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Abstract  

In this thesis, we study the problem of representing integers as 

some particular linear combination of a prime and another number having 

at most two prime factors. We establish a lower bound for the number of 

representations, and show that the prime can be taken to lie within a 

fairly narrow interval. This question is motivated by 'Goldbach's 

hypothesis' and the 'twin primes hypothesis'. Ideally we would like to 

replace the phrase 'another number having at most two prime factors' by 

'another prime', but the study of that problem is very probably beyond 

the scope of present-day techniques. 

Selberg's linear sieve is the basic tool: new work in this thesis 

consists chiefly of showing that the hybrid sieve can be used to make 

the error term in the linear sieve more tractable. To this end, we 

give a much easier proof of (a slight generalisation of) a theorem of 

Chen Jing-Run that is the closest known result to Goldbach's hypothesis. 

We also prove a new Bombieri-type theorem about primes in arithmetic 

progressions in short intervals, which extends to a result about expo-

-nential sums in short intervals. lie obtain, as well, a result speci-

-fically about Goldbach's hypothesis: an 'exceptional set' theorem 

concerning the maximum number of ways that an integer can be the sum of 

two primes. 
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Notation  

The ()( ) and 0( )notation is used as usual , and in addition we 

use Vinogradov's notation 	« 	, meaning 	= c)(c.S) . If, also, 	is is 

positive then we use 3-» g with the same meaning. The implied con-

-stants depend at most upon the constants of the theorem in which they 

occur, or else are mentioned explicitly. 

The letters r , r; , t' , etc. denote primes. Other small English 

letters, with the exception of s , denote integers or real numbers. 

The letter s denotes a complex variable s = a 4V . 

The Greek letter 	denotes a Dirichlet character, usually to 

modulus cf, , L(S)(X) denotes the associated L-function, and 	will 
2(bv-ectcc, 

denote a sum over primitive characters m04,1 1.. 

The function 11-(x) is the counting function of the primes, and 

= 71 40, where MiL) is von Mangoldt's function. 
lAS X 

Also, -Zr Ex-,1,a) is defined by 

tt 

IMOCtle  

VL 	 1̂ -,crA•1_ 

'}C) = 	> 	A6(1) (x(,k ), 
14 6 -,c 

) = 	 ) 
r,..‘ 

For a given modulus 1,  , the number b is defined, when OD)  ,)-1, 
by 	

b b 	ov • 

This notation is used mainly in Chapter 5, and its use is confined to 

expressions of the form 7r6c, 1,_,01;), so that 

ok 6 ) 	 _ 

The number of distinct prime divisors of d is represented by v(d). 

Similarly, 

and 

The letters c, , c„ etc. denote positive absolute constants. 

(7 and c will denote positive constants, although they may not be the 
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same at each occurrence. 

The German script letter G denotes the singular series ( of 

order 2 ), defined by 

The function eCx) is the function 9-->T(2.-n-;)). Other notation will 

be explained as it occurs. 

The lemmas of Chapter 1 are the basic tools, and are denoted by 

letters; other lemmas are numbered according to the chapter in which 

they occur. 

" Equation (Y.z) " refers to equation z of Lemma Y in Chapter 1. 

" Equation (x:y.z) " refers to equation z of section y of Chapter x. 

" Equation (y.z) " refers to equation z of section y of that chapter. 
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Chapter 1  

1. Introduction  

Let 13 be a prime, and let Pre denote a number having at most 

prime factors, not necessarily distinct. We shall consider the problem 

of representing an integer a in the form 

e 	b 	 (1.1) 

where a and bare fixed integers. The cases a= 	, 5 = I and ct...1 , 

b= —I are of special interest, being relevant to Goldbach's hypo-

-thesis and the twin primes hypothesis respectively. Goldbach's 

hypothesis, dating from 1742, makes two assertions: 

(1) any even number larger than 4 can be written as the sum of 

two odd primes, and 

(2) any odd number larger than 7 can be written as the sum of 

three odd primes. 

The twin primes hypothesis states that there are infinitely many 

primes .1 such that r2le is also prime, where 1z is any fixed 

integer. 

In recent years, the assertion (1) has come to be known as Gold-

-bach's hypothesis, for it implies (2), and I. M. Vinogradov gave a 

proof in 1937 that (2) is true for all sufficiently large odd numbers. 

Nothing of significance was known about either of these conjectures 

until 1920, when Brun, by a generalization of Eratosthenes' sieve, 

was able to show that every sufficiently large even number was the 

sum of two integers neither of which had more than nine prime factors, 

and that there are infinitely many integers a such that both v- and 
11.4-21R have at most nine prime factors. 

Many authors have since used variants of Brun's sieve and 

Selberg's sieve ( published in 1947 ) to derive results about these 

two conjectures, the sieve methods applying equally well to both. A 

good account of these results can be found in the Introduction and 

Bibliography of Sieve Methods [103, by H. Halberstam and H.-E. Richert. 

The most recent result is due to Chen C3'3 , who has shown that 

(1.2) 
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is soluble for all sufficiently large m , and that 

(1.3) 

holds for infinitely many primes v. . In Chapter 3 we prove a similar 

result, concerning representations in the form (1.1), using Chen's 

method but with a substantial simplification of the analytic part of 

the proof. This has been made possible by an invention of Professor 

P. X. Gallagher, namely the hybrid sieve ( see Lemma G ). In Chapter 

5 we shall prove some results concerning the distribution of the prime 

in the representation (1.1). Chapter 4 contains a result, akin to 

Bombieri's Theorem, that will be needed in Chapter 5, and Chapter 6 

contains the corresponding result for exponential sums. Chapter 2 

contains a result specifically about Goldbach's hypothesis, showing 

that most even numbers cannot be written as the sum of two primes in 

too many ways. 

The results of Chapters 2, 3 and 5 depend on an improvement of 

Selberg's linear sieve, due to Halberstam and Richert. We state this 

as Lemma A below, without proof. Other results that we shall often 

use are also stated below as lemmas. 

2. Necessary results: the linear sieve  

Let 4, be a finite sequence of integers, not necessarily distinct 

nor necessarily positive, and let K be a positive integer. We define 

0)- ) to be the number of elements of 4_ that remain after all 

multiples of any prime ().- 	, v, have been deleted. Thus 

= 	e 	: 	, P, 	I} I 	(A.1) 

where 

k) _ (I 

t'. 	- 	
(A.2) 

Let /td be the sequence of those members of it which are multiples of 

d . We define S (I- 	%) , for 7 satisfying ti<Vpc.) and ( 	t,=.: R+{ IL 4 	
‘4_ 1 - , 

by the relation 

SK  it 	5, 	-z) 
I 	• (A.3) 

We choose a number X-,( 	and a multiplicative function 6.4_10 so that 
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the quantities PA , defined when Ai-0 	and (d, K) = \ by 

- ,_219 1 	(A.4) 

are small, at least on average. In particular, in the case ct = 	, 

we see that )( will have to be approximately the number of elements 

of A. . Thus if such a choice of X and tea) is to be possible, the 

sequence 4. will have to have some sort of regularity in its dist-

-ribution. 

Furthermore, we shall require that 

s 	— c ) ‘< 	(A.5) 

and 

1  c, 	 2 . (A.6) 

K 
This means that c. }will have to be close to 1 for many values of r  , 
which imposes a further restriction on the distribution of elements 

of it_ . 

Subject to these definitions and restrictions, the following 

result is true, without restriction on the size of 	. 

Lemma A ( Halberstam-Richert )  

Let 

(F)— 
ekK 

	

If c >c and 	< .7:c4  , then  

	

1 2  I % 	CLI_P_& X \N.1‘., 	r( r 	cs  
r' 1  

-i- 2_ 3-49  ; 	 (A.8) 

and 

S1( Qt., 	) 	x 	(i_c_3 %.1 ) - cs  
tc3 z 	 tk 6-siqi" 

-- 	3 ?1,A . 	(A.9) 
6k, 

I P.(2) 
Here F(U) and 6 16:9 are defined by the differential difference 

(A.7) 
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equations 

(11( 	 7 	(IX 
Y, CI) 	= P(C-'-1) 
	

(A.10) 

and the initial conditions 

— 	a er 
	scu, = a sz, 0.<i}-==-2. (A.11) 

Also, when 

\\IKA 	474 ) V6(  (--(-?r----L 	C'*) 	 ( 	-1- 	 ) 	(A.12) 

16r 	 C°S 

Remarks The proof of this lemma will be found in riot, Chapter 8. In 
this general form it is essentially the best possible form of Selberg's 

sieve. Although the proof is long, it is based upon iterations of, 

and within, the following identity, well known in sieve theory. 

( Buchstab's identity ). If 	, then 

SK  (k, 	SK(A, 	) 	E « sv  (4_,"  0 0) 	(A.13) 

A term Sv  (A..t,,") counts those elements of 4- that are divisible by 

e but by no prime less than 	not dividing \< . Thus the identity is 

clear if we note that an element of A- which contributes to S-4,1(,e,) 

but not to Si#, 1,q-,) is removed by the sum on the right, by the 

term which corresponds to its smallest prime factor ( apart from those 

which divide K ). 

The idea of the proof is to start with lower and upper bounds of 

SKilf,,) for small ?„. Replacing the terms of the sum by upper 

bounds will then give a lower bound for the left-hand side. This lower 

bound is used on the right-hand side to give an upper bound for the 

left-hand side, and so on. However, the effectiveness of this is limited 

by the fact that if PZ > vAc.x (ar( a4 y then -S,,k,,v) depends mainly 
on K , and it may be CL) so that no general bounds can be given for 

it. 
In our applications of Lemma A, the main difficulties arise when we 

consider the size of the error terms 	4-1)C _A in equations (A.8) and 
(A.9). We shall now state various results that can be used to deal with 
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these terms, at least from the point of view of our applications of 
Lemma A. 

3. Other necessary results  

Lemma B ( Bombieri's Theorem ) Let 	. Then for any positive 
constant R , there exists a positive constant  2 such that 

g 1 	 ,̀S  
`1, (1) 	 1V) =1  

•■-3 where 	cp, 
 

(B.1) 

Remarks This result is widely used in multiplicative number theory, 
and there are a number of proofs available - see, for example, that 
of Bombieri 	or that of Vaughan [z which is particularly simple. 
The result is almost always stated in terms of 9(,,‘ ,/,,0.) rather than 

. However, 

— 

Thus 

(t) 	- ls!st 

D (L-gz.) 

and so 

kAA0,3)c I 	 cX3"z) • 1 
Thus the result may also be stated in terms of --F6,61, , o,) . Vaughan 

has shown that we may take -2_, 	in Lemma B. 



Then  

3 
-4.4 ) 

DC  

a 5- 
r@lt 

when 	 ct, - 2 f3: -25/Z  

- 10 - 

Lemma C Let 1-1 be a positive constant. Then  

(C.1 ) 

Proof We have 

p,26 Of-1) 	ll  
(vE. 	 ) 

since every term on the left occurs in the expansion of the right. 
Trivially, 

1 

Hence the sum is 

By Theorem 427 of Hardy and Wright p-2-1, 

As 	converges, it follows that the sum in question is 

Olt +1) 

Lemmas B and C have the following corollary. 

Corollary D Let A be a positive constant, and let 
ti 

Proof By Cauchy's inequality, 

( 3') -6 )`. 	cr49 	) 
0 D 	LSD 

!AC:414'D 	 IAN tD 

Now R 	•P"-. ( since 	), and so by Lemma C the first 
bracket on the right is 	x 1. By Lemma B, the second bracket is 



zit - 25 .4-32  --Z --211 - 

07.-f  5 

and so the result is proved. 

Lemma E Let /X be a non-principal character to the modulus cif  

satisfying 	Ocz -e)74  for some given ( fixed ) N'0  . Thus, if 

--g--(L )(.) 	Es t. 

we have 

I 	 (E.1) 

Proof The inequality 

)1 <<t 
	 OzeN 

is a consequence of Siegel's Theorem ( see Chapter 22 of Davenport, 

E51 ). Moreover, as in the proof of Lemma B, 

and so 

. )(x) 	T6_2_,x) 	 v@,,x) 	? 	°CIL I it.) 
16: e 	Zsst6  	S 	k5)(S-4-1) 

 

11r(- )eY) 	Lsvor 	o(t.t ,  ) .<< f ,Q4,A0c1. 

 

Lemma F Let .5=c-+;t-  , and 

 

F) 	
C6 %-> ) 

tet-,-k 

where 	cei(.„)) and 7(v) is non-decreasing. 
Suppose also that 

(F.1)  

  

) as Ur 
^=t 

(F.2)  

If 	, 	is not an integer and <. c, is the integer closest 
to x ( the lesser in the ambiguous case ), then  

E 6, 	f&J) 	
) 

ok \x/ 
tA < 	dTri 	 (7)(1.-F - (r  

(F.3)  

4-  
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The corresponding result when x is an integer is  

wex 
2  b, -F 	— 	 Po) Zdok-  -+- 	'c  

0 (VP h?) CD* )) (F-4) 

Proof This is Lemma 3.12 of Titchmarsh Ds], where we have put 

s=( 	in equation (3.12). Condition (F.2) replaces the 

stated condition, since the proof only requires that 

Z-  V1`"1 
ri 

	( (a--t-cf  -t)'` 	as Cr —) 

Lemma G ( Gallagher ) Let 9 a i , 	and let  c‘,1 be any sequence 

of complex numbers such that 

-E.  ft- taxl2  c ("c) 
	

(G.1) 

Let 2— 	denote a sum over primitive characters v,46-Aq ' Then 

fT 
>-- 	 iX6_..4) irc'T 9 	 _T  

(G.2) 

and 

tt 

taX 	c 	) (G.3) 

Proof Inequality (G.2) is proved in D1 . We shall outline this 

proof. The other inequality follows by partial summation. 

Let A be a countable set of real numbers, and let 

sc „ 	> 	c4,.) eq.). t-) 

where 7  tco)< oo . Let 

FE Cpc.- ) 

(G.4)  

(G.5)  



Theorem, 

(G.8) 

Thus by Plancherel's 

A 

A 
SLt) FSW r At 

>> 

With these choices, 

SC-€) 

and 

Equation (G.8) implies 

r- 
Cs cx)r d-x 

(ik 
-ITSE 

t- = 	) 

if St 	l-et 

a„ r>:&) 

tt( 

However, 

p  c 

, 
/ 	 a, r)(64) tr■' 1" 

_ 
ao 

_72 	 ) k`X 

7-1 	k,X 	CQz  t ```'")) 

-13- 

Then 

Cg- Cx) = 
	_‘ 	

c(r) = > 	c(r) 	(G.6) 

Hence, if /` denotes the Fourier transform, 

A 
	

A 

C€) 	FE ••( 
	 (G. 7) 

that is, by (G.6), 

t)(&) v.c' (a ct-6 a, r>(6,) 1 2  
(G.9) 

However, we know ( see Gallagher [1] ) that 

(0-a  t 	 k-r 
Combining this with (G.9), 

2_ 	VN -I- P-4 	 (G.10) 
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The following  partial summation argument is used to deduce (G.3) 

from (G.2). Suppose that ft 	and 

Peo jt 	nr 
-T 

per-  Act) At- 14-(ti 
-T 	

forn 	( 	Cs) oLs 
-t 

	

t fl

-r 

	

	T 
cs.) ots -1

V 	
igrAs d e 

0+ tb 

T 	
-+- 04- ÷ 	Gk i= 

° 

Previous authors ( e.g. Chen E33 ) have derived results, for parti-

-cular cases of the sequence (0..1, which are similar to (G.2), but 

only by using  a " powers of 2 " type of argument to split up the 

sum over t so that the large sieve in its conventional form can be 

applied. This Lemma replaces such arguments, since it includes 

( implicitly ) a " powers of 	" argument. 

Then 
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Chapter 2  

1. Introduction  
Let rt. be an even positive integer, and let SC,,,) be the number of 

ordered pairs ( 	) such that a = 	. Montgomery and Vaughan 
have shown that there exists a So>0 such that 

1 

for all but OCK'-';') even numbers ,e1 not exceeding X . In fact they 

show rather more than this ( see section 5 ). Here E. is extremely 
small. 

It follows easily from Lemma A that 

Ste) 	4 rt. g&) ( 4 C, 

for all sufficiently large even numbers n , where 

?-1 	(-01- 
	(1.2) 

and c, is a positive absolute constant. We shall indicate the proof 

of this in section 2. The conjectured asymptotic formula for SG%) 

is tAg6A14-) -L  , so it would seem that (1.1) is a fairly poor upper 

bound. In this chapter we shall prove the following theorem. 

Theorem271 For each & in the range o< g < V7- , 

SC%) ,f 	i:2 	'it 	6 6.:-.) ( 1 + 	c.,. 	I 

. 	Q.62A-v" 	 )11'4 
for all but a rg  ) even numbers  A not exceeding X. 

(1.3) 

Here cZ  is also a positive absolute constant, as will be cs  , 

hereafter. Note that if S = Ai ( the proof also holds in this case ), 

then (1.1) is the appropriate result, stronger than Theorem 1. The 

proof of this theorem uses Lemma A, and the main body of the proof, as 

with many sieve results, is devoted to the question of the size of the 

attendant error term. In our application of the sieve we shall show 

that the error term is . Y4CyN-V-3  for all but 0(X li even numbers 

less than X , so that it can be ignored if we amend the absolute 

constant in the main term. 



(;() 

Using (2.3), (2.5) and (2.6), Lemma A gives 

(2.6) 

2 ,rt Cjc-) 
q6rgiLc-es T 2) 

2 	C (n) 	C-S 
1 	T 7-t- -VL  

'(ca 
PA 

Gt-‹C 
Atal6,t1 

- 16 - 

2. The application of Lemma A  

We take 4 to be the sequence 	 , and sieve it by 

those primes \)= (z 
-)-T

which do not divide v . Thus we take 
g- 

= 	7- 	 (2.1) 

Among those numbers which are counted in 5:161))  are all those which 

are primes lying between ?- and n . Thus 

(2.2) 

so that Lemma A will give us an upper bound for S6'0. Let 

(2.3) 

so that conditions (A.5) and (A.6) are clearly satisfied, and 

e -u-  (n, c)„ ) 	vt 

ct. Ca)
-35 

If we take 	gZ  = c_avt)l-g (t 	, then 0 1.2 2. 
Ic 

(A.11), 

F 

By (A.12), 

e 

(2.4) 

so that, by 

(2.5) 

   

_L ) 
\i\i, CO = 

(K111-) 	PA `I- 

(2.1) 
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when we choose c3  appropriately. The following theorem will complete 
the proof of Theorem 2.1. 

Theorem 2.2 In the above notation, 

ct 
	

s--)(0) 0 	
Q.6r)3 
	 (2.8) 

for all but CD(X1-6) even numbers vt not exceedinqX . 

Theorem 2.1 will follow from this, (2.7) and (2.2), where c2 > c3 - t . 
It is worth noting that if g = 41- , a simple application of Cauchy's 
inequality and Bombieri's theorem on primes in arithmetic progression 
will show that inequality (2.8) is true for all sufficiently large n., 
so that (1.1) is true. The details may be found in Richert's paper 

3. The proof of Theorem 2.2  
Rather than estimate the sum mentioned in Theorem 2.2, we shall 

consider the larger sum 

“* 1 
	1,3-Cct) 3-4' )  R.\ 	 (3.1) 

For convenience we shall write 	for Tt-, , mentioning where 
necessary the variable of summation and any further conditions. 

From (2.4), we have the trivial estimate 

Qok 

Hence by Cauchy's inequality, 

-40 	 6-) 	-,.6,A) 	,,, 
E 6-) 1.70) r- 	Zk 	r 	 A-Lct) 3 H I  v, .\"- 2 

,v) 

r @ 	rvi (1)@t) 

By Lemma C, the first bracket on the right-hand side is << (167,.)9  . 
We wish, therefore, to show that 

r2  P) 	 s 

\ for all but 	L J ) even numbers vl not exceeding X . 

(3.2) 
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Let (X be any character to the stated modulus, and % the principal 

character. Then 

= 
14k) 	(X 

-1r(^00 	 (3.3) -75-<-6.!1 
‘,-c7A A 

where = 	fY(0 	. Thus 

(4 /x /W(..w,*1  
+ 

4)Gt) 
Si nce -Tr (^.) ÷ CD (wad 

7)76A) --i-r(n1(X) 	\-*) - 	Ch((:_g_ 	3. 4) 

Pd̀  

Therefore, using the prime number theorem, 

E rY) 12a  c 21-er.)  wL,9 
) vq11'  

11?&) 	4xa0A 

0(4,,...)17 
44 

We now replace 
57 

 _44  by z 	, where 	denotes the 

restriction to primitive characters. Of course, if (X v...44 is induced 

by ')et,...40\,.. , it may happen that 'X(0-0 while (}(*(v) # C) . This 

happens if and only if v. divides c and not 1,, that is 04i,  . Since 
d is square-free and >2 , 

	 /376■1 -7-6:1 )0.c) 	— 	T.*  (75-:(6.■) 7r-  6'2 ,(X 
11,1 (Xtuotl, 

(3.5) 

( 

)_ 
(Xtk...0.1 	/1 

= Z_ >--  L 

k
> d■ 	k < ,,, --4. o(v.i.v. 

).__ 	+ () 
tc' 

since 	E-  \ 	is at most the number of characters uw-a 4/t, 
I<' ,\--

A 
 4 tK,..-ol, 

However, ' 

(3.6) 

(3.7) 

From (3.5), therefore, 
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z- let‘ cd, kIr la rx,..sav 

Since Z FA2(t) « kgy, ( by Lemma C ), 
ITE-1 

	

1:60 Pak( 	75: (1,1) RCN )/x) 	0(4,111) (3.9) 
vi we.) 

Note that we have omitted the factor r1/42(g) , as it plays no part in 
what follows . 

A form of Bombieri is theorem states that, for any given R > 0 , 
there is a constant E o such that 

	

I 'VG 	) 	vt. (3.10) 
67-ar )11' 

( see, for example, Davenport Cs], Chapter 24, Theorem 1 and Lemma 1 ). 
Now 

cfr 	c`V)"x`L'Ilv 	17 	t 
‘ss-) c!1 ). 

(3.8) 

(3.11) 

and 
1,1 /, 

"Tr Eri )(X 	 8 6_1) rX) 	j 	9 63, n‹.) 	s 	 (3.12) 
tsr 	 s (.Lczs)- 

( To see this last statement, note that the coefficient of (X0 on the 
right-hand side is 

(ty 	 ). 

It follows that 

1 

611 	 ti\A°‘>( 	1  
kt::3 

V■Acc'rc 	 , 0c) I 	± "-.lcar) (3.13) 
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Thus, by (3.10), there is a E >0 such that 

2_ 	-Cr Ell (X) A
I 

4 v+41  T(A,...) 6,---eztv 

and so 

<-‹ 

Let 

tA, 	
(k5ZIS 

fl"}r1  

= 	 Q_G-)--35. r e‘ 

(3.14) 

(3.15) 

From (3.9) and (3.14), 

2 _ 6' c-61) u 
C" )1.,)- I 

( 
v.....ati/  

It 	En, rx) 

4- 
(1___Gr)". 	(3.16) 

At this point we recall that we wish to show that the left-hand side 
, 

of this inequality is 	ccs,,,) for all but OCX
i-E 
 ) even numbers 

v' not exceeding X . To do this we shall apply an averaging argument 

to the sum 

Cbi\> = 2—  
q.1,) 

that occurs on the right-hand side. 

(3.17) 

4. The averaging argument  

Let Irk be an even integer in the range 

4 
(4.1) 

and let 

(4.2) 

= 	1-1'6 
	

(4.3) 

By Lemma F, 

, (r 	' A ) 

1217  
	 OkS DO ) (4.4) 



f 
rC )<.!s!h) ttEV 
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( Here we have taken L.--%) if v) is prime, 0 otherwise, in the 

lemma ). Thus 

The- el 	) = tx(r) 
PSH 1'S 

Y 	
s 

-i- (1)6) , 	(4.5) 

the error involved in moving the line of integration being at most 
11- c*-;-r- 

f 	 6-9 H 

Isl 
oh ) . 

From (4.5), 

/)< Cv1) -Fr (el ■r ` ) 
IX,A.mfaV 

and so, from (3.17), 

c2-Nr; 
ciks -F C)6661) ) 

(l) 	 3(1.) 

By Cauchy 's inequality, 

5\&)2 	 CY‘)--4 

erpn- 

("1 <1, 	Tn,) 	 vs 
The first bracket on the right is 	 ; let S2.(, ) denote the 

second bracket, so that the inequality gives 

6/1)-2- 	 '3& 	 S2 6-'1) 

	
(4.8) 

Now 

	 S G-0 = 
< 	 h S. S 	1-6,1 ,v 

(xo,) .77 (lx(e) (v 	irks 
IrN r 

(14-1-1 '7611.2_ 1)01 116r 
v 1:1 KV 	2 	 xuetl, 	1 61-s (4.7) 

	

since for any 	there are at most I+ 	integers between 	and ti 

lying in any speci fic congruence class 1 kA,41, . However 

_`k 	 ),L 

2_ l Z ;\(61) 	 (It) 
\ 	C(s ) 	 (4.10) 



cr 1—Cr 

2= 	cs CVL ) 
< `.1 

hhr 
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since 

/ 	Cr,) 	64 ) 

6'0=1 
Therefore, from (4.9), 

0 	) 
)<g,_ cam, 	71, 

Z iXt) 	1-1 6-  c,ks 
r'h  (4.11) 

1-1 S vs.41-1 

Note that ha-<
" ( and, for 	in the given range, 	< ±-1 . 

21, 
Thus, by Lemma G, 

H 	4j,_ 
H <hS h 

From (3.15) it follows that 

16P-±-2-) ) 	(4.12) 
r-(t-.1 ) 

(4.13) 

Thus the number of even integers in the range -T.11 	N'ts 11  for which 

C- 	h2.  0_6)11) 

is at most C (M,, and so for all but 0(-1- ) even numbers 
Y\ in the range 	I-1 	, 

For these n , therefore, 

stn 

by (4.8), and so by (3.16), (2.8) holds. There are 0 6,68),) disjoint 
intervals of the form [fri 	contained in the interval 50',Y] , 
and so the number of exceptional' n less than X is DOCI-6) . This 
proves Theorem 2.2, and therefore Theorem 2.1. 

5. Further remarks  

Hardy and Littlewood have pointed out, in " Partitio Numerorum:III " 
that if there is an asymptotic formula for SCvt) then it must be 

G'CY1) 	 (5.1) 
06yr- 
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Of course, it may be true that there is no asymptotic formula for 
SCE), and that Goldbach's hypothesis is nevertheless true. 

Suppose that we could prove a result similar to Theorem 2.1, 
with a slightly smaller constant, so that we could say that 

S(‘‘) < 	 (5.2) 

for all but Ce:‘-1) even numbers 	X , where rt is some suitably 
small positive constant. Such a result would have consequences for 

exceptional ' zeros of L-functions. To see this we must refer to 
some of the results of Montgomery and Vaughan's work on Goldbach's 
hypothesis [Di]. Let 

X' 
this agrees with the choice made by Montgomery and Vaughan if we 
let g= Viz in their work. 

Define ' exceptional ' zero as the one zero of 1-6,"x) , where 
NwzrAir.  is primitive and y P , not satisfying 

---- 	C7  

Let (X be the character concerned, of modulus r , and let F be the 
( necessarily real and unique ) zero. Then, by a result of Page 
an account of which can be found in Davenport [S], Chapter 14, 

1— e' 
'ft"' acy ) 	 lts)P 

Here cz  is chosen so that rl:E 	n- for all n in the range 

Montgomery and Vaughan work with the function 

Clearly, (5.2) implies that 
(vt) 	(2_ 	) t,‘  Gc-1) 	 (5.4) 

(5.3) 

for al I but C*1-0 even numbers rt s  X . They prove the following 
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result, amongst others: 
rs. 

X61) =ut C■A 	 Cam) r n
x 

)7-  #6,13 

(x"-  p 1 („,?-) 	+ 0(4 )0 	l 15P-e4c+?-9( 5 . 5) 

( this combines their (6.17) and (7.1), where we have put g= Viz  ), 
where 	(N) is defined by (their equation (6.16)) 

76-0 tg)) 4;) 	(I- 	-1- - ) 	 (5.6) 
- 	?I' 

Suppose that 	t and -1-7 	. Then 
ti 
G CA) = 	Cvo 

If also 	X then (5.5) implies that 
2 

2( ,) > (2_ 	-t- 	 (5.7) 

Thus if 	
p 

	- - I 

Gy<", 
4- 

then there are ->-)X 	LI- 	even numbers in the range ,7< < 	X for 
which (5.7) is true, and so there exists a set of integers for which 
(5.7) and (5.4) contradict each other. It foilows that `,1- 	PX"  

tse< 
or in other words, if ii(1)=--1 then the exceptional modulus as defined 
by (5.3) must satisfy 

tc.e 

If 	, then we cannot pick a large set of 	for which 
, and so we cannot make such a non-trivial deduction in this 

case. However, if there were an asymptotic formula forR(v) ( it would, 

by (5.1), have to be vt.C-,) ), we could deduce non-trivial bounds for 
7-7 irrespective of the value of /KEI). 
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Chapter 3  

1. Introduction  

In 1923, in " Some problems of Partitio Numerorum: III ", Hardy 

and Littlewood made the following two conjectures, labelled C and D 

respectively in their work. 

Conjecture I  If a and b are fixed positive integers and  (cl,t) = , 
and N(1-) is the number of pairs  c,\D,,o such that 

(L =- a ti:\ 	b N 

then

---- 

 

6csv-1.11  

unless  0,1,a\ = 	I 	and just one of vi)a,\D is even. 

If these conditions are satisfied, then  

NI Oa) 	n_ 	G61.0.b) 

a 6 (1,ac vt-) 

(1.2) 

(1.3) 

Conjecture II If n)a and b are fixed positive integers and  (cz,b)=( , 
and f\i,(k) i s the number of pairs m,1 such that ?,..<) and 

(1.5) 

unless  (1,a.).= 	== 1 	and just one of ta,a, b is even. 

If these conditions are satisfied, then  

1\11  (u)) 	G(vta6) . 	
(1.6) 

If ok= 10-1 , then the truth of Conjecture I implies the truth of 

Goldbach's hypothesis concerning even numbers. If also vv-Z, then 
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the truth of Conjecture II implies the truth of the twin-primes 
hypothesis. 

Let Pr denote an integer having at most r prime factors, not 

necessarily distinct. We shall prove the following two theorems, by 
sieve methods. 

Theorem 3.1  Let a and .b be fixed positive integers such that  67t,q,_ I . 
Let M(vi)be the number of representations of  vt. in the form 

0, 	+ 	rR 
	

(1.7) 

where the cases  a= O•eci- br. 	and vt,--=.T-1- bN), are treated as 
distinct if  1),-74F.3  . If v  is sufficiently large and  

then 

62)a) = {L,) ,r-L. ---_- 	0, _4_ b tp_Aod ,2 

    

M6() > 	O 304. 	rt 	GErLa 	. 
(ic3v,-) (1.8) 

Theorem 3.2  Let a and 6 be fixed positive integers such that  (ck, 	I . 

Suppose that  vl is fixed and 

('n->c) = (r-,b) 
	

ko vv‘od 
	

(1.9) 

Let N,())denote the number of representations of  Irk- in the form 

— 6 r?"2- 

where the cases  GT, - bpx t3  --.-- ft and oT, 	= vt are treated as 
distinct if  F,-+- 	Then, if 	is sufficiently large, 

()) 	304 	 56't ) 

(1.10) 

In fact we shall prove slightly more, for in the proof of Theorem 3.1 

we shall suppose that v4.,44)3.) 	, and in the proof of Theorem 3.2 
we shall suppose that vvt',A,(1),,hr 

Theorem 3.2 has a trivial consequence which concerns the 



- 27 - 

conjecture of Erdos and Mirsky C61 that dC,-,̂ 1- ot(k_m.() infinitely 
often, where 	is the number of divisors of wt . In Theorem 3.2, 
take a=2 , b = 	, 	. If 	, then 

6) 	.2- 	÷ 1  

P, 	= 	 iv\-fivc,tt( 	oft e . 

If vtr: 	, then 

(60 	?: = 	— 	 act-ay,. 

F, — 	..y.t.c 

In case (; , 	aC2p3 , and in case(iii), 	ctE2F.:4-1) . 

Thus the following result is true. 

Theorem 3.3 Either 

(;) 
	c46_,tit) 	= den.,-1- k) 

or 

= v),  

infinitely often, 	(1.12) 

infinitely often, and (1.13) 

infinitely often. 

The proofs of Theorems 3.1 and 3.2 are almost identical, and we shall 
combine them into one. This proof uses some of the ideas of Chen E37, 
although our treatment of the error term that arises when we apply 
Selberg's sieve is much simpler than that of Chen. 

Let (-k,a) = (vi,b)-= 	, and 	tit at b 	. We shall 

consider the set 

= (1.14) 

where for the purposes of Theorem 3.1, h. is large and 	= a , and 
for Theorem 3.2, rt_ is constant and tA is large ( with b replaced 

by —b ) . We shall apply Chen's idea to find a lower bound for the 
number of 13 5 in this set. This will be a lower bound for the number 
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of solutions of 

F  

and 
=a 	- b `P, 

2. The proof of Theorems 3.1 and 3.2  

We take 	to be, approximately, the largest element of 
that is, 

in Theorem 3.1, 

in Theorem 3.2. 	 (2.1) 

= 	,t 
rk-Aa 

and let 
/ • o 	 , 

r (tryi 	I 	 7 	X z F' 	e;C 

vkot 

and 
s (AA) 	=   r 	. 

Thus 56,,,,) is the number of ordered triples (P, , ,„?,) such that 
. m),r3  and xh 	 Ci7) • 

Consider the expression 

(2.2) 

(2.3) 

(2.4) 

. 	(2.5) 
E 

C■lq 	 Ow, ?k no, 

The number of elements ■Aitt such (w,o.c.) > I is at most tai)-c■I 
for if 	and 	‘a-LA then 	since (n)a)=--- l . Thus the number 
of such elements is at most the number of prime divisors of vta. , which 
is 	(6-S ,rLeA . 

Suppose now that 6Ailvt& -\. I and W is not square-free. If w gives 
a positive contribution to 00 , then each of its prime factors is at 
least x 	

, . The number of such w is at most -A x , since such a \r‘f can 
be derived from an integer ;I") , all of whose prime factors are 7 

Vt 

Let 
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by repeating one of at most nine prime factors. 
Thus we now suppose that (,/, no.) = l and that w is square-free. 

It will give a positive contribution to Q(c) if and only if the 
following three conditions hold: 

(1) it has no prime factors less than xli", 
rho 	I3 

(2) it has at most one prime factor lying between x and 
inclusive, and 

(3) there are no triplets (f),, 	f.,) such that w=k>,m), and 
x 	F>,_(-i -  ( i.e. s€„,),_ 0  ). 

Since \Nr-s x , conditions (1) and (2) rule out the case of w having 
four or more prime factors. They also imply that if w has three prime 

. 	Dc,3 

	

4 	 . 
factors then one and only one lies between x and 	inclusive. 
Condition (3) rules out this last possibility. Hence if vl is square-
-free, Cvv,v10,-,i and w gives a positive contribution to 4(6-) , then 
w has at most two prime factors ( furthermore, any prime factor is 
at least X

ho
, and if there are two then at least one is at least z ). 

Hence, if )q) is the number of P., s to bh found in A , then 

14) 	 — 9 xlho _ tcs vo 
	

(2.6) 

Writing the right-hand side of (2.5) as three sums, the first two are 
estimated from below by applying Lemma A to the set A . The contri-
-bution of 4s(N)is estimated by applying Lemma A to the set 

%I-- b_Bm), 4. z 	x 	. 
) 111  t 	 P 

	

b 	 ck 

s(ArL) 	0 	„v, s x,  byvi_ 	v-t_ mcrick. 	. (2.7) 

Here, if 	D 	with Dj. 	, or 	 tl- with fs flZ  , 
then v1=-__IDI 	and 	 6M-1,  , or 	l'BRF and FU 	V'3 V7- are 
considered to be distinct. The idea of sieving such a set was first 
introduced by Chen L.31 . 

Let of ..--- lax . From (2.5), in the notation of Lemma A, we have 

that 

g(I' ) c"'°) - 	7- 	s„„ 	r , 

s DC 01.,  

(2.8) 
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It is from this inequality that we shall derive a lower bound for 

00, and hence for r<W . 

3. The application of Lemma A to the set k .  
We shall make the following choice of parameters in Lemma A. 

Since 

1/4- 	(Ls , b vt a ) 

let 

= 
(3.1) 

We shall sieve 	by those primes less than .x
A. 
 which do not dividerua. 

Therefore, let 

4<= H-0-( . 

Now, if (0( 1 ,,, 0.), 	, then 

(A-ot 	= 1 	( A-1:N 	 , 01) 	6,13 I 

(3.2) 

If we suppose that the primes less than 3  are divided roughly evenly 

between the OD A) reduced residue classes wool,  6.4 , then (4A1 will be 
about 	) . ( Note that A may be too large for the Siegel-Walfisz 

43q5,  
theorem to be applicable. ) However, 

=,   _A_ 	¢ (P,16) 	_ 	g_d,6))  

09d) 	ci4) cipeo iT):6) 	,c)) 	• 

Thus, let 

(3.3) 

Since (d,6) is a multiplicative function of d , c.4k) is also a 

multiplicative function, as we require. In particular, 

rkb 

( 	i-C CPC.  

Thus conditions (A.5) and (A.6) of Lemma A hold ( since 21 lox_ 
converges ), and thus Lemma A is applicable. We also have 

(3.4) 



-31 - 

— 	14-d 	— 	c..._)(FS) x \ 

-yr 	\Dot , 	
Wa) 
	 (3.5) 

Furthermore, by (A.12) of Lemma A, 

v(,(2_-) , \i\i,„() 

,--_ 	 , o_ 	■t ( --------L="  ) -c-Y  ( 1 ± o(V ) 

+ ,:.L1-0-) le (uvl." — 1-- 	lo a 

-_--z 

 

lam) tI 	0 
)k-1,\:,-I

)    
 o'-6\ (-t>-- /(-6-y- ( (-+ c'egiX • 

w,,,c) 	= cf)clt. G(ft,03) e-T.  ( (--i-- 0(-L. ) ) 	(3.6) 

6 

	

	
1,5-. 

(ts7 

For the first term in (2.8), we take 	. 4°, r------ -x4‘,,r -z‘5  in Lemma A. 

Thus (A.9) of Lemma A yields 

\\/-)clli°) S(s) — C3 	3>Lr..(  
(ITO 

)7(.4)  Rck 
eik 

The sum here is of the form considered in Corollary D. Thus, by 

Corollary D, 

c__i) >  , 	3 Qok 	<< pc or 3  <--< (& 5 ) or -.. . 
d.s 1,-s-ls  

G. .,,,@_') 

Combining this with (3.1), (3.6) and (3.7) gives 

(3.7) 

(3.8) 

to e Y G(ftet_t,,) (3.9) 
b lcyc. 

lo 

	

For each summand of the second term in (2.8), we take 	= x and 

1 	in = x 0,  	Lemma A. Thus 

7'11°) 

	

	 E—(k2) 
-x 

t 14 	
e 

	

ci   	 

+ (3.10) 
. 

ckcx.F 

Thus 



(3.13) 

< 2 
' (3.14) 

S (3.15) 

2 < LA- , 

4.  (3.16) 

(3.17) 

au. 

From (3.13), 

I CL,c) c-DLo_AN 	O < u 

and 

± ct) 

that is, 

dt 

Hence 

and 
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Since cdP„.4;1, @olva-)==( and zi°,4- 	, it follows that rok is 

square-free. Thus the double sum is bounded above by 

K 
cr 	

t 
 

r(t) 
By Corollary D this is 	xX-3 	)X

-2 
. From (3.10), therefore, 

:E= 	(L,F,"x:") 

< 
b 15x 

 
( X ) / 

CL
o - 	- 	(3.11) 

In (2.8), therefore, 

x) — 	 -)c'" (ft_ 	
,.to 

y,r„A 

g 6) 1-zn 	-   „ 	P(r.5.—(0 ( o • 
x.)  b tcsr 

(3.12) 

In order to evaluate the right-hand side, we must know more about 

and R.?,.) . For convenience we repeat their definition. They satisfy 

C5  



	 Ott As , 

) 
I 0 

	

+ 5 F 	\ 
5 	 ) 

it p 

ae:(  (Sr ± 	 -EC'S)  as 
3 	-5 

olq 

rs o ro 

) 
ottk 

c2j 16-- F --(- 

Combining this with (3.19) and (3.18), we have 

io 

5 jGL'._±_-(_ 	=- 
3 

-F- 

f ds 

	

3  S 	S) 
5 

SCS-S) 	
--i 

) 

	

ikE -1 	ots 
2 	 -- 

	

S f rs 	ole ds J. s(S-s) )7_ 

coe'T(5) — ?_. 

— lasS- 

cA.L ds )(— () 
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A- 
-.= 	..19 	FC_S) AS 

3 
it 	 4 	S -% 

z_-_. f 	 e -rels 4- 1 	 c-r  .1 

3 S 	
s .---- 2. 

From this we have 

SYS) — 4 PO 

Thus 
s, 

5p) = c,, ,,_-((16- 4 -t- r 	e f 
2- 

(#70 old ,01,5 	(3.18) 

Now 

5- 	- x ,3  

„"3 
5-f  

L. 	FES-  ED ICY kirtv)) ' V 
to 

--I))
(3.19) 3 

on putting V=x . If Ss (..(c) , then 3<_ 5—co 	and so 

where we have put 5-to s  ( so that (0  ct",  = c& ds -- 10 cts  ) . Hence, 
by (3.17), 
	 S-s 

= 015)2 	 c2S—S 

3  
f s-1 

( c-. 7.1) 	oks(- 06r)). (3 - 20 ) 
/ 



<) + -- -2_ C 1 

Sy, (4, „ ) 

(-c  

616y 
	cf"-) 	(3.22) 

S!A (4 ,  

( 
{•320 
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Since 	is convex, if 0.(?.1 then 

P
a 

ley< 	.1 6;4_0 

Thus 

JZ S I 
—1) 

sH 

2 dt 
62 

Hence 

02s—S  

CS -3 	-1- 	2- 
S-I -- 	

(3.21) 

dcs P s-` 	_ r 3 S 5-5 )2_ 

f 	,i_is 	-I 	-f-- )( 72. CS-3) 	2 —I)ds s 
-f- 

c-2(5 --s 	2.(5 —I) 
A S 

H ("2_ — 	-- I 

Thus, from (3.12) and (3.20), 

4. The application of Lemma A to the set 3  

We now consider the last term in (2.8), namely 

5ab.  C 	X- 
cz, — IT 

Q1 We shall use X', [<( etc. rather than X , Qd etc. to denote that we 

are considering the set :g rather than the set it . From (2.7), 

LEI 
	

6 	, 

( clearly (,:,,e,0-1 since 	is fixed and x is large ). If xis 

sufficiently large then we can apply the Siegel-Walfisz theorem on 

primes in arithmetic progressions to estimate this sum, since 
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X 	and a is fixed. Thus 
?'?1-• 

7 	-17 x 	 Sw,) 	(4.1) 

4,qt) 
( see (2.3) and (2.4) ). Therefore, let 

— 	Gq 	Vv, .5 X 
s(y,A) . 	 (4.2) 

Since we are sieving -3 by those primes less than x'1 t  which do not 
divide ab. , we shall take 

K ' = 	. 

If (FY/L.6) 	, then by (2.7) 

I 	
' 	 

	

c 	: 	3  , yv, 	) b 	ad 
' 	L 	a. 

S 6:0 	 (4.3) 
b =vtwadad 

Although the modulus may be too large to apply the Siegel -Walfisz 

theorem, we shall take 

	

c,,1 	A c,)) 	7 	(4.4) Cdi 	
d) 
 

,L) 

( c.f. (3.3) ),as this choice leads to a manageable error term ( see 

section 5 ). In particular 

4, ) 	= 
(4.5) 

With these choices, the conditions (A.5) and (A.6) of Lemma A are 

satisfied. Also, 

I  = ( IRA — 	X ' 

 

(4.6) 
ut,-;51.csd 

From (A.12) of Lemma A, 

-216-3Yz- 	
)) 



l—vv 
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and so 

= 
	oac/1,,-AD) 	 DG-k,) 	. 	(4.7) 

If we take V= 	= 	, (A.8) of Lemma A gives that 

5,6 CE , 
_/.--IS 

'X of- < X Vi„jb (xletcrr'- ) C  r(1) 	c, 

3
^CA) , 

Q 
 

of I P.1,@'et -ft) 
By (3.15), 

  

(4.9) 

By (4.1) and (4.2), 

Oil X = 	 (2L t>, 

We shall estimate this by using the prime number theorem and replacing 
the sums by Steiltjes integrals. Thus 

X"5  

Ci)  ) 	
= ( (f ) ctv olkk. 

1}..v Int,,L#r) 	 \I 	(4.11) 

If we put u.,--x_vj  , V= x , this becomes 
1-w  

dP 	X I .= 	
C( -4 ) ) 	 f / 	

3 

W f, 	(4.12) 
3 

(4.10) 

The inner integral is 
1-w ( 7_ 

(-\N 	(-w-e• 

Hence 

Ca) X 	0-F of 1 )) 
3 

(4.13) 

To obtain an upper bound for the integral, we note that if 

1c30-4. 04) 

Thus 

= 
< of II I 3oC 

3 ot 4 —  

) 	- 	) 	s,,)2  + 3 -3w 
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Using the identities 

I - w 
wa-w )  

I 	2 
J 	‘--NV 

= 	r4"-w) 4-4 1(4.14) 

we have that 

 

(1 _21 - (1-3.,v 	SN\r  
\N \ 	k —w 	c \Nt 	̀4-1 

4- 0_-3`'`/)2  — 2- ( --- Sw)l- Thw  
3 (I--\N) 

_ 	 f_ 	. 	(4.15) 

\\f 

	

1.12 _ 2__T2 Lt 	(Q.1 4- ' 
"J 3 	Jac (9.1:2> 	o0

-- 1 

So-q- 
(4.16) 

( Numerical integration gives 0-49099520._ ). From (4.13), therefore, 

< 	 x 	(1+ (:)(--') 	 (4.17) 
fey_ 

Combining this, (4.7) and (4.8) we have that 

Shy b, 
It 70_13 

X. o<- ( ) b3-6. 2_ x 	eq  6 &4b ) 
doellte)x 

ce-1( •4  C4 Z) 

+- 3'6°  Rai  

( 1. 0 ,s2.1,) oG_„,b)  	 x _Is 

pct.,  
--t--  

We now have bounds for all three terms in (2.8). From (4.18) and 

(3.22), 

Cpt__) 	(. 320 gEA.A.) 	 — 1•Ocsati, 
0C1763-,,-)1 / 

( 	) 

Rot 

(4.19) 

Thus 
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For Theorem 3.1, Lk= (1- ' 	and n is large. For Theorem 3.2, 
------ 	and 	is large. We shall show in section 5 that 

(4.20) 
ro*0 

Thus, from (4.19) and (2.6), we have 

cp6L) — 	.9.10 

- 

	

Li n — l•o15624   )6-cit 5) 

For Theorem 3.1, therefore, 

12(A„) 	0.304- g6_) d b (ttv,-)2 
	 (4.21) 

if vLis sufficiently large, and for Theorem 3.2, 

0 3c [+, gQ1-0-
6) itcsi-A)2- 
	 (4.22) 

if 	is sufficiently large. Thus the proof of (4.20) will complete 
the proof of both theorems. 

5. The proof of (4.20)  
We shall first derive a trivial estimate for K j, . From (4.6), 

lecit = I 	75x 
	sc A — 	 L 	sc.) 

rn!d ) I,NSx 

<< 	>,x 

since SC,.,t) <<1 . Thus 

(5.1) 
c13(ft`9 

since cl <ziL . For convenience, let 

	

= 	
of or 	

(5.2) 

By Cauchy's inequality, 

e,k 	 e.:1)ecA)'7 - (5.3) 

However, 

) <-4 x 2- tA76,1 	 r?6,09 
ct. t'(Ltd) 	4'el) et.q 
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of 9 	by Lemma C. 	(5.4) 

Thus (4.20) will follow from (5.3) if we prove that 

ct 

	

2_ 	Qat 	<< x z _1$ 	

(5.5) 

!ol,,"..b) 
We do this by writing A),,It as a sum involving primitive characters, 

and then using an application of the hybrid sieve. From (4.6), 

sr 0A) 
	

scv,A.) 
ctKaci 

vnax 
bm set_m..64. ad 

Let 'X hb a character mt:ct ad , and 'Rothe principal character. Then 

zlt 	 xeo WI TA) — 2= 	s6,) 	(5.6)

x 1N 
Vi-4) rsi(x.a.ct 	 J4,41 

6n,4)›( "— / 
where 

	

--Ft ('x-) 	= 
	

Mx 	@-^) 'X t" 	 (5.7) 

Cwt 

Thus 

ixt% 

We shall rewrite the sum over 'X as sums over primitive characters 

, where /AM. However, if 1)6AAsAcuot is induced by ')(*wczt.ci , 

it may happen that r)66,A):---0 and /)(1,4A)*0 . To avoid this difficulty, 
_* 

we note that --IT,C2(1 	77„,i6C*) . Hence, if L denotes a sum 

over primitive characters, 

!Zit 	 2 	7 4e- ( -cut ()( 	-4- 	s&). 
(Kid,) 	 gad) ukAsx 

Therefore 

T ea 	s, Sz 	 (5.9) 

where 

4@a) k<-klack 
	 601 
	

(5.10) 

and 

Z = 	s&,) 
ift)Eick 

Consider S. Since 4E() > 4)6,)4Ka) , and s&,) 

(5.11) 
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S, 	.5_. _i_ 	2 	( 	T 	s co., ) 
qN eAs-. 40)  ntck)>,  

2= 	,() 	2;_-_ 

(1) -k) 	e-- x  6 -- 	\ 	4)  0) 
&F') °̀-a  )>1 

If 1-00+e) , then t has only two prime factors, both >, x'". Thus 
we may suppose that (,c,--)=-1 . If 0-0. , then the condition fi),,,cil> 
becomes (f.,6', )>I 	and thus vlA or a has a fixed prime factor ax, 
( that is, fixed in terms of t ). Hence, if rto, , 

	

— 	, 	.- 	
cz• 2 	_i_ 	-1/,.. x  2_ T  

	

d« 	) 
CE?)  6'-̀ 1:>1  

If, on the other hand, eiGL , then 

Z 	1 	2= 	t 	.<.< at 2' 

Cet)0.4 ).>t 

Thus 

( 2L- 	2: 	r(t)(HL-i- x'-)) 	(5.15) w)  

Since r(t)=o if -E>Z15 , the first double sum is < •xl2/3 z I 
To deal with the other double sum we note that 

7 7 r(t) 	2_ 1-( Z a 
F, 	 ±.52c 	 ts.X. 

2/1  

and 
( 

2_ 	rt) 	.. --_ X 	<.4 X r-7-  T 	 1 FS X ti_ 

by (4.17). By (5.15), it follows that 

(5.16) 

(5.17) 

and so 

5<<  <( X1(3  27 1 2 	
Wg) 	 Ala 

2/1 	-r 	X  91,01-z 

(5.12) 

(5.13) 

(5.14) 

(5.18) 

Now consider 	. From (5.10), 

21 	2 	f Tr,' 6.?() 1 . <.̀ t 04 'X tA.4 51  

Interchanging the order of summation by use of the substitution ac71, 	t 



- 41 - 

gives 

(2() t<ya.-& 	cf(1/,t-)  /xlm,zt.1„.  1. 
Since IX is a character to modulus 	, -17; e M 	. Thus 

( t  (4 	 46t-) 	-it  

	

6() t ) 	(5.19) cfp(t) 	‘rk_1,1 

In order to make the inner, bracketed, expression independent of t, 
we replace it by its maximum over t 	Thus 

S 	max. 2 	 hirt 	(5.20) 
l<1,caq- LeC.V 

Li- 
However, the contribution to this sum from those 	be can be 
ignored, as the following argument shows. We have 

(-Tt N1 =21 E 0, 	) wax 	 cT) 	(1m 

z 	/?(N z• /XV I 
k■‘x. 

02 ;0=-1 	 k'tt 

	

/X(f) 	-f- x2ra „T (5.21) 

the term x'3.( being due to those primes r which divide t . Thus 

() < 2- 7r-  (I 	r)C 	-t- 	'13 of 

+1 11 	 / 	-70 

c,0  
,x7,3 

(XI, by Lemma E. 

Therefore 

E * 	 •=c tr4.) 
„Is 

Hence, by (5.20) , we will have SI 	xd- , and the proof wi 11 be 
complete, if we show that, for 	, 

6() 	z 
< 	ct,Cci,) 	 • 

However, this is a corollary of the following lemma. 

(5.22) 

(5.23) 
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Lemma 3.4 Suppose that v4.s7c , 	and 

= 	(„u,-L) — 

Then  

Z 
cb (crt (K) I - 	(5.24) 

v.; 

Proof Let s = cy-+.; t, 

7 = =to o 	 (5.25) 

0= t + X -`, 	 (5.26) 

1-16)/X) = 	Z 	) r r Ts 	 (5.27) 1,...., 	, 
er-t 

-1- @) /X) = Z f(r ) rs  , ( cr >I) , 	(5.28) F>.... 
v-k- 

and 

D-(s)cK) 	 1<(v-) wc-s 	(5.29) 

Then 

( H6)(-5c) 	_1(31X))75-(;,'X) == 	S.-4)1X(1.9 vo7S , (5.30)  
Ent )--k 

when cr>1 . By Lemma F, therefore ( with 	6,,„ = Si')()Eet,  , rz(5) :7: I ), 
0,J7 

11:4_(X) 	I- 	( 	 xsds 406trl (5.31) 
e- 	 ° (70 • 

Since H and 7 are regular functions for a- >a , Cauchy's theorem 
gives 

ds 

	

6) -*Jr 

	
)( 1-13- 	as) - (5.32) 

	

On the horizontal paths s= c5-± 	, -1 	, (5.27) and (5.29) 
give 

)r)() 	
I 	-‹*-< 	 (5.33) 

and 

) (5.34) 

since t-Cvin) 
	

if m> 	. Also, on the horizontal paths, 



c+) 	pT 

f 	(H -3-(-14-ityx) 	ab 
-7- 

717 	hr, (2c) 
 . 

t(e■-t;t),;() 
--r 	 l+ 

X3it• (5.36) k (t( 
+ 

It follows that 

cqW:t =. 
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'X 5 
—5- I 

  

<-='" (5.35) 

   

2 Thus the horizontal integrals in (5.32) contribute 	x NNT I x 
3 

 

From (5.32), therefore, *-F 

f ( Ve+lt,f>:)( 161±±-/.61  
-1- 

T  

+ D:117. 47-  Et-) f 	1-1-3-(z "It 	) 1 6( -6-  r ZW2: ( 5 • 37 ) tt: 
.„4":11 

where 	denotes T"  cpev),—,31, 
By Cauchy's inequality, 

2  
ZZ--(D-i-;-E)ex )1 d.t- 

l-Fttf 
0-r 

( 	 ICe-1-1-e(X)I2  C(t- 
-11t1 

7-  

3--(P+i)1Ad (5.38) 
7 

Ft-tti 
By Lemma G, 

T
E) 	

2_ 	 vec/) 

	

\AI-L pze 	k  

<.< z v\iz. 

	

re 	re.  

(5.39) 

Also 
z6-1 Ce 	 )0() 2 oj±: rA)z 	WI -4- V■12 g 

vk 
8 tNt 

x3/sue
Z  

.e ,A x2/3  
-t- VIZ 

0,Z° 	V\I
2 
	13/3c, ot 	

(5.40) 

Thus from (5.38) we have 

• 



Similarly, 

z6-) 

and 

6'  

so that 

nT 

(1 +it rx )1 	0A -L- 
) 

CG 

07:+ 	w x 

Z-  
f'wt  

213 
 

Kt( 

; t, 	)12  zit 

(5.41) 

e, 

(5.42) 

W2 
or 	 (5.43) 

- or 

2 (3  v1 x + 

X13  w or -1- 

w2. 21 

, Az 
oz . (5.44) 

Ilz  

44- 

(5.46) az,30. 

By Lemma 3.4, this is 

i12 	2 

of -f- Cpcf 	-,(7'\47 4 .x"" viz,t a 

176+,/,±) 

Vs! 
°Iv./ . 
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C
**) ir 

--r 	 I +It' < ( X  4  
—13/3b  

V ‘. I 'X 	X ) 

It follows from (5.44), (5.41) and (5.37) that 

_ 34.0  

( 4 w 	) -F x'X isz ( 	11 3  V1 + v.32 ,4 21 

5-.7& 	 1 L 7- 	z -a 2 
± 	 W --I- -X 	

(5.45) 

We can now deduce (5.23) by partial summation. We have that, for 

fixed t , 	 w=a te  

r 
	

04.. 	<-4 	x df 
—1.6 

The proof of Theorems 3.1 and 3.2 is now complete. 
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6. Further remarks  

(1) Clearly, conclusions of Theorems 3.1 and 3.2 hold, slightly 

modified, under the more general conditions 

	

64-)a- 1 = Cr'-)b ) = Ca)b. ) = -I-  1= 	tkAu-A 2  . 	(6.1) 
d 	c.{ 

If 'A 	a-t- 6  tuxt 2  then we must have that .21tP, , and we are reduced 
to looking for solutions of rl.= 	 or vx,-- cc ± 
Also, if there is a prime k,*  such that 	e.(c)6) then we 

are reduced to looking for solutions of In.= 	(b-r) 	( c.f. 

Conjectures I and II ). Under other conditions, apart from (6.1), 

the number of solutions is 00) . 

(2) By numerical integration in (3.20) and (4.13), we could 

improve the constant in Theorems 3.1 and 3.2 from 0-304 to 0-3384". 

In (2.5), however, we have used Kuhn's weights for simplicity ( see 

). The constant could probably be improved by a different choice 

of weights. Richert's weights ( see ['z23 ) would improve the contri- 

-bution due to sieving the set 4. , but would also lead to a compli- 

-cated third term to remove the 1 s  . 

(3) If we apply the Hardy-Littlewood method, with the same range 

of F and of factors of T1 , then the contribution of the major arcs 

suggests that the proper constant is k 639 , or 1+ Itc!srE when we 

weight the solutions as we have done in (2.5). These constants are 

derived as follows. 

We shall consider the number of solutions of 

where 

or 	YN. = Q (:) 	613, (6.2) 

(n )a) = 6111') = (a16)=-1 
	

art = ofb vo.czi 
	

(6.3) 

and 
trio 

Er:!-) (6.4) 

We shall derive the " 	VocS1S " by supposing that are weighted as 

in (2.5). Thus we must attach a weight of -1- to solutions in which 



-e(asi)  
(tec)  	tGy 
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P, < (t) „c 	, or in which 	'1=-s)'3  and there is no 	. 

	

Let LA, 	, x = 	, and let 	be the sum over reduced 
c1/4. 	b 0  

residues 	. Let 	r 	be a sum over .x.1"° _. s.-s 5,c 

weighted as above, that is, with weight -IL- if s 	t , and with 

weight I otherwise. Let c' be a sum of weight z  if 	, and 

I otherwise. Let c (Le.) be Ramanujan's sum 

= 	 ) vsA. 	 1/ 

Then we are interested in the integrals 
,z 4  

	

r4 

	
cl€ C9t )  )(  	"e (-6PT'L)) e(--- 1̀') At 

	
(6.5) 

and 	Ike 

f Tti 

Car ) 7°  

P 	 /  	 (6.6) 

Consider (6.5). We shall evaluate the contribution from those arcs 

for some fixed a . We expect, although in the present state of 
knowledge we cannot prove, that the contribution of the remaining arcs 

is negligible. Now 

0 

Vx`t. 

By the Siegel-Walfisz theorem on primes in arithmetic progressions, 

and so 

S 

r=7_ lay 
0( j cTC—c-..(sy§')) 	(6 .9) 

Cs-t) 

o 

5=2
C)(  - 	C3fr  IAA) 	-eCOLS) 

Thus, from (6.8), 

(-) 

	
-e( 	

v 

E)c.i(c2'() 	(6.10) 

(6.7) 



z ° e tar 	 ,- 

+ cp(3 	c66-n)11-1 ) 	( 6.11) 

	 0 
( -e 	 ) 

l'a 
c1,00,4) 

• 

(6.15) 

we have 
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Since p„F, 	>c 	, by (6.7), we have that (rip, 	I . Thus, by 
a similar argument 

Let VP. denote the totality of arcs in (6.7). The contribution of these 
arcs is 

0 
e(c!-b) )( E°  .e(01,T,±--)) e(___ qt) d,L 

tiya. P 	 p.) P= 

_E 
,J x A  

(r°  fe_Ais4yZ-- 	 
t(535 	 tcs y - 

Now 

(-6‘)C  
4f/' -'t/ 	

C1 ) 
CICV- 

) 	(6.12) 
Ttc 

_e6ts 	 e6_s  
$ 	(G3s 3 	Y'n 

(6.13) 

_I_ 	I 
s0.6z3si 

<<" 

Combining this with a trivial estimate, 

The first sum is 

IPAS 	tu6S-1 

. in the second, we replace -e(s-?--) by 
and use partial summation. Therefore 

eCI,s--) == 	(Z c6"A 	s )) (   ) <-, 6) 	 t6+1) 

which is 

(6.14) 



1( 3  ( <.< -t- 
j 

0 

5 
(6.16) 

(bk)km.-. ) 

( 	1 
 

Cdr 
 

tt6"--")  j 

tms >2'3  

L0 Cbir 
r 	lcsr <- 	. (6.17)  

It follows that 

)(

0  

LA 	uszs 

1(3  

7, 

676 L')) 
A +2 
	

(6.18) 

) 
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Similarly, by partial summation, 

D (bk)v- N. 	1, x 	r 1- 	IGSC 

r "7-(= 	r.  ky b‘,„1-( 	laxbT1.11 

and so 

	
GT) 

From this we deduce that 

0 

which is 

- 

6 
.?  s," 

3 ?' 

exas-  )( E° 
Ssy ttSlr 	r 	cszy 

4- 	) 

06y1)0g) 	°Et 

 

(6.19) 



, 	..3 c2 e  
k..-orta. 
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This is 

)32' x  o i r 	(ay 
b pr 

JL ( 2i 
[(57sr, 	 r 	z by- 

J 
7..cT. 4) 	 t6,5,t)) 	

(6. 20) 

Converting the sums to integrals, the right-hand side of (6.19) is, 
4, 

P as  
-4- I, 	) j_ti; 	sOt---s) 

-2- 	sJ 	 _.(sasta 

This deals with the integral that occurs on the right of (6.12). We 
must now consider the sum over ct, that occurs there. 

By Theorems 67 and 271 of Hardy and Wright [121, cl(e) is a multi-
-plicative function of land 

ci,(e) = IA 
A 	) R-1,,  

Thus, by the multiplicative property, 

71—  c, (,) 
?.r4 

If 06k , then 

Cr (a-) 	 rEf-) 
= 	r-  sir  

tr-Iqck 
0 

If 	then 

(6.22) 

(6.23) 

(6.24) 

c r 	= 	) 	
0 	r >. 	(6.25) 

However, if pta , 1,r1(A,  and r 	, then cf (b) and cv,.-S1-.) =0 since 

therefore, 

(6.21) 



Ct, (0__) Cv,C1f,) 	vt) 	_0 
	1- —> 1 
 r-, 

• (6.26) 

k
)--t 	I 	c-4 	P1 Ao._ 
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(Ala) 	1 . Thus 

From (6.23), 

c1,0?) 	= - r-k) j,(„,,, G-0 	(6.27) 

Ptc‘. 

It follows that 

2 	9,C=k) cir,C6) 	(k-) ccre& 	-{-- 	CZ 	6 . 28) 

and so 

6% 	„ 	( _ 	It 0 +-L. ± CC 

ly 

1,61) rp) 	 tut b 	) 
i'kvl 

co.„)„,) + o ';) 	(6.29) 

From (6.29), (6.21), (6.19) and (6.12), the major arcs in (6.5) con- 

-tribute o4arr) 
ID, @is 	 6 . 3 0 ) 

Similarly we can show that the contribution of the major arcs in 

(6.6) is 

, 	(6.31) a6 lay) 

so that the expected number of solutions of (6.2) is 

+ 
i 

l!t3 1-+. 	(C -jr 

otOczy-Y- 

(4) It is worth noting that Estermann E-73 used the Hardy-Littlewood 
method to show that every sufficiently large odd number can be written 

in the form 13,-F 	+ 	, shortly before Vinogradov published his 

famous result on Goldbach's hypothesis. 
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(5) The special case a=i , b=--1  and a a large even integer, in 

Theorem 3.1, is the best result known so far about Goldbach's hypothesis. 

The case ck-1 , b-i and vL an even integer, in Theorem 3.2, is the best 

result known so far about the twin-primes hypothesis. A short version of 

the proof of Theorem 3.1 in the special case mentioned above has already 

been published by the authorP4J. 



5ri 	 4-S 

In particular we may take  B = 	+- c23  
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Chapter 4  

1. Introduction  

We shall eventually show that if (Y1,0.) = 	(11,\,) =a 	and 

- 

	

kL 	tt,1 where a. and b are positive integers, the we can find 
---cT 	A  

solutions to both 

(1) = 	t> 
	

where v is large, and 

(2) tt = O? — Ito?, 

in which r  can be chosen to be comparatively close to a given integer. 

In order to prove this, however, we shall need the following theorem 

( although in the form of Theorem 4.1b ), which is similar to Bom-

-bieri's theorem but concerns the distribution of primes in short 

arithmetic progressions. 

Theorem 4.1a Suppose that  E is an arbitrary positive constant, and  

3j5+£ 11. 	 ( 1 . 1 ) 

Then for a given constant  A > 0 there is a constant  6  "-CD such 

that 

E vtA0--K 	 4°4 	r(Z+t ) 	— 	3cv  ) 	(4- ¢1)  I <<" 1,1 X. " 	( 1  . 2  ) 
I  s?  112. 

	

where 	G7sx , and 

The rest of the chapter will be taken up with the proof of this theorem. 

Jutila [L-31 has proved a similar, but weaker, result. In his  result, 
the 	in (1.1) is replaced by 	LLI- 	and (1.3) is replaced by 2+4c 

1+4c 	Ii-4c 
Ftr* 

where c is such that, as 	co , for 0 < 	1 , 

(11- 	; E 	t c+.  

(1.4) 
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Theorem 4.1a is stronger than Jutila's result if c s>4g , in that it 
allows a wider range of \n, , and if a ->cD then it is stronger for all 
admissible values of 	. Jutila's proof could be modified to improve 
the restriction (1.4) by using the hybrid sieve instead of the large 
sieve. 

The proof of Theorem 4.1a given in section 3 below is based on 
Vaughan's proof EzClof Bombieri's theorem. However we cannot use the 
Siegel-Walfisz theorem as such to handle small values of o(,  . We get 
round this difficulty by proving an analogue for short intervals. We 
shall need some known results, which we quote as lemmas. 

2. Necessary lemmas  

The first lemma concerns the divisor function A(m). 

Lemma 4.1  If yt , then  

r- 	.4201 = 	0 	) ((.5- u)L1  247-r1  (2.1) 

If D>l and 0.('H then  

eA2Cv.: 
D 	Wt°( 	x — 

(2.2) 

Proof  The first equation is well-known - see, for example, Huxley 

[1 41, equation (2.24) ). The second is deduced by partial sum-

-mati on: 

G12(wl  
D 

CAI ____ 	G1LN , 
t> V 

_. 	in 	to 

2-Q--)?) tA,s-. G 	IAA 	 tin r " 
Integrating by parts, this integral is 

- 

:--e"(7 	c>tr 

(L613 	(c.4:,1)3  
---t 
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Lemma 4.2  Let 0- > 0  , 	 , C-i> 1 	and k 

Then, if if  * denotes restriction to primitive characters, 

ctrk6,1 ,e1 	(kx`r-I  x 
149 (4) ix , T 	 Is( 

<"< x  	 Q-L 	(2.3) 

where 	a,-.1s is any sequence of complex numbers for which the  
right-hand side exists. 

Proof This is deduced from Lemma G, in the Following manner. 
Suppose that a(t) is a non-negative integrable function, and that 
cx. and b are positive and independent of 	although possibly 

they may be functions of other variables. Suppose also that 

cc aT b (2.4) 

There are two cases to be considered. 
(1) Suppose that 	. Then 

J
14) uw (tr, xrr' 	-x 6 	dt  

t, 

f, H-1-0 \,c,7 
f  

7€ _E 
I IA 	 x `r- 	il(r)dr) AL _  

7, 

c",-- 	In , cr ' ( a+ b -x- 1 	4- 

	

In  ) 	-1- 

xc- r Qt brn 1 

	

L 1 4- t-EI -1-- 	
+- y, r L CL41-  ttb (er  jt- i 

V. 

CZ. 	IA ' 8-.."  0.. 	+ 	1,0 X 5-  -t- 	a X 13-  -1-- 3 Y:3-  t tt- 2) 
-1---  

<-C< 	k xr"'  0, -t-  b x'  16)6 4'0 

t-, 	(fix 	 ? °- ] <-<- 'v. xr--4  , and so (2) If --1---„c-  x 	, then 
1 -qd 

I 460 ux,-- ( 1,%'---1 	-x 6---  )d,t- 	<.< 	\A -x '----( 
-T 	 t i-It( I 

bx 14--F+-z). 
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We choose 
,4.9 	

Ht, Z a (%<(--) vt 
1 

q)01) /)6"'(.1, 

b = 	tA' r \ ,1 Q' 64vl 

Thus (2.4) is true, and the result of the lemma follows. 

We shall need some facts about the zeros of .;'(s) and of */x) , 
and about Chebyshev's function T(t) and (--r@,(X) . These facts are 
summarised in the next two lemmas. 

Lemma 4.3 All zeros 	t i 	of 	for for which tit 4 -1—  satisfy 

(2.5) 

where C is an absolute constant. Chebyshev's function 11(x) 
has the following representation: 

tcx) 	x — 	 — n>)  — ' 	 EC'cir) (2.6) 
V(47 (" 

where 

	

E Ex )-r) I << 	%Ciqx:r1)1L  4- 16y 	 (2.7) 

and the sum is over the non-trivial zeros of Z') for which 11-1<l- 

Proof The bound (2.5) is due, essentially, to Richert [231. A proof 
can also be found in Montgomery ([Ds] , Corollary 11.4 ). Davenport 
([s], Chapter 17 ) gives a representation for tlx) , where 

'DC. is vto t. 0. rivo,..4. curer  

ts, 	 . 

It is 

	

--x 	no) _ t A 

	

(1( t< 	c 	5 63.) 

Equation (2.6) follows immediately. 
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Lemma 4.4 Let y be a non-principal character tm,6l 	. With possibly 
one exception, all zeros C = 	of I-6,1x) for which  

satisfy 

' tv,arg 1 kn. 	 -1j)3N 4 	(2.8) 

where a is an absolute positive constant. 
At most one character 1A,EA 1. has a zero which does not satisfy 
(2.8), and such a character is necessarily real. If it extats, 
the zero is real and simple. Let  e, denote this ' exceptional  ' 
zero, if it exists. Then, given  E 	, there is a positive 
constant ca)>0 depending on  £ such that 

I 	c(z) 	 (2.9) 

If L6p) has an ' exceptional ' zero 	then  

(7_((y) = — 	xr 	Cx -7) 	(2.10) 
Z1" e 

where 

(2.11) 

and the sum Ti  excludes the zeros 	and 1-e, . 
If LC ,Y) has no ' exceptional ' zero, then  

Cx(x) = — 2: 2Ce fi  C6:,r) 	(2.12) 

where E__) -1-) satisfies (2.11). 

Proof The bound (2.8) is given in Prachar atlas Theorem 6.2 of 
Chapter 8. The inequality (2.9) is Siegel's Theorem; a straight-
-forward proof, due to Estermann, is given by Davenport ([51 , 
Chapter 21 ). Davenport, in Chapter 19, also proves (2.10) and 
(2.12) by a simple use of contour integration. The constant 
in (2.9) is not effectively computable for any given E . 
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Lemma 4.5 Let g" be a constant such that O<S-=I . Let N be a given 
positive integer, and let  

(1) 	X" • 
	 (2.13) 

Then there exist constants C>0 and 	( the latter depend- 

ing on rq ) such that 

3/5 g p  Z 
÷ X 	61, 

and 

"k)7((° 	(64n44 	„.3's  'Y z  

By Lemma 4.8 this also holds when the function  9' is replaced by  Zr  . 

Proof The final inequality, (2.15), is the analogue of the Siegel-
-Walfisz theorem mentioned in the introduction. We shall give the 
proof of (2.15), and mention how the proof of (2.14) differs. 

Let Nk-7,0<) denote the number of zeros 	-F.;"( 	of Ltsp) 
in the rectangle 

1)1 

 

By Theorem 12.2 of Montgomery [Isl, 

l< cv.P 	(Xku-ret-i, 

where 

 

(2.16) 

2_— 
< 

Thus 	c36,,z) < s 	if = 	c•< 	1 . Let 

2,5  (1-S) 

Then (2.16) yields 

(2.14) 

(2.15) 



	 1 	wo,K LqX k  )rX 	 r(  ) 

ecv,  
Gc In 	k. 	xe-1 	0(x3/5.- ) 

) (2.21) 
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2 	1\1Toc) 	 . 	(2.17) 
^) y, 

We use Lemma 4.4 to give an explicit representation for 
( or Lemma 4.3 to give an explicit representation for 	`t-'60- 	). 

If I--@ifx) has an 	exceptional ' zero 	, there is an extra term 

(x+ 

However this is 

l'c2- pc— —t  •<•-• 	t" X 

If we choose 	= z in (2.9) ( Siegel's Theorem ), it follows that 

e 	l - 	X 

sothat the extra term (2.18) is 

- 

By (2.8), all other zeros of 1-6,`X) satisfy 

1,(T) 	c 	(6v) - 	(2.19)  

( the zeros of ;‘') satisfy 	c r21309) 113  , by (2.5). In the 
proof of (2.14) we use this value for vt,(7) ). 
By Lemma 4.4, therefore, 

( 2 . 1 8) 

-̀r(x+1.:,rx — Lf" 

—/5 

(7-3158 	) 	ta- 	Ck X2P) of 2) 

±- 	c-&)ceI) 	D62h+ f) (2.20) 

( in the proof of (2.14), the sum is over zeros of g(s) ). Now 

Thus 
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In the sum on the right, we can pair together any zero (3,  I 

	

of 1--6, 4) with the zero 1- -%-; I 	of 1(s:V) . This triple sum 
is therefore 

	 f4- 	 

'"VP (X 	, Vfl41-  
r>-"- 

By (2.17), this is 
co, 	jiito 	z ,L, f 

5 i4 _s 
Ly (2.22) 

This also holds in the proof of (2.14), providing that we put 

	

cp = I and repl ace \Aff 1 Lr 6+k, 'X-) — tt),,n1 by `f-' 	`f-Cx) - 12 . 

	

Since Cp.- 	by (2.21), (2.22) and (2.19) it follows that (2.15) 
and (2.14) are true. 

For this lemma, we could replace 	by Z . The only requirement is 
to find a better upper bound for &c) in (2.16). To do this we need only 
extend a 	function zero density estimate of Huxley 	to L-functions. 
Most of Huxley's estimates depend only on the magnitude of the 
-i cients of Di ri chl et series, and so can be extended trivially to 1-(s,). 
Only (N.5) and (2$.•q of Huxley's proof need to be substantially 
changed, and (22-zz) is sufficient for this purpose. It may also be 
possible to do better than :Al - see, for example, recent papers of 
Huxley (Cts3 and others ) in Acta Arithmetica. 

Lemma 4.6  If T> 2 , then  

	

cPC1.) 

	 * f 
 I La _i_;€ )(x) 	d 	« Ql• alQ1--)5' 	(2.23) 

and 

--- 	 j 	 4-; t, '>(  ) 	ot€- 	(16r-ilit 	(2.24) 
v-9 (156V) 	-T 	 M 
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Proof Montgomery ( tis] , Theorem 10.1 ) has proved that 
-r- ek. 	r 

k 	t- > ex) r 	1̀3 (1.) 	6Y1:7)111 

-z 
by using an approximate functional equation of 14/x) ,.due to 
Lavrik. From this, it follows that 

* r E 	2 	i 	 , r )(V 	/Up 	 T-Y r  

Thus (2.23) follows by the partial summation argument of Lemma G. 
Using the argument of Vaughan D.(,7 we could deduce a result similar 
to (2.24), in which 01(Fr is replaced by 	. To derive 
(2.24), we shall need an approximation to 	by a Dirichlet poly- 
-nomial. For this purpose, we follow the argument of Davenport 
(M, Chapter 26 ). 

We have 
00 

	

L Cs ,'x) 	z-_- 	1)<6-4 ) 
).As 

-=. 	 f < (4A  ) 61yt S  
V 

—5 Z.  
LI ''(Cu)c 

1 

where 

Hence 

o 	6/14--W)5 

Li  )() 	c:5 	"X6,A) 	0 ± (631, PCs, 	. 	(2.25) 

Let t be an integer such that 	, and let 
Then 

00 

5 	— 	OU-k 
(1,k 



7 Cy.A) 
P-vri -1) 
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Since 

Eucl - 
it follows that 

CLA-F--w 	- (\Ai 	 +- 	- (LA - 	) 

4}w) xn= 

-s 
I 4- w ) 	 W-) 

s 

Sal  
00 

5 f CUL - E-A-] -• OLt-k 
Cu )s."  (2.26) 

Clearly this is valid for C-'> ,.D . We shall differentiate with 
respect to s to get an approximation to 14:1(s,w) . Thus we shall 
need an estimate for the integrals 

())a 	 k,u
, s-, 

and 

Since 

f 	- 	16-3 
4.4-1 CLA-t-w)s-I  

the integrals are 

2-6 'I) 

ro 

f -e (-90- ticu ) ) 3 	@+,1),,.. (2.27) 

where 6)01 — I 
	or 	. Let 

166-'"-vv)  • 
Then 

P-rr ( LA-4-w) 

-v 

Hence r co-) is monotonic, and ,6 Cu) l 	z 1'91 . Thus 

- r 
tA - 	kn 	,3&) ctA _)„ 

cr  •6-9 A e fo.) 
) 

= 



c7-  
(2.28) 

tS 19 tr  
y .7.- —00 
'1'1. 0 

43-  (2.29) 

Icf°, 
S 	 ati-k 

and 

(1 

t-s 
1 -1-  

A-r-vsns 	 1 - s 
1- s 

0 

vt =1 	kA 
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which, since the integrand is monotonic and bounded in the range 

Vl > +. 1 , has absolute value less than 

() 
NI 

by the mean-value theorem for integrals. Therefore, since we may 

suppose that 0--4- 	, 

s f 	-E-cl 	LL±  
CLA.-rui 	t 	-11 

From (2.Z6) and (2.28), 

,--s 

-c w) 
	

&--()s 	S — 

On differentiating (2.26), and using (2.29), we have 

We now use these approximations in (2.25), to get 

S 

1,1 	 On 	tt )5  

C)( -  1/1-6-( [65 	t6n 	[e-T1 

Now let 
3 

be an integer 	. Then we pick 	M such 
-Tr- 

that  1,(. -,%) 	is the multiple of I  nearest 	. Thus 

,,N) = 	2 f"K6,) (e5 
	

ch 	((c)n 	)) 
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This is the approximation we need, for it implies that 

' 	) " 1,?-06)if  

It follows from Lemma G that 
-r 

5_ 	-I-  1_ 	(NK 

Cy' Qt-r) 	44-ra6T)).L  

(P7--ro_e s ,-))3 	(DLt-r--3063, n1.  
We choose 

c?"1-1-  1 
Thus the right-hand side is 

66z3q713  
By the partial summation argument of Lemma G, (2.24) follows. 

	

Lemma 4.7  Let It-1-?-1 , 	> Z . Then 

L (5-+; e,  

and 

	

— 	1:`2- t-t 	t oktel 

(2.30) 

(2.31) 

Proof  We have 

Scx) 
j-, 

where 

SCE 6_, 	() OA) 

Thus if y is a multiple of 1, by partial integration, 

Since 	and 67  

(2.32) 
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it follows that 

L 	c).() 	
112 
	1_ 1 51  

Taking 	= cij 151] , (2.30) followss immediately. Differentiating 

(2.32) with respect to s gives 

Es r>c) 	6̂ ) L5r 	f SEX ) 	S 	) x 5-I  

Hence 

L 	) 	 \co') 	-t- 	1, i (6n) 
.1;1' 	163 

Sharper results than this are known - see, for example, the work 

of Burgess [21 . 

3. The proof of Theorem 4.1a  
The first step is to convert the sum in (1.2) into a double sum 

over 	and over primitive characters tv,czt . We can then express this 
as the double sum and integral of a Dirichlet series, to which we can 
apply Vaughan's development [21 of Gallagher's approach to the proof 
of Bombieri 's theorem. 

Suppose that x3/5' 	1,1 < x 	. Let 0,1)-1 . Then 

— 	Oc, 1,),‘ = 	?VC') 	A6^1 rX6A) . (3.1) 

The principal character contributes 

cl)N 
However, 

>__ 	6,A) 	= 	, 	lcA to. 	kca 

and Lemma 4.5 gives an expression for (1(-t-k)— `r(T) . Thus 

-27 	- 

4. 0 (t1 	 -4, 

)
( 3/5 .---; ..? 2 	

(3.2) 



9-'(x..-( )rs,;) 
rxt-aut, 

‘`. (1, 	tA--4(t 

21 
ksk 

(3.5) 
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Hence 

IA/0,x 	0.0-x 	I 1-,  • 	6  
47y) I 

Imk0.-rj< 
	

( Lr@i-k.rx) 

kytc- Sc Gt34_,  3/5 	

,L 
3 

x  
(3.3) 

,5-E 
If 	 and ---- 	 , then the second and third terms on the 

right are DEL 	, so that we can confine our attention to the sum 

on the right-hand side of this inequality. We shall convert the sum 

over ()t,,,rct ,\,. into a sum over primitive characters. It may happen that 

is induced by fk4f-v---4t  ( where -ek, ), then A6A1 (X6A1 = 0 

AN 'X'  (+A1;' o . If this does happen then tit = 
	

and 01 , vk 

if AX 

while 

Thus 

/*,-) 1,4  
pl 1,-/ 

•-(-' 

te r  E 4-2  
rXuAatt 

C()6) qr)27C-)( (3.4) 

From (3.3), therefore, 

(t) &-tz , ,,) 	-roc, Vin) — 	I 

VA0,27A 	21  I 	IT (._L-i".  ICX ) — 
Cc ) v&t,00,-zir 

OCIA 61-P1 -v- 	( ) ;(4 ) 

We shall move the maximum inside all three sums and change the order 



(3.7) 
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of summation, by putting v-er . Thus the triple sum here is bounded 
above by 

,p(e) 0‹,..sztr k<tA 	 (Cr)
) 

 

dp
_ 	

e 
 tAA,Nrx 	rx)- 	) 	(3.6) (t.) ry,d 

	

From Lemma 4.5, if N = Ag then those t for which 	contribute 
a negligible amount to the right-hand side. Thus we need only prove 
that 

We shall prove the following theorem, from which this can be proved 
by partial summation. 

Theorem 4.2 If w-cxI4- , then 
.0A 

z-  tkAw 

34 3/i. 5/y. 17/it 	 e 
(3.8) 

From this (3.7) is deduced in the following manner. Let 

If if(w) is increasing and 

then 

("<.\ ,q,  
=  	 — 	) 

ozw<1:59 V An 

— '211: 	ctL1  

2_ 	- 	-t ,t  
1,A4 qty 	trt D-- 	D 

9) 	f 	A1,1 A 

	

2_ 	1, (3.9) 



V - 

) 

114 	114, 	- I f 2_ 

— 	A6-1 (X6- ) 
vt .S 

-:=•1 

and 

-67- 

If 	is is the function on the right of (3.8), then this is 
1•h+ 	 014 	_N 

3/T 3/q 
 7 6? df k o. 

This is 

- A-) 

providing that 

= 	-1- a ) 
_ A - 2-3/4 

Q 

Thus (3.7), and therefore Theorem 4.1a, follows from Theorem 4.2. 

We now give the proof of Theorem 4.2. 

4. The proof of Theorem 4.2  

Let 

0 = 	+ of 
'2-0 

By Lemma F, 

   

  

(.x 	— x  °Ls 

Cto 

(i) 	°6;' 	. 	( 4 5  ) 

  

_A- 



- 

Let 	 , and let s= 	, 6->o . Then we define 

C6 
	

ci'CV rx.ott, k ‘ ‘A 
 

( I 	
..( -1- ‘,)S— X.5  AS I 	( 4.6) 

Thus 

1AA.CLIt< oc)- --156 /))\ 

= 	( 6) ) (4.7) 

	

We shall also define 	, for a- 	, by 

	A 

LAA.Vt-.0" X.67-1 
) 

	

a SW 	(-XuAzz711,  

E 

(4.8) 

Lemma 4.2 enables us to derive estimates for expressions of the type 
1<-7-) in terms of the coefficients of the Dirichlet series for K . 

Now, since 
5 	 6—  

1.AANx Is I (4.9) 

and 
(1c--k ) 	x,  V,Aaric 	 X 

‘2, 	
<.< 

(4.10) 

we have 

Co- (4.11) 

We wish to estimate 	 . Following Vaughan [2q, we put 

(F _171_ ) = 	)6_-1-6-) -1- 	FLG-  — 

Thus 

(F 	+ 9 (9, 	+ 	(4.12) 

In the second and third terms on the right we shall shift the line 
of integration from 0-- C9 	to 	1  . Thus -2_ 

(9, ci_G-) R.1-1-± IS( 	t01)7a-ti, v V1/4/ 

AAcki;.: 	I F L-G 1 
112:E lS e 	(4.13) 
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If ! -,=„7 a 	e 	, then 

) <‹ 

Ce5-1—; x  ) 

and by Lemma 4.7, 

2_ _L 

kA. 	163 LA- 	<< ,x LZ ,(193x , 

(4.14) 

It follows that 

(p )  FLU 63' 	, FLU) ± O ( 3 	5d71 N.1 	1 
T I2 

F 	) 
	

+ 0 	) 
	

(4. 15) 

Similarly, 

Since, by Lemma 4.7, 

I  (X) 
1 (7._ ,tvt. 

-4-- 	) 

) (4.16) 

it follows from (4.16) and our choice of T that 

„ 	(z L'c, ) 	CD 	. 

Thus from (4.12) and (4.11), 

(H 1_1C, ) (4.17) 

We estimate each of the terms on the right separately. 

By Cauchy's inequality, 

6_z) 
(7- ) 

By Lemma 4.6, 

r ) (4.18) 

(4.19) 
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By Lemma 4.2, 

 

•C". 7C1"-  	tA I  IA "1- \NIL 
vs.- •-• 

<.< 	\A \f X- 	 \J\S-1- 	a  

,x11, vs.17— of, 	
(4.20) 

Hence we have 

,f . (4.21) 

Again, by Cauchy's inequality, 

Cz II 
 

F L G- ) 	 F 	.7-z• 	) L4  ) 	G ) 2-  (4.2Z) 

NOW 

F 2 AGN) rx6,) 

-x6-i 
v't 

where 

2_ 	A (ti■-.) kr) « 05'. ) 
SAA r = v. 

N. LA r 
Thus by Lemma 4.2, 

C-z F 	 `‘ 

 

k. 	I  \A -1- 

  

LA 	
11 ol  it 	 -a_ 

z 	
e 	

"X111 

2 
Gl (,1 

Lc 

311. 	c7. 'IA 
	NA) 

111  
(4.23) 

By Lemma 4.6, 

(L 

 
LL 
	ri, 

k7  c 
	

(4.24) 

Thus, using (4.20), 
"s/,. 	13 i. 

( 	F L6--) 	1/`" ) 4  ( 	 " 
It z. 	z 	• 

5-  • 	 VT/. 3Ar 3/s- 	f /14- 	 Ill. 	-70.• <-4 I,- 	N/%1 	 -I- "X NAJ 
(4.25) 



Now 
ob 

X IACWK6,1 
<-.V 

I — L G- 
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Yet again, by Cauchy's inequality we have 

)1  fie, - 	LO) 	 -L2 )2) 	(e, ,0 -LG-Y 

Since 

(4.26) 

"Z-- 	A CIA  (-)(& 

it follows from Lemma 4.2 that 

) x 	 ) 

of 3  

k of 

3  
NAJ LA. 

1/14. 	57z. 	3 
4— -Xl54+  ‘/Q 

(4.27) 

(4.28) 

where 

b6_,A\ = 	— 	\ IAA r ((c) 

In particular 

b6) =D 	Ws. 

It follows from Lemma 4.2 that 

L-< 
1,5A -aN1 

ok z&-•,)  C1A:c`‘,A 	`N z 1/)Crir-L)  ) • ( 4.29) -Le 

From Lemma 4.1, this is 

<'<= 
(4.30) 

It now follows from (4.26), (4.27) and (4.30) that 



•z- 	AKA, 	 ) 
2<p, X+AG 	 lA 'CAA icy, 

= 	
YCE.-011AAZIA„. u.—col. 

and 
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9, (t,Z4
17-(  3A4 

	 114. 	
/1  ot. ) 

17- 

<N
.,1641- 

( 4.31) 

Theorem 4.2 now follows from (4.7), (4.17), (4.21), (4.25) and (4.31). 

In Theorem 4.1a we can replace t by -Tr to obtain a similar result, 

Theorem 4.1b, by using the lemma below. 

Lemma 4.8 If (a )1) -1 	, }R.  ‹x, then  

11)- 	-1 <-< 	+- 	st' 	11,1a.) — 	6,1, 	—  

(KA) 
(4.32) 

x-rk 
tiL -p_ i 	4. -1 

-11-€c-rk — -rr ) - j9  64)A 	01- - 	1AALUX 	)— 	— 3 1 	(4.33) 16-3v, 

and 

+_ 	 k 4. 34) 

Proof Clearly, 

„,k 

ty_c-k-k 
v•-•-.01,- 	U I.10, 

By partial integration, 

x-og, 

and so 

(4.35) 

. 	(4.36) 

(4.37) 1-  
Q-sr 12  

1 
Ait 

= t A, 
1A4 C1-1)(A0-14' 

4CA) 

--t-f 

G.< 
1.1 	+ 

4- 	6. "̀2 	) 

'+-i)cttA (4.38) 
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This proves (4.32), and (4.33) follows on putting 	. 
Simi larly 

C): 	rY 	`Zr 611. 

Ac-)W,1 	o 	) 
x 	kig I t's 

and 

(4.39) 

A6-)tx,c-,) 	Ac-)1(6-)( 	
4.40)

-1-. 	t 
( 74,,,x-0 10dr  

so that, on combining these two, 

16-6:4-14) xt-k 
 '12- _, ) 	Oix1 

tAary- 

The result that we shall need in Chapter 5 is this. 

Theorem 4.1b Suppose that 

(4.41) 

Let it be an arbitrary positive constant. Then  

, 2 l''‘e(  (avvx,A)-t 	
( I A. I 	A 

where  

IA L.- 	In x 
-trz  :c (4.42) 

and 

In Lemma 4.5 we mentioned that it is straightforward to replace 3/5 
by 'A . Thus Theorems 4.1a and 4.1b are true even if we replace (4.41) 
by 

We cannot uefully widen the range of k beyond this in the proof, 
because of the restriction (4.42). 
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5. Very recently, a result similar to Theorems 4.1a and 4.1b has been 

published by M. N. Huxley and H. Iwaniec E16). In their result, the 

restriction on L.,  is weakened to 

However, the restriction they impose on cp is 

(5.1) 

Q 	X 	
8 

s_p 	-x , ?g < E3 341- , 	(5.2) 

zi 

	

3 	— z 	
X

.7/ez. I  Q  

These are the only important differences between the results. For 

corresponding values of L , (5.2) is weaker than (4.42) when 
,I4 x 	f-= 	 . Thus Theorem 4.1b is as strong or 

stronger than their 	result if IA 	xP  , but is valid for a smaller 

total range of k . Huxley and Iwaniec use zero-density estimates in 

the main part of their proof. It may be possible to combine the two 

approaches to produce a stronger result than either. 

(5.3) 
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Chapter 5  

1. Introduction  
Since Vinogradov's proof that every sufficiently large odd number 

NI can be written in the form 

== P, 	pZ 	p3 , 

various authors have investigated the distribution of the primes P;. 
Typically, their results state that 

1,( 	o(Ns) 

where o<e<t and an upper bound is given for D . In 1954 Haselgrove 
D3-] stated that e < 464 	, although he gave no formal proof. The 
best result so far is due to Chen Di-j, who proved that 9 <- 1i- z . 

In this chapter we shall obtain similar results about the 
distribution of the primes ?; in solutions of the equations 

and 

(1.2) 

We shall suppose that 

(rL,e) 	 6211c.) 	(a )  b)= 	, 	c..k-± L (\mod -Z) 	(1.3) 

and that 1-1_,a and b are positive. 

Theorem 5.1 Let u 	, and let c be an arbitrary constant in the  a 
range c3<c < t . If 	is sufficiently large then _there is a 
constant ex,<t such that (1.1) has solutions for which  

c 	r, 	cn 

In particular, a,<0 .110. 

(1.4) 

Theorem 5.2 Let u 	. If 	is sufficiently large then there is a 0 a_ 
constant .c.%.„ < i such that (1.1) has solutions for which  

' 	. 	(1.5) 



E 	31) 

) 	nc<j, 
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In particular,  0e2,_- 0.161 

Theorem 5.3 Let 	. If 	is sufficiently large then there is a  

constant  D43  -<1 such that (1.1) has solutions for which  

o 	, 	 (1.6) 

In particular,  0e3  < b 159. 

Theorem 5.4 If ,j is sufficiently large then there is a constant  0.41,<.1 

such that (1.2) has solutions for which 

(1.7) 

In particular, Dq,<()'ISO. 

The proofs of these theorems are very similar to the proof of Theorems 

3.1 and 3.2, and we shall combine them as far as possible. The proof 
. 

is based on the idea contained in (3:2.5). 

2. Notation and definitions  

In what follows the superscript (i), l< 	.; will mean that the 

variable relates to the proof of Theorem 5.i. For simplicity the 

variables x and s will be written without the superscript (i). 

Thus, in Theorems 5.1, 5.2 and 5.3, 

rL 
0. 

a 416/2_ 

and in Theorem 5.4, 	is large. 

In Theorem 5.i, we shall look for ks in the set 

(2.1) 

) 
	

E CQ) , 	t, 	b 	(2.2) 

where 



and 

v..t (2.8) 
I1  10 	 113 x 	x 

- 77 - 

(2.6) 

We shall use an expression similar to (3:2.8) to find a lower bound 
0) 

for the number of Pz's in 	. This lower bound will be a function of 
P‹ , and its zero will give us an upper bound for a; . 

nc.) 
We take x to be, approximately, the largest element of it 

Thus 

hf 

it 
b 

in Theorem 5.1, 

in Theorem 5.2, 

in Theorem 5.3, 

in Theorem 5.4. 

(2.7) 

  

  

As before, let 
= 	k)  

and 

(2.9) 

3. Proof of Theorems 5.1 - 5.4: the sets 4)  
Again, we consider the expression 

Ve)
( E Ao SCE) _ (3.1) ID Lc Xt°  

—  

(v,/ 	I 
This will give a non-trivial lower bound for the number of P 's in 2 
 qho 

le providing that this lower bound is .?? x ( see Chapter 3, section 2 
- this restriction could, of course, be removed ). 

If s(w)-,E0, then 	 \ for some 	) . Thus we can 
estimate the contribution from is(W)in (3.1) by sieving the set -E6  n- 	3q'M'1)*O v-t. vv. oat a 

(3.2) 



Yk_. ) 

TT (c 	t-t 
,_) 

-Tr  ( 

vv-fr ), vx.a 

na- 
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) 

	

where (De)  is chosen so that  	A4. . Thus, let 
cx 

p 
6) - 	C v‘ —  a(c  ‘- LY4  ) ) 

tn.  — o-c ,..  I 
V> 	b 

b 	(3.3) 

and 

	

I) = E 0 3  Oc t'4 .1 	=7- 	EC' ) .X. 3 
b 	

) 	 (3.4) 

and 

"03' 	1,2„ - 	, t )  x 
b 	b 	 (3.5) 

and 

le+)  

Therefore 

S @A) 	b vetwoaa vv, e  Du)  ?, 

	

J 	(3.7) 

From (3.1), in the notation of Lemma A, it follows that 

te1/4a.  ( le .x iho 	z 	S 	 -(11 ) P DC. 
X  

D  4  x 	KA. 3

N 	II  1 S ) 	

oonfvEr 

( c. f. (3:2.8) ). We use Lemma A to obtain a lower bound for the 

right-hand side. 

4. Application of Lemma A to the sets  

We shall assume that t4> a  . so 
Now 



i n  
Y,(-1)  , ( 	c  

44)) 	
t-,  

-n''' ( n "-  

i X(3)  

(4.2) 

Since 

6) 	 x(I) 
d 	) 	viTt. — 'TrC c , 	) 	— 	 

Opc1  ) 

As in Chapter 3, we choose 

67t) 	== 
(#)Cd) 

R(2 	I 14'1 —  c, t) 	, we have 
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X 	
I  Al, 

In order to apply Lemma A, we wish to have A 
AI 
 close to (tL 1. The 

following choices, therefore, lead to a manageable error term ( see 
section 6 ): 

cn+T 

X6) 	_1-6) 	Ckk  
(4.1) 

(4.3) 

(4.4) 

fr-ir 	 — 	(n- ,y )  be vo.) — x@)  
c7,-Eck) I 

(0 3) 
N A — \ -rr  (n c4  ) ba , ,tea ) —x c,)  1 

01)00) ' , 
060 

‘A 71--  ) — -W.( 
Ica) 1 - 

(4.5) 

(4.6) 

(4.7) 

(4.8) 

(4.9) 

Since the number of primes in an interval is less than the number of 

integers in the interval, it is clear that 

p 6 ) 	
<-< 

The error term in Lemma A is 
3-,@9e) 

A X5 2  
a R., (ch.  ) 

This is, by Cauchy's inequality, bounded above by 

r >. ))1z-  ( 	 ) ) 
To) 

0)+0 
CG t ))1' oi< Ea 

0(0 •\11/2- 
cNci 	j 

(4.10) 



7  2 " 
a<I't  

From Theorem 4.1a, therefore, we may take 

(4.11) 

By (3:3.6), 

It follows that 

x') 

x'' 
b k 

(h.0.to )
c3-z 

)P1  (4.17) 0 -C-r  ( 1 -1-- = 
G-(3 

(4.18) 
b 1673'.-(is  

Ilto 
Wvo, 	) 

'4°) 

Similarly, by Lemma A, 

( tTst))' (4.16) 

CD(- 3-) )) 

10,2:Y( ( 	0(±_. )) 
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ck'  ((_ Therefore, in order that the error term (4.10) be << i3  9), 

we need only choose T so that 

in Theorems 5.1, 5.2, and 5.4, 	(4.12) 

01/2_, 
= 	

.) 
Ocs-b-c) 	in Theorem 5.3, 

L6 
(4.13) 

( this last choice is a consequence of Bombieri's Theorem ). 

With these choices, the conditions of Lemma A are satisfied ( c. f. 

Chapter 3, section 3 ). Inequality (0.,r) of Lemma A yields 

sk,.1.0.1 

cs3 
x 

) (i) 
\/.1,()=1') 	 z--J,11 ) — d-  ks.3  
—(;) 

Q j  

ACP,..Cx!') 

4(6) (1x0c.) 
b 	tau  

toe:Y  

b 

(4.14) 

Ci)(4)).  

CD"(1÷4), (4.15) 

sk' )   	111  
x Pk P5 x ) 

X \\ftALI(X ) 	 -1-  t  
c, 

-4- 
X"S., Ck.<1_1,.L  

?tv'c1 /4 	A 'P,„,„(.xl 

3.14) 
(corm 
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F( (_5111  
Iczx!"3  

-t— 	(t°n)-7-*) (4.19) 

Now 

r- 0( 	) 

where 

1C)c‹ — 5 	in Theorem 5.1, 

10 — 	in Theorem 5.2, 

	

ET.4 	in Theorem 5.3, 

100( -5 	in Theorem 5.4. 

The error terms in (4.14) can be replaced by a term 
/ 5 

1CD  (n° 	(6Z  

and so (4.14) and (4.19) combine to yield 

(4.20) 

(4,0 

)̀Y1.0..\ 
5,4/1')  , p X

eh. ) 

X01 \AL(xii ) 	ph) 
a 

j-- F( [0 te 

-2- 's 
o( c<  (( y)

A 
 • 

We must now consider the third term in (3.8). 

(4.21) 

5. Application of Lemma A to the sets .b 

We shall use X('1/, 	, etc. rather than X , Kct , etc. to denote 
,7>6 	 4  6) 

that we are considering -D  rather than i4. 	From (3.7), 

"S(' 	I n.- b,M 	s(AA) o , b 	vt. (v,Acrdo,) . 	(5 e 	(5.1) . 



Now 

1.--s(.(;) 

Thus 

(5  .7) 
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By analogy with (3:4.2), we shall let 

1 
Xc = 4)(

a) wsE 4.) (5.2) 

as this will lead to a manageable error term. 

Let 

	

q)(a) 	(, ) 

1 	vli,D'"A  1 	
e .1"-b() , by, = vi.6AAcA 

(5.3) 

si) vk e rt v..oct ad 

bv.„0„..aco, 

From (3.3)-(3.6), WI = b. Since the number of P35 ( for which 

S&A1+0 ) in V)  is less than the number of integers in 	we have 

that 

41' 	
4<- 
	of 	 (5.5) 

•
S(yx) 	. s CLAA) 

c(ad) vue 	
(5.4) 

Let 

cz = 
_f t, 04. 

2C (5.6) 

The conditions of Lemma A are satisfied, ( see Chapter 3, section 4 )-

and so 

Svth -A` 
	

L-3 x QcS3 ,-0 

kis131,1  
3 

(tCy)'“4  

K d 
ck< Z? 
ci I 	z ) 



(5.9) 
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By (3:3.6), with a and b interchanged, 

PA.!) G;&.0-6) 

c, ( 0,- 	(46.ns- 
in Theorems 5.1, 5.3 and 5.4, 	(5.8) 

t6'.5 
in Theorem 5.2. 

We must also evaluate P. By (5.2), 

For Theorems 5.1 and 5.3, this is equal to 

71 ( X 	 — 	
‘Sen } • MIL 

(5.10) 

For Theorem 5.2, it is equal to 

) (5.11) 

For Theorem 5.4, it is equal to 

ipo 
x 	x. 

Since cf >3-- 
to 

-17  ( (
5.12) 

Pi t\ 	bPJ;- J 	" (41 
„ 

and 	x 	x 	, it follows that 

>> 

and so 

    

 

OC 

 

3/5 

) 

Since )>>x , we have 

>> (5.13) 
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Thus we can use Lemmas 4.5 and4.8 to evaluate (5.10) and (5.12). 

We have 

c ) (al 	
7- 	a 

- 	
1 	

-A Ce- =!'"" 	 (53(i-̀vj IGN) (5.14) 

Hence, by (3:4.11 and 4.12), 

)( == a 
	 

	

0,1W otw 	4(5 .1 5 ) 0) 
) b .5_x J 

‘4. 	„, 

We already have an upper bound for this integral ( see (3:4.16) ), 

but numerical integration with the aid of a computer, using the 

trapezoidal method of approximation, gives the better bound of 

X(,)/ s 	 (0. 14-1o9qS 	0(-1- 

	

Qt3s) 	- 	(5.16) 
cf)(a) blGy 

( This calculation agrees with that quoted by Halberstam and Richert, 

p. 326 ), and is accurate to six decimal places. ) 

Since F6) = ;2j, (5.7), (5.8) or (5.9), and (5.16) give 

sw. Cie', 
kY` 	C-4(2ek.) 	(D- 00 115- 	14- 401))1'15 )) 

- 

3-\")  K 61'  
ot<fzA  
(Wr) 

in Theorems 5.1, 5.3 and 5.4, 	(5.17) 

and in Theorem 5.2, 

6n) 

6_„0.) 	24 (6).490995. •  )( CVc.nr's)) 
a "1- 

-A- 	
root )

7  
(A 12 	 (5.18) 

A IE.41 

We shall now show that 

z 3@1 

04“."- 	A 

cA ( ti),bT') 

0I 

R)) 
(5.19) 
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In view of (5.5), it will again be sufficient to show that 

0)1  

06n) 
	

(5.20) 

6. The proof of (5.20)  

By (5.4), 

(*-A) r)(—z3---d 

where 

) 

4,(1,14)  . (6.1) 

(6.2) 

Thus 

r -Tray_x)1 	 ' 
. sc.,1/4.„)  

60) cp614:9 	vA.,LA.a 
/)( 	 cPeLak,  

We rewrite this in terms of primitive characters tk,,,aztel,, where 

cOack ( see section 5 of Chapter 3 ). It becomes 

rciT ( 	 sCw.) 
cad) <cOact 	 W)  g4(  

Therefore 

where 

and 

S
Se ) 	c) 

-4- 	S-2_ 

	

I 	ex) \ 
a<v cw) 

5° 	2_ 	 s@_.4) 
ok—c-  q42ut) 

By (6.5) and (3:5.11 and 5.18), 

(6.3) 

(6.4) 

(6.5) 

(6.6) 

0) , 
Consider 	Interchanging the order of summation, 



(; ) 90 \ 

By the definition of (;) , and the argument of (5.13), 

--e.; - 
b 
	

b e 
	().3(5  
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1</,< 	t 017-  OA) 

=  
Since 

S
r) 1 

0V_v , Ct) Erl 7CtC"  0() rx 

44-  

VIA6k)C 	±) 7- 	(" (NM( 2-  

e-4 	)) 	 --I-- 	l-Fre'' 
e<att 	cpk) ‘Xt"a'"t  (6.7) 

The following argument shows that the contribution from those 

is negligible, if i=1,3 or4: 

(..; ) (A) vAekij) 
V  (,,,,,t),.1 	‘-' 

Denote P by rki , e,:i . Thus, putting w,---- v‘e.  , 

1 77±  (;10(.  ) t = 	7-  
r (6  ) ( e 

-e 
..__.s.. fi.  (e ,t) - t ' . Plot    

	 2,, 	1 	%r 	(x- T )  1 	4-- .x--1-/g ot  

	

es .x 	ki < < -e: 
E 	7-e.-  

? 	 2  

	

Here e..-,e_, is replaced by € 	pc
,, 
 since r@.),--- 0  if e > x

13 
. The 

"43j  term x 	is due to those primes 	which divide E. Thus 

(". 

(6.8) 

(</A_Gzs)) 01,-) 'xi—cacy 	-e 
2/3 y z 

, rx — l I 
) /X  

(6.9) 

Thus we can apply Lemma 4.5 to (6.9), to get 

-7- 
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<"".< 
114 

4-3-kn>3  

315 _,_5 t.s5„).  

(6.10) 

Summing over e < 	, we have that ( since ) 

/4 

	. 3is  +5 

(nn
7/s-8  

<" 
(6.11) 

The case ■ 2- follows from (3:5.22). 
From (6.7), therefore, it will be sufficient to complete the 

proof if we show that, for any -b <0. 1  , 
	 Ye 	6) 

Lrrt ) <"-< (6.12) 

	

6_,943-47,,C 4)(1,-) 'Xwalci, 	 0!t u)) 
This follows easily, by partial summation, from the following result 
if 	or 4 , and from Lemma 3.4 if i= 

Lemma 5.5 Suppose that 

,= 

and 

(6.13) 

Then  

\I " („: t) « jc/ ot T 	 w 

± 	
.p V\1 

b`/-/. 	73 	r 

(6.14) 

Proof  Note that, if L= (,3 or 4, then 

x << IR ;  < ; << x . 

Let 



Ltun 
	cs  < 	) 	5-  \ 

1St ) 
K 

- 88 - 

5 = 	-t- t 

I0 

= L04. 
K= 

_IX/z 

[116)(X) — v)-.< 	t / (:).) 	S  

73-6X) == 	 1-6) /)((1-^) 
-s 	

(6.18) 

and 

By Lemma F, 

ots o-p-r-TV). 
- 

Since 14, and TT are regular for 

(-9447  

[4:3-
CAS— ds 	

- 
+- 

contribute << <-.< x-31-  ( c. f. (3:5.33)-(3:5.35) ). The horizontal integrals 

4.10) ), Also, ( c. f. (4:4.9 and 

— ate 
 14, 

f
) 	°-)0(s.(6.19) 

cc 
NAAA^ ( 	'DZ7-  ( 

Therefore 

1
—[ [ :t  _)() 	 (- 	+it ,rx)t 

(44 ," (J2- 

tAA-L-6 %6-1 	 oft 

I t ) (X) ( LUZ.. (S 	I 	 AC- 

) 	tS I 

-3 

Define 	as a function of a-  and of any Dirichlet series K 

K 	 E 
p 

-r" 

Then, from (6.13) and (6.20), we have that 

(6.20) 

) by 

(6.21) 

(N ) A (e, 1, 314 z. ) 	ot 
(6.22) 

By Cauchy's inequality, 



and 

o Cc), K et"  >  

n°4 ar  

/ 	- r- 
DC \NS siG 

2 _I 
(6.23) 

2 t 

5` 
1 /3e. 	p 

‘A 01— -1- X vS7 	r;■7  

x 
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A Co, 	< 	„L(9 ) D--)7-  
By Lemma 4.2, 

L (e, 	) IAA 	
rA 

 e 	LAC< 9C7  VA 	\M"- 	) • 	(6.24) J  

Since rEA,114.3 only if x < 0-4 

oh° 
A CO ,  

Thus 

13A, oth 	 z 
,C v., or t 'X VS l< 

and so 

A CD)-1-, -t- X v3 
13410 

Similarly, 

•-f -1- 	x \N 
4?x,„„ z  

X ‘") 	- (6.25) 

(6.26) 

(6.27) 

(
n

ot
x
-I
r g) 

( 	') 

at. 	- 	 it 
-1-- 	'X_ 	v\i 

3 



s.a.„4„.cf1 	tIZ 	oth. 

%25 sir„._ 
c4A+ 	 it, 	7- -,0 

vJ 	-t-. X W o4- 

x W01_ A(- 1-117) <-‹ 

(6.29) 
fAh 43 	7. 	42 f z z -2. 

1- 	x ct -i- X 

- 90 - 

It follows that 

ki ) 14,-3-) C 
	.,,(--',= x 	1' -‘.- 

vt  
117_ 	) 	04 Ilk. 

\." 01- 

, a< 	„. _ 	 , 
+- 	

3
\INF oc- 

v■11-  

and so 

(6.28) 
cV1+ 4  )7z' 3.12.? 	'I. J̀  x wtSince 	w , the result now follows from this, 

(6.22) and (6.25). 

By the partial summation argument of (3:5.46), therefore, 

T-*-  
@tnr<v..crL 14" 

3 ‘44.i. 	Cr  Ili 5 	°77" 

, 
This is z< Sof , providing that 

'2/3  

—1"3 

and 

These all hold, because ?,>.x ,oz-c11-6 and because we have chosen 

	

'X 	
(1. 

=-- 	 - 	+G5)) 
— 



Pr) 

where 
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7. Completion of the proof  
We can now combine the various sieve estimates to give a lower 

bound for the right-hand side of (3.8). Letyp)be given by 

= F( _ ID 
-2- 	fit. x ' 	(7.1) 

From (4.15), (4.20) and (4.21), together with (5.17), 

where 	IA ---- 10oz-- 5 	. 
From (4.16), (4.20) and (4.21), together with (5.18), 

-°( 
, As 

q)) ))(7.2) 

oc stl1)( H 0 t  
)1( 7 . 3 ) 

From (4.17), (4.20) and (4.21), together with (5.17), 

6)( 

where 	So 

Also V.ft.c4) ) satisfies the same inequality as( (A )) , above, with ) 
to a -s . Note that, if 04= t , all these inequalities become 

identical, and in Chapter 3 we showed that the right-hand side was 

O• '30 
	 (7.5) 

Therefore, by continuity, 0.(-,4 	( 	). The zero of the right- 
-hand side of (7.2) trill be a non-trivial upper bound for o', and 	. 
Thus we wish to find the zero of 

— 	0 • Li `loci s (7.6) 

For a 2 , from (7.3), we wish to find the zero of 

6.\ 	 tA ip—r)  (6-49019 -*s 

For c) 3 , from (7.4), we wish to find the zero of 

)(1--1/4.) — 	
(,.,„D9q5) 

sc,,_5) 

(7.7) 

(7.8) 

(
1.") ) 	(0  

) 	0.4`101cts 
oL _ 

Jri„ 
)) (7.4) 
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The following tables have been computed on a CDC 7600 computer, 

using Romberg's method of evaluating integrals to calculate 9-) . 

(7.6) (7.7) (7.8) 

4'1 -0.8297 -0.8134 -0.8542 

4.2 -0.6752 -0.6627 -0.6937 

4.3 -0.5362 -0-5266 -0.5495 

4.4 -0.4093 -0.4023 -0.4186 

4.5 -0.2930 -0-2881 -0.3091 

4.6 -0.1857 -0.1826 -0.1895 

4.7 -0.0863 -0.0846 -0-0884 

4.8 +0.0060 +0.0068 +0.0052 

4.9 +0.0921 +0.0923 +0.0919 

5.0 +0-1724 +0.1724 +0.1724 

All three functions change sign between r_ LC+ and „.. 4 g . 

-A- 	
(7.6) 	(7.7) 	(7.8)  

4.785 -0.0074 -0.0065 -0.0084 

4.790 -0.0029 -0.0020 -0-0039 

4.795 +0-0016 +0.0024 +0-0007 

4.800 +0.0060 +0.0068 +0.0052 

Again, all three change sign between tA.. L-790 and IA= 4."7-9S. More 

accurate computation gives the following values for the roots: 

For (7.6), 	it( = 	• -4 9 3 5" 

For (7.7), 	IA- 

For (7.8), 

These are accurate to four decimal places. From these values, 
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therefore, we can say that 

C>C <.( O 180 

o<2  < c) 

s  < o • 9. S9 

c,<.Lt 	< 	c g•B 

This completes the proof of the four theorems. 

8. Further remarks  

(1) A different choice of weights in (3.1) might well improve 

upon the upper bounds for the C4i . Of course, we cannot improve the 

bounds beyond the -1-FE of Theorem 4.1b. With no further work we 

could reach this bound if the following conjecture held: for given 

	

p there is a 	depending only on A such that, for all 9 satisfying 
04. e..4.  

2_1 	LA-AD- (3, 	 D-x 1 Le (x-L-k, 	— 	651, ) — 	.<< 2c6) 0..y)--,n(  8.1) 
cv.cp k x 	

c1=61,-) 

1,  0y) 

This is analogous to the Halberstam-Richert conjecture that Bombieri's 
-c 

Theorem holds even if the sum extends over all moduli < 
	
. 

where 
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Chapter 6  

1. Introduction  

In this chapter we shall derive a result concerning exponential 

sums in short intervals, analogous to the result of Chapter 4. Similar 

results, although stated in a different form, have been used by Hasel-

-grove u31, Pan Chen-Tung E401 and Chen Jing-Run [1+] in their work on 

finding solutions of NI= 	( N odd ) in which each of the 

primes ?; lies relatively close to 4 ( see the introduction to Chap-

-ter 5 ). The basic result we prove is the following. 

Theorem 6.1 Suppose that t < cv<-  , QA,Vp=1 and 	. Then  

AEA.) -eto.) cv 4- 1\3( "X71S-1,"g 	t/1 	( 1 1 ) 
X4V1. -41  

From this we easily deduce the following result. 

Corollary 6.2 Suppose also that 	kAx k -̂4  and 
r x 

that
A' 
 . Then  

ssic, 
E 	ekv"-) 	 • 

(1.2) 

Results similar to these about exponential sums, but not in 

short intervals, have recently been published by Vaughan D.j. The 

proofs that we give differ only in detail. 

2. Necessary lemmas  

We will need two lemmas, both of which embody known results. 

Lemma 6.1 ( Gallagher ) Let ca„i be any sequence of complex numbers, 

and let 	I and scr+it . Then, if the right-hand side 

exists,  

(2.1) 

^Xitksztct 
21 ck,EK(,,pec'el 	)01,t 

isk 

7ctr ZtaX( 	in. -A- Cj  t (Ft- -2.)) 
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Proof By (1:G.9), if 1 

c
IL as, `X-(v.t) v9:17-0it 	

_r, 

By Theorem 6.3 of Montgomery 

a■^ Akut-)1 

z T 1* 	ck,(xc,,,)1 	(errt± It) Z, la,tz  
14,4(1, eX.czt d 3,P“,n 	 y,,T)  

Thus 
T 

	

xEtt-) 	ott 
f<ctick, 17(ick 	"- 

. 	(2.2) 

3 

<2 -1.?- 	a'‘z  J( ((v(-`) -60 	 

(2.3) 

By the partial summation argument of Lemma 4.2, (2.1) follows. 

Lemma 6.2 Suppose that  -Th-a 2  . Then 

= ZI * 
Vciti/Xt..cack 

and 

(2.4) L(.1,-;t,r)(,)r-  okE- 
14-It.1 

°'
, 

(Y.u.44  

Proof By Theorem 10.1 of Montgomery Els], 

L(4.1t.,(X)1 4-  dt 	<< el-0) 

fyv.e.d. 

it 

(2.6) 

By partial integration, 

L- 	 t- (4 +;t) c( )11 	 (fe)  
(iwth 

	

This gives (2.4), since Z-g?1 ) 	. We deduce (2.5) by an argument 

due to Montgomery. Since 
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cr(a) - J (fc2.) 

where r is a circle of radius r about a , we have, by Cauchy's 

inequality, 
3 

Ui @O 	< 
	

,dc-)14  166.1) (5 

r75  J9  P)114-  661 

)t 
We take Est , r = 	6°7 	. By (2.6), therefore, we 

have 
T 

1<,A aCI A J 

	

4  ( 	Ca )f ) 4 ott 	 (IV 7)5 	 1-(6-14 -.(X)14  Olt d 5-  
-r 	 _d_Tt-rr 

2. 

<< 4) 	dt-r) 
By Cauchy's inequality, 

p--r  z I 	L' ( +it rx)Cok 	4)0) 
,r  

and so, by partial integration and then summing over d which 

divide 1, , (2.5) follows. 

It should be possible to improve the exponent of the logarithm in (2.5). 

However, in this case the approximate formula of 1..6,x) used in Lemma 

4.6 is insufficient, as the variable there is too restricted. Improving 

the exponent would lead to corresponding improvements in (1.1) and 

(1.2). 

3. The proof of Theorem 6.1  

we express the exponential sum in terms of characters: 

Z 	tql).1 -e61-01 = ckel  \ T 0(6-) T- (1)(-) ( Z 	A.A) lka-) ) 

	

x .e In —c x-t-IN 	(71-c, 	-tfl,-.) (Xv,54/..  

"1— 0  ( K t, 	(!1- ) ) 	(3.1) :::‘x:  
X:-  

where 20 - i.'fs) e(r) is Gauss's sum. The error term is ()(0 
1-.4  

since 1r  has C)Is.1,.) distinct prime factors, each of which ( together 

with its powers ) contributes at most lad  x to the sum. Therefore we 

have 



20 

= 

yt 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

A() O)  5  
hs 

FA- (1-) 1(6'0 
I 	 5  

G (s:x ) = 

- 97 - 

T 	 ,1(7.  
ci)cv 

cl4) 4 ci:z  

where the term 1,
c.V 
" is an upper bound of the contribution of the 

principal character. We now replace each character by the primitive 

character which induces it. If 	is induced by 1)C44- v,‘ ,4 01% , it may 
be that (4'-)=0  while OCIE6:■-)4--0 , so that this step introduces an 

error ( for each term of the sum ) of at most 

A (_vq 	<.< 

and so 

	c: etm -t 

ACS) -e(_a\ ) '150r) 1/4'11"'" 
+ 

4. 

4— -e2 

cre 	(3.2) 
(1,1 

We shall now estimate the double sum on the right, in a way similar 

to that used in Chapter 4. As before, let 

and let 

LL = (3.7) 

(3.8) 

Therefore, 

 

F(s,(x) - _Itt@p()) 	x'  

+ 	c)(-) -4-  OCR) 

 

 

a-Tr ; ds 

(3.9) 
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We put 

F 	(F-1-1)(1— &-) 	Fl_G- — G- 	(3.10) L._ 

If, for a general function <6_)()() , we let X(K) a-) be defined by 

44- 

DtC(K )  0-) 	 trtn;,‘,. 	 cr.-  I tAt (3.11) 
Is■ 

then, reasoning exactly as in Chapter 4 ( see equation (4.4.17) ), 

1<dk V 

<-< X ((r- XI 	,9) + ")(C (c 	) 	)iC 

(3.12) 

the error introduced by shifting two of the terms from the line of 
integration cr.--19 to the line cr= 1- being in this case less than it 
was in equation (4:4.17), since here we sum over fewer values of d . 
By Cauchy's inequality, 

 

)(C( 	`)IC (F - ) et) )(C ( 	G-r L 	e )
f z 

	(3.13) 

From (3.4), 

F 	Z-  AN (XcA)  
51. "P. LA- 	trLs  

and so, by Lemma 6.1, 

Jc((r.  ,6) << 

	

&(A') 	( 	7C- I  
K..> LA- 	2/3 

(3.14) 

From (4:4.28), 

bc,4_0(6A)  
n>v 	ms 

where 

6(1.) 	— L itit(rA) 

so that 	h(tes 	a(0.) ). 
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By Lemma 6.1, 

  

16m 
2.C4 Y1. 

v'l. 

(3.16) 

Thus 

 

In .p 
%%.,_ 	3  

B/s. 3,3c 5/3 .70 2% 

<-<" k (3.17) 

Consider the second term on the right of (3.12). By Cauchy's inequality, 

DK' (F L6- (F ) 4+ -)(C (Cs  )1"t  (3.18) 

By the equation following (4:4.22), 

= 
vas uz 

where 

aGL,-) 	?- 

and so, by Lemma 6.1, 

"D(C (F. 4  

A(4A1 ACS) 	<< Ca-4 )7-  

2_ COY-> 4  
rtu:" 	vt. 

X-11A 

By Lemma 6.1, 

—1%1_ 	4 	 BIZ 	ot• 
V\ "DC 	t.A. 	-t- 	xcfr.  (3.19) 

_cv ri 
1.4 X. 1  VI- 	 cr 

(3.20) 

Also, by Lemma 6.2, 

•(C (1_ 4/  1) 	<2  



2 117- ‘z 	sp. 

01- 

(3.23) 

CL.'& )  ) « 

x 

Therefore, from (3.12), 

1- 

- 100- 

Thus 

...ecrk 	_Ill. 2_  

1,1x LA- 1-  
I 	I  

x td- 	V\ X v 

k3A+
41, 

"Lt 	qi 
X 	(1...LV) X 't 	1„1.14 	34 	it, 

1

,,i3/ 

Cf/ LA 0 - 't  

c‘11. c(7 	 1/4., 	70 
% 

<-4 	k 
3t5 3/z 5,AX .425/$" 	

DC. 

i t z 	'Sift 
	

(3.21) 

Now we consider the third term on the right of (3.12). By Cauchy's 

inequality, 

3(C (LiG 	)1‘1-  X CG-2 

	 lli 	

(3.22) 

By Lemma 6.2, 

07 

and so 

.<< 
15' 

z  	`-6.+L) /X) 4-(x),x)\ 

	

1I\ 
'3(is 5/S Si 

	25/8 	
x 
	

(3.24) 

Now 

( 	ti r<v_ 
, (nncci  

and so 

(3.25) 
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Thus Theorem 6.1 follows from (3.2). 
Corollary 6.2 is deduced by partial summation, in this way. 

Suppose that a=.2,_ ,  p , so that 
ylVeL 

 . Then 

AeLl 	r 	Crc) e(3_,a) e (6ta.) 
x<vt‘x+-k 

€@vt) 	14) e(rAc,) 
-44 vtgX.-t-ts 

— 	A(inA) 
7c.<vas,0_, 

	

E 	C 	A6,1 (2EL,9„))(e(csn..) — e(3€}÷ I))) 

	

x<v, 	z<vv,svi_ 

(3.26) 

By Theorem 6.1, this is 

3, 	 I 1 	or 5/4- 

[c I ( 	4 k ° 
2/ 	

) 

, 	3(6. its ,54  

(koc'"-  +x ir 	-t-- X 	 - (3.27) 

Since 	 , we have 
IA• 

AeL) e&c.̀-) << Of\ 	
ICA+  ( &:Ls,  

(3.28) 
vt. 

The right-hand side is « ki'"- (17-,(54N..3 	if 	and 
3/s,  3/sz 

IA 'DC 1A2- 

The first is satisfied if 	. The second is satisfied if 
; however, (At  < 	if 2'= 11DE 213  . Thus Corollary 

%3T-4  
6.2 is proved. 
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Errata 

p.3line 17: replace x(n) by 1. 

	

p.12 	line 5: 	replace "an  = nbn 	an , s = 1" by "s = 0" and delete the 

last line of proof. 

	

p.14 	line 2: 	add "A(t) integrable". 

	

p.16 	eqn.(2.7) replace = by < ; change c3  to c3 + 12 in last line. 

	

p.17 	line10: insert [22] at end. 

exponent line 21: insert expot 1 on first bracket. 

	

p.20 	eqn.(4.4) replace n + 	by n. 

	

p.24 	line 1: add "for all but 0(X1 n/7) even numbers n < x, 

	

p.28 	line 6: 	insert x. 

	

p.42 	eqns.(5.31),(5.32): replace xs by (x + 1)S.  

	

p.50 	eqns.(6.28),(6.29): insert E 	du2(d) in 0-terms. 
d/nab 4(d) 

insert "for almost all n". 

3 to 4. 

	

p.53 	eqn.(2.2) change exponents  

lines 21 et seq. delete. Insert 

1 	1 	d2(n) E 	(E 	d
2
(n) ) (--- 	 ----, 1) - E . 	

m 	 n m> D n< m n 	(m+W- 	n < D 

(p+1)a -1 

r (log z)4 dz 

za 

Integrating by parts this is 

<< D1-a ((log D)4 + (a-1)-4), 
a -1 

	

p.57 	eqns.(2.14),(2.15): delete -13. 
3/5,6 	3/5(1+6) 

	

p.58 	eqn. (2.20): change x 	to x 

	

p.60 	eqn.(2.25): change + to - before log q. 

p.63  eqn. 	 add + qy . 

	

p.73 	line 18: replace 17 by 19. 



2. 

p. 76 	eqn.(2.5): replace [y,y+Ya] by [OpYc4]- 

p.86 	line 9: 	after full stop add "where ki  and ki  are chosen to lie 

halfway between integers". 

p.88 	eqn.(6.20): +Z. 

p.95 	line 3: insert [18]. 

p. 96 	line 8: 	insert E* 	on right. 
xmodd 

p.97 	line 21: insert "taking x to be an integer + I," 


