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Abstract

The development of finite element formulations for the study of continua is investi-
gated in this thesis. The objective is to devise new robust and efficient techniques firstly
for problems with geometric non-linearities but small strains and later for large-strain
analysis and in particular hyperelasticity.

As an introduction to non-linear problems, membrane elements are considered. The
elements are developed for application in hyperelastic structures and utilise the concept
of the total Lagrangian approach.

The effort is then focussed on continuum mechanics and the development of a plane-
strain element. The element deserves special attention because, in order to examine-the
large-strain hyperelastic behaviour, the incompressibility issue, characteristic inherent
of any hyperelastic material, has to be addressed. The conventional linear lower-order

plane-strain element tends to behave poorly when v — 0.5. Consequently, the elements
applied here are enhanced by incorporating into their linear formulation the so-called

incompatible displacement modes. It is shown that this allows the element to accurately
treat problems involving both bending and incompressibility. Subsequently, the element
is upgraded to a non-linear formulation using again the total Lagrangian technique. The
new formulation generally performs well but presents some problems of convergence
when applied to large-strain analysis.

To overcome the problem with the non-linear incompatible modes element, a pro-
cedure is developed based upon the co-rotational formulation in which linear finite ele-
ments are embedded within a co-rotating local frame while the geometric non-linearities
are accounted for via the rotation of this local system. In this manner the rigid body
motions are kept separated from the actual deformation of the element. The resulting

formulation can easily handle large displacements and large rotations. The formula-

tion is derived consistently and can incorporate any linear element, including the linear

incompatible modes element. Unconventionally, the method is extended so as to also

handle large-strains. The technique is used in both two- and three-dimensional prob-

lems.

A wide range of numerical examples is presented in support of the different proposed

theories. The elements were implemented within the research version of a large scale

finite element package.
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Notation

The notation presented here represents the main notation used throughout this thesis.
When the same notation is used for different quantities, the non-usual notation is ex-
plained and referred to the section or equation where it is applied. We use the basic
vector and matrix notation, i.e., their symbols are written in bold.

Scalars
A = principal stretches
V = virtual work
J = determinant of F
7 = strain-energy function
174 = work done by a force on a body
Q = heat flow
T = kinetic energy
V, = initial volume
C;,Cs = Mooney-Rivlin model constants
k = bulk modulus
I,,I,,I; = strain invariants
fhp sty = (Ogden’s model constants
1L = ground state of the shear modulus
o = length of the element (Section 3.2.1)
E = Young’s modulus
% = Poisson’s ratio
t = thickness
p* — applied pressure load (see equation (3.20))
A,a = original and current areas
A — vector loading multiplier (see equation (3.29))
P — pressure term (see equations (3.45) and (3.46))
En(C = non-dimensional (natural) co-ordinates
92 = Jocal spin
a,b,c — scalars obtained from §}; = 0
¢ = angle to define local co-rotating frame
€ — shear strain (see equation (7.32))

Vectors and matrices or tensors

E = Green’s strain
F = deformation gradient
X = vector of original co-ordinates
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e
]

vector of updated co-ordinates (x = X + u)
displacement vector (collectively called p)

displacement derivative matrix (see equations (2.2), (2.3), (4.47) and
(4.48))

identity matrix

right Cauchy-Green stretch tensor

matrix containing the principal direction vectors
principal direction vectors in the Lagrangian triad

principal direction vectors in the Eulerian triad
second Piola-Kirchhoff stress
Cauchy stress

engineering strain
Kirchhoff stress

tangent modular matrix
stretch matrix

Biot stress

Biot strain
strain-displacement vector
nodal internal force vector

nodal external force vector
out-of-balance force vector
strain-displacement matrix

tangent stifiness matrix

initial stress or geometric stiffness matrix

stiffness matrix due to follower pressure load

total stiffness matrix

shape functions matrix (Section 3.2.2)

element local triad

shape functions matrix for general 3-noded membrane element
vectorised form ot the displacement derivative matrix

matrix connecting 6 to p

transformation matrix

matrix containing second Piola-Kirchhoft stresses

X — X

second Piola-Kirchhoff stress vector related to the Lagrangian triad
Green’s strain related to the Lagrangian triad

rotation matrix

shape functions vector

differential of h w.r.t. £ and n, respectively

Jacobian matrix

shape functions vector for the incompatible modes

* VY incompatible displacements (collectively called p*)
strain-displacement matrix for the incompatible modes
vectorised form of the displacement derivative matrix for the incompatible
modes

conventional small-strain linear tangent stifiness matrix
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€, = co-rotating base vectors

1;,l;, = global base vectors

Q, = pseudo-vector of local spin

A, = vector (or matrix) connecting w; (or £;) to p

c = vector connecting a and x, (see equation (5.25))

d = vector connecting b and x, (see equation (5.26))

v = vector (or matrix) connecting §6 (or 66) to §p

X = special vector (see equation (5.46))

E = matrix containing local frame e, ,e,

T/ = vector containing the jth column of T7

G* = special matrix (see equations (5.56) and (5.58))

6 = pseudo-vector with terms 6,, 6, and 63 (see equation (6.23))
S = skew-symmetric matrix (see equation (6.24))

z = column matrix (see equation (6.34))

q{’, = vector Rq;] for node j

B = left Cauchy-Green tensor (see equation (7.2))

a; — principal direction vectors obtained from the local engineering strains
o = local stresses (Section 7.2)

h, — shape functions for the pressure term (Appendix B)

P — pressure-displacement connectivity part of the stiffness matrix (Appendix B)
H — pressure term stiffness matrix (Appendix B)



Chapter 1

Introduction

1.1 Motivation and aim of the study

From the beginning, the development of engineering tools for the analysis of complex

problems has been an ultimate goal of researchers. Earlier workers had to rely on simple

and relatively inaccurate techniques when tackling those complex problems. Without
something that would enable them to perform difficult calculations, these engineers
could only produce results that, although accurate enough for those days, could not
be used in large and more complicated structures. With the introduction of digital
computers, the engineering research stepped into a new phase of rapid development.
An important product of this new technology is the Finite Element method and the
possibility of studying problems of such a complexity that could hardly be imagined by
previous engineers. This research focusses attention on the part of the Finite Element
method that deals with non-linearity of structures, especially of those capable of un-
dergoing large strains and deformation. The group of materials that will be considered
is known as Hyperelastic and more details will be presented in the following chapter of
this thesis.

In hyperelastic analysis the principal materials to be studied are the rubber-like
ones. Rubbers present a relevant engineering importance due to their ability to support
large elastic strains. Moreover, some special manufactured rubbers can actually replace
traditional materials in a vast number of applications in structural engineering. Their
employment in engineering, although not as widespread as steel, concrete or aluminium,
for example, is very important since these materials act in critical parts of certain struc-
tural components. Consequently the engineer or designer should be able to understand

and to apply the properties of rubbers or rubber compounds to supersede or to com-

11



Chapter 1 INTRODUCTION 12

plement the use of other materials. It is important to be aware of the advantages and
disadvantages associated with the use of rubbers in order to assess their potential in
relation to the field of application. Examples like shock absorbers that avoid damage
in the interface between concrete and steel in a structure; rubber joints to seal parts
in submerged tunnels and supports devices in bridges indicate clearly that a failure oc-
curring in these complicated connections can cause serious damage to the structure or
even 1ts total collapse. There are numerous others applications for rubber-like materials
including those in offshore engineering and the aerospace industry.

The aim of this work is to investigate new possibilities of utilising the Finite Ele-
ment method to devise robust element formulations to analyse problems involving large
displacements and large rotations. Additionally, the elements designed should be able
to treat incompressibility or near-incompressibility and large-strains deformations, char-
acteristics Inherent of any hyperelastic structure. In the procedure used, there exists
the commitment to avoid incorporating unnecessary complexities into the formulation
of the different elements to be developed, without, however, compromising the excellent
performance achieved here. One significant step towards this end is the application of
lower order elements, in which the obvious advantages associated to their simplicity are
apparent, in conjunction with approaches to improve the performance of these lower

order elements and to enable them to be used in a non-linear environment.

1.2 A brief literature survey

The general study of mechanical structural behaviour of different materials is an old
concern among researchers. Different behaviour means different forms of treatment
for each type of material and each type of analysis. As discussed previously, in the
present work we focus our attention on the non-linear geometric and physical analy-
sis of continua with special emphasis on a class of materials known as hyperelastic.
For this study special finite elements will be employed, including axisymmetric and
three-dimensional membranes, plane-stress and plain-strain elements with incompatible
displacement modes, two-dimensional and three-dimensional co-rotational elements and

others. The formulation for these elements will be described in detail in this thesis.

The theoretical analysis of hyperelastic or rubberlike materials has been investi-

gated by many authors since the first half of this century (see Treloar [91] and Mullins
and Thomas [56] for an overview on the pioneering works in the field). The first con-

siderations were based on experimental work and on the molecular structure of the
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material. The major breakthrough in the study of the material came with the work of
Mooney [55], that developed a general theory applicable to large deformations, and the
subsequent studies of Rivlin [73]. Using continuum theory, a general way of achieving
reliable analytical and numerical solutions for rubberlike materials is the application
of the concept of a strain energy function [23, 91]. The Mooney-Rivlin approximation
for the strain energy function is based on strain invariants and in the original develop-
ments the material is assumed to be isotropic and incompressible. However, the view
of expressing the strain energy function in term of invariants is not always sufficiently
accurate for large strain type analysis. Therefore, there was a need for a more flexible
and effective way of dealing with hyperelasticity. Another important hypothesis is due
to Valanis and Landel [92}. In their representation, the strain energy function is pre-
sented in a separable form in which the separate functions of the principal stretches are
identical. Ogden in his paper of 1972 |61} proposed a new strain energy function which,
in his own words, “provides an adequate representation of the mechanical response of
rubberlike solids and 1s stmple enough to be amenable to mathematical analysis”. This
function is a linear combination of power forms of the principal stretches and it has been
broadly used in hyperelastic material analysis. It is noteworthy that at the beginning
all the distinct propositions for the strain energy function were based in the assump-
tion that rubberlike materials were perfectly incompressible. This affirmation is not
completely true since some of the rubberlike materials exhibit a slight compressibility
that should be taken into consideration, whence the strain energy functions have been
modified, making feasible their use with near- or quast-incompressible materials.

In relation to finite element approximations, some applications made in the late
1960s [60] are regarded as the first approaches applying the method. The strain en-
ergy function of Ogden is extensively employed although some of the works with finite
elements also use a simpler Mooney-Rivlin model [13, 30, 37, 84]. Recently, several
works have been published and major steps have been taken towards a fully com-
prehensive finite element formulation for hyperelasticity (see, for example, references
12, 33, 36, 49, 98]). A rather mathematical approach for the study of hyperelastic
materials have been given by Dobrowolski [25].

An important factor in the study of large deformation and/or large strains is the
special attention to be given when a pressure load is applied in such an analysis. It 1s
known that pressure acts normal to the surface to which it has been applied. To allow

the applied pressure to be maintain normal to the surface, a displacement-dependent

pressure or “follower” load should be used {5, 39, 75]. This will bring into account a
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new stiffness that should be added to the standard stiffness matrix.

With respect to the use of hyperelasticity, various applications can be found in
the literature. They comprise the use of rubber-like materials in different fields like
supports for bridges, piers and fenders, earthquake protection, aircraft engineering,
shock and vibration isolation, offshore engineering among others [29, 83]. In addition,
the theory of hyperelasticity can be applied as the basis for the study of large-strain
plasticity problems (see, for example, [28, 70, 80, 22]).

As mentioned earlier, the Finite Element method plays an important role in the
whole analysis of a non-linear structure. The reference books of Zienkiewicz and Taylor
1101], Crisfield [18], Hughes [44] and Cook [15] in spite of presenting only a linear for-
mulation, give the basic steps for the understanding of the method. The more advanced
works in non-linear finite element can be found in the books of Bathe [6], Zienkiewicz
and Taylor [102] , Crisfield [20] and Hinton [40].

With a view to developing finite elements capable of dealing with large deforma-
tions and incompressibility or near-incompressibility, a number of elements have arisen.
Among them are the so-called mixed and hybrid elements which are a powerful class of
element suitable for this kind of problem. In addition to the elements above, incompati-
ble modes elements are also important in this study. Incompatible modes elements were
first proposed by Wilson et al. [96] in 1973. The idea was to improve the performance of
low-order elements in bending deformations. It also aimed to improve the accuracy for
course meshes and with near incompressible and non-linear materials. One of the main
problems of Wilson’s element was that it could not cope with very distorted meshes.
Taylor et al. [86] presented a way of correcting the problem by enforcing the satisfac-
tion of the patch test [87]. More recent works [97, 46, 48] have been using incompatible
modes based elements and successful results have been obtained. Other works (Simo
et al. in [76] and [79], Andelfinger and Ramm [2] and Li [51}) have also been closely
related to the original incompatible modes, even although the term “enhanced strain
mixed method” is more generally used in these papers.

Another very usual way of tackling the problem of incompressibility is to separate
the deviatoric part of the constitutive model from its volumetric part [15, 26, 44] 3.
The idea has been used by many authors [13, 27, 84| and excellent results have been
obtained. This approximation is regard by many authors as a mixed and sometimes as
a hybrid formulation.

The co-rotational finite element formulation is also an attractive technique for the

5This approach is also known as the u-p formulation
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non-linear analysis. It has been used as an alternative strategy to analyse problems ex-
hibiting large rotations during large deformation processes. The pioneering work in the
field is due to Argyris et al. [3] and Wempner [95] in the sixties. The methodology im-
plied the decomposition of the motion of the element into a rigid body motion followed
by a deformation, or vice-versa, i.e., a deformation followed by a rigid body motion. This
1s the framework of the co-rotational technique in which the standard linear formula-
tions can be used with respect to the rotating co-ordinate system and the non-linearities
are incorporated via the rotation of this system. Argyris et al. {4], in a rather long pa-
per, introduced their “natural method” that states that the rigid body modes may be
large while the natural modes remain small. This approach is closely related to the
co-rotational technique described above. Belytschko and co-workers {8, 9] applied the
formulation to transient dynamic analysis of large-displacement and small-strain prob-
lems. In dealing with dynamic analysis using an explicit formulation the derivation of a
tangent stiffness matrix is not treated, although Belytschko [9] showed that it was pos-
sible to generate a consistent tangent stiffness matrix using the co-rotational approach.
He also outlined that the motion of the rigid-convected co-ordinate or co-rotational de-
scription leads to a simpler strain-displacement and force-stress relationships, resulting
in a more efficient computational analysis. The work of Oran {65, 66, 67] also uses two-
dimensional and three-dimensional co-rotational procedures to analyse the behaviour of
beam-columns in a non-linear environment. However, his work for space frame [66] was
limited to small increments. Later, Belytschko and Glaum [10] extended the dynamic
formulation to a higher order co-rotational formulation which accounts for initial cur-
vature and moderate variations of rigid body rotation within the element. In this work,
shallow arches were loaded with point loads and the formulation converges more rapidly
than the lower order one. Further work in the field was done by Hsiao and co-workers

(41, 42, 43] for problems involving in-plane frames, flat triangular shells elements and

spatial beam structures.
The argument that a non-linear analysis could be simply achieved by dissociating

rotations from deformations, introducing the non-linearity into the transformation be-
tween the element frame and the global frame led some authors to simply derive the
stiffness matrix by rotating it, via the transformation matrices, to the global co-ordinate
system. However, this idea is not entirely true because it does not take into account the
variation of the transformation matrices mentioned above. To extend the formulation

towards a consistent derivation of the second contribution of the stiffness matrix, it is

necessary to consistently differentiate the transformation matrices. Approaches such as
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those by Crisfield [19], Cole [14], Peng and Crisfield [69] and Nygard [58] embody this
differentiation, producing consistent co-rotational formulations for beams and shells.
As far as the application of co-rotational procedures for continua is concerned,
the work of Jetteur and Cescotto [50] appears to have been the only proposition. In
their paper, they described an incremental co-rotational formulation with the element
formulation being developed for elastoplasticity with large-strains. However, their de-

velopment did not consider the inclusion of the consistent derivation of the tangent

stiffness matrix.

1.3 General layout of this thesis

This section briefly describes the contents of each part of the work with the thesis being

organised as follows. |
Chapter 2 contains a general overview into the subject of hyperelasticity. Some

essential kinematics concepts are presented and some basic definitions of continuum

mechanics are also reviewed. The chapter also describes some of the important work
on hyperelasticity, especially presenting a review of the strain-energy functions used in
hyperelastic simulations.

Chapter 3 concentrates on the development of two finite elements for hyperelastic
membranes: an axisymmetric and a general three-dimensional approach. Both elements
are evaluated using a total Lagrangian approach. The elements can take into account
loads that are displacement-dependent in a consistent way. The hyperelastic model is
introduced using first a Mooney-Rivlin material and subsequently employing an Ogden
model. Various test cases are shown and compared against analytical and numerical
results.

In Chapter 4 a plane-stress and plane-strain element is introduced. The element
incorporates incompatible displacement modes that is improved to include non-linear
capabilities into the element. Again the formulation is based on a total Lagrangian
approach and follower loads are also studied. The hyperelasticity approximations are
performed using an Ogden-type model. The chapter also contains numerical tests with
the element and some problems with convergence are displayed.

Largely as a result of the problems faced by the element of the previous chapter,
attention was turned towards a co-rotational formulation. Chapter 5 discusses a two-

dimensional co-rotational approach for plane-stress and plane-strain conditions. The

formulation is based on the idea of analysing the element in a linear way with respect
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to a co-ordinate system attached to the element. The non-linearity is introduced by the

rotation of this co-ordinate system. The linear element also comprises the incompatible

modes defined in Chapter 4 in a linear manner. The tangent stiffness matrix is computed

consistently producing a very robust formulation. The chapter is completed by a series
of tests demonstrating the accuracy of the formulation.

Chapter 6 considers a full three-dimensional element. The theory for this element
is again based on the co-rotational formulation. The technique utilises the polar decom-
position theorem to treat effects arising from a rigid body rotation independently from
the effects originating from the ‘real’ stretches. The element also includes incompatible
displacement modes. The final tangent stiffiness matrix is consistent and the desirable

quadratic rate of convergence for the Newton-Raphson method is obtained. Numerical

results are also presented at the end of the chapter. |
Chapter 7 deals with hyperelastic applications for the two- and three-dimensional
co-rotational elements of Chapters 5 and 6. A “Biot-type” formulation is adopted

and applied with the Ogden model. The stress tensors and constitutive matrices are

evaluated and several results are shown in order to assure the accuracy of the predictions.

The final chapter gives a summary of the conclusions and also some suggestions for

future research.



Chapter 2

Hyperelasticity: Basic Concepts
and Models Definitions

2.1 Introduction

A definition for hyperelasticity or more precisely for hyperelastic materials can be given
as a group of materials which are able to recover their original undeformed state after
being submitted to any large deformation pattern. The term hyperelasticity, therefore,

merely defines a material capable of undergoing higher-order elastic deformation, fully

recovering the strains when the imposing forces are released.

The best example of hyperelastic material is rubber. The term rubber was originally
given to the material obtained from the tree Hevea brasiliensis (29, 91]. As far as
the chemical composition is concerned, rubber is classified as lying within a group of
materials named ‘polymers’. This study, however, is not concerned with the microscopic
aspects but concentrates its attention into the macroscopic elastic behaviour of the
rubberlike or hyperelastic materials. A good review about the micro composition of
rubber is given by Gent in [34].

Another way of defining hyperelasticity, in this case in a rather mathematical man-
ner, is to associate it to the existence of a strain-energy function ¢, that is, the strain
energy per unit volume under deformation. A hyperelastic material is included among
the so-called ‘Green Elastic Material Models’ [20, 23]. Different strain-energy functions
can be used and have been proposed to describe the properties of a given hyperelastic

material. Some of them are shown in this chapter. The derivation of the mechanical

properties for hyperelasticity is also reviewed below.

18
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2.2 General kinematic relations

The starting point to understand the mechanical behaviour of any elastic and hyper-

elastic material is the comprehension of its properties and physical response when the
material is submitted to a certain deformation. The approach to be followed is phe-
nomenological, based on the theory of elasticity and the mathematical formulation of
the (macroscopic) properties of such a theory [63, 62).

The hyperelastic model is expressed in terms of a strain-energy function ¢ that
can be formulated using either the strain invariants of the right Cauchy-Green tensor C
or the principal stretches ratios A;, Ay, A3. However, before moving to a typical repre-
sentation of a strain-energy function it is worth reviewing some basic but fundamental
definitions in the study of continuum mechanics.

In continuum mechanics, a number of different strain measures can be used. When
the deflections are large (in hyperelasticity, besides the deflections the strains are also
large), it is often convenient to use the ‘Green-Lagrange’ or simply ‘Green’ strain ten-
sor, E. In conjunction with finite element procedures this approach involves the total
Lagrangian formulation. Later in this chapter another strain tensor will be described

which can be applied with the so-called co-rotational technique.

The Green strain tensor can be written as [20]

E = %[FTF — 1 (2.1)
where F is the deformation gradient.
J0x
F=—=1+4+D 2.2
x — 1t (2.2)

The matrix D above is the displacement-derivative or the displacement-gradient
matrix and is given by
ou

In equation (2.1) defined above, the term F'F is known as the right Cauchy-Green
tensor C. Using polar decomposition (see references [54, 82, 45, 20] for details) it can
be shown that the eigenvalues of C are the squares of the principal stretches A; and
the eigenvectors are the principal directions, which define the Lagrangian (or material)

triad, i.e., we can write

C = Q(N)[diag(A?)]Q7(N) (2.4)
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where Q(N) = [N;N;N3] is the matrix containing the principal directions vectors Nj,
N3 and N3 and [diag(A?)] is the 3 x 3 diagonal matrix containing the A? values. The
above definitions are very important for the future development of the formulation.
Having defined C, we also need to obtain the invariants of C which will be utilised
in some of the hyperelastic constitutive models to be formulated later. The invariants,

in terms of the components of C and in terms of principal stretches, are

e
I

tr(C) = C11 + Coa + Csz = A\l + A2 + A

I, = cofactor of C|;

011022 + 022033 + C33Ch; — C12021 — Czacaz — 013031 (2-5)
A2 4+ A2A2 4 A2)2

I3 = detC = C111612261(33 + 2C’126723(713 R 011023032 T C'226{136731 _ C’336‘(126721
ATAZA3

The stress measure used in conjunction with the Green’s strain tensor of equation
(2.1) is the second Piola-Kirchhoff stress tensor, here called S. This stress measure is

work-conjugate with E, i.e., the virtual work expression is given by

V=V.:-—V,,=/ S : 6E,dV, — V. (2.6)
Vo

where V; and V, are the internal and external virtual works, respectively.

Note that the measures defined for stress and strain are given in terms of tensors.
They can also be represented as vectors and for many of the subsequent finite element
developments we will use the latter configuration. Although the symbols will be the
same for both tensors and vectors, the context will make the difterence clear .

Another relevant stress measure that should be mentioned here is the Cauchy or
true stress. The use of Cauchy stress o instead of the second Piola-Kirchhoff stress, S,
eases the interpretation of the final results. The former relates the forces to the final
area, where they have been applied whereas the latter relates them to the original area
and to the original configuration.

The Cauchy stress is work-conjugate to ée, 3 and is related to the Second Piola-

SThis strain measure can be regarded as a form of engineering strain increment but related to the
current configuration [20] and can be written as

1.86u, 06u,”

6€"=_2_[ X t X ]
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Kirchhoff stress via

1
o = -J—FSFT (2.7)

with J = detF or J = I3% = A1 A2As.
We can define an equivalent stress measure to the Cauchy stress but related to the

original volume. It is known as the Kirchhoff stress and is given by

T=Jo (2.8)

The question at this stage is how to obtain the stresses for a hyperelastic material
from a strain-energy function? If the strain-energy function ¢ is the strain energy per

unit initial volume under deformation, the change of ¢ is expressed as

6(,0 =S:0E (29)
Hence,
O
S = 3 (2.10)

The previous relation can be called the Green elastic constitutive law and can
be obtained as follows: using the first law of thermodynamics, i.e., “The work of the
external forces done on a body plus the heat that flows into the system is equal to the

increase of kinetic energy plus the increase in internal strain-energy” or

W oo +6Q = 6T + b (2.11)

From the principle of conservation of energy, the total work performed by the forces
applied in a body (internal and external) is equal to the variation of the kinetic energy,

hence

6We$t ‘l’ 6mnt — 6T (212)

If we have no heat flow, using equations (2.11) and (2.12), we obtain

6W;‘nt — ""590, (2.13)

so that the variation of the work done by the internal forces is equal to minus the

variation of the strain-energy. If there is no variation of kinetic energy, (2.12) and

(2.13) lead to
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At this point we write the change of external work as

oW, . =/ F;ou,dV +/ oi;n;0u;dA (2.15)
Vv A

where: F; are the external body forces applied in each direction:

u; are the displacement components;
oi; are the surface (Cauchy) stresses;

n; are the direction cosines normal to the surface A.

Following Desai and Siriwardane [23], it can be shown from virtual work that

equation (2.15) above leads to

OW ez =/ 9i;0 Ei;dV, (2.16)

Va

Now, from (2.14), we can write
699 =/ S,‘jﬁEﬁjdm (217)
Vo
and then,

5o = / 60,dV, (2.18)

Vo

From (2.17) and (2.18), dropping the subscript o for initial, we reach (2.9), hence
(2.10).

From (2.10), a second variation with respect to the strain yields the necessary

tangent relationship, i.e., D.

S =D : 6E (2.19)
and 5
©
— IO (2.20)

Equation (2.20) clearly illustrates that the tangent tensor D is not constant for
hyperelastic materials but rather is dependent upon the current strains.

If, instead of using a total Lagrangian approach, we decide to make use of the co-
rotational formulation (details will be given in Chapter 6 and 7), a different strain tensor

can be applied. The most convenient strain tensor turns out to be the so-called Biot
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strain tensor, represented by E,. It comes from the concept of co-rotated engineering
strain,i.e., e = A—1. Using the definitions given by Crisfield [20, 21] (see also [54, 82, 45))

and the polar decomposition theorem,

E, = Q(N)[diag(\ - 1)]Q7(N) = Q(N)[diag(A)]Q7(N) — Q(N)Q”(N)

U-1 (2.21)

where Q(N) is the same as in (2.4) and [diag(); — 1)] is the diagonal matrix containing
the A; — 1 values.

We have to consider the stress measure that is work-conjugate to the Biot strain.

This stress is known as Biot stress and using (2.6) the virtual work is given by [21]

Vi = / S : 6E, dV, = / oy : 6By, dV, = / o, : §U, dV, (2.22)
V, V., Vo

Thus, equations (2.9) and (2.10) are re-defined as

bp = oy : OE, (2.23)
and
O
Ty = -a-E-;- (2.24)

2.3 Hyperelastic material models

Various attempts have been made to represent the mechanical behaviour of hyperelastic
materials, especially the rubber-like ones, in terms of a strain-energy function. Some of
these works are described in this review although as far as the finite elements simulations
are concerned, we will concentrate this study mainly on the strain-energy function
proposed by Ogden [61]. Ogden’s model has been widely used to treat the properties of
rubberlike structures in engineering design and the results produced are very accurate.
Moreover, this model can still represent two other models, also extensively used by
researchers and designers, the neo-Hookean and the Mooney-Rivlin models.

As mentioned before the approach described and employed in this work is phe-
nomenological and no attention is given to the molecular structure of the material. One
could divide the several representations of the strain-energy functions into two major
groups: the first in which constitutive relations are described in terms of the invariants
of the right Cauchy-Green tensor C and the second where the relations are defined via

the principal stretches (or extension ratios), A;. We shall start with the former.
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Among the strain-energy functions developed, the one proposed by Mooney [55] and
later modified by Rivlin [73] is one of the most known. Mooney developed a theory based
In two assumptions that (i) rubber is incompressible and isotropic in the undeformed

state and (ii) Hooke’s law is obeyed in simple shear. His theory yields a strain-energy

function of the form:

e =Ci(AT+ A3+ A3 =3)+ Co(AT2+ 272+ 252 -3) (2.25)

Equation (2.25) represents quite accurately simple extensions but can give serious
problems when other kinds of strain are imposed [90]. In a subsequent work, Rivlin

amended Mooney’s theory and the strain-energy is then expressed in terms of invariants

of C. This new function takes the invariants I, and I, to be the two independent

variables from which the state of strain is defined. So, the series

= i Ci;i (I, — 3)*(I, — 3) (2.26)

t=1;5=1
represents the most general form of the strain-energy. The first order approximation of

(2.26) is the expression for the Mooney-Rivlin model that is one of the most utilised in

rubber elasticity analysis, that is,

0 = Ci(I; - 3) + Co(I — 3) (2.27)

From the expression above another particular strain-energy function can be derived
by setting C, = 0. This leads to the neo-Hookean form of the strain-energy function,

le.,

p = Ci(5 - 3) (2.28)

It should be noted that the equations above are valid for incompressible materials

for which J = 1. In other words, equations (2.27) and (2.28) represent only the de-
viatoric part of the strain-energy function since the volumetric part does not change.
This strict incompressibility is not always true for a hyperelastic material and a small
compressibility may be allowed, especially in problems involving plane-strain and three-
dimensional analysis. Therefore, a term involving the bulk modulus k£ can be added to

the strain-energy expressions. The volumetric part of ¢ may be written as

1
©p = %k(.] -1 or = é-lc(l'n,.])2 (2.29)
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and the fully incompressible state must be recovered if k tends to infinity. ¢, is zero for
the undeformed initial configuration where J = 1.

Following the work of Crisfield [21], we can produce expressions for the strain-energy
function of (2.27) and (2.28) for a compressible hyperelastic material. The neo-Hookean

compressible form can be given by

o =Ci(I - 3L"°) + (2.30)

whereas the Mooney-Rivlin form would be (see also [31])

o= Ci(I, - 3L,'%) + CL(I, — 3I2'%) + ¢, (2.31)

Here, a strictly separation between the deviatoric and the volumetric parts of the
strain-energy functions is opportune. This is so due to the appropriateness of such a sb]ji;
when one examines and predicts the behaviour of hyperelastic materials, making easier

the validation of each part by experimental tests. Thus, we can define new modified

invariants, so that

L=nLE"? (2.32)

I, = LI;*? (2.33)

that come from the new modified stretches,

N = JT13), (2.34)

Note that J = A\;A;\s = 1, that is, the \; are as such as there is no change in the

volume.
Hence, from (2.32) and (2.33) we get the strictly separated strain-energy tfunc-

tion for a neo-Hookean and a Mooney-Rivlin materials (equations (2.30) and (2.31)),

respectively, as

o= Cy(T, - 3) + %k(.] 1y (2.35)

and

o= Ci(I; = 3)+ Cy(I, — 3) + %k(.] — 1) (2.36)
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Other strain-energy functions have also been formulated based on the invariants of

C but they are not shown here. They include the contributions of Blatz and Ko [11]
and Fried and Johnson [31].

Betore continuing the development, it is worth emphasizing that rubber-like mate-
rials are regarded as isotropic. This condition implies that their principal directions of
stress and strain coincide. This characteristic will be used throughout this work.

The second group of strain-energy functions that can be used is that described by
the principal stretches. The principal stretches can be determined from the square root
of the eigenvalues of the right Cauchy-Green tensor C, i.e., the squares of the principal
stretches are the main diagonal of the matrix C when this matrix is rotated to the

principal axes. Hence, in the principal directions N;-Nj (see (2.4)),

X2 0 0
C=|0 X 0 (2.37)
0 0 M\

Several proposals have been given to represent, in a more general way, the me-

chanical properties of a hyperelastic material via the principal stretches. From them

the proposition of Valanis and Landel [92] and the work of Ogden [61] are selected and

shown here. Details of other representations can be found in Treloar [90] among others.
Valanis and Landel have formulated a strain-energy function for an incompressible

isotropic hyperelastic material that can be expressed as the sum of symmetrical functions

of the principal stretches A;, as shown below.

@ = (A1) + #(A2) + ¢(A3) (2.38)

where the three functions ¢(A;) are identical.

It has been demonstrated that the hypothesis of Valanis and Landel produces results
which are in close agreement with experimental observations [90].

Ogden [61], still assuming incompressibility for hyperelasticity, proposed a strain-

energy function able to predict accurately the mechanical behaviour of a material under

very large strain that is expressible as

w=22ww£w£uﬂ o (2.39)
P

in which p, and «, are the model constants. Furthermore, these constants have to

satisty
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20 =) o (2.40)
p

(1 is the ground state of the shear modulus) in order to guarantee the compatibility
with an analysis which involves small deformations (the classical Hooke’s law). This
expression recovers the ground-state of the shear modulus [61].

This formulation incorporates some of the previous propositions, including those
based on the invariants. The incompressible neo-Hookean is recovered by using p = 1
and a; = 2, whereas the incompressible Mooney-Rivlin can be derived by setting p = 2
and a; = 2, ay = —2. The constants C; and C, are retrieved by taking C; = & and
Cy = &2

By including different number of terms in (2.39), it is possible to express different

stress-strain relations with the desired degree of accuracy.

As for the compressible approximation for the Ogden model, again a compressible

term (or volumetric term) ¢, equation (2.29), should be added to the deviatoric term
of the modified function ¢4. This modified function, separated into a deviatoric and a

volumetric parts, can be found adopting the same approach applied for the invariant-

based strain-energy functions, that is, replacing A; of (2.39) by (2.34), so that we have

Ay

\ & \ O e 1
o =3 B35 + X5 + 357 - 8] + 5k(J - 1) (2.41)
P

and, again, the modified stretches are volume constant. Therefore, (2.41) is to be used

in plane-strain and solid analysis as in Chapters 4 and 7.



Chapter 3

Membrane Finite Elements for

Hyperelastic Materials Analysis

3.1 Introduction

The idea in this chapter is to produce a finite element for a membrane, in this first place
axisymmetrical, which is able to support large displacements and strains and therefore
to study structures designed with hyperelastic (rubberlike) materials. It is intended to
begin the investigation into the area of large strains using these simple elements. The
work will be expanded subsequently in later chapters to applications with other more
complex kinds of element.

In this work, first the formulation for a geometrically non-linear axisymmetric mem-
brane is discussed. In the second part, a general tridimensional membrane is analysed.
For both cases, the procedures to establish the out-of-balance force vectors and the
tangent the stiffness matrices are shown. Afterwards, an extension for a displacement-
dependent load vector is introduced. This new vector will produce a non-symmetric
element stiffness matrix which can end up, after the assembly procedure, in either a

symmetric or a non-symmetric matrix at the total structure level. This will depend on

the class of problem that is being studied.

The modifications to handle rubberlike materials are then introduced. They are

basically to calculate new strains and stresses values and to define a non-linear consti-

tutive matrix. Thus, the procedure to obtain the new tangent stiffness matrix is the

same as previously used.

This work follows the developments made by Crisfield [20] for a truss element and

is applied to introduce the concept of hyperelasticity. The work of Wriggers and Taylor

28
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98] and Gruttmann and Taylor [36] are also used as references, although the latter was

not available when the formulation was first derived.

Several examples are presented to depict the accuracy and efficiency of the for-
mulation. Furthermore, the present element produces a very good quadratic rate of

convergence which ensures the consistency of the formulation.

3.2 Axisymmetric membrane element for hyperelastic ma-

terials analysis

3.2.1 Finite element development

In the introduction of this thesis, the importance of materials with hyperelastic be-
haviour for certain kinds of structures was stressed. A first step to begin the study of
such materials is to develop a membrane element (axisymmetric) that is able to perform

non-linear analysis of large strain, particularly working with rubberlike materials. The
total Lagrangian approach is applied and it is shown that, even for this sort of analysis,

it produces very accurate results.

To begin the development of the element it is necessary to define the shape functions
by using isoparametric approximations. Hence, the R co-ordinate and the displacements

(figure 3.1) are interpolated through

w:1/2{1_6} {wl} (3.1)
14 & Wy

p = ( U Wy Uy Wy ) (3.2)

Because this is an axisymmetric membrane, the strains to be computed are the

axial (along the membrane, in its meridional direction) and the hoop strains. These
values, here called F, and E,, respectively, are Green’s strains. The first one can be

written in exactly the same way as in a truss element [20], i.e.,
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2 — |2
212

1
202

=b{p+ -—p Ap

where, for example,

R21 =R2—R1,
1 0 -1 0
_ 0 1 _
A_—..l 0 1 |
41 -1 0 1 o0
0 -1 0 1

Figure 3.1: Axisymmetric membrane element

The change in F;, after some calculations, results in

1
ok, = 40:?, [ "‘(RZI -+ U21) —(Z21 + ‘w21) (Rzl + Uzl) (Z21 =+ ’wzl) |
= (by +b3)ép=by, ép

where

30

(3.3)

(3.4)

(3.5)

(3.6)
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T _ _1
b; = 4a3 ( —Uz1 —W21 U2 W2 )

(3.7)

Ugr = Uy — Uy

and the value b; has already been established in (3.4).

With C, and C, as the old and new circumferences, the hoop strain F, can be

define as
E ~CE*_CE—3+}-(3)2—E ey 3.8
*T 9C2 T R TR T THT o (3-8)
U 1 T (h1u; + hous)
Ey=——=dTp=——(1-¢ 0 1 0 =11 27 3.9
= wE P amE (160 146 0) P (39

It could be worth emphasizing that, unlike the axial strain, the circumferential

strain 1s not constant within the element and therefore it must be evaluated at the

(Gauss point level in the integration process, hence the application of shape function in

the definition above.

From (3.8), the change in F, is given by

(14 Eq)
R(¢)

Now, by placing both changes of strain in a matrix form, one can obtain

6 B
OF = =
{ 6 Ey }

§Ey = (1 + Eg)§Ey = (1 + Ey)dTép = (R 0 h, 0)ép  (3.10)

bnz(P)T

op
(1+ Ey)d?

N [ = 4;3 (R21 T Uzl) —zi—g(zm + w21) 4:,3 (R21 + u21) z;—g(zm + w21) ] 5p
- 14+ E 1+ By
o ™M 0 R(E) 2 0
(3.11)
— an 5p
The internal force vector, calculated using virtual work [20], is written as
q: = BZ: S dV, (3.12)

The stress vector S shown above contains the second Piola-Kirchhoff stresses. These

stresses are derived straight from Green’s strains, being computed as
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S-DE o {S}D{E} 319
S E,

It 1s important to highlight that in the current development all the strains and

stresses measures are in principal directions which do not change.

The D matrix in equation (3.13) is the constitutive or modular matrix which relates
stresses and strains. For the case of small strain analysis, this matrix is only a function

of Young’s modulus and Poisson’s ratio and it does not change during a non-linear

analysis, i.e.,

E
D =
1 —v2

v 1

LY ] (3.14)

On the other hand, as will be shown later, in an analysis of rubberlike materials,

involving large strains, this D matrix should be updated at every iteration during the

non-linear process.
Carrying on from this point, it is necessary to compute the out-of-balance force

vector g as follow:

g =i — Qe (315)

where q; and q. are the internal and external nodal force vectors, respectively.

It should be noted that for a first analysis only the internal force vector q; is

displacement- dependent, whereas the applied load (external force vector q.) is con-

stant. Thus the differentiation of the out-of-balance force vector, that yields the stiffness

matrix, is actually the differentiation of q; for this case. Using this, the change of q; is

given by

bq; = / (BT, 6S + 6BT, S) dV, (3.16)
Vo

The tangent stiffness matrix is composed of two parts: the first portion, here called

K, is the standard stiffness matrix obtained from the first term of (3.16); the second

one, K,,, is the geometric or initial stress stiffness matrix, derived from the second term

in the same expression (3.16).

K, = / B D B,, dV, (3.17)
Vo

1
Koy = | —51AdVe+ [ 5,dd7av. (3.18)
Vﬂ aa VO
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where A have been defined in (3.5) and d have been defined in (3.10). $; and S, are

the two principal components of S.

Note that

dV, = 2rt, R(€) a, d€ (3.19)

3.2.2 Displacement-dependent pressure load

Since the purpose here is to use the axisymmetric element to study rubberlike materials,
before defining the quantities related to such analysis (strains, stresses, constitutive

matrix etc), it is relevant to have in mind the modifications in the external force vector

when a pressure load is applied. In this case, where very large strains and displacements

are involved, this vector will be dependent on the current configuration rather than on
the original one {75, 5, 39]. So, the external force vector should be updated at each step

of the non-linear procedure. Hence, from virtual work

6p, qe = /p*b"e:,da, (3.20)

where: ép, are the virtual displacements;
q. is the external load vector;
p* is the applied pressure (here assumed constant);

e/ is the change of displacement in the direction of the normal to the

surface on each area da.

Observe that the lowei case characters used in the notation mean that these quan-

tities are related to the current configuration of the structure.

From figure 3.2 comes

ry= R+ u 2= 41+ w
= = Z w
ro = Ry + Uy 2 2 + W (3.21)
T21 — Koy + ug 291 = Lo + Wy
where ro; = 75 — 1 and uy; = Uy — uy, for example.

To calculate ée’,, firstly it is necessary to define the tangent and the normal vectors

= L )T (3.22)
200 | 2,

of the element. Thus,
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(W)

_ R(u)

Figure 3.2: Original and final configurations of the element

and then

1 z
n, = Y (3.23)
2an —T21

Following the development, de! is determined as

fe! = §u; n, = ép, H' n,, (3.24)
with
1| 1- 0 1+ 0
21 0 1-¢6 0 1+4¢
In equation (3.20), da is defined as
da = 27 r(§€) o, dE (3.26)

with r(£) as in (3.1) but now using the current co-ordinates instead of the original ones.

Applying (3.24) and (3.26) in (3.20), we have

1
5PZ q. = / D 6va H' n, 2r r(€) a, d€ (3.27)
-1

Equation (3.27) must apply for any p,. So that,
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(3.28)

After obtaining the displacement-dependent q, vector, the new part of the stiffness
matrix, produced from this new q., must be computed and added to that originally

defined in (3.17) and (3.18). Re-writing equation (3.15) using the new q. which relates

to a fixed pressure p*, it becomes

g = qi(P) — Aq.(p) (3.29)

The term A is a vector loading multiplier which multiplies the fixed pressure p*.
For load control, during the Newton-Raphson iterations, this factor is kept fixed for

each increment. The parameter can be made variable when some other techniques

(arc-length, for example) are employed, as will be seen later in this chapter.

From the derivative of (3.29) with relation to the displacements, it follows that

. ag . aQﬁ(p) aqe(p)
K=o~ o0 " op

In the above, the first term 3—‘%21 has been previously described and can be seen

(3.30)

in (3.17) and (3.18). The second derivative that involves q. is computed directly from

(3.28) and can be expressed as

229 —(2r; 4+ r5) 221 2Ty + 74
K _ 5q3(P) _ p*ﬂ' 41'1 — T9 0 —(Tl + 21’2) 0 (331)
’ op 3 Zn  —(r1 4+ 2r,) 2251 ry + 27,
27’1 + T9 0 ry — 47’2 0

This matrix is clearly non-symmetric and an appropriate solver should be used
in a general case. However, when dealing with conservative systems, despite the fact
that this matrix is non-symmetric, after the process of assembling each element into
the total matrix for the structure, the resulting stiffness matrix is symmetric [75] and
then a standard symmetric solver is better applied. Some examples that confirm this
affirmation are shown at the end of this chapter.

The final stiffness matrix for one element is re-expressed as
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Kr = (K; + K,,) - MK, (3.32)

with K, K,; and K, from (3.18), (3.19) and (3.32), respectively.

3.2.3 Hyperelasticity

The aim now is to define the stresses and strains and the constitutive matrix for appli-

cations to hyperelastic materials. Two different material definitions for rubberlike ma-

terials will be used. In the first place, the material to be studied is the Mooney-Rivlin

material {55, 73]. Its strain-energy function is given in terms of principal stretches, as
in (2.25), by

e=Ci( A+ 224+ X2 -3)+ Co(AT2 + AJ% + A% = 3) (3.33)

The constants C; and C, are determined through experiments. The principal

stretches \; can be obtained from the Green’s strains defined earlier in this context,

1.e.,
Ey =g =1/20-1/2=1/2(0 - 1) - M2 = 2E; + 1
(3.34)
Ey=%2% =1/2(02-1) » M2 =2E; + 1
Hence,
A2 = 2F; + 1 (3.35)
Applying the incompressibility condition
A1A2A3 =1 (336)
into expression (3.33) gives
d=Ci(AN2+ X2+ AT2A2 = 3) + Co(AT2 + A2 + AfAZ - 3) (3.37)
Using @ above, the Cauchy stresses can be written as [63]
0@
= A 3.38
Ui AS 8A,_ ( )

which results in
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oi = 2C1 (A} — A[2A72) — 2C5(A7% = A2XD) (3.39)

From this point, it is necessary to replace the Cauchy stresses by the second Piola-

Kirchhoff stresses, which are work conjugate to the Green’s strains.

The relationship between the Cauchy stresses and the second Piola-Kirchhoff stresses

is given by (see (2.7))

1

S==FlogFT (3.40)
where F is the deformation-gradient matrix of (2.2), i.e., F = 2%. In terms of
principal values (see equation (2.37)),
A 00
F=|0 X O (3.41)
0 0 Az

Because for incompressibility J = detF = 1, equation (3.40) yields

1 10¢
%= 33% T 1o

which represents the new second Piola-Kirchhoff stresses for the material, considering

(3.42)

it as a Mooney-Rivlin material.
There is an alternative and more straightforward way to calculate the second Piola-
Kirchhoft stresses. Now the stresses are computed directly for the change of the strain

energy function in relation to each strain. Using incompressibility in the Mooney-Rivlin

strain function (3.37), the principal stresses become

Jdp _ 0@ 0Ar _ AT -4
$1= 55 = aap = 20 = AN +205(=A7* + 3)) (3.43)
5= o2 = 20,1 - A7) + 205(- A" + ) (3.44)
2

From this point the development is precisely the same as that already given.

The Mooney-Rivlin function of (3.33) and other deviatoric energy functions, nor-
mally only define the deviatoric stresses and it leaves an undefined pressure term.
Strictly, this pressure term should have been considered, but it will be shown that,
for the present problem, the results are the same as those just given. To achieve this,
initially all three stretches (A;, Ay, A3) are kept and working from the energy function of
(3.33) (rather than (3.37)), the Cauchy stresses are derived as
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O; = Ai aaj\o — D= )\i(201)\£ — 202A:3) — P (345)

where p is the pressure (positive for compression).

For a plane stress case in a membrane, the condition o3 = 0 is valid, so that

A3(201A3 - 202/\53) =D (346)

which allows the elimination of p.
Substituting (3.46) into (3.45) we obtain ¢, and 0,. To eliminate A3, the incom-
pressibility condition of (3.36) is used. This process finally leads to (3.39) above.

As a last step for fulfilling the requirements of an analysis of a rubberlike material,
it is necessary to define the new tangential modular matrix, D. This matrix is required
for the change of the internal force vector of (3.12).

Hence,

(55,' — D;j 5EJ (347)

but, from (3.35)

6E,: — /\,; 5A,, (348)

and finally (see (3.43), (3.44) and (3.48)),

85
051 _ 'A_l{g'_ff 'i!;a_A: 0 E, (3_49)
s, | | 2t om

So that, (3.49) leads to

58, BATS(C1A;2 4+ Ca) A[Ci(MA) 1+ Cy) | | 6E
_ (3.50)
652 Sym 8A2_6(01X1_2 + Cg) 5E2

This matrix D replaces (3.14) and, as mentioned before, depends upon the current
configuration of the membrane, therefore it should be updated for the calculation of
(3.17).

After having defined all the parameters to work with a Mooney-Rivlin material, we

can use similar steps to study an Ogden material [63]. The strain-energy function for

this material, as in (2.39), becomes
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o=y -Z—’; IAZ? 4+ AP + A2® — 3] (3.51)
p

Henceforth, the procedure follows exactly the same steps that have been used for

Mooney-Rivlin. The Cauchy stresses, from (3.38), are

0: = )ty [N — (A1Ag) 7] (3.52)

and then, with the help of (3.42), it is easy to find the second Piola-Kirchhoff stresses.

The modular matrix for an Ogden material should also be established, i.e.,

D,y D
D=| © 7Y (3.53)
Dy Do
with
1 o, o
Dy, = ')'\_? Zﬂp [(ap = 2)A1” + (@ + 2)(A1A2) ™77
p
1 iy
Dy; = Dy = \2)\2 Zﬂpap(A1A2) P (3.54)
1A2 5
1 a, Y
Dy, = "A_gZﬂp [(ap — 2)A2" + (op + 2)(A1Az) ™%
p

In an Ogden type material, the second Piola-Kirchhoff stresses can also be deter-

mined by applying the same derivation of @ in relation to the strains as before (see

(3.43) and (3.44)) and will yield a similar expression for S.

Si =) L2 A7 — (MAg)™™] (3.55)

The solution of problems that exhibit large deformation, such as those with rubber-

like materials now being studied, is very likely to present limit and bifurcation points.
To enable solutions that overcome these limit-points and the snap-throughs and snap-

backs that eventually occur, one needs procedures to be able to follow these post-limit
paths and then to determine accurately the total behaviour of the structure. A very
powerful way to examine these problems is to use the arc-length method in addition
to the Newton-Raphson method [17, 20]. The combination of these methods results in
an efficient tool which makes it possible to achieve accurate solution for the problem
and, in addition, 1t produces a desirable quadratic convergence rate for the numerical
algorithm. A brief comment on the arc-length method, laying emphasis on the current

clement and the displacement-dependent load, is given in appendix A of this thesis.
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3.3 General three-dimensional non-linear membrane el-

ement

3.3.1 Finite element development

In the second part of this chapter, we work to develop an element for non-linear analysis
of thin membrane structures with arbitrary shape. The extension of the axisymmetric
membrane element to a general membrane element is an inevitable step since an axisym-
metric element is only able to handle very limited kinds of problems. It is essential to
cover a broader class of problems, hence the need of a new and more powerful element.

In this development, we use an Ogden type material (it was shown before that this
material is attractive since its formulation covers, as special cases, the so-called Mooney-
Rivlin and Neo-Hookean materials) and, consequently, the material strain-energy func-
tion 1s given with respect to the principal directions. Again we derive the finite element

equations for the element using a total Lagrangian formulation.

One of the major difficulties of the general membrane is that, unlike the axisym-
metric membrane stress state, the principal directions of the stretches, required by the
formulation, do not coincide with the axes of the natural coordinates system. These prin-
cipal stretches are computed from the right Cauchy-Green tensor C defined in Chapter
2. The tensor C is written in terms of the deformation-gradient matrix F as C = FTF.
During the computations, the incompressibility condition for rubberlike materials must
also be satisfied.

As a first step to develop a three-dimensional continuum membrane finite element,
we need to define an initial local orthogonal system. The element developed here is
the simplest triangular membrane element with corner nodes only. From figure 3.3, the

local co-ordinate system is defined as

— X231
tl_ S31
t2:x_§.1.

(3.56)

ry X2;-X
t3=t1><t2:—ufu'

t, = t3 X t,

where X21 — X2 — Xl, X31 = X3 — Xl, 521 = length Of'X21 and 531 = length of X31.

By using area coordinates (101} the shape functions for the displacements can be
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31.
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Figure 3.3: three-dimensional membrane element

found. Hence, the local displacements u;, v; and w; and the nodal values are related by

Up L]_ 0 0 L2 0 0 L3 0 0 U9y
Vi — 0 L, O 0 L, O 0 Lz O Vo = L p; (357)
W 0 0 Ll 0 0 Lz 0 0 L3 Wo

where

a; + b; X; + ¢;Y;
2A

and ai = X2Y3 — Xng; bl = Yz — Y3 and Ci1 = X3 — Xg, for example.

L; =

From the above, the Jacobian follows as
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0 _ 8L, 6L 8Ly oL,
8 X, — X, 08X, 8X, P
9 8L, 8Ly 8Ly 8Lz
8Y) 0Y, 8Y, 8Y, &
8L+
(3.58)
0
&L
1 by b, b, 81
~ 94 8L,
24 Ci C2 C3 82
8L+

Equation (3.58) yields the vectorised form of the local displacement derivative ten-

sor, here represented by 8, as

aa_;'% b, 0 0 b, 0 0 b3 0 O
5 0 b 0 0 b 0 0 b3 O
aw;

912 o X1 = p;=Gp 3.959
ow [ 241 ¢ 0 0 ¢ 0 0 ¢ 0 O P (309)
57 0 ¢, 0 0 ¢ 0 0 ¢3 O
%",{- 0 0 ¢ 0 0 ¢ 0 0 c3

where p; above contains the local nodal displacements.

Following the same steps as in [20], we proceed to the determination of the local

(initial) Green’s strains that can be written in the expression

Ou; Sy g %u (g gw ¢
88X, 1 80X, 8 X 8.X,
— Sv - du dv ow
K, = A t5| 0 & 0 & 0 G |¢ (3.60)
8y, | By u; By by Oyp dw duw
8Y, 8 X, &Y, 86X, aY, 8 Xy Y, 8 X,
From the above,
1

where,

1 00 0 0 O
H=|10 0010 0 (3.62)
011000

At this stage, we have to use the transformation matrix to relate local to global

displacements, therefore the local strains can be obtained straight from the (total) global
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displacements. The transformation matrix comes from the initial triad established in

equations (3.56)3. Then the local displacements can be expressed, for each node, by

U y U,
v ¢ = |t v, (3.63)
Wy i tg W,
or,
pi = Tp, (3.64)
with
T = [diag T] (3.65)
From (3.59) and (3.64), we obtain
0,=G/Tp, = Gy, p, (3.66)
Equation (3.61) can be re-written as
E; = [H + %Az(ez)] Gy, p, (3.67)

The change in Green’s strain is given by

OE; = [HGy;, + Ai(60:)Gy,] 6p, = [BL + ByL] ép, = B ép, (3.68)

Observe that in the equation above higher order terms have been neglected. The sub-

scripts I and N L mean linear and non-linear, respectively.

For small virtual displacements, (3.68) is written

§E,, = Bép,, (3.69)

From virtual work [20], we can calculate the out-of-balance force as

g = qig — qeg = L BT Sz dVO — qeg — ,/V G?;[H T AI]TSI dVo T qeg (370)

where q;, and q., are the internal and external global force vectors, respectively.

The stresses S; shown in (3.70) are the (local) second Piola-Kirchhoff stresses which
for small strains analysis are computed direct from the (local) Green’s strains via a fixed

modular matrix D.

SIn the following the transformation matrix T is fixed. A different approach will be presented in the
later chapters which describe the co-rotational formulation.
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Differentiating the g vector (3.70), we obtain the tangent stiffness matrix K, for

the membrane.
5g = 6qi, — bq., = /V (BT 6S + 6B S) dV, + 0 (3.71)

K, = /V BTDB+GT$,G|dv, (3.72)

where S; is given by

. S S
S, = 0 [ vt ] 0 (3.73)
0 0 Sll Sl2
S12 532 z
3.3.2 Load vector and stiffness matrix for a follower pressure load

As already mentioned, for large displacement and/or large strain analysis we must
compute a new load vector, updated throughout the process, as well as a new portion

of the stiffness matrix which is displacement-dependent.

We begin with the definition of the load vector. Figure 3.3 represents the element

we are studying.

Let a be the current area of the element, defined as

a = [x21 X X31| = {(le X x31)T(x21 X X31)}% (374)

where x,; is the vector x, — x; and x3; is the vector x5 — x;. The use of low case

characters in these vectors means that these vectors are related to the current (updated)
configuration (x = X + u). The same local element trial t;, t;, t3 of (3.56) is used but

now with current instead of initial co-ordinates being applied.

Using virtual work, it follows that

6p, q. = [qp* e, da (3.75)

with p* being the applied pressure.

To calculate de; (the change of the displacement in the normal direction of da) of

(3.75), we take
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with L from (3.57).
Knowing that

66:, = 6113.. t;3 = (’5[)31 LT ts

4)
Lida=2
/A 73

45

(3.76)

and after some calculations, we finally obtain the new external force vector or the new

load vector, so that

where,

(e =

1
H=| 0

0 0

¥

P’ a
3

HT t,

0 1 0 0
0 0 1 O
1 0 0 1

oo O =

o =O
_ O OO

(3.77)

(3.78)

Now the q. vector is dependent on the current configuration of the structure,.e.,

q.(p), therefore the variation the expression for the out-of-balance force vector (3.70)

will produce a stiffness matrix with an extra term due to this new q.. The new portion

to be added in the previous stiffness matrix established in (3.72) is

e12 + f12
0
— (€23 + fa3)
e1z2 + f12
0
—(ez3 + f23)
e12 + fi2
0

— (€23 + fa3)

K,=2HTE
eis+ fiz 0
€3 + faz €1

0 €13
eis+ fiz O
€3 + faz €12

0 €13
eis+ fis O
€23 + faz €12

0 €13

—€12 —€13
0 —€23
€93 0
—€12 —€13
0 —€23
€93 0
—€12 —€13
0 —€23
€93 0

—f12

fas

—f12

f23

"".f12

fa3
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with
erz = —[zi(t515) — ) — (4P — 11D)]

ers = —[mi(t5)15) — 1§74Y) — (¢ — 14y,

ezs = —[m(8571 — 157657) — (P4 — #7407

(3.80)
fiz = — S5 (t5159) - tgl)t:(az))
fia = =Su (15715 — 15
faz = — 85 (t575Y) — tgz)tga))
and (see figure 3.3)
z; = S3;cosb
(3.81)

Y = b) 31 sind

Again, the new part of the stiffness matrix is not symmetric at the element level,

but for energy conservative problems (with no loss of energy) the final stiffness matrix
for the structure will be symmetric and a symmetric solver can be used. Nevertheless,

In a more general case, the membrane element should be able to cope with this non-

symmetry in the stiffness matrix and a suitable solver should be used.

3.3.3 Hyperelasticity

The equations presented above are related to the usual geometric non-linear formulation.
To include also the material non-linearity that is due to the hyperelastic (rubberlike)
materials, hereafter we will apply all the previous steps to an Ogden model {61]. Firstly,
we need to obtain the principal stretches necessary for the development. These stretches
could be define from the displacement-derivative matrix (or displacement gradient ma-
trix), as will be shown for the plane-stress/plane-strain element in the next chapter.
Here, however, we use a more standard and appropriate way of obtaining the principal
stretches by applying Mohr’s circle [88] to get the principal strains and the principal
direction from E;, equations (3.60) or (3.61), and using the relationship

1
by = 5()\,2 - 1) (3.82)

for the Green’s strains.
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Now we apply Ogden’s strain energy function (3.51) for incompressibility to get the
stresses.

o= gi AL+ 20" + (Adg) ™ - 3] (3.83)
p

The principal second Piola-Kirchhoff stresses in local coordinates are

G — _ .
= 5E. ~ 9 OE;, (3.84)

With the principal stresses acting in the N, N, system (principal directions given
by the Mohr’s circle), the local stresses are

S; = Q(N)[diag 5;;]Q" (N) (3.85)

where Q(IN) is the matrix containing the principal directions vectors N; and N, i.e.,
Q(N) = [N, N,] and [diag S};] is the diagonal matrix formed by the S;; stresses.

The remaining problem is the computation of the constitutive or modular matrix,

D. First we have

§ST = D §E! (3.86)

where §ST and §E} are the variations of the stress and strain in the ‘Lagrangian triad’
or ‘material axes’, respectively (see reference [20]).

The constitutive matrix D can be evaluated in the Lagrangian frame as

0514 951, 0
8E;, OFE,
L 895 85 L
6 8E;; 8E, 0 ‘ ( )

where,

§SE = QT(N) §S; Q(N)
(3.88)
SEF = QT(N)§E; Q(N)

The shear component Ds3 is obtained for isotropy, that means that the principal

directions of stress and strain coincide [21].
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Note that the sub-matrix shown in (3.87) is the same as that obtained for the
axisymmetric element from the previous section. However, the D matrix above is related

to the N, N, directions. To place this matrix back into the original directions, we must

rotate it, as it follows:

T
6S; = RTDR  6E, (3.89)
D,
with,
c: g2 SC
R=1] s ¢ —3sc (3.90)

—2s¢ 2sc (c* - s?)
where s = sinf and ¢ = cosf. 6 is the angle between the principal and the (fixed) local

directions.

In equation (3.87), it is important to stress that to overcome the problem that

appears when E;, = E,, following references [36, 21], the limit

 (Su-8s3) 1,085 85, 1
s 2B = By ~ 2 0B, T BE,) =T 3 2% (391)

1.e., the ground state of the shear modulus, is applied.

3.4 Numerical tests

Now some examples that confirm the effectiveness and the accuracy of the results from
the elements just developed are shown. The finite element computations are imple-
mented in the general purpose finite element program LUSAS [53]. A workstation IBM
RS6000 is used to perform the calculations. The examples are compared with previous

works in the area and show very good agreement in the solutions.

3.4.1 Cylinder under internal pressure

The first example deals with the inflation of the cylinder of figure 3.4. The cylinder is

fixed in both directions at the lower end and is restrained to move in the axial direction
at the top end to simulate the symmetry. Ten axisymmetric membrane elements are
used to model half of the cylinder. The geometrical and material data for the structure
is given below. This hyperelastic problem is analysed using a three-term constitutive

model chosen by Ogden {61] to simulate the incompressible behaviour.

Geometry: radius R = 10., total height H = 40., thickness t, = 0.1
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Material: it = 6.3 a; = 1.3
Ho = 0.012 Qg = 5.0
H3 = —0.1 a3 = —2.0

The cylinder constitutes a conservative system, i.e., it is closed and no energy is
lost during the inflation. Therefore, when we use a displacement-dependent pressure
load the final tangent stiffiness matrix is symmetric despite the fact that it has been
assembled from non-symmetric element stiffness matrices, even for the boundary con-

dition simulating symmetry. This fact has already been mentioned in the theoretical

development and it is now confirmed for a numerical example.
The cylinder is loaded by an internal constant pressure which is initially of p; = =2,

In addition to the large strain behaviour exhibited in this example, it also presents large
rotations.

The deformed configuration for the first load step is shown in figure 3.5. The conver-
gence rate of the Newton-Raphson method is quadratic which confirms the consistency
of the formulation (table 3.1). The load-displacement curve is plotted in figure 3.6.
In order to be able to follow the deformation path and the snap-through presented in

the curve, a combination of the standard Newton-Raphson method with the arc-length

procedure is used. The results are compared with those produced by Gruttmann and

Taylor [36] and present a good agreement.

[ Teeration | Converyence Ftor |

2.01 x 10°
1.81 x 10*
7.08 x 10°
2.59 x 10°
6.55 x 10~
9.39 x 102
1.35 x 10~2

4.57 x 107°
8.39 x 10~1°

3.64 x 10~ 1°

WO 00 «J O OV v W N ==

Table 3.1: Convergence rate for the Newton-Raphson method
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Figure 3.4: Cylinder under internal pressure

%-

Figure 3.5: Cylinder - deformed configuration
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Figure 3.6: Cylinder - internal pressure versus upper radial displacement
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3.4.2 Inflation of a balloon

In this example, the inflation of a rubber balloon, as considered by Needleman [57], is

analysed. This problem is largely studied and solutions can also be found in {36, 49, 98].

Once more the example involves a conservative system and, as previously quoted, the
final matrix obtained is symmetric. The mesh designed is formed by ten elements to

model half of the balloon. This is loaded by a internal pressure p. The results of this

analysis can be represented as a plot of the pressure (p* below is dimensionless)

#

_ p
21}% 2 v MrCty
against the deflection in the centre of the balloon (figure 3.7). The convergence be-

o (3.92)

haviour is also quadratic in each step of the iterative process as shown in table 3.2 for
the first increment (A = 1.076), for example. This problem also exhibits a Snap-through
and to pass this limit-point an arc-length procedure has been applied in addition to the
full Newton-Raphson method to determine the complete solution path.

The material used is the same Three-Term Ogden Model employed in the first
example and the geometry is the following:
Radius = R = 30. e thickness =t, = 0.6

The final results are compared with those produced by Needleman (Ritz Galerkin
approach) [57] and the axisymmetric finite element of Wriggers and Taylor [98].

[ Teeration | Convergence Factor |

0 2.81 x 10}

3.56 x 10°
1.13 x 10°

7.93 x 1073
1.04 x 107°
8.43 x 10712

Table 3.2: Convergence rate for the Newton-Raphson method
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p® .400
. 3350
X Needleman solutlion (Ritz Galerkin approach)
. 300
A Wriggers & Taylor axlsymmetric element
-230 — Presont axisymmetric membrane element
. 200
. 130
liw I
.050
0.0
1.00 2.00 3.00 4.00 5.00 6.00 7.00

Stretch

Figure 3.7: Rubber balloon (radius=30 and t=0.6) - pressure p* versus stretch A
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3.4.3 Inflation of a shallow spherical cap

Again the three-term Ogden material with data given in the first example is used to

study this structure. Now the inflation of a shallow spherical cap is considered (figure

3.8). Twenty elements are used to idealise the cap. The initial radius of the cap is
R = 10. and the thickness 1s t, = 0.1.
An very small initial deformation in the geometry of the cap is imposed in order to

prevent numerical problems caused by the initial null stiffness of the flat structure. The

arc-length method is also used because of the snap-through present in the example.

| R=10.
@ -ccmcemmoeccceceecmeceeecame e mmm——— e ] .

Figure 3.8: Inflation of a Shallow Spherical Cap

Figure 3.9 depicts a graphic of the load parameter A against the mid surface dis-

placements where one can see the good approach achieved, whereas in figure 3.10 the
deformed membrane is shown for different load steps. The results agree with the solution

with 4-noded membrane elements shown by Gruttmann and Taylor [36].
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Figure 3.9: Shallow spherical cap - pressure versus mid-point displacement
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e e .___.___>Z_ :

Figure 3.10: Shallow Spherical Cap - Deformed Configurations
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3.4.4 Homogeneous deformation tests

In the first set of tests for the general three-dimensional membrane three examples
for homogeneous stress states are considered and compared with the analytical exact
solutions given in the literature. The comparison illustrates the agreement between
results obtained by the present finite element and those from the theory. We use an

Ogden constitutive model in principal stretches with three terms given in section 3.4.1

as the material properties for the examples.

The model data give an excellent fit to experimental data on rubber reported by
Treloar [89]. Three plane stress states (simple tension, equibiaxial tension and pure
shear) are considered and analysed with the membrane finite element and the compar-

ison with the exact theoretical solution given by Ogden [63] shows an exact agreement.

Figures 3.11, 3.12 and 3.13 depict these results.

70.00

stress

80.00 4+ - Present triangular element

Nominal

d - Exact solution (theory)

40.00

30.00

10.00

9-0 1.00 2.00 .00 4.00 5.00 8.00 ?.00 8.00

Stretches

Figure 3.11: Simple tension
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stress

Nominatl

33.00
\ 4

30.00 <+ - Present triangular element

O - Exact solution (theory)
25.00

13.00

10.00

0.0 100 1.5 2.00 2.5¢ S$.00 3.5 4.00 4.3 $S.00

Stretches

Figure 3.12: Equibiaxial tension
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® 30.00
@
=
E 4+ - Present triangular
€ 29.00 eloment
y
® - Exact solution
(theory)

20.00

15.00

10.00

0.0
1.00 2.00 3.00 4.00 J.00

Figure 3.13: Pure shear

8.00 7.00
Stretches
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3.4.5 Stretching of a square sheet with a central circular hole

This example illustrates the stretching of a square sheet with a circular hole. The same

problem has been studied in [68] and [36]. The length of the side is 2L = 20.. The
radius of the central hole is r = 3. and the sheet has a thickness of ¢ = 0.1. The edge aft

z = x20. is fixed in both directions. This problem is analysed using a Mooney-Rivlin
material with the constants C; = 25.0 and C, = -7.0.

The finite element mesh is designed to model only a quarter of the structure because
of the symmetry. We use 48 elements to model the sheet. Figure 3.14 shows the applied
load (Force F) plotted against the strain T Whereas in figure 3.15 we can see the final
deformed shapes at two different load steps (total force of 96 and 168, respectively).

This example also presents very good agreement with the previous studies, for example
with Parish’s shell element [68].

100.0

Force F

.o-m

70.00

$0.00

40.00

X = Present triangular element

® - Parisch shell element
10.00

0.0 @
0.0 .20 .40 .80 .80 1.00 1.20

ul/l

Figure 3.14: Sheet with a circular hole - force versus displacement
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Total force = 96

Figure 3.15: Sheet with a circular hole - Original and deformed meshes

3.5 Final remarks

In this chapter the formulation for an axisymmetric membrane element using the theory

of hyperelasticity has been derived. In addition, a 3-noded triangular finite element for
membranes with arbitrary geometry has also been formulated. The elements developed
are applied to analyse problems which present very large strains and displacements. The
formulation is based on the so-called total Lagrangian approach and to deal with hyper-
elastic response, strain energy functions are applied. The incompressibility condition is
enforced by the use of the plane stress condition and introduces no special problems.
The use of a displacement-dependent pressure load (follower load) in the calculation
of the external force vector and, consequently, the definition of an extra portion of the
stiffness matrix coming from this vector proves to be accurate and effective because,
besides producing very good results, it preserves the quadratic convergence rate of the

Newton method.

The results shown by the examples ensure the consistency of the formulation. The
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application of arc-length and Newton-Raphson methods together proved to be a very
strong tool in the sort of analysis that has been studied. The quadratic rate of conver-

gence in the iterative solution is again obtained.



Chapter 4

Plane—stress/Plane—strain

Analysis - The use of Non—linear

Incompatible Elements

4.1 Introduction

Plane-stress and plane-strain elements have been used for decades in the finite element

context. In this chapter, these elements will be combined with a new set of tools intend-
ing to enhance their performance in linear and non-linear analysis. The advantages in
these elements are obtained through the addition of incompatible modes that substan-
tially improve the accuracy and efficiency of the original element.

In this chapter we will show the development of the incompatible displacement
element for an ordinary elastic material. The formulation used is based on a total
Lagrangian approach, employing Green’s strains and second Piola-Kirchhoff stresses.
The chapter will show all of the steps for the implementation of the element in a finite
element code as well as the results of some tests. The formulation for displacement-

dependent (follower) pressure load is also included in this chapter.

In the following stage, the development will take into consideration the use of
the element for hyperelasticity. Again an Ogden type material will be used. For the
plane-stress element the formulation closely follows the development adopted for the
three-dimensional membrane element described in Chapter 3. The plane-strain ele-
ment, however, is more complicated. The difficulty with this new plane-strain element
is due to the incompressibility or near-incompressibility condition of almost all the hy-

perelastic materials, with special concern to rubber-like materials. The application of
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the incompatible modes will make it possible for the element to overcome the problem of
applying incompressible or near incompressible materials with plane-strain, especially

with rubber.

Some problems with hyperelasticity arise and will be shown in the applications of
the element.

4.2 Development

In this section we will present the development of the plane element. As already men-
tioned in the introduction, we will first consider the element as an ordinary elastic
1sotropic element; subsequently the element will be modified to incorporate large-strain

elasticity. Unlike the element presented in the previous chapter, the element to be

developed now is a four-noded quadrilateral finite element.

4.2.1 Linear elastic element

Before considering the non-linear developments, the standard linear element for plane-
stress and plane-strain is reviewed. For the isoparametric bi-linear element presented

in this chapter (figure 4.1) the geometry and displacement field are defined by

X =hTX
Y =h'Y
LT (4.1)
v = hTu
v=hTv

where the shape functions h for the element can be written as

1-6)(1-n)
1] a+oa-m
41 1+6)(1+n)

(1=&)1+n)

Having defined the geometry and the displacements in terms of the non-dimensional

(4.2)

co-ordinates £ and 7, we need to relate the strains to the nodal displacements. In order
to obtain this relationship, the Jacobian which relates variations with respect to the

non-dimensional co-ordinates £ and 7 to variations with respect to the co-ordinates X

and Y is expressed via
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Figure 4.1: Isoparametric bi-linear element
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At this point the strains at a specific point can be expressed in terms of the nodal

displacements via the inverse form of (4.3). Hence, following the notation of Crisfield

(18], for this plane element we have

ou | v
8Y 86X
(4 l4)

o7 J-1(2,1)hi + J-1(2,2)h;

J-1(1,1)h7 + J-i(1,2)h? o7 )
J-1(2, )hT + J-1(2,2)hT  J-1(1,1)h¥ + J-1(1,2)h7

where h; and h, are the partial differentials of the shape functions of (4.2) with respect
to the non-dimensional co-ordinates ¢ and 7, respectively, and p is the displacement
vectorS. The terms J~1(3, 7) correspond to the 4, j terms in the inverse matrix J~*.

By applying the principle of the virtual work, as in (3.12) for a linear case, and the

variation of the strain from equation (4.4), the linear stiffness matrix K is obtained as

K = / BT DB dV, (4.5)
Vo

’p is now ordered as (w1, uz, 3, ¥s, v1,v2,v3,vs) for convenience. This order is altered before the
element assembly process.
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where D, for an isotropic elastic material, is given by

P 1 v O
D = (1 — V2) UV 1 0 (46)
0 O 1-2-11
and
. (1-v) 7 0
D = m UV (]. — I/) 0 (47)
0 0 1-2v

2

for plane-stress and plane-strain conditions, respectively. The term dV, is expressed by

dV, = t detJ dédn (4.8)

where t is the thickness and detJ is the determinant of the Jacobian. Note that ¢ is
equal to 1 for a plane-strain case.

However, the element shown above suffers from severe locking in bending dominated
situations. The element tends to be over-stiff and a process to ‘soften’ the element is
necessary. The poor behaviour of the element under a pure bending mode is depicted
in figure 4.2 where shear locking prevents the element from deforming in the expected
way. This undesirable drawback can be avoided by under-integrating the shear term,
that means, the shear energy is only considered at the centroid. This constant shear
approach can be seen in details in references {15, 18, 44]. Another process to overcome
the problem was proposed by Wilson et al [96]. They introduced a way of obtaining
the correct response by the addition of quadratic incompatible displacement modes

that would more accurately represent the exact bending solution (see figure 4.2). The

incompatible modes are “nodeless” degrees of freedom that can be regarded as internal

variable which have to be eliminated at the element level via a static condensation

process. These incompatible modes act as a softening and the overall performance ot
the element is greatly improved.

Although the original idea produces accurate results, it fails to pass the patch test
for non-rectangular elements. Taylor et al. [86] modified Wilson’s element in such a
manner that when the element is submitted to a constant stress state, the incompatible
modes are not activated and do not affect the final solution. The technique involves the

computation of the Jacobian for the incompatible modes at the centroid of the element,
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True elasticity solution

Element response without
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Figure 4.2: Pure bending problem

as will be presented subsequently. Consequently, the modified element successfully

passes the patch test.

Besides the bending problems, the standard element cannot adequately treat in-
compressible or near-incompressible problems for plane-strain and solid analysis. This
can be illustrated by the two-dimensional element shown in figure 4.3 where the nodes
a, b and c are kept fixed. If the element is incompressible (no volume change) and
we apply a force F at node d, the element will lock unless the additional incompatible
displacement modes are incorporated whereby the final deformed shape can be more
closely achieved. This is one example that demonstrates the need for the incompatible

modes when the element is used with incompressibility or near-incompressibility.

So, if we add the incompatible modes (figure 4.4), the displacement field for the

enhanced element will become

v = hTu+ h* u*

. (4.9)
v=hTv+ h* v*

where the shape functions for the incompatible modes are given by [96]
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'y
h*={ t=¢ } (4.10)
1 - n?

and

(4.11)

are the nodeless degrees of freedom.

To continue the development we will need to find the Jacobian for the incompatible
modes. Hence, we can proceed using the Jacobian by just replacing its values by values

calculated at the centroid, i.e., £ = n = 0. This strategy is used to pass the patch test,

as described below.
In the original incompatible element by Wilson et al [96], the classical idea of

convergence of the element was not achieved unless the element had a square geometry.

This means that the element could only pass the patch test for this particular geometry
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v =( 1-%2)(12 v =( 1'7]2)(14

Figure 4.4: Incompatible displacement modes

and could not be use in a general context. Taylor et al [86] proposed a new strategy that

overcomes the problem. All it is necessary to do is to guarantee that under constant

stress state the extra virtual work produced by the incompatible mode vanishes. Hence,

/ B* o dV,=0 (4.12)
Vo

The basic idea is to use the Jacobian computed at the centroid of the element
instead of at the Gauss points. To this end, the B matrix for the incompatible modes,
here called B*, is as B in (4.4) but with J, instead of J and h* instead of h. This new

B* matrix also includes a term %t—*-'-f- multiplying itself. This leads to an expression of

the form
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« __ detJ, "
B* = det] B

1

J71(1,0)hg" + 3511, 2)h;" 0T (4.13)
Gt 07 1742, 1)h" +374(2,2)h;"

J;12, )T + 3712, 20T 3L, DT 4+ 351, 2)hT

where h; and h] are the partial derivatives with respect to £ and 7 of (4.10) and the

nodeless incompatible variables are ordered as

P’ = { u: } (4.14)

From this new B* matrix and the Jacobian at the centroid, we have

/fB*T detd d¢ dn = f] ‘Z"fl ‘o detd df dn = //detJo B*o df dn (4.15)

Because B* and detJ, are both constant, for a constant stress state (i.e. o =

constant) equation (4.15) leads to the requirement that

[[hidfdn=0 ; [[h;dfdn=0 (4.16)

which is true from (4.10).

Now we add the incompatible modes to the existing strain expression of (4.4).

Hence,

£ — Bp-I—B* p"' (4'17)

where p* are the incompatible displacements as in (4.11) and (4.14).
From the variation of the (4.17) and the principle of virtual work, we obtain the

total stiffness matrix for the element as given below:

a | | Bn Ky, P } (4.18)
q; Ki, Ko P’
with,
K = / (BY D B)dV, (4.19)
Vo

K, = / (BT D B*)dV, (4.20)
Vo
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K,, = /V (B*" DB*)dV, (4.21)

Note that K;; corresponds to K of (4.5).

However, before the assembly of the element matrix into the global matrix, the
incompatible displacements modes have to be eliminated at the element level and a
static condensation has to be used. This is presented in details for the non-linear

version of the element described in the next section.

4.2.2 Geometrical non-linearity using incompatible modes

In the section above we have described the classic incompatible element formulated by
Wilson et al. and later modified by Taylor et al.. In a non-linear environment, the
original approach has been applied by Simo and co-workers [76, 79] to introduce the
formulation known by “mixed assumed strain method”. The enhanced strain element
developed utilises the first Piola-Kirchhoff stress formulation and the crucial idea of
the method is to decompose the deformation gradient into a multiplication between a
conforming part and an enhanced part [79]. The intention here, however, is to develop
a simpler approach directly involving the Green’s strain and the total Lagrangian for-
mulation. It should be emphasised at this stage that the method proposed by Simo et
al. cannot be regarded as the incompatible modes method but rather as a broader class
of enhanced strain interpolations that encompass the original incompatible elements as
a special case (details about this affirmation can be seen in [1] and [2]).

To extend the linear element of the previous section into a geometric non-linear
approximation we begin with the definition of the displacement derivative tensor in a
vector form as in equation (3.59) for the membrane element. In the vector shown here,
only the contributions of the incompatible modes are involved. Therefore, employing

equation (4.3), now with the Jacobian calculated at the centroid of the element, i.e., J,,

we can write

(4.22)
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79
J;N1, D)k + 3711, 2)h" 07
wir. | I3, DR 4+ J;1(2,2)h:" o7 u* o o
det] T T =
i oT J;U(1, 1)kt + J;1(1,2)h: v* P
o7 J;4(2,1)h: + J;1(2,2)h;

As mentioned, the above vector 8* only involves the values coming from the incom-

patible modes. To obtain the complete vector, we have to add the contribution from

the well established compatible modes, i.e.,

Oiota; =0+60"=Gp+ G*p° (4.23)

From the above, the variation of 8,.,; is simply,

601001 = 66 + 66" (4.24)

In a similar manner to that of the linear case, here again we have to enforce the

virtual work produced by the incompatible modes under a constant stress state to be
zero and therefore the incompatible strain will be a linear variation of the displacements.

This allows the element to recover the linear solution for these stress states.

It is easy now to compute the strain (Green’s strain) as (see reference (20})

E=EI+Enl+E;=

(4.25)
H+}A(6))0 + H6" = [HG + JA(6)G]p + HG" p’
where
1 0 0 O
H=]00 01
0 1 10

Observe that for a linear case A(6) = 0 and, as already mentioned, we recover

fv BY,,., SV, = 0

where now we use the 2nd Piola-Kirchhoff stress S . Accordingly,

E=E+E =HGp+HG'p =Bp+B*'p*=-¢ (4.26)

as in (4.17).

From virtual work we have,



