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Abstract

For any p-adic Galois representation, one can attach an analytic object (the complex-valued

L-function) and an algebraic object (the Bloch–Kato Selmer group), and the conjecture of

Bloch and Kato describes a precise relation between these two objects. More generally, one

can often formulate an “Iwasawa main conjecture” for this representation, which predicts a

relation between a p-adic L-function and the inverse limit of Selmer groups in a p-adic Lie

extension. In this thesis, we explore the connection between Euler systems and both of these

conjectures.

More precisely, in the first part of this thesis, we construct a split anticyclotomic Euler

system for the Galois representation associated with a cuspidal automorphic representation

of a unitary group of signature (1, 2n−1), where n is an odd integer. Combining this with the

forthcoming work of Jetchev–Nekovář–Skinner, one can control the size of the Bloch–Kato

Selmer group provided the bottom class of the Euler system is non-zero.

In the second part of this thesis, we discuss applications of Euler systems to supersingular

Iwasawa theory in the case of the convolution of two Coleman families. In particular, we

obtain some partial results concerning the support of the associated Selmer sheaf and the

vanishing locus of the three-variable p-adic L-function constructed by Urban. This crucially

relies on the machinery of Selmer complexes as developed by Nekovář and Pottharst.
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Chapter 1

Introduction

The topic of this thesis is the arithmetic properties of Galois representations associated with

automorphic representations, in particular the connection between Selmer groups and special

values of L-functions via the theory of Euler systems.

1.1 Background

1.1.1 Heegner points

Let N ≥ 4 be an integer and let X0(N) denote the compactified modular curve of level

Γ0(N), i.e. away from the boundary, this is the moduli space of elliptic curves G equipped

with a degree N cyclic isogeny G → G′. Let A/Q be an elliptic curve and suppose that

we have a surjective morphism of algebraic varieties ϕ : X0(N) � A. Let E denote a fixed

imaginary quadratic number field of discriminant 6= −3,−4, and suppose that the following

hypothesis is satisfied:

Heegner hypothesis: Suppose that there exists an ideal N ⊂ OE such that

OE/N ∼= Z/NZ.

Under these assumptions, one can construct a special class of points on A defined over ring

class fields of the imaginary quadratic number field E. More precisely, for a positive integer

m ≥ 1, let E[m] denote the ring class field of conductor m, i.e. the finite abelian extension

of E associated with the order Om = Z + mOE via global class field theory. For an integer

m ≥ 1 which is coprime to N , we can consider the point Pm ∈ X0(N)(C) given by the elliptic

curve C/Om and the cyclic isogeny C/Om → C/N−1
m , where Nm := N ∩ Om. By the theory

of complex multiplication, the point Pm is in fact defined over the ring class field E[m]. This

leads to the following definition:
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Definition 1.1.1. Let m ≥ 1 be an integer coprime to N . Then the Heegner point zm ∈
A(E[m]) at level m is defined to be

zm := ϕ(Pm) ∈ A(E[m])

where ϕ : X0(N) � A is the morphism introduced at the start of this section.

The first incarnation of these points appeared in the work of Heegner [Hee52] and was

introduced to study the congruent number problem, whose goal is to determine which integers

appear as the area of a right-angled triangle with rational side lengths. The general definition

as described above appears in the work of Birch [Bir70], [Bir75]. Furthermore, it is not too

difficult to compute the Néron–Tate height of these points; such calculations led Birch and

Stephens [BS84] to conjecture the following relation:

ĥ(z) ∼ L′(A/E, 1) (1.1.2)

where z = trE[1]/E z1 ∈ A(E) is the trace of the point z1, ĥ is the canonical Néron–Tate

height on A over E, and L(A/E, s) denotes the complex-valued L-function associated with

the elliptic curve A/E. Here ∼ means up to some simple, non-zero archimedean factors.

Thanks to the seminal work of Gross and Zagier [GZ86], we now know the relation in (1.1.2)

holds, which as mentioned below, has implications for the Birch–Swinnerton-Dyer conjecture

for the elliptic curve A/Q.

In addition to this relation with L-values, Heegner points also enjoy the following com-

patibility properties under trace maps. Let `,m ≥ 1 be positive integers, both of which are

coprime to N · disc(E). Assume that m is square-free and ` - m. Then Kolyvagin [Kol90,

§3] establishes the following “norm relations” between the Heegner points z`m and zm, de-

pending on whether the prime ` is split or inert in the extension E/Q. The precise relation

is as follows:

trE[`m]/E[m] z`m =

{
a`zm if ` is inert(

a` − Frλ−Fr−1
λ

)
zm if (`) = λ · λ in OE

where Frλ denotes the arithmetic Frobenius associated with the prime λ viewed as an element

of Gal(E[m]/E), and a` = ` + 1−#A(F`). These relations were exploited by Kolyvagin to

establish the following result:

Theorem 1.1.3 ([Kol90, Theorem A]). With notation as above, if the point z = trE[1]/E z1 ∈
A(E) has infinite order, then the rank of the Mordell–Weil group A(E) is one and the Tate–

Shafarevich group X(A/E) is finite.

7



Combining the above theorem with the result of Gross–Zagier and we find that A(E)

has rank one if L′(A/E, 1) 6= 0. In fact, thanks to the work of Waldspurger, one can choose

the imaginary quadratic number field E appropriately to show that, if ords=1 L(A/Q, s) = 1

then the Mordell–Weil group A(Q) has rank one (see [GZ86, §V.2] for more details). This

is a special case of the Birch–Swinnerton-Dyer conjecture (which predicts that the order of

vanishing of L(A/Q, s) at s = 1 is precisely equal to the rank of A(Q)) with Heegner points

providing the key link between the arithmetic and analytic sides of this conjecture.

1.1.2 Euler systems

One of the key insights of Kolyvagin [Kol90] was to notice that the techniques in the proof of

Theorem 1.1.3 were not limited to the case when the algebraic group A is an elliptic curve,

and he outlined a general framework – termed “Euler systems” – of group cohomology classes

for the algebraic group A which satisfy norm relations involving the characteristic polynomial

of a Frobenius on the p-adic Tate module of A (in other words, Euler factors appearing in

the L-function for A). In particular, Kolyvagin focused on three key examples: the case

where A is a modular elliptic curve as above, the case where A is a CM elliptic curve, and

the case A = Gm. Each of these three cases indeed give rise to “Euler systems”, namely

Heegner points, elliptic units and cyclotomic units respectively. Combining this with the

work of Thaine [Tha88], Coates–Wiles [CW77] and Rubin [Rub87], Kolyvagin was able to

use this general formalism to control the size of arithmetically interesting objects attached

to A (e.g. Mordell–Weil or class groups). He also hinted that “Euler systems” could have

applications to appropriate main conjectures of Iwasawa theory associated with the group

A.

Around the same time, Bloch and Kato [BK90] discovered a striking connection between

Tamagawa numbers of algebraic groups and special values of the associated L-function.

This led them to formulate Tamagawa numbers for general motives and predict a relation

between these invariants and the leading term of the associated L-function. The “weak

version” of their conjecture is more commonly stated as follows. Let E be a number field

and ρ : Gal(E/E) → GLd(Qp) a continuous representation which is unramified at all but

finitely many places and de Rham at p. Then one can attach a Selmer group H1
f (E, ρ) to

the representation ρ, which plays the same role as the Mordell–Weil/class group in the above

examples. Let ρ∗(1) denote the linear dual of ρ twisted by the cyclotomic character.

Conjecture 1.1.4 (Bloch–Kato). One has an equality

ords=0 L(ρ∗(1), s) = dimQp H1
f (E, ρ)− dimQp H0 (E, ρ)
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where the left-hand side denotes the order of vanishing at s = 0 of the (conjecturally mero-

morphic) L-function associated with ρ∗(1).

This conjecture is one of the major open problems in modern number theory. For

example, if A/Q is an elliptic curve and X(A/Q) is finite, then the Bloch–Kato conjec-

ture is equivalent to the Birch–Swinnerton-Dyer conjecture for the Galois representation

ρ = VpA = lim←−nA[pn](Q)⊗Zp Qp (the rational p-adic Tate module).

In a similar spirit of generalisation, Rubin [Rub00] noticed that Kolyvagin’s framework

of “Euler systems” was not dependent on the existence of an algebraic group A and works

perfectly well in the setting of Galois representations. Consequently, Rubin developed the

modern-day framework of Euler systems – a collection of classes in the group cohomology of

ρ∗(1) which satisfy norm relations with respect to corestriction – and generalised Kolyvagin’s

method to obtain bounds on the size of appropriate Selmer groups attached to ρ, provided

that the “bottom class” of the Euler system (the analogue of the element z in the Heegner

point setting) is non-torsion/non-vanishing. This method was later generalised by Mazur–

Rubin [MR04] and the forthcoming work of Jetchev–Nekovář–Skinner. If one can relate the

non-vanishing of the “bottom class” to the order of vanishing of L(ρ∗(1), s) at s = 0, then

this general machinery can be used to obtain instances of the Bloch–Kato conjecture. So

this leads to the following problem:

Problem A. Given a Galois representation ρ as above, can we construct an Euler system for

ρ∗(1) and relate the non-vanishing of the bottom class to the order of vanishing of L(ρ∗(1), s)

at s = 0?

This problem seems fairly impenetrable in general, however thanks to the recent work

of Loeffler–Skinner–Zerbes [LSZ17], we now have a concrete method for constructing Eu-

ler systems in the case where ρ is associated with an automorphic representation (via the

Langlands correspondence). The method involves constructing special cycles/motivic ele-

ments in the cohomology of Shimura varieties, and the proof of the norm relations reduces

to a “branching result” in the theory of automorphic representations (e.g. the Gan–Gross–

Prasad conjecture for an appropriate pair of reductive groups). The first part of this thesis

details the construction of the author and S.W.A. Shah [GS20] on a new Euler system for

a certain class of conjugate self-dual automorphic representations of GL2n(AE) using this

recently developed method, where n ≥ 1 is an odd integer and E is an imaginary quadratic

number field. Specifically, we construct a split anticyclotomic Euler system which is the

subject of the forthcoming work of Jetchev–Nekovář–Skinner mentioned above. It is worth

noting that the construction is a generalisation of the Heegner point setting (see Remark

1.3.1) and the norm relations we establish are the analogue of the relations when ` is a
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prime which splits in E/Q. We do not attempt to establish norm relations for inert primes,

however it turns out that the relations at split primes are sufficient for applying the gen-

eral machinery of Jetchev–Nekovář–Skinner to obtain bounds on the size of the Bloch–Kato

Selmer group. In particular, this completes the first half of the above problem for this class

of Galois representations.

It is also worth mentioning that Bertolini and Darmon [BD05] have introduced an al-

ternative method for controlling the size of Selmer groups via level raising congruences (see

also [How06]), which is similar to Kolyvagin’s method but bypasses the construction of an

Euler system. In their setting, the classes that they construct arise from Heegner points not

just on modular curves, but also Shimura curves (Shimura varieties associated with inner

forms of the group GL2). This method has recently been generalised to the case where ρ is

associated with the tensor product of two conjugate self-dual automorphic representations of

GLn(AE) and GLn+1(AE) respectively, in the work of Liu–Tian–Xiao–Zhang–Zhu [LTX+19].

It is an interesting question whether, in the setting of this thesis, one can employ a similar

strategy to obtain further results on the size of the Bloch–Kato Selmer group for conjugate

self-dual automorphic representations of GL2n(AE).

1.1.3 Applications to Iwasawa theory

As remarked by Kolyvagin, Euler systems are not just useful for obtaining instances of the

Bloch–Kato conjecture, they also play a key role in establishing one half of an Iwasawa main

conjecture for ρ.

Roughly speaking, under an “ordinarity” assumption on ρ, one can package together

the Bloch–Kato Selmer groups H1
f (F, ρ), as F varies through the finite extensions in a

p-adic Lie extension E∞/E, to obtain a finitely-generated Λ-module S (where Λ is the

Iwasawa algebra associated with the extension E∞/E). The benefit of this perspective is

that the structure of S is somewhat easier to understand than the individual Selmer groups

themselves. In particular, S is often a torsion Λ-module and an “Iwasawa main conjecture”

precisely describes the “size” of S in terms of a p-adic L-function for ρ∗(1). An Euler system

in this setting can be seen as an arithmetic incarnation of the p-adic L-function, therefore

providing the bridge between the two sides of this conjecture.

The original example of this conjecture is due to Iwasawa [Iwa69] and Mazur–Wiles

[MW84], and is a statement about the inverse limit of the p-primary parts of class groups

over the cyclotomic Zp-extension of Q(µp). In this case the relevant Euler system is the Euler

system of cyclotomic units.1 More recently, Skinner and Urban [SU14] have established cases

1One should note that the original proof in [MW84] does not involve cyclotomic units, however the use
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of an Iwasawa main conjecture for the p-adic Tate module of an elliptic curve A/Q with good

ordinary reduction at p. In this setting, Kato’s Euler system [Kat04] is one of the key

ingredients.

To remove the “ordinarity” condition on ρ, one has to redefine S in terms of Selmer

complexes, which are a derived analogue of the usual Selmer groups and were first introduced

by Nekovář [Nek06]. In fact, Pottharst [Pot13] has extended this construction to families

of Galois representations over well-behaved rigid analytic spaces (for example, quasi-Stein

spaces), so if the Galois representation ρ is associated with an automorphic form, then this

generalisation allows one to study the variation of this Galois representation (and its Selmer

groups) in p-adic families. In this case, the module S is a coherent sheaf over a rigid analytic

space, and an “Iwasawa main conjecture” describes the size of this sheaf in terms of a p-adic

L-function (viewed as a global section of the rigid analytic space). For example, the case

where the rigid analytic space is the one-dimensional weight space W associated with Z×p
has been studied by Pottharst in [Pot12].

Unfortunately, this approach has its drawbacks. At present, the Euler system machine

requires some kind of integral structure on the Galois representation/Selmer groups, but

there is no natural Zp-subalgebra inside O(W) which fulfils the role of coefficients for this

structure. Therefore, it is not immediately clear that one can generalise the application of

Euler systems to an Iwasawa main conjecture in this “non-ordinary” setting. It is however

possible to obtain results about the support of S in terms of the p-adic L-function Lp. This

is the topic of the second part of this thesis, where we discuss the joint work of the author,

D. Gulotta and Y. Xu [GGX20] on describing the support of the Selmer sheaf associated

with the Rankin–Selberg convolution of two Coleman families.

1.2 Structure of the thesis

The first part of this thesis describes the joint work of the author and S.W.A. Shah in

[GS20]. Chapter 2 introduces the general notation that will be used in Part I of this thesis,

and reviews the cohomology theories that will appear throughout. The last section describes

the general formalism of cohomology functors which will be applied in Chapters 3, 6, 7.

In Chapter 3, we review the general theory of Shimura–Deligne varieties, which are

Shimura varieties which do not necessarily satisfy “axiom (SV3)”. Such examples arise

naturally from PEL data, which we also discuss. After this, we describe the general procedure

for constructing étale local systems on Shimura–Deligne varieties and explain how one obtains

a cohomology functor in this setting. Finally, we introduce the unitary Shimura–Deligne

of cyclotomic units simplifies the proof greatly (see [Rub90]).
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varieties and the specific cohomology functors that will be used in the rest of Part I.

Chapter 4 concerns automorphic representations of unitary and general linear groups,

and their relation to the cohomology of unitary Shimura–Deligne varieties. Apart from

notation and some minor results from §3.3.1, this chapter is essentially independent of the

the previous two.

In Chapter 5, we establish the ingredients needed to prove the “horizontal norm relations”

for the Euler system. In particular, we discuss local Shalika models, zeta integrals and

congruence relations for U` Hecke operators. This chapter is entirely local and independent

of the rest of the thesis.

Chapter 6 describes the “vertical norm relations” for the Euler system, using the ma-

chinery of [Loe19]. We describe how we can force the cohomological triviality of the classes

by localising at an appropriate ideal of the Hecke algebra at p, and how Shimura reciprocity

can be used to relate the automorphic and Galois actions on cohomology.

In the final chapter, we put all of these ingredients together and construct the Euler

system classes. At the very end, we discuss the motivic interpretation of these classes (this

is the only place where motivic cohomology is needed in Part I), with the application to

showing the Euler system classes lie in the Bloch–Kato Selmer group.

Part II of this thesis describes an application of the Beilinson–Flach Euler system to a

three-variable Iwasawa main conjecture, and this is joint work of the author, D. Gulotta

and Y. Xu [GGX20]. In this part, we change notation to remain consistent with op.cit..

On the other hand, further details have been provided on rigid analytic spaces and Selmer

complexes which do not appear in the published work. This is reviewed in Chapter 8 as well

as the general notation that will appear throughout Part II.

In Chapter 9, we review the theory of Coleman families of modular forms and their

associated Galois representations (which can be constructed from the étale cohomology of

modular curves with appropriate coefficients). This is then used throughout Chapter 10

when we explain the construction of the Beilinson–Flach Euler system and how the classes

interpolate in families.

Chapter 11 describes the general theory of overconvergent (ϕ,Γ)-modules over affinoid

algebras, and the construction of Perrin-Riou’s “big logarithm”, which plays a key role in

the explicit reciprocity law for the Beilinson–Flach classes. At the very end, we discuss an

application to these classes (Proposition 11.2.6) which is integral to the proof of the main

theorem.

Finally, in Chapter 12 we construct the relevant Selmer complexes and establish the main

result concerning the support of the Selmer sheaf, under the three hypotheses outlined in

§1.3.2 (“big image”, “minimally ramified” and “no local zero”). We give justifications for
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the “big image” assumption in §12.3.

We note that the assumptions differ slightly from the published version [GGX20]; we ab-

sorb the “flatness of inertia” condition into the “minimally ramified” condition, and rephrase

the latter hypothesis in terms of M rather than T . We believe that this reformulation pro-

vides a cleaner argument in the proof of the main theorem, and the version in this thesis is

morally the same as in op.cit.. Indeed, we still verify that the “minimally ramified” condition

typically holds if f and g are not congruent to forms of a lower level modulo p (c.f. Example

12.2.1 and [GGX20, Appendix A.2]).

1.3 Summary of results

1.3.1 Part I: anticyclotomic Euler systems

The first part of this thesis concerns the construction of a “split anticyclotomic Euler system”

for the Galois representation associated with a certain class of conjugate self-dual automor-

phic representations. To state the result precisely, we introduce the following notation.

Let n ≥ 1 be an odd integer and let G0 = U(1, 2n−1) denote the unitary group (over Q)

associated with a 2n-dimensional Hermitian form over E of signature (1, 2n − 1), which is

quasi-split at all finite places (see §3.3.1). Let G = GU(1, 2n− 1) denote the corresponding

unitary similitude group. Similarly, we let H0 = U(1, n − 1) × U(0, n) be the product of

unitary groups of signatures (1, n − 1), (0, n) respectively, which are both quasi-split at

all finite places, and let H = G (U(1, n− 1)× U(0, n)) denote the corresponding similitude

group. There are natural embeddings

ι : H0 ↪→ G0 ι : H ↪→ G

given by sending a pair of matrices to the (2n× 2n) diagonal block matrix, with block size

(n×n). If ` is a prime which splits in E/Q, then the choice of a prime λ of E above ` identifies

H0,Q` and G0,Q` with GLn,Q` ×GLn,Q` and GL2n,Q` respectively, and the embedding ι has a

similar description. In this case, the pair (H0,Q` ,G0,Q`) forms a spherical pair of reductive

groups, i.e. there is an open orbit for the action of H0,Q` on the Borel flag variety for G0,Q` .

Remark 1.3.1. For n = 1 one has an isomorphism

(
GL2×ResE/Q Gm

)
/Gm

∼= GU(1, 1)

and under this isomorphism, the subgroup G (U(1, 0)× U(0, 1)) is identified with the sub-

group (ResE/Q Gm × ResE/Q Gm)/Gm. This is precisely the embedding of groups appearing
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in the construction of generalised Heegner cycles (see [JLZ21] for more details).

We are interested in cuspidal automorphic representations of G0(A) and their associated

Galois representations. Let π0 be such a representation and let π denote a lift to G(A)

(see Proposition 4.1.1). Under certain reasonable assumptions on π (e.g. non-endoscopic

and tempered with stable L-packet), there exists a regular algebraic cuspidal automorphic

representation Π of GL1(AE)×GL2n(AE) which is locally isomorphic to the base change of π

at all but finitely many primes. Fix an odd prime p which splits in E/Q. We let ρπ denote the

p-adic Galois representation associated with Π as constructed by Chenevier–Harris [CH13]

(which is semi-simple, so only depends on π), and we fix a Galois-stable lattice Tπ.

We impose the following conditions:

1. The Galois representation ρπ is absolutely irreducible (which is expected because Π is

cuspidal)

2. Let π∞ (resp. πf ) denote the infinite (resp. finite) part of π. We assume that the

representation π∞ lies in the discrete series and ρ∗π(1− n)⊗ π∨f appears as a quotient

of the middle degree (p-adic) étale cohomology of the PEL-type Shimura variety as-

sociated with G, with coefficients in an algebraic representation parameterising the

discrete series L-packet of π∞ (see Assumption 4.3.5).

3. Let π0,f denote the finite part of π0. We require that π0,f admits a H0(Af )-linear

model, i.e.

HomH0(Af ) (π0,f ,C) 6= 0.

This is the analogue of the “Heegner hypothesis” in this setting, by the work of Tunnell

[Tun83] and Saito [Sai93]. In particular, under this assumption we can choose the lift

π so that ρπ only depends on π0 (Proposition 4.3.1(3)).

4. Let J0 ⊂ GL2n(Zp) denote the “Siegel parahoric subgroup”, which is the compact open

subgroup consisting of all matrices congruent to(
∗ ∗
0 ∗

)

modulo p, where the blocks are of size (n× n). Since p splits in E/Q, we can view J0

as a compact open subgroup of G0(Qp) (after fixing a choice of prime lying above p).

Let τ0 ∈ G0(Qp) denote the diagonal matrix diag(p, . . . , p, 1, . . . , 1) (there are n lots of

p) and consider the Hecke operator

US,0 := µ0(τ0)[J0τ0J0]
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where µ0 is the highest weight of the algebraic representation of GL2n,E parameterising

the discrete series L-packet containing π0,∞. Let π0,p denote the local component of

π0 at p, which we take to be spherical. We assume that πJ0
0,p contains an eigenvector

for the action of US,0 whose eigenvalue is a p-adic unit (under the fixed identification

C ∼= Qp compatible with the choice of prime above p). We refer to this condition as

“Siegel ordinarity”.

Let S denote the set of all places of E containing all primes above p, all infinite places, and

all primes where ρπ is ramified. We consider the set R of all square-free integers (including

1) which are divisible only by primes which do not lie below a prime in S, and which split

in E/Q. For every prime ` ∈ R we fix a choice λ of prime of E lying above `. Finally, for

any integer m ≥ 1, we let E[m] denote the ring class field of E of conductor m.

The first part of this thesis is devoted to the proof of the following theorem.

Theorem A (Corollary 7.4.9). Under the above assumptions, there exists a split anticyclo-

tomic Euler system for T ∗π (1− n), i.e. a collection of group cohomology classes

{
cmpr ∈ H1 (E[mpr], T ∗π (1− n)) : m ∈ R and r ≥ 0

}
which satisfy the following relations:

1. (Vertical relations) For r ≥ 0 one has

cores
E[mpr+1]
E[mpr] cmpr+1 = cmpr

where “cores” denotes corestriction.

2. (Horizontal relations) For any prime ` ∈ R and integer m ∈ R such that `m ∈ R, one

has

cores
E[`mpr]
E[mpr] c`mpr = Pλ

(
Fr−1

λ

)
· cmpr

where λ is the fixed prime of E above `, Frλ ∈ Gal(E[mpr]/E) is the arithmetic Frobe-

nius associated with λ, and Pλ(X) = det
(
1− Frob−1

λ ·X|Tπ(n)
)

is the characteristic

polynomial of the arithmetic Frobenius Frobλ acting on Tπ(n).

Remark 1.3.2. Evidently, one can take cmpr = 0 for all m, r, and the above theorem is

vacuous. However, the Euler system classes we construct arise from special cycles on Shimura

varieties, and the non-vanishing of these classes is expected to be related to the behaviour

of the L-function attached to π0 (more precisely, the non-vanishing of the derivative of the

L-function at its central value). Proving such a relation constitutes an explicit reciprocity

law, and this will be pursued in future work.
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In Proposition 7.4.13, we show that the Euler system classes in Theorem A all lie in the

Bloch–Kato Selmer group. Combining this with the forthcoming work of Jetchev–Nekovář–

Skinner, we expect the following application:

Corollary 1.3.3. Suppose that the above assumptions hold as well as the following “big

image” hypothesis:

• There exists an element σ ∈ Gal(E/E[1](µp∞)) such that

dimΦ ρπ/(σ − 1)ρπ = 1

where Φ is the coefficient field of ρπ.

Let {cmpr}m∈R,r≥0 be the split anticyclotomic Euler system in Theorem A, and set c =

cores
E[1]
E c1. Then, if the class c is non-torsion, the Bloch–Kato Selmer group H1

f (E, ρπ(n))

is one-dimensional.

Remark 1.3.4. The existence of such an element σ in the above corollary is expected to follow

if the image of the Galois representation ρπ : Gal(E/E)→ GL2n(Φ) is sufficiently large. In

particular, this will exclude automorphic representations of “CM type”.

1.3.2 Part II: Applications to supersingular Iwasawa theory

Let Y = Y1(N) denote the modular curve (over Q) of level Γ1(N) with N ≥ 4, and let f, g be

two modular forms (of weights ≥ 2) with corresponding p-adic Galois representations ρf and

ρg respectively. In their simplest form, Beilinson–Flach classes are elements of the motivic

cohomology of Y × Y obtained from pushing forward modular units along the diagonal

embedding of Y into Y × Y , twisted by the Atkin–Lehner involution on the second factor.

These classes were introduced by Beilinson [Bei85] to give a motivic interpretation of special

values of the complex L-function L(f, g, s) associated with the Galois representation ρf ⊗ρg.
On the other hand, a variant of these classes were also constructed by Flach [Fla92] to

study the Selmer group of the symmetric square of an elliptic curve. Both of these results

suggest that there should be an underlying Euler system for (appropriate twists of) the

Galois representation ρf ⊗ ρg which is related to special values of the L-function L(f, g, s);

or to put it another way, is there a solution to Problem A for this Galois representation?

This question has been answered in the positive by the work of Lei–Loeffler–Zerbes

[LLZ14], Kings–Loeffler–Zerbes [KLZ15] and Bertolini–Darmon–Rotger ([BDR15a], [BDR15b]),

and therefore has applications to the Bloch–Kato conjecture for ρf ⊗ ρg. In addition to this,

one obtains further applications (such as one divisibility in an Iwasawa main conjecture,
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or bounds on the Selmer group of an elliptic curve twisted by an Artin representation) by

p-adically deforming the Euler system classes in Hida (resp. Coleman) families. Such results

have been established in the work of Kings–Loeffler–Zerbes [KLZ17] (resp. Loeffler–Zerbes

[LZ16]).

The second part of this thesis focuses on the classes constructed in [LZ16]. More precisely,

let F and G be Coleman families passing through (p-stabilisations of) f and g respectively,

and let ρF and ρG denote their associated Galois representations. Then it is shown in op.cit.

that there exist classes

cBF [F ,G]
m,1 ∈ H1

(
Q(µm), Dla(Γ, ρ∗F⊗̂ρ∗G)

)
which specialise to the Beilinson–Flach Euler system classes at classical weights. Here

Dla(Γ,M) denotes the module of M -valued locally analytic distributions on Γ ∼= Z×p . The

above classes are shown to satisfy an “explicit reciprocity law” relating the bottom class

(m = 1) to the three variable p-adic L-function Lp constructed by Urban [Urb14], and this

relation is what allows one to obtain instances of the Bloch–Kato conjecture, as mentioned

above.

As described in §1.1.3, Pottharst [Pot13] has generalised the work of Nekovář [Nek06] on

Selmer complexes to provide a framework for interpolating the Bloch–Kato Selmer groups for

a family of Galois representations. More precisely, given a family of Gal(Q/Q)-representations

over a rigid analytic space X, he constructs a coherent sheaf S on X which specialises to the

Bloch-Kato Selmer group at certain “crystalline” points of X, i.e. points where the Galois

representation is crystalline at p. For example, we can consider the case where S is associated

with Dla
(
Γ, ρ∗F⊗̂ρ∗G

)
, which is a family of Galois representations over a three-dimensional

rigid analytic space (one-variable for each Coleman family and a variable for characters of

Γ). This gives rise to the natural question:

Question: Do the Beilinson–Flach classes cBF [F ,G]
m,1 (and hence the three-variable p-adic

L-function) control the behaviour of S?

Specifically, we are interested in whether we can establish a suitable Iwasawa main conjecture

for this sheaf S and the three variable p-adic L-function. We provide a partial answer to

this question under the following hypotheses:

1. Let k + 2 (resp. k′ + 2) denote the weight of f (resp. g). We assume that k 6= k′,

and that one of the p-stabilisations of f and both of the p-stabilisations of g are noble

(Definition 9.2.6).
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2. The image of the Galois representation attached to the convolution of f and g is big

(see (BI) §12.1.2).

3. The modular forms f and g are not congruent modulo p to forms of a lower level

(minimally ramified, see §12.2.1).

4. The p-adic L-function attached to the convolution of f and g does not have a trivial

zero, which is a condition on the Fourier coefficients of f and g (condition (NLZ) for

the point x corresponding to f and g in §12.1.2).

Let V1 and V2 be affinoid subdomains of weight space W over which F and G are defined.

Under the above hypotheses, there exists a coherent analytic sheaf S on X := V1 × V2 ×W ,

such that for all x = (k1, k2, j) ∈ X with k1, k2, j integers and 1 ≤ k2 + 1 ≤ j ≤ k1, the

specialisation of S at x is equal to the dual of the Bloch–Kato Selmer group for ρFk1
⊗

ρGk2
(1 + j). We prove the following result concerning the support of this sheaf:

Theorem B. Let Sk′ denote the specialisation of the above sheaf at k′ in the second variable.

If V1 is small enough and the above hypotheses hold for f and g, then

suppSk′ ⊂ {x ∈ V1 × {k′} ×W : Lp(x) = 0}

where “ supp” denotes the support of a sheaf and Lp is the three variable p-adic L-function.

Let M = Dla(Γ, ρ∗F⊗̂ρ∗G). To prove Theorem B, we actually show that if x is a point

in V1 × {k′} × W and Lp(x) 6= 0 then the group H̃
2

f (Q,Mx) vanishes. Here H̃
2

f (Q,Mx) is

the cohomology in degree 2 of a certain Selmer complex attached to the representation Mx

(see §12.1.1), which will be shown to coincide with the specialisation of S at x. To show

that this group vanishes, we generalise the proof of Theorem 8.2.1 in [LZ16] to non-classical

specialisations; this relies heavily on the theory of (ϕ,Γ)-modules and involves a careful

analysis of Perrin-Riou’s big logarithm (see section 11.2).

Unfortunately, with the current methods we were unable to prove a three-variable version

of this result. Indeed, a crucial step in the proof relies on the fact that Gk′ is the p-stabilisation

of a classical modular form whose other p-stabilisation is noble. By putting the other p-

stabilisation into a Coleman family, we obtain two linearly independent Euler systems which

can be used to bound the Bloch-Kato Selmer group, rather than just the strict Selmer group

(this is also the technique used in the proof of [LZ16, Theorem 8.2.1]). For a general (non-

classical) weight k2, the specialisation Gk2 will be the unique point on the eigencurve with

associated Galois representation ρGk2
, so the above strategy will not work.

18



Part I

A new anticyclotomic Euler system

for certain conjugate self-dual

automorphic representations
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Chapter 2

Preliminaries

In this chapter, we introduce some general notation and discuss the cohomology theories

(motivic and étale) that will continually be used throughout the first part of this thesis. We

will also explain how to localise the Hochschild–Serre spectral sequence at appropriate prime

ideals corresponding to an action of Hecke operators at the prime p, and finally discuss the

general theory of cohomology functors, both of which feature heavily in chapters 6 and 7.

2.1 General notation

We fix the following notation and conventions throughout the first part of this thesis:

• An embedding Q ↪→ C and an imaginary quadratic number field E ⊂ Q. We assume

that the discriminant of E satisfies disc(E) 6= −3,−4. In particular, this implies that

O×E = {±1}.

• For any rational prime `, we fix an embedding Q ↪→ Q` and an isomorphism

Q`
∼= C

compatible with the fixed embeddings
(
Q ↪→ C,Q ↪→ Q`

)
. In particular, for each `,

we have a choice of λ above `.

• A rational prime p > 2 that splits in E.

• AF will denote the adeles of a number field F and AF,f the finite adeles; if F = Q we

simply write A and Af respectively. For any integer (or finite set of primes) S, we write

AS (resp. AS
f ) to mean the adeles (resp. finite adeles) away from S (i.e. at all primes

not dividing S/not in S), and AS for the adeles at S. We also set ZS =
∏

`∈S Z`.
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• For a number field F and a finite set S of places of F containing all infinite places, we

let OF,S ⊂ F denote the subring of elements which are integral outside S.

• For a ring R and a connected reductive group G over Q, we let

H (G(Af ), R) :=

{
φ : G(Af )→ R :

φ is locally constant

and compactly-supported

}

denote the Hecke algebra (with respect to a fixed Haar measure on G(Af )), which

carries an action of G(Af ) given by right-translation of the argument. We will omit

the ring R from the notation when it is clear from the context. Additionally, if K ⊂
G(Af ) is a compact open subgroup, then H (K\G(Af )/K) will denote the subset of

K-biinvariant functions. We also have similar notation for the Q`-points of G.

• If X ⊂ G(Af ) is a compact open subset, then we write ch(X) ∈ H(G(Af ),Z) for the

indicator function of X.

• For a number field F , we let GF denote the absolute Galois group of F . Furthermore,

the global Artin reciprocity map

ArtF : A×F → Gab
F

is defined geometrically, i.e. it takes a uniformiser to the associated geometric Frobe-

nius.

• For a prime v of F , we let Frobv denote an arithmetic Frobenius in GF . If L/F is an

abelian extension of number fields that is unramified at v, we will sometimes write Frv

for the arithmetic Frobenius in Gal(L/F ) associated with the prime v.

• For an imaginary quadratic number field E and an integer m, we let E[m] denote the

ring class field of conductor m, i.e. the finite abelian extension with norm subgroup

given by E× · Ô×m where

Om = Z +mOE.

• The smooth dual of a representation will be denoted by (−)∨ and the linear dual by

(−)∗.

• All étale cohomology groups refer to continuous étale cohomology in the sense of

Jannsen [Jan88] (see §2.2.1). A subscript c will denote the compactly supported ver-

sion.
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• If H and G are locally profinite groups, and σ, π smooth representations of H and G

respectively, then σ � π will denote the tensor product representation of H ×G.

• If G is an algebraic group over Q and F is a characteristic zero field, then we write

RepF (G) for the category of algebraic representations of GF . We will often write 1

for the trivial representation.

• For a ring R, we will denote the category of R-modules by R-Mod.

• Unless specified otherwise, all automorphic representations are assumed to be unitary.

• Unless specified otherwise, all modules over a group ring will be left modules.

• For Φ = Qp or a finite extension of Qp, with ring of integers O, and T a finite-free

O-module with a continuous action of Gal(Q/E), we set

H1
Iw (E[mp∞], T ) := lim←−

r≥1

H1 (E[mpr], T )

to be the Iwasawa cohomology of T (in the anticyclotomic tower), where the transitions

maps are given by corestriction.

• Let ` be a rational prime. For a positive integer n we write [n]` := (`n − 1)(` − 1)−1.

This definition extends to [n]`! := [n]` · [n− 1]` · · · [1]` and[
n

m

]
`

:=
[n]`!

[m]`! · [(n−m)]`!

with the obvious convention that [0]`! = 1.

2.2 Cohomology theories

In this section we dicuss the cohomology theories that will appear throughout this thesis.

2.2.1 Continuous étale cohomology

We recall the definition of continuous étale cohomology and its properties, following [Jan88].

For a scheme X, let Sh(Xét) denote the category of étale sheaves of abelian groups on the

small étale site Xét, and let Sh(Xét)
N denote the category of inverse systems (indexed by

N) of objects in Sh(Xét). Let F/Qp denote a finite extension with ring of integers OF and

uniformiser $.
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Definition 2.2.1. Let X be a quasi-compact, quasi-separated (qcqs) scheme. An étale

OF -sheaf F ∈ Sh(Xét)
N is an inverse system {Fn}n≥1 where

• Fn is a constructible OF/$nOF -module on Xét,

• the transition maps Fn+1 → Fn induce isomorphisms

Fn+1 ⊗(OF /$n+1OF ) (OF/$nOF ) ∼= Fn.

We say that F is lisse or that F is a local system if each Fn is locally constant. A morphism

of such sheaves is simply a morphism of these objects in Sh(Xét)
N. We denote the category of

étale OF -sheaves on X by Ét(X)OF , and its isogeny category by Ét(X)F (whose objects we

often refer to as étale F -sheaves).1 We let Db
ét,c(X)F denote full subcategory of the derived

category of Ét(X)F consisting of complexes concentrated in bounded degrees.

For an object F ∈ Ét(X)OF , we define its continuous étale cohomology to be the OF -

module

Hi
ét (X,F ) := Ri

(
lim←−
n

Γ

)
(Fn)

where Γ denotes the global sections of an object in Sh(Xét). Similarly, for G ∈ Ét(X)F we

define

Hi
ét (X,G ) := Ri

(
lim←−
n

Γ

)
(Gn)⊗OF F.

This latter group has an alternative description as Hi
ét (X,G ) = HomDbét,c(X)F

(F,G [i]), where

F denotes the object of Ét(X)F corresponding to the standard inverse system (OF/$nOF )n≥1.

Remark 2.2.2. We will also use the notation Hi
ét (X,F ) to denote the Hom-space

HomDbét,c(X)F
(F,F [i])

for any object F in Db
ét,c(X)F .

Definition 2.2.3. Let X, Y be schemes, F ∈ Sh(Xét)
N and G ∈ Sh(Yét)

N. A pushforward

(f, φ)∗ : (X,F )→ (Y,G ) is a morphism f : X → Y of schemes and a morphism φ : F → f ∗G

of sheaves on X.

Definition 2.2.4. Let S be a scheme. An étale smooth S-pair of codimension c is a morphism

f : X → Y of smooth qcqs S-schemes satisfying the following condition: there exists a smooth

1In concrete terms, the objects of Ét(X)F are the same as those in Ét(X)OF
but the morphisms are

HomÉt(X)F
(F ,G ) := HomÉt(X)OF

(F ,G ) [$−1].
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S-scheme Y and a factorisation f : X
h−→ Y

g−→ Y such that h is a closed immersion with

fibers over each point of S of pure codimension c in Y , and g is étale. If f ′ : X ′ → Y ′ is

another such pair, then a morphism from f to f ′ is a pair of étale maps p : X ′ → X and

q : Y ′ → Y that commute with f , f ′.

Proposition 2.2.5. Let f : X → Y be an étale smooth S-pair of codimension c and let F ,

G be étale OF -sheaves on X, Y respectively. Assume that p is invertible on S. Then for any

pushforward (f, φ)∗ : (X,F )→ (Y,G ) and any j ∈ Z≥0, there is an induced “pushforward”

on cohomology

(f, φ)∗ : Hj
ét(X,F )→ Hj+2c

ét (Y,G (c))

that is functorial and Cartesian:

• (Functoriality) if f ′ : X ′ → Y ′ is another such pair and (p, q) : f → f ′ is a morphism,

then we have a commutative diagram

Hj
ét(X

′, p∗F ) Hj+2c
ét (Y ′, q∗G (c))

Hj
ét(X,F ) Hj+2c

ét (Y,G (c))

(f ′,ψ)∗

Trp Trq

(f,φ)∗

where ψ = p∗φ.

• (Cartesian) if q : Y ′ → Y is any finite étale morphism, X ′ = X ×Y Y ′, f ′ : X ′ → Y ′,

p : X ′ → X are the natural morphisms, then we have a commutative diagram

Hj
ét(X

′, p∗F ) Hj+2c
ét (Y ′, q∗G (c))

Hj
ét(X,F ) Hj+2c

ét (Y,G (c))

(f ′,ψ)∗

p∗

(f,φ)∗

q∗

where ψ = p∗φ.

When f is a closed immersion, (f, φ)∗ is defined in [Jan88, Theorem 3.17]. The proof

below is along similar lines except that we account for the independence of the factorisation

of f .

Proof. Let f = g ◦ h be a factorisation X
h−→ Y

g−→ Y . As g is étale, one has g! = g∗. Let

G ∈ Ét(Y )OF . Then, since p is invertible on S and G n is killed by a sufficiently large power

of p, one has isomorphisms Rh!G n(c) ∼= h∗G n[−2c] compatible with varying n and changing
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G (see (3.2.1.2) in [AGV73, Exp. XVIII]). Therefore, one has Rh!G (c) ∼= h∗G [−2c] which is

functorial in G .

Applying this to G = g∗G , we see that

Rf !G (c) = Rh! ◦Rg! G (c) = Rh! (g∗G (c)) = f ∗G [−2c]

Deriving Trf : ΓXf
! → ΓY , we obtain a natural transformation R(Trf ) : R(ΓXf

!) = RΓX ◦
Rf ! → RΓY between the two derived functors. Evaluating R(Trf ) at G ∗(c), we obtain an in-

duced map Hj
ét(X, f

∗G ) ∼= Rj+2c(ΓXf
!)(G (c))

Trf−→ Hj+2c
ét (Y,G (c)) via passage to cohomology.

The pushforward map (f, φ)∗ is now defined to be the composition

Hj
ét(X,F )

φ−→ Hj
ét(X, f

∗G )
Trf−−→ Hj+2c

ét (Y,G (c)).

Functoriality of (−)! and (−)! gives the independence of this map on the choice of Y . The

functoriality of these pushforwards follows from that of the trace, i.e. R(Trf ) ◦ R(Trp) =

R(Trq) ◦ R(Trf ′). The Cartesian property follows by applying proper base change ([Sta20,

Tag 095S]) to q : Y ′ → Y .

2.2.2 Relative motives and their cohomology

In this subsection, we will introduce the categories of relative Chow motives and constructible

Beilinson motives and discuss the relation between them. In addition to this, we define

the “motivic cohomology” of a constructible Beilinson motive and its étale regulator into

continuous étale cohomology. We note that, when discussing the relation between relative

Chow motives and constructible Beilinson motives, we have taken a cohomological approach

to normalisation (the category of constructible Beilinson motives should be thought of as a

category of “homological motives” in an appropriate sense).

For a smooth quasi-projective scheme X over a characteristic zero field, and a number

field F , we let CHM(X)F denote the category of relative Chow motives over X with an

F -structure, as defined in [Tor19, Definition 2.4]. Let DMB,c(X)F denote the category of

constructible Beilinson motives with F -structure, as in [CD19, Definition 15.1.1, §15.2.5].

Then, for any Chow motive (Y, e, n) ∈ CHM(X)F , one can associate a constructible Beilinson

motive eMX(Y )(n) ∈ DMB,c(X)F as the mapping fibre

eMX(Y )(n) := Cone
(
MX(Y )(n)

1−e−−→MX(Y )(n)
)

[−1]

where MX(Y ) is as in [CD19, §11.1.2] (note that the twist of a Beilinson motive M is defined
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as M(n) := M ⊗Q(−n)[−2n]).

Lemma 2.2.6. For a constructible Beilinson motive M , let DX(M) denote its dual as in

[CD19, §15.2.2]. The association

 : CHM(X)F → DMB,c(X)F

(Y, e, n) 7→ DX (eMX(Y )(n))

defines a fully faithful functor which is F -linear, additive and respects tensor products and

duals.

Proof. It is enough to prove the analogous claim for the functor

CHM(X)op
F → DMB,c(X)F

(Y, e, n) 7→ eMX(Y )(n).

This follows from [CD19, Corollary 16.1.6 & §11.3.8].

Example 2.2.1. The image of the Lefschetz motive under  is F (−1)[−2].

By [Ivo05] (and the fact that the category of Beilinson motives is equivalent to Voevod-

sky’s geometric motives [CD19, Corollary 16.1.6]), the category of constructible Beilinson

motives admits a realisation functor to the derived category of constructible p-adic étale

sheaves

Rp : DMB,c(X)F → Db
ét,c(X)Fp

which is F -linear, triangulated, preserves Grothendieck’s six operations, and satisfies

Rp (DX(MX(Y ))) = Rπ∗Fp

where π : Y → X is the structure map. Note that we are using the opposite (i.e. dual)

conventions to [Ivo05].

Definition 2.2.7. The motivic cohomology of X with values in a constructible Beilinson

motive F ∈ DMB,c(X)F is the F -vector space given by

H•mot (X,F ) := HomDMB,c(X)F (1X ,F [•])

where 1X denotes the trivial motive.

Remark 2.2.8. This definition is compatible with the one arising from algebraic K-theory

by [CD19, Corollary 14.2.14], and since the categories DMB,c(−)F satisfy the six functor
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formalism, we can define pushforwards/pullbacks between these cohomology groups (see

[CD19, §15.2]).

One obtains a natural transformation of functors

rét : Hi
mot (X,−)⊗F Fp → Hi

ét (X,Rp(−))

defined on objects by sending a class x ∈ HomDMB,c(X)F (1X ,F [i]) to the class Rp(x) ∈
HomDét,c(X)Fp

(Fp, Rp(F )[i]). By [Ivo05, §5.4], this agrees with the usual definition of étale

regulator when F = 1X(p) = F (p) in the sense that there is a commutative diagram:

Hq
mot (X,F (p))

Hq
ét (X,Fp(p))

CHp (X, 2p− q)⊗Z F

rét

clp,2p−qX

where CHp (X, 2p− q) are Bloch’s higher Chow groups and clp,2p−qX are the p-adic cycle class

maps constructed by Grothendieck, Bloch, Geisser and Levine (see loc.cit. and the references

therein).

Remark 2.2.9. We note that we do not define the motivic cohomology of a relative Chow

motive F to be the motivic cohomology of (F ). The “correct” definition involves applying

suitable shifts and we only discuss this for a special class of relative Chow motives (see 3.2.5).

2.3 Localised Abel–Jacobi maps

In this section we let F/Qp be a finite extension and Λ = OF or F . For this section only, take

E to be a field of characteristic 0 (contrary to our fixed conventions in §2.1). All schemes in

this section are assumed to be finite-type over SpecE; if X is such a scheme, then we denote

by X = X ×SpecE SpecE its base change to a fixed separable closure of E.

Theorem 2.3.1 (Jannsen, Deligne). Let F be a lisse étale Λ-sheaf on X. There is a first

quadrant cohomological spectral sequence

Ei,j
2 : Hi

(
E,Hj

ét

(
X,F

))
⇒ Hi+j

ét (X,F )

which we refer to as the Hochschild–Serre spectral sequence.
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The Hochschild–Serre spectral sequence enjoys the follows properties:

Proposition 2.3.2. The Hochschild–Serre spectral sequence is functorial with respect to

morphisms of sheaves and varieties, in the following sense:

1. Let f : Y → X be an étale morphism of finite-type schemes over SpecE. Then the

pullback maps

f ∗ : Hi
(
E,Hj

ét

(
X,F

))
→ Hi

(
E,Hj

ét

(
Y , f ∗F

))
commute with the differentials in Ei,j

2 and induce the pullback f ∗ : Hi+j
ét (X,F ) →

Hi+j
ét (Y, f ∗F ) on the abutment.

2. Let f : Y → X be a finite étale morphism of finite-type schemes over SpecE. Then

the pushforward maps

f∗ : Hi
(
E,Hj

ét

(
Y , f ∗F

))
→ Hi

(
E,Hj

ét

(
X,F

))
commute with the differentials in Ei,j

2 and induce the pushforward f∗ : Hi+j
ét (Y, f ∗F )→

Hi+j
ét (X,F ) on the abutment.

3. If φ : F → G is a morphism of lisse étale Λ-sheaves on X, then the induced maps

φ : Hi
(
E,Hj

ét

(
X,F

))
→ Hi

(
E,Hj

ét

(
X,G

))
commute with the differentials in Ei,j

2 and induce the map φ : Hi+j
ét (X,F )→ Hi+j

ét (X,G )

on the abutment.

Proof. These properties are standard. See [GS20, Proposition A.7] for more details.

Remark 2.3.3. A special case of this functoriality is as follows. Let F/E be a finite Galois

extension of fields (with F ⊂ E) and set Y = X ×SpecE SpecF . Then we have

Hi
ét

(
Y ×SpecE SpecE,F

)
= HomΛ

(
Λ[Gal(F/E)],Hi

ét

(
X,F

))
.

Let p : Y → X denote the natural map. By Shapiro’s lemma, one has morphisms of spectral

sequences:

Hi
(
E,Hj

ét

(
X,F

))
Hi+j

ét (X,F ) Hi
(
F,Hj

ét

(
X,F

))
Hi+j

ét (Y,F )

Hi
(
F,Hj

ét

(
X,F

))
Hi+j

ét (Y,F ) Hi
(
E,Hj

ét

(
X,F

))
Hi+j

ét (X,F )

res p∗ cores p∗
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where, by abuse of notation we have written F for p∗F , and res and cores denote restriction

and corestriction respectively.

The functoriality properties in Proposition 2.3.2 will play an important role in our discus-

sion of cohomology functors in §6. Furthermore in loc.cit., we will also need to localise the

Hochschild–Serre spectral sequence at a suitable maximal ideal arising from correspondences

on the variety to produce “cohomologically trivial” elements, which we will now explain in

general. The following definition is inspired by [Liu19, §2.3]:

Definition 2.3.4. Let X denote a finite-type scheme over SpecE and let F be a lisse étale

Λ-sheaf on X. An étale correspondence on X is a tuple (X ′, f, g, φ) where (X ′, f, g) refers

to a diagram

X
f←− X ′

g−→ X

with f and g finite étale morphisms, and φ : f ∗F → g∗F is a morphism of sheaves. The

composition of two such correspondences is defined to be (X3, f3, g3, φ3) = (X2, f2, g2, φ2) ◦
(X1, f1, g1, φ1) where (X3, f3, g3) is defined via the diagram

X3

X1 X2

X X X

p qf3 g3

f1 g1 g2f2

with the middle square Cartesian, and φ3 is given by the composition:

f ∗3 F = p∗f ∗1 F
p∗φ1−−→ p∗g∗1F = q∗f ∗2 F

q∗φ2−−→ q∗g∗2F = g∗3F .

We denote the category of all such correspondences by ÉtCor(X,F ) which forms a monoidal

category with composition as above and unit elements corresponding to those correspon-

dences (X ′, f, g, φ) where f , g and φ are isomorphisms.

If T = (X ′, f, g, φ) is an étale correspondence on X, then one obtains an endomorphism

of Hi
ét (X,F ) (which we also denote by T ) given by the composition:

Hi
ét (X,F )

f∗−→ Hi
ét (X ′, f ∗F )

φ−→ Hi
ét (X ′, g∗F )

g∗−→ Hi
ét (X,F )

where the last map is induced from the counit of the adjunction g! a g! (recall g! = g∗

and g∗ = g!). We have a similar endomorphism on Hi
ét

(
X,F

)
. Note that if T1 and T2

are two such correspondences, then the composition of T1 ∈ End(Hi
ét (X,F )) followed by
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T2 ∈ End(Hi
ét (X,F )) is the endomorphism induced by T2◦T1 (this is the opposite convention

to [Liu19, §2.3]).

Consider the monoid N = {0, 1, 2, . . . } (under addition) which we regard as a discrete

monoidal category, and suppose we have a monoidal functor N → ÉtCor(X,F ). Set R =

Λ[N] which is identified with the polynomial algebra over Λ in one variable. Then the

cohomology groups Hi
ét (X,F ) and Hi

ét

(
X,F

)
carry the structure of an R-module via the

monoidal functor above. Let m ⊂ R be a prime ideal. Then by the functoriality properties

in Proposition 2.3.2 and the fact that localisation is exact, we obtain a localised Hochschild–

Serre spectral sequence:

Ei,j
2,m : Hi

(
E,Hj

ét

(
X,F

))
m
⇒ Hi+j

ét (X,F )m .

We denote by Hi
ét (X,F )m,0 the kernel of the natural base-change map Hi

ét (X,F )m →
H0
(
E,Hi

ét

(
X,F

))
m

, which we refer to as the subspace of cohomologically trivial elements.

We have a similar definition for the non-localised Hochschild–Serre spectral sequence.

Definition 2.3.5 (Abel–Jacobi maps). Let AJét and AJét,m denote the edge maps

AJét : Hi
ét (X,F )0 → H1

(
E,Hi−1

ét

(
X,F

))
AJét,m : Hi

ét (X,F )m,0 → H1
(
E,Hi−1

ét

(
X,F

))
m
→ H1

(
E,Hi−1

ét

(
X,F

)
m

)
(2.3.6)

arising from the Hochschild–Serre and localised Hochschild–Serre spectral sequences respec-

tively, where the last map in (2.3.6) is the natural one.

The Abel–Jacobi maps satisfy certain compatibility properties with respect to the scheme

and the sheaf. To be able to formulate this precisely, we introduce the following definition:

Definition 2.3.7. Let π : Y → X be a finite étale morphism of finite-type schemes over

SpecE and let T = (X ′, f, g, φ) and U = (Y ′, a, b, ψ) be correspondences in ÉtCor(X,F )

and ÉtCor(Y, π∗F ) respectively. We say that T and U are compatible under π if there exists

a finite étale morphism σ : Y ′ → X ′ such that the diagram

Y Y ′ Y

X X ′ X

π σ

a b

π

f g

is commutative with Cartesian squares, and ψ = σ∗φ. If this is the case, we write U = π∗T . A

lengthy computation involving several Cartesian squares shows that this property is preserved

under composition, i.e. if U1 = π∗T1 and U2 = π∗T2 then U2 ◦ U1 = π∗(T2 ◦ T1).
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If F : N → ÉtCor(X,F ) and G : N → ÉtCor(Y, π∗F ) are monoidal functors, then we

say that F and G are compatible under π if G(n) = π∗F (n) for all n ∈ N. By compatibility

with composition, this is equivalent to requiring G(1) = π∗F (1).

Proposition 2.3.8. Suppose that π : Y → X is a finite étale morphism of finite-type schemes

over SpecE and F is a lisse étale Λ-sheaf on X.

1. Suppose T and U are correspondences in ÉtCor(X,F ) and ÉtCor(Y, π∗F ) respectively,

which are compatible under π. Then

π∗ ◦ T = U ◦ π∗ π∗ ◦ U = T ◦ π∗

where, as usual, T and U denote the induced endomorphisms on cohomology.

2. Suppose that F : N→ ÉtCor(X,F ) and G : N→ ÉtCor(Y, π∗F ) are monoidal functors

which are compatible under π. Let m ⊂ R = Λ[N] be a prime ideal. Then we have:

π∗ ◦ AJét,m = AJét,m ◦ π∗ π∗ ◦ AJét,m = AJét,m ◦ π∗

where pullbacks/pushforwards induce maps between the localisations (...)m by part (1).

Proof. Throughout the course of this proof, we will continually use the fact that pullbacks

and pushforwards commute for Cartesian squares of finite étale morphisms. For the first

part, write T = (X ′, f, g, φ) and U = (Y ′, a, b, ψ) and recall that the endomorphisms T and

U are given by the formulae T = g∗ ◦ φ ◦ f ∗ and U = b∗ ◦ ψ ◦ a∗. Then

π∗ ◦ T = π∗ ◦ g∗ ◦ φ ◦ f ∗ = b∗ ◦ σ∗ ◦ φ ◦ f ∗ = b∗ ◦ ψ ◦ σ∗ ◦ f ∗ = b∗ ◦ ψ ◦ a∗ ◦ π∗ = U ◦ π∗

where we have used that ψ is the pullback of φ along σ. The proof for pushforwards is

similar.

The second part follows from the functoriality properties in Proposition 2.3.2 and the

fact that π∗ and π∗ are R-linear, by part (1).

2.4 Cohomology functors

In [Loe19], a class of functors on subgroups of locally profinite groups is defined in an abstract

setting that captures the key properties of the cohomology of locally symmetric spaces. In

this section, we study these functors in more detail, and develop some machinery that will

be useful later on.
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2.4.1 Generalities

Let G be a locally profinite topological group, Σ ⊂ G an open submonoid and let Υ be a

collection of compact open subgroups of G contained in Σ. We will impose the following

conditions on (G,Σ,Υ)

(T1) For all g ∈ Σ ∪ Σ−1 and K ∈ Υ, gKg−1 ⊂ Σ implies gKg−1 ∈ Υ.

(T2) For all K ∈ Υ, Υ contains a topological basis of open normal subgroups of K.

(T3) For all K,L ∈ Υ and g ∈ Σ ∪ Σ−1, we have K ∩ gLg−1 ∈ Υ.

To such a triplet, we associate a category of compact opens P(G,Σ,Υ) whose objects are

elements of Υ and whose morphisms are given by

HomP(G,Σ,Υ)(L,K) :=
{
g ∈ Σ| g−1Lg ⊂ K

}
for L,K ∈ Υ, with compositions given by (L

g−→ K)◦ (L′
h−→ L) = (L′

hg−→ K). We will denote

a morphism (L
g−→ K) by [g]L,K ; if we have L ⊂ K and g = 1, we shall also denote the

corresponding morphism by prL,K . If no confusion can arise, we will suppress the subscripts

from these morphisms. Omission of Υ from the triplet (G,Σ,Υ) will mean that we take all

compact open subgroups of Σ, and omission of Σ means Σ = G.

Definition 2.4.1. A cohomology functor M on a triplet (G,Σ,Υ) as above and valued in

R-Mod for a commutative ring R is a pair of covariant functors

M∗ : P(G,Σ,Υ)op → R-Mod M∗ : P(G,Σ−1,Υ)→ R-Mod

satisfying the following:

(C1) M∗(K) = M∗(K) for all K ∈ Υ. We denote this common value by M(K).

(C2) If φ is a morphism then we set φ∗ = M∗(φ) and φ∗ = M∗(φ). We require that

[g]∗L,K = [g−1]K,L,∗ ∈ Hom(M(K),M(L))

for all g ∈ Σ and L,K ∈ Υ satisfying g−1Lg = K.

(C3) [γ]K,K,∗ = id for all γ ∈ K and K ∈ Υ.

We will denote the cohomology functor as M : (G,Σ,Υ) → R-Mod, and sometimes abu-

sively as M : PG → R-Mod if the categories of compact opens are clear from context.
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Our cohomology functors will often be enhanced with the following additional axioms.

Definition 2.4.2. Let M : (G,Σ,Υ)→ R-Mod be a cohomology functor.

(G) We say M is Galois if for all K,L ∈ Υ with L / K,

pr∗L,K : M(K)
∼−→M(L)K/L

where the (left) action of γ ∈ K/L on x ∈M(L) is via x 7→ [γ]∗L,L(x).

(Co) We say that M is a covering functor if for all L,K ∈ Υ, L ⊂ K,

(L
pr−→ K)∗ ◦ (L

pr−→ K)∗ = (K
[K:L]−−−→ K)

i.e. the composition is multiplication by the index [K : L] on M(K).

(M) We say M is Cartesian if for all K,L, L′ ∈ Υ with L,L′ ⊂ K, we have a commutative

diagram

⊕
γM(Lγ) M(L)

M(L′) M(K)

∑
pr∗

pr∗

∑
γ∗ pr∗

where the direct sum in the top left corner is over a fixed choice of coset representa-

tives γ ∈ L\K/L′ and Lγ = γL′γ−1 ∩ L ∈ Υ. This condition is independent of the

representatives, since if γ are replaced with γ′ = δγδ′ for δ ∈ L, δ′ ∈ L′, Lγ is replaced

with Lγ′ = δLγδ
−1, and

(Lγ
pr−→ L)∗ ◦ (Lγ

γ−→ L)∗ = (Lγ′
pr−→ L)∗ ◦ (Lγ′

γ′−→ L)∗

If M satisfies both (M) and (Co), we will say that M is CoMack. It is easily seen that if M

is CoMack and R is a Q-algebra, then M is Galois.

Remark 2.4.3. If one takes Υ to be all compact opens in Σ, then one obtains the definition

of a cohomology functor given in [Loe19]. The addition of Υ is made since we only want

to vary over sufficiently small compact open subgroups of G(Af ) for a reductive group G

(Definition 3.1.4), and the conditions (T1)–(T3) on Υ are included so that taking products is

well-behaved. Axiom (G) is inspired by Galois descent in étale cohomology and axiom (Co)

reflects the corresponding property for covering maps in étale cohomology [AGV73, Tome 3,
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Expose IX, §5]. Axiom (M) is based on Mackey’s decomposition formula, e.g. see [Dre73]. In

[Loe19], this property was named Cartesian after the Cartesian condition for proper/smooth

base change in étale cohomology. The terminology ‘CoMack’ is standard, e.g. see [TW95].

Example 2.4.1. Let X be a set with a right action of Σ, and Υ any collection as above. Let

M(K) = C∞c (X/K;R) be the set of all functions ζ : X → R which factor through X/K and

are non-zero only on finitely many orbits. For g ∈ Σ, we denote by g ? ζ the composition

X
g−→ X

ζ−→ R, which gives a left action on the set of functions from X to R. Then, for

elements σ, τ−1 ∈ Σ and morphisms σ : L→ K, τ : L′ → K ′, we set

[σ]∗ : M(K)→M(L) ζ 7→ σ ? ζ

[τ ]∗ : M(L′)→M(K ′) ζ 7→
∑
γ

(
γτ−1

)
? ζ

where the sum runs over representatives in K ′ of the coset space K ′/(τ−1L′τ). Then M is

CoMack.

Example 2.4.2. The prototypical example of a cohomology functor for us will be the co-

homology of Shimura–Deligne varieties with coefficients in an equivariant étale sheaf (c.f.

Propositions 3.2.5 and 3.2.8).

2.4.2 Completions

Let M : (G,Σ,Υ) → R-Mod be a cohomology functor. For any compact subgroup C ⊂ Σ

of G, we can define two completions

M(C) = lim−→
K⊃C

M(K), MIw(C) = lim←−
K⊃C

M(K)

where the limits are taken with respect to the morphisms pr∗ and pr∗ respectively over all

K ∈ Υ containing C. We call these the inductive and Iwasawa completions respectively.

When C = {1}, we also denote the inductive completion by M̂ . We denote by jK : M(K)→
M(C) the natural map. If C is central (i.e. contained in the center of Σ), the space M(C)

naturally carries a smooth action of Σ as follows. For an element g ∈ Σ and x ∈ M(C),

choose a compact open K ∈ Υ such that there exists xK ∈ M(K) with jK(xK) = x. By

replacing K with a subgroup of K∩g−1Kg contained in Υ, we may assume that gKg−1 ∈ Υ.

We then define g · x to be the image of xK under the composition

M(K)
[g]∗−−→M(gKg−1)→M(C).
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It is a routine check that this is well-defined, and the action is smooth by property (C3) in

Definition 2.4.1.

Lemma 2.4.4. Suppose M is a Galois functor, C is central. Then jK : M(K)
∼−→ M(C)K

for any K ⊃ C and K ∈ Υ. In particular, if we choose a left invariant Haar measure on

G giving K measure one and Σ = G, then M(K) is a (left) module over the Hecke algebra

H(K\G/K) with the action of the Hecke operator ch(KσK) on x ∈ M(K) ↪→ M(C) given

by

ch(KσK) · x =
∑

α∈KσK/K

α · jK(x)

Proof. Let x ∈ M(C)K . Then x is in the image of the map jL for some L ∈ Υ such that

L / K and L ⊃ C. This implies that

x ∈M(L)K/L
∼←−M(K)

by (G). The explicit action of the Hecke operator can then be read off via the integral in

[BH06, Eqn 4.2.2].

2.4.3 Hecke correspondences

Let M : (G,Σ,Υ)→ R-Mod be a cohomology functor. For every K,K ′ ∈ Υ and σ ∈ Σ, we

have a diagram

K ∩ σ−1K ′σ σKσ−1 ∩K ′

K K ′

pr

[σ]

pr

This induces a map

[K ′σK] : M(K)
pr∗−−→M(K ∩ σ−1K ′σ)

[σ]∗−−→M(σKσ−1 ∩K ′) pr∗−−→M(K ′)

which we refer to as the Hecke correspondence induced by σ. It is straightforward to verify

that [K ′σK] only depends on the double coset K ′σK.

Lemma 2.4.5. Suppose that M : (G,Σ,Υ)→ R-Mod is Cartesian. Let K,K ′, K ′′ ∈ Υ and

σ, τ ∈ Σ.

(a) If we write K ′σK = t αK. then we have

jK′ ◦ [K ′σK] =
∑

α · jK .
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(b) The composition jK′′ ◦ [K ′′τK ′] ◦ [K ′σK] is given by the convolution product of double

cosets, i.e. if we write K ′σK = t αK and K ′′τK ′ = t βK ′ then

jK′′ ◦ [K ′′τK ′] ◦ [K ′σK] =
∑

(βα) · jK .

(c) Moreover, if M is Galois, Σ = G and a left invariant Haar measure on G is chosen

giving K measure 1, then the actions on M(K) of the correspondence [KσK] and the

operator ch(KσK) defined in the previous subsection agree.

Proof. Let L′ := σKσ−1 ∩K ′ which is an element of Υ. We can (and do) choose a compact

open subgroup L ∈ Υ satisfying L / K ′ and L ⊂ L′, and let {γ}γ∈I denote any set of

representatives in K ′ of the coset space K ′/L′ = L\K ′/L′; for any such γ we set Lγ =

γL′γ−1 ∩ L = L. By the Cartesian property, we obtain the following commutative diagram⊕
γM(L) M(L)

M(K) M(L′) M(K ′)

∑
pr∗

[σ]∗

[K′σK]

pr∗

∑
[γ]∗ pr∗

which implies that pr∗L,K′ ◦ [K ′σK] =
∑

γ[γσ]∗. It is then easily verified that γσ are distinct

representatives of K ′σK/K, and that the action so defined is independent of the choice of

representatives. This completes the proof of part (a). For (b), we note that the composition

of the Hecke correspondences in the limit is given by

M(K) M(L) M(J)
∑

[α]∗
∑

[β]∗

where J ∈ Υ is such that J / K ′′ and J ⊂ τLτ−1. Part (c) is immediate.

The next lemma is a useful criterion for when two Hecke correspondences commute with

each other.

Lemma 2.4.6. For i = 1, 2 set Pi = P(Gi,Σi,Υi) and P = P(G,Σ,Υ) = P1 × P2. Let

M : P → R-Mod be a Cartesian cohomology functor, and take

• σ ∈ Σ2

• J ∈ Υ2

• K = K1 × J and L = L1 × J both elements in Υ
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• g = (g1, 1) : L→ K a morphism in P.

Then we have

[g]∗ ◦ [KσK] = [LσL] ◦ [g]∗.

A similar result holds for pushforwards.

Proof. Let Kg = gKg−1. Then we have g(σKσ−1 ∩ K)g−1 = σKgσ−1 ∩ Kg. It suffices to

prove that

M(σLσ−1 ∩ L) M(L)

M(σKgσ−1 ∩Kg) M(Kg)

pr∗

pr∗

pr∗

pr∗

But this is immediate from the Cartesian property since

L\Kg/(σKgσ−1 ∩Kg) = (L1 × J)\(Kg1

1 × J)/Kg1

1 × (σJσ−1 ∩ J) = {idK}

and L ∩ (σKgσ−1 ∩Kg) = σLσ−1 ∩ L.

2.4.4 Pushforwards between cohomology functors

Let ι : H ↪→ G be a closed subgroup, and suppose that MH ,MG are cohomology functors for

the triplets (H,ΣH ,ΥH) and (G,ΣG,ΥG) respectively. We require ι(ΣH) ⊂ ΣG and that for

all U ∈ ΥH , K ∈ ΥG, we have U ∩ K ∈ ΥH . We say that an element (U,K) ∈ ΥH × ΥG

forms a compatible pair if U ⊂ K. A morphism of compatible pairs (V, L) → (U,K) is a

pair of morphisms [h] : V → U , [h] : L→ K for h ∈ ΣH .

Definition 2.4.7. A pushforward ι∗ : MH →MG is a collection of maps MH(U)→MG(K)

for all compatible pairs (U,K), which commute with the pushforward maps induced by

morphisms of compatible pairs coming from Σ−1
H . A Cartesian pushforward ι∗ : MH → MG

is a pushforward such that for all U ∈ ΥH , L,K ∈ ΥG and U,L ⊂ K, we have a commutative

diagram ⊕
γMH(Uγ) MG(L)

MH(U) MG(K)

∑
[γ]∗

∑
pr∗

ι∗

pr∗

where γ ∈ U\K/L is a fixed set of representatives, Uγ = γLγ−1 ∩ U and [γ]∗ : MH(Uγ) →
MG(L) is the composition MH(Uγ)→MG(γLγ−1) −→MG(L).
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Remark 2.4.8. When G = H and ι∗ = pr∗, one recovers the conditions for MG to be

Cartesian. We point out that what we refer to as a Cartesian pushforward here is simply

called a pushforward in [Loe19].

Assume for the rest of this section that H is unimodular, P(H,ΣH ,ΥH), P(G,ΣG,ΥG)

are categories of compact opens with ΣH = H, ΣG = G and R is a Q-algebra. We fix left

invariant Haar measures dh, dg on H, G respectively that take values in Q on the respective

compact opens, and denote by Vol(−) the volume of the corresponding compact opens. We

consider H(G,R) as an algebra under the usual convolution product ∗ (see [BH06, §1.4.1])

and a left representation of G with g ∈ G acting on ξ ∈ H(G,R) via ρg(ξ) : x 7→ ξ(xg). The

action ρ of G induces an action of the Hecke algebra on itself [BH06, 1.4.2], which we denote

by ξ ∗ρ ζ for ξ ∈ H(G,R) (considered as a ring element) and ζ ∈ H(G,R) (considered as a

module element). Finally, for ξ ∈ H(G,R), we let ξt denote its transpose x 7→ ξ(x−1).

Definition 2.4.9. Given smooth representations τ of H, σ of G and C a central compact

subgroup of G which acts trivially on σ, we consider τ ⊗H(G,R)C and σ smooth represen-

tations of H ×G by the following extended action.

• (h, g) ∈ H ×G acts on x⊗ ξ ∈ τ ⊗H(G,R)C via x⊗ ξ 7→ hx⊗ ξ(h−1(−)g).

• H ×G acts on σ via projection to G which acts via its natural action.

An intertwining map Z : τ ⊗H(G,R)C → σ is just a morphism of H ×G representations.

Lemma 2.4.10. Let τ, σ and Z be as above.

(a) For all x ∈ τ , ξ1, ξ2 ∈ H(G,R)C,

Z(x⊗ ξ1 ∗ ξ2) = ξt2 · Z(x⊗ ξ1).

(b) (Frobenius Reciprocity) Let σ∨ denote the smooth dual of σ and denote by 〈·, ·〉 : σ∨ ×
σ → R the induced pairing. Consider τ ⊗ σ∨ as a smooth H-representation via h ·
(x ⊗ ϕ) = h · x ⊗ ι(h)ϕ for h ∈ H, x ∈ τ , ϕ ∈ σ∨. There is a unique element

z ∈ HomH(τ ⊗ σ∨, R) (depending on the choice of dg) such that

〈ϕ,Z(x⊗ ξ)〉 = z(x⊗ ξ · ϕ)

for all ϕ ∈ σ∨, x ∈ τ , ξ ∈ H(G,R)C.

Proof. For (a), note that the G-equivariance of Z tells us that Z(x⊗ (ξt2 ∗ρ ξ1)) = ξt2 ·Z(x⊗ξ1)

[BH06, Proposition 1, p.35]. Since ξ1 ∗ ξ2 = ξt2 ∗ρ ξ1, we have the first claim.

38



(b) Given x ∈ τ , ϕ ∈ σ∨, choose a compact open K ⊃ C such that the idempotent eK =

Vol(K; dg)−1ch(K) ∈ H(G,R)C fixes ϕ, and set z(x⊗ϕ) := 〈ϕ,Z(x⊗eK)〉. It is easily verified

that z is well-defined, satisfies the property claimed above and is uniquely determined by its

properties.

We now construct a “completed pushforward” from a given pushforward MH → MG

i.e. an intertwining map of H × G representations as above. This is a straightforward

generalisation of the “Lemma–Eisenstein” map in [LSZ17, Lemma 8.2.1].

Proposition 2.4.11 (Completed Pushforward). Suppose MH , MG are cohomology func-

tors with MH satisfying (Co), MG satisfying (M). Consider M̂H ⊗ H(G,R)C and MG(C)

as smooth H × G representations via the extended action. Then for any pushforward ι∗ :

MH → MG, there is a unique (depending on the choice of dh) intertwining map of H × G
representations

ι̂∗ : M̂H ⊗H(G,R)C →MG(C)

satisfying the following compatibility condition: for all compatible pairs (U,K) ∈ ΥH × ΥG

with K ⊃ C, x ∈ MH(U), y ∈ MG(K) such that ι∗(x) = y, we have ι̂∗(jU(x) ⊗ ch(K)) =

Vol(U) · jK(y).

Proof. We first assume that C = {1}. Elements of M̂H ⊗ H(G,R) are spanned by pure

tensors of the form x ⊗ ch(gK) for x ∈ M̂H , g ∈ G and K ∈ ΥG. Indeed, for any compact

open subgroup K of G, there exists a compact open subgroup such that K ′ ⊂ K and K ′ ∈ Υ,

because we require that Υ contains a basis of the identity. We will define the map on these

pure tensors and extend linearly.

Choose a compact open subgroup U ∈ ΥH such that U fixes x, U ⊂ gKg−1 ∩H, and let

xU ∈ MH(U) be an element that maps to x under jU . Then, we define ι̂∗ (x⊗ ch(gK)) to

be the image of Vol(U)xU under the composition

MH(U)
ι∗−→MG(gKg−1)

[g]∗−−→MG(K)
jK−→ M̂G

To see that this is independent of the choice of xU (and U), assume that U is replaced by

another open compact subgroup V and xU by xV ∈ MH(V ). We can then choose an even

smaller compact open V ′ ∈ ΥH , V ′ ⊂ U ∩ V such that xU , xV 7→ xV ′ under pullbacks, and

we may therefore assume that V ⊂ U , and xU 7→ xV under pr∗V,U . Since MH is a covering

functor, xV 7→ [U : V ]xU under prV,U,∗. Hence both Vol(U)xU and Vol(V )xV map to the

same element in M̂G.
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It remains to show that the various relations among elements of H(G,R) do not give

conflicting images on the sums of these simple tensors. To this end, let L,K ∈ ΥG such that

L is a normal subgroup of K. We want to verify that

ι̂∗(x⊗ ch(K)) =
∑
γ∈K/L

ι̂∗(x⊗ ch(γL)).

The general case for two different representations of ξ ∈ H(G,R) as sums of characteristic

functions of left cosets can be reduced to this case by successively choosing normal subgroups

for pairs and twisting by the action of G, by establishing G-equivariance of such a (a priori

hypothetical) map first.

Choose U ∈ ΥH such that U fixes x and U ⊂ L∩H. Note that as L/K, γLγ−1∩H = L∩H
for any γ ∈ K. As before, let xU ∈MH(U) be an element mapping to x. By definition

ι̂∗(x⊗ ch(K)) = jK ◦ ιU,K,∗(Vol(U)xU), ι̂∗(x⊗ ch(γL)) = jL ◦ [γ]∗ ◦ ιU,L,∗(Vol(U)xU).

As jK = jL ◦ pr∗L,K , it suffices to prove that

pr∗L,K ◦ ιU,K,∗ =
∑
γ

[γ]∗ ◦ ιU,L,∗ =
∑
γ

[γ]∗ ◦ ιU,L,∗.

as maps MH(U) → MG(L), where the last equality follows from the fact that L is normal

in K, so we can replace the set of representatives by their inverses. This equality is then

justified by replacing ιU,K,∗ = prL,K,∗ ◦ ιU,L,∗ and invoking the axiom (M) for MG. Therefore,

ι̂∗ is well-defined.

We now check that ι̂∗ is H ×G equivariant with the said actions: let

(h, g) ∈ H ×G, v = x⊗ ch(g1K) ∈ M̂H ⊗H(G,R).

Then,

(h, g) · v = hx⊗ ch(hg′K ′)

where g′ = g1g
−1, K ′ = gKg−1. Choose U ∈ ΥH such that U fixes x, U ⊂ g1Kg

−1
1 ∩H and

xU ∈ MH(U) that maps to x. Then, hUh−1 ⊂ hg1K(hg1)−1 ∩ H = hg′K ′(hg′)−1 ∩ H, and

[h]∗xU ∈MH(hUh−1) maps to hx. Since [h]∗ = [h−1]∗, we obtain a commutative diagram

MH(U) MG(g1Kg
−1
1 )

MH(hUh−1) MG(hg′K ′(hg′)−1)

ι∗

[h]∗ [h]∗

ι∗
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Now,

(h, g) · ι̂∗(v) = Vol(U) · [g · (jK ◦ [g1]∗ ◦ ι∗(xU))]

ι̂∗((h, g) · v) = Vol(hUh−1) · (jK′ ◦ [hg′]∗ ◦ ι∗([h]∗xU)) .

As H is unimodular, Vol(U) = Vol(hUh−1) and it therefore suffices to verify that [g−1]∗ ◦
[g1]∗ ◦ ι∗(xU) = [hg′]∗ ◦ ι∗([h]∗xU) as elements of MG(K ′). But this follows immediately from

the commutativity of the above diagram and the composition law [hg]∗ = [g]∗[h]∗. This

finishes the checking of equivariance. The statement involving C is obtained by taking C

invariants on both sides, and noticing that the map factors through M(C) ⊂ M̂C . It is

easily seen that this map is uniquely determined with the prescribed actions of H ×G and

the compatibility condition with ι∗.

Ideally one would like an integral version of the above proposition but such a map doesn’t

exist in general due to the presence of the volume factors in the definition. It is however

possible to relate the pushforward map on finite level to an integral version, as follows.

Let O be an integral domain with field of fractions Φ, and let MO and MΦ be cohomology

functors for (G,Σ,Υ) valued inO and Φ respectively. We say that MO and MΦ are compatible

under base change if there exists a collection of O-linear maps MO(K)→MΦ(K) which are

natural in K and commute with pullbacks and pushforwards.

Let ι : H ↪→ G be as above, and let (MH,O,MH,Φ) and (MG,O,MG,Φ) be pairs of compatible

cohomology functors. Suppose that we have a pushforward ι∗ : MH,Φ → MG,Φ that restricts

to a pushforward MH,O →MG,O. Then we obtain the following corollary.

Corollary 2.4.12. Let ΣG = G and ΣH = H. Keeping with the same notation as above, let

U ∈ P(H,ΣH ,ΥH) and K ∈ P(G,ΣG,ΥG) be compact open subgroups, and suppose that we

have an element g ∈ G such that U ⊂ gKg−1 ∩H. Then we have a commutative diagram:

M̂H,Φ M̂G,Φ

MH,O(U) MG,O(gKg−1) MG,O(K)

x 7→ι̂∗(x⊗ch(gK))

jU

ι∗ [g]∗

Vol(U)·jK
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Chapter 3

Unitary Shimura varieties

In the first part of this chapter, we introduce the general theory of Shimura–Deligne varieties.

Typically when considering Shimura varieties, one assumes that the real points of the adjoint

group has no Q-simple factors that are R-anisotropic (this is often referred to as axiom

(SV3)). This axiom is used when one wants to describe the connected components of the

Shimura variety in terms of a double coset space involving the maximal abelian quotient of

the reductive group. Unfortunately this axiom is not satisfied for general PEL-type data (for

example PEL data whose associated algebraic group is the product of two definite unitary

groups, both of dimension > 1), but the main properties of Shimura varieties still hold in

its absence. Therefore, we have extended the definition of a Shimura variety to that of a

Shimura–Deligne variety, and included justifications for these main properties in §3.1. All of

the proofs in this section follow their analogous version for Shimura varieties, and we do not

claim any originality here. This general theory will be applied to certain unitary PEL-type

Shimura–Deligne varieties in §3.3.

After discussing the formalism of Shimura–Deligne varieties, we describe how one can

associate equivariant étale sheaves to algebraic representations for these varieties, again

following the usual construction for Shimura varieties. It turns out that the cohomology

of these local systems gives rise to a Cartesian cohomology functor (under some additional

assumptions). We also discuss functoriality with respect to the Shimura–Deligne datum.

Finally, we introduce the unitary groups and unitary Shimura varieties that will be used

throughout the first part of this thesis, and discuss “branching laws” for algebraic represen-

tations of unitary groups at the prime p. We end by introducing the relevant cohomology

functors needed for the Euler system construction.
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3.1 Shimura–Deligne varieties

In this section we describe the general set-up for Shimura–Deligne varieties. Contrary to our

fixed notation in §2.1, in this section only, E can denote a general number field. We first

start by fixing some conventions.

Convention. Let S := ResC/R Gm denote the Deligne torus. We define the weight homo-

morphism w : Gm,R → S to be the map induced from the inverse of the inclusion R× ↪→ C×.

This agrees with the convention in [Del71] but is opposite to [Pin88].

We fix the identification SC ∼= Gm × Gm such that the inclusion S(R) → S(C) is given

by z 7→ (z, z), and we take µ : Gm,C → SC to be the cocharacter z 7→ (z, 1). For an algebraic

group G, we denote by ZG its centre, Gder its derived group, and Gad its quotient by ZG.

A superscript “+” (e.g. G(R)+) denotes the connected component of the identity in the

analytic topology.

3.1.1 Shimura–Deligne datum

Definition 3.1.1. A Shimura–Deligne datum is a pair (G, X) consisting of a connected

reductive algebraic group G over Q and a G(R)-conjugacy class X of homomorphisms

h : S→ GR satisfying

(SD1) For all h ∈ X, the Hodge bigrading of the complex vector space Lie(G)C under the

adjoint action of SC is of type {(−1, 1), (0, 0), (1,−1)}. In particular, the cocharacter

h ◦ w : Gm → GR is central and independent of h.

(SD2) For any h ∈ X, ad
(
h(
√
−1)

)
: GR → GR (which is an involution by (SD1)) is a Cartan

involution of Gder
R , i.e. the real Lie group

{
g ∈ Gder(C) |h(

√
−1)gh(

√
−1)−1 = g

}
is compact.

A morphism (G1, X1)→ (G2, X2) of Shimura–Deligne data is a homomorphism u : G1 → G2

such that u(X1) ⊂ X2. We say that such a morphism is injective if u is.

Remark 3.1.2. These are the axioms (1.5.1), (1.5.2), (1.5.3) of [Del71], or (2.1.1.1), (2.1.1.2)

of [Del79]. We have borrowed the above terminology from [GN09].

Remark 3.1.3. It suffices to verify the axiom for one h ∈ X, and we may write (G, h) for the

Shimura–Deligne datum. Notice also that since Gder → Gad is a (central) isogeny, (SD2) is

equivalent to requiring that ad
(
h(
√
−1)

)
induces a Cartan involution of Gad

R .
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Fix h0 ∈ X and let K∞ be the centraliser of h0 in G(R), so that X = G(R)/K∞. Then

K∞ contains the centre of G(R) and Lie(K∞)C coincides with Lie(G)(0,0). Since h0(
√
−1)

acts as −1 on Lie(G)/Lie(K∞), we see that h0 is central if and only if h0(
√
−1) is. Since

Cartan involutions are unique up to conjugacy, this is equivalent to Gder(R) being compact.

Such a pair will be referred to as a trivial Shimura–Deligne datum.

Let X0 be the connected component of X containing h0. By [Del79, Corollary 1.1.17], X0

is either a singleton (which happens if and only if (G, h0) is trivial) or a Hermitian symmetric

domain. More precisely, if Gad
R = G1 × . . .Gk is the decomposition into R-simple factors,

then X0 = X1 × · · · × Xk where each Xi is a quotient of Gi(R)+ by a maximal compact

subgroup.

Definition 3.1.4 ([Pin88, §0.1]). Let g ∈ G(Af ) and let (gp)p ∈ G(Af ) denote its image

under some faithful representation G ↪→ GLn,Q. We say that g is neat if⋂
p

(
Q× ∩ Γp

)
tors

= {1}

where Γp is the subgroup of Q×p generated by the eigenvalues of gp (and the intersection is

independent of the embedding Q ↪→ Qp). A compact open subgroup K ⊂ G(Af ) is said to

be neat or sufficiently small if all of its elements are neat. In this case, Γ := K ∩G(Q) is

a neat subgroup in the sense that, for every g ∈ Γ, the subgroup of Q× generated by the

eigenvalues of g is torsion-free. In particular, Γ is torsion-free.

Definition 3.1.5. Given a Shimura–Deligne datum (G, X), and a compact open subgroup

K ⊂ G(Af ), we define the Shimura–Deligne variety to be the double quotient

G(Q)\[X × (G(Af )/K)]

which we denote by ShG(X,K)(C) or just ShG(K)(C).

For a neat compact open subgroup K ⊂ G(Af ), arguing as in [Lan12, §2.5] (or [GN09,

Lemma 4.6.1]), ShG(K)(C) is a disjoint union of quotients of Hermitian symmetric do-

mains/finite discrete sets by torsion-free arithmetic subgroups, and therefore are the com-

plex points of a normal quasi-projective C-variety ShG(K)C by the theorem of Baily–Borel.

By [Pin88, Proposition 3.3(b)], these varieties are also smooth. As K gets smaller, these

varieties form a projective system whose limit is a quasi-compact separated scheme carrying

a continuous action of G(Af ) [Del71, §1.8]. We shall denote this scheme by ShG(X)C or just

ShG,C.
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Let u : (G1, X1) → (G2, X2) be a morphism of Shimura–Deligne data. For compact

open subgroups Ki ⊂ Gi(Af ) such that u(K1) ⊂ K2, we have an induced C-morphism

of corresponding C-varieties by Borel’s Theorem (see [Del71, §1.14]). If one starts with a

closed immersion of reductive groups, this morphism is finite unramified for sufficiently small

compatible compact opens, and factors as a composition of a closed immersion followed by

a finite étale morphism [Del71, Proposition 1.15].

Definition 3.1.6. Let (G, X) be a Shimura–Deligne datum. In addition to the axioms

introduced in Definition 3.1.1, some additional axioms are often imposed which we list here:

(SD3) Gad(R) has no Q-simple factors that are R-anisotropic.

(SD4) The weight morphism wX := h ◦ w : Gm,R → GR, a priori defined over R, is defined

over Q.

(SD5) ZG(Q) is discrete in ZG(Af ).

Remark 3.1.7. When (G, X) satisfies (SD3), we arrive at the common definition of Shimura

datum in the literature. We note that (SD5) is equivalent to the statement that the maximal

anisotropic Q-subtorus of ZG remains anisotropic (equivalently, compact) over R, i.e. ZG

is an almost direct product of a split and a compact type torus over Q [Mil03, Theorem

5.36]. (SD5) implies (SD4) (see [Pin92, 5.4]) and is therefore a practical means to check the

latter. Axiom (SD5) also implies that the (right) action of any sufficiently small compact

open K ⊂ G(Af ) on the quotient G(Q)\[X ×G(Af )] is free.

One particularly useful application of (SD5) is the following:

Lemma 3.1.8. Let (G, XG) be a Shimura–Deligne datum which satisfies (SD5). Let L ⊂
K ⊂ G(Af ) be sufficiently small compact open subgroups (Definition 3.1.4) such that L is

normal in K. Then the map of C-varieties

ShG(L)C � ShG(K)C

is Galois with Galois group K/L.

Proof. By [Mil03, Theorem 5.28] and axiom (SD5), one has

S := ShG(C) = G(Q)\XG ×G(Af )

and ShG(L)(C) = S/L, ShG(K)(C) = S/K. Since K is sufficiently small, the action of K

on S is free. Indeed, the stabiliser StabK(s) of a point s ∈ S under the action of K, satisfies

g StabK(s)g−1 = StabG(R)(x) ∩G(Q) ∩ gKg−1
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where we have written s = [x, g] for x ∈ XG and g ∈ G(Af ). Since StabG(R)(x) is

compact-modulo-centre and Γ := G(Q) ∩ gKg−1 is a discrete subgroup of G(R), for any

γ ∈ g StabK(s)g−1 there exists an integer n > 0 such that

γn ∈ ZG(R) ∩ Γ = ZG(Q) ∩ Γ ⊂ ZG(Q) ∩ gKg−1.

Since ZG(Q) is discrete in ZG(Af ) this implies that ZG(Q) ∩ gKg−1 is finite, and so every

element of g StabK(s)g−1 has finite-order. But K is neat, so Γ is torsion-free, which implies

that g StabK(s)g−1 (and hence StabK(s)) must be trivial.

Similarly, the action of L on S is free. This implies that the map S/L � S/K is Galois

and has degree [K : L] as required.

3.1.2 Canonical models

In this subsection, we describe criteria for when ShG(K)C has a canonical model over a

number field.

Let G be a reductive Q-group. For any Q-algebra R, the group G(R) acts on the left on

the space HomR(Gm,R,GR) of algebraic group homomorphisms over R, by conjugation on

the target. Let Y = YG be the (fppf sheafification of) the functor

Q-algebras→ Sets R 7→ G(R)\HomR(Gm,R,GR).

If F/Q is a finite Galois extension over which G splits, then restricted to F -algebras, Y is

a constant functor, hence representable as
⊔

SpecF . By Galois descent, one sees that it is

representable by an étale Q-scheme.

Suppose moreover that (G, X) is Shimura–Deligne datum. The cocharacters hC◦µ : Gm,C →
GC for h ∈ X lie in the same G(C)-conjugacy class (as h lies in a single G(R)-conjugacy

class). Therefore, one obtains a geometric point µX ∈ Y (C) = Y (Q) ⊂ YQ.

Definition 3.1.9. The reflex field E(G, X) of a Shimura–Deligne datum (G, X) is the field

of definition of the point µX ∈ YG(Q).

For the notion of models of ShG,C over subfields E ⊂ C, we refer the reader to [Del71,

§3]. If a model exists, we denote it by ShG,E. As in [Pin88, §11.4], one can define a model

of ShG,C over its reflex field when G is a torus (and X = {h} is a singleton). Moreover, if

(G1, X1) → (G2, X2) is a morphism, then E(G1, X1) ⊃ E(G2, X2) because one obtains a

morphism YG1 → YG2 with µX1 mapping to µX2 . This motivates the following definition.
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Definition 3.1.10. A canonical model of ShG,C is a model ShG,E defined over the reflex

field E = E(G, X) such that for every Shimura–Deligne datum (T, X ′) with reflex field E ′,

where T is a torus, and any injective morphism (T, X ′)→ (G, X), the induced map

ShT,C → ShG,C

is the pullback of a morphism ShT,E′ → ShG,E ×SpecE SpecE ′.

We note several properties of canonical models, the proof of which follows the same

arguments as in the case of Shimura data (Shimura–Deligne data satisfying (SD3)). This is

discussed in greater detail in [GS20, Appendix B], where we verify that the same methods

apply in the absence of (SD3).

Theorem 3.1.11 (Functoriality). Let (G1, X1) → (G2, X2) be a morphism of Shimura–

Deligne data and, for i = 1, 2, let Ei be the reflex field of (Gi, Xi). Suppose ShGi,Ei is a

canonical model over Ei of ShGi,C. Then the morphism

ShG1,C → ShG2,C

is the pullback of a morphism ShG1,E1 → ShG2,E2 ×SpecE2 SpecE1.

Proof. This is [Del71, Corollary 5.4] whose proof relies on Proposition 5.2, 5.3, and Theorem

5.1 in op.cit. Proposition 5.2 of op.cit. holds in our case as we still have real approximation,

and Lemma 5.3 is a general fact about descent data of schemes (see the explanation in

[Pin88, Lemma 11.8] and the reference therein). The key input of Theorem 5.1 is that the

intersection of the reflex fields of tori admitting a map to (G1, X1) is E1 (without assuming

(SD3)), and a proof of this can be found in [GS20, Lemma B.10].

Corollary 3.1.12 (Uniqueness). Canonical models are unique up to a unique isomorphism.

Proof. If ShG,E and Sh′G,E are two canonical models over the reflex field E of a datum

(G, X), then the identity map on ShG,C is the pullback of a morphism Sh′G,E → ShG,E.

Corollary 3.1.13 (Existence criterion). Let (G, X) → (G′, X ′) be an injective morphism

of Shimura–Deligne data. If (G′, X ′) admits a canonical model, then so does (G, X).

Proof. This is [Del71, Corollary 5.7] and the proof carries over verbatim.

3.1.3 PEL-type Shimura–Deligne varieties

A particular case in which one can show the existence of a canonical model is when the

Shimura–Deligne variety represents a moduli problem of abelian varieties with extra struc-

ture, which we will now describe.
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For the notion of (semisimple) PEL-datum, we refer the reader to [Tor19, Definition 7.2].

Here, we simply recall that a PEL datum is a tuple (B, ∗, V, 〈·, ·〉, h) where

• B is a finite-dimensional semisimple Q-algebra

• ∗ is a positive anti-involution of B

• V is a finite-dimensional B-module

• 〈·, ·〉 : V × V → Q a non-degenerate alternating (i.e. skew Hermitian) pairing

• h : C→ EndBRVR is an R-algebra homomorphism

satisfying the conditions in loc.cit.. Given such a PEL datum as above, we can associate to

it an algebraic group G (over Q) whose R-points equal

G(R) =
{

AutBR(VR) | ∃µ(g) ∈ R× such that 〈gu, gv〉 = µ(g)〈u, v〉
}
.

The group G is reductive and µ : G→ Gm is a homomorphism, which we call the similitude

factor. We let G1 denote the kernel of µ. Then G1,R splits into a product of unitary (A),

symplectic (C) and orthogonal factors (D) [Tor19, Lemma 7.5 (i)]. In particular, if B is

simple then only one type can occur. The R-algebra homomorphism h : C → EndBR(VR)

gives rise to a morphism S→ GR, which we still denote by h.

Lemma 3.1.14. If G1 has no factors of type (D), then the pair (G, h) is a Shimura–Deligne

datum. In addition, it satisfies (SD4).

Proof. This is [Tor19, Lemma 7.5 (ii)], with the only modification being that we include

non-central factors of compact type. The second statement follows by Lemma 7.5 (iii) of

op.cit.

Definition 3.1.15. A PEL-type Shimura–Deligne datum is a pair (G, h) that arises from a

choice of a PEL datum with no orthogonal factors as above.

To any PEL-datum as above, any compact open subgroup K ⊂ G(Af ) and any suffi-

ciently large finite set of primes S of the reflex field E, we have an associated moduli problem

MK,OE,S over SpecOE,S which classifies abelian varieties with corresponding PEL structure

as in [Lan12, §1.2]. If K is neat, thenMK,OE,S is representable by a smooth quasi-projective

scheme.

Remark 3.1.16. Here, we are assuming that such a rational PEL-datum arises from a choice

of integral PEL-datum as in [Lan12, §1.1]. For the moduli problem MK,E over the reflex

field, the choice of an integral PEL datum does not matter by Corollary 1.4.3.7 of [Lan13].
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Example 3.1.1 (Standard Siegel datum). We call a PEL-datum (B, ∗, V, 〈·, ·〉, h) with B = Q
and ∗ = identity a standard Siegel datum – in this case G ∼= GSp2n for some positive integer

n. The reason for this is that any such PEL datum is equivalent to the standard choice of

Siegel datum (see [Mil03, §6]). The associated pair (G, h) defines a Shimura–Deligne datum

(satisfying (SD3)) with reflex field Q, and ShG(K)C has a canonical model isomorphic to

MK,Q (see [Mil03, §14]).

Lemma 3.1.17. Let (G, X) be a PEL-type Shimura–Deligne datum arising from (B, ∗, V, 〈·, ·〉, h).

Set

ker1(Q,G) := ker

(
H1(Q,G)→

⊕
v≤∞

H1(Qv,G)

)
.

Then ker1(G,Q) is finite and classifies isomorphism classes of skew-Hermitian B-modules

(V ′, 〈·, ·〉′) such that the BA-module (V ′A, 〈·, ·〉′) is isomorphic to (VA, 〈·, ·〉).

Proof. That ker1(Q,G) is finite follows by [BS64, §7]. By [Mil17, Proposition 3.50], H1(Q,G)

(resp. H1(Qv,Gv)) classifies isomorphism classes of G-torsors over Q (resp. Gv torsors over

Qv), and so ker1(Q,G) classifies isomorphism classes of G torsors over Q that are locally

trivial. Now G-torsors are just symplectic B-modules V ′ that are isomorphic to V over

Q.

Proposition 3.1.18. Let (G, X) be a PEL-type Shimura–Deligne datum associated with the

tuple (B, ∗, V, 〈·, ·〉, h), and fix an integral PEL-datum satisfying [Lan12, Condition 1.2.5].

For any neat compact open subgroup K ⊂ G(Af ), one has an open and closed embedding of

C-varieties

ShG,C(K) ↪→MK,C. (3.1.19)

If the group G satisfies the Hasse principle, i.e. ker1(Q,G) = 0, then the embedding in

(3.1.19) is an isomorphism.

Proof. The embedding in (3.1.19) follows from [Lan12, Lemma 2.5.6] and the paragraph

following its proof. More precisely, it is shown that ShG(K)(C) is isomorphic to the locus

in MK(C) parameterising all PEL abelian varieties whose first (rational) homology is iso-

morphic to V (as polarised symplectic spaces with B-structure). Note that for any point in

MK(C), the first homology (over A) of the associated abelian variety is always isomorphic

to V ⊗Q A (as polarised symplectic spaces with B-structure), by definition, since (G, X) is

a PEL-type Shimura–Deligne datum associated with the tuple (B, ∗, V, 〈·, ·〉, h). So to show

(3.1.19) is an isomorphism, it is enough to show that there is a unique polarised symplectic

B-module W such that W ⊗Q A ∼= V ⊗Q A. This follows by Lemma 3.1.17.
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Remark 3.1.20. The discussion above can also be found in [Kot92, §8] under the assumption

that B is simple.

Remark 3.1.21. The computation of ker1(Q,G) can be reduced to ker1(Q,G/Gder) by [Mil17,

Proposition 25.71], as Gder is always simply connected for PEL-type Shimura Deligne datum

([Mil03, Proposition 8.7]).

Corollary 3.1.22. Keeping the same notation as in Proposition 3.1.18, suppose that G

satisfies the Hasse principle. Then ShG,C(K) has a canonical model isomorphic to MK,E,

where E = E(G, X) is the reflex field.

Proof. Any PEL-type Shimura–Deligne datum has an embedding into a standard Siegel

Shimura datum by forgetting the (B, ∗)-structure, so ShG,C(K) has a unique canonical model

by Corollaries 3.1.13 and 3.1.12. The fact that MK,E is a canonical model follows from

[Mil03, Proposition 14.12] with the identity map (the proof of this proposition is purely a

statement about CM abelian varieties).

3.2 Equivariant local systems

In this section, we describe how to associate to any algebraic representation of G an appro-

priate coefficient sheaf for motivic or étale cohomology. We follow [Pin92], [Anc15], [Tor19]

and [LSZ17] closely (although note that the conventions are slightly different in the latter

to that of the first three – we follow conventions in the first three references). In particular,

this will mean that the similitude character of G is sent to the Tate motive under the func-

tor AncG. Since we are working with Shimura–Deligne data which don’t necessarily satisfy

(SD3), justifications have been provided for the results in this section in [GS20, Appendix

C].

Throughout this whole section we fix a Shimura–Deligne datum (G, XG) as in Definition

3.1.1 and we assume that (G, XG) satisfies (SD5) and ShG(K)C admits a canonical model

ShG(K) (Definition 3.1.10) for any sufficiently small compact open subgroup K ⊂ G(Af ).

3.2.1 The canonical construction for étale cohomology

Fix a rational prime p and take F/Qp to be a finite extension, with ring of integers OF and

uniformiser $.

Let Tn be a finite representation of a (sufficiently small) compact open subgroup K ⊂
G(Af ) with coefficients in OF/$nOF . Since Tn is finite, there exists a finite-index normal

subgroup L ⊂ K that acts trivially on Tn.
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Definition 3.2.1. We let µG,K,n(Tn) be the locally constant étale sheaf of abelian groups

on ShG(K) corresponding to

(ShG(L)× Tn) /Γ→ ShG(K)

where Γ := K/L acts via (x, t) · h = (xh, h−1t). This construction is independent of the

choice of L.

If x0 = Spec(k) is a point on ShG(K) and x = Spec(k̄) is the associated geometric point

obtained from fixing a separable closure of k, then we can explicitly describe the action of

Gal(k̄/k) on the stalk (µG,K,n(Tn))x. Indeed, lift x to a geometric point x̃ on ShG(L). Then

for σ ∈ Gal(k̄/k), there exists a unique element ψ(σ) ∈ Γ such that

σ · x̃ = x̃ψ(σ).

Since the Galois action commutes with that of Γ, the map ψ defines a homomorphism

ψ : Gal(k̄/k)→ Γ. The stalk (µG,K,n(Tn))x is isomorphic to Tn with the Galois action given

by ψ.

Lemma 3.2.2. The functors µG,K,n are compatible as n varies. In particular, if we let T be

a finitely-generated continuous representation of K with coefficients in OF , then

TK = µG,K(T ) := (µG,K,n(T/$nT ))n≥1

defines a lisse sheaf on ShG(K).

Proof. This follows immediately from the fact that for any two integers n, n′ one can pick the

same normal subgroup L ⊂ K in the definitions of µG,K,n(T/$nT ) and µG,K,n′(T/$
n′T ).

By considering the category of étale sheaves on ShG(K) with coefficients in OF up to

isogeny, this construction extends to finite-dimensional continuous representations of K with

coefficients in F . In particular, any algebraic representation of GF gives rise to a continuous

representation of K via the natural map K → G(Qp) ↪→ G(F ), with coefficients in F .

Therefore, one obtains an additive tensor functor

µG,K : RepF (G)→ Ét(ShG(K))F

from the category of algebraic representations of GF to the category of étale sheaves on

ShG(K) with coefficients in F (see Definition 2.2.1).
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3.2.2 Equivariant coefficient sheaves

If we wish to study the sheaves VK = µG,K(V ) as K varies, we need to keep track of the action

of G(Af ). More precisely, for any sufficiently small compact open subgroups K,L ⊂ G(Af )

and any element σ ∈ G(Af ) satisfying σ−1Lσ ⊂ K, one obtains a finite étale morphism of

Shimura–Deligne varieties

ShG(L)
σ−→ ShG(K)

given by right-translation by σ.

Definition 3.2.3. Let Ét (ShG)F denote the category of equivariant étale sheaves – that is

to say – the objects are collections of sheaves FK ∈ Ét (ShG(K))F , where K varies over all

sufficiently small compact open subgroups of G(Af ), and isomorphisms ϕσ : σ∗FK
∼= FL for

any σ ∈ G(Af ) satisfying σ−1Lσ ⊂ K, such that the following diagram is commutative

τ ∗σ∗FK = (τσ)∗FK

τ ∗FL FL′

τ∗ϕσ ϕτσ

ϕτ

where σ, τ ∈ G(Af ) and σ−1Lσ ⊂ K, τ−1L′τ ⊂ L.

The morphisms in this category are morphisms FK → GK in Ét (ShG(K))F which are

compatible with the collection of isomorphisms in the natural way. This is an additive

category with tensor products.

We have the following proposition which collects together the construction in the previous

subsection for varying K.

Proposition 3.2.4. The functors µG,K assemble into an additive tensor functor:

µG : RepF (G)→ Ét (ShG)F .

Explicitly, for an algebraic representation V of GF , the equivariant sheaf V = µG(V ) is the

collection of lisse sheaves VK with isomorphisms σ∗VK
∼−→ VL induced from the action of σ

on V .

Keeping track of this extra data also allows us to define pushforwards and pullbacks

between the cohomology of these sheaves. Indeed, for an equivariant sheaf F ∈ Ét (ShG)F
we define the pullback [σ]∗ as the composition

[σ]∗ : Hi
ét (ShG(K),FK)

σ∗−→ Hi
ét (ShG(L), σ∗FK)

∼−→ Hi
ét (ShG(L),FL)
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where the last isomorphism is induced from ϕσ : σ∗FK
∼= FL. Similarly, we define the

pushforward [σ]∗ as the composition

[σ]∗ : Hi
ét (ShG(L),FL)

ϕ−1
σ−−→ Hi

ét (ShG(L), σ∗FK)
Trσ−−→ Hi

ét (ShG(K),FK)

where the last map is the trace map, and we have used the fact that the morphism σ is finite

étale.

Proposition 3.2.5. Let F ∈ Ét (ShG)F be an equivariant sheaf and let Υ denote the col-

lection of all sufficiently small compact open subgroups of G(Af ). Then the data

(
MG(K) = Hi

ét (ShG(K),FK) , [−]∗, [−]∗
)

defines a cohomology functor MG : P(G(Af ),Υ)→ F -Mod in the sense of Definitions 2.4.1

and 2.4.2. Since the Shimura–Deligne datum (G, XG) satisfies (SD5), this cohomology func-

tor is CoMack.

Proof. The fact that these cohomology groups and pullbacks/pushforwards form a cohomol-

ogy functor follows from the commutative diagram in Definition 3.2.3. For example, for

g ∈ G(Af ) and L,K ∈ Υ satisfying g−1Lg = K, axiom (C2) follows by taking σ = g and

τ = g−1 in the commutative diagram and using various naturality properties of the unit

1→ g∗g
∗ and counit/trace g∗g

∗ → 1. If L = K and g ∈ K, then axiom (C3) follows from the

fact that under the identification g∗FK = FK , the morphism ϕg : g∗FK → FK is identified

with the identity morphism.

The covering axiom follows from the analogous property for étale morphisms (see [AGV73,

Tome 3, Expose IX, §5]) and Lemma 3.1.8. Finally, since the Shimura–Deligne datum satisfies

(SD5), in the notation of Definition 2.4.2 one has a Cartesian square

⊔
γ ShG(Lγ) ShG(L)

ShG(L′) ShG(K)

tγγ

tγ pr

pr

pr

Axiom (M) then follows from the fact that pushforwards and pullbacks commute for Carte-

sian squares (c.f. [Loe19, p. 6]).

Notation 3.2.6. For an equivariant sheaf F ∈ Ét (ShG)F we set

Hi
ét (ShG,F ) := lim−→

K∈Υ

Hi
ét (ShG(K),FK)
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where the limit is with respect to the maps pr∗L,K for L ⊂ K. This carries a smooth action

of G(Af ).

3.2.3 An integral version

We will also need to talk about equivariant étale OF -sheaves. Let Σ ⊂ G(Af ) denote an

open submonoid.

Definition 3.2.7. We let Ét (ShG)OF ,Σ denote the category of collections of étaleOF -sheaves

FK , where K runs over all sufficiently small compact open subgroups of Σ, and morphisms

σ∗FK → FL, where σ ∈ Σ such that σ−1Lσ ⊂ K, satisfying the same commutative diagram

in Definition 3.2.3. We impose the additional condition that 1∗FK → FL is an isomorphism,

for any L ⊂ K. The morphisms in this category are defined in the same way as in loc.cit..

Let T denote a finite-dimensional continuous Σ-representation with coefficients in OF ,

i.e. T is a finite-free OF -module with a continuous homomorphism (of monoids)

Σ→ EndOF ,cont(T ).

As in the previous section, any such representation gives rise to an equivariant étaleOF -sheaf,

denoted T = µG(T ).

Let F ∈ Ét (ShG)OF ,Σ. Then we can define pullbacks and pushforwards on the coho-

mology of these sheaves in a similar fashion to the previous subsection. Indeed, if σ ∈ Σ

and K,L ⊂ Σ are compact open subgroups satisfying σ−1Lσ ⊂ K, then we can define the

pullback [σ]∗ as the composition

[σ]∗ : Hi
ét (ShG(K),FK)

σ∗−→ Hi
ét (ShG(L), σ∗FK)→ Hi

ét (ShG(L),FL)

where the last map is induced from σ∗FK → FL. Similarly, if σ ∈ Σ−1 such that σ−1Lσ ⊂ K,

we define the pushforward [σ]∗ as the composition

[σ]∗ : Hi
ét (ShG(L),FL)

[σ−1]∗−−−→ Hi
ét

(
ShG(σ−1Lσ),Fσ−1Lσ

)
∼−→ Hi

ét

(
ShG(σ−1Lσ), 1∗FK

)
Tr1−−→ Hi

ét (ShG(K),FK)

where the middle map is induced from the inverse of the isomorphism 1∗FK
∼−→ Fσ−1Lσ and

the last map is the trace map.
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Proposition 3.2.8. Let F ∈ Ét (ShG)OF ,Σ and let Υ denote the collection of all sufficiently

small compact open subgroups of Σ. Then the data

(
MG(K) = Hi

ét (ShG(K),FK) , [−]∗, [−]∗
)

defines a cohomology functor MG : P(G(Af ),Σ,Υ) → OF -Mod in the sense of Definitions

2.4.1 and 2.4.2. Since the Shimura–Deligne datum (G, XG) satisfies (SD5), this cohomology

functor is CoMack.

Proof. The proof is essentially the same as that of Proposition 3.2.5, however as pushforwards

are defined in a somewhat ad-hoc manner, we provide some justifications. Let σ ∈ Σ−1 and

L,K ∈ Υ such that σ−1Lσ ⊂ K. Then the commutative diagram

ShG(Lσ) ShG(K)

ShG(L) ShG(σKσ−1)

σ−1

pr

σ−1

pr

is Cartesian (the vertical arrows are isomorphisms), where Lσ := σ−1Lσ. This implies that

the pushforward [σ]∗ can be expressed in two equivalent ways, namely the pushforward is

equal to the composition:(
Lσ

pr−→ K
)
∗
◦
(
Lσ

σ−1

−−→ L
)∗

=
(
K

σ−1

−−→ σKσ−1
)∗
◦
(
L

pr−→ σKσ−1
)
∗
.

One can check that, using this description, MG does indeed define a cohomology functor.

This functor is CoMack for the same reasons as in the proof of Proposition 3.2.5.

Remark 3.2.9. Note that if σ ∈ Σ ∩ Σ−1 and the morphism σ∗FK → FL is in fact an

isomorphism, then the definition of [σ]∗ coincides with the one in the previous subsection.

More generally, if G ∈ Ét (ShG)F then we can (non-canonically) think of G as an equivariant

étale OF -sheaf, denoted F ∈ Ét (ShG)OF ,Σ, and one has commutative diagrams:

Hi (ShG(L),GL) Hi (ShG(K),GK) Hi (ShG(L),GL) Hi (ShG(K),GK)

Hi (ShG(L),FL) Hi (ShG(K),FK) Hi (ShG(L),FL) Hi (ShG(K),FK)

[σ]∗ [σ]∗

[σ]∗ [σ]∗

whenever the maps make sense. This follows from property (C2) of the cohomology functor

in Propsition 3.2.5.
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As in the previous subsection, one can pass to the limit over all compact open subgroups

in Υ to obtain a smooth Σ-representation Hi
ét (ShG,F ).

3.2.4 Functoriality

We do not only need pullbacks and pushforwards on the level of sheaves, we also need to

discuss functoriality with respect to the Shimura–Deligne datum.

Let (H, XH) denote a Shimura–Deligne datum which satisfies (SD5) and admits a canon-

ical model. Let E denote its reflex field and we suppose that we have a closed embedding of

Shimura–Deligne data ι : (H, XH) ↪→ (G, XG). This induces a morphism between Shimura–

Deligne varieties, denoted ι : ShH(U) → ShG(K)E, where U ⊂ H(Af ) and K ⊂ G(Af )

are sufficiently small compact open subgroups satisfying U ⊂ K. Let d1 (resp. d2) denote

the dimension of ShH(U) (resp. ShG(K)E) over E, and c = d2 − d1 which is necessarily a

non-negative integer.

Lemma 3.2.10. The morphism ι : ShH(U)→ ShG(K)E forms an étale smooth SpecE-pair

of codimension c, in the sense of Definition 2.2.4.

Proof. This follows from [Del71, Proposition 1.15]. More precisely, loc.cit. implies that there

exists a compact open subgroup L containing U such that ShH(U) → ShG(L)E is a closed

immersion. This map factors through the morphism ShH(U)→ ShG(L∩K)E, which by the

cancellation property, is also a closed immersion. The desired factorisation is then given by

ShH(U)→ ShG(L ∩K)E → ShG(K)E.

Let ΣG ⊂ G(Af ) denote an open submonoid and set ΣH := ΣG ∩ H(Af ). Let G ∈
Ét (ShG)OF ,ΣG

and F ∈ Ét (ShH)OF ,ΣH
be equivariant OF -étale sheaves on ShG and ShH

respectively, as in Definition 3.2.7. Suppose that we have a morphism φ : F → ι∗G .

Proposition 3.2.11. Let ΥG (resp. ΥH) denote the collection of sufficiently small compact

open subgroups K ⊂ ΣG (resp. U ⊂ ΣH), and set

MG : P (G(Af ),ΣG,ΥG)→ OF -Mod

K 7→ Hi+2c
ét (ShG(K)E,G (c))

MH : P (H(Af ),ΣH,ΥH)→ OF -Mod

U 7→ Hi
ét (ShH(U),F )

to be the cohomology functors as in Proposition 3.2.8.
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Then, for pairs U ⊂ ΣH, K ⊂ ΣG with U ⊂ K, the pushforward

Hi
ét (ShH(U),F )

φ−→ Hi
ét (ShH(U), ι∗G )

ι∗−→ Hi+2c
ét (ShG(K)E,G (c))

defines a pushforward of cohomology functors MH →MG as in Definition 2.4.7. Since both

(G, XG) and (H, XH) satisfy (SD5), this pushforward is Cartesian.

Proof. Let [h] : (V, L) → (U,K) be a morphism of compatible pairs. Then one has a com-

mutative diagram

ShH(U) ShG(K)E

ShH(h−1V h) ShG(h−1Lh)E

ShH(V ) ShG(L)E

ι

ι

h−1 h−1

ι

where the bottom square is Cartesian because the morphisms h−1 are isomorphisms. The

fact that ι∗ defines a pushforward follows from Proposition 2.2.5 and the fact that pushfor-

wards commute for any commutative square, and pushforwards and pullbacks commute for

Cartesian squares.

Since both Shimura–Deligne data satisfy (SD5), in the notation of Definition 2.4.7 we

have a commutative square

⊔
γ ShH(Uγ) ShG(L)E

ShH(U) ShG(K)E

tγ pr

tγιγ

pr

ι

where ιγ is the composition ShH(Uγ)
ι−→ ShG(γLγ−1)E

γ−→ ShG(L)E, which is Cartesian

because the vertical maps are finite étale of the same degree (namely
∑

γ[U : Uγ] = [K : L]).

The Cartesian property follows.

Remark 3.2.12. We have an analogous statement for equivariant étale sheaves over F .

Example 3.2.1. We are chiefly interested in the following special case of Proposition 3.2.11;

namely, suppose V (resp. W ) is a finite-dimensional continuous representation of ΣG (resp.

ΣH) and we have a ΣH-equivariant map W
φ−→ V . Then we obtain a morphism W

φ−→ ι∗V

of equivariant sheaves. Such examples arise naturally from algebraic representations of GF

and HF .
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3.2.5 Motivic sheaves

For the rest of this section we now suppose that (G, XG) is a PEL-type Shimura–Deligne

datum that satisfies (SD5). We change notation slightly and let F denote a number field

with a fixed prime p. The following result is due to Ancona and Torzewski:

Theorem 3.2.13. Let K ⊂ G(Af ) be a sufficiently small compact open subgroup. There

exists an additive tensor functor

AncG,K : RepF (G)→ CHM (ShG(K))F

where CHM (−)F denotes the category of relative Chow motives over F (see §2.2.2) which

fits into the following commutative diagram (up to natural equivalence)

RepF (G) CHM (ShG(K))F

RepFp
(G) Ét (ShG(K))Fp

−⊗Fp

AncG,K

rét

µG,K

Here rét denotes the p-adic realisation of a motive.

Proof. See [Anc15] and [Tor19, §10]. Since we are working with Shimura–Deligne data which

do not necessarily satisfy (SD3), justifications have been provided in [GS20, Appendix C].

Example 3.2.2. In our normalisation, the functor AncG,K takes the similitude character of

G to the Tate motive F (1).

We can view Ancona’s functor as a functor into the category of constructible Beilinson

motives in the following way:

Proposition 3.2.14. There exists an additive tensor functor

AncBG,K : RepF (G)→ DMB,c (ShG(K))F

satisfying:

1. Let V denote the standard representation of G and suppose that W is an algebraic

representation that appears as a direct factor of V ⊗e ⊗ (V ∗)⊗f , for some non-negative

integers e, f . Then

AncBG,K (W ) =  (AncG,K(W )) [f − e]

where  is the embedding of relative Chow motives into constructible Beilinson motives

as in §2.2.2.
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2. One has a commutative diagram:

RepF (G) CHM (ShG(K))F DMB,c (ShG(K))F

RepFp
(G) Ét (ShG(K))Fp

Db
ét,c (ShG(K))Fp

AncG,K

−⊗Fp

AncBG,K

rét Rp

µG,K

Proof. Any irreducible algebraic representation W of GF is a direct factor of V ⊗e ⊗ (V ∗)⊗f

for some non-negative integers (see [Tor19, Lemma 8.1]). Moreover, the quantity f − e is

independent of any such presentation for weight reasons (see Construction 8.4 in op.cit.).

We define AncBG,K on irreducible objects by the rule in part (1). Since the category RepF (G)

is semisimple, one can write any algebraic representation W as the direct sum

W =
⊕
i

Wi

of irreducible objects, unique up to reordering. We then define

AncBG,K(W ) :=
⊕
i

AncBG,K(Wi).

If Wi and W ′
j are irreducible objects, then we either have HomG(Wi,W

′
j) = 0, or Wi

∼= W ′
j .

For any morphism g : Wi → W ′
j , we define AncBG,K(g) to be 0 in the former case, and

 (AncG,K) (g)[f − e] in the latter case. In general, any morphism g : W → W ′ between

algebraic representations can be viewed as a matrix of morphisms, where each entry is a

morphism between irreducible objects. This allows us to define AncBG,K(g) for general g.

This gives a well-defined functor which is additive by construction. It is then a simple

check to see this functor is a tensor functor (as the definition of f − e is compatible with

tensor products).

The second part of the proposition follows from the fact that

AncG,K(V ∗) = h1(A)

where π : A→ ShG(K) is the universal abelian variety, and h1(A) is the relative Chow motive

such that Rp((h
1(A))) ∼= R1π∗Fp[−1]. The shift “f − e” ensures that the constructible

Beilinson motive/complex of constructible étale sheaves is concentrated in degree 0.
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The functor defined in the above proposition allows us to define motivic cohomology for

relative Chow motives corresponding to algebraic representations of GF .

Definition 3.2.15. Let V ∈ RepF (G). We define

Hi
mot (ShG(K),VK) := Hi

mot

(
ShG(K),AncBG,K(V )

)
where the latter group is defined in Definition 2.2.7. By Proposition 3.2.14 and §2.2.2, we

have étale realisation functors

rét : Hi
mot (ShG(K),VK)→ Hi

ét (ShG(K), µG,K(V )) .

Example 3.2.3. Let W denote the d-th power of the similitude character of GF , for some

positive integer d. Then AncBG,K(W ) = F (d) (concentrated in degree zero) and

H2d
mot (ShG(K),WK) = CHd (ShG(K))⊗Z F.

The étale realisation map coincides with the classical p-adic cycle class map into étale coho-

mology (see §2.2.2).

We also have a similar compatibility property for the functors AncG,K and AncBG,K for

varying K, as in Proposition 3.2.4.

Lemma 3.2.16. Let K,L ⊂ G(Af ) be sufficiently small compact open subgroups, and σ ∈
G(Af ) such that σ−1Lσ ⊂ K. Then there are natural isomorphisms

σ∗AncG,K ∼= AncG,L σ∗AncBG,K
∼= AncBG,L

compatible with composition.

Proof. This follows the same argument as in the proof of [LSZ17, Proposition 6.2.4]. Indeed,

it is enough to prove the claim for AncG,−(V ∗) since any algebraic representation of GF can

be recovered from V ∗ and AncG,− and AncBG,− differ only by a shift. In this case, one has

AncG,K(V ∗) = h1 (ShP(U oK)), where P = ResF/Q(V ) o G, U ⊂ V (Af ) is a full-rank Ẑ-

lattice, and ShP(U oK) denotes the associated mixed Shimura–Deligne variety (see [GS20,

§C.4]). We have a similar description replacing K with L. Then one obtains an isogeny

ShP(U o L)
σ−→ ShP(U oK)

and the remainder of the proof follows that of [LSZ17, Proposition 6.2.4].
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As in subsection 3.2.2, one can interpret this lemma as saying that the functors AncG,K

assemble into a functor AncG valued in equivariant relative Chow motives – in particular

one can define pullbacks [σ]∗ and pushforwards [σ]∗ in exactly the same way as in loc.cit..

3.2.6 Functoriality of motivic sheaves

Suppose that in addition to the assumptions at the start of §3.2.5, we are in the situation

of §3.2.4. Suppose further that (H, XH) is a PEL-type Shimura–Deligne datum satisfying

(SD5). One of the main results of [Tor19] describes the functoriality of Anc−,K under the

following assumption:

Assumption 3.2.17 ([Tor19, Definition 9.1]). The embedding ι : H ↪→ G is said to be

admissible if there exists a positive integer a such that ι∗V appears as a direct summand of

(V ′)⊕a, where V (resp. V ′) is the standard representation of G (resp. H).

The precise functoriality statement is as follows:

Proposition 3.2.18. Suppose that ι is admissible. Then one has a commutative diagram

(up to natural isomorphism):

RepF (G) CHM (ShG(K)E)F

RepF (H) CHM (ShH(U))F

ι∗

AncG,K

ι∗

AncH,U

compatible with the natural isomorphisms in Lemma 3.2.16. One has a similar statement

for AncBG,K and AncBH,U .

Proof. This follows from [Tor19, Theorem 9.7] (the results hold in the absence of (SD3) by the

justifications in [GS20, §C.4]). The analogous statement holds for AncB−,− for the following

reason. If W is a direct summand of V ⊗e ⊗ (V ∗)⊗f , where V is the standard representation

for G, then by the admissibility condition, any irreducible factor of the representation ι∗W

appears as a direct summand of (V ′)⊗e ⊗ ((V ′)∗)⊗f . Hence the shift “f − e” is the same for

both W and ι∗W .

Proposition 3.2.18 allows us to define pushforwards between the motivic cohomology

of ShG and ShH. More precisely, let W,V be algebraic representations of HF and GF

respectively, and suppose we have an H-equivariant morphism φ : W → ι∗V . Then by

absolute purity (see [CD19, Theorem 2.4.50(3) & §14.2.15]), we have

ι! AncBG,K(V ) ∼= AncBH,U(ι∗V )(−c)[−2c].
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The counit of the adjunction ι∗ = ι! a ι! gives rise to a pushforward map

Hi
mot (ShH(U),WU)

φ−→ Hi
mot

(
ShH(U), ι∗AncBG,K(V )

) ι∗−→ Hi+2c
mot (ShG(K)E,VK(c))

which is compatible with the construction in §3.2.4 under the étale regulator. Passing to the

limit over sufficiently small compact open subgroups, we obtain an H(Af )-equivariant map

Hi
mot (ShH,W )→ Hi+2c

mot (ShG,E,V (c)) .

Remark 3.2.19. Let (T, XT) denote a trivial Shimura–Deligne datum and consider the datum

(G̃, XG̃) := (G×T, XG×XT). Suppose that we have a surjective homomorphism ν : H � T

giving rise to a closed embedding

(ι, ν) : (H, XH) ↪→ (G̃, XG̃)

of Shimura–Deligne data. Let RepF (G̃)0 denote the full subcategory of RepF (G̃) consisting

of representations of the form V � 1. Let K̃ ⊂ G̃(Af ) be a sufficiently small compact open

subgroup and let K denote its projection to G(Af ) (which is also sufficiently small). Then

we have an induced map p : ShG̃(K̃) � ShG(K) and we can extend the constructions of

AncG,K and AncBG,K to functors on RepF (G̃)0 by defining

AncG̃,K̃(V � 1) := p∗AncG,K(V ) AncB
G̃,K̃

(V � 1) := p∗AncBG,K(V ).

In particular, Theorem 3.2.13, Proposition 3.2.14 and Lemma 3.2.16 hold for these func-

tors and one has an analogous result to Proposition 3.2.18 with respect to the embedding

(ι, ν) : H ↪→ G̃. Note that (G̃, XG̃) may not give rise to a PEL-type Shimura–Deligne datum,

so we cannot immediately apply the results of [Anc15] and [Tor19].

As in the discussion preceding this remark, one can define pushforwards

(ι, ν)∗ : Hi
mot (ShH(U),WU)→ Hi+2c

mot

(
ShG̃(K̃)E, ṼK(c)

)
for any morphism φ : W → (ι, ν)∗Ṽ , where Ṽ = V � 1.

3.3 Unitary Shimura varieties

In this section, we will define the algebraic groups and their associated Shimura data that

will appear throughout the first part of this thesis. All groups and morphisms will be defined
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over Q unless specified otherwise, and maps of algebraic groups will be defined on their R-

points for Q-algebras R. For an arbitrary algebraic group K, we denote by TK its maximal

abelian quotient, and ZK its centre. Throughout the rest of the first part of this thesis, E

will now denote the fixed imaginary quadratic number field in §2.1.

3.3.1 The unitary groups

Let Jr,s denote the (r+ s)× (r+ s) diagonal matrix diag(1, . . . , 1,−1, . . . ,−1) comprising of

r copies of 1 and s copies of −1. We define U(p, q) (resp. GU(p, q)) to be the unitary (resp.

unitary similitude) groups whose R-points for a Q-algebra R are given by

U(p, q)(R) :=
{
g ∈ GLp+q(E ⊗Q R) : tḡJp,qg = Jp,q

}
GU(p, q)(R) :=

{
g ∈ GLp+q(E ⊗Q R) : there exists λ ∈ Gm(R) s.t. tḡJp,qg = λJp,q

}
.

The group GU(p, q) comes with two morphisms

c : GU(p, q)→ Gm det : GU(p, q)→ ResE/QGm

where c(g) = λ is the similitude factor and det(g) is the determinant, satisfying the relation

det(g) det(g) = c(g)p+q. To ease notation, we will omit q if it is zero.

Remark 3.3.1. These groups arise as the generic fibre of group schemes over Z by replacing

E with OE in the definition. If ` is unramified in E, the pullback to Q` is unramified and

the Z`-points form a hyperspecial maximal compact subgroup.

Definition 3.3.2. Let n ≥ 1 be an integer. We define:

• G0 := U(1, 2n− 1).

• G := GU(1, 2n− 1).

• H0 := U(1, n− 1)× U(0, n).

• H := GU(1, n− 1)×c GU(0, n) where the product is fibred over the similitude map.

We have natural inclusions ι : H0 ↪→ G0 and ι : H ↪→ G, both given by sending an element

(h1, h2) to the 2n× 2n block matrix

ι(h1, h2) =

(
h1

h2

)
.
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Throughout, we will let T denote the algebraic torus U(1) = {x ∈ ResE/QGm,E : x̄x = 1}
and we note that

• ZG0 = T, ZH0 = T×T

• ZG = GU(1), ZH
∼= T×GU(1)

• TH
∼= T×GU(1) if n is odd, and TH

∼= T×T×Gm if n is even.

• ResE/Q Gm,E
∼= GU(1).

When n is odd, the quotient map is given explicitly by

H→ TH, (h1, h2) 7→ (deth2/ deth1, c(h1)(n+1)/2 det(h−1
1 )).

Remark 3.3.3. This quotient in fact contains more information than we are interested in –

to control the anticyclotomic variation of our Euler system we only need the fact that T is

a quotient of H.

We consider the group G̃ = G × T. The group H extends to a subgroup of G̃ via the

map (h1, h2) 7→ (ι(h1, h2), ν(h1, h2)), where ν(h1, h2) = deth2/ deth1.

Remark 3.3.4. If R is an E-algebra, then one has an identification U(p, q)R = GLp+q,R given

by sending a matrix g ∈ U(p, q)(R) to the matrix g′ ∈ GLp+q(R) obtained from projecting

the entries of g to the first component in the identification

E ⊗Q R = R⊕R

λ⊗ x 7→ (λx, λx).

Similarly we have an identification GU(p, q)R = GL1,R×GLp+q,R given by sending a matrix

g ∈ GU(p, q)(R) to the pair (c(g); g′). We will frequently use these identifications in the cases

when R = E or R = Qp for a prime p which splits in E/Q, with the E-algebra structure

on Qp given by the fixed embedding Q ↪→ Qp. In this case, the groups H0,R, G0,R, HR, GR

and G̃R are identified with GLn,R×GLn,R, GL2n,R, GL1,R×GLn,R×GLn,R, GL1,R×GL2n,R

and GL1,R×GL2n,R×GL1,R respectively.

We will need the following two lemmas later on:

Lemma 3.3.5. The map

N : A×E,f → T(Af )

z 7→ z̄/z
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is open and surjective.

Proof. A continuous surjective homomorphism of σ-countable locally compact groups is

open, and so it suffices to prove that the map is surjective. We have an exact sequence

1→ Gm → GU(1)
N−→ T→ 1 of algebraic tori over Q, which gives an exact sequence

1→ A×f → A×E,f → T(Af ).

For each finite place `, the map (E ⊗ Q`)
× → T(Q`) is surjective, since H1(Q`,Gm) = 0

by Hilbert’s theorem 90. For ` - disc(E), both GU(1) and T have smooth models over Z`
and the map extends to these models. This induces a map GU(1)(F`) → T(F`). Since

H1(F`,Gm) = 0 by Lang’s lemma, this map is surjective and a lifting argument shows that

GU(1)(Z`) → T(Z`) is also surjective. The claim for surjectivity on adelic points now

follows.

Lemma 3.3.6. Consider the following groups

Z0 := ZG0(A) and Z1 := ZG(A)G(Q) ∩G0(A)

Then Z1 = Z0G0(Q).

Proof. The inclusion Z0G0(Q) ⊂ Z1 is obvious. Let zγ ∈ Z1 where z ∈ ZG(A) and γ ∈
G(Q). Then we have

c(zγ) = zzc(γ) = 1

which implies that c(γ) is a norm locally everywhere. By the Hasse norm theorem, we must

have that c(γ) is a global norm, i.e. there exists an element ζ ∈ E× = ZG(Q) such that

c(γ) = c(ζ). Therefore, we can replace z with zζ ∈ Z0 and γ with ζ−1γ ∈ G0(Q).

Notation 3.3.7. We fix left Haar measures dg, dh and dt on G(Q`), H(Q`) and T(Q`)

respectively. As these groups are unimodular [Ren10, p. 58], these are also right Haar

measures. We normalise them so that the volume of any compact open subgroup lies in

Q and the volume of any hyperspecial subgroup is 1 (when applicable). In particular, the

products of these measures induce Haar measures on the Af -points of the corresponding

groups, which we may also denote by the same letters.

Remark 3.3.8. If n is odd then the above groups are quasi-split at all finite places. Indeed, the

groups H0 and H are automatically quasi-split at all finite places because there is only one

unitary group (up to isomorphism) attached to Hermitian spaces of fixed odd dimension over

a non-archimedean local field (see [Mor10, p. 152]). For G0 and G, we follow the argument
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in loc.cit., where the local cohomological invariant is calculated (the group is quasi-split when

the invariant is 0).

We note that these groups are automatically quasi-split at primes ` which do not divide

the discriminant of E, because the group is unramified. If ` divides the discriminant of

E, then the cohomological invariant is 0 if −1 is a norm in Q`. Otherwise, it is equal to

2n − 1 + n = 3n − 1 modulo 2. But this quantity is even, under the assumption that n is

odd.

Quasi-splitness at all finite places is used in the results invoked on weak base-change in

section 4.3. However, we expect such results to hold without this hypothesis.

3.3.2 The unitary Shimura–Deligne data

We now define the Shimura–Deligne data associated with H, G and G̃. In this section, we

will freely use notation and results from §3.1.

Let S := ResC/R Gm denote the Deligne torus and let hG and hH be the following algebraic

homomorphisms:

hG : S → GR

z 7→ (diag(z, z̄, . . . , z̄))

hH : S → HR

z 7→ (diag(z, z̄, . . . , z̄), diag(z̄, . . . , z̄)) .

Let XG (resp. XH) denote the G(R) (resp. H(R)) conjugacy class of homomorphisms con-

taining hG (resp. hH). We also consider the trivial Shimura–Deligne datum (T, XT), where

XT is the singleton hT(z) = z̄/z (considered as a T(R)-conjugacy class of homomorphisms

S→ TR) and the datum (G̃, XG̃) = (G̃, XG ×XT).

Proposition 3.3.9. Let n ≥ 1 be an integer.

1. The pairs (H, XH), (G, XG) and (G̃, XG̃) satisfy the axioms of a Shimura–Deligne

datum (Definition 3.1.1) including (SD5). Both (G, XG) and (G̃, XG̃) satisfy (SD3)

so give rise to Shimura data in the usual sense.

2. The pairs (H, XH) and (G, XG) are PEL-type Shimura–Deligne data (as in Definition

3.1.15) and the groups G,H satisfy the Hasse principle.

3. The reflex field of (H, XH) and (G̃, XG̃) is the imaginary quadratic extension E.

4. The reflex field of (G, XG) is E if n > 1 and Q otherwise.
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Proof. For part (1), axioms (SD1), (SD2) (and (SD3) where applicable) are a standard check.

For axiom (SD5), note that ZH = GU(1) × U(1), ZG = GU(1), ZG̃ = GU(1) × U(1) and

since GU(1)(Z) and U(1)(Z) are finite, the Z-points of all these central tori are finite too. As

a result GU(1)(Q) (resp. U(1)(Q)) is discrete in GU(1)(Af ) (resp. U(1)(Af )), as required.

For part (2), let G = G or H. Then the objects in the definition of the PEL data are:

• If G = G, then the semisimple algebra is just B = E and V is the 2n-dimensional

Hermitian space with Hermitian form corresponding to the matrix J1,2n−1 (see section

3.3.1). In particular, this arises from an integral PEL-datum with semisimple algebra

OE.

• If G = H, then we take B = E × E and consider the product of Hermitian spaces

V = W1 ⊕W2 where W1 (resp. W2) has Hermitian form given by the matrix J1,n−1

(resp. J0,n). As above, this arises from an integral PEL-datum with semisimple algebra

OE ×OE.

In addition to this, the group G satisfies the Hasse principle, for the following reason. By

Remark 3.1.21, it is enough to deduce it for the the maximal abelian quotient of G, denoted

TG. In either case, TG is a product of factors U(1), GU(1) or Gm. The Hasse principle is

known to hold for these three groups; for U(1), see ([Kot92, §7]), while for GU(1), Gm, it

follows by Hilbert’s Theorem 90.

For parts (3) and (4), we will give the computation of the reflex field for the more general

unitary group GU(p, q) from which the computations for (G, XG), (H, XH) and (G̃, XG̃)

will follow.

Let G = GU(p, q) be the unitary group defined in §3.3.1 using the imaginary quadratic

field E and let h : S → GR be the map z 7→ (z, . . . , z, z̄, . . . , z̄) where there are p copies of

z, q copies of z̄. Then (G, h) is a Shimura–Deligne datum. The cocharacter µh : Gm,C →
Gm,C×GLn,C associated with h over C is given by µh(z) = (z, diag(z, , . . . , z, 1, . . . 1)) which

is defined over E. If σ ∈ Gal(E/Q) denotes complex conjugation, then σ(µh) is the map

z 7→ (z, diag(1, . . . , 1, z, . . . , z)). These are in two different conjugacy classes if and only if

p 6= q, i.e. the reflex field is E if p 6= q and Q otherwise.

Convention. From now on, we will use the notation ShG(K) to denote the associated

Shimura–Deligne variety over E (regardless of whether the reflex field is E or Q).

We note that we have embeddings (H, XH)
ι−→ (G, XG) and (H, XH)

(ι,ν)−−→ (G̃, XG̃) of

Shimura–Deligne data which give rise to finite unramified morphisms on the level of Shimura–

Deligne varieties. Although not necessary for our purposes, it is interesting to ask when this

map is a closed embedding. The following definition gives a sufficient criterion for this.
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Definition 3.3.10. Let w equal the 2n× 2n block diagonal matrix

w := ι(1,−1) =

(
1

−1

)
.

We say that a compact open subgroup K ⊂ G(Af ) is H-small if there exists a compact

open subgroup K ′ ⊂ G(Af ), containing both K and wKw, such that for any g ∈ G(Af ),

gK ′g−1 ∩G(Q) has no non-trivial stabilisers for its action on XG.

Proposition 3.3.11. Let K ⊂ G(Af ) be an H-small compact open subgroup. Then the

natural map

ShH(K ∩H(Af ))
ι−→ ShG(K)

is a closed immersion.

Proof. This follows the same argument in [LSZ17, Proposition 5.3.1]. Indeed, one has an

injective map ι : ShH ↪→ ShG on the infinite level Shimura–Deligne varieties. So it suffices

to prove that for any u ∈ K −K ∩H(Af ), one has ShH u ∩ ShH = ∅ as subsets of ShG. If

Q and Qu are both in ShH, we must have that u′ = u · wu−1w fixes Q. By the conditions

on K ′, we have that u′ = 1. This implies that u is in the centraliser of w, which is precisely

H(Af ).

3.3.3 Branching laws

Recall that one has an identification GE = GL1,E ×GL2n,E (Remark 3.3.4). We let G1+2n
m ⊂

GE denote the standard torus with respect to this identification. Then any algebraic char-

acter of this torus is of the form

G1+2n
m → Gm

(t0; t1, . . . , t2n) 7→ tc00 ·
∏
i

tcii

where c = (c0; c1, . . . , c2n) ∈ Z1+2n. Such a character is called dominant if c1 ≥ · · · ≥ c2n and

these characters classify all irreducible (finite-dimensional) algebraic representations of GE.

Indeed, any such representation corresponds to a representation with highest weight given

by c. There is a similar description for G0 by omitting the first Gm-factor.

We are interested in algebraic representations V of GE with highest weight c = (0; c1, . . . , c2n)

that are self dual: in this case, we must have c = −c′, where c′ = (0; c2n, . . . , c1). We have

the following “branching law”:
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Lemma 3.3.12. Let V be a self-dual algebraic representation of GE with highest weight

c = (0; c1, . . . , c2n) as above and let ι∗V denote its restriction to an algebraic representation

of HE. Then ι∗V contains the trivial representation as a direct summand, with multiplicity

one. The same statement holds for representations of G̃E of the form Ṽ := V � 1, with

respect to the embedding (ι, ν).

Proof. This is well-known and follows from Proposition 6.3.1 in [GRG14] for example.

These self-dual representations will correspond to the coefficient sheaves that we will

consider throughout the first part of this thesis. We will also need to consider certain lattices

inside these algebraic representations (after base-changing to Qp). For this we introduce the

following subgroups and elements.

Definition 3.3.13. Let Q0 ⊂ G0,Qp = GL2n,Qp denote the standard parabolic subgroup

Q0 :=

(
∗ ∗
∗

)

where the blocks are of size (n × n). Set Q = GL1,Qp ×Q0 ⊂ GQp = GL1,Qp ×G0,Qp and

Q̃ = Q×GL1,Qp ⊂ G̃Qp = GQp ×GL1,Qp . Let τ0 denote the following (2n× 2n)-block matrix

τ0 :=

(
p

1

)
∈ G0(Qp)

and set τ = 1× τ0 ∈ G(Qp) and τ̃ = τ × 1 ∈ G̃(Qp).

We let J0 ⊂ G0(Zp) denote the parahoric subgroup of elements which land in Q0 modulo

p, and let J := Z×p × J0 ⊂ G(Zp) and J̃ := J × Z×p ⊂ G̃(Zp).

Let V be an algebraic representation of GE that is self-dual of weight c = (0; c1, . . . , c2n).

If we let B denote the standard opposite Borel subgroup in GE, then this representation can

be viewed as the algebraic induction:

V = IndGE

B
µ :=

{
f : GE → A1

E :
f is algebraic

f(bx) = µ(b)f(x) for all b ∈ B

}

where µ is (the inflation to B of) the character which sends an element diag(t0; t1, . . . , t2n) ∈
G1+2n
m to tc11 · · · tc2n2n . The action of GE on IndGE

B
µ is given by right-translation of the argu-

ment, i.e. g · f(x) = f(xg).
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Definition 3.3.14. Let T ⊂ VQp denote the G(Zp)-stable lattice defined as the subspace

of all functions f ∈ Ind
GQp

BQp
µ satisfying f (G(Zp)) ⊂ Zp. This extends trivially to a G̃(Zp)-

stable lattice T̃ ⊂ ṼQp .

We introduce the following monoids and actions on the lattices introduced in Definition

3.3.14.

Lemma 3.3.15. Consider the following sets:

• Σ0,Gp := J0 · {τ−r0 : r ∈ Z≥0} · J0

• ΣGp := Q×p × Σ0,Gp as a subset of G(Qp)

• ΣG̃p
:= ΣGp ×Q×p as a subset of G̃(Qp).

Then ΣGp and ΣG̃p
are open submonoids of G(Qp) and G̃(Qp) respectively, and the actions

of J and J̃ extend to actions • of ΣGp and ΣG̃p
on T and T̃ which factor through Σ0,Gp and

satisfy:

τ−1 • v = µ(τ)(τ−1 · v) τ̃−1 • ṽ = µ(τ)(τ̃−1 · ṽ)

for all v ∈ T and ṽ ∈ T̃ .

Proof. We have the following Iwahori decompostion

J = N1 ·H(Zp) ·N(Zp) = N(Zp) ·H(Zp) ·N1

where N ⊂ Q (resp. N ⊂ Q) is the unipotent radical (resp. opposite unipotent radical) and

N r = τ−rN(Zp)τ r. Since τ−1N1τ ⊂ N1 and τN(Zp)τ−1 ⊂ N(Zp), we see that Σ0,Gp , ΣGp

and ΣG̃p
do indeed form monoids. Furthermore, one can easily check that the action of J on

VQp extends to a unique action • of ΣGp on VQp satisfying the property in the statement of

the lemma. Therefore, we are required to check that • stabilises the lattice T .

Via the description in terms of an algebraic induction, we are required to prove the

statement: for any f ∈ T , one has

µ(τ)f(xτ−1) ∈ Zp

for any x ∈ G(Zp). For this, we let I denote the standard Iwahori subgroup of G(Qp) and

note that we have the decomposition

G(Zp) =
⊔
w

B(Zp) · w · I
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where the disjoint union runs over any representatives of the Weyl group of GQp . For any

element i ∈ I and representative w, one has

µ(τ)f(wiτ−1) = µ(τ)f(wτ−1w−1wτiτ−1) = µ(τwτ−1w−1)f(wτiτ−1).

Since µ is dominant and wτiτ−1 ∈ G(Zp), this gives the claim. The statement for T̃ follows

the same argument.

We have the following compatibility between these lattices and their rational versions on

the level of cohomology.

Lemma 3.3.16. Let T = µG(T ), T̃ = µG̃(T̃ ), V = µG(VQp) and Ṽ = µG̃(ṼQp) denote

the equivariant sheaves constructed in §3.2.2–3.2.3, where the former two are defined with

respect to the monoids G(Ap
f )× ΣGp and G̃(Ap

f )× ΣG̃p
respectively. The natural maps

Hi
ét (ShG,T (j))→ Hi

ét (ShG,V (j)) Hi
ét

(
ShG̃, T̃ (j)

)
→ Hi

ét

(
ShG̃, Ṽ (j)

)
are equivariant for the actions of G(Ap

f )× J and G̃(Ap
f )× J̃ respectively. Furthermore, the

action of τ−1 (resp. τ̃−1) on the left-hand side is intertwined with the action of µ(τ)τ−1

(resp. µ(τ)τ̃−1) on the right-hand side.

Proof. The first part follows from the fact that T ⊂ VQp and T̃ ⊂ ṼQp are equivariant

embeddings for the actions of J and J̃ respectively. The last assertion follows from the fact

that τ̃−1 • ṽ = µ(τ)(τ̃−1 · ṽ) for all ṽ ∈ T̃ .

Notation 3.3.17. We fix once and for all a HE-equivariant embedding br : E ↪→ Ṽ which

restricts to a H(Zp)-equivariant embedding Zp ↪→ T̃ . Such an embedding exists by Lemma

3.3.12.

Let ΣHp := ΣGp ∩H(Qp) = ΣG̃p
∩H(Qp). This monoid can be described as the collection

of triples (α; p−rh1, h2) where α ∈ Q×p , h1, h2 ∈ GLn(Zp) and r ∈ Z≥0. In particular, if we

let λ =
∑n

i=1 ci, then we have a well-defined (continuous) character

| det |
λ
n
p : ΣHp → Zp − {0}

(α; p−rh1, h2) 7→ pλr.

Let Zp[λ/n] denote the free Zp-module of rank one with a continuous action of ΣHp given by

the character | det |
λ
n
p . Then the H(Zp)-equivariant embedding Zp ↪→ T̃ in Notation 3.3.17

extends to a ΣHp-equivariant embedding Zp[λ/n] ↪→ T̃ .
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By abuse of notation, we also let Zp[λ/n] denote the equivariant sheaf µH(Zp[λ/n]) (as in

section 3.2.3 with respect to the monoid H(Ap
f )× ΣHp). We obtain the following corollary:

Corollary 3.3.18. Let λ =
∑n

i=1 ci. The morphism br : Qp → (ι, ν)∗Ṽ restricts to a mor-

phism

Zp[λ/n]→ (ι, ν)∗T̃

of H(Ap
f )×

(
ΣG̃p
∩H(Qp)

)
-equivariant sheaves.

3.3.4 The cohomology functors

We now introduce the cohomology functors that will be used throughout the first part of

this thesis. For any prime `, we denote

G` := G(Q`), G` := G(A`
f ), Gf := G(Af )

and similarly for the groups H and T. Recall ΣGp ⊂ Gp is the open submonoid appearing

in Lemma 3.3.15, and set ΣHp = ΣGp ∩H. We let ΥGp be the collection of all compact open

subgroups in ΣGp (or equivalently, all compact open subgroups in J) and take Υtot
Gp

to be the

collection of all compact open subgroups in Gp.

Lemma 3.3.19. There exists a (non-empty) maximal collection ΥGp of compact open sub-

groups of Gp, closed under inclusions and conjugation by Gp, such that the product ΥGp×Υtot
Gp

consists of sufficiently small subgroups of Gf . Moreover, for any ` 6= p and compact open

subgroup K` ⊂ G`, there exists an element in ΥGp whose `-adic component is equal to K`.

Proof. Let K ′p denote any representative of the unique conjugacy class of maximal compact

open subgroups in Gp = Q×p × GL2n(Qp). Then there exists a compact open subgroup

Kp such that KpK ′p is sufficiently small and therefore, KpKp is sufficiently small for any

Kp ⊂ Gp. We take ΥGp to be the collection of all such groups Kp. This collection is closed

under conjugation by Gp and contains all compact open subgroups of any element Kp ∈ ΥGp .

By deepening the level at a finite set of places S not containing ` and p, we can arrange that

Kp = K`KSK
S∪{`,p} ∈ ΥGp for any arbitrary K`.

We now define the monoids Σ� and collections Υ� that will be used throughout the first

part of this thesis. Firstly, we deal with the “tame level”: set

• ΣGp ,ΣHp ,ΣT p and ΣG̃p to be Gp, Hp, T p and G̃p respectively.

• ΥGp is the collection appearing in Lemma 3.3.19.
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• ΥHp is defined similarly to ΥGp .

• ΥT p = Υtot
T p denotes the collection of all compact open subgroups of T p.

• ΥG̃p = ΥGp ×ΥT p (we will only be interested in compact open subgroups of G̃p of the

form Kp × Cp).

At the prime p we fix the following data:

• ΣGp and ΣHp are as in the start of this section. We set ΣTp = Tp and

ΣG̃p
= ΣGp × ΣTp

as in Lemma 3.3.15.

• For �p = Gp, Hp we set Υ�p to be the collection of all compact open subgroups con-

tained in Σ�p . We set ΥTp to be the collection of compact open subgroups of 1+pZp ⊂
T(Zp), and ΥG̃p

to be the collection of compact open subgroups of ΣGp × (1 + pZp) ⊂
G̃(Zp) (so in particular, elements of ΥG̃p

are not necessarily of the form Kp × Cp).

Finally, for � = G,H, T or G̃, we set Σ� = Σ�p×Σ�p and Υ� = Υ�p×Υ�p . For brevity,

we set

P� := P (�f ,Σ�,Υ�)

and similarly for P�p and P�p .

Remark 3.3.20. Although not explicitly included in the notation, the collections Υ�p depend

on the group �f . The subscript simply refers to the ambient group of which the elements

are compact open subgroups.

Remark 3.3.21. To help orient the reader, we will give a more down-to-earth description of

the compact open subgroups in the collection ΥG̃. Any such compact open subgroup is of

the form

K̃ = (Kp × Cp) · K̃p

where

1. Cp ⊂ T(Ap
f ) is any compact open subgroup and Kp ⊂ G(Ap

f ) is any open com-

pact subgroup such that, for any compact open subgroup K ′p ⊂ G(Qp), the subgroup

KpK ′p ⊂ G(Af ) is sufficiently small.

2. K̃p ⊂ G̃(Qp) is any compact open subgroup contained in J × (1 + pZp).
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In particular, any compact open subgroup in ΥG̃ is sufficiently small. Informally, for our

cohomology functors we want to vary over compact open subgroups of Gp and T p indepen-

dently, and over all compact open subgroups of J × (1 + pZp). The additional constraints

are imposed to ensure that we always work with a sufficiently small compact open subgroup.

More generally, we have defined Υ� such that any subgroup in this collection is sufficiently

small in �f .

The following lemma will allow us to apply the results of section 2.4.

Lemma 3.3.22. For a group � ∈ {G,H, T, G̃} and a pair

(Σ,Υ) ∈ {(Σ�,Υ�), (Σ�p ,Υ�p), (Σ�p ,Υ�p)}

the axioms (T1)–(T3) at the start of section 2.4.1 are satisfied. Moreover, for any elements

U ∈ ΥH and K̃ ∈ ΥG, the intersection satisfies U ∩ K̃ ∈ ΥH .

Proof. By construction, if properties (T1)–(T3) are satisfied for both (Σ�p ,Υ�p) and (Σ�p ,Υ�p)

then they are also satisfied for the pair (Σ�,Υ�). For the “tame level”, the properties follow

from the fact that the collection in Lemma 3.3.19 is closed under inclusions and conjugation.

For the level at p, the properties follow from the fact that Υ is taken to be the collection of

all compact open subgroups of an appropriate submonoid of Σ.

The last part of the lemma follows from the analogous statement at levels away and at

p; the former is true because the collection in Lemma 3.3.19 is closed under inclusion, the

latter is true because ΥHp is the collection of all compact open subgroups of ΣHp , which is

also closed under inclusion.

Let V be a self-dual algebraic representation of GE with highest weight c = (0; c1, . . . , c2n)

as in section 3.3.3. With notation as in loc.cit., we define the following cohomology functors

on P� where � is to be replaced by the symbol of the group appearing in the subscript of

the cohomology functor:

MH,Zp (−) := H0
ét (ShH(−),Zp[λ/n]) MH,Qp (−) := H0

ét (ShH(−),Qp)

MG̃,Zp (−) := H2n
ét

(
ShG̃(−), T̃ (n)

)
MG̃,Qp (−) := H2n

ét

(
ShG̃(−), Ṽ (n)

)
MG,ét,Zp (−) := H2n−1

ét (ShG(−)E,T (n)) MG,ét,Qp (−) := H2n−1
ét (ShG(−)E,V (n))

MG̃,ét,Zp(−) := H2n−1
ét

(
ShG̃(−)E, T̃ (n)

)
MG̃,ét,Qp(−) := H2n−1

ét

(
ShG̃(−)E, Ṽ (n)

)
where Zp[λ/n] denotes the equivariant sheaf associated with the character | det |λ/np . If we

do not wish to specify whether we are working integrally or rationally, we will simply leave

the ring out of the subscript.
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Lemma 3.3.23. The functors MH ,MG̃,MG,ét and MG̃,ét are CoMack functors on their re-

spective categories. Moreover, we have a Cartesian pushforward ι∗ : MH →MG̃.1

Proof. The functors MH and MG̃ are simply the restriction of the cohomology functors

appearing in Propositions 3.2.5 and 3.2.8 to the categories PH and PG̃ respectively, and

since the Shimura–Deligne data we’re considering satisfy (SD5) (Proposition 3.3.9) these

cohomology functors are CoMack. Furthermore, the same proofs of Propositions 3.2.5 and

3.2.8 imply that MG,ét and MG̃,ét are CoMack too. The last part of the lemma follows from

Proposition 3.2.11.

Remark 3.3.24. Note that (MH,Zp ,MH,Qp) and (MG̃,Zp ,MG̃,Qp) do not form pairs of compatible

cohomology functors as defined in the discussion preceding Corollary 2.4.12, because the

natural maps are only H(Ap
f )×H(Zp)-equivariant and G̃(Ap

f )× J̃-equivariant respectively.

1To ease notation we will write ι∗ rather than the more cumbersome notation (ι, ν)∗.
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Chapter 4

Automorphic representations for

unitary groups

In this chapter, we discuss the automorphic representations attached to unitary groups that

we will consider, and their associated Galois representations. We explain how the results

of [Mor10] should realise these Galois representations in the étale cohomology of unitary

Shimura varieties.

4.1 Dual groups, base-change, and L-factors

In this section, we describe the dual groups attached to the groups defined in §3.3.1 and

several maps between them. Let WF denote the Weil group of a local or global field F . In

each of the following examples, we describe the connected component of the L-group. The

Weil group WE will always act trivially on this component, so to describe the full L-group,

it will be enough to specify how complex conjugation acts.

As in [Ski12, §2.2], let Φm = ((−1)i+1δi,m+1−j)i,j. The dual groups are as follows:

• Ĝ = GL1(C)×GL2n(C) and complex conjugation acts by

(λ; g) 7→ (λ · det g; Φ−1
2n

tg−1Φ2n).

• Ĥ = GL1(C)×GLn(C)×GLn(C) and complex conjugation acts as

(λ;h1, h2) 7→ (λ · deth1 · deth2; Φ−1
n

th−1
1 Φn,Φ

−1
n

th−1
2 Φn)

• Ĝ0 = GL2n(C) and Ĥ0 = GLn(C) × GLn(C) and complex conjugation acts via the

same formulae above, but omitting the GL1 factor.
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• T̂ = GL1(C) and complex conjugation acts by sending an element x to its inverse x−1.

• ̂̃
G = Ĝ× T̂ and complex conjugation acts diagonally.

We also note that we can choose a splitting such that the dual group ofRGLm := ResE/Q GLm

is equal to GLm(C)×GLm(C) and complex conjugation acts by

(g1, g2) 7→
(
Φ−1
m

tg−1
2 Φm,Φ

−1
m

tg−1
1 Φm

)
.

This implies that the natural diagonal embedding Ĝ0 → R̂GL2n extends to a map of L-

groups, which we will denote by BC. Similarly, we have a map BC: LG→ L(RGL1×RGL2n).

We also have a natural map LG → LG0 given by projecting to the second component, and

this is compatible with base-change in the sense that we have a commutative diagram:

LG L(RGL1×RGL2n)

LG0
LRGL2n

BC

BC

where the right-hand vertical arrow is projection to the second component.

The map LG→ LG0 corresponds on the automorphic side to restricting an automorphic

representation of G to G0. It turns out that all irreducible constituents in this restriction

lie in the same L-packet, and one can always lift a representation of G0 to one of G. We

summarise this in the following proposition.

Proposition 4.1.1. Let π be a cuspidal automorphic representation of G(A). Then all ir-

reducible constituents of π|G0 are cuspidal and lie in the same L-packet with L-parameter

obtained by post-composing the L-parameter for π with the natural map LG → LG0. Con-

versely, if π0 is a cuspidal automorphic representation of G0(A), then π0 lifts to a cuspidal

automorphic representation of G(A).

Moreover, the same statements hold if we work over a local field F , that is to say: if π is

an irreducible admissible representation of G(F ), then all irreducible constituents of π|G0 lie

in the same local L-packet (with parameter obtained by composing with LGF → LG0,F ), with

cuspidal representations corresponding to each other, and every representation of G0(F ) lifts

to one of G(F ). If F = R and π0 lies in the discrete series, then we can lift π0 to a discrete

series representation of G(R).

If ωπ0 denotes the central character of a representation π0, and ω is a (unitary) character

extending ωπ0 to ZG(Q)\ZG(A), then there exists a lift π of π0 as above with central character

ω. A similar statement holds for local fields.
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Proof. See Proposition 1.8.1 (and the discussion preceding it) in [HL04] and Theorem 1.1.1

in [LS18]. The last part follows from the techniques used in [LS18, Theorem 5.2.2] and

Lemma 3.3.6.

We will frequently need to talk about local L-factors attached to unramified representa-

tions of the groups defined in §3.3.1, so for completeness, we recall the definition here. We

follow §1.11, §1.14 and §5.1 Example (b) in [BR94].

Definition 4.1.2. Let ` be a prime which is unramified in E/Q and for which G0,Q` is

quasi-split. For a positive integer m, let Stdm denote the standard representation of GLm.

(a) Let F be a finite extension of Q`. For G ∈ {GL2n,GL1×GL2n}, let rstd : LGF →
GL2n(C) denote the following representation:

rstd(g, x) =

{
Std2n(g) if G = GL2n with LGF = GL2n(C)×WF

(Std1 � Std2n) (g) if G = GL1×GL2n with LGF = GL1(C)×GL2n(C)×WF

Let q denote the order of the residue field of F and Frob an arithmetic Frobenius in

WF . For any unramified representation σ of G (F ), with corresponding (unramified)

Langlands parameter ϕσ : WF → LGF , the standard local L-factor is defined to be

L(σ, s) := det
(
1− q−s(rstd ◦ ϕσ)(Frob−1)

)−1

where s ∈ C.

(b) If ` splits in E/Q, then we have an isomorphism G0,Q`
∼= GL2n,Q` , and for any unram-

ified representation σ of G0(F ), we define the local L-factor of σ to be as in part (a),

viewing σ as a representation of GL2n(F ) ∼= G0(F ). We have a similar definition for

representations of G(F ).

4.2 Discrete series representations

Recall that one has an identification GE = GL1,E ×GL2n,E (Remark 3.3.4) and irreducible

algebraic representations of GE are classified by tuples c = (c0; c1, . . . , c2n) ∈ Z1+2n which

satisfy c1 ≥ · · · ≥ c2n (see §3.3.3).

The L-packets of discrete series representations of G(R) are described by the above

algebraic representations. More precisely, following [Clo91, §3.3] (the extension to similitude

groups is immediate), if π∞ lies in the discrete series, the Langlands parameter ϕ∞ : WR →
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LG associated with π∞, restricted to WC = C×, is equivalent to a parameter of the form

z 7→
(

(z/z̄)p0 ; (z/z̄)p1+ 2n−1
2 , . . . , (z/z̄)p2n+ 2n−1

2

)
with pi ∈ Z and p1 > · · · > p2n. Then π∞ corresponds to an irreducible algebraic represen-

tation of GE with highest weight c = (c0; c1, . . . , c2n) satisfying c0 = p0 and ci = pi + (i− 1),

for i = 1, . . . , 2n. We have a similar description for discrete series L-packets for G0(R).

Lemma 4.2.1. Let π0 be a cuspidal automorphic representation of G0(A) such that π0,∞

lies in the discrete series L-packet corresponding to the highest weight c = (c1, . . . , c2n).

Suppose that the central character of π0 is trivial. Then there exists a cuspidal automorphic

representation π of G(A) such that:

• π has trivial central character.

• π∞ lies in the discrete series L-packet corresponding to the weight (0; c1, . . . , c2n).

Proof. By looking at the infinitesimal character of π0,∞, we must have c1 + · · · + c2n =

0 because the central character is trivial. By Proposition 4.1.1, there exists a cuspidal

automorphic representation π of G(A) lifting π0 such that π∞ lies in the discrete series.

Furthermore, we can arrange it so that the central character of π is trivial. In particular, if

(c0; c1, . . . , c2n) is the weight corresponding to the L-packet of π∞, then since π has trivial

central character, we must have

c0 +
2n∑
i=1

ci = 0.

This implies that c0 = 0.

4.3 Cohomology of unitary Shimura varieties

In this section we recall the construction of Galois representations attached to cuspidal

automorphic representations for the group G = GU(1, 2n − 1). To apply the results of

[Mor10], we assume that n is odd throughout this section.

Let π0 be a cuspidal automorphic representation of G0(A) such that π0,∞ lies in the

discrete series, and let π denote a lift to G(A) (see Proposition 4.1.1). If π0 has trivial

central character, then we take π to be a lift with trivial central character. Assume that π

is cohomological, i.e. there exists:

• A sufficiently small level K ⊂ G(Af ) such that πKf 6= {0}.
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• An irreducible algebraic representation V of GE and an integer i ∈ Z such that

Hi (gC, K
′
∞; π∞ ⊗ VC) 6= {0}

where g = Lie(G(R)) and K ′∞ = K∞ZG(R)◦, with K∞ a maximal compact subgroup

of G(R).

We say that a representation Π = ψ�Π0 of GL1(AE)×GL2n(AE) is θ-stable if Πc
0
∼= Π∨0 and

ψ = ψcωcΠ0
, where ωΠ0 is the central character of Π0. Recall that our choice of Hermitian

pairing implies that the group G is quasi-split at all finite places. Then we have the following

result due to Morel:

Proposition 4.3.1. Let S be the set of places of Q containing ∞, all primes which ramify

in E and all places where K is not hyperspecial (so π is unramified outside S).

1. There exists an irreducible admissible representation Π of ResE/Q GE(A) such that for

all but finitely many primes

ϕΠ`
∼= BC (ϕπ`) (4.3.2)

where ϕΠ` and ϕπ` are the local Langlands parameters of Π` and π` respectively, and

BC is the local base-change morphism defined in section 4.1. We say Π is a weak

base-change of π.

2. If the representation Π above is cuspidal then any weak base-change of π is a θ-stable

regular algebraic cuspidal automorphic representation and (4.3.2) holds for all ` /∈ S.

Furthermore, the infinitesimal character of Π∞ is the same as that of (V ⊗V θ)∗, where

V θ is the representation with highest weight (c0 + · · ·+ c2n;−c2n, . . . ,−c1).

3. Suppose that Π is cuspidal and π has trivial central character (for example, if π0,f ad-

mits a H0-linear model). Then under the isomorphism ResE/Q GE(AQ) ∼= GL1(AE)×
GL2n(AE), the representation Π is of the form 1�Π0 for some conjugate self-dual reg-

ular algebraic cuspidal automorphic representation Π0 of GL2n(AE) satisfying ϕΠ0,`
=

BC
(
ϕπ0,`

)
for all ` /∈ S.

Proof. Most of the proposition follows from Corollary 8.5.3, Remark 8.5.4 and the proof of

Lemma 8.5.6 in [Mor10]. The reason that (4.3.2) holds for all ` /∈ S follows from the fact

that G is quasi-split at all finite places. Moreover, if π0,f admits a H0-linear model then

the assertion that Π is of the form 1 � Π0 follows from the commutative diagram in section

4.1 and the fact that the central character of πf is trivial. Indeed, if we write Π = ψ � Π0

then it is enough to show that ψ` = 1 for all primes ` /∈ S, and this follows from a direct
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computation involving Satake parameters. For the assertion about the infinitesimal character

see the proofs of [Mor10, Lemma 8.5.6] and [Ski12, Theorem 9].

Remark 4.3.3. If the highest weight of the representation V is regular then the above propo-

sition follows from Theorem A in [Ski12] (which also builds on the work of Morel). However

we are only interested in the case where Π is cuspidal which does not require this assumption.

From now on we assume that any weak base change of π is cuspidal. In this case, thanks

to the work of many people (see for example [CH13], [HT01], [Mor10], [Shi11] and [Ski12]),

there exists a semisimple Galois representation attached to π.

Theorem 4.3.4. Let π be as above and assume that the central character of π is trivial.

Suppose that a weak base-change Π = 1�Π0 of π is cuspidal. Then there exists a continuous

semisimple Galois representation

ρπ : GE → GL(Wπ) ∼= GL2n(Qp)

such that

1. ρπ is conjugate self-dual (up to a twist), i.e. one has an isomorphism

ρcπ
∼= ρ∗π(1− 2n)

where ρcπ denotes the representation given by conjugating the argument by complex

conjugation in GQ (recall that we have fixed an embedding Q ↪→ C).

2. For all ` /∈ S ∪ {p} and λ|`, the representation ρπ|Eλ is unramified and satisfies

Qλ(Nmλ−s) := det
(
1− Frob−1

λ (Nmλ)−s| ρπ
)

= L (Πλ, s+ (1− 2n)/2)−1 .

In particular, if ` splits in E/Q and λ is the prime lying above ` corresponding to the

fixed embedding Q ↪→ Q`, then Qλ(`
−n) = L(π`, 1/2)−1.

3. If p /∈ S (so πp is unramified) then for any prime v dividing p the representation

ρv := ρπ|Ev is crystalline with jumps in the Hodge–Tate filtration occurring at{
ci + 2n− i i = 1, . . . , 2n if v is the place fixed by the embedding Q ↪→ Qp

−c2n+1−i + 2n− i i = 1, . . . , 2n otherwise

Furthermore, via the fixed isomorphism C ∼= Qp, the characteristic polynomial of

the crystalline Frobenius ϕ on Dcris(ρv) is equal to the characteristic polynomial of

81



ϕ
Π0,v⊗|·|1/2−nv

(Frob−1
v ), where

ϕ
Π0,v⊗|·|1/2−nv

: WEv → GL2n(C)

is the local Langlands parameter attached to the representation Π0,v ⊗ | · |1/2−nv .

Proof. See Theorem 3.2.3 in [CH13]. The third part follows from the explicit recipe of

(1.5) in op.cit.. Note that the representation ρπ, which a priori is associated with Π, only

depends on π. This is because the Galois representation constructed by Chenevier–Harris

is semisimple (so is determined by its behaviour at all but finitely many primes, for any

finite set of primes), and Π is a weak-base change of π (so its local Langlands parameters

are determined by π for all but finitely many primes).

In [Mor10, Corollary 8.4.6], Morel shows that, up to multiplicity, this representation

appears in the intersection cohomology of the Baily–Borel compactification of ShG. However,

to be able to construct an Euler system, we would like this representation to occur in the

(compactly-supported) cohomology of the open Shimura variety. In fact to obtain the correct

Euler factor, we work with the dual of the representation and assume that it appears as a

quotient of the (usual) étale cohomology.

We would also like ρπ to be absolutely irreducible (which is expected because we have

assumed that Π is cuspidal) – however this is currently not known in general. We summarise

this in the following assumption:

Assumption 4.3.5. Let π0 be a cuspidal automorphic representation of G0(A) such that

π0,∞ lies in the discrete series, and let π be a lift to G(A). Suppose that π is cohomological

with respect to the representation V , and suppose that any weak base-change of π is cuspidal.

Then we assume that:

• ρπ is absolutely irreducible.

• There exists a GE ×G(Af )-equivariant surjective map

prπ∨ : H2n−1
ét

(
ShG,Q,V

∗(n)
)
⊗Qp � π∨f ⊗W ∗

π (1− n).

(Here, we are identifying Qp with C via the fixed isomorphism in section 2.1).

Remark 4.3.6. If π is tempered, non-endoscopic and the global L-packet containing π is

stable, then we expect that the above assumptions hold true for the following reasons. Since

π is tempered the cohomology should vanish outside the middle degree and π is not a CAP

representation.1 In particular, the latter should imply that πf does not contribute to the

1CAP = cuspidal but associated to a parabolic.
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cohomology of the boundary strata of the Baily–Borel compactification of ShG. Since the

L-packet containing π is stable, this will imply that any weak base-change of π is cuspidal,

and finally, since π is non-endoscopic then (at least for p large enough) the representation

ρπ should be absolutely irreducible of dimension 2n.

Remark 4.3.7. If we assume that Π0,v is supercuspidal at some non-archimedean place v of

E, then the Galois representation ρπ will be absolutely irreducible for local reasons. In fact,

by choosing p large enough, we can even ensure that ρπ is residually absolutely irreducible

(see [LTX+19, Lemma E.8.3]).
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Chapter 5

Horizontal norm relations

This chapter comprises of the local calculations needed to prove the “tame norm relations”

for our anti-cyclotomic Euler system at split primes. In [LSZ17], the key input for proving

the norm relations is the existence of a Bessel model and a zeta integral that computes the

local L-factor of the automorphic representation. The analogous notion in our case will be

that of a Shalika model. This chapter is entirely local and independent of the rest of the

chapters in the first part of this thesis – in particular, we can relax the assumption that n is

odd.

For this chapter only, we consider

G = GL1 ×GL2n H = GL1×GLn×GLn

G0 = GL2n H0 = GLn×GLn

which we view as algebraic groups over Z` and come with diagonal embeddings H ↪→ G and

H0 ↪→ G0. We fix an irreducible, smooth, admissible, unramified, generic representation σ

of G0(Q`) and let π = 1� σ be its extension to G(Q`). For our applications later on, it will

be necessary to phrase everything in terms of the extended group G̃ := G×GL1. The group

H lifts to a subgroup of G̃ via the map

(α, h1, h2) 7→

(
α,

(
h1

h2

)
, ν(h1, h2)

)

where ν(h1, h2) = deth2/ deth1. In particular, for any character χ : Q×` → C×, the product

π�χ−1 is a representation of G̃(Q`) where the action of the subgroup H(Q`) is now twisted

by χ−1 ◦ ν.

Using the theory of Shalika models, we will prove the following theorem:
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Theorem 5.0.1. Let π = 1�σ be as above and suppose that HomH0 (σ,C) 6= 0. Then there

exists a locally constant compactly-supported function φ : G̃(Q`)→ Z satisfying the following:

1. For any choice of finite-order unramified character χ : Q×` → C×, any element z ∈
HomH(π � χ−1,C) and any spherical vector ϕ ∈ π � χ−1, we have the relation

z(φ · ϕ) =
`n

2

`− 1
L(σ ⊗ χ, 1/2)−1z(ϕ)

where L(σ ⊗ χ, s) is the standard local L-factor attached to σ ⊗ χ.

2. The function φ is an (integral) linear combination of indicator functions

φ =
n∑
r=0

br ch ((gr, 1)K)

where

gr = 1×

(
1 `−1Xr

1

)
and Xr = diag(1, . . . , 1, 0, . . . , 0) is the diagonal matrix having 1 as its first r-entries

(we set X0 = 0) and K = G̃(Z`).

3. If we set K1 = G(Z`)× (1 + `Z`) and

V1,r := (gr, 1) ·K1 · (gr, 1)−1 ∩H(Q`)

then V1,r is contained in H(Z`) and the coefficients in (2) satisfy

(`− 1) · br · [H(Z`) : V1,r]
−1 ∈ Z.

5.1 Shalika models

Let Q denote the Siegel parabolic subgroup of G given by

Q = GL1×

(
∗ ∗
∗

)

and let Q0 denote its projection to G0. We denote the unipotent radical of Q (resp. Q0) by

N (resp. N0) and define the Shalika subgroup S0 ⊂ G0 to be the subgroup of all matrices of
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the form (
h hX

h

)
where h ∈ GLn and X ∈ Mn (the space of n-by-n matrices). Let ψ0 : Q` → C× denote the

standard additive character on Q` which is trivial on Z` and define ψ to be the character

S0(Q`)→ C× given by

ψ

(
h hX

h

)
= ψ0(trX).

Definition 5.1.1. We say that σ has a Shalika model if there exists a non-zero G0(Q`)-

equivariant homomorphism

S• : σ → Ind
G0(Q`)
S0(Q`) (ψ).

Shalika models are unique when they exist (see [JR96]) and their existence is closely

related to whether σ is H0(Q`)-distinguished or not. Indeed, we have the following:

Proposition 5.1.2. If HomH0(σ,C) 6= 0, then σ admits a Shalika model.

Proof. Recall that σ was assumed to be generic. The result then follows from [Mat17,

Corollary 1.1].

From now on, we assume that σ admits a Shalika model. This will allow us to define

certain zeta integrals that compute the local L-factors of σ (and of all its twists by unramified

characters). Let dx denote the fixed Haar measure on GLn(Q`) normalised so that the volume

of GLn(Z`) is equal to 1.

Proposition 5.1.3. Let χ : Q×` → C× be any continuous character. For Re(s) large enough,

the integral

Z(ϕ, χ; s) :=

∫
GLn(Q`)

Sϕ

(
x

1

)
χ(detx)| detx|s−1/2dx

converges. The lower bound on Re(s) can be chosen independently of ϕ. Furthermore, the

function Z(ϕ, χ; s) can be analytically continued to a holomorphic function on all of C, and

if χ is unramified and ϕ0 is a spherical vector such that Sϕ0(1) = 1, then

Z(ϕ0, χ; s) = L(σ ⊗ χ, s).

Proof. See [DJR18, §3.2].

The zeta integral above provides us with a linear model for σ.
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Proposition 5.1.4. Let χ : Q×` → C× be a finite-order unramified character. Then the

linear map given by ϕ 7→ Z(ϕ, χ; 1/2) constitutes a basis of

HomH(π � χ−1,C). (5.1.5)

Proof. Since the underlying spaces for σ, π and π�χ−1 are the same, the linear map in the

statement of the proposition is well-defined. It is straightforward to verify that

Z(h · ϕ, χ; s) = χ(ν(h)) |ν(h)|s−1/2 Z(ϕ, χ; s)

for any h = (h1, h2) ∈ H0(Q`). Taking s = 1/2 gives the desired H-equivariance, and the

map is clearly non-zero. Finally, note that HomH(π � χ−1,C) = HomH0(σ, χ ◦ ν) and χ ◦ ν
is the product of two characters γ0, γ1, one for each factor of H0(Q`), each given by the

composition of det with χ−1, χ respectively. The result now follows from [CS20]; since χ has

finite-order, the character γ0 � γ1 is always “good” and therefore the Hom space is at most

one-dimensional (c.f. the terminology preceding Theorem C and the discussion that follows

in op.cit.).

5.2 Recap on lattices and flag varieties

In this section we introduce the objects that will be used throughout the rest of the chapter.

Let M denote the submonoid of all matrices in GLn(Q`) with entries in Z`, and let M≥r be

the subset of all matrices in M whose determinant has `-adic valuation ≥ r. For brevity, we

set Kn = GLn(Z`).

Definition 5.2.1. Let Ln denote the set of all lattices inside Qn
` , i.e. all Z`-submodules

which are free of rank n. The set Ln can be identified with the quotient space Kn\GLn(Q`)

via the map

Kn\GLn(Q`)
∼−→ Ln

Kn · g 7→ L[g].

where L[g] is the lattice spanned by the rows of g (we view elements of Qn
` as row vectors).

For a lattice L ∈ Ln, let

ML = {g ∈ GLn(Q`) : L[g] ⊂ L}

denote the subset of all matrices in GLn(Q`) whose rows span a sublattice inside L. This

contains the same amount of information as the original lattice L, but it will be useful to
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consider the subset ML later on. In particular, ML[g] is simply equal to the translate Mg.

Let L◦n ⊂ Ln denote the finite subset of all lattices satisfying

`Zn` ⊂ L ( Zn`

which is closed under intersection. This can be of course identified with all proper subspaces

of Fn` , a perspective we will frequently take.

Definition 5.2.2. A chain C of lattices in Ln of length r is a sequence

Lr ( Lr−1 ( · · · ( L0.

We let Cmin = Lr denote the minimal element of the chain C.

Let Bn and Tn denote the standard Borel and torus in GLn respectively, and let X∗(Tn)

denote the cocharacter group Hom(Gm, Tn). Fixing this choice of Borel and torus deter-

mines a subset X∗(Tn)+ ⊂ X∗(Tn) of dominant cocharacters. Explicitly, every dominant

cocharacter is of the form

Gm −→ Tn

z 7→ diag(za1 , . . . , zan)

where ai are integers satisfying a1 ≥ · · · ≥ an, therefore we will often refer to such a

cocharacter by the tuple (a1, . . . , an). Recall that one has the Cartan decomposition of

GLn(Q`)

GLn(Q`) =
⊔
χ

Knχ(`)Kn

where the disjoint union is over all dominant cocharacters as above.

Definition 5.2.3. For a lattice L = L[g] in Ln, we let inv(L) denote its relative position

with respect to the standard lattice Zn` , i.e. inv(L) = χ(`) where χ is the unique dominant

cocharacter as above, such that KngKn = Knχ(`)Kn.

We introduce the following matrices which will play a key role in the rest of this chapter.

Definition 5.2.4. For 1 ≤ m ≤ n, let

tm = diag(`, . . . , `, 1, . . . , 1) ∈ GLn(Q`)

denote the diagonal matrix whose first m entries are equal to `.
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Remark 5.2.5. The space L◦n can be viewed as the subset of Ln generated by all intersections

of lattices of relative position t1, or equivalently, as the subset of all lattices with relative

position equal to tm, for some 1 ≤ m ≤ n.

We will also need to talk about flag varieties of arbitrary signature, so we recall the

definition for the convenience of the reader.

Definition 5.2.6. Let d0 < d1 < · · · < dk be positive integers satisfying d0 = 0 and dk = m.

The flag variety Fl(d1, . . . , dk;F`) of signature (d1, . . . , dk) is the space of all flags

{0} = V0 ⊂ V1 ⊂ · · · ⊂ Vk = Fm`

where Vi is a subspace of dimension di.

We will frequently use the fact that Fl(d1, . . . , dk;F`) is a finite set of order equal to[
m

n1 · · ·nk

]
`

:=
[m]`!

[n1]`! · · · [nk]`!

where ni = di − di−1, with notation as in §2.1.

5.3 Lattice counting

To study the zeta integrals introduced in Proposition 5.1.3 and their translates by certain

Hecke operators, it will be necessary to formulate an inclusion-exclusion principle for the

monoid M . Essentially, we will use this principle to count the elements in M≥1 with respect

to a suitable measure arising from the Shalika model for σ.

Recall that we have fixed a left-invariant Haar measure on GLn(Q`) (which must also

be right-invariant), and let f : GLn(Q`) → C be any locally constant function such that∫
GLn(Q`)

f(x)dx < +∞. Then the assignment

X 7→ µf (X) :=

∫
X

f(x)dx

defines a (finite) measure on the σ-algebra generated by all compact open subsets of GLn(Q`).

Proposition 5.3.1 (Inclusion-Exclusion). Let f : GLn(Q`) → C be any locally constant

function. Then

µf
(
M≥1

)
= µf

 ⋃
L∈L◦n

ML

 =
∑
C∈C

(−1)l(C)µf (MCmin
) (5.3.2)
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where C denotes the set of chains in L◦n and l(C) is the length of the chain C (Definition

5.2.2).

Proof. We follow [Nar74]. For any non-empty finite subset S of L◦n, we define a subset

S ⊂ L◦n as follows: set S0 = S, and for i ≥ 0, set Si+1 = Si ∪ {L ∩ L′|L,L′ ∈ Si}. Then we

take S =
⋃
i Si. The collection of all such subsets S obtained from any finite subset S is

denoted by O(L◦n). Recall that for any L ∈ L◦n, we have set

ML = {g ∈ GLn(Q`) |L[g] ⊂ L} ⊂M≥1.

Then, M≥1 =
⋃
L∈L◦n

ML. Indeed, for g ∈ M≥1 one has L[g] ( Zn` , which implies that

L[g] + `Zn` ( Zn` . Therefore, g ∈ML with L = L[g] + `Zn` .

By the inclusion-exclusion principle for finite measures, we have

µf
(
M≥1

)
=

∑
∅6=S⊂L◦n

(−1)|S|−1µf

(⋂
L∈S

ML

)
. (5.3.3)

Fix an element Y ∈ O(L◦n) and let

Y0 := Y − {L ∩ L′ |L,L′ ∈ Y, L 6⊂ L′, L′ 6⊂ L}

i.e. the subset obtained by deleting the intersection of incomparable pairs of lattices. Set

s = |Y0|, t = |Y |, l = t− s. Clearly, for any non-empty S ⊂ L◦n, we have S = Y if and only

if Y0 ⊂ S ⊂ Y . Therefore

∑
S⊂L◦n, S=Y

(−1)|S| = (−1)s
l∑

k=0

(
l

k

)
(−1)k

=

(−1)s if Y = Y0

0 otherwise

Moreover, Y = Y0 if and only if elements of Y form a chain C ∈ C. Using the fact that⋂
L∈CML = MCmin

, the right hand side of (5.3.3) is equal to

∑
C∈C

 ∑
S:S=C

(−1)|S|−1

µf (MCmin
) =

∑
C∈C

(−1)l(C)µf (MCmin
)

and the claim follows.
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We obtain the following corollary.

Corollary 5.3.4. Keeping the same notation as in Proposition 5.3.1, suppose that f is

invariant under right-translation of the argument by Kn. For an integer 1 ≤ m ≤ n let

λm = #{L ∈ L◦n : inv(L) = tm} ·
m−1∑
j=0

(−1)j ·#

{
chains in L◦n of length j

with minimal element L[tm]

}
.

Then

1. µf (M
≥1) =

∑n
m=1 λmµf (Mtm).

2. We have

λm ≡
(
n

m

)
(−1)m+1

modulo `− 1, which implies that
∑n

m=1 λm ≡ 1 modulo `− 1.

Proof. Since f is invariant under right-translation by Kn, by Proposition 5.3.1 and the fact

that any element in L◦n has relative position tm for some m (Remark 5.2.5), we have

µf (M
≥1) =

n∑
m=1

∑
inv(L)=tm

m−1∑
j=0

(−1)jDj,m · µf (ML)

=
n∑

m=1

λm · µf (Mtm)

where Dj,m is the number of chains of length j with minimal element L[tm]. To calculate Dj,m

it is enough to study subspaces of Fm` (since L◦n can be identified with all proper subspaces

of Fn` ).

Note that Dj,m is equal to the sum over (d1, . . . , dj+1) of # Fl(d1, . . . , dj+1;F`), where the

latter space is the flag variety of signature (d1, . . . , dj+1) associated with the vector space Fm`
(Definition 5.2.6). The order of this flag variety is congruent modulo `−1 to the multinomial

coefficient (
m

n1 · · · nj+1

)
where ni = di − di−1 (and d0 = 0). This implies that Dj,m is congruent to the sum of these

coefficients over all ni such that ni 6= 0 for all i = 1, . . . , j+1. The total sum of all coefficients

is (j + 1)m by the multinomial theorem. We compute Dj,m as follows:

Dj,m ≡ (j + 1)m −
∑

some ni=0

= (j + 1)m −

∑
i

∑
ni=0

−
∑
i,j

∑
ni=nj=0

+ · · · ±
∑

all ni=0

 .
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This is equal to

Dj,m ≡ (j+1)m−
((

j + 1

1

)
jm −

(
j + 1

2

)
(j − 1)m + · · · ± 0

)
=

j∑
k=0

(−1)k
(
j + 1

k

)
(j+1−k)m.

Consider the following variable change (r, t) = (j − k, k). This implies that

m−1∑
j=0

(−1)jDj,m ≡
m−1∑
r=0

(−1)r(r + 1)m
m−r−1∑
t=0

(
r + t+ 1

t

)

=
m−1∑
r=0

(−1)r(r + 1)m
(

m+ 1

m− r − 1

)

= −
m−1∑
s=0

(−1)s
(
m+ 1

s

)
P (s)

where P (X) = (X − m)m and for the last equality we have used the change of variables

s = m − r − 1. Now we have P (m) = 0 and P (m + 1) = 1, and since P is a polynomial of

degree < m+ 1, by the standard identities involving binomial coefficients we have

−
m−1∑
s=0

(−1)s
(
m+ 1

s

)
P (s) = (−1)m+1P (m+ 1) = (−1)m+1.

To complete the proof we note that #{L ∈ L◦n : inv(L) = tm} is equal to the number of points

in the Grassmanian of (n−m)-dimensional subspaces of Fn` . This quantity is congruent to(
n

n−m

)
=

(
n

m

)
modulo `− 1.

Example 5.3.1. Let n = 2 and suppose that f is right Kn-invariant. Then there are ` + 2

elements in L◦2; `+1 of them have relative position t1 and we will denote them by L1, . . . , L`+1,

the other has relative position t2, and we will denote it by S. There are `+2 chains of length

zero and ` + 1 chains of length 1, namely they are all of the form S ⊂ Li. Since f is

Kn-invariant we have

µf (M
≥1) = (`+ 1)µf (Mt1) + µf (Mt2)− (`+ 1)µf (Mt2) = (`+ 1)µf (Mt1)− `µf (Mt2).

92



5.4 The Um-operators

Let Mm×n(F`) denote the set of (m×n)-matrices with coefficients in F` which can naturally

be identified with the subgroup of Mn×n(F`) consisting of matrices with the last n−m rows

equal to zero. We also view Mn×n(F`) ⊂ Mn×n(Z`) via the Teichmüller lift. We emphasise

that when talking about the ranks of these matrices, we always mean the rank as a linear

map Fn` → Fm` (as the Teichmüller lift doesn’t preserve ranks).

We introduce some operators. For 1 ≤ m ≤ n we let

Um =
∑
X

(
1 X

1

)(
tm

1

)
∈ Z[G0(Q`)]

where the sum is over all matrices in Mm×n(F`) (the blocks in the above matrices are of size

n× n). These operators interact with the Shalika model as follows.

Lemma 5.4.1. Let ϕ0 be a spherical vector. Then

SUm·ϕ0

(
x

1

)
=


0 if x /∈M

`mnSϕ0

(
xtm

1

)
if x ∈M

Consequently, we have

Z(χ(`)m`n(n−m)Um · ϕ0, χ; s) = `n
2+m(s−1/2)

∫
Mtm

Sϕ0

(
x

1

)
χ(detx)| detx|s−1/2dx

for Re(s) large enough so that the integrals converge.

Proof. Right-translation by elements of the form

(
1 X

1

)
implies that Sϕ0

(
x

1

)
is

supported on M . Furthermore, a direct calculation shows that

SUm·ϕ0

(
x

1

)
=
∑
X

ψ0(tr(x ·X)) · Sϕ0

(
xtm

1

)

so this function is supported on all x ∈ Mt−1
m . If x ∈ Mt−1

m , then the function X 7→
ψ0(tr(x · X)) defines a character Mm×n(F`) → C which is trivial if and only if x ∈ M .

Therefore, the result follows from the usual character orthogonality relations. The last part

follows from the change of variable x 7→ xt−1
m .

Remark 5.4.2. The action of Um on the function Sϕ0(−) differs from the action of the more
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common U`-operator associated with the parabolic of type (m,n − m,n) by a power of `.

However, it is more convenient for our purposes to use the above definition instead. Since

we are eventually going to consider congruences modulo `−1 this makes no difference to the

end result.

We now apply the combinatorics of the previous section.

Theorem 5.4.3. Let χ : Q×` → C× be a finite-order unramified character and let ϕ0 be

a spherical vector normalised such that Sϕ0(1) = 1. Then there exist integers λ1, . . . , λn

(independent of χ) such that

Z

(
(

n∑
m=1

λm`
n(n−m)χ(`)mUm) · ϕ0, χ; 1/2

)
= `n

2

[Z(ϕ0, χ; 1/2)− 1] .

Furthermore, the sum `n
2 −

∑n
m=1 `

n(n−m)λm is divisible by `− 1.

Proof. Fix s with real part large enough, and set f(x) = Sϕ0

(
x

1

)
χ(detx)| detx|s−1/2.

Then f is right Kn-invariant. By Corollary 5.3.4, there exist integers λ1, . . . , λn which are

independent of χ and satisfy

µf (M
≥1) =

n∑
m=1

λmµf (Mtm).

Therefore, by Lemma 5.4.1, we have

Z

(
(

n∑
m=1

λm`
n(n−m)χ(`)mUm) · ϕ0, χ; s

)
=

n∑
m=1

λm`
n2+m(s−1/2)µf (Mtm)

= `n
2

(
n∑

m=1

λm(`m(s−1/2) − 1)µf (Mtm) + µf (M
≥1)

)
.

Furthermore, µf (Mtm) can be analytically continued to a holomorphic function in s, so the

limit lims→1/2 µf (Mtm) exists and is finite. Therefore passing to the limit as s → 1/2 we

have

Z

(
(

n∑
m=1

λm`
n(n−m)χ(`)mUm) · ϕ0, χ; 1/2

)
= `n

2

lim
s→1/2

µf (M
≥1).

Now to conclude the proof, we note that

µf (M
≥1) = µf (M)− µf (Kn) = Z(ϕ0, χ; s)− 1.

The second part of the theorem just follows from Corollary 5.3.4.
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5.5 Congruences modulo `− 1

We now seek to find the element φ in Theorem 5.0.1. For this, we must prove a congruence

relation for the operators Um. As before, we will express the result in terms of the extended

group G̃, so we introduce some additional notation:

Definition 5.5.1. For an element g ∈ G0(Q`) let g̃ denote the element

(1, g, det g−1) ∈ G̃(Q`).

We also let Ũm denote the corresponding operator in Z[G̃(Q`)].

We note that we have a left action of H(Z`) = GL1(Z`)×GLn(Z`)×GLn(Z`) on Mn×n(F`)
given by

(α,A,B) ·X = AXB−1

which will be useful in the proof of the following proposition.

Proposition 5.5.2. We retain the notation of Theorem 5.0.1. Let ϕ0 ∈ π be a spherical

vector. Then there exists a Z-valued right K-invariant smooth compactly supported function

ψm on G̃(Q`) such that

1. ψm =
∑m

r=0 cr,m ch ((gr, 1)K) and the coefficients cr,m equal the number of rank r ma-

trices in Mm×n(F`); explicitly we have

cr,m =
r−1∏
j=0

(`m − `j)(`n − `j)
`r − `j

for r ≥ 1, and c0,m = 1.

2. For any unramified χ and z ∈ HomH(π � χ−1,C)

z(Ũm · ϕ0) = z(ψm · ϕ0).

3. For r ≥ 0 we have

StabH(Z`)(Xr) = Vr := (gr, 1)K(gr, 1)−1 ∩H(Q`)

which implies that [H(Z`) : Vr] = cr,n. Furthermore, we have [Vr : V1,r] = ` − 1 when

0 ≤ r ≤ n− 1 and Vn = V1,n.
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Proof. Let gX =

(
1 X

1

)(
tm

1

)
be an element appearing the sum Um. Since ϕ0 is

spherical, we have

gX · ϕ0 =

(
tmA

−1

B−1

)(
1 t−1

m (tmAt
−1
m )XB−1

1

)
· ϕ0

for A,B ∈ GLn(Z`). We can choose A,B such that tmAt
−1
m ∈ GLn(Z`) and (tmAt

−1
m )XB−1 ≡

Xr modulo `, where r is the rank of X (viewed as a linear map Fn` → Fm` ).1 Hence we have

z(g̃X · ϕ0) = z((gr, 1) · ϕ0).

Indeed, this follows from that fact that (1, (tmA
−1, B−1), `−m detA detB−1) ∈ H(Q`) and

χ(detA) = χ(detB) = 1. This proves the first and second parts of the proposition – the

formula for cr,m is well-known.

The last part of the proposition follows from an explicit calculation and the orbit–

stabiliser theorem. Furthermore the induced map

ν : Vr → Z×`

given by ν(α,A,B) = detA−1 detB is surjective when r < n (for example, take A = 1 and

B equal to a diagonal matrix with the first n− 1 entries equal to 1) so we have [Vr : V1,r] =

`− 1.

5.6 Proof of Theorem 5.0.1

We begin with the following lemma:

Lemma 5.6.1. For 1 ≤ r ≤ n set

b′r =
n∑

m=r

`n(n−m)λmcr,m

where λm and cr,m are the integers in Corollary 5.3.4 and Proposition 5.5.2 respectively.

Then (`− 1) · cr,n divides b′r when 1 ≤ r ≤ n− 1, and b′n = λncn,n.

1Working modulo `, we can first apply column operations to ensure that X has its last (n− r) columns
equal to zero. Then apply row operations to ensure that X is only non-zero in its top-left (r× r) block (such
an A exists for this step because r ≤ m). This block must be invertible, so we can apply column operations
to put X in the form Xr, as required.
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Proof. We first show that cr,n divides λmcr,m. Indeed the number of F`-points of the Grass-

manian of m-dimensional subspaces of n-dimensional space is equal to

[
n

m

]
`

, so by Corollary

5.3.4 the integer λm is divisible by

[
n

m

]
`

. Using the formula in Proposition 5.5.2 we have

[
n

m

]
`

· cr,m
cr,n

=

[
n

m

]
`

·
[
m

r

]
`

·
[
n

r

]−1

`

=

[
n− r
n−m

]
`

.

Furthermore, by Corollary 5.3.4 we have λm ≡
(
n

m

)
(−1)m+1 modulo ` − 1, which implies

that

`n(n−m) · λm · cr,m · c−1
r,n ≡ (−1)m+1

(
n− r
n−m

)
modulo `− 1

and thus by the binomial formula, b′rc
−1
r,n ≡ 0 (mod `− 1) in the case r < n. This completes

the proof of the lemma.

We now construct the element φ. We set

b0 = (`− 1)−1

(
`n

2 −
n∑

m=1

λm`
n(n−m)

)

which is an integer by Theorem 5.4.3, and for r ≥ 1 we set br = −(` − 1)−1b′r which is an

integer by the above lemma and the fact that `− 1 divides cn,n. Then we set

φ :=
n∑
r=0

br ch ((gr, 1)K) ∈ H
(
G̃(Q`),Z

)
which naturally acts on the smooth representation π�χ−1 of G̃(Q`). Let ϕ0 be a normalised
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spherical vector and set z(−) = Z(−, χ; 1/2). Then we have

z((`− 1)φ · ϕ0) = z

((
`n

2 −
n∑

m=1

λm`
n(n−m)

)
ϕ0 −

n∑
r=1

b′r(gr, 1) · ϕ0

)

= z

((
`n

2 −
n∑

m=1

λm`
n(n−m)

)
ϕ0 −

n∑
r=1

n∑
m=r

`n(n−m)λmcr,m(gr, 1) · ϕ0

)

= z

(
`n

2

ϕ0 −
n∑

m=1

`n(n−m)λm

m∑
r=0

cr,m(gr, 1) · ϕ0

)

= z

(
`n

2

ϕ0 −
n∑

m=1

`n(n−m)λm · Ũm · ϕ0

)
(5.6.2)

= Z

(
`n

2

ϕ0 − (
n∑

m=1

λm`
n(n−m)χ(`)mUm) · ϕ0, χ; 1/2

)
(5.6.3)

= `n
2

L(σ ⊗ χ, 1/2)−1Z(ϕ0, χ; 1/2) (5.6.4)

where the equalities in (5.6.2), (5.6.3) and (5.6.4) follow from Proposition 5.5.2, the fact that

Ũm · ϕ0 = χ(`)mUm · ϕ0 and Theorem 5.4.3 respectively. The latter equality also uses the

fact that Z(ϕ0, χ; 1/2) = L(σ ⊗ χ, 1/2).

Since Z(−, χ; 1/2) is a basis of the hom-space HomH(π � χ−1,C), this completes the

proof of the first part of Theorem 5.0.1. Furthermore, by construction φ is an integral linear

combination of indicator functions ch((gr, 1)K), so we have also proven the second part of

the theorem.

Finally, by Proposition 5.5.2 we have

(`− 1) · br · [H(Z`) : V1,r]
−1 =

{
−b′r · c−1

r,n · (`− 1)−1 if 1 ≤ r ≤ n− 1

−b′n · c−1
n,n if r = n

which in both cases was shown to be an integer. For r = 0 the statement follows from the

fact that b0 is an integer.
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Chapter 6

Vertical norm relations at split primes

In this chapter we construct classes in the “p-direction” following the general method outlined

in [Loe19]. As a result we will obtain cohomologically trivial cycles which are compatible as

one goes up in the anti-cyclotomic tower. We will also need results of this chapter in the

construction of the Euler system map. We do not require n to be odd in this chapter.

6.1 Group theoretic set-up

Let p be an odd prime which splits in E/Q. Then we can consider the local versions of the

groups in section 3.3.1 at the prime p – we will denote these groups by unscripted letters.

By Remark 3.3.4, we have identifications

G = GQp
∼= GL1×GL2n

H = HQp
∼= GL1×GLn×GLn

T = TQp
∼= GL1

Since all of these groups are unramified, they all admit a reductive model over Zp which we

fix and, by abuse of notation, denote by the same letters. We recall some notation from

section 3.3.3.

Definition 6.1.1. Let Q denote the Siegel parabolic subgroup of G given by

Q = GL1×

(
∗ ∗
∗

)

and let J ⊂ G(Zp) denote the parahoric subgroup associated with Q (i.e. all elements in

G(Zp) which lie in Q modulo p). We identify the Levi of Q with the subgroup ι(H).
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The automorphic representations that we will consider will be “ordinary” with respect

to a certain Hecke operator associated with the parabolic subgroup Q × T ⊂ G̃, which we

will now define. Let τ and τ̃ be the elements

τ = 1×

(
p

1

)
∈ G(Qp) τ̃ = 1×

(
p

1

)
× 1 ∈ G̃(Qp).

Then for any sufficiently small compact open subgroup K̃ ⊂ G̃(Af ), we let T denote the

Hecke operator associated with the double coset [K̃τ̃−1K̃]. More concretely, T is the operator

associated with the following correspondence:

ShG̃(K̃ ∩ τ̃ K̃τ̃−1) ShG̃(K̃ ∩ τ̃−1K̃τ̃)

ShG̃(K̃) ShG̃(K̃)

[τ̃−1]

Explicitly, if p1 and p2 denote the left-hand and right-hand projection maps respectively,

then T = p2,∗ ◦ [τ̃−1]∗ ◦ p∗1 (see also section 2.4.3). In all choices K̃ ′ ⊂ K̃ that we will

consider, this operator will be compatible with the pushforward morphism (prK̃′,K̃)∗, where

prK̃′,K̃ : ShG̃(K̃ ′)→ ShG̃(K̃) is the natural map; so we will often omit the level when referring

to it (see [Loe19, §4.5]). Note that if K̃ = K × C is decomposable, then T only acts on the

cohomology of the first factor of ShG̃(K̃) ∼= ShG(K) × ShT(C). We will denote the Hecke

correspondence induced on ShG(K) also by T .

Remark 6.1.2. We can rephrase this in the language of §2.3 as follows. Let K ⊂ G(Af ) be a

sufficiently small compact open subgroup and, for this remark only, let TK denote the Hecke

operator [Kτ−1K] defined above, acting on either the cohomology group Hi
ét (ShG(K),FK)

or Hi
ét (ShG(K)E,FK) for a lisse equivariant étale Λ-sheaf F (with Λ = Zp or Qp). To ease

notation, we will set Kτ := K ∩ τ−1Kτ . Then the endomorphism TK is induced from the

étale correspondence

(
ShG(Kτ ), [τ

−1]Kτ ,K , prKτ ,K , φK
)
∈ ÉtCor (ShG(K),FK) (6.1.3)

with morphism φK : [τ−1]∗Kτ ,KFK → pr∗Kτ ,K FK given by the composition

[τ−1]∗Kτ ,KFK → FKτ
∼←− pr∗Kτ ,K FK

where both maps arise from the equivariant structure on F . Let N = {0, 1, 2, ...} viewed as a

discrete monoidal category. Then one obtains a monoidal functor FK : N→ ÉtCor (ShG(K),FK)

100



by defining FK(1) to be the correspondence in (6.1.3). If we set R = Λ[N] (which is identified

with the polynomial algebra over Λ in one variable, then one obtains R-module structures

on Hi
ét (ShG(K),FK) and Hi

ét (ShG(K)E,FK).

Now suppose that F is an equivariant sheaf associated with a continuous representation

of G(Qp) (or of an appropriate open submonoid of G(Qp) containing τ−1). Let g ∈ G(Ap
f )

which we view as element of G(Af ) in the natural way. Suppose that L ⊂ G(Af ) is a

sufficiently small compact open subgroup such that g−1Lg ⊂ K, and assume thatK = KpKp,

L = LpLp with Lp = Kp. Then we obtain a commutative diagram of correspondences

ShG(L) ShG(Lτ ) ShG(L)

ShG(K) ShG(Kτ ) ShG(K)

[g] [g]

[τ−1] pr

[g]

[τ−1] pr

because g and τ commute. Both squares are Cartesian because the degrees of the horizontal

maps only depend on Lp = Kp and the degrees of the vertical maps are all equal to [Kp :

g−1Lpg] (c.f. the proof of Lemma 2.4.6 for a similar calculation). Furthermore, under

the canonical identification [g]∗FK = FL (recall that the action of G(Af ) factors through

G(Qp)) one has φL = [g]∗φK , because of the cocycle condition for the equivariant sheaf F

and the fact that g and τ−1 commute. This implies that the monoidal functors FL and FK

are compatible under [g] (in the sense of Definition 2.3.7) and so the Hecke operators TK
and TL commute with [g]∗ and [g]∗.

One has a similar description for the group G̃ and the Hecke operator [K̃τ̃−1K̃] as above

– in this case, if the level K̃ is of the form K̃pK̃p with K̃p = Kp×Cp, then the Hecke operator

T is compatible with varying the levels K̃p and Cp.

6.1.1 The flag variety

We now consider the spherical variety that underlies the whole construction in this chapter.

Let Q denote the opposite of Q (with respect to the standard torus) with unipotent radical

N . We will also abusively write N for the unipotent radical of Q × T . Then we consider

the flag variety F = G̃/(Q × T ) = G/Q over SpecZp, which has a natural left action of G̃

(which factors through the projection to G). Let ũ ∈ G̃(Zp) denote the element

ũ = 1×

(
1 1

1

)
× 1
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and consider the following reductive subgroup L◦ / ι(H)× T given by

L◦ = ι(H)× 1 = GL1×

{(
X

Y

)
: X, Y ∈ GLn

}
× 1.

Then we verify the following properties.

Lemma 6.1.4. Keeping the same notation as above, the following are satisfied:

1. The stabiliser StabH([ũ]) = (ι, ν)(H) ∩ ũ(Q× T )ũ−1 is contained in ũ · L◦ · ũ−1.

2. The H-orbit of ũ in F (over SpecZp) is Zariski open.

Proof. The first part is a routine check that is left to the reader. For the second part we

note that we have the following equality

(ι, ν)(H) ∩ ũ(Q× T )ũ−1 = GL1 ×

{(
X

X

)
: X ∈ GLn

}
× 1

which implies that the orbit of [ũ] can be identified with a copy of GLn ⊂ F . One can check

that this is open.

We define the following level subgroups

• Ur = {g ∈ G̃(Zp) : g (mod pr) ∈ L◦ and τ̃−rgτ̃ r ∈ G̃(Zp)}

• Vr = τ̃−rUrτ̃
r

for r ≥ 0. We let Dpr ⊂ T (Zp) denote the group of all elements x ≡ 1 modulo pr. Then Vr

and Ur are compact open subgroups of J ×Dpr for r ≥ 1 (so in the notation of section 3.3.4,

we have Vr, Ur ∈ ΥG̃p
).

Remark 6.1.5. The conditions defining these subgroups are slightly stronger than in [Loe19,

§4.4, §4.6], however this does not affect the validity of op.cit. because we have a stronger

property on the flag variety (Lemma 6.1.4(1)). Moreover, the second condition in the defi-

nition of Ur is superfluous in our case, however we have included it to keep in line with the

notation in op.cit.

The following lemma ensures that the action of the Hecke operator T will be independent

of the choice of level subgroup.

Lemma 6.1.6. Let r ≥ 1 and set V ′r = Vr ∩ τ̃Vrτ̃−1. Then

(a) V ′r\Vr/Vr+1 is a singleton and V ′r ∩ Vr+1 = V ′r+1.
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(b) Set (J ×Dpr)
′ = τ̃(J ×Dpr)τ̃

−1 ∩ (J ×Dpr). The double coset space

(J ×Dpr)
′\J ×Dpr/Vr

is a singleton and Vr ∩ (J ×Dpr)
′ = V ′r .

Proof. In terms of Ur, the first claim in part (a) amounts to showing that

(Ur ∩ τ̃Urτ̃−1)\Ur/τ̃−1Ur+1τ̃

is a singleton. Notice that we have the Iwahori decomposition

Ur = N r · Lr ·Nr

where N , N are the unipotent radicals of Q×T , Q×T respectively, L = ι(H)×T ⊂ G×T
is the Levi, and Nr := τ̃ rN(Zp)τ̃−r, N r := τ̃−rN(Zp)τ̃ r and Lr = L◦(Zp)(1 × Dpr) ⊂
G(Zp)× T (Zp). One then easily sees that

Ur ∩ τ̃Urτ̃−1 = N r · Lr ·Nr+1, τ̃−1Ur+1τ̃ = N r+2 · Lr+1 ·Nr

which implies that Ur = (Ur ∩ τ̃Urτ̃−1) · (τ̃−1Ur+1τ̃) as required. As

V ′r = N2r · Lr ·N1, Vr+1 = N2r+2 · Lr+1 ·N0

their intersection equals N2r+2 · Lr+1 ·N1 = V ′r+1. The proof of part (b) is similar.

6.2 Abstract localisations

To obtain classes in the cohomology of ShG that are cohomologically trivial, it turns out

it is enough to construct universal norms out of them in the “p-direction”. Once we have

accomplished this, we can apply the constructions in §2.3 to map to the cohomology of

the Galois representation attached to π. We obtain these universal norms by localising the

cohomology of ShG̃ at a suitable maximal ideal of the ring Zp[T ]. Informally, this process

will cut out the part of the cohomology on which T acts through a scalar, which is congruent

to a fixed element of F×p modulo p. We describe this abstract process in this section.

Let Zp[X] denote the polynomial algebra in one variable over Zp. This is a unique

factorisation domain and its quotients satisfy the following property:
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Lemma 6.2.1. Let h(X) ∈ Zp[X] denote any monic polynomial (of positive degree) and set

T = Zp[X]/h(X). Then one has a canonical isomorphism of rings:

T ∼=
⊕
m⊂T

Tm

where the sum is over all maximal ideals of T.

Proof. Let h(X) denote the reduction of h(X) modulo p. Then one has a unique factorisation

(up to reordering) h(X) = f1(X)a1 · · · fr(X)ar , where fi(X) ∈ Fp[X] are pairwise coprime

monic irreducible polynomials and ai ∈ Z>0. By Hensel’s lemma, one has a factorisation

h(X) = g1(X) · · · gr(X)

where gi(X) ∈ Zp[X] are pairwise coprime monic polynomials which reduce to fi(X)ai

modulo p. In fact, for i 6= j, gi and gj are comaximal (they satisfy (gi) + (gj) = Zp[X])

because they reduce to coprime polynomials modulo p. The result now follows from the

Chinese Remainder Theorem and the fact that the ring Zp[X]/gi(X) is local (with maximal

ideal generated by p and any lift of fi).

For any element α ∈ Zp we let mα denote the kernel of composition:

Zp[X]→ Fp[X]
X 7→α mod p−−−−−−−→ Fp.

This defines a maximal ideal of Zp[X]. We obtain the following corollary:

Corollary 6.2.2. Let M be a Zp[X]-module which is finitely-generated over Zp. Then

1. For any maximal ideal n ⊂ Zp[X], the localisation

Mn = M ⊗Zp[X] Zp[X]n

is finitely-generated over Zp. Moreover, the natural map M → Mn is surjective and

admits a Zp[X]-linear splitting.

2. For α ∈ Zp and a Zp[X]-module N on which X acts through the scalar α, any Zp[X]-

linear morphism f : M → N factors through the natural map M �Mmα.

Proof. Let h(X) be a monic polynomial (of positive degree) which kills M (such a polynomial

exists by the Cayley–Hamilton theorem) and set T = Zp[X]/h(X). By Lemma 6.2.1, we have

104



the following canonical decomposition

M = M ⊗T T =
⊕
m⊂T

(M ⊗T Tm)

where the sum is over all maximal ideals of T. If h(X) 6∈ n then Mn = 0 and the claim is vac-

uous. Otherwise, there is a one-to-one correspondence between maximal ideals n containing

h(X) and maximal ideals of T. Since the action of Zp[X] on M factors through T, we have

the following identification

Mn = M ⊗T Tm

where m ⊂ T is the maximal ideal corresponding to n. The decomposition above immediately

gives part (1).

The second part of the corollary follows from the fact that for any g(X) ∈ Zp[X]− mα,

one has g(α) ∈ Z×p .

Remark 6.2.3. One also has a rational version of this as follows. For α ∈ Qp let tα denote

the kernel of the evaluation-at-α map Qp[X] → Qp. Then if N is a Qp[X]-module which is

finite-dimensional over Qp, then the localisation

Ntα = N ⊗Qp[X] Qp[X]tα

is finite-dimensional over Qp and is naturally a direct summand of N (if α ∈ Qp then this is

simply the generalised eigenspace where X = α).

If α ∈ Zp, M is a Zp[X]-module which is finitely-generated over Zp, and f : M → N is

a Zp[X]-linear map, then one has an induced map Mmα → Ntα which commutes with the

splittings Mmα ↪→M and Ntα ↪→ N .

6.3 Application to cohomology functors

In this section we will freely use the notation from §3.3.3–3.3.4. By a slight abuse of notation,

if a Zp-module M carries a Zp-linear action of the Hecke operator T then we will write

M is a Zp[T ]-module to indicate that M is a Zp[X]-module with X acting through T
(so in particular, we do not use the notation Zp[T ] to indicate the image of Zp[X] in the

endomorphism ring of M). Similarly, if we define U ′S := µ(τ)T where µ is the highest weight

of the algebraic representation V , then we will write N is a Qp[U ′S]-module to indicate that

N is a Qp[X]-module with X acting through U ′S.

We fix the level in the Gp component to be J ∈ ΥGp in this section (although the results
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apply for any fixed level Kp). We note that each MG̃,Zp(K
pJ ×C) is endowed with an action

of T , and these actions commute with pullbacks and pushforwards. More precisely

Lemma 6.3.1. Let Mp

G̃,Zp
: PG̃p × PTp → Zp-Mod denote the cohomology functor

(Kp × Cp, Cp) 7→MG̃,Zp(K
pJ × CpCp).

Then T is an endo-functor of Mp

G̃,Zp
. In other words, the functor Mp

G̃,Zp
is valued in

Zp[T ]-Mod.

Proof. This is a consequence of Lemma 2.4.6 (see also Remark 6.1.2).

We now localise this functor at a maximal ideal of the ring Zp[T ] and pass to the inverse

limit.

Lemma 6.3.2. Let α ∈ Zp.

1. The mapping MG̃,Zp,α : PG̃p × PTp → Zp-Mod given by

(Kp × Cp, Cp) 7→MG̃,Zp(K
pJ × CpCp)mα

is a Zp[T ]mα-valued CoMack functor, where mα is the maximal ideal defined in §6.2.

2. The mapping MG̃,Iw,Zp,α : PG̃p → Zp[T ]mα-Mod given by

Kp × Cp 7→ lim←−
Cp

MG̃,Zp,α(KpJ × CpCp)

defines a CoMack functor.

Proof. This follows from the fact that the Hecke operator T commutes with pushforwards

and pullbacks arising from morphisms in PG̃p × PTp (see Lemma 6.3.1).

Let Mp
H,Zp : PHp → Zp-Mod denote the functor Up 7→MH,Zp(U

pH(Zp)).

Proposition 6.3.3. Let α ∈ Z×p . There is a (Cartesian) pushforward of cohomology functors

ι∗,α : Mp
H,Zp →MG̃,Iw,Zp,α.

where the latter is viewed as a functor into Zp-Mod by forgetting the extra structure.
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Proof. We apply the results of [Loe19] to the pushforward ι∗ : MH,Zp →MG̃,Zp . Let Vr ∈ PG̃p
and Dpr ∈ PTp be as in §6.1.1. By Lemma 6.1.4 and Theorem 4.5.3 in op.cit., we have a

(Cartesian) pushforward

Mp
H,Zp → lim←−

r

MG̃,Zp(− · Vr)mα (6.3.4)

where the target is a functor on PG̃p . Explicitly, let ηr = ũτ̃ r and Up = Hp ∩ Kp. For all

r ≥ 1, we have a map θr,Kp given by the composition:

MH,Zp(U
p ·H(Zp))

pr∗−−→ MH,Zp(U
p · (Hp ∩ ηrVrη−1

r ))
ι∗−→ MG̃,Zp(K

p · (ηrVrη−1
r ))

[ηr]∗−−→ MG̃,Zp(K
p · Vr)

T −r−−→ MG̃,Zp(K
p · Vr)mα

since T 6∈ mα. For any r, the maps θr,Kp , θr+1,Kp commute with the pushforward map from

level Kp · Vr+1 to Kp · Vr – this amounts to showing the commutativity of the bottom left

square of the diagram in §4.5 of op.cit., which is where the Cartesian property of ι∗ is invoked

(here we use Lemma 6.1.6 (a) and the Cartesian property of MG̃,Zp). As the dependence on

Kp is functorial by Lemma 2.4.6, this gives the pushforward claimed in (6.3.4).

Now Vr ⊂ J ×Dpr , so there also exist projection maps

pr∗ : MG̃(− · Vr) −→MG̃(− · (J ×Dpr)).

Again, by Lemma 2.4.6, this is a pushforward of cohomology functors, and moreover com-

mutes with the action of T by Lemma 6.1.6 (b), whence also with the localisation with

respect to mα. We therefore obtain a pushforward of cohomology functors

ι∗,α : Mp
H,Zp → lim←−

r

MG̃,Zp (− · (J ×Dpr))mα

by composing (6.3.4) with pr∗ (after localising at mα), as required.

Remark 6.3.5. If we let Mp
H,Qp : PHp → Qp-Mod and MG̃,Iw,Qp,α : PG̃p → Qp[U ′S]tα-Mod

denote the cohomology functors

Mp
H,Qp(U

p) = MH,Qp(U
pH(Zp)) MG̃,Iw,Qp,α(Kp × Cp) = lim←−

Cp

MG̃,Qp(K
pJ × CpCp)tα

then (for α ∈ Q×p ) we obtain a pushforward of cohomology functors ι∗,α : Mp
H,Qp →MG̃,Iw,Qp,α
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in a similar way as above, by the composition

MH,Qp(U
p ·H(Zp))

pr∗−−→ MH,Qp(U
p · (Hp ∩ ηrVrη−1

r ))
ι∗−→ MG̃,Qp(K

p · (ηrVrη−1
r ))

µ(τ)r[ηr]∗−−−−−→ MG̃,Qp(K
p · Vr)

(U ′S)−r

−−−−→ MG̃,Qp(K
p · Vr)tα

where, as usual, µ is the highest weight of the algebraic representation V . By Lemma 3.3.16,

whenever α ∈ Z×p , one has a commutative diagram of cohomology functors

Mp
H,Qp MG̃,Iw,Qp,α

Mp
H,Zp MG̃,Iw,Zp,α

ι∗,Iw,α

ι∗,Iw,α

where the vertical arrows are the natural ones.

6.3.1 Pushforward to Iwasawa cohomology

For a compact open subgroup C ∈ ΥT , we consider the finite group

∆(C) := T(Q)\T(Af )/C

which carries a transitive action of Gal(Eab/E) via translation by the surjective character

κC = κ, where we set κC(σ) = s̄f/sf for any idele s ∈ A×E satisfying ArtE(s) = σ. We let

E(C) denote the finite abelian extension of E corresponding to the kernel of this character.

We note the following application of Shapiro’s lemma.

Lemma 6.3.6. We have an isomorphism

H1
(
E,MG̃,ét,Zp (K × C)

)
∼= H1

(
E(C),MG,ét,Zp (K)

)
which intertwines the action of Gal(E(C)/E) and T(Af ) via the character κ−1

C (explicitly,

the action of an element σ ∈ Gal(E(C)/E) on the right-hand side corresponds to the action

of κC(σ)−1 on the left-hand side). The same statement holds after localising at a maximal

ideal of Zp[T ].
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Proof. One sees from the definition of the Shimura datum for T that Gal(Eab/E) acts on

ShT(C)Ē = ∆(C) via translation by the character κ = κC . One has an isomorphism

H0
ét

(
ShT(C)×SpecE SpecE,Zp

)
= Maps (ShT(C)(C),Zp) = Zp[Gal(E(C)/E)] (6.3.7)

φ 7→
∑

σ∈Gal(E(C)/E)

φ(κ(σ−1)) · σ

which intertwines the action of t ∈ T(Af ) on the left-hand side (given by right-translation

of the argument (t ·φ)(−) = φ(−· t)) with the action of σ ∈ Gal(E(C)/E) on the right-hand

side (the action is by left-multiplication), where σ is the unique element such that the image

of t in ∆(C) equals κ(σ).

We have the following isomorphisms

H1
(
E,MG̃,ét,Zp (K × C)

)
∼=

H1
(
E,MG,ét,Zp(K)⊗Zp H0

ét

(
ShT(C)×SpecE SpecE,Zp

))
(6.3.8)

∼= H1
(
E,MG,ét,Zp(K)⊗Zp Zp[Gal(E(C)/E)]

)
(6.3.9)

∼= H1
(
E(C),MG,ét,Zp (K)

)
(6.3.10)

where (6.3.8), (6.3.9) and (6.3.10) follow from the Künneth formula, (6.3.7) and Shapiro’s

lemma respectively. The action of an element σ ∈ Gal(E(C)/E) on the right-hand side of

(6.3.10) is intertwined with left multiplication by σ−1 on Zp[Gal(E(C)/E)] appearing on the

right-hand side of (6.3.9) (see [Nek06, §8.2]). By (6.3.7), this is precisely intertwined with

the action of an element t−1 ∈ T(Af ) on the left-hand side of (6.3.8), where the image of t

in ∆(C) coincides with κ(σ).

The same result holds after localising at a maximal ideal of Zp[T ] because the Hecke

operator only acts on the cohomology of ShG(K) (and commutes with the action of T).

Definition 6.3.11. Let α ∈ Zp. We let NIw,Zp,α : PG̃p → Zp[T ]mα-Mod denote the map

Kp × Cp 7→ lim←−
r

H1
(
E,MG̃,ét,Zp(K

pJ × CpDpr)mα

)
.

Lemma 6.3.12. NIw,Zp,α is a CoMack functor.

Proof. The functor NIw,Zp,α is obtained by composing the functor

Kp × Cp 7→MG̃,ét,Zp(K
pJ × CpDpr)

with (−)mα , applying H1(E,−) and then taking the inverse limit over r. The localisation
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commutes with pullbacks and pushforwards arising from morphisms in PG̃p , and the latter

two operations are additive endomorphisms of the category of Zp[T ]mα-modules.

We now obtain the vertical norm relations for our Euler system. Recall from Remark

6.3.5 that we have defined Mp
H,Qp := Mp

H,Zp ⊗Zp Qp. We set NIw,Qp,α : PG̃p → Qp[U ′S]-Mod to

be the cohomology functor given by

NIw,Qp,α(Kp × Cp) := lim←−
r

H1
(
E,MG̃,ét,Qp(K

pJ × CpDpr)tα

)
.

This functor is CoMack by the same proof as in Lemma 6.3.12, but note thatNIw,Zp,α⊗ZpQp 6=
NIw,Qp,α.

Theorem 6.3.13 (Vertical norm relations). Let α ∈ Z×p . For R = Zp or Qp, there is a

(Cartesian) pushforward of cohomology functors

ι∗,Iw,α : Mp
H,R → NIw,R,α

where the latter is viewed as a functor into R-Mod by forgetting the extra structure, which is

compatible with respect to base change of coefficients (as in the paragraph preceding Corollary

2.4.12).

Proof. Set Er(C
p) = E(CpDpr) and E∞(Cp) =

⋃
Er(C

p). We first note that by Lemma

6.3.6 that the functor NIw,Zp,α is isomorphic to the functor

Kp × Cp 7→ lim←−
r

H1
(
Er(C

p),MG,ét,Zp(K
pJ)mα

)
where the inverse limit is with respect to corestriction. Since localisation is exact, one has

localised versions of the Hochschild–Serre spectral sequence (see §2.3):

Zp Ei,j
2 := Hi

(
E,Hj

ét

(
ShG̃(KpJ × CpDpr)Q, T̃ (n)

))
mα
⇒ Hi+j

ét

(
ShG̃(KpJ × CpDpr), T̃ (n)

)
mα

Qp Ei,j
2 := Hi

(
E,Hj

ét

(
ShG̃(KpJ × CpDpr)Q, Ṽ (n)

))
tα
⇒ Hi+j

ét

(
ShG̃(KpJ × CpDpr), Ṽ (n)

)
tα

where we have suppressed the dependence on r, Cp, Kp and α from the notation. The

Hochschild–Serre spectral sequence is functorial with respect to the variety, so the spectral

sequences above are functorial with respect pullbacks/pushforwards arising from morphisms

in PG̃p × PTp (combine Proposition 2.3.8 and Remark 6.1.2). Moreover, there is a natural

Zp-linear map of spectral sequences Zp Ei,j
2 → Qp Ei,j

2 (Remark 6.2.3) which commutes with

pullbacks/pushforwards up to rescaling the action of τ̃−1 (see Lemma 3.3.16). In particular,
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by Lemma 6.3.6 (the rational version follows from the same proof) and the above functoriality

properties, one obtains “Abel–Jacobi” maps

AJIw,Zp,α : lim←−
r

MG̃,Zp (KpJ × CpDpr)mα,0 → lim←−
r

H1
(
Er(C

p),MG,ét,Zp(K
pJ)mα

)
AJIw,Qp,α : lim←−

r

MG̃,Qp (KpJ × CpDpr)tα,0 → lim←−
r

H1
(
Er(C

p),MG,ét,Qp(K
pJ)tα

)
arising from edge maps in the Hochschild–Serre spectral sequences above, where

MG̃,Zp (KpJ × CpDpr)mα,0 := ker
(
MG̃,Zp (KpJ × CpDpr)mα → H0

(
Er(C

p),MG,ét,Zp(K
pJ)
)
mα

)
MG̃,Qp (KpJ × CpDpr)tα,0 := ker

(
MG̃,Qp (KpJ × CpDpr)tα → H0

(
Er(C

p),MG,ét,Qp(K
pJ)
)
tα

)
denote the “cohomologically trivial” classes. These Abel–Jacobi maps are the inverse limit

of the maps AJét,mα and AJét,tα in the notation of Definition 2.3.5, and are functorial with

respect to Kp and Cp by Proposition 2.3.8. The maps AJIw,Zp,α and AJIw,Qp,α are also

compatible with each other.

Since MG,ét,Zp(K
pJ) is finitely-generated over Zp ([Del77, Corollaire 1.10, Chapitre 7]) so

is its localisation MG,ét,Zp(K
pJ)mα (Corollary 6.2.2). In particular, by [Rub00, Lemma 3.2,

Appendix B] and the fact that E∞(Cp)/E1(Cp) is a Galois extension with Galois group Zp,
one sees that

lim←−
r

H0
(
Er(C

p),MG,ét,Zp(K
pJ)
)
mα

↪→ lim←−
r

H0
(
Er(C

p),MG,ét,Zp(K
pJ)mα

)
= 0.

The first map is injective because localisation is exact and taking invariants under Gal(E/Er(C
p))

is left-exact. This implies the following equality

lim←−
r

MG̃,Zp (KpJ × CpDpr)mα,0 = lim←−
r

MG̃,Zp (KpJ × CpDpr)mα .

Therefore, for R = Zp or Qp, the image of the pushforward ι∗,α is contained in the inverse

limit of the subspaces of cohomologically trivial elements (the claim for R = Qp follows from

the case R = Zp by Remark 6.3.5), so we can compose this with the Abel–Jacobi map above

to obtain a (Cartesian) pushforward of cohomology functors

ι∗,Iw,α := AJIw,R,α ◦ ι∗,α : Mp
H,R → NIw,R,α

as required.
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Remark 6.3.14. For R = Zp or Qp, if we define NIw,R : PG̃p → R-Mod as the functor

Kp × Cp 7→ lim←−
r

H1
(
E,MG̃,ét,R(KpJ × CpDpr)

)
then NIw,R is a CoMack cohomology functor and we obtain pushforwards ι∗,Iw,α : Mp

H,R →
NIw,R by composing the pushforward in Theorem 6.3.13 with the splittings

MG,ét,Zp(K
pJ)mα ↪→MG,ét,Zp(K

pJ) MG,ét,Qp(K
pJ)tα ↪→MG,ét,Qp(K

pJ).

For notational simplicity, we will work with this pushforward (rather than the one in Theorem

6.3.13), however we stress that to obtain (potentially) non-zero Euler system classes we will

still need to make an ordinarity assumption on the automorphic representation with respect

to α (see Assumption 7.1.1(5) ).
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Chapter 7

The anticyclotomic Euler system

We now have all the ingredients needed to define the Euler system.

7.1 Automorphic assumptions

Let π0 be a cuspidal automorphic representation of G0 such that π0,∞ lies in the discrete

series, and let π be a lift to G. From now on, we make the following assumption:

Assumption 7.1.1. We assume that:

1. π0,f admits a H0(Af )-linear model. In particular, we can choose a lift π with trivial

central character (see section 4.2).

2. n is odd and π satisfies Assumption 4.3.5. In particular, let K be a compact open

subgroup of G(Af ) such that πKf 6= 0.

3. Let S be the finite set of primes containing all primes that ramify in E and all primes

where K is not hyperspecial. We assume that p /∈ S and splits in E/Q. In this case

we set S ′ = S ∪ {p}.

4. We have

K = Kp ·KS ·KS′

with KS satisfying the following property: for any compact open subgroups Lp ⊂ Gp

and LS
′ ⊂ GS′, the subgroup LpKSL

S′ is sufficiently small (see Definition 3.1.4).

5. Let c = (0; c1, . . . , c2n) denote the weight corresponding to the discrete series L-packet

containing π∞, and set λ =
∑n

i=1 ci. We assume that π is “Siegel ordinary”, i.e. there
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exists an eigenvector

ϕ =

(⊗
`/∈S′

ϕ`

)
⊗ ϕS ⊗ ϕp ∈

⊗
`/∈S′

πK`` ⊗ π
KS
S ⊗ π

J
p = πK

pJ
f

of the Hecke operator US := pλ[JτJ ] with eigenvalue α a p-adic unit. Here, J is the

Siegel parahoric subgroup and τ is the element defined in section 6.1. In particular,

this implies that α occurs as an eigenvalue for the transpose operator U ′S := pλ[Jτ−1J ]

on (π∨f )K
pJ .

Remark 7.1.2 (Justification of Assumption 7.1.1, (5)). Suppose that π0,p is generic, in the

sense that π0,p
∼= I(χ), where I(−) denotes the (normalised) induction from the (standard)

Borel to G0(Qp) ∼= GL2n(Qp), and χ = χ1 � · · · � χ2n : (Q×p )2n → C× is an unramified

character, naturally viewed as a character of the (standard) torus. Let βi = χi(p) (i =

1, . . . , 2n) denote the Satake parameters of π0,p. For any rational number s, we let ps denote

the unique element of Q which maps to es log p under the fixed embedding Q ↪→ C. Via the

fixed embedding Q ↪→ Qp, we can also view ps as an element of Qp.

Let v|p be the prime of E fixed by the embedding Q ↪→ Qp, and set ρv := ρπ|Ev . Then

by Theorem 4.3.4(3), the Galois representation ρv is crystalline and one has an equality of

polynomials

det (1− ϕ ·X|Dcris(ρv)) =
2n∏
i=1

(1− pn−1/2βi ·X).

Let vp denote the p-adic valuation on Qp, normalised so that vp(p) = 1, and order the

Satake parameters so that γi := pn−1/2βi satisfy vp(γ1) ≤ · · · ≤ vp(γ2n). For any subset

I ⊂ {1, . . . , 2n} of size n, set γI =
∏

i∈I γi.

Recall that attached to D = Dcris(ρv) one has the Hodge polygon Hodge(D), which is

defined to be the convex hull of the points

{(0, 0)} ∪

{(
i,

i∑
j=1

c2n+1−j + (j − 1)

)
: i = 1, . . . , 2n

}

using the explicit recipe for the jumps in Hodge–Tate filtration in Theorem 4.3.4(3). One

also has the Newton polygon Newt(D), which is defined to be the convex hull of the points

{(0, 0)} ∪

{(
i,

i∑
j=1

vp(γj)

)
: i = 1, . . . , 2n

}
.

Since D is weakly admissible, the Newton polygon lies on or above the Hodge polygon (and

114



has equal endpoints). In particular, this implies that

vp(γI) ≥
n∑
j=1

vp(γj) ≥
n∑
j=1

c2n+1−j + (j − 1) =
n∑
j=1

c2n+1−j + n(n− 1)/2. (7.1.3)

where the second inequality uses the regularity of the Hodge–Tate weights. On the other

hand, we can express the eigenvalues of US acting on πJp in terms of γI , using the results

of [OST19, §4.1.1]. Indeed, note that we have πJp = πJ0
0,p
∼= I(χ)J0 and, in the notation of

loc.cit., the action of the operator [JτJ ] corresponds to the action of the operator Iχ(1γ̌),

with γ̌(p) = diag(p, . . . , p, 1, . . . , 1) (there are n lots of p). Therefore, one has an equality of

polynomials

det
(

1− p−n2/2[JτJ ] ·X|πJp
)

= det
(

1− p−n2/2Iχ(1γ̌) ·X|I(χ)J0

)
=
∏
I

(1− βI ·X)

where the product runs over all subsets I ⊂ {1, . . . , 2n} of size n, and βI =
∏

i∈I βi. This

implies that the eigenvalues of US acting on πJp are of the form

pλpn
2/2βI = pλ+n2/2−n(n−1/2)γI = pλ−n(n−1)/2γI . (7.1.4)

It turns out that, under Assumption 7.1.1(1), the algebraic representation with highest

weight (c1, . . . , c2n) is self-dual (see Lemma 7.1.5 below), which implies that λ = −
∑n

j=1 c2n+1−j.

Therefore, combining (7.1.3) and (7.1.4), it is reasonable (at least generically) to assume that

US may have an eigenvalue which is a p-adic unit. In particular, if πp is Borel ordinary (or

equivalently, Newt(D) = Hodge(D)) then πp is Siegel ordinary.

In fact, the above argument shows that Assumption 7.1.1(5) is equivalent to the middle

inequality of (7.1.3) being an equality, i.e. the Hodge and Newton polygons share the same

middle point. Furthermore, in this case there is a unique eigenvalue (with multiplicity one)

of US which is a p-adic unit, so the local vector ϕp is uniquely determined (up to C×).

Let V ∗ be the algebraic representation of GC (which arises from an algebraic representa-

tion of GE) parameterising the discrete series L-packet of π∞. By [BW13, §II.5], this implies

that π is cohomological with respect to the representation V .

Lemma 7.1.5. The representation V is self-dual.

Proof. Let ` /∈ S ′ be a split prime. Since π0,f admits a H0(Af )-linear model, the represen-

tation π0,` is H0(Q`)-distinguished, therefore by [JR96]

π∨0,`
∼= π0,`.
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This implies that π0 is self-dual by the mild Chebotarev density theorem proven in [Ram15,

Corollary B]. Since duality is preserved under base-change and we have assumed that any

weak base-change Π of π is cuspidal, by strong multiplicity one (see [JS81, Theorem 4.4] for

example) we must have

Π ∼= Π∨.

In particular, this implies that V is self-dual since the algebraic representation of ResC/R GL2n

corresponding to Π0 has weight (c,−c′), where c = (c1, . . . , c2n) is the weight of V ∗ and

c′ = (c2n, . . . , c1) (see Proposition 4.3.1).

7.2 Ring class fields

Let R be the set of all square-free products of rational primes that lie outside the set

S ′ and split in the extension E/Q (we allow 1 ∈ R). For any positive integer m, let

Ô×m ⊂ A×E,f be the compact open subgroup consisting of the units of the profinite completion

of Om = Z +mOE, and let D[m] ⊂ T(Af ) denote the image of Ô×m under the map

N : A×E,f → T(Af )

z 7→ z̄/z

By Lemma 3.3.5, D[m] is a compact open subgroup.

Remark 7.2.1. If m ∈ R and we set D` = N ((Om ⊗ Z`)×) for `|m, then D[m] decomposes

as
∏

`|mD` ×
∏

`-m N ((OE ⊗ Z`)×). Furthermore, for any integer r ≥ 1, the compact open

subgroup D[mpr] decomposes as D[mpr]pDpr , where D[mpr]p ⊂ T(Ap
f ) and Dpr ⊂ T(Qp) is

as in §6.1.1.

Let E[∞] be the compositum of all ring class extensions E[m] for m ≥ 1 and let ResE[∞] :

Gal(Eab/E) → Gal(E[∞]/E) denote the restriction map. Since the infinite place of E is

complex, the restriction of the Artin map ArtE to the finite ideles is surjective onto the

abelianisation of GE.

Lemma 7.2.2. There exists a continuous surjective homomorphism

Art0 : T(Af )→ Gal(E[∞]/E)

with kernel T(Q), which satisfies the following properties:
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• One has the following equality of compositions

ResE[∞] ◦ Art = Art0 ◦N

• For each m ≥ 1, the map Art0 induces an isomorphism T(Af )/T(Q)D[m] ∼= Gal(E[m]/E).

• If ` - m is split in E, then under the identification T(Q`) ∼= Q×` , the map Art0 sends `

to the geometric Frobenius at λ in Gal(E[m]/E), where λ is the prime above ` distin-

guished by the fixed embedding Q ↪→ Q` (the identification is also with respect to this

fixed embedding).

Proof. It is well known (e.g. see [Kü17, Lemma 2]) that E[∞] is the fixed field of the transfer

map Ver : Gab
Q → Gab

E , so we have a commuative diagram

1 A×f A×E,f T(Af ) 1

1 Gab
Q Gab

E Gal(E[∞]/E)) 1

ArtQ

N

ArtE Art0

Ver Res

with exact rows, by Lemma 3.3.5. The surjectivity of Art0 follows from that of ArtE. The iso-

morphism in the second assertion is induced from restricting the isomorphism Gal(E[m]/E) ∼=
A×E,f/E×Ô×m via N and Res. The third assertion follows by tracking the uniformiser under

Res ◦ ArtE.

7.3 Lattices and completions of pushforwards

Let V be the representation of GE with highest weight c = (0; c1, . . . , c2n) associated with

π as above, and let Ṽ := V � 1 denote its trivial extension to G̃E. Since V is self-dual,

we put ourselves in the situation of §3.3.3–3.3.4 and §6 and we will freely use notation from

these sections. In particular, we let V , Ṽ , T and T̃ denote the étale equivariant sheaves

associated with the representations V , Ṽ , T and T̃ respectively. The fixed parahoric vector

in Assumption 7.1.1 gives rise to a “modular parametrisation”, i.e. an equivariant linear

map

vϕ ◦ prπ∨ : H2n−1
ét (ShG,Q,V (n))⊗Qp � W ∗

π (1− n)

where vϕ is evaluation at ϕ. Here we have used the fact that V is self-dual, so V ∗ ∼= V .

Since we have assumed that π is Siegel ordinary, this map is non-trivial when pre-composed

with the map

H2n−1
ét

(
ShG(KpJ)Q,V (n)

)
tα
↪→ H2n−1

ét

(
ShG(KpJ)Q,V (n)

)
→ H2n−1

ét

(
ShG,Q,V (n)

)
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where the first map is the splitting in Remark 6.2.3. This is a necessary condition for the

Euler system classes to be non-zero, but is not required for the actual construction of the

classes because we will work with the pushforward in Remark 6.3.14.

Definition 7.3.1. We let T ∗π (1− n) ⊂ W ∗
π (1− n) denote the image of the composition

H2n−1
ét (ShG,Q,T (n))⊗ Zp → H2n−1

ét (ShG,Q,V (n))⊗Qp

vϕ◦prπ∨−−−−−→ W ∗
π (1− n) (7.3.2)

which is by construction a Galois stable Zp-submodule inside W ∗
π (1 − n). Let Φ be a finite

extension of Qp such that:

• W ∗
π (1−n) has a model over Φ (i.e. there exists finite-dimensional vector space W ∗

π (1−
n)Φ over Φ with a continuous action of Gal(E/E) such that W ∗

π (1 − n)Φ ⊗Φ Qp =

W ∗
π (1− n))

• The map vϕ ◦ prπ∨ is defined over Φ

then we define T ∗π (1− n)O to be the image of the composition:

H2n−1
ét (ShG,Q,T (n))⊗O → H2n−1

ét (ShG,Q,V (n))⊗ Φ
vϕ◦prπ∨−−−−−→ W ∗

π (1− n)Φ.

This defines a Galois stable O-lattice inside W ∗
π (1 − n)Φ and satisfies the property T ∗π (1 −

n)O⊗O Zp = T ∗π (1−n). Since such an extension Φ always exists, this implies that T ∗π (1−n)

is a Galois stable Zp-lattice. For the majority of the time, we will work with Galois modules

over Qp or Zp, however sometimes we will need to work with their models over Φ or O
(see Corollary 7.4.9 for example). We will always indicate the latter with an appropriate

subscript as above.

Remark 7.3.3. Note that T ∗π (1− n) depends on ϕ and the lattice T ⊂ VQp , but by rescaling,

it is enough to establish the main result of the first part of this thesis (Theorem A) for a

single Galois-stable lattice. Therefore, we have suppressed the dependence on ϕ and T from

the notation.

Notation 7.3.4. We denote the (Galois-equivariant) map

MG,ét,Zp (KpJ)→ T ∗π (1− n),

defined as the composition of the pullback MG,ét,Zp (KpJ) → H2n−1
ét (ShG,Q,T (n)) ⊗ Zp and

the map in (7.3.2), by vϕ ◦ prπ∨ .
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For every (sufficiently small) compact open subgroup U ⊂ H(Af ), fix elements

1U ∈ H0
mot (ShH(U),Z)

that are compatible under pullbacks, such that their common image 1 ∈ H0
mot (ShH,Z) is

fixed by the action of H(Af ). By abuse of notation, we also let 1U denote the étale realisation

in H0
ét (ShH(U),Zp).

Example 7.3.1. One has H0
mot (ShH(U),Z) = CH0 (ShH(U)) where the latter group is the

abelian group of 0-dimensional cycles up to rational equivalence. We can take

1U = [ShH(U)]

where [ShH(U)] denotes the fundamental cycle as in [Ful98, §1.5]. Indeed, if h ∈ H(Af ) and

V , U are sufficiently small compact open subgroups satisfying h−1V h ⊂ U , then the map

h : ShH(V )→ ShH(U) given by right-translation by h is finite étale and one has an equality

h∗[ShH(U)] = [ShH(V )] (see Lemma 1.7.1 in loc.cit.). This implies that 1U are compatible

under pullbacks and their common image 1 is invariant under the action of H(Af ).

Definition 7.3.5. Let m ∈ R and g ∈ G̃p, and set Ug = Up
g ·H(Zp) where

Up
g := g (Kp ×D[m]p) g−1 ∩Hp.

We define the following class

z◦g,m,Iw := (vϕ ◦ prπ∨) ◦ [g]∗ ◦ ι∗,Iw,α
(
1Ug
)
∈ H1

Iw (E[mp∞], T ∗π (1− n))

If φ =
∑

i ai ch(gi(K
p × D[m]p)) ∈ H(G̃p,Zp) is an arbitrary element invariant under the

action of Kp ×D[m]p, then we have a well-defined element

z◦φ,m,Iw :=
∑
i

aiz
◦
gi,m,Iw

∈ H1
Iw (E[mp∞], T ∗π (1− n)) .

We let zφ,m,Iw denote the image of z◦φ,m,Iw in lim←−r H1 (E[mpr],W ∗
π (1− n)). Note that although

the level subgroup Ug only depends on the projection of g to Gp, the pushforward [g]∗ does

depend on the component of g in T p.

Remark 7.3.6. Suppose Φ is a finite extension of Qp as in Definition 7.3.1. Then the class

z◦φ,m,Iw lies in the cohomology group H1
Iw (E[mp∞], T ∗π (1− n)O).

The following proposition will allow us to prove norm compatibility relations for our

Euler system classes.
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Proposition 7.3.7. Keeping the same notation as in Definition 7.3.5, there exists a H(Ap
f )×

G̃(Ap
f )-equivariant linear map

Lm : H(G̃p)1×D[m]p −→ π∨f ⊗ lim←−
r

H1 (E[mpr],W ∗
π (1− n))

where

• The action of (h, g̃) ∈ H(Ap
f )× G̃(Ap

f ) on ξ ∈ H(G̃p)1×D[m]p is given by (h, g̃) · ξ(−) =

ξ(h−1 · − · g̃)

• If we write g̃ = g × t for g ∈ G(Ap
f ) and t ∈ T(Ap

f ), then (h, g̃) acts on

x⊗ y ∈ π∨f ⊗ lim←−
r

H1 (E[mpr],W ∗
π (1− n))

as (h, g̃) · (x ⊗ y) = g · x ⊗ σ−1 · y, where σ ∈ Gal(E[mp∞]/E) is the unique element

such that its image under the map

κ : Gal(E[mp∞]/E)
∼−→ T(Q)\T(Af )/D[m]p

σ = ArtE(s) 7→ sf/sf

is equal to the image of t in the right-hand side

satisfying:

(a) For any φ(m) =
∑

i ai ch (gi(K
p ×D[m]p)) in the Hecke algebra H(G̃p,Zp), one has an

equality

zφ(m),m,Iw = vϕ ◦ Lm(ψ(m))

where ψ(m) =
∑

ai
Vol(Ugi )

ch (gi(K
p ×D[m]p)).

(b) For a prime ` such that `m ∈ R, one has

cores
E[`mp∞]
E[mp∞] L`m(ψ(`m)) = Lm(pr∗(ψ

(`m))).

where pr∗ : H(G̃p)1×D[`m]p → H(G̃p)1×D[m]p is the natural norm map.

Proof. Since 1×D[m]p lies in the centre of G̃p, the completed pushforward induced from the

pushforward in Remark 6.3.14 gives rise to a map

ι̂∗,Iw,α : M̂p
H,Qp⊗H(G̃p)1×D[m]p −→ N Iw,Qp (1×D[m]p)→ lim←−

r

H1

(
E[mpr], lim−→

Lp

MG,ét,Qp(L
pJ)

)
(7.3.8)
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where the last map is the natural one and α is the eigenvalue in Assumption 7.1.1(5). We

consider the following bilinear map:

Sm : M̂p
H,Qp ⊗H(G̃p)1×D[m]p → π∨f ⊗ lim←−

r

H1 (E[mpr],W ∗
π (1− n))

defined as the composition

M̂p
H,Qp ⊗H(G̃p)1×D[m]p ι̂∗,Iw,α−−−→ lim←−

r

H1

(
E[mpr], lim−→

Lp

MG,ét,Qp(L
pJ)

)
−→ lim←−

r

H1
(
E[mpr],H2n−1

ét

(
ShG,Q,V (n)

)
⊗Qp

)
prπ∨−−→ π∨f ⊗ lim←−

r

H1 (E[mpr],W ∗
π (1− n))

where the middle map is induced from the pullback map to the direct limit. The map Sm
forms an intertwining map in the sense of Definition 2.4.9, and we define Lm(φ) := Sm(1⊗φ).

The equivariance properties for Lm follow immediately from the fact that 1 is invariant

under the action of H(Ap
f ). Moreover, for part (b), notice that there are induced maps

N Iw,Qp (1×D[`m]p)→ N Iw,Qp (1×D[m]p) coming from the pushforward of NIw,Qp in the T p

component. By Lemma 6.3.6, the norm map corresponds to corestriction under the second

morphism in (7.3.8).

Let φ(m) = ch(g(Kp × D[m]p)) ∈ H(G̃p,Zp). By Corollary 2.4.12 and Definition 7.3.1,

one obtains a commutative diagram:
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Mp
H,Zp

(
Up
g

)
M̂p

H,Qp

NIw,Zp (g(Kp ×D[m]p)g−1)

NIw,Zp(K
p ×D[m]p)

H1
Iw

(
E[mp∞],MG,ét,Zp(K

pJ)
)

lim←−r H1
(
E[mpr], lim−→Lp

MG,ét,Qp(L
pJ)
)

π∨f ⊗ lim←−r H1 (E[mpr],W ∗
π (1− n))

H1
Iw (E[mp∞], T ∗π (1− n)) lim←−r H1 (E[mpr],W ∗

π (1− n))

ι∗,Iw,α

ι̂∗,Iw,α

Sm(−⊗φ(m))

[g]∗

vϕ◦prπ∨

Vol(Ug)

vϕ

Vol(Ug)

Hence, we must have zφ(m),m,Iw = Vol(Ug)
−1(vϕ ◦ Lm)(φ(m)). The proof for general φ(m)

follows immediately from linearity.

7.4 The Euler system

We continue with the same notation as in the previous sections. We consider the following

test data for our Euler system: for m ∈ R, define an element φ(m) ∈ H(G̃p,Z)K
p×D[m]p as

the product

φ(m) :=

⊗
`/∈S
`-m

φ`,0

⊗
⊗

`|m

φ`

⊗ φS
where

• φS ∈ H(G̃S,Z)KS×N ((OE⊗ZS)×) is fixed.

• φ`,0 = ch (K` ×T(Z`)) ∈ H(G̃`,Z) (note that N ((OE ⊗ Z`)×) = T(Z`) for primes `

that do not ramify in E/Q, by the proof of Lemma 3.3.5).

• Using the notation in Theorem 5.0.1, we define φ` =
∑n

i=0 ai ch ((gi, 1)(K` ×D`)),
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where the element gi is

gi = 1×

(
1 `−1Xi

1

)
∈ GL1(Q`)×GL2n(Q`) = G(Q`).

The integers ai are defined to be

ai := (`− 1) · bi · [H(Z`) : V1,i]
−1

where V1,i = (gi, 1)(K` ×D`)(gi, 1)−1 ∩H` and we have chosen the model of GQ` over

Z` so that K` = G(Z`) (this quantity ai is an integer by part (3) of loc.cit.).

Definition 7.4.1. Let π0 be a cuspidal automorphic representation of G0 satisfying As-

sumption 7.1.1. For m ∈ R, we define the Iwasawa Euler system class to be

Z◦m,Iw := m−n
2 · z◦φ(m),m,Iw ∈ H1

Iw (E[mp∞], T ∗π (1− n)) .

We set Zm,Iw := m−n
2·zφ(m),m,Iw which equals the image ofZ◦m,Iw in lim←−r H1 (E[mpr],W ∗

π (1− n)).

We now prove the main result of the first part of this thesis.

Theorem 7.4.2. Let `,m ∈ R such that ` is prime and their product satisfies `m ∈ R. The

Iwasawa Euler system classes satisfy

cores
E[`mp∞]
E[mp∞] Z`m,Iw = Pλ(Fr−1

λ ) · Zm,Iw (7.4.3)

where λ is the unique prime of E lying above ` fixed by the embedding Q ↪→ Q`, the poly-

nomial Pλ(X) = det
(
1− Frob−1

λ X|ρπ(n)
)

is the characteristic polynomial of an arithmetic

Frobenius at λ, and Frλ ∈ Gal (E[mp∞]/E) denotes the arithmetic Frobenius at λ.

Proof. We will perform a series of reduction steps to reduce the proof to that of Theorem

5.0.1.

Step 1. By Proposition 7.3.7 (b), there exists a commutative diagram

H(G̃p)1×D[`m]p π∨f ⊗ lim←−r H1 (E[`mpr],W ∗
π (1− n))

H(G̃p)1×D[m]p π∨f ⊗ lim←−r H1(E[mpr],W ∗
π (1− n))

L`m

pr∗ cores
E[`mp∞]
E[mp∞]

Lm

and functions ψ(`m) and ψ(m) such that:
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• Z`m,Iw = `−n
2
m−n

2
(vϕ ◦ L`m)(ψ(`m))

• Zm,Iw = m−n
2
(vϕ ◦ Lm)(ψ(m)).

By the diagram above, and cancelling the m−n
2

factor, this reduces the theorem to proving

the statement

(vϕ ◦ Lm) (pr∗(ψ
(`m))) = `n

2

Pλ(Fr−1
λ ) · (vϕ ◦ Lm) (ψ(m)). (7.4.4)

We note that both functions pr∗(ψ
(`m)) and ψ(m) decompose as pr∗(ψ

(`m)
` )⊗ψ` and ψ

(m)
` ⊗ψ`

for some fixed element ψ` ∈ H(G̃`p), where

pr∗

(
ψ

(`m)
`

)
=

n∑
i=0

ai
Vol(V1,i)

ch ((gi, 1)(K` ×T(Z`))) ∈ H(G̃`)

ψ
(m)
` =

1

Vol (H(Z`))
ch(K` ×T(Z`)) ∈ H(G̃`)

using the explicit formulae in Proposition 7.3.7(a) and at the start of section 7.4, and the

fact that (K` ×T(Z`)) ∩H` = H(Z`) (by our choice of models over Z`).

Step 2. We now simplify the expression in (7.4.4) further by cutting out by a finite-order

character. Since it is enough to prove the relation (7.4.4) at each finite layer of the inverse

limit lim←−r H1 (E[mpr],W ∗
π (1− n)), it is enough to show the relation in (7.4.4) after post-

composing both sides by any Galois equivariant morphism

lim←−
r

H1 (E[mpr],W ∗
π (1− n))→ Qp(χ) (7.4.5)

where χ is a finite-order character of Gal(E[mp∞]/E).

More precisely, let χ be a finite-order character of Gal(E[mp∞]/E). Since the Galois

action and the action of T(Ap
f ) = T p are intertwined by the character κ−1 (see Lemma 6.3.6),

we can view χ as a character of T p by setting χ(t) = χ(σ), where σ ∈ Gal(E[mp∞]/E) is

an element such that κ(σ−1) equals the image of t in lim←−r ∆(D[m]pDpr). This character

factorises as χ` · χ`, where χ` is a character of T` and χ` is a character of T `p = T(A`p
f ).

Furthermore, the Frobenius element Fr−1
λ satisfies κ(Fr−1

λ ) = `−1, so the action of Pλ(Fr−1
λ )

is intertwined with multiplication by

Pλ(χ`(`)) = Qλ(χ`(`)`
−n) = L(π` ⊗ χ`, 1/2)−1

under the map in (7.4.5), where Qλ(X) is as in Theorem 4.3.4.
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Let Lχm denote the composition of Lm with the map 1⊗(7.4.5). This is a H(Ap
f )×G̃(Ap

f )-

equivariant linear map H(G̃p)1×D[m]p → (πf � χ−1)∨, and to prove the theorem, we are

required to prove the statement

(vϕ ◦ Lχm) (pr∗ ψ
(`m)) = `n

2

L(π` ⊗ χ`, 1/2)−1 (vϕ ◦ Lχm) (ψ(m)) (7.4.6)

for all finite-order characters χ.

Step 3. We now reduce the statement in (7.4.6) to one in local representation theory. The

map

Z : H(G̃`)
1×D[m]p −→ (π` � χ−1

` )∨

υ 7→
(
vϕ` ◦ Lχm

)
(υ ⊗ ψ`)

where vϕ` : (π`f � (χ`)−1)∨ ⊗ (π` � χ−1
` )∨ → (π` � χ−1

` )∨ is the evaluation map at the vector

ϕ` =
⊗

q /∈S′∪{`} ϕq ⊗ ϕS ⊗ ϕp, is H` × G̃`-equivariant by construction. Note that we have

(`− 1)−1 · Vol (H(Z`)) ·
ai

Vol(V1,i)
= bi

where bi are the integers appearing at the start of section 7.4. So by multiplying the relation

in (7.4.6) by (`− 1)−1 ·Vol (H(Z`)) and using the explicit formulae in Step 1, we are reduced

to proving the relation:

(vϕ` ◦ Z)

(∑
i

bi ch ((gi, 1)(K` ×T(Z`)))

)
=

`n
2

`− 1
L(π`⊗χ`, 1/2)−1·(vϕ` ◦ Z) (ch(K` ×T(Z`))) .

(7.4.7)

Step 4. We now apply Frobenius reciprocity. Let υ denote the element
∑

i bi ch ((gi, 1)(K` ×T(Z`))).
By Lemma 2.4.10 (b), the map Z corresponds to an element z ∈ HomH(π`�χ−1

` ,C) (implic-

itly using the identification of Qp and C), and the relation in (7.4.7) takes the form

z(υ · ϕ`) =
`n

2

`− 1
L(π` ⊗ χ`, 1/2)−1 · z(ϕ`)

noting that ϕ` is spherical. Note that χ` is unramified and, by Proposition 4.3.1(2), the

local representation π0,` appears as the local component Π0,λ of the cuspidal automorphic

representation Π0 of GL2n(AE). By the work of Shalika [Sha74], any such local component
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is generic. The relation above now follows from Theorem 5.0.1 and this completes the proof

of Theorem 7.4.2.

Definition 7.4.8. For m ∈ R and r ≥ 0, we let d◦mpr (resp. dmpr) denote the image of Z◦m,Iw
(resp. Zm,Iw) under the natural map

H1
Iw (E[mp∞], T ∗π (1− n))→ H1 (E[mpr], T ∗π (1− n))(

resp. lim←−
r

H1 (E[mpr],W ∗
π (1− n))→ H1 (E[mpr],W ∗

π (1− n))

)

As a corollary of Theorem 7.4.2, we obtain Theorem A in the introduction:

Corollary 7.4.9 (Theorem A). For m ∈ R and r ≥ 0, there exist classes

cmpr ∈ H1 (E[mpr], T ∗π (1− n))

satisfying

cores
E[`mpr]
E[mpr] c`mpr =

{
Pλ
(
Fr−1

λ

)
· cmpr if ` 6= p and `m ∈ R

cmpr if ` = p

where Pλ(X) ∈ Zp[X] and λ are as in Theorem 7.4.2. Moreover, there exists a constant

C ∈ Z>0 such that cmpr = C · d◦mpr for all m ∈ R and r ≥ 0.

Proof. Let Φ be a finite extension of Qp as in Definition 7.3.1. Then by Remark 7.3.6, the

classes d◦mpr and dmpr are elements of the cohomology groups H1 (E[mpr], T ∗π (1− n)O) and

H1 (E[mpr],W ∗
π (1− n)Φ) respectively, and dmpr is the image of d◦mpr under the map

H1 (E[mpr], T ∗π (1− n)O)→ H1 (E[mpr],W ∗
π (1− n)Φ) (7.4.10)

Since W ∗
π (1 − n)Φ is absolutely irreducible (by assumption) and of Φ-dimension ≥ 2, one

must have H0
(
Eab,W ∗

π (1− n)Φ

)
= 0. Indeed, suppose for the sake of contradiction that

v ∈ W ∗
π (1 − n)Φ is a non-zero vector fixed by Gal(E/Eab). As W ∗

π (1 − n)Φ is irreducible,

the Gal(E/E)-span of any non-zero vector (in particular, v) must be all of W ∗
π (1−n)Φ. But

this implies that the action of Gal(E/E) on W ∗
π (1 − n)Φ factors through Gal(Eab/E), and

hence W ∗
π (1 − n) = W ∗

π (1 − n)Φ ⊗Φ Qp contains a one-dimensional subrepresentation – a

contradiction.

In particular, this implies that the cohomology group H0
(
Eab,W ∗

π (1− n)Φ/T
∗
π (1− n)O

)
is finite of order C ∈ Z>0 say (using the compactness of T ∗π (1− n)O −$T ∗π (1− n)O, where

$ is a uniformiser of O, one can show that elements of W ∗
π (1 − n)Φ that are fixed by the
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Galois action modulo T ∗π (1−n)O have to be universally bounded). Passing to the long exact

sequence in group cohomology for the short exact sequence

0→ T ∗π (1− n)O → W ∗
π (1− n)Φ → W ∗

π (1− n)Φ/T
∗
π (1− n)O → 0

one sees that C kills the kernel of the map in (7.4.10). By Theorem 7.4.2, the classes dmpr

satisfy the Euler system relations (the relations in the statement of the corollary) so we can

define cmpr := C · d◦mpr .

7.4.1 Motivic interpretation

It will come as no surprise to the reader that the Euler system classes cmpr arise from elements

in the motivic cohomology (see section 2.1) of ShG̃. More precisely, we consider the following

definition.

Definition 7.4.11. Let g ∈ G̃(Af ) and L ⊂ G̃(Af ) a sufficiently small compact open

subgroup. Set U := gLg−1 ∩H(Af ). Then we define

Zg,mot := ([g]∗ ◦ (ι, ν)∗ ◦ br)(1U) ∈ H2n
mot

(
ShG̃(L), Ṽ (n)

)
where br : 1 ↪→ Ṽ is the fixed HE-equivariant embedding and, to simplify notation, we set

Ṽ = AncG̃,E(Ṽ ). This definition can be extended by linearity to elements Zφ,mot where

φ ∈ H(G̃(Af ))
L, by the same formula in Definition 7.3.5.

Unwinding the definition of the classes Zm,Iw we have the following result (c.f. the proof

of Theorem 6.3.13):

Proposition 7.4.12. For r ≥ 1, set φmpr := µ(τ)rφ(m) ⊗ ch (ηr(J ×Dpr)) where ηr is the

element defined in the proof of Proposition 6.3.3. Then

1. The image of Zφmpr ,mot under the composition

H2n
mot

(
ShG̃(KpJ ×D[m]pDpr), Ṽ (n)

)
rét−→ H2n

ét

(
ShG̃(KpJ ×D[m]pDpr), Ṽ (n)

)
m−n

2
(U ′S)−r

−−−−−−−→ H2n
ét

(
ShG̃(KpJ ×D[m]pDpr), Ṽ (n)

)
tα

is cohomologically trivial, where rét is the étale regulator and α is the eigenvalue in

Assumption 7.1.1(5).
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2. The element dmpr equals the image of m−n
2
(U ′S)−rrét

(
Zφmpr ,mot

)
under the composition

H2n
ét

(
ShG̃(KpJ ×D[m]pDpr), Ṽ (n)

)
tα,0

AJét,tα−−−−→ H1
(
E[mpr],H2n−1

ét

(
ShG(KpJ)Q,V (n)

)
tα

)
−→ H1

(
E[mpr],H2n−1

ét

(
ShG(KpJ)Q,V (n)

))
prπ∨−−→ π∨f ⊗ H1 (E[mpr],W ∗

π (1− n))
vϕ−→ H1 (E[mpr],W ∗

π (1− n))

where the first map is the Abel–Jacobi map (and Shapiro’s lemma) and the second is

induced from the splitting (· · · )tα ↪→ (· · · ).

The fact that these classes come from motivic cohomology will allow us to investigate the

image of our Euler system classes in other cohomology theories, e.g. in Deligne cohomology

or syntomic cohomology as defined by Nekovář and Nizio l ([NN16]). These questions will be

investigated in future work. We end with the following result showing that the anticyclotomic

Euler system classes actually live in the Bloch–Kato Selmer group.

Proposition 7.4.13. Let π0 be a cuspidal automorphic representation satisfying Assumption

7.1.1. Then the image of the anticyclotomic Euler system classes cmpr in H1(E[mpr],W ∗
π (1−

n)) are unramified at all primes L of E[mpr] which do not divide p, i.e. the image of cmpr

under the map

H1(E[mpr],W ∗
π (1− n))→ H1(E[mpr]L,W

∗
π (1− n))→ H1(IL,W

∗
π (1− n))

is trivial, where IL ⊂ GE[mpr] denotes the inertia subgroup at L.

Furthermore, for any prime P of E[mpr] dividing p, the restriction of the class cmpr at

P lies in the Bloch–Kato local group H1
f (E[mpr]P,W

∗
π (1− n)).

Proof. Let L be a prime of E[mpr] lying above a prime ` 6= p, and let λ denote the prime of E

lying below L. Let W denote the Weil–Deligne representation associated with the restriction

ρ∗π(1−n)|Gal(Eλ/Eλ), and let W F−ss denote its Frobenius semisimplification. Then it is shown

in [Car12] that Π0,λ is tempered and W F−ss is pure of weight −1 in the sense of [TY07, §1]

(c.f. the proof of [Car12, Theorem 7.4] for the weight). In particular, [TY07, Lemma 1.4(1)]

implies that W is also pure of weight −1.

Since the invariants of ρ∗π(1−n) under the inertia group IL are contained in the kernel of

the monodromy operator acting on W , this implies that any eigenvalue of Frob−1
L acting on

ρ∗π(1− n)IL is a Weil number of weight < 0. In particular, no such eigenvalue can be equal

to 1. This implies that

H0 (E[mpr]L,W
∗
π (1− n)) = 0. (7.4.14)
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Since Π ∼= Π∨ ∼= Πc we have Wπ(n) ∼= W ∗
π (1−n) (see the proof of Lemma 7.1.5 and Theorem

4.3.4). Combining this with (7.4.14), local Tate duality ([Rub00, Theorem I.4.1]) and the

Euler–Poincaré characteristic for local fields ([NSW08, Theorem 7.3.1] and [Nek06, Corollary

4.6.10]) implies

H1 (E[mpr]L,W
∗
π (1− n)) = 0

so in particular, any local condition at L is vacuous. This proves the first part of the

proposition.

For the latter part, it is enough to prove the statement for r ≥ 1 and for the classes

dmpr . The comparison of syntomic cohomology and étale cohomology in [NN16] and the fact

that the classes come from motivic classes imply that, at primes dividing p, the classes dmpr

lie in the local group H1
g . A criterion for when H1

g and H1
f coincide is that p−1 is not an

eigenvalue of the crystalline Frobenius ϕ on Dcris(W
∗
π (1− n)). By part (3) of Theorem 4.3.4

the eigenvalues of ϕ are given by pn−1α−1
i where

L(Πv, s+ (1− 2n)/2)−1 =
2n∏
i=1

(1− αip−s).

Now αi are Weil numbers of weight 2n − 1, because the representation Π satisfies the

Ramanujan–Petersson conjecture at all finite places (see [Car12, Theorem 1.2]). This im-

plies that the eigenvalues of ϕ are Weil numbers of weight −1, hence pn−1α−1
i cannot equal

p−1.
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Part II

Arithmetic applications of Euler

systems to the Rankin–Selberg

convolution of two Coleman families
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Chapter 8

Preliminaries

Warning: The notation in this part of the thesis is different from that of the first part, and

there will often be several conflicting pieces of notation between the two parts.

8.1 General notation

Throughout the rest of this thesis, fix a prime p ≥ 5. If K is a field then we often denote

its absolute Galois group by GK = Gal(Ksep/K), where Ksep denotes a fixed maximal

separable closure of K. In particular, for a place v of Q, we let Gv ⊂ GQ denote a choice of

decomposition group at v, and Iv ⊂ Gv its inertia subgroup.

Let R be a topological ring and G a topological group. We say M is a continuous G-

module over R (or a continuous R[G]-module) if M is a continuous R-module equipped with

a continuous homomorphism ρ : G → AutRM . The majority of modules we consider will

be continuous R[G]-modules (or just continuous R-modules), however the category of all

such modules is not abelian in general, so we will often need to work in the (derived) cate-

gory of R[G]-modules (by forgetting the topology). For example, when speaking about ker-

nels/cokernels of morphisms between continuous R[G]-modules, we mean kernels/cokernels

in the category of R[G]-modules (by forgetting the topology).

If M is an R[G]-module and the action is commutative (i.e. the map ρ factors through

Gab), then we write M ι to mean the module M with the action given by g ·m = ρ(g−1)m

for all g ∈ G and m ∈M .

We will often take R to be a Qp-Banach algebra (or more generally, the global sections of

a rigid analytic space). In this case we write R◦ for the subring of power-bounded elements.

When R is a reduced affinoid algebra, this coincides with the unit ball with respect to the

supremum norm (see §8.2).
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For a continuous R[G]-module M , let M∗ := Homcont(M,R) denote the dual representa-

tion of M and, where appropriate, we write M(n) to mean the representation M tensored

with the n-th Tate twist. We fix a compatible system of p-th power roots of unity in Qp, so

in the case where M is a Galois representation, M(1) is just M twisted by the cyclotomic

character χcycl. In this thesis, the cyclotomic character will always have Hodge-Tate weight

1.

If M is a continuous R[G]-module, then we denote its i-th (continuous) group cohomology

by Hi(G,M), as defined in [Rub00, §B.2]. This is computed as the cohomology of the complex

C•cont(G,M) of continuous cochains; we write RΓcont(G,M) for the image of this complex in

the derived category of R-modules. If GK is the absolute Galois group of a field K then we

will also sometimes write Hi(K,M) for Hi(GK ,M). Note that if 0→ M ′ → M → M ′′ → 0

is an exact sequence of continuous R[G]-modules (exact in the category of R[G]-modules),

then it is not always the case that one obtains a long exact sequence involving Hi (G,M ′),

Hi (G,M) and Hi (G,M ′′) (one needs a continuous set-theoretic section of the map M →
M ′′). Passing to the long exact sequence in cohomology is only ever implicitly used in this

thesis (e.g. when applying some results in [Pot13]), and one can check that in this case we

are always in the setting where a continuous section exists.

When talking about left (resp. right) exact functors F , we write RF (resp. LF ) for the

right (resp. left) derived functors of F .

If X is an object defined over a ring R and we have a homomorphism R → R′, then we

denote the base change of X to R′ by XR′ .

For a positive integer m, we let µ◦m denote the group scheme (over Q) of m-th roots of

unity.

Finally, as in Part I of this thesis, any étale cohomology group refers to continuous étale

cohomology in the sense of Jannsen [Jan88].

8.2 Affinoid algebras and rigid analytic spaces

Let E/Qp be a finite extension with ring of integers OE and uniformiser $. Let | · |p denote

the p-adic absolute value on E, normalised so that |p|p = 1/p.

Definition 8.2.1 ([Bos14, Definitions 2.2.2 & 3.1.1]). For n ∈ N, let Tn denote the restricted

power series ring

Tn = E〈X1, . . . , Xn〉 :=

{∑
I

aIXI ∈ E JX1, . . . , XnK : |aI |p → 0 as |I| → +∞

}
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where the sum is over all multisets formed from elements of the set {1, . . . , n}, and XI :=∏
i∈I Xi. We set T0 = E and refer to Tn as the Tate algebra over E in n variables.

A (strictly) affinoid algebra R over E is an E-algebra equipped with an epimorphism of

E-algebras Tn � R for some n ∈ N.

For any affinoid algebra R and any maximal ideal m ⊂ R, one can show that R/m

is a finite extension of E ([Bos14, Proposition 3.1.4]) so R/m is equipped with a unique

non-archimedean norm | · |m extending the p-adic norm | · |p. One can define a supremum

E-seminorm on R given by:

||f || := supm |f(m)|m

for any f ∈ R, where the supremum is over all maximal ideals of R and f(m) denotes the

image of f in R/m. If R is reduced, then this seminorm is in fact a norm ([Bos14, Proposition

3.1.10]).

We let SpR denote the set of all maximal ideals of R. This set comes equipped with

a canonical topology ([Bos14, Definition 3.3.1]) formed from rational subsets, which is finer

than the usual Zariski topology. Let OSpR denote the presheaf on SpR satisfying OSpR(U) =

A for any affinoid subdomain U = SpA of SpR. From the canonical topology, one can define

a Grothendieck topology on SpR for which OSpR forms a sheaf (Corollary 5.2.5 in op.cit.).

In fact (SpR,OSpR) forms a locally G-ringed E-space in the sense of Definition 5.3.1 of

op.cit.. We refer to (SpR,OSpR) as an affinoid rigid analytic space, and simply denote it by

SpR.

Definition 8.2.2 ([Bos14, Definition 5.3.4]). A rigid analytic space X over SpE is a locally

G-ringed E-space (X,OX) such that:

1. The Grothendieck topology on X satisfies conditions (G0), (G1), (G2) of Proposition

5.1.5 in op.cit..

2. (X,OX) is locally isomorphic to an affinoid rigid analytic space.

Notation 8.2.3. For a reduced rigid analytic space X over SpE, we will occasionally write

OX(X)◦ = O(X)◦ for the subring of power-bounded global sections, i.e. all sections f ∈
OX(X) which (locally) satisfy |f(m)|m ≤ 1 for all maximal ideals m in some local chart of

X.

We say that an OE-algebra A is formally of finite-type if one can express A as a quotient

of OE JX1, . . . , XnK 〈Y1, . . . , Ym〉 (defined in exactly the same way as in Definition 8.2.1 but

replacing E with OE JX1, . . . , XnK with the ($,X1, . . . , Xn)-adic topology) for some n,m ∈
N. If we can take n = 0, then we say A is topologically finite-type. Examples of rigid analytic

spaces arise naturally as the “generic fibres” of formal schemes over OE. More precisely:
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Proposition 8.2.4 ([Ber96]). One has a functor from the category of locally formally finite-

type formal schemes over SpfOE to the category of rigid analytic spaces over SpE – which

we refer to as the rigid generic fibre – sending a topologically finite-type affine formal scheme

U = Spf A to the affinoid rigid analytic space U = Sp(A⊗OE E).

Example 8.2.1. Let p > 2 be an odd prime number. Let Λ = Zp
q
Z×p

y
and consider the

formal spectrum Spf Λ where Λ is equipped with the (p, γ)-adic topology for a topological

generator γ of Z×p . Then Spf Λ is formally of finite type over Spf Zp and we let W denote its

rigid generic fibre over SpQp.

Explicitly,W represents the functor taking a rigid analytic space X over SpQp to the set

of continuous characters Z×p → OX(X)×, and is non-canonically isomorphic to the disjoint

union of (p − 1) copies of the open unit disc B(1) (defined as the rigid generic fibre of

Spf Zp JtK). The space W has an admissible open affinoid cover {Wm}m≥0, where each Wm

is defined as the space of all continuous characters η satisfying the inequality

|η(u)p−1 − 1|p ≤ p−1/pm(p−1)

for all u ∈ Z×p . If we set rm = p−1/pm(p−1) then the subspaceWm is non-canonically isomorphic

to the disjoint union of (p− 1) copies of B[rm], where B[rm] ⊂ B(1) denotes the closed disc

of radius rm (i.e. it is the affinoid subspace defined by the inequality |t|p ≤ rm).

The rigid analytic space W is an example of a quasi-Stein space, of which we now give

the definition.

Definition 8.2.5. A rigid analytic space X over SpE is said to be quasi-Stein if it admits

an admissible covering by an increasing union of (strictly) affinoid subdomains Y1 ⊂ Y2 ⊂ · · ·
such that each restriction map O(Yn+1)→ O(Yn) has dense image (for n = 1, 2, . . . ).

Other examples of quasi-Stein spaces include wide open discs U ⊂ WE, i.e. a wide open

space in the sense of [MC10, §2B] which is isomorphic to the rigid generic fibre of SpfOE JtK.
When discussing the cohomology of distribution modules, it is important to work over these

spaces (as one can define a filtration on these distribution modules with good finiteness

properties). On the other hand, when discussing overconvergent (ϕ,Γ)-modules, it will be

necessary to restrict to an affinoid subdomain of U .

Definition 8.2.6. Continuing with the notation in Example 8.2.1, we let B(rm) ⊂ B(1)

denote the wide open disc defined by the inequality |t|p < rm. The subspace Wacc
m ⊂ W of

m-accessible weights is the subspace of all continuous characters η which satisfy the inequality

|η(u)p−1 − 1|p < rm
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for all u ∈ Z×p . The space Wacc
m is non-canonically the disjoint union of (p − 1) copies of

B(rm).

8.3 Selmer complexes

In [Nek06], Nekovář defined the concept of a Selmer complex – an object in a certain de-

rived category whose cohomology is closely related to the usual definition of Selmer groups.

This construction is useful because the resulting complex has nice base-change and duality

properties; attributes that one doesn’t necessarily have for the classical Selmer groups. In

[Pot13], Pottharst extends this construction to families of Galois representations over well-

behaved rigid analytic spaces. This is the tool we will use to construct a sheaf interpolating

the Bloch–Kato Selmer groups. We now summarise this construction.

Let A be an affinoid algebra over E and let M be an A-valued representation of GQ =

Gal(Q/Q) (i.e. a finitely generated, projective A-module with a continuous action of GQ).

Let Σ be a finite set of finite places of Q containing p and all primes where M is ramified,

and let GΣ denote the Galois group of the maximal algebraic unramified-outside-Σ ∪ {∞}
extension of Q. For a place v ∈ Σ, letGv denote a fixed decomposition group inGΣ associated

with the place v.

Definition 8.3.1. A collection of local conditions ∆ for M is a set of pairs {(∆v, ιv) : v ∈ Σ}
where ∆v is an object in the derived category of bounded complexes of A-modules, and ιv

is a morphism

∆v
ιv−→ RΓcont(Gv,M).

One defines the Selmer complex RΓ̃(GΣ,M ; ∆) in the following way.

Definition 8.3.2. Let ∆ be a set of local conditions for M . Then the Selmer complex

RΓ̃(GΣ,M ; ∆) is the mapping fibre

RΓ̃(GΣ,M ; ∆) := Cone

(
RΓcont(GΣ,M)⊕

⊕
v∈Σ

∆v
resv −ιv−−−−→

⊕
v∈Σ

RΓcont(Gv,M)

)
[−1]

where resv denotes restriction to the decomposition groupGv. We denote the i-th cohomology

of this complex by H̃i(GΣ,M ; ∆).

If ∆v is quasi-isomorphic to a complex of finitely generated flat A-modules concentrated

in degrees [0, 2] (all our local conditions in this thesis will satisfy this), then RΓ̃(GΣ,M ; ∆) is

quasi-isomorphic to a complex of finitely generated flat A-modules, concentrated in degrees

[0, 3] (see [Pot13, Theorem 1.11]).
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This construction also works in more general situations – in our case, we are interested

in the following extension to quasi-Stein rigid analytic spaces (Definition 8.2.5). Let X be

a quasi-Stein rigid anaytic space over SpE and let U = {Yn}n≥1 be an admissible cover as

in loc.cit., with Yn = SpAn. Set A∞ := O(X) = lim←−nAn. Then there are two (equivalent)

perspectives we can take when discussing coherent OX-modules:

1. By an OU -module, we mean a compatible system of An-modules, i.e. a collection

M = (Mn)n≥1 where Mn is an An-module, with transition maps θn+1 : Mn+1 → Mn

which are An+1-linear and compatible under composition.

Following [Pot13, §1.2], we say that an OU -module M is quasi-consistent if the induced

maps

Mn+1 ⊗An+1 An
θn+1⊗1−−−−→Mn

are isomorphisms. We also say that M is of finite-type (resp. flat) if each Mn are

finite-type (resp. flat) An-modules. We have similar definitions for complexes of OU -

modules by imposing the map θn+1 ⊗ 1 is a quasi-isomorphism or that each term in

the complex is finite-type (resp. flat). We say an element of the derived category of

OU -modules is finite-type (resp. quasi-consistent, resp. flat) if it is represented by a

finite-type (resp. quasi-consistent, resp. flat) complex.

2. Alternatively, we can consider A∞-modules (in the usual sense). In this case, an A∞-

module N is said to be coadmissible if it can be written as the inverse limit of a com-

patible system (Nn)n≥1 of An-modules, which is quasi-consistent and finite-type. We

say a complex is coadmissible if its cohomology groups are coadmissible A∞-modules,

and an object in the derived category of A∞-modules is coadmissible if it is represented

by a coadmissible complex.

There is a natural left exact functor between the category ofOU -modules and the category

of A∞-modules, given by (Mn)n≥1 7→ lim←−nMn, and a functor between the category of A∞-

modules and OU -modules given by N 7→ (N⊗A∞An)n≥1 (which is exact, because An is a flat

A∞-module). One can derive these functors in the usual way and obtain functors between

the derived categories of OU -modules and A∞-modules. Note that, if M = (Mn)n≥1 is a

finite-type quasi-consistent OU -module, then one has Ri lim←−nMn = 0 for i > 0 (since the

transition maps An+1 → An are dense and Mn is finite-type, so the inverse system satisfies the

Mittag–Leffler property [ST03, §3]). One therefore obtains an equivalence between coherent

OX-modules and coadmissible A∞-modules.

Suppose that M = (Mn)n≥1 is a compatible system of An-valued representations of GQ

and the transition maps are continuous and Galois-equivariant. Set M∞ := lim←−nMn. In
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setting (1) (resp. (2)) above, we are in situation (3) (resp. (4)) of [Pot13, §1.5] and we

can define local conditions and Selmer complexes in the category of derived OU -modules

(resp. A∞-modules) for the representation M (resp. M∞), in the same way as in Definitions

8.3.1 and 8.3.2. From now on, we will always assume that the local conditions ∆v are

quasi-isomorphic to flat coadmissible complexes of A∞-modules or to flat finite-type quasi-

consistent complexes of OU -modules, concentrated in degrees [0, 2].

If ∆ is a collection of local conditions for M in the derived category of OU -modules, then

we obtain a collection of local conditions ∆∞ for M∞ by defining

∆∞,v = R lim←−
n

Γ(Yn,∆v)→ R lim←−
n

RΓcont(Gv,Mn) ∼= RΓcont(Gv,M∞)

where the last isomorphism follows from Theorem 8.3.3(3) below. By our assumptions on

local conditions and “Theorem A” and “Theorem B” in [ST03, §3], the inverse system of

cohomology groups of Γ(Yn,∆v) (as n varies) forms a Mittag–Leffler system, so the cohomol-

ogy groups of the complex ∆∞,v are indeed coadmissible. Conversely, if ∆′ is a collection of

local conditions for M∞ in the derived category of A∞-modules, then we obtain a collection

of local conditions (∆′n)n≥1 for M by defining ∆′n,v := ∆′v ⊗L
A∞ An.

Theorem 8.3.3. Let M = (Mn)n≥1 be a compatible system of An-valued representations of

GQ as above, and set M∞ = lim←−nMn. Let Σ denote a finite set of primes containing p and

all primes for which M is ramified. Let v ∈ Σ. Then

1. RΓcont(GΣ,M) and RΓcont(Gv,M) are perfect complexes, in the sense that they are

quasi-isomorphic to complexes D•, concentrated in finitely many degrees, such that

Γ(Yn, D
•) is a finite projective An-module.

2. The cohomology groups Hi (GΣ,M∞) and Hi (Gv,M∞) are coadmissible A∞-modules.

3. For G = GΣ or Gv, one has isomorphisms

RΓcont(G,M∞)⊗L
A∞ An

∼= RΓcont(G,Mn)

RΓcont(G,M∞) ∼= R lim←−
n

RΓcont(G,Mn).

These induce isomorphisms Hi (G,M∞) ⊗A∞ An ∼= Hi (G,Mn) and Hi (G,M∞) ∼=
lim←−n Hi (G,Mn) respectively.

4. If ∆ is a collection of local conditions for M as above, then RΓ̃(GΣ,M ; ∆) is quasi-

isomorphic to a flat finite-type quasi-consistent complex of OU -modules, concentrated
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in degrees [0, 3], and one has an isomorphism

RΓ̃(GΣ,M∞; ∆∞)⊗L
A∞ An

∼= RΓ̃(GΣ,Mn; ∆n)

where ∆n denotes the collection Γ(Yn,∆) and ∆∞ is the collection of local conditions

for M∞ constructed above. This induces isomorphisms H̃i(GΣ,M∞; ∆∞) ⊗A∞ An ∼=
H̃i(GΣ,Mn; ∆n) for all i ≥ 0.

5. If ∆′ is a collection of local conditions for M∞ as above, then RΓ̃(GΣ,M∞; ∆′) is

flat and coadmissible (i.e. its cohomology groups are coadmissible A∞-modules) and

quasi-isomorphic to a complex concentrated in degrees [0, 3]. Furthermore, one has an

isomorphism

RΓ̃(GΣ,M∞; ∆′) ∼= R lim←−
n

RΓ̃(GΣ,Mn; ∆′n)

which induces isomorphisms H̃i(GΣ,M∞; ∆′) ∼= lim←−n H̃i(GΣ,Mn; ∆′n) for all i ≥ 0.

Proof. The first part follows from the discussion in [Pot13, §1.2] (using the fact that a finitely

generated, flat module over a commutative noetherian ring is finite projective). The second

part follows from §1.3 in op.cit.. The third part follows from Theorem 1.7 in op.cit. (using the

fact that An is a flat A∞-module). For parts (4) and (5), these follow from the base-change

theorems in Theorems 1.12 and 1.13 in op.cit..

Notation 8.3.4. In the rest of this thesis we will often write M to mean both the OU -module

(Mn)n≥1 and the A∞-module M∞ (and also the corresponding coherent OX-module). Since

the Selmer complexes and cohomology groups can be calculated using either perspective (by

the above theorem), we hope that this doesn’t cause confusion.

We have the following proposition which describes some important properties of Selmer

complexes to be used later on.

Proposition 8.3.5. Let A be an affinoid algebra over E and X a quasi-Stein rigid analytic

space as above. Let M be an A-valued (resp. OU -valued, resp. A∞-valued) representation of

GQ, and let Σ be as above. Then Selmer complexes satisfy the following properties:

1. (Duality, [Pot13, Theorem 1.16]) Recall that we have assumed the local condition ∆v

is quasi-isomorphic to a perfect (resp. flat finite-type quasi-consistent, resp. flat coad-

missible) complex of A-modules (resp. OU -modules, resp. A∞-modules) concentrated

in degrees [0, 2], for all v ∈ Σ. We define the dual local conditions ∆∗(1) to be

{(∆∗v(1), j∗v [−2])}, where

∆∗v(1) := Q∗v[−2]
j∗v [−2]−−−→ RΓcont(Gv,M)∗[−2] ∼= RΓcont(Gv,M

∗(1))
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and Qv is the mapping cone of ιv, we write jv : RΓcont(Gv,M) → Qv for the natural

map and (−)∗ denotes the dual (in the underived sense).

One has an isomorphism

RΓ̃(GΣ,M
∗(1); ∆∗(1)) ∼= RΓ̃(GΣ,M ; ∆)∗[−3].

2. (Comparison of local conditions) If ∆′ = {(∆′v, ι′v) : v ∈ Σ} is another set of local

conditions and {τv} are morphisms such that ι′v is equal to the composition

∆′v
τv−→ ∆v

ιv−→ RΓcont(Gv,M)

then we obtain a Poitou–Tate style long exact sequence⊕
v∈Σ

H0(Qv)→ H̃1(GΣ,M ; ∆′)→ H̃1(GΣ,M ; ∆)
ξ−→
⊕
v∈Σ

H1(Qv)→

→ H̃2(GΣ,M ; ∆′)→ H̃2(GΣ,M ; ∆)→
⊕
v∈Σ

H2(Qv)

where Qv is the mapping cone of τv.

Proof. For the second part, this is immediate from the definition of the Selmer complexes

associated with the local conditions ∆ and ∆′.

In §12.1.2 we will use the Poitou–Tate long exact sequence described above to show that

the cohomology of the Selmer complex vanishes in degree two if the corresponding value of

the p-adic L-function is non-zero. In particular we will use the following result:

Proposition 8.3.6. If the map ξ in part (2) of Proposition 8.3.5 is surjective then we have

an injective map

H̃2(GΣ,M ; ∆′) ↪→ H̃2(GΣ,M ; ∆).

In particular, if H̃2(GΣ,M ; ∆) vanishes then so does H̃2(GΣ,M ; ∆′).

8.4 Some commutative algebra

In this section we record some results on continuous R[I]-representations, where R is a

integral affinoid algebra over E and I is a profinite group, which we will use later.

Lemma 8.4.1. Let R be an integral affinoid algebra over E and G a finite group. Let M

be a R[G]-module that is finitely-generated over R, and let m ⊂ R be a maximal ideal. Then
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the natural map

MG ⊗R R/m→ (M ⊗R R/m)G

is an isomorphism. Furthermore, if M is a finite projective R-module, then MG is a finite

projective R-module.

Proof. Let r be the order of G and consider the idempotent e = 1/r(1+g+· · ·+gr−1) ∈ R[G].

Let k(m) = R/m. Since the natural map M → M ⊗R k(m) is surjective, it immediately

follows that the map eM → e(M ⊗R k(m)) is surjective. Furthermore, if x = ey ∈M is such

that the image of x in M ⊗R k(m) is zero, then x ∈ mM . But applying e to x we see that

x = e(x) ∈ meM , so the map

eM ⊗R k(m)→ e(M ⊗R k(m))

is an isomorphism. The claim then follows from the fact that MG = eM .

Suppose that M is a finite projective R-module. Then since M = eM⊕(1−e)M and any

direct summand of a finite projective module is also finite projective, the claim follows.

We will apply this to the following situation.

Lemma 8.4.2. Let R be an integral affinoid algebra over E and let I be a profinite group with

a continuous quotient I � G, where G is finite. Let M be a continuous R[I]-module which

is a finite projective R-module. Suppose that there exists a Zariski dense subset Y ⊂ SpR

such that, for all m ∈ Y , the action of I on M ⊗R R/m factors through the quotient I � G.

Then:

1. The action of I on M factors through the quotient I � G.

2. M I is a finite projective R-module (so in particular, is flat)

3. The natural map

M I ⊗R R/m→ (M ⊗R R/m)I

is an isomorphism.

Proof. For the first part, it is enough to work locally and assume that M is a finite-free

R-module. Fix a basis e1, . . . , es of M over R. Let H denote the kernel of the map I � G

and let h ∈ H and x ∈M . Then we can write

h · x− x =
s∑
i=1

aiei
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for some ai ∈ R satisfying ai(m) = 0 for all m ∈ Y . But Y is Zariski dense, so this implies

that the vanishing locus of ai is the whole of SpR. Since R is an integral affinoid algebra, it

is Jacobson ([Bos14, Proposition 3.1.3]), so in particular, its Jacobson radical is zero. Hence

we must have ai = 0. The rest of the lemma now follows from Lemma 8.4.1.

We also record the following useful result.

Lemma 8.4.3. Let R be an integral affinoid algebra over E and let M be a continuous

GQ-module which is finite projective over R. Let ` be a (finite) rational prime such that

1. The inertia group I` acts trivially on M

2. There exists a maximal ideal m ⊂ R such that

H0 (G`,M/m) = 0.

Then H0 (Q,M) = 0.

Proof. Let H = G`/I` which is a topologically finitely-generated group, generated by γ say.

It is enough to show that Mγ=1 = 0. We will prove this by contradiction.

Set N = Mγ=1 and suppose that N 6= 0. Since N is a submodule of a projective

R-module, its localisation Nm is also non-zero. Since localisation is exact and taking H-

invariants is left exact, we have an injective map Nm ↪→ (Mm)γ=1, and so the latter is also

non-zero.

Set T := Mm, which is a finite-free Rm-module. Since the map from Rm to its m-adic

completion R̂m is injective (see the proof of [Bos14, Proposition 4.1.2]), and T is free, we must

have that T̂ γ=1 6= 0, where T̂ := lim←−i T/m
i is the completion over the ring R̂m. Invariants

under H commutes with inverse limits, so this implies that H0(H,T/mi) 6= 0 for some i. We

will show that this cannot happen.

For an integer i, one can express mi−1T/miT as a quotient of

T ⊗ (mi−1/mi) ∼= (T/mT )dimk(m)(m
i−1/mi)

hence by assumption (2) in the statement of the lemma, we must have that the H-invariants

of mi−1T/miT are trivial. Indeed, the H-invariants (resp. H-coinvariants) of a continuous

k(m)[H]-module S are computed as the kernel (resp. cokernel) of the map S
γ−1−−→ S, so they

have the same k(m)-dimension. By induction on i using the short exact sequence

0→ mi−1T/miT → T/mi → T/mi−1 → 0
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we see that H0(H,T/mi) = 0 for all i, which is the required contradiction.
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Chapter 9

Coleman families and their associated

Galois representations

9.1 Modular curves

In this section we will define the modular curves that will be used throughout the paper. Let

H± := C−R denote the upper and lower complex half-space and denote the finite adeles of

Q by Af . For a compact open subgroup K ⊂ GL2(Af ), we let

YK := GL2(Q)\
[
H± ×GL2(Af )/K

]
. (9.1.1)

We assume that K is sufficiently small so that YK has the structure of a Shimura variety.

This Shimura variety has a canonical model over Q (which we will also denote by YK) and

we will refer to this as the modular curve of level K. In this paper, we are interested in the

following choices of K.

Let m,N be two positive integers such that m(N + 1) ≥ 5. Then the subgroup

Km,N :=

{(
a b

c d

)
∈ GL2(Ẑ)

∣∣∣∣∣ a ≡ 1, b ≡ 0 mod mẐ
c ≡ 0, d ≡ 1 mod mN Ẑ

}

is sufficiently small and we denote the corresponding modular curve by Y (m,mN) := YKm,N .

If m = 1 we simply denote this curve by Y1(N). The modular curve Y (m,mN) represents

the contravariant functor taking a Q-scheme S to the set of isomorphism classes of triples

(E,P,Q), where E/S is an elliptic scheme, P is a torsion section of order m and Q is a

torsion section of order mN , such that P and Q are linearly independent, in the sense that

the map Z/mZ×Z/mNZ→ E(S) given by (a, b) 7→ aP + bQ is injective. There is a natural
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morphism Y (m,mN) → µ◦m given by the Weil pairing on the points P,NQ, and the fibres

of this map are smooth, geometrically connected curves.

For an integer N ≥ 1 not divisible by p, we also set

K1(N(p)) :=

{(
a b

c d

)
∈ GL2(Ẑ)

∣∣∣c ≡ 0 mod pN Ẑ, d ≡ 1 mod N Ẑ

}
.

This is a sufficiently small subgroup and we denote the corresponding modular curve by

Y1(N(p)). This has a moduli interpretation as the contravariant functor taking a Q-scheme

S to the set of isomorphism classes of triples (E,P,C), where E/S is an elliptic scheme, P

is a torsion section of order N and C is a finite flat subgroup scheme of E[p] (the p-torsion

of E) of order p.

It will also be useful to introduce several maps between these modular curves.

• For a positive integer d, we define the following map

Ξd : Y (dm, dmN)→ Y (m,mN) (9.1.2)

as the morphism which sends a triple (E,P,Q) to the triple (E/〈mP 〉, P mod mP, dQ

mod mP ), where 〈mP 〉 denotes the cyclic subgroup generated by mP .

• Recall µ◦m denotes the group scheme (over Q) of m’th roots of unity. We define the

following map

tm : Y (m,mN)→ Y1(N)×Q µ
◦
m (9.1.3)

as the morphism given by (E,P,Q) 7→ ((E/〈P 〉,mQ mod P ), 〈P,NQ〉), where 〈−,−〉
denotes the Weil pairing on E[m] and 〈P 〉 is the subgroup generated by P .

• Let N ′ be a positive integer dividing N . We define the following map

sN ′ : Y1(Np)→ Y1(N ′(p)) (9.1.4)

to be the morphism sending (E,Q) to
(
E, Np

N ′
·Q, 〈N ·Q〉

)
, where 〈N ·Q〉 denotes the

cyclic group scheme generated by the p-torsion section N ·Q.

The first two maps are compatible in the following sense.

Lemma 9.1.5. Let m,N be two positive integers with m(N + 1) ≥ 5 and let d be a positive
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integer. Then we have the following commutative diagram

Y (dm, dmN) Y (m,mN)

Y1(N)× µ◦dm Y1(N)× µ◦m

tdm

Ξd

tm

where the bottom map is induced from the d-th power map µ◦dm → µ◦m.

Proof. Immediate from the definitions.

9.2 Families of modular forms and Galois representa-

tions

9.2.1 Weight space

Definition 9.2.1. Let Λ := Zp
q
Z×p

y
and recall from Example 8.2.1 that the weight space

W is defined to be the rigid generic fibre of the formal spectrum Spf Λ. It represents the

functor taking a rigid analytic space X over SpQp to the set Homcont(Z×p ,OX(X)×). Let

κ : Z×p → Λ× ⊂ OW(W)×

denote the tautological character.

The space W is isomorphic to a union of (p − 1) wide open discs (recall that we have

assumed p > 2).

Definition 9.2.2. Let E be a finite extension of Qp with ring of integers OE, and let U be

a wide open disc in WE := W ×Sp(Qp) Sp(E). Define ΛU := OW(U)◦, the subring of power-

bounded elements of OW(U) (so Λ is non-canonically isomorphic to OE JtK), and write

κU : Z×p → Λ×U

for the map induced by κ.

Recall from Definition 8.2.6 the m-accessible part of weight space, denoted Wacc
m , is the

union of wide open discs defined by the inequality

|κ(1 + p)− 1| < p−1/pm(p−1) .

We will eventually restrict our attention to Wacc
0 .
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Definition 9.2.3. A classical point of W is a point corresponding to the character z 7→ zk

for some nonnegative integer k.

Remark 9.2.4. The previous definition is an abuse of notation, since the weight z 7→ χ(z)zk,

for χ a finite order character, can be the weight of a point on the eigencurve corresponding

to a classical modular form. But we will not need to consider this more general class of

weights.

9.2.2 Families of overconvergent modular forms

Definition 9.2.5. Let E be a finite extension of Qp with ring of integers OE, and let

U ⊆ (Wacc
0 )E be a wide open disc containing a classical point. A Coleman family F over

U (of tame level N) is formal power series
∑∞

n=1 an(F)qn ∈ qΛU JqK satisfying the following

properties:

1. a1(F) = 1 and ap(F) ∈ ΛU [1
p
]×.

2. For all but finitely many classical weights k contained in U , the restriction of F to k

is the q-expansion of a classical modular form of weight k + 2 and level Γ1(N) ∩ Γ0(p)

that is a normalised eigenform for the Hecke operators (away from Np).

We denote the character associated to F by εF , so that for all but finitely many classical

weights k in U the specialisation of εF at k coincides with the nebentypus of Fk.

The following definition gives a criterion for when a modular form lies in a Coleman

family.

Definition 9.2.6. We say that a cuspidal eigenform f of level Γ1(N) ∩ Γ0(p) and weight

k + 2 is noble if the following two conditions are satisfied.

• f is the p-stabilisation of normalised cuspidal newform f ′ of level Γ1(N) such that the

roots {αf ′ , βf ′} of the Hecke polynomial

X2 − ap(f ′)X + pk+1εf ′(p)

are distinct. Here ap(f
′) is the p-th Fourier coefficient of f ′ and εf ′ is the nebentypus.

• If the Up-eigenvalue of f has p-adic valuation k+1 then the local Galois representation

attached to f ′ at p is not the direct sum of two characters.

Lemma 9.2.7. Let f be a noble eigenform of weight k + 2. Then for any sufficiently small

U 3 k in W, there is a unique Coleman family F over U such that Fk = f .

146



Proof. This is essentially proved in [Bel12, Lemma 2.8]. We give a sketch of the proof for

when the slope of f is < k+ 1. In this case, the lemma shows that if x is an E-point on the

eigencurve of weight k+2, then there is a neighbourhood V 3 x and an open disc U ⊆ W such

that V → U is finite flat of degree dimM †
k+2,(x), where M †

k+2,(x) is the space of overconvergent

modular forms of weight k+2 that are Hecke eigenforms with eigenvalues given by x. Suppose

x is noble; then it has slope less than k+ 1, so Coleman’s control theorem [Col96, Thm. 6.1]

implies that M †
k+2,(x) consists of classical modular forms. Moreover, x corresponds to a

newform, so the subspace of classical modular forms is one-dimensional (see for example

[Lan95, Thm. VIII.3.3]).

9.2.3 Locally analytic distribution modules

Now we begin defining a family of Galois representations on W as in [LZ16, §4].

Let Y = Y1(N(p)) be the modular curve at level Γ1(N)∩Γ0(p), and let π : E → Y be the

universal elliptic curve over Y . Let

H := R1π∗Zp(1)

be the relative Tate module of E . We will define several pro-sheaves of “functions and

distributions on H .” By this, we mean the following. Let Y (p∞, p∞N) denote the pro-

scheme lim←−n Y (pn, pnN) and t : Y (p∞, p∞N) → Y the natural projection; it is a Galois

covering, and its Galois group can be identified with the Iwahori subgroup U0(p) ⊂ GL2(Zp)
(with respect to the standard Borel).

The pro-sheaf t∗H is canonically isomorphic to the constant pro-sheaf H, where H = Z2
p.

We will define several spaces of functions and distributions on subsets of H that are equipped

with actions of U0(p). Since a U0(p)-module determines a U0(p)-equivariant pro-sheaf on

Y (p∞, p∞N), these spaces will descend to pro-sheaves on Y .

Firstly, we recall the definition of two locally analytic distribution modules following

[LZ16, §4.2].

Definition 9.2.8. Let T0, T ′0 be the subsets of H defined by

T0 := Z×p × Zp, T ′0 := pZp × Z×p

and let Σ0(p), Σ′0(p) be the submonoids of M2(Zp) defined by

Σ0(p) :=

(
Z×p Zp
pZp Zp

)
, Σ′0(p) :=

(
Zp Zp
pZp Z×p

)
.
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The monoids Σ0(p) and Σ′0(p) act on the right on T0 and T ′0, respectively.

Let R be a complete topological Zp-algebra, and let w : Z×p → R× be a continuous

homomorphism. Suppose there exists an integer m ≥ 0 such that the restriction of w to

1 + pm+1Zp is analytic. We are primarily interested in the following cases:

1. R = ΛU , w = κU for some finite extension E/Qp and some U ⊂ (Wacc
m )E.

2. R = OE, w(z) = zk for some finite extension E/Qp and some nonnegative integer k.

Definition 9.2.9. Let T be either T0 or T ′0. Let A◦w,m(T ) denote the space of functions

f : T → R satisfying the following properties:

1. The function f is homogeneous of weight w, i.e. f(λv) = w(λ)f(v) for any v ∈ T ,

λ ∈ Z×p .

2. The function f is analytic on discs of radius p−m, i.e. for any v ∈ T , the restriction of

f to v + pmT is given by a power series with coefficients in R.

Let

D◦w,m(T ) := HomR,cont(A
◦
w,m(T ), R)

Dw,m(T ) := D◦w,m(T ) [1/p] .

When R = ΛU , w = κU , we will denote the modules by

A◦U,m, D◦U,m, DU,m.

When R = OE, w(z) = zk, we will denote the modules by

A◦k,m, D◦k,m, Dk,m.

The modules A◦w,m(T ), D◦w,m(T ), Dw,m(T ) inherit an action of Σ0(p) or Σ′0(p) from the

action on T . If the disc U contains the point corresponding to the homomorphism z 7→ zk,

then the specialisation map ΛU → Zp induces a homomorphism

D◦U,m → D◦k,m

and similarly there are specialisation maps with D◦ replaced by A◦ or D.

As mentioned at the beginning of this subsection, each of the modules defined above

determines a pro-sheaf on Y . We let D◦w,m(H0), D◦w,m(H ′
0 ), be the pro-sheaves corresponding

to D◦w,m(T0), D◦w,m(T ′0), respectively.
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9.2.4 Galois representations

Now we define families of Galois representations coming from the cohomology of the sheaves

defined above. For a wide open disc U ⊂ (Wacc
0 )E we set BU := ΛU [1

p
].

Definition 9.2.10. As before, let Y = Y1(N(p)) denote the modular curve of level Γ1(N)∩
Γ0(p). Set

M◦
w,m(H0) := H1

ét(YQ,D◦w,m(H0))(−κU)

M◦
w,m(H ′

0 ) := H1
ét(YQ,D◦w,m(H ′

0 ))(1).

Proposition 9.2.11 ([LZ16, Thm. 4.6.6]). Let f0 be a noble eigenform of weight k0 +2, and

let F be the Coleman family passing through f0. If the disc U 3 k0 is sufficiently small, then:

1. The modules

MU(F) := MU,0(H0) [Tn = an(F) ∀n ≥ 1]

MU(F)∗ := MU,0(H ′
0 ) [T ′n = an(F) ∀n ≥ 1]

are direct summands (as BU -modules) of MU,0(H0) and MU,0(H ′
0 ) respectively, where

[−] stands for isotypic component and T ′n is the transpose of the usual Hecke operator.

Each is free of rank 2 over BU .

2. The Ohta pairing (see [LZ16, §4.3]) induces an isomorphism of BU [GQ]-modules

MU(F)∗ ∼= HomBU (MU(F), BU) .

Given two Coleman families F and G defined over U1, U2 ⊂ WE, respectively, we will

write M := MU1(F)∗⊗̂MU2(G)∗ for the family of Galois representations on U1 ×U2 given by

the BU1⊗̂BU2-module

MU1(F)∗⊗̂EMU2(G)∗

and to ease notation, we will often omit the subscripts when the spaces U1 and U2 are clear.

Furthermore we will often restrict this representation to open affinoids V1 ⊂ U1 and V2 ⊂ U2;

in this case M is a Banach module over the affinoid algebra OW(V1×V2) that is free of rank

four.

Definition 9.2.12. Let A be a Qp-affinoid algebra and M an A-valued (continuous) repre-

sentation of GQ. Let Dla(Γ, A) denote the space of locally analytic distributions with values
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in A; this comes equipped with an action of GQ given by∫
Γ

f d(g · µ) :=

∫
Γ

f([g]−1x) dµ(x) (9.2.13)

where [g] denotes the image of g ∈ GQ in Γ = Gal(Q(µp∞)/Q), and is isomorphic (as A[GQ]-

modules) to OW(W)ι⊗̂A. The cyclotomic deformation of M is defined to be

M(−κ) := Dla(Γ,M) := M⊗̂QpD
la(Γ, A).

with the diagonal Galois action.

Similarly, for any λ ∈ R≥0, let Dλ(Γ,Qp) be the space of Qp-valued distributions on Γ of

order λ as in [Col10, §II.3], with Galois action given by the same formula in (9.2.13). Define

Dλ(Γ,M) := Dλ(Γ,Qp)⊗̂QpM .

9.2.5 Some properties of locally analytic distribution modules

We mention some properties of the modules defined above that will be useful in chapter 10.

Definition 9.2.14. Define Λ(H) to be the space of continuous Zp-valued distributions on

H, and let Λ(H ) be the corresponding pro-sheaf on Y . This coincides with the sheaf of

Iwasawa modules for H , i.e. Λ(H ) is the pro-system of étale sheaves corresponding to the

inverse system (Z/pnZ[H /pnH ])n≥1 with the natural transition maps.

For any nonnegative integer k, let TSymkH be the space of degree k symmetric tensors

over H, i.e. it is the subgroup of H⊗k that is invariant under the action of the symmetric

group Sk. Let TSymk H be the corresponding pro-sheaf on Y .

For j ≥ 0, set Λ[j](H ) := Λ(H ) ⊗ TSymj H and Λ[j,j] = Λ[j](H ) � Λ[j](H ). Then

there is a Clebsch-Gordon map (see [LZ16, §3.2])

CG[j] : Λ(H )→
(
Λ[j](H )⊗̂Λ[j](H )

)
(−j).

For any U , m, there is a natural restriction map

Λ(H )→ D◦U,m(T )

and for any nonnegative integer k, TSymkH can be identified with the space of distributions

on homogeneous degree k polynomial functions on H. Hence there is a natural surjection

D◦k,m(T )→ TSymk H .
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9.2.6 The three-variable p-adic L-function

Let f and g be two normalised cuspidal eigenforms of weights k+ 2, k′+ 2 and levels Γ1(N1)

and Γ1(N2) respectively, where k > k′ ≥ 0. Let χ be a Dirichlet character of conductor Nχ

and suppose that p does not divide N1 ·N2. To this data one has the associated (imprimitive)

Rankin–Selberg L-function, defined as

L(f, g, χ, s) = L(N1N2Nχ)(εfεgχ
2, 2s− 2− k − k′) ·

∑
n≥1

(n,Nχ)=1

an(f)an(g)χ(n)n−s

for Re(s) sufficiently large. Here the subscript (N1N2Nχ) denotes the omission of the Euler

factors at primes dividing N1N2Nχ. This L-function differs from the automorphic L-function

attached to the representation πf⊗πg⊗χ by only finitely many Euler factors. Since we have

assumed k 6= k′, the function L(f, g, χ,−) has analytic continuation to all of C (see [Loe18,

§2.1]).

Using the theory of nearly overconvergent families of modular forms as described in [AI17],

Urban has constructed a three-variable p-adic L-function which interpolates critical values

of the above Rankin–Selberg L-function. More precisely, suppose that there exist noble p-

stabilisations of f and g (as in Definition 9.2.6) and let F and G be Coleman families over

affinoid domains V1 and V2, passing through these p-stabilisations. We can shrink V1 and V2

to ensure that all classical specialisations of F and G are noble (see Remark 12.2.7) – if Fk1

denotes such a specialisation then we let F◦k1
denote the associated newform, and similarly

for G.

Theorem 9.2.15 (Urban). There exists an element Lp(F ,G, 1 + j) ∈ O(V1 × V2 × W)

satisfying the following interpolation property:

• For all integers k1, k2, j satisfying ki ∈ Vi and 0 ≤ k2 + 1 ≤ j ≤ k1, and all Dirichlet

characters χ of p-power conductor, the value Lp(Fk1 ,Gk2 , 1 + j + χ) is equal to

C(Fk1 ,Gk2 , 1 + j + χ) · j!(j − k2 − 1)!ik1−k2

π2j+1−k222j+2+k1−k2〈F◦k1
,F◦k1
〉N1

L(F◦k1
,G◦k2

, χ−1, 1 + j)

where C(Fk1 ,Gk2 , 1 + j + χ) is an explicit product of Euler factors and Gauss sums.

Proof. This follows from the interpolation property in [Urb14, Theorem 4.4.7] (which is valid

by the results of [AI17, Appendix II]). The calculation is only for N = 1 but the same proof

can be adapted to the general case. See also the computation of the Rankin–Selberg period

in [Loe18, Prop 2.10].
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In the following chapter we will recall the construction of Beilinson–Flach classes in

families. It turns out that this p-adic L-function Lp is closely related to the images of

these Beilinson–Flach classes under Perrin-Riou’s “big logarithm”. This will be important

in Proposition 11.2.6 later on.

9.3 Assumptions on pairs of modular forms

In this final section, we record the assumptions on the pair of modular forms f and g which

will be continually invoked throughout the rest of this thesis.

Assumption 9.3.1. Let N1, N2 ≥ 4 be two integers which are both coprime to p. Let f and

g be two cuspidal normalised new eigenforms of weights k + 2 and k′ + 2 and levels Γ1(N1)

and Γ1(N2) respectively, where k, k′ ≥ 0. Assume that k 6= k′, one of the p-stabilisations

of f is noble (which we will denote by fα) and both of the p-stabilisations of g are noble

(which we will denote by gα and gβ). When considering Coleman families through these

p-stabilisations, or the Galois representations associated with f and g, we will always choose

the finite extension E/Qp to contain the Fourier coefficients of f and g.
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Chapter 10

Beilinson–Flach classes

In this section we recall the construction of classes

cBF [F ,G]
m,1 ∈ H1(Q(µm), Dla(Γ,M))

where M = MV1(F)∗⊗̂MV2(G)∗ following [LZ16]. These classes are obtained from so-called

Rankin–Iwasawa classes under the pushforward of a certain sequence of morphisms. In

particular we show that these classes satisfy certain norm relations which interpolate the

(tame) Euler system relations at classical weights.

None of the results in this section are new, apart from perhaps Proposition 10.3.1 and

§10.4, although we suspect this is already known to the experts.

10.1 Rankin–Iwasawa classes

Let (E , P,Q) denote the universal triple over the curve Y := Y (m,mN) as defined in section

9.1, and recall that

H = HZp := R1π∗Zp(1)

denotes the relative p-adic Tate module of E/Y . Here π : E → Y denotes the structure map

and Zp(1) is the Tate twist by the cyclotomic character. This is a locally free étale pro-sheaf

on Y of rank 2.

Let c ≥ 1 be an integer prime to 6mN . In [Kin16], Kings constructs Eisenstein classes

c EiskQp arising from motivic classes whose de Rham realisations recover the usual Eisenstein

series of weight k + 2 (see also [KLZ15, §4]). In addition to this, he constructs so-called

Eisenstein–Iwasawa classes

cEIm,mN ∈ H1
ét(Y (m,mN),Λ(H )(1))
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which interpolate c EiskQp via the “moment maps”

momk : Λ(H )→ TSymk H .

From these classes one obtains Rankin–Iwasawa classes in the following way.

Definition 10.1.1. Let c ≥ 1 be an integer that is coprime to 6mN . We define the Rankin–

Iwasawa class to be

cRI [j]
m,mN,1 :=

[
(u1)∗ ◦∆∗ ◦ CG[j]

]
(cEIm,mN)

which lies in the cohomology group H3
ét(Y (m,mN)2,Λ[j,j](2− j)). Here

• CG[j] is the Clebsch–Gordon map described in Definition 9.2.14.

• ∆: Y (m,mN) → Y (m,mN)2 denotes the diagonal embedding where, by abuse of

notation, we write Y (m,mN)2 for the fibre product

Y (m,mN)×µ◦m Y (m,mN).

• u1 : Y (m,mN)2 → Y (m,mN)2 denotes the automorphism which is the identity on the

first factor and acts on the moduli interpretation as

(E,P,Q) 7→ (E,P +NQ,Q)

on the second factor.

The Rankin–Iwasawa classes satisfy the following norm compatibility relations.

Proposition 10.1.2. Let c ≥ 1 be an integer prime to 6Np and let m be an integer prime

to 6cN . Let l be a prime not dividing 6cNp and recall that we have defined the following

morphism Ξl : Y (lm, lmN)→ Y (m,mN) in (9.1.2).

1. If l divides m then the Rankin–Iwasawa classes satisfy the following norm compatibility

relation

(Ξl × Ξl)∗(cRI [j]
lm,lmN,1) = (U ′l , U

′
l ) · cRI

[j]
m,mN,1.

2. If l does not divide m then the Rankin–Iwasawa classes satisfy the following norm

compatibility relation

(Ξl × Ξl)∗(cRI [j]
lm,lmN,1) = Q̃l · cRI [j]

m,mN,1
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where Q̃l is the operator

−ljσl + (T ′l , T
′
l ) + ((l + 1)lj(〈l〉−1[l]∗, 〈l〉−1[l]∗)− (〈l〉−1[l]∗, T

′2
l )− (T ′2l , 〈l〉−1[l]∗))σ

−1
l

+(〈l−1〉[l]∗T ′l , 〈l−1〉[l]∗T ′l )σ−2
l − l

1+j([l2]∗〈l−2〉, [l2]∗〈l−2〉)σ−3
l

and

• T ′l (resp. U ′l ) is the transpose of the usual Hecke operator Tl (resp. Ul) on

Y (m,mN).

• [a]∗ : Λ[j](H )→ Λ[j](H ) is the map induced from multiplication by a on the first

factor and the identity on the second.

• 〈b〉 is the diamond operator on Y (m,mN) which acts on the moduli interpretation

as (E,P,Q) 7→ (E, b−1P, bQ).

• σl is the automorphism of Y (m,mN) which acts on the moduli interpretation as

(E,P,Q) 7→ (E, lP,Q).

Proof. In the notation of [KLZ17, §5], the map (Ξl×Ξl)∗ is the composition (pr1× pr1)∗(p̂r2×
p̂r2)∗ and if l|m one can check that (pr1× pr1)∗ commutes with (U ′l , U

′
l ). The first part then

follows by combining the norm relations in Theorem 5.3.1 and Theorem 5.4.1 in op. cit. For

the second part, this is just Proposition 5.6.1 in op. cit.

10.2 Beilinson–Flach classes in families

Let E be a finite extension of Qp with ring of integers OE, and U1, U2 ⊂ (Wacc
0 )E two wide

open discs, whereWacc
0 ⊂ W is the wide open subspace of 0-accessible weights (see Definition

8.2.6). Recall that Λ(H ′
0 ) and D◦Ui(H

′
0 ) := D◦Ui,0(H ′

0 ) are the sheaves of continuous (resp.

locally analytic) Zp-valued (resp. ΛUi-valued) distributions on H ′
0 , the subsheaf of H which

is locally isomorphic to T ′0.

Consider the map of sheaves

Λ[j,j](H ′
0 )→ D[U1,U2](H

′
0 ) :=

(
D◦Ui(H

′
0 ) �D◦U2

(H ′
0 )

)[
1

p

]
(10.2.1)

induced from the composition

Λ(H ′
0 )⊗ TSymj H → D◦Ui−j(H

′
0 )⊗ TSymj H

δ∗j−→ DUi(H ′
0 ) (10.2.2)
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described in [LZ16, Definition 5.3.1]. We will not need an explicit description of these maps,

but we do note that we have the following commutative diagram.

Lemma 10.2.3. We have the following commutative diagram of sheaves

Λ(H ′
0 )⊗ TSymj H DUi(H ′

0 )

Λ(H ′
0 )⊗ TSymj H DUi(H ′

0 )

[l]∗⊗ id lκi−j

where the horizontal arrows are the composition in (10.2.2) and, as usual, l is a prime not

dividing Np and κi is the universal character of Ui.

Proof. One can check this étale locally and this follows from the homogeneity condition in

the definition of D◦Ui and the fact that δ∗j ◦ ([l]∗ ⊗ id) = l−j([l]∗ ⊗ id) ◦ δ∗j .

We are now in a position to define the Beilinson–Flach classes. Consider the following

composition, which we will denote by τm

τm : Y (m,mNp)2 tm×tm−−−−→ Y1(Np)2 × µ◦m → Y1(N1(p))× Y1(N2(p))× µ◦m

where tm : Y (m,mNp)→ Y1(Np)× µ◦m is the map defined in (9.1.3) and the second map is

induced from the maps sNi : Y1(Np)→ Y1(Ni(p)) as defined in (9.1.4).

Definition 10.2.4. We define the Beilinson–Flach class

cBF [U1,U2,j]
m,1 ∈ H3

ét(Y1(N1(p))× Y1(N2(p))× µ◦m,D[U1,U2](H
′

0 )(2− j))

to be the pushforward of cRI [j]
m,mNp,1 under τm composed with the map in (10.2.1).

Let F and G be Coleman families over U1 and U2 respectively. To specialise the Beilinson–

Flach classes at F and G one introduces the following differential operators
(∇i
j

)
on ΛUi [1/p]

given by the formula (
∇i

j

)
:=

1

j!

j−1∏
k=0

(∇i − k)

where ∇i is given by (∇if)(x) = d
dt
f(tx)

∣∣
t=1

(see [LZ16, Proposition 5.1.2] for more details).

Let V1 and V2 be open affinoid subdomains in U1 and U2 respectively and j ≥ 0 an integer

not contained in either V1 or V2. Then the operators
(∇1

j

)
and

(∇2

j

)
are injective and there

exist unique classes

cBF [F ,G,j]
m,1 ∈ H1

(
Q(µm), [MV1(F)∗⊗̂MV2(G)∗](−j)

)
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such that
(∇1

j

)(∇2

j

)
cBF [F ,G,j]

m,1 equals the image of cBF [U1,U2,j]
m,1 under the Abel–Jacobi map

AJF ,G defined below.

Definition 10.2.5. The Abel–Jacobi map AJF ,G is defined to be the composition

H3
ét(Y1(N1(p))× Y1(N2(p))× µ◦m,D[U1,U2](H

′
0 )(2− j))

−→ H1
(
Q(µm),H2

ét(Y1(N1(p))Q̄ × Y1(N2(p))Q̄,D[U1,U2](H
′

0 )(2− j)
)

∼−→ H1(Q(µm),H1
ét(Y1(N1(p))Q̄,DU1(H ′

0 )(1))⊗̂H1
ét(Y1(N2(p))Q̄,DU2(H ′

0 )(1))(−j))

−→ H1
(
Q(µm),

[
MV1(F)∗⊗̂MV2(G)∗

]
(−j)

)
where the first map arises from the Hochschild–Serre spectral sequence (using the fact that

Y1(N1(p))Q̄ × Y1(N2(p))Q̄ is an affine scheme, so its étale cohomology vanishes in degree

3 and above); the second isomorphism is the Künneth formula (again using the fact that

Y1(Ni(p))Q̄ is affine) and the third map is the projection down to the Galois representations

associated with F and G.

The Beilinson–Flach classes associated with F and G satisfy norm compatibility relations

similar to those for the Rankin–Iwasawa classes.

Proposition 10.2.6. Let c ≥ 1 be an integer prime to 6Np and let m be an integer prime to

6cN . Let l be a prime not dividing 6cNp and let F and G be two Coleman families over the

affinoid subdomains V1 and V2 respectively. Suppose that j ≥ 0 is an integer not contained

in V1 or V2.

1. If l divides m then the Beilinson–Flach classes satisfy the following norm-compatibility

relation

cores
Q(µml)
Q(µm)

(
cBF [F ,G,j]

ml,1

)
= (al(F)al(G)) cBF [F ,G,j]

m,1

2. If l doesn’t divide m then the Beilinson–Flach classes satisfy the following norm-

compatibility relation

cores
Q(µml)
Q(µm)

(
cBF [F ,G,j]

ml,1

)
= Ql(l−jσ−1

l ) · cBF [F ,G,j]
m,1
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where Ql(X) ∈ O(V1 × V2)[X,X−1] is the polynomial

Ql(X) =−X−1 + al(F)al(G)

+ ((l + 1)lκ1+κ2εF(l)εG(l)− lκ1εF(l)al(G)2 − lκ2εG(l)al(F)2)X

+ lκ1+κ2εF(l)εG(l)al(F)al(G)X2 − l1+2κ1+2κ2εF(l2)εG(l
2)X3

where, as before, σl is the image of the arithmetic Frobenius at l in Gal(Q(µm)/Q).

Proof. Consider the composition

H3
ét(Y (m,mNp)2,Λ[j,j](2− j))

τm,∗−−→ H3
ét(Y1(N1(p))× Y1(N2(p))× µ◦m,Λ[j,j](H ′

0 ))

−→ H3
ét(Y1(N1(p))× Y1(N2(p))× µ◦m,D[U1,U2](H

′
0 )).

By applying Lemma 9.1.5, the morphisms (Ξl)∗ and cores
Q(µlm)
Q(µm) are compatible under the

map

H3
ét(Y (m,mN)2,Λ[j,j](2− j))→ H1(Q(µm), [M(F)∗⊗̂M(G)∗](−j)) (10.2.7)

obtained by composing the above map with AJF ,G.

Immediately we see that if l divides m then(
∇1

j

)(
∇2

j

)
cores

Q(µml)
Q(µm) cBF [F ,G,j]

lm,1 = cores
Q(µml)
Q(µm)

(
∇1

j

)(
∇2

j

)
cBF [F ,G,j]

lm,1

= (al(F)al(G))

(
∇1

j

)(
∇2

j

)
cBF [F ,G,j]

m,1

where the second equality follows from part (1) of Proposition 10.1.2 and the fact that T ′l
acts as multiplication by al(F) (resp. al(G)) on M(F)∗ (resp. M(G)∗). Note that under the

morphism tm the operators U ′l and T ′l are compatible. Since j is not contained in V1 or V2,

the operator
(∇1

j

)(∇2

j

)
is invertible and we have the required relation.

For the second part, recall that by part (2) in Proposition 10.1.2, the Rankin–Iwasawa

classes satisfy (Ξl×Ξl)∗(cRI [j]
lm,lmN,1) = Q̃l · cRI [j]

m,mN,1. We have the following commutative
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diagram:

H3
ét(Y (m,mpN)2,Λ[j,j](2− j)) H1(Q(µm), [M(F)∗⊗̂M(G)∗](−j))

H3
ét(Y (m,mpN)2,Λ[j,j](2− j)) H1(Q(µm), [M(F)∗⊗̂M(G)∗](−j))

Q̃l Ql(l−jσ−1
l )

where the horizontal arrows are the maps in (10.2.7). Indeed, M(F)∗ can be described as

the quotient of

H3
ét(Y1(N1(p))Q̄,DV1(1))

such that T ′l acts as multiplication by al(F) and 〈l〉 acts as multiplication by εF(l)−1. We have

a similar description for M(G)∗. Furthermore, the action of σl becomes the natural action

of σl under the horizontal map in the above diagram (this is an application of the push-

pull lemma for étale cohomology). Finally, by Lemma 10.2.3, [l]∗ becomes multiplication by

lκi−j. This shows that the above diagram is commutative and completes the proof of the

proposition.

10.3 Interpolation in the cyclotomic variable

In this section we recall how to interpolate the Beilinson–Flach classes cBF [F ,G,j]
m,1 in the

cyclotomic variable j. As a consequence, we show that the three-variable Beilinson–Flach

classes satisfy a norm-compatibility relation closely related to the Euler system relations.

Let p−λ1 = ||ap(F)|| (resp. p−λ2 = ||ap(G)||) where || · || denotes the canonical supremum

norm on O(Vi) (which exists because we have restricted our Coleman families to reduced

affinoid subdomains). Let λ = λ1 + λ2 and h ≥ λ a positive integer. Define the following

elements

xn,j := (ap(F)ap(G))−n
cBF [F ,G,j]

mpn,1

(−1)jj!

for 0 ≤ j ≤ h, n ≥ 1, and set

x0,j :=

(
1− pj

ap(F)ap(G)

)
cBF [F ,G,j]

m,1

(−1)jj!

for 0 ≤ j ≤ h. These elements are compatible under corestriction and satisfy a certain

growth bound (see [LZ16, Proposition 5.4.1]), so by Proposition 2.3.3 in op. cit. there exists

a unique element

cBF [F ,G]
m,1 ∈ H1(Q(µmp∞), Dλ(Γ,M))Γ ∼= H1(Q(µm), Dλ(Γ,M))
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satisfying ∫
Γn

χjcycl cBF
[F ,G]
m,1 = xn,j

for all n, j. Here M = MV1(F)∗⊗̂MV2(G)∗ and Γn ⊂ Γ is the unique subgroup of index

pn−1(p− 1) (we set Γ0 = Γ). The class cBF [F ,G]
m,1 is independent of the choice of h.

Proposition 10.3.1. The Beilinson–Flach classes cBF [F ,G]
m,1 satisfy the following norm com-

patibility relations:

• If l divides m then

cores
Q(µlm)
Q(µm)

(
cBF [F ,G]

lm,1

)
= (al(F)al(G)) · cBF [F ,G]

m,1 .

• If l doesn’t divide m then

cores
Q(µlm)
Q(µm)

(
cBF [F ,G]

lm,1

)
= Ql(l−jσ−1

l ) · cBF [F ,G]
m,1

where Ql(X) is the polynomial defined in Proposition 10.2.6 and j is the universal

character Γ → Dλ(Γ, E) (i.e. the homomorphism taking x 7→ evx where evx is the

evaluation-at-x map).

Proof. Let Ql(X) denote the polynomial appearing in Proposition 10.2.6 and let l be a prime

not dividing 6mpNc. Set

νm = Ql(l−jσ−1
l ) · cBF [F ,G]

m,1 − cores
Q(µlm)
Q(µm)

(
cBF [F ,G]

lm,1

)
.

Then for all n, j ≥ 0 the specialisation
∫

Γn
χjνm is zero; so νm interpolates only zero classes.

By uniqueness, this implies that νm = 0. A similar argument works for l|m.

10.4 Euler system relations in families

In Proposition 10.3.1, we showed that the Beilinson–Flach classes satisfy norm compatibility

relations. It turns out that we can adjust these classes so that we obtain cohomology classes

satisfying the Euler system relations.

As before, let M = MV1(F)∗⊗̂MV2(G)∗ and let Pl(X) denote the polynomial

Pl(X) = det
(
1− Frob−1

l X|M∗(1)
)
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where Frobl denotes any lift of the arithmetic Frobenius at l. Then one can observe that

Ql(X) = X−1
(
(l − 1)(1− lκ1+κ2+2εF(l)εG(l)X

2)− lPl(X)
)

so in particular Ql(X) ≡ −X−1Pl(X) modulo l − 1. Such a congruence allows us to adjust

the classes cBF [F ,G]
m,1 so that we obtain Euler system relations.

Proposition 10.4.1. Let c ≥ 1 be an integer prime to 6pN and let A denote the set of all

square-free positive integers which are coprime to 6pNc. Then for all m ∈ A, there exist

cohomology classes cZ [F ,G]
m ∈ H1(Q(µm), Dla(Γ,M)) such that

1. The bottom class satisfies cZ [F ,G]
1 = cBF [F ,G]

1,1 .

2. If l is a prime such that lm ∈ A (so in particular l - m), we have the following Euler

system relation

cores
Q(µlm)
Q(µm) cZ [F ,G]

lm = Pl(l−jσ−1
l ) · cZ [F ,G]

m

Note that Pl(l−jX) = det
(
1− Frob−1

l X|M∗(1 + j)
)
.

Moreover, cZ [F ,G]
m differs from cBF [F ,G]

m,1 by an element of O(V1 × V2 ×W)◦[(Z/mZ)×].

Proof. This follows from the same argument in [LLZ14, §7.3].

Unfortunately, in general, there is no way to force these classes to lie in a Galois stable

lattice inside Dla(Γ,M), so we do not get an Euler system for this representation. However,

this is possible after specialisation as long as we use a weaker notion of an Euler system.

Corollary 10.4.2. Let x = (k1, k2, η) ∈ V1×V2×W defined over a finite extension E/Qp, and

let T (η−1) be a Galois stable lattice inside ME(Fk1)∗⊗ME(Gk2)∗(η−1). Assume that k1 6= k2.

Let c ≥ 1 be an integer prime to 6Np and let N be a finite product of primes containing all

primes dividing 6cNp. Let S denote the set of positive integers divisible only by primes not

dividing N . Then for m ∈ S and V1 and V2 small enough, there exist cohomology classes

cm ∈ H1
(
Q(µm), T (η−1)

)
which satisfy

cores
Q(µlm)
Q(µm) clm =

{
cm if l|m

Pl(η
−1(l)σ−1

l ) · cm if l - m

where l is a prime not dividing N and Pl(η
−1(l)X) is the specialisation of Pl(l−jX) at

(k1, k2, η). Furthermore, the bottom class c1 is a non-zero multiple of cBF [F ,G]
1,1 .
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Proof. Firstly, note that H0(Q(µmp∞),Mx) = 0 for all m ∈ S, where

Mx = ME(Fk1)∗ ⊗ME(Gk2)∗(η−1).

Indeed this is true because we have assumed k1 6= k2, for the following reason. Shrinking

V1 and V2 if necessary, we can assume that Mx is (absolutely) irreducible. Hence any twist

of Mx by a character is also irreducible. But if Mx has any non-trivial invariants under

the group GQab then there is a one-dimensional submodule of Mx on which GQ acts via a

character. This is a contradiction to irreducibility.

Therefore, by applying Proposition 2.4.7 in [LZ16], there exists a constant R > 0 inde-

pendent of m such that R · cBF [F ,G]
m,1 specialised at x lands in the cohomology of the Galois

stable lattice T (η−1).

But since cZ [F ,G]
m differs from cBF [F ,G]

m,1 by an element of O(V1×V2×W)◦[(Z/mZ)×], this

implies that the specialisation of R · cZ [F ,G]
m lands in the cohomology of the Galois stable

lattice T (η−1). We set cm to be the specialisation of R · cZ [F ,G]
m at x.

By Proposition 10.4.1, we obtain the Euler system relations for the classes cm, and this

proves the corollary for all m ∈ A, where A is the subset of S consisting of all square-free

integers.

But we can extend the classes {cm : m ∈ A} to a collection of classes indexed over the

set S by defining cm to be

cm :=
∏
l|m

1

lvl(m)−1
res

Q(µm)
Q(µm′ )

cm′

where m′ is the radical of m (i.e. the product of all prime factors that divide m) and vl(m)

is the l-adic valuation of m. We don’t lose integrality of the classes because all integers in S

are coprime to p.
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Chapter 11

Overconvergent (ϕ,Γ)-modules and

p-adic regulators

In this chapter, we discuss one of the key ingredients in Pottharst’s formulation of supersin-

gular Iwasawa theory, namely appropriate filtrations on the overconvergent (ϕ,Γ)-module

associated with a family of Galois representations. These filtrations serve as a substitute

for Greenberg’s ordinary filtrations [Gre89], which in this setting exist as a filtration on

the level of Galois representations. It turns out that, under some mild hypotheses, the

Bloch–Kato local condition at p can be rephrased in terms of the cohomology of one of these

pieces of the filtration (a so-called Panchishkin submodule), which will allow us to construct

an appropriate Selmer sheaf interpolating the Bloch–Kato Selmer groups in the following

chapter.

11.1 Preliminaries on (ϕ,Γ)-modules

11.1.1 Period rings

In this section we recall the period rings that will be used throughout the rest of this thesis.

Since we only work with representations of GQp , we specialise immediately to this case and

refer the reader to [Ber03] for the definitions over more general p-adic fields; proofs and their

corresponding references for all of the assertions in this section can also be found in op.cit..

Let Cp denote a fixed completed algebraic closure of Qp and let vp denote the unique

valuation on Cp such that vp(p) = 1. Set O[Cp := lim←−OCp/p, where the inverse limit is over

the p-th power map, and fix ε := (εn) ∈ O[Cp a compatible system of p-th power roots of

unity, i.e. εn is a pn-th root of unity such that εpn+1 = εn.

Let Ã+ denote the (p-typical) Witt vectors of O[Cp and let B̃+ = Ã+[1
p
]. One has a
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canonical homomorphism

θ : B̃+ → Cp

whose kernel is a principal ideal of B̃+ generated by ω := ([ε] − 1)/([ε′] − 1) where ε′ =

(εn+1)n≥0 and [·] denotes the Teichmüller lift. We set t := log([ε]) to be the period of

Fontaine.

We define the de Rham period rings B+
dR and BdR to be the (ker θ)-adic completion of

B̃+ and the fraction field of B+
dR respectively. Similarly we define the crystalline period

rings B+
cris and Bcris to be the divided-power envelope of B̃+ (with respect to ω) and Bcris =

B+
cris[t

−1] respectively. The field BdR comes equipped with a decreasing filtration given by

Fili BdR = tiB+
dR and since Bcris ⊂ BdR, the ring Bcris also inherits a filtration from BdR.

Furthermore, Bcris comes equipped with a Frobenius endomorphism ϕ extending the natural

Frobenius on B̃+.

In addition to these constructions, we define overconvergent period rings as follows. For

r, s two positive rational numbers, let Ã[r,s] denote the p-adic completion of Ã+
[

p
[ε−1]r

, [ε−1]s

p

]
and set B̃[r,s] = Ã[r,s][1/p]. We define B̃†,rrig to be the intersection B̃†,rrig := ∩r≤s<+∞B̃[r,s] and

if we set π = [ε]− 1, then this ring contains the following subring

B†,rrig,Qp :=

{
f(π) =

∞∑
k=−∞

akπ
k :

ak ∈ Qp

f(x) converges for 0 < vp(x) ≤ 1
r

}
.

Note that the period t defined previously is equal to log(1 + π).

The union of these rings, namely B†rig,Qp := lim−→B†,rrig,Qp , is the Robba ring associated with

the p-adic field Qp and can be identified with all power series in Qp Jπ, π−1K that converge

on an annulus of the form {x ∈ Cp : 0 < vp(x) ≤ 1/r} for some positive rational number

r. We let B+
rig,Qp ⊂ B†rig,Qp denote the subring of power series which converge on the whole

open unit disc, i.e. f(x) converges for all vp(x) > 0. Both of these rings come equipped with

an action of Frobenius given by the formula

(ϕ · f)(π) = f((1 + π)p − 1)

and Γ := Gal(Qp(µp∞)/Qp) given by the formula

(γ · f)(π) = f((1 + π)χcycl(γ) − 1)

where γ ∈ Γ and χcycl : Γ → Z×p is the cyclotomic character. The morphism ϕ has a left
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inverse, denoted by ψ, which satisfies the following relation

(ϕψ · f)(π) =
1

p

∑
ξp=1

f((1 + π)ξ − 1)

where the sum is over all p-th roots of unity.

If A is an affinoid Qp-algebra, we define the Robba ring over A to be the completed

tensor product B†rig,Qp⊗̂A, and similarly we denote the subring of bounded power series by

B+
rig,Qp⊗̂A. As above, both of these rings come equipped with an action of ϕ, ψ and Γ by

the exact same formulae.

11.1.2 Overconvergent (ϕ,Γ)-modules over affinoid algebras

Definition 11.1.1. Let A be an affinoid algebra over Qp. We say that D is a (ϕ,Γ)-module

over B†rig,Qp⊗̂A if D is a finite projective (B†rig,Qp⊗̂A)-module with commuting semilinear

actions of ϕ and Γ, such that ϕ(D) generates D as a (B†rig,Qp⊗̂A)-module.

If M is a Galois representation over an affinoid algebra A (i.e. a finite projective A-

module with a continuous A-linear action of GQ) then Berger and Colmez [BC08] (and more

generally Kedlaya and Liu [KL10]) have constructed a functor

M 7→ D†rig(M)

which associates to a Galois representation a (ϕ,Γ)-module over the Robba ring B†rig,Qp⊗̂A.

This agrees with the usual functor as constructed by Berger [Ber02] when A is a finite field

extension of Qp.

For the rest of this section let A = E be a finite field extension of Qp and let D be a (ϕ,Γ)-

module over B†rig,Qp⊗̂E. By taking the “stalk at ζpn−1” one can define a Qp(µp∞)((t))-module

Ddif with a semilinear action of Γ (see [Nak14]). We set

DdR := DΓ
dif and Dcris := D[t−1]Γ

and note that both DdR and Dcris are finite-dimensional vector spaces over E.

Definition 11.1.2. Let E/Qp be a finite extension and D a (ϕ,Γ)-module over B†rig,Qp⊗̂E.

1. We say that D is de Rham (resp. crystalline) if the E-dimension of DdR (resp. Dcris)

is equal to the rank of D as a B†rig,Qp⊗̂E-module.

2. If D is de Rham then DdR comes equipped with a decreasing filtration induced from

the t-adic filtration on Qp(µp∞) JtK. The Hodge–Tate weights of D are defined to be
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the negatives of the jumps in the filtration on DdR (so in particular the cyclotomic

character has Hodge–Tate weight 1).

If D is a crystalline (ϕ,Γ)-module then one can associate a sub-(B+
rig,Qp⊗̂E)-module of

D, denoted Nrig(D), that is free of rank equal to the rank of D and is stable under Γ.

Furthermore ϕ restricts to a morphism

ϕ : Nrig(D)→ Nrig(D)[q−1]

where q = ϕ(π)/π; and if D has non-negative Hodge–Tate weights, then Nrig(D) is in fact

stable under ϕ. This submodule is called the Wach module associated to D and will be

important in section 11.2 when we recall the construction of the Perrin-Riou logarithm. For

more details on the construction and properties of this module, see [Pot12, §3]. Note that

if D comes from a crystalline p-adic representation V and N(V ) denotes the usual Wach

module (over B+
Qp) associated with V , then Nrig(D) satisfies the relation

Nrig(D) = N(V )⊗B+
Qp

B+
rig,Qp .

Here B+
Qp is a period ring which can be identified with the subring Zp JπK [1/p] ⊂ B+

rig,Qp .

11.1.3 Cohomology of (ϕ,Γ)-modules

If D is a (ϕ,Γ)-module over B†rig,Qp⊗̂A, then we define the Herr complex

C•ϕ,γ(D) := D
ϕ−1,γ−1−−−−−→ D ⊕D 1−γ,ϕ−1−−−−−→ D

concentrated in degrees 0, 1, 2, where γ is a choice of topological generator for Γ (such

an element exists because we have assumed p > 2). We define RΓcont(Qp, D) (also denoted

RΓcont(Gp, D)) to be the corresponding object in the derived category of bounded complexes

of A-modules, and we denote the cohomology of this complex by Hi(Qp, D) := Hi(C•ϕ,γ(D)).

By [Pot13, Thm. 2.8], for any A-representation M of GQp there is a canonical quasi-

isomorphism

RΓcont(Qp,M) ∼= RΓcont(Qp,D
†
rig(M)) .

Since ϕ(D) generates D as an B†rig,Qp⊗̂A-module, the map ϕ : D → D has a unique

semilinear left inverse ψ. As the following lemma shows, the cohomology of D can be

computed with ψ in place of ϕ.
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Lemma 11.1.3 ([KPX14, Proposition 2.3.6]). Let C•ψ,γ(D) be the bottom row of the com-

mutative diagram

D D ⊕D D

D D ⊕D D

ϕ−1,γ−1

id

1−γ,ϕ−1

−ψ⊕id −ψ

ψ−1,γ−1 1−γ,ψ−1

(here the top row is C•ϕ,γ(D)). Then the map C•ϕ,γ(D) → C•ψ,γ(D) defined above is a quasi-

isomorphism.

We finish this section by stating an Euler–Poincaré characteristic formula for (ϕ,Γ)-

modules, which will be used in the proof of Theorem 12.1.5.

Proposition 11.1.4 ([Liu08, Theorem 5.3]). Let A = E be a finite field extension of Qp and

D a (ϕ,Γ)-module over B†rig,Qp⊗̂E. Then, for i = 0, 1, 2, Hi(Qp, D) are finite-dimensional

vector spaces over E and

χ(D) :=
2∑
i=0

(−1)i dimE Hi(Qp, D) = − rankD

where rankD is the rank of D as a (B†rig,Qp⊗̂E)-module.

11.1.4 Iwasawa cohomology

Recall that for an affinoid algebra A, we denote its unit ball by A◦. Let M be a Galois

representation over A and let T be a Galois stable lattice inside M (i.e. a sub-A◦-module

that is stable under the action of GQ and satisfies T [1/p] = M). The classical Iwasawa

cohomology of M is defined to be

Hi
cl.Iw(Q∞,M) :=

(
lim←−
n

Hi(Q(µpn), T )

)[
1

p

]

where the inverse limit is over the corestriction maps, and the (analytic) Iwasawa cohomology

of M is

Hi
Iw(Q∞,M) := Hi(Q, Dla(Γ,M))

where Dla(Γ,M) denotes the space of locally analytic distributions on Γ, valued in M . For

a finite place v of Q, the Iwasawa cohomology groups Hi
cl.Iw(Qv,∞,M) and Hi

Iw(Qv,∞,M) are

defined analogously. These two constructions satisfy the relation

Hi
Iw(Q∞,M) = Hi

cl.Iw(Q∞,M)⊗̂ZpJΓKD
la(Γ, A).
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Remark 11.1.5. Our notation for Iwasawa cohomology differs from that in [LZ16]; in op.

cit. HIw denotes classical Iwasawa cohomology, whereas in this paper it refers to analytic

Iwasawa cohomology.

Definition 11.1.6. Let D be a (ϕ,Γ)-module over B†rig,Qp⊗̂A. The Iwasawa Herr complex

is defined to be

C•Iw(D) : D
ψ−1−−→ D

concentrated in degrees 1 and 2, where ψ is the left inverse to ϕ as discussed in the previous

section. We denote the cohomology of this complex by Hi
Iw(Qp, D).

We have the following relation between Iwasawa cohomology for M and Iwasawa coho-

mology for D†rig(M).

Proposition 11.1.7. Let M be a Galois representation over an affinoid algebra A. Then

one has the following isomorphism

Hi
Iw(Qp,∞,M) ∼= Hi

Iw(Qp,D
†
rig(M)).

In particular Hi
Iw(Qp,∞,M) vanishes for i 6= 1, 2.

Proof. See Corollary 4.4.11 in [KPX14].

11.2 Some p-adic Hodge theory

In this section we recall the construction of the Perrin-Riou logarithm following [Pot12, §3]

and use this map to show that if the p-adic L-function doesn’t vanish then we obtain two

linearly independent classes in H1(Qp, D
−(η−1)), where D−(η−1) is a certain 2-dimensional

(ϕ,Γ)-module defined in (11.2.5). Throughout this section, E is a finite extension of Qp and

D will denote a (ϕ,Γ)-module over the Robba ring B†rig,Qp⊗̂E.

Recall from section 11.1.2 that if D is a crystalline (ϕ,Γ)-module then one can associate

to D the Wach module Nrig(D). This is a sub (B+
rig,Qp⊗̂E)-module of D that is free of rank

equal to the rank of D and is stable under Γ. It will be useful to impose the following

hypothesis on D:

(H) The Hodge–Tate weights of D are non-negative and pn is not an eigenvalue of ϕ on

Dcris for all integers n ≥ 0.

The reason for imposing this hypothesis is to ensure that the “big logarithm” as constructed

in [Pot12, §3] lands in the lattice Dcris ⊗ Λ∞.
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Lemma 11.2.1. Let D be a crystalline (ϕ,Γ)-module satisfying hypothesis (H). Then

1. The inclusion Nrig(D) → D induces an isomorphism Nrig(D)ψ=1 ∼= Dψ=1, where ψ is

the left inverse to ϕ coming from the trace map (see §11.1.2).

2. Let ϕ∗Nrig(D) denote the sub (B+
rig,Qp⊗̂E)-module of D generated by ϕ(Nrig(D)). Then

there is an inclusion

(ϕ∗Nrig(D))ψ=0 ⊂ Dcris ⊗E (B+
rig,Qp⊗̂E)ψ=0

3. We have an inclusion

Nrig(D) ⊂ qh1ϕ∗Nrig(D) ⊂ ϕ∗Nrig(D)

where h1 is the smallest Hodge–Tate weight of D and q = ϕ(π)/π.

Proof. Let h1 ≤ h2 ≤ · · · ≤ hd be the Hodge–Tate weights of D. Since D has non-negative

Hodge–Tate weights and pn is not an eigenvalue for ϕ for all n ≥ 0, the quantity a(D) :=

max{−h1, λ(D) + 1} is non-positive, where λ(D) is the largest integer (or −∞ if there is

no such one) such that ϕ − pλ(D) is not bijective on Dcris. The first part then follows from

[Pot12, Theorem 3.3].

For the second part, we note that from the second bullet point in Theorem 3.1 in op.cit.

Nrig(D) ⊂
(
t

π

)h1

(Dcris ⊗ (B+
rig,Qp⊗̂E)) ⊂ (Dcris ⊗ (B+

rig,Qp⊗̂E))

where the last inclusion follows because the Hodge–Tate weights are non-negative. Since ϕ

is an isomorphism on Dcris, ψ is also an isomorphism and we have ϕ∗(Dcris⊗ (B+
rig,Qp⊗̂E)) =

(Dcris ⊗ (B+
rig,Qp⊗̂E)). Combining these facts we obtain the inclusion in part 2.

Similarly the third part follows from the third bullet point in Theorem 3.1 in loc.cit.,

using the fact that h1 ≥ 0 and that q ∈ B+
rig,Qp .

11.2.1 Perrin-Riou’s big logarithm

Let Λ∞ denote the global sections of WE – this can be identified with a subring of the ring

of power series E[∆] Jγ − 1K, where ∆ is the torsion subgroup of Γ and γ is a topological

generator of Γ/∆. The ring (B+
rig,Qp⊗̂E)ψ=0 has an action of Γ which extends to an action
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of Λ∞ via the Mellin transform:

M : Λ∞
∼−→ (B+

rig,Qp⊗̂E)ψ=0

f(γ − 1) 7→ f(γ − 1) · (1 + π)

Therefore (B+
rig,Qp⊗̂E)ψ=0 can be viewed as a free Λ∞-module of rank one.

Definition 11.2.2. Suppose that D is a crystalline (ϕ,Γ)-module satisfying hypothesis (H).

The Perrin-Riou logarithm L = LD : H1
Iw(Qp, D)→ Dcris⊗̂Λ∞ is defined as the composition

of the following maps:

H1
Iw(Qp, D) ∼= Dψ=1 = Nrig(D)ψ=1

1−ϕ−−→ (ϕ∗Nrig(D))ψ=0

→ Dcris⊗̂E(B+
rig,Qp⊗̂E)ψ=0 ∼−→ Dcris⊗̂EΛ∞

where the second, third and fourth maps exist by Lemma 11.2.1. Here the last map is given

by the inverse of the Mellin transform described above. Since all of the maps above are

functorial in D, we see that L is a map of Λ∞-modules that is also functorial in D.

In the case that D comes from a crystalline p-adic representation, the map L is a special

case of a more general construction by Perrin-Riou ([PR00]) which was later interpreted

using (ϕ,Γ)-modules by Lei, Loeffler and Zerbes ([LLZ11]). This was generalised to poten-

tially crystalline (ϕ,Γ)-modules by Pottharst ([Pot12]) and to de Rham (ϕ,Γ)-modules by

Nakamura ([Nak14]). The key property of this map is that it interpolates the Bloch–Kato

logarithm and dual exponential maps at certain classical specialisations. More precisely, let

η : Γ → (E ′)× be a continuous character, where Γ = Gal(Qp(µp∞)/Qp), and consider the

induced map Λ∞ → E ′ which we will also denote by η. Then we have two specialisation

maps: the first on Iwasawa cohomology

H1
Iw(Qp, D)

prη−−→ H1(Qp, DE′(η
−1))

induced from the map on the Herr complexes C•Iw(D)→ C•ψ,γ(D(η−1)) which in degree one

is given by x 7→ (0, x) (recall that by Lemma 11.1.3 the cohomology of a (ϕ,Γ)-module can

be calculated with ψ in place of ϕ). The second specialisation map is

Dcris⊗̂Λ∞
evη−−→ Dcris ⊗Qp E

′

induced from η : Λ∞ → E ′. Then for classical η (i.e. η = χjcycl for some integer j) there is a
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commutative diagram

H1
Iw(Qp, D) Dcris⊗̂Λ∞

H1(Qp, DE′(η
−1)) Dcris ⊗ E ′

prη

L

evη

where the dotted arrow is (up to some Euler factors) the Bloch–Kato logarithm in the range

j < h1, and the dual exponential map in the range j ≥ h1, where h1 is the smallest Hodge–

Tate weight of D (see [Nak14]). We will study this map at non-classical specialisations.

Proposition 11.2.3. Let D be a crystalline (ϕ,Γ)-module that satisfies hypothesis (H). The

map L = LD satisfies the following properties:

1. Let k ≥ 0 be an integer and let ω−k denote the automorphism of Λ∞ which sends γ ∈ Γ

to the element χcycl(γ)−kγ. Then we have a commutative diagram

ω∗−k H1
Iw(Qp, D) H1

Iw(Qp, D(k))

ω∗−k
(
Dcris⊗̂Λ∞

)
D(k)cris⊗̂Λ∞

∼

ω∗−kLD LD(k)

∼

where for a Λ∞-module M , ω∗−kM denotes the pull-back M ⊗Λ∞,ω−k Λ∞.

2. For any character η : Γ→ (E ′)× there exists a Λ∞-linear morphism making the follow-

ing diagram commute:

H1
Iw(Qp, D) Dcris⊗̂Λ∞

im(prη) Dcris ⊗ E ′
prη

L

evη

where E ′ is a finite extension of E.

Proof. The first part follows from carefully tracing through the definitions.

For the second part it is enough to show that if prη(x) = 0 then evη(L(x)) = 0, because

then we can just define the map by taking a lift to H1
Iw(Qp, D). If prη(x) = 0 then there

exists y ∈ Dψ=1 such that

x = (γ − η(γ))y.

But L is Λ∞-linear so (after base-changing D and Λ∞ to DE′ and (Λ∞)E′ respectively)

L(x) = (γ − η(γ))L(y).

But this is precisely mapped to zero under evη.
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From the above proposition we obtain the following corollary which will be useful in later

sections.

Corollary 11.2.4. Let D be a (ϕ,Γ)-module satisfying hypothesis (H) and D1, D2 ⊂ D two

sub-(ϕ,Γ)-modules satisfying Dcris = (D1)cris ⊕ (D2)cris. Let x1 and x2 be two elements of

H1
Iw(Qp, D) that lie in the images of the maps H1

Iw(Qp, D1)→ H1
Iw(Qp, D) and H1

Iw(Qp, D2)→
H1

Iw(Qp, D) respectively. Then for any character η : Γ→ E× the elements prη(x1) and prη(x2)

are linearly independent if both evηL(x1) and evηL(x2) are non-zero.

Proof. This follows from functoriality of L and the existence of the bottom map in part (2)

of Proposition 11.2.3. Indeed, if both evηL(x1) and evηL(x2) are non-zero, then because they

lie in different direct summands of Dcris they must be linearly independent in Dcris⊗̂Λ∞.

11.2.2 Application to Beilinson–Flach classes

Returning to the situation in the paper, let f and g denote eigenforms satisfying Assumption

9.3.1, so we have Coleman families F ,Gα,Gβ over affinoids V1, V
α

2 , V
β

2 passing through the

p-stabilisations fα, gα, gβ respectively. Here fα denotes the p-stabilisation of f that satisfies

Upf = αf ; and similarly for gα and gβ. Since we have assumed that the weights of f and

g are not equal, we can choose V1 such that it doesn’t contain the character k′. In this

subsection G and V2 will denote either Gα and V α
2 or Gβ and V β

2 respectively.

Let MV1(F) and MV2(G) denote the Galois representations associated with F and G and

let D†rig(F)∗ and D†rig(G)∗ denote the (ϕ,Γ)-modules of MV1(F)∗ and MV2(G)∗ respectively.

If V1 and V2 are small enough, both of these modules come with a canonical triangulation

which we will denote as

0→ F +D†rig(?)∗ → D†rig(?)∗ = F oD†rig(?)∗ → F−D†rig(?)∗ → 0

for ? = F or ? = G. In fact there is an explicit description for both the kernel and the

cokernel (see [LZ16, Theorem 6.3.2]).

Let k1 be a (not necessarily classical) weight in V1 and η a character of Γ = Gal(Qp(µp∞)/Qp),

and let E be a finite extension of Qp that contains the fields of definition of k1 and η. Recall

that k′ + 2 denotes the weight of g. Let M(Fk1) and M(Gk′) denote the specialisations of

MV1(F) and MV2(G) at k1 and k′ respectively, and note that we have isomorphisms

M((Gα)k′)
prα−−→ ME(g)

M((Gβ)k′)
prβ−−→ ME(g)
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both of which follow from the fact that g is classical and the Galois representation doesn’t

change after p-stabilisation. We let D†rig(Fk1)∗, D†rig(Gk′)∗ and D†rig(g)∗ denote the (ϕ,Γ)-

modules associated with M(Fk1)∗, M(Gk′)∗ and ME(g)∗ respectively. By specialising the

triangulation above and applying prα or prβ if necessary, we obtain triangulations for these

three (ϕ,Γ)-modules.

Let D− be the (ϕ,Γ)-module

D− = F−D†rig(Fk1)∗ ⊗F oD†rig(g)∗. (11.2.5)

Since g is classical, D− is crystalline with Hodge–Tate weights 0, 1 + k′ and by the explicit

description in [LZ16, Theorem 6.3.2], pn is not an eigenvalue for ϕ on D−cris for any integer

n ≥ 0 (so D− satisfies hypothesis (H)). Consider the following submodules

D1 = Dα = prα
(
F−D†rig(Fk1)∗ ⊗F +D†rig((Gα)k′)

∗
)

D2 = Dβ = prβ
(
F−D†rig(Fk1)∗ ⊗F +D†rig((Gβ)k′)

∗
)

where prα and prβ are the isomorphisms described above. Again, by the explicit description

in loc.cit., (D1)cris and (D2)cris are both rank one sub ϕ-modules of D−cris on which ϕ acts

by multiplication by α−1
Fk1
β−1
g and α−1

Fk1
α−1
g respectively. Since we have assumed that g is

p-regular (i.e. αg 6= βg) we must have D−cris = (D1)cris ⊕ (D2)cris.

Let c > 6 be an integer that is coprime to 6Np and let zα1 be the image of the Beilinson–

Flach class cBF [F ,Gα]
1,1 (see §10.3) under the composition

H1(Q, Dla(Γ,M(Fk1)∗ ⊗M((Gα)k′)
∗))→ H1

Iw(Qp,∞,M(Fk1)∗ ⊗M(g)∗)→ H1
Iw(Qp, D

−)

and similarly for zβ1 , where the first map is restriction to the decomposition group at p

composed with the isomorphism prα. Let Lp(F , g, 1 + j) denote the two-variable p-adic

L-function associated with the Coleman family F and the universal twist j (see §9.2.6).

Proposition 11.2.6. We can choose the auxiliary integer c such that, if Lp(Fk1 , g, 1+η) 6= 0

then prη(z
α
1 ) and prη(z

β
1 ) are linearly independent in H1(Qp, D

−(η−1)).

Proof. Recall that D− is a crystalline (ϕ,Γ)-module satisfying hypothesis (H). Therefore we

have the Perrin-Riou logarithm

L : H1
Iw(Qp, D

−)→ D−cris⊗̂Λ∞.

By part (1) in Proposition 11.2.3, this map agrees with the map (also denoted by L) con-
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structed in [LZ16, Theorem 7.1.4] after specialising at (k1, k
′). Indeed the map in loc.cit. is

defined as the pull back of LD−(−1−k′) under the automorphism ω−1−k′ .

By the “explicit reciprocity law” of Theorem 7.1.5 in op.cit. we see that evη(L(zα1 )) and

evη(L(zβ1 )) are both non-zero if the quantity(
c2 − c−(k1+k′−2η)εFk1

(c)−1εg(c)
−1
)

(−1)1+ηλN(Fk1)−1Lp(Fk1 , g, 1 + η) (11.2.7)

is non-zero, where λN(Fk1) denotes the specialisation of the Atkin–Lehner pseudo-eigenvalue

of F (see [KLZ17, §2.5] for the definition of the Atkin–Lehner operators). Since our assump-

tion at the start of §11.2.2 implies that k1 6= k′, we can choose the integer c such that the

first factor in (11.2.7) is non-zero. The result then follows by applying Corollary 11.2.4.
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Chapter 12

Arithmetic applications

12.1 Bounding the Selmer group

Let f and g be two cuspidal new eigenforms satisfying Assumption 9.3.1, and let F be

a Coleman family over an affinoid V1 ⊂ WE passing through a p-stabilisation of f . In

this section we show that, if V1 is taken to be small enough and certain hypotheses are

satisfied, then the cohomology group H̃
2

f (Q,Mx) vanishes if Lp(x) 6= 0. Here x = (k1, k
′, η) ∈

V1×{k′}×W is a tuple of weights, Mx denotes the representation [M(Fk1)∗⊗M(g)∗](η−1)

and H̃
2

f (Q,Mx) is the second cohomology group of the Selmer complex defined in section

12.1.1 below.

12.1.1 Convolution of two Coleman families

Let x = (k1, k
′, η) ∈ V1 × {k′} × W be a tuple of weights defined over a finite extension

E/Qp.

Let Mx denote the representation [M(Fk1)∗ ⊗M(g)∗](η−1) and let Σ be a finite set of

finite places of Q that contains p and all the primes where Mx ramifies. Let Dx := D†rig(Mx)

denote the (ϕ,Γ)-module associated with Mx and recall that we have a two dimensional

quotient D†rig(Mx) → D−(η−1) =: D−x , where D− is defined as in (11.2.5). We denote the

kernel of this quotient by D+
x . For v ∈ Σ\{p} we call (RΓcont(Gv/Iv,Mx

Iv
), ιv) the unramified

local condition at v, where ιv is the natural map induced by inflation. We are interested in

the following examples of local conditions:

• (Relaxed) For v ∈ Σ take ∆rel to be the set of unramified local conditions for v 6= p

and

∆rel,p := RΓcont(Gp,Mx)
∼−→ RΓcont(Gp,Mx).
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We denote the cohomology of the associated Selmer complex by H̃
i

rel(Q,Mx).

• (Strict) For v ∈ Σ take ∆str to be the set of unramified local conditions for v 6= p and

∆str,p := 0→ RΓcont(Gp,Mx).

We denote the cohomology of the associated Selmer complex by H̃
i

str(Q,Mx).

• (Panchishkin) For v ∈ Σ take ∆f to be the set of unramified local conditions for v 6= p

and

∆f,p := RΓcont(Gp, D
+
x )→ RΓcont(Qp,D

†
rig(Mx)) ∼= RΓcont(Gp,Mx).

We denote the cohomology of the associated Selmer complex by H̃
i

f (Q,Mx). The

reason for choosing this local condition is because it is closely related to the Bloch–

Kato local condition when x lies in the critical range (the range where the p-adic

L-function interpolates critical values of the global L-function). We will discuss this

relation in §12.1.3.

Remark 12.1.1. 1. All three of the above Selmer complexes do not change if we enlarge

the set Σ, so we suppress this auxiliary set from the notation.

2. The reason for the name Panchishkin is because, if the point x is classical in a certain

range (see §12.2.2 below), then D+
x (resp. Dx/D

+
x ) has positive (resp. non-positive)

Hodge–Tate weights.

3. The relaxed and strict conditions are dual to each other. The dual of the Panchishkin

local condition is a Panchishkin local condition for D†rig(Mx)∗(1) = D†rig(Mx
∗
(1)) (i.e.

the local condition is induced from a sub-(ϕ,Γ)-module which, in the case x is classical

in a certain range, satisfies the conditions on the Hodge–Tate weights as in (2)).

Let c > 6 be an integer prime to 6Np and recall from §10.3 that, for an integer m coprime

to 6Ncp, there is a Beilinson–Flach class

cBF [F ,G]
m,1 ∈ H1(Q(µm), Dla(Γ,M))

where M = MV1(F)∗⊗̂MV2(G)∗. By specialising these Beilinson–Flach classes at x and iden-

tifying M((Gα)k′) and M((Gβ)k′) with ME(g) as before, we obtain classes in H1(Q(µm),Mx).

In section 10.4 we showed that these classes satisfy certain norm relations and that

we could produce an Euler system from these classes. More precisely, let T x be a Galois

stable lattice inside Mx. Then there exist collections {cαm ∈ H1(Q(µm), T x) : m ∈ S} and
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{cβm ∈ H1(Q(µm), T x) : m ∈ S} satisfying the Euler system relations, and cα1 and cβ1 are equal

to non-zero multiples of the specialisations of cBF [F ,Gα]
1,1 and cBF

[F ,Gβ ]
1,1 at x respectively.

We choose the integer c in such a way that the conclusion of Proposition 11.2.6 holds

at the point x (this choice may depend on x). After making this choice, the classes cαm, c
β
m

satisfy the following local conditions.

Proposition 12.1.2. Keeping the same notation as above, the classes cαm, c
β
m satisfy the

following properties:

1. Both cαm and cβm are unramified outside p. In particular, both cα1 and cβ1 lie in H̃
1

rel(Q,Mx).

This implies that the collection {cm : m ∈ S} forms an Euler system in the sense of

Definition 2.1.1 in [Rub00], with condition (ii) replaced by (ii)’(b) (see §9.1 in op. cit.).

2. Let c̄α1 , c̄
β
1 denote the images of cα1 , c

β
1 under the map

H̃
1

rel(Q,Mx)
ξ−→ H1(Qp, D

−
x )

where ξ is given by first restricting to p and then mapping to the quotient (this map

is the same map as in Proposition 8.3.6 if we compare the relaxed and Panchishkin

local conditions defined above). Then, if c̄α1 and c̄β1 are both non-zero, they are linearly

independent. In particular this happens when Lp(Fk1 , g, 1 + η) 6= 0.

Proof. The first part is the same proof as in [LZ16, Theorem 8.1.4]. For the second part,

note that c̄α1 and c̄β1 are two elements satisfying the conditions of Corollary 11.2.4. The result

then follows from Proposition 11.2.6.

12.1.2 A vanishing result

Let F be a Coleman family over an affinoid domain V . For ease of notation we set αF :=

ap(F) and similarly for specialisations of F . Moreover, recall that if the specialisation of

F at k1 is a noble eigenform (so it is the p-stabilisation of an eigenform h) then αFk1
= αh

and βh denote the roots of the Hecke polynomial at p associated with h, and satisfy αhβh =

pk1+1εh(p). In this case, we will also write βFk1
:= βh (although the notation βF is of course

meaningless).

The goal of this section is to show that if the p-adic L-function doesn’t vanish at x then

the Selmer group H̃
2

f (Q,Mx) is trivial. The strategy is to combine Propositions 8.3.6 and

12.1.2 by comparing the Panchishkin and relaxed local conditions. In particular, we must

show that the hypothesis in Proposition 8.3.6 is satisfied. Unfortunately this is not true in

general and fails when Mx has a “local zero”, i.e. the local Euler factor of Mx at p vanishes

at s = 1. Therefore we impose the following hypothesis on Mx:
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(NLZ) None of the products

{αFk1
αg, αFk1

βg, α−1
Fk1
εFk1

(p)αg, α−1
Fk1
εFk1

(p)βg}

are equal to pj for some integer j (recall that x = (k1, k
′, η)).

Remark 12.1.3. The (NLZ) hypothesis is an open condition, i.e. if it holds at the point x

then it also holds for all specialisations in an open neighbourhood of x. In particular, if F is

a Coleman family passing through a p-stabilisation of f defined over an affinoid subdomain

V1 ⊂ WE, and if the (NLZ) hypothesis holds for f and g, i.e. none of the products

{αfαg, αfβg, βfαg, βfβg}

are equal to a power of p, then we can shrink V1 so that the (NLZ) hypothesis holds for all

specialisations of M = Dla(Γ,M) at x = (k1, k
′, η) ∈ V1 × {k′} ×W .

The second ingredient to proving the vanishing result is to apply the “Euler system

machine” to the representation Mx. To be able to apply this we need to assume the following

“Big Image” hypothesis.

(BI) There exists an element σ ∈ Gal(Q̄/Q(µp∞)) such thatMx/(σ−1)Mx is one-dimensional

(over E).

Remark 12.1.4. It turns out that for the “Big Image” hypothesis to hold we only need to

assume that the image of the mod p representation of Mx is sufficiently large, and this

is almost always the case provided that Fk1 and g are not of CM type and Fk1 is not

Galois conjugate to a twist of g. In particular, since the mod p representation of a Coleman

family is locally constant, this implies that the “Big Image” hypothesis will hold in an open

neighbourhood of the point x. We provide justifications for this in §12.3.

Under these two assumptions we have the following vanishing result.

Theorem 12.1.5. Keeping the same notation at the start of section 12.1.1, assume that the

(NLZ) and (BI) hypotheses hold. If Lp(Fk1 , g, 1 + η) 6= 0 then H̃
2

f (Q,Mx) = 0.

Proof. Consider the local conditions ∆ = ∆rel and ∆′ = ∆f and suppose for the moment

that, as in the statement of Proposition 8.3.6, the map ξ is surjective. Then there is an

injective map

H̃
2

f (Q,Mx) ↪→ H̃
2

rel(Q,Mx)

so it is enough to show that H̃
2

rel(Q,Mx) = 0.
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Let T x be a Galois stable lattice inside Mx and set A = M
∗
x(1)/T

∗
x(1). Analogous to the

construction in the previous section, one can define a Selmer complex and Selmer groups

H̃
i

rel(Q, T x) (resp. H̃
i

str(Q, A)) by the exact same definition, but replacing the local conditions

with RΓcont(Gv, T
Iv
x ) (resp. RΓcont(Gv, A

Iv)) for primes v - p, and RΓcont(Gp, T x) (resp. 0)

at the prime p. These local conditions are so-called “Greenberg local conditions” and, since

the relaxed and strict conditions correspond to each other under Pontryagin duality, we see

that

H̃
2

rel(Q, T x)∨ := HomOE(H̃
2

rel(Q, T x), E/OE)

is equal to H̃
1

str(Q, A) (see [Nek06, §0.9]). Furthermore, since H̃
2

rel(Q,Mx) = H̃
2

rel(Q, T x)[1/$],

where $ is a uniformiser for OE, it is enough to show H̃
1

str(Q, A) is finite.

Recall that {cαm} forms an Euler system for T x and the bottom class cα1 is non-zero

because Lp(Fk1 , g, 1 + η) is non-zero. Coupling this with the (BI) assumption, we can apply

[Rub00, Theorem 2.2.3] and conclude that H̃
1

str(Q, A) is finite. Indeed, by comparing the

strict and relaxed local conditions, the group H̃
1

str(Q, A) differs from the strict Selmer group

in op.cit. by the group H0(Qp, A), which is finite because H0(Qp,M
∗
x(1)) = 0. So we are left

to show the map ξ is surjective.

The mapping cone Qp is precisely the same thing as the image of the Herr complex

C•ϕ,γ(D
−
x ) and by the local Euler characteristic formula (Proposition 11.1.4) for (ϕ,Γ)-

modules, we have χ(D−x ) = −2. Therefore if we show that H0(Qp, D
−
x ) and H2(Qp, D

−
x )

both vanish, then this would imply that H1(Qp, D
−
x ) is two-dimensional. Combining this

with part (2) of Proposition 12.1.2, this would imply that the map ξ is surjective.

By duality we have H2(Qp, D
−
x ) ∼= H0(Qp, (D

−
x )∗(1))∗ and from the explicit description of

the triangulation ([LZ16, Theorem 6.3.2]) we have the following short exact sequences:

0 −→ [B†rig,Qp⊗̂E](α−1
Fk1
αgεg(p)

−1)(χ1+k′

cycl · η
−1) −→ D−x −→ [B†rig,Qp⊗̂E](α−1

Fk1
α−1
g )(η−1) −→ 0

0 −→ [B†rig,Qp⊗̂E](αFk1
αg)(χcycl · η) −→ (D−x )∗(1) −→ [B†rig,Qp⊗̂E](αFk1

α−1
g εg(p))(χ

−k′
cycl · η) −→ 0

where we denote by [B†rig,Qp⊗̂E](λ)(ω) the one-dimensional (ϕ,Γ)-module over B†rig,Qp⊗̂E
with a basis e such that ϕ(e) = λe and γ · e = ω(γ)e for all γ ∈ Γ.

From the above sequences, one sees that if either H0(Qp, D
−
x ) or H2(Qp, D

−
x ) didn’t vanish

then this would contradict the (NLZ) hypothesis.

Remark 12.1.6. To prove the above theorem, we only needed to assume that the two products

αFk1
αg and αFk1

βg are not equal to a power of p. However, in the following section we will

relate H̃
2

f (Q,Mx) to the usual Bloch–Kato Selmer group at classical specialisations, and for
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this we will need to assume that all four products in the statement of (NLZ) are not equal

to a power of p.

Furthermore, for most non-classical specialisations we do not have to impose a (NLZ)

condition. Indeed by Proposition 2.1 and Théorème 2.9 in [Col08], it is often the case that

H1(D−x ) is automatically two-dimensional unless the weights in x are classical.

12.1.3 Relation to the Bloch–Kato Selmer group

Theorem 12.1.5 is a generalisation of [LZ16, Theorem 8.2.1] to non-classical specialisations.

Indeed, suppose that k1 and η = χjcycl are classical and we have k′ + 1 ≤ j ≤ k1. Then

by the duality property of Selmer complexes and the fact that the Panchishkin condition is

self-dual, we have H̃
2

f (Q,Mx)∗ ∼= H̃
1

f (Q,M
∗
x(1)). But by the (NLZ) hypothesis, we have the

following equalities:

• H0(Qp, (D
+
x )∗(1)) = 0.

• H0(Qp, Dx/D
+
x ) = H0(Qp, D

−
x ) = 0.

Indeed, by the conditions on the Hodge–Tate weights, we have

• H0(Qp, (D
+
x )∗(1)) = (D+

x )∗(1)ϕ=1
cris .

• H0(Qp, Dx/D
+
x ) = (Dx/D

+
x )ϕ=1

cris .

But ϕ has eigenvalues {p−1−jβFk1
αg, p

−1−jβFk1
βg} and {pjα−1

Fk1
α−1
g , pjα−1

Fk1
β−1
g } on (D+

x )∗(1)cris

and (Dx/D
+
x )cris respectively, and these products can never be equal to 1 by the (NLZ) hy-

pothesis. Therefore, by [Pot13, Proposition 3.7], we see that

H̃
1

f (Q,M
∗
x(1)) = H1

f (Q,M
∗
x(1))

where the latter is the Bloch–Kato Selmer group. This recovers Theorem 8.3.1 in [LZ16]. In

fact the proof of Theorem 12.1.5 is modelled on the proof in loc.cit..

12.2 The Selmer sheaf

In the previous section we showed that (under certain hypotheses) if the specialisation of

Lp is non-zero then H̃
2

f (Q,Mx) = 0. It turns out that we can package together all of these

cohomology groups into a coherent sheaf over V1 × V2 ×W using the machinery of Selmer

complexes. We follow closely the construction in [Pot13].
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12.2.1 Assumptions

Recall that W/Qp denotes the rigid analytic space parameterising continuous characters

Γ = Gal(Q(µp∞)/Q) → C×p . Let V1 and V2 be two affinoid subdomains of (W)E and set

X = V1 × V2 ×W . Then X has an admissible cover U = (Yn)n≥1 given by

Yn = V1 × V2 ×Wn−1

whereWn is the open affinoid subdomain ofW introduced in Example 8.2.1. The restriction

mapsO(Yn+1)→ O(Yn) have dense image. HenceX is a quasi-Stein space. Let A∞ := O(X),

An := O(Yn). Note that for all n ≥ 1, An is flat over A∞.

Let F and G be two Coleman families over V1 and V2 passing through p-stabilisations of

f and g respectively, and let M denote the representation MV1(F)∗⊗̂MV2(G)∗. Fix a Galois

stable lattice T inside M , i.e. a free rank four O(V1 × V2)◦-submodule that is stable under

the action of GQ. Let M = Dla(Γ,M) denote the cyclotomic deformation of M , and for

any n ≥ 1 we set Mn = M(−κn−1), where (−κn−1) denotes the twist by the inverse of the

universal character of Wn−1. Then we also obtain a Galois stable lattice Tn := T (−κn−1)

inside Mn.

Let Σ be a finite set of finite places containing p and all primes where M ramifies (such

a set exists because MV1(F) and MV2(G) are ramified only a fixed finite set of primes on

Zariski dense subsets of V1 and V2 respectively). Then M is a family of GΣ-representations

over the space X and we place ourselves in situation (4) in [Pot13, §1.5].

We impose the following “minimally ramified” assumption on M .

(MR) For all v ∈ Σ\{p} the O(V1 × V2)-module M Iv is flat and for every maximal ideal

m ⊂ O(V1 × V2), the natural map

M Iv/m→ (M/m)Iv

is an isomorphism.

Remark 12.2.1. Note that for v ∈ Σ\{p}, any character of Γ = Gal(Q(µp∞)/Q) restricted to

the inertia group Iv is trivial, so the above condition also holds for the representations M

and Mn.

Remark 12.2.2. The reason for the name “minimally ramified” arises from the fact that

the hypothesis above can fail to hold if classical specialisations of the Coleman families F
and G are congruent modulo p to modular forms of a smaller level than Γ1(N1) and Γ1(N2)

respectively (c.f. [Pot13, p.18]). In the example below, we see that if this is not the case

then the “minimally ramified” hypothesis typically does hold.
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Example 12.2.1. Suppose that f and g are two normalised cuspidal new eigenforms of levels

Γ1(N1) and Γ1(N2) and weights k + 2 and k′ + 2 respectively, with k, k′ ≥ 0. Assume that

N1, N2 ≥ 4 and are coprime to p. Let εf : (Z/N1Z)× → C× and εg : (Z/N2Z)× → C× denote

the characters of f and g respectively, and let E/Qp be a finite extension containing all

Fourier coefficients an(f) and an(g), for n = 1, 2, . . . , and the images of εf and εg (under

a fixed identification C ∼= Qp). Assume that εf and εg are primitive characters (i.e. their

conductors are N1 and N2 respectively).

Suppose that we have two noble p-stabilisations f ′ and g′ of f and g respectively, and let

F and G denote the Coleman families passing through f ′ and g′ (defined over affinoids V1

and V2). We can shrink V1 and V2 so that V1, V2 are integral, every classical specialisation

of F and G is noble (Remark 12.2.7), and the characters εF and εG are constant. Finally,

assume that for all `|N1 (resp. `|N2) the Fourier coefficient a`(f) (resp. a`(g)) is non-zero.

We can shrink V1 (resp. V2) further to ensure that a`(F) (resp. a`(G)) is nowhere vanishing,

for `|N1 (resp. `|N2).

Let `r be the exact power of ` dividing the lowest common multiple of N1 and N2, and

consider the quotient I` � Iab
` � (Z/`r)× corresponding to the quotient Z×` � (Z/`r)× under

local class field theory. Then, by [LW12, §5], the local components at ` of the automorphic

representations πf and πg associated with f and g are principal series representations, and

since one can compute the restrictions of ME(f) and ME(g) to G` from the local components

πf,` and πg,` (see §1.1 in op.cit. and the references therein) one has

ME(f)|I` ∼= 1⊕ εf,` ME(g)|I` ∼= 1⊕ εg,`

where ε−,` denotes the ` component of the character ε−, naturally viewed as a character

of (Z/`rZ)× (and hence I` via the quotient I` � (Z/`rZ)×). In fact, by the way we have

arranged V1 and V2, the same decomposition of Galois representations holds for any classical

specialisation of F and G. Therefore, the action of I` on M = MV1(F)∗ ⊗MV2(G)∗ factors

through (Z/`rZ)× on a Zariski dense subset of V1 × V2 and so the “minimally ramified”

hypothesis holds for M by Lemma 8.4.2 (M is a finite projective O(V1 × V2)-module).

12.2.2 The Selmer sheaf

We first fix some notation. If D1 and D2 are rank two (ϕ,Γ)-modules over B†rig,Qp⊗̂E
equipped with a triangulation

0→ F +Di → F oDi = Di → F−Di → 0
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where F±Di are rank one (ϕ,Γ)-modules, then we set

F♦♣D = F♦D1⊗̂F♣D2

for ♦,♣ ∈ {+,−, o}, where D = D1⊗̂D2.

Let D†rig(M) denote the (ϕ,Γ)-module over B†rig,Qp⊗̂A associated with the representation

M , where A = O(V1)⊗̂O(V2). As in section 11.2.2, assuming V1 and V2 are small enough we

have two possible triangulations for D†rig(M), namely

{0} ⊂ F ++D†rig(M) ⊂ F +oD†rig(M) ⊂ F +oD†rig(M) + F o+D†rig(M) ⊂ D†rig(M)

and

{0} ⊂ F ++D†rig(M) ⊂ F o+D†rig(M) ⊂ F +oD†rig(M) + F o+D†rig(M) ⊂ D†rig(M)

differing only by the middle term in the filtration.

Let x = (k1, k2, j) be a classical point in X satisfying 0 ≤ k2 < k1 and denote the

specialisation of M at x by Mx. The Hodge–Tate weights of Mx are

−j, k2 + 1− j, k1 + 1− j, k1 + k2 + 2− j

We want to define a sheaf that interpolates the classical Bloch–Kato Selmer group; the

correct local condition that we will need to take will therefore depend on the range we want

to interpolate over. For example

• Suppose that x lies in the geometric range, i.e. one has 0 ≤ j ≤ min{k1, k2}. Then

one can take the local condition at p to be the cohomology of F +o + F o+. Indeed,

this specialises to a Panchishkin submodule at x (recall that a Panchishkin submodule

of a de Rham (ϕ,Γ)-module D is a submodule D+ such that D+ (resp. D/D+) has

positive (resp. non-negative) Hodge–Tate weights).

• Suppose that x lies in the critical range, i.e. one has k2 + 1 ≤ j ≤ k1. Then one can

take the local condition at p to be the cohomology of F +o.

In this paper we are interested in interpolating in the critical range, since it is precisely the

range where the p-adic L-function interpolates (critical) values of the global L-function.

We denote by D†rig(M) the family of (ϕ,Γ)-modules over X satisfying Γ(Yn,D
†
rig(M)) =

D†rig(Mn). This comes equipped with the triangulations F♦♣D†rig(M) defined previously, i.e.
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F♦♣D†rig(M) is the family of (ϕ,Γ)-modules satisfying

Γ(Yn,F
♦♣D†rig(M)) = F♦♣D†rig(M)(−κn−1)

where (−κn−1) denotes the twist by the inverse of the universal character of Wn−1.

We consider the following set of local conditions ∆ = {∆v}v∈Σ where

• For v 6= p, ∆v is the unramified condition, i.e. ∆v is the complex

∆v := RΓcont(Gv/Iv,M
Iv

)→ RΓcont(Gv,M)

• For v = p we take ∆p to be the Panchishkin local condition given by

∆p := RΓcont(Gp,F
+oD†rig(M))→ RΓcont(Gp,D

†
rig(M)) ∼= RΓcont(Gp,M)

where RΓcont(Gp,F +oD†rig(M)) denotes the image of the family of Herr complexes

C•ϕ,γ(F +oD†rig(M)) in the derived category of OU -modules, as defined in §11.1.3.

Remark 12.2.3. We have defined the local conditions in terms of OU -modules, but this

is equivalent to specifying local conditions in terms of coadmissible A∞-modules with the

local condition at p being R lim←−n RΓcont(Gp,F +oD†rig(Mn)) (see Theorem 8.3.3). Note that

by assumption (MR), the local conditions away from p are represented by a flat complex

with cohomology groups which are coadmissible A∞-modules, concentrated in degrees [0, 2].

Furthermore, by [Pot13, Theorem 2.5 & Proposition 2.6], the local condition ∆p is quasi-

isomorphic to a flat finite-type quasi-consistent complex of OU -modules, also concentrated

in degrees [0, 2].

Definition 12.2.4. Let RΓ̃f (GΣ,M) denote the Selmer complex associated with M and the

local conditions ∆, with cohomology groups denoted by H̃ i
f (Q,M).

As explained in Theorem 8.3.3, the groups H̃ i
f (Q,M) are coherent sheaves on X and

satisfy H̃ i
f (Q,M) = 0 for i 6= 0, 1, 2, 3.

Theorem 12.2.5. Let x be an E ′-valued point in Yn. We have an isomorphism

RΓ̃f (GΣ,M)⊗L
A∞,x E

′ ∼= RΓ̃f (GΣ,Mx)

where RΓ̃f (GΣ,Mx) is the Selmer complex associated with Mx with unramified local condi-

tions away from p and the Panchishkin condition C•ϕ,γ(F +oD†rig(Mx)) at p (compare with the

definition in section 12.1.1).
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Proof. This follows immediately from Theorem 8.3.3 and [Pot13, Theorem 1.12], provided

that we show the specialisation at x of the local conditions defining RΓ̃f (GΣ,M) coincide

with those in the definition of RΓ̃f (GΣ,Mx).

More precisely, suppose that v 6= p is a finite prime. Then we are required to show that

the natural map

RΓcont(Gv,M
Iv

)⊗L
A∞,x E

′ → RΓcont(Gv,M
Iv
x )

is an isomorphism. But this follows from [Pot13, Theorem 1.6] and the fact that the natural

map (M
Iv

)x →M
Iv
x is an isomorphism (assumption (MR)).

For the local condition at p, note that we have a quasi-isomorphism

R lim←−
n

RΓcont(Gp,F
+oD†rig(Mn))⊗L

A∞ An → RΓcont(Gp,F
+oD†rig(Mn))

because when we pass to cohomology, the map A∞ → An is flat and the system

Hi
(
Gp,F

+oD†rig(Mn)
)

(n ≥ 1)

satisfies the Mittag–Leffler condition (the system is finite-type and quasi-consistent, and the

maps An+1 → An are dense, so the property follows from “Theorem A” and “Theorem B”

in [ST03, §3]). Furthermore, by [Pot13, Proposition 2.6], one has a quasi-isomorphism

RΓcont(Gp,F
+oD†rig(Mn))⊗L

An,x E
′ ∼−→ RΓcont(Gp,F

+oD†rig(Mx))

which completes the proof of the theorem.

Corollary 12.2.6. Let f and g be two modular forms satisfying Assumption 9.3.1 and let

F and G be Coleman families over V1 and V2 passing through p-stabilisations of f and g

respectively. Let M denote the cyclotomic deformation of MV1(F)∗⊗̂MV2(G)∗ as above, and

let S = H̃
2

f (Q,M) denote the coherent sheaf obtained as the second cohomology group of the

Selmer complex attached to M .

1. Suppose that the (NLZ) hypothesis holds for f and g and that assumption (MR) holds

for M . Then, shrinking V1 and V2 if necessary, for all x = (k1, k2, j) ∈ X with k1, k2, j

integers satisfying 1 ≤ k2 + 1 ≤ j ≤ k1, the specialisation of S satisfies

Sx ∼= H1
f (Q, [M(Fk1)⊗M(Gk2)](1 + j))∗

where the right-hand side is the (dual of the) Bloch–Kato Selmer group.

2. (Theorem B) Suppose that the (NLZ) hypothesis holds for f and g, and that assump-
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tions (BI) and (MR) hold for Mx and M respectively, for all x ∈ X. Then, shrinking

V1 if necessary, we have the following inclusion

suppSk′ ⊂ {Lp = 0}

where “ supp” denotes the support of a sheaf, Lp is the three-variable p-adic L-function

and Sk′ denotes the specialisation of S at k′ in the second variable.

Remark 12.2.7. If we take V2 to be small enough then the conclusion of part (2) of the above

corollary holds for all classical specialisations in V2 (provided that the same hypotheses also

hold). More precisely, if k2 is a classical weight in V2 then

suppSk2 ⊂ {Lp = 0},

or to put it another way, the “slices” of S in the second variable are controlled by the p-adic

L-function Lp provided that the weight in the second variable is classical.

The reason for this is as follows. By [Bel12, Lemma 2.7], if V2 is small enough then any

classical specialisation of G is the p-stabilisation of a new eigenform h of level Γ1(N2), and

both p-stabilisations of h are noble. This allows us to prove the analogue of Theorem 12.1.5

for the pair f, h of modular forms (instead of f and g). Here we are crucially using the fact

that k 6= k′.

Remark 12.2.8. As mentioned in Remark 12.1.4, it is often sufficient to assume that the “Big

Image” hypothesis holds for Mx0 , where x0 = (k, k′, 0), instead of the stronger assumption

that (BI) holds for all specialisations Mx (see also §12.3).

Proof. Let x ∈ X be an E ′-valued point. By Theorem 12.2.5, we have the following isomor-

phism

RΓ̃f (GΣ,M)⊗L
A∞,x E

′ ∼−→ RΓ̃f (GΣ,Mx)

which gives the following Tor-spectral sequence

Ei,j
2 : TorA∞−i

(
H̃j
f (Q,M), E ′

)
⇒ H̃ i+j

f (Q,Mx).

If x does not lie in the support of H̃3
f (Q,M) then, since H̃ i

f (Q,M) = 0 for i ≥ 4, we see that

H̃2
f (Q,M)⊗A∞,x E ′ ∼= H̃2

f (Q,Mx).

If x = (k1, k2, j) where k1, k2, j are integers satisfying 1 ≤ k2 + 1 ≤ j ≤ k1, then by the

discussion in section 12.1.3 we see that the right hand side of the above isomorphism is
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isomorphic to the dual of the Bloch–Kato Selmer group for the representation M
∗
x(1). This

proves part (1) assuming that x does not lie in the support of H̃3
f (Q,M).

Now let x = (k1, k
′, η) ∈ X with k1 and η not necessarily classical. Assume that Lp(x) 6=

0. Then we can apply Theorem 12.1.5, which says that H̃2
f (Q,Mx) = 0.

Let m denote the kernel of the map A∞ → E ′ and let A∞,m denote the localisation of

A∞ at m. Since S = H̃2
f (Q,M) is a coadmissible module

S ⊗A∞ A∞,m

is a finitely generated A∞,m-module; so by Nakayama’s lemma we must have S⊗A∞A∞,m = 0.

But this precisely means that x is not in the support of S (because the set of points where

the stalk of a coherent sheaf is non-zero is automatically closed). This proves part (2) for

the points that don’t lie in the support of H̃
3

f (Q,M).

To complete the proof of the corollary, we show that H̃3
f (Q,M) = 0. The space Yn

is a disjoint union of integral affinoid spaces; let N denote the restriction of M to such a

component. Then it is enough to show that H̃3
f (Q, N) = 0 for all n ≥ 1. Choose a prime

` /∈ Σ. Then (N∗(1))I` = N∗(1) and we can certainly choose a maximal ideal m ⊂ O(Yn)

such that H0 (G`, N
∗(1)/m) = 0 (by twisting ME(f) ⊗ME(g)(1) by an appropriate power

of the cyclotomic character and a finite-order character for example). The vanishing then

follows from Lemma 8.4.3 because, by duality (Proposition 8.3.5(1)), we have an inclusion

H̃3
f (Q, N)∗ ∼= H̃0

f (Q, N∗(1)) ⊂ H0(Q, N∗(1)).

12.3 Justification of the “Big Image” hypothesis

In this final section we give justifications for the “Big Image” hypothesis.

Let f and g be normalised new cuspidal eigenforms of levels Γ1(N1) and Γ1(N2), weights

k + 2, k′ + 2 and characters εf and εg respectively. Let Lf and Lg be the coefficient fields

of f and g. Assume that f and g are not of CM type and that f is not a Galois twist of

g, i.e. there doesn’t exist an embedding γ : Lf → C and a Dirichlet character χ such that

fγ = g ⊗ χ.

Let V be a p-adic representation of GQ with coefficients in a finite extension E of Qp.

Recall the “Big Image” hypothesis from section 12.1.2:

(BI) There exists an element σ ∈ Gal(Q̄/Q(µp∞)) such that V/(σ− 1)V is one-dimensional
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(over E).

Let p be a prime in the compositum L = LfLg and consider the representation V =

MLp(f)∗ ⊗MLp(g)∗. Then it is shown in [Loe17] that for all but finitely many primes p, the

“Big Image” hypothesis holds for the representation V . Let p be such a prime (lying above

a prime p ≥ 7 say) and suppose that we have a Coleman family F defined over V1 passing

through a p-stabilisation of f . Then it is not immediately obvious whether we can shrink V1

such that the “Big Image” hypothesis holds for the representation

M(Fk1)∗ ⊗M(g)∗

for all specialisations k1 ∈ V1, even if we were to restrict k1 to just classical weights. In this

section we show that this is indeed possible by using the fact that the mod p reduction of

the above representation is constant, for V1 small enough.

Lemma 12.3.1. Let G be a profinite group, let ρ : G→ GLn(OE) be a continuous represen-

tation, and let ρ̄ : G→ GLn(kE) be the corresponding residual representation. Suppose there

exists g0 ∈ G so that ρ̄(g0) has eigenvalue 1 with multiplicity one. Then there exists g ∈ G
such that ρ(g) has eigenvalue 1 with multiplicity one.

Proof. Take g = limn→∞(g0)p
n!

. Indeed, to show this sequence converges in G it is enough to

show that its image in any finite quotient of G is eventually constant, and this is a routine

check. Furthermore, the eigenvalues of ρ(g) are the Teichmüller lifts of the eigenvalues of

ρ̄(g0), so 1 is an eigenvalue for ρ(g) with multiplicity one.

In particular, the above lemma can be applied to the tensor product of a pair of Galois

representations whose residual representations are “good” in the following sense.

Definition 12.3.2. For i = 1, 2 let σi : GQ → GL2(F̄p) be (continuous) Galois representa-

tions. We say the pair (σ1, σ2) is good if

• χi := det ◦σi : GQ(µp∞ ) → F̄×p is a Dirichlet character of conductor Ni, and p doesn’t

divide the order of the group (Z/NZ)×, where N is the lowest common multiple of N1

and N2.

• There exists an element u ∈ (Z/NZ)× such that the group

{(σ1(g), σ2(g)) ∈ GL2(F̄p)×GL2(F̄p) : g ∈ GQ(µp∞ )}
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contains the subgroup generated by SL2(Fp)× SL2(Fp) and the element((
1 0

0 χ1(u)

)
,

(
1 0

0 χ2(u)

))
.

If we want to specify the element u we also call (σ1, σ2, u) good.

Lemma 12.3.3. Assume p ≥ 7 and let E be a finite extension of Qp. Let ρ1, ρ2 : GQ →
GL2(OE) be two p-adic representations, and let ρ̄1, ρ̄2 denote the corresponding residual

representations. If there exists an element u ∈ (Z/NZ)× such that (ρ̄1, ρ̄2, u) is good and

χ1(u)χ2(u) 6= 1, then ρ1 ⊗E ρ2 satisfies condition (BI).

Proof. Since p ≥ 7, there exists x ∈ F×p such that x−2χ1(u) and x2χ2(u) are different from

1. Since (ρ̄1, ρ̄2, u) is a good triple, there exists an element g0 ∈ GQ(µp∞ ) such that

ρ̄1(g0) =

(
x 0

0 x−1χ1(u)

)
ρ̄2(g0) =

(
x−1 0

0 xχ2(u)

)
.

The eigenvalues of ρ̄1(g0) ⊗ ρ̄2(g0) are {1, x−2χ1(u), x2χ2(u), χ1(u)χ2(u)}, so the eigenvalue

1 has multiplicity one and we may apply Lemma 12.3.1.

12.3.1 Examples of good triples (σ1, σ2, u)

Returning to the situation at the start of section 12.3, let p be a prime of the compositum

L = LfLg lying above a prime p ≥ 7. We have Galois representations

ρ∗f,p : GQ → GL(MLp(f)∗)

ρ∗g,p : GQ → GL(MLp(g)∗)

which satisfy det ◦ρ∗f,p = ε−1
f χ1+k

cycl and det ◦ρ∗g,p = ε−1
g χ1+k′

cycl . Let σ1 and σ2 denote the reduc-

tions modulo p of ρ∗f,p and ρ∗g,p respectively.

Then it is shown in [Loe17] that, for a very large amount of primes p, (σ1, σ2) is a good

pair.1 In particular, for all but finitely many p which split completely in L/Q the triple

(σ1, σ2, u) is a good triple for any u ∈ (Z/NZ)×, where N = 4 lcm(N1, N2).

Now suppose that F and G are two Coleman families over open affinoids V1, V2 passing

1The Galois representations considered in [Loe17] are actually ρf,p and ρg,p but the results easily carry
over to our situation.
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through p-stabilisations of f and g respectively. Let

M = MV1(F)∗⊗̂MV2(G)∗

be the tensor product of the Galois representations attached to F and G and take V1 and V2

to be small enough such that M is constant modulo p. Note that the representations

ρ∗F : GQ → GL(MV1(F)∗)

ρ∗G : GQ → GL(MV2(G)∗)

satisfy det ◦ρ∗F(g) = ε−1
F (g) and det ◦ρ∗G(g) = ε−1

G (g), for all g ∈ GQ(µp∞ ). In particular, we can

shrink V1 and V2 so that εFk1
= εf and εGk2

= εg for all specialisations x = (k1, k2) ∈ V1×V2.

Then, assuming εf (u)εg(u) 6≡ 1 modulo p, by Lemma 12.3.3 we have that the (BI)

condition holds for the representation Mx for any specialisation at x ∈ V1 × V2.
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topos et cohomologie étale des schémas. Tome 3, Lecture Notes in Mathemat-

ics, Vol. 305, Springer-Verlag, Berlin-New York, 1973, Séminaire de Géométrie
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