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Abstract

In this thesis, we study the problem of representing integers as
some particular linear combination of a prime and another number having
at most two prime factors. We establish a Tower bound for the number of
representations, and show that the prime can be taken to lie within a
fairly narrow interval. This question is motivated by 'Goldbach's
hypothesis' and tha 'twin primes hypothesis'. Ideally we would 1ike to
replace the phrase 'another number having at most two prime factors' by
'another prime', but the study of that problem is very probably beyond
the scope of present-day techniques.

Selberg's Tlinear sieve is the basic tool: new work in this thesis
consists chiefly of showing that the hybrid sieve can be used to make
the error term in the linear sieve more tractable. To this end, we
give a much easier proof of (a slight generalisation of) a theorem of
Chen Jing-Run that is the closest known result to Goldbach's hypothesis.
We also prove a new Bombieri-type theorem about primes in arithmetic
progressions in short intervals, which extends to a result about expo-
-nential sums in short intervals. lle obtain, as well, a result speci-
-fically about Goldbach's hypothesis: an 'exceptional set' theorem
concerning the maximum number of ways that an integer can be the sum of

two primes.



Notation

The O( ) and o( )notation is used as usual, and in addition we
use Vinogradov's notation ﬁ«% , meaning £ = ©® . If, also, 2 is
positive then we use 3>>g with the same meaning. The implied con-
-stants depend at most upon the constants of the theorem in which they
occur, or else are mentioned explicitly.

7

The Tetters p , pi , &, etc. denote primes. Other small English
letters, with the exception of S , denote integers or real numbers.
The letter = denotes a coimplex variable S=c+:it
The Greek letter X denotes a Dirichlet character, usually to
modulus 1 > L(S;’X) denotes the associated L-function, and %:{ will
denote a sum over primitive characters wedq .
The function T(x)is the counting function of the primes, and
&) = Zx/\(fl), where A@) is von Mangoldt's function.

Also, ‘rr(x%.a} is defined by

T(x)i\,la\\ == Z \

?Sx
=a wod
Similarly, ¢ v
Y lq,0) = & X,
V\.‘:‘-_O-‘M"Dl‘l’
tE,X) = I A Xe,
and
T, x ) = \Z;x K )
For a given modulus 1/ , the number b is defined, when (b, 1/)»[ 5
by

This notation is used mainly in Chapter 5, and its use is confined to
expressions of the form T(x, o\,,ab), so that

1 (7:) .. &-_l; > = E I
b?—:-owcdav
The number of distinct prime divisors of d is represented by v@).
The letters <, , ¢, , etc. denote positive absolute constants.

C and ¢ will denote positive constants, although they may not be the



same at each occurrence.
The German script letter (5 denotes the singular series ( of
order 2 ), defined by
G = T%j(”{l—" (~ ) N Luea ) .
The function e() is the function exgczﬂ*%). Other notation will
be explained as it cccurs.

The lemmas of Chapter 1 are the basic tools, and are denoted by
letters; other lemmas are numbered according to the chapter in which
they occur.

" Equation (Y.z) " refers to equation z of Lemma Y in Chapter 1.
" Equation (x:y.z) " refers to equation z of section y of Chapter x.

" Equation (y.z) " refers to equation z of section y of that chapter.



Chapter 1

1. Introduction

Let P be a prime, and 1et'?L denote a number having at most *
prime factors, not necessarily distinct. We shall consider the problem
of representing an intager vt in the form

= ap b Y, (1.1)
where & and b are fixed integers. The cases a=t , b= and a={ ,
b= —1 are of special interest, being relevant to Goldbach's hypo-

-thesis and the twin primes hypothesis respectively. Goldbach's
hypothesis, dating from 1742, makes two assertions:

(1) any even number Targer than 4 can be written as the sum of

two odd primes, and

(2) any odd number larger than 7 can be written as the sum of

three odd primes.
The twin primes hypothesis states that there are infinitely many
primes p such that E»+2k is also prime, where R is any fixed
integer.

In recent years, the assertion (1) has come to be known as Gold-
-bach's hypothesis, for it implies (2), and I. M. Vinogradov gave a
proof in 1937 that (2) is true for all sufficiently large odd numbers.
Nothing of significance was known about either of these conjectures
until 1920, when Brun, by a generalization of Eratosthenes' sieve,
was able to show that every sufficiently large even number was the
sum of two integers neither of which had more than nine prime factors,
and that there are infinitely many integers v such that both «w and
n+ 2k have at most nine prime factors.

Many authors have since used variants of Brun's sieve and
Selberg's sieve ( published in 1947 ) to derive results about these
two conjectures, the sieve methods applying equally well to both. A
good account of these results can be found in the Introduction and
Bibliography of Sieve Methods [1o], by H. Halberstam and H.-E. Richert.
The most recent result is due to Chen {21, who has shown that

An = P+ B (1.2)



is soluble for all sufficiently large n , and that
Ak = p- R (1.3)

holds for infinitely many primes P - In Chapter 3 we prove a similar
result, concerning representations in the form (1.1), using Chen's
method but with a substantial simplification of the analytic part of
the proof. This has been made possible by an invention of Professor
P. X. Gallagher, namely the hybrid sieve ( see Lemma G ). In Chapter
5 we shall prove some results concerning the distribution of the prime
P in the representation (1.1). Chapter 4 contains a result, akin to
Bombieri's Theorem, that will be needed in Chapter 5, and Chapter 6
contains the corresponding result for exponential sums. Chapter 2
contains a result specifically about Goldbach's hypothesis, showing
that most even numbers cannot be written as the sum of two primes in
too many ways.

The results of Chapters 2, 3 and 5 depend on an improvement of
Selberg's linear sieve, due to Halberstam and Richert. We state this
as Lemma A below, without proof. Other results that we shall often
use are also stated below as lemmas.

2. Necessary results: the linear sieve

Let A be a finite sequence of integers, not necessarily distinct
nor necessarily positive, and Tet K be a positive integer. We define
SLQQ;%S to be the number of elements of 4 that remain after all
multiples of any prime ps2 , E¥¥f, have been deleted. Thus

SK@V)?‘) = \ {CLé/L: (o) PK(‘_;)\>: |}l (A.1)
vihere
Ko - jf% P : (A.2)
prs

Let Ad be the sequence of those members of L which are multiples of
3 < 1 i 7 \

d . We define 5 &)1‘%> , for 1’sat1sfy1ng f%iJ#C) and <1>15\Ek@)=\,

by the relation

S, ¢,2) = S /fLT/lz), (A.3)

Wle choose a number X »{ and a multiplicative function @) so that



the quantities Q} , defined when r@ﬂ:#o and Q},K)::\ by

R = | Wl - x| (h.2)
are small, at least on average. In particular, in the case d=1 ,

we see that X will have to be approximately the number of elements
of A . Thus if such a choice of X and «f) is to be possible, the
sequence A will have to have some sort of regularity in its dist-
-ribution.

Furthermore, we shall require that

O < w:’;p) < O ~ ;‘T ) P g&f F{K (A.5)

and

> cop)—| 1 -
2s1><-3 5——5—?_—_ l%? < S2 go( B F2=2. (A.G)
?k‘<
This means that a@ will have to be close to 1 for many values of
which imposes a further restriction on the distribution of elements
of A .

Subject to these definitions and restrictions, the following
result is true, without restriction on the size of Q,\ .

Lemma A ( Halberstam-Richert )

Let
\A[K('t) <z ( . (A.7)
E?«\'K
If §$>c and 2 <7, then
Selt,4.2) < i‘i@ Xwe ) Fial) o o lalm3x
o N
+ 2, 3 Ka o, (A.8)
de
and 4 | Be)
Mhao) = g ot gD - o ]
- giz ""@)er\ (A.9)
ARG

Here F(«) and 60'@) are defined by the differential difference




equations
(WFw) = g-0) [ §ea) = FG-) (A.10)

and the initial conditions

Fu) = 2o , fey = O v o<us=Z (A1)
W

Also, when ‘ESK <2

Kﬁjjﬁfl) l_%;z (1+ o) wm

Remarks The proof of this lemma will be found in Tw}, Chapter 8. In
this general form it is essentially the best possible Torm of Selberg's
sieve. Although the proof is long, it is based upon iterations of,

and within, the following identity, well known in sieve theory.

( Buchstab's identity ). If =z, == , then

SK<A)1,I%I) == SKCA,LL,%?_) - ZE<1 SK(A.‘\”FJF’> (A.13)
prs

A term S, ( L ?> counts those elements of Ai_that are divisible by
P but by no prime less than p not dividing X . Thus the ldont1ty 1S
clear if we note that an element of A which contributes to 534{ 1-%1>
but not to EEKQ& 4.2, ) is removed by the sum on the right, by the
term which corresponds to its smallest prime factor ( apart from those
which divide K ).
The idea of the proof is to start with lower and upper bounds of
S%J%,w,%l for small 2,. Replacing the terms of the sum by upper
bounds will then give a lower bound for the left-hand side. This lower
bound is used on the right-hand side to give an upper bound for the
left-hand side, and so on. However, the effectiveness of this is limited
by the fact that if F?:>\Max{@1\:ae Al then Sié%%-?:é> depends mainly
on K , and it may be () so that no general bounds can be given for
it.
In our applications of Lemma A, the main difficulties arise when we
consider the size of the error terms Zf??gﬂ%g in equations (A.8) and
(A.9). He shall now state various results that can be used to deal with



these terms, at least from the point of view of our applications of
Lemma A.

3. Other necessary results

Lemma B ( Bombieri's Theorem ) Let ;T:lﬁsi . Then for any positive
constant A, there exists a positive constant B such that

VZ@ qex g L Ty ge) - %%[ « =L (8.1)

vhere Q = = g’j”g

Remarks This result is widely used in multiplicative number theory,
and there are a number of proofs available - see, for example, that
of Bombieri [ 1 or that of Vaughan (26} which is particularly simple.
The result is almost always stated in terms of ‘V(Blﬁr,a) rather than
’WGS“V'“) . However,

-

e og\ — = l R ‘h-t
qu/| i d;%(;/) Eg &SE + QA‘JB)

*¢)
Thus PRt
ay — ‘6\_ = L o] — i
TG‘BICM ) 4@ 2eesy It [ r& o) 4G
“Cel - )]

and so

o - &ﬁ < A \MO:}( Yt tz
Thus the result may also be stated in terms of ”T63|%—“> Vaughan
has shown that we may take E%::{¥+%§ in Lemma B
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Lemma C Let h be a positive constant. Then

P W
Z r"‘(w% <. (lat+) (c-1)

Proof We have

wgy WY 2 T (1+ =)
(1/5(: | v 4)@‘/) ?st ’?-‘t
since every term on the left occurs in the expansion of the right.
Trivially,
\
+ < e [
‘ Pt ¥ ( Pt )

Hence the sum is

< e (Z )

\:s(: f—(
By Theorem 427 of Hardy and Wright [i21,
1 - lalgt +c o+ DQ)
Zo Y

s 2. %6?4) converges, it follows that the sum in question is

W
= (l%t +1)
Lemmas B and C have the following corollary.

Coroliary D Let 41 be a positive constant, and let

é‘ = T (x, & _ Aix D.1
A | T, da) ot \ . (0.1)
Then
~E) 5 -R
dZ—;) 3 QC\ << XO_Z (D.Z)
p@%o ‘ 28 —25,
when D = x* L

Proof By Cauchy's inequality,

- ) N7 vé Y
(Z 3% )y =< (zZ, 7))z &)

A

{<D <D
Ko o 4
Now QL <« 3%9 ( since A== ), and so by Lemma C the first

bracket on the right is . By Lemma B, the second bracket is
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_ 25 & % —
2R 2,z 28 -9

I
H
?

<< X

and so the result is proved.

Lemma E Let X be a non-principal character to the modulus 9
satisfying ﬁ(ff((&éﬂu for some given ( fixed )N =S | Thus, if

o) -z %0

vie have

H“@M\ <« € ‘&*F[“ C*a‘%qmi- (E-1)

Proof The inegquality

. Y,
l LF@)"XH <& t ‘Q”(?( - S G,%b\) Z
is a consequence of Siegel's Theorem ( see Chapter 22 of Davenport,
[Ls1). Morecver, as in the proof of Lemma B,

: = vk . H I Che
T@)N) H/T%F) z:é;e (s,fx) {l635 - ‘%@*“)( " )
and so

[TEAN = g werlveml +O6™) = € aghaly o1,

Lemma F Let s=c+:C , and

f@) = V‘f;\ % ,(0‘>\), (F.1)

where b= Q&) and 7(x) is_non-decreasing.
Suppose also that

o

2 J_L%;l_ = O(C——\\_d ) as 66— |+ _ (F.2)

n =\

If <>t , 2 is not an integer and <=7 js the integer closest

to x ( the lesser in the ambiguous case ), then
cu T

2 b j'erW)XO\w%—O((}

+ ) =g )« O ).

(F.3)
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The corresponding result when x 1is an integer is
c+~T

b, + élc = Y )xwo\w O(_r—?:—
7 e = @w\)ﬁ)

nex 2. S

4 O(f(@x) x—[r%x> + O jf-%?‘\)(FM

Proof This is Lemma 3.12 of Titchmarsh (2s], where we have put
aq=wb,, s=0 in equation (3.12). Condition (F.2) replaces the
stated condition, since the proof only requires that

{
7 %\;‘Ez = O((}"rc-—«?‘f) os 00+

Lemma G ( Gallagher ) Let @@=t , T=| and let {ou} be any sequence

of complex numbers such that

o lanl® < e (G.1)

(2"

Let /XWZ% denote a sum over primitive characters Mmhv . Then
1 f{zauk@)w‘ia&t

Tl @) e

ﬁ?@ 'XZ“‘:"L\,( lza“%@) " l \+(t\

<< 2“:- \ah\—"(\/\"' QZ l%@i—l_}) (G.3)

Proof Inequality (G.2) is proved in (81 . e shall outline this
proof. The other inequality follows by partial summation.
Let A be a countable set of real numbers, and let

S = & o) <(-*) (6.9)
where 2 lc(u\<z>0 Let
,Ac
S e b G.5
e = [ L (6-5)
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Then
Ce ) = SWZ;<SCQ)=: e Bep) | (66)
poxis 3
Hence, if M denotes the Fourier transform,
Cg © = SE) Fg &) (G.7)
Thus by Plancherel's Theorem,
O (e A
ool s = [ | s Rt ke 59
..Dt)A - oo
However, Rt} = sw(udt) > if Se<l | lLet
bt .
L _ eap(-L _ ”_t_
=g > T pE), pmmla » = a0,
With these choices, T T [%‘3'
SEY = T oanXe)
N
and Fee)y > | Rl e

Equation (G.8) implies
f ( Cs @tlro\x >> [ [ s@\ ae |

that is, by (G.6),

0o

L | T an Xy (At = ~r2£ l ?"33 an e | W (69)

However, we know ( see Gallagher [41 ) that

T'ZSCP ggr)’qu, ey aw X | < <©2+ %T—S)é(aup
Combining this with (G 9y,
9@ ‘P%\/) S, f | 2 an Xy W | de
= T f (@ - )%lam\ %
« T Zlat y @) s

« 2 la®(we @) . (6.10)
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The following partial summation argument is used to deduce (G.3)
from (G.2). Suppose that A& >0 and

L AE) At == o(»\-g—r

Then - _
Ae) At ‘ fards ) At
joRe e f < 4 [ o)
Aeyds A&
fﬂ@.us fow‘ f 6yds
T t A
- &
<= o § * © PC\(;_{E?\"‘:

« * + @ “36?”—)

Previous authors ( e.g. Chen L=1 ) have derived results, for parti-
-cular cases of the sequence {o“\, which are similar te (G.2), but
only by using a " powers of 2 " type of argument to split up the
sum over n so that the large sieve in its conventional form can be
applied. This Lemma replaces such arguments, since it includes

( implicitly ) a " powers of = " argument.



_']5_

Chapter 2

1. Introduction

Let n be an even positive integer, and let St) be the number of
ordered pairs (p ,p) such that n= p+ p. . Montgomery and Vaughan
[{91have shown that there exists a &.>o such that

St = |

for all but C)CK!—&) even numbers w not exceeding X . In fact they
show rather more than this ( see section 5 ). Here &. is extremely
small.

It follows easily from Lemma A that

Wy <« 4 1 Ga ¢ lealoan
S ?ﬁ%§£%% ( L+ < i%;iaﬁm“ ) (1.1)

for all sufficiently large even numbers v , where
- Tﬂe,}{—\r —z)}
C;Qﬂ { pla P pAm %gESE (1.2)
and ¢, is a positive absolute constant. We shall indicate the proof
of this in section 2. The conjectured asymptotic formula for fsep)
is n(§®4@3?JQ » SO it would seem that (1.1) is a fairly poor upper
bound. In this chapter we shall prove the following theorem.

Theorem2-1 For each & in the range ©<§& < o |

" 2 o~ Cwy |+ , lalan 1.3
N “ T ) (1-3)

-5
for a1l but O(X'" ) even numbers w not exceeding X .

—

Here ¢, is also a positive absolute constant, as will be ¢y , €4 --
hereafter. Note that if &= 2 ( the proof also holds in this case ),
then (1.1) is the appropriate result, stronger than Theorem 1. The
proof of this theorem uses Lemma A, and the main body of the proof, as
with many sieve results, is devoted to the question of the size of the
attendant error term. In our application of the sieve we shall show
that the error term is « VLG%BWYa for all but O(X”s) even numbers
n less than X , so that it can be ignored if we amend the absolute
constant in the main term.
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2. The application of Lemma A
We take A to be the sequence (- P ?<n} , and sieve it by
those primes \7 (Q VL)Z which do not divide w . Thus we take

(@un)l 5 K= \/L' &\,';\ . (2_1)

Among those numbers which are counted in 5\‘@3) are all those which
are primes 1ying between 2 and n . Thus

Sy < S ) + wE) (2.2)
so that Lemma A will give us an upper bound for SGy. Let
= K. d = .Z(— .
X = tiw L e@ =g (2.3)

so that conditions (A.5) and (A.6) are clearly satisfied, and

= mTWn,A,n) — QA_l\ ] 2.4
Q,,\ ( T (n ) ey (2.4)

-8 35 ,
If we take £°'= @4‘4\ Q%"\) , then _Q%?g <2 5o that, by
(A1),

(RS _ Qe law
= ( {§§; ) - ER (2.5)
By (A.12),
_— - L -
i l 2 € A
e = g (2R & (o)
B o A (2.6
- QQQQQ <7 (1 O (&=) ) - )

Using (2.3), (2.5) and (2.6), Lemma A gives

gn<ﬂ:)%3 = 2 nC(y\ < { + Cy ‘g%ﬁ[c_z%;\

(%v\)(ls&f ) Teapa)™
i)

a d< 1 E (20“

ARG
= _2 ‘f'-_@:(\_f\_\ ( + C l-__lu i
—& ?SS“ \’L ( ® %\J \"5 )

N . ,gw'@) QA (2.7)
A<i?
ALBG)
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when we choose c; appropriately. The following theorem will complete
the proof of Theorem 2.7.

Theorem 2.2 In the above notation,

~@)
E(z 3R, < Ql;\ c (2.8)
AlRe D

-&
for all but C>Ckf ) even numbers v not exceeding X .

Theorem 2.1 will follow from this, (2.7) and (2.2), where c,>cy~ |
It is worth noting that if S=ﬂ% , a simple application of Cauchy's
inequality and Bombieri's theorem on primes in arithmetic progression
will show that inequality (2.8) is true for all sufficiently large n,
so that (i.1) is true. The details may be found in Richert's paper

3. The proof of Theorem 2.2
Rather than estimate the sum mentioned in Theorem 2.2, we shall

consider the larger sum

2 tﬁ@l) 3.»@) Qa\

ds<¢? (3-] )
@)w\—-"l
) )
For convenience we shall write 2. for ;;% , mentioning where
@.wy=>!

necessary the variable of summation and any further conditions.
From (2.4), we have the trivial estimate

+ \

O < (i < 4
4 2@
Hence by Cauchy's inequality,

&) ~@) ® 2 ~&) . Yy Yz
7. @ R <« 2 %) 3 (&Eﬁ-) Ky

~

¢ we (Z‘&\ tkqé“ %@) )( Z(ﬂrf‘@] Q‘l )"“‘.

By Lemma C, the first bracket on the right-hand side is « quu§1 .
e wish, therefore, to show that

) "
Z rn (&) QA < Q}gv*\ 15

-4
for all but C>CK‘ > even numbers @ not exceeding X .

(3.2)
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Let X be any character to the stated modulus, and X. the principal
character. Then

b - o \rx%—,u X6 w@) - & | (3-3)

where T@"x) = g\’X(P) . Thus
FV\ ¢ /. .
R, < % [ «%m Keaw@o) |+ gy | 7O - &a|

Since 'TVG\,’X.) = ")+ O({sad) >
- L S A ln U\ - L O(‘%.(B.ﬂf)
Qa\ ~ CP@“ \\ ’\)(:ffx.\usid ( TC\ ) \ t @@l‘\ \+ (\d
Therefore, using the prime number theorem,

&) &) - =
2. W Q < 2 W%\ 2 AK(Y\\Tvx\Oc)l ‘- [ o 3.5
B g S+ g ) )
We now replace Z- by , where ™ denotes the

[ Ep MWLY § \<1,\0\ (X\Mﬁdv
restriction to primitive characters. Of course, if K wsd is induced

by K*uw.edq ., it may happen that X{)=0 while X'g)# O . This
happens if and only if p divides d and not 4 , that is ‘E\déf . Since
4 1is square-free and »2 ,

A 1 ¥ - .
l l%ﬁ M| — | %\o\ Zi%%@u T, | [

"
> T
< i< av(a\ ’qu-wb\, ﬁzﬁfb \

- 22 PR
gkc\ \<cLl /{> ’Xwﬂ"'\,

< 2 ¢ (%) (3.6)

{
. ¢
since Zd, ‘ is at most the number of characters w.d d/ta .
\< ('f‘ P/\’wﬁf\,
However,
7 oa/d) = N 2 L « A) lalad
P4 d"Q) i pld  &@) $) lalad (3-7)

From (3.5), therefore,
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@ 2 —® 2 o . {
2. r\@\) QA < ﬁ)_((:_)) k:ég“\ /XZ-%ZX(V\)T()X)\ + O\@S“ )

r'Q’

N

&) - WV
Z %@) x\d \ rxde/X@) T/ )() - C(Qi‘g“yb)
- ZCHLI@ (Z %‘Wcm(ui’ EL)>

%) TRy o *q(‘ )(3.8)
\lL .

Since tgf ‘:g_zé)) << (@3“ ( by Lemma C ),

& . s 0 (3.9)
2R Rl < lan Z P ¢<3» 2 e + ( ,
Hote that we have omitted the Tactor P @) » as it plays no part in

wnat follaows.
A form of Bombieri's theorem states that, for any given As>o .

there is a constant B »o© such that

*
> 2w | Px)| = 2 (3.10)
1= é{\—n\& 45@\,) ki S (s3n)

( see, for example, Daveaport (5], Chapter 24, Theorem 1 and Lemma 1 ).

Now

Fox) = B(yx) + Oy lay) (3.11)
and n

( To see this last statement, note that the coefficient of fX(g) on the
right-hand side is

ls:
g o L& -

It follows that

lT("}{XH = Watrne M

wsn \53'2

_ wer | C G0 Owmiaa) (3.13)
d=r ls&z
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Thus, by (3.10), there is a ©>0 such that

Z _t ‘Z* \T@\O()‘ <= A "
V‘»‘IL ( L 4"
g s @%;$.‘?i) Xucls, (an)
and so
* o
2. f—b‘f) ‘ 2 X )|« Q—“~ " (3.14)
o L 3
Let c e
_ W= TP =@ (an)”
F ) = G ,  4® Q% ©(3.15)
From (3.9) and (3.14),
@ [ —
A K = lanw 2 L 2. Xy T,
Z r &) Qd < % "@2<°1,_<3C*J 3@ ‘/de‘\/ o w\fx)‘
vx,a\)‘—'l

(o) " (3.16)

At this point we recall that we wish to show that the left-hand side
of this inequality is « vx@ﬁgQYGfor all but (3<}f—$) even numbers

»w not exceeding X . To do this we shall apply an averaging argument
to the sum

U2 Ay (3.17
L o .17)
r{y <av< :BG\) ()@/) \fX'.v:ﬂn\, @) @ )1
)=t
that occurs on the rignt-nand side.

Sy =

4. The averaging argument

Let w be an even integer in the range

= > (4.1)
and let
A

= = (§3b4 , (4.2)

—rv — M‘o . (4.3)
By Lemma F, -
[Ee Y

T (net ) = L 2 Xe (EY a4 4.4

{ L+_“ J o ) pem Fgg Q?Z_ s 4—06) ( )

45w
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( Here we have taken bﬁ/»(cn) if v is prime, O otherwise, in the
lemma ). Thus

ot
O
-

the error involved in moving the line of integration being at most

) M A s .
O< jin' s B Oé ) :
From (4.5),
M bf‘,ﬁT‘
A T A S S X g v O
p,\gz;;%/\OTCX) o U)_“_ fry fon AS 4+ («b@p)
and so, from (3.17), -
<& -+ *_v\ Zﬁ 4 ﬂi ds
S|G\\ < 3("’-) !'(:\C)Z)aﬁ“) 36, D[T \/Ecﬂ:@)fﬁ’\ %sl\\ = “ X,(4.6)
>9.

By Cauchy's inequality,

2 _ 2 Z A
S@° < a@ + (r@wsa&)m S

o T

) Xen i n s /
(f@l«\,zaé-) q,f(\()j lzgj.;" &) gm \é)l s ) (4.7)

The first bracket on the right is OC(&slﬂ ) ; let S,(n) denote the
second bracket, so that the inequality gives '

- i3
S0y = A®) + Q&BH\ S, () (4.8)
Now e
- \ & .
2 SCﬂ):HZ z- E)J EZW@\ZQ@)\J\I{AS\
Qanah L R T CLAE =
g
& |+ b f 2 X\ 2 X e
r(ﬁ\ 1’ c‘(m) ¢@ ( 1,) V\j\,‘)—lr I(’Xu.% psh Q \ (‘
since for any c\’there are at most 1+ _ZE integers between i;] and ™
lying in any specific congruence class ‘Mdi . However
1 — - 4,10
i \Z T Z 29| = eq) X | Z ‘><®\ e
- Xwcda l”:”’l P~ Kuardq, P s

C,n"v ={
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since .
{ @) =

i’x.@) Kol = o g .

=
Therefore, from (4.9),

T
Sy <« 2 (l+h z*[z/x( 1 ey
%22;1 -© <:*@F%§§£ ‘”L)Wwdvam.lfsh ?5){ =) - (4.01)

Note that N’<¢! and, for 4 in the given range, \'+£% <

-y

Thus, by Lemma G,

2. S o« M X —L;(—Pr

%SWSH psh T
From (3.15) it follows that

+ o) !%érn)). (4.12)

Z S <« nwl) M7 (g

Hewsh
2z

-5 _35
«< M @%fﬂ . (4.13)
Thus the number of even integers in the range-ﬂ < ns< M for which

2
Sz@) > o, M QSESH)—M

1-§
is at most C) <l " ) , and so for all but C)<‘ even numbers
nin the range H zn<shM

S;é () = LA
(1&34)

For these v , therefore,

S, () < JLASE

\(’ ({%V\)L‘
by (4.8), and so by (3.16), (2.8) holds. There-are C)(@ax) disjoint
intervals of the form [ , M1 contained in the 1nterva1fx“‘)x] ,
and so the number of cxcept1ona1 n less than X is C)CX ) . This
proves Theorem 2.2, and therefore Theorem 2.1.

5. Further remarks

Hardy and Littlewood have pointed out, in " Partitio Numerorum:III "

[v], that if there is an asymptotic formula for S(u) then it must be
G : (5.1)
Nk
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Of course, it may be true that there is no asymptotic formula for
Sy, and that Goldbach's hypothesis is nevertheless true.

Suppose that we could prove a result similar to Theorem 2.1,
with a slightly smaller constant, so that we could say that

Sey = (2-7) ~6w (5.2)
(aw)
for ail but C)Cthj even numbers w< X | where v is some suitably
small positive constant. Such a result would have consequences for

exceptional ' zeros of L-functions. To see this we must refer to
some of the results of Montgomery and Vaughan's work on Goldbach's

hypothesis [1q]. Let
P= X'l/v_

this agrees with the choice made by MMontgomery and Vaughan if we
let &= Y in their work.

Define ' exceptional ' zero as the one zero of 1~éxk) » where

Kwedy, is primitive and 1,s¥> , not satisfying

< | = So
@ I%P (5.3)
Let X be the character concerned, of modulus ¥ , and let ?'be the
( necessarily real and unique ) zero. Then, by a result of Page s
an account of which can be found in Davenport [51, Chapter 14,

< < l—-%% = S

?_""“ Q@B?)l B I%P

Here C, is chosen so that n® 2-(1*;%) w tor all wn 1in the range

-~

%‘s n <X,
Montgomery and Vaughan work with the function
R} = gvf“ GRICYS
Clearly, (5.2) implies that
Rey = @Q-¢) n G (5.4)

for all but C)Cxl’z) even numbers v < X | They prove the following
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result, amongst others:

Ri) = wBGmy+ vf Gy OWS@)’S@? )

+ O(X T Pe®)) + O@—,W("?)Y‘ff%(-&ﬂ)(s.s)

( this combines their (6.17) and (7.1), where we have put §="Y, ),
vihere G@) is defined by (their equation (6.16))

6 =T (%) o

T SN b AR DS

v

:L' _
- \G‘V*\ P}w ?IV\ JF ‘
Suppose that XCil=t and 7 {« . Then

é‘f: (n)y = G )

IT also ?X < we X then (5.5) implies that

Q(vq > 2~_Vzl)vx(§(_w) + O(XH%PN‘?) _ (5.7)

Thus if 7
T PX"
\65)"\
2% . x
then there are >>X * even numbers in the range = awns< X for
which (5.7) is true, and so there exists a set of integers for which
-1
(5.7) and (5.4) contradict each other. It foilows that + = i?_é” R

or in other words, if &EI)=I then the exceptional modulus as defined
by (5.3) must satisfy

P = ¥ <« 7P
l%P
If ’Xél]s—l , then we cannot pick a large set of v1 for which

Gy =66y , and so we cannot make such a non-trivial deduction in this

case. However, if there were an asymptotic formula for Q(ﬂ)( it would,

by (5.1), have to be w G&) ), we could deduce non-trivial bounds for
¥ irrespective of the value of W) .
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Chapter 3

1. Introduction

In 1923, in " Some problems of Partitio Numerorum: III ", Hardy
and Littlewood made the following two conjectures, labelled C and D
respectively in their work.

Conjecture I If a and b are fixed positive integers and (a,o)=1 ,

and N(n) is the number of pairs (B>§53 such that

n= ap - k)FZ . (1.
then
= O
N(a) = o (a%mz ) (1
unless (n,a}=(n, )=\ and just one of na b is even.

If these conditions are satisfied, then

N{n) ~ _n_  Glrab) .

ab (o " (1.
Conjecture II If n,a and b are fixed positive integers and (a,b)= !
and fV‘QQ is the number of pairs { B,@} such that P <Y and
n = ap - b B (1.
then
NGy = e (o) (1.
unless (n,a)= () =! and just one of n,a, b is even.
If these conditions are satisfied, then
Ny ~ == Glnab) . (1.

b(\% Wy

If o&=b=| , then the truth of Conjecture I implies the truth of
Goldbach's hypothesis concerning even numbers. If also w=2, then

.2)
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the truth of Conjecture II implies the truth of the twin-primes

hypothesis.
Let R. denote an integer having at most r prime factors, not

necessarily distinct. We shall prove the following two theorems, by

sieve methods.

Theorem 3.1 Let « and b be fixed positive integers such that (a,b) =1

Let M(wbe the number of representations of w in the form

Vi = aP. + 'Drpz (].7)

vwhere the cases w= 09»«5? p and w= °F+stFz are treated as
If wis sufficiently large and

distinct if RFR -

= o+ b vaod &

<\’1)5‘\3 = QL3(D) = { 5

My > O 3oL aby}.i%w\l Glrab) . (1.8)

Theorem 3.2 Let « and b be fixed positive integers such that (a,5)

Suppose that vt is fixed and

n = a+ b wedd | (1.9)

(n)a} = (VI)‘J) = | N

Let My denote the number of representations of w in the form

bR =a, P=y (1.10)

a P

where the cases aFf‘bﬁ€s=”' and ap, +bppa = v are treated as
Then, if Y is sufficiently large,

Glrab) | (1.11)

distinct if p.+ p
M! ( 3 - O30k —F ~
3 baégﬁp

fact we shall prove slightly more for in the proof of Theorem 3.1

In
, and in the proof of Theorem 3.2

we shall suppose that ww(p,R) > C_

we shall suppose that VWw(ﬁ,R 5
Theorem 3.2 has a trivial consequence which concerns the

»
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conjecture of Erdos and Mirsky [&71that d) = d{m+t) infinitely

often, where d@) is the number of divisors of wa . In Theorem 3.2,

take a=2 , o=t , n==1 [ If w=1, then
(’\) 2z ?‘ = ?7_ ?3 + | ivx-givdte\s oft ew
or (i) po} b= P v \ iV\-_F ’\vxitclb of‘tew .

If w=-1 , then
(-\‘\-\) ;1 P\, = F1/ FBI — ) '\v\,{{v\.itt(s ogtzv\.
oV (!\I) ) ?\’ = F,_' — | '\n_g {m.;tn.(s og‘(?e\n. .

In case () , A@p-1)= d(2p) , and in caseGit), AZp!) = "{@B'H) .
Thus the following result is true.

Theorem 3.3 Either

() An) = d(me)

infinitely often, (1.12)
or
i) Zfa = po + | infinitely often, and (1.13)
2p = ok infinitely often.

The proofs of Theorems

3.1 and 3.2 are almost identical, and we shall
combine them into one.

This proof uses some of the ideas of Chen [3],
although our treatment of the error term that arises when we apply
Selberg's sieve is much simpler than that of Chen.

Let (,a) = (n,bY=(a,b)=1 , and wn=zatbwsd2, e shall
consider the set

A o= [ (228 2cpey, ap=w w1 (g

where for the purposes of Theorem 3.1, w is large and Y = ~ ) and

a

for Theorem 3.2, v is constant and Y is large ( with b
by -b ). We shall apply Chen's idea to find a lower bound for the
number of B5 in this set. This will be a lower bound for the number

replaced
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of solutions of

and

2. The proof of Theorems 3.1 and 3.2
We take to be, approximately, the largest element of A .
that is,

R}

1’51 in Theorem 3.1,
q%?_ in Theorem 3.2. (2.17)
Let
P. ) = |
na () F‘:*tﬂaF b} (2.2)
and let
o = { | % M= P Pa s I‘SPlsx“éF’-é(%") (2.3)
a) '\Q ot 5
and >
S (v = (W . 2.4
@ % T (2.4)
Thus s is the number of ordered triples ( Pisfes P’ such that
w= Pp.py and " B ﬁ-é_)1.
Consider the expression
_ - 1 — A
Gt - Z (1= LZ .t - Lsew ). s
<\N, ;P‘,\ogxl;.a)) l P\W) ?,l/na\

The number of elements we#& such ém“na) >1 is at most 103\na],
for if f‘nray and FW“A then €=E since (n,a)=1 . Thus the number
of such elements is at most the number of prime divisors of na , which
is < (O’S\na\

Suppose now that QN‘Aa\= | and W is not square-free. If w gives
a pos1t1ve contribution to CPQE) then each of its prime factors is at
Teast 1: . The number of such VJ1S at most Clx ", since such a W can

’J-o

be derived from an integer <= , all of whose prime factors are z > ,
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by repeating one of at most nine prime factors.
Thus we now suppose that (w,na)=\ and that w is square-free.
It will give a positive contribution to Q®) it and only if the
following three conditions hold: '
(1) it has no prime factors less than I‘b, ‘
(2) it has at most one prime factor lying between x’haand x
inclusive, and
(3) ?here ar:e no tm’p]e‘ts (pos s P) such that W=RpB and
x<p xS po= C—?CF'—)" ((i.e. sW)=0),
Since w=x , conditions (1) and (2) rule out the case of w having
four or more prime factors. They also imply that ifw has three prime
factors then one and only on'e. lies between =~ and < inclusive.
Condition (3) rules out this Tast possibility. Hence if w is square-
-free, (wna\=1 and wgives a positive contribution to G(&) , then
w has at most two prime factors ( furthermore, any prime factor is
at Teast x"m, and if there are two then at least one is at least x""’).

Hence, if R@c) is the number of Pz's to be found in A , then
qll.',\
RE) = @E) - 9x™ - lglnal. (2.6)

Writing the right-hand side of (2.5) as three sums, the first two are
estimated from below by applying Lemma A to the set A . The contri-
-bution of ds@)is estimated by applying Lemma A to the set

_b PP . ltio Yy - x\ln -
’.B‘—*[lln'“'aji\' e e xTspS(F) ppe X

_ { ‘ m-bm\; Siw) 0, wm < x bm.znmcdq}. (2.7)

A b

Here, if "< pyo= x> with p4p , or x % Ps s(%)‘“with P+ s
then V\:_‘%&&h and Vl:,%&&# , or “}-L'%&&b and “=PBBPP are
considered to be distinct. The idea of sieving such a set was first
introduced by ChenU31 .

Let J = lbsx . From (2.5), in the notation of Lemma A, we have
that

QY = S.A x™) L Z LS4 e ="
x'°5st

P}’V\q ' (2.8)

_il S‘\‘D@ , DCIIL cf-zg ) .

i3

A
2
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It is from this inequality that we shall derive a lower bound for

(1), and hence for Ra) .

3. The application of Lemma A to the set A4 .,
We shall make the following choice of parameters in Lemma A.

Since
b= T won n ‘Q/‘
[/{‘l '_ i (LSJ b» ) —CFC?O—) ]
Tet
X = &y
b (o) " (3.1)

e shall sieve A by those primes less than aﬁ°wh1ch do not divide vna,
Therefore, et

Now, if (d)wa)= | » then

[Ad\ = l ( (&%?[: Qs;?sﬂ, a?slm«M@dbdgl

I

T(L’j) \Dd\ , i ) . (3.2)

If we suppose that the primes less than y are divided roughly evenly
between the o(bd) reduced residue classes wod bd , then |4d) will be
about i%ib' ( Note that & may be too large for the Siegel-Walfisz
theorem to be applicable. ) However,

Ly = Ly 1 d((48)
$loat) ) o) (4, b)

Thus, let
AR d b(@,5)
@l 56 (d,b)

Since (d,b) is a multiplicative function of d , co@) is also a

RO (CX
YIRS

(3.3)

multiplicative function, as we require. In particular,
o - [ S
o = .

Thus conditions (A.5) and (A.6) of Lemma A hold ( since %; 1%%E§
converges ), and thus Lemma A is applicable., We also have ¥
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Ri = (1Al = e x|
= bd, na) — &t .
| Ty, ) =y \ (3.5)
Furthermore, by (A.12) of Lemma A,
W, &) = Wu..@)
- we (U (1 g%} < (14 O~
- &b 3 ‘ A
- ) TR & O e)

Thus
\,\]V\.QC \ b— ( > __f—( 5 ( { ([03? ) ) N (3 6)

For the first term in (2.8), we take 2 = =*, T = =" L™ in Lemma A.
Thus (A.9) of Lemma A yields

Sl =) > % W) [ 88) — < lnlaBInal §

Qea )™
ey
> i 3
T et Ra (3.7)
A (Ral™)
The sum here is of the form considered in Corollary D. Thus, by
Corollary D,
~d) -3 -~
Lo > R = k= @) LT (3.8)
le«A(K'M,)

Combining this with (3.1), (3.6) and (3.7) gives

S, =) = 107 Glab) %\gxw@—-qf’j.(g.g)

For each summand of the second term in (2.8), we take 2 = x and
= <[ in Lemma A. Thus

Foown (=) < 2 o) FaT)
prre
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Y Lo
Since a(g/\)%x ), @)wa)ﬁ and Cc' <p , it follows that Fd\ is
square-free. Thus the double sum is bounded above by

&)
1 2 ~
3 Le L7 3 Qt
rAG})?O =
By Corollary D this is < >l ” < G‘“_Qaf From (3.10), therefore,
= S <"
x sMSN ¥
ot < 10e BGab) iy 1 F(S ©
\D(%x X <¢sx (%E

e Z - (3.11)
In (2.8), therefore,

SWQC,ZL‘ x‘ho \) . % X,MZ . SM C&) F,_Xl..c: )

?Xisx
p—x v . — . o 1 F(=-
S 107 C@ab) g“@fx{ £6) ek FB ‘O[@‘?;)

_ o ;E""SE . (3.72)

In order to evaiuate the right-hand side, we must know more about ae(gL)
and @) . For convenience we repeat their definition. They satisfy

ﬁ{TA (u g@h)> - i:_@-\) 5 j_}: @C@)> - OQQA-—\) (3.13)

and
X
=0 Ty = QE% ehon OS2 .3 94y
From (3.13),
Cly = 22 chen O<us? (3.15)
(v
d " :
" fe = & J2e ar sl 2cusn,
2z € -
that is, | (
_ () L) - LUA ,Q*Sugﬁ . 3°]6)
po = 2 lgl-) e )
Hence

Fw = T\Z (3?(3) + £ Qe L?(Z_—\Z) ot’c)

- e’ ( |+ le Lrg@_*') CU:) e 35&55(.3.]7)
£



From this we have

506 - k) = [ Fe as

b b4 S
:E 225—@70(5 “+ J: ‘QSC-T [ [63_65:“) At As
Thus
b4 s-i
s;(s) = Qe ([634 + f c;Sng (%Qé;%kedsj (3.18)
Now

5 2 L FE-we %@5 -5+ 'F(S—tol%:_c\ ()

S£ Fe-o) de (1vog™),

(3.19)

1l

'Vs
on putting V= %" . If Bsusto , then 355-%? < and so

s Feeyd = S [N FEg) 4 )
-2 g v 5[ FEey L
%
= QQT(%S + 53 .SE_%) ds

where we have put S5-(0 =g ( so that (O% =uds = [Ods ). Hence,
S5~s
by (3.17), *

0 :
5[ FE-o)he - 27 (g3 + 5[ ds

« 5[ ks f&' B e
_’)eY( 6—38 + 5/ Foe | , (BQ ~0) Ae—ds)_

Combining this with (3.19) and (3.18), we have

Oe_a{é)@) . _2_1 >~ J‘ F(S IO!%ﬁE g

3{_“"5?5;(.3
~ 2 (2 + [ = [ o) e ds ~ la§

- L sy 820 e ds ) (1-o07))
-2(lg2 — [ 255 [T lae- s a5 ) (1= o)) 3:20)

s(s-s) 4
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Since — is convex, if ® = | then

¢ «
l§§o< = Mf 5%5; < 4 ( L+ ) < Q%——() + ﬁf;]

N
i
%)%3
g
Q.
T
i IA
"-}\\ \
/\ A
l
+
W t
i
—— N N
9“ ~—"
¢}
Q.
&

v
4

Hence

A 22&?3 f a0 deds - j:(é‘ =)

4
= f (5‘15_ N QE:S) B 2(%—1) — | 30‘5
6l —

il
B
N

Thus, from (3.12) and (3.20),

See(hya™) = 4 LZ o Selh g ")

P
2( 1+61q3 — bla2) Ghub) ez ™)
(1+60a3— 0ig2) e, (10s2
> 14320 Gl %[% (l—c‘(h"’s). (3.22)
%)C

4. The application of Lemma A to the set B .
We now consider the last term in (2 8), namely

1 S. (B, ==L ).

/
We shall use §</, R, etc. rather than X ,QA etc. to denote that we
are considering the set B rather than the set A . From (2.7),

! o -
l/B‘ = 'Z 2_ \ “_<-§3TEL , &, b PP > ,

o ()st"‘ K> py s@;—)"
( clearly Q;,@ﬁ):ﬂ since a is fixed and x is Targe ). If x is
sufficiently large then we can apply the Siegel-Halfisz theorem on
primes in arithmetic progressions to estimate this sum, since
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X >x" and ais fixed. Thus
X3
— 1 2 S (4.1)

B|~ pa ) =
sr<>‘. 2 Sps Cx Tg?_‘f)" CP@) WA g

( see (2.3) and (2.4) ). Therefore, let

Sim) (4.2)

L U >-
X @) W€
L 1%
Since we are sieving B by those primes less than xhj"which do not

divide nb , we shail take

K' = {wb]
If (@ywb) =i , then by (2.7)
lga\\ _ l { lVL—(}:M\ : Sm) ko, msoe bvv\avchzlao\}‘
= Z s@) - (4.3)

X

br\:;—:n wed adk
Although the modulus may be too large to apply the Siegel-UWalfisz

theorem, we shall take

ol (@) = 4 d,) (4.4)
¢ G @) a ey
( c.f. (3.3) ),as this choice Teads to a manageable error term ( see
section 5 ). In particular
o) = { =R A
? { \_e ?\a (4'5)
With these choices, the conditions (A.5) and (A.6) of Lemma A are
satisfied. Also,
Ra' = [ 1Bal = <@ X'
. [ (Bl - e X' |
\ .
\ Mg 4>@A) mEx \ (4.6)
buwz v wadad

From (A.12) of Lemma A,
N (~ L_E%} > *QJQ? (~ |+ ()-ég \)

\Mv, @') [ ) 5
> Plaly Ao e o2
B B £
@ ;@@i)J;(@g)[ﬂ%(<ko( )
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and so

W @) = &0 Gl %} (o)) - @

If we take $%=2 = ="I™® , (A.8) of Lemma A gives that

Al

s AN
+ déuu‘;-x 3 QA (4.8)
ReGd ™
By (3.15), AR E )
Fa) = K6 (4.9)

By (4.1) and (4.2),

bey X' = 2 2 '1—(? PL\ (4.10)

17:€ < hs 5<€L Cx h2
We shall estimate this by using the prime number theorem and replacing

the sums by Steiitjes integrals. Thgs (?f“
'3 "

oe) Xo= (1 ofL™)) { %’Z L ;%%%)% 0{“'(4.11)

w t .
If we put w=x , V= x , this becomes

l—w
EX ="
< 2

per X' = (I+ M) = (6 - f (Caey € O 012

The inner integral is

| = . N _ k 22
\-w (z: <‘*W—’C “ T j&k{: a %CT_?\TV)‘
Hence

$eyx = (1) N

To obtain an upper bound for the integral, we note thau if tz0 ,

[3 (2 3w) dw . (4.13)

o) = [lop =g i = = 2ers gn

Thus
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Using the identities

-3w = L -2
(= W

we have that

bt <) - - B
o (F3wy — 2 (3w
cTev 3

=
5 - & + A + Aw. (4.15)
T Cw 2(-w) 2
Thus
3
- \ = w - 20 2F 4 U X
L :’g(‘wé-\%uw < & % = A3 TS558 T2 Tz
le
< 0-50762 .
(4.16)

( Numerical integration gives 0-49099520... ). From (4.13), therefore,

¢ @) (e 0L . (4.17)
(%x
Combining this, (4.7) and (4.8) we have that

X' <« 0507362

) (%) Glrab) ¥ )x

Sl (_E) x“lof—'g) <{ O Bo3¢2 X
b Loy | ()
() (1 6z
T . 3R

<x"* L
Al R (”5"11-‘{)

x)

R (4.18)

—+ P S v
AP (°L7T)

We now have bounds for all three terms in (2.8). From (4.18) and

(l- O(Sllﬁ) @Q\a‘o)d—@ . ( [’“C*‘I_T§>

=

(3.22),
ok [-R20 Gluar) Ly — Losar Chus) x .
PE) >< « J%éx 4_.,‘< )a@u\’*)
(e 27%) (4.19)
— 23R
Asx*L”

ARG ™)
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For Theorem 3.1, y= % 1:% and . is large. For Theorem 3.2,
cc:c_uéé and 4 is large. We shall show in section 5 that

~@) ‘ -3
e d™® > Ra == & - (4.20)
@,wb\:(, r\@-\#o
Thus, from (4.19) and (2.6), we have

RE) = &) - 1=" - g

> ({-’520 Gl ) b — loisean Glas) > _os
( (s @%x o) o@%ﬂz)(i L)
For Theorem 3.1, therefore,
. v s 4.21
RE) = o-3oL Guab) ey (4.21)

if v is sufficiently large, and for Theorem 3.2,

RE) > o 2oy Glab) E@%w (4.22)

if 4 is sufficiently large. Thus the proof of (4.20) will complete
the proof of both theorems.

5. The proof of (4.20)
/
We shall first derive a trivial estimate for Ry . From (4.6),

= S —_— S
Ry ‘ e () Pad) Ko QM)\
L=< Z(. { .
Burew wasd ad
since Sm) «<| . Thus
Q; << T (5.1)
ch@a)
since 4 <x". For convenience, let
LIoY -1¥
T = % (5.2)

By Cauchy's inequality,

Z U < (Z @™ QA)I(AZ RA)™ (5.3)

Asz <q
(dyw=)=t p@leo @, ne)=t
However,

. VaY 7 > 2@”5[%) . 2 ?@ﬁw@)
o{ZSe et R = g ‘¢@a) = e de ’A’@T
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“ = X7

FY) K by Lemma C. (5.4)
Thus (4.20) will follow from (5.3) if we prove that
Ry << -
425:% 4 x L. (5.5)
@'”"b)"—ﬂ

/

We do this by writing QA as a sum involving primitive characters,
and then using an application of the hybrid sieve. From (4.6),

/ |
= > sy — L2 s
o= | & L5~ dew &

Let "X Be a character wedad , and X, the principal character. Then

| —“W - — WA
76 qgm K@) o), 6) g;x csé)) (5.6)

X /Ko (ory2d) >
where
T ) = Z, SeXew . (5.7)
(wayt )={
Thus
e, Loy e « L2 sey . (s.8)
‘ Pes) Ko Py X,

We shall rewrite the sum over X as sums over primitive characters
wed g, , Where q |ad. However, if Ywedad is induced by ’)C%vwszkc\r .
it may happen that X&)=o and ’Gm+0 . To avoid this difficulty,
we note that - (X) :TM@(} = 'm“@(*) . Hence, if OZC__* denotes a sum
over primitive characters,

Ry = T @) e 2 SEw.

qb@d) (<a‘,ad ’)(uwd-&\/ o) é:,iﬁ)m
Therefore
0. = S S, (5:9)
A<z
phere @)=
"
S _ _L_ Z r /X
\ Asz flad) el W%[ a (5.10)
and
_ A
Sz _ g% o \EI Sy . (5.11)

C\J\éd\7‘
Considers—z. Since $@d) = Ha)s@) , and SE) Zmz- w)
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SZ = _‘ - —(—- Z SC\M)
PO Asz GE) é::::oﬂm
L2 rE) 2 L ) (5.12)
d@) Ppsx e<=?c é(::m\m @)

If v)+o , then t has only two prime factors, both > x*. Thus

we may suppose that (&,o)=| . If pa » then the condition @F,M):,\
becomes (tp,4)>! and thus pld or d has a fixed prime factor ="
( that is, fixed in terms of € ). Hence, if F*a >

2 TR 2
f;% _%@ <« % L A (5.13)
@ A.OL)>| \
If, on the other hand, pl= , then
[ A < <
e wm f Eoam <L - (5.14)
(f_:? yod ) >y
Thus
< I Z )+ r(t‘J —L+£"°) 5.15
Since rt)=0 1f +>x , the first double sum is < xz'5£ L.
To deal with the other double sum we note that
rE) < > r&) 2 L
?Zs:; ﬁé?-é‘ T t<x fS‘X ?
e X gl (5.16)
and
® = X' <= x Z°
g’;x Z. T = I (5.17)
2
by (4.17). By (5.15), it follows that

> =4 2 2 Ao -2
S, < ézch") (:Jc g;l + X ’gl + x °J )
and so

S = x" (5.18)

rA
How consider S . From (5.10),

< = L Hy T | |

\ a5e 604 qlad Xvaadq

Interchanging the order of summation by use of the substitution ad:T/t
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gives

< 2 L
S\ l<av-<a% ﬁé__% ¢u/t) /XLWS( ‘ t @<) [

Since X is a character to modulus 1 1;;Ck)=: ‘e@@ . Thus

.)(- .
S\ < \Z‘:/sa% ezs::& CP—CLf/f:) ,;:% (—Wf GX)(

17T &
< éa% f@ ) ( <q sa® CP@) ’szd-\, l—‘rt(( )l ) ’ (5.19)

In order to make the inner, bracketed, expression independent of €,
we replace it by its maximum over ¢ <az. Thus

< L wax 2- - T (X . .

S P G B0 ,XMV[ e (%) (5.20)
?

However, the contribution te this sum from those 1/s;il can be

ignored, as the following argument shows. We have

lTﬁ @0\ = ( @ﬂﬁ‘ Q) /XL)
- | 2 r@4%@) Z X |
C‘:‘A;S:\ Mt
< \,\Z;x‘ﬁ ‘ F«-_ q)) ‘ + 1?/5 o—[ 2 (5.2])

7,
the term = d being due to those primes f which divide € . Thus

()] € Za |0l X w1

hgxha

e I, % epbed]

W <x'a
< = eyfg—q,lliiby Lemma E. (5.22)
Therefore

_L Z% lTOC < — Cn Z'Q -
I<T/$Z'—+ (Vﬂ,) /X\M&:lavl {:C)\ < < %{ }

-1s

Hence, by (5.20), we will have ‘S|<* xL , and the proof will be
complete, if we show that, for T<az ,

L Z T mey| « I (5.23)

However, this 1is a corollary of the following Temma.
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Lemma 3.4 Suppose that wsx , € «x and

T o= TwE) = Z, e T l-mt(K)l . (5.24)

,C‘ <<z d f + xs/i WDZD + x‘h. W'L iz .

Proof Let s= o+ t,

T== ) (5.25)
Q = \ + cf—[, (5.26)
Hex) = ) p
TEX) = Z . %@ p®, (o=1), (5.28)
P
and
J (%) = 2 r@m) Kwy wm (5.29)
(it )=i
Then
((HE~) + TE) J6x) = C‘E—) SEN e w7, (5 30)
when o>1 . By Lemma F, therefore (with bu = S X , n@)=1),

Gl

T (X) = 5= GI;T (HEMTER) Jex) Lo +O§og‘g)(5.31)

9
Since H and J are regular functions for o->o 3 Cauchy s theorem

91vesf Hjxspis (f_ [’ J (Hjx ) (5.32)

On the horizontal paths s=cziU, L<o<© , (5.27) and (5.29)
give

HEX) ¢ &e & = W (5.33)
and
IJex) = & ) <« = (5.34)

since "(W\)=O iFoms Also, on the horizontal paths,
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.
2] = =T . (5.35)

Thus the horizontal integrals in (5.32) contribute <« PwWT < X

From (5.32), therefore,
| e (0)] < xf 8+t’><)[_‘%HT_a

+x‘"‘f H(4+t,x)| 4t 73
o (£ fm "7 H(s.)

It follows that

#
_ > La
Tt) = Z 3h) s, O]
@ P
&« x Z [cheﬁt’)()\

T \+b‘:j
Y2 &) %
4+ ox f [ H‘SG_M*C,’XH [_f_’_t{l + L. (5.37)

) *
where Z denotes 2. i 2.

By Cauchy's inequality,

& [ .
> fl':CB‘C9+-tfx)‘ &tt-t[

o (7 e g (2 nsigln

By Lemma G,
Zﬁ*’f Tt )" dt == = )
=T V-HTE {»""1 FZ
Z |H= z
<« F>w"‘(r ‘: \>
< ;f_ (5.39)
Also —_

Zé)f “3—(9%{‘6(”13{_(‘ « I ,’Zg%lz(vw + w"i)

-ttt W YN

Thus from (5.38) we have
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&) 3 '
ax R 'h. _l/3° e
Z j—:r ( T3 @+-t,'><)| _—‘lﬁ-{l—{r—ﬂ < ] ( L+ W )

« L+ W f (5.41)
Simi]ar]yzr

2O TGy <z, + (prwd)

«< WL (5.42)
and . -
« x® 4 wg” (5.43)
so that -
Z@i | #3Ge)] 2

l?.
< WZ <12(3+ wziz)l
< x*wd WL (5.
It follows from (5.44), (5.41) and (5.37) that

’t’(w)t ) <« x ( L+ w DCJ%LT

) + x'“‘(rx“3nu;(-+ \Nigflj

S/ =
<< xof -+ xé‘wa

(5.45)
We can now deduce (5.23) by partial summation. We have that, for
fixed € ,

w=ar
| +*

@) X = L dTfve)
‘Il%;fé“% #) g@lxi—m&[ 2 w[z'* W b

<« bz,t) + (;

Z°t) + jﬂ T, 1) dw (5.46
a% Z’lﬁ» Dz)? \Ni b )
By Lemma 3.4, this is ae
< :clh az Z2 -+ f (-XZ'P ST gt x“lwlaf:> .GJ_‘M
7
e 70.2 -6
<< X a% L + x L

-6
<< ps ci
The proof of Theorems 3.1 and 3.2 is now complete.
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6. Further remarks

(1) Clearly, conclusions of Theorems 3.1 and 3.2 hold, slightly
modified, under the more general conditions

(V\)“\=C“)l°3=@>‘°)=0\ 3 dﬂ = a‘i*‘;'{b— med 2. (6.1)
t

i

to looking for solutions of n=2a=b¥  or n=ap & b?,

If .‘é\_ —;6;‘}+2%— wdZ then we must have tha ?PZ ,» and we are reduced
Also, if there is a prime g* such that (va)= F*‘(n.b):f*(a,!o) then we
are reduced to looking for solutions of w= ap x (b?*) P ( c.f.
Conjectures I and II ). Under other conditions, apart from (6.1),
the number of solutions is O(1) .

(2) By numerical integration in (3.20) and (4.13), we could
improve the constant in Theorems 3.1 and 3.2 from 0-304 to 0-3384...
In (2.5), however, we have used Kuhn's weights for simplicity ( see
{1s1). The constant could probably be improved by a different choice
of weights. Richert's weights ( see [221) would improve the contri-
-bution due to sieving the set A » but would also lead to a compli-
-cated third term to remove the E's .

(3) If we apply the Hardy-Littlewood method, with the same range
of p and of factors of £, then the contribution of the major arcs
suggests that the proper constant is \4-@34 , or l+.%\%”8 when we
weignt the solutions as we have done in (2.5). These constants are
derived as follows.

We shall consider the number of solutions of

n= ap+ bPp. o w=ap+ bp (6.2)
where
(nya) = (b)) =(aB)=1, n= atb w=l?2 (6.3)
and
Pk > @) (5.4)

We shall derive the " |+ :'chlg " by supposing that are weighted as
in (2.5). Thus we must attach a weight Of;"f to solutions in which
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Let =

UES |,3
Vi - . N < ﬁ .
P < (_b,) < P, or inwhich P G) and there is no p. .
“ ,x= x _and let 7  be the sum over reduced
o~ (o] N\M‘dc\’ o tg
;}:c be a sum over x"<Ss< x <€ <

. " N
weighted as above, that is, with weight L if s< x>< € , and with
weight | otherwise. Let éc be a sum of weight — if ssx°

| otherwise. Let ca‘/@’.) be Ramanujan's sum

residues waq, . Let

» and
pal) 2
7
C‘iz(L\ ety Q@%;) :
Then we are interested in the integrals
hl‘
f 2. e{opt) [ 777 e (bppt)) el nt) At (6.5)
Lo (F =le) ) 70 2 Cre )) efne)
and vl\«-.,_{"
+ Z® & (. nkE
];En ( FZ.E3 e('ae ) \)< pLsx {Cb?' 3 )E:’\VL \ol_(:' (6.6)
Consider (6.5). We shall evaluate the contribution from those arcs
\t_,gl_i\ é% , (e )= 0, < L (6.7)

for some fixed A. We expect, although in the present state of

knowledge we cannot prove, that the contribution of the remaining arcs
is negligible. Now

?‘Zsoe (at{%«u%)) = %:3 e(@gt) e@?z) + \}—‘\(6@%) eéfz)
1

. T eun)Z. elpr) +0@mq) (6.8)
My, v )Ei_j\éwaiq, ? 63
By the Siegel-Walfisz theorem on primes in arithmetic progressions,
GRS i A G (S GRR I CEE)
! 1{) »r-?. 51:)7 (5 =)
and so S
;3 €é$%> — Szie(T(Sﬂ/,w) —'TCS—I,aV,M)> QCQS%)
F;wwcd-ﬂ\( ‘ .
= C‘P—(‘—\) zZ e ls?)
Thus, from (6.8),

P2 easd) N, (@) (6.10)
4’(‘[,7 S=2. 0\( Y2
) + Oy enp (els)).
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i

Since p,p, = =~ , by (6.7), we have that <F'[’1 )1,)=l . Thus, by
a similar argument

> % (e(bpp (= .
> (e(bppxr) ) = <¢C‘V

elé ) Q\/@m)
0(3 W(‘C@%‘a) D) e

Let W denote the totality of arcs in (6.7). The contribution of these
arcs is

Z elopat)) efar)at

(
iy f 564989 (7° spam) 7 ﬁggr_@

b e £ byt T leAs
) e(_x\_oi -NnZ ) 6{-%

+ 0y o el )
:(Z"& @Igy b)g_) ([ Z‘ cfsy) 7 ¢ (bﬁ‘”%)QCn%)oh:> (6.12)
\>

74 A ssy Tlas’ pr e N
- % d@* ot STy e + Oy rleiagy)’ )).
> e@sy = T eGsn + 2 <@sz) . (6.13)
sS4 (633 sy l%> o niabde) XY

ta

The first sum is <= N In the second, we replace -<@sz) by

7 ebwz)y -2 elgv\n:) and use partial summation. Therefore

2 els?) = (Z cfomz) ) (% SH) N
§3<say FF%TS‘ 3<553 e
v 7 lmx Z@_;eéMﬂ ., (6.14)
wEa I%Gy—t) ms &3(3’)
which is
S g & .
T opmey sl BT (g R
& @Q«H . (6.15)

Combining this with a trivial estimate, W& have



- 48 -

“3

Zo €y s 2) << (3) ‘%) ~+ tj . (6.16)

ssq (@S (63'3
Similarly, by partial summation,

o g!bEr %)

';os Psx" *crs X \%(‘
Y

pd s‘xx“ i‘"’&rs% psr
v Z_ el o ?;x 6% 2 3))
mg X x o wa =
w3 laE)
< ‘Z ( . A i L )
X "epsx's XL T ri(%r ‘DF\%( l%x bplxl

It follows that

o1 (7] <) (2" g | 4=

553 LG‘gS

< —l" ’LM (3'—1_ ak:?; +
< L (‘65’33 ( Fa) 3

[4%

(6.18)

From this we deduce that

| (2 een) (77

) > e(-v=) d=
\%(5—‘;7[;‘}\ SSB TG% P =y -

ﬁ@z&_f_%) > m:t) A=

4 Q (G%“Baﬂ >

H\-\“'ﬁ
n
t/p\\
v
w
A
~—
VR

which is

) < o ?%o @%—sl)@gr‘> " OC@%»MWQ) . (6.19)
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This 1is
7 © \ "
I W ; — ~+ O( T N3 )
[%v\ x"S\DS?C = s\‘é? l%r Q “\
b\)r:v\,wadau

L > % . .
e <12?>x talefs) b ap ‘%@)5 - C(@w)‘)-(“o)

Converting the sums to integrals, the right-hand side of (6.19) is,
therefore, vs "

> f = A
= ZQT%A\‘(\ A 2%5?@ N f Sg*‘) ) O@%“V)

df@c@n\“ (% SR * O(@wf} : (6.21)

This deals with the integral that occurs on the right of (6.12). Ue
must now consider the sum over 1,that occurs there.

By Theorems 67 and 271 of Hardy and Yright [}, cyéﬁ) is a multi-
-plicative function of ﬂ,and

e, @) = dl?%w) &) 4 : (6.22)

Thus, by the multiplicative property,
@ = U c.(a). 6.23
S o

If P\“ , then
Cor (&) = d%’a) r@;ﬁ) 4
[ty e
{ 8 e _ (6.24)
o)

o‘ﬂ—uzxa:xs».
If Eka, then

. _ _,\ \ o=
CE"("‘) = P(E) B ’; O fé) r>t\ ’ (6.25)

However, 1F pla , p'llq, and r=2 , then c.() and cr ) =0 since
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(nya) =(a,b) = 1 . Thus
o ¢ r >
C\).. @_3 C?,Qo) C?..C—V\_) - -1 "f =\ oand P Y wab

(b.26)
F_l u{ =] i F]nab

From (6.23),

ey, @) () ) = pG) N (-p) . (6.27)
Pla,
It follows that

5 98 CLQ")ZCVC"“) - aZ ) () ¢ .‘\Q“) + O@-R} (6.28)
1/5,{“ $(q,.) v ct>(1,

-1
;Zs——;c“ W'} - ?MBQ G-" )P‘.ﬂ\o(\ +{£7\;+ O@

-f
. GClua) + oW ) (6.29)
From (6.29), (6.21), (6.19) and (6.12), the major arcs in (6.5) con-

“tribute C% lﬁﬁ‘g ) S C;6§a5> ( |+ C)Ql@é”%ﬂ) >

ab (awy ' (6.30)

Similarly we can show that the contribution of the major arcs in

(6.6) is )
14" AJ.) wna leaw -
o Ga) (( 1+ D ((63 ) 3

so that the expected number of solutions of (6.2) is

( tgla)E )an(%n\ Gs>) (= ON%RY)J :

» (6.31)

(4) It is worth noting that Estermann [_7] used the Hardy-Littlewood
method to show that every sufficiently large odd number can be written
in the form Pt PorPrpe s shortly before Vinogradov published his
famous result on Goldbach's hypothesis.
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(5) The special case a=! , b=l and " a large even integer, in
Theorem 3.1, is the best result known so far about Goldbach's hypothesis.
The case a=t , b=l and v» an even integer, in Theorem 3.2, is the best
result known so far about the twin-primes hypothesis. A short version of

the proof of Theorem 3.1 in the special case mentioned above has already
been published by the author[34].
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Chapter 4

1. Introduction
We shall eventually show that if (n,«) =(@,5)= Q\kﬁ =d and
a_ %T-Eaﬁmﬂz, where a and b are positive integers, the we can find

a.
solutions to both

(1) = ap s« N where vt is large, and
(2) = op- 3%

in which P can be chosen to be comparatively close to a given integer.
In order to prove this, however, we shall need the following theorem

( although in the form of Theorem 4.1b ), which is similar to Bom-
-bieri's theorem but concerns the distribution of primes in short
arithmetic progressions.

Theorem 4.1a Suppose that e is an arbitrary positive constant, and

S5t €

= = h s . (1.1)

Then for a given constant Al >o there is a constant B8 =0 such
that

"y
Zopok g Yo ) - wleam e wIT ()

where J= kax , and
) 5/,_ - 3{2_ 2~-4B

In particular we may take B=A *‘%é‘

I x_'lll—g} (1.3)

The rest of the chapter will be taken up with the proof of this theorem.
Jutila [*Thas proved a similar, but weaker, result. In his result,
the % in (1.71) is replaced by %E%i and (1.3) is replaced by

244 |+le o 3

G < W oL (1.4)

where € is such that, as €= |, for O<ws<l |

few) = 7
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Theorem 4.7a is stronger than Jutila's result if ¢=< , in that it
allows a wider range of h , and if ¢>co then it is stronger for all
admissible valtues of lh . Jutila's proof could be modified to improve
the restriction (1.4) by using the hybrid sieve instead of the large
Sieve.

The proof of Theorem 4.1a given in section 3 below is based on
Vaughan's proof [2¢1of Bombieri's theorem. However we cannot use the
Siegel-Walfisz theorem as such to handle small values of q - We get
round this difficulty by proving an analogue for short intervals. We
shall need some known results, which we quote as Temmas.

2. Necessary lemmas

The first Temma concerns the divisor function d(w).

Lemma 4.7 If t&>l , then

L 20 - (s c0) ey (2.1)

If O>l and «=>1 then
A« D ((w0) L 2.2
& 2 (G- @—m) (2:2)

Proof The first equation is well-known - see, for example, Huxley
( L], equation (2.24) ). The second is deduced by partial sum-

-mation:
S5 e 5T L S5 Awm — 5 A )
WD e w=D V\'\D(dl n<via n wSwm—t

& Z A (%}”‘" )

v e
oo 3

& f (o) 4
b 2%

Integrating by parts, this integral is

DI - A (TS
7= <E3 ) |- ot “E ﬁ%

oL .
1 2 D - 8 (e D\)l 3 é(&\ 3 —_ _é
pogoy i% ) \—-%d T=&3 (-
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Lemma 4.2 Let o0>0 , S=oexut  T=20 , Q=1 and h=x
Then, if * denotes restriction to primitive characters,

j‘ f ] W TV IV ’Ir' 4
g@%%ﬁ%(zm% i (057 27 ) de

< 277 B (e« QD) (g g,

where {au} 1is any sequence of complex numbers for which the

right-hand side exists.

Proof This is deduced from Lemma G, in the following manner.

Suppose that ﬁf@lj is a non-negative integrable function, and that
o and b are positive and independent of T , although possibly
they may be functions of other variables. Suppose also that

fﬁec‘) A = ac bl (2.4)

There are two cases to be considered.
(1) Suppose that '= 2 . Then

IV% WMN(MW \+ttl>M

= f\ﬂ\/\ Fa A@:}dt + ‘C_lff—;_ (ﬁ% f(ﬁré‘)dr)

-
™

T

e b (a+ bx)
W T
T
c‘ a+ bT & J7 a""bb G(t
[ \:“—%—l _J:c X = I+ kt(\l
17
< Wx™a 4+ bxT+ ax’ + ox7 (gﬁ}l)
T
<< W' a +«  bx" (%Ul)
(2) If T == , then W(\Ax }_" } s {Axr'[ , and so
- S
f Al) i (W™ =7 e <= \/\xf‘éw 5T)
I L+



1 3 5ot =
A = ’ﬂ?‘ Z- \A{.\KC"‘) V\_
We choose Ak 5@ ak) l Z a l >
o= ; wlad® w* b= %‘—\a“\lm— Q.

Thus (2.4) is true, and the result of the Temma follows.
We shall need some facts about the zeros of 5’@) and of L@’X) ,

and about Chebyshev's function Y&) and ‘{’@,fX) . These facts are
surmarised in the next two lemmas.

Lemma 4.3 A1l zeros %n\‘ of L(s) for which Fl<TT satisfy

= | - =S A

Y A (2.5)
where < is an absolute constant. Chebyshev's function VY&)
has the following representation:

o C _ T _ _ o
Ye) = x \ET = 5_8 1 la(l-4) + B&T) (2.6)

where

|Eem)| < xGTng - layx

(2.7)

and the sum is over the non-trivial zeros of f(s) for which lY\<T.

Proof The bound (2.5) is due, essentially, to Richert [23]. A proof
can also be found in Montgomery ([8], Corollary 11.4 ). Davenport
([51, Chapter 17 ) gives a representation for Y.&), where

P &) VQ « s wet a Pn'w.n. powrer
L-}/o (I) = { W &) —_;—L /\@C) otherunse .
It is
\Vo = - Z ._x_e - .7:/@’) — Lla(t =LY -+ O IC_;‘T)—L
&) - kv e 16) z 63( =) ,Lf)__ )

Equation (2.6) follows immediately.
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Lemma 4.4 Let X be a non-principal character wf&la\/ . With possibly

one exception, all zeros f=(>’*"'Y of L&) for which i<
satisfy

= | — __,_,f,_,__-————-————-— 3,
3 wanc( layg , (™) lglg@ﬂ\) I (2.9

where ¢ is an absolute positive constant.

At most one character wel q, has a zero which does not satisfy

(2.8), and such a character is necessarily real. If it exists,

N

the zero is real and simple. Let @, denote this ' exceptional '

zero, if it exists. Then, given £=< , there is a positive

constant <&)>o depending on ¢ such that

g = \ - %%1 (2.9)
If L(5%) has an ' exceptional ' zero @ » then
Cax) = = - 202 - BEET) (2.10)
N plev €

where

|EGT) <= Z,Q.fél_l@ - l“jgx (2.11)

and the sum 2. excludes the zeros g and l-@
If LG, has no ' exceptional ' zero, then

YEx = T \T(Za}%f + E&T) | (2.12)

where E(,T) satisfies (2.11).

Proof The bound (2.8) is given in Prachar {z1as Theorem 6.2 of
Chapter 8. The inequality (2.9) is Siegel's Theorem; a straight-
-forward proof, due to Estermann, is given by Davenport ([s7,
Chapter 21 ). Davenport, in Chapter 19, aliso proves (2.10) and
(2.12) by a simple use of contour integration. The constant

in (2.9) is not effectively computabie for any given ¢
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Lemma 4.5 Let £ be a constant such that O<%<| . Let N be a given
positive integer, and Jet

N

o< 2" (2.13)

Then there exist constants C»c and Cn>© ( the latter depend-
-ing on N ) such that

¥ k) - Ye) - R o=5 R Q’V‘(’E”gc<f>h573

Bz
25t (2.14)
and
T T e | Plere) - wE0|
1<q 5@ sy, TS0

= hoapl- C”Q‘%ﬁv)%? R AR

By Lemma 4.8 this also holds when the function ¥ is replaced by T .

Proof The final inequality, (2.15), is the analogue of the Siegel-
-Halfisz theorem mentioned in the introduction. We shall give the
proof of (2.15), and mention how the proof of (2.14) differs.

Let N@,T,fX) denote the number of zeros g+'Y (=(‘) of L{s)
in the rectangle

Mégs\ , bl < T

By Theorem 12.2 of Montgomery [1%],
) a)

* -
where
@ = f f o tiecd
% J % st < |,
Thus 3@\4% i L osxt<) L Let
275 (1-5)

Then (2.16) yields
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K = Q"SX\-‘*)
J_ 2 Nemx) <= @ =x

Ly
L . (2.17)
|<a[,s(P A,(wcd%

We use Lemma 4.4 to give an explicit representation for “(xkx) - ‘(x,)
{ or Lemma 4.3 to give an explicit representation for Ylerle) - W& — R ).
If LCS,'X) has an ' exceptional ' zero , there is an extra term

. &
- (’“__@i:f . (2.18)
&
Howaver this is
v —
<= lQ x(? <= l/\xe

If we choose ¢ =5'7\, in (2.9) ( Siegel's Theorem ), it follows that
g = | - e &
scthat the extra term (2.18) is
= b e { -~ c®) d'f"L}
By (2.8), all other zeros of LG,%) satisfy

€ < v('(:l—) = \— < Qf l%.i):%f (2.19)

23 -3
( the zeros of () satisfy g < {-cd Q“Si) , by (2.5). In the
proof of (2.14) we use this value for VL.(T) ).
By Lemma 4.4, therefore,

Yltx) - vhx) = — 2 us_;;ai

et
_2,56'5) .
o)« 0l e

+ O@m.oﬂ;{— @) I’hlzv -+ Oéc]“’f) (2.20)

( in the proof of (2.14), the sum is over zeros of Z(s) ). Now

e
s { (I*’Li)e”‘ = ‘ <= I 'x?—‘
R<h €

Thus
by

ST VQMC |+ é#e,fx) — Pl
<q S Yuwd < 2 F — 358 o2
Ty < W Z Z A e CHr
KEQ ety 31T e 2.21
+ O C\« *'?%f{—c@)of 1) (2.21)



In the sum on the rignt, we can pair together any zero §+?
of LG.¥) with the zero |- @HY of s, X) . This triple sum
is therefore

<<L\Z~Z*Zx

\«A[/SCP (XL&M‘-‘ZL\, \‘K(CT

ot =08 =" N
o)
= f = 4 {K;é@ fxzwwu, M)

By (2.17), this is
(-=) ) st
~ 80~ \ ' 5 1 —all-et
e et e

. _s{-v@)
<< ) L C ] (2.22)

This also holds in the proof of (2.14), providing that we put

@=! and replace e l LP@k,’X)— tex)| by P&k} —Ya) - R
Since @+~ ZM, by (2.21), (2.22) and (2.19) it follows that (2.15)
and (2.14) are true.

=3
For this lemma, we could replace £ by =

. The only requirement is

to find a better upper bound for 4&) in (2.16). To do this we need only
extend a J- function zero density estimate of Huxley 41 to L-functions.
Most of Huxley's estimates depend only on the magnitude of the coeff-
-icients of Dirichlet series, and so can be extended trivially to L5,%).
Only {2%-5) and (28:6) of Huxley's proof need to be substantially
changed, and (22-22) is sufficient for this purpose. It may also be
possible to do better than ;% - see, for example, recent papers of

Huxley ({51 and others ) in Acta Arithmetica.

Lemma 4.6 If =2, then

1< cpm fxm,_»f lLGm*;t’rX)\kzlf = Qi@%@‘)g (2.23)

1+ el

and

- 4 ~ L i, % << = )t 2.24
‘LZ‘Q@@)%.%fI( el &c\ Q(%@) (2.24)
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Proof Montgomery ( L8] , Theorem 10.1 ) has proved that
e
#% W A
7O e A = ey T (ge0)",
’thzﬂw\, -
by using an approximate functional equation of L(S.‘Y).Z . due to
Lavrik. From this, it follows that
{’T
* 4 ¢
2 A 7 L =, %) Ar : i
T’S(P ‘?GU Kurcdq, J_T l (\ ’ \ A < CP T_G%Q) :
Thus (2.23) follows by the partial summation.argument of Lemma G.
Using the argument of Vaughan {2¢] we could deduce a result similar
q‘L .
to (2.24), in which (ngTﬁQ is replaced by (k%‘?T) . To derive
(2.24), we shall need an approximation to 1 by a Dirichlet poly-
-nomial. For this purpose, we follow the argument of Davenport
(¥537, Chapter 26 ).

lle have
LQS,'X) = v..f:t /X@s‘)
— 2] ]
= v}; rXC\M) ZZD 6"\““1,"‘)5
-4 L e 1G]
where
:CCS)\\J\ = “Z;O (;:l——WBS
Hence

i
D

LI@}?@ -3 IX@A)[ZI@) _\%) + (631/ ép(s) %)} . (2.25)

Let = be an integer such that =2 =&l , and let o=+ , E>o .
Then

= " (- L
f@,\.\/3 - Z (_‘_/;L*W)S = %ZH( }) { 6/\?’\4\/\5 @4—(4—«\/\53

w=90

2=

= s (@) e

Cu—f—w

R}



Since
uwl-= = f(,\—(—w\ — (W \+%) - A —“(U-—):u[]—.l;_},
1 (1 +
it follows that
- " ! l+w")’s
[6w) - Lo = - Grnwd” LG
— -1 ﬂ{M
_ s f(u 1-L) G (2)

2+

Clearly this is valid for &>o . He shall differentiate with
respect to s to get an approximation to j§2§,w0 . Thus we shall
need an estimate for the integrals

Jr Cu—[u’z_.;__) dun

rrw)®
and o
- fwl -4 l utrw ) oA
L (w-1-47 C e
Since

il o= - Y eGw ,

v=-ee Dy v

N fFe
the integrals are
T [ et ) 96 A
v;» Zmy L < < 2 63( ) 3 uw)f*l (2 27)
~fO
where 3@\\ =} or \%@W) . Let
j@) = ~N w - %—; l%@-ﬁ)\/)
Then )
- =
?l@\\ - > S (_u—-ﬁ—w)
> V- o=

Hence f'(u) is monotonic, and @] =2\ . Thus
¢ E

%JC 2 (’Vu - {jsr \63(“::)) 36 @p%ﬂm

_ L @*ZE;"IC%C;) Ae( )
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which, since the integrand is monotonic and bounded in the range
w22+t has absolute value less than

ﬁ 2 3G)

by the mean-value theorem for integrals. Therefore, since we may
suppose that o<«<z |

ol dm —e-i L
s Jﬂ (-3 x)(\uwxsﬂ | < 1s) 2 2.

< =3 (2.28)

and

Sii\@\—[u}—i‘\} (\—j%%w)m l < ( Is| I%%) —5’-( Z ;Lv_

V= -

V4o
<« 277 l%a (2.29)
From (2.26) and (2.28),
- ( 277 OC -
= 2
g@:W) - :{o Q—/.Tw)s * s —1 -

On differentiating (2.26), and using (2.29), we have

>
&

\-S

IR Rl Cy

n=0 -'_"‘/ \_S C\_:'YL
+O<% %% " ls“:t\)) -
He now use these approximations in (2.25), to get
-s len fa+ ¥
L6 Z%Z{ IR« e
W=t w=o v+ L‘.‘.) (‘A*. ﬁx
l-d‘ v _[~E\/
(9= +33 ~gx))
6—0-!)

z “““‘“6“ + OFTYT (e - 55)

-5

e
that q.G+") is the multiple of 1 nearestj . Thus

S - Sy TS Oy (lay + 155 )

Now let u be an integer = qutk . Then we pick = = &l such



- 63 -

This is the approximation we need, for it implies that
e . * ' 05y | * 2 b
R e
It follows from Lemma G that

T

* 2
Z, o 2 | et ar
Z @ (n-0'T) + @'Tlgy"
V\53 v 3

<« ulgy) + @ Tl + O T (e
3

R

We choose
W o= [ @"T]
Thus the right-hand side is
“« QT G%@Tf

By the partial summation argument of Lemma G, (2.24) follows.
Lemma 4.7 Let |tl=V, =L . Then

L (evie,x) = 4 ™ (2.30)

[a}]
=
oo

lovex) w gt g o

Proof We have

LEN) = Z X&) o+ f 7 A S6)
! Wwe I

3 4
where

Sy = 2 XMW
s x

Thus if 3 is a multiple of 9 by partial integration,

lLis.x) = A  + S-f Say 77 d

@a ) Wy e - = (2.32)

Since \3@\\56\/ and o=+
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it follows that

|rem ] = w e g lels”

Taking 4 =9, L!sl] | (2.30) follows immediately. Differentiating

(2.32) with respect to s gives

- S-t

') = Z eslan f Se(l-slax) < dx

Hence
LIl <« yr iy o gk (g "
e “/‘Il tt\‘lv. l% ﬂ/tt‘

Sharper results than this are known - see, for example, the work

of Burgess [2].

3. The proof of Theorem 4.1a

The first step is to convert the sum in (1.2) into a double sum

over q and over primitive characters walq . We can then express this

as the double sum and integral of a Dirichlet series, to which we can

apply Vaughan's development [25] of Gallagher's approach to the proof

of Bombieri's tnheorem.

35T

Suppose that =~ <hs< x . Let Qg,ij=:t . Then

“(/(‘Ju—k,c‘/‘c\\) — v (a) = L 70 Xey T A e L (3.1)
Q@/] Nuazlq XLNE TR
The principal character contributes
L0 vy - vy = 2O ]
i | ChE
However,
';CZQ#«-‘Q. /\@\) - I< 2k l%{) = \6—31/
(e >t F‘\,
and Lemma 4.5 gives an expression for ‘tfrk)— ‘¥() . Thus
'“\/@CJ-"P\ -”‘3 - “\’C,‘\ c\)-- -4 2 &G\\ ¥ feek X ) = P %)
0G) 4G Fut { |
} N \_« se(ZL Y
b O(ﬂ_ ) Q’?‘E{ <%i3 O
of st o2
__t' 3.2
O N ) (3.2)
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Hence
)
%)

5 ( ‘{"@Hzrx)—— <+ (x, 0()\

T g | Yerka < e -

<< Z W\O*-?l: L azl
156 RN 0B) g
3

(- gc(@\‘@( R A A

Yg - T
If &= % and ~ =h , then the second and third terms on the

right are C)(Pnl"wj, so that we can confine our attention to the sum
on the right-hand side of this inequality. Ye shall convert the sum
over quudq, into a sum over primitive characters. It may happen that
if Nwalq, s induced by X*wdt ( where t(q, ), then A@) K& =

Ay X (w20 . If this does happen then w= P~ and FlfL , f\’c .

while
Thus
0&“27‘ | lotk,x) = wE,x) |
+ r
- \Z—:h, f)(Zwtc [\f@k‘f”— Te) x%{jxﬁ-\ﬂ/x@ )lﬂfl
\9 &

e
Z. gmt |+ Godde, o) = ¥ (%) |

+ZZK- l%T[ ]

betle, Ywatt H e

N

< \Zh/ ;Mt | PGk, x) = %))
v @) (g2 1yq ), (3.4)

From (3.3), therefore,

Lo @ [ PEsae) = weam - |

w2 G -
< I & KWW\ (i) = % @)
+ O(wgt) « Oler) (3.5)

We shall move the maximum inside all three sums and change the order
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of summation, by putting ﬂf:ﬁf . Thus the triple sum here is bounded

above by
>l XY — Pl +
\<ESQ ﬁ? Yursd T kshl‘*( %) e m)\(ggé b )
e I Z AT e ek - w6 . (3.6)

1< £<G &) Yualt k<b\

From Lemma 4.5, if N = ﬂ* then those € for which €% z" contribute

a negligible amount to the r1ght-hand side. Thus we need only prove
that

<l

‘ YloreX) — W = Lz
Le<o ’-PC‘)’X ot S @7 <

(3.7)

be shall prove the following theorem, from which this can be proved
by partial summation.

Theorem 4.2 1f wex™, then
*
I 2 Wleede, e ) — (x,x
\<Zs—w¢@\) Ywerls, Rsh ‘ C \ G |

3% 3w S/q. 1%, tea, R Fo.
< h = ozt + WX . (3.8)

From this (3.7) is deduced in the following manner. Let
{ *
a = — WADD<

If féN) is increasing and

2 a = fO)

W lere, x ) — Wi, x) |

q/EW
then
Z 24 = Z (Z . — Z a.., )
ZN<‘1,‘ o 61/ ‘L wsc\/ V\S‘L—l
= % (‘Z‘L A .) (—L - 1/_\-:() )
2 Ge 2 2y
ws@ @+ w1 D

@
<= @) f_(u A
fq} £N al/L 1/ . (3.9)



If 4%) is the function on the right of (3.8), then this is
e Mg LMy ¥y 12 My 7;"'/7.‘N
= W x QL + QL + Wz
This is
iy
<< h
providing that
— Ao 4
N = A =,
1 — A -3,
G = W o L
3 . __44 — 21
arnh @ s W L

Thus (3.7), and therefore Theorem 4.1a, follows from Theorem 4.2.

We now give the proof of Theorem 4.2.

4. The proof of Theorem 4.2

Let
0= \r gL
T = ":Lo >
W = 'JC)“' L\"L’ \N-”L .
F(S_,'Y\ = Z /\6")()((”")
neu V\.S 3
v = x wo W
and
Gls) = Z, per e
By Lemma F,
BT
, - s s
%@ﬂﬁwﬂ—\f@gx) = ﬁii {’—%45«)} 1+kl—x As
BT
+ 0(Z)
5+
L - _ 3 kY
= 21«\( (F ’1:3@‘%’ I
B—'\T

+ O + OF)

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)
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let K = K@wﬂ:x) , and let s= o+t , >0 . Then we define

@) ~ L Z T e

o qEw 4’@1,) Sty Retn [Ké‘+i‘-’{x)@.{'§§$—"f d‘sl . (4.6)

fe-T

Thus

2 T e | W @) - Y6,

;Lzsw B Ak, Rk
@ (o, F ) + 06

(4.7)
de shall also define Zii(§,¥ﬂ , for 50 , by
e =T
Z*' f \ 6=t d‘ d‘lt
= — P .
C. < a 5\_\/ Q(ﬂ) f){vwspb‘/ 1’ \ UUU\A—\(\’\I ) \S( ) (4.8)

=.—-\

Lemma 4.2 enables us to derive estimates for expressions of the type
= (= «*) in terms of the coefficients of the Dirichlet series for K.
Now, since

e, | G2 = (4.9)
and
<Ly - 1
o \ @M;‘I’\ << e kT < b= 00
ve have

@ (o7 « ) <« = (5% (4.11)

We wish to estimate éQ(?,l:-EfB . Foltowing Vaughan [uﬁ, we put
|

(F-L)- F-2)1-16) « FLe - LG

Thus
Glr-L') = Be,F-2Y0) » Bre) + BELs) (4.1

In the second and third terms on the right we shall shift the line

of integration from o=0C to o= . Thus

A
2

- x-
@(9 FLGY) = @( FLe) & (%w@w Z:mq/ e Pt *T"> (4.13)
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If

N

.t =6 , then

= CO'\—RC‘,’X) < 2 AG:) - ur [5\73“ e ' {%x ,

G ertx) « T L <« <

2 i , (4.14)
and by Lemma 4.7,
L (rwtx) = q @)
It follous that
Ol Fe) = B, Fe) + O(u lax)
= B Q@,Fe) + 0 Q). (4.15)

Similarly,

@@. Ve = @( LG +O(¢<W¢a)«mwrsew&\ = ) (4.16)

Since, by Lemma 4.7,
L, ) = g )T (g
it follows from (4.16) and our choice of T that
® (}})Lfcr) = ®@E ve) + O0)
Thus from (4.12) and (4.11),

® (s, FoL) o« E (8) E-2Y6)) + =@, F6)

1

r = (3 ,Ve) | (4.17)

Ve estimate each of the terms on the right separately.
By Cauchy's inequality,

= G_ LUE) = = (1L V)‘l = (2, el)hl, (4.18)
By Lemma 4.6,
= (= V) e L (4.19)
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By Lemma 4.2,
= (%;, GfL) e XD L ( Wt - vil(fﬁﬁ?rl) )

wasy M

e v N A -
e =W LT (4.20)
Hence we have
=G, ve) = =TT (a.21)
Again, by Cauchy's inequality,

— — it iy
= C’;L)FLG—) «~ =@ FY EG—' L) EG

Naow
2= (5 M2ay
- 2 ar) X&)
where
apl = Z Ae A < (law)”

s, T 2w

Thus by Lemma 4.2,

— G er\ = ~ ' ‘;Z:ML @Eacv\:)H (l/\x.—l\«\—\- w l%@j"’l))

- 2
1 ha T [
x  awt ZL° " + x T w L

= vf“‘\N"gf“ + xow L ) (4.23)
By Lemma 4.6,
e R T R (4.24)
Thus, using (4.20),
= (%:)FLG) » < LmﬂﬁA%4+‘xhvf wa (f“vfy*zf%'

l‘Y/L,

»

e A Siy H, !
< l/s./(r'xg W of + jc(7.\,\17_[12‘0
(4.25)
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Yet again, by Cauchy's inequality we have
)'7- z ‘IL
=@ FEET) =00 (4.26)

— 3\
:_<9>6:“%ﬂ“‘—(’)} =
Since
F - Y = 77 Ae X
- n>w w®

it follows Trom Lemma 4.2 that

= <9, Q: "'—LL—i \13 < x ;\Z;u\ Q&Tﬁ']l CL'\f'\« + Wt 163@—"'2))

<< \z\ofs “+ ~w* ut L
3 3, -l 572 E
= W 2R
Now
>
-re = e (2 MR F e
= 2 b@%@;‘\ (4.28)
where
by = T v?m \Aéﬂ)
In particular \b@yl < Aeny
b = O g owms v,

It follows from Lemma 4.2 that
—_ kS 2 —l e \
_A<9, (- L&) > << x z\: AWSLW) C\Ax Mo W l%@\ﬂ—) ). (4.29)

From Lemma 4.1, this is
< "N d«/j L " ~ \NL'\]—‘\ ;"\

Wz
(4.30)

It now follows from (4.26), (4.27) and (4.30) that
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Vig . M 5n e
<9, G:"’__L:_l \Q—LG‘)) e C\AZ’*\ ( L\ZD,;_ xs/kf L\' \\)9 I3>
<« l/\ z:)h. ~ L\B/s ’X..B/S « 15/ + Z-‘f/z ' ( 4.31 )

Theorem 4.2 now follows from (4.7}, (4.17), (4.21), (4.25) and (4.31).

In Theorem 4.1a we can replace ¥ by T to obtain a similar result,
Theorem 4.1b, by using the lemma below.

Lemma 4.8 If (a,1)=:i , R <x, then
e — x+le

e a A\ ) — du
T65+l,‘\_ ) TC‘L, ) drﬂ) x\%“

Mo oo -1 . 3
<« x L+ o (‘V(I*—),v‘/la\—“i’é;\/,o\) -

< gy (43

xR

(el ) — T - Ja %‘t e "Zl\;ﬂf( | whorj )= *@) - ) l (4.33)
and

\Tac.—kle,[)c\)—Té’)’X\\ < 1'1'ﬁ + i Vt;Nx \“\’C«-j)’X} ‘Fé:'ﬁ)\ (4. 34)

Proof Clearly,

2 =LA o Oi‘h) 4.35
z2<ps x+le zl‘;‘\::‘ l%"‘ Q ( )
peawely n= oy,
and )
Ay — Ay L A
'xmzflxif\r. —%1 xz;;\sx*k <[{‘3@‘\’k) * £ U\Qﬁ’ﬁ‘*\l ) . (4.36)
w=oo wahq U\,-AUA&A\/
By partial integration,
Tk, x+h,
dua - k. - (=) .
SN oy ) fx o G )® (4.37)
and so
" (wé e
- L — = (ke ) — ) 19\)*___
"?‘“”’l 'q) f A ‘%Uilk ' e “G) )
pEaw w ) Cuex) d
"_f (rliged-vEaml o) f%“f“
X
+ Oél'zf'ﬁ)
w L e | VSR ) g | (4

¢@)
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This proves (4.32), and (4.33) follows on putting 1;:1
Similarly
v (evle, ) = T (5,

= 2

) (X > '
zmsmmlg‘g\‘ - O(%") (4.39)
and e
AYey — 7 /\@\\‘X&\)(_L g d )
I I NN L) P
so that, on combining these two,
Té“'ky\"'—“‘é)%) -

1'%"@m)c%é&;2 - YEd)
+ f (L{’@)/x}‘“ ‘{‘@)'\‘))A“

x ¥
wisyel 0E")-
The result that we shall need in Chapter 5 is this.

L
Theorem 4.1b Suppose that

35Tl

> = W < =

(4.47)

WABIX

Let A be an arbitrary positive constant. Then
WAoo
1=Q R @)=t

ol
LT@*“- 1) -TEa,,a)
where

-A
_4_(%)[ lz%*k\ = hZ
“30 —4B N2 ,-R

x I , W x of 3

Qé VW“S |5

(4.42)

by % .

In Lemma 4.5 we mentioned that it is straightforward to repiace
by

3/
BR
s

Thus Theorems 4.7a and 4.1b are true even if we replace (4.41)
~ 4

= W =

x

We cannot uefully widen the range of h beyond this in the proof,
because of the restriction (4.41).
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5. Very recently, a result similar to Theorems 4.1a and 4.1b has been

published by M. N. Huxley and H. Iwaniec Tw]). In their result, the
restriction on W is weakened to

3, s
/2
- = W = = .

However, the restriction they impose on CP is

~l14 -8B 3
G = h= £ o h=x, (5.1)
(£ (3e-3)))-s
G < = P h=x , FE<Be (5.2)
~F - LT 21
Q@ < W P <" = h s x* (5.3)

These are the only important differences between the results. For

corresponding values of L , (5.2) is weaker than (4.42) when

ezl xb | g= 0607235

b

. Thus Theorem 4.1b is as strong or
stronger than their result if bz =® , but is valid for a smaller

total range of L . Huxley and Iwaniec use zero-density estimates in

the main part of their proof. It may be possible to combine the two
approaches to produce a stronger result than either.



- 75 -

Chapter 5

1. Introduction

Since Vinogradov's proof that every sufficiently large odd number
N can be written in the form

N = Pet P ™ o

various authors have investigated the distribution of the primes p:.
Typically, their results state that

B = LN = OWN®)

where O<©<\! and an upper bound is given for © . In 1954 Haselgrove
{13] stated that B < g?%"i , although he gave no formal proof. The
best result so far is due to Chen {471, who proved that 9<%+z .

In this chapter we shall obtain similar resuits about the
distribution of the primes P in solutions of the equations

= ap+ B a.n
and
n= ap - bR
(1.2)
We shall suppose that
(o) = (o) = (@,b)=1 , n=atbiwd?) (1.3)
and that n,a and b are positive.
Theorem 5.1 Let w= 2 , and let < be an arbitrary constant in the

range O<c< | ., _I_f_usis sufficiently large then there is a

constant o<,<\ such that (1.1) has solutions for wnich

Cy € P Sy, (1.4)

In particular, ¢ <099,

Theorem 5.2 Let 3:% . If Y4 is sufficiently large then there is a
constant o, <{ such that (1.1) has solutions for which

SRS e
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In particular, o< 0 961,

Theorem 5.3 Let ts:s% . If 4 is sufficiently large then there is a
constant o¢3 <t such that (1.1) has solutions for which

O<p =N (1.6)

In particular, o< 0-959.

Theorem 5.4 If E;is sufficiently Targe then there is a constant o¢ < |
such tnat (1.2) has solutions for which

4B =y Yy (1.7)

In particular, o, <O 180,

The proofs of these theorems are very similar to the proof of Theorems
3.1 and 3.2, and we shall combine them as far as possibie. The proof
is based on the idea contained in (3:2.5).

2. Notation and definitions

In what follows the superscript (i), |< i< 4 5 will mean that the
variable relates to the proof of Theorem 5.i. For simplicity the
variables x and 25w111 be written without the superscript (i).

Thus, in Theorems 5.1, 5.2 and 5.3,

W= o , n lege (2.1)
and in Theorem 5.4, %¥is Targe.
In Theorem 5.1, we shall look for ¥2; in the set

G) -a ¢)
A9 2 Cpsgel s pe © apzawedb [ 2y

where

v = ECB,CQ”TS’(], (2.3)
€ = L y-9", 4] [ (@.8)

?

c® = { 4, wr Wl (2.5)
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and
()

< = Daor g (2.6)

We shall use an expression similar to (3:2.8) to find a Tower bound
+ (;)

for the number of Fis in £ . This lower bound will be a function of

¢ , and its zero will give us an upper bound for«; .

G)
We take x to be, approximately, the largest element of A,
Thus

x = -9 in Theorem 5.1,
S
o( -
ag in Theorem 5.2,
= in Theorem 5.3, (2.7)
Q;gigf in Theorem 5.4.

As before, let

2.6y = e,

??XV\.A

I‘Gf\ﬂ = [ ! '\g M= PP xh“S P,Sng F‘s(’}%)

(2.8)
S not »
and g
_ r (WM .
st = ?Z\m <? ) (2.9)

3. Proof of Theorems 5.1 - 5.4: the sets B .
Again, we consider the expression
1) - Lo (V- ZLat T )0
O (w, R = plw, phva
This will give a non-trivial Tower bound for the number of F;% in
Fﬁ” providing that this lower bound is > zfm ( see Chapter 3, section 2
- this restriction could, of course, be removed ).
If sGv+0, then w=p.pg= \\&:biﬁ\ for some pe " . Thus ve can
estimate the contribution from %s@din (3.1) by sieving the set

BG) _ { [ n- baE.Ezgsl : 3(?-&‘\’3‘)‘#0; b?.%‘%)znwu;lo&?
pres U

(3.2)
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G) _ i)
where D7 is chosen so that ‘ f;lfﬁiﬂél e d:( . Thus, iet
o

“)
P= [ noolearys), wooey
-c — ou® “C) = x— as? x
Lol —aw, nld] = [x-ag =], (3.3)
and
- To, o] = [o,=7 , (3.4)
and
P - [u- ey, al = [ ooy, x1 (3.5)
and

@) v . P B
R i w2l Nl O PR
Therefore

,BG) = ? \ Vlio_“i‘l . S +o0 bw=wweda | W\e_DG)}

(e

(3.7)

From (3.1), in the notation of Lemma A, it follows that

I > Su(A <) - 1 S (0 "

[}
X" < is x'3
piw

- 3 S ey

(c. f. (3:2.8) ). We use Lemma A to obtain a lower bound for the
right-hand side.

G)
4, Application of Lemma A to the sets A, .
We shall assume that o >»{% .

Mow
©
IA ( - _W<C3+&f> ) w5> *-T’(Cs,&>)n5)>
(A@t — ﬂ‘<3, b, na ) —"W‘<3—3“,b,ma>,
L = (b

(@] = ’rr<3+3°(> b, nw ) =Ty b, wa )
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) g _ a)
In order to apply Lemma A, we wish to have X close to [A.\. The
following choices, therefore, lead to a manageable error term ( see

section 6 ):
Cu+
" ' 3+
X = ,———) du

b ey ey > (4.1)
@ 3
X o= j du
d) FERNCT (4.2)
& J:‘u
RGN N (4.3)
g
XCA) = _,l— J/ _Q\,’“_ .
CH o (4.4)
As in Chapter 3, we choose
A = 4 ¢(Eb) |
. ‘o wU, e @, 1) - (4.5)
since K, = l’Aa]-— %§§)>(4{’ we have
¢) g
Ed = {TCC3+‘3“, b vu—x)—'TFch, bd, vL'o—L)— %t(é;) , (4.6)
2) _ _ G
R%c{ = [7T Cg, o A ) — WT‘Qy-g;, bd, na) ~ £@$>‘a (4.7)
(3) G)
= * bd | na — X
b | (4, bd, wa ) e [ (4.8)
u)
Qfl = {T<‘3+3“)M)V\—K§’“'_‘T(‘3 bdu)——d{m)(’ (4.9)

Since the number of primes in an interval is less than the number of

integers in the interval, it is clear that
R (‘)

<< A

4 &)

X

The error term in Lemma A is

T 3R
ey o d
PR )
This is, by Cauchy's 1nequa11ty, bounded above by
~@) N\ 6) ('
ye <Z ) > Ry
des* @) A<e .
,-A\C!:{!O (dvla.\|

= EB%Q ( ?)q& <c;;Zz QQJ )1
(A, na)=t

(4.10)
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3
Therefore, in order that the error term (4.10) be <« 4y QG%B)’
we need only choose ‘g’L so that

Z: Qd @ << __%D(_

\ 4.11)
A<T™ loq ) (
(d)""o‘ =t (63%)
From Theorem 4.1a, therefore, we may take
1 o= by - 13
T = 4 (lcwj * in Theorems 5.1, 5.2, and 5.4, (4.12)
1 oy -8
5 = 9" (Um)  in Theorem 5.3, (4.13)

( this last choice is a consequence of Bombieri's Theorem ).
With these choices, the conditions of Lemma A are satisfied ( c. f.
Chapter 3, section 3 ). Inequality (A.4) of Lemma A yields

Do ey ) L o 7)) _ c 3wal
S =) 2 X WL ){ﬁ,(@%) %]

~) O}
~ ...,,3 R (4.14)
By (3:3.6), ARG
ey = ) Gea) 10 —

It follows that

o< e e_—Y - Tae
Cue) = gy, S 1T Clag), e

X Wew ()

Il

L

><(3‘, \\l\f\,‘a(le) _ ;6}3 @@mb) l%e;_Y<l N O({—%‘ﬁ))’ (4.17)

o) 107 (1 + O (), (1)

o o & -7
>(( W (x ) = \ﬁ%lﬁ G lab) 108 ((+ O(égﬁ)‘ (4.18)

Similarly, by Lemma A,

o, SelA pe)

i ]lu:: :g ¢
pva é>d)w@@ )‘Z.‘_L{Effigj-h%gﬁﬁkg
'X.IH’S?QI’Z ﬁx—\ {%yl,m (\&:):C’) J33N
+)

- 2 2.3

' z
.xl""s_ < 7'_'3 G'L<j__

? TS
phva AL Ra(x") (eorsT:
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: . 1
= X W6y 2o, L ()
x"’s?s'x" P ‘c;sx
o _2—'1‘?
+ O(t\ (o) > - (4.19)
Now l
2 \
S = o+ Olleee)
\@%x
where
VL — O -5 in Theorem 5.1,
o- = in Theorem 5.2,
(4.20)
5o in Theorem 5.3,
1 Ox -5 in Theorem 5.4.

The error terms in (4.14) can be replaced by a term
x [ —:L'—l/\s
O (4 (ay) ) s

and so (4.14) and (4.19) combine to yield

SM (AG)’ Xl’w> o 3‘— i";s—f:x"* S““(Am » P x%>
phva

o XN ( 8y —L D%Fﬁu L F(p - 10 @Eﬂ

We must now consider the third term in (3.8).
s Q)
5. Application of Lemma A to the sets B .
; ] J A0
We shall use XW, Qf}’ , etc. rather than X , L , etc, to denote
6 ¢
that we are considering® rather than A . From (3.7),

g;] = { l“—-——«’a\b""‘l D g+ 0, bwm=wvi{wmodal, W\&Ecqz 3 (5.1)
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By analogy with (3:4.2), we shall Tet

aK \ -
X = 36 w%bu, S (5.2)
as this will lead to a manageable error term.
Let
! - 4 a
0 -y tled) (5.3)
Now
‘Bd \ = l?\V\_a_""‘lS(m):f—o ) w e P , bwr—:n(wddaol)i‘
= 2—_——;) S(m)
WE
Thus bz L wodad
GYs
— : R i
e = | Zp W dody o S \\ (5.4)

Dua Ev\_\».cdad
From (3.3)-(3.6), D] = 9%?? . Since the number of ©s5 ( for which
Sl +0 ) in T is less than the number of integers in Ejd, we have
that

0 "
<« . 5.5
K. e (5.5)
Let

£ = g (el (5.6)

The conditions of Lemma A are satisfied, ( see Chapter 3, section 4 ).
and so

Swe (B " (lgy) )

< X Wl gy )] T e e |
) (5.7)
+ igéz :SNG” Ef:
PR
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By (3:3.6), with a and b interchanged,

—liy

W (9% <™ e 4) )
= 40 Gbwb) {sf y LU O((ﬁ%ﬁ))
4o Goaty 27 (1 O(lglmy))

o (e ) e s
in Theorems 5.1, 5.3 and 5.4, (5.8)

..
2 4@ Glaa € O l%\g%g;
ﬂ;a( o) ng (v + ( ))

in Theorem 5.2. (5.9)

Y
We must also evaluate X(') . By (5.2),

Gy’ Z
= Swa
¢e) X weTH) ()
For Theorems 5.1 and 5.3, this is equal to
. (x| — (X - oo
x <st‘ls 92.55?15(%)"- { <P‘P‘-> <?'?1 b?‘?lyi (5.10)

For Theorem 5.2, it is equal to

> 2. (X)) . 5.11
e e R -1

-~

For Theorem 5.4, it is equal to

>- > [ Z § 5.12
I%SP,QII') £>SF£<;J'C—'|1 i\» ( P" ( )
Since o<>% and PR < x"l{:l"‘; > 4t follows that
=<~ s Us
e >>  (Pp) ;
and so
[ 3/5
X >> <£ )
Pt P
Since 3>>x , We have
3/-.
é’i >> 2 >> : (5.13)
|PL ?l F-n_
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Thus we can use Lemmas 4.5 and4.8 to evaluate (5.10) and (5.12).
We have

o FZawt L iy
X - Yo \ Yy, \, *
i 2 pet OpE)t bel ‘55(-5%3( o) (5.0

Hence, by (3:4.11 and 4.12),

I-w

GV . > rh ! : W L
R BB = o -C

io

We already have an upper bound for this integral ( see (3:4.16) )
but numerical integration with the aid of a computer, using the
trapezoidal method of approximation, gives the better bound of

NG & gﬁéx (o-uoqas ) ( 1+ OT%BH _ (5.16)

( This calculation agrees with that quoted by Halberstam and Richert,
(vel, p. 326 ), and is accurate to six decimal places. )
Since F() = 2e", (5.7), (5.8) or (5.9), and (5.16) give

Swe (B7, o™ gy ) |
< f%t%zs Gloar) ‘Q(O hoqas) 1+ O(G%BYS))
DS 3“’""’ R,

A<{?
A LRLE)

in Theorems 5.1, 5.3 and 5.4, (5.17)

Gy’

and in Theorem 5.2,

S (B, 9" (lay) ™)
Gpar) L (010935 ) Heflay]™))

N
o)
ENEE
=

~d) A
+ AZ({? 3 Qo& : (5.18)
AR
e shall now show that
a4 Y
S S ;’ — ’ (5.19)

A< tr

A1 o) (53
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In view of (5.5), it will again be sufficient to show that

G/ og
Z O <4 —%_— WS
Cilk i\:§-l h Q%‘}B

6. The proof of (5.20)

By (5.4),
e _ ST A Moyuiix) — L, 3
R | 4e4) Yoo ermte) @ﬂﬂ%;. *e) ;
where
T = L e X
QA\&):I
Thus
)/ :
Ry =« L .2 (w0l + L Zg sy
Hes) e w7 de) ety

We rewrite this in terms of primitive characters wwd q , where
1
cV\aA ( see section 5 of Chapter 3 ). It becomes

(AN
5% Z' SC\M)
G <y Tk, RO o Zp 56,
Therefore
A
@\Jubyﬁ(
where
SG) _ Z: e Z Z‘* I Tauf,(/‘)() \
) A<3? (#@d) \<r\([ow\ ‘)(umdﬁ(
and
Q]
s o= o, Lz @)
2 d< Pladt) d:“;%ﬂ

By (6.5) and (3:5.11 and 5.18),

Ao

S < S =~ =x <= _%’il,
(sy2"

. ¢) . .
Consider S . Interchanging the order of summation,

(5.20)

(6.1)

(6.2)

(6.3)

(6.5)

(6.6)
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Q) Z ¥ ¢)
S‘ = (§<a{1 €< aql @/t‘) ')(Z \—n—t (%3 \ .

Since T%S\(X\ =),

*
© S I U —
S\ g \%;A{z gaq_z Mm [p@\ IXZ;A“/ ‘ “t (’)() &

* .
< ( el \fzaz‘ 5‘@3 o%:wd‘\, Lol X ;tl 5 )

, *
< 03) 1 2oy o N e

The following argument shows that the contribution from those q < @553)‘?

is negligible, if i=1,3 ork:
Ht (_I\ k = \ W\Ze(d” Z- f'(.‘"‘i‘-) /X(V\A] ‘ .
<w,t\=l ?\‘M v

&
Denote ® by[ ki, €] . Thus, putting m=pe

lm[;‘@) l _ \ e%( kE e r—@} X(e) rX@}\
(e\t)=1 =& Hft -
< oo l B:Zg€< e oécf)l 4+ > /2 of - (6.8)

2,
Here e<£: is replaced by e< = since r@) o if e>=x" . The

term x>f is due to those primes p which divide €. Thus
*
S 3T o
f<$£a%‘3)l? ('/PG) ‘Xwad*’l, \ ¢ ( )\

2 Z A 0 - X
< T Byt o\ ) T 0

+ 2P L (6.9)

By the definition of [)6), and the argument of (5.13),

35 35
Li-k: = aud o5 ax® > (=< 75
e —Ez e e <€) = <’€H
Thus we can apply Lemma 4.5 to (6.9), to get
L T (@ o) - "\r[—le_; ,’><> ‘ pee
~Z

l<¢~:@533)‘ ¢(‘w ’)(wod»\,
(5.1
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w0 (g '] - (5

(6.10)

. ki .
Summing over ¢ ¢ = >, we have that ( since R;<<=x )

I S Be
Ly ) s, T )

w0 eep { — C< @%\3\’4} . ;,safa (;,;) (%3

2
"—(_3_|6 N
Q%»Q (6.11)

The case =2 follows from (3:5.22).
From (6.7), therefore, it will be sufficient to complete the
proof if we show that, for any t <at’,

*® )
D N b A 0.9 L G (6.12)
&‘53)‘115&{1 4>G‘/) ’chdt\/ (_\&3 Li)B
This follows easily, by partial summation, from the following result
if =43 or Lk, and from Lemma 3.4 if i= 2.

<<

Lemma 5.5 Suppose that

Wéx)féx) =\, e L
and
Pty = L 2 T (%0
) o 46 A, | (6.13)
Then

3’"{/(_'_ qflqa ‘iz b(/l 3 I
pd W + \3 >x W

ey = 4Ly
~+ xln \N-Lofz.
(6.14)
Proof Note that, if ¢= 4,3 or 4, then
x <« R < £, « x.
Let

S = o + .,
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s = ¢c+ 1+t ,

T = =,
=\« L7,
= ‘5"’1 x W (6.15)
HEpd = e XOF. (6.16)
I <- fX) ?>\~ p¥t @) ?_S > (0_>\) (6']7)
and
TEX) = T v Ky W (6.18)
()
By Lemma F, BT
'Trf)@q = §L y ( H L \T(/eis* N ) ds +06LZTU')+C{Z)'
AT =
Since H, and T are regular for o>o , ]
9T LT 4T e T
J hT (kT )ds - d * [ ( G R0 )ds (6.19)
63T BT LT ._1‘._,1‘

The horizontal integrals contribute <= ( c. f. (3:5.33)-(3:5.35) ).
Also, ( c. . (4:4.9 and 4.10) ),

l»@.s— k. k << W( lj“ < 330?)

> )
Therefore = .
l’“ @O \ < f (1_ T(eﬂt 1% \ T 5"1”") é;r\att

J(HTJ- i) | i “x“"_\é}dt
-2

+ * (6.20)
Define & as a function of & and of any Dirichlet series K@,C\’) by

*’-

P _ 7 _g?_ . o T 5
Ale; <) ‘I;wfi’@w %cax L 1< M{B oE ) 2. (5.2

Then, from (6.13) and (6.20), we have that
4) — ' ~
< (,t) = A (9) Ty Ay, e ) L (6.22)

By Cauchy's inequality,
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A@)T.ﬂ < A@)’_Ef}hl A@,j““)"l

By Lemma 4.2,

AC@)I"L) <= ‘»K F <~jxf1—waf)

<< 5"‘ gZo + xw ™t L s (6.23)
and
A C@, T’ZB <= x Z _L‘f‘\_ (‘3 = \M 4+ W 5() (6.24)

?
Since v(l#0 only if X =w= x|

A>(§9,:j2' 3 e tfx L+ x~ w2

Thus
A(S)I‘ <= ( L+ x e Zigz 9 L+ X WK of)
<< ‘jdof + 51/7‘ et w L

3
olfy l:"‘/6" 70 4 /60 —Ya

and so

30(/ ‘3/@0

Z&,(@D)Tlf‘jj‘> < tg‘&f Y " wd

o

%o 3;1
—{-\3 x wil +Dx ‘z-(6.25)

Similarly,

A, W) = =2 (e wiit)

<< \5( ' o+ Xt WL (6.26)

2>

A(%_ ) 3 ) <= x‘(:v_ ZM L@M}\".l’z<‘f§(£(w‘ . \Nzéf)

“ dq =" . 2T WL (6.27)
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It follows that
‘A
AR = )H'y} << ( ‘ﬁ R )(':ileb—{- x"lwlil)”l
g, (304/1 x"-'*w;(

<< tS('JCKa—

= S =
—+ 5!’1 K wd o+ xTw L )

and so
—— 3 Uy e . (.
A(—%,H‘J) & Lﬁqx W+ *wd
z‘/‘.u:’ 2 ‘2
-+ 3 3{ <I +. ' I )
(6.28)

=¥ h?h'" 31z i
Since tﬁ“x Wl & ( " “‘*"‘”) the result now follows from this,

(6.22) and (6.25).

By the partial summation argument of (3:5.46), therefore,

R NP 3]
Q% 1:21/ Cb@‘/) /Y"“d"’\/ 0{_“’ 3“/4 Upo I_F%A
<« d 7

oy iz N2 w2 _p7
+ w L+ x Z
A t (6.29)
This is <<30f providing that
~la,
¥ < «3“1( L

“ 2 ofaz,

-1

d

‘T/,o 20
4
= x J

and 4

These all hold, because \3>>¢c , X >—?5 and because we have chosen

I

.Zz “‘3“7:'(1@%3>
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7. Completion of the proof

We can now combine the various sieve estimates to give a lower
bound for the right-hand side of (3.8). Let Lc}(r«)be given by
- -4 2 L Flp- 0 lme
3@*3 Qe(b) 2 ;‘,s?sx@ e (t‘ [&S{ ) . (7.1)
From (4.15), (4.20) and (4.21), together with (5.17),

—'[‘5

o) kﬁ%‘uﬁ @’@mxg)@oa”sw) - O;LL_“SLS}O -0f(yy) )>(7.2)

where p=10x-5
From (4.16), (4.20) and (4.21), together with (5.18),

Q) = E@%@z @Cmm(%%qﬁ - 9—'2?‘1?:11)( - O(@‘%txfhs))(7.3)

where f«=l0"§—
From (4.17), (4.20) and (4.21), together with (5.17),

O] = gy G (1979 - vioms (- 0lla) ) 0.9

ol =y
where = D« |
Also C{)(/{G") satisfies the same inequality as Q(Af)) , above, with
L%= Ox -5 |, Note that, if =1 , all these inequalities become
identical, and in Chapter 3 we showed that the right-hand side was

= 0O 3oL Glnab) | (7.5)
stay 0

Therefore, by continuity, ;< | (1<i<L4 ). The zero of the right-
-hand side of (7.2) will be a non-trivial upper bound for ¢, and «, .
Thus we wish to find the zero of

_¥
o, — : =S
e p QQA) O Laoa1
Fore, , from (7.3), we wish to find the zero of
=% (1
d y — - (O-Lﬂoamfs ) 7.7
F e = ) 7.7)
For oy, from (7.4), we wish to find the zero of
-7 2z
P p— . SN LECES I (7.8)
P T 4

(7.6)
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The following tables have been computed on a CDC 7600 computer,
using Romberg's method of evaluating integrals to calculate Squ) .

e (7.6) (7.7 (7.8)

4-1 -0-8297 -0-8134 -0-8542
4-2 -0-6752 -0-6627 -0-6937
4-3 -0-5362 -0-5266 -0-5495
4-4 -0-4093 -0-4023 -0-4186
4-5 -0-2930 -0-2881 -0-3091
4-6 -0-1857 -0-1826 -0-1895
4-7 -0-0863 -0-0846 -0-0884
4-8 +0-0060 +0-0068 +0-0052
4-9 +0-0921 +0-0923 +0-0919
5-0 +0-1724 +0-1724 +0-1724

A1l three functions change sign between |A='—x"’f and p= L3,

s (7.6) (7.7) (7.8)

4-785 -0-0074 -0-0065 -0-0084

4-790 -0-0029 -0-0020 -0-0039
4:795 +0-0016 +0-0024 +0- 0007

4-800 +0-0060 +0-0068 +0-0052

Again, all three change sign between p= {,-+90 and p= l,-745 . More
accurate computation gives the following values for the roots:

For (7.6), o= L-39325 ..
For (7.7), }A = L-#49230..
For (7.8), po= L -3 9425 .

These are accurate to four decimal places. From these values,
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therefore, we can say that
o, < 0-180
X, < O- 96|
O<S <~ O 459
D<L{. < O qgo
This completes the proof of the four theorems.
8. Further remarks

(1) A different choice of weights in (3.1) might well improve
upon the upper bounds for the o . 0f course, we cannot improve the

bounds beyond the é§+5 of Theorem 4.1b. With no further work we
could reach this bound if the following conjecture held: for given
ﬂ there is a © depending only on A such that, for all O satisfying

0< @< »

-A
<< XQG%I') ,(8.])

Z WAad<  WA02< P (x+ke, - R a —ﬁ
‘LSCP k< xe @‘)p\/\:‘ l C = cl/ ) GC)CX«’ ) q;('o\/)

where

¢ <« (o).

This is analogous to the Halberstam-Richert conjecture that Bombieri's

"Theorem holds even if the sum extends over all moduii < x'
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Chapter 6

1. Introduction

In this chapter we shall derive a result concerning exponential
sums in short intervals, analogous to the result of Chapter 4. Similar
results, although stated in a different form, have been used by Hasel-
-grove [iz1, Pan Chen-Tung (201 and Chen Jing-Run [4] in their work on
finding solutions of N= o ?LA.?B (N odd ) in which each of the
primes p: lies relatively close to I ( see the introduction to Chap-
-ter 5 ). The basic result we prove 1s the following.

Theorem 6.1 Suppose that < %<x s (0%5\{):\ and <x . Then
3ig n W, '
Z A(f[_\ lelQ) o < \/\ ,-IIL h\a’sxl?ﬂl‘x + ) I

Xangx+h

1 S/L'

lascf (1.1)

From this we easily deduce the following result.

Corollary 6.2 Suppose also that (<t < Wi ® 5 TE < .bz

that \d—%l S f‘; . Then
“1 lS/
5 . o) efn) << L (1.2)
xT<naxs

Results similar to these about exponential sums, but not in
short intervals, have recently been published by Vaughan (z¢]. The
proofs that we give differ only in detail.

2. Necessary lemmas

We will need two lemmas, both of which embody known results.

Lemma 6.1 ( Gallagher ) Let [a“}be any sequence of complex numbers,
and let 1’;1 , 121 and s=o0+:C ., Then, if the right-hand side
exists

3 2.1
7" J' | Z anXev ' W“G\ L2 )dt (z.1)

\<d(c\,/)(u~=zlcl
< xT ; auwl (bwc w o+ 1/(536:'2)).

-T
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Proof By (1:G.9), if \7_=£><(:(TL),

&o

f{);anfxcn) | e «ng | 2 am'xeu)\

-1 > <v\,$~2u&

By Theorem 6.3 of Montgomery s

Z a\,\/)(w -1 + ahz
l:lol:(o\/(chdo\ yomeps ol < (0 N w)j?;m! UL (22

Thus

T

al r | T an X6 i de

(<dlq Kwadd o ™

« T [((1-‘)3%,)( m(uawl ) gkj%

<« T° Zkau\zif(%-‘)j*ﬂ LN

< % | aal® <v1+ c\;‘—) . (2.3)

By the partial summation argument of Lemma 4.2, (2.1) follows.

Lemma 6.2 Suppose that ' =7 . Then

s 2 (et &

\d\f\( Ywed & L1

st < q (a7 e

and
Z, Eal f v« g (ay) e

Proof By Theorem 10.1 of Montgomery L'8],

T
*

A ( | LGt ) <= ci@)’rdga\ﬂlf. (2.6)

Y vt A T

By partial in Leg ration,

L% 48« 4@ (gqor)

fxwaa - [

This gives (2.4), since dlZ $2] = 7 - We deduce (2.5) by an argument
due to Montgomery. Since
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df'(_aq = fr‘ 00@) @—oﬂ“l Az

where I is a circle of radius r about & , we have, by Cauchy's
inequality,

Pol" < (fn £&1" 14=1) (£ o™ (4ol )
« [ lgen®

We take (?é“ = Lé,”)c) , r:Q%ﬂ‘Ty( . By (2.6), therefore, we
have

')(wadolf LG wend)|"de = G%dﬂ f - fél Ui e)| dtds

P

<« dA)T Q@&oﬂ"f )

By Cauchy's inequality,

77 [ U eenalae < 4@ T (gor)’

’wald o
and so, by partial integration and then summing over d which
divide 1 > (2.5) follows.

It should be possible to improve the exponent of the Togarithm in (2.5).
However, in this case the approximate formula of Liﬁfx) used in Lemma
4.6 is insufficient, as the variable there is too restricted. Improving
the exponent would lead to corresponding improvements in (1.1) and

(1.2).

3. The proof of Theorem 6.1
We express the exponential sum in terms of characters:

2 Ny e@e) = L ey (®) (Z

N) X
TN E X+ ‘P(ﬂ,) r)(wja,L (YL) ())

x<n$x

+ O(Z,. M) @

1q,) >t
where Q{? Z%KQQ? -E is Gauss's sum. The error term is C>é;1)
since q_has C>(§31) d1st1nct prime factors, each of which ( together
with its powers ) contributes at most ‘ﬁ x to the sum. Therefore we
have
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2 /\@L)e(%%) <<_c¢_'f 2 \ 2 b\/\(vq/XQ/\)]

x<wn s+l 4’(‘\) %ﬁt\( LWL X+
l\'x. \/\ 4 7@2
(3, >

where the term J%is is an upper bound of the contribution of the
principal character. We now replace each character by the primitive
character which induces it. If fwidw, is induced by Xwatd | it may
be that X&)=0 while X*@)#0 , so that this step introduces an
error { Tor each term of the sum ) of at most

2 Ay <« I

xengx+h >

vx}>
and so % '

AQ) efna) w17 .
ARACE N fé:) \giw | el ) - w6 X))

+ ll_‘l +~ "‘aiz . .
ﬁ;,,@, 1 (3.2)

We shall now estimate the double sum on the right, in a way similar
to that used in Chapter 4. As before, let

0=+ L, (3.3)
T= = (3.4)
Fem) = Z, e, (3.5)
Glx) = Z po o, (3.6)
and Tet
L S (3.7)
ﬂr‘l“

Vo= x4 L . (3.8)

Therefore,

nt

5
P X - v ) = 5o f (Fsm) - LL6)) fol=»" ds
o S

+O(£IT“) +O(Z) + O@). (3.9)
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F—,LE' - (F~£)(1—ue) + FLG — L'G | (3.10)

-

If, for a general function KEX) | we Tet 3'((\4,&) be defined by

T

A, o) = g J | K (orit, %) wie (27 W) de, (3.11)

\<d rIff)( wed A =]
then, reasoning exactly as in Chapter 4 ( see equation (4.4.17) ),

| Y ferte, %)= ¥ (,7%) |

[<A[q ’)(woda\

<« W(FE-Ly-e),0) « X(Fre, i) «+ W(re, )
+ ‘P(‘L)‘I + 3] w (3.12)

the error introduced by shifting two of the terms from the line of
integration o=© to the line oc=4 being in this case less than it
was in equation (4:4.17), since here we sum over fewer values of d .
By Cauchy's inequality,

1]

XC((F—%X\—LG))B> < BIC((F-JI—:')Q,Q)M)(C(Q—LG)Z)e)l_ (3.13)

From (3.4),
F-Y = X AW
L new ns

and so, by Lemma 6.1,

K(F-ET,0) = = Z T (e qd )

= l/\lz t 2,
vooxg 4 (3.14)
From (4:4.28),
- LG = gv b X
where )
be) =~ G 1)

LV

{ so that ( by < d(n) ).
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By Lemma 6.1,

)(C( ((—LG‘\-L, 9> <L A Z 0\26,'\) (I/\x—'n A iof)

>y ne

< L ( oA g?) _ (3.16)

A\
Thus

A ((Fegyre),0) < &7 (e} (we za )

= W +_O’_\f5imoz Chxj) I3 *—@\%‘ Z3

3/3' 31‘? /3 ‘I %

w WL+ W=y (3.17)

Consider the second term on the right of (3.12). By Cauchy's inequality,

A (Fre, i) < FrL Y e )T (e )L (38

L
7.

By the equation following (4:4.22),

FP = Z . af %
where
o) = 2. MaAD) < (ma) o,

WS, TSW

and so, by Lemma 6.1,

I(FL’)'-_:_) — :’:hz Z Cﬂv\_\ ( ! w o+ 11)

news
<< \r\’x—"lu} lu + x“LcLofé (3_]9)
By Lemma 6.1,
DlC k5) ?.) = ),_H,. “<V ( ‘Ax wox GI/Z)
=~ 12 2
«< W'y o+ 0> c‘(;/f . (3.20)

Also, by Lemma 6.2,

e (LL', ) o« ot c‘(cfs
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Thus

AC (FL.G, %) << "s HHDZM' ( lr\:z . x"’l,;f)"q( [/\ilnv + x‘l‘al,zz)"z

«w W™ x"*alzlf @wil I% + W e W 7"3/"'
Y Mo Mo *] Ils/‘f
+ Wiqy L7+ =g
25, \ ‘S/L'.
2z g Srx g tz
<< h'= 27« xqt (3.21)

Mow we consider the third term on the right of (3.12). By Cauchy's
inequality,

o (L) = e E) e Eny) (3.22)
By Lemma 6.2,

’Jc@ L) < xmq L7

>

and so
AC Q—-'G‘, ~‘—7_ ) < ( I 51,555) < l/\x (Ve x c‘rI >
<« xT g " (3.23)

Therefore, from (3.12),

( "t’é&l« ~xY ~ Li’@( fX\\

\<d(a\( ‘chvlo\
3 g 2 (4 LY ‘S/
2 WE W I&W/J + % 1 ' (3.24)

Now

C#@\A el b F<_l%§_ ¢

!
< 937

and so

" = lalaq . (3.25)
) %5
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Thus Theorem 6.1 follows from (3.2).
Corollary 6.2 is deduced by partial summation, in this way.

=& -+ 5__’_:_
Suppose that e 2 B 5 S0 that \é’\ o Then

> N el = 2 A@) e(%i\ e (gn)

X< n€xita LLVigxaeh

= > eez@( ya A@)e%)

x<¢/1,<;¢-fl4 x<msvL

LWL E VL

— 7 AW e(v\_%) )
2 A e@ﬂ) e(@n.) — e(g@a- \D)

x<V\ <x¢—b\ <x<w,<n_

+€(§(@+HH)>Z A(esn) ) . (3.26)

x< w\<x+b\

By Theorem 6.1, this is

W s l(—;_ Yn ’/"‘
<< [gl ( lmzc‘;“l L W T )of

_ 3 3 R ‘e /lf
e (gt e W )T
Since (‘@ls% < L, we have

5 A el < <‘“%\1 W SN F S N

r<nsx+h
The right-hand side is « he'=Z *(31 if T<q and

g 3 Y5 — \A’C"—,'l

xlh_ ili < L\t_l(z ; l/\ ~ CX/
L\l
The first is satisfied if q < % . The second is satisfied if
5 .5 _ x -*
< W however, ko< 17 if T< WX *, Thus Coroliary
61‘/ oy

6.2 is proved.
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Errata

line 17: replace x(n) by 1.

line 5: replace "an = nbn, s =1" by "s = 0"

last line of proof.
line 2: add "A(t) integrable'.

eqn. (2,7) replace = by < , change Cq LO Cq ¥+ 1

line 10: insert [22] ar end.
line 21: 1insert exponent } on first bracket.

eqn. (4.4) replace n + } by n.

and delete the

in last line.

line 1: add "'for all but O(Xl—n/7) even numbers n < x,"

line 6: insert X.

eqns. (5.31),(5.32): replace x° by (x + })5.

eqns.(6.28),(6.29): insert X duz(d) in O-terms.
d/nab $(d)

eqn. (6.30): insert "for almost all n".
eqn, (2.2) change exponents 3 to 4.

lines 21 et seq. delete. Imsert

(= &)
m>D n<m n

1
( o-1
m

<< rn (log z)4 dz
o

Z

Integrating by parts this is

<< D% ((log D)* + (@-1)7%).

eqns. (2.14),(2.15): delete 15. ‘
3/5+6 3/5(1+6)
eqn. (2.20): change x to x .

eqn. (2.25): change + to - before log q.
eqn.(2,32): add + qy_i.
line 18: replace 17 by 19.

2

- 5 d (n)
n < D n
(+1)*"L



p. 76 eqn. (2.5): replace [y,y+ya] by [0,y%1.
p.86 line 9:  after full stop add '"where k.l and %, are chosen to lie
halfway between integers'.
p.88 eqn. (6.20): + X.
p.95 line 3: insert [18].
p. 96 line 8: insert I* on right,
xmodd

p.97 line 21: insert "taking x to be an integer + },"



