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Abstract 

Lateral instability of elliptical hollow section (EHS) members in bending is studied in 

this paper. Eight laterally unrestrained EHS beams, with a constant cross-sectional 

aspect ratio of two, were tested in three-point bending. The test set-up, material 

properties, section geometry, residual stress measurements and full load-deformation 

responses of the test specimens are reported herein. To supplement the experimental 

data, numerical models were also developed and validated against the test results. 

Parametric studies were then performed, to assess the influence of cross-sectional aspect 

ratio and member slenderness on lateral stability. Based on the assembled structural 

performance data, lateral torsional buckling curves for elliptical hollow section beams 

have been developed and statistically verified. Limiting lengths below which lateral 

torsional buckling (LTB) need not be considered have also been proposed. 
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1. Introduction 

The use of elliptical hollow sections (EHS) as structural members in civil engineering 

applications is steadily growing due to increasing awareness amongst engineers and 

architects of their availability, their addition to the tubular product standard EN 10210 

(2006) [1] and the release of industry design guidance [2], based on recent research [3-

7]. Recent applications of EHS in structural applications include the Terminal 5 
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building at Heathrow Airport in London, U.K. and the Legends Centre in Oshawa, 

Ontario.  

 

Previous studies on hot-rolled elliptical hollow sections, a review of which has been 

made by Chan et al. [8], have focused primarily on structural response at the cross-

section level, with local slenderness parameters, a system of cross-section classification 

limits and a set of design rules for pure compression, bending, shear and column 

buckling resistance being proposed [3-7, 9] EHS connections have been investigated by 

Willibald et al. (2006) [10] and Martinez-Saucedo et al. (2008) [11], while the 

behaviour and design of concrete-filled EHS have been analysed by Yang et al. (2008) 

[12] and Dai and Lam (2010) [13]. The response of EHS members under fire conditions 

has also been recently explored [14, 15]. To date, member instability in bending (i.e. 

lateral torsional buckling) remains unexplored – this is the topic of the present study. 

 

When laterally unrestrained beams are bent about their major axis, they may fail by 

lateral torsional buckling. The closed nature of tubular sections results in high torsional 

stiffness, making them inherently resistant to this buckling mode. Nonetheless, for 

longer member lengths and higher aspect ratios, lateral torsional buckling of elliptical 

hollow section members will be experienced.   

 

The first studies of lateral torsional buckling in beams of narrow rectangular cross-

section were conducted by Michell [16] and Prandtl [17]. Subsequent work by other 

researchers led to the development of a general theory of lateral torsional buckling, 

which includes the effect of warping, as described in Timoshenko and Gere [18]. For a 

perfectly straight beam of uniform symmetrical cross-section and standard restraint 

conditions (i.e. restrained against twisting and vertical and lateral deflections at supports, 

but free to rotate on plan) under pure bending, the elastic critical moment Mcr is given 

by: 
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where E is the Young’s modulus, G is the shear modulus, Iz is the second moment of 

area about the minor axis, It is the torsion constant, Iw is the warping constant and L is 

the length of the beam. The critical moment depends on EIz, the minor axis flexural 

rigidity, GIt, the torsional rigidity and EIw, the warping rigidity of the beam. It should be 

noted that Equation (1) ignores the effects of in-plane bending prior to buckling (i.e. 

major axis curvature
y

cr
2

2

EI

M

dx

wd
 ), which produces a conservative result. 

 

For non-uniform bending moment along the beam length, the elastic buckling moment 

given by Equation (1) can be modified by introducing an equivalent uniform moment 

factor, C1, hence: 
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The value of the equivalent uniform moment factor C1 depends on the shape of the 

bending moment diagram; for the case of three-point bending examined in the present 

study, C1 = 1.35. For beams with non-uniform cross-sections or with different loading 

or restraint conditions, determination of Mcr is more complex. Approximate solutions 

for a wide range of loading and boundary conditions have been presented by Trahair 

(1993) [19].  

 

In EN 1993-1-1 (2005) [20], the elastic critical moment Mcr is incorporated into a beam 

slenderness parameter LT . The reduction of moment capacity of a beam due to lateral 

torsional buckling can then be determined from lateral torsional buckling curves 

presented as a function of beam slenderness. This is discussed further in Section 4. 

 

In this study, the lateral torsional buckling (LTB) behaviour of elliptical hollow section 

members is investigated both experimentally and numerically. Eight laterally 

unrestrained beams, with a constant aspect ratio of two, were tested and the test results 

were used to validate numerical models. Numerical parametric studies considering a 

range of cross-sectional aspect ratios and member slendernessess were performed. 

Based on the experimental results, reliability analyses in accordance with EN 1990 
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(2002) [21] were then carried out to confirm the validity of proposed design rules for 

laterally unrestrained EHS beams. 

 

2. Experimental study 

A full-scale experimental investigation into EHS member instability in bending has 

been carried out in the Structures Laboratory at Imperial College London. The tested 

sections were all hot-finished from grade S355 steel and produced by Corus Tubes [22]. 

The experimental programme comprised six material tensile coupon tests and eight 

beam tests loaded about the major principal axis. The tested EHS had an aspect ratio of 

2, overall outer cross-section dimensions of 150×75 mm and thickness of 5 mm, which 

is the thinnest non-slender section of the range. 

 

2.1 Tensile coupon tests 

Material tensile coupon tests were conducted in accordance with EN 10002-1 (2001) 

[23] to determine the basic engineering stress-strain response of the material of the 

tested sections. The specimens for the bending tests originated from six lengths of 

material and one coupon was taken from each for material testing. Parallel necked 

coupons, each with a neck length of 150 mm and width btc of 20 mm, giving a standard 

gauge length of 55 mm, were machined longitudinally along the centreline of the flattest 

portions of the elliptical hollow sections. A series of overlapping proportional gauge 

lengths were marked down the complete length of each side of the coupon to determine 

the strain at fracture after testing. 

 

The tensile coupon tests were performed using an Instron 8802 2000 kN hydraulic 

testing machine. A linear electrical clip gauge was affixed at the centre of the tensile 

coupons to measure the strain. Strain control was used to drive the testing machine at a 

strain rate of 0.001%/s within the elastic range, 0.002%/s along the yield plateau and 

0.04%/s until fracture of the specimen. Static loads were obtained at key stages by 

holding the cross head of the machine for 2 minutes to allow stress relaxation to take 

place. The static yield strength was obtained by averaging three static loads obtained 

along the yield plateau and the ultimate static load was also recorded – see Figure 1. 

Load, strain and other relevant variables were all recorded at one second intervals using 

the fully-integrated modular software package, Blue-hill 2. 
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Mean measured dimensions and the key results from the six tensile coupon tests are 

reported in Tables 1 and 2. The reported material parameters are the Young’s modulus 

E, static yield stress fy, static ultimate tensile stress fu and the plastic strain at fracture 

based on elongation over the standard gauge length f1 and the reduction of cross-

sectional area f2 of the coupons.  A typical stress-strain curve is depicted in Figure 1. 

The obtained material properties are later used to facilitate the analysis of the member 

test results and are integrated into the numerical simulations to replicate the response of 

the tested specimens. 

 

2.2 Residual stress measurements 

Residual stresses in structural steel sections arise primarily during the production 

process. In the case of hot-rolled sections, these stresses are thermally-induced as a 

result of differential cooling, leaving the more rapidly cooling parts of the section in 

residual compression and the slower cooling regions in residual tension. The overall 

pattern of residual stresses around the cross-section will be in self-equilibrium. The 

general influence of residual stresses on the structural response of hot-finished sections 

has been discussed in previous studies [24-27]. 

 

The geometry of tubular sections is such that cooling, following the hot-forming 

process, is relatively uniform; hence thermal strains are comparatively small and 

residual stress are typically of low magnitude. For elliptical hollow sections, in common 

with other tubular sections, a thermal gradient would exist through the thickness with 

the outside of the tubes cooling more rapidly than the inside. Additionally, slower 

cooling may be expected in the more tightly curved regions of the sections than in the 

flatter portions. 

 

In this study, longitudinal residual stresses in hot-finished EHS were measured using the 

sectioning technique, following the guidelines of Galambos [28]. The analysed section 

size – EHS 400  200  14 mm, with a measured yield strength of 398 N/mm2 [4] – was 

larger than those examined in the remainder of the study in order to allow strain gauges 

to be affixed in pairs to both the inner and outer faces of the tubes. A total of 16 pairs of 

strain gauges were positioned with uniform spacing around the perimeter of the section, 

as shown in Figure 2.  The section was then cut, using a rotary hacksaw, into 10 mm 
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strips. Strain readings were taken prior to and subsequent to sectioning, and converted 

directly to residual stresses by means of the measured Young’s modulus E = 220100 

N/mm2 [4]. 

 

The resulting inner and outer measurements are given in Table 3 and illustrated in 

Figure 3, with positive values signifying compressive residual stresses, and negative 

values signifying tensile residual stresses. The maximum recorded longitudinal residual 

stress magnitude was 64 N/mm2, which is approximately 15% of the material yield 

stress. Note that, with only one exception on each surface, all of the odd numbered 

strain gauges (located on the outer surface of the section) yielded positive (compressive) 

values while the even numbered strain gauges (located on the inner surface of  the 

section) exhibited negative (tensile) values. This accords with the anticipated 

expectation of more rapid cooling (and hence compressive residual stresses) on the 

exposed outer surface of the tube. 

 

The readings from the pairs of strain gauges can be decomposed into two categories of 

residual stresses – (1) membrane residual m that are assumed to be uniform through the 

thickness of the section and calculated as the mean of the inner and outer readings from 

the pairs of gauges and (2) bending residual stresses b that may be assumed to vary 

linearly through the thickness of the section and calculated as the surface readings 

minus the membrane residual stresses, resulting in equal and opposite residual stresses 

at the two surfaces. These calculated decomposed components of residual stresses are 

shown in Table 3. Based on the measurement taken herein together with results 

obtained from thermo-mechanical finite element modelling [29], and exploiting 

symmetry, the membrane and bending residual stress distributions shown in Figures 4 

and 5, respectively, may be considered representative of those present in hot-finished 

EHS. The observed residual stresses magnitudes are, in general, approximately 10-15% 

of the material yield strength and would not be expected to have a significant influence 

on structural behaviour. 

 

 

2.3 Lateral torsional buckling tests 
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A three-point bending configuration was adopted to investigate member instability in 

EHS beams under a moment gradient. The spans considered were 4, 6, 8 and 10.7 m to 

produce non-dimensional member slendernesses LT  ranging from 0.29 to 0.48. Two 

repeated tests were performed for each length to access variability of the results. The 

general layout of the test set-up is depicted schematically in Figure 6. Since the vertical 

deflections were substantial for the long beams, in order to avoid constructing the test 

rig at an inaccessibly high level, the load was applied upwards. 

 

2.3.1 Loading system 

The loading system was carefully designed to ensure that the load was applied vertically 

through the shear centre of the section irrespective of deformations, while allowing free 

out-of-plane deflection and twist rotation at the loading point. The configuration of the 

loading system is shown in Figure 7. The loading frame, which was able to move in the 

vertical plane only, was lifted by a hydraulic winch. A circular steel block with an 

elliptical cut-out to fit around to the test specimens was inserted into a circular bearing. 

Load was then applied by contact between the loading frame and the bearing which 

allowed the beam to deflect sideways and twist, but ensured that the load was still 

applied vertically through the shear centre. 

 

2.3.2 Support system 

The simply supported in-plane and out-of-plane end conditions were achieved by fixing 

the supports against in-plane (vertical) deflections, out-of-plane (lateral) deflections and 

twist rotations, but allowing free in-plane rotations, minor axis rotations and warping 

displacements. This test configuration was similar to that adopted by Trahair [30], 

Papangelis [31] and Zhao et al. [32]. Figure 8 illustrates the support conditions. The in-

plane vertical deflections were prevented by the supporting tracks, while the beam was 

free to rotate about the horizontal axis (1–1). The out-of-plane deflections and twist 

rotations were restrained by a threaded rod through the specimen while the beam was 

able to rotate freely about the vertical axis (2–2). Longitudinal displacement at the 

loading point was prevented by guide rails, while the supported ends were free to move 

longitudinally. This was achieved by the support bearings which could move 

longitudinally along the supporting tracks. 
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2.3.3 Instrumentation 

Three draw wire transducers were located at the mid-span of the specimens to measure 

the in-plane and out-of-plane deflections and twist rotations. A further three draw wire 

transducers and one inclinometer were positioned at each end of the beams to measure 

their longitudinal movement due to bending and the end rotations. Two linear electrical 

resistance strain gauges were affixed to the extreme tensile and compressive fibres of 

the section at a distance of 150 mm from the mid-span of the beam. Applied load was 

measured by means of a tensile load cell incorporated into the hydraulic winching 

system, while end support reactions were measured using compressive load cells. Load, 

strain, displacement and input voltage were all recorded using the data acquisition 

equipment DATASCAN and logged using the DSLOG computer package.  All data 

were recorded at one second intervals. 

 

Measurements of the cross-section geometry and global initial geometric imperfections 

g, taken as the maximum deviation of the specimen from a straight line connecting the 

member ends and determined by means of a laser beam directed along the member 

length, were taken prior to testing and are reported in Table 4. The geometry of an 

elliptical hollow section is depicted in Figure 9, where 2a is the larger outer diameter, 

2b is the smaller outer diameter and t is the thickness. 

 

2.3.4 Test results 

Graphs showing the mid-span bending moment versus vertical deflection curves for the 

eight test specimens are shown in Figures 10 to 13, while a summary of the test results 

is presented in Table 5.  

 

All test specimens failed largely by in-plane bending as shown in Figure 14. However, 

the modest influence of lateral torsional buckling was indicated by lateral deflection and 

twist of the test specimens towards their peak moment, and a general reduction in 

ultimate moment capacity with increasing member length (and slenderness  LT ), as 

shown in Table 5. Note that LT  was determined  from the general definition 
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cryyLT M/fW , where Wy is the major axis section modulus and Mcr is the elastic 

buckling moment, calculated from Equation (2), with C1 = 1.35. 

 

The obtained test results demonstrate the minor influence of lateral torsional buckling 

on elliptical hollow sections with an aspect ratio of two. These results have been used to 

validate FE models in the following section, after which the influence of aspect ratio is 

examined by means of parametric studies. Design recommendations are then made on 

the basis of the findings.    

 

3. Numerical simulations 

The experimental results were initially replicated numerically using the finite element 

(FE) package ABAQUS (2006) [33]. Parametric studies using the validated models 

were then performed to generate additional results to assess EHS member instability for 

a range of cross-sectional aspect ratios and member slendernesses. The elements chosen 

for the FE models were four-noded, reduced integration shell elements with six degrees 

of freedom per node, designated as S4R in the ABAQUS (2006) element library [33], 

since they were employed successfully in the previous simulations of thin-walled steel 

structures [3-7, 34-37]. A uniform mesh density was carefully chosen by performing a 

mesh convergence study and the sufficiently refined element size was found to be 15 × 

15 mm to achieve accurate results with reasonable computational effort. 

 

The measured geometric and material properties of the specimens were employed in the 

numerical models. Initial global geometric imperfections were also included by 

applying a lateral point load to the specimen at mid-span. The true material stress-strain 

relationship was input by converting a multi-linear stress-strain curve derived from the 

static engineering stress-strain curves obtained from the tensile coupon tests. Residual 

stresses were not included in the models due to their low magnitude – see Section 2.2. 

 

Boundary conditions were carefully modelled to simulate simply supported end 

conditions with restrained in-plane and out-of-plane deflections and twist rotations, but 

unrestrained in-plane and out-of-plane rotations. The modified Riks method [33], which 

enabled the unloading behaviour to be traced, was employed to solve the geometrically 

and materially nonlinear numerical models. 
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3.1 Validation of models 

The ultimate moment capacities obtained from the FE models are compared with the 

tests results in Table 6. A typical comparison of mid-span bending moment versus 

vertical deflection is depicted in Figure 15. Overall, satisfactory agreement between the 

test results and those obtained from the numerical models was achieved, with the 

numerical models being able to predict accurately the initial stiffness, ultimate capacity 

(with a mean ratio of test to FE ultimate moment of 1.03), general load-deformation 

response and failure patterns observed in the tests.    

 

3.2 Parametric studies 

Upon validation of the FE models, a series of parametric studies were conducted. The 

primary aim of the parametric studies was to investigate the influence of different aspect 

ratios and member slendernesses on the lateral torsional buckling behaviour of EHS 

members. The obtained results were used to develop lateral torsional buckling design 

guidance for EHS. A piecewise linear material stress-strain model developed from an 

average of the six measured stress-strain curves obtained from the tensile coupon tests, 

which is shown in Figure 16, was employed for all numerical models. Initial geometric 

imperfections with an amplitude g of L/500, which is the tolerance stated in EN 

10210-2 (2006) [1], were included in the nonlinear parametric analyses by applying a 

lateral point load to the specimen at mid-span. The outer height and thickness of the 

cross-section considered in the parametric studies were fixed to 150 mm and 5 mm 

respectively. A range of cross-sectional aspect ratios from 2 to 6 and non-dimensional 

member slendernesses z  from 2 to 12 was considered. The results are analysed in the 

following section. It should be noted that the range of the parameters considered is 

wider than that typically employed in practical situations, but enables a full exploration 

of the lateral torsional buckling phenomenon in EHS. Furthermore, extrapolation of the 

numerical results beyond the validated range is deemed reasonable since the basic 

structural configuration and section shape remains constant.  

 

4. Design recommendations 

In this section, the results of the LTB experiments and numerical parametric studies are 

compared with current design provisions for lateral torsional buckling given in EN 



 11

1993-1-1 (2005) [20]. Statistical analysis in accordance with EN 1990 (2002) [21] – 

Annex D is then performed in Section 4.2 to access the reliability of the design 

recommendations. The concept of limiting lengths, below which lateral torsional 

buckling need not be considered, is also discussed and limiting values with respect to 

cross-sectional aspect ratios are proposed. 

 

 

4.1 Existing buckling resistance check 

The lateral torsional buckling curves given in EN 1993-1-1 (2005) [20] were developed 

partly on the basis of numerical simulations and partly by comparison with test results 

[36].  

 

The design buckling resistance Mb,Rd is given in EN 1993-1-1 (2005) [20], Clause 

6.3.2.1 as: 
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where χLT is the reduction factor for lateral torsional buckling, fy is the yield strength, 

Wy is the section modulus appropriate for the cross-section classification and γΜ1 is the 

partial factor for buckling resistance with a recommended value of 1.00.  

 

The buckling reduction factor is obtained from:  
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αLT is the imperfection factor, LT is the non-dimensional beam slenderness, 0,LT is the 

length of the plateau of the buckling curve and  is correction factor for rolled sections. 
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In EN 1993-1-1 (2005) [20], there are two different cases given for the selection of 

lateral torsional buckling curves. For the general case, values of 0.2 and 1.0 are 

recommended for 0,LT  and β respectively; while for rolled sections or equivalent 

welded sections, values of 0.4 and 0.75 should be adopted. For hot-finished hollow 

sections, the general case with buckling curve ‘d’ should be employed. However, 

despite the buckling curves for the general case starting from 0,LT = 0.2, EN 1993-1-1 

(2005) Clause 6.3.2.2(4) states that no reduction is required when LT ≤ 0.4; this creates 

a step in the resistance function at LT = 0.4, as shown in Figure 17. 

 

In order to take account of the location and influence of plasticity on member stability, 

which is controlled by the moment distribution along the member length, the reduction 

factor LT may be modified as: 

 

f
LT
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where  

 

1])8.0(0.21)[k1(5.01f 2
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in which kc is a correction factor dependent on the moment distribution along the 

member length. From Table 6.6 in EN 1993-1-1 (2005), a value of 0.86 applies for the 

case of three-point bending, which is the test configuration employed in this study. It 

should be noted that the modification to the buckling reduction factor (Equation (6)) 

applies only to the case of rolled and equivalent welded sections (Clause 6.3.2.3 of EN 

1993-1-1 (2005), but not to the general case (Clause 6.3.2.2 of EN 1993-1-1 (2005)). 

 

In the UK National Annex to EN 1993-1-1 [39] and the ECCS TC8 report [40], it is 

stated that for the case of rolled or equivalent welded sections, 0,LT  = 0.4 and β = 0.75 

should be used for hot-finished hollow sections and the buckling curve should be 

selected based on the aspect ratio of the cross-sections. Buckling curves ‘b’, ‘c’ and ‘d’ 
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should be employed for section height to width ratios h/b ≤ 2.0, 2.0 < h/b ≤ 3.1 and h/b 

> 3.1, respectively. In the context of EHS, h/b could be replaced by a/b. The resulting 

buckling curves are plotted in Figures 17 (without the f factor) and 18 (with the f factor) 

together with the results obtained from the experiments, including those reported by 

Chan and Gardner [5] and Gardner et al. [6] with similar cross-section slenderness as 

the tested specimens, and the numerical parametric studies. 

 

The trends of the experimental and numerical data shown in the figures indicate that 

both the plateau length 0,LT  = 0.4 and the existing lateral torsional buckling curves 

may be safely applied to hot-finished elliptical hollow sections. Comparing Figures 17 

and 18, the buckling curves with the f factor show better agreement with the actual 

beam behaviour. Statistical analysis is performed in the following section to verify the 

reliability of the buckling functions. 

 

The influence of cross-sectional aspect ratio on the lateral torsional buckling behaviour 

of elliptical hollow sections can be assessed with reference to the results obtained from 

the validated FE model – see Figure 19, in which z  is the minor axis non-dimensional 

member slenderness for flexural buckling. For shorter beams, the ultimate moment 

capacity is greater than Mpl due to strain hardening in the stiffer regions of the EHS 

arising at the extreme fibres [3]. For longer beams, it is shown that the moment capacity 

reduces with increasing aspect ratio owing to the increased susceptibility to lateral 

torsional buckling. In order to illustrate the effect of cross-sectional aspect ratio only on 

lateral torsional buckling behaviour of EHS, the influence of strain hardening was 

eliminated by using an elastic, perfectly plastic stress-strain curve in the numerical 

models and the corresponding results were plotted in Figure 20. Comparing Figures 19 

and 20, the effect of strain hardening may be seen to be more significant for cross-

sections with lower aspect ratios where the members fail predominantly by yielding, 

while for higher aspect ratios, the dominating failure mode is lateral torsional buckling, 

which is less controlled by material strength – this is illustrated by similar values of 

normalized ultimate moments obtained for EHS beams with high aspect ratios in both 

graphs. The relationship between cross-sectional aspect ratio and limiting length of the 

member, below which lateral torsional buckling can be ignored, is investigated in 

Section 4.4.  
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4.2 Reliability analysis  

In order to verify the reliability of the EN 1993-1-1 (2005) [20] buckling resistance 

function, a standard statistical analysis in accordance with EN 1990 (2002) [21] was 

performed. A major assumption of the standard statistical analysis outlined in Annex D 

of EN 1990 (2002) is that the resistance equation is a function of independent variables. 

From the design equations in EN 1993-1-1 (2005), the lateral torsional buckling 

resistance of members may be seen to depend on the reduction factor LT, the material 

yield strength fy and the section modulus Wy. However, the last two parameters (fy and 

Wy) are also involved in determining LT, which implies that the basic variables are not 

independent in these design expressions. A procedure for separating the dependence of 

the basic variables in the lateral torsional buckling resistance function is described 

herein. 

 

The design lateral torsional buckling resistance, Mb,Rd in EN 1993-1-1 (2005) is given 

by Equation (3). In order to separate the dependence of fy and Wy in the design model, it 

can be also expressed as: 
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where K is a constant, independent of  fy
 and Wy. The powers c and d vary with 

slenderness and should be computed for each test specimen. In order to evaluate the 

power c, two beams of the same geometrical properties, but different material strengths 

fy,1 and fy,2, are considered. The ratio of their capacities is given by: 
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Hence, c may be determined as: 
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and the power d may be subsequently obtained from: 
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by considering two beams of differing major axis section modulus Wy,1 and Wy,2, noting 

that Iz and It are approximately proportional to Wy
4/3, as shown in Figures 21 and 22. 

 

The relationship between the two powers c and d and the non-dimensional slenderness 

LT  is plotted in Figure 23. The values of the parameters are calculated based on a 

plateau length value 4.00,LT  , β = 0.75 and buckling curve ‘b’ of EN 1993-1-1 (2005) 

[20], which is suggested in the UK National Annex [39] for hot-finished hollow 

sections, as described in Section 4.1. At low slenderness ( LT ≤ 0.4), beams fail by in-

plane bending which is controlled by the section modulus and material yield strength. In 

this instance, LT equals 1.0, Mb,Rd = fyWy/M1, with c = d = 1. At high slenderness, 

Mb,Rd approaches Mcr, which is independent of fy, but dependent on section geometry; 

hence c approaches 0 and Mb,Rd only depends on the geometric properties and may be 

expressed as Mb,Rd  K fy
0Wy

d = K Wy
d. It is shown in Figure 23 that d approaches 4/3 

(≈ 1.33) with increasing slenderness which coincides with the elastic critical buckling 

moment Mcr considering that Iy is approximately proportional to Wy
4/3. The change in 

response at around 6.1LT   indicates that the upper bound of the member resistance is 

reached, in which the capacity is limited to Mcr. The derived values of c and d therefore 

accord with the physical behaviour of beams susceptible to lateral torsional buckling. 
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The variability of the basic variables fy and Wy needs to be modified to allow for their 

influence at different values of member slenderness. According to Equation (D.16b) 

from Annex D of EN 1990 (2002) [21], if the resistance function is not simply linearly 

dependent on the basic variables, then the coefficient of variation of the basic variables, 

Vrt may be obtained from: 
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   (12) 

 

where VAR[grt(X)] and grt(Xm) are the variance and the mean, respectively, of the 

resistance function grt(X), 
yf  and 

yW are the standard deviations of the yield strength 

and section modulus, respectively, fy,m and Wy,m are the mean values of the yield 

strength and section modulus, respectively and 
yfV  and 

yWV  are the coefficients of 

variation of the yield strength and section modulus, respectively. This modification was 

incorporated into Step 7 of the statistical analysis stated in Annex D of EN 1990 (2002) 

[21].  

 

A statistical evaluation based on the above described modified approach was then 

performed for the test data reported in Section 2.2 and the numerical results from the 

parametric studies performed in Section 3.1. As discussed in Section 4.1, the moment 

resistance taken for the analysis is based on a plateau value 4.00,LT  , β = 0.75 and 

buckling curve ‘b’ of EN 1993-1-1 (2005), which is suggested in the UK National 

Annex [39] for hot-finished hollow sections. Certain statistical parameters were 
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assumed based on previous studies of the mechanical and geometrical properties of 

structural steel sections. The ratio of mean to nominal yield strengths (i.e. the material 

over-strength) was taken as 1.16 and the coefficients of variation of yield strength and 

geometric properties were taken as 0.05 and 0.02, respectively [41]. These values 

originate from industrial data obtained from European steel producers. It should be 

noted that the material over-strength factor is modified to 1.16c, which is evaluated for 

each data, for consistency with the modified approach described above. 

  

The results of the analyses and a summary of the key statistical parameters are presented 

in Tables 7 and 8. The following symbols are used: kd,n = design (ultimate limit state) 

fractile factor for n tests, where n is the population of test data under consideration; b = 

average ratio of experimental to model resistance based on a least squares fit to the test 

data; V = coefficient of variation of the tests relative to the resistance model; and Vr = 

combined coefficient of variation incorporating both model and basic variable 

uncertainties. Considering the resistance function without including the f factor, the 

partial factors M1 were found to be 0.84 for the test data only and 0.81 for the test data 

plus FE results and for the resistance function without the f factor, the partial factors M1 

were found to be 0.86 for the test data only and 0.84 for the test data plus FE results; 

and all the values are less than unity, unity being the recommended partial factor for 

member buckling in EN 1993-1-1 (2005). It is therefore recommended that the buckling 

moment resistance function from EN 1993-1-1 (2005), that is currently applied to RHS 

beams, can also be safely adopted for hot-finished EHS beams. 

 

4.3 Limiting length concept 

Lateral torsional buckling need not be considered if a member is not susceptible to 

torsional deformation. For rectangular hollow sections (RHS), limiting values of 

member slenderness for flexural buckling z [42-43] or of the ratio of member length to 

section height [44] have been recommended to determine whether or not a member is 

susceptible to torsional deformation under bending. This limiting length concept can be 

also applied to elliptical hollow sections, which become more susceptible to torsional 

deformation under bending with increasing cross-sectional aspect ratio. 

 

4.4 Proposal of limiting length for EHS 
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Limiting lengths Lc for elliptical hollow section have been proposed in SCI/BSCA 

(2009) [2]. The calculation was based on the general definition of LT  with Mcr 

obtained from Equation (13) for closed sections with negligible warping effects. 

 

tzcr GIEI
L

M


        (13) 

 

Hence, the limiting length can be obtained as [2, 44]: 
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Based on a plateau length 0,LT  = 0.4, and taking the nominal values of E = 210 000 

N/mm2 and fy = 355 N/mm2, the limiting length for an EHS 150×75×5 is found to be 

5.66 m. 

 

The above relationship is useful, but may be more conveniently presented in terms of 

cross-sectional aspect ratio  = a/b, by utilising the simplified expressions for section 

properties below derived, based on those given in EN 10210-1 (2006) [1]. 

 

Defining the cross-sectional aspect ratio  = a/b, and within the practical range of cross-

section properties (2a/t ≥ 16), certain terms within the expressions below become 

negligible and may be discarded to simplify the formulae; typically these are the terms 

with t to the power of 2 or more. For each of the relevant geometric properties, the 

expression given in EN 10210-1 (2006) [1] is first presented, followed by the proposed 

approximate simplified expression: 
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To simplify this expression further, 2a/t = 16 is taken, which is the minimum value for 

the standard range of hot-finished EHS and therefore,  
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The section properties obtained by exact methods (A from Reference [4]; Iy, Iz, Wpl,y 

and Wel,y from Reference [5] and It from Reference [1]) and the above derived 

approximate formulae are compared for all the standard sections in Figure 24. In order 

to minimise the error in further derivations of the limiting length, a correction factor 

obtained by fitting a linear correction (based on least squares regression) has been 

applied to each of the approximate formulae for the section properties. The correction 

factors for each section property are summarised in Table 9. For instance, the modified 

approximate expression for cross-sectional area is given by .Approx.Approx AY'A  and 

other section properties can be obtained in a similar way. 

 

Substituting the approximate expressions for section properties into the Lc formulation 

(Equation (14)), the limiting length in terms of cross-sectional aspect ratio can be 

obtained. For Class 1 and 2 cross-sections (i.e. based on plastic section properties): 
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The above limiting length can be extended by considering previous work [45] on the 

beneficial effects of pre-buckling deflections in the plane of bending. Vacharajittiphan 

et al. [45] showed that for simply supported beams subjected to uniform bending, the 

elastic critical buckling moment allowing for pre-buckling deflections Mcr,mod. is given 

by:  
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The influence of the pre-buckling in-plane deflections may be included in the limiting 

length concept to achieve improved efficiency; this idea has been already considered in 

AS 4100 (1998) [42] and BS 5950-1 (2000) [43] in the derivation of limiting lengths for 

RHS [46]. 

 

Since warping is negligible for EHS, the modified limiting length Lc may be given by: 

 




1
L'L cc         (27) 

 

with  

 
























y

t

y

z

EI2

GI
1

I

I
1            (28) 

  

Introducing the previously described approximations for section properties leads to the 

following modified expression for limiting length:  
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For Class 3 cross-sections, the Wpl,y is replaced with Wel,y in Equation (14) and the 

limiting length, including the influence of pre-buckling in-plane deflections, is found to 

be: 
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For Class 4 EHS, the member resistance depends on the effective cross-sectional 

properties. Since the formulations [4, 5] depend on the local slenderness of the cross-

sections, the derivation of the approximate limiting length expression becomes more 

complicated as it is not only a function of the aspect ratio and the larger outer dimension 

of the EHS, but it also depends on the thickness of the cross-section. In this case, 

Equation (14) should be used but with effective cross-sectional properties to obtain an 

accurate value of the limiting length. 

 

Good agreement between the exact (Equations (14), (27) and (28)) and approximate 

(Equations (29) and (30)) formulations for limiting length for all standard (a/b = 2) 

Class 1 and 2 hot-finished EHS [2] is achieved, as shown in Figure 25. Limiting lengths 

for other aspect ratios are also accurately predicted, as shown in Figure 26 for Class 1 

and 2 sections. The comparisons are for an EHS with 2a = 150 mm and t = 5 mm, with a 

plateau length 0,LT  = 0.4 and nominal values of E = 210000 N/mm2 and fy = 355 

N/mm2. Similar accuracy is achieved for Class 3 cross-sections. 

 

For EHS with an aspect ratio of 2 and employing the same values for the material 

parameters and 0,LT  mentioned above, the limiting length (in metres) simplifies to: 

 

b201'L plc,   (with b in metres)  for Class 1 and 2 sections  (32) 

 

and 

 

b283'L elc,   (with b in metres)  for Class 3 sections    (33) 
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which, for EHS 150×75×5 (a Class 1 section), is 7.55 m. The main difference between 

the values of limiting length obtained from Equations (14) and (29) is the inclusion of 

the influence of the pre-buckling in-plane deflections in the latter. 

 

The limiting length can also be expressed in terms of limiting non-dimensional 

slenderness lim,z  by dividing the limiting length expression by iz and 
y

1 f

E
 .  
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Therefore, the limiting non-dimensional slenderness for Class 1 and 2 sections can be 

found as follows: 
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And for Class 3 sections, 
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Table 10 shows the values of lim,z  for different cross-sectional aspect ratios. By 

comparing these values with the values at which the curves in Figure 19 pass below 

unity on the vertical axis, they may be seen to be conservative relative to the true 

behaviour.  

 

5. Conclusions 

Member instability in hot-finished EHS beams has been examined in this study. An 

experimental programme comprising 6 tensile coupon tests, longitudinal residual stress 

measurements and 8 in-plane major axis bending tests was undertaken. Residual stress 
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magnitudes were found to be up to 10-15% of the material yield stress and would not be 

expected to have a significant influence on structural behaviour. All tested beam 

specimens were EHS 150755 with a constant cross-sectional aspect ratio of two. The 

non-dimensional member slendernesses LT  of the beams ranged from 0.29 to 0.48. A 

three-point bending configuration was adopted. The loading system was carefully 

designed to ensure that the vertical load was applied through the shear centre of the 

section irrespective of deformations, while allowing free out-of-plane deflection and 

twist rotation at the loading point. Simply supported in-plane and out-of-plane end 

conditions were achieved by fixing the supports against in-plane (vertical) deflections, 

out-of-plane (lateral) deflections and twist rotations, but allowing free in-plane 

rotations, minor axis rotations and warping displacements. The key material properties, 

geometric measurements, and test results from the lateral torsional buckling tests have 

been reported.  

 

To generate additional results to assess EHS member instability for a range of cross-

sectional aspect ratios and member slendernesses, an extensive numerical modelling 

program was undertaken. Satisfactory agreement between the test results and those 

obtained from the numerical models was achieved. A series of parametric studies were 

then conducted using the validated numerical models to investigate the influence of 

cross-sectional aspect ratios ranging from 2 to 6 and member slendernesses z  from 2 

to 12 on the lateral torsional buckling behaviour. It was shown that the moment capacity 

reduces with increasing aspect ratio owing to increased susceptibility to lateral torsional 

buckling. 

 

On the basis of the experimental and numerical results, existing lateral torsional 

buckling curves adopted in EN 1993-1-1 (2005) have been assessed. Following 

reliability analysis in accordance with EN 1990 (2002), it was found that a buckling 

curve with a plateau length 4.00,LT  , 75.0  and an imperfection factor αLT = 0.34 

(buckling curve ‘b’) can be safely applied to hot-finished elliptical hollow sections. 

Limiting lengths below which LTB need not be considered were also derived. In 

SCI/BSCA (2009) [2], the proposed limiting length for EHS 150755 is 5.66 m, while 

it was found herein that this could be relaxed to 7.55 m when the influence of pre-

buckling in-plane deflection is taken into account.  
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Table 1: Mean measured dimensions of tensile coupons. 

Specimen 
Width b Thickness t 

mm mm 

TC1 20.07 4.98 

TC2 20.09 5.01 

TC3 20.12 4.97 

TC4 20.04 4.93 

TC5 20.00 4.94 

TC6 20.04 4.90 

 

 

 

 

 

Table 2: Key results from tensile coupon tests. 

Specimen 
E fy fu f1 f2 

N/mm2 N/mm2 N/mm2 % % 

TC1 214100 359 493 39 62 

TC2 212900 350 481 40 64 

TC3 218200 343 472 36 68 

TC4 212000 329 461 39 65 

TC5 217000 360 485 38 64 

TC6 221400 369 474 40 70 
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Table 3: Residual stress measurements (compression positive) 

Strain gauge 
location 

Measured 
residual 
stress rs 
(N/mm2) 

Decomposed 
membrane residual 
stress m (N/mm2) 

Decomposed 
bending residual 

stress b (N/mm2) 

1 32.0 
-8.0 ±40.0 

2 -48.0 

3 24.0 
-2.0 ±26.0 

4 -28.0 

5 -1.2 
-5.2 ±4.0 

6 -1.9 

7 20.1 
8.1 ±12.0 

8 -3.9 

9 21.0 
5.0 ±16.0 

10 -11.0 

11 31.0 
16.0 ±15.0 

12 1.0 

13 29.0 
7.0 ±22.0 

14 -15.0 

15 19.0 
1.0 ±18.0 

16 -17.0 

17 25.0 
-5.0 ±30.0 

18 -35.0 

19 33.0 
12.0 ±21.0 

20 -9.0 

21 34.1 
1.1 ±33.0 

22 -31.9 

23 44.7 
16.0 ±28.7 

24 -12.7 

25 64.0 
10.6 ±53.4 

26 -42.8 

27 8.0 
-1.1 ±9.1 

28 -10.2 

29 7.8 
1.9 ±5.9 

30 -4.0 

31 6.0 
-3.8 ±9.8 

32 -13.5 
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Table 4: Mean measured specimen dimensions and global imperfections. 

Beam 
Taken from steel 

with coupon mark 

Length L 2a 2b t g 

m mm mm mm mm 

LTB04A TC6 4.02 149.85 75.73 4.98 2.86 

LTB04B TC5 4.02 150.09 75.87 4.98 2.97 

LTB06A TC6 6.03 150.15 75.78 4.88 4.98 

LTB06B TC5 6.02 149.76 75.06 5.06 4.46 

LTB08A TC2 8.07 150.11 75.72 4.96 9.62 

LTB08B TC3 8.02 150.15 75.64 4.92 9.29 

LTB11A TC1 10.70 149.95 75.90 5.03 10.51 

LTB11B TC4 10.70 149.96 75.72 4.96 10.78 

 

 

 

 

Table 5: Summary of beam test results. 

Beam LT  

Ultimate moment 

Mu Mu/Mpl 

kNm 

LTB04A 0.29 30.2 1.14 

LTB04B 0.29 30.1 1.16 

LTB06A 0.35 32.0* 1.23 

LTB06B 0.36 31.6 1.22 

LTB08A 0.41 30.4* 1.22 

LTB08B 0.40 29.2 1.20 

LTB11A 0.48 28.6 1.10 

LTB11B 0.46 27.1 1.16 

* Peak moment not reached; final recorded moment shown, though curves were 

essentially flat. 
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Table 6: Comparison between test and FE ultimate moments. 

Beam Test Mu / FE Mu 

LTB04A 0.98 

LTB04B 0.96 

LTB06A 1.08 

LTB06B 1.02 

LTB08A 1.08 

LTB08B 1.05 

LTB11A 1.03 

LTB11B 1.07 

Mean 1.03 

 

 

 

 

Table 7: Results of statistical analysis of test data for buckling curves without the f factor 

Data set 
No. of tests 

Fractile 
factor 

RTest / 
RCode 

Model 
scatter 

Resistance 
scatter M1

n kd,n b V Vr 

Tests only 14 3.99 1.426 0.0722 0.0896 0.84 

Tests + FE 44 3.33 1.421 0.0703 0.0848 0.81 

 

 

 

Table 8: Results of statistical analysis of test data for buckling curves with the f factor 

Data set 
No. of tests 

Fractile 
factor 

RTest / 
RCode 

Model 
scatter 

Resistance 
scatter M1

n kd,n b V Vr 

Tests only 14 3.99 1.426 0.0768 0.0933 0.86 

Tests + FE 44 3.33 1.420 0.0820 0.0948 0.84 
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Table 9: Summary of correction factors Y for approximate section properties 

Section 
Property 

Correction Factor 

Y 

A 0.9843 

Iy 0.9332 

Iz 0.8769 

It 0.8742 

Wpl,y 0.9593 

Wel,y 0.9280 

  

 
 
 
 
 
 

Table 10: Values of lim,z with different aspect ratio obtained from the limiting length 

formulation. 

Aspect ratio el,lim,z  pllim,,z  

2.0 5.10 3.64 

3.0 3.29 2.25 

4.0 2.31 1.54 

5.0 1.60 1.05 

6.0 0.99 0.64 
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Figure 1: Tensile material stress-strain curve for coupon TC1 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 2: Locations of strain gauges for residual stress measurements 
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Figure 3: Inner and outer surface residual stress measurements, with positive values plotted 

on the outer side of the EHS and negatives values on the inner side. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4: Representative membrane residual stress pattern in hot-finished EHS (uniform 

through thickness, but varying linearly around perimeter) 
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Figure 5: Representative bending residual stress pattern in hot-finished EHS (linearly 

varying through thickness, but constant around perimeter) 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6: Schematic illustration of three-point bending arrangement 
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(a) Cross-section of loading frame 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(b) Plan view of loading frame 
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(c) Experimental set-up 

 

Figure 7: Loading frame 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(a) Cross-section of end supports 
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Simple end support 
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(b) Plan view of end supports 

 

 

 

 

 

 

 

 

 

 

 

(c) Elevation of experimental set-up 

  

Figure 8: Support system 
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Figure 9: Geometry of an elliptical hollow section 
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Figure 10: Ultimate bending moment versus vertical deflection at mid-span of 4 m beams 
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Figure 11: Ultimate bending moment versus vertical deflection at mid-span of 6 m beams 
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Figure 12: Ultimate bending moment versus vertical deflection at mid-span of 8 m beams 
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Figure 13: Ultimate bending moment versus vertical deflection at mid-span of 10.7 m beams 

 

 

 

Figure 14: Lateral torsional buckling test arrangement (LTB11A) 
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Figure 15: Comparison between test and FE results for LTB06B specimen 
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Figure 16: Multi-linear stress-strain curve 
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Figure 17: Normalised test and numerical results and beam buckling curves without the f 

factor 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 18: Normalised test and numerical results and beam buckling curves with the f factor 
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Figure 19: Influence of aspect ratio on lateral torsional buckling behaviour 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 20: Influence of aspect ratio on lateral torsional buckling behaviour of models 

without strain hardening 
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(a) Iy versus Wpl,y
4/3 for standard range [2] of hot-finished EHS 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(b) Iy versus Wel,y
4/3 for standard range [2] of hot-finished EHS 

 

Figure 21: Iy versus Wy
4/3 
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(a) It versus Wpl,y
4/3 for standard range [2] of hot-finished EHS 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(a) It versus Wel,y
4/3 for standard range [2] of hot-finished EHS 

 

Figure 22: It versus Wy
4/3 
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Figure 23: The powers c or d versus non-dimensional slenderness LT  

 

 

 

 

 

 

 

 

(a) Area, A          (b) Second moment of area, Iy 

 

 

 

 

 

 

 

 

(c) Second moment of area, Iz    (d) Torsion constant, It 
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       (e) Plastic modulus, Wpl,y    (f) Elastic modulus, Wel,y 

 

Figure 24: Comparison of section properties obtained by the exact and approximate formulae 
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Figure 25: Comparison of limiting length formulations for all standard [2] Class 1 and 2 
sections 
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Figure 26: Comparison of limiting length formulations for various aspect ratios (Class 1 and 

2 cross-sections) 

 

(Eqs 21, 34 & 35) 

(Eqs 36 & 37) 

Aspect ratio  = a/b 


