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ABSTRACT

The effects of continuous and log-periodic scaling on Maxwell's
equations, which suggest a method of realising broadband structures,
are shown. Various types of structure which exhibit the desired effects
in practice are studied and the necessary conditions for log~periodic
antenna design are established.

The analysis of log-periodic antennas is complicated due to the
mutual coupiing between elements. A model which avoids this problem
but which retains the'essential behaviour of the antenna is therefore
sought. To specify the reqﬁirements of such a model, the characteristics
of the antenna are séudied and some of ité more interesting properties
are highlighted.

A coupled line model is chosen which, although exhibiting the
desired proberties, is found to suffer with respect to the amount of
ripple on its characteristics. This is shown-to be an inherent property
of the method chosen to implement the log-periodic principle.

The model employed is found to have, associated with it, dispersion
similar to that of the antenna and the emphasis of the work is shifted
to utilize this. It appears that a possible uge is in pulse compression
techniques and exhaustive computations are made to obtain design data.
However, it becomes evident that an acceptable level of ripple on the
delay characteristic is not attainable in a practical design.

Another implementation of the log-periodic principle, the scaling
of a pole-zero configuration, is studied in the last chapter. The
necessary conditions for obtaining the required form of delay curve with
smooth response are derived and from these it is possible to construct
an impedance function giving satisfactory results over a limited range.

Computations based on this culminate in a suitable design procedure.
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CHAPTER 1

BACKGROUND THEORY

- l.1. Introduction

The work in this thesis originally started in the antenna field, the
idea being to study the log-periodic antenna in particular with a view .
to obtaining.néw parameters in order to simplify the design of such
structures. In the course of the work some of the more interesting
properties of these antennas were highlighted and a link between their
dispersive properties and their method of constructioh was established.
These properties gradually led us away from our original goal ;nd we
found ourselves immersed in the study of this log-periodic type of
scaling and its effect when applied to the design of delay lines. ILater
on it seemed that this problem could be approached from the more
fundamental viewpoint of scaling a pole-zero configuration-in a log-
periodic manner.

As these ideas led from one to another.it was decided to tackle this
report of the work in fhe same order omitting the minor digressions that
seemed to lead us nowhere.

In this first chapter on background theory-we will look at the
mathematical philosophy behind the construction of log-periodic antennas an&

establish the necessary conditions for their design.

1.2. Scaling Properties of Maxwell's Equations (Ref. 1)

Assuming a homogeneous, anisotropic medium and a time dependence of

_jwt

, Maxwell's equations can be written
VxE = jopH ) (1.2.1)
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where J(r) is the electric current source.
1f now the dimensions are changed by a factor p and the frequency by
a corresponding p-l, then the equations in our new coordinate system of

(x', y', 2') become

jo'pd! (1.2.1a)
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Now if we have

‘_T.(xs M) z) Q(PX', P.Y', PZ') = agf_'(x', y'! z') -
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then the fields in the primed system are related to those in the unprimed
system by the factor op provided the boundary conditions remain unchanged.
The condition J = o' implies the scaling of the source term in
accordance with the above equations.

As we are only considering perfectly conducting bodies and the
boundary conditions are unchanged, this implies that the geémetries of
the system are séaled in the primed system by p, by which the length and
frequency were scaled. When the above conditions are satisfied the
spatial field variations in the two systems are exactly the same when
expressed as functions of electrical length.

This leads us to the idea that the characteristics of an antenna
(e.g. pattern and impedance) remain unchanged if antenna and feed are
appropriately scaled from one frequency to another. We will now consider
the different methods of obtaining this condition exactly and also

apbroximately, as in the log-periodic structure.

1.3. Self-Similar Structures

A self-similar structure repeats itself at a sequence of frequencies



(or scéling factors) and is said to be self-similar at those frequencies.
Self-similar structures must of necessity be infinite in extent and must
glso have the origin as a limit point. This can be shown in the
following manner. |

Let the surface of an antenna structure be defined by the following

equation in polar co-ordinates

U F(r, 0,8) = a = constant (1.3.1)

This system has f-fold self-symmetry if it satisfies the egquation

F(rp , ©, 3 = a (1.3.2)

for a sequence pl, pz,......ep.

Field quantities scale at p frequencies determinable from a knowledge

of the qm's provided the source 1s scaled simultaneously.

(a) If a structure 1s self-similar at least for one value of p,
other than zero or unity, then it is self-similar f?r an
infinite sequence of p's. |

(E) The infinite sequence of p's must be log-periodic.

That is we require

in p, = In pm_P +pdn T . (i.3.3)

where p is a positive or negative integer, T = constant (usually less than
one); T is usually referred to as the log-period.

Now if equation (1.3.2) describes the same structure as that
described by (1.3.1) then it must be possible to scale again by p. By

use of thls argument it is possible to show that

('1.3.4)

i
O]

F(rgl, 0, §)

from which one can deduce that the structure is self-similar for a



seguence pl, p2,......qn,...... where

T o= —D and o= = (1.3.5)
Pn-1 QH—p
in the eguation
Paip = PaT (1.3.6)

In taking logs on both sides of (1.3.5) we obtain equation (1.3.3),
thus showing that a self-similar structure repeats itself at a series of
frequencies (or scaling factors) and also that a self-similar structure
must of necessity be of infinite extent and must have the origin as a

limit point.

1.4, Continuously Scaled Structures

Continuously scaled structures are not related in a cell-like _
manner by a sequence of scaling factors, but can be scaled by any numﬁer
chosen. These structures are characterised by their complete
impracticability in the aerial field except as a model for some types of
system from which one can obtain some idea of the actual equations
describing the system.

A continuously scaled structure is obtained from the limiting case -
of the 1og—periodi§ structure as 7 tends to unity; these special cases
are all found to be cones of infinite extent. If such a structure is
excited by a source of similarly scaling properties, then the
associéted fields will scale in a continuous manner. However, as stated
before, these find little use as wideband antennas without some
modification.

A more general class of continuously scaled structure allows
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rotation to accompany the scaling. The most convenient way of looking at
the continuously scaled structure is to view it as the limiting case of
the log-periodic structure.

Let the log-periodic curve be given by the equations

0 = o F, (v) | (1.4.1)
g = B +E,( (Lk2)

where
. 2L oI e z _ x/em (1.4.3)

= InT r *= r o
o o
and

F (r) = F(r+o2m with Fz(;) = Fz(;—l: om) (1.4.4)

are two defined periodic functions.

(a) Set Fl = F_ = O and we obtain a continuously scaled curve

2

given by the equation

which is a straight line or a generator for a conical surface.

(b) BSet Fl = 0, F2 = S(;), where S is a periodic function of

;, of sawtooth form, and we obtain in one periodic interval of ;,

S(r) = v for 0<T<om (1.4.5)
A‘s Fl =0

we have Q@ = Oo‘

and as F, = S(r)

we have = ?50 + T

or g7 = ?50 - (1.4.6)
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which is called the continuously scaled equation.

In effect tﬁis says that if we change é simultaneously with T such
that é - T remains constant, the resulting curve will again be
continuously scaled. This condition requires rotation of the azimuthal
angle é by éo = Zﬂ(;l - ) when r is changed to ;l' The curve that
results from this is an equiangular spiral.

A generél continuously scaled surface is obtained by using the
spiral curve as a generator. All of the resulting structures belong to
the spiral family. If now the azimuthal angle is held fixed during
scaling then thé equiangular spiral becomes a log-periodic structure.

The periodic counterpart of the conical spiral is the helix, whose
shape can be described by the equations

r=r

and

1}
N

p=2+9
in cylindrical co-ordinates, where
z = ZHZ/P

and p is the pitch.
If the helix is rotated by an arbitrary angle él then it maps into

itself if it is accompanied by a translation of pél/zﬂ.

1.5. Conditions for Log-Periodic Antenna Design

The necessary, but not sufficient condition for log-periodic antenna
design, is that the antenna structure and its feed satisfy the
self-similarity condition and hence the fields associated with the
antenna scale over an infinite sequence of log-periodic frequencies. This
therefore forms the fundamental basis of all broadband antenna design.

This ié not a sufficient criterion because it says nothing about the

frequencies between the log-periodic intervals. Thus nothing in this



criterion can guarantee a continuous scaling property over the entire -
frequency spectrum. No general criterion on the geometry of a structure
that has been established will guarantee the smooth performance of a
log-periodic structure over the entire spectrum, except for the
continuously scaled condition which appears to be sufficient but not
necessary. However, rotation must accompany scaling to get smooth
coverage. But this is impractical so we must also have the condition of
azimuthal symmetry. JIdeally this is impossible to do, but we can get
close with good design and appropriate excitation. On the other hand,“
if we have‘a rotationally symmetrical pattern we no longer require
rotation of the antenna and only then do we get a useful continuously
scaled strﬁcture.

To obtain a useful structure it must be possible to truncate the
infinite structure to a finite size without adversely affecting its
performance. That is to say that the end effect should be negligible
over the desired frequency band implying that the currents along the
antenné decay sufficiently by the time the end is reached. "It must be
noted that at present no criterion exist; for the geometrical properties

that will guarantee the lack of end effect.

12



13

CHAPTER 2

INTRODUCTION

2.1. The Antenna

Different analyses and theories support the qualitative behaviour
of the log-periodic antenna in transmission. Qualitatively it can be
described in‘the following manner.

Consider a dipole antenna fed by a parallel wire transmission line.
At a frequency such that it is a half-wave dipole it radiates well but its
radiation falls off rapidly either side of this resonance. VWhen the
frequency decreases the dipole becomes less than a half-waveleﬁgth and
loads the transmission line capacitively and when the frequency increases
the dipole becomes greater than a half-wavelength and loads the
transmission line inductively. If, for a certain frequency, a dipole is
fed with. a line loaded at intervals with capacitive eleménts decreasing
in value towards the dipole, it can be seen that the capacitively loaded
line will effectively guide the energy to the radiating dipole with
hardly any leakage. -

If the frequency is now increased one of the shorter elements will
become a half-wavelength and will radiate such fhat any energy getting
past it is attenuated gradually by the larger elements.

: Ndw we can split the antenna into fhree regions;
(i) the transmission region,
(ii) the active region,
(iii) the nonradiating, attenuation region.

The transmission region is a capacitively loaded line with, to a
first order, a certain capacitance per unit length, which effectively
matches thevfeed point to the active region where mOStAof.the incident

energy is converted to radiation; the little energy remaining which gets
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past is attenuated in the third region by the inductive looking dipoles.

1 (dipole element)

2 3 zr+l ~ hr+l -
. z, B hr -
hl r r%l
o© N
v é ) I ;L: — feeder 2z
| x
|
| :
!
; : ZI'-ZI'+1 _
| : Lh -
} 5 r
; r+1 >
<— dl—al < zr >

Fig. 1  General Form of Antenna

Above can be seen the general form of antenna being considered and
unless otherwise stated the symbols describing it will be used
throughout. The antenna consists of a feeder loaded at log-periodic
intervals with dipoles changing in length as given by the scale factor T.
Alternate elements are reversed mechanically to give an extra phase shift
of ﬁc, effectively producing a phase progressioh in the negative =z
direction thus causing the antenna to radiate in backfire mode over the
shorter elements. This method of feeding cancels the scattering due to
radiation over the elements greater than a half-wavelength long thus
improving the front-to-back ratio and the frequency independent

properties.

2.2. Its Uses and Idimitations

The characteristics of the log-periodic antenna, its moderate gain

of approximately 15 dB above isotropic and wide-band operation

.
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(theoretically unlimited) with respect to input impedance and constancy
of radiation pattern make it an ideal structure for a certain class of
coperation.

It finds one of its main uses in defensive work where it is
required to detect radio transmissions in a very wide band. Its application
in this field is quite straightforward, the only limitation being the
design of receivers with a comparable bandwidth. This is of course
obﬁiated by use of more than one receiver, connected to the same aerial,
which cover the different bands. The theoretically unlimited bandwidth of
the log-periodic makes it feasible tg)use just a single antenna for»all—
- round surveillance with the added advantage of portability.

Another main use is similar to the previous in that it is used for
surveillance of a wide band of frequencies. 'This ié in the radié—
astronomy field where log-periodic antennas are used as feeds for large
dishes or lenses used in séarches for new radio sources. The only
trouble here is that the phase centre of the feed (i.e. the log-
periodic) moves such that its electrical distance relative to its feed
point is independent of frequency. This will therefore cause errors in
focussing unless the feed is small compared with its distance from the
lens or reflector.

Of late log-periodic antennas of various types ha%e been finding use
as standards in measuring systems for other antennas. The most widely
used at present is the log-periodic tooth antenna having constant gain,
pattern and input impedance over most of its band of operation which
make it particularly useful in swept-frequency measurements. They are
mostly used at the lower miérowave frequencies where they can be made
with reasonably compact dimensions but not small enough to cause
tolerancing problems during manufacture.

Apart from these uses the log-periodic antemnna is playing an ever
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increasing, although minor, role in commercial television owing to the ability
to use a single antenna for complete coverage of all the transmitter
frequencies. The only problem encouﬁtered here is the size of the

radiation pattern because, being large, it is possible to pick uﬁ two

signals (direct and reflected) of comparable strength which may cause
'ghosting' of a severe nature. However, with proper positioning of the
antenna it is possible to reduce such effects to a minimum.

A final use to which these antennas~are put in very few instances is
the transmission of data at very low rates. Such a link could be that of
a newspaper picture transmitter where computer-type data rates are
unnecessarye.

The limitation of the log-periodic, like all wide—band antennas, is
the fact that it cannot be used for high speed data communication. This
is due to the transient bandwidth being much smaller than its steady
state counterpart. This is explained by Mittra (Ref. 1) in the following
manner. |

In order to satisfy fhe scaling condition the active region of a
log-periodic antenna moves along the structure such thaﬁ,if a pulse
consisting of a band of frequencies is applied, the high frequencies
radiate off from regions close to the apex whereas the low frequencies
have to travel further down the structure to their active region before
they radiate thus implying that they are delayed in time due to‘the
distance they have to travel.

However, Carrel showed (Ref. 2) that the loaded phase constant of
the line BL up to the active region is direptly proportional to the
free-space phase constant Bo and hence high frequencies would radiate
off at the same time as the low frequencies because BLZ is a constant.

It was noticed around 1958 by DuHamel and Ore (Ref. 3) that log-

periodic structures generally exhibit a characteristic known as the
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phase rotation phenomenon which has been verified experimentally. It can
be explained in the following manner. In feeding one of these structures,
if the phase of the electric‘field received at a distant dipole is
measured relative to the phase of current at the feed point, the phase

of the received signal will advance 180° as the structure is shrunk by its
scale factor (i.e. half a period). To put it another way, if the frequency
of the exciting signal is increased by the scale factor of the structure
and the phase is measured at the dipole while keeping the dipole at .

a constant electrical diétaﬁce from the periodic structure, the phase will
be delayed 180° relative to the phase of the feed current.

Now it séems odd that the connection between aispersion and the
phase rotation phenomenon has not been made long before now. As far as
can be seen, no indication of a possible link has ever been made. It may
now be seen that if this is the sole factor in the dispersién problem tﬁe
delay of the lower frequencies will be greater than that-of the higher
frequencies such that the phase delay is proportional to the log of the
frequency. “

The truth of this is observed from Figure 2 which is a plot of the
results obtained from experiments on two spiral antennas, one trans-—
mitting and the other receiving a pulse. This measurement of transient
response was undertaken by Pulfer_(Ref. 4) in addition to measurements
on other log-periodic structures énd he indicates that this is a general

trend of this type of structure.

2.3. Analysis and Design

The main problems encountered in log-periodic antenna design analysis
are firstly that the elements of the antenna are all fed from the same
line, secondly that the elements are not in a simple arithmetic pro-

gression, and thirdly that there are a multitude of different parameters
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which do not have a simple, clear-cut effect on the antenna performance.
All design analyses to date (there are only two basic forms) are
extremely complex and require a great deal of intricate computing. For

the sake of completeness the two methods are here described in brief.

(a) Circuit Analysis Method for Log-Periodic Dipole Antenna (Ref. 2)

This method is applicable if:

(i) Carter's formulation (Ref. 5) for calculating mutual
impedance between two elements holds for the structure; Carter's
formulation implicitly assumes that the elemeﬁt current distributions are
sinusoidal irrespective of their lengths.

(ii) The mutual impedance between two elements is not affected
by the presence of the other elements of the array.

(iii) The coupling between the antenna elements and the
transmiésion line may be approximated by an equivalent circuit of the
type discussed below. |

If all the above conditions hold, the field problem is partially
reducible to a circuit one. éalculation of unknown voltages and
currents in the.feeder line and the determination of the base currents
of the elements of the antenna may be’considered as the interior part
of the problem. The calculation of the far-field pattern, the exterior
problem, is then fairly simple with a knowledge of the element base
currents.

The connection of the dipole elements with the feeder is equivalent
to the parallel connection of two N-terminal-pair networks. One circuit
consists of the feeder with alternating, properly spaced taps, which
represent the terminals to which the elements are finally attached.

This can include a terminating impedance which is arbitrary and can be
used to test for end effect (see under 'Conditions For Log-Periodic

Aerial Design'). The parameters which describe the circuit are ZO the
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feeder characteristic impedance, Bo the feeder pfOpagation constant, g,
p and dl which determine the spacing and N the number of elements.

The circuit properties of the elements are similarly described by
an N-terminal-pair circuit. The elements of its admittance matrix are
deri&ed from the knowledge of the self- and mutual-impedances of the
dipole elements.

When the feeder and elements are connected in parallel a new circuit
is obtained, but the voltages at the respective sets of terminals are now
equal and if the complete circuit is now excited at its first pair of
terminals (labelled N in the model, i.e. the feed point) with a unit
current the matrix equations may be solved for the base currents of the
antenna elements. '

(b) Rigorous Solution of Maxwell's Equations (Ref. 6)

Maxwell's equations are solved for the Hertzian vector in cylindrical
co-ordinates for log-periodic antennas constructed from infinitesimally-"
thin, conducting, parallel tube elements. The solution is recognised
as being composed of two terms; a stéﬁding—wavé term (a Bessel function
of zeroth order) for inside the element and an outward travelling wave (a
Hankel function of second kind and zeroth order) for the exterior region.
As the solution is found for a single dipole and the solution is summed over
the elements to get the total field at a point, it is fairly obvious that
some difficulty will be encounfered in identifying the antenna surface with
the co-ordinate surface due to the finite size of the elements. The
required identity may be enforced by extending the metal dipoles to
both sides by two infinite, currentless, nonmetallic parts, wh05e
dielectric constant is identical to that of the outside space thus leaving
the physical situation unchanged. | |

The coefficlents in thé internal and external solutions are {C}
and {D} . The currents on the metal parts of the dipoles can be

expressed as Fourier series whose coefficients are {A} . Similarly the
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currents on the lengthened dipoles can be expressed as Fourier integrals
whose coefficients are {B} . Now because of the physical situation these
coefficients can be related.

Next it is assumed that the diameters of the tubes are small
compared with the distance between them which implies no angular
dependence of the radiation potential. The continuity of the tangential
electric field on the surface of the lengthened éntenna element in
connection with the condition for the magnetic field, in terms of the
current, allows for determination of {C} and {D} in terms of {B}1.

The eonditions for the electric field on the surface of the metal
antenna and the voltage conditions at the feeding points of the dipoles
still have to be considered. The former is satisfied by a Fourier
series with coefficients {G} , which are calculated by satisfying the
wave equation at the surface of the antemna. The latter is satisfied
by letting the electric fields just previously calculated equal the
electric fieids at the feeding points of the dipoles, amd thus knowing
the feeding gap the feeding voltages of the elements are defined. From
these conditions {G} is found in termé,of {B} .

An expression for {A} in terms of the feeding voltages is then
found from {A} in terms of {B} ’ {G} in terms of {B} and {G} in
terms of the feeding voltages. Apart from the feeding voltage at the
apex, all feeding voltages cannot be assumed, but can be calculated in
terms of the currents on the elements at the feed points from transmission
line theory. When this iz done and {A} are known the whole antenna

problem is solved.

Both of these methods, it can be seen, suffer from tedious and
costly computations. However, in an academic establishment, where these

were originally computed, the most excellent results may outweigh the
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cost. As far as can be seen these two methods are just mathematical
exercises with not much application to design, but more applicable to

the analysis of existing antennas. The antenna designer is still
designing his antennas using the nomographs first published in 1961 which
were derived from method (é). Without these it is practically impossible
to design a log-periodic dipole antenna with respect to choosing the best
values of parameters. It cannot be denied that these nomographs, if used
with care by someone with experience, can produce antennas of the highest
quality, but it is still necessary to make recourse to experiment to
adjust the'positions and lengths of the elements to obtain an optimum
designe.

It should now be fairly obvious that designiﬁg log-periodic dipolé
antennas using nomographs is not for the inexperienced as one woﬁld have
no idea where to start to obtain an optimum design with relation to
scale factor, angle at the vertex and other parameters.

‘As the previous methods have not been very easy to apply in terms of
desigﬁing an antenna of log-periodic nature, it was decided to
investigate another means by which this could possibly be accomplished.
Over the years the power of modelling techniques has been recognised to
be very high. Not only have these techniques furthered the understanding
of the operatioh of many devices being studied but have also thrown up
new, and perhaps useful parameters which facilitate their design.

This better understanding may be brought about and new parameters
may be discovered by the reduction of a three-dimensional problem to
a ﬁroblem of two- or even, on occasions, one-dimension, thus restricting
the system more and more and thereby reducing the complexity of the
characteristic equations. Pe?haps the model could give a new way of
looking ét a system and hence provide a new approach which may have been

disguised in the complex form of the original eqﬁations.
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When the work was started it was not clear as to which way it would
progress. Initially it was intended to look at the properties of the
log-periodic antenna and try to obtain a system that essentially
exhibited‘these properties. In setting up this system it was thought
that it could be arrived at without the complication of mutual coupliﬁg
between adjacent elements,so often fhe stumbling block of other attempts
at analysis. With such a system it was hoped that some new parameters
might be thrown up which could be ploughed back and used in obtaining
a better understanding of the antemna or even possibly in an actual
design procedure. If this had been successful it would perhaps have
been possible to investigate some of the still unsolved problems

associated with the antenna.

2.4. Summary

(é) The log-periodic condition is necessary but not sufficient.
The continuously scaled criterion isvsufficient (for infinite structures)
provided the pattern exhibits azimuthal symmetry. However, the
continuously scaled criterion is not a necessary one.

(b) A useful log~periodic design must produce reasonably smooth
performance in a continuous manner and not just at discrete log-
periodic frequencies. In this sense it approximates a continuously
scaled structure. Howevér, it may not geometrically satisfy the
continuously scaled equation even approximately.

(¢) In order to be practical, the fields along a log-periodic
antenna must decay sufficiently rapidly as one moves away from the
source. This makes the performance of the log—periodic structure
approximate that of an infinite structure, which has a lack of end
effect. However; no criterion exists, as yet, as has beeg previously

stated, on the geometricai properties of the log-periodic structure which
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will guarantee this behaviour. .

(a) The log-periodic structure is limited in application due to its
transient.bandwidth being much smaller than its steady-state counterpart.
This causes a wide spread in the frequency components of a pulse; the
low frequencies being delayed most, and hence its inability to transmit
pulses efficiently at a high rate limits its usefulness in high speed
data communication links, whereas its large steady-~state bandwidth would
initially imply that it could be used to great advantage in this field.

It is possible to link this delay with the phase rotation phenomenon
almost exactly.

(e) The antenna may be anglysed in many different ways. However,
the analjses applicable to desigﬁ of the antennas are extremely
complicated and as such, the antennas are still being designed using
nomographs, which are perfectly acceptable, provided an experienced
engineer is using them but which are hardly helpful to the ordinary
engineer. It would therefore be advantageous if a simpler method of
designing'these antennas éould be found. So it was decided that we should
look at the main properties of the antenna Qith a view to finding a model
essentially exhibiting these properties, but not invdlving the complication
of mutual coupling, thereby giving a simpler structure to analyse in

the hope that a new method for design may arise.
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CHAPTER 3

POSSIBLE MODELS EXHIBITING DESIRED PROPERTIES

3.1l. Antenna Properties

It is now necessary to look at the antenna in its dissected form of
transmission, radiation and attenuation regions to try to get an idea
of what is required of the model.

The active region is the main radiating section of the antenna
where the elements are of the order of a half-wévelength. The total
radiation is, to a good approximation, given by that which comes from
the three or four elements in thé active region. Being approximately a
hélf-wavelength long, these elements can be considered as resonant
circuits at a specific frequency and the radiation is given by the
radlation resistance for that set of elements.

As the frequency is increased or decreased the active region moves
towards or away from the smaller elements respectively, such that
it is always a constant electrical distance from the feed point.

These facts are borne out by experimental observations which show
that the currents in the group of elements iﬁ the active region are
considerably higher than the currents in the other two regions. Tig. 3
(reporduced from Ref. 2) shows a plot of the relative magnitude and
phase of element base currents.

The transmission region is the non-radiating, non-attenuating
region which effectively matches the feed point to the active region.
This region, being loaded with capacitive looking dipoles (i.e. shorter
than a half-wavelength) supports a bound wa&e on its surface where BL
is less than BO. This region can again be visualised as being loaded
at log-periodic intervals with se#i€S resonant circuits; below

resonance where they look capacitive.
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The attenuation region attenuates the remaining energy slowly so
that there are no reflections back ddwn the feeding line. This region
is comprised of inductive looking dipoles (i.e. longer than a half-
wavelength), and can be considered as series resonant circuits above

resonance, loading the line at log-periodic intervals.

0 , 0
’ amplitude Relative magnitude and
(aB) phase of element base cur-
600 rents vs z/ M at a mid-band
frequencye. '
500——— P = 0.888
s/ o = 0.089
OOA____HA_ o o - 17.50
¢0L+ N = 8
2, = 1000
300 n/a = 125
Short circuit 0.128X behind
200t element number 1.
—— cdlculated
100~A“_1 y 50 ¥ measured phase
! ?/2 element B measured amplitude
0 i i
O.Ll- 006 006 1.0 101
. z/k
A Fig. 3

If the antenna is thought of as a linear, passive network (Ref. 7)
with input terminals at the apex and output terminals at the

truncated end then it may be considered as shown in Fig. 4.

Pr (radiated power)

(input power)
P

5
D S
P

__———y.Pt

(transmitted power)

r
(reflected power)

Input plane '‘Output plane
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It is required that for the truncated antemna, the transmitted

power P,, be only a negligible part of the net power input, Pi - Pr' In

t,
other words the transmission coefficient 812 of the network must be small.
It is essential that the antenna configuration should efficiently convert

the power incident on the feeder to radiated power, Pr'

The radiating efficiency is defined as

Y = 5 -7 ) (3.1.1)

which becomes, in terms of the scattering coefficients

1-|s |s

| -
11

2
L= sy, ]

Ty = (3.1.2)
which is the radiating efficiency in the lossless case. In this case
it can be seen that for T, to be equal to unity (i.e. 100%) llelZ

must be zero.

Isbell measured the scattering matrix of the antenna (as a network)
and plotted the radiation efficiency as elements were added to the |
structure (Fig. 5).

It may be noted that as elements less thanAk/Z are added the
radiation is very small, rising to about 35%, until an element of X/Z
is added, whereupon about 8% of the input power is being radiated.

As further elements are added it can be seen that the
efficiency is not enhanced greatly, but it must be noted that thére will be
a minimum number of elements necessary in the active region‘to provide a
suitable front-to-back ratio at the low frequency limif (which is one
factor that must be taken into account when studying'end-effect).

From what has been sald previously it can bebseen thét alternately

reversing the phase of the elements down the structure does not simply
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Fig. 5 Radiating Efficiency vs Antenna Size

produce backfire radiation but also causes the phase rotatién phenomenon.
This gives a phase advance, at a distant point, proportional to the
logarithm of frequency.

Now over the bandwidth of the antenna the characteristics can bé
split into two parts; namely the internal and external behaviour. These
are summarised belows
Internal

(i) To a first order approximation the phase constant on the
loaded feeder is directly proportional to frequency (Ref. 2) and therefore
to the same approximation the phases of the element base currents are
delayed in steps of ™ down fhe structure.

(ii) The element base curfents are high in the active region,

falling off very rapidly, ideally to zero, in the attenuation region and
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more gradually, to a specific value at the feed point, in the trans-
mission region.
External
(i) Because of the mechanical inversion of alternate elements,
producing a phase progression in the negative-z direction, the antenna
radiates in a baékfire fashion (i.e. opposite to the direction of feeding).
" (ii) Over the band in question the radiation pattern and input
impedance not only repeat at log-periodic frequencies but also at frequencies
in between, thus giving an essentially frequency independent behaviour.
(iii) The phase of the received signal at a distant point is
such that there is a phase advance directly proportional to the log
of the frequency, giving rise to a time delay for the lower frequencies.
It is now possible to look for systems that essentially repfoduce
these properties but do not, as pointed out previously, involve the

complications of having to include mutual coupling.

3.2. Models

The first model of the log-periodic dipole antenna was conceived
by Carrel (Ref. 2) for his analysis of the antemma in terms of two
N-terminal-pair networks. The networks that Carrel considered are not
simply models giving a representation of the behaviour of the éntenna but
are more nearly the complete equivalent circuit of the system, one
circuit giving the characteristics on the feeding line and the other
the characteristics of the radiating elements in terms of their self-
and mutual~-impedances. Because of the complexity of the model and the
fact that it is very nearly the total equivalent circuit,it is to be
expected that'the results obtained from it agree with experiment to
a fairly high degree of accuracy, which is in fact the case. But it is
also fairly difficult to interpret the physical behaviour of the aerial

(i.e. the radiating mechanism) because it is almost as complicated to
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analyse as the antemna itself. Furthermore, in this case, it is
practically impossible to build a circuit equivalent to the network
equations for purpbses of experimental verification.

A second model which gives a clearer picture of the behaviour of the
antenna, with respect to the base currents of the elements, is that
due to Mittra and Jones (Ref. 8). They took a transmission line with
disﬁributed series impedance and shunt admittance, as laid down in
Ref. 9, such that the line became a continuously scaled structure. They
were led to their particular choice of these impedances and admittances
by the loading that the feeder sees dﬁe to a dipole and arrived at values
which give a strongly similar characteristic to the antenna. The active
region on the line corresponds to a resonance where the shunt current
becomes.high., The theoretical predictions of magnitude and phasé of
element base currents from this model agree fairly well with the mean base
current data due to Carell, provided the allowance is made for the
extra T phase shift, brought about by the mechanical reversal of alternate
elements. This model is impractiCal because it is difficult to build
due to the necessity for distributed elements.

A practical model has, however, been considered, consisting of a
transmission line loaded at log-periodic intervals with discrete
elements. For simplicity the case of zero mutual admittance was taken and
the nodal equations were set up from which the values of propagation
constants in cells can be calculated. Knowing these the values of the
voltages at the nodes can be calculated, and, under certain conditions
of loading, the line approximates the continuously scaled version and hence
approximates the behaviour of the log-periodic antenna. The required
condition is that the loading per uni£ length in the continuously scaled
case is equal to the loading at the nth section divided by the length of

the nth section in the discrete case.
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These models are fairly useful, the former in’the production of
design curves and the latter in understanding the mechanism of operation
better. The latter method is only applicable in solving for the element
base currents without taking into account the mutual impedance effects.

Considering one period of the log-periodic structure it may
be noted that at its resonant frequency the power on the line is coupled
out to the medium for propagation. Above this frequency the wave is
bound to the structure and below,it is attenuated by following sections.
The radiation is also in the negative direction (i.e. backfire). If a
critical look is taken at these propérties it may be seen that they
closely resemble the idea of a directional filter. Directional filters
have been studied for use as channel separators in application to

television (Ref. 10).

A

PORT 1o—————] - o PORT 3
ol FOURiPORT g
B NETWORK |

PORT 10— | L o PORT 2

i

!

A'

Fig. 6

Considering the general lossless, passive four-port network, Fig. 6,
the behaviour of the network as an ideal directional filter, where all
ports are fed with respect to a common line, is as follows. When a signal
is applied to port 1, the output at port 2 is equal to this at all
frequencies except the resonant frequency where the output is via port UL,
Thus at no frequency is there any output from port 3, there is no output
at port 2 at the resonant frequency and there is no output from port 4

except at the resonant frequency, the remaining property being that the
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circuit is symmetrical about the planes AA' and BB'. If there is
any loss in the circuit the resonance becomes broader, but ideally the
behaviour of port 3 remains the same. In this case the output powers
at ports 2 and 4 together add up to the input power at port 1 less the
power dissipated in the resistances in the filter.

Now it may be argued that if ideal filters are connected in
caséade such that the resonant frequencies of the elements in the line
form a log-periodic progression then at these log-periodic frequency

intervals the performance of the line will be unchanged.

/ dir;e?ional filters \

Do L] .

Ao | S — ',,B

Fig. 7 Cascaded Directional Filters

Reféfring to Fig. 7, a signal applied at ﬁort A will propagate
along the branch AB until it reaches an element which is resonant at that
frequency, whereupon it will be diverted into the branch CD and, because
of the symmetrical properties of the elements, will finally arrive at
port D equal in amplitude to the input signal. Now if the elements
conﬁain a resistance, equivalent to that producing radiation in the
aerial, each of the elements will exhibit a broad resonance, and it is
possible that the cascaded elements will provide an even response at
port D within the passband and a zero response outside.

It is possible to build directional filters'in many ways of which

two possibilities are presented below.
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The first method is to couple between two strip lines with directional
couplers. One type is shown in Fig. 8a, which is a plan view of the

etched conductor on the upperbsurface of a parallel plate strip-~line.

1 A - %3 LE - =3

15 B . =2 J— -
- (a) Vhen the loop is equal (b) Coupled lines with
to one wavelength two coupling loops
energy emerges at L. to give greater
selectivity.
N

Energy entering arm 1 excites a wave travelling.clockWise in the
1oop,*the parallel strips AA and BB having revérge coupling; The second
directional coupler removes energy from the loop via arm 4 of the network.
Resonance occurs at a frequency such that the loop is one wave-length
in perimeter and all the input power emerges from arm 4, while at
frequencies sufficiently removedlvirtually all power emerges via arm 2.
If the filter is properly adjusted, no power emerges from arm 3 at any
frequency, nor is any reflected from arm 1. These filters provide a @-
factor which can be increased by using more than one loop coupled to each
other in cascade, as in Fig. &h. It may now be seen that these may be
cascaded to produce a circuit exhibiting the maln properties found in

the log-periodic antenna, these properties being,
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b)

c)

d)

3h

adjacent elements are scaled by a constant factor,

the circuit produces a backwards travelling wave

within its band of operation,

the circuit, like the individual elements, have

theoretically constant input impedance (i.e. no

reflection at the input),

by heuristic argument the circuit should have a

smooth output response as in the case of the

antenna.

The second method is a fabrication with discrete circuit elements.

First consider the circuit in Fig. 9, consisting of two

symmetrical phase shifters and two symmetrical coupling networks [Z].

PORT 4 °

g = -n/2

© PORT 3

(2]

(2]

PORT 1 ©

g = +m/2

‘Fig., 9

- PORT 2

A general analysis of this circuit may be carried out by

matrix methods.

This analysis may be used to show that the coupling



network [2] can be selected to give the following behaviour.

When all ports are matched and a signal is introduéed at port 1,
there is no output from port 3 at any frequency. Also there is a
particular frequency, the centre frequency of the filter, for which
the only output emerges from port 4, and has zero phase shift with
respect to the input.

A circuit exhibiting this property is shown in Fig. 10,

-
——
e

PORT 4 SR ' PORT 3
o0 . C ==
o l c } C
= L L

%% U

-jR ~jR— - PORT 2

all ports terminated in resistance R

Fig. 10

Directional Filter Using Discrete Elements

35
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The centre frequency of the filter is given by

£ o= L (3.2.1)

© om JL(C + 2C )

and the loaded Q for narrow bandwidth and dissipationless elements is

given by

U.)OL C 2 )
9 = 5 5; : = | (3.2.2)

Looking at the expression (3.2.9) it may be seen that the value of
QL is directly proportional to frequency. Thus in a log-periodic cascade
of circﬁits the QL would vary log-periodically and hence give identical
responée in each period, and as the Q,L is theoretically arbitrary and
solely dependant on the load, R, the response of a caséade of elements
can be made as smooth as desifed.

Both of these methods effectively employ the idea of two coupled_
transmission lines to give the desired effect. .However, the first |
éase will be complicated to solve because the problem also involves that
of couplers in strip-line, and their effect in theory and practice are not
quite the same. In the second case the circuit is very complicated and
the equations would become very complex when the time came to study the
effect of loss in the network. This then raises the question,

'Is it possible to use coupled lines in a similar fashion and what are

the basic requirements to be able to do thig?!
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CHAPTER L

THE COUPLED LINE MODEL

L.1. Introduction

In this chapfer we shall look at the idea of using a coupled line
circuit a littlé further;w We sghall first look at the problem generally
in order to find any requisite constraints oﬁ any system we choose and
then we shall employ these constraints to build up a realisable
circuit. Next we shall go on to obtain equations for some of the
properties associated with the cases of an ideal and a.non—ideal circuit,

ideal meaning loss free and non-ideal including lossy elements;

L.2. Model Constraints

As was shown in chapter three it may be possible to provide a simpler
circuit model giving a representation of the- behaviour of the log-periodic
antenna by using the idea of coupled linés a little less qualitatively. |

Conéider a network with an input and an output port as shown
in Fig. 11. Let it consist, internally, of two coupled, lossless lines
emerging at the ports 1 and 2, where the input and output planes are
defined.

Now look at the network in terms of eveﬁ and odd mode Qxcitation.

Let the input susceptances in even and ddd cases respectively be Be and
Bo' Furthermore let the voltages and currents be subscripted with their
port numberé and superscripted with the even (e) or odd (6) mode

defining symbol.

PORT 1 COUPLED
LINE
PORT 2 NETWORK

Fig. 11
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For even mode excitation the input and output variables are related

to one another in the following manner.

=e - =e ’ ,
v, = v2 (4.2.1)
'I‘i = T; = jBe\_/i : (4.2.2)

Similar relations exist for the case of odd mode excitation,

equations 4.2.3 and 4.2.4.

Vl ‘= - V; (4-203)
To T0 oy TO -
L = -1 = JBOV; : (4.;.4)

The voltages and currents at the ports may be obtained by combining

the even and odd case excitations:

Vl = Vl + V‘i (40205)
V. = V& + W
2 2t %2
substituting from 4.2.1 and 4.2.3 gives
.‘-’ = Ve - ' el e
, = -7 | - (5.2.6)
= =e =0 iy TE i T
I, = I;+I = BV + JBov; o (h2.7)
o ~e , TO
12 = 12 + 12
substituting from 4.2.2 and 4.2.4 gives
I = BV . 3BT 4.2.8
L BV - 3B (4.2.8)
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Now for an ideal network there is, associated with it, a
characteristic impedance Zc (or admittance Yc) together with a time delay
T, arising from the propagation constant through the system. As the
network will allow a Bloch wave to propagate the identity describing this

action is, where T is the phase delay,

N<1|

=V exp(=3UT) (4.2.9)

In addition to this there are the identities

=
)
]
)

YW T © (4.2.10)

and

i
1
1
<t
i

YTy - T (4.2.11)

From equations 4.2.7 and 4.2.10 and equations 4.2.8 and 4.2.11 the

following results are obtained,

(3B, - YC)V:‘T_ + ( B, - YC)’v‘i 0 (4.2.12)

('4.2.13)

i
o

. e . 37
(3B, + YC)Vl - (JBO + Yc)vi

These are now two simultaneous equations in terms of the even and
odd mode voltages and for a solution to exist the determinant of the

equations must go to zero.

(JBe - YC) (JBO - YC) = 0
- . .
(JBe + YC) (JBO + C)
. - 3 P . A . oS - O
(Y_ - §B)(Y_ + 3B)) + (¥, + BI(Y - 5B)
2 -
ZYC + ZBeBO = 0
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Thus there is now a restraining condition on the circuit which

expresses a duality property between the even and odd cases.

BB = - Y° (4.2.14)

Now the delay characteristics must be studied. Beginning at

equation 4.2.9

exp(~ jul) =

< ’I\J<|

expanding this in terms of even and odd modes (equations 4.2.5 and 4.2.6)

gives’

7€

il

exp(;.jum)

= I

1
e
Vl +

kT e
- vi,’vl

byl Irée
1+ Vi‘/vi

n.

(4.2.15)

Now from 4.2.12 it may be seen that

W Lo B
-v'ie-_ YC » JBO

from which B  may be removed using the duality property (L.2.14) to

give ] -

=0

nooLk

7o = J3
1 ¢

= ib (4.2.16)



where

Be Yc
b = ‘Y—" = —'B—‘
(o} (o]

Substituting L4.2.16 into 4.2.15 gives

1-7ib

exp(-Jul) = 575

(1-b2) - iob
1 + b2

cos(ﬁm) - j sin(ul) =

from which

2b

tan(u[[‘) => >
1-b

Thus the result in terms of the normalised susceptance is

tan(ul/2) = b C (h2.17)

L.3. A Practical Model

It is now possible to take the simplest representation of a
transmission line in the even excitation case which consists simply of
series inductances and shunt capaciﬁances. A fequirement of this line
is that its charagteristics reproduce at log-periodic frequenéy inter-
vals for the case when it is infinite in extent. If this line behaves
correctly then there will be hardly any end effect and so the
truncation of the line will not affect its performance to any great
extent around its mid-band frequencye.

To obtain characteristics which reproduce at such frequencies in
the infinite extent case, it is simply necessary to scale the discrete

elements such that the series inductors and shunt capacitbrs vary in a

41

log-periodic manner along the line and if end effect is minimal the same
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will élso be the case in the truncated condition. This deals with
one of the lines quite simply.

Now the line in the odd excitation case may be constructed, if the
form of the even éxcitation case is known, by employing the duality
property discovered previously (4.2.14). If the even excitation line
has a series inductor for its first element, from the duality condition,
the odd excitation line must have a shunt capacitor as its first element,
related to the value of the }nductor through the charécteristic impedénce
of the network; As the relation between the values in the two lines is
a simple multiplying or dividing factor involving the characteristic
impedance it can be seen that the values in the odd excitation line will

scale in a log-periodic fashion similar to the even excitation case.

e 0
1 1
e 1 A A0
by — ¢ F I,—— T4
- 2] o
Fig. 12

Consider the two circuits in Fig. 12 where one represents the basic
section of the even case line and the other the basic section of the
odd case line.

For the even case the input impedance Ze is given by

: . 1 1+ sZL‘ici
Ze o= SLl + ~ = o (4.3-1)
sCl sC1

and the input impedance in the odd case Zo is given by 1/Yo where
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° 1 - 1+ s LlC1
sL : sL
1 1

(4.3.3)

which gives, on substitution of 4.3.1 and 4.3.2

o} 2rENE
z2..fl(l+SLlcl)  (4.3.4)
c ce (1 + 2 OCO) i
1 571y 0y

Now ZC is a characteristic impedance and as such it should have no

frequency dependence. Therefore, from L4.3.4, it can be seen that the

LlCl products must be equal, i.e.

LEC?_ = Ig(}'?_ . " (4-3-5)

in which case

0 246
L = chl | (4.3.6)
and similarly
o _ e /52
¢} = I/2] (4.3.7)
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Knowing Ll and C., together with the characteristic impedance Zc’ two

1

lines may be constructed to represent the cases of even and odd mode
excitation. These two lines are sketched in Figs. 13a and 13b, and are
shown with loads at their ends which may be employed in testing for end

effect.
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Now that the two forms of the network are known under even and
odd excitation conditions, a circuit must be constructed which reduces-
to these two forms under their respective excitation conditions.

If a transformer is excited with even énd odd modes it will present
a different impedance to the generatof for the two modes. Thus it may
be possible to use a transformer to represent éach of the inductors in-
the lines under the different excitations (i.e. when excited with an
even mode the first ﬁransformer will reduce to L1 of Fig. 1%a and when ‘
excited with an odd mode it will reduce to chl of Fig. 13b). If this
can be done it can be seen that in the even case the first component in the
line must reduce to an open circuit and in the odd case it must reduce
to a capacitor invshunt. |

Considering three wires, A, B and GROUND, as depicted in Fig. 1k,
to which thé various components must be attached in series or in
shunt, it is obvious that under even excitatién_there is effectively no

potential between A and B, whereas under odd excitation there is twice °
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GROUND

Fig, 1L

the potential between A and B as there is between A or_ﬁ and GROUND.
Thus it is possible to connect a capacitor between A and B which is
effectively absent under even excitation conditions, as there is no
potential between its ends, but under odd excitation conditions its
centre is effectively grounded and thus it appears at twice its value
between A and GROUND and between B and GROUND,

From the above discussion it is possible to construct a circuit
. glving the desiréd results. The circuit is depicted in Fig. 15, where,

basically, there are two transmission lines coupled to one another via

coupling capacitors and the mutual inductances of the transformers.
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The circuit in Fig. 15 reduces to the two forms sketched in
Figs. 16a and 16b for‘the cases of even and odd mode excitation respectively.
In these cases, mutual inductances of the transformers are defined in
such a way that current flowing into the inductors from the terminals
‘in one branch induces a voltage in the other branch which is more
positive towards the terminals. Generally speaking this circuit is only
correct if it is of infinite extent. However, if the line is going to-_
exhibit the pr;perties of the log-periodic antenna, trﬁncation should‘

not affect its performance to any great degree.

L - -

L1 + M1 L2 + M2 1 Ml L2 M2
500" 7000 --- e O™ TOE- -+
| il .

C—— — —=2C L
b3 57 =2 1 —r7202 + C3
[ -——— o _——
EVEN ODD
(a) (b) 5 N
Fig. 16

If now these circuits are compared with those in Figs. 13a and 13b

the connection between the two sets of lines becomes obvious:

Even Case
- ’ 7 - /
le = L1 + M1 C1 = C3 (4.3.8)
0dd Case
Ll / | : 2 7 /7 .
;2- = 201 clzc = Ll - Ml (4.3.9) |
c

or, putting it another way, for the circuits of Figs. 16a and 16b

’ ’r 152 152 1f _ w/ ' 0
L1+Ml = 201Zc and cszC = L1 Ml (4.3.10)
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Now constructing the even case log-periodically with a scaling factor

T and letting L{ ¥ M{ = L and cé’ = C the circuit shown in Fig. 16a

becomes as shown in Fig. 1l7a.

> C— Cf 71— 2L EVEN
/T C/T T CASE

Fig. 17a

. / . !
Now letting L/Zi = C  and letting CZE = L ‘the 0dd case circuit

as shown in Fig. 16b becomes as shown in Fig. 17b.

/ ; .
' L L'/« L’/ 72
: L) o~ g
4 7 A s A1y ODD
—— - —_— =
ZO C C/T ¢/ CASF
G— —
Fig. 17b

L.L, Basic Analysis

From the work done in section 2 of this chapter it can be seen that
it is unnecessary to analyse the circuit shéwn in Fige. 15 in full; it is
simply a matter of either analysing the even or the odd case reductions,
as everything is given in terms of one of these and the characteristic
impedance of the network. Thus it was decided to choose the even case
‘and work solely on that.

Now consider one section of the even case at the nth input plane as

in Fig. 18.
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Fig, 18
Zin is the input impedance at the nth input plane and Zin—l is
the ippﬁt.impedance at the (n-1)th input plane. Now the matrix
equations may be written down for the systenm,
- 1
Vin 7 Zo|ftie ‘
= . (Ll'ol'l'cl)
Vin-1 Zon Zoo||™tin-1
where
S L O
11 n sC ' T22 gC ' "12 21 sC
n n n
Expressing the load condition as an equation
Viner = hinaa%ina (4ol 2)

from equations 4.4.1 and 4.4.2 the input impedance at the nth input

plane may be calculated as being

in-1

From this equation it can be seen that it is advantageous to know

Zin—i before Zin in any calculation and on consideration of ease of



analysis it would seem best to begin at the end of the line distant
from the terminals and call this the first section as in the case of
the antenna. Letting the components in this section be labelled Ll
and Cl the components of the nth section will be Ln and Cn and w&ll be
related to those of the first section by the formulae

n-1 n-1 -

Now letting the input impedance at the nth section be Zin the

circuit will look like that in Fig. 19 where the ladder is terminated in

the admittance YL and consists of N sections. Again the admittance YL
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is put in to test for end effect althoughrif the circuit behaves correctly

there is no need for it. However, it may prove useful, later on, to

employ-it in the study of truncation.

SECTION N SECTION 2 SECTION 1

I - ! [
o O - =~ —

. ——

o I L c. L

{ e | CT 1T %L

1 | [

| e I o
M l !

| |

- o 1
2N B i1
Fig. 19
Looking at equation L.4.3 it becomes obvious that the input

impedance of the line ZiN is given by the continued fraction expansion

9. = &L 1 1 1 1 1

- + saesene (404.5)
iN N sCN + sLN_l + scN—l + SLl + scl + YL .
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4,5, Non-Ideal Case

The foregoing analysis has been for ideal lines and circuit components
where there are no associated losses. However, an analysis for the non-
ideal case will proceed along the same lines. Consider the coupled

lossy-line network of Fig. 20.

al —_—
PORT 1 e COUPLED
al . LOSSY-LINE
PORT ™ =] NETWORK
b 2“"‘
Fig. 20

Letting the signals entering the network be represented by aq and

a, and those emerging from the network by bl and b2, the even case can
lbe written as |
aq ; a, _ (4.5.1)
by = geal = b, . (4.5.2)
and the odd case as
8, = - &, (4.5.3)
bl - N = - 'b2 (k.5.4)

where pe and po are the reflection coefficients for the even and odd
cases respectively.
Combining these to get the total response (designated by the

superscript t) gives the following
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a§ = 2a1 (4.5.5)
az - 0 (4.5.6)

b = a(p + p) (4.5.7)
1 1" %e o) )

b = a(p = p) : | (4.5.8)
2 1 %e o : s

Stipulating a condition for no reflection at the input port leads
to the condition that the reflection coefficients must be equal and

opposite

p = =~ 9p - (40509)

e C
pe = + 7 (4-5-10)
e e
BN | | |
6 = 7 75 | A (4e5.11)
o c : _ .

where Ze and ZO are the impedances presented to the even and odd modes
respectively and ZC is the characteristic impedance of the network. The

condition (4.5.9) leads to

2 -7 72 -7
e c c o)
2 +2 T 4 + 7
e c 0 c

Z 2

1
uy]

(4.5.12)

Thus it is now seen that the constraint on the non-ideal case is

identical to that on the ideal case. FEquations 4.5.9 and 4.5.5



substituted in 4.5.8 gives the expression for the output in terms of

the input

t t
by = pay (4.5.13)

.and if ¥ is the propagation constant of the network

On comparing the two equations

| 1.3
e’ = P, = TTET (4.5.15)
ce .

and if Y= - o - jB (@ and B are attenuation and phase constants)

_ 1 - ZcYe
o+ jB = - cln T+ 27 (4.5.16)
c e

The above is an expression from which the phase, phase delay, group
delay and.attenuation may be derived. In the expression cln represents
the complex iog, B is the phase, o is the attenuation in nepers, the
phase delay Tp is given by B/w and the group delay Tg is given by
dg/dw. |

L.6. The Non-Ideal Model

It is obvious from the previous analysis that the non~ideal case is
a simple extension of the ideal case and the forms of the even and odd
case elements of the network can be drawn immediately as in Figs 2la

and 21b, téking Fig, 12 as the basis for comparison.
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A M- N
oA o o S ——— AN ——0
_ ;Ge o= ge‘i | ODD

EVEN C

= o

(2 )

Fig, 21

The relationships between the elements are as foliows

o e, 2
Ll = ClZC (a)
0 e, 2
R = G7 (b)
(4.6.1)
o) e 2
Gl = R1 / Zc (C);
e} : e 2 ;
c] = Ll/Zc (a)

To make the analysis simple the non-ideal equivalent of Fig. 15 has
two equal resistances in the primaries and secondaries of the trans-

formers so as to give them equal Q-factors (Fig. 22).

GROUND

Fige 22
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The circuit for analysis is derived from Fig. 19, where-inductors
are replaced by an impedance Zn comprising an inductor and resistor in
series and capacitors are replaced by an admittance Yn comprising a
capacitor and conductance in shunt, Fig. 23. By a similar extension
applied to equation 4.4.5, the input impedance of the line ZiN is given

by the continued fraction expansion

1 1 1 1

Z. = + XXEX) (’4’06'2)
iN ZN YN + ZN_1 + YN;l + Zi + Yl + YL '
ISECTION N 'SECTIOﬁ'z | SEQTION 1
] . N | .
[ } Z [ -
TN i nE! -0
! |
] l I
| Y ' v |! Y T
! N I 2} 1 L
| l |
| | |
o— S | .
>
ZlN Zi2 le
Fig. 23

Above is shown the circuit for analysis, where the Zﬂ's are series
inductances and resistances and the Yn's are shunt capacitances and

conductances.
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CHAPTER 5

COMPUTATTONS AND CONCLUSIONS

S.1l. The Ideal Line

A general program was written to do calculations usiné the equations
developed in chapter 4, parts 2 and 4. The program was fed with the
component vélues of the end section of the even-case line, the
characteristic impedance of the network, the number of sections in the
line and the scale factor, from which it computed the input susceptance
of the even-case line, using equation 4.4.5, over the bandwidth of the
line. Using these values of input susceptance the program caiculated,
via equation 4.2.17, the phase WL and the phase delay T. The program
also contained a differentiating routine which was used on the phase to;\
obtain the group delay.

In similar fashion to most network calculations it was decided
to normalise everything. So, the characteristic impedance of the network
was chosen as one ohm and the LC products of the first sections of the
two cases (even and odd) were taken as unitye.

Now, taking two values for the first section of the even-case of
1Henry and 1Farad, the first values in the odd~case are 1Farad and
lHenry. As both even- and odd-case inductors are unity, from 4.3.8
and 4.32.9, it can be seen that the mutual inductance of the transformer
in the network is zero, from which it can be said that the coupling
coefficient k is zero. Coupling coefficient is defined in the usual
manner of M = kvﬁ;f; where M is the mutual inductance and Lp and LS
are the inductances of the primary and secondary respectively.

Two more cases were considered for the ideal line in which the
element values of the first section of the even~case line were 1.6

Henries and 0.625 Farad for the one line and 2.0 Henries and 0.5 Farad
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for the other line. From these the odd-case values can be deduced from
the duality property and comparing the values of the inductors in even
and odd cases, again via equations 4.2.8 and 4.2.9, the coupling in the
two cases can be deduced. These two values are respectively k ; 0.4l
and k;_-é 0.6.

Thus now in the three examples of ideal lines there is a spread of
coupling coefficients of 0.0, O.44t and 0.6. A typical log-periodic
antenna giving a fairly smooth response was found, this being a 15
element antenna with a scale factorqof 0.8. These dimensions were copied
giving lines of 15 elements long with a scale factor of 0.8 and initial
circuit values as laid down previously. The results for these lines are

presented in Figs. 2ha, b and c.

5e2le The Non-Ideal Line

A second program was written to compute the equations of chapter L,
parts 5 and 6. The program was again fed with the component values
of the end section of the even-case line, the characteristic impedance
of the network, the number of sections and the scale factor from which
it caiculatéd the values of the input admittances of the even case>line,
usiﬁg equation L4.6.2, over the bandwidth of the line.

These values of input admittance were then employed in the
manner of equation 4.5.16 to compute the attenuation and phase of the
network. From the phase it was poséible to compute the phase delay and,
again using the differenfiating routine, the grow delay.

To obtain a fair difference between the resistance and conductance,
a characteristic impedance of 100 ohms was éhosen.' From equations
L.5.1 it can be seen that if Ri and Ri are equal then it implies that
Gy and G;

as unity.

are also equal. In this case again the LC product was taken
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Now using a Q-factor of 20 between Rl and L, of Fig. 22, for

1

the case of no coupling two relations can be derived from equations 4.6.1,

these being

e e
R w I
—1" = ZCZ ~and Oel = Q = 20 (5.2.1)
Gl Rl

As the LC products are unity, w is unity in 5.2.1 and choosing L;

as 100 Henries, ¢S is obviously 0.0l Farad. Now Ri and G are Ffixed

1 1
by the relations 5.2.1, from which the values of the other components
can be calculated and in this case are Li = 100 Henries, Ci = 0.0l Farad,

Ri = 5 ohms and Gi = 0.0065 mho; again the line is 15 sections long with_
a scale factor of 0.8; the Q-factor of the primaries and secondaries

of the transformers in the network is 20, the characterisfic impedance

is 100 ohms and the transformer coupling is zero.

In similar fashion to the ideal case a range of coupling coefficients
was required. Taking the same values of k = 0.0, O.44 and 0.6 similar
values to those of the ideal case are obtained for the inductors and
capacitors only differing by a scale factor equal to Zc' Uéing'these-Values,
the primary, secondary and mutual inductances of the transformers can
be calculated, from which, knowing the Q-factor required, the values of
i and Gi |

From the above considerations the values calculated for the two

R can be found, again via the relations 5.2.1.

cases were, for the one line LY = 160 Henries, C°

, | 1 1 = 0.90625 Farad,
Ri = 5.563 ohms and Gi = 0.0005563 mho and for the other line Li = 200

Henries, CJ = 0.005 Farad, Rj = 6.25 ohms and G = 0.000625 mho.
The results for these lines are presented in Figs 25, 26 and 27.
For quick reference the first element of each of these lines is drawn

out with the values of its components in Fig. 28 and a flow chart of the
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program used for obtaining the results can be found in Appendix C.

5.3, Discussion of Results

From Figs 24a, b\and ¢ it is fairly obvious that the inferesting
portions of the curves is confined between 0.05 and 5 Hz. This regidn
can clearly be divided into two subsidiary regions, these being firstly
where the responSe oscillates about a delay which decreases with
frequency and secondly where it oscillates about a nearly constant
delay. It can be seen that the curves are very similar to equiripple
approximations of delay lines in the flat region, which was to be
expected, alfhough the oscillatory values of delay were not expected
to be quite as large.‘ As the coupling between the lines becoﬁes
tighter it can be seen that the oscillation about the mean becomes very
much greater,‘which would imply £hat for the least ripple'a very loose
capacitance coupling is much to be desired. The decrease in delay with
increasing frequency is very much as was exéected, and apart from the
impressed ripple, resembles the results for the 16-turn spirals of
Pulfer (Fig. 2).

In the curves for the non-ideal lines it would seem that the
coupling between the lines does not have quite the same effgct on the
amount of ripple present as it does in the ideél case becauge the rippleA
factor is smaller fér both k = 0.0 and 0.6 than it is for k = O.4L, thus
suggesting that for low ripple factor the lines should be very tightly
.coupled or very loosely coupled. The attenuation curves appear to
follow very closély the pattern of the group delay curves and are as
such fairly oscillatory. It is seen that the attenuation is largest
for the lower frequencies where the wave penetrates the network to the
greatest extent and that as the frequency increases the attenuation
falls of at.a rate detefmined by the depth of penetratioﬁ of the wave

in the network. At the highest frequency where the wave penetrates only
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the first section the attenuation essentially drops to zero as do the
group delay and the phase delay.

At this point in the work it would seem that the network chosen.
could be studied with a view to reducing the ripple and obtaining a
set of.characteristics which more nearly represent the behaviour of the
antenna. As can be seen the characteristics appear to be very dispersive
and it was thought that rather than try to change the line in order
to remove this dispersion it would be better to exploit this characteristic
for some other purpose. As such the emphasis of the work was taken off the
antenna and placed on the construction of delay lines with dispersive
characteristics as it‘was thought at the time that this method might
produce lines with better attenuation characteristics than are obtained
in lines at present. The type of line envisaged is that used in pulse
compression techniques.

To obtain gdod range resolution in a radar system it is necessary
to have a sharp pulse transmitted and for large ranges it is ﬁecessary
that the pulse should have high peak amplitude in order to obtain
reasonable sensitivity. These two requirements give rise to a necessity
for transmitters capable of handling very high peak powers. One way
round this is to have a system whereby a long duration pulse with low
amplitude is transmitted and a receiver is used whiéh will transform
it into ghort duration, high amplitude pulse. Now it is possible to have
the same energy content transmitted in the long pulse as is transmitted
in the short pulse but obviating the need for transmitters that c;n
handle high peak powers. A receiver that will d§ this transformation
is known as a compressive receiver. The main constituent of this type
of receiver is the compression network which transforms a linearly
frequency modulated pulse into a higher amplitude, smaller time duration

output. The compression network essentially has a time delay versus
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frequency characteristic which is the complement of the signal waveform.
Thus when the sweptvpulse is applied to the network all the frequency
components emerge at the output simultaneously and add in phase to give
a high peak amplitude.

Thus the properties of the compressive receiver are high sensitivity,

good resolution and high probability of intercept.

S.he Effect of Various Parameters on Lines

It was shown previously that log-periodic lines could possibly_provide
a means of easiiy designing delay lines and possibly delay lines for
pulse compression radars. Two problems arise in this respect. The
first is that the group delay vs. frequency is not a linear curve if
“the lihes are constructed in the logarithmic manner deécribed. This
problem may be overcome quite simply by employing non linear F.M.
sweeps in the sweeping local oscillator of the radar. The second
-problem is that of ripple in the curves for group delay. This problem
is found not so simple to cure or avoid and as such a more exhaustive
set of computations were performed to give expénded curves from which
the following data is obtained. The curves afe similar to those of
Figs. 24 - 27.

The following comparisons were made for the case of the 15 section
liné at the sixth maxima and minima from the high frequency end of the
response of the lines, there being no loss in generality in choosing

these values due to the repetitive nature of the curves.

Seto1. Effect of the mutual

It may be seen from the preceeding work that the ripple on the

lines decreases as the transformer coupling of the lines is reduced to



67

zero. This raises the question as to whether or not this is still
further reduced for'negative values of coupling.
The computed differences may be seen in Table 5.1 where the

coupline coefficient is defined in the usual manner as k = M/QEPLS .

_ GROUP DELAY Q = 20
(SECS) COUPLING
MAXIMUM MINIMUM k
5'5 1'5 O.L].L[.
5.45 1.9 - O.hh
7.1 1.3 0.60
7.0 1.5 - 0,60
3.85 2.3 0.0
Table 5.1

From this table it appears that not much difference is made to the
maxima when the sign of the mutual inductance is changed but when it is
negative the minima increase slightly giving a smaller ripple, however
the change is fairly insignificant.

Making a similar comparison for the attenuatién giﬁes the values in

Table 5.2.

ATTENUATION Q = 20
dB COUPLING
MAXIMUM MINIMUM k
1.65 1.0 0.0
. 0.8 0.
2.95 i Table 5.2
2.80 1.05 - 044
4.70 0.8 0.60
L|-.6 1-05 - 0060
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It may again be seen that there is no significant difference between
the values for posifive and negative coupling coefficients.

As the negative mutual is simply obtained from the positive case
by interchanging the values of the inductors and capacitors between the
even~.and odd-case reductions of the network these results are hardly
surprising. The small differences in these truncated lines may be
explained by the difference in the form of the eveneland odd-case
sections (i.e. even lines begin with a series inductor and odd lines begin with
a shunt capacitor). It may be thought that because the lines are dual
there should be no difference in the values obtained, but this is only true
when the lines are infinite, the difference in the form of the section
being enough to cause the small errors in the truncated case.

In general it may be seen that as ﬁhe coupling increases soAdoes the
attenuation. Also, as the minima remain roughly constant and the maxima
increase with increasing coupling it follows that the amount of ripple
increases. Thus for a line exhibiting the lowest ripple it is necessary

to use a line which is free from transformer coupling.

For larger Q-factors the curves indicate that the attenuation
drops proportionately. The values in Table 5.3 are taken from the

curves for Q-factors of 20 and 200,

ATTENUATION COUBLING Q
dB

MAXIMUM MINIMUM k

1.65 1.0 0.0 20
0.165 0.10 0.0 200
2.95 0.80 0.L4l 20
0.29 0,08 0.l 200
L7 0.8 0.6 20
0.46 0.08 0.6 200

Table 5.3



69

1t is apparent from the above results that an increase of ten'
times the Q-factor leads to a tenfold decrease in the attenuation. This
is only to be expected as the Q-factor is defined in the parasiﬁicAsense,
leee Qo I/R and Qo G/C. Thus if the Q-factor suffers an n-fold
increase and L and C are kept constant then the resistance and -
conductance undergo an n-fold decrease and increase respectively.

The case of k ; 0.0, however, still gives the minimum attenuatioﬁ
and ripple.

A similar‘comparison for the group delays is tabulated in

Table 5.4.

GROUP DELAY
(SECS) COUPLING Q
MAXIMUM MINIMUM k
3.85 2.3 0.0 20
2,80 23 0.0 200
505 " l¢5 O-LIJ-I' 20
5.4 1.5 0.4k 200
7.1 1.3 0.6 20
6.7 1.3 0.6 200
Table 5.4

With increasing Q-factor the average value of group delay decreases
very slightly and so too does the ripple on the curve. The differénce
in the maxima of the group delay stem from the small contribution to
this from the cross;froduct terms arising from the resistive and
conductive parts of the expressions. It also appears that as the
coupling bécomes greater the effect of the Qéfactor becomes moré marked.

This is reasonable behaviour and is explained further in appendix A.



S.4e3. Effect of Zero Conductance

It is well known that usually in networks it is possible to use
capacitors which have very small conductive parts.
therefore made assuming that the only parasitic term present was that
of the inductors.

In Table 5.5 is a comparison between perfect;dual lines (i.e. those

that have both resistance and conductance terms) and zero-conductance

lines, which are not perfect duals, for Q-factors of 20.

This comparison was

At low values of coupling the average group delay and the ripple

of the delay curves is not very different for the two types of line

GROUP DELAY Q = 20 TYPE
(SECS) COUPLING :

PERFECT DUAL = P/D

MAXIMUM MINIMUM k ZERO COND. = 7/C
3.85 2.3 0.0 p/D
3,85 2.3 0.0 z/C
5.5 1.5 0.l p/D
5.4 1.5 0.4 z/C
7.1 1.3 0.6 P/D
6.7 1.3 0.6 z/c

Table 5.5

considered. As can be seen at a coupling coefficient of_0.6 the

differences are not very significant and in effect as the coupling increases
the ripple on the zero-conductance curve shows a slight improvement over
that on the perfect-dual curve. However, this should not concern us

as if the lines are to be used the one exhibiting the least ripple and

attenuation is that for a coupling coefficient of zero.
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The largest differences, as is to be expected, will be found in the
comparison between the attenuation of the lines. The computed values

for this comparison can be found in Table 5.6, again for a Q-factor of 20.

2

ATTENUATION Q=20
(o) pr— TYPE OF LINE

PERFECT DUAL = P/D

MAXIMUM MINIMUM k ZERO COND. = Z/C
1.65 1.0 0.0 P/D
0.80 0.52 O;O Z/C
2.95 0.80 0.tk /D
10.81 0.24 0.4k Z/C
47 0.80 0.6 E/D
0.9 0.16 . 0.6 Z/C

Table 5.6

Although the actual levels of these curves change,the shapes are.
unaltered (i.e. when plotted to the correct scale they match when
superimposed). . .

Taking the case k = 0.0 it appears that the attenuatioﬁ is halved
if the conductance terms are missing, which would imply that the
resistive and conductive components each provide half the attenuation.
Apart from this case, which should be fairly evident, the attenuation
appears to be drastically reduced if the conductances are made zero or

reduced in some way. This again is reasonably explained in appendix A.

S5.4.4. Overall Response

From what has been seen so far it is unlikely that the ripple may

be reduced by taking a Q-factor for the elements which is smaller
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although the average value of the attenuafion will be increased.

The ripple may be reduced by increasing the number of sections in
the same bandwidth such that the responses of the adjacent sections :
overlap higher up their skirts. This formula consists of changiné the
_scale factor to a value nearer to unity and at the same time
increasing the number of sections used. Some results were in fact
obtained which show that, for a specified bandwidth, increasing the
number of sections does reduce the ripple factor (pk. to pk. ripple/delay)
owing to the fact that the mean delay is proportional to the number |
of sectioﬁs used but the peak to peak ripple does not increase as fast.
This can be explained in the following mamner; if the number of sections
in the bandwidth is increased then the penetration of a wave into the
network, for a given frequency, 1s proportionately greater, thus

making the mean delay proportional to the number of sectioné.

5.4.5. Bandwidth of the Lines

Bandwidth in our case is difficult to define exactly as it is
dependent on what we are interested in.” As we are interested, at the
moment, in the section where the group delay decreases with increasing
frequency we shall define our bandwidth as that portion of the response’
between the maximum of the phase delay (being a simplef max. to find than
that of the gréup delay) and the first minimum from the high frequency
end of the response of the group delay; this we shall call the
fmeasuredf bandwidth, the word fmeasuredf merely expressing that the
vaiue is measured from the curves obtained from the computed delays. The
reason the maximum of the phase delay is easier to find is that it is
a smoother curve than that for the group delay, and as the computer cén
only work in discrete steps it is fairly obvious that the smoother the
curve the easief'the interpolation can be perfofmed for finding the

maximum.
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Consider a circuit that has a certain response H(Ql) at a
specific frequency Ui, and that the elements of the cirpuit can be
scaled by a factor T such as to give exactly the same response at a
frequency wI/T' If these two circuits can be put together in some way
such that at a frequency of w, the first part of the clrcuit is used and
at a frequency of uﬁ/T the second part is used, then, if the response
between these two frequencies is constant, the bandwidth will be given
by 1/T. In a similar manner if the first section of a log-periodic line
has the important part of its response at W and the line has N sectiéns,
then the iast section has the important part of its response at
wl/TN-l and the bandwidth is given by 1/TN;1. This of course is the-
bandwidth obtained when there is no mutual interaction between sections
and if the response in between is ignored (for a well constructed line .
this should be a smooth response). This bandwidth we shall call the
calculated bandwidth for purposes of comparison.

Now forrvarying scaling factors and number of sections the
calculated and 'measured' bandwidths are bound to differ because
sections of line are not autonomous. I; designing a line it is the
'measuredf bandwidth which will be realised and a palr of valuable
curves would be the ratio of calculated and 'measured' bandwidths -
versus scale factor and number of sections. The results of these com-
parisons are sh0wn in Tables 5.7 and 5.8, for 15 section, lossless
lines with zero mutual coupling.

It is apparent from Table 5.7 that as T increases towards unity
thé calculated and'fmeasuredf bandwidths become closer until they reach
a value of unity when 7 is unity. From Table 5.8, which is a set
of values for T = 0.8, it can be seen that generally thefmeasured'
bahdwidth.would be half that which is calculated. As T increases towards

‘unity the ratio of calculated and 'measured' bandwidths decreases but
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no matter what the value of N, the number of sections, the ratio is
constant. For example at a value of T = 0.99 the ratio is 1.19 and
remains very close to this figure whether the number of sections be ten

or a hundred.

SCALE FACTOR CALCULATED ' MEASURED! CALCULATED B/W
BANDWIDTH BANDWIDTH — |

r . Hz Hz, *MEASURED? B/W

0.8 22.8 11.3 2.02

0.85 5.73 . 5.3 1.85

0.90 4.37 2.6 1.70

0.92 3.21 2.0 1.60

0.95 2.05 1.28 1.60

0.96 1.77 1.14 1.55

0.97 1.53 1.0% 1.48

0.99 1.15 0.97 1.19

1.00 1.00 0.99 1.01

Table 5.7

NO.- OF CALCULATED ! MEASURED! CALCULATED B/W

SECTIONS BANDWIDTH BANDWIDTH :
N Hz Hz, 'MEASURED' B/W
10 745 3.49 2.1
15 22.80 11.25 2.0
20 69.40 31.50 2.2

Table 5.8



As there are no other parameters which can affect this ratio it
can be said that the only factor governing the difference between the
calculated and "measured' bandwidths is the scale factor 7. This

difference is tabulated in Table 5.7.

S.he6.  Input Impedance

In some delay lines the level of the delay can be changed by
varying the characteristic impedance of the line. In our case this is
not possible because if we look at the expression for the propagation
constant of the network we have

1-2%
¢+ jB = =~ cln E_:—EQTE

c e
where Zc is the characteristic impedance and Ye is the input admittance
of the even-case line. If now the input impedance of the network is
scaled by a factor n, then it should be obvious that the even
case admitfance should be scaled 5y a factor l/n such that we find
ZcYe is invariant to changes of impedance levei. Thus the whole
expression for the propagation constant is also invariant to chaﬁges
in impedance level. This gives the added advantage that the netwofk can
be operated between any two equal impedances that might be
specified simply by scaling the elements in the network.

We have seen»that the parameters of the circuit cannot be varied

5

in any way to change the amount of ripple that appears in the response of

the lines. Therefore we must conclude that it is inherent in the method

of construction (i.e. logarithmic scaling) and also on the type of section

used to construct the line (i.e. all-pass, band-pass etc.). This aspect

is looked into in greater detail in appendix B.
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5.5. Conclusions

As has been seen from the previous work and the analysis presented in
Appendix B, the ripple associated with the log-periodic line is inherent
in its method of construction. At this point we could désign deiay
lines for  compressive receivers with the data accumulated so far,
but to do so would be an exercise of little worth. Although we would
be able to obtain attenuation characteristics for the lines which compare
favourably with those in use at present we would not be able to fulfill
the stringent requirement on the delay characteristics; pulse
compression networks require a delay characteristic which deviates by
not more than about two percent from its required value. Unfortunately
the attenuation and delay are not characteristics which can be
traded off against one another; a delay is required within the two
percent limitation and a low attenuation is an added advantage but is not
necessarye. Thus it would seem that the conclusion to be drawn is that
whereas this method of construction may be useful for very aﬁproximately
obtaining a delay which ié inversely proportional to frequency, the
restrictions arising from the behaviour of a pulse compression network:
make it an unviable proposition.

This method of construction, therefore, would seem to be a poor
approximation to our requirements. However, there exists another
possibility of approximating our delay which we will look into in the

next chapter.
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CHAPTER 6

AN ALTERNATIVE APPROACH

6.l. Introduction and Formulation

It waé shown previously that a log-periodic cascade of sections in
an infinite}y long network enables us to obtain a delay which is
proportional to the inverse of frequency. These networks are obtained by
taking a basic section, scaling the element values and cascading the
resulting'scaled sectionsi An approximation to this delay is obtained
by simply truncating the network at a suitable point. In an infinife
cascade of such sections the poles and zeros of the network would be
distributed in a log-periodic fashion, which leads us to an alternative
approximation technique. If we were to apply a similar idea of truncation
to a log-periodic distribution of poles and zeros a similar result for
delay should be apparent. It is therefore proposed, that in'this chapter,
consideration should be givenvto this approach.

The even case susceptance arising in the previous work is simply
equivalent to the diagonal arm element of a constant-resistance, lattice
network, the lattice being a self dual structure. The phase characteristic

is given by the expression

1

B = 2 tan xs (6.1.1)

where XS is the reactance of the series arm of the lossless lattice.
Now let us consider the type of characteristic which we are looking
for. This characteristic is a group delay which is inversely

proportional to frequency, which can be written

. . 48 _ Kk ~ ' (6.1.2)
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where k is a constant.

]

This expression can be integrated to yield

B = k in Aw . ('6.1.3)»

where A is a constant of integration, and on combining equations 6.1.1

and 6.1.3 we obtain

k 4n Aw

it

> tan TX
S
or

X = tan(k/2 4n AwA)“- (6.1.4)

Ignoring for the moment the fact that Xs is not algebraic and
proceeding on the. grounds that we are likely to get a good indication
of the finite network behaviour let us measure phase with respect to
the value at w = 1. We will find from 6.1.3 that A = 1, and looking

at equation 6.1l.4 it is possible to see that Xs has zeros when

/2 In'w = nan . n=0,+1, +2,.....
i.ee
dnw = 2nﬂ/k
or
w = a" a>1
where : (6.1.5)
Ina = 21'r/k |

It can also be seen that there will be poles of Xs at values of

W given by

}(/2 oe/n w = (2Il+l)'|'|'/2 n = O, i 1, _t 2,.0.'..
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dn w (2n+1)ﬂ/k
or

o = a0t% (6.1.6)

Thus XS has the form shown in Fig. 29 where the curves become more

closely packed as @ tends to zero and more openly spaced as W tends to

infinity-
- -
X a'é a'5 a’15 ejé a%, a§é
SA | !
0 =
-2 a—l 1 a a2 W

Fig. 29

It is fairly evident that the function 6.l.L4 cannot be realised as
it stands because it is undefined for negative ® and is also undefined for
W equal to zero. If this impedance function could be realised the
lattice would exhibit constant-resistance, all-pass characteristics with
our desired delay, over an infinite bandwidth.

However, in practice we do not need a network which will work over
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an infinite band and the curves in Fig.29 are of promising form to

enable us to make slight modifications. Taking a finite number of

cycles of XS, equally distributed about @ = 1 and making Xs an odd
function we would expect to end up with almost the same result as for the
previous case, that is with a delay inversely proportional to frequency,
but only over a certain band. The curve will then be of the form depicted

in Fig. 20 and a suitable function of this form is

m
k [ (% + azn?
z (s) = = | (6.1.7)

s ] (2 + &

I=-m

where 2m+l is the number of cycles of XS.

X
5

Fan
N4

The curves for negative W are
reflections of those for positive
w, first in the XS axis and then
in the w axis.

Fig. 20

If we now evaluate equation 6.1.7 at a logarithmic step higher (i.e.

at a.s) we have
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‘N

Zm(as)

N=-m
m-1

o |

( 52 21‘-1)

+ a
r=-

2 —2(ﬁ+1) 2 om-1
'Z 's +a os +a sl e
a.2 (s). = (o) ° 2 om _ (6.1.8)
s + a . s + a

and if, at midband frequency, the following conditions hold

a—(m+l) (m~1)

s >> Ja. s << a.a

the right hand side of 6.1.8 reduces to Zm(s) and gives us
z (as) = 2 (s) (6.1.9)

Thus we have seen that if pf is the position of the rth pole and

z, is the position of the rth zero such that the conditions

y = >
p. %rl¢a a>1

and . ‘ (6.1.10)
Zp T 8%

are valid, then around the midband frequency, scaling of the frequency
by the same factor used in scaling the pole-zero diagram leads to an

impedance function which essentially repeats at these scaled frequencies.
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It must be noted however, that this will not guarantee smoothly
varying delay characteristics at intermediate frequencies and as such it
is a log-periodic function.

Let us now look at the expression for Zm(s) again with a view to
reducing the amount of work required in calculations. As our midband
frequency is at w= 1 and scaling is performed logarithmically
equally above and below this frequency we would expect that it should-
only be necessary to work on one half of the characteristics.. To see
this let us calculate the value of 6.1.7 at, instead of s, an equal

logarithmic interval below w = 1, that is at l/s.

m
TT (1/52 + a2n)
il

1
Zm( /S) = N e l 2 2r+l | Y
= T /s + 2™ :
s .
r=-m .
m
1T (1 + SZazn)
- n=-=m
- m=1
5 TT. (1 + S2a2r+l)
r=-m :
m om
'TT (a_Zn + sZ) TT a2n
- N==-m Ne-=m
- m=1 m-1
s TT (a—2r+l . 52) TT a2r+l
r=-m r=-m
m
. 1 n=-=m
ieee, B /s) = o
s TT (s + a )
r=-m

Thus we have the result

Zm(s) = Zm(l/s) (6.1;11)
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From this result is is obvious that it is necessary to calculate
responses for only half of the frequency range as the other half is given
by the simple relations 6.1.1l. These say that, on a logarithmic

scale, the responses either side of W = 1 .are reflections of each other

in the line W = l.

6.2. The Delay

From 6.1.1 we have the result

tan(B/z) = X

and the group delay is given by dﬁ/dw in which case we have

2X '( w)
S

'Tg(w) = (6.2.1)

1+ Xz(w)
S

where the prime denotes differentiation with respect to w. In the present

case X_(w) is given by

JXS( UJ) = Zm(S) ’

S::jw

and from the expression for Zm(s) we have

m .
X "ﬂ' (w2 - a2n)
XS< UJ) = rrl:_—]l_n (6-2- 2)

o T] of - &2

I'=~m
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Now letting

X () = U(w)/W(w) (6.2.3)
we have )
/ /,
oy - LoV (0) = ()Y (o) (6.2.1)
V=(w)
and
/ S
T (o) = 2(V() U (w) ~ U(w)V (w)) (6.2.5)
g U2(w), + Vo(w)

By comparison of 6.2.4 and 6.2.2 it is seen that U(w) and V(m)
are sfraightforward terms involving the continuedvproducts. Howeve£
Ul(w) and V’(w) are a little more complicated and are found below, the
simplést method being to take the logs of both sides before

differentiating.

For UI((D):

log U(w) = 2: log(w2 - aan) + log K

V) = (@Y —L
—h e a2n
or
/ m m
) = 20k S T (0° - a® (6.2.6)



For V/(w):-

=l 2 2r+l
log V(w) = log o + zz: log(w® - a r )
' r=-m

V’(w) 1 . m-1 o)
T V(w) T Z 2 2r+1
Ir=-mt W = g
-1
/ V(w) E 1
Vi(w) = + 20V (w) —_———
° DI
m-1 m-1 m-1 .
or () = ] - s SO (P - T (6.2.7)
T=-m ’ j=-m r=-m '

These two expressions, Ul(w) and Vl(w), can now be substituted into
6.2.5 to find XS,(U)) and upon substituting this into 6.2.3 we obtain the

delay, '\‘g(w) , as

m m-1
T ((1)) = 2U(w)V(w) 20 ———];— - .:l‘- - 2w ___];____.
g Uz(w) + Vg(w) ngm 0 - aZn @ rZ-:-m of - a2r+l
(6.2.8a)
where m
Uw) = K J] (6 - a2
N=--m .
and (6.2.8b)
m-1
V(w) = w -ﬂ. (u)2 - a2r+l)

Ir'=-m
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Now in 6.2.8a the numerator, U(w)V(w) {.....} , 1s a polynomial of
order 4m+2 in w? and the denominator, Uz(w) + Vz(w), is also a polynomial
of order Lm+2 in wz. Thus, provided that the coefficients of the highest
order terms in the numerator and denominator are not equal, on
differentiation of Tg(w) the expression will be found to have Lm+l
stationary points with respect to w2. Looking now at Xs(w), equation 6.2.2,
it can be seen that there are Lm+l pole and zero pairs, not counting
those at infinity and the origin. Therefore it would seem reasonable to
suppose that the actual maxima and minima of Tg(w) should be in the
vicinity of the poles and zeros of Xé(w).

| From our previous work we expect Tg(w) to be proportional to

the inverse of frequency. This expected dependence can be removed Qy
simply multiplying Tg(w) by w. This should then give us a flat response
in the band of interest.

As we expect the poles and zeros to be in the vicinity of the
maxima and minima, let us find the value of ng(w) at the positions of
the poles and zeros of Xs(w){

At a zero of Xs(w), W=+ ak, whefe k is an integer, and the

expression for ng(w) reduces to

m
4ak K TT (azk - azn)
n=-m

n#k
— (6.2.9)

W= f__ak T (a2 - 52+

T==~mM

ng(w)

k+1
a5t 2

At a pole of Xs(w), W= + and the expression for ng(w) reduces

to
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T
- 4a3(k+35) T“ (a2k+1 - a2r+l)
r=-m
wqg(w) ’ L= ~ k (6.2.10)
w:_tak-}-jé K -n- (a2k+l ~ a2n) _ :

N=-m

For any useful value of m it can be seen that these expressions are
difficult to handle and therefore a program was written to evaluate them
and can be found in appendix D. The actual positions of the maxima
and minima were also found, but with an interactive program using the

complete expression 6.2.8a.

' A
6.%. Results

A typical delay vs. frequen;y curve is shown in-Figf 31 for X = 1.
The curve has the 1/w dependence removed; the crosses on the curve
correspond to points where Xs(w) is a zero and the circles where Xs(w)
is a pole. We stated previously that we would expect the actual maxima
and minima to occur in the vicinity of the poles and zeros. Around the
midband frequency the maxima and minima occur very nearly at the
positions of the poles qnd zeros respectively of Bs(w) and it is only
the last two or three of these at either end af the band which differ in the
third decimal place, but although different, the maxima and minima still.
occur on the curve joining the poles and that joining the zeros
respectively.

The effect of this is to make the bandwidth slightly smaller but
does not affect the shape of the curves. The difference between
working with poles and zeros instead of makima and minima can be‘
regarded as almost negligible. Table 6.1 is an example of the
differences in delays.and frequencies when the poles and zeros are

compared with the actual maxima and minima.
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(w) (rad) —>

g

DELAY FUNCTION wr
W
o

10

jpas)

A

ANGULAR FREQUENCY (rad/sec) —»>

Figure 31 >

a = l.16 ' m= 20

First 20 poles to the right of w = 1 including ® = 1 are identical
with the positions of the maxima to the third decimal place at least

First 15 zeros to the right of W = 1 are identical with the
positions of the minima to the third decimal place at least

wr (w) POSN. ot (w) POSN. wr (w) POSN. ot (W) POSN.
-8 POLE g MAX. & ZERO & MIN.
AT POLE (w) AT MAX. (w) AT ZERO (w) AT MIN. (w)

258.0 19.46 259.2 19.45 2.410 9.979 2.409 9.975
o - - - 2.555 11.58 2.554 11.56
- - - - 2.801 | 13.43 2.797 | 13.11

- - - - 3.277 | 15.58 3.263 | 15.53

- - - - 4.585 | 18.07. | L.463 | 17.94

Table 6.1
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Iooking again at Fig. %1 the curve is seen to be reasonably flat
over‘most of the band but has a very large ripple content. This was
an unexpected result at the time and as such more calculations were
performed whilst varying the parameters a and m. It was found that
the maximum value at midband divided by the minimum value at the adjacent
zero was very nearly equal to the bandwidth of the system, where band-
width is calculated on the basis of being equal to a2m. Table 6.2 shows

how these two values differ with the parameters a and m.

ALL VALUES ARE FOR K=1
wonm | SEEE [
. | e | T
a
1.45 6 86;4 102.0 - 1.18
1.38 7 .90.8 10L4.7 1.15
1.32 8 84.9 95.6 - 1.13
1.28 9 85.1 9h.2 -l
1.25 10 86.7 " 94.9 1.09
1.23% 11 95.0 103.4 1.09
1.21 12 97.0 104.7 1.08
1.19 13 92.1 98.5 1.07
1.17 1L 81.1 85.7 1.06
1.16 15 ‘ 85.9 '90.5 1.05
1.16 26 2018 2419 1.08
1.16 20 378.7 205.9 1.07
1.16 11 26.2 26.2 1.00
1.2% 19 2609 2891 1.11
1.23 14 321 363.0 1.10
1.10 31 368.4 384.6 1.0k
1.10 17 25.5 24.8 0.97

X No. of sections = 2mae 1
- Table 6.2
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Plotting the delay at poles and zeros of Bs(w) against frequency
on log - log paper enabled us to see another result. It can be seen that
the geometric mean of the function ng(w) follows a fixed law and is
dependent solely on the scale factor, a. A curve of the geometric mean
of ng(w) is plotted against frequency in Fig. 32.

Owing to the simplicity of the result that bandwidth is almost equal
to the maximum value of ng(w) at midband divided by the minimum value
at the adjacent zero, it should be a simple matter to obtain this result
from the equations.

When ® = 1 we have a zero of Xs(w) and

m on m-1 onel . .
or_(w) = ik T[ @ -2/ T @-a2""  (6.3.1)
& ne=~—im © n=-m
w=1 ;‘:O

When ® = +/a we have the adjacent pole of XS(¢) and

» % m=1 m
wr_(w) = = ﬁa T (a- 222y / 1T (a - a”)
g :\/ N=-I " D=1
W= Na

#£0

..'k‘ m-1l m
=2 T -2/ T @ -2 (6.3.2)

nN=-l ‘N=-m
#0

Now the value of ripple we calculated in Table 6.2 is given by

m m :
T\- (1 - a2n) Tr (1 - azn-l)
|

. . N=-m
T (1—) ) _ _ aJEKZ £O
T - m-1 m-1 :
g @ TT (1 - a2n) Tr (1~ a2n+1)
n=-—m I=~-m

20
= _'akKZ(l - azm)(l - a-(aml) ) (6.3.3)
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Now if we have the two conditions

Seml) oy

and

a >> 1

we can write 6.3.3 as

T (1)

a1 R (6:3.8)

Now in our previous results we have taken K ; 1 which gives us a ripple
which is approximately equal to the bandwidth, a2m multiplied by the s
square root of the scaling factor. Turning again to Tablé 6.2 the
last column of ripple divided by bandwidth should be nearly equal to the
square root of the scaling factor if equation 6.3.4 holds. It can be
seen from the table that while this is not quite true the valﬁes are of
the right order especially when large numbers of elements are considered.

Looking now at equation 6.3.4 it Would éeem that by varying the value
.of K it should be possible to reduce the ripple by as much as we desire.
This of course is the ripple as caleulated at the central pole and

. -2m-%
adjacent zero and by making Ko = g~ 2%

we should theoretically obtain

no ripple in the delay, calculated on this basis, over the central portion
of the band.. However, the problem is not as straightforward as this
because in varying the value of K we may well shift the positions of and
vary the delay at the actual maxima and minima of ng(w) and end up no
better than we started.

However, it is a simple matter to include the factor K in the

program of appendix D and several runs were made with this included.
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From Table 6.2 it should be evident that the factor K can be

included in two ways. One method would be to make K° = a~2m~3

, which
is the approximate valug obtained from theory, the other method being to
make l/K2 equal to the ripple column in Table 6.2. Using the former
value wili result in a residual ripple at midband dependent on the
validity of the approximation required to obtain this value of K,
whereas the_latter value should leave no residual ripple at midband.
Therefore we shall concern ourselves only with the latter value of K;

this value is found by calculating the delay at ® = 1 and ® = 4,

when K = 1, and taking the square root of the quotient, i.e.,

Wa Tgcv%)

2
K =
T (1 A
g -0

Two cases in Table 6.2 are presented in Figs. %3(a)- and (b}, which
show the delays at the pole and zero positions to the right of w = 1,and
also plotted on the same scales are the positions of the delays at the
actual maxima and minima. These results are for constant bandwidth and
represent two extremes in Table 6.2; - the results are for a = 1.45, m= 6
and a = 1.16, m = 15 which give a calculated bandwidth (a2") of about
86:1. |

It can be seen from Figs. 33(a) and (B) that we have been able to
obtain a substantial reduction in the ripple around the midband value of
w= 1 and yet the actual maxima and minima of the delay function
ng(Q) are still in the vicinity of the poles and zeros of BSCw). Again
the maxima and minima lie on the curves joining the poles and the zeros
but are now the other way round, because in reducing the ripple to zero

at w = 1 the delay function at the poles is now less than that at the

zeros (this can be seen from Fig. 31, if the curve joining the maxima
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and that joining the minima are moved toéether so that they touch at
w=1).

Because the maxima and minima lie on these curves and are so close to
the poles and zeros we can obtain data simply by considering the delay
.function at the pole and zero positions. |

The delay at w =1 is now the value which was previoﬁsly the
geometric mean delay when K = 1 and thus to fix the delay at w = 1 it is
simply necessary to read off the scale factor from Fig. 32 giving the
required value. |

A plét of the delay function at the pole and zero positions can Be
seen in Fig. 34 for a = 1.16, m = 20, Comparing this plot with Fig. 33(b)
which is for a = 1.16, m = 15 it can be seen that the ripple is withip
- fixed limits over a larger band. . Thus if we wiéh to decrease the ripple
over a specified band of operation it is simply necessary fo increase
the.number of sections we employ which is the same as increasing what

2m). The same procedure épplies if we

we call the calculated bandwidth (a
wish to increase th; band in which the ripple is to be kep% within
épecified limits. From results obtaineé it was possibie to see that,

if a peak to peak ripple was specified, the‘band over which this was
actually satisfied always bore the same relationship to the calculated
bandwidth. For design purposes it was therefore thought worthwhile to

plot achieved bandwidth (i.e. the bandwidth in which the ripple is within
specified limits) against calculated bandwidth with the ripple as parameter;

peak to peak ripple is measured as a percentage of the value at w= 1.

These curves can be found in Fig. 35 and cover the range of ripple

1% to 9‘4.
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6.4. Design Procedure

With the data we now have, it is possible for us to design a pole zero
configuration giving us a delay which is inversely proportional to
frequency over a specified band of operation and with specified limits
of ripple and delay difference at the two extremes of the band.

First of all let us suppose that we have a delay of X seconds

at W = 1 which is, at the moment, unspecified, i.e.,

t (1) = X | (6.4.1)
g

Next let us say we require a bandwidth of B:l and a delay difference,
T, over this band. Therefore, as w = 1 is the geometric mean of the band,

the upper and lower frequencies of the band are given by 8

(Dlz = l/ﬁ
’ (6.4.2)
o = VB )

As our delay function is flat (within our ripple limit) over the

band and must be equal to X we have

szé(wz) = X
-and | -
muTg(uh) = X :
i.e.
t(0) = XWEB
and | , (6.4.3)
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and hence our delay difference T is given by

T = X(B - 1)/J/B , (6.4.1)

" From this it can be seen that once our bandwidth and delay differepce

is specified then our delay at w = 1 is fixed.

Once this value of X is found it is possible to go-directly to
Fig. 32 and read off the required value of the scale factor, a.

The only other parameter left to aetermine is m, the limit of the
continued products, which is related to the number of pole and zero
pairs that are required. The value of m can be found from the calculated
bandwidth (azm), and previously it was found that calculated bandwidth is
related to the desired ( or achieved ) bandwidth through thé amount ofy
ripple that we can tolerate measured as a percentage of delay at w = 1. -
Thus if we specify a ripple of so many percent, with the baﬂdwidth we
require we can go to Fig. 35 and read off the required value of
calculated bandwidth. It is then simply necessary to use thenvalue of
scale factor previously obtained and thehcalculated bandwid%h (CB) to find

m from the relation

CB = a

or

]
1:%

Q

w

(6.4.5)

=

H
VR Lo
=
[e]
o
o

As an example of this method, let us suppose that we require a delay
line in the band 30 - 4O MHz with a delay difference of 1 psec and a ripple
not exceeding 5% of midband delay.

Fifst we can say that the bandwidth is %'Kl and the geometric mean
of the band is 203 MHz.

Next we make recourse to equation 6.4.4 and substitute our values

giving us
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1 psec

X(% - LNVY
from which we get

X 2/3 psec

i

which is the delay at 203 MHz (the geometric mean).

At w = 1 the frequency is 1/2m and scaling the midband delay doun
to this point we have that the delay must be 240m secs which is about
754 secs. From Fig. 32 we see that the scale factor required to
obtain this delay at w = 1 is a = 1.0085.

We then go to Fig. 35 with out values of required bandwidth (% J'
and our maximum allowable ripple (5%) and read off our necessary |
calculated bandwidth to achieve this, which in this case is about 4.5?

The last step 1s to use equafion 6.4.5 and obtain the value of m
which comes out at about 89, thus ending up with a scale factor a = 1.0085,
and m = 89. |

Although this may seem a large number of sections it is possible to
obtailn manageable numbers by taking a larger band in which to obtain delay
differences or coming down in frequency. Thus it can be seen that
although this method works quite well it is not very useful at high
frequencies unless very small delay differences are required, which is

not usuallj the case.

6.5. Future Work

Although the work does not seem to be particularly applicable at
tﬁe higher frequencies, this approach does lead to good results within the
limits>of its application and as such it is thought that more work on the
method would not go amiss.

To start with, most of thé data that we have used in the design



101

philosophy has come from computed results and a certaln amount of insight.
It would therefore be advantageous if some approximations could be made
with a view to doing the following:

(a) Obtain an expression for the delay at w = 1, involving only the
scale factor, which is equivalent to the curves of Fig. 32.

(b) Obtain an expression for the calculated bandWidth in terms of
the required bandwidth and the allowable ripple, equivalent to the curves
of Fig. 25; this is effectively the truncation problem arising again.

(c) Show theoretically that the maxima and minima of the delay .
function QTg(w) are in the vieinity of the poles and zeros of Bs(w).

As in previous chapters, it is necessary to study the effect éf loss in
the circuits, which is fhe same as displacing the poles and zeros fro?
the imaginary axis; the approach of appendix A (due to H.W. Bode:
Network Analysis and Feedback Amplifier Design) may be of help in this -
context.

Finally it would be interesting to see how well theory and practice

compare in which case an actual network could be built and tested.



102

APPENDIX A

This appendix serves the purpose of demonstrating the effect of
parasitic dissipative elements on the responses and parameters of
networks.

If R is thg parasitic resistance associated with an inductor L then
the impedance of the inductor will become (sL + R) which can be written
as (s + R/L)L. Similarly if G is the parasitic conductance associated
with a capacitor C then the impedance of the capacitor will become
1/(sC + G) which can be written as i/(s + &/c)c.

It can be seen from these two expressions that the effect of
dissipation in inductors or capacitors can be obtained from the ideal

. Q
case simply replacing s by (s + B/L) or (s + G/C) respectively.

in most networks R/L is approximately equal for all the inductors
and G/C is approximately equal for all the capacitors. If now these two
ratios are equal the network is said to Ee uniformly dissipative. Thus
for a wniformly dissipative network it is evident thgt-any of its
characteristics can be obtained by replacing s by s + k(F/L + G/C) in
the equations for the non-dissipative characteristics.

It is not very often the case that R/L is equal to G/C but in
~ordinary networks the effects of dissipation are very much the same whether
we regard the dissipation as being concentrated in the inductors or
capacitors or divided equally between the two. This is found in
practice but it can also be justified theoretically for many networks
especially those whose input impedances approximate a pure resistance
and also any network which is an electrically long filterlike structure.

Suppose we are now interested in obtaining a characteristic
Y = o+ jB. If we exclude poles and cut-offs we can consider nearly
any network we please and assume that Y is analytic in the region of

interest.
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As has been stated before, intrbducing dissipation is equivalent
to replacing s by s-fk(FVi + G/C) and, when s = jWw, corresponds to

changing the variable ® by an amount AW given by
A = :21 (R/L + G/C)

If Q is the average dissipation in inductors and capacitors the

change AW can be written as
b = - jo/Q

Now because ¥ is analytic we can expand it about a small region of

interest in the form of a Taylor's series

Q
2
ay 2 4d7yY . .
. _ W00 1.,.9 0
Y o= ¥+ (-] Q):ﬁ;-% ET( j Q) 2 4 eeses (A1)

where Y is the characteristic of the dissipative network and Yo that
of the non-dissipative network. As Y is analytic its derivatives are
equal in all directions and hence the actual imaginary change in @ isA

of no consequence and we can obtain

.d—'\_{ g‘g.*.'_d;E
qw qo " J 3o 3

i

(A2)
@y _ e, i B e
bl »
a? a4’ adf '
Substituting (A2) into (Al) and ‘subsequent comparison of real and

imaginary parts gives the following results.

2 .2 : .
W dB 1 o 4%«

X= & +F T =T TS T eeeen (A3)
o Q daw 2! Qz dw2
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 eenene (Aéj

:

Since the effects of parasitic dissipation will be small, terms of
third order and higher in (A3) and (A4) may be dropped leaving fairly
simple expressions for the changes in the real and imaginary parts of

the characteristic, Y. These, to a first order, are

wd
Q’-—Q’o = '6'5"%
(A5)
W do ‘
P-B = T

Let us now apply this to our case of the log-periodic lines.
Interpreting the parameter Y as the propagation constant through the
network, where o and B are the attenuation and phase terms
respectively, it is cleaf that the change of attenuation on introduction
of dissipation is proportional to the group delay (dB/dw) and the
corresponding change in group delay 1s proportional to the rate of change
of the attenuation with frequency. | |

In the ideal case Q is infinite and the changes in the characteristics
are zero. Now assume that the characteristics o and Bo are for small
Q values. From the curves it can be seen that the portions

we are interested in can be represented very approximately by

S-S RV |
dw T o w °*

Then the equations (A5) reduce to
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gl
I
Eal I

)
Ole
.

(A6)
B-B = -

L =1
o Q ° o2

1
= %0
From these it is now possible to see that an increase in Q leads to
a decrease in ¢« at all frequencies and a decrease in B at a specific
frequency w. However, as frequency increases this decrease in B becomes
smaller thus effectively giving rise to an increase in group delay;

this can probably be seen more clearly in Fig. Al.

B )

decrease in B becomes less ~
as frequency increases
giving at fo _
aB
a8 5, "o
aw aw

It is now possible to say that if dissipation is low (i.e. Q-factors
are quite high) the change in the curves is not going to be very.
significant in the gréup delay but large differences may be obtained
in the attenuation when the dissipation is increased or decreased. Also,
from the symmetry of the equations it is possible to foresee that the
form of the curves is not likely to be altered.very drastically but will

simply be scaled up or down.
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APPENDIX B

As we have seen the ripple on the response curves of log-periodic
lines is not dependent to any great extent on the parameters that can
be varied. It is obvious that increasing the number of sections in a'
specific bandwidth will lead to a reduction in ripple as the responses of the
individual adjacent sections will overlap higher up their skirts. However,
if this is done, it is found that the improvement in ripple is really _
quite slow. As such it has been concluded that this phenomenon musf
arise fr@m the method of cascading the sections and the type of
section used. It was therefore decided to have a closer look at the
type of circuit we are using. The ideal line that has been analysed is

Q

gshown in Fig. Bl.

\/

Fig, Bl

When the first section of the line is opened out it can be seen that
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it is the same as the circuit in Fig. B2.

C
11
IR

X X

1 Ll
Cl:_ - C]_
o— —0
Q
Fig, B2

It is also evident that if the elements in tﬁis circuit are
scaled by a factor T, the link XX broken and the original circuit
inserted we end up with a two element iine of the form in Fig. Bl. If
this process is continued a line of any length can be obtained.

Now it is well known that a constant-resistance, all—péss network
can be used to give phase change (or delay) without affecting the
amplitude of a signal. Therefore, let us look at our Fig. B2 more
closely.

The components of the circuit in Fig. B2 can be combiﬁed to give
fhe circuit of Fig. B3 where L is identical with Ll’ 2C is the

combination of the C,'s and the bridging capacitor is C

1 This change

lc

in labelling is merely to make the equations less messy.
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Cl

(-

]
Ii Io
0T T <o
\ L L A

Vi 2C . Vo
o— -0
Q

B(i)

The above circuit can be analysed in terms of the y-matrix and

can be split into two parts. The first part is shown in Fig. B4:

Il 12
o S —_
\ L L ‘\
Vl - 2C V2
[eg 8]

Fig. Bh4



Il =
I =
2
When V2 = 0 we have
yi2. =
and
Y21 =

and also, because it is

The second part is

Y11

Io1

l

<

AN

+yl

V..

22

+ y V

(1 +_522LC)

2sL(1 + s°LC)

-1

2sL(1 + s2LC)
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symmetrical and passive, Y91 = You and Yoy = Yoo

shown in Fig. B5:

<

/
1
I o 2
o——> |1 <
/
vy
O
Fig. BS
! = v/ + v’
1 = y11 1 yl
7/
I) = 7 v/
2 y21V1 R ZAP
When Vé = 0 we have
,
. E; = sC
Y11 = = S

o}



and
/
/ i o
Yau T 47T T
1
and again due to its being a symmetrical passive network y{l = yéé

and yé& = yig.

These two results can now be combined to give the response for the

complete circuit, written in matrix form below, equation Bl.

)} [ 2 :
I. scl + 21L(1 x 2; LC) 4 Vi
* 5% + s°LC
= (BL)
: 1
I - (sC, + ) Y v
{ ° 1 2sL(1 + S2LC) ] ° N

B(ii)

For a constant-resistance, all-pass network, whose resistance is R

we have V6 = - IOR. Writing Bl in the form

I V.
1 - Y 1
I v
[o] ' [o]
we have
VO
_ =0 e YV
R Vs * 10,
or
” Y21R
Vv, = T37Y 8 %4
22

Substituting this into the first matrix equation gives the result

110



111

1+ Y_R

Vi 11 |
1 Ypp * ROy + ¥, 0(yy - ¥p)

which must also be equal to R, thus obtaining the result

RZ

) 1 .
= (B2)
(g + 4 )0y = 1)

From the results derived previously we get the following,

(&ll + Yla) ; sC/(i + sZLC)
(- %) = (1 + 252Lcl)/sL
which in eqn. B2 give N
g2 _ Lz gZLC . L _
1+ 2s LCl

For this to be all-pass (i.e. independent of frequency) we must

have the following condition independent-also,

(1L + s21C) = k(1 + 252Lcl)

which is possible if k = 1 whereupon we have

C = 26, (B3)

R = JIT (1)

B(S‘.ii)

It is now possible to draw our bridged-T, all-pass, constant resistance



network which is shown in Fig, B6.

Ve

BT Z§6\ <o
L -~
v, == 2C v § R

- O

@

Fig. B6

As VO = - IO»\/ L;C we have

- VOV C;- L = YZlVi + YZZVO
or
' .VE. = !
Vi Y. o+ C;L
22 .

and from previous results

Voo 1+ s2LC(Ll + s°LC)

Vi 1+ 26°1C + s2LC(1 + s2LC) + WG/ 281l + s°LC)

For s = jw this reduces to
Vs 30 -1 20JTC (1 - FIC)
7= € = exp (- J tan .
i 1 - ¢PLC(3 - L)

112

(BS)

In our log-periodic lines we have chosen the LC product to be equal



to unity. If this condition is put into equation (B5) the phase term

8 reduces to the following

-1 pw(l - of)

(B6)
1 - 23 - of)

© = tan

and as the group delay through the circuit is given by de/dw this is

found from (B6) to be

6 . _
dae L(1 + w’) .
T = T = (B7)
T R S .

Using a small computer program to compute (B7) the curve below

was obtained for the group delay vs. frequency.

.
L N] max
\\\

GROUP DEIAY (SECS) —»
\\

N

0.0 0.5 0.10 0.15 0!l20 0125

FREQUENCY (Hz) —>

113
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It may be seen that this curve péaks at a frequency of 0.135 Hz and
has its half Tg max points at 0.0325 Hz and 0.2175 Hz. The maximum
delay is 4.325 secs. and the delay at zero frequency is 2 secs. The
delay as frequency increases follows an exponential type decay.
Incidentally it may be pointed out thét the area below the curve is unity,
which may be shown by integrating (B7) with respect to frequency.

If we now let wNFEE = A in eqn. (B7) then the expression for the phase

becomes

21 2a(l - A9)
1 - 4%(3 - 49)

8 = tan

which, if it is compared with the expression (B7), can be seen to be of

L)
identical form. Thus we can get

| _ 41+ 2%
1+ (1-a%4a

8

and

I

%A o/ LC

€

from which we get the group delay

6 - .
ae 4(1 + A7) ..
S N s (58)
8 da 1+ (1- )y a®

Now if ~IC is greater than unity then for a frequency ® it can be
séen that A is greater than @ which éffectively corresponds to shifting the
whole curve down in frequency by the factor MFEE and at the same time
amplifying the curve by thg same factor; the éohverse is true for A/ LC

less than unity.
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B.iv

From what we have seen till now it may be possible to predict the
delay at a specific frequency in the band of a log-periodic line. Let
us therefore look at this further. ’

From the delay curve it can be seen that tﬁe low frequency delay
tends to 2 secs for an LC product equal to unity. Now as sections are
added to the log-periodic line foa is decreased in a geometric
progression and, from .what has been stated previously, so too is the
delay introduced by each section. '

If we have a delay T for VIC = 1 at zero frequency then the
total delay at zero. frequency for an N-element line with a scale factor
of T will be given by
R

Toor (L + T + 12 bvemeaat T

I

=0
, N -
L -T) A (B9)

To take two examples by way of illustration we shall look at:

(i) = = 0.8 T = 2 secs N = 15

from eqn. (B9) we have

201 ~ 0.815)

T

=0

9.65 secs.

and measured from the curves at f = 0.0l Hz we have the
delay equal to 9.75 secs.
(ii) 7 = 0.85 T = 2 secs N = 15

from eqn. (B9) we have

2(1 = 0.852) -
1 - 0.85 -

TOT 12.17 secs

£=0
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and measured from fhe curves at f ; 0.01 Hz we have the
delay equal to 12.3 secs.

From these values we see that the measured delays do in fact tend
to the predicted values at zero frequency. ’

If the log-periodic line can be represented'fairly well by cascaded,
bridged-T sections then it should be possible to predict the delay at any
part of the band. Another small program was written to do the necessary
calculations for this; by calculating the delays at a specific frequency
and shifting and scaling the delay curves either side of this frequency,
on adding these delays together it ;hould be possible to obtain the

total delay for the line at that frequency. Again by way of

illustration three examples are given:

. . .
(i) v = 0.8 N = 15 Frequency = 0.25 Hz
- Delay calculated from (B9) =~13.6 secs
From the curves the delay = 12.2 secs
(ii) T = 0.9 N = 15 Frequency = 0.25.Hz”
Delay calculéted‘from (B9) = 27.9 secs
From the curves the delay = 19.0 secs
(iii) T = 0.96 N = 15 Frequency = 0.25 Hz
Delay calculated from (BY9) = 32.7 secs
From the curves thebdelay = 40.0 secs

Now although these values do not tie up as well as those at low
frequencies they are of the right magnitude. However in this calculation
we have made two large assumptidns,,fifstly that there is no mutual
interaction between adjacent sections when of course there is, and
secondly that the all-pass, bridged-T network is an exact representation
of the sections of the log~periodic 1ine; which it is not and as such the
agreement is reasonable.

Even though the delay is not predicted accurately it is now possible
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to see why we have the ripple associated with the lines. Cascading

the type of power resonant delay that we come across in the bridged-T
will lead to ripple which is independent of other factors if the
caécading of these elements is performed in a regular manner. In

fact this is the trouble with the log-pericdic line because each.section
is simply scaled and added. If it were not neéegsary to simply

scale by a constant factor it would be possible to develop an algorithm °
to cascade various scaled sections to give less ripple. However, this |

is not a variable which can be employed in doing log-periodic studies.
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APPENDIX C

PROGRAM FOR CALCULATIONS OF CHAPTER 5

2

The results of chapter 5 were obtained from a computer program
the flow chart of which is shown here. The program reads in the
values of the first section of the even case line, these values
being laﬁeiled H and R (the series inductor and its associated parasitic
reststance) and C and G (the shunt capacitor and its associated parasitic
conductance). It then reads the values of input impedance (ZC) and
load admittance (YL), the input impedance ZC also being the characteristic
impedance of the line. Next, knowing the scale factor (T) and the number
of sections (N), it proceeds to calculate the phase, phase delay, Q
group - delay and attenuation (PHASE, TAUP, TAUG, ATTEN) and plots them
against frequency (F). These calculations are performedbon the equations
developed in chapter 5.

In the flow chart some labels occur which are not self -
explanatory; these will be’dealt with now. Tor the titling and
indexing of curves two alphanumeric arrays IBCD and JBCD were employed,
the contents of which were printed on the graphs by the computer.
Referring now to Fig. 23 the values of ZSERS and YSHNT in the fléw chart
are the series impedance and shunt admittance of a section, such as ZN
and YN’ and ZINEV is the input impedance of a set of sections such as
Zi2, YINEV being simply the reciprpcal of this value. ILast of all RO
is the reflection type of term which is found in brackets in equation
L.5.16 and CLOG is the complex logarithm which is an in-line computer
function. |

The program has, in addition, a section which checks the results,
thus ensuring that computer time is not wasted in sending the results

for plotting if any obvious mistakes occur such as negative delays.
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APPENDIX D

CALCUIATIONS OF CHAPTER 6

I

The order in which the program calculates the delay at the positions

of the poles and zeros of Bs(w) is fairly clear from the comments in the

program (marked with heavy lines); and it only remains to enumerate the

terms used.

AM

H

RA

FL,FR

DHKXX)

angular frequency of poles and zeros to left and
right of w = 1. -

denominator of 6.2.2 | the position of pole OT (Zero
is specified by the

ANUM(XX) ¢ numerator .of 6.2.2 letters (XX) as follows.

X¥=CP, L% ,R%,LP,RP

PC,ZL,ZR,PL,PR

!
i

OO0 OOOOOOO

"PROGRAM MAIN(INPUT,0UTPUT, TAPES= INDUT TAPE6=0UTPUT)

100

central pole;, left zero, right zero, left pole,
right pole.

delays at central pole, left zero, right’ zero, left
pole, right pole.

DOUBLE RA(200) '
THIS PROGRAM CALCULATES THZ OELAY AT THE POSITIONS OF
THE POLES AND THE ZER0S OF THE REACTANCE FUNSTION
EQUATION 6+4242¢ THE POLES AND ZEROS REFERRED TO IN THE
QUTFUT OF THIS PROGRAM ARZ THCSE OF THE SUSCEFTANCE v
FUNCTION, IT IS SIMPLY NECESSARY TO KEAD IN THE VALUES
OF THZ SCALING FACTOR, A, AND THE UPPER AND LOWER
LIMITS OF THE CONTINUED PRODUCTS, M. THE MAXIMUM VALUE
OF M CAN BE DETERMINEZD BY MAKING 4%M#+1 SQUAL TO THE '

"DIMENSION OF RAy IN THIS CASZ M IS 49, WHEN THE

SCALING FACTOR IS LESS THAN UNITY THE PROGRAM STOPS.
THE FIRST FIVL COLUMNS OF THE DATA CARD ARE FOR A IN
FRcE FORMAT AND THE ELEVEN AND TWELVE COLUMNS ARE FOR
M IN INTEGER FORM, .

 READ (5,100) A, M

FORMAT (F5,3,5%,1I2)

IF (AeLTe1.0) GO TO 2
IMAX=200

CALL PZDEL (RA,IMAX,A,M)
GO 70 1

STOP

END

scale factor (a) and limits of continued products (m).

array in which powers of a from a2 o a2m are stored.
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SUBROUTINL PZD[L(?A,IWAX Ay M)
DOUBLE RA(IMAX) 3 ANUMCP, ANUMLFy ANUMRP, ANUMLZ y ANUMRZ 4
*DENCP,DENLP,DENRP,yDENLZ,,DENRZ

SZT MIDDLEZ TERM OF RA TO UNITY
M2=2%M

M2P1=M2+1
RA(M2P1)=1,0

e v e st o e oo e g

CALCULATE REST OF POWERS OF A AND PUT IN ARRAY RA
DO 1 I=1,M2
J=M2P1+1
K=M2P1-1
RACJ)=RA(J=-1) %A
RA(K)=RA(K+1) /A
1 CONTINUE

KRITE HEADINGS AND PARAMETZRS FOR THE RESULTS

WRITE(6,1000)

16090 FORPAT(lHi,hSX*GROUP DELAY AT POLE AND ZZRO POSITIONS*)
WRITZ(6,1100)

1100 FORMAT (1HO0,50X*¥POLES AND ZEROS REFER TO B(W)*¥) e
HRITﬁ(G,iZOO) AsyM

1200 FORMAT (1HD,52X*A = *F5,3,10X*4 = *I2)

HRITE(E,13DG)

1300 FORMAT (1HO,7X* VALUES*14X¥LE FT*1#X*LEFT¥14X“CENTRE*12X*

OO0

*RIGHT*13X*PIGHT*15X¥VALUES*)
HRITZ(6,1400)
1400 FORMAT (1H ,7X*OF FL*iSX*POLFS*13X*ZEROS’1QX*POLE‘13X*
4P0L£S*13X*ZEROS*15X*OF FR*)

CALCULATE VALUES FOR THE GZNTRAL POLE

FL=FR=SART (RA{M2P1))
TERMCP=FL
OENCP=ANUMCP=1,0
DO 2 N=z1yM2
N2 = 2*N |
~ DENCP=DENCP*(RA{M2P1)-RA(N2))

2 CONTINUE ,
00 3 N=1,M2P1
N2M1=2¥N~-1
IF (N2M1.S0.M2P1) GO TO 3
ANUMCP=ANUMCP* (RA(M2P1) =RA (N2M1))

3 CONTINUE
FC=4*TERMC P*ANUMCP/DENCP » :
WRITE(6,1500) FLyPCyFR 5

1500 FORMAT (1HO0 ,5X,E104 by 2(46X,E10.4)) é

CALCULATE VALUES FOR LEFT AND RIGHT POLES AND ZERGS

DO 4 TI=1,M
IJ=NM=1+1
IK=M+1I
IM=V+TI+1
13J=2%1)
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L IKK=2%IK ’ _ o

12
11

ILL=1TJJ-1

IMM=2"IM=1

FLZ=SART(RA(IJJI)

FRZ=SQORT (RA (IKK))

FLP=SQRT (RA(ILL))

FRP=SQRT(RA{IMM))

TERMLZ=RA(IJN¥FLZ

TZRMRZ=RA(IKK}*FRZ

TERMLP=FLP

TERMRP=FRP

2L1=7ZR1=PL1=PR1=1, 0

DO 7 N=1i,M2P1

IF(NsEGC.M2P1) GO TO 12

N2=2%HN

OENLP=RA(ILL)-RA(N2)

DENRP=RA(I1M)-RA (N2)

IF (N2,EQ.IJJ) GO TO 8

ANUMLZ=RA(IJJ) -RA(N2)

GO TO 10

ANUMLZ=1,0

IF (N24ZQe¢IKK) GO TO 5

ANUMRZ=RA(IKK)~RA(N2) .
GO To 11 .
ANUMRZ=1.10 ' ‘

GO0 TO 11

DENLP=DENRP=ANUMLZ=ANUMRZ=1.,0
CONTINUE

NZ2M1=2%N-1
CINLZ=RA(IJI)I-RA(N2ML)
DZNRZ=RA(IKK)-RA(NZM1)

IF (N2M1,EQ.ILL) GO TO 6
ANUMLP=RA(ILL)~-RA(N2M1)

GO T0 13

ANUMLP=1.0

IF (N2M1i,EQ¢IMM) GO TO 9
ANUMRP=RA (IMM) =RA(N2M1)
GO TO 14

ANUMRP=1,0

CONTINUE
ZL1=ZL1*ANUMLZ/DENLZ
ZR1=ZR1*ANUMRZ/DENRZ
PL1=PL1*ANUMLP/DENLP
PR1=PR1* ANUMRP/DENRP
CONTINUE

ZL==4" TERMLZ*ZL 1
ZR==4F¥TERMRZ¥*ZR1
FL=4*TERMLP*PLY
PR=4*TERMRP*PR1

WRITE THS VALUES CALCULATED AT THE POLE AND ZERO PAIRS

WRITZ(6,1600)FLZyZL,7ZR,yFRZ

FORMAT (1HO, SX,Eiﬂah,ZBX,Fiﬂ by Q#Xyﬁiﬂ by10Xy,EL10.4)
HRITF(6,17BO)FLP,PL,PR,FRP

FORMAT(1HO 35X, E410e g 10Xy 1004, 44XyT10444928X,E10.4)
CONTINUC

RETURN
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