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New model equations are derived for dynamics of aggregation of finite-size particles. The differences
from standard Debye-Hiickel and Keller-Segel models are that the mobility of particles depends on the
configuration of their neighbors and linear diffusion acts on locally averaged particle density. The
evolution of collapsed states in these models reduces exactly to finite-dimensional dynamics of interacting
particle clumps. Simulations show these collapsed (clumped) states emerge from smooth initial con-
ditions, even in one spatial dimension. Extensions to two and three dimenstions are also discussed.
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Modeling finite-size effects in the aggregation of inter-
acting particles requires modifications of the class of
Debye-Hiickel [1] and Keller-Segel [2] equations. This
problem is motivated by recent experiments using self-
assembly of nanoparticles in the construction of nanoscale
devices [3]. The fundamental principles underlying the
self-assembly at nanoscales are nonlocal particle interac-
tion and nonlinear motion due to variations of mobility at
these scales. The model should account for the change of
mobility due to the finite size of particles and the nonlocal
interaction among the particles. The local density (concen-
tration) of particles is denoted by p. For particles interact-
ing pairwise via the potential —G(|r|), the total potential at
apointris ®(r) = — [p(r)G(Ir —r'|)dr’' = G * p where *
denotes convolution and G > 0 for attracting particles. The
velocity of the particle is assumed to be proportional to the
gradient of the potential times the mobility of a particle, w.
The mobility can be computed explicitly for a single
particle moving in an infinite fluid. However, when several
particles are present, especially in highly dense states, the
mobility of a particle may be hampered by interactions
with its neighbors. These considerations are confirmed, for
example, by the observation that the viscosity of a dense
suspension of hard spheres in water diverges, when the
density of spheres tends to its maximum value. Many
authors have tried to incorporate the dependence of mobil-
ity on local density by putting u = u(p) and assuming
u(p) — 0 as p — pn.« = 1. Vanishing mobility leads to
the appearance of weak solutions in the equations, to
singularities, and, in general, to massive complications
and difficulties in both theoretical analysis and computa-
tional simulations of the equations [4].

Alternatively, we suggest that the mobility u should
depend on an averaged density p over some sampling
volume, rather than on either the potential, or the exact
value of the density at a point. This assumption makes
sense from the viewpoints of both physics and mathemat-
ics. From the physical point of view, the mobility of a
finite-size particle must depend on the configuration of
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particles in its vicinity. While attempts have been made
to approximate this dependence by using derivatives of the
local density, this approach may lead to unphysical nega-
tive diffusivity [5]. Hence, we assume instead that the local
mobility depends on an integral quantity p which is com-
puted from the density as p = H * p. Here H(r) is a local
filter function, which may be of much shorter range than
the potential G. Several filter functions are possible, with
examples H(r) being a § function, an exponential (or
inverse Helmholtz in one dimension) or a top-hat filter.
Alternatively, for crystal growth applications, one may
assume a filter function H(r) with zero average, so the
mobility does not depend on the magnitude of the density,
only on the relative position of particles. The mathematical
analysis and the reduction property derived in this Letter
hold, regardless of the shape of the filter function H and the
potential G, so long as they are both piecewise smooth
functions. The goal of the Letter is to show that for a very
general class of models any deviation from the standard
choice of filter function H(x) = 8(x) to a smeared 8 func-
tion radically simplifies the analysis, and thereby allows
discovery of new exact solutions. This smearing actually
introduces more physics into the models, thereby produc-
ing new effects. Thus, we show that introduction of non-
locality in physical models of self-attraction greatly
simplifies both mathematical analysis and clarifies the
long-term behavior of the system, which stands in stark
contrast to the traditional opinion. Moreover, the nonlocal-
ity introduced in this Letter does not lead to a slowing
down of numerical calculations: since all nonlocalities are
of the form of convolutions, a simulation with N grid
points based on fast Fourier transform will run only a factor
of logN slower than would a corresponding equation with
local terms only.

Aim of the Letter.—A fundamental theory is given for
the length-scale competition between a short range sto-
chastic process and a long range attraction. This is of
course a non-Markovian process, which has seen a lot of
recent interest in the physics literature. Think of an en-
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semble of random walkers which are attracted to each
other. This is also the classic Poisson-Smoluchowsky para-
digm. The new idea for physics is the startling effect of
the corrected Fokker-Planck flux to allow coalescence,
or quenching, of the stochastic process due to the long
range attraction. Thus, the long range force controls and
eventually quenches the small scale stochastic process.
Precisely this control is needed in many new technological
applications, such as directed assembly in nanoscience. We
then add to this quenching result the remarkable observa-
tion that the dynamics and steady states of these quenched
states may be solved exactly as the solutions of simple
ordinary differential equations. Consequently, the dynam-
ics of the quenched states may be found as weak solutions
of a broad class of new equations in a familiar context.
These startling new effects are being realized physically in
recent new directed-assembly processes for nanoscience
[6]. These corrections allow for strong coalescence (col-
lapse to delta functions), in the presence of a long range
attraction, even in one dimension (which is a new result),
thereby producing the control needed for a new route to
extreme nanoscale patterning and functionality. Our ideas
and results will be guides whenever length-scale competi-
tion occurs in future applied physics contexts such as
bioscience and nanoscience.

More precisely, this Letter treats the following class of
continuity equations for the evolution of density,

%’; — —div] withJ = —DVp — u(p)pVd. (1)
Here D = 0 is a constant, while p and ® are defined by
two convolutions involving, respectively, the filter function
H and the potential G,

p=H=*p and ®=G=*p. )
While the model (1) and (2) preserves the sign of p, we
shall see that it allows the formation of é function singu-
larities even when D > 0 and in the case of one dimension.
Note that the diffusion term acts on the averaged density p.
This term incorporates the leading effects of crowding
among the particles, as discussed in [7]. The generality
and predictive power of the model (1) and (2) can be
demonstrated by enumerating a few of its subcases. For
example, when H(r) = 8(r) and G(x) = e~ "/! this sys-
tem reduces to the generalized chemotaxis equation [4].
For the choice G = §'(r), H = &'(r) one obtains a variant
of the inviscid Villain model for molecular-beam epitaxy
evolution [5] (with flux having an additional factor p in
front). If the range of G (denoted by /) is sufficiently small,
one may approximate (at least formally) the integral op-
erator in @ = G * p as a differential operator acting on the
density p, namely, ® = p + [div(I gradp). As was dem-
onstrated in [6], Eq. (1) then becomes a generalization of
the viscous Cahn-Hilliard equation, describing aggregation
of domains of different alloys. In the case that w is con-

stant, H(x — y) = 6(x — y), and G is the Poisson kernel,
then Eq. (1) becomes the Poisson-Smoluchowski equation
for the interaction of gravitationally attracting particles
under Brownian motion [8].

All four subcases of model (1) and (2) described above
involve a singular choice of the smoothing kernels G and
H. The generalized functions required in these singular
choices may be approximated with arbitrary accuracy by
using sequences of piecewise smooth functions. We shall
concentrate on cases where the functions H and G remain
piecewise smooth, and derive the results in this more
general, more regular, setting.

Gradient flow motivation.—Model (1) and (2) with
D = 0 may be motivated from the viewpoint of gradient
flows and thermodynamics [9]. The associated free energy
Elp] = [ p(x)(G * p)(x)dx decreases monotonically in
time and remains finite even when the solutions tend to a
set of 6 functions. To show that (1) and (2) with D = 0 is
indeed a gradient flow, this free energy has to be coupled
with a specific law of density variation, and we refer the
reader to [9—11] for technical details. The free energy E[p]
decreases monotonically in time under the evolution equa-
tion (1). We shall see that the resulting motion of finite-size
particles governed by (1) produces clumping of the point-
wise density p onto a support set consisting of & functions.
One may check that this monotonic decrease of energy
persists for more general functions, including weak solu-
tions supported on 6 functions, as discussed below. These
weak solutions are then found to spontaneously emerge in
numerical simulations of Eq. (1) and dominate the initial
value problem.

Dynamics of singular solutions.—We consider motion
under Eqgs. (1) and (2) in one spatial dimension. We sub-
stitute the singular solutions (clumpon) ansatz

N
plx, 1) = Z wi(1)6(x — ¢;(1) 3)
=

into the one-dimensional version of (1) and (2), which
leads to an expression involving & functions and their
derivatives. The coefficients in front of the 6 functions
and derivatives in (1) and (2), upon substitution of ansatz
(3), cancel identically if we choose the following closed set
of equations for the parameters w;(r) and g;(¢), i =
1,2,..., N, of the clumpon solution ansatz (3):

wi(t) =0, win(p)G'(q; — q;), 4

1

N
qi(t) = — _

J

where p = SN_, w,,H(q;(t) — q,,(1)). For a mathematical
discussion of this derivation see [9]. Thus, the density
weights w;(r) = w;(0) = w; are preserved for i=
1,2,..., N, and the corresponding positions g;(r) follow
the characteristics of the velocity u = —u(p)VG * p
along the Lagrangian trajectories defined by x = ¢;(7).
This result holds in any number of dimensions, modulo
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changes to allow singular solutions supported along mov-
ing curves in two dimensions and moving surfaces in three
dimensions. When D # 0 and divDVp = p, the weights
w; decay essentially exponentially in time, under evolution
by Eq. (1).

Figure 1 shows that the solutions (4) do indeed appear
spontaneously in a numerical simulation of Eq. (1) with
D = 0.02. Hence, they are essential in understanding its
dynamics. Starting from a smooth (Gaussian) initial con-
dition for density p, several singular clumpons form almost
immediately. These eventually collapse into a single clum-
pon. The mass of each individual clumpon remains almost
exactly constant in the simulations, as required by Eq. (4)
with D = 0. The masses of two individual clumpons add
up when they collide. Consequently, all the mass eventu-
ally becomes concentrated into a single clumpon, whose
mass (amplitude) is the total mass of the initial condition.

Rate of blowup.—Analysis of the evolution of a density
maximum reveals the clumping process results from the
nonlinear instability of the gradient flow in Eq. (1) when
D = 0. For a particular case G = e /e one may show
that for large enough peak, a density maximum p,,(r) =
p(x,,(2), 1) becomes infinite in finite time. The motion of
the maximum is governed by

d 1 1
2P = ?[p%l = pu®P(x,)] = ?(p%l - puM), (5)

where M = [ pdx is total mass. Thus, if at any point the
maximum of p exceeds the (scaled) value of the total mass,
then the value of the density maximum p,,(¢) must diverge

FIG. 1. Numerical simulation demonstrates the emergence of
particle clumps, showing formation of density peaks in a simu-
lation of the initial value problem for Eq. (1) using smooth initial
conditions for density with I =1, G(x) = H(x) = exp(—|x|),
u(p) = 1. The vertical coordinate represents p = H * p, which
remains finite even when the density forms 6 functions. Inset:
The behavior of the inverse amplitude of the maximum peak
1/p,,(t) (crosses) versus the analytical solution of Eq. (5) (solid
line).

in finite time. From (5), the density amplitude must diverge
at least as p,, = a?/(t, — t). To illustrate this divergence,
we have plotted the comparison between the predicted
collapse of 1/p,, and numerics in the inset of Fig. 1. The
formation of singularities in Fig. 1 occurs both at the
maximum, and elsewhere. The subsidiary peaks eventually
collapse with the main peak.

Competing length scales of H & G.—Suppose the range
of nonlocality for H is much shorter than the range of the
potential G. For example, consider a sequence of piecewise
smooth functions Hg(x) = exp(—|x|/B)/(28) which con-
verges to a & function. For each function Hg(x) in this
sequence with 8 > 0, the exact ordinary differential equa-
tion (ODE) reduction (4) still holds. The complete solution
for 8 — 0 is challenging; but exact stationary solutions
may be obtained in one dimension, even for the case when
u(p) is an arbitrary function of p [with normalization
u(1) = 0]. We seek linear clump solutions, whose density
p(x) is nonzero only in an interval —L < x < L. One may
prove that the only stable solution corresponds to states
with all particles being closely packed at maximal pos-
sible linear density. In the continuum description, this
corresponds to p(x) =1 for —L = x < L. For H(x) =
exp(—|x|/B)/(28), the exact stationary solution is

p=pB6(x—L)+ B6(x+L)+ind(x, =L), (6)

where ind(x, =L) = 1if —L = x =< L, and = 0 otherwise.
The corresponding function p(x) is unity in the interval
—L = x = L and decays quickly outside. This clump so-
lution converges to the weak solution for H(x) = 8(x)
discovered in [4], which is a solution with p=0or p=1
piecewise. Indeed, when 8 — 0, the amplitude of & func-
tions in (6) converges to 0. A general stationary solution in
our case will be a nonoverlapping assembly of clump
solutions. On Fig. 2, we also demonstrate that the solution
(6) is stable, since smooth initial conditions converge to
this solution. The rate of convergence can be estimated as
approximately 1/D for small D, as follows from the analy-
sis of linear stability of solution (6) [9].

In the limit H — &, model (1) and (2) recovers ordinary
diffusion of local density. This is a singular limit, because it
increases the order of the differentiation in the equation.

FIG. 2 (color). Evolution of a Gaussian initial condition for
p(x,0) with u(p) =1 — p and H = exp(—|x|/B)/(28) where
B = a/10. The solution quickly forms a plateau of maximal
possible density (pn.c = 1). Different colors denote different
evolution times; the stationary solution (6) is drawn with black
circles.
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Since ordinary diffusion is known to prevent collapse in
one dimension [12], this singular limit should be of con-
siderable interest for further analysis, especially because of
the possibility of boundary layer formation.

Exact stationary states in two and three dimensions.—
Exact stationary states can be derived in two and three
dimensions for our model in the case of arbitrary depen-
dence of mobility x on averaged density p. For simplicity
of formulas we assume normalization u(p = 1) = 0, and
H(r) = ¢~ "/8 /(2 8) is inverse Helmholtzian. We seek so-
lutions representing a patch, with particles packed densely
inside a domain (i.e., p = p = 1) and no particles outside
that domain (p = 0). Then, p satisfies an inhomogeneous
Helmholtz equation, and we look for a separated variable
ansatz in some 2D rectilinear coordinate system, p =
F(£)G(n). Separation of variables in two dimensions can
be achieved in four coordinate systems: Cartesian, cylin-
drical, elliptic cylindrical, and parabolic cylindrical [13].
The shape of the domain coincides with the coordinate
lines for each system. Cartesian coordinates give domains
bounded by straight lines, which have little physical sense;
however, other coordinates give domains as circles, ellip-
ses, and parabolas. Dense patches of these shapes have
consistently shown up in the analysis of two-dimensional
self-aggregation in many diverse fields, from nanotechnol-
ogy [14] to biology [15]. Extending these ideas to three
dimensions gives densely packed spheres, ellipsoids, pa-
raboloids, in addition to 3D extensions of 2D solutions,
such as circular and elliptic cylinders.

Conclusion and open problems.—A new model was
proposed and analyzed for the collective aggregation of
finite-size particles. For smooth initial conditions, the so-
lution for the particle density was found to collapse into a
set of 6 functions (clumps), and the evolution equations for
the dynamics of these clumps was computed analytically.
The energy derived for this model is well defined for &
function solutions. These solutions emerge in finite time
via the Ricatti equation (5). The emergence of 6 function
peaks in the solution may seem undesirable. However,
these 6 functions physically describe clumps of matter,
and the model guarantees that any solution tends to these
clumps. Subsequently, the collective motion of these
clumps is governed by a system of ODE. The question
remains as to how many clumps arise from a given initial
condition. One may conjecture that clump formation is
extensive; so that each clump forms from the material
within the range of the potential ®, determined by G. On
a longer time scale, the clumps themselves continue to
aggregate, as determined by the collective dynamics (4)
of solutions (3). This clump dynamics is also a gradient
flow; so that eventually only one clump remains. An anal-
ogy to point vortex solutions of Euler’s equations for two-

dimensional ideal hydrodynamics may be drawn here.
Prediction of motion of inviscid fluid is governed by a set
of nonlinear PDEs in which pressure introduces nonlocal-
ity. A drastic simplification of motion occurs, when all the
vorticity is concentrated in delta functions (point vortices)
[16]. The motion of point vortices lies on a singular invari-
ant manifold: if started with a set of point vortices, the fluid
structure will remain a set of point vortices. However, a
smooth initial condition for vorticity does not split into
point vortices under the Euler motion. In the present
model, though, the physical attraction drives any initial
conditions towards a set of delta functions, so one is
guaranteed to obtain effectively finite-dimensional behav-
ior in the system after a rather short initial time.
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