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The results at station 9 (see Fig. (4.15)), however, show a

Jow constant value of about 0.1 in the wing boundary layer up to

ne

z £ 5 mm only, and then indicate a rise in the ratio up to 0.16 at

1

z © 18.4 mm. At all the three stations, the ratio - EW/;; drops
sharply in the corner regions of almost-vanishing 3U/3z, i.e. the regions
where the isovels are parallel to the body surface. At a distance from
the wing, where the isovels are no Tonger parallel to the body surface,
i.e. in the body-boundary layer zones of finite gradient (3U/3z), the
ratio (- ﬁﬁfaz) is greater than zero.

The ratio of the secondary shear stress - vw to the turbulent

kinetic energy represented by gq* is given in Figs. (4.16 - 4.18) for

stations 2, 5 and 9 respectively. - vw/q? is, generally, very small
compared to - EVYEZ-or - Gﬁ/a; (notice the change in the scale of the
figures), except at station 2. Its absolute value diminishes with the
downstream distance as a result of the decay of the secondary flows
and their associated gradients 3V/3z and 3W/3y. The average value of
|- Vﬁ]gzl reduces from about 0.07 at station 2 to ~ 0.05 at 5 and to
0.02 at 9.

We may expect the ratio of the resultant shear stress in the
normal plane v uv? + uw® to be better behaved than the individual
stress ratios. The results are given in Figs., (4.19 - 4.21). The
ratio is also presented in contour form in Figs. (4.22 - 4.24).
Figs. (4.19 - 4.21) indicate that this ratio is constant over the
flow cross-section (= 0.165 at station 2, 0.155 at 5, and 0.125 at

station 9) except very close to the corner itself in the zones bounded

12

by the corner walls and the planes z = 9 mm and y = 20 mm at station 2,

1

z %13 and y ~ 20 at station 5, and z = 15 and y = 20 at station 9. In
other words, the zone of inconstancy of the ratio expands in the z-

direction only, as the vortex grows, with the downstream distance. The



drop in the ratio of the primary shear stress to the turbulent kinetic
energy close to the corner may indicate the weakness of the active part
of the turbulent motion that contributes to the shear stress production
(see Bradshaw, 1965). Low ratio (v uv? + GWZ/EZ) was expected at
station 9 as a result of the small values obtained for - GV/;; there.

Mojola (1972) plotted v uv? + GWZ/EZ using the data of
Brundrett and Baines (1964) obtained in fully-developed flow in a square
duct. The ratio rises slowly with distance along the duct corner
bisector from 0.07 close to the corner to 0.10 over most of the boundary
region., It then rises to 0.12 near the duct centre before it drops
rapidly to zero at the centre.

The above study indicates that assuming a unique relation
between the local shear stress and the turbulence intensity seems
promising. However, one needs more than just constant ‘Ti/a; (e.g. the
direction at which the shear stress acts) for a calculation method.
Successful trials have already been made recently by Gessner and Emery
(1976) in symmetrical corners between two flat plates using a unique

relation between |t| and q2.

4.3 Triple Products and Turbulent Transport of Kinetic Energy
and Shear Stresses

The ten elements of the triple product tensor, uiujuk, namely,

;;, ;;; ;;, u?v, uw, v?u, viw, w?u, w?v and uvw, were deduced from the
cross-wire measurements at stations 2, 5 and 9 (x = 15,7, 61.4, 122.3
cm). Triple products appear in the turbulent transport terms of the
transport equations for turbulent kinetic energy and shear stresses
(Equations (4.6) and (4.9)). Figs. (4.25 - 4.34) show the triple

products at station 5 (x = 61.4 cm) only, to reduce reader confusion by

a massive amount of figures. These graphs were reproduced from the
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isometric plots origirally produced by the College computer. In

Appendix D , the complete set of graphs (at the three stations 2, 5 and
9) are displayed in their original form. Accurate values of the triple
products can be read from the latter set of graphs using the read-out
sheet supplied with the thesis. Presenting the triple products in the
form of turbulent transport velocities of Reynolds stresses and turbulent
kinetic energy is more convenient. The transport velocity U, of the

u.u
Reynolds stress “j“k in the X; direction is defined as:- Jk

u.u.u
ik (e.g.u——:—__—‘ s U—-':"—V 3 eves )-

. uv
UJUk VW

In Figs. (4.35 - 4.40), the transport velocities of the main shear
stresses, - uv and - uw in the x-, y- and z-directions, at station 5,
are presented. The corresponding graphs for stations 2 and 9, together
with the transport velocities of the secondary shear stress-vw, are
given in Appendix D. Triple products and turbulent transport velocities
shown in the figures are normalized by U; and Ue respectively, where Ue
is the free stream value of U.

The profiles of ;; are given in Fig. (4.25). Far from the
wing surface (z > 28 mm), the profiles show positive values over a

short distance from the body and negative u® over.the rest of the body
boundary layer as expected in a plane boundary layer. .;; is always
negative for z < 28 mm. In the close vicinity of the wing, the profiles
have a"zigzag"shape whose middle portion is negative. Such a profile
could not be measured at station 2 where the wing boundary layer is

very thin (= 8 mm) and the closest possible traverse lies at a relatively

large distance (z/Gw) in the wing boundary layer. u® is transported in

short positive bursts near the body surface and in negative bursts at a
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distance from the body.

Turbulent kinetic energy transport in the streamwise direction
(x) is represented by the triple products ;;, ;;E and ;;; displayed in
Figs. (4.25 - 4.27). For z 5 33 mm at stations 2 and 5 and for z S
15 mm at station 9, the turbulent kinetic energy transport velocity is
negative (relative to the mean flow) except very close to the body
(y 27 mm). In the vicinity of the wing (z < 4.5 mm), the transport
velocity is mostly negative.

Profiles of ;;;; ;;'and.;;;, which contribute to the kinetic
energy transport in the spanwise (y) direction, are shown in Figs. (4.28) -
(4.30). Outside the wing boundary layer (z 5 8, 11, 20 mm at stations
2, 5 and 9 respectively) the kinetic energy is transported away from
the body by the turbulence fluctuations throughout the body boundary
layer. Inside the wing boundary layer, the transport is away from the
body at small y and towards the body at large y.

Figs. (4.31 - 4.33) show the profiles of the products u®w,

v?w and w3. Inside the wing boundary layer, the turbulent transport of

the kinetic energy is away from the wing (positive u®w + w® > negative
vZw there). At z > 30, 33 and 45 mm in planes 2, 5 and.9 respectively,

the transport of turbulent kinetic energy in the z-direction is very

——

small due to the cancellation of the positive transport of w? and the

negative transport of u? + v2*, In fact, all the triple products u?w,

* An artificial example of v and w ;_ P\ hﬁk py
signals that result in positive W oA e v«ﬂﬂa# pray
- . _ a r\
w? and negative v?w is shown in j /‘QN\ \uAf\ RN

\
VA JT“”“;:’ il

?f—;;f\ AT

this sketch.
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W\\i il \\"4 \\\J{




v2y and w? should vanish in the body boundary layer at large distances
from the wing, i.e. outside the three-dimensional region. Excluding the
one or two odd values near the body surface (where probe blockage may
result in relatively large errors), we find that within the inevitable
hot wire measurements scatter they do.

Fig. (4.34) shows the triple product uvw. Discussion of this
quantity which represents the transport of the shear stresses (- uv in
‘the z-direction, - uw in the y-direction and - vw in the x-direction) is
given below.

The shear stress transport velocities defined as:-

2

v
— = — , .... efc
w uv

o
<
=

|

s V

Cl
<
b

<

are‘shown in Figs. (4.35) - (4.40) for the main shear stresses at
station 5 (x = 61.4 cm). As mentioned before, the corresponding graphs
at station§ 2 and 9 (X = 15.6 and 122.3 cm) are given in Appendix D. We
now discuss the general trends of the transport velocities of the main
shear stress components, - uv and - uw, in the three directions, x, y
and z. Since the shear stresses change their sign over the measurement
domain (see Figs. (3.67 - 3.75)), infinite values of transport

velocities appear at isolated points.

The transport velocities of - uv in the x-direction (i.e. Ugy =

u?v/uv) are given in Fig. (4.35). At large distances from the wing
surface (i.e. outside the wing boundary layer), M is always positive
close to the body and negative at a distance from the body surface, i.e.
uv is transported downstream, relative to the mean flow, in the body
boundary layer close to the surface and upstream in the outer part of

the body boundary layer. The transport velocity increases with y. As

the wing is approached, the zone of "downstream" transport diminishes.
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In the close vicinity of the wing uUv is always transported upstream.
Fig. (4.36) shows the transport of uv in the y-direction. Away from the
wing, the general trend is a decrease in the positive transport velocity
as the body is approached within its boundary layer. At z < Gw (Gw =
wing boundary layer thickness) the inwards transport velocities increase
rapidly as the border between negative and positive uv is approached.
The results show that away from the wing, the transport velocities of
uv in the streamwise direction and relative to the body surface are
similar to those in a two-dimensional boundary layer (e.g. Andreopoulos,
1978). It can be seen from Fig. (4.37a) and (4.37b) that the crosswise
(z-wise) transport of uv is generally lower than those in the x- and
y-directions (notice the change in figures' scales). uv is always
transported away from the wing except near the body boundary layer edge
and very close to the wing surface.

The transport velocities of the wing main shear stress - uw
are given in Figs. (4.38 - 4.40). Fig. (4.38) of ;;;7UW shows that
uw is transported in the upstream direction (relative to the mean flow)
close to the wing. As the distance from the wing increases, a growing
region of downstream transport of uw appears at small y. Outside the
body boundary layer, upstream transport increases with distance z from
the wing. The wing main shear stress is transported relative to the
body surface at velocity v = uvw/uw displayed in Fig. (4.39). Inside
the wing boundary layer, uw is transported towards the body at a Tow
velocity decreasing with z. Crosswise transport of uw relative to the
wing surface is given in Fig. (4.40). Near the wing (at z < Gw), uv
is transported away from the wing at velocity increasing with z,

It is thus con:luded that:-

(a) Far from the corner region the transport velocities of the
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main body and wing shear stresses (- uv and - uw) are similar to

those in a two-dimensional boundary layer. The streamwise transport,
relative to the mean flow, is always upstream except very close to the
corresponding surface. Across the boundary layers, shear stresses are
transported away from the corresponding surface except in the inner

Tayers.

(b) Near the borders between shear stresses of different signs,

infinite values of the transport velocities are found.
(c) At the edge of the boundary region and where the triple
products, and. the shear stresses, approach zero, a great scatter is

noticed in the computed transport velocities.

4.4 Statistics of Turbulence in the Corner

The statistics of turbulence is described in the following
sections using the statistical quantities computed, in the DIG2U program
(Weir and Bradshaw, 1974), from the cross-wire measurements in the
corner region of the wing-body junction. Three statistical factors
are computed in the program: the flatness factor, the skewness factor

and the intermittency factor.

4,41 The Flatness Factor

The flatness (kurtosis) factor, Fu.’ of the turbulent velocity
i
cemponent u., is the ratio of its fourth moment to the square of its

variance, i.e.:-

[

(4.2)
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o2
(notice that u? is not summed).
It is a measure of the inhomogeneity in the turbulent intensity

in the ith

direction (Townsend, 1956). The flatness factors of the three
components Fu’ FV and Fw are shown in Figs. (4.41 - 4.49).

The general behaviour of the flatness factor of the three
turbulent components of velocity in the corner is similar. Away from
one of the surfaces, e.g. the wing, the flatness factor increases
quickly with distance from the second surface, y in this case. Close
to the walls, Fu and Fw have flat minima, except in the region influenced
by the corner vortex. As the wing boundary layer grows, and because of
the slight departure of the vortex centre relative to the wing surface
with downstream distance, the width of the layer of constant minimum
flatness spreads from a very narrow zone at station 2 to 7 mm from the
wing surface at station 5 and to 10 mm at station 9. Areas of minimum
filatness also spread in the body boundary layer from y = 10 mm at
station 2 to~ 12.5 nm at 5 and to = 14 mm at 9. The minimum values
close to the walls are: 2.8 for Fu’ 3.0 for FV and 3.1 for Fw compared
to 3 in signals with Gaussian probabilily distributions. Measurements
carreid out in the Department in a two-dimensional boundary layer
(e.g. Andreopoulos, 1978) showed Fu 2 2.7 and FV =~ 3,0 near the wall.
The v-component flatness factor FV, Figs. (4.44 - 4.46), increases
from its minimum in the close vicinity of the body. Clear evidence
of this behaviour appears in Fig. (4.44) at station 2. In the regions
of distorted velocity contours in the corner (see Figs. (3.14), (3.17)

the Hatness factor of
and (3.19))ﬁ/the three components rise from their minimum. The absolute
rise reduces with downstream distance, i.e. with attenuation in the
vortex strength,

Large flatness factor near the corner may result from the

transport of intermittent fluid towards the corner by the vortex. This
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could lead to higher flatness factor, though the flow was not truly
intermittent,as a result of tne occasional large eddies swept towards
the corner.

It is thus concluded that close to the wing-body corner walls,
but outside ithe regions influenced by the presence of the vortex, the
three turbulence velocity components, u, v and w, are non-intermittent
and the flow is nearly fully turbulent with well-ordered structure
similar to that in a two-dimensional boundary layer. Non-intermittent
turbulent flow in the vicinity of the corner walls spreads with the
growth and attenuation of the corner vortex. As the boundary region
shrinks in the corner by the action of the vortex, the turbulence
velocity components become more intermittent. Hence, the structure is,
as usual, roughly Gaussian in the fully-turbulent region except for the
rise in the flatness factor near the corner, due either to large eddies
swept in by the vortex or to the extra damping in the corner region due

to the presence of two walls.

4,4,2 The Skewness Factor

The skewness factor, Su.’ of the velocity component us is a
i
measure of asymmetry of its probability density function. It is

defined as:-

3 /3 _ 3/ 243/2
Sui = “1/°u1. = u}/u?) (4.3)

(uf is not summed)

The skewness factors of u, v and w are plotted in Figs. (4.50) -
(4.58), Close to the boiy or the wing surface at stations 5 and 9, the
skewness factor of the three components is nearly zero (i.e. the

probability of having high positive and high negative values of each of
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u®, v¥ and w® is almost equal. Sy changes sign with distance from

gither surface, from a very small positive value near the walls to a
relatively high negative value away from them, while SV and Sw increase
with distance monotonically in the positive direction. The region of zero
skewness widens with downstream distance, while the level of skewness
reduces, in general. Approaching the body surface in the zone influenced
by the vortex at station 2, the skewness factors (absolute values)
decrease to zero (Su from the negative and Sy and Su from the positive
side) at a distance y = 7 mm., With further decrease in y, S, goes
negative while SV and Sy 99 positive again. Away from the wing (outside

the zone influenced by the vortex), S,, S, and Sw behave similarly as

u* v
they do away from the wing at stations 5 and 9. In a two-dimensional
flow (e.g. Andreopoulos, 1978), both u and v almost always have equal
negative skewness that reduces nearly to zero near the wall.

Hence, it is concluded that turbulence velocity components u,
v and w are nearly symmetrical close to the corner surfaces, except in
the region of high vorticity,and are less symmetrical away from the
walls. The degree of lack of symmetry in the outer part of the
boundary region gets smaller, i.e. the flow becomes more symmetrical as
the vortex attenuates, with downstream distance (x). The u-component
is skewed to the negative side, except very close to the body at large
distances from the wing, and v- and w-components are skewed to the

positive side. In other words, negative u® is more frequent while

positive v® and w® are more. frequent in regions of non-symmetry.

4.4.3 The Intermittency Factor

The definition of the flow intermittency factor is given by:-

_ the time spent in turbulent flow
Y= the total time (4.4)
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Figs. (4.59 - 4.61) contain the plots of y worked out from
the cross-wire measurements using the "DIG2U" program. The "DIG2U"
discrimination between turbulent and non-turbulent flow is based on the
local time derivatives, osuv/dt and 5%uv/3t*. The intermittency threshold
values on these derivatives are read in to the program only for the first
five records of the digital data. Threshold values of 0.3 and 0.35 were
used on Juv/at and 3%uv/ot? respectively (Murlis, 1975). For the rest
of the data, the threshold is based on the mean value of the local
derivatives at the same point. This results in high values of y near
boundary region edges, or in the free stream, where very small non-
intermittent fluctuations, or even instrument noise, are seen by the
program as long turbulent bursts of Tow amplitude. Computed intermittency
factor, hence, rises suddenly outside the boundary layer. In Figs. (4.59) -
(4.61), such non-realistic points were removed from the graphs.

The profiles of y are flat, at a maximum value of nearly 0.9,
close to the body and at nearly 0.92 close to the wing surface. The
average position of the interface between the turbulent and irrotational
flow is, by definition, where y = 0.5, The Tocus y = 0.5 is indicated
in the figures by chain-dotted lines. Away from the wing, the interface
between the body boundary layer and the irrotational flow occurs at
y = 0.88 éb and moves to y = 0.8 Gb with decrease in z, éb being the
local body boundary layer thickness, compared to y/§ = 0.88 obtained
from temperature signals in two-dimensional boundary layers (e.g.
Andreopoulos, 1978). Outside the corner region, Figs. (4.59 - 4.61)
indicate that the interface between turbulence in the wing boundary
layer and the potential core occurs at z/Gw =~ 0,62 at station 2, 0.74
at station 5 and 0.8 at sitation 9, where S is the local thickness of
the wing boundary layer. However, the interface between the wing

turbulence and the irrotational core as defined above should not be
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trusted all the way. Figs. (4.59 - 4.61) are for y computed on

the bases of the - uv time derivatives, while the wing shear stress
component is, in fact, - uw. The present results, thus, call for a new
algorithm to define the intermittency in a three-dimensional flow,

protably based on the three shear stress components.

4.5 The Turbulent Kinetic Energy Balance

The turbulent kinetic energy conservation equation in tensor

form is:-

3175 v 1 Wy 5 13 Y 8%u;

"8?’2“1‘+U2§T7Zu1= UiUp 55 ~ 3 7 Yile “ax P Y T VY T3
2 2 1 'c)x2

(Bradshaw, 1975) (4.5)

For a steady three-dimensional shear flow, the equation takes

the following form in cartesian coordinates:-

TERM PHYSICAL MEANING
a 3l 1 2
[U x V.—+V 37| 79" = ADVECTION
— 4
B P U
{9 x H UV 5y + Uw T
— AV, 2V — 3V
PU stV ag W PRODUCTION (4.6)
(to be
continued)

3y 9Z

P L Eg]



TERM PHYSICAL MEANING

DIFFUSION

2 2 2
-vlud g 4y 2 g vyl : (4.6)
X oy 9z (Continued)
2 2 2 DISSIPATION
+ v o7V + Vv v v 7V AND
ax2 dy? 3z? VISCOUS
DIFFUSION
2 2 2
SR PRV I LV 9w
ox? ay? 322

An order of magnitude analysis showed that all production terms
are negligible except EV'%% and EW-%%, as in this slender flow the
streamwise gradient 8/9x and the secondary flow gradients are comparatively

small.
The present measurements were used for the evaluation of all

terms in the equation except the diffusion by pressure fluctuation
3 pPuU, o pVv, 9 pwl. - .
X P + A + 57 5|} which includes the unmeasurable pressure
uctuation p” and was ignored. Near the edge of a two-dimensional

boundary layer, both production and dissipation of the turbulent kinetic

energy are negligible. Several workers' measurements showed that the

advection and the turbulent transport 2 q%v are almost in balance.

oy
Accordingly, it is concluded that the pressure diffusion term %%-E’V

js negligible (i.e. p°V < < q?v) near the boundary layer edge, and, it is

to be hoped,negligible everywhere in the layer! If this is really so,
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then ignoring the pressure diffusion terms does not involve a
considerable error. (Very éTose to the wall, in the buffer layer, Moin,
Reynolds and Ferziger's large eddy simulation of channel flow (1978)
shows that the pressure terms are not negligible where they redistribute
v-fluctuations (damped by the wall) into u and w. Close to a wall
combination, e.g. in the wing-body corner, it is difficult to say what
dp Vv/oy or 3p w/dz do). The last term in the equation (the dissipation
and viscous diffusion) was found by difference and thus includes the
neglected pressure fluctuation term, Evaluation was performed on the
computer using the program "ENGBNC" written by the author. Only the
cross-wire measurements were used in the computatioﬁiwithout any data
smoothing. The three-point Lagrange formula* (see Appendix E) was used
in computing all the differentiations, and Tinear interpolation was
performed, when necessary, to evaluate the variables at unified mesh
points in the (y-z) planes. Terms in the equation were evaluated only
at station 5 where the differentiations w.r.t.x are expected to be
relatively accurate.

The turbulent energy balance for the corner boundary region
of station 5 is plotted in Figs. (4.62 - 4.72). Each figure shows
the balance in the y-direction at a fixed distanﬁe, z, from the wing.
Figs. (4.65 - 4.72) were plotted in the same way as ?19. (10.2) of
Townsend (1956), i.e. with a ten times magnified scale in the outer

part of the body boundary layer. The dotted line in each figure

* The best one can do with three points only (at stations 2, 5 and 9)
is to fit a parabola through them from which the derivative is

deduced.
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represents®* the function ui/Ky. | A1l the terms have been divided by

(U3), and have the units of tmm_1).
Close to the wing (at z = 5.03 mm), Fig. (4.62) indicates an

increase in both production and dissipation with y to maximum values of

6 -1

= 60 x 107" and 50 x 107 mn

1070 ! at y = 12 nm). Production and dissipation then drop slightly

6 and 40 x 1070 mm-].

respectively at y = 12 mm (ui/Ky = 11.2 x
and asymptote approximately to 44 x 10~ The
figure also indicates constant advection and diffusion for y 5 20 mm.
The explanation is evident from Fig. (3.17). A section in the flow at
z = 5 mm coincides with a contour of constant relative distance z/cSW

in the wing boundary layer (hence 3/dy]| 0).” Similarly, all

z <8 °
terms in the energy equation have constant v:1ues for all vertical
sections (z = const.) taken within the wing boundary layer (i.e. for
z < dw) as seen from Figs. (4.63) - (4.65).

As shown in Figs. (4.69) - (4.72), the turbulent kinetic
energy balance across the body boundary layer at relatively large
distance from the wing (z > 33 mm), is nearly similar to that for an
ordinary two-dimensionai boundary layer. The main contributions are
due to the production and dissipation except in the outer regiohs of
the body boundary layer. The near-equality of production and dissipation
near the wall in a two-dimensional boundary layer suggests that pressure

diffusion (9p v/dy is a transport term) is small compared to the

production or dissipation. The reason is that the measured dissipation =

*. In the inner layer of a two-dimensional boundary layer 3U/3y uT/Ky

R

and assuming - uv = u2, hence the production - uv 3U/3y = u;/Ky £,

TD

the dissipation; the advection and diffusion are negligibly small.



= ¢ + dp v/dy behaves the same wayAas - UV-%%n Since dissipation and
production are both Tocal qudntities, the similarity suggests that the non-
local quantity ap v/dy is small. . Near: the body, advection is
negligible but the striking result is that in contrast to measurements
in two-dimensional boundary layers, the term is mostly negative
indicating a gain of energy by advection. This is, of course, due to
the existence of secondary flow in the present case, i.e. due to the
contribution of.[v g% + W %%} %—d;, to the advection term. The
inspection of the different components of the advection term (computed

but not presented) showed that U {} q ] has generally a positive

value of the order of 0.5 x 107 -6 (mm ]) near the bddy increasing to

1.0 x 10'6 at the edge of the body boundary layer and dropping outside
the layer to the order of 0.03 x 10 -6. v ji %-q is always negative but

changes from the order of - 1.7 x 10 -6 for 33> 7> 28 and - 0.3 x 107°

for z > 33 near the body to v - 1.2 X 107

-6

at y ~ 14 mm and to

v - 0.2 x 10 © near the body boundary layer edge. N z-q has a
23¢

positive value of the order ofo.2 x 10 -6 close to the body fon/z < 43

b at larger z-values, in

the outer parts of the body boundary Tayer W ji-% q attains a negative

-6

changing to negative value of about - 0.5 x 10
value of the order of - 0.5 x 107° for 43 > z > 28 and a very small
negative value at larger z-distances. Closer to the wing (at z < 23mm),
the advection is positive, i.e. loss. At z < 18 mm, computations
indicate positive contributions of all the three components of advection
at all distances except for y < 10 mm and z < 5 mm. The three advection
terms are of the average order of 1.5 x 1078 ! except for z 2 3.5 mm
where %-V §93_15 roughly one order of magnitude higher than each of the
other two terms l-u aq -nd ?- q ——. The above results show that the

advection associated with the secondary flow is comparable to the primary

advection. Moreover, it exceeds the primary advection in the region very
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close to the wing. As can be seen in Figs. (4.62 - 4.65), for z < 15 mm,
the advection term is not negiigible.

The diffusion term almost integrates (w.r.t.y) to zero far from
the wing (at z 5 23 mm) as it does in two-dimensional flows. This is
not true at shorter distances relative to the wing. In a three-
dimensional flow, the integral over the whole y-z plane is zero but
individual y integration (say) may have either sign. Also, the pressure
diffusion term was neglected but it may not be important except very
close to the wall.

Production and dissipation close to the body decrease with

6. -1
m

distance from the wing to a minimum of ~ 30 x 10" ‘mm at z = 28 mm

and then increase with further distance from the.wing. This is
attributed to the changes in the levels of secondary flows, their signs
and gradients,and to the changes in the signs of the different shear
stress components around the vortex core. Production by the two primary
shear stresses, - uv and - uw, acting respectively on the primary flow
gradients aU/3y and dU/3z were compared but not separately plotted.

Close to the wing (z < 10 mm), the largest contribution to the production

was from - ﬁﬁ'%g-which is about 40 x 1070 o~} close to the wing and

reduces to 10 x 10-6 mm-] at z = 10 mm. Closer to the wing, z < 7 mm,

the contribution of - Uv 8 = 2 x 1070 mm_.I

ay

production is mainly due to - UV'gg-which =~ 25 x 1078 mn™! close to the

body and reduces rapidly with y. Small negative production terms, i.e.

only. At z > 10 mm, the

loss in kinetic energy, is noticed at z = 15.03 mm due to negative
shear (positive uw) and positive %g there, even though - UV’%%-is still
positive.

4.6 Shear Stress Balance

The transport equaticon of the shear stress - uju; takes the



following general tensor form:-

du.U. U, au. -~ |au. u.
U id . {———— J 4 UEUZ 1] + P [__l + __2} -

u.u, == —
') ax2 1L ax2 ax2 P axj axi
MEAN PRESSURE
TRANSPORT GENERATION STRAIN
pus CHTR
- ai 2 - ag - - ai UsUslg +
e e ;1Y

TURBULENT TRANSPORT

9%u, 52U,
T+ v (ui 3 U ;} (4.7)
axg Bx2

DESTRUCTION

The destruction term:-

32U, azui
v o|us INR —|
J aXZ

9 9

is negligibly small outside the viscous sublayer except for very low

Reynolds numbers. Turbulent transport by pressure fluctuations, i.e:-

is also believed to be small with comparison to other terms and will be
neglected (it is impossible to evaluate experimentally because of the

unmeasurable p”). Equation (4.7), hence, reduces to:-
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oy

—— ]

]

u.u.u

. . {oU,
— 3l p i
A = ULU, | T e+
| i"e 3x, ) BXJ o {axj ax].J
For the three components of shear stress, - uv,

Equation (4.8) takes the following cartesian forms:-

3 3 3) — _ _ [V, — Vv — oV
U'ﬁ')'("*'V';gj'FNE-]UV— [U —a~)-(-+uvay+UW'§'z+
MEAN TRANSPORT
AU, TZ AU, — U]
' + uv —a~)-(- + Vv —a-y + Wy 76—2-]
GENERATION
T N
[ u<y + -5:\7 uvs + 37 UVW} +

oX

* TURBULENT TRANSPORT

P~ {3u _ av .
+ P [ay+ax] ’
PRESSURE STRAIN

[U%Jrv%uq—%]UW:- {Fg_ﬁ+ﬁvg‘_j+m%i+
+ EW-%% + WV'%%~+ ;;'géﬂ -
- [%E+%m+%uwzj +
+ %; {%% + g%q ; and

(4.8)

- uw and - ww,

(4.9a)

(4.9b)
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[U g% + V g%-+ W g%} v = - {UV %g + ;;-%g + VW %¥.+
+'Hﬁ'%¥ + VW-%% + ;; %g} -
- {g%'UVW + é%-;;;.+ g%-;;;] +
ﬂ§%+%. (4.9¢)

The different terms in the above shear stress transport
equations were computed and plotted in Figs. (4.73" - 4.84) at the
fifth downstream station of the wing-body junction. The mean transport
terms, the generation terms and the turbulent transport terms, as
expressed in the above Equation (4.9 ), were evaluated directly, while
the pressure strain terms (the redistribution by pressure fluctuations)
were found by difference. Similar to what was done with the energy
balance, linear interpolation was used to transform the measurements to
a unified mesh and the Lagrangian three-point formula (Appendix D) was
used in computing the necessary differentiation. Also, all the terms

are divided by 107°

Ué.

Figs. (4.73 - 4.76) present the body main shear stress (- uv)
balance in the body boundary layer. Close to the body surface, the
dominant terms in the balance are the generation and the pressure strain
terms, except close to the wing (z < 5 mm) where all the four terms are
comparable. Referring to Fig. (3.68) which shows contours of constant
- uv at the fifth z-y plane together with Figs. (4.73 - 4.76), it is
clear that both generation and pressure strain terms change signs with

the change in the shear stress sign. In zones of negative shear stress,

i.e. positive uv, these terms respectively represent loss and gain of
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- Uv. Ye are not awave of any other measurements in which the pressure
strain term represents a gain of shear stress; however, there is nothing
to forbid this. Near the wing surface (z % 15 mm), both mean and
turbulent transport are considerable and opposite in direction at small
distances from the body surface. Both of the terms increase in magnitude
with decrease in z within this range. At larger distances from the wing
(z > 15 mm), the two-transport terms are neglected compared to the |
generation and the pressure strain terms, except near the edge of the
body boundary layer where the latter two terms are small..

The balance of .the wing main shear stress (- uw) is shown in
Figs. (4.77 - 4.80). At z = 5,03 mm, the generation and pressure
strain terms dominate the balance while both the mean and turbulent
transport terms are very small., At z =5.03 and z = 15.03 mm, where
the flow sections lie at constant height inside the wing boundary
Tayer, all the terms in the shear stress balance asymptote to constant
values with y. Generation and pressure strain terms which have their
maxima close to the wing (see Fig. (4.77)) decrease rapidly with - uw
to a lower level at z = 15.03 mm (notice the change in scales between
figures) where - uw is very small (see Fig. (3.71)). At z =28.4 mm,
the wing shear stress - uw is negative, as seen in Fig. (3.71) and
Fig. (4.79) shows 2 change in the signs of both generation and strain
terms. Similar to the case of body shear, the generation and pressure
strain represents loss and gain of - uw when uw is positive. The
scatter in the profiles at z = 63.4 mm (Fig. (4.80)), is due to a
probable error in the numerical evaluation of the terms, especially the
derivatives w.r.t.z because z = 63,4 mm is the furthest traverse from
the wing.

From the study of the balance of both body and wing main

shear stresses, - uv and - uw, it is evident that:-



(i) the dominant terms in the balance, close to the corresponding
wall, are the generation and the pressure strain terms;

(1) both terms drop quickly with distance from the body and the
wing respectively, and,

(ii1) in regions of negative shear stress, they change signs so that
the "generation" becomes a 1oss and the pressure strain

becomes a gain in the shear stresses - uv and - uw.

The balance of the secondary shear stress - vw at station 5 is
given in Figs. (4.81 - 4.84) for completeness. Opposite to - uv and
- Uw, the generation term represents a loss of - vW and the pressure
strain represents a gain of - vw when the latter is positive and vice
versa. Close to the body, all the four terms drop quickly with z.
Turbulent transport is always larger than, and generally opposite to,

the mean transport,

4.7 Streamwise Vorticity and Streamwise Vorticity Equation

4.7.1 The Streamwise Vorticity

LY
ay oz
at x = 15.6, 61.4 and 122.3 cm from the leading edge are shown in Figs.

Contours of the streamwise component of vorticity § =

(4.85 - 4.87). The inset in each figure shows the change of £ across
a section in the body boundary layer passing through the apparent

vortex . centre. The streamwise vorticity level drops with downstream

distance. TIts maximum value (Emax) decreases from about 30 Ue sec-] at
x = 15.6 cm to 27 U, sec™! at x = 61.4 cm and to about 15 Ug sec™! at
x = 122.3 cm, compared to a decrease in Ue/éb from 43.5 Ug sec—] to

31.3 Ue then to 24.4 Ue and in Ue/éw from 125 Ue to 62.5 Ue to 47.6 U,

at the same streamwise distances x. Gb and Gw are the body boundary



layer thickness away from the wing and the wing boundary layer thickness
away from the body respectiveiy. Reduction in Emax is accompanied by a
spread in the vortex cross-sectional area. Taking the contour & = C.5 Emax
as a measure of the relative size of the vortex, we Tind that the vortex
cross section increases from z x y = 27 x 5.5 mm to 33 X 6.25 and finally
to 37.5 x 6.25 with increase in x from 15.6 cm to 61.4 cm and to 122.3 cm.
The Tocation of the vortex centre (where & = gmax) relative to the wing
surface as seen in Figs. (4.85 - 4.87) agrees with Figs. (3.20 - 3.22)
of the secoﬁdary flow vectors in the normal planes, while no such agreement
is noticed for the distance of the centre from the body surface.

The vortex strength expressed by the streamwise circulation,
I, was also roughly deduced using the present measurements. Circulation

X
around a closed contour, C, in the y-z plane is given by:-

r, = % v, ds (4.10)
C

where VS is the secondary velocity component along the infinitesimal arc

length ds. FX is related to the streamwise vorticity £ in the form:-

T o= [ [ £ . dA_ (4.11)

where £ is the streamwise vorticity component over the cross-section area

dAC, and AC = area enclosed by the contour C. In the present study, we

considered ', = & . A as a rough estimate proportional to
X max Emax/z
vortex strength, where AE is the cross-sectional area enclosed by
max/2 _ _
the contour & = 0.5 Emax . FX drops slightly from 4.5 x 10 3 Ue (m? sec ])

at x = 15.6 cm to 4.12 x 1072 U, at x = 61.4 cm and then to 3.52 x 107° U

e
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at x = 122.3 cm. This reduction in the vortex strength with
X agrees with the attenuation in the secondary flow strength apparent
in Figs. (3.20 - 3.22).

Figs. (4.85 - 4.87) indicate the existence of a narrow zone
of opposite vorticity (relative to the main vortex) in the wing boundary
layer. This region of relatively weak opposite vorticity spreads,
and its vorticity increases with downstream distance. It is the natural

result of the surface shear stress in the y-z plane.

4.7.2 Streamwise Vorticity Equation

The absence of the unmeasurable pressurefield from the stream-
wise vorticity equation (Equation (1.3)) makes all of its terms, in
theory, computable. However, the accuracy of computation is expected to
be very low. Evaluation of terms in the equation involve computing
partial derivatives of at least the second order for scattered experimental
data. The probability of obtaining accurate results can be improved with
the increase in the number of measurements at the same point. Perkins
(1970a) tried to derjve an equation for the streamwise circulation, T by
integrating the streamwise Equation (1.3) as a meﬁhod for reducing the
scatter but his trial was not successful. But on the basis of symmetry
of his flow field about the corner bisector, he was able to increase the
number of samples, in some of the terms, by regarding the data on each
side of the bisector independently. However, he did not check the balance
of the equgtion due to the expected errors in terms like U g%-and g %%,
deduced from one trial.

Unfortunate}y, and due to the lack of symmetry in the corner
of a "wing-body" junction, only one trial is available at each point for
all terms in the equation. A poor accuracy is thus expected in the

present evaluation. The best evaluated terms are P3 and P which contain
I
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no derivatives w.r.t.x: only three points are available in the stream-
vise direction (x).

Some of the terms in the equation were evaluated at station §
(x = 61.4 cm) and are presented separately in Figs. (4.88 - 4.91).
The contribution of the vortex stretching (flow acceleration) to the
production of £, given by P1 = £ 253 is shown in Fig. (4.88). P1 almost
always represents a loss in the streamwise vorticity, as the flow in the
growing boundary region, where the vortex exists, is decelerating
(3U/3x < 0). P1 drops sharply in value with distance from any of the
walls, the wing or the body, due to the reduction in bU/axL

The effect of the skewing of the other two vorticity components
n and ¢ is presented in Fig. (4.89). P2 =1 %%-+ C %g-= %g-g%-— %g-%g
which is an order of magnitude lower than P1 reduces sharply with distance
from the body as a result of the reduction in both the velocity gradient
%g-and the vorticity component n. The decrease in P2 with z is much
stower than with y. Close to the body (at y < 15 mm), P2 represents a
loss in §&. At y 3 15 mm and z < 23 mm in the zones of distorted isovels,
under the influence of the secondary flows, P2 represents a gain of £ as
a result of the changes in the directions of the velocity gradients. In
fact, the skew 3W/3x at station 5 is very weak compared to that near the
leading edge which initiates the secondary vorticity in the wing-body
corner. The former is generally in opposite direction to the latter,
~which explains its dissipating action to the leading edge vortex. The
very small gain noticed at z = 53 mm in the region 14 < y < 40 mm is
mainly due tq n %%.

The contributions of the Reynolds stress components in the cross
planes, represented by P3 and Ph, are shown in Figs. (4.90) and (4.91).
P and Ph are the largest two terms in the equation (at station 5). They

3
are an order of magnitude greater than P1 and Ph is much greater than PS.



P3, which expresses the effect of the inhomogeneity of the secondary
shear stress - vw,causes a gain in £ inside the wing boundary layer
(z ¥ 23 mm) close to the body surface y X 10 mm and a loss for y % 10 mm.
Outside the wing boundary layer, P3 represents a loss at y < 10 mm and
a gain in the outer parts of the body boundary Tayer. Away from the
wing, P3 again causes loss in £ in the outer parts of the body boundary
layer and a gain near the body. In fact, P3 is diffusing £ from the
‘regions of high vorticity near the body surface and just outside the
wing boundary layer in both z-directions and also to the outer layers of
the body boundary layer above the vortex centre.

'The diffusion of £ due to the anisotropy’of the normal Reynolds
stresses ;;-and ;;, expressed as Pu, is presented in Fig. (4.91). At
z 223 mm, a big Toss in € occurs at y £ 10 mm, and a very small gain
occurs in the regien 10 < y < 20 mm. Pq becomes two orders of magnitude
Tower at 2z £ 23 mm and is subjected to some scatter. In this region, Ph
represents a diffusion of £ from the inner part of the body boundary
layer to the outer part.

Viscous diffusion of streamwise vorticity (term D in Equation
(1.3)) proved to be, as expected, negligible; the measurements did not
extend. into the viscous sublayer where viscous diffusion might be
important.

The overall result is a big reduction in £ close to the body
‘ surface and a relatively small addition to £ in the regions where it is
low. The net outcome, as has already been seen in the previous section
and in Figs. (3.20 - 3.22), is an attenuation in the vorticity

(reduction in g formed originally near the wing leading edge and

max)’
a growth in the vortex cross-section with x.
The main contribution to the diffusion of streamwise vorticity

is due to the Reynolds stresses in the cross plane. Hence, Reynolds
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stresses act to diffuse the streamwise vorticity of the first kind
rather than induce secondary Tlows of the second kind as in corners of

rectangular ducts.
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CHAPTER 5
CONCLUSIONS

5.1 The Present Work

The flow along the streamwise corner of an “idealized wing-
body" junction in a near-zero pressure gradient has been studied in
detail. Measurements of the three mean and three fluctuating velocity
components, yielding the six Reynolds stresses and the ten triple
products of the turbulence fluctuating velocities, have been obtained.
The validity of some two-dimensional-turbulent flow laws and hypotheses
~ was examined, and the turbulent kinetic energy and shear-stress budget.
were evaluated.

General conclusions are as follows:-

() As a result of separation of the body boundary layer ahead
of the wing leading edge and the streamline skew there, a horse-shoe
vortex is formed or wrapped around the leading edge and extends down-
stream along the corners between the wing surfaces and the body. The
secondary flow found in the corner of the wing-body junction is thus

of the "FIRST KIND".

(b) The vortex strength reduces and its cross-sectional area
grows with downstream distance, mainly due to the diffusive action of
the Reynolds stresses in the wing-body corner. (In the corners of
rectangular ducts and between flat plates, the Reynolds stresses create
a pair of contra-rotating vortices, i.e. they generate secondary flow

of the "SECOND KIND").

(c) Flow in the wing-body junction is predominantly affected by



the presence of the streamwise vortex. Large effects on the velocity
and Reynolds stress profiles in the outer part of the boundary layer

are evident from the present -measurements.

(d) However, the vortex has a small effect on the 1oca} equilibrium
of the inner layers of the corner boundary region, except near the wing
Teading edge where the vortex is strong. The invalidity of the log-law
in the inner layers very close to the corner-line is attributed to the

vanishing wall shear stress there.

(e) The present study showed that eddy viscosity and mixing length
models are not suitable for modelling the flow in the wing-body corners,
where asymmetrical boundary layers interact, contrary to the symmetrical

flow in duct corners to which the models seem applicable.

(f) A strong correlation between the resultant local shear stress
and the turbulent kinetic energy exists over a large section of the

flow.

(9) The corner secondary flows contribute greatly to the turbulent
kinetic energy advection. Their contribution is comparable to the
primary flow advection and they even exceed the primary advection close

to the corner walls,

(h) Regions of negative shear stresses were found in the corner,
where the "generation" term in the shear stress equation causes
"destruction" of the mair stresses - uv and uw and the pressure-strain
term (measured by difference of the other terms) contributes positively

to their generation.



It is, in fact, very difficult to summarize all the detailed
conclusions drawn.from the discussion of the complicated turbulence
quantities measured in the present experiment. For instance, no simple
general conclusion can be drawn from the discussion of the measurements

of the ten triple products of the fluctuating turbulence velocities u, v, w.

5.2 Future Work

It is hoped that the detailed investigation of the idealized
wing-body corner flow, given in the present work, will contribute to a
better understanding of this complex type of turbulent flow. The
collected data can be used for testing and improving future calculation
methods of wing-body corner flows., It seems that a unique relation
between the resultant shear stress and the turbulent kinetic energy,
found in both symmetrical and asymmetrical corner flows, is a first clue
towards the right path. However, there is still much to be done, both
experimentally and theoretically, before a full understanding of the

wing-body corner flow is claimed: -

(a) The interaction between isolated vortices embedded in two-
dimensional boundary layers and the turbulent flow in the layers is a
problem that should be studied to throw more light on the major factor

affecting the corner flow.

(b) The effect of streamwise pressure gradient on the corner flow
needs to be studied. In most practical applications, e.g. turbo-
machines, corner flows are'subjected to pressure gradients. Pressure
fields have greét effect on the intensification (or attenuation) of
vortex strength as the streamwise vorticity Equation (1.3) shows;

D . .
ﬁ% = g-%% + .... , and if dp/dx > 0, i.e. 3U/3x < 0, then £ decreases.
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(c) Corners between practical aerofoil-section wings and curved

bodies, should be an ultimate case to be studied in detail.

(d) It is hoped that the present data can serve in developing
generral forms of the law of the wall and the Taw of the wake in wing-

body corner flow specifically, and in slender flows in general.
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APPENDIX A

CROSS-WIRE YAW CALIBRATION

As explained in Chapter 2, a constant temperature hot-wire

obeys the relation (2.2):-

2 _ n
E< = A+ BUeﬂC

derived from King's law of cooling. Assuming the validity of the "cosine
law", the effective cooling velocity over a wire at angle (90 - y) to

the flow is:-

- T 70U flow
— ¥
\\gﬁf

Ugpe = U cos v » (A.1)

if V= 0. The cosine law has been shown not to be a good approximatien
for a single slant wire, by Champagne et al (1967) and Friehe et al (1968).
They showed that the wire is significantly cooled by the longitudinal
velocity component (U sin ¢). This problem, together with the practical
difficulty of accurate measurement of the wire geometric angle to the
flow, have been solved by determining the "effective" angle of the wire
(weff), as suggested by Bradshaw (1971), described hereafter. The study
of Wood (1978) carried out in this Department has shown that, for the
particular X-wire probes used in the present work, the cosine law is
adequate, i.e. the effect of the longitudinal velocity component is
negligible, when the wires' effective angles are used.

If wl and wz arn the effective angles
of wires 1 and 2 relative to the X-wire probe oy
centre line, not necessarily coinciding with %iii;b

their geometrical angles, and § is the yaw ‘\\\



angle, then:-

‘ n
2 _
E1 = A1 + Bl U cos (wl + 6{] s and
(A.2)
\ n
E2 = A2 + 82 [9 cos (wz + 6{] :

Assuming that Al and A2 do not change with &, for 6§ = 0, we obtain:-

n
E2 =A +B Elcosw:' , and
16=0 . 1' 1 1
(A.3)
n
E2 =A +8B EJ cos ll)]
2620 2 2 2
Hence: -
r‘ - 7N
cos(p + §) E2 - A
1 = 1 1 . and
COS.I!)l F2 - A
16=0 1
_ - (A.4)
, n .
cos(¢2 - 6) ) E2 - A2
(780 7]
j.ei-
1
n
E2 - A
cos § - |—2—21| =tanvy sin s . and (A.5) to be
E2 - A 1 continued
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1
n
EZ_A . .
€0s 8§ - |—2—2l =tan Y sin 8 (A.5)
E? - A 2 continued
26=0 2

Knowing A1 and A2 from the velocity ca]ibfation and plotting
the left hand sides of the last equations against sin & usually gives
straight lines of slope tan wl and tan wz; departures from straight
Tines indicate misreading, drift or malfunction. A typical example of
the yaw calibration is given in Fig. (2.11).

Useful comments on the limitations and errors of the above-~
described techniques, in high intensity flows where pitch and yaw
response is more critical than in the present flow, are given by Castro»

(1973).
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APPENDIX B

P

DEDUCTION OF TURBULENCE QUANTITIES
FROM CROSS-WIRE SIGNALS

A11 the turbulence quantities could be deduced at a given
paint in the flow from the cross-wire measurements by rotating the
planés of the wires about the x-axis so that it intersected the y-z ‘
plane at four different angles (usually the lines of intersection were
chosén parallel to the y and z axes the bisectors of the angles between

them). Recorded signals were analyzed using the standard "DIG2U"

program as explained in Chapter 2 and in detail by Weir and Bradshaw (1974).

! \.45

Y. Vay H - §§ /{/

W

ZWew position: 1

ATigning the plane of the.wires in the (x-y) plane (position

1), yields the quantities: u?, v%, W, u®, v3, u?v and v2u in addition
to the mean flow components U and V. Similarly, with the plane of the

wires in the (x-z) plane (position 2), at the same point, the "D1G2y"

output comprises u?, w2, Uw, u®, w®, u®w, w?u, U and W. When the wires

aré $ét at + 459 to the vertical (looking downstream - position 3), the
V+v)+ (H+w)

vz

wires respond to the two velocity components (U + u) and (

In this case, the program gives:-
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2 (v + w)? Wa+w 3 (v+w®PuP(vrw) (vi+wiuo, V+ i
u-, ——2_—3 U ——=y u-, ’ s > N U and
V2 2/2 Ve V2

Similarly, for the — 45° setting (position 4), we get: u2, f!L_?lil_,
, etc.

It is thus evident that all the six elements of the Reynolds

stress tensor uiuj, except vw, follow directly from the vertical and

horizontal setting the wires (positions 1 and 2). The secondary shear
étress vw is deduced from the two inclined settings by subtracting jﬁLiéidf-
obtained with the wires at - 45° from jijéJili obtained from the + 45°
setting (positions 3 and 4).

The triple products u®, v3, w?, u?v, v2u, u?w, w?u are obtained

directly from the vertical and horizontal wire positions, and the

remaining three triple products vZw, w?v and uvw are obtained as follows:-

3 3
-\ A 2
(i) Subtracting [“" Y| from |2 W] , we get w3V
V2 7z J J7

)
subtracting %% obtained from the horizontal wires' setting viw

can be‘deduced.

vi o+ 3wy?

L and

3
(i1) Similarly adding {V RN
VZ

3
] , we get

using the v3 from the vertical wires' setting we get wv>.

(i) uvw is obtained from the two inclined wire setting by subtracting
2 2
u [Y2X from u (RN
V2 vZ ‘

A brief discussion of the errors is given in the following

Appendix.
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APPENDIX C

A BRIEF ANALYSIS OF SOME ERRORS IN
THE CROSS-WIRE MEASUREMENTS

C.1 The Effect of the Third Velocity Component

As has already been explained in Appendix A, the effect of the
Tongitudinal component relative to wire centre-line is eliminated by the
effective angle yaw-calibration of the X-wires. Here, we consider the
effect of the third velocity component normal to the wire centre-line
or normal to the plane of the X.

Setting the cross-wire probe with its wires in the (x-y)
plane subjects the sensing wires 1 and 2 to the normal velocity components

Veff,l and Veff,z respectively, where:-

/7 . 2 2
Veff,‘ = v [EU + u) cos wl + (V + v) sin w;] + (W + w) (C.1)
Veff,2 = V/ﬁ[gu + u) cos wz - (V+ v) sin wé]z + (W+ w2 (C.2)
Y yA wires’ pos. | 2
W+w U ‘U (,|,)1 A
b
/ V+v
e B
z X

Veff,‘ = [EU + U) cos wl + (V + v) sin w;] .
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: /{1 . (W + w)® -} (C.3)
[}U +-u) cos wl + (V + v) sin w;[

and: -

Veff’z = [EU + u) cos b, - (V+ v) sin w;] .

: /{ 14 (W + v)* ) (C.4) .
[EU +v)cos ¢ + (V+v)sin w;]

The measurements showed a maximum of ~ 7% for [(H +w)/ (U + u)
giving (W + w)2/(U + u)? = 5% at most. Hence, the relations used in the

present work, namely:-

Veff’l = (U + u) cos wl + (V + v) sin wl , and (C.5)

v = (U + u) cos wz - (V +v) sin wz (C.6)

eff,?

result in a maximum error of only 2.5% in Veff,l and Veff,2 and in a

negligible percentage error in the turbulence quantities.

C.2 Errors in the v-w Correlations

Appendix B explains the method used in deducing the v-w
correlations from the X-wire measurements in planes inclined # 45° to
the (x-y) plane. The error that results from inaccurate setting of
the wires to + 45° relative to the vertical direction is discussed here.

If the wires are set at angles el and 62 to the vertical as

sketched below, then they are measuring v sin e1 + W cos 81 and



330

vsin 8 -wcos 8 respectively corresponding to (v + w)/¥2 and (v - w)/vV2
2

for 91 = 92 = 45O as assumed.

C.2.1 Error in the Secondary Shear Stress - vw
The measured value VW;, based on vy

the assumption 91 = 62 = 450, is related to

the actual value vw in the form:-

wires’ plane [
VW_ =:£E (sin? 8 - sin® 8 ) + ;— (cos? 8 - cos®? 8 )+ vwsin (8+ 8)
m 2 1 2 —2_ 1 2 1 2
(C.7)
For -an exaggerated error of * 50 in 91 and 62 (> + 10% error),
we get:-
(a) If the errors 1ie in the same side, i.e. 91 = 62, then:-
VW;'= 0.985 Ww , i.e. - 1.5% ervor in vw
(b) If the errors 1ie in the opposite sides, i.e. 91 + 92 = 900, then: -

Vi = W (12 0.0868 (v2 - WZ)/W]

The present measurements indicated a maximum value of about

1.75 for |(v® - w?)/w| near the walls. This results in a 15% error in

the vw measurements at most.



w
w
—

C.2.2

Errors in the Triple Products

(i)

For v2w and w2v, we have:-

(3v2w + w3)m /VZ = v® (sin® 6 - sin® @ ) + 3viy (sin? 6 cos 6 +

+ sin? 6, cos 6 ) + 3w?v (sin 6 cos? 6 - sino cos® 6 ) +

+ w® (cos? o + cos® 0,)

(C.8)

s and
(552; + ;;)m /VZ = ;; (sin® o + sin? 82) + ;;; (sin? 6 cos 6 -
- sin? 8, cos 82) + 3;;; (sin 8 cos? 6 +sino cos? 8 ) +
sl (cos? 6 - cos® 6 )
Neglecting the error in ;;.and ;?, j.e. assuming ;;-= ;; and
;%=;v_3—, then for a + 5°

setting error we get:-

(a) for - 5% error in both angles: -
r —
_— "
viw = v?w 0.895 + 0.091 —, and
L VZWA
r —
V3
w?v = w?v {1.067 -~ 0.083 —
m L WZVA

Close to the wall an estimated error:of - 16% and - 5% is found in vw

and w?v respectively when the measured values of v2w, . there are used.
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(b) for + 5% error in both angles:-

Wl
Vi = v {1.067 - 0.083 :224 , and

— N
w2y = WPy {0.865 + 0,091 :§:J
w2V

resulting in an error of + 13% and + 0.2% in v®w and w?v close to the wall
respectively.

(c) For ¢ 5% and + 5° errors in 6l and 62 fespective]y:—

vZw_ = v2w [0.981 + (0.004 w®  0.087 v* % 0.086 w?v) / vzwl , and

. — —
w2v_ = w?v [0.981 + (0.004 v® % 0.087 w® ¥ 0.086 v?w) / wzv)

\

Close to the solid surfaces the estimated errors are + 0.03% or - 4% in

v2w and + 13% or - 15% in w2v.

(i1) For uvw, we have:-

uvw, = 0.5 |uv? (sin? o - sin? 62) + w?u (cos? o - cos? 0 ) +

+ uvw (sin 26 +sin 262)} (C.10)

(a) For an error + 5 in both 6l and 62 (i.e. 8 = 92), we get:-

1



(b)

333

uve = 0.985 uvw i.e. an error of only 1.5%

0

For + 5° error in 6 and = 5° in 6 , we get:-

uvw_ = {0,985 ¢ (uv? - uw?)| uvw

0.087 ,” 5 ____]
W J

The resulting errors close to the solid surface are + 8% or - 11%.

Taking into consideration that the above rough estimates of

errors were made for an exaggerated error in setting the wires using

the experimental data that almost give the highest error, it is seen that

the present technique is reliable if the wires' plane was set reasonably

accurately to the + 45° planes (within * 20 say).



APPENDIX D

PLOTS OF TRIPLE PRODUCTS OF TURBULENT
VELOCITY COMPONENTS AND TURBULENT
TRANSPORT VELOCITIES

The relegated isometric graphs of the triple products at
stations 2, 5and 9 (x = 15.7, 61.4, 122.3 cm) are displayed in this
Appeédix to complete the set of data. Figs. (D.1) - (D.30) show the
'computer—p1otted experimental points. No connecting curves were traced,
to save effort and time. However, values can be read easily from the
graphs using the read-out sheet supplied with the thesis, as explained
in Section 3.3. Some of the above figures (those of triple products at
station 5) were retraced manually in a clearer form and have been
presented in Chapter 4 (Figs. (4.25) - (4.34)), where the triple
products results were discussed (Section 4.3).

This Appendix also includes the turbulent.transport velocities
of the shear stresses (- uv and - uw) in the three x-, y- and z-
directions at stations 2 and 3 (Figs. (D.31) - (D.42)). The corresponding
figures of the transport velocities at station 5 have been displayed in
Figs. (4.35) - (4.40) where they were discussed (in Section 4.3). The
transport velocities of the secondary shear stress - vw in the three

directions at stations 2, 5 and 9 are given in Figs. (D.43) - (D.51).
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Cross Wire Measurements
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FIG.( D-33 ) v2u/ Gv AT STATION 2
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FIG.C D .50 ) w2v/ vw AT STATION 5 (X= 613.8 mm)

Cross Wire Measurements
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APPENDIX E

NUMERICAL DIFFERENTIATION USING THE
THREE-POINT LAGRANGE INTERPOLATION FORMULA

A1l the differentiaiions needed in the present work, for
deducihg the terms in the turbulent kinetic energy balance (Equation
(4.6)), the shear stress transport equations (Equation (4.9)), and the
streamwise vorticity equation (Equation (1.3)) were performed on the
College CDC computer using the three-point Lagrange interpolation

formulae (see Cebeci and Bradshaw (1977), page 261).

(a) For. 1 <n <N
df] f A f(A -A) f A
__ n=1"5 n'y 1 n+1 1
[ay’n' AR "R A VTR H (E.1)
1 3 1 2 2 3
where: -
A1 = (xn - Xn-1)
A= (Rpgp = Xp0q)
(b) At the last point (n = N):-
f f f
of| _ 'N-2 N-1 N
[WJ B A vA AZ B A A A3 * K K (Az + A3) (E'Z)
N 13 1 2 2 3

where: -
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A= Xy X2
A2 = XN = XN""
A3 = XN T XN-2
(c) At the first point (n = 1):-

of fa f? fl
[ﬁ]] o A e N wy L URRAL
1 3 1 2 2 3

where: -

(E.3)








