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Abstract

We consider random dynamical systems with bounded noise and their as-

sociated set-valued mappings. Broadly speaking, the set-valued mapping,

associated to a random dynamical system with bounded noise, maps an

initial condition to the set of all possible outcomes of the application of the

random dynamical system.

In Chapter 2 we consider the topological bifurcations of some special

sets defined for set-valued mappings, called minimal invariant sets. A min-

imal invariant set is left invariant by the application of a set-valued map and

does not contain proper invariant sets. By the results provided by Lamb,

Rasmussen, and Rodrigues in [29], a topological bifurcation of a minimal

invariant set models a, so called, critical transition, i.e. a drastic change of

the state of a physical system.

We will show that the derivative of some special maps, called the ex-

tremal maps, describe the bifurcation of a minimal invariant set. Based

on the derivative of the extremal maps, we develop a new early warning

signal, i.e. a method for predicting a critical transition.

In Chapter 3, we will switch the context back to random dynamical

systems. We will introduce a dichotomy spectrum for noninvertible linear

random dynamical systems and we will prove a new version of the spec-

tral theorem. This will be a direct continuation of the work by Callaway,

Son, Lamb and Rasmussen in [12], where they introduce a notion of spec-
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trum for invertible linear random dynamical systems, and prove a spectral

theorem.

In Chapter 4, we consider a one dimensional random dynamical sys-

tem with bounded noise exhibiting a pitchfork bifurcation. We will show

that our early warning signal, developed in Chapter 2, and the spectrum,

calculated for the linearization, describe a bifurcation: the derivative of

the extremal map at the boundary reaches the value 1 and the spectrum

expands to contain 1 at the bifurcation point.
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Introduction

In a variety of aspects of the human condition the ability to predict and

react to an event is considered of the highest importance. For example the

ability to predict the weather can affect the economy of a region or the

ability to predict a natural catastrophe is important to ensure the safety of

the people.

In mathematics, the theory of dynamical systems can be applied to a

variety of phenomena in order to formulate a prediction. A dynamical

system is the ensemble of a set of initial conditions, which are a set of

observable quantities, and a rule that determines the evolution of the con-

ditions over time. In theory, by considering an appropriate set of rules and

initial conditions, any event can be predicted by studying the evolution of

a dynamical system.

In practice, we do not have the full control over the conditions or the

full knowledge of all the factors contributing to the evolution of a system.

This is why some events are still unpredictable or the prediction has a mar-

gin of error. In order to account for the effect of noise on dynamics, mathe-

maticians have studied random dynamical systems, i.e. dynamical systems

where the law evolving the is chosen randomly within a set according to a

probability measure.

In this thesis, we consider random dynamical systems with bounded

noise and their associated set-valued mappings. Broadly speaking, the set-
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valued mapping, associated to a random dynamical system with bounded

noise, maps an initial condition to the set of all possible outcomes of the

application of the random dynamical system. Our main motivation is to

study a type critical transition modelled by a random dynamical system.

Motivation: critical transitions

The term critical transition is used by the applied sciences, and it describes

a drastic change in the state of a system that occurs in a ”short” time frame

when compared to the amount of time the system has been in a stable state.

Critical transitions are also called tipping points.

In medicine, critical transition examples are asthma attacks and epilep-

tic seizures, studied in [52] and [34], respectively. In finance, May et al.

in [33] investigate critical transitions for the financial market. In ecology,

Scheffer et al. study the shifts of ecosystems in [31, 46].

Naturally, we want to predict such drastic events before they occur. The

methods for predicting a critical transition are called in the literature early

warning signals.

Tightly related to the study of critical transition is the concept of bi-

furcation. A bifurcation is a concept originated in mathematics in the the-

ory of differential equations. Broadly speaking, we say that a differential

equation has a bifurcation when the system undergoes a qualitative change

due to a perturbation. For example an equilibrium can exchange stability

from repelling to attracting or the equilibrium disappears. An extensive

overview of bifurcation theory is presented in [14].

The most notable efforts for predicting transitions are performed in the

context of ecology and climate change. Scheffer, Dakos et al. in [15, 30]

predict a critical transition from real and simulated data gathered from

ecology problems and identify the critical slowing down as an indicator
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of a transition. They observe that in a dynamical system a stable state

loses stability slowly over time as a parameter slowly changes. In order

to predict a transition they attempt to measure a loss of stability with two

methods. They calculate the variance and the autocorrelation coefficient

of a time series in a moving time-frame and observe that both are increas-

ing over time. Similar methods are reviewed in the context of climate in

[50]. They call this phenomenon critical slowing down, i.e. the system

recovers from perturbations more and more slowly as it approaches a bi-

furcation point.

While the critical slowing down is a key concept in early warning sig-

nals, one could still argue that a transition could be led by noise. In [18],

Ditlevsen et al., by studying a high resolution ice core record, conclude

that rapid climate fluctuations occurred during the glacial period are noise

induced and, consequently, hard to predict.

The mathematical community focused the efforts on the formal defini-

tion of a critical transition, and many models have been studied over the

years. In [3] Ashwin, Wieczorek et al. consider nonautonomous ordinary

differential equations of the type

dx
dt

= f(x, α(t)), x ∈ Rn,

where α(t) is a time-varying parameter. When a concept of quasi-static

attractor is introduced, a critical transition is defined to be an orbit of the

system exiting a neighborhood of the quasi-static attractor. They propose

three different types of transition

• Bifurcation Transition: a bifurcation of the function f induces a crit-

ical transition in a system.

• Noise Transition: fluctuations due to the noise induce a critical tran-
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sition.

• Rate Transition: the rate of change of the function α(t) causes the

system to lose track of the quasi-static attractor.

This work is important, since it emphasizes that the rate of change of the

parameter plays a crucial role in rate transitions and the static bifurcation

diagram, i.e. a study of the bifurcations for fixed α is not sufficient for

including all types of bifurcation.

Nevertheless, the static analysis, i.e. the analysis performed for α not

depending on time is still very important as shown by fast-slow systems. A

fast-slow system is assigned as a system of ordinary differential equations

depending on two sets of variables, one called fast and the other called

slow where the slow variables are rescaled according to a small real factor

ε. A systematic study of fast-slow dynamics has been performed by Kuehn

in [27].

A concept of critical transition in fast-slow systems has been given by

C. Kuehn in [26]. In a fast-slow system, one could calculate the manifold

of the equilibria for ε = 0, called the slow manifold. For ”small” values

of ε the dynamics in a neighborhood of the slow manifold is dominated by

the slow components, and the dynamics far away from the slow manifold is

dominated by the fast components. Kuehn defines a critical transition to be

a solution jumping from a slow-dominated dynamics to a fast one. In this

framework the slow dynamics models a long-lasting state and the fast dy-

namics models the jump to a new state. A stochastic version of a fast-slow

system is also considered by Kuehn and the variance and autocorrelation

are rediscovered as an early warning signal for a transition.

Berglund and Gentz have studied noise-induced transitions in [7, 10, 8]

and have solidified a theory of noise-induced phenomena in [9]. The noise

does not destroy dynamics of the deterministic case, but the transitions can
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happen early if the noise produces a large enough perturbation.

The setting: our model of critical transition.

We consider a random dynamical system (θ, φ) with bounded noise, where

(Ω,F ,P, θ) is a metric dynamical system and φ : N0 × Ω × U → U ,

U ⊂ Rd, is a cocycle that is a composition of i.i.d. mappings. The system

(θ, φ) has an associated set-valued mapping

F : U → K(U)

F (x) = φ(1,Ω, x),

taking values in the compact sets of U , K(U). The set-valued mapping

represents the topological part of (θ, φ) and an application of F maps x

to all possible realizations of φ(1, ω, x). A set that is invariant for F , i.e.

F (E) = E and does not contain any proper invariant sets, is called mini-

mal invariant set. We will introduce random dynamical systems and their

relation to set-valued mappings formally in Chapter 1.

In [29], Lamb, Rasmussen, and Rodrigues study the bifurcations of

minimal invariant sets for set-valued mappings Fα depending on a real

parameter α. Given the set of all minimal invariant sets of Fα for a fixed α

Mα = {Eα ⊂ U |Eα is a minimal invariant set of Fα},

they show that at a bifurcation point a minimal invariant set disappears or

blows up lower-semicontinuously. Such a discontinuous transition for a

physical system means that a small perturbation of the parameter α cor-

responds to a drastic change in the state of the system. Hence, we will

consider critical transitions induced by a topological bifurcation of a min-
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imal invariant set. With respect to the classification introduced before, our

critical transition is of the bifurcation type.

Main results for set-valued mappings

In Chapter 2, we will show that the derivative of some special maps for

the set-valued mapping describe the topological bifurcation of a minimal

invariant set in the one dimensional case.

First, we will use a necessary condition for a bifurcation proven in [29]

by Lamb, Rasmussen, and Rodrigues , in order to provide a set necessary

conditions for a topological bifurcation in terms of two special maps f−α :

R→ R and f+
α : R→ R, called extremal maps, defined as

f−α (x) := minFα(x) and f+
α := maxFα(x).

Intuitively, the extremal maps trace the boundary of the set-valued map Fα.

We consider a family of set-valued mappings {Fα}α∈A, A ⊂ R, having a

minimal invariant set Eα0 = [e1, e2] for α0 ∈ A. Then if Fα topologically

bifurcates at Eα0 , one has that at least one of the four conditions∣∣∣∣df−α0

dx
(e1)

∣∣∣∣ ≥ 1 ,

∣∣∣∣df+
α0

dx
(e1)

∣∣∣∣ ≥ 1 ,

∣∣∣∣df−α0

dx
(e2)

∣∣∣∣ ≥ 1 ,

∣∣∣∣df+
α0

dx
(e2)

∣∣∣∣ ≥ 1

is satisfied.

This new characterization of the necessary condition is very powerful

when considered from the point of view of the applications. First, it jus-

tifies the study the derivative of the extremal maps as an early warning

signal. Moreover, it shows that the relevant dynamics for the study of the

bifurcation is localized at the boundary. Both are novel concepts in the

study of critical transitions.
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In Algorithm 32, we provide a set of algorithmic instructions for cal-

culating the derivative of the extremal maps at the boundary from a time

series. Furthermore, we include a result about the accuracy of the method

in Proposition 33.

With respect to the previous work in [15, 30, 26] for early warning sig-

nals, our method has two advantages. First, we will be able to identify

what area of the system will cause the bifurcation. This is a concept that

is entirely new in the context of early warning signals. Second, our signal

is directly related to the feature of the dynamical system causing a bifurca-

tion, since the algorithm is engineered to filter out the effect of the noise.

This is an improvement over signals depending directly on the moment of

the noise, such as the variance.

As an application we study the Koper model in Section 2.3. It has been

extensively studied in literature in [23, 24, 25, 49, 48, 21]. It is a prototyp-

ical example where a perturbation of a parameter causes the system to tip

from an oscillating mode to another.

The model is assigned as a system of fast-slow ODEs as

ε
dx
dτ

= y − x3 + 3x =: f(x, y, z),

dy
dτ

= kx− 2(y + λ) + z, (1)

dz
dτ

= λ+ y − z,

where k, λ ∈ R. The variable x is a fast variable and y, z are slow variables.

The critical manifold is given by

C0 := {(x, y, z) ∈ R3|y = x3 − 3x}.

and is an S-shaped two dimensional surface. A typical orbit of the koper
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model can be found in Figure 2.5. A typical orbit tracks the critical man-

ifold and then tips to another branch of the manifold at the fold. In prox-

imity of the fold, an orbit can perform a small amplitude oscillation before

tipping. In literature these types of orbits are called mixed mode oscilla-

tions, since the solutions return back to a section with a large oscilation

and have a small amplitude oscillation near the fold. It is known in the

Koper model that by varying λ, one can vary the mode of oscillation of the

solutions.

If we consider the return map Pλ : Σ → Σ to a section Σ, then due to

the fast-slow strucure, the map Pλ is almost one-dimensional [20] and it

is common to project the map Pλ further to reduce it to a one-dimensional

map.

In (2.20) we will introduce bounded noise in the Koper model and then

a stochastic return map. The noise does not destroy the orbits returning to

the section Σ. We will explain how from the profile of the return maps we

can identify different modes of oscillations. Then with our method for the

derivative, we show that we can anticipate a transition as λ approaches a

bifurcation point in Figure 2.7

Main results for the dichotomy spectrum

The other main contribution of this thesis is for the theory of the dichotomy

spectrum for noninvertible RDSs. A dichotomy spectrum is a type of spec-

trum which seeks to determine the asymptotic growth rates of a linear dy-

namical system. We will be using the spectrum for describing a topological

bifurcation.

The notion of spectrum is based on the notion of exponential dichotomy.

In an exponential dichotomy the solutions of a linear dynamical system are

split with respect to a growth rate γ ∈ R into two subspaces: one having
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growth rate γ and the other having growth rate at least γ. The concept

of exponential dichotomy for nonautonomous linear differential equations

was first introduced by Perron in the 1920s in [38, 39]. Then multiple au-

thors have expanded the subjects: Coppel in [13], Daleckii in [16], Massera

in [32], Palmer in [35, 36, 37], Sacker and Sell in [42, 43, 44, 41], and

Rasmussen in [40]. The concept of dichotomy for noninvertible nonoau-

tonomous systems has been studied by Aulbach and Kalkbrenner in [4], by

Aulbach and Siegmund in [6] and by Kloeden and Rasmussen in [22].

The spectrum as a method for describing a bifurcation has already been

used by Callaway, Son, Lamb and Rasmussen in [12]. They introduce a no-

tion of dichotomy for invertible Random Dynamical systems in two-sided

continuous time and they prove a spectral theorem that shows the existence

of the dichotomy spectrum, consisting of a finite number of closed inter-

vals, bounded or unbounded, in R. They show that a pitchfork bifurcation

is related to the non-hyperbolicity of the spectrum at the bifurcation point.

Our work is a direct continuation of [12]. In Section 3.1 we introduce

a notion of exponential forward dichotomy and we show that in two sided

time it is equivalent to the notion of dichotomy in [12, Definition 2.2]. Our

dichotomy is qualified as forward, since we consider N0 as the set of times.

Broadly speaking, an exponential forward dichotomy involves finding

a γ that separates the dynamics of a linear RDS (θ,Φ) into solutions grow-

ing at least by a factor of γ and solutions that grow at most for a factor

of γ. Such a γ is called growth rate and, in discrete time, it is chosen in

R+ := [0,+∞) ∪ {+∞}. The set of all admissible growth rates γ for

(θ,Φ) is called resolvent set

ρ := {γ ∈ R+|Φ admits an EFD with growth rate γ},



16

The dichotomy spectrum Σ of a linear RDS (θ,Φ) is defined as

Σ := R+ \ ρ.

The first notion of dichotomy spectrum has been given in [45] by Sacker

and Sell. The name ”spectrum” is motivated by the fact that when Sacker

and Sell consider a system of ordinary differential equations with constant

coefficients, the spectrum coincides with the real parts of the eigenvalues.

Furthermore, they show that the spectrum consists of a set of intervals in

R, each having its own vector bundles comprising solutions with a com-

mon growth rate. For nonautonomous noninvertible systems a notion of

spectrum based upon the Sacker-Sell spectrum has been given by Aulbach

and Siegmund in [47] and in [5].

For invertible linear RDS in continuous time, the notion of dichomy

spectrum and the associated spectral theorem is proven in [12], by Call-

away, Son, Lamb and Rasmussen.

Our main original result in Section 3.2 are the two spectral theorems.

The first one is proved without any assumption on the dimension of the

kernel of (θ,Φ). For convenience we introduce the following notation for

intervals. For every a ∈ [0,+∞)

[a,+∞] := [a,+∞) ∪ {+∞}.

Theorem (cf Theorem 55). The dichotomy spectrum Σ associated to a

linear ergodic RDS (θ,Φ) defined in (3.1) is given by

Σ = [a1, b1] ∪ · · · ∪ [an, bn]

with 0 ≤ a1 ≤ b1 < · · · < an ≤ bn ≤ +∞ and 1 ≤ n ≤ d.
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Granted some more information on the kernel of the RDS, namely

k := ess sup
ω∈Ω

dimN (Φ(1, ω)),

we can improve the previous theorem and provide a better condition on the

number of intervals

Theorem. The dichotomy spectrum Σ associated to the ergodic linear

RDS (θ,Φ) such that ess supω∈Ω dimN (Φ(1, ω)) = k results

Σ = [a1, b1] ∪ · · · ∪ [an, bn]

with 0 ≤ a1 ≤ b1 < · · · < an ≤ bn ≤ +∞ and 1 ≤ n ≤ d− k + 1.

Our spectral theorems complement the theory of dichotomy spectrum

in [12], by extending a notion of spectrum to noninvertible linear RDS in

discrete time. Moreover, we exploit the dimension of the kernel, that for

noninvertible linear RDS is non trivial, for providing a better estimate on

the number of intervals of the spectrum. This has not been done before in

the case of noninvertible systems in [6, 4].

Spectrum as an early warning signal

We conclude the thesis with a prototypical example of a bifurcation where

we can showcase how the early warning signal based on the derivative of

the extremal maps in Chapter 2 intertwine with the dichotomy spectrum.

In chapter 4 we introduce a RDS exhibiting a pitchfork bifurcation. We

will consider the difference equation

xn+1 = αxn − x3
n + σωn
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with σ > 0, ωn ∈ [−1, 1] ⊂ R for n ∈ N0. We will then define a (θ, φα)

and a set-valued mapping

Fα : R→ K(R)

Fα(x) = Bσ(αx− x3).

First, we will study the bifurcation diagram for set-valued mapping.

It will result that an exchange of stability at the boundary of one of the

minimal invariant sets, say Eα, causes a bifurcation, and the the derivative

of the extremal map at the boundary will reach 1 at the bifurcation point.

Next, we will perform the spectral analysis for a linearization (θ,Φα)

of (θ, φα). For random dynamical systems some extra work is required to

define a new metric dynamical system. In Section 3.3, we review a result

from Arnold in [2] on how to linearize a RDS given an ergodic invariant

measure ρ.

In our setting, the cocycle φα is the composition of i.i.d. mappings,

then one can define a stochastic transition map pα for (θ, φα). Due to a

correspondence theorem, presented by Arnold in [2, Chapter 2], if µα is a

stationary measure for pα then P ⊗ µα is an invariant measure for (θ, φα)

and the support of µα is a minimal invariant set for Fα.

Then we will use a result from Doob in [19, Chapter 5], and the exis-

tence of the minimal invariant set Eα to show that there exists stationary

measure µα supported on Eα. Finally, obtain a linearization (θ,Φα) with

respect to the ergodic invariant measure P ⊗ µ. This correspondence has

already been used already by Araujo in [1], and by Zmarrou and Homburg

in [55]. It justifies the use of the terminology ”topological bifurcation” in

the context of RDSs. We review the correspondence formally in Chapter

1, Section 1.2 and 1.3
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Finally, we calculate the spectrum Σ and we will discover that the spec-

trum Σ is strictly contained in [0, 1] and 1 ∈ Σ at the bifurcation point.

The example showcases how the dichotomy spectrum and the deriva-

tive of the extremal maps are connected. While at first the spectrum ap-

pears to be an orthogonal topic with respect to set-valued dynamical sys-

tems, we discover in Section 3.4 that the spectrum can be calculated for the

linearization of a one dimensional random dynamical systems by using the

derivatives in Proposition 64 and Proposition 63. These results allow for an

easier way to calculate the spectrum, which is a priori is very complicated.

Furthermore, it enables the spectrum to be used as a warning signal.
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Chapter 1

Background and Notation

In this chapter we introduce Random Dynamical Systems (RDSs) and set-

valued mappings in order to fix the notation that will be used in this thesis.

We will illustrate a theorem from Doob’s book [19] about the existence

of stationary measures for stochastic transition function in the particular

case that the stochastic transition function is the one of a RDS that is the

composition of i.i.d. random maps. Furthermore, we review a correspon-

dence presented in Arnold [2] between stationary measures and invariant

measures.

Next, we introduce the definitions of set-valued mappings and family

of set-valued mappings, presented by Lamb, Rasmussen and Rodriguez in

[29]. We discuss how a set-valued mapping is associated to a RDS and we

show that a minimal invariant set is the support of a stationary measure of

a RDS.

1.1 Random dynamical systems

A Random Dynamical System (RDS) is a dynamical system where the

dynamics is governed by a law chosen randomly in a set of maps according
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to a certain probability distribution. We introduce RDS formally. The main

reference for this section is [2].

Let (Ω,F ,P) be a probability space with θn : Ω → Ω for n in a set of

times T a family of measure preserving measurable functions and (U,B)

be a measurable space. The set of times T will be typically chosen as

N0 = N ∪ {0}.
Notice that for the metric dynamical system (Ω,F ,P, {θn}n∈T) the

family of maps {θn}n∈T satisfies

θn(θk(ω)) = θn+k(ω), ω ∈ Ω n, k ≥ 0

and

θ0(ω) = ω.

However in the case T = Z or N0, by iterating the chain rule one obtains

θn+1(ω) = θn(θ1(ω)) = · · · = θn+1
1 (ω).

Hence for discrete time metric dynamical systems one can rename θ1 = θ

and consider iterations of θ.

Definition 1. A random dynamical system is a pair (θ, φ) where φ is a

cocycle over the metric dynamical system (Ω,F ,P, {θn}n∈T)

φ : T× Ω× U → U, (1.1)

The set of times T will be typically chosen as N0 = N ∪ {0}, R+
0 = {x ∈

R|x ≥ 0} for the cases of one-sided time and Z or R for the cases of two-

sided time. For the set U , we will choose U ⊆ Rd equipped with the Borel

σ-algebra B. Let B(T ) be the Borel σ-algebra of a topological space T .

The map φ satisfies
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• (A1) φ is B(T)⊗F ⊗ B measurable.

• (A2) φ(0, ω, x) = x for every x ∈ X and every ω ∈ Ω.

• (A3) φ(k + n, ω, x) = φ(k, θn(ω), φ(n, ω, x)) for every n, k ∈ T,

x ∈ U , ω ∈ Ω.

The third condition is the so-called cocycle condition and the map φ is

called cocycle, accordingly.

A RDS can be visualized in the following way. On the fiber bundle

Ω× U the cocycle φ(n, ω, x) maps x from the ω-fiber to the θn(ω) fiber.

If the random dynamical system is linear with U = Rd, d ≥ 1 and Rd

is equipped with the borel σ-algebra B, we will write the system using its

matrix Φ(n, ω) ∈ Rd×d defined by

Φ(n, ω)x = φ(n, ω, x), n ∈ T, x ∈ Rd, a.e. ω ∈ Ω (1.2)

We will refer to a RDS as the pair (θ, φ) in general, and as the pair

(θ,Φ) for linear RDS where Φ is a matrix in Rd×d.

We introduce some additional terminology for a RDS.

• The RDS (θ, φ) is ergodic if the metric dynamical system

(Ω,F ,P, {θn}n∈T),

is ergodic.

• A RDS is continuous if for each ω ∈ Ω the mapping

φ(·, ω, ·)T×X → X,

is continous.
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• A RDS is Ck for 1 ≤ k ≤ ∞ if a RDS is continuous and for every

(n, ω) ∈ T× Ω the mapping

φ(n, ω, ·) : X → X,

is Ck.

Definition 2. Given a RDS (θ, φ) a probability measure ρ over (Ω×X,F⊗
B) is said to be invariant for (θ, φ) if given the skew-product S

S : T× Ω× U → Ω× U

(n, ω, x)→ (θn(ω), φ(n, ω, x))

then

ρ(S−1(A)) = ρ(A)

for all A ∈ F ⊗ B and if πΩ : Ω×X → Ω is the projection to Ω, then

πΩρ = θn(πΩρ) = P,

where πΩρ is called marginal distribution and is defined as

πΩρ := ρ(π−1
Ω (∆)), ∆ ∈ F

An invariant probability measure ρ can be factorized, or disintegrated,

for ω ∈ Ω.

Definition 3. The map ρω : Ω × B → [0, 1] with respect to P is called a

disintegration if

• For all B ∈ B, ω → ρω(B) is F-measurable.

• For P-a.e. ω ∈ Ω, B → ρω(B) is a probability measure on (U,B).
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• For all A ∈ F ⊗ B

µ(A) =

∫
Ω

∫
U

1A(ω, x)ρω(x)P(ω).

In [2, Proposition 1.4.3] , it is shown that a factorization, or disinte-

gration, exists when U ⊆ Rd equipped with the Borel σ-algebra B. We

conclude the section by introducing the concept of support for an invariant

measure.

Definition 4. For C ∈ F ⊗ B we define the ω-fiber of C as

Cω := {x ∈ U : (ω, x) ∈ C}.

We can now define the support of a measure.

Definition 5. Let ρ be an invariant probability measure for a RDS (θ, φ).

The measure ρ is said to be supported over C ∈ F ⊗ B (or C supports ρ )

if ρ(C) = 1 or, equivalently, using the disintegration of the measure ρω

ρω(Cω) = 1, a.e. ω ∈ Ω.

We indicate with supp(ρω) the intersection of every closed setCω such that

Cω supports ρω. The support of ρ is a set-valued map

ω → Cω :=

{
supp ρω ω ∈ N c

ρ

U ω ∈ Nρ,

where Nρ ∈ F is a zero measure set such that ρω is not a probability

measure for ω ∈ Nρ.
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1.2 Stationary measures and invariant measures

In this section we explain the relation between invariant measures of a RDS

and the stationary measures of its associated stochastic transition map. An

invariant measure is a concept associated to a RDS, while a stationary mea-

sure is introduced in the context of stochastic transition functions. Under

the assumption that the cocylye φ of a RDS (θ, φ) is the composition of

i.i.d. mappings, a stochastic transition function p can be associated to

(θ, φ) and there exists a correspondence between invariant measure and

stationary measure.

In the scope of the thesis, stationary measure will be important when

we will introduce the set-valued mappings, as some special set, called min-

imal invariant sets, will correspond to the support of a stationary measure.

The following assumption will be key through the thesis and will be

referred as the assumption i.i.d. or we will write i.i.d. RDS.

Definition 6. A RDS (θ, φ) is said to be the composition of i.i.d. or we

will also say that (θ, φ) is an i.i.d. RDS if the cocycle φ results

φ : N0 × Ω× U → U

φ(n, ω, x) := f(ωn, ·) ◦ · · · ◦ f(ω0, x)

where f : Ω0 × U → U is a measurable function and Ω is the probability

space of sequences ω = (ω0, ω1, . . . , ) with ωi ∈ Ω0 , for i = 0, 1, 2, . . .

and Ω0 being the probability space (Ω0,F0,P0). The product probability

space results

(Ω = Π∞i=1Ω0,⊗∞i=1F0,P = P0 ⊗ P0 ⊗ . . . ).

The resulting cocyle φ(n, ω, x) is a product of i.i.d. random variables.
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Let φ : N0 × Ω × U → U be a cocycle of an i.i.d. RDS (θ, φ) with

U ⊂ Rd. Then, we introduce the stochastic transition function associated

to (θ, φ).

Definition 7. cf. The stochastic transition function associated to the RDS

(θ, φ) is the function

p : Rd × B → [0, 1],

(x,B)→ p(x,B) := P (ω|φ(1, ω, x) ∈ B) .

Over the measurable space U we introduce the stationary measures

with respect to p.

Definition 8. A stationary measure µ over the measurable space (U,B) is

a measure such that for any B ∈ B∫
U

p(x,B)dµ(x) = µ(B)

The following result from [2] provides us with a class of RDS that

exhibit the requested Markov property for the orbit.

Theorem 9. (cf. Theorem 2.1.4 [2]) Let φ : N0 × Ω × U → U be a

measurable cocyle of an i.i.d. RDS. Then for every fixed x ∈ U the orbit

of x of xn+1 = φ(1, θnω, xn) with x0 = x is a homogeneous Markov chain

with state space U and transition probability

p(x,B) := P (ω|φ(1, ω, x) ∈ B) .

The converse procedure is also possible: given a stochastic transition

function or stochastic kernel p an associated RDS (θ, φ) can be defined

with the property that the resulting cocycle φ is a product of i.i.d. random

variable. The procedure is illustrated in Theorem 2.1.6 [2]. The procedure
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is not unique and the general reason for non-uniqueness is that a transition

probability only determines the statistics of the one-point motion of a pos-

sible RDS, while the mapping φ(1, ω, ·) also describes the simultaneous

motion of k points for arbitrary k ∈ N. We do not report the result as it

goes beyond the scope of the thesis.

We can now state the main result about the correspondence between

stationary and invariant measures (cf. [2, Theorem 2.2.5 in]).

Proposition 10. Consider an i.i.d. RDS (θ, φ). A measure µ is stationary

for the stochastic transition p function associated to (θ, φ) if and only if the

product measure P⊗ µ is an invariant measure for the skew-product S.

We can introduce the concept of support for a stationary probability

measure µ.

Definition 11. Let µ be a stationary probability measure. The measure µ

is said to be supported over C ∈ B if µ(C) = 1. We indicate with suppµ

the intersection of every closed set C such that C supports µ.

Before proceeding further, we want to summarize the results presented

so far, and clarify the intention of the thesis. First, Theorem 9 established

stochastic transition functions p and RDSs (θ, φ) such that φ is a compo-

sition of i.i.d. mappings, and, respectively, between homogenous Markov

chains and the orbits of the RDSs. Second, Proposition 10 established a

correspondence between stationary measures µ for p and invariant mea-

sures P⊗ µ for the associated RDS (θ, φ).

In the remainder of the section we illustrate the main results from [19,

Chapter 5] in order to review a theorem about the existence of stationary

ergodic measures for p. Consequently, one recovers the existence of in-

variant measures for RDSs where the cocycle φ is the composition of i.i.d.

mappings.
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The fundamental condition that is required for the stochastic transition

function is the so-called regularity condition.

Definition 12. (Regularity with respect to (ν, k0, ε)). There exist an integer

k0 ∈ N, a finite measure ν on U and ε > 0 such that if ν(B) < ε, with

B ∈ B then

pk0(x,B) ≤ 1− ε,

for every x ∈ U .

The regularity condition intuitively requires that small sets are visited

with small probability. Moreover, in our settings, it forces the RDS to

contain a set of positive Lebesgue measure almost everywhere.

Proposition 13. Let m be the Lebesgue measure in Rd equipped with the

Borel σ-algebra. Consider U ⊂ Rd be a compact set. Let (θ, φ) a ran-

dom dynamical system satisfying condition (P), with p being its associated

stochastic transition function. if the regularity condition is satisfied for a

triple (m, k0, ε) with k0 = 1 then it results that φ(1,Ω, x) for every x ∈ U
contains a set of Lebesgue measure greater than 0.

Proof. Assume that p satisfies the regularity condition with respect to the

Lebesgue measure, but there exists x0 ∈ U such that m(φ(1,Ω, x0)) = 0.

Then for B = φ(1,Ω, x0), one has that m(B) < ε, for every ε > 0, but

p(x0, B) = 1 by construction. This contradicts the regularity condition

and concludes the proof.

Definition 14. A consequent set E ∈ B with respect to some x0 ∈ Rd is

a set such that pn(x0, E) = 1 for every n ∈ N. A set E consequent of

every x ∈ E is invariant. The smallest invariant subset in an invariant set

is called minimal invariant set.
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By definition it results that if the regularity condition is satisfied then

for a minimal invariant set E it results m(E) > ε. Morever if E1 and

E2 are two minimal invariant sets they differ for a set of measure zero,

or the intersection is empty. Then an enumeration of minimal invariant

E1, E2, . . . , set can be given by assuming that Ei ∩ Ej = ∅ and any other

minimal invariant set E /∈ {Ei}i=1,2,... differs from a set Ei by a set of

measure zero.

The following two proposition are taken from [19, Chapter 5] and spec-

ified to our setting.

Proposition 15. Let p be a transition function of an homogenous Markov

chain with compact state space U ⊂ Rd associated to an i.i.d. RDS (θ, φ).

If p satisfies the regularity condition for a triple (m, k0, ε) where m is the

Lebesgue in Rd equipped with the Borel σ-algebra B, then there exists at

least one minimal invariant set E ⊂ U .

Proof. We will build a sequence of nested invariant sets. Set V1 = U . If

it does not contain any invariant subset V2 ⊂ V1 such that m(V2) < m(V1)

then V1 is minimal invariant. If V1 is not minimal let V2 be a choice of

an invariant subset, such that V2 ( V1, m(V2) < m(V1). By iterating the

process it results a sequence a sets

V1 ⊃ V2 ⊃ · · · ⊃ Vn

m(V1) > m(V2) > · · · > m(Vn) > ε.

The last inequality is satisfied, since Vn is invariant, then p(x, Vn) ⊂ Vn

and p(x, Vn) > ε due to the regularity condition. If there exists n ∈ N such

that Vn is minimal invariant define E := Vn. Otherwise

E :=
⋂
n∈N

Vn,
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is a choice of a non empty minimal invariant set.

Proposition 16. Let p be a transition function of a Markov homogenous

chain with compact state space U ⊂ Rd. If p satisfies the regularity con-

dition for a triple (m, 1, ε) where m is the Lebesgue in Rd equipped with

the Borel σ-algebra B, then there exist at most a finite number of minimal

invariant sets

Proof. Since U is a compact set we can define

K := min
x∈U
{m(φ(1,Ω, x))}.

By proposition 13, one has that K > 0. For any minimal invariant set E it

results m(E) ≥ K, then after choosing a numeration of minimal invariant

sets at most it is possible to have n = m(U)
K

minimal invariant sets contained

in U .

The choice of a triple (ν, k0, ε) is not unique but one triple is required

for proving the following two results contained in [19], which we report

without proof.

Proposition 17. Assume the regularity condition and U compact. Let

E1, . . . En ∈ B be an enumeration of minimal invariant sets. Then for

every B ∈ B the following limits exist

1.

C(x,Ei) = lim
n→∞

pn(x,Ei)

and results C(x,Ei) = 1 if x ∈ Ei.

2.

q(x,B) := lim
n→∞

1

n

n∑
i=1

pi(x,B) =
n∑
j=1

C(x,Ej)µi(A) (1.3)
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where µi is a stationary ergodic measure supported in Ei.

Theorem 18 (cf Theorem 5.7, [19]). If the regularity condition is satisfied

and U is compact q(x,A) defined in (1.3) defines for each x ∈ U a sta-

tionary probability distribution. If x ∈ E is in a minimal invariant set E,

q is independent of x and q(x,E) = µ(E), µ being a stationary ergodic

measure. Conversely every stationary absolute probability distribution is

a linear combination of finitely many stationary ergodic measures. More

generally every solution χ of∫
U

p(x,E)dχ(x) = χ(E),

is a linear combination of stationary ergodic measures with positive coef-

ficients summing to 1 .

The theorem implies the existence of a finite amount of ergodic sta-

tionary measures. We want to emphasize again that If the RDS satisfies

the hypothesis of Proposition 10 then an ergodic stationary measure is an

invariant ergodic product measure for the RDS.

The theorem has been specified to the case of RDS in [56] by Zmarrou

and Homburg. Under slightly stronger assumptions on the type on the

probability space (Ω,F ,P) and on the cocycle φ they also show that a

stationary measure χ is absolutely continuous and its density function is at

least continuous for one-dimensional RDS with U = S1 or it is a smooth

function if U is a compact manifold and φ(1, ω, .) is a diffeomorphism for

each ω ∈ Ω (cf. Theorem 1.3 and Theorem 8.1 in [56]).

1.3 Set-valued mappings

A Set-valued mapping is a continuos mapping that given a time and point

x in a topological space X returns a compact set in X . The motivation
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for considering a set-valued dynamical system is that they represent the

ensemble of all the possible future trajectories of a system. For fixing the

ideas, consider a real continuous map f : R→ R and a sequence {ξn}n∈N
of i.i.d. random variables with values in an interval [a, b] ⊂ R, then define

the orbit

xn+1 = f(xn) + ξn.

A set-valued mapping F : R→ K(R) is defined as F (x) := {f(x) + y ∈
R : y ∈ [a, b]}, where K(R) is the set of all nonempty compact subsets of

R equipped with the Hausdorff distance h : K(R) × K(R) → R+
0 . Recall

that the Hausdorff distance between two sets X, Y ∈ K(R) is defined as

dH(X, Y ) = max{sup
x∈X

inf
y∈Y
|x− y|, sup

y∈Y
inf
x∈X
|x− y|}.

In this section we follow [29] and introduce formally set-valued map-

pings. We consider R and the set of the compact spaces of R, K(R)

equipped with the Hausdorff distance.

Definition 19 (Set-valued mapping). We say that F : R → K(R) is a

set-valued mapping if

(H1) F (x) is an interval for all x ∈ R.

(H2) There exists ε > 0 such that F (x) contains an interval of length ε for

all x ∈ R.

(H3) The so called extremal maps f− : R→ R and f+ : R→ R given by

f−(x) := minF (x) and f+ := maxF (x) (1.4)

are cotinuously differentiable.
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In the context of set-valued mappings, some special sets kept invariant

by the map, called minimal invariant sets, are very important.

Definition 20 (Minimal invariant set). A set E ∈ K(R) is called a minimal

invariant for a set-valued mapping F : R → K(R) if F (E) = E and E

does not contain any proper nonempty subset with this property.

For fixing the ideas, we want to show a minimal invariant set in a simple

case of a linear set-valued mapping.

Example 21. Consider the family of set-valued mappings

Fα(x) = Bσ(αx),

where σ > 0 is fixed, Bσ(x) is the ball of radius σ centered in x, and

α ∈ (0, 1). Notice that (H1)-(H5) are all satisfied for this map. We want to

briefly describe a minimal invariant set for Fα. The extremal maps result

f−(x) = αx− σ and f+(x) = αx− σ,

and they have two fixed point, respectively

P−α = − σ

α− 1
and P+

α =
σ

α− 1
.

We show that there exists a minimal invariant set Eα for α ∈ (0, 1) and it

results

Eα = [P−α , P
+
α ].

From Figure 1.1, one can visually see that the Eα is mapped into itself

by Fα ( the reader can use the identity as reference to visualize the next

iteration of Fα). Formally, we can use the extremal maps. In fact, consider
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Fα(P−α ). We show that

Fα(P−α ) ⊂ Eα. (1.5)

Equation (1.5) can be rewritten as

Fα(P−α ) = [P−α , f
+
α (P−α )],

hence we need to show

f+
α (P−α ) < P+

α .

By replacing the definitions and manipulating the inequality, one obtains

σ

(
2α

α− 1

)
< 0. (1.6)

Since σ > 0 is fixed, equation (1.6) is satisfied for α ∈ (0, 1). The

extremal map f+
α is continuous, then {f+

α (x) : x ∈ [f+
α (P−α ), P+

α ]} =

[f+
α (P−α ), P+

α ]. Analogously, one can show that f−α (P+
α ) ∈ Eα and {f−α (x) :

x ∈ [P−α , f
−
α (P+

α )]} = [P−α , f
−
α (P+

α )]. Since Fα(x) = [f−α (x), f+α(x)],

we have shown that Fα(Eα) = Eα.

Moreover Eα does not contain any proper invariant subsets. For point

x ∈ Eα one has

(f−)n(x)→ P−α as n→∞

and

(f+)n(x)→ P+
α as n→∞

Consequently for any non-empty set W ( Eα and any x ∈ W , there exists

n0 > 0 such that (f−)n0(x) /∈ W .

We conclude the section by showing that a minimal invariant set is a

consequent set of a stationary measure.
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Figure 1.1: A plot of the set-valued dynamical system Fα(x) = Bσ(αx).
The identity line is plotted for convenience. The minimal invariant set Eα
is an interval bounded by the two fixed points P−α < 0 and P+

α > 0.
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Proposition 22. Consider a continuous i.i.d. RDS (θ, φ), such that its

stochastic transition function satisfied the regularity condition for the Lebesgue

measure. Moreover assume that Ω0 = [l0, l1] ⊂ R is a closed interval.

Then one has that the mapping F (x) := f(Ω0, x) satisfies (H1)-(H2).

Moreover, if a set E is consequent for each of its points then it results

that there exists a set Ẽ that is invariant for F and E and Ẽ differ for a set

W such that p(x,W ) = 0 for x ∈ U .

Proof. Since ω → f(ω, x) is a continuous function, F (x) = f(Ω0, x) ⊂ U

is a closed interval. By Proposition 13, F (x) contains a set of positive

Lebesgue measure for x ∈ U . Hence F (x) = f(Ω, x) satisfies (H1)-(H2).

Next, we show that if f(Ω0, E) ( E, and W := f(Ω0, E) \ E, then

p(x,W ) = 0 for every x ∈ E. In fact, assume that p(x0,W ) > 0 for some

x0 ∈ E, then one has

p(x0, E) =

∫
Ω0

1E(f(ω, x0))dP0(ω) < 1, (1.7)

since

p(x0,W ) =

∫
Ω0

1W (f(ω, x0))dP0(ω) > 0,

and

1 =

∫
Ω0

1E(f(ω, x0))dP0(ω) +

∫
Ω0

1W (f(ω, x0))dP0(ω).

Equation (1.7) yields a contradiction with the fact that E is consequent for

each of its points, in particular

p(x0, E) = 1.

It follows that for every x ∈ E, p(x,W ) = 0 and consequently Ẽ = E∪W
is an invariant set for f(Ω, x) that is equivalent to E.
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Proposition 22 justifies the terminology of minimal invariant set shared

in the context of stochastic transition functions and in the context of set-

valued mappings.
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Chapter 2

Early-warning signals for

bifurcations

with bounded noise

This chapter is a collaboration with C. Kuehn and M. Rasmussen and has

been published in [28]. We introduce a new early-warning signal for pre-

dicting a bifurcation in a one dimensional random dynamical system with

bounded noise. An early warning signal is a term used in applied science

to call a quantity that is calculated from a time series which is used to pre-

dict a critical transition. We predict the bifurcation of a random difference

equation by using the derivative of two special maps called extremal maps.

The use of the derivative for detecting a critical transition is not new

in ecology. In [15, 30] Scheffer et al. calculate the autocorrelation coeffi-

cient from a time series in a moving time window. The bifurcation happens

when the autorocorrelation coeffecient crosses the value 1. The connection

between derivative and autocorrelation coefficient is evident in an autore-
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gressive model, i.e. a random difference equation of the type

xn+1 = αxn + ωn, ωn ∈ [a, b] ⊂ R.

The autocorrelation coefficient is exactly α that is also the derivative of the

linear map gα(x) = αx. The idea at the basis of this chapter is that only

special regions of a time series need to be analyzed in order to predict a

bifurcation.

Our work is based upon the work of Lamb, Rasmussen, and Rodrigues

in [29] for set-valued dynamical systems. Recall that a set-valued mapping

can be associated in a natural way to a random dynamical system as in

Chapter 1.

In Section 2.1 we provide a set of necessary and sufficient conditions

for having a bifurcation of a minimal invariant set in a one dimension set-

valued dynamical system in terms of the derivative of two special maps

called extremal maps.

In Section 2.2 we propose an algorithm for estimating the derivative of

an extremal map in a point from a time series.

In Section 2.3 we apply the method to successfully the bifurcation of

the Koper model. The model has been introduced by Koper in [23] and has

been widely studied in [23, 24, 25, 49, 48, 21]. This example also illus-

trates how a one dimensional technique can be used for analyzing system

of greater dimensions, as the Koper model is assigned as a three dimen-

sional system of ODEs.
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2.1 Bifurcations of set-valued mappings

We study the dynamics of a continuous mappings f : R→ R perturbed by

additive bounded noise, given by the random difference equation

xn+1 = f(xn) + ξn ,

where {ξn}n∈N is a sequence of i.i.d. random variable with values in a

compact set K. The collective behavior of all future trajectories can then

be studied by using the set-valued mapping F : K(R) → K(R), defined

by

F (M) := {x+ y ∈ R : x ∈M and y ∈ K} ,

where K(R) is the set of all nonempty compact subsets of R, equipped

with the Hausdorff distance.

We consider families of set-valued dynamical mappings. A one-parameter

family of set-valued maps is a collection of set-valued mappings {Fα}α∈A
where A ⊂ R is open, satisfying (H1)-(H3). Moreover we assume that

Hypothesis 23 (on the family of set-valued mappings {Fα}α∈A). We as-

sume the following hypotheses:

(H4) The mapping (α, x) 7→ Fα(x) is continuous for all α ∈ A and x ∈ R.

(H5) The mapping α 7→ Fα(x) is continuous for every α ∈ A, uniformly

in x ∈ R.

Let Mα be the union of all minimal invariant sets of the set-valued

mapping Fα, α ∈ A. We are interested in discontinuous changes ofMα

under variation of α, which we will call discontinuous topological bifurca-

tions.
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Definition 24 (Discontinuous topological bifurcation of minimal invari-

ant sets). We say that a family of set-valued mappings {Fα}α∈A admits a

discontinuous topological bifurcation of minimal invariant sets at a point

α0 ∈ A if the mapping α 7→ Mα is discontinuous at α0 in Hausdorff

distance.

We prove a necessary condition for having a bifurcation of minimal

invariant sets. It is convenient for our purpose to introduce the terminology

that a family of set-valued mappings topologically bifurcates at a minimal

invariant set.

Definition 25. We say that a family of set-valued mappings {Fα}α∈A topo-

logically bifurcates at a minimal invariant set Eα0 of Fα0 if for any neigh-

borhood U of Eα0 , the mapping α → U ∩Mα is discontinuous at α0 in

Hausdorff distance.

Proposition 26. Let {Fα}α∈A be a family of set-valued mappings satisfy-

ing the assumptions (H1)–(H5). Suppose that there exists a minimal in-

variant set Eα0 = [e1, e2] of Fα0 such that∣∣∣∣df−α0

dx
(e1)

∣∣∣∣ < 1

∣∣∣∣df+
α0

dx
(e1)

∣∣∣∣ < 1 ,

∣∣∣∣df−α0

dx
(e2)

∣∣∣∣ < 1 ,

∣∣∣∣df+
α0

dx
(e2)

∣∣∣∣ < 1 ,

where f−α0
and f+

α0
are the extremal mappings of Fα0 as defined in (H3).

Then there exists a non-bifurcating family of minimal invariant sets in a

neighborhood of α0, i.e. there exists δ > 0 such that for every α ∈ Bδ(α0),

there exists a minimal invariant set Eα of Fα, and {Fα}α∈A does not topo-

logically bifurcate at the minimal invariant set Eα0 of Fα0 .

Note that in [55], a similar result is proved for random diffeomorphisms

under the assumption that the minimal invariant set is isolated. An isolated

minimal invariant set E of a set-valued mapping F satisfies the property
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that for any open set W ⊃ E, there exists an open set U with E ⊂ U ⊂ W

such that F (U) ⊂ U . It is easy to show that under the assumptions of

Proposition 26, the minimal invariant set Eα0 of Fα0 is isolated.

Proof. We show that there exist two neighborhoods W1 and W2 of the

points e1 and e2, respectively, such that for every x ∈ W1 ∪W2 one has

lim
n→∞

d(F n
α0

(x)|Eα0) = 0 . (2.1)

Since
∣∣∣ df−α0

dx (e1)
∣∣∣ < 1 and

∣∣∣ df+α0
dx (e1)

∣∣∣ < 1, there exist and L1 < 1 and a

closed neighborhood W1 of e1 such that for every x, y ∈ W1, we have

|f−α0
(x)− f−α0

(y)| ≤ L1|x− y| and |f+
α0

(x)− f+
α0

(y)| ≤ L1|x− y| .

Similarly, since
∣∣∣ df−α0

dx (e2)
∣∣∣ < 1 and

∣∣∣ df+α0
dx (e2)

∣∣∣ < 1, there exist and L2 < 1

and a closed neighborhood W2 of e2 such that for every x, y ∈ W2, we

have

|f−α0
(x)− f−α0

(y)| ≤ L2|x− y| and |f+
α0

(x)− f+
α0

(y)| ≤ L2|x− y| .

With L := max{L1, L2} < 1, it follows that for every x ∈ Wi, i ∈ {1, 2},
we have

|f−α0
(x)− f−α0

(ei)| ≤ L|x− ei| = L dist(x,Eα0) , (2.2)

and

|f+
α0

(x)− f+
α0

(ei)| ≤ L|x− ei| = L dist(x,Eα0) . (2.3)

Define the set W := W1 ∪W2 ∪Eα0 and note that F (W ) ⊂ W . It follows
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that

d(F n
α0

(x)|Eα0) ≤ Lnd(W |Eα0) for all x ∈ W and n ∈ N ,

where in addition to (2.2) and (2.3), we also use the invariance of Eα0 .

This establishes (2.1). The conclusion follows using [29, Proposition 4.1,

Theorem 6.1], which makes full use of (H1)–(H5). Any open neighbor-

hood Bδ(Eα0) with δ > 0 such that Bδ(Eα0) ⊂ W separates the mini-

mal invariant set from its dual according to [29, Proposition 4.1]. By [29,

Theorem 6.1], the necessary condition for a discontinuous topological bi-

furcation is not satisfied, which means that of Fα0 does not topologically

bifurcate at the minimal invariant set Eα0 . We note that the results in [29]

are formulated for compact spaces, but the results can be applied if our

family of set-valued mappings is truncated outside a compact set that con-

tains the minimal invariant set Eα0 in its interior.

It is possible to formulate a necessary condition for having a bifurcation

that is a direct consequence of Proposition 26 and is expressed in terms of

the derivatives of the extremal maps.

Corollary 27 (Necessary condition for a discontinuous topological bifur-

cation). Let {Fα}α∈A be a family of set-valued mappings satisfying (H1)–

(H5). For a fixed α0 ∈ A, let Eα0 = [e1, e2] be a minimal invariant set of

Fα0 . If {Fα}α∈A topologically bifurcates at Eα0 , then at least one of the

four conditions∣∣∣∣df−α0

dx
(e1)

∣∣∣∣ ≥ 1 ,

∣∣∣∣df+
α0

dx
(e1)

∣∣∣∣ ≥ 1 ,

∣∣∣∣df−α0

dx
(e2)

∣∣∣∣ ≥ 1 ,

∣∣∣∣df+
α0

dx
(e2)

∣∣∣∣ ≥ 1

is satisfied.

The concept of collision between minimal invariant sets and their duals
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as presented in [29], and that is used in the proof of Proposition 26 is very

powerful, since it allows to ignore the interior of the minimal invariant set

in the bifurcation analysis and focus the study on the dynamics close to

its boundary. We will use this observation in Section 2.2 to develop early-

warning signals for upcoming bifurcations.

Example 28. Consider the family of set-valued mappings Fα : R →
K(R), α > 0, given by

Fα(x) := Bσ

(
1
2
α arctan(x) + 1

2
x
)

for all x ∈ R ,

where σ > 0. For a given and fixed σ > 0, there exists α0 > 0 such that the

following statements hold, describing a set-valued pitchfork bifurcation.

• For α ≥ α0, there exist exactly two minimal invariant sets E1
α ⊂

(−∞, 0) and E2
α ⊂ (0,∞). They are symmetric with respect to the

origin, since Fα is symmetric as well. For α > α0, each extremal

map f+
α and f−α of the set-valued mapping Fα has a pair of attracting

fixed points, which are boundary points of the minimal invariant sets

E1
α and E2

α.

• For α < α0, there exists only one minimal invariant set Eα, that

is not a continuation of the two minimal invariant sets from above,

since it also contains the interval between these two sets. Each ex-

tremal mapping f+
α and f−α now has only one fixed point that bounds

the new minimal invariant set (see Figure 2.1).

Importantly, the value α0 depends on σ and can be observed as the value

such that one of the extremal mappings f+
α or f−α is tangent to the identity

line (see Figure 2.2), meaning the derivative in this intersection point is

equal to 1. We will use this later to develop an early-warning signal for

this bifurcation.
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Figure 2.1: Dependence of the minimal invariant sets on α for the fam-
ily of set-valued mappings Fα, α > 0, from Example 28: there are two
minimal invariant sets for α > α0, and after the discontinuous bifurcation,
there is only one bigger minimal invariant set for α ≤ α0.
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Figure 2.2: Profiles of the extremal maps f+
α (x) and f−α (x) from Exam-

ple 28. From left to right: α > α0 (two minimal invariants sets), α = α0

(two minimal invariant sets, α < α0 (one minimal invariant set).
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Note that this bifurcation can not be detected in the limit α ↗ α0

by considering derivatives of the extremal maps at the boundary of Eα,

α < α0. This does not contradict the statement of Proposition 26 and

Corollary 27, since at α = α0, there are two minimal invariant sets, and

the necessary condition for a bifurcation established in Corollary 27 holds

for both of these invariant sets.

In the following proposition we provide a sufficient condition for a dis-

continuous topological bifurcation. We require that the extremal mappings

are strictly monotone increasing.

Proposition 29 (Sufficient condition for a discontinuous topological bi-

furcation). Consider open intervals I, U ⊂ R and family of set-valued

mappings Fα : I → K(I), α ∈ U . We assume that the extreme mapping

f+
α as defined in (1.4) is two times continuously differentiable. In addition,

we require that α 7→ f+
α (x) is differentiable for all x ∈ R. Assume that for

a fixed α0 ∈ U , there exists a minimal invariant setEα0 = [e1(α0), e2(α0)].

Furthermore, we suppose that the following four conditions hold.

(i) f+
α : I → I is strictly monotone increasing for every α ∈ U .

(ii) d
dxf

+
α0

(x)
∣∣
x=e2(α0)

= 1.

(iii) d2
dx2f

+
α0

(x)
∣∣
x=e2(α0)

> 0.

(iv) d
dαf

+
α (e2(α0))

∣∣
α=α0

> 0.

Then the family of set-valued mappings (Fα)α∈U admits a discontinuous

topological bifurcations at the minimal invariant set Eα0 .

Remark 30. Analogous conditions can be formulated for e1(α0) ∈ Eα0

and the extremal mappings f−α , α ∈ U . In this case we would then require

that d2
dx2f

−
α (x)

∣∣
x=e1(α0)

< 0 as well as d
dαf

−
α (e1(α0))

∣∣
α=α0

< 0.
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Proof of Proposition 29. Assume that the family Eα does not admit a dis-

continuous topological bifurcation at α0. Then there exists a neighbor-

hood W ⊂ U of α0 and a continuous family of minimal invariant sets

Eα = [e1(α), e2(α)] for Fα, α ∈ W . Because of (i) and the minimal

invariance of Eα = [e1(α), e2(α)] for Fα, it follows that

f+
α (e2(α)) = e2(α) for all α ∈ W . (2.4)

Conditions (ii), (iii), (iv) imply that the mappings f+
α , α ∈ W , admit a

saddle node bifurcation at (α0, e2(α0)), which means in particular, that

there exists an ᾱ > α0 and a neighborhood V ⊂ I of x0 such that the

mapping f+
α has no fixed points in V for any α ∈ (α0, ᾱ). This contradicts

(2.4) and finishes the proof of this proposition.

Example 31. Consider the quadratic map fα : R→ R, fα(x) = −x2 + α.

We consider the corresponding set-valued mapping Fα : R→ K(R), given

by

Fα(x) := Bσ(−x2 + α) ,

for a fixed noise level σ > 0. In the following, we determine the values

of σ > 0 and α > 0 such that a single connected minimal invariant set

transitions discontinuously into a minimal invariant set that is the union of

two intervals that are periodically mapped into each other. We briefly out-

line how these two different types of minimal invariant sets (i.e. the single

interval before the bifurcation and the two intervals after the bifurcation)

are found for this non-invertible mapping, analogously to considering the

fixed points of the extremal maps in the order-preserving and invertible

case studied in Example 28.

Consider first an α > 0 for which there exists a minimal invariant set

Eα = [a, b] of Fα(x) such that f±α are strictly monotonically decreasing on
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Eα. Note that f+
α (a) = b and f−α (b) = a, since f+

α is order-reversing. We

get

a = f+
α (f−α (a)) and b = f−α (f+

α (b)) .

Consider now an α > 0 for which there exists a minimal invariant set

Eα = E1
α ∪ E2

α = [a, c] ∪ [d, b] such that f±α are strictly monotonically

decreasing on Eα. Since Fα(E1
α) = E2

α and Fα(E2
α) = E1

α, we have

f+
α (a) = b , f−α (b) = a , f−α (c) = d and f+

α (d) = c .

It follows that

a = f−α (f+
α (a)), b = f+

α (f−α (b)), c = f+
α (f−α (c)), d = f−α (f+

α (d)).

It follows in both cases that the boundary points of E are fixed points

of f+
α ◦ f−α or f−α ◦ f+

α , so these mappings play a crucial role in the bifur-

cation analysis. We describe the bifurcation occurring for Fα as illustrated

in Figure 2.3 for a minimal invariant set located in [0,∞). For a choice

of a fixed and small enough σ > 0, there exist α0 > 0 and a neighbor-

hood Bδ(α0), δ > 0, of α0, both depending on σ, such that the following

statements hold.

(i) For α ∈ (α0− δ, α0), there exists a single connected minimal invari-

ant set Eα. The map f−α ◦ f+
α (bottom map in gray in Figure 2.4) has

one (attractive) fixed points q−(α) and the map f+
α ◦ f−α (top map in

gray in Figure 2.4) has also one (attractive) fixed point q+(α), with

q−(α) < q+(α). Due to the above analysis, we obtain

Eα = [q−(α), q+(α)] for all α ∈ (α0 − δ, α0) .

Note that the fixed points q−(α) and q+(α) can be continued on the
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Figure 2.3: Dependence of the minimal invariant sets on α for the family
of set-valued mappings Fα from Example 31 with σ = 0.015: there is a
connected minimal invariant set for α < α0, and after the discontinuous
bifurcation, there exists a disconnected minimal invariant given as union
of two intervals for α ≥ α0.
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Figure 2.4: The extremal maps f+
α and f−α (in black), f−α ◦f+

α and f+
α ◦f−α

(in gray) from Example 31 with σ = 0.015. The minimal invariant sets are
plotted in black on the identity line for convenience. Left: α < α0; one
connected minimal invariant set. Middle: α = α0; one minimal invariant
set with two connected components; the second iteration mappings are
tangent to the identity. Right: α > α0; one minimal invariant set with two
connected components.
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interval (α0 − δ, α0 + δ).

(ii) At α = α0, both maps f−α ◦ f+
α and f+

α ◦ f−α undergo a saddle node

bifurcation, and for each mapping, a new pair of fixed points is cre-

ated: r−1 (α) and r−2 (α) for the mapping f−α ◦ f+
α (note that r−1 (α0) =

r−2 (α0)), and r+
1 (α) and r+

2 (α) for the mapping f+
α ◦ f−α (note that

r+
1 (α0) = r+

2 (α0)). Both pairs are defined for α ∈ [α0, α0 + δ).

For α ∈ [α0, α0 + δ), the four fixed points of the second iterates

q−(α) < r+
1 (α) < r−2 (α) < q+(α) are attracting and two minimal

invariant sets for the second iterates exist, given by

E1
α = [q−(α), r+

1 (α)],

and

E2
α = [r−2 (α), q+(α)].

The set [q−(α), q+(α)] is still invariant for Fα, but it is not minimal.

We have

Fα(E1
α) = E2

α and Fα(E2
α) = E1

α ,

and the minimal invariant set is given by Eα = E1
α ∪ E2

α.

The choice of σ is important, since for larger values of σ, the minimal

invariant set may contain the critical point at x = 0, and the boundary

maps are then no longer order-reversing on the minimal invariant set. We

choose σ small enough, so that this does not happen. If the critical point is

not contained in the invariant set, then the extremal mappings are strictly

monotonically decreasing on the minimal invariant set, and the previous

statements hold.

The bifurcation point α0 depends only on σ and it is calculated as fol-

lows. Consider f−α ◦ f+
α or f+

α ◦ f−α , then α0 is the parameter value such
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that

f−α (f+
α (x)) = x and f+

α (f−α (x)) = x (2.5)

for x > 0 has exactly two solutions, one of which is a tangential to the

identity line. The crucial point here is that this happens for both equa-

tions in (3.11) at the same α0. In fact, assume that the map f+
α0
◦ f−α0

has only one fixed point q+(α0) > 0, and the map f−α0
◦ f+

α0
has two

fixed points 0 < q−(α0) < r−1 (α0) = r−2 (α0). Then define the set

E2
α0

:= [r−2 (α0), q+(α0)]. Since the extremal mappings f+
α0

and f−α0
are

strictly monotonically decreasing on [q−(α0), q+(α0)], we have

E1
α0

:= Fα(E2
α0

) = [f−α0
(q+(α0)), f+

α0
(r−2 (α0))] . (2.6)

It is easy to see that E1
α0
∩ E2

α0
= ∅. We iterate again and use the fact that

q+(α0) and r−2 (α0) are fixed points of f+
α0
◦ f−α0

and f−α0
◦ f+

α0
, respectively.

We obtain

Fα(E1
α0

) = [f−α0
(f+
α0

(r−2 (α0))), f+
α0

(f−α0
(q+(α0)))] =

= [r−2 (α0), q+(α0)] = E1
α0
. (2.7)

The sets E1
α0

and E2
α0

are cyclically mapped into each other by Fα and by

combining (2.6) and (2.7) we have

[f−α0
(q+(α0)), f+

α0
(r−2 (α0))] = E2

α0
=

=Fα(E1
α0

) = [f−α0
(f+
α0

(f−α0
(q+(α0)))), f+

α0
(f−α0

(f+
α0

(r−2 (α0))))] .

Then one has

f+
α0

(f−α0
(f+
α0

(r−2 (α0)))) = f+
α0

(r−2 (α0)) ,
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i.e. f+
α0

(r−2 (α0)) is a fixed point of f+
α0
◦ f−α0

. It is straightforward to calcu-

late that f+
α0

(r−2 (α0)) > q−(α0) and f+
α0

(r−2 (α0)) < r−2 (α0). This contra-

dicts the assumption that f+
α0
◦ f−α0

has only one fixed point for x > 0. It

follows that f−α0
◦ f+

α0
and f+

α0
◦ f−α0

both have two exactly different fixed

points at α = α0 and x > 0, one of which is tangent to the identity.

We note that the extremal maps at the boundary of the sets still satisfy

the necessary condition of Corollary 27 (for any x > 1
2
, x ∈ Eα, one has

|(f±α )′(x)| > 1), but the derivative of the extremal maps at the boundary is

not a good indicator for this bifurcation, since the bifurcation is not caused

by an exchange of stability at the boundary of one of the extremal maps.

The compositions of the extremal maps f−α ◦ f+
α and f+

α ◦ f−α must be

considered instead here, although the bifurcation diagram is very similar

to the the pitchfork bifurcation described in Example 28.

2.2 Derivate estimation

Set-valued mappings describe the topological part of a discrete-time ran-

dom dynamical system with bounded noise, in the sense that the support

of the ergodic stationary measures correspond to the minimal invariant sets

of the set-valued mapping [55]. This means that the results of the previous

section extend to the context of random dynamical systems. We have seen

in the previous section that that the derivative of the extremal mappings at

the boundary of the minimal invariant sets can be used to indicate a discon-

tinuous topological bifurcation. In this section, we present an algorithm for

estimating the derivative of the extremal maps from a time series generated

by iterations of a random dynamical system with bounded noise.

Consider a time series S = {x0, x1, x2, . . . , xn} as a realization of iter-

ations of

xi+1 = h(xi, ξi) for all i ∈ {0, . . . , n− 1} , (2.8)
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where h : R × [0, 1] → R, and {ξi}i∈N0 is a sequence of i.i.d. random

variables with values in [0, 1]. Note that these random variables naturally

have finite expectation and variance. The map h has an associated set-

valued mapping F defined by

F (x) = h(x, [0, 1]) for all x ∈ R .

We suppose in the following that the extremal maps f+ and f− of F , as

defined in (1.4), are continuously differentiable.

Let E = [e1, e2] be a minimal invariant set for F such that f−(e1) = e1

and f+(e2) = e2. We aim at providing an approximation of the derivative

of f− at e1, depending on the choice of two intervals of radius δ and a

choice of two intervals in the image of the map h of size ε. Note that there

is a analogous algorithm for estimating the derivative of f+ at e2.

Algorithm 32. We approximate df−

dx (e1) as follows.

(A1) Consider two subintervals of E of length δ > 0, given by

I1 := (m1,m1 + δ) and I2 := (m2,m2 + δ),

such that δ0 := m2 −m1 − δ > 0 (this guarantees that the intervals

I1 and I2 are separated), and define

I := [m1,m2 + δ].

We require that I is close e1.

(A2) Assume that there existw1, . . . , wk1 ∈ S∩I1 and z1, . . . , zk2 ∈ S∩I2

such that wi = xγi and zi = xηi for some sequences {γi}i=1,...,k1 and

{ηi}i=1,...,k2 , and each consecutive iteration w+
i = xγi+1 is contained
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in

Ĩ1 :=
[

min
x∈I1

f−(x),min
x∈I1

f−(x) + ε
]
,

and z+
i = xηi+1 is contained in

Ĩ2 :=
[

min
x∈I2

f−(x),min
x∈I2

f−(x) + ε
]

for a given and fixed ε > 0.

(A3) The approximation of the derivative of the function f− in e1 is then

given by

D :=
1
k1

∑k1
i=1 z

+
i − 1

k2

∑k2
i=1w

+
i

∆
,

where ∆ = m2 + δ −m1 is the length of the interval I .

We note that the approximation D depends on the time series S, on ε

and on the choices of the intervals I1 and I2.

It is well known that the Markov semi-group generated by (2.8) admits

an ergodic stationary measure that is supported on the minimal invariant set

E (see [55]). We assume that the stationary measure is absolutely continu-

ous with respect to the Lebesgue measure on E, and the Lebesgue density

does not vanish in the interior of E. In addition, (2.8) induces a Markov

chain {Xi}i∈N0 that is strictly stationary and ergodic.

We rewrite the map h as

h(x, ξ) = f−(x) + g(x, ξ) ,

where g : R×[0, 1]→ R is a map of the same regularity as h. We introduce

the random variable

X+ := f−(X) + g(X, ξ) , (2.9)
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whereX is distributed according to the stationary distribution of the Markov

semi-group generated by (2.8). Note that X+ has the same distribution as

X , but we will mainly be interested in the distribution of (X,X+), and it

can be shown that the delayed Markov chain {(Xi, Xi+1)}i∈N0 is stationary

and ergodic with this distribution.

We rewrite the difference quotient introduced in (A3) in terms of the

above random variables, and we show that the quantity calculated in (A3)

is an estimate from below of the derivative of the extremal map f− in the

interval I . Note that we require I1 and I2, and hence I , to be close to e1,

as stated in (A1), if we want to approximate df−

dx (e1).

In (A3), two time averages are performed in order to approximate the

derivative. We now use the ergodic theorem to justify this approach.

Proposition 33. Consider the ergodic stationary process {Xi}i∈N0 , and let

I1, I2, Ĩ1 and Ĩ2 be the intervals introduced in (A1) and (A2). Define for

each i ∈ N the random variables

χ1(i) := 1I1(Xi)1Ĩ1(Xi+1) and χ2(i) := 1I2(Xi)1Ĩ2(Xi+1) ,

where 1A denotes the indicator function, i.e. 1A(x) = 1 if x ∈ A, and

1A(x) = 0 if x /∈ A. Define for each n ∈ N the random variables

k1(n) :=
n∑
i=1

χ1(i) and k2(n) :=
n∑
i=1

χ2(i) , (2.10)

and consider the random variablesX andX+ as introduced in (2.9). Then

the following limits exist almost surely, and the two inequalities

lim
n→∞

1

k1(n)

n∑
i=1

χ1(i)h(Xi, ξi) ≥
E
[
1I1(X)1Ĩ1(X

+)f−(X)
]

P
(
X ∈ I1, X+ ∈ Ĩ1

) (2.11)
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and

lim
n→∞

1

k2(n)

n∑
i=1

χ2(i)h(Xi, ξi) ≤
E
[
1I2(X)1Ĩ2(X

+)f−(X)
]

P
(
X ∈ I2, X+ ∈ Ĩ2

) + ε (2.12)

hold.

Remark 34. Denote the joint Lebesgue density of X and X+ by φ : R ×
R→ R. We aim at rewriting the quantity

E
[
1I1(X)1Ĩ1(X

+)f−(X)
]

P
(
X ∈ I1, X+ ∈ Ĩ1

) .

Firstly, the numerator reads as

E
[
1I1(X)1Ĩ1(X

+)f−(X)
]

=

∫
R

∫
R
1I1(x)1Ĩ1(y)f−(x)φ(x, y) dx dy .

Note that the function x 7→
∫
Ĩ1
φ(x, y)dy is strictly positive whenever x ∈

I1, since P
(
Xi+1 ∈ Ĩ1|Xi ∈ I1

)
> 0. The extra term 1I1(X)1Ĩ1(X

+)

inside the integral restricts the domain of integration, and hence, φ is not

a probability density on I1 × Ĩ1. However, P(X1 ∈ I1, X2 ∈ Ĩ1) is the

desired normalization factor, as we have

P(X1 ∈ I1, X2 ∈ Ĩ1) =

∫
I1

dx
∫
Ĩ2

φ(x, y) dy > 0 .

Hence, the function

x 7→ 1∫
I1

dx
∫
Ĩ2
φ(x, y)dy

∫
Ĩ2

φ(x, y) dy

is a probability density describing the statistics of those points in I1 for

which the consecutive iteration is in Ĩ1.
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Proof. We prove (2.12). Note that

lim
n→∞

1

k2(n)

n∑
i=1

χ2(i)h(Xi, ξi) = lim
n→∞

1

k2(n)

n

n

n∑
i=1

χ2(i)
(
f−(Xi)+g(Xi, ξi)

)
.

We consider the limits

lim
n→∞

1

n
k2(n) and lim

n→∞

1

n

n∑
i=1

χ2(i)(f−(Xi) + g(Xi, ξi)) (2.13)

separately. For both limits the ergodic theorem is applied to the delayed

Markov chain {(Xi, Xi+1)}n∈N0 , and we consider the observables

O1(Xi, Xi+1) = 1I2(Xi)1Ĩ2(Xi+1) ,

O2(Xi, Xi+1) = 1I2(Xi)1Ĩ2(Xi+1)(f−(Xi) + g(Xi, ξi)) =

= 1I2(Xi)1Ĩ2(Xi+1)Xi+1 .

The first observable leads to

lim
n→∞

1

n
k2(n) = lim

n→∞

1

n

n∑
i=1

1I2(Xi)1Ĩ2(Xi+1) = P(X ∈ I2, X
+ ∈ Ĩ2) .

The second observable yields

lim
n→∞

1

n

n∑
i=1

χ2(i)(f−(Xi) + g(Xi, ξi)) ≤ lim
n→∞

1

n

n∑
i=1

χ2(i)(f−(Xi) + ε)

= E[1I2(X)1Ĩ2(X
+)f−(X)] + εP(X ∈ I2, X

+ ∈ Ĩ2) .

combining these two limit relations gives

lim
n→∞

1

k2(n)

n

n

n∑
i=1

χ2(i)h(Xi, ξi) ≤
E[1I2(X)1Ĩ2(X

+)f−(X)]

P(X ∈ I2, X+ ∈ Ĩ2)
+ ε .
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The proof for (2.11) is analogous, with the difference that the perturbation

g(x, ξ) is estimated from below by zero.

The following corollary is a direct consequence of Proposition 33 and

it shows that D in (A3) is an estimate from below of the derivative of f−

in the interval I .

Corollary 35. Under the conditions of Proposition 33, almost surely, we

have

lim
n→∞

1

∆

(
1

k2(n)

n∑
i=1

χ2(i)h(Xi, ξi)−
1

k1(n)

n∑
i=1

χ1(i)h(Xi, ξi)

)
≤ max

x∈I
(f−)′(x) +

ε

∆
.

Proof. Proposition 33 yields

lim
n→∞

1

∆

(
1

k2(n)

n∑
i=1

χ2(i)h(Xi, ξi)−
1

k1(n)

n∑
i=1

χ1(i)h(Xi, ξi)

)

≤ 1

∆

(E[1I2(X)1Ĩ2(X
+)f−(X)]

P(X ∈ I2, X+ ∈ Ĩ2)
−

E[1I1(X)1Ĩ1(X
+)f−(X)]

P(X ∈ I1, X+ ∈ Ĩ1)

)
+
ε

∆

(2.14)

≤ max
x∈I1,y∈I2

1

∆

(
f(y)− f(x)

)
+
ε

∆
≤ max

x∈I1,y∈I2

f(y)− f(x)

y − x
+
ε

∆

≤ max
x∈I

(f−)′(x) +
ε

∆
.

We approximated the expectation in (2.14) by considering the maximum.

Next we used ∆ > y − x and the intermediate value theorem.

Remark 36. The error ε
∆

depends on the size of the intervals I1, I2, Ĩ1 and

Ĩ2. In order to reduce this error, one could shrink the size of the intervals,

but as a consequence, we will need to wait a longer time to obtain a sample

of points in satisfying the conditions in (A2).
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Remark 37. In Corollary 35, the estimate of the derivative takes two types

of errors into account, one coming from the noise, and the other given by

the underestimation of the difference quotient D (note that ∆ serves as

upper bound in the denominator). We want to compare the derivative of

the extremal map f−(x) = h(x, 0) with the difference quotient introduced

in (A3) for k1 = k2 = 1. For any x ∈ I1, y ∈ I2 and ξ ∈ [0, 1], we have∣∣∣∣ max
c∈[m1,m2+δ]

∂h

∂x
(c, 0)− h(y, ξ)− h(x, ξ)

∆

∣∣∣∣ =

=

∣∣∣∣ max
c∈[m1,m2+δ]

∂h

∂x
(c, 0)− y − x

y − x
h(y, ξ)− h(x, ξ)

∆

∣∣∣∣
=

∣∣∣∣ max
c∈[m1,m2+δ]

∂h

∂x
(c, 0)− y − x

∆

∂h

∂x
(c̄, ξ)

∣∣∣∣ =

=

∣∣∣∣ max
c∈[m1,m2+δ]

∂h

∂x
(c, 0)

∣∣∣∣
∣∣∣∣∣1− y − x

∆

∂h
∂x

(c̄, ξ)

maxc∈[m1,m2+δ]
∂h
∂x

(c, ξ)

∣∣∣∣∣ .
Here, we used the intermediate value theorem to obtain c̄ ∈ [m1,m2 + δ].

Note that if the map h is at least continuously differentiable, the term on

the left hand side is bounded, and then the error can be controlled by the

quantity ∣∣∣∣∣1− y − x
∆

∂h
∂x

(c̄, ξ)

maxc∈[m1,m2+δ]
∂h
∂x

(c, ξ)

∣∣∣∣∣ .
The error depends on the size of the intervals, since y−x

∆
appears and on

the variation of the function h as the ratio of the derivatives appears. We

want to emphasize that the shorter the intervals I1, I2, Ĩ1, Ĩ2 are, the smaller

is the error is. On the other hand, from the application point of view, the

probability of having consecutive points in Ii and Ĩ1 is also lower, since

P(X ∈ Ii, X+ ∈ Ĩi) for i ∈ {1, 2}, tends to zero as the size of the intervals

tend to zero. When applying Algorithm 32 to a time series, it is then crucial

to consider the size of the intervals in order to have a suitable sample, and
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the variation of the extremal function in the intervals, in order to have a

meaningful estimate.

Remark 38. In the case of additive noise, Algorithm 32 can be simplified

significantly. In (A2), the intervals Ĩ1 and Ĩ2, and the condition that the

next iteration must be contained in Ĩ1 and Ĩ2 can be dropped. In order to

show this we state and sketch the proof of Proposition 33 and Corollary

35 in the case of additive noise. Consider the stationary process {Xi}i∈N0

as previously defined, and let ξi be a sequence of i.i.d. bounded random

variables distributed according to a random variable ξ such that Xi is inde-

pendent of ξi for every i ∈ N. In the additive noise case, the map h reads

as

h(Xi, ξi) = f(Xi) + ξi .

Define for i ∈ N the random variables

Γ1(i) := 1I1(Xi) and Γ2(i) := 1I2(Xi) .

Then the statements (2.11) and (2.12) of Proposition 33 read as

lim
n→∞

1

k1(n)

n∑
i=1

Γ1(i)(f(Xi) + ξi) =
E[1I1(X)f(X)]

P(X ∈ I1)
+ E[ξ] (2.15)

and

lim
n→∞

1

k2(n)

n∑
i=1

Γ2(i)(f(Xi) + ξi) =
E[1I2(X)f(X)]

P(X ∈ I2)
+ E[ξ] , (2.16)

where k1, k2 are defined in (2.10). The calculation of the limits (2.15) and

(2.16) is analogous to the calculation performed in the proof of Proposi-

tion 33. When compared to (2.11) and (2.12), note that in the right hand

side of the equalities (2.15) and (2.16), a different contribution of the noise
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appears. For (2.15), we have

lim
n→∞

1

k1(n)

n∑
i=1

Γ1(i)ξi =
1

P(X ∈ I1)
E[ξ]P(X ∈ I1) = E[ξ] ,

and similarly for (2.16), we have

lim
n→∞

1

k2(n)

n∑
i=1

Γ2(i)ξi = E[ξ] .

We do not need an estimate of the limits, since the effect of the noise will

cancel out. On the other hand, the additive version of Corollary 35 reads

as

lim
n→∞

1

∆

(
1

k2(n)

n∑
i=1

Γ2(i)(f(Xi) + ξi)−
1

k1(n)

n∑
i=1

Γ1(i)(f(Xi) + ξi)

)
≤ max

x∈I
(f−)′(x) .

In fact, one has

lim
n→∞

1

∆

(
1

k2(n)

n∑
i=1

Γ2(i)(f(Xi) + ξi)−
1

k1(n)

n∑
i=1

Γ1(i)(f(Xi) + ξi)

)

≤ 1

∆

[
E[1I2(X)h(X)]

P(X ∈ I2)
+ E[ξ]− E[1I1(X)h(X)]

P(X ∈ I1)
− E[ξ]

]
(2.17)

≤ max
x∈I1,y∈I2

1

∆

(
f(y)− f(x)

)
≤ max

x∈I1,y∈I2

f(y)− f(x)

y − x
≤ max

x∈I
(f−)′(x) .

The proof is the same as in Corollary 35, except for step (2.17), where the

contribution of the noise cancels out. Hence we have that the intervals Ĩ1

and Ĩ2 and the condition on the next iterated in (A2) can be dropped.

The absence of the intervals Ĩ1 and Ĩ2 implies that the algorithm is
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more effective in the additive case for two reasons. Firstly, there are less

conditions on the points of the time series, implying that one has generally

a greater number of points eligible for the calculating the estimate when

compared to the general case. Secondly, we obtain a better estimate from

below of the derivative, since the term ε
∆

does not appear in the additive

case.

2.3 An example: The Koper model

In this section, we numerically study the stochastic return map of the Koper

model with additive bounded noise. The Koper model is a prototypical ex-

ample of a system exhibiting mixed-mode oscillations (MMOs), i.e. peri-

odic orbits with widely varying amplitudes in one period. Depending upon

the value of a parameter λ ∈ R the system exhibits different stable modes

of oscillations. Bifurcations of the minimal invariant set of the set-valued

mapping associated to the stochastic return map correspond to the system

shifting from an oscillation mode to another. With the algorithm of Sec-

tion 2.2 we reconstruct the derivative of the extremal map f−λ for different

values of λ to find an early-warning sign for upcoming bifurcations.

We consider the Koper model given by the ordinary differential equa-

tion

ε
dx
dτ

= y − x3 + 3x =: f(x, y, z),

dy
dτ

= kx− 2(y + λ) + z, (2.18)

dz
dτ

= λ+ y − z,

where k, λ ∈ R are real parameters and ε is assumed to be small and

positive. We fix k = −10 and study the system for a special parameter
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range λ ∈ I = (−8,−23/6). This corresponds to a typical transition

through different MMOs as discussed in [25, 17]. Observe that (2.18) is a

fast-slow system due to the small parameter ε with one fast variable x, and

two slow variables y, z. Therefore, the analysis of MMOs can be carried

out using the framework of multiple time scale dynamical systems [17, 27].

We provide a brief description of the multiscale geometry of the system.

The critical manifold is given by

C0 := {(x, y, z) ∈ R3|y = x3 − 3x}.

Note that C0 can be viewed as the algebraic constraint for the slow sub-

system obtained from (2.18) in the limit ε→ 0. Furthermore, we can also

re-scale time t := τ/ε and on the time scale t, the critical manifold consists

of equilibrium point for the fast subsystem

dx
dt

= y − x3 + 3x,

dy
dt

= 0, (2.19)

dz
dt

= 0,

obtained again by a formal singular limit ε→ 0. C0 is normally hyperbolic

(which just means here that (∂xf)|C0 is nonzero) away from the two fold

lines

F+ := {x = 1} ∩ C0 and F− := {x = −1} ∩ C0.

The folds F± separate the normally hyperbolic repelling manifold Cr
0 =

C0 ∩ {x < 1} ∩ {x > −1} from the two normally hyperbolic attracting

manifolds Ca+
0 = C0 ∩ {x > 1} Ca−

0 = C0 ∩ {x < −1}. In particular,

Cr
0 consists of repelling equilibria of (2.19) while Ca±

0 consist of attracting
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equilibria. There are two folded singularities for the system located at

q± = (±1,±2, 2λ± 6),

which can be viewed as equilibria of a suitable desingularized slow sub-

system; see e.g. [17, 27, 53] for more details. The main point for us here

is that it is well-understood how the interplay between folded singularities

and a global fast-slow return mechanism can generate MMOs as shown in

Figure 2.5. Due to the system symmetry

(x, y, z, λ, k)→ (−x,−y,−z,−λ, k),

we can consider q+ only. It can be shown that for λ ∈ I = (−8,−23/6) the

folded singularity q+ is a so-called folded node [25]. It is known [11, 48]

that in the vicinity of a folded node various small-amplitude oscillations

(SAOs) can be generated. The idea is that a set of special canard orbits

partitions the neighborhood of q+ in the (x, z) plane into certain sectors of

rotation. An orbit of system (2.18) entering a sector will perform s small

oscillations before making a transition to a fast segment. To each sector

corresponds a different number s of oscillations.

Due to the geometry of the S-shaped critical manifold and its attrac-

tivity properties it follows that we also expect large-amplitude oscillations

(LAOs) in the system due to a relaxation-oscillation type switching be-

tween O(ε)-neighbourhoods of the two attracting branches Ca±
0 (see also

Figure 2.5). The combination of the SAO and the LAO mechanisms can

then yield MMOs.

It is possible to define a return map Pλ on a suitable codimension-one
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section Σ to study the MMOs via the return map

Pλ : Σ→ Σ.

Here it will be convenient to fix Σ as

Σ =

{
(x, y, z) ∈ R3|x = −4

5
, y ∈ (−3,−1), z ∈ (z0, z1)

}
.

The points z0, z1 will be chosen according to λ and the noise amplitude.

Due to the fast-slow structure, the map Pλ is almost one-dimensional [20]

and it is common to project the map Pλ further to reduce it to a one-

dimensional map

pλ : Σ ∩ {y = y0} → R,

where we define the map as

z 7→ pλ(z) := (πz ◦ Pλ)(y0, z)

with πz denoting the projection onto the z axis. The projection is made

in order to simplify the analysis even if the resulting pλ is non-invertible.

Sometimes it is even possible to calculate an explicit (asymptotic) expres-

sion for the nearly one-dimensional map in certain parameter regimes as

explained for a slightly different, but related, three-time scale model in

[24].

The geometry of the sectors of rotation for the SAOs is reconstructed

very well by the graph of the return map. Each sector is bounded by

two consecutive apparent discontinuities in the graph of the mapping z 7→
pλ(z). The jumps correspond to the location of canard orbits; see Figure

2.6. An attracting fixed point of the return map pλ corresponds to a stable

mode of oscillations. It is key that by varying λ the fixed point of the return
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Figure 2.5: A trajectory of a solution of system (2.18) and its projec-
tion on the y component, corresponding to the initial condition (x, y, z) =
(−0.81,−2,−8) and λ = −6.9.
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Figure 2.6: Deterministic return map for the Koper system λ = −6.9. The
jumps correspond to the location of the canard orbits. In fact, the map is
continuous and the gaps represent steep jumps [20, 17].
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map can change and the system can transition to a different stable mode

of oscillation. The goal is to introduce (bounded) noise in the system of

ordinary differential equations to predict the shift to a new mode of oscil-

lations when λ is slowly increased towards a bifurcation. Consider again

the system (2.18).

We introduce bounded additive noise in the model and consider the

family of random maps
x(t)

y(t)

z(t)

 =


x(s)

y(s)

z(s)

+


y(s)− x(s)3 + 3x(s)

ε
(
kx(s)− 2(y(s) + λ) + z(s)

)
ε
(
λ+ y(s)− z(s)

)
 (t− s)+

(2.20)

+ A(ξ(t)− ξ(s)),

where ξ = (ξ1(t), ξ2(t), ξ3(t))> ∈ [−1, 1]3 is a three-dimensional bounded

stochastic process with independent increments, t > s, and we fix the time

step (t−s). Each increment ξ(t)− ξ(s) is uniformly distributed in [−1, 1].

We consider the case where

A = σ


1.0 0.5 0.2

0.5 1.0 0.3

0.2 0.3 1.0

 .

Note that in the limit (t−s)→ 0 we obtain unbounded noise by the central

limit theorem so we cannot directly generalize to bounded-noise random

ordinary differential equations but stay on the level of maps to guarantee

bounded noise.

The return map for (2.20) is a stochastic return map, pstλ defined on the

same section Σ of the map pλ. The definition of a stochastic return map
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is more problematic, since the noise can destroy the return mechanism or

we could have an early return to the section, i.e. before the trajectory goes

through the global return mechanism. A formal construction is presented

in [54]. In the numerical reconstruction performed in this paper Σ and

the initial conditions are chosen in such a way that a realization of the

orbit of the random differential equation does make a global return to Σ.

In practice we consider initial conditions (x, y, z) with x < −3
4
, y < 0,

z ∈ (z0, z1) and we stop the iteration once the orbit (x(t), y(t), z(t)) is

such that y(t) < 0 and x(t) crosses x = −3
4
.
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Figure 2.7: (a) Derivative of the deterministic return map pλ evaluated at
the fixed point xλ for λ ≤ λ0 = −6.86. For λ > −6.86 the derivative is
evaluated in xλ0 as the fixed point disappears and the map has a periodic or-
bit. (b) Derivative of f− at the lower boundary of the minimal invariant set.
For any given λ the lower bound of the minimal invariant set is retrieved
from Figure 2.8. We considered n = 3000 realizations of the stochastic
return map, say zi = pstλ (ξi,mλ), wi = pstλ (ξimλ + ε), for i = 1, . . . , n

and approximated the derivative by dλ = mini{wi}−mini{zi}
ε

. We considered
ε = 0.01.

In Figure 2.9, the reconstruction of the stochastic return map is pre-

sented for different values of λ and a fixed noise amplitude σ = 0.01.

Notice that at the boundary between two sectors a trajectory of the ran-

dom differential equation is more likely to have two possible oscillations

modes according to the noise realization. This is a consequence of the fact
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that also the stochastic map is a projection onto the z axis and the noise

affecting the other components may also cause a jump to a different sector.

The graph of the stochastic return map approximates the graph of the set-

valued map. From the reconstruction we find that there exists an isolated

minimal invariant set Eλ for λ∗0 < λ < λ0 for some λ∗0. In λ0 ≈ −6.86,

we observe that the set Eλ0 satisfies the necessary conditions for having

a bifurcation. Since it does not disappear for λ > λ0 the set Eλ0 blows

up lower semi-continuously in the sense presented in [29]. The bifurca-

tion can be observed in the reconstruction of the minimal invariant set in

Figure 2.8. We evaluated the derivative of the extremal map f− associated

−6.89 −6.885 −6.88 −6.875 −6.87 −6.865 −6.86

−8.06

−8.04

−8.02

−8

−7.98

−7.96

−7.94

−7.92

−7.9

λ

z

Figure 2.8: Minimal invariant set of the stochastic return map recon-
structed for λ ∈ [−6.9,−6.859]. The bifurcation is observed in λ ≈
−6.86.

to the stochastic return map pstλ with the algorithm presented in Section

2.2. The methodology and the results are presented in Figure 2.7. The

derivative of f−λ evaluated at the boundary of Eλ crosses 1 from below as
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λ crosses λ0. This can be used as early-warning signal due to Proposi-

tion 29.
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Figure 2.9: (a) λ = −6.9. Approximation of the set-valued dynami-
cal system associated to the stochastic return map before bifurcation. The
minimal invariant set is easily identified by the intersection of the identity
line and the map. (b) λ = −6.85 Approximation of the set-valued dynami-
cal system associated to the stochastic return map after bifurcation. Notice
that the system now can randomly jump between two different modes of
oscillations.
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Chapter 3

Dichotomy Spectrum

In this chapter we introduce a notion of dichotomy spectrum for non in-

vertible RDS. Our work is a continuation of the work developed for the

dichotomy spectrum for invertible RDS by Callaway, Lamb, Son, Ras-

mussen in [12]. We start by introducing a notion of exponential forward

dichotomy which is inspired by the definition given in [6].

Broadly speaking, an exponential dichotomy is a splitting of the vector

space of initial conditions in two complementary subspaces with respect to

a growth rate γ ∈ (0,+∞): one set of solutions grows with growth rate at

least γ, the other grows with growth rate at most γ.

We proceed by proving some preliminary results about the dimension

of the range of projector that appears in the definition of exponential for-

ward dichotomy. The preliminary results will be used in Section 3.2 for

proving the spectral theorem.

We conclude the chapter by reviewing a procedure for linearizing a

RDS, as presented in [2] by Arnold. In order to linearize a RDS an ergodic

invariant measure will be required. We can then calculate the spectrum for

the linearization of a RDS. But, calculating the spectrum is, a priori, very

difficult. For this reason we prove two results in Section 3.4 that allow to
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calculate the dichotomy spectrum for one dimensional i.i.d. RDS by using

the derivative of the cocycle.

3.1 Exponential Forward Dichotomy

In this section, we introduce the notion of exponential forward dichotomy.

In an exponential forward dichotomy two families of vector subspaces,

identified by the range and the kernel of a projector, determine two sets of

solution whose growth rate can be separated by a value γ ∈ (0,+∞). We

then proceed and prove a series of results culminating with a proposition

about the dimension of the range of the projector being constant almost

everywhere. The latter is the most important result of the section, since

it is a crucial tool for proving the spectral theorem. Moreover is also the

main original contribution of the section, since the proof is very different

from the analogous result for non autonomous systems in [6].

Let (Ω,F ,P) be a probability space with θ : Ω → Ω a measure pre-

serving measurable function and (U,B) be a measurable space. Consider

the measurable random dynamical system (θ, φ) where φ is a cocycle over

the metric dynamical system (Ω,F ,P, θ)

φ : N0 × Ω× U → U. (3.1)

We will be considering a linear RDS in discrete time and U = Rd is

equipped with the Borel σ-algebra B. A Linear RDS can be represented

by a matrix Φ(n, ω) ∈ Rd×d in the following way. For n ≥ 0, x ∈ Rd and

a.e. ω ∈ Ω

Φ(n, ω)x = φ(n, ω, x). (3.2)

Moreover, we do not assume invertibility for Φ(1, ω).
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For separating Rd in two vector spaces, we will be using an invariant

projector.

Definition 39. An invariant projector P is a measurable function

P : Ω→ Rd×d

such that

1. P (ω) = P (ω)P (ω) for every ω ∈ Ω.

2. P (θnω)Φ(n, ω) = Φ(n, ω)P (ω) for a.e. ω ∈ Ω.

Moreover, we say that P is bounded if there exists a constant M ≥ 0 such

that for a.e. ω ∈ Ω

‖P (ω)‖ ≤M,

with ‖P (ω)‖ = sup‖x‖=1 ‖P (ω)x‖.

For a linear RDS we define the notion of exponential forward dichotomy.

Definition 40. A linear RDS (θ,Φ) admits an exponential forward di-

chotomy (EFD) with growth rate γ ∈ (0,+∞) if there exist a bounded

invariant projector Pγ : Ω → Rd×d and constants αγ > 1, Kγ ≥ 1 such

that for a.e. ω ∈ Ω and for every n ≥ 0

‖Φ(n, ω)Pγ(ω)x‖ ≤ Kγ

(
γ

1

αγ

)n
‖Pγ(ω)x‖, (3.3)

‖Φ(n, ω) (I− Pγ(ω))x‖ ≥ 1

Kγ

(γαγ)
n ‖ (I− Pγ(ω))x‖. (3.4)

In [12] a notion of exponential dichotomy for systems defined both

in forward and backward times has already been given. In the following

proposition we show that an exponential forward dichotomy is equivalent
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to an exponential dichotomy granted that the dynamical system is invert-

ible.

Proposition 41. Let Φ : Z × Ω × Rd×d → Rd×d be a measurable cocyle

over the metric dynamical system (Ω,F ,P, θ) , then an invertible linear

RDS (θ,Φ) admits an exponential forward dichotomy with growth rate γ ∈
(0,+∞) if and only (θ,Φ) admits an exponential dichotomy, i.e. if there

exist an invariant projector Pγ : Ω→ Rd×d and constants Kγ ≥ 1, αγ > 1

such that for a.e. ω ∈ Ω

‖Φ(n, ω)Pγ(ω)‖ ≤ Kγ

(
γ

1

αγ

)n
, for n ≥ 0 (3.5)

‖Φ(n, ω) (I− Pγ(ω)) ‖ ≤ Kγ

(
1

γ

1

αγ

)n
for n ≤ 0 (3.6)

Proof. We need to show that (3.3) and (3.4) are equivalent to (3.5) and

(3.6). Inequalities (3.3) and (3.5) are equivalent if we show that equation

(3.5) implies that Pγ is bounded. But for n = 0 it follows directly that

‖Pγ(ω)‖ ≤ Kγ for a.e. ω ∈ Ω. For the second inequality we first show

that (3.6) implies (3.4). Remark that for a.e. ω ∈ Ω

‖(I− Pγ(ω))x‖ = ‖(I− Pγ(ω))Φ(n, ω)−1Φ(n, ω)x‖ =

= ‖Φ(−n, θnω)(I− Pγ(θnω))(I− Pγ(θnω))Φ(n, ω)x‖ ≤

≤ ‖Φ(−n, θnω)(I− Pγ(θnω))‖‖Φ(n, ω)(I− Pγ(ω))x‖ =

≤ Kγ(γαγ)
−n‖Φ(n, ω)(I− Pγ(ω))x‖.

Then by combining the start and the end of the chain of inequalities and

manipulating the equation we obtain

‖Φ(n, ω)(I− Pγ(ω))x‖ ≥ 1

Kγ

(γαγ)
n‖(I− Pγ(ω))x‖,
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that is inequality (3.4).

We now consider again system (θ,Φ) defined in (3.2). The first ques-

tion to address in the definition of EFD is to determine whether the pro-

jector Pγ is uniquely determined. The answer is that the choice of the

projector Pγ is not unique. In particular different projectors are allowed in

an exponential forward dichotomy with growth rate γ ∈ (0,∞) if they all

have the same range almost everywhere.

Proposition 42. If a linear random dynamical system (θ,Φ) admits an ex-

ponential forward dichotomy with growth rate γ ∈ (0,+∞) and invariant

projector Pγ , then (θ,Φ) admits an exponential forward dichotomy with

the same growth rate γ and any bounded projector Q such that RQ(ω) =

RPγ(ω) for a.e. ω ∈ Ω.

Proof. SinceRQ(ω) = RPγ(ω) for a.e. ω ∈ Ω it follows

Pγ(ω)Q(ω) = Q(ω), a.e. ω ∈ Ω, (3.7)

Q(ω)Pγ(ω) = Pγ(ω), a.e. ω ∈ Ω. (3.8)

Using the identity (3.7) it follows that for a.e. ω ∈ Ω and n ≥ 0

‖Φ(n, ω)Q(ω)x‖ = ‖Φ(n, ω)Pγ(ω)Q(ω)x‖ ≤ (3.9)

≤ Kγ

(
γ

1

αγ

)n
‖Pγ(ω)Q(ω)x‖ = Kγ

(
γ

1

αγ

)n
‖Q(ω)x‖. (3.10)

This shows the first inequality forQ. For the second inequality remark that

by (3.7) and (3.8) for a.e. ω ∈ Ω

(Pγ(ω)−Q(ω))(I− Pγ(ω)) = Pγ(ω)−Q(ω) =

= (Pγ(ω)−Q(ω))(I−Q(ω)). (3.11)
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Since Pγ and Q are bounded we have

‖Pγ −Q‖∞ = ess sup
ω∈Ω

‖Pγ(ω)−Q(ω)‖ <∞

Then using (3.11) with (3.4) it results

‖I−Q(ω)x‖ = ‖(I− Pγ(ω) + Pγ(ω)−Q(ω))x‖ ≤ (3.12)

≤ ‖(I− Pγ(ω))x‖+ ‖Pγ(ω)−Q(ω)‖‖(I− Pγ(ω))x‖ ≤
(3.13)

≤ Kγ(I + ‖Pγ −Q‖∞)(γαγ)
−n‖Φ(n, ω)(I− Pγ(ω))x‖ ≤

(3.14)

≤ Kγ(I + ‖Pγ −Q‖∞)2(γαγ)
−n‖Φ(n, ω)(I−Q(ω)x‖.

(3.15)

From (3.14) to (3.15) we used that

‖Φ(n, ω)(I− Pγ(ω))x‖ =

‖Φ(n, ω)(I−Q(ω) +Q(ω)− Pγ(ω))x‖ ≤

≤‖Φ(n, ω)(I−Q(ω)x‖+ ‖Φ(n, ω)(Q(ω)− Pγ(ω))x‖ ≤

≤‖Φ(n, ω)(I−Q(ω)x‖+ ‖(Q(θnω)− Pγ(θnω))Φ(n, ω)(I−Q(ω))x‖ ≤

≤(I + ‖Pγ −Q‖∞)‖Φ(n, ω)(I−Q(ω))x‖.

By combining line (3.12) and line (3.15), it results

‖Φ(n, ω)(I−Q(ω)x‖ ≥ 1

Kγ(I + ‖Pγ −Q‖∞)2
(γαγ)

n‖(I−Q(ω)x‖.

Then the second inequality of the EFD with growth rate γ and projector Q
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is proved by defining

K ′γ := Kγ(1 + ‖Pγ −Q‖∞)2.

Notice that K ′γ ≥ Kγ ≥ 1. It follows that system (θ,Φ) admits an EFD

with growth rate γ, constants αγ > 1, K ′γ ≥ 1 and projector Q

Next, we define a set Sγ in Ω× Rd associated to system (3.2)

Sγ = {(ω, x) ∈ Ω× Rd| sup
n≥0
‖Φ(n, ω)x‖γ−n <∞},

and for each ω ∈ Ω we consider

Sγ(ω) = {x ∈ Rd| sup
n≥0
‖Φ(n, ω)x‖γ−n <∞}.

In the following proposition we prove that the image of the invariant pro-

jectorRPγ is equal to the bundle Sγ for a.e. ω ∈ Ω when (θ,Φ) admits an

exponential forward dichotomy with growth rate γ and projector Pγ . From

this point onwards, the noninvertible case branches out from the invertible

case. In fact, for an invertible system in two sided time, i.e. T = Z, another

special set

Uγ = {x ∈ Rd| sup
n≥0
‖Φ(−n, ω)x‖γ−n <∞},

can be defined. In analogy with Sγ , one has that the kernel of the projector

NPγ for a.e. ω ∈ Ω is equal to Uγ (see [12, 47]). In the noninvertible case,

a projector occurring in an EFD is determined up to the range, i.e. any

projector with different kernel but equal range can be used for the same

growth rate γ, hence a similar result in the noninvertible case for the set Uγ
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is not possible.

Proposition 43. Let (θ,Φ) be a linear RDS admitting an exponential for-

ward dichotomy with growth rate γ ∈ (0,+∞). For almost every ω ∈ Ω

we have that Sγ(ω) = RP (ω)

Proof. (Sγ(ω) ⊃ RP (ω)). Consider x ∈ RP (ω). Then for almost every

ω ∈ Ω there exist αγ > 1, Kγ ≥ 1 such that for n ≥ 0

‖Φ(n, ω)Pγ(ω)x‖ = ‖Φ(n, ω)x‖ ≤ Kγ

(
1

αγ
γ

)n
‖x‖.

By considering the supremum and multiplying by γ both sides, it follows

sup
n≥0
‖Φ(n, ω)x‖γ−n ≤ sup

n≥0
Kγ

(
1

αγ

)n
‖x‖ <∞.

Then x ∈ Sγ(ω).

(Sγ(ω) ⊂ RP (ω)). Since Rd is the direct sum of the kernel and the

image of the projector P (ω) we will write x ∈ Sγ(ω) as x = x1 + x2 with

x1 ∈ RP (ω), x2 ∈ NP (ω) and show that x2 = 0. Rewrite x2 = x − x1.

Since for a.e. ω ∈ ΩRP (ω) ⊂ Sγ(ω) it follows that there exists a constant

C > 0 such that for a.e. ω ∈ Ω

‖Φ(n, ω)x2‖ = ‖Φ(n, ω)(x− x1)‖ ≤ Cγn. (3.16)

But x2 ∈ NP (ω) then there exist constants αγ > 1, Kγ ≥ 1 such that

‖Φ(n, ω)x2‖ ≥
1

Kγ

(αγγ)n‖x2‖. (3.17)

Hence by combining (3.16) and (3.17) one has for every n > 0

Cγn ≥ 1

Kγ

(αγγ)n‖x2‖.
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Since αγ > 1 the inequality is satisfied only if x2 = 0.

We continue with an important Lemma regarding the dimension of the

range of the projector.

Lemma 44. If a linear random dynamical system (θ,Φ) admits an EFD

with growth rate γ ∈ (0,+∞) and projector Pγ then for a.e. ω ∈ Ω, n ≥ 0

Φ(n, ω)NPγ(ω) ⊆ NPγ(θnω).

Proof. Consider x ∈ NPγ(ω), x 6= 0. Then by the invariance of the

projector for a.e. ω ∈ Ω and n ≥ 0

Φ(n, ω)(I− Pγ(ω))x = (I− Pγ(θnω))Φ(n, ω)x (3.18)

By (3.4) it follows that for n ≥ 0

Φ(n, ω)(I− Pγ(ω))x 6= 0,

since x ∈ NPγ(ω) in particular

Φ(n, ω)x 6= 0.

Consequently the right hand side in (3.18) results

(I− Pγ(θnω))Φ(n, ω)x 6= 0,

in particular Φ(n, ω)x ∈ NPγ(θnω) for a.e. ω ∈ Ω and n ≥ 0.

Corollary 45. The following properties hold for the projector Pγ in Lemma

44:

• dimNPγ(ω) ≤ dimNPγ(θnω), a.e. ω ∈ Ω, n ≥ 0.
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• dimRPγ(ω) ≥ dimRPγ(θnω), a.e. ω ∈ Ω, n ≥ 0.

Proof. By (3.4), for a.e. ω ∈ Ω and n ≥ 0, Φ(n, ω) is injective on

NPγ(ω). By Lemma 44 it follows that for n ≥ 0

dim (Φ(n, ω) · NPγ(ω)) = dimNPγ(ω) ≤ dimNPγ(θnω).

The converse holds for the image of the projector

dimRPγ(ω) ≥ dimRPγ(θnω)

We can finally prove the previously anticipated result about the image

of a projector Pγ . We show that if (θ,Φ) is an ergodic RDS, and admits an

EFD with growth rate γ and projector Pγ then the dimension of the range

of a projector Pγ is constant for a.e. ω ∈ Ω. The same result holds for

the invertible case and it is presented in [12]. The following proposition

has major differences to the analogous results for the invertible case and

the nonautonomous case presented in [12, 6, 47] , and is the main original

contribution of this section.

Proposition 46. If a linear RDS (θ,Φ) admits an exponential forward di-

chotomy with growth rate γ and projector Pγ and θ is ergodic with respect

to the probability measure P then ω → dimRPγ(ω) is a measurable func-

tion and it is constant for almost every ω ∈ Ω.

Proof. Let g(ω) = dimRPγ(ω). We first show that g is measurable. Con-

sider the mapping M → dimRM with M ∈ Rd×d and let {Mi}i∈N
be a sequence of matrices in Rd×d converging to M ∈ Rd×d. Then if

r := dimRM it follows that there exist v1, . . . , vr, vr+1, . . . , vd such that
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rank(Mv1, . . . ,Mvr) = r, and vr+1, , vd complete a basis of Rd. Then the

following limit holds

lim
i→∞

Det (Miv1, . . . ,Mivr, vr+1, . . . , vd) = Det(Mv1, . . . ,Mvr, vr+1, . . . , vd).

In particular there exists i0 ∈ N such that for i > i0, rank(Miv1, . . . ,Mivr) ≥
r and dimRMi ≥ r. It follows that ω → dimRM(ω) is lower-semicontinous

as a function of ω. In [51] it is showed that any lower-semicontinous func-

tion is the limit of a monotically increasing sequence of continous func-

tions, then ω → dimRM(ω) is measurable. This shows that ω → g(ω) is

measurable.

Next we show that the dimension dimRPγ(ω) is constant almost ev-

erywhere. By Birkhoff ergodic theorem it results

lim
n→+∞

1

n

n−1∑
i=0

g(θiω) =

∫
Ω

g(s)dP(s) (3.19)

By Lemma 44, n→ g(θnω) is a non decreasing function for almost every

ω ∈ Ω. In particular for a.e. ω ∈ Ω the limit exists

kω := lim
n→+∞

g(θnω).

Equation (3.19) implies that the limit is constant for almost every ω ∈ Ω.

In fact remark that the left hand side in (3.19) can be directly calculated

and results

lim
n→+∞

1

n

n−1∑
i=0

g(θiω) = kω.

But for a.e. ω ∈ Ω

kω =

∫
Ω

g(s)dP(s).

It follows that kω is constant for a.e. ω ∈ Ω as the right hand side in (3.19)
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does not depend on ω. Define for a.e. ω ∈ Ω

k := lim
n→+∞

g(θnω).

To conclude the proof we show that the setA = {ω|g(ω) 6= k} has measure

zero. The Birkhoff theorem applied to 1A the characteristic function of A

yields that for a.e. ω ∈ Ω

lim
n→+∞

1

n

n−1∑
i=0

1A(θnω) = µ(A). (3.20)

Since for a.e. ω ∈ Ω there exist at most a finite number of indeces such

that g(θnω) 6= k, the left hand side in (3.20) converges to zero almost

everywhere and µ(A) = 0.

It is interesting to confront the theory of dichotomy spectrum in the

case of RDS with the theory developed for invertible and noninvertible

deterministic DS in [6, 47]. For nonautonomous deterministic systems the

variable ω is replaced by the time of the system. Then for nonautonomous

system the set of projectors is parametrized by the time. Invertible and

noninvertible systems are distinguished because for invertible systems the

dimension of the range of the projector as a function of time is constant,

while for noninvertible systems the dimension of the range of the projector

is monotonic.

3.2 Dichotomy Spectrum

In this section we define the spectrum of a linear RDS as the set in the

compactification of R+ = (0,+∞) such that (θ,Φ) does not admit an ex-

ponential forward dichotomy. The goal of the section is to prove a spectral
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theorem analogous to those presented in [12, 6, 47]. The dichotomy spec-

trum of a noninvertible linear ergodic RDS will consist of at most n ≤ d

closed intervals in an extension of R+. Two results are key for the proof.

First, we show that the resolvent, the complement set of the spectrum, is

open. Second, we calculate the dimension of the fiber Sγ as a function of

γ.

We will further refine the estimate on the number of intervals for non-

invertible systems given an additional assumption on the dimension of the

kernel of the linear random dynamical system.

In addition to (0,∞), we want to consider {0,+∞} as two admissible

growth rates. In the following definition we provide the notion of 0 and

+∞ growth rate.

Definition 47. A linear RDS (θ,Φ) admits an exponential forward di-

chotomy with growth rate 0 if there exists γ ∈ R+ such that (θ,Φ) ad-

mits an exponential forward dichotomy with growth rate γ and projector

Pγ(ω) = 0 for a.e. ω ∈ Ω. System (θ,Φ) admits an exponential forward

dichotomy with growth rate +∞ if there exists γ ∈ R+ such that (θ,Φ)

admits an exponential forward dichotomy with growth rate γ and projector

Pγ(ω) = I for a.e. ω ∈ Ω.

Definition 48. The resolvent set ρ of a linear RDS (θ,Φ) is

ρ := {γ ∈ R+|Φ admits an EFD with growth rate γ}.

where R+ := [0,+∞) ∪ {+∞}.

For every a ∈ [0,+∞) it is convenient to introduce the following no-

tation for an interval in R+

[a,+∞] := [a,+∞) ∪ {+∞}
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Definition 49. The dichotomy spectrum Σ of a linear RDS (θ,Φ) is defined

as

Σ := R+ \ ρ.

Lemma 50. The resolvent set ρ is open.

Proof. We will show that for any γ ∈ ρ there exists ε > 1 such that(
1
ε
γ, εγ

)
⊂ ρ. It will follow that ρ is open. If γ is in the resolvent it

follows that (θ,Φ) admits an EFD with growth rate γ, in particular there

exist a projector Pγ and constants αγ > 1, Kγ ≥ 1 such that for a.e. ω ∈ Ω

and n ≥ 0

‖Φ(n, ω)Pγ(ω)x‖ ≤ Kγ

(
γ

1

αγ

)n
‖Pγ(ω)x‖,

‖Φ(n, ω) (I− Pγ(ω))x‖ ≥ 1

Kγ

(γαγ)
n ‖ (I− Pγ(ω))x‖.

Choose ε =
√
α > 1. Then for ξ ∈

(
1
ε
γ, εγ

)
,

γ
1

αγ
≤ ξ

1

ε
,

and

γαγ ≥ ξε.

We can rewrite the inequalities as

‖Φ(n, ω)Pγ(ω)x‖ ≤ Kγ

(
γ

1

αγ

)n
‖Pγ(ω)x‖ ≤ Kγ

(
ξ

1

ε

)n
‖Pγ(ω)x‖,
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and

‖Φ(n, ω) (I− Pγ(ω))x‖ ≥ 1

Kγ

(γαγ)
n ‖ (I− Pγ(ω))x‖ ≥

≥ 1

Kγ

(ξε)n ‖ (I− Pγ(ω))x‖.

It follows that for every ξ ∈
(

1
ε
γ, εγ

)
, (θ,Φ) admits an EFD with growth

rate ξ.

Remark 51. From the proof of Lemma 50 it follows directly that given

γ ∈ ρ system (θ,Φ) admits an EFD with growth rate ξ ∈
(

1
ε
γ, εγ

)
and the

projector may be chosen such that Pξ(ω) = Pγ(ω) for every ω ∈ Ω.

We now proceed by studying the dependence on γ of the fiber Sγ(ω).

Proposition 52. For every γ1, γ2 ∈ ρ such that γ1 < γ2 it results

Sγ1(ω) ⊂ Sγ2(ω), for ω ∈ Ω.

Proof. For ω ∈ Ω it follows that if x ∈ Sγ1(ω) then

‖Φ(n, ω)x‖ ≤ Cγn1 ≤ Cγn2 , n ≥ 0.

In particular

sup
n≥0
‖Φ(n, ω)x‖γ−n2 <∞.

It follows x ∈ Sγ2(ω) and Sγ1(ω) ⊂ Sγ2(ω), for ω ∈ Ω .

Corollary 53. Let (θ,Φ) be a linear RDS. The following properties hold:

• if γ ∈ ρ and Pγ(ω) = I a.e. ω ∈ Ω then [γ,+∞] ⊂ ρ.

• if γ ∈ ρ and Pγ(ω) = 0 a.e. ω ∈ Ω then [0, γ] ⊂ ρ.
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We are ready to prove the main tool that is used in the proof of the

Spectral Theorem: the so-called alternative lemma. The lemma guarantees

that there are only two possibilities for the dimension of the fiber Sγ as

a function of γ. For any two points γ1, γ2 ∈ ρ with γ1 < γ2, one has

that either [γ1, γ2] ⊂ ρ and the dimension of the fiber of Sγ is constant for

γ ∈ [γ1, γ2], or [γ1, γ2] ∩ Σ 6= ∅ and dim(Sγ1(ω)) < dim(Sγ2(ω)) for a.e.

ω ∈ Ω.

Lemma 54. Let ρ be the resolvent set of a linear random dynamical sys-

tem (θ,Φ). Let γ1, γ2 ∈ (0,+∞) and γ1 < γ2. Then dimRPγ1(ω) =

dimRPγ2(ω) for a.e. ω ∈ Ω if and only if [γ1, γ2] ⊂ ρ.

Proof. Assume [γ1, γ2] ⊂ ρ. For every γ ∈ [γ1, γ2] there exists an ε > 1

such that for every ξ ∈ Iγ =
(

1
ε
γ, εγ

)
∩ [γ1, γ2], the RDS (θ,Φ) admits

an EFD with growth rate ξ and projector Pγ . Since [γ1, γ2] is a compact

interval and

[γ1, γ2] =
⋃

γ∈[γ1,γ2]

Iγ

is an open covering, we can exctract a finite subcovering by choosing

η1, . . . , ηn ∈ [γ1, γ2] such that η1 = γ1, ηn = γ2,

[γ1, γ2] =
n⋃
i=1

Iηi ,

and

Iηi ∩ Iηi+1
6= ∅, i = 1, . . . , n− 1.

By Proposition 43 and Remark 51 we have that for i = 1, . . . , n − 1, a.e.

ω ∈ Ω and η ∈ Iηi ∩ Iηi+1

RPηi(ω) = RPη(ω) = Sη(ω) = RPηi+1(ω).
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In particular for a.e. ω ∈ Ω, RPγ1(ω) = RPγ2(ω) and dimRPγ1(ω) =

dimRPγ2(ω). Remark that this construction relies on having only a finite

number of equalities that hold almost everywhere, since the finite union of

measure zero sets is still a measure zero set.

Assume now that dimRPγ1(ω) = dimRPγ2(ω) for a.e. ω ∈ Ω. We

will write (3.3) and (3.4) for any ξ ∈ [γ1, γ2]. By Proposition 43 and 52 we

have that

RPγ1(ω) = Sγ1(ω) ⊂ Sγ2(ω) = RPγ2(ω)

for a.e. ω ∈ Ω. But the condition on the dimension implies RPγ1(ω) =

RPγ2(ω) for a.e. ω ∈ Ω. By Proposition 42 system (θ,Φ) admits both

an EFD with growth rate γ1 with projector Pγ1 and constants Kγ1 ≥ 1,

αγ1 > 1 and an EFD with growth rate γ2 with the same projector Pγ1 and

constants Kγ2 ≥ 1, αγ2 > 1. We will write the first EFD inequality for

γ1 and the second one for γ2. By choosing K̃ ≥ max{Kγ1 , Kγ2} and

α̃ ≤ min{αγ1 , αγ2} it follows that for every ξ ∈ [γ1, γ2], a.e. ω ∈ Ω and

n ≥ 0 the following inequalities hold

‖Φ(n, ω)Pγ1(ω)x‖ ≤ Kγ1

(
γ1

1

αγ1

)n
‖Pγ1(ω)x‖ ≤

≤ K̃

(
ξ

1

α̃

)n
‖Pγ1(ω)x‖,

‖Φ(n, ω)(I− Pγ1)(ω)‖ ≥ 1

Kγ2

(
γ2α

′
γ2

)n ‖(I− Pγ1)x‖ ≥
≥ 1

K̃
(ξα̃)n ‖(I− Pγ1)x‖.

(θ,Φ) admits an EFD with growth rate ξ ∈ [γ1, γ2]. In particular [γ1, γ2] ⊂
ρ.
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By combining Lemma 54 and the fact that the resolvent ρ is open it is

possible to prove the spectral theorem for linear, ergodic random dynami-

cal systems.

Theorem 55. The dichotomy spectrum Σ associated to a linear ergodic

RDS (θ,Φ) defined in (3.1) is given by

Σ = [a1, b1] ∪ · · · ∪ [an, bn]

with 0 ≤ a1 ≤ b1 < · · · < an ≤ bn ≤ +∞ and 1 ≤ n ≤ d.

Proof. By Lemma 50 ρ is open in R+, and its complement Σ is closed. It

follows that Σ is a collection of intervals

Σ =

{
∅

[a1, b1] ∪ · · · ∪ [an, bn]

with 0 ≤ a1 ≤ b1 < · · · < an ≤ bn ≤ +∞. We will first show that if Σ is

non empty then it is a collection of at most d closed intervals. Assume that

n ≥ d+ 1 then there exist ξ1, . . . , ξd ∈ ρ such that

(0, ξ1) ∩ Σ 6= ∅,

[ξi, ξi+1] ∩ Σ 6= ∅, i = 1, . . . , d− 1,

(ξd,+∞) ∩ Σ 6= ∅.

Since the dimension of fibers Sγ(ω) for γ ∈ ξ1, . . . , ξd is constant for a.e.

ω ∈ Ω by ergodicity, by Lemma 54 it follows that for a.e. ω ∈ Ω

0 ≤ dimSξ1(ω) < · · · < dimSξd(ω) ≤ d.
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The chain of inequalities forces one of the following conditions

dimSξ1(ω) = 0 or dimSξd(ω) = d, a.e. ω ∈ Ω.

Assume that dimSξ1(ω) = 0 almost everywhere. Then Corollary 53

yields that (0, ξ1) ⊂ ρ which is a contradiction with the assumption that

(0, ξ1) ∩ Σ 6= ∅. The analogous contradiction can be obtained for the sec-

ond condition. Consequently Σ is composed by at most d closed interval.

We now show that Σ is non empty, i.e. n ≥ 1. By contradiction assume

Σ = ∅. Then ρ = R+ and in particular {0,+∞} ∈ ρ. By definition there

exist ξ1, ξ2 ∈ ρ such that Pξ1(ω) = 0 a.e. ω ∈ Ω and Pξ2(ω) = I a.e.

ω ∈ Ω. Lemma 54 implies that (ξ1, ξ2)∩Σ 6= ∅ which contraddicts Σ = ∅.
It follows that Σ is non empty.

Theorem 55 is analogous to the results presented in [12, 6, 47]. The

difference is that the hypothesis of invertibility has been dropped. It turns

out that we can improve the spectral theorem by providing the following

assumption for (Θ,Φ).

k := ess sup
ω∈Ω

dimN (Φ(1, ω)). (3.21)

We will use the quantity k to further refine the bound on the number of

intervals.

Lemma 56. Let (θ,Φ) be a non invertible ergodic RDS admitting an EFD

with growth rate γ ∈ (0,+∞) with projector Pγ . If k is the quantity

defined in (3.21), then dimRPγ(ω) ≥ k and for a.e. ω ∈ Ω

Proof. We prove the lemma by contradiction. Assume that dimRPγ(ω) <

k for a.e. ω ∈ Ω. Since Rd = RPγ(ω) + NPγ(ω) for a.e. ω ∈ Ω, there

exists x 6= 0, with x ∈ NΦ(1, ω) ∩ NPγ(ω). Since x ∈ NΦ(1, ω), one
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has

‖Φ(n, ω)x‖ = 0, n ≥ 1, ω ∈ A. (3.22)

On the other hand, since x ∈ NPγ(ω), we can rewrite the second inequal-

ity 3.4 of the EFD. For γ ∈ (0,+∞) there exist αγ > 1, Kγ ≥ 1 such that

for a.e. ω ∈ Ω, n ≥ 1 and x ∈ NPγ(ω) one has

‖Φ(n, ω)x‖ = ‖Φ(n, ω)(I− Pγ(ω))x‖ ≥ 1

Kγ

(γαγ)
n‖(I− Pγ(ω))x‖ > 0

(3.23)

By combining (3.22) and (3.23), for ω ∈ A we have the contradiction

0 >
1

Kγ

(γαγ)
n‖(I− Pγ(ω))x‖ > 0.

Hence one has that dimPγ(ω) ≥ k for a.e. ω ∈ Ω.

Proposition 57. If system (θ,Φ) is a non invertible ergodic RDS such that

ess supω∈Ω dimN (Φ(1, ω)) = k > 0 then 0 ∈ Σ.

Proof. By contradiction, assume that 0 /∈ Σ. Then 0 ∈ ρ and in particular

there exists γ > 0 such that for every ξ < γ the system (θ,Φ) admits

an EFD with growth rate ξ and projector Pξ(ω) = 0 for a.e. ω ∈ Ω.

When considering the dimension of the range of the projector, one has

dimRPγ = 0. But due to Lemma 56

dimRPγ(ω) ≥ k.

Hence the following is a contradiction

0 = dimRPγ(ω) ≥ k > 0,

and we have 0 ∈ Σ.
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Theorem 58. The dichotomy spectrum Σ associated to the ergodic linear

RDS (θ,Φ) such that ess supω∈Ω dimN (Φ(1, ω)) = k results

Σ = [a1, b1] ∪ · · · ∪ [an, bn]

with 0 ≤ a1 ≤ b1 < · · · < an ≤ bn ≤ +∞ and 1 ≤ n ≤ d− k + 1.

Proof. The spectrum Σ is not empty by Proposition 57. It remains to show

that the number of intervals is at most d − k + 1. The proof is analogous

to the proof of Theorem 55. Assume that n ≥ d − k + 2, we can choose

ξ1, ξ2, . . . , ξd−k+1 ∈ ρ such that

(0, ξ1) ∩ Σ 6= ∅,

(ξi, ξi+1) ∩ Σ 6= ∅, i = 1, . . . d− k,

(ξd−k+1,+∞) ∩ Σ 6= ∅.

By Lemma 56 we have that dimSξ1 ≥ k. It follows that we have a chain

of inequalities for dimSξi(ω), i = 1, . . . , n

k ≤ dimSξ1(ω) < · · · < dimSξd−k+1
(ω) ≤ d.

In contrast with Thereom 55, we only have one possibility for the dimen-

sions. If dimSξ1 = k, then dimSξd−k+1
= d. Once again by Lemma 53,

one has that (ξd−k+1,+∞) ⊂ ρ. It follows that n ≤ d− k + 1.

We also prove a weaker version of Proposition 57, by assuming that

‖Φ(1, ω)‖ can be made arbitrarily small in a set of positive P-measure.

Lemma 59. Let (θ,Φ) be a linear ergodic RDS. Then if for every ε > 0

there exists A ∈ F with P(A) > 0 such that ‖Φ(1, ω)‖ < ε for ω ∈ A then

one has that 0 ∈ Σ.
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Proof. We need to show that there does not exist a growth rate γ ∈ (0,+∞)

such that (θ,Φ) admits an EFD with invariant projector Pγ(ω) = 0 for a.e.

ω ∈ Ω.

By contradiction, assume that there exists a growth rate γ ∈ (0,+∞)

such that (θ,Φ) admits an an EFD with Pγ(ω) = 0 for a.e. ω ∈ Ω. Then

there exist Kγ ≥ 1, αγ > 1 such that for a.e. ω ∈ Ω, n ≥ 0

‖Φ(n, ω)(I− Pγ(ω))x‖ ≥ 1

Kγ

(αγγ)n‖(I− Pγ(ω))x‖.

Since Pγ(ω) = 0 for a.e. ω ∈ Ω we have

‖Φ(n, ω)(I− Pγ(ω))x‖ = ‖Φ(n, ω)x‖

Choose ε < 1
Kγ
αγγ then for n = 1, x 6= 0 and ω ∈ A with P(A) > 0

ε‖x‖ > ‖Φ(1, ω)x‖ ≥ 1

Kγ

(αγγ)‖x‖.

In particular

ε ≥ 1

Kγ

(αγγ).

A contradiction is found. It follows that 0 ∈ Σ.

We conclude the section with an example which should clarify what

means for a system to have {0,∞} as values of the spectrum.

Example 60. In the following example we construct a noninvertible one

dimensional RDS with spectrum Σ = [0,+∞]. Consider a discrete random

variable

c : N0 → N0

k → c(k) = k.
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and a vector of probability {pk}k∈N0 such that
∑∞

i=0 pi = 1 and pk > 0 for

every k ∈ N0. We will consider the probability space of the sequences of

integers Ω = Σ+
N0

:= {(ω0, ω1, . . . , ωn, . . . )|ωi ∈ N0} with the σ-algebra

generated by the sets

Iω0,...,ωn−1 = {y ∈ Ω|yi = ωi, i = 0, . . . , n− 1}

The measure on a set Iω0,...,ωn−1 is

m(Iω0,...,ωn−1) := Πn−1
i=0 pi.

The measure m extends to a unique σ-additive measure P in Ω. We gener-

ate a metric dynamical system on Ω by considering the shift map θ : Ω→
Ω

θ(ω) = (ω1, ω2, . . . , ωn, . . . ).

For the construction of the cocycle consider the random variable C

C : Ω→ R

ω → C(ω) := ω0,

then define the random dynamical system (θ,Φ) where the cocycle Φ is

defined as

Φ(n, ω) = C(θn−1ω) . . . C(ω) = ωn−1 . . . ω0.

Recall that the shift map θ is measurable invariant and ergodic then (θ,Φ)

is an ergodic random dynamical system and the spectral theorem holds.

Moreover, since with nonzero probability Φ(1, ω) = 0, Proposition 57

implies that Σ = [0, b] with b ≤ +∞. We will show that b = {+∞}.
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First remark that by construction for every n ≥ 0 there exists a set

A ⊂ Ω, P(A) > 0 such that

‖Φ(n, ω)x‖ ≥ kn, k ≥ n ≥ 0.

Assume that {+∞} ∈ ρ, it follows that there is an admissable growth rate

γ ∈ (0,+∞) such that (Φ, θ) admits an exponential forward dichotomy

with projector Pγ(ω) = I for a.e. ω ∈ Ω. Then there exists Kγ ≥ 1,

αγ > 1 such that for every n ≥ 0 and a.e. ω ∈ Ω the following inequality

satisfied

‖Φ(n, ω)x‖ ≤ Kγ

(
1

αγ
γ

)n
‖x‖,

For any fixed n there exists A ⊂ Ω with P(A) > 0 such that for ω ∈ A we

also have

kn ≤ ‖Φ(n, ω)x‖ ≤ Kγ

(
1

αγ
γ

)n
‖x‖.

It follows that given any γ ∈ (0,+∞), for every choice Kγ ≥ 1, αγ > 1

there exist n and k ≥ n such that

Kγ

(
1

αγ
γ

)n
‖x‖ > kn.

Consequently, we have {+∞} /∈ ρ and Σ = [0,+∞].

3.3 Dichotomy Spectrum of a non-linear RDS

The dichotomy spectrum is a concept associated to a linear RDS. When

a non-linear dynamical system is considered, it is necessary to specify a

procedure to linearize the system and obtain an ergodic linear RDS.

Consider U ∈ Rd a compact set, and the cocyle φ ∈ C1 over the metric
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dynamical system (Ω,F ,P, θ)

φ : N0 × Ω× U → U.

Recall that a cocycle is said to be C1 if φ(n, ω, ·) is C1 and the derivative

is continuous with respect to (n, ω). The linearization of φ at x ∈ Rd for

fixed (n, ω) is the matrix

Φ(n, ω, x) =
∂φ(n, ω, x)

∂x
. (3.24)

A C1 RDS has an associated linearized system as defined in the following

proposition (4.2.1 [2]).

Proposition 61. Let (θ, φ) be a C1 RDS with invariant measure ρ. Then Φ

defined in (3.24) is a linear cocycle

Φ : N0 × Ω× Rd → Rd×d

over the metric dynamical system
(
Ω× Rd,F ⊗ B, ρ, (S(n))n∈N0

)
where

S(n)(ω, x) = (θnω, φ(n, ω)x) is the skew-product associated with φ.

Note that the metric dynamical system is extended to Ω × Rd for the

linearization. In fact, by the chain rule, one obtains for n = 2

Φ(2, ω, x)y = Φ(1, θω, φ(1, ω, x))Φ(1, ω, x)y, x, y ∈ Rd.

The skew-product S = (θ, φ) replaces the role of θ for the original system,

i.e. the cocycle Φ is applied to a (ω, x)-fiber.

A particular case of linearization happens when a random variable
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X(ω) defined over Ω is a stationary orbit for φ, i.e.

φ(n, ω,X(ω)) = X(θnω).

then the measure

ρω(dx) = δX(ω)(dx),

that is a Dirac measure, is φ-invariant. In this case

Φ(n, ω,X(ω))

is the linear cocycle and the metric dynamical system is not actually ex-

tended, as X(ω) is invariant for φ. X(ω) is called random fixed point. In

this thesis we will not discuss random fixed points, the main reason being

that we do not consider two-sided time for θ. In literature, they have been

studied in the context of the spectrum in [12].

If the measure ρ is ergodic with respect to the skew-product S, as usual,

we say that the linearized RDS is ergodic. Then the Spectral Theorem for

the dichotomy spectrum applies and a spectrum Σ = Σ(ρ) exists.

3.4 Dichotomy spectrum for one dimensional RDS

In this section we will prove two results that are useful for calculating the

dichotomy spectrum associated to the linearization of a one dimensional

RDS Φ. We will be considering RDS satisfying Assumption (P). We will

choose Ω0 ⊂ R, and the generator f : Ω0 × R→ R, defined as

f(s, x) := φ(1, ω, x) ω = (s, ω1, ω2, . . . ) ∈ Ω,
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is at least C1(Ω0 × R). Moreover, we will be assuming that a stationary

ergodic measure µ exists. First, we will consider the case where the f(s, x)

has derivative 0 with respect to x for some point in suppµ and for ω ∈
∆ ⊂ Ω with P(∆) > 0. Then, we will consider the case where the RDS

has additive noise, and if the orbit of the RDS can be confined in an open

set V ⊂ suppµ, then we will directly use the derivative of g for calculating

part of the spectrum Σ(P⊗ µ).

We will need a result about the support of a stationary measure µ.

Proposition 62. Consider a stationary probability measure µ and the sup-

port suppµ defined in Definition 11. Then for every open set V ⊂ suppµ

one has that

µ(V ) > 0.

Proof. By contradiction, assume that µ(V ) = 0 for some open set V ⊂
suppµ. Then suppµ \ V is a closed set, since V is open. But

1 = µ(suppµ) = µ(suppµ \ V ) + µ(V ) = µ(suppµ \ V )

Then by definition of support, one has that suppµ = (suppµ\V )∩suppµ.

Then V 6⊂ suppµ and we have found a contradiction.

We can now prove the two main results. For convenience, we include

Assumption (P) in the statement.

Proposition 63. Let (θ, φ) be a one-dimensional RDS defined on the metric

dynamical system (Ω,F ,P, θ) where Ω is the set of sequences of elements

of some probability space (Ω0,F0,P0), i.e. Ω = Π∞i=0Ω0, F = ⊗∞i=0F0,

the probability measure is P = Π∞i=0P0, and θ is the shift map. Moreover,

assume that

• (i) φ(1, ω, x) = f(s, x) with f ∈ C1(Ω0 × R) and ω = (s, ω1, . . . ),
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• (ii) there exists an ergodic invariant measure ρ = P ⊗ µ for (θ, φ)

with µ being a stationary measure,

• (iii) assume that there exist an open interval I ⊂ supp(µ) and a set

∆ ⊂ Ω0, with P0(∆) > 0 and a point c ∈ I such that

∂f

∂x
(s, c) = 0

for s ∈ ∆.

It follows that the linearized system (S,Φ) defined in (3.24) has a di-

chotomy spectrum Σ(P⊗ µ) and 0 ∈ Σ(P⊗ µ).

Proof. We will apply Lemma 59. For every ε > 0, we need to find a set

A ⊂ supp(P⊗ µ) with (P⊗ µ)(A) > 0, such that

‖Φ(1, ω, x)‖ < ε (ω, x) ∈ A.

In particular we need to show∥∥∥∥∂f(s, x)

∂x

∥∥∥∥ < ε (ω, x) ∈ A, ω = (s, ω1, ω2, . . . )

By continuity of the derivative one has that for every ε > 0, there exists an

open set V ⊂ I ⊂ supp(µ) with c ∈ V such that∥∥∥∥∂f(s, x)

∂x

∥∥∥∥ < ε (s, x) ∈ ∆× V.

By considering A = (∆× Π∞i=1Ω0)× V , it results (P⊗ µ)(A) > 0, since

V is an open set in suppµ and we can use Proposition 62 and P(∆) > 0.

By Lemma 59 one has that 0 ∈ Σ(P⊗ µ).
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In the following proposition we provide a useful result for the addi-

tive noise case, where the derivative of a function can be directly used to

calculate the spectrum of the linearization.

Proposition 64. Let (θ, φ) be a one-dimensional RDS defined on the metric

dynamical system (Ω,F ,P, θ) where Ω is the set of sequences of elements

of some probability space (Ω0,F0,P0), i.e. Ω = Π∞i=0Ω0, F = ⊗F0, the

probability measure is P = Π∞i=0P0, and θ is the shift map. Moreover,

assume that

• (i) Ω0 = [l0, l1] ⊂ R with l0 < l1, P0 = 1
l1−l0m where m is the

Lebesgue measure, and F0 = B(Ω0).

• (ii) φ(1, ω, x) = g(x) + s with g ∈ C1(R),

• (iii) there exists an ergodic invariant measure P ⊗ µ for (θ, φ) with

µ being a stationary measure.

• (iv) There exists an open set V such that for every open W ⊂ V ,

there exists ∆0 ⊂ Ω0 with P0(∆0) > 0 and f(s,W ) ∈ W for s ∈
∆0.

It follows that the linearized system (S,Φ) defined in (3.24) has a di-

chotomy spectrum Σ(P⊗ µ) and[
inf
x∈V
|g′(x)|, sup

x∈V
|g′(x)|

]
⊂ Σ(P⊗ µ).

Proof. Fix

γ := inf
x∈V
|g′(x)|.

Recall that for showing that γ is in the spectrum we need to show that for

every αγ > 1, Kγ ≥ 1 there exist n > 1 and a set A ⊂ Ω × U with

(P ⊗ µ)(A) > 0 such that (3.3) and (3.4) are not satisfied for (S,Φ) for
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any choice of a projector Pγ . Since the system is one-dimensional, we

only have two choices of projector: Pγ(ω, x) = I, 0 for a.e. (ω, x) ∈
Ω× supp(µ).

(Case Pγ(ω, x) = I) Notice that for every αγ > 1

|g′(x)| > 1

αγ
γ

We can choose W = V in condition (iv) and we obtain ∆0 ⊂ Ω0 such

that P0(∆0) > 0. By Proposition 62 we have that µ(V ) > 0. For any fixed

n > 0 define ∆(n) = Πn
i=0∆0×Π∞i=n+1Ω0. Then, we have (P⊗µ)(∆(n)×

V ) > 0, and for (ω, x) ∈ ∆× V

‖Φ(n, ω, x)‖ >
(

1

αγ
γ

)n
.

For every αγ > 1, Kγ ≥ 1, there exists n > 0 such that

‖Φ(n, ω, x)Pγ(ω, x)y‖ > Kγ

(
1

αγ
γ

)n
‖Pγ(ω, x)y‖,

for (ω, x) ∈ ∆(n)× V . This contradicts (3.3).

(Case Pγ(ω, x) = 0) For every αγ > 1 by continuity of the derivative,

there exists an open set W ⊂ V such that for x ∈ W

|g′(x)| < αγγ,

with the same argument from before, by combining condition (iv) and

Proposition 62, we can build a set ∆(n) and we have that (P⊗µ)(∆×W ) >

0. For (ω, x) ∈ ∆(n)×W

|Φ(n, ω, x)| < (αγγ)n .
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Then for every αγ > 1 and Kγ ≥ 1 there exists n > 0 such that

‖Φ(n, ω, x)(I− Pγ(ω, x))y‖ < 1

Kγ

(αγγ)n ‖(I− Pγ(ω, x))y‖,

for (ω, x) ∈ ∆×W . This contradicts (3.4). It follows that γ = infx∈V |g′(x)| ∈
Σ(P⊗µ). The proof is analogous for γ = supx∈V |g′(x)|. Since the system

is one dimensional, the spectral theorem forces[
inf
x∈V
|g′(x)|, sup

x∈V
|g′(x)|

]
⊂ Σ(P⊗ µ).

We conclude the section by showing that the the derivative of the co-

cycle can provide a useful estimate for the maximum size of a spectral

interval.

Proposition 65. Let (θ, φ) be a one-dimensional RDS defined on the metric

dynamical system (Ω,F ,P, θ) where Ω is the set of sequences of elements

of some probability space (Ω0,F0,P0), i.e. Ω = Π∞i=0Ω0, F = ⊗F0, the

probability measure is P = Π∞i=0P0, and θ is the shift map. Moreover,

assume that

• (i) Ω0 = [l0, l1] ⊂ R with l0 < l1, P0 = 1
l1−l0m where m is the

Lebesgue measure, and F0 = B(Ω0).

• (ii) φ(1, ω, x) = g(x) + s with g ∈ C1(R),

• (iii) there exists an ergodic invariant measure P ⊗ µ for (θ, φ) with

µ being a stationary measure.

Then

Σ(P⊗ µ) ⊂ [ min
x∈suppµ

|g′(x)|, max
x∈suppµ

|g′(x)|]
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Proof. We show that if γ < minx∈suppµ |g′(x)| then γ belongs to the re-

solvent set. Let L = minx∈suppµ |g′(x)|. If L = 0 then 0 ∈ Σ(P ⊗ µ)

due to Proposition 63 and there is nothing to show. Next, assume L > 0.

Consider Pγ(ω, x) = 0 for P⊗µ-almost everywhere. We have that (3.3) is

satisfied. For (3.4) we show that for some αγ > 1, Kγ ≥ 1, we have that

for n > 0, (P⊗ µ)-a.e. (ω, x) ∈ Ω× suppµ and y ∈ R we have

‖Φ(n, ω, x)(I− Pγ(ω, x))y‖ ≥ 1

Kγ

(αγγ)n ‖(I− Pγ(ω, x))y‖,

Notice that for (P⊗ µ)-a.e. (ω, x) ∈ Ω× suppµ

‖Φ(n, ω, x)(I− Pγ(ω, x))y‖ ≥ Ln|y|

by choosing Kγ = 1 we have that

Ln|y| ≥ (αγγ)n|y|

if |y| 6= 0 and n > 0, then
αγγ

L
≤ 1

if and only if

αγ ≤
L

γ

Since L
γ
> 1 we can choose αγ

L

γ
> αγ > 1.

Then we have found αγ > 1, Kγ = 1, such that for every n > 0, P⊗µ-a.e.

(ω, x) ∈ Ω× suppµ and y ∈ R we have

‖Φ(n, ω, x)(I− Pγ(ω, x))y‖ ≥ (αγγ)n|(I− Pγ(ω, x)y|
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The proof for γ > maxx∈suppµ |g′(x)| is analogous and is not reported.

Since γ belongs to the resolvent if γ < minx∈suppµ |g′(x)| and γ >

maxx∈suppµ |g′(x)|, then by definition of spectrum we

Σ(P⊗ µ) ⊂ [ min
x∈suppµ

|g′(x)|, max
x∈suppµ

|g′(x)|]
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Chapter 4

Application

4.1 A pitchfork bifurcation

In this section we introduce a model exhibiting a pitchfork bifurcation. We

will consider both a random and a set-valued version.

Consider the difference equation:

xn+1 = αxn − x3
n + σωn

with σ > 0, ωn ∈ [−1, 1] ⊂ R for n ∈ N0. A RDS (θ, φα) is defined

in the following way. Consider the base space Ω = [−1, 1]N equipped

with the measure P = Π∞i=0P0 where P0 is a probability measure uni-

formly distributed in [−1, 1] and F = Π∞i=0F0 is the product algebra of

the Borel algebras F0 of sets in [−1, 1]. Then, the quadruple (Ω,F ,P, θ)
is the metric dynamical system. Next let fα(ω, x) = αx− x3 + σω0 where

ω = (ω0, ω1, . . . ). Then the map

φα : N0 × Ω× R→ R

φα(n, ω, x) = f(θnω, ·) ◦ · · · ◦ f(ω, x), (4.1)
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satisfies the cocycle property and (θ, φα) is a RDS.

If there exists an ergodic invariant measure ρα for some α ∈ R, we

can linearize the RDS and obtain (Sα,Φα) where Sα is the skew-product

associated to (θ, φα) and Φα is a linear cocyle defined as previously defined

in (3.24). For convenience introduce

cα(ω, x) := α− 3x2,

then the linear cocycle Φα results

Φα : N0 × Ω× R→ R

Φα(n, ω, x) = cα(φα(n− 1, ω, x)) . . . cα(ω, x). (4.2)

We consider the set-valued map

Fα : R→ K(R)

Fα(x) = Bσ(αx− x3+).

Since there exists a correspondence between minimal invariant sets and

stationary measure, we can start the investigation on this prototype exam-

ple with minimal invariant sets. Next, we will show how to use the bifur-

cation diagram for invariant set to study a diagram for invariant measures.

4.2 Minimal invariant sets

We will describe a bifurcation of a minimal invariant set occurring for Fα
defined in (4.1) for α > 0. Since the noise is additive it is convenient to
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introduce the function gα : R→ R,

gα(x) = αx− x3,

and the extremal maps

g±α (x) = gα(x)± σ.

The map gα for α > 0 has two critical points

c±α = ±
√
α

3
(4.3)

. We fix σ = 0.1. For such a value of σ, the critical points are not contained

in the minimal invariant sets for the range of α that we consider later. The

reader can refer to Figure 4.1 for a visual aid and for the values used in the

calculation. We have calculated the fixed points of g±α and it results

• There exists ασ > 0 such that for 0 < α < ασ the maps g+
α and g−α

have one fixed point, say Q−α and Q+
α , respectively. It results

Q−α < Q+
α

• For α = ασ the maps g+
α and g−α have an additional new fixed point

each, that is a point of tangency to the identity line, say T−α and T+
α ,

respectively. The points Q−α and Q+
α still exist and one has

Q−α < T+
α < T−α < Q+

α

• There exists α′σ such that for ασ < α < α′σ the maps g+
α and g−α

have an additional fixed point, say R−α and R+
α , and Q−α > c−α and
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Q+
α > c+

α . The fixed point configuration for the maps is

Q−α < R+
α < T+

α < T−α < R−α < Q+
α

The value α′σ is chosen to be the value where the critical points c±α coincide

with Q±α . Next, we describe the bifurcation diagram (see Figure 4.2).

• For 0 < α < ασ there exists a minimal invariant set Eα = [Q+
α , Q

−
α ].

This can be proved with a similar argument presented in Example

21, since the map gα is increasing and we calculated the derivatives

and it results that

0 <
dg−α
dx

(Q−α ) < 1 and 0 <
dg+

α

dx
(Q−α ) < 1,

i.e. Q−α is an attracting fixed point of g−α andQ+
α is an attracting fixed

point of g+
α .

• For ασ ≤ α < α′σ, two new minimal invariant sets appear. Again

with the analogous argument for increasing maps and attracting fixed

points one can show that there exist two invariant sets

E1
α = [Q−α , R

+
α ], E2

α = [R−α , Q
+
α ].

It results that for ασ < α < α′σ

0 <
dg±α
dx

(R±α ) < 1 and 0 <
dg±α
dx

(Q±α ) < 1. (4.4)

At the bifurcation point α = ασ, it results that R±ασ = T±ασ and

dg±ασ
dx

(T±ασ) = 1
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Figure 4.1: Graph of the minimal invariant set for 0 < α < ασ. The
minimal invariant set Eα = [Q−α , Q

+
α ] is indicated by the two vertical bars.

The graph is calculated with σ = 0.1 and by numerical approximation, it
results ασ = 1.1

We have observed that in α = ασ a bifurcation occurs. Moreover, as

we approach the bifurcation α→ ασ from above, we have that

dg±α
dx

(R±α )→ 1 as α→ ασ. (4.5)

For this type of bifurcation the analysis of the derivative of the extremal

maps at the boundary describes the bifurcation.
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Figure 4.3: Graph of Fα. (a) For α = ασ, we have a tangency for the
extremal map g−α . A fixed point T−ασ appears. By symmetry of the map g+

α

has a tangency as well. (b) For α > ασ, two fixed points appear, T−α and
R−α , and the new minimal invariant set E2

α = [R−α , Q
+
α ] is created.
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4.3 Changes of the spectrum at the bifurcations

In this section we will apply the results of Section 3.4 in order to study

the change of the spectrum at the bifurcation for Case 1 introduced in the

previous section.

From the previous bifurcation analysis in the context of set-valued

mappings, we know that there exist two minimal invariant sets. The sets

E1
α and E2

α exist for α ∈ [ασ, α
′
σ). The set Eα exists for α ∈ (0, ασ). For

fixing the ideas, consider Eα and α ∈ (0, ασ). Since the set Eα is invariant

for Fα, then for every ω ∈ Ω, x ∈ Eα and n > 0, we have

φα(n, ω, x) ∈ Eα.

This means that the system originally defined in the entire real line, can be

restricted to a compact subset. For any fixed α we can restrict the system

to U = [c−α , c
+
α ] where c−α , c

+
α are the critical points introduced in 4.3. The

regularity condition for the stochastic transition map p

p(x,B) =

∫
Ω0

1B(gα(x) + σs)dP0(s)

is satisfied by choosing a triple (m, k0, ε), where ε < σ
2
, k0 = 1, and the

Lebesgue measure m. Then if m(B) < ε we have by construction

p(x,B) ≤ 1− 1

2
,

and in particular

p(x,B) ≤ 1− ε.

The hypotheses of Theorem 18 are satisfied. Then an ergodic stationary

measure exists, supported on a minimal invariant set. Since there exists
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a unique minimal invariant set in U , namely Eα, we have automatically

a correspondence between Eα and an ergodic stationary measure µα. By

repeating the same argument for E1
α and E2

α, we have a diagram for the

measures that mirrors the bifurcation diagram.

• For 0 < α < ασ there exists a stationary ergodic measure µα with

support Eα = [Q−α , Q
+
α ].

• For ασ ≤ α < α′σ there exist two stationary ergodic measures µ1
α and

µ2
α, supported on E1

α = [Q−α , R
+
α ] and E2

α = [R−α , Q
+
α ] respectively.

We consider now the linearized system (S,Φ), as defined in (3.24). For

fixing the ideas, consider the measure P⊗µα for α ∈ [0, ασ]. The measure

P ⊗ µα is ergodic, and consequently we have a spectrum Σ(P ⊗ µα) as

explained in Section 3.3. The same holds for the measures P ⊗ µ1
α and

P⊗ µ2
α, for α ∈ [ασ, α

′
σ).

We calculate now the spectrum Σ(P ⊗ µ1
α) for α ∈ (ασ, α

′
σ). We will

apply Proposition 64. We need to show that (iv) is satisfied. Consider an

open set V = (x0, x1) with x0, x1 ∈ E1
α. Choose σ0 and σ1 such that

gα(x0) + σ0 = x0,

gα(x1) + σ1 = x1.

It follows that gα(V ) + [σ0, σ1] = V , then we can define ∆0 ⊂ Ω0 as

∆0 = [σ0, σ1]. It follows that (iv) is satisfied for every point x ∈ E1
α.

We obtain a diagram for the spectrum.

• For ασ < α < α′σ, we show that

Σ(P⊗ µ1
α) = [min

x∈Eα
|g′(x)|,max

x∈Eα
|g′(x)|].
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The conditions of Proposition 64 are satisfied. In particular, condi-

tion (iv) is satisfied for every open set V ⊂ E1
α. We obtain that

[ inf
x∈V
|g′(x)|, sup

x∈V
|g′(x)|] ⊂ Σ(P⊗ µ1

α).

Since the map gα is smooth

[ inf
x∈V
|g′(x)|, sup

x∈V
|g′(x)|] = [min

x∈V
|g′(x)|,max

x∈V
|g′(x)|].

But the set V can be any open set in E1
α, hence

Σ(P⊗ µ1
α) ⊃ [min

x∈Eα
|g′(x)|,max

x∈Eα
|g′(x)|].

Due to Proposition 65, we also have that

Σ(P⊗ µ1
α) ⊂ [min

x∈Eα
|g′(x)|,max

x∈Eα
|g′(x)|],

consequently we have shown that

Σ(P⊗ µ1
α) = [min

x∈Eα
|g′(x)|,max

x∈Eα
|g′(x)|].

Furthermore, since we have already calculated the derivatives in (4.4),

we obtain that

[min
x∈Eα

|g′(x)|,max
x∈Eα

|g′(x)|] ( [0, 1],

i.e. the spectrum is strictly contained in the interval [0, 1].

• For α = ασ one obtains immediately from Proposition 64 and (4.5)

that 1 ∈ Σ(P⊗ µ1
α).

For the pitchfork bifurcation, we have found a neat connection between
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the spectrum and the derivative of the boundary maps. Both methods yield

the same result, as the spectrum includes the value 1 at the bifurcation point

and the derivative of the extremal map reaches the value 1. Moreover, the

study of the derivative can be directly applied to the spectrum by using the

results developed in Section 3.4.
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Chapter 5

Conclusions

In Chapter 1, we introduced random dynamical systems. We reviewed a

useful result (see Proposition 10) for obtaining an invariant measure from

a stationary under the assumptions that the random dynamical systems is

defined in forward time and that it is a composition of i.i.d. mappings.

Next, we reviewed Doob’s theorem (see Theorem 18), which specifies the

conditions for guaranteeing the existence of ergodic stationary measures.

In the context of the thesis, stationary measures are very important, as

they are supported by minimal invariant sets for set-valued mappings, as

shown in 22.

This setting justifies the title of the thesis, as we can study the set of

orbits of a random dynamical system by studying the minimal invariant

sets.

In Chapter 2, we have studied necessary and sufficient conditions for

one dimensional set-valued mappings to have a topological bifurcation.

In the process, we discovered that the conditions can be given in terms

of some special maps, the extremal maps, at the boundary of a minimal

invariant set. Furthermore, we provided an algorithm for estimating the

derivative of the extremal maps. We believe that this method can be useful
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for the applied sciences, as it includes a clear set of instructions, given in

terms of the variance and the size of the intervals considered (see Proposi-

tion 33), in order to obtain an accurate estimation.

Next, we introduced a notion of exponential forward dichotomy for

linear noninvertible random dynamical systems, leading to the definition

of the dichotomy spectrum. We proved a spectral theorem and refined it

by assuming some extra knowledge about the dimension of the kernel of

the linear random dynamical system. This completes the theory developed

previously in [12].

While at first the spectrum appears to be an orthogonal topic with re-

spect to set-valued dynamical systems, we discover in Section 3.4 that the

spectrum can be calculated for the linearization of a one dimensional ran-

dom dynamical systems by using the derivative and applying Proposition

64 and 63. These results allow for an easier way to calculate the spectrum,

which is a priori is very complicated. Furthermore, it enables the spectrum

to be used as a warning signal.

In Chapter 4 we presented a pitchfork bifurcation to help the reader

convey together the results from the theory of set-valued mapping and

the results from Spectrum. We used the theory presented in Chapter 1

to freely jump from set-valued mappings and random dynamical systems.

We showed that the derivative of the extremal maps at the boundary hits

the value 1 at the bifurcation point. Moreover, we leveraged Proposition

64 to calculate the spectrum and we discover that the spectrum expands to

1 at the bifurcation point and describes successfully the bifurcation.
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