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Abstract: We establish a surface order large deviation estimate for the magnetisation
of low temperature ¢>§ . As a byproduct, we obtain a decay of spectral gap for its Glauber
dynamics given by the ¢§ singular stochastic PDE. Our main technical contributions
are contour bounds for qbg‘ , which extends 2D results by Glimm et al. (Commun Math
Phys 45(3):203-216, 1975). We adapt an argument by Bodineau et al. (J Math Phys
41(3):1033-1098, 2000) to use these contour bounds to study phase segregation. The
main challenge to obtain the contour bounds is to handle the ultraviolet divergences
of qbg‘ whilst preserving the structure of the low temperature potential. To do this, we
build on the variational approach to ultraviolet stability for ¢§ developed recently by
Barashkov and Gubinelli (Duke Math. J. 169(17):3339-3415, 2020).
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1. Introduction

We study the behaviour of the average magnetisation
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for fields ¢ distributed according to the measure vg y with formal density

1
dvﬂ,wmo<exp(—/T Ty )+ 51V6@Pdx) [T dopeo (LD
N
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in the infinite volume limit N — oo. Above, Ty = (R/N 7)3 is the 3D torus of
sidelength N € N, ]_[xeTN d¢(x) is the (non-existent) Lebesgue measure on fields
¢ : Ty — R, B > 0is the inverse temperature, and ¥ : R — R is the symmetric
double-well potential given by Vg (a) = %(a2 — ,3)2 fora € R.

vg N is a finite volume approximation of a ¢§ Euclidean quantum field theory
[G1i68,GJ73,FO76]. Its construction, first in finite volumes and later in infinite vol-
ume, was a major achievement of the constructive field theory programme in the *60s-
’70s: Glimm and Jaffe made the first breakthrough in [GJ73] and many results followed
[Fel74,MS77,BCG+80,BFS83,BDH95,MW17,GH18,BG19]. The model in 2D was
constructed earlier by Nelson [Nel66]. In higher dimensions there are triviality results:
in dimensions > 5 these are due to Aizenman and Frohlich [Aiz82,Fro82], whereas the
4D case was only recently done by Aizenman and Duminil-Copin [ADC20]. By now it
is also well-known that the ¢§ model has significance in statistical mechanics since it
arises as a continuum limit of Ising-type models near criticality [SG73,CMP95,HI18].

It is natural to define vg y using a density with respect to the centred Gaussian mea-
sure /4y with covariance (—A)~!, where A is the Laplacian on Ty (see Remark 1.1 for
how we deal with the issue of constant fields/the zeroeth Fourier mode). However, in 2D
and higher u y is not supported on a space of functions and samples need to be interpreted
as Schwartz distributions. This is a serious problem because there is no canonical inter-
pretation of products of distributions, meaning that the nonlinearity fTN Vg (¢ (x))dx
is not well-defined on the support of wy. If one introduces an ultraviolet (small-scale)
cutoff K > 0 on the field to regularise it, then one sees that the nonlinearities V3 (¢ )
fail to converge as the cutoff is removed—there are divergences. The strength of these
divergences grow as the dimension grows: they are only logarithmic in the cutoff in 2D,
whereas they are polynomial in the cutoff in 3D. In addition, vg y and uy are mutually
singular [BG20] in 3D, which produces technical difficulties that are not present in 2D.

Renormalisation is required in order to kill these divergences. This is done by looking
at the cutoff measures and subtracting the corresponding counter-term fTN sm?(K )cj)%<

where ¢ is the field cutoff at spatial scales less than % and the renormalisation constant
sm(K) = %K — % log K for specific constants C1, C; > 0 (see Sect. 2). If these
constants are appropriately chosen (i.e. by perturbation theory), then a non-Gaussian

limiting measure is obtained as K — oo. This construction yields a one-parameter
family of measures vg v = vg, N(m?) corresponding to bounded shifts of sm2(K).

Remark 1.1. For technical reasons, we work with a massive Gaussian free field as our
reference measure. We do this by introducing a mass n > 0 into the covariance. This
resolves the issue of the constant fields/zeroeth Fourier mode degeneracy. In order to
stay consistent with (1.1), we subtract fTN %(bzdx from V().

Once we have chosen 7, it is convenient to fix §m? by writing the renormalisation
constants in terms of expectations with respect to uy (n). The particular choice of 7 is
inessential since one can show that changing 1 corresponds to a bounded shift of 8m?

that is 0(%) as B — oo.
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The large-scale behaviour of vg y depends heavily on B as N — oo. To see why,
note that a — 7 (a) has minima ata = £+/B with a potential barrier ata = 0 of height
B, so the minima become widely separated by a steep barrier as § — oo. Consequently,
vg,n resembles an Ising model on Ty with spins at £,/B (i.e. at inverse temperature
B > 0) for large B. Glimm et al. [GIJS75] exploited this similarity and proved phase
transition for vg, the infinite volume analogue of vg y, in 2D using a sophisticated
modification of the classical Peierls’ argument for the low temperature Ising model
[Pei36,Gri64,Dob65]. See also [GIS76a,GJS76b]. Their proof relies on contour bounds
for vg n in 2D that hold in the limit N — oo. Their techniques fail in the significantly
harder case of 3D. However, phase transition for vg in 3D was established by Frohlich,
Simon, and Spencer [FSS76] using a different argument based heavily on reflection
positivity. Whilst this argument is more general (it applies, for example, to some models
with continuous symmetry), it is less quantitative than the Peierls’ theory of [GIS75].
Specifically, it is not clear how to use it to control large deviations of the (finite volume)
average magnetisation my.

Although phase coexistence for vg has been established, little is known of this regime
in comparison to the low temperature Ising model. In the latter model, the study of phase
segregation at low temperatures in large but finite volumes was initiated by Minlos and
Sinai [MS67,MS68], culminating in the famous Wulff constructions: due to Dobrushin,
Kotecky, and Shlosman in 2D [DKS89,DKS92], with simplifications due to Pfister
[Pfi91] and results up to the critical point by Ioffe and Schonmann [IS98]; and Bodineau
[Bod99]in 3D, see also results up to the critical point by Cerf and Pisztora [CP00] and the
bibliographical review in [BIV0O, Section 1.3.4]. We are interested in a weaker form of
phase segregation: surface order large deviation estimates for the average magnetisation
my. For the Ising model, this was first established in 2D by Schonmann [Sch87] and
later extended up to the critical point by Chayes, Chayes, and Schonmann [CCS87]; in
3D this was first established by Pisztora [Pis96]. These results should be contrasted with
the volume order large deviations established for my in the high temperature regime
where there is no phase coexistence [CF86,EII85,FO88,01188].

Our main result is a surface order upper bound on large deviations for the average
magnetisation under vg y.

Theorem 1.2. Let n > 0 and vg y = vg Ny (1) as in Remark 1.1. For any ¢ € (0, 1),
there exists Bo = Bo(¢,n) >0, C = C(¢,n) > 0, and N9y = No(¢) = 4 such that the
following estimate holds: for any B > By and any N > Ny dyadic,

1
3 logvsx (my € (=¢V/B.cVB)) < —CVB. (1.2)

Proof. See Sect.3.5. 0O

The condition that N is a sufficiently large dyadic in Theorem 1.2 comes from Propo-
sition 3.8 (we also need that N is divisible by 4 to apply the chessboard estimates of
Proposition 6.5). Our analysis can be simplified to prove Theorem 1.2 in 2D with N2
replaced by N in (1.2).

Our main technical contributions are contour bounds for vg y. As aresult, the Peierls’
argument of [GJS75] is extended to 3D, thereby giving a second proof of phase transi-
tion for ¢§ . The main difficulty is to handle the ultraviolet divergences of vg y whilst
preserving the structure of the low temperature potential. We do this by building on
the variational approach to showing ultraviolet stability for ¢>§ recently developed by
Barashkov and Gubinelli [BG19]. Our insight is to separate scales within the correspond-
ing stochastic control problem through a coarse-graining into an effective Hamiltonian
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and remainder. The effective Hamiltonian captures the macroscopic description of the
system and is treated using techniques adapted from [GJS76b]. The remainder contains
the ultraviolet divergences and these are killed using the renormalisation techniques of
[BG19].

Our next contribution is to adapt arguments used by Bodineau, Velenik, and Ioffe
[BIVOO], in the context of equilibrium crystal shapes of discrete spin models, to study
phase segregation for ¢§. In particular, we adapt them to handle a block-averaged model
with unbounded spins. Technically, this requires control over large fields.

1.1. Application to the dynamical qb;‘ model. The Glauber dynamics of vg y is given by
the singular stochastic PDE

(a,—A+n)¢=—%¢3+(4+n+oo)¢+ﬁg

@(0,) =¢o

where ® € S’'(Ry x Ty) is a space-time Schwartz distribution, ¢g € C@_%_" (Twn),
the infinite constant indicates renormalisation (see Remark 6.16), and & is space-time
white noise on Ty . The well-posedness of this equation, known as the dynamical q&g‘
model, has been a major breakthrough in stochastic analysis in recent years [Hail4,
Hail6,GIP15,CC18,Kup16,MW17,GH19,MW18].

In finite volumes the solution is a Markov process and its associated semigroup

(1.3)

(975}3 ’N) >0 is reversible and exponentially ergodic with respect to its unique invariant
measure vg y [HM18a,HS19,ZZ18a]. As a consequence, there exists a spectral gap
Ag,N > 0 given by the optimal constant in the inequality:

() sa = ([otr)

for suitable F € Lz(vlg, N). A/;lN is called the relaxation time and measures the rate of
convergence of variances to equilibrium. An implication of Theorem 1.2 is the exponen-
tial explosion of relaxation times in the infinite volume limit provided g is sufficiently
large.

2
o) S (N = ()

Corollary 1.3. Let n > 0 and vg n = vg n(1) as in Remark 1.1. Then, there exists
Bo = Bo(n) > 0, C = C(Bo, n), and Ny = 4 such that, for any 8 > Bo and N > Ny
dyadic,

1
mlogkﬂ,N < —C\/,E. (1.4)

Proof. See Sect.7. O

Corollary 1.3 is the first step towards establishing phase transition for the relaxation
times of the Glauber dynamics of ¢* in 2D and 3D. This phenomenon has been well-
studied for the Glauber dynamics of the 2D Ising model, where a relatively complete
picture has been established (in higher dimensions it is less complete). The relaxation
times for the Ising dynamics on the 2D torus of sidelength N undergo the following
trichotomy as N — oo: in the high temperature regime, they are uniformly bounded
in N [AH87,MO94]; in the low temperature regime, they are exponential in N [Sch87,
CCS87,Tho89,M094,CGMS96]; at criticality, they are polynomial in N [Hol91,L.S12].
It would be interesting to see whether the relaxation times for the dynamical ¢* model
undergo such a trichotomy.
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1.2. Paper organisation. In Sect. 2 we introduce the renormalised, ultraviolet cutoff
measures vg y g that converge weakly to vg n as the cutoff is removed. In Sect. 3 we
carry out the statistical mechanics part of the proof of Theorem 1.2. In particular, con-
ditional on the moment bounds in Proposition 3.6, we develop contour bounds for vg y.
These contour bounds allow us to adapt techniques in [BIVOO], which were developed
in the context of discrete spin systems, to deal with vg y.

In Sect. 4 we lay the foundation to proving Proposition 3.6 by introducing the Boué—
Dupuis formalism for analysing the free energy of vg y as in [BG19]. We then use
a low temperature expansion and coarse-graining argument within the Boué—Dupuis
formalism in Sect. 5 to establish Proposition 5.1 which contains the key analytic input
to proving Proposition 3.6.

In Sect. 6, we use the chessboard estimates of Proposition 6.5 to upgrade the bounds
of Proposition 5.1 to those of Proposition 3.6. Chessboard estimates follow from the
well-known fact that vg y is reflection positive. We give an independent proof of this
fact by using stability results for the dynamics (1.3) to show that lattice and Fourier
regularisations of vg y converge to the same limit. Then, in Sect. 7, we prove Corol-
lary 1.3 showing that the spectral gaps for the dynamics decay in the infinite volume
limit provided S is sufficiently large.

We collect basic notations and analytic tools that we use throughout the paper in
“Appendix A”.

2. The Model

In the following, we use notation and standard tools introduced in “Appendix A”.

Let n > 0. Denote by uy = un(n) the centred Gaussian measure with covariance
(—A + n)_1 and expectation [Ex. Above, A is the Laplacian on Ty . As pointed out in
Remark 1.1, the choice of 7 is inessential. We consider it fixed unless stated otherwise
and we do not make n-dependence explicit in the notation.

Fix B > 0. Let ¥g: R — R be given by

Yg(a) = %(cﬂ —p)? = %a4 —2a% + B.

g is a symmetric double well potential with minima ata = +./B and a potential barrier
ata = 0 of height g.

Fixp € C¥ (R3; [0, 1) rotationally symmetric; decreasing; and satisfying p(x) = 1
for |x| € [0, ¢p), where ¢, > 0. See Lemma 4.6 for why the last condition is important.
Note that many of our estimates rely on the choice of p, but we omit explicit reference
to this.

Forevery K > 0, let pg be the Fourier multiplier on Ty with symbol pg (-) = (%)
For ¢ ~ un, we denote px = pg ¢. Note that ¢ is smooth. Let

p%(n)
(n)2

1
Ok =Enlox O] =5 >

ne(N—17)3

(2.1)

where (-) = /n+4n?|-|. Note that Q) = O(K) as K — oo. The first four Wick
powers of ¢k are given by the generalised Hermite polynomials:

Cor () 1= ¢k (x)
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Fhx () 1 = dg (1) — O

Fhx () 1 = P (1) — 30k Pk (%)

L P () = B () — 6Qx P (¥) + 30k
We define the Wick renormalised potential by linearity:
1 .
5

Let vg v,k be the probability measure with density

SV (Pr) = — PR i —2: dx +P.

e~ 8Nk (PK)

dvg Nk (¢) = 7

dun(9). 2.2

Above, #g n k is the renormalised Hamiltonian

YK
B
where yx and g are additional renormalisation constants given by (5.25) and (5.26),
respectively, and 3’}; NK = ENe_%ﬂ-NvK @x) ig the partition function.

2 n

#p.N.k(PK) = /T cVp(pk) : —— 1 g 1 =8k — ok ¢% : dx (2.3)

Proposition 2.1. For every f > 0 and N € N, the measures vg y k converge weakly to
a non-Gaussian measure vg y on S'(Ty) as K — oo. In addition, 28Nk — Zp N as
K — 00 and satisfies the following estimate: there exists C = C(8, n) > 0 such that

—CN3 < —log Z3.y < CN3.

Proof. Proposition 2.1 is a variant of the classical ultraviolet stability for ¢§‘ first estab-
lished in [GJ73]. Our precise formulation, i.e. the choice of y, and J,, is taken from
[BG19, Theorem 1]. O

We write () g,y and (-) g, v, x for expectations withrespectto vg y and vg y i ,respec-
tively.

Remark 2.2. The constants ), vk, Sk are, respectively, Wick renormalisation, (second
order) mass renormalisation, and energy renormalisation constants. They all depend on
nand N. 8k additionally depends on § and is needed for the convergence of 23 y k as
K — oo, but drops out of the definition of the cutoff measures (2.2).

Remark 2.3. In 2D a scaling argument [GJS76c¢] allows one to work with the measure
with density proportional to

exp (= [ U0 s dx)diino)
N

where iy is the Gaussian measure with covariance (—A + /B - ylie.a B-dependent
mass. This measure is significantly easier to work with due to the degenerate mass when
B is large. In particular, it is easier to obtain contour bounds which, although suboptimal
from the point of view of S-dependence, are sufficient for the Peierls’ argument in
[GJS75] and for the analogue of our argument in Sect. 3 carried out in 2D. In 3D one
cannot work with such a measure.
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3. Surface Order Large Deviation Estimate

In this section we carry out the statistical mechanics part of the proof of Theorem 1.2.
Recall that for large B, the the minima of potential Vg at /B are widely separated
by a steep potential barrier of height 8, so formally vg y resembles an Ising model
at inverse temperature 8. We use this intuition to prove contour bounds for vg y (see
Proposition 3.2) conditional on certain moment bounds (see Proposition 3.6). The con-
tour bounds are then used to adapt arguments from [BIV0O] to prove Theorem 1.2.

3.1. Block averaging. Let ey, e2, e3 be the standard basis for R3. We identify Ty with
the set

{alel +azey +azes :ay, az,as € [0, N)}.

Define

3
BN:Hl_[[ai,ai+1)CTNZal,az,a3€{0,...,N—l}},
i=1

We call elements of By blocks. For any B C By, we overload notation and write
B = UueB O C Ty. Hence, |B| = fB 1dx is the number of blocks in B. In addition,

we identify any f € RE¥ with the piecewise continuous function on Ty given by
f(x) = f@) forx € O

Let ¢ ~ vg y.Forany O € By, let ¢(O) = f|:| ¢dx. Here, the integral is interpreted
as the duality pairing between ¢ (a distribution) and the indicator function 15 (a test
function); we use this convention throughout. We let JS = (¢(@)aeny € REN denote
the block averaged field obtained from ¢.

Remark 3.1. Testing ¢ against 15, which is not smooth, yields a well-defined random
variable on the support of vg y. Indeed, ¢ belongs almost surely to L°°-based Besov
spaces of regularity s forevery s < — % (see Appendix A for areview of Besov spaces and
see Sect. 4 for the almost sure regularity of ¢). On the other hand, indicator functions
of blocks belong to L'-based Besov spaces of regularity s for every s < 1 or, more
generally, L”-based Besov spaces of regularity s for every s < % (see, for example,
Lemma 1.1 in [FR12]). This is sufficient to test ¢» against indicator functions of blocks
(using e.g. Proposition A.1). We also give an alternative proof using a type of [td isometry
in Proposition 5.23.

3.2. Phase labels. We define amap ¢ € REV > o € {—/B, 0, /BIEV called a phase
label. A basic function of o is to identify whether the averages ¢ (O) take values around
the well at +./B, the well at —./B, or neither. We quantify this to a given precision
8 € (0, 1), which is taken to be fixed in what follows.

e We say that O € By is plus (resp. minus) valued if

6@ F /Bl < VBS.

The set of plus (resp. minus) valued blocks is denoted & (resp. ).
e The set of neutral blocks is defined as /' = By \ (P U ).
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Each block in By contains a midpoint. Given two distinct blocks in By, we say that
they are nearest-neighbours if their midpoints are of distance 1. They are x-neighbours
if either they are nearest-neighbours or if their midpoints are of distance +/3. For any
O € By, the x-connected ball centred at [J is the set B*(0) C By consisting of (0 and
its x-neighbours. It contains exactly 27 blocks.

o We say that (O € By is plus good if every 0’ € B*(O) is plus valued. The set of plus
good blocks is denoted Pg.

e We say that [0 € By is minus good if every @' € B*(0) is minus valued. The set of
minus good blocks is denoted .

e The set of bad blocks is defined as B = By \(Pc U Mg).

Define the phase label o associated to <7> of precision § > 0 by

+/B, O¢€ Pg,
o(@=1{-+B, Oe€ g,
0, Oe %.

The following proposition can be thought of as an extension of the contour bounds
developed for ¢* in 2D [GJS75, Theorem 1.2] to 3D.

Proposition 3.2. Let o be a phase label of precision § € (0, 1). Then, there exists
Bo = Bo(8,n) > 0and Cp = Cp(8,n) > 0 such that, for B > Po, the following holds
forany N € 4N: for any set of blocks B C By,

VN (0@ =0 forallQ e B) < e CrVPIBI 3.1)

Proof. See Sect. 3.3.1. The main estimates required in the proof are given in Proposi-
tion 3.6, which extends [GJS75, Theorem 1.3] to 3D and improves the S-dependence.
Assuming this, we then prove Proposition 3.2 in the spirit of the proof of [GJS75, The-
orem 1.2]. O

3.3. Penalising bad blocks. Given a phase label, we partition the set of bad blocks 9B
into two types.

e Frustrated blocks are blocks [0 € By such that B*(0J) contains a neutral block. We
denote the set of frustrated blocks B .

o Interface block are blocks [0 € By such that B*(O) contains no neutral blocks,
but there exists at least one pair of nearest-neighbours {1, (0"} C B*(0) such that
O € @ butd’ € J. We denote the set of interface blocks %;.

For any [J € By and any nearest-neighbours [T, (1" € By, define:

1
010 = ﬁfu(ﬂ— L % (x) )dx

1
0@ = ﬁ /D(: ¢2(x) : —¢(I:|)2)dx 3.2)

0;@,0) =¢@) - ¢@).

Remark 3.3. Note that testing : ¢ : against 15 yields a well-defined random variable on
the support of vg . We give a proof of this fact in Proposition 5.24.
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We write B (O) for the set of unordered pairs of nearest-neighbour blocks {7, 0"}
in By such that 7, 0" € B*(0). There are 54 elements in this set.

Lemma 3.4. Let N € N and fix a phase label of precision 6 € (0, 1). Then, for every

O€ By,
Ineas, <270VF 37 ((cosh 04(@) + cosh 0>@)) (3.3)
O'eB*(@)
lges, <2 VF 3 cosh 03,0 (3.4)

(.01, @
where Cy = min (§,2 - 25) > 0.

Frustrated blocks are penalised by the potential Vs whereas interface blocks are
penalised by the gradient term in the Gaussian measure. Lemma 3.4 formalises this
through use of the random variables Q1, Q2 and Q3, which (up to trivial modifications)
were introduced in [GJS75]. O penalises frustrated blocks. Q> is an error term coming

from the fact that the potential is written in terms of ¢ rather than q3 Q3 penalises
interface blocks.

Proof of Lemma 3.4. Forany [ € By,

loew = Liy@i<a-5v8 + Lip@I>1+0)vE
=1L ppod>@-2vBt 1 L8>0 VB

=11 fl:lﬂ P2 (x): dx+ffl:|¢2(x) —([@2dx>(25—82)/B

7fuj¢2(x):—/3dx+7 fD¢(D)2—:¢2(x):dx>(25+62)f
3.5)

S e 252

+1,

Bt ffu $2(0):—¢(@2dx> 252 /B
fflj (pZ(x) ﬁdx>26+52f ffu¢(u)2 ¢2(x) dx> 25+9% 25+8 \/7
< e—gf(eQm:) 4220 4 ,~0@ 4 e—Qz(I:I))

= 267%“/5(00511 Q1(@) + cosh Qz(lj))

where in the penultimate line we have used that 82 <8,
By the definition of B F,

lges, < Y lgen. (3.6)
OeB*@
Using (3.5) applied to 1ycy in (3.6) yields (3.3).
(3.4) is established by the following estimates: by the definition of By,

lgew, < Y (gerlgen +lgealyes)
{O.0"}eB;, @
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<Y Wya—p@r=e-29vF + ls@)-s@)>-26F)
(.0 1B @)

< Y eewF (er(d,D”) + e—Q3(|:|’,|:|”)>
(0.0)eBE @

= Z 2~ @ 2VE cosh 05, ).
{O.0"}eB}, @
]
In order to use Lemma 3.4 to prove Proposition 3.2, we want to control expectations of
cosh Q1, cosh Q5 and cosh Q3 by the exponentially small (in 4/B) prefactor in (3.3) and
(3.4). Moreover, we want to control these expectations over a set of blocks as opposed
to just single blocks.

Let By, B, C By and let B3 be any set of unordered pairs of nearest-neighbours in
By . Define

cosh Q1(B;) = 1_[ cosh 01 (D)

QeBy

cosh 02(By) = [ cosh Q2@ 37)
aeB;

cosh Q3(B3) =[] cosh Q3@ O).
(O.O0%}eBs3

Remark 3.5. Although the random variable Q3(0J, 0') does depend on the ordering of [J
and [T, cosh @3(0, [0) does not.

Proposition 3.6. For every ag > 0, there exist fo = Po(ap,n) > 0 and Cop =
Col(aop, Bo, n) > Osuchthat the following holds uniformly for all B > o, a1, az, a3 € R
such that |a;| < ag, and N € 4N: let By, By C By and Bj3 a set of unordered pairs of
nearest-neighbour blocks in By. Then,

3
<Hcosh (ai Qi(B,-))>ﬂ . < eColBil+IBal+Bs) (3.8)
i=1 '

where | B3| is given by the number of pairs in Bs.

Proof. Proposition 3.6 is established in Sect. 6.3, but its proof takes up most of this
article. The overall strategy is as follows: the crucial first step is to obtain upper and
lower bounds on the free energy —log 23 n that are uniform in 8 and extensive in the
volume, N3. We then build on this analysis to obtain upper bounds on expectations of
the form (exp Q) g, y that are uniform in 8 and extensive in N 3. Here, Q is a placeholder
for random variables that are derived from the Q;’s, but that are supported on the whole
of T rather than arbitrary unions of blocks. This is all done in Sect. 5, where the key
results are Propositions 5.3 and 5.1 , within the framework developed in Sect. 4.

The next step in the proof is to use the chessboard estimates of Proposition 6.5 (which
requires N € 4N) to bound the lefthand side of (3.8) in terms of | B1|+| B2|+| B3| products

1

of expectations of the form (exp Q)EV. Applying the results of Sect. 5 then completes
the proof. O

Key features of the estimate (3.8) used in the proof of Proposition 3.2 are that it is
uniform in  and extensive in the support of the Q;’s.
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3.3.1. Proof of the Proposition 3.2 assuming Proposition 3.6 We first show that we can
reduce to the case where B contains no x-neighbours, which simplifies the combinatorics
later on. Identify By with a subset of 73 . For everye; € {—1,0, 133, let Z? = e+ (37)3.
There are 27 such sub-lattices which we order according to/ € {1, ..., 27}. Note that
73 = \Jil, 7} Let B, = By N Z}. Bach %-connected ball in By contains at most one
block from each of these ]BBIN.

Assume that (3.1) has been established for sets with no *-neighbours with constant
C’». Then, by Hélder’s inequality,

ven(0(@) =0 forall0 e B) = < I1 1D6%>
QeB

1‘[( I luegs> (3.9)

=1 DeBﬂIB%I
<18

thereby establishing (3.1) with Cp = 27

Now assume that B contains no x-neighbours. Fix any A C B. Let B*(A) =
Ugea B*@) and let Bjj (A) = (Jges Ban (@ By our assumption, A contains no -
neighbours. Hence, forany (1 € B*(A) there exists aunique[J € A suchthatl € B*(O);
we define the root of 0’ to be 1. Similarly, for any {O0', 0"} € B, (A) there exists a unique
O € A such that {0, 0"} € B¥,(0); we define the root of {{', 0"} to be O. Note that the
definition of root is A-dependent in both cases.

By Lemma 3.4, there exists Cs such that

l_[ lges = Z (1_[ lue%p)( 1_[ 1|:|e%,)
OeB ACB [Oe€A OeB\A

< 2lBl,=Cs/BIB| Z ( 1_[ Z (cosh 01() +cosh Qz(EI/)))

ACB OeAQgeB*@D)

x([T X cohos@.oh)

OeB\A {O,O0'}eB, (@)

= 2Ble=CVBIEL ™ 3™ cosh Q1(A1) cosh Q2(A2) cosh Q3(A3)
ACB A1,A2,A3
(3.10)

where the last sum is over all Aj, Ay C B*(A) and A3 C B}, (B\A) such that: no two
blocks in A; U A, share a root, and no two pairs of blocks in A3 share a root; and,
|A1|+|As| = |A| and |A3| = | B\ A|. We note that there are (2 - 27)141 = 54!4] possible
Aj and A,, and 54/8\Al possible As.

By Proposition 3.6, there exists Co such that, after taking expectations in (3.10) and
using that |A| + |B\A| = | B|, we obtain

VN (0@ =0 forallg e B) < 21Ble=CovEIBIRIBI541B,ColBl
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Thus, choosing

\/B - 4log2+2log54+2C¢o
Cs

yields (3.1) with Cp = % This completes the proof.

3.4. Exchanging the block averaged field for the phase label. We now show that Propo-
sitions 3.2 and 3.6 allow one to reduce the problem of analysing the block averaged field
to that of analysing the phase label. The main difficulty here is dealing with large fields,
i.e. those ¢ for which Ja || is large.

Proposition 3.7. Let §, 8" € (0, 1) satisfy 8’ < % Then, there exists By = Bo(8,n) > 0,
C =C(, Bo,n) > 0and Ny = No(5) > O such that, for all B > By and N € 4N with
N > Ny,

%logu;;’N([ﬂﬂN )a—d?‘dx>8\/,EN3) <—CJ/B (3.11)

where o is the phase label of precision §' < %

Proof. Observe that
v,g,N</ lo — <Z|dx > 8\/EN3>
Ty
> 3
< Vﬁ,N(/ o — $ldx > 8,/BN’. |B| < §N3> (3.12)
Ty
8 3
+vg,N |B| > gN .

By Proposition 3.2, there exists By > 0 and Cp > 0 such that, for /8 > max («/ Bo,

16log?2
Cpé ’

N3
8
Vﬂ,N(|93|>§N3)< > vpn (Bl =m)
m=[3 N3]
N3 N3
< Y ( >eCP~/3'" (3.13)
m
m=[§ N3]
<2N3€_%“/BN3

< e_%‘/ﬁl\ﬂ.

X

Now consider the first term on the right hand side of (3.12). We decompose one step
further:

- )
vﬂ,N< f o — ¢ldx > 8\/BN?, |B| < §N3> < vg.N(T1) +vp.N(T2)
Ty
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where

T) = {/ lo — ¢ldx > 5/BN3,/ |pldx < é\/,EN3}
Ty B 2

8 > )
T =19l < -N3,/ |pldx > =/BN>}.
8 % 2
We show that 71 = ¢ and that

vpN(T2) < e VPV (3.14)

for some constant C = C(8) > 0 and for 8 sufficiently large. Combining these estimates
with (3.13) completes the proof.

First, we treat T7. On good blocks |¢; — o| is bounded by the /B multiplied by the
precision of the phase label (8’ < % in this instance) and o = 0 on bad blocks. Therefore,

on the set { Jo lpldx < %\/BN3}, we have:

f |U—(/?>|dx=/ |a—q§|dx+/ |0—<75|dx
Ty PeUMG B

s R
< 5\/B<|s7°c|+|/m;|>+/93|¢>|dx
< 8y/BN?

which shows that the first condition in 77 is inconsistent with the second, so 77 = (.
We turn our attention to 75. Fix B C By. By Chebyschev’s inequality, Young’s
inequality, and Proposition 3.6, there exists By > 0 and Cp > 0 such that, for 8 > By,

- ) s 3
vﬂ,N( / 6] > 5\/EN*) < e VPN (e 2Xpes PO g
B
1
< e_%‘/ﬁN3e4|B|(e2«/3 2 0er ¢(D)2)ﬂ,N

s 3 1 2_
< eiiﬁN;e\/ﬁ‘Bl(gb/E ZDEB(¢(D) ﬁ)>ﬁ,N

/N

e—%ﬁN3eﬁ\B|<l—[ ¢ 30103 0:@)
OeB
~3 VBN BIBIIB] ! !
<e 2 e 2 (cosh(le(B))cosh (ZQZ(B))>

< e~ 3VBN? o J/BIBIoIBI ,ColBI.

B.N

BN

Therefore,
L§N°

]
- 1)
@< Y Y v,e,N( / |¢|dx>§ﬁN3>

m=1 B:|B|=m
LN

3
< e_%ﬂNS Z N eﬂn1e(CQ+lOg2)m (3.15)
m=1 n

(CQ+1(yg 2)8
8

< e 3VBNI N VBN, N3

Cp+log2)s
= e(_%«/ﬁﬂog%i( gtoe? N3
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Taking

16log2 2
+ —(Cp +1log2
VB > 35 T 3(Co+log2)

yields 3.14) with C = 3. O

3.5. Proof of the main result. Adapting an argument from [Bod(02], we reduce the proof

of Theorem 1.2 to bounding the probability that <5 is far from 4-,/B-valued functions
on By whose boundary (between regions of opposite spins) is of certain fixed area.
Proposition 3.7 then allows us to go from analysing é; to the phase label, for which we
use existing results from [BIV0O].

For any B C By, let d B denotes its boundary, which is given by the union of faces
of blocks in B. Let |[0B| = fa g lds(x), where ds(x) is the 2D Hausdorff measure
(normalised so that faces have unit area). Thus, |d B| is the number of faces in 9 B.

For any a > 0, let C, be the set of functions f € {£1}B~ such that |8{f = +1}| <
aN?. For any 8 > 0, let B(C,, §) be the set of integrable functions g on T such that
there exists f € C, that satisfies fTN lg — fldx < SN3.

Proposition 3.8. Let 8,8’ € (0, 1) satisfy 8’ < 8. Then, there exists By = Bo(8,n) > 0
and C = C(8, Bo, n) > 0 such that, for all B > Py, the following estimate holds: for all
a > 0, there exists No = No(a, §) > 4 such that, for all N > Ny dyadic,

1 1
3 log vﬂ,N(ﬁa ¢ B(C,, a)) < —CyBa
where o is the phase label of precision §'.

Proof. See [BIV0O, Theorem 2.2.1] where Proposition 3.8 is proven for a more general
class of phase labels that satisfy a Peierls’ type estimate such as the one in Proposition 3.2.
We give a self-contained proof for our setting in Sect. 3.6. O

The following lemma is our main geometric tool. It is a weak form of the isoperi-
metric inequality on Ty, although it can be reformulated in arbitrary dimension. Its
proof is a standard application of Sobolev’s inequality and we include it for the reader’s
convenience.

Lemma 3.9. There exists C; > 0 such that the following estimate holds for every N € N:

min(|{f = 1}l |{f = —1})) < C/13(f = 1}|2

for every f e {£1}Br,

Proof. Let® € CX (R3) be rotationally symmetric with fR3 fdx = 1. By Sobolev’s
inequality, there exists C such that, for every ¢,

3

3 2
f |f£—cg|2dx<C</ |Vf5|dx) (3.16)
Ty Twn

where fg = f* e30( ) and ¢, = % fTN f;dx. Note that C is independent of N
by scaling.
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Letting ¢ — 0 in the left hand side of (3.16), we obtain
/ /o —col2dx — | |f —c|2dx (3.17)
Ty Twn
where ¢ = H/EUI;VM Note that ¢ € [—1, 1].

Without loss of generality, assume ¢ > 0. This implies that |{f =1} > {f = —1}|.
Then, evaluating the integral on the righthand side of (3.17), we find that

A‘M—d%x=u—w%f=uua+w%f=—m

=(1—c)%czv3+((1—c)%+(1+c)%)|{f=—1}| (3.18)
> 2){f = -1}
where we have used that the function
cis (1—0)? +(1+0)32
has minimum at ¢ = 0 on the interval [0, 1].
For the term on the right hand side of (3.16), using duality we obtain
/ IV Foldx = sup ‘/ Vfg~gdx’ (3.19)
Ty geC®(Ty, R3):|gloo<<1 ' VTN

where | - | denotes the supremum norm on C*°(Ty, R3).
For any such g, using integration by parts and commuting the convolution with
differentiation,

’/ Vﬁgdx‘:‘/ f;V~gdx’=’/ fV-ggdx’ (3.20)
Ty Tx Ty

where the g, is interpreted as convolving each component of g with e 30 (¢~!.) sepa-
rately.

Hence, by the divergence theorem, Young’s inequality for convolutions, and using
the supremum norm bound on g,

(3.20) = 2‘ /;{f_” g. - Ads(x)| < 210(F = 1)| (3.21)

where 71 denotes the unit normal to 9{ f = 1} pointing into { f =—1}.
Inserting (3.21) in (3.19) implies that, for any ¢,

[ 19l <207 =1 (3.22)
Ty
Thus, by inserting (3.22), (3.17) and (3.18) into (3.16), we obtain

F = -1} < V2CI{f = 12,



706 A. Chandra, T. S. Gunaratnam, H. Weber

Proof (Proof of Theorem 1.2).
Let¢ € (0, 1). Choose a > 0 and § € (0, 1) such that

1 —2Cra> —6=r¢ (3.23)

where C; is the same constant as in Lemma 3.9. We first show that

1
fmy (@) € (—2v/B, /) C [—

b ¢ B(Ca, b))} 3.24
57 ¢ B(Ca) (3.24)

Assume «/LBJ) € B(C,, 8). Then, there exists f € C, such that

J,

—ﬁis—fdx < SN3.

This implies

< SN

U, el 1, o

from which we deduce, together with Lemma 3.9,

2min (1(F = +1)1, 17 = —1})
N3 -
261101f = +1)13
N3

| me<¢)\ >

= 1 -
Since f € C,, we obtain

Imy (9)] > B —2Cra? — 8) = ¢/B

by (3.23).
Hence,

1 -
[ﬁ"’ € B(Ca, 8)} C {Imy ()] = ¢/B).

Taking complements establishes (3.24).
Now let o be the phase label of precision %. Note that

{%43 ¢ %(Ca,a)] c {%a ¢ %(Ca,za)}U{/T 16— oldx > 8\/,§N3].

Applying Proposition 3.7, Proposition 3.8, and using (3.24) finishes the proof. O
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Fig. 1. An example of the o to oy procedure (left to right). Image courtesy of J. N. Gunaratnam

3.6. Proof of Proposition 3.8. For any B C By, let 3* B be the set of blocks in B with
x-neighbours in T x\ B. Note that this is not the same as d B, which was defined earlier.
Let & be the set of x-connected components of 3*(Txy\#lg). We call this the set of
defects. Necessarily, any I' € D satisfies I' C 3.

Fixy € (0,1). Let @Y C D be the set of I' € & such that [T'| < 6/NY. The elements
of @7 are called y-small defects and the elements of &\ are called y-large defects.

Take any I' € @Y. Recall that we identify I" with the subset of Ty given by the
union of blocks in I". Write CI(I") for its closure in Ty. The condition y < 1 ensures
that, provided N is taken sufficiently large depending on y, any I' € 97 is contained
in a (translate of a) sphere of radius % in Ty. Let Ext(I") be the unique connected
component of T 5 \CI(T") that intersects with the complement of this sphere. Let Int(I") =
T \Ext(I"). We identify Ext(I") and Int(I") with their representations as subsets of By .
Note that I C Int(I") and generically the inclusion strict, e.g. when I encloses a region.

Let &Y™ be the set of I' € P such that T" () Int(I") = @ for any e 7 \{T'}.In
other words, @7"™3* ig the set of y-small defects that are not contained in the interior
of any other y-small defects, and we call these maximal y-small defects.

We define two events, one corresponds to the total surface area of y-large defects
being small and the other corresponding to the total volume contained within maximal
y-small defects being small. Let

a
sl={ > |r|<gN2}

res»\9"
1)
SH = Int(l")| < =N";.
> { > < g }
[egpy.max

We now show that for ¢ € S1 NS> N {|B| < %N3}, we have \/LEO’ € B(C,,9).

We obtain a 4-,/B-valued spin configuration from o by erasing all y-small defects
in two steps: First, we reset the values on bad blocks to \/B. Define o1 € {£./B}E¥
by o1(@) = /B if O € B, otherwise o1 () = o (0). Second, define 0y € {+/B}EV
as follows: Given O € Int(I") for some I' € DV let o»(00) = o1 (), where [ is
any block in Ext(I") that is *-neighbours with a block in I". Note that the second step is
well-defined since the first step ensures that every block in Ext(I") that is x-neighbours
with T" has the same value. See Figure 1 for an example of this procedure.
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From the definition of S; and using that the factor 6 in the definition of y-small
defects accounts for the discrepancy between |9 - | and |0* - |,

|0{02 = +y/B}| < aN?

yielding \/Lgag € C,. Then, from the definition of S and using the smallness assumption
on the number of bad blocks,

1 ‘ 8§ 3 8.3 3
—o—az‘dx<2 " It(D)] + B < 2-N*+ -N? <N
/I[‘N \/B [ egpr.max 4 2

which establishes that 75° € B(Cy, 9).

We deduce that the event [ ﬁa € B(Cy, 95) } necessarily implies one of three things:

either there are many bad blocks; or, the total surface area of y-large defects is large; or,
the density of y-small defects is high. That is,

1
vpv(—=0 €B(Ca. )
<‘/E ) (3.25)

)
<vp (181 > SN°) +vpn (S + v, (S5).

Proposition 3.2 gives control on the first event. The other two are controlled by the
following lemmas.

Lemma 3.10. Let y, 8 € (0, 1). Then, there exists Bo = Po(y,8,n) > 0 and C =
C(y, 6, Bo,n) > 0 such that, for all B > By, the following holds: for any a > 0, there
exists No = No(y, a) > 0 such that, for any N € 4N with N > Ny,

ﬁlogvﬁ,z\« Z |F|>aN2)<_c\/,§(a+];\”_};)

re»\av
where the underlying phase label is of precision 4.

Proof. We give a proof based on arguments from [DKS92, Theorem 6.1] in
Sect. 3.6.1. O

Lemma 3.11. Let y, 8,8 € (0, 1). Then, there exists By = Bo(y,8,8’,n) >0, C =
C(y,8,%,Bo,n) > 0and Ny = No(y,8) > 4 such that, for all B > By and N > Ny
dyadic,

N

! 3
mlOgVﬁ,N( > It(N)| > 8N ) <—CVB+s

[ eQy-max
where the underlying phase label is of precision §'.

Proof. See [BIV0O, Section 5.1.3] for a proof in a more general setting. We give
an alternative proof in Sect. 3.6.2 that avoids the use of techniques from percolation
theory. O
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As in (3.13), by Proposition 3.2 there exists Cp > 0 such that
3 CPS qu
vg N(|B| = SN7) <e” (3.26)
provided /B > M.

Therefore, from (3.25), (3.26), Lemma 3.10 and Lemma 3.11, there exists C > 0
such that

Saloevan (o ¢ B(Co8) < ~Cy/min (V.a+ T ).

Taking y < % and N sufficiently large completes the proof. All that remains is to show
Lemmas 3.10 and 3.11.

3.6.1. Proof of Lemma 3.10 By a union bound

vﬂ’N< Z [T > aN2> = Z vlg,N<€{b\923V = {F,‘})

e\ {T; }:IT;|>NY
3 ITi|>aN? (3.27)
< Y l),gJV(F,' C BforallT; ¢ {ri}),
{Ti}:IT: |>NY
> ITi|>aN?
where{I"; } refers to a non-empty set of distinct x-connected subsets of By .
By Proposition 3.2 there exists Cp such that, for any {I';},
uﬁ,N(Fi C BforallT; ¢ {r,-}) = (T ] toessn
Iie{l’;} el
o—CrVBY I
Inserting this into (3.27) and using the trivial estimate »_ |T';| > % +5 Z IT;1,
UM( - aN2> < Y eoETI
Fe2\9” {T;}:IT;|>NY
3 ITi|>aN?
< o~ F/BaN? ) o~ FVBLIT] (3.28)
{Li}:ATi|>NY

— £ JBaN? S T o~ FVBILI

{Ti}:|li|> N7 T eI}

Summing first over the number of elements in {I';} and then the number of -
connected regions containing a fixed number of blocks,
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3 ﬁe £ VAIT|

(T3 T > N7 =1

(x ey

I x-connected :|["| >NV

r”18

ST o~ E VAT

{fi}  Tielli}
ITi|>NY

3
I

N
WK

3
il

Mg

3 N27.26m! —*”f")
1 n>Nv (3.29)

o NSN3 SR

n>1

(310gN—%ﬂNV)m
e

m

WK

<

3
I
-

VAN
M

3
X

o0
c c
e—TPﬂNV 2 :e3mlogN—TPﬁmNV

m=1

. 4log27 4log2\ __ 4log27
provided /B > max( o Cr ) = —,— (note that the condition arises so that

-VP %, so that the geometric series with this rate is bounded by 1).
For any y > 0, the final series in (3.29) is summable provided NV > log N and
VB > g—i, thereby finishing the proof.

3.6.2. Proof of Lemma 3.11 Choose 2N?” < K < 4NV such that K divides N. Such a
choice is possible since we take N to be a sufficiently large dyadic. Let

(98]

BX — [.zl_[[ni,ni+K)C'I[‘N:nl,nz,ng e{o,K,...,N—K}].
L

Elements of IB%% are called K -blocks.

We say that two distinct K -blocks are * g -neighbours if their corresponding midpoints
are of distance at most K /3. We define the g -connected ball around ll € E%ﬁ to be the
set containing itself and its kg -neighbours. As in the proof of Proposition 3.2, we can
decompose BX = U Bg ! such that any #g-connected ball in BX  contains exactly
one K -block from each element of the decomposition.

Foreach® = [n1, n1 + K) X [n2, n2 + K) X [n3, n3 + K), distinguish the unit block
M= [n;,n +1) x[na,ny+1) x [n3,n3+1). Forevery h € {0,..., K — 1}3, let
75, be the translation map on By induced from the translation map on Ty. We identify
u= Uhe{o, ... k—1)? 7M. Denote the set of distinguished unit blocks in Bﬁ (respectively,

]BSZI\(,’I) as [U]Billg (respectively, UIB%;‘I).
By our choice of K, Int(T") is entirely contained in a translation of a K-block for any
I' € DY. As aresult, Int(I") intersects at most one K -block in Bg’l for any fixed /.

Using the correspondence between K -blocks and unit blocks described above, we
have
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Yo M= Y > lgamm

FeQpy.max OBy MeQy-max

Z Z Z 17, metni(r)

mcUBK hef0,.... K —1)3 Termx

27
=Z Z Z Z 1o, meintr)-

I=T meuBly! helo. K1) Tz

Hence,

vﬂ,N( > |Im(r)|>51v3)

Q7 max

§ /N\3
< 27K3 mhalx v,g,N< Z Z 1o, memur) > f(f) > (3.30)
) EGUBIIS'[ €Sy max

where the maximum is over 4 € {0, ..., K — 1}3 and 1 </ < 27.

Let E be the event that precisely k indicator functions appearing on the right hand
side of (3.30) are nonzero. In other words, E} is the event that there are k distinct defects
of size at most N7 such that the k distinct 7,8, where M € UBﬁ’l, are contained in their
interiors.

Given a block there are 27 - 26" ! possible defects of size » that contain this block.
Thus, by Proposition 3.2, there exists Cp such that

N3 k
3 —1 —C .
vg N (Er) < (2715 ) 1< E l_[nj 22627 e PP
ny

<ni,..., ng N7 j=I1

N3
< (T)ez” (Zn 26 .27 **”f")

n=1

NN ¢
< (27K3>62”«/Bk (3.31)

. 4log27 2log2\ __ 4log27 . . . .
provided e.g. /B > max( Cr 0 Cr ) =, This estimate is uniform over the

choice of 4 and /.
By a union bound on (3.30), using (3.31), and that 2N?” < K < 4NY,

N3
27K3 N3 ¢
e (YD @)= oNH <27k ) ”53)6—2m
IeQpy-max e L‘SNgJ 1

27K-
N3 8Cp
< 27K3 . 2mK3 ¢~ 227 ‘/BF

log2 N3 8Cp
< 27 - 6de 3ylogN+o7g 45y — 727 mf,\,zy

5Cp
< 27 - 6de 27%2szy
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provided y log N < N33 and /B > %ﬂogz. Taking logarithms and dividing by
N? completes the proof.

4. Boué-Dupuis Formalism for ¢g

In this section we introduce the underlying framework that we build on to analyse expec-
tations of certain random variables under vg, y , as required in the proof of Proposition 3.6.
This framework was originally developed in [BG19] to show ultraviolet stability for qbg‘
and identify its Laplace transform.

In particular, we want to obtain estimates on expectations of the form (eQK VB.N.K >
where Q g are random variables that converge (in an appropriate sense) to some random
variable Q of interest. We always work with a fixed ultraviolet cutoff K and establish
estimates on (e9k) g,N,k that are uniform in K: this requires handling of ultraviolet
divergences. The first observation is that we can represent such expectations as a ratio
of Gaussian expectations:

Eye#pn.k@x)+Qx (¢x)

(€2 vk = 4.1)
A ZB8.N.K

where we recall Ey denotes expectation with respect to uy and Z3nyx =
Eye~ %68k (#K) is the partition function.

We then introduce an auxiliary time variable that continuously varies the ultraviolet
cutoff between 0 and K, and use it to represent these Gaussian expectations in terms
of expectations of functionals of finite dimensional Brownian motions. This allows us
to use the Boué-Dupuis variational formula given in Proposition 4.7 to write these
expectations in terms of a stochastic control problem. Hence, the problem of obtaining
bounds is translated into choosing appropriate controls. An insight made in [BG19] is that
one can use methods developed in the context of singular stochastic PDEs, specifically
the paracontrolled calculus approach of [GIP15], within the control problem to kill
ultraviolet divergences.

Remark 4.1. In the following, we make use of tools in Appendices A and A concerning
Besov spaces and paracontrolled calculus. In addition, for the rest of Sects. 4 and 5 , we
consider N € N fixed and drop it from notation when clear.

4.1. Construction of the stochastic objects. Fix ko > 0 sufficiently small. We equip

Q = C[Ry; %’%’KO) with its Borel o-algebra. Denote by PP the probability measure
on €2 under which the coordinate process X, = (Xy)r>0 is an L2 cylindrical Brownian
motion. We write E to denote expectation with respect to P. We consider the filtered
probability space (2, o, (di)r>0, P), where o is the P-completion of the Borel o-
algebra on €2, and (i) >0 is the natural filtration induced by X and augmented with
P-null sets of .

Given n € (N~!Z)3, define the process B; by B = % /TN Xre_,dx, where

N2

en(x) = ¥ and we recall that the integral denotes duality pairing between distribu-

tions and test functions. Then, {B] : n € (N~1Z)3} is aset of complex Brownian motions
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defined on (2, d, (Ai)k>0, P), independent except for the constraint B_,Z’ =B " More-
over,

1 3
Xk = m Z B,?Nfen
ne(N-17)3

where P-almost surely the sum converges in @3%0,
Let J be the Fourier multiplier with symbol

wpf ()
()

where py is the ultraviolet cutoff defined in Sect. 2 and we recall (-) = /n +4n2| - |2. %
arises from a continuous decomposition of the covariance of the pushforward measure

uy under pg:

F() =

/ F2 (VK = T=97~{%—1(pk>*<—A+n>—1*%”(pk)}(-)

where F denotes the Fourier transform and % ~! denotes its inverse (see “Appendix A”).

Note that the function dx p,% has decay of order (k)~2 and the corresponding mul-
tiplier is supported frequencies satisfying |n| € (cpk, Cpk) for some c, < Cp.
Thus, we may think of J as having the same regularising properties as the multiplier
1
Fl(=A+n) 2}
ot
Define the process ?, by

c,k<||<C, ks Precise statements are given in Proposition A.9.

\/ ak’pk/ (”)
(/ k,)en 4.2)

?e is a centred Gaussian process with covariance:

Tk —/ FodXypy = —

ne(N-1z)3

2
1 Prmin(k, k")
E[/TN Y fdx /TN Tk/gdx] =3 E W?f(n)%g(n)

ne(N-17)3
forany f, g € L2. Thus, the law of % is the law of pr¢d where ¢ ~ uy. As with other

processes in the following, we simply write ¥ = 1,.

4.1.1. Renormalised multilinear functions of the free field The second, third, and fourth
Wick powers of ? are the space-stationary stochastic processes V*, ¥, *¥* defined by:

— Ok
W = Tl% — 30k
w0 =1 = 601+ 307

where we recall from Sect. 2 that Ok = EN[¢,%(O)] = E[f,% (0)]. Note that ¥, ¥, and
;. are equal in law to : qb,% Nl ¢>,f ;,and : ¢,‘<‘ ;, respectively.
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The Wick powers of T can be expressed as iterated integrals using Itd’s formula (see
[Nua06, Section 1.1.2]). We only need the iterated integral representation **:

ki pka ,/ 3k Pk (n
Z / / f ) ~————dB}dB;?dB}! (4.3)
Nz

ni,ny,n3

where we have used the convention that sums over frequencies n; range over (N —17)3.
We define additional space-stationary stochastic processes \Tf, \K-, QU, Xy by

k

= [ svvar
0

Voo =10V

Py = wca*?k——rk 3 fp"’(nl)p"’(ni)a(’;f;"("”dk

ni+ny+ns

4 Pt (n1) p (n2) 0k g (n3)
Vi = FV O R — — k .
6 2 2(1n2)2
N ny+nz+n3=0 (n1)={n2)=(n3)

‘We make two observations: first, a straightforward calculation shows that «*; diverges
in variance as k — oo. However, due to the presence of %, \Vk can be made sense of as
k — oo. See Lemma 4.6.

Second, \K-k, ka, and Vk are renormalised resonant products of Tk\T’k, Vk?k, and
(%%%)?, respectively. The latter products are classically divergent in the limit k — oo.
We refer to Remark 4.2 for an explanation of why the resonant product is used.

Remark 4.2. Let f € B°! and g € €*2 for s; < 0 < s7. Bony’s decomposition states
that, if the product exists, fg = f O g+ f© g+ f © g and is of regularity s (see
Appendix A). Since paraproducts are always well-defined (see Proposition A.5), the
resonant product contains all of the difficulty in defining the product. However, the
resonant product gives regularity information of order s; + s> (see Proposition A.6),
which is strictly stronger than the regularity information of the product: i.e. the bound
on || f © g|lgsi+s is strictly stronger than the bound on || fg||%si . This is the key property
that makes paracontrolled calculus useful in this context [GIP15].

The required renormalisations of QUK and XYk are related to the usual “sunset”
diagram appearing in the perturbation theory for qﬁé‘ ,

S = L PR () pR(n2) pR(n3)
~ N6 : 44
‘ Ne n1+n§3:0 <n1>2(n2)2(n3>2 “4)

See [Fel74, Theorem 1]. We emphasise that € depends on n, N and k.
By the fundamental theorem of calculus, the Leibniz rule, and symmetry,

Y pk,<n1)pk,(nz)pk/(n3))

1
Si=5 L / 12)2(n3)2

n1+n2+ng—0

i /0 ;Ok/(nl);ok/(n2)ak’pk (n3)
2 (n1)%(n2)*(n3)* .

N6
n1+n2+n3—0
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Thus, the renormalisations of «»x and Y are given by 4€3; % and %Bk@k,
respectively.

Remark 4.3. 1t is straightforward to verify that there exists C = C(n) > 0 such that

C(n) C(n) log({k)
N6 N6 (k)

O < log(k) and 8¢ <

Let 2 = (1,V, YV, V>, <, ¥F). We refer to the coordinates of Z as diagrams. The
following proposition gives control over arbitrarily high moments of diagrams in Besov
spaces.

Proposition 4.4. For any p, p' € [1,00), g € [1,00], and k¥ > 0 sufficiently small,
there exists C = C(p, p’, q, k, 1) > 0 such that

p p
sup E[ItI”_y_+ Il + 1T
k>0 B ,2 /

rq p q
k P
/
+ 1Pl +||évk||”7lfk+(f Il ) k] < C.
r'.q ,2 0 Pq
pq

Proof. See [BG19, Lemma 24]. O

4.5)

Remark 4.5. The constant on the righthand side of (4.5) is independent of N because
our Besov spaces are defined with respect to normalised Lebesgue measure dx = d—§
(see Appendix A). For p = oo, bounds that are uniform in N do not hold. Indeed, %r
L*-based norms, there is in general no chance of controlling space-stationary processes
uniformly in the volume. Thus, we cannot work in Besov-Holder spaces.

We prove the bound in (4.5) for \Vk since it illustrates the role of ¥, is used later in
the proof of Proposition 5.23, and gives the reader a flavour of how to prove the bounds
on the other diagrams.

Lemma 4.6. There exists C = C(n) > 0 such that, for any n € (N~'Z)3,
3

> CN
supE‘%\?k(n)‘ < (4.6)
k>0 (n)

As a consequence, for every p € [1,00) and s < % there exists C = C(p,s,n) >0
such that

sup [T, | < c.

k>0
Proof. Inserting (4.3) in the definition of ¥, and switching the order of integration,

6 k 902 ko ko
FV () = F Z / kpk(n)///

nitna+n3=n

3 /0 pk (ni)
X (]‘[ )dBZ;dB,’:;dBZI‘ dk’

i=1
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o S L

ni+nz+n3=n

3 1/ O, Pk (n;)
(]‘[ )dBZ;dBZ;dBle.

Therefore, by It6’s formula,

E\WK(n)f

ki ko kg,
SRRl

ni+ny+n3=n

(]—[ ki Pl i) i Z)>dk3dk2dk1
(l’l,)

i=1

36 1 k(R aupln) N\ 0k pE (1)
<2 — dK’ L dk
N2 (n2)%(n3)? /o </k (n)? ) )z

ni+ny+n3=n

4.7

where we have performed the k, and k3 integrations, and used that |px| < 1
Recall that 9y p/%, is supported on frequencies |n| € (c,k’, C,k’). Hence, for any
k>0,

I 1 K (k3 p2 (n) )28k1p,3 (1)
4.7) < — - —dk’ ! dk
@D = N3 Z (n2)?(n3)? /o (/kl (n)>=3 )20k )<

ni+nz+n3y=n

! ! € 3, 2, (m1)
ey <n>4*K<nz>2<n3>2/o e 4 (4.8)

nit+na+n3z=n

N
|

3
S L3 Z 4=k 2Jlr 2 2 S N_4’
N2 ey (1) n2) 2 (n3)* ™ (n)
where < means < up to a constant depending only on 7, Cp and C,; the last inequality
uses standard bounds on discrete convolutions contained in Lemma A.12; and we have
used that the double convolution produces a volume factor of N 6. Note that, as said in
Sect. 2, we omit the dependence on ¢, and C,, in the final bound.
By Fubini’s theorem, Nelson’s hypercontractivity estimate [Nel73] (or the related
Burkholder-Davis-Gundy inequality [RY 13, Theorem 4.1]), and space-stationarity

p — jps . p
EIVelg, = > 2PEIA; il

jz-1

- Z 2/1”/ E|A ;Y (x)1Pdx

= _ , 4.9)
=3 2””'/ (B1A Vi) P) *dx
j>—1 Ty

= Y o (Ea ToF)

jz-1
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where A; is the j-th Littlewood-Paley block defined in Appendix A and we recall
dx = d—);.

We overload notation and also write A ; to mean its corresponding Fourier multiplier.
Then, by space-stationarity, for any j > —1,

E|A; VO = /T E|A; T (o) Pdx
N

1
= 5 2 18 PEFT P 4.10)
n
1 Aj(n)? <23f' 1
m Z (n>4 ~ ZTJ - 2_]
n
Inserting (4.10) into (4.9) we obtain

E TS 2/Psp =3
IVxlg, <
jz-1

A

which converges provided s < %, thus finishing the proof. O

4.2. The Boué—Dupuis formula. Fix an ultraviolet cutoff K . Recall that we are interested
in Gaussian expectations of the form

ENe—%’(fbk)

where # (¢x) = #Hp n k (Pk) + Ok (Pk).
‘We may represent such expectations on (€2, o, (di)r>0, P):

Eye *@x) — e~ %Mo), “.11)

The key point is that the righthand side of (4.11) is written in terms of a measurable
functional of Brownian motions. This allows us to exploit continuous time martingale
techniques, crucially Girsanov’s theorem [RY 13, Theorems 1.4 and 1.7], to reformulate
(4.11) as a stochastic control problem.

Let H be the set of processes v, that are P-almost surely in L?(Ry; L3(Ty)) and
progressively measurable with respect to (g )r>0. We call this the space of drifts. For
any v € H, let V, be the process defined by

k
VkZ/ jk/vk/dk/.
0

For our purposes, it is sufficient to consider the subspace of drifts Hg C H consisting
of v € H such that vy =0 fork > K.

We also work with the subset of bounded drifts Hj x C Hg, defined as follows: for
every M € N, let Hj, js g be the set of v € Hg such that

K
/ / vidxdk < M (4.12)
0 Ty

P-almost surely. Set Hj, x = (U ey Hp, a1,k -
The following proposition is the main tool of this section.
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Proposition4.7. Let N € Nand # : C*°(Ty) — R be measurable and bounded.
Then, for any K > 0,

1 K
—1ogE[e*7"<’K>] - ianE[%(TK + Vi) + —/ / u,fdxdk] (4.13)
v 2Jo Jry

where the infimum can be taken over v in Hyg or Hp .

Proof. (4.13) was first established by Boué and Dupuis [BD98], but we use the version
in [BD19, Theorem 8.3], adapted to our setting. O

We cannot directly apply Proposition 4.7 for the case # = % v,k + Qg becauseitis
not bounded. To circumvent this technicality, we introduce a total energy cutoff E € N.
Since K is taken fixed, #g n x + Qk is bounded from below. Hence, by dominated
convergence

lim Eye~ Honc@OrQxGO)AE _ 5 x k @540k @), (4.14)

E—

We apply Proposition 4.7 to # = (%’ﬂ, Nk + 0 K) A E. For the lower bound on
the corresponding variational problem, we establish estimates that are uniform over
v € Hj, k. For the upper bound, we establish estimates for a specific choice of v € Hg
which is constructed via a fixed point argument. All estimates that we establish are
independent of E. Hence, using (4.14) and the representation (4.11), they carry over to
Eye~ %Nk @k)+Qk (#k) We suppress mention of E unless absolutely necessary.

Remark 4.8. The assumption that # is bounded allows the infimum in (4.13) to be
interchanged between Hg and Hj . The use of Hl, g allows one to overcome subtle
stochastic analysis issues that arise later on: specifically, justifying certain stochastic
integrals appearing in Lemmas 5.15 and 5.17 are martingales and not just local mar-
tingales. See Lemma 5.14. The additional boundedness condition is important in the
lower bound on the variational problem as the only other a priori information that we

have on v there is that E fOK szv v,%dxdk < 00, which alone is insufficient. On the
other hand, the candidate optimiser for the upper bound is constructed in Hg, but it has
sufficient moments to guarantee the aforementioned stochastic integrals in Lemma 5.14
are martingales. See Lemma 5.22.

Remark 4.9. A version of the Boué—Dupuis formula for # measurable and satisfying
certain integrability conditions is given in [Ust14, Theorem 7]. These integrability con-
ditions are broad enough to cover the cases that we are interested in, and it is required
in [BG19] to identify the Laplace transform of ¢§‘ . However, it is not clear to us that the
infimum in the corresponding variational formula can be taken over Hj_ g . Therefore,
it seems that the stochastic analysis issues discussed in Remark 4.8 cannot be resolved
directly using this version without requiring some post-processing (e.g. via a dominated
convergence argument with a total energy cutoff as above).

4.2.1. Relationship with the Gibbs variational principle Given a drift v € Hg, we
define the measure Q whose Radon-Nikodym derivative with respect to P is given by
the following stochastic exponential:

dQ = eﬁ)K vidXr—3% Jry o ”/%dkdxd[p. (4.15)
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Let H. x be the set of v € Hg such that its associated measure defined in (4.15)
is a probability measure, i.e. the expectation of the stochastic integral is 1. Then, by
Girsanov’s theorem [RY13, Theorems 1.4 and 1.7 in Chapter VIII] it follows that the
process X, is a semi-martingale under QQ with decomposition:

K
XK=X',’<+/ vidx
0

where X! is an L? cylindrical Brownian motion with respect to Q. This induces the
decomposition

'k = TUK+VK 4.16)

where 1% = [X fdX}.

Lemma 4.10. Let N € Nand # : C*(Ty) — R be measurable and bounded from
below. Then, for any K > 0,

—logEe %) = min EQ[%U“ + Vi) + = / / dxdk (4.17)
Ty

UGH( K

where Eq denotes expectation with respect to Q.

Proof. (4.17) is a well-known representation of the classical Gibbs variational
principle [DEI11, Proposition 4.5.1]. Indeed, one can verify that R(Q|P) =

IE@[ I fTN v,%dxdk], where R(Q|P) = Eq log %¢ 49 s the relative entropy of Q with
respect to IP. A full proof in our setting is given in [GOTW18, Proposition 4.4]. O

Proposition 4.7 has several upshots over Lemma 4.10. The most important for us
is that drifts can be taken over a Banach space, thus allowing candidate optimisers to
be constructed using fixed point arguments via contraction mapping. In addition, the
underlying probability space is fixed (i.e. with respect to the canonical measure P),
although this is a purely aesthetic advantage in our case. The cost of these upshots is that
the minimum in (4.17) is replaced by an infimum in (4.13), and more rigid conditions
on # are required. We refer to [BD19, Section 8.1.1] or [BG19, Remark 1] for further
discussion.

With the connection with the Gibbs variational principle in mind, we call # (V) the

drift (potential) energy and we call fOK fTN v,%dxdk the drift entropy.

4.2.2. Regularity of the drift In our analysis we use intermediate scales between 0 and
K. As we explain in Sect. 5.1, this means that we require control over the process V, in
terms of the drift energy and drift entropy terms in (4.13).

The drift entropy allows a control of V, in L>-based topologies.

Lemma 4.11. For every v € L*>(Ry; L>(Ty)) and K > 0,
sup IViell%,) < f f 2dxdk. (4.18)
0<k< Ty

Proof. (4.18) is a straightforward consequence definition of %, see [BG19, Lemma 2].
O
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To control the homogeneity in our estimates, we also require bounds on ||V, I|i4. This

is a problem: for our specific choices of %, the drift energy allows a control in L*-based
topologies at the endpoint Vi . It is in general impossible to control the history of the
path by the endpoint (for example, consider an oscillating process V, with Vg = 0). We
follow [BG19] to sidestep this issue.

Let p € C°(R4; Ry) be non-increasing such that

) 1 x| e]o, TP]
p(x) =
0 |x|e cp,oo>

and let o (-) = p(z) for every k > 0.
Define the process V.b by

1 k
V=52 ﬁkm)( /O ka(n)%kf(n)dk’>e”~

Note that F(V,)(n) = F(Vi)(n) if |n| < %. Thus, V. and V, have the same low
frequency/large-scale behaviour (hence the notation).

The two processes differ on higher frequencies/small-scales. Indeed, as a Fourier
multiplier, gy $ = 0 for k¥’ > k. Hence, for any k < K,

1 K
Vi =7 2 ik (n)( fo Fo () F v (n)dk’)e" = V.

This is sufficient for our purposes because pi is an L? multiplier for p € (1, o0), and
hence the associated operator is L? bounded for p € (1, 00).

Lemma 4.12. For any p € (1, 00), there exists C = C(p,n) > 0 such that, for every
ve LRy L2(Ty)),

sup IV lze < ClIVikllzo. (4.19)
0<k<K

Moreover, for any s,s’ € R, p € (1,00), g € [1,00], there exists C =
C(s,s', p,q,n) such that, for every v € L*>(Ry; L>(Ty)),

IVklisy,

b
sup | Villgy <C
0<k<K P

Proof. (4.19) and (4.20) are a consequence of the preceding discussion together with

the observation that o ka is supported on an annulus in Fourier space and, subsequently,
applying Bernstein’s inequality (A.6). See [BG19, Lemma 20]. O
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5. Estimates on Q-Random Variables

The main results of this section are upper bounds on expectations of certain random
variables, derived from Qi, Q», and Q3 defined in (3.2), that are uniform in 8 and
extensive in N3.

Proposition 5.1. For every ap > 0, there exist o = Po(ap,n) = 1 and Cop =
Co(ao, Bo, n) > 0 such that the following estimates hold: for all B > By anda € R
satisfying |a| < ao,

—tog( [T exp@0i@)) > ~Co

3
N ey B,N
1
—m10g< 1_[ CXP(an(El))>ﬁ’N > —Cop.
OeBy

In addition,

— o [T etaos@ ) > —c
N3 3 7 ﬁ,N/ Q
oOles

where B is any set of unordered pairs of nearest-neighbour blocks that partitions By .
Proof. See Sect. 5.9. O

Proposition 5.1 is used in Sect. 6.3, together with the chessboard estimates of Propo-

sition 6.5, to prove Proposition 3.6. Indeed, chessboard estimates allow us to obtain
estimates on expectations of random variables, derived from the Q;, that are extensive
in their support from estimates that are extensive in N>. Note that the latter are signifi-
cantly easier to obtain than the former since these random variables may be supported
on arbitrary unions of blocks.
Remark 5.2. For the remainder of this section, we assume n < ﬁ where Cp is the
Poincaré constant on unit blocks (see Proposition A.11). This is for convenience in the
analysis of Sects. 5.8.1 and 5.9 (see also Lemma 5.21). Whilst this may appear to fix the
specific choice of renormalisation constants §m?, we can always shift into this regime
by absorbing a finite part of m? into Vp.

Most of the difficulties in the proof of Proposition 5.1 are contained in obtaining the
following upper and lower bounds on the free energy — log 23 n that are uniform in 8.

Proposition 5.3. There exists C = C(n) > 0 such that, forall 8 > 1,

lim inf ! log %7 >-C 5.1
iminf —— > — .
K—oo N3 O 2p.N.K
and
. 1
hmsup—mlog Zs.nk <C. 5.2)
K—o0

Proof. See Sects. 5.8.1 and 5.8.2 for a proof of (5.1) and (5.2), respectively. These proofs
rely on Sects. 5.2-5.7, and the overall strategy is sketched in Sect. 5.1. O

Remark 5.4. In [BG19] estimates on —log 23 n x are obtained that are uniform in

K > 0 and extensive in N3. However, one can show that these estimates are 0O(B) as
B — oo. This is insufficient for our purposes (compare with the uniform in 8 estimates
required to prove Proposition 3.2).
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5.1. Strategy to prove Proposition 5.3. The lower bound on —log 23 v k, given by
(5.1), is the harder bound to establish in Proposition 5.3. Our approach builds on the
analysis of [BG19] by incorporating a low temperature expansion inspired by [GJS76a,
GJS76Db]. This is explained in more detail in Sect. 5.1.1.

On the other hand, we establish the upper bound on —log 23 vk, given by (5.2),
by a more straightforward modification of the analysis in [BG19]. See Sect. 5.8.2.

We now motivate our approach to establishing (5.1) by first isolating the the difficulty
in obtaining B-independent bounds when using [BG19] straight out of the box. The
starting point is to apply Proposition 4.7 with 7% = % y g, together with a total energy
cutoff that we refrain from making explicit (see Remark 4.8 and the discussion that
precedes it), to represent —log Zg v k as a stochastic control problem.

For every v € Hl, g, define

1 K
Vi) =Hpnk(k+Vk)+ 3 / / vidxdk.
2Jo Jry

Ultraviolet divergences occur in the expansion of #g y x ('k + V) since the integrals
fTN Wk Vkdx and fTN YV V[% dx appear and cannot be bounded uniformly in K:

e For the first integral, there are difficulties in even interpreting ®*x as a random
distribution in the limit K — oo. Indeed, the variance of ¥*g tested against a smooth
function diverges as the cutoff is removed.

e On the other hand, one can show that %" does converge as K — oo to a random
distribution of Besov-Holder regularity —1 — « for any k¥ > 0 (see Proposition 4.4).
However, this regularity is insufficient to obtain bounds on the second integral uniform
on K . Indeed, Vg can be bounded in at most H'! uniformly in K (see Lemma4.11),
and hence we cannot test Vg against Vg (or V,%) in the limit K — oo.

This is where the need for renormalisation beyond Wick ordering appears.

To implement this, we follow [BG19] and postulate that the small-scale behaviour
of the drift v is governed by explicit renormalised polynomials of t through the change
of variables:

4 7 12

BB
where the remainder term r = r(v) is defined by (5.3). Since v € Hx D Hj g, we
have that r € Hg and, hence, has finite drift entropy; however, note that » ¢ H, .
The optimisation problem is then changed from optimising over v € H, g to optimising
over r(v) € Hg.

The change of variables (5.3) means that the drift entropy of any v now contains
terms that are divergent as K — 00. One uses Itd’s formula to decompose the diver-
gent integrals identified above into intermediate scales, and then uses these divergent
terms in the drift entropy to mostly cancel them. Using the renormalisation coun-
terterms beyond Wick ordering (i.e. the terms involving yx and k), the remaining
divergences can be written in terms of well-defined integrals involving the diagrams
2=,V % I ) defined in Sect. 4.1.1.

One can then establish that, for every ¢ > 0, there exists C = C(g, 8, 1) > 0 such
that, for every v € H,, g,

Vg = F(V© ka) + 71y (5.3)

EWg (v) > —CN> + (1 — &)E[G g (v)] (5.4)
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where
1 4 1 (X )
Gg(v)=— Vedx + = ridkdx > 0.
B Jry 2Jo Jry

The quadratic term in G g (v) allows one to control the H 3K norm of Vg forany « > 0,
uniformly in K (see Proposition 5.9). These derivatives on Vg appear when analysing
terms in Wk (v) involving Wick powers of 1k tested against (powers of) Vk. However,
some of these integrals have quadratic or cubic dependence on the drift, thus the quadratic
term in G g (v) is insufficient to control the homogeneity in these estimates; instead, this
achieved by using the quartic term in G g (v). Note that the good sign of the quartic term
in the # nv g ensures that Gk (v) is indeed non-negative.

Using the representation (4.11) on Eye~#8.N.k () and applying Proposition 4.7,
one obtains —log Z3 v k > —CN? from (5.4) and the positivity of Gk (v).

As pointed out in Remark 5.4, this argument gives C = O(B) for g large and this
is insufficient for our purposes. The suboptimality in S-dependence comes from the
treatment of the integral

Vy(Vk) — LV2dx (5.5)
Ty 2
in#g N,k (Tk + Vk). The choice of G ¢ (v) in the preceding discussion is not appropriate
in light of (5.5) since the term fTN Vl‘é dx destroys the structure of the non-convex poten-

tial [ Vp(Vk)dx. On the other hand, replacing % Jr,, Vidx with the whole integral

(5.5) in Gk (v) does not work. This is because (5.5) does not admit a B-independent
lower bound.

5.1.1. Fixing B dependence via a low temperature expansion We expand (5.5) as two
terms

1 I
(5.5) =/ —°I/ﬁ(VK)dx+/ “Up(Vg) — 2V2dx. (5.6)
Ty 2 T 2 2

The first integral in (5.6) is non-negative so we use it as a stability/good term for the
deterministic analysis, i.e. replacing Gk (v) by

1 1 (K
/ —Vp(Vg)dx + = / / rédxdk. (5.7)
Ty 2 2Jo Jry

This requires a comparison of L? norms of Vg for p < 4 on the one hand, and
fTN Vp(Vk)dx on the other. Due to the non-convexity of %, this produces factors
of B; these have to be beaten by the good (i.e. negative) powers of 8 appearing in
#p Nk (Tk + Vi). We state the required bounds in the following lemma.

Lemma 5.5. For any p € [1, 4], there exists C = C(p) > 0 such that, forall a € R,

lal” < C(/B)Y (@) F + C(V/B)P. (5.8)
Hence, for any f € C*®°(Ty),

1

171 < /B ( [ Theran) +c /b 59

dx

where we recall dx = 3.
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Proof. (5.8) follows from a straightforward computation. (5.9) follows from using (5.8)
and Jensen’s inequality. O

The difficulty lies in bounding the second integral in (5.6) uniformly in . In 2D an
analogous problem was overcome in [GJS76a,GJS76b] in the context of a low temper-
ature expansion for @‘2‘. Those techniques rely crucially on the logarithmic ultraviolet
divergences in 2D, and the mutual absolute continuity between Cbg and its underlying
Gaussian measure. Thus, they do not extend to 3D. However, we use the underlying
strategy of that low temperature expansion in our approach.

We write 25 vk as a sum of 2V : terms, where each term is a modified partition
function that enforces the block averaged field to be either positive or negative on blocks.
For each term in the expansion, we change variables and shift the field on blocks to 4=,/8
so that the new mean of the field is small. We then apply Proposition 4.7 to each of these

2N terms.

We separate the scales in the variational problem by coarse-graining the resulting
Hamiltonian. Large scales are captured by an effective Hamiltonian, which is of a similar
form to the second integral in (5.6). We treat this using methods inspired by [GIS76b,
Theorem 3.1.1]: the expansion and translation allow us to obtain a 8-independent bound
on the effective Hamiltonian with an error term that depends only on the difference
between the field and its block averages (the fluctuation field). The fluctuation field can
be treated using the massless part of the underlying Gaussian measure (compare with
[GIS76b, Proposition 2.3.2]).

The remainder term contains all the small-scale/ultraviolet divergences and we renor-
malise them using the pathwise approach of [BG19] explained above. Patching the scales
together requires uniform in 8 estimates on the error terms from the renormalisation pro-
cedure using an analogue of the stability term (5.7) that incorporates the translation, and
Lemma 5.5.

5.2. Expansion and translation by macroscopic phase profiles. Let x4, x— : R — Rbe
defined as

+()—_1 < (@) = x+(—a)
a e “dc, _(a a).
X f X X
They satisfy

x+(@) + x—(a) =1

> ] xeo@) =1

oe{+1)BN OBy

for any ¢ = (¢(@))mery € R*Y.
For any K > 0, we expand

Lgnk= Y, EN[e_%’**N“ I Xa(u)(cbl((l:l))]

oe(+1)BN OBy
_ o
= Y vk

oe{£1}BN

where we recall ¢x (O0) = fTN dx1qdx.

and hence

(5.10)
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We fix o in what follows and sometimes suppress it from notation. Let h = /Bo.
We then have

gﬂ(fN,K =]ENexp<—/ tVp(dk) 1 — ¢K

,32
Sk — h)?—ndrh+ = hzdx

n.

2

+ ) log (XU(I:I) ¢>1<(I:|)))>
OeBy

We translate the Gaussian fields so that their new mean is approximately 4. The
translation we use is related to the classical magnetism, or response to the external field
nh, used in the 2D setting [GIS76a] and given by n(—A + )~ h.

Lemma 5.6. For every K > 0, let hx = pgh. Define gx = n(—A + n)_lhK and
gk = pk &k- Then, there exists C = C(n) such that

gk loos V8K loo < Cy/B (5.11)

where | - | oo denotes the supremum norm. Moreover,

f IVgKIdeS/ |Vék|*dx. (5.12)
Ty Ty

Finally, let

1 k
g= Y /O Fo (nFg(n)dk

ne(N-1z)3

where py is as in Sect. 4.2.2. Then, forany s,s’ € R, p € (1, 00) and q € [1, 0], there
exists Cy = C1(n, s, p,q) and Co = C(n, s, s, p, q) such that

b
lgyllay, < Cillgxlls, (5.13)

and

1
b
I8y, < O llexla, (5.14)

Proof. The estimate (5.11) follows from the fact that n(—A +71)~! and V(—A +1n)~!
are L°° bounded operators. This is because the (n-dependent) Bessel potential and its
first derivatives are absolutely integrable on R>. Hence, by applying Young’s inequality
for convolutions one obtains the L boundedness. The uniformity of the estimate over
o follows from ||o || L = 1 forevery o € By. The other estimates follow from standard
results about smooth multipliers, the observation that gz = prgk forany K > k, and
Lemma4.12. O

Remark 5.7. Note that gx is given by the covariance operator of py applied to nh.
Moreover, note that gg # gk since p%( # pk, i.e. the Fourier cutoff is not sharp.
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By the Cameron-Martin theorem the density of u under the translation ¢ = ¢ + g
transforms as

1
dun (@ +x) = oxp (- / S8k (A +)Ek + Y=+ MiExdx )y ().

Ty

Hence,
27 vk = Ene ins O vk ()

where

e Nk (WK) = V(Wi +gk) - —V—g C(Yk +gx)% =8k
Ty B

Wk +ek = idx = Y 1og (xo@((Vk +80))

OeBy

N

and
n 1. - -
F k() = /T K+ gROh+ TR+ S (A + MK + Y (~A + K.
N

By integration by parts, the self-adjointness of pg, and the definition of gx

o ~ no Lo n . n. o
Fgn k(W) = —n(y +gK)hK+§h +§|Vgl<| +§(g1<) +nYhgdx
Tn
0 . | (5.15)
=/ 2 (@K — i+ 2 = PRI + 5 |VEk P,
Tn

Thus, Fg y x () is independent of v and non-negative.

Remark 5.8. Let g = n(—A +n)~'h. Then,

1
lim F§y g :/ g(g—h)2+§|Vg|2dx. (5.16)
Twn

K—oo

The second integrand on the righthand side of (5.16) penalises the discontinuities of

— o A Vg2dx . .
0. Indeed, e Jry 21Veldx is approximately equal to e~ CVPFI9] \where do denotes the
surfaces of discontinuity of o, |do’| denotes the area of these surfaces, and C > 0 is an
inessential constant. Thus, for g sufficiently large, 23 v is approximately equal to

e OVPITl s 01y = T e VAN x 0(1)
I'ieo

where I'; are the connected components of do (called contours). It would be interesting
to further develop this contour representation for vg y (compare with the 2D expansions
of [GJS76a,GJS76b]).
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5.3. Coarse-graining of the Hamiltonian. We apply Proposition 4.7 to
—log IENe_%ng-Km‘). For every v € H, g, define

1 K
\y;(v)=%gNK(rK+vK)+—/ f v} dxdk. (5.17)
o 2Jo Jry
Let Zg = ?K + Vg + gk, where ?K = (Tk (O))geBy - We split the Hamiltonian as
1
%/;N’K(TK+VK):%Ie{ff(ZK)+9lK+§[E OVﬁ(VK +gK)dx (5.18)
N
where
1 n
i (Zk) = f SVp.N.k(ZK) — 5 (Zg —h)?dx — ) log (xa@(zK(u)))
Ty 2 2
N UEBN
is an effective Hamiltonian introduced to capture macroscopic scales of the system. The
quantity R is then determined by (5.18) and is explicitly given by
_ . . _YK | 2.
Rk = .OV,g(TK+VK+g]().—E.(T[(+VK+gK) 1 =8k

Tn

1 > 1
- EOI/,BUK + Vg +gk) — Ecl/ﬂ(VK +gk)
— g (' + Vi + gk —/’l)2 : +g(?K + Vk + gk —h)zdx.

All analysis/cancellation of ultraviolet divergences occurs within the sum of Rk and
the drift entropy, see (5.27). Finally, the last term in (5.18) is a stability term which is
key for our non-perturbative analysis, namely it allows us to obtain estimates that are
uniform in the drift.

The key point is that we coarse-grain the field by block averaging g, the most
singular term. This allows us to preserve the structure of the low temperature potential
Vg onmacroscopic scales (captured in %Ie(ff(Z k)), which is crucial to obtaining estimates
independent of § on the free energy.

5.4. Killing divergences.

5.4.1. Changing drift variables For any v € Hj, k, define r = r(v) € Hg by

4 12 b b
I+ —H Vi © (Vi +81)- (5.19)

B B

In our analysis it is convenient to use an intermediate change of variables for the drift.
Define u = u(v) € Hg by

Tk = Vg +

4
up = vg + E?k\ffk- (5.20)
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Inserting (5.19) and (5.20) into the definition of the integrated drift, V; =
f(f Fwvpdk’, we obtain

4 12 [k
B B Jo (5.21)

_%\Vk + Uk

where Ry = [ Forydk’ and Uy = [} Foupdk'.
The following proposition contains useful estimates estimates on Ug and V.

Proposition 5.9. For any ¢ > 0 and « > O sufficiently small, there exists C =
C(e, k,n) > 0 such that, forall 8 > 1,

sup [|Uk |12 <CN’§+8/ Yy(Vi + gx)d.
u k X = 1t 3 K Tt 8k)ax
0<k<K H! N3 B3 g, P
K
+C / / ridxdk (5.22)
0 Ty
sup || Viell? <CNE+8/ Yy(Vi + gx)d.
u k B ey K gK)ax
0<k<K HI N3 B3 g, P
K
+C / / ridxdk (5.23)
0 Ty

where we recall dx = %; and N kE is a positive random variable on <2 that is P-almost
surely given by a finite linear combination of powers of (finite integrability) Besov and
Lebesgue norms of the diagrams & = {1, %, \T’, \Tﬁ, QK-, v} on the interval [0, K.

Proof. See Sect. 5.6.1. O

Remark 5.10. As a consequence of Proposition 4.4, the random variable N E satisfies
the following estimate: there exists C = C(n) > 0 such that

ENE < CN3. (5.24)

In the following we denote by N IE any positive random variable on 2 that satisfies
(5.24). In practice it is always P-almost surely given by a finite linear combination of
powers of (finite integrability) Besov norms of the diagrams in E on [0, K]. Note that
N KE includes constants of the form C = C(n) > 0.

5.4.2. The main small-scale estimates In the following we write &~ to mean equal up to
a term with expectation 0 under P.

Proposition 5.11. Let 8 > 0. For every K > 0, define

vk =43-S (5.25)
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where €k is defined in (4.4), and

o= [ f ~ Gk - 22t (Vi)

ﬁ3 (‘T’K) Vde}

Then, for every v € Hj g,

1K S I L
SRK+—/ / vidkdx ~ R +—f / ridxdk
2Jo Jry F 2 T 2Jo Jry 't

i=1
where

Rl = AN _ﬁak)‘* - E(r,() (Vk +gx) — E(m) (Vi +gx)°

23.v3 05,2 0% Vig?
— —IK — ZIKkVg8K — Tk VKE
gk gt B K
7’+2 - 2 -
+—(TK) +(n+2)x Vkdx
Ry = lgzr\TfU Sk TeU2 — i TrgxU
K= ,33K[(K ﬂzKKK ﬁzK k8k Uk
+ETKUk+FTKgKUK+FTKgKUK_(4+n)TKUde

9{?(_'/? —(VK@gK)UK"'E(VK@UK_VK®UK)UK
N

(vK V) Uk + E(VK @ gx)Uk + E(vK © Uk)Ugdx

f / Vk S (3ka + 3kgk)) Uk
Ty

/3 (VK ©(Vk + gk — V]b( - g?{))UK

72
ﬂz ((ik(vk OV + gk))> (gkvk © 3kvk)(v,f + gz)2>dkdx
Ry = QUKUK ’32 (V +8K)(Vk + 8k — Vg — g)

b
+ ?(VK +gKx — VK — gK)zdx

72
/T / " POV kg (V] +g) + z‘iyk(v,§’+g,ﬁ)2dkdx.
N

729

(5.26)

(5.27)

Moreover, the following estimate holds: for any € > 0, there exists C = C(g,n) > 0

such that, for all B > 1,

.....
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where N;? is as in Remark 5.10.

Proof. We establish (5.27)in Sect. 5.5 by arguing as in [BG19, Lemma 5]. The remainder
estimates (5.28) are then established in Sect. 5.6. O

Remark 5.12. The terms QE’K are ordered according to their occurrence when isolating
divergences for the readers’ convenience. For the estimates, however, it is more conve-
nient to order them according to difficulty. Define

RE = R%' + RET+ R
where
4. 4
%a,] :/ ——TKV3 +—T1(U3dx
L Y I
K12 2
9{752:/ / (Ve © @ Vy + 0kg) Uk + 3 @ Vy + 0kg) (V) + g dkdx
TvJo B B
RE3 = tn F(Ve O (V) +g2)) g TV © Five ) (VP + g2 ) dkd
K_’]I‘NO,BZkk r T8k k Vi k Vi)V + 8 X

b _ 4 i
and let Ry = Doici Ry — R . ' ' '
917( contains the most difficult terms to bound, either due to analytic considerations

or B-dependence; SR?( contains the terms that follow almost immediately from [BG19,
Lemmas 18-23].

2 . . .
Remark 5.13. The products * k' Vkand ¢V x appearing above are classically ill-defined

in the limit K — oo. However, (probabilistic) estimates on the resonant product % K
uniform in K are obtained in Proposition 4.4. Hence, the first product can be analysed
using a paraproduct decompositions (A.7). The second product is less straightforward
and requires a double paraproduct decomposition (see [BG19, Lemma 21 and Proposi-
tion 6] and [CC18, Proposition 2.22]).

5.5. Proof of (5.27): Isolating and cancelling divergences. Using that g, ?K, Vi, Uk
and ¥k all have expectation zero,

1 4 6 4
Rk = —srg + — Wk (Vg +gk) + =V (Vk +gx)> + =1k (Vg + gx)°
Ty B B B B
— 2%k — 4k (Vk +gkx) +Vp(Vk + gk)

— T (VKH 2T Vi g0 + (Vi +800°) = b
— L Gt = 2603 (Vi + 850 — 2 ()2 (Vi + gx)°
28 B B
2. o o 1
- ETK(VK +8r)°> + (k) + 2% (Vi +gx) — 5°V,3(VK +8k)

1
- EOV/E(VK +8k)

n n
- EVK -k (Vk +gx —h) — E(VK +gx —h)?
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+ g(?K)Z + n?K(vK +gx —h)+ 3<VK + gk — h)2dx

4 4
“/T =g Vi + VK(VK+8K) +ETK(VK+gK) —4tx Vg
N

2k
,32 —5 'k Vk — ﬂg(VK*‘gK)z—(SK

- _(TK) - —(TK) (Vk +gk) — —(TK) (Vk +gx)?
2B B B

=~ 25vE = Sev2en — Stevigd + Gr? + 2k v
ﬂKKﬂKKgK ﬂKKgK (k) k Vk

—ntgVk + g(?K)Z + 0tk Vidx
Hence, by reordering terms,

6 4
Rg ~ gl}{ '\T)'KVK + =Yk (Vg +g1<) + =1k (Vg +gK)
Ty B ,3 B

— @G+ Vk —

(5.29)
132 T[(V]( ,312 (VK+g1<)2—8de.

Ignorlng the renormalisation counterterms (i.e. those involving yg and 0k ), the diver-
gences in (5.29) are contained in the integrals f’[r 5 deprx Vidx and fT EV x (Vk+gk)>%.
In order to kill these divergences, we use changes of variables in the drift entropy to
mostly cancel them; the remaining divergences are killed by the renormalisation coun-
terterms. We renormalise the leading order divergences, ie. those polynomial in K, in
Sect. 5.5.1. The divergences that are logarithmic in K are renormalised in Sect. 5.5.2.

In order to use the drift entropy to cancel divergences, we decompose certain (spatial)
integrals across ultraviolet scales k € [0, K] using Itd’s formula. Error terms are pro-
duced that are stochastic integrals with respect to martingales (specifically, with respect
to d<¥ and d%’x). The following lemma allows us to argue that these stochastic integrals
are ~ 0.

Lemma 5.14. For any v € H}, g, the stochastic integrals

K
/ / Vedidox (5.30)
Ty JO

and

/ / Ui A; (Vk + gk)d(A iVe)dx (5.31)
i<j—1 Ty
are martingales. We recall that, above, A; denotes the i-th Littlewood-Paley block.

Proof. In this proof, for any continuous local martingale Z,, we write (Z, Z)), for the
corresponding quadratic variation process. Moreover, for any Z-adapted process Y,, we

write fOK Yy - d Zy to denote the stochastic integral ITN fOK YidZidx.
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We begin with two observations: first, let v € Hl p g for some M > 0, i.e.
those v € M g satisfying (4.18). Then, by Sobolev embedding, there exists C =
C(M, N, K, n) > 0such that

6
sup [[Vill}s < C
0<k<K

P-almost surely.

Second, recalling the iterated integral representation of the Wick powers ¥, and %«
(see e.g. (4.3)), one can show d*¥*;y = 3% d? and d(A ;%) = A;jdV, = 2A ;% d .
Thus, we can write the stochastic integrals (5.30) and (5.31) in terms of stochastic
integrals with respect to dx. It suffices to show that their quadratic variations are finite
in expectation.

Using that d((?, 1), = Zkz(l)dk = jkzdk and by Young’s inequality,

. K
E[(( / Vi -dw»,(} = 32E[ f / szviz,fdxdk]
0 0 JTy
a1 (K 4 4
<3°E| = v+ gtdxdk | < oo
2Jo Jry
Hence, (5.30) is a martingale.

Now consider (5.31). By (5.21),
> / / Ui (V] +g) - d(A ) = Z% + 75
i<j—1
where

V) Z/ / VA V) Ajtid
Ty

i<j—1

Zh=2%" / /T ‘Tka v +UkA,gk>A td k.

i<j—1
Arguing as for (5.30), one can show ]E((Zf))K < 00.

By Young’s inequality and using that Littlewood-Paley blocks and the b operator are
L? multipliers, we have

E(Z&)k = [Z/ /T Vf(AI-V,ff(Ajvk)zjfdk}

i<j—1

1
ZE[—/ / v,§+-(Akrk)6j,§dxdk}<oo
3Jo Jr, 3

thus establishing that (5.31) is a martingale. 0O
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5.5.1. Energy renormalisation In the next lemma, we cancel the leading order diver-
gence using the change of variables (5.20) in the drift entropy. The error term does not
depend on the drift and is divergent in expectation (as K — 00); it is cancelled by one
part of the energy renormalisation §x (see (5.26)).

Lemma 5.15.

4 1 (K
/ — g Vidx + — / / Zdxdk ~ / / —(FPD)* + 5 u,%dxdk
TN /3 2 0 TN

Proof. By Itd’s formula, Lemma 5.14, and the self-adjointness of ¥,

4
—Vx Vgdx = /
B Ty
N

K 4
~ / — %P vpdkdx.
TvJo B

4
( f 2w o Vidk + de«vk)d
Ty B

Hence, by (5.20),

4
/ —x Vgdx + — / / dxdk
Ty B

K 4 4 1, 4 )
f/ —]k\f)'k( ﬂ\f/'k+uk)+§(——‘\f/'k+uk) dkdx

B
/ f (}kw)z + iukdkdx

&

O

As a consequence of (5.20), the remaining (non-counterterm) integrals in (5.29)
acquire additional divergences that are independent of the drift. We isolate them in the

next lemma; they are also renormalised by parts of the energy renormalisation (see
(5.26)).

Lemma 5.16.
4 256
/ —tk(Vk +8k)° — 4+ Tk Vkdx ~ RY — - TK*Vde (5.32)
TN ﬂ TN ﬁ
and
6 96
2k (Vg +gk)idx ~ | STy — O e T Uk
/TN B Ty B3N K gk

(5.33)

6 , 12
+ EVKUK + FV[(gKUde.
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Proof. By (5.21),

/ —1k (Vg +gx)’dx
'JTN
4

= —7K(__\?K+UK+8K) dx
Ty B
4 3 2
= /TN ETK<— F\VK + E\VK(UK +8K)

12 24 12
- _\VKUIZ( ~ = VkUkgk — _\VKg%{
p p p (5.34)

+U13{ +3UI2(gK +3UKg%( +g?(>dx

256 192
~ /T W «muK
N

B
48
ﬂzTK\VKUK ‘Bsz\VKgKUK
4. 12 , 120,
+ETKUK+ETKgKUK+ETKgKUde-

Above we have used Wick’s theorem and the fact that \Tf x 18 Wick ordered to conclude
2
E['xVkex] =E[1kVTxs%] =0.

Similarly, ETK\T/K =0 \T/K. Hence, by (5.21)

/ @+t Vk ,\'\;/ @ +n)tgUkdx. (5.35)
TN TN
Combining (5.34) and (5.35) establishes (5.32).
By (5.21),
6 4 2
/ —k (Vi +gx)2dx = / —VK( - _\T/K + Uk +gl<) dx
Ty B Ty B
= / —vK( e (UK +x) Tk
Ty B
UK +2Uk gk +gK)dx
96 12
~ Dk Ty + =V ——\V
O ER” ( K)Us
6. , 12
+ EVKUK + FVKgKUde

where we have used that E[Vk gx ] = 0 and, by Wick’s theorem, E[VK\T”K] = 0. This
establishes (5.33). O

The divergences encountered in Lemmas 5.15 and 5.16 that are independent of the
drift are killed by the energy renormalisation §x since, by definition,

£ 2 256 396 2
5k ~/TN —/0 7 e’k - Fm(%{) +F(*Tf,<) Vrdx.  (5.36)
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5.5.2. Mass renormalisation The integrals on the righthand side of (5.33) that involve
the drift cannot be bounded uniformly as K — oo. We isolate divergences using a para-
product decomposition and expand the drift entropy using (5.19) to mostly cancel them.
This is done in Lemma 5.17. The remaining divergences are then killed in Lemma 5.18
using the mass renormalisation.

Lemma 5.17.

48 6 12 1 K 2
VK\?KUK"‘ VKUK+—VKgKUde+ updkdx
Ty B 2 Jo

Nz B
~ R+ / / ridkdx
Ty 4 (5.37)
+ VK\V —Vk @? Ukdx
my B3N KT B2 K

72 R
—/T /0 E(Zkvk@jkvk)(vk + gk)"dkdx.
N

Proof. We write

B e Uk + U 12\;( 0 N )U
KTkUk +—VkUkgg8k = VK| — 5 Tk T8k )UKk
B2 B B B

Thus, using (5.21) and a paraproduct decomposition on the most singular products,

12 4 6.
TNFVK(__\VK +gK>UK+EVKUde
12 6
=/ F(VK®(_—\?K +8K)>UK+E(VK®UK)UK
2('\/’ O(——\VK"'gK))UK"'E(VKOUK)UK
B B B
12 4 6 5.38
ﬁ(VK ( ’BWK"'gK))UK"'IB(VK@UK)UK (5.38)
12
= /TN E<VK@(VK+8K)>UK e (VK ®\VK>UK
12 6
+ F(VK ©gg)Uk + E(VK ©Uk — Vg ©Uk)Ug
48
-5 (vk Tk )k + E(VK ©gx)Uk + E(vK © Ux)Ukdx.

All except the first two integrals are absorbed into 9{%

For the first integral, we use the (drift-dependent) change of variables (5.19) in the
drift entropy of u to mostly cancel the divergence. Due to the paraproduct term, using
1t6’s formula to decompose into scales requires us to control Vi + gi for k < K. In order

to be able to do this, we replace Vg + gg by Vlb( + g?( first. Then, applying It6’s formula,
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Lemma 5.14, and using the self-adjointness of %,
12
—(VK © (Vi + gK))Ude
Ty B
12 12 b b
— (VK®(V +gK))UK+—(VK®(VK+gK Vo —gK))Ude
Ty B B
K12 b b 12 b b
~ —5k<Vk®(Vk +gk))uk+ —(Vk®(3ka +3kgk)>dekdx
Ty Jo B B

12
+/ —(V[(®(VK +gK—V1b<—g?<)>UKj|dx.
Ty B
(5.39)
From (5.19) and (5.20)

K12 b b 1,
/ / —F Wk © (V, + g )ur + suidkdx
TvJo B 2
K 72 s b2 1
= - ffk(\/’k®(V +g)) + =ridkdx
/TN/ Igz Kt 8k ) Tk
/ / kak®7ka)(Vk +g)% + —rk

g ((ik(vk O (V) + gk))) (jkvk © zkvk)(v,f + g,i)2>dkdx.
(5.40)
Combining (5.38), (5.39), and (5.40) yields (5.37). O

We now cancel the divergences in the last two terms of (5.37) using the mass renor-
malisation.

Lemma 5.18.

48
Ry ~ /TN — vk oYk Ukdx

K72
—[TN/ E(jkvk®jkvk>(vlf+g2)2dkdx (5.41)

2yk YK 2
- 'k Vk — = (Vk + gx)“dx
Ty Nz B

Proof. By the definition of QKK (see Sect. 4.1.1),

48v oV U 2rk
- K KYK —
Ty B2 B?

QEKUK ﬁ VK Y kdx (5.42)

TK Vkdx

~ — QKKUKdX
Ty B?
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where we have used that, by Wick’s theorem, E[1 K\T’K] =0.
To renormalise the second integral in (5.41), we need to rewrite the remaining coun-

terterm in terms of V1b<:
YK 2
- — (Vg +gk)"dx
/TN B?

YK b b b b b b .
= —/T g VK807 2V T gV vgx = Vg =g O
N

+ (Vg +gx — VIE — g;)zdx.
Using Itd’s formula on the first integral of the right hand side of (5.43),

,32 Ky +gh)dx

Ok Vi 2y
—/ f (V4 g0 + S5 0V + deg) (V) + g dkdx.
TvJo B B
By the definition of Wk (see Sect. 4.1.1),

/ / Zkvk@;fkvk— 8"V")(V + g dkdx
Ty B?

K72 b bey
=/ / — TV + g,) dkdx.
TvJo B
Hence, combining (5.42), (5.43), and (5.44) establishes (5.41). O

Proof of (5.27). Lemmas 5.15, 5.16, 5.17, and 5.18 , together with (5.36), establish
5.27). O

(5.44)

5.6. Proof of (5.28): Estimates on remainder terms. Recall the definition of R¢,, which
contains the most difficult terms to bound, and Q{II’( from Remark 5.12.

Proposition 5.19. For any ¢ > 0, there exists C = C(g, n) > 0 such that, forall 8 > 1,

REY < CNE + g(/ Vp(Vk +gx)dx + —/ / ridxdk) (5:45)
Ty 2Jo Jry
a2 2 — 2
IR gCNK+8(/ Vp(Vk +gx)dx + / / rkdXdk) (5.46)
Tw 2 0 Ty
- 1 (X
a3 2 _ 2
R’ < CNg +8(/ Vp(Vk +gk)dx + / / rkdxdk>. (5.47)
Ty 2Jo Jry

Proof. The estimates (5.45), (5.46), and (5.47) are established in Sects. 5.6.2, 5.6.3,
and 5.6.4 respectively. (5.46) and (5.47) are established by a relatively straightforward
combination of techniques in [BG19, Lemmas 18-23] together with Lemmas 5.5 and
5.6 . On the other hand, the terms with cubic dependence in the drift (5.45) require a
slightly more involved analysis.

Note that, since our norms on functions/distributions were defined using dx = %
instead of dx to track N dependence, in the proof we rewrite the integrals above in terms
of dx by dividing both sides by N3. 0
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Proposition 5.20. For any ¢ > 0, there exists C = C(g, n) > 0 such that, forall 8 > 1,

RS CNK+5/°Vﬁ(VK+gK)dx+ // dxdk).
Tn

Proof. Follows from a direct combination of arguments in [BG19, Lemmas 18-23] with
Lemmas 5.5 and 5.6 . We omitit. 0O

Proof of (5.28). Since Z?:l E’R’K = R + SRlI’(, Propositions 5.19 and 5.20 establish
(5.28). O

The proofs of Propositions 5.19 and 5.20 rely heavily on bounds on the drift estab-
lished in Proposition 5.9, so we prove this first in the next subsection. Throughout
the remainder of this section, we use the notation a < b to mean a < Cb for some
C = C(e, n), and we also allow for this constant to depend on other inessential param-
eters (i.e. not 8, N, or K).

5.6.1. Proof of Proposition 5.9 First, note that (5.23) is a direct consequence of (5.22)
along with (5.21) and bounds contained in Proposition 4.4.
We now prove (5.22). Fix any k’ € [0, K]. As a consequence of (5.21),

10 Byree < 2 | / Reno v gk v2ARe L 649)

By Minkowski’s integral inequality, Bernstein’s inequality (A.6), the multiplier esti-
mate on ¥ (A.13), the paraproduct estimate (A.8), and the b-estimates (4.19),

’ b b
/k IFZ % © (V] + )l 12
0

k/
2 b b
Ve©(V, + dk < dk
| [ #onea+gyar < T
/ b b
f//k 1V © (V, +1gk)||H*1*2'<dk
0 (k) e
K ||Vk||341 2%
S (/0 de>”VK +8Kllpa.

Hence, by Cauchy—Schwarz with respect to the finite measure the potential

< 1+K7

bound (5.9), and Young’s inequality,

[ oo ar sl

1 K ”Vk”BZ;ZK 2
p(fo W ) IV + gk 174

1 ¢ 1Vl p—1-2
E(/o (k>—1+,(dk)||VK + 8k 174
1

2
1 ||Vk||B;;O—2K (fTN Vp(Vk + gK)dx) : 1
(k)“’" dk to

g3 B

A

A

A
S~
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eIV ey e VR e (2
/ dk + — / I 5 ) 2
’3 1+/< 4e 0 (k)“'"

+ —3 Vp(Vk +gk)dx. (5.49)
B Jry
For the remaining term in (5.48), note that by the trivial embedding H' < H!=*
and the bound (4.18) applied to Ry,

K
IR 11— S / / ridxdk. (5.50)
0 Ty
Inserting (5.49) and (5.50) into (5.48) establishes (5.22).

5.6.2. Proof of (5.45) We start with the first integral in 9%‘;(’1. Fix « > 0 and let g be
such that (1 +«)~! +¢~! = 1. Then, by Young’s inequality (and remembering 8 > 1),

22 - Vi \ 2+2¢
Zixvidx| < C / |TK|qd'x+8/ = V| dx. (5.51)
MM K ‘ *Jry TN(ﬂ>

Adding and subtracting gg into the second term on the righthand side and using the
pointwise potential bound (5.8),

IV I\N2#2¢
— [Vk| ™ dx
L

Vi +gxl*F 22\ (14 )
S/;TN <T LS | )lVK| “dx (5.52)
Vp(Vk +gk) 242 1+
g/TN <<—ﬂ ) LS | >|VK| €

where we recall that | - | is the supremum norm.
By the bounds on gg (5.11) and Vg (5.23), taking « < 1 yields

/ (1+| |2+2K)|VK|1+"c[x
Ty

< Cle.k.m) +e| Vi3, (5.53)
< C—’§ / Vy(Vk + gk )dx + = / / rkd’xdk)
Tn

Above, we recall that N E can contain constants C = C(n) > 0.
For the remaining term on the righthand side of (5.52), we reorganise terms and
iterate the preceding argument:

V 1+«
/"Vlg(VK+gK) (|¢%|) dx

5/ OI/,S(VK'FgK)l% (5.54)
Ty

14k
Vp (Vi + K3
e, s(Vk +gk) )d’x

Tox
7

(1551

< Ce,k, ) +8[ Vp(Vk + gk)dx
Ty
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provided that k < }1.
We now estimate the second integral in 9%“’1 Let & > 0 be sufficiently small. Let g
28 (1-F :
be such that m +o = = 1. Moreover, let 6 = % By duality (A.1), the
fractional Leibniz rule (A. 2) and interpolation (A.4),

2

[ Svia] < gty 00k .
Ty B ~B B 2

q,00 4(+k) (1=ic) 1
3—k ’

1
S gtk 4 Uk g 1k (3.55)

q,00 2+K 1
1

2+6

S gl g Uk Uk e

q,00

By the change of variables (5.21) in reverse, reorganising terms, Young’s inequality,
the bound on Uk (5.22), and using ¢ < 1,

Ni?
(5.55) < F""SHUK”H‘ "

2+6

ikl 1, ”UK”H]—K( ||VK||L4—2E>

q,00 B2

1
+ellUkl% 1 + —— | Vidx
H! \/E% Ty K (5.56)

/ Vp(Vk + gx)dx + = / / dek
Ty

/ Vedx.
fﬁ Ty

For the last term on the righthand side of (5.56), we iterate the potential bound (5.8)
and bound on gk (5.11) as in the estimate of (5.52):

1 4 |Vkl 1+9 2199
. Vidy = ( ) Vi |8 dx
\/_2+0 Ty Tn \/B

4

20
8K 1.2 [
5/ (B 1)1ve 2 dx
TN |\/B|

1

5
<A
cNe

N3

+

20

Vs (Vi + 1+5 =7
+/ 8(Vk +gK) |VK|2+%Jx
Tn IBH—
SC(e,n)+%’7f Vi Pdx

Twn

[N
SIS~

20

0
ey Vel

TVp(Vk +gx)'*2 dx

=

=
T
|
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SCem+ellVgl? |

H2

47 2
| Upvg +gx) " E (1 +| 2+7>Jx
Twn

8K
VB
+79

dx

NI

+ Vg(Vg +8x) "™
Twn

<cemee(IVely o+ [ T0s o)

—’g /cl/ﬂ(VK+gK)arx+ //T d’xdk
N
(5.57)

where in the penultimate line we used Young’s inequality and in the last line we have

used (5.23).
Combining (5.51), (5.53), (5.54), (5.56), and (5.57) establishes (5.45).

5.6.3. Proof of (5.46) For any 6 € (0, 1) let 5 = G+ 5% and let ., = 1 — .

Then, by duality (A.1), the paraproduct estimate (A.8), the Bernstein-type bounds on
the derivatives of the drift (4.20), and bounds on the 9 g}z (5.14),

K2
‘/ / —Vr© (31<Vkb + 8kgz)dekc[x
v Jo B

~

1 K
S E/ 13k © 0V + g pg—1ox |1 Ukl 1< dk
0

L (5.58)
S | IVl gt 18V + kg e |\ Ukll g1« dk

,3 0 P2
< sup Ukl =11 Vi + gkl o / K”vk”B,mi
NogkgK B »1 Jo ya (k)1+3K

where in the last inequality we have reordered terms.
Then,
1 0 1-6
(5:58) < sup |Ukllgi—+«—11Vk + 8k llg0 IV + 8kl o
B By o By

0<k<K

K dk
< | IVl T
IVl

||VK+gK||9 ‘
< sup [Uilgios L (= +1)
0<k<K Ik p=o

K dk
|, IIVkIIB TS
4

K dk =
<ce 1+ ([ iy 5m) )
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+f(||vz<||2 + sup Ukl i||VK+gK||44)
2 ™ 0k<K H T pa L

< Coe, 77) / Vp(Vk + gx)dx + = / /T d'xdk (5.59)

where in the first line we have used Bernstein’s inequality (A.5); in the second line we
have used interpolation (A.4); in the penultimate line we used Young’s inequality; and in
the last line we have used the bounds on Vg (5.23), Uy (5.22), together with the potential
bound (5.9).

In order to bound the second integrand in 9%?(’2, we use Fubini’s theorem, the Cauchy—

Schwarz inequality, the bounds on ka (4.19) and o VIZ (4.20), and the bounds on gg
(5.11) to obtain

K291 9.1 by b b
—5 OV + kg ) (V) + g, )dkdx
TvJo B

1 (K b b b b
S E/ Vellok Vi + kgl 2l Vy + g ll p2dk
0 (5.60)

1 L
5EHVK+gK||H2K||VK+gK||L2/(; IPRTES

Vel 1., 1
S ﬂ—3)||vK + gl
2

where in the last inequality we have used the observation made in Remark 4.3 that

vkl < log(k).
Thus, by Young’s inequality (applied to each term after expanding the sum), the

potential bound (5.9), and the bound on Vg (5.23),

5 1 1 4
(5.60) < Clemy+e( IVl |+ (5 + ) 1Vie + gkl
H2™C \B® B
NE s (5.61)
<Ce, )X + Vs(Vk + gx)dx + = Zdxdk).
(e )35 e(/T B(Vi + g)dx 2/0 [TNrkx )

Combining (5.59) and (5.61) yields (5.46).

5.6.4. Proof of (5.47) We write R%> = I} + I + I, where
72 b b2 b b\2
I = —2<Zk(\/‘k (Vv +gk))) - (;kvk eV, +gk)) dkdx
TvJo B

K72 b b\2
n= [ mEvmeni)
— (e (V] +8D) © 5 ) (V; + g)dkdx
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p) b b
I =/ / —2<(ka1<®(‘//< +8)) © Kk
TvJo B

— (Fe O Foy + gD ) (Vy + g )dkdx.

Let 6 € (0, 1) be sufficiently small and let % = %+ %, ql = Te and # = % — %,
1 11
7 =35 = 5 Then,
1 (X b . b b b
VARS E A ”jk(vk@(vk +gk)) - Zkvk®(vk +gk)||H2K
b, b b . b
X 15 (Vi © (Vi +80) + IV © (V) + gl y2cdk
1 /K b b
<= IVl g1 Vi + 8|l g 5.62
8 J, B WYk * 8l (5.62)

x (156 (6 © (V + gDl -2 + 15 © (Vy + g0l g ) dk

<1t v V. +g v Vo gl 2K
Nﬁ ) l k”B;,l‘q_,'(” k+gk”B§’fq” k”B;;—z’(” k+gk”L4m

where the first inequality is by duality (A.1); the second inequality is by the commutator
estimate (A.14) and the triangle inequality; and the third inequality is by the multiplier
estimate (A.13) and the paraproduct estimate (A.8).

Thus,

ok dk
(5.62) < ,32/ ||Vk||B—1 KIIVk +gk||34,< ||Vk||B—1 AV, +gk||L4< ) 1+

dk

(k) 14k
(5.63)

ﬁz Vi + gl ||vK+gK||“"/ Vel s WVl o
0

where the first inequality is by Bernstein’s inequality (A.5); and the second inequality
is by the b-bounds applied to Vb + g,E (4.19), interpolation (A.4), and the trivial bound
Vi +8kllggeo S S Vi +gK||L4

By applymg Young’s inequality, the potential bound (5.9), and the bound on Vg
(5.23), we have

Ng 2
(5-63)<Cﬁ+8 IVk +gxll” 4 + ||VK+gK||L4
H1-0 ﬂ]+é‘
. (5.64)
Nu
C—3+8< Vg (Vg +g1<)d'x+—/ f r,?d'xdk).
N Ty 2Jo Jry

Now consider ;. Using the commutator estimate (A.10) with f = $V%, g = ka + glz
and h = V' © (ka + gZ), followed by the paraproduct estimate (A.8), we obtain

1 (X b b b b
LS —2/ I FcVill g2 1V + gl o | TNk © (Vi + g |l g2 dk
B% Jo 6,00 3.2 (5.65)
IV + gk llgae Vi + gk ll 14

K
dk
S 2 / ||Vk||é—x TN
p 0 122 (k)
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By applying Young’s inequality, the potential bound (5.9), and the a priori bound on Vg
(5.23),

=
=

NE , 1 .
(5.65) < C(e, n)—+8 I1Vk + gk lgac + Zg VK + 8k ;4

B

NE (5.66)
< Ce, 77)— +¢& / Vp(Vk +gx)dx + = / / dxdk
Ty

where the final inequality uses the multiplier estimate (A.13), the b-bounds applied to
Vk + gk (4.19), and Bernstein’s inequality (A.6).
For I3, we apply duality (A.1), the commutator estimate (A.11) with f = h = $V%

and g = ka + g,z, followed by the b-bounds applied to Vg + gk (4.19), to obtain

1 b b
LS g /0 {5k © (V +80) © TV — (Vi © Vo (V] + gDl g
3,00

b b
X IV + gyl g vdk

1rx 2 b, b b, b

S 5 fo A VT AP AT AL (5.67)
1 K dk

< EHVK + 8k s IVk +gK||L4/0 ||Vk||%rx ()sz

C(e, 77)_+€ / OV;;(VK +gg)dx + = / / a’xdk
Ty

where in the last line we have used Young’s inequality, the potential bound (5.9), and
the bound on Vg (5.23) as in (5.66).

Using that 91”1’(’3 = I + I + I, the estimates (5.64), (5.66), and (5.67) establish
(5.47).

5.7. A lower bound on the effective Hamiltonian. The following lemma, based on
[GJS76b, Theorem 3.1.1], gives a - independent lower bound on %eff(Z K) in terms of

the L2-norm of the fluctuation field ZJ- Zg— ZK ,where werecall Zg = ?K +Vk+gk
and ZK (x) = Zx (@) for x € O € By. This is useful for us because the latter can be
bounded in a B-independent way (see Sect. 5.8.1).

Lemma 5.21. There exists C > 0 such that, for any { > 0 and K € (0, 00),
HL(Zx) = —CN> —¢ | (zg) dx (5.68)
Ty
provided n < min (3% )

J>|N
Oy

Proof. First, we write

w(Zk) = /

! U
STponk (Zie) = 2(Zi = b = 10g (xo0) (Zx @) )dx
OeBy VY
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376(Zx (@)

VB

Fig. 2. Plot of V3 (Zk (x)) and §(Zk (x) — v/B)?

Fix x € O € By. Without loss of generality, assume o (x) = 1 and, hence, h(x) = /B.
Define

1 n o
1(0) = STp(Zk () = S (Zk (1) = /B)* = log x4 (Zk (x)).
In order to show (5.68), it suffices to show that, for some C > 0,
I(x)+¢Zx(x)? = —C.

The fundamental observation is that Zg (x) +— %°I/,3 (Zk (x)) can be approximated
from below near the minimum at Zg (x) = /B by the quadratic Zg (x) > %(Z k(x)—
VB)? provided 7 is taken sufficiently small. Indeed, we have

1 1
STHEZK ) = 52k () = VB = 222k ) = VB (2 (0 + VB = np)

which is non-negative provided |Zg (x) + +/B| = +/nB. Thus, this approximation is
valid except for the region near the opposite potential well satisfying (—1 — ./n)v/B <

Zrg(x) < (-1 + ﬁ)ﬂ (see Figure 2). When Zg (x) sits in this region, we split
Zg(x)=Zg(x)+ Z}( (x) and observe that:

e cither the deviation to the opposite well is caused by Z k (x), which is penalised by
the logarithm in 7 (x);

e or, the deviation is caused by Z fg (x), which produces the integral involving Z fg in
(5.68).
Motivated by these observations, we split the analysis of /(x) into two cases. First

we treat the case Zg (x) € R\( — %E, —@) Under this condition, we have

1
STB(Zk () = n(Zk () = VB)?
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provided that n < %. Since x4+(-) < 1, —log x+(-) = 0. It follows that 7 (x) > 0
Now let Zg (x) € (— %B, —%ﬁ) Necessarily, either ZK (x) < —*/TB or Zk x) <
VB

We first assume that Z k(x) < —‘/TE. By standard bounds on the Gaussian error
function (see e.g. [GJS76b, Lemma 2.6.1]), forany 6 € (0, 1) thereexists C = C(0) > 0
such that

—log x+(Zk @) = —0(Zx (x))* + C.

Applying this with 6 € (%, 1) and that, by our assumption, Z k(X)) — /B > 47 K (x),

[(x) +(ZF(x)? > —g(th) +Zg(x) — /B)? —log x+(Zx @) + ¢ (ZE (x))?
> (¢ —(ZE @) = 160(Zg (x)? = 0(Zg (0)?) = C
> —C

provided n < min ({, 31—2)

Finally, assume that Zf(-(x) < —‘/TB. Since Zg (x) — /B € ( — %ﬁ —_53‘/3), we
have

[(x)+8(Zg(x))* > —%"ﬁ +0(Zg(x)? =0 (5.69)

provided that n < 4—{ O

5.8. Proof of Proposition 5.3.

5.8.1. Proof of the lower bound on the free energy (5.1) We derive bounds uniform in

o for each term in the expansion (5.10). Since there are oN? terms, this is sufficient to
establish (5.1). Fix o € {£1}B~.
Recall

—log 25 y x = —logEye ﬁNK+FﬂNK (5.70)

Let Cp > 0 be the sharpest constant in the Poincaré inequality (A.15) on unit boxes.
Note that Cp is independent of N. Fix ¢ < ﬁ andlet e = 1 — 8Cp¢ > 0. By

Proposition 5.11 and Lemma 5.21 there exists C = C(¢, n) > 0 such that, for every
v € Hp k,

1 K
Vg (v) = %EN k(Cx+Vg)+ —/ / U,%dkdx
T 2 Jry Jo
. off 1 1 K
%Z + xS (Zk)+ = | Vp(Vk + gx)dx + = ridkdx
i=1 2 Tn 2 Ty

/ / dkdx
Ty

—CeNE+7 +
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2 152
_C(f)NK —¢ (ZK) dx
Tn

]
+4gcp(/ %(v,(+g,()dx+§// dkdx
Ty

1
196Cp

Note that forany f € L2, fT (f1)?dx < [p, f?dx. Therefore, using the inequality
(a1 +ap +a3 +as)? < 4(a1 +a2 +a2 +a4) and that Z+ () = (Vg +gK)L(x), we have

@hrav<a [ 5(Te) + 144( f o v +gk)>dk>2
Ty v B2

+(RE)? + (g1)2dx.

provided n < ﬁ—g <

Arguing as in (5.49),

16 2 144 2
4[]1‘1\/ ﬁ(WK) </ ff;?Vk(%(Vk +gk))dk> dx

= C
<@ CcoNE+ ¥ Pf Uy (Vi + g )dx.

By the Poincaré inequality (A.15) on unit boxes,
/ (RpYdx =Y / Rx —/ Rde) dx
OeBy

<cp Y [[IvRePar
OeBy

< Cp / / ridkdx
Ty JO

where in the last inequality we used that fTN IVRg|?dx < ||RK||fL[I and Lemma 4.11
(applied to Rg).
Similarly, by the Poincaré inequality (A.15) and the (trivial) bound ||Vgg ||i2 <

IVZk 3, (5.12),
[ (g1)%dx < Cp f Vexl2dx < Cp / Vaxl2dx.
TN TN TN

Then, recalling that § > 1,

Evg (v) > IE[ —~CNE +4CCP<1 — %) fT Vp(Vk +gk)dx
N

K
+(4;cp —4;019)/T /0 r2dkdx —4;CP/T |V§K|2dx]
N N

>E[-czv,§-4;cpf |V§K|2dx}
T

N
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from which, by Proposition 4.7, we obtain

—logEye "Nk > —CN? —4gCP/ Vg |2dx.

Ty

Inserting this into (5.70) and using that FgN xk = %fTN |Vgk|2dx (see (5.15))
yields:

1
—log 25y x > —CN*+ (5 - 4gcp)/ \Vix|2dx > —CN?

Ty

which establishes (5.1).

5.8.2. Proof of the upper bound on the free energy (5.2) We (globally) translate the field
to one of the minima of V: this kills the constant 8 term. Thus, under the translation

o=V +B,

Zp Nk = ENe_%;,N,K(WK)

where

VK

g Nk (WK) = Vg (k) — o5+ (Y + VB =8k — = 1y dx
Ty B

n
2
and

la4 + ia3 +4a’.
B VB

We apply the Proposition 4.7 to 23 y x with the infimum taken over Hy . In order
to obtain an upper bound, we choose a particular drift in the corresponding stochas-
tic control problem (4.13). Following [BG19], we seek a drift that satisfies sufficient
moment/integrability conditions with estimates that are extensive in N3, as formalised
in Lemma 5.22 below. Such a drift is constructed using a fixed point argument, hence
the need to work in the Banach space Hx as opposed to H, .

1
Vi (a) = Ea2(a +2/p)% =

Lemma 5.22. There exist processes U %o and UV, satisfying U< Ve+U=Ve =V,
and a unique fixed point v € Hg of the equation

. 4 12 12 ~ b
Uk = ——hV — —=HNe — — I (U=Ve © V) (.71

B VB B

where Vg = fOK FxUrdk, such that the following estimate holds: for all p € [1, 00),
there exists C = C(p, n) > 0 such that, forall B > 1,

. 1 K
JE[/ |VK|1’dx+—/ / f,%dkdx:| < CN? (5.72)
Ty 2 Jry Jo

where 1, = —%jk(%g\/‘k ® Iv/kb)
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Proof. See [BG19, Lemma 6]. Note that the key difficulty lies in obtaining the right N
dependence in (5.72). Due to the paraproduct in the definition of (5.71), one can show
that this requires finding a decomposition of %% such that U .. %’ has Besov-Holder norm
that is uniformly bounded in N 3 (see Proposition A.5). Such a bound is not true for ¥
(see Remark 4.5). This is overcome by defining U<« to be a random truncation of the
Fourier series of V%, where the location of the truncation is chosen to depend on the
Besov-Holder norm of ;. 0O

For v € Hg, let

+ + 1 K 2
\IJK(U)=%/S,N,K($K+VK)+§ o Jo dekdx
N

and define R}, by

\pg(u)zgz}—g/

Tn

1 K
VZdx +/ Vi (Vk)dx + 5/ / v} dkdx.
Ty Ty JO

‘We observe
1 K
\Il;g(v) < 9{7{ +f °Vﬂ+(VK)dx + E/ / v,%dkdx. (5.73)
Ty Ty JO

Thus, unlike the lower bound, the negative mass —% fTN VI% dx can be ignored in bound-
ing the upper bound on the free energy.
Now fix v as in (5.71). Arguing as in Proposition 5.11, there exists R} such that

RE + 1 : V2dkdx ~ RE + 1 : “2dkd (5.74)
K ) . ) Uy X ~ K ) T Jo Ty X .
N

and @l} satisfies the following estimate: for every ¢ > 0, there exists C = C(e, ) > 0
such that, forall 8 > 1,

|REI < CNE +¢ f Vi (Vi)dx + 5 // ,fdkdx (5.75)

Above, we have used that the moment conditions (5.72) are sufficient for conclusions
of Lemma 5.14 to apply to 0.
Thus, by (5.73), (5.74), and (5.75),

K
E[W} ()] < CN3+(1+E)IEUT °1/ﬁ+(\v/,<)+%fT fo ;,fdkdx]. (5.76)
N N

By Young’s inequality, ﬂa + a3 +4a® < 3a* +6a® < 9a* +9 forall B > 1 and

VB
a € R. Thus,

/ Vi (Vg)dx < 9/ Vidx +9N3.
TN TN
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Inserting this into (5.76) and using the moment estimates on the drift (5.72) yields

. 1 K
E[¥} ()] < CN3+(1+5)IE[9/ V,‘édx+—/ / %,gdkdx] < CN3.
Ty 2 Jry Jo

Hence, by Proposition 4.7,

—log Z3.n x = inf E¥}(v) <E¥E (@) < CN?
UEHK

thereby establishing (5.2).

5.9. Proof of Proposition 5.1. We begin with two propositions, the first of which is
a type of It6 isometry for fields under vg y and the second of characterises functions
against which the Wick square field can be tested against. Together, they imply that the
random variables in Proposition 5.1 are integrable and that these expectations can be
approximated using the cutoff measures vg y k. Recall also Remarks 3.1 and 3.3 .

Proposition 5.23. Let f € H™'* for some § > 0. For every K € (0, 00), let $K) ~
vg N,k and ¢ ~ vg y.

The random variables {fTN ¢ fdx} k-0 converge weakly as K — 00 to a random
variable

s(h = [ erdxe Popm.
Ty
Moreover, for every ¢ > 0,
<exp (c¢(f)2)>ﬂ’N < 00.

Proof. Let{fy}neny C C*(Ty) suchthat f, — fin H~1*%_ We first show that {o(f)}
is Cauchy in L?(vg n).

Let ¢ > 0. Choose ng such that, for all n, m > nog, || fu — fullg-1+s < %
Fixn,m > ng andlet8f = f, — fin. Then,
1 1 2
9 (o) = Um)l* =2 —¢(Bf)* < ee?CI". (5.77)

By Proposition 5.3, there exists C = C(n) > 0 such that

er#@r?) = fim

E Nef%ﬁ.N,K(¢K>+§¢K ©f)?
B.N K—o0 %,N,K

< N lim sup Eye "Nk @k)+16x 67,
K—oo

We apply Proposition 4.7 to the expectation on the righthand side (with total energy
cutoff suppressed, see Remark 4.8 and the paragraph that precedes it).
For v € Hj g, define

5f 1 2 1 K
w (u):?/c’,g,N,K(r,HvK)—g(/T (TK+VK)8fdx) +§/T fo v2dkdx.
N N



Phase Transitions for ¢§.‘ 751

Expanding out the second term (and ignoring the prefactor % for the moment), we

obtain:
E[( /T teofdx) + [ Teafds) +( /T

Consider the first integral in (5.78). By Parseval’s theorem, the Fourier coefficients
of Tk (see (4.2)), and Itd’s isometry,

E[/T TKchdx]z

Uk fdx)z}. (5.78)

N

1
~6 2 EIF Tk )F 1k (m)IFSf (m)FSf ()

1 |FSf (n)|? 679
n
SWL Ty SN

where sums are taken over frequencies n; € (N~1Z)3. Above, the N dependency in the
last inequality is due to our Sobolev spaces being defined with respect to normalised
Lebesgue measure dx.

For the second term in (5.78), by Parseval’s theorem, Itd’s isometry, and the Fourier
coefficients of \T’K (see (4.6)), we obtain

5( [ Teorar) = 5eE( L7 Teemzsrm)

% > |%f(n)|2E‘9:\VK(n)‘2 (5.80)

Fs 2
<> 'é:# SNOUSLIZ, - 1o

For the final term in (5.78), by duality (A.1)
2 6 2 2
( i U8fdx)" < NOISS Iy 1o IUK W3- (5.81)
N

Therefore, using that ||8f||?{1,5 < ;—26, the estimates (5.79), (5.80), and (5.81) yield:

IEE( TN(rK + VK)Sfdx>2]

18512 _1es
6 -3 H

185112, -1
+ CopNO ——L2E[ Uk 114
< Ce(N T +1+EUxl51-9)-

Using arguments in Sect. 5.8.1, it is straightforward to show that there exists C =
C(n, B) > 0 such that, for ¢ sufficiently small,

EVY (v) > —CN?
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for every v € Hl, g (note that B dependence is not important here).
Inserting this into Proposition 4.7 gives

lim sup (e~ XeN-K @ISR Oy 0 gON, (5.83)

K—oo

Taking expectations in (5.77) and using (5.83) finishes the proof that {¢ (f,,)} is Cauchy
in L2(vg N).

Similar arguments can be used to show exponential integrability of the limiting ran-
dom variable, ¢ (f) and that,

supo|<|¢<">(fn) — B (pnx — 0 asn — oo.
K>

We now show that ¢X) () converges weakly to ¢ (f) as K — co.Let G : R — R
be bounded and Lipschitz with Lipschitz constant |G|Lip, and let ¢ > 0. Choose n
sufficiently large so that

sup {19 () — o (Ml pv gk < =

K>0 2|GlLip

and

e
(lp(fn)) — ¢’(f)|>ﬂ,N < 2|G—|Lip'

Then,
HG@ B (M gk — (GO N < sup HG@E) (f) — GO T (N p.v k]

+ G @B vk — (GO(f))) NI
+ (G (fa) — GOSN p.N]

<HG@B (i pnk — (GO(f)))pn| +e.

The first term on the righthand side goes to zero as K — oo since f,, € C*°. Thus,

dm [{G@(N)pnx = (G@(Fpn < e

Since ¢ is arbitrary, we have shown that ¢ &) (f) converges weakly to ¢(f). O
Proposition 5.24. Let f € B | N L? for some s > % For every K € (0, 00), let
3

¢(K) ~ Vﬂ,N,K and¢ ~ Vﬂ’N.
The random variables {fTN S (@N2 ¢ fdx)g-o converge weakly as K — oo to a
random variable

c 9% (f) =fT %1 fdx € L*(vg.n).

Moreover, for ¢ > 0,

(exp(c R (f)))ﬂ’N < 00.
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Proof. The proof of Proposition 5.24 follows the same strategy as the proof of Proposi-
tion 5.23, so we do not give all the details. The only real key difference is the analytic
bounds required in the stochastic control problem. Indeed, these require one to tune the
integrability assumptions on f in order to get the required estimates.

It is not too difficult to see that the term we need to control is the integral

/ Vi f+2k Vi f + VE fdx. (5.84)
Twn

Strictly speaking, we need to control the above integral with f replacedbydf = f, — fu,
where { f; }hen C C*°(Ty) such that f,, — f in B} ) N L?, but the analytic bounds are
g

the same.
Note that E fTN Vi fdx = fTN E¥k fdx = 0. Moreover by Young’s inequality and

the additional integrability assumption f € L2, for any & > 0 we have
1
/ Vifdx <~ | fdx +e/ Vidx
Tw € JTy Tn

which can be estimated as in the proof of Proposition 5.23. Thus, we only need to estimate
the second integral in (5.84). Note that the product 'k f is a well-defined distribution
from a regularity perspective as K — oo since f € Bj | for s > % The difficulty in

3 ’

obtaining the required estimates comes from integrability issues.
We split the integral into three terms by using the paraproduct decomposition ! f =
'© f+16 f + 10O f. The integral associated to ' @ f is straightforward to estimate,

. 1
so we focus on the first two terms. Since f € L? and ¢ € €27, by the paraproduct
estimate A.8 we have 1© f € H™2*, Thus, the integral fTN Tk © f)Vkdx can be
treated similarly as in the proof of Proposition 5.23. Note that, in this proposition the
use of Holder-Besov norms is fine because we are not concerned with issues of N
dependency. Moreover, note that if we just used that f € B$ . the resulting integrability

3

of 1x © f is not sufficient to justify testing against Vg, which can be bounded in L2-based
Sobolev spaces. For the final integral, by the resonant product estimate (A.9) we have
tk©fel i, Hence, we can use Young’s inequality to estimate fTN 'k © f)Vkdx and
then argue similarly as in the proof of Proposition 5.23. O

Without loss of generality, we assume ap = a = 1 in Proposition 5.1 and we split its
proof into Lemmas 5.25, 5.26, and 5.27 .

Lemma 5.25. There exists By > 1 and Cg > 0 such that, for any B > Py,

_L10g< l_[ exp Q1(|:|)) = —Cop.

N3 N
OeBy A

Proof. For any K € (0, 00), define

YK

%ﬁQ}l\/K(d)K):/E Zol/ﬁQI(¢K):—FI¢%(Z—SK——:¢%<:dx

where

| 1 11 VBV
OyﬂQ (a)zolfﬂ(a)—ﬁ(ﬁ—az)—z=g<a2—<ﬂ+—)) .
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Then, by Propositions 5.24 and 5.3 , there exists C = C(n) > 0 such that

(T v, = jm fon (s [ 5-cot ),

OeBy

1a3 . 1 9@l
< etV lim Eye 6Nk #K)

K—o00 %,N,K

Lya3 .. 734!
<e(C+4)N lim sup Eye Hy Nk (PK)
K—o0

where
Therefore, we have reduced the problem to proving Proposition 5.3 for the potential

WﬂQ‘ instead of V. The proof follows essentially word for word after two observations:

first, the same yg and §x works for both Vg and °I/ﬁQ‘ since the quartic term is unchanged.

Second, since 1/ 8 + “/TB = /B +0(/B) as B — oo, the treatment of B-dependence of
the estimates in Sect. 5.6 is exactly the same. 0O

Lemma 5.26. There exists By > 1 and Cg > 0 such that, for any B > Po,
1
o log< I1 e Q2(|:|)>ﬁ!N > —Cy. (5.85)
OeBy

Proof. By Propositions 5.23, 5.24, and 5.3 , there exists C = C(n) > 0 such that, for 8
sufficiently large,

(DI;B!N exp 020), | = Jim {exp (ﬁ D% @ - fT ik dx)

3. _op Q2
< eV lim sup Eye 6.k 9K
K—o0

where

1 1
Wk @0 =g k) + 2 Y oK@ ﬁ/m g2 ¢ dx.

OeBy
As in Sect. 5.2, we perform the expansion
~92% (K _ —Fg ~H 2% (B
—logEye "Nk @K = N TNk Eye " pNK (5.86)
oe{1}BN
where Fg,N’K is defined in (5.15) and

#5700 = TG @k +26) — Y 1og (o0 ((@k +20)@))
OeBy
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Fix o € {£1}B~. Forv € Hp, k , define

2
v () = pr(v)+— 3 (/ e + Vi +ngx>
I:leIPB g
1

VB

where Wx = W is defined in (5.17).
We estimate second term in (5.87). First, note that

ﬁ Z(/DTK+VK+ngx)2

OeBy
gDEZEN%(L?de)2+%(/;%<+gl<dx)z.

By a standard Gaussian covariance calculation, there exists C = C(n) > 0 such that

3 E(/dex 3 //E[TK(x)TK(x Ydxdx' < CN3.
a

OeBy OeBy

c(tk + Vk +gx)° 1 dx (5.87)

For the other term, by the Cauchy—Schwarz inequality followed by bounds on the poten-
tial (5.8) and gx (5.11), the following estimate holds: for any ¢ > O,

2
Z /VK+ngX </TN ﬁ(VK +gx)%dx

De]B

< C(;,CP>N3+;CP/ Vy(Vi + gx)dx
Ty

where Cp > 0 is the Poincaré constant on unit boxes (A.15).
We now estimate the third term in (5.87). Since EX’x = E['xgx] = 0,

1 1
ﬁﬂ‘]\/ xNﬁ Ty

For the first integral on the righthand side of (5.88), by change of variables (5.21),
and the paraproduct decomposition (A.7), we have

“(tk + Vi +8x)° 2tk Vi + (Vi + gk)dx. (5.88)

8 2
ZTKVKd)C:/ ——5(7K®\VK +\EK+TK@\VK)+—TKUde.
Ty B2 VB

Note that ' ©*Vx and tx @V can be respectively bounded uniformly in €~27% and
®~2¢ by using the paraproduct estimate (A.8) and a mild modification for the second
term. Moreover, by Proposition 4.4, ‘s can be bounded uniformly in € ~2¢. Hence, by
(5.88), Proposition 4.4, duality (A.1), the potential bounds (5.8), and the bounds on Uy
(5.22), for any & > O there exists C = C(e, n) > 0 such that

‘ /ZTKVde CNK+8/°I/,3(VK+gK)dx+ // dkdx
VB Jry

1
VB Iy
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For the second integral on the righthand side of (5.88), again by (5.8) and (5.11),
there exists an inessential constant C > 0 such that

/ — (Vg + gk)*dx < CN? +ch/ Yy (Vk + gx)dx.
TN

Arguing as in Sect. 5.8.1 and taking into account the calculations above, the following
estimate holds: let { < % and e = 1 —8Cp¢ > 0 as in Sect. 5.8.1. Then, provided

1
n<mand,3>l,

0> _ = 1— £ _ 4CPC
B (v) > E[ Cle, ¢, MNE +( T

1— K
+( )/ [ r2dkdx —4§Cp/ |V§K|2dx}
Ty JO Ty

—CN? —4ccpf |Véx|2dx.

Twn

- ZCPQ')/E O[/ﬁ(VK +gg)dx
N

Hence, by Proposition 4.7 applied with the Hamiltonian ?/’t’ﬂQIZVUK (¢ ) with total energy
cutoff suppressed (see Remark 4.8),

22 1
Fgyx —logEye” . >—CN3+ (5 —4{CP)/ |Vék|*dx > —CN?
T

N

This estimate is uniform in o, thus summing over the 2V * terms in the expansion (5.86)
yields (5.85). O

Lemma 5.27. There exists Bo > 1 and Cg > 0 such that, for any B > Py,

10g< [] eplo:@ D’)I>ﬁ v = Co (5.89)

N3
{o.O)eB

where B is a set of unordered pairs of nearest-neighbour blocks that partitions By .

Proof. By Propositions 5.23 and 5.3 there exists C = C(n) > 0 such that, for 8
sufficiently large,

[1 ewiosaoi),, = tim (e 3 | [ oxdx= [ oxar])

{oO'leB {oOleB
< ¢ lim sup EN[%ﬁNK@K)
K—o00
where
H Nk OK) =H 1N ¢ (DK) — /¢de—/ prdx|.
{oOleB
We expand
~H, 3k 9K —Fg ~# N
—logEye “BNEPK) — Z e "BNKEye TBNK

oe{+1)BN
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where FE’N,K is defined in (5.15) and

T3 80 = T @Dk +86) — I Tog (o0 ((@k +200D))-

OeBy

Fix o € {#1}B¥. For v € Hj g, define

O IO ’/?K+VK +ngx—/ rK+VK+ngx)
{O.O}eB

where Wk (v) = W% (v) is defined in (5.17).
A standard Gaussian calculation yields E|*x | < C N3 for some constant C = C (1) >
0. Hence, by the triangle inequality, Proposition 4.4 and the Cauchy—Schwarz inequality,

Z /?K+VK+ngx—/ TK+VK+ngx’
(oOleB o

g 1 K
gczv,;+—2‘/ / F(Ve© (V. +g,))dkdx

) /(RK+gK)dx—/ (Ric + gi)dx].

{oOleB

The integral with the paraproduct can be estimated as in (5.49) to establish: for any
¢ >0,

1 K
E’/T /0 F (Vi (ka +g,2))dkdx < C(, Cp)N> +
N

where Cp > 0 is the Poincaré constant on unit blocks (A.15).
We now estimate the remaining integral. Assume without loss of generality that
O = O+ e;. Then, by the triangle inequality and the fundamental theorem of calculus,

| [®e+ x| R+ g
m] o
= [ (Rew = Rt en + g0 = guta +en)d
[m}
1
g/ /|VRK(x+tel)|+|Vg1<(x+tel)|dxdt
0 Jo

</ VR | + Ve ldx.
oud

Hence, by the Cauchy—Schwarz inequality, the bound on the drift (4.18) and the
bound on Vgg (5.12), we have the following estimate: for any { > 0,



758 A. Chandra, T. S. Gunaratnam, H. Weber

/(RK +gk)dx —/ (Rg +g1<)dx‘

{oOjeB

< C. CpIN*+42Cp( / |VRK|2dx+/ Vs Pdx)

Ty

<ce, cp)N3+4gcp /f dkdx+/ |V§K|2dx).

Thus, by arguing as in Sect. 5.8.1, one can show the following estimate: let { < ﬁ

ande =1 —8¢Cp > 0. Then, provided n < ﬁ and 8 > 1,

c (l—e 20Cp 2C
]Ew,§3(u)>]E[—CN;+( 28— ;3”— 3 ” f Vs (Vi + gx)dx

1 —
+( 8—4CCP—4§CP>/ / ridkdx
2 Ty Jo

— (42Cp +4Cp) |Vg1<|2dx}
Twn

>—cnP - sccp [ (VaxPar.

Twn

Applying Proposition 4.7 with Hamiltonian %’ﬁQf\;UK (¢ ), with total energy cutoff
suppressed (see Remark 4.8), yields

_op 93 1
Fg . —logEye Nk @K 5 N3y (E - Sgcp)/ |Vgx|*dx > —CN>.

Tn

This estimate is uniform over all 2V } choices of o, hence establishing (5.89). O

6. Chessboard Estimates

In this section we prove Proposition 3.6 using the chessboard estimates of Proposition 6.5
and the estimates obtained in Sect. 5. In addition, we establish that vg y is reflection
positive.

6.1. Reflection positivity of vg n. We begin by defining reflection positivity for general
measures on spaces of distributions following [ShI86] and [GJ87].
Foranya € {0,..., N — 1} and {i, j, k} = {1, 2, 3}, let

Rn,,; (x) = (2a —x;)e; +ej + e
where x = x;e; + xje; + x;e; € Ty and addition is understood modulo N. Define

I, ; ={xeTy: %Ha,[ (x) = x}. (6.1)

Note that for any x € I, ;, x;, = aora + & we say that Rpy, ; is the reflection map
across the hyperplane I, ;.
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Fix such a hyperplane IT. It separates Ty = T}, U TTu T), such that T}, = RnT).
For any f € C*°(Ty), we say f is T} -measurable if suppf C T} . The reflection of
f in I is defined pointwise by R f (x) = f(Rnx). Forany ¢ € §'(Ty), we say that
¢ is T} -measurable if, for any f € C°(Ty) such that suppf C (T})¢, ¢(f) = 0,
where ¢ (f) denotes the duality pairing between S’(T ) and C*(T ). For any such ¢,
we define R ¢ pointwise by Rn¢ (f) = ¢(Rn f).

Let v be a probability measure on S’ (T ). We say that F € L%(v)is ’]I‘;'\, -measurable if
it is measurable with respect to the o -algebra generated by the set of ¢ € S’(Ty) that are
’]I‘;'\,—measurable. For any such F, we define R F pointwise by R F(¢) = F(Rno).

The measure v on S’ (Ty) is called reflection positive if, for any hyperplane IT of the
form (6.1),

/ F($)- RnF(@)dv(g) >0
S (Tn)

forall F € L?(v) that are T}, -measurable.

Proposition 6.1. The measure vg y is reflection positive.

6.1.1. Proof of Proposition 6.1 In general, Fourier approximations to vg y (such as
vg N,k ) are not reflection positive. Instead, we prove Proposition 6.1 by considering
lattice approximations to vg y for which reflection positivity is straightforward to show.

Let TS, = (¢Z/N 7)3 be the discrete torus of sidelength N and lattice spacing
& > 0. In order to use discrete Fourier analysis, we assume that e ~! € N. Note that any
hyperplane IT of the form (6.1) is a subset of T¢,.

For any ¢ € (R)va, define the lattice Laplacian

1
A'p() == Y @O —p).
S
x—y|=¢

Let [t ¢ be the Gaussian measure on RTv with density
3

diin.o(p) cexp (= 5 D2 o) (=A% +me) ] do)

e &
xeTy, xeTy,

where dq?(x) is Lebesgue measure.
A natural lattice approximation to vg y is given by the probability measure Vg y ¢
with density proportional to

dig,n e (9) o e BN iy (@)
where

~ 1
Towe(p) =& Y Vplp(x) = (3 +50m (e )o(x)?

£
x€eT?

where %(sz(s, n) is a renormalisation constant that diverges as ¢ — 0 (see Proposi-
tion 6.19). Note two things: first, the renormalisation constant is chosen dependent on 7
for technical convenience. Second, no energy renormalisation is included since we are
only interested in convergence of measures.
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Remark 6.2. By embedding RTV into S’'(Tn), we can define reflection positivity for
lattice measures. We choose this embedding so that the pushforward of g n ¢ is auto-
matically reflection positive, but other choices are possible.

For any ¢ € RV, we write ext®¢ for its unique extension to a trigonometric polyno-
mial on Ty of degree less than ¢! that coincides with ¢ on lattice points (i.e. in T)-
Precisely,

3
Xt (P) () = 13 D D enly = 2)p()

n yeTy,

where the sum ranges over all n = (a1, az, a3) € (N~'Z)? such that |a;| < ™!, and
we recall e, (x) = e27im¥,

Lemma 6.3. Let ¢ > 0 such that ' € N. Denote by extivg n o the pushforward of

Vg, N,¢ by the map ext®. Then, the measure extiig n . is reflection positive.

Proof. Fix a hyperplane IT of the form (6.1) and recall that IT separates Ty = T}, U
MuTy. Write Ty, , = T}, N'TY.

Since the measure Vg y . is reflection positive on the lattice by [Shl86, Theorem
2.1], the following estimate holds: let F¢ € Lz(ﬁﬁ,N,g) be ']I‘}'V’s-measurable -i.e. F&(p)
depends only on ¢(x) for x € ’H‘;rv’ .- Then,

/ F*(0) - Bt F¥ (9)dp.n.0 (@) > 0. 62)

Let F € L?(extilp y,¢) be T} -measurable. Then, F o ext® € L (Vg n,e) is T}, .-
measurable. Using that ext® and Ry (the reflection across I1) commute,

/F(¢) “RnF(¢)dextp N e (@) = /(F o ext®)(¢) - (F o R o ext®) (9)d i n,e(¢)

= [ oext@) - (F oext)@ne)dipn.c0)
>0
where the last inequality is by (6.2). Hence, ext{ig . is reflection positive. O

Proposition 6.4. There exist constants %sz(o, n) such that extif)ﬁ, N,e —> Vg,N weakly
as & — oo.

Proof. The existence of a weak limit of extiVg v as ¢ — 0 was first established in
[Par75]. The fact the lattice approximations and the Fourier approximations (i.e. vg v, k)
yield the same limit as the cutoff is removed is not straightforward in 3D because of the
mutual singularity of vg y and uy [BG20]. Previous approaches have relied on Borel
summation techniques to show that the correlation functions agree with (resummed)
perturbation theory [MS77].

In Sect. 6.4 we give an alternative proof using stochastic quantisation techniques.
The key idea is to view vg y as the unique invariant measure for a singular stochastic
PDE with a local solution theory that is robust under different approximations. This
allows us to show directly that ext; g y . converges weakly to vg y and avoids the use
of Borel summation and perturbation theory. The strategy is explained in further detail
at the beginning of that section. O
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Proof of Proposition 6.1 assuming Proposition 6.4. Proposition 6.1 is a direct conse-
quence of Lemma 6.3 and Proposition 6.4 since reflection positivity is preserved under
weak limits. O

6.2. Chessboard estimates for vg y. Let B C By be either a unit block or a pair of
nearest-neighbour blocks. Recall the natural identification of B with the subset of Ty
given by the union of blocks in B. Ty can be written as a disjoint union of translates of
B. Let Bf, be the set of these translates; its elements are also identified with subsets of
Ty. Note that if B =0 € By, then B¥ = By.

We say that f € C*°(Ty) is B-measurable if suppf C B and suppf NdB = .
We say that ¢ € S'(Ty) is B-measurable if ¢ (f) = 0 for every f € C*°(Ty) unless
f is B-measurable. We say that F' € Lz(v,g, ) is B-measurable if it is measurable with
respect to the o -algebra generated by ¢ € S'(Ty) that are B-measurable.

Proposition 6.5. Let N € 4N. Let {F : Be ]Bf,} be a given set of Lz(v,g, N)-functions
such that each Fy is B-measurable.

FixB € Bﬁ and define an associated set of LZ(Vﬁ,N)-functions {FB,B’ :B' ¢ Bﬁ}
by the conditions: Fy 3 = F; and, for any B', B" € B¥ such that B' and B" share a
common face,

F[?,B/ = %HFB,B”

where T1 is the unique hyperplane of the form (6.1) containing the shared face between
B’ and B”.
Then,

B|

|
N3

K H Fé)ﬂ,N‘ S l_[ ‘( l_[ FB’B/>ﬁ,N

BeB% BeB®  B'eBY

Proof. This is a consequence of the reflection positivity of vg . The condition N € 4N
guarantees F g is well-defined. See [ShI86, Theorem 2.2]. O

6.3. Proof of Proposition 3.6. In order to be able to apply Proposition 6.5 to the random
variables Q; of Proposition 3.6, we need the following lemma.

Lemma 6.6. Let N € N and 8 > 0. Then, for any O € By, exp Q1(@), exp Q2(0) €
L2(v5,N) is (O-measurable.

In addition, for any nearest neighbours 0,00 € By, exp 03(@,00) € Lz(vlg,N) is
O VU O -measurable.

Proof. The fact that exp Q1 (), exp Q2(0), exp Q3(0,00) € L*(vg,y) follows from
estimates obtained in Proposition 5.23. The 00 and QU O’ measurability of these observ-
ables comes from taking approximations to indicators which are supported on blocks (e.g.
using some appropriate regularisation of the distance function) and estimates obtained
in Proposition 5.23. O
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Proof of Proposition 3.6. Let By, By C By and B3 be a set of unordered pairs of nearest
neighbour blocks in By . Then,

coshQ(By) cosh Q2(B2) cosh O3(B3)
—o - T T[] (te(un +e—Ql(E|1))
Oi1€81 e B2 (03,05} B3
% (eQz(I:Iz) + e*Qz(Dz))(eQm:b,Elg) + eQ3(|:|’3,|:|3))

5 (6.3)
<o lBml Y 1—[( I 2 ] E—Qi(u;))
B},B{ B}, B, =1 "OfeB} O €B;
x 1_[ 2|23 @)

(0:.03)€B3

where cosh Q;(B;) is defined in (3.7) and the sum is over all partitions Bf' u B, = Bj
and B; U B, = B.

It suffices to prove that there exists C o > 0 such that, for any Bft, 1’32jE and Bj3 as
above,

<ﬁ< [T 2@ ] E—Qza:,-‘)) I1 e|Q3(|:|3,|:|§)\>ﬂ’N

i=l ‘OfeB; Oy B {0s,031€B3 (6.4)

< eColBil+Bal+]B3])
Then, taking expectations in (6.3) and using (6.4)

<coshQ1 (B1) cosh Q7(B3) cosh Q3(Bg)>

SLECID DY

B.N

B}.By B}.By
2
o1@) -02@) |Q3(|:|3,|:|’3)|>
(TT( TT o= [T eo®) [ oo
i=1 “greB} O €B; {0s.051€B3

< eColBl+B2l+[Bs])

which yields Proposition 3.6 with Cop = Cy.
To prove (6.4), first fix BljE and Bzi. Then, by Holder’s inequality,

<ﬁ( 1—[ £21@) l—[ eQz(D,-)) 1—[ e|Q3(|:|3,|:|§)\>ﬂ’N

i=1 “greB; O; €B; {03.05}€Bs
1 1
50:@H\’s 50,@)\’
S l_[ (< H ¢ >,3,N< l_[ ¢ >/3,N> 6.5
i=1,2 * greB; O; €8

1

5\Q3<U3,ca)|>§

X B .

( T «
{0s.04)€Bs
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Leti = 1, 2. Without loss of generality, we use Proposition 6.5 to estimate

500
(IT @),

OeB}

Define Fg = 20 ifOe B;r and 1 otherwise. For each 0 € By, we generate the
family of functions {Fg : @ € By} as in Proposition 6.5. Note that for 0,0 € By
such that 0 and OO0 are nearest-neighbours,

RSO — ,50:@)

where &R is the reflection across the unique hyperplane containing the shared face of O
and (0. Thus, we have Fgy = e32i@) for everyd € B and[I € IB%IIE,. IfO ¢ B, we
have Fqy = 1 forevery O’ € By.

Lemma 6.6 ensures that F € Lz(vﬂ,N) is O-measurable for every OO0 € By. Hence,
by Proposition 6.5, we obtain

< I1 eSQi(D)> <T1 < I1 eSQ,(D)>N3 .

OeB; OeB; OeBy

Therefore, by Proposition 5.1, there exists C /Q > 0 such that, for all 8 sufficiently
large,

< l_[ e5Q (D)) " <e Q|B+\ (6.6)
OeB;

For the remaining term involving Q3, partition B3 = UI?:] Bék) such that each Bék)
is a set of disjoint pairs of nearest neighbour blocks, all with same orientation. Then, by
Holder’s inequality,

(=)

1

5|Q3(|:|,|:|’)|> < < 30|Q3<|:|,|:|’>|>6 . 6.7

{ELEI’}EB3 k=1 {D D/}€B<k)

Assuming that we have established that there exists C /Q > 0 such that

/ (k)
< I1 e3OIQ3(|:|,|:|)\> < (ColB|

B.N
oojesd
for every k € {1, ..., 6}, then (6.7) yields
, Co
I1 65|Q3<|:|,|:|>|> <eelBsl,
BN
{oOtess

Hence, without loss of generality, we may assume Bj3 is a set of disjoint pairs of
nearest neighbour blocks, all of the same orientation.
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Define Fg = 12300 for any B = {0,0} € B3 and 1 otherwise. Note that for
. . , ~ ~/
any two pairs of nearest-neighbour blocks, {O0,0}, {0, 0 } C By,

R eS103@D) _ ,510:@0))

where R is the reflection across the unique hyperplane containing the shared face of
OUO and COUCT. Thus, for any B = {0,007} € B3 and B’ = {01, (1} € B2, we have

Fpp = OGN If B ¢ B, then we have Fjg g = 1 forall B’ € BE.
Lemma 6.6 ensures thatexp(| Q3 (0, O0')|) isOU -measurable. Thus, applying Propo-
sitions 6.5 and 5.1 , there exists C /Q > 0 such that, for all 8 sufficiently large,

I1 65|Q3<u:|,|:|’}>|>
B.N
B=(O.0)eBs

< H < l—[ 65|Q3<ﬂ,ﬂ/)|>fN (6.8)

B={OOleBs p'=(A}eBE

2C|B
ge Q‘ 3‘.

Inserting (6.6) and (6.8) into (6.5), and taking into account (6.7), yields (6.4) with
~ c
Co = 1—5Q thereby finishing the proof. O

6.4. Equivalence of the lattice and Fourier cutoffs. This section is devoted to a proof of
Proposition 6.4 using stochastic quantisation techniques. In Sect. 6.4.1, we give a rigor-
ous interpretation to (1.3) via the change of variables (6.14). Subsequently, in Sect. 6.4.2,
we establish that vg y is the unique invariant measure of (1.3), see Proposition 6.18. In
Sect. 6.4.3, we first establish that local solutions of spectral Galerkin and lattice approx-
imations to (1.3) converge to the same limit (see Propositions 6.13 and 6.19 ); these
approximations admit unique invariant measures given by vg x x and Vg y ¢, respec-
tively. Then, using the global existence of solutions and uniqueness of the invariant
measure of (1.3), we show that both of these measures converge to vg y as the cutoffs
are removed.

6.4.1. Giving a meaning to (1.3) Let & be space-time white noise on Ty defined on
a probability space (€2, P). This means that £ is a Gaussian random distribution on €2
satisfying

E[£(@)E ()] = / ” / OWdrds
0 Ty

where ©, W € C®°(R; x Tx) and E denotes expectation with respect to P. We use the
colour blue here to distinguish between the space random processes defined in Sect. 4
and the space-time random processes that we consider here.

We interpret (1.3) as the limit of renormalised approximations. For every K € (0, 00),
the Glauber dynamics of vg y g is given by the stochastic PDE

4
& — A+mPg = —mef
1 2k (6.9)

+ (4 +n+ FOK +
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Above, pk is as in Sect. 2 and we recall ,0% # pK; OK is defined in (2.1); and yx =
—42 . 3>, where € is defined in (4.4).

Remark 6.7. Recall that the Glauber dynamics for the measure v with formal density
dv(¢) < e~ " (@) del‘,v d¢(x) is given by the (overdamped) Langevin equation

JD(1) = 9T (D (1)) + V28
where 04 # denotes the functional derivative of 7.

For fixed K, the (almost sure) global existence and uniqueness of mild solutions to
(6.9) is standard (see e.g. [DPZ88, Section III]). Moreover, vg v,k is its unique invariant
measure (see [Zab89, Theorem 2]). The approximations (6.9), which we call spectral
Galerkin approximations, are natural in our context since vg, y is constructed as the weak
limit of vg v g as K — oo.

The difficulty in obtaining a local well-posedness theory that is stable in the limit
K — oo lies in the roughness of the white noise &£. The key idea is to exploit that
the small-scale behaviour of solutions to (6.9) is governed by the Ornstein-Uhlenbeck
process

t=( — A+n)'V2E.

This allows us to obtain an expansion of ® g in terms of explicit (renormalised) multilin-
ear functions of 1, which give a more detailed description of the small-scale behaviour
of @k, plus a more regular remainder term. Given the regularities of these explicit
stochastic terms, the local solution theory then follows from deterministic arguments.

Remark 6.8. We are only concerned with the limit K — oo in (6.9). We do not try to
make sense of the joint K, N — oo limit.

We use the paracontrolled distribution approach of [MW 17], which is modification
of the framework of [CC18] (both influenced by the seminal work of [GIP15]). In this
approach, the expansion of ® is given by an ansatz, see (6.10), that has similarities
to the change of variables encountered in Sect. 5.4.1. See Remark 6.10. There are also
related approaches via regularity structures [Hail4,Hail6,MW 18] and renormalisation
group [Kup16], but we do not discuss them further.

For every K € (0, 00), define

'k = pk!
2
Vi =1k —Qk
Wk =% — 30k Tk
Vi =@ —Aa+n oxVk
Tk =@ —s+n ok vk
Yk =tk @0V

2
Lk =VkOpk Vi — 5@1{
Pk =vk 0ok Tk — 2k k.

We recall that the colour blue is used to distinguish between the above space-time
diagrams and the space diagrams of Sect. 4.1.1.
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For any T > 0, the vector Eg = (TK,VK,\VK,\T&K,$K,$K> is space-time
stationary and almost surely an element of the Banach space

X =C(0,T]; Cg7%7") x C([0,T]; 817
x (C([o, T]:€2%) N CH ([0, T]: %%—K))

x C([0,T]; ™) x C([0,T]; ) x C([0, TI; %_%_")

where the norm on X7 is given by the maximum of the norms on the components. Above,
for any s € R, C([0, T]; €°) consists of continuous functions ® : [0, T] — €° and

is a Banach space under the norm sup, (o 77 | - [l¢s. In addition, for any & € (0, 1),
C%([0, T]; B*%) consists of a-Holder continuous functions ® : [0, 7] — 6° and is a
Banach space under the norm | - ||¢(j0,71:%) + | - lo,7 Where

[P () — P(s)lles
|®lor = - ole
O<s<t<T |t —S|

Proposition 6.9. There exists a stochastic process & = (1, ¥, \V, \Tﬁ, L, QK) such that,
forevery T > 0, B € X7 almost surely and

lim E|Ex — Ellg; = 0.
K—o

Proof. The proof follows from [CCI18, Section 4] (see also [MWX17] and [Hail4,
Section 10]). The only subtlety is to check that the renormalisation constants () and
€, which were determined by the field theory vg, N, are sufficient to renormalise the
space-time diagrams appearing in the analysis of the SPDE. Precisely, it suffices to show
B[V (1, 0] = Qg and B[V oYk (1, %) = 36 forevery (1, x) € Ry x Ty.

There exists a set of complex Brownian motions {W" ()}, . (y-17)3 defined on (22, P),
independent modulo the condition W" (e) = W~"(e), such that

1 3 n
€0 =55 X [Foeoniawa

ne(N-17)3

for every ¢ € L>(R x Ty).

Fort >0andn € (N"'Z)3,let H(t,n) = e~ be the (spatial) Fourier transform
of the heat kernel associated to (9; — A + n). For any K > 0, define Hgx (t,n) =
px (n)H (t, n). We extend both kernels to ¢t € R by setting H(t,-) = Hg(t,-) = 0 for
any ¢t < 0. Then

%K(t,n)=«/§1v%f Hy (t — 5, m)dW" (s).
R
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By Parseval’s theorem and It6’s isometry,

Et% (1, x)
2
N3 Z E[(/RHKU - S’”l)dW"I(S))</RHK(t —s,nz)dW”(s))]
n1.nye(N-17)3
2 ) t o2
= m Z ,OK(n)-/ e (t—s)(n) ds — OK
ne(N-1z)3 -0

for all (z, x) € Ry x Ty. With this observation the convergence of g, ¥k, WK and
\E k follows from mild adaptations of [CC18, Section 4].

For the remaining two diagrams, one can show from arguments in [CC18, Section 4]
that

pxVk OV — ]E[,OKVKVK] and pxVx ©Vk — 3E[,0KVKVK]TK

converge to well-defined space-time distributions.
Writing
1

V(. x) = 53

> ) [ Hil = s He = ron)d W ()W)
ni,nye(N—12)3 R?

we have, by Parseval’s theorem and It6’s isometry,

B[k ok (e, 0]

8
= ﬁE Z €ni+ny+n3+ng (x)pK (}’13 + n4)
ny,na,n3,ns€(N~12)3
n1+n3=ny+ns=0

x| Hg(t —s,ny +n2)Hg (s —uy,n)Hg (s —up, np) Hg (t — u3, n3)
R

x Hg (t — ug, ng)dW™" (u)dW" (u)dW™ (uz)dwW" (u4)dsi|

8
= — > pK(n3+n4)/%HK(r—s,n1+nz>HK(s—u1,n1>
R;

nina.n3nae(N~12)3
ny=-n3,ny=-ny

X Hig(s —uz,n)Hg (t —uy,n)Hg (t — uz, no)duidusrds

8
=46 2 Pkm +n2),0%<(n1)/)%((n2)[ H(t —s,n +n)H({t —s,n1)
ni,nre(N-17)3 R
x H(t —s,ny) / HQ(s —uy),n)HQ(s — uz), ny)duidusrds
R2
_2 oy P (1) P (12) pic (1 + o)
N© (n1)2(n2)2((n1 +n2)% + (n1)% + (n2)%)”

n1,ne(N-17)3
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By symmetry,

2y P (1) PE (12) Py (n1 +n2)
N°¢ e (N2 (n1)2(n2)2((n1 +n2)? + (1) + (n2)?)

_ 2 3 P (1) Pk (n2) p (n3)

COBNG e ()P () + (n3)?

y ( 1 N 1 N 1 )
(n1)2(n2)? ~ (n2)2(n1 +n2)>  (ny +n2)?(n1)?
2
= §@K

thereby completing the proof. O

We return now to the solution theory for (1.3)/(6.9). Fix K € (0, co). Using the
change of variables

4
ch:r—E\VK+TK+®K (6.10)

we say that ® g is a mild solution of (6.9) with initial data ¢ € %’%”‘ if (T, ®g)is
a mild solution to the system of equations

0 — A+n)Tg = Fx(Yg, Ok; Eg)

- 6.11)
(0 —A+n)Ok = Gk (Tk, Ok; Ek)
where
_ 4.3
Fx(Yk,Ok; Bg) = _TPK{VK © pg(Px — T)}
_ 4.3 4
Grk(Tk,Ok; Eg) = _7,01( {VK ] ( — E,OK\T/K +px (Tk + ®1<))}
4.3 2
— —(PK {VK @ pk (Px — 1) + 1k (px (Px — 1) }
B
4 3 2yk
- E:OK(PK(CDK -N)"+ (4+ n+ ?)pKCDK

with initial data (Yx (0, ), Ok (0, ) = (0, o +v2(0) — 25227 ().
We split Gx (Yk, Ok; Ex) = GL(Tk, Ok; Ex) + G% (Tk, Ok; Ek),

4%.3
Gy (Tk, O; Ex) = FpK{% +3% o (@ — 1)

+ G (Yk, Ok; Bx) + Gl (Tk, Ok; Ex)

4.3
G%(Tk,Ok; Eg) = _7PK{VK ©pxk Ok +Vk @ pg (Pg — 1)

4
+ 1k (px (Pg — T))z} - EPK(;OK(CDK - T))3 +@+npxk Pk
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where G}g”(TK, Ok Eg) and G%“(TK, Ok; Eg) are commutator terms defined
through the manipulations

4.3
_TPK{VK @,OKTK}

42. 2
= px |k © o3 — A+ )7 ok (Vk © o @k = DY)

2.3 (6.12)
= ek |vr ook (Ve o pr@x = n) |+ Gy

42 .32
= px{ (k@ ok )k (@ = D)+ G+ G

The precise choice of the splitting of ®x — 1+ %\Tf k into Y and O is explained in
detail in [MW 17, Introduction]. For our purposes, it suffices to note that Y'x captures the
small-scale behaviour of this difference. On the other hand, ® ¢ captures the large-scale
behaviour: the term G%( contains a cubic damping term in ® (i.e. with a good sign).
Finally, we note that there is a redundancy in the specification of initial condition: any
choice such that Yx (0, -) + @k (0, -) = ¢o + 1(0) — %\?(0) is sufficient. Our choice is
informed by Remark 1.3 in [MW17].

Remark 6.10. Rewriting (6.10) as

4 4.3 »
ok =1- 2T = =@~ Asm ok |V o pr(@x — N+ Ok

we note the similarity between the change of variables for the stochastic PDE given
above and for the field theory in (5.21).

Formally taking K — oo in (6.11) leads us to the following system:

(O —A+n)Y = F(Y, ©;
0y —A+n)O =G(T, ©;

)

6.13
) (6.13)

o [

where

4.3 4
) —7V®<—EW+T+®)
G(Y,0; 2) = GI(T,®; E)+G*(T, ©; B)

F(Y, 0,

o]

42.3 4

1 ey = - _ =

G, 0:8) = — (é%%( ﬁ*?+r+®))
+Gh(T, 0; B) + G>P(T, ©; B)

2 .= __4'3 _i

GHr, 0:8) = —— (VO®+V®( ﬂ‘?+T+®))

—%T(—%W+T+®)2
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—%(—%W+T+®)3

+(4+n)<1 —%‘?+T+®)

and G¢ and G!? are commutator terms defined analogously as in (6.12).
For every T > 0, define the Banach space

Yr = [C0. T1E6 5 N CO. T EF) N CH(O, T L))
x [C([o, T1:€~3) N C((0., T]: €"**) N CF((0, T]: Loo)]

equipped with the norm

17, ©) 9,

’

3 LT @) = Y(s)| oo
=maX{ sup [ITOI__3, sup 5[ TON_1,., sup s2 i
0<t<T 6 5 0<t<T 62 0<s<t<T [t — 5|8

17 LO@) — O(s)||Lo
sup O] __3, sup t2||O()| g+, sup s2|| ; I .
0<t<T G 5 0<t<T 0<s<t<T [t — 5|8

Remark 6.11. The choice of exponents in function spaces in Y7, as well as the choice of
exponents in the blow-up at # = 0 in || - ||9;,, corresponds to the one made in [MW17].
It is arbitrary to an extent: it depends on the choice of initial condition, which must have

.e . . 2
Besov-Holder regularity strictly better than —3.

The local well-posedness of (6.13) follows from entirely deterministic arguments, so
we state it with E replaced by any deterministic E.

Proposition 6.12. Let & € Xy, for any Ty > 0, and let (Yo, @) € €3 x €~ 3. Then,
there exists T = T (|| E”%To’ Yol _3, ||®0||C€7%) € (0, To] such that there is a unique
mild solution (Y, ®) € Y to (6.13) with initial data (Yo, Op).

In addition, let 2, E' € X1, such that ”é”%To’ ||E’||95T0 < R for some R > 0,

and let (Y}, ©)), (T2, 02) € €735 x G3. Let the respective solutions to (6.13) be
(r!, ®Y € Yr, and (Y%, ©2) € Yz, and define T = min(T}, T»). Then there exists
C = C(R) > 0 such that

lert, @ = (2, @)y, < (179 =T33 + 19§ — O3 +1Z = E'llxy )-

Proof. Proposition 6.12 is proven in Theorem 2.1 [MW17] (see also Theorem 3.1
[CC18]) by showing that the mild solution map

(1, ©) > ((a, — A+ Y0, (3 — A+ n)—1®0)
+ ((a, A+ IE(T, 0 B), (8 — A+m)7lG(T, ©; é))
is a contraction in the ball
Yr.m = {(?, ©) e Yr : (T, O)loy, < M}

provided that T is taken sufficiently small and M is taken sufficiently large (both depend-
ing on the norm of the initial data and of || E ||5xT0 ). O
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We say that & ¢ C([0, T]; C@_%_") is a mild solution to (1.3) with initial data
b0 € € 1K if

<b=r—%‘?+r+® (6.14)

where (T, ®) € Yr is a solution to (6.13) with E as in Proposition 6.9 and initial data

(0. 40410 - 37©).

Proposition 6.13. For any ¢y € C@_%_’(, let ® € C([0,T]; C6_%_") be the unique

solution of (1.3) with initial data ¢y up to time T > 0. In addition, for any K € (0, 00),

let g € C(Ry; C6*%*") be the unique global solution of (6.9) with initial data pg ¢o.
Then,

lim E||® — Dk 1,
K—o0 C(0,T];6 27 %)

Proof. 1t suffices to show convergence of (Yx, ®g) to (Y, ®) as K — oo. This follows
from Proposition 6.9 and mild adaptations of arguments in [MW17, Section 2]. O

Proposition 6.13 implies that ®x — & in probability in C([0, T]; C6*%*"). Local-
in-time convergence is not sufficient for our purposes.
The following proposition establishing global well-posedness of (1.3).

Proposition 6.14. For every ¢g € G I let d € C ([0, T*); C6_%_’() be the unique
solution to (1.3) with initial condition ¢g and where T* > 0 is the maximal time of
existence. Then T* = oo almost surely.

Proof. Proposition 6.14 is a consequence of a strong a priori bound on solutions to (6.13)
established in [MW17, Theorem 1.1]. O

An immediate corollary of Proposition 6.14 is a global-in-time convergence result
sufficient for our purposes.

Corollary 6.15. For every ¢y € C@_%_", let © € C(R4; %_%_K) be the unique
global solution to (1.3) with initial condition ¢g. For every K € (0, 00), let g €

C(Ry; %_%_K) be the unique global solution to (6.9) with initial condition px ¢o.
For every T > 0,

o BIPK = Pl o ryigtry =
Remark 6.16. The infinite constant in (1.3) represents the renormalisation constants of
the approximating equation (6.9) going to infinity as K — oo. Note that there is a
one-parameter family of distinct nontrivial “solutions” to (1.3) corresponding to taking
finite shifts of the renormalisation constants. However, the use of E in the change of
variables (6.14) fixes the precise solution.
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6.4.2. vg N is the unique invariant measure of (6.14) Denote by By, (CG_%_") the set of

bounded measurable functions on €2~ and by Cp (B~ > ) C Bp(6~ Sow ) the set of

. . _1_
bounded continuous functions on € 27,

Let ®(-; -) be the solution map to (1.3): for ¢9 € %_%_" and t € Ry, ©(¢; ¢o)
is the solution at time ¢ to (1.3) with initial condition ¢. For every ¢+ > 0, define

PPN By(@I) - By(@27F) by
@PNF) (o) = EF(@(t; ¢o))

for F € By(€~27%), ¢p € €2, and 1 € R,.

Proposition 6.17. The solution ® to (1.3) is a Markov process and its transition

semigroup (5’75;3 ’N),>o satisfies the strong Feller property, i.e. P : Bb(%_%_" ) —
1

Cp(B727°).

Proof. See [HM18b, Theorem 3.2]. O
Proposition 6.18. The measure vg y is the unique invariant measure of (1.3).

Proof. By Proposition 2.1 the measures vg n g converge weakly to vg y as K — oo.
Hence, by Skorokhod’s representation theorem [BilO8, Theorem 25.6] we can assume

that there exists a sequence of random variables {¢px}xen C C@_%_" defined on the
probability space (€2, P), independent of the white noise &, such that ¢ ~ vg v g and
¢k converges almost surely to a random variable ¢ ~ vg y.

For every K € (0, 00), recall that the unique invariant measure of (6.9) is vg v k . Let
® g denote the solution to (6.9) with random initial data ¢ . Hence, ®g (1) ~ vg n .k
forallr € R,.

Denote by & the solution to (1.3) with initial condition ¢. By Proposition 6.14, &k (¢)
converges in distribution to ®(¢) for every t € R, which implies ®(¢) ~ vg n. Thus,
vg, N is an invariant measure of (1.3). As a consequence of the strong Feller property in
Proposition 6.17, we obtain that vg y is the unique invariant measure of (1.3). O

6.4.3. Proof of Proposition 6.4 The Glauber dynamics of Vg . is given by the system
of SDEs

dt
(0, = ¢() (6.15)

d - . 4. 5
Zo=AD— 3¢3 + (4 +8m%(e, n)® + V26,

where @ : R, x va - R,p € Rva, and &, is the lattice discretisation of £ given by

43 ,
gé‘(t?x) = _3f é(tvx )1|x—)€/‘<%d'x,'
& Ty

Note that the integral above means duality pairing between &(¢, -) and 1, < £

For each ¢ > 0, the global existence and uniqueness of (6.15), as well as the fact that
Vg, N,e 18 its unique invariant measure, is well-known.

The following proposition establishes a global-in-time convergence result for solu-
tions of (6.15) to solutions of (1.3).
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Proposition 6.19. For every ¢ > 0, denote by ®° the unique global solution to (6.15)
with initial data ¢, € RT~. In addition, denote by ® the unique global solution to (1.3)
with initial data ¢ € @2,

Then, there exists a choice of constants Sm>(e, n) — oo as ¢ — 0 such that, for
every T > 0,

lim E||® — ext® || =
£—0 c(0,T];¢ 27 7)

provided that

. e _
lim [l — ext®eell 4 =0 (6.16)

almost surely.
Proof. See [ZZ18b, Theorem 1.1] or [HM18a, Theorem 1.1]. O
The next proposition establishes that the lattice measures are tight.

Proposition 6.20. Let 5m? (e, n) be as in Proposition 6.19. Then, ext, Vg, N,e converges
weakly to a measure v as ¢ — 0.

Proof. See [Par75,BFS83,GH18]. 0O

Proof of Proposition 6.4. For every ¢ > 0, let ¢, ~ Vg y . be a random variable on
(€2, P) and independent of the white noise &£. By Proposition 6.20 and in light of Sko-
rokhod’s representation theorem [Bil08, Theorem 25.6], we may assume that ext®¢,
converges almost surely to ¢ ~ v as ¢ — 0. Reflection positivity is preserved by weak
limits hence, by Lemma 6.3, v is reflection positive.

Denote by ®*¢ the solution to (6.15) with initial data @e. Since Vg y ¢ is the invariant
measure of (6.15), ®¢ (1) ~ Vg N, forevery t € R,.

Denote by @ the (global-in-time) solution to (1.3) with initial data ¢p. Forevery ¢ > 0,
ext® @ (f) — ®(¢) indistributionase — Oasa consequence of Proposition 6.19. Hence,
®(r) ~ v for every ¢t > 0. Thus, v is an invariant measure of (1.3). By Proposition 6.17
the invariant measure of (1.3) is unique. Therefore, v = vg y. O

7. Decay of Spectral Gap

Proof of Corollary 1.3. The Markov semigroup (975,'3 ’N),>o associated to (1.3) is
reversible with respect to vg y (see [HM18a, Corollary 1.3] or [ZZ18a, Lemma 4.2]).
Thus, one can express Ag y as the sharpest constant in the Poincaré inequality

e v = inf Ep,N(F, F) 0 71
BN = 1mn 2 3 > ( . )
FeD(Egn) (F4)g N — (F>,3,N

where g y is the associated Dirichlet form with domain D (g n) C Lz(v,g, N). See
[ZZ18a, Corollary 1.5].

The proof of Corollary 1.3 amounts to choosing the right test function in (7.1) and
then using the explicit expression for €g_y for sufficiently nice functions due to [ZZ18a,
Theorem 1.2].
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Let Cyl be the set of F € L?(vg y) of the form
FO = 1(h0)n 0 ()

where m € N, f € Cl} ®R™), I, ..., 1L, are real trigonometric polynomials, and /; (-)
denotes the (L?) duality pairing between /; and elements in ‘6’%"‘ . Forany F € Cyl,
let 9, F denote the Gateaux derivative of F in direction/;. Let VF : C@_%_" — IR be the
unique function such that 9, F(¢) = fTN VF(¢)l;dx for every ¢ € C@_%_" . In other

words, VF is the representation of the Géteaux derivative with respect to the L? inner
product. Then, for any F, G € Cyl,

G (F,G) = </

VFVde>
Ty B.N

Now we choose a test function in Cyl to insert into (7.1). Take any ¢ € (0, 1) and
m € [0, (1 — ¢)+/B). Let x,, : R — R be a smooth, non-decreasing odd function such
that x,,(a) = —1 fora < —m and x,,(a) = 1 for a > m. Define

F(¢) = xm(my(9)).

Then, F € Cyl and (F)g n = 0. Moreover, its Fréchet derivative D F is supported on
the set {my € [—m, m]}.
Thus, inserting F into (7.1), we obtain

Ep,N(F, F)
(F)pn (F2)g N

For any g € L*(Ty) and ¢ > 0, by the linearity of my and the Cauchy—Schwarz
inequality,

Ag.N < v n(my € [—m, m]). (7.2)

F(¢+eg) —F(p) _ | ‘mN(¢+88)_mN(¢)

& &
1

2 2
’ fTN gdx (fTNg dx)
where x;, is the derivative of x,, and | - | denotes the supremum norm. Note that this
. L _1_ . .
estimate is uniform over ¢ € €~ 27 . Then, by duality and the definition of VF,

2
U IV F2dx _H sup / Vngx)
Tw L®(vg N) geLzszN g2dx=17Tn

LOO(Vﬁ,N) (7 3)
< xl%

X N3 .

For the other term in (7.2), using that F 2 is identically 1 on {|{my| = m},

(F2)g.n = vgn(Imy| = m) + (F Ly cmm))p.N

(7.4)
21 —vgymy € (—m,m)).



Phase Transitions for ¢‘3‘ 775

We insert (7.3) and (7.4) into (7.2) to give

lxm |2 vgn(my € [—m, m])
N3 1-— vg y(my € (—m, m))’

ABN <

By Theorem 1.2, there exists C = C(¢, ) > 0and By = Bo(¢, n) > 0 such that, for all
B > Bo.

xlds e CVPV
N3 ] — = CVBN?

ABN <
from which (1.4) follows. 0O
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A. Appendix A Analytic Notation and Toolbox

A. 1 Basic function spaces on the torus. Let Ty = (R/NZ)3 be the 3D torus of side-
length N € N. Denote by C*°(T ) the space of smooth functions on Ty and by S'(Ty)
the space of distributions. For ¢ € §'(Ty) and f € C*®(Ty), we write fTN ¢fdx to

denote their duality pairing. For any p € [1, oo], let L?(Ty) = L?(Ty, dx) denote the
Lebesgue space with respect to the normalised Lebesgue measure dx = %

Let & denote the Fourier transform, i.e. for any f € C*°(Ty) and n € (N —l7)3,
o 1 (o7
Fro) = | fendr, f==5 Y Ffwe
Ty ne(N-17)3

where e, (x) = e27inx,
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For any p : R3 — R, let T, be the Fourier multiplier with symbol p(-) defined on
smooth functions via

1
Tf=55 2 POFfe.

ne(N-17)3

When clear from context, we simply write pf instead of T}, f".
For s € R, the inhomogeneous Sobolev space H* is the completion of f € C* with
respect to the norm

I as = 16)° fllz2

where (-) = /n+4x2| - |? for a fixed n > 0 (see Sect. 2). The norms depend on 7 but
they are equivalent for different choices.

A.2 Besov Spaces. In this section, we introduce Besov spaces on Ty and give some
useful estimates. All of the results can be found in [BCDI11, Section 2.7] stated for
Besov spaces on R3, but can be adapted to Ty .

Let B(x, r) denote the ball centred at x € R3 of radius r > 0 and let A denote the
annulus B(0, %)\B(O, %). LetA, A € CE’O(IE@; [0, 1]) be radially symmetric and satisfy

e suppx C B(0, %‘) and suppy C A;
® Y is_ 1 xk =1, where x_1 = { and i (-) = x (2% for k € NU{0}.

Identify Ay with its Fourier multiplier.
{Ak}kenui—1y are called Littlewood-Paley projectors. For f € C*°(Ty), we have

f= Af.

k>—1

For k > 0, Axf contains the frequencies of f order 2k A_ 1 contains all the low
frequencies (i.e. of size less than order 1).

Fors € R, p, g € [1, o], we define the Besov spaces Bj, ,(Tx) to be the completion
of C*°(Ty) with respect to the norm

1£18;, = | (214 fler)

p.q

k>—1lla

where /9 is the usual space of g-summable sequences, interpreted as a supremum
when g = oo. Note that these spaces are separable. Besov-Holder spaces are denoted
B3, oo (Tn) = €*(Ty) and are a strict subset of the usual Holder spaces (which are
not separable) for s € R \N. Moreover, the Bé,z(TN) = H®(Ty) and their norms are
equivalent.

Proposition A.1 (Duality). Let s € R and p1, p2,q1,q2 € [1, 0o] such that % +L =

| : P2
q_l + q—2 =1. Then,

P2.92

[ feax] <1f1sy, Nl (A1)
Ty :

for f, g € C=(Tw).
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Proof. See [GOTW18, Lemma 2.1]. O

Proposition A.2 (Fractional Leibniz estimate). Lets € R, p, p1, p2, p3, pa,q € [1, 00]
iy L — L1 1 . 1 i —

satisfy s= ot m = m o Then, there exists C = C(s, p1, p2, P3, p4,q,1n) > 0

such that

Ifelsy, < Clflsy,,
for f,g € C®(Ty).
Proof. See [GOTWI18, Lemma 2.1]. O

Iglzr + 1/l I8l , (A2)

Proposition A.3 (Interpolation). Let s,s1,s2 € R such that s; < s < s,
P, P1, P2, 4,491,q2 € [1,00] and 6 € (0, 1) satisfy

s =0s1+(1—0)s
1 6 1-0
_ = — 4
I 5| P2
1 6 1-6
—=—+ . (A.3)
q9 q1 q2
Then, there exists C = C(s, s1, 52, P, P1, P2, 4,41, 92,0, 1) > 0 such that
s < CIfIG, vy A4
I, ||f||Bp111ql ”f”szz.qz (A4)

for f € C®°(Ty).
Proof. See [BM18, Proposition 5.7]. O

Proposition A.4 (Bernstein’s inequality). For R > 0, denote By (R) = {n € (N"'Z)3 :
In| < R}. Let 51,52 € R such that sy < s3, p,q € [1,00]. Then, there exists C =
C(S2, $2, P, 4, ’7) > O Such l‘hat

1£llg2, < RS flg (A5)
gl < CRIligl g (A6)

for f, g € C®°(Ty) such that supp(F f) C B¢ (R) and supp(Fg) C (N~'Z)3\Bs(R).
Proof. See [BCD11, Lemma 2.1] for a proof on R3. O

A.3 Paracontrolled calculus. Let f, g € C*°(Ty). Define the paraproduct
fog= > AfAg
I<k—1
and the resonant product
feg= Y Aflg.
lk—11<1
Then,

fe=fog+[fOg+fOg. (A7)
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Proposition A.5 (Paraproduct estimates). Lets € R and p, p1, p2,q € [1, 00] be such
that % = Ll + %. Then, there exists C = C(s, p, p1, P2, 4, 1) > 0 such that

If ©glsy, <Clflsy, , lgllr (A8)

for f, g € C®(Ty).
Proof. See [BCD11, Theorem 2.82] for a proof on R3. O

Proposition A.6 (Resonant product estimate). Let s1,s2 € R such that s = s1 +
s > 0. Let p, p1, p2,q € [1,00] satisfy % = % + % Then, there exists C =
C(s1, 82, p, p1, P2, 4, n) > 0 such that

I/ @8z, <Clflgy l8ly, (A9)

for f, g € C=(Tn).
Proof. See [BCD11, Theorem 2.85] for a proof on R3. O
We now state some useful commutator estimates.

Proposition A.7. Let 51, 53 € R, 50 € (0, 1) such that s1 + s3 < 0 and s1 + 53+ 53 = 0.

Moreover, let p, p1, p2,q1, q2 € [1, 0o] satisfy % +%+ % = landqil+q1—2 = 1. Then,

there exists C = C(s1, 52,83, P, P1, P2, 41, 92, 1) > O such that
‘/ (fOgh—(fohgdx| <Clfllgr lIglga Ihllgs (A.10)
Ty p.oo P1.41 P2.42

for f,g,h € C®(Ty).
Proof. This is a modification of [GUZ20, Lemma A.6]. See [BG19, Proposition 7]. O

Proposition A.8. Let 51,53 € R, sp € (0, 1) such that s +s3 < O but s; +s2 + 53 > 0.
Morover, let p, p1, p2, p3 € [1, 00] satisfy % =14 L4 L Then, there exists

P1 p2 P3
C = C(s1, 52, 83, p, p1, p2, 1) > O such that
I(fegeh— (f@h)gllgsp'l_;oszﬂs < CIIfIIlelmllgllB;zzmIIhIIB;%_OO (A.11)

for f,g,h € C®(Ty).
Proof. This is a modification of [GIP15, Lemma 2.4]. See [BG19, Proposition 6]. O

A.0.1. A.4 Analytic Properties of §. The family of operators { J }x >0 defined in Sect. 4.1

satisfies the following estimate: for every multi-index o € N3, there exists C = C(e, n)
such that

C

0% (1) < —— .
(k)2 (1 + [x]) el

(A.12)
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Proposition A.9. Lets € R, p, g € [1, 0o]. Then, there exists C = C(s, p,q) > 0 such
that

C
19 gy < —1f Ny, (A.13)
T

forevery f € C*(Ty)
Proof. This follows from (A.12) and [BCD11, Proposition 2.78]. O
‘We now state another useful commutator estimate.

Proposition A.10. Let 51 € R, s € (0,1), p,p1,p2.9,91.92 € [1,00] such

4L = = = L = = —. > =
that ] + > and . + 5 Then, for any K 0, there exists C

C(s1, 52, Ps P1, P2+ 4, &, 1) > O such that

15 (f©8) — Fxf O8ll gsiwnar S Cllfllg Ngllgs2 (A.14)
P P10 P2,

for f, g € C®°(Ty).
Proof. This follows from (A.12) and [BCDI11, Lemma 2.99]. 0O

A.5 Poincaré Inequality on Blocks.

Proposition A.11. There exists Cp > 0 such that, forany N € Nand O C Ty a unit
block, the following estimate holds for all f € C*(Ty):

/ (f - f@)°dx < Cp / IV fPdx (A.15)
a a

where f(@Q) = [ fdx.
Proof. See [GT15, (7.45)]. O

A.6 Bounds on Discrete Convolutions.

Lemma A.12. Letd > 1 and a, B € R satisfy

a+B>danda, B <d.

Then, there exists C = C(d, a, B) > 0 such that, uniformly over n € (N—17)4,

1 1 1
N2 T S e

ny,nae(N~17z)4
ni+ny=n

Proof. Follows from [MWX17, Lemma 4.1] and by keeping track of N dependence.
0
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