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Abstract

We present the theory of analytical Hartree-Fock gradients for periodic sys-
tems as implemented in the code CRYSTAL. We demonstrate how derivatives
of the integrals can be computed with the McMurchie-Davidson algorithm.
Highly accurate gradients with respect to nuclear coordinates are obtained

for systems periodic in 0,1,2 or 3 dimensions.
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I. INTRODUCTION

The determination of equilibrium structure is one of the most important targets in elec-
tronic structure calculations. Analytical gradients provide an important tool to facilitate
this and therefore the implementation of analytical gradients has become an important part
of modern codes. Although most solid state calculations are nowadays performed within the
framework of density functional theory, Hartree-Fock theory can serve as a useful starting
point for a correlation treatment. In the field of quantum chemistry, a Hartree-Fock so-
lution is necessary to make a wavefunction based correlation scheme such as, for example,
the coupled-cluster approach, applicable. Therefore, the determination of a Hartree-Fock
solution is often an important target.

The calculation of Hartree-Fock gradients was pioneered by Pulay who performed the
first implementation for multicenter basis setdl. Tt should be mentioned, that the theory had
already been derived earlier independentlyﬁ. Analytical gradients have become an important
area in quantum chemistry and several review articles have been published&E.

Significant work has already been performed for one-dimensional systems: formulas for
analytic gradients, with respect to nuclear coordinates as well as with respect to the lattice
vector, have been derived and implemented in a periodic codeﬂ; and the theory has been
extended to metallic systemsﬂ. Further progress has been the derivation and implementation
of formulas for MP2 energyﬂ’E and gradientsu, as well as gradients on the density functional
levelB. Even formulas for second derivatives have meanwhile been Codedﬁ. Recently, a
scheme for an accurate treatment of long-range Coulombic effects in Hartree-Fock gradients
has been presented@, and a new implementation of density functional energy and gradients
for periodic systems has been demonstated to be highly efficient and accuratdd.

In this article, we report on an implementation of Hartree-Fock gradients with respect
to nuclear coordinates in a general periodic code (the CRYSTALE T4 package), which is to
the best of our knowledge the first implementation for the case of 2- and 3- dimensional

periodicity.



The article is structured as follows: in section [, the basis functions and Hartree-Fock
equations are given. The calculation of integrals which relies on the McMurchie-Davidson
algorithm and the calculation of gradients of the integrals is explained in sections [IJ] and
[V]. The total energy as calculated by the CRYSTAL code is given in section [V]. In section
V1, we explain the calculation of forces and possible sources of error. Finally, in section VI

we illustrate the accuracy of the gradients with some examples.

II. BASIS FUNCTION AND HARTREE-FOCK EQUATIONS

In this section, we summarize the basis functions used in the CRYSTAL code and give

the structure of the Hartree-Fock equations.

A. Basis functions

Unnormalized spherical Gaussian type functions (SGTF) in a polar coordinate system

characterized by the set of variables (|7], 9, ¢), and centered at A, are defined as

720t im)|

S(a,F— A n,l,m) =|F— A" P/™(cos 9)exp(ime) exp(—a|F — 1\2) (1)

with Pim‘ being the associated Legendre function. In the context of the McMurchie-

Davidson algorithm, Hermite Gaussian type functions are necessary which are defined as:

. R a t 8 u 8 v N 5
A= At = (50 ) (51 ) (g ) o=l = AP) 2
x Y z

Real spherical Gaussian type functions are defined as

R(a,F—ff,n,l,O) = S(a,F—fin,l,O)

R(a, 7 — ff, n,l,|m|) = Re S(a, 7 — A,n,l,|m]|)

R(a, 7 — ff,n, l,—|m|) =Im S(a, 7 — ff, n,l, |m|)

CRYSTAL uses real spherical Gaussian type functions, which are in the following denoted

as ¢, (7 — ffu) = N,R(a, ffu, n,l, m), with the normalization N,. p is an index enumerating
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the basis functions in the reference cell (e.g. the primitive unit cell). Although the code

allows only the use of SGTFs with n = 0, in the process of the evaluation of molecular

integrals, SGTFs with n # 0 are used@.

B. Hartree-Fock equations

The Hartree-Fock treatment of periodic Sys’cemsEl is briefly repeated in this section.
We assume that orbitals are doubly occupied and work within the restricted Hartree-Fock

formalism. The crystalline orbitals are linear combinations of Bloch functions

(7 k) Zam wu (7, k) (3)
which are expanded in terms of real spherical Gaussian type functions with fixed con-

traction coefficients d;:
Pu( FE =N, ZZdRa], —A —g,n,l,m)e' ikg (4)
The sum over g is over all direct lattice vectors. The Hartree-Fock-Roothaan equations
have a structure similar to the molecular case and have to be solved on a set of points in

the reciprocal lattice:

Z K)ayi(k) =3 S, (k)ay: (k)e; (k) (5)

The Fock matrix F' is given in detail in section [J] of this article, the overlap matrix S in

section [[I]. The spin-free density matrix in reciprocal space is defined as

- -

P, (k) QZQW (K)at,(k)O(ep — & (k)) (6)

with the Fermi energy er and the Heaviside function ©; 7 is an index enumerating the

eigenvalues. The density matrix in real space P

6wy 18 obtained by Fourier transformation.



III. CALCULATION OF INTEGRALS
A. Types of integrals

In this section we summarize the appearing types of integrals. This is done with the

assumption that the basis functions, ¢,, are real.

1. Owerlap integral

The basic integral is the overlap integral:

— —

Sugiviy = | ou(T— Ay — G1)du (T — Ay — ﬁg)dgr (7)

The integration is over the whole space, i.e.  from —oo to +00 and similarly for y and

z. Exploiting translational invariance we can rewrite this as

Syig = [ 6ulF = L), = A, = g)d’r (8)

with § = g2 — g1.

Further integrals appearing are:

2. Kinetic energy integrals

- 1 o
Tu@uﬁ = /ng(F_ AM)(_aAF)gbu(F_ Au - g)dgr (9)

3. Nuclear attraction integrals

—

Niug = =X Za [ 0u7 = A)AG = A)o(7 ~ A, - s (10)

where A is defined as the Coulomb potential in the molecular case, as the Euler-
MacLaurin potential for systems periodic in one dimension@’a, as Parry’s potentialﬂ for
systems periodic in two dimensions, and as the Ewald potential for systems periodic in three

dimensionsa@. The a summation runs over all nuclei of the primitive unit cell.



4. FElectron-electron Coulomb interaction integrals

A bielectronic integral can be defined as

-/ ou(F = A,)0,(F = &, — )6, (7' — A, — W), (7' — Ay — 1 — )

|7 = 7|

B

wOvgrivori+h
(11)

In the context of periodic systems, it is necessary to perform summation over all lattice

vectors ¢, i_i, 1. We define a Coulomb integral as follows

-

- h)d3r A3 =

o= pf/ Gu(F = AV (F— A, — §) e (P! — Ap — @) (F) — Ay —

Z Buﬁuﬁ’rﬁcﬁ-{—ﬁ (12)
The penetration depth pen is defined as those terms for which

— —

/ (a7 — A)g(a™, 7 = A, — ) g, 7 — A, — it)d’r > 107170 (13)

T

holds, with g(a", 7) = (22)3/exp (—amin|72).

g(a™™ ) means the lowest exponent of all Gaussians centered at A,. For these integrals,
the Coulomb interaction is evaluated without approximation. All the other integrals are
evaluated with a multipolar expansion. " I'T'OL2” is a tolerance which can be chosen by the
user of the code. This criterion introduces an asymmetry in the energy expression: a given
bielectronic integral might be evaluated in different ways for BﬂﬁugTﬁaﬁ i and B, o v
Avoiding this would however be very inefficient: To keep the symmetry, the lattice sum
would have to be further broken down into pieces which are evaluated exactly and other
pieces which are approximated — this would require a much higher computational effort
and more disk storage. The simpler criterion in equation [d minimizes the effort, and, when

ITOL?2 is chosen sufficiently large, the violation of the symmetry is negligible. We will

illustrate this with some examples in section [VII.



5. Electron-electron exchange interaction integrals

Oul = A0 (7= Ay = D)0 (7 = Ay = G007 = Ay —ii = 1) 5 g
Xuﬁuﬁ’rﬁaﬁ = Z/ lF— Fl| d°rd ' =
Z Buﬁ’rﬁuﬁaﬁ-{—ﬁ (14)
For an individual exchange integral,
B,uOTm/ganth BTnuﬁaﬁJrﬁuﬁ ( 1 5)

should hold. However, for efficiency reasons, two different thresholds have been
introduced@ which leads to another possible asymmetry: an exchange integral is discarded
when the pseudooverlap associated with ¢, (7'— /lL) and ¢, (7"— A, — g) or the pseudooverlap
associated with ¢, (7 — A — 1) and ¢, (7 — A, —7— 71) is smaller than certain thresh-
olds, 1071704 and 10~17OL5 | Tt is recommended that the threshold ITOL5 associated with
¢-(F— A, — ) and ¢, (7 — A, — ii — h) should be higher than ITOL4. This, however, will
lead to a violation of equation [[J and therefore another asymmetry in the energy expression.
A further cutoff parameter, ITOL3, selects the exchange integrals symmetrically: exchange
integrals are also neglected if the overlap of ¢, (7" — A ) with ¢, (7 — A; — 1) or the overlap
of ¢, (F— A, — ) with ¢, (7 — A, — 7 — h) is lower as 10777OL3_ This is a symmetric cutoff,

and therefore should not lead to an inaccuracy in the forces.

6. Multipolar integrals

The charge distribution is approximated with the help of a multipolar expansion up to

order L.

—

W A = [ o)X — Ay (16)
with X;" being regular solid harmonics?d and the charge p(7) defined as

Z VguOng M)gbu(F_ fzfu - g) (17)
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7. Field integrals

The electrostatic potential is approximated with an expansion up to the maximum quan-

tum number L.

m e —» — g 1
Miage = 240 [ 607 = 467 = A, = G A) = X | (19
with Z™(A.) being the spherical gradient operator, Z™(A,) = @%&le(ffc) and a

normalization N/ (Ref. BG).

8. Spheropole

This term arises because the charge distribution is approximated by a model charge
distribution in the long range. However, the use of the Ewald potential instead of the

Coulomb potential requires a correction in the three-dimensional caseld

2T

Q=500 =3 57 [ () — i’ (19)

with
=33 Pasuli = A)eu (7 — A, — §) (20)
HeC g
and
L ! . .
PRt ) =373 M (pe; Ae) 8] (A, T) (21)
[=0 m=—1
and
57 (A7) = lim Z7(A)A(er, 7 — A.,0,0,0) (22)

¢ is chosen as the set of basis functions sited at center ffc.



B. McMurchie-Davidson algorithm

In this section, we indicate how the integrals are evaluated. This is done with the
McMurchie-DavidsonBd algorithm. In this formalism, the product of two Gaussian type

functions is expanded at an intermediate center in terms of Hermite Gaussian type functions.

S(a,F—fT,n,l,m)S(ﬁ,F— g,ﬁ, i,m) =

> E(n,l,m,n, I, m, tyu, v)A(y, 7 — Pt u, v) (23)

t,u,v

with v = o + 3 and P = %‘;é. E also depends on «, 3 and the distance B — ff;

however, the dependence on these parameters is suppressed in the notation.

This makes a very efficient evaluation of integrals feasible. The starting point
E(0,0,0,0,0,0,0,0,0) = exp(—(f“—fﬁ|§ — ff|2) can be derived from the Gaussian product
rulc2dd.
oA+ 3B

a+ 3
(24)

of
a—+ 0

r—

. 5 5 . 2
exp(—ali'— AR) exp(~ 17"~ B*) = exp (= —=|B = AP ) exp (= (a+ 8) )

The coefficients E can be generated by recursion relationSEE. They are zero for the

case t + u—+ v > 2n + 27 + | + | and for all negative values of ¢, u or v.

IV. CALCULATION OF DERIVATIVES
A. Gradients within the McMurchie-Davidson algorithm

The evaluation of gradients of the integrals is closely related to the evaluation of
the integrals themselves. All the integrals can be expressed with the help of the FE-
coefficient<EHRIRIBD 1 the following we show how derivatives of the integrals can be ex-
pressed in a similar way with Hermite Gaussian type functions. Starting from equation B3,

we obtain



0A,
0 L
> E(n,l,m,n,lm,t,u,v)A(y, 7 — P, t,u,v) =
81433 t,u,v
Z < iE(n,l,m,ﬁj, Th,t,u,v))/\(%r P t,u,v) +
t,u,v 8A90
Oé:)iﬁE(n,l,m,ﬁ, i,m,t,u,v)A(fy,r P.t+ 1,u,v)) =
a ~ ~ —
t%:y (8AxE(n’ Lym,n,l,m,t,u,v)+ %E(n, Lm,n,l,m,t— 1,u,v))A(fy, 7— P, t,u,v)) =
> GA(n,l,m,n, I, t,u, V)A(ry, 7 — Pt u, v) (25)
t,u,v

Therefore, the gradients can be obtained in a quite similar way as the integrals. Instead
of the E-coefficients, the coefficients G2 (and, for the other derivatives, G;‘, G4, GB, GyB

and GP) have to be used, as defined in equation P§. We obtain the following relation from

equation PR3

GA(n,l,m,n, l, m,t,u,v) =

E ~ o ~
oA (n,l,m,n,l,m,t u,v)+

E(n,1,m,n,l,m,t —1,u,v) (26)

a+f

We could thus derive the G-coefficients from the E-coefficients. However, a more conve-
nient way would be to have a recursion relation similar to the E-coefficients. Indeed, these
relations can be obtained in an analogous WayE. We give the relations here for the case
of complex spherical Gaussian type functions; a transformation to real spherical Gaussian
type functions is possible along the lines given in ref. [[§. The starting point can be obtained

from equation 2@ and the definition of E(0,0,0,0,0,0,0,0,0) given in section [I1B:

G4(0,0,0,0,0,0,0,0,0) =

d
A,
E(0,0,0,0,0,0,-1,0,0) =

£(0,0,0,0,0,0,0,0,0) +

(6%
a—+ 0
BB, — A,)E(0,0,0,0,0,0,0,0,0)

+ 0

2
o
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and

G4(0,0,0,0,0,0,1,0,0) =
0
DA,

«

a+pf3

@
—-F(0,0,0,0,0,0,0,0,0
a—+p ( )

All the other G4(0,0,0,0,0,0,t,u,v) are zero. Similarly, we obtain

E(0,0,0,0,0,0,1,0,0) +

£(0,0,0,0,0,0,0,0,0) =

G:(0,0,0,0,0,0,0,1,0) =
G4(0,0,0,0,0,0,0,0,1) =
G4(0,0,0,0,0,0,1,0,0)

and

A _
G, (0,0,0,0,0,0,0,0,0) =
af
2—— (B, — A,)FE
Oé-'-ﬁ( Yy y) (07070707070707070)

and

G4(0,0,0,0,0,0,0,0,0) =

of
a—+ 0

2 (B, — A,)E(0,0,0,0,0,0,0,0,0)

(27)

(28)

Recursion relations for the G-coefficients can be derived using similar arguments as for

the E-coefﬁcients@. There exist recursion relations to generate E(n+ 1,1, m,n, l~, m,t,u,v),

E(n,l + 1,m,ﬁ,l~,ﬁz,t,u,v), E(n,l + 1,1 + 1,ﬁ,l~,7h,t,u,v) and E(n,—l — 1,—1 —

fi,l,m,t,u,v). Recursions are now necessary for G2, GZ‘;‘ and GZ.

1. Recursion inl and m

With S(a, 7 — A,n, 1+ 1,1+1) = 20 + 1)((z — A,) +i(y — A))S(a, 7 — A, n,1,1), we

obtain:

—

S(a,7— A n,l+1,1+1)S(8,7— B,i,l,m) =

11



©20+1)Y" E(n, 117, 1w, tu,0)((x — Ay) +i(y — AY))A(y, 7 — Pt u,v) =

t,u,v

Z En,l+ 1,1+ 1,7, i,m,t,u,v)/\(%?—ﬁ,t,u,v)

t,u,v

In the case of gradients, we obtain:

&i S(a,7— A,n,l+ 1,1+ 1)S(8,7— B, i, l,m) =
(20 + 1)6164 < > E(n,l1n, I, m, tou,v)((x — Ay) +i(y — Ay))A(y, 7 — P, t,u,v))

(20 + 1)< > —E(n,l,1n, I, t,u, V)A(y, 7 — P, t,u,v) +

N
N}

((x — Ap) +i(y — Ay))Gf(n, L n,lmtu,v)A(y, 7 — P.tu, v)) =

> GA(n, 1+ 1,1+ 1,7, l,m, tyu, v)A(y, 7 — P, t,u,v)

t,u,v

By substituting the recursion relation for Hermite polynomials
— 1 — —
(x — Py)A(vy,7— P, t,u,v) = Q—A(fy,F— Pt + 1, u,v) +tA(vy,7— Pt — 1,u,v)
gl
in the penultimate expression of equation B0, we obtain:

(20+1) > —E(n, 1,7, I, tyu, v)A(y, 7 — P.t,u, v) +

t,u,v

1 o
(%A(/%F_ P7t+ 17“71)) +
tA(y,7— Pt —1,u,v) +
(P, — Ag)A(v, 7 — Pt u,v) +
1 —
i(%A(fy,F—P,t,ule,v)jL
ul\(y, 7 — ﬁ,t,u—l,v)+

(Py — Ay)A(y, 7 — P.tu, v)))Gf(n, L1,a,l,m,tu, v)

From this, we deduce the following relation:

12
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(31)

(32)



GAn, I+ 1,1+ 1,70,0,mm,t,u,v) =

(2l+1)(—E(n,l,l,ﬁ, it ) +

(t—l—l)G’A(n,l,l,ﬁ,Z, m,t+ 1,u,v)+
(P, — A)GA(n, 1, 1,7, 1 i, tu, v) +
(u+1)GA(n,l,l,ﬁ,l~, m,t,u+1,v) +

(P, — A)GA(n, 1,1, 7,1, 7, t,u, v)))

In an analogous way, we obtain the following recursion relation:

GAn, 1+ 1,1 —1,7,0,m,t,u,v) =
(21 + 1)( — E(n,l,—1,7,1,m,t,u,v) +
1 ~
%GA( n, 1, =1, 1, m,t —1,u,v) +
(t+1)GA(n, 1, =1, 0,1, m, t 4+ 1,u,v) +
(P, — A)G(n,1,—1, 7, I, m,t,u, v) —
1 -
i(%Gf(n, L=, mtu—10)+
(w+ 1)GA(n, 1, —1, 7, I, t,u+ 1Lv)+

(P, — A)NGA(n, 1, —1, 7,1, i, t, u, v))>

2. Recursion in n

(33)

(34)

With S(a, 7 — An+1,1, m) = | — EPS(Q, 7F— A n, [, m) the following relation can be

derivedE :

GAn+1,1,m,n,l,m,tu

il
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GA(n,l,m, 7,1, m,t —2,u,v) +



GA(n,l,m, 7, 1, m, t,u—2,v) +

GA(n,l,m, 7,1, m,t,u,v— 2)) +

1 ~
—((Px — A)GE(n, l,m, L m,t — 1, u,v) —
7

(P, — A)G(n,1,m,

3z
~
Sz
\'@F
I~y
|
—
=
+

(P, — A)G2(n,l,m, 7, [, t,u,v— 1)) +

e (t+u+v+%))
8

2(P, — Ay)E(n,l,m,n, I, t,u

=
+

3z
=~
=1
\‘@F
+
—
=
=
|

2((Py = Ag)(t + 1)Gi(n, 1, m,
(t+ 1)E(n,l,m,n, I, t+ 1,u,v) +

(P, — A)(u+1)GZ(n,1,m,

31
~
=
~
IS
+
-
=
+

(P, — A)(v+ 1)GA(n,1,m, 7, i, motuv+1)) +

(t+2)(t + 1)GX(n,1,m,

31
~
=
-
+
\.M
£
=
+

(u+2)(u+ 1)GA(n,1,m,

31
~
=
~
IS
+
u[\.’)
=
+

(v+2)(v+1)G4(n,1,m,

31
~
=
~
£
S
+
2

3. Recursion in 1

Using that S(a,7— A, n,l+1,m) = (20 + 1)(z — A.)S(o, 7 — A,n,l,m) —
im|)S(a, 7 — A,n,l —1,m))/(l — |m| + 1) the following relation can be derived!d:

GA(n,l+1,m,n, I, t,u, v) =

(2 + 1)(G;‘(n’ Lm, i, L b, = 1)
2y
(P, — A)GA(n, 1, m, 7, [,m, t,u,v

~—

(v 4+ 1)GA(n,l,m, 7,1, m,t,u,v+1)

1+ ) (G, 0= 1,7 it = 2,,0) +

14
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(35)

7 — AP(1+



GA(n,1 — 1,m,ﬁ,l~,m,t,u—2,v)+

((P,3 — A)GHn, 1 —1,m, 7, I, m,t — 1u,v) —
E(n,l—1,m,ﬁ,l~,fn,t—1,u,v)+

(P, — Ay)G;‘(n, l—1,m,@,l,m,tu— 1Lv)+

(P, — A)G2(n,l — 1,m, 7, L, t,u,v— 1))/7 +
(|ﬁ_/f|2+ (t+u+v+3)
8

2(P, — Ay)E(n,l —1,m,n, [, m,t,u,v) +

)Gf(n,l —1,m,n,l, m,t,u,v) —

-~
+
=
&=
S
|
-
B
S
=1
\‘@F
+
-
S
=
+

(P. — A)(v+ 1)GA(n, 1 — 1,m, i, L, tu, v+ 1)) +

(t+2)(t+1)GHn, 1 —1,m,n,l,m,t+2,u0)+

(u+2)(u+1D)GA(n, 1 —1,m, i, [, t,u+2,0) +
(v+2)(v+1)GA(n, 1 —1,m, 0, 1,1, t,u, v+ 2)))/([ —|m|+1) (36)

The recursion relations for the G4-coefficients are similar to those for the E-coefﬁcients@,

with the extra terms arising from the derivative %(w — A,) for the recursion in [ and m,

and from the derivative a%h? — ff|2 for the recursion in [ and the recursion in n.
This can similarly be done for G‘; and GZ. Finally, all G-coefficients are zero for the

case t +u—+v > 2n+ 2+ 1+ 1 + 1 and for all negative values of ¢, u or v.

B. Gradients with respect to other centers

To obtain the derivatives with respect to center B, the following relation is used@ (note

—

R=A— ):
g 0 8Pm+ d OR,
DA, OP,0A, OR,0A,

15



replacing E with the corresponding G

a 0 N 0
vOP, OR,

and
0 B 0 8Px+ 0 8Rm_
0B, 0P,0B, OR,0B,
é 0 B 0
vOP, OR,
Therefore,
0 0 0

This means that

0
0B

Z E(n,l;m,n, I, t,u, v)A(y, 7 — Pt u, v) =

T tu,v

(88Px B aia}) t%E(T% l’ m, ﬁa ~7 Th, ta u, U)A(’Y, r— ﬁ’ t’ u, ’U)

Applying equation PY, we obtain:

Z GB(n,l,m,n, I, t,u, V)A(y, 7 — Pt u, v) =

t,u,v

> E(n,l,m,n, I, t,u, V)A(ry, 7 — P.t+1,u, v)

t,u,v

- Z G?(TL, l? m, ﬁ’) Za ’I’h, ta Uu, U)A(’}/, r— ﬁ, t, u, ’U)
t,u,v

Finally, we conclude:

GB(n,l,m,n, i,m,t,u,v) = E(n,l,m,n, I, t— Lu,v) — GX(n,l,m,n, l, m,t,u,v)

(37)

(39)

(41)

(42)

and similar for derivatives with respect to y and z direction. All the integrals can be

4 G‘y“, etc coeflicients.

16

expressed with the help of the FE-coefficients. Taking the derivative therefore reduces to



As an example, we show how overlap integral and gradient are obtained. First, the

overlap is computed as follows:

Z E(n,l,m,n ,m u, V)A(ry, T ﬁ,t,u,v)dgr =
t,u,v
3
~ T\ 2
E(n,l,m,n,l,m,0,0,0) (—) (43)
Y

We have used that

/A(%'F’tauav)dsr = (%) 04000040 (44)

because of the orthogonality of the Hermite Gaussian type functions (Jy is the Kronecker
delta).

The gradient is computed similarly:

9 >_ 1 > B 2T )3 —
an/S(a,r—A,n,l,m)S(ﬁ,r—B,n,l,m)d r=

> GA(n,l,m,n, I, t,u JOYN(ry, 7 — Pt u, v)d’r =
t,u,v
%
GA(n,1,m,#,1,71m,0,0,0) (%) (45)

In our implementation, we therefore compute the gradient of the two Gaussians which
are associated with the integrals, by replacing F-coefficients with G-coefficients. As a con-
sequence, if an operator, which might appear in the integral, has a nonvanishing derivative
(such as, for example, the nuclear attraction), this must be taken into account additionally.
This derivative with respect to the third center can be obtained by applying translational
invariance with respect to a simultaneous uniform translation of the three centers. In the
case of bielectronic integrals, products with two E-coefficients appear. Obviously, when dif-
ferentiating, the corresponding rules of differentiating a product must be applied and two
derivative terms appear, each of them consisting of a product of one set of F— and one set

of G—coeflicients. Finally, the nuclear-nuclear term must be differentiated which is trivial.
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It is interesting to compare this implementation with that of the Namur group@ where
also gradients within the McMurchie-Davidson algorithm are computed. Whereas our
scheme computes the derivatives of the two Gaussians appearing in the integral and a possi-
bly necessary derivative of an operator is obtained by applying translational invariance, the
alternative implementautionB relies on explicitly computing derivatives of E-coefficients and

of the auxiliary function@ R, ... appearing in the integrals.

V. TOTAL ENERGY

The total energy consists of kinetic energy, Coulomb energy (nuclear-nuclear repulsion,
nuclear-electron attraction and electron-electron repulsion), and exchange energy. We as-

sume that all the orbitals are either empty or doubly occupied.

A. Kinetic energy

The kinetic energy of the electrons is obtained as:

—

inetic — 1 1 = _
Ek e = Z Pug’uﬁ/(bﬂ(T - Aﬂ)( - éAF)(bl/(T - Al/ - g)d3r =
Gopsv
Z PuguaTuﬁug (46)
G,
B. Exchange energy
The exchange energy is obtained as:
Eexchfel —
1
_Z Z Pug’ua HZ Poﬁ+ﬁ7ﬁ
g,V h,ﬁ,T,O’
/ ‘bu(F_ Au)(bT(F_ AT B ’fi)(b,,(FI B A,, - g)(bo("_ﬂ B AU —h— ﬁ) d3r d3 ’
=7
1
_Z Z Pugpﬁ Z PUETGXuﬁuﬁTﬁaﬁ (47>
g1,V h,T,0
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where we have exploited translational invariance of the density matrix with respect to
direct lattice vectors ni: P . . =P 5.
We can define a Fock operator for the exchange energy which is

1
exch—el
Fy = =5 22 Lo Xt (48)

h,T,0

C. Coulomb energy

Both kinetic energy and exchange energy must converge independently. However, a
separation of the contributions to the Coulomb energy is not possible: for example, in a one
dimensional periodic system with lattice constant a, and n being an index enumerating the
cells, the electron-electron interaction per unit cell would have contributions like:

o0
> % (49)

This sum is divergent (similarly in two and three dimensions). Therefore, in CRYSTAL

a scheme based on the Ewald method is used to sum the interactions@’E. We only quote

the results for the individual contributions:

1. Nuclear-nuclear repulsion:

1 - o
ENN = 3 N Z.ZyA(Ay — A,) (50)
a,b

2. Nuclear-electron attraction:

The energy %ENE, which is the Ewald energy of the nuclei in the primitive unit cell
with the all the electrons of all cells, is the same as the energy %EEN, which is the Ewald
energy of the electrons of the primitive unit cell with all the nuclei in all cells, as long as
no approximations are introduced@. CRYSTAL uses the following expression as the sum of

these interactions:

19



Ecoul nuc __ Z Coul nuc (5]_)

VQHO uOug
Gtsv

with the Fock matrix F:g:;nuc containing the nuclear-electron contributions defined as

reoul—mic _ Z Z. / b (7 — A, (F — A, — HAF — Ay)d%r (52)

ung

3. Electron-electron repulsion:

Ecoul el Z coul el (53)

l/g,u,O wlvg
9 2L

with the Fock matrix F;g‘y‘;_el containing the electron-electron contributions defined as

L l
F:(()):/ﬂg o _QSMOVQ Z oht0 /J,Ol/gTOO'h ZZ Z nlm(pchC)MlZLﬁyg*c (54>

h 1,0 c 1=0m=—1

D. Total energy

Finally, the total energy can be expressed as

Etotal — Ekinetic + ENN + Ecoul—nuc + Ecoul—el + Eexch—el —

- ENN + Z vud ;LOz/g
gopv
Z vgul Z Za /‘b,u ¢u<r — — ﬁ)A(F— Xa)d3r
Gty
L l .
+ Z l/g;LO < QS}LOI/Q Z ohr0 ;,LOVg’TOO’h Z IZ Z . nlm(pc’ AC)MITGVﬁC)
9 HsV hyro ¢ I=0m=—
U Z PVﬁuO Z ohr0 ;LOI/gTOoh (55>
9 v h T,0

The Fock operator used has the structure:

total coul—nuc coul—el exch—el
FHOV!] - Tﬂoyg + Fuﬁuﬁ I ulvg + FMO (56)

We note that this expression for the Fock operator would be exact if we could guar-

antee that the penetration depth and screening was symmetric. This would require that

20



C -

uOVﬁT@Uh

=C;

Goiiuivs Should always hold. This, however, as aforementioned, cannot be
puOvg

guaranteed because the truncation is not necessarily symmetric. In addition, the screening
of the exchange interaction is not necessarily symmetric. Therefore, an inaccuracy in the
Fock operator will show up which will be stronger the more asymmetric the truncation in
the energy expression is.

The total energy can be expressed as

1
Etotal ENN + Z Vguo (T + chulfnuc 4 §<Fcou1 el + Fe)ichel)) (57)

pOvg uovg uovg wovg
GottsV

and the Hartree-Fock equations become as in equation . In ref. 6, it was pointed out

that the quantity Q.S can be removed from the Fock operator which has been done in

uovg

CRYSTAL. This leads to eigenvalues shifted by @) as we now use the modified equation

—»

S(FL (k) + QS (k))awi(k ZSW a,i(F) (& () + Q) (58)

v

VI. GRADIENT OF THE TOTAL ENERGY

The force on the nuclei can be calculated similarly to the molecular caseﬁﬂ. The deriva-
tives of all the integrals are necessary, and the derivative of the density matrix is expressed

with the help of the energy-weighted density matrix. One important assumption is that

Buﬁuﬁ’rﬁaﬁ-{—ﬁ - BTﬁJﬁ—i—ﬁuﬁuﬁ = Baﬁ-{—/}rﬁuﬁuﬁ (59)
holds. Taking the derivative leads, for example, to terms like the following
( Z vgul Z ohr0 ,uOI/gTOJh) =
aA Guv h T,0
0 0
Z ﬁpuﬁua Z PoﬁTﬁcpaug'Taoﬁ + Z PI/ﬁpG Z Epoﬁﬂﬁ Cp@uﬁTﬁoﬁ
Gty 2 fz T,0 Gty ﬁ,ﬂo’ d
+ Z guO Z O’h’TO( MOVg’TOO’h) (60)
G,V h T,0

When equation pg holds, we rename the indices in the second addend and obtain:
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0
2 Z (8/1 VguO) Z UhTO OI/gTOO'h + Z guO Z O'hTO( ,uOI/gTOUh) (61)

G h,r,o G
We derived the equation for the force this way although equation b9 does not always
hold. Therefore, inaccuracies will appear when equation pg is strongly violated. The full

force is obtained as:

. 8Etota1
e aff N
» aENN

- Z PVguO “0 g

gy A,

Y P WOZZ o / Ol = A0, (7 — A, = A~ A,

g;w

27
5 Z Pug,uo{ ,uOI/g 3V Z Z PUFLTG
gl“’ ¢ h,a,TEc

) I
87 [_¢T(T_AT)¢U(T_AU_h)
+Z Z / 6o (7' — K)o (7' — Ay — VX (R — )8 (AL, 7)|r2d?r

=0 m=-I
+ ;LOVgTOoh

Z ohr0 6A

L l _’ . .,

SEY Y X P [orr - D)oo - A, - X7 Ak ]}

¢ = Om*_lhTECJ 8A

1
+ P. ,uOI/gTOUh

4gzu:y VguO hzT:U oht0 aA
-3 i [ eyt 3200 (R, ()6 () + QOler — ) - k(62

AR

The last addend is the energy weighted density matrix; the integral is over the first
Brillouin zone. It is worthwhile mentioning that the factor P,; 55 5,5 1s equal to the number
of electrons in the unit cell and therefore its derivative with respect to A; vanishes. We note

three important points:

e Equation 2 is correct for the exact solution of the Hartree-Fock equations. Thus, in

practice, a well converged solution is necessary to achieve accurate forces.
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e The energy-weighted density matrix is E—dependent. Therefore, the accuracy of the

forces will become dependent on the number of E—points.

e The derivation of equation [Z assumes that equation pg holds. The treatment of the
Coulomb series with finite penetration depth leads to an asymmetry associated with
ITOL?2 in the CRYSTAL code. In addition, in the treatment of the exchange series
an asymmetry can be introduced if the screening parameters (ITOL4 and ITOL5 in
the CRYSTAL code) are chosen differently. Therefore, the choice of ITOL2, ITOLA4

and I'TOL5 will influence the accuracy of the gradients.

VII. RESULTS FROM TEST CALCULATIONS

With a few examples, we want to illustrate the accuracy of the analytically computed
gradients.

In table I, all the integrals are evaluated without approximation and the analytical
derivative agrees to five digits with the numerical derivative. As the numerical derivative is
only accurate up to five digits, this is certainly satisfying.

In table [] the variation in accuracy when penetration depth and overlap criteria are
altered, is displayed. As described in the article, lowering ITOL2 to low values leads to
inaccuracies in the gradients. Lowering only one of the parameters ITOL4 or ITOL5 also
leads to inaccuracies, whereas lowering both to the same value gives an analytical gradient
which is consistent with the numerical gradient — however, as a value of 1 for ITOL4
and I'TOL5 was chosen, energy and force are completely different from calculations with
reasonable values for ITOL4 and ITOL5. The parameter ITOL1, which selects the one-
electron and Coulomb integrals according to the overlap, can lead to numerical instabilities
in the energy calculation and inaccurate gradients when chosen too low, and should therefore
be reasonably high. The parameter IT'OL3 does not influence the accuracy of the gradients:
although when chosen much too low with a value of e.g. 1, numerical and analytical gradient

still agree. The default values for the IT'O L-parameters for the energy calculation are 6, 6,
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6, 6 and 12. In all calculations performed so far, these default values did not lead to serious
errors for the gradients.

Another example (table [II) is the CO molecule arranged as a single molecule
("molecule”), as a molecule periodically repeated in one dimension (”polymer”), in two
dimensions ("slab”) and in three dimensions (”"bulk”). The forces agree well, and it is
demonstrated that using stricter real-space truncation parameters improves the agreement.
The forces seem to be relatively insensitive to the number of sampling points and changing
their number changed the error in the forces only slightly.

Finally, in table [V] we compare analytical and numerical derivatives for MgO when
moving the oxygen atom in x-direction which would correspond to a longitudinal phonon.

Again, agreement is to the order of 10*5%}L (default ITOL parameters were used).

VIII. CONCLUSION

We presented the theory of analytic Hartree-Fock gradients for periodic systems. This
has been implemented in the code CRYSTAL which is to the best of our knowledge the first
implementation of Hartree-Fock gradients in systems periodic in 2 and 3 dimensions. The
results are in excellent agreement with numerical derivatives.

Future directions will be the improvement of the efficiency of the code (implementation
of symmetry and various technical improvements), derivatives with respect to the lattice

vector, as well as an extension to metallic systems.
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TABLES

TABLE I. CO molecule, all tolerances high enough that all the integrals are done without
approximation. The carbon atom is placed at (0 A 0A 0 A), the oxygen atom at (0.8 A, 05
A 04 A) To calculate the numerical force in x-direction, the x-coordinate of the oxygen atom is
changed (column 1). The Hartree-Fock energy is displayed in column 2. The numerical force is
determined from 2 points at (0.8 +0) A and displayed in column 3. The analytical derivative for

x=0.8 A is displayed in column 4. Basis sets of the size [2s2pld] were used.

x-coordinate of oxygen energy numerical derivative analytical derivative
(x-component) (x-component)
A By, Ey/ap Ey/ap

0.799 -1.107642201574E4-02 0.376915

0.7999 -1.107648645627E4-02 0.376913
0.79999 -1.107649287000E+-02 0.376914
0.80000 -1.107649358230E4-02 0.37691274
0.80001 -1.107649429453E4-02

0.8001 -1.107650070153E4-02

0.801 -1.107656446886 402
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TABLE II. CO molecule, when varying the ITOL parameters. The first and second parameter

should be reasonably high, the fourth and fifth should both be high or identical to obtain accurate

forces.
ITOL values numerical derivative analytical derivative
(x-component) (x-component)
Ey/ap En/ag
666612 0.37691 0.376913
20 20 20 20 20 0.37691 0.376913
4 20 20 20 20 0.37691 0.376912
320 20 20 20 0.37747 0.377389
220 20 20 20 0.38883 0.388260
20 2 20 20 20 0.37684 0.376821
20 1 20 20 20 -7.40676 -1.246409
20 20 1 20 20 -8.09240 -8.09240
2020 20 1 20 -0.51905 -3.504654
2020 20 20 1 0.40892 0.359847
20202011 -33.34823 -33.348229
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TABLE III. CO molecule, arranged periodic in 0 dimensions ("molecule”), in 1 dimension
("polymer”), in 2 dimensions ("slab”) and in 3 dimensions ("bulk”). We display the accuracy
of the gradient as a function of the number of sampling points, and as a function of the ITOL

parameters.

dimension number of sampling points IT'OL parameters numerical derivative analytical derivative

(x-component) (x-component)
Eh/aB Eh/aB
0 - 666612 0.37691 0.376913
1 ) 666612 0.37659 0.376633
1 ) 6961212 0.37662 0.376647
2 34 666612 0.37630 0.376335
3 8 666612 0.37571 0.375742
3 260 666612 0.37565 0.375679
3 260 686814 0.37570 0.375720
3 260 886814 0.37573 0.375721
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TABLE IV. MgO at a lattice constant of 4.21 A. We compare numerical and analytical deriva-

tives when moving the oxygen ion parallel to the x-direction. Basis sets of the size [3s2p] were

used.
displacement of oxygen analytical derivative numerical derivative
(x-component) (x-component)
in % of lattice constant En/ap En/ap
+1 -0.005923 -0.00593
+2 -0.012254 -0.01226
+3 -0.019385 -0.01940
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