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Abstract
We prove an enhanced limit theorem for additive functionals of a multi-
dimensional Volterra process (yt)t�0 in the rough path topology. As an appli-
cation, we establish weak convergence as ε→ 0 of the solution of the random
ordinary differential equation (ODE) d

dt xεt =
1√
ε

f (xεt , y t
ε
) and show that its limit

solves a rough differential equation driven by a Gaussian field with a drift com-
ing from the Lévy area correction of the limiting rough driver. Furthermore,
we prove that the stochastic flows of the random ODE converge to those of the
Kunita type Itô SDE dxt = G(xt, dt), where G(x, t) is a semi-martingale with
spatial parameters.
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1. Introduction

The aim of this article is to obtain an approximate effective dynamics for the evolution of
a particle moving in a fast oscillating non-Markovian random vector field f (·, yt(ω)). More
precisely, we study the small-ε limit of the Rd-valued solutions of the equation

dxεt =
1√
ε

f
(

xεt , y t
ε

)
dt. (1.1)

We begin with studying the convergence of stochastic processes of the form

Xε
t =

(
√
ε

∫ t
ε

0
G1(ys)ds, . . . ,

√
ε

∫ t
ε

0
GN(ys)ds

)

together with their canonical lifts Xε
s,t

def
=
∫ t

s (Xε
r − Xε

s ) ⊗ dXε
r , where (yt)t�0 is a multi-

dimensional Volterra process with power law correlation decay t−β and spectral density. We
obtain a functional limit theorem together with an enhanced and a rough CLT. The set of admis-
sible functions Gi for the CLT are L2 functions with Hermite rank bounded from below by 1

β

(or by 2
β

for the rough CLT) and rapidly decaying Hermite coefficients.
We then obtain a rough CLT for the function space valued stochastic process

Xε
t =

√
ε

∫ t
ε

0
f (·, ys)ds =

(
√
ε

∫ t
ε

0
f1(·, ys)ds, . . . ,

√
ε

∫ t
ε

0
fd(·, ys)ds

)

and cast (1.1) as a rough differential equation (RDE) in a Banach space driven by (Xε
t )t∈[0,T]. The

convergence of the solution of (1.1) is then an easy consequence of the continuous dependence
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of the RDE on its driver. We emphasize that—even when y is a strong mixing Markov process
so we are in the classical domain—it is advantageous to consider the ordinary differential
equation (ODE) as an RDE. In fact with the approach presented here, we automatically obtain
simultaneous convergence of the solutions with any finite number of initial conditions to the
solutions of the same limiting SDE of Kunita type, which is not easy to prove with the usual
martingale method.

To illustrate the mechanism behind the homogenization problem, we first review the
following popular perturbation model:

żεt = εg(zεt , yt) + f (zεt , yt),

where f, g : Rd × Rn → Rd are sufficiently regular with suitable initial conditions. On the scale
of [0, 1√

ε
], zεt can be identified with the solution of the slow/fast system:

ẋεt = g(xεt , y t
ε
) +

1√
ε

f (xεt , y t
ε
), xε0 = x0, x0 ∈ Rd.

The parameter ε is a positive number tuning the relative speed with respect to the fast motion
y and is assumed to be small. If the stochastic process (yt)t�0 exhibits oscillatory features and
f averages to zero with respect to a measure determined by it, the slow motion feels the aver-
aged and the central limit theorem velocity. It is then plausible to deduce a simpler equation,
called the effective equation, whose solutions approximate (zεt )t�0 on the scale [0, 1√

ε
]. This

is the principle of slow/fast homogenization. Unlike for (xεt )t∈[0,T], the effective equation for
limε→0 xεt is autonomous. There are two well known theories on this: (1) the fast motion is
deterministic, (2) the fast motion is strong mixing Markovian. If the fast motion is periodic,
this is classic. More recently, diffusive homogenization is obtained for a class of non-uniformly
hyperbolic fast flows including solutions of the classical Lorenz equations [KM17]. The second
theory, in which (yt)t�0 is an ergodic Markov process satisfying a strong mixing condition, is
by now also classic [FW12, KP78]. The theory we intend to study is a fast dynamics with
slowly decaying correlations. Such dynamics appear naturally in natural, economical, and
social sciences, as well as in statistics, see e.g. [CR96, Rio17, Rob95, Sam06].

In this article, (yt)t�0 is taken to be an admissible ‘moving average’ Gaussian process. Let
Wt be a Brownian motion in Rd , and K(r) ∈ L(Rd, Rn) an admissible kernel. A Volterra process
is of the form

yt =

∫ t

−∞
K(t − u)dWu. (1.2)

Increments of (fractional) Brownian motions and the fractional Ornstein–Uhlenbeck processes
are Volterra processes. In fact, a centered one-dimensional stationary L2 continuous Gaussian
process (yt)t�0 has the integral representation (1.2) if and only if its spectral measure has a
density [Kal21, proposition 14.20] by simply taking K the Fourier transform of the square root
of the density. We will assume an algebraic correlation decay: for some β > 0, s, t � 0,

|E [ys ⊗ yt]| =
∣∣∣∣
∫

R
K(s − u)K∗(t − u)du

∣∣∣∣ � Θ
(
1 ∧ |t − s|−β

)
.

For stationary Gaussian processes, the regularity of the spectral measure can be obtained
from the decay rate of the correlation function. In comparison, ‘strong mixing’, which can
be characterized by the spectral density, cannot be classified by the decay rate of its correlation
function.
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Before going ahead explaining how to propose the convergence theorem, we go back to the
well known situation in which (yt)t �0 is a Markov process or strong mixing and take g = 0
for simplicity. Then the ansatz is a diffusion process whose generator can be formally written
down and the road map for the convergence of xεt is to show that (xε)ε∈(0,1] is relatively com-
pact followed by an application of the martingale problem method. The paramount question
is then to determine for which L2 functions G a functional central limit theorem holds for√
ε
∫ t/ε

0 G(ys)ds. This is the Kipnis–Varadhan theory [KV86] which has been become a cor-
nerstone in studying both continuous and discrete stochastic models, see [KLO12] and the
references therein. We would like to highlight the fruitful rough path approach explored in
[DOP19, GL19, KM17].

In case (yt)t�0 is a non-strong mixing Volterra Gaussian noise, how do we formulate the
condition on the driver? Let us first take (yt)t�0 to be the one-dimensional stationary fractional
Ornstein–Uhlenbeck process and consider

α(G, ε)
∫ t/ε

0
G(ys)ds.

Then the scale α(G, ε) and the scaling limit depend on its Hermit rank, which is the low-
est m in the Hermite polynomial expansion of G =

∑∞
i=m ciHi. Furthermore, the solutions of

the equations ẋεt =
∑N

i=1 α(Gi, ε) f i(xεt )Gi(yt/ε) converge [GL20a]. For N = 1, this is straight-
forward. For N > 1, this models different driving vector fields across different regions, is
already more complex and involves CLTs for the iterated integrals in a topology stronger
than the weak topology. An enhanced CLT is deduced from and built upon the vast existing
literature, cf [CNN18, MT07, Taq79] under a fast chaos decay condition. The effective equation
describes in some cases a diffusion, in other cases an anomalous super diffusion, or turns out to
be a stochastic differential equation with mixed Itô, Lebesgue, and Young integrals. For related
work see [ILRMS13].

The result we described applies to the product form f (x, y) =
∑N

i=1 f i(x)G(y) and the one-
dimensional toy model noise. The problem remains open for the evolution in the random field
generated by multi-dimensional noise and for the non-product form. For a preliminary exami-
nation, let us assume that the random field F(x, t, ε,ω) = f (x, y t

ε (ω)) is in L2. Taylor expanding
F in x in some direction v, we see

F(x, t, ε,ω) ∼ f (x0, y t
ε
(ω)) +∇x f (x0, y t

ε
(ω)) · v + . . . .

The CLT applies only if f is sufficiently fast oscillatory so the oscillation compensates the
insufficient decay in the auto-correlation of (yt)t�0. It is more efficient to take the Hermite
expansion of f with respect to the Gaussian process (yt)t�0. Wrapping the Hermite polynomials
around a Gaussian process amplifies its correlation decay. We use this to determine the decay
rate of the random field. In case of E[y0 ⊗ y0] = id, the Hermite rank of f (x, ·) is the lowest
|�| with non-vanishing c� in the following Hermite polynomial expansion:

f (x, yt) =
∑
�∈Nn

0

c�(x)H�(yt) ∀ t � 0, (1.3)

where � = (�1, . . . , �n) is a multi-index and c� ∈ R. Otherwise we use a transformed process
(zt)t�0 for defining the Hermite rank. The Hermite rank precisely characterizes whether the
functional CLT holds. We will specify the regularity conditions later.

Main results. Our main results are presented in theorems 3.1 and 4.6. The former is
an enhanced and rough functional limit theorem for multi-dimensional Volterra processes:
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Xε ⇒ X and under more stringent decay conditions on the Hermite coefficients, we also show
(Xε,Xε) ⇒ (X,X) where X is a Gaussian field. Theorem 4.6 is an application to the homoge-
nization problem for (1.1). We show that, for f ∈ C3

b , the limiting effective equation is an SDE
of Kunita type:

dxt = Γ(xt)dt + F(xt, dt),

where F(x, ·) def
= X(x) is a martingale with spatial parameters whose characteristics are of

the form ai, j(x, z, t) = σi, j(x, z)t. The advantage of the formulation as a Kunita SDE is that
for any finite set of initial positions we have the weak convergence of the N-point motion,
by which we mean (ϕε(z1), . . . ,ϕε(zN)), where ϕε are the solution flows of the SDE and
zi ∈ Rd are initial points. This is due to the convergence of the drivers in the compactly sup-
ported case and solution theory of SDEs of Kunita type. These theorems are proved under
further conditions on the Hermite rank of f .

The proof of theorem 3.1 is the content of section 3, which relies on computational tech-
niques from Malliavin calculus, and that for theorem 4.6 is presented in section 4. For the
proof of the convergence of (xεt )t∈[0,T], we take the continuity theorem route for solution
flows of RDEs. For this we cast the equation (1.1) as a Banach space-valued RDE. To put
this in the perspective of diffusion processes, this is analogous to lifting a smooth stochastic
differential equation to the diffeomorphism group. The RDE method has previously been
employed in the very nice work of Kelly and Melbourne [KM17], in a different context. We also
resolve a question raised in [KM17] in proposition 4.9 below, with which we also bypass the
invocation of the martingale problem method used there, for identifying the limit equation. We
then turn this problem back to a finite state problem, and interpret the resulting RDE as classical
stochastic differential equations of Kunita type and identify the characteristics of the driving
semi-martingales with spatial parameters. Note that we have kept the infinite-dimensional noise
in the Kunita type SDE, for we would lose the simultaneous convergence if it is converted to
an SDE driven by a finite-dimensional noise.

2. Preliminaries

This section features a brief overview of background material and a preliminary treatment of
the noise.

2.1. The normalized noise process

Definition 2.1. An Rn-valued stochastic process (yt)t�0 is called a (stationary) Volterra pro-
cess if there is an integer d ∈ N, a square-integrable kernel K : R → L(Rd, Rn) with K(t) = 0
for t < 0, and a d-dimensional Wiener process (Wt)t∈R such that

(yt)t�0
d
=

(∫
R

K(t − s)dWs

)
t�0

. (2.1)

Let β,Θ > 0. We write Vn(β,Θ) for the space of n-dimensional Volterra processes which
satisfy ∣∣∣∣

∫ −t

−∞
〈Kj(−u), Kj(−u)〉 du

∣∣∣∣ � Θ
(
1 ∧ t−2β

)
∀ t � 0, j = 1, . . . , n, (2.2)

where K j is the j th row of K. It is also convenient to declare Vn
def
=
⋃

β,Θ>0 Vn(β,Θ).
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It is clear that any y ∈ Vn is a centered, stationary Gaussian process, which is actually

ergodic under the canonical time-shift [CFS82]. We set Σ
def
= E [y0 ⊗ y0] throughout the article.

By a simple application of the Cauchy–Schwarz inequality, the estimate (2.2) yields∣∣∣∣
∫

R
〈Ki(s − u), Kj(t − u)〉 du

∣∣∣∣ � Θ
(
1 ∧ |t − s|−β

)
∀ s, t � 0, i, j = 1, . . . , n.

This in turn implies the following decay of the temporal correlations of (yt)t�0

|E [ys ⊗ yt]| � Θ
(
1 ∧ |t − s|−β

)
.

Let us give a few examples comprised by definition 2.1:

Example A.

(a) Given a fractional Brownian motion B with Hurst parameter H ∈ (0, 1)\{ 1
2}, one can show

that for functions f satisfying⎧⎪⎪⎨
⎪⎪⎩
∫

R

(∫
R

f (u)(u − s)
H− 3

2
+ du

)2

ds < ∞, H >
1
2

,

∃ϕ f ∈ L2(R) : f (s) =
∫

R
ϕ f (u)(u − s)

−H− 1
2

+ du, H <
1
2

,

the following identity holds

∫
R

f (s)dBs = cH

⎧⎪⎪⎨
⎪⎪⎩

∫
R

∫
R

f (u)(u − s)
H− 3

2
+ du dWs, H >

1
2

,∫
R

∫ ∞

0

f (s) − f (s + u)

u
3
2−H

du dWs, H <
1
2

,

see [PT00]. Here, cH > 0 is some explicitly known constant. Hence, the fractional Orn-
stein–Uhlenbeck process dXt = −Xt dt + dBt [CKM03] is a Volterra process with kernel

K(t) = cH

⎧⎪⎪⎨
⎪⎪⎩

∫ ∞

0
e−u(u − t)

H− 3
2

+ du, H >
1
2

,

e−t

∫ ∞

0

1[0,∞](t) − e−u1[−∞,t](u)

u
3
2−H

du, H <
1
2
.

It is not hard to check that (2.2) holds with β = 1 − H.
(b) Another example is

K(t) = cH

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0 if t < 0,

tH− 1
2 if 0 � t � 1,

tH− 1
2 − (t − 1)H− 1

2 if t � 1,

H ∈ (0, 1),

which leads (for a suitable choice of the normalization constant cH ∈ R) to a fractional
Brownian increment

∫
R K(t − s)dWs = Bt − Bt−1 [MVN68]. It is again easy to see that

(2.2) holds with β = 1 − H.

Fact 2.2. Let Σ ∈ L(Rn, Rn) be a positive semi-definite matrix with rank m. Then there is an

isometry O ∈ L(Rm, Rn) such that D
def
= O�ΣO is diagonal and features precisely the non-zero
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eigenvalues of Σ. Let G be a real-valued function on Rn. Then

G ∈ L2 (Rn, N(0,Σ)) ⇐⇒ G
(

OD
1
2 ·
)
∈ L2 (Rm, N(0, id)) .

Let (yt)t�0 be a centered, stationary Gaussian process and recall thatΣ = E [y0 ⊗ y0]. There
is no loss of generality in assuming that rank(Σ) = n for otherwise y lives almost surely in
a proper subspace of Rn. Without further notice, we shall resort to this case in the sequel.
Let D and O denote the matrices furnished by fact 2.2. For any G ∈ L2 (Rn, N(0,Σ)), we have
the following L2 (Rn, N(0, id)) convergent expansion:

G
(

OD
1
2 y
)
=
∑
�∈Nn

0

c�H�(y),

where c�
def
=

∫
Rn

G
(

OD
1
2 y
)

H�(y)N(0, id)(dy).

Here, H� : Rn → R denotes the Hermite polynomial of degree �:

H�(x)
def
=

n∏
i=1

H�i(xi), x = (x1, . . . , xn) ∈ Rn,

where

Hm(x)
def
= (−1)me

x2
2

dm

dxm
e−

x2
2 , x ∈ R, m ∈ N0.

Note that H0(x) = 1, H1(x) = x and 〈Hm, Hn〉L2(R,N(0,1)) = δm,nm!. We want to remark that in
[Nua06] the Hermite polynomials are defined with a different normalization.

Let us introduce the normalized process (zt)t�0 by declaring

zt
def
= D− 1

2 O�yt. (2.3)

Then (zt)t�0 is clearly a centered, stationary Gaussian process with E [z0 ⊗ z0] = id and

G(yt) = G
(

OD
1
2 zt

)
=
∑
�∈Nn

0

c�H�(zt), t � 0. (2.4)

Note that, by definition,

zt =

∫
R

K̂(t − u)dWu, K̂(t)
def
= D− 1

2 O�K(t), (2.5)

and z ∈ Vn(β, Θ̂) where Θ̂ =
∣∣∣D− 1

2 O�
∣∣∣2Θ.

Definition 2.3. Let G ∈ L2 (Rn, N(0,Σ)) and consider the expansion (2.4).

(a) The Hermite rank of G (with respect to y) is defined by

H(G)
def
= inf {|�| : c� �= 0} .

(b) We say that G satisfies the fast chaos decay condition with parameter p > 1 if∑
�∈Nn

0

|c�|(p− 1)
|�|
2
√

�! < ∞.
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Remark 2.4. Denoting the Ornstein–Uhlenbeck operator by

TθG =
∑
�∈Nn

0

c� e−θ|�|H�,

we have D(Tθ) = {G ∈ L2(Rn, N(0, id)) :
∑

�∈Nn
0
|c�|2 e−2θ|�|�! < ∞}. Thus, by an application

of Cauchy–Schwarz we obtain that a function G satisfies the fast chaos decay condition with
parameter p if for some δ > 0, G ∈ D(T− 1

2 ln(p−1)−δ).

Example B. The generating functions

e〈x,a〉− |a|2
2 =

∑
�∈Nn

0

a�

�!
H�(x), a, x ∈ Rn,

satisfy the fast chaos decay condition.

2.2. Malliavin calculus

In this section we recall some concepts from Malliavin calculus. For details we refer to
[Nua06].

Let H = L2(R, Rd), w.r.t. the Lebesgue measure. If Wt = (W1
t , . . . , Wd

t ) is a two-sided
Wiener process, we construct an isonormal Gaussian process {W(h) : h ∈ H } by Itô–Wiener
integrals

W(h)
def
=

∫
R
〈h(t), dWt〉,

where h is identified with an L2 function from R to Rd. If f ∈ H ⊗m ∼= L2(Rm, Rdm
), it corre-

sponds to a family of functions f i1,...,im : Rm → R where i j ∈ {1, . . . , d}. We denote by f Sym its
symmetrization. We define the multiple Wiener integral with respect to W as follows:

I:
⊕
m�0

H ⊗m → L2(Ω; R), for f ∈ H ⊗m,

I( f )
def
= m!

d∑
i1,...,im=1

∫ ∞

−∞

∫ tm−1

−∞
. . .

∫ t2

−∞
f Sym

i1,...,im (t1, . . . , tm)dWi1
t1 . . . dWim

tm .

Given f = ( f1, . . . , fn) ∈ H n and a multi-index � = (�1, . . . , �n) ∈ Nn
0, we define f ⊗� ∈

H ⊗|�| by

f ⊗� def
= f ⊗�1

1 ⊗ . . .⊗ f ⊗�n
n . (2.6)

To keep the verification of the fourth moment theorem simple we introduce contraction oper-
ators between functions that are not necessarily symmetric. Let S and S̃ be two index sets,
f = ⊗i∈S fi and g = ⊗i∈S̃gi are primitive tensors with f i, gi ∈ H . For any pair p = {a, b}
where a ∈ S and b ∈ S̃ we define the contraction of f ⊗ g:
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Trp( f ⊗ g) = 〈 fa, gb〉

⎛
⎝ ⊗

i∈S\{a}
f i

⎞
⎠⊗

⎛
⎝ ⊗

i∈S̃\{b}

gi

⎞
⎠ . (2.7)

We define the multi-contraction with multi-pairs of k-elements. Let P = {(ai, bi)}k
i=1 be a set

of complete pairings, where {ai}k
i=1 ⊂ S and {bi}k

i=1 ⊂ S̄. We set

TrP( f ⊗ g) =
k∏

i=1

〈 fai , gbi〉

⎛
⎝ ⊗

i∈S\{a1,...,ak}
f i

⎞
⎠⊗

⎛
⎝ ⊗

i∈S̃\{b1,...,bk}

gi

⎞
⎠ . (2.8)

Then the following product formula holds for f ∈ H ⊗m and g ∈ H ⊗n:

I( f )I(g) = δn,m

∑
P∈P

I(TrP f ⊗ g), (2.9)

where P runs through all multi-pairs from S = {1, . . . , m} and S̃ = {1, . . . , n} so P =⋃m∧n
k=0 Pk, where Pk denotes the collection of all k distinct pairs of indices from S × S̃. The

contraction is f ⊗ g. In particular,

E [I( f )I(g)] = δm,nm!〈Sym( f ), Sym(g)〉H ⊗m . (2.10)

We have the following straight-forward generalization of [Nua06, proposition 1.1.4]:

Lemma 2.5. Let � ∈ Nn
0 and f ∈ H n with ‖ f i‖H = 1 for each i = 1, . . . , n. Then we have

H� (W( f )) = I( f ).

Given � ∈ Nn
0 we call a graph of complete pairings, without self-loops and with nodes

{1, . . . , n} �-admissible if the k th node has exactly �k edges. We denote the collection of all
such graphs by Γ�. We will use the fact

|Γ�| �
√

�!(n − 1)
|�|
2 . (2.11)

For a graph G ∈ Γ�, we write γi, j(G) for the number of edges between the nodes i and j.

Proposition 2.6 (Diagram formula [BH02, Taq77]). Let � ∈ Nn
0 and X = (X1, . . . , Xn) be

multivariate Gaussian. Then

E [H�(X)] =
∑
G∈Γ�

n∏
i=1

i∏
j=1

E
[
XiX j

]γi, j(G)
.

In particular, if k ∈ Nn
0, Y = (Y1, . . . , Yn) is multivariate Gaussian jointly with X, and both X

and Y have pairwise independent components, then we have

|E [H�(X)Hk(Y)]| � δ|k|,|�|
√

k!�!(2n − 1)|�| max
1�i� j�n

∣∣E [
XiY j

]∣∣|�|.
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2.3. Hölder spaces and their tensor product

The algebraic tensor product X ⊗a Y of two vector spaces X and Y is defined as the subspace
of the dual of the bilinear mappingsX × Y → R spanned by the elements x ⊗ y, x ∈ X , y ∈ Y ,
which act by

〈B, x ⊗ y〉 def
= B(x, y).

We can also declare a dual action on X ⊗a Y by 〈x ⊗ y, x∗ ⊗ y∗〉 def
= 〈x, x∗〉〈y, y∗〉 for x∗, y∗ in

the dual spaces of X and Y , respectively.
If X and Y are Banach spaces, we call a norm ‖ · ‖X⊗Y on X ⊗a Y a reasonable crossnorm

if

‖x ⊗ y‖X⊗Y = ‖x‖X‖y‖Y ∀ x ∈ X , y ∈ Y ,

‖x∗ ⊗ y∗‖(X⊗Y)∗
def
= sup

z∈X⊗aY

|〈z, x∗ ⊗ y∗〉|
‖z‖X⊗Y

= ‖x∗‖X∗‖y∗‖Y∗ ∀ x∗ ∈ X∗, y∗ ∈ Y∗.

It is easy to see that both canonical examples, the injective and the projective tensor norm,
define reasonable cross norms. Finally, the tensor product of X and Y is defined as the
completion of X ⊗a Y with respect to the norm ‖ · ‖X⊗Y . Without further notice, we always
assume that X ⊗ Y is equipped with a reasonable crossnorm. Further details on the tensor
product of Banach spaces can be found in the classical monographs [LC85, Rya02].

We now turn to the tensor product of interest in the sequel of this work. Let α > 0 and X
be a normed space. The classical Hölder space Cα

b (Rd,X ) is defined as the collection

Cα
b (Rd,X )

def
=

{
f ∈ C�α�

b (Rd ,X ) : | f |Cα
b
< ∞

}
,

with the norm

| f |Cα
b

def
= sup

�∈Nd
0

|�|��α�

sup
x∈Rd

|D� f (x)|X + sup
�∈Nd

0
|�|=�α�

sup
x �=y

|D� f (x) − D� f (y)|X
|x − y|α−�α� . (2.12)

We also write f ∈ Cα+
b (Rd,X ) if there is an α′ > α such that f ∈ Cα′

b (Rd,X ).
We will use the following result. It was shown in [KM17, corollary 4.6] for a

norm equivalent to (2.12).

Lemma 2.7. The canonical embedding

ı : Cα
b (Rd, Rd) ⊗ Cα

b (Rd, Rd) ↪→ Cα
b

(
Rd, Cα

b (Rd, Rd ⊗ Rd)
)

,

ı( f ⊗ g)(x, y)
def
= f (x) ⊗ g(y) ∀ f , g ∈ Cα

b (Rd, Rd), x, y ∈ Rd,

extending to the whole space by linearity, defines a reasonable cross norm on the former, with
respect to which the embedding is continuous.

2.4. Rough path theory

The theory of rough paths has by now certainly found its way into the mathematical main-
stream. This is, of course, also due to the very nice monographs [FH14, FV10] to which we
refer for further details. We shall work in the framework of controlled rough paths [FdLP06,
Gub04] popularized in the book of Friz and Hairer.
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Let X, Y : [0, T] →X be Hölder continuous with exponents γ1 and γ2, respectively. If
γ1 + γ2 > 1, Young’s integration theory enables us to define

∫ T
0 Y dX as the limit of Riemann

sums
∑

[u,v]∈PYu(Xv − Xu) along any sequence of partitions P of [0, T] with mesh |P| tend-
ing to 0 [You36]. Furthermore, the mapping (X, Y) �→

∫ ·
0Y dX is continuous. Thus, for X ∈

C
1
2+, one expects a unique solution theory to the Young differential equation dYs = f(Ys)dXs

(given enough regularity on f). Indeed, if f ∈ C2
b , this equation is well posed and the solution is

continuous in both the driver X and the initial data. In the case γ1 � 1
2 , this fails and one cannot

define the integral
∫

X dX by the above Riemann sum anymore. This is partially remedied by
rough path theory, which allows to define an integral with respect to less regular integrators by
enhancing the Riemann sum, see (2.15) below.

Let T > 0, γ ∈ (0, 1), and X be a Banach space. We write |X|Cγ for the γ-Hölder norm of
a function X : [0, T] →X . The space of all γ-Hölder functions [0, T] →X is denoted by

Cγ ([0, T],X ). We set ΔT
def
= {(s, t) : 0 � s � t � T} and

Cγ(ΔT ,X ⊗ X )
def
= {X : ΔT →X ⊗X : |X|γ < ∞} ,

|X|γ def
= sup

(s,t)∈ΔT

‖Xs,t‖X⊗X
|t − s|γ ,

where ‖ · ‖X⊗X is the norm on X ⊗ X . Note that any γ-Hölder function X ∈ Cγ ([0, T],X )

has a natural lift to Cγ(ΔT ,X ) by declaring Xs,t
def
= Xt − Xs. A γ-rough path with values in

X is a pair X = (X,X) ∈ Cγ ([0, T],X ) ⊕ C2γ (ΔT ,X ⊗ X ) obeying the algebraic constraint
(Chen’s relation)

Xs,t − Xs,u − Xu,t = Xs,u ⊗ Xu,t ∀ 0 � s � u � t � T. (2.13)

Owing to this identity, the values of the two-parameter process X can actually be recovered

from the knowledge of Xt
def
= X0,t, t ∈ [0, T]:

Xs,t = Xt − Xs − Xs ⊗ Xt.

It is customary to denote the set of γ-rough paths with values in X by C γ ([0, T],X ). Albeit
this space is certainly not linear, it becomes a complete metric space in the topology inherited
from the Banach space Cγ ([0, T],X ) ⊕ C2γ

(
[0, T],X 2

)
which is canonically equipped with

the norm

|X|Cγ⊕C2γ
def
= |X|Cγ + |X|C2γ .

We emphasize that—unless X = {0}—the space C γ ([0, T],X ) is not separable. In order to
avoid norm versus seminorm considerations, we shall tacitly assume that X0 = 0 which is
anyways the case in our ultimate application of the theory.

Let f ∈ C2
(
Rd,L(X , Rd)

)
, Y ∈ Cγ([0, T], Rd), and X ∈ C γ([0, T],X ). For γ ∈ ( 1

3 , 1
2 ] the

integral

∫ ·

0
f (Ys)dXs ∈ Cγ([0, T], Rd) (2.14)
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can be defined, provided that Y is controlled by X. This is to say, there is a Y ′ ∈
Cγ

(
[0, T],L(X , Rd)

)
such that

|Ys,t − Y ′
sXs,t| = O

(
|t − s|2γ

)
, 0 � s, t � T.

In this case, it is also customary to write (Y, Y ′) ∈ D2γ
X ([0, T], Rd). Under these conditions, the

integral (2.14) is well defined as the limit of compensated Riemann sums along an arbitrary
sequence of partitions with mesh tending to 0:

∫ t

s
f (Ys)dXs

def
= lim

|P|→0

∑
[u,v]∈P([s,t])

Ξu,v ,

Ξu,v
def
=

(
f (Yu)Xu,v +

(
Y ′

u � D f (Yu)
)
Xu,v

)
.

(2.15)

Here, we introduced the ‘product’

(
Y ′

u � D f (Yu)
)

(x ⊗ y)
def
=

d∑
i=1

(
Y ′

u(x)
)

i
∂i f (Yu)(y), x, y ∈ X .

Employing the algebraic relation (2.13), it is then an easy exercise to check that

δΞs,u,t
def
= Ξs,t − Ξs,u − Ξu,t = O

(
|t − s|3γ

)
, 0 � s � u � t � T,

whence the integral (2.14) is indeed well defined by the sewing lemma [FdLP06, Gub04].

Proposition 2.8. Let Y0 ∈ Rd and γ ∈
(

1
3 , 1

2

)
. If X ∈ C γ([0, T],X ) and f ∈ C

1
γ+

b(
Rd,L(X , Rd)

)
, then there is a controlled rough path (Y, f (Y)) ∈ D2γ

X ([0, T], Rd) such that

Yt = Y0 +

∫ t

0
f (Ys)dXs, t ∈ [0, T].

Moreover, the solution map Φ(Y0, X)
def
= Y is continuous from Rd × C γ([0, T],X ) to Cγ′

([0, T], Rd) for each γ′ < γ.

Remark 2.9. We note that the theory of controlled rough paths usually assumes the
continuous embedding

L
(
X ,L(X , Rd)

)
↪→ L(X ⊗ X , Rd), (2.16)

see [FH14, section 1.5]. It is well known that this is ensured by working with the projective
tensor product on X ⊗ X . This, however, turns out to be rather inconvenient when X is a
Hölder space, which is the case of interest in this article. It is in fact beneficial to work with the
more explicit reasonable crossnorm introduced in section 2.3. Thankfully, as already observed
by Kelly and Melbourne [KM17, proof of theorem 3.3], the proof of proposition 2.8 in [FH14]
does not really require the embedding (2.16), but it is enough to equip the tensor product with
a reasonable crossnorm.
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3. The multidimensional limit theorem

3.1. Statement of the result

First we need to introduce a bit of notation:W denotes the Stratonovich lift of an n-dimensional
standard Wiener process W , that is, Wi, j

s,t =
∫ t

s

(
Wi

r − Wi
s

)
◦ dW j

r . For a smooth function X, we

let Xs,t
def
=
∫ t

s (Xr − Xs) ⊗ dXr denote the canonical lift and set (Υ⊗Υ)Xs,t
def
=
∫ t

s ΥXs,rd(ΥX)r

where Υ is a matrix.

Theorem 3.1. Let y ∈ Vn(β,Θ) for someβ,Θ > 0 and Θ̂ =
∣∣∣D− 1

2 O�
∣∣∣2Θ. Then for any real-

valued functions G1, . . . , GN ∈ L2 (Rn, N(0,Σ)) with

min
k=1,...,N

H(Gk) >
1
β

and any terminal time T > 0 all of the following hold:

• (Finite dimensional distributions). If each Gk is of fast chaos decay with parameter
Θ̂(2n − 1) + 1, then

Xε
t =

(
√
ε

∫ t
ε

0
G1(ys)ds, . . . ,

√
ε

∫ t
ε

0
GN(ys)ds

)
t∈[0,T]

f.d.d.−−−→ΥW, (3.1)

where W = (Wt)t∈[0,T] is a standard Wiener process and Υ is the unique non-negative
square root of the matrix

Υ2
i, j

def
=

∫ ∞

0
E
[
Gi(yr)G j(y0) + Gi(y0)G j(yr)

]
dr, i, j = 1, . . . , N.

• (Functional central limit theorem). If each Gk is of fast chaos decay with parame-
ter Θ̂(2n − 1)(pk − 1) + 1 for pk > 2, then the convergence (3.1) is actually weakly in
Cγ

(
[0, T], RN

)
for any γ < 1

2 − (mink pk)−1.
• (Rough central limit theorem). If mink=1,...,N H(Gk) > 2β−1 and each Gk is of fast chaos

decay with parameter Θ̂(4n − 1)(pk − 1) + 1, then, for any γ < 1
2 − (mink pk)−1, where

pk > 2,

Xε = (Xε,Xε) ⇒ X

in the rough path space C γ
(
[0, T], RN

)
, where

Xs,t =
(
ΥWs,t, (Υ⊗Υ)Ws,t + Ξ(t − s)

)
,

Ξi, j =
1
2

∫ ∞

0
E
[
Gi(y0)G j(yr) − Gi(yr)G j(y0)

]
dr.

(3.2)

Theorem 3.1 is a multi-dimensional version of the result in [GL20b], see also [Geh20] for
related limit theorems for Hermite processes.

Remark 3.2. The limiting rough path (3.2) can be rewritten in Itô form as follows. Let WItô

be the Itô lift of W. Then

Xs,t =
(
ΥWs,t, (Υ⊗Υ)WIt̂o

s,t + Λ(t − s)
)

,

1533



Nonlinearity 35 (2022) 1521 J Gehringer et al

where

Λi, j =

∫ ∞

0
E
[
Gi(y0)G j(yr)

]
dr.

3.2. Functional central limit theorem

We fix y ∈ Vn(β,Θ) and write K for its kernel. Let z be the normalized process (2.3). Recall,

z ∈ Vn(β, Θ̂) where Θ̂ =
∣∣∣D− 1

2 O�
∣∣∣2Θ. We also set τtK̂i(s)

def
= K̂i(t − s), s ∈ R, for the normal-

ized kernel defined in (2.5).

Lemma 3.3. For each � ∈ Nn
0, H�(zt) can be written in terms of the multiple Itô–Wiener

integral as follows:

H�(zt) =
n∏

i=1

I
(
(τtK̂

i)⊗�i
)
= I

(
(τtK̂)⊗�

)
. (3.3)

Consequently, {H�(zt), � ∈ Nn
0} is an orthonormal set for any t � 0.

Proof. Given a multi-index � = (�1, . . . , �n) ∈ Nn
0, using lemma 2.5,

H�(zt) =
n∏

i=1

H�i(W(τtK̂
i)) =

n∏
i=1

I
(
(τtK̂

i)⊗�i
)
.

Since E[z0 ⊗ z0] = id, we see

〈τtK̂
i, τtK̂

j〉 =
∫

r
〈K̂i(t − r), K̂ j(t − r)〉dr =

∫
r
〈K̂i(−r), K̂ j(−r)〉dr = δi, j,

as claimed. �

Let G ∈ L2 (Rn, N(0,Σ)). The expansion (2.4) becomes

G(yt) =
∑
�∈Nn

0

c�H�(zt) =
∑
�∈Nn

0

c�I
(
(τtK̂)⊗�

)
. (3.4)

The first step towards the proof of theorem 3.1 is to establish a central limit theorem for the
finite-dimensional distributions of the vector-valued process

(
√
ε

∫ t
ε

0
G1(ys)ds, . . . ,

√
ε

∫ t
ε

0
GN(ys)ds

)
t∈[0,T]

. (3.5)

The argument proceeds along a well-established pathway, see e.g. [BT13, Geh20, NNZ16]:

(a) We first assume G1, . . . , GN ∈ L2(Rn, N(0,Σ)) live in a finite number of chaoses (that is,
their Hermite expansion (3.4) is finite) and prove the statement of theorem 3.1 by invok-
ing the fourth moment theorem of Nualart, Peccati, and Tudor [NP05, PT05], see also
[NOL08, NP12].

(b) A simple truncation argument then shows that the general case can be reduced to 1.
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Proposition 3.4 (Fourth moment theorem [NP12, theorem 5.2.7]). Let m � 2 and
� ∈ Nm be a multi-index with ordered components, that is, �1 � . . . � �m. Let ( f ε)ε>0 ⊂
⊕m

i=1H
⊗�i . Denote by fi the projection of f to H ⊗�i . Assume that for i, j = 1, . . . , m, the limit

Λi, j
def
= lim

ε→0
E
[
I( f εi )I( f εj)

]
exists and

lim
ε→0

TrP f εk ⊗ f εk = 0 ∀ P ∈
m−1⋃
i=1

Pi,

i.e. all contractions of f εk with itself vanish, except for the 0th and the kth. Then we have(
I�1 ( f ε1), . . . , I�m( f εm)

)
⇒ N (0,Λ).

By lemma 3.3, we may apply the proposition to stochastic processes of the form

{
√
ε
∫ ti

ε
0 H� j (zu) du}, which is done in the following two key lemmas.

Lemma 3.5. Let k, � ∈ Nn
0 with |�| ∧ |k| > 1

β and s, t ∈ [0, T], then

lim
ε→0

ε

∫ t
ε

0

∫ s
ε

0
E [H�(zu)Hk(zv)] du dv = δ|k|,|�|(s ∧ t)

∫ ∞

0
E [H�(zu)Hk(z0)]

+ E [H�(z0)Hk(zu)] du.

Proof. Using H�(zu) = I
(
τuK̂⊗k

)
and by (2.10), we may assume |�| = |k| and also s � t.

We have

E
[
I
(
τuK̂⊗k

)
I
(
τvK̂⊗�

)]
= E

[∑
P∈P

I
(
TrP

(
τuK̂⊗�

)
⊗
(
τvK̂⊗k

))]
.

Let ¯̂K(t)
def
= τ0K̂ = K̂(−t). We will use the fact that for v � u, the right-hand side is a sum of

products of the form
∫

R〈K̂i(u − r), ¯̂K j(r − v)〉dr, whence it is a function of u − v. We first take
s = t, and by a change of variables,

ε

∫ s
ε

0

∫ s
ε

0
E
[
I
(
τuK̂⊗�

)
I
(
τvK̂⊗k

)]
du dv

=

∫ s
ε

0
(s − εu) E

[
I
(
τuK̂⊗�

)
I
(
τ0K̂⊗k

)
+ I

(
τ0K̂⊗�

)
I
(
τuK̂⊗k

)]
du

ε→0−−−→s
∫ ∞

0
E
[
I
(
τuK̂⊗�

)
I
(
τ0K̂⊗k

)
+ I

(
τ0K̂⊗�

)
I
(
τuK̂⊗k

)]
du.

Since ∣∣∣∣∣ε
∫ t

ε

s
ε

∫ s
ε

0
E
[
I
(
τuK̂⊗�

)
I
(
τvK̂⊗k

)]
du dv

∣∣∣∣∣ � ε

∫ t
ε

s
ε

∫ s
ε

0

(
1 ∧ |v − u|−β|k|

)
du dv → 0,

the claim follows at once. �
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Next, we show that the contractions vanish as we send ε→ 0. Note that, even though {τtK̂i}
are orthonormal, for two different times s �= t, τsK̂i and τtK̂ j may not be orthogonal for i �= j.
If they were, then the proof of the next lemma would be much simpler.

Lemma 3.6. Let � ∈ Nn
0 and t ∈ [0, T]. If |�| > β−1, then for r = 1, . . . , |�| − 1, and any

multi-pair P = {(a1, b1), . . . , (ar, br)}, with both indices of a pair from {1, . . . , |�|}, one has

TrP

∫ t
ε

0
τuK� du ⊗

∫ t
ε

0
τuK� du → 0.

Proof. Let k1, k2 be the multi-indices obtained from � by deleting {ai} and {bi} respectively.
We compute

∥∥∥∥∥TrP

∫ t
ε

0
τuK� du ⊗

∫ t
ε

0
τuK� du

∥∥∥∥∥
2

=

∫
[0, t

ε ]4
〈TrP(τu1 K� ⊗ τu2 K�), TrP(τu3 K� ⊗ τu4 K�)〉 d4u

�
∫

[0, t
ε ]4

(
1 ∧ |u1 − u2|−βr

) (
1 ∧ |u3 − u4|−βr

)
|〈τu1 Kk1 ⊗ τu2 Kk2

, τu3 Kk1 ⊗ τu4 Kk2〉| d4u

�
∫

[0, t
ε ]4

(
1 ∧ |u1 − u2|−βr

) (
1 ∧ |u3 − u4|−βr

) (
1 ∧ |u1 − u3|−β(|�|−r)

) (
1 ∧ |u2 − u4|−β(|�|−r)

)
d4u

by the correlation decay of the kernel K. To see that this expression is of order o(ε−2) as ε→ 0,
we use the inequality xαyβ � xα+β + yα+β for x, y > 0 and α, β ∈ R to find

∫
[0, t

ε ]4

(
1 ∧ |u1 − u2|−β|�|

) (
1 ∧ |u3 − u4|−βr

) (
1 ∧ |u2 − u4|−β(|�|−r)

)
d4u

=

∫ t
ε

0
du4

∫ t
ε−u4

−u4

(
1 ∧ |u3|−β(|�|−r)

)
du3

∫ t
ε−u4

−u4

(
1 ∧ |u2|−βr

)
du2

∫ t
ε−u2+u4

−u2+u4

(
1 ∧ |u1|−β|�|

)
du1

�
( t
ε

)2−β|�|∫ 2t
ε

− t
ε

(
1 ∧ |u3|−β(|�|−r)

)
du3

∫ 2t
ε

− t
ε

(
1 ∧ |u2|−βr

)
du2 = O

(
ε2β|�|−4

)
.

Thus, the claim follows since β|�| > 1 by assumption. �

Proposition 3.7. Let 0 � t1 < . . . < tm � T and �1, . . . , �k ∈ Nn
0. Then

⎛
⎜⎜⎜⎜⎜⎝

√
ε

∫ t1
ε

0
H�1 (zu) du

...
√
ε

∫ tm
ε

0
H�1 (zu) du

⎞
⎟⎟⎟⎟⎟⎠⊕ . . .⊕

⎛
⎜⎜⎜⎜⎜⎝

√
ε

∫ t1
ε

0
H�k (zu) du

...
√
ε

∫ tm
ε

0
H�k (zu) du

⎞
⎟⎟⎟⎟⎟⎠ ⇒ N (0,Λ),

where

Λ
def
=

⎛
⎜⎝
Λ1,1 . . . Λ1,k

...
. . .

...
Λk,1 . . . Λk,k

⎞
⎟⎠ ,

Λi, j
α,β

def
= (tα ∧ tβ)δ|�i|,|� j|

∫ ∞

0
E[H�i (zu) H� j (z0) + H�i (z0) H� j (zu)]du, α, β = 1, . . . , m.
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Proof. Recall H�(zu) = I
(
τuK̂⊗�

)
from lemma 3.3. Now lemmas 3.5 and 3.6 allow to

conclude the claim by an application of proposition 3.4. �

Remark 3.8. This together with the lemmas below immediately leads to parts 1 and 2 of
theorem 3.1 when Gk are polynomial functions: Xε →ΥW in finite-dimensional distributions.
The second claim follows for polynomials from the Hölder bounds proved below.

The following L2 estimate, which we will actually lift to an Lp bound momentarily, plays a
key rôle in proving the weak convergence in Hölder topology:

Lemma 3.9 (L2 Hölder bound). Let 0 � s � t � T. Let G ∈ L2(Rn, N(0,Σ)) be a real-
valued function satisfying the fast chaos decay assumption with parameter (2n − 1)Θ̂. If
H(G) > β−1, then∥∥∥∥∥√ε

∫ t
ε

s
ε

G(yr)dr

∥∥∥∥∥
L2

� |t − s| 1
2 .

Proof. Owing to stationarity of (yt)t�0, there is no loss of generality in assuming s = 0. We
expand the square as double integral and make use of the expansion (3.4):

E

⎡
⎣(∫ t

ε

0
G(yu)du

)2
⎤
⎦ =

∑
k,�∈Nn

0
|k|,|�|�H(G)

ckc�

∫ t
ε

0

∫ t
ε

0
E [Hk(zu)H�(zv)] du dv. (3.6)

The series is absolutely summable, thus one can exchange the order of summation and
integration. Recall that

|E[zu ⊗ zv]| � Θ̂
(
1 ∧ |u − v|−β

)
. (3.7)

Combining this with proposition 2.6, we find

E[Hk(zu)H�(zv)] � δ|k|,|�|
√

k!�!Θ̂|k|(2n − 1)|k|
(

1 ∧ |u − v|−|k|β
)
.

Inserting this estimate back into (3.6), we get

E

⎡
⎣(∫ t

ε

0
G(yu)du

)2
⎤
⎦ �

∑
k,�∈Nn

0
|k|,|�|�H(G)

|c�||ck|
√

�!k!Θ̂
|�|+|k|

2 (2n − 1)
|�|+|k|

2

×
∫ t

ε

0

∫ t
ε

0

(
1 ∧ |u − v|−H(G)β

)
du dv � t

ε
,

since H(G) > β−1 and
∑

�∈Nn
0
|c�|Θ̂

|�|
2 (2n − 1)

|�|
2
√

�! < ∞ by assumption. This concludes the
proof. �

The following estimate will be used in section 3.4:

Lemma 3.10 (Lp Hölder bound). Let 0 � s � t � T. Let G ∈ L2(Rn, N(0,Σ)). If H(G) >
β−1 and G satisfies the fast chaos decay assumption with parameter (2n − 1)(p− 1)Θ̂ + 1,
where p > 2, then
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∥∥∥∥∥√ε

∫ t
ε

s
ε

G(yr)dr

∥∥∥∥∥
Lp

� |t − s| 1
2 .

Proof. As in the proof of lemma 3.9, we may assume s = 0 without any loss of generality.

Recall that, by Gaussian hypercontractivity, ‖X‖Lp � (p− 1)
|�|
2 ‖X‖L2 for any scalar random

variable in the |�|th Wiener chaos. It follows that∥∥∥∥∥
∫ t

ε

0
G(yr)dr

∥∥∥∥∥
Lp

�
∑
�∈Nn

0

|c�|(p− 1)
|�|
2

∥∥∥∥∥
∫ t

ε

0
H�(zr)dr

∥∥∥∥∥
L2

�
√

t
ε

∑
�∈Nn

0,

|c�|(p− 1)
|�|
2
√

�!Θ̂
|�|
2 (2n − 1)

|�|
2 . (3.8)

The statement follows since the sum is finite by the fast chaos decay assumption, cf
definition 2.3(b). �

3.3. Lifted functional central limit theorem

The aim of this section is to prove the convergence of the iterated integrals. We begin with a

definition inspired by [JS03]. Let us write Ft
def
= σ(Ws, s � t) for the filtration generated by the

Wiener process driving y through (2.1).

Definition 3.11. We say that a function G : Rn → R with E [G(y0)] = 0 satisfies the condi-
tional decay condition (with respect to y) if∫ ∞

0

∥∥E
[
G(ys)|F0

]∥∥
L2(Ω)

ds < ∞.

As we shall see in the sequel, if y ∈ Vn(β,Θ), then any centered G ∈ L2(Rn, N(0,Σ)) with
H(G) > 2β−1 falls in the regime of definition 3.11.

Next, we recall a stability result for stochastic integrals, which is a weaker version of [KP91,
theorem 2.2]:

Proposition 3.12. For each k ∈ N, let Xk and Mk be stochastic processes adapted to a
filtration F k. If (Xk, Mk) ⇒ (X, M) weakly in C

(
[0, T], R2N

)
and, for each k ∈ N, Mk is an F k

local martingale with supk∈N‖Mk
T‖L2(Ω) < ∞, then(

Xk, Mk,
∫ ·

0
Xk

s ⊗ dMk
s

)
⇒

(
X, M,

∫ ·

0
Xs ⊗ dMs

)

in C
(
[0, T], RN ⊕ RN ⊕ RN ⊗ RN

)
.

Remark 3.13. The condition supk∈N‖Mk
T‖L2(Ω) < ∞ is of course equivalent to Kurtz–

Protter’s famous uniformly controlled variation condition

sup
k∈N

E
[〈

Mk
〉

T

]
< ∞,

where 〈·〉 denotes the quadratic variation.

Lemma 3.14. Let y be any stationary stochastic process which is ergodic under the canon-
ical time-shift. For each k ∈ {1, . . . , N}, fix a function Gk : Rn → R satisfying the conditional
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decay condition with respect to y, the fast chaos decay assumption with parameter (2n − 1)Θ̂,
and having Hermite rank H(Gk) > β−1. Set

Xε
t =

(
√
ε

∫ t
ε

0
G1(ys)ds, . . . ,

√
ε

∫ t
ε

0
GN(ys)ds

)
, t ∈ [0, T].

Then we have the decomposition

Xε
t = Mε

t + (Zε
0 − Zε

t ),

where the respective jth-components are defined by:

M j,ε
t

def
=

√
ε

∫ ∞

0
E
[
G j(ys)|F t

ε

]
ds −

√
ε

∫ ∞

0
E
[
G j(ys)|F0

]
ds,

Z j,ε
t

def
=

√
ε

∫ ∞

t
ε

E
[
G j(ys)|F t

ε

]
ds.

In addition, the following hold:

• For each ε > 0, the process Mε is a martingale with respect to the rescaled filtration(
F t

ε

)
t�0

.

• We have supε∈(0,1] ‖Mε
t ‖L2(Ω) < ∞ for each t � 0.

• For each t ∈ [0, T], we have ‖Zε
t ‖L2(Ω) → 0.

Proof. Due to the conditional decay condition, the processes Mε and Zε are well defined
and, in particular, (Mε

t )ε∈(0,1] is uniformly bounded in L2 for each t ∈ [0, T]. Indeed, splitting
the first term and by the shift invariance of y we have

∥∥∥M j,ε
t

∥∥∥
L2(Ω)

�
√
ε

∥∥∥∥∥
∫ t

ε

0
G j(ys)ds

∥∥∥∥∥
L2(Ω)

+ 2
√
ε

∫ ∞

0

∥∥E
[
G j(ys)|F0

]∥∥
L2(Ω)

ds.

By lemma 3.9 and the conditional decay condition, both terms on the right-hand side are uni-
formly bounded in ε ∈ (0, 1]. The fact that ‖Zε

t ‖L2(Ω) → 0 for each t ∈ [0, T] follows from
the stationarity of (yt)t�0 in combination with the conditional decay condition on G and
Minkowski’s integral inequality:

‖Z j,ε
t ‖L2(Ω) =

√
ε

∥∥∥∥
∫ ∞

0
E
[
G j(ys)|F0

]
ds

∥∥∥∥
L2(Ω)

�
√
ε

∫ ∞

0

∥∥E
[
G j(ys)|F0

]∥∥
L2(Ω)

ds → 0.

�

We also need the following standard result, see e.g. [Ald89, proposition 1.2]:

Proposition 3.15. Let (Mk)k∈N be a sequence of martingales. Suppose that:

• There is a continuous martingale M such Mk f.d.d.−−−→M.
• For each t ∈ [0, T],

(
Mk

t

)
k∈N is uniformly integrable.

Then Mk ⇒ M weakly in C
(
[0, T], RN

)
.
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Combining propositions 3.12 and 3.15 with lemma 3.14, we can prove the following central
result:

Proposition 3.16. Let y be a stationary ergodic stochastic process and Xε be as in lemma
3.14, with the conditional decay condition with respect to y in place. Let W be a standard
Wiener process and let

Υ2
i, j =

∫ ∞

0
E
[
Gi(y0)G j(yr) + Gi(yr)G j(y0)

]
dr.

If Xε ⇒ ΥW in C
(
[0, T], RN

)
, as ε→ 0, then

Xε = (Xε,Xε) ⇒ X

in C
(
[0, T], RN ⊕ RN ⊗ RN

)
where

Xs,t =
(
ΥWs,t, (Υ⊗Υ)Ws,t + Ξ(t − s)

)
=
(
ΥWs,t, (Υ⊗Υ)WIt̂o

s,t + Λ(t − s)
)

with Ws,t denoting the Stratonovich integral, Υ the non-negative symmetric square root of Υ2,
and

Ξi, j =
1
2

∫ ∞

0
E
[
Gi(y0)G j(yr) − Gi(yr)G j(y0)

]
dr.

Proof. Without loss of generality, we may assume s = 0 by stationarity. By lemma 3.14 and
an integration by parts, we have the decomposition

∫ t

0
Xε

s ⊗ dXε
s =

∫ t

0
Mε

s ⊗ dXε
s +

∫ t

0

(
Zε

0 − Zε
s

)
⊗ dXε

s

= Mε
t ⊗ Xε

t −
(∫ t

0
Xε

s ⊗ dMε
s

)�
+

∫ t

0

(
Zε

0 − Zε
s

)
⊗ dXε

s .

Since ‖Zε
t ‖L2(Ω) → 0 for each t ∈ [0, T] by lemma 3.14, we see that Mε →ΥW in finite-

dimensional distributions. Since (Mε
t ) is L2 bounded on [0, T] with uniform bound in ε,

Burkholder–Davis–Gundy inequality shows that (Xε, Mε)ε∈(0,1] is tight in C
(
[0, T], R2N

)
. Con-

sequently, Zε
0 − Zε is also tight and converges to zero in probability. Since Xε = Mε + Zε

0 − Zε,
it follows that

(
Xε, Mε, Zε

0 − Zε
)
⇒ (ΥW,ΥW, 0) in C

(
[0, T], R3n

)
.

By proposition 3.12,

Mε
t ⊗ Xε

t −
(∫ t

0
Xε

s ⊗ dMε
s

)�
⇒ (Υ⊗Υ)(Wt ⊗ Wt) −

(∫ t

0
(ΥW)s ⊗ d(ΥW)s

)�

=

∫ t

0
(ΥW)s ⊗ d(ΥW)s + tΥ2 = (Υ⊗Υ)W0,t +

t
2
Υ2

weakly in C
(
[0, T], RN ⊗ RN

)
. To conclude, we observe that
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∫ t

0

(
Zε

0 − Zε
s

)
⊗ dXε

s = ε

∫ t
ε

0

(∫ ∞

0
E
[
G(yr)|F0

]
⊗ G(ys)dr

−
∫ ∞

s
E
[
G(yr)|Fs

]
⊗ G(ys)dr

)
ds.

By Birkhoff’s ergodic theorem and stationarity, for each fixed t ∈ [0, 1] these terms converge
almost surely as ε→ 0 to∫ ∞

0
E
[
G(yr)|F0

]
dr ⊗ tE [G(y0)] − t

∫ ∞

0
E [G(yr) ⊗ G(y0)] dr.

We used the shift invariance and ergodicity of the process. The first term is 0 and the second
term is

−t
∫ ∞

0
E [G(yr) ⊗ G(y0)] dr.

To see that this convergence of
∫ t

0

(
Zε

0 − Zε
s

)
⊗ dXε

s is actually almost surely in C
(
[0, 1], RN

)
,

we apply lemma 3.17 below with

f (t)
def
=

∫ t

0

(∫ ∞

0
E
[
G(yr)|F0

]
⊗ G(ys)dr −

∫ ∞

s
E
[
G(yr)|Fs

]
⊗ G(ys)dr

)
ds

+ t
∫ ∞

0
E [G(yr) ⊗ G(y0)] dr.

Putting everything together, we have∫ t

0
Xε

s ⊗ dXε
s ⇒ (Υ⊗Υ)W0,t +

1
2

tΥ2 − t
∫ ∞

0
E [G(yr) ⊗ G(y0)] dr,

the proposition follows from the identity Ξ = 1
2 tΥ2 − t

∫∞
0 E [G(yr) ⊗ G(y0)] dr. �

Lemma 3.17. Let f : R+ → R be locally bounded. If limε→0 ε f
(

t
ε

)
= 0 for any t ∈ [0, 1],

then also

lim
ε→0

sup
t∈[0,1]

∣∣∣ε f
( t
ε

)∣∣∣ = 0.

We return to the representation yt =
∫

R K(t − u)dWu where K : R → L(Rd , Rn) and set

ȳτt
def
=

∫ τ

−∞
K(t − u)dWu, ỹτt

def
=

∫ t

τ

K(t − u)dWu.

Note that, for every τ > 0, yt = ȳτt + ỹτt . Moreover, ȳτ ∈ Fτ , whereas ỹτ is independent of Fτ .
As the normalized process zt = D− 1

2 O�yt is nothing but a linear transformation of y, we also
have the decomposition zt = z̄τt + z̃τt , where

z̄τt = D− 1
2 O�ȳτt , z̃τt = D− 1

2 O�ỹτt .

By independence, ‖z̄τt ‖2
L2 + ‖z̃τt ‖2

L2 = 1 necessarily holds.

Lemma 3.18. For t � τ , we have that

‖z̄τt ‖L2 � Θ̂
(
1 ∧ |t − τ |−β

)
.
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Proof. For j = 1, . . . , n let z̄ j,τ be the component of z̄τ . We have that

E
[(

z̄ j,τ
t

)2
]
=

∫ −(t−τ )

−∞
〈K̂ j(−u), K̂ j(−u)〉 du � Θ̂

(
1 ∧ |t − τ |−2β

)
,

as required. �

Lemma 3.19. Let � ∈ Nn
0 be a multi-index. Then, for each t � τ ,

∥∥E
[
H�(zt)| Fτ

]∥∥
L2 �

√
�!Θ̂

|�|
2 (2n − 1)

|�|
2

(
1 ∧ |t − τ |−

|�|
2 β
)
.

Proof. We use the following well-known expansion formula for Hermite polynomials. For
any a, b ∈ R with a2 + b2 = 1:

Hm(ax + by) =
m∑

j=0

(
m
j

)
a jbm− jH j(x)Hm− j(y) ∀ x, y ∈ R.

Taking a = ‖z̄τt ‖L2 and b = ‖z̃τt ‖L2 , we obtain

H�(zt) =
n∏

k=1

H�k (zk
t ) =

n∏
k=1

�k∑
jk=0

(
�k

jk

)∥∥z̄k,τ
t

∥∥ jk
L2

∥∥z̃k,τ
t

∥∥�k− jk
L2 H jk

(
z̄k,τ

t∥∥z̄k,τ
t

∥∥
L2

)
H�k− jk

(
z̃k,τ

t∥∥z̃k,τ
t

∥∥
L2

)

=

�1∑
j1=0

. . .

�n∑
jn=0

n∏
k=1

(
�k

jk

)∥∥z̄k,τ
t

∥∥ jk
L2

∥∥z̃k,τ
t

∥∥�k− jk
L2 H jk

(
z̄k,τ

t∥∥z̄k,τ
t

∥∥
L2

)
H�k− jk

(
z̃k,τ

t∥∥z̃k,τ
t

∥∥
L2

)
.

Since z̃k,τ
t is independent of Fτ , after taking the conditional expectation all terms vanish except

those with jk = �k, thus, the sum reduces to one term:

E
[
H�(zt)| Fτ

]
=

�1∑
j1=0

. . .

�n∑
jn=0

n∏
k=1

(
�k

jk

)∥∥z̄k,τ
t

∥∥ jk
L2

∥∥z̃k,τ
t

∥∥�k− jk
L2 H jk

×
(

z̄k,τ
t∥∥z̄k,τ

t

∥∥
L2

)
E

[
H�k− jk

(
z̃k,τ

t∥∥z̃k,τ
t

∥∥
L2

)∣∣∣∣Fτ

]

=

n∏
k=1

∥∥z̄k,τ
t

∥∥�k

L2H�k

(
z̄k,τ

t∥∥z̄k,τ
t

∥∥
L2

)
.

The asserted estimate follows by an application of proposition 2.6 and the diagram formula to
the term E

[
H�

(
z̄k,τ

t /
∥∥z̄k,τ

t

∥∥
L2

)]
. The multiplicative factors just cancel. The required estimate

follows from lemma 3.18 and Cauchy–Schwarz. �

Proposition 3.20. Let y ∈ Vn(β,Θ). Then any function G ∈ L2(Rn, N(0,Σ)), which satisfies
H(G) > 2β−1 and the fast chaos decay condition with parameter Θ̂(2n − 1) + 1, also satisfies
the conditional decay condition of definition 3.11.

Proof. Using the Hermite expansion of G and lemma 3.19, we compute
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∥∥E
[
G(ys)|F0

]∥∥
L2 �

∑
�∈Nn

0,|�|�H(G)

|c�|
∥∥E

[
H�(zs)|F0

]∥∥
L2

�
∑

�∈Nn
0,|�|�H(G)

|c�|
√

�!Θ̂
|�|
2 (2n − 1)

|�|
2

(
1 ∧ s−

|�|
2 β
)
.

Since
∑

�∈Nn
0
|c�|

√
�!Θ̂

|�|
2 (2n − 1)

|�|
2 < ∞,

∫ ∞

0

∥∥E
[
G(ys)|F0

]∥∥
L2 ds �

∑
�∈Nn

0,|�|�H(G)

|c�|
√

�!Θ̂
|�|
2 (2n−1)

|�|
2 sup
|�|�H(G)

∫ ∞

0

(
1 ∧ s−

|�|
2 β
)

ds < ∞.

The finiteness of the integral follows from the assumption that H(G) > 2β−1. �

Lemma 3.21. Let �, k ∈ Nn
0 be multi-indices such that |�| ∧ |k| > β−1. Then

E

⎡
⎣(ε

∫ t
ε

s
ε

∫ r

s
ε

H�(zr)Hk(zu)du dr

)2
⎤
⎦ � �!k!Θ̂|�|+|k|(4n − 1)|�|+|k||t − s|2.

Proof. By stationarity we may assume s = 0. We certainly have

E

⎡
⎣(∫ t

ε

0

∫ r

0
H�(zr)Hk(zu)du dr

)2
⎤
⎦ �

∫
[0, t

ε ]4

∣∣E [
H�(zs1 )H�(zs2 )Hk(zs3 )Hk(zs4 )

]∣∣ d4s.

(3.9)

Recall that zs ∼ N(0, id) for any s � 0. Consequently, proposition 2.6 furnishes the estimate

∣∣E [
H�(zs1 )H�(zs2 )Hk(zs3 )Hk(zs4 )

]∣∣ � Θ̂|�|+|k|
∑
G∈Γm

4∏
i, j=1
i< j

(
1 ∧ |si − s j|−βγi, j(G)

)
,

where
def
= (�, �, k, k) ∈ N4n

0 is obtained by simple concatenation of � and k. Recall, Γ� denotes
the set of graphs of complete pairings with the node having exactly �k edges. For a graph
G ∈ Γ�, we write γi, j(G) for the number of edges between the nodes i and j. For any given
G ∈ Γm, γi, j(G) ∈ N0 satisfy

3γ1,2(G) + γ1,3(G) + γ1,4(G) = |�|, γ1,2(G) + γ2,3(G) + γ2,4(G) = |�|,

γ1,3(G) + γ2,3(G) + γ3,4(G) = |k|, γ1,4(G) + γ2,4(G) + γ3,4(G) = |k|.

Owing to (2.11), the proof is concluded upon verifying that

∫
[0, t

ε ]4

4∏
i, j=1

i< j

(
1 ∧ |si − s j|−βγi, j(G)

)
d4s �

( t
ε

)2
, (3.10)
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uniformly in G ∈ Γm. To this end, let us fix such a graph and henceforth suppress it in our

notation. We abbreviate f (s)
def
= 1 ∧ |s|−β , νk

def
=
∑k−1

i=1γi,k, and τk
def
=
∑4

i=k+1γk,i. Then

∫
[0, t

ε ]4

∏
i< j

f (si − s j)
γi, j d4s =

∫
[0, t

ε ]3

⎛
⎝∫ t

ε

0

4∏
j=2

f (s1 − s j)
γ1, j ds1

⎞
⎠ 4∏

i=2
i< j

f (si − s j)
γi, j d3s.

An application of Hölder’s inequality shows that

∫ t
ε

0

4∏
j=2

f (s1 − s j)
γ1, j ds1 � sup

u∈[0, t
ε ]

∫ t
ε

0
f (s1 − u)τ1 ds1 � 2

∫ t
ε

0
f (s1)τ1 ds1.

Iterating this argument, we find

∫
[0, t

ε ]4

∏
i< j

f (si − s j)
γi, j d4s � 8

4∏
k=1

∫ t
ε

0
f (s)τk ds.

Similarly, it holds that

∫
[0, t

ε ]4

∏
i< j

f (si − s j)γi, j d4s � 8
4∏

k=1

∫ t
ε

0
f (s)νk ds,

whence (∫
[0, t

ε ]4

∏
i< j

f (si − s j)
γi, j d4s

)2

�
4∏

k=1

∫ t
ε

0
f (s)τk ds

∫ t
ε

0
f (s)νk ds.

Since τ k + νk � |�| ∧ |k| > β−1 for each k = 1, . . . , 4, it is easy to see that the right-hand side
is � (t/ε)4. This verifies (3.10) and the proof is complete. �
Proposition 3.22. Let p � 2. Let G1, G2 ∈ L2(Rn, N(0,Σ)) satisfy the fast chaos decay
condition with parameter Θ̂(4n − 1)(p− 1) + 1. Then∥∥∥∥∥ε

∫ t
ε

s
ε

∫ r

s
ε

G1(yr)G2(yu)du dr

∥∥∥∥∥
Lp

� |t − s|.

Proof. We may again assume s = 0 by stationarity. We make use of (2.4) and the hypercon-
tractivity estimate already employed in lemma 3.10:∥∥∥∥∥
∫ t

ε

s
ε

∫ r

s
ε

G1(yr)G2(yu)du dr

∥∥∥∥∥
Lp

�
∑
�∈Nn

0

∑
k∈Nn

0

∣∣c1
�c2

k

∣∣
∥∥∥∥∥
∫ t

ε

s
ε

∫ r

s
ε

H�(zr)Hk(zu)du dr

∥∥∥∥∥
Lp

�
∑
�∈Nn

0

∑
k∈Nn

0

∣∣c1
�c2

k

∣∣ (p− 1)
|�|+|k|

2

∥∥∥∥∥
∫ t

ε

s
ε

∫ r

s
ε

H�(zr)Hk(zu)du dr

∥∥∥∥∥
L2

� t
ε

∑
�∈Nn

0

∑
k∈Nn

0

∣∣c1
�c2

k

∣∣ (p− 1)
|�|+|k|

2
√

�!k!Θ̂
|k|+|�|

2 (4n − 1)
|k|+|�|

2 .

Here, the last estimate relies on lemma 3.21. The fast chaos decay assumption precisely states
that the double sum on the right-hand side is finite. This proves the claim. �
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3.4. Proof of theorem 3.1.

With the preparation work earlier, together with proposition 4.9 below concerning convergence
in the rough path topology, we can now prove theorem 3.1.

Proof of theorem 3.1. Let Xε be as in (3.5). In remark 3.8 we have seen the conver-
gence of Xε →ΥW in finite-dimensional distributions if Gk are polynomials. Let M ∈ N and
G ∈ L2(Rn, N(0,Σ)). We denote the function obtained by truncating the Hermite expansion of
G at level M by

GM(ys)
def
=

∑
�∈Nn

0
|�|�M

c�H�(zs).

Combining lemma 3.3 and proposition 3.7, it follows that, for each M ∈ N,

Xε,M def
=

(
√
ε

∫ t
ε

0
GM

1 (ys)ds, . . . ,
√
ε

∫ t
ε

0
GM

N (ys)ds

)
t∈[0,1]

f.d.d.−−−→ ΥM W,

where now

(Υ2
M)i, j

def
=

∫ ∞

0
E
[
GM

i (ys)G
M
j (y0) + GM

i (y0)GM
j (ys)

]
ds.

The convergence in the finite-dimensional distributions follows from the Portemanteau
theorem, see e.g. [Bil99, theorem 3.2]: we only need to verify the convergence of each
component in probability (since we also have ΥM →Υ and therefore ΥMW ⇒ ΥW).

It remains to send M →∞. For this we observe that, for each t ∈ [0, 1] and each
i = 1, . . . , N,

E

⎡
⎣(√

ε

∫ t
ε

0
Gi(ys)ds −

√
ε

∫ t
ε

0
GM

i (ys)ds

)2
⎤
⎦ = ε

∑
k,�∈Nn

0
|k|,|�|>M

c�ck

∫ t
ε

0

∫ t
ε

0
E [H�(yu)Hk(yv)] du dv

�
∑

k,�∈Nn
0

|k|,|�|>M

δ|�|,|k|c�ck

√
�!k!Θ̂|�|(2n − 1)|�| → 0

uniformly in ε > 0 as M →∞.
Fix γ < 1

2 − (mink pk)−1. The weak convergence of Xε to ΥW in Cγ([0, T], RN) follows
from the tightness of the left-hand side of (3.1) in Cγ([0, T], RN) (upon slightly decreasing γ).
Together with the fact that finite-dimensional distributions uniquely determine Radon measures
on Cγ([0, T], RN), cf [Bog07, exercise 7.14.79], this follows similarly as in proposition 4.9
below. We conclude the asserted weak convergence.

It is only left to lift this limit theorem to the iterated integrals. By proposition 3.20 and the
convergence of Xε to ΥW, the process Xε, with y ∈ Vn(β,Θ) and with Gk ∈ L2(Rn, N(0,Σ))
satisfying H(G) > 2β−1 and the fast chaos decay condition with parameter Θ̂(2n − 1) + 1, also
satisfies the conditions of proposition 3.16. Applying the latter we conclude the convergence

Xε = (Xε,Xε)
f.d.d.−−−→

(
ΥW, (Υ⊗Υ)Ws,t + Ξ(t − s)

)
.

1545



Nonlinearity 35 (2022) 1521 J Gehringer et al

Furthermore, ‖Xε
s,t‖Lp � |t − s| 1

2 by lemma 3.10 and ‖Xε
s,t‖Lp � |t − s| by proposition 3.22

with bounds independent of ε. Thus, supε∈(0,1] E
[
|Xε|Cγ⊕C2γ

]
< ∞ for every γ < 1

2 −
(mink pk)−1, and an application of proposition 4.9 concludes the proof. �

4. Rough homogenization

Consider the family of ODEs

dxεt =
1√
ε

f
(

xεt , y t
ε

)
dt, xε0 = x0, t ∈ [0, T], (4.1)

depending on a scale parameter ε > 0. Let D� f denote the derivative of f in the x-variable,
of order � = (�1, . . . , �d). We also write Dx f for the full Jacobian in the x-variable. We shall
interpret (4.1) as a Banach space-valued RDE, see section 2.4 for background.

4.1. Casting the homogenization problem as RDE

Let us explain how to cast the ODE (4.1) as an infinite-dimensional RDE. To this end, we set

Xε : [0, T] → Cα
b (Rd, Rd), t �→ 1√

ε

∫ t

0
f
(
·, y s

ε

)
ds. (4.2)

Thus, Xε is a curve in Cα
b (Rd , Rd). We denote its canonical rough path lift by Xε = (Xε,Xε),

where

X
ε
s,t =

∫ t

s

(
Xε

r − Xε
s

)
⊗ dXε

r =
1
ε

∫ t

s

(∫ r

s
f (·, y u

ε
)du

)
⊗ f (··, y r

ε
)
)

dr. (4.3)

This notation has to be understood in terms of the embedding Cα
b (Rd , Rd) ⊗ Cα

b (Rd , Rd) ↪→
Cα

b (Rd × Rd , Rd ⊗ Rd), see lemma 2.7. The function Xε
s,t : Rd × Rd → Rd ⊗ Rd is given by

X
ε
s,t(x1, x2) =

1
ε

∫ t

s

(∫ r

s
f (x1, y u

ε
)

)
du

)
⊗ f (x2, y r

ε
)
)

dr.

Furthermore, we define

δ : Rd → L
(
Cα

b (Rd , Rd), Rd
)

, with δx( f ) = f (x). (4.4)

Occasionally, we shall also use the notation δ(x)
def
= δx. The operator δ is sufficiently regular as

the next lemma shows:

Lemma 4.1. Forα ∈ (0,∞)\N, the operator (4.4) inherits the regularity of the image space:

δ ∈ Cα
b

(
Rd,L

(
Cα

b (Rd, Rd), Rd
))

.

Proof. For simplicity let us only consider α ∈ (1, 2). All other cases can be treated similarly.
We claim that Dδx ∈ L

(
Rd,L

(
Cα

b (Rd, Rd), Rd
))

acts as

Dδx(h)( f ) = D f (x)h, f ∈ Cα
b

(
Rd, Rd

)
, h ∈ Rd. (4.5)
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In fact,

‖δx+h − δx − Dδx(h)‖
L(Cα

b (Rd ,Rd),Rd) = sup
‖ f‖Cα

b (Rd ,Rd )�1
| f (x + h) − f (x) − D f (x)h|

� |h| sup
‖ f‖

Cα
b (Rd ,Rd )

�1

∫ 1

0
|D f (x + ςh) − D f (x)| dς � |h|α.

�
Next, we write (4.1) as a RDE:

Lemma 4.2. Fix a f ∈ C3,0+
b (Rd × Rn, Rd) and a deterministic path y ∈ Cγ̄

(
[0, T

ε ], Rn
)

for some γ̄ > 0. Then, for any ε > 0, the RDE

dxεt = δ(xεt )dXε
t (4.6)

driven by the rough path defined in (4.2) and (4.3) is well posed. Furthermore, the unique
global solution to (4.1) solves the RDE (4.6).

Proof. Well-posedness of (4.6) follows immediately from proposition 2.8 and lemma 4.1.
For the last part set

Ξε
s,t

def
= δ(xεs )(Xε

t − Xε
s ) +

(
δ(xεs ) � Dδ(xεs)

)
X

ε
s,t,

Ξ̄ε
s,t

def
= f

(
xεs , y s

ε

)
(t − s),

where Dδ acts by (4.5). By the sewing lemma, it suffices to show that, for some η > 1,∣∣Ξε
s,t − Ξ̄ε

s,t

∣∣ � |t − s|η ,

as it implies the integrals obtained by Ξε
s,t and Ξ̄ε

s,t are the same, see [FdLP06, FH14, Gub04].
Note that, since ε > 0 is fixed, the prefactor in this bound is allowed to diverge as ε→ 0.
Remember that, by assumption, we have y ∈ Cγ̄

(
[0, T

ε
], Rm

)
with probability 1 and f ∈ C3,0+

b .
It follows that, for some η > 0,

∣∣Ξε
s,t − Ξ̄ε

s,t

∣∣ � 1√
ε

∫ t

s

∣∣ f
(
xεs , y r

ε

)
− f

(
xεs , y s

ε

)∣∣ dr

+
1
ε

∫ t

s

(∫ r

s

∣∣Dx f
(
xεs , y r

ε

)∣∣ ∣∣ f
(
xεs , y u

ε

)∣∣ du

)
dr

� |t − s|1+η,

as required. �

4.2. Statement of the result

We begin with a simple lemma:

Lemma 4.3. Let f : Rd × Rn → Rd be differentiable such that f (x, ·) ∈ L2 (Rn, N(0,Σ); Rn)
for every x ∈ Rd . Then, if sup|x|�R ‖Dx f (x, ·)‖L2(Rn,N(0,Σ)) < ∞ for each R > 0,

inf
x

H (Dx f (x, ·)) � inf
x

H ( f (x, ·)) .
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Proof. If 〈 f (x, ·), H�〉 = 0 for some multi-index � ∈ Nn
0, then also 〈Dx f (x, ·), H�〉 =

Dx 〈 f (x, ·), H�〉 = 0. �

We define the Hermite rank of f (x, ·) to be

H( f (x, ·)) = inf
i∈{1,...,n}

H( f i(x, ·)).

Let c� = (c1
�, . . . , cn

�) and ck
� = (c1,k

� , . . . , cn,k
� ) where for i = 1, . . . , n,

f i(x, ·) =
∑

�∈Nn
0,|�|�H( fi(x,·))

ci
�(x)H�,

Dk f i(x, ·) =
∑

�∈Nn
0,|�|�H(Dk fi(x,·))

ci,k
� (x)H�.

Condition 4.4. Let γ ∈
(

1
3 , 1

2

)
and p > 2

1−2γ . We impose the following conditions on the
data in (4.1):

(a) The fast process y has almost sure sample paths in C0+ ([0, T], Rn). Moreover, there are
β,Θ > 0 such that y ∈ Vn(β,Θ).

(b) f ∈ C3,0+
b

(
Rd × Rn, Rd

)
. For each j = 1, . . . , d, 0 � |k| � 3, we have infx H

(
f j(x, ·)

)
>

2
β

, Dk f j(x, ·) ∈ L2 (Rn, N(0,Σ)), and

∑
�∈Nn

0

sup
x∈BR

|c j,k
� (x)|(4n − 1)

|�|
2 (p− 1)

|�|
2
√

�!Θ̂
|�|
2 < ∞ ∀ R > 0 (4.7)

where c j,k are the coefficients in the Hermite expansion of Dk f j.

Lemma 4.5. The condition (4.7) holds if for some θ > Θ̂(4n − 1)(p− 1) and every
j = 1, . . . , d, |k| � 3,

sup
x∈BR

∑
�∈Nn

0

|c j,k
� (x)|θ

|�|
2
√

�! < ∞. (4.8)

Proof. Firstly for any θ > 0, a > 1,

∑
�∈Nn

0

sup
x∈BR

|c j,k
� (x)|θ

|�|
2
√

�! � sup
x∈BR

sup
�∈Nn

0

|c j,k
� (x)|θ

|�|
2 a

|�|
2
√

�!
∑
�∈Nn

0

a− |�|
2 .

Since the composition number of |�| into n blocks is at most of the order |2�|n, we have

∑
�∈Nn

0

a− |�|
2 �

∞∑
�=0

a− �
2 (2�)n < ∞.

Hence (4.7) follows from supx∈BR
sup�∈Nn

0
|c j,k

� (x)|Θ̂
|�|
2 a

|�|
2
√

�! < ∞, the latter clearly follows

from supx∈BR

∑
�∈Nn

0
|c j,k

� (x)|θ
|�|
2
√

�! < ∞. In particular,

sup
x∈BR

sup
�∈Nn

0

|c j,k
� (x)|θ

|�|
2
√

�! < ∞, (4.9)
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concluding the proof. �

We have the following limit theorem on the solution to (4.1):

Theorem 4.6. Consider the ODE (4.1) with condition 4.4 for γ ∈
(

1
3 , 1

2

)
in place. Then, for

each ε > 0, there is a unique pathwise solution (xεt )t∈[0,T]. For i, j = 1, . . . , d, let

σi, j(x, z)
def
=

∫ ∞

0
E
[

f i(x, yr) f j(z, y0) + f i(x, y0) f j(z, yr)
]

dr,

Λi, j(x, z)
def
=

∫ ∞

0
E
[

f i(x, y0) f j(z, yr)
]

dr,

Γ(x)
def
=

∫ ∞

0
E [(D f (·, yr)x( f (x, y0))] dr.

Then the following hold:

(a) Suppose that f (·, y) have common compact support for every y ∈ Rn. Then there is
a limiting rough path X ∈ C γ

(
[0, T], C3−

b (Rd , Rd)
)

such that Xε converges weakly to
X. Furthermore X = (X,Xs,t + (t − s)Λ), where X is a Gaussian field with covariance
σi, j(x, z)(t ∧ s). In particular, for any (random) initial condition x0 independent of (yt)t�0,
as ε→ 0, the solution xε of (4.1) converges weakly in Cγ

(
[0, T], Rd

)
to the solution of the

RDE

dxt = δ(xt)dXt.

(b) Suppose furthermore that x0 ∈ L∞ is independent of (yt)t�0. Then the solution of (4.1)
converges weakly in C

(
[0, T], Rd

)
to the unique solution of the following Kunita type Itô

SDE:

dxt = Γ(xt)dt + F(xt, dt). (4.10)

Here F(x, ·) def
= X(x) is a martingale with spatial parameters and with characteristics

Ai, j(x, z, t) = σi, j(x, z)t. Furthermore, if ϕε denotes the solution flow, the N-point motion
(ϕε

t (x1), . . . ,ϕε
t (xN)) converges to the N-point motion of the limiting equation.

Let us record a few remarks on theorem 4.6:

Remark 4.7.

• The limiting equation (4.10) is equivalent to the classical Itô SDE

dxt = Γ(xt)dt +
√
σ(xt)dWt.

• Theorem 4.6 extends the results of [GL20a] from product to non-product drifts and from
one- to multi-dimensional environmental fast-scale noise.

• We observe that—unlike the one-dimensional work of the first two authors of this arti-
cle—the limiting rough path has a non-vanishing Lévy area. The reason for this is the
non-reversibility of the Gaussian process (yt)t�0 in dimension n � 2. Indeed, a one-
dimensional, stationary Gaussian process is always reversible in the sense that, for each
T > 0,

(yt)t∈[0,T]
d
= (yT−t)t∈[0,T].
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In higher dimensions, stationarity of a Gaussian process is a genuinely weaker requirement
than reversibility. We also note that the presence of the non-trivial area term matches the
findings of [DOP19].

4.3. Weak convergence in rough path spaces

This method of lifting the RDE on Rd to a Banach space of functions has previously been
successfully employed in the very nice work of Kelly and Melbourne [KM17]. Since there
is however a minor inaccuracy in that article (see example C below), we choose to recall
an appropriate amount of detail of their approach. Without further notice, we shall assume
the regularity assumptions of condition 4.4 in the sequel. Let us first elaborate on the minor
inaccuracy in the work of Kelly and Melbourne, then present results leading to tightness of
Xε in the rough path spaces over C3

R(Rd, Rd), the space of smooth functions with compact
support in BR. This is proposition 4.9 below which resolves a question raised in [KM17] and
allows us to bypass the martingale method problem as well as to obtain a Kunita type SDE in
the limit.

The example below shows that tightness in rough path spaces over infinite-dimensional
Banach spaces is a touchy business.

Example C. When proving tightness of the driving rough path Xε = (Xε,Xε) in
[KM17, corollary 5.9] (there denoted by Wε), the authors assert that the unit ball in
C γ′ ([0, T], Cα

b (Rd, Rd)
)

is compact in the metric of C γ′ ([0, T], Cα
b (Rd, Rd)

)
for each

γ < γ ′. This, they claim, should follow by a standard Arzelà–Ascoli argument as in [FV10,
chapter 5]. In the latter, however, the authors only consider rough paths with values in a
finite-dimensional Euclidean space. In fact, for any infinite-dimensional Banach space X , the
embedding C γ′ ([0, T],X ) ↪→ C γ ([0, T],X ) is not compact. To see this, let us take T = 1 and
a sequence of points {xn}n∈N ⊂ BX , given by Riesz’s lemma, with |xm − xn| � 1

2 for any

m �= n. Set Fn
t

def
= txn and Fn

s,t
def
= (t−s)2

2 (xn ⊗ xn). Then {Fn = (Fn,Fn)}n∈N is bounded in
C γ ([0, T],X ), but not compact, as |Fm − Fn|Cγ⊕C2γ � 1

2 for all m �= n.

A remedy of this lack of compactness was presented in the recent preprint [CFK+20]. There,
the authors worked in the p-variation setting, but the arguments of course transfer to Hölder
rough paths. We recapitulate a streamlined version of the argument in the sequel; mainly for
the reader’s convenience, but also to fix some notations.

Let R > 0. We let Cα
R denote the Hölder functions supported in the ball of radius R,

Cα
R(Rd, Rd)

def
= { f ∈ X : supp( f ) ⊂ BR} , X = Cα

b (Rd, Rd).

Definition 4.8. Let X = (X,X) and Y = (Y,Y) be random variables with values in
C γ ([0, T],X ). We say that X and Y are equal in finite-dimensional (space-time) distributions
if, for each n ∈ N, 0 � t1 < . . . < tm � T , and xi

1, . . . , xi
n ∈ Rd (i = 1, 2),

⎛
⎜⎝
(
Xt1 (x1

1),Xt1(x1
1, x2

1)
)

...(
Xtn(x1

n),Xtn(x1
n, x2

n)
)
⎞
⎟⎠ d

=

⎛
⎜⎝
(
Yt1 (x1

1),Yt1(x1
1, x2

1)
)

...(
Ytn(x1

n),Ytn(x1
n, x2

n)
)
⎞
⎟⎠

as
(
Rd ⊕

(
Rd ⊗ Rd

))n
-valued random variables.
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Our main weak convergence result of this section is as follows:

Proposition 4.9. Let γ ∈
(

1
3 , 1

]
, α > 0, and R > 0. Let (Xn)n∈N be a sequence of random

variables with values in C γ
(
[0, T], Cα

R(Rd , Rd)
)
. If there is a p � 1 such that

sup
n∈N

E
[
|Xn|p

Cγ⊕C2γ

]
< ∞

and if the finite-dimensional space-time distributions of any weak limit point of (Xn)n∈N

coincide, then there is a random variable X ∈ C γ− ([0, T], Cα−
R (Rd, Rd)

)
such that Xn ⇒ X

weakly.

Remark 4.10. Proposition 4.9 resolves the question raised in [KM17, remark 5.14]. In
fact, by employing it, one could bypass the invocation of the martingale problem used in
[KM17, section 6] in order to characterize the limiting equation.

Proof of proposition 4.9. Fix γ ′ < γ and α′ < α. Let ε > 0. Then (Xn)n∈N is tight in the

space C γ′
(

[0, T], Cα′
R (Rd, Rd)

)
. Indeed, there is an M > 0 such that P

(
Xn /∈ KM

)
� ε where

KM
def
=

{
X ∈ C γ

(
[0, T], Cα

R(Rd, Rd)
)

: |X|Cγ⊕C2γ � M
}
.

By lemma 4.11 below this set is relatively compact as a subset of C γ′
(

[0, T], Cα′
R (Rd , Rd)

)
.

It remains to show that the finite-dimensional space-time distributions uniquely characterize
the limit points of (Xn)n∈N . Let X and X̃ be limit points of (Xn)n∈N . By the Portmanteau theorem,
the laws of both X and X̃ are Radon measures. A compactification argument (see e.g. [Bog07,
exercise 7.14.79]) shows that these two measures coincide, provided we can exhibit a test set

F of bounded continuous functions f :C γ′
(

[0, T], Cα′
R (Rd, Rd)

)
→ C such that

• F separates points on C γ′
(

[0, T], Cα′
R (Rd , Rd)

)
,

• F is closed under pointwise multiplication,
• 1 ∈ F , where 1 is the function with constant value 1,
• E [ f (X)] = E

[
f (X̃)

]
for all f ∈ F .

We choose F as the family of characteristic functionals furnished by the space-time
evaluations of definition 4.8:

F def
=

{
(X,X) �→ exp

⎛
⎝i

n∑
j=1

π j

(
Xt j(x

1
j),Xt j(x

1
j , x2

j)
)⎞⎠ :

n ∈ N, t j ∈ [0, T], x1,2
j ∈ Rd, π j ∈ L

(
Rd ⊕

(
Rd ⊗ Rd

)
, R
)⎫⎬⎭ .

One verifies that F satisfies the requirements above, whence X d
= X̃, as required. �

Lemma 4.11. Let R > 0, 1
3 < γ ′ < γ � 1

2 , and 0 < α′ < α. Then the embedding

C γ
(
[0, T], Cα

R(Rd, Rd)
)
↪→ C γ′

(
[0, T], Cα′

R (Rd , Rd)
)

(4.11)

is compact.
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Proof. The embedding (4.11) is certainly continuous. To see that it is actually compact,

it is enough to show that the set K1
def
=

{
X ∈ C γ′

(
[0, T], Cα′

R (Rd, Rd)
)

: |X|Cγ⊕C2γ � 1
}

is

relatively compact.
We shall make use of a general version of the Arzelà–Ascoli theorem recalled in

proposition 4.12 after the proof. Let (Xn)n∈N be a sequence in K1. We need to show that

both (Xn)n∈N and (Xn)n∈N are relatively compact in the spaces Cγ′
(

[0, T], Cα′
R (Rd , Rd)

)
and

C2γ′
(
ΔT , Cα′

R (Rd, Rd) ⊗ Cα′
R (Rd, Rd)

)
, respectively. Since the arguments are similar, we only

detail the relative compactness of (Xn)n∈N .
By the algebraic constraint (2.13) and a straight-forward interpolation estimate (see

e.g. [FH14, exercise 2.9]), it is enough to show that (Xn
0,·)n∈N is relatively compact in

C
(

[0, T], Cα′
R (Rd, Rd) ⊗ Cα′

R (Rd, Rd)
)

. First note that this family is equicontinuous. Indeed,

again by Chen’s relation,

‖Xn
0,t − X

n
0,s‖Cα′ ⊗Cα′ � ‖Xn

s,t‖Cα′⊗Cα′ + |Xn
s |Cα′ |Xn

s,t|Cα′

for all 0 � s � t � T. We are thus left to show that, for each t ∈ [0, T], the set
{
Xn

0,t : n ∈ N
}

is relatively compact in Cα′
R (Rd, Rd) ⊗ Cα′

R (Rd , Rd) in order to conclude with proposition 4.12
below. For this it is enough to note the compact embedding

Cα
(
BR × BR, Rd ⊗ Rd

)
↪→ Cα′ (

BR × BR, Rd ⊗ Rd
)

,

which in turn again follows from the Arzelà–Ascoli theorem—but this time in the spatial
coordinate. �

The following version of the Arzelà–Ascoli theorem, employed in the previous proof, can
be found in multiple places, see e.g. [Kel75, theorem 7.17]:

Proposition 4.12 (Arzelà–Ascoli). Let X be a compact metric space and Y be a metric
space. Let C(X, Y) be the space of continuous mappings f : X → Y, equipped with the uniform
topology. Then a set K ⊂ C(X, Y) is relatively compact if and only if

• The set { f (x) : f ∈ K} is relatively compact in Y for each x ∈ X and
• The set K is equicontinuous, i.e., for all ε > 0, there is a δ > 0 such that dY ( f (x), f (y)) � ε

for all f ∈ K, provided that dX(x, y) � δ.

4.4. Proof of theorem 4.6

We can now conclude the proof our homogenization result:

Proof of theorem 4.6 We first assume that f (·, y) and g are supported in BR for each
y ∈ Rn. Owing to proposition 2.8 and lemma 4.2, it is enough to show that

Xε ⇒ X (4.12)

in C γ
(
[0, T], C3−

R (Rd , Rd)
)
. We wish to employ proposition 4.9. To see that

sup
ε∈(0,1]

E
[
|Xε|Cγ

]
< ∞, (4.13)

1552



Nonlinearity 35 (2022) 1521 J Gehringer et al

we argue as in lemma 3.10: first notice that, for any i = 1, . . . , d and any p � 1,

∥∥∥∥∥ sup
x∈BR

1√
ε

∫ t

s
f i

(
x, y u

ε

)
du

∥∥∥∥∥
Lp(Ω)

=
1√
ε

∥∥∥∥∥∥ sup
x∈BR

∑
�∈Nn

0

ci
�(x)

∫ t

s
H�

(
y u

ε

)
du

∥∥∥∥∥∥
Lp(Ω)

� 1√
ε

∑
�∈Nn

0

sup
x∈BR

∣∣ci
�(x)

∣∣ ∥∥∥∥
∫ t

s
H�

(
y u

ε

)
du

∥∥∥∥
Lp(Ω)

.

By hypercontractivity and our assumption c�(x) = 0 for all x ∈ Rd whenever |�| <
infx H ( f (x, ·)), we get as in (3.8)∥∥∥∥∥ sup

x∈BR

1√
ε

∫ t

s
f i

(
x, y u

ε

)
du

∥∥∥∥∥
Lp(Ω)

�
√
|t − s|

∑
�∈Nn

0

sup
x∈BR

∣∣ci
�(x)

∣∣√�!Θ̂
|�|
2 (2n − 1)

|�|
2 (p− 1)

|�|
2 .

The series on the right-hand side is finite by the assumption (4.7). By lemma 4.3, we know that
the derivatives of f have (at least) the same Hermite rank. Hence, we can similarly prove that∥∥∥∥∥ sup

x∈BR

1√
ε

∫ t

s
Dk

x fi

(
x, y u

ε

)
du

∥∥∥∥∥
Lp(Ω)

�
√
|t − s|, k = 1, 2, 3

and (4.13) follows by Kolmogorov’s continuity theorem. Arguing as in lemma 3.21 also shows
that supε∈(0,1] E

[
|Xε|C2γ |

]
< ∞. Then theorem 3.1 and remark 3.2 show that Xε converges to

X with Xs,t(x, z) = (Υ⊗Υ)WIt̂o
s,t (x, z) + Λ(x, z)(t − s).

It remains to prove statement (b). Observe that X is a Gaussian process with covariance
σi, j(x, z)(s ∧ t) and

G(x, t)
def
= Xt(x) + Γt

is a semi-martingale with spatial parameters and characteristics

Ai, j(x, z, t)
def
= σi, j(x, z)t and Γ(x)t.

The characteristics are sufficiently regular so that the Kunita type equation

dxt = F(xt, dt) + Γ(xt) (4.14)

is well posed. The regularity of Ai, j andΓ comes from the uniform correlation decay assumption
infx H ( f (x, ·)) > 2

β . For example, the functions E
[
D( f i(x, ys) f j(z, y0) + f i(x, y0) f j(z, ys))

]
are

absolutely integrable in s on [0,∞), consequently

σi, j(x, z) =
∫ ∞

0
E
[

f i(x, yr) f j(z, y0) + f i(x, y0) f j(z, yr)
]

dr

is C3
b in both variables and jointly continuous in (x, z). The same argument applies to Γ.

Furthermore, by the theory for SDEs driven by semi-martingales with spatial parameters
[Kun97], there is a unique Brownian flow ϕs,t(x) to the equation (4.14) and for each s, x,

ϕs,t(x) − x −
∫ t

s
Γ(ϕs,r)dr

1553



Nonlinearity 35 (2022) 1521 J Gehringer et al

is a square integrable martingale with limh→0 E[(ϕt,t+h(x) − x)(ϕt,t+h(y) − y)T] = σi, j(x, y)t.
The RDE is ‘equivalent’ to the Kunita type SDE which can be seen from the Riemann sum
approximation for integration with respect to the semi-martingale G:∫ t

0
G(xs, ds) ∼

∑
[u,v]⊂P

G(xu, u) − G(xv, v)

where P denotes a partition of [0, t]. On the other hand, the rough integral,∫ t

0
δ(xs)dXs ∼

∑
[u,v]⊂P

δ(xu)(Xu − Xv) + δ′(xu)(XIt̂o
u,v + Λ(u − v)),

where the prime on δ(xt) denotes its Gubinelli derivative, which is (Dδ)xu(δ(xu)·)(·) when
applied to Λ(·, ·), is:

Γ j(x) =
∫ ∞

0
E[〈D f j(·, yr)x, f (x, y0)〉]dr.

It is then routine to verify that ϕt(x) is the solution to the RDE

dxt = δ(xt)dXt + Λ(xt)dt. (4.15)

The latter equation is also well posed.
We then fix R > 0 and let ηR : Rd → R+ be a non-negative smooth function with ηR = 1 on

BR and ηR = 0 on Bc
2R. Set fR(x, y)

def
= ηR(x) f (x, y). By the first part of the theorem, we know

that there is an XR = (XR,XR)∈ C γ
(
[0, T], C3−

R (Rd , Rd)
)

such that xR,ε ⇒ xR, where

dxR,ε
t =

1√
ε

fR(xR,ε
t , yt)dt,

dxR
t = δ(xR

t )dXR
t .

As before, the convergence is simultaneous for any finite number of initial conditions. Mim-
icking that for G, let GR = XR + ΓRt denote the spatial semi-martingale with characteristics
σR

i, j(x, y) and ΓRt. Then for each initial condition x0, the solutions of the Kunita type SDEs

dxR
t = GR(xR

t , dt)

converge weakly to the solution of (4.15) with the same initial distribution. We have applied
[Kun97, theorem 5.2.1], it is trivial to verify the conditions there: supx

∣∣DaDbσR(x, y)|
∣∣
y=x

,
where a, b ∈ {0, 1} and supx |DxΓR| are uniformly bounded, also the characteristics are in the
required class C̃α

b for some α > 0, cf [Kun97], and converge uniformly in (x, y) on compact
sets. The convergence is in the sense that, given any initial data (xi

0), i = 1, . . . , N, the N-point
motion converges.

Finally, we show the weak convergenceof xε ⇒ x. By the Portemanteau theorem, it is equiv-
alent to showing that lim supε→0 P(xε ∈ A) � P(x ∈ A) for any closed set A ⊂ C

(
[0, T], Rd

)
.

Since xR,ε ⇒ xR weakly in C
(
[0, T], Rd

)
, the Portemanteau theorem gives the estimate:

lim sup
ε→0

P(xε ∈ A) � lim sup
ε→0

P(xR,ε ∈ A) + lim sup
ε→0

P
(
|xR,ε|∞ > R

)
� P(xR ∈ A) + P(|xR|∞ � R). (4.16)
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Hence, lim supR→∞ P(xR ∈ A) � P(x ∈ A). Note also that P(|xR|∞ � R) = P(|x|∞ � R) for
R > ‖x0‖L∞ . Markov’s inequality gives that P(|x|∞ � R) → 0 as R →∞. Consequently, send-
ing R →∞ in (4.16), we have proven that lim supε→0 P(xε ∈ A) � P(x ∈ A) which concludes
the proof for the weak convergence of xε ⇒ x. The proof for the convergence of the N-point
motion is an easy adaption of the above, as we have the N-point convergence for both xε,R as
ε→ 0 and for xR as R →∞. �
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