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Abstract: Regenerative chatter is a form of self-excited vibration that has been widely observed in 

high-speed milling operations and may result in poor part quality as well as limited process 

productivity. Towards intelligent machining, online chatter identification takes an essential place in 

the mitigation of chatter and thus has attracted much attention. Nevertheless, few works consider 

the underlying characteristics of the dynamics-based chatter prediction schemes, from which the 

signal-based chatter identification scheme may be crafted. Ignoring such connections may reduce 

the efficiency and sensitivity of the chatter identification system. To address this gap, this paper 

firstly clarifies the eigen-based characteristics of the dynamics-based stability prediction methods 

and reveals two transferable factors that should be concerned when processing milling signals. Then, 

a subspace-based detection-orientation signal decomposition method, i.e., the adaptive Hankel low-

rank decomposition (AHLRD), is developed which can adaptively separate the chatter-related 

components from the observations in an efficient way. Afterward, two chatter indicators with 

physical significance are introduced to characterize the milling status from both the time and 

frequency domains. By incorporating with the support vector machine (SVM) predictor, the 

regenerative milling chatter can be automatically identified. The feasibility and effectiveness of both 

the AHLRD method and indicators are validated using dynamical simulation examples. A series of 

cutting experiments including both the secondary-Hopf and period-2 chatter cases are performed to 

verify the presented chatter identification method, while the vantages in accuracy, timeliness, and 

sensitivity are comprehensively verified through the comparison with the state-of-the-art methods. 

Keywords: milling; stability; online chatter detection; low-rank decomposition; inharmonic 
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1. Introduction 

Milling, especially high-speed milling (HSM), is an interrupted metal removal operation, 

whose productivity is closely concerned with the cutting conditions. Regenerative milling chatter is 

a form of parametric vibration between the tool and workpiece and is regarded as the major problem 

in both high-speed machine tool milling [1] and high-speed robotic milling [2]. Such undesirable 

vibrations can result in poor surface finish, accelerated tool wear, and reduced remaining useful life 

of the spindle [3]. To avoid or mitigate such unstable vibrations, requirements come to the accurate 

identification of chatter in an offline or online way [4]. 

Clarifying the mechanism of the regenerative chatter is the fundamentals of chatter prediction 

[5] [6] [7]. The milling process can be modeled as the delay differential equation whose stability 

can therefore be characterized by using different numerical methods [7]. The numerical simulation 

methods solve the time-domain response of the milling system using the numerical integration 

techniques, which have high precision and can take various nonlinear and non-ideal factors into 

account [8]. The stability diagram can be automatically generated with the help of the chatter 

evaluators [9]. By taking the semi-analytical viewpoint, the semi-discretization method was devised 

to effectively predict the milling stability diagram with high precision [10]. The full-discretization 

method was presented to enhance the stability prediction efficiency without loss of accuracy [11]. 

Later on, the integration form of the system equation was adopted to achieve stability prediction by 

the numerical integration method [12]. Urbikain et al. [13] proposed the Chebyshev collocation 

method and obtained improved prediction accuracy by considering the tool’s cutting geometry. 

Considering non-ideal milling configurations, Schmitz et al. [14] reported the in-depth analysis of 

the runout effect in milling and discussed its influence on both the system stability and surface 

location error. Olvera et al. [15] presented the enhanced multistage homotopy perturbation method 

that takes the runout and cutting speed effects into account. Later on, the method was updated to 

consider multiple time delays [16]. Niu et al. [17] proposed the general Runge-Kutta method to 

tackle the problem induced by the variable pitch variable helix tool geometry. Totis et al. [18] 

delivered a detailed method for the stability analysis around the true steady-state solution of the 

milling system under general asymmetric configurations. Honeycutt et al. [19] discussed the 
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nonlinear bifurcations in milling and devised effective techniques for bifurcation prediction. Even 

though aforementioned dynamics-based methods can facilitate offline chatter prediction and chatter-

free process planning, the varying dynamics as well, as the system uncertainties, may impair the 

reliability of the outcomes. Thus the online chatter detection, especially for the early chatter stage, 

is of great significance. 

In recent years, considerable progress has been made in signal-based chatter identification by 

synthesizing the data acquisition, signal processing, and pattern recognition technologies from the 

perspective of condition monitoring. As for signal acquisition, both the external collected signals 

such as the cutting force signals [20], acceleration signals [20], displacement signals [19], audio 

signals [21], and the internal provided signals such as the spindle current signal [22] were adopted 

for condition monitoring. In particular, both the cutting force and acceleration signals show good 

convenience and acceptable signal-to-noise ratio (SNR), which are suitable for online chatter 

monitoring [20] [23]. 

On automatic chatter identification, the signal analysis-based approaches [24] [25] and the end-

to-end approaches [26] [27] [28] have become two major solutions while the former one plays a key 

role in online situations. From the time-domain perspective, Schmitz et al. [21] proposed the once-

per-revolution (OPR) sampling technique for the in-signal qualitative analysis. The variance of the 

resampled signal was used as the chatter indicator. Later on, the method was extended to the sub-

harmonic sampling technique for analyzing the dynamical bifurcations [19]. Caliskan et al. [29] 

applied the Kalman filter and the nonlinear energy operator to detect chatter from an energy-based 

viewpoint. Yesilli et al. [30] used the time domain topological features incorporated with the support 

vector machine (SVM) for chatter identification. Chen et al. [31] used the notch filter for stationary 

frequency elimination and adopted the cyclostationary-based indicators for online chatter 

identification. Zaeh et al. [32] reported a more efficient method that identified chatter by inspecting 

the chatter-induced correlation changes using the frame-by-frame normalized correlation coefficient 

(NCC) of the raw observations.  

As for frequency-domain methods, Altintas et al. [33] introduced an in-process chatter 

detection approach by searching the leading amplitudes from the Fourier spectrum. Recently, the 

method was updated to a more industry-friendly version by using the spindle motor current signals 

provided by the CNC as the input [22]. By using the notch filter, the stationary frequency 
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components were eliminated to enhance the chatter-related ones. Similar techniques were also 

adopted by Cao et al. [34], Tao et al. [35], and Chen et al. [31]. 

As for time-frequency domain methods, Sun et al. [36] proposed the optimally weighted 

wavelet packet transform (WPT) with enhanced computation efficiency and used the sub-band 

energy entropy as the indicator for early chatter detection. Cao et al. [34] combined the notch filter 

with the ensemble empirical mode decomposition (EEMD) for chatter-related signal extraction 

where two indicators were generated to characterize chatter. Fu et al. [37] used the Hilbert-Huang 

transform (HHT) with multi-indicators for chatter identification, where the indicator threshold was 

decided by using the Gaussian mixture model (GMM). Ji et al. [38] adopted the decorrelation 

empirical mode decomposition (DEMD) for signal decomposition and the chatter detection was 

realized by multi-indicator synthesis using the SVM. Liu et al. [39] and Yang et al. [40] proposed 

different strategies for optimal parameter selection of the variational mode decomposition (VMD)-

based chatter identification method. Either the normalized energy entropy (NEE) or the EE of the 

chatter-sensitive intrinsic mode functions (IMFs) were used as the chatter indicator. Some recent 

methods that were based on the variational nonlinear mode decomposition (VNCMD) and its 

variants [41] [42] were also utilized to get better decompositions and therefore extract more 

representative features for chatter identification.  

In summary, to process the milling signals with inherent nonstationarity and nonlinearity [19] 

[42] [43], many effective methods have been investigated following the signal-plus-learning 

framework. Their performance is highly concerned with not only the distinctiveness of the chatter 

indicators but also the effectiveness of the signal processing technique. Since the time- and 

frequency-domain methods require stationary and linear assumptions, their performance on 

extracting chatter-related components is limited, which may result in inadequate sensitivity to the 

early stage of chatter. Hence, the non-stationary and nonlinear signal analysis methods are becoming 

be-loved ones for their better consistency with the underlying characteristics of the milling process. 

However, several practical concerns may emerge such as the prior-dependent hyper-parameter 

determination, the balance of decomposition quality and computational complexity, and the need of 

a framework that leverages the transferable characteristics between the dynamics-based chatter 

prediction and signal-based chatter identification methods. Towards online chatter identification 

with desired efficiency, accuracy as well as sensitivity, the following challenges should be 
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conquered: 

(1) Fundamental connections between the dynamics-based chatter prediction and signal-based 

chatter identification methods should be clarified in terms of information encoding as well 

as data analysis to guide the development of signal processing methods. 

(2) A detection-oriented signal decomposition method should be developed that can 

efficiently process the nonlinear and nonstationary milling signals. 

(3) Multiple physically meaningful indicators that share natural interrelations with the milling 

process should be devised to encode as much chatter-related information as possible. 

(4) Convincing and comprehensive verifications under various cutting conditions should be 

conducted to evaluate the identification performance concerning different types of 

regenerative milling chatter. 

To address these difficulties, this paper, for the first time, regards the underlying eigen-based 

technique as a transferable frame between the chatter prediction and the chatter identification 

problems. Under this general frame, a novel subspace-based adaptive milling signal decomposition 

method, i.e., the adaptive Hankel low-rank decomposition (AHLRD), is developed, which has the 

analytical form and data-adaptive nature and can enhance and decompose nonlinear and 

nonstationary milling observations in an efficient way. Two representative chatter indicators are 

introduced to characterize the milling behaviors from both the time and frequency aspects. Then the 

automatic chatter identification is achieved by using the SVM predictor. Simulation verification and 

experimental validations are carried out considering both the secondary-Hopf and period-2 chatter 

cases, while the vantages of the proposed method are evaluated by comparing with five state-of-the-

art methods. 

This paper is organized as follows. In Section 2, the dynamics-based chatter prediction process 

is analyzed, through which the transferable characteristics are clarified from a signal processing 

viewpoint. In Section 3, the AHLRD-based chatter identification framework is detailed. Simulation 

validations are carried out in Section 4. In Section 5, experimental verifications are conducted, and 

the performance evaluation is discussed. Conclusions are drawn in Section 6, where the future 

development is briefly stated. 

 



 6 / 46 

 

2. Theoretical backgrounds 

In this section, the transferable insights between the dynamics-based chatter prediction and its 

signal-based chatter identification counterpart are clarified. Firstly, the information encoding 

characteristics embedded in the solving process of dynamics-based stability prediction are analyzed. 

Then its connections to the frequency patterns of milling signals are stated. By which a natural path 

to the development of the detection-oriented signal decomposition scheme is given. 

2.1 Transferable characteristics of the stability prediction 

Stability prediction of the linear time-periodic DDE (LTP-DDE) system lies in constructing the 

finite-dimensional approximation of the infinite-dimensional eigenvalue problem [44]  
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where ( + , )t T tΦ  is the infinite-dimensional monodromy operator (i.e., the Floquet state transition 

matrix) with the delay function ,max{ | [1, ], [1, ]},0j k a tj N k N   −     ; 
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==λ   denotes complex characteristic exponents [44] [45]. Many remarkable numerical 

methods have been proposed to solve Eq.(1) by approximating ( + , )t T tΦ   and μ   with 

( + , )t T tΨ  and μ . Henceforth, the stability conditions of the system read  
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where d  represents the dominant multiplier, namely the characteristic multipliers with the largest 

modulus, of ( + , )t T tΨ .  

Noteworthy, even though the dynamics-based chatter prediction schemes do not offer 

quantitative guidance on signal processing, they give qualitative implications, as illustrated in 

Figure 1, on leveraging the eigen-analysis technique for extracting the chatter-related information 
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encoded in the raw observations. 

2.2 Transferable characteristics of the chatter frequency analysis 

The frequency characteristics of the milling system come from the complex exponential format 

of the characteristics multipliers. By taking the one-one linkage between 
,i   and ( )i tx   into 

consideration, the frequency patterns of the system could be summarized as [43] [45] [46] [47]  
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where kf  stands for each distinguishable frequency component in observation; cf  is the set of 

inharmonic chatter components with the condition-dependent fundamental chatter frequency 0cf  

which corresponds to the dominant characteristic elements d   and d  ; Tf   represents the 

principal frequency; df  denotes the damped natural frequency decided by the natural frequency 

0  and damping ratio  ; 1Pf , 2Pf , SHf  are respective characteristic frequencies for period-1, 

period-2, and secondary-Hopf chatter that relate to distinctive 
,i  as well as 

,i .  

Notwithstanding that the frequency characteristics in Eq.(3) have been extensively utilized in 

many chatter identification schemes, their connections with the spectrum of ( + , )t T tΦ  , i.e., 

,log( )i i T  =，   with , , ,j( 2 ), , , ( , ]i i ik T k T            += + +    −=  , have not 

been considered. As illustrated in Figure 1, this paper leverages such connections using the energy-

based correspondence between the frequency- and eigen-analysis, which forms an ensemble 

framework of the subspace-based AHLRD method. 
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Figure 1 Connections between the dynamics-based chatter prediction and signal-based chatter 

identification methods. 

 

3. AHLRD-based online milling chatter identification  

3.1 Adaptive Hankel low-rank decomposition 

3.1.1 Signal model 

The regenerative milling signal behaves as the incorporation of multi-component band-limited 

sub-signals with amplitude modulation (AM) and frequency modulation (FM) as indicated by Eq.(3) 

Such signals are appropriate to be formed as [48] 
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where ( )x t   represents the raw measurement; ( )nx t   denotes the measurement noise; ( )sx t  

stands for the denoised signal which is composed of several sub-components  ( )
m

k k I
x t


 indexed 

by set mI  ; ( )kA t   is the instantaneous amplitudes (IA) and ( )k t   is the smooth and non-

decreasing instantaneous phase. The denoised signal can be further separated into the harmonic part 

( )hx t   and the inharmonic part ( )ihx t   that represent the sub-signals collected from the sub-

components indexed by hI  and ihI  with =m h ihI I I . 

The merit of the phenomenological signal model lies in the physically meaningful 
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interpretation of the Fourier spectrum from the Hilbert perspective [49] [50]. In this sense, the 

instantaneous frequency (IF) ( )kf t  of each sub-component reads 

 ( )  , , ,
( )( ) ( ) 2 ,  ( ) 0, 2Center k FM kk k FM k k

f f tf t t f t  += =   (5) 

where cf. Eq.(3) 
,Center kf  is the center frequency that dominates the k -th sub-component; 

, ( )FM kf t  

is the FM term varying smoothly around 
,Center kf  within the bandwidth of k .  

Based on this model, the IF and IA of each sub-component ( )kx t  can be derived using the 

Hilbert transform [49] 
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where ( )HT    represents the Hilbert transform operator and 2j 1= −  ; ( )kx t   describes the 

resultant analytic signal; IE ( )k t  denotes the instantaneous energy derived by the IA; Spec ( , )k t f  

is the Hilbert spectrum screened by the Dirac function ( )IF ( )k t  − . Combing Eq.(4) and Eq.(6),  

the time-frequency representation (TFR) of the observation can be obtained, which depicts the 

nonlinear and nonstationary behaviors of the instantaneous frequencies. 

3.1.2 Principles 

Motivated by the eigenstructure-dominated information encoding characteristics revealed by 

Eq.(1) and (2), a state-space data matrix is formed to lift the 1-D observation to a higher 

dimensional space using the delay method given by the Takens theorem [51] [52] [53], which yields 
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where [ ], 0, , 1x n n N= −  is the N-point sampling of the observation ( )x t and its vector form is 

 [1], , [ ]
T

x x N=x  ; d

ix   is the i  -th delayed vector in L  ; : N L K→   is a linear lifting 

transform [53] (also called the embedding transform); X  is the lifted observation matrix with the 

embedding dimension L   and lifting dimension K   where L K   is assumed without loss of 

generality; L  is the time delay for lifting purpose.  
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Constrained by ( 1) LL K N+ − = , only two DOFs exist among L , K , and L . Here, the 

embedding dimension can take the same value as the principal period. Then, 1L =  is set to form 

a Hankel-structured representation of x  , namely ( ) ×K

ij

La= X   with 

 + ,  1 ,  1  ij jia a i j i L j K=   +        and rank( ) min( , )L KX   where ×L K  

denotes the set of the Hankel-structured matrices with the size of L K . Hereby, the matrix form 

of the decomposition problem reads 
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where X , 
sX , 

kX , 
nX , 

hX , 
ihX  correspond to the lifted form of x , sx , kx , nx , 

hx , ihx , respectively. Since the lifting operation is reversible, it’s clear that Eq.(8) is an equivalent 

formalization of Eq.(4) in ×L K . 

To achieve Eq.(8), a two-stage scheme is taken. Firstly, the signal component 
sX  should be 

recovered from the contaminated observation X  . Then 
sX   should be decomposed into 

distinctive sub-components together with the collection of harmonic and inharmonic sub-signals. 

The uniform expression of the problem reads 
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In problem (9), firstly, the structured rank minimization problem is formed for robust signal 

retrieval based on the finite-rank nature implied by Eq.(5) according to [54], while the Frobenius 

norm-based quadratic term is introduced for retrieval fidelity control. Then, with the same Hankel 

structure constraint, the second stage is formalized as a subspace clustering problem among K  

lifted samples  
1

K
d

k k=
x  in L  according to Eq.(8) and [55]. Under the independence assumption, 

this problem aims to identify w  affine subspaces  
1j

w

j
W

=
 that constitute the lifted signal space 

W  which is spanned by the columns of 
sX  as  (:,1) (:, ),..., K

s s
W span= X X . The subspaces pass 
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through the mean point 
, jOμ  , and can be represented using the local coordinate 

jy   w.r.t. the 

subspace basis 
jB . 

Noteworthy, even though the two-stage scheme for problem (9) enables the robust signal 

retrieval and subspace clustering rigorously, its computational efficiency is severely limited by the 

Hankel structure constraint as well as the iterative optimization procedure.  

To tackle this difficulty, one effective way is to find the closed-form solution that 

approximately solves problem (9) in a sub-optimal sense. Such a manner requires making proper 

simplifications according to the prior. Without loss of generality, the measurement noise ( )nx t  is 

assumed as the Gaussian white noise (GWN) with zero-mean. Since the Hankel structure constraint 

is not mandatory throughout the decomposition, problem (9) can therefore be simplified as 
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where the rank minimization problem is relaxed by a low-rank approximation problem which finds 

the optimal approximation ×ˆ L K

s rX   of X   with pre-defined rank r  . Here, ×L K

r
  is the 

L K  real matrix set with rank r . In the meanwhile, the Hankel structure constraints for both 

signal retrieval and subspace clustering stages are replaced by an extra Hankel structure recovery in 

the last step, which gives the optimally Hankel-structured approximation  
1

ˆ
w

j
j=

X   of the 

identified signal in each subspace.  

The closed-form solution of Eq.(10) can be derived by following the SVD-based framework. 

To solve the low-rank approximation problem in Eq.(10), the skinny SVD of the contaminated 

observation X  is taken which reads 
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where LLU   is the left singular matrix; K LV   denotes the right singular matrix; 

L LΣ   is the diagonal matrix containing the singular values 

 1 2| ... ... 0, 1,...,i i i L        = ; ( )0 rankr L= X  is the rank of X . Note that for real-

world signals, X  represents always full-rank with distinctive singular values. In this case, by 
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thresholding the singular values [53], the low-rank approximation of X  can be derived as 
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where × ×L K L K

r →：S  is the thresholding operator that maps the Hankel-structured matrix to a 

rank r  real matrix; ( ) 0 0×r r

s r = Σ Σ  serves as the hard thresholding function that truncates 

the top rank r   block from Σ  , i.e., ( ) s = 
0

Σ Σ Σ  . ( )    should be based on the selected 

index set  1,2, ,I r =  together with the index limit 
 0

1 21,2.,..,
min r

r r
r   


= − . Here, the resultant 

noise level of the thresholding procedure is regulated by a hyper-parameter  . 

As indicated by Eq.(4) and (5), each individual ( )kx t  will have a harmonic behavior with the 

IA of ( )kA t  and the IF of ( )k t  given the time interval  )2 , 2( ) (k kt tt t  − +  with sufficient 

length [48]. In this case, a reversible one-one mapping between sub-components in  
1

cN
N

k k=
x  

and subspaces  
1

cw N

j j
W

=

=
 can be assumed. Therefore, the subspace clustering problem in Eq.(10) 

can be analytically formalized in a data-driven manner as 
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where (:, ) (:, ) (:, )

,

1

( , )ˆ ˆ ˆ ˆj j j i j

s s j s s

L

O

i

L
=

= −=− X X X Xμ  is the decentralized variant of ˆ
sX  whose columns 

are zero-mean vectors; cL N
B   is the basis matrix with segmentation  

1

c
j

N
L d

j
j



=
B  

accounting for every subspace whose dimension is 
jd ;  

1

c
j

N
d K

j
j



=
Y  stands for the low-rank 

expression of each subspace; is an unknown permutation matrix, whose elements are all 0 and 1, 

that serves as the subspace clustering operator;  
1

ˆ cN

j
j=

X   is the cN   sub-components with no 

Hankel structure; ×: L K L K →   is the Hankel structure recovery operator that exactly 

corresponds to the third problem in Eq.(10) and can be solved optimally by [56] 
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where 
jx   is the column-by-column concatenation of ˆ

jX   that is created by using the 

concatenation operator ×L K LK→：  ; LK NM   is the rearrangement matrix that acts as 

( )jj = xMx  and can be determined by exploring the cross diagonal nature of the Hankel matrix; 

N LK+ M  is the Moore–Penrose pseudoinverse of M . Note that Eq.(14) solves the problem 

( ) ( )ˆˆ min min
N N

j j

jj j jj
 

= − = −
x x

xx x MxX  in the least square sense.  

Now, the realization of Eq.(13) relies on the determination of cN , Γ , 
jd . To achieve that, 

the rank-1 representation of 
1

ˆ = i

r T

s ii i
=X u v  is transformed back to N  from ×

1

L K  as 

 ( ) -1

1 1

ˆ ˆ
i

r r
T

s i

i
i

i
i

= =

= = x x u v  (15) 

where the inverse lifting transform  -1( )  incorporated with the Hankel structure restoration ( )  

is exerted on the rank-1 representations  
1

r

i i i i

T
=

u v  . The transformed rank-1 representations 

( ) 
1

ˆ =
r

i i i

T
i

i


=
X u v   can be regarded as an over-segmentation of the subspace  

1
=

cN

j j
W W

=
 

considering that Nc r . According to the signal model in Eq.(5), each sub-component in  
1

cN

k k=
x  

can be derived by merging/clustering the over-segmented signals in N .  

Based on the independence assumptions as well as the signal model in Eq.(4) and (5), the 

number of clusters cN  can be adaptively determined by  
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where ( )sP f  is the power spectral density of ˆ
sx  estimated according to Parseval’s theorem and 

sp   is its vector form;    is exactly the energy threshold defined in Eq.(12); 
,maxsP   is the 

maximum of ( )sP f ; cN  is determined by counting the number of spikes l  which are above the 
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energy-thresholding level ,maxsP  shown in the DFT spectrum of ˆ
sx . 

Due to the hierarchical nature induced by such transformed low-rank representation, the 

agglomerative process is utilized to identify each cluster [57]. The hierarchical clustering algorithm 

used here behaves in a bottom-to-top merging manner, which starts from r   distinctive sub-

components  
1

ˆ
r

i i=
x  given by Eq.(18) and then searches for the nearest clusters and groups them 

into one new cluster. The distance between two clusters 1G  and 2G  is defined as the maximal 

similarity between each pair of sub-components and is given as  

 ( )
,

, max ( , )
i j

i j
G G

D G G 
 

=
x y

x y  (17) 

where the affinity metric  : 0,1N N  →  is defined as 

 

2 2

( , )

T

x y

x y

 =
p p

x y
p p

 (18) 

where the normalized spectrums of x  and y  are used. The hierarchical clustering results in the 

permutation matrix L LΓ   as well as the subspace dimensions  
1

cN

i i
d

=
=d   for merging the 

transformed low-rank signals by  

  1 1 )ˆ =ˆ ˆ (ˆ, , , ,
c

c rN r mN rN N 
 
 x x Γ Γ dx x  (19) 

where the left-hand side is the signal decomposition outcomes according to Eq.(3); r r

r

Γ  is 

the r r  block from = r Γ Γ 0 ; ( ) cr N

m


Γ d  is the merging matrix that can be directly derived 

from d . Both the harmonic and inharmonic sub-signals can be easily obtained by checking the 

dominant frequency of each sub-components and merging the harmonic and inharmonic ones w.r.t. 

the principal frequency Tf .  

Moreover, note that the clustering in Eq.(17) is carried out in the signal space N  which is 

not strictly the subspace clustering solution to Eq.(10) and may be affected by the restoration error 

caused during the transformed rank-1 representation procedure in Eq.(15). Considering that the 

clusters identified in N   share the one-one linkage to their ×L K   counterparts, the subspace 

clustering problem can approximately have the closed-form solution by directly substituting the 

calculated rΓ   into Eq.(13). With the incorporation of above procedures, the AHLRD is 

summarized in Table 1. 
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Table 1 The pseudo-code of adaptive Hankel low-rank decomposition 

 

3.2 Chatter monitoring indicators 

3.2.1 Inharmonic energy ratio 

For timely chatter detection, the indicators should be sensitive enough and have a clear physical 

meaning as well. Processed by the AHLRD, the observation has already been separated into two 

meaningful sub-signals, in which the inharmonic sub-signal is closely related to the regenerative 

milling chatter. Therefore, the inharmonic energy ratio (IER) could be naturally defined as an 

indicator that reads 

 ( )
2 2

2 2
( ) ( ) ( )ih h ih ih h ihIER x t x t x t   = + = +  (20) 

where 
2

2
( )ihx t  and 

2

2
( ) ( )h ihx t x t+  are respective the energy ratio between the inharmonic sub-

signal and the denoised signal, which can also be calculated by taking the ratio of the singular values. 

The IER is a dimensionless indicator that lives in [0,1] . Typically, for ideal stable milling, the 



 16 / 46 

 

IER will trend to zero, while for the severe chatter case, the IER will get close to 1. In this sense, 

the IER describes the regenerative milling chatter from the frequency-based perspective. Note that, 

by checking the spectrum of the sub-components, the dominant chatter frequency can also be easily 

visualized using the DFT spectrum or the Hilbert spectrum. 

3.2.2 Gini index 

According to [43], when the excitation frequency and its harmonics approach to the chatter 

frequencies or the natural frequencies of the flexible modes of the tool-spindle-structure system, the 

responses with relative high-level amplitude modulation (AM) as well as large energy oscillations 

may emerge. 

To characterize the time-domain AM nature, the Gini index, which has shown its effectiveness 

in quantifying the periodic modulation patterns of rolling bearing signals [58], is employed to 

indicate the AM level of the milling signal. The Gini index (GI) can be calculated via [59] 

 
 

1 1

0.5
1 2

sN
SE

n SE

x n N n
GI

x N=

 − +
= −  

 
 

  (21) 

where 
1

    denotes the 1l  -norm, SE   represents the discrete-time squared envelope of the 

considered signal and can be calculated via 
2

( )SE sx x t=  according to Eq.(5); s

SEx  is the sorted 

variant of SEx  in ascending order [1] [2] [ ]s s s

SE SE SEx x x N . GI is also a dimensionless indicator 

that lives in [0,1] , and higher GI indicates higher level periodic modulation patterns contained in 

( )sx t . 

3.2.3 Idling indicator 

For practical deployment, the chatter identification scheme should be capable of recognizing 

the idling state of the spindle since the signal of this stage is meaningless but highly disturbing, and 

may result in a false alarm. To achieve that, the peak-to-peak value is used as an indicator, and an 

empirical threshold   is set based on the experimental prior. 

 max( ( )) min( ( ))s sPP x t x t= −  (22) 

Combining the AHLRD with the above indicators, the chatter monitoring algorithm can be 

summarized in Table 2. 
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Table 2 The pseudo-code of AHLRD-based chatter monitoring algorithm 

 

3.3 Automatic decision making 

Robust and accurate milling chatter identification lies in automatic decision-making. 

Compared with the empirical-based threshold determination strategies, the learning-based ones are 

always more accurate and reliable as reviewed in Section 1. Following such a strategy, the calculated 

indicators are packed into a 2-D feature vector and are manually labeled for every signal frame by 

inspecting the machined surface quality. Then the labeled data can be fed to supervised classifiers, 

e.g. the support vector machine (SVM) [38] [60], the decision tree (DT) [61] [62], etc.  

In this work, for sake of a lightweight model, the SVM is selected as the predictor and the 

chatter classification problem is formalized as a binary label prediction problem. The dataset is 

carefully built and balanced as discussed in Section 5. The hyper-parameter is optimally searched 

by minimizing the 10-folded validation error using a Bayesian optimizer with the support of the 

MATLAB® statistics and machine learning toolbox. 

3.4 Implementation of the online chatter identification system 

By combining the AHLRD-based chatter monitoring algorithm with the SVM predictor, the 

framework of the overall system is demonstrated in Figure 2. The online chatter identification 

procedure can be briefly summarized as follows. 

Firstly, the observation signal is collected in a frame-by-frame way.  
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Secondly, the pre-processing operations, including the low-pass anti-aliasing filtering and 

down-sampling, are conducted for each signal frame. Such operations can remarkably eliminate the 

redundant data points while keeping the amount of chatter-related frequency information unchanged.  

Thirdly, the pre-processed signal is lifted to a Hankel structure. Both the signal enhancement 

and the signal decomposition problems that originate from the signal space are approximately solved 

in the lifted state-space by using the SVD-based singular value thresholding, subspace clustering, 

and optimal structure recovery techniques. 

Fourthly, the decomposed sub-signals are directly utilized for chatter indicator calculations. An 

idling indicator is empirically set up for idling identification. 

Finally, the dataset is built and carefully balanced based on various experiments. The hyper-

parameter of the SVM predictor is optimally tuned. Using the trained predictor, the online chatter 

identification can be automatically achieved. 

 

 

Figure 2 Flow chart of the AHLRD-based online chatter identification system. 
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4. Dynamical simulation validation 

In this section, the validation of the AHLRD-based chatter identification method is detailed. 

Firstly, the simulation configuration is described. Then, the decomposition capability of the 

proposed method is validated. The chatter monitoring capability of the indicators is confirmed in 

the last part.  

4.1 Simulation configurations 

Based on the general dynamics model reported by [17], the numerical simulation of milling 

responses could be achieved. Here, for sake of simplicity, the typical milling responses with 

nonlinear and nonstationary characteristics are obtained by considering an up-milling process using 

a 3-flute tool with the diameter 8D = mm and helix angle 45 =  accompanied by the 2-DOF 

symmetrical dynamics, while the modal parameters are set as =720n  rad/s, 0.009 =  , and 

5=4.10 10k  N/m [1]. Other simulation parameters are listed in Table 3. Note that the runout effect, 

loss of contact, and the tool flank rubbing are incorporated into the simulation by referring to Ref.[9]. 

Therefore, the representative unstable behaviors can be easily obtained by considering three 

( ), pa  pairs, i.e., A: (8900rpm, 0.7mm), B: (10500rpm, 2.0mm), C: (9050rpm, 1.5mm), which 

serves as example signals for the validations. 

 

Table 3 Simulation parameters for the regenerative milling process [1] [17]  

2 (N/m )tcK   (N/m)teK  2 (N/m )ncK   (N/m)neK   ( m)    (deg)  

86.44 10  37.40 10  82.38 10  34.62 10  18.3  77.8  

 

4.2 Validation of the AHLRD 

Two key stages of the AHLRD, i.e., the signal enhancement and adaptive subspace clustering 

stages, are individually validated using the simulated signal under condition A. Based on the 

simulation configuration, the down-sampling frequency sdF   is set as 2000Hz, and the energy 
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threshold   is set as 0.01. The Gaussian white noise (GWN) with the standard deviation of 0.5 is 

intentionally added to check the noise-resistance capability of the AHLRD. It is shown in Figure 3 

(a) that the simulated signal is well-retrieved in both time and frequency domains regardless of the 

GWN contamination. Then, the number of physically meaningful sub-components, i.e., 4cN = , 

can be decided based on the identified frequency components shown in the spectrum. The value cN  

exactly represents the number of wanted clusters after the subspace clustering as illustrated in the 

left panel of Figure 3 (b). The similarity level evaluated by the affinity matrix is shown in the right 

panel of Figure 3 (b), which gives a clear illustration of the effectiveness of the subspace clustering. 

Good distinctions exist among different sub-components. Finally, it is displayed in Figure 3 (c) and 

(d) that the AHLRD achieves high-quality decomposition and demonstrates data-adaptive 

characteristics since both the band-limited and spike patterns are well-preserved by each sub-

component in the output.  

 

 

Figure 3 Validation of the AHLRD. (a) signal enhancement in time and frequency domain, (b) 

adaptive subspace clustering stage with the dendrogram and affinity matrix of clustering, (c) time-

domain waveforms of all sub-components, (d) spectrum of all sub-components. 

 

Constructing the time-frequency diagram (TFD) is an effective way to test the performance of 
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the signal decomposition method. The energy concentration level and the nonlinear, nonstationary 

patterns of the IF curves are commonly taken as performance evaluators [42]. To further validate 

the data-adaptive characteristics of the proposed method, the TFDs of three simulated examples are 

obtained by combining the AHLRD with the Hilbert spectrum according to Eq.(6). From the TFDs 

shown in Figure 4, it is clear that the AHLRD has successfully decomposed different observations 

into several distinctive sub-components with good energy concentration. Multiple stationary and 

chatter frequencies, together with the dominant stable or chatter frequencies can be observed for all 

cases. Besides, the nonlinear variations of the IF curves can be observed for most cases, especially 

for the unstable cases shown in Figure 4 (b) and (c), which corresponds to the intra-wave 

modulation induced by nonlinear factors of the milling process [63]. The capability of depicting 

nonlinear IF variations confirms the data-adaptive characteristics of the AHLRD, which is exactly 

endowed by its eigen-based nature as clarified in Section 2. 

 

 

Figure 4 Time-frequency diagram of sub-components generated by the AHLRD. (a) stable case, (b) 

period-2 chatter case, (c) secondary-Hopf chatter. (Each subplot is composed of a Poincare map in 

the top panel and corresponding Hilbert spectrum in the bottom panel). 

 

4.3 Validation of the proposed indicators 

To validate the chatter monitoring capability of the proposed chatter indicators, the simulated 

signals are reformatted in a frame-by-frame manner with the frame length ˆ
fr s resoL F f =

   where 
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resof  is the frequency resolution selected as 20Tf , and the step length 
stepL  is set as the principal 

length ˆ=T s TL F f 
   . The sampling frequency is set as 60 Tf   to keep the quality of different 

simulation cases at the same level. The down-sampling frequency, as well as energy threshold, holds 

the same as stated in Subsection 4.2. Here, the updating latency effect is ignored for better 

visualization. By comparing the indicator curves shown in Figure 5 (a) and Figure 5 (b), (c), (d), it 

can be confirmed that the IER and GI can distinctively tell the stable status from the other two 

unstable statuses and can depict the chatter level at the same time. In the meanwhile, it is indicated 

by Figure 5 (c) and (d) that both the IER and the GI show desirable sensitivity to the early stage of 

chatter, and the two indicators behave smoothly and robustly regardless of the increasing waveform 

modulation level. In this case, by leveraging the two indicators, the early stage of the regenerative 

milling chatter could be well-identified. 

 

 

Figure 5 Chatter monitoring validation using the AHLRD-based chatter indicators. (a) stable case, 

(b) period-2 case, (c) secondary-Hopf case (Each subplot consists of three panels, which, from left 

to right, are respectively the time-domain waveform incorporated by the stroboscopic sampling 

result, the IER curve, and the GI curve) 
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5. Experimental verification 

In this section, representative verifications of the AHLRD-based chatter identification method 

are discussed. Firstly, the experimental set-up, together with the experimental conditions, is 

described. Then, the proposed method is verified on two representative scenarios that practically 

represent the most and second most common unstable cases under the general milling configurations. 

Finally, comparisons with five state-of-the-art methods are conducted, and vantages of the proposed 

method are discussed. 

5.1 Experimental set-up 

The experimental system is an incorporation of the machining and the sensory system. The 

machining system contains the tool-spindle-machine system and workpieces, while the sensory 

system consists of the external sensors, peripheral equipment, and data-acquisition module. It should 

be noted that different types of external sensor signals with satisfied SNR as well as band-width 

could be the acceptable choice for chatter monitoring according to refs. [19] [20] [21]. Therefore 

such signals could serve as the proper input for the AHLRD-based chatter identification method. In 

this context, the practitioners are suggested to check the aformentioned characteristics of the 

candidate sensors through pre-experiments to evaluate the performance of candidate sensors and 

determine proper control parameters for the AHLRD. 

In this work, both the dynamometer and the accelerometer are separately adopted for 

experimental verifications as shown in Figure 6. A commercial tool specified in Table 4 is utilized 

for the down-milling operations. Two types of workpieces with block and step-like shapes are pre-

machined and used for milling. The sampling frequency is set as 20kHz, and the y-direction force 

signals are used for verification based on preliminary experiments. The proposed algorithms are 

realized on a PC (Intel® Core™ i7-3.20 GHz CPU, 40 GB RAM) equipped with MATLAB® R2020b.  
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Figure 6 Experimental setup. ① DMU 50 machining center, ② Kistler data collection system 

5697A, ③ Kistler charge amplifier 5080A, ④ Al6061 block workpiece, ⑤ 4-flute commercial 

tool, ⑥ Al6061 step-like workpiece with equally distributed step heights, i.e., 3mm, 2mm and 

1mm in the feed direction, ⑦ Kistler 6-DOF dynamometer, ⑧ PCB 3-DOF accelerometer. 

 

Table 4 Specification of milling tool (end mill) and workpiece. 

D  (mm) tN    (deg) L  (mm) Lo (mm) Lb (mm) Material 

10 4 45 89 60 45 Sintered Carbide 

D : tool diameter, tN : number of teeth,  : helix angle, L : tool length, oL : tool overhang, bL : 

tool blade length. 

 

Considering the inherent complexity and variability of the milling operation, 42 groups of 

cutting trials are carried out on block workpieces for sake of generating the off-line training dataset. 

In the meanwhile, cutting trials on step-like workpieces using separately the dynamometer and the 

accelerometer are parallelly conducted for verification purposes. All the milling parameter sets are 

spanned by the three different spindle speeds, three different radial immersion ratios, and various 

axial depths of cuts. The average feed rate is set as 0.0125mm/tooth according to [43] for all groups. 

The details of the experimental conditions for the two scenarios are summarized in Table 5 and 

Table A1.  

 



 25 / 46 

 

Table 5 Cutting parameters for milling experiments using the dynamometer. 

No. Workpiece ft (mm/tooth) Ω (rev/min) ae/D ap (mm) 

F1 Step-like 0.0125 5000 0.1 [2, 5, 7, 8] 

F2-F3 Step-like 0.0125 8000 0.1 [2, 5, 7, 8], [3, 6, 8, 9] 

F4-F5 Step-like 0.0125 10000 0.1 [1, 4, 6, 7], [2, 5, 7, 8] 

F6-F13 Block 0.0125 5000 0.1 [0.5, 1, 2, 2.5, 3, 4, 5, 6] 

F14-F19 Block 0.0125 8000 0.1 [1, 2, 3, 3.5, 4, 5] 

F20-F23 Block 0.0125 10000 0.1 [1, 2, 4, 5] 

F24-F27 Block 0.0125 5000 0.4 [0.5, 1, 2, 3.5] 

F28-F32 Block 0.0125 8000 0.4 [0.5, 1, 2, 2.5, 5] 

F33-F37 Block 0.0125 10000 0.4 [0.5, 1, 2, 3 ,4] 

F38-F41 Block 0.0125 5000 0.7 [0.5, 0.75, 1, 1.5] 

F42-F44 Block 0.0125 8000 0.7 [0.5, 1, 1.5] 

F45-F47 Block 0.0125 10000 0.7 [0.5, 1, 1.5] 

tf : average feed per tooth,  : spindle speed, ea D : radial immersion ratio, 
pa : axial depth of 

cut 

5.2 Online chatter identification and performance evaluation 

5.2.1 Case 1: Identification of secondary-Hopf chatter 

In practice, the secondary-Hopf chatter is the most common unstable behavior in the 

regenerative milling process. For verification, the collected y-direction force signal under 

experimental condition #F1 is used. There exist four stages concerning condition #F1, i.e., the cut-

in, stable milling, secondary-Hopf chatter, cut-out stages, which can be confirmed by inspecting the 

resultant surface morphologies shown in Figure 7 (a). The time-domain waveform shown in Figure 

7 (b) indicates the energy level of each stage, and the stroboscopic sampling result shown in Figure 

7 (c) depicts the transition from stable cutting to secondary-Hopf chatter. The TS1 segment 

corresponds to the early stage or transition stage of the secondary-Hopf chatter. 

 



 26 / 46 

 

 

Figure 7 Cutting status of under experiment condition #F1. (a) surface morphology (stable to 

secondary-Hopf chatter), (b) milling force observations, (c) Tf  -based stroboscopic sampling 

results of the S1 and S2 segments. 

 

The denoising and decomposition capability of the proposed method is verified on the TS1 

segment. As shown in Figure 8 (a) and (c), the observation is enhanced in both the time and 

frequency domain with the energy thresholding factor 0.02 = . Meanwhile, based on the cluster 

number identified by the spikes according to Eq.(16), the normalized similarity of the clustered 10 

sub-components together with their Hilbert spectrum is illustrated in Figure 8 (d). Here, the mixture 

sub-components (MSC) exist and behave as the off-diagonal elements in the affinity matrix. Note 

that such disturbed sub-components may emerge with the occurrence of the secondary-Hopf chatter 

and are band-limited w.r.t. one central frequency, therefore they will not affect the chatter monitoring 

performance as confirmed in Figure 9. 
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Figure 8 Decomposition illustration of the TS1 segment under experimental condition #F1. (a) the 

waveform of the original and denoised signal, (b) affinity matrix of the decomposed sub-signals, (c) 

corresponding spectrum together with the identified number of clusters, (d) Hilbert spectrum (HS) 

of the gathered inharmonic sub-components (IHSC), and harmonic sub-components (HSC). 

 

For the verification of chatter monitoring, in the experiment, the sampling frequency sF  is set 

as 20 kHz, and the down-sampling frequency is 7.2sdF = kHz with the anti-aliasing low-pass limit 

3.6LPf = kHz. The frequency resolution as well as the frame length is set as 20reso Tf f=  and 

ˆ=fr s TL F f 
  , respectively.  

To meet the requirement of the online chatter identification, the updating rate 
stept   of the 

chatter indicators for each frame should satisfy ( 1) ( )step t t Tt N N f −  which indicates that the total 

time consumption of both the indicator updating and the decision-making procedure should be less 

than 1 Tf . On this basis, the step length (namely the updating length) is set as 
step T tL L N= , and 

the updating rate can be calculated by ˆ
step s stept F L= . 

Based on the frame-by-frame signal updating framework, the chatter indicators are calculated 

for every frame with the idling threshold 5 = N determined through the pre-experiments. From 

Figure 9 (a), both the IER and GI demonstrate good characterization capability for different cutting 

statuses. By focusing on the abrupt frequency changes as well as indicator changes around the bold 

dashed line shown in Figure 9 (a) and (b), it can be confirmed that the two indicators show favorable 

sensitivity to the early stage of the secondary-Hopf chatter. Note that several undesirable 
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disturbances may exist in the transition stages of the indicator curves, which makes the multi-

indicator-based automatic decision-making indispensable. 

 

 

Figure 9 Verification of indicators under experimental condition #F1. (a) the observation and 

indicator curves, (b) time-frequency spectrogram of the observation.  

 

The construction and balance of the dataset play a key role in improving prediction accuracy 

and generalization capability. In this work, the dataset is established from 42 groups of milling 

experiments on block workpieces, i.e., experiment conditions #F6~F47 listed in Table 5. For each 

trial, the prime stage of signal, c.f. Figure 9 (a), is partitioned into several segments with 
frL -length, 

and the indicators together with the labels, i.e., stable (-1) and chatter (+1), are set for each segment. 

To ensure the balance of the dataset in terms of different spindle speeds and depths of cuts, different 

numbers of segments are adopted for feature calculation, i.e., 79 segments for 5000rpm groups, 73 

segments for 8000rpm groups, 66 segments for 10000rpm groups, while the depths of cuts under 

different spindle speeds are diverse to include as much cutting conditions as possible. As a result, 

3078 samples in the 2-D feature space spanned by the chatter indicators are obtained. In the 

meanwhile, the ratio between the positive and negative samples is well-adjusted as 1:1, where the 

ratio between the training and testing set is 3:1.  

As for the development of the SVM predictor, the Gaussian kernel is used and the optimal 

kernel scale, as well as box constraint, is obtained by minimizing the validation error of the 10-fold 

cross-validation using the Bayesian optimizer. The searching ranges for the above two hyper-
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parameters are both 3 310 ,10−   , and the maximum number of iterations is set as 30. The optimal 

hyper-parameters are 0.0090 and 10.3968 for the kernel scale and the box constraint, respectively. 

In this context, the resultant training set accuracy is 99% and the testing set accuracy is 99.47%. 

The automatic decision-making is realized by incorporating the indicators generated by the 

chatter monitoring procedure with the trained SVM predictor as mentioned in Subsection 3.4. 

Focusing on the prime working stage, the identified status under experimental condition #F1 is 

displayed in Figure 10. By combining Figure 10 (a) with (b), the accuracy of the predicted milling 

statuses could be confirmed since these results show good consistency with the outcomes of the 

stroboscopic sampling shown in Figure 7 (b) and the STFT shown in Figure 9 (b). The chatter 

alarm that arises in 6.22s proves the sensitivity of the proposed method regardless of few 

mispredictions after the alarm. The good discriminability of the proposed indicators can be verified 

by the clear feature transition path with high separability shown in Figure 9 (c). The outcome of the 

corresponding accelerometer-based case is illustrated in Figure A1 and discussed in Appendix A. 

 

Figure 10 Online chatter identification for experimental condition #F1. (a) prime working stage of 

the observation, (b) outcomes of automatic chatter identification, (c) feature distribution of the 

dataset, (d) feature transition path in the feature space spanned by the IER and GI. 
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As for timeliness, for each frame, the average time cost of the AHLRD and indicator calculation 

is about 7.70ms, the time consumption of the SVM prediction is around 0.02ms. The updating 

latency between adjacent frames is 3.125ms. As a result, the resultant updating rate for one detection 

frame is 10.845ms, which is less than the principal period =12.5T ms and therefore can satisfy the 

aforementioned requirements on timeliness. 

 

5.2.2 Case 2: Identification of period-2 chatter 

To achieve reliable verifications of the proposed method, the period-2 chatter case should be 

considered since it is the second most common unstable behavior and is likely to be confused with 

the stable cutting case if telling from the waveform-based or energy-based perspective. Here, the y-

direction milling force signal under experimental condition #F2 is adopted for verification. The 

existence of the period-2 chatter can be confirmed from the stroboscopic sampling results displayed 

in Figure 11 (c) and the spectrum shown in Figure 11 (d). As for the verification of indicators, even 

though there also exist four stages during the milling process, the surface morphology here is 

different from the secondary-Hopf chatter case as shown in Figure 11 (a) and Figure 7 (a). Using 

the same parameters as case 1, the indicators are confirmed to show favorable characterization 

capability for all stages as displayed in Figure 11(b). In particular, the occurrence of the period-2 

chatter starts at the time-stamp marked by the bold-dashed-line within segment S1 shown in Figure 

11 (c), which is earlier than the secondary-Hopf case. Note that the energy level of the period-2 

chatter status in S1 is quite close to the stable cutting status, which makes the energy-based indicator 

GI loss effect. However, the IER is still effective under this circumstance, which may benefit from 

not only the detection-oriented characteristics of the proposed signal decomposition method but also 

the indicator that has a natural relationship with the signal processing technique.  
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Figure 11 Verification of indicators under experimental condition #F2. (a) surface morphology 

(stable to period-2 chatter), (b) the observation and indicator curves, (c) stroboscopic sampling 

results of three segments S1, S2, and S3, (d) spectrum of the observation. 

 

Using the aforementioned SVM predictor, the automatic chatter identification for case 2 can 

be verified. From Figure 12 (a) and (b), the decision made by the proposed method is accurate for 

most cases. Focusing on segment TS3 shown in Figure 12 (c), it can be found that there exist several 

transitions between the stable and period-2 unstable status, which leads to the variations of related 

predictions as shown in the S1 segment of Figure 12 (d). Besides, the sensitivity of the indicators 

can be confirmed by combining the stroboscopic sampling results in Figure 12 (c) and the chatter 

alarm that emerges at 1.25s as displayed in Figure 12 (d). Moreover, the feature transition path also 

shows desirable separability between the stable cutting and the period-2 chatter statuses, which has 

good consistency with the verification conclusions drawn from the verification works in case 1. The 

accelerometer-based case that verifies the identification capability of the period-2 chatter is shown 

in Figure A2 and detailed in Appendix A. 
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Figure 12 Online chatter identification for experimental condition #F2. (a) the prime working stage 

of the observation with the stroboscopic sampling result, (b) outcomes of automatic chatter 

identification, (c) detailed stroboscopic sampling result of the TS3 segment, (d) chatter identification 

results of the TS3 segment, (e) feature transition path history in the feature space spanned by the 

IER and GI. 

 

As for timeliness, the average time cost of the signal processing together with the feature 

extraction procedure is 5.30ms, while that of the SVM prediction is 0.02ms. The updating latency 

is 1.875ms. In this case, the overall time cost for one detection frame is 7.195ms, which is less than 

the principal period =7.5T ms and therefore satisfies the timeliness requirement. 

5.3 Comparison with the state-of-the-art methods 

To clarify the vantages of the proposed method, comparisons with several state-of-the-art 

approaches are detailed. Following the literature review in Section 1, the proposed method is 

compared with five representative methods, i.e., the NCC-based method [32]; two VMD-based 

methods that use the NEE [64] and EE [39] as chatter indicators, respectively; the typical once-per-

revolution sampling method with the variance as the indicator [21]; the notch filtering (NF) and 

EEMD based method accompanied by the C0 complexity (C0) and the power spectral entropy (PSE) 

[34]; the decorrelation ensemble empirical mode decomposition (DEEMD) with the fractal 
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dimension (FD), the power spectral entropy (PSE), the standard deviation (SD) [38].  

As for reproduction, the control parameters of the above methods are decided by referring to 

[32] [34] [38] [39] [64], and the calculation of the indicators follows the same frame-based updating 

protocol as stated in Subsection 5.2. Besides, according to refs. [34] [38] [64], the chatter-sensitive 

components utilized by the aforementioned methods are determined using the observations under 

conditions #F1 ~ #F5. In this case the indexes of the chatter-sensitive IMFs for aforementioned 

decomposition-based methods can be chosen as {2, 4, 5}, {2}, and {1, 3} as shown in Figure 13 

(a), (b) and (c), respectively. 

 

Figure 13 Energy entropy distribution among IMFs using different signal decomposition methods. 

(a) VMD-based energy distribution, (b) EEMD-based energy distribution, (c) DEEMD-based 

energy distribution. 

 

For comparison, experimental condition #F1 is adopted to make the discussion complete. Note 

that the smoothness and capability of chatter-characterization are the two key aspects for evaluating 

the indicators. From Figure 14 (a)~(f), it is found that the IER and GI behave well in both aspects 

and therefore have the best chatter characterization performance compared with other indicators. 

Moreover, by setting three-quarters of the principal period, i.e., 0.75T  , as the benchmark of 

timeliness, it is revealed by Figure 14 (g) that only the NCC-based method, the OPR-based method, 

and the proposed method lie in the feasible range concerning the average time consumptions, and 

therefore can be utilized for online chatter identification. 
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Figure 14 Comparison of the chatter indicators. (a) the normalized correlation coefficient [32], (b) 

the fractal dimension, power spectrum entropy, and standard deviation of chatter-sensitive IMFs 

generated by the DEEMD [38], (c) the normalized energy entropy w.r.t. all IMFs [64] and chatter-

sensitive IMFs [39] produced by the VMD [40], (d) the C0 complexity and power spectrum entropy 

of chatter-sensitive IMFs decomposed by the EEMD [34], the variance of the once-per-revolution 

sampled signal [21], (f) the proposed inharmonic energy ratio and Gini index calculated based on 

the AHLRD, (g) time consumption of the chatter identification procedure for one detection frame 

via different methods. 

 

For the evaluation of chatter identification performance, the typical OPR-based method, the 

EEMD-based, and DEEMD-based methods are selected as benchmarks. In the meanwhile, both the 

secondary-Hopf chatter and the period-2 chatter cases are considered. The comparison results are 

listed in Figure 15. It is shown in Figure 15 (a) and (b) that the OPR-based method cannot make 

acceptable predictions of the early stage of chatter. As for the EEMD-based method shown in Figure 

15 (c) and (d), the identification accuracy is far from satisfactory due to considerable 

misclassifications, and the sensitivity is also damaged by the false alarms. Besides, the DEEMD-

based method can correctly identify the secondary-Hopf chatter but cannot accurately tell the 
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period-2 from the stable cutting at the early stage as shown in Figure 15 (e) and (f). Using the 

proposed method, the occurrence of both the secondary-Hopf chatter and the period-2 chatter can 

be accurately identified in the early stage, and the chatter alarm for the secondary-Hopf chatter case 

is earlier than the DEEMD-based method with an amount of 0.09s. Moreover, it is shown that the 

feature transition path of the proposed method is smoother and clearer than that of the other methods, 

which indicates that the proposed indicators have better characterization capability than the others. 

 

 

Figure 15 Comparison of the automatic chatter identification performance. 

 

To make the comparison outcomes clear, five evaluation terms, including the number of control 

parameters (CP) for signal processing and indicator calculation, the updating latency (UL) between 

adjacent frames, the average time cost (TC) of the chatter identification procedure for one detection 

frame, the decision making (DM) strategies, and the chatter prediction accuracy, are adopted to 

evaluate the performance of all methods. On this basis, the comparison outcomes are summarized 

in Table 6. It can be concluded that the performance of the proposed method outperforms the other 

five state-of-the-art methods in a general sense. Therefore, by setting few easy-to-tune control 

parameters, the AHLRD-based method can timely identify the regenerative milling chatter with 

good accuracy and is feasible for online chatter identification in practice. 
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Table 6  Summary of the comparison outcomes. 

Processing 

approaches 

Indicators CP UL TC DM Accuracy 

 

- NCC [32] 1 1 T 1 T Empirical -  

VMD [39] [40]  NEE [39] or EE [64] 5 0.25 T > 10 T Empirical -  

OPR [21] VAR [21] 1 1 T 1 T SVM * 92.29%  

NF, EEMD [34] C0, PSE [34] 4 0.25 T 6~7 T SVM * 94.54%  

DEEMD [38] FD, SD, PSE [38] 4 0.25 T > 10 T SVM 99.60%  

AHLRD IER, GI 2 0.25 T  1 T SVM 99.47%  

*: the SVM classification here is intentionally added in reproducing for sake of accuracy comparison. 

 

6. Conclusions 

This paper presents an online identification system for the regenerative milling process, which 

consists of a subspace-based adaptive signal decomposition method, two characterization indicators, 

and a lightweight decision predictor. The proposed framework is validated on the representative 

dynamical simulation examples and verified on the cutting experiments using both the force and the 

acceleration signals. A series of comparisons are made among five state-of-the-art methods. Based 

on the investigations, the following conclusions are drawn: 

(1) The commonality between the dynamics-based and signal-based chatter identification 

methods lies in the eigen-based information encoding nature. By which, the subspace-

based signal decomposition method can be effectively developed. 

(2) The proposed data-adaptive signal decomposition method has preferable noise-resistance 

capability and can separate the chatter-related inharmonic components from the 

observations in real-time.  

(3) The chatter indicators can effectively characterize the occurrence of various chatters with 

better smoothness and less ambiguity. Incorporated with the SVM predictor, the chatter 

identification system performs preferable timeliness, prediction accuracy, and sensitivity 
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to the early stage of regenerative milling chatter.  

Future work will focus on the in-process mitigation of the regenerative milling chatter with the 

support of the presented chatter identification system. 
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Appendix A. Experimental verification using acceleration signals 

As discussed in Subsection 5.1, the AHLRD-based chatter identification method should be 

effective for not only force signals, but also other types of signals, e.g., the acceleration signals, 

collected by external sensors. Here, we verify the effectiveness of the presented method on 

accelerometer-based experiments.  

To ensure good consistency between the two scenarios, a light-weight accelerometer is added 

to the measurement rig while all the other configurations, as well as the cutting parameters, stay 

unchanged as given by Figure 6 and Table 5. Based on the experimental conditions shown in  

Table A1, two cutting cases, i.e., cases #A1 and #A2, are selected for effectiveness demonstration, 

which correspond to the stable to secondary-Hopf chatter case, and the stable to period-2 case, 

respectively. 

 

Table A1 Parameters for milling experiments using the accelerometer. 

No. Workpiece ft (mm/tooth) Ω (rev/min) ae/D ap (mm) 

A1 Step-like 0.0125 5000 0.1 [2, 5, 7, 8] 

A2-A3 Step-like 0.0125 8000 0.1 [1, 4, 6, 7], [2, 5, 7, 8] 

A4-A5 Step-like 0.0125 10000 0.1 [1, 4, 6, 7], [2, 5, 7, 8] 

tf : average feed per tooth,  : spindle speed, ea D : radial immersion ratio, 
pa : axial depth of 

cut 
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To implement the proposed method on such a signal, several control parameters should be 

determined. By observing the idling waveform of the acceleration signal, the idling threshold should 

be set as 0.05 = g. To eliminate the AC disturbances, a high-pass filter with a right limit of 55Hz 

is added into the preprocessing stage. Other control parameters stay the same as the dynamometer-

based cases as detailed in Subsection 5.2. 

The verification outcomes for the stable to secondary-Hopf chatter case are illustrated in Figure 

A1, which is carried out under new experimental condition #A1 listed in Table A1. The chatter type 

can be confirmed by checking the surface chatter marks, the stroboscopic sampling result, and the 

spectrum shown in Figure A1 (a), (c), and (d), respectively. The effectiveness of the AHLRD and 

the indicators is demonstrated by Figure A1 (b). By incorporating with the SVM predictor 

established in Subsection 5.2.1, the online chatter prediction outcome is displayed in Figure A1 (e) 

and (f). From the prediction result, it is obvious that the proposed method can accurately and 

sensitively detect milling chatter using the acceleration signal, and the prediction performance is 

highly consistent with the force signal case shown in Subsection 5.2.1 and Figure 15 (j). 
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Figure A1 Verification of the AHLRD-based method on accelerometer signal #A1 (c.f. Table A1). 

(a) surface morphology (stable to secondary-Hopf chatter) of the step-like workpiece, (b) the 

observation and indicator curves, (c) stroboscopic sampling results of three segments S1, S2, and 

S3, (d) chatter identification results, (e) feature transition path history in the feature space spanned 

by the IER and GI. 

Following the same demonstration format, the verification outcomes for the stable to period-2 

chatter case are illustrated in Figure A2, which is carried out under new experimental condition #A2 

listed in Table A1. From Figure A2 (a) and (c), it is shown that the stable, period-3 chatter and 

period-2 chatter stages arise in sequence. The effectiveness of the AHLRD and the indicators is 

demonstrated by Figure A2 (b). By incorporating with the SVM predictor established in Subsection 

5.2.2, the online chatter prediction outcome is displayed in Figure A2 (d) and (e). These results are 

also in good accord with the force signal case shown in Subsection 5.2.2 and Figure 15 (h). 
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Figure A2 Verification of the AHLRD-based method on accelerometer signal #A2 (c.f. Table A1). 

(a) surface morphology (stable to period-3 to period-2 chatter) of the step-like workpiece, (b) the 

observation and indicator curves, (c) stroboscopic sampling results of three segments S1, S2, and 

S3, (d) chatter identification results, (e) feature transition path history in the feature space spanned 

by the IER and GI. 
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