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Abstract

Open-loop Nash equilibrium strategies for differential games described by nonlinear, input-affine, systems and cost functionals
that are quadratic with respect to the control input are studied. First it is shown that the computation of such strategies
hinges upon the solution of a system of nonlinear, time-varying, partial differential equations (PDEs) obtained by building on
arguments borrowed from Pontryagin’s Minimum Principle and combined with Dynamic Programming considerations. Then,
by relying on a state/costate interpretation of the above characterization, a feedback synthesis of the underlying open-loop
strategy is obtained by solving linear first-order PDEs that ensure invariance of certain submanifolds in the state-space of the
extended state/costate dynamics. These PDEs are the nonlinear counterpart of the well-known asymmetric Algebraic Riccati
Equations arising in the study of linear quadratic Nash games.

1 Introduction

Differential games provide an ideal framework to model
situations in which several decision-makers, referred
to as players, influence a dynamical system and have
played, following the pioneering works of Isaacs (1999),
Nash (1950, 1951), Starr & Ho (1969), a crucial role
in economics, military and defence, and management
(see e.g. Isaacs (1999), Dockner et al. (2000) and ref-
erences therein). Differential games naturally appear
also in control engineering, for instance, in the context
of robust control (see, for example, Başar & Bernhard
(2008), Limebeer et al. (1994), van der Schaft (1991),
James & Baras (1995, 1996), Ball et al. (1993), Isidori
& Astolfi (1992), Mylvaganam & Astolfi (2016)), cyber-
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physical systems (see, for example, Li et al. (2015)),
robotics (see, for example, LaValle & Hutchinson (1993,
1998), Mylvaganam et al. (2017), Cappello et al. (2020))
and power systems (see, for example, Saad et al. (2012)
and references therein).

Several solution concepts for differential games exist. For
a given setting the most appropriate concept is deter-
mined by the information available to the players. One
of the most common solution concepts is that of Nash
equilibrium strategies, which can be specialized into two
categories, namely closed-loop and open-loop Nash equi-
librium strategies. In what follows we consider open-loop
Nash equilibrium strategies. The underlying assumption
for such solutions is that the players fix their strate-
gies based only on information regarding the initial state
and the system model and, consequently, their strate-
gies are functions of the initial state and time only.
This solution concept is well-suited to model scenarios in
which players determine their strategies simultaneously,
in a non-cooperative manner, and thereafter adhere to
these strategies (see, e.g. Engwerda (1998, 2005)). In
the specific class of Linear Quadratic (LQ) differential
games, open-loop Nash equilibrium strategies can be de-
termined via the solution of certain (matrix) algebraic
equations. In the general case, where both the system
dynamics and the cost functionals may depend in some
nonlinear fashion on the state, open-loop Nash equilib-
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rium strategies are instead characterized by the solution
of nonlinear two-point boundary value problems (see,
for instance, Nikooeinejad et al. (2016), Basar & Olsder
(1982)).

In this paper we study open-loop Nash equilibrium
strategies over infinite horizon for nonlinear systems. We
provide, based on a combination of Pontryagin’s Mini-
mum Principle and Dynamic Programming considera-
tions, a characterization of open-loop Nash equilibrium
strategies. This characterization has a state/costate in-
terpretation which, together with invariance arguments,
yields sufficient conditions for a feedback synthesis of the
underlying open-loop strategy. The results can be seen
as the nonlinear counterparts of the results available for
LQ problems in (Engwerda 2005, Chapter 7). Further-
more, the state/costate interpretation of the results may
enable the development of a constructive algorithm for
determining the open-loop Nash equilibrium of a game,
e.g. in a manner similar to what is proposed for optimal
control problems in Sassano & Mylvaganam (2020).

The remainder of the paper is organized as follows. Two-
player nonzero-sum differential games and their solu-
tions, in terms of open-loop Nash equilibrium strate-
gies, are defined in Section 2. A review of LQ differential
games is then provided in Section 3. The main results
of the paper are presented in the subsequent section.
Namely, in Section 4 it is demonstrated that the open-
loop Nash equilibrium solution of a nonlinear differen-
tial game is characterized by a time-varying PDE, which
arises from Dynamic Programming considerations, and
that a feedback synthesis of the open-loop strategy can
be obtained via the solution of a linear PDEs, which arise
from an invariance argument. Finally, some concluding
remarks are given in Section 5.

Notation. R̄ denotes the extended real number line,
namely R̄ = R ∪ {−∞,+∞}, whereas R̄+ denotes
the extended non-negative real number line, namely
R̄+ = R+ ∪ {+∞}. Given two vectors x1 ∈ Rn1

and x2 ∈ Rn2 , (x1, x2) denotes the column stack
of x1 and x2, i.e. (x1, x2) := [x>1 , x

>
2 ]> ∈ Rn1+n2 .

Let f : Rn → R be a differentiable function, then
∂f/∂x = [∂f/∂x1, ..., ∂f/∂xn] denotes the row vector

of partial derivatives of f(x), x = [x1, ..., xn]
> ∈ Rn.

Given instead a differentiable function f : Rn → Rm,
∇xf denotes the Jacobian matrix of f with respect to
the variable x.

2 Problem formulation and preliminaries

While the following results are stated with respect to dif-
ferential games involving two non-cooperating players, it
is worth observing that such statements can be straight-
forwardly extended to the generic case of N players, at
the price of a more cumbersome formalism.

Consider the nonlinear, input-affine, dynamical system

ẋ = f(x) + g1(x)u1 + g2(x)u2 , (1)

where x : R → Rn denotes the state of the system
and ui : R → Rmi , for i = 1, 2, represents the individ-
ual control inputs of each independent entity, referred
to as player, acting on the system. The subscript i is
used to indicate quantities associated with player i, for
i = 1, 2. The vector field f : Rn → Rn and the map-
ping gi : Rn → Rmi , for i = 1, 2, are assumed to be
sufficiently smooth. We study non-cooperative, nonzero-
sum, infinite-horizon differential games, where the cost
functional

Jx0
i (u1, u2) =

1

2

∫ ∞
0

(qi(x(τ)) + ‖ui(τ)‖2)dτ , (2)

parameterized with respect to the initial condition x0 ∈
Rn, with running cost qi : Rn → R>0, describes a cer-
tain individual objective associated with the player i, for
i = 1, 2. While each player seeks to minimize its individ-
ual cost functional via its control strategy, its outcome
depends also on the strategy of the other player. Con-
sequently several solution concepts exist. In this paper
we focus on the concept of open-loop Nash equilibrium
strategy.

Definition 1. Consider the differential game described
by the system (1) and the cost functionals (2), for i =
1, 2. Let x0 ∈ Rn be given. A pair (u?1, u

?
2) of control in-

puts is a Nash Equilibrium for the game if the inequali-
ties

J1(u?1, u
?
2) ≤ J1(u1, u

?
2) , (3a)

J2(u?1, u
?
2) ≤ J2(u?1, u2) (3b)

hold for any pair 2 (u1, u
?
2) ∈ U(x0) := {(u1, u2) ∈ L2 ×

L2 : Jx0
i exists for any t ∈ R̄+, and limt→∞ x(t) = 0}

in the case of (3a), and for any pair (u?1, u2) ∈ U(x0) in
the case of (3b). �

In the following we consider open-loop Nash equilibrium
strategies obtained via Pontryagin’s Minimum Princi-
ple, namely scenarios in which the strategies u?i are func-
tions solely of the initial state x(0) = x0 and of time
t, that additionally admit a feedback synthesis. In fact,
the latter objective, i.e. designing a feedback synthesis
of the open-loop Nash equilibrium strategies, is obtained
by combining Pontryagin’s Minimum Principle with in-
sights provided by Dynamic Programming arguments at
the level of individual players. Before proceeding, the
following remark aims at clarifying a few definitions.

The distinction between the classes of open-loop and
closed-loop Nash equilibrium strategies has a long-
standing history in the framework of differential games,

2 L2 denotes the set of square-integrable functions, i.e. L2 =

{f : R̄+ → R̄ | ∀T > 0,
∫ T

0
‖f(t)‖2dt <∞}.
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see for instance Basar & Olsder (1982), Engwerda
(2005). Hence, the same nomenclature is employed also
in this manuscript. Nonetheless, it is worth observing
that, since open-loop strategies may in fact admit an
equivalent characterization in terms of a feedback con-
trol law (see (Engwerda 2005, Thm. 7.12) in the case
of LQ games), the categorization into open-loop and
closed-loop strategies may be slightly misleading in
certain contexts. In such cases it would appear more
reasonable to distinguish classes of Nash Equilibrium
strategies instead on the basis of the mathematical tool
employed to show that the inequalities (3) hold. The lat-
ter criterion would then yield a categorization rather in
terms of Nash equilibrium strategies based on Pontrya-
gin’s Minimum Principle, Pontryagin et al. (1962), on
one hand, and those based on Dynamic Programming,
Bellman (1957), on the other hand. It is interesting to
note that using the former or the latter framework leads
to conditions that are deceptively similar in the LQ con-
text, while profoundly different in the case of nonlinear
systems, as it is discussed in detail below. Therefore, for
ease of exposition and to put the difference between the
mentioned conditions into the correct perspective when
extending the results beyond the LQ framework, the
LQ setting is briefly recalled. By doing so we provide an
insightful point of view, compared to existing literature,
that is endowed by the (subsequent) nonlinear results.
The special case of open-loop LQ differential games is
considered in (Engwerda 2005, Chapter 7).

3 Review of LQ differential games

Consider the class of two player LQ differential games,
namely consider the case in which the system (1) evolves
according to the linear dynamics

ẋ = Ax+B1u1 +B2u2 , (4)

whereA andBi, i = 1, 2, are constant matrices of appro-
priate dimensions, and the running costs are quadratic
in the state, namely

qi(x) = x>Qix , (5)

where Qi = Q>i � 0. In the context of LQ differential
games, the construction of an open-loop Nash equilib-
rium strategy hinges upon the solution to two sets of
matrix algebraic equations, which are recalled below for
completeness. More precisely, individual optimality of
each player (namely, in the absence of the opponent) is
related to the equations

0 = Qi +A>Po,i + Po,iA− Po,iSiPo,i, (6)

where Si , BiB
>
i , in the unknowns Po,i = P>o,i � 0, for

i = 1, 2, which are referred to, in what follows, as the Al-
gebraic Riccati Equations (AREs). The following struc-
tural assumption, which dictates the authority of each

player to influence the evolution of the shared resource
as well as the ability to monitor the corresponding ef-
fects, ensures the existence of symmetric and positive
definite solutions to the AREs (6).

Assumption 1. The pairs (A,Bi) and (A,Qi) are
reachable and observable, respectively, for i = 1, 2. ◦

The existence of an open-loop Nash equilibrium strategy
revolves instead around the solution to the equations

0 = P1A+A>P1 +Q1 − P1S1P1 − P1S2P2 ,

0 = P2A+A>P2 +Q2 − P2S2P2 − P2S1P1 ,
(7)

which are collectively known as the coupled asymmetric
AREs. It is worth observing that the unknowns Pi ∈
Rn×n, i = 1, 2, need not be symmetric, since the equa-
tions (7) are not so. Interestingly, rewriting the two cou-
pled equations (7) in compact form allows highlighting
some drawbacks of such a set of equations, which render
the search for its solution a particularly daunting task.
In fact, the equations (7) can be written as

Q+A>2 X+XA1−XSX =
[
I X

] [ Q A>2

A1 −S

][
I

X

]
= 0 ,

(8)

where A2 = blockdiag{A,A}, A1 = A, S = [ S1 S2 ]

andX = [ P>1 P>2 ]>. It is then evident that, despite the

fact that (8) resembles the structure of a classic ARE
as in (6), the equation (8) is profoundly different since
the matrices multiplying to the left and to the right the
unknown X are distinct (and even have different dimen-
sions) and the coefficient of the quadratic term is not a
square matrix, hence clearly it cannot be sign-definite.
These aspects have rendered such equations particularly
difficult to solve, and there does not exist a systematic
approach towards their solution hitherto in the litera-
ture.

To circumvent the need for a direct solution of (8), the
analysis based on a certain state/costate dynamics has
proved to be of paramount importance. To this end, con-
sider the matrix

H =


A −S1 −S2

−Q1 −A> 0

−Q2 0 −A>

 . (9)

Note that the underlying dynamical system naturally as-
sociated to the matrix H in (9) does not in fact possess
the appealing features of a canonical Hamiltonian sys-
tem, such as those arising in optimal control or distur-
bance attenuation problems, as will become evident in
the nonlinear setting. The following assumption, related
to the spectrum of the matrix H and borrowed from En-
gwerda (2005), ensures the existence of a unique open-
loop Nash equilibrium strategy for any initial condition
that admits a feedback synthesis.
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Assumption 2. The matrix H ∈ R3n×3n possesses an
n-dimensional stable graph subspace and 2n eigenvalues,
counted with their algebraic multiplicities, in C+. ◦

The following result is adapted from (Engwerda 2005,
Thm. 7.11) and reported here only in terms of sufficient
conditions.

Theorem 1. Let x0 ∈ Rn be given and consider the LQ
differential game described by (4) and the cost function-
als (2) with quadratic running costs (5). Suppose that
Assumption 2 holds and let z(t) = (x(t), ψ1(t), ψ2(t)) de-
note the unique solution to ż = Hz, such that x(0) = x0
and such that z(t) converges asymptotically to the origin.
Then, (u?1, u

?
2) with

u?i (t) = −B>i ψi(t) , (10)

for i = 1, 2, is an open-loop Nash equilibrium strategy. �

The following statement, which recalls the results of (En-
gwerda 2005, Thm. 7.12) and (Engwerda 2005, Thm.
7.16), shows instead the necessity of the coupled asym-
metric AREs (7) in terms of claiming that if there exists
an open-loop equilibrium strategy for any x0 that admits
a feedback synthesis, then H must have at least n stable
eigenvalues. Moreover, each Nash equilibrium strategy
is then associated with a stable H-invariant subspace

denoted by [ I P>1 P>2 ]>, where P1 and P2 are in fact

stabilizing solutions to (7), i.e. with the property that
σ(A− S1P1 − S2P2) ⊂ C−.

Theorem 2. Let x0 ∈ Rn be given and consider the LQ
differential game described by (4) and the cost functionals
(2) with quadratic running costs (5). Then, the game has
an open-loop Nash equilibrium strategy for any x0 that
admits a feedback synthesis if and only if 3

(i) the asymmetric AREs (7) admit a strongly stabilizing
solution (P1, P2);

(ii) the individual optimal control AREs (6) admit a posi-
tive definite solution.

Moreover, the equilibrium strategy is given by (u?1, u
?
2)

with
u?i (t) = −B>i Pi e(A−S1P1−S2P2)tx0 , (11)

for i = 1, 2. �

Note that the strategy (11), which can be expressed as
u?i = −B>i Pix(t), with x(t) trajectory of the system (4)

3 A solution pair (P1, P2) is said to be strongly stabilizing
if σ(A− S1P1 − S2P2) ⊂ C− and in addition

σ

−A> + P1S1 P1S2

P2S1 −A> + P2S2

 ⊂ C+ .

in closed-loop with u?i , for i = 1, 2, is referred to as the
feedback synthesis of (10) (see Section 3 and (Engwerda
2005, Chapter 7)).

Remark 1. While the proofs of the results above are
not reported, a few comments are in order, since they
are useful for a deeper comparison with the nonlinear
case in the following section. It can be observed that the
key step in proving the claims consists in showing that
the control inputs (10) and (11) both coincide, for any
t ∈ R>0, with the solution to the individual auxiliary
optimal control problem described by the cost functional

J̃(ui) =

∫ ∞
0

(x(t)>Qix(t) + ui(t)
>ui(t))d t ,

together with the underlying affine dynamics ẋ(t) =
Ax(t)+Biui(t)+Bju

?
j (t), where u?j (t) denotes the open-

loop equilibrium strategy of the opponent. The latter
has the structure of a LQ time-varying optimal control
problem in which the variation over time in the dynam-
ics is induced by the candidate strategy of the opponent.
It can be shown, see e.g. Dorato et al. (2000), that the
optimal solution to the above auxiliary problem com-
prises a feedback (individually optimal) component and
a purely feedforward term compensating for the affine
contribution in the dynamics, namely

u?i (t) = −B>i (Po,ix(t) + bi(t)) , (12)

where bi : R → Rmi , describing the feedforward term,
satisfies a certain ordinary differential equation, see (En-
gwerda 2005, Thm. 5.11) for more detail, and Po,i solves
the (individual) ARE (6). Therein it is shown that the
control law (12) coincides for any time with (10). N

4 Open-loop Nash equilibrium strategies for
nonlinear differential games

The main objective of this section is to extend the two
previous statements, recalled from the LQ case, to the
setting of nonlinear dynamics and costs. To provide a
concise statement of the following results, define the pre-
Hamiltonian functions Hi : Rn×Rn×Rm1 ×Rm2 → R

H1(x, λ1, u1, u2) := λ>1 (f(x) + g1(x)u1 + g2(x)u2)

1

2
q1(x) +

1

2
u>1 u1 ,

H2(x, λ2, u1, u2) := λ>2 (f(x) + g1(x)u1 + g2(x)u2)

1

2
q2(x) +

1

2
u>2 u2 ,

(13)
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the minimized Hamiltonian-like 4 functions H?i : Rn ×
Rn × Rn → R

H?1(x, λ1, λ2) :=
1

2
q1(x) + λ>1 f(x)− 1

2
λ>1 g1(x)g1(x)>λ1

− λ>1 g2(x)g2(x)>λ2 ,

H?2(x, λ1, λ2) :=
1

2
q2(x) + λ>2 f(x)− 1

2
λ>2 g2(x)g2(x)>λ2

− λ>2 g1(x)g1(x)>λ1 ,
(14)

and consider the state/costate dynamics

ẋ = f(x)−
2∑
i=1

gi(x)gi(x)>λi =

(
∂H?i
∂λi

)>
, (15a)

λ̇1 = −
(
∂H?1
∂x

)>
, (15b)

λ̇2 = −
(
∂H?2
∂x

)>
. (15c)

The next statement provides conditions for the existence
of an open-loop Nash equilibrium strategy.

Theorem 3. Let x0 ∈ Rn be given and consider the non-
linear differential game described by the dynamics (1)
and the cost functionals (2). Suppose that the system (15)
admits a unique solution z(t) = (xo(t), λo1(t), λo2(t)), with
the property that xo(0) = x0 and limt→∞ z(t) = 0. Sup-
pose that there exist functions Vi : Rn×R→ R, Vi ∈ C2,
such that

−∂V1
∂t

= H1

(
x,
∂V1
∂x

>
,−g>1

∂V1
∂x

>
,−g2(xo(t))>λo2(t)

)
,

−∂V2
∂t

= H2

(
x,
∂V2
∂x

>
,−g1(xo(t))>λo1(t),−g>2

∂V2
∂x

>
)
,

(16)

for all x ∈ Rn and t ∈ R, together with the boundary
condition

lim
t→∞

Vi(0, t) = 0 , lim
t→∞

∂

∂x
Vi(0, t) = 0 , (17)

for i = 1, 2. Then an open-loop Nash equilibrium strategy
is provided by the pair of control inputs

u?i (t) = −gi(xo(t))>λoi (t) , (18)

for i = 1, 2. �

4 Note that, while Hi given in (13) constitute classical pre-
Hamiltonian functions for each player, the minimized func-
tions given in (14) are not canonical Hamiltonian functions
since the minimized function of one player depends on the
costate of the other and vice versa.

Proof: Suppose, without loss of generality, that the sec-
ond player selects the equilibrium strategy u?2(t) for any
t ∈ [0,∞). Consider the individual auxiliary optimal
control problem for the first player described by

min
u1

1

2

∫ ∞
0

(q1(x(τ)) + ‖u1(τ)‖2)dτ ,

s.t. ẋ(t) = f(x(t)) + g1(x(t))u1 + g2(x(t))u?2(t) ,
(19)

and x(0) = x0. The design of the optimal control strat-
egy for (19) hinges upon the solution of the underlying
Hamilton-Jacobi-Bellman PDE, which herein becomes

0 = min
u1

{
V̇1(x, t) +

1

2
q1(x) +

1

2
u>1 u1

}
,

= min
u1

{∂V1
∂t

+
∂V1
∂x

(f(x) + g1(x)u1 + g2(x)u?2(t))

+
1

2
q1 +

1

2
u>1 u1

}
,

(20)

for any x ∈ Rn and t ∈ R and with respect to some func-
tion V1 : Rn × R→ R. In fact, the equation (20) entails

that −V̇1 = minu1{(1/2)q1(x) + (1/2)u>1 u1}, which, in-
tegrated with respect to time from zero to infinity, yields

V1(x0, 0) =−
∫ ∞
0

d

dt
V1(x(t), t)dt

= min
u1

1

2

∫ ∞
0

(q1(x(t)) + u1(t)>u1(t))dt ,

(21)

where the first equality is obtained by recalling that
limt→∞ x(t) = 0, since (u1, u

?
2) ∈ U(x0), and by the

boundary condition (17), hence by continuity of the in-
volved functions it follows that limt→∞ V1(x(t), t) = 0.

Note that the argument that attains the minimum of the
right-hand side of (20) is

ũ?1(x, t) = −g1(x)>
∂V1
∂x

(x, t)>, (22)

which is a time-varying feedback control input. The proof
then lies in demonstrating that xo(t) and the open-loop
control strategy u?1(t) (given in (18)) coincide for all t ≥ 0
with x(t) and ũ?1(t) (given in (22)), respectively, where
the latter solves the auxiliary optimal control problem
(19). To this end, note that

ẋo = f(xo)− g1(xo)g1(xo)>λo1 − g2(xo)g2(xo)>λo2

= f(xo)− g1(xo)g1(xo)
>λo1 − g2(xo)u

?
2

− g2(xo)(g2(xo)>λo2 − u?2) ,
(23)
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ẋ = f(x)− g1(x)g1(x)>
∂V1
∂x

>
+ g2(x)u?2 , (24)

where the first equation is obtained from (15a) and (14),
while the second describes (19) in closed-loop with (22).
Note that ẋ − ẋo = g2(xo(t))(g2(xo(t))>λo2(t) − u?2(t))
along trajectories which are such that x(t) = xo(t) and
λo1 = ∂V1/∂x

>. Moreover, the first equation in (16) im-
plies that

∂V1
∂t

= −∂V1
∂x

f(x)− 1

2

∂V1
∂x

g1(x)g1(x)>
∂V1
∂x

>
+

1

2
q1(x)

− ∂V1
∂x

g2(x)g2(xo)λo2

= −∂V1
∂x

=ẋ︷ ︸︸ ︷(
f(x)− g1(x)g1(x)>

∂V1
∂x

>
+ g2(x)u?2

)
− ∂V1

∂x
g2(x)(g2(xo)>λo2 − u?2) +

1

2
q1(x)

+
1

2

∂V1
∂x

g1(x)g1(x)>
∂V1
∂x

>
.

(25)

Similarly, note that the equations (26) and (27) (over-
leaf) hold, where the last equality in the latter fol-
lows from (16) and (25). From (28) (overleaf) it is
again apparent, by recalling the dynamics of the mis-
match (x − xo), that the dynamics of the mismatch
λo1 − ∂V1/∂x> is equal to zero along trajectories which
are such that x(t) = xo(t) and λo1 = ∂V1/∂x

>. Namely,
xo = x and λo1 = ∂V1/ ∂x

> is an invariant subman-
ifold of (15a)-(15b). Following the same reasoning
for the second player it can be shown that xo = x,
with ẋ = f(x) + g1(x)u?1 − g2(x)g2(x)>∂V2/∂x

>,
and λo2 = ∂V2/∂x

> is an invariant submanifold
of (15a)-(15c). It then remains to be shown that
λoi (0) = (∂Vi(x0, 0)/∂x)>, which would imply equal-
ity for any time. By assumption, λo1(t) and λo2(t)
are uniquely determined and constitute, together
with xo(t), the unique solution to the two-point
boundary value problem described by the dynamics
(15) and the boundary conditions xo(0) = x0 and
(λo1(∞), λo2(∞)) = (0, 0). Consider now an auxiliary
two-point boundary value problem described by the
state χ = (x, (∂V1/∂x)>, (∂V2/∂x)>). Its underlying
dynamics coincide with (15), by (23), (24), (26) and
(27), and, moreover, the boundary conditions specified
in the statement are identical to those of (15). Namely,
x(0) = x0 and limt→∞(∂Vi/∂x) = 0, for i = 1, 2. Ex-
ploiting the second boundary condition in (17) and
recalling that limt→∞ x(t) = 0, it then follows, by (the
assumed) uniqueness of the trajectory on the right-hand
side, that χ(t) = (xo(t), λo1(t), λo2(t)) for any t ∈ R,
hence also at t = 0. Since it has been shown that the
open-loop control actions (18) coincide for all t ≥ 0
with the feedback strategies (22) that solve the aux-
iliary (individual) optimal control problems (19), the

proof of the claim is concluded by noting that the latter
optimality implies that the inequalities (3) hold. �

Remark 2. The statement of Theorem 3 implies that the
open-loop control inputs (18) yield Nash equilibrium
strategies. In particular, the inequalities (3) are shown
to hold with respect to the control laws (18) by relying
on the intermediate claim that the latter coincide for
any time with the time-varying feedback policies (22).
In fact, these constitute, by standard results in optimal
control theory, the (individual) optimal solutions to the
(single-player) optimal control problem implicitly char-
acterized via the HJB PDE (20) in which the opponent
is ideally implementing the candidate Nash equilibrium
strategy. As a consequence, the proof of Theorem 3 en-
tails that the open-loop Nash equilibrium strategies (18)
admit an equivalent, time-varying, feedback synthesis
described by (22). Furthermore, note that (6) and (16)
are derived by relying on common premises based on
Dynamic Programming arguments. In fact, in the two
settings of linear and nonlinear systems, derivations in-
spired by the principle of optimality, see e.g. Bellman
(1957), lead to a (symmetric) algebraic Riccati equation
and a (time-varying) Hamilton-Jacobi-Bellman PDE,
respectively. N

In light of the discussion in Remark 2, it is of interest
to establish an additional equivalence between (18) or,
equivalently, (22) and a stationary feedback control law,
which in turn possesses insightful connections with cer-
tain invariant submanifolds of the state/costate dynam-
ics in (15).

Theorem 4. Let x0 ∈ Rn be given and consider the
nonlinear differential game described by the dynamics (1)
and the cost functionals (2). Suppose that the hypotheses
of Theorem 3 hold. Suppose in addition that there exist
vector-valued functions hi : Rn → Rn such that

−
(
∂H?1
∂x

)> ∣∣∣
(λ1,λ2)=(h1(x),h2(x))

= ∇xh1(x)f(x)

−∇xh1(x)g1(x)g1(x)>h1(x)−∇xh1(x)g2(x)g2(x)>h2(x) ,

−
(
∂H?2
∂x

)> ∣∣∣
(λ1,λ2)=(h1(x),h2(x))

= ∇xh2(x)f(x)

−∇xh2(x)g2(x)g2(x)>h2(x)−∇xh2(x)g1(x)g1(x)>h1(x) ,
(29)

for all x ∈ Rn, together with the boundary conditions
hi(x0) = ∂Vi/∂x

>|x=x0,t=0, i = 1, 2. Then the feedback
control policies

ui(x) = −gi(x)>hi(x) , (30)

yield a Nash equilibrium strategy. �

Proof: The claim is proved by showing that the manifold
defined as M := {(x, λ1, λ2) ∈ Rn × Rn × Rn : λi −
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λ̇o1 = − ∂

∂xo
H?1(xo, λo1, λ

o
2)> =−

λ>1 ∂

∂xo

=ẋo︷ ︸︸ ︷(
f(xo)− g1(xo)g1(xo)>λ1 − g2(xo)g2(xo)>λo2

)
>

−
(

1

2

∂

∂xo
(
q1(xo) + λ>1 g1(xo)g1(xo)>λ1

))>
(26)

d

dt

∂V1
∂x

=
∂

∂x

(
∂V1
∂x

)
ẋ+

∂2V

∂t∂x
=

∂

∂x

(
∂V1
∂x

ẋ+
∂V1
∂t

)
− ∂V1

∂x

∂ẋ

∂x

= −∂V1
∂x

∂ẋ

∂x
− 1

2

∂

∂x

(
q1(x) +

∂V1
∂x

g1(x)g1(x)>
∂V1
∂x

>
)

+
∂

∂x

(
∂V1
∂x

g2(x)(g2(xo)>λo2 − u?2)

) (27)

(
λ̇o1 −

d

dt

∂V1
∂x

>
)>

= −1

2

∂

∂xo

(
q1(xo) + λo1

>g1(xo)g1(xo)>λo1

)
− λo1

> ∂ẋ
o

∂xo

+
1

2

∂

∂x

(
q1(x) +

∂V1
∂x

g1(x)g1(x)>
∂V1
∂x

>
)

+
∂V1
∂x

∂ẋ

∂x
− ∂

∂x

(
∂V1
∂x

g2(x)(g2(xo)>λo2 − u?2)

)
(28)

hi(x) = 0, i = 1, 2} is invariant for the state/costate
dynamics (15). This is obtained by noting that

λ̇i−ḣi(x)
∣∣∣
M

= −
(
∂H?i
∂x

)∣∣∣>
M
−∇xhi(x)(f(x)

− g1(x)g1(x)>λ1 − g2(x)g2(x)>λ2)
∣∣∣
M

= 0 ,

where the second equality holds for any (x, λ1, λ2) ∈M
by equations (29). The boundary conditions, together
with the derivations of the proof of Theorem 3, show
instead that hi(x(t)) = ∂Vi/∂x

> for any t > 0, hence
(30) - along the trajectories of the closed-loop system
(1)-(30) - coincide with (18), concluding the proof. �

Remark 3. A detailed comparison between the results
provided in Theorems 3 and 4, which hinge upon the
PDEs (16) and (29), respectively, and the LQ case pro-
vides some useful insights, since significant implications
summarized in Section 3 stem from the property of lin-
earity of the underlying dynamics in the latter case. To
this end, note that in the LQ case the solution Vi(x, t)
of the Hamilton-Jacobi-Bellman PDE (16) is given by

Vi(x, t) = x>Po,ix+ bi(t)
>x+ ci(t) , (31)

where Po,i = P>o,i � 0 is the solution to the classic
ARE (6) associated to the LQ optimal control problems,
whereas bi(t) is in charge of generating a purely feedfor-
ward contribution that compensates for the exogenous
signal u?2(t) (see also the discussion at the end of Re-
mark 1). As for the PDE (29), it can be noted that such
equations are solved by letting hi(x) = Pix where Pi is

a (not necessarily symmetric) solution to (7), hence (29)
can be considered a nonlinear counterpart of the latter.
Furthermore, as anticipated in Remark 2, equations (6)
and (16) stem from similar arguments, hence (16) can be
considered a nonlinear counterpart of (6) together with
the differential equations (reported in (Engwerda 2005,
Thm. 5.11)) governing bi and ci in (31). Therefore, de-
spite the fact that in the linear case the equations (6)
and (7) appear similar, it is worth observing that in the
nonlinear case the nature of the equations (16) and (29)
is instead profoundly dissimilar: for each player, the for-
mer is a single, time-varying nonlinear (quadratic) PDE,
arising from Dynamic Programming reasoning, while the
latter is a system of n stationary, linear PDEs, arising
from an invariance argument. N
Remark 4. Inspecting the linear case commented upon
in Remark 3, it is evident that the Jacobian matrix
∇xhi(x) is not necessarily symmetric for any x ∈ Rn,
i.e. Pi solving (7) is not symmetric. This, in turn, implies
that the invariant submanifoldM sought for is not La-
grangian (see van der Schaft (1991) for a more detailed
discussion), as is the case with canonical Hamiltonian
systems. N
Remark 5. The structure of the solution Vi(x, t) of (16)
in the linear case, recalled in Remark 3, has further im-
plications concerning the boundary conditions for (29),
which is reported here for completeness, i.e.

hi(x0) =
∂Vi
∂x

(x0, 0)> . (32)

In the LQ setting the structure of the function Vi in
(31), with bi(t) =

∫∞
t
e−(A−SiPo,i)(t−s)Po,iBju

?
j (s)ds,
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see (Engwerda 2005, Chapter 5), is such that

∂Vi
∂x

(x0, 0)> =Po,ix0 +

∫ ∞
0

e(A−SiPo,i)sPo,iBju
?
j (s)ds

=Po,ix0 + bi(0) .

Since the state/costate dynamics (15) are linear in the
LQ case, it is reasonable to search for a linear mapping
hi, hence describing an invariant subspace. To this end,
let hi(x) = Pix, with Pi denoting a solution of (7). It can
then be shown that hi(x) = Pix satisfies the underlying
boundary condition for any x0 ∈ Rn. In fact, the feedfor-
ward term bi has the property that bi(0) = (Pi−Po,i)x0
for any x0 ∈ Rn, see (Engwerda 2005, Theorem 7.13),
hence the condition

hi(x0) = Pix0 = Po,ix0 + (Pi − Po,i)x0

is verified for any x0. As a consequence, the control
law (30) specialized to the LQ setting yields a feedback
Nash equilibrium strategy. In the nonlinear case, instead,
the property that the boundary condition (32) is triv-
ially satisfied, for all x0 ∈ Rn, by the structure of the
(quadratic) function Vi is lost in general, since the design
discussed in Theorem 4, including the boundary condi-
tion, requires the knowledge of the initial condition x0
and it is such that (30) provides a feedback implemen-
tation of the specific open-loop strategy (18). N

Despite the differences between the linear and the non-
linear settings discussed in Remark 5, the result pro-
vided in Theorem 4 establishes a connection between
Nash equilibrium strategy and the existence of (stable)
invariant manifolds of the state/costate dynamics (15).

A detailed analysis concerning the existence of solutions
to the PDEs (29) is beyond the scope of this manuscript.
Nonetheless a few comments and insights are in order.
To begin with note that the equations (29) in essence
entail that one should search for a certain invariant sub-
manifold of the nonlinear state/costate dynamics (15)
that can be expressed as the graph of a mapping together
with an additional tangency condition at the initial time
and state. Two interesting features and differences with
respect to a classic (single-player) optimal control prob-
lem, in which a similar task arises, can be observed. On
one hand, in the latter the existence of such a subman-
ifold is inherited from properties of the linearized prob-
lem (namely that it possesses an n-dimensional invari-
ant subspace to which the submanifold sought for is tan-
gent at the origin), hence ensuring local existence of the
solution. Moreover, the existence of the n-dimensional
invariant subspace is in turn ensured by easily verifi-
able structural conditions of the underlying plant, which
do not possess a counterpart with respect to the lifted
dynamics (15). On the other hand, while in the latter
case the submanifold sought for should be Lagrangian,
namely expressed as the gradient of a scalar (positive

definite) function, herein such a property is not required,
thus potentially simplifying the problem of determining
such a submanifold.

Finally, to put into perspective the equations (15) aris-
ing in the context of Pontryagin’s Minimum Principle,
namely the equations (29) discussed here, with those de-
rived by considering the Dynamic Programming frame-
work, namely the so-called Hamilton-Jacobi-Isaacs
PDEs (Basar & Olsder (1982)), note that the former
are “invariance” PDEs while the latter are “stability”
PDEs. In fact, the latter essentially impose a specific
evolution to the time derivatives of the individual value
functions, hence revolving around a Lyapunov-like
condition. As such the PDEs arising from Dynamic
Programming ensure a certain margin of robustness to
uncertainties - hence they could be solved also with an
inequality sign at the price of a slightly modified run-
ning cost (as is done, for instance, in Mylvaganam et al.
(2015)). On the other hand, the task of determining an
invariant submanifold of an unstable nonlinear system,
as the lifted dynamics (15), is particularly fragile with
respect to uncertainties. However, the invariance PDEs
(29) are linear whereas the HJI PDEs are quadratic in
the (positive-definite) unknowns.

5 Conclusions and further discussions

Nonlinear, nonzero-sum differential games and their so-
lutions in terms of open-loop Nash equilibrium strate-
gies have been considered. The contributions of this pa-
per are manifold. Based on Dynamic Programming con-
siderations, a characterisation of open-loop Nash equi-
librium strategies has been provided in terms of nonlin-
ear, time-varying PDEs. The state/costate interpreta-
tion associated with this characterisation has been uti-
lized to provide, when possible, a feedback synthesis
of the underlying open-loop strategy. Furthermore, two
sets of equations that provide nonlinear counterparts of
well-studied algebraic Riccati equations in the LQ set-
ting have been derived. Interestingly, while the two lat-
ter equations appear (deceptively) similar, it has been
shown herein that their true nature is revealed in the
nonlinear case. Namely, the two conditions arise from
very different reasoning, i.e. Dynamic Programming at
the individual level and invariance. Finally, despite the
abstract characterization of the derived sufficient condi-
tions, their implementation in practice remains far from
obvious from a computational point of view. Towards
this end, by building on the observations in the discus-
sion at the end of the previous section, future research
effort will be devoted, as an interesting problem per se,
to envisioning constructive strategies to tackle such con-
ditions.
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