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Abstract 

The development of finite element formulations for the study of continua is investi- 

gated in this thesis. The objective is to devise new robust and efficient techniques firstly 

for problems with geometric non-lineaxities but small strains and later for large-strain 

analysis and in paxticulax hyperelasticity. 

As an introduction to non-linear problems, membrane elements are considered. The 

elements axe developed for application in hyperelastic structures and utilise the concept 

of the total Lagrangian approach. 
The effort is then focussed on continuum mechanics and the development of a plane- 

strain element. The element deserves special attention because, in order to examine -the 
laxge-strain hyperelastic behaviour, the incompressibility issue, chaxacteristic inherent 

of any hyperelastic material, has to be addressed. The conventional lineax lower-order 

plane-strain element tends to behave poorly when v --+ 0.5. Consequently, the elements 

applied here axe enhanced by incorporating into their linear formulation the so-called 
incompatible displacement modes. It is shown that this allows the element to accurately 

treat problems involving both bending and incompressibility. Subsequently, the element 
is upgraded to a non-lineax formulation using again the total Lagrangian technique. The 

new formulation generally performs well but presents some problems of convergence 

when applied to laxge-strain analysis. 
To overcome the problem with the non-linear incompatible modes element, a pro- 

cedure is developed based upon the co-rotational formulation in which linear finite ele- 

ments are embedded within a co-rotating local frame while the geometric non-lineaxities 

axe accounted for via the rotation of this local system. In this manner the rigid body 

motions axe kept separated from the actual deformation of the element. The resulting 
formulation can easily handle large displacements and laxge rotations. The formula- 

tion is derived consistently and can incorporate any linear element, including the linear 

incompatible modes element. Unconventionally, the method is extended so as to also 
handle large-strains. The technique is used in both two- and three-dimensional prob- 
lems. 

A wide range of numerical examples is presented in support of the different proposed 

theories. The elements were implemented within the research version of a large scale 
finite element package. 
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Notation 

The notation presented here represents the main notation used throughout this thesis. 
When the saine notation is used for different quantities, the non-usual notation is ex- 
plained and referred to the section or equation where it is applied. We use the basic 
vector and matrix notation, i. e., their symbols are written in bold. 

Scalars 

Aj principal stretches 
V virtual work 

determinant of F 
strain-energy function 

W work done by a force on a body 
Q heat flow 
T kinetic energy 
V0 initial volume 
C1 

iC2 Mooney-RAIn model constants 
k bulk modulus 
11,12,13 strain invariants 
AP)aP Ogden's model constants 
A ground state of the shear modulus 
a length of the element (Section 3.2.1) 
E Young's modulus 
V Poisson's ratio 
t thickness 
P applied pressure load (see equation (3-20)) 
A, a original and current areas 
A vector loading multiplier (see equation (3.29)) 

P pressure term (see equations (3.45) and (3.46)) 
ý, 77, ( non-dimensional (natural) co-ordinates 
fl, local spin 
a, b, c scalars obtained from a, =0 
0 angle to define local co-rotating frame 

e shear strain (see equation (7.32)) 

Vectors and matrices or tensors 
E Green's strain 
F deformation gradient 
X vector of original co-ordinates 



NOTATION 

X vector of updated co-ordinates (x =X+ u) 
UýVjw displacement vector (collectively called p) 
D displacement derivative matrix (see equations (2.2), (2.3), (4.47) and 

(4.48)) 
I identity matrix 
C right Cauchy-Green stretch tensor 
Q matrix containing the principal direction vectors 
Ni principal direction vectors in the Lagrangian triad 
ni principal direction vectors in the Eulerian triad 
S second Piola-Kirchhoff stress 
Cr Cauchy stress 
6 engineering strain 
Ir Kirchhoff stress 
D tangent modulax matrix 
U stretch matrix 
orb Biot stress 
Eb Biot strain 
b strain- displacement vector 
qj nodal internal force vector 
qe nodal external force vector 
9 out-of-balance force vector 
B strain- displacement matrix 
Ktl, Ktg tangent stiffness matrix 
K, t initial stress or geometric stiffness matrix 
Kp stiffness matrix due to follower pressure load 
KT total stiffness matrix 
H shape functions matrix (Section 3.2.2) 
tj element local triad 
L shape functions matrix for general 3-noded membrane element 
0 vectorised form of the displacement derivative matrix 
G matrix connecting 0 to p, 
T transformation matrix 

matrix containing second Piola-Kirchhoff stresses 

ii 

Xij Xi - Xj 

SL second Piola-Kirchhoff stress vector related to the Lagrangian triad 
EL Green's strain related to the Lagrangian triad 
R rotation matrix 
h shape functions vector 
hý, h, 7 differential of h w. r. t. ý and 77, respectively 
i Jacobian matrix 
h* shape functions vector for the incompatible modes 
U* )V* incompatible displacements (collectively called p*) 
B* strain- displacement matrix for the incompatible modes 
0* vectorised form of the displacement derivative matrix for the incompatible 

modes 
KI, conventional small-stradn linear tangent stiffness matrix 



NOTATION iii 

ei, e2 co-rotating base vectors 
il J2 

global base vectors 
fl, pseudo-vector of local spin 
A, vector (or matrix) connecting w, (or f1j) to p 
C vector connecting a and x. (see equation (5.25)) 
d vector connecting b and x. (see equation (5.26)) 
V vector (or matrix) connecting 60 (or 60) to bp 
RI special vector (see equation (5.46)) 
E matrix containing local frame ej, e2 
Tj vector containing the jth column of TT 
G' special matrix (see equations (5.56) and (5.58)) 
0 pseudo-vector with terms 01,02 and 

03 (see equation (6-23)) 
S skew-symmetric matrix (see equation (6.24)) 
z column matrix (see equation (6.34)) 
zVo vector Rqj, for node j 
B left Cauchy-Green tensor (see equation (7.2)) 

ai principal direction vectors obtained from the local engineering strains 
(71 local stresses (Section 7.2) 
hp shape functions for the pressure term (Appendix B) 
P pressure- displacement connectivity part of the stiffness matrix (Appendix B) 
H pressure term stiffness matrix (Appendix B) 



Chapter 1 

Introduction 

1.1 Motivation and aim of the study 

From the beginning, the development of engineering tools for the analysis of complex 

problems has been an ultimate goal of researchers. Earlier workers had to rely on simple 

and relatively inaccurate techniques when tackling those complex problems. Without 

something that would enable them to perform difficult calculations, these engineers 

could only produce results that, although accurate enough for those days, could not 
be used in large and more complicated structures. With the introduction of digital 

computers, the engineering research stepped into a new phase of rapid development. 

A_n important product of this new technology is the Finite Element method and the 

possibility of studying problems of such a complexity that could hardly be imagined by 

previous engineers. This research focusses attention on the part of the Finite Element 

method that deals with non-linearity of structures, especially of those capable of un- 

dergoing large strains and deformation. The group of materials that will be considered 

is known as Hyperelastic and more details will be presented in the following chapter of 

this thesis. 

In hyperelastic analysis the principal materials to be studied are the rubber-like 

ones. Rubbers present a relevant engineering importance due to their ability to support 

large elastic strains. Moreover, some special manufactured rubbers can actually replace 

traditional materials in a vast number of applications in structural engineering. Their 

employment in engineering, although not as widespread as steel, concrete or aluminium, 

for example, is very important since these materials act in critical parts of certain struc- 

tural components. Consequently the engineer or designer should be able to understand 

and to apply the properties of rubbers or rubber compounds to supersede or to com- 
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plement the use of other materials. It is important to be aware of the advantages and 
disadvantages associated with the use of rubbers in order to assess their potential in 

relation to the field of application. Examples like shock absorbers that avoid damage 

in the interface between concrete and steel in a structure; rubber joints to seal parts 
in submerged tunnels and supports devices in bridges indicate clearly that a failure oc- 

curring in these complicated connections can cause serious damage to the structure or 
even its total collapse. There are numerous others applications for rubber-like materials 
including those in offshore engineering and the aerospace industry. 

The aim of this work is to investigate new possibilities of utilising the Finite Ele- 

ment method to devise robust element formulations to analyse problems involving large 
displacements and laxge -rotations. Additionally, the elements designed should be able 
to treat incompressibility or near-incompressibility and laxge-strains deformations, chax- 

acteristics inherent of any hyperelastic structure. In the procedure used, there exists 
the commitment to avoid incorporating unnecessaxy complexities into the formulation 

of the different elements to be developed, without, however, compromising the excellent 

performance achieved here. One significant step towaxds this end is the application of 
lower order elements, in which the obvious advaniages associated to their simplicity axe 

apparent, in conjunction with approaches to improve the performance of these lower 

order elements and to enable them to be used in a non-lineax environment. 

1.2 A brief literature survey 

The general study of mechanical structural behaviour of different materials is an old 

concern among researchers. Different behaviour means different forms of treatment 

for each type of material and each type of analysis. As discussed previously, in the 

present work we focus our attention on the non-lineax geometric and physical analy- 

sis of continua with special emphasis on a class of materials known as hyperelastic. 

For this study special finite elements will be employed, including axisymmetric and 
three-dimensional membranes, plane-stress and plain-strain elements with incompatible 

displacement modes, two-dimensional and three-dimensional co-rotational elements and 

others. The formulation for these elements will be described in detail in this thesis. 

The theoretical analysis of hyperelastic or rubberlike materials has been investi- 

gated by many authors since the first half of this century (see Týreloar [91] and Mullins 

and Thomas [56] for an overview on the pioneering works in the field). The first con- 

siderations were based on experimental work and on the molecular structure of the 
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material. The major breakthrough in the study of the material came with the work of 
Mooney [55], that developed a general theory applicable to large deformations, and the 

subsequent studies of Rivlin [73]. Using continuum theory, a general way of achieving 
reliable analytical and numerical solutions for rubberlike materials is the application 
of the concept of a strain energy function [23,91]. The Mooney-Rivlin approximation 
for the strain energy function is based on strain invaxiants and in the original develop- 

ments the material is assumed to be isotropic and incompressible. However, the view 
of expressing the strain energy function in term of invariants is not always sufficiently 

accurate for laxge strain type analysis. Therefore, there was a need for a more flexible 

and effective way of dealing with hyperelasticity. Another important hypothesis is due 

to Valanis and Landel [92]. In their representation, the strain energy function is pre- 

sented in a sepaxable form in which the sepaxate functions of the principal stretches are 
identical. Ogden in his paper of 1972 [61] proposed a new strain energy function which, 
in his own words, "provides an adequate representation of the mechanical response of 

rubberlike solids and is simple enough to be amenable to mathematical analysis". This 

function is a linear combination of power forms of the principal stretches and it has been 

broadly used in hyperelastic material analysis. It is noteworthy that at the beginning 

all the distinct propositions for the strain energy function were based in the assump- 
tion that rubberlike materials were perfectly incompressible. This affirmation is not 

completely true since some of the rubberlike materials exhibit a slight compressibility 
that should be taken into consideration, whence the strain energy functions have been 

modified, making feasible their use with near- or quasi-incompressible materials. 
In relation to finite element approximations, some applications made in the late 

1960s [60] are regaxded as the first approaches applying the method. The strain en- 

ergy function of Ogden is extensively employed although some of the works with finite 

elements also use a simpler Mooney-Rivlin model [13,30,37,84]. Recently, several 

works have been published and major steps have been taken towards a fully com- 

prehensive finite element formulation for hyperelasticity (see, for example, references 
[12,33,36,49,98]). A rather mathematical approach for the study of hyperelastic 

materials have been given by Dobrowolski [25]. 

An important factor in the study of large deformation and/or large strains is the 

special attention to be given when a pressure load is applied in such an analysis. It is 

known that pressure acts normal to the surface to which it has been applied. To allow 

the applied pressure to be maintain normal to the surface, a displacement- dependent 

pressure or "follower" load should be used [5,39,75]. This will bring into account a 
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new stiffness that should be added to the standard stiffness matrix. 
With respect to the use of hyperelasticity, various applications can be found in 

the literature. They comprise the use of rubber-Eke materials in different fields like 

supports for bridges, piers and fenders, eaxthquake protection, adrcraft engineering, 

shock and vibration isolation, offshore engineering among others [29,83]. In addition, 
the theory of hyperelasticity can be applied as the basis for the study of large-strain 

plasticity problems (see, for example, [28,70,80,22]). 

As mentioned earlier, the Finite Element method plays an important role in the 

whole analysis of a non-lineax structure. The reference books of Zienkiewicz and Taylor 
[101], Crisfield [18], Hughes [44) and Cook [15] in spite of presenting only a lineax for- 

mulation, give the basic steps for the understanding of the method. The more advanced 
works in non-linear finite element can be found in the books of Bathe [6], Zienkievpcz 

and Taylor [102] 
, Crisfield [20] and Hinton [40]. 

With a view to developing finite elements capable of dealing with laxge deforma- 

tions and incompressibility or near-incompressibility, a number of elements have arisen. 
Among them axe the so-called mixed and hybrid elements which axe a powerful class of 

element suitable for this kind of problem. In addition to the elements above, incompati- 

ble modes elements axe also important in this study. Incompatible modes elements were 
first proposed by Wilson et al. [96] in 1973. The idea was to improve the performance of 
low-order elements in bending deformations. It also aimed to improve the accuracy for 

course meshes and with near incompressible and non-lineax materials. One of the main 

problems of Wilson's element was that it could not cope with very distorted meshes. 
Taylor et al. [86] presented a way of correcting the problem by enforcing the satisfac- 
tion of the patch test [87]. More recent works (97,46,48] have been using incompatible 

modes based elements and successful results have been obtained. Other works (Simo 

et al. in [76] and [79], Andelfinger and Ramm [2] and Li [511) have also been closely 

related to the original incompatible modes, even although the term "enhanced strain 

mixed method" is more generally used in these papers. 
Another very usual way of tackling the problem of incompressibility is to separate 

the deviatoric part of the constitutive model from its volumetric part [15,26,44] §. 

The idea has been used by many authors [13,27,84] and excellent results have been 

obtained. This approximation is regard by many authors as a mixed and sometimes as 

a hybrid formulation. 

The co-rotational finite element formulation is also an attractive technique for the 
S This approach is also known as the u-p formulation 
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non-lineax analysis. It has been used as an alternative strategy to analyse problems ex- 
hibiting laxge rotations during laxge deformation processes. The pioneering work in the 
field is due to Argyris et al. [3] and Wempner [95] in the sixties. The methodology im- 

plied the decomposition of the motion of the element into a rigid body motion followed 

by a deformation, or vice-versa, i. e., a deformation followed by a rigid body motion. This 

is the framework of the co-rotational technique in which the standaxd linear formula- 

tions can be used with respect to the rotating co-ordinate system and the non-lineaxities 

axe incorporated via the rotation of this system. Argyris et al. [4], in a rather long pa- 

per, introduced their "natural method" that states that the rigid body modes may be 

large while the natural modes remain small. This approach is closely related to the 

co-rotational technique described above. Belytschko and co-workers [8,9] applied the 

formulation to transient dynamic analysis of laxge- displacement and small-strain prob- 
lems. In dealing with dynamic analysis using an explicit formulation the derivation of a 
tangent stiffness matrix is not treated, although Belytschko [9] showed that it was pos- 

sible to generate a consistent tangent stiffness matrix using the co-rotational approach. 
He also outlined that the motion of the rigid-convected co-ordinate or co-rotational de- 

scription leads to a simpler strain- displacement and force-stress relationships, resulting 
in a more efficient computational analysis. The work of Oran [65,66,67] also uses two- 

dimensional and three-dimensional co-rotational procedures to analyse the behaviour of 
beam-columns in a non-linear environment. However, his work for space frame [66] was 

limited to small increments. Later, Belytschko and Glaum [10] extended the dynamic 

formulation to a higher order co-rotational formulation which accounts for initial cur- 

vature and moderate variations of rigid body rotation within the element. In this work, 

shallow arches were loaded with point loads and the formulation converges more rapidly 

than the lower order one. Further work in the field was done by Hsiao and co-workers 
[41,42,43] for problems involving in-plane frames, flat triangulax shells elements and 

spatial beam structures. 
The axgument that a non-linear analysis could be simply achieved by dissociating 

rotations from deformations, introducing the non-lineaxity into the transformation be- 

tween the element frame and the global frame led some authors to simply derive the 

stiffness matrix by rotating it, via the transformation matrices, to the global co-ordinate 

system. However, this idea is not entirely true because it does not take into account the 

vaxiation of the transformation matrices mentioned above. To extend the formulation 

towaxds a consistent derivation of the second contribution of the stiffness matrix, it is 

necessary to consistently differentiate the transformation matrices. Approaches such as 
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those by Crisfield [19], Cole [14), Peng and Crisfield [69] and Nygard [58) embody this 
differentiation, producing consistent co-rotational formulations for beams and shells. 

As far as the application of co-rotational procedures for continua is concerned, 
the work of Jetteur and Cescotto [50] appeaxs to have been the only proposition. In 

their paper, they described an incremental co-rotational formulation with the element 
formulation being developed for elastoplasticity with laxge-strains. However, their de- 

velopment did not consider the inclusion of the consistent derivation of the tangent 

stiffness matrix. 

1.3 General layout of this thesis 

This section briefly describes the contents of each part of the work with the thesis being 

organised as f6flows. 
Chapter 2 contains a general overview into the snbject of hyperelasticity. Some 

essential kinematics concepts axe presented and some basic definitions of continuum 

mechanics axe also reviewed. The chapter also describes some of the important work 

on hyperelasticity, especially presenting a review of the strain-energy functions used in 

hyperela. stic simulations. 
Chapter 3 concentrates on the development of two finite elements for hyperelastic 

membranes: an axisymmetric and a general three-dimensional approach. Both elements 

are evaluated using a total Lagrangian approach. The elements can take into account 
loads that are displacement- dependent in a consistent way. The hyperelastic model is 

introduced using first a Mooney-lUvlin material and subsequently employing an Ogden 

model. Various test cases axe shown and compaxed against analytical and numerical 

results. 
In Chapter 4a plane-stress and plane-strain element is introduced. The element 

incorporates incompatible displacement modes that is improved to include non-linear 

capabilities into the element. Again the formulation is based on a total Lagrangian 

approach and follower loads are also studied. The hyperelasticity approximations are 

performed using an Ogden-type model. The chapter also contains numerical tests with 

the element and some problems with convergence are displayed. 

Largely as a result of the problems faced by the element of the previous chapter, 

attention was turned towards a co-rotational formulation. Chapter 5 discusses a two- 

dimensional co-rotational approach for plane-stress and plane-stradn conditions. The 

formulation is based on the idea of analysing the element in a linear way with respect 
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to a co-ordinate system attached to the element. The non-lineaxity is introduced by the 

rotation of this co-ordinate system. The lineax element also comprises the incompatible 

modes defined in Chapter 4 in a lineax manner. The tangent stiffness matrix is computed 

consistently producing a very robust formulation. The chapter is completed by a series 

of tests demonstrating the accuracy of the formulation. 

Chapter 6 considers a full three-dimensional element. The theory for this element 
is again based on the co-rotational formulation. The technique utilises the polar decom- 

position theorem to treat effects axising from a rigid body rotation independently from 

the effects originating from the 'real' stretches. The element also includes incompatible 

displacement modes. The final tangent stiffness matrix is consistent and the desirable 

quadratic rate of convergence for the Newton-Raphson method is obtained. Numerical 

results axe also presented at the end of the chapter. 
Chapter 7 deals with hyperelastic applications for the two- and three-dimensional 

co-rotational elements of Chapters 5 and 6. A "Biot-type" formulation is adopted 

and applied with the Ogden model. The stress tensors and constitutive matrices axe 

evaluated and several results axe shown in order to assure the accuracy of the predictions. 
The final chapter gives a summaxy of the conclusions and also some suggestions for 

future research. 



Chapter 2 

Hyperelasticity: Basic Concepts 

and Models Definitions 

2.1 Introduction 

A definition for hyperelasticity or more precisely for hyperelastic materials can be given 

as a group of materials which are able to recover their original undeformed state after 
being submitted to any large deformation pattern. The term hyperelasticity, therefore, 

merely defines a material capable of undergoing higher-order elastic deformation, fully 

recovering the strains when the imposing forces axe released. 
The best example of hyperelastic material is rubber. The term rubber was originally 

given to the material obtained from the tree Hevea brasiliensis [29,91]. As fax as 
the chemical composition is concerned, rubber is classified as lying within a group of 

materials named 'polymers'. This study, however, is not concerned with the microscopic 

aspects but concentrates its attention into the macroscopic elastic behaviour of the 

rubberlike or hyperelastic materials. A good review about the micro composition of 

rubber is given by Gent in [34]. 

Another way of defining hyperelasticity, in this case in a rather mathematical man- 

ner, is to associate it to the existence of a strain-energy function ýo, that is, the strain 

energy per unit volume under deformation. A hyperelastic material is included among 

the so-called 'Green Elastic Material Models' [20,23]. Different strain-energy functions 

can be -used and have been proposed to describe the properties of a given hyperelastic 

material. Some of them are shown in this chapter. The derivation of the mechanical 

properties for hyperelasticity is also reviewed below. 

18 
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2.2 General kinematic relations 

19 

The staxting point to understand the mechanical behaviour of any elastic and hyper- 

elastic material is the comprehension of its properties and physical response when the 

material is submitted to a certain deformation. The approach to be followed is phe- 
nomenological, based on the theory of elasticity and the mathematical formulation of 
the (macroscopic) properties of such a theory [63,62]. 

The hyperelastic model is expressed in terms of a strain-energy function ýo that 

can be formulated using either the strain invaxiants of the right Cauchy-Green tensor C 

or the principal stretches ratios Al ý A21 A3. However, before moving to a typical repre- 

sentation of a strain-energy function it is worth reviewing some basic but fundamental 

definitions in the study of continuum mechanics. 
In continuum mechanics, a number of different strain measures can be used. When 

the deflections are laxge (in hyperelasticity, besides the deflections the strains axe also 
laxge), it is often convenient to use the 'Green- Lagrange' or simply 'Green' strain ten- 

sor, E. In conjunction with finite element procedures this approach involves the total 

Lagrangian formulation. Later in this chapter another strain tensor will be described 

which can be applied with the so-called co-rotational technique. 

The Green strain tensor can be written as [20] 

1 [F TF 

2 

where F is the deformation gradient. 

ax 
=I+D (2.2) 

ax 

The matrix D above is the displacement- derivative or the displacement-gradient 

matrix and is given by 

au 
ax 

(2-3) 

In equation (2.1) defined above, the term F'F is known as the right Cauchy-Green 

tensor C. Using polar decomposition (see references [54,82,45,20] for details) it can 

be shown that the eigenvalues of C are the squares of the principal stretches Ai and 

the eigenvectors axe the principal directions, which define the Lagrangian (or material) 

triad, i. e., we can write 

C= Q(N)[diag(Ai')]QT(N) (2.4) 
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where Q(N) = [NjN2N31 is the matrix containing the principal directions vectors N1, 
N2 and N3 and [diag(A? )] is the 3x3 diagonal matrix containing the A? values. The SS 
above definitions axe very important for the future development of the formulation. 

Ha. ving defined C, we also need to obtain the invariants of C which will be utillsed 
in some of the hyperelastic constitutive models to be formulated later. The invariants, 
in terms of the components of C and in terms of principal stretches, are 

, 
\2 + \2 + \2 tr(C) = Cll + C22 + C33 =123 

12 
= cofactor of Cii 

CllC22 + C22C33 + C33C11 
- C12C21 

- C23C32 
- C13C31 

A2, \2 + A2, \2 + A2, \2 
233112 

13 det C= CllC22C33+2Cl2C23Cl3 
- 

CllC23C32 
- 

C22C13C31 
- 

C33C12C21 

A2 \2 \2 
123 

The stress measure used in conjunction with the Green's strain tensor of equation 
(2.1) is the second Piola-Kirchhoff stress tensor, here caRed S. This stress measure is 

work-conjugate with E, i. e., the virtual work expression is given by 

v -- vi - VC =S : 6E,, dV, - V, (2.6) IV. 

where Vi and V, axe the internal and external virtual works, respectively. 
Note that the measures defined for stress and strain are given in terms of tensors. 

They can also be represented as vectors and for many of the subsequent finite element 
developments we will use the latter configuration. Although the symbols will be the 

same for both tensors and vectors, the context will make the difference cleax . 
Another relevant stress measure that should be mentioned here is the Cauchy or 

true stress. The use of Cauchy stress a instead of the second Piola-Kirchhoff stress, S, 

eases the interpretation of the final results. The former relates the forces to the final 

axea where they have been applied whereas the latter relates them to the original area 

and to the original configuration. 

The Cauchy stress is work-conjugate to be,, § and is related to the Second Piola- 

5This strain measure can be regarded as a form of engineering strain increment but related to the 
current configuration [20] and can be written as 

1[ a6u 096U 'o 
T 

2 o9x ax 
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Kirchhoff stress via 

21 

cr FSF T (2.7) 

with J=detForJ=ll -AA A3. 3-12 

We can define am equivalent stress measure to the Cauchy stress but related to the 

original volume. It is known as the Kirchhoff stress and is given by 

T= (2.8) 

The question at this stage is how to obtain the stresses for a hyperelastic material 
from a strain-energy function? If the strain-energy function W is the strain energy per 

unit initial volume under deformation, the change of ýp is expressed as 

6ýp =S: bE (2.9) 

Hence, 

S 
OW 

(2.10) 
OE 

The previous relation can be called the Green elastic constitutive law and can 
be obtained as follows: using the first law of thermodynamics, i. e., "The work of the 

external forces done on a body plus the heat that flows into the system is equal to the 
increase of kinetic energy plus the increase in internal strain-energy" or 

6W, _, t + 6Q = 6T + 6W (2.11) 

Rom the principle of conservation of energy, the total work performed by the forces 

applied in a body (internal and external) is equal to the variation of the kinetic energy, X 
hence 

Wext + Mint= 6T (2.12) 

If we have no heat flow, using equations (2.11) and (2.12), we obtain 

bwi", t = -6ý0, 

so that the variation of the work done by the internal forces is equal to minus the 

variation of the strain-energy. If there is no variation of kinetic energy, (2.12) and 

(2.13) lead to 
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bw"t = bw 

At this point we write the change of external work as 

bwext = 
il, Fi6uidV + IA 

aijnibuidA 
.v 

where: Fj axe the external body forces applied in each direction; 

ui axe the displacement components; 
aij axe the surface (Cauchy) stresses; 
ni axe the direction cosines normal to the surface A. 

22 

(2.14) 

(2.15) 

Following Desai and Siriwaxdane [23], it can be shown from virtual work that 

equation (2.15) above leads to 

bw",: t = 
IV. Sij6EijdV, (2.16) 

Now, from (2.14), we can write 

6ý0 = 
IV. Sij 6Ejj dY, (2-17) 

and then, 

bw = 
IV. 6W,, dV,, (2.18) 

Rom (2.17) and (2.18), dropping the subscript o for initial, we reach (2.9), hence 

(2.10). 

From (2.10), a second variation with respect to the strain yields the necessaxy 
tangent relationship, i. e., D. 

6S = D: 6E 

and 
D= 

02 
(P (2.20) 

49E2 

Equation (2.20) clearly illustrates that the tangent tensor D is not constant for 

hyperelastic materials but rather is dependent upon the current strains. 
If, instead of using a total Lagrangian approach, we decide to make use of the co- 

rotational formulation (details will be given in Chapter 6 and 7), a different strain tensor 

can be applied. The most convenient strain tensor turns out to be the so-caRed Biot 
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strain tensor, represented by Eb- It comes from the concept of co-rotated engineering 
strain, i. e., E =A -1. Using the definitions given by Crisfield [20,21] (see also [54,82,45]) 

and the polax decomposition theorem, 

Eb = Q(N)[diag(, \i - 1)]QT(N) = Q(N)[diag(Ai)]QT(N) - Q(N)QT(N) 
= 

U-I 

(2.21) 

where Q(N) is the same as in (2.4) and [diag(Ai - 1)] is the diagonal matrix containing 
the Ai-1 values. 

We have to consider the stress measure that is work-conjugate to the Biot strain. 
This stress is known as Biot stress amd using (2.6) the virtual work is given by [21] 

Vi = 
IV. 

S: 6E, dV,, = 
IV. 

Oý b: 6Eb,, dV,, = 
IV", 

47b : M, dV, (2.22) 

Thus, equations (2.9) and (2.10) axe re-defined as 

4 : -- Ub : bEb (2.23) 

and 
O'b --::: 

i%o (2.24) 
Mb 

2.3 Hyperelastic material models 

Vaxious attempts have been made to represent the mechanical behaviour of hyperelastic 

materials, especially the rubber-like ones, in terms of a strain-energy function. Some of 
these works are described in this review although as fax as the finite elements simulations 

axe concerned, we will concentrate this study mainly on the strain-energy function 

proposed by Ogden [61]. Ogden's model has been widely used to treat the properties of 

rubberlike structures in engineering design and the results produced are very accurate. 
Moreover, this model can still represent two other models, also extensively used by 

researchers and designers, the neo-Hookean and the Mooney-Rivlin models. 
As mentioned before the approach described and employed in this work is phe- 

nomenological and no attention is given to the molecular structure of the material. One 

could divide the several representations of the strain-energy functions into two major 

groups: the first in which constitutive relations are described in terms of the invariants 

of the right Cauchy-Green tensor C and the second where the relations are defined via 
the principal stretches (or extension ratios), Aj. We shall start with the former. 
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Among the strain-energy functions developed, the one proposed by Mooney [55] and 
later modified by lUvIin [73] is one of the most known. Mooney developed a theory based 

in two assumptions that (i) rubber is incompressible and isotropic in the undeformed 
state and (ii) Hooke's law is obeyed in simple sheax. His theory yields a strain-energy 
function of the form: 

C (, \2 + \2 + A2 
-3) 

+C(, \-2 + \-2 + \-2 
11232123 (2.25) 

M%- 

Equation (2.25) represents quite accurately simple extensions but can give serious 

problems when other kinds of strain are imposed [90]. In a subsequent work, Rivlin 
amended Mooney's theory and the strain-energy is then expressed in terms of invaxiants 

of C. This new function takes the invaxiants 11 and 12 to be the two independent 

variables from which the state of strain is defined. So, the series 

00 
Cij (I, - 3)'(12- 3)j (2.26) 

represents the most general form of the strain-energy. The first order approximation of 
(2.26) is the expression for the Mooney-RIvIin model that is one of the most utilised in 

rubber elasticity analysis, that is, 

W= Ci(Ii - 3) + C2(I2-3) (2.27) 

Rom the expression above another particular strain-energy function can be derived 

by settingC2= 0. This leads to the neo-Hookean form of the strain-energy function, 

i. e., 

W= Ci(Ii - 3) (2.28) 

It should be noted that the equations above are valid for incompressible materials 
for which J=1. In other words, equations (2.27) and (2.28) represent only the de- 

viatoric part of the strain-energy function since the volumetric paxt does not change. 
This strict incompressibility is not always true for a hyperelastic material and a small 

compressibility may be allowed, especially in problems involving plane-strain and three- 

dimensional analysis. Therefore, a term involving the bulk modulus k can be added to 

the strain-energy expressions. The volumetric part of W may be written as 

(Pb =1 k(J - 1)' or ýPb =I k(InJ)2 (2.29) 
22 
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and the fully incompressible state must be recovered if k tends to infinity. (Pb is zero for 

the undeformed initial configuration where J=1. 

Following the work of Crisfield [21], we can produce expressions for the strain-energy 
function of (2.27) and (2.28) for a compressible hyperelastic material. The neo-Hookean 

compressible form can be given by 

ýo = Cl(Ij - 
313'/3)+ (Pb (2.30) 

whereas the Mooney-Rivlin form would be (see also [31]) 

/3) 12/3) Cl(Ii - H31 + C2' ( 12-3 
3+ Wb (2-31) 

Here, a strictly separation between the deviatoric and the volumetric parts of the 

strain-energy functions is opportune. This is so due to the appropriateness of such a split 

when one examines and predicts the behaviour of hyperelastic materials, making easier 

the validation of each part by experimental tests. Thus, we can define new modified 
invaxia, nts, so that 

1/3 Ii =II; 

1-2/3 12 : 12 
3 

that come from the new modified stretches, 

j-1/3A, 

(2.32) 

(2-33) 

(2.34) 

Note that j=ý,; ý2; ý3= 1, that is, the Xi are as such as there is no change in the 

volume. 
Hence, from (2.32) and (2.33) we get the strictly separated strain-energy func- 

tion for a neo-Hookean and a Mooney-Rivlin materials (equations (2.30) and (2.31)), 

respectively, as 

Cl(li - 3) +1 k(J - 
1)2 (2.35) 

2 

and 

Cl(li - 3) + C2(12-3)+ 
1 

k(J - 
1)2 (2.36) 

2 
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Other strain-energy functions have also been formulated based on the invariants of 
C but they axe not shown here. They include the contributions of Blatz and Ko [111 

and Fried and Johnson [31]. 

Before continuing the development, it is worth emphasizing that rubber-like mate- 
rials axe regarded as isotropic. This condition implies that their principal directions of 

stress and strain coincide. This characteristic will be used throughout this work. 
The second group of strain-energy functions that can be used is that described by 

the principal stretches. The principal stretches can be determined from the squaxe root 
of the eigenvalues of the right Cauchy-Green tensor C, i. e., the squares of the principal 
stretches axe the main diagonal of the matrix C when this matrix is rotated to the 

principal axes. Hence, in the principal directions Nj-N3 (see (2.4)), 

A2 00 
1 

C0 A2 0 (2.37) 2 

00 A2 
3 

Several proposals have been given to represent, in a more general way, the me- 

chanical properties of a hyperelastic material via the principal stretches. From them 

the proposition of Valamis and Landel [92] and the work of Ogden [61] axe selected and 

shown here. Details of other representations can be found in Treloax [90] among others. 
Valanis and Landel have formulated a strain-energy function for an incompressible 

isotropic hyperelastic material that can be expressed as the sum of symmetrical functions 

of the principal stretches Aj, as shown below. 

ýO --2 
0(A1) + 0(, X2) + 0(, X3) 

where the three functions O(Aj) are identical. 

(2.38) 

It has been demonstrated that the hypothesis of Valanis and Landel produces results 

which axe in close agreement with experimental observations [90]. 

Ogden [61], still assuming incompressibility for hyperelasticity, proposed a strain- 

energy function able to predict accurately the mechanical behaviour of a material under 

very large strain that is expressible as 

J. N Ep 
[, \ ap ce pA ce 3] 

p 
ap 1+ 

A2 +3 (2.39) 

in which Ap and ap are the model constants. Furthermore, these constants have to 

satisfy 
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211 E I-tp cep (2.40) 

p 

(tL is the ground state of the shear modulus) in order to guarantee the compatibility 

with an analysis which involves small deformations (the classical Hooke's law). This 

expression recovers the ground-state of the shear modulus [61]. 

This formulation incorporates some of the previous propositions, including those 
based on the invaxiants. The incompressible neo-Hookean is recovered by using p=1 

and a, 2, whereas the incompressible Mooney-lUvlin can be derived by setting p=2 

and eel 2, Ce2 =-2. The constants C, and C2 are retrieved by taking C, 81 and 2 

C2 
2 

By including different number of terms in (2.39), it is possible to express different 

stress-strain relations with the desired degree of accuracy. 
As for the compressible approximation for the Ogden model, again a compressible 

term (or volumetric term) Wb, equation (2.29), should be added to the deviatoric term 

of the modified function (pd. This modified function, separated into a deviatoric and a 

volumetric parts, can be found adopting the same approach applied for the invariant- 

based strain-energy functions, that is, replacing Ai of (2-39) by (2.34), so that we have 

=E 
LP-[ý*" ++ ý"P 

- 3] +1 k(J - 
1)2 (2.41) wp 

ap 2 

and, again, the modified stretches axe volume constant. Therefore, (2.41) is to be used 

in plane-strain and solid analysis as in Chapters 4 and 7. 



Chapter 3 

Membrane Finite Elements for 

Hyperelastic Materials Analysis 

3.1 Introduction 

The idea in this chapter is to produce a finite element for a membrane, in this first place 

axisymmetrical, which is able to support laxge displacements and strains and therefore 

to study structures designed with hyperelastic (rubberlike) materials. It is intended to 

begin the investigation into the axea of laxge strains using these simple elements. The 

work will be expanded subsequently in later chapters to applications with other more 

complex kinds of element. 
In this work, first the formulation for a geometrically non-lineax axisymmetric mem- 

brane is discussed. In the second part, a general tridimensional membrane is analysed. 
For both cases, the procedures to establish the out-of-balance force vectors and the 

ta, ngent the stiffness matrices are shown. Afterwards, an extension for a displacement- 

dependent load vector is introduced. This new vector will produce a non-symmetric 

element stiffness matrix which can end up, after the assembly procedure, in either a 

symmetric or a non-symmetric matrix at the total structure level. This win depend on 

the class of problem that is being studied. 
The modifications to handle rubberlike materials are then introduced. They are 

basically to calculate new strains and stresses values and to define a non-linear consti- 

tutive matrix. Thus, the procedure to obtain the new tangent stiffness matrix is the 

same as previously used. 
This work follows the developments made by Crisfield [20] for a truss element and 

is applied to introduce the concept of hyperelasticity. The work of Wriggers and Taylor 

28 
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[98] and Gruttmann and Taylor [36] are also used as references, although the latter was 
not available when the formulation was first derived. 

Several examples are presented to depict the accuracy and efficiency of the for- 

mulation. Furthermore, the present element produces a very good quadratic rate of 

convergence which ensures the consistency of the formulation. 

3.2 Axisymmetric membrane element for hyperelastic ma- 
terials analysis 

3.2.1 Finite element development 

In the introduction of this thesis, the importance of materials with hyperelastic be- 

haviour for certain kinds of structures was stressed. A first step to begin the study of 

such materials is to develop a membrane element (axisymmetric) that is able to perform 

non-linear analysis of laxge strain, particulaxly working with rubberlike materials. The 

total Lagrangian approach is applied and it is shown that, even for this sort of analysis, 
it produces very accurate results. 

To begin the development of the element it is necessary to define the shape functions 

by using isoparametric approximations. Hence, the R co-ordinate and the displacements 

(figure 3.1) axe interpolated through 

T 

u= 1/2 
1-e Ul 

11+e 11 

U2 

1/2 Wl 
W2 

T 

R= 1/2 
1 R, 

R2 

T p Ul Wl U2 W2 (3.2) 

Because this is an axisymmetric membrane, the strains to be computed are the 

axial (along the membrane, in its meridional direction) and the hoop strains. These 

values, here called El and E2, respectively, are Green's strains. The first one can be 

written in exactly the same way as in a truss element [20], i. e., 
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12 
_ 

12 

Ei =n0p1 
TÄ 

212 
b', p+p Ap (3.3) 

0 2a2 
0 

b, 4ce. 2 
(- R21 

- 
Z21 R21 Z21 

) 

(3.4) 

where, for example, 
R21 

= R2- Ri) 

10 -1 0 

(3.5) 4 
-1 010 

L0 -1 01 

1,, is the final length of the element and 1,, = 2a is the original length. 

z 

Z 2 

71 

......................................... -------------- ----- 

OV2 

................. 

R 

Figure 3.1: Axisymmetric membrane element 

The change in El, after some cakulations, results in 

8E, =1 -(R21 
+ U21) -(Z21 + 7D21) (R21 + U21) (Z21 + W21) 6P 

4oe2 0 (3.6) 

(bl + b2) bp = bý, 8p ni 

where 

R 
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T=_. I_ 
2 4a, 2, 

( 
-1121 W21 U21 W21 

U21 U2 - Ul 

31 

(3.7) 

and the value b, has already been established in (3.4). 

With Q, and C,, as the old and new circumferences, the hoop strain E2 can be 
define as 

C2 
_ 

C2 U1U 
E2 -n0, =-+ -(-) 

2= E21 +1E2 (3.8) 
2C2 21 

0R2R2 

E21 - 
U- 

=d 
TP 

=1( 1_ý 0 1+ý 0 
)Tp= (hiul + h2U2) 

(3-9) 
R(ý) 2R(ý) R(ý) 

It could be worth emphasizing that, unlike the axial strain, the circumferential 

strain is not constant within the element and therefore it must be evaluated at the 
Gauss point level in the integration process, hence the application of shape function in 

the definition above. 
Rom (3.8), the change in E2 iS given by 

6E2 
7-- (1 + E2l)bE21 == (1 + E21)dT8p = 

(1 + E21). ( hi 0 h2 0 
)bp 

R(ý) 

Now, by placing both changes of strain in a matrix form, one can obtain 

6E 
6E, bnl (p)T 

T 
6p 

6E2 (1+E21)d 

4ce2 (R21 + IL21) (Z21 + W21 --! -(R21 
+ U21) (Z21 + W21) 

'+B21 h 
4a, 

0 

4a. 2 

'+'21 h2 

4aO 

0 

bp 

R(f) 

(3.11) 

B,,, 6p 

The internal force vector, calculated using virtual work [20], is written as 

qi=f BTS dV,, (3-12) 
ni 

V, 

The stress vector S shown above contains the second Piola-Kirchhoff stresses. These 

stresses are derived straight from Green's strains, being computed as 
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S=DE or 
S, 

D 
E, 

(3-13) 
1 

S2 

I 

E2 

I 

It is important to highlight that in the current development all the strains and 
stresses measures axe in principal directions which do not change. 

The D matrix in equation (3.13) is the constitutive or modular matrix which relates 
stresses and strains. For the case of small strain analysis, this matrix is only a function 

of Young's modulus and Poisson's ratio and it does not change during a non-linear 
analysis, i. e., 

Ev 

- V2 v1 
(3.14) 

On the other hand, as will be shown later, in an analysis of rubberlike materials, 
involving large strains, this D matrix should be updated at every iteration during the 
non-lineax process. 

Carrying on from this point, it is necessary to compute the out-of-balance force 

vector g as follow: 

qj - %, 

where qj and q. axe the internal and external nodal force vectors, respectively. 
It should be noted that for a first analysis only the internal force vector qj is 

displa, cement- dependent, whereas the applied load (external force vector q, ) is con- 

stant. Thus the differentiation of the out-of-balance force vector, that yields the stiffness 

matrix, is actually the differentiation of qj for this case. Using this, the change of qj is 

given by 

6qi = (B T 6S + bB T S) dV, 
IV. 

nl nt (3.16) 

The tangent stiffness matrix is composed of two paxts: the first portion, here called 
Ktl, is the standard stiffness matrix obtained from the first term of (3.16); the second 

one, K,,, is the geometric or initial stress stiffness matrix, derived from the second term 
in the same expression (3.16). 

Kt, =BTDB, j dV,, (3.17) IV" 
ni 

K, 
g SiA dV,, + S2 ddT dV, (3.18) 2 

V. ao V, 
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where A have been defined in (3.5) and d have been defined in (3.10). S, and S2 axe 
the two principal components of S. 

Note that 

dV, = 2r t,, R(ý) a, dý (3-19) 

3.2.2 Displacement-dependent pressure load 

Since the purpose here is to use the axisymmetric element to study rubberlike materials, 
before defining the quantities related to such analysis (strains, stresses, constitutive 

matrix etc), it is relevant to have in mind the modifications in the external force vector 

when a pressure load is applied. In this case, where very large strains and displacements 

axe involved, this vector will be dependent on the current configuration rather than on 

the original one [75,5,39]. So, the external force vector should be updated at each step 

of the non-linear procedure. Hence, from virtual work 

6p T 
qe = 

rp*be'da 
u 

Ja 
v 

where: 8p, axe the virtual displacements; 

q, is the external load vector; 

p* is the applied pressure (here assumed constant); 
bev is the change of displacement in the direction of the normal to the 

surface on each area da. 

(3.20) 

Observe that the lowei case characters used in the notation mean that these quan- 

tities axe related to the current configuration of the structure. 
Rom figure 3.2 comes 

ri = R, + ul 
r2 

-,,,: 
R2 + U2 

Z1 = 
Zi + wi 

Z2 : ": 
Z2 + W2 

r2l : --- 
R21 + U21 Z21 ý:::: Z21 + W21 

wherer2l ---.: r2 -ri andU21 : --: U2- ul, for example. 

(3.21) 

To calculate be'v) firstly it is necessary to define the tangent and the normal vectors 

of the element. Thus, 

tn =I 
r2l 

(3.22) 
20n 

Z21 

I 
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Z(w) 

9 

R(u) 

Figure 3.2: Original and final configurations of the element 

and then 

1 Z21 
nn : ": 

2an r2l 

I 

Following the development, 6e, is determined as 

TTT be' = bu n= bpv Hn 
vvnn 

with 

bu, 
0+0 

bpV =H 6pv 
201-ý01+ 

In equation (3.20), da is defined as 

34 

(3.23) 

(3.24) 

(3.25) 

da = 27r r(ý) a, dý (3.26) 

with r(ý) as in (3.1) but now using the current co-ordinates instead of the original ones. 
Applying (3.24) and (3.26) in (3.20), we have 

T 
rl 

=j P* 6PT T 6pv qe vH nn 27r r(ý) an dý (3.27) 

Equation (3.27) must apply for any p,. So that, 
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Z21(2r, + r2) 

qe 
p* ir Z21(r, + 2r2) 

3 -r2l(2r, + r2) 

- r2l(r, + 2r2) 
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(3.28) 

After obtaining the displacement- dependent q, vector, the new part of the stiffness 
matrix, produced from this new q, must be computed and added to that originally 
defined in (3.17) and (3.18). Re-writing equation (3.15) using the new q, which relates 
to a fixed pressure p*, it becomes 

g= qi(p) - Aq, (p) (3.29) 

The term A is a vector loading multiplier which multiplies the fixed pressure- p* 
For load control, during the Newton-Raphson iterations, this factor is kept fixed for 

ea, ch increment. The parameter can be made variable when some other techniques 
(axc-length, for example) are employed, as will be seen later in this chapter. 

Rom the derivative of (3.29) with relation to the displacements, it follows that 

ag aqi aqe(p) 
Kt =-= 

(P) 
-A ap ap ap 

(3.30) 

In the above, the first term Oq'(P) has been previously described and can be seen OP 
in (3.17) and (3.18). The second derivative that involves q, is computed directly from 

(3.28) and can be expressed as 

2-Y21 -(2r1 + r2) Z21 2r1 + r2 

, 
(p) P*7r 4ri - r2 Oq� 0 -(rl + 2r2) 0 

KP =-- (3-31) 
d9p 3 Z21 -(ri + 2r2) 2z2, r, + 2r2 

L 2r, + r2 0 ri - 4r2 0 

This matrix is clearly non-symmetric and an appropriate solver should be used 

in a general case. However, when dealing with conservative systems, despite the fact 

that this matrix is non-symmetric, after the process of assembling each element into 

the total matrix for the structure, the resulting stiffness matrix is symmetric [75] and 

then a standard symmetric solver is better applied. Some examples that confirm this 

affirmation are shown at the end of this chapter. 
The final stiffness matrix for one element is re-expressed as 
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KT = (Kt + Kg) - AKp 

with Kt, K,, and Kp from (3.18), (3.19) amd (3.32), respectively. 

3.2.3 Hyperelasticity 

36 

(3.32) 

The aim now is to define the stresses and strains and the constitutive matrix for appli- 

cations to hyperelastic materials. Two different material definitions for rubberlike ma- 
terials will be used. In the first place, the material to be studied is the Mooney-Rivlin 

material [55,73]. Its strain-energy function is given in terms of principal stretches, as 
in (2.25), by 

CJ(A2 + A2 + \2 -3) +C 2(A-2 + \-2 + \-2 
123123 (3'. 33) 

The constants C, and C2 axe determined through experiments. The principal 

stretches Ai can be obtained from the Green's strains defined earlier in this context, 
i. e., 

Ei == 1/2, \' - 1/2 = 1/2( X2 
_ 

1) 
_ý 

X2 
= 2E1 +1 21,2,1 11 

E2 
- 

C, 2. - C. 2 
1/2( A2 \2 = 2E2 +1 

2 C. 2 22 

Hence, 

(3.34) 

A 
i2= 2Ej +1 (3.35) 

Applying the incompressibility condition 

AIA2A3 -:: 1 (3.36) 

into expression (3.33) gives 

CJ(A2 + \2 + A-2, \-2 
-3) +C2 (A-2 + A-2 + A2A2 -3) (3.37) 

12121212 

Using 0 above, the Cauchy stresses can be written as [63] 

Oli 
190 (3.38) 5 -Ai 

which results in 
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o, i = 2C, (Aý _ A-2A-2) _ 2C2(A -2 _ A2, \2) (3-39) t12i12 

From this point, it is necessary to replace the Cauchy stresses by the second Piola- 
Kirchhoff stresses, which are work conjugate to the Green's strains. 

The relationship between the Cauchy stresses and the second Piola-Kirchhoff stresses 
is given by (see 

s F-laF -T (3.40) 

where F is the deformation- gradient matrix of (2.2), i. e., F=". In terms of ax 
principal values (see equation (2.37)), 

A, 00 
F0 A2 0 (3.41) 

00 A3 

Because for incompressibility J= detF = 1, equation (3.40) yields 

11 8ý0 
si 01 = (3.42) 

Ai OAj 

which represents the new second Piola-Kirchhoff stresses for the material, considering 
it as a Mooney-lUvlin material. 

There is an alternative and more straightforwaxd way to calculate the second Piola- 

Kirchhoff stresses. Now the stresses axe computed directly for the change of the strain 
energy function in relation to each strain. Using incompressibility in the Mooney-Pdvlin 

strain function (3.37), the principal stresses become 

80 i9o 19A1. = 2C, (l A-4A-2) + 2C2(- A-4 + 
212 (3-43) S' aEl aAl o9E, 

\2) 

S2= 2C, (l -, 
\1-2A2 4) 

21 aE2 + 2C2( 4+ A2) (3.44) 

Rom this point the development is precisely the same as that already given. 
The Mooney-Rivlin function of (3.33) and other deviatoric energy functions, nor- 

mally only define the deviatoric stresses and it leaves an undefined pressure term. 

Strictly, this pressure term should have been considered, but it win be shown that, 

for the present problem, the results are the same as those just given. To achieve this, 

initially all three stretches (Al, A25 A3) axe kept and working from the energy function of 
(3.33) (rather than (3.37)), the Cauchy stresses are derived as 
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Ai p= Ai(2C, Ai - 
2C2Aj 3) 

_p (3.45) 
aAi 

where p is the pressure (positive for compression). 
For a plane stress case in a membrane, the conditionO'3 -:: 

0iS valid, so that 

A3(2ClA3- 2C2 A3 3) 
p (3.46) 

which allows the elimination of 
Substituting (3.46) into (3.45) we obtain a, andO'2. To eliminate A3, the incom- 

pressibility condition of (3.36) is used. This process finally leads to (3.39) above. 
As a last step for fulfilling the requirements of an analysis of a rubberlike material, 

it is necessaxy to define the new tangential modulax matrix, D. This matrix is required 
for the change of the internal force vector of (3.12). 

Hence, 

6Si = Dij bEj (3.47) 

but, from (3.35) 

bEi = Ai bAi (3.48) 

and finally (see (3.43), (3.44) and (3.48)), 

1 as 1 as 1 allL bEl x1 ax 1 X2 OA2 (3.49) 
6S2 1 49s, 1 OS2.6E2 

-x1 Lg; k 1 \2 . 9, \2 
.II 

So that, (3.49) leads to 

bs, 8Al 6(CJA 
22+ 

C2) 4[C, (, \lA2) -4 +C2 bEl 
(3-50) 

6S2 Sym. 8\ 
2 

6(CJA 
12+ 

C2) bE2 

This matrix D replaces (3.14) and, as mentioned before, depends upon the current 

configuration of the membrane, therefore it should be updated for the calculation of 

(3.17). 

After having defined all the parameters to work with a Mooney-Rivlin material, we 

can use similar steps to study an Ogden material [63]. The strain-energy function for 

this material, as in (2.39), becomes 
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E Lp [, \cep + Actp + A3ap 

p 
ap 

1 

Henceforth, the procedure follows exactly the same steps that have been used for 
Mooney-Rivlin. The Cauchy stresses, from (3.38), are 

E lip ý Aiap - (AlA2)-"PI 

p 

(3.52) 

and then, with the help of (3.42), it is easy to find the second Piola-Kirchhoff stresses. 
The modular matrix for an Ogden material should also be established, i. e., 

Dil D12 

(3.53) 
D21 D22 

with 

11 
-ap] D11 4 

1: ILp [(ap - 2) Ao" + (ap + 2) (A 1 
A2) 

1P 

D12 D21 E/Lpap(A1A2)_0'P (3.54) 
, 
\2A2 

12p 

D22 2)A"" + (ap + 2)(A1A2)_0'P1 
\4 

E 
ILP K0eP 

2 
2p 

In an Ogden type material, the second Piola-Kirchhoff stresses can also be deter- 

mined by applying the same derivation of 0 in relation to the strains as before (see 

(3.43) and (3.44)) and will yield a similax expression for S. 

Si Ep 

p 

(3.55) 

The solution of problems that exhibit large deformation, such as those with rubber- 

like materials now being studied, is very likely to present Emit and bifurcation points. 

To enable solutions that overcome these limit-points and the snap-throughs and snap- 

backs that eventually occur, one needs procedures to be able to follow these post-limit 

paths and then to determine accurately the total behaviour of the structure. A very 

powerful way to examine these problems is to use the arc-length method in addition 

to the Newton-Raphson method [17,20]. The combination of these methods results in 

an efficient tool which makes it possible to achieve accurate solution for the problem 

and, in addition, it produces a desirable quadratic convergence rate for the numerical 

algorithm. A brief comment on the axc-length method, laying emphasis on the current 

element and the displacement- dependent load, is given in appendix A of this thesis. 
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3.3 General three-dimensional non-linear membrane el- 
ement 

3.3.1 Finite element development 

In the second paxt of this chapter, we work to develop an element for non-linear analysis 
of thin membrane structures with axbitraxy shape. The extension of the axisymmetric 
membrane element to a general membrane element is an inevitable step since an axisym- 
metric element is only able to handle very limited kinds of problems. It is essential to 

cover a broader class of problems, hence the need of a new and more powerful element. 
In this development, we use an Ogden type material (it was shown before that this 

material is attractive since its formulation covers, as special cases, the so-called Mooney- 

IUvlin and Neo-Hookean materials) and, consequently, the material strain-energy func- 

tion is given with respect to the principal directions. Again we derive the finite element 

equations for the element using a total Lagrangian formulation. 

One of the major difficulties of the general membrane is that, unlike the axisym- 

metric membrane stress state, the principal directions of the stretches, required by the 

formulation, do not coincide with the axes of the natural coordinates system. These prin- 

cipal stretches axe computed from the right Cauchy-Green tensor C defined in Chapter 

2. The tensor C is written in terms of the deformation-gradient matrix F as C= F'F. 

During the computations, the incompressibility condition for rubberlike materials must 

also be satisfied. 
As a first step to develop a three-dimensional continuum membrane finite element, 

we need to define an initial local orthogonal system. The element developed here is 

the simplest triangular membrane element with corner nodes only. Rom figure 3.3, the 

local co-ordinate system is defined as 

X--2. L 
S21 

-= 
-XAL 

t2 
S31 

(3.56) 
X21-X31 t3t1Xi2 

2a 

t2 
---: 

t3 X tl 

whereX21 =-- X2 
- 

X1 
i 

X31 =: X3 
- 

X1) S2, 
= lengthOf X21 

and S31 
= lengthOf X31 

- 

By using area coordinates [101] the shape functions for the displacements can be 
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tn 

2 

Figure 3.3: three-dimensional membrane element 
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found. Hence, the local displacements ul, v, and w, and the nodal values axe related by 

Ul L, 00 L2 00 L3 00 

VI 0 L, 00 L2 00 L3 0 

wl 00L, 00 L2 00 L3 

where 

Ul 

V1 

Wl 

U2 

V2 Lp, (3.57) 

W2 

U3 

V3 

W3 

Li - 
ai + biX, + cjYj 

2A 

and a, = X2Y3 
- 

X3Y2; bi = Y2- Y3 
andC1 = X3 

- 
X2, for example. 

Rom the above, the Jacobian follows as 

3 21 
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OLI L9L2 19LS 
ýX, oxi axt 8XI a 

a BL, OL2 OLS OL2 

BY, BY, OY, OY, a 

OL3 

.9 

bi b2 b3 

I 

2A OL2 
Cl C2 C3 

a 
ýT-3 

42 

(3.58) 

Equation (3.58) yields the vectorised form of the local displacement derivative ten- 

sor, here represented by 01, as 

Out bi 0 0 b 2 0 0 b3 0 0 
ex[ 
aut 0 bi 0 0 b2 0 0 b3 0 
ex, 

OW. L 1 0 0 bi 0 0 b2 0 0 b 3 01 = 
ext 

- , pl = Gip, 
out U 

ci 0 0 c2 0 0 c3 0 0 
a Yi 
evt 
DY, 0 Ci 0 0 C2 0 0 C3 0 

awt 
eyt L0 0 Cl 0 0 C2 0 0 C3 j 

(3.59) 

where p, above contains the local nodal displacements. 

Following the same steps as in [20], we proceed to the determination of the local 
(initial) Green's strains that can be written in the expression 

OUL Oul 0 --O-V-L 0 awl 0 8XI 1 8XI 8XI ext 
El --9 -V L +- 0 0 0 01 (3.60) 

ey, 2 ey, ay, ay, 
Oul + -O-V-L -a-U-L -aU-L -821 

49VI awl awl 
0 Yl 8XI Oyl OXI Oyl 8XI eyl OXI 

Rom the above, 

El = 
[H 

+2A I(01)] 01 (3-61) 

where, 
100000 

H000100 (3.62) 

L0110001 
At this stage, we have to use the transformation matrix to relate local to global 

displacements, therefore the local strains can be obtained straight from the (total) global 
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displacements. The transformation matrix comes from the initial triad established in 
equations (3.56)5. Then the local displacements can be expressed, for each node, by 

or, 

with 

.T Ul ti ug 

Vi tT v (3.63) 2 

wl tT w L31 

Ti 

p, Tpq (3.64) 

[diag Ti] (3.65) 

Rom (3-59) and (3.64), we obtain 

01 = GIT pg = Gig pg (3.66) 

Equation (3.61) can be re-written as 

El= H+ 1 
AI(01) Glq pq (3.67) 

121 

The change in Green's strain is given by 

6EI = [HG, 
g + AI(OI)Glg] bpg = [BL + BNLI 6pg =B 6pg (3.68) 

Observe that in the equation above higher order terms have been neglected. The sub- 

scripts L and NL mean linear and non-linear, respectively. 
For small virtual displacements, (3.68) is written 

6E,,, = bp.,,, 

From virtual work [20], we can calculate the out-of-balance force as 

T S, dV,, - q, g =T [H + AI]T S, dV,, - q, g qg - q, g = 
IV. 

B 
IV. 

Glg 

(3.69) 

(3.70) 

where qig and q, g are the internal and external global force vectors, respectively. 
The stresses S, shown in (3.70) are the (local) second Piola-Kirchhoff stresses which 

for small strains analysis are computed direct from the (locai) Green's strains via a fixed 

modular matrix D. 
IIn the following the transformation matrix T is fixed. A different approach win be presented in the 

later chapters which describe the co-rotational formulation. 
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Differentiating the g vector (3.70), we obtain the tangent stiffness matrix Kt for 
the membrame. 

6g = bqig - bq, 
g 

(B T 6S + 6B T S) dV, +0 
V. 

Kt TT 

VJB 
DB+G §, G]dV 

where §1 is given by 

Sll S12 
0 

S12 S22 

0 
Sll S12 

S12 S22 

00 

0 

0 

Sll S12 

S12 S22 

(3-71) 

(3.72) 

(3.73) 

3.3.2 Load vector and stiffness matrix for a follower pressure load 

As already mentioned, for laxge displacement and/or laxge strain analysis we must 

compute a new load vector, updated throughout the process, as well as a new portion 

of the stiffness matrix which is displacement-dependent. 
We begin with the definition of the load vector. Figure 3.3 represents the element 

we axe studying. 

Let a be the current axea of the element, defined as 

)T i 
a= IX21 X X311 =f (X21 X X31 (X21 X X31)j 2 (3.74) 

whereX21 is the vectorX2- x, andX31 is the vectorX3- xi. The use of low case 
characters in these vectors means that these vectors axe related to the current (updated) 

configuration (x =X+ u). The same local element trial t1, t21 t3 of (3.56) is used but 

now with current instead of initial co-ordinates being applied. 
Using virtual work, it follows that 

6p T 
qe= p* 6e' da 

vAv 
(3.75) 

with p* being the applied pressure. 

To calculate 6ev (the change of the displacement in the normal direction of da) of 
(3.75), we take 
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be' = bu T= 6PT LT (3.76) 
vv 

t3 
v 

t3 

with L from (3.57). 

Knowing that 
I 

Lida =a A3 

and after some calculations, we finally obtain the new external force vector or the new 
load vector, so that 

p* aftT 

3 

where, 

(3.77) 

100100100 

010010010 (3.78) 

001001001j 

Now the q, vector is dependent on the current configuration of the structurej. e., 

q,, (p), therefore the variation the expression for the out-of-balance force vector (3.70) 

will produce a stiffness matrix with an extra term due to this new q,. The new portion 

to be added in the previous stiffness matrix established in (3.72) is 

H TE 
p6 

P* - 

0 e12 + f12 

- (e12 + f12) 0 

- (e13 + f13) 
- 

(e23 + f23) 

0 e12 + L2 

-(el2 
+ f12) 0 

-(el3 
+ f13) 

- 
(e23 + f23) 

0 e12 + fl2 

-(el2 
+ f12) 0 

-(el3 
+ f13) 

-(e23 
+ f23) 

e13 + L3 0 

e23 + f23 e12 

0 e13 

e13 + L3 0 

e23 + f23 e12 

0 e13 

e13 + fl 
3 

0 

e23 + f23 e12 

0 e13 

-e12 -e13 0 

0 -e23 
fl 

2 

e23 0 f13 

-e12 -e13 0 

0 -e23 
L2 

e23 0 L3 

-e12 -e13 0 

0 -e23 
fl 

2 

e23 0 L3 

(3.79) 

-fl2 -f13 

0 
-f23 

f23 0 

-fl2 -f13 

0 f23 

f23 0 

-fl2 -fl3 

0 f23 

f23 0 
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with 
(t(l)t(2) 

_ t(l)t(2)) _ YI(t(l)t(2) _ t(l)t(2) e12 [X 
123321331 )l 

(t(l)t(3) 
_ t(l)t(3)) _ YI(t(l)t(3) _ t(l)t(3))] e13 : -- -[Xl 23321331 

XI(t(2)t(3) _ t(2)t(3)) (t(2)t(3) 
_ t(2)t(3) e23 : -- -[2332- Yl 1331 

)l 

t(l)t(2) t(I)t(2) fl 
2 

S21 (3223) 

t(I)t(3) _ t(l). f(3)j L3 : '-- -S21( 322 "3 1 

(t(2)t(3) 
_ t(2)t(3)) f23 S21 

3223 

and (see figure 3-3) 
XI = S31COSO 

yj = S31sinO 

(3-80) 

(3-81) 

Again, the new part of the stiffness matrix is not symmetric at the element level, 
but for energy conservative problems (with no loss of energy) the final stiffness matrix 
for the structure will be symmetric and a symmetric solver can be used. Nevertheless) 
in a more general case, the membrane element should be able to cope with this non- 

symmetry in the stiffness matrix and a suitable solver should be used. 

3.3.3 Hyperelasticity 

The equations presented above axe related to the usual geometric non-linear formulation. 

To include also the material non-linearity that is due to the hyperelastic (rubberlike) 

materials, hereafter we will apply all the previous steps to an Ogden model [61]. Firstly, 

we need to obtain the principal stretches necessaxy for the development. These stretches 

could be define from the displacement- derivative matrix (or displacement gradient ma- 
trix), as will be shown for the plane- stress /plane- strain element in the next chapter. 
Here, however, we use a more standard and appropriate way of obtaining the principal 

stretches by applying Mohr's circle [88] to get the principal strains and the principal 
direction from El, equations (3.60) or (3.61), and using the relationship 

Eli =1 
(A2 

2' 
(3.82) 

for the Green's strains. 
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Now we apply Ogden's strain energy function (3.51) for incompressibility to get the 

stresses. 

ýLp p\ of lp 
+ Acýp + (AIA2)-Cfp 

- 3] (3-83) 
ap 

2 

The principal second Piola. -Kirchhoff stresses in local coordinates are 

19ý0 8ý0 19Aj (3.84) 
i9E, i OAj i9E, i 

With the principal stresses acting in the N1, N2 system (principal directions given 
by the Mohr's circle), the local stresses are 

S, = Q(N)[diag Sli]QT(N) (3-85) 

where Q(N) is the matrix containing the principal directions vectors N, and N2, i. e., 
Q(N) = [Ni, N2] and [diag Sjj] is the diagonal matrix formed by the Sli stresses. 

The remaining problem is the computation of the constitutive or modular matrix, 
D. First we have 

6SL L 
I= DbEl (3.86) 

where 6S, and 6E, axe the vaxiations of the stress and strain in the Tagrangian triad' 

or 4material axes', respectively (see reference [20]). 

The constitutive matrix D can be evaluated in the Lagrangian frame as 

astj 
8EI 1 

6SL OS12 
L 8EI 

L0 

where, 

asil 0 aB12 

8SI2- L 

aB12 0 6E, 

0 
(Sll-S, 

2) 
2(Bil-BI2) J 

8SL = QT I (N) 6S, Q(N) 

6E', = Q'(N) bEl Q(N) 

(3-87) 

(3-88) 

The shear component 
D33 is 

obtained for isotropy, that means that the principal 

directions of stress and strain coincide [21]. 
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Note that the sub-matrix shown in (3.87) is the same as that obtained for the 
axisymmetric element from the previous section. However, the D matrix above is related 
to the N1, N2directions. To place this matrix back into the original directions, we must 
rotate it, as it follows: 

with, 

6SI =RT DR 6E, (3-89) 
Dt 

c2s2 sc 

Rs2c2 -sc (3-90) 

-2sc 2sc (C2 
_ S2) 

where s= sinO and c= cosO. 0 is the angle between the principal and the (fixed) local 
directions. 

In equation (3.87), it is important to stress that to overcome the problem that 

appeaxs when Ell = E12, following references [36,21], the limit K 

(S11-S12) s12) 
tL =1 ]im 

2_ E Ap ap (3.91) 
Ei, -Ei2 2(Eil - 

E12) 2 aEll aEll 2p 

i. e., the ground state of the shear modulus, is applied. 

3.4 Numerical tests 

Now some examples that confirm the effectiveness and the accuracy of the results from 

the elements just developed are shown. The finite element computations axe imple- 

mented in the general purpose finite element program LUSAS [53]. A workstation IBM 

R, S6000 is used to perform the calculations. The examples are compaxed with previous 

works in the area and show very good agreement in the solutions. 

3.4.1 Cylinder under internal pressure 

The first example deals with the inflation of the cylinder of figure 3.4. The cylinder is 

fixed in both directions at the lower end and is restrained to move in the axial direction 

at the top end to simulate the symmetry. Ten axisymmetric membrane elements are 

used to model half of the cylinder. The geometrical and material data for the structure 

is given below. This hyperelastic problem is analysed using a three-term constitutive 

model chosen by Ogden [61] to simulate the incompressible behaviour. 

Geometry: radius R= 10., total height H= 40., thickness t,, = 0.1 
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Material: A, = 6.3 

A2= 0.012 

A3 : -- -0-1 

al = 1.3 

02 : -- 5-0 

03 ý -2.0 

49 

The cylinder constitutes a conservative system, i. e., it is closed and no energy is 

lost during the inflation. Therefore, when we use a displacement- dependent pressure 
load the final tangent stiffness matrix is symmetric despite the fact that it ha-s been 

assembled from non-symmetric element stiffness matrices, even for the boundaxy con- 
dition simulating symmetry. This fact has already been mentioned in the theoretical 
development and it is now confirmed for a numerical example. 

The cylinder is loaded by an internal constant pressure which is initially of pi =07. r2. 

In addition to the laxge strain behaviour exhibited in this example, it also presents laxge 

rotations. 
The deformed configuration for the first load step is shown in figure 3.5. The conver- 

gence rate of the Newton-Raphson method is quadratic which confirms the consistency 

of the formulation (table 3.1). The load- displacement curve is plotted in figure 3.6. 

In order to be able to follow the deformation path and the snap-through presented in 

the curve, a combination of the standard Newton-Raphson method with the arc-length 

procedure is used. The results axe compaxed with those produced by Gruttmann and 

Taylor [36] and present a good agreement. 

Iteration Convergence Factor 
0 2.01 x 100 
1 1.81 x 101 
2 7.08 x 10' 
3 2.59 x 100 
4 6.55 x 10-1 
5 9.39 x 10-2 
6 1.35 x 10-2 
7 4.57 x 10-' 
8 8.39 x 10-10 
9 3.64 x 10-1, 

Table 3.1: Convergence rate for the Newton-Raphson method 
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............. ................... .... 

R=10 
------------ 

Figure 3.4: Cylinder under internal pressure 
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Figure 3.5: Cylinder - deformed configuration 
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Figure 3.6: Cylinder - internal pressure versus upper radial displacement 
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3.4.2 Inflation of a balloon 

52 

In this example, the inflation of a rubber balloon, as considered by Needleman [57], is 

analysed. This problem is largely studied and solutions can also be found in [36,49,98]. 

Once more the example involves a conservative system and, as previously quoted, the 

final matrix obtained is symmetric. The mesh designed is formed by ten elements to 

model half of the balloon. This is loaded by a internal pressure p. The results of this 

analysis can be represented as a plot of the pressure (p* below is dimensionless) 

P= p. (3.92) 
R 

Er ILI a' 

against the deflection in the centre of the balloon (figure 3.7). The convergence be- 

haviour is also quadratic in each step of the iterative process as shown in table 3.2 for 

the first increment (A = 1.076), for example. This problem also exhibits a Snap-through 

and to pass this limit-point an axc-length procedure has been applied in addition to the 

full Newton-Raphson method to determine the complete solution path. 
The material used is the same Three-Term Ogden Model employed in the first 

example and the geometry is the following: 

Radius =R= 30. e thickness = t,, = 0.6 

The final results a-re compared with those produced by Needleman (Ritz Galerkin 

approach) [57] and the axisymmetric finite element of Wriggers and Taylor [98]. 

Iteration Convergence Factor 
0 2.81 x 101 
1 3.56 x 10' 
2 1.13 x 100 
3 7.93 x 10-3 

4 1.04 x 10-5 

J 

5 8.43 x 10-13 

Table 3.2: Convergence rate for the Newton-Raphson method 
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Figure 3.7: Rubber balloon (radius=30 and t, =0.6) - pressure p* versus stretch A 
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3.4.3 Inflation of a shallow spherical cap 

54 

Again the three-term Ogden material with data given in the first example is used to 

study this structure. Now the inflation of a shallow spherical cap is considered (figure 

3.8). Twenty elements axe used to ideallse the cap. The initial radius of the cap is 

R= 10. and the thickness is t,, = 0.1. 

An very small initial deformation in the geometry of the cap is imposed in order to 

prevent numerical problems caused by the initial null stiffness of the flat structure. The 

arc-length method is also used because of the snap-through present in the example. 

------------- 

4 ý4 
R=10. 

--------------------------------------------- 

Figure 3.8: Inflation of a Shallow Spherical Cap 

Figure 3.9 depicts a graphic of the load parameter A against the mid surface dis- 

placements where one can see the good approach achieved, whereas in figure 3.10 the 

deformed membrane is shown for different load steps. The results agree with the solution 

with 4-noded membrane elements shown by Gruttmann and Taylor [36]. 
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Figure 3.9: Shallow spherical cap - pressure versus mid-point displacement 
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/1, 

Figure 3.10: Shallow Spherical Cap - Deformed Configurations 
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3.4.4 Homogeneous deformation tests 

57 

In the first set of tests for the general three-dimensional membrane three examples 
for homogeneous stress states axe considered and compaxed with the analytical exact 

solutions given in the literature. The compaxison illustrates the agreement between 

results obtained by the present finite element and those from the theory. We use an 
Ogden constitutive model in principal stretches with three terms given in section 3.4.1 

I 
as the material properties for the examples. 

The model data give an excellent fit to experimental data on rubber reported by 

Treloax [89]. Three plane stress states (simple tension, equibiaxial tension and pure 

sheax) axe considered and analysed with the membrane finite element and the compax- 

ison with the exact theoretical solution given by Ogden [63] shows an exact agreement. 

Figures 3.11,3.12 and 3.13 depict these results. 

70.00 

go. 00 

50.00 

40.00 

30.00 

20.00 

10.00 

0.0 DO 
Stretches 

Figure 3.11: SimPle tension 
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Figure 3.12: Equibiaxial tension 
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Figure 3.13: Pure sheax 
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3.4.5 Stretching of a square sheet with a central circular hole 

This example illustrates the stretching of a squaxe sheet with a circulax hole. The same 
problem has been studied in [68] and [36]. The length of the side is 2L = 20.. The 
radius of the central hole is r=3. and the sheet has a thickness of t=0.1. The edge at 
x= ±20. is fixed in both directions. This problem is analysed using a Mooney-luvlin 

material with the constants C, = 25.0 and C2= -7-0. 
The finite element mesh is designed to model only a quarter of the structure because 

of the symmetry. We use 48 elements to model the sheet. Figure 3.14 shows the applied 
load (Force F) plotted against the strain R whereas in figure 3.15 we can see the final L 
deformed shapes at two different load steps (total force of 96 and 168, respectively). 
This example also presents very good agreement with the previous studies, for example 
with Parish's shell element [68]. 

LL IUU. l 

o 90.01 
LL 

90.0 

70.0 

60.01 

50.01 

40. (N 

30.0( 

20.0( 

10.0c 

0.0 

ult 

Figure 3.14: Sheet with a circular hole - force versus displacement 
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Figure 3.15: Sheet with a circular hole - Original and deformed meshes 

3.5 Final remarks 

61 

In this chapter the formulation for an axisymmetric membrane element using the theory 

of hyperelasticity has been derived. In addition, a 3-noded triangular finite element for 

membranes with axbitraxy geometry has also been formulated. The elements developed 

axe applied to analyse problems which present very laxge strains and displacements. The 

formulation is based on the so-called total Lagrangian approach and to deal with hyper- 

elastic response, strain energy functions are applied. The incompressibility condition is 

enforced by the use of the plane stress condition and introduces no special problems. 
The use of a displacement- dependent pressure load (follower load) in the calculation 

of the external force vector and, consequently, the definition of an extra portion of the 

stiffness matrix coming from this vector proves to be accurate and effective because, 

besides producing very good results, it preserves the quadratic convergence rate of the 

Newton method. 
The results shown by the examples ensure the consistency of the formulation. The 
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application of arc-length and Newton-Raphson methods together proved to be a very .r 
strong tool in the sort of analysis that has been studied. The quadratic rate of conver- 

gence in the iterative solution is again obtained. 



Chapter 4 

P lane-st ress /P lane-st rain 
Analysis - The use of Non-linear 

Incompatible Elements 

4.1 Introduction 

Plane-stress and plane-strain elements have been used for decades in the finite element 
context. In this chapter, these elements will be combined with a new set of tools intend- 
ing to enhance their performance in lineax and non-lineax analysis. The advantages in 
these elements axe obtained through the addition of incompatible modes that substan- 
tially improve the accuracy and efficiency of the original element. 

In this chapter we will show the development of the incompatible displacement 

element for an ordinary elastic material. The formulation used is based on a total 
Lagra, ngian approach, employing Green's strains and second Piola-Kirchhoff stresses. 
The chapter will show all of the steps for the implementation of the element in a finite 

element code as well as the results of some tests. The formulation for displacement- 

dependent (follower) pressure load is also included in this chapter. 
In the following stage, the development will take into consideration the use of 

the element for hyp erelasti city. Again an Ogden type material win be used. For the 

plane-stress element the formulation closely follows the development adopted for the 

three-dimensional membrane element described in Chapter 3. The plane-strain ele- 

ment, however, is more complicated. The difficulty with this new plane-strain element 

is due to the incompressibility or near-incompressibility condition of almost all the hy- 

perela, stic materials, with special concern to rubber-like materials. The application of 

63 
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the incompatible modes will make it possible for the element to overcome the problem of 
applying incompressible or near incompressible materials with plane-strain, especially 

with rubber. 
Some problems with hyperelasticity arise and will be shown in the applications of 

the element. 

4.2 Development 

In this section we will present the development of the plane element. As already men- 
tioned in the introduction, we will first consider the element as an ordinary elastic 
isotropic element; subsequently the element will be modified to incorporate laxge-strain 

elasticity. Unlike the element presented in the previous chapter, the element to be 

developed now is a four-noded quadrilateral finite element. 

4.2.1 Linear elastic element 

Before considering the non-lineax developments, the standaxd lineax element for plane- 
stress and plane-strain is reviewed. For the isoparametric bi-lineax element presented 
in this chapter (figure 4.1) the geometry and displacement field are defined by 

X= h'X 
hTy 

hU 

hV 

where the shape functions h for the element can be written as 

- 0(l - 77) 

+- 77) 

+ 

-+ 77) 

(4.1) 

(4.2) 

Having defined the geometry and the displacements in terms of the non-dimensional 

co-ordinates ý and q, we need to relate the strains to the nodal displacements. In order 

to obtain this relationship, the Jacobian which relates variations with respect to the 

non-dimensional co-ordinates ý and q to variations with respect to the co-ordinates X 

and Y is expressed via 
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Figure 4.1: Isopaxametric bi-linear element 
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(4.3) 

At this point the strains at a specific point can be expressed in terms of the nodal 
displacements via the inverse form of (4.3). Hence, following the notation of Crisfield 

[18], for this plane element we have 

Du 
ex 

C= au 

1= 

3 -F 
au + av 

ex ) 
(4.4) 

J -'(1,1) hT+J -'(1,2) hT 17 

oT 

J-'(2,1)hT + J-1(2,2)hT 97 

oT 
u 

J -'(2,1) hT+ J-'(2,2)h T 
=Bp ?I 

Tjv J (1,1) hfT +J-1 (1,2) h, 
7 j 

where hf and h,, axe the partial differentials of the shape functions of (4.2) with respect 

to the non-dimensional co-ordinates ý and 77, respectively, and p is the displacement 

vector§. The terms J-'(i, j) correspond to the ij terms in the inverse matrix J-1. 

By applying the principle of the virtual work, as in (3.12) for a lineax case, and the 

vaxiation of the strain from equation (4.4), the linear stiffness matrix K is obtained as 

K=J BTDB dV, (4.5) 
V. 

§p is now ordered as 
(Ul, U2) U3 s U4) V1 j V2) V3) V4) for convenience. This order is altered before the 

element assembly process. 
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where D, for an isotropic elastic material, is given by 

v0 

D 
V2-- 

V0 (4-6) 
oo (1 

2 
v) 

and 

(4.7) (1 + v)(1 - 2v) v V) 0 

L00 
(1 2v) 

for plane-stress and plane-strain conditions, respectively. The term dV,, is expressed by 

dV,, =t detJ 4dq (4-8) 

where t is the thickness and detJ is the determinant of the Jacobian. Note that t is 

equal to 1 for a plane-strain case. 
However, the element shown above suffers from severe locking in bending dominated 

situations. The element tends to be over-stiff and a process to 'soften' the element is 

necessaxy. The poor behaviour of the element under a pure bending mode is depicted 

in figure 4.2 where sheax locking prevents the element from deforming in the expected 

way. This undesirable drawback can be avoided by under-integrating the sheax term, 

that means, the sheax energy is only considered at the centroid. This constant shear 

approach can be seen in details in references [15,18,441. Another process to overcome 
the problem was proposed by Wilson et al [96]. They introduced a way of obtaining 
the correct response by the addition of quadratic incompatible displacement modes 
that would more accurately represent the exact bending solution (see figure 4.2). The 

incompatible modes axe "nodeless" degrees of freedom that can be regaxded as internal 

vaxiable which have to be eliminated at the element level via a static condensation 

process. These incompatible modes act as a softening and the overall performance of 

the element is greatly improved. 

Although the original idea produces accurate results, it falls to pass the patch test 

for non-rectangular elements. Taylor et al. [86] modified Wilson's element in such a 

manner that when the element is submitted to a constant stress state, the incompatible 

modes are not activated and do not affect the final solution. The technique involves the 

computation of the Jacobian for the incompatible modes at the centroid of the element, 
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True elasticity solution 
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Figure 4.2: Pure bending problem 

as will be presented subsequently. Consequently, the modified element successfully 

passes the patch test. 

Besides the bending problems, the standard element cannot adequately treat in- 

compressible or neax-incompressible problems for plane-strain and solid analysis. This 

can be illustrated by the two-dimensional element shown in figure 4.3 where the nodes 

a, b and c axe kept fixed. If the element is incompressible (no volume change) and 

we apply a force F at node d, the element will lock unless the additional incompatible 

displacement modes axe incorporated whereby the final deformed shape can be more 

closely achieved. This is one example that demonstrates the need for the incompatible 

modes when the element is used with incompressibility or neax-incompressibility. 

So, if we add the incompatible modes (figure 4.4), the displacement field for the 

enhanced element will become 

h TU +h eTU" 

TV 
(4.9) 

v=h+ h*T'v* 

+ 

where the shape functions for the incompatible modes axe given by [96] 
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Figure 4.3: Incompressible element - original and deformed configuration 
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(4.10) 

(4.11) 

To continue the development we will need to find the Jacobian for the incompatible 

modes. Hence, we can proceed using the Jacobian by just replacing its values by values 

calculated at the centroid, i. e., ý= 'q = 0. This strategy is used to pass the patch test, 

as described below. 

In the original incompatible element by Wilson et al [96], the classical idea of 

convergence of the element was not achieved unless the element had a square geometry. 

This means that the element could only pass the patch test for this particular geometry 

bC 
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Figure 4.4: Incompatible displacement modes 
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and could not be use in a general context. Taylor et al [86] proposed a new strategy that 

overcomes the problem. All it is necessary to do is to guarantee that under constant 

stress state the extra virtual work produced by the incompatible mode vanishes. Hence, 

*T or dV IV. B0 (4.12) 

The basic idea is to use the Jacobian computed at the centroid of the element 
instead of at the Gauss points. To this end, the B matrix for the incompatible modes, 
here called B*, is as B in (4.4) but with J, instead of J and h* instead of h. This new 
B* matrix also includes a term d"- multiplying itself. This leads to an expression of detJ 

the form 

Ti 
Q21 
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"tjo 
det J 

J -'(1,1) h *T + J-1(1,2)h *T 
00 17 

detJ. oT 
det J 

J -'(2,1) h *T +J -'(2,2) hT 00 17 

oT 

J -'(2,1) h*T + J-'(2,2)h*T 0c0 17 
J-1(1,1)h*T + J-1(1,2)h*T 

0c0 17 
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(4.13) 

where h, * and h, *7 axe the partial derivatives with respect to ý and 17 of (4.10) and the 

nodeless incompatible variables axe ordered as 

p 
U* (4.14) 
V* 

I 

Rom this new B* matrix and the Jacobian at the centroid, we have 

B *T (7detJ 4 d77 = 
detJ,, f3*a detJ < dq detJ,, lf3*a dý d77 (4.15) If 
detJ 

Because f3* and detJ. axe both constant, for a constant stress state (i. e. o, = 

constant) equation (4.15) leaxis to the requirement that 

ff he*< dq =0; ffh, *7< d7l =0 (4.16) 

which is true from (4.10). 

Now we add the incompatible modes to the existing strain expression of (4.4). 

Hence, 

e= Bp+B*p* (4.17) 

where p* axe the incompatible displacements as in (4.11) and (4.14). 

From the variation of the (4.17) and the principle of virtual work, we obtain the 

total stiffness matrix for the element as given below: 

qi K1, K12 p (4.18) 
qý KT K22 p 

s1 12 

with, 

Kil = 
IV. (B TD B) dV,, (4.19) 

K12 = 
IV. (B TD B*) dV, (4.20) 
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K22 :'':: 
IV" 

(B *T D B*) dV,, (4.21) 

Note that K11 corresponds to K of (4.5). 

However, before the assembly of the element matrix into the global matrix, the 

incompatible displacements modes have to be eliminated at the element level and a 

static condensation has to be used. This is presented in details for the non-linear 

version of the element described in the next section. 

4.2.2 Geometrical non-linearity using incompatible modes 

In the section above we have described the classic incompatible element formulated by 

Wilson et al. and later modified by Taylor et al.. In a non-linear environment, the 

original approach has been applied by Simo and co-workers [76,79] to introduce the 

formulation known by "mixed assumed strain method". The enhanced strain element 

developed utilises the first Piola-Kirchhoff stress formulation and the crucial idea of 

the method is to decompose the deformation gradient into a multiplication between a 

conforming paxt and an enhanced paxt [79]. The intention here, however, is to develop 

a simpler approach directly involving the Green's strain and the total Lagrangian for- 

mulation. It should be emphasised at this stage that the method proposed by Simo et 

al. cannot be regaxded as the incompatible modes method but rather as a broader class 

of enhanced strain interpolations that encompass the original incompatible elements as 

a special case (details about this affirmation can be seen in [1] and [2]). 

To extend the lineax element of the previous section into a geometric non-lineax 

approximation we begin with the definition of the displacement derivative tensor in a 

vector form as in equation (3.59) for the membrane element. In the vector shown here, 

only the contributions of the incompatible modes axe involved. Therefore, employing 

equation (4.3), now with the Jacobian calculated at the centroid of the element, i. e., J, 

we can write 

( au- , 
ex 

au* 
ey 
av* 
ex 
av* 
ay 

(4.22) 
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J ; '(1,1) hý* 
T+J; 

1 (1,2) h, *? 
T 

oT 00 

J-1(2,1)h* Ir + J-1(2,2)h* Ir oT det J. 00 t7 
detJ 

oT J; 1(1,1)hý* 
T+J; 

1 (1,2) h, *7 
T 

00 

L oT J-1(2,1)h* 
T+ 

J-1(2,2)h* 
T 

00n 
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G* 

As mentioned, the above vector 0* only involves the values coming from the incom- 

patible modes. To obtain the complete vector, we have to add the contribution from 
the well established compatible modes, i. e., 

Ototal = 0+0* = Gp+G*p* (4.23) 

Rom the above, the variation of Ot,, t,,, 
i8 Simply, 

60total = 60 + 60* (4.24) 

In a similax manner to that of the finear case, here again we have to enforce the 

virtual work produced by the incompatible modes under a constant stress state to be 

zero and therefore the incompatible strain will be a ]! near variation of the displacements. 

This allows the element to recover the lineax solution for these stress states. 
It is easy now to compute the strain (Green's strain) as (see reference [20]) 

Ei + E�i + EI* = 
(4.25) 

[H + IA(O)] 0+H 0* = [HG + 1-A(0)G] p+ HG* p* 

where 
1000 

H= 0001 

0110 

Observe that for a linear case A(O) =0 and, as already mentioned, we recover 

fBT 
SdVo =0 

v. 
(total) 

where now we use the 2nd Piola-Kirchhoff stress S. Accordingly, 

E= EI+ EI* =HGp+HG*p* =Bp+B*p* =e 

as in (4-17). 

(4.26) 

Rom virtual work we have, 


