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a b s t r a c t 

Computing the exact area of the union of an arbitrary number of circles is a challenging problem, since 

the union is generally non-convex and may be composed of multiple non-overlapping regions. In this 

paper, we propose tackling this problem by using graph-theoretical concepts and Green’s Theorem for 

exact area computation. Moreover, we show the implementation of this method for a rapid area coverage 

application with unmanned aerial vehicles (UAVs). Maximizing the area covered using multiple agents is 

difficult because fast solutions to large-scale optimization problems are sought. In our solution method, 

we present a hierarchical control framework. On the upper layer, a high-level controller performs cen- 

tralised computation to determine the optimal UAV locations to maximize the area covered. On the bot- 

tom level, we adopt a decentralised approach by implementing multiple local controllers to tackle the 

trajectory planning and collision avoidance for each agent individually using Nonlinear Model Predictive 

Control (NMPC). Numerical experiments show that our method for computing the covered area can re- 

duce the computational time required to solve the optimal positioning problem by more than two orders 

of magnitude when compared to a Monte-Carlo method. The trajectory planning problem was tested for 

up to 13 agents and the run-time was on the order of milliseconds, demonstrating the suitability for 

real-time implementation of the presented framework. 

© 2023 The Author(s). Published by Elsevier Ltd on behalf of European Control Association. 

This is an open access article under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ) 
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. Introduction 

Unmanned aerial vehicles (UAVs) are becoming increasingly 

opular in industrial applications, most commonly used for area 

apping and surveying. The attractiveness of such systems comes 

rom their ability to perform tasks quicker, safer and at a lower 

ost. However, the full potential of flying robots is still largely un- 

xploited, since only a few examples of real-time cooperative con- 

rol of multiple drones are present in the industry. 

Area coverage problems have been originally attempted in 

he context of wireless communication networks [5] . The main 

dea is to subdivide the space into multiple regions, known as 

oronoi Partitioning, and assign a base station for each subdomain. 

n [17] a comprehensive overview of the area coverage problem 

rom the perspective of sensor networks is presented. The same 
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oncept has gained popularity in the aerial robotics community 

nd clustering type methods have emerged [1] . While partition- 

ng the search space can be a good strategy for some applications, 

t can be computationally demanding and may not be sufficiently 

obust to accommodate agent failure. Further literature focuses on 

reating the area coverage as a vehicle routing problem [14,15] . 

Alternatively, stochastic rule-based methods have been explored 

or area coverage. The work in [10] presents the swarm gradient 

ug algorithm, an algorithm that assigns each agent a preferred 

ravel direction. Obstacles are dealt with by wall-following, until 

he preferred travel direction is obstacle-free. In [16] a stochastic- 

ifferential-equation-based algorithm is proposed that computes 

egions for further exploration based on the evolution of a system 

f particles. This class of methods assume reliable communication, 

ufficient time to reach consensus and the asymptotic convergence 

s fairly slow in general. 

Exploiting the exact circle geometry in wireless networks has 

nly recently been attempted in [9] where circle intersection areas 

re computed. Exact computation of the covered area (by deter- 

ining the area of the union of several circles) and the potential 

pplications in UAV networks are yet to be looked at. Regarding 

he control architecture, there are two different paradigms. On the 
l Association. This is an open access article under the CC BY license 
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Fig. 1. Flow chart of the hierarchical control loop architecture. 
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ne hand, the centralized approach aims to account for all agent 

nteractions in a single large-scale nonlinear model. Such a strat- 

gy can be preferred in situations where tasks can be planned in 

dvance. However, this method is not suitable for real-time imple- 

entations in unknown or highly dynamic environments. On the 

ther hand, recent research focuses on decentralized or distributed 

lgorithms [3,13] . While a distributed approach is more adaptive, 

t is important to note that the overall computational time might 

ot decrease, since the communication cost increases as the size 

f the system grows. As such, we propose to combine the best of 

oth approaches by designing a bilevel controller. 

The main contribution of this paper is to design an algorithm 

or exactly computing the maximal area covered by a set of agents 

nd to integrate this within a hierarchical control framework. This 

ill enable us to implement a control loop in real-time, avoiding 

he large increase in computational cost as more agents are added 

n the network. The use of a derivative-free solver is necessary for 

ptimizing the blackbox function, as it does not have an explicit 

nalytic expression. The choice of solver comes with the added 

enefit of being able to use granular variables and account for a 

arying number of agents. This enables the accommodation of ad- 

itional UAVs joining the system or facilitates the removal of faulty 

gents. The method reduces the communication overhead when 

ompared to a fully distributed approach, because most of the co- 

rdination happens centrally and the number of iterations required 

or convergence is decreased. Additionally, the number of states is 

ignificantly reduced and the time spent per iteration goes down 

hen compared to a fully centralised architecture. In our frame- 

ork, we decompose a large-scale dynamical system into multiple 

ower-dimensional problems and design two interdependent con- 

rollers, of which the higher level one maximizes the covered area 

lobally and feeds back to the lower level one which locally per- 

orms the path planning. Similar attempts have been made [12,18] , 

ut the current literature does not exploit the field-of-view shape 

f the sensors and do not join the optimal area coverage problem 

ith a nonlinear model predictive control (NMPC) formulation for 

AV trajectory planning. 

In Section 2 , we present an overview of the problem and the 

roposed hierarchical control framework. We introduce our coordi- 

ator policy running an area maximization algorithm in Section 3 . 

n Section 4 , we present the NMPC formulation along with the 

ommunication strategy necessary for constraint handling. As part 

f Section 5 we implement our strategy on a numerical example 

nd Section 6 concludes the paper, outlining potential extensions 

nd future works. 

. Problem definition 

Our problem consists of the exploration of an environment us- 

ng a swarm of UAVs. The goal is to position the UAVs such that 

heir sensors cover the largest possible area within a certain do- 

ain. We aim to design a control system that combines centralized 

lobal positioning information with a distributed trajectory plan- 

ing algorithm. To do this, we decompose our problem into two 

istinct levels, namely the static and dynamic optimization levels. 

he static optimization level is the upper level coordinator aim- 

ng to find the optimal UAV target positions in 3D space such that 

hey maximize the area being mapped by the UAV sensors. The 

ynamic optimization level implements the navigation, each UAV 

eeking to generate the energy-optimal collision-free trajectory be- 

ween its current location to the desired position previously com- 

uted at the upper level. 

The upper level objective function lacks an analytical expres- 

ion, so the cost function is treated as a black-box. Furthermore, 

he objective can in general be non-differentiable, so in order to 

void numerical difficulties and achieve a satisfactory performance, 
2

he static optimization problem on the upper level is solved us- 

ng a derivative-free Mesh Adaptive Direct Search (MADS) algo- 

ithm [2,11] . In contrast, the UAV dynamics are well established 

nd models are typically available. However the dynamical be- 

aviour is usually nonlinear and is greatly affected by small dis- 

urbances such as wind gusts. To mitigate plant-model mismatch, 

e implement a path following NMPC scheme to pursue the tra- 

ectory given by the path planner, thus adding robustness to our 

eedback strategy. The complete hierarchical optimization loop is 

resented in Fig. 1 . 

. Upper level: Maximal area coverage 

.1. Optimal positioning 

Let us consider a system with N UAVs, each with a 3D Cartesian 

oordinate (x, y, z) where x is measuring the longitude, y the lati- 

ude, and z the altitude of the UAV. We define the location p i ∈ R 

3 

f the i th UAV as its (x, y, z) coordinate. Each UAV has an attached

amera sensor mapping the ground directly underneath. For a sta- 

le hover, the sensor region is a disc centred at (x, y ) with the ra-

ius defined as R = z × F oV 
2 , where F oV is the camera field-of-view.

Let the position vector P ∈ R 

3 N be the concatenated vector of 

he UAVs’ positions p i , i.e. P := [ p 1 , p 2 , . . . , p N ] = [ x 1 , y 1 , z 1 , x 2 , y 2 ,

 2 , . . . , x N , y N , z N ] . Let the area A (P ) ∈ R 

+ be the total area encom-

assed by the UAVs sensors, which is the union of the disc regions. 

et a i denote the disc region of the i th UAV camera. Note that a i 
s not a scalar value but rather a particular ground region in 2D 

pace. Let � be the ground domain to be mapped and assume it is 

tatic (i.e. it does not change with time). 

We define our upper layer optimisation problem as 

in 

P 
−A (P ) + α‖ P 0 − P ‖ 

2 
2 (1a) 

.t. a i ⊆ � ∀ i ∈ { 1 , 2 , . . . , N} (1b) 

 l ≤ z i ≤ z u ∀ i ∈ { 1 , 2 , . . . , N} (1c)

here α ∈ R 

+ is the regularization parameter, P 0 ∈ R 

3 N is the cur- 

ent position vector for UAVs, while z l ∈ R 

+ and z u ∈ R 

+ are some

pper and lower altitude limits. 

The term −A (P ) in (1a) , represents the maximization of the 

rea covered by the UAVs’ sensors. The term α| P 0 − P | in (1a) , rep-

esents an explicit regularisation in the Euclidean distance trav- 

lled by the UAVs. Since maximizing A (P ) can yield multiple lo- 

al solutions, we include the second term to distinguish between 

ifferent local maxima and select the solution where the UAVs are 

losest to their initial position. Because the MADS algorithm polls 

he points around the current iterate, in order to obtain the desired 
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Fig. 2. Clusters and boundaries visualisation. In this example, cluster 	1 has 3 

boundaries while clusters 	2 and 	3 have one boundary each. 

Algorithm 1 Computing the area of the union of N circles. 

Require: N, { C i } i ∈ I � Set of all circles 

1: U := { i | ∃ j 
 = i s.t. C i ⊆ D j } � Covered circles 

2: I ← I \ U � Remove covered circles 

3: for all i ∈ I do 

4: for all j ∈ I do 

5: if C i ∩ C j 
 = ∅ then 

6: Add points l ∈ ξi 

7: Add edge (i, j) ∈ E 

8: end if 

9: end for 

10: Compute �i and L i 
11: L i ← L i \ W � Remove covered circular arcs 

12: end for 

13: Compute clusters γk 

14: for all k ∈ K do 

15: Compute circular arcs L k and boundaries B k m 

16: for all m ∈ M k do 

17: Sort B k m 

clockwise 

18: Get area Z k m 

enclosed by each contour 

19: end for 

20: Compute Z k := 2 max m 

Z k m 

− ∑ M k 
m =1 

Z k m 

21: end for 

22: A ← 

∑ K 
k =1 Z 

k � Total area of the union 

4

t
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t

z

i

d

t

c
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p

f

t

olution it is usually sufficient to only provide the current UAV lo- 

ations as the initial guess. However, the exact behaviour depends 

n the solver choice and can also be affected by the implementa- 

ion of a search phase, so it is important to explicitly introduce the 

egularisation term. To avoid numerical ill-conditioning and priori- 

ise coverage area maximization over the travel distance minimisa- 

ion, an appropriate value for α needs to be selected. 

.2. Coverage area computation 

Having formulated the static optimisation problem in (1) , we 

ow need to define the function A (·) : R 

3 N → R 

+ used to compute

he area of the union of N intersecting circles. Even if the idea is 

onceptually simple, determining the exact value for A (P ) is non- 

rivial for more than 3 circles. Numerical implementations typically 

esort to Monte Carlo methods for computing A (P ) [8] . In contrast,

e propose a new method which we call Green’s method, since 

t leverages Green’s Theorem to determine the area encompassed 

y the circles. The statement and proof of the theorem can be 

ound in [ 6 , p. 428–432]. We implement the function A (·) using

he Shoelace algorithm [4] , a special case of Green’s Theorem that 

alculates the area of a closed curve by representing the curve as 

ector of polygon vertices. 

We first define an element l ∈ R 

2 to represent a point in 2D

pace with coordinates x and y (i.e. l := (x, y ) ). A circle is de-

ned as the set of points { C i } i ∈ I := { (x, y ) | (x − x i ) 
2 + (y − y i ) 

2 =
 

2 
i 
} , where the circle is centred in (x i , y i ) and has radius R i and is

ndexed by i from the index set I = { 1 , 2 , . . . , N} . Similarly, the disk

 D i } i ∈ I := { (x, y ) | (x − x i ) 
2 + (y − y i ) 

2 ≤ R 2 
i 
} can be defined. A circu-

ar arc is denoted as the set of points { L θl ,θu 

i 
} i ∈ I := { (x, y ) ∈ C i | x =

 i + R i cos θ and y = y i + R i sin θ and θl ≤ θ ≤ θu } . If circle C i ⊆ D j 

e will say that C i is covered by disk D j . 

The underlying undirected graph is defined as G = (V, E) 

ith vertices V = I being the circle indices i ∈ I and edges E =
 (i, j) | C i ∩ C j 
 = ∅ , i 
 = j} . Two circles C i and C j are considered

o be neighbours if they intersect each other. Clusters γk are the 

aximally connected components of graph G . That means for the 

raph structure G , a subgraph S = (V ′ , E ′ ) is a cluster if S is con-

ected, and for all vertices i such that i ∈ V and i / ∈ V ′ there is no

ertex j ∈ V ′ for which (i, j) ∈ E. To compute all distinct clusters γk 

f G , one needs to perform a breadth-first search from each node 

hat is not yet assigned to a cluster. We will denote by K the total

umber of different clusters. 

For each circle C i there will be an associated set of intersection 

oints ξi := { l | ∃ j 
 = i s.t. l ∈ C i ∩ C j } . The corresponding angle set

i := { θ | θ = 2 arctan ((y − y i ) / ((x − x i ) 
√ 

(x − x i ) 
2 + (y − y i ) 

2 )) 

 l ∈ ξi } . Note that θ ∈ [0 , 2 π) so we can sort the elements of �i 

o obtain a monotonically increasing sequence (θ i 
q ) q ∈{ 1 , 2 , ... , | �i |} . 

sing this sequence the set of arcs L i can be computed from L 
θl ,θu 

i 

y iteratively replacing θl and θu with θ i 
q and θ i 

q +1 
. From each set 

 i we will remove circular arcs that are covered by other disks 

 W = { L θl ,θu 

i 
| ∃ j 
 = i s.t. L 

θl ,θu 

i 
⊆ D j } will be removed from L i ). The

et of circular arcs for each cluster can be defined as L k := 

⋃ 

i ∈ γk 
L i .

or each set L k we will construct graphs 	k = (νk , εk ) with vertices 
k being the index set of L k and edges εk constructed between 

ircular arcs that share common intersection points. Boundaries 

 m 

of a cluster γk (shortly denoted by B k m 

) are the maximally 

onnected components of graph 	k . From our definitions, it can be 

bserved that each cluster will have at least one boundary, while 

ore complex clusters can have several boundaries as shown 

n Fig. 2 . We will denote by M k the total number of different

oundaries within cluster γk . 

Having defined the concepts, our method for computing the 

rea A (P ) is presented in Algorithm 1 . 
3 
. Lower level: Navigation 

The dynamic optimisation problem consists of finding the op- 

imal trajectories from the initial position P 0 to the final position 

 f , where P f is the optimal P obtained at the upper level. As such,

he trajectory optimization problem is handled using a finite hori- 

on NMPC formulation and solved using Altro [7] . This subsystem 

s implemented in a distributed fashion, with each UAV indepen- 

ently computing its own trajectory and only communicating fu- 

ure plans to neighbours within a fixed danger distance to avoid 

ollisions. 

The function to be minimised in the navigation phase by each 

AV i is a quadratic cost penalizing the norm of the control in- 

ut u t 
i 
∈ R 

4 , which contains the thrust of UAV i at time instant t

or each of the four propellers, as well as the Euclidean norm of 

he difference between our current location and the target posi- 
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Fig. 3. Time complexity plot of Green’s Method and Monte-Carlo simulations. 

Fig. 4. Test Case 1. 

Fig. 5. Test Case 2. 
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ion, || p t 
i 
− p 

f 
i 
|| 2 : 

N t 
 

t=1 

[
Q|| p t i − p f 

i 
|| 2 2 + R || u 

t 
i || 2 2 

]
(2) 

here Q and R represent relative cost weights on the state devia- 

ion and control input respectively and N t is the length of the time 

orizon. 

To ensure collision-free paths are generated, we need to enforce 

ollision avoidance constraints 

| p t i − p t j || 2 > R C ∀ i, j, t ; i 
 = j (3)

hroughout the trajectories, where R C ∈ R is a critical distance be- 

ow which a collision can occur. The constraints in (3) are usually 

ither totally inactive or are only active for a small subset of UAVs 

nd for a limited section of the trajectory. Including all constraints 

n the problem definition would result in significantly higher com- 

utational times even when an active set method is used. Instead, 

e decided to only communicate future state predictions to neigh- 

ouring UAVs in case there are two or more UAVs within a dan- 

er distance R D . If the future trajectories would come within a 

ritical radius R C of collision, then the constraints in (3) need to 

e accounted for and included in the NMPC formulation for those 

AVs. These constraints are automatically removed after the UAVs 

nvolved are no longer within the danger radius. A brief descrip- 

ion of the collision avoidance implementation is presented in the 

lgorithm 2 . 

lgorithm 2 Collision Avoidance. 

equire: N, R D , R C 
1: for i, j = 1 → N do 

2: if || p 0 
i 

− p 0 
j 
|| 2 ≤ R D then 

UAVs communicate future plans 

3: for t = 1 → N t do 

4: if || p t 
i 
− p t 

j 
|| 2 ≤ R C then 

5: Add constraint (3) for UAVs i and j 

6: end if 

7: end for 

8: else if || p 0 
i 

− p 0 
j 
|| 2 > R D and (3) applied for i, j then 

9: Remove constraints (3) for UAVs i and j 

0: end if 

11: end for 

. Results 

.1. Efficiency of the coverage area computation 

To determine the performance of the Algorithm 1 explained in 

ection 3.2 we have compared it against a Monte-Carlo simulation 

or computing the coverage area. All the simulations are run on 

n Intel Core i7-9750H CPU @ 2.60GHz processor and 16 GB of 

emory. Fig. 3 presents the computational time taken by our tech- 

ique, which we called Green’s Method, alongside the time used 

y Monte-Carlo simulations, as a function of the number of cir- 

les N. Monte-Carlo simulations work by the random sampling of 

 P points within the domain � and checking how many points 

ie within any circle ( N �). The area of the union of the circles is

alculated as a fraction 

N �
N P 

of the domain area A �. Because these 

imulations are stochastic in nature, we require N P to satisfy a con- 

ergence criterion. 

As can be seen in Fig. 3 , the covered area can be computed ex-

remely quickly using the procedure explained in Section 3.2 with 

 total run-time remaining below one millisecond for up to 10 cir- 

les and under 30 milliseconds for N up to 100. Slight variability 
4 
n Green’s Method run times is caused by choosing different initial 

onfigurations of the circles. The computational times for our tech- 

ique agree well with the expected complexity of O(N 

2 log (N)) . 

n contrast, for Monte-Carlo simulations the computational time 

cales with the number of points used N P rather than the num- 

er of circles N. In our experiments, the number of points required 

o achieve a relative accuracy of 0.01 is N P ∈ [10 6 , 10 7 ] , which gen-

rates a run-time of approximately 1 s. 

To compare the efficiency of Green’s Method to Monte-Carlo 

imulations for different initial circle configurations, we run multi- 

le test-cases and selected two illustrative examples. The first sce- 

ario is presented in Fig. 4 and contains one circle covered by a 

isk. The second scenario, presented in Fig. 5 , consists of a more 

omplex circle configuration with multiple overlapping circles. For 

ach test case, we list the computational times in Table 1 , where 

 for the Monte-Carlo method is chosen to achieve a maximum 
P 
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Table 1 

Run-times for Algorithm 1 and Monte-Carlo. 

Green’s Method (ms) Monte-Carlo (ms) 

Test-Case 1 0.294 480.636 

Test-Case 2 17.600 490.671 

Fig. 6. (a) Initial UAV positions (b) Target UAV positions for N = 13 . Note altitude 

depends on the radius. 

Fig. 7. 3D trajectories for N = 13 . 
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Fig. 8. Trajectory generation solve time for N = 13 . 

Fig. 9. Maximal area coverage solve time against the number of UAVs N. Dotted 

line at dt = 500 ms indicates the solve time limit imposed by the chosen NMPC 

time-step. 
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elative error tolerance of 0.01. As can be seen, in both cases the 

roposed method was at least an order of magnitude more effi- 

ient than the Monte-Carlo method. 

.2. Hierarchical system 

The hierarchical system was simulated for N = 13 UAVs. Fig. 6 

resents the two-dimensional plot of the results as obtained from 

he hierarchical optimization loop, while Fig. 7 displays the three- 

imensional trajectories for the UAVs. Fig. 6 show that MADS often 

nds a near-optimal solution, with the UAVs having travelled a rea- 

onably short distance to reach the final positions. Fig. 7 highlights 

he expected result of UAVs flying upwards to the altitude limit 

n order to increase the radius of the sensor circles, together with 

elatively small adjustments in the lateral x-y plane. 

Fig. 8 presents the solve-time for trajectory generation as a 

unction of the discretized simulation time. One can deduce from 

ig. 8 the achievable frequency of the control actions and the total 

umber of re-solves required until the target is reached. Addition- 

lly, this graph also indicates the estimated time it takes for each 

AV to fly to their respective target locations. Note from Fig. 8 that 

he solve-times for trajectory generation remain below 120 mil- 

iseconds, and decreases as the UAVs approach their final positions. 

his is well below the finite-time horizon time-step of 500 mil- 
5 
iseconds and validates our hierarchical system design. Since each 

AV solves the trajectory optimization problem independently of 

ach other, the solution time is only dependent on the NMPC hori- 

on length and discretization time-step. Convergence to the final 

ositions using the NMPC scheme provides good results with lin- 

ar and angular velocity constraints always being satisfied. Note 

n Fig. 8 that there are intermittent spikes present in the solution 

imes plot, for example around t = 0 . 5 s and t = 3 . 4 s. These spikes

ppear when the collision constraints become active. However, the 

ncrease in solution time is not significant, so we conclude that our 

mplementation of collision avoidance constraints is effective. 

Lastly, Fig. 9 show the total solve time for the upper level prob- 

em as a function of the number of UAVs. From Fig. 9 we see how-

ver that the solve time for the area coverage problem increases 

ith the number of UAVs, and exceeds 500 ms for N > 13 . Since

e require a new solution from the static optimization level at 

ach time-step, this is the limiting factor for real-time performance 

f our framework. We thus conclude that our hierarchical system 

ould operate in real-time for up to 13 UAVs. 

. Conclusions and future research directions 

We have proposed a hierarchical control framework for a multi- 

gent system using UAVs to quickly cover a predefined area. Our 

pproach would overcome the slow convergence usually encoun- 

ered in fully distributed systems, by fusing a centralized area cov- 

rage problem with a distributed trajectory planning. The area cov- 

rage phase is tackled by developing a novel algorithm, that com- 

utes the union area of multiple intersecting circles using Green’s 

heorem. This is relevant since the cameras attached to UAVs are 
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ssumed to cover a circular region of a flat ground while in steady 

over. Trajectory planning is performed using Altro [7] . Robustness 

uring real-time control is ensured by implementing an NMPC 

cheme that implicitly handles plant-model mismatch and allows 

he UAVs to adapt to external disturbances. We further reduce 

ommunication overhead and increase performance of our control 

ystem by implementing a collision avoidance policy that enables 

ata transmission only when UAVs are within a predefined danger 

adius. We demonstrate that our area coverage computation out- 

erforms Monte-Carlo simulations for medium-scale systems and 

how that our control system can operate in real-time for up to 13 

AVs. 

Further research could attempt to develop a map that stores the 

reas that have already been visited by the UAVs. This will pro- 

ide information on which further areas require to be mapped and 

ence close the loop on the exploration phase by mapping a do- 

ain to completion. One could also explore the possibility of deter- 

ining a closed-form expression for the union area of multiple cir- 

les and checking if the function is differentiable. This would allow 

he potential use of derivative-based solvers and may result in sig- 

ificant computational time reduction. Additionally, further work 

s required to theoretically analyze the performance of our algo- 

ithms and formally prove the time complexity that was observed 

xperimentally. More realistic models should also be considered to 

etter represent real-life scenarios. Since our framework has been 

ested only in simulation, one could go further by implementing 

he algorithms on real UAVs and run hardware-in-the-loop exper- 

ments in order to validate the design. Finally, the current imple- 

entation is designed with the upper-level maximum area cover- 

ge solution being computed at each time-step. Further work can 

xplore the possibility of relaxing this constraint to allow accept- 

ble performance in real-time for a larger system. 
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