
preprint submitted to Elesiver 
5 August 2021 
 

- 1 - 

Multi-fidelity Probabilistic Optimisation of Composite Structures 
under Thermomechanical Loading using Gaussian Processes  

 

 

Kwangkyu Yoo*, Omar Bacarreza and M. H. Ferri Aliabadi 

Department of Aeronautics, Imperial College London, SW7 2AZ, London, UK 

*Corresponding author: k.yoo16@imperial.ac.uk 

 

Abstract 

A multi-fidelity probabilistic optimisation method for the design of composite structures subjected to 
thermomechanical loading is introduced in this work for the first time. The proposed multi-fidelity approach offers 
considerable computation efficiency as well as sufficient accuracy, enabling probabilistic optimisation to include 
more design variables in the early design phase. This approach incorporates both nonlinear information fusion 
algorithms and multi-level optimisation to achieve increased accuracy and computation time savings. In this 
optimisation process, a High-Fidelity Model (HFM) covers only a part of the entire design space with information 
collected uniformly while providing high-fidelity information of other design spaces sparsely without causing 
extra computational cost. Simultaneously, a Low-Fidelity Model (LFM) explores the whole design space to 
compensate lack of high-fidelity information. In this manner, the number of high-fidelity information to construct 
a multi-fidelity model is dramatically reduced. The Reliability-Based Design Optimisation (RBDO) demonstrated 
the proposed multi-fidelity method of a mono-stringer stiffened composite panel under thermomechanical loading 
using Gaussian Processes (GPs). 

keywords: Multi-fidelity, Composites, Gaussian processes, Reliability-based design optimisation, 
Thermomechanical load 

 

1. Introduction 

Innovative and sustainable technologies are associated with improvements in energy efficiency and reductions in 
carbon emissions, due in part to the increased use of composite materials and the fundamental advantages that 
they provide, namely their high strength and their lightweight.  Structures using these materials are widely applied 
to a vast range of engineering fields, such as aircraft, civil, and mechanical. In these structures, thermomechanical 
loading may lead to a premature structural collapse when the structures are subjected to extreme environments. 
For example, the consideration of thermal loading as well as mechanical loading is actively studied for the 
composite aircraft design process as the demands for high-speed and lightweight aircraft are growing. Lightweight 
structures are generally vulnerable to buckling under extreme environmental conditions; hence, it is essential that 
thermomechanical buckling is taken into account at the design stage of composite structures. There will also be 
uncertainties associated with the structures across their lifecycle, including uncertainties in design, manufacturing, 
operation, etc. Currently, a major concern regarding composite structures is that their designs do not adequately 
take into account these uncertainties, which may cause significant defects in their structural performance. These 
uncertainties are currently considered through safety factors that can result in conservative designs. Probabilistic 
design optimisation can answer this concern because this optimisation approach considers the uncertainties for 
the entire lifecycle of structures. Specifically, RBDO is a primary type of probabilistic optimisation that enables 
engineers to furnish more reliable designs through reliability analyses during the optimisation process. RBDO 
aims to minimise the probability of failure so that the final design meets reliability requirements based on the 
probabilistic characteristics of the design variables. Hence, RBDO focuses on the safety of structures when they 
are exposed to catastrophic and extreme circumstances. Many research works have considered the thermal 
buckling behaviours of composite and metallic structures caused by thermal expansions without considering 
mechanical loading [1–5]. Despite this, few research works have studied the thermomechanical buckling 
behaviours of composite structures, and they have applied deterministic optimisation methods that do not consider 
uncertainties [6,7]. This research work presents a multi-fidelity probabilistic optimisation of composite structures 
under thermomechanical loading for the first time. 
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In the area of composite structures, RBDO is actively applied to consider different design uncertainties depending 
on the optimisation objectives. Many research works highlight how different reliable designs rely on the 
consideration of uncertainties compared with deterministic designs. The uncertainties commonly involve 
mechanical properties and geometric parameters of structures associated with the design and manufacturing 
process. Lopez et al. [8] proposed a new RBDO algorithm that combined reliability analysis with deterministic 
optimisation process and demonstrated using a composite stiffened panel. Farokhi et al. [9] introduced a global 
multi-objective probabilistic design optimisation approach, including reliability analyses of composite structures. 
Chen and Qiu [10] developed a reliability assessment for composite laminate structures with correlated elastic 
mechanical parameters that consider the correlations between different parameters. Sohouli et al. [11] investigated 
efficient RBDO strategies of composite structures to decide materials and fibre orientation that minimise the cost 
concerning their design variables. Carneiro and Antonio [12] highlighted a multi-objective optimisation approach 
of composite structures to improve the accuracy of evolutionary optimisation algorithms. Scarth et al. [13] showed 
that reliability-based composite designs provide significant reductions in the probability of failure while 
deterministic composite designs show a higher probability of failure and standard deviations. 

In general, a probabilistic optimisation process encounters inevitable significant computational challenges caused 
by statistical calculations concerning the uncertainties. In particular, RBDO carries out reliability assessments to 
obtain a prescribed reliability level, requiring a considerable number of computationally expensive simulations 
such as Finite Element Method (FEM) simulations. Surrogate models have been widely used by different 
probabilistic optimisation processes to address these computational challenges [14–16]. Although surrogate 
models provide a certain level of computational gains, the computational cost is still the main obstacle to carry 
out the RBDO of complex and large-scale composite structures. It is not surprising that even a single FEM 
simulation in these problems is too computationally expensive to create surrogate models. To address this 
challenge, multi-fidelity modelling approaches have drawn attention in engineering communities because it offers 
substantial computational time savings compared to conventional single-fidelity surrogate modelling approaches. 
This multi-fidelity modelling approach allows a high number of computationally economical LFM data points to 
boost the accuracy of a small number of HFM data points, accurate but computationally demanding. In particular, 
the multi-fidelity modelling approaches enable probabilistic optimisation to be conducted that accounts for the 
uncertainties that conventional surrogate modelling approaches are still struggling with [17–19]. Traditional 
multi-fidelity approaches using artificial neural networks and response surface methods require that HFM and 
LFM have the same number of training points to construct correction response surfaces [20,21]. In contrast, 
different multi-fidelity approaches allow HFM and LFM to carry different numbers of training points. They are 
derived using GPs [22] and these approaches are combined with the linear autoregressive information fusion 
scheme [23]. Forrester et al. [24] demonstrated multi-fidelity optimisation using co-kriging based on GP that 
considers the correlation between different analysis levels. Perdikaris et al. [25,26] presented nonlinear 
information fusion algorithms to capture nonlinear correlations in multi-fidelity modelling. The algorithm is based 
on GP regression and a nonlinear autoregressive scheme to consider complex nonlinear correlations between 
different fidelity models. Cutajar et al. [27] developed a multi-fidelity modelling method using a deep GP to 
provide a more accurate multi-fidelity model with stochastic variational inference and layer-wise sparse 
approximation to yield appropriate predictions under insufficient information observations. However, the multi-
fidelity modelling approaches for probabilistic optimisation developed so far request that the HFM and LFM 
explore the same dimension of design spaces. This causes enormous computational cost when there are a lot of 
design variables in large-scale problems. Although the space mapping method [28] enables the HFM and LFM to 
have different design parameters in multi-fidelity formulations, this method has been used when the definition of 
fidelity is determined by the physics of solvers [29,30]. Hebbal et al. [31] also incorporated the mapping between 
different fidelity input domains into GP for multi-fidelity modelling. However, these mappings have not been 
used in structural design optimisation when the definition of fidelity is the discretisation level of a FEM solver. 

In this work, a novel methodology for the multi-fidelity probabilistic optimisation of composite structures under 
thermomechanical loading is developed. The employed multi-fidelity formulation allows the HFM and LFM to 
have different numbers of design variables during the optimisation process, improving computational efficiency. 
Specifically, the HFM supervises only a small part of the entire design space, while the LFM supervises the entire 
design space. The main contribution of this multi-fidelity formulation is that it allows the high-fidelity training 
dataset to be sampled by different levels, such as dense and sparse. These different sampling levels enable the 
proposed formulation to maximise the use of high-fidelity information without requiring extra expensive FEM 
simulations and allow correlations to be more precisely calculated between the LFM and the HFM. Hence, this 
multi-fidelity formulation can create more efficient and more accurate multi-fidelity models than other multi-
fidelity modelling approaches. A thermomechanical environment was considered to show the potential of the 
proposed method that can carry out the probabilistic optimisation examining the correlation between HFM and 
LFM under different loading conditions. The nonlinear information fusion GPs incorporates into the optimisation 
process to calculate the correlation. Finally, the proposed methodology was demonstrated by its application to the 
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RBDO of a mono-stringer stiffened composite panel under thermomechanical loading for the first time. The 
accuracy and computational efficiency of this proposed method were assessed and compared to the accuracy and 
computational efficiency of conventional surrogate modelling-based approaches and different multi-fidelity 
modelling methods. 

 

2. Probabilistic design optimisation under thermomechanical loading  

Probabilistic optimisation aims to consider uncertainties associated with a structure’s lifecycle, such as 
uncertainties in design, manufacture, operation, etc. In particular, RBDO evaluates the design constraints and 
estimates the probability of failure to reach a more reliable design in a catastrophic condition. RBDO incorporates 
reliability analyses into the conventional deterministic optimisation process. A general RBDO problem can be 
mathematically formulated by 

𝑚𝑖𝑛𝑖𝑚𝑖𝑠𝑒 𝐹(𝑑)  
(1) 𝑠𝑢𝑏𝑗𝑒𝑐𝑡	𝑡𝑜 𝑔!(𝑑) ≤ 0 (𝑖 = 1,⋯ , 𝑛) 

 𝑃[𝐺"(𝑑, 𝑥) ≤ 0] ≤ 𝑃#," (𝑗 = 1,⋯ ,𝑚) 

where 𝐹 is the objective function, 𝑔! is the deterministic constraint, 𝐺" is the 𝑗 probabilistic constraint, 𝑑 and 𝑥 
are design variables and random variables, respectively.	𝑃[	] is the probability operator and 𝑃# is the allowable 
probability of failure. 

RBDO in this work considers the uncertainties in material properties as well as geometric parameters. One 
objective function is to maximise the panel's critical temperature changes under thermal loading followed by 
mechanical shortening, while satisfying the constraint of reliability requirement, which is the targeted probability 
of failure. The probability of failure can be estimated using different methods, such as Monte Carlo simulations 
[32], Importance sampling [33], the first-order and second-order reliability methods [34] and full characterization 
methods [35]. In this work, Monte Carlo simulations were used to carry out the reliability analyses because this 
method generally offers not only accurate solutions but also the potential to conduct robust design optimisation 
that is a different type of probabilistic optimisation. Monte Carlo simulations predict the probability of failure as 
follows when 𝑁 simulations are performed. The probability of failure reveals the prescribed reliability level 𝛽 
based on 𝑃# = Φ(−𝛽 ) in which Φ is the cumulative distribution function of the standard normal distribution [36]. 

𝑃# =
𝑁#%!&
𝑁'('%&

 (2) 

where 𝑁#%!&  and 𝑁'('%&  are the number of simulations leading to structural failure and the total number of 
simulations, respectively.  

3. Multi-level optimisation for multi-fidelity modelling 

The developed multi-fidelity formulation adapts the concept of multi-level optimisation to improve computational 
efficiency compared to other multi-fidelity methods. This adaptation ensures that the multi-fidelity formulation 
can offer significant computational time savings while safeguarding the optimisation process against different 
levels leading to information loss [37]. Multi-level optimisation presents a wide range of benefits when it comes 
to large-scale optimisation problems. This optimisation approach separates a given large-scale optimisation 
problem into several scaled-down problems [38]. The selection of levels and the associated design variables 
depend on the problem characteristics. For instance, if the level is determined by numerical analysis methods, the 
design variables should be defined by what the numerical solver requires [39]. In comparison, if the level is 
defined by different objective functions, each level should take different design variables which deliver critical 
impact [40]. The level can also be determined by different design approaches, such as preliminary and detailed 
design [16]. This scaled-down process allows the large-scale problem to be divided by more than two levels of 
design compromise regarding different selections of design spaces at each level. These levels provide the large-
scale problem, covering the vast size of design space, with benefits to computational efficiency. A typical multi-
level multi-objective optimisation process can be expressed as: 
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 Level 1  

(3) 

𝑚𝑖𝑛𝑖𝑚𝑖𝑠𝑒 𝑓!(𝑋) (𝑖 = 1, 2, … , 𝐼) 
𝑠𝑢𝑏𝑗𝑒𝑐𝑡	𝑡𝑜 𝑔"(𝑋) ≤ 0 (𝑗 = 1, 2, … , 𝐽) 

 ℎ)(𝑋) = 0 (𝑘 = 1, 2, … , 𝐾) 
 𝑥&

(+) ≤ 𝑥& ≤ 𝑥&
(-) (𝑙 = 1, 2, … , 𝐿) 

 ⸽  
 Level n  

𝑚𝑖𝑛𝑖𝑚𝑖𝑠𝑒 𝑓((𝑌) (𝑜 = 1, 2, … , 𝑂) 
𝑠𝑢𝑏𝑗𝑒𝑐𝑡	𝑡𝑜 𝑔.(𝑌) ≤ 0 (𝑝 = 1, 2, … , 𝑃) 

 ℎ/(𝑌) = 0 (𝑞 = 1, 2, … , 𝑄) 
 𝑦0

(+) ≤ 𝑦0 ≤ 𝑦0
(-) (𝑟 = 1, 2, … , 𝑅) 

where 𝑋 is the design variables, 𝑓! is the 𝑖'1 objective function, 𝑔" is 𝑗'1 inequality constraint, ℎ) is 𝑘'1 equality 
constraint, and  𝑥&

(+) and  𝑥&
(-) are the lower and upper bounds for the 𝑙'1 design variables in Level 1. Similarly, 𝑌 

is the design variables, 𝑓(  is the 𝑜'1  objective function, 𝑔.  is 𝑝'1  inequality constraint, ℎ/  is 𝑞'1  equality 
constraint, and  𝑥0

(+) and  𝑥0
(-) are the lower and upper bounds for the 𝑟'1 design variables in Level n. It should be 

noted that a subset of the objectives from one level can be used at a different one. 

 

4. Multi-fidelity probabilistic optimisation framework  

Multi-fidelity modelling, which blends an HFM and an LFM using proper correction methods, has been 
introduced in this work to address the computational challenges of probabilistic optimisation. Since conventional 
multi-fidelity modelling approaches involve the HFM sharing the same dimension of design spaces with LFM, 
the computational cost of such methods is high. This means that the HFM calls for the same number of training 
points as the LFM to build response correction functions. It should be noted that even mesh generation for the 
HFM, which depends on changes to geometrical random design variables, can lead to high additional 
computational costs in large-scale problems. A new multi-fidelity probabilistic optimisation approach to 
supervising different design spaces between the HFM and the LFM is developed to mitigate the computational 
cost in this work. This proposed multi-fidelity approach begins with the critical idea about how to maximise the 
use of low-fidelity information and minimise the use of high-fidelity information. The number of training points 
to approximate the response surfaces relies on the dimension of design spaces. When the HFM has a smaller 
number of design variables and the LFM has all design variables, the computational cost to create the multi-
fidelity model can be significantly reduced. In particular, the multi-fidelity approach is integrated with multi-level 
optimisation to manage large-scale problems. Yoo et al. [37] have suggested a multi-level multi-fidelity 
optimisation approach. The multi-level multi-fidelity formulation separately creates two surrogate models of the 
HFM and the LFM with different numbers of design variables. This formulation is combined with the robust 
design optimisation of composite structures under the nonlinear post-buckling regime without considering the 
correlation between the two different fidelities. In this work, the proposed multi-fidelity optimisation approach 
extends the application area to thermomechanical problems while considering correlations between the HFM and 
the LFM. 

4.1. Nonlinear Auto-Regressive Gaussian Process for probabilistic optimisation 

In this work, Nonlinear Auto-Regressive Gaussian Process (NARGP) [26], which can address the nonlinear 
correlations between fidelities, is considered. The NARGP is derived from a combination of GP regression and 
autoregressive stochastic schemes. The Auto-Regressive GP (denoted by AR) is extended by the GP regression 
to construct probabilistic models covering different fidelity information, such as HFM and LFM, as follows [23]. 

𝑓23(𝑥) = 𝜌𝑓+3(𝑥) + 𝛿(𝑥) (4) 

where 𝑓23 and 𝑓+3 are GPs created using the training datasets of the HFM and LFM, respectively. They are usually 
assigned a zero mean prior 𝑓~𝐺𝑃(	𝑓|0, 𝑘(𝑥, 𝑥′; 𝜃)). 𝑘  is a proper covariance function defined using hyper-
parameters 𝜃 that produce a covariance matrix, 𝐾!" = 	𝑘(𝑥! , 𝑥"; 𝜃), between different input data (𝑥! , 𝑥"). These 
hyper-parameters are obtained using the maximum-likelihood estimation [22]. 𝜌 is a scaling constant factor that 
describes the correlation between the outputs of HFM and LFM. 𝛿 is a GP representing the difference between 
𝜌𝑓+3(𝑥) and 𝑓23(𝑥). 
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The NARGP is developed to allow the multi-fidelity model to capture the response surfaces when the correlations 
between the HFM and LFM are nonlinear. The NARGP maintains AR's structure but substitutes the GP posterior 
of low-fidelity predictions, 𝑓∗+3(𝑥), with the GP prior 𝑓+3. The principal significance of this nonlinear fusion is 
that 𝛿(𝑥) in equation (4) incorporates 𝑔23 as follows. 

𝑓23(𝑥) = 𝑔23(𝑥, 𝑓∗+3(𝑥)) (5) 

where 𝑔23~𝐺𝑃(𝑓23|0, 𝑘23!((𝑥, 𝑓∗+3(𝑥)), (𝑥
5, 𝑓∗+3(𝑥′); 𝜃23)) is a GP that is characterised by a covariance 𝑘23! 

of low-fidelity predictions between different input data (𝑥, 𝑥5).  

In particular, the covariance, 𝑘23!, to consider precise correlations between different input data is broken down 
as: 

𝑘23! = 𝑘23"(𝑥, 𝑥
5; 𝜃23") ∙ 𝑘23#(𝑓∗+3(𝑥), 𝑓∗+3(𝑥

5); 𝜃23#) + 𝑘23$(𝑥, 𝑥
5; 𝜃23$) (6) 

where 𝑘23", 𝑘23# and 𝑘23$ are the covariance functions of scaling factor, function value from low-fidelity GP 
model and difference between two different data, respectively. 𝜃23" , 𝜃23# and	𝜃23$ are the hyper-parameters of 
each covariance function.  

The covariance, 𝑘23! , enables 𝑔23(𝑥, 𝑓∗+3(𝑥))  to cooperate with the posterior 𝑓∗+3  based on low-fidelity 
information to capture the response surface of the HFM correctly. In this manner, the posterior distributions from 
the multi-fidelity model are the predictive mean, 𝜇∗63(𝑥∗), and variance, 𝜎∗637 (𝑥∗). They are calculated using 
Monte Carlo simulation that is expressed by: 

𝑝(𝑓∗23(𝑥∗)) ≔ 𝑝(𝑓23( 𝑥∗, 𝑓∗+3(𝑥))|𝑓∗+3 , 𝑥∗, 𝑦23 , 𝑥23) 

																																																		= `𝑝(𝑓23( 𝑥∗, 𝑓∗+3(𝑥))|𝑦23 , 𝑥23 , 𝑥∗) 𝑝(𝑓∗+3(𝑥∗))𝑑𝑥∗ 
(7) 

where 𝑥∗ is a new test point,	𝑓23 is the GP of the multi-fidelity model, 𝑓∗+3 is the GP model of the LFM, 𝑦23 and 
𝑥23 are the high-fidelity training (input/output) data points. 

The multi-fidelity model, which provides the predictive mean, 𝜇∗63(𝑥∗), is incorporated into the proposed multi-
fidelity probabilistic optimisation framework. 

 

4.2. Multi-fidelity modelling formulation description 

The main idea of this multi-fidelity formulation is that the HFM and LFM explore different dimensions of design 
space. Simultaneously, the formulation allows both models of different fidelities to cooperate using data fusion in 
a probabilistic optimisation process.  

 

4.2.1. Sampling strategy  

As shown in Fig. 1, the formulation maximises the use of the LFM while providing precise corrections using a 
small number of high-fidelity training data points. Here, the HFM concentrates on the design spaces of few 
selected variables at each probabilistic optimisation level. In order to facilitate this purpose, an effective sampling 
strategy has been employed in this work that the principle is based on standard filling sampling strategies such as 
uniform random sampling or Optimal Latin Hypercube Sampling (OLHS). In general, these space-filling 
strategies are typically implemented to create a multi-fidelity model due to their nature offering evenly distributed 
training data points without gaps or clusters in the whole design space. It is not surprising that the performance of 
multi-fidelity models relies on how to collect the training data points using an appropriate sampling strategy.  

Fig.1 illustrates the effective sampling strategy consists of different sampling degree to obtain the training data 
points, including dense and sparse sampling. Each sub-figure shows a plan view of distribution relying on different 
design variables. Fig.1 (a) presents the distribution of the dense sampling for the selected design variables in the 
HFM, H8 in Table 1, which refers to collecting evenly enough distributed training data points to embrace the 
design space of H8 . It should be noted that traditional multi-fidelity modelling methods exploit the training 
datasets sampled as dense as possible. In comparison, Fig.1 (b) and (c) display the distribution of the sparse 
sampling for other design variables in the HFM, H9 in Table 1, which does not thoroughly cover the design space 
with a biased distribution caused by the insufficient number of training data points. Still, it can provide scarce 
information within the same sampling size for H8. Standard regression methods, including GP or artificial neural 
networks, commonly require the number of training data points ten times more than the dimension of design space 



preprint submitted to Elesiver 
5 August 2021 
 

- 6 - 

[41]. For example, if there are three design variables in a structural optimisation problem in Fig.1, the number of 
training data points, also called the dense sampling in this work, should be at least thirty.  

This sampling scheme offers a launchpad for the multi-fidelity formulation to reduce the high-fidelity FEM 
simulations compared with other multi-fidelity modelling methods. Consider the illustrative example with three 
design variables in Fig. 1. The HFM focuses on only two design variables (H8 = [X1, X2]). In that case, the 
number of high-fidelity training data points is significantly reduced because they cover two-dimensional design 
space. Another design variable (H9 = [X3]) not selected in H8 is randomly sampled within the number of training 
data points for H8, and then added to the high-fidelity training dataset. This allows the high-fidelity training dataset 
to provide the dense information of the selected design variables, H8, as well as sparse information of other design 
variables, H9, without causing extra computational cost. In the meantime, the LFM exploring the entire design 
space in Fig.1 (d), (e) and (f) collects enough information as dense as possible to obtain a good quality. The low-
fidelity training dataset shares the high-fidelity training data points, as displayed by a blue box in those sub-figures. 
This allows the NARGP to calculate the correlations using these constructed high- and low-fidelity training 
datasets based on equation (6). Then, it creates the multi-fidelity model using equation (5), which can predict 
output responses, 𝜇∗63(𝑥∗), concerning the variation of design variables correctly. It should be highlighted that 
the number of high-fidelity training data points in this sampling strategy becomes a lot less than thirty, which the 
traditional methods require.  

 

 
Fig. 1. Concept of the proposed multi-fidelity modelling approach 

 

4.2.2. Workflow 

This section describes how to construct a multi-fidelity model and it introduces the developed multi-fidelity 
probabilistic optimisation framework. Table 1 is the summary of the workflow that the multi-fidelity modelling 
formulation constructs the multi-fidelity model using the sampling strategy, and then Fig. 2 shows the optimisation 
framework using the constructed multi-fidelity model. The first level of probabilistic optimisation begins with 
selecting 𝑚 design variables in the HFM,  H8

(:) = d𝑥(;), ⋯ , 𝑥(<)e in the table, and the training data points for this 
H8
(:) should be sampled as dense as the NARGP can represent the response surfaces of H8

(:)accurately. The selected 
design variables, 𝑚 (𝑚 < 𝑛), are chosen by the designer’s decision from all design variables, 𝑛, depending on 
the problem size. This enables the NARGP to require a smaller number of high-fidelity training data points 
compared with different multi-fidelity modelling methods considering all design variables in the HFM. It should 
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be noted that this selection does not influence the final design solution of the optimisation problem since the multi-
fidelity model embraces the entire design space using the LFM consistently. Other design variables in the HFM 
are defined by H9

(:) = [𝑥(<=;), ⋯ , 𝑥(>)] and they are not selected in H8
(:) . The training data points for H9

(:)  is 
randomly collected within the sampling size for H8

(:) using the sparse sampling to preserve the size of the high-
fidelity training dataset. Then these two sampling sets comprising different sampling degrees are combined as a 
high-fidelity training input dataset for the first level of probabilistic optimisation. At the same time, low-fidelity 
training data points for the LFM having 𝑛 design variables, L8

(:) = [𝑥(;), 𝑥(7), ⋯ , 𝑥(>)], are also sampled using the 
dense sampling to embrace the entire design space completely. Then, two training output datasets corresponding 
to the high- and low-fidelity training input datasets, respectively, can be constructed using a proper numerical 
solver (Abaqus CAE in this work). The NARGP creates a multi-fidelity model for the first level of probabilistic 
optimisation using the two high- and low-fidelity training input/output datasets. Fig.1 highlights that the multi-
fidelity model based on the sampling strategy can provide the correct solutions of H8

(:) during the first level of 
probabilistic optimisation process since it is made up of enough high-fidelity training data points using the dense 
sampling. Simultaneously, the multi-fidelity model examines all design variables’ solution spaces using both the 
sparse high-fidelity training data points for H9

(:) and the dense low-fidelity training data points for L8
(:). When the 

first level of probabilistic optimisation discovers the optimal solutions, the multi-fidelity model for the second 
level should be constructed using H8

(::) = d𝑥h(<=;), ⋯ , 𝑥h(&)e	 , H9
(::) = d𝑥h(&=;), ⋯ , 𝑥h(>)e  and L8

(::) =
[𝑥h(<=;), ⋯ , 𝑥h(>)] followed by updating the HFM and LFM with the optimal solutions of the first optimisation 
level, as described in Table 1 and Fig. 2.  

As shown in Fig.1, the cooperation between the HFM and LFM enables a multi-fidelity model to embrace the 
entire design space without a lack of information during the probabilistic optimisation process. Notably, the 
structure of the NARGP constructs a multi-fidelity model when the training dataset of HFM is a subset of the 
LFM training dataset. The main contribution of this multi-fidelity formulation is that the HFM focuses on only a 
small part of the entire design spaces to reduce the sampling size for the high-fidelity training dataset. The HFM 
also provides sparsely the high-fidelity information of other design variables, H9

(:), while avoiding the requirement 
of extra high-fidelity FEM simulations. This enables the NARGP to calculate the correlations precisely between 
the HFM and LFM based on the sampling strategy to construct the accurate multi-fidelity model. Also, the low-
fidelity training dataset using the dense sampling complements the lack of information led by the insufficient 
high-fidelity information of H9

(:).  

Next, the multi-fidelity probabilistic optimisation framework using this proposed multi-fidelity modelling 
formulation is illustrated in Fig.2. Note that the optimisation framework consists of 𝑘 levels that correspond to 
how many high-fidelity design variables are organised by the designer. For instance, when the high-fidelity design 
space is grouped by H8

(:) and H8
(::), the optimisation process has also two levels. Once the NARGP creates the 

multi-fidelity model using the sampling strategy and the training scheme, the first level of probabilistic 
optimisation is conducted using the predictions, 𝜇∗63(𝑥∗), offered by the constructed multi-fidelity model. The 
optimal solutions, Hi8

(:) , of the selected design variables in the HFM, H8
(:) , are found. The design variables, 

d𝑥(;), ⋯ , 𝑥(<)e, of both the HFM and LFM are updated by the optimal solutions, X = dHi8
(:), Lj8

(:)e, where Lj8
(:) 

represents the optimal solutions of other design variables in the LFM, d𝑥(<=;), ⋯ , 𝑥(>)e. The design variables in 
Hi8
(:) are fixed and not considered in the second level since their optimal solutions come from the high-fidelity 

training dataset using the dense sampling.  Then, different design variables for the second level, H8
(::) =

d𝑥h(<=;), ⋯ , 𝑥h(&)e where (𝑙 < 𝑛), are selected. The choice of the HFM’s design variables should not necessarily 
follow any particular sequence because the LFM embraces the whole design space at all times. During the second 
level of probabilistic optimisation, the optimisation algorithm finds the optimal solutions, Hk8

(::) and Ll8
(::), of the 

design variables, H8
(::) and L8

(::), using a new multi-fidelity model constructed for this level. These multi-fidelity 
modelling and probabilistic optimisation process are continued until Level 𝑘 terminates, which means all optimal 
solutions are found.  

The LFM does not require extra FEM simulations to build up a new training dataset for the next level. This can 
provide additional computational gains compared to the multi-level multi-fidelity method that should establish 
the low-fidelity training dataset for each level [37]. It is not surprising that even low-fidelity FEM simulations can 
cause a computational burden when a problem is complex and large-scale. It should be highlighted that the 
proposed method seeks to harness most of the advantages of multi-fidelity modelling as well as deal with the 
nonlinear correlation between different fidelity models using nonlinear data fusion GPs. In particular, this method 
enables the probabilistic design optimisation to broaden its area to the design of composite structures under 
thermomechanical loading. 
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Table 1. Multi-fidelity modelling formulations 

Optimisation 
level  HFM LFM 

Level I 

Design and 
random 
variables 

Dense 
sampling H8

(:) = [𝑥(;), ⋯ , 𝑥(<)],   𝑚 < 𝑛 L8
(:) = X = [𝑥(;), 𝑥(7), ⋯ , 𝑥(>)] 

Sparse 
sampling H9

(:) = [𝑥(<=;), ⋯ , 𝑥(>)]  

Number of design and 
random variables 

𝑛 
(𝑎𝑙𝑙	𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠) 

Optimal solutions at 
Level I Hi8

(:) = [𝑥h(;), ⋯ , 𝑥h(<)] Lj8
(:) = [𝑥h(<=;), ⋯ , 𝑥h(>)] 

Updated HFM & LFM X = [Hi8
(:), 𝑥h(<=;), ⋯ , 𝑥h(>)] 

Level II 

Design and 
random 
variables 

Dense 
sampling 

H8
(::) = [𝑥h(<=;), ⋯ , 𝑥h(&)],   𝑙 < 𝑛 

Hi8
(:)	𝑖𝑠	𝑓𝑖𝑥𝑒𝑑. 

L8
(::) = [𝑥h(<=;), ⋯ , 𝑥h(>)] 

Sparse 
sampling H9

(::) = [𝑥h(&=;), ⋯ , 𝑥h(>)]  

Number of design and 
random variables 𝑛 −𝑚 

Optimal solutions at 
Level II Hk8

(::) = [𝑥o(<=;), ⋯ , 𝑥o(&)] Ll8
(::) = [𝑥o(&=;), ⋯ , 𝑥o(>)] 

Updated HFM & LFM X = [Hi8
(:), Hk8

(::), 𝑥o(&=;)⋯, 𝑥o(>)] 

 𝐹𝑖𝑛𝑑	𝑡ℎ𝑒	H8
(:::)𝑎𝑛𝑑	L8

(:::)	𝑢𝑠𝑖𝑛𝑔	𝑡ℎ𝑒	𝑠𝑎𝑚𝑒	𝑚𝑎𝑛𝑛𝑒𝑟. 
Hi8
(:)	𝑎𝑛𝑑	Hk8

(::)	𝑎𝑟𝑒	𝑓𝑖𝑥𝑒𝑑	𝑎𝑡	𝑡ℎ𝑖𝑠	𝑙𝑒𝑣𝑒𝑙. 
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Fig. 2. Multi-fidelity probabilistic optimisation framework 

 

5. Numerical demonstration on a composite structure 

The proposed multi-fidelity probabilistic optimisation framework was demonstrated by the RBDO of a mono-
stringer stiffened composite panel under thermomechanical loading. This demonstration shows the potential of 
the developed method to be utilised for the probabilistic optimisation of large-scale composite structures under 
both mechanical and thermal loading. The proposed multi-fidelity method's computational efficiency was 
highlighted through comparisons with other multi-fidelity models as well as conventional high-fidelity surrogate 
models. 

 

5.1. Mono-stringer stiffened composite panel under thermomechanical loading 

Fig. 3 illustrates the details of a mono-stringer stiffened panel that comprises the skin and the stringer having the 
same mechanical properties (𝐸;;, 𝐸77=𝐸??, 𝐺7?, 𝐺;7=𝐺;?,	𝛼;; and 	𝛼77). The skin geometry is length 𝐿 and width 
𝑊. The stringer geometry consists of 𝑋1, 𝑋2, 𝑋3 and 𝑋4 being the foot, height, horizontal distance between top 
and bottom, and top, respectively. It should be noted that only the stringer geometry is to be optimised, while the 
optimisation process considers the uncertainties of mechanical properties of both the stringer and the skin. Table 
2 describes the details of dimensions and material properties of this composite panel. The panel is clamped at both 
ends, while the left-hand end is free to move in the longitudinal direction (x-direction in Fig 5.1). There are no 
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constraints on the two longitudinal edges of the skin. Perfect bonding is assumed between the stiffener and skin 
to consider their interaction.  

The composite panel was optimised under thermomechanical loading, under which the panel is subjected to both 
mechanical load and thermal load. In this work, the order of load application is mechanical shortening first and 
then temperature rising [6]. As shown in Table 3, the composite structure's critical temperature changes 
dramatically due to the residual stress depending on the length of mechanical shortening. Technically, the force 
and the moment resultant vector derived from thermo-elastic anisotropic stress-strain relationship can be 
expressed as [42] 

u
N@
M@
x = yA B

B D} ~
ε
κ� − u

N∆B
M∆B

x (8) 

(N∆B, M∆B) =�` [Q�]){𝛼})(1, 𝑧)Δ𝑇
C%

C%&'
𝑑𝑧

>

)D;

 
(9) 

where the laminate stiffness is defined as ([A], [B], [D]) = ∑ ∫ �QEF�����)(1, 𝑧, 𝑧
7C%

C%&'
)𝑑𝑧>

)D; 	with (𝑖, 𝑗 = 1, 2, 6) . 
[A], [B]	and [D] are extensional, bending-extension coupling and bending twisting coupling matrices, respectively.  
𝜀 and 𝜅 are the in-plane strain vector and curvature strain vector, respectively. {N∆B} and {M∆B} are the thermal 
forces and thermal moment induced by the temperature changes Δ𝑇, respectively. [Q�] is the transformed stiffness 
coefficients and {α} is the coefficient vector of thermal expansion for a single lamina concerning the in-plane 
coordinate system. 

The eigenproblem for the thermomechanical buckling analysis can be obtained using the principle of virtual work 
as follows: 

([K] − λ[𝐾∆G]){Φ} = {0} (10) 

where [K] is the mechanical stiffness matrix and 𝐾∆G is the thermal stiffness matrix. λ and {Φ} are the critical 
temperature change and buckling mode shape, respectively.  

Fig. 4 shows the thermomechanical buckling results for a mono-stiffened stringer panel having the mean geometry 
values at the design space. Table 3 shows that the thermomechanical buckling occurs in the vicinity of 95℃, 
which is the normal operating temperature range of regional aircraft when the shortening length is 0.3𝑚𝑚 
(∆𝐿 𝐿⁄ = 0.05%). In this work, the thermomechanical buckling temperature refers to the maximum critical 
temperature change followed by the shortening, ∆𝐿 𝐿⁄ = 0.05%. The class of fidelity was decided by the level of 
FEM discretisation. Fig. 5 illustrates the mesh grid of both the HFM and LFM, the element size was defined as 
4.0𝑚𝑚  and 12.0𝑚𝑚 , respectively, through a mesh convergence study for the thermomechanical buckling 
temperature. It should be highlighted that the LFM shows around 15% error while demonstrating a computational 
cost of only about 30% compared to HFM. The FEM models are composed of four-node shell elements (S4R).  

 

 
Fig. 3. Mono-stiffened stringer composite structure  
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Table 2. Details of the composite structure 

Parameters Symbol Value 
Longitudinal modulus of elasticity E11 139.0 𝐺𝑃𝑎 
Transversal modulus of elasticity E22=E33 8.1 𝐺𝑃𝑎 
Poisson’s ratio ν 0.33 
Out-of-plane shear modulus G12=G13 3.1 𝐺𝑃𝑎 
In-plane shear modulus G23 4.8 𝐺𝑃𝑎 
Longitudinal thermal coefficient 𝛼;; 1.7 × 𝐸HI/℃ 
Transverse thermal coefficient 𝛼77 −1.0 × 𝐸HI/℃ 
Skin and stringer thickness 𝑡 0.184 𝑚𝑚 
Skin and stringer layup  [45/-45/0/0/90/0]s 
Panel length 𝐿 600.0 𝑚𝑚 
Panel width 𝑊 250.0 𝑚𝑚 

 

Table 3. Critical temperature changes the mono-stiffened stringer composite structure using FEM 

Mechanical loading (𝑚𝑚) 0 0.1 0.2 0.3 
Critical temperature changes (℃) 407 303 200 94.9 

 

Fig. 4. Out-of-plane displacement of composite structures 

 

 
Fig. 5. 4 𝑚𝑚 mesh size for HFM (left) and 12 𝑚𝑚 mesh size for LFM (right)  

 

5.2. Multi-fidelity modelling 

A multi-fidelity model using the proposed formulation is constructed to carry out the probabilistic optimisation 
of composite structures under thermomechanical loading. The input parameters of the multi-fidelity model are the 
mono-stiffened stringer geometry (𝑋1, 𝑋2, 𝑋3 and 𝑋4) in Fig. 3 and the mechanical properties of the composite 
structure (𝐸;;, 𝐸77=𝐸??, 𝐺7?, 𝐺;7=𝐺;?,	𝛼;; and 	𝛼77) in Table 2. These input parameters are defined as design and 

  

(a) Mechanical shortening (b) Temperature rise 
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random variables that are used for optimisation and reliability analysis, respectively. In this work, the design 
variables are geometry parameters whereas the random variables are both geometry and mechanical properties. 
Outputs are the critical temperature change and the mass of the composite structure. This multi-fidelity model 
having ten input parameters and two output parameters is constructed using both HFM and LFM covering different 
design spaces. As mentioned before, the NARGP quantifies nonlinear correlations between different fidelities to 
create an accurate multi-fidelity model.  

Firstly, the training datasets for HFM and LFM should be sampled using OLHS technique that is a sampling 
technique to collect training data in a given design space as evenly distributed as possible. Table 4 shows ten input 
parameters having each design range that consist of four geometric parameters and six mechanical properties. The 
geometric parameters mostly influence the output of the composite structure. At the same time, they have 
uncertainties associated with design and manufacture that could considerably affect the structure's performance. 
Apart from these geometric parameters, the uncertainties of the mechanical properties should be considered as 
well. Table 5 clearly shows how the multi-fidelity model is constructed using two different fidelity models that 
explore supervise different design spaces at each level. The number of FEM simulations are also shown in the 
table. As mentioned in the previous section, the HFM covers only a part of the whole design space as dense as the 
sampled high-fidelity dataset can precisely examine the response surfaces of the selected design variables, 𝑋1 and 
𝑋2 in this work. When the HFM at the first level focuses on the two design variables, ten training data points are 
enough to create the metamodel concerning these design variables accurately. The same number of training data 
of other design variables should also be sampled sparsely and added to the high-fidelity training dataset. Although 
the number of ten training data points is not sufficient to set up other design variables' metamodel, it allows the 
NARGP to use the high-fidelity information as much as possible in the given training dataset without causing 
extra high-fidelity FEM simulations. In contrast, the LFM, because it supervises all design variables, requires 
sixty training data points to supplement the lack of other design variables’ information that is not included in 
HFM. This training dataset embraces the response surfaces of all design variables as solidly as possible. Once the 
NARGP constructs the multi-fidelity model, error analysis should be conducted using a test dataset that uses 
points that are not included in the training scheme. The created multi-fidelity model at each level predicts the 
critical temperature change and the mass with less than 1.5% error in the given design spaces. 

When the multi-fidelity model completes the first level of optimisation, this multi-fidelity model provides the 
optimal solutions of the two selected design variables in the HFM as well as corresponding values of other design 
variables in the LFM. These optimal solutions update the HFM to choose different design variables that are not 
considered at the previous level. The LFM is also updated by those optimal solutions that enable a smaller number 
of design variables than the first level. The corresponding values obtained by the LFM update other design 
variables that are not considered in HFM. After updating two models, HFM chooses new design variables, 𝑋3 
and 𝑋4, as shown in Table 5. Then, ten new training data points that can correctly establish the chosen design 
variables' response surfaces are sampled using OLHS as densely as possible. Simultaneously, the same number 
of training data points of other design variables are also collected sparsely to build up an efficient high-fidelity 
training dataset. It is not surprising that the LFM at the first level is still precise enough to carry out the next level 
optimisation since it is made up of sixty training points. This means the LFM requires only ten additional low-
fidelity FEM simulations that are identical to the training data of HFM for this level since the high-fidelity training 
dataset should be a subset of low-fidelity training dataset. Fig. 6 highlights how HFM and LFM cooperate using 
different sampling levels in different design spaces when 𝑋1 and 𝑋2 are selected as HFM’s design variables. The 
high-fidelity training dataset is evenly distributed using the small number of training points in the design space of 
𝑋1 and 𝑋2. However, it does not seem that the rest of the design spaces, 𝑋3 and 𝑋4, are scattered uniformly in 
the high-fidelity design spaces. The low-fidelity training dataset carefully covers the whole design space without 
information loss dissimilar to the high-fidelity design spaces. It should be highlighted that this multi-fidelity 
scheme enables the size of the high-fidelity training dataset to decrease while embracing the entire design space 
with sparsely distributed high-fidelity information as well as dense low-fidelity information. It should be noted 
that conventional surrogate modelling approaches require hundreds of training points to consider all design and 
random variables. Some multi-fidelity modelling methods also demand a significant number of high-fidelity 
training data points because HFM encompasses the same design spaces as the LFM. The proposed multi-fidelity 
modelling methodology provides significant computational time savings compared with other multi-fidelity 
methods and enables probabilistic optimisation to broaden its application area to large-scale composite structures 
under thermomechanical loading.  
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Table 4. Design and random variables 

Design of experiment input data Value 
Stringer foot (𝑚𝑚) 34.4 < 𝑋1 < 51.6 
Stringer height (𝑚𝑚) 24.0 < 𝑋2 < 36.0 
Distance between top and bottom (𝑚𝑚) 12.0 < 𝑋3 < 18.0 
Stringer top (𝑚𝑚) 20.0 < 𝑋4 < 30.0 
E11 (𝐺𝑃𝑎) 111 < 𝐸;; < 167 
E22=E33 (𝐺𝑃𝑎) 6.5 < 𝐸77 < 9.8 
G12=G13 (𝐺𝑃𝑎) 3.8 < 𝐺;7 < 5.8 
G23 (𝐺𝑃𝑎) 2.5 < 𝐺7? < 3.7 
𝛼;; (/℃) 1.36𝐸HI < 𝛼;; < 2.04𝐸HI 
𝛼77 (/℃) −1.2𝐸HI < 𝛼77 < −0.8𝐸HI 

 

Table 5. Details of the multi-fidelity models 

Level 

Scatter 
degree of 
Training 

data 

HFM LFM 

Design and random 
variable 

Number of 
FEM 

simulations 

Design and random 
variable 

Number of 
FEM 

simulations 

I 

Dense 𝑋1, 𝑋2 

10 

𝑋1, 𝑋2, 𝑋3, 𝑋4, 𝐸;;, 
𝐸77 = 𝐸??, 𝐺7?, 

𝐺;7 = 𝐺;?, 𝛼;;, 𝛼77 60 

Sparse 
𝑋3, 𝑋4, 𝐸;;, 

𝐸77 = 𝐸??, 𝐺7?, 
𝐺;7 = 𝐺;?, 𝛼;;, 𝛼77 

- 

II 
Dense 𝑋3, 𝑋4 

10 

𝑋3, 𝑋4, 𝐸;;, 
𝐸77 = 𝐸??, 𝐺7?, 

𝐺;7 = 𝐺;?, 𝛼;;, 𝛼77 10 

Sparse 𝐸;;, 𝐸77 = 𝐸??, 𝐺7? 
𝐺;7 = 𝐺;?, 𝛼;;, 𝛼77 - 

 

 
Fig. 6. Training data distribution between HFM and LFM 
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5.3. Reliability-based design optimisation 

RBDO, a type of probabilistic optimisation, was conducted to demonstrate the efficiency and accuracy of the 
multi-fidelity model constructed using the proposed formulation. In this example, geometric nonlinearities were 
considered, while the material properties were presumed to be in the linear elastic region. 

 

5.3.1. Problem definition 

Table 6 describes the description of the RBDO problem of the mono-stiffened stringer composite structure under 
thermomechanical loading. There are four constraints and three objectives. Since this proposed multi-fidelity 
optimisation approach aims to cooperate with HFM and LFM exploring different design spaces, each fidelity 
model has its constraints and objectives in the optimisation process. They carried typical mass constraints but 
different constraints regarding minimum critical temperature changes based on the definition between the HFM 
and LFM. The reliability index was targeted by the associated value with the probability of failure, 0.135%. The 
objective functions were to maximise the critical temperature changes and minimise the mass of the composite 
structure. It should be highlighted that the composite structure should be under thermal condition followed by the 
certain mechanical shortening, 0.05 % regarding the longitudinal direction, to include the effect of residual stress. 

The discretisation level of FEM models for the HFM and the LFM were defined through a mesh convergence 
study. It should be noted that the LFM shows 15% solution error compared to the HFM whilst offering a 70% 
reduction in computational cost. The design spaces of geometric parameters and material properties are the same 
as the range of design of experiments in the previous section. As shown in Fig. 7, the optimisation was conducted 
using NSGA-II [43], a multi-objective exploratory technique. This optimisation method is suitable for highly 
nonlinear design spaces as well as discontinuous design spaces. The method follows the standard genetic operation 
of mutation and crossover, but the selection process is based on different mechanisms to construct a Pareto set 
with the best combination of objective values. Generation and population numbers were determined by 12 and 20, 
respectively, to find optimal solutions correctly. These values were obtained using the convergence check of 
Pareto front depending on different combinations. In particular, the reliability check to consider the design 
uncertainties of random design variables is essential in this optimisation process. The uncertainties associated 
with geometric parameters are commonly assumed by a 0.1% coefficient of variation concerning its mean values 
as manufacturing tolerance. The uncertainties of mechanical properties are assumed by a random normal 
distribution with 5% coefficient of variation [9]. All input parameters are presumed to have a truncated Gaussian 
distribution at three standard deviations. The reliability assessment should be conducted at all populations of each 
generation. Monte Carlo simulation computes the statistical characteristics of the objective functions, which are 
induced by the uncertainties of random design variables. Sobol sampling method was incorporated into the Monte 
Carlo simulation to obtain more homogeneous sampling distribution as well as more robust statistical estimations 
than other sampling methods [44]. It should be noted that the maximum allowable number of multi-fidelity 
simulations to check the probability of failure was set to 2,000. The convergence tolerance check was carried out 
at every 25 sampling points to improve the computational efficiency. The Monte Carlo simulations was halted 
when both mean and standard deviations satisfy 0.1 % difference with these associated values at the previous 
convergence test. Hence, the maximum simulation number using the developed multi-fidelity model was 480,000 
for the two levels in this RBDO process.  
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Table 6. Reliability-based design optimisation - problem definition 

Description  Value 
Multi-
fidelity 
model 

𝐻𝐹𝑀 𝑀𝑒𝑠ℎ	𝑠𝑖𝑧𝑒: 4.0	𝑚𝑚 

𝐿𝐹𝑀 𝑀𝑒𝑠ℎ	𝑠𝑖𝑧𝑒: 12.0	𝑚𝑚 

Optimisation 
method 𝑁𝑆𝐺𝐴 − 𝐼𝐼 

𝐺𝑒𝑛𝑒𝑟𝑎𝑡𝑖𝑜𝑛:	12 
𝑃𝑜𝑝𝑢𝑙𝑎𝑡𝑖𝑜𝑛:	10 

Analysis 
type 𝑀𝑜𝑛𝑡𝑒	𝐶𝑎𝑟𝑙𝑜	𝑠𝑖𝑚𝑢𝑙𝑎𝑡𝑖𝑜𝑛𝑠 𝑆𝑜𝑏𝑜𝑙	𝑠𝑎𝑚𝑝𝑙𝑒𝑠: 2000 

Design 
uncertainty 

𝑀𝑒𝑎𝑛 𝑆𝑡𝑎𝑛𝑑𝑎𝑟𝑑	𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 
𝑋1 0.001 × 𝑋1 
𝑋2 0.001 × 𝑋2 
𝑋3 0.001 × 𝑋3 
𝑋4 0.001 × 𝑋4 
𝐸;; 0.05 × 𝐸;; 
𝐸77 0.05 × 𝐸77 
𝐺;7 0.05 × 𝐺;7 
𝐺7? 0.05 × 𝐺7? 
𝛼;; 0.05 × 𝛼;; 
𝛼77 0.05 × 𝛼77 

Constraints 
under 0.05% 
mechanical 
shortening 

𝑚𝑎𝑠𝑠 𝑚 ≤ 1	𝑘𝑔 
𝐻𝐹𝑀		∆𝑇J0 ∆𝑇J0,236 ≥ 50	℃ 
𝐿𝐹𝑀		∆𝑇J0 ∆𝑇J0,+36 ≥ 57.5	℃ 

𝑅𝑒𝑙𝑖𝑎𝑏𝑖𝑙𝑖𝑡𝑦	𝑖𝑛𝑑𝑒𝑥	𝛽 𝛽 = 3 
Objectives 
under 0.05% 
mechanical 
shortening 

𝑀𝑒𝑎𝑛	𝑚𝑎𝑠𝑠 𝑀𝑖𝑛𝑖𝑚𝑖𝑠𝑒 
𝑀𝑒𝑎𝑛	𝐻𝐹𝑀		∆𝑇J0 𝑀𝑎𝑥𝑖𝑚𝑖𝑠𝑒 
𝑀𝑒𝑎𝑛	𝐿𝐹𝑀		∆𝑇J0 𝑀𝑎𝑥𝑖𝑚𝑖𝑠𝑒 

 

 
Fig. 7. Multi-fidelity RBDO framework 

 

5.3.2. Results 

Table 7 represents the RBDO results using the proposed multi-fidelity formulation. This table demonstrates how 
the multi-fidelity model enables cooperation between two different fidelity models and improves its accuracy at 
the end of each level. In the table, the HFM has two different sampling degrees of training data, while LFM is 
sampled densely as it can produce the response surfaces for all random design variables. At the first level, the 
HFM carries two design variables, 𝑋1 and 𝑋2, while LFM has all the random design variables. At the same time, 
the HFM takes other two design variables, 𝑋3	and 𝑋4, and six random variables of material properties as a form 
of sparsely scattered training data that allows the LFM to quantify correlations among all variables. Both the HFM 
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and LFM share the selected design variables of 𝑋1	and 𝑋2 during the first level of the optimisation. As shown in 
Fig. 8, this enables the multi-fidelity model to scrutinise the solution spaces of other design variables 
corresponding to those of the selected design variables. When the first level finds the Pareto front satisfied with 
the objectives and constraints, the optimal solutions should be chosen by the designer’s decision. In this work, the 
optimal solutions were chosen by the allowable temperature range associated with the regional aircraft operation, 
known from -45℃ to 85℃. The chosen optimal solutions at the first level updates the multi-fidelity model before 
the next level. The optimal solutions of 𝑋1	and 𝑋2 are good enough to be fixed at the next level because they are 
obtained by dense high-fidelity information. It is not surprising that the corresponding optimal solutions of the 
LFM at the first level can update other design variables, 𝑋3	and 𝑋4, that are not included in HFM. Hence, this 
update enables the HFM to take different design variables that are collected as densely as possible. In the same 
manner, as the first level, this updated HFM carries different design variables, 𝑋3	and 𝑋4, while the information 
of six random variables is also included sparsely. The LFM is updated by the optimal solutions of 𝑋1	and 𝑋2, 
while in HFM takes all random design variables except for the fixed 𝑋1	and 𝑋2. When this level is finished, the 
final solution is obtained because there are two levels in this example. 

Fig. 9 illustrates the Pareto fronts of the optimisation results at each level. The Pareto front of the first level is 
associated with the selected design variables that HFM mainly supervises for the optimisation process, while LFM 
compensates for the lack of high-fidelity information. The second level’s Pareto front has a small range since the 
optimal solutions in the first level’s Pareto front updates the multi-fidelity model. It should be highlighted that the 
second level examines the solution spaces thoroughly based on the chosen solution of the first level and discovers 
more reliable and better solutions compared to those of the first level. As can be seen in the figure, the Pareto 
front points at the second level rise to the upward direction and fill the gap in the solution space left from the first 
level. The figure also includes the Pareto front found from a conventional surrogate modelling approach, which 
is called super HFM in this work, to highlight how accurate the proposed multi-fidelity method is. The super HFM 
consists of 150 high-fidelity FEM simulations to correctly resemble ten random design variables' response 
surfaces. This figure shows that the Pareto front of the super HFM is nearly identical to that of the multi-fidelity 
model.  

Table 8 displays the mean value and standard deviation of the chosen optimal solutions so that the results of 
reliability assessments are compared between the multi-fidelity model and the super HFM. It should be noted that 
the optimal solution of the super HFM is selected as having the same mass as the chosen optimal solution of the 
multi-fidelity model. The multi-fidelity model has almost the same mean value and acceptable standard deviation 
as those of super HFM. It is also significant to assess the accuracy of the multi-fidelity model as the solution of 
HFM created by the equivalent number of high-fidelity FEM simulations. There could be no advantages of the 
proposed method unless the multi-fidelity model constructed by the same computational cost is more accurate. 
Table 5 shows that the multi-fidelity model is made up of 20 HFMs and 70 LFMs that equate to 40 high-fidelity 
FEM simulations. Fig. 10 features the accuracy among three different models: the multi-fidelity model, super 
HFM and equivalent HFM (HFM40). In this figure, the multi-fidelity model's mean value is much closer to the 
super HFM than that of HFM40, while having the standard deviation similar to the super HFM. This means that 
the reliability assessments of the proposed multi-fidelity method are more accurate than the equivalent number of 
high-fidelity FEM simulations in terms of computation time. As the NARGP is incorporated into the multi-fidelity 
formulation, the constructed multi-fidelity model has a black-box structure between input and output parameters. 
The chosen optimal solutions should be checked to show if the solutions make sense using proper techniques, 
such as a FEM solver or an experiment. Table 8 shows the critical temperature change using the multi-fidelity 
model is nearly the same as that of the FEM solver. It should be remarked that the accuracy of the multi-fidelity 
model is more accurate than that of the super HFM at this design point. 

The vast benefit of multi-fidelity modelling methods is that they can reduce the significant computational cost 
caused by the consideration of uncertainties during the probabilistic optimisation process. Fig. 11 represents the 
computational time savings of the proposed multi-fidelity method compared to different probabilistic optimisation 
methods. All computational costs in this figure are normalised by the total computational cost of the super HFM 
so that the computational gains are emphasised in a practical way [19]. The proposed multi-fidelity model is 
constructed using both 20 HFM training points and 70 LFM training points. The equivalent computational cost 
equates to about 40 high-fidelity FEM simulations because the computational cost of LFM is 70%  more 
economical than HFM’s cost. In contrast, the super HFM requires 150 high-fidelity FEM simulations. It is not 
surprising that the proposed multi-fidelity optimisation method provides around 75% of computation time savings. 
However, it is more significant to show how much of computation time savings are obtained by the use of this 
new method compared with different multi-fidelity methods. Traditional multi-fidelity methods [18] construct a 
multi-fidelity model using both 60 HFM training points and 60 LFM training points because two different fidelity 
models have the same number of design variables. The equivalent high-fidelity FEM simulation number to this 
model is around 80, which is twice more computationally expensive than the proposed multi-fidelity method. This 
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proposed multi-fidelity method is still more efficient than the multi-level multi-fidelity modelling approach 
developed before [37]. The multi-level multi-fidelity approach uses both 20 HFM training points and 110 LFM 
training points, which equates to around 55 high-fidelity FEM simulations; hence the proposed multi-fidelity 
method enables 30%  of computation time savings. Although LFM is generally computationally cheap, its 
computational cost can cause a severe burden when it comes to large-scale problems. Therefore, the proposed 
novel multi-fidelity method allows for considerably significant computational benefits to broaden the application 
range of the multi-fidelity method to the probabilistic design of large-scale composite structures. 

 

Table 7. RBDO results 

Level 

Scatter 
degree 

of 
training 

data 

Design and random variables  
used for the HFM and LFM 

Result 
Optimal design 

values to 
update the 

multi-fidelity 
model 

Critical 
temperature 
change (℃) Mass 

(𝑔) 
HFM LFM HFM LFM 

I 

Dense 𝑋1, 𝑋2 
𝑋1, 𝑋2, 𝑋3, 𝑋4, 𝐸;;, 
𝐸77 = 𝐸??, 𝐺7?, 

𝐺;7 = 𝐺;?, 𝛼;;, 𝛼77 87 95 861 

𝑋1: 34.67 
𝑋2: 24.10 
𝑋3: 17.82 
𝑋4: 27.27 Sparse 

𝑋3, 𝑋4, 𝐸;;, 
𝐸77 = 𝐸??, 𝐺7?, 

𝐺;7 = 𝐺;?, 𝛼;;, 𝛼77 
- 

II 

Dense 𝑋3, 𝑋4 
𝑋3, 𝑋4, 𝐸;;, 

𝐸77 = 𝐸??, 𝐺7?, 
𝐺;7 = 𝐺;?, 𝛼;;, 𝛼77 98 110 867 

𝑋1: 34.67 
𝑋2: 24.10 
𝑋3: 18.00 
𝑋4: 30.00 Sparse 𝐸;;, 𝐸77 = 𝐸??, 𝐺7? 

𝐺;7 = 𝐺;?, 𝛼;;, 𝛼77 - 

 

 
Fig. 8. Multi-fidelity modelling based RBDO at Level I  
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Fig. 9. RBDO results comparison by Pareto Front between multi-fidelity model vs. super HFM 

 

 
Fig. 10. Statistical characteristic among three different models 

 

Table 8. Design value and FE solver check 

Model 
Design variables (𝑚𝑚) Mass 

(𝑔) 

Approximated 
model ∆𝑇J0(℃) 

FEM 
model 	
∆𝑇J0(℃) 𝑋1 𝑋2 𝑋3 𝑋4 𝜇 𝜎 

Multi-fidelity model 34.67 24.10 18.00 30.00 867 98.1 5.2 98.7 

Super HFM 35.35 24.01 17.97 29.08 868 99.5 12.1 98.7 

HFM40 37.25 24.01 17.97 23.90 865 87.4 9.3 85.1 
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Fig. 11. Computational efficiency comparison among four different methods 

 

6. Conclusion 

In this work, a novel multi-fidelity probabilistic optimisation approach was proposed and demonstrated with a 
mono-stiffened stringer composite panel under thermomechanical loading. This approach enables the probabilistic 
optimisation of composite structures while providing considerable computation time savings and reliable solutions. 
This research work's main contribution is that the HFM supervises a part of the entire design space as dense as 
possible while examining other design spaces sparsely within not causing extra computational cost. 
Simultaneously, LFM takes all design variables for the multi-fidelity model to explore the whole design space. 
The NARGP is incorporated into this multi-fidelity method because it can quantify correlations between different 
fidelity models to predict more accurate solutions. This method also cooperates with a multi-level optimisation 
framework to be utilised for large-scale problems with a vast number of design variables. The proposed method 
was demonstrated by the RBDO problem of the composite structure under thermal environment followed by 
mechanical shortening. The optimal solutions and their reliability assessments obtained by the proposed multi-
fidelity method were nearly identical to those of the super HFM, the conventional surrogate modelling approach. 
They are also more accurate than a surrogate model that used the equivalent number of high-fidelity FEM 
simulations to the multi-fidelity model in terms of computation time. Compared with a FEM solver, the multi-
fidelity model predicts the critical temperature changes more precisely than those of the super HFM for this 
example. As well as improvements in accuracy, this proposed method provides significant improvements to 
computational efficiency. This new method's computational efficiency was highlighted by comparing it with a 
conventional surrogate method, traditional multi-fidelity method and multi-level multi-fidelity method. It should 
be noted that the proposed method offers remarkable computation time savings. In particular, this method is 30-
50% more computationally efficient than other multi-fidelity methods. The developed multi-fidelity probabilistic 
optimisation method is a new optimisation approach that enables the HFM and LFM to supervise different design 
spaces while cooperating with each other during the optimisation process. This new multi-fidelity method enables 
the probabilistic optimisation of complex and large-scale problems, such as for composite structures under 
thermomechanical loading, to be conducted in a significantly more efficient and accurate manner. This proposed 
method will be studied to broaden its application area to the probabilistic design of complex composite structures, 
including damage tolerance design under a multi-physics environment. An advanced modelling scheme will also 
be developed to carry out large-scale problems having hundreds of design variables efficiently. 

 

References 

[1] Akcin Y, Karakaya S, Soykasap O. Electrical, Thermal and Mechanical Properties of CNT Treated 



preprint submitted to Elesiver 
5 August 2021 
 

- 20 - 

Prepreg CFRP Composites. Mater Sci Appl 2016;07:465–83. https://doi.org/10.4236/msa.2016.79041. 

[2] Wang C, Xu Y, Du J. Study on the thermal buckling and post-buckling of metallic sub-stiffening 
structure and its optimization. Mater Struct Constr 2016;49:4867–79. https://doi.org/10.1617/s11527-
016-0830-8. 

[3] Vosoughi AR, Nikoo MR. Maximum fundamental frequency and thermal buckling temperature of 
laminated composite plates by a new hybrid multi-objective optimization technique. Thin-Walled Struct 
2015;95:408–15. https://doi.org/10.1016/j.tws.2015.07.014. 

[4] Meyers CA, Hyer MW. THERMAL BUCKLING AND POSTBUCKLING OF SYMMETRICALLY 
LAMINATED COMPOSITE PLATES 2010;5739. https://doi.org/10.1080/01495739108927083. 

[5] Nawab Y, Jacquemin F, Casari P, Boyard N, Sobotka V, Nawab Y, et al. Study of variation of thermal 
expansion coefficients in carbon / epoxy laminated composite plates To cite this version : HAL Id : hal-
01154412 2017. 

[6] Gutiérrez Álvarez J, Bisagni C. Closed-form solutions for thermomechanical buckling of orthotropic 
composite plates. Compos Struct 2020;233:111622. https://doi.org/10.1016/j.compstruct.2019.111622. 

[7] Yoo K-K, Kim J-H. Optimal design of smart skin structures for thermo-mechanical buckling and 
vibration using a genetic algorithm. J Therm Stress 2011;34. 
https://doi.org/10.1080/01495739.2011.601261. 

[8] López C, Bacarreza O, Baldomir A, Hernández S, H. Ferri Aliabadi M. Reliability-based design 
optimization of composite stiffened panels in post-buckling regime. Struct Multidiscip Optim 
2017;55:1121–41. https://doi.org/10.1007/s00158-016-1568-1. 

[9] Farokhi H, Bacarreza O, Aliabadi MHF. Probabilistic optimisation of mono-stringer composite stiffened 
panels in post-buckling regime. Struct Multidiscip Optim 2020;62:1395–1417. 
https://doi.org/10.1007/s00158-020-02565-9. 

[10] Chen X, Qiu Z. Reliability assessment of fiber-reinforced composite laminates with correlated elastic 
mechanical parameters. Compos Struct 2018;203:396–403. 
https://doi.org/10.1016/j.compstruct.2018.05.032. 

[11] Sohouli A, Yildiz M, Suleman A. Efficient strategies for reliability-based design optimization of 
variable stiffness composite structures. Struct Multidiscip Optim 2017:1–16. 
https://doi.org/10.1007/s00158-017-1771-8. 

[12] das Neves Carneiro G, Antonio CC. A RBRDO approach based on structural robustness and imposed 
reliability level. Struct Multidiscip Optim 2018;57:2411–29. https://doi.org/10.1007/s00158-017-1870-
6. 

[13] Scarth C, Sartor PN, Cooper JE, Weaver PM, Silva GHC. Robust and Reliability-Based Aeroelastic 
Design of Composite Plate Wings. AIAA J 2017;55:3539–52. https://doi.org/10.2514/1.J055829. 

[14] Wang GG, Shan S. Review of Metamodeling Techniques in Support of Engineering Design 
Optimization. J Mech Des 2007;129:370–80. https://doi.org/10.1115/1.2429697. 

[15] Cid Montoya M, Costas M, Díaz J, Romera LE, Hernández S. A multi-objective reliability-based 
optimization of the crashworthiness of a metallic-GFRP impact absorber using hybrid approximations. 
Struct Multidiscip Optim 2015;52:827–43. https://doi.org/10.1007/s00158-015-1255-7. 

[16] Bacarreza O, Aliabadi MH, Apicella A. Robust Design and Optimization of Composite Stiffened Panels 
in Post-Buckling. Struct Multidiscip Optim 2015;51:409–22. https://doi.org/10.1007/s00158-014-1136-
5. 

[17] Peherstorfer B, Willcox K, Gunzburger M. Survey of multifidelity methods in uncertainty propagation, 
inference, and optimization. SIAM Rev 2018;60:550–91. https://doi.org/10.1137/16M1082469. 

[18] Fernández-Godino MG, Park C, Kim N-H, Haftka RT. Review of multi-fidelity models. ArXiv Prepr 
2016:arXiv:1609.07196v3. https://doi.org/10.1016/j.jcp.2015.01.034. 

[19] Park C, Haftka RT, Kim NH. Remarks on multi-fidelity surrogates. Struct Multidiscip Optim 
2017;55:1029–50. https://doi.org/10.1007/s00158-016-1550-y. 

[20] Vitali R, Haftka RT, Sankar B V. Multi-Fidelity Design of Stiffened Composite Panel with a Crack. 
Struct Multidiscip Optim 2002;23:347–56. https://doi.org/10.1007/s00158-002-0195-1. 



preprint submitted to Elesiver 
5 August 2021 
 

- 21 - 

[21] Yoo K, Bacarreza O, Aliabadi MHF. A novel multi-fidelity modelling-based framework for reliability-
based design optimisation of composite structures. Eng Comput 2020. https://doi.org/10.1007/s00366-
020-01084-x. 

[22] Rasmussen CE, Williams CKI, Bach F. Gaussian processes for machine learning. vol. 2. Cambridge, 
MA: MIT Press.; 2006. 

[23] Kennedy MC, O’Hagan A. Predicting the output from a complex computer code when fast 
approximations are available. Biometrika 2000;87:1–13. https://doi.org/10.1093/biomet/87.1.1. 

[24] Forrester AIJ, Sóbester A, Keane AJ. Multi-fidelity optimization via surrogate modelling. Proc R Soc A 
Math Phys Eng Sci 2007;463:3251–69. https://doi.org/10.1098/rspa.2007.1900. 

[25] Perdikaris P, Venturi D, Royset JO, Karniadakis GE. Multi-fidelity modelling via recursive co-kriging 
and Gaussian-Markov random fields. Proc R Soc A Math Phys Eng Sci 2015;471. 
https://doi.org/10.1098/rspa.2015.0018. 

[26] Perdikaris P, Raissi M, Damianou A, Lawrence ND, Karniadakis GE. Nonlinear information fusion 
algorithms for data-efficient multi-fidelity modelling. Proc R Soc A Math Phys Eng Sci 2017;473. 
https://doi.org/10.1098/rspa.2016.0751. 

[27] Cutajar K, Pullin M, Damianou A, Lawrence N, González J. Deep Gaussian Processes for Multi-fidelity 
Modeling 2019;1. 

[28] Bakr MH, Bandler JW, Madsen K, S�ndergaard J. An Introduction to the Space Mapping Technique. 
Optim Eng 2001;2:369–84. https://doi.org/10.1023/A:1016086220943. 

[29] Madsen K, Bandler JW, Dakroury SA, Bakr MH, Sondergaard J, Cheng QS, et al. Space Mapping: The 
State of the Art. IEEE Trans Microw Theory Tech 2004;52:337–61. 
https://doi.org/10.1109/tmtt.2003.820904. 

[30] Bakr MH, Bandler JW, Madsen K, Søndergaard J. Review of the Space Mapping Approach to 
Engineering Optimization and Modeling. Optim Eng 2000;1:241–76. 
https://doi.org/10.1023/a%253a1010000106286. 

[31] Hebbal A, Brevault L, Balesdent M, Talbi E-G, Melab N. Multi-fidelity modeling with different input 
domain definitions using Deep Gaussian Processes 2020:1–24. 

[32] Bucher CG. Adaptive sampling - an iterative fast Monte Carlo procedure. Struct Saf 1988;5:119–26. 
https://doi.org/10.1016/0167-4730(88)90020-3. 

[33] Ibrahim Y. Observations on applications of importance sampling in structural reliability analysis. Struct 
Saf 1991;9:269–81. https://doi.org/10.1016/0167-4730(91)90049-F. 

[34] Rackwitz R. Reliability analysis - A review and some perspectives. Struct Saf 2001;23:365–95. 
https://doi.org/https://doi.org/10.1016/S0167-4730(02)00009-7. 

[35] Lopez RH, Miguel LFF, Belo IM, Souza Cursi JE. Advantages of employing a full characterization 
method over FORM in the reliability analysis of laminated composite plates. Compos Struct 
2014;107:635–42. https://doi.org/10.1016/j.compstruct.2013.08.024. 

[36] Choi S-K, Grandhi R, Canfield RA. Reliability-Based Structural Design. London: Springer; 2006. 

[37] Yoo K, Bacarreza O, Aliabadi MHF. Multi-fidelity robust design optimisation for composite structures 
based on low-fidelity models using successive high-fidelity corrections. Compos Struct 
2021;259:113477. https://doi.org/10.1016/j.compstruct.2020.113477. 

[38] Sinha A, Malo P, Deb K. A Review on Bilevel Optimization: From Classical to Evolutionary 
Approaches and Applications. IEEE Trans Evol Comput 2018;22:276–95. 
https://doi.org/10.1109/TEVC.2017.2712906. 

[39] Choi S, Alonso JJ, Kroo IM. Two-Level Multifidelity Design Optimization Studies for Supersonic Jets. 
J Aircr 2009;46:776–90. https://doi.org/10.2514/1.34362. 

[40] Liu B, Haftka RT, Akgün MA. Two-level composite wing structural optimization using response 
surfaces. Struct Multidiscip Optim 2000;20:87–96. https://doi.org/10.1007/s001580050140. 

[41] Bouhlel MA, Bartoli N, Otsmane A, Morlier J. An Improved Approach for Estimating the 
Hyperparameters of the Kriging Model for High-Dimensional Problems through the Partial Least 
Squares Method. Math Probl Eng 2016;2016:6723410. https://doi.org/10.1155/2016/6723410. 



preprint submitted to Elesiver 
5 August 2021 
 

- 22 - 

[42] Jones RM. Mechanics of Composite Materials. Taylor & Francis; 1997. 
https://doi.org/10.1177/004051755002000101. 

[43] Kalyanomy DEB AP. A fast and elitist multi-objective genetic algoritm:NSGA -II. IEEE Trans Evol 
Comput 2001;6:182–97. 

[44] Burhenne S, Jacob D, Henze GP. Sampling Based on Sobol Sequence for Monte Carlo Techniques 
Applied to Building Simulation. Proc. Build. Simul. 2011 12th Conf. Int. Build. Perform. Simul. Assoc., 
Sydney: 2011, p. 1816–23. 

 


