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Abstract  

Restraint of early-age thermal and long-term shrinkage strain can cause cracking in reinforced 

concrete members. Eurocode 2 provides guidance on the design of crack control reinforcement in 

reinforced concrete elements with base (edge) and end restraint but not combined base and end 

restraint which commonly occurs. The paper describes an experimental programme, which was 

conducted to investigate early-age and long-term shrinkage cracking in reinforced concrete walls with 

combined base and end restraint. The main variables in the test programme were concrete cover and 

reinforcement ratio. Early-age cracking is simulated with nonlinear finite element analysis, which is 

shown to capture the observed behaviour adequately. Eurocode 2 gives reasonable estimates of 

long-term crack widths in the tested walls if edge restraint is assumed but significantly overestimates 

crack widths if the worst case of end restraint is assumed.  

Keywords chosen from ICE Publishing list 
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List of notation 

𝐴𝑐𝑡  area of concrete in tensile zone 

𝐴𝑐,𝑒𝑓𝑓  effective area of concrete in tension surrounding reinforcement 

𝐴𝑛  cross sectional area of newly cast concrete 

𝐴𝑜  cross sectional area of restraint 

𝐴𝑠  area of tension reinforcement 

𝐴𝑠,𝑚𝑖𝑛  minimum reinforcement area required to avoid steel yielding 

𝑐  concrete cover to longitudinal reinforcement 

𝑑  effective depth 

𝐸𝑐  elastic modulus of concrete 

𝐸𝑛  elastic modulus of restrained concrete 

𝐸𝑜  elastic modulus of restraint 

𝐸𝑠  elastic modulus of steel reinforcement 

𝑓𝑐𝑡  concrete tensile strength 

𝑓𝑐𝑡,𝑒𝑓𝑓  mean concrete tensile strength effective at first cracking 

𝑓𝑐𝑢𝑏𝑒  mean concrete compressive strength for concrete cubes cured at 20 °C 

𝑓𝑐𝑢𝑏𝑒
𝑇
  mean match-cured compressive concrete cube strength 

𝑓𝑐𝑦𝑙  mean compressive concrete cylinder strength 

𝑓𝑦𝑘  characteristic yield strength of steel reinforcement 

𝐺𝑓  fracture energy 

𝐻  member height  

ℎ  member depth or thickness 

𝐾1  creep coefficient 
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𝑘  coefficient allowing for non-uniform self-equilibrating stress 

𝑘1  coefficient accounting for bond properties of reinforcement 

𝑘2  strain distribution coefficient 

𝑘3, 𝑘4  coefficients to determine maximum crack spacing 

𝑘𝑐  coefficient accounting for stress distribution within section 

𝐿  wall length 

𝑅  external restraint factor at early-age 𝑅𝐸𝐴 and long-term 𝑅𝐿𝑇 

𝑅𝑗  external restraint factor at joint between base and wall 

𝑠𝑎𝑣  average measured crack spacing 

𝑠𝑚𝑎𝑥  maximum measured crack spacing 

𝑠𝑚𝑖𝑛  minimum measured crack spacing 

𝑠𝑟,𝑚𝑎𝑥  maximum final crack spacing (with 5% probability of being exceeded) 

𝑠𝑟,𝑚𝑎𝑥
∗  experimentally derived maximum crack spacing 

𝑡0  casting time 

𝑤𝑘  design crack width with 5% probability of being exceeded 

𝑦 vertical distance from joint between base restraint and wall 

𝛼𝑡  coefficient of thermal expansion 

𝛼𝑒  modular ratio (𝐸𝑠/𝐸𝑐) 

𝜀𝑐𝑚  mean strain in concrete between cracks 

𝜀𝑟  restrained strain (𝑅𝜀𝑓𝑟𝑒𝑒) at early-age 𝜀𝑟,𝐸𝐴 and long-term 𝜀𝑟,𝐿𝑇 

𝜀𝑐𝑡𝑢  ultimate tensile strain capacity of concrete 

𝜀𝑓𝑟𝑒𝑒  free strain which would occur in an unrestrained member at early-age 𝜀𝑓𝑟𝑒𝑒,𝐸𝐴 and long-term 

𝜀𝑓𝑟𝑒𝑒,𝐿𝑇 

𝜀𝑠𝑚  mean reinforcement strain 

𝜀𝑡𝑜𝑡𝑎𝑙  average total strain  

𝜈  Poisson’s ratio 

𝜌  reinforcement ratio based on the area of concrete in tension (𝐴𝑠/𝐴𝑐𝑡) 

𝜌𝑝,𝑒𝑓𝑓  effective reinforcement ratio (𝐴𝑠/𝐴𝑐,𝑒𝑓𝑓) 

∅  reinforcement bar diameter 

Introduction 

Following casting, concrete undergoes early-age thermal (EAT) and long-term (LT) volumetric 

changes. If restrained from contracting, concrete invariably cracks because it is weak in tension. 

Cracking is of particular concern in structures like cut-and-cover tunnels, retaining walls and liquid-

retaining tanks, where through-cracks can lead to leakage. The most commonly researched forms of 

restraint are edge and end. By way of example, edge restraint occurs when a reinforced concrete 

(RC) wall is cast on a stiff base (Figure 1a) and end restraint when a floor is restrained at each end 

between stiff cores (Figure 1b). Researchers have largely neglected combined restraint, which 

commonly arises. An example of combined restraint is a wall cast onto a stiff base in either sequential 
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(Figure 1c) or “hit and miss” bays (Figure 1d).  Eurocode 2  (BSI, 2011, BSI, 2006) distinguishes 

between edge and end restraint but does not give a design method for combined restraint. For both 

edge and end restraint, Eurocode 2  calculates the design crack width as the product of the design 

crack spacing, which is independent of restraint type, and the crack-inducing strain. The crack-

inducing strain is calculated in terms of the cracking load for end restraint but equals the restrained 

strain for edge restraint. The resulting crack-inducing strain is typically much greater for end than 

edge restraint resulting in Eurocode 2 requiring significantly greater areas of crack control 

reinforcement for end than edge restraint. This raises the question of how to design crack control 

reinforcement in members with combined edge and end restraint.  

 

 

Figure 1. Types of external restraint 

Cracking behaviour of restrained elements 

As previously described, Eurocode 2 adopts different approaches for the calculation of crack-inducing 

strain in members with edge and end restraint. Cracking in end-restrained RC elements is similar to 

that in members loaded in direct tension under displacement control with the main difference being 

that the overall extension is zero for full end restraint. Gilbert (Gilbert, 1992) and Nejadi and Gilbert 

(Nejadi and Gilbert, 2004) explain the mechanics of cracking in end-restrained elements and derive 

analytical expressions for the crack-inducing strain. Many other researchers (Kovler et al., 1999, Yang 

et al., 2000, Altoubat and Lange, 2001, Sule and Van Breugel, 2004) have studied EAT and LT 

shrinkage cracking in end-restrained elements.  

Published experimental data on cracking in edge-restrained walls, which are very limited, show 

significant differences in the cracking of elements with edge and end restraint. Restraint in edge-

restrained walls varies along the wall height and length (Stoffers, 1978, Anson and Rowlinson, 1988, 

Carlson and Reading, 1988, Al Rawi and Kheder, 1990, Kheder et al., 1994, Kheder, 1997) unlike 

end-restrained members, where the axial force is uniform. Consequently, cracking in edge-restrained 

members occurs only at locations of high restraint, whereas it can occur anywhere along the length of 

end-restrained members. Unlike end-restrained members, restraint provided by concrete in edge-

restrained members is only locally relieved by cracking because shear forces are mobilised between 

the wall, to either side of cracks, and the base (Al Rawi and Kheder, 1990). Experimental 

observations also show crack widths and wall geometry to be correlated in edge-restrained walls (Al 
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Rawi and Kheder, 1990, Kheder et al., 1994, Kheder, 1997, Stoffers, 1978). Edge and end restraint 

are limiting forms of restraint but in practice, combined edge and end restraint is usually present. In 

walls with combined end and edge restraint, Forth and Martin (2014) suggest that edge restraint is 

dominant in the zone close to the base of the wall, whereas end restraint is dominant near the top of 

the wall and close to its ends.  For such restraint scenarios, Forth and Martin (2014) recommend 

considering separate zones of restraint within the wall. 

Research significance 

To the authors’ knowledge, the laboratory tests described in this paper are the first to investigate 

cracking in RC walls with combined edge and end restraint. The results are significant because they 

suggest that LT crack control reinforcement can be designed assuming edge restraint in walls with 

combined edge and end restraint. This results in considerable savings in crack control reinforcement 

compared with the alternative assumption of end restraint. 

Eurocode 2 

Eurocode 2 calculates the design crack width 𝑤𝑘, which has 5% probability of being exceeded, as the 

product of the maximum crack spacing 𝑠𝑟,𝑚𝑎𝑥 and the crack-inducing strain (𝜀𝑠𝑚 − 𝜀𝑐𝑚).  

 

Eurocode 2 crack width prediction equations 

𝑤𝑘 = 𝑠𝑟,𝑚𝑎𝑥 (𝜀𝑠𝑚 − 𝜀𝑐𝑚) 

1. 

𝑠𝑟,𝑚𝑎𝑥 =  𝑘3𝑐 + 𝑘1𝑘2𝑘4

∅

𝜌𝑝,𝑒𝑓𝑓

 

2. 

 

where 𝑐 is the concrete cover to reinforcement, ∅ is bar diameter and 𝜌𝑝,𝑒𝑓𝑓 = 𝐴𝑠/𝐴𝑐,𝑒𝑓𝑓 is the effective 

reinforcement ratio. For tension members 𝐴𝑐,𝑒𝑓𝑓 = min (2.5(ℎ − 𝑑), ℎ/2)  in which ℎ is the member 

depth and 𝑑 the effective depth. The coefficients 𝑘1 and 𝑘2 account for the bond properties of 

reinforcement and the strain distribution over the section depth respectively. 𝑘1 = 0.8 for deformed 

bars and 𝑘2 = 1.0 for pure tension. The remaining coefficients are 𝑘3 = 3.4 and 𝑘4 = 0.425 (BSI, 

2009). The crack-inducing strain (𝜀𝑠𝑚 − 𝜀𝑐𝑚) depends on the restraint type. 

 

Eurocode 2 edge restraint 

(𝜀𝑠𝑚 − 𝜀𝑐𝑚) =  𝑅𝜀𝑓𝑟𝑒𝑒 

3. 

 

where 𝜀𝑓𝑟𝑒𝑒 is the free strain which would occur in an unrestrained member due to temperature 

change and shrinkage and 𝑅 is the restraint factor. 
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C660 edge restraint 

CIRIA Report C660 (Bamforth, 2011) provides complimentary guidance to  Eurocode 2  on the 

calculation of crack widths due to early-age (EA) and LT restraint. The report recommends that 𝑘1 in 

Equation 2 for calculation of crack spacing is taken as 1.14 due to concerns about bond quality. It also 

refines Equation 3 by defining the crack-inducing strain as: 

 

(𝜀𝑠𝑚 − 𝜀𝑐𝑚) =  𝐾1𝑅𝜀𝑓𝑟𝑒𝑒 − 0.5𝜀𝑐𝑡𝑢 

4. 

 

where 𝐾1 is a creep coefficient, with a recommended value of 0.65 which accounts for reduction in 

tensile stress due to creep. 𝜀𝑐𝑡𝑢 is the ultimate tensile strain capacity of concrete which under rapid 

loading C660 estimates as the ratio of the concrete tensile strength to elastic modulus. Under 

sustained loading, C660 increases 𝜀𝑐𝑡𝑢 by 23% to allow for the combined effect of creep and the 

reduction in concrete tensile strength under sustained load. The restraint factor 𝑅 is greatest at the 

base of the wall and is assumed to reduce with height at mid-length of the wall as follows: 

 

𝑅 = 𝑅𝑗[(1.372(𝑦/𝐿)2 − 2.543(𝑦/𝐿) + 1) + 0.044{(𝐿/𝐻) − 1.969(𝑦/𝐻)1.349}] 

5. 

 

where 𝑦 is the distance from the joint in m, 𝐻 is the height of the pour in m, 𝐿 is the length of the pour 

in m and 𝑅𝑗 is the restraint factor at the joint which is given by: 

 

𝑅𝑗 =
1

1 +
𝐴𝑛

𝐴𝑜

𝐸𝑛

𝐸𝑜

 

6. 

 

where 𝐴𝑛 is the cross sectional area of newly cast concrete, 𝐴𝑜 is the cross sectional area of the 

restraint, 𝐸𝑛 is the elastic modulus of the newly cast concrete and  𝐸𝑜 is the elastic modulus of the 

restraining member. C660 suggests that 𝐸𝑛/𝐸𝑜 should be taken between 0.7 and 0.8 for EA and 1.0 

for LT cracking.  

 

Eurocode 2 end restraint 

(𝜀𝑠𝑚 − 𝜀𝑐𝑚) =  
0.5 𝛼𝑒  𝑘𝑐  𝑘 𝑓𝑐𝑡,𝑒𝑓𝑓

𝐸𝑠

(1 + 
1

𝛼𝑒𝜌
) 

7. 

 

where 𝛼𝑒 is the modular ratio (i.e. the ratio of the elastic modulus of steel to concrete), 𝑘 and 𝑘𝑐 are 

coefficients which account for the stress distribution within the concrete and the effect of self-

equilibrating stresses respectively, 𝑓𝑐𝑡,𝑒𝑓𝑓 is the concrete tensile strength at first cracking, 𝐸𝑠 is the 
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elastic modulus of steel and 𝜌 = 𝐴𝑠/𝐴𝑐𝑡 is the reinforcement ratio where 𝐴𝑐𝑡 is the area of concrete in 

tension. 𝑘 = 1.0 for member thickness ℎ ≤ 300 mm and 0.65 for ℎ ≥  800 mm. Intermediate values of 

𝑘 may be interpolated. For tension members, 𝑘𝑐 = 1.0. 

 

C660 end restraint 

CIRIA Report C660 uses Equation 7 for end restraint but increases 𝑘 in Equation 7 from 0.65 to 0.75 

for ℎ ≥  800 mm for EA cracking, since the self-equilibrating stress distribution is assumed to be 

parabolic.  

 

Minimum reinforcement 

Eurocode 2 requires a minimum area of reinforcement 𝐴𝑠,𝑚𝑖𝑛 to be provided for crack control which is 

calculated as follows for tension members: 

 

𝐴𝑠,𝑚𝑖𝑛𝑓𝑦𝑘 = 𝑘𝑐𝑘𝑓𝑐𝑡,𝑒𝑓𝑓𝐴𝑐𝑡 

8. 

 

where 𝑓𝑦𝑘 is the characteristic yield strength of the reinforcement,  𝑓𝑐𝑡,𝑒𝑓𝑓 is the concrete tensile 

strength at the time of first cracking which C660 takes as 28 days for LT cracking.  

 

Combined end and edge restraint 

 Eurocode 2 gives no guidance on which of Equations 3 and 7 should be used to calculate 

(𝜀𝑠𝑚 − 𝜀𝑐𝑚) for combined edge and end restraint. Designing for end restraint, which is not considered 

in the previous UK code BS8007 (BSI, 2008), requires much greater areas of reinforcement than 

edge restraint. This is illustrated in Figure 2 which shows the influence of section thickness on the 

minimum area of reinforcement required by Eurocode 2, per face, to control LT crack widths to 0.2 

mm in end- and edge-restrained members. The restraint factor 𝐾1𝑅 is taken as 0.5 for edge restraint 

which corresponds to full restraint according to Eurocode 2-3:2006 (BSI, 2006). Figure 2 also shows 

the minimum area of reinforcement required by Equation 8. The figure is drawn for grade C30/37 

concrete and 40 mm cover. The free strain was calculated in accordance with the recommendations 

of C660 assuming CEM 1, ambient temperature of 15 °C and relative humidity of 85%. The 

reinforcement areas shown for edge and end restraint are the smallest that can be provided using 

standard UK reinforcement bar diameters with spacings of 100 mm, 125 mm, 150 mm and 175 mm. 

For all wall thicknesses, Equation 7 for end restraint requires significantly more reinforcement for 

crack control than Equation 3 for edge restraint with the difference being proportionally greatest for 

thin walls (180 mm to 300 mm thick) where an additional 200% reinforcement is required for end 

restraint.  
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Figure 2. Minimum reinforcement areas required to control crack widths to 0.2 mm 

 

Experimental details 

The testing programme was designed to develop an improved understanding of cracking in RC walls 

with combined edge and end restraint and to assess whether designing for the worst case of end 

restraint is necessary. To this end, four RC walls (C-W5 to C-W8) with combined edge and end 

restraint were cast in the Structures Laboratory at Imperial College London. The results of four walls 

tested with edge restraint are reported elsewhere (Micallef, 2015). Over the entire test period of two 

years, the average air temperature varied between 20 °C and 27 °C. The relative humidity varied 

between 40% and 60%. Each wall was monitored for EAT and LT shrinkage cracking for at least six 

weeks. At the end of the monitoring process, each wall was further loaded to develop a stabilised 

crack pattern. 

Testing arrangement  

The test setup is illustrated in Figure 3. The boundary conditions were intended to be similar to the 

infill panel of a wall cast between adjacent pours. The overall dimensions of the wall were 3500 (𝐿) x 

180 (ℎ) x 500 mm (𝐻). Base restraint was provided by means of a stiff steel universal column (UC) 

254 x 254 x 73 kg/m. This simplified the modelling of the boundary conditions because, unlike 

concrete, steel is not subject to creep and shrinkage. A 150 mm high concrete kicker (cast 2) was 

cast onto the UC at least two weeks prior to casting the central portion of the wall (cast 3). The kicker 

simulated the boundary conditions of a wall cast onto a concrete base, as well as reducing heat loss 

from cast 3 into the steel UC. A shear key was provided between the restraining steel beam and 

concrete kicker by means of pairs of 19 (∅) x 100 mm headed shear studs spaced at 100 mm centres 

in order to minimise slip. The walls were constructed in stages with the ends (cast 1) and kicker (cast 

2) cast at least two weeks before cast 3 at the centre. Additional end restraint was provided by a 

concrete-infilled 180 x 180 x 8 mm square hollow section (SHS) positioned in series with a load cell 

and actuator, as shown in Figure 3, to allow its load to be monitored and controlled. 
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The reinforcement is shown in cross section and elevation in Figure 4. Cast 3 was vertically reinforced 

using 10 mm diameter bars spaced at 200 mm at each wall face. Horizontal bar diameters, horizontal 

bar spacings and concrete cover to reinforcement were varied in the tests.  

a) 

 

b) 

 

Figure 3. The experimental setup – a) casting sequence (all dimensions are in mm),  
b) view of experimental setup 
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a) 

 

b) 

 

Figure 4. Reinforcement arrangements (all dimensions are in mm) – a) cross section at midsection of 
walls, b) sectional elevations 
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Commentary of specimen design 

The restraining elements were dimensioned, on the basis of nonlinear finite element analysis 

(NLFEA), to be stiff enough to induce cracking in cast 3 which measured 1600 mm long by 350 mm 

high. The aspect ratio of cast 3 was 5, which is within the practical range of 1 to 8 identified by Kheder 

(Kheder, 1997). The wall length was chosen to be sufficient for the development of 2 to 3 cracks 

within its length. Conveniently, Figure 2 shows that the percentage difference between the 

reinforcement required for a 0.2 mm design crack width by Equations 3 and 7, for edge and end 

restraint respectively, is greatest for the adopted wall thickness of 180 mm.  

Testing procedure 

Prior to cast 3, the UC ends were bolted to the laboratory floor. This restrained vertical displacements 

but not axial extension. Vertical construction joints were roughened by removing surface laitance with 

a mechanical tool as commonly done at construction joints of water resistant structures (Forth and 

Martin, 2014). The top surface of the kicker was roughed with a trowel a few hours after casting. 

Instrumentation was connected to the data logger and Demountable Mechanical (DEMEC) strain 

gauge studs were also installed on both faces of the wall ends. In order to maximise the temperature 

rise in cast 3, the plywood formwork was insulated with 50 mm thick polyisocyanurate (PIR) insulation 

boards, with a thermal conductivity of 0.44 W/m2K. The day before cast 3, the top strut was installed 

and given a small preload of 5 kN. The preload was load-maintained until the formwork was stripped 

to ensure the strut remained in position as the wall expanded due to heat of hydration following 

casting. Immediately before casting, both ends of the wall and kicker were soaked with water.  

Approximately 18 hours after casting, the preload of 5 kN was locked off and the actuator was 

disconnected from the oil supply. The formwork and insulation were removed from the top and near 

face of the wall, and DEMEC studs were installed on the exposed face of cast 3. The installation of 

DEMEC studs typically took around 1.5 hours. Subsequently, the remaining formwork and insulation 

were removed and DEMEC studs were installed on the far face of cast 3. This order of striking 

formwork was adopted to minimise cooling of the wall prior to installation of DEMEC points. Each wall 

was monitored for at least six weeks.  

Crack propagation was monitored photographically over time. Crack widths were measured, at 

marked locations, perpendicular to the crack centreline using a portable crack microscope with x40 

magnification power and precision of +/- 0.02 mm.  

At the end of the monitoring process, the load in the top strut was increased to first 100 kN and then 

150 kN. The aim of this loading was to investigate the effect of short-term loading on cracking due to 

restraint as well as to determine the final controlled crack pattern for each wall.  
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Instrumentation  

As illustrated in Figure 5, the adopted instrumentation included: 

 Type K exposed welded tip thermocouples (denoted “T”) within the concrete measuring the 

concrete temperature distribution along the length, height and width of each wall; on the UC 

surface; as well as the ambient temperature;   

 YFLA-5-1L electrical strain gauges (denoted “S”) monitoring strains in the UC; 

 100 mm LVDTs (denoted “D”) measuring vertical and horizontal displacements; 

 DEMEC studs fixed on a square 150 mm grid to measure surface strains.  

 
a) 

 
b) 

 
Figure 5. The instrumentation setup (all dimensions are in mm) – a) location of thermocouples cast in 

concrete, b) instrumentation on the wall face 

Material properties and temperature profiles 

In order to maximise the heat of hydration, a very high cement content of 500 kg/m3 CEM I 52.5N 

cement was adopted with a water-cement ratio of 0.53. The ratio of sand to coarse aggregate (10 mm 

maximum size) was 2.4.  Figures 6a and 6b show temperature drop profiles recorded in wall C-W8 

which is typical as shown in Figure 6c. The heights in Figure 6 are measured from the top flange of 

the UC. Mean mechanical properties of the concrete are given in Table 1 at ages between one and 28 

days. Compressive strengths were determined from 100 mm cubes and tensile strengths from 

splitting tests on cylinders of 100 mm diameter and 250 mm height. Unless noted otherwise, control 
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specimens were cured in water at 20 °C. Some cubes were temperature match-cured in order to 

simulate the strength development of concrete at the centreline of the wall 365 mm above the UC top 

flange, where the peak temperature of hydration was greatest (see Figure 6). The match-cured cubes 

were 1.5 times stronger in compression at one day than cubes cured in water at 20 °C but 5% weaker 

than water cured cubes at 28 days. The coefficient of thermal expansion and free shrinkage strain at 

six weeks were estimated to be 11.8 με/°C and 280 με respectively from strain measurements in a 

1000 mm long unreinforced control specimen with the same cross-section as the tested walls. 

a) 

 

b)           c) 

 

Figure 6. Typical wall temperatures – a) temperature profile at wall centreline of C-W8,  
b) typical measured temperature drops at different sections for C-W8,  

c) comparison of maximum temperature drops at wall centrelines 
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Table 1.  Mean mechanical properties of concrete used in experimental walls 

mechanical properties 
time 𝑡 (from casting) [days] 

1 2 3 5 7 14 28 

tensile strength 𝑓𝑐𝑡(𝑡) (MPa) 2.4 2.6 2.7 2.9 3.0 3.2 3.4 

water-cured compressive 

cube strength 𝑓𝑐𝑢𝑏𝑒(𝑡) (MPa) 
20.4 27.8 34.5 38.2 40.0 47.2 49.9 

match-cured compressive 

cube strength 𝑓𝑐𝑢𝑏𝑒
𝑇(𝑡) 

(MPa) 

30.3 34.9 36.2 37.4 40.3 45.3 47.6 

Poisson’s ratio 𝜈* - - 0.173 0.151 0.158 0.187 0.182 

elastic modulus 𝐸𝑐(𝑡) 

(GPa)* 
- - 31.6 31.5 32.5 32.1 31.7 

Note:   
* average of values obtained for 3 cylinders measuring 250 mm (𝐻) x 100 mm (∅), each loaded in 

compression first to 35 kN at 3 days and 5 days, and then to 90 kN at 7 days, 14 days and finally at 

28 days; a fourth cylinder was loaded to 90 kN at 28 days only  

Nonlinear finite element analysis 

NLFEA was utilised to gain further insight into cracking of walls with combined edge and end restraint. 

The NLFEA models the development of tension due to restraint of EAT and LT shrinkage (Vollum, 

2002) and consequent cracking. All numerical modelling was carried out using ADAPTIC (Izzuddin, 

1991), a NLFEA program developed at Imperial College London.  

NLFEA modelling procedure 

Figure 7a shows the 2D finite element mesh used to model the authors’ test specimens with 

combined restraint. Only half the wall length was modelled in order to minimise computational effort. 

The edge-restraining UC and the top strut were modelled using 2D beam-column elements. The axial 

rigidity 𝐴𝐸 of the top strut consisting of SHS, actuator and load cell is uncertain but is estimated by 

calculation to have been in the range of 450 – 650 MN. The lower bound estimate of 450 MN was 

adopted in the NLFEA. Perfect bond was assumed between the restraining beam and the concrete 

kicker. Slip was not modelled between either the concrete and UC or cast 3 and kicker because 

measurements showed it to be minimal.  

Concrete elements were discretised with 2D, four noded flat shell elements. Elasto-plastic 2D beam-

column elements were used for reinforcement bars. Bond-slip between reinforcement and concrete 

was modelled using a tri-linear idealisation of the Model Code 2010 (MC2010) (fib, 2013) bond-slip 

relationship which in conjunction with the very fine adopted mesh effectively simulates discrete cracks 

(Vollum et al., 2008). Cracks localised in vertical columns of single elements. Consequently, crack 

widths were calculated directly by subtracting horizontal nodal displacements of cracked elements 

and correcting for the displacement of uncracked concrete. A fixed-crack model, “con12” (Macorini et 

al., 2006), was used in which the crack orientation is perpendicular to the direction of the maximum 

principal stress that first exceeds the concrete tensile strength. Creep and shrinkage are modelled in 
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accordance with Model Code 1990 (MC 1990) (CEB-FIP, 1998) which considers uncracked concrete 

as an ageing visco-elastic model in both tension and compression. A Rankine type plasticity-based 

tensile cut off is used in con12. After cracking, the concrete tensile stress was assumed to reduce 

linearly to zero at an ultimate strain 𝜀𝑢 = 2 𝐺𝑓 (𝑓𝑐𝑡ℎ𝑒)⁄ , where 𝑓𝑐𝑡  is the concrete tensile strength, 𝐺𝑓 is 

the fracture energy calculated according to MC2010 and ℎ𝑒 is the element size.  Table 2 shows the 28 

day concrete material properties used in the NLFEA of the tested walls. The reduced tensile strength 

of the vertical construction joint between casts 1 and 3 was simulated by reducing the concrete 

compressive strength in the end column of elements in cast 3 to 10 MPa. The concrete strength and 

elastic modulus were assumed to vary with time in accordance with the recommendations of MC 

1990.  

 

Table 2. Material properties used in NLFEA 

a) concrete*  

concrete element 𝑓𝑐𝑚 (MPa) 
𝑓𝑐𝑡 

(MPa) 
𝐸𝑐 

(GPa) 

𝐺𝑓 

(N/m) 
𝜈 𝛼𝑡 (µε) 

walls 40 3.4 32.6 147 0.17 11.8 

joint 10 0.5 16 123 0.17 11.8 

Note: 
* tabulated values are 28 day properties  
 
b) steel  

element 𝑓𝑦  

(MPa) 

𝐸 
(GPa) 

𝛼𝑡  
(µε) 

reinforcement 650* 210 15 

UC and prop 355 210 n/a 

Note:   
* measured from tension tests on reinforcement bars 

Different casting times 𝑡0 were specified for the old and new concrete, as shown in Figure 7a (i.e. for 

C-W8, 𝑡0 = −45 days for ends, 𝑡0 = −30 days for the kicker, and 𝑡0 = 0 for cast 3) with negative times 

measured relative to cast 3. As described earlier, creep and shrinkage were modelled in accordance 

with MC1990. The analysis commenced at  𝑡0 = 0 with creep and shrinkage modelled in the old and 

new concrete from time 𝑡0 = 0. In order to simulate contraction due to cooling, negative thermal 

strains were applied to the concrete and reinforcement 24 hours after casting for a duration of 24 

hours as shown in Figure 7b which compares the measured and applied temperature drops in wall C-

W8, which was typical. Dynamic analysis was adopted to ensure convergence following cracking. The 

NLFEA of the tested walls was stopped 5 days after casting since it was extremely computationally 

demanding. The reported outputs of the NLFEA are the strut force, crack widths, and displacements 

with more detailed results given for C-W8, which is representative. A limitation of the NLFEA is that it 

does not include the influence of reinforcement cover on crack width and spacing since it is a 2D 

analysis.  
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a) 

 
b) 

 
Figure 7. NLFEA model for C-W8 – a) representation of the time-dependent model, b) temperature 

drops as measured and as modelled 

Results and observations 

In the presented results, time is measured from completion of cast 3. On formwork removal at around 

18 hours, the force in the top strut increased almost linearly with temperature drop. In all walls, the 

compressive strut force increased to around 60 kN over the first two days after which no further 

increase was recorded as shown in Figure 8a which also shows the strut force calculated in C-W8 

with NLFEA. Figure 8b shows the measured and calculated horizontal displacements at the end of 

wall C-W8, which compare reasonably. Figure 8c compares the measured and calculated vertical 

displacements of CW-8. Consideration of Figure 8 shows that the NLFEA captures the measured 

global response adequately.  
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a) 

       

b) 

 

c) 

      

Figure 8. Observed and predicted wall behaviour – a) strut force, b) end displacements in C-W8,  
c) vertical displacements in C-W8 
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On day 1, cracks formed along the vertical construction joints between casts 1 and 3 of all walls as 

illustrated in Figure 9 for wall C-W8. Figure 9 shows that the measured and predicted EA crack 

patterns agree well. Subsequently, secondary cracks developed in cast 3 and the initial cracks at the 

construction joints widened. The internal cracks within cast 3 were significantly narrower than the 

initial cracks at the vertical construction joints.  

a) 

 

b) 

 

Figure 9. Crack patterns for C-W8 at the end of week 1 – a) observed, b) predicted 

 

Figure 10 shows the final crack pattern, and crack widths, in each wall immediately prior to final 

loading after around six weeks. A unique reference is assigned to every crack in which the number 

denotes the week the crack formed and the letter denotes the sequence in which cracks formed within 

that week. In the case of through-cracks, the same reference number is used for the crack on both 

sides of the wall, provided both cracks formed during the same week. At both EA and LT, cracks were 

widest at the construction joints between casts 1 and 3 suggesting that construction joints are 

potentially the location of widest cracks. Figure 10 also shows that crack widths were least at the base 

of the wall and increased with height from the base. 

Figure 11 shows the final crack pattern in all specimens after loading the top strut to 150 kN. 

Comparison of Figures 10 and 11 shows that during final loading, more cracks formed and some 

existing cracks extended. All cracks widened during final loading, with cracks at joints remaining 

widest. 
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Figure 10. Observed crack patterns at week 6 (before loading) in all experimental walls 
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Figure 11. Observed crack patterns after 150 kN loading 
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Comparison of crack widths with code predictions 

In this section, measured crack widths are compared with the predictions of NLFEA, EN1992 and 

C660. Average restraint factors (see Equation 3) were calculated for each row of DEMEC points 

within cast 3 of each wall, between gridlines 6 to 18, as follows: 

 

𝑅 =  
𝜀𝑓𝑟𝑒𝑒 −  𝜀𝑡𝑜𝑡𝑎𝑙

𝜀𝑓𝑟𝑒𝑒

 

9. 

 

where, 𝜀𝑓𝑟𝑒𝑒 is the average free strain along the row of DEMEC points under consideration and 𝜀𝑡𝑜𝑡𝑎𝑙 

is the average total (DEMEC) strain in the same row. EAT strains were calculated as the product of 

the average temperature drop in the row of DEMEC points under consideration, between gridlines 6 

to 18, and the coefficient of thermal expansion (see Table 3). The LT free strain is the sum of the EAT 

and shrinkage strains. EA and LT DEMEC strains and restraint factors are summarised in Table 3 for 

each row of DEMEC points. The restraint factors increased with time due to the reduction in wall 

stiffness owing to restraint-induced cracking. 

Equation 6 from C660 gives an EA restraint factor 𝑅𝑗 of around 0.7 for the tested walls if the top strut 

is included in the stiffness calculation and 𝐸𝑛 is taken as 0.7 times the 28 day concrete elastic 

modulus which is in the range of 0.7-0.8 recommended in C660. When multiplied by a creep factor of 

𝐾1 = 0.65 as recommended in C660, the EA restraint factor 𝐾1𝑅𝑗 = 0.46, which is comparable to the 

experimentally derived values in Table 3.     

Table 4a lists maximum crack-inducing strains calculated for each wall according to Equation 4 as 

well as crack-inducing strains calculated with Equation 7 for end restraint using three and 28 day 

concrete tensile strengths. Table 4b shows maximum measured and calculated crack spacings and 

widths. Measured crack widths at construction joints between cast 1 and 3 are labelled “joint” with 

other cracks within cast 3 depicted “internal”. EA and LT crack widths are given respectively at three 

days and immediately before final loading at six weeks. For purposes of comparison, Table 4b shows 

measured EA and LT crack widths normalised by a multiplication factor equal to the average 

restrained strain in all four walls divided by the restrained strain measured in that particular wall.  

Table 4b also shows measured maximum crack spacings after final loading, when the crack pattern is 

assumed to be fully developed. The maximum measured crack spacing (𝑠𝑟,𝑚𝑎𝑥
∗) is estimated as the 

average of:- the maximum observed crack spacing (𝑠𝑚𝑎𝑥), twice the minimum observed crack spacing 

(2𝑠𝑚𝑖𝑛), and 1.7 times the average crack spacing (1.7𝑠𝑎𝑣) (Narayanan and Beeby, 2005). The 

Eurocode 2 crack spacing predictions are seen to be closer to the experimentally derived values than 

those of C660, which overestimates the developed crack spacing particularly for walls C-W7 and C-

W8.  
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Table 3. Restraint factors for tested walls 

   wall reference number 

 gridline C-W5 C-W6 C-W7 C-W8 

bar diameter ∅ (mm)  12 12 16 12 

number of horizontal bars per 
face 

 
5 5 3 3 

reinforcement ratio (%) 𝜌 =  𝐴𝑠 𝐴𝑐⁄   1.26 1.26 1.34 0.75 

∅ 𝜌⁄  (mm)  955 955 1194 1592 

average temperature drop* in day 
2 (°C) 

 
B 

 
20.7 

 
20.6 

 
21.9 

 
22.4 

 C 20.7 20.0 21.6 21.8 

 D 13.4 16.1 16.6 15.5 

 E 8.6 9.9 9.5 9.6 

EA average DEMEC strain* 
(gridlines 6-18) in day 2 (µε) 

 
B 

 
117 

 
142 

 
166 

 
135 

 C 100 119 137 122 

 D 74 108 116 107 

 E 66 87 96 85 

calculated EA horizontal restraint 
𝑅𝐸𝐴 

 
B 

 
0.52 

 
0.42 

 
0.36 

 
0.49 

 C 0.59 0.49 0.46 0.53 

 D 0.53 0.43 0.41 0.42 

 E 0.35 0.25 0.14 0.25 

LT free strains* (µε)  
B 

 
524 

 
523 

 
538 

 
544 

 C 524 516 534 537 

 D 438 470 476 462 

 E 381 397 392 393 

LT average DEMEC strain* 
(gridlines 6-18) (µε) 

 
B 

 
139 

 
237 

 
273 

 
226 

 C 127 210 226 183 

 D 86 167 183 161 

 E 56 127 153 125 

calculated LT horizontal restraint 
𝑅𝐿𝑇 

 
B 

 
0.74 

 
0.55 

 
0.49 

 
0.58 

 C 0.76 0.59 0.58 0.66 

 D 0.80 0.64 0.62 0.65 

 E 0.85 0.68 0.61 0.68 

Note:   
* contracting temperature/strain relative to when the first DEMEC readings are taken 

Restraint factors highlighted in bold used in Table 4a  
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Table 4a. Calculated strains for experimental walls 

   wall reference number 

  C-W5 C-W6 C-W7 C-W8 

EA edge restraint 

 maximum EA restraint factor 𝑅𝐸𝐴
1 0.59 0.49 0.46 0.53 

 maximum temperature drop ∆𝑇𝑚𝑎𝑥 at day 
3 (°C)  

31 34 34 36 

 maximum free strain 𝜀𝑓𝑟𝑒𝑒,𝐸𝐴 at day 32 388 423 423 446 

 max EA restrained strain 𝜀𝑟,𝐸𝐴 =
𝑅𝐸𝐴𝜀𝑓𝑟𝑒𝑒,𝐸𝐴 (με) 

229 207 195 236 

 EA 𝜀𝑟,𝐸𝐴 − 0.5𝜀𝑐𝑡𝑢 3 (με) 182 160 148 189 

LT edge restraint 

 LT restraint factor 𝑅𝐿𝑇
4 0.74 0.55 0.49 0.58 

 LT shrinkage strain5 (με) 280 280 280 280 

 total LT restrained strain 𝜀𝑟,𝐿𝑇 (με) 436 361 332 399 

 LT 𝜀𝑟,𝐿𝑇 − 0.5𝜀𝑐𝑡𝑢 6 (με) 378 303 274 341 

EA end restraint 

 EA restrained strain 𝜀𝑟,𝐸𝐴,𝑒𝑛𝑑 554 554 522 895 

LT end restraint 

 LT restrained strain 𝜀𝑟,𝐿𝑇,𝑒𝑛𝑑 697 697 657 1127 

Notes:   
1 calculated in Table 3 (gridline C) 
2 the sum of EAT strain (𝛼𝑇∆𝑇𝑚𝑎𝑥) and autogenous shrinkage (= 22µε calculated to Eurocode 2 at 3 
days) 
3 𝜀𝑐𝑡𝑢 = 94 µε calculated to C660 at 3 days 
4 calculated in Table 3 at location of measured maximum crack width (gridline B) 
5 measured in free-to-slide walls 
6 𝜀𝑐𝑡𝑢 = 116µε calculated to C660 at 28 days 
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Table 4b. Measured and predicted crack spacings and crack widths 

  wall reference number 

 C-W5 C-W6 C-W7 C-W8 

cover 𝑐 (mm) 15 25 45 45 45 

measured final crack spacing after final loading (mm) 

 2smin 250 250 3601 3001 2601 
 s𝑚𝑎𝑥 395 200 4551 3051 3151 
 1.7s𝑎𝑣 339 303 4781 3891 3571 

 average max crack spacing2 𝑠𝑟,𝑚𝑎𝑥
∗ 328 251 431 331 311 

predicted crack spacing 𝑠𝑟,𝑚𝑎𝑥  (mm) for axial tension 

 Eurocode 2 240 365 478 559 694 

 C660 321 483 616 731 924 

measured and predicted EA (3 days) maximum crack widths (mm) 

 maximum measured (joint) 0.10 0.20 0.18 0.12 0.20 

 maximum average measured (joint)3 0.09 0.10 0.14 0.09 0.18 

 𝑤 = 900𝜀𝑟,𝐸𝐴 0.21 0.21 0.19 0.18 0.21 

 𝑤 = 900(𝜀𝑟,𝐸𝐴 − 0.5𝜀𝑐𝑡𝑢) 0.16 0.16 0.14 0.13 0.17 
 Eurocode 2 (edge restraint)4 0.06 0.08 0.10 0.11 0.16 

 C660 (edge restraint)4 0.06 0.09 0.10 0.11 0.18 

 Eurocode 2 (end restraint)4 0.13 0.20 0.26 0.29 0.62 

 Eurocode 2 (end restraint) using 𝑠𝑟,𝑚𝑎𝑥
∗ 0.18 0.14 0.24 0.17 0.28 

 C660 (end restraint)4 0.18 0.27 0.34 0.38 0.83 

 NLFEA 0.10 0.10 0.09 0.11 0.13 

measured and predicted LT (6 weeks) maximum crack widths (mm) 

 maximum measured (joint) 0.20 0.20 0.22 0.18 0.30 

 maximum measured (internal) 0.12 0.10 0.12 0.08 0.14 

 𝑤 = 900(𝜀𝑟,𝐿𝑇 − 0.5𝜀𝑐𝑡𝑢) 0.34 0.34 0.27 0.25 0.31 
 Eurocode 2 (edge restraint)5 0.10 0.16 0.17 0.19 0.28 

 C660 (edge restraint)5 0.12 0.18 0.19 0.20 0.31 
 Eurocode 2 (end restraint) 0.17 0.25 0.33 0.37 0.78 

 Eurocode 2 (end restraint) using 𝑠𝑟,𝑚𝑎𝑥
∗ 0.23 0.18 0.30 0.22 0.35 

 C660 (end restraint) 0.22 0.34 0.43 0.48 1.04 

normalised measured crack widths 

 EA normalised6 crack width at joint (mm) 0.09 0.19 0.19 0.13 0.18 

 LT normalised6 crack width at joint (mm)  0.18 0.18 0.23 0.21 0.29 

 LT normalised6 internal crack width (mm) 0.11 0.09 0.13 0.09 0.13 

Notes:   
1 the minimum of both faces is considered for 2smin, the maximum of both faces is considered for s𝑚𝑎𝑥 

and the mean of both faces is considered for 1.7s𝑎𝑣 
2 average of the values for 2𝑠𝑚𝑖𝑛,  𝑠𝑚𝑎𝑥 and 1.7𝑠𝑎𝑣. 
3 maximum of the average of four crack measurements (at both faces and both joints) at each height  
4 Eurocode 2: (𝜀𝑠𝑚 − 𝜀𝑐𝑚) = 𝜀𝑟,𝐸𝐴; C660: (𝜀𝑠𝑚 − 𝜀𝑐𝑚) = 𝜀𝑟,𝐸𝐴 − 0.5𝜀𝑐𝑡𝑢 (Table 4a)  
5 Eurocode 2: (𝜀𝑠𝑚 − 𝜀𝑐𝑚) = 𝜀𝑟,𝐿𝑇;  C660:, (𝜀𝑠𝑚 − 𝜀𝑐𝑚) = 𝜀𝑟,𝐿𝑇 − 0.5𝜀𝑐𝑡𝑢 (Table 4a) 
6 the product of the measured crack width and the normalisation factor 
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Table 4b shows that Eurocode 2 end restraint gives the best code EA crack width predictions for walls 

C-W5 and C-W6 but significantly overestimates crack widths in C-W7 and C-W8. Conversely, edge 

restraint underestimates EA crack widths in C-W5 and C-W6 but gives reasonable estimates of crack 

widths in  C-W7 and C-W8 with C660 giving the best predictions. The NLFEA crack width predictions 

are closer to mean rather than maximum measured values, which is to be expected because the wall 

was modelled as symmetrical about its centreline whereas in reality joint cracks were not of equal 

width at each end of cast 3. Furthermore, the NLFEA neglects the influence of cover on crack width. 

Better estimates of EA crack widths are obtained from studying the EA crack pattern. Since no 

internal cracks formed during cooling, an upper bound to the maximum EA crack widths at the 

construction joints is obtained by multiplying the maximum mean restrained strains 𝜀𝑟 in Table 4a by 

900 mm which is half the length over which the restrained strain was measured. Table 4b shows that 

the resulting EA crack widths (𝑤 = 900𝜀𝑟) are comparable with the measured values and significantly 

more accurate than predicted by Eurocode 2. Table 4b also shows EA and LT crack widths calculated 

as 𝑤 = 900(𝜀𝑟 − 0.5𝜀𝑐𝑡𝑢) in accordance with Equation 4 from C660. The EA crack widths are less than 

measured but the LT crack widths are slightly greater than measured due to the development of 

internal cracks. 

The best code estimates of LT crack widths at joints are obtained with C660 assuming edge restraint. 

Internal LT crack widths are significantly less than at joints and less than calculated with Eurocode 2 

assuming edge restraint. Al Rawi and Kheder (1990) also found later age cracks in base-restrained 

walls to be narrower than the initial EA cracks. The assumption of end restraint significantly 

overestimates LT crack widths with C660 overestimating crack widths by up to 160%. This is largely 

due to 𝑠𝑟,𝑚𝑎𝑥 being overestimated and is consistent with the observation of Al Rawi and Kheder 

(1990) that final crack spacings in similarly reinforced members are less in edge than end-restrained 

members due to the crack distributing effect of the base. Table 4b also shows that   end restraint 

gives reasonable estimates of EA and LT crack widths if the experimentally derived crack spacing 

𝑠𝑟,𝑚𝑎𝑥
∗ is used. 

Consideration of Equations 3 and 7 shows that Equation 3 calculates (𝜀𝑠𝑚 − 𝜀𝑐𝑚) in terms of 

restrained strain whereas Equation 7 calculates (𝜀𝑠𝑚 − 𝜀𝑐𝑚) in terms of the reinforcement strain. As 

shown in Table 4b, both approaches can give reasonable crack width predictions but only if different 

crack spacings are used in each. The NLFEA was interrogated to explore the influence of 

reinforcement stress on crack width. This was done by examining the stress distribution in the top 

horizontal reinforcement bar passing through the construction joint of walls C-W7 and C-W8 at both 

EA and after final loading of the top strut to 150 kN. The latter analysis was carried out similarly but 

the influence of cooling and shrinkage was neglected. The resulting final crack pattern is shown in 

Figure 12a for C-W8.  
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a) 

 

b) 

 

c) 

 

Figure 12. NLFEA predictions – a) Crack pattern for C-W8 after 150 kN loading, and b) predicted 
stress distributions along the top horizontal reinforcement in C-W7 and C-W8 to either side of the 

crack at the joint at day 3, and c) after applying 150 kN 
 

Reinforcement stresses are plotted in Figures 12b and 12c for EA and final loading respectively. 

Figure 12b shows that the peak EA reinforcement stress was greatest in C-W8 with the least 

reinforcement and greatest crack width. The crack width predicted by NLFEA equals the mechanical 

extension of the reinforcement, relative to the concrete, between adjacent troughs in the stress 

distribution to either side of the crack. Consideration of Figure 12c shows that the length between 

adjacent troughs is similar at EA and after final loading to 150 kN. This suggests that crack width 
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largely depends on the reinforcement stress at the crack and that when calculating crack width in 

terms of reinforcement strain the same crack spacing can be used at EA and LT.   Supporting 

evidence is provided in Table 4b which shows that end restraint gives reasonable estimates of EA 

and LT crack widths if the experimentally derived crack spacing 𝑠𝑟,𝑚𝑎𝑥
∗ is used.       

Concluding remarks 

This paper describes an experimental programme carried out by the authors to study EAT and LT 

cracking in RC walls with combined edge and end restraint. Cracking was monitored in four 

specimens over a minimum period of six weeks. EA cracks only formed at the vertical construction 

joints which were a plane of weakness. Subsequently, internal cracks formed between the vertical 

construction joints due to restrained shrinkage. The internal cracks were significantly narrower than 

those at the construction joints throughout the monitoring period.  

The EA response of the tested walls was reasonably captured with NLFEA. As expected, NLFEA crack 

width predictions are closer to mean rather than maximum measured values. EN1992 and C660 

underestimate the observed maximum EA crack widths if edge restraint is assumed. C660 gives good 

estimates of LT maximum crack widths if edge restraint is assumed but significantly overestimates the 

observed crack spacing. This apparent anomaly is explained by the observation that crack widths were 

significantly wider at construction joints than in between joints. LT crack widths are significantly 

overestimated if end restraint is assumed largely due to Eurocode 2 overestimating crack spacing. This 

is consistent with the observation of Al Rawi and Kheder (1990) that final crack spacings in similarly 

reinforced members are less in edge than end-restrained members due to the crack distributing effect 

of the base.  

It is suggested that when using Eurocode 2, LT crack widths at construction joints in walls with combined 

edge and end restraint are calculated assuming edge restraint. This is justified by the crack distributing 

effect of the base which leads to the formation of secondary cracks. Field measurements and further 

laboratory tests are needed to validate this conclusion. EA crack widths are more complicated to 

calculate since they are significantly influenced by wall geometry. However, LT crack widths are 

generally critical for purposes of design. 
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