess inf the infimum/essential infimum

sup/ess sup the supremum/essential supremum

∂xi the partial derivative in the direction xi

∂α the partial derivative with respect to the multi-index α ∈ Nd

Dj the total derivative of order j ∈ N

Lip(ϕ) the Lipschitz constant of a Lipschitz function ϕ : X → R

card(A) the cardinality of the set A

We denote a generic element of P(X ) by ρ ∈ P(Ω). We note that P(X ) forms a subset
of (C0

b (X ))′. We denote the duality between them as 〈ρ, f〉P(X ),C0
b (X ) =

∫
Xf dρ. If X is

compact, we denote the duality ofM(X ) with C0(X ) by 〈µ, f〉M(X ),C0(X ) =
∫
X f dµ. We

will refer to the coarsest topology induced on P(X ) such that all maps 〈·, f〉 : P(X )→ R,
f ∈ C0

b (X ) are continuous as the narrow or weak topology. We will denote convergence
of a sequence {ρn}n∈N ⊂ P(X ) in this topology by ρn ⇀ ρ as n→∞.



4 0. NOTATION AND PRELIMINARIES

If ρ ∈ P(Ω) is absolutely continuous, we will often associate it with its density ρ ∈
L1(Ω). Thus, we will often use P(Ω) ∩ L1(Ω) instead of Pac(Ω) to denote the space of
probability measures absolutely continuous with respect to the Lebesgue measure on Ω.

We will often just write L2(Ω),W s,p(Ω), Hs(Ω), and Hs
0(Ω), if the reference measure

ρ is the Lebesgue measure. We will use 〈·, ·〉L2(Ω,ρ) (resp. 〈·, ·〉Hs(Ω,ρ), 〈·, ·〉Hs
0(Ω,ρ)) to de-

note the inner products on L2(Ω, ρ) (resp. Hs(Ω, ρ), Hs
0(Ω, ρ)). Furthermore, we use

〈·, ·〉H−s(Ω,ρ),Hs(Ω,ρ) (resp. 〈·, ·〉H−s0 (Ω,ρ),Hs
0(Ω,ρ)) to denote the dual pairing between Hs(Ω, ρ)

and H−s(Ω, ρ) (resp. Hs
0(Ω, ρ) and H−s0 (Ω, ρ)). For 1 ≤ p < ∞, given a sequence

of {fn}n∈N ⊂ Lp(Ω, µ) (resp. Hs(Ω, µ), Hs
0(Ω, µ)), we denote convergence in the weak

topology, i.e. tested against Lq(Ω, ρ), q = p/(p − 1) functions (resp. Hs(Ω, µ), Hs
0(Ω, µ)

functions), by fn ⇀ f weakly in Lp(Ω, µ) (resp. Hs(Ω, µ), Hs
0(Ω, µ)). Similarly, given

a sequence of {fn}n∈N ⊂ L∞(Ω, µ) we denote convergence in the weak-∗ (as the dual
of L1(Ω, µ)) topology, i.e. tested against L1(Ω, ρ) functions by fn ⇀∗ f weakly-∗ in
L∞(Ω, µ). We refer the reader to Appendix A for more details on the weak and weak-∗
topologies.

0.2. Preliminaries

In this section, we introduce and discuss some preliminary notions which we will use
throughout the thesis. For the rest of this section, we fix Ω = Td, the d-dimensional torus
with side length L > 0, which we identify with [−L/2, L/2)d.

0.2.1. Orthonormal bases for L2(Ω). We will use two separate orthonormal bases
for the space L2(Ω): {wk}k∈Zd and {ek}k∈Zd which we define below. The reason we use
two separate orthonormal bases is due the fact that it is easier to perform the bifurcation
analysis of Chapters 3 and 4 using wk as it allows us to quotient out symmetries, while
ek is easier to work with for the analysis in Chapters 6 and 7.

0.2.1.1. The basis wk. Given k ∈ Zd we write k = (k1, k2, . . . , kd) for k ∈ Z. We the
define as wk as follows:

wk(x) = Nk

d∏
i=1

wki(xi), where wki(xi) =


cos
(

2πki
L
xi
)

ki > 0,

1 ki = 0,

sin
(

2πki
L
xi
)

ki < 0,

(0.1)

and Nk is defined as

Nk :=
1

Ld/2

d∏
i=1

(2− δki,0)
1
2 =:

Θ(k)

Ld/2
,(0.2)

where δi,j denotes the Kronecker delta. We then have the following form for the Fourier
coefficients of any f ∈ L2(Ω)

f̂(k) =〈f, wk〉L2(Ω), k ∈ Zd .

Thus, have the following representation for any f ∈ L2(Ω):

f =
∑
k∈Nd

∑
σ∈Symk(Λ)

f̂(σ(k))wσ(k) ,

where Symk(Λ) = Sym(Λ)/Hk. Sym(Λ) represents the symmetric group of the product
of two-point spaces Λ = {1,−1}d, which acts on Zd by pointwise multiplication, i.e.
(σ(k))i = σiki, k ∈ Zd, σ ∈ Sym(Λ). Hk is a normal subgroup of Sym(Λ) defined as
follows

Hk := {σ ∈ Sym(Λ) : σ(k) = k} .
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We need to quotient out Hk as there might be some repetition of terms in the sum∑
σ∈Sym(Λ) if k ∈ Nd is such that ki = 0 for some i ∈ {1, . . . , d}. The inner product

between f, g ∈ L2(Ω) is given by

〈f, g〉L2(Ω) =
∑
k∈Zd

f̂(k)ĝ(k) =
∑
k∈Nd

∑
σ∈Symk(Λ)

f̂(σ(k))ĝ(σ(k)) .

One can check that wk is an orthonormal basis for L2(Ω). As mentioned earlier, we work
with the orthonormal basis wk as it is easier to quotient out symmetries and work with
smaller class of functions by dropping elements of the group Symk(Λ). This is discussed
in more detail in Section 0.2.3.

0.2.1.2. The basis ek. We define the functions ek, k ∈ Zd as follows

ek(x) = L−d/2 exp

(
i
2π

L
k · x

)
.(0.3)

Note that {ek}k∈Zd is an orthonormal basis for the complex Hilbert space (L2(Ω),C) of
which the real Hilbert space L2(Ω). The exponential Fourier coefficients in the ek basis
are defined as follows

f̂e(k) :=

∫
Ω

fe−k dx .

One way of interpreting the above exponential Fourier coefficients is through the inner
product in (L2(Ω),C), i.e.

f̂e(k) = 〈f, ek〉(L2(Ω),C) ,

where the inner product is defined as follows

〈f, g〉(L2(Ω),C) =
∑
k∈Zd

f̂e(k)ĝe(−k) ,

for real-valued f, g ∈ L2(Ω).

0.2.2. The Sobolev spaces Hs(Ω), Hs
0(Ω). In this section, for Ω = Td, we provide

a description of the spaces Hs(Ω), Hs
0(Ω), s ≥ 0 and their duals H−s(Ω), H−s0 (Ω), in terms

of the Fourier coefficients of their elements. We first note that the spaces Hs(Ω), Hs
0(Ω)

are equipped with the following norms

‖f‖2
Hs(Ω) =

∑
0≤|α|≤s

∫
Ω

|∂αf |2 dx

‖f‖2
Hs

0(Ω) =
∑

1≤|α|≤s

∫
Ω

|∂αf |2 dx .

From the above norm, it is clear that one can also interpret Hs
0(Ω) as the space of Hs(Ω)

functions quotiented by the equivalence relation: f ∼ g, f, g ∈ Hs(Ω), if f − g ≡ c for
some c ∈ R. We choose the representative of each equivalence class to be the function
with mean zero.

Given the definitions of the norms, one can then check that (cf. [Rob01, Appendix A])
f ∈ Hs(Ω), s ∈ N, if and only if∑

k∈Zd

(
1 + |k|2s

)
|f̂e(k)|2 <∞ .
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Indeed, we have that

cd
∑
k∈Zd

(
1 + |k|2s

)
|f̂e(k)|2 ≤ ‖f‖2

Hs(Ω) ≤ Cd
∑
k∈Zd

(
1 + |k|2s

)
|f̂e(k)|2(0.4)

for some constants cd, Cd > 0 depending only on d. Thus, we can define the space Hs(Ω)

can be defined as the space of all Fourier series
∑

k∈Zd f̂e(k)ek, such that∑
k∈Zd

(
1 + |k|2s

)
|f̂e(k)|2 <∞

. Similarly, for all s ∈ N, we can define the space Hs
0(Ω) as the space of all formal Fourier

series
∑

k∈Zd f̂e(k)ek, such that ∑
k∈Zd
|k|2s|f̂e(k)|2 <∞

. It is then straightforward to extend this definition to all s ≥ 0. We define the space
Hs(Ω) to be the space of all functions such that

‖f‖2
Hs(Ω),ek

:=
∑
k∈Zd

(
1 + |k|2s

)
|f̂e(k)|2 <∞ .

Similarly, we can define the homogeneous space Hs
0(Ω) as the space of all functions such

that

‖f‖2
Hs

0(Ω),ek
:=
∑
k∈Zd
|k|2s|f̂e(k)|2 <∞ .

Note that the above norms are equivalent to the original norms ‖·‖Hs(Ω), ‖·‖Hs
0(Ω) by (0.4).

We can obtain an essentially equivalent characterisation using the Fourier coefficients
f̂e(k) associated to the orthonormal basis {wk}k∈Zd , i.e. f ∈ Hs(Ω) (resp. Hs

0(Ω)) if∑
k∈Zd

(
1 + |k|2s

)
|f̂e(k)|2 <∞ (resp.

∑
k∈Zd |k|

2s|f̂e(k)|2 <∞).
Given f ∈ Hs(Ω), its dual should consist of all distributions g such that∑

k∈Zd
f̂e(k)ĝe(−k) <∞ .

Thus, we define the spaceH−s(Ω) to be the space of all formal Fourier series
∑

k∈Zd ĝe(k)ek
such that

‖g‖2
H−s(Ω),ek

:=
∑
k∈Zd

(
1 + |k|2s

)−1|ĝe(k)|2 <∞ .

Similarly, we define H−s0 Ω to be the space of all formal Fourier series
∑

k∈Zd ĝe(k)ek such
that

‖g‖2
H−s0 (Ω),ek

:=
∑

k∈Zd\{0}

|k|−2s|ĝe(k)|2 <∞ .

For s ≥ 0, we can thus define an inner product between two elements f, g ∈ Hs(Ω)
which induces the norm ‖·‖Hs(Ω),ek

. This is given by

〈f, g〉Hs(Ω),ek
:=
∑
k∈Zd

(
1 + |k|2s

)
f̂e(k)ĝe(−k) .

Similarly for f, g ∈ Hs
0(Ω), we have the following inner product which induces ‖·‖Hs

0(Ω),ek
:

〈f, g〉Hs
0(Ω),ek

=
∑
k∈Zd
|k|2sf̂e(k)ĝe(−k) .
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For the specific case s = 1, this simplifies to

〈f, g〉H1(Ω),ek
=
∑
k∈Zd

(
1 + |k|2

)
f̂e(k)ĝe(−k)

〈f, g〉H1
0 (Ω),ek

=
∑
k∈Zd
|k|2f̂e(k)ĝe(−k)

Before we define the inner product on H−s(Ω), we first describe the dual pairing between
Hs(Ω) andH−s(Ω) in terms of the exponential Fourier coefficients. Given g ∈ H−s(Ω), f ∈
Hs(Ω), we have that

〈g, f〉H−s(Ω),Hs(Ω) =
∑
k∈Zd

ĝe(k)f̂e(−k)

=
∑
k∈Zd

(
1 + |k|2s

)1/2(
1 + |k|2s

)1/2
ĝe(k)f̂e(−k)

≤

(∑
k∈Zd

1(
1 + |k|2s

) |ĝe(k)|2
)1/2(∑

k∈Zd

(
1 + |k|2s

)
|f̂e(−k)|2

)1/2

=‖g‖H−s(Ω),ek
‖f‖Hs(Ω),ek

.

Similarly. for g ∈ Hs
0(Ω), f ∈ H−s0 (Ω), we obtain

〈f, g〉H−s0 (Ω),Hs
0(Ω) =

∑
k∈Zd

ĝe(k)f̂e(−k) ≤ ‖g‖H−s0 (Ω),ek
‖f‖Hs

0(Ω),ek
.

We can then define the inner product on the negative Sobolev spaces by duality. Indeed,
the map given by R : H−s(Ω) → Hs(Ω), g 7→

∑
k∈Zd(1 + |k|2s)−1ĝe(k)ek is an isometric

isomorphism between H−s(Ω) and Hs(Ω). Thus, we have that

〈f, g〉H−s(Ω),ek
= 〈R(f), R(g)〉Hs(Ω),ek

=
∑
k∈Zd

1

1 + |k|2s
f̂e(k)ĝe(−k) .

Similarly, the map R0 : H−s0 (Ω) → Hs
0(Ω), g 7→

∑
k∈Zd\{0}|k|

−2sĝe(k)ek is an isometric
isomorphism between H−s0 (Ω) and Hs

0(Ω). Thus, we have that

〈f, g〉H−s0 (Ω),ek
= 〈R0(f), R0(g)〉Hs

0(Ω),ek
=
∑
k∈Zd
|k|−2sf̂e(k)ĝe(−k) .

We refer the reader to Appendix A.1 and [Rob01, Appendix A] for more details on the
spaces Hs(Ω) and their embeddings into other spaces. We refer the reader to the excellent
review by Di Nezza, Palatucci, and Valdinoci [DNPV12] for more information on the
general fractional Sobolev spaces W k,p(Ω), their various definitions, and how they relate
to each other.

0.2.3. Coordinate-wise even functions, convolutions, and H-stability. We
say that a function W ∈ L2(Ω) is even along every coordinate if

for a.e. x ∈ Td ,∀i ∈ {1, . . . , d} : W (x1, . . . , xi, . . . , xd) = W (x1, . . . ,−xi, . . . , xd) .
We denote by “f ? g” the convolution of any two functions, f, g ∈ L2(Ω) and for f(x) =
W (x) we have the following representation in Fourier space:

(W ? g)(y) =
∑
k∈Nd

Ŵ (k)
1

Nk

∑
σ∈Symk(Λ)

ĝ(σ(k))wσ(k)(y) .
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Note that the constant 1/Nk appears in the representation of the convolution because
of our choice of orthonormal basis. Here, we have used the trigonometric expansion for
cos(a− b) and the fact that W is coordinate-wise even. Another expression that we will
use extensively in this thesis is the Fourier expansion of the following bilinear form∫∫

Ω×Ω

W (x− y)g(x)g(y) dx dy =
∑
k∈Nd

Ŵ (k)
1

Nk

∑
σ∈Symk(Λ)

|ĝ(σ(k))|2 .(0.5)

It will be useful to note that for any function g and k ∈ Zd the sum
∑

σ∈Symk(Λ) |ĝ(σ(k))|2
is translation invariant, i.e. the value of the sum is the same for g and gτ (x) = g(x + τ)
for τ ∈ Ω. This follows from the fact that∑

σ∈Symk(Λ)

ĝ(σ(k))wσ(k) =
∑

σ∈Symk(Λ)

ĝe(σ(k))eσ(k) .(0.6)

Indeed, we have that〈
wj,

∑
σ∈Symk(Λ)

ĝ(σ(k))wσ(k)

〉
L2(Ω)

=

〈
wj,

∑
σ∈Symk(Λ)

ĝe(σ(k))eσ(k)

〉
L2(Ω)

for all j ∈ Zd. Thus, the the two terms in (0.6) must have the same L2(Ω) norm. Since the
norm of the term on the right hand side of (0.6) is invariant under translates, it follows
that the same must hold true for the term on the left hand side.

In the later chapters, we will also use the space L2
s(Ω) ⊂ L2(Ω), which we define as

the space of coordinate-wise even functions in L2(Ω) given by

(0.7) L2
s(Ω) =

{
f ∈ L2(Ω) : f is coordinate-wise even

}
.

The space L2
s(Ω) is a closed subspace of L2(Ω) and thus is a Hilbert space in its own right.

It is also easy to check that {wk}k∈Nd ⊂ {wk}k∈Zd forms an orthonormal basis for L2
s(Ω).

If g is assumed to be in L2
s(Ω), then the above expressions reduce to,

(W ? g)(y) =
∑
k∈Nd

Ŵ (k)
1

Nk

ĝ(k)wk(y) ,∫∫
Ω×Ω

W (x− y)g(x)g(y) dx dy =
∑
k∈Nd

Ŵ (k)
1

Nk

|ĝ(k)|2 ,

where we have used the fact that for all k ∈ Nd and σ ∈ Symk(Λ), σ 6= e it holds that
g(σ(k)) = 0. It turns out that the sign of the individual Fourier modes of W is quite
important in the subsequent analysis and we introduce the following definition.

Definition 0.1 (H-stability). A function W ∈ L2(Ω) is said to be H-stable, denoted
by W ∈ Hs, if it has non-negative Fourier coefficients, i.e,

Ŵ (k) ≥ 0, ∀k ∈ Zd ,

where, Ŵk = 〈W,wk〉L2(Ω). This is by (0.5) equivalent to the condition that,∫∫
Ω×Ω

W (x− y)η(x)η(y) dx dy ≥ 0, ∀η ∈ L2(Ω).

Thus every potential is decomposed into two parts W (x) = Ws(x) +Wu(x), where

Ws(x) =
∑
k∈Zd

(
〈W,wk〉L2(Ω)

)
+
wk(x) and Wu(x) = W (x)−Ws(x) .
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Hereby, (a)+ = max{0, a} (resp. (a)− = −min{0, a}) denotes the positive (resp. nega-
tive) part for a real number a ∈ R. We will denote a potential W ∈ L2(Ω) which is not
H-stable by W ∈ Hc

s. Such potentials are said to be catastrophic.

The above definition can be thought of as a continuous analogue of the notion of H-
stability encountered in the study of discrete systems (cf. [Rue99]). We refer to [CnCP15]
for an example of the notion of H-stability applied to continuous systems.





Part 1

An overview





CHAPTER 1

Introduction

The purpose of this chapter is to provide a broad introduction to the various mathe-
matical topics we will discuss in this thesis: interacting particle systems, the many-particle
limit, gradient flows, and phase transitions. We conclude the chapter by discussing some
applications of the interacting particle systems discussed in this chapter to the physical,
biological, and social sciences.

1.1. Interacting particle systems

The mathematical study of interacting particle systems can be traced back to the sem-
inal works of Frank Spitzer [Spi69, Spi70] and Roland Dobrushin [Dob71a, Dob71b]. The
systems considered by them, which were primarily inspired by toy models from statistical
physics, consisted of “particles” living on some countable lattice Λ, usually a subset of
Zd, with each lattice site containing a continuous-time Markov process with a finite state
space, Ω. The interesting aspect of these systems lies in the fact that the jump rates of
the Markov process at one lattice site are influenced, through “interactions”, by the states
of the particles at neighbouring sites. The canonical examples of these systems are the
contact process, the voter model, the exclusion process, and, perhaps the most famous of
them all, the stochastic Ising model.

These systems are deceptively simple and although questions of existence and unique-
ness can be resolved quite easily, any quantitative results about their behaviour are ex-
tremely hard to derive and numerous open questions still remain. For example, the
structure of phase transitions for the three dimensional Ising model was only recently
elucidated by Aizenmann, Duminil-Copin, and Sidoravicius in [ADCS15], even though
the two dimensional case was resolved by Onsager almost 70 years prior to that [Ons44].
Although the interacting particle systems of Dobrushin and Spitzer are markedly different
from those we will deal with in this thesis, the two share enough common features that
it is instructive to discuss them briefly. We will focus our attention on one of the most
popular models from statistical mechanics: the Ising model.

1.1.1. A classical example: the stochastic Ising model. Before we describe
the stochastic Ising model, we discuss its equilibrium version: the Ising model. In the
preface to Barry Simon’s book [Sim93] on statistical mechanics of lattice gases, he narrates
a rather amusing, but possibly apocryphal, story about the Ising model: the model was
suggested to Ising by his PhD advisor Lenz. Ising solved the model in one dimension,
an apparently trivial task, and found no phase transitions. He conjectured based on this
result that the model exhibited no phase transitions in any dimension. This is now known
to be false. However, arguably the most cited model in theoretical physics still carries
Ising’s name based on misattributed credit, a straightforward calculation, and an incorrect
prediction. But history had its revenge: Ising’s name is almost universally mispronounced
as “I-sing” rather than “E-sing”1.

1Also a member of this club is Leonid Vašerstĕin to whom the invention of the Monge–Kantorovich–
Rubinstein transportation cost distance is often attributed. He pays the price of having his name misspelt
in numerous works (including this thesis) which refer to the so-called “Wasserstein” distance. Note

13
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Figure 1.1. A configuration of the Z2 Ising model with nearest neighbour
interactions.

Ising’s transgressions aside, the model suggested by Lenz is popular for a reason: it is
simple to describe but can exhibit rich behaviour. It serves as a model of the equilibrium
behaviour of a magnetic substance. Consider a bounded box ΛN = {−N, . . . , N}d ⊂ Zd
for some integer N ≥ 1. At each site of the lattice, i ∈ ΛN , is located an atom of the
magnet with spin value either +1 (“up”) or −1 (“down”), denoting the magnetic orientation
of the atom. A given configuration ω of the lattice is thus simply an element of ΩΛN where
Ω := {+1,−1}. We are now left to specify the interactions between atoms. We turn the
lattice ΛN into an undirected graph by placing an edge between sites which are nearest
neighbours, i.e., i ∼ j if and only if |i− j| = 1. Then, the Hamiltonian associated to the
Ising model HΛN : ΩΛN → R reads as follows:

HΛN (ω) = −
∑

i,j∈ΛN ,i∼j

ωiωj − h
∑
i∈ΛN

ωi ,

where h ∈ R is an external magnetic field. From the above Hamiltonian, it is clear
that the model favours local alignment of the atoms and alignment with respect to the
external field, i.e. the Hamiltonian is decreased if neighbouring spins are the same or if
spins have the same sign as h. As a result of this, it is commonly referred to as the Ising
ferromagnet with nearest neighbour interactions. For h = 0, the Hamiltonian is invariant
under flipping the spins at all the sites in the configuration. An example of a configuration
of the nearest neighbour Ising model in Z2 with edges denoting the interacting sites can be
seen in Fig. 1.1. Assume now that T > 0 is the temperature of the magnet, i.e., the atoms
of the magnet are in thermal equilibrium with an infinite reservoir at temperature T .
Then the probability distribution of configurations is described by the so-called canonical

however, that this is the correct Germanic spelling of his name and some authors still do refer to this
distance as the Kantorovich–Rubinstein distance.
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Gibbs distribution, MΛN ∈ P(ΩΛN ) which is given by

MΛN (ω) =
exp(−βHΛN (ω))

ZΛN

,

where
ZΛN =

∑
ω∈ΩΛN

exp
(
−βHΛN (ω)

)
,

is the partition function, and β ∼ T−1. A discussion regarding why MΛN is the physically
and mathematically correct choice for the distribution function can be found in [FV18,
Chapter 1]. This completes the description of the equilibrium magnet. One could poten-
tially consider other interactions, for example, choosing all nodes to be adjacent so that
the graph is complete. One usually then weights the interaction term in the Hamiltonian
as follows, to obtain

HΛN
CW (ω) = −|ΛN |−1

∑
i,j∈ΛN

ωiωj − h
∑
i∈ΛN

ωi ,

the Hamiltonian of the mean field Ising model with Curie–Weiss interaction or simply the
Curie–Weiss model. The Curie–Weiss model can be thought of as a simplification of the
Ising model in which the nearest neighbour interaction is approximated by an average
over all atoms in the lattice. Indeed, since we are working with a complete graph, the
geometric structure of the lattice is now redundant. Its canonical Gibbs distributionMCW

ΛN

is defined in a similar manner to MΛN , replacing HΛN by HΛN
CW .

Either for the nearest neighbour model or the Curie–Weiss model we are yet to specify
some associated dynamics. What we would like is a natural stochastic evolution on ΩΛN

which is reversible with respect to the canonical Gibbs distributionMΛN . One such choice
of an evolution is the Glauber dynamics. The Glauber dynamics associated to the Ising
model is a continuous-time Markov process on the set ΩΛN which is characterised by
the fact that individual sites i ∈ ΛN transition at rates c(i, ω) which are proportional
to e−β(

∑
j,i∼j ωiωj+hωi). This notion can be made slightly more precise by considering the

generator associated to the Glauber dynamics of the nearest neighbour Ising model L,
which is given by:

Lf(ω) :=
∑
i∈ΛN

exp

(
−β

( ∑
j∈ΛN ,i∼j

ωiωj + hωi

))(
f(ωi)− f(ω)

)
,

where f ∈ C(ΩΛN ), with ΩΛN equipped with the product topology, and ωi ∈ ΩΛN is
obtained from ω by flipping the spin at the site i. Similarly, for the Curie–Weiss model
we have the following generator for its Glauber dynamics

LCWf(ω) :=
∑
i∈ΛN

exp

(
−β

(
|ΛN |−1

∑
j∈ΛN

ωiωj + hωi

))(
f(ωi)− f(ω)

)
.

Given the generators L and LCW , one can construct the associated Markov semigroup,
and thus establish the existence of the associated unique Markov process. We refer the
reader to Chapter 1 of Thomas Liggett’s book [Lig05, Chapter 1] or Fabio Martinelli’s
Saint-Flour lecture notes [Mar99] for the technical details related to this construction,
including the case in which the nearest neighbour model is considered on the full integer
lattice Zd. The associated Markov Process for the nearest neighbour Ising model is what is
referred to as the stochastic Ising model, while that for the Curie–Weiss model is referred
to as the stochastic mean field Ising model or the stochastic Curie–Weiss model.
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We will now check that L and LCW are indeed reversible with respect to MΛN and
MCW

ΛN
, respectively. Indeed, for any f, g ∈ C(ΩΛN ) we have that∫

ΩΛN

g(ω)Lf(ω) dMΛN (ω)

=

∫
ΩΛN

∑
i∈ΛN

g(ω) exp

(
−β

( ∑
j∈ΛN ,i∼j

ωiωj + hωi

))(
f(ωi)− f(ω)

)
dMΛN (ω)

=
∑
i∈ΛN

∫
ΩΛN

g(ω) exp

(
−β

( ∑
j∈ΛN ,i∼j

ωiωj + hωi

))
f(ωi) dMΛN (ω)

−
∫

ΩΛN

∑
i∈ΛN

g(ω) exp

(
−β

( ∑
j∈ΛN ,i∼j

ωiωj + hωi

))
f(ω) dMΛN (ω) .

In the first integral, we perform the change of variables ω 7→ ωi and use the fact that

MΛN (ωi) = MΛN (ω) exp

(
−β

( ∑
j∈ΛN ,i∼j

ωiωj + hωi

))
,

to obtain ∫
ΩΛN

g(ω)Lf(ω) dMΛN (ω)

=
∑
i∈ΛN

∫
ΩΛN

(
g(ωi)− g(ω)

)
exp

(
−β

( ∑
j∈ΛN ,i∼j

ωiωj + hωi

))
f(ω) dMΛN (ω)

=

∫
ΩΛN

f(ω)Lg(ω) dMΛN (ω) .

It follows, by setting g ≡ 1, that MΛN is an invariant measure of the Glauber dynamics
associated to the Ising model with nearest neighbour interactions. One can also check
that it is the unique one [Mar99]. A similar calculation can be carried out for LCW .

1.1.2. A model for continuous spins: the Heisenberg classical XY model.
Consider again the lattice ΛN ⊂ Zd with an atom located at each site. The equilibrium
Ising and Curie–Weiss models may seem like a massive over simplification of the real
physics of a ferromagnet, since the spins of real atoms can be oriented in any direction,
not just up and down. A natural extension of these models would be to enlarge the state
space Ω to include other directions by choosing, say, Ω = S. With this choice atoms can be
aligned in any direction in the two dimensional plane. A typical configuration of the atoms
θ is then an element of ΩΛN ≈ T|ΛN |. The description of the equilibrium behaviour of this
spin system would be complete if we could define the associated Hamiltonian and thus
the canonical Gibbs distribution. If we wanted to extend the Curie–Weiss model to this
continuous spin setting, one feature of the Hamiltonian that we would like to preserve
is the tendency of the atoms to align with each other and with the external magnetic
field. Thus, in analogy with the Curie–Weiss model, the interaction between two different
atoms i, j should be −1 when |θi − θj| = 0 and 1 when |θi − θj| = π. Keeping this in
mind, we interpolate between these two values in the simplest possible way to obtain the
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Hamiltonian of the Heisenberg classical XY model2:

HΛN
XY (θ) := −|ΛN |−1

∑
i,j∈ΛN

cos(θi − θj) +
∑
i∈ΛN

V (θi) ,(1.1)

where V : S → R is chosen such that its minima denote the directions in which the
external magnetic field is strongest. At a fixed temperature T > 0, the canonical Gibbs
distribution MXY

ΛN
∈ P(T|ΛN |) is defined as follows:

MXY
ΛN

(θ) :=
exp(−βHΛN

XY (θ))

ZXY
ΛN

, ZXY
ΛN

=

∫
T|ΛN |

exp
(
−βHΛN

XY (θ)
)

dθ .

As we did before, we would like to define a natural stochastic evolution which is reversible
with respect to MXY

ΛN
. We will try and define it in analogy with the Curie–Weiss model.

Note now that the generator of the stochastic Curie–Weiss model can be rewritten as
follows

LCWf(ω) =
∑
i∈ΛN

(
exp

(
β
HΛN
CW (ωi)−HΛN

CW (ω)

2

))(
f(ωi)− f(ω)

)
where we have used the fact that

HΛN
CW (ωi)−HΛN

CW (ω) = −2|ΛN |−1

( ∑
j∈ΛN ,j∼i

ωiωj + hωi

)
.

Assuming HΛN
CW (ωi)−HΛN

CW (ω) is small and expanding the exponential about 1, we obtain

LCWf(ω) ≈
∑
i∈ΛN

(
1 + β

HΛN
CW (ωi)−HΛN

CW (ω)

2

)(
f(ωi)− f(ω)

)
=

1

2

∑
i∈ΛN

(
f(ωi)− 2f(ω) + f(ωi)

)
+
∑
i∈ΛN

(
β
HΛN
CW (ωi)−HΛN

CW (ω)

2

)(
f(ωi)− f(ω)

)
(1.2)

The first term in the above expression is 1/2 the discrete Laplacian of f , while the second
term involves the inner product of the discrete gradients of HΛN

CW and f . Note that
transitions in the stochastic Curie–Weiss model occur to configurations in which the spin
has been flipped at a particular site. In analogy with this, we would want the transitions
in the XY model should occur through infinitesimal translations at a particular site.
Replacing the HΛN

CW and ωi in (1.2) with HΛN
XY and (θ1, · · · , θi + h, · · · , θN), respectively,

dividing by h2, and passing to the limit as h→ 0, we obtain

LXY f(θ) ≈ lim
h→0

1

h2

[
1

2

∑
i∈ΛN

(f((θ1, · · · , θi + h, · · · , θN)− 2f(θ) + f(θ1, · · · , θi − h, · · · , θN))

+
∑
i∈ΛN

(
β
HΛN
XY ((θ1, · · · , θi + h, · · · , θN)−HΛN

XY (θ)

2

)

× (f((θ1, · · · , θi + h, · · · , θN)− f(θ))

]

=
β

2

(
β−1∆f −∇HΛN

XY · ∇f
)
.

2More details on this model can be found in [FV18, Chapter 9]. It is itself a simplification of the 3
dimensional Heisenberg XY Z model in which the spins take values in S2.
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To keep with convention, we drop the constant β/2 from the right hand side of the above
expression to define generator of the Heisenberg classical XY model as:

LXY f := β−1∆f −∇HΛN
XY · ∇f ,

where LXY : D(LXY ) → C(T|ΛN |) acts on some densely-defined subspace D(LXY ) of
C(T|ΛN |). Using standard techniques [EK86], one can check that LXY generates a strongly
continuous Markov semigroup and thus defines a unique Markov process on T|ΛN |. Addi-
tionally, as done before, one can check that for any f, g ∈ D(LXY ) we have that∫

T|ΛN |
g
(
LXY f

)
dMXY

ΛN
=

∫
T|ΛN |

f
(
LXY g

)
dMXY

ΛN
.

Thus, LXY defines a process which is reversible with respect to MXY
ΛN

. The associated
Markov process is, in fact, given by the solution of the following stochastic differential
equation (SDE):

dθt = −∇HΛN
XY (θt) dt+

√
2β−1dBt ,(1.3)

where θt =
(
θ1, . . . , θ|ΛN |

)
t
and Bt is a T|ΛN |-valued Wiener process. The above SDE is

often referred to as the overdamped Langevin equation3 and it will form the prototype of
the class of interacting particle systems considered in this thesis. In the next subsection,
we approach this class of systems from another viewpoint which was first considered by
McKean.

1.1.3. Kac’s caricature andMcKean’s model. Before we discuss McKean’s model
of interacting diffusion processes, it will be useful to first briefly discuss the system which
motivated him to consider it in the first place, what is commonly referred to as Kac’s
caricature of a Maxwellian gas. In the 1950’s, Mark Kac [Kac59] proposed the following
1-dimensional simplification of a 3-dimensional Maxwellian gas consisting of N indistin-
guishable molecules: he assumed that the positions of all molecules are uniformly dis-
tributed in some box while the velocities of all the molecules are given by real numbers
vi ∈ R for i = 1, . . . , N . He further assumed that when a pair of molecules with velocities
vi, vj collide then the post-collisional velocities v∗i , v∗j are given by the following rotation
rule:

vi 7→ v∗i =vi cos θ − vj sin θ

vj 7→ v∗j =vi sin θ + vj cos θ

for some angle θ ∈ [0, 2π). Note that the above collision rule leaves the total kinetic energy
of the molecules invariant but does not preserve the total momentum of the colliding
molecules. The final ingredient of Kac’s model is the collision rate: he specified that, in
an infinitesimal angle dθ and interval of time dt, the rate of collision between pairs of
molecules should be given by

N

2

(
N

2

)−1

dθ dt =
1

N − 1
dθ dt .

Here
(
N
2

)−1
is the uniform distribution over all particle pairs. The collision rate N

2
is

chosen such that for N = 2 there is, on average, one collision per unit time. We can now

3The name comes from the fact that it is the overdamped or large friction limit of the full Langevin
equation. The Langevin equation serves as a model of an inertial particle moving under the joint influence
of a conservative force and noise.
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write down a gain/loss evolution equation for the joint probability distribution f ∈ P(RN)
of the molecules’ velocities:

∂tf
N = GfN :=

1

N − 1

∑
i<j

∫
S
fN(t, v1, . . . , v

∗
i , . . . , v

∗
j , . . . , vN)− fN(t, v1, . . . , vN) dθ .

(1.4)

Kac’s reason for considering this system was to show the existence of the phenomenon of
molecular chaos in a simplified version of a Maxwellian gas. Assume that at time t = 0,
the molecules’ velocities are independent and identically distributed according to some
f0 ∈ P(R). This is equivalent to assuming that fN(0, v1, . . . , vN) = fN0 = f⊗N0 ∈ P(RN).
Kac [Kac59] was able to formally show that under these conditions the solution of (1.4),
fN = etGf⊗N0 , becomes independent and identically distributed in the limit as N → ∞.
Thus, molecules which start off “chaotic” remain “chaotic” at all further times, in the
limit as N → ∞. Kac referred to this as propagation of chaos. Furthermore, he showed
that, in some sense, limN→∞ f

N = (f)⊗N where f is the probability distribution function
of each particle and is a solution of the following Boltzmann-like equation

∂tf = Bf :=

∫
R×S

(f(t, v cos θ − u sin θ)f(t, v sin θ + u cos θ)− f(t, v)f(t, u)) du dθ ,

(1.5)

with initial data f0 ∈ P(R). The system proposed by Kac was then studied in detail by
Henry P. Mckean Jr. in a series of papers [McK63, McK66b, McK67a]: he provided a
rigorous proof of propagation of chaos using purely algebraic arguments [McK67a] and
studied the rate of convergence to equilibrium for the limiting Boltzmann-like equation
to the Maxwellian distribution [McK66b]. McKean noticed that (1.4) describes the mas-
ter equation associated to an underlying Markov process. This led him to conjecture
that the phenomenon of propagation of chaos maybe generic for a large class of Markov
processes which consist of indistinguishable interacting components. He also conjectured
(cf. [McK66a]) that there should be some relation between these interacting Markov pro-
cesses and some limiting nonlinear PDE just like there is a relation between the solutions
of (1.4) and (1.5). In his seminal work [McK67b], McKean studied the following systems
of N interacting diffusion processes on Rd:

dX
i

t = −∇V (X i
t) dt− 1

N

N∑
j=1,j 6=i

∇W (X i
t −X

j
t ) dt+

√
2β−1dBi

t ,(1.6)

where i = 1, . . . , N , V,W ∈ C2(Rd), and the Bi
t are independent d-dimensional Wiener

processes. The above system models “particles” moving along the gradient of some con-
fining potential V and interacting with each other through some interaction potential
W . The similarity of this system with the Langevin dynamics for the XY model (1.3),
described in Section 1.1.2, is immediately apparent if we rewrite (1.6) with respect to the
associated Hamiltonian, HN : (Rd)N → R, as follows:

dXt = −∇NH
N dt+

√
2β−1dBt ,

where Xt = (X i
t , . . . , X

N
t ), ∇N = (∇x1 , . . . ,∇xN ), Bt is a d × N -dimensional Wiener

process, and

HN(x1, . . . , xN) :=
N∑
i=1

V (xi) +
1

2N

∑
i,j,i6=j

W (xi − xj) .

The only difference is that one model lives on S while the other lives on Rd. Indeed, the
above system of diffusion processes can be thought of as a spin system in which the “spins”
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X i
t Xj

t

−N−1∇WN(X i
t −X

j
t )

√
2β−1

2 Bj
t

√
2β−1

2 Bi
t

−∇V (X i
t) −∇V (Xj

t )

Figure 1.2. A schematic of the class of systems considered in this thesis.
Each particle X i

t interacts with every other particle through the gradient of
some interaction potentialWN(·) = W (·)+β−1N ξϕ(N ξ/d(·)). Furthermore,
each particle is driven by a drift, −∇V (X i

t) and an independent Wiener
process, Bi

t.

take values in Rd. As in the case of Kac’s caricature, one can describe the evolution of
the law of this system of particles by using the associated master equation, also known as
the forward Kolmogorov or the Fokker–Planck equation:

∂tρ
N = LNρ

N := β−1∆ρN +∇ ·
(
∇HNρN

)
,(1.7)

with some initial data ρN0 . McKean was interested in understanding the behaviour of ρN =
etLNρN0 in the limit as N → ∞, specifically in the case in which the initial configuration
of particles was chaotic, i.e. ρN0 = ρ⊗N0 for some ρ0 ∈ P(Rd). Remarkably, he was able
to show [McK67b] that Kac’s notion of propagation of chaos carries over to the setting
of interacting diffusion processes, i.e. in the limit as N → ∞ the solution ρN of (1.7)
converges, in an appropriate sense, to ρ⊗N where ρ is the solution of some nonlinear
parabolic PDE. Before we discuss what this limit actually means and what the limiting
PDE is (cf. Section 1.2), we introduce in the next subsection the general class of interacting
particle systems that we will study in this thesis. This class of systems will include as a
special case, the systems considered by McKean, the Heisenberg XY model, and a range
of other models with different properties and limiting behaviour in the limit as N →∞.

1.1.4. The class of systems considered in this thesis. As mentioned previously,
we would like the class of systems we consider in this thesis to be sufficiently general so as
to include the interacting diffusion processes of McKean and continuous spin systems like
the Heisenberg XY model. We choose as the state space for each of the particles a set Ω,
which will either be Td or Rd. We then consider a sufficiently smooth confining potential
V , an interaction potential W , and some mollifier ϕ (ϕ is smooth, compactly supported,
nonnegative, and has mass 1). We will usually assume thatW is even so that interactions
between particles are symmetric. All we have left to do is to specify the Hamiltonian
HN : ΩN → R of our interacting particle system:

HN(x1, . . . , xN) :=
N∑
i=1

V (xi) +
1

2N

∑
i,j,i6=j

W (xi − xj) +
β−1

1

N

∑
i,j,i6=j

N ξϕ(N ξ/d(xi − xj)) ,

for some 0 < ξ < 1 and β1 > 0. We can now write down the system of interacting particles
as follows:

dXt = −∇NH
N(Xt) dt+

√
2β−1

2 dBt ,(1.8)
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where Xt = (X1
t , . . . , X

N
t ), Bt is a ΩN -valued Wiener process, and β2 > 0. The mollifier

term in the Hamiltonian is meant to represent a localised repulsion between the particles
which localises to a Dirac measure at a rate slower than N . We refer the reader to Fig. 1.2
for a schematic of the different “forces” acting on each of the particles. We consider (1.8)
in three regimes:

The interaction regime: For this regime, we set β1 = +∞ and β2 = +∞ in which
case the localised repulsion and noise terms are switched off. Thus, the particles just
move under the influence of the confining and interaction potentials.

The McKean–Vlasov regime: For this regime, we set β1 = +∞ and β2 = β in
which case the localised repulsion term is switched off. For Ω = Rd, we recover McKean’s
system of interacting diffusions while for Ω = Td we return to the continuous spin systems
like the classical XY model. Note that in this regime if V grows sufficiently fast at ∞
or if Ω = Td then (1.8) is reversible with respect to a unique invariant Gibbs measure
MN ∈ P(ΩN), which is given by

MN(x) := Z−1
N exp(−βHN(x)) ZN =

∫
Ω

exp(−βHN(x)) dx .(1.9)

The degenerate/aggregation-diffusion regime: For this regime, we set β1 = β
and β2 � N2ξ/d in which case the localised repulsion term is retained and acts at a length
scale much smaller than the typical length scale of the noise in the limit as N → ∞.
This regime can in fact be generalised even further by considering a more general class of
localised repulsions and we will discuss this briefly in Section 1.2.

1.2. The many-particle limit

The system of interacting particles introduced in Section 1.1.4 can be difficult to
analyse, especially when the number of particles is very large. As a result we need to
make some sort of simplification. One compromise that we can make is to study the
asymptotic properties of the system in the limit as N → ∞. The first step in this
direction is passing to the so-called mean field or thermodynamic limit which captures
the average behaviour of the system of particles in the limit as N →∞. The second step
is studying fluctuations about this average behaviour by deriving a central limit theorem.
The final step is characterising the occurrence of rare events (relative to the mean field
limit) as N →∞. This is equivalent to deriving a large deviations principle for the system
of particles. Note that each of these approaches provides us with less information than
that contained in the full system of particles. However, they each also provide us with
a more tractable way of studying the system of particles. In the subsequent subsections,
we will briefly describe these three approaches.

1.2.1. The mean field limit. To understand the mean field limit, we go back to
the example of the stochastic Curie–Weiss model on the lattice ΛN with its associated
generator LCW as defined in Section 1.1.1. As mentioned above, it is hard to study the
qualitative properties of this system when N is very large. Consider the Markov process
ωt and define the following average magnetisation:

ωNt :=
1

|ΛN |
∑
i∈ΛN

(ωt)i .

One can then show that [Swa17, Theorem 3.2] as N → ∞, ωNt converges in distribution
to the (deterministic) solution ω(t) of the following differential equation

dω

dt
= tanh

(
β

2
ω

)
− ω .(1.10)
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It is clear that the above equation is much simpler to analyse than the system for any
finite value of N . However, we have clearly lost some information as we are now left with
a deterministic system. The above limit is also referred to as the infinite volume limit
because we are sending the volume of the box ΛN to +∞. Furthermore, it is also called
the thermodynamic limit because we obtain in the limit the effective magnetisation of the
macroscopic substance, a thermodynamic quantity.

We would like to obtain a similar asymptotic description for the interacting particle
system introduced in Section 1.1.4. It turns out that the correct analogue of the average
magnetisation in this setting is the so-called empirical measure ρ(N), which is defined as
follows:

ρ(N)(t) :=
1

N

N∑
i=1

δXi
t
,(1.11)

where the X i
t satisfy the system of SDEs in (1.8). The empirical measure is just a linear

combination of Dirac masses placed at the locations of each of the particles. It defines a
probability measure-valued stochastic process. In what follows in this subsection, we will
state and derive the mean field limit for the empirical measure, ρ(N), for each of the three
regimes discussed in Section 1.1.4.

The interaction regime: In this regime, theX i
t simply satisfy a deterministic system

of ODEs, which is given by

dX i
t

dt
= −∇V (X i

t)−
1

N

N∑
j 6=i

∇W (X i
t −X

j
t ) ,(1.12)

for i = 1, . . . , N . Thus, the empirical measure ρ(N) associated to the system of particles de-
fines a deterministic probability measure-valued process. This regime is probably the sim-
plest to understand and we have the following classical result due to Dobrushin [Dob79]:

Theorem 1.1. Assume that V,W ∈ C2
b (Ω) and that at time t = 0 the empirical

measure ρ(N)(0) associated to the system of particles, as defined in (1.11), converges as
N →∞ to some ρ0 ∈ P2(Ω), i.e.

lim
N→∞

d1(ρN(0), ρ0) = 0 .

Then, for any fixed T ≥ 0,

lim
N→∞

sup
t∈[0,T ]

d1(ρ(N)(t), ρ(t)) = 0 ,

for some constant C(T ) > 0, where ρ is a weak solution of

∂tρ = ∇ · (ρ(∇W ? ρ+∇V )) ,(IE)

with initial data ρ0.

Proof. To prove this result, we first remark that the conditions on V andW are sufficient
to guarantee global-in-time existence of solutions to the system of ODEs (1.12). We start
by assuming that at time t = 0 the particles X i

t start from deterministic points. Then,
the empirical measure ρN(t) is a weak solution of (IE). Indeed, if we consider the velocity
field

u(t, x) =−∇V (x)−∇W ? ρ(N)(t, x)

=−∇V (x)− 1

N

N∑
j=1

∇W (x−Xj
t ) .
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From the above expression and the assumptions on V andW it is clear that u ∈ C1
b (Ω;Rd)

and so the characteristics associated to it are well-defined. Let ΦN
t : Rd → Rd be the

solution map associated to the ODE ẋ = u(t, x), then one can check that ΦN
t #ρ

(N)
0 is a

weak solution of {
∂tρ+∇ · (ρu) = 0

ρ(0) = ρ
(N)
0

.

However, for any ϕ ∈ Cb(Ω) it holds that∫
Ω

ϕ(x) d
(

ΦN
t #ρ

(N)
0

)
=

∫
Ω

ϕ(ΦN
t (x)) dρ

(N)
0

=
1

N

N∑
i=1

ϕ(ΦN
t (X i

0))

=
1

N

N∑
i=1

ϕ(X i
t) =

∫
Ω

ϕ(x) dρ(N)(t) .

Thus, ρ(N)(t) is a weak solution of (IE). All that we need now is a stability estimate in N .
Let us assume now that we can construct solutions ρ(t) to (IE) with general initial data
ρ0 ∈ P2(Ω) (cf. Section 1.3). By a similar argument as before, the velocity field u(t, x)
associated to ρ0 will be well-defined and so will its characteristics. Thus, we can write
the solution to (IE) as ρ(t) = Φt#ρ0, where Φt : Rd → Rd is the solution map associated
to ẋ = u(t, x). Now, consider the two solutions to (IE), ρ(N)(t) with initial data ρ(N)(0)
and ρ(t) with initial data ρ0. Then, we have that

d1(ρ(N)(t), ρ(t)) =d1(ΦN
t #ρ(N)(0),Φt#ρ0)

≤d1(Φt#ρ
(N)(0),Φt#ρ0) + d1(ΦN

t #ρ(N)(0),Φt#ρ
(N)(0)) .

By considering the definition of 1-Wasserstein distance one can obtain the bounds:

d1(ρN(t), ρ(t)) ≤Lip(Φt)d1(ρ0, ρ
(N)(0)) + ‖ΦN

t − Φt‖L∞(supp ρ(N)(0)) .(1.13)

Thus, we need to estimate the Lipschitz constant of Φt and the difference between the
two solution maps. For the first term, we have that

|Φt(x)− Φt(y)| ≤|x− y|+
∫ t

0

|∇W ? ρ(s,Φs(x))−∇W ? ρ(s,Φs(y))| ds

+

∫ t

0

|∇V (Φs(x))−∇V (Φs(y))| ds

≤|x− y|+
(
‖D2W‖L∞(Ω) + ‖D2V ‖L∞(Ω)

)∫ t

0

|Φs(x)− Φs(y)| ds .

Applying Grönwall’s lemma, we thus obtain that

Lip(Φt) ≤ e(‖D
2W‖L∞(Ω)+‖D2V ‖L∞(Ω))t .(1.14)
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Now, we compute the difference between the solution maps as follows:∣∣Φt(x)− ΦN
t (x)

∣∣ ≤∫ t

0

∣∣∇W ? ρ(s,Φs(x))−∇W ? ρ(N)(s,Φs(x))
∣∣ ds

+

∫ t

0

∣∣∇W ? ρ(N)(s,ΦN
s (x))−∇W ? ρ(N)(s,Φs(x))

∣∣ ds

+

∫ t

0

∣∣∇V (ΦN
s (x))−∇V (Φs(x))

∣∣ ds

≤
(
‖D2W‖L∞(Ω) + ‖D2V ‖L∞(Ω)

)∫ t

0

d1(ρ(N)(s), ρ(s)) ds

+
(
‖D2W‖L∞(Ω) + ‖D2V ‖L∞(Ω)

)∫ t

0

∣∣Φs(x)− ΦN
s (x)

∣∣ ds ,

where we have used dual formulation of 1-Wasserstein distance and the fact that

‖D2W‖L∞(Ω) ≤ ‖D
2W‖L∞(Ω) + ‖D2V ‖L∞(Ω) .

Applying Grönwall’s equality, we obtain∣∣Φt(x)− ΦN
t (x)

∣∣ ≤ ∫ t

0

eL(t−s)d1(ρ(N)(s), ρ(s)) ds ,(1.15)

with L =
(
‖D2W‖L∞(Ω) + ‖D2V ‖L∞(Ω)

)
. Putting (1.13), (1.14), and (1.15) together and

applying Grönwall’s inequality again, we obtain

d1(ρ(N)(t), ρ(t)) ≤ e(1+L)td1(ρ(N)(0), ρ0) .

Passing to the limit N →∞, the result of the theorem follows. �

A more general version of Dobrushin’s argument for second-order swarming models
can be found in [CCH14]. Thus, we see that in the mean field limit we obtain the solution
of the nonlocal PDE (IE) which is often referred to as the nonlocal interaction equation,
the interaction equation, or the aggregation equation. This stems from the fact that the
equation simply describes interactions between different particles in the absence of any
noise. Since there is no noise in this regime, the equation (IE) captures all the information
about the system of particles even for a finite value of N . This is clear from the fact that
the empirical measure ρ(N)(t) is a weak solution of (IE). As a result, in the interaction
regime the mean field limit contains all the information about the original system of
interacting particles.

The McKean–Vlasov regime: We now turn our attention to the so-called McKean–
Vlasov regime. From the discussion about the interaction regime, it is reasonable to
conjecture that the mean field limit should, in some sense, be given by the following
PDE:

∂tρ = β−1∆ρ+∇ · (ρ(∇W ? ρ+∇V )) ,(MVE)

where the second term on the right hand side of the above PDE is identical to that on the
right hand side of (IE), while the first term should arise from the Wiener process in (1.6).
The above PDE is commonly referred to as the McKean–Vlasov equation4. It turns out
that this guess is correct as was proved by McKean [McK66a]. The precise result that he
obtained is as follows:
4The McKean in the name comes from the fact that it was derived by McKean. The Vlasov comes from
the fact that it can also be obtained as the overdamped limit of the Vlasov–Poisson equation from plasma
physics.
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Theorem 1.2. Assume that V,W ∈ C2
b (Ω) and let Xt = (X1

t , . . . , X
N
t ) is the solution

to the following system of SDEs:

dX i
t = −∇V (X i

t) dt− 1

N

N∑
j 6=i

∇W (X i
t −X

j
t ) dt+

√
2β−1dBi

t ,(1.16)

where the Bi
t are independent Ω-valued Wiener processes and Law(Xt) = ρ⊗N0 where

ρ0 ∈ P2(Ω). Then we have that for each T ≥ 0 and i = 1, . . . , N

sup
t∈[0,T ]

E
(∣∣∣X i

t −X
i

t

∣∣∣) ≤ C(T )√
N

,(1.17)

where C(T ) ≥ 0 and each of the X i

t is an independent solution of the so-called McKean
SDE: {

dX
i

t = −∇V (X
i

t)−∇W ? ρ(t,X
i

t) +
√

2β−1dBi
t

Law(X i
0) = ρ0

,(MSDE)

with ρ = Law(X
i

t) the weak solution of (MVE).

The result as it is stated above does not seem to involve the empirical measure and
does not seem to be related to the phenomenon of propagation of chaos discussed in Sec-
tion 1.1.3. This relationship is made clear in the following corollary:

Corollary 1.3. The result of Theorem 1.2 implies that, for any fixed T ≥ 0, :

(a) supt∈[0,T ] d1(E
(
ρ(N)(t)

)
, ρ(t)) ≤ C(T )√

N
, where ρ(N)(t) is the empirical measure as-

sociated to the system of particles.

(b) supt∈[0,T ] d1(ρNn (t), ρ⊗n) ≤ C(T )√
N

, where ρN = Law(Xt) and ρNn is its nth-marginal

for some natural number 1 ≤ n < N .

Proof. The proof of both results can be obtained by noticing that (1.17) and the indis-
tinguishability, in law, of the particles implies the following bound:

sup
t∈[0,T ]

d1(ρN(t), ρ⊗N(t)) ≤ sup
t∈[0,T ]

N∑
i=1

E
(∣∣∣X i

t −X
i

t

∣∣∣) ≤ C(T )
√
N.(1.18)

For the proof of (b), one can check that we have the bound⌊
N

n

⌋
d1(ρNn (t), ρ⊗n) ≤ d1(ρN , ρ⊗N) ,

which follows from the definition of the 1-Wasserstein distance. Since bN
n
c ≥ N

2n
, the

result follows.
On the other hand, for the proof of (a) consider∫
Ω

ϕ(x) d
(
E
(
ρ(N)(t)

)
− ρ(t)

)
=

1

N

N∑
i=1

∫
ΩN
ϕ(xi) dρN(t)− 1

N

N∑
i=1

∫
ΩN
ϕ(xi) dρ⊗N(t) ,

where ϕ ∈ Lip1(Ω), the space functions with Lipschitz constant less than 1. Taking the
supremum over all such ϕ and using the dual formulation of the 1-Wasserstein distance
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(cf. Theorem C.8), we obtain

d1(E
(
ρ(N)(t)

)
, ρ(t)) = sup

ϕ∈Lip1(Ω)

[
1

N

N∑
i=1

∫
ΩN
ϕ(xi) dρN(t)− 1

N

N∑
i=1

∫
ΩN
ϕ(xi) dρ⊗N(t)

]

≤ 1

N
sup

ϕ∈Lip1(ΩN )

[∫
ΩN
ϕ(x) d

(
ρN(t)− ρ⊗N(t)

)]
=

1

N
d1(ρN(t), ρ⊗N(t)) .

Applying (1.18), the result follows. �

The result of Corollary 1.3 thus provides us with the required convergence of the
empirical measure as well as a precise characterisation of the propagation of chaos phe-
nomenon. The law of the N particle system thus decouples and each of its marginals
converges in the 1-Wasserstein distance to a product of the solution of a nonlocal par-
abolic PDE given by (MVE). Before we discuss the proof of Theorem 1.2, we remark
that deriving the mean field limit for systems of interacting particles such as (1.16)
has, historically, been a very active field of research. After McKean’s work [McK66a],
Oelschläger [Oel84], Gärtner [G8̈8], and others derived the mean field limit for a similar
system of interacting particles under varying conditions on the confining and interaction
potentials. Their proofs generally relied on characterising the limiting process as the
solution to a nonlinear martingale problem in the spirit of Stroock and Varadhan. A
review of these ideas can be found in [GKM+96]. A major simplification in this approach
was made by Sznitman [Szn91] who introduced powerful coupling techniques to prove the
same result. Since then recent work has mainly been focused on pushing this result in
three different directions: deriving optimal rates, uniform-in-time convergence, or conver-
gence for singular interactions. In the direction of optimal rates, this relates to the work
of Mischler, Mouhot, Hauray and co-authors [MM13, HM14, MMW15] and the so-called
Kac’s programme in kinetic theory. In the second direction this relates to the work of
Eberle and co-authors [Ebe11, Ebe16, DEGZ18, EGZ19] on contraction rates for diffu-
sions who proposed a novel coupling technique to obtain uniform-in-time convergence. We
will visit these ideas in Chapter 7. Finally, in the direction of singular interactions, this
relates to the work of Serfaty [Sw18], Jabin and Wang [JW18], and Bresch, Jabin, and
Wang [BJW19b, BJW19a] who have managed to use the so-called modulated entropy/free
energy technique to extend the convergence result of Theorem 1.2 to interaction potentials
which are as singular as the Coulomb repulsion or Newtonian attraction potentials.

We now turn to the proof of Theorem 1.2. We will present the particularly simple
coupling argument of Sznitman:

Proof of Theorem 1.2. We will start by assuming that the McKean–Vlasov equa-
tion (MVE) is well-posed for initial data ρ0 ∈ P2(Ω), i.e. we can find a curve of measures
ρ ∈ C([0, T ];P2(Ω)) which satisfies, in a weak sense, (MVE) (cf. Section 1.3). It follows
that solutions to (MSDE) are also well-defined by the standard existence theory for SDEs.
For each i = 1, . . . , N , we choose a solution X i

t of (MSDE) which is driven by the same
noise Bi

t as the corresponding solution X i
t of (1.16). This is referred to as a synchronous

coupling of the two SDEs.
For the sake of notational convenience we set b(x, y) = −∇W (x − y) − ∇V (x). In-

tegrating the two SDEs in time, subtracting them, and taking the absolute value we
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obtain ∣∣∣X i
t −X

i

t

∣∣∣ =

∣∣∣∣∣∣
∫ t

0

1

N

N∑
j=1

b(X i
s, X

j
s ) ds−

∫ t

0

∫
R

b(X
i

s, y) dρ(s)(y) ds

∣∣∣∣∣∣
≤

∣∣∣∣∣
∫ t

0

1

N

N∑
j=1

b(X i
s, X

j
s )−

1

N

N∑
j=1

b(X
i

s, X
j
s ) ds

∣∣∣∣∣
+

∣∣∣∣∣
∫ t

0

1

N

N∑
j=1

b(X
i

s, X
j
s )−

1

N

N∑
j=1

b(X
i

s, X
j

s) ds

∣∣∣∣∣
+

∣∣∣∣∣
∫ t

0

1

N

N∑
j=1

b(X
i

s, X
j

s) ds

∣∣∣∣∣ ,
where b(X i

s, X
j

s) = b(X
i

s, X
j

s)−
∫
R
b(X

i

s, y) dρ(s)(y). Using the Lipschitz property of b we

obtain∣∣∣X i
t −X

i

t

∣∣∣ ≤∫ t

0

K
∣∣∣X i

s −X
i

s

∣∣∣ ds+

∫ t

0

K

N

N∑
j=1

∣∣∣Xj
s −X

j

s

∣∣∣ ds+

∫ t

0

∣∣∣∣∣ 1

N

N∑
j=1

b(X
i

s, X
j

s)

∣∣∣∣∣ ds ,
where K is the Lipschitz constant of b. Setting supt≤T

∣∣∣X i
t −X

i

t

∣∣∣ =
∣∣∣X i

t −X
i

t

∣∣∣∗ and taking
the expectation we obtain

E
(∣∣∣X i

t −X
i

t

∣∣∣∗) ≤∫ T

0

KE
∣∣∣X i

s −X
i

s

∣∣∣ ds+

∫ T

0

K

N

N∑
j=1

E
∣∣∣Xj

s −X
j

s

∣∣∣ ds

+

∫ T

0

E

∣∣∣∣∣ 1

N

N∑
j=1

b(X
i

s, X
j

s)

∣∣∣∣∣ ds .
Let us now sum the above expression from i = 1 to N using independent copies of the
solution of the McKean SDE X

i

t. This gives us that
N∑
i=1

E
(∣∣∣X i

t −X
i

t

∣∣∣∗) ≤C(K)

∫ T

0

N∑
i=1

(
E
∣∣∣X i

s −X
i

s

∣∣∣ + E

∣∣∣∣∣ 1

N

N∑
j=1

b(X
i

s, X
j

s)

∣∣∣∣∣
)

ds .

Applying Grönwall’s inequality we obtain
N∑
i=1

E
(∣∣∣X i

t −X
i

t

∣∣∣∗) ≤C(K,T )

∫ T

0

N∑
i=1

(
E

∣∣∣∣∣ 1

N

N∑
j=1

b(X
i

s, X
j

s)

∣∣∣∣∣
)

ds .

The indistinguishability in law of the underlying particle system implies that
N∑
i=1

E
(∣∣∣X i

t −X
i

t

∣∣∣∗) =NE
(∣∣∣X i

t −X
i

t

∣∣∣∗)
N∑
i=1

(
E

∣∣∣∣∣ 1

N

N∑
j=1

b(X
i

s, X
j

s)

∣∣∣∣∣
)

=N

(
E

∣∣∣∣∣ 1

N

N∑
j=1

b(X
i

s, X
j

s)

∣∣∣∣∣
)

This leaves us with

E
(∣∣∣X i

t −X
i

t

∣∣∣∗) ≤C(K,T )

∫ T

0

(
E

∣∣∣∣∣ 1

N

N∑
j=1

b(X
i

s, X
j

s)

∣∣∣∣∣
)

ds .



28 1. INTRODUCTION

Furthermore, we have that

E

( 1

N

N∑
j=1

b(X
i

s, X
j

s)

)2
 =

1

N2

N∑
j,k=1

E
(
b(X

i

s, X
j

s) · b(X
i

s, X
k

s)
)
.

We have that

E
(
b(X

i

s, X
j

s) · b(X
i

s, X
k

s)
)
≤ Cδjk ,

where we have used the fact that the processes Xk

s , X
j

s are independent for j 6= k and that
they all have law ρ(s). We have also used the fact that b is a bounded function. After
applying Jensen’s inequality we obtain

E

(∣∣∣∣∣ 1

N

N∑
j=1

b(X
i

s, X
j

s)

∣∣∣∣∣
)
≤ C/

√
N .

Thus, it follows that

sup
N∈N

√
NE
(

sup
t≤T

∣∣∣X i
t −X

i

t

∣∣∣) <∞ .

From this it follows that

sup
t∈[0,T ]

E
(∣∣∣X i

t −X
i

t

∣∣∣) < C(T )/
√
N .

�

Thus, we have shown that in the limit as N → ∞ our system is described in some
average sense (cf. Corollary 1.3(a)) by the solution of (MVE). It is possible to think
of this result as some sort of law of large numbers (LLN) for the system of particles.
The classical law of large numbers tells us about the average behaviour of a sum of i.i.d.
random variables, while Theorem 1.2 and Corollary 1.3 tell us about the average behaviour
of a sum of Dirac measures at the particle locations, i.e. the empirical measure ρ(N)(t).

The degenerate/aggregation-diffusion regime: We now treat the final regime
discussed in Section 1.1.4. The localised repulsion is retained in this setting while the
noise is switched off as N →∞, in such a way that β2 � N2ξ/d. Thus, for the mean field
limit one would expect a similar confinement and interaction term as in (IE) and (MVE).
In addition to this, the localised repulsion term produces a degenerate porous-medium
type diffusion term in the limit, to give us the following limiting PDE:

∂tρ = β−1∆ρ2 +∇ · (ρ(∇V +∇W ? ρ)) .(ADE2)

The above equation is commonly referred to as the aggregation-diffusion equation with
quadratic diffusion. The name aggregation-diffusion comes from the fact that the equation
is characterised by a competition between aggregation due to the (possibly) attractive
interaction term containing W and diffusion due to the nonlinear diffusion term ∆ρ2. In
this sense, the McKean–Vlasov equation can also be thought of as an aggregation-diffusion
equation with a linear nondegenerate diffusion term. One way to convince oneself that
this is the correct limiting equation is to consider the formal asymptotics of the relevant
localised repulsion term in (1.8). If we treat ε = N−ξ/d as some small parameter, we have
the following term:

−2∇ϕε ? ρ(N)(t,X i
t) ,
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on the right hand side of the SDE for each of the particles i = 1, . . . , N , where ϕε =
ε−dϕ(ε−1x). Assume that ρ(N)(t) converges to ρ the solution of some limiting PDE. Then,
since ϕε → δ0 as ε→ 0, it follows that, at least formally, we must have that

−2∇ϕε ? ρ(N)(t,X i
t)

N→∞
≈ −2∇ρ(X i

t).

Thus, at the level of the PDE, taking into account both the confinement and interaction
terms, we can guess that we have something that looks like

∂tρ =2β−1∇ · (ρ∇ρ) +∇ · (ρ(∇V +∇W ? ρ))

=β−1∆ρ2 +∇ · (ρ(∇V +∇W ? ρ)) .

Note that the noise term vanishes in the limit and is essentially a technical require-
ment to obtain the proof of the limit. The proof of this convergence is originally due to
Oelschläger [Oel90] but was simplified considerably by Philipowski [Phi07]. Since we will
not be dealing with the particle system in this regime for the rest of this thesis and will
stick exclusively to discussing the mean field PDE, we present the result below without
the proof:

Theorem 1.4. Assume V,W ∈ C2
b (Ω) and let Xt = (X1

t , . . . , X
N
t ) be the solution of

the SDE (1.8) in the aggregation-diffusion regime. Assume further that the particles are
independent and identically distributed at t = 0 with some law ρ0 ∈ P2(Ω)∩L2(Ω). Then
for any fixed T ≥ 0, we have that

lim
N→∞

sup
t∈[0,T ]

d1(ρ(N)(t), ρ(t)) = 0 ,

where ρ(N) is the empirical measure of the system of particles as defined in (1.11), while
ρ is a weak solution of (ADE2) with initial data ρ0.

It turns out that the above convergence can be generalised to obtain convergence to an
equation with degenerate porous medium-type diffusion with exponent m > 1. This can
be done by considering a slightly more complicated localised repulsion in the underlying
particle system as shown by Philipowski and Figalli [FP08]. The resulting limiting PDE
has the following form:

∂tρ = β−1∆ρm +∇ · (ρ(∇V +∇W ? ρ))(ADEm)

and it is referred to as the aggregation-diffusion equation with exponent m. We will not
discuss the underlying particle system here as it falls outside the scope of study of this
thesis. However, we shall work with (ADEm) in general when we study the qualitative
properties of the mean field limits in the aggregation-diffusion regime in Chapter 4.

1.2.2. The central limit theorem. The discussion in this subsection is restricted
to the system of interacting particles in the McKean–Vlasov regime. This is due to the
fact that the interaction regime is deterministic and the noise in the aggregation-diffusion
regime is mainly a technical tool. As discussed in Section 1.2.1, the mean field limit is like
the law of large numbers and captures the average behaviour of the system of particles.
Let us return to the case of i.i.d random variables {Xi}i∈N. Assume that E(Xi) = X for
all i ∈ N. Then, the law of large numbers tells us that XN = N−1

∑N
i=1Xi converges in

law to X in the limit as N → ∞. The description of the fluctuations of XN around X
is then given by the Lindenberg–Levy central limit theorem (CLT) which tells us that,
if Var(Xi) = σ2 < ∞, ηN = N1/2(XN − X) converges in law as N → ∞ to N(0, σ2), a
Gaussian random variable with variance σ2. We would like to derive an analogous result
for the empirical measure associated to (1.16). Such a result, if it existed, would provide
us with some second order information about the convergence in the many-particle limit.
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It turns out that the relevant object to study is the following fluctuations process:

GN(t) := N1/2
(
ρ(N)(t)− ρ(t)

)
,(1.19)

where ρ is the solution of the (MVE) with initial data ρ0 ∈ P2(Ω). Note that for each t ≥ 0,
GN(t) is a (signed) measure-valued random variable. The first result in this direction was
obtained by Dawson [Daw83] who studied (1.16) with Ω = R, V (x) = −x2/2 + x4/4 and
W (x) = x2/2. Under certain conditions (cf. Chapter 7), he was able to characterise the
limit as N → ∞ of GN as the solution of a linear stochastic partial differential equation
(SPDE). Interestingly, his results did not only hold for i.i.d initial data ρ⊗N0 and some
finite time horizon, but also for an infinite time horizon when the process (1.16) is at
stationarity as long as it is before the point of phase transition(cf. Section 1.4). We
will discuss Dawson’s results in more detail in Chapter 7. The finite time horizon non-
equilibrium result of Dawson was generalised to a more general class of confining and
interaction potentials by Fernandez and Méléard [FM97]. We state their main result
below:

Theorem 1.5. [FM97, Theorem 5.4] Let GN be as defined in (1.19) with the initial
data coming from the initial distribution of the particle system (1.16) given by ρ⊗N0 for
some ρ0 ∈ P2(Ω). Assume V,W ∈ C2

b (Ω) and fix some T ≥ 0. Then as N → ∞,
GN coverges in law, as a C([0, T ];S ′(Ω))-valued random variable, to the solution of the
following Ornstein–Uhlenbeck SPDE:

G(t) = G(0) +

∫ t

0

L∗sG(s) ds+
√

2β−1Bt ,(1.20)

where Bt is a Gaussian Markov process with the following correlation structure

E
(
〈Bt, ϕ〉(S(Ω))′,S(Ω)〈Bs, ψ〉(S(Ω))′,S(Ω)

)
=

∫ min(s,t)

0

∫
Ω

∇ϕ · ∇ψ dρ(u) du

for ϕ, ψ ∈ S(Ω) and L∗s is the L2(Ω) adjoint of the following linear operator

Lsϕ(x) := β−1∆ϕ(x)− (∇W ? ρ(s) +∇V (x)) · ∇ϕ(x)

−
∫

Ω

(∇W (y − x) +∇V (y)) · ∇ϕ(y) dρ(s)(y) + β−1

∫
Ω

∆ϕ(y) dρ(s)(y) .

Thus, the above theorem gives a characterisation, at least for finite time horizons,
of the limit of the fluctuation process GN . We will revisit the central limit theorem
in Chapter 7. In the next subsection, we will discuss how to obtain further information
about the many-particle limit by deriving an appropriate large deviations principle.

1.2.3. Large deviations principle. We now discuss the final level in the hierarchy
of many-particle limits: the large deviations principle (LDP). We again restrict ourselves
to the McKean–Vlasov regime. Before we discuss the LDP for our interacting particle sys-
tem, we return to our example of a sequence of i.i.d. random variables {Xi}i∈N. We have
already characterised the average behaviour and the fluctuations of XN through the law
of large numbers and the central limit theorem, respectively. Cramér’s theorem [Crá38]
provides us with a characterisation of the tail behaviour of XN in the limit as N → ∞.
Specifically, it tells us that the quantity

1

N
logP

(
XN ≥ x

)
converges in [−∞, 0] for all x ∈ R. The limit is given by

lim
N→∞

1

N
logP

(
XN ≥ x

)
= inf

λ≥0

(
logE(eλX1)− λx

)
=: −I(x) .
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The above limit tells us that P
(
XN ≥ x

)
≈ exp(−NI(x)), thus providing us with refined

information about the tail behaviour of XN . Indeed, if x = E(X1), one can check that
I(x) = 0. However, if x = E(X1) + ε for some ε > 0, then one can check that I(x) > 0.
So any “large deviations” from E(X1) vanish exponentially fast in the limit as N → ∞.
Cramér’s result is a prototypical example of an LDP. Results of these form were brought
into a unified framework by Varadhan [Var66]. He introduced the following notions:

Definition 1.6 (Large deviations principle). Consider a sequence of random variables
{XN}N∈N on a probability space (Ω,F ,P) taking values in some Hausdorff topological
space, Y . Let S : Y → [0,∞] be a proper, l.s.c function and {aN}N∈N ⊂ R converge to
+∞ as N → ∞. We say that {XN}N∈N satisfy a large deviations principle with good
rate function I and speed aN , if for every Borel set E ⊂ Y it holds that

(1) lim supN→∞ a
−1
N logP(XN ∈ E) ≤ − infy∈E I(y)

(2) lim infN→∞ a
−1
N logP(XN ∈ E◦) ≥ − infy∈E◦ I(y)

(3) The sublevel sets of I are compact in Y .

Note that from the definition above and the fact that infy∈[x,∞] I(y) = I(x), we can
restate Cramer’s theorem by saying that a sum of i.i.d random variables,

{
XN

}
N∈N

satisfies an LDP with good rate function I(x) and speed N . We would now like to obtain
a similar result for the interacting particle systems in (1.16). In this case, the sequence of
random variables we consider are the associated empirical measures ρ(N), which we treat
as elements of C([0, T ];P2(Ω)) for some fixed time horizon T > 0. The relevant result
was obtained by Dawson and Gärtner [DG87] and is stated below:

Theorem 1.7. Denote by P(N)(Ω) the space of empirical probability measures on Ω,
i.e.,

P(N)(Ω) :=

{
ρ ∈ P2(Ω) : ρ =

1

N

N∑
i=1

δxi , xi ∈ Ω

}
.

Assume that ρ(N)
0 ∈ P(N)(Ω) is such that there exists ρ0 ∈ P2(Ω) with d2(ρ

(N)
0 , ρ0)→ 0 as

N → ∞. Denote by CT the space C([0, T ];P2(Ω)), equipped with the topology of uniform
convergence. Then,

(a) For all open subsets G of CT it holds that

lim inf
N→∞

N−1 logP
(
ρ(N)(·) ∈ G, ρ(N)(0) = ρ

(N)
0

)
≥ − inf

ρ(·)∈G,ρ(0)=ρ0

I(ρ(·)) .

(b) For all closed subsets F of CT it holds that

lim sup
N→∞

N−1 logP
(
ρ(N)(·) ∈ F, ρ(N)(0) = ρ

(N)
0

)
≤ − inf

ρ(·)∈F,ρ(0)=ρ0

I(ρ(·)) ,

(c) For each compact subset K of P2(Ω) and s ≥ 0 the set

ΦK(s) = {ρ(·) ∈ CT : I(ρ(·)) ≤ s, ρ(0) ∈ K} ,
is compact.

Here, I : CT → (−∞,+∞] is the rate functional given for ρ ∈ C([0, T ];P2(Ω)) by

I(ρ(·)) =
1

2

∫ T

0

‖∂tρ−∇ · (β−1∇ρ+ ρ∇V + ρ∇W ? ρ)‖2
H−1(Ω,ρ) dt ,

if it is finite and by +∞ otherwise.

The proof of the above result relies on deriving a large deviations principle in the dual
space, which itself relies on lifting a sequence of LDPs from a family of linear subspaces
to their projective limit. The technique is explained in detail in the book of Dembo and
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Zeitouni [DZ10, Section 4.6]. As can be seen from the form of the rate functional, it is
exactly 0 when ρ is a solution of (MVE) and is strictly positive otherwise. Thus, as in
Cramers’ theorem, the probability that ρ(N) lies in CT \ Bε(ρ), where ρ solves (MVE)
with initial data ρ0 ∈ P2(Ω), vanishes exponentially as N → ∞. Here Bε(ρ) is the open
ball of size ε > 0 around ρ in CT . We will revisit these ideas in Chapter 6, where we
will explore the connection between this large deviations principle and the phenomenon
of noise-induced metastability.

1.3. Gradient flows and the free energy

The purpose of this section is to discuss an important structural feature of the mean
field PDEs discussed in Section 1.2.1: they are all gradient flows. Before we can explain
what we mean by this, it is useful to discuss what we mean by a gradient flow in Euclidean
space. Given a function V ∈ C2

b (Rd), we say that a curve x ∈ C1([0, T ];Rd) is a Euclidean
gradient flow of V if x(t) is the solution to the following ODE

ẋ = −∇V (x)(1.21)

for all 0 < t ≤ T and some initial value x0. It is not immediately clear how to extend this
notion to a more general setting. The natural space for the PDEs discussed in this thesis
is the space of Borel probability measures, P(Ω). Equipped with the weak-∗ topology,
this is a metrisable space. But it has no linear or differentiable structure and so there is
no real way to make sense of the notion of the gradient of a function or time derivative
of a curve of probability measures.

Ennio De Giorgi [DGMT80, DG93] had the idea to find an equivalent notion of solution
of (1.21) which does not require the notion of the gradient of a function. Consider any
y ∈ C1([0, T ];Rd) such that y(0) = x0 and let us compute the evolution of V (y(t)):

d

dt
V (y(t)) =

〈
∇V (y(t)),

dy

dt
(t)

〉
.

Applying Young’s inequality, we obtain

d

dt
V (y(t)) ≥ −1

2
|∇V (y(t))|2 − 1

2

∣∣∣∣dydt
∣∣∣∣2(t) .(1.22)

It is easy to check that the above inequality is an equality for all 0 < t ≤ T if and only
if y = x, i.e. y is the solution of (1.21). In some sense, y reduces V in the most optimal
way if it achieves equality in (1.22). This leads us to the following characterisation:

Definition 1.8 (Euclidean gradient flows). A curve y ∈ C1([0, T ];Rd) is said to be a
Euclidean gradient flow with initial value x0, if and only if

d

dt
V (y(t)) = −1

2
|∇V (y(t))|2 − 1

2

∣∣∣∣dydt
∣∣∣∣2(t)

for all 0 < t ≤ T and y(0) = x0.

As is clear from the above characterisation, this notion of solution for (1.21) only
requires appropriate notions of the absolute value of the gradient and the absolute value
of the time derivative. It turns out this notion can be generalised to metric spaces, which
we do in the following subsection.
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1.3.1. Curves of maximal slope. Let (X , d) be some Polish metric space and E :
X → (−∞,+∞] be a proper, lower semicontinuous (l.s.c) function defined on X . We
denote by D(E) := {x ∈ X : E(x) < ∞} the domain of the function E. We can then
define the following notions

Definition 1.9 (Metric slope). Given x ∈ X we define the metric slope of E at x,
|∂E|(x), to be

|∂E|(x) :=

lim sup
y→x

(E(x)− E(y))+

d(x, y)
x ∈ D(E)

+∞ otherwise

.

If X = Rd and d(x, y) = |x−y|, then the metric slope of a smooth function is precisely
the absolute value of its gradient. The notion of metric slope is thus an extension of this
idea to metric spaces. Before we can define the notion of the absolute value of the time
derivative, we need to narrow down on a class of curves for which this makes sense.

Definition 1.10 (Absolutely continuous curves). A curve x : [0, T ]→ X is said to be
p-absolutely continuous with p ∈ [1,+∞], denoted by x ∈ ACp([0, T ];X ), if there exists
some m ∈ Lp([0, T ]) such that

d(x(s), x(t)) ≤
∫ t

s

m(r) dr ,(1.23)

for all 0 ≤ s ≤ t ≤ T .

We can now define the so-called metric derivative [AGS08, Theorem 1.1.2]:

Definition 1.11 (Metric derivative/velocity). Assume that x ∈ ACp([0, T ];X ). Then
the limit

|x′|(t) := lim
s→t

d(x(s), x(t))

|s− t|
,

exists t-a.e and is referred to as the metric derivative or velocity of the curve x at time t.
The function t 7→ |x′|(t) is in Lp([0, T ]) and is the minimal function satisfying (1.23).

Again, for Euclidean space, |x′|(t) is exactly the absolute values of the time derivative.
We can now define De Giorgi’s notion of a curve of maximal slope.

Definition 1.12 (Curve of maximal slope). A curve x ∈ ACp([0, T ];X ) is said to be
a p-curve of maximal slope or a gradient flow of E with respect to the metric d if

d

dt
E(x(t)) = −1

q
|∂E|q(x(t))− 1

p
|x′|p(t) ,

holds t a.e., where 1/p + 1/q = 1. When p = 2, we will just refer to it as a curve of
maximal slope. Furthermore, we have that

|∂E|q(x(t)) = |x′|p(t)
t a.e. Thus, the following energy-dissipation identity holds

d

dt
E(x(t)) = −|∂E|q(x(t)) ,

t a.e.

Thus, from the above definition, (1.21) is a curve of maximal slope of V with respect
to the Euclidean metric on Rd. It is also clear from the above definition that any curve of
maximal slope decreases the energy E. Note that the above notion of solution is extremely
soft and does not provide us with uniqueness. A strong notion of gradient flow solutions
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based on so-called evolutionary variational inequalities (EVI), which provides uniqueness,
is available. However, we shall not discuss it in this thesis. We refer the reader to [AGS08]
for more details.

1.3.2. Otto’s formal Riemannian structure. We can now revisit the mean field
PDEs of Section 1.2.1. It turns out that they can all be written in the following form

∂tρ = ∇ ·
(
ρ∇δE

δρ

)
,(1.24)

where E : P2(Ω)→ (−∞,+∞] is referred to as the free energy. Depending on the choice
of E, we recover different PDEs. If E is the so-called interaction energy, which is given
by

EI(ρ) :=

∫
Ω

V (x) dρ(x) +
1

2

∫∫
Ω×Ω

W (x− y) dρ(x) dρ(y) ,

we obtain the nonlocal interaction equation (IE). On the other hand, if E is the so-called
McKean–Vlasov energy, which is given by

EMV
β (ρ) := β−1

∫
Ω

ρ(x) log ρ(x) dx+

∫
Ω

V (x) dρ(x) +
1

2

∫∫
Ω×Ω

W (x− y) dρ(x) dρ(y) ,

(1.25)

we obtain the McKean–Vlasov equation (MVE). Finally, if we consider the so-called
aggregation-diffusion energy, which is given by

EAD
β,m(ρ) :=

β−1

m− 1

∫
Ω

ρm(x) dx− β−1

m− 1
+

∫
Ω

V (x) dρ(x) +
1

2

∫∫
Ω×Ω

W (x− y) dρ(x) dρ(y) ,

(1.26)

we obtain the aggregation-diffusion equation with exponent m (ADEm). Note that both
EMV and EAD

β,m are defined to be +∞ when ρ is not absolutely continuous with respect to
the Lebesgue measure on Ω. Looking at the structure of (1.24), it was noticed by Jordan,
Kinderlehrer, and Otto [JKO98, Ott01] and by Carrillo, McCann, and Villani [CMV03]
that these PDEs have the formal structure of a Riemannian gradient flow. To see this,
we consider the same ODE as in (1.21) but posed on a nice Riemannian manifold M with
V ∈ C2

b (M):

ẋ =−∇V (x)

=−KxDV (x) ,

where Kx : T ∗xM → TxM is the so-called Onsager operator or # operator. It corresponds
to the inverse metric gij and it maps co-tangent vectors to tangent vectors. Let us now
formally treat the space P2(Ω) as a Riemannian manifold. We associate to each point,
ρ ∈ P2(Ω), the following tangent space:

Tρ(P2(Ω)) := {η ∈ L2(Ω, ρ) :

∫
Ω

η dx = 0} .

Thus, the functional derivative δE
δρ

can be thought of as the differential of E, a co-tangent
vector which acts on any η ∈ TρP2(Ω) by integration, as follows〈

δE

δρ
, η

〉
T ′ρ,Tρ

=

∫
Ω

δE

δρ
η dx .
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If we think of the operator −∇ ·
(
ρ∇ δ

δρ

)
as the gradient operator in P2(Ω), it follows

that
Kρ := ∇ · (ρ∇) ,

should be the associated Onsager operator so that (1.24) can be re-written as

∂tρ = −Kρ
δE

δρ
.

All that we have to do is identify is the metric which is defined by Kρ : T ′ρ(P2(Ω)) →
Tρ(P2(Ω)). We first define the inner product between two tangent vectors η1, η2 ∈
Tρ(P2(Ω)) using the inverse metric Kρ

〈η1, η2〉ρ :=

∫
Ω

φ1Kρφ2 dx ,

where φ1, φ2 ∈ T ′ρ(P2(Ω)) are such that η1 = Kρφ1, η2 = Kρφ2. Thus, given a curve
ρ ∈ C([0, T ];P2(Ω)) between two measures ρ1, ρ2 ∈ P2(Ω) , we can compute its length by
computing the following integral∫ T

0

(∫
Ω

φ(t, x)Kρφ(t, x) dx

)1/2

dt =

∫ T

0

(∫
Ω

|∇φ|2(t, x) dρ(t)

)1/2

dt ,(1.27)

where φ solves the continuity equation
∂tρ = Kρφ = −∇(ρ∇φ) ,(CE)

with initial value ρ(0) = ρ1 and final value ρ(T ) = ρ2. Thus, the distance between
ρ1, ρ2 ∈ P2(Ω) is given by

d2(ρ1, ρ2) = inf
(φ,ρ)∈CE

(∫ T

0

∫
Ω

|∇φ|2(t, x) dρ(t) dt

)1/2

,(1.28)

where CE is the set of all solution pairs (φ, ρ) of (CE). Note that we have used the
fact that, in analogy to the situation on a Riemannian manifold, the minimisers of the
length (1.27) and energy (1.28) functionals should be the same to bring the power 1/2
outside the time integral. Amazingly, (1.28) is exactly the formal dynamical formulation
of the 2-Wasserstein distance on P2(Ω) as discovered by Benamou and Brenier [BB00]
(cf. Theorem C.9 for a rigorous version of these ideas). The space P2(Ω) cannot be
made into Riemannian manifold and the entirety of this discussion was completely formal.
However, it suggests that the 2-Wasserstein metric may provide the right metric to view
these mean field PDEs as gradient flows in the sense of Definition 1.12. Indeed, we have
the following result:

Theorem 1.13. [AGS08, Theorem 11.2.8] Assume that V,W ∈ C2
b (Ω). Then, a curve

ρ ∈ C([0, T ];P2(Ω)) is a distributional weak solution of (IE) (resp. (MVE), (ADEm)) if
and only if it is a gradient flow/curve of maximal slope, in the sense of Definition 1.12
of EI (resp. EMV

β ,EAD
β,m) with respect to the 2-Wasserstein metric d2(·, ·) on P2(Ω).

1.3.3. Constructing solutions. The gradient flow structure can be used to con-
struct solutions of these equations as was done in [JKO98]. The authors in this paper
considered a slightly different equation, the Fokker–Planck equation. We will do the same:
we will consider the Fokker–Planck (1.7) associated to our system of particles. It turns
out that this is a gradient flow of the energy EN : P2(ΩN)→ (−∞,+∞], given by

EN(ρ) :=
1

N

(∫
ΩN
ρ(x) log ρ(x) dx+

∫
ΩN
HN(x) dρ(x)

)
,
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with respect to the distance 1√
N
d2(·, ·) on P2(ΩN). The above energy functional EN can be

thought of as the free energy per particle of the system. Fix some initial data ρ0 ∈ P2(Ω)
and some timestep τ and consider the following discrete variational scheme:

ρτn+1 = arg min
ρ∈P2(Ω)

1

2Nτ
d2

2(ρ, ρτn) + EN(ρ) ,

for n ≥ 1. It turns out that if we consider the interpolation ρτ (t) = ρτn for nτ ≤ t <
(n+ 1)τ and pass to the limit as τ → 0, we obtain a weak solution of the Fokker–Planck
equation (1.7).The same discrete variational scheme applied to the ODE (1.21) would
simply correspond to the implicit Euler scheme. For a general metric space with metric
d, this corresponds to De Giorgi’s minimising movement scheme [DGMT80, DG93] for
constructing curves of maximal slope. Otto and others [JKO98, Ott01, CMV03] realised
that this could be applied for a large class of drift-diffusion equations including the mean
field PDEs of this thesis.

We will use this gradient flow structure throughout the rest of this thesis. It pro-
vides us with a useful way of studying the properties of these PDEs. For example, it
is straightforward to check that stationary solutions or steady states of these PDEs are
simply measures ρ where the slope of the free energy vanishes, i.e. |∂E|(ρ) = 0. We shall
use this fact regularly in Chapters 3, 4 and 6. Also, the gradient flow structures and
energies of the Fokker–Planck equation (1.7) and the McKean–Vlasov equation (MVE)
are intimately related and provide us with a useful reinterpretation of the mean field
limit discussed in Theorem 1.2. We will discuss this in more detail in Chapter 7. The
field of gradient flows itself is a very active field of research. A large amount of what
is considered known can be found in the book by Ambrosio, Gigli, and Savaré [AGS08].
Current research directions include, for example, establishing the existence of gradient
flow solutions for singular potentials V,W [CDF+11], constructing gradient flow solutions
to kinetic equations [Erb16], and using gradient flows to study singular limits of certain
PDEs [CT18].

In the next section we will introduce and discuss the phenomenon of phase transi-
tions in these mean field PDEs. A large part of Chapters 3 and 4 will be focused on
understanding this phenomenon mathematically.

1.4. Phase transitions

1.4.1. Phase transitions in the Curie–Weiss and Ising models. To understand
the phenomenon of phase transitions, we revisit the stochastic Curie–Weiss model with
no external magnetic field, i.e. with h = 0. We have already seen that, for a finite number
of particles N < ∞, the stochastic Curie–Weiss model has a unique invariant measure
MCW

ΛN
. However, its equilibrium behaviour is different for different asymptotic regimes of

β:
(1) In the limit as β → 0, i.e. in the high temperature regime, we have that the

configurations are uniformly distributed. So, almost surely, the average magneti-
sation ωN is 0.

(2) In the limit as β → +∞, i.e. in the low temperature regime, we have that the con-
figurations concentrate on the minimisers of the Curie–Weiss Hamiltonian, HΛN

CW .
So either ω ≡ +1 or ω ≡ −1. Since both of these scenarios are equally likely, we
have that the average magnetisation ωN is +1 or −1 with equal probability.

Thus, in the high temperature regime, when the noise in the system dominates, the
distribution of spins tends to minimise the Boltzmann entropy5, since it is the uniform

5Or maximise if one defines the Boltzmann entropy as a physicist would.
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distribution on ΩN . On the other hand, in the low temperature regime, when the inter-
actions between different spins dominate, the distribution of spins tends to minimise the
Curie–Weiss Hamiltonian. A natural question to ask is whether there is an intermedi-
ate value of β at which there is an exact balance between entropy and interaction. The
existence of this balance between two competing mechanisms is what is responsible for
the phenomenon of phase transitions: when the magnetic substance transitions from one
kind of behaviour to another. Since there is only one invariant measure for N <∞, it is
hard to provide any characterisation of this balance for intermediate values of β. What
we could do is fix the value of 0 < β < ∞, pass to the thermodynamic/mean field limit
as N →∞, and hope that we can find this intermediate value of β.

Consider now the stochastic Curie–Weiss model. The average magnetisation, ωNt
defined in (1.10) (which is a Markov process), also has a unique invariant measure given
by

MΛN := ωN#MCW
ΛN
∈ P(R) ,

where ωN : ΩN → R, maps configurations to their average magnetisations. Similarly, if
µNt = Law(ωt), then the law of the associated average magnetisation process is given by

µNt = ωN#µNt .

Thus, another way of interpreting the mean field limit is that for each t ≥ 0, µt converges
weakly to δω(t), where ω solves the ODE (1.10) for the average magnetisation in the mean
field limit. Thus, even though ωNt has a unique invariant measure for any N < ∞, the
invariant measures of the limiting “process”6 are not necessarily unique. Indeed, they are
given by δω ∈ P(R), where ω is a steady state of (1.10), i.e.

tanh

(
β
ω

2

)
− ω = 0 .(1.29)

Note that ω∞ = 0 is a solution of the above equation for all 0 < β <∞ and, for β small
enough, it is the only solution. However, for values of β > 2, one can show (cf. Fig. 1.3)
that there exist nonzero steady states ±ω∗(β) of (1.10). Thus, there is a transition from
having one steady state, and thus invariant measure, to having three at some value of
the parameter βc = 2. Furthermore, one can show that limβ→∞±ω∗(β) = ±1. Thus, the
steady state ω∞ captures the unmagnetised or paramagnetic behaviour of the system at
high temperatures. On the other hand, the steady states, ±ω∗(β) capture the partially
magnetised or ferromagnetic behaviour of the system at low temperatures. In the limit
of 0 temperature, the states ±ω∗ converge to the magnetisation of a perfectly magnetised
substance. The value of the parameter βc = 2 thus captures the exact balance between
disorder/entropy and interaction and is referred to as the critical (inverse) temperature or
the point of phase transition. We thus formally define phase transitions as a qualitative
change in the set of invariant measures of the mean field system upon varying a parameter
of the system. We will provide a more precise definition in the later chapters of this thesis.
The bifurcation diagram of the Curie–Weiss system can be seen in Fig. 1.4.

One can further show that, for β > 2, the states ω∞ is unstable for the dynamics
of (1.10). Looking at Fig. 1.4, one can see, at least qualitatively, that the transition at
β = βc is continuous. In statistical mechanics terms, this is a second order or continuous
phase transition, since the average magnetisation changes continuously across βc. More

6Even though (1.10) is deterministic, it can still be thought of as a Markov process
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Figure 1.3. The solutions of (1.29) are represented by points where the
two curves intersect. (A). denotes the scenario before the phase transition
in which β < 2 and the only solution is given by ω∞ = 0; (B). denotes the
scenario ahead of the phase transition in which β > 2 and the solutions are
given by ω∞ and ±ω∗(β).
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Figure 1.4. The bifurcation diagram of the Curie–Weiss system. Before
βc = 2, there is exactly one steady state, ω∞ of (1.10). After βc = 2, ω∞
becomes unstable and 2 new stable solutions arise.

precisely7, we have that

lim
β→2+

±ω∗(β) = ω∞ = 0 .

This is not the only kind of phase transition that one can obtain for such systems. If one
considers the 2-dimensional stochastic Ising model with nonzero external magnetic field
h one can perform a similar analysis. Passing to the mean field limit as N → ∞, one
obtains that the limiting invariant measures are given by δω(β,h). For β fixed and larger
than some critical value βc, one can show (cf. [FV18, Theorem 4.22]) that the function
h 7→ ω(β, h) is discontinuous at h = 0 (cf. Fig. 1.5). Thus, if we treat h as a parameter

7A statistical physicist would define second order phase transitions by looking at the behaviour of the
infinite volume partition function. These two approaches are essentially equivalent.
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Figure 1.5. A schematic of the bifurcation diagram of the 2-dimensional
Ising model showing the mean field average magnetisation ω(β, h) as a func-
tion of the external magnetic field for β > βc. One can see that the mag-
netisation jumps at 0, which corresponds to a first order or discontinuous
phase transition.

of the system we have that

lim
h→0+

ω(β, h) 6= lim
h→0−

ω(β, h) .

Thus, the system undergoes a first order or discontinuous phase transition with respect
to the external magnetic field h. As can be seen in Fig. 1.5, at h = 0 we have coexistence
of the two states with positive and negative average magnetisation, due to the spin flip
symmetry of the Ising Hamiltonian HΛN for h = 0.

As we have demonstrated through the examples above, one of the main reasons of
studying the mean field limit is to obtain a notion of phase transitions within the for-
malism of equilibrium statistical mechanics. In fact, this is the only way to obtain the
singular behaviour that thermodynamics associates with phase transitions, such as the
co-existence of liquid and vapour or the discontinuity in the magnetisation of the Ising
ferromagnet. For a finite system, the dependence of the systems properties on its pa-
rameters is always continuous. For example, the N particle Gibbs measure of the Ising
model is continuously dependent on β and h. A singularity in this dependence can only be
observed in the infinite particle limit. We can reconcile this with our everyday experience
of phase transitions by noting that even though the dependence of finite particle thermo-
dynamic quantities is smooth, in very large systems they will be closely approximated by
the corresponding singular dependence of the infinite particle mean field quantities. Thus,
in a real macroscopic system, the dependence of the quantities on the parameters, like β
or h, will be experimentally indistinguishable from genuine singular behaviour (cf. [FV18,
Chapter 1]). In the next subsection, we will discuss the existence of phase transitions
in the XY model and how its behaviour is, by and large, analogous to the Curie–Weiss
model.

1.4.2. Phase transitions in the XY model. We now try and study phase tran-
sitions in the XY model with V ≡ 0 in a similar manner to the Curie–Weiss model. As
before, for N < ∞, we have a unique invariant measure given by MXY

ΛN
. However, as in

the Curie–Weiss model, we can distinguish between two asymptotic regimes of β:



40 1. INTRODUCTION

(1) In the limit as β → 0, i.e. in the high temperature regime, we have that the
configurations are uniformly distributed.

(2) In the limit as β → +∞, i.e. in the low temperature regime, we have that the
configurations concentrate on the minimisers of the XY Hamiltonian, HΛN

XY , as
defined in (1.1). So the distribution of spins concentrates on configurations in
which all the spins are aligned in the same direction, i.e. θ ≡ γ for any γ ∈ [0, 2π),
with equal probability.

Thus, again, we have a dichotomy: in the high temperature regime disorder/entropy
dominates, while in the low temperature regime the interaction between spins dominates.
To study the balance between these two regimes, we pass to the limit as N → ∞ in
the relevant object, i.e. the empirical measure ρ(N)(t). Passing to the limit as N → ∞,
we have from Corollary 1.3(a), that for each t ≥ 0, the law of ρ(N)(t) as a random
measure converges weakly to δρ(t), where ρ(t) solves (MVE) with Ω = S, V ≡ 0, and
W ()̇ = − cos()̇. Thus, the invariant measures of the limiting process are given precisely
by δρ where ρ solves

β−1∂2
xρ+ ∂x(ρW

′ ? ρ) = 0 .(1.30)

One can check that ρ∞ ≡ (2π)−1 is a solution for all values β > 0. This corresponds
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Figure 1.6. The bifurcation diagram of the XY model. Before βc = 2,
there is exactly one steady state, ρ∞ of (MVE). After βc = 2, ρ∞ becomes
unstable and a family of new stable solutions {ρ∗γ(β)}γ∈[0,2π) arise. The solid
black line after β > 2 represents this entire family; since they are translates
of each other they all have the same value of |ρ̂e(1)|.

to the disordered state of the system when all spin configurations are equally likely.
However, for β > 2, one can show (cf. Proposition 3.47) that there exists a one parameter
family of solutions of (1.30) given by {ρ∗γ(β)}γ∈[0,2π) which are equal up to translates.
Thus, we have a phase transition just as we did in the Curie–Weiss model. These new
solutions are “clustered” around the angle γ. This corresponds to the regime in which
all the spins of the mean field system are aligned along a single direction. As β →
∞, we have that ργ(β) converges weakly to δγ, the distribution of spins of a perfectly
magnetised substance. The bifurcation diagram of the system can be seen in Fig. 1.6.
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The fact that the clustered states are equal up to translates arises from the translation
invariance of the XY Hamiltonian. This is analogous to the spin flip symmetry of the
Curie–Weiss Hamiltonian leading to the reflection symmetry of the bifurcation diagram
of the mean field system (cf. Fig. 1.4). As can be seen from the bifurcation diagram
in Fig. 1.6, we can capture the phase transition phenomenon by studying the value of
ρ̂e(1) = (2π)−1/2

∫
Sρ(θ)e−ix dθ, the first Fourier coefficient, of the stationary solutions.

Thus, it plays the same role as the average magnetisation does for the Curie–Weiss model,
i.e. it is an order parameter. Again, the phase transition is second order or continuous
(we will prove this later in Chapter 3) as can be seen from the fact that

lim
β→2+

|
(
ρ̂∗γ
)
e
(β)(1)| = |(ρ̂∞)e(1)| = 0 .

In the next subsection we will describe our approach to studying phase transitions when
W is a general interaction potential.

1.4.3. Phase transitions in the mean field PDEs. As is clear from the dis-
cussions of the previous subsections, the problem of studying phase transitions for the
interacting particle systems is essentially equivalent to the problem of studying the set
of stationary solutions of corresponding mean field PDEs. A large section of Chapters 3
and 4 will be devoted to studying phase transitions for the mean field PDEs (MVE)
and (ADEm). Studying phase transitions for (IE) does not make sense as the underly-
ing particle system is deterministic and so there is no real balance between disorder and
interaction.

Unlike in the Curie–Weiss and XY models, it may not always be the case that there
is a well-defined order parameter that can help us spot the phase transition. Additionally,
for a general W and V , it may be the case that multiple stationary solutions arise at
multiple values of the parameter β. Thus, it is not entirely clear how one can define a
phase transition. To get around this issue we use the gradient flow structure of the mean
field PDEs (MVE) and (ADEm) and the corresponding energies, EMV

β and EAD
β,m. Note

that, for V ≡ 0, EMV
β and EAD

β,m both consist of two terms: an entropic term given by

SMV
β (ρ) :=

∫
Ω

ρ(x) log ρ(x) dx ,

for (MVE) or by

SADβ,m(ρ) :=
β−1

m− 1

∫
Ω

ρm(x) dx− β−1

m− 1
,

for (ADEm), and an interaction term, which for both equations is given by

E(ρ) :=
1

2

∫∫
Ω×Ω

W (x− y) dρ(x) dρ(y) ,

with the parameter β controlling the relative strength of the two terms. Thus, the energies
of the system capture the balance between entropy and interaction. Also, since the PDEs
are gradient flows with respect to their respective energies the “most likely” states that we
will observe in the long-time dynamics are the minimisers of the free energy. Since these
are, in some sense, thermodynamically favourable states, we will define phase transitions
in Chapters 3 and 4 as the first qualitative change in the set of minimisers of the free
energies, EMV

β and EAD
β,m (cf. Definitions 3.25 and 4.27). Additionally, since in general

there may be no well-defined order parameter, the problem of studying the continuity of
phase transitions is a genuinely infinite dimensional one, as a result of which the choice
of topology matters. We will choose different topologies on P(Ω) to study the phase
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transitions in EMV
β and EAD

β,m (cf. Definitions 3.28 and 4.28) but the essential idea will be
to study the limit

lim
β→β+

c

arg min
ρ∈P(Ω)

E(ρ) ,

in an appropriate normed topology X on P(Ω), where βc is the critical (inverse) temper-
ature at which a new minimiser arises. We remark that this notion of phase transition
defined using minimisers of the free energy corresponds exactly with the notion of phase
transition for the XY model based on bifurcations of new steady states, discussed in Sec-
tion 1.4.2. The branch of steady states {ρ∗γ}γ∈[0,2π)] are the new minimisers of the free
energy EMV

β for β > βc. For β ≤ βc, ρ∞ is the unique minimiser of the free energy. Thus
new steady states and new minimisers arise at the same value of the parameter βc in the
XY model. However, it is not always the case that the bifurcation of new steady states
corresponds to a change in the set of minimisers. We will distinguish between these two
phenomena in Chapters 3 and 4.

In Chapters 3 and 4, we will study bifurcations of stationary solutions and phase
transitions for (MVE) and (ADEm) in the setting in which Ω = Td and V = 0. This
setting has the advantage that the trivial minimiser before βc is explicit and is given by
ρ∞ ≡ (2π)−d, which is a steady state for all β > 0. In Chapter 7, we will work in the setting
in which V 6= 0 and use a slightly different notion of phase transition (cf. Definition 7.18)
which is more suited to our analysis.

We remark that in the setting of Ω = Rd and V 6= 0 partial results on the existence of
phase transitions for very specific assumptions on V were obtained by Dawson [Daw83],
Tamura [Tam84] and Tugaut [Tug14]. On the other hand, for Ω = Td phase transitions
for (MVE) were studied by Chayes and Panferov [CP10]. Our work will significantly
extend the results of this paper. On the other hand for (ADEm), the problem was studied
before the phase transition by Chayes, Kim, and Yao [CKY13] and for the specific case of
the Newtonian interaction potential N by Carrillo and co-authors [CCW+20]. Our work
in Chapter 4 constitutes the first study of phase transitions for (ADEm) in full generality.

In the next section, we will discuss some applications of the class of systems defined
in Section 1.1.4. Specifically, we will show how phase transitions manifest themselves in
different ways with different meanings in models from the biological, physical, social, and
biological sciences.

1.5. Applications

As mentioned previously, in this section we will discuss some applications of the in-
teracting particle systems discussed in Section 1.1.4 which arise in various contexts in the
physical, social, and biological sciences. We focus our attention on the noisy Kuramoto
model for identical synchronising oscillators, the Hegselmann–Krause model for opinion
dynamics, and the Keller–Segel model for chemotaxis. We will introduce a few more
models in Chapter 3, when we discuss the applications of our results on bifurcations and
phase transitions.

We remark that the list of applications we discuss is by no means exhaustive. Large
systems of interacting particles in the presence of noise can appear in a range of dif-
ferent contexts ranging from the theory of random matrices [Ser15] and the construc-
tion of Kähler–Einstein metrics [BO18] to the design of algorithms for global optimisa-
tion [RV18, KPP19], the motion of pedestrians [CPT11], swarming [TBL06, KCB+13],
cell adhesion [PBSG15, CHS18], and vortices in superconductors [SS04], to name only a
few.
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These systems form a part of a larger class of systems that model collective dynamics
and emergent behaviour. During the last decade the study of these systems has attracted
a large amount of interest. This is largely due to the fact that they pose challenging
mathematical questions and that they appear in several applications. Thus, understanding
their behaviour theoretically is of great importance. A review of these models can be
found, for example, in [PT13, MT14b, MT14a, CFTV10].

1.5.1. The noisy Kuramoto model for identical synchronising oscillators.
In this subsection, we present a model of synchronising oscillators which, under certain
conditions, has an identical mathematical formulation to the Heisenberg classical XY
model. The system was introduced by Kuramoto [Kur81] to model oscillators in chemical
and biological systems. Its properties were later analysed by Sakaguchi, Shinomoto, and
Kuramoto [SSK88]. Each oscillator is characterised by its phase, θit ∈ S, i = 1, . . . , N , and
has an associated natural frequency ηi, which is possibly a random variable. It interacts
with every other oscillator through some interaction function and the associated ODE can
be written as follows

dθit
dt

= ηi +
1

N

N∑
i=1

sin(θit − θ
j
t ) .

Since sinx = − d
dx

cos(x), one sees that this system of ODEs is very similar to the system
of SDEs in (1.3). The main difference with (1.3) is the absence of noise and the presence
of distinct natural frequencies for each oscillator. If we make the assumption that all the
oscillators have the same natural frequency ηi ≡ η ∈ R and make the transformation
θti 7→ θit + ηt, we obtain the following system of ODEs:

dθit
dt

=
1

N

N∑
i=1

sin(θit − θ
j
t ) .

Adding an independent Brownian motion to each oscillator, it is immediately apparent
that we obtain the Heisenberg XY model for continuous spins:

dθit
dt

=
1

N

N∑
i=1

sin(θit − θ
j
t ) +

√
2β−1dBi

t .

The above modification of the system is referred to as the noisy Kuramoto model for
identical synchronising oscillators or the Kuramoto model for mean field plane rotators.
We will study a slight generalisation of it in Chapter 3. As it is precisely the same system
as the Heisenberg classicalXY model, the structure of its phase transitions is also identical
and is as described in Section 1.4.2. Namely, at βc = 2, we transition from having ρ∞
as the only steady state of the mean field PDE (MVE) to having multiple steady states
apart from ρ∞. These steady states are all clustered around a particular γ ∈ S and are
translates of each other. This transition corresponds to a change in the behaviour of
the system from disorder to order. The steady state ρ∞ represents the unsynchronised
behaviour of the oscillators before the phase transition, while the clustered steady states
represent the oscillators synchronising with each other. The bifurcation diagram of the
system can be seen in Fig. 1.6.

Before proceeding to the next section, we remark that the Kuramoto model with
non-identical natural frequencies has been studied in detail by Giacomin and co-authors
[BGP10, GPP12]. The mean field limit in this setting is a kinetic equation and exhibits,
under certain conditions, the phenomenon of Landau damping as was shown in [DFGV18].
The synchronisation phenomenon in this system with identical and non-identical oscilla-
tors in the absence of noise has been studied in [HHK10, DX13, BCM15].
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1.5.2. The Hegselmann–Krause model for opinion dynamics. In this subsec-
tion we will turn our attention to a model from the social sciences, proposed by Hegsel-
mann and Krause [HK02], which describes the evolution of the political opinions/voting
intentions of a system of interacting agents. Each agent i = 1, . . . , N has an opinion
X i ∈ [−1, 1] which can be thought of as an element of the traditional left-right political
spectrum. The value −1 represents the far-left while the value +1 represents the far-right.
It is assumed that agents have the tendency to talk to and interact with people whose
opinions are similar to their own. One can model this through an influence function
ψ : [0 : 2] → R+ such that φ(|X i

t − X
j
t |) denotes the influence the agent i has on j and

vice-versa. Note that if we assume that ψ is compactly supported, this amounts to an
assumption of “bounded confidence” between the agents. Hegselmann and Krause studied
a discrete time evolution of the opinions of the agents in which at every new time-step
the opinion of a given agent is the average of the opinions within a certain range of it.
This amounts to setting φ(x) = χ[0,R] and performing the update

X i
n+1 =

1

N

N∑
j=1

χ[0,R](|X i
n −Xj

n|)Xj
n

This model is one of the most popular models in consensus/opinion dynamics and its
properties have been studied extensively including, but not limited to, the formation of
consensus [YDH14], its behaviour in the presence of noise [PTHG13] and the mean field
limit [CFT12]. Inspired by this and by the work of Motsch and Tadmor [MT14a], Garnier,
Papanicolaou, and Yang [GPY17] proposed the following continuous-time analogue of the
Hegselmann–Krause dynamics:

d

dt
X i
t = − 1

N

N∑
j=1

φ(|X i
t −X

j
t |)(X i

t −X
j
t ) ,(1.31)

They performed numerical experiments which showed that the above continuous-time
version exhibited the formation of distinct clusters of opinions corresponding to politi-
cally distinct groups of agents. For the sake of mathematical convenience, the authors
in [GPY17] assumed that the opinions of the agents live on S. They remark that this does
not seem to affect the qualitative behaviour of the system. Keeping this in mind, we note
that if we consider the system of ODEs in (1.31) posed on S with W (x) :=

∫ x
0
φ(|y|)y dy,

then we are precisely in the interaction regime discussed in Section 1.1.4.
Furthermore, the authors in [GPY17] also considered the system of ODEs in the

presence of noise, i.e.

dX i
t = − 1

N

N∑
j=1

φ(|X i
t −X

j
t |)(X i

t −X
j
t ) dt+

√
2β−1dBi

t .(1.32)

Now, with the same choice of W as before, we are exactly in the McKean–Vlasov regime.
The system of SDEs in (1.32) is referred to as the noisy Hegselmann–Krause model. The
authors in [GPY17] studied, formally, the critical value of the parameter β at which
there is formation of consensus, i.e. a phase transition. As discussed in Section 1.4, the
phenomenon of phase transitions is related to a balance between disorder and interaction.
In this setting, a phase transition manifests itself as a balance between the noise in the
system and the communication between agents. If the noise dominates, one would expect
a complete lack of consensus, i.e. ρ∞ is the only steady state of the corresponding mean
field PDE. If the communication/interactions between agents dominates, one would expect
the formation of consensus, i.e. a nontrivial steady state of the mean field PDE. Since
the influence function φ is compactly supported, it may be the case that the consensus
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is localised, i.e. we have pockets of consensus which correspond to the clusters observed
in [GPY17]. In Chapter 3, we will study phase transitions for this model and will show
that in a certain scaling regime this model exhibits a phase transition which is necessarily
discontinuous.

The mean field limit of this model and its properties (existence, uniqueness, conver-
gence to equilibrium) was studied by [CJLW17]. For finite N , this model was studied
numerically in [WLEC17]. Variations of the deterministic continuous-time Hegselmann–
Krause model (1.31) with time-varying influence have been studied in [MPPD19].

1.5.3. The Keller–Segel model for chemotaxis. In this final subsection, we dis-
cuss an application of the interacting particle systems of this thesis to modelling a biolog-
ical phenomenon, namely, chemotaxis. Chemotaxis is the movement of an organism, such
as bacteria, in response to some chemical stimulus. In the 1970’s, Evelyn Keller and Lee
Segel [KS70] developed a phenomenological model for the chemotactic motion observed
in the initial stages of the morphogenetic development of a specific cellular slime mould,
Dictyostelium discoideum. They were trying to mathematically replicate behaviour that
was previously observed in experiments [Bon16]. The amoebae in the mould tend to
move along the concentration gradient of a chemical substance, acrasin. However, the
organisms themselves produce the same chemical substance. Thus, the organisms in the
mould tend to aggregate into several clusters with the aggregation phenomenon mediated
by the concentration of acrasin. Keller and Segel proposed a set of PDEs to model this
behaviour, which in their simplified form8 read as:{

∂tρ = β−1∆ρ+∇ · (ρ∇c)
ε∂tc = κ∆c+ ρ

,(ppPKS)

where ρ(t, x) is the probability distribution or concentration of the organisms, c(t, x) is
the concentration of the chemical substance, acrasin, and ε, κ, β > 0. It is assumed
that the organisms live in some set Ω, usually Rd. The density of the organisms diffuses
according to Fick’s law and moves along the concentration gradient of the resource v.
The chemical substance also diffuses according to Fick’s law and is generated by the
organisms. This model is extremely similar to an older more general model proposed
by Patlak [Pat53] which he derived from first principles, considering the behaviour of
organisms performing a stochastic random walk under the influence of external biases. A
review of this derivation can be found in [Tur91]. The set of PDEs in (ppPKS) is, therefore,
often referred to as the parabolic-parabolic Patlak–Keller–Segel model for chemotaxis. We
refer the reader to [HP09, Pai19] for a comprehensive review of a range of more complex
models of chemotactic motion.

We will consider a further simplification of this model. We will assume that the rate
of evolution of the concentration resource is very small compared to the rate of evolution
of the bacterial density, i.e. ε� 1. This is referred to as the quasi-static approximation.
Thus, formally, we can rewrite the system as{

∂tρ = β−1∆ρ+∇ · (ρ∇v)

−κ∆c = ρ
.(pePKS)

The above system is referred to as the parabolic-elliptic Patlak–Keller–Segel model. Setting
κ = 1 and inverting the Laplacian, we immediately see the connection between the system

8Keller and Segel’s original set of equations also accounted for the production and depletion of acrasinase,
an extracellular enzyme produced by the amoebae that degrades the concentration of acrasin. The
simplified form in (ppPKS) was proposed by Nanjundiah [Nan73].
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of PDEs in (pePKS) and the McKean–Vlasov equation (MVE), as we obtain

∂tρ =β−1∆ρ+∇ · (ρ∇N ? ρ) ,(1.33)
where N is the Newtonian potential. Thus, as seen in the discussion in Section 1.2.1,
we can think of (pePKS) as the mean field limit of a system of interacting organisms, as
in (1.16), which interact with each other through the (attractive) Newtonian interaction
potential. It is also possible to consider a variant of the above system with nonlinear
diffusion in which case we end up with the following system:

∂tρ =β−1∆ρm +∇ · (ρ∇N ? ρ) ,(1.34)

which is a specific form of (ADEm) withW = N . The nonlinear diffusion models an anti-
congestion/local repulsion effect between the organisms. The systems (1.33) and (1.34)
have been extensively studied, mainly because the singularity of the Newtonian potential
at 0 raises interesting mathematical questions: the existence and uniqueness of minimis-
ers of the associated free energy [CCV15, CHVY19, CCH17, CHMV18], the proof of the
mean field limit [BJW19b], and the existence and nonexistence of global-in-time solu-
tions [BCL09, BCC12, CCE12]. One of the most interesting features of these systems is
that they exhibit finite time blow-up. For example, for d = 2 and for β greater than some
critical value, (1.33) exhibits finite time aggregation of mass, i.e the solutions ρ(t, x) for
any smooth initial data converges to a Dirac with the same centre of mass in finite time.
This blow-up phenomenon has been extensively studied for both (1.33) and (1.34). We
refer the readers to [BCM08, CCE12, CF13, CGMT19b, CGMT19a, DdD+19] and the
references therein for further information regarding blow-up in these equations.

The dynamics of (1.33) and (1.34) fall outside the scope of this thesis. Instead, we
will focus our attention on the stationary problem. The question that we will address
in Chapter 3 is the existence of bifurcations of stationary solutions when the domain is Ω =
Td. Note that, as before, the uniform distribution ρ∞ is a steady state of (1.33) and (1.34)
for all β > 0. A nontrivial stationary solution would correspond to the existence of an
aggregated steady state in which the organisms all cluster at one or several locations, as is
known to occur early on in the life cycle of cellular slime moulds. We will show in Chapter 3
that (1.33) can exhibit infinitely many local bifurcations of stationary solutions. We do
not study the stationary solutions and bifurcations of (1.34) in this thesis and leave it
for future work. Previous results about bifurcations in Keller–Segel type systems include
those by Schaaf [Sch85] who studied (1.33) is a bounded domain with no-flux boundary
conditions and by Carrillo and co-authors [CCW+20] who studied (1.34) in 1-dimension
with no-flux boundary conditions.



CHAPTER 2

Main results

The purpose of this chapter is to provide a concise summary of the main results of this
thesis. We will often assume that we are in the simplest possible setting (for example,
in 1 dimension) and will occasionally be imprecise, mainly for the sake of notational
convenience and brevity. The complete and rigorous versions of all the results can be
found in the subsequent chapters. The main results of this thesis are based on four
papers that were written in collaboration with J. A. Carrillo, M. G. Delgadino, G. A.
Pavliotis, and A. Schlichting. We provide a brief summary of the results below and then
discuss them in more detail in the rest of the chapter.

• Phase transitions for McKean–Vlasov and aggregation-diffusion equations:
In Chapter 3, we investigate the existence and multiplicity of steady states as well as the
existence of phase transitions for the McKean–Vlasov equation (MVE) with Ω = Td. We
show that for certain choices of W one can in fact obtain infinitely many steady states
as one increases the value of the parameter β. Furthermore, we provide conditions
for the existence of both continuous and discontinuous phase transitions (disorder-
order transitions), extending considerably the results in [CP10]. This is the subject
of [CGPS20], written jointly with J. A. Carrillo, G. A. Pavliotis, and A. Schlichting.

For the case of the aggregation–diffusion equation (ADEm), this problem is treated
in a joint work with J. A. Carrillo. The case of degenerate diffusion demands a more
nuanced approach to deal with the loss of regularity. We recover analogous results for
bifurcations and phase transitions as in the case of the McKean–Vlasov equation (MVE).
This is the subject of [CG19] and Chapter 4.
• Rearrangements and symmetries of minimisers of the free energy: In Chap-
ter 5, we study the symmetries of the minimisers of the free energies EMV

β and EAD
β,m

when Ω = Td, using rearrangement type arguments introduced by Baernstein and
Taylor [BT76]. We prove a new Riesz-type rearrangement inequality for Td. As a con-
sequence of this, we obtain that for a special class of V and W , there exist symmetric
decreasing (in the sense of Definition 5.1) minimisers of EMV

β and EAD
β,m. This chapter

is based on a work in progress by the author.
• Existence of saddle points in the McKean–Vlasov free energy and large
deviations: In Chapter 6, we provide conditions on W for the existence of mountain
pass/saddle points in the free energy landscape, EMV

β of (MVE) with Ω = Td. The
result relies on a general mountain pass theorem in the space of probability measures
equipped with the 2-Wasserstein metric. We also discuss applications of this result to
proving bounds on the escape probabilities of the underlying empirical process ρ(N)(t).
This is the first proof of a mountain pass theorem in a nonsmooth setting. This is the
subject of [GS19], written jointly with A. Schlichting.
• The joint diffusive and mean field limits: In Chapter 7, we consider the diffusive
rescaling εXt/ε2 of the solution of McKean’s system of interacting diffusions (1.6) when
W is smooth and periodic and Ω = Rd. The question we wish to answer is whether
the limits N → ∞ and ε → 0 commute and what effect the presence of the phase
transitions discussed in [CGPS20] has on this commutativity. We manage to show that

47
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in the absence of phase transitions they do commute, while in the presence of a phase
transition one can construct initial data such that these limits do not commute. This
is the subject of the paper [DGP20], written jointly with M. G. Delgadino and G. A.
Pavliotis.
Outline: The outline of the rest of this chapter is as follows: In Section 2.1, we present

our results regarding bifurcations and phase transitions for the mean field limits of the
interacting particle systems. Section 2.1.1 is dedicated to presenting the results for the
McKean–Vlasov equation (MVE), while Section 2.1.2 discusses the analogous results for
the aggregation-diffusion equation (ADEm).

In Section 2.2.1, we discuss the existence of symmetric minimisers of the free en-
ergies EMV

β and EAD
β,m and how this is related to the rearrangement inequality derived

in Chapter 5. In Section 2.2.2, we discuss the problem of finding saddle points of the free
energy EMV

β and how this can be used, along with the large deviations principle discussed
in Section 1.2.3, to study the escape probabilities of the underlying particle system (1.16).

Finally, in Section 2.3, we discuss the behaviour of the system of particles (1.16) under
two scaling limits: the mean field limit (which we have already introduced in Section 1.2.1)
and the diffusive limit. We discuss the conditions under which it is possible to pass to
the joint limit and what effect the presence of a phase transition has on the existence of
this joint limit.

2.1. Bifurcations and phase transitions

As mentioned in Section 1.4, we will study phase transitions for (MVE) and (ADEm)
with Ω = Td and V = 0. We set the side length of the torus to be L and identify it with
[−L/2, L/2)d. One can notice immediately that ρ∞ ≡ L−d is a steady state of (MVE) for
all β > 0. The question we try to address in Chapters 3 and 4 is whether nonconstant
steady states exist and if they do exist, can one characterise and classify them. Another
question we are interested in is the existence and uniqueness of minimisers of EMV

β and
EAD
β,m. In the absence of uniqueness one would expect the presence of phase transitions,

values of the parameter βc at which there is a change in set of minimisers of EMV
β .

These phase transitions, if they exist, may occur continuously or discontinuously, in an
appropriately chosen topology.

2.1.1. Linear diffusion. In Chapter 3, we provide conditions on W in terms of its
Fourier modes that guarantee the existence of nonconstant steady states of

∂tρ = β−1∆ρ+∇ · (ρ(∇W ? ρ)) (t, x) ∈ (0,∞)× Td ,(2.1)

which bifurcate from the constant branch (ρ∞, β). We also show that one can find infinitely
many such bifurcation points for certain choices of W . Furthermore, we show that if β is
sufficiently small, minimisers of EMV

β , which is given by

EMV
β (ρ) := β−1

∫
Ω

ρ(x) log ρ(x) dx+
1

2

∫∫
Ω×Ω

W (x− y) dρ(x) dρ(y) ,(2.2)

are unique and given by ρ∞. However, for a large class of W and large values of β,
uniqueness is lost and there exists a value βc > 0, the point of phase transition, at which
a new nonconstant minimiser of EMV

β arises. We provide conditions on W for which this
transition is continuous or discontinuous, extending considerably the results in [CP10].
We remark that, following [CP10], we study continuity (or lack thereof) of the phase
transitions in the L1(Td) topology (cf. Definitions 3.25 and 3.28). The nonuniqueness
of minimisers is particularly important for the dynamics of (2.1) and for applications to
algorithms for global optimisation. The presence of these phase transitions implies that,
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for certain values of β, algorithms based on interacting particle systems may catch the
wrong minimum of the cost function. For the sake of clarity, we state the simplified
versions of the main results of Chapter 3 in one dimension (Ŵ (k) is the kth Fourier
coefficient of W , cf. (0.1)):

Theorem 2.1 (Local bifurcations, cf. Theorem 3.18). Let W ∈ C2(T) be even and let
(ρ∞, β) represent the trivial branch of solutions. Then every k∗ ∈ Z, k∗ > 0 such that

(1) card
{
k ∈ Z, k > 0 : Ŵ (k) = Ŵ (k∗)

}
= 1 ,

(2) Ŵ (k∗) < 0,
leads to a bifurcation point (ρ∞, β∗) of the McKean–Vlasov equation (2.1) through the
formula

β∗ = − 21/2

Ŵ (k∗)ρ
1/2
∞

.

Theorem 2.2 (Phase transitions, cf. Theorems 3.35 and 3.43). Let W ∈ C2(T) be
even. Then, the energy EMV

β , as defined in (2.2), exhibits a phase transition at βc < ∞
if and only if there exists a nonzero k ∈ Z such that Ŵ (k) < 0. Such a W is said to be
catastrophic. If W is not catastrophic, it is called H-stable. We also have the following
two scenarios:

(a) If there exist strictly positive ka, kb, kc ∈ Z with Ŵ (ka) ≈ Ŵ (kb) ≈ Ŵ (kc) ≈
mink Ŵ (k) < 0 such that ka = kb + kc, then EMV

β exhibits a discontinuous phase
transition.

(b) Let k] = arg mink Ŵ (k) be uniquely defined with Ŵ (k]) < 0 and β] = −
√

2

(ρ
1/2
∞ Ŵ (k]))

.
LetWα denote the potential obtained by multiplying all the negative Fourier modes
Ŵ (k) except Ŵ (k]) by some α ∈ (0, 1]. Then if α is made small enough, the
transition point βc is continuous and βc = β].

2.1.2. Degenerate diffusion. Our main goal, again, is to develop a theory for the
bifurcations of steady states and phase transitions of the aggregation-diffusion equa-
tion (ADEm) for V = 0 and general interactions W , i.e.

∂tρ = β−1∆ρm +∇ · (ρ(∇W ? ρ)) (t, x) ∈ (0,∞)× Td .(2.3)

and its associated free energy EAD
β,m, given by

EAD
β,m(ρ) :=

β−1

m− 1

∫
Ω

ρm(x) dx− β−1

m− 1
+

1

2

∫∫
Ω×Ω

W (x− y) dρ(x) dρ(y) ,(2.4)

The results of Chapter 4 can thus be thought of as an extension of the results in Chapter 3
to the setting of nonlinear or porous medium-type diffusion. Note that, unlike in the
setting of linear diffusion, the L1(Td) topology is not the natural topology in which one
should define phase transitions. It seems that for (2.3) the correct topology to work in
is L∞(Td) (cf. Definitions 4.27 and 4.28). Thus, for our results we will often require
compactness of the steady states of (2.3) in this topology. One possible way of obtaining
this compactness is via control of the Hölder norms of the stationary solutions of (2.3).
In Chapter 4, we prove this Hölder regularity: it relies on the so-called method of intrinsic
scaling introduced by DiBenedetto for the porous medium equation (cf. [DiB79]), which
is a version of the De Giorgi–Nash–Moser iteration adapted to the setting of degenerate
parabolic equations. We make modifications to the method to deal with the presence of
the nonlocal drift term ∇ · (ρ∇W ? ρ) (cf. Theorem 4.3).

After the proof of the Hölder regularity we proceed to discuss the local bifurcations of
stationary solutions from the flat state ρ∞, obtaining a similar result to the linear case:
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Theorem 2.3 (Local bifurcations, cf. Theorem 4.18). Let W ∈ C2(T) be even and let
(ρ∞, β) represent the trivial branch of solutions. Then every k∗ ∈ Z, k∗ > 0 such that

(1) card
{
k ∈ Z, k > 0 : Ŵ (k) = Ŵ (k∗)

}
= 1 ,

(2) Ŵ (k∗) < 0,
leads to a bifurcation point (ρ∞, β∗) of the aggregation-diffusion equation (2.3) through the
formula

β∗ = − m21/2

Ŵ (k∗)ρ
3/2−m
∞

.

We then prove existence and regularity of minimisers EAD
β,m and show that, as in the

linear case, the notion of H-stability (cf. Definition 0.1) provides a sharp criterion for the
existence or nonexistence of phase transitions. We proceed to providing sufficient condi-
tions for the existence of continuous or discontinuous phase transitions, where the proofs
rely critically on the Hölder regularity obtained. We also provide general conditions on
W for the existence of discontinuous phase transitions. We conclude by showing that for
m ∈ [2, 3] all catastrophic potentials W are associated with discontinuous phase transi-
tions of EAD

β,m, while for m = 4 we can construct examples of W that lead to continuous
phase transitions of EAD

β,m. The main results of Chapter 4 concerning phase transitions are
summarised below:

Theorem 2.4 (Phase transitions, cf. Theorems 4.36 and 4.41 and Proposition 4.39).
Let W ∈ C2(T) be even. Then, the free energy EAD

β,m, as defined in (2.4) exhibits a phase
transition at, βc < ∞ if and only if W is catastrophic. We also have the following two
scenarios:

(a) If there exist strictly positive ka, kb, kc ∈ Z with Ŵ (ka) ≈ Ŵ (kb) ≈ Ŵ (kc) ≈
mink Ŵ (k) < 0 such that ka = kb + kc, then EAD

β,m exhibits a discontinuous phase
transition. Furthermore, for m ∈ [2, 3], any phase transition is necessarily dis-
continuous.

(b) For m = 4, there exist a large class of explicitly computable W such that EAD
β,m

exhibits a continuous phase transition.

2.2. Rearrangements and saddle points
2.2.1. Rearrangements and symmetries. We set Ω = Td and consider the

energies EMV
β and EAD

β,m. If V,W ∈ C2(Ω) are symmetric and increasing (in an appropriate
sense), one would expect the minimisers of the corresponding free energies to be symmetric
and decreasing. We make this vague notion more precise by introducing the notion of the
toroidal decreasing rearrangement of a nonnegative function f ∈ L1(Ω) (cf. Definition 5.1).
We present a formal version of our result below:

Theorem 2.5 (Symmetries of the minimisers, cf. Corollary 5.12 and Theorem 5.7).
Assume W,V ∈ C2(Ω) toroidal increasing functions. Then, there exist toroidal decreasing
minimisers of EMV

β and EAD
β,m.

The above result is based on a Riesz-type rearrangement inequality (cf. Theorem 5.7).
It can be thought of as a generalisation of the rearrangement inequality derived by
Baernstein–Taylor [BT76] and Beckner [Bec93] on Sd to the d-dimensional torus Td. Note
that unlike their results, we are unable to prove a strict version of the inequality when
V,W are strictly toroidal increasing. Thus, we cannot assert that all the minimisers of
EMV
β and EAD

β,m are toroidal decreasing when V,W are strictly toroidal increasing. This is
discussed in detail in Chapter 5.
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ρ∞

ρ∗

ρ

EMV
β (ρ)

P(Td)

Figure 2.1. An illustration of the result of Theorem 2.6 applied to the
free energy EMV

β at β = βc.

2.2.2. Saddle points and metastability. We place ourselves in the same setting
as Chapter 3 with W chosen such that EMV

β exhibits a discontinuous phase transition
at some β = βc. One can show (cf. Proposition 3.30) that at β = βc, EMV

β has at
least two distinct minimisers ρ∞ and ρ. The question we try to address in Chapter 6 is
whether EMV

β has a mountain pass/saddle point, ρ∗, at β = βc, which admits a minimax
characterisation in the spirit of the well-known Ambrosetti–Rabinowitz mountain pass
theorem [AR73]. The mountain pass theorem is a classical result in nonlinear analysis
which is extensively used to prove the existence of solutions to nonlinear elliptic PDEs.
If such a point existed it would capture exactly the energy barrier between ρ∞ and ρ, i.e.
∆ = EMV

β (ρ∗)− EMV
β (ρ∞) = EMV

β (ρ∗)− EMV
β (ρ). Here ∆ should be characterised by

∆ := inf
γ∈Γ

sup
t∈[0,1]

EMV
β (γ(t)) ,

where Γ is the set of all curves in C([0, 1];P(Td)) that start at ρ∞ and end at ρ.
The main issue with applying a mountain pass type argument is that the functional

EMV
β is not continuous, it is only lower semicontinuous (l.s.c) on P(Td) and so the classical

mountain pass theorem or even generalisations to continuous functions on metric spaces
do not apply. In Chapter 6, we deal with this issue by proving a general mountain
pass theorem for functions on P(M) equipped with the 2-Wasserstein topology which are
l.s.c and λ-convex in the sense of McCann [McC97, CEMS01]. Here M is any compact,
complete, connected, and smooth Riemannian manifold. We do this by using a strategy
introduced by De Giorgi et al. in [DGMT80]. This allows us to extend a given l.s.c
functional, E, to a continuous function GE defined on the epigraph of E as follows:

GE(ρ, ξ) := ξ, (ρ, ξ) ∈ epi(E) .

The extra regularity gained helps in proving a mountain pass theorem for the extended
function while the λ-convexity ensures that this saddle point lies on the set (ρ, E(ρ)) of
the epigraph and is thus a saddle point of E in the classical sense. This is the first result
of its kind which shows a mountain pass theorem in a nonsmooth setting. Even though
the result is proved in the 2-Wasserstein setting, it easily generalises to the p-Wasserstein
case. We state a simplified version of the result below:

Theorem 2.6 (Mountain pass theorem in P(M), cf. Theorem 6.1). Let E : P(M)→
(−∞,+∞] be a proper, l.s.c, and λ-geodesically convex functional and assume that if
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ρ ∈ D(E), then ρ � dx. Suppose ρ1, ρ2 ∈ P(M) ∩ D(E), Γ is the set of all continuous
curves γ : [0, 1] → P(M) with γ(0) = ρ1 and γ(1) = ρ2, and the function Υ : Γ → R is
defined by:

Υ(γ) = sup
t∈[0,1]

E(γ(t)) .

Let c = infγ∈Γ Υ(γ) and c1 = max{E(ρ1), E(ρ2)}. If c > c1, then there exists a c′ ≥ c
such that c′ is a critical value of E, i.e. there exists a η ∈ P(M) with E(η) = c′ such that
η is a critical point of E.

In Chapter 6, we further apply this result to the functional EMV
β and show that at

β = βc one can find a saddle/mountain pass point ρ∗. We then use this result along
with the Dawson–Gärtner large deviations principle (cf. Theorem 1.7) to compute upper
bounds on the escape probabilities of the underlying interacting particle system (1.16).
Let ρ(N) be the empirical measure associated to the diffusion process, Xt, i.e. ρ(N)(t) =

N−1
∑N

i δXi
t
. We show that, if ρN(0) is close to ρ∞ in an appropriate sense, then the

probability that it reaches close to ρ in some time T > 0 scales like exp(−N∆). The main
result is summarised in the following theorem:

Theorem 2.7 (cf. Theorem 6.32). Assume W ∈ C2(Td) and βc is the point of dis-
continuous phase transition, i.e. there exist at least two distinct minimisers of EMV

β at
β = βc such that one is ρ∞ and the other is some ρ ∈ P(Td). It follows then that the
underlying empirical process ρ(N) with initial i.i.d uniformly distributed particles satisfies

P(ρN(T ) ∈ Bd2

ε (ρ), ρ(N)(0) = ρ
(N)
0 ) . exp

(
−N(∆−O(ε2))

)
for N sufficiently large, where Bd2

ε (ρ) is the closed ball of size ε > 0 around ρ, ∆ :=
EMV
β (ρ∗)− EMV

β (ρ∞), where ρ∗ is the critical point obtained by applying Theorem 2.6.

2.3. Scaling limits

We now consider the system of interacting diffusions (1.16) in the McKean–Vlasov
regime with Ω = Rd and V and W chosen to be smooth and periodic. The law of this
system, ρN is described by the associated Fokker–Planck equation given in (1.7), i.e.{

∂tρ
N = β−1∆ρN +∇ ·

(
∇HNρN

)
ρ(0) = ρ⊗N0

,(2.5)

for some initial data ρ0 ∈ P2(Rd). We are interested in analysing the behaviour of the
diffusive or parabolic rescaling ρε,N(t, x) := ε−dρN(ε−2t, ε−1x) in the joint limit ε →
0, N → ∞. One can check that ρε,N is the law of εXt/ε2 , where Xt is the solution of
the system of SDEs in (1.16). Additionally, this is equivalent to studying the law of
the interacting particle system in (1.16) in the presence of highly oscillatory potentials
V ε(x) = V (ε−1x) and W ε(x) = W (ε−1x). The individual limits themselves are well
understood. For a fixed ε > 0, as N →∞, we have, as discussed in Theorem 1.2, that ρε,N
converges to ρε,⊗N , where ρε(t, x) is the solution of the McKean–Vlasov equation (MVE)
on Rd with the potentials V ε and W ε, i.e.

∂tρ
ε = β−1∆ρε +∇ · (ρε(∇W ε ? ρ+∇V ε)) ,(MVE-ε)

On the other hand, for a fixed N < ∞, as ε → 0, ρε,N(t, x) converges uniformly to
ρN,∗(t, x) which solves{

∂tρ
N,∗ = ∇ · (Aeff,N∇ρN,∗) (t, x) ∈ (0,∞)× Rd×N

ρN,∗(0) = δ0
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where Aeff,N ∈ Rd2×N2 is the effective covariance matrix. The corresponding limit is
referred to as the diffusive limit and is a classical result in the homogenisation of parabolic
PDEs. It can be proved using analytic [BLP11] or probabilistic [KLO12, Chapter 9]
techniques. The effective matrix Aeff,N can be obtained by solving a so-called corrector
problem and represents the effective transport coefficients of the system of particles.

Before we understand the joint limit, we first need to determine whether the two limits
lim
ε→0

lim
N→∞

ρε,N(t, x) and lim
N→∞

lim
ε→0

ρε,N(t, x) ,

exist, and if so, do they commute. Even though we are considering the problem on Rd,
since V and W are periodic, it is influenced by the corresponding quotiented problem, i.e.
the system obtained by restricting the particles to Td. Thus, for the analysis of the limit
limε→0 ρ

ε(t, x), where ρε is the solution of the rescaled McKean–Vlasov equation (MVE-ε),
the corresponding problem on Td, and thus the phase transitions discussed in Theorem 2.2,
may play a role. In fact, we need only a weaker notion of phase transition, based on
multiplicity of steady states of (MVE) (cf. Definition 7.18), to notice the effect on the
limit of ρε(t, x). We state an extremely formal version of the results in Chapter 7 in the
following theorem.

Theorem 2.8 (cf. Theorems 7.9 and 7.16 and Corollary 7.27). Assume V,W ∈ C2(Rd)
are such that quotiented mean field PDE (MVE) on Td exhibits a phase transition at some
β = βc, in the sense of Definition 7.18. Then, for all β < βc and all initial data of (2.5),
it holds that

lim
ε→0

lim
N→∞

ρε,N(t, x) = lim
N→∞

lim
ε→0

ρε,N(t, x) .

On the other hand for β > βc, there exists initial data ρ0 ∈ P2(Rd) for (2.5) such that

lim
ε→0

lim
N→∞

ρε,N(t, x) 6= lim
N→∞

lim
ε→0

ρε,N(t, x) .

Thus, we can see from the above result that the presence of phase transitions plays
an important role in the commutativity of the limits. Note that, if they do commute, the
joint limit is given by ρ(t, x) which solves{

∂tρ = ∇ · (Aeff
∗ ∇ρ) (t, x) ∈ (0,∞)× Rd

ρ(0) = δ0

,

for some effective matrix Aeff
∗ ∈ Rd×d. The proofs of the two limits use different techniques.

For the N → ∞ followed by ε → 0 limit, we use a probabilistic approach based on the
martingale central limit theorem. The key step is obtaining carefully controlled estimates
on a time-dependent version of the corrector problem and using information about the
long-time dynamics of the quotiented system in the presence and absence of phase tran-
sitions. For the ε→ 0 followed by N →∞ limit, we use ideas from [HM14, CDP19b] in
which the dynamics of ρε,N(t, x) are pushed forward, under the empirical measure ρ(N),
to the space P2(P2(Rd)). Then, using ideas from the theory of mean field games [Lio07],
we pass to the limit N → ∞ in the covariance matrix Aeff,N . Finally, using techniques
from [CDP19b], we can pass to the limit in the effective flow on P2(P2(Rd)).

The results in Chapter 7 are also of independent interest because they contain, to
our knowledge, the first homogenisation result for the McKean–Vlasov equation. Our
work implies that, when approximating the behaviour of the mean field system by the N -
particle system, one needs to be careful in the presence of phase transitions, as the effective
properties of the two systems can be quite different. In Corollary 7.27 and Fig. 7.3, we
show how stark this difference can be for a one-dimensional system exhibiting a phase
transition.
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Bifurcations and phase transitions





CHAPTER 3

Linear diffusion

The contents of this chapter are based on the following paper written with J. A.
Carrillo, G. A. Pavliotis, and A. Schlichting:

[CGPS20] J. A. Carrillo, R. S. Gvalani, G. A. Pavliotis, and A. Schlichting. Long-Time
Behaviour and Phase Transitions for the Mckean–Vlasov Equation on the Torus.
Arch. Ration. Mech. Anal., 235(1):635–690, 2020

3.1. Introduction

In this chapter, we analyse the PDE associated to the system of interacting SDEs on
Td, the torus of side length L > 0, of the following form

dX i
t = − 1

N

N∑
i 6=j

∇W (X i
t −X

j
t ) dt+

√
2β−1dBi

t ,

where the X i
t ∈ Td, i = 1 . . . N represent the positions of the N “particles”,W is a periodic

interaction potential, and the Bi
t, i = 1 . . . N represent N independent Td-valued Wiener

processes. The constant β > 0 represents the inverse temperature. Based on the choice
of W , one can then obtain models for numerous phenomena from the physical, biological,
and social sciences. This system is a specific instance of the system of interacting diffusions
in the McKean–Vlasov regime discussed in Section 1.1.4 with V ≡ 0 and Ω = Td.

As discussed in Section 1.2.1, it is well known (cf. [Oel84, Szn91]) that for this class of
SDEs one can pass to the so-called mean field limit: if we consider the empirical measure
defined as follows

ρ(N) :=
1

N

N∑
i=1

δXi
t
, with Law(X0 := (X1

0 · · ·XN
0 )) =

N∏
i=1

ρ0(xi) ,

then, provided thatW is sufficiently nice (cf. Theorem 1.2), as N →∞, E(ρ(N)) converges
in the sense of weak convergence of probability measures to some measure ρ satisfying the
following nonlocal parabolic PDE{

∂tρ = β−1∆ρ+∇ · (ρ∇W ? ρ)

ρ(0, x) = ρ0(x)
.(3.1)

The above equation is commonly referred to as the McKean–Vlasov equation (cf. (MVE)
in Chapter 1), the latter name stemming from the fact that it also arises as the overdamped
limit of the Vlasov–Fokker–Planck equation. Equation (3.1) can also be thought of as a
nonlinear Fokker–Planck equation for the following nonlinear SDE, commonly referred to
as the McKean SDE,

dXt = −(∇W ? ρ(t))(Xt) dt+
√

2β−1dBt ,

57
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where ρ = Law(Xt). The PDE (3.1) itself has a very rich structure associated to it - we
have the following free energy functional

Eβ(ρ) =β−1

∫
Td
ρ log ρ dx+

1

2

∫∫
Td×Td

W (x− y)ρ(y)ρ(x) dy dx = Sβ(ρ) + E(ρ) ,(3.2)

where Sβ(ρ) and E(ρ) represent the entropy and interaction energy associated with ρ
respectively. This is identical to energy EMV

β introduced in (1.25). We have dropped
the superscript MV as we will only be working with the McKean–Vlasov energy for the
rest of this chapter. It is well known, starting from the seminal work in (cf. [JKO98,
Ott01], Section 1.3, and Theorem 1.13), that this equation belongs to a larger class of
dissipative PDEs including the heat equation, the porous medium equation, and the
aggregation equation, which can be written in the form

∂tρ = ∇ ·
(
ρ∇δE

δρ

)
,

for some free energy E and are gradient flows for the associated free energy functional
with respect to the 2-Wasserstein distance. Our goals are to study some aspects of the
asymptotic behaviour and the stationary states of the McKean–Vlasov equation for a
wide class of interaction potentials. In terms of the asymptotic behaviour, we analyse the
stability conditions for the homogeneous steady state 1/Ld and the rate of convergence to
equilibrium. We extend the L2-decay results of [CJLW17] to arbitrary dimensions and ar-
bitrary sufficiently nice interactions and also provide sufficient conditions for convergence
to equilibrium in relative entropy.

The rest of the chapter is devoted to the analysis of the properties of nontrivial sta-
tionary states of the Mckean–Vlasov system, i.e. nontrivial solutions of

β−1∆ρ+∇ · (ρ∇W ? ρ) = 0 .

Previous results in this direction include those by Tamura [Tam84], who provided some
criteria for the existence of local bifurcations on the whole space by using tools from non-
linear functional analysis, in particular, the Crandall–Rabinowitz theorem. Unfortunately,
his analysis depends crucially on the unphysical assumption that the interaction potential
is an odd function. One of the main results of this chapter is a complete, quantitative,
local bifurcation analysis under physically realistic assumptions. Dawson [Daw83] studied
for the first time the existence of nontrivial stationary states for a particular double-well
confinement and Curie–Weiss interaction on the line. The existence of nontrivial station-
ary states or the bifurcation of nontrivial solutions from the homogeneous steady state is
usually referred as phase transition in the literature. We also mention that more recently
several authors [Tug14, DFL15, BCnCD16] looked at the existence of phase transitions in
the whole space with different confinement and interactions. The most related work to us
in the literature is due to Chayes and Panferov [CP10], who studied the problem on the
torus and provided some criteria for the existence of continuous and discontinuous phase
transitions.

In addition to presenting an existence and uniqueness theory for the evolution problem,
we extend considerably the results of both [Tam84] and [CP10]. We provide explicit
criteria based on the Fourier coefficients of the interaction potential W for the existence
of local bifurcations by studying the implicit symmetry in the problem. In fact, we
show that for carefully chosen potentials it is possible to have infinitely many bifurcation
points. Additionally, we extend the results of [CP10] and provide additional criteria for
the existence of continuous and discontinuous phase transitions.
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3.1.1. Statement of main results. We only state simplified versions of our results
in one dimension, so as to avoid the use of notation that will be introduced later. We
only need to define the cosine transform, Ŵ (k) := (2/L)1/2

∫
Ω
W (x) cos

(
2πk
L
x
)

dx for k ∈
Z, k > 0. We work with classical solutions of (3.1) which are constructed in Theorem 3.4.

Theorem 3.1 (Convergence to equilibrium). Let ρ be a classical solution of the McKean–
Vlasov equation (3.1) with smooth initial data and smooth, even, interaction potential W .
Then we have:

(a) If 0 < β < 2π
3L‖∇W‖L∞(T)

, then
∥∥ρ(t, ·)− 1

L

∥∥
L2(T)

→ 0, exponentially, as t→∞,

(b) If Ŵ (k) ≥ 0 for all k ∈ Z, k > 0, or 0 < β < 2π2

L2‖∆W‖L∞(T)
, then H

(
ρ(t, ·)| 1

L

)
→ 0,

exponentially, as t→∞ ,

where H(ρ(t)|ρ∞) :=
∫

Ω
ρ(t, ·) log

(
ρ(t,·)
ρ∞

)
dx denotes the relative entropy.

The previous theorem implies that the uniform state can fail to be the unique sta-
tionary solution only if the interaction potential has a negative Fourier mode, i.e. the
interaction potential is not H-stable. Thus, the concept of H-stability introduced by Ru-
elle [Rue99] is relevant for the study of the stationary McKean–Vlasov equation as noticed
in [CP10]. We have the following conditions for the existence of bifurcating branches of
steady states.

Theorem 3.2 (Local bifurcations). Let W be smooth and even and let (1/L, β) rep-
resent the trivial branch of solutions. Then every k∗ ∈ Z, k∗ > 0 such that

(1) card
{
k ∈ Z, k > 0 : Ŵ (k) = Ŵ (k∗)

}
= 1 ,

(2) Ŵ (k∗) < 0,
leads to a bifurcation point (1/L, β∗) of the stationary McKean–Vlasov equation through
the formula

β∗ = −(2L)1/2

Ŵ (k∗)
.

We are also able to sharpen sufficient conditions for the existence of continuous or
discontinuous bifurcating branches. The following theorem is a simplified version of the
exact statements that are presented in Theorem 3.35 and Theorem 3.43.

Theorem 3.3 (Discontinuous and continuous phase transitions). LetW be smooth and
even and assume the free energy Eβ defined in (3.2) exhibits a transition point, βc <∞,
in the sense of Definition 3.25. Then we have the following two scenarios:

(a) If there exist strictly positive ka, kb, kc ∈ Z with Ŵ (ka) ≈ Ŵ (kb) ≈ Ŵ (kc) ≈
mink Ŵ (k) < 0 such that ka = kb + kc, then βc is a discontinuous transition
point.

(b) Let k] = arg mink Ŵ (k) be uniquely defined with Ŵ (k]) < 0 and β] =
√

2L/(Ŵ (k])).
LetWα denote the potential obtained by multiplying all the negative Fourier modes
Ŵ (k) except Ŵ (k]) by some α ∈ (0, 1]. Then if α is made small enough, the tran-
sition point βc is continuous and βc = β].

The proof of the above theorem relies mainly on Proposition 3.32 which states that if
ρ∞ is the unique minimiser of the free energy Eβ at β = β] then βc = β] is a continuous
transition point; on the other hand if ρ∞ is not the global minimiser of Eβ at β = β],
then βc < β] and βc is a discontinuous transition point.

We conclude the introduction with a figure to provide the reader with some more
intuition about the spectral signature of continuous and discontinuous phase transitions.
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As it can be seen in Figure 3.1, the results of Theorem 3.3 essentially apply to two
perturbative regimes. Figure 3.1(a) shows the scenario for the existence of a discontinuous
transition point in which there are multiple resonating/near-resonating dominant modes
ka, kb, kc which satisfy the algebraic condition ka = kb + kc from Theorem 3.3(a). This
condition allows us to construct a competitor state at β = β] which has a lower value of Eβ
than ρ∞ by controlling the sign of the higher order terms in the Taylor expansion of the free
energy. The statement Theorem 3.3(a) is then a direct consequence of Proposition 3.32.

Figure 3.1(b) shows the scenario in which there is one dominant negative mode and
all other negative modes are restricted to a small neighbourhood of 0. In this case, there
exists a continuous transition point. The proof follows by showing that ρ∞ is the unique
minimiser of Eβ at β = β]. For controlling the involved error terms, the neighbourhood
needs to made by small, which is equivalent to making α small in the statement of The-
orem 3.3(b). As it will become clear in Section 3.5, the condition in Theorem 3.3(b) is
essentially an assumption on the size of the spectral gap of the linearised McKean–Vlasov
operator. Again, applying Proposition 3.32, the result follows.

1 2 3 4 5 6 7 8 9 10

0

(a)

1 2 3 4 5 6 7 8 9 10

0

(b)

Figure 3.1. (A). The near-resonating modes scenario, in which the modes
ka = 7, kb = 5, kc = 2 satisfy the algebraic condition ka = kb + kc; (B). The
dominant mode scenario.

This chapter provides a complete local and global bifurcation analysis for the Mckean–
Vlasov equation on the torus. This enables us to study phase transitions for several
important models that have been introduced in the literature. This is done in Sec-
tion 3.6. In particular, we apply our results to the following examples: the noisy Ku-
ramoto model for synchronisation, the Hegselmann–Krausse model for opinion dynamics,
the Keller–Segel model for bacterial chemotaxis, the Onsager model for liquid crystal
alignment, and the Barré–Degond–Zatorska model for interacting dynamical networks.
As an example of the typical bifurcation diagram expected for this kind of system, we
discuss the noisy Kuramoto model (cf. Section 1.5.1) which has the interaction poten-
tial W (x) = −(2/L)1/2 cos(2πx/L). For β sufficiently small, the uniform state is the
unique stationary solution. At some critical β = βc a clustered solution branches out
from the uniform state and for all β > βc this clustered state is preferred solution, i.e.
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it is the global minimiser of the free energy, Eβ. The bifurcation diagram and a plot of
the clustered solution can be seen in Figure 3.2. The model is discussed in more detail
in Section 3.6.1.
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(b)

Figure 3.2. (A). The bifurcation diagram for the noisy Kuramoto system:
the solid blue line denotes the stable branch of solutions while the dotted red
line denotes the unstable branch of solutions; (B). An example of a clustered
solution representing phase synchronisation of the oscillators. See also the
discussion surrounding bifurcations for the XY model in Section 1.4.2

Outline: The chapter is organised in the following manner: In Section 3.2, we intro-
duce assumptions on the interaction potential W , state a basic existence and uniqueness
theorem for classical solutions of the evolutionary problem and present a series of results
about the stationary problem and the associated free energy that we use for our later
analysis. In Section 3.3, we present the proof of Theorem 3.1. Additionally, we perform
a linear stability analysis of the McKean–Vlasov PDE about 1/Ld. Section 3.4 is mainly
dedicated to the proof of Theorem 3.2, including further details about the structure of the
bifurcating branches and the structure of the global bifurcation diagram. In Section 3.5,
we give sufficient conditions for the existence of continuous and discontinuous phase tran-
sitions and we present the proofs of Theorem 3.3(a) and Theorem 3.3(b), along with some
supplementary results. In Section 3.6, we apply our results to various models from the
biological, physical, and social sciences.

3.2. Preliminaries

Let Ω = Td = Rd/LZd=̂
[
−L

2
, L

2

)d ⊂ Rd be the torus of size L > 0.

3.2.1. Assumptions on W . Throughout the subsequent discussion we will assume
that W is at least integrable and coordinate-wise even, that is

for a.e. x ∈ Td ,∀i ∈ {1, . . . , d} : W (x1, . . . , xi, . . . , xd) = W (x1, . . . ,−xi, . . . , xd) .
For the evolutionary problem we will assume

(A1) W ∈ W 2,∞(Ω) ,

while for the stationary problem we will assume

(A2) W ∈ H1(Ω) and W− ∈ L∞(Ω) with W−(x) = min{0,W (x)} ,
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where the Lp(Ω) with 1 ≤ p ≤ ∞ represent the Lebesgue spaces and W k,p(Ω) represent
the Sobolev spaces with Hk(Ω) = W k,2(Ω) (cf. Chapter 0). Wherever required, weaker or
stronger assumptions will be indicated in the text. As one may expect, the assumptions
on W for the evolutionary and stationary problems to be the same, it is important to
mention that these assumptions are in no way sharp and the aim of this chapter is not to
study low regularity theory for this class of PDEs.

3.2.2. Existence and uniqueness of solutions for the dynamics. We present
an existence and uniqueness result for the McKean–Vlasov equation and comment on
the nontrivial parts of the proof. The proof is quite standard. Our result is an exten-
sion of [CJLW17, Theorem 4.5] since we consider all potentials W satisfying Assump-
tion (A1) in any dimension d, as opposed to [CJLW17, Theorem 4.5] which deals with the
Hegselmann–Krause potential in one dimension. Additionally, we prove strict positivity
of solutions as opposed to the nonnegativity proved in [CJLW17]. We prove below the
existence of classical solutions ρ(t, ·) ∈ C2(Ω) to the system{

∂tρ = β−1∆ρ+∇·(ρ∇W ? ρ) , (t, x) ∈ (0, T ]× Ω

ρ(0, x) = ρ0(x) , x ∈ Ω
.(3.3)

Theorem 3.4. Assume Assumption (A1) holds, then for ρ0 ∈ H3+d(Ω)∩P(Ω), there
exists a unique classical solution ρ of (3.3) such that ρ(t, ·) ∈ P(Ω) ∩ C2(Ω) for all
t > 0. Additionally, ρ(t, ·) is strictly positive and has finite entropy, i.e. ρ(t, ·) > 0 and
Sβ(ρ(t, ·)) <∞, for all t > 0.

Proof.
Existence: We start by arguing that for smooth initial data, ρ′ ∈ P(Ω)∩C∞(Ω), the

following sequence of linear parabolic PDE:
∂tρn = β−1∆ρn +∇·(ρn∇W ? ρn−1) , (t, x) ∈ (0, T ]× Ω

∀i ∈ {1, . . . , d} : ρn(t, ·+ Lei) = ρn(t, ·) , (t, x) ∈ [0, T ]× ∂Ω

ρ(t, x) = ρ′ , (t, x) ∈ {0} × Ω

,(3.4)

have unique smooth solutions. The proof of this follows from classical results in the theory
of linear parabolic equations (cf. [Eva10, Chapter 7]). Thus, we have a sequence {ρn}n∈N ∈
C∞([0, T ]× Ω) ∩ P(Ω). We define a weak solution of our nonlocal McKean–Vlasov PDE
as any function ρ ∈ L2([0, T ];H1(Ω)) ∩ L∞([0, T ];L2(Ω)) and ∂tρ ∈ L2([0, T ];H−1(Ω))
such that∫ T

0

〈∂tρ, η〉H−1(Ω),H1(Ω) dt+

∫ T

0

∫
Ω

β−1∇ρ · ∇η + ρ∇(W ? ρ) · ∇η dx dt = 0 ,

for all η ∈ L2([0, T ];H1(Ω)) with ρ(0, x) = ρ′. The idea then is to show that the sequence
{ρn}n∈N has some compactness properties so that up to a subsequence we obtain limits
which we would then expect to satisfy our definition of a weak solution. Using essentially
the same ideas as in [CJLW17] and the given regularity of W we obtain the following
results

ρn → ρ in L1([0, T ];L1(Ω)) ,(3.5a)

ρnk ⇀ ρ in L2([0, T ];H1(Ω)) ,(3.5b)

∂tρnk ⇀ ∂tρ in L2([0, T ];H−1(Ω)) ,(3.5c)
where ρnk is a subsequence and ρ is the limiting object which we expect to be a weak
solution. Additionally, both the limit and the sequence satisfy the following estimate:

‖ρ‖L∞([0,T ];L2(Ω)) + ‖ρ‖L2([0,T ];H1(Ω)) + ‖∂tρ‖L2([0,T ];H−1(Ω)) ≤ C(T )‖ρ′‖L2(Ω) .(3.6)
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Now we multiply (3.4) by some η ∈ L2([0, T ];H1(Ω)) for some n = nk and integrate by
parts to obtain

∫ T

0

〈∂tρnk , η〉H−1(Ω),H1(Ω) dt+

∫ T

0

∫
Ω

β−1∇ρnk · ∇η + ρnk∇(W ? ρnk−1) · ∇η dx dt = 0 .

(3.7)

Consider the following term,∫ T

0

∫
Ω

ρnk∇(W ? ρnk−1) · ∇η dx dt =

∫ T

0

∫
Ω

(ρnk − ρ)∇(W ? ρnk−1) · ∇η dx dt

+

∫ T

0

∫
Ω

ρ∇(W ? (ρnk−1 − ρ)) · ∇η dx dt

+

∫ T

0

∫
Ω

ρ∇(W ? ρ) · ∇η dx dt .

For the first term on the right hand side notice that

∇(W ? ρnk−1) · ∇η ∈ L2([0, T ];L2(Ω)) ⊂ L2([0, T ];H−1(Ω)) .

Indeed, we have∫ T

0

‖∇(W ? ρnk−1) · ∇η‖2
L2(Ω) dt ≤ L2d‖∇W‖2

L∞(Ω)‖∇η‖
2
L2([0,T ];L2(Ω)) .(3.8)

For the second term we have∫ T

0

∫
Ω

ρ∇(W ? (ρnk−1 − ρ)) · ∇η dx dt

≤‖ρ‖L∞([0,T ];L2(Ω))‖∇η‖L2([0,T ];L2(Ω)) ‖∇(W ? (ρnk−1 − ρ))‖L2([0,T ];L∞(Ω))

≤C(T )‖ρ′‖L2(Ω)‖∇η‖L2([0,T ];L2(Ω))‖∇W‖L∞(Ω)

(∫ T

0

‖ρnk−1 − ρ‖2
L1(Ω) dt

) 1
2

.

We know that ‖ρnk−1 − ρ‖L1(Ω) ≤ ‖ρnk−1‖L1(Ω) + ‖ρ‖L1(Ω) = 2 therefore we obtain(∫ T

0

‖ρnk−1 − ρ‖2
L1(Ω) dt

) 1
2

≤
√

2
(
‖ρnk−1 − ρ‖L1([0,T ];L1(Ω))

) 1
2
.(3.9)

Using (3.5a) and (3.5b) along with the estimates (3.8) and (3.9) we obtain∫ T

0

∫
Ω

ρnk∇(W ? ρnk−1) · ∇η dx
k→∞−→

∫ T

0

∫
Ω

ρ∇(W ? ρ) · ∇η dx ,

for all η ∈ L2([0, T ];H1(Ω)). Additionally, we can use (3.5c) to argue that∫ T

0

〈∂tρnk , η〉H−1(Ω),H1(Ω) dt
k→∞−→

∫ T

0

〈∂tρ, η〉H−1(Ω),H1(Ω) dt, ∀η ∈ L2([0, T ];H1(Ω)) .

Finally using (3.5b) we obtain∫ T

0

∫
Ω

∇ρnk · ∇η dx dt
k→∞−→

∫ T

0

∫
Ω

∇ρ · ∇η dx dt, ∀η ∈ L2([0, T ];H1(Ω)) .

Putting it all together we obtain∫ T

0

〈∂tρ, η〉H−1(Ω),H1(Ω) dt+

∫ T

0

∫
Ω

β−1∇ρ · ∇η + ρ∇(W ? ρ) · ∇η dx dt = 0 ,

for all η ∈ L2([0, T ];H1(Ω)). What remains is to check that ρ satisfies the initial condition,
i.e. ρ(0, ·) = ρ′. This condition makes sense as we know from [Eva10, Section 5.9.2,
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Theorem 3] that ρ ∈ C([0, T ];L2(Ω)). Picking η ∈ C1([0, T ];H1(Ω)) such that η(T, x) = 0
the weak form of the PDE reduces to:

−
∫ T

0

〈∂tη, ρ〉H−1(Ω),H1(Ω) dt+

∫ T

0

∫
Ω

β−1∇ρ · ∇η + ρ∇(W ? ρ) · ∇η dx dt

=

∫
Ω

ρ(0, x)η(0, x) dx .

Similarly, choosing the same η for (3.7), we obtain

−
∫ T

0

〈∂tη, ρnk〉H−1(Ω),H1(Ω) dt

+

∫ T

0

∫
Ω

β−1∇ρnk · ∇η + ρnk∇(W ? ρnk) · ∇η dx dt =

∫
Ω

ρ′η(0, x) dx .

As k →∞, we obtain the following relationship:∫
Ω

ρ(0, x)η(0, x) dx =

∫
Ω

ρ′η(0, x) dx .

Since η(0, x) can be any arbitrary H1(Ω) function it follows that ρ(0, x) = ρ′. It should
also be noted that (3.5a) implies that ρ(t, ·) ∈ P(Ω), t a.e. This completes the proof of
existence of a weak solution for smooth initial data. We can now relax the regularity
assumption on the initial condition to ρ ∈ L2(Ω) ∩ P(Ω) to obtain existence of a weak
solution. We do this by mollifying the initial data ρ′ε = ϕε ? ρ0(here ϕε is the standard
Friedrichs’ mollifier), applying the above arguments again, and then passing to the limit
as ε→ 0.

Uniqueness: Assume ρ1 and ρ2 are two weak solutions for some initial data ρ0 ∈
L2(Ω) ∩ P(Ω) and set ξ = ρ1 − ρ2. Then we have for all η ∈ L2([0, T ];H1(Ω))∫ T

0

〈∂tξ, η〉H−1(Ω),H1(Ω) dt+

∫ T

0

∫
Ω

β−1∇ξ · ∇η dx dt =−
∫ T

0

∫
Ω

ξ∇(W ? ρ1) · ∇η dx dt

−
∫ T

0

∫
Ω

ρ2∇(W ? ξ) · ∇η dx dt .(3.10)

We can estimate the first terms on the right hand side of the above expression as follows∣∣∣∣∫ T

0

∫
Ω

ξ∇(W ? ρ1) · ∇η dx dt

∣∣∣∣
≤‖∇(W ? ρ1)‖L∞([0,T ];L∞(Ω))‖ξ‖L2([0,T ];L2(Ω))‖∇η‖L2([0,T ];L2(Ω))

≤‖∇W‖L∞(Ω)‖ξ‖L2([0,T ];L2(Ω))‖∇η‖L2([0,T ];L2(Ω))

≤β
−1

2
‖∇η‖2

L2([0,T ];L2(Ω)) + β2‖∇W‖2
L∞(Ω)‖ξ‖

2
L2([0,T ];L2(Ω)) .

The second term follows in a very similar manner∣∣∣∣∫ T

0

∫
Ω

ρ2∇(W ? ξ) · ∇η dx dt

∣∣∣∣
≤‖ρ2‖L∞([0,T ];L2(Ω))‖∇η‖L2([0,T ];L2(Ω))‖∇W ? ξ‖L2([0,T ];L2(Ω))

≤C(T )‖ρ0‖L2(Ω)‖∇W‖L∞(Ω)‖∇η‖L2([0,T ];L2(Ω))‖ξ‖L2([0,T ];L2(Ω))

≤β
−1

2
‖∇η‖2

L2([0,T ];L2(Ω)) + βC(T )2‖ρ0‖2
L2(Ω)‖∇W‖

2
L∞(Ω)‖ξ‖

2
L2([0,T ];L2(Ω)) .
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Using the above estimates and setting η = ξ in (3.10), we obtain∫ T

0

〈∂tξ, ξ〉H−1(Ω),H1(Ω) dt ≤
(
β2‖∇W‖2

L∞(Ω) + βC(T )2‖ρ0‖2
L2(Ω)‖∇W‖

2
L∞(Ω)

)
‖ξ‖2

L2([0,T ];L2(Ω)) .

Applying [Eva10, Section 5.9.2, Theorem 3], we know that

〈∂tξ, ξ〉H−1(Ω),H1(Ω) =
1

2

d

dt
‖ξ(t)‖2

L2(Ω) .

Thus, we have

1

2

∫ T

0

d

dt
‖ξ(t)‖2

L2(Ω) dt ≤
(
C1 + C2(T )‖ρ0‖2

L2(Ω)

)
‖ξ‖2

L2([0,T ];L2(Ω)) .

Thus, for almost every t ∈ (0, T ], it must hold that

1

2

d

dt
‖ξ(t)‖2

L2(Ω) ≤
(
C1 + C2(T )‖ρ0‖2

L2(Ω)

)
‖ξ(t)‖2

L2(Ω) .

Applying Gronwall’s inequality and noticing from [Eva10, Section 5.9.2, Theorem 3] that
ρ1, ρ2 ∈ C([0, T ];L2(Ω)), we have the desired uniqueness, i.e. ‖ξ(t)‖L2(Ω) = 0 for all
t ∈ (0, T ].

Regularity: We return to the sequence of linear PDEs presented in (3.4). If we mollify
the initial data, ρ′ε = ϕε ? ρ0, we obtain sequence of linear parabolic PDE with smooth
and bounded coefficients which thus have smooth solutions, {ρεn}∞n=0. This leaves us free
to take derivatives to any order. After establishing the required regularity estimates on
this mollified sequence, we can pass to to the limit as n → ∞. We will again omit the
standard arguments for passing to the limit as ε → 0 and will suppress the dependence
on ε in our calculations. For regularity in space, we need to derive the following estimate:

‖ρn‖L2([0,T ];Hk+2(Ω)) + ‖ρn‖L∞([0,T ];Hk+1(Ω)) ≤ Ck(T, ρ
′), for ρ0 ∈ Hk(Ω) ∩ P(Ω) ,

where k ≥ 0 and Ck is a constant that depends on the H`(Ω) norms of the initial data for
` ≤ k. We prove this by induction noting that the k = 0 case follows from estimate (3.6).
We assume the estimate is true for k−1 ≥ 0 and try to prove it for k. Differentiating (3.4)
by ∂α for some multi-index α with |α| = k, multiplying it by ∆∂αρn and integrating by
parts, we obtain

1

2

d

dt
‖∇∂αρn‖2

L2(Ω) + β−1
∥∥D2∂αρn

∥∥2

L2(Ω)
≤
∫

Ω

|∆∂αρn∂α∇ · (ρn∇W ? ρn−1)| dx .

Applying Young’s inequality, we deduce
1

2

d

dt
‖∇∂αρn‖2

L2(Ω) + β−1
∥∥D2∂αρn

∥∥2

L2(Ω)

≤β
−1

2

∥∥D2∂αρn
∥∥2

L2(Ω)
+ C

d∑
i=1

‖ρn(∂xiW ? ρn−1)‖2
Hk+1(Ω) .(3.11)

All that remains now is to obtain a useful estimate on the second term on the right hand
side given the regularity on the interaction potential that we have, i.e. W ∈ W 2,∞(Ω).
We have the Poincaré inequality (cf. Lemma B.5)

‖ρn(∂xiW ? ρn−1)‖2
Hk+1(Ω)

≤C

‖ρn(∂xiW ? ρn−1)‖2
L2(Ω) +

∑
|γ|=k+1

‖∂γ(ρn∂xi(W ? ρn−1))‖2
L2(Ω)

 .
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For the second term (for some multi-index γ with |γ| = k + 1) by the Leibniz rule we
obtain

‖∂γ(ρn∂xi(W ? ρn−1))‖2
L2(Ω)

=

∥∥∥∥∥∑
`≤γ

C(`, γ)(∂γ−`ρn)(∂`∂xiW ? ρn−1)

∥∥∥∥∥
2

L2(Ω)

≤
∑

`≤γ,|`|≤min(d,k+1)

C(`, γ)‖∂γ−`ρn‖2
L2(Ω)‖∂`∂xiW ? ρn−1‖2

L∞(Ω)

+
∑

`≤γ,|`|>min(d,k+1)

C(`, γ)‖∂γ−`ρn‖2
L∞(Ω)‖∂`∂xiW ? ρn−1‖2

L2(Ω)

≤
∑

`≤γ,|`|≤min(d,k+1)

C(`, γ)‖ρn‖2
Hk+1(Ω)‖W‖

2
W 2,∞(Ω)‖ρn−1‖2

Hmin(d,k+1)−1(Ω)

+
∑

`≤γ,|`|>min(d,k+1)

C(`, γ)‖∂γ−`ρn‖2
L∞(Ω)‖W‖

2
W 2,∞(Ω)‖ρn−1‖2

Hk(Ω) .

Note that for the second inequality, we have simply integrated by parts in the convolution
and applied Hölder’s inequality. If d ≥ k+1, then it is clear that the second sum vanishes
and we have

‖∂γ(ρn∂xi(W ? ρn−1))‖2
L2(Ω) ≤C‖ρn‖

2
Hk+1(Ω)‖ρn−1‖2

Hk(Ω) .

Let us assume that this is not the case, i.e. min(d, k + 1) = d. We now note that for
|`| > d we have |γ−`| = |γ|−|`| < k+1−d. Thus, for |`| > d, ∂γ−`ρn ∈ Hd(Ω) and by the
Sobolev embedding theorem (cf. Lemma B.1), ‖∂γ−`ρn‖L∞(Ω) ≤ ‖∂γ−`ρn‖Hd(Ω). Using this
and retaining only the highest order Sobolev norms we can obtain the following estimate

‖∂γ(ρn∂xi(W ? ρn−1))‖2
L2(Ω) ≤C‖ρn‖

2
Hk+1(Ω)‖ρn−1‖2

Hk(Ω) .

Thus, finally we have the following bound

‖ρn∂xi(W ? ρn−1)‖2
Hk+1(Ω) ≤ C‖ρn‖2

Hk+1(Ω)‖ρn−1‖2
Hk(Ω) .

Substituting this into (3.11), summing over all |α| = k, and integrating with respect to
time we derive

sup
0≤t≤T

‖ρn‖2
Hk+1 +

β−1

2
‖ρn‖2

L2([0,T ];Hk+2(Ω))

≤‖ρ′‖2
Hk+1 + C‖ρn‖2

L2([0,T ];Hk+1(Ω))‖ρn−1‖2
L∞([0,T ];Hk(Ω))

=:Ck+1(ρ′, T ) ,

where in the last step we have used the induction hypothesis for ρn and ρn−1. We are now
free to pass to the n→∞ limit and obtain

‖ρ‖L2([0,T ];Hk+2(Ω)) + ‖ρ‖L∞([0,T ];Hk+1(Ω)) ≤ Ck+1(T, ρ′) .(3.12)

The method for obtaining regularity in time is identical to [CJLW17, Theorem 4.3] and
we have the following estimates for ρ0 ∈ H2j(Ω) ∩ P(Ω) :

∂mt ρ ∈ L2([0, T ];H2j−2m+1(Ω)) ∩ L∞([0, T ];H2j−2m(Ω)), for 0 ≤ m ≤ j .

Finally, we are in a position to apply our assumptions on the initial data. Setting k+ 1 =
3+d in (3.12), we have that ρ ∈ L∞([0, T ];H3+d(Ω)). It follows by the Sobolev embedding
theorem (cf. Lemma B.1) that ρ(t, ·) ∈ C2(Ω). Similarly, setting 2j = 3 + d it follows
that, ∂tρ ∈ L2([0, T ];H2+d(Ω)) and ∂2

t ρ ∈ L2([0, T ];Hd(Ω))(since 2 ≤ (3 + d)/2, for any
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d ≥ 1). Since the embedding H2+d(Ω) ↪→ H1+d(Ω) is compact (cf. Lemma A.6), by
the Aubin–Lions lemma, it follows that ∂tρ ∈ C([0, T ];H1+d(Ω)). Again, by the Sobolev
embedding theorem, we have ∂tρ ∈ C([0, T ];C1(Ω)), which gives us the required pointwise
differentiability in time.
Positivity. Consider the “frozen” linearised version of the McKean–Vlasov equation, i.e.

∂tϑ = ∇·
(
β−1∇ϑ+ ϑ(∇W ? ρ(t, x))

)
This is a linear parabolic PDE with uniformly bounded and continuous coefficients. Ad-
ditionally, ρ(t, x) is a classical solution to this PDE. Thus, we have a Harnack’s inequality
of the following form (cf. [BKRS15, Theorems 8.1.1-8.1.3] for sharp versions of this result)

sup
Ω
ρ(t1, x)) < C inf

Ω
ρ(t2, x) ,

for 0 < t1 < t2 < ∞ for some positive constant C. Since we know that ρ(t, x) is
nonnegative this implies that inf

Ω
ρ(t, x) is positive for any positive time. The fact that

the entropy is finite follows from the fact that ρ(t, x) is positive and bounded above. �

3.2.3. Characterisation of the stationary solutions. In subsequent sections, we
will study the stationary solutions of the McKean–Vlasov equation (3.3), i.e. classical
solutions ρ ∈ C2(Ω) of

∇·
(
β−1∇ρ+ ρ∇W ? ρ

)
= 0, x ∈ Ω .(3.13)

In this subsection, we present standard results about the stationary McKean–Vlasov equa-
tion that will be useful for our later analysis. The main results in this section are The-
orem 3.5 which discusses the existence of solutions and their regularity, Proposition 3.6
which connects stationary solutions to minimisers of the free energy, and Theorem 3.9
which discusses the existence of minimisers for the free energy.

We start by discussing the existence and regularity question for the stationary problem.
The proof relies on the link between the stationary PDE and the fixed points of a nonlinear
map as was discussed in [Tam84] and [Dre87].

Theorem 3.5 (Existence, regularity, and strict positivity of solutions for the station-
ary problem).
Consider the stationary McKean–Vlasov PDE (3.13) such that Assumption (A2) holds.
Then we have

(a) There exists a weak solution, ρ ∈ H1(Ω)∩P(Ω) of (3.13) and any weak solution
is a fixed point of the nonlinear map T : P(Ω)→ P(Ω)

Tρ =
1

Z(ρ, β)
e−βW?ρ, where Z(ρ, β) =

∫
Ω

e−βW?ρ dx .(3.14)

(b) Any weak solution ρ ∈ H1(Ω) ∩ P(Ω) is smooth and strictly positive ,i.e. ρ ∈
C∞(Ω) ∩ P+

ac(Ω) .

Proof. The weak formulation of (3.13) is

−β−1

∫
Ω

∇ϕ · ∇ρ dx−
∫

Ω

ρ∇ϕ · ∇W ? ρ dx = 0, ∀ϕ ∈ H1(Ω) ,(3.15)

where we look for solutions ρ ∈ H1(Ω) ∩ P(Ω). We have the following estimate on the
map T from (3.14)

‖Tρ‖2
L2(Ω) ≤ ‖Tρ‖L∞(Ω) ≤ eβ(‖W−‖L∞(Ω)+‖W‖L1(Ω)) .(3.16)

Thus, it makes sense to search for fixed points of this equation in the set E := {ρ ∈
L2(Ω) ∩ P(Ω) : ‖ρ‖2

L2(Ω) ≤ eβ(‖W−‖L∞(Ω)+‖W‖L1(Ω))} as all fixed points must be in this set.
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It is easy to check that E is a closed, convex subset of L2(Ω). We can now redefine T to
act on E. Additionally, for any ρ ∈ E, we have that

‖Tρ‖2
H1(Ω) =‖Tρ‖2

L2(Ω) + ‖∇Tρ‖2
L2(Ω) ≤ ‖Tρ‖L∞(Ω)

(
1 + β2‖Tρ‖L∞(Ω)‖∇W‖

2
L2(Ω)

)
,

(3.17)

where we have used the fact thatW ∈ H1(Ω). Thus, using (3.16), we have that T (E) ⊂ E
is uniformly bounded inH1(Ω). By Rellich’s compactness theorem, this implies that T (E)
is relatively compact in L2(Ω), and therefore in E, since E is closed. Furthermore, T is
Lipschitz continuous, i.e. we have for ρ1, ρ2 ∈ E : ‖Tρ1 − Tρ2‖L2(Ω) ≤ C‖ρ1 − ρ2‖L2(Ω),
for some positive constant C. By the Schauder fixed point theorem, there exists a fixed
point of ρ ∈ E of T which by (3.17) is in H1(Ω). Plugging this expression into the weak
form of the PDE (3.15) we obtain (a). Also note that fixed points of T are bounded from
below by e−β(‖W−‖L∞(Ω)+‖W‖L1(Ω)‖Tρ‖L∞(Ω)), proving the positivity of them.

Before proceeding to the proof of (b), we argue that every weak solution in H1(Ω) ∩
P(Ω) is a fixed point of the nonlinear map, T . Consider the “frozen” version of the weak
form in (3.15),

−β−1

∫
Ω

∇ϕ · ∇ϑ dx−
∫

Ω

ϑ∇ϕ · ∇W ? ρ dx = 0 , ∀ϕ ∈ H1(Ω) ,(3.18)

where ρ ∈ H1(Ω)∩P(Ω) is a weak solution of (3.13) and ϑ is the unknown function. The
above equation is the weak form of a uniformly elliptic PDE whose associated bilinear
form is coercive in the weighted space, H1

0 (Ω, Tρ) where H1
0 (Ω) = H1(Ω)/ R. To see this,

set ϑ(x) = h(x)Tρ. We then obtain the following integral formulation of the transformed
PDE,

−β−1

∫
Ω

∇ϕ · ∇h Tρ dx = 0 , ∀ϕ ∈ H1(Ω) .

Let h1 and h2 be two weak solutions of the above equation. By choosing ϕ = h1−h2 = h,
we obtain a unique weak solution to (3.18) up to normalisation. Here, we also used that Tρ
has full support, since it is bounded from below. Hence, if it is chosen to be a probability
measure, it is unique. We observe that ϑ = Tρ is such a weak solution, as is ρ. This
implies that any weak solution must be such that ρ = Tρ.

We obtain regularity of solutions by observing that if f ∈ Hm(Ω), g ∈ Hn(Ω), then we
have that f ? g ∈ Wm+n,∞(Ω). Then we use a bootstrap argument, i.e. W ∈ H1(Ω), ρ ∈
H1(Ω) implies that ρ = Tρ ∈ W 2,∞(Ω). This implies that W ? ρ ∈ W 3,∞(Ω) and so on
and so forth. Thus, we have that ρ ∈ Hm(Ω) ∩ Wm,∞(Ω) for any m ∈ N. The strict
positivity follows from the lower bound on Tρ. �

We already know that associated with this PDE we have a free energy functional
Eβ : P(Ω)→ (−∞,+∞] defined in the space of Borel probability measures on Ω by

Eβ(ρ) =β−1

∫
ρ log ρ dx+

1

2

∫∫
W (x− y)ρ(y)ρ(x) dy dx(3.19)

=Sβ(ρ) + E(ρ) .

if it is finite and by +∞ otherwise. The free energy Eβ is a Lyapunov function for the
evolution and its negative derivative along the flow is given by the entropy dissipation
functional which is given by the square of the metric slope |∂Eβ| : P(Ω) → [0,+∞]
(cf. Definition 1.9, [AGS08, Theorem 10.4.13]) with

|∂Eβ|(ρ) :=

(∫
Ω

∣∣∣∣∇ log
ρ

exp(−βW ? ρ)

∣∣∣∣2ρ dx

)1/2

,
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if it is finite and +∞ otherwise. This follows from rewriting (3.3) as

∂tρ = ∇·
(
ρ
(
β−1∇ log ρ+∇W ? ρ

))
and formally differentiating the free energy functional along the flow

d

dt
Eβ(ρ) =

∫ (
β−1 log ρ+W ? ρ

)
∂tρ dx

=−
∫ ∣∣β−1∇ log ρ+∇W ? ρ

∣∣2ρ dx = −|∂Eβ|2(ρ(t)) ≤ 0.

The above identity is a manifestation to the energy-dissipation identity that holds for
general gradient flows (cf. Definition 1.12) in the context of the McKean–Vlasov equation.
Finally, we have the Gibbs state map Fβ : P(Ω) → M(Ω). This equation encodes the
stationary states as fixed points of the nonlinear mapping T from (3.14)

Fβ(ρ) = ρ− Tρ = ρ− 1

Z(ρ, β)
e−βW?ρ , where Z(ρ, β) =

∫
Ω

e−βW?ρ dx .(3.20)

The identification of stationary states (3.13), critical points of Eβ and |∂Eβ|, and zeros of
Fβ is given by the following proposition:

Proposition 3.6. AssumeW satisfies Assumption (A2) and fix β > 0. Let ρ ∈ P(Ω).
Then the following statements are equivalent:

(1) ρ is a classical solution of the stationary McKean–Vlasov equation (3.13).
(2) ρ is a zero of the map Fβ(ρ).
(3) ρ ∈ P+

ac(Ω), Eβ(ρ) <∞, and

d

ds
Eβ(ρs)

∣∣∣∣
s=0

= 0 ,

where ρs = (1−s)ρ+sρ1, for s ∈ (0, 1) and all ρ ∈ P(Ω)∩L1(Ω) with Eβ(ρ1) <∞.
(4) ρ is a global minimiser of the entropy dissipation functional |∂Eβ|2(ρ).

Proof. (1)⇔(2): Observe that ρ is a zero of Fβ(ρ) if and only if it is a fixed point of T .
Thus, by part Theorem 3.5(a) we have the desired equivalence.

(2)⇒(3): The main observation for this is that zeroes of Fβ represent solutions of the Euler–
Lagrange equations for Eβ. Additionally, they are necessarily absolutely contin-
uous with smooth densities in P+

ac(Ω) by Theorem 3.5(b). Let ρ ∈ P+
ac(Ω), ρ1 ∈

P(Ω) ∩ L1(Ω) such that Eβ(ρ), Eβ(ρ1) < ∞ and define the standard convex in-
terpolant, ρs = (1 − s)ρ + sρ1, s ∈ (0, 1). Then we have the following form of
the Euler–Lagrange equations (which are well-defined),

d

ds
Eβ(ρs)

∣∣∣∣
s=0

=

∫
Ω

(
β−1 log ρ+W ? ρ

)
η dx = 0 ,(3.21)

where η = ρ1 − ρ. Now if ρ is a zero of Fβ it is easy to check that the above
expression is zero for any ρ1 ∈ P(Ω) ∩ L1(Ω).

(3)⇒(2): On the other hand assume that ρ ∈ P(Ω) satisfies (3). If the integrand β−1 log ρ+
W ? ρ in (3.21) is not constant a.e., we can find, without loss of generality, a
measurable set A of nonzero Lebesgue measure such that

A :=

{
x ∈ Ω :

(
β−1 log ρ+W ? ρ

)
>

∫ (
β−1 log ρ+W ? ρ

)
ρ dy

}
.

We are now free to choose ρ1 ∈ P+
ac(Ω) to be

ρ1 =
1

Ld
(
(1− ε)χA(x) + εχcA(x)

)
,
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for some ε > 0. For this choice of ρ1, we have,

d

ds
Eβ(ρs)

∣∣∣∣
s=0

=(1− ε)a+ εb ,

where a =
1

Ld

∫
A

((
β−1 log ρ+W ? ρ

)
−
∫ (

β−1 log ρ+W ? ρ
)
ρ dy

)
dx ,

and b =
1

Ld

∫
Ac

((
β−1 log ρ+W ? ρ

)
−
∫ (

β−1 log ρ+W ? ρ
)
ρ dy

)
dx .

From our choice of the set A, it is clear that a > 0 and b ≤ 0. Since ε can be
made arbitrarily small, (1−ε)a+εb can be made positive. Thus, we have derived
a contradiction since ρ is a critical point of Eβ and therefore it must satisfy the
Euler–Lagrange equations in (3.21). Thus, the integrand must be constant a.e.
from which we obtain (3)⇒(2).

(2)⇒(4): Clearly, |∂Eβ|2 is nonnegative. Thus, if |∂Eβ|2(ρ) = 0 for some ρ ∈ P+
ac(Ω) then

it is necessarily a global minimiser. Plugging in ρ for some zero of Fβ completes
the proof of this implication.

(4)⇒(1): Now, any global minimiser ρ of |∂Eβ|2(ρ) must satisfy |∂Eβ|2(ρ) = 0 since
|∂Eβ|2(ρ∞) = 0. It follows now that ρ ∈ P(Ω) ∈ L1(Ω) otherwise |∂E|2(ρ) =

+∞. It follows that |∂Eβ|2(ρ) = 0 is possible if and only if

∇ log
ρ

e−βW?ρ
= 0, a.e. ,

one each connected component Bi, i ∈ N of supp ρ. Note that there can only
be countably many such components. Each component is, by definition, open
in the subspace topology on supp ρ. Thus, since they are disjoint, each of them
contains a unique element of some countable dense subset (supp ρ is separable
since Ω is separable), that lies in none of the other components. This provides
us with an enumeration of the connected components. On each Bi we have that,
ρ− CBie−βW?ρ = 0, a.e., for some constant, CBi > 0. Thus, for any ϕ ∈ H2(Ω)

β−1

∫
Ω

∇ϕ · ∇ρ dx =− β−1

∫
Ω

∆ϕρ dx

=− β−1

∞∑
i=1

∫
Bi

∆ϕCBie
−βW?ρ dx ,

where we have used the fact that ρ is countably additive. It follows that

β−1

∫
Ω

∇ϕ · ∇ρ dx =−
∞∑
i=1

∫
Bi

∇ϕ · (∇W ? ρ)CBie
−βW?ρ dx

=−
∞∑
i=1

∫
Bi

∇ϕ · (∇W ? ρ)ρ dx = −
∫

Ω

∇ϕ · (∇W ? ρ)ρ dx .

Thus, ρ is a weak solution of (3.13). By Theorem 3.5, the implication (4)⇒(1)
follows. �

The following lemma is taken from [CP10] in which it is shown that for any unbounded
ρ ∈ P(Ω) ∩ L1(Ω) there exists a bounded ρ† ∈ P(Ω) ∩ L∞(Ω) having a lower value of the
free energy. For the convenience of the reader, we include the entire proof.

Lemma 3.7 ([CP10]). Assume that W satisfies Assumption (A2) and fix β ∈ (0,∞).
Then, there exists a positive constant B0 < ∞ such that for all ρ ∈ P(Ω) ∩ L1(Ω) with
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‖ρ‖L∞(Ω) > B0 there exists some ρ† ∈ P(Ω) with
∥∥ρ†∥∥

L∞(Ω)
≤ B0 satisfying

Eβ(ρ†) < Eβ(ρ) .

Proof. We start by noticing that we can control the entropy and interaction energy from
below:

Sβ(ρ) ≥β−1 log ρ∞ ,(3.22)

E(ρ) ≥− 1

2
‖W−‖L∞(Ω) ,(3.23)

where the bound on the entropy follows from Jensen’s inequality and the bound on the
interaction energy follows from Assumption (A2). Thus, the free energy Eβ is bounded
below. Now fix some B > 0 and ρ ∈ P(Ω). Let εB be the ρ-measure of the Borel set,
BB = {x ∈ Ω : ρ(x) ≥ B}, i.e.

εB =

∫
BB
ρ dx .

Following Chayes and Panferov [CP10], we consider two different cases of (ρ,B), namely,
εB ≥ 1

2
and εB < 1

2
. For the case, εB ≥ 1

2
, we have by an application of Jensen’s inequality

β−1

∫
Ω

ρ log ρ dx ≥ 1

2β
logB + β−1

∫
BcB

ρ log ρ dx

≥β−1

(
1

2
logB + (1− εB) log(1− εB)

)
≥β−1

(
1

2β
logB + e−1

)
.

Since from (3.23) the interaction energy E(ρ) is bounded below, we choose B large enough
such that there exists some positive constant B1 < B such that for all ρ ∈ P(Ω) with
‖ρ‖L∞(Ω) > B1, εB1 ≥ 1

2
we have ρ∞ < B1 and

Eβ(ρ∞) < Eβ(ρ) .

Now consider the case for (ρ,B) with εB < 1
2
. We write ρ = ρB + ρr, where, ρB = ρχB

and ρr = ρ − ρB. It should be noted that ρr is not a probability measure as it is not
normalised. For B > 1, εB > 0 we have

Sβ(ρ) ≥ β−1εB logB + Sβ(ρr) > Sβ(ρr) .

Consider the case Eβ(ρ) ≤ Eβ(ρ∞) (otherwise the proof is complete). We now define the
following bilinear form E : L1(Ω)× L1(Ω)→ R associated to the interaction energy

E(ρ1, ρ2) :=
1

2

∫∫
Ω×Ω

W (x− y)ρ1(x)ρ2(y) dx dy ,

such that E(ρ, ρ) = E(ρ) for any ρ ∈ L1(Ω) ∩ P(Ω). The interaction energy E(ρ) is
bounded below and we have the following estimate

Sβ(ρ) ≤− E(ρ) + β−1 log ρ∞ +
1

2
ρ∞‖W‖L1(Ω)

≤1

2
‖W−‖L∞(Ω) + β−1 log ρ∞ +

1

2
ρ∞‖W‖L1(Ω) := s∗ .

We also write

E(ρ) ≤(Sβ(ρ∞)− Sβ(ρ)) + E(ρ∞) < E(ρ∞) .
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Using this and the fact that εB < 1
2
, we obtain

E(ρr, ρr) <E(ρ∞) +
1

2
(2εB − ε2

B)‖W−‖L∞(Ω) < E(ρ∞) +
1

2
‖W−‖L∞(Ω) := e∗ .

Set the ρr := (1 − εB)−1ρr ∈ P(Ω). We are now in a position to compute the difference
in free energy, Eβ(ρ)− Eβ(ρr):

Sβ(ρ)− Sβ(ρr) ≥β−1εB logB − εB
1− εB

Sβ(ρr) + β−1 log(1− εB)

≥β−1εB

(
logB − 1 + βs∗

1− εB

)
.

For the interaction energy we know that

E(ρ) ≥ E(ρr, ρr) +
1

2
(−2εB + ε2

B)‖W−‖L∞(Ω) .

The above estimate together with εB < 1
2
gives

E(ρ)− E(ρr) ≥
(
−2εB + ε2

B

(1− εB)2

)(
1

2
‖W−‖L∞(Ω) + E(ρ)

)
≥ −8εBe

∗ .

Thus, if we pick B to be larger than some B2, we have that Eβ(ρr) < Eβ(ρ). However,
ρr can take values as large as 2B2 a.e. due to the normalisation. Thus, we set, B0 =
max{B1, 1, 2B2} and pick for ρ†, depending on εB either ρ∞ or ρr. �

The next lemma shows that minimisers of Eβ(ρ) over P(Ω) are attained in P+
ac(Ω).

Lemma 3.8. Assume W satisfies Assumption (A2) and let ρ ∈ P(Ω) \ P+
ac(Ω). Then,

there exists ρ+ ∈ P+
ac(Ω) such that,

Eβ(ρ+) < Eβ(ρ) .

Proof. We can assume without loss of generality that ρ ∈ L1(Ω) as otherwise the proof
follows by choosing ρ+ = ρ∞. Let B0 := {x ∈ Ω : ρ(x) = 0}, then from assumption
ρ /∈ P+

ac(Ω), it follows |B0| > 0. We define the competitor state

ρε(x) =
1

1 + ε|B0|
(ρ(x) + εχB0(x)) ∈ P+

ac(Ω)

and show that for ε > 0 sufficiently small ρε has smaller free energy. We first compute its
entropy

Sβ(ρε) =
β−1

1 + ε|B0|

∫
Ω

(ρ+ εχB0) log(ρ+ εχB0) dx− β−1 log(1 + ε|B0|)

<Sβ(ρ)− ε|B0|
1 + ε|B0|

Sβ(ρ) + β−1 ε|B0| log ε

1 + ε|B0|
< Sβ(ρ)− ε|B0|

1 + ε|B0|
(
Sβ(ρ∞)− β−1 log ε

)
,
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where we have used the fact that Sβ(ρ) > Sβ(ρ∞),∀ρ ∈ P(Ω), ρ 6= ρ∞. For computing

the interaction term, we use the fact that E(ρ) > −1

2
‖W−‖L∞(Ω) to estimate

E(ρε) =
1

2

∫∫
Ω×Ω

W (x− y)ρε(x)ρε(y) dx dy

<E(ρ) +

(
1

(1 + ε|B0|)2
− 1

)
E(ρ)

+ ‖W‖L1(Ω)

ε

(1 + ε|B0|)2
+

1

2
‖W‖L1(Ω)|B0|

ε2

(1 + ε|B0|)2

≤E(ρ) +
1

2

(
ε|B0|(2 + ε|B0|)

(1 + ε|B0|)2

)
‖W−‖L∞(Ω) +

ε|B0|
1 + ε|B0|

C1

<E(ρ) +
ε|B0|

1 + ε|B0|
(C1 + C2) ,

where C1, C2 < ∞ depend on W and B0 and we have chosen ε to be sufficiently small.
Combining the two expressions together we obtain,

Eβ(ρε) < Eβ(ρ) +
ε|B0|

1 + ε|B0|
(
β−1 log ε− Sβ(ρ∞) + (C1 + C2)ε

)
.

Thus, for ε sufficiently small but positive the logarithmic term will dominate and give us
the required result. �

Theorem 3.9 (Existence of a minimiser [CP10]). AssumeW satisfies Assumption (A2).
For β ∈ (0,∞) the free energy Eβ(ρ) has a smooth minimiser ρβ ∈ C∞(Ω) ∩ P+

ac(Ω).

Proof. Since by (3.22), Eβ(ρ) is bounded from below over P(Ω), there exists a min-
imising sequence {ρj}∞j=1 ⊂ P(Ω). Furthermore, by Lemma 3.7, the minimising sequence

can be chosen such that {ρj}∞j=1 ⊂ L2(Ω) with ‖ρj‖L2(Ω) ≤ B
1
2
0 , where B0 is the con-

stant from Lemma 3.7. Thus, there exists a subsequence which we continue to denote by
{ρj}∞j=1 such that ρj ⇀ ρβ weakly in L2(Ω). Clearly we have that

∫
Ω
ρβ dx = 1. It is also

easy to see that ρβ ≥ 0, a.e. Thus, ρβ ∈ L2(Ω)∩P(Ω). The lower semicontinuity of Sβ(ρ)
follows from standard results (cf. [JLJ98, Lemma 4.3.1]). Consider now the interaction
energy term. ForW ∈ L1(Ω), the interaction energy is weakly continuous in L2(Ω) [CP10,
Theorem 2.2, Equation (9)]. This implies that the free energy Eβ(ρ) has a minimiser ρβ
over P(Ω). A direct consequence of this and Lemma 3.8 is that the minimisation problem
is well-posed in P+

ac(Ω) since the minimiser ρβ must be attained in P+
ac(Ω). We can then

use Theorem 3.5 together with Proposition 3.6 to argue that any such minimiser must be
smooth. �

Proposition 3.10. Assume W satisfies Assumption (A2) such that Wu is bounded
from below, where Wu is the unstable part defined in Definition 0.1. Then, for β ∈
(0, βcon), where βcon := ‖Wu−‖−1

L∞(Ω), the functional Eβ(ρ) is strictly convex on P+
ac(Ω),

that is for all s ∈ (0, 1) holds

Eβ
(
(1− s)ρ1 + sρ2

)
< (1− s)Eβ(ρ1) + sEβ(ρ2) ∀ρ1, ρ2 ∈ P+

ac(Ω) .

Proof. For ρ1, ρ2 ∈ P+
ac(Ω), let ρs = (1− s)ρ1 + sρ2, s ∈ (0, 1) and η = ρ2− ρ1. Then we

have
d2

ds2
Eβ(ρs) =β−1

∫
Ω

η2

ρs
dx+

∫
Ω

(W ? η)η dx = β−1

∫
Ω

η2

ρ2
s

ρs dx+

∫
Ω

((Ws +Wu) ? η)η dx .
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Now, we apply Jensen’s inequality and use the fact that Ws ∈ Hs which gives us

d2

ds2
Eβ(ρs) ≥β−1

(∫
Ω

|η| dx
)2

+

∫
Ω

(Wu ? η)η dx .

Finally we bound Wu(x) from below to obtain,

d2

ds2
Eβ(ρs) ≥

(
β−1 − ‖Wu−‖L∞(Ω)

)(∫
Ω

|η| dx
)2

,

showing the desired statement. �

Remark 3.11. It follows from the above result that if Wu ≡ 0, i.e. W ∈ Hs, then
Eβ(ρ) is strictly convex for all β ∈ (0,∞).

3.3. Global asymptotic stability

In this section we present the proofs of Theorem 3.1(a) and Theorem 3.1(b)

3.3.1. Trend to equilibrium in L2(Ω). In this section we present the decay in
energy result, which follows from similar arguments to those presented in [CJLW17], but
works in arbitrary dimensions and for arbitrary W ∈ W 2,∞(Ω).

Theorem 3.12 ( [CJLW17]). Let ρ0 ∈ P(Ω) ∩ H3+d(Ω) with Sβ(ρ0) < ∞ and W ∈
W 2,∞(Ω). Then we have that

‖ρ(t, ·)− ρ∞‖2
L2(Ω) ≤ exp

(
t

[
β

(
3√
2
‖∇W‖L∞(Ω)

)2

− 2π2

βL2

])
‖ρ(0, ·)− ρ∞‖2

L2(Ω) .

Thus, if β ∈
(

0, 2π
3L‖∇W‖L∞(Ω)

)
, ‖ρ(t)− ρ∞‖L2(Ω) → 0 exponentially as t → ∞, where

ρ(t, x) is a classical solution of (3.3).

Proof of Theorem 3.1(a). We start by writing an evolution equation for the differ-
ence ψ = (ρ− ρ∞):

∂tψ − β−1∆ψ = ∇·(ψ∇W ? ψ) +
1

Ld
∇ · (∇W ? ψ) .

Multiplying by ψ and integrating by parts we obtain
1

2

d

dt
‖ψ‖2

L2(Ω) + β−1‖∇ψ‖2
L2(Ω)

≤
∣∣∣∣∫

Ω

ψ∇ψ · ∇W ? ψ dx

∣∣∣∣+
1

Ld

∣∣∣∣∫
Ω

∇ψ · ∇W ? ψ dx

∣∣∣∣
≤‖∇W ? ψ‖L∞(Ω)‖ψ‖L2(Ω) ‖∇ψ‖L2(Ω) +

1

Ld
‖∇W ? ψ‖L2(Ω)‖∇ψ‖L2(Ω) .

It is easy to show that

‖∇W ? ψ‖L2(Ω) ≤ Ld‖∇W‖L∞(Ω)‖ψ‖L2(Ω) .

Using this and Young’s inequality, we obtain
1

2

d

dt
‖ψ‖2

L2(Ω) + β−1‖∇ψ‖2
L2(Ω) ≤3‖∇W‖L∞(Ω)‖ψ‖L2(Ω)‖∇ψ‖L2(Ω) ,

and thus
1

2

d

dt
‖ψ‖2

L2(Ω) ≤β
(

3√
2
‖∇W‖L∞(Ω)

)2

‖ψ‖2
L2(Ω) −

1

2β
‖∇ψ‖2

L2(Ω) .
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Using the Poincaré inequality (cf. Lemma B.5) with the optimal constant L/2π, we obtain
the following estimate:

1

2

d

dt
‖ψ‖2

L2(Ω) ≤

[
β

(
3√
2
‖∇W‖L∞(Ω)

)2

− 2π2

βL2

]
‖ψ‖2

L2(Ω) .

We can now apply Gronwall’s inequality to assert that

‖ψ(t, ·)‖2
L2(Ω) ≤ exp

(
t

[
β

(
3√
2
‖∇W‖L∞(Ω)

)2

− 2π2

βL2

])
‖ψ(0, ·)‖2

L2(Ω) .

Thus, if β < 2π
3L‖∇W‖L∞(Ω)

, we have that ‖ψ(t, ·)‖L2(Ω) → 0, exponentially fast, as t →
∞. �

Remark 3.13. A sharper estimate based on the diameter of the support can be ob-
tained if it is assumed that the gradient of the interaction potential has compact support
strictly contained in Ω. Let ε = R/L denote the ratio of the diameter of the support to
the size of the domain. Then we can obtain exponential convergence to equilibrium in
L2(Ω), for β < 2π

L‖∇W‖L∞(Ω)(2+ε)
.

3.3.2. Trend to equilibrium in relative entropy. In this subsection, we will use
the free energy as defined in (3.19) to study the global asymptotic stability of the uniform
state for the system (3.3). By introducing the relative entropy

H(ρ|ρ∞) =

∫
Ω

ρ log

(
ρ

ρ∞

)
dx ,(3.24)

we observe the following identity between the free energy gap and the relative entropy

Eβ(ρ)− Eβ(ρ∞) = β−1H(ρ|ρ∞) + E(ρ− ρ∞, ρ− ρ∞) .

By directly differentiating the relative entropy (3.24), we obtain the rate of change of the
relative entropy

dH(ρ|ρ∞)

dt
= −β−1

∫
Ω

|∇ log ρ|2ρ dx−
∫

Ω

∇(W ? ρ) · ∇ρ dx .(3.25)

Proposition 3.14 (Exponential stability and convergence in relative entropy). Let
ρ0 ∈ P(Ω) ∩H3+d(Ω) with Sβ(ρ0) <∞ and W ∈ W 2,∞(Ω). Then the classical solution ρ
of (3.3) is exponentially stable in relative entropy and it holds

H(ρ(t, ·)|ρ∞) ≤ exp

[(
− 4π2

βL2
+ 2‖∆Wu‖L∞(Ω)

)
t

]
H(ρ0|ρ∞) .

Especially, in the cases W ∈ Hs (cf. Definition 0.1) for any β > 0 and if W /∈ Hs for
β < 2π2

L2‖∆Wu‖L∞(Ω)
it holds that we have exponentially fast convergence to the uniform state

in relative entropy for any initial condition ρ0 ∈ P(Ω) ∩H3+d(Ω).

Proof of Theorem 3.1(b). We know the solution ρ is classical, thus H(ρ(t, ·)|ρ∞) ∈
C1(0,∞). Using (3.25), we obtain with another integration by parts

d

dt
H(ρ|ρ∞) = −β−1

∫
Ω

|∇ log ρ|2ρ dx+

∫
Ω

∆W ? ρ ρ dx, ∀t ∈ (0,∞) .

The first term is the Fisher information and can be controlled by a log-Sobolev inequality
(cf. Lemma B.6) of the form

H(ρ|ρ∞) ≤ L2

4π2

∫
Ω

|∇ log ρ|2ρ dx ,(3.26)
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Now, we rewrite the interaction term in its Fourier series by (0.5), estimate it in terms of
the unstable modes and transform it back to position space∫

Ω

∆W ? ρ ρ dx =− 4π2

L2

∑
k∈Nd
|k|2Ŵ (k)

1

Nk

∑
σ∈Symk(Λ)

|ĝ(σ(k))|2

≤− 4π2

L2

∑
k∈Nd
|k|2Ŵu(k)

1

Nk

∑
σ∈Symk(Λ)

|ĝ(σ(k))|2

=

∫
∆Wu ? ρ ρ dx .

Now, we use the fact that ∆Wu has mean zero to replace ρ by ρ− ρ∞ and estimate∫
∆Wu ? ρ ρ dx ≤‖∆Wu ? (ρ− ρ∞)‖L∞(Ω)‖ρ− ρ∞‖L1(Ω) ≤ ‖∆Wu‖L∞(Ω)‖ρ− ρ∞‖

2
L1(Ω) .

The above term can be controlled using the Csiszár–Kullback–Pinsker inequality (cf.
Lemma B.7) in the following way

‖ρ− ρ∞‖L1(Ω) ≤
√

2H(ρ|ρ∞) .(3.27)

In combination with (3.26) and (3.27), we obtain the bound

d

dt
H(ρ|ρ∞) ≤

(
− 4π2

βL2
+ 2‖∆Wu‖L∞(Ω)

)
H(ρ|ρ∞) .

Finally, by Gronwall’s inequality, we have the desired result. �

Remark 3.15. For the case of the noisy Hegselmann–Krausse model for opinion dy-
namics studied in [CJLW17], we have W (x) =

∫ y
0
φ(|x|)x dy with φ(|x|) = χ|x|≤R. We can

estimate by the same arguments ‖W ′′
u (x)‖L∞(Ω) ≤ ‖W ′′(x)‖L∞(Ω) = R. Thus, for β < 2π2

L2 ,
we have exponential convergence to equilibrium. See Section 3.6.2 for a detailed analysis
of this model.

Remark 3.16. By the improved entropy defect estimate of Lemma 3.40, the above
statement could be slightly improved under more specific assumptions on the unstable
modes of the potential. For the moment, we want to keep the presentation as concise as
possible and refer to Section 3.5 for the details.

3.3.3. Linear stability analysis. We start this subsection by linearising the sta-
tionary McKean–Vlasov equation around some stationary solution, ρβ. We obtain the
following linear integro-differential operator:

Lw := β−1∆w +∇·
(
ρβ∇(W ? w)

)
+∇·

(
w∇(W ? ρβ)

)
.

If we pick ρβ to be the uniforms state ρ∞ the above expression reduces to

Lw := β−1∆w + ρ∞∆(W ? w) .

We are now interested in studying the spectrum of this operator over mean zero L2(Ω)
functions, L2

0(Ω). From the classical theory for symmetric elliptic operators, it follows
that the eigenfunctions of this system form an orthonormal basis in L2

0(Ω) given by
{L− d2 ei 2π

L
k′·x}k′∈Zd\{0} with the eigenvalues given by

λk′ =

(
−β−1

(
2π|k′|
L

)2

− L−d/2
(

2π|k′|
L

)2

Ŵe(k
′)

)
,
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where dŴ (k′) = L−
d
2

∫
Ω
W (x)e−i

2π
L
k′·x dx. One can check that we have the following

relationship

Ŵe(k
′) =

1

Θ(k)
Ŵ (k) , k` = |k′`|, k ∈ Nd ,

where Θ(k) is as defined in (0.2). To obtain the above expression we have used the fact
that W is coordinate-wise even, which implies that∫

Ω

W (x)e−i
2π
L
k′·x dx =

∫
Ω

W (x)e−i
2π
L
k′·x dx

=

∫
Ω

W (x)
d∏
`=1

(
cos

(
2πk′`x

L

)
+ i sin

(
2πk′`x

L

))
dx

=

∫
Ω

W (x)
d∏
`=1

(
cos

(
2πk′`x

L

))
dx .

Thus, we have the following expression for the value of the parameter β] at which the first
eigenvalue of L crosses the imaginary axis:

β] = − Ld/2Θ(k)

mink∈Nd\{0} Ŵ (k)
.(3.28)

We will refer to β] as the point of critical stability. We denote by k] the critical wave
number (if it is unique) and define it as:

k] := arg min
k∈Nd\{0}

Ŵ (k) .(3.29)

3.4. Bifurcation theory

For the local bifurcation analysis, it is convenient to rewrite the fixed point equa-
tion (3.20) of the nonlinear mapping (3.14) by making the parameter β ∈ (0,∞) explicit.
Hence, in this section we consider the nonlinear map F : L2

s(Ω)× (0,∞)→ L2
s(Ω) defined

as

F (ρ, β) = Fβ(ρ) = ρ− 1

Z
e−βW?ρ, where Z =

∫
Ω

e−βW?ρ dx ,(3.30)

where β > 0 is fixed, and W ∈ L2
s(Ω) with L2

s(Ω), the space of coordinate-wise even and
square integrable functions as defined in (0.7).

The purpose of this section is to study the bifurcation problem:

F (ρ, β) = 0 .

Any zero of F (ρ, β) is also a coordinate-wise even fixed point of T : P(Ω)→ P(Ω). The
converse is true if W satisfies Assumption (A2). We do not make this assumption for the
whole section as we want the bifurcation theory to be valid for more singular potentials,
e.g., the Keller–Segel model which we treat in a later section. It is also clear that the
map F (ρ, β) is translation invariant on the whole space L2

s(Ω), i.e. if ρ is a zero of F (ρ, β)
then so is any translate ρ(· − y) of ρ(·) for any y ∈ Ω.

The first result is an easy consequence of the characterisation of stationary solutions
from Section 3.2.3, but could be also derived by standard contraction mapping argument
on the map F as done in [Tam84, Theorem 4.1] and [MS82, Theorem 3].

Proposition 3.17. Assume W satisfies Assumption (A2) and Wu ∈ L∞(Ω). Then,
for β sufficiently small, the uniform state ρ∞ is the only solution of F (ρ, β) = 0.
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Proof. Proposition 3.10 implies that Eβ(ρ) is strictly convex for β < βcon = ‖Wu‖−1
L∞(Ω).

Hence, using Theorem 3.9, it has a unique minimiser and exactly one critical point. This
implies from Proposition 3.6 that F (ρ, β) has a unique solution. �

We use the trivial branch of solutions F (ρ∞, β) = 0, β ∈ (0,∞) with ρ∞ ≡ 1/Ld to
centre the map and define for any u ∈ L2

s(Ω)

(3.31) F̊ (u, β) = F (u+ ρ∞, β) .

In this way, we have F̊ (0, β) = 0. We compute the Fréchet derivatives of this map for
variations w1, w2, w3 ∈ L2

s(Ω)

Dρ(F̊ (0, β))[w1] =w1 + βρ∞(W ? w1)− βρ2
∞

∫
Ω

(W ? w1)(x) dx ,(3.32)

Dβ(F̊ (0, β)) =0 ,(3.33)

D2
ρβ(F̊ (0, β))[w1] =ρ∞(W ? w1)− ρ2

∞

∫
Ω

(W ? w1)(x) dx− ρ2
∞W ?Dρ(F̊ (0, β))[w1] ,(3.34)

D2
ρρ(F̊ (0, β))[w1, w2] =β(w2 −Dρ(F̊ (0, β))[w2])(W ? w1)

− βρ∞(w2 −Dρ(F̊ (0, β))[w2])

∫
Ω

W ? w1(x) dx(3.35)

− βρ∞
∫

Ω

W ? w1(x)(w2 −Dρ(F̊ (0, β))[w2])(x) dx ,

D3
ρρρF̊ (0, β)[w1, w2, w3] =− βD2

ρρF̊ (0, β)[w2, w3](W ? w1)

+ βρ∞(D2
ρρF̊ (0, β)[w2, w3])

∫
Ω

(W ? w1)(x) dx

− β(w2 −DρF̊ (0, β)[w2])

∫
Ω

(W ? w1)(x)(w3 −DρF̊ (0, β)[w3])(x) dx(3.36)

− β(w3 −DρF̊ (0, β)[w3])

∫
Ω

(W ? w1)(x)(w2 −DρF̊ (0, β)[w2])(x) dx

+ βρ∞

∫
Ω

(W ? w1)(x)(D2
ρρF̊ (0, β)[w2, w3])(x) dx .

We have the following characterisation of the local bifurcations of F̊ :

Theorem 3.18. Consider F̊ : L2
s(Ω) × (0,∞) → L2

s(Ω) as defined in (3.30) with
W ∈ L2

s(Ω). Assume there exists k∗ ∈ Nd, such that:

(1) card
{
k : Ŵ (k)

Θ(k)
= Ŵ (k∗)

Θ(k∗)

}
= 1 .

(2) Ŵ (k∗) < 0 .
Then (0, β∗) ∈ L2

s(Ω)× (0,∞) is a bifurcation point of F̊ (ρ, β) = 0 where

β∗ = −L
d
2 Θ(k∗)

Ŵ (k∗)
.(3.37)

In addition, there exists a branch of solutions of the form

ρ∗(s) =ρ∞ + swk∗ + r(swk∗ , β(s)) ,(3.38)

where wk∗ ∈ L2
s(Ω) defined in (0.1), s ∈ (−δ, δ) for some δ > 0, and β : (−δ, δ) → V is

a twice continuously differentiable function in a neighbourhood V of β∗ with β(0) = β∗.
Moreover, it holds β′(0) = 0, β′′(0) = 2β∗

3ρ∞
> 0, and ρ∗ is the only nontrivial solution in a

neighbourhood of (0, β∗) in L2
s(Ω)× R.
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Specifically, the error r : span[wk∗ ]× V → (span[wk∗ ])
⊥ ⊂ L2

s(Ω) is a map satisfying

∀s ∈ (−δ, δ) : r(swk∗ , β(s)) ∈ L∞(Ω) with r(0, 0) = 0 ,(3.39)

and lim
|s|→0

‖r(swk∗ , β(s))‖L2(Ω)

|s|
= 0 .

Proof of Theorem 3.2. The proof of this theorem relies on the Crandall–Rabinowitz
theorem [CR71], which for the convenience of the reader is included in Appendix A.2.
Before we proceed it is convenient to rewrite DρF̊ from (3.32) as

Dρ(F̊ (0, β)) =I − βT̊ ,(3.40)

where T̊ : L2
s(Ω)→ L2

s(Ω) is defined for w ∈ L2
s(Ω) by

(T̊w)(x) =

(
−ρ∞(W ? w)(x) + ρ2

∞

∫
(W ? w)(y) dy

)
.(3.41)

Using the above expression one checks that the linear operator T̊ is Hilbert–Schmidt

(cf. (A.1)) with
∥∥∥T̊∥∥∥2

HS
=
∑

k∈Nd

∥∥∥T̊wk∥∥∥2

L2(Ω)
< ∞, where {wk}k∈Nd is the orthonormal

basis of L2
s(Ω) as defined in (0.1). Thus, T̊ is compact (cf. Lemma A.6) and I − βT̊ is

Fredholm by Lemma A.4. Since the index of a Fredholm operator is homotopy invariant
(cf. Theorem 4.3.11 [Dav07]), we show that the mapping β 7→ (I−βT̊ ) is norm-continuous:∥∥∥I − β1T̊ − I + β2T̊

∥∥∥
L(L2(Ω))

= |β2 − β1|
∥∥∥T̊∥∥∥

L(L2(Ω))
.

Thus, the index satisfies ind(I − βT̊ ) = ind(I) = 0. We diagonalize I − βT̊ with respect
to {wk}k∈Nd

(I − βT̊ )wk(x) =

{
1 , ∀i = 1 . . . d : ki = 0 ,(

1 + β Ŵk

Ld/2Θ(k)

)
wk(x) , else

.(3.42)

Now it is easy to see that if Condition (1) in the statement of the theorem is satisfied,
then dim ker(I − βT̊ ) = 1 for β = β∗. Indeed, if Condition (1) is satisfied, we have
ker(I − β∗T̊ ) = span[wk∗ ] and Condition (2) ensures that β∗ is positive.

Thus, Condition (1) of Theorem A.8 is satisfied. Since Im(I − βT̊ ) is closed we have
that Im(I − βT̊ ) = ker(I − βT̊ ∗)⊥, with T̊ ∗ denoting the adjoint. It is easy to check that
if v0 ∈ ker(I − βT̊ ), v0 6≡ 0 then v0 ∈ ker(I − βT̊ ∗). Then, by differentiating (3.40) in β
and using v0 ∈ ker(I − βT̊ ) , we get the identity〈

D2
ρβ(F̊ (0, β))[v0], v0

〉
L2(Ω)

=−
〈
T̊ v0, v0

〉
L2(Ω)

= −β−1‖v0‖2
L2(Ω) 6= 0 ,

since v0 6≡ 0 by assumption.This implies that D2
ρβ(F̊ (0, β))[v0] /∈ ker(I − βT̊ ∗)⊥. Thus,

condition (2) of Theorem A.8 is also satisfied. Thus, we can now apply Theorem A.8 and
use (3.33) to obtain (3.38).

Before proceeding, it is useful to characterize Im(I − β∗T̊ ). By using (3.42), we can
see that we have the following orthogonal decomposition of L2

s(Ω) into

L2
s(Ω) = span[wk∗ ]⊕ Im(I − β∗T̊ ) .

Using the identity [Kie12, (I.6.3)] it follows that β′(0) = 0 provided that

D2
ρρF̊ (0, β)[wk∗ , wk∗ ] ∈ Im(I − β∗T̊ ) .



80 3. LINEAR DIFFUSION

Thus, it is sufficient to check that〈
D2
ρρF̊ (0, β)[wk∗ , wk∗ ], wk∗

〉
L2(Ω)

=

〈
βŴ (k∗)

[
w2
k∗

(
L

2

)d/2
−
(

1

2L

)d/2]
, wk∗

〉
L2(Ω)

= 0 ,

where we have used (3.35) and the fact that
∫

Ω
w3
k∗ dx = 0. Thus, we conclude that

β′(0) = 0. Likewise, from [Kie12, (I.6.11)], we also have that

β′′(0) =−

〈
D3
ρρρF̊ (0, β∗)[wk∗ , wk∗ , wk∗ ], wk∗

〉
L2(Ω)

3
〈
D2
ρβF̊ (0, β∗)[wk∗ ], wk∗

〉
L2(Ω)

=
2β∗Ŵ (k∗)(L/2)d/2

3ρ∞Ŵ (k∗)(L/2)d/2
=

2β∗
3ρ∞

> 0 ,

where we have used (3.34) and (3.36). The first two properties of (3.39) follow from
Theorem A.8. To prove the third property in (3.39), we observe that

lim
|s|+|β(s)−β∗|→0

‖r1(sv̂0, β(s))‖L2(Ω)

|s|+ |β(s)− β∗|
= 0 .

Since β′(0) = 0, we also have lim|s|→0
|β(s)−β∗|
|s| = 0. Thus, we conclude

lim
|s|→0

‖r(swk∗ , β(s))‖L2(Ω)

|s|
= lim
|s|→0

‖r(swk∗ , β(s))‖L2(Ω)

|s|+ |β(s)− β∗|

(
lim
|s|→0

|s|+ |β(s)− β∗|
|s|

)
= 0 ,

where we have used the fact from Theorem A.8 that β is continuously differentiable. This
completes the proof. �

The statment of Theorem 3.18 becomes more transparent in one dimension:

Corollary 3.19. Fix Ω = (−L/2, L/2) and consider F̊ : L2
s(Ω)× (0,∞)→ L2

s(Ω) as
defined in (3.30) with W ∈ L2

s(Ω). Assume that there exists k∗ ∈ N, such that:

(1) card
{
k : Ŵ (k) = Ŵ (k∗)

}
= 1 .

(2) Ŵ (k∗) < 0 .

Then (0, β∗) is a bifurcation point of F̊ (ρ, β) = 0, where

β∗ = − (2L)
1
2

βŴ (k∗)
;

that is, there exists a branch of solutions having the following form:

ρ∗(s) =
1

L
+ s

√
2

L
cos

(
2πk∗x

L

)
+ o(s), s ∈ (−δ, δ) ,

with all the other properties of the branch being the same as Theorem 3.18.

Remark 3.20. It should also be noted that one can obtain the existence of bifurcations
with higher-dimensional kernels as well, i.e. when dim(ker(T̊ )) > 1. Since T̊ is self adjoint,
for any eigenvalue its algebraic and geometric multiplicities are the same. From [Dei85,
Theorem 28.1] it follows that any characteristic values (the reciprocals of the eigenvalues
of T̊ ) of odd algebraic multiplicity correspond to a bifurcation point. This implies that
we could replace Condition (1) in Theorem 3.18 with card

{
k : Ŵ (k)

Θ(k)
= Ŵ (k∗)

Θ(k∗)

}
= m, where

m is odd. However, it is not easy to obtain detailed information about the structure and
regularity of the bifurcating branches in this case.
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Remark 3.21. Condition (1) of Theorem 3.18 is in particular satisfied for an interac-
tion potential W ∈ L2

s(Ω) if the map Ŵ : Nd → R is injective. In this case, every kα ∈ Nd

such that Ŵ (k) < 0, corresponds to a unique bifurcation point βα of F (ρ, β) through the
relation (3.37). For example consider the interaction potential W (x) = x2/2. In this case
Ŵ is injective and therefore the system has infinitely many bifurcation points. On the
other hand, when W (x) = −wk(x) for some k ∈ Nd, the system has only one bifurcation
point.

Remark 3.22. In dimensions higher than one, the space L2
s(Ω) may not be small

enough for our purposes, i.e. it is possible that the potential may have additional sym-
metries. For instance, the potential could be exchangeable, that is W (x) = W (Π(x))
for all possible permutations Π of the d coordinates. In this case it is easy to check that
〈W,wk〉L2(Ω) =

〈
W,wΠ(k)

〉
L2(Ω)

for all k ∈ Nd. We can then define the equivalence relation,
k ∼ k′ if k′ = Π(k) for some permutation Π and write [k] for the corresponding equivalence
class. Thus, the consequence of W having this symmetry is that the value Ŵ (k)/Θ(k)

is constant on [k]. This implies that kernel of DρF̊ is can never be one-dimensional. We
can quotient out this symmetry by defining the space L2

ex(Ω) = span{w[k]}, where {w[k]}
is an orthonormal basis defined by

w[k] =
1√
][k]

∑
`∈[k]

w`(x), k ∈ Nd ,

where ][k] denotes the cardinality of the equivalence class [k]. Then F̊ : L2
ex(Ω)×(0,∞)→

L2
ex(Ω) is a well-defined mapping. Then, the results of Theorem 3.18 carry over to F̊

defined this way for W ∈ L2
ex(Ω) and the corresponding orthonormal basis {w[k]}k∈N. In

this case the conditions read as follows
(1) card

{
[k] : Ŵ ([k])

Θ([k])
= Ŵ ([k∗])

Θ([k∗])

}
= 1 ,

(2) Ŵ ([k∗]) < 0 ,
with Ŵ ([k]) = Ŵ (k),Θ([k]) = Θ(k) for any k ∈ [k]. The bifurcation point is given by

β∗ = −L
d
2 Θ([k∗])

Ŵ ([k∗])
.

Remark 3.23. Consider the following interaction potential

Ws(x) = −
∞∑
k=1

1

|k|2s
wk(x), s ≥ 1 .

It is straightforward to check that Ws belongs to Hs(Ω) and thus to C(Ω). Additionally,
Ws → −w1 uniformly as s → ∞. One can check now that, for any s > 1, Ws satisfies
the conditions of Theorem 3.18 for all k ∈ N, k 6= 0 and thus the trivial branch of the
system has infinitely many bifurcation points. However, as mentioned in Remark 3.21,
the system W (x) = −w1(x) has only one bifurcation point. This can be explained by the
fact that as s → ∞ all bifurcation points of Ws except one are pushed to infinity. This
example illustrates however that two potentials may “look” similar but their associated
bifurcation structure may be entirely different. Therefore, approximating potentials, even
uniformly, by some dense subset, may not reveal all the information about the bifurcation
structure of the limiting system.

If we now assume thatW satisfies assumption (A2) we can see that the zeros of F (ρ, β)
are fixed points of the map T which by Proposition 3.6 are equivalent to smooth solutions
of the stationary McKean–Vlasov equation. Theorem 3.18 also provides us information
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about the structure of the branches, i.e. if wk(x) is the mode such that k ∈ Nd satisfies
the conditions of Theorem 3.18, then to leading order the nontrivial solution is of the
form ρ∞ + swk(x). One may think of this as a “proto-cluster”, with the nodes of wk(x)
corresponding to the positions of the peaks and valleys of the cluster.

So far the analysis in this section has been local. We conclude this section by providing
a characterisation of the global structure of the bifurcation diagram for F̊ as defined
in (3.31).

Proposition 3.24. Let V be an open neighbourhood of (0, β∗) in L2
s(Ω) × R, where

(0, β∗) is a bifurcation point of the map F̊ in the sense of Theorem 3.18. We denote by CV
the set of nontrivial solutions of F̊ (ρ, β) = 0 in V and by CV,β∗ the connected component
of CV containing (0, β∗). Then CV,β∗ has at least one of the following two properties:

(1) CV,β∗ ∩ ∂V 6= ∅ .
(2) CV,β∗ contains an odd number of characteristic values of T̊ , (0, βi) 6= (0, β∗), which

have odd algebraic multiplicity .

Proof. The proof follows from the direct application of the so-called Rabinowitz alter-
native [Dei85, Theorem 29.1] which we have included as Theorem A.9 for the convenience
of the reader. It is easy to check that the map F̊ can be written in the following form,

F̊ (ρ, β) = ρ− βT̊ρ+G(ρ, β) ,

with T̊ as defined in (3.41), and

G(ρ, β) = ρ∞ −
1

Z
e−βW?ρ + βT̊ρ .

We now need to show that G is completely continuous and o
(
‖ρ‖L2(Ω)

)
uniformly in β as

‖ρ‖L2(Ω) → 0. For the first, it is enough to show that G is since compact and completely
continuous operators are the same for reflexive spaces (cf. Appendix A.1). We establish
the following estimate:

‖G(ρ1, β)−G(ρ2, β)‖L2(Ω)

≤ 1

Z(ρ2)

∥∥e−βW?ρ2 − e−βW?ρ1
∥∥
L2(Ω)

+

∥∥e−βW?ρ1
∥∥
L∞(Ω)

Z(ρ2)Z(ρ2)
Ld/2|Z(ρ2)− Z(ρ1)|+ β

∥∥∥T̊ (ρ2 − ρ1)
∥∥∥
L2(Ω)

≤ β

Ld/2
eβ‖W‖L2(Ω)‖ρ2‖L2(Ω)

(
1 + e2β‖W‖L2(Ω)‖ρ1‖L2(Ω)

)
‖W ? (ρ2 − ρ1)‖L∞(Ω)

+
2β

Ld/2
‖W ? (ρ2 − ρ1)‖L∞(Ω) .

Now setting ρ2 = ρ and G(ρ1, β) = τG(ρ, β) = G(τρ, β)(with τf(x + τ)) in the above
expression we obtain

‖G(ρ, β)− τG(ρ, β)‖L2(Ω) ≤Cβ‖W ? ρ− τW ? ρ‖L∞(Ω) .(3.43)

Similarly we can also deduce the following estimate by boundingW ?(ρ2−ρ1) from above:
‖G(ρ1, β)−G(ρ2, β)‖L2(Ω) ≤Cβ‖W‖L2(Ω)‖ρ1 − ρ2‖L2(Ω) .(3.44)

In the above two expressions, Cβ is a constant which tends to 0 as β → 0. Setting ρ2 = 0
in (3.44), it follows that G is a bounded map on L2(Ω). Together with this and (3.43),
and using the fact that the convolution is uniformly continuous, one can check that that
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G(A) satisfies the conditions of the Kolmogorov–Riesz theorem, where A is any bounded
subset of L2

s(Ω). Thus, G is compact. The fact that G is o
(
‖ρ‖L2(Ω)

)
follows by Taylor

expanding e−βW?ρ/Z.
One can now check that if condition (1) of Theorem 3.18 is satisfied for some k ∈ Nd,

the associated eigenvalue β−1(which could be negative) of T̊ is simple, i.e. it has algebraic
multiplicity one. This implies that all bifurcation points predicted by Theorem 3.18 are
associated with simple eigenvalues of T̊ . Thus, we can apply Theorem A.9 to complete
the proof. �

3.5. Phase transitions for the McKean–Vlasov equation

We know from Proposition 3.10 that ρ∞ is the unique minimiser of the free energy for
β sufficiently small. We are interested in studying under what criteria there is a change
in the qualitative structure of the set of minimisers of Eβ. For the rest of this section
we will assume that W satisfies Assumption (A2), i.e. W ∈ H1(Ω) and bounded below.
We build on and extend the notions introduced by [CP10]. The first definition introduces
what we mean by a transition point.

Definition 3.25 (Transition point). A parameter value βc > 0 is said to be a transi-
tion point of Eβ if it satisfies the following conditions:

(1) For 0 < β < βc, ρ∞ is the unique minimiser of Eβ(ρ) .
(2) For β = βc, ρ∞ is a minimiser of Eβ(ρ) .
(3) For β > βc, there exists some ρβ ∈ P+

ac(Ω), not equal to ρ∞, such that ρβ is a
minimiser of Eβ(ρ) .

In the present chapter, we are only interested in the first transition point by increasing
β starting from 0, also called the lower transition point. To convince the reader that the
above definition makes sense we include the following result from [CP10].

Proposition 3.26 ([CP10, Proposition 2.8]). Assume W ∈ Hc
s and suppose that for

some βT <∞ there exists ρβT ∈ P+
ac(Ω) not equal to ρ∞ such that:

EβT (ρβT ) ≤ EβT (ρ∞) .

Then, for all β > βT , ρ∞ no longer minimises the free energy.

In addition, the following result from [GP70] shows that H-stability (cf. Definition 0.1)
of the potential is a necessary and sufficient condition for the nonexistence of a transition
point.

Proposition 3.27 ([GP70]). Eβ has a transition point at some β = βc < ∞ if and
only if W ∈ Hc

s. Additionally for β > β], with β] the point of critical stability as defined
in (3.28) in Section 3.3.3, ρ∞ is not the minimiser of Eβ.

From this result it follows directly that if the system possesses a transition point βc, ρ∞
can no longer be a minimiser beyond this point. We are also interested in understanding
how this transition occurs. In the infinite-dimensional setting it is not always possible to
obtain a well-defined order parameter for the system characterizing first and second order
phase transitions in the sense of statistical physics. For this reason, it may be better to
define such transitions in terms of discontinuity in some norm or metric.

Definition 3.28 (Continuous and discontinuous transition point). A transition point
βc > 0 is said to be a continuous transition point of Eβ if it satisfies the following condi-
tions:

(1) For β = βc, ρ∞ is the unique minimiser of Eβ(ρ) .
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(2) Given any family of minimisers, {ρβ|β > βc}, we have that

lim sup
β→β+

c

‖ρβ − ρ∞‖L1(Ω) = 0 .

A transition point βc which is not continuous is said to be discontinuous.

We now include a series of results from [CP10] that we need for our subsequent analysis.

Proposition 3.29 ([CP10]). min
ρ∈P(Ω)

Eβ(ρ)− βE(ρ∞) is nonincreasing in β.

Proposition 3.30 ([CP10]). Assume W ∈ Hc
s and that condition (2) of Defini-

tion 3.28 is violated. Then there exists a discontinuous transition point βc < ∞ and
some ρβc 6= ρ∞ such that Eβc(ρβc) = Eβc(ρ∞).

Proposition 3.31 ([CP10]). Assume W ∈ Hc
s and that the free energy Eβ exhibits a

continuous transition point at some βc <∞. Then it follows that βc = β].

By combining certain properties of transition points with the previous analysis on
critical stability in Section 3.3.3, we obtain more streamlined sufficient conditions for the
identification of transition points, which is the basis for the proof of Theorem 3.3, or more
precisely Theorem 3.35 and Theorem 3.43.

Proposition 3.32. Let Eβ have a transition point at some βc <∞ and let β] denote
the point of critical stability defined in Section 3.3.3.

(a) If ρ∞ is the unique minimiser of Eβ], then βc = β] is a continuous transition
point.

(b) If ρ∞ is not a global minimiser of Eβ], then βc < β] and βc is a discontinuous
transition point.

Remark 3.33. The statements of Proposition 3.32(a) and Proposition 3.32(b) are only
necessary conditions for the characterisation of transition points. In particular, they are
not logical complements of each other, i.e. ρ∞ could be a global minimiser of Eβ] without
being the unique one or vice versa.

Proof. A consequence of the assumption in the first statement (a) of the proposition is
that ρ∞ is the unique minimiser for all β ≤ β]. Indeed, from Proposition 3.29, we know
that minρ∈P(Ω)Eβ ≤ Eβc(ρ∞) for β ≤ βc. Thus, if ρ∞ is the unique minimiser at some
β = βc, it must be a minimiser for all β ≤ βc. In fact, using Proposition 3.26 we can assert
that ρ∞ is the unique minimiser of Eβ for all β ≤ βc. Indeed, if this were not the case
then there exists some ρβT ∈ P+

ac(Ω) not equal to ρ∞ such that EβT (ρβT ) = EβT (ρ∞) for
some βT < β]. Proposition 3.26 then tells us that ρ∞ can no longer be a minimiser for any
β > βT , which is a contradiction. It follows that conditions (1) and (2) from Definition 3.25
are satisfied. That condition (3) is satisfied follows directly from Proposition 3.27. This
implies that β] satisfies the three conditions of being a transition point.

Now, we have to verify condition (2) of Definition 3.28 (condition (1) is already satisfied
from the statement of the proposition). Assume condition (2) doesn’t hold, i.e. there exists
a family of minimisers {ρβ|β > βc} of Eβ(ρ) such that lim supβ→β+

c
‖ρβ − ρ∞‖L1(Ω) 6= 0.

Then we know from Proposition 3.30 that there exists some ρβc ∈ P+
ac(Ω) not equal to

ρ∞ such that it is a minimiser of the free energy Eβ(ρ) at β = βc. Applied in the present
setting with βc = β], we would deduce that ρ∞ is no longer the unique minimiser of
Eβ](ρ), in contradiction to statement (a) of the proposition. Thus, both conditions (1)
and (2) of Definition 3.28 are satisfied from which it follows that βc = β] is a continuous
transition point.



3.5. PHASE TRANSITIONS FOR THE MCKEAN–VLASOV EQUATION 85

To prove the second statement (b) of the proposition, let ρ be such that Eβ](ρ) <
Eβ](ρ∞). Then for any β close enough to β], we also have Eβ(ρ) < Eβ(ρ∞). Hence by
a combination of Proposition 3.26 and Proposition 3.27 there exists a transition point
βc < β] and, in particular β], cannot be a transition point. From Proposition 3.31, we
have the fact that if βc is a continuous transition point of Eβ, then necessarily βc = β].
This implies that βc < β] cannot be a continuous transition point. �

Before proceeding to present the main results of this section, we remind the reader
that for the rest of the chapter βc denotes a transition point, β] denotes the point of
critical stability, and β∗ denotes a bifurcation point.

3.5.1. Discontinuous transition points. We provide below a characterisation of
potentials which exhibit discontinuous transition points, which proves Theorem 3.3(a).

Definition 3.34. Assume W ∈ Hc
s and let

Kδ :=

{
k′ ∈ Nd \ {0} :

Ŵ (k′)

Θ(k′)
≤ min

k∈Nd\{0}

Ŵ (k)

Θ(k)
+ δ

}
,

for some δ ≥ 0. We define δ∗ to be the smallest value, if it exists, of δ for which the
following condition is satisfied:

(C1) there exist ka, kb, kc ∈ Kδ∗ , such that ka = kb + kc .

Note that two of the modes in (C1) can be repeated e.g. ka = 2, kb = 1, kc = 1.

Theorem 3.35. Let W be as in Definition 3.34. Then if δ∗ exists and is sufficiently
small, Eβ exhibits a discontinuous transition point at some βc < β].

Proof. We know already from Proposition 3.27 that the system possesses a transition
point βc. We are going to use Proposition 3.32(b) and construct a competitor ρ ∈ P+

ac(Ω)
which has a lower value of the free energy than ρ∞ at β = β]. Let

ρ = ρ∞

(
1 + ε

∑
k∈Kδ∗

wk

)
∈ P+

ac(Ω) ,

for some ε > 0, sufficiently small. We denote by |Kδ∗| the cardinality of Kδ∗ , which is
necessarily finite as W ∈ L2(Ω). Expanding about ρ∞ we obtain

Sβ(ρ) =Sβ(ρ∞) + β−1

(
|Kδ∗|

2
ρ∞ε

2 − ρ∞
3

∫
Ω

ε3
( ∑
k∈Kδ∗

wk

)3

dx+ o(ε3)

)

and E(ρ) ≤E(ρ∞) +
ε2|Kδ∗|ρ2

∞
2

min
k∈Nd\{0}

Ŵ (k)

Θ(k)
Ld/2 +

ε2|Kδ∗ |δ∗
2L3d/2

.

Using the fact that β] min
k∈Nd\{0}

Ŵ (k)
Θ(k)

= −Ld/2 , we obtain,

Eβ](ρ) ≤Eβ](ρ∞)− ε3ρ∞
3β]

∫
Ω

( ∑
k∈Kδ∗

wk

)3

dx− ε2δ∗ρ∞|Kδ∗|
2β]

(
min

k∈Nd\{0}

Ŵ (k)

Θ(k)

)−1

+ o(ε3) .

Setting ε = δ
1
2
∗ (if δ∗ > 0, otherwise we stop here), we obtain

Eβ](ρ) ≤Eβ](ρ∞)− δ
3
2
∗ ρ∞
3β]

∫
Ω

( ∑
k∈Kδ∗

wk

)3

dx+
δ2
∗ρ∞|Kδ∗|

2β]

∣∣∣∣∣ min
k∈Nd\{0}

Ŵ (k)

Θ(k)

∣∣∣∣∣
−1

+ o(δ
3
2
∗ ) .

(3.45)
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One can now check that under condition (C1), it holds that∫
Ω

( ∑
k∈Kδ∗

wk

)3

dx > a > 0 ,

where the constant a is independent of δ∗. Indeed, the cube of the sum of n numbers ai,
i = 1, . . . , n consists of only three types of terms, namely: a3

i , a2
i aj and aiajak. Setting the

ai = ws(i), with s(i) ∈ Kδ∗ , one can check that the first type of term will always integrate
to zero. The sum of the other two will take a nonzero and in fact positive value if and
only if condition (C1) is satisfied. This follows from the fact that∫ π

−π
cos(`x) cos(mx) cos(nx)dx =

π

2
(δ`+m,n + δm+n,` + δn+`,m) .

Thus, for δ∗ sufficiently small considering the fact that |Kδ∗| ≥ 2 and is nonincreasing as
δ∗ decreases, ρ has smaller free energy and ρ∞ is not a minimiser at β = β]. �

Remark 3.36. The case of the above result for δ∗ = 0 can be thought of as the pure
resonance case. In this case the set K0 will denote the set of all resonant modes. Similarly,
the above result for δ∗ small but positive can be thought of as the near resonance case.

The corollary below tells us that if we have a have a sequence of potentials whose
Fourier modes grow closer to each other then it will eventually have a discontinuous
transition point, as long as the potentials do not lose mass too fast.

Corollary 3.37. Let {W n}n∈N ∈ Hc
s be a sequence of interaction potentials such

that δ∗(n) → 0 as n → ∞, where δ∗ is as defined in Definition 3.34. Assume fur-
ther that for all n greater than some N ∈ N, there exists a constant C > 0 such that∣∣∣∣ min
k∈Nd\{0}

Ŵn(k)
Θ(k)

∣∣∣∣ ≥ Cδ∗(n)γ for some γ < 1/2. Then for n sufficiently large, the associated

free energy En
β (ρ) possesses a discontinuous transition point at some βnc < βn] .

Proof. We return to estimate (3.45) from the proof of Theorem 3.35

En
β]

(ρ) ≤En
β]

(ρ∞)− δ
3
2
∗ ρ∞
3β]

∫
Ω

( ∑
k∈Kδ∗

wk

)3

dx+
δ2
∗ρ∞|Kδ∗|

2β]

∣∣∣∣∣ min
k∈Nd\{0}

Ŵ n(k)

Θ(k)

∣∣∣∣∣
−1

+ o(δ
3
2
∗ ) ,

where we have suppressed the dependence of δ∗ on n. We also note that the error term
is independent of the potential W n. Using our assumption on the potential (for n > N),
we have

En
β]

(ρ) <En
β]

(ρ∞)− δ
3
2
∗ ρ∞
3β]

∫
Ω

( ∑
k∈Kδ∗

wk

)3

dx+
δ2−γ
∗ ρ∞|Kδ∗ |

2β]
+ o(δ

3
2
∗ ) .

Since γ < 1/2 and δ∗ → 0 as n→∞, the result follows. �

To conclude our discussion of discontinuous transition points, we present the following
corollary to provide some more intuition of the types of interaction potentials that exhibit
a discontinuous transition point.

Corollary 3.38. Let {W n}n∈N be a sequence of interaction potentials such that
‖W n‖L1(Ω) = C for all n ∈ N and W n → −Cδ0 in the sense of distributions as n →
∞. Then for n large enough, the associated free energy En

β (ρ) possesses a discontinuous
transition point at some βnc < βn] .

Proof. Note first that we have not included the assumption W n ∈ Hc
s as eventually this

must be the case if the potentials converge to a negative Dirac measure. Now we just
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need to check that the other conditions of Corollary 3.37 hold true. We have the following
estimate

Ŵ n(k) ≥ −CNk =⇒ Ŵ n(k)

Θ(k)
≥ −CL−d/2 ,(3.46)

for all k ∈ Nd \ {0}. From the convergence to the Dirac measure it follows that for any
ε > 0 we can find an N large enough such that Ŵn(k)

Θ(k)
, Ŵ

n(2k)
Θ(2k)

∈
(
−CL−d/2,−CL−d/2 + ε

)
for all n > N , for some k ∈ Nd \ {0}. This and (3.46) tells us that δ∗ ≤ ε and since ε
is arbitrary δ∗ → 0 as n → ∞. From similar arguments we assert that for all n > N ,(

min
k∈Nd\{0}

Ŵn(k)
Θ(k)

)
< −CL−d/2 + ε. Thus, we have that

∣∣∣∣( min
k∈Nd\{0}

Ŵn(k)
Θ(k)

)∣∣∣∣ > C 2d/2

Ld/2
− ε for

n > N . Since the conditions of Corollary 3.37 are satisfied, we have the desired result. �

Remark 3.39. As examples of potentials that satisfy the conditions of Corollary 3.38
, we have the negative Dirichlet kernel W n(x) = −1 − 2

∑n
k=1wk(x), the negative Féjer

kernel W n(x) = − 1
n

(
1−wn(x)
1−w1(x)

)
, and any appropriately scaled negative mollifier.

3.5.2. Continuous transition points. We now present a couple of technical lem-
mas starting with a functional inequality that gives a bound on the defect in the Gibbs
inequality from below by the size of individual Fourier modes. These will be useful for
the characterisation of continuous transition points provided in Theorem 3.43 and, in
particular, in the proof of Theorem 3.3(b).

Lemma 3.40. Let (Ω,Σ, µ) be a probability space and {wk}k∈N be any orthonormal
basis for L2(Ω, µ). Assume that f ∈ L2(Ω, µ) is a probability density with respect to µ,
that is f is nonnegative and

∫
f dµ = 1, then we have, for any b ∈ R and any k ∈ Z, the

following estimate,

H(fµ|µ) ≥ − log

∫
Ω

exp
(
b〈f, wk〉L2(Ω,µ)wk(x)

)
dµ+ b|〈f, wk〉L2(Ω,µ)|

2 ,(3.47)

In particular, let Ω = Ω, µ = ρ∞ and wk is as defined in (0.1). Moreover, for any
k ∈ Zd \ {0} let n = n(k) = |{i : ki 6= 0}| denote the number of nonzero entries. Then,
there exists a strictly increasing function G : R+ → R+ with G(0) = 0 such that it holds

H(ρ|ρ∞)− C(n(k))L
d

2
|ρ̂(k)|2 ≥ G(|ρ̂(k)|) ,(3.48)

where the constant C(n) > 0 for is given by C(1) = C(2) = 1 and for n > 2 by

C(n) =
(n/2)n

(n− 1)n−1
< 1 .

Definition 3.41. Assume that W ∈ Hc
s has one dominant negative mode, i.e. there

exists a unique k] ∈ Nd such that Ŵ (k])
Θ(k])

= mink∈Nd
Ŵ (k)
Θ(k)

(as defined in (3.29)). We define
the α-stabilised potential Wα(x) as follows

Wα(x) = 〈W,wk]〉L2(Ω)wk](x) + α(Wu(x)− 〈W,wk]〉L2(Ω)wk](x)) +Ws(x) ,

where α ∈ [0, 1], Ws,Wu are as defined in Definition 0.1, and W1 = W .

The above definition puts into context the discussion around Fig. 3.1(a) in Sec-
tion 3.1.1, i.e. the α-stabilised potential Wα pushes all negative modes except the domi-
nant one to some small neighbourhood of 0. We define the fixed point equation associated
with the interaction potential Wα to be

Fβ(ρ, α) = ρ(x)− 1

Z
e−βWα?ρ .
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Lemma 3.42. Let Wα(x) be as in Definition 3.41, Θ(k]) = 21/2, and let C ⊂ P+
ac(Ω)

denote the set of nontrivial solutions of Fβ](ρ, α) = 0 for α ∈ [0, α∗) ⊂ [0, 1]. Then, for
α∗ sufficiently small, we have the uniform lower bound

∑
σ∈Sym

k]
(Λ)

|ρ̂(σ(k]))|2 > c for all

ρ ∈ C and for some c > 0 independent of α ∈ [0, α∗).

We are now in the position to give the precise statement of Theorem 3.3(b) and prove
it. We present the proofs of Lemma 3.40 and Lemma 3.42 after the proof of Theorem 3.43.

Theorem 3.43. Let Wα(x) be as in Definition 3.41 such that Θ(k]) = 21/2 where Θ(k)
is as defined in (0.2). Assume further that Wu and Ws are bounded below. Then, for α
sufficiently small, the system exhibits a continuous transition point at βc = β].

Proof. By Proposition 3.32(a), it is sufficient to show that at the point of critical stability
β], i.e.

β] = βc = −L
d
2 Θ(k])

Ŵα(k])
= −L

d
2 Θ(k])

Ŵ (k])
,

the uniform state ρ∞ is the unique minimiser, for α small enough. Let ρ be any solution
of Fβ](ρ, α) = 0, i.e. a critical point of Eβ] (cf. Proposition 3.6). Then we have

Eβ](ρ)− Eβ](ρ∞) =β−1
] H(ρ|ρ∞) + E(ρ− ρ∞, ρ− ρ∞)

=β−1
] H(ρ|ρ∞) +

Ld/2

2

Ŵ (k])

Θ(k])

 ∑
σ∈Sym

k]
(Λ)

|ρ̂(σ(k]))|2


+
Ld/2

2

∑
k∈Nd,k 6=k]

Ŵα(k)

Θ(k)

 ∑
σ∈Symk(Λ)

|ρ̂(σ(k))|2
 .

Since Θ(k]) = 21/2 we can translate ρ without loss of generality so that ρ(σ(k])) =

0,∀σ ∈ (Symk](Λ)− e) and throw away all positive Ŵα(k). A consequence of this is that
|ρ̂(k])|2 =

∑
σ∈Sym

k]
(Λ)

|ρ̂(σ(k]))|2. Thus, we obtain

Eβ](ρ)− Eβ](ρ∞) ≥β−1
]

[(
H(ρ|ρ∞)− Ld

2
|ρ̂(k])|2

)

+
Ld

2

∑
k∈Nd,k 6=k]

(
Ŵα(k)Θ(k])

Θ(k)Ŵ (k])

)
−

 ∑
σ∈Symk(Λ)

|ρ̂(σ(k))|2
 .

Since Ŵα(k) = αŴ (k) for all k ∈ Nd, k 6= k] with Ŵ (k) < 0 and by definition Ŵ (k)/Θ(k) ≥
Ŵ (k])/Θ(k]), we can obtain the estimate

Eβ](ρ)− Eβ](ρ∞)

≥β−1
]

(H(ρ|ρ∞)− Ld

2
|ρ̂(k])|2

)
− αLd

2

∑
k∈Nd,k 6=k]

 ∑
σ∈Symk(Λ)

|ρ̂(σ(k))|2
 .

We apply Lemma 3.40 to the first term on the right hand side

Eβ](ρ)− Eβ](ρ∞) >β−1
]

(
G(|ρ̃(k])|)− αLd

2
‖ρ‖2

L2(Ω)

)
.
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Here, we use that the fact that the assumption that Θ(k]) ≤ 2 is equivalent to n(k]) ≤ 2,
where n(k]) is the number of nonzero components in k] as defined in the statement
of Lemma 3.42. Now, we use the result of Lemma 3.40 with the constant c and the
monotonicity of the function G to further estimate

Eβ](ρ)− Eβ](ρ∞) >β−1
]

(
G(c)− αLd

2
‖ρ‖2

L2(Ω)

)
,

where c is precisely the constant from Lemma 3.42 for α ∈ [0, α∗). Since ρ is a zero of
Fβ](ρ, α) = 0 we have the following estimate

‖ρ‖2
L2(Ω) ≤ ‖ρ‖L∞(Ω)

(3.16)
≤ exp

(
β]

(
‖Wα−‖L∞(Ω) + ‖Wα‖L1(Ω)

))
≤ exp

(
β]

(
‖Wα−‖L∞(Ω) + L−d‖Wα‖L2(Ω)

))
.

If we restrict α to [0, α∗) as in Lemma 3.42, we can obtain the following estimates on the
norms of Wα:

‖Wα−‖L∞(Ω) ≤‖Ws−‖L∞(Ω) + ‖Wu−‖L∞(Ω) + (α + 1)|Ŵ (k])|

≤‖Ws−‖L∞(Ω) + ‖Wu−‖L∞(Ω) + (α∗ + 1)|Ŵ (k])| ,

and ‖Wα‖2
L2(Ω) =‖Ws‖2

L2(Ω) + α2‖Wu‖2
L2(Ω) + (1− α)2|Ŵ (k])|2

≤‖Ws‖2
L2(Ω) + (α∗)2‖Wu‖2

L2(Ω) + |Ŵ (k])|2 .

Thus, for α ∈ [0, α∗) we have ‖ρ‖2
L2(Ω) < c1 for some positive constant c1 independent of

α. Thus, for α < 2G(c)
Ldc1

, the result holds. �

Proof of Lemma 3.40. Using its Fenchel dual, the relative entropy has the following
formulation

H(fµ|µ) = sup
g∈L2(Ω,µ)

{∫
fg dµ :

∫
eg dµ ≤ 1

}
.(3.49)

From here a lower bound is obtained by choosing, for b ∈ R arbitrary,

g(x) = b〈f, wk〉L2(Ω,µ)wk(x)− log

∫
exp
(
b〈f, wk〉L2(Ω,µ)wk(x)

)
dµ.

It is easy to check that
∫
eg dµ = 1 and hence g is admissible in (3.49). The estimate (3.47)

follows by plugging this specific choice of g into (3.49)

H(fµ|µ) ≥− log

∫
exp
(
b〈f, wk〉L2(Ω,µ)wk(x)

)
dµ+ b|〈f, wk〉L2(Ω,µ)|

2 .(3.50)

In the special case Ω = Ω and µ = ρ∞, setting f = ρ
ρ∞

, we obtain from (3.50) the lower
bound

H(ρ|ρ∞) ≥ − log

∫
exp(bρ̂(k)wk(x))ρ∞ dx+ b|ρ̂(k)|2 .

We can pick b = αLd for some α > 0 and set y = Ld/22n/2ρ̂(k). We thus obtain,

H(ρ|ρ∞) ≥ αy2

2n
− log

(
ρ∞

∫
Ω

eαy
∏n
i=1 cos(2πkixi/L) dx

)
,
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where the wki(xi) are as defined previously and n ≥ 1 represents the number of ki 6= 0.
Setting xi = L

2πki
θi for all ki 6= 0, we arrive at

(3.51) H(ρ|ρ∞) ≥ αy2

2n
− log

(
1

2nπn

∫
[0,2π]n

exp

(
αy

n∏
i=1

cos(θi)

)
n∏
j=1

dθj

)
.

We introduce the function

In(z) =
1

2nπn

∫
[0,2π]n

exp

(
z

n∏
i=1

cos(θi)

)
n∏
j=1

dθj =
∞∑
l=0

z2l

(2l)!

(
1

π

∫ π

0

cos(θ)2l dθ

)n
=
∞∑
l=0

z2l ((2l)!)
n−1

(l!)2n22ln
.

We will show that

(3.52) G̃(z) =
λz2

2n+1
− log In(z) with λ = λ(n) =

{
1 , n ∈ {1, 2}
(n−1)n−1

(n/2)n
, n > 2

,

is strictly increasing in z with G̃(0) = 0. Once we have shown (3.52), the proof concludes
by combining this with (3.51) to deduce that

H(ρ|ρ∞)− G̃(αy) ≥ αy2

2n
− λα2y2

2n+1
= (2− αλ)α

y2

2n+1

α=λ−1

=
y2

λ 2n+1
,

from where the result (3.48) follows by setting G(y) = G̃(y/λ).
It is left now to show (3.52). For its validity, it is sufficient to note that In(0) = 1

and to show that exp(λz2/(λ2n+1))/In(z) is strictly increasing in z. A sufficient condition
for the monotonicity of this quotient is that quotient of the coefficients of the individual
power series expansion of numerator and denominator are also increasing (cf. [HVV09,
Theorem 4.4], [BK55]). First of all, we observe that the odd coefficients are zero. We are
left to investigate

(exp(λz2/2n+1))2l

(In(z))2l

=
(l!)2n22lnλl

((2l)!)n−12(n+1)ll!
=

(l!)2n−12l(n−1)λl

((2l)!)n−1

=


l! , n = 1(

(l!)
1+ n

n−1 2lλl/(n−1)

(2l)!

)n−1

=: (al)
n−1 , n > 1

.

In the case n = 1, the monotonicity follows by the above representation. For n > 1, we
consider

al+1

al
=
λ1/(n−1)(l + 1)1+ n

n−1 2

(2l + 2)(2l + 1)
=
λ1/(n−1)(l + 1)

n
n−1

2l + 1
.

We need to find a λ such that the above expression is greater than or equal to 1. Hence,
we obtain

λ1/(n−1) = sup
l≥1

2l + 1

(l + 1)
n
n−1

=
n− 1

(n/2)
n
n−1

,

where we note that the sup is attained for l = n−2
2
, hence proving (3.52).

�

Proof of Lemma 3.42. For the first part of the proof, we fix α ∈ [0, α∗). Then, we
know that β = β] independent of α is a bifurcation point, i.e. it satisfies the conditions
of Theorem 3.18. One can then check that, since Θ(k]) = 21/2, any zero of L2(Ω) →
L2(Ω), (ρ, β) 7→ Fβ(ρ, α) can be translated so that it lies in L2

k]
(Ω) = {f ∈ L2(Ω) :
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f, wσ(k])

〉
L2(Ω)

= 0,∀σ ∈ Symk](Λ), σ 6= e} where e represents the identity element. Then
one can check that the same set of arguments can be applied in the larger space L2

k]
(Ω)

instead of L2
s(Ω). For fixed α, we consider the map, F : L2

k]
(Ω) × (0,∞) → L2(Ω),

(ρ, β) 7→ Fβ(ρ, α) and note that any ρ such that F (ρ, β) = 0 is trivially in L2
k]

(Ω).
Additionally, any zero of F defined above is also a zero of F ∗ : L2

k]
(Ω)× (0,∞)→ L2

k]
(Ω),

which is defined as

F ∗(ρ, β) = F (ρ, β)−
∑

σ∈Sym
k]

(Λ),σ 6=e

〈
F (ρ, β), wσ(k])(x)

〉
L2(Ω)

wσ(k])(x) .

One can also notice that F ∗(ρ) does not change any of the local properties of F (ρ) near
ρ∞, i.e. DρF

∗(ρ∞, β) = DρF (ρ∞, β)
∣∣
L2
k]

and D2
ρβF

∗(ρ∞, β) = D2
ρβF (ρ∞, β)

∣∣
L2
k]

. The

advantage of defining F ∗ in this way is that the Fréchet derivative of the map is then
Fredholm with index zero, which is not the case with F . We also know from Theorem 3.18
that F has at least one nontrivial solution ρβ ∈ L2

s(Ω) in a neighbourhood of (ρ∞, β]).
We can now apply the same bifurcation argument to F ∗ to obtain that F ∗ has exactly
one nontrivial solution in some neighbourhood of (ρ∞, β]). Since every zero of F is a zero
of F ∗ it follows that ρβ is this nontrivial zero in some neighbourhood of (ρ∞, β]) and that
F has only one nontrivial solution in this neighbourhood. Thus, the problem of studying
bifurcations of F is reduced to that of studying bifurcations of F ∗.

Now, since we need a lower bound which is uniform in α, we redefine F ∗ to be a
function of α, i.e. F ∗ : X × (0,∞) → L2

k]
(Ω), where X := L2

k]
(Ω) × R is Banach space

equipped with the norm ‖·‖L2(Ω) + | · | and f = (ρ, α) ∈ X a typical element of the space.
We will now show that due to the particular structure of the problem one can still apply
a Crandall–Rabinowitz type argument and obtain existence of local bifurcations. What
follows below is a description of the Lyapunov–Schmidt decomposition for the map F ∗ and
a slightly modified version of the proof of the Crandall–Rabinowitz theorem as presented
in [Kie12].

We recentre the map as in the proof of Theorem 3.18 and linearise the map F ∗ about
((0, 0), β]). We also note that F ∗((0, α), β) = 0, for all β ∈ (0,∞), α ∈ [0, α∗) and it is
precisely this fact that will help us apply a Crandall–Rabinowitz type argument. Before
we start out analysis, we write out the exact form of F ∗ for the convenience of the readers

F ∗(f, β) =ρ(x) + ρ∞ −
1

Z
e−βWα?ρ

−
∑

σ∈Sym
k]

(Λ),σ 6=e

〈
ρ(x)− 1

Z
e−βWα?ρ, wσ(k])(x)

〉
L2(Ω)

wσ(k])(x) .

It is clear thatDfF
∗(f, β) =

(
DρF

∗ DαF
∗) ∈ L(X,L2

k]
(Ω)), the space of linear operators

from X to L2
k]

(Ω), with

DρF
∗((0, 0), β])[w1] =w1 + β]ρ∞(W0 ? w1)− β]ρ2

∞

∫
Ω

(W0 ? w1)(x) dx ,

DαF
∗((0, 0), β]) =0 ,

where w1 ∈ L2
k]

(Ω). We will also need D2
fβF

∗(f, β) =
(
DρβF

∗ D2
αβF

∗), with
D2
ρβF

∗((0, 0), β])[w1] =ρ∞(W0 ? w1)− ρ2
∞

∫
Ω

(W0 ? w1)(x) dx

− ρ2
∞W0 ? Dρ(F

∗((0, 0), β]))[w1] ,

D2
αβF

∗((0, 0), β]) =0 .
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Then, by using the arguments of Theorem 3.18, we see that

N := ker(DfF
∗((0, 0), β])) = span[wk] ]× R=̂R2

and
Z0 := R⊥ = (Im(DfF

∗((0, 0), β])))
⊥ = span[wk] ] .

Thus, DfF
∗((0, 0), β])) is Fredholm and we have the following decompositions into com-

plementary subspaces,

X =N ⊕X0 ,

L2
k](Ω) =R⊕ Z0 .

Given these decompositions, we define the following projection operators,

P : X → N, (ρ, α) 7→
(
ρ̂(k])wk](x), α

)
,

Q : L2
k](Ω)→ Z0 , ρ 7→ ρ̂(k])wk](x) .

By introducing the splitting v = Pf , w = (I−P )f , we can solve F ∗(f, β) = 0 individually
on complementary subspaces

G(v, w, β) :=(I −Q)F ∗(v + w, β) = 0 ,

Φ(v, w, β) :=QF ∗(v + w, β) = 0 .

As in Theorem A.7, one can check that DwG((0, 0), (0, 0), β]) = (I −Q)DfF
∗((0, 0), β]) :

X0 → R is a homeomorphism. Thus, applying the implicit function theorem, there exist
neighbourhoods Ω of ((0, 0), β]) in N ×R and V of (0, 0) in X0 along with a C1 function
Ψ : Ω→ V such that every solution of G(v, w, β) = 0 in Ω×V is of the form (v, β,Ψ(v, β))
with Ψ((0, 0), β]) = (0, 0). Thus, in Ω we are left to solve,

Φ(v, β) :=QF ∗(v + Ψ(v, β), β) = 0 .

It is also straightforward to show that DβΨ((0, 0), β) = 0. Indeed,

Dβ(I −Q)F ∗(v + Ψ(v, β), β) =0

(I −Q)(DβF
∗(v + Ψ(v, β), β) +DρF

∗(v + Ψ(v, β), β)DβΨ(v, β)) =0

Setting v = (0, 0) and β = β] one can see that DβF
∗((0, 0), β]) = 0 . Furthermore, since

(DβΨ((0, 0), β), 0) ∈ X0 which is complementary to N , we have that DβΨ((0, 0), β]), 0) =
0. Using an argument similar to the above one, one can show that Dρ̂(k])Ψ((0, 0), β]) =
0 ∈ L(N,X0).

Since a typical element of N can be represented by (ρ̂(k]), α) = (s, α) we proceed by
rewriting Φ as follows,

Φ̂((s, α), β) =

∫ 1

0

d

dt
Φ((tswk] , α), β) dt =

∫ 1

0

DsΦ((tswk] , α), β)wk] dt ,

where we have used the fact that Φ((0, α), β) = 0, since ρ∞ is always a trivial solution.
Now, Φ̂ : R2×R→ R is the map, which we analyse in the neighbourhood Ω and nontrivial
solutions correspond to s 6= 0. Let v̂ = (tswk] , α) ∈ N , then we compute,

DβDsΦ(v̂, β)wk] =Dβ(QDρF
∗(v̂ + Ψ(v̂, β), β)(wk] +DsΨ(v̂, β))wk])

=QD2
ρρF

∗(v̂ + Ψ(v̂, β), β)[wk] +DsΨ(v̂, β))wk] , DβΨ(v̂, β)]

+QDρF
∗(v̂ + Ψ(v̂, β), β)D2

ρβΨ(v̂, β)wk]

+QD2
ρβF

∗(v̂ + Ψ(v̂, β), β)(wk] +DsΨ(v̂, β))wk]) .

Setting v̂ = (0, 0) and β = β], we see that the first term of the above expression is zero
because DβΨ((0, 0), β) = 0 and the second term is zero because Q maps the range of
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DρF
∗((0, 0), β]) to zero. Noting that DsΨ((0, 0), β])) = Dρ̂(k])Ψ((0, 0), β]) = 0, we finally

have

d

dβ
Φ̂((0, 0), β]) =QD2

ρβF
∗((0, 0), β])wk] 6= 0 .

Thus, we can apply the implicit function theorem to obtain a function C1(V1;V2), ϕ(s, α)

such that Φ̂((s, α), ϕ(s, α)) = 0, where V1 and V2 are neighbourhoods of (0, 0) and β]
respectively and V1 × V2 ⊂ Ω. Additionally in V1 × V2 every solution of Φ̂ (and hence Φ)
is of the form ((s, α), ϕ(s, α)) and ϕ((0, α)) = β]. We know however from Theorem 3.18,
that we could apply the same set of arguments for fixed α ∈ [0, 1] to obtain single locally
increasing branches which, at least for some small neighbourhood around 0, must coincide
with ϕ(s, α). Thus, we now know that for each α ∈ [0, 1], we can find εα > 0 such that
ϕ(s, α) > β] for 0 < |s| < εα. Now, let α ∈ [0, α∗) = A. If we show that infA εα = ε′ > 0 for
α∗ small enough, we can conclude the proof. To see this, set V ′1 = V1 ∩ (−ε′, ε′)× [0, α∗)
and observe that ((s, α), ϕ(s, α)) are the only solutions in V ′1 × V2 and ϕ(s, α) = β]
implies (s, α) = (0, α). Thus, in V ′1 , (0, α) is the only solution of the bifurcation equation
which would provide the desired result. Assume now that there exists no α∗, such that
infA εα > 0. It is straightforward to check that this would violate the continuity of ϕ since
ε0 > 0. �

Remark 3.44. Theorem 3.43 indicates that if the linearised McKean–Vlasov oper-
ator L, has a sufficiently large spectral gap λ, then (assuming all other conditions are
satisfied) the system exhibits a continuous transition point. Indeed, the spectral gap of
L : D(L2

0(Ω)) → L2
0(Ω) at β = β] associated with the interaction potential Wα can be

computed as

λ = min
k∈Nd,k 6=k]

(
−β−1

]

(
2π|k|
L

)2

− L−d/2
(

2π|k|
L

)2
Ŵα(k)

Θ(k)

)
,

Let us assume that |λ| > C1 for some constant C1 > 0. This implies that for all k ∈ Nd

such that Ŵ (k) < 0 it must hold

α <

(
β−1
] − C1

L2

4π2|k|2

)
Θ(k)

L−d/2|Ŵ (k)|
.

It is easy to see then that λ being sufficiently large is equivalent to α being sufficiently
small.

We conclude this section with the following useful proposition which provides us with
a comparison principle for interaction potentials to check if they possess continuous tran-
sition points.

Proposition 3.45. Let W ∈ Hc
s be an interaction potential such that the associated

free energy EW
β (ρ) has a continuous transition point. Additionally, assume that G ∈ Hc

s

is such that arg mink∈Nd/{0} Ĝ(k) = arg mink∈Nd/{0} Ŵ (k) = k] and Ĝ(k]) = Ŵ (k]) with
Ĝ(k) ≥ Ŵ (k) for all k 6= k], k ∈ Nd. Then EG

β (ρ) exhibits a continuous transition point.

Proof. As in the proof of Theorem 3.43, it is sufficient to show that at β = β], the free
energy EG

β]
(ρ) has ρ∞ as its unique minimiser. Noting that given the assumptions on G,
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the value of β] is the same for G and W , we have for ρ 6= ρ∞, ρ ∈ L2(Ω) ∩ P(Ω)

EG
β]

(ρ)− EG
β]

(ρ∞) =β−1
] H(ρ|ρ∞) + EG(ρ− ρ∞, ρ− ρ∞)

=β−1
] H(ρ|ρ∞) + EW (ρ− ρ∞, ρ− ρ∞) + EG−W (ρ− ρ∞, ρ− ρ∞)

=
(
EW
β]

(ρ)− EW
β]

(ρ∞)
)

+ EG−W (ρ− ρ∞, ρ− ρ∞) ,

where EW (ρ1, ρ2) := 1
2

∫∫
W (x − y)ρ1(x)ρ1(y) dx dy. Using the fact that the term in the

brackets must be strictly positive, since the free energy EW
β]

(ρ) associated to W possesses
a continuous transition point, we obtain

EG
β]

(ρ)− EG
β]

(ρ∞) >EG−W (ρ− ρ∞, ρ− ρ∞)

=
1

2

∑
k∈Nd,k 6=k]

Ĝ(k)− Ŵ (k)

Nk

 ∑
σ∈Symk(Λ)

|ρ̂(σ(k))|2
 ≥ 0 .

In the above estimate we have used the fact that Ĝ(k]) = Ŵ (k]) and that Ĝ(k) ≥ Ŵ (k)
for all other k ∈ Nd. Thus, we have the desired result. �

Remark 3.46. Before concluding this section, we remark that we now have enough
information to compare the different parameter values β∗, βc, β]. Let us assume that βc
is a continuous transition point and W ∈ Hc

s is such that there exists only one dominant
negative mode k] ∈ Nd. Then, we have that

(β∗)1 = βc = β] ,

where (β∗)1 corresponds to the first bifurcation point. On the other hand if βc is a
discontinuous transition point and W ∈ Hc

s is such that there exists only one dominant
negative mode k] ∈ Nd (this is possible, see Theorem 3.35), then

βc ≤ (β∗)1 = β] .

3.6. Applications

3.6.1. The generalised Kuramoto model. Let W (x) = −wk(x), for some k ∈
N, k 6= 0, as defined in (0.1). Then we refer to the corresponding McKean SDE given by

dX i
t =

1

N

N∑
i=1

w′k(X
i
t −X

j
t ) +

√
2β−1dBi

t i = 1, . . . , N ,

as the generalised Kuramoto model. For k = 1, it corresponds to the so-called noisy Ku-
ramoto system (also referred to as the Kuramoto–Shinomoto–Sakaguchi model (cf. [Kur81,
SSK88, ABPV+05])) which models the synchronisation of noisy oscillators interacting
through their phases. A discussion of this model can be found in Section 1.5.1. It also
corresponds to the continuous Glauber dynamics associated to the Heisenberg XY model
as discussed in Section 1.1.2. For infinitely many oscillators, we obtain a mean field ap-
proximation of the underlying particle dynamics given precisely by the McKean–Vlasov
equation with W (x) = −w1(x). It is well known that this system exhibits a phase tran-
sition for some critical, βc (cf. [BGP10]). For k = 2, it corresponds to the Maiers–Saupe
system which is a model for the synchronization of liquid crystals (cf. [CKT04, CV05]).
Again, in the mean field limit we obtain the McKean–Vlasov equation with the effective
interaction potential, W (x) = −w2(x). The system exhibits a continuous transition point
which represents the nematic-isotropic phase transition as the temperature is lowered, i.e.
as β is increased. As discussed in Section 1.5.1, there is a more general version of the
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Kuramoto model where the individual oscillators are allowed to have different natural fre-
quencies. We refer the reader to [ABPV+05] for a nice review of the subject and [CCP19]
for recent numerical work on phase transitions for this problem.

Although it is possible to directly apply Theorem 3.43 to prove the existence of a
continuous phase transition for this system, we employ an alternative approach that gives
us more qualitative information about the structure of the nontrivial solutions.

Proposition 3.47. The generalised Kuramoto model exhibits a continuous transition
point at βc = β]. Additionally, for β > βc, the equation F (ρ, β) = 0 has only two
solutions in L2(Ω) (up to translations). The nontrivial one, ρβ minimises Eβ for β > βc
and converges in the narrow topology as β → ∞ to a normalised linear sum of equally
weighted Dirac measures centred at the minima of W .

Proof. The strategy of proof is similar to that of Theorem 3.43, i.e. we show that at
β = β], ρ∞ is the unique minimiser of the free energy. We do this by showing that
F (ρ, β) = 0 has a unique solution at β = β], which implies, by Proposition 3.6(since W
satisfies Assumption (A2)) , uniqueness of the minimiser.

For W (x) = −wk](x), we can explicitly compute,

F (ρ, β) = ρ−
exp
(
β
√
L/2(ρ̂(k])wk] + ρ̂(−k])w−k])

)
∫ L/2
−L/2 exp

(
β
√
L/2(ρ̂(k])wk] + ρ̂(−k])w−k])

)
dx

= 0

Since F (ρ, β) is translation invariant, one can always translate ρ so that ρ̂(−k]) = 0.
Thus, we obtain the following simplified equation,

F (ρ, β) = ρ−
exp
(
β
√
L/2ρ̂(k])wk]

)
∫ L/2
−L/2 exp

(
β
√
L/2ρ̂(k])wk]

)
dx

= 0(3.53)

Taking the inner product with wk](x) we obtain,

ρ̂(k])−

∫ L/2
−L/2 exp

(
βρ̂(k]) cos(2πk]x/L)

)
wk] dx∫ L/2

−L/2 exp(βρ̂(k]) cos(2πk]x/L)) dx
= 0

After a change of variables we obtain,

ρ̂(k])−
√

2

L

∫ π
0

exp
(
βρ̂(k]) cos(y)

)
cos(y) dx∫ π

0
exp(βρ̂(k]) cos(y)) dx

= 0

We can express the above equation in the following form,

M(a, β) :=

√
2

L
β
I1(a)

I0(a)
=

√
2

L
βr0(a) = a ,(3.54)

where the In represent modified Bessel functions of the first kind having order n, rn(a) :=
In+1(a)
In(a)

, and a = βρ̂(k]). This equation is similar to the one derived in Section VI
of [Bav91](cf. [MS82, Bat77]). It is also qualitatively similar to the self-consistency equa-
tion associated with the two-dimensional Ising model.

For ρ = ρ∞, we know that ρ̂(k]) = 0. We argue that any nontrivial solution of
F (ρ, β) = 0 must have ρ̂(k]) 6= 0. Assume this is not the case, i.e. there exists ρβ 6= ρ∞
which satisfies F (ρβ, β) = 0 and ρ̂β(k]) = 0, then from (3.53) we have that ρ = ρ∞. Thus,
F (ρ, β) has nontrivial solutions if and only if (3.54) has nonzero solutions. One should
note that since I1 is odd and I0 is even, nonzero solutions to (3.54) come in pairs, i.e. if
a is a solution so is −a. However, these two solutions are simply translates of each other.
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We now show that if β ≤ β] =
√

2L, (3.54) has no nonzero solutions. As mentioned
earlier it is sufficient to study the problem on the half line. Note first, that for a > 0,
r0(a) is increasing, i.e. r′0(a) > 0 (cf. [Amo74, (15)]). Additionally, we have that,

r′0(a) =
1

2
+
I0(a)I2(a)− I1(a)2

2I0(a)2
− r0(a)2

2

and so r′0(0) = 1
2
. We can now use the so-called Turan-type inequalities (cf. [TN51, BP13])

to assert that I0(a)I2(a)− I1(a)2 < 0 for a > 0. This tells us that,

r′0(a) <
1

2
− r0(a)2

2
,

with r0(a) > 0 for a > 0. Using the fact that β ≤ β], we obtain,

∂M

∂a
(a, β) <1− r0(a)2 .

We know now that M(a, β) is increasing for a > 0, M(0, β) = 0, ∂M
∂a

(0, β) = 1, and
∂M
∂a

(a, β) is bounded above by 1 for a > 0. Thus, the curve y = M(a, β) cannot intersect
y = a for any a > 0. Thus, ρ∞ is the unique minimiser for β ≤ β], which implies, by
Proposition 3.32(a), that βc = β] is a continuous transition point.

We will now show that for β > β], (3.54) has at most one solution for a > 0. We know
that

∂M

∂a
(0, β) >1 .

Also for a large enough, a > M(a, β) (since r0(a) → 1, as a → ∞, and is strictly
increasing). Thus, by the intermediate value theorem, there exists at least one positive
a such that (3.54) holds for every β > β]. One can now show that ∂M

∂a
(a, β) is strictly

decreasing for a > 0. This is equivalent to showing that r′′0(a) is strictly negative. We
have

−r′′0(a) =
3

4
r0 +

3

2
r2

0r1 − 2r3
0 −

1

4
r0r1r2 = r0

(
3

4
+

3

2
r0r1 − 2r2

0 −
1

4
r1r2

)
,

where we have used the formula d
da
In = 1

2
(In+1 + In−1), n ≥ 1. The ratios rn enjoy the

following monotonicity and separation properties (cf. [Amo74, (10),(11)]):

rn ≤rn+1 ,(3.55)

and
a

n+ 1 +
√
a2 + (n+ 1)2

≤rn ≤
a

n+
√
a2 + (n+ 2)2

, a ≥ 0, n ≥ 0 .(3.56)

Using these we obtain

−r′′0(a)
(3.55)
≥ r0

(
3

4
+

3

2
r0r1 −

5

4
r2

0

)
= r0

(
3

4
− 3

4
r0 + r0

(
3

2
r1 −

1

2
r0

))
r0<1
> r0

(
r0

(
3

2
r1 −

1

2
r0

))
(3.56)
≥ r2

0

2

(
3a

2 +
√
a2 + 9

− a√
a2 + 4

)
=

r2
0

2

(
(
√

9a2 + 36−
√
a2 + 9− 2)a

(2 +
√
a2 + 9)

√
a2 + 4

)
> 0, for a > 0 .

This implies that ∂
∂a

(a−M(a, β)) = 1 − ∂M
∂a

(a, β) changes sign only once. Thus (3.54)
has only one solution, aβ for a > 0 and β > β]. Additionally, a < M(a, β) if and only if
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0 < a < aβ and a > M(a, β) if and only if a > aβ. Now let β2 > β1 > β] with aβ1 and aβ2

the solutions of (3.54) at β1 and β2 respectively. We then have
β2

β1

aβ1 =
β2

β1

M(aβ1 , β1) = M(aβ1 , β2) < M

(
β2

β1

aβ1 , β2

)
,

where we have used the fact that β2 > β1, the linearity of M(a, β) in β, and that M(a, β)
is strictly increasing for positive a. Using previous arguments, the above inequality tells
us that 0 < β2

β1
aβ1 < aβ2 which implies that aβ → ∞, as β → ∞. Finally, we have the

following form for the solution

ρ(x, aβ) =
1

L

eaβ cos(2πkx/L)

I0(aβ)
.

Let us denote by ρ(dx, aβ) the measure associated to the density ρ(x, aβ). We will now
show that for k = 1, ρ(dx, aβ) converges to δ0 as aβ → ∞ in the narrow topology, i.e.
tested against bounded, continuous functions. The argument for other k ∈ N is then
simply an extension of the k = 1 case. Let A be a continuity set of δ0, then if 0 /∈ A it
follows that 0 /∈ ∂A. By a large deviations argument, Laplace’s principle, we have that

lim
aβ→∞

(
1

aβ
log

(
π

L

∫
A
eaβ cos(2πx/L) dx∫ π
0
eaβ cos(y) dy

))
= sup

A
cos(2πx/L)− 1 < 0 if 0 /∈ A .

Thus, ρ(dx, aβ)(A) → 0 for every Borel set not containing 0 and thus ρ(dx, aβ)(A) → 1
for 0 ∈ A. By the portmanteau theorem(cf. [Bil99, Theorem 2.1]), we have the desired
convergence. For arbitrary k, one can apply the same argument on periods of the function
cos(2πkx/L), and due to the periodicity/symmetry of the solution the masses in each
Dirac point are equal. �

3.6.2. The noisy Hegselmann–Krause model for opinion dynamics. The noisy
Hegselmann–Krause system(cf. [HK02]) models the opinions of N interacting agents such
that each agent is only influenced by the opinions of its immediate neighbours. In the
large N limit, we obtain again the McKean–Vlasov PDE with the interaction potential

Whk(x) = −1
2

((
|x| − R

2

)
−

)2

for some R > 0. The ratio R/L measures the range of influ-
ence of an individual agent with R/L = 1 representing full influence, i.e. any one agent
influences all others. In order to analyse this system further, we compute the Fourier
transform of Whk(x) given by

Ŵhk(k) =
(−π2k2R2 + 2L2) sin

(
πkR
L

)
− 2πkLR cos

(
πkR
L

)
4
√

2π3k3

√
1
L

, k ∈ N, k 6= 0 .

A simple consequence of the above expression is that the model has infinitely many
bifurcation points for R/L = 1. For the other values of R/L the problem reduces to a
computational one, namely checking that the conditions of Theorem 3.18 are satisfied.
Also, Whk(x) is normalised and decays to 0 uniformly as R → 0, i.e. as the range of
influence of an agent decreases so does its corresponding strength. We could define a

rescaled version of the potential, WR
hk(x) = − 1

2R3

((
|x| − R

2

)
−

)2

which does not lose mass
as R→ 0. We conclude this subsection with the following result.

Proposition 3.48. For R small enough, the rescaled noisy Hegselmann–Krause model
possesses a discontinuous transition point.

Proof. We define C := ‖WR
hk‖L1(Ω) and note that it is independent of R. The proof

follows from the observation thatWR
hk → −Cδ0 as R→ 0 and applying Corollary 3.38. �
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3.6.3. The Onsager model for liquid crystals. In Section 3.6.1, we discussed
the Maiers–Saupe model as a special case of the generalised Kuramoto model. In this
subsection we discuss another model for the alignment of liquid crystals, i.e. the Onsager
model which has as its interaction potential,W (x) =

∣∣sin(2π
L
x
)∣∣. As discussed in [CLW10],

one can also study the potential W`(x) =
∣∣sin(2π

L
x
)∣∣` ∈ L2

s(Ω)∩C∞(Ω) with ` ∈ N, ` ≥ 1,
so that the Onsager and Maiers–Saupe potential correspond to the cases ` = 1 and ` = 2,
respectively. We have the following representation of W`(x) in Fourier space

Ŵ`(k) =

√
π2

1
2
−` cos

(
πk
2

)
Γ(`+ 1)

Γ
(

1
2
(−k + `+ 2)

)
Γ
(

1
2
(k + `+ 2)

) .(3.57)

Any nontrivial solutions to the stationary dynamics correspond to the so-called nematic
phases of the liquid crystals. We can obtain the following characterisation of bifurcations
associated to the W`(x) and thus of the Onsager model.

Proposition 3.49. We have the following results:
(a) The trivial branch of the Onsager model, W1(x), has infinitely many bifurcation

points.
(b) The trivial branch of the Maiers–Saupe model, W2(x), has exactly one bifurcation

point.
(c) The trivial branch of the model W`(x) for ` even has at least `

4
bifurcation points

if `
2
is even and `

4
+ 1

2
bifurcation points if `

2
is odd.

(d) The trivial branch of the model W`(x) for ` odd has infinitely many bifurcation
points if `−1

2
is even and at least `+1

4
bifurcation points if `−1

2
is odd.

Proof. The proof of (b) follows from Proposition 3.47 so we only need to show (a),(c),
and (d). We start by noting that Ŵ`(0) ≥ 0 and Ŵ`(k) = 0 for all odd k ∈ N. We also note
that 1

Γ(z)
is an entire function with zeroes at all nonpositive integers and 1

Γ(−(2n+1)/2)
, n ∈ N

is negative for all even n and positive otherwise. For the rest of the proof we will always
assume that k > 0. We will now attempt to show that all nonzero values of Ŵ`(k) for
k > 0 are distinct. Assume l is even, then we have the following explicit form of Ŵ`(k):

Ŵ`(k) =

√
π2

1
2
−` cos

(
πk
2

)
Γ(`+ 1)(

1
2
(−k + `)

)
!
(

1
2
(`+ k)

)
!
,

where k is assumed to be even and k < ` + 2(since it is zero for k odd or k ≥ l + 2).
From the above expression one can check that the denominator is strictly increasing as
k increases from 2 to `, thus |Ŵ`(k)| is strictly decreasing. Thus, the nonzero values of
Ŵ`(k) are distinct for ` even. For ` odd, we first note that by simple integration by parts
we can derive the following recursion relation

Ŵ`(k) = −`(`− 1)

k2 − `2
Ŵ`−2(k) ,(3.58)

where again k is even(and thus not equal to `). For ` = 1, we have the following alternative
formula for Ŵ`(k) for even k:

Ŵ1(k) =

√
2

π

(cos(πk) + 1)

1− k2
.(3.59)

It is clear now that for ` = 1, Ŵ1(k) has distinct(and in fact negative values) for k even.
From the recursion formula in (3.58) it follows that this holds true for all odd `, i.e.
|Ŵ`(k)| takes distinct values for k even.
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Assume now that ` = 1(i.e. the Onsager model), then as mentioned earlier we can
deduce from (3.59) that Ŵ1(k) is distinct and negative for all k even. It follows that
Ŵ1(k) satisfies the conditions of Theorem 3.18 for all even k, thus completing the proof
of (a).

Now let ` > 2 and even. It is clear from the expression in (3.57) that then Ŵ`(k) can
be negative only if cos(kπ/2)/Γ

(
1
2
(−k + `+ 2)

)
is negative. This happens if and only if k

2

is odd and k < `+ 2 since if k ≥ `+ 2, 1

Γ( 1
2

(−k+`+2))
is evaluated at a negative integer and

thus Ŵ`(k) = 0. Since by the previous arguments each k
2
odd with k < `+ 2 corresponds

to a distinct value of Ŵ`(k), we can apply Theorem 3.18 to deduce that such k correspond
to bifurcation points. Given an ` > 2 and even, there are `

4
+ 1

2
such k if `

2
is odd and `

4

if `
2
is even. This completes the proof of (c).
Now, we let ` > 2 and odd. One can check again that Ŵ`(k) is negative if and only if

k
2
is odd and k < ` + 2 when `−1

2
is odd and if k is even, but k

2
is odd if k < ` + 2, when

`−1
2

is even. For `−1
2

odd there are `+1
4

such k, while for `−1
2

even there are infinitely many
such k. Applying Theorem 3.18 again, gives us (d). �

The above result provides us with a finer analysis to that presented in [CLW10], as
we are able to count the solutions for general odd and even `, instead of just proving
the existence of nontrivial solutions. The above result also generalises the work in [LV10]
which studied a truncated version of the Onsager model with only a finite number of
modes and proved the existence of nontrivial solutions. It also partially recovers results
from [NY15, Theorem 2] in which the non-truncated Onsager model is analysed. We refer
the reader to [Vol17] for an analysis of the Onsager model in 2 dimensions, i.e. for liquid
crystals that live in 3 dimensions with two degrees of freedom.

3.6.4. The Barré–Degond–Zatorska model for interacting dynamical net-
works. The Barré–Degond–Zatorska system [BDZ17] models particles that interact through
a dynamical network of links. Each particle interacts with its closest neighbours through
cross-links modelled by springs which are randomly created and destroyed. Taking the
combined mean field and overdamped limits one obtains the McKean–Vlasov equation
with the interaction potential given by

W (x) =

{
(|x| − `)2 − (R− `)2 |x| < R

0 |x| ≥ R
,

for two positive constants 0 < ` ≤ R ≤ L/2. In [BDZ17, Theorem 6.1], using formal
asymptotic analysis, it was shown (and later numerically verified in [BCD+18]) that one
can provide conditions for continuous and discontinuous transitions for the above potential
based on the values of the Fourier modes. We restate their result using our notation for
the convenience of the reader.

Proposition 3.50 (Sharp characterisation of transition point by formal asymptotics
[BDZ17, Theorem 6.1]). Consider the Barré–Degond–Zatorska model with `, R, L chosen
such that βŴ (1) +

√
2L < 0 and βŴ (k) +

√
2L > 0 for all k 6= 1, k ∈ N. Then

(a) If 2Ŵ (2)− Ŵ (1) > 0, then the system exhibits a continuous transition point.
(b) If 2Ŵ (2)− Ŵ (1) < 0, then the system exhibits a discontinuous transition point.

The assumptions in the proposition essentially imply a separation of the Fourier modes.
It follows immediately under these assumptions that k = 1 satisfies the conditions of The-

orem 3.18 and thus β∗ = − (2L)
1
2

Ŵ (1)
corresponds to a bifurcation point of the system. Ad-

ditionally, looking at Figure 3.1 one can see that the conditions (a) and (b) from the
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above proposition are consistent with our analysis for the existence of continuous and
discontinuous transition points. If Ŵ (1) and Ŵ (2) are resonating/near-resonating then
it follows that condition (b), i.e. 2Ŵ (2) − Ŵ (1) < 0 must hold for δ∗ small, where δ∗ is
as introduced in Definition 3.34. Indeed, let k = 1, 2 be elements of the set Kδ∗ , then we
have 2Ŵ (2)−Ŵ (1) = Ŵ (1)+2(Ŵ (2)−Ŵ (1)) ≤ Ŵ (1)+2δ∗ < 0, for δ∗ sufficiently small.
Similarly, using Proposition 3.45 and comparing with an α-stabilised potential say Gα, one
can argue that if Ŵ (1) is the dominant mode then condition (a), i.e. 2Ŵ (2)− Ŵ (1) > 0
must hold for α small, where α is as defined in Definition 3.41.

3.6.5. The Keller–Segel model for bacterial chemotaxis. The (elliptic-parabolic)
Keller–Segel model is used to describe the motion of a group of bacteria under the effect
of the concentration gradient of a chemical stimulus, whose distribution is determined by
the density of the bacteria. This phenomenon is referred to as chemotaxis in the biology
literature [KS71]. For this system, ρ(t, x) represents the particle density of the bacte-
ria and c(t, x) represents the availability of the chemical resource. The dynamics of the
system are then described by the following system of coupled PDEs:

∂tρ = ∇·(β−1∇ρ+ ρ∇c) , (t, x) ∈ (0,∞)× Ω

−(−∆)sc = ρ− ρ∞ , (t, x) ∈ [0,∞)× Ω

ρ(0, x) = ρ0 , x ∈ {0} × Ω

,(3.60)

for s ∈ (1
2
, 1]. Note that we have subtracted ρ∞ in the equation for c to impose mass

preservation. The link between the model in (3.60) and the McKean–Vlasov equation
is immediately noticed if one simply inverts −(−∆)s to obtain c. We refer the reader
to Section 1.5.3 for a more detailed discussion of this model. Thus, the stationary Keller–
Segel equation is given by,

∇·
(
β−1∇ρ+ ρ∇Φs ? ρ

)
= 0 , x ∈ Ω ,(3.61)

where Φs is the fundamental solution of −(−∆)s. Since Φs does not, in general, satisfy
assumption (A2), Theorem 3.5 does not apply directly. However we can circumvent this
issue to obtain the following result.

Theorem 3.51. Consider the stationary Keller–Segel equation (3.61). For d ≤ 2
and s ∈ (1

2
, 1], it has smooth solutions and its trivial branch (ρ∞, β) has infinitely many

bifurcation points.

Proof. Φs is given by the following formal Fourier series,

Φs(x) = −
(

2π

L

)2s ∑
k∈Nd\{0}

Nk

|k|2s
wk ∈ (C∞(Ω))′ .

The weak form of (3.61) is then given by

−β−1

∫
Ω

∇ϕ · ∇ρ dx−
∫

Ω

ρ∇ϕ · ∇c dx = 0, ∀ϕ ∈ H1(Ω) ,(3.62)

where we look for solutions ρ in H1(Ω)∩P(Ω) and c = Φs ? ρ. We start by noticing that
any fixed point of T ks is a weak solution of (3.62) where the map T ks : L2(Ω) → L2(Ω)
is defined as follows:

T ksρ =
1

Z(c, β)
e−βc, where Z(ρ, β) =

∫
Ω

e−βc dx .
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Figure 3.3. (A). Contour plot of the Keller–Segel interaction potential Φs

for d = 2 and s = 0.51. The orange lines indicate the positions at which the
potential is singular; (B). The associated wave numbers which correspond
to bifurcation points of the stationary system

Indeed, let ρ be such a fixed point and 0 < ε < s− 1
2
, then

∑
k∈Zd
|k|2+2ε|ĉ(k)|2 =

(
2π

L

)4 ∑
k∈Nd\{0}

1

|k|4s−2−2ε

∑
σ∈Symk(Λ)

|ρ̂(σ(k))|2 <∞ .

Thus, c ∈ H1+ε(Ω) which by the Sobolev embedding theorem for d ≤ 2 implies that
c ∈ C0(Ω). This tells us that ρ ∈ H1(Ω) ∩ P(Ω) with ∇ρ = −βZ−1 e−βc∇c. Plugging ρ
into (3.62), we see immediately that it is a solution. The reverse implication follows by
arguments identical to those in Theorem 3.5.

Since ρ∞ is a solution to ρ = T ksρ, for all β > 0, we need to check that any solution of
the fixed point equation is smooth. Assume that ρ ∈ H`(Ω), i.e.

∑
k∈Zd |k|2`|ρ̂(k)|2 <∞.

Then for 0 < ε < s− 1
2
we have that

∑
k∈Zd
|k|2`+2+2ε|ĉ(k)|2 =

(
2π

L

)4s ∑
k∈Nd\{0}

|k|2`

|k|4s−2−2ε

∑
k∈Symk(Λ)

|ρ̂(σ(k))|2 ,

<

(
2π

L

)4s ∑
k∈Zd
|k|2`|ρ̂(k)|2 <∞ .

Thus, c ∈ H`+1+ε(Ω) and, by Morrey’s inequality (cf. Lemma B.1), we have thatH`+1+ε(Ω)
is continuously embedded in C`(Ω). Thus, for all multi-indices α such that |α| ≤ `, we
have that ∂αc ∈ L∞(Ω) . Since ρ = Z−1e−βc, computing ∂αρ with |α| = `+ 1 gives us:

∂αρ = Z−1e−βc∂αc+ F (Z−1, β, ∂ξc), for all |ξ| ≤ l .

Thus, ∂αc enters the expression for ∂αρ linearly. Since all lower derivatives of c(x) are
bounded, one can then check that ‖∂αρ‖L2(Ω) < ∞ and thus ρ ∈ H`+1(Ω). We can then
bootstrap to obtain smooth solutions.
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Observe now that for d ≤ 2 and s ∈ (1
2
, 1], Φs ∈ L2

s(Ω). For d = 1, Theorem 3.18
applies directly and the bifurcation points are given by:

β∗ =

(
L

2π

)2s

|k|2sL, for d = 1 .

For d = 2 one can notice that Φ1(x) = Φ1(Π(x)) for any permutation Π of the d coor-
dinates. Our strategy will be to apply Theorem 3.18 after reducing the problem to the
symmetrised space L2

ex(Ω) and then use the discussion in Remark 3.22. Then, showing
that a particular [k] corresponds to a bifurcation point reduces to the condition

card

{
[k] :

Ŵ ([k])

Θ([k])
=
Ŵ ([k∗])

Θ([k∗])

}
= card

{
[k] :

Ŵ ([k])

Θ([k])
= −

(
2π

L

)2s
1

|k|2sL

}
= 1 ,

which holds for example for [k] = {(1, 0), (0, 1)}. We argue that β∗ = −L
d
2 Θ([pn])

Ŵ ([pn])
, where

[pn] = {(pn, 0), (0, pn)}, p is a prime, and n ∈ N satisfy the conditions of being a bifurcation
point. We need to check that

card

{
[pn] :

Ŵ ([p])

Θ([p])
= −

(
2π

L

)2s
1

|p|2sL

}
= 1 ,

which is equivalent to checking that given a prime p there is a unique way (up to per-
mutations) of expressing p2n as the sum of two squares and this is precisely (pn)2 + 02.
Jacobi’s two square theorem tells us that number of representations, r(z), of a positive
integer z as the sum of two squares is given by the formula

r(z) = (d1,4(z)− d3,4(z)) ,

where d`,4(z) is the number of divisors of z of the form 4k + `, k ∈ N, ` ≥ 1. If p = 2,
then d1,4(22n) = 1 and d3,4(22n) = 0 and thus r(22n) = 1. For any odd prime, p, we know
that it is either of the form 4k + 1 or 4k + 3. For either case, one can check that we have
d1,4(p2n) = 1+n and d3,4(p2n) = n and thus r(p2n) = 1. The expression for the bifurcation
points then follows from the discussion in Remark 3.22. �



CHAPTER 4

Degenerate diffusion

The contents of this chapter are based on the following paper written with J. A.
Carrillo:
[CG19] J. A. Carrillo and R. S. Gvalani. Phase transitions for nonlinear nonlocal aggregation-

diffusion equations. arXiv e-prints, page arXiv:1912.01965, Dec 2019.

4.1. Introduction

In this chapter, we deal with the properties of the set of stationary states and long-
time asymptotics for a general class of nonlinear aggregation-diffusion equations of the
form {

∂tρ = β−1∆ρm +∇ · (ρ∇W ? ρ) , (t, x) ∈ (0, T ]× Ω

ρ(0, x) = ρ0(x) ∈ L2(Ω) ∩ Lm(Ω) ∩ P(Ω) , x ∈ Ω
,(4.1)

where 1 < m <∞ is the nonlinear diffusivity exponent of porous medium type [V0́7], β >
0 measures the relative strength between repulsion (by nonlinear diffusion) and attraction-
repulsion (by the nonlocal aggregation terms), and W ∈ C2(Ω) is the attractive-repulsive
interaction potential. We choose our domain Ω to be the d-dimensional torus Td having
side length L > 0. Notice that for m = 1 we recover the linear diffusion case which was
discussed extensively in Chapter 3. As discussed in Section 1.3, these equations also share
the feature of being gradient flows of free energy functionals of the form

Eβ,m(ρ) :=


β−1

m− 1

∫
Ω

ρm(x) dx− β−1

m− 1
+

1

2

∫∫
Ω×Ω

W (x− y)ρ(x)ρ(y) dx dy, m > 1

β−1

∫
Ω

(ρ log ρ)(x) dx+
1

2

∫∫
Ω×Ω

W (x− y)ρ(x)ρ(y) dx dy, m = 1

for ρ ∈ Lm(Ω) ∩P(Ω). We refer the readers to [CCY19] for a recent survey of this active
field of research. As can be seen from the above expression, we have merged EAD

β,m and
EMV
β into a unified framework and have dropped the superscripts. This allows us to study

the behaviour of the energy in the limit as m→ 1.
As discussed in Section 1.1.4, aggregation-diffusion equations such as (4.1) naturally

appear in mathematical biology [BCM07, VS15, CMS+19, BDZ17, BCD+18] and mathe-
matical physical contexts [Oel90, Phi07, FP08, BV13] as the typical mean-field limits of
interacting particle systems of the form

dX i
t = − 1

N

N∑
i 6=j

∇WN(X i
t −X

j
t ) dt+

√
2β−1

2 dBi
t ,

where WN = 1
β1
ϕN +W and

ϕN(x) = N ξϕ(N ξ/dx), for all x ∈ Rd .

Here, ϕ is a the typical localized repulsive potential, for instance, a standard mollifier, and
0 < ξ < 1. Notice that, due to the choice of ξ, the shape of the potential gets squeezed to a

103
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Dirac measure at 0 slower than the typical relative particle distance N−1/d. Also, β−1
2 ≥ 0

is the strength of the independent Brownian motion driving each particle. We refer to
[Oel90, Phi07, BV13] for the case of quadratic diffusion m = 2 with β1 = β, ν = 0, and to
[FP08] for related particle approximations for different exponentsm. The McKean-Vlasov
equation m = 1 is obtained for the particular case β1 = +∞ and β2 = β, being the inverse
temperature of the system for the linear case, and its derivation is classical for regular
interaction potentials W , see for instance [Szn91].

Analysing the set of stationary states of the aggregation-diffusion equation (4.1) and
their properties depending on β, the relative strength of repulsion by local nonlinear dif-
fusion and attraction-repulsion by nonlocal interactions, is a very challenging problem.
As with the linear case, the flat state ρ∞ := L−d = |Ω|−1 is always a stationary solu-
tion of the system. The problem lies in constructing nontrivial stationary solutions and
minimisers. In the linear diffusion case m = 1, we refer the reader to Chapter 3 where a
complete picture of the appearance of bifurcations and of continuous and discontinuous
phase transitions is present, under suitable assumptions on the interaction potential W .
Bifurcations of stationary solutions depending on a parameter are usually referred in the
physics literature as phase transitions [Daw83]. As in the previous chapter, in this chapter
we make a distinction between the two: referring to the existence of nontrivial stationary
solutions as bifurcations and the existence of nontrivial minimisers of Eβ,m as phase transi-
tions. Particular instances of phase transitions related to aggregation-diffusion equations
with linear diffusion have been recently studied for the case of the Vicsek-Fokker-Planck
equation on the sphere [DFL15, FL12] and the approximated homogeneous Cucker–Smale
approximations in the whole space [Tug14, BCnCD16, ASBCD19]. We also refer to [Sch85]
where the problem was studied on a bounded domain for the Newtonian interaction, and
to [Tam84] where the problem was studied on the whole space with a confining potential.

However, there are no general results in the literature for the nonlinear diffusion case
(4.1), m > 1, except for the particular case of m = 2, d = 1, with W given by the funda-
mental solution of the Laplacian with no flux boundary conditions (the Newtonian inter-
action) recently studied in [CCW+20]. Despite the simplicity of the setting in [CCW+20],
this example revealed how complicated phase transitions for nonlinear diffusion cases
could be. The authors showed that infinitely many discontinuous phase transitions occur
for that particular problem. Let us mention that the closer result in the periodic setting
is [CKY13].

Outline: Our main goal is thus to develop a theory for the stationary solutions and
phase transitions of (4.1) for general interactions W ∈ C2(Ω) and nonlinear diffusion in
the periodic setting, something that has not been previously studied in the literature.
This chapter can be thought of as an extension of the results in Chapter 3 to the setting
of nonlinear diffusion. Considering this, we need to define appropriately the notion of
phase transition for the case m ∈ (1,∞), as done in Chapter 3 for the linear case m = 1.

As discussed in Section 2.1.2, unlike in the linear setting, the L1(Ω) topology is not the
natural topology to define phase transitions. It seems that for m > 1 the correct topology
to work in is L∞(Ω) (cf. Definition 4.27 and Remark 4.34 below). For our results we will
often require compactness of minimisers in this topology. One possible way of obtaining
this compactness is via control of the Hölder norms of the stationary solutions of (4.1). In
Section 4.2, we briefly comment on the existence of solutions to (4.1) before proceeding to
the proof of Hölder regularity. Since this is a key element of the subsequent results and the
proof of Hölder regularity for such equations is not in the literature we include the proof
in full detail in Section 4.2. It relies on the so-called method of intrinsic scaling introduced
by DiBenedetto for the porous medium equation (cf. [DiB79]), which is a version of the
De Giorgi–Nash–Moser iteration adapted to the setting of degenerate parabolic equations.
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We make modifications to the method to deal with the presence of the nonlocal drift term
∇ · (ρ∇W ? ρ). We remark here that the proof of this result is completely independent
of the rest of the chapter. In a first reading, readers more interested in the properties of
stationary solutions and phase transitions might choose to skip the proof and continue
to Section 4.3.

After the proof of the Hölder regularity we proceed to Section 4.3, where we discuss
the local bifurcations of stationary solutions from the flat state ρ∞. In Theorem 4.18,
we provide conditions on the interaction potential W and characterise values of the pa-
rameter β = β∗, such that (ρ∞, β∗) is a bifurcation point using the Crandall–Rabinowitz
theorem (cf. Theorem A.8). In fact, for certain choices of W one can show that there
exist infinitely many such bifurcation points. We then move on to Section 4.4, where we
prove the existence and regularity of minimisers Eβ,m. We also show that, for β small
enough, the flat state is the unique minimiser of the energy for m ∈ (1,∞], thus extend-
ing the result of [CKY13]. We show that, as in the linear case, the notion of H-stability
(cf. Definition 0.1), provides a sharp criterion for the existence or nonexistence of phase
transitions. We then proceed, in Lemmas 4.32 and 4.33 and Proposition 4.35, to provide
sufficient conditions for the existence of continuous or discontinuous phase transitions,
where the proofs rely critically on the Hölder regularity obtained in Section 4.2. We also
provide general conditions on W for the existence of discontinuous phase transitions. We
conclude the section by showing that m ∈ [2, 3] all non-H-stable potentials W are asso-
ciated with discontinuous phase transitions of Eβ,m, while for m = 4 we can construct a
large class of W that lead to continuous phase transitions of Eβ,m.

We summarise our results below:
• The proof of Hölder regularity of the weak solutions of (4.1) can be found in Theorem 4.3
and the preceeding lemmas of Section 4.2.
• The result on the existence and characterisation of local bifurcations of the stationary
solutions is contained in Theorem 4.18.
• The results on the characterisation of phase transitions are spread out throughout Sec-
tion 4.4. The main result on the characterisation of discontinuous transition points
is Theorem 4.36 while the explicit conditions for a continuous transition point can be
found in Theorem 4.41.
• In Section 4.5, we treat the mesa limit m→∞. The Γ-convergence of the sequence of
energies Eβ,m to some limiting free energy E∞ asm→∞ can be found in Theorem 4.43.
We then provide a characterisation of the minimisers of the limiting variational problem
in terms of the size of the domain and the potential W in Theorem 4.44.

In Section 4.6, we display the results of some numerical experiments which we hope will
shed further light on the theoretical results, while also providing us with some conjectures
about the behaviour of the system in settings not covered by the theory.

4.2. Existence and regularity of solutions

We are interested in solutions of the following nonlinear-nonlocal PDE{
∂tρ = β−1∆ρm +∇ · (ρ∇W ? ρ) , (t, x) ∈ (0, T ]× Ω

ρ(0, x) = ρ0(x) ∈ L2(Ω) ∩ Lm(Ω) ∩ P(Ω) , x ∈ Ω
,(4.2)

where 1 < m <∞, β > 0, and W ∈ C2(Ω) is even along every co-ordinate and has mean
zero. It is not immediately clear what the correct notion of solution for the above PDE is,
as it need not possess classical solutions. We introduce the appropriate notion of solution
in the following definition.
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Definition 4.1. A weak solution of (4.2) is a bounded, measurable function

ρ ∈ C([0, T ];L2(Ω))

with
ρm ∈ L2([0, T ];H1(Ω)) ,

such that∫
Ω

ρ(t, x)φ(t, x) dx

∣∣∣∣T
0

+

∫ T

0

∫
Ω

(
−ρφt + β−1mρm−1∇ρ · ∇φ+ ρ∇(W ? ρ) · ∇φ

)
dx dt = 0

for all φ ∈ H1([0, T ];L2(Ω)) ∩ L2([0, T ];H1
0 (Ω)) and ρ(0, x) = ρ0(x).

Theorem 4.2. Given ρ0 ∈ L2(Ω)∩Lm(Ω)∩P(Ω), there exists a unique weak solution
of (4.2). Furthermore ρ(t, ·) ∈ P(Ω) for all t ≥ 0.

The proof of this result is classical and we will not include it. It relies on regularisation
techniques which remove the degeneracy in the problem. The meat of the matter is proving
estimates uniform in the regularisation parameter. We refer to [BCL09, BS10] for proofs
of this result with W ∈ C2(Ω).

We turn our attention to the regularity of solutions of (4.2). The proof is based
on the method of intrinsic scaling introduced by DiBenedetto for the porous medium
equation [DiB79, Urb08]. It is also similar in spirit to the proof in [KZ18] where regularity
was proved for a degenerate diffusion equation posed on Rd with a potentially singular
drift term. Since we will mainly be concerned with stationary solutions we assume for the
time being that there exists some universal constant M > 0 such that ‖ρ‖L∞(ΩT ) ≤ M ,
where ΩT is the parabolic domain ΩT := [0, T ] × Ω. We first state the result regarding
Hölder regularity.

Theorem 4.3. Let ρ be a weak solution of (4.2) such that ‖ρ‖L∞(ΩT ) ≤ M < ∞.
Then ρ is Hölder continuous with exponent a ∈ (0, 1) dependent on the initial datum, m,
d, W , and β. Moreover a depends continuously on β for β > 0.

We remind the reader that this result is only used to obtain the desired regularity and
compactness of minimisers in Lemma 4.24, although it is of independent interest by itself.
We divide the proof into two parts. In Section 4.2.1, we derive some a priori estimates
that will be useful in the proof of regularity. In Section 4.2.2, we perform the so-called
reduction of oscillation scheme and complete the proof of Theorem 4.3. As mentioned
earlier, readers interested only in bifurcations and phase transitions can skip directly
to Section 4.3.

Before turning to the proof of Theorem 4.3, we introduce some notation. Since the
equation (4.2) is invariant under translations of the co-ordinate axis, we define the para-
bolic cylinder

Q(τ, R) = [−τ, 0]× [R,R]d ,

centred at (0, 0) and note that we can move it to any point by adding (x0, t0). We also
used KR as a shorthand for [−R,R]d. We denote the parabolic boundary by

∂pQ(τ, R) = ∂((−τ, 0)×KR) ∪ {−τ, 0} ×KR .

We use the following shorthand notation:

w+ = max(w, 0), w− = −min(w, 0), ρ`+ = min(ρ, `), ρ`− = −min(−ρ,−`) .
Additionally, we consider the cut-off functions ζ such that

0 ≤ ζ ≤ 1, |∇ζ| < +∞, ζ(t, x) = 0, x /∈ KR .
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Through the rest of this section we will also use f(t, x) to denote W ? ρ(t, x). Note that

‖∇f‖L∞([0,T ]×Ω) ≤ ‖∇W‖L∞(Ω), ‖D2f‖L∞([0,T ]×Ω) ≤ ‖D
2W‖L∞(Ω)

The reader should note that proof of regularity holds for any f ∈ C2(Ω) that for which
one can prove bounds of the kind shown above. We note before starting the proof that
all estimates in the proof have constants that depend continuously on β > 0. Thus, the
Hölder exponent a and seminorm |ρ|a also depend continuously on β > 0.

4.2.1. A priori estimates. There are two a priori estimates that play a key role
in the proof of Hölder regularity: a Cacciopoli-type energy estimate and a logarithmic
estimate. The proof of the energy estimate is essentially the same as [Urb08, Proposition
2.4] and we state it without proof.

Lemma 4.4 (Energy estimates). Pick k, ` ∈ R+ and some cut-off function ζ, such that
ζ = 0 on ∂pQ(τ, R). Then, it holds for any weak solution of (4.2) that

1

2

[
ess sup
t∈[−τ,0]

∫
{t}×KR

(
ρ`+ − k

)2

+
ζ2 dx+

∫
Q(τ,R)

(ρ`+)m−1
∣∣∇(ρ`+ − k)+ζ

∣∣2 dx dt

]

≤
∫
Q(τ,R)

(ρ`+ − k)2
+ζζt dx dt+ 2(`− k)+

∫
Q(τ,R)

(ρ− `)+ζζt dx dt

+ 2mβ−1

∫
Q(τ,R)

(ρ`+ − k)2
+(ρ`+)m−1|∇ζ|2 dx dt

+ 2mβ−1(`− k)+

∫
Q(τ,R)

(∫ ρ

`

sm−1 ds

)
(|∇ζ|2 + ζ∆ζ)χρ≥` dx dt

+

∫
Q(τ,R)

|∇f ||ζ||∇ζ|(ρ`+ − k)2
+ dx dt+

∫
Q(τ,R)

|∆f |(ρ`+ − k)2
+ζ

2 dx dt .

Similarly we have,

1

2

[
ess sup
t∈[−τ,0]

∫
{t}×KR

(
ρ`− − k

)2

−ζ
2 dx+

∫
Q(τ,R)

(ρ`−)m−1
∣∣∇(ρ`− − k)−ζ

∣∣2 dx dt

]
(4.3)

≤
∫
Q(τ,R)

(ρ`− − k)2
−ζζt dx dt+ 2(`− k)−

∫
Q(τ,R)

(ρ− `)−ζζt dx dt

+ 2mβ−1

∫
Q(τ,R)

(ρ`− − k)2
−(ρ`−)m−1|∇ζ|2 dx dt

− 2mβ−1(`− k)−

∫
Q(τ,R)

(∫ ρ

`

sm−1 ds

)
(|∇ζ|2 + ζ∆ζ)χρ≤` dx dt

+

∫
Q(τ,R)

|∇f ||ζ||∇ζ|(ρ`− − k)2
− dx dt+

∫
Q(τ,R)

|∆f |(ρ`− − k)2
−ζ

2 dx dt .

We now move on to the logarithmic estimate. The proof of this needs to be adapted
from the classical estimate in the presence of the drift term ∇· (∇fρ). Before stating and
proving it, we introduce the following function

ψ±(s) = ψ±k,c(s) :=

(
ln

(
H±s,k

(H±s,k + c)− (s− k)±

))
+

, 0 < c < H±s,k,

where s is a bounded, measurable function on Q(τ, R) and

H±s,k = ess sup
Q(τ,R)

|(s− k)±| .
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The function has certain useful properties, namely,
0 ≤ ψ±(s)

(ψ+)′(s) ≥ 0, (ψ−)′(s) ≤ 0

(ψ±)′′ = ((ψ±)′)2 .

We also need to define the Steklov average for any ρ ∈ L1([0, T ]× Ω) for any 0 < h < T
as follows

ρh :=

{
h−1

∫ t+h
t

ρ(τ, ·) dτ 0 ≤ t ≤ T − h
0 otherwise

.

The Steklov average has certain nice properties which we state without proving.

Lemma 4.5. [Urb08, Lemma 2.2] Let ρ ∈ Lq([0, T ];Lr(Ω)) then ρh converges to ρ in
ρ ∈ Lq([0, T ];Lr(Ω)) as h → 0 for q, r ∈ (1,∞). Additionally, if ρ ∈ C([0, T ];L2(Ω)),
then ρh(t, ·) converges to ρ(t, ·) in Lq(Ω) for t ∈ [0, T ].

Using this we have the following alternative notion of a weak solution of

Definition 4.6. A weak solution of (4.2) is a bounded measurable function

ρ ∈ C([0, T ];L2(Ω))

with
ρm ∈ L2([0, T ];H1(Ω))

such that ∫
{t}×Ω

∂t(ρh)φ+mβ−1(ρm−1∇ρ)h · ∇φ+ (ρ∇W ? ρ)h · ∇φ dx = 0 ,(4.4)

for all φ ∈ H1
0 (Ω), h ∈ (0, T ), t ∈ (0, T ] and ρ(0, x) = ρ0.

Proposition 4.7. [Urb08] The notion of weak solution introduced in Definition 4.1
and Definition 4.6 are equivalent.

Lemma 4.8 (Logarithmic estimates). Let ρ be a nonnegative weak solution of (4.2)
and ζ be a time-independent cut-off function, then it holds that∫
{t}×KR

((ψ±)2)(ρ)ζ2 dx ≤
∫
{−τ}×KR

((ψ±)2)(ρ)ζ2 dx

− 2mβ−1

∫ t

−τ

∫
{s}×KR

(ρm−1|∇ρ|2((ψ±)′(ρ))2ζ2) dx ds

+ 2mβ−1

∫ t

−τ

∫
{s}×KR

ρm−1ψ±(ρ)|∇ζ|2 dx ds

+ 2

∫ t

−τ

∫
{s}×KR

ρ|∇f ||∇ρ|
∣∣((ψ±)′(ρ))2(1 + (ψ±(ρ))

∣∣ζ2 dx ds

+ 4

∫ t

−τ

∫
{s}×KR

ρ|∇f ||∇ζ|
∣∣((ψ±)′(ρ))ψ±(ρ)

∣∣|ζ| dx ds .

for any −τ ≤ t ≤ 0.

Proof. We start by testing (4.4) against ((ψ±)2)′(ρh)ζ
2 and integrating by parts to obtain∫

{t}×Ω

∂t(ρh)((ψ
±)2)′(ρh)ζ

2 +mβ−1(ρm−1∇ρ)h · ∇(((ψ±)2)′(ρh)ζ
2)

+ (ρ∇f)h · ∇(((ψ±)2)′(ρh)ζ
2) dx = 0 ,(4.5)
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Consider the first term on the left hand side and integrating from −τ to t

∫ t

−τ

∫
{s}×Ω

∂s(ρh)((ψ
±)2)′(ρh)ζ

2 dx ds

=

∫ t

−τ

∫
{s}×Ω

∂s((ψ
±)2)(ρh)ζ

2 dx ds

=

∫
{t}×Ω

((ψ±)2)(ρh)ζ
2 dx−

∫
{−τ}×Ω

((ψ±)2)(ρh)ζ
2 dx .

Passing to the limit as h→ 0 we obtain that

∫ t

−τ

∫
{s}×Ω

∂s(ρh)((ψ
±)2)′(ρh)ζ

2 dx ds→
∫
{t}×Ω

((ψ±)2)(ρ)ζ2 dx−
∫
{−τ}×Ω

((ψ±)2)(ρ)ζ2 dx .

Now consider the second term on the left hand side of (4.5) (after passing to the limit as
h→ 0)

β−1

∫ t

−τ

∫
{s}×Ω

m(ρm−1∇ρ) · ∇(((ψ±)2)′(ρ)ζ2) dx ds

=2mβ−1

∫ t

−τ

∫
{s}×Ω

(ρm−1|∇ρ|2((ψ±)′(ρ))2(1 + (ψ±(ρ))ζ2) dx ds

+ 4mβ−1

∫ t

−τ

∫
{s}×Ω

(ρm−1∇ρ(ψ±)′(ρ)ψ±(ρ)ζ · ∇ζ) dx ds

≥2mβ−1

∫ t

−τ

∫
{s}×Ω

(ρm−1|∇ρ|2((ψ±)′(ρ))2ζ2) dx ds

− 2mβ−1

∫ t

−τ

∫
{s}×Ω

ρm−1ψ±(ρ)|∇ζ|2 dx ds ,

where the last expression follows from Young’s inequality. Finally we consider the last
term on the left hand side of (4.5) (after passing to the limit as h→ 0)

∫ t

−τ

∫
{s}×Ω

(ρ∇f) · ∇(((ψ±)2)′(ρ)ζ2) dx ds

=2

∫ t

−τ

∫
{s}×Ω

ρ∇f · ∇ρ((ψ±)′(ρ))2(1 + (ψ±(ρ))ζ2 dx ds

+ 4

∫ t

−τ

∫
{s}×Ω

ρ∇f · ∇ζ((ψ±)′(ρ))ψ±(ρ)ζ dx ds

≥− 2

∫ t

−τ

∫
{s}×Ω

ρ|∇f ||∇ρ|
∣∣((ψ±)′(ρ))2(1 + (ψ±(ρ))

∣∣ζ2 dx ds

− 4

∫ t

−τ

∫
{s}×Ω

ρ|∇f ||∇ζ|
∣∣((ψ±)′(ρ))ψ±(ρ)

∣∣|ζ| dx ds .
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Putting it all together we obtain∫
{t}×Ω

((ψ±)2)(ρ)ζ2 dx ≤
∫
{−τ}×Ω

((ψ±)2)(ρ)ζ2 dx

− 2mβ−1

∫ t

−τ

∫
{s}×Ω

(ρm−1|∇ρ|2((ψ±)′(ρ))2ζ2) dx ds

+ 2mβ−1

∫ t

−τ

∫
{s}×Ω

ρm−1ψ±(ρ)|∇ζ|2 dx ds

+ 2

∫ t

−τ

∫
{s}×Ω

ρ|∇f ||∇ρ|
∣∣((ψ±)′(ρ))2(1 + (ψ±(ρ))

∣∣ζ2 dx ds

+ 4

∫ t

−τ

∫
{s}×Ω

ρ|∇f ||∇ζ|
∣∣((ψ±)′(ρ))ψ±(ρ)

∣∣|ζ| dx ds .

Taking into account the support of ζ, one obtains the result of the lemma. �

4.2.2. Proof of Theorem 4.3. We now get to the meat of the regularity argument,
i.e. the reduction of oscillation. We assume again that ρ is a nonnegative weak solution
of (4.2). We pick a cylinder Q(4R2−ε, 2R) that lies inside ΩT (shifted to (0, 0)) for 0 <
R < 1. Then we can define

µ+ = ess sup
Q(4R2−ε,2R)

ρ, µ− = ess inf
Q(4R2−ε,2R)

ρ,

along with
ω = µ+ − µ− = ess osc

Q(4R2−ε,2R)
ρ .

We then define the rescaled cylinder

Q(ω1−mR2, R) ⊂ Q(4R2−ε, 2R) ,

which holds true if

αωm−1 > Rε .(4.6)

For a fixed ε > 0, α ∈ (0, 1) if the above inequality does not hold true for any R that can
be made arbitrarily small, it follows that ω is comparable to the radius of the cylinder and
thus we have Hölder continuity already. The proof of this statement is by contradiction.
Let ωR := ess osc

Q(4R2−ε,2R)
ρ. Then for any point (t, x) ∈ ΩT we set R := dΩ(x, 0) + |t|1/2, the

parabolic distance to the origin. Thus, we have

|ρ(t, x)− ρ(0, 0)| ≤ ωR ≤ α−
1

m−1R
ε

m−1 = α−
1

m−1

(
dΩ(x, 0) + |t|1/2

) ε
m−1

.

We will specify the value of α later. We thus have by this inclusion that

ess osc
Q(w1−mR2,R)

ρ ≤ ω .

We will also assume throughout the remainder of this proof that µ− < ω/4, as otherwise
the equation is uniformly parabolic in Q(4R2−ε, 2R). Before we proceed we pick some
ν0 ∈ (0, 1) and divide our analysis into two cases.

Case 1.
|(t, x) ∈ Q(ω1−mR2, R) : ρ < µ− + ω/2|

|Q(ω1−mR2, R)|
≤ ν0 ,(4.7)

or
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Case 2.
|(t, x) ∈ Q(ω1−mR2, R) : ρ ≥ µ− + ω/2|

|Q(ω1−mR2, R)|
< 1− ν0 ,

or equivalently

|(t, x) ∈ Q(ω1−mR2, R) : ρ ≥ µ+ − ω/2|
|Q(ω1−mR2, R)|

< 1− ν0 .(4.8)

We now treat the two cases independently.
Reduction of oscillation in case 1: In the first case, we start by proving the

following result.

Lemma 4.9. Assume that µ− < ω/4 and that (4.7) holds for some ν0(to be chosen),
then

ρ(t, x) > µ− +
ω

4
a.e. in Q

(
ω1−m

(
R

2

)2

,
R

2

)
.

Proof. We start by considering the sequence

Rn =
R

2
+

R

2n+1
n = 0, 1, · · ·

such that R0 = R and Rn → R/2 as n → ∞. We then construct a sequence of nested
shrinking cylinders Q(ω1−mR2

n, Rn) along with cut-off functions ζn satisfying

0 ≤ ζn ≤ 1, ζn = 1 in Q(ω1−mR2
n+1, Rn+1), ζn = 0 on ∂pQ(ω1−mR2

n, Rn),

|∇ζn| ≤
2n+2

R
, 0 ≤ (ζn)t ≤

22n+2

R2
ωm−1, ∆ζn ≤

22n+5

R2
.

We now apply the energy estimate of Lemma 4.4 in Q(ω1−mR2
n, Rn) with ` = µ− + ω/4,

and kn = µ− + ω/4 + ω/(2n+1) for the function (ρ`− − kn)−. We will bound the terms on
the left and right hand sides separately. Considering first the terms on the left hand side
we have

1

2

[
ess sup

−R2
nω

1−m<t<0

∫
{t}×KRn

(
ρ`− − kn

)2

−ζ
2
n dx

+

∫
Q(ω1−mR2

n,Rn)

(ρ`−)m−1
∣∣∇(ρ`− − kn)−ζn

∣∣2 dx dt

]
≥21−2m

[
ess sup

−R2
nω

1−m<t<0

∫
{t}×KRn

(
ρ`− − kn

)2

−ζ
2
n dx

+ ωm−1

∫
Q(ω1−mR2

n,Rn)

∣∣∇(ρ`− − kn)−ζn
∣∣2 dx dt

]
,

where we have used the fact that ρ`− = max(ρ, µ− + ω/4) ≥ µ− + ω/4 ≥ ω/4. For the
right hand side we first note the following facts:

(1) 0 ≤ µ− ≤ ω/4 which implies that ρ ≤ 5ω/4, ` ≤ ω/2, and ρ`− ≤ 5ω/4 .
(2) ` = µ− + ω/4 < kn which implies that χ[ρ≤`] ≤ χ[ρ≤kn] = χ[(ρ−kn)−>0].
(3) If ρ`− = ρ, then χ[(ρ`−−kn)−>0] = χ[(ρ−kn)−>0]. On the other hand if ρ`− = `, we have

that ρ ≤ ` < kn we have that χ[(ρ−kn)−>0] = 0 = χ[(`−kn)−>0] = χ[(ρ`−−kn)−>0].
(4) (l − kn)− = ω/(2n+1) ≤ ω/2, (ρ`− − kn)− ≤ ω/2n+1 ≤ ω/2, (ρ− `)− ≤ ω/4 .
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We now proceed to bound individual terms on the right hand side of (4.3). For the first
term we have:∫

Q(ω1−mR2
n,Rn)

(ρ`− − kn)2
−ζn(ζn)t dx dt+ 2(`− kn)−

∫
Q(ω1−mR2

n,Rn)

(ρ− `)−ζn(ζn)t dx dt

≤1

2
ω2ωm−1 22n+2

R2

∫
Q(ω1−mR2

n,Rn)

χ[(ρ`−−kn)−>0] dx dt .

For the second term:

2mβ−1

∫
Q(ω1−mR2

n,Rn)

(ρ`− − kn)2
−(ρ`−)m−1|∇ζn|2 dx dt

≤mβ−1

(
5

4

)m−1

ω2ωm−1 22n+3

R2

∫
Q(ω1−mR2

n,Rn)

χ[(ρ`−−kn)−>0] dx dt .

For the third term:

− 2mβ−1(`− kn)−

∫
Q(ω1−mR2

n,Rn)

(∫ ρ

`

sm−1 ds

)
(|∇ζn|2 + ζn∆ζn)χρ≤` dx dt

≤mβ−1ω
2

4
ωm−1 22n+5

R2

∫
Q(ω1−mR2

n,Rn)

χ[(ρ`−−kn)−>0] dx dt .

For the final two terms we have:∫
Q(ω1−mR2

n,Rn)

|∇f ||ζn||∇ζn|(ρ`− − kn)2
− dx dt+

∫
Q(ω1−mR2

n,Rn)

|∆f |(ρ`− − kn)2
−ζ

2
n dx dt

≤
(

2n+2

R
‖∇f‖L∞(Ω) + ‖∆f‖L∞(Ω)

)
ω2

4

∫
Q(ω1−mR2

n,Rn)

χ[(ρ`−−kn)−>0] dx dt

=
22n

R2
ωm−1

(
ω1−mR

2n−2
‖∇f‖L∞(Ω) + ‖∆f‖L∞(Ω)ω

1−mR22−2n

)
ω2

4

∫
Q(ω1−mR2

n,Rn)

χ[(ρ`−−kn)−>0] dx dt

≤22n

R2
ωm−1

(
L1−ε

2
‖∇f‖L∞(Ω) + ‖∆f‖L∞(Ω)L

2−ε
)
ω2

4

∫
Q(ω1−mR2

n,Rn)

χ[(ρ`−−kn)−>0] dx dt ,

where in the last step we have used the fact that Rεω1−m < α < 1 and that R < L.
Putting the bounds for the left and right hand sides of (4.3) together we obtain[

ess sup
−R2

nω
1−m<t<0

∫
{t}×KRn

(
ρ`− − k

)2

−ζ
2
n dx+ ωm−1

∫
Q(ω1−mR2

n,Rn)

∣∣∇(ρ`− − k)−ζn
∣∣2 dx dt

]

≤C
(
m,L, β, ‖∇f‖L∞(Ω), ‖∆f‖L∞(Ω)

)22n

R2
ωm−1ω

2

4

∫
Q(ω1−mR2

n,Rn)

χ[(ρ`−−kn)−>0] dx dt .

Let t = ωm−1t and define the following rescaled functions

ρ`−(·, t) = ρ`−(·, t), ζn(·, t) = ζn(·, t) .

In these new variables the inequality simplifies to[
ess sup
−R2

n<t<0

∫
{t}×KRn

(
ρ`− − kn

)2

−ζn
2

dx+

∫
R2
n,Rn)

∣∣∇(ρ`− − kn)−ζn
∣∣2 dx dt

]

≤C 22n

R2

ω2

4
An ,(4.9)
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where

An :=

∫
Q(R2

n,Rn)

χ[(ρ`−−kn)−>0] dx dt .

Furthermore we have
1

22n+2

ω2

4
An+1 =|kn − kn+1|2An+1

=

∫
Q(R2

n+1,Rn+1)

|kn − kn+1|2χ[(ρ`−−kn+1)−>0] dx dt

≤
∫
Q(R2

n+1,Rn+1)

∣∣kn − ρ`−∣∣2χ[(ρ`−−kn+1)−>0] dx dt

≤
∥∥∥(kn − ρ`−)−∥∥∥2

L2(Q(R2
n+1,Rn+1))

≤CdA2/(2+d)
n ‖

(
kn − ρ`−

)
−‖

2
V 2(Q(R2

n+1,Rn+1)) ,

where in the last step we have used the embedding into the parabolic space V 2 (cf.
Lemma B.4). Thus, we have

1

22n+2

ω2

4
An+1

≤Cd

[
ess sup
−R2

n+1<t<0

∫
{t}×KRn+1

(
ρ`− − k

)2

− dx+

∫
Q(R2

n+1,Rn+1)

∣∣∇(ρ`− − k)−
∣∣2 dx dt

]

≤CdA2/(2+d)
n

[
ess sup
−R2

n<t<0

∫
{t}×KRn

(
ρ`− − k

)2

−ζn
2

dx+

∫
Q(R2

n,Rn)

∣∣∇(ρ`− − k)−ζn
∣∣2 dx dt

]

≤C 22n

R2

ω2

4
A1+2/(d+2)
n ,

where we have used the fact that ζn = 1 on Q(R2
n+1, Rn+1) and have used (4.9). Thus,

we have

An+1∣∣Q(R2
n+1, Rn+1)

∣∣ ≤C∣∣Q(R2
n+1, Rn+1)

∣∣2/(2+d) 42n+1

R2

(
An∣∣Q(R2

n+1, Rn+1)
∣∣
)1+2/(d+2)

≤C42n

(
|Q(R2

n, Rn)|∣∣Q(R2
n+1, Rn+1)

∣∣ An
|Q(R2

n, Rn)|

)1+2/(d+2)

≤C42n

(
An

|Q(R2
n, Rn)|

)1+2/(d+2)

,

where we use the fact that |Q(R2
n, Rn)| = Rd+2

n+1 ≤ Rd+2 and Rn/Rn+1 ≤ 2. Setting

Xn :=

(
An

|Q(R2
n, Rn)|

)
,

we have the recursive inequality

Xn+1 ≤ C42nX1+2/(2+d)
n ,

with the constant C independent of ω,R, n and dependent only d,m, β, f . Setting ν0 =
C−(d+2)/24−(d+2)2/2, we see that X0 ≤ ν0 is equivalent (4.7) to being satisfied with constant
ν0, since k0 = ω/2. Thus, for this choice, Xn → 0 by the geometric convergence lemma
(cf. Lemma B.8). It follows then, after changing variables, that ρ`− > µ− + ω/4 a.e. in
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Q
(
ω1−m(R

2

)2
, R

2

)
. The result follows by noting that ρ`− > µ− + ω/4 = ` implies that

ρ`− = ρ. �

Corollary 4.10 (Reduction of oscillation in case 1). Assume that (4.7) holds with
constant ν0 as specified in the proof of Lemma 4.9. Then there exists a σ1 ∈ (0, 1),
independent of ω, R, such that

ess osc
Q
(
ω1−m(R2 )

2
,R

2

) ρ ≤ σ1ω .

Proof. We have by the result of the previous lemma that

ess inf
Q
(
ω1−m(R2 )

2
,R

2

) ρ ≥ µ− + ω/4 .

Thus, we have that

ess osc
Q
(
ω1−m(R2 )

2
,R

2

) ρ = ess sup
Q
(
ω1−m(R2 )

2
,R

2

) ρ− ess inf
Q
(
ω1−m(R2 )

2
,R

2

) ρ
≤µ+ − µ− − ω/4

≤3

4
ω .

Thus, the result holds with σ1 = 3
4
. �

Reduction of oscillation in case 2: We now assume that (4.8) holds but with the
constant ν0 fixed from the previous argument. We argue now that if (4.8) is satisfied then
there exists some t0,

t0 ∈
[
−ω1−mR2,−ν0

2
ω1−mR2

]
,

such that ∣∣∣{x ∈ KR : ρ(x, t0) > µ+ − ω

2

}∣∣∣ ≤ 1− ν0

1− ν0/2
|KR| .

We prove this by contradiction. Assume this is not the case then∣∣∣{x ∈ Q(ω1−mR2, R
)

: ρ(t, x) > µ+ − ω

2

}∣∣∣
≥
∫ − ν0

2
ω1−mR2

−ω1−mR2

∣∣x ∈ KR : ρ(x, s) > µ+ − ω/2
∣∣ ds

>
(
−ν0

2
ω1−mR2 + ω1−mR2

)( 1− ν0

1− ν0/2

)
|KR|

=(1− ν0)
∣∣Q(ω1−mR2, R)

∣∣ ,
which contradicts (4.8). We now proceed to prove the following lemma.

Lemma 4.11. Assume that (4.8) holds. Then there exists a q ∈ N, depending only on
the data, such that∣∣∣{x ∈ KR : ρ(t, x) > µ+ − ω

2q

}∣∣∣ ≤ (1−
(ν0

2

)2
)
|KR| ,

for all t ∈
[
−ν0

2
ω1−mR2, 0

]
and α in (4.6) chosen to be small, depending only on ν0, m,

d, β, W , M but independent of R and ω.
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Proof. The proof of this lemma relies on the Lemma 4.8 with the function ψ+(u) on the
cylinder Q(−t0, R). We choose

k = µ+ − ω

2
, c =

ω

2n+1
,

where the constant n > 1 will be chosen later. It is fine to apply it to this function as we
can assume that

H+
ρ,k = ess sup

Q(−t0,R)

∣∣∣∣(ρ− µ+ +
ω

2

)
+

∣∣∣∣ > ω

4
≥ ω

2n+1
,

otherwise the proof of the lemma would be complete with q = 2. Indeed, we would have
for all t ∈ [t0, 0]:∣∣∣{x ∈ KR : ρ(t, x) > µ+ − ω

4

}∣∣∣ =
∣∣∣{x ∈ KR : ρ(t, x)− µ+ +

ω

2
>
ω

4

}∣∣∣ = 0 .

Before we write down the inequality, we need to further understand the properties of the
function ψ+(ρ) defined on the cylinder Q(−t0, R). Note first that

ψ+(ρ) =

ln

(
H+
ρ,k

H+
ρ,k−ρ+k+ ω

2n+1

)
ρ > k + ω

2n+1

0 ρ ≤ k + ω
2n+1

.

Furthermore in Q(−t0, R), we have that

ρ− k ≤ H+
ρ,k ≤

ω

2
.

Therefore

ψ+(ρ) ≤ ln

(
H+
ρ,k

H+
ρ,k − ρ+ k + ω

2n+1

)
≤ ln(2n) ≤ n ln(2) .

Furthermore, we need to study the properties of (ψ+)′(ρ):

(ψ+)′(ρ) =

{
1

H+
ρ,k−ρ+k+ ω

2n+1

ρ > k + ω
2n+1

0 ρ ≤ k + ω
2n+1

.

Thus, we have

0 ≤ (ψ+)′(ρ) ≤ 2n+1

ω
.

We now proceed to writing down the estimate∫
{t}×KR

((ψ+)2)(ρ)ζ2 dx ≤
∫
{t0}×KR

((ψ+)2)(ρ)ζ2 dx

− 2mβ−1

∫ t

t0

∫
{s}×KR

(ρm−1|∇ρ|2((ψ+)′(ρ))2ζ2) dx ds

+ 2mβ−1

∫ t

t0

∫
{s}×KR

ρm−1ψ+(ρ)|∇ζ|2 dx ds

+ 2

∫ t

t0

∫
{s}×KR

ρ|∇f ||∇ρ|
∣∣((ψ+)′(ρ))2(1 + (ψ+(ρ))

∣∣ζ2 dx ds

+ 4

∫ t

t0

∫
{s}×KR

ρ|∇f ||∇ζ|
∣∣((ψ+)′(ρ))ψ+(ρ)

∣∣|ζ| dx ds .(4.10)
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for any t0 ≤ t ≤ 0. We choose a time-independent cut-off function 0 ≤ ζ ≤ 1 such that

ζ ≡ 1, x ∈ K(1−δ)R, |∇ζ| ≤ (δR)−1 .

Consider now the first term involving f on the right hand side of (4.10)

2

∫ t

t0

∫
{s}×KR

ρ|∇f ||∇ρ|
∣∣((ψ+)′(ρ))2(1 + (ψ+(ρ))

∣∣ζ2 dx ds

≤λ2mβ−1

∫ t

t0

∫
{s}×KR

(ρm−1|∇ρ|2((ψ+)′(ρ))2ζ2) dx ds

+
1

2λmβ−1

∫ t

t0

∫
KR

ρ3−m|∇f |2
∣∣((ψ+)′(ρ))2(1 + (ψ+(ρ))2

∣∣ζ2 dx ds ,

where we have simply applied Young’s inequality and the constant λ ∈ (0, 1/2). We derive
a similar bound for the second term involving f as follows

4

∫ t

t0

∫
{s}×KR

ρ|∇f ||∇ζ|
∣∣((ψ+)′(ρ))ψ+(ρ)

∣∣|ζ| dx ds

≤λ2mβ−1

∫ t

t0

∫
{s}×KR

(ρm−1|∇ρ|2((ψ+)′(ρ))2ζ2) dx ds

+
2

λmβ−1

∫ t

t0

∫
KR

ρ3−m|∇f |2(ψ+(ρ))2|∇ζ|2 dx ds .

Putting it all together we can get rid of the negative term in (4.10) and take the ess sup
to obtain:

ess sup
t∈[t0,0]

∫
{t}×KR

((ψ+)2)(ρ)ζ2 dx

≤
∫
{t0}×KR

((ψ+)2)(ρ)ζ2 dx

+ 2mβ−1

∫ 0

t0

∫
{s}×KR

ρm−1ψ+(ρ)|∇ζ|2 dx ds

+
1

2λmβ−1

∫ 0

t0

∫
KR

ρ3−m|∇f |2
∣∣((ψ+)′(ρ))2(1 + (ψ+(ρ))2

∣∣ζ2 dx ds

+
2

λmβ−1

∫ 0

t0

∫
KR

ρ3−m|∇f |2(ψ+(ρ))2|∇ζ|2 dx ds .(4.11)

We proceed to bound each of the terms individually. For the first term on the right hand
side of (4.11) we obtain:∫

{t0}×KR
((ψ+)2)(ρ)ζ2 dx ≤ n2 ln(2)2 1− ν0

1− ν0/2
|KR| .

For the second term we use the fact that ρ ≤ 5ω/4 to obtain:

2mβ−1

∫ 0

t0

∫
{s}×KR

ρm−1ψ+(ρ)|∇ζ|2 dx ds ≤2mβ−1

(
5

4

)m−1

ωm−1(δR)−2|t0|n ln(2)|KR|

≤2mβ−1

(
5

4

)m−1

ln(2)δ−2n|KR| .
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For the third term we use the fact that 5/4ω ≥ ρ ≥ ω/2 on the supports of ψ+(ρ) and
(ψ+)′(ρ) to obtain:

1

2λmβ−1

∫ 0

t0

∫
KR

ρ3−m|∇f |2
∣∣((ψ+)′(ρ))2(1 + (ψ+(ρ))2

∣∣ζ2 dx ds

≤C 1

2λmβ−1
ω3−mω1−mR2‖∇f‖2

L∞(Ω)2
n+1ω−2(1 + n ln(2))2|KR|

=
C

2λmβ−1
ω1−mω1−mR2‖∇f‖2

L∞(Ω)2
n+1(1 + n ln(2))2|KR| .

Similarly for the final term we obtain

2

λmβ−1

∫ 0

t0

∫
KR

ρ3−m|∇f |2(ψ+(ρ))2|∇ζ|2 dx ds

≤ 2C

λmβ−1
ω2ω1−mω1−mR2‖∇f‖2

L∞(Ω)n
2 ln(2)2|KR| .

For the left hand side of (4.8), consider the set

St =
{
x ∈ K(1−δ)R : ρ(t, x) > µ+ − ω/2n+1

}
⊂ KR, t ∈ (t0, 0) .

It is clear that ζ = 1 on St and, since −ρ+ k + ω/2n+1 < 0, the function

H+
ρ,k

H+
ρ,k − ρ+ k + ω

2n+1

,

is decreasing in H+
ρ,k. Thus, in St we have

H+
ρ,k

H+
ρ,k − ρ+ k + ω

2n+1

≥ ω/2

ω/2− ρ+ k + ω
2n+1

≥ ω/2

ω/2 + ω/2n+1 − ω/2 + ω/2n+1
= 2n−1.

Thus, we have

ess sup
t∈[t0,0]

∫
{t}×KR

((ψ+)2)(ρ)ζ2 dx ≥ (n− 1)2 ln(2)|St| .

Putting all the terms back together we obtain and bounding ω2 by M2,

|St| ≤

((
n

n− 1

)2
1− ν0

1− ν0/2
+ C(m,β)δ−2 n

(n− 1)2

)
|KR|

+

(
C1

(
m,β, λ, ‖∇f‖L∞(Ω)

)
ω1−mω1−mR22n+1

(
1 + n ln(2)

n− 1

)2
)
|KR|

+

(
C2

(
m,β, λ, ‖∇f‖L∞(Ω),M

)
ω1−mω1−mR2

(
n

n− 1

)2
)
|KR| .
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Finally, we obtain the estimate we need∣∣∣{x ∈ KR : ρ(t, x) > µ+ − ω

2q

}∣∣∣
≤|St|+

∣∣KR \K(1−δ)R
∣∣

≤

((
n

n− 1

)2
1− ν0

1− ν0/2
+ C(m,β)δ−2 n

(n− 1)2
+ dδ

)
|KR|

+

(
C1

(
m,β, λ, ‖∇f‖L∞(Ω)

)
Rεω1−mRεω1−mL2−2ε2n+1

(
1 + n ln(2)

n− 1

)2
)
|KR|

+

(
C2

(
m,β, λ, ‖∇f‖L∞(Ω),M

)
Rεω1−mRεω1−mL2−2ε

(
n

n− 1

)2
)
|KR| ,

where one should note that R ≤ L and the term Rεω1−m can be controlled by α
through (4.6). Note that for the term in the first set of brackets we can choose dδ ≤ 3ν2

0/16
and n large enough such that(

n

n− 1

)2

≤ (1− ν0/2)(1 + ν0), C(m,β)
n

(n− 1)2
δ−2 ≤ 3ν2

0/16 ,

because (1 − ν0/2)(1 + ν0) > 1. Now that n and δ have been fixed we note that the
constant α in (4.6) can be made small enough (independent of ω and R) so that terms in
the other two brackets are lesser that 3ν2

0/16. This gives us∣∣∣{x ∈ KR : ρ(t, x) > µ+ − ω

2q

}∣∣∣ ≤ (1− ν2
0 + 3ν2

0/4
)
|KR| =

(
1− ν2

0

4

)
|KR| .

The proof follows by setting q = n+ 1 and noting that [t0, 0] ⊃
[
−ν0

2
ω1−mR2, 0

]
. �

We now proceed to prove that ρ is strictly lesser than its supremum in a smaller
parabolic cylinder.

Lemma 4.12. Assume that (4.8) holds. Then there exists some s0 ∈ N large enough,
independent of ω, such that

ρ(t, x) < µ+ − ω

2s0
a.e. (t, x) ∈ Q

(
ν0

2
ω1−m

(
R

2

)2

,
R

2

)
.

Proof. The proof is similar to that of Lemma 4.9 and relies on the energy estimates
in Lemma 4.4. We start by considering the sequence

Rn =
R

2
+

R

2n+1
n = 0, 1, · · ·

such that R0 = R and Rn → R/2 as n → ∞. We then construct a sequence of nested
shrinking cylinders Q(ν02−1ω1−mR2

n, Rn) along with cut-off functions ζn satisfying

0 ≤ ζn ≤ 1, ζn = 1 in Q(ν02−1ω1−mR2
n+1, Rn+1), ζn = 0 on ∂pQ(ν02−1ω1−mR2

n, Rn),

|∇ζn| ≤
2n+2

R
, 0 ≤ (ζn)t ≤

22n+2

R2
ωm−1, ∆ζn ≤

22n+5

R2
.

We now apply the energy estimate of Lemma 4.4 in Q(ν02−1ω1−mR2
n, Rn) with ` = µ+ −

ω/2s0 , and kn = µ+−ω/(2s0)−ω/(2n+s0) for the function (ρ`+− kn)+. We will bound the
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terms on the left and right hand sides separately. Considering, first, the terms on the left
hand side, we have

1

2

[
ess sup

−R2
nω

1−mν02−1<t<0

∫
{t}×KRn

(
ρ`+ − kn

)2

+
ζ2
n dx

+

∫
Q(ν02−1ω1−mR2

n,Rn)

(ρ`+)m−1
∣∣∇(ρ`+ − kn)+ζn

∣∣2 dx dt

]
≥2−m

[
ess sup

−ν02−1R2
nω

1−m<t<0

∫
{t}×KRn

(
ρ`+ − kn

)2

+
ζ2
n dx

+ ωm−1

∫
Q(ν02−1ω1−mR2

n,Rn)

∣∣∇(ρ`+ − kn)+ζn
∣∣2 dx dt

]
,

where we have used the fact that when
∣∣∇(ρ`+ − k)+ζn

∣∣ is nonzero, ρ`+ ≥ kn ≥ ω/2. For
the right hand side we first note the following facts:

(1) 0 ≤ µ− ≤ ω/4 which implies that ρ ≤ 5ω/4, and ρ`+ ≤ 5ω/4 .
(2) ` = µ− − ω/2s0 > kn which implies that χ[ρ≥`] ≤ χ[ρ≥kn] = χ[(ρ−kn)+>0].
(3) If ρ`+ = ρ, then χ[(ρ`+−kn)+>0] = χ[(ρ−kn)+>0]. On the other hand if ρ`+ = `, we have

that ρ ≥ ` ≥ kn. Thus, we have that χ[(ρ−kn)+>0] = χ[(ρ`+−kn)+>0].
(4) (l − kn)+ = ω/(2n+s0) ≤ ω/2s0−1, (ρ`+ − kn)+ ≤ ω/2n+s0 ≤ ω/2s0−1, (ρ − `)+ ≤

ω/2s0−1.
Applying essentially the same bounds as Lemma 4.9, we obtain[

ess sup
−ν02−1R2

nω
1−m<t<0

∫
{t}×KRn

(
ρ`+ − k

)2

+
ζ2
n dx

+ ωm−1

∫
Q(ν02−1ω1−mR2

n,Rn)

∣∣∇(ρ`+ − k)+ζn
∣∣2 dx dt

]
≤C
(
m,L, β, ‖∇f‖L∞(Ω), ‖∆f‖L∞(Ω)

)22n

R2
ωm−1 ω2

22s0−2

∫
Q(ν02−1ω1−mR2

n,Rn)

χ[(ρ`+−kn)+>0] dx dt .

Let t = ν−1
0 2ωm−1t and define the following rescaled functions

ρ`+(·, t) = ρ`+(·, t), ζn(·, t) = ζn(·, t) .
In these new variables the inequality simplifies to[

ess sup
−R2

n<t<0

∫
{t}×KRn

(
ρ`+ − kn

)2

+
ζn

2
dx+

ν0

2

∫
R2
n,Rn)

∣∣∇(ρ`+ − kn)+ζn
∣∣2 dx dt

]

≤C 22n

R2

ν0

2

ω2

22s0−2
An ,

where

An :=

∫
Q(R2

n,Rn)

χ[(ρ`+−kn)+>0] dx dt .

Since ν0 ∈ (0, 1) it simplifies to,[
ess sup
−R2

n<t<0

∫
{t}×KRn

(
ρ`+ − kn

)2

+
ζn

2
dx+

∫
R2
n,Rn)

∣∣∇(ρ`+ − kn)+ζn
∣∣2 dx dt

]

≤C 22n

R2

ω2

22s0−2
An .
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Furthermore we have
1

22n+2

ω2

22s0−2
An+1 =|kn − kn+1|2An+1

=

∫
Q(R2

n+1,Rn+1)

|kn − kn+1|2χ[(ρ`+−kn+1)+>0] dx dt

≤
∫
Q(R2

n+1,Rn+1)

∣∣kn − ρ`+∣∣2χ[(ρ`+−kn+1)+>0] dx dt

≤
∥∥∥(kn − ρ`+)+

∥∥∥2

L2(Q(R2
n+1,Rn+1))

≤CdA2/(2+d)
n ‖

(
kn − ρ`+

)
+
‖2
V 2(Q(R2

n+1,Rn+1)) ,

where in the last step we have used the embedding into the parabolic space V 2 (cf.
Lemma B.4). Thus, as in Lemma 4.9 we have

1

22n+2

ω2

22s0−2
An+1 ≤C

22n

R2

ω2

22s0−2
A1+2/(d+2)
n .

This can be simplified to

Xn+1 ≤ C42nX1+2/(d+2)
n ,

where

Xn =
An

|Q(R2
n, Rn)|

,

and the constant C independent of ω,R, n and dependent only d,m, β, f . Thus, if

X0 ≤ C−(d+2)/24(d+2)2/2 := ν∗0 ,(4.12)

by the geometric convergence lemma (cf. Lemma B.8), Xn → 0 and the result follows as
in the proof of Lemma 4.9. Thus, all that remains to be shown is (4.12) holds. Before we
do this we introduce the following notation

Bσ(t) =
{
x ∈ KR : ρ(t, x) > µ+ − ω

2σ

}
,

and

Bσ =
{

(t, x) ∈ Q
(ν0

2
ω1−mR2, R

)
: ρ(t, x) > µ+ − ω

2σ

}
.

In this notation (4.12) reads as

|Bs0−1| ≤ ν∗0

∣∣∣Q(ν0

2
ω1−mR2, R

)∣∣∣ .
The above inequality means that the subset of Q

(
ν0

2
ω1−mR2, R

)
where ρ is close to its

supremum can be made arbitrarily small. To show this, we apply the energy estimate
of Lemma 4.4 to the function (ρµ

+

+ − k)+ with

k = µ+ − ω

2s
, q < s < s0 ,

with a cut-off function ζ defined in Q
(
ν0

2
ω1−mR2, 2R

)
such that

ζ ≡ 1, in Q
(ν0

2
ω1−mR2, R

)
, ζ = 0 on ∂pQ

(ν0

2
ω1−mR2, 2R

)
,

|∇ζ| ≤ 1

R
, 0 ≤ ζt ≤

ωm−1

R2
.
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We bound the first term on the left hand side from below by 0 and bound the rest as
follows:

1

2

[
ess sup

−R2ω1−mν02−1<t<0

∫
{t}×K2R

(ρ− k)2
+ζ

2 dx

+

∫
Q(ν02−1ω1−mR2,2R)

(ρ)m−1|∇(ρ− k)+ζ|2 dx dt

]
≥2−mωm−1

∫
Q(ν02−1ω1−mR2,R)

|∇(ρ− k)+ζ|2 dx dt

≥2−mωm−1

∫
Q(ν02−1ω1−mR2,R)

|∇(ρ− k)+|2 dx dt ,

where we have used the fact that when |∇(ρ− k)+ζ| is nonzero then ρ > k > ω/2. For
the terms on the right hand side we bound them as in Lemma 4.9 (note that two of the
terms are zero because ρ ≤ ` = µ+ a.e. (t, x)). Thus, we have the bound

2−mωm−1

∫
Q(ν02−1ω1−mR2,R)

|∇(ρ− k)+|2 dx dt

≤C
(
m,L, β, ‖∇f‖L∞(Ω), ‖∆f‖L∞(Ω)

)ωm−1

R2

ω2

22s−2

∫
Q(ν02−1ω1−mR2,2R)

χ[(ρ−k)+>0] dx dt

≤Cω
m−1

R2

ω2

22s−2

∣∣Q(ν02−1ω1−mR2, 2R)
∣∣

Since |Q(ν02−1ω1−mR2, 2R)| = 2d+1|Q(ν02−1ω1−mR2, R)|, multiplying my ω1−m this re-
duces to ∫

Q(ν02−1ω1−mR2,R)

|∇(ρ− k)+|2 dx dt ≤ C

R2

ω2

22s−2

∣∣Q(ν02−1ω1−mR2, R)
∣∣ .

Note now that Bs ⊂ Q(ν02−1ω1−mR2, R) and, in Bs, |∇(ρ− k)+| = |∇(ρ− k)| = |∇ρ|.
Thus, the above inequality gives us∫

Bs

|∇ρ|2 dx dt ≤ C

R2

ω2

22s−2

∣∣Q(ν02−1ω1−mR2, R)
∣∣ .(4.13)

We now apply a lemma of De Giorgi (cf. Lemma B.9) with k1 = µ+ − ω/2s and k2 =
µ+ − ω/2s+1, to obtain that for all t ∈ [−ν02−1ω1−mR2, 0]

ω

2s+1
|Bs+1(t)| ≤ C

Rd+1

|KR \Bs(t)|

∫
Bs(t)\Bs+1(t)

|∇ρ| dx .(4.14)

Since q ≤ s− 1, by Lemma 4.11, it follows that |Bs−1(t)| ≤ |Bq(t)| ≤ (1− ν2
0/4)|KR| for

all t ∈ [−ν02−1ω1−mR2, 0]. Thus, for all such t it follows that

|KR \Bs(t)| =
∣∣∣{x ∈ KR : ρ(t, x) < µ+ − ω

2s

}∣∣∣
≥
∣∣∣{x ∈ KR : ρ(t, x) < µ+ − ω

2s−1

}∣∣∣
=|KR| − |Bs−1(t)| ≥ ν2

0

4
|KR| .

Thus, (4.14) can be rewritten as

ω

2s+1
|Bs+1(t)| ≤ C

Rd+1

|KR|ν2
0

∫
Bs(t)\Bs+1(t)

|∇ρ| dx .
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for t ∈ [−ν02−1ω1−mR2, 0]. We integrate the above inequality over [−ν02−1ω1−mR2, 0] to
obtain

ω

2s+1
|Bs+1| ≤C

R

|KR|ν2
0

∫
Bs\Bs+1

|∇ρ| dx dt

≤C R

ν2
0

(∫
Bs\Bs+1

|∇ρ|2 dx dt

)1/2

|Bs \Bs+1|1/2

≤C
ν2

0

ω

2s
∣∣Q(ν02−1ω1−mR2, R)

∣∣1/2|Bs \Bs+1|1/2 ,

where in the last step we have applied (4.13). Squaring both sides we obtain

|Bs+1|2 ≤
C

ν4
0

∣∣Q(ν02−1ω1−mR2, R)
∣∣|Bs \Bs+1| .

Since q < s < s0, we sum the above inequality for s = q + 1, . . . , s0 − 2 to obtain
s0−2∑
s=q+1

|Bs+1|2 ≤
C

ν4
0

∣∣Q(ν02−1ω1−mR2, R)
∣∣ s0−2∑
s=q+1

|Bs \Bs+1| .

Note that
∑s0−2

s=q+1|Bs \Bs+1| ≤ |Q(ν02−1ω1−mR2, R)|. Additionally, Bs0−1 ⊂ Bs for all
s = q + 1, . . . , s0 − 2. Thus, we have

|Bs0−1|2 ≤
C

ν4
0((s0 − q − 3))

∣∣Q(ν02−1ω1−mR2, R)
∣∣2 .

For s0 ∈ N sufficiently large independent of ω, R, (4.12) is satisfied and the result follows.
�

Finally we can state the reduction of oscillation result in case 2.

Corollary 4.13 (Reduction of oscillation in case 2). Assume that (4.7) holds with
constant ν0 as specified in the proof of Lemma 4.9. Then there exists a σ2 ∈ (0, 1),
independent of ω, R, such that

ess osc
Q
(
ν02−1ω1−m(R2 )

2
,R

2

) ρ ≤ σ2ω .

Proof. We know from Lemma 4.12 that there exists some s0 ∈ N such that

ess sup
Q
(
ν02−1ω1−m(R2 )

2
,R

2

) ρ ≤ µ+ − ω

2s0
.

Thus

ess osc
Q
(
ν02−1ω1−m(R2 )

2
,R

2

) ρ ≤µ+ − ω

2s0
− µ−

≤
(

1− 1

2s0

)
ω .

Thus, for σ2 =
(
1− 1

2s0

)
the result follows. �

We combine the two cases into one:

Lemma 4.14 (Total reduction of oscillation). Fix some 0 < R < L such that the
cylinder Q(4R2−ε, 2R) is contained in ΩT . Assume that ess osc

Q(4R2−ε,2R)
ρ ≤ ω and αωm−1 > Rε
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and that µ− > ω/4. Then there exists a constant σ ∈ (0, 1), depending only on the data
(and continuously on β > 0), and independent of ω and R, such that

ess osc
Q
(
ν02−1ω1−m(R2 )

2
,R

2

) ρ ≤ σω .

Proof. The proof follows from the fact that Q
(
ν02−1ω1−m(R

2

)2
, R

2

)
⊂ Q

(
ω1−m(R

2

)2
, R

2

)
and setting σ = max{σ1, σ2}. �

We can now complete the proof of Theorem 4.3:

Proof of Theorem 4.3. We now show that there exist constants γ > 1, a ∈ (0, 1),
depending only on the data (W , β, m, d, M), such that for all 0 ≤ r ≤ L we have

ess osc
Q(ω1−mr2,r)

ρ ≤ γω

(
2r

L

)a
.(4.15)

where ω = c1M and c1 is chosen to be large enough so that αωm−1 > Lε. We choose as
our starting point the cylinder Q(4(L/2)2−ε, L) ⊂ ΩT . We start by defining

Rk = ck0L/2 , c0 =
1

2
σ(m−1)/εν0

2
<

1

2
, ωk = σkω ,

for k = 0, 1, . . . and ε ≤ (m − 1). We already have that αωm−1 > Rε
0 for all 0 ≤ r ≤ R.

This implies that

ω1−m
k Rε

k =σk(1−m)ckε0 ω
1−mRε

0

<α
(ν0

4

)kε
< α.

Additionally, we also have that

σ =σ1+ 1−m
ε σ

m−1
ε

> c0 .

It follows that

ess osc
Q(ω1−mR2

0,R0)
ρ ≤ ess osc

Q(4R2−ε
0 ,R0)

ρ ≤M ≤ c1M = ω .

Furthermore, we have

ess osc
Q(ω1−mR2

1,R1)
ρ ≤ ess osc

Q(ω1−mν02−1(R/2)2,R/2)
ρ ≤ σω ,

where we have applied Lemma 4.14. We can repeat the procedure starting at Rk with
ωk = σkω and µ−k := ess infQ(ω1−mR2

k,Rk) ρ assumed to be smaller than ωk/4. If this is not
the case, then the equation is uniformly parabolic in Q(ω1−mR2

k, Rk) and by parabolic reg-
ularity theory (cf. [LSU68]), (4.15) holds for some constants γ′ > 1, a′ ∈ (0, 1), depending
only on the data. The dependence of the constants on β > 0 is continuous.

Assuming µ−k > ωk/4 and applying the results of Lemma 4.14 to Rk+1 we obtain

ess osc
Q(ω1−mR2

k+1,Rk+1)
ρ = ess osc

Q(σk(1−m)ω1−mσ(m−1)(k+2/ε)ν2
02−2(Rk/2)2,Rk/2)

ρ

≤ ess osc
Q(ω1−m

k ν02−1(Rk/2)2,Rk/2)
ρ ≤ σωk .

By induction it follows that

ess osc
Q(ω1−mR2

k,Rk)
ρ ≤ σkω .
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Additionally, for all 0 ≤ r ≤ L we have that

ck+1
0 (L/2) ≤ r ≤ ck0(L/2) ,

for some k. Picking a = logc0 σ > 0, we derive

σk+1 ≤
(

2r

L

)a
.

Thus, we have

ess osc
Q(ω1−mr2,r)

ρ ≤ γω

(
2r

L

)a
,

where γ = max{σ−1, γ′} > 1 and a = min{logc0 σ, a
′} ∈ (0, 1) since σ > σ1 > 1/2 > c0.

Note that (4.15) implies that ρ is continuous. One can see this by mollifying with some
standard mollifier ϕε and applying the Arzelà–Ascoli theorem to show that the limit as
ε→ 0 is continuous.

Now that we have control on the oscillation of the solution we can proceed to the proof
of Hölder regularity. Consider a weak solution ρ(t, x) defined on ΩT . We would like the
Hölder regularity to be uniform in space and time so we consider only those points such
that (t, x) + Q(4(L/2)2−ε, L) ⊂ Ω◦T . The local regularity near ∂pΩT can be derived in a
similar manner. Fix two points (t, x) and (t, y) for some t large enough, and consider the
recursive scheme starting from K := (t, x) +Q(4(L/2)2−ε, L) ⊂ ΩT . Setting r = dΩ(x, y)
and applying (4.15), we obtain

|ρ(t, x)− ρ(t, y)| ≤ ess osc
(t,x)+Q(ω1−mr2,r)

ρ ≤ γω

(
2r

L

)a
≤ γ2ac1ML−adΩ(x, y)a .(4.16)

For the time regularity we consider two points (x, t1), (x, t2) ∈ ΩT , t1 > t2 assuming
that |t1 − t2|1/2 ≤ ω1−m(L/2)2. We consider the recursive scheme starting from K :=

(x, t1) +Q(4(L/2)2−ε, L) ⊂ ΩT . Setting r = ω(m−1)/2|t1 − t2|1/2, we obtain

|ρ(x, t2)− ρ(x, t1)| ≤ ess osc
(x,t1)+Q(ω1−mr2,r)

ρ ≤ γω

(
2r

L

)a
≤ γ2a(c1M)(2+a(m−1))/2L−a|t1 − t2|a/2 .

(4.17)

For |t1 − t2|1/2 > ω1−m(L/2)2, the proof is easier since

|ρ(x, t2)− ρ(x, t1)| ≤ 2M ≤ 2M |t1 − t2|a/2(L/2)−a(c1M)(m−1)/2 .(4.18)

Combining (4.16), (4.17), and (4.18) together we have the required Hölder regularity away
from the boundary:

|ρ(x, t1)− ρ(y, t2)| ≤Ch
(
dΩ(x, y)a + |t1 − t2|a/2

)
(4.19)

≤Ch
(
dΩ(x, y) + |t1 − t2|1/2

)a
,

where a ∈ (0, 1) depends continuously on β > 0 and Ch depends on M , L, m, γ, and d.
The regularity near the parabolic boundary can be derived in a similar manner. �

4.3. Characterisation of stationary solutions and bifurcations

Now that we have characterised the notion of solution for (4.2) we study the associated
stationary problem which is given by

β−1∆ρm +∇ · (ρ∇W ? ρ) = 0 , x ∈ Ω(4.20)

with the notion of solution identical to the one defined in Definition 4.1. One can imme-
diately see that ρ∞ := L−d is a solution to (4.20) for all β > 0. As mentioned earlier,
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(4.2) and (4.20) are intimately associated to the free energy functional Eβ,m : P(Ω) →
(−∞,+∞] which is defined as

Eβ,m(ρ) :=


β−1

m−1

∫
Ω
ρm(x) dx− β−1

m−1
+ 1

2

∫∫
Ω×Ω

W (x− y)ρ(x)ρ(y) dx dy, m > 1

β−1
∫

Ω
(ρ log ρ)(x) dx+ 1

2

∫∫
Ω×Ω

W (x− y)ρ(x)ρ(y) dx dy, m = 1

,

whenever the above quantities are finite and as +∞ otherwise. We will often use the
shorthand notation Sβ,m(ρ) := β−1

m−1

∫
Ω
ρm(x) dx− β−1

m−1
and Sβ := β−1

∫
Ω

(ρ log ρ)(x) dx for
the entropies and E(ρ) := 1

2

∫∫
Ω×Ω

W (x− y)ρ(x)ρ(y) dx dy for the interaction energy.
Another object that will play an important role in the analysis below is the following

self-consistency equation

β−1 m

m− 1
ρm−1 +W ? ρ = C ,

for some constant C > 0. We discuss how the above equation, solutions of (4.20), and
Eβ,m(ρ) are related to each other for the case m > 1 in the following proposition. (the
case m = 1 is discussed in Chapter 3 and Proposition 3.6 and the proofs are essentially
identical)

Proposition 4.15. Let ρ ∈ P(Ω) ∩ Lm(Ω) and fix β > 0,m > 1. Then the following
statements are equivalent

(1) ρ is a weak solution of (4.20)
(2) ρ is a critical point of Eβ,m, i.e. the metric slope |∂Eβ,m|(ρ) is 0.
(3) For every connected component A of its support ρ satisfies the self-consistency

equation, i.e.

β−1 m

m− 1
ρm−1 +W ? ρ = C(A, ρ)(4.21)

with C(A, ρ) given by

]C(A, ρ) = β−1 m

|A|(m− 1)
‖ρ‖m−1

Lm−1(A) +
1

|A|

∫
A

W ? ρ(x) dx .

Remark 4.16. We have used the notation

‖ρ‖Lm−1(A) =

(∫
A

ρm−1(x) dx

) 1
m−1

,

for 1 < m <∞, even though this is not a norm for 1 < m < 2.

Remark 4.17. Note that if a stationary solution ρ is fully supported then the constant
C(A, ρ) = C(Ω, ρ) reduces to

C(Ω, ρ) = β−1 m

|Ω|(m− 1)
‖ρ‖m−1

Lm−1(A) ,

where we have used the fact that W has mean zero. We can now formally pass to the
limit m→ 1 to obtain

β−1 log ρ+W ? ρ =
β−1

|Ω|

∫
Ω

log ρ dx .

The solutions of the above equation are studied in detail in Chapter 3.



126 4. DEGENERATE DIFFUSION

Now that we have various equivalent characterisations of stationary solutions of (4.2),
we proceed to state and prove the main result of this section regarding the existence of
bifurcations from the uniform state ρ∞. Before doing this however we need to introduce
some relevant notions. We denote byHn

0 (Ω) the homogeneousHn(Ω) space and byHn
0,s(Ω)

the closed subspace ofHn
0 (Ω) consisting of functions which are even along every coordinate

(pointwise a.e.). Note that the {wk}k∈Nd,k 6=0 defined in (0.1) forms an orthogonal basis
for Hn

0,s(Ω). We then introduce the following map F : Hn
0,s(Ω) × (0,∞) → Hn

0,s(Ω) for
n > d/2 which is given by

F (η, β) := β−1 m

m− 1
(ρ∞ + η)m−1 +W ? η − β−1 m

|Ω|(m− 1)
‖ρ∞ + η‖m−1

Lm−1(Ω) .(4.22)

Note that if F (η, β) = 0 then the pair (ρ∞ + η, β) satisfies (4.21) on all of Ω. If one can
show that (ρ∞ + η)(x) ≥ 0,∀x ∈ Ω then we have found a bonafide stationary solution
of (4.2) by the equivalency established in Proposition 4.15. Thus, we would like to study
the bifurcations of the map F from its trivial branch (0, β) . To this order we compute
its Fréchet derivatives around 0 as follows:

DηF (0, β)(w1) =β−1mρm−2
∞ w1 +W ? w1

D2
ηβF (0, β)(w1) =− β−2mρm−2

∞ w1

D2
ηηF (0, β)(w1, w2) =β−1m(m− 2)ρm−3

∞ w1w2 − β−1m(m− 2)

|Ω|
ρm−3
∞

∫
Ω

w1w2 dx

D3
ηηηF (0, β)(w1, w2, w3) =β−1m(m− 2)(m− 3)ρm−4

∞ w1w2w3

− β−1m(m− 2)(m− 3)

|Ω|
ρm−4
∞

∫
Ω

w1w2w3 dx ,

for some w1, w2, w3 ∈ Hn
0,s(Ω). We then have the following result:

Theorem 4.18 (Existence of bifurcations). Consider the map F : Hn
0,s(Ω)× (0,∞)→

Hn
0,s(Ω) for n > d/2 as defined in (4.22) with its trivial branch (0, β). Assume there exists

k∗ ∈ Nd, k∗ 6≡ 0 such that the following two conditions are satisfied
(1) Ŵ (k∗) < 0

(2) card
{
k ∈ Nd, k 6≡ 0 : Ŵ (k)

Θ(k)
= Ŵ (k∗)

Θ(k∗)

}
= 1 .

Then, (0, β∗) is a bifurcation point of (0, β) with

β∗ = −mρ
m−3/2
∞ Θ(k∗)

Ŵ (k∗)
,

i.e. there exists a neighbourhood N of (0, β∗) and a curve (η(s), β(s)) ∈ N, s ∈ (−δ, δ), δ >
0 such that F (η(s), s) = 0. The branch η(s) has the form

η(s) = swk∗ + r(swk∗ , β(s)) ,

where ‖r‖Hn
0,s(Ω) = o(s) as s→ 0. Additionally, we have that β′(0) = 0 and

β′′(0) =
β∗(m− 2)(m− 3)

3ρ2
∞

∫
Ω

w4
k∗ dx .

Proof. The proof of this theorem relies on the Crandall–Rabinowitz theorem (cf. Theo-
rem A.8). Note that F ∈ C2(Hn

0,s(Ω)× (0,∞);Hn
0,s(Ω)). Thus, we need to show that: (a)

DηF (0, β∗) : Hn
0,s(Ω) → Hn

0,s(Ω) is Fredholm with index zero and has a one-dimensional
kernel and (b) for any e ∈ ker(DηF (0, β∗)), e 6= 0 it holds that

D2
ηβF (0, β∗)(e) /∈ Im(DηF (0, β∗))
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.
For (a) we first note that DηF (0, β∗) is a compact perturbation of the identity as the

operator W ?e is compact on Hn
0,s (the argument is identical to the one in Theorem 3.18).

It follows then that it is a Fredholm operator (cf. Item (b)). Note that the functions
{wk}k∈Nd,k 6=0 diagonalise the operator DηF (0, β∗). Indeed, we have

DηF (0, β∗)(wk) =

(
β−1
∗ mρm−2

∞ +
1

Nk

Ŵ (k)

)
wk

=

(
β−1
∗ mρm−2

∞ + ρ−1/2
∞

Ŵ (k)

Θ(k)

)
wk .

Note that if the conditions (1) and (2) in the statement of the theorem are satisfied
it follows, using the expression for β∗, that DηF (0, β∗)(wk) = 0 if and only if k = k∗.
Thus, we have that ker(DηF (0, β∗)) = span(wk∗). This completes the verification of the
condition (1) in Theorem A.8.

For condition (2) in Theorem A.8, we note again by the diagonalisation of DηF (0, β∗)

that Im(DηF (0, β∗)) = {span(wk∗)}⊥. Thus, we have that

D2
ηβF (0, β∗)(wk∗) =− β−2

∗ mρm−2
∞ wk∗ /∈ Im(DηF (0, β∗)) .

We can now compute the derivatives of the branch. Using the identity [Kie12, I.6.3], it
follows that β′(0) = 0 if D2

ηηF (0, β∗)(wk∗ , wk∗) ∈ Im(DηF (0, β∗)). Thus, it is sufficient to
check that〈

D2
ηηF (0, β∗)(wk∗ , wk∗), wk∗

〉
Hn

0,s(Ω)
=
〈
β−1
∗ m(m− 2)ρm−3

∞ w2
k∗ , wk∗

〉
Hn

0,s(Ω)
= 0 ,

where the last inequality follows by using the expression for w2
k∗ from Proposition 4.40

and orthogonality of the basis {wk}k∈Nd . Thus, we have that β′(0) = 0. Finally we can
compute β′′(0) by using [Kie12, I.6.11] to obtain

β′′(0) =−

〈
D3
ηηηF (0, β∗)(wk∗ , wk∗ , wk∗), wk∗

〉
Hn

0,s(Ω)

3
〈
D2
ηβF (0, β∗)(wk∗), wk∗

〉
Hn

0,s(Ω)

=
β−1
∗ m(m− 2)(m− 3)ρm−4

∞
∫

Ω
w4
k∗ dx

3β−2
∗ mρm−2

∞

=
β∗(m− 2)(m− 3)

3ρ2
∞

∫
Ω

w4
k∗ dx .

This completes the proof of the theorem. �

Remark 4.19. Since Hn
0,s(Ω) is continuously embedded in C0(Ω) it follows that for

the branch of solutions ρ∞ + η(s) found in Theorem 4.18 are in fact strictly positive for
s sufficiently small and are thus stationary solutions by the result of Proposition 4.15.
Any interaction potential W (x) such that infinitely many k satisfy the conditions of The-
orem 4.18 will have infinitely many bifurcation points (0, βk) from the trivial branch. A
typical example would a be a potential for which the map k 7→ Ŵ (k) is strictly negative
and injective.

Remark 4.20. Note that β′′(0) > 0 for all m ∈ (1, 2) ∪ (3,∞). This means that the
branch turns to the right, i.e. it is supercritical. On the other hand if m ∈ (2, 3), then
β′′(0) < 0. This means that the branch turns to the left, i.e. it is subcritical. If m ∈ {2, 3}
we have that β′′(0) = 0. The relation of this phenomenon to the minimisers of the free
energy will be discussed in Proposition 4.39.
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4.4. Minimisers of the free energy and phase transitions

The nontrivial stationary solutions found as a result of the bifurcation analysis in the
previous section need not correspond to minimisers of the free energy, Eβ,m(ρ). Indeed,
we do not know yet if minimisers even exist. We start first by proving the existence
of minimisers of Eβ,m. We then show that for β sufficiently small Eβ,m has a unique
minimiser, namely ρ∞.

The natural question to ask then is if this scenario changes for larger values of β. As
in Chapter 3, we provide a rigorous definition by which this change can be characterised
via the notion of a transition point and define two possible kinds of transition points,
continuous and discontinuous. We then provide necessary and sufficient conditions on
W for the existence of a transition point and sufficient conditions for the existence of
continuous and discontinuous transition points.

We start with a technical lemma that provides us with some useful a priori bounds on
the minimisers of Eβ,m.

Lemma 4.21 (L∞(Ω)-bounds). Assume β > 0,m > 1. Then there exists some Bβ,m >
0, such that if ρ ∈ P(Ω) with ‖ρ‖L∞(Ω) > Bβ,m, then there exists ρ ∈ P(Ω) with ‖ρ‖L∞(Ω) ≤
Bβ,m with

Eβ,m(ρ) < Eβ,m(ρ) .

Proof. We start by noting that the following bounds hold

Sβ,m(ρ) ≥ β−1

m− 1

(
1

|Ω|

)m−1

− β−1

m− 1
(4.23)

E(ρ) ≥− 1

2
‖W−‖L∞(Ω) .(4.24)

We divide our analysis into two cases. For B > 0 and ρ ∈ P(Ω) let

BB := {x ∈ Ω : ρ ≥ B} ,

and

εB =

∫
BB
ρ dx .

Case 1: (ρ,B) s.t. εB ≥ 1
2

We then have the following bounds on the entropy.

Sβ,m(ρ) =
β−1

m− 1

(∫
BB
ρm dx+

∫
BcB

ρm dx

)
− β−1

m− 1

≥β
−1Bm−1

2(m− 1)
− β−1

m− 1
.

It follows then that we have the following bound on the free energy.

Eβ,m(ρ) ≥ β−1Bm−1

2(m− 1)
− 1

2
‖W−‖L∞(Ω) −

β−1

m− 1
.

If we define a constant B1 as follows

B1(m,β) :=

(
2

|Ω|m−1 + β(m− 1)‖W−‖L∞(Ω)

)1/(m−1)

,

such that for B > B1, 1/|Ω| has a lower value of the free energy than ρ.
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Case 2: (ρ,B) s.t. εB < 1
2

We write ρ = ρB + ρr, where ρB := ρ · χBB and ρr := ρ − ρB. We then have the
following bound on the entropy.

Sβ,m(ρ) ≥ Sβ,m(ρr) +
β−1Bm−1

m− 1
εB ≥ Sβ,m(ρr) .

We can assume without loss of generality that Eβ(ρ) < Eβ(1/|Ω|), otherwise the proof is
complete. It follows then that

E(ρ) < E(1/|Ω|) , Sβ,m(ρr) ≤ Sβ,m(ρ) ≤ 1

2
‖W−‖L∞(Ω)+

β−1

(m− 1)|Ω|m−1−
β−1

m− 1
:= s∗(m,β) .

By expanding E(ρ), the following estimate can be obtained

E(ρr) < E(1/|Ω|) +
1

2
‖W−‖L∞(Ω) := e∗ ,

where we have used the fact that εB < 1/2. Define ρr := (1− εB)−1ρr ∈ P(Ω). We have

Sβ,m(ρ)− Sβ,m(ρr) ≥Sβ,m(ρr) +
β−1Bm−1

m− 1
εB −

β−1

m− 1
(1− εB)−m

∫
Ω

ρmr dx

≥εB
[
β−1Bm−1

m− 1
−
(

(1− εB)−m − 1

εB

)
s∗(m,β)

]
.

One can control the second term in the brackets as follows(
(1− εB)−m − 1

εB

)
s∗(m,β) ≤ max

(
m+

m(m+ 1)(1− δ)−m−2δ

2
,
2m − 1

δ

)
s∗(m,β) ,

for any δ < 1. Setting δ = 1
2
, we obtain(

(1− εB)−m − 1

εB

)
s∗(m,β) ≤ m(1 + (m+ 1)2m) .

Similarly for the interaction energy we can compute the difference as follows

E(ρ)− E(ρ) =E(ρ)− E(ρr) + E(ρr)− E(ρr)

≥− 1

2
‖W−‖L∞(Ω)εB + E(ρr)

(
ε2
B − 2εB

(1− εB)2

)
≥εB

[(
εB − 2

(1− εB)2

)
E(ρr)−

1

2
‖W−‖L∞(Ω)

]
.

Using the fact that εB < 1/2 we can obtain

E(ρ)− E(ρ) ≥εB
[
−8e∗ −

1

2
‖W−‖L∞(Ω)

]
.

Now we can define a second constant as follows

B2(β,m) :=

[
(m− 1)β

(
m(1 + 2m(m+ 1))s∗(m,β) + 8e∗ +

1

2
‖W−‖L∞(Ω)

)]1/(m−1)

,

such that for B > B2, ρr has a lower value of the free energy than ρ. We now set our
constant as follows

Bβ,m := max(B1(β,m), 2B2(β,m)) ,

and set ρ to either be (1/|Ω|) or ρr. The constant 2 in front of B2(β,m) follows from the
fact that ρr has been normalised. �

The expression for the constant Bβ,m is explicit as a result of which we can even obtain
some uniform control in m.
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Corollary 4.22. Let (β,m) ∈ (0, C) × [1 + ε,∞) =: A ⊂ (0,∞) × (1,∞) for some
C, ε > 0. Then B? := supABβ,m <∞.

We now proceed to the existence result for minimisers of Eβ,m.

Theorem 4.23 (Existence of minimisers). Fix β > 0 and m > 1, then Eβ,m : P(Ω)→
(−∞,+∞] has a minimiser ρ∗ ∈ P(Ω) ∩ L∞(Ω). Additionally we have that

‖ρ∗‖L∞(Ω) ≤ Bβ,m .

Proof. We note first that, from (4.23) and (4.24), Eβ,m is bounded below on P(Ω). Let
{ρn}n∈N be a minimising sequence. Note that by Lemma 4.21 we can pick this sequence
such that ‖ρn‖L∞(Ω) ≤ Bβ,m. By the Banach–Alaoglu theorem (cf. Theorem A.2) we have
a subsequence {ρnk}k∈N and measure ρ∗ ∈ L∞(Ω) such that

ρnk ⇀ ρ∗ weakly-∗ in L∞(Ω)

ρnk ⇀ ρ∗ weakly in Lm(Ω) .

Note that ρ∗ is nonnegative a.e. and also has mass one. Thus, ρ∗ ∈ P(Ω) ∩ L∞(Ω). The
proof would be complete if we can show lower semicontinuity of Eβ,m in weak-Lm(Ω). Note
that for W ∈ C2(Ω), E(ρ) is continuous. On the other hand, Sβ,m(ρ) is convex and lower
semicontinuous in the Lm(Ω) topology (cf. [JLJ98, Lemma 4.3.1]). It follows from fairly
classical results (cf. [Bre11, Theorem 3.7]) that Eβ,m is also weakly lower semicontinuous.
This concludes the proof of existence of minimisers. The bound simply follows from the
fact that norms are lower semicontinuous under weak-∗ convergence. �

Lemma 4.24 (Regularity and compactness of minimisers). Let ρβ ∈ P(Ω) be a min-
imiser of Eβ,m(ρ). Then ρβ is Hölder continuous with exponent a ∈ (0, 1) given by Theo-
rem 4.3, where a depends continuously on β. Let {ρβ}β∈I be a family of such minimisers,
where I ⊂ (0,∞) is some bounded interval. Then the family {ρβ}β∈I is relatively compact
in C0(Ω).

Proof. The proof of the first statement follows simply by applying Proposition 4.15
and Theorem 4.3 with M = Bβ,m. For the second statement, let I be the closure of I.
Then applying (4.19) for some x, y ∈ Ω, we have that

|ρβ(x)− ρβ(y)| ≤ ChdΩ(x, y)a ,

where a = a(β), Ch = Ch(β). Setting a? = maxI a(β) and B? to be as in Corollary 4.22,
we have that

|ρβ(x)− ρβ(y)| ≤ C?
hdΩ(x, y)a

?

,

where C?
h is some new constant depending on B?, m, d, and W . Thus, the family {ρβ}β∈I

is equicontinuous. It is clearly equibounded from Corollary 4.22. Applying the Arzelà–
Ascoli theorem, the result follows. �

Now that we have shown existence and regularity of minimisers we show that for β
small or W ∈ Hs minimisers of Eβ,m are unique and given by ρ∞. To show this we start
with the following lemma.

Lemma 4.25. There exists an δ > 0 depending on m, such that for all β < δ it holds
that if ρ ∈ P(Ω) is a minimiser of Eβ,m, then ρ(x) ≥ β1/(2(m−1)) for all x ∈ Ω.

Proof. Assume ρ ∈ P(Ω) is a minimiser of Eβ,m. We will show that for ε := β1/2(m−1)

, β small enough (depending on ε, independent of ρ), we can construct a competitor ρ
which bounded below by ε and has a lower value of the free energy. This would be a
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contradiction. Given any ρ ∈ P(Ω) ∩ L1(Ω) which is a minimiser of Eβ,m, we define the
following sets

Aε := {x ∈ Ω : ρ(x) ≤ ε}
A∞ := {x ∈ Ω : ρ(x) ≥ ρ∞}
B := Ω \ (Aε ∪ A∞) ,

where for the sake of notational convenience we suppress the dependence of the sets on
ρ. We assume further that |Aε| > 0 otherwise there is nothing to prove. We then define
the following measure ρ ∈ P(Ω) ∩ L1(Ω) as follows

ρ(x) :=


ρ(x) + ε x ∈ Aε

ρ(x) x ∈ B
ρ(x)− ε |A

ε|
|A∞| x ∈ A∞

,

where again we suppress the dependence of ρ on ε > 0. It is not immediately clear that
ρ is nonnegative. We show that for ε > 0 small enough, independent of ρ, this is indeed
the case. We know that

∫
Ω
ρ dx = 1, which gives us the following bound,

1 =

∫
Aε
ρ dx+

∫
B

ρ dx+

∫
A∞

ρ dx

≤ε|Aε|+ ρ∞|B|+Bβ,m|A∞|
≤ε|Aε|+ ρ∞|B|+B?|A∞| ,

where B? is the constant from Corollary 4.22. Dividing through by |Aε| we obtain

|Aε|−1 ≤ ε+ ρ∞(|Ω| − |Aε| − |A∞|)|Aε|−1 +B∗
|A∞|
|Aε|

.

This leaves us with the following estimate

|A∞|
|Aε|

≥ ρ∞ − ε
B? − ρ∞

.

It is clear that ρ can be negative only on the set A∞. We have the following bound for
all x ∈ A∞,

ρ(x) ≥ρ∞ − ε
|Aε|
|A∞|

≥ρ∞ − ε
B? − ρ∞
ρ∞ − ε

,

which for ε small enough is clearly nonnegative. Additionally, using the same estimate
for ε small enough, we conclude that ρ(x) ≥ ε for all x ∈ Ω. We now try and compute
the free energy of ρ by first estimating the entropy as follows

Sβ,m(ρ) =
β−1

m− 1

(∫
Aε

(ρ+ ε)m dx+

∫
B

ρm dx+

∫
A∞

(
ρ− ε |A

ε|
|A∞|

)m
dx

)
− β−1

m− 1

=Sβ,m(ρ) + β−1

(
m

m− 1
ε

∫
Aε
ρm−1 dx− m

m− 1
ε
|Aε|
|A∞|

∫
A∞

ρm−1 dx

)
+ β−1

(
mε2

∫
Aε
fm−2

1 dx+mε2 |Aε|
2

|A∞|2
∫
A∞

fm−2
2 dx

)
,
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where f1(x) ∈ (ρ(x), ρ(x) + ε) and f2(x) ∈ (ρ(x), ρ(x) − ε |A
ε|

|A∞|). Since |Aε|
|A∞| is bounded

above for ε small enough,we have that

Sβ,m(ρ) ≤Sβ,m(ρ) + εβ−1 m

m− 1
|Aε|

(
εm−1 − ρm−1

∞
)

+ β−1

(
mε2(2ε)m|Aε|+mε2 |Aε|

|A∞|
(B?)m−2

)
≤Sβ,m(ρ) + εβ−1 m

m− 1
|Aε|

(
εm−1 − ρm−1

∞
)

+ β−1

(
mε2(2ε)m|Aε|+mε2B

? − ρ∞
ρ∞ − ε

(B?)m−2

)
.

Picking ε < ρ∞/2
1−m, we obtain

Sβ,m(ρ) ≤Sβ,m(ρ)− β−1|Aε|ε m

2(m− 1)

(
ρm−1
∞
)

+ C1β
−1|Aε|ε2 ,

where, for ε small, the constant C1 depends only on B? and m. We now estimate the
interaction energy as follows

E(ρ) =
1

2

∫∫
Ω×Ω

W (x− y)ρ(x)ρ(y) dx dy

=
1

2

∫∫
Aε×Aε

W (x− y)(ρ+ ε)(x)(ρ+ ε)(y) dx dy

+

∫∫
Aε×A∞

W (x− y)(ρ+ ε)(x)

(
ρ− ε |A

ε|
|A∞|

)
(y) dx dy

+
1

2

∫∫
A∞×A∞

W (x− y)

(
ρ− ε |A

ε|
|A∞|

)
(x)

(
ρ− ε |A

ε|
|A∞|

)
(y) dx dy

+

∫∫
Aε×B

W (x− y)(ρ+ ε)(x)ρ(y) dx dy

+

∫∫
A∞×B

W (x− y)

(
ρ− ε |A

ε|
|A∞|

)
(x)ρ(y) dx dy

+
1

2

∫∫
B×B

W (x− y)ρ(x)ρ(y) dx dy .

Combining the appropriate terms together and bounding the rest, we obtain

E(ρ) ≤E(ρ) + ε2|Aε|‖W‖L1(Ω) +
ε2

2
|Aε|‖W‖L1(Ω) + ε|Aε|‖W‖L∞(Ω)

+ 2ε2|Aε|‖W‖L1(Ω) + ε|Aε|‖W‖L1(Ω) + ε2|Aε|2‖W‖L∞(Ω)

+ 2ε|Aε|‖W‖L∞(Ω)

≤E(ρ) + C2|Aε|ε ,

where again for, ε small enough, C2 depends only on W . Combining the two estimates
we have that

Eβ,m(ρ) ≤ Eβ,m(ρ) + |Aε|
(
−β−1ε

m

2(m− 1)

(
ρm−1
∞
)

+ C1β
−1ε2 + C2ε

)
.
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Setting β = ε2(m−1) we have

Eβ,m(ρ) ≤ Eβ,m(ρ) + |Aε|
(
−ε3−2m m

2(m− 1)

(
ρm−1
∞
)

+ C1ε
4−2m + C2ε

)
.

Clearly for ε lesser than some ε′(which depends on m) the second term on the right
hand side of the above expression is negative. Thus, we have that Eβ,m(ρ) < Eβ,m(ρ)
providing us with a contradiction. It follows that any minimiser ρ ∈ P(Ω) of Eβ,m for
β < (ε′)2(m−1) =: δ, ρ(x) ≥ ε = β1/(2(m−1)) for all x ∈ Ω. �

The positivity estimate of the previous lemma then imply the following proposition
on uniqueness of minimisers for small β. This improves the result of [CKY13] in which
uniqueness is proved only for 1 < m ≤ 2.

Theorem 4.26. Let W ∈ Hs or β � 1. Then Eβ,m(ρ) has a unique minimiser
ρ = ρ∞.

Proof. We first consider the case in which W ∈ Hs. We write the linear interpolant
as ρt = ρ0 + tη where η = ρ1 − ρ0 where ρ0, ρ1 ∈ P(Ω) with Eβ,m(ρ0), Eβ,m(ρ1) < ∞.
Differentiating with respect to t twice we obtain that

d2

dt2
Eβ,m(ρt) = β−1

∫
Ω

mρm−2
t η2 dx+

∫∫
Ω×Ω

W (x− y)η(x)η(y) dx dy .

ForW ∈ Hs the above expression is strictly positive. Thus, Eβ,m(ρt) is a convex function,
from which it follows that Eβ,m must have unique minimisers. We further argue that the
minimiser must be ρ∞. Indeed, we have for any P(Ω) 3 ρ 6= ρ∞ that

Eβ,m(ρ) =Sβ,m(ρ) + E(ρ)

>Sβ,m(ρ∞) + E(ρ)

≥Sβ,m(ρ∞) = Eβ,m(ρ∞) ,

where the first inequality follows from Jensen’s inequality and the second one from the
fact that W ∈ Hs and Definition 0.1.

Consider the case m ∈ (1,∞) with ρ0, ρ1 ∈ P(Ω), now assumed to be distinct min-
imisers of Eβ,m. We let β < δ where δ is the same as in Lemma 4.25. We then have

d2

dt2
Eβ,m(ρt) ≥ β−m/(2(m−1))

∫
Ω

η2 dx+ ρ−1/2
∞ min

k∈Nd

Ŵ (k)

Θ(k)

∫
Ω

η2 dx .

For β < min

{
δ,
(
−ρ−1/2
∞
m

mink∈Nd
Ŵ (k)
Θ(k)

)2(m−1)/m
}

the above term is strictly positive. Thus,

for m ∈ (1,∞) for β small enough the function t 7→ Eβ,m(ρt) is strictly convex and thus
Eβ,m has a unique minimiser.

Note now that if the minimiser ρ of Eβ,m is unique, then it must be ρ∞. Indeed, if β
is small enough we know from Lemma 4.25 that the minimiser must be bounded strictly
away from 0. By Proposition 4.15 we know that ρ ∈ H1(Ω) ∩ P(Ω) is a weak solution
of (4.20), i.e. for all φ ∈ H1

0 (Ω), it holds that

β−1m

∫
Ω

(∇φ · ∇ρ)ρm−1 dx+

∫
Ω

(∇W ? ρ · ∇φ)ρ dx = 0 .

We set f1 := ρm−1 and f2 := W ? ρ to be known functions. Note that from Lemma 4.21
and Lemma 4.25 we have the following estimates on f1, f2

|f2| ≤ ‖W‖L∞(Ω), |∇f2| ≤ ‖∇W‖L∞(Ω)

β1/2 ≤f1 ≤ (B?)m−1 .
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Consider the the bilinear form B : H1
0 (Ω)×H1

0 (Ω)→ R defined as

B[ψ, φ] := β−1m

∫
Ω

(∇φ · ∇ψ)f1 dx+

∫
Ω

(∇f2 · ∇φ)ψ dx .

We have the following bound

B[ψ, φ] ≤β−1m‖∇ψ‖L2(Ω)‖∇φ‖L2(Ω)(B
?)m−1 + ‖∇W‖L∞(Ω)‖ψ‖L2(Ω)‖∇φ‖L2(Ω)

≤C(β,m)‖ψ‖H1
0 (Ω)‖φ‖H1

0 (Ω) ,

where in the final step we have used the Poincaré inequality (cf. Lemma B.5). Thus, B[·, ·]
is bounded on H1

0 (Ω)×H1
0 (Ω). We also have the following lower bound

B[ψ, ψ] ≥ β−1/2m‖ψ‖2
H1

0 (Ω) −
1 + cp

2
‖∇W‖L∞(Ω)‖ψ‖

2
H1

0 (Ω) ,

where cp is the Poincaré constant on Td. For β small enough, independent of ρ, we have
that B[·, ·] is coercive on H1

0 (Ω) × H1
0 (Ω). By the Lax–Milgram theorem, there exists a

unique weak solution ψ ∈ H1
0 (Ω) to B[ψ, φ] = 0. Since ψ = c (its entire equivalence class)

is such a solution it must be the unique solution. It follows then that ρ = ψ = ρ∞ is the
unique solution in the class H1(Ω) ∩ P(Ω). Thus, for

β < min

δ,
(
−ρ−1/2
∞

m
min
k∈Nd

Ŵ (k)

Θ(k)

)2(m−1)/m

,

(
2m

(1 + cp)‖∇W‖L∞(Ω)

)2
 ,

ρ∞ is the unique minimiser of Eβ,m. �

We know now that under certain circumstances ρ∞ is the unique minimiser of Eβ,m.
It is also immediately clear that W ∈ Hc

s is a necessary condition for the existence of a
nontrivial minimiser at higher values of the parameter β. As in Chapter 3, we introduce
the notion of transition point that allows us to capture this change.

Definition 4.27 (Transition point). A parameter value βc > 0 is said to be a transi-
tion point of Eβ,m if the following conditions are satisfied.

(1) For β < βc, ρ∞ is the unique minimiser of Eβ,m.
(2) At β = βc, ρ∞ is a minimiser of Eβ,m.
(3) For β > βc, there exists P(Ω) 3 ρβ 6= ρ∞, such that ρβ is a minimiser of Eβ,m.

We further classify transition points into discontinuous and continuous transition
points. These are almost identical to the corresponding notions introduced in Chapter 3,
the only difference being that we work in the L∞(Ω)-topology.

Definition 4.28 (Continuous and discontinuous transition points). A transition point
βc of Eβ,m is said to be a continuous transition point if

(1) At β = βc, ρ∞ is the unique minimiser of Eβ,m.
(2) For any family of minimisers {ρβ}β>βc it holds that

lim sup
β→β+

c

‖ρβ − ρ∞‖L∞(Ω) = 0 .

A transition point βc > 0 of Eβ,m which is not continuous is said to be discontinuous.

It turns out that W ∈ Hc
s is in fact a sufficient condition for the existence of a

transition point. This result is analogous to the result in the case m = 1 discussed
in [GP70, CP10, CGPS20] and Chapter 3, Proposition 3.27.
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Proposition 4.29. Assume W ∈ Hc
s. Then there exists some parameter value 0 <

βc ≤ βm] with βm] defined as

βm] := − mρ
m−3/2
∞

mink∈Nd,k 6=0

Ŵ (k)

Θ(k)

,

such that βc is a transition point of Eβ,m. Thus, W ∈ Hc
s is a necessary and sufficient

condition for the existence of a transition point.

Proof. Consider the measure ρε = ρ∞ + εwk] ∈ P(Ω) for 0 < ε � 1 where k] ∈ Nd is
defined as

k] := arg min
k∈Nd,k 6=0

Ŵ (k)

Θ(k)
.

if it is defined uniquely. If not we pick any k] that realises the minimum of the above
expression. We now consider an expansion of the energy Eβ,m(ρε) around ρε which we
will use repeatedly throughout the rest of this section. We Taylor expand around ρ∞ to
obtain

Eβ,m(ρε) =Eβ,m(ρ∞) +

(
β−1mρm−2

∞ + ρ−1/2
∞

Ŵ (k])

Θ(k])

)
ε2

2
‖wk]‖2

L2(Ω)

+ β−1m(m− 2)
ε3

6

∫
Ω

fm−3w3
k] dx,

where the function f(x) ∈ (ρ∞, ρ
ε(x)). For ε > 0 small enough, the highest order term

can be controlled as follows

Eβ,m(ρε) ≤Eβ,m(ρ∞) +

(
β−1mρm−2

∞ + ρ−1/2
∞

Ŵ (k])

Θ(k])

)
ε2

2
‖wk]‖2

L2(Ω)

+ β−1m(m− 2)N3
k]
ε3

6
‖f‖m−3

L∞(Ω)|Ω|

=Eβ,m(ρ∞) +

(
β−1mρm−2

∞ + ρ−1/2
∞

Ŵ (k])

Θ(k])

)
ε2

2
‖wk]‖2

L2(Ω)

+ o(ε2) .

For β > βm] , the second order term in the above expression has a negative sign. Thus,
for ε > 0 sufficiently small we have that Eβ,m(ρε) < Eβ,m(ρ∞). Since, by Theorem 4.23,
minimisers of Eβ,m exists for all β > 0, it follows that for all β > βm] there exist nontrivial
minimisers of the free energy. Thus, there exists some βc ≤ βm] which is a transition point
of the free energy Eβ,m(ρ). �

Remark 4.30. We note here that the βm] defined in the statement of Proposition 4.29
corresponds exactly to the point of critical stability of the uniform state ρ∞, i.e. if
the stationary problem is linearised about ρ∞, then βm] corresponds to the value of the
parameter at which the first eigenvalue of the linearised operator crosses the imaginary
axis.

Before attempting to characterise continuous and discontinuous transition points we
define the function Fm : (0,∞)→ R

Fm(β) := min
ρ∈P(Ω)

Eβ,m .
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Lemma 4.31. For all β > 0 the function Fm is continuous. Assume further that there
exists β′ > 0 and P(Ω) 3 ρβ′ 6= ρ∞ such that Eβ′,m(ρβ′) = Fm(β′). Then for all β > β′,
Eβ,m(ρ∞) > Fm(β).

Proof. We note that for 0 < β ≤ βc (where βc is possibly +∞) we have that Fm(β) =
Eβ,m(ρ∞) which is clearly a continuous function of β. Let β2 > β1 > βc (if βc < ∞, else
we are done) and let ρβ1 be the minimiser of Eβ1,m. However, due to the structure of the
free energy, we have that

Fm(β2) ≤Eβ2,m(ρβ1)

=Eβ1,m(ρβ1) +
1

m− 1
(β−1

2 − β−1
1 )

∫
Ω

(
ρmβ1
− ρβ1

)
dx

=Fm(β1) +
1

m− 1
(β−1

2 − β−1
1 )

∫
Ω

(
ρmβ1
− ρβ1

)
dx .

Continuity of Fm follows from the above argument by flipping β2 and β1 and noting that
ρβ1 , ρβ2 are uniformly bounded by the result of Theorem 4.23.

Assume now that Eβ′,m(ρβ′) ≤ Eβ′,m(ρ∞) and let β > β′. We then have that

Fm(β) ≤Eβ,m(ρβ′)

=Eβ′,m(ρβ′) +
1

m− 1
(β−1 − β′−1)

∫
Ω

(
ρmβ′ − ρβ′

)
dx

≤Eβ′,m(ρ∞) +
1

m− 1
(β−1 − β′−1)

∫
Ω

(
ρmβ′ − ρβ′

)
dx

<Eβ′,m(ρ∞) +
1

m− 1
(β−1 − β′−1)

∫
Ω

ρm∞ − ρ∞ dx = Eβ,m(ρ∞) .

�

We will now try and refine our characterisations of discontinuous and continuous
transition points in analogy with the results in Chapter 3.

Lemma 4.32. If a transition point βc > 0 is continuous, then βc = βm] .

Proof. We know already from Proposition 4.29 that βc ≤ βm] . Let us assume that
βc < βm] . We know from Definition 4.28 that ρ∞ is the unique minimiser of Eβc,m.
Additionally for any sequence of minimisers {ρβ}β>βc we know that

lim sup
β→β+

c

‖ρβ − ρ∞‖L∞(Ω) = 0 .

Consider such a sequence and set ηβ = ρβ − ρ∞. For β > βc, we expand the free energy
about ρ∞ as follows

Eβ,m(ρβ) = Eβ,m(ρ∞) + β−1mρm−2
∞
‖ηβ‖2

L2(Ω)

2
+
ρ
−1/2
∞

2

∑
k∈Nd

Ŵ (k)

Θ(k)

∑
σ∈Symk(Λ)

|η̂β(σ(k))|2

− β−1m(m− 2)

6

∫
Ω

fm−3η3
β dx .

where f(x) ∈ (ρ∞, ρβ(x)) and can be bounded by ‖ρβ‖L∞(Ω) ≤ Bβ,m ≤ B from the result

of Theorem 4.23 and Corollary 4.22. Additionally we can control
Ŵ (k)

Θ(k)
to obtain the
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following bound

Eβ,m(ρβ) ≥Eβ,m(ρ∞) +

(
β−1mρm−2

∞ + ρ−1/2
∞ min

k∈Nd,k 6=0

Ŵ (k)

Θ(k)

)
‖ηβ‖2

L2(Ω)

2

− β−1m(m− 2)

6
Bm−3‖ηβ‖3

L3(Ω) .

Note that due to the fact that ‖ηβ‖L∞(Ω) → 0 as β → β+
c , we have that ‖ηβ‖3

L3(Ω) is
o(‖ηβ‖2

L2(Ω)), i.e. ‖ηβ‖
3
L3(Ω) ≤ ‖ηβ‖L∞(Ω)‖ηβ‖

2
L2(Ω). This leaves us with

Eβ,m(ρβ) ≥Eβ,m(ρ∞) +

(
β−1mρm−2

∞ + ρ−1/2
∞ min

k∈Nd,k 6=0

Ŵ (k)

Θ(k)

)
‖ηβ‖2

L2(Ω)

2

− o
(
‖ηβ‖2

L2(Ω)

)
.

Since βc < βm] , the term in the brackets is positive close to βc we obtain a contradiction
as ρβ is a nontrivial minimiser of Eβ,m. Thus, we must have that βc = βm] . �

From Definition 4.28, we see that some βc > 0 is a discontinuous transition point if
it violates either (or both) of the conditions (1) and (2). In the following lemma, we will
show that if (2) is violated then (1) is as well.

Lemma 4.33. Assume βc > 0 is a discontinuous transition point of the energy Eβ,m
and that for some family of minimisers {ρβ}β>βc it holds that

lim sup
β→β+

c

‖ρβ − ρ∞‖L∞(Ω) 6= 0 .

Then there exists P(Ω) 3 ρβc 6= ρ∞ such that:
(1) Fm

βc
= Eβc,m(ρβc) = Eβc,m(ρ∞).

(2) Sβc,m(ρβc) > Sβc,m(ρ∞) and E(ρβc) < E(ρ∞) = 0.

Proof. Consider a sequence of points {βn}n∈N > βc and βn → βc as n → ∞. We
know that the set of minimisers {ρβn}n∈N is compact in C0(Ω)∩P(Ω) from Lemma 4.24.
Thus, there exists a subsequence ρβn ∈ {ρβ}β>βc (which we do not relabel) and a limit
ρβc ∈ P(Ω) ∩ C0(Ω) such that

lim
n→∞
‖ρβn − ρβc‖C0(Ω) = 0 .

From the statement of the lemma we know that ρβc 6= ρ∞. All that remains is to show
that ρβc is a minimiser of Eβc,m. We first note that limn→∞Eβn(ρβn) = Eβc(ρβc). This
follows from the fact that the interaction energy E is continuous on C0(Ω) ∩ P(Ω) for
W ∈ C2(Ω) and the entropy Sβ,m is essentially an Lm-norm and is thus also controlled
by the C0(Ω) topology. Finally we use the result of Lemma 4.31 to note that

Eβc(ρβc) = lim
n→∞

Eβn(ρβn)

= lim
n→∞

Fm(βn) = Fm(βc) ,

which completes the proof of (1). The proof of (2) follows immediately from the fact
that ρ∞ is the unique minimiser of Sβ,m(ρ) on P(Ω) (which is a consequence of Jensen’s
inequality). �

Remark 4.34. The above lemma tells us that we have not lost much by defining
discontinuous transition points with respect to the L∞(Ω) norm since the transition points
obtained are discontinuous with respect to the Lp(Ω) norm as well for all p ∈ [1,∞].
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Indeed, if we consider the sequence constructed in the proof of Lemma 4.33 {ρβn}n∈N it
follows that

lim
n→∞
‖ρβn − ρβc‖Lp(Ω) ≤ |Ω|

1/p lim
n→∞
‖ρβn − ρβc‖C0(Ω) = 0 ,

where ρβc is the limiting object obtained in the proof of Lemma 4.33. Thus, lim sup
β→β+

c

‖ρβ −

ρ∞‖Lp(Ω) 6= 0 for all p ∈ [1,∞].

In the following proposition, we outline the strategy we will use to provide sufficient
conditions for the existence of continuous and discontinuous transition points.

Proposition 4.35. Assume that W ∈ Hc
s so that there exists a transition point βc > 0

of Eβ,m. Then:
(a) If ρ∞ is the unique minimiser of Eβm] ,m, then βc = βm] is a continuous transition

point.
(b) If ρ∞ is not a minimiser of Eβm] ,m, then βc < βm] is a discontinuous transition

point.

Proof. For the proof of Proposition 4.35(a) we note that βc already satisfies condition
(1) of Definition 4.28. All we need to show is that it satisfies condition (2). Assume
βc < βm] , then by the very definition of a transition point we would have a contradiction
since ρ∞ is the unique minimiser of Eβ,m at β = βm] . It follows then that βc = βm] .
Assume now that condition (2) of Definition 4.28 is violated, i.e. there exists a family of
minimisers {ρβ}β>βm] such that

lim
β→βm+

]

‖ρβ − ρ∞‖L∞(Ω) 6= 0 .

By Lemma 4.33 it follows that there exists P(Ω) 3 ρβm] 6= ρ∞ which minimises Eβm] ,m.
This is a contradiction.

For Proposition 4.35(b), we note that since ρ∞ is not a minimiser at β = βm] by Def-
inition 4.27 and Proposition 4.29 it follows that βc < β]. Thus, by Lemma 4.32, βc is a
discontinuous transition point. �

The next theorem provides conditions on the Fourier modes of W (x) for the existence
of discontinuous transition points. It can be thought of as the analogue of Theorem 3.35
for the case of nonlinear diffusion.

Theorem 4.36. Assume W ∈ Hc
s, m 6= 2, and define, for some δ > 0, the set Kδ as

follows

Kδ :=

{
k′ ∈ Nd \ {0} :

Ŵ (k′)

Θ(k′)
≤ min

k∈Nd\{0}

Ŵ (k)

Θ(k)
+ δ

}
We define δ∗ to be the smallest value, if it exists, of δ for which the following condition is
satisfied:

(C2) there exist ka, kb, kc ∈ Kδ∗ , such that ka = kb + kc .

Then if δ∗ is sufficiently small, Eβ,m exhibits a discontinuous transition point at some
βc < β]. Note that two of the modes in (C2) can be repeated e.g. ka = 2, kb = 1, kc = 1.

Proof. We know already from Proposition 4.29 that the system possesses a transition
point βc. We are going to use Proposition 4.35(b) and construct a competitor ρ ∈ P(Ω)



4.4. MINIMISERS OF THE FREE ENERGY AND PHASE TRANSITIONS 139

which has a lower value of the free energy than ρ∞ at β = βm] . Define the function

γ(m) :=

{
1 m < 2

−1 m ≥ 2

and let

ρε = ρ∞

(
1 + γ(m)ε

∑
k∈Kδ∗

wk

)
∈ P(Ω) ,

for some ε > 0, sufficiently small. We denote by
∣∣Kδ∗

∣∣ the cardinality of Kδ∗ , which is
necessarily finite as W ∈ L2(Ω). Expanding the free energy about ρ∞ we obtain

Eβm] ,m(ρε)

≤Eβm] ,m(ρ∞) +
∣∣Kδ∗

∣∣((βm] )−1mρm−2
∞ + ρ−1/2

∞ min
k∈Nd\{0}

Ŵ (k)

Θ(k)
+ ρ−1/2

∞ δ∗

)
ε2

2
‖wk‖2

L2(Ω)

+ (βm] )−1γ(m)3m(m− 2)ρm−3
∞

ε3

6

∫
Ω

( ∑
k∈Kδ∗

wk

)3

dx

+ (βm] )−1m(m− 2)(m− 3)
ε4

24

∫
Ω

fm−4

( ∑
k∈Kδ∗

wk

)4

dx,

where the function f(x) ∈ (ρ∞, ρ
ε(x)). We use the definition of βm] and control the highest

order term in the same manner as Proposition 4.29 to simplify the expansion as follows:

Eβm] ,m(ρε) ≤Eβm] ,m(ρ∞) +
∣∣Kδ∗

∣∣(ρ−1/2
∞ δ∗

)ε2

2

+ (βm] )−1γ(m)3m(m− 2)ρm−3
∞

ε3

6

∫
Ω

( ∑
k∈Kδ∗

wk

)3

dx+ o(ε3),

Setting ε = δ
1
2
∗ (if δ∗ > 0, otherwise we stop here), we obtain

Eβm] ,m(ρε) ≤Eβm] ,m(ρ∞)

+ (βm] )−1γ(m)3m(m− 2)ρm−3
∞

δ
3/2
∗

3

∫
Ω

( ∑
k∈Kδ∗

wk

)3

dx+
∣∣Kδ∗

∣∣ρ−1/2
∞

δ2
∗
2

+ o(δ
3
2
∗ ) .

One can now check that under condition (C2), it holds that∫
Ω

( ∑
k∈Kδ∗

wk

)3

dx > a > 0 ,

where the constant a is independent of δ∗. Indeed, the cube of the sum of n numbers ai,
i = 1, . . . , n consists of only three types of terms, namely: a3

i , a2
i aj and aiajak. Setting the

ai = ws(i), with s(i) ∈ Kδ∗ , one can check that the first type of term will always integrate
to zero. The sum of the other two will take a nonzero and in fact positive value if and
only if condition (C2) is satisfied. This follows from the fact that∫ π

−π
cos(`x) cos(mx) cos(nx)dx =

π

2
(δ`+m,n + δm+n,` + δn+`,m) .
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Also the term γ(m)3m(m−2) is always negative. Thus, for δ∗ sufficiently small, consider-
ing the fact that |Kδ∗| ≥ 2 and is nonincreasing as δ∗ decreases, ρε has smaller free energy
and ρ∞ is not a minimiser at β = βm] . �

Remark 4.37. The case m = 2 is special, as transition points for any W ∈ Hc
s are

necessarily discontinuous. This case will be treated in detail in Proposition 4.39.

The following lemma shows that discontinuous transitions are stable in m.

Lemma 4.38. Assume W ∈ Hc
s such that Eβ,m′ has a discontinuous transition point

and βm′c < βm
′

] . Then for m ∈ (m′ − ε,m′ + ε) (or m ∈ [1, 1 + ε) for m′ = 1) for some
ε > 0 small enough, Eβ,m has a discontinuous transition point at some βmc < βm] .

Proof. We start with the case m′ > 1. Denote by ρ∗ ∈ C0(Ω) ∩ P(Ω) the nontrivial
minimiser of Eβm′] ,m′(ρ). We know that

Eβm′] ,m′(ρ∞)− Eβm′] ,m′(ρ
∗) = δ > 0 .

It would be sufficient for the purposes of this proof to show that such a nontrivial minimiser
exists for Em

βm]
for m close enough to m′. Choosing ρ∗ to be the competitor state, we have

Eβm] ,m(ρ∞)− Eβm] ,m(ρ∗)

=Eβm′] ,m′(ρ∞)− Eβm′] ,m′(ρ
∗)

+
(βm] )−1

m− 1

1

|Ω|m−1 −
(βm] )−1

m− 1
−

(βm
′

] )−1

m′ − 1

1

|Ω|m′−1
+

(βm
′

] )−1

m′ − 1

+

(
(βm

′

] )−1

m′ − 1

∫
Ω

(ρ∗)m
′
dx−

(βm
′

] )−1

m′ − 1
−

(βm] )−1

m− 1

∫
Ω

ρm dx+
(βm] )−1

m− 1

)

=δ +
(βm] )−1

m− 1

1

|Ω|m−1 −
(βm] )−1

m− 1
−

(βm
′

] )−1

m′ − 1

1

|Ω|m′−1
+

(βm
′

] )−1

m′ − 1

+

(
(βm

′

] )−1

m′ − 1

∫
Ω

(ρ∗)m
′
dx−

(βm
′

] )−1

m′ − 1
−

(βm] )−1

m− 1

∫
Ω

ρm dx+
(βm] )−1

m− 1

)

Since β]m → βm
′

] and (m−1)−1(am−1)→ (m′−1)−1(am
′−1), a ≥ 0 asm→ m′, it follows,

using the fact that ρ∗ ∈ C0(Ω), that we can choose m close enough to m′ so that the
above term is strictly positive. We then have that for m ∈ (m′− ε,m′+ ε) for some ε > 0
small enough, ρ∞ is not a minimiser of the free energy Eβm] ,m(ρ). By Proposition 4.35(b),
it follows that Eβ,m possesses a discontinuous transition point at some βmc < βm] . The
case m′ = 1 can be treated similarly. �

In the following proposition, we single out some special values of m at which one
always finds a discontinuous transition point for W ∈ Hc

s.

Proposition 4.39. Assume W ∈ Hc
s such that βc is a transition point of Eβ,m. Then

if m ∈ [2, 3], βc is a discontinuous transition point. Specifically for the case m = 2 we
have that

(a) β2
c = β2

]

(b) There exists a one parameter family of minimiser {ρα}α∈[0,|Ω|−1/2Θ(k])−1] of Eβ2
] ,2

with ρ0 = ρ∞.
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Proof. We will try again to show that we have a competitor at βm] . We start with the
case 2 < m < 3. Consider the competitor

ρε = ρ+ εwk]

for ε > 0 and small and k] := arg mink∈Nd\{0} Ŵ (k)/Θ(k) if it is uniquely defined or any
one such k if it is not. Expanding the energy up to fifth order and noting that second
order terms vanish we obtain

Eβm] ,m(ρε) =Eβm] ,m(ρ∞) + (βm] )−1m(m− 2)ρm−3
∞

ε3

3!

∫
Ω

w3
k] dx

+ (βm] )−1m(m− 2)(m− 3)ρm−4
∞

ε4

4!

∫
Ω

w4
k] dx

+ (βm] )−1m(m− 2)(m− 3)(m− 4)
ε5

5!

∫
Ω

fm−5w5
k] dx,

where the function f(x) ∈ (ρ∞, ρ
ε(x)). We again bound the highest order term as

in Proposition 4.29 and use the fact that
∫

Ω
w3
k dx = 0 for any k ∈ Nd \ {0} to obtain

Eβm] ,m(ρε) =Eβm] ,m(ρ∞) + (βm] )−1m(m− 2)(m− 3)ρm−4
∞

ε4

4!

∫
Ω

w4
k] dx+ o(ε4) .

Sincem(m−2)(m−3) is negative form ∈ (2, 3), for ε > 0 sufficiently small, we have shown
that ρ∞ is no longer the minimiser of Eβm] ,m. The result follows by Proposition 4.35(b):
we have a discontinuous transition point at some βc < βm] .

We now consider the case m = 2, 3. Using the same expansion we have that

Eβ2
] ,2

(ρε) = Eβ2
] ,2

(ρ∞) Eβ3
] ,3

(ρε) = Eβ3
] ,3

(ρ∞) .

Thus, ρ∞ is not the unique minimiser of Eβm] ,m for m = 2, 3. It then follows from Defini-
tion 4.27 that there must be a discontinuous transition point at βmc ≤ βm] .

Consider now the convex interpolant ρt := (1− t)ρ0 + tρ1, t ∈ (0, 1) for ρ0, ρ1 ∈ P(Ω)
such that Eβ,2(ρ0), Eβ,2(ρ1) <∞. We then have that

d2

dt2
Eβ,2(ρt) =2β−1

∫
Ω

η2 dx+

∫∫
Ω×Ω

W (x− y)η(x)η(y) dx dy

≥

(
2β−1 + min

k∈Nd\{0}

Ŵ (k)

Θ(k)

)
‖η‖2

L2(Ω) .

Note that the above expression is strictly positive if β < β2
] . Thus, Eβ,2 is strictly convex

for β < β2
] and has only one minimiser, namely, ρ∞. Since the function F is continuous

(cf. Lemma 4.31), it follows that β2
c = β2

] for all W ∈ Hc
s. Furthermore, ρα = ρ∞ + αwk]

form a one-parameter family of minimisers of Eβ2
] ,2

for α ∈ [0, |Ω|−1/2Θ(k])−1]. �

We conclude the section by discussing the existence of continuous transition points.
We show that for m = 4 one can construct a large class of potentials for which the
transition point βc is continuous. We start with the following proposition.

Proposition 4.40. Let k ∈ Nd be such that k 6≡ 0 and let ki ∈ N, i = 1, . . . , d be such
that

k =
(
k1 . . . kd

)
.

Then we have:

w2
k =

∑
j∈P2(k)

cjwj + c0w0 ,
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where

P2(k) := {j ∈ Nd, j 6≡ 0, ji ∈ {2ki, 0}} , cj =
ρ∞
Nj

and c0 =
ρ∞
N0

.

Similarly

w3
k =

∑
`∈P3(k)

c`w` + ckwk

with

P3(k) := {` ∈ Nd, ` 6= k, `i ∈ {3ki, ki}} , c` =
ρ2
∞

Nk]N`

(3)|{`i:`i=ki}| and ck =
ρ2
∞

Nk]N`

(3)d .

Note that P2(k) ∩ P3(k) = ∅. Similarly, we have that ∑
σ∈Symk(Λ)

aσ(k)wσ(k)

2

=
∑

j∈P2(k)

∑
σ1,σ2∈Symk(Λ)

aσ1(k)aσ2(k)c
σ1,σ2

j wσ1·σ2(j) + C0w0

 ∑
σ∈Symk(Λ)

aσ(k)wσ(k)

3

=
∑

`∈P3(`)

∑
σ1,σ2,σ3∈Symk(Λ)

aσ1(k)aσ2(k)aσ3(k)c
σ1,σ2,σ3

` wσ1·σ2·σ3(`)

+
∑

σ∈Symk(Λ)

Cσ
kwk

where the constants cσ1,σ2

j , cσ1,σ2,σ3

` , C0, C
σ
k ∈ R depend only on d, k, and ρ∞ but are

independent of the coefficients aσ(k) ∈ R. Note that, as before, there is no repetition
of the terms in the sum.

Proof. The proof is simply a careful application of the trigonometric identities cos2(a) =
2−1(1+cos(2a)) and cos3(a) = 4−1(cos(3a)+3 cos(a)), and sin3(a) = 4−1(3 sin(a)− sin(3a)).

�

We now proceed to the result concerning continuous transition points for m = 4.

Theorem 4.41. Let W ∈ Hc
s, such that βc <∞ is a transition point of Eβ,4. Assume

that

k] := arg min
k∈Nd,k 6=0

Ŵ (k)

Θ(k)
,

is uniquely defined. Furthermore, we assume that Ŵ (k) ≥ 0 for all k 6= k] and that

Ŵ (j) > max
σ1,σ2∈Sym

k]
(Λ)

6Θ(j)5
(
cσ1,σ2

j

)2∣∣P2(k]) ∪ P3(k])
∣∣

ρ∞Θ(k])

∣∣∣Ŵ (k])
∣∣∣ ∀j ∈ P2(k])

(A3)

Ŵ (`) > max
σ1,σ2,σ3∈Sym

k]
(Λ)

2Θ(`)9Θ(k])(cσ1,σ2,σ3

` )2
∣∣P2(k]) ∪ P3(k])

∣∣
3ρ2
∞

∣∣∣Ŵ (k])
∣∣∣ ∀` ∈ P3(k]) ,

(A4)

where the sets P2, P3 and the constants cσ1,σ2

j , cσ1,σ2,σ3

` are as defined in Proposition 4.40.
Then βc = β4

] is a continuous transition point.

Proof. We will rely on Proposition 4.35(a) for the proof of this result. We need to show
that, at β = β4

] , ρ∞ is the unique minimiser of Eβ,4. Let ρ ∈ P(Ω) ∈ L∞(Ω) be any
measure different from ρ∞. Then it is sufficient to show that Eβ4

] ,4
(ρ) > Eβ4

] ,4
(ρ∞) (it
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is sufficient to check bounded densities from the result of Lemma 4.21). We now define
η := ρ− ρ∞ and note that η has the following properties

η ∈ L∞(Ω), η ≥ −ρ∞,
∫

Ω

η dx = 0 .(4.25)

We can compute the free energy of ρ as follows

Eβ4
] ,4

(ρ) =
(β4

] )
−1

3

∫
Ω

ρ4 dx−
(β4

] )
−1

3
+

1

2

∫∫
Ω×Ω

W (x− y)ρ(x)ρ(y) dx dy

=
(β4

] )
−1

3

(∫
Ω

ρ4
∞ dx− 1 + 4

∫
Ω

ρ3
∞η dx+ 6

∫
Ω

ρ2
∞η

2 dx+ 4

∫
Ω

ρ∞η
3 dx+

∫
Ω

η4 dx

)
+
∑
k∈Nd

Ŵ (k)
1

2Nk

∑
σ∈Symk(Λ)

|η̂(σ(k))|2 ,

where we have used (0.5). Simplifying further, by using the definition of β4
] and the fact

that η has mean zero, we obtain

Eβ4
] ,4

(ρ) =Eβ4
] ,4

(ρ∞) +
∑

k∈Nd,k 6=k]

(
6

(β4
] )
−1

3
ρ2
∞ + Ŵ (k)

1

2Nk

) ∑
σ∈Symk(Λ)

|η̂(σ(k))|2

+ 4
(β4

] )
−1

3

∫
Ω

ρ∞η
3 dx︸ ︷︷ ︸

I1

+
(β4

] )
−1

3

∫
Ω

η4 dx︸ ︷︷ ︸
I2

.(4.26)

We define η2 := η −
∑

σ∈Sym
k]

(Λ) η̂(σ(k]))wσ(k]) and deal with the two terms I1 and I2

separately. We then have

I1 =4
(β4

] )
−1

3

∫
Ω

ρ∞η
3 dx

=4
(β4

] )
−1

3
ρ∞

∫
Ω

 ∑
σ∈Sym

k]
(Λ)

η̂(σ(k]))wσ(k])

3

+ 3

 ∑
σ∈Sym

k]
(Λ)

η̂(σ(k]))wσ(k])

2

η2

 dx

+

∫
Ω

3
∑

σ∈Sym
k]

(Λ)

η̂(σ(k]))wσ(k])η
2
2 + η3

2

 dx


=4

(β4
] )
−1

3
ρ∞

∫
Ω

3

 ∑
σ∈Sym

k]
(Λ)

η̂(σ(k]))wσ(k])

2

η2 + 3

 ∑
σ∈Sym

k]
(Λ)

η̂(σ(k]))wσ(k])

η2
2 + η3

2

 dx ,

where we have used the fact that∫
Ω

 ∑
σ∈Sym

k]
(Λ)

η̂(σ(k]))wσ(k])

3

dx = 0 .

We now use the fact that η has mean zero from (4.25) and Proposition 4.40 to obtain

I1 =
(β4

] )
−1

3

4ρ∞

∫
Ω

η3
2 dx+ 12ρ∞

∑
σ∈Sym

k]
(Λ)

∫
Ω

η̂(σ(k]))wσ(k])η
2
2 dx


+ 4(β4

] )
−1ρ∞

∑
j∈P2(k])

∑
σ1,σ2∈Sym

k]
(Λ)

η̂(σ1(k]))η̂(σ2(k]))cσ1,σ2

j η̂2(σ1 · σ2(j)) .(4.27)
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For the second term we obtain

I2 =
(β4

] )
−1

3

∫
Ω

η4 dx

=
(β4

] )
−1

3

∫
Ω

 ∑
σ∈Sym

k]
(Λ)

η̂(σ(k]))wσ(k])

4

+ 4

 ∑
σ∈Sym

k]
(Λ)

η̂(σ(k]))wσ(k])

3

η2

 dx

+
(β4

] )
−1

3

∫
Ω

6

 ∑
σ∈Sym

k]
(Λ)

η̂(σ(k]))wσ(k])

2

η2
2 + 4

 ∑
σ∈Sym

k]
(Λ)

η̂(σ(k]))wσ(k])

η3
2 + η4

2

 dx .

Applying Proposition 4.40 again, we obtain

I2 =
(β4

] )
−1

3

∫
Ω

η4 dx

=
(β4

] )
−1

3

∫
Ω

 ∑
σ∈Sym

k]
(Λ)

η̂(σ(k]))wσ(k])

4

+ 6

 ∑
σ∈Sym

k]
(Λ)

η̂(σ(k]))wσ(k])

2

η2
2

 dx

+
(β4

] )
−1

3

∫
Ω

4

 ∑
σ∈Sym

k]
(Λ)

η̂(σ(k]))wσ(k])

η3
2 + η4

2

 dx

+ 4
(β4

] )
−1

3

∑
`∈P3(`)

∑
σ1,σ2,σ3∈Sym

k]
(Λ)

η̂(σ1(k]))η̂(σ2(k]))η̂(σ3(k]))cσ1,σ2,σ3

` η̂2(σ1 · σ2 · σ3(`)) ,

(4.28)

where we have used the fact that η̂2(σ(k])) = 0 for all σ ∈ Symk](Λ). We now note that∑
k∈Nd,k 6=k]

∑
σ∈Symk(Λ)

|η̂(σ(k))|2 = ‖η2‖2
L2(Ω) .(4.29)

Putting (4.26), (4.27), (4.28), and (4.29), together we obtain

Eβ4
] ,4

(ρ)

=Eβ4
] ,4

(ρ∞) +
∑

k∈Nd,k 6=k]

(
Ŵ (k)

1

2Nk

) ∑
σ∈Symk(Λ)

|η̂2(σ(k))|2

+ 4(β4
] )
−1ρ∞

∑
j∈P2(k])

∑
σ1,σ2∈Sym

k]
(Λ)

η̂(σ1(k]))η̂(σ2(k]))cσ1,σ2

j η̂2(σ1 · σ2(j))

+ 4
(β4

] )
−1

3

∑
`∈P3(`)

∑
σ1,σ2,σ3∈Sym

k]
(Λ)

η̂(σ1(k]))η̂(σ2(k]))η̂(σ3(k]))cσ1,σ2,σ3

` η̂2(σ1 · σ2 · σ3(`))

+
(β4

] )
−1

3

∫
Ω

6ρ2
∞ + 12ρ∞

 ∑
σ∈Sym

k]
(Λ)

η̂(σ(k]))wσ(k])


+4η2ρ∞ + 6

 ∑
σ∈Sym

k]
(Λ)

η̂(σ(k]))wσ(k])

2

+ 4

 ∑
σ∈Sym

k]
(Λ)

η̂(σ(k]))wσ(k])

η2 + η2
2

 η2
2 dx
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+
(β4

] )
−1

3

∫
Ω

 ∑
σ∈Sym

k]
(Λ)

η̂(σ(k]))wσ(k])

4

dx .

Note now that6ρ2
∞ + 12ρ∞

 ∑
σ∈Sym

k]
(Λ)

η̂(σ(k]))wσ(k])


+4η2ρ∞ + 6

 ∑
σ∈Sym

k]
(Λ)

η̂(σ(k]))wσ(k])

2

+ 4

 ∑
σ∈Sym

k]
(Λ)

η̂(σ(k]))wσ(k])

η2 + η2
2


=

2

ρ∞ +
∑

σ∈Sym
k]

(Λ)

η̂(σ(k]))wσ(k])

2

+

η2 + 2

ρ∞ +
∑

σ∈Sym
k]

(Λ)

η̂(σ(k]))wσ(k])

2 ≥ 0 .

Thus, it follows that

Eβ4
] ,4

(ρ)

≥Eβ4
] ,4

(ρ∞) +
∑

k∈Nd,k 6=k]

(
Ŵ (k)

1

2Nk

) ∑
σ∈Symk(Λ)

|η̂2(σ(k))|2

+ 4(β4
] )
−1ρ∞

∑
j∈P2(k])

∑
σ1,σ2∈Sym

k]
(Λ)

η̂(σ1(k]))η̂(σ2(k]))cσ1,σ2

j η̂2(σ1 · σ2(j))

+ 4
(β4

] )
−1

3

∑
`∈P3(`)

∑
σ1,σ2,σ3∈Sym

k]
(Λ)

η̂(σ1(k]))η̂(σ2(k]))η̂(σ3(k]))cσ1,σ2,σ3

` η̂2(σ1 · σ2 · σ3(`))

+
(β4

] )
−1

3

∫
Ω

 ∑
σ∈Sym

k]
(Λ)

η̂(σ(k]))wσ(k])

4

dx

≥Eβ4
] ,4

(ρ∞) +
∑

k∈P2(k])∪P3(k])

(
Ŵ (k)

1

2Nk

) ∑
σ∈Symk(Λ)

|η̂2(σ(k))|2

+ 4(β4
] )
−1ρ∞

∑
j∈P2(k])

∑
σ1,σ2∈Sym

k]
(Λ)

η̂(σ1(k]))η̂(σ2(k]))cσ1,σ2

j η̂2(σ1 · σ2(j))

+ 4
(β4

] )
−1

3

∑
`∈P3(`)

∑
σ1,σ2,σ3∈Sym

k]
(Λ)

η̂(σ1(k]))η̂(σ2(k]))η̂(σ3(k]))cσ1,σ2,σ3

` η̂2(σ1 · σ2 · σ3(`))

+
(β4

] )
−1

3

∫
Ω

 ∑
σ∈Sym

k]
(Λ)

η̂(σ(k]))wσ(k])

4

dx ,

(4.30)
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where in the last step we have simply used the fact that Ŵ (k) ≥ 0 for all k 6= k]. We
now note that ∑

σ∈Symk(Λ)

|η̂2(σ(k))|2 =Θ(k)−2
∑

σ1,σ2∈Symk(Λ)

|η̂2(σ1 · σ2(k))|2

=Θ(k)−4
∑

σ1,σ2,σ3∈Symk(Λ)

|η̂2(σ1 · σ2 · σ3(k))|2 ,

where we have used the fact that |Symk(Λ)| = Θ(k)2. Additionally, we have that

∫
Ω

 ∑
σ∈Sym

k]
(Λ)

η̂(σ(k]))wσ(k])

4

dx

=

 ∑
σ∈Sym

k]
(Λ)

∣∣η̂(σ(k]))
∣∣22 ∫

Ω

 1(∑
σ∈Sym

k]
(Λ)|η̂(σ(k]))|2

)1/2

∑
σ∈Sym

k]
(Λ)

η̂(σ(k]))wσ(k])


4

dx

≥ρ∞

 ∑
σ∈Sym

k]
(Λ)

∣∣η̂(σ(k]))
∣∣22

,

where in the last step we applied Jensen’s inequality and used the fact that the integrand
has unit L2(Ω) norm. For any k ∈ Nd, we define the following quantity

|η̂|2k =
∑

σ∈Symk(Λ)

|η̂(σ(k))|2 ,

and note that

|η̂|4k ≥ max
σ1,σ2∈Symk(Λ)

2∏
i=1

|η̂(σ1(k))|2|η̂(σ2(k))|2 .(4.31)

Finally, we can rewrite the inequality in (4.30) as

Eβ4
] ,4

(ρ) ≥Eβ4
] ,4

(ρ∞) +
∑

j∈P2(k])

∑
σ1,σ2∈Sym

k]
(Λ)

(
Aj|η̂2(σ1 · σ2(j))|2 +Bσ1,σ2

j η̂2(σ1 · σ2(j)) + Cj
)

+
∑

`∈P3(k])

∑
σ1,σ2,σ3∈Sym

k]
(Λ)

(
A`|η̂2(σ1 · σ2 · σ3(`))|2 +Bσ1,σ2,σ3

` η̂2(σ1 · σ2 · σ3(`)) + C`
)
,

(4.32)

where

Aj =
Ŵ (j)

2Nj

Θ(j)−2 A` =
Ŵ (`)

2N`

Θ(`)−4

Bσ1,σ2

j = 4(β4
] )
−1ρ∞c

σ1,σ2

j

2∏
i=1

η̂(σi(k
])) Bσ1,σ2,σ3

` = 4
(β4

] )
−1

3
cσ1,σ2,σ3

`

3∏
i=1

η̂(σi(k
]))

Cj =
(β4

] )
−1

3Θ(j)2|P2(k]) ∪ P3(k])|
ρ∞|η̂|4k] C` =

(β4
] )
−1

3Θ(`)4|P2(k]) ∪ P3(k])|
ρ∞|η̂|4k]

Assume that |η̂|k] 6= 0. Then (A3) and (A4) along with the expression for β4
] , (4.31),

and the fact that |η̂(k)| ≤ Nk, imply that the discriminants of the quadratic expressions
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in (4.32) are all negative, i.e.
(
Bσ1,σ2

j

)2− 4AjCj < 0, (Bσ1,σ2,σ3

` )2− 4A`C` < 0. Indeed, we
have that(

Bσ1,σ2

j

)2

4AjCj
=

24(β4
] )
−1ρ∞Θ(j)4

(
cσ1,σ2

j

)2
Nj

∣∣P2(k]) ∪ P3(k])
∣∣

|η̂|4k]Ŵ (j)

2∏
i=1

∣∣η̂(σi(k
]))
∣∣2

≤
6
∣∣∣Ŵ (k])

∣∣∣Θ(j)5
(
cσ1,σ2

j

)2∣∣P2(k]) ∪ P3(k])
∣∣

ρ∞Θ(k])Ŵ (j)

(A3)
< 1 .

Similarly,

(Bσ1,σ2,σ3

` )2

4A`C`
=

8(β4
] )
−1Θ(`)8(cσ1,σ2,σ3

` )2N`

∣∣P2(k]) ∪ P3(k])
∣∣

3ρ∞|η̂|4k]Ŵ (`)

3∏
i=1

∣∣η̂(σi(k
]))
∣∣2

≤
2|Ŵ (k])|Θ(`)9Θ(k])(cσ1,σ2,σ3

` )2
∣∣P2(k]) ∪ P3(k])

∣∣
3ρ2
∞Ŵ (`)

(A4)
< 1 .

Thus, it follows that Eβ4
] ,4

(ρ) > Eβ4
] ,4

(ρ∞). On the other hand if |η̂|k] 6= 0, the proof follows
by noting that any contribution from the interaction energy is positive and that ρ∞ is the
unique minimiser of Sβ,4(ρ). The fact that βc = β4

] is a consequence of Lemma 4.32. �

Remark 4.42. Note that although the assumptions in Theorem 4.41 seem compli-
cated, all they really require is that all Fourier coefficients of W , except the dominant
negative mode Ŵ (k]) are nonnegative and that finitely many of them are “positive enough”
compared to Ŵ (k]). Consider d = 1, with W (x) = w1w1(x) + w2w2(x) + w3w3(x) with
w1 < 0 and w2, w3 > 0. If, for some explicitly computable positive constants c2, c3 > 0,
w2 > c2|w1| and w3 > c3|w1|, the conditions of Theorem 4.41 are satisfied and the transi-
tion point βc = β4

] is continuous. In this setting, P2(1) = {w2} and P3(1) = {w3}.

4.5. The mesa limit m→∞

A natural question to ask is how the sequence of free energies Eβ,m : P(Ω) →
(−∞,+∞] behave in the limit as m→∞. We conjecture the following limit free energy,
E∞ : P(Ω)→ (−∞,+∞],

E∞(ρ) :=


1

2

∫∫
Ω×Ω

W (x− y)ρ(x)ρ(y) dx dy ‖ρ‖L∞(Ω) ≤ 1

+∞ otherwise
.(4.33)

This is analogous to the so-called mesa limit of the porous medium equation considered by
Caffarelli and Friedman[CF87]. It is also studied in [CKY18] for Newtonian interactions
and [KPW19] for general drift-diffusion equations. We rederive the result in our setting.

Theorem 4.43. Consider the sequence of functionals {Eβ,m}m≥1 defined on P(Ω) ∩
L∞(Ω) equipped with the weak-∗ topology. Then

E∞ = Γ- lim
m→∞

Eβ,m ,

for any fixed β > 0.

Proof. (1) Recovery sequence: For each ρ ∈ P(Ω) ∩ L∞(Ω) we choose ρm = ρ as the
recovery sequence. The interaction energy term remains unchanged as it is independent
of m, while (m − 1)−1 converges to 0 as m → ∞. Assume first that ‖ρ‖L∞(Ω) > 1. It
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follows that there exists some ε > 0 and a set A of positive measure such that ρ|A > 1+ ε.
Thus, we have

β−1

m− 1

∫
Ω

ρm dx ≥ β−1

m− 1
|A|(1 + ε)m

m→∞→ ∞ ,

and thus Eβ,m(ρ)→∞ for all ‖ρ‖L∞(Ω) > 1. Now, let us assume that ‖ρ‖L∞(Ω) ≤ 1. This
gives us

β−1

m− 1

∫
Ω

ρm dx ≤ β−1

m− 1
‖ρ‖m−1

L∞(Ω)

m→∞→ 0 ,

and thus completes the construction of the recovery sequence.
(2) Γ- lim inf: Assume that there exists {ρm}m≥1 such that ρm ⇀∗ ρ in L∞-weak-∗. For
W ∈ C2(Ω), the interaction energy is continuous and so we can disregard its behaviour.
We start with the case in which ‖ρ‖L∞(Ω) ≤ 1. In this case the entropic term, Sβ,m(ρm),
can be controlled from below by 0 and thus the Γ- lim inf holds trivially. The other case
left to treat is when ‖ρ‖L∞(Ω) > 1. This implies again that there exists some ε > 0 and a
set of positive measure A such that ρ|A > 1 + ε. It follows from the weak-∗ convergence
that

lim
m→∞

∫
A

ρm dx = (1 + ε)|A|+ δ ,

for some fixed positive constant δ > 0 independent of m. We define the sets A+
m := {x ∈

A : ρm > (1 + ε)} and A−m := A \ A+
m. There also exists N ∈ N such that for m ≥ N ,∫

A
ρm dx ≥ (1 + ε)|A|+ δ

2
. Thus, for m ≥ N , we have that∫

A+
m

ρm dx+

∫
A−m

ρm dx ≥ (1 + ε)
∣∣A+

m

∣∣+ (1 + ε)
∣∣A−m∣∣+

δ

2

from which it follows that ∫
A+
m

ρm dx ≥ δ

2
.

This gives us the estimate we need on the entropic term since

β−1

m− 1

∫
Ω

ρmm dx ≥ β−1

m− 1

∫
A+
m

ρmm dx

≥ β−1

m− 1
(1 + ε)m−1

∫
A+
m

ρm dx

≥ β−1

m− 1
(1 + ε)m−1 δ

2
.

Passing to the limit as m→∞, the result follows.
�

We would now like to understand how the presence of phase transitions for finite m
affects the minimisers of E∞. This is discussed in the next result.

Theorem 4.44 (Minimisers of the mesa problem). Let E∞ : P(Ω) → (−∞,+∞] be
as defined in (4.33). Then

(a) If |Ω| < 1, E∞ ≡ +∞.
(b) If |Ω| = 1, E∞(ρ) < +∞ if and only if ρ = ρ∞. Thus, ρ∞ is the unique minimiser

of E∞.
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(c) If |Ω| > 1 and W ∈ Hs and W 6≡ 0, ρ∞ is the unique minimiser of E∞. On the
other hand if W ∈ Hc

s there exists P(Ω) 3 ρ 6= ρ∞ such that ρ is the minimiser
of E∞ with E∞(ρ) < E∞(ρ∞). Furthermore, there exists a sequence, {ρm}m≥1 of
nontrivial minimisers of Eβ,m such that ρm ⇀∗ ρ in L∞-weak-∗ as m→∞.

Proof. The proof of Theorem 4.44(a) follows from the fact that if |Ω| < 1, then for any
ρ ∈ P(Ω)∩L1(Ω) there exists a set A of positive measure such that ρ(x) > 1 for all x ∈ A.
Indeed, if this were not the case we would have that∫

Ω

ρ dx ≤ |Ω| < 1 ,

which would be a contradiction. Thus, we have that ‖ρ‖L∞(Ω) > 1 for all ρ ∈ P(Ω)∩L1(Ω)
and so E∞ ≡ ∞.

The proof of Theorem 4.44(b) is similar. If ρ 6= ρ∞, we can again find a set of positive
measure A such that ρ(x) > 1 for all x ∈ A. We then repeat the same argument as in the
previous case.

Assume now that |Ω| > 1 and W ∈ Hs,W 6≡ 0 (if W is identically zero then clearly
E∞ ≡ 0). Since W is mean-zero we have that

E∞(ρ∞) = 0 .

On the other hand if P(Ω) ∩ L∞(Ω) 3 ρ 6= ρ∞ we know from Definition 0.1 that

E∞(ρ) =
1

2

∫∫
Ω×Ω

W (x− y)ρ(x)ρ(y) dx dy > 0 .

Finally consider the case W ∈ Hc
s. Let β > 0 be fixed and note that, since |Ω| > 1,

βm] → 0 as m→∞. Clearly for m large enough a nontrivial minimiser ρm ∈ P(Ω) exists
for β > 0 from the result of Proposition 4.29. Consider the measure ρε = ρ∞+εwk] where
k] is as defined previously. We then have the following bound

Eβ,m(ρm) ≤ Eβ,m(ρε) =Eβ,m(ρ∞) +

(
β−1mρm−2

∞ + ρ−1/2
∞

Ŵ (k])

Θ(k])

)
ε2

2
‖wk]‖2

L2(Ω)

+ β−1m(m− 2)
ε3

6

∫
Ω

fm−3w3
k] dx,

where the function f(x) ∈ (ρ∞, ρ
ε(x)). Note that |f | ≤ (ρ∞ + εNk]). Thus, we have the

bound

Eβ,m(ρm) ≤ Eβ,m(ρε) ≤Eβ,m(ρ∞) +

(
β−1mρm−2

∞ + ρ−1/2
∞

Ŵ (k])

Θ(k])

)
ε2

2
‖wk]‖2

L2(Ω)

+ β−1m(m− 2)
ε3

6
(ρ∞ + εNk])

m−3N3
k]|Ω| ,

Additionally note that if ε is small enough and ρ∞ < 1, the last term tends to 0 as
m → ∞. Also since W ∈ Hc

s, the second term in the above expression is negative for m
large enough as mρm∞ → 0 as m→∞. It follows from this that, for m large enough, the
following estimate holds

Eβ,m(ρm) ≤ Eβ,m(ρε) ≤Eβ,m(ρ∞)− C1ε
2 + C2ε

3 ,(4.34)

where C1, C2 > 0 are independent of m. it thus follows from Theorem 4.43, (4.34), and
the definition of Γ-convergence that

E∞(ρ) < E∞(ρ∞) ,

where ρ ∈ P(Ω) is the minimiser of E∞. Thus, ρ 6= ρ∞ and the result follows. �
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Figure 4.1. Stationary solutions in the long-time limit form ≥ 2 andW =
− cos(2πx/L). The black dot denotes the point of linear stability βm] while
the red dot denotes the value of β at which the support of the stationary
solution is a strict subset of T. Note that ‖ρs‖L∞ = 0.1 corresponds to the
flat state ρ∞.

4.6. Numerical experiments

The numerical experiments in this section are meant to shed light on the qualitative
features of the global bifurcation diagram of the system, while also serving as a source
of possible conjectures that can be studied in future work. They were performed using a
modified version on the numerical scheme in [CCH15].

-5 0 5

0

0.2

0.4

0.6

0.8

Figure 4.2. Stationary solutions/minimisers for m large and |Ω| > 1. The
limiting object seems to be the indicator function of some interval.

4.6.1. Discontinuous bifurcations for m > 2 and W = − cos(2πx/L). Fig. 4.1
shows the branches of stationary solutions obtained in the long-time limit for m ≥ 2 and
W = − cos(2πx/L). The black dot denotes the point of linear stability βm] while the red
dot denotes the value of β at which the support of the stationary solution is a strict subset
of T. Note that the diagram does not necessarily reflect the actual bifurcation diagram
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of the system as it is obtained from the long-time dynamics and thus will only see stable
solutions. We already know that this choice of W satisfies the conditions of Theorem 4.18
and so there will a bifurcation at βm] (the black points in Fig. 4.1). One would expect
this branch to turn to the right for m ∈ (2, 3) (cf. Remark 4.20) and then turn back.
We conjecture that the red points are all saddle-node bifurcations and correspond to
discontinuous phase transitions for m ≥ 2 due to Lemma 4.32 and the fact that they lie
ahead of the corresponding βm] .

4.6.2. The mesa minimisers. In Fig. 4.2, we plot the stationary solutions observed
in the long-time limit form large and β > βc. Since the stationary solutions are potentially
minimisers of Eβ,m and the minimisers converge to the minimisers of E∞ as m → ∞
(cf. Theorem 4.43), the plots in Fig. 4.2 provide us with some information about the
structure of the minimisers of the mesa problem. It seems (by visual inspection) that
they converge to the indicator function of some fixed set. A natural next question one
can ask is what happens to the continuity of phase transitions in the limit as m→∞.
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CHAPTER 5

Rearrangements and symmetries

The contents of this chapter are based on a work in progress by the author.

5.1. Introduction

In Chapters 3 and 4, we studied the existence and uniqueness of minimisers of the
energies EMV

β and EAD
β,m. However, we have not obtained any qualitative characterisation

of them. A natural question to ask is what do the symmetries of V,W ∈ C2(Ω) imply
for the symmetries of the minimisers of the corresponding energies. For Ω = Rd, it is
well-known from the Riesz rearrangement inequality (cf. [LL01, Theorem 3.7]), that if V
and W are radially symmetric and increasing, then the minimisers of EMV

β and EAD
β,m are

radially symmetric and decreasing. Under certain conditions, it is possible to extend this
result to the critical points of EMV

β and EAD
β,m(cf. [CHVY19]) and thus to the stationary

solutions of (MVE) and (ADEm).
We would like to derive a result in a similar spirit for Ω = Td. The argument will

rely on defining an analogue of the radially decreasing rearrangement for Td and proving
a Riesz-type rearrangement inequality for an appropriate class of kernels. A result of this
form was derived by Baernstein and Taylor [BT76] for rearrangements of functions defined
on the d-dimensional sphere, Sd. They defined an appropriate decreasing rearrangement of
functions f : Sd → R and showed that this can be uniformly approximated by a sequence
of rearrangements which they referred to as polarisations. Similar arguments were used by
Beckner [Bec93, Bec95] to prove the sharp version of the Sobolev inequality. Furthermore,
Beckner proved a strict version of the inequality of Baernstein–Taylor. One can even
use these polarisation arguments to prove the original rearrangement inequality on Rd

(cf. [Bur09, Theorem 2.10]). The arguments of Baernstein–Taylor and Beckner obviously
apply for d = 1, S = T. The purpose of this chapter is to generalise these arguments
to Td, d > 1. We do this by introducing a larger class of partial rearrangements, which
we refer to as partial polarisations, which we then use to approximate an appropriate
analogue of the radially decreasing rearrangement on Td. As a consequence, we are able
to derive a Riesz-type rearrangement inequality for Td. The main problem we face is that
this inequality is not strict and thus we obtain a weaker result than Baernstein–Taylor
and Beckner.

Outline: The rest of this chapter is organised as follows: In Section 5.2, we introduce
some preliminary ideas including the appropriate analogue of the decreasing rearrange-
ment on Td and the notion of partial polarisation, and then discuss some of their proper-
ties. We also present the statement of the rearrangement inequality we would like to prove
in Theorem 5.7. In Section 5.3, we present the proof of Theorem 5.7 and then discuss its
implications on the symmetries of the minimisers of EMV

β and EAD
β,m in Corollary 5.12.

5.2. Preliminaries

We set Ω = Td and define the following metric on it:

d∞(x, y) := max
i=1,...,d

dT(xi, yi) .

155



156 5. REARRANGEMENTS AND SYMMETRIES

Furthermore, we define |x|∞ := d∞(x, 0). We now define an appropriate notion of re-
arrangement for Td.

Definition 5.1 (Toroidal decreasing rearrangement). Let f ∈ L1(Ω) be a nonnegative
function. Then we define its toroidal decreasing rearrangement, f ∗ to be the function

f ∗(x) = f ∗(|x|∞) := inf
{
t : |{f > t}| ≤ 2d|x|d∞

}
.

One can check that f and f ∗ have the same distribution function, i.e.

υf (t) = υf∗(t) ,

where
υg(t) := |{x : g(x) > t}|, t ∈ R+ ,

is the distribution function of the nonnegative function g ∈ L1(Ω).

We now discuss a few properties of the rearrangement defined above. We start by
noting that the above rearrangement leaves the entropic terms in EMV

β and EAD
β,m invariant.

Indeed, we have the following result:

Proposition 5.2. Let h : R+ → R be a convex function such that h(0) = 0. Then,∫
Ω

h(f) dx =

∫
Ω

h(f ∗) dx ,

where f ∈ L1(Ω) is a nonnegative function and f ∗ is as defined in Definition 5.1.

Proof. Since, h is convex its right derivative h′ is well-defined. Furthermore, we have
that ∫

Ω

h(f) dx =

∫
Ω

∫ f(x)

0

h′(s) ds dx

=

∫
Ω

∫ ∞
0

h′(s)χ{s≤f(x)}(s) ds dx

=

∫ ∞
0

h′(s)

∫
Ω

χ{s≤f(x)}(s) dx ds ,

where in the last step we have used Fubini’s theorem. Since f and f ∗ have the same
distribution function, it follows that∫

Ω

h(f) dx =

∫ ∞
0

h′(s)

∫
Ω

χ{s≤f∗(x)}(s) dx ds =

∫
Ω

h(f ∗) dx .

�

Remark 5.3. Note that the conclusions of the above proposition hold true for any
rearrangement of f , i.e. any function g such that υg = υf .

The rearrangement f ∗ also satisfies the following non-expansion property:

Proposition 5.4 (Non-expansivity of the rearrangement). The toroidal decreasing
rearrangement defined in Definition 5.1 is non-expansive in Lp(Ω) for 1 ≤ p ≤ ∞, i.e.
we have that

‖f ∗ − g∗‖Lp(Ω) ≤ ‖f − g‖Lp(Ω) ,

for any nonnegative f, g ∈ Lp(Ω).

We refer the reader to [LL01, Theorem 3.5] for the proof of this result which is identical
to the proof when f ∗ is the standard radially decreasing rearrangement on Rd. We also
have the following result regarding the continuity of f ∗:
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Lemma 5.5. Let f ∈ C0(Ω) be a nonnegative function. Then, f ∗ ∈ C0(Ω).

Proof. We will think of the rearrangement as a one-dimensional function f ∗(x) =
f ∗(|x|∞). Assume that f ∗ is not continuous, then we can find an interval (t1, t2) such
that υf (t) is constant on the interval. Indeed, if f ∗ is discontinuous we can find an r ≥ 0
and an ε > 0 such that for all δ > 0 there exists r′ ∈ (r − δ, r + δ), r 6= r′ such that
|f ∗(r) − f ∗(r′)| ≥ ε. Note that this implies that there must exist a sequence {rn}n∈N
converging to r such that |f ∗(r) − f ∗(rn)| ≥ ε and either either rn < r or rn > r for all
n ∈ N. Let us assume without loss of generality that rn < r for all n ∈ N. Let f ∗(r) = t.
Then, we have that

υf∗(t) ≤ 2drd, 2d(rn)d < υf∗(t
′) ≤ 2drd, t ≤ t′ ≤ t+ ε ,

where we use the fact that υf∗(t) is nonincreasing. Since rn → r as n → ∞, we have
found an interval namely, (t, t+ε), on which υf∗(t) (and therefore υf (t)) is constant. This
implies that f is discontinuous, which is a contradiction. �

We now define the following bilinear form associated to the interaction energy E(·):

Definition 5.6. Let f, g ∈ L1(Ω) be nonnegative functions. We then define

E(f, g) :=

∫∫
Ω×Ω

K(d∞(x, y))f(x)g(y) dx dy ,

where K : R+ → R is a bounded, measurable function.

We would like to prove the following functional inequality:

Theorem 5.7. Let f, g ∈ L1(Ω) be nonnegative functions and E(·, ·) be as defined
in Definition 5.6. Assume that K : R+ → R, is bounded, measurable, and nonincreasing.
Then, it holds that

E(f, g) ≤ E(f ∗, g∗) ,

where f ∗, g∗ are the toroidal decreasing rearrangements of f, g respectively, as defined
in Definition 5.1.

Note that the above theorem implies the following corollary:

Corollary 5.8. Let f ∈ L1(Ω) be a nonnegative function and let K : R+ → R be a
bounded, measurable, and nonincreasing function. Then, we have that∫

Ω

K(|x|∞)f(x) dx ≤
∫

Ω

K(|x|∞)f ∗(x) dx .

Proof. Let us first assume that K is continuous. We pick gε = ε−dφ(ε−1x), where φ is
the standard Friedrichs’ mollifier. From Theorem 5.7, we know that∫∫

Ω×Ω

K(d∞(x, y))f(x)gε(y) dx dy ≤
∫∫

Ω×Ω

K(d∞(x, y))f ∗(x)gε(y) dx dy ,

where we have used the fact that (gε)∗ = gε. Passing to the limit as ε→ 0 we obtain∫
Ω

K(|x|∞)f(x) dx ≤
∫

Ω

K(|x|∞)f ∗(x) dx .

If K is only bounded, we can approximate it in the weak-∗ topology on L∞(Ω) by some
{Kn}n∈N ⊂ C0(Ω). This completes the proof. �
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H+

H−

H−

H−

H−

Φ

Φ

Φ

Φ

Figure 5.1. An example of a partial polarisation H+, H− of T2. The
function Φ : Ω→ Ω maps H+ to H−.

Since continuous functions are dense in L1(Ω) and the rearrangement defined in Defini-
tion 5.1 is non-expansive in ‖·‖L1(Ω), it is sufficient to prove the inequality in Theorem 5.7
for f, g ∈ C0(Ω) and nonnegative. We identify Ω with [−L/2, L/2)d and divide it into
2k distinct pieces, for 1 ≤ k ≤ d, in the following manner: Fix some i ∈ {1 . . . d} and
consider the hypersurfaces xi = ci and xi = ci + L/2 such that ci ∈ (−L/2, 0). These
surfaces divide Ω into two distinct parts, namely H+

i := {x ∈ Ω : ci ≤ xi ≤ ci + L/2}
and H−i := {x ∈ Ω : xi < ci} ∪ {x ∈ Ω : xi > ci + L/2}. If one repeats this process
k times with distinct i ∈ {1 . . . d}, we obtain 2k sets by considering all possible inter-
sections

⋂k
i=1 H

p
i for p ∈ {+,−}. Additionally, using these surfaces we can also define

bijections ϕi : Ω → Ω in the following way: given some ci with the surfaces xi = ci and
xi = ci + L/2, let ϕi(x) =

(
x1 · · · {2ci − xi, 2ci + L− xi} ∩ T · · · xd

)T . Thus, the
function ϕi is just a reflection about one of the two surfaces (the one that keeps it in
Ω). One can then check that it is a bijection and that the ϕi’s commute for distinct i.
Furthermore, each such ϕi : Td → Td is an involution and we have ϕi(H+

i ) = H−i . Now
given x, y ∈ Ω, we can always find a sequence {ci}ki=1 and the associated maps ϕi such that
Φ := ϕ1 ◦ ϕ2 · · · ◦ ϕk and y = Φ(x). In addition, we can choose Φ such that x ∈

⋂k
i=1H

+
i

and y ∈
⋂k
i=1H

−
i or vice versa, and Φ(

⋂k
i=1H

+
i ) =

⋂k
i=1H

−
i . One can then check that

such a Φ is an involution. For convenience, we will use the shorthand H+ =
⋂k
i=1H

+
i and

H− =
⋂k
i=1 H

−
i . We will refer to any such H+ and H− as a partial polarisation of Ω. An

example of such a polarisation for Ω = T2 can be seen in Fig. 5.1. We now define the
following rearrangement:

Definition 5.9 (Partial polarisation). Let H+, H− be a partial polarisation of Ω and
Φ : Ω→ Ω be the associated sequence of bijections discussed above. We define the partial
polarisation of a nonnegative f ∈ C0(Ω) to be the function:

fΦ(x) :=


max{f(x), f(Φ(x))} x ∈ H+

min{f(x), f(Φ(x))} x ∈ H−

f(x) otherwise
.

Note that for d = 1, the partial polarisation introduced in Definition 5.9 is identical to
the polarisation introduced in [BT76]. Baernstein later used this class of rearrangements
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to prove a whole host of functional inequalities, including the Pólya–Sze̋go inequality
on Sd, through something he referred to as a “master inequality” (cf. [Bae94]). It is an
interesting future problem to see if his approach can be generalised to Td.

Before proceeding we define the L2(Ω)-modulus of continuity of some f ∈ L2(Ω) as
follows

ω(δ, f) = sup
{
‖f(x+ h)− f(h)‖L2(Ω) : |h|∞ ≤ δ

}
.

We now discuss a few more properties of the partial polarisation fΦ in the following
lemma.

Lemma 5.10. Given f, g ∈ C0(Ω), nonnegative, we have

(a) f ∗Φ = f ∗

(b) υf (t) = υfΦ
(t) ∀t ∈ R+

(c)
∫

Ω
ff ∗ dx ≤

∫
Ω

(fΦ)f ∗ dx
(d) E(f, g) ≤ E(fΦ, gΦ)
(e) ω(δ, fΦ) ≤ 5ω(δ, f) + C(d)δ1/2

Proof. We first show that f and fΦ have the same distribution function. We start by
showing that fΦ is measurable. It is sufficient to show that AfΦ := {x : fΦ(x) > t} is
measurable for any positive t. This set can be expressed as

AfΦ :=
(
{x ∈ H+ : f(x) > t} ∪ {x ∈ H+ : f(Φ(x)) > t}

)
∪

{x ∈ (H+ ∪H−)c : f(x) > t} ∪ {x ∈ H− : f(x) > t, f(Φ(x)) > t} ,

which is measurable. Consider the set Af := {x : f(x) > t} for some t ∈ R+. Then we
have,

|Af | =
∣∣{x ∈ H+ : f(x) > t}

∣∣+
∣∣{x ∈ (H+ ∪H−)c : f(x) > t}

∣∣+
∣∣{x ∈ H− : f(x) > t}

∣∣
=
∣∣{x ∈ H+ : f(x) > t}

∣∣+
∣∣{x ∈ (H+ ∪H−)c : f(x) > t}

∣∣+
∣∣{x ∈ H− : f(x) > t}

∣∣
+
∣∣{x ∈ H+ : f(Φ(x)) > t}

∣∣− ∣∣{x ∈ H+ : f(Φ(x)) > t}
∣∣

Applying De Morgan’s law we obtain,

|Af | =
∣∣{x ∈ H+ : f(x) > t} ∪ {x ∈ H+ : f(Φ(x)) > t}

∣∣+
∣∣{x ∈ (H+ ∪H−)c : f(x) > t}

∣∣
+
∣∣{x ∈ H− : f(x) > t}

∣∣+
∣∣{x ∈ H+ : f(x) > t, f(Φ(x)) > t}

∣∣
−
∣∣{x ∈ H+ : f(Φ(x)) > t}

∣∣
=
∣∣{x ∈ H+ : f(x) > t} ∪ {x ∈ H+ : f(Φ(x)) > t}

∣∣+
∣∣{x ∈ (H+ ∪H−)c : f(x) > t}

∣∣
+
∣∣{x ∈ H− : f(x) > t, f(Φ(x)) > t}

∣∣ = |AfΦ| .

Thus, f , fΦ, and f ∗ have the same distribution function.
For the proof of (a) it is sufficient to show that |x|∞ ≤ |Φ(x)|∞ for all x ∈ H+. Since

Φ is just the composition of maps ϕi for each of which x ∈ H+
i , it is thus sufficient in fact

to show that |x|∞ ≤ |ϕ(x)|∞. Since ϕi changes only one coordinate and both |2ci − xi|
and |2ci + L− xi| are greater than |xi|, (a) follows.

For the rest of this proof let a1, b1, a2, b2 be real and nonnegative and define

α1 = max{a1, a2} α2 = min{a1, a2} β1 = max{b1, b2} β2 = min{b1, b2} .
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Now if b1 ≥ b2 then one can easily check that the following holds: a1b1+a2b2 ≤ α1b1+α2b2.
Proceeding to the proof of (c) we have∫

Ω

ff ∗ dx =

∫
H+

ff ∗ dx+

∫
H−

ff ∗ dx+

∫
(H+∪H−)c

ff ∗ dx

=

∫
H+

f(x)f ∗(x) + f(Φ(x))f ∗(Φ(x)) dx+

∫
(H+∪H−)c

ff ∗ dx .

For the first term we set a1 = f(x), b1 = f ∗(x), a2 = f(Φ(x)) and b2 = f ∗(Φ(x)). From
the proof of (a), we know that f(x) ≥ f(Φ(x))( i.e. b1 ≥ b2), thus using the definition of
fΦ we obtain∫

Ω

ff ∗ dx ≤
∫
H+

fΦ(x)f ∗(x) + fΦ(Φ(x))f ∗(Φ(x)) dx+

∫
(H+∪H−)c

(fΦ)f ∗ dx =

∫
Ω

(fΦ)f ∗ dx ,

where we have used the fact that Φ : Td → Td is an involution, thus completing the proof
of (c). By using similar arguments, one can show that E(f, g) ≤ E(fΦ, gΦ) completing the
proof of (d). Indeed we have

E(f, g) =

∫∫
Ω×Ω

K(d∞(x, y))f(x)g(y) dx dy

=

∫∫
H+×H+

K(d∞(x, y))(f(x)g(y) + f(Φ(x))g(Φ(y))) dx dy

+

∫∫
H+×H+

K(d∞(x,Φ(y)))(f(x)g(Φ(y)) + f(Φ(x))g(y)) dx dy

+

∫∫
H+×(H+∪H−)c

K(d∞(Φ(x), y)(f(x)g(y) + f(Φ(x))g(y)) dx dy

+

∫∫
(H+∪H−)c×H+

K(d∞(x,Φ(y)))(f(x)g(y) + f(x)g(Φ(y)) dx dy .

Let a1 = f(x), a2 = f(Φ(x)), b1 = g(x), b2 = g(Φ(x)). Additionally let c1 = K(d∞(x, y))
and c2 = K(d∞(x,Φ(y))). Note that if c1 ≥ c2, then

c1(a1b1 + a2b2) + c2(a1b2 + a2b1) ≤ c1(α1β1 + α2β2) + c2(α1β2α2β1) .

Since K is non-increasing and d∞(x,Φ(y)) ≥ d∞(x, y) for x, y ∈ H+ it follows that∫∫
H+×H+

K(d∞(x, y))(f(x)g(y) + f(Φ(x))g(Φ(y))) dx dy

+

∫∫
H+×H+

K(d∞(x,Φ(y)))(f(x)g(Φ(y)) + f(Φ(x))g(y)) dx dy

≤
∫∫

H+×H+

K(d∞(x, y))(fΦ(x)gΦ(y) + fΦ(Φ(x))gΦ(Φ(y))) dx dy

+

∫∫
H+×H+

K(d∞(x,Φ(y)))(fΦ(x)gΦ(Φ(y)) + fΦ(Φ(x))gΦ(y)) dx dy .
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For the last two terms we can estimate them as∫∫
H+×(H+∪H−)c

K(d∞(Φ(x), y))(f(x)g(y) + f(Φ(x))g(y)) dx dy

+

∫∫
(H+∪H−)c×H+

K(d∞(x,Φ(y)))(f(x)g(y) + f(x)g(Φ(y)) dx dy

≤
∫∫

H+×(H+∪H−)c

K(d∞(Φ(x), y))(fΦ(x)g(y) + fΦ(Φ(x))g(y)) dx dy

+

∫∫
(H+∪H−)c×H+

K(d∞(x,Φ(y)))(f(x)gΦ(y) + f(x)gΦ(Φ(y)) dx dy ,

where we have used an identical argument to that used in the proof of (c). Combining
them together completes the proof of (d).

For the proof of (e) we need to define truncated versions of the sets H+, H− and
(H+ ∪H−)c in the following manner:

H+
δ ={x ∈ H+ : Bd∞

δ (x) ∈ H+}
H−δ ={x ∈ H− : Bd∞

δ (x) ∈ H−}
(H+ ∪H−)cδ ={x ∈ H− : Bd∞

δ (x) ∈ (H+ ∪H−)c} .

We define the complement of these sets in Ω to be R. Using this we can obtain for
|h|∞ ≤ δ

‖fΦ(x+ h)− fΦ(x)‖L2(Ω)

≤

(∫
H+
δ

|fΦ(x+ h)− fΦ(x)|2 dx

)1/2

+

(∫
H−δ

|fΦ(x+ h)− fΦ(x)|2 dx

)1/2

+

(∫
(H+∪H−)cδ

|fΦ(x+ h)− fΦ(x)|2 dx

)1/2

+

(∫
R
|fΦ(x+ h)− fΦ(x)|2 dx

)1/2

.

For x ∈ H+
δ we have (setting a1 = f(x), a2 = f(Φ(x)), b1 = f(x+ h), b2 = f(Φ(x+ h)))

|fΦ(x+ h)− fΦ(x)| =|max f(x+ h), f(Φ(x+ h))−max f(x), f(Φ(x))|
≤max{|α1 − β1|, |α2 − β2|}
≤max{|a1 − b1|, |a2 − b2|}
≤|f(x+ h)− f(x)|+ |f(Φ(x+ h))− f(Φ(x))| .

The calculation for x ∈ H−δ is identical. Putting it all together we obtain

‖fΦ(x+ h)− fΦ(x)‖L2(Ω) ≤ 5ω(δ, f) + 2‖f‖∞|R|
1
2 .

All that remains is now to obtain an estimate on the size of the remainder set R in terms
of δ. The remainder set R has size given by the sum of the surface area of each of the 2k

sets multiplied by δ. We can obtain the blunt estimate |R| ≤ n(d)2dLd−1δ, where n(d) is
the number of edges of the d-hypercube. This completes the proof of the lemma.

�
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5.3. Proof of Theorem 5.7

We now present the proof of Theorem 5.7. We start with the following lemma:

Lemma 5.11. Let f, g ∈ L1(Ω) be nonnegative functions such that their super level
sets differ only on a set of measure zero. Assume further that g ∈ C0(Ω), then f = g a.e.

Proof. Assume this is not the case, i.e. without loss of generality the set, S := {x :
f(x) > g(x)}, has positive Lebesgue measure. In other words

|S| = |
⋃
n∈N

Sn| > 0 ,

with Sn = {x : f − g > 1
n
}. Thus, there must exist some N ∈ N such that for all n > N ,

|Sn| > 0. Pick a density point x′ ∈ Sn for some n > N . Since g is continuous we can
find a ball Bd∞

ε (x′) such that |g(x)− g(x′)| < 1/2n for all x ∈ Bd∞
ε (x′). Also since x′ is a

density point, for ε > ε′ > 0 small enough the set S ′ = Sn∩Bd∞

ε′ (x′) has positive measure.
This tells us that

f(x) > g(x) +
1

n
≥ g(x′) +

1

2n
,

for all x ∈ S ′. Thus, S ′ is a positive measure set that lies in the g(x′) + 1/2n super level
set of f but is absent in the same super level set of g. Thus, we have a contradiction. �

Finally we are in a position to prove the inequality in Theorem 5.7.

Proof of Theorem 5.7. We start by defining the following set

S(f) := {h ∈ L2(Ω) : ω(δ, h) ≤ 5ω(δ, f) + C(d)δ1/2, υh(t) = υf (t)} .
The above set is compact in L2(Ω). The L2(Ω) modulus of continuity and L2(Ω) norms
of S(f) are bounded uniformly so, by the Kolmogorov–Riesz theorem, the set is relatively
compact. Additionally, due to the non-expansivity of the toroidal decreasing rearrange-
ment shown in Proposition 5.4 it follows that any limit point h of S(f) must satisfy
h∗ = f ∗ and hence have the same distribution function as f . One can also check that for
any Φ, fΦ ∈ S(f). We now define the product set,

U := {(h1, h2) ∈ S(f)× S(g) : E(f, g) ≤ E(h1, h2)} ,
and associate with it the following minimisation problem

min
U
‖h1 − f ∗‖2

L2(Ω) + ‖h2 − g∗‖2
L2(Ω) .

We comment that the above problem is well-posed as the functional is bounded below by
0, continuous in L2, and the set U is compact. Thus, we can find some minimisers say
(h1, h2) which we assume are not equal to (f ∗, g∗). Assume that f ∗ 6= h1 a.e., then since
f ∗ is continuous by Lemma 5.11, there must exist some super level sets of f ∗ and h1 that
differ from each other on a set of positive measure. Thus, the set Ah1 differs from Af

∗ for
some fixed t on a set of positive measure. Since the two sets have the same measure it
follows that both

(
Ah1 \ Af∗

)
and

(
Af
∗ \ Ah1

)
have positive measure. Let x be a density

point of
(
Af
∗ \ Ah1

)
and y a density point of

(
Ah1 \ Af∗

)
. As discussed earlier we can

find a Φ such that Φ(x) = y and x ∈ H+, y ∈ H− (since |x|∞ ≤ |y|∞). We choose a small
ball around x, Bd∞

ε (x) and use the fact that x and y are density points to argue that the
set

B := H+ ∩
(
Af
∗ \ Ah1

)
∩ Φ

(
Ah1 \ Af∗

)
,

has positive measure. For any z ∈ B we have

f ∗(z) > t ≥ f ∗(Φ(z)), and h1(Φ(z)) > t ≥ h1(z) .
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By the same reasoning for the proof of Lemma 5.10(c), it follows that for z ∈ B
h1(z)f ∗(z) + h1(Φ(z))f ∗(Φ(z)) < (h1)Φ(z)f ∗(z) + (h1)Φ(Φ(z))f ∗(Φ(z)) .

It follows immediately then that∫
Ω

h1f
∗ dx <

∫
Ω

(h1)Φf
∗ dx .

Using the above strict inequality we obtain

‖h1 − f ∗‖2
L2(Ω) = ‖h1‖2

L2(Ω) + ‖f ∗‖2
L2(Ω) − 2

∫
Ω

h1f
∗ dx > ‖(h1)Φ − f ∗‖2

L2(Ω) ,

where we have used the fact, from Lemma 5.10 and Remark 5.3, that
‖h1‖L2(Ω) = ‖(h1)Φ‖L2(Ω) .

Applying the same argument for h2 we have obtained a contradiction as (h1, h2) is sup-
posed to be the global minimiser of the functional. This tells us that (h1, h2) = (f ∗, g∗)
a.e. and (f ∗, g∗) ∈ U with E(f, g) ≤ E(f ∗, g∗). �

An immediate consequence of Proposition 5.2, Corollary 5.8, and Theorem 5.7 is the
following corollary.

Corollary 5.12 (Symmetries of the minimisers). Let EMV
β , EAD

β,m : P(Ω)→ (−∞,+∞]

be as defined in (1.25) and (1.26) with W,V ∈ C2(Ω). Furthermore, assume that V (x) =
V (|x|∞) and W (x) = W (|x|∞) are nondecreasing functions. Then there exists a min-
imiser of EMV

β (resp. EAD
β,m), ρ ∈ P(Ω) ∩ L1(Ω) such that ρ = ρ∗, i.e. EMV

β , EAD
β,m have at

least one minimiser which is toroidal decreasing.

Remark 5.13. Note that we can only say that such a minimiser exists. We cannot
strengthen the statement of the above corollary to assert that all minimisers are toroidal
decreasing when V and W are strictly increasing. This would require us to prove a strict
version of Theorem 5.7. The fact that d > 1 and the polarisation we have constructed
“fails to see” all of Ω makes it more difficult to prove such a result. As mentioned earlier
for d = 1 or for Sd, this was proven by Beckner. It is an interesting open question to see
if this strict version of the inequality can be generalised to Td, d > 1.





CHAPTER 6

Saddle points and metastability

The contents of this chapter are based on the following paper written with A. Schlicht-
ing:
[GS19] R. S. Gvalani and A. Schlichting. Barriers of the McKean–Vlasov energy via a

mountain pass theorem in the space of probability measures. arXiv e-prints, page
arXiv:1905.11823, May 2019.

6.1. Introduction

In recent years, a lot of progress has been made in understanding the convergence
of interacting particle systems to their hydrodynamic or mean-field limits at the level of
the convergence of gradient flows (cf. [ADPZ11, ADPZ13, DPZ13, Fat16, EFLS16, FS16,
KJZ19]). These results lead to dissipative systems which are driven by some macroscopic
free energy with respect to some metric. This gradient flow structure allows for a char-
acterisation of the stationary states of the system in terms of the critical points and
minimisers of the free energy. Hence, the free energy landscape and the underlying metric
encodes some of the dynamic properties of the system. In many of the applications, the
free energy is usually a lower semicontinuous function with the space of probability mea-
sures P(M) as its domain. Here P(M) represents the distribution of particle positions
on some base manifold M . The appropriate metric for the gradient flow is usually the
2-Wasserstein metric and its variants. For example, in [BB20] the authors derive a local
mean-field model as the gradient flow of the macroscopic free energy with respect to a
modified Wasserstein metric.

For macroscopic models originating from interacting particle systems, the free energy
can exhibit multiple local minima corresponding to distinguished stationary states of
the macroscopic system. In this case, one may ask about typical transition times and
transition states between two such distinct states in the presence of noise. A common
example of this is a classical particle moving on Rd along the gradient of some potential
V ∈ C2(Rd;R), i.e.

(6.1) ẋ(t) = −∇V (x) ,

with x(0) = x0 ∈ Rd. Let us assume that V has exactly two distinct global minima
x1, x2 ∈ Rd, which are also the stationary points of (6.1). If one considers these to be the
states of interest, then a relevant question is how does the particle transition from one to
the other under the influence of noise. To understand this, one considers the stochastic
differential equation

dXt = −∇V (Xt) dt+
√

2β−1dBt ,(6.2)

where Bt is a Rd-valued Wiener process and β > 0 is a parameter representing the
strength of the noise in the system. In the setting of the above SDE, the question can
be recast as follows: given X(0) = x1, what is the probability that in some finite time
T > 0, we have that X(T ) = x2. This question is answered, at least for β � 1, by
the Freidlin–Wentzell theorem. In particular, it tells us that the family of processes
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{Xβ
t } ∈ C([0, T ]) with X0 = x1 satisfy a large deviations principle with good rate function

I : C([0, T ];Rd)→ (−∞,+∞] given by

I(f) =
1

2

∫ T

0

|ḟ(t) +∇V (f(t))|2 dt ,

whenever the above integral is finite and +∞ otherwise. As a consequence of the above
result, we have that, for any closed and measurable Γ ⊂ C([0, T ];Rd),

lim sup
β→+∞

2β−1 logP(Xβ
t ∈ Γ) ≤ − inf

f∈Γ
I(f) .

If we pick Γ = {f ∈ C([0, T ];Rd) : f(0) = x1, f(T ) = x2}, we obtain an upper bound
on the probability that the process reaches x2 given that it starts at x1. Setting T ∗ =
arg maxt∈[0,T ](V (f(t))− V (f(0))), we can obtain the following lower bound for f ∈ Γ,

I(f) ≥1

2

∫ T ∗

0

|ḟ(t) +∇V (f(t))|2 dt ≥
∫ T ∗

0

ḟ(t) · ∇V (f(t)) dt

=V (f(T ∗))− V (f(0)) ≥ inf
f∈Γ

(V (f(T ∗))− V (f(0))) =: c− V (f(0)) .

It turns out that c > 0 is in fact a critical value of V , i.e. there exists x3 ∈ Rd such
that V (x3) = c and ∇V (x3) = 0. The reader will recognise this as the finite-dimensional
version of the well-known mountain pass theorem. Setting ∆ := V (x3) − V (x1), we see
that for β sufficiently large

P(Xβ
t ∈ Γ) . exp(−(β/2)∆) .

Thus, the probability of the process reaching the new phase/state in time T > 0 scales
exponentially with β, with the rate given by the difference between the energies of the
saddle point and the initial phase. Thus, we can see that the process finds the path
of least resistance to reach the new phase in agreement with the fundamental tenet of
large deviations theory that “an unlikely event will happen in the most likely of the pos-
sible unlikely ways”. These transitions correspond to the phenomenon of noise-induced
metastability, i.e. the process is stable around x1 for β � 1 with a very small probability
of it transitioning to x2.

The purpose of this chapter is to obtain results in a similar flavour but in an infinite-
dimensional setting. Specifically, we are interested in understanding how similar phenom-
ena, i.e. noise-induced transitions, occur in systems governed by the Wasserstein gradient
flow of some free energy E, especially those that arise as mean-field limits of the inter-
acting particle systems discussed in Chapter 3. We place ourselves in the same setting as
in Chapter 3, i.e. we consider the following system of N interacting stochastic differential
equations on Ω = Td (the d-dimensional torus of side length L > 0)

dX i
t =− 1

N

N∑
j=1

∇W (X i
t −X

j
t ) dt+

√
2β−1dBi

t

Law(X
N

0 ) =
N∏
i=1

ρ0(xi) X
N

t =
(
X1
t , . . . , X

N
t

)
where β > 0 is a parameter, W ∈ C2(Ω) is an interaction potential which is even along
every coordinate, and Bi

t are Ω-valued independent Wiener processes. Let ρ(N)(t) :=

N−1
∑N

i=1 δXt
i
, then it is well known (cf. [Szn91], Theorem 1.2) that ρ(N)(t) as a measure-

valued random variable converges in law to ρ = ρ(t, x) for each t > 0, where ρ is a weak
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solution of the following PDE

∂tρ = ∇ · (ρ∇(β−1 log ρ+W ? ρ)) with ρ(0, x) = ρ0(x) .

The above PDE is commonly referred to as the McKean–Vlasov equation and can be
rewritten as a d2-gradient flow

∂tρ = ∇ ·
(
ρ∇δEβ

δρ

)
,

where Eβ : P(Ω) → (−∞,+∞] is the associated free energy (cf. Chapter 1, (1.25)),
defined as

Eβ(ρ) = β−1

∫
Ω

ρ(x) log(ρ)(x) dx+
1

2

∫∫
Ω×Ω

W (x− y) dρ(y) dρ(x) ,(6.3)

when ρ� dx and as +∞ otherwise. We have dropped the superscriptMV used in Chap-
ter 1, mainly for the sake of notational convenience, as we will be dealing with only the
McKean–Vlasov free energy for the rest of this chapter. The first term in (6.3) is referred
to as the entropy and the second as the interaction energy. The function Eβ is referred to
as the free energy of the system. As discussed in Chapter 3, the balance between entropy
and interaction energy in terms of β determines what the minimisers of Eβ look like. For
β smaller than some critical value βc, the normalised Lebesgue measure, ρ∞(dx) := dx/Ld

is the unique minimiser of the free energy. Above the value βc a new minimiser of the
free energy, which is not ρ∞, emerges. This phenomenon, in which there is a change in
structure of the set of minimisers of Eβ, is called a phase transition and is observed in
many models from the physical sciences [LP66, Sin82, Daw83, Shi87, GP18, FV18]. We
refer readers to Chapters 1 and 3 for a more detailed discussion of the different terms in
the energy Eβ and the phenomenon of phase transitions.

As discussed in Section 1.3, the operator ∇ · (ρ∇ δ
δρ

(·)) can be, formally, thought of as
a gradient in the space of probability measures on Ω equipped with the d2 Wasserstein
distance (cf. Definition C.2) defined as follows

d2
2(ρ1, ρ2) = inf

π∈Π(ρ1,ρ2)

∫∫
Ω×Ω

dΩ(x, y)2 dπ(x, y) ,

where Π(ρ1, ρ2) is the set of all couplings between ρ1 and ρ2 and dΩ(x, y) is the geodesic
distance on Ω. As discussed in Lemma C.4, P(Ω) equipped with d2 is a complete, sepa-
rable, metric space. Note that, since Ω is compact, Pp(Ω) = P(Ω) for all 1 ≤ p ≤ ∞. For
ρ1, ρ2 absolutely continuous with respect to dx the definition of the metric can be recast
into the form discussed in Theorem 6.12. This notion of a gradient flow can be made
rigorous (cf. Definition 1.12) and is an extremely active field of research. The present
chapter relies on quite classical results from [CEMS01, McC01, McC97, AGS08]. Indeed,
the solutions of the McKean–Vlasov PDE can be thought of as curves of maximal slope of
the McKean–Vlasov energy Eβ with respect to d2 (cf. [DS10], Theorem 1.13). Comparing
this with the toy model discussed further up in the introduction, we see that the PDE has
a gradient structure in d2 and so the functional Eβ will play a similar role to the potential
V in (6.1). The distinct phases/states are then characterised by the global minima of the
functional Eβ over P(Ω). The role of the SDE in (6.2) is then played by the empirical
process ρ(N) and that of the parameter β is played by N .

Understanding such transitions requires two ingredients, a version of the mountain
pass theorem in the space of probability measures P(M) equipped with the Wasserstein
metric and an appropriate large deviations principle for the underlying particle system.
We focus on the first ingredient noting that the second ingredient is usually application-
specific. Our main result in this direction is as follows.
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Theorem 6.1. Assume M is compact, complete, connected, and smooth Riemannian
manifold. Let E : P(M) → (−∞,+∞] be a proper, l.s.c, and λ-geodesically convex
functional and assume that if ρ ∈ D(E), then ρ � vol. Suppose ρ, ν ∈ P(M) ∩ D(E),
Γ is the set of all continuous curves γ : [0, 1] → P(M)(where P(M) is equipped with the
2-Wasserstein metric, d2) with γ(0) = ρ and γ(1) = ν, and the function Υ : Γ → R is
defined by:

Υ(γ) = sup
t∈[0,1]

E(γ(t)) .

Let c = infγ∈Γ Υ(γ) and c1 = max{E(ρ), E(ν)}. If c > c1 and E satisfies (MPS) (cf. As-
sumption 6.6), then there exists a c′ ≥ c such that c′is a critical value of E, i.e. there
exists a µ ∈ P(M) with E(µ) = c′ such that |∂E|(µ) = |dE|(µ) = 0 (cf. Definitions 6.5
and 6.19).

The proof utilises the notion of the weak metric slope |dE| first introduced in [Kat94].
The main advantage over previous results in this direction is that we can apply the
result to l.s.c functionals on P(M) as long as they are λ-convex by working with the
extension of the function to its epigraph based on ideas discussed by Degiovanni and
Marzocchi [DM94], originating from work by De Giorgi and co-authors [DGMT80]. In
fact, for λ-convex functionals one can identify the usual (strong) metric slope |∂E| and
|dE|. We focus on the case in which the metric is d2, although our results generalise for
dp or other variants of the metric.

By relying on results from Chapter 3, we establish conditions on the interaction po-
tential W such that two distinct minimisers {ρ∞, ρ} of the free energy Eβ (6.3) exist.
Henceforth, ρ∞ is the uniform state and ρ is some other “clustered” minimiser of Eβ.
After having done so, we can apply Theorem 6.1 to obtain the following result.

Theorem 6.2. Assume W and βc are such that there exist at least two distinct global
minimisers {ρ∞, ρ} of Eβc. Then, there exists ρ∗ ∈ P(Ω) distinct from ρ∞ and ρ such
that |∂Eβc |(ρ∗) = |dEβc |(ρ∗) = 0. Additionally, Eβc(ρ∗) = c′ where c′ is characterised by

c′ ≥ c = inf
γ∈Γ

sup
t∈[0,1]

Eβc(γ(t)) ,

where Γ = {C([0, 1];P(Ω)) : γ(0) = ρ∞, γ(1) = ρ}.
The fact that the free energy functional Eβ has an energy barrier at β = βc allows

us to study escape probabilities for the underlying particle system using results which
were first proved by Dawson and Gärtner [DG87] (cf. Section 1.2.3). We refer the reader
to [ADPZ11, Rey18, GPY13] for further discussions of the connections between large
deviations theory and theory of gradient flows.

Theorem 6.3. Assume W and βc are such that there exist at least two distinct min-
imisers {ρ∞, ρ} of Eβ. It follows then that the underlying empirical process ρ(N) ∈ CT
with initial i.i.d uniformly distributed particles satisfies

P(ρN(T ) ∈ Bd2

ε (ρ), ρ(N)(0) = ρ
(N)
0 ) ≤ exp

(
−N(∆−O(ε2)− oT (1))

)
for N sufficiently large, where Bd2

ε (ρ) is the closed ball of size ε > 0 around ρ in d2,
∆ := Eβc(ρ

∗)−Eβc(ρ∞) and ρ∗ is the critical point defined in Theorem 6.30. Here, oT (1)
is a constant which tends to zero as N →∞, at a rate dependent on T > 0.

The result above says that the probability of the empirical process reaching the clus-
tered state ρ from the uniform state ρ∞ in time T > 0 becomes exponentially small as the
number of particles increases as long as the system is at a discontinuous transition point.
This implies a form of noise-induced metastability for the underlying particle system. In-
deed, this would tell us that the particle system stays away from ρ with high probability
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as the number of particles goes to ∞. Thus, to an external observer, it appears as if ρ∞
is the only “stable” state in the system.

Remark 6.4. Even though the Dawson–Gärtner large deviations principle provides
an exponential lower bound on the above probability, it is not clear how this can be
compared to the energy barrier exp

(
−N(∆−O(ε2))

)
for a general model. However, such

a lower bound could be obtained, for example, in the following setting: for all ε > 0, there
exist two points in ρ∗0, ρ∗ in a neighbourhood of ρ∗ such that ρ∗0 is connected to ρ∞ and ρ∗
is connected to ρ through a heteroclinic orbit under the flow of the McKean–Vlasov PDE.
However, it is unlikely that such heteroclinic connections exist at this level of generality
in the choice of W . A first step in this direction would be the characterisation of ρ∗ for
specific choices of W .

Outline: The chapter is organised as follows: In Section 6.2, we introduce the notion
of the weak metric slope and metric critical points that we will use throughout the chapter
and a version of the mountain pass theorem due to Katriel that holds for continuous
functions on metric spaces. In Section 6.3, we briefly recall some results due to McCann
on optimal transport on Riemannian manifolds. In Section 6.4, we compare the notion
of weak metric slope with the notion of (strong) metric slope (cf. Definition 1.9) used in
the gradient flows community and show that, under the assumption of λ-convexity of E,
the two are equivalent. We conclude the section by proving Theorem 6.1. We conclude
with Section 6.5 in which we discuss a specific application of the result: the McKean–
Vlasov model. We state and extend some results from Chapter 3 on the structure of
the set of minimisers of the free energy Eβ and their phase transitions. We proceed by
showing the existence of mountain pass at the point of discontinuous phase transition
Thus, proving Theorem 6.2. Finally, we introduce the precise form of the large deviations
principle due to Dawson and Gärtner and complete the proof of Theorem 6.3.

6.2. Critical points in metric spaces

We will assume throughout this section that (X , d) is a Polish space. We start with
the definition of the weak metric slope for some real-valued continuous function defined
on X . The notion goes back to Ioffe and Schwartzman [IS96] who provided the definition
in the Banach space setting.

Definition 6.5 (δ-regular points, weak metric slope and critical points [Kat94]). Let
x ∈ X , and E : X → R be a continuous function defined in a neighbourhood of x. Given
δ > 0, x is said to be a δ-regular point of E if there is a neighbourhood U of x, a constant
α > 0, and a continuous mapping ψ : U × [0, α]→ X such that for all (u, t) ∈ U × [0, α],
it holds:

(1) d(ψ(u, t), u) ≤ t.
(2) E(u)− E(ψ(u, t)) ≥ δt.

ψ is called a δ-regularity mapping for E at x. x is called a regular point of E if there
exists a δ-regularity mapping ψ for some δ > 0.

The weak metric slope of E at x is given by the extended real number

|dE|(x) = sup{δ ∈ (0,∞) : E is δ-regular at x} .
If x is not δ-regular for any δ > 0, then x is called a critical point of E with |dE|(x) = 0.

Assumption 6.6 (Weak metric Palais–Smale condition). A function E : X → R is
said to satisfy the weak metric Palais–Smale condition (MPS) if any Palais sequence,
that is {un}n∈N ∈ X with E(un) → c ∈ R and |dE|(un) → 0, possesses a convergent
subsequence.
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Given this notion, we have the following generalisation of the Ambrosetti–Rabinowitz
mountain pass theorem due to Katriel [Kat94].

Theorem 6.7. Let X be a path-connected metric space and E : X → R be continuous.
For u0, u1 ∈ X let Γ be the set of all continuous curves γ : [0, 1]→ X with γ(0) = u0 and
γ(1) = u1, and the function Υ : Γ→ R is given by

Υ(γ) = max
t∈[0,1]

E(γ(t)) .

Let c = infγ∈Γ Υ(γ) and c1 = max{E(u0), E(u1)}. If c > c1 and E satisfies (MPS), then
c is a critical value of E.

For the application considered in this chapter, we need a working definition of the
weak slope if E is only lower semicontinuous. Furthermore, we need to deal with the fact
that Theorem 6.7 holds only for continuous functions. Consider the example E : R→ R
with E(x) = x + 1 for x < 0 and E(x) = x for x ≥ 0. Then E is l.s.c and it is easy to
verify, that E has a critical point at x = 0 in the sense of Definition 6.5. However, this
seems to be in some sense pathological for identifying mountain pass points as E does not
attain the value of the barrier at x = 0, i.e. E(0) = 0. We like to use a theory of critical
points for l.s.c. functionals which disregards such critical points in our generalisation of
the mountain pass theorem. A resolution for this issue was suggested by Degiovanni and
Marzocchi [DM94], who, using notions developed in [DGMT80], proposed a generalisation
based on the so-called epigraph extension, GE, a continuous function associated to E and
defined on its epigraph (cf. Definition 6.8). This idea also helps us overcome the difficulty
that Theorem 6.7 holds only for continuous functions.

Definition 6.8 (Extension to the epigraph). Let E : X → (−∞,+∞] be a proper
l.s.c functional and denote by epi(E) = {(u, ξ) ∈ X × R : E(u) ≤ ξ} its epigraph. Then,
its epigraph extension GE : epi(E)→ (−∞,+∞] is defined by

GE(u, ξ) = ξ, (u, ξ) ∈ epi(E) .

Additionally, epi(E) is equipped with the metric depi((u, ξ), (v, ζ)) =
√
d(u, v)2 + |ξ − ζ|2.

It is now straightforward to check that GE is a continuous function with respect to depi

and that |dGE|(u, ξ) ≤ 1 for all (u, ξ) ∈ epi(E). It turns out, that the notion of the weak
slope for l.s.c functions on X based on the epigraph extension is suitable for applications
to mountain pass theorems in metric spaces.

Definition 6.9. Let E : X → (−∞,+∞] be a proper l.s.c function. Define its
domain as

D(E) := {x ∈ X : E(x) < +∞} .
Then for any x ∈ D(E), we define its weak metric slope at x by

|dE(x)| =

{ |dGE(x,E(x))|√
1−|dGE(x,E(x))|2

if |dGE(x,E(x))| < 1

+∞ if |dGE(x,E(x))| = 1 .

Again, x ∈ D(E) is called critical point of E if (x,E(x)) ∈ epi(E) is a critical point of
|dGE|(u,E(u)).

In the case when E is continuous, the above definition is equivalent to Definition 6.5.
Indeed, it holds by [DM94, Proposition 2.3], that in this case

|dGE(x,E(x))| =

{ |dE(x)|√
1+|dE(x)|2

if |dE(x)| <∞

1 if |dE(x)| =∞
and |dGE(x, ξ)| = 1 if E(x) < ξ .
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Hence, the Definition 6.9 is a generalisation of the weak metric slope from Definition 6.5
to lower semicontinuous functionals. However, this definition is, in general, hard to verify.
For this reason, we state without a proof a result from [DM94] that provides a lower
bound on |dE|.

Proposition 6.10 ([DM94, Proposition 2.5]). Let E : X → (−∞,+∞] be a proper,
l.s.c functional and for b ∈ R let D(E)b = {x ∈ D(E) : I ≤ b}. If for some x ∈ D(E)
there exist constants δ > 0, b > E(x), α > 0, a neighbourhood U of x, and a mapping
Ψ : (U ∩D(E)b)× [0, α]→ X such that for all (u, t) ∈ (U ∩D(E)b)× [0, α] it holds that

d(Ψ(u, t), u) ≤ t and E(u)− E(Ψ(u, t)) ≥ δ t .

Then, |dE|(x) ≥ δ.

Although we can apply the mountain pass Theorem 6.7 to the function GE, we do not
know if the critical point we obtain is of the form (x,E(x)), i.e. we have no information
about how |dGE| behaves for (x, ξ) ∈ epi(E) such that ξ > E(x). Degiovanni and Mar-
zocchi [DM94] provide some intuition in the case in which E is a functional defined on a
Banach space and consists of convex l.s.c part plus a C1 perturbation. The critical point
in this case is defined relative to the metric generated by the norm. This problem has to
be treated differently in our case. We will show how the notion λ-convexity ensures that
critical points are of the form (x,E(x)) (cf. Lemma 6.16). Furthermore, the notion weak
metric slope for l.s.c functions introduced in Definition 6.9 ensures that the critical points
obtained in Theorem 6.1 exceed the barrier value. Before discussing this in further detail,
we first cover some preliminaries on optimal transport on Riemannian manifolds.

6.3. Optimal transport on manifolds

Let M be a complete, connected Riemannian manifold equipped with a metric given
in local coordinates by gij. We denote the geodesic distance between x, y ∈M by dM(x, y)

and the Riemannian volume element by dvol(x) =
√

det gij(x) dx in local coordinates.
For x ∈ M , we denote the inner product on the tangent space TxM by 〈·, ·〉. Let
c(x, y) := dM(x, y)2/2 denote the cost function. We now introduce the following defi-
nition following [CEMS01].

Definition 6.11. Let A,B be compact subsets of M . The set Ic(A,B) of c-concave
functions is the set of functions φ : A→ [−∞,+∞) not identically −∞, for which there
exists a function ψ : B → [−∞,+∞) such that

φ(x) = inf
y∈B

c(x, y)− ψ(y), ∀x ∈ A .

We refer to φ as the c-transform of ψ and abbreviate it as φ = ψc.

We have the following main result on the well-posedness of the Monge problem from
[McC01].

Theorem 6.12. LetM be a complete Riemannian manifold. Fix two Borel probability
measures ρ� vol and ν onM and two compact subsets A,B ⊂M containing the supports
of ρ and ν, respectively. Then there exists a φ ∈ Ic(A,B) such that the map

F (x) := expx(−∇φ(x)) is a pushforward of ρ to ν.

Furthermore, F is the unique minimiser of the quadratic cost
∫
M
c(x,G(x)) dρ(x) among

all Borel maps G : M → M pushing ρ forward to ν apart from variations on sets of
ρ-measure zero. It follows then that the d2 transportation distance between ρ and ν takes
the following form

d2
2(ρ, ν) =

∫
M

dM(x, F (x))2 dρ(x) .
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The natural extension on McCann’s notion of displacement interpolation [McC97] to
the manifold setting is given in the following definition.

Definition 6.13 (Optimal interpolant). LetM be a complete Riemannian manifold.
Fix two Borel probability measures ρ1 � vol and ρ2 onM and two compact subsets A,B ⊂
M containing the supports of ρ1 and ρ2, respectively. We define the optimal interpolant
to be the map t 7→ ρ(t) for t ∈ [0, 1] such that ρ(t) = (Ft)#ρ and Ft = expx(−t∇φ(x)).
Here φ ∈ Ic(A,B) is the so-called Kantorovich potential from Theorem 6.12.

We are finally in a position to conclude this section with the following results from
[CEMS01] about the properties of the optimal interpolant.

Lemma 6.14. Let M be a complete Riemannian manifold. Fix two Borel probability
measures ρ� vol and ν onM and two compact subsets A,B ⊂M containing the supports
of ρ and ν, respectively. Then the following two results hold

(a) (Optimality of the optimal interpolant). The map Ft defined in Definition 6.13
is the minimiser of the quadratic cost between ρ(t) and ρ among all maps pushing
forward ρ to ρ(t) for all t ∈ [0, 1].

(b) (Absolute continuity of the interpolant). If ρ and ν are compactly supported and
absolutely continuous with respect to the Riemannian volume, then so is ρ(t) for
all t ∈ [0, 1].

6.4. A mountain pass theorem in P(M)

We now turn to the question of obtaining a notion of mountain passes for l.s.c func-
tions. We fix our metric space to be X = P(M), where M is now a compact, complete,
connected, and smooth Riemannian manifold, and we equip it with the d = d2, the
2-Wasserstein distance, which makes it a complete, separable metric space [Vil09]. The
functionals we consider will satisfy a geodesic λ-convexity assumption which is introduced
in the following definition:

Definition 6.15 (Geodesic λ-convexity). A proper l.s.c function E : P(M)→ (−∞,+∞]
is said to be λ-geodesically convex for some λ ∈ R, if for any ρ1, ρ2 ∈ P(M)∩D(E) it holds
that E(ρ(t)), where ρ(t) is the optimal interpolant defined in Definition 6.13, satisfies

E(ρ(t)) ≤ (1− t)E(ρ1) + tE(ρ2)− λ

2
t(1− t)d2

2(ρ1, ρ2) ∀t ∈ [0, 1].

The following lemma, whose proof is similar in spirit to [DM94, Theorem 3.13], shows
that the weak metric slope of GE is nonzero for geodesically λ-convex functionals for
(ρ, ξ) ∈ epi(E) with ξ > E(ρ). In particular, any critical point of GE, if present, is such
that E(ρ) = ξ.

Lemma 6.16. Let E : P(M) → (−∞,+∞] be a proper, l.s.c, and λ-geodesically
convex function and assume all ρ ∈ D(E) satisfy ρ� vol. Then, it holds

|dGE|(ρ, ξ) = 1 if ξ > E(ρ) .

In particular, any critical point (ρ, ξ) ∈ epi(E) of GE is such that E(ρ) = ξ.

Proof. Let (ν, ξ) ∈ epi(E) be such that ξ = E(ν) + 2ε for some ε > 0. We define for
any δ > 0 the map Ψ : B

depi

δ (ν, ξ)× [0, ε]→ epi(E) as follows

Ψ
(
(ρ, α), t

)
=

(
ρ

(
t

Λ

)
, α− t

Λ

(
α− |λ|

2
d2

2(ρ, ν)− E(ν)

))
,(6.4)

where

Λ =

√
d2

2(ρ, ν) +

∣∣∣∣(α− |λ|2 d2
2(ρ, ν)− E(ν)

)∣∣∣∣2
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and ρ
(
t
Λ

)
is the optimal interpolant between ρ and ν. Since ξ ≥ E(ν) + 2ε, we find

δ0 = δ0(ε) such that for all δ ∈ (0, δ0) it holds

(6.5) ε ≤ ξ − E(ν)− |λ|
2
δ2 − 2δ .

The above estimate yields Λ ≥ ε implying t
Λ
∈ [0, 1] and so ρ

(
t
Λ

)
is well defined, provided

that δ ∈ (0, δ0). We also have from Lemma 6.14(a) that

depi

(
Ψ((ρ, α), t), (ρ, α)

)
= t .

Thus, the map Ψ satisfies condition (1) of Definition 6.5. We still have to check that
Ψ
(
(ρ, α), t

)
∈ epi(E). Indeed, we have, from the definition of λ-geodesic convexity, that

E

(
ρ

(
t

Λ

))
≤E(ρ) +

t

Λ

(
E(ν)− E(ρ)

)
− λ

2

t

Λ

(
1− t

Λ

)
d2

2(ρ, ν)

≤α− t

Λ
(α− E(ν)) +

|λ|
2

t

Λ
d2

2(ρ, ν)

=α− t

Λ

(
α− |λ|

2
d2

2(ρ, ν)− E(ν)

)
.

Finally, we can proceed from (6.4) to the following estimate

GE(Ψ((ρ, α), t)) =α− t

Λ

(
α− |λ|

2
d2

2(ρ, ν)− E(ν)

)
≤GE((ρ, α))− t

ξ − E(ν)− δ − δ2 |λ|
2√

δ2 +
∣∣∣ξ − E(ν) + δ + δ2 |λ|

2

∣∣∣2 .
Thanks to (6.5), we can make δ arbitrarily small and obtain that |dGE|(ν, ξ) ≥ 1 from Def-
inition 6.5 (2). Since |dGE|(ν, ξ) ≤ 1 by Definition 6.8, the result follows. �

Having showed that the weak metric slope of GE is a constant equal to one for ξ > E(ρ),
we investigate how the critical points of E defined through the weak metric slope relate to
other relevant notions. Specifically, we compare it to the notion of critical point derived
from the (strong) metric slope used in theory of gradient flows [AGS08]. This is identical
to the metric slope introduced in Definition 1.9. This theory makes rigorous the notion
of the Wasserstein gradient discussed in the introduction of this chapter. We reintroduce
some of the terminology discussed in Section 1.3.1, specifically in the setting of P(M)
equipped with the 2-Wasserstein distance, d2. Let E : P(M) → (−∞,+∞] be a proper,
l.s.c, and λ-geodesically convex.

Definition 6.17 (Absolutely continuous curves). A curve ρ : [0, T ] ⊂ R → P(M)
is said to belong to ACp([0, T ];P(M)) for some p ∈ [1,+∞] if there exists m ∈ Lp([0, T ])
such that

d2(ρ(s), ρ(t)) ≤
∫ t

s

m(r) dr, 0 < s ≤ t < T .(6.6)

If p = 1, then ρ is said to be an absolutely continuous curve.

Theorem 6.18 (Metric derivative). If ρ : (a, b) → P(M) is an absolutely continuous
curve, then the limit

|ρ′|(t) = lim
s→t

d2(ρ(s), ρ(t))

|t− s|
,



174 6. SADDLE POINTS AND METASTABILITY

exists for a.e. t and is called the metric derivative or velocity of ρ. Additionally, |ρ′| ∈
L1([0, T ]) and is admissible as an m in (6.6). In fact it is the minimal admissible m, i.e.

|ρ′|(t) ≤ m(t)

for t a.e. where m satisfies (6.6).

Now we introduce the notion of the (strong) metric slope.
Definition 6.19 (Metric slope). The metric slope |∂E| of E at ρ ∈ P(M) is defined

as

|∂E|(ρ) =

lim sup
ν→ρ

(E(ρ)− E(ν))+

d2(ρ, ν)
ρ ∈ D(E)

+∞ otherwise .

Finally, we are in a position to define the notion of a curve of maximal slope.

Definition 6.20 (Curves of maximal slope). We say that a curve ρ ∈ AC2([0, T ];P(M))
is said to be curve of maximal slope of the function E if the following energy dissipation
inequality is satisfied

1

2

∫ t

s

|ρ′|2(r) dr +
1

2

∫ t

s

|∂E|2(ρ(r)) dr ≤ E(ρ(s))− E(ρ(t)) ,

for all 0 ≤ s ≤ t ≤ T . We say that ρ is a stationary curve of maximal slope if it is a curve
of maximal slope and ρ(t) = ρ(s) for all s, t ∈ [0, T ].

Note that the above notion of curve of maximal slope is equivalent to the notion of
curve of maximal slope introduced in Definition 1.12. One can check that we have the
following corollary:

Corollary 6.21. A curve of maximal slope ρ of a function E is stationary if and
only if |∂E|(ρ) = 0.

Using all these notions we can finally compare the weak metric slope with the metric
slope.

Proposition 6.22 (Equivalence of the two notions of slope). Let E : P(M) →
(−∞,+∞] be a proper, l.s.c, and λ-geodesically convex functional. Assume further that
if ρ ∈ D(E), then ρ� vol. Then for ρ ∈ D(E) we have that |dE|(ρ) = |∂E|(ρ).

Proof. We first show that |dE|(ρ) ≤ |∂E|(ρ). Let GE be the continuous extension to
the epigraph and let Ψ be a δ-regularity mapping for the point (ρ, E(ρ)) with ρ ∈ D(E),
that is by Definition 6.5

E(ρ)−Ψ((ρ, E(ρ)), t)

depi((ρ, E(ρ)),Ψ((ρ, E(ρ)), t))
≥ δ .

At the same time, we can choose Ψ((ρ, E(ρ)), t) as the approximating sequence in Defini-
tion 6.19 of the (strong) metric slope and obtain

|∂GE|(ρ, E(ρ)) ≥ δ .

Taking the supremum over all such δ, we have the bound |∂GE|(ρ, E(ρ)) ≥ |dGE|(ρ, E(ρ)).
This yields only the comparison of the two different slopes of the epigraph extension GE.
To obtain the comparison of the slopes of the functional E itself, we first assume that
ρ ∈ D(E) is not a local minimum, and |∂E|(ρ) < +∞. Then there exists a sequence
(νn, E(νn)) ∈ epi(E) such that it converges to (ρ, E(ρ)) and such that E(νn) ≤ E(ρ) for
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all n sufficiently large. Using this as the approximating sequence in Definition 6.19, we
obtain

|∂GE|(ρ, E(ρ)) = lim sup
(νn,E(νn))→(ρ,E(ρ))

(E(ρ)− E(νn))+√
|E(ρ)− E(νn)|2 + d2

2(ρ, νn)

= lim sup
(νn,E(νn))→(ρ,E(ρ))

(E(ρ)− E(νn))+√
(E(ρ)− E(νn))2

+ + d2
2(ρ, νn)

=
|∂E|(ρ)√

1 + |∂E|(ρ)2

When ρ /∈ D(E) or ρ is a local minimum both |∂E|(ρ) and |∂GE|(ρ) are +∞ and 0
respectively. Using Definition 6.9 of the weak metric slope, we have |dE|(ρ) ≤ |∂E|(ρ).

To prove the other inequality, we first assume that |∂E|(ρ) =: ε0 > 0. Then, for any
ε ∈ (0, ε0) exists δ = δ(ε) > 0 by Definition 6.19 such that there exists ν ∈ Bd2

δ (ρ) with

E(ν) < E(ρ)− εd2(ρ, ν) .

Choose such a ν and set δ′ = d2(ρ, ν) < δ. Since E is l.s.c, we find for any n ∈ N, n ≥ 2
some α = α(δ′, n) > 0 such that for all µ ∈ Bd2

α (ρ) it holds that

E(ρ)− E(µ) ≤ δ′

n
.

We define α′ = min{α, δ′/n} and define a map Ψ : Bd2

α′ (ρ)× [0, α′]→ P(M) as follows

Ψ(µ, t) =
(
F t
d2(ν,µ)

)
#
µ

where F is the optimal map between µ and ν from Theorem 6.12. We have from the
definition of α′ by the triangle inequality

n− 1

n
δ′ ≤ −d2(ρ, µ) + d2(ρ, ν) ≤ d2(ν, µ) ≤d2(ρ, µ) + d2(ρ, ν) ≤ n+ 1

n
δ′ .

Thus, it follows that 0 ≤ t/d2(µ, ν) ≤ 1. Also, by construction holds d2(µ,Ψ(µ, t)) = t.
Now, by the λ-convexity of E, we obtain the following estimate

E(Ψ(µ, t)) ≤E(µ) +
t

d2(µ, ν)

(
E(ν)− E(µ)

)
+
|λ|
2
t

(
1− t

d2(µ, ν)

)
d2(µ, ν)

≤E(µ) +
t

d2(µ, ν)

(
E(ν)− E(ρ)

)
+

t

d2(µ, ν)

(
E(ρ)− E(µ)

)
+
|λ|
2
t δ′

n+ 1

n

<E(µ) + t

(
−ε
(

n

n+ 1

)
+

1

n− 1
+ δ′|λ|

)
.

We can pick δ′ > 0 to be as small and n as large as we want and conclude E(Ψ(µ, t)) ≤
E(µ) − εt. It follows from Proposition 6.10 that |dE|(ρ) ≥ ε. Thus, since ε ∈ (0, ε0) is
arbitrary, we have that |dE|(ρ) ≥ ε0 = |∂E|(ρ) for all positive values. For the case in
which |dE|(ρ) = 0, assume that |∂E|(ρ) = ε0 > 0. But we have shown that |dE|(u) =
|∂E|(ρ) = ε0 > 0 which would be a contradiction. Thus, we have |∂E|(ρ) = |∂E|(ρ). �

Proposition 6.23. Let E : P(M)→ (−∞,+∞] be a proper, l.s.c, and λ-geodesically
convex functional. Then epi(I) is complete and path-connected.

Proof. We note that P(M) × R is complete. Also, given any convergent sequence
(ρn, ξn) ∈ epi(E) converging to some (ρ, c) ∈ P(M)×R we have that E(ρ) ≤ lim inf E(ρn) ≤
lim inf ξn = c. Thus, epi(E) ⊂ P(M)× R is closed and Thus, complete.
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Let (ρ, α), (ν, β) ∈ epi(I). Then (ρ(t), (1− t)α+ tβ− λ
2
t(1− t)d2

2(ρ, ν)) is a continuous
path (with respect to depi) between them which lies entirely in epi(I). �

We conclude this section with the proof of Theorem 6.1.

Proof of Theorem 6.1. Denote by Γepi the set of all continuous curves γepi : [0, 1] →
epi(E) with γepi(0) = (ρ, E(ρ)) and γepi(1) = (ν, E(ν)). We can identify any γepi ∈ Γepi

with a γ1 ∈ Γ by projecting onto the first factor, i.e. (t 7→ (ρ(t), ξ(t))) 7→ (t 7→ ρ(t)).
Because of the definition of the epigraph and GE, we have that

inf
γepi∈Γepi

max
t∈[0,1]

GE(γepi(t)) ≥ inf
γepi∈Γepi

sup
t∈[0,1]

E(γ1(t)) ≥ inf
γ∈Γ

sup
t∈[0,1]

E(γ(t)) = c .

Also we have that c1 = max{E(ρ), E(ν)} = max{GE(ρ, E(ρ)),GE(ν, E(ν))} and from the
above inequality that c′ := infγepi∈Γepi

maxt∈[0,1] GE(γepi(t)) ≥ c > c1. Furthermore, if E
satisfies (MPS), it follows that GE satisfies it as well. Let (ρn, ξn) be a Palais sequence.
Since |dGE|(ρn, ξn)→ 0 it follows from Lemma 6.16 that for n large enough the sequence
must be of the form (ρn, E(ρn)) and that |dE|(ρn)→ 0. Since GE((ρn, E(ρn))) = E(ρn)→
c, it follows that ρn is a Palais sequence for E. Thus, we can construct a subsequence
which converges to some ρ∗ ∈ P(M) and by extension to (ρ∗, c) ∈ epi(E). Finally we can
apply Theorem 6.7 to GE to extract the existence of a critical point (µ, c′) ∈ epi(E) such
that |dGE|(µ, c′) = 0 and GE((µ, c′)) = c′ = infγepi∈Γepi

Υ(γ). However, the contraposition
of Lemma 6.16 implies that c′ = E(µ) if |dGE|(µ, c′) < 1, from which it follows that
|dE|(µ) = |dGE|(µ,E(µ)) = 0. Thus, µ is critical point of E with critical value c′. Also,
since E is λ-geodesically convex it follows from Proposition 6.22 that |∂E|(µ) = 0. �

6.5. Application to the McKean–Vlasov model

The first part of this section is focused on the analysis of the free energy Eβ (6.3) and
provides parameter values β at which it has two distinct minimisers so that we can then
apply Theorem 6.1 to arrive at Theorem 6.2. In the second part, we formulate the large
deviations results and complete the proof of Theorem 6.3. Let us recall some of the main
definitions and results about the free energy functional from [CP10] and Chapter 3.

Definition 6.24 (Transition point). A parameter value βc > 0 is said to be a tran-
sition point of Eβ from the uniform measure ρ∞(dx) = dx/Ld if it satisfies the following
conditions:

(1) For 0 < β < βc, ρ∞ is the unique minimiser of Eβc .
(2) For β = βc, ρ∞ is a minimiser of Eβc .
(3) For β > βc, there exists ρβ ∈ P(Ω) \ {ρ∞}, such that ρβ is a minimiser of Eβc .

Additionally, a transition point βc > 0 is said to be a continuous transition point of Eβ if:
(1) For β = βc, ρ∞ is the unique minimiser of Eβc .
(2) Given any family of minimisers {ρβ|β > βc}, we have that

lim sup
β↓βc

‖ρβ − ρ∞‖TV (Ω) = 0 .

A transition point βc which is not continuous is said to be discontinuous.

In thermodynamics, continuous phase transitions correspond to second-order ones sim-
ilar to those seen in the theory of magnetisation and spin systems [Daw83, Shi87, GP18],
whereas discontinuous phase transitions correspond to first-order ones similar to the ones
observed in nucleation processes or phase transformation from liquid to vapour [LP66].
We refer the reader to Section 1.4 for more details on phase transitions. The phase
transitions for the McKean–Vlasov model are discussed in detail in Chapter 3.
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One can show that if βc is discontinuous, i.e. if either one of the above two conditions
are violated, then it must be the case that condition (1) is violated. The original statement
of these definitions and the proof of the above statement can be found in [CP10]. We
summarise the main results about the free energy functional in the theorem below. The
proofs can be found in [CP10] and Theorems 3.35 and 3.43 and Corollary 3.37 in Chapter 3.
For the sake of notational convenience, we express the results on phase transitions of Eβ
in terms of the exponential Fourier coefficients (cf. (0.3)) of W which are given by

Ŵe(k) =

∫
Ω

e−k(x)W (x) dx with ek = L−d/2 exp

(
2π i

L
k · x

)
for k ∈ Zd .

Note, however, that these results are identical to those obtained in Chapter 3. We start
by reminding the reader of the definition of H-stability with respect to the exponential
Fourier coefficients of W (cf. Definition 0.1):

Definition 6.25 (H-stable potential). A coordinate-wise function W ∈ L2(Ω) is said
to be H-stable, denoted by W ∈ Hs, if it has nonnegative Fourier coefficients, that is
Ŵe(k) ≥ 0 for all k ∈ Zd. If W is not H-stable, it is referred to as catastrophic denoted
by W ∈ Hc

s.

Theorem 6.26. Assume that W ∈ C2(Ω) and β > 0.
(a) The free energy function Eβ : P(Ω) → (−∞,+∞] has a minimiser ρ ∈ P(Ω)

such that ρ� dx and ρ(x) > 0 for all x ∈ Ω.
(b) If W ∈ Hc

s, that is there exists k ∈ Zd \ {0} such that Ŵe(k) < 0, then there
exists a βc > 0 such that βc is a transition point of Eβ.

(c) For W ∈ Hc
s, the set Kδ is given for any δ > 0 by

Kδ :=

{
k ∈ Zd, k 6= 0 : Ŵe(k) ≤ min

k∈Zd,k 6=0
Ŵe(k) + δ

}
,

Let δ∗ > 0 be the smallest δ for which there exist distinct ka, kb, kc ∈ Kδ∗ with
ka = kb + kc, if such points exist, else δ∗ =∞. If δ∗ is sufficiently small, then βc
is a discontinuous transition point and βc < Ld/2

min
k∈Zd,k 6=0

Ŵe(k)
.

(d) Now, let {Wn}n∈N ∈ C2(Ω) ∩ Hc
s be a sequence of interaction potentials such

that δ∗ → 0 as n → ∞. Assume there exists N ∈ N and a positive constant

C > 0 such that for all n > N ,
∣∣∣∣ min
k∈Zd,k 6=0

ˆ(Wn)e(k)

∣∣∣∣ > Cδγ∗ for any γ < 1
2
.

Then for n sufficiently large, βc is a discontinuous transition point and βc <
Ld/2

min
k∈Zd,k 6=0

ˆ(Wn)e(k)
.

The above result provides conditions when to expect a discontinuous transition point.
The case of the discontinuous transition point is particularly interesting for us as it implies
the existence of a parameter value βc at which there are two distinct minimisers and
hints at a possible scenario in which the mountain pass theorem could be applied. To
provide more intuition we show in the following lemma that any potential that under
rescaling localises sufficiently fast but loses mass sufficiently slow will eventually exhibit
a discontinuous transition point for the associated free energy Eβ.

Lemma 6.27. Let W ∈ C2(Ω) be a compactly supported interaction potential with
support strictly contained in Ω and

∫
Ω
W dx < 0. Assume further that∫

Ω

L−d/2W (x)ei
2πεk·x
L dx ≥ L−d/2

∫
Ω

W dx := −C for all k ∈ Zd, ε > 0,(6.7)
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Consider the rescaled potential, Wε(x) = f(ε)W (x/ε) for some ε > 0 and positive function
f : R+ → R+. If ε` . f(ε) . εm as ε→ 0 for m > −d− 2, ` ≥ −d, ` < m−d

2
+ 1 (along

with the natural restriction ` ≥ m), then for ε small enough, the associated free energy
Eβ possesses a discontinuous transition point at some βc < Ld/2

|min
k∈Zd,k 6=0

ˆ(Wε)e(k)| .

Proof. We proceed by checking that the conditions of Theorem 6.26(d) hold for this
class of potentials. We first check that for ε small enough, Wε ∈ Hc

s. Let V := suppW
and Vε := suppWε. We have for k ∈ Zd,

ˆ(Wε)e(k) =L−d/2
∫

Ω

Wε(x)e−i
2πk·x
L dx

=L−d/2f(ε)

∫
V ε
W (x/ε)e−i

2πk·x
L dx

=L−d/2f(ε)εd
∫
V

W (x)e−i
2πεk·x
L dx .(6.8)

Since ei
2πεk·x
L → 1 uniformly on V as ε→ 0, it follows that eventually ˆ(Wε)e(k) < 0 for ε

sufficiently small since
∫
V
W (x)e−i

2πεk·x
L dx →

(∫
Ω
W dx

)
< 0. Using (6.7) and (6.8), we

can now obtain the following bound

min
k∈Zd,k 6=0

ˆ(Wε)e(k) ≥ −Cf(ε)εd .

Since W is even along every coordinate we have that∫
Ω

W (x)e−i
2πεk·x
L dx =

∫
Ω

W (x) cos

(
2πεk · x

L

)
dx

=

∫
Ω

W (x)

(
1 +

(
2π|k|εx
L

)2

+O(ε4)

)
dx

Fix some k∗ ∈ Zd.The above expansion tells us that we can find some ε1 sufficiently small
and some C1 > 0 independent of ε such that

ˆ(Wε)e(k
∗), ˆ(Wε)e(2k

∗) ≤ f(ε)εd(−C + C1ε
2) for all ε < ε1 .

We can Thus, obtain the following bound

−Cf(ε)εd ≤ min
k∈Zd,k 6=0

ˆ(Wε)e(k) ≤ f(ε)εd(−C + C1ε
2) for all ε < ε1 .(6.9)

Combining the two of them we derive
ˆ(Wε)e(k

∗)− min
k∈Zd,k 6=0

ˆ(Wε)e(k) ≤ C1f(ε)ε2+d

ˆ(Wε)e(2k
∗)− min

k∈Zd,k 6=0

ˆ(Wε)e(k) ≤ C1f(ε)ε2+d

 for all ε < ε1 ,

which tells us that k∗, 2k∗ ∈ KC1f(ε)ε2+d and that δ∗ ≤ C1f(ε)ε2+d. Thus, δ∗ . εm+d+2

and since m > −d− 2, δ∗ → 0 as ε→ 0. Furthermore, using (6.9) we can deduce∣∣∣∣ min
k∈Zd,k 6=0

ˆ(Wε)e(k)

∣∣∣∣ ≥f(ε)εd(C − C1ε
2) ≥ C2ε

`+d .

The fact that ` ≥ −d tells us that∣∣∣∣ min
k∈Zd,k 6=0

ˆ(Wε)e(k)

∣∣∣∣ ≥ C3δ
`+d

m+d+2
∗ .

We now use the assumption that l < m−d
2

+ 1 and apply Theorem 6.26(d), to obtain the
desired result. �
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Now that we have a set of concrete conditions under which we can expect there to
be two distinct minimisers at a particular parameter value, we can try applying the
mountain pass theorem. To apply Theorem 6.1, it is sufficient to show that ρ∞ is
a strict local minimum at parameter value βc and that this property is uniform, i.e.
we can find a ball Bd2

r (ρ∞) around ρ∞ in d2 such that Eβc(ρ) ≥ Eβc(ρ∞) + δ for all
ρ ∈ ∂Bd2

r (ρ∞) and some δ > 0. In order to show this, we need the following comparison
of d2 with the homogeneous negative Sobolev space H−1

0 (Ω), which we identify with all
formal Fourier series of ρ given by

∑
k∈Zd\{0} ρ̂(k)ek such that

∑
k∈Zd\{0}

1
|k|2 |ρ̂(k)|2 <

∞. Note that the functions {ek}k∈Zd\{0} form an orthogonal basis for H−1
0 (Ω) with

respect to the inner product 〈·, ·〉H−1
0 (Ω),ek

described in Section 0.2.2. We have that
〈ρ, f〉H−1

0 (Ω),H1
0 (Ω) =

∑
k∈Zd\{0} ρ̂e(k)f̂e(−k). Also, the inner product on H1

0 (Ω) is defined
as 〈f, g〉H1

0 (Ω),ek
=
∑

k∈Zd\{0} |k|2f̂e(k)ĝe(−k). It is straightforward to check then that the
Riesz representation of any ρ ∈ H−1

0 (Ω) is given by
∑

k∈Zd\0
1
|k|2 ρ̂e(k)ek ∈ H1

0 (Ω).

Lemma 6.28 (Comparison of ‖·‖H−1
0 (Ω) with d2). Let ρ∞, ρ ∈ P(Ω) ∩ L∞(Ω). Then

the following estimate holds

‖ρ∞ − ρ‖H−1
0 (Ω) ≤

(
max

[
‖ρ∞‖L∞(Ω), ‖ρ‖L∞(Ω)

])1/2

d2(ρ∞, ρ)

Proof. The proof follows the argument in [Loe06, Proposition 2.1]. Let ρ(t) be the
optimal interpolant between ρ∞ and ρ from Theorem 6.12. Since ρ ∈ AC2([0, 1];P(Td)),
by the Benamou–Brenier formulation of the optimal transport problem (cf. Theorem C.9
and Lemma C.11), there exists a vector field vt ∈ L2(Ω, ρ(t);Rd) such that the pair (ρ, vt)
satisfies

∂tρ+∇ · (ρvt) = 0 ,

in the sense of distributions t a.e. Now consider the sequence of parametrised problems
given by

∆Ψt = ρ(t)− ρ∞ .

Note that ‖ρ(t)‖L∞(Ω) ≤ max
{
‖ρ∞‖L∞(Ω), ‖ρ‖L∞(Ω)

}
[Vil09, Corollary 17.19], and Thus,

the above equation has a unique weak solution in H1
0 (Ω) for all t ∈ [0, 1]. We know

that
∫ t

0

∫
Ω
|vt|2ρ(s) dx ds = d2

2(ρ(t), ρ∞) = t2d2
2(ρ∞, ρ) < ∞. From this it follows that

ρ(t)vt ∈ L2(Ω;Rd) and Thus, ∇ · (ρ(t)vt) ∈ H−1
0 (Ω). Differentiating with respect to to t

we have

∆∂tΨt = −∇ · (ρ(t)vt) ,

a.e. t ∈ [0, 1]. It follows then, by inverting the Laplacian, that ∂tΨt ∈ H1
0 (Ω). Multiplying

by ∂tΨt and integrating by parts with respect to the space variable and then integrating
with respect to time, we obtain

‖∇Ψ1 −∇Ψ0‖L2(Ω) ≤‖ρ(t)‖1/2
∞ d2(ρ∞, ρ)

≤
(

max
[
‖ρ∞‖L∞(Ω), ‖ρ‖L∞(Ω)

])1/2

d2(ρ∞, ρ)

Since Ψ1 − Ψ0 is precisely the Riesz representation of ρ − ρ∞ in H1
0 (Ω), the estimate

follows. �

The following lemma now establishes that ρ∞ is a strict local minimum of the energy
in d2 at the discontinuous transition point.
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Lemma 6.29. Assume W ∈ Hc
s ∩ C2(Ω) and that βc is a discontinuous transition

point. Then, for β ≤ βc the measure ρ∞ = (1/Ld) dx is a strict local minimum of Eβ and
the following estimate holds

Eβ(ρ) ≥ Eβ(ρ∞) + δ

for all ρ ∈ ∂Bd2
r (ρ∞) and for all r sufficiently small and some δ = δ(r) > 0 dependent on

r > 0.

Proof. Let us assume without loss of generality thatW has mean zero. By the definition
of βc from Definition 6.24, we have that for β ≤ βc, ρ∞ is a minimiser of Eβ. The proof
for β < βc is straightforward, since ρ∞ is the unique minimiser of Eβ for β < βc. The idea
of the proof is based on the fact that any minimiser of the free energy must be a solution
of T (ρ) = ρ− F (ρ) = 0 (cf. Chapter 3, Proposition 3.6), where F : H−1

0 (Ω)→ H−1
0 (Ω) is

the map given by

F (ρ) = exp

(
−βW ? ρ− log

∫
Ω

exp(−βW ? ρ) dx

)
.

Note that we are using the Fourier characterisation of the space H−1
0 (Ω) described in Sec-

tion 0.2.2, i.e. we identify elements ρ ∈ P(Ω) with the corresponding formal Fourier series∑
k∈Zd\{0} ρ̂e(k). The fact that not all elements of P(Ω) lie in H−1

0 (Ω) does not affect the
validity of the above statement as elements in P(Ω) \H−1

0 (Ω) are not minimisers of the
free energy as they cannot be absolutely continuous. It is possible to check now that, for
β ≤ βc, DT (ρ∞) : H−1

0 (Ω)→ H−1
0 (Ω) is a bounded, linear, isomorphism. Indeed, we have

that

DT (ρ∞)(η) = η − βρ∞(W ? η)− βρ2
∞

∫
Ω

W ? η dx

The above operator is bounded on H−1
0 (Ω) since W ∈ C2(Ω). Diagonalising DT (ρ∞)

using {ek}k∈Zd\{0}, we obtain

DT (ρ∞)ek = (1− βL−d/2Ŵe(−k))e−k .

It follows then that if β ≤ Ld/2/mink∈Zd\{0} Ŵe(k), then the above map is a bijection. That
it is an injection is clear from the fact that if DT (ρ∞)η1 = DT (ρ∞)η2 then η̂1

e(k) = η̂2
e(k)

for all k ∈ Zd \ {0}. It is also surjective since for any η ∈ H−1
0 (Ω), we have that∑

k∈Zd\{0}

η̂e(k)

(1− βL−d/2Ŵe(k))
e−k

maps to η under DT (ρ∞). We know from Theorem 6.26(c) that βc is lesser than this
value and hence the result. Now, by the inverse function theorem, there exists an ε-open
ball BH−1

0
ε (ρ∞) around ρ∞ in H−1

0 (Ω) such that it is the unique solution of T (ρ) = 0 in
this ball. This tells us that ρ∞ is the unique minimiser of the free energy in BH−1

0
ε (ρ∞) at

β = βc. Note further that we have the following bounds for all ρ ∈ BH−1
0

ε (ρ∞)

ρ∞ exp
(
−2β‖W‖H1

0 (Ω)‖ρ‖H−1
0 (Ω)

)
≤ F (ρ) ≤ ρ∞ exp

(
2β‖W‖H1

0 (Ω)‖ρ‖H−1
0 (Ω)

)
.

Additionally we have that ‖ρ− ρ∞‖H−1
0 (Ω) < ε from which it follows that

ρ∞
C
≤ F (ρ) ≤ C ρ∞ with C := exp

(
2β‖W‖H1

0 (Ω)(‖ρ∞‖H−1
0 (Ω) + ε)

)
,
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for all ρ ∈ BH−1
0

ε (ρ∞). Consider the set

I :=
{
ρ ∈ H−1

0 (Ω) ∩ P(Ω) ∩ L1(Ω) :
ρ∞
C
≤ ρ ≤ Cρ∞

}
.

Then, any minimiser of Eβ must lie in I by construction. Additionally, for all ρ ∈ I we
have from Lemma 6.28 for some fixed constant C0 = C0(ρ∞, C) the bound

‖ρ∞ − ρ‖H−1
0 (Ω) ≤ C0d2(ρ∞, ρ) .

We can Thus, pick a ball Bd2
r (ρ∞) sufficiently small such that ‖ρ − ρ∞‖H−1

0 (Ω) < ε for
all ρ ∈ Bd2

r (ρ∞) ∩ I. It Thus, follows that we can find a ball in d2 for which ρ∞ is the
unique minimiser of Eβ. Thus, ρ∞ is a strict local minimum in P(Ω) equipped with the
Wasserstein metric.

Consider now the boundary of the ball ∂Bd2
r (ρ∞). This is a compact set and since Eβ

is l.s.c we can find a minimiser on this set, say ρ∗. Setting δ = Eβ(ρ∗)− Eβ(ρ∞) > 0 the
estimate in the lemma follows. �

We can now prove the existence of a mountain pass point.

Theorem 6.30. Assume W ∈ Hc
s ∩C2(Ω) and βc is a discontinuous transition point,

i.e. there exist at least two distinct minimisers of Eβc at β = βc such that one is ρ∞ and
the other is some ρ ∈ P(Ω). It follows then that there exists a ρ∗ ∈ P(Ω) distinct from
ρ∞ and ρ such that |∂Eβc|(ρ∗) = |dEβc |(ρ∗) = 0. Additionally, Eβc(ρ∗) = c′ where c′ is
characterised as follows

c′ ≥ c = inf
γ∈Γ

sup
t∈[0,1]

Eβc(γ(t)) ,

where Γ = {C([0, 1];P(Ω)) : γ(0) = ρ∞, γ(1) = ρ}.

Proof. We have to check that the conditions of Theorem 6.1 hold. Eβ is proper and
l.s.c and since ‖D2W‖L∞(Ω) ≤ C it is also λ-geodesically convex. Additionally, by the
definition of Eβ, ρ ∈ D(Eβ) implies ρ � dx. The space P(Ω) is compact and Thus, Eβ
trivially satisfies (MPS). We also know that c1 = Eβc(ρ∞) and, applying Lemma 6.29,
that c ≥ Eβc(ρ∞) + δ(r) for some r > 0 small enough. Thus, we have that c > c1 and the
result follows. �

We now state without proof the reformulated version of the main result from (cf. [DG87],
Theorem 1.7). We refer the reader to Section 1.2.3 for a more detailed discussion of the
large deviations principle of Dawson and Gärtner.

Theorem 6.31. Denote by P(N)(Ω) the space of empirical probability measures on
Ω, i.e.

P(N)(Ω) :=

{
ρ ∈ P(Ω) : ρ =

1

N

N∑
i=1

δxi , xi ∈ Ω

}
.

Assume that ρ(N)
0 ∈ P(N)(Ω) is such that there exists ρ0 ∈ P(Ω) with d2(ρ

(N)
0 , ρ0)→ 0 as

N → ∞. Denote by CT the space C([0, T ];P(Ω)), equipped with the topology of uniform
convergence. Then,

(a) For all open subsets G of CT ,

lim inf
N→∞

N−1 logP
(
ρ(N)(·) ∈ G, ρ(N)(0) = ρ

(N)
0

)
≥ − inf

ρ(·)∈G,ρ(0)=ρ0

I(ρ(·)) .

(b) For all closed subsets F of CT ,

lim sup
N→∞

N−1 logP
(
ρ(N)(·) ∈ F, ρ(N)(0) = ρ

(N)
0

)
≤ − inf

ρ(·)∈F,ρ(0)=ρ0

I(ρ(·)) ,
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(c) For each compact subset K of P(Ω) and s ≥ 0, the set

ΦK(s) = {ρ(·) ∈ CT : I(ρ(·)) ≤ s, ρ(0) ∈ K} ,

is compact.
Here I : CT → (−∞,+∞] is the action or rate functional given for ρ ∈ AC2([0, T ];P(Ω))
by

I(ρ(·)) =
1

2

∫ T

0

‖∂tρ−∇ · (ρ∇(β−1 log ρ+W ? ρ))‖2
H−1

0 (Ω,ρ) dt .

if it is finite and by +∞ otherwise.

We are interested in using the above result to understand the probability of the em-
pirical process escaping from the uniform state ρ∞ and reaching the clustered state ρ in
time T > 0.

Theorem 6.32. Assume W ∈ Hc
s ∩C2(Ω) and βc is a discontinuous transition point,

i.e. there exist at least two distinct minimisers of Eβc at β = βc such that one is ρ∞
and the other is some ρ ∈ P(Ω). It follows then that the underlying empirical process
ρ(N) ∈ CT with initial i.i.d uniformly distributed particles satisfies

P(ρN(T ) ∈ Bd2

ε (ρ), ρ(N)(0) = ρ
(N)
0 ) ≤ exp

(
−N(∆−O(ε2)− oT (1))

)
for N sufficiently large, where Bd2

ε (ρ) is the closed ball of size ε > 0 around ρ, ∆ :=
Eβc(ρ

∗) − Eβc(ρ∞), where ρ∗ is the critical point defined in Theorem 6.30 Here, oT (1) is
a constant which tends to zero as N →∞, at a rate dependent on T > 0..

Proof. In order to prove this result, we need to relate the rate functional I with the en-
ergy functionalEβc . We can assume without loss of generality that ρ ∈ AC2([0, T ];H1(Ω)∩
P(Ω)) since I(ρ) = +∞ otherwise. It follows then that there exists φ ∈ L2([0, T ];H1

0 (Ω, ρ))
(cf. Theorem C.9) such that

∂tρ = ∇ · (ρ∇φ) ,

where the above equation is satisfied t a.e. in H−1
0 (Ω, ρ), i.e. tested against any H1

0 (Ω, ρ)
test function. One can check this by using Theorem C.9 and Lemma C.11 and a density
argument. Thus, for any ρ ∈ AC2([0, T ];H1(Ω)∩P(Ω)) we can rewrite the rate functional
as follows

I(ρ) =
1

2

∫ T

0

‖∂tρ−∇ · (ρ∇(β−1
c log ρ+W ? ρ))‖2

H−1
0 (Ω,ρ) dt

=
1

2

∫ T

0

‖φ− β−1
c log ρ−W ? ρ‖2

H1
0 (Ω,ρ) dt

=
1

2

∫ T

0

‖φ‖2
H1

0 (Ω,ρ) dt+
1

2

∫ T

0

‖β−1
c log ρ+W ? ρ‖2

H1
0 (Ω,ρ) dt

−
∫ T

0

〈β−1
c log ρ+W ? ρ, φ〉H1

0 (Ω,ρ) dt

=
1

2

∫ T

0

‖φ‖2
H1

0 (Ω,ρ) dt+
1

2

∫ T

0

‖β−1
c log ρ+W ? ρ‖2

H1
0 (Ω,ρ) dt

+

∫ T

0

〈∂tρ, (β−1
c log ρ+W ? ρ)〉H−1

0 (Ω,ρ),H1
0 (Ω,ρ) dt .
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We choose the closed subset F = {ρ ∈ CT : ρ(T ) ∈ B
d2

ε (ρ), ρ(0) = ρ∞} and we set
T ∗ = arg maxt∈[0,T ](Eβc(ρ(t)) − Eβc(ρ∞)) if it is uniquely defined or pick any one if it is
not. We can then rewrite the rate functional as follows

I(ρ) =
1

2

∫ T ∗

0

‖φ‖2
H1

0 (Ω,ρ) dt+
1

2

∫ T ∗

0

‖β−1
c log ρ+W ? ρ‖2

H1
0 (Ω,ρ) dt

+

∫ T ∗

0

〈∂tρ, (β−1
c log ρ+W ? ρ)〉H−1

0 (Ω,ρ),H1
0 (Ω,ρ)0

dt

+
1

2

∫ T

T ∗
‖∂tρ−∇ · (ρ∇(β−1

c log ρ+W ? ρ))‖2
H−1

0 (Ω,ρ) dt

≥
∫ T ∗

0

〈∂tρ, (β−1
c log ρ+W ? ρ)〉H−1

0 (Ω,ρ),H1
0 (Ω,ρ) dt

= max
t∈[0,T ]

(Eβc(ρ(t))− Eβc(ρ∞)) .

where in the last step we have used the so-called chain rule [AGS08, Section 10.1.2 E.].
The estimate implies the lower bound

inf
ρ∈F

I(ρ) ≥ inf
ρ∈F∩AC2

max
t∈[0,T ]

(
Eβc(ρ(t))− Eβc(ρ∞)

)
.

At this point, we cannot apply Theorem 6.30 directly, since F contains curves with varying
endpoints not necessarily critical points. To handle this case, we define

Fepi =
{

(ρ(·), ξ(·)) ∈ C([0, T ]; epi(Eβc)) :(ρ(0), ξ(0)) = (ρ∞, Eβc(ρ∞)),

(ρ(T ), ξ(T )) ∈
⋃

ρ∈Bd2ε (ρ)
(ρ, Eβc(ρ))

}
If ρ ∈ F ∩ AC2, then the function t 7→ Eβc(ρ(t)) is absolutely continuous by [AGS08,
Section 10.1.2 E.]. Thus, the curve (ρ(·), Eβc(ρ(·))) lies in the set Fepi with

max
t∈[0,T ]

(Eβc(ρ(t))− Eβc(ρ∞)) = max
t∈[0,T ]

(GEβc (ρ(t), Eβc(ρ(t)))− GEβc (ρ∞, Eβc(ρ∞))) .

Thus, we have that

inf
ρ∈F∩AC2

max
t∈[0,T ]

(
Eβc(ρ(t))− Eβc(ρ∞)

)
≥ inf

ρ∈Fepi

max
t∈[0,T ]

(
GEβc (ρ(t), ξ(t))− GEβc (ρ∞, Eβc(ρ∞))

)
.

Now, we argue that if ε is small enough the above quantity can be made arbitrarily close
to ∆. For doing so, we define δ > 0 such that

inf
ρ∈Fepi

max
t∈[0,T ]

(
GEβc (ρ(t), ξ(t))− GEβc (ρ∞, Eβc(ρ∞))

)
= ∆− 2δ .

Then, we find (µ(t), ξ(t)) ∈ Fepi with

max
t∈[0,T ]

(
GEβc (µ(t), ξ(t))− GEβc (ρ∞, Eβc(ρ∞))

)
≤ ∆− δ ,

from which it follows that Eβc(µ(T ))− Eβc(ρ∞) ≤ ∆− δ. Let

Γepi =
{

(ρ(·), ξ(·)) ∈ C([0, T ], epi(Eβc)) :(ρ(0), ξ(0)) = (ρ∞, Eβc(ρ∞)),

(ρ(T ), ξ(T )) = (ρ, Eβc(ρ))
}
⊂ Fepi

We know that infρ∈Γepi
maxt∈[0,T ]

(
GEβc (ρ(t), ξ(t))− GEβc (ρ∞, Eβc(ρ∞))

)
= ∆. Thus, if we

take any continuous curve (ρ(s), ξ(s)) in epi(Eβc) from (µ(T ), Eβc(µ(T ))) to (ρ, Eβc(ρ))
parametrised by s ∈ [0, 1], GEβc (·, ·) must exceed or be equal to Eβc(ρ) + ∆ at some
s ∈ [0, 1]. Indeed, if this would not be the case then we could concatenate (µ(t), ξ(t))
and (ρ(s), ξ(s)) to obtain, after reparametrisation, a new curve [0, 1] 3 t 7→ (ρ(t), ξ(t))
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in epi(Eβc) from (ρ∞, Eβc(ρ∞)) to (ρ, Eβc(ρ)) such that maxt∈[0,1] GEβc (ρ(t), ξ(t)) < ∆, a
contradiction, since this curve is also an element of Γepi.

We pick the curve (ρ(t), Eβc(ρ(t))) where ρ(t) is the optimal interpolant between µ(T )
and ρ, as defined in Definition 6.13. Let t′ be the time at which Eβc(ρ(t′)) exceeds
Eβc(ρ) + ∆. By λ-convexity of Eβ we have

Eβc(ρ) + ∆ ≤ Eβc(ρ(t′)) ≤ (1− t′)Eβc(µ(T )) + t′Eβc(ρ) +
|λ|
2
t′(1− t′)ε2

Bounding Eβc(µ(T )) by Eβc(ρ) + ∆− δ, we obtain,

Eβc(ρ) + ∆ ≤Eβc(ρ) + (1− t′)∆− (1− t′)δ +
|λ|
2
t′(1− t′)ε2

≤Eβc(ρ) + ∆− (1− t′)δ +
|λ|
2

(1− t′)ε2 .

From this it follows that
δ ≤ |λ|

2
ε2 .

Thus, we obtain
inf
ρ∈F

I(ρ) ≥ inf
ρ∈Fepi

max
t∈[0,T ]

(
GEβc (ρ(t), ξ(t))− GEβc (ρ∞, Eβc(ρ∞))

)
= ∆− 2δ ≥ ∆− |λ|ε2

Finally, we can apply the result of Theorem 6.31(b), to obtain that

lim sup
N→∞

N−1 logP
(
ρ(N)(·) ∈ F, ρ(N)(0) = ρ

(N)
0

)
≤− inf

ρ(·)∈F,ρ(0)=ρ∞
I(ρ(·)) ≤ −∆ + |λ|ε2 ,

where we use that d2(µ
(N)
0 , µL) → 0 as N → ∞ is implied by the strong law of large

numbers. We set

aN = N−1 logP
(
ρ(N)(·) ∈ F, ρ(N)(0) = µ

(N)
0

)
.

It follows that

aN ≤ sup
N1≥N

aN1 =

(
sup
N1≥N

aN1 − lim sup
N→∞

aN

)
+ lim sup

N→∞
aN ≤ CN,T −∆ + |λ|ε2 ,

where CN,T =
(
supN1≥N aN1 − lim supN→∞ aN

)
= oT (1). Plugging in the expression for

aN , we obtain

P
(
µ(N)(·) ∈ F, µ(N)(0) = µ

(N)
0

)
≤ e−N

(
∆−|λ|ε2−oT (1)

)
The result then follows from the above estimate and the definition of the set F . �

Remark 6.33. The O(ε2) appearing in the exponent exp
(
−N(∆ − O(ε2))

)
can be

removed if one can show that the minimiser ρ is a local basin of attraction for the McKean–
Vlasov dynamics, i.e. there exists some ε > 0 such that all measures in Bd2

ε (ρ) converge to
ρ under the flow of the McKean–Vlasov PDE as t→∞. In this case, we can choose the
continuous curve between µ(T ) and ρ (in the proof of Theorem 6.32) to be the solution of
the McKean–Vlasov PDE starting µ(T ). This solution does not increase the energy and
Thus, the O(ε2) error from the λ-convexity argument will not appear in the exponent.
Such a characterisation of ρ is expected under more specific assumptions on the potential
W .
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CHAPTER 7

Scaling limits

The contents of this chapter are based on the following paper written with M. G.
Delgadino and G. A. Pavliotis:
[DGP20] M. G. Delgadino, R. S. Gvalani, and G. A. Pavliotis. On the diffusive-mean

field limit for weakly interacting diffusions exhibiting phase transitions. arXiv
e-prints, page arXiv:2001.03920, Jan 2020.

7.1. Introduction

7.1.1. Overview. In this chapter, we place ourselves in the setting of a system of
weakly interacting diffusion processes in the McKean–Vlasov regime as described in Sec-
tion 1.1.4. As discussed in Section 1.2.1, it is well-known that, under appropriate as-
sumptions on the interaction and confining potentials, one can pass to the mean field
limit as N →∞ to obtain the so-called McKean–Vlasov equation (MVE) for the limit of
the N -particle empirical measure. More precisely, given chaotic initial data, the empirical
measure associated to the system of particles converges weakly to the weak solution of the
McKean–Vlasov equation. Formally, one can say that the law of the N -particle system
decouples and converges to N copies of the mean field McKean–Vlasov equation. This
corresponds to a strong law of large numbers (LLN) for the the empirical measure. A
natural question to ask then is whether one can obtain a second order characterisation of
this convergence, i.e. a central limit theorem (CLT).

As discussed in Section 1.2.2, partial results in this direction do exist: Fernandez
and Méléard [FM97] obtained a finite-time horizon version of the CLT. They showed
that the fluctuations around the mean field limit are described in the large N -limit by a
Gaussian random field which itself is the solution of a linear stochastic PDE. Additionally,
Dawson [Daw83] proved an equilibrium CLT for the empirical measure of a system of
particles in a bistable confining potential and Curie–Weiss interaction. The interesting
feature of Dawson’s system is that it exhibits a phase transition, i.e. for a certain value
of the interaction strength the system transitions from having one invariant measure
to having multiple. Dawson showed that below the phase transition point equilibrium
fluctuations are described by Gaussian random field, similar to the result in [FM97].
However, at the critical temperature the fluctuations become non-Gaussian and are given
by the invariant measure of nonlinear SDE. These non-Gaussian fluctuations are persistent
and are characterised by a longer time scale, exhibiting the well known phenomenon of
critical slowing down (cf. [Shi87] for a less rigorous derivation of similar results). We
are not aware of any results on the limiting behaviour of the fluctuations that have been
obtained ahead of the phase transition.

Fluctuations around the McKean–Vlasov mean field limit for a system of weakly inter-
acting diffusions with an internal degree of freedom were also studied recently in [BBC+19].
Under the assumption of scale separation between the macroscopic and microscopic dy-
namics, a large deviations principle (LDP) was established for the slow dynamics, valid
in the combined limit of infinite scale separation (ε → 0) and of the number of parti-
cles going to infinity (N → ∞). This LDP was then used to deduce information about

187
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the fluctuations around the mean field limit and to also offer partial justification for the
so-called Dean equation, a stochastic partial differential equation used in dynamical den-
sity functional theory which combines, formally, the mean field limit and central limit
theorem results for the system of weakly interacting diffusions. Furthermore, the con-
nection between the LDP framework and the Chapman–Enskog approach to the study
of the hydrodynamic limit was discussed in detail. The crucial assumption made by the
authors was that the microscopic dynamics has a unique stationary state, i.e. that no
phase transitions occur.

The prototype of the systems we consider is the following system of N interacting
SDEs on R

dX i
t = − 1

N

N∑
j=1,j 6=i

sin
(
2π
(
X i
t −X

j
t

))
dt+

√
2β−1dBi

t(7.1)

where the Bi
t are independent R-valued Wiener processes. The interesting feature about

the above system is that the interaction potential is 1-periodic. As a consequence of this,
the behaviour of (7.1) is influenced heavily by the corresponding quotiented process on
T (the one dimensional unit torus) and, as will be seen later, the results regarding phase
transitions from Chapter 3 come into play in the analysis of this system. The quotiented
system on the torus is in fact the noisy Kuramoto model for mean field plane rotators
which was discussed extensively in Sections 1.5.1 and 3.6.11 [BGP10, CGPS20]. Indeed
(cf. Proposition 7.22), one can show that the corresponding mean field limit on the torus
exhibits a phase transition. A more complete picture of the local bifurcations and phase
transitions for the McKean–Vlasov equation on the torus can be found in Chapter 32.

In the spirit of Dawson, our main objective is to study fluctuations in the presence of
phase transitions. However, instead of the phase transitions of the system on R, we will
be concerned with the phase transitions of the quotiented system on T. We will use a
notion of phase transition based on the multiplicity of steady states (cf. Definition 7.18)
rather than that of minimisers of the free energy, as done in Chapter 3, as this is more
suited to our analysis. Furthermore, we study the diffusive limit which can be thought
of as the first step in understanding fluctuations of the N -particle system. Although we
do discuss the implications of a full CLT (cf. Section 7.1.10), we concern ourselves in this
chapter mainly with the combined diffusive-mean field limits.

The problem that we study in this chapter is closely related, and simpler, to the one
studied in [BBC+19]: scale separation arises naturally in our case due to the disparity
between the period of the interaction potential which is the characteristic length scale of
the microscopic dynamics, and the long, diffusive length/time scale. The “hydrodynam-
ics” in our problem is described by the (homogenised) heat equation, with the effective
covariance matrix given by the standard homogenisation formula: compare (7.19) below
with formulas (3.14) and (3.15) in [BBC+19]. However, in contrast to [BBC+19] our main
focus is on the effect of the presence of phase transitions at the microscopic scale on the
effective/macroscopic dynamics. We are, in particular, interested on the effect of phase
transitions on the (lack of) commutativity between the homogenisation and mean field
limits.

Before we discuss what we mean by the combined limit, we remind the reader of
what we mean by the diffusive limit. For a fixed number of particles N > 0 for the

1Additionally, its reversible Gibbs measure corresponds to the classical Heisenberg XY model for lattice
systems with continuous spins and mean field interaction as discussed in Section 1.1.2.
2In later sections, as a technical requirement, we will consider the same system with an additional confining
potential in order the break the translation symmetry of the noisy Kuramoto system which leads to
degeneracy of minimisers ahead of the phase transition (cf. Proposition 7.22).
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system in (7.1), a natural question to ask is how the law of the system behaves under the
diffusive rescaling, i.e. if ρε,N = Law

(
εX1

t/ε2 , . . . , εX
N
t/ε2

)
then what is the limit as ε→ 0

of ρε,N . The answer to this question can be obtained by using classical arguments from
periodic homogenisation [PS08, Chapter 20][BLP11]. It turns out that ρε,N converges
to ρN,∗, the solution of the heat equation with a positive definite effective covariance
matrix Aeff,N(cf. Section 7.1.8 and Equation (7.18)), which can be obtained by solving
a Poisson equation for the generator of the process on TN (cf. (7.21)). Another way of
reinterpreting this result is by saying that the system of particles (7.1) converge in law to
an N -dimensional Brownian motion with covariance Aeff,N . A natural next question to
ask is how does the covariance matrix Aeff,N , and by extension the heat equation, behave
in the limit as N →∞.

One could also ask the question the other way around. As discussed in Section 1.2.1,
for a fixed ε > 0, we can pass to the mean field limit as N →∞ in ρε,N to obtain N copies
of the solution of the nonlinear McKean–Vlasov equation, ρε,⊗N . The natural question to
ask now is whether we can understand the behaviour of ρε,⊗N as ε→ 0. This dichotomy is
illustrated in Figure 7.1. Starting from the rescaled law ρε,N , we can take the limit ε→ 0
first followed by N → ∞ if we move in the clockwise direction or the other way around
in the anti-clockwise direction. Whether these two limits commute depends heavily on
the ergodic properties of the quotiented process on TN and its behaviour in the mean
field limit. Our main result asserts that the two limits commute at high temperatures
(small β) and thus the combined limit is well-defined in this regime. However, at low
temperatures (large β) and in particular, in the presence of a phase transition, we can
construct initial data such that the two limits do not commute.

The problem of non-commutativity between the mean field and homogenisation limits
was also studied in [GP18]. In this paper, a system of weakly interacting diffusions in a
two-scale, locally periodic confining potential subject to a quadratic, Curie-Weiss, interac-
tion potential was considered. It was shown that, although the combined homogenization-
mean field limit leads to coarse-grained McKean-Vlasov dynamics that have the same
functional form, the effective diffusion (mobility) tensor and the coarse-grained (Fixman)
potential are different, depending on the order with which we consider these two limits
(for non-separable two-scale potentials). In particular, the phase diagrams for the effec-
tive dynamics can be different, depending on the order with which we take the limits. A
more striking manifestation of the non-commutativity between the two limits can be ob-
served at small but finite values of ε, the parameter measuring scale separation: it is easy
to construct examples where the mean field PDE, for small, finite ε can have arbitrarily
many stationary states, the homogenised McKean–Vlasov equation (corresponding to the
choice of sending first ε → 0 and then N → ∞) is characterised by a convex free energy
functional and, thus, a unique steady state.

7.1.2. Set up and preliminaries. In this section, we introduce some additional
notation that we will use in the rest of this chapter. As before, denote by Td the d
dimensional torus having side length L with L = 1 (which we identify with [0, 1)d).
Note also that we will often work in the sets (Td)N (resp. (Rd)N) and will denote their
typical elements by (x1, · · · , xN) where xi ∈ Td (resp. Rd) for all i = 1, . . . , N . We
denote by P2(X ) the space of all Borel probability measures on X having finite second
moment, with X some Polish metric space. We will use d1 and d2 to denote the 1 and
2-Wasserstein distances, respectively, on P2(Rd) and P(Td). Similarly we will use D1

and D2 for the 1 and 2-Wasserstein distances, respectively, on P2(P2(Rd)) and P(P(Td))
where we treat (P2(Rd), d2) (resp. (P(Td), d2)) as the underlying Polish metric space.
Note that Pp(X ) = P(X ) for all p ≥ 1 if X is compact. In the sequel, any limit of a
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ρε,N ρN,∗

ε→ 0

ρε,⊗N

N →∞

?

N →∞

ε→ 0

Figure 7.1. The combined diffusive-mean field limit and the (possible)
non-commutativity of the two limits

sequence of measures {ρn}n∈N ⊂ P2(X ), unless otherwise specified, should be understood
as a limit in the weak topology relative to C0

b (X ), i.e. tested against bounded, continuous
functions. We will sometimes denote this convergence by using the notation ⇀. We will
often use the same notation for a measure and its density if the density is well-defined.
Since we work with the space of probability measure over different spaces we will use
different notation for their generic elements of these spaces, i.e. ρN , νN ∈ P((Rd)N),
ρ̃N , ν̃N ∈ P((Td)N), ρ, ν ∈ P(Rd), and ρ̃, ν̃ ∈ P(Td). We denote by X a typical element
of P2(P2(Rd)) or P(P(Td)).

We consider a large number N ∈ N of indistinguishable interacting particles {X i
t}Ni=1 in

Rd, where both the interaction and confining potentials are periodic and highly oscillatory,
similar to the system considered by McKean (cf. (1.6)). In particular, we consider the
system
(7.2)dXε,i

t = −ε−1∇V (ε−1Xε,i
t )− 1

N

∑N
j 6=i ε

−1∇W (ε−1(Xε,i
t −X

ε,j
t )) dt+

√
2β−1dBi

t

Law
(
(Xε,1

0 , ..., Xε,N
0 )

)
= ρε,N0 ,

where W : Rd → R and V : Rd → R are smooth 1-periodic interaction and confining
potentials, respectively, ε � 1 is the period size, β > 0 is the system parameter (which
often refer to as the inverse temperature, cf. Section 1.1.1), ρε,N0 ∈ P2,sym

(
(Rd)N

)
is the

initial distribution of the particles which might depend on the period size, and {Bi
t}Ni=1

are independent Wiener processes. As usual, we assume that W is even along every coor-
dinate. We are interested in understanding the joint limit when the period of oscillations
goes to 0 (ε→ 0) and the number of particles tends to infinity (N →∞).

We consider the joint law of the particle positions which is given by

ρε,N(t) = Law
(
(Xε,1

t , ..., Xε,N
t )

)
∈ P2,sym

(
(Rd)N

)
,

where P2,sym((Rd)N) is as defined in (7.5). As discussed in Section 1.1.3, the law evolves
through the following linear forward Kolmogorov or Fokker–Planck equation

(7.3)

{
∂tρ

ε,N = β−1∆ρε,N +∇ · (∇HN
ε ρ

ε,N) , on (0,∞)×
(
Rd
)N

ρε,N(0) = ρε,N0 (x) , on
(
Rd
)N ,
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where HN
ε : (Rd)N → R is given by

(7.4) HN
ε (x1, ..., xN) =

N∑
i=1

V (ε−1xi) +
1

2N

N∑
i=1

N∑
j=1
j 6=i

W (ε−1(xi − xj)).

The main objective of this chapter is to study

lim
N→∞

lim
ε→0

ρε,N and lim
ε→0

lim
N→∞

ρε,N ,

and understand under which regimes they coincide or differ.
Outline: For the rest of this section we introduce the relevant notions that will play

an important role in understanding these limits and present our main results. The result
concerning the limit N → ∞ followed by ε → 0 can be found in Theorem 7.9, while the
result concerning the limit ε→ 0 followed by N →∞ can be found in Theorem 7.16. We
discuss the effect of the presence of a phase transition in Section 7.1.9. Finally, in Sec-
tion 7.1.10, we discuss the implications of a CLT on the rate of convergence of the Gibbs
measure before the phase transition. The proofs of the two main results, Theorems 7.9
and 7.16, can be found in Sections 7.2 and 7.3, respectively. The proofs of other useful
results related to the phenomenon of phase transitions are relegated to Section 7.4. Sec-
tion 7.5 contains some coupling arguments which are useful for the proof of Theorem 7.9.

7.1.3. The space P2(P2(Rd)) as the limit of P2,sym

(
(Rd)N

)
. The set up we consider

is similar to that in [CDP19b]. We remark that due to the indistinguishability assumption
on the particles their joint law is invariant under relabelling of the particles. In probability,
this is known as exchangeability, while in analysis this is referred to as symmetry and we
denote the set of symmetric probability measures by P2,sym

(
(Rd)N

)
, i.e.

P2,sym((Rd)N) :=
{
ρN ∈ P2((Rd)N) : ρN(A) = ρN(π(A)),∀π ∈ Π, A measurable

}
,(7.5)

where A is any Borel set and Π is the set of permutations of the particle positions, i.e.

π(A) :=
{

(π1(x1), . . . , πN(xN)) : (x1, · · · , xN) ∈ A ⊂ (Rd)N
}
.

The set Psym((Td)N) can be defined in a similar manner. Central to our work will be the
classical result attributed to de Finetti [dF37] and Hewitt–Savage [HS55], that charac-
terises the limit N → ∞ of P2,sym

(
(Rd)N

)
. Adapted to the set up of this chapter, their

result can be reformulated as follows:

Definition 7.1. Given a family {ρN}N∈N such that ρN ∈ P2,sym((Rd)N) we say that

ρN →X ∈ P2(P2(Rd)) , as N →∞ ,

if for every n ∈ N we have

ρNn ⇀Xn ∈ P2,sym

(
(Rd)n

)
, as N →∞ ,

where Xn ∈ P2,sym

(
(Rd)n

)
is defined by duality as follows

〈Xn, ϕ〉P((Rd)n),C0
b ((Rd)n) =

∫
P2(P2(Rd))

∫
ϕ dρ⊗n dX(ρ) ,

for all ϕ ∈ C0
b ((Rd)n) and

ρNn :=

∫
(Rd)N−n

ρN dxN−n+1...dxN ∈ P2,sym

(
(Rd)n

)
,

is the nth-marginal of ρN . We will often suppress the N →∞ and just write ρN →X.
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In particular, we can relate this definition with the usual chaoticity assumption. We
will say that {ρN}N∈N is chaotic with limit ρ ∈ P2(Rd) if

ρN → δρ ∈ P2(P2(Rd)) ,

in the sense of Definition 7.1. Additionally, the notion of convergence introduced in Defi-
nition 7.1 can also be interpreted in the following manner:

Definition 7.2 (Empirical measure). Given some ρN ∈ P2,sym((Rd)N) we define its
empirical measure ρN ∈ P2(P2(Rd)) as follows:

ρN := TN#ρN ,

where TN : (Rd)N → P2(Rd) is the measurable mapping (x1, . . . , xN) 7→ N−1
∑N

i=1 δxi .
Furthermore, given a family {ρN}N∈N, we have that ρN →X ∈ P2(P2(Rd)) if and only if
ρN ⇀X.

We conclude this subsection with the following compactness result:

Lemma 7.3 (de Finetti–Hewitt–Savage). Given a sequence {ρN}N∈N, such that ρN ∈
P2,sym

(
(Rd)N

)
for every N , assume that the sequence of the first marginals {ρN1 }N∈N ∈

P2(Rd) has uniformly bounded second moments. Then, up to a subsequence, which we do
not relabel, there exists X ∈ P2(P2(Rd)) such that ρN →X in the sense of Definition 7.1.

For a proof and more details we refer the readers to [HM14, Rou15, CDP19b]. In the
sequel, any limit of a sequence of symmetric measures {ρN}N∈N with ρN ∈ P2,sym((Rd)N)
should be understood in the sense of Definition 7.1.

Remark 7.4. The above notion of convergence, i.e. Definitions 7.1 and 7.2, can be
naturally extended to Psym((Td)N).

7.1.4. Gradient flow formulation and the mean field limit. In [CDP19b], the
mean field limit (the limit N → ∞) of the interacting particle system (7.3) is achieved
by passing to the limit in the 2-Wasserstein gradient flow structure. The results of this
chapter will build on this perspective which we briefly recall here:

As discussed in Section 1.3.3, the evolution of the joint law ρε,N given by (7.3) is
the gradient flow (in the sense of Definition 1.12) of the N -particle free energy EN :
P2,sym((Rd)N)→ (−∞,+∞], which is defined as

EN(ρN) :=
1

N

(
β−1

∫
(Rd)N

ρN log ρN dx+

∫
(Rd)N

HN
ε (x) dρN(x)

)
,

under the rescaled 2-Wasserstein distance 1√
N
d2 on P2,sym

(
(Rd)N

)
. Moreover, we have the

following classical result due to Messer and Spohn [MS82]:

Lemma 7.5. The N-particle free energy EN Γ-converges to E∞ : P2(P2(Rd)) →
(−∞,+∞], where

E∞(X) :=

∫
P2(Rd)

EMV (ρ) dX(ρ) ,

where EMV : P2(Rd)→ (−∞,+∞] is the mean field McKean–Vlasov free energy (cf. (1.25))
which is given by

EMV (ρ) = β−1

∫
Rd
ρ log(ρ) dx+

∫
Rd
V (ε−1x) dρ(x)+

1

2

∫∫
Rd×Rd

W (ε−1(x−y)) dρ(y) dρ(x).
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That is to say, for every X ∈ P2(P2(Rd)) there exists a sequence
{
ρN
}
N∈N, ρ

N ∈
P2,sym((Rd)N) with ρN →X such that

lim
N→∞

EN(ρN) = E∞(X) .

Additionally, for every X ∈ P2(P2(Rd)) and
{
ρN
}
N∈N, ρ

N ∈ P2,sym((Rd)N) with ρN →X
it holds that

E∞(X) ≤ lim inf
N→∞

EN(ρN) .

The above result can be thought of as a version of the mean field limit at the level of
the minimisers of the free energy. Note that the energy EMV is identical to the energy
EMV
β defined in (1.25). We have suppressed the subscript β for the sake of notational

convenience.
On the other hand, we have a similar convergence for the metrics: 1√

N
d2 the rescaled

2-Wasserstein distance on P2,sym

(
(Rd)N

)
converges to D2 the 2-Wasserstein distance on

P2(P2(Rd)). Specifically, given two sequences {µN}N∈N and {νN}N∈N of symmetric prob-
ability measures such that µN →X1 and νN →X2, then

1

N
d2

2(µN , νN)→ D2
2(X1,X2) as N →∞ .

We can now state the main result from [CDP19b] concerning the reformulation of the
mean field limit in the framework of gradient flows.

Theorem A. (Mean field limit). Fix some t > 0, then,

lim
N→∞

ρε,N(t) = Xε(t) ∈ P2(P2(Rd)),

where ρε,N(t) is the solution of (7.3) with initial data ρε,N0 ∈ P2,sym((Rd)N). Furthermore,
we have that the curve Xε : [0,∞) → P2(P2(Rd)) is a gradient flow of E∞ under the
2-Wasserstein metric D2 on P2(P2(Rd)). Moreover,

Xε(t) = Sεt#X
ε
0,(7.6)

where Xε
0 = limN→∞ ρ

ε,N
0 and Sεt : P2(Rd)→ P2(Rd) is the solution semigroup associated

to the nonlinear McKean–Vlasov evolution equation

(7.7) ∂tρ
ε = β−1∆ρε +∇ · (ρε(∇Wε ? ρ

ε +∇Vε)),
with Wε(x) = W (ε−1x) and Vε(x) = V (ε−1x).

Note that the above result is equivalent to Theorem 1.2 in Chapter 1. The proof relies
on the notion of evolutionary Γ-convergence for gradient flows introduced by Sandier and
Serfaty [SS04].

7.1.5. Scaling and the quotiented process. We notice that the Fokker–Planck
equation (7.3) behaves well under the parabolic scaling, i.e. given a solution ρε,N of (7.3)
we have that

νN(s, y) = εNdρε,N(ε2s, εy) ,(7.8)
is the solution to the Fokker–Planck equation at scale ε = 1, i.e.

∂sν
N = β−1∆νN +∇ ·

(
∇HN

1 ν
N
)
, (s, y) ∈ (0,∞)× (Rd)N .(7.9)

The above equation naturally describes the evolution of the law of N -particle system (7.2)
at scale ε = 1:

(7.10)

{
dX i

t = −∇V (X i
t)− 1

N

∑N
j 6=i∇W (X i

t −X
j
t ) dt+

√
2β−1dBi

t

Law
(
X1

0 , ..., X
N
0

)
= εNdρε,N0 (εx) := νε,N0

.
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Since W and V are periodic, in order to understand the behaviour of ρε,N in the limit as
ε→ 0, we must first understand the behaviour of the quotiented process {Ẋ i

t}
N
i=1 of (7.10)

which lives on (Td)N(cf. [KLO12, Section 9.1][BLP11, Section 3.3.2]). Before we introduce
the quotiented process, we define the following notion which will play an important role
in the rest of the chapter:

Definition 7.6. Given a measure ρ ∈ P2(Rd) we define its periodic rearrangement at
scale ε > 0 to be the measure ρ̃ ∈ P(Td), such that for any measurable A ⊂ Td it holds
that

ρ̃(A) := εd
∑
k∈Zd

ρ(ε(A+ k)) .

We will often just use the words periodic rearrangement when ε = 1.

Given the above notion, we have that quotient process {Ẋ i
t}
N
i=1 satisfies the following

set of SDEs posed on the torus:

(7.11)

{
dẊ i

t = −∇V (Ẋ i
t)− 1

N

∑N
j 6=i∇W (Ẋ i

t − Ẋ
j
t ) dt+

√
2β−1dḂi

t

Law
(
Ẋ1

0 , ..., Ẋ
N
0

)
= ν̃ε,N0

,

where Ḃi
t are independent Td-valued Brownian motions and ν̃ε,N0 is the periodic rearrange-

ment of νε,N0 in the sense of Definition 7.6. We know from the discussion in Section 1.1.2
that the process {Ẋ i

t}
N
i=1 is a reversible ergodic diffusion process with its unique invariant

Gibbs measure MN ∈ Psym((Td)N) (cf. (1.9)) given by

MN(x) =
exp
(
−βHN

1 (x)
)

ZN
.

where

ZN =

∫
(Td)N

exp
(
−βHN

1 (x)
)

dx .

As expected, the law ν̃N(t) of the quotiented system (7.11) is exactly the periodic re-
arrangement of νN(t), the solution of (7.9) and it evolves according to the following PDE:

∂sν̃
N = β−1∆ν̃N +∇ ·

(
∇HN

1 ν̃
N
)
, (s, y) ∈ (0,∞)× (Rd)N .(7.12)

In analogy to the discussion in Section 7.1.4, the above PDE is the gradient flow of the
following N -particle periodic free energy:

ẼN(ν̃N) :=
1

N

(
β−1

∫
(Td)N

ν̃N log ν̃N dx+

∫
(Td)N

HN
1 (x) dν̃N(x)

)
,

with respect to the rescaled 2-Wasserstein distance 1√
N
d2 on Psym((Td)N). Furthermore,

one can check that the Gibbs measure MN of the process (7.11) is the unique minimiser
of ẼN .

Similarly, we also notice that the nonlinear McKean–Vlasov equation (7.7) behaves
well under the parabolic scaling. Specifically, given ρε a solution to (7.7), we have that

ν(s, y) = εdρε(ε2s, εy) ,

is a solution to the McKean–Vlasov equation at scale ε = 1,

(7.13) ∂sν = β−1∆ν +∇ · (ν(∇W ? ν +∇V )) on (0,∞)× Rd.
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As discussed in Theorem 1.2, this describes the law of the corresponding mean field
McKean SDE which is given by{

dY ε
t = −∇V (Y ε

t ) dt−∇(W ? ν(t))(Y ε
t ) dt+

√
2β−1dBt

Law(Y ε
0 ) = νε0 = εdρε0(εx) ∈ P2(Rd) .

Again, we notice that all the coefficients in (7.13) are 1-periodic. Therefore, the nonlinear-
ity ∇W ? ν only depends on the law of the quotiented process. We can thus understand
the behaviour of the nonlinearity ∇W ? ν by considering the evolution of the periodic
rearrangement ν̃(t) of ν(t), which solves the periodic nonlinear McKean–Vlasov equation:

(7.14) ∂sν̃ = β−1∆ν̃ +∇ · (ν̃(∇W ? ν̃ +∇V )) on (0,∞)× Td.
An important role is thus played by the limiting behaviour of solutions ν̃(t) of the above
equation and its steady states. As in Section 7.1.4, the equation (7.14) is the gradient
flow of the periodic mean field McKean–Vlasov free energy

(7.15) ẼMV (ν̃) = β−1

∫
Td
ν̃(x) log(ν̃(x)) dx+

∫
Td
V (x) dν̃(x) +

1

2

∫
Td
W ? ν̃(x) dν̃(x) ,

with respect to the the 2-Wasserstein metric on P(Td) and the energies ẼN and ẼMF are
related in the same way as the energies EN and EMV , i.e. through the result of Messer
and Spohn [MS82]:

Lemma 7.7. The N-particle periodic free energy ẼN Γ-converges (in the sense of
Lemma 7.5) to Ẽ∞ : P(P(Td))→ (−∞,+∞], where

Ẽ∞(X) =

∫
P(Td)

ẼMV (ν̃) dX(ν̃) .

As a consequence, if {MN}N∈N is the sequence of minimisers of ẼN , then any accumula-
tion point X ∈ P(P(Td)) of this sequence is a minimiser of Ẽ∞.

We now restate the characterisation of the steady states of the periodic McKean–
Vlasov system (7.14) which we established in Proposition 3.6 in Chapter 3.

Proposition 7.8. Let ν̃ ∈ P(Td). Then, the following statements are equivalent:
(1) ν̃ is a steady state of (7.14).
(2) ν̃ is a critical point of the mean field free energy, ẼMV , i.e. the metric slope

(cf. Definition 6.19)
∣∣∣∂ẼMV

∣∣∣(ν̃) = 0.
(3) ν̃ satisfies the self-consistency equation

ν̃ =
e−β(V+W?ν̃)

Z
,(7.16)

with the partition function given by

Z =

∫
Td
e−β(V+W?ν̃(y)) dy.(7.17)

It is evident from this characterisation that the behaviour of the system (7.14) on the
torus will affect the distinguished limits (either N → ∞ or ε → 0) of the system (7.7)
on Rd. In particular, if (7.14) has multiple steady states then the distinguished limits
will be influenced by steady states attained in the long-time dynamics. We refer to the
phenomenon of nonuniqueness of steady states as a phase transition and discuss its effect
on the limits in Section 7.1.9.

To conclude this subsection, for the reader’s convenience, we include Figure 7.2 which
provides a useful schematic of the notation that will be used for the rest of this chapter.
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ρε,N νN

εNdρε,N(ε2s, εy)

ε−NdνN(ε−2t, ε−1x)

ρε,⊗N

N →∞

ν⊗N

N →∞

εdρε(ε2s, εy)

ε−dν̃(ε−2t, ε−1x)

ν̃N

P.R.

ν̃⊗N

N →∞

P.R.

Figure 7.2. A schematic of the notation. The P.R. denotes periodic re-
arrangement in the sense of Definition 7.6.

Starting with ρε,N the solution of (7.3), one can obtain νN , the solution of (7.9), by using
the scaling in (7.8). One can then pass to to the limit N →∞ in ρε,N and νN , to obtain
the McKean–Vlasov equation at scale ε (7.7) or scale 1 (7.13), respectively. Alternatively
one can consider the periodic rearrangement ν̃N of νN which solves (7.12) and pass to the
limit N → ∞ to obtain a solution of the periodic McKean–Vlasov equation (7.14). The
rest of the figure follows in a similar fashion.

7.1.6. The diffusive limit. We have already discussed the limit N → ∞ in Sec-
tion 7.1.4. Here, we discuss the diffusive limit, i.e. ε→ 0. For a fixed number of particles
N , we can use techniques from the theory of periodic homogenisation to pass to the limit
ε→ 0 in (7.3),( cf. [PS08, Chapter 20], [KLO12, Chapter 9], [KV86, DMFGW89, BLP11]).
In particular, we have the following result:

Theorem B (The diffusive limit). Consider ρε,N the solution to (7.3) with initial data
ρε,N0 ∈ P2,sym((Rd)N) such that the limit lim

ε→0
ρε,N0 =: ρN,∗0 ∈ P2,sym((Rd)N) exists. Then,

for all t > 0 the limit
ρN,∗(t) = lim

ε→0
ρε,N(t)

exists. Furthermore, the curve of measures ρN,∗ : [0,∞) → P2,sym((Rd)N) satisfies the
heat equation

(7.18) ∂tρ
N,∗ = ∇ · (Aeff,N∇ρN,∗) ,

with initial data ρN,∗(0) = ρN,∗0 and where the covariance matrix Aeff,N is given by the
formula

Aeff,N = β−1

∫
(Td)N

(I +∇ΨN(y)) MN(y) dy ,(7.19)

with

MN(x) :=
exp
(
−βHN

1 (x)
)

ZN
, ZN =

∫
(Td)N

exp
(
−βHN

1 (x)
)

dx ,(7.20)
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the Gibbs measure of the quotiented N-particle system (7.11) and ΨN : (Td)N →
(
Rd
)N

the unique mean zero solution to the associated corrector problem

∇ · (MN∇ΨN) = −∇MN .(7.21)

Here, HN
1 is the Hamiltonian of the associated particle system and is as defined in (7.4).

7.1.7. The limit N → ∞ followed by ε → 0. We have discussed the mean field
limitN →∞ in Section 7.1.4. Now, we are ready to state our first result that characterises
the limit lim

ε→0
lim
N→∞

ρε,N :

Theorem 7.9. Consider the set of initial data given by {ρε0}ε>0 ⊂ P2(Rd) such that
the limit lim

ε→0
ρε0 =: ρ∗0 ∈ P(Rd) exists. Furthermore, consider the periodic rearrangement

at scale ε > 0 , i.e.

ν̃ε0(A) = εd
∑
k∈Zd

ρε0(ε(A+ k)) for ε > 0 .

Assume that there exists C > 0, p > 1 and a steady state ν̃∗ ∈ P(Td) such that ν̃ε(t), the
solution to the ε = 1 periodic nonlinear McKean–Vlasov evolution (7.14) with initial data
ν̃ε0(x), satisfies

(A3) sup
ε>0

d2
2(ν̃ε(t), ν̃∗) ≤ Ct−p .

Then, for each t ≥ 0, it holds that

(7.22) lim
ε→0

d2
2(Sεt ρ

ε
0, S

∗
t ρ
∗
0) = 0 ,

where Sεt is the solution semigroup associated to (7.7) and S∗t is the solution semigroup
of the heat equation

∂tρ = ∇ · (Aeff
∗ ∇ρ),

where the covariance matrix

Aeff
∗ = β−1

∫
Td

(I +∇Ψ∗(y)) dν̃∗(y),

with Ψ∗ : Td → Rd, Ψ∗i ∈ H1(Td) for i = 1, . . . , d, is the unique mean zero solution to the
associated corrector problem

(7.23) ∇ · (ν̃∗∇Ψ∗) = −∇ν̃∗.

Furthermore, assume that Xε(t) is as defined in (7.6) and that lim
N→∞

ρε,N0 = Xε
0 = δρε0.

Then it holds that:

lim
ε→0

lim
N→∞

ρε,N = lim
ε→0

Xε(t) = S∗t #X0 ,

where X0 = δρ∗0 .

Remark 7.10. Note that we have added the superscript ε to ν̃ε(t) to emphasise the
dependence of the initial data on ε > 0.

In particular, we can apply Theorem 7.9 to obtain the following result.

Corollary 7.11. Assume that the periodic mean field energy (7.15) admits a unique
minimiser (and hence critical point) ν̃min and that it is an exponential attractor for arbi-
trary initial data of the evolution of (7.14), i.e. d2(ν̃(t), ν̃min) ≤ d2(ν̃ε0, ν̃min)e−Ct for some
fixed constant C > 0. Then, the conclusions of Theorem 7.9 are valid for arbitrary initial
data.
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Proof. The proof of this follows from the fact that d2(ν̃(t), ν̃min) ≤ d2(ν̃ε0, ν̃
min)e−Ct

implies that assumption (A3) holds. �

Remark 7.12 (Non-chaotic initial data). Although Theorem 7.9 requires that the ini-
tial data be chaotic, we can deal with non-chaotic initial data by tweaking assumption (A3)
to read as follows:

sup
ε>0

sup
ρ∈supp Xε

0

d2(ν̃ρ(t), ν̃
∗) ≤ Ct−p ,

for p > 1 and C > 0 and ν̃ρ(t) the solution of (7.14) starting with initial data ν̃0 which is
the periodic rearrangement of ρ.

Remark 7.13. We cannot expect convergence Sεt ρε0 to S∗t ρ
∗
0 in a strong sense. By

performing a formal multiscale expansion, we expect that

Sεt ρ
ε
0(x) = S∗t ρ

∗
0(x)ν̃∗(x/ε) + εS∗t (∇ρ∗0)(x) · Φ(x/ε) +O(ε2).

In particular, whenever ν̃∗ is not constant, the leading term S∗t ρ
∗
0(x)ν̃∗(x/ε) ⇀ S∗t ρ

∗
0

converges only weakly to its limit.

Remark 7.14. The effective covariance matrix Aeff
∗ is strictly positive definite and we

have the following bound on the ellipticity of the effective covariance matrix

β−1

Z∗Ẑ∗
I ≤ Aeff

∗ ≤ β−1I,

where

Z∗ =

∫
Td
e−β(V+W?ν̃∗(y)) dy and Ẑ∗ =

∫
Td
eβ(V+W?ν̃∗(y)) dy .

We refer the reader to [PS08, Theorem 13.12] for a proof of this result.

Remark 7.15. If we consider rapidly varying initial data, that is to say, if there exists
ρin ∈ P2(Rd) such that

ρε0(x) = ε−dρin(ε−1x).

Then, the hypothesis of Theorem 7.9 reduces to checking the speed of convergence to ν∗
of the solution to (7.14) with the periodic rearrangement of ρin as initial data and ρ∗0 = δ0.
That ρ∗0 = δ0 follows from the fact that, for any r > 0,

lim
ε→0

ρε0(Br(0)) = lim
ε→0

ρin(Bε−1r(0)) = 1 .

Thus, for any closed set C ⊂ Rd not containing 0 we have that

lim
ε→0

ρε0(C) = 1− lim
ε→0

ρε0(Cc) ≤ 1− lim
ε→0

ρε0(Br(0)) = 0 ,

where r is chosen to be sufficiently small so that Br(0) ⊆ Cc. By the portmanteau
theorem, it follows that ρ∗0 = limε→0 ρ

ε
0 = δ0.

Here we can easily see how the phase transition matters for the limiting behaviour.
If the evolution (7.14) admits more that one steady state ν̃∗1 and ν̃∗2 , then the diffusive
limit will be different if we consider ρin = ν̃∗1 or ρin = ν̃∗2 (cf. Corollary 7.27 for an explicit
example).
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7.1.8. The limit ε → 0 followed by N → ∞. Now that we have discussed the
diffusive limit in Section 7.1.6, we characterise the limit N →∞ of ρN,∗(t):

Theorem 7.16. Assume that the periodic mean field energy ẼMV (7.15) admits a
unique minimiser ν̃min. Let ρN,∗ be the solution of (7.18) such that the limit lim

N→∞
ρN,∗0 =:

X0 ∈ P2(P2(Rd)), in the sense of Definition (7.1), exists. Then, for any fixed t > 0, we
have that

lim
N→∞

ρN,∗(t) = X(t) = Smin
t #X0,

where Smin
t : P2(Rd)→ P2(Rd) is the solution semigroup of the heat equation

∂tρ = ∇ · (Aeff
min∇ρ),

where the covariance matrix

Aeff
min = β−1

∫
Td

(I +∇Ψmin(y)) dν̃min(y) ,

with Ψmin : Td → Rd, Ψmin
i ∈ H1(Td) for i = 1, . . . , d, the unique mean zero solution to

the associated corrector problem

(7.24) ∇ · (ν̃min∇Ψmin) = −∇ν̃min .

It follows then, that for any fixed t > 0, the solution ρε,N(t) of (7.3) satisfies

lim
N→∞

lim
ε→0

ρε,N(t) = lim
N→∞

ρN,∗(t) = Smin
t #X0 .

Remark 7.17. By Γ-convergence, the assumption that the periodic mean field energy
ẼMV defined in (7.15) admits a unique minimiser implies chaoticity of the Gibbs measure,
that is to say MN → δν̃min ∈ P(P(Td))( cf. Lemma 7.7). We note that the assumption
that ẼMV admits a unique minimiser can be replaced by the weaker chaoticity assumption
on MN , i.e. MN → δν̃min

0
for some specific minimiser ν̃min

0 .

7.1.9. The effect of phase transitions. As mentioned in Section 7.1.5, we expect
the presence of phase transition to affect the commutativity of the limits , especially
since the results of Theorems 7.9 and 7.16 depend on the steady states of (7.14) and the
minimisers of the periodic mean field energy ẼMV . Before proceeding any further, we
define what we mean by a phase transition:

Definition 7.18 (Phase transition). The periodic mean field system (7.14) is said to
undergo a phase transition at some 0 < βc <∞, if:

(1) For all β < βc, there exists a unique steady state of (7.14).
(2) For β > βc, there exist at least two steady states of (7.14).

The temperature βc is referred to as the point of phase transition or the critical tempera-
ture.

The above definition would not make sense without the following result:

Proposition 7.19 (Uniqueness at high temperature). For all 0 < β <∞, the periodic
mean field system (7.14) has at least one steady state, which is a minimiser of the periodic
mean field energy ẼMV . Furthermore, for β small enough, there exists a unique steady
state ν̃min of (7.14), which corresponds to the unique minimiser of ẼMV .

The proof of this result follows from standard fixed point and compactness arguments
and can be found in Theorem 3.9 and Proposition 3.10 in Chapter 3.
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Remark 7.20. The reader may have noticed that in Definition 7.18 we do not discuss
what happens at β = βc. This is due to the fact that this depends on the nature of the
phase transition, i.e. whether it is continuous or discontinuous. A detailed discussion of
these phenomena and the conditions under which they arise can be found in the discussion
in Chapter 3.

In the absence of a confining potential, i.e. for V = 0, the existence and properties
of phase transitions were studied in detail in Chapter 3. It turns out that a key role in
understanding this phenomenon is played by the notion of H-stability. We refer to an
even interaction potential W as H-stable, denoted by W ∈ Hs, if its Fourier coefficients
are nonnegative, i.e.

Ŵe(k) :=

∫
Td
W (x)e−i2πkx dx ≥ 0 ∀k ∈ Zd, k 6≡ 0 .

Indeed, it provides us with a sharp criterion for the existence of a phase transition in the
absence of the term V :

Proposition 7.21 (Existence of phase transitions, Proposition 3.27). Assume V = 0.
Then the periodic mean field system (7.14) undergoes a phase transition in the sense
of Definition 7.18 if and only if W /∈ Hs.

As discussed in the introduction, a prototypical example of a system that exhibits a
phase transition is given by the potentials V = 0, W = − cos(2πx). The corresponding
particle system is referred to the noisy Kuramoto model. The structure of phase tran-
sitions for this system is remarkably simple and was discussed in Proposition 3.47. We
remind the reader of the result:

Proposition 7.22. Consider the quotiented periodic mean field system (7.14) with
d = 1, W = − cos(2πx), and V = 0. Then for β ≤ 2, ν̃∞ ≡ 1 is the unique minimiser
and steady state of (7.14). For β > 2, the steady states of (7.14) are given by ν̃∞ ≡ 1
and the family of translates of the measure ν̃∗β which is given by the following expression:

ν̃∗β = Z−1ea cos(2πx), Z =

∫
T
ea cos(2πx) dx ,

with a = a(β) the solution of the following nonlinear equation a = βI1(a)/I0(a), where
I1(a), I0(a) are the modified Bessel functions of the first and zeroth kind respectively.
Moreover for β > 2, ν̃∗β (and its translates) are the only minimisers of the periodic mean
field energy ẼMV . Thus, βc = 2 is the critical temperature of (7.14).

We can now start stating our results concerning the effect of the presence of a phase
transition on the combined diffusive-mean field limit. In general, we have that for the
large temperature regime the limits commute:

Corollary 7.23. Assume that ρε,N0 = (ρε0)⊗N for some ρε0 ∈ P2(Rd) and that

lim
N→∞

lim
ε→0

ρε,N0 = lim
ε→0

lim
N→∞

ρε,N0 = X0 = δρ∗0 ∈ P2(P2(Rd)),

where ρ∗0 ∈ P2(Rd) is the limit in d2 of ρε0. Then, there exists an explicit β0 ∈ (0, βc]
depending on ‖V ‖C2(Td) and ‖W‖C2(Td) such that for β < β0 the limits commute:

lim
N→∞

lim
ε→0

ρε,N(t) = lim
ε→0

lim
N→∞

ρε,N(t) = Smin
t #X0.

Moreover, for rapidly varying initial data and V = 0, we can show that the limits
commute all the way up to the phase transition. We have the following result:
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Corollary 7.24. Assume V = 0 and β < βc, the critical temperature. Assume
further that

ρε,N0 = ε−dρ0(ε−1x1)⊗ · · · ⊗ ε−dρ0(ε−1xN) ∈ P2,sym

(
(Rd)×N

)
for some fixed ρ0 ∈ P2(Rd). Then the limits commute, i.e.

lim
N→∞

lim
ε→0

ρε,N(t) = lim
ε→0

lim
N→∞

ρε,N(t) = Smin
t #X0.

where X0 = δδ0 ∈ P2(P2(Rd)). If W is H-stable, this result holds for all 0 < β <∞ and
arbitrary chaotic initial data.

The proof of Corollaries 7.23 and 7.24 can be found in Section 7.4.

Remark 7.25. The results of the preceding corollaries apply to the noisy Kuramoto
model.

We are now ready to present our results above the critical temperature. As we are
interested in illustrating our results in a clear way, we consider a simple system that un-
dergoes a phase transition and show that the limits do not commute ahead of the phase
transition. We do not consider the noisy Kuramoto model because, as demonstrated
in Proposition 7.22, the minimisers of the ẼMV are not unique ahead of the phase transi-
tion; the entire family of translates of ν̃∗β are minimisers. Thus, we cannot apply the results
of Theorem 7.16 directly. Indeed, applying Lemma 7.7, one can show that the N -particle
Gibbs measure MN converges, in the sense of Definitions 7.1 and 7.2, to X ∈ P(P(T)),
where X is supported uniformly on the set of translates of ν̃min

β (cf. [MS82]). The alter-
native is to work in a quotient space as in [Rey18, Mal03] or to add a small confinement
to break the translation invariance of the problem. We choose to do the latter. However,
we do expect our results to hold true even in the translation-invariant setting but we do
not deal with what we feel is essentially a technical issue in this chapter.

In particular, we consider in 1-dimension the dynamics generated by the potentials
V = −η cos(2πx) andW = − cos(2πx) with 0 < η < 1. In this case, we have the following
characterisation of phase transitions:

Lemma 7.26. Consider the quotiented periodic mean field system (7.14) with d = 1,
W = − cos(2πx), and V = −η cos(2πx) for a fixed η ∈ (0, 1). Then there exists a value
of the parameter β = βc such that:

(a) For β < βc, there exists a unique steady state of the quotiented periodic system
(7.14) given by

ν̃min(x) = Z−1
mine

amin cos(2πx) , Zmin =

∫
T
ea

min cos(2πx) dx ,(7.25)

for some amin = amin(β), amin > 0, which is the unique minimiser of the periodic
mean field energy ẼMV (7.15).

(b) For β > βc, there exist at least 2 steady states of the quotiented periodic system
(7.14) given by

ν̃min(x) =Z−1
mine

amin cos(2πx) , Zmin =

∫
T
ea

min cos(2πx) dx ,

ν̃∗(x) =Z−1
∗ ea

∗ cos(2πx) , Z−1
∗ =

∫
T
ea
∗ cos(2πx) dx ,

where a∗ < 0 < amin and both constants depend on β. Here ν̃min is the unique
minimiser and ν̃∗ is a non-minimising critical point of the periodic mean field
energy ẼMV (7.15). Moreover, a∗ 6= −amin.
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The proof of Lemma 7.26 can be found in Section 7.4.
Now, we are ready to state our results in this specific case, i.e. above the phase

transition we can choose specific initial data for which the limits do not commute.

Corollary 7.27. Assume that V = −η cos(2πx), W = cos(2πx) for a fixed η ∈ (0, 1),
and that we are above the phase transition β > βc. As in Lemma 7.26, we denote by ν̃min

and ν̃∗ the minimiser and the non-minimising critical point of ẼMV . We choose the
following initial data:

ρε,N0 (x) =
(
ε−1ρ∗0(ε−1x1)

)
⊗ ...⊗

(
ε−1ρ∗0(ε−1xN)

)
∈ P2,sym

(
(Rd)N

)
,

where ρ∗0 ∈ P2(R) satisfies

ν̃∗(A) =
∑
k∈Zd

ρ∗0(A+ k) ,(7.26)

for any measurable A, i.e. its periodic rearrangement is ν̃∗. Then, for every t > 0, ρε,N(t)
the solution to (7.3), satisfies

lim
N→∞

lim
ε→0

ρε,N(t) = δρmin(t) ∈ P2(P2(R)),

where

ρmin(t, x) =

(
β

2πt

)1/2

I0(amin) exp

(
−βI0(amin)2x2

2t

)
.

On the other hand, we have that

lim
ε→0

lim
N→∞

ρε,N = δρ∗(t) ∈ P2(P2(R))

where

ρ∗(t, x) =

(
β

2πt

)1/2

I0(−a∗) exp

(
−βI0(−a∗)2x2

2t

)
.(7.27)

Finally, by Lemma 7.26 a∗ 6= −amin, and therefore, by the strict monotonicity of the
modified zeroth Bessel function I0, we have that

ρmin(t) 6= ρ∗(t) for all t > 0.

Proof. We first note that

lim
N→∞

lim
ε→0

ρε,N0 = lim
ε→0

lim
N→∞

ρε,N0 = δδ0 =: X0 ∈ P2(P2(R)) .

For the limit ε→ 0 followed by N →∞, we use that, by Lemma 7.26, ν̃min is the unique
minimiser of ẼMV . Hence, we can apply Theorem 7.16 to obtain that

lim
N→∞

lim
ε→0

ρε,N(t) = δρmin(t)

with ρmin satisfying {
∂tρ

min = ∂x(A
eff
min∂xρ

min)

ρmin(0) = δ0

,

where

Aeff
min =

β−1

ZminẐmin

=

(
β

∫
T
ea

min cos(2πy) dy

∫
T
e−a

min cos(2πy) dy

)−1

=
β−1

I0(amin)2
.

To obtain this formula, we have used that in 1-D we can solve the corrector problem (7.24)
explicitly (cf. for instance [PS08, Equation (13.6.13)]). The explicit expression for ρmin(t)
now follows from the representation formula for solutions of the heat equation.
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Now we turn to the other limit. As discussed in Section 7.1.4, passing to the limit
N →∞, we obtain that for a fixed t > 0

lim
N→∞

ρε,N(t) = Xε(t) = Sεt#X
ε
0 ,

with Sεt the solution semigroup of (7.7) and Xε
0 = δε−1ρ∗0(ε−1x). Using (7.26), we have that

the initial data for the ε = 1 periodic mean field equation (7.14) is given by

ν̃ε0 =
∑
k∈Zd

ρ∗0(x+ k) = ν̃∗ .

We know from Lemma 7.26 that ν̃∗ is steady state of (7.14), thus the hypothesis (A3) is
trivially satisfied. Therefore, we can pass to the limit as ε → 0 using Theorem 7.9 and
obtain for a fixed t > 0

lim
ε→0

Xε(t) = δρ∗(t) ,

with ρ∗ satisfying {
∂tρ
∗ = ∂x(A

eff
∗ ∂xρ

∗)

ρ∗(0) = δ0

,

where

Aeff
∗ =

β−1

Z∗Ẑ∗
=

(
β

∫
T
ea
∗ cos(2πy) dy

∫
T
e−a

∗ cos(2πy) dy

)−1

=
β−1

I0(−a∗)2
,

thus proving (7.27) and completing the proof of the result. �
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Figure 7.3. The two solutions of (7.81), i.e. amin (the solid line) and
a∗ (the dotted line) for η = 0.5. The figure demonstrates how stark the
difference between the two solutions and hence between the two effective
solutions, ρmin and ρ∗ of Corollary 7.27, is.
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Remark 7.28. The result of Corollary 7.27 can be generalized to other rapidly varying
initial data that are exponentially attracted to ν̃∗.

Remark 7.29. A simple choice of initial data which satisfies (7.26) is ρ∗0 = χ[0,1]ν̃
∗,

with χA the indicator function of the set A.

7.1.10. Application of the fluctuation theorem. In this subsection, will assume
without proof that we have a characterisation of the fluctuations around the mean field
limit, in the spirit of [Daw83, FM97], as the solution to a linear SPDE and use this
together with the energy minimisation property of the Gibbs measure to obtain a rate
of convergence in relative entropy of the Gibbs measure to the minimiser of the periodic
mean field energy (7.14). We also characterise the asymptotic behaviour of the partition
function. At the end of the subsection we present a provisional result in which we show
that this rate of convergence does hold at high temperatures without using the central
limit theorem (the characterisation of fluctuations) but instead conditional on a certain
rate of convergence in a weaker topology (cf. (7.37)).

We start by restating the classical result by Messer–Spohn [MS82] (cf. Lemma 7.7). We
consider the unique minimiser of the periodic N -particle free energy ẼN : Psym((Td)N)→
(−∞,+∞]:

ẼN(ν̃N) =
1

N

(
β−1

∫
(Td)N

ν̃N(x) log ν̃N(x) dx

+

∫
(Td)N

1

2N

N∑
i=1

N∑
j=1
j 6=i

W (xi − xj) +
N∑
i=1

V (xi) dν̃N(x)


which is given by the Gibbs measure

MN(x) = Z−1
N exp

(
−β

(
1

2N

N∑
i=1

N∑
j 6=i

W (xi − xj) +
N∑
i=1

V (xi)

))
,

with the partition function

ZN =

∫
(Td)N

exp

(
−β

(
1

2N

N∑
i=1

N∑
j 6=i

W (yi − yj) +
N∑
i=1

V (yi)

))
dy.

Then any accumulation point X∞ ∈ P(P(Td)) of the sequence of minimisers MN is a
minimiser of

Ẽ∞(X) =

∫
P(P(Td))

ẼMV (ν̃) dX(ν̃)

with ẼMV : P(Td)→ (−∞,+∞] given by
(7.28)

ẼMV (ν̃) = β−1

∫
Td
ν̃ log(ν̃) dx+

1

2

∫∫
Td×Td

W (x− y)ν̃(x)ν̃(y) dx dy +

∫
Td
V (x)ν̃(x) dx,

which implies that

suppX∞ ⊂ {ν̃ ∈ P(Td) : ẼMV (ν̃) = min
P(Td)

ẼMV } .

In particular, if we are below the phase transition β < βc, we have, by Definition 7.18
and Proposition 7.8, that ẼMV admits a unique minimiser, which we denote by ν̃min ∈
P(Td) and thus X∞ = δν̃min ∈ P(P(Td)). In the subsequent calculations, we will use
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(MN)n to refer to the nth marginal of the N -particle Gibbs measure MN . A natural next
step is to consider the next order of convergence:

N(ẼN(MN)− ẼMV (ν̃min))

=β−1

∫
TNd

MN logMN dx− β−1

∫
Td

(ν̃min)⊗N log(ν̃min)⊗N dx

+
N − 1

2

∫∫
Td×Td

W (x− y)(MN)2 dx dy +N

∫
Td
V (x)(MN)1 dx(7.29)

− N

2

∫∫
Td×Td

W (x− y)ν̃min(x)ν̃min(y) dx dy −N
∫
Td
V (x)ν̃min dx.

The idea is to massage the previous expression to obtain something we can control with
the fluctuations. To do this we first need to use the empirical measure MN ∈ P(P(Td))
associated toMN ∈ Psym((Td)N), as defined in Definition 7.2. We can compare the second
marginal (MN)2 of MN with the products of the empirical measure. We notice that for
any test function ϕ ∈ C∞(T2d), we have(

1− 1

N

)∫∫
Td×Td

ϕ(x, y)(MN)2 dx dy +
1

N

∫
Td
ϕ(x, x)(MN)1 dx(7.30)

=EMN

〈( 1

N

N∑
i=1

δxi

)⊗2

, ϕ

〉
P(T2d),C0(T2d)

,
where the expectation is taken with respect to the law of the random variableN−1

∑N
i=1 δxi

on the probability space ((Td)N ,MN) (for more details on these type identities for higher
order marginals see [DF80]). Note that 〈ρ, f〉P(Ω),C0(Ω) =

∫
Ω
f dρ. We know from Propo-

sition 7.8 that the minimiser of the mean field energy must satisfy the following condition

(7.31) β−1 log ν̃min = −W ? ν̃min − V + C.

Putting (7.29), (7.30), and (7.31) together, adding and subtracting

β−1

∫
Td
MN log ν̃min dx ,

and completing the square, we obtain

N(ẼN(MN)− ẼMV (ν̃min)) =β−1H(MN |(ν̃min)⊗N)

− 1

2
EMN

(〈
(GN)⊗2,W (x− y)

〉
M(T2d),C0(T2d)

)
− W (0)

2
,

where H(·|·) denotes the relative entropy or Kullback–Leibler divergence and

GN :=
√
N

(
1

N

N∑
i=1

δxi − ν̃min

)
is a Radon measure-valued random variable defined on the probability space ((Td)N ,MN).
We refer to GN as the fluctuations around the mean field limit. Using the fact that

NẼMV (ν̃min) =NẼN((ν̃min)⊗N)− 1

2

∫∫
Td×Td

W (x− y)ν̃min(x)ν̃min(y) dx dy

≥NẼN(MN)− 1

2

∫∫
Td×Td

W (x− y)ν̃min(x)ν̃min(y) dx dy ,
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we obtain the bound

0 ≤ H(MN |(ν̃min)⊗N) ≤W (0)

2
+

1

2
EMN

(〈
(GN)⊗2,W (x− y)

〉
M(T2d),C0(T2d)

)
(7.32)

+
1

2

∫∫
Td×Td

W (x− y)ν̃min(x)ν̃min(y) dx dy .

In a similar way, we can also obtain the bound

− 1

2

∫∫
Td×Td

W (x− y)ν̃min(x)ν̃min(y) dx dy

≤N log

(
ZN
Zmin

)
= −N

(
ẼN(MN)− ẼMV (ν̃min)

)
(7.33)

≤W (0)

2
+

1

2
EMN

(〈
(GN)⊗2,W (x− y)

〉
M(T2d),C0(T2d)

)
.

where we have used the positivity of the relative entropy. Note that Zmin is the partition
function of ν̃min, which is given by

Zmin =

∫
Td

exp
(
−β(W ? ν̃min − V )

)
dx .

Therefore, to obtain useful information from (7.32) and (7.33), we need to show that

lim sup
N→∞

EMN

(〈
(GN)⊗2,W (x− y)

〉
M(T2d),C0(T2d)

)
<∞ .

To simplify the discussion and obtain sharp bounds all the way up to the phase
transition, we consider the specific example of d = 1, V = 0 and W = − cos(2πx),
which undergoes a phase transition at βc = 2 (cf. Proposition 7.22). We now make our
main assumption that we have an equilibrium version of the central limit theorem before
the phase transition., i.e. GN converges in law to G∞ whose law is the unique invariant
measure of the following linear Ornstein–Uhlenbeck stochastic PDE:

(7.34) ∂tG∞ = β−1∂xxG∞ + (2π)2 cos(2πx) ∗ G∞ +
√

2β−1ξt,

where we have used that ν̃min = ν̃∞ = 1 and that W = − cos(2πx) has zero average to
simplify the linearisation of the nonlinear PDE (7.7) and ξ is space-time white noise. The
above SPDE is precisely the equilibrium version of the SPDE (1.20) discussed in Theo-
rem 1.5, i.e. we can rewrite it as

G∞(t) = G∞(0) +

∫ t

0

β−1∂xxG∞(s) + (2π)2 cos(2πx) ∗ G∞(s) ds+
√

2β−1Bt ,

where Bt is a Gaussian Markov process with correlation structure

E
(
〈Bt, ϕ〉(S(Td))′,S(Td)〈Bs, ψ〉(S(Td))′,S(Td)

)
= min(s, t)

∫
T
(∂xϕ)(∂xψ) dx .

for ϕ, ψ ∈ C∞(T). More specifically, if we consider {wk}k∈Z the standard orthonormal
Fourier basis of L2(T) (cf. (0.1)) given by

wk(x) =


√

2 cos(2πkx) k > 0

1 k = 0√
2 sin(2πkx) k < 0

,

then we can express

ξ(t, x) =
∑
k∈Z

2πkwk(x)
d

dt
Ḃk
t ,
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where {Ḃk
t }k∈Z is a countable family of independent T-valued Wiener processes. In par-

ticular, we can decompose (7.34) by projecting it onto each mode to obtain a family of
uncoupled SDEs given by

d〈G∞, wk〉 =

−β−1(2π)2Ĝ∞(k) dt+
1

2
(2π)2Ĝ∞(k) dt+

(√
2β−12πk

)
dḂk

t |k| = 1

−β−1(2πk)2Ĝ∞(k) dt+
(√

2β−12πk
)
dḂk

t |k| 6= 1
,

where
Ĝ∞(k) =

∫
Ω

wk(x) dG∞

and we have used the trigonometric identity

(7.35) cos(2πx) ∗ G∞ =
1

2

(
w1Ĝ∞(1) + w−1Ĝ∞(−1)

)
.

In particular, we can find the invariant measure explicitly for each mode

(7.36) Law
(
Ĝ∞(k)

)
=

{
N
(

0, 2
2−β

)
|k| = 1

N (0, 1) |k| 6= 1
,

where N is the normal distribution. From (7.36) we can clearly identify the phase tran-
sition βc = 2 when the SPDE (7.34) does not have an invariant measure. Taking limits
in (7.32) and using that W (0) = −1 we obtain that for this specific system we have the
bound

lim sup
N→∞

H(MN |(ν̃min)⊗N) ≤ W (0)

2
+ EMN


∣∣∣Ĝ∞(1)

∣∣∣2 +
∣∣∣Ĝ∞(−1)

∣∣∣2
4

 =
β

2(2− β)
,

where we have used the trigonometric identity (7.35) and the law (7.36) of the projections
of G∞. Decomposing the MN into its marginals, we can use the sub-additivity of the
relative entropy to conclude that, for any 1 ≤ n ≤ N ,

H((MN)n, (ν̃
min)n) ≤

⌊ n
N

⌋ β

2(2− β)
,

where bn/Nc is the largest integer less than n/N . We note that this estimate holds all
the way up to the phase transition for this system, which is given by βc = 2. Similarly,
using (7.33) we obtain that for every δ > 0, we have the estimate

1 ≤ ZN
Zmin

≤ exp

(
1

N

(
β

2(2− β)
+ δ

))
N→∞→ 1 ,

for N large enough. To conclude this subsection, we rewrite these bounds into a general
provisional theorem (cf. Remark 7.31).

Theorem 7.30. Assume β < βc, the critical temperature, and consider ν̃min, the
unique minimiser of the periodic mean field energy ẼMV (7.28) and Zmin, its associated
partition function. Assume that there exists a constant C1 > 0, such that ‖W‖C2(Td) ≤ C1

and that for N large enough we have the estimate

(7.37) D2
2(MN , δνmin) ≤ C1

N
.

Then, there exists C > 0 such that for all 1 ≤ n ≤ N the following estimates hold:

H
(
(MN)n, (ν̃

min)⊗n
)
≤ C

⌊ n
N

⌋
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and
ZN
Zmin

≤ e
C
N .

Remark 7.31. The bound (7.37) has been shown in the case of convex potentials in
[Mal03]. In the large temperature regime β � 1, the slightly weaker bound

D2
1(MN , δνmin) ≤ C1

N
,

with D1 the 1-Wasserstein distance, can be found in [DEGZ18] by employing the coupling
technique outlined in Section 7.5; trying to upgrade this bound to (7.37) is an interesting
open question. Note that if the formal central limit theorem discussed at the start of the
subsection (in the spirit of [FM97]) could be proved rigorously then (7.37) would hold.
For the case β = βc, we can not expect (7.37) to hold (cf. [Daw83]).

Proof. By (7.32) and (7.17), we need to show that there exists a C depending on β, V ,
and W such that

lim sup
N→∞

EMN

(〈
(GN)⊗2,W (x− y)

〉
M(T2d),C0(T2d)

)
≤ C.

By using the dual formulation of the Wasserstein distance and using the definition of GN ,
we obtain the following estimate:∣∣∣EMN

(〈
(GN)⊗2,W (x− y)

〉
M(T2d),C0(T2d)

)∣∣∣
≤N‖D2W‖L∞(Td)EMN

(〈
(GN)⊗2,W (x− y)

〉
M(T2d),C0(T2d)

)
=N‖D2W‖L∞(Td)D

2
2(MN , δν̃min),

where the expectation is taken with respect to the empirical measure MN and D2 is the
2-Wasserstein distance on (P(Td), d2). The result now follows by applying hypothesis
(7.37).

�

7.2. Proof of Theorem 7.9

We start the proof of Theorem 7.9 with some basic elliptic estimates on a time-
dependent corrector problem.

Lemma 7.32. Consider the following elliptic equations

∇ · (µ̃ε∇χ) = −∇µ̃ε on [0,∞)× Td,(7.38)
where

µ̃ε(t, x) = Z−1 exp(−β(W ? ν̃ε + V )) , Z =

∫
Td

exp(−β(W ? ν̃ε + V )) dx ,

where ν̃ε(t, x) is a solution to the evolution (7.14) with initial data ν̃ε0. Then, there exists
a unique (up to an additive constant) smooth solution χ : [0,∞)×Td → Rd, χi ∈ H1(Td)
to (7.38). Additionally, it satisfies the following estimates

‖χi‖Hm(Td) ≤C1(7.39)

‖∂tχi(t)‖Hm(Td) ≤
m∑
k=1

ck‖∂tν̃ε‖kC−3(Td)(t)(7.40)

for all i = 1, . . . , d and t > 0, where C−3(Td) is the dual of C3(Td), and the constants
C1 , ck > 0 depend only on m, d, ‖V ‖Cm(Td), and ‖W‖Cm(Td).

Proof.
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Existence and uniqueness: We consider the equation component-wise for any i =
1 . . . , d:

∇ · (µ̃ε∇χi) = −∂xiµ̃ε .(7.41)

Note that µ̃ε is smooth and is bounded above and below uniformly in time:

e−2β(‖W‖L∞(Td)
+‖V ‖

L∞(Td)) ≤ µε(t, x) ≤ e2β(‖W‖L∞(Td)
+‖V ‖

L∞(Td)) .(7.42)

Thus, by standard elliptic theory, for each t ≥ 0 and i = 1, . . . , d, there exists a unique
smooth solution χi ∈ H1

0 (Td) to (7.41). We can check that χi is continuously differentiable
in time, as ξi = ∂tχi satisfies

∇ · (µ̃ε∇ξi) = −∂xi∂tµ̃ε −∇ · (∂tµ̃ε∇χi) .(7.43)

Similar arguments imply that there exists a unique smooth solution of the above equation
ξi ∈ H1

0 (Td).
Regularity: We note that is it is sufficient to prove the bounds (7.39) and (7.40)

in the weighted space Hm(Td, µ̃ε) since by (7.42) these norms are equivalent to the flat
space up to a time-independent multiplicative constant. We deal first with the regularity
of (7.41). Testing against χi we obtain,∫

Td
|∇χi|2µ̃ε dx =−

∫
Td
∂xiχiµ̃

ε dx

≤‖∂xiχi‖L2(Td,µ̃ε) ≤ ‖∇χi‖L2(Td,µ̃ε) .

It follows then that

‖χi‖H1
0 (Td,µ̃ε) ≤ 1 .(7.44)

Now let α ∈ Nd be any multi-index of order m−1 for some m ≥ 1. Testing (7.41) against
∂2αχi, we obtain for the left hand side∫

Td
(∂2αχi)∇ · (µ̃ε∇χi) dx =(−1)m

∫
Td

(∇∂αχi) · ∂α(µ̃ε∇χi) dx

=(−1)m
∫
Td

(∇∂αχi) ·
∑
γ≤α

Cα,γ(∂γµ̃
ε)(∂α−γ∇χi) dx

=(−1)m
∫
Td
|∇∂αχi|2µ̃ε dx

+ (−1)m
∫
Td

(∇∂αχi) ·
∑
γ≤α
γ 6=0

Cα,k(∂γµ̃
ε)(∂α−γ∇χi) dx,

where the coefficients are given by

Cα,γ =
d∏
l=1

(
αl
γl

)
.

Similarly for the right hand side of (7.41) we obtain

−
∫
Td

(∂2αχi)(∂xiµ̃
ε) dx = (−1)m−1

∫
Td

(∂xi∂αχi)∂αµ̃
ε dx .
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Putting the previous two equations together and multiplying by (−1)−m we have

∫
Td
|∇∂αχi|2µ̃ε dx = −

∫
Td

(∂xi∂αχi)∂αµ̃
ε dx−

∫
Td

(∇∂αχi) ·
∑
γ≤α
γ 6=0

Cα,γ(∂γµ̃
ε)(∂α−γ∇χi) dx .

(7.45)

Using the exponential form of µε, we note that for any multi-index α ∈ Nd we have
∂αµ̃

ε = fαµ̃ε, where fα is a smooth function which is a linear combination of ∂γW?ν̃ε+∂γV
for γ ≤ α. This implies that we can obtain the bound

‖fα‖L∞(Td) ≤ Cα

where Cα depends only on ‖W‖Cm−1(Td), ‖V ‖Cm−1(Td) . Applying Hölder’s inequality and
bounding in (7.45) we obtain∫

Td
|∇∂αχi|2µ̃ε dx ≤‖∂xi∂αχi‖L2(Td,µ̃ε)‖f

α‖L∞(Td)

+ ‖∇∂αχi‖L2(Td,µ̃ε)

∑
γ≤α
γ 6=0

Cα,γ‖fγ‖L∞(Td)‖∂α−γ∇χi‖L2(Td,µ̃ε)

Simplifying, we obtain,

‖∇∂αχi‖L2(Td,µ̃ε) ≤‖f
α‖L∞(Td) +

∑
γ≤α
γ 6=0

Cα,γ‖fγ‖L∞(Td)‖∂α−γ∇χi‖L2(Td,µ̃ε)

≤Cα +
∑
γ≤α
γ 6=0

Cα,γCγ‖χi‖Hm−1(Td,µ̃ε).

We can sum over all such α and recursively apply this bound along with (7.44) to ob-
tain (7.39). Note that the ‖χi‖L2(Td) norm can be controlled by the Poincaré inequality
(cf. Lemma B.5) since χi is mean zero.

Before we turn to the regularity of (7.43), we derive the following estimates

|∂tµ̃ε| =β(W ? ∂tν̃
ε)µ̃ε ≤ β‖W‖C3(Td)‖∂tν̃

ε‖C−3(Td)µ̃
ε ,(7.46)

where we denote by C−3(Td) the dual of C3(Td) and equip it with the norm ‖g‖C−3(Td) =

sup
‖f‖

C3(Td)
≤1

〈f, g〉C−3(Td),C3(Td). Similarly, for α ∈ Nd the following estimate holds

|∂α∂tµ̃ε| ≤ β‖W‖C3+|α|‖∂tν̃ε‖C−3(Td)µ̃
ε

Next, we test (7.43) against ξi to obtain∫
Td
|∇ξi|2 dµ̃ε dx =−

∫
Td
∂xiξi∂tµ̃

ε dx−
∫
Td
∇ξi · ∇χi∂tµ̃ε dx

≤β‖W‖C3(Td)‖∇ξi‖L2(Td,µ̃ε)‖∂tν̃
ε‖C−3(Td)(t)

+ β‖W‖C3(Td)‖∇ξi‖L2(Td,µ̃ε)‖∇χi‖L2(Td,µ̃ε)‖∂tν̃
ε‖C−3(Td)(t) ,

where we have simply used (7.46) and applied the Cauchy–Schwartz inequality. It follows
that

‖ξi‖H1(Td,µ̃ε) ≤ C‖∂tν̃ε‖C−3(Td)(t) ,
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where the constant C is independent of t and depends on ‖χi‖H1(Td,µ̃ε), V , and W . We
omit the details but an essentially similar argument to the one used for (7.41) will give
us an estimate of the form

‖∇∂αξi‖L2(Td,µ̃ε) ≤ C ′‖∂tν̃ε‖C−3(Td)(t) +
m∑
l=1

Cl‖ξi‖Hm−l(Td,µ̃ε)‖∂tν̃
ε‖C−3(Td)(t) ,

where |α| = m−1, and the constants C ′, Cl are independent of t and depend on the norms
of χi, W , V , and their derivatives. Recursively applying these bounds one obtains (7.40).

�

Next, we bound ‖∂tν̃ε‖C−3(Td) by d2(ν̃ε, ν̃∗).

Lemma 7.33. Assume that ν̃ε and ν̃∗ are a solution and a steady state to (7.14) re-
spectively, then

‖∂tν̃ε‖C−3(Td) ≤ Cd2(ν̃ε, ν̃∗),

where the constant C depends on d, β, ‖W‖C2(Td), and ‖V ‖C2(Td).

Proof. Using (7.14) and that ν̃∗ is a steady state, we obtain that for any test function
ϕ ∈ C∞(Td) ∫

Td
∂tν̃

εϕ dx =

∫
Td
β−1∆ϕν̃ε −∇ϕ · (∇W ? ν̃ε +∇V )ν̃ε dx

and

0 =

∫
Td
∂tν̃
∗ϕ dx =

∫
Td
β−1∆ϕν̃∗ −∇ϕ · (∇W ? ν̃∗ +∇V )ν̃∗ dx.

Therefore,∫
Td
∂tν̃

εϕ dx =

∫
Td
β−1∆ϕ(ν̃ε−ν∗)−∇ϕ·(∇W?ν̃ε+∇V )(ν̃ε−ν̃∗)+∇ϕ·∇W?(ν̃ε−ν̃∗)ν̃∗ dx .

Using the dual formulation of the 1-Wasserstein distance (cf. Theorem C.8), we can obtain
the following bound∣∣∣∣∫

Td
∂tν̃

εϕ dx

∣∣∣∣ ≤(β−1‖ϕ‖C3(Td) + ‖ϕ‖C2(Td)

(
‖W‖C2(Td) + ‖V ‖C2(Td)

)
+‖ϕ‖C1(Td)‖W‖C2(Td)

)
d1(ν̃ε, ν̃∗).

Finally, bounding the 1-Wasserstein distance by the 2-Wasserstein distance we obtain the
desired estimate. �

We now study the behaviour of the underlying SDE associated to (7.13).

Lemma 7.34. Consider the mean field SDE{
dY ε

t = −∇V (Y ε
t ) dt−∇(W ? ν(t))(Y ε

t ) dt+
√

2β−1dBt

Law(Y ε
0 ) = νε0 = εdρε0(εx) ∈ P2(Rd)

.(7.47)

where ν(t) is a solution of (7.13) with initial data νε0 and Bt is a standard d-dimensional
Wiener process Then for fixed ε > 0, the random variables {t−1/2Y ε

t }t>0 converge in law
(specifically in d2) as t→∞ to a mean zero Gaussian random variable Y with covariance
matrix 2Aeff

∗ ∈ Rd×d.
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Proof. Consider νε(t) the solution to the mean field PDE (7.13) with initial data given
by νε0. (we add the ε superscript to ν(t) to emphasise the dependence of the initial data
on ε). As V and W are smooth 1-periodic functions, it follows that (W ? ν(t))(x) is also
1-periodic and is equal to (W ? ν̃ε(t))(x), where ν̃ε is the periodic rearrangement of νε(t).
Thus, the SDE in (7.47) can be rewritten as{

dY ε
t = −∇V (Ẏ ε

t ) dt−∇(W ? ν̃ε(t))(Ẏ ε
t ) dt+

√
2β−1dBt

Law(Y ε
0 ) = νε0 = εdρε0(εx) ∈ P2(Rd)

,

where Ẏ ε
t is the quotient process, i.e. (Ẏ ε

t )j = (Y ε
t )j (mod 1) for all j = 1, . . . , d. Further-

more, Ẏ ε
t satisfies the following SDE{

dẎ ε
t = −∇V (Ẏ ε

t ) dt−∇(W ? ν̃ε(t))(Ẏ ε
t ) dt+

√
2β−1dḂt

Law(Ẏ ε
0 ) = ν̃ε0 ∈ P(Td)

,(7.48)

where Ḃt is a Td-valued Wiener process. Now consider the unique solution χ(t, ·) ∈
H1(Td, µ̃ε) of the time-dependent corrector problem in (7.38) given by Lemma 7.32. Ap-
plying Itô’s lemma to χ(t, Y ε

t ) we obtain the following

χ(t, Y ε
t ) =χ(0, Y ε

0 ) +

∫ t

0

∂sχ(s, Ẏ ε
s ) ds

+

∫ t

0

(
−
(
∇V (Ẏ ε

s ) +∇(W ? ν̃ε(s))(Ẏ ε
s )
)
· ∇+ β−1∆

)
χ(s, Ẏ ε

s ) ds

+
√

2β−1

∫ t

0

∇χ(s, Ẏ ε
s )dBs

=χ(0, Y ε
0 ) +

∫ t

0

∂sχ(s, Ẏ ε
s ) ds+

∫ t

0

β−1(µ̃ε)−1(∇ · (µ̃ε∇χ))(Ẏ ε
s , s) ds

+
√

2β−1

∫ t

0

∇χ(s, Ẏ ε
s )dBs ,

where we have used the fact that f(Y ε
t ) = f(Ẏ ε

t ) for any 1-periodic function f and the
equation for µ̃ε. Using the fact that χ satisfies (7.38), the above expression simplifies to

χ(t, Y ε
t ) =χ(0, Y ε

0 ) +

∫ t

0

∂sχ(s, Ẏ ε
s ) ds−

∫ t

0

β−1(µ̃ε)−1∇µ̃ε(Ẏ ε
s , s) ds

+
√

2β−1

∫ t

0

∇χ(s, Ẏ ε
s )dBs

=χ(0, Ẏ ε
0 ) +

∫ t

0

∂sχ(s, Ẏ ε
s ) ds+

∫ t

0

∇V (Ẏ ε
s ) +∇(W ? ν̃ε(s))(Ẏ ε

s ) ds

+
√

2β−1

∫ t

0

∇χ(s, Ẏ ε
s )dBs .

Integrating (7.48) from 0 to t and adding the above expression we obtain

Yt =Y0 + χ(0, Y ε
0 )− χ(t, Y ε

t ) +

∫ t

0

∂sχ(s, Ẏ ε
s ) ds

+
√

2β−1

∫ t

0

(
I +∇χ(s, Ẏ ε

s )
)
dBs .
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Multiplying by t−1/2 we obtain

t−1/2Y ε
t =t−1/2

(
χ(0, Y ε

0 )− χ(t, Y ε
t ) +

∫ t

0

∂sχ(s, Ẏ ε
s ) ds

)
+ t−1/2Y ε

0

+ t−1/2
√

2β−1

∫ t

0

(
I +∇χ(s, Ẏ ε

s )
)
dBs .

To analyse the limit of t−1/2Y ε
t we start by showing that the first three terms on the RHS

of the above expression go to zero in L∞(P) as t → ∞. Picking m > d/2 and applying
the results of Lemma 7.32 along with Morrey’s inequality we have

t−1/2

(
χ(0, Y ε

0 )− χ(t, Y ε
t ) +

∫ t

0

∂sχ(s, Ẏ ε
s ) ds

)
≤t−1/2Cd

(
2‖χ(t, ·)‖Hm(Td) +

∫ t

0

‖∂sχ(t, ·)‖Hm(Td) ds

)
≤t−1/2Cd

(
2C1 +

∫ t

0

m∑
k=1

ck‖∂tν̃ε‖kC−3(Td)(s) ds

)
t→∞→ 0 ,(7.49)

where in the last step we have used Lemma 7.33 and applied assumption (A3). For the
fourth term we simply use the fact that Y0 has finite second moment to argue that it goes
to zero in L2(P). Thus, studying the behaviour of t−1/2Yt, in law, as t→∞ is equivalent
to studying the asymptotic behaviour of the martingale term Zt, where

Zt := t−1/2
√

2β−1

∫ t

0

(
I +∇χ(s, Ẏ ε

s )
)
dBs .

We will proceed in steps: In Step 1, we will argue that the χ in the above expression
can be replaced by Ψ∗, where Ψ∗ solves (7.23). In Step 2, we will compute the limiting
covariance matrix of Zt as t → ∞ and show that it is precisely 2Aeff

∗ . Finally, in Step 3,
we will argue that the limiting random variable is a mean zero Gaussian.

Step 1. First note that µε(t)→ ν̃∗ in L∞ as t→∞. Indeed, we have that∣∣Z−1(µ̃ε) exp(−β(W ? ν̃ε + V ))− Z−1(ν̃∗) exp(−β(W ? ν̃∗ + V ))
∣∣

≤Z−1(µ̃ε)|exp(−β(W ? ν̃ε + V ))− exp(−β(W ? ν̃∗ + V ))|

+
∣∣Z−1(µ̃ε)− Z−1(ν̃∗)

∣∣eβ(‖W‖
L∞(Td)

+‖V ‖
L∞(Td)

)

≤e2β(‖W‖
L∞(Td)

+‖V ‖
L∞(Td)

)β|W ? ν̃ε −W ? ν̃∗|

+ e3β(‖W‖
L∞(Td)

+‖V ‖
L∞(Td)

)β|W ? ν̃ε −W ? ν̃∗|

≤Cd2(ν̃ε, ν̃∗)
t→∞→ 0 ,(7.50)

where we have used (A3). We now argue that ∇χ converges to ∇Ψ∗ in L2(Td;Rd). We
perform the proof component-wise using the weak formulations of(7.38) and (7.23)∫

Td
∇χi · ∇φµ̃ε(t) dx−

∫
Td
∇Ψ∗i · ∇φµ̃ε(t) dx

=

∫
Td
∂xi(µ̃

ε − ν̃∗)φ dx+

∫
Td
∇Ψ∗i · ∇φν̃∗(t) dx−

∫
Td
∇Ψ∗i · ∇φµ̃ε(t) dx

=−
∫
Td

(µ̃ε − ν̃∗)∂xiφ dx+

∫
Td
∇Ψ∗i · ∇φ(ν̃∗(t)− µ̃ε(t)) dx

≤‖µ̃ε − ν̃∗‖L∞(Td)(1 + ‖∇Ψ∗i ‖L2(Td))‖∇φ‖L2(Td) .
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Choosing φ = χi −Ψ∗i and using the uniform lower bound from (7.42), we obtain that

‖∇(χi −Ψ∗i )‖L2(Td) ≤ C‖µ̃ε − ν̃∗‖L∞(Td)(1 + ‖∇Ψ∗i ‖L2(Td))
t→∞→ 0 ,(7.51)

using (7.50). Thus, we can now simply apply Itô’s isometry as follows

E

[
t−1

∣∣∣∣√2β−1

∫ t

0

(
I +∇χ(s, Ẏ ε

s )
)
dBs −

√
2β−1

∫ t

0

(
I +∇Ψ∗(Ẏ ε

s , s)
)
dBs

∣∣∣∣2
]

=2β−1t−1E

[∣∣∣∣∫ t

0

(∇(χ−Ψ∗))(Ẏ ε
s , s)dBs

∣∣∣∣2
]

=2β−1t−1E

[∫ t

0

d∑
i=1

|∇(χi −Ψ∗i )|
2(Ẏ ε

s , s) ds

]

≤2β−1t−1

∫ t

0

d∑
i=1

‖∇(χi −Ψ∗i )‖
2
L∞(Td)(s) ds .

Picking some m > d/2 and applying Morrey’s inequality (cf> Lemma B.1) we obtain

E

[
t−1

∣∣∣∣√2β−1

∫ t

0

(
I +∇χ(s, Ẏ ε

s )
)
dBs −

√
2β−1

∫ t

0

(
I +∇Ψ∗(Ẏ ε

s , s)
)
dBs

∣∣∣∣2
]

≤2β−1t−1C2
d

∫ t

0

d∑
i=1

‖∇(χi −Ψ∗i )‖
2
Hm

0 (Td)(s) ds

≤2β−1t−1C2
dC

2

∫ t

0

d∑
i=1

‖∇(χi −Ψ∗i )‖
2α
Hm+1

0 (Td)(s)‖∇(χi −Ψ∗i )‖
2−2α
L2(Td)(s) ds ,

where we have applied the Gagliardo–Nirenberg–Sobolev inequality and α = m/(m + 1)
(cf. Lemma B.2). We bound theHm+1-norm in the above expression by a uniform constant
using Lemma 7.32 and the fact that Ψ∗ is the solution of a uniformly elliptic PDE with
smooth coefficients. Hence, using (7.51) we obtain

E

[
t−1

∣∣∣∣√2β−1

∫ t

0

(
I +∇χ(s, Ẏ ε

s )
)
dBs −

√
2β−1

∫ t

0

(
I +∇Ψ∗(Ẏ ε

s , s)
)
dBs

∣∣∣∣2
]
t→∞→ 0 .

(7.52)

Step 2. In this step, we compute the limiting covariance as t → ∞ of the following
term

Gε
t := t−1/2

√
2β−1

∫ t

0

(
I +∇Ψ∗(Ẏ ε

s )
)
dBs .(7.53)
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Applying Itô’s isometry again we have

E[(Gε
t)i(G

ε
t)j] =2β−1t−1

∫ t

0

E

[(
d∑

k=1

(δik + ∂xkΨ
∗
i )(δjk + ∂xkΨ

∗
j)

)
(Ẏ ε

s )

]
ds

=2β−1t−1

∫ t

0

∫
Td

(
d∑

k=1

(δik + ∂xiΨ
∗
k)(δjk + ∂xjΨ

∗
k)

)
(x)ν̃ε(x, s) dx ds

=2β−1t−1

∫ t

0

∫
Td

(
d∑

k=1

(δik + ∂xiΨ
∗
k)(δjk + ∂xjΨ

∗
k)

)
(x)(ν̃ε − ν̃∗)(x, s) dx ds

+ 2β−1t−1

∫ t

0

ds

(∫
Td

(
d∑

k=1

(δik + ∂xiΨ
∗
k)(δjk + ∂xjΨ

∗
k)

)
(x)ν̃∗(x) dx

)
.(7.54)

We can bound the first term as follows

2β−1t−1

∫ t

0

∫
Td

(
d∑

k=1

(δik + ∂xiΨ
∗
k)(δjk + ∂xjΨ

∗
k)

)
(x)(ν̃ε − ν̃∗)(x, s) dx ds

. t−1

∫ t

0

d2(ν̃ε(s), ν̃∗) ds
t→∞→ 0 ,(7.55)

where we have used (A3) and the fact ∇Ψ∗ is Lipschitz. Then, from (7.54), it follows that

lim
t→∞

E[(Gε
t)i(G

ε
t)j] =2β−1

(∫
Td

(
d∑

k=1

(δik + ∂xiΨ
∗
k)(δjk + ∂xjΨ

∗
k)

)
(x)ν̃∗(x) dx

)

=2β−1

(∫
Td

(
δij + ∂xiΨ

∗
j + ∂xjΨ

∗
i +

d∑
k=1

∂kΨ
∗
i∂kΨ

∗
j

)
(x)ν̃∗(x) dx

)

=2β−1

(∫
Td

(
δij + ∂xiΨ

∗
j + ∂xjΨ

∗
i +∇Ψ∗i · ∇Ψ∗j

)
(x)ν̃∗(x) dx

)
=2β−1

(∫
Td

(
δij + ∂xiΨ

∗
j

)
(x)ν̃∗(x) dx

)
= 2
(
Aeff
∗
)
ij
,

where in the penultimate step we have used the fact that Ψ∗ satisfies (7.23).
Step 3. In the final step, we will show that the limit in law of Gε

t as t → ∞ is a
Gaussian random variable. The key step involves replacing Ẏ ε

t in the expression for Gε
t

in (7.53) by Ẋt, where Ẋt solves{
dẊt = −∇V (Ẋt) dt−∇(W ? ν̃∗)(Ẋt) dt+

√
2β−1dḂt

Law(Ẋ0) = ν̃∗ ∈ P(Td)
.(7.56)

Here Ẋt is a stationary, ergodic process with invariant measure ν̃∗ and is precisely the pro-
cess Ẏt started from the invariant measure ν̃∗. We assert now (cf. Lemma 7.36) that (A3)
implies that there exists a coupling of (Ẋt, Ẏ

ε
t ) (indeed a reflection coupling) such that

supε>0 E
[
dTd(Ẋt, Ẏ

ε
t )2
]
→ 0 as t→∞. Using this we obtain,

E

[(
Gε
t − t−1/2

√
2β−1

∫ t

0

(
I +∇Ψ∗(Ẋs)

)
dBs

)2
]

≤2Cβ−1t−1

∫ t

0

E
[
dTd(Ẋs, Ẏ

ε
s )2
]

ds
t→∞→ 0 ,(7.57)
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where we simply use the Itô isometry and the fact that Ψ∗ has a Lipschitz regular gradient.
Thus, we are left to analyse the following term:

t−1/2
√

2β−1

∫ t

0

(
I +∇Ψ∗(Ẋs)

)
dBs

where Ẋs is stationary ergodic process. Additionally, we know the limiting covariance of
the above term, i.e. 2Aeff

∗ . We now apply the Birkhoff ergodic theorem followed by the
martingale central limit theorem (cf. [KLO12, Theorem 2.1] or [Whi07, Theorem 2.1]) to
complete the proof. The fact that the convergence is also in d2 follows from the fact that
the covariance matrices also converge. �

The above result holds for a fixed ε > 0, however we can improve it by using the fact
that the convergence in (A3) is uniform in ε > 0. A consequence of the analysis in the
previous result is the following corollary:

Corollary 7.35. Consider the process:

M ε
t := t−

1
2

(
χ(0, Y ε

0 )− χ(t, Y ε
t ) +

∫ t

0

∂sχ(s, Y ε
s ) ds+

√
2β−1

∫ t

0

(
I +∇χ(s, Ẏ ε

s )
)
dBs

)
,

where χ is the solution of the time-dependent corrector problem (7.38) and Y ε
t solves (7.47).

Then

lim
t→∞

sup
ε>0

∥∥∥∥M ε
t − t−1/2

√
2β−1

∫ t

0

(
I +∇Ψ∗(Ẋs)

)
dBs

∥∥∥∥
L2(P)

→ 0 ,

where Ẋt is the solves and is coupled to Ẏ ε
t as in the proof of Lemma 7.34.

Proof. The proof of this result follows from the fact that the convergence in (7.49),
(7.50), (7.52), (7.55), and (7.57) are all controlled by the convergence in (A3) which is
uniform in ε > 0. �

We can finally put all the pieces together and complete the proof of Theorem 7.9

Proof of Theorem 7.9. We would like to understand the behaviour of the trajectory
Sεt ρ

ε
0 where Sεt is the solution semigroup associated to (7.7). However, we know that

Sεt ρ
ε
0 = Law(εY ε

t/ε2), where Y ε
t is the solution (7.47) of with initial law εdρε0(εx). Fix t = 1

and set ε−2 = s. Thus, we have that

εY ε
1/ε2 =s−

1
2Y s−

1
2

s

=s−
1
2Y s−

1
2

0 + s−
1
2

(
χ(0, Y0)− χ(s, Y s−1/2

s )

+

∫ s

0

∂uχ(u, Ẏ u−1/2

u ) du+
√

2β−1

∫ s

0

(
I +∇χ(u, Ẏ u−1/2

u )
)
dBu

)
.

Applying Corollary 7.35, we can pass to the limit s→∞ for the second term on the right
hand side of the above expression. Since the convergence is in L2(P), we can replace the
second term in the limit as s→∞ as follows

lim
s→∞

Law(s−
1
2Y s−

1
2

s ) = lim
s→∞

Law

(
s−

1
2Y s−

1
2

0 + s−1/2
√

2β−1

∫ s

0

(
I +∇Ψ∗(Ẋu)

)
dBu

)
.

where Ẋu solves (7.56). The two random variables on the right hand side of the above
expression are independent. Thus, we can rewrite the above expression as

lim
s→∞

Law(s−
1
2Y s−

1
2

s ) = lim
s→∞

Fs ∗ ρs
−1/2

0 ,
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where Fs is the law of s−1/2
√

2β−1
∫ s

0

(
I +∇Ψ∗(Ẋu)

)
dBu. Since both laws converge in

d2, their convolution converges to the convolution of the individual limits in d2 as s→∞.
The limit of Fs can be obtained by the martingale central limit theorem as in the proof
of Lemma 7.34 while the limit of ρs−1/2

0 is ρ∗0. Thus, we have that

lim
s→∞

d2(Law(s−
1
2Y s−

1
2

s ),N (0, Aeff
∗ ) ∗ ρ∗0) = lim

s→∞
d2(Ss

− 1
2

1 ρs
− 1

2

0 ,N (0, Aeff
∗ ) ∗ ρ∗0) = 0.

Rewriting the same in terms of the laws we have

lim
ε→0

d2(Sε1ρ
ε
0,N (0, Aeff

∗ ) ∗ ρ∗0) = 0.

The choice of time t = 1 was arbitrary. The same arguments can be repeated for arbitrary
t ≥ 0 to complete the proof of (7.22). Assume now that the initial data of (7.3), ρε,N0 is
such that lim

N→∞
ρε,N0 = Xε

0 = δρε0 . We can then apply Theorem A. to first assert that, for
a fixed t > 0,

lim
N→∞

ρε,N(t) = Xε(t) = Sεt#X
ε
0 .

Let X0 = δρ∗0 and consider some Φ ∈ Lip(P2(Rd)). Then we have∫
P2(Rd)

Φ(ρ) d(Xε(t)− S∗t #X0)(ρ) =

∫
P2(Rd)

Φ(ρ) d(Sεt#X
ε
0 − S∗t #X0)(ρ)

=Φ(Sεt ρ
ε
0)− Φ(S∗t ρ

∗
0) ≤ d2(Sεt ρ

ε
0, S

∗
t ρ
∗
0)

ε→0→ 0 ,

where in the last step we have simply applied (7.22), thus completing the proof of the
theorem. �

7.3. Proof of Theorem 7.16

Strategy of proof. We first need to pass to the limit in the covariance matrix

(7.58) Aeff,N = β−1

∫
(Td)N

(I +∇ΨN)MN dx .

To do this, we first pass to the limit in the Poisson equation for ΨN : (Td)N →
(
Rd
)N

(7.59) ∇ · (MN∇ΨN) = −∇MN ,

with

(7.60)
∫

(Td)N
ΨNMN dx = 0 .

Once we have obtained the limit of the covariance matrix, we then need to pass to the
limit in the equation

∂tρ
N,∗ = ∇ · (Aeff,N∇ρN,∗).

We do this by testing against cylindrical test functions, that is to say functions that
depend on a finite number of variables, which, by Definition 7.1, is enough to determine
the limit in P2(P2(Rd)).

Step 1. We start by showing a few a priori estimates. First, we show that for every
1 ≤ i ≤ Nd and k ∈ {1, ..., N} such that i does not belong to the particle k (i.e.
i /∈ [(k − 1)d+ 1, kd]) the solution of the corrector problem (7.59) satisfies

(7.61)
∫

(Td)N
|∇ΨN

i |2MN dx ≤ 1 and
∫

(Td)N
|∇xkΨ

N
i |2MN dx ≤ 1

N − 1
,
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where

∇φ :=
Nd∑
j=1

(∂jφ)ej ∈ RNd and ∇xkφ :=
kd∑

j=(k−1)d+1

(∂jφ)ej ∈ Rd.

for any smooth function φ : (Td)N → R. Testing the ith equation of (7.59) against ΨN
i ,

applying the Cauchy-Schwarz inequality, and using the fact that MN has mass one, we
obtain ∫

(Td)N
MN |∂iΨN

i |2 dx ≤
∫

(Td)N
|∇ΨN

i |2MN dx

=

∫
(Td)N

MN∂iΨ
N
i dx

≤
(∫

(Td)N
MN |∂iΨN

i |2 dx

)1/2

,

which implies the first inequality in (7.61). The second inequality follows due to the
exchangeability of the particles. In fact, for any k1, k2 ∈ {1, ..., N} and i /∈ [(k1 − 1)d +
1, k1d] ∪ [(k2 − 1)d + 1, k2d] we have that up to exchanging the k1 and k2 particles (i.e.
changing variables)

∇xk1
ΨN
i = ∇xk2

ΨN
i .

Combining this with the first inequality of (7.61) we obtain the second inequality of (7.61).
Next, we show that there exists C(β, ‖W‖C1(Td), ‖V ‖C1(Td)) such that

(7.62) ‖(MN)1‖C1(Td) ≤ C and C−1 ≤MN/MN−1 ≤ C,

where MN−1 is the Gibbs measure associated to the quotiented (N − 1)-particle system
(cf. (7.20)) trivially extended to (Td)N and (MN)1 is the first marginal of MN . We start
by rewriting

MN =
1

ZN
exp

(
−β

(
1

2N

N∑
i=1

∑
j 6=i

W (xi − xj) +
N∑
i=1

V (xi))

))

= exp

(
−β

(
1

N

N∑
j=1

W (x1 − xj)−
1

2N(N − 1)

N∑
i,j

W (xi − xj) + V (x1))

))
MN−1

ZN−1

ZN
.

(7.63)

Differentiating the previous expression with respect to x1 we obtain

∇x1MN

=− β

((
1

N
− 1

N(N − 1)

) N∑
j=1

∇W (x1 − xj) +∇V (x1)

)

× exp

(
−β

(
1

N

N∑
j=1

W (x1 − xj)−
1

2N(N − 1)

N∑
i,j

W (xi − xj) + V (x1))

))
MN−1

ZN−1

ZN
.

(7.64)

By (7.63) and (7.64) and the fact that V and W are sufficiently regular, the desired
estimates follows if we can show that ZN−1/ZN is bounded above and below. This follows
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from the following estimate

ZN =

∫
(Td)N

exp

(
−β

(
1

2N

N∑
i=1

∑
j 6=i

W (yi − yj) +
N∑
i=1

V (yi))

))
dy

≥ exp

(
−β
((

N

2(N − 1)
+ 1

)
‖W‖L∞(Td) + ‖V ‖L∞(Td)

))
×
∫

(Td)N
exp

(
−β

(
1

2(N − 1)

N∑
i=2

∑
j 6=i

W (yi − yj) +
N∑
i=2

V (yi)

))
dy

≥C−1ZN−1 ,

and its analogue for the reverse bound.
Step 2. Next we show that we can in a suitable sense decompose MN by the product

(MN)1MN−1. To be precise, we show that for every x1 ∈ Td

(7.65) lim
N→∞

∫
(Td)N−1

(
MN

MN−1

− (MN)1

)2

MN−1 dx2... dxN = 0.

We notice that

(MN)1 =

∫
(Td)N−1

MN dx2... dxN =

∫
(Td)N−1

MN

MN−1

MN−1 dx2... dxN ,

and we rewrite ∫
(Td)N−1

(
MN

MN−1

− (MN)1

)2

MN−1

=

∣∣∣∣ZN−1

ZN

∣∣∣∣2 ∫
(Td)N−1

(
uN −

∫
(Td)N−1

uNMN−1

)2

MN−1

=

∣∣∣∣ZN−1

ZN

∣∣∣∣2
(∫

(Td)N−1

(uN)2MN−1 −
(∫

(Td)N−1

uNMN−1

)2
)
,

where the function uN : Td × (Td)N−1 → R is given by

uN =
ZN
ZN−1

MN

MN−1

= exp

(
−β

(
1

N

N∑
j=2

W (x1 − xj)−
1

2N(N − 1)

N∑
i,j=2

W (xi − xj) + V (x1))

))
.

Therefore, by (7.62), we can show (7.65) if we can show that

(7.66) lim
N→∞

∫
(Td)N−1

(uN)2MN−1 dx2... dxN −
(∫

(Td)N−1

uNMN−1 dx2... dxN

)2

= 0.

This will follow from the chaoticity assumption on MN and a version of the Arzelà–Ascoli
theorem for the limit of symmetric functions, where we employ an idea that was proposed
by Lions [Lio07] in the context of mean field games (cf. [Car, Gol13]).

We show that the sequence of functions {uN}N∈N induces a compact sequence

{UN}N∈N ⊂ C(Td × P(Td))

and that (7.66) can be written in terms of the limit of UN . We start by noticing that uN
is continuous and symmetric in the variables x2 through xN . Furthermore, there exists a
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constant C = C(β,W, V ) such that

∥∥uN∥∥
L∞((Td)N )

≤ C ,
∥∥∇x1u

N
∥∥
L∞((Td)N )

≤ C , and
∥∥∇xju

N
∥∥
L∞((Td)N )

≤ C

N
xj 6= x1 .

Using the symmetry of uN and the previous bound, we can estimate∣∣uN(x1, x2, ..., xN)− uN(y1, ..., yN)
∣∣ =
∣∣uN(x1, xπ(2), ..., xπ(N))− uN(y1, ..., yN)

∣∣
≤CdTd(x1, y1) +

C

N

N∑
i=2

dTd(xπ(i), yi),

with π an arbitrary permutation of the indices {2, 3, ..., N}. Taking the infimum over all
such π, we obtain that∣∣uN(x1, x2, ..., xN)− uN(y1, ..., yN)

∣∣(7.67)

≤C

(
dTd(x1, y1) + d1

(
1

N − 1

N∑
i=2

δxi ,
1

N − 1

N∑
i=2

δyi

))
,

where d1 denotes the 1-Wasserstein distance on P(Td) (cf. Definition C.2). For any
(x1, µ) ∈ Td × P(Td), we define

UN(x1, µ) := inf
(z2,...,zN )∈(Td)N−1

2Cd1

(
µ,

1

N − 1

N∑
i=2

δzi

)
+uN(x1, z2, ..., zN) ∈ C0(Td×P(Td)).

It follows directly form (7.67) that

(7.68) UN

(
x1,

1

N − 1

N∑
i=2

δxi

)
= uN(x1, x2, ..., xN).

Using (7.68) we can rewrite (7.66) as

(7.69) lim
N→∞

∫
P(Td)

(UN)2(x1, ρ) dMN−1(ρ)−
(∫
P(Td)

UN(x1, ρ) dMN−1(ρ)

)2

= 0,

where MN−1 ∈ P(P(Td)) is the empirical measure associated with MN−1 as defined
in Definition 7.2. Next, we show that UN is Lipschitz with respect to the 1-Wasserstein
distance, i.e.

(7.70)
∣∣UN(x1, µ)− UN(y1, ν)

∣∣ ≤ 2C(dTd(x1, y1) + d1(µ, ν)).

By the definition of UN(y1, ν), for every δ > 0 there exists (z2, ..., zN) such that

UN(y1, ν) + δ ≥ 2Cd1

(
ν,

1

N − 1

N∑
i=2

δzi

)
+ uN(y1, z2, ..., zN).
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By the definition of UN(x1, µ), the Lipschitz property of uN (7.67), and the triangle
inequality for d1, we have

UN(x1, µ) ≤2Cd1

(
µ,

1

N − 1

N∑
i=2

δzi

)
+ uN(x1, z2, ..., zN)

≤CdTd(x1, y1) + 2Cd1

(
µ,

1

N − 1

N∑
i=2

δzi

)
+ uN(y1, z2, ..., zN)

≤CdTd(x1, y1) + 2C

(
d1

(
µ,

1

N − 1

N∑
i=2

δzi

)
− d1

(
ν,

1

N − 1

N∑
i=2

δzi

))
+ UN(y1, ν) + δ

≤CdTd(x1, y1) + 2Cd1(µ, ν) + UN(y1, ν) + δ.

Using the fact that δ > 0, (x1, µ) and (y1, ν) are arbitrary, (7.70) follows. Due to the
compactness of Td, the space Td×P(Td) equipped with the metric dTd+d1 is also compact.
Therefore, by the Arzelà–Ascoli theorem and the uniform Lipschitz bound in (7.70), we
have that, up to a subsequence which we do not relabel, there exists U ∈ C0(Td×P(Td))
such that

lim
N→∞

∥∥UN − U
∥∥
C0(Td×P(Td))

= 0.

Finally, we use the assumption that MN−1 → δν̃min ∈ P(P(Td)) (see Remark 7.17),
to obtain that, up to a subsequence,

lim
N→∞

∫
P(Td)

(UN)2(x1, ρ) dMN−1(ρ)−
(∫
P(Td)

UN(x1, ρ) dMN−1(ρ)

)2

=

∫
P(Td)

U2(x1, ρ) dδν̃min(ρ)−
(∫
P(Td)

U(x1, ρ) dδν̃min(ρ)

)2

=U2(x1, ν̃
min)− U2(x1, ν̃

min) = 0 .

As the limit is independent of the subsequence we have chosen, we obtain (7.69), which
implies (7.65).

Step 3. Now we are ready to pass to the limit in the Poisson equation (7.59). As the
dimension where the problem is posed grows, we consider test functions that depend on a
finite number of variables. We take some ϕ ∈

[
C1(Td)

]d and consider its trivial extension
by 1 to

[
C1((Td)N)

]Nd to test the first d equations in (7.59):

(7.71)
∫

(Td)N
MN(x)∇ΨN(x) : ∇x1ϕ dx =

∫
(Td)N

MN(x)∇x1 · ϕ(x1) dx,

where ∇ΨN(x) : ∇x1ϕ denotes the inner product between matrices and we notice that
∇x1ϕ has nontrivial entries only for 1 ≤ i, j ≤ d. Integrating the variables x2 to xN in
the right hand side of (7.71) we obtain

(7.72)
∫

(Td)N
MN(x)∇x1 · ϕ(x1) dx =

∫
Td

(MN)1(x1)∇x1 · ϕ(x1) dx1,

where (MN)1 is the first marginal of MN . For the left hand side of (7.71), we notice that
by Step 1. (7.61) and Step 2. (7.65) we can exchangeMN in the integrand by the product
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MN−1(MN)1 ∣∣∣∣∫
(Td)N

(MN − (MN)1MN−1)∇ΨN : ∇x1ϕ dx

∣∣∣∣
≤‖ϕ‖C1(Td)

d∑
i=1

∫
(Td)N

(
MN

MN−1

− (MN)1

)
|∇x1ΨN

i |MN−1 dx

≤‖ϕ‖C1(Td)

d∑
i=1

‖∇x1ΨN
i |‖L2((Td)N ,MN−1⊗dx)

×
∫
Td

(∫
(Td)N−1

(
MN

MN−1

− (MN)1

)2

MN−1 dx2... dxN

)
dx1(7.73)

=o(1)
N→∞→ 0,

where in the last equality we have used (7.65) and the fact that

sup
x1∈Td

∣∣∣∣∣
∫

(Td)N−1

(
MN

MN−1

− (MN)1

)2

MN−1 dx2... dxN

∣∣∣∣∣ < C ,

independent of N . This enables us to the apply Lebesgue dominated convergence to pass
to the limit in the outer integral. Note that we have also used (7.61) and (7.62) to obtain
the following bound

d∑
i=1

‖∇x1ΨN
i |‖L2((Td)N ,MN−1⊗dx) ≤

d∑
i=1

‖∇x1ΨN
i |‖L2((Td)N ,MN )‖MN−1/MN‖L∞((Td)N ) ≤ C .

Hence, putting together (7.71), (7.72) and (7.73) we obtain
(7.74)∫

Td
(MN)1∇x1

(∫
(Td)N−1

ΨNMN−1 dx2... dxN

)
: ∇x1ϕ dx1 = −

∫
Td

(MN)1∇x1 ·ϕ dx1+o(1).

To pass to the limit in (7.74), we use of the a priori estimates which we proved in Step
1., (7.61) and (7.62), which say that there exists C > 0 such that for every N ∈ N and
i ≤ d we have∥∥∥∥∫

(Td)N−1

ΨN
i MN−1 dx2... dxN

∥∥∥∥
H1(Td)

≤ C and ‖(MN)1‖C1(Td) ≤ C.

Note that we have used the Poincaré inequality on Td (cf. Lemma B.5) to extend the
gradient bound from (7.61) to anH1(Td) bound uniform inN . Moreover, by the chaoticity
assumption MN → δν̃min (see Remark 7.17) we can conclude that as N → ∞ we have
(MN)1 → ν̃min in C0(Td). Then, passing to the limit in (7.74) we can see that any
weak-H1(Td) accumulation point Ψmin ∈

[
H1(Td)

]d of the function(∫
(Td)N−1

ΨN
1 MN−1 dx2... dxN , ...,

∫
(Td)N−1

ΨN
d MN−1 dx2... dxN

)
,

satisfies the equation∫
Td
ν̃min∇x1Ψmin : ∇x1ϕ dx1 = −

∫
Td
ν̃min∇x1 · ϕ dx1

with the condition ∫
Td

Ψminν̃min dx1 = 0,
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which follows from passing to the limit in (7.60) in the same fashion as above. This
uniquely determines the limit Ψmin. Therefore, up to exchanging the coordinates, we can
pass to the limit in the diagonal of (7.58). That is to say for every set of indices i, j
satisfying (k − 1)d ≤ i, j ≤ kd, we have

(7.75) Aeff,N
i,j →

∫
Td
β−1
(
δi,j + ∂j̃Ψ

min
ĩ

)
dν̃min,

where ĩ and j̃ are respectively i and j modulo d. We also notice that using the a priori
estimate (7.61), we have that for every pair of indices i and j satisfying (k1−1)d ≤ i ≤ k1d
and (k2 − 1)d ≤ j ≤ k2d with k1 6= k2

(7.76)
∣∣∣Aeff,N

i,j

∣∣∣ ≤ 1

N − 1

N→∞→ 0 .

Step 4. Finally, we show that we can pass to the limit in the equation

(7.77) ∂tρ
N,∗ = ∇ · (Aeff,N∇ρN,∗) on (0,∞)×

(
Rd
)N

.

We consider a test function ϕ ∈ C2
(
(Rd)n

)
and extend it trivially by 1 to C2

(
(Rd)N

)
.

Testing (7.77) against ϕ we obtain that for every t > 0∫
(Rd)N

ϕρN,∗(t) dx−
∫

(Rd)N
ϕρN,∗(0) dx =

∫ t

0

∫
(Rd)N

∇ · (Aeff,N∇ϕ)ρN,∗(s) dx ds.

Next, we use that ϕ only depends on the first nd variables to obtain
(7.78)∫

(Rd)n
ϕρN,∗n (t) dz −

∫
(Rd)n

ϕρN,∗n (0) dz =

∫ t

0

∫
(Rd)n

∇ · (
[
Aeff,N

]
1≤i,j≤nd∇ϕ)ρN,∗n (s) dz ds,

where ρN,∗n ∈ P2((Rd)n) is the nth marginal of ρN,∗ and
[
Aeff,N

]
1≤i,j≤nd ∈ Rnd×nd is the

first nd× nd coordinates of Aeff,N . Therefore, ρN,∗n is a weak solution of

∂tρ
N,∗
n = ∇ · (

[
Aeff,N

]
1≤i,j≤nd∇ρ

N,∗
n ) on (0,∞)×

(
Rd
)n.

By Step 3., we note that [
Aeff,N

]
1≤i,j≤nd →

[
A∞,eff

min

]
1≤i,j≤nd

where A∞,eff
min ∈ RN×N denotes the matrix which if considered in d × d blocks is diagonal,

with the diagonal given by the constant matrix

Aeff
min = β−1

∫
Td

(I +∇Ψmin) dν̃min ∈ Rd×d ,

which is nondegenerate elliptic by Remark 7.14. Therefore, for N large enough the matrix[
Aeff,N

]
1≤i,j≤nd is uniformly elliptic and we can use standard techniques from parabolic

PDEs to obtain compactness of the curve ρN,∗n in C([0, T ];P2((Rd)n)). By Step 3., we can
use (7.75) and (7.76) to pass to the limit (7.78) and obtain
(7.79)∫

(Rd)n
ϕρ∞n (t) dz −

∫
(Rd)n

ϕρ∞n (0) dz =

∫ t

0

∫
(Rd)n

∇ ·
([
A∞,eff

min

]
1≤i,j≤nd

∇ϕ
)
ρ∞n (s) dz ds.

Equation (7.79) completely characterises lim
N→∞

ρN,∗n =: ρ∞n ∈ P2((Rd)n). In particular, one
can check that the above PDE decouples for each particle and we have that

ρ∞n = (Smin
t #X0)n,
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where Smin
t : P2(Rd)→ P2(Rd) is the solution semigroup associated to

∂tρ = ∇ · (Aeff
min∇ρ) on (0,∞)× Rd ,

and Xn for any X ∈ P2(P2(Rd)) is as defined in Definition 7.1. As the marginals
characterise lim

N→∞
ρN,∗(t) = X(t) ∈ P2(P2(Rd)) (cf. [CDP19b, Lemma 3], Definition 7.1)

and the choice of 1 ≤ n ≤ N was arbitrary, we obtain the desired result

X(t) = Smin
t #X0.

Combining this with Theorem B, we have that, for a fixed t > 0, the solution ρε,N(t)
of (7.3) satisfies

lim
N→∞

lim
ε→0

ρε,N(t) = lim
N→∞

ρN,∗(t) = X(t) = Smin
t #X0 .

7.4. Proofs of Section 7.1.9

In this section, we include the proofs of Corollaries 7.23 and 7.24 and Lemma 7.26.

Proof of Corollary 7.23. The proof follows by combining the results of Corollary 7.11
and Lemma 7.37. Indeed, we can first apply Theorem 7.9 which tells us that:

lim
N→∞

lim
ε→0

ρε,N = S∗t #X0 .

However, from Lemma 7.37, we know that (7.14) can have only one steady state. But Propo-
sitions 7.8 and 7.19 tell us that steady states must be minimisers and minimisers always
exist. Thus, for β ∈ (0, β0], we have that ν̃∗ = ν̃min, the unique minimiser. It follows that:

lim
N→∞

lim
ε→0

ρε,N = S∗t #X0 = Smin
t #X0 .

The limit the other way around follows by applying Theorem 7.16 and using the fact that
ẼMV has a unique minimiser. �

Proof of Corollary 7.24. Since lim
ε→0

ε−dρ0(ε−1x) = δ0 ∈ P2(Rd), one can check that

lim
N→∞

lim
ε→0

ρε,N0 = lim
ε→0

lim
N→∞

ρε,N0 = δδ0 = X0 .

The proof of the limit ε→ 0 followed by N →∞ follows by simply applying Theorem 7.16
and using the fact that for β < βc, ẼMV has a unique minimiser ν̃min(cf. Definition 7.18
and Proposition 7.8).

For the other limit, since the initial data ρε,N0 is rapidly varying, the corresponding
initial data for (7.13) is precisely ρ⊗N0 and is independent of ε > 0. Thus, we need
to show that (A3) holds for some fixed initial data ν̃0 ∈ P(Td) independent of ε >
0. Here ν̃0 is the periodic rearrangement of ρ0. We will prove this by using the fact
that if β < βc, then (7.14) has a unique steady state, namely ν̃∞ ≡ 1. This follows
simply from our definition of a phase transition and by plugging ν̃∞ into the right hand
side of (7.14). We divide the proof into two steps. In Step 1, we show that solutions
of (7.14) enjoy certain compactness properties and converge to ν̃∞ along some time-
divergent subsequences. In Step 2, we will show that if ν̃0 is close to ν̃∞ in an appropriate
topology, then this convergence happens exponentially fast and along the whole trajectory,
if β < βc. Combining these together will then establish (A3).

Step 1. By parabolic regularity theory, for any positive time t > 0 the solution ν̃(t)
of (7.14) is smooth for any positive time. Thus, we can assume without loss of generality
that ν̃0 ∈ C∞(Td). Furthermore, as discussed in Sections 1.3 and 7.1.4, (7.14) is a gradient
flow of ẼMV with respect to the 2-Wasserstein metric d2 on P(Td). It follows from [AGS08,
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Theorem 11.1.3] and Definition 1.12, that we have the following energy-dissipation identity
for a.e. t > 0 along solutions of (7.14):

d

dt
ẼMV (ν̃(t)) = −

∣∣∣∂ẼMV
∣∣∣2(ν̃(t)) = −

∫
Td

∣∣∣∣∇ log
ν̃(t)

e−βW?ν̃(t)

∣∣∣∣2ν̃ dx .

Integrating from 0 to ∞ and using the fact that the periodic mean field free energy ẼMV

is bounded below (cf. Lemma 3.7), we obtain:∫ ∞
0

∫
Td

∣∣∣∣∇ log
ν̃(t)

e−βW?ν̃(t)

∣∣∣∣2ν̃(t) dx dt ≤ C ,

for some constant C > 0. Thus, there must exist a sequence of times tn →∞ such that

lim
n→∞

∫
Td

∣∣∣∣∇ log
ν̃(tn)

e−βW?ν̃(tn)

∣∣∣∣2ν̃(tn) dx = 0 .

Since |∇W ? ν̃(t)| ≤ ‖∇W‖L∞(Td), the above limit implies the following bound along the
sequence tn: ∫

Td

∣∣∣∇√ν̃(tn)
∣∣∣2 dx =

∫
Td
|∇ log ν̃(tn)|2ν̃(tn) dx ≤ C .

Using the fact that ν̃(t) ∈ P(Td), we have that
∥∥∥√ν̃(tn)

∥∥∥
H1(Td)

≤ C. Thus, there exists

a subsequence of times tnk and a function f ∈ H1(Td) such that√
ν̃(tnk)

k→∞→ f strongly in L2(Td), weakly in H1(Td) .

Furthermore, we have that∥∥ν̃(tnk)− f 2
∥∥
L1(Td)

=

∥∥∥∥(√ν̃(tnk) + f

)(√
ν̃(tnk)− f

)∥∥∥∥
L1(Td)

≤
∥∥∥∥√ν̃(tnk) + f

∥∥∥∥
L2(Td)

∥∥∥∥√ν̃(tnk)− f
∥∥∥∥
L2(Td)

≤
(

1 + ‖f‖L2(Td)

)∥∥∥∥√ν̃(tnk)− f
∥∥∥∥
L2(Td)

k→∞→ 0 .

Thus,
∫
Td f

2 dx = 1, f 2 ≥ 0, and thus f 2 ∈ P(Td). One can also check that the metric

slope
∣∣∣∂ẼMV

∣∣∣ is lower semicontinuous with respect to L1 convergence. Thus,∫
Td

∣∣∣∣∣∇ log
f̃ 2

e−βW?f2

∣∣∣∣∣
2

f 2 dx ≤ lim inf
k→∞

∫
Td

∣∣∣∣∇ log
ν̃(tnk)

e−βW?ν̃(tnk )

∣∣∣∣2ν̃(tnk) dx = 0 .

It follows then that
∣∣∣∂ẼMV

∣∣∣(f 2) = 0 and from Proposition 7.8, that f 2 ∈ P(Td) is a
steady state of (7.14). Since ν̃∞ is the only stationary solution for β < βc, it must hold
that f 2 = ν̃∞ and that

lim
k→∞

∥∥ν̃tnk − ν̃∞∥∥L1(Td)
= 0 .

Step 2. We now use [CP10, Theorem 2.11] which tells us that if

β < β] := −(min
k
Ŵe(k))−1

and ‖ν̃0 − ν̃∞‖L1(Td) < ε0, then

‖ν̃(t)− ν̃∞‖L1(Td) ≤ ‖ν̃0 − ν̃∞‖L1(Td)e
−Ct ,
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for some C > 0, ε0 > 0, and all t ≥ 0. Since we know from the previous step that
limk→∞‖ν̃(tnk)−ν̃∞‖ = 0, there must exist some time T > 0 such that ‖ν̃(T )−ν̃∞‖L1(Td) <
ε0. We also know from Proposition 3.27 that βc ≤ β]. Thus, for all β < βc, we have that

‖ν̃(t)− ν̃∞‖L1(Td) ≤ CT e
−C(t−T ) ,

where CT := maxs∈[0,T ]‖ν̃(s) − ν̃∞‖L1(Td) ≤ 2. Thus, we have shown that (A3) holds,
completing the proof of the first part of the result.

We remind the reader that W ∈ Hs means that Ŵe(k) ≥ 0 for all k ∈ Zd. For
the second half of the result, we use the fact W ∈ Hs implies, by Proposition 7.21, that
βc = +∞ and thus the result of the corollary necessarily holds for all β < +∞ and rapidly
varying initial data. We now sketch how to extend the result to all chaotic initial data.
We note that by applying Duhamel’s formula for the solution of (7.14) one can show that
there exists a time, say t′ = 1 > 0, such that for all initial data H(ν̃(1)|ν̃∞) < C for
some fixed constant C ≥ 0. Additionally, we can apply Proposition 3.14, to assert that
for W ∈ Hs and all β <∞ , we have that

H(ν̃(t)|ν̃∞) ≤ H(ν̃(1)|ν̃∞)e−C1(t−1) ,

for all t ≥ 1. Since the relative entropy controls the 2-Wasserstein distance (cf. Propo-
sition C.7 and Lemma B.7), we can apply Corollary 7.11 to complete the proof of the
result. �

Proof of Lemma 7.26. We know from Proposition 7.8 that steady states of the quo-
tiented periodic system (7.14) are equivalent to solutions of the self-consistency equa-
tion (7.16), which we rewrite as

ν̃ =
e−β(V+W?ν̃)

Z
, Z =

∫
T
e−β(V+W?ν̃) dx .(7.80)

We also know from Proposition 7.19 that for β sufficiently small the map in the above
expression has a unique fixed point. Thus (7.14) has a unique steady state for β sufficiently
small. Since minimisers of ẼMV exist and are always steady states (cf. Propositions 7.8
and 7.19), it must also be the unique minimiser of ẼMV . We argue further that any
minimiser of ẼMV must be symmetric about x = 1/2 and decreasing from 0 to 1/2.
This follows directly from the Baernstein–Taylor inequality for spherical rearrangements
of functions [BT76].

To investigate the problem ahead of the phase transition, we consider (7.80). Plugging
our choice of V and W and testing against cos(2πx) we can simplify this to

ν̃1 = Z−1

∫
Td

cos(2πx) exp(β(cos(2πx)(η + ν̃1) + sin(2πx)ν̃−1)) dx ,

where ν̃1 = 〈ν̃, cos(2πx)〉L2(Td) and ν̃−1 = 〈ν̃, sin(2πx)〉L2(Td). Let us consider the problem
when ν̃−1 = 0, as this corresponds to the setting when ν̃ is symmetric about x = 1/2.
Simplifying further we obtain:

ν̃1 = Z−1

∫
Td

cos(2πx) exp(β(cos(2πx)(η + ν̃1))) dx .

Using the fact the modified Bessel functions of the first kind can be expressed as In(y) =∫
T cos(2πnx)ey cos(2πx) dx, we obtain:

ν̃1 = r0(β(η + ν̃1))
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where r0(x) := I1(x)/I0(x), and I1,I0 are first and zeroth modified Bessel functions of the
first kind. Setting β(η + ν̃1) = a we simplify the above expression to

a = β(η + r0(a)) .(7.81)

The function r0(a) has the following properties (cf. Proposition 3.47):

r0(0) =0

lim
a→∞

r0(a) =1 lim
a→−∞

r0(a) = −1(7.82)

r′′0(a) <0, a > 0(7.83)

Note that only solutions of (7.81) with a ≥ 0 can be minimisers of the free energy, as for
a < 0 the solutions are increasing from 0 to 1/2. We argue now that (7.81) has exactly
one solution for a > 0, for all β > 0. Consider the function F : R→ R defined as follows

F (a) := β(η + r0(a))− a .

We know that F (0) = βη > 0. Furthermore for a large enough and positive we have that
F (a) < 0, using (7.82). Thus, by the intermediate value theorem, for every fixed β > 0,
we can find at least one amin > 0 such that F (amin) = 0. Now if F (amin) = 0 for some
amin > 0, we must have that βr′0(amin) < 1. If not, we would have that

F (amin) =βη +

∫ amin

0

(βr′0(a)− 1) da

≥βη + amin(βr′0(amin)− 1) > 0 ,

which is a contradiction. In the last inequality, we have used (7.83). This implies that

F ′(amin) = βr′0(amin)− 1 < 0 .

Also

F ′′(a) = βr′′0(a) < 0 .

Thus, once F ′(a) < 0 it remains negative for all a > 0. It follows that F (amin) = 0 for only
one amin > 0. Since this is the only symmetric decreasing solution of (7.16) it corresponds
to the unique minimiser of ẼMV through the expression in (7.25). It is also must be the
unique steady state obtained using the contraction argument earlier in the proof.

We will now show that for β large enough we can find another solution of (7.81) for
a < 0. Let η = 1 − δ for some δ ∈ (0, 1). From (7.82) we know that there exists some
a′ < 0 such that for all a ≤ a′, r0(a) < −1 + δ/2. We then have that

F (a′) =β − βδ + βr0(a′)− a′

<− β δ
2
− a′ .

Furthermore , since r0(a) is an odd function and η > 0, if amin is a solution of (7.81), then
−amin cannot be a solution. It follows that a∗ 6= −amin. �

7.5. Coupling arguments

In this section, we will use coupling techniques introduced by Eberle and co-authors
(cf. [Ebe11, Ebe16, EGZ19, DEGZ18]) to show some necessary results required for our
proofs of Theorem 7.9 in Section 7.2. For the sake of notational convenience, we set
d = 1. The proofs in higher dimensions follow in a similar manner. Following the strategy
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in [DEGZ18], we construct a new metric which is equivalent to the 1-Wasserstein metric
on P(T). We define the constant

κ := inf
x∈T

V ′′(x) + inf
x∈T

W ′′(x) ≤ 0 ,

which gives a lower bound of the semi-convexity of the function of V and V +W ? ν̃∗ on
T. Next, we define the following functions on [0, 1/2]:

(7.84)

ψ(r) := exp

(
βκr2

8

)
, Φ(r) :=

∫ r

0

ψ(s) ds ,

g(r) := 1− c

2

∫ r

0

Φ(s)(ψ(s))−1 ds, c :=

(∫ 1/2

0

Φ(s)(ψ(s))−1 ds

)−1

≥ β|κ|

4
(
e
β|κ|
32 − 1

) .
We note that g(r) ∈ [1/2, 1] for all r ∈ [0, 1/2] and limβ→0+ c = 1/8. Additionally, both ψ
and g are decreasing functions of r. Thus, the function f : [0, 1/2]→ [0, 1/2] defined as

f(r) :=

∫ r

0

g(s)ψ(s) ds ,

is increasing and subadditive. Furthermore, we have the bounds

ψ(1/2)

2
r ≤ f(r) ≤ Φ(r) ≤ r .(7.85)

Thus, df (x, y) := f(dT(x, y)) defines a metric on T which is equivalent to dT. The main
point of this construction is to obtain the following inequality

f ′′(r)− βrκf
′(r)

4
≤ − c

2
f(r) for all r ∈ [0, 1/2].(7.86)

This easily follows from the following computation:

f ′′(r)− βrκf
′(r)

4
=βr

κ

4
f ′(r)− c

2
Φ(r)− βrκf

′(r)

4
= − c

2
Φ(r) ≤ − c

2
f(r) .

Moreover, we define the Lipschitz functions ϕδr, ϕδs : R→ R for some δ > 0, such that

(ϕδr)
2(x) + (ϕδs)

2(x) = 1 ϕδr(x) =

{
0 γ(|x|) ≤ δ/2

1 γ(|x|) > δ
(7.87)

where the function γ : R+ → [0, 1/2] maps Euclidean distances to distances on the torus

γ(|x|) :=

{
(|x| mod 1) (|x| mod 1) ≤ 1/2

1− (|x| mod 1) otherwise
.

The introduction of the function γ to account for the periodic setting is the main difference
with the results in the literature [Ebe11, Ebe16, EGZ19, DEGZ18]. We have the following
result:

Lemma 7.36. Assume that (A3) holds and consider the two SDEs in (7.48) and (7.56).
Then there exists a coupling of (Ẋt, Ẏ

ε
t ) and a metric df on Td which is equivalent to dTd

such that

sup
ε>0

E
[
df (Ẋt, Ẏ

ε
t )2
]
→ 0

as t→∞.
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Proof. Again, for convenience, we write the proofs in 1 dimension. The generalization
to higher dimensions follows along similar lines. We start the proof by using the metric
df defined previously. We now proceed to construct the coupling between the two pro-
cesses by considering the corresponding processes on R, i.e. Y ε

t and Xt. We assume that
Law(X0) = ν∗ ∈ P2(R) such that the periodic rearrangement of ν∗ is precisely ν̃∗.

Let B1
t and B2

t be two independent standard Wiener processes which are also in-
dependent of the initial conditions. We then couple the processes in a similar manner
to [EGZ19] as follows

(7.88){
dY ε

t = −V ′(Y ε
t ) dt−W ′ ? ν̃ε(t)(Y ε

t ) dt+
√

2β−1
(
ϕδr(Et)dB

1
t + ϕδs(Et)dB

2
t

)
Law(Y0) = νε0 ∈ P2(R) ,

{
dXt = −V ′(Xt) dt−W ′ ? ν̃∗(Xt) dt+

√
2β−1

(
−ϕδr(Et)dB1

t + ϕδs(Et)dB
2
t

)
Law(X0) = ν∗ ∈ P2(R) .

(7.89)

where Et := Y ε
t −Xt and X0, Y0 are independent. This above coupling corresponds to a

combination of reflection and synchronous coupling. Note that we have suppressed the
dependence on δ for the sake of notational convenience. However, in the limit as δ → 0+

the processes Xt and Y ε
t converge P-a.s. to corresponding limits with only reflection

coupling. We also define the following function

et :=

{
Et
|Et| |Et| > 0

0 otherwise
.

Subtracting (7.89) from (7.88) and using the same arguments as in [EGZ19] we obtain

d|Et| =− (V ′(Y ε
t ) +W ′ ? ν̃ε(t)(Y ε

t )− V ′(Xt)−W ′ ? ν̃∗(Xt))(et) dt

+ 2
√

2β−1ϕδr(Et)etdB
1
t .

Note now that the function R+ 3 x → γ(x) is a function whose derivatives are of lo-
cally bounded variation. Thus, it can be expressed as the difference of two convex func-
tions [Har59, Theorem (I)]. We can thus apply the Meyer–Tanaka formula [KS91, Theorem
6.22] to it, to obtain

γ(|Et|) =γ(|E0|)−
∫ t

0

γ′`(|Es|)(V ′(Ys)−W ′ ? ν̃ε(s)(Ys)− V ′(Xs)−W ′ ? ν̃∗(Xs))(es) ds

+

∫ t

0

γ′`(|Es|)2
√

2β−1ϕδr(Es)esdB
1
s +

∫
R+

Λt(a) dγ′′−(a) ,

where γ′` is the left derivative of γ, Λt is the local time of the process |Et|, and γ′′− is
the negative part γ′′ the distributional derivative of γ. We can throw away the positive
part as ϕδr(0) = 0, so the local time does not charge it. The reader should note that
γ(|Et|) = dT(Ẋt, Ẏ

ε
t ), i.e. it is distance on the torus between the quotiented processes.

Since the local time is an adapted nondecreasing continuous process it follows that At :=∫
R+

Λt(a) dγ′′−(a) is an adapted nonincreasing continuous process.
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Since γt := γ(|Et|) is a continuous semimartingale we can apply Itô’s formula to f(γt)
to obtain

df(γt) =− f ′(γt)γ′`(|Et|)(V ′(Y ε
t ) +W ′ ? ν̃ε(t)(Y ε

t )− V ′(Xt)−W ′ ? ν̃∗(Xt))(et) dt

+ f ′(γt)dAt + γ′`(|Et|)2
√

2β−1ϕδr(Et)etdB
1
t

+ 4f ′′(γt)β
−1(ϕδr(Et))

2(γ′`(|Et|))2 dt

Next, we note that since f ′(x) ≥ 0 and At is nonincreasing we have the bound

df(γt) ≤− f ′(γt)γ′`(|Et|)(V ′(Y ε
t ) +W ′ ? ν̃∗(Y ε

t )− V ′(Xt)−W ′ ? ν̃∗(Xt))(et) dt

+ f ′(γt)γ
′
`(|Et|)(−W ′ ? ν̃ε(t)(Y ε

t ) +W ′ ? ν̃∗(Y ε
t ))(et)

+ γ′`(|Et|)2
√

2β−1ϕδr(Et)etdB
1
t

+ 4f ′′(γt)β
−1(ϕδr(Et))

2 dt

≤− f ′(γt)γ′`(|Et|)(V ′(Y ε
t ) +W ′ ? ν̃∗(Y ε

t )− V ′(Xt)−W ′ ? ν̃∗(Xt))(et) dt(7.90)

+ ‖f ′‖L∞(T)‖γ
′
l‖L∞(T)‖W ′′‖L∞(T)d2(ν̃ε(t), ν̃∗) dt+ γ′`(|Et|)2

√
2β−1ϕδr(Et)etdB

1
t

+ 4f ′′(γt)β
−1(ϕδr(Et))

2 dt,

where in the second inequality we have used the dual formulation of the 1-Wasserstein
distance. Consider now the 1-periodic function F := V + W ? ν̃∗, using the definition of
γ and κ we have the inequality

γ′`(|Et|)(F ′(Y ε
t )− F ′(Xt))(et) ≥κdT(Ẋt, Ẏt) = κγt .

Applying this estimate to (7.90) and using the fact that f ′ > 0 we obtain

df(γt) ≤− κf ′(γt)γt dt+ 4f ′′(γt)β
−1(ϕδr(Et))

2 dt

+ ‖W ′′‖L∞(T)d1(ν̃ε(t), ν̃∗) dt+ γ′`(|Et|)2
√

2β−1ϕδr(Et)etdB
1
t .

=− κf ′(γt)γt(ϕδr(Et))2 dt+ 4f ′′(γt)β
−1(ϕδr(Et))

2 dt+ κf ′(γt)γt((ϕ
δ
r(Et))

2 − 1) dt

+ ‖W ′′‖L∞(T)d1(ν̃ε(t), ν̃∗) dt+ γ′`(|Et|)2
√

2β−1ϕδr(Et)etdB
1
t .

Applying the differential inequality for f (7.86), f ′ ≤ 1, and the definition of ϕδr (7.87)
we obtain

df(γt) ≤− 2cβ−1f(γt)(ϕ
δ
r(Et))

2 dt+
|κ|
2
δ dt+ ‖W ′′‖L∞(T)d1(ν̃ε(t), ν̃∗) dt

+ γ′`(|Et|)2
√

2β−1ϕδr(Et)etdB
1
t

≤− 2cβ−1f(γt) dt+ 2cβ−1f(δ) dt+
|κ|
2
δ dt+ ‖W ′′‖L∞(T)d1(ν̃ε(t), ν̃∗) dt

+ γ′`(|Et|)2
√

2β−1ϕδr(Et)etdB
1
t .

Taking the expectation of the above expression and passing to the limit as δ → 0+, we
obtain

d

dt
E[f(γt)] ≤ −2cβ−1E[f(γt)] + ‖W ′′‖L∞(T)d1(ν̃ε(t), ν̃∗) .

It follows by Gronwall’s lemma that

E[f(γt)] ≤ e−2cβ−1tE[f(γ0)] + ‖W ′′‖L∞(T)e
−2cβ−1t

∫ t

0

e2cβ−1sd1(ν̃ε(t), ν̃∗) ds .(7.91)



7.5. COUPLING ARGUMENTS 231

Applying (A3), we have that E
[
dT(Ẋt, Ẏ

ε
t )
]

= E[f(γt)] → 0 as t → ∞, Ẋt and Ẏ ε
t are

the coupled quotiented processes obtained in the limit as δ → 0+. This completes the
proof. �

Lemma 7.37. Given V and W , there exists an explicit β0 depending V and W such
that for

β ≤ β0

there exists a unique minimiser and critical point, ν̃min ∈ P(Td), of the periodic mean
field energy (7.15) and C2 depending on β, W and V such that

d2
2(ν̃(t), ν̃min) ≤ e−C2t,

where ν(t) is the solution to the periodic McKean–Vlasov equation (7.14) with arbitrary
initial data ν̃0 ∈ P(Td).

Proof. As done previously, we state the proof in 1 dimension for the sake of simplicity.
Clearly for β small enough, by Proposition 7.19, the periodic mean field energy has a
unique minimiser, ν̃min. Similar to the proof of (7.36), we consider the processes on R{

dYt = −V ′(Yt) dt−W ′ ? ν̃(t)(Yt) dt+
√

2β−1
(
ϕδr(Et)dB

1
t + ϕδs(Et)dB

2
t

)
Law(Y0) = ν0 ∈ P2(R) ,{
dXt = −V ′(Xt) dt−W ′ ? ν̃min(Xt) dt+

√
2β−1

(
−ϕδr(Et)dB1

t + ϕδs(Et)dB
2
t

)
Law(X0) = νmin ∈ P2(R) .

such that ν̃0, ν̃
min are the periodic rearrangements of ν0, ν

min, respectively. We obtain the
inequality (7.91)

E[f(γt)] ≤ e−2cβ−1tE[f(γ0)] + ‖W ′′‖L∞(T)e
−2cβ−1t

∫ t

0

e2cβ−1sd1(ν̃(s), ν̃min) ds,

where γt = dT(Ẋt, Ẏt). Using the fact that Law(Ẏt) = ν̃(t) and Law(Ẋt) = ν̃min and
applying the bounds from (7.85), we obtain

e
βk
32

2
d1(ν̃(t), ν̃min) ≤ df (ν̃(t), ν̃min) ≤ E[f(γt)].

Combining this with the previous identity and applying the integral version of Gronwall’s
lemma we obtain

d1(ν̃(t), ν̃min) ≤ exp
(
−2cβ−1t

)
+ t exp

(
−t
(
β−1c− e−

βk
32
‖W ′′‖L∞(T)

))
Using the lower bound for c (7.84), we have the following: if

|κ|

4e
β|κ|
32

(
e
β|κ|
32 − 1

) ≥ ‖W ′′‖L∞(T),(7.92)

then there exists C2 > 0 such that
d1(ν̃(t), ν̃min) ≤ e−C2t.

By making β smaller than some β0, (7.92) can be achieved.
�
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CHAPTER 8

Conclusions and future perspectives

In this chapter, we will summarise the results in this thesis and discuss some open
questions related to them which could be addressed in future research.

8.1. Phase transitions and long-time behaviour

In Chapters 3 and 4 we have discussed in detail the bifurcations and phase transitions
of the McKean–Vlasov (MVE) and aggregation-diffusion (ADEm) equations. We have
shown how rich the associated free energy landscape can be for certain interaction poten-
tials. A question we have left unanswered is the long-time behaviour of the solutions of
these equations. While the the long-time behaviour before the phase transition has been
studied in quite some detail (cf. [CMV03]), the literature on the behaviour ahead of the
phase transition is sparse. The only result seems to be the work by Giacomin, Pakdaman,
and Pellegrin [GPP12] on the Kuramoto model with identical oscillators.

Together with J. A. Carrillo and J. Wu, we intend to study the long-time behaviour of
these equations using techniques from the theory of gradient flows and dynamical systems.
We hope to be able to obtain information on long-time behaviour of these systems both
before and after the phase transition. Additionally, together with J. A. Carrillo and Q.
Wang, we intend to study the long-time behaviour of the Keller–Segel model on Td with
quadratic porous medium diffusion using similar techniques. This work will rely on similar
regularity estimates to those derived in Theorem 4.3 to obtain the necessary compactness
of the solution curves.

Question 8.1. Can one characterise the long-time behaviour of the McKean–Vlasov
equation (MVE) and the aggregation-diffusion equation (ADEm) ahead of the phase tran-
sition?

8.2. Rearrangements in clusters

In Chapter 5 we presented the proof of a new rearrangement inequality on Td (cf. Theo-
rem 5.7) and used it to study the symmetries of the minimisers of EMV

β and EAD
β,m. It would

be interesting to see if this can be generalised further. Let us assume that V,W ∈ C2(T)
are such that they have n-equally spaced “valleys” for e.g. − cos(nx). Then, is it true
that the minimisers of the corresponding energies have n-equally spaced “peaks”? It turns
out that this question can be made precise by defining a notion of cluster rearrangements.
We have obtained preliminary results that indicate that a rearrangement inequality for
such cluster rearrangements may hold true.

Question 8.2. Is it possible to generalise the rearrangement inequality for the toroidal
decreasing rearrangement to the cluster rearrangement?

8.3. Dynamical metastability

In Chapter 6 we discussed the phenomenon of noise-induced metastability in sys-
tems of interacting diffusions. It turns out that these systems exhibit another form of
metastability: dynamical metastability. This phenomenon manifests itself at the level of
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the mean field PDE. Consider, for example, the McKean–Vlasov equation (MVE) with
Ω = Rd and V,W ∈ C2

b (Rd). Then, it follows from [CDP19a, Theorem 3.1] that the
equation has no stationary solutions ρ ∈ P(Rd). However, numerical simulations indi-
cate (cf. [CCY19, ]) that for locally attractive W and sufficiently localised initial data
solutions of the McKean–Vlasov equation converge exponentially fast to a slow manifold
of clustered states. Following this convergence, they remain on the slow manifold for a
long period of time, slowly leaking mass as they converge to 0. This separation of time
scales is commonly referred to as dynamical metastability. It was studied by Otto and
Reznikoff [OR07] in the context of the one-dimensional Allen–Cahn equation. Together
with A. Schlichting, we are working on obtaining a rigorous characterisation of this phe-
nomenon for the McKean–Vlasov equation with V = 0 and W chosen to be the negative
Gaussian with a sufficiently small variance.

Question 8.3. Can one obtain a rigorous characterisation of dynamical metastabil-
ity for the McKean–Vlasov equation with smooth and bounded interaction and confining
potentials?

8.4. Asymptotics of the Poincaré constant

In Chapter 7 we studied the behaviour of the interacting system of diffusions in the
joint mean field and diffusive limit. The study the limit ε → 0 followed by N → ∞
(cf. Theorem 7.16) was reduced to studying the behaviour of the associated effective
covariance matrix Aeff,N , where Aeff,N is given by

Aeff,N = β−1

∫
(Td)N

(I +∇ΨN)MN dx ,

with MN the Gibbs measure of the N -particle system (cf. (1.9)) and ΨN the solution of
the associated corrector problem (7.21). The techniques we used to pass to this limit
may also prove useful in passing to the limit N → ∞ in the Poincaré constant of the
Gibbs measure MN , i.e. the first non-zero eigenvalue of the generator LN of the system
of interacting diffusions. This is equivalent to passing to the limit in the minimiser of the
associated Dirichlet form:

λN1 = min
S1

−
〈
ϕN , LNϕ

N
〉
L2(Rd,MN )

= min
S1

∫
Ω

∣∣∇ϕN ∣∣2MN dx ,(8.1)

with S1 = {ϕN ∈ H1(Rd,MN) : ‖ϕN‖L2(Rd,MN ) = 1}. As can be seen from (8.1), the
expression for the Dirichlet form is quite similar in structure to the expression for the
effective covariance matrix Aeff,N . Thus, we may be able to use similar techniques to pass
to the limit N →∞. The behaviour of the Poincaré constant λN1 in the limit as N →∞
will tell us how the rate of convergence of the associated Fokker–Planck equation (7.3)
to its invariant measure MN will behave in the limit. If the mean field system exhibits a
phase transition, one would expect this rate of convergence to degenerate at the critical
temperature. This is a work in progress with G. A. Pavliotis.

Question 8.4. Can one study the limit N →∞ of the Poincaré constant λN1 ?
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APPENDIX A

Functional analysis and bifurcation theory

A.1. Functional analysis

In this section, we will discuss some facts from functional analysis which will be useful
for the results in this thesis. Let X be a Banach space over R, i.e. a complete, normed,
vector space over R with the norm denoted by ‖·‖X . Let X ′ be its topological dual and
denote by 〈·, ·〉X′,X the dual pairing between X,X ′. X ′ is a Banach space when equipped
with the norm

‖x′‖X′ := sup
x∈X,‖x‖X≤1

〈x′, x〉X′,X ,

for any x′ ∈ X ′. As is usual, we refer to the normed topologies on X and X ′ as the
strong topologies. Furthermore, we refer to the coarsest topology on X such that all
elements x′ ∈ X ′ are continuous as the weak topology on X. Similarly, we refer to the
coarsest topology on X ′ such that for all elements x ∈ X ⊂ (X ′)′ the maps X ′ → R,
X ′ 3 x′ 7→ 〈x′, x〉 are continuous as the weak-∗ topology on X ′. We start with the
following useful characterisation of lower semicontinuity on X.

Theorem A.1 ([Bre11, Theorem 3.7, Corollary 3.9]). Let F : X → (−∞,+∞] be a
proper, convex function. Then F is l.s.c in the strong topology if and only if it is l.s.c in
the weak topology on X.

Proof. The proof follows from the fact that a convex set is closed in the strong topology
on X if and only if it is closed in the weak topology on X. The implication one way
is clearer since the weak topology is coarser than the strong topology. Now let C be
convex and closed in the strong topology on X. We will show that Cc is open in the weak
topology. Let x0 ∈ Cc. Then by the Hahn–Banach theorem we can find some hyperplane
separating {x0} and C, i.e. there exists a x′ ∈ X ′ and α ∈ R such that

〈x′, x0〉X′,X < α < 〈x′, y〉X′,X ∀y ∈ C .

Then the set {x ∈ X : 〈x′, x〉X′,X < α} ⊂ Cc contains x0 and is open in the weak
topology. �

We denote by L(X) the space of bounded linear operators on X. We equip this with
the norm

‖T‖L(X) := sup
x∈X,‖x‖≤1

‖Tx‖X .

One can check that this turns L(X) into a Banach space. We say an operator T ∈ L(X)
is compact if the image of on any bounded set is relatively compact. We denote by
K(X) ⊂ L(X) the space of compact operators. We say that on operator T ∈ L(X)
is completely continuous if it maps weakly convergent sequences to strongly convergent
sequences. It is clear that all compact operators are completely continuous since any
weakly convergent sequence is bounded. Furthermore, we have the following result:

Theorem A.2 (Banach–Alaoglu). Let X be a Banach space and X ′ its dual. The
closed unit ball x′ ∈ X ′ : ‖x‖X′ ≤ 1 is compact in the weak-∗ topology.
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If X is reflexive, then the weak and weak-∗ topologies on X ′ are the same. Thus if
T ∈ L(X ′) is completely continuous operator, for X ′ the dual of a reflexive space, any
bounded set is compact in the weak and weak-∗ topologies on X ′. It follows that T must
be compact. We now introduce the following class of operators that will play a role in
the bifurcation analysis in Chapters 3 and 4:

Definition A.3 (Fredholm operator). An element of T ∈ L(X) is said to be a Fred-
holm operator if its kernel ker(T ) := {x ∈ X : Tx = 0} and cokernel coker(T ) :=
X/ Im(T ) are finite dimensional. We define the index ind(T ) of a Fredholm operator to
be

ind(T ) := dim ker(T )− dim coker(T ) .

We have the following characterisation of Fredholm operators:

Lemma A.4 ([Dav07, Theorem 4.3.4, Lemma 4.3.3]). We have the following:
(a) If T is Fredholm, then its range Im(T ) is closed.
(b) If T ∈ K(X), then I + T is Fredholm.

Proof. We start with the proof of Lemma A.4(a). We know that ker(T ) is finite dimen-
sional. So it has a closed complementary subspace Y1 ⊂ X by the Hahn–Banach theorem.
Furthermore, the map T : Y1 → Im(T ) is a bijection. Let Y2 be a finite dimensional com-
plementary subspace of Im(T ), which necessarily exists since dim coker(T ) < ∞. Note
then that the mapping T2 : Y1 ⊕ Y2 → X given by

T2(y1 ⊕ y2) = Ty1 + y2 ,

is bounded and invertible. Thus, by the inverse mapping theorem, T−1
2 is bounded (and

therefore continuous). It follows that the set (T−1
2 )−1(Y1 ⊕ {0}) = T2(Y1 ⊕ {0}) = Im(T )

is closed.
We now proceed to the proof of Lemma A.4(b). We first prove that ker(I+T ) is finite

dimensional. If not, we could find a sequence {xn}n∈N ⊂ ker(I + T ) such that ‖x‖X = 1
and ‖xn − xm‖X ≥ 1/2 for all n,m ∈ N. It follows that T ({xn}n∈N) = {λxn}n∈N has no
convergent subsequence. This is not possible since {xn}n∈N is bounded T is compact. We
now decompose X = ker(I + T ) + Y1 where Y1 is the closed complementary subspace of
ker(I + T ). We will now show that Im(I + T ) is closed. Let yn ∈ Im(I + T ) be such that
‖yn−y‖X → 0 as n→∞ for some y ∈ X. Then we can find a sequence {xn}n∈N ⊂ Y1 such
that yn = (I + T )xn. Assume {xn}n∈N is not bounded, then we can find a subsequence,
which we do not relabel, such that ‖xn‖X → ∞ as n → ∞. We define x1

n = xn/‖xn‖X .
Then, we have that y1

n := (I + T )x1
n → 0 as n→∞ in ‖·‖X . Since T is compact we have

that x1
n = −Tx1

n + y1
n has a convergent subsequence. Thus we have that ‖x1

n − x1‖X → 0
as n → ∞, where ‖x1‖X = 1 x1 ∈ Y1, and x1 = −Tx1. Since (I + T ) is injective on
Y1 it follows that x =1 0. Thus, we have obtained a contradiction and {xn}n∈N must be
bounded.

Now that we know that {xn}n∈N is bounded we have, by the compactness of T , that
xn = (−Txn+yn) has a convergent subsequence. Passing to the limit in this subsequence,
we have that x = −Tx+ y. It follows that y = (I + T )x and so Im(I + T ) is closed. Now
since Im(I+T ) is closed it follows from [Bre11, Theorem 3.19] that its codimension is the
dimension of ker(I + T ∗) on X ′ where T ∗ is the adjoint of T . Since T ∗ is also compact,
dim ker(I + T ∗) <∞, completing the proof. �

We conclude our discussion of Fredholm operators with the following result:

Lemma A.5 ([Dav07, Lemma 4.3.10]). The index of a Fredholm operator is norm-
homotopy invariant, i.e. given a norm-continuous map [0, 1] 3 t 7→ Tt, where Tt is
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Fredholm for all t ∈ [0, 1] we have that

ind(Tt1) = ind(Tt2) ,

for all t1, t2 ∈ [0, 1].

Proof. We first pick |t1 − t2| < ε for some ε > 0. Let Y1 be complementary to ker(Tt1)
and Y2 b complementary to Im(Tt1). We know from the analysis in the proof of Lemma A.4
that we have the following decomposition of Tt2 as a map between Y1 ⊕ ker(Tt1) and
Im(Tt1)⊕ Y2 :

Tt2(y1 ⊕ x) =

(
A B
C D

)(
y1

x

)
We know that Tt1 : Y1 → Im(Tt1) is a bijection. Thus for ε > 0 small enough A : Y1 →
Im(Tt1) is also a bijection with a continuous inverse. We have that Tt2(y1 ⊕ x) = 0 if and
only if

Ay1 +Bx =0

Cy1 +Dx =0 .

This is equivalent to

(D − CA−1B)x = 0 ,

where one can check that D − CA−1B : ker(Tt1)→ Y2. Thus, we have that

dim ker(Tt2) = dim ker(D − CA−1B) .

We can apply a similar argument to T ∗t1 and T ∗t2 with ε small enough such that

dim coker(Tt2) = dim coker(D − CA−1B) .

Since D − CA−1B is a mapping between finite-dimensional spaces, by the rank-nullity
theorem, its index is given precisely by

ind(D − CA−1B) = dim(ker(Tt1))− dim(Y2) = ind(Tt1) .

Thus, the t 7→ ind(Tt) is locally constant. It follows that it is constant for all t ∈ [0, 1].
�

It is not always easy to check if an operator is compact. We conclude this section
by introducing a subclass of compact operators: Hilbert–Schmidt operators. Let X be a
separable, Hilbert space with a complete orthonormal basis {xk}k∈N and inner product
given by 〈·, ·〉X . An operator T ∈ L(X) is said to be Hilbert–Schmidt if

‖T‖2
HS :=

∑
k∈N

‖Txk‖2
X <∞ ,(A.1)

where ‖·‖HS is referred to as the Hilbert–Schmidt norm. Note that the choice of or-
thonormal basis does not change the value of the Hilbert–Schmidt norm. We conclude
this section with the following useful result:

Lemma A.6 ([Dav07, Lemma 5.5.4]). Hilbert–Schmidt operators are compact.

Proof. Let T be Hilbert–Schmidt. We note that we can rewrite the Hilbert–Schmidt
norm as

‖T‖2
HS =

∑
k,`∈N

|〈Txk, y`〉X |
2 ,
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where {y`}`∈N is some other complete orthonormal basis. Given two unit vectors x1, y1 ∈
X we can always choose them to be the first elements of {xk}k∈N and {y`}`∈N, respectively.
Thus we have the bound

〈Tx1, y1〉2X ≤
∑
k,`∈N

|〈Txk, y`〉X |
2 ,

and, since x1, y1 were arbitrary, ‖T‖L(X) ≤ ‖T‖HS. Now, we express T as T = TN + BN ,
where

TNx :=
N∑

k,`=1

〈Axk, y`〉〈x, xk〉f` ,

is a finite-rank operator (and hence compact) and BN is Hilbert–Schmidt. Furthermore,
we have that

‖BN‖2
L(X) ≤ ‖BN‖2

HS =
∑
k,`∈N

|〈Txk, y`〉X |
2 −

N∑
k,`=1

|〈Txk, y`〉X |
2

which tends to 0 as N → ∞. Thus, we have that ‖TN − T‖L(X) goes to 0 as N → ∞.
Since TN ∈ K(X) for all N and K(X) is closed in the operator norm topology (cf. [Bre11,
Theorem 6.1]), the result follows. �

A.2. Bifurcation theory

Let X be a separable Hilbert space and denote by L(X) the set of bounded, linear,
operators on X. For F : X × (0,∞) → X a twice Fréchet-differentiable mapping, we
define N = ker(DxF (x0, β∗)) and R = Im(DxF (x0, β∗)). Furthermore, we assume that,
F (x0, β∗) = 0 for some (x0, β∗) ∈ X × (0,∞). We also assume that DxF (x0, β∗) is a
Fredholm operator with index zero and that dimN = 1 from which follows that codimR =
1. Then, we have the following decompositions into complementary subspaces of X:

(A.2) X = N ⊕X0 and X = R⊕ Z0 ,

where N = span[v0] and Z0 = span[z0] for some v0, z0 ∈ X. We can also pick X0 to be
orthogonal to N and closed, i.e. X0 = {x ∈ X : 〈x, v0〉X = 0}, where 〈·, ·〉X denotes the
inner product on X. This allows us to define the following canonical projection operators:

P : X → N and Q : X → Z0 ,(A.3)

which, by the closed graph theorem, are continuous.

Theorem A.7. There is a neighbourhood V of (x0, β∗) in X × (0,∞) such that the
implicit equation

F (x, β) = 0, (x, β) ∈ Ω× V ,(A.4)

is equivalent to a finite-dimensional problem, i.e. there exists Ω̂ ⊂ N and Φ : Ω̂×V → Z0

continuous with Φ(v0, β∗) = 0 for some (v0, β∗) ∈ Ω̂× V such that (A.4) is equivalent to

Φ(v, β) =0, (v, β) ∈ Ω̂× V ⊂ N × (0,∞) .

The function Φ is referred to as the bifurcation function.

Proof. Using the projection operators defined in (A.3), we can restate the bifurcation
problem (A.4) as follows,

QF
(
Px+ (I − P )x, β

)
= 0 and (I −Q)F

(
Px+ (I − P )x, β

)
=0 for (x, β) ∈ Ω× V .

(A.5)
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Let us recall the orthogonal splitting (A.2) from which we obtain two open neighbourhoods
Ω̃ ⊂ Ω ∩ N and W ⊂ Ω ∩ X0 such that (v0, w0) = (Px0, (I − P )x0) ∈ Ω̃ ×W . we now
define the operator G : Ω̂×W × V → R by

G(v, w, β) =(I −Q)F (v + w, β), with v = Px and w = (I − P )x,

We thus have that G(v0, w0, β∗) = 0. Since the projection operators are continuous, we
can compute DwG(v0, w0, β∗) = (I − Q)DxF (x0, β∗) : X0 → R with R defined in (A.2).
One can check that this mapping is a homeomorphism between X0 and R. Applying the
implicit function theorem, we see that

G(v, w, β) =0 in Ω̂×W × V ,
is equivalent to

w =Ψ(v, β) for some Ψ : Ω̂× V → W ,

such that

w0 =Ψ(v0, β∗) and DγΨ(v, β) = −(DwG(Ψ(v, β), v, β))−1DγG(Ψ(v, β), v, β) ,(A.6)

where γ = (v, β) ∈ Ω̂ × V and Dγ[·] = (Dv[·]Dβ[·]). Inserting the function Ψ into (A.5)
we obtain,

Φ(v, β) = (I −Q)F (v + Ψ(v, β), β) =0 ,

which is the desired result. Finally, the continuity of Ψ and Q gives us the desired
continuity of Φ. �

Since we know that the function Ψ is C1 we can expand about (v0, β∗) to obtain

Ψ(γ0 + h) = w0 +Dγ(γ0)h+ r1(h) ,

where γ0 = (v0, β∗) and lim
h→0
‖r1(h)‖X/‖h‖X = 0. It should also be noted that

DvG(v0, w0, β∗) = (I −Q)DxF (x0, β∗) : N → R = 0 ∈ L(N,R) .

Thus, using (A.6), we have that DvΨ(v0, β) = 0 ∈ L(N,X0). We now state the Crandall–
Rabinowitz theorem (cf. [Nir01, Kie12]) for bifurcations with a one-dimensional kernel.

Theorem A.8. Consider a separable Hilbert space X with Ω ⊂ X an open neighbour-
hood of 0, and a nonlinear C2 map, F : Ω×V → X, where V is an open subset of (0,∞)
such that F (0, β) = 0 for all β ∈ V . Assume the following conditions are satisfied for
some β∗ ∈ V :

(1) Dx(0, β∗) is a Fredholm operator with index zero and has a one-dimensional kernel
.

(2) D2
xβ(0, β∗)[v̂0] /∈ Im(Dx(0, β∗)), where v̂0 ∈ ker(Dx(0, β∗)), ‖v̂0‖X = 1 .

Then, there exists a nontrivial C1 curve through (0, β∗) such that for some δ > 0,

{(x(s), β(s)) : s ∈ (−δ, δ), x(0) = 0, β(0) = β∗} ,

and F (x(s), β(s)) = 0. Additionally, for some neighbourhood of (0, β∗), this is the only
such solution (apart from the trivial solution) and it has the following form:

x(s) = sv̂0 + Ψ(sv̂0, ψ(s)) , β(s) = ψ(s) ,

where Ψ is the implicit function previously described and ψ : (−δ, δ)→ V is a C1 function
such that ψ(0) = β∗. Additionally, every nontrivial solution of F in some neighbourhood
of (0, β∗) in N×(0,∞) is of the form (sv̂0, ψ(s)). Similarly, every nontrivial solution of F
in some neighbourhood of (0, β∗) in N×X0×(0,∞) is of the form (sv̂0,Ψ(sv̂0, ψ(s)), ψ(s)).
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Since we have an entire branch of solutions, we can check that DβΨ(v0, β∗) = 0. Thus
we obtain a simplified expression of the form

x(s) = sv̂0 + r1(sv̂0, ψ(s)) ,

such that lim
|s|+|ψ(s)−β∗|→0

‖r1(sv̂0,ψ(s))‖X
|s|+|ψ(s)−β∗| = 0.

We finally present the following result from [Dei85, Theorem 29.1], often referred to
as the Rabinowitz alternative (cf. [Rab71]).

Theorem A.9. Let X be a real Banach space, V ⊂ X ×R a neighbourhood of (0, β∗),
G : V → X completely continuous, and G(x, β) = o(|x|) as x → 0 uniformly in β
on compact subsets of (0,∞). Let K be a compact, linear operator on X and β∗ be a
characteristic value of K having odd algebraic multiplicity with F (x, β) = x − βKx +
G(x, β). If CV ⊂ V is the set of nontrivial solutions of F (x, β) = 0 in V and CV,β∗ is the
connected component of CV containing (0, β∗), then CV,β∗ has at least one of the following
two properties:

(1) CV,β∗ ∩ ∂V 6= ∅.
(2) CV,β∗ has an odd number of trivial zeros (0, βi) 6= (0, β∗), where the βi are char-

acteristic values of K with odd algebraic multiplicity.



APPENDIX B

Embeddings and functional inequalities

We set Ω = Td to be the d-dimensional torus of size L > 0. We choose the orthonor-
mal basis ek for L2(Ω) as defined in (0.4) in Chapter 0. We will use extensively the
characterisation of the spaces Hs(Ω) described in Section 0.2.2.

B.1. Embeddings

In this section, we mention some embeddings of function spaces which will be useful
for the results in this thesis.

Lemma B.1 (Morrey’s inequality/Sobolev embedding theorem). The space Hs(Ω),
k ∈ R+, s > 0, is continuously embedded in in Cm(Ω) for m ∈ N,m ≥ 1, m < s − d/2,
with

‖f‖Cm(Ω) ≤ C‖f‖Hs(Ω) ,

for some fixed constant C > 0 and all f ∈ Hs(Ω).

Proof. From the Fourier representation of f we have have that

‖f‖Wm,∞(Ω) ≤C
∑
k∈Zd

(1 + |k|m)|f̂e(k)|

≤C
∑
k∈Zd

(1 + |k|m)

(
1 + |k|2s

1 + |k|2s

)1/2

|f̂e(k)|

≤C
∑
k∈Zd

(1 + |k|m)2

1 + |k|2s
∑
k∈Zd

(
1 + |k|2s

)∣∣∣f̂e(k)
∣∣∣2

≤C1‖f‖Hs(Ω),ek
,

where we have used the fact that the sum∑
k∈Zd

(1 + |k|m)2

1 + |k|2s

converges if m < s − d/2. The convergence also implies that the Fourier series of ∂αf ,
for all |α| ≤ m, are absolutely convergent. Therefore, the limits are continuous functions.
It follows that f ∈ Cm(Ω) with ‖f‖Cm(Ω) = ‖f‖Wm,∞(Ω). This completes the proof of the
lemma. �

Next, we state the Hilbertian version of the famous Gagliardo–Nirenberg–Sobolev
interpolation inequality.

Lemma B.2 (Gagliardo–Nirenberg–Sobolev inequality for Hs(Ω)). Let f ∈ L2(Ω) such
that Dmf ∈ L2(Ω). Furthermore let α ∈ [0, 1] and j ∈ N such that

α = j/m .

Then, there exists a constant C depending only on m, j, d, α such that∥∥Djf
∥∥
L2(Ω)

≤ C‖Dmf‖αL2(Ω)‖f‖
1−α
L2(Ω) .
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Proof. The proof of this result follows from the Fourier representation of the norm
‖∂αf‖L2(Ω) for any multi-index α ∈ Nd. We have that∥∥Djf

∥∥2

L2(Ω)
≤Cd

∑
k∈Zd
|k|2j|f̂e(k)|2

=Cd

(∑
k∈Zd
|f̂e(k)|2

)(∑
k∈Zd
|k|2j |f̂e(k)|2∑

k∈Zd |f̂e(k)|2

)m
j
· j
m

≤Cd

(∑
k∈Zd
|f̂e(k)|2

)1−α(∑
k∈Zd
|k|2m|f̂e(k)|2

)α

where in the last step we have applied Jensen’s inequality and used the fact that j/m = α.
Taking the square root, we thus have that∥∥Djf

∥∥
L2(Ω)

≤ C‖Dmf‖αL2(Ω)‖f‖
1−α
L2(Ω) .

�

Lemma B.3 (Rellich–Kondrachev theorem). The space Hk(Ω) is compactly embedded
in Hm(Ω) for all 0 < m < k < +∞. This means that the canonical injection ι : Hk(Ω)→
Hm(Ω) is a compact operator.

Proof. The proof of this also follows from the Fourier representation of the Sobolev
norms. We start by showing that Hε(Ω) is compactly embedded in L2(Ω) for all ε > 0.
Let F ⊂ Hε(Ω) be a bounded set. Then, we have that for all f ∈ Hε(Ω) it holds that∫

Ω

|τhf − f |2 dx =
∑
k∈Zd

∣∣e−ikh − 1
∣∣2|f̂e(k)|2

≤
∑
k∈Zd

∣∣e−ikh − 1
∣∣2−ε|k|ε|hε||f̂e(k)|2

≤ 22−ε‖f‖2
Hε(Ω),ek

|h|ε .

where τh is a translate of the function f on Td by some vector h ∈ Rd. Thus, by the
Kolmogorov–Riesz compactness theorem, the set F is compact in L2(Ω). This completes
the proof of the result for m ∈ N as we can apply this argument to some bounded set
F ⊂ Hm(Ω) and check that the set of all ∂αf ∈ L2(Ω), f ∈ F for all multi-indices |α| ≤ m

is compact in L2(Ω). If m ∈ R+, we apply the same argument to (−∆)
(k−m)

2 f ∈ L2(Ω)

to show that it is compact in L2(Ω). Since
∑

k∈Zd(1 + |k|k−m)|f̂e(k)|2 . ‖f‖2
L2(Ω) +∥∥∥(−∆)

(k−m)
2 f

∥∥∥2

L2(Ω)
, this completes the proof. �

Consider now the parabolic space V 2(ΩT ), equipped with the norm

‖ρ‖2
V 2(ΩT ) := ess sup

0≤t≤T
‖ρ‖2

L2(Ω)(t) + ‖∇ρ‖2
L2(ΩT ) .

where ΩT := [0, T ]× Ω. We then have the following embedding [DiB93, page 9]:

Lemma B.4. Let ρ ∈ V 2(ΩT ). Then there exists a constant Cd depending only on d
such that

‖ρ‖2
L2(ΩT ) ≤ Cd|{|ρ| > 0}|2/(2+d)‖ρ‖2

V 2(ΩT ) .
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B.2. Functional inequalities

In this section, we present some classical functional inequalities that we will use for
the results of this thesis.

Lemma B.5 (Poincaré inequality). Let f ∈ H1
0 (Ω). Then we have that

‖f‖L2(Ω) ≤ cp‖∇f‖L2(Ω) ,

where the optimal Poincaré constant is given by cp = L/2π.

Proof. For any f ∈ H1
0 (Ω), we have that

‖f‖2
L2(Ω) =

∑
k∈Zd\{0}

|f̂e(k)|2

≤ L2

4π2

∑
k∈Zd
|k|2
(

2π

L

)2

|f̂e(k)|2 =
L2

4π2︸︷︷︸
c2p

‖∇f‖2
L2(Ω).

The fact that the constant cp is optimal follows from the fact that the above inequality is
an equality for f = cos(2πx/L). �

Lemma B.6 (Logarithmic-Sobolev inequality). Let µ, ν ∈ P(Ω) such that µ� ν. We
define the relative entropy of µ with respect to ν to be

H(µ|ν) :=

∫
Ω

log

(
dµ

dν

)
dµ ,

if it is finite and as +∞ other wise. For the specific case of ρ ∈ P(Ω)∩L1(Ω) an absolutely
continuous Borel probability measure and set ρ∞ = |Ω|−1.

H(ρ|ρ∞) :=

∫
Ω

ρ log

(
ρ

ρ∞

)
dx ,

Similarly, we define the relative Fisher information of ρ with respect to ρ∞ to be

I(ρ|ρ∞) :=

∫
Ω

|∇ log ρ|2ρ dx ,

when it is finite and as +∞ otherwise. Then, it holds that

H(ρ|ρ∞) ≤ cLSII(ρ|ρ∞) ,

where the optimal log-Sobolev constant is given by cLSI = (L/2π)2.

The proof of the above result follows from the hypercontractivity of the heat semigroup
on the circle (cf. [EY87]) and the tensorisation property of the log-Sobolev inequality
(cf. [BGL14, Proposition 5.2.7]). We remark the the log-Sobolev and Poincaré inequalities
hold for a much wider class of measures and domains. We refer the reader to [BGL14] for
an comprehensive discussion of the conditions under which they hold and their relation to
other functional inequalities. We conclude this section with the following result relating
the the total variation distance to the relative entropy.

Lemma B.7 (Csiszár–Pinsker–Kullback inequality). Let µ, ν ∈ P(Ω) such that µ� ν.
Then, we have that

‖µ− ν‖TV (Ω) ≤
√

1

2
H(µ|ν) .

Furthermore if µ, ν ∈ L1(Ω) ∩ P(Ω) with µ� ν, we have that

‖µ− ν‖L1(Ω) = 2‖µ− ν‖TV (Ω) ≤
√

2H(µ|ν) .
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The proof of the above result and weighted variants of it can be found in [BV05].

B.3. Some other useful results

In this section, we state a few other useful lemmas and inequalities which we will use
in the proofs of Chapter 4.

Lemma B.8 (Geometric convergence lemma). Let {Xn}n∈N be a sequence of nonneg-
ative real numbers satisfying the recurrence inequality

Xn+1 ≤ CbnX1+a
n ,

for some C, b > 1 and a > 0. If X0 ≤ C−1/ab−1/a2, then lim
n→∞

Xn = 0.

Proof. Using the recurrence inequality we can, by induction, obtain the bound

Xn+1 ≤ C−1/ab−(1+na)/a2

.

Since b > 1 and a > 0, the result follows. �

Let A ⊂ Td be a smooth, convex, open subdomain. Then we have the following lemma
due to De Giorgi [DG57]:

Lemma B.9. Given a function v ∈ W 1,1(A) and real numbers k1 < k2 we define

[v ≷ ki] := {x ∈ A : v(x) ≷ ki}
[k1 < v < k2] := {x ∈ A : k1 < v(x) < k2} .

Then there exists a constant C = C(d) such that

(k2 − k1)|[v > k2]| ≤ C
Rd+1

|[v < k1]|

∫
[k1<v<k2]

|∇v| dx ,

where R = diam(A).



APPENDIX C

Optimal transport

In this section, we provide a quick introduction to optimal transport and discuss
some useful facts about the p-Wasserstein distances which we will use throughout this
thesis. We denote by (X , d) a Polish space, i.e. a complete, metrisable, separable space
metrised by the metric d. Furthermore, we denote by P(X ) the space of Borel probability
measures on X . Usually, we will work with (X , d) = (Rd, |·− ·|) or (X , d) = (Td, dTd(·, ·)).
In Chapter 7, we will also work with (X , d) = (P2(Rd), d2) or (X , d) = (P2(Td), d2)
(cf. Definition C.2 and Lemma C.4). We start by discussing the so-called Kantorovich
mass transfer problem:

Theorem C.1 (Kantorovich problem). Let c : X × X → [0,+∞] be a l.s.c function
which we refer to as a cost function. Then for each ρ, ν ∈ P(X ) the following minimisation
problem

π∗ := arg min
π∈Π(ρ,ν)

(∫
X×X

c(x, y) dπ(x, y)

)
,

is well-posed. Here, Π is the set of all possible couplings of ρ and ν, i.e.

Π(ρ, ν) :={π ∈ P(X × X ) : π(A×X ) = ρ(A), π(X × A) = ν(A), A ⊂ X , measurable}

We refer to π∗ as the optimal plan between ρ and ν.

Proof. The proof follows by the direct method of the calculus in variations. The func-
tional is bounded below since ∫

X×X
c(x, y) dπ(x, y) ≥ 0 .

Thus, we can find a minimising sequence {πn}n∈N ⊂ P(X × X ). Since X is Polish, ρ, ν
are Radon measures and therefore tight. For each δ > 0, we can thus find a compact set
K ⊂ X such that ρ(K), ν(K) > 1− δ/2. Thus, we have that∫

X×X
(1− χKc(x))(1− χKc(y)) dπn(x, y) > 1− δ .

Thus, the family {πn}n∈N is tight and, by Prokhorov’s theorem, has a convergent sequence
in the weak-∗ topology with respect to Cb(X ). We denote the limit by π∗ ∈ P(X × X ).
It follows from the lower semicontinuity of c that the functional is lower semicontinuous
and so π∗ must be its minimiser. �

We now define and characterise a class of distances which we will use extensively
in Chapters 6 and 7:

Definition C.2 (p-Wasserstein distances). Let c(x, y) = d(x, y) and ρ, ν ∈ P(X ). We
define the p-Wasserstein distance, for 1 ≤ p <∞, dp(ρ, ν) to be

dp(ρ, ν) := min
π∈Π(ρ,ν)

(∫
X×X

d(x, y)p dπ(x, y)

)1/p

.

249
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The minimum is attained from Theorem C.1 and the fact that d : X ×X → [0,∞) is l.s.c.
Furthermore, we define the set

Pp(X ) :=

{
ν ∈ P(X ) :

∫
X
d(x, x0)p dν(x) <∞

}
,

where the choice of x0 is arbitrary. One can then check that, for all ρ, ν ∈ Pp(X ),
dp(ρ, ν) <∞.

Remark C.3. It is possible to obtain a probabilistic reformulation of the p-Wasserstein
distance. Indeed, finding a coupling between two measures ρ, ν is equivalent to finding
two X -valued random variables X, Y on some probability space, such that Law(X) =
ρ,Law(Y ) = ν. Then we can rewrite the p-Wasserstein distance as

dp(ρ, ν) = min
Law(X)=ρ
Law(Y )=ν

E(|X − Y |p)1/p
.

We use this reformulation in the couplings arguments of Chapter 7.

One can easily check that dp is metric on Pp(X ). Indeed, it can only be 0 if the optimal
plan π∗ obtained from Theorem C.1 is concentrated on {x = y} ⊂ X × X . This implies
that ρ = ν. It is clearly symmetric. We only need to check that it satisfies the triangle
inequality. Given ρ1, ρ2, ρ3 ∈ Pp(X ) and let π1,2, π2,3 ∈ P(X × X ) be the optimal plan
between and ρ1, ρ2 and ρ2, ρ3, respectively. Then, one can find π1,2,3 ∈ P(X × X × X )
(cf. [AGS08, Lemma 5.3.2]) such that

π1,2,3(A×X ) = π1,2(A) , π1,2,3(X × A) = π2,3(A) ,

for all A ⊂ X ×X , measurable. Furthermore, π1,2,3(·,X , ·) is a coupling of ρ1 and ρ3. We
then have the bound

dp(ρ1, ρ3) ≤
(∫
X×X×X

d(x, z)p dπ1,2,3(x, y, z)

)1/p

≤
(∫
X×X×X

d(x, y)p dπ1,2,3(x, y, z)

)1/p

+

(∫
X×X×X

d(y, z)p dπ1,2,3(x, y, z)

)1/p

=

(∫
X×X

d(x, y)p dπ1,2(x, y)

)1/p

+

(∫
X×X

d(y, z)p dπ2,3(y, z)

)1/p

=dp(ρ1, ρ2) + dp(ρ2, ρ3) .

We have the following important result about the p-Wasserstein distances:

Lemma C.4 (p-Wasserstein space). (Pp(X ), dp) is a Polish space and convergence of
a sequence {ρn}n∈N ⊂ Pp(X ) to some limit ρ is equivalent to

ρn ⇀
∗ ρ ,

∫
X
d(x, x0)p dρn(x)→

∫
X
d(x, x0)p dρ(x) as n→∞ .

We do not include the proof of this result as it is quite long and technical. It can
be found in [Vil09, Theorems 6.9 and 6.18]. It is clear from the result that the topology
induced by dp is stronger than the weak-∗ topology on Pp(X ) as a subspace of P(X ).
Furthermore, it turns out that the p-Wasserstein spaces are ordered by p:

Proposition C.5. For 1 ≤ p1 < p2 <∞ let ρ, ν ∈ Pp2(X ) ⊂ Pp1(X ). Then

dp1(ρ, ν) ≤ dp2(ρ, ν) .
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Proof. Let π∗ ∈ P(X × X ) be the optimal plan between ρ, ν with respect to the cost
dp2 . We know this exists from the result of Theorem C.1. It follows that

dp1(ρ, ν) ≤
(∫
X×X

d(x, y)p1 dπ∗(x, y)

) p2
p2p1

≤
(∫
X×X

d(x, y)p2 dπ∗(x, y)

)1/p2

= dp2(ρ, ν) .

where the last inequality follows from Jensen’s inequality and the fact that p2/p1 > 1. �

Remark C.6. We note that if X is bounded then we can obtain the bound in the
opposite direction. Indeed, if 1 ≤ p1 < p2 < ∞ and π∗ ∈ P(X × X ) is the optimal plan
between ρ and ν with respect to the cost dp1 , then

dp2(ρ, ν) ≤
(∫
X×X

d(x, y)p2 dπ∗(x, y)

) 1
p2

≤ diam(X )
p2−p1
p2 d

p1
p2
p1 (ρ, ν) .

If X is bounded, we can control the p-Wasserstein distances by the total variation
norm:

Proposition C.7. Assume X is bounded and ρ, ν ∈ Pp(X ). Then we have that

dp(ρ, ν) ≤ 2 diam(X )
(
‖ρ− ν‖TV (Ω)

)1/p

.

The proof of this result can be found in [Vil09, Theorem 6.15]. We focus now on some
refined characterisations of the p-Wasserstein distances. We start with a characterisation
of the d1 distance that we use extensively in Chapter 7:

Theorem C.8 (Kantorovich duality). Let ρ, ν ∈ P1(X ). Then

d1(ρ, ν) = sup
Lip(ϕ)≤1

∫
X
ϕ d(ρ− ν)(x) ,

where Lip(ϕ) is the Lipschitz constant of some Lipschitz ϕ : X → R.

This result follows from a general dual formulation of the Kantorovich mass transfer
problem described in Theorem C.1. We will not discuss this in this appendix. We refer
the reader to [Vil09, Theorem 5.10(i), Particular Case 5.4] for a proof of this result.

We now present the well-known dynamical formulation of the p-Wasserstein distance,
dp due to Benamou and Brenier (cf. [BB00]). It relates absolutely continuous curves in
Pp(X ), in the sense of Definition 1.10, to solutions of a certain continuity equation. We
will present it for (X , d) = (Rd, |·− ·|) or (X , d) = (Td, dTd(·, ·)), although one may expect
it to hold true for (X , d) = (M,dM(·, ·)) for some sufficiently nice Riemannian manifold
M equipped with its geodesic distance dM .

Theorem C.9 (Dynamical formulation of dp). Let Ω = Rd or Td and ρ0, ρ1 ∈ Pp(Ω)
with p > 1. Let ρ ∈ ACp([0, 1];Pp(Ω)) (cf. Definition 1.10) with ρ(0) = ρ0 and ρ(1) = ρ1.
Then there exists a family of velocity fields (t 7→ vt) ∈ Lp([0, 1];Lp(Ω, ρ;Rd)), such that
the pair (ρ, vt) satisfies the following continuity equation∫ 1

0

∫
Ω

∂tϕ(t, x) dρ(t, x) dt+

∫ 1

0

∫
Ω

∇ϕ(t, x) · vt(x) dρ(t, x) dt = 0 ,(C.1)

for all ϕ ∈ C1
c ([0, 1]× Ω) with ‖vt‖Lp(Ω,ρ;Rd) = |ρ′|(t) (cf. Definition 1.11). For p = 2, we

have that vt(x) = ∇φ(t, x) for some φ ∈ L2([0, 1];H1
0 (Ω, ρ)). We denote by CEp(ρ0, ρ1)
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the set of all such pairs (ρ, vt) solving (C.1) such that ρ(0) = ρ0, ρ(1) = ρ1 and ρ ∈
ACp([0, 1];Pp(Ω)). We then have that

dpp(ρ0, ρ1) = min
(ρ,vt)∈CEp(ρ0,ρ1)

∫ 1

0

‖vt‖pLp(Ω,ρ(t);Rd)
dt .(C.2)

The minimal velocity field v∗t in (C.2) is such that ‖v∗t ‖Lp(Ω,ρ(t);Rd) = |ρ′|(t) = dp(ρ0, ρ1) is
independent of time, i.e. it is a constant speed geodesic:

dp(ρ(t), ρ(s)) = |t− s|dp(ρ0, ρ1) ,

for all s, t ∈ [0, 1].

The proof of the above result relies on various results and can be found in [San15, The-
orem 5.14, Theorem 5.27, Theorem 5.28, Proposition 5.32], [AGS08, Theorem 8.3.1]. The
above result makes rigorous the discussion surrounding the formal Riemannian structure
and the length and energy functionals in Section 1.3.2.

Remark C.10. In certain cases, it is possible to provide a refined characterisation
of the constant speed geodesic obtained through the minimisation problem (C.2). If
ρ0, ρ1 ∈ P2(Rd) ∩ L1(Rd), then through the seminal result of Brenier [Bre91], there exists
a convex ψ : Rd → R such that ρ1 = (∇ψ)#ρ0. Then McCann’s displacement inter-
polant or optimal interpolant [McC97], ρt := (Ft)#ρ0 = ((1 − t)x + t∇ψ(x))#ρ0 is the
constant speed geodesic which minimises (C.2). The associated velocity field is given by
v∗t = F−1

t (x) − ∇ψ(F−1
t (x)). For general measures ρ0, ρ1 ∈ P2(Rd), similar results hold

(cf. [San15, Propositions 5.28 and 5.30]). For Ω = M , a Riemannian manifold, the asso-
ciated optimal interpolant was also studied by McCann [McC01] and is discussed in more
detail in Section 6.3.

We finally conclude this appendix by presenting an alternative formulation of the
continuity equation in Theorem C.9.

Lemma C.11 (Existence of a continuous representative). Let (ρ, vt) ∈ CEp(ρ0, ρ1) with
Ω = Rd or Td. The for every ϕ ∈ C1

c ([0, T ]× Ω) it holds that∫
Ω

ϕ(t2, x) dρ(t2)(x)−
∫

Ω

ϕ(t1, x) dρ(t1)(x) =

∫ t2

t1

∫
Ω

(∂tϕ+∇ϕ · vt) dρ(t) dt

for all t1, t2 ∈ [0, 1].

The proof of the above result can be found in [AGS08, Lemma 8.1.2]. It allows us to
interpret the equation in an almost everywhere sense. Indeed, using an approximation
argument, one can argue that ∂tρ ∈ (S(Ω))′ is defined t a.e. as a tempered distribution
and so

∂tρ+∇ · (ρtvt) = 0 ,

holds in the sense of distributions (or some appropriate negative Sobolev space) t a.e.
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