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Abstract

This thesis is dedicated to the solution theory of singular stochastic partial differential equations

(SPDEs) of the form

∂t + Lu =

m∑
i=0

Gi(u,∇u, ...,∇nu)ξi (1)

in various geometric spaces. The first chapter contains a short introduction to the field of SPDEs as

well as to the main results of the thesis.

In Chapter 2 we develop a generalisation of the original theory of regularity structures which is

able to treat SPDEs (1) on manifolds with values in vector bundles. We apply our framework to

three example equations which illustrate that when L is a Laplacian and ξi is white noise it is in most

cases possible to renormalise such equations by adding spatially homogeneous counterterms and we

discuss in which cases more sophisticated renormalisation procedures (involving the curvature of

the underlying manifold) are required.

In Chapter 3 we work on the torus and exhibit a finite dimensional, canonical solution family to

certain singular SPDEs of the form (1) where L = −
∑d

i,j=1 ai,j(x, t)∂i∂j −
∑d

i=1 bi(x, t)∂i − c(x, t).

We also establish a continuity result for the solution map with respect to the differential operator

for these equations.

In Chapter 4 we show that the ellipticity condition on L can be relaxed. This is achieved by

extending the theory of regularity structures to the setting of homogeneous Lie Groups. As an

application, we solve a class of parabolic Anderson type equations on compact quotients an arbitrary

Carnot groups.

In Chapter 5 we study the problem of convergence rates of finite difference numerical schemes

for one dimensional stochastic Allan Cahn type equations driven by space-time white noise.
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Chapter 1

Introduction

The identification and construction of universal scaling limits of discrete random objects has arguably

been one of the major contributions of mathematics to science. The two most classical statements

about such limits are without doubt the law of large numbers and the central limit theorem which

concern a sequence of independent identically distributed (i.i.d.) random variables X1, X2, ... with

mean µ = E[X1] and finite variance σ2 = E[(X1 − µ)2] < +∞ and the asymptotic behaviour as n→ ∞

of the sum Sn =
∑n

i=1Xi. The law of large numbers states that Sn
n → µ a.s. while the central limit

theorem states that in law Sn−nµ√
n

→ N (0, σ) as n→ ∞. Informally, this can be summarized as

Sn ∼ nµ+ σ
√
nN (0, 1),

for n≫ 1, i.e. the central limit theorem describes the deterministic mean behaviour of the sequence

Sn, while the central limit theorem captures the random fluctuations away form that mean. Since their

original discovery in the beginning of the 19th century, c.f. [Fis11], both of these theorems have been

central in probability theory, statistics and science in general.

Now, suppose one is interested in the behaviour of the entire sequence {Sn}n∈N, then one sees (say,

by the Borell-Cantelli lemma) that the sequence of rescaled functions

W̃m : R+ → R, t 7→ W̃m(t) =
S⌊mt⌋

µm

converges a.s. to the identity function id : R+ → R, id(t) = t (say) uniformly on compacts as m→ ∞.

The Donsker invariance principle identifies the random fluctuations around this limit, it states

that the recentered and rescaled sequence of functions

Wm : R+ → R, t 7→Wm(t) =
S⌊mt⌋ − ⌊mt⌋µ

σ
√
m

converges in law to a Brownian motion.
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Definition 1.0.1. A continuous random function B : R+ → R is called a Brownian motion (or Wiener

process), if its increments on any two non-overlapping intervals are independent and for all s, t ∈ R

the random variable B(t)−B(s) is N (0, |t− s|) distributed.

In particular, this can again informally be summarized as

S⌊m(·)⌋ ∼ mµid(·) +
√
mσB(·)

for m ≫ 1. For more complicated systems than the random walk Sn considered above, one can

very often still identify a mean behaviour and the fluctuations around it; these fluctuations are often

universal and described by stochastic partial differential equations (SPDEs).

1.1 Stochastic Partial Differential Equations

Let us consider for d ≥ 1 a family {Xz}z∈Zd of i.i.d random variables with mean µ and finite variance

σ. Denoting by Q = [0, 1)d the unit cube, we consider the large scale behaviour of the random function

Rd → R, x 7→
∑
z∈Zd

Xz1{x∈z+Q} .

Similarly to above, one sees that the rescaled functions

ξ̃m : Rd → R, x 7→ 1

md

∑
z∈Zd

Xz1{mx∈z+Q}

converge a.s. (say) weakly on compacts to the constant function µ as m→ ∞. But even just considering

the case of d = 1, one observes that since Brownian motion is a.s. not differentiable, there can not

exist any (random) function to which the functions

ξm =
1

σmd/2

∑
z∈Zd

(Xz − µ)1{mx∈z+Q}

could converge in law. On the other hand local averages of ξm are seen to converge in law by the

central limit theorem, indicating that one should consider random distributions instead of functions as

possible limits. Indeed, one finds that ξm converges in law to white noise.

Definition 1.1.1. A random distribution ξ ∈ D(Rd) is called white noise, if its parings with any two

disjointly support testfunctions are independent and for all ϕ ∈ D(Rd) the random variable ξ(ϕ) is a

N (0, ∥ϕ∥L2) distributed.

A very useful characterisation of white noise which can straightforwardly be generalised to any

Hilbert space is the following: Let {ej}j∈N be a orthonormal basis of the Hilbert space L2(Rd) and

11



{Yj}j∈N a sequence of i.i.d. N (0, 1) distributed random variables, then the random series
∑

j∈N Yjej

converges a.s. in D′(Rd) to a white noise.

Stochastic Heat Equation

White noise is arguably one of the most canonical external forcings to incorporate into a PDE. Indeed,

even the simplest SPDE driven by (space-time) white noise, the stochastic heat equations (SHE)

∂tu = △u+ ξ

exhibits a rich mathematical structure. For example, its stationary solution is given by the Gaussian

free field (GFF). Recall1 that the GFF can formally be characterised as the centred random distribution

with covariance

E[h(x)h(y)] = G(x, y),

where G(x, y) is the Greens function of the Laplace operator. In d = 1, it formally agrees with Brownian

motion/Brownian bridge and in d ≥ 2 it is the natural higher dimensional analogue thereof. We refer

to [MP10], [WP21] and [LSSW16] for more on Brownian motion, the GFF and more general fractional

Gaussian fields. Throughout this thesis the SHE (and variants thereof) will play a central role.

1.1.1 Singular SPDEs

In this section we finally introduce some of the most central singular SPDEs which have been ‘solved’

to date. Before commencing, let us comment on the case d = 0, namely on stochastic differential

equation (SDEs). Let ξ denote white noise on R and g ∈ C∞(R) a smooth bounded function with

bounded derivatives, one looks for a function X : [0, T ] → R satisfying Ẋt = g(Xt)ξt. The difficulty

that the product g(Xt)ξt is a priori ill-defined, was originally overcome by the development of stochastic

calculus,2 see [Itô44]. The development of rough path theory [Lyo98], see also [Gub04, Gub10], allowed

for a clean break betweens the stochastic and analytic aspects of the solution theory for SDEs and was

the starting point for the development of the field of singular SPDEs, see in particular [Hai11],[Hai14]

and [GIP15].

The following are some of the most important singular SPDEs, we focus on equations on the

d-dimenional torus Td as most of the literature considers this setting:

• The KPZ-equation formally reads

∂tu = △u+ (∂xu)
2 − C + ξ ,

1There are some technicalities when making the following statements rigorous which we shall not discuss.
2This development also allowed to solve certain SPDEs by interpreting them as SDEs in infinite dimensions, c.f.

[DPZ92], [Hai23].
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where u : R+ × T → R and ξ denotes space time white noise on R × T. It was for the first

time directly3 solved in [Hai13] and describes the cross over regime between the SHE (Edwards-

Wilkinson universality class) and the KPZ fix point, see [MQR21, QS23].

• The ϕ4d-equation formally reads

∂tu = △u− u3 + Cu+ ξ,

where u : R+ → D′(Td) and ξ is a (space-time) white noise on R+×Td. For d = 2 it was originally

solved in [DPD03] and for d = 3 in [Hai14]. It appears as the scaling limit of certain dynamic

Ising-Kac models [GLP98, MW17a, GMW23] as well as as the stochastic quantisation equation

for the ϕ4 measure, see [PW+81, DH87]. This measure is of interest in statistical physics and

quantum field theory, c.f. [Gli68, Fel74] and is expected to describe the crossover regime between

the GFF and the Ising universality class.

• The continuum parabolic Anderson model (PAM) in d = 2, 3, [Hai14] is given by

∂tu = △u+ u(ξ − C).

Here, it is natural to also consider spatial noise (constant in time). This equation describes

a continuum version of the classical PAM, c.f. [GK05], and also appears as a scaling limit of

discrete models, see [MP19, EH21].

• For a compact Lie Group G and its Lie algebra g the stochastic Yang Mills heat flow on the

principle bundle Td ×G for d = 2, 3 is the stochastic quantisation equation for the Yang Mills

measure, see [PW+81]. After the addition of the so-called DeTruck-Zwanziger term, it reads

∂tAi = △Ai + [Aj , 2∂jAi − ∂iAj + [Aj , Ai]] + CAi + ξi

where formally Ai : R+×Td → g and ξi are independent g-valued white noises for each i = 1, ..., d,

see [Che22b, CCHS22a, CCHS22b].

• The geometric stochastic heat equation describes the evolution of a loop on a Riemannian manifold

(M, g) and is the stochastic quantisation equation for the Brownian loop measure onM . Denoting

by ∇ the Levy-Civita connection and s :M → R the scalar curvature, it formally reads for c ∈ R

∂tu = ∇∂xu∂xu+ c(∇s)(u) + ξu,

3The “physical” solution to this equation had previously been identified indirectly, using the so called Cole-Hopf
transform, see [BG97].
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where ξ denotes space time white noise “on loop space”, see [Hai16b, BGHZ22].

These equations are all subcritical in the sense of [BHZ19, Def. 5.14], see also [Hai14, Def. 8.6].

Critical equations, to date, do not seem approachable using pathwise techniques. We refer to [CSZ20,

CES21, CSZ23, CK23, CGT23] for results on certain critical and supercritical equations, as well as to

[ADC21, Frö82] for results in a related static setting. While we shall focus exclusively on parabolic-type

equations, during the writing of this thesis the understanding of singular dispersive/hyperbolic SPDEs

has seen significant progress, c.f. [GKO23, GKO18, BDNY22].

1.1.2 Regularity Structures

The theory of regularity structures developed in [Hai14] and the subsequent articles [BHZ19], [BCCH20],

[CH16] provides a unified “black box” local well-posedness theorem, [BCCH20, Theorem 2.22], for a

large class of singular SPDEs including the ones mentioned above. In this section we give a very low

resolution explanation of the workings of the theory and of this theorem. For more detailed expository

texts we refer to [Hai18, Hai15, FH20, Hai16b, Che22a].

We shall consider an equation of the form4

∂tu+ Lu = G(u,∇u, ...,∇nu) + ξ (1.1)

where L is an elliptic operator on Td of order strictly greater that n ≥ 0 such that ∂t +L is space-time

translation invariant and where ξ ∈ D′(R × Td) denotes space time white noise.5 We assume the

equation to be subcritical, but allow it to be classically ill-posed in the sense that, since any possible

solution can only be expected to be as regular as the solution to the linear equation ∂t + Lv = ξ, the

classical Schauder estimates may not provide enough regularity for the non-linearity G(v,∇v, ...,∇nv)

to be well defined. One may regularise the noise by convolution with a compactly supported smooth

mollifier ρϵ such that ξϵ = ρϵ ⋆ ξ converges to ξ as ϵ→ 0 and hope that the corresponding sequence of

solutions uϵ of

∂tuϵ + Luϵ = G(uϵ,∇uϵ, ...,∇nuϵ) + ξϵ (1.2)

to converge as ϵ→ 0. Generically, this is not the case and one needs to consider a renormalised version

of the equation. The type of result that the theory of regularity structures provides goes as follows:

Metatheorem. Let G, L, ξ as well as ρϵ and ξϵ be as above. Then, there exists a finite index set

T− and non-linearities ΥG[τ ] depending only on G, L, ξ and as well as constants cτϵ ∈ R depending

4The result [BCCH20, Theorem 2.22] is formulated slightly more generally for systems of SPDEs.
5Much more general noises are possible, see [CH16, CS17] and notably [CHS18].
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additionally on ρϵ such for uϵ satisfying “compatible” initial conditions and

∂t + Luϵ = G(uϵ,∇uϵ, ...,∇nuϵ) +
∑
τ∈T−

cτϵΥ
G[τ ](uϵ,∇uϵ, ...,∇nuϵ) + ξϵ , (1.3)

there exists a random T > 0 and u ∈ D′((0, T )× Rd) independent of the choice of {ρϵ}ϵ∈(0,1) such that

uϵ → u in probability as ϵ→ 0.

Note that this metatheorem purposefully kept several aspects vague, as it would require us to delve

into a significant amount of detail to state its precise instantiation as a theorem, [BCCH20, Theorem

2.22]. Hopefully, the statement is precise enough to inspire the uninitiated reader’s imagination and

the initiated reader’s memory.

Before outlining how such a result is achieved, let us introduce some vocabulary:

• A structure space is a vector space T , whose elements can be thought of as elements for an

expansion similar to abstract Taylor polynomials.

• A model Z gives analytic “meaning” to elements of T similarly to the map which associates to an

abstract polynomial P (X) the polynomial function p(x). We denote by M the space of models.

• Given a model Z ∈ M and γ > 0 we denote by Dγ the space of modelled distributions whose

elements are certain maps (t, x) 7→ f(x) ∈ T . Furthermore, there exists a reconstruction operator

R : Dγ → D′

which maps a modelled distribution to a concrete distribution.

The original equation (1.1) can be “lifted” to an abstract equation which has as solution a modelled

distribution. It turns out that it is useful to explicitly exhibit the non-linearity G as an element of Eq,

a “space of non-linearities”, when considering the solution map to the abstract lift of (1.1)

SA : Eq×M → Dγ , (G,Z) 7→ uG,Z .

For continuous noises ζ there exists a canonical “enhancement”

Ψ : C → M, ζ 7→ Z(ζ),

with the property that if we denote by

SC : Eq× C → D′, (G, ζ) 7→ uG,ζ
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the classical solution map to (1.1) for a continuous noises ζ, then following diagram commutes

Eq

G

∈

M

Z(ζ)

∈

× Dγ

uG,Z(ζ)

∈

Eq

G

∈
× C

ζ
∈

D′

uG,ζ = RuG,Z(ζ)

∈

RΨ

SA

SC

We have thus factored the classical solution map SC . It turns out that the maps SA and R are both

continuous, but Ψ is not.6 Indeed, if we work with mollifications ξϵ of a rough noise ξ as in the

statement of the metatheorem, one typically finds that as ξϵ → ξ the models Ψ(ξϵ) = Z(ξϵ) do not

converge.7

This is where renormalisation enters the story. Associated to the regularity structure there is a

renormalisation group G− which is in canonical bijection with RT− for same index set T− as in (1.3).

For M ∈ G− and {cτ}τ∈T− ∈ RT− we shall write M ∼ {cτ}τ∈T− to mean that they are related under

this bijection. The group G− acts on the space of models M as well as on the “space of right hand

sides” Eq. These actions are intertwined in such a way that for each M ∈ G− the following diagram

commutes

Eq

G

∈

M

M

× Dγ

uG,MZ(ζ)

∈

Eq

M

× C

ζ

∈

D′

uMG,ζ = RuG,MZ(ζ)

∈

RΨ

SA

SC

and furthermore for M ∈ G− such that M ∼ {cτ}τ∈T− it holds that

MG = G+
∑
τ∈T−

cτΥG[τ ] .

Finally, instead of working with the canonical enhancement, one associate to each ξϵ as in the

statement of the metatheorem a specific element Mϵ ∈ G− and considers the renormalised lift

6For expository purposes we shall stay vague and not specify topologies.
7This is very much in contrast to the generic situation for SDEs.
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ZBPHZ(ξϵ) := MϵΨ(ξϵ), the so-called BPHZ-lift.8 It turns out that the BPHZ-lift has the property

that the map ξϵ 7→ ZBPHZ(ξϵ) is continuous. Thus, since all maps in the the chain

ξϵ 7→ RuG,Z
BPHZ(ξϵ)

are continuous and one can take the limit ϵ→ 0, which concludes the outline of the argument behind

the metatheorem.

The general “black box” result [BCCH20, Theorem 2.22] outlined above is the culmination of the

following sequence of articles:

1. The introduction of regularity structures and models as a general tool in [Hai14]. Therein several

sub-critical SPDEs were solved by applying the strategy outlined above on a case by case basis.

2. In [BHZ19] the authors introduce the notion a rule and a systematic way of constructing from a

rule a regularity structure together with a renormalisation group G− which acts on the space of

models M. Furthermore, they characterize the BPHZ-lift mentioned above.

3. In [CH16] it is shown that the BPHZ-lift is indeed continuous (in the appropriate topologies) for

a large class of noises and rules, see also [HS23].

4. In [BCCH20] the action of G− on the space of nonlinearites Eq is identified and an appropriate

notion of “compatible” initial conditions is introduced.

Let us emphasise that the description in this section should be read as a schematic sketch and that we

have omitted several important details!

1.2 Main Contributions

This section serves as an introduction to the content of the main chapters of this thesis, each subsection

carrying the same title as the corresponding chapter in the main part of the text.

1.2.1 Regularity Structures on Manifolds and Vector Bundles

The content of this chapter, Chapter 2, is written in collaboration with M. Hairer. Its purpose is to

extend the theory of regularity structures as developed in [Hai14] for solving singular partial differential

equations on Rd or Td to a theory able to treat equations on vector bundles over a Riemannian manifold.

That is, assume M is a Riemannian manifold and E → M and F i → M are vector bundles (with a

metric and connection), we develop a theory for solving subcritical equations of the form

∂tu+ Lu =
m∑
i=0

Gi(u,∇u, ...,∇nu)ξi , (1.4)

8We point out that this lift is not unique, since it depends on the choice of a decomposition of the heat kernel.
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where u is a (generalized) section of the vector bundle E →M and L is a uniformly elliptic operator

on E of degree grater than n, ξi are F
i valued random distributions (e.g. F i-valued white noise) and

Gi : E × TM∗ ⊗ E × ...× (TM∗)⊗n ⊗ E → L(F i, E) are local functions.

As in [Hai14] and subsequent works [BHZ19], [CH16], [BCCH20] the treatment of such equations

can naturally be divided into the following steps:

1. Introducing regularity structures and models as general tool and developing an analytic framework

allowing to reformulate and solve such equations as abstract equations “driven” by a model.

2. Building a regularity structure for a specific equation (or system of equations) and a large enough

renormalisation group, as well as identifying its action on the equation.

3. Identifying the correct renormalisation procedure and showing convergence of renormalised

models.

In this work we treat the first two steps in full generality and execute the last step for the following

equations.

• Let M be a compact Riemannian 2-manifold, f ∈ C∞(R) and A(·, ·) a smooth bilinear form on

the tangent bundle TM . The g-PAM equation reads

∂tu+∆u = A(∇u,∇u) + f(u)ξ, (g-PAM)

where ∆ is the Laplace–Beltrami operator9 and ξ is spatial white noise constant in time.

• Let M be a compact Riemannian 2 or 3-manifold and E →M a vector bundle with a metric h

and compatible connection ∇E . The natural geometric generalisation of the Φ4 equation reads

∂tu+∆Eu = −u · |u|2h + ξ, (Φ4
3)

where ξ is an E-valued spacetime white noise, | · |h the norm on E induced by h and ∆E a

generalised Laplacian acting on sections of E, an example being the connection Laplacian induced

by the connection ∇E and the Levi-Civita connection, c.f. (2.135).

The invariant measure of this dynamic is of interest in constructive quantum field theory and

can formally be written as

exp
(
−
∫
M

|∇Eϕ|2g×h + VC,λ(ϕ)
)
dL(ϕ) ,

where | · |g×h is the induced norm on T ∗M ⊗E, VC,λ(u) = C|u|4h−λ|u|2h is a double well potential

and L(ϕ) denotes the (non-existent) Lebesgue measure on sections of E.

9We use the sign convention more commonly used in geometry. Thus, Laplacians are positive operators.
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• While it turns out that in many cases, such as the two above, the renormalisation procedure

needed to solve singular SPDEs is insensitive to the curvature of the underlying manifold, this is

not always the case. The equation

∂tu+∆u = u2 + ξ (ϕ34)

on a compact Riemannian 4 manifold is an example where an additional counter-term proportional

to the scalar curvature of M has to be introduced.

At this point we mention the work [DDD19] which builds a minimal framework to solve Equation

(g-PAM) in the special case f = 0 and g = id within regularity structures. Of course flat compact

manifolds, such as the torus or the Klein bottle could already be treated in [Hai14], since all flat

compact manifolds are quotients of Euclidean space by a free crystallographic group. The theory of

para-controlled distributions [GIP15], an alternative theory to deal with SPDEs, has been extended

to the manifolds setting in [BB16] to be able to deal with the analytic step of solving Equation (g-

PAM), see also [Mou22]. Furthermore, Equation Φ4
3 was recently independently studied in [BDFT23a],

[BDFT23b] based on a transform introduced in [JP23].

1.2.2 Some variable coefficient SPDEs

In Chapter 3, which is rather short, we investigate equations of the form∂t − d∑
i,j=1

ai,j(x, t)∂i∂j −
d∑
i=1

bi(x, t)∂i − c(x, t)

u = F (u,∇u, ξ) , (1.5)

where ai,j , bi, c : R× Td → R are smooth and A = {ai,j}di,j=1 is uniformly elliptic. While the articles

[Hai14], [BHZ19], [BCCH20] and [CH16] yield a comprehensive understanding of translation-invariant

subcritical SPDEs of parabolic type and several results also apply to such equations, still, no such

singular SPDE seems to have been “solved” to date. Let us use explain where the difficulty lies using

the example of the non-linearity F (u,∇u, ξ) = −u3 + ξ. The solution theory for singular SPDEs

involves renormalisation of certain ill-defined products, which in turn involves subtracting (infinite)

counter-terms. In the translation invariant setting, this amounts to subtracting diverging constants

and since these constants are not unique, one thus does not obtain only one solution, but a finite

dimensional family of solutions. This can be rephrased as saying that the natural object of study is

not the original (single) equation, but the finite dimensional family of equations with right hand sides

FC(u, ∂u, ξ) = −u3 + C + ξ for C ∈ R.

When the equation is not translation invariant, this redundancy on first sight seems to become

more severe as one needs to involve renormalisation functions and one might end up with infinite

dimensional solution families. The main contribution of this chapter is to present a systematic way to
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identify a canonical finite dimensional solution-theory for equations of the type (1.5) and to explicitly

‘solve’ the non-translation invariant g-PAM, ϕ42, ϕ
4
3 and KPZ-equation.

1.2.3 Singular SPDEs on Homogeneous Lie Groups

The content Chapter 4 is written in collaboration with A. Mayorcas and has been made publicly

available under [MS23] This article extends the theory of regularity structures in order to solve equations

of the form

∂tu− Lu = F (u, ξ) , (1.6)

where the differential operator L stems from a large class of hypoelliptic operators. This is achieved by

building on the fundamental idea of Folland [Fol75] to reinterpret the differential operator in question

as a differential operator on a homogeneous Lie group and extending the theory of regularity structures

to these non-commutative spaces.

In much of the works [Hai14], [BHZ19], [BCCH20] and [CH16] translation invariance on Rd, of

both the equation and the driving noise, plays a major role. Here we will instead work with equations

that are translation invariant with respect to a homogeneous Lie group G (Euclidean spaces being

special case). The bulk of this this chapter is dedicated to implementing the first analytic part of the

theory in [Hai14] in the case when the underlying space is a general (non-Abelian) homogeneous Lie

group, the latter steps are then carried out for a specific class of equations. While many of the key

ideas from [Hai14] carry over to our setting, we encounter a number of significant deviations from the

arguments presented therein. The main cause of these deviations are the non-commutative structure

of the base space and the fact that the notion of Taylor expansion, a crucial element of the theory,

heavily depends on the underlying group structure.

The central motivation for this extension to homogeneous Lie groups is to allow for the study

of singular SPDE with linear part given by a hypoelliptic operator, which may fail to be uniformly

parabolic. Two motivating examples are the heat operator associated to the sub-Laplacian on the

Heisenberg group and the kinetic Fokker-Planck operator on R× R2n,

u(t, x, y, z) 7→ ∂tu− (∆x +∆y + (x2 + y2)∆z)u and u(t, x, v) 7→ ∂tu−∆vu− v · ∇xu. (1.7)

We will carry these two operators and their associated homogeneous Lie groups, throughout the paper

as working examples of the theory. In the final sections we develop a full solution theory for Anderson

type equations associated to sub-Laplacians on general stratified Lie groups (Carnot groups), of which

the Heisenberg group is a well-studied example.

More generally, however, the analytic results of this paper apply to any differential operator, L̄ on

Rd, such that the following combination of results by Folland applies to L := ∂t − L̄, with respect to

some homogeneous Lie group structure on Rd+1.
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Theorem 1.2.1 ([Fol75, Thm. 2.1 & Cor. 2.8]). Let G be a homogeneous Lie group of homogeneous

dimension |s| and L be a left-translation invariant (with respect to G), homogeneous differential operator

of degree β ∈ (0, |s|) on G, such that L and its adjoint L∗ are both hypoelliptic. Then there exists a

unique homogeneous distribution K, of order β − |s| such that for any distribution, φ ∈ D′(G)

L(φ ∗K) = (Lφ) ∗K = φ.

where the convolution is with respect to the given Lie structure.

Referring to Section 4.2 for a more thorough discussion of homogeneous Lie groups and their

properties, we recall here that a differential operator D on Rd is called hypoelliptic, if for every open

subset Ω ⊂ Rd one has that,

Du ∈ C∞(Ω) ⇒ u ∈ C∞(Ω) .

The following celebrated result of Hörmander, see [Hor67, Thm. 1.1] (almost) entirely classifies the

family of second order hypoelliptic operators.

Theorem 1.2.2. Let r ≤ d and {Xi}ri=0 be a collection of first order differential operators (i.e. vector

fields) on Rd and recursively define V1 = span{Xi : i = 0, . . . , r}, Vn+1 = Vn∪{[V,W ] : V ∈ V1, W ∈ Vn}.

If a differential operator can be written in the form,

D =
r∑
i=1

X2
i +X0 + c, (1.8)

for some c ∈ R, and there exists an N ≥ 1 such that dim(VN ) = d at every point in Ω ⊆ Rd then D is

hypoelliptic on Ω.

Remark 1.2.3. By Froebenious’s theorem, [Fro77], if the condition of Theorem 1.2.2 fails in some

open set then D is not hypoelliptic on that set. However, the statement is not truly sharp; for example

the Grushin operator ∂2vv − v∂x is hypoelliptic, while the conditions of Theorem 1.2.2 are violated on

sets intersecting {v = 0}. On the other hand this type of exception cannot occur if the sections Vi are

continuous, since in this case it can be shown that the map x 7→ 1{dimVi(x)=d} is upper semi-continuous.

While Hörmander’s theorem gives an almost sharp characterisation of second order, hypoelliptic,

operators it does not say much about fine properties of the fundamental solution. For example, it gives

no direct route to a refined regularity theory for hypoelliptic equations. This observation highlights

the contribution of Folland’s theorem (Theorem 1.2.1); since translation invariance allows access

to many additional tools in the Euclidean setting, such as harmonic analysis and singular integral

methods. Viewing the class of translation invariant operators satisfying Folland’s theorem as analogous

to constant coefficient, elliptic operators on Rd a programme was successfully carried out in the works
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[FS74a, FS74b, Fol75, RS76], establishing a full Lp regularity theory for general, smooth coefficient,

hypoelliptic operators. We refer to [Bra14, Ch. 3] for a concise introduction to this programme.

A Motivating Class of Examples

In this paper we restrict ourselves to linear operators satisfying the criteria of Theorem 1.2.1 and use

the Anderson equation as a main motivating example, although we stress that our main analytic results

apply in the full generality treated by [Hai14]. The parabolic Anderson model

∂tu = ∆u− uξ, u|t=0 = u0, (1.9)

on R+×Rd describes the conditional, expected density of particles, where each particle moves according

to an independent Brownian motion and branches at a rate proportional to the random environment ξ,

c.f. [GK05]. Rigorously, this description is derived by discrete approximations and it is well known

that in the case ξ is a spatial white noise, when d = 2 and d = 3 one needs to recentre the potential

in order to obtain a non-trivial limit as the discretisation is removed, [Hai14, HL15, HL18, GIP15].

We point out that if the environment is also allowed to depend on time and is for example, white

in time, then martingale methods can be used instead to develop a probabilistic solution theory, see

[Wal86, Dal99, Dal01, Che15].

If one replaces the Brownian motions with a general diffusion,

dxt =
√
2

r∑
i=1

Xi(xt) dW
i
t ,

where the vector fields satisfy Hörmander’s rank condition (Theorem 1.2.2), then, formally the

conditional expected density of particles is described by the hypoelliptic Anderson equation,

∂tu− L̄u := ∂tu−
r∑
i=1

X2
i u = uξ . (1.10)

When realisations of the environment are sufficiently singular then a pathwise solution theory for (1.10)

is expected to require renormalisation. Since the vector fields {Xi}ri=1 satisfy Hörmander’s condition,

the operator L̄ is smoothing and therefore in principle, an extension of the theory of regularity structures

should be applicable to find a renormalised, pathwise, solution theory for (1.10). In Section 4.6 we

apply the analytic tools developed in the paper to demonstrate such an extension to the case where L̄

is the sub-Laplacian on a compact quotient of stratified Lie group (Carnot group).

We show a result analogous to that off [Hai14], finding a notion of renormalised solution to (1.10),

when ξ is a colored periodic noise on a stratified Lie group. More precisely, we show that when ξ is

replaced with a mollified, recentred noise ξε − cε, solutions uε to (1.10) converge in probability to a

unique limit independent of the specific choice of mollification-scheme. We stress that this result does
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not cover the full subcritical regime of (1.10). The treatment of this full regime would require an

analogue of the BPHZ theorem on homogeneous Lie groups, see [CH16, HS23].

A notable example of a stratified Lie group is the Heisenberg group, Hn ∼= R2n×R, see Section 4.2.4

for a description. In this case the collection of left-translation invariant vector fields, which generate

the associated Lie algebra are,

Ai(x, y, z) = ∂xi + yi∂z, Bi(x, y, z) = ∂yi − xi∂z, for i = 1, . . . , n.

It is readily checked that the collections {Ai, Bi}ni=1 are left-translation invariant with respect to

the group action described in Section 4.2.4 and that one has C(x, y, z) := [Ai, Bi] = −2∂z for all

i = 1, . . . , n. The associated sub-Laplacian is the linear differential operator,

L̄u =
n∑
i=1

(A2
i +B2

i )u,

naturally extended to a heat type operator as in (1.7) and (1.10), c.f. Section 4.4.4 for further

discussion. Recently, a problem closely related to the one in the final Section of this chapter was

studied in [BOTW22]. There an Anderson type equation on the Heisenberg group with white in time

and coloured in space noise is considered using Itô calculus techniques.

1.2.4 Strong convergence of parabolic rate 1 of discretisations of

stochastic Allen-Cahn-type equations

The content of this Chapter is written in collaboration with Máté Gerencsér, it is publicly available

under [GS22] and was accepted for publication in the Transactions of the AMS. We consider the

approximation of stochastic Allen-Cahn-type equations (i.e. 1 + 1-dimensional space-time white noise-

driven stochastic PDEs with polynomial nonlinearities F such that F (±∞) = ∓∞) by a fully discrete

space-time explicit finite difference scheme. The consensus in literature, supported by rigorous lower

bounds, is that strong convergence rate 1/2 with respect to the parabolic grid meshsize is expected

to be optimal. We show that one can reach almost sure convergence rate arbitrarily close to (and

no better than) 1 when measuring the error in appropriate negative Besov norms, by temporarily

‘pretending’ that the SPDE is singular.
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Chapter 2

Regularity Structures on Manifolds

and Vector bundles

Let us give a quick outline of this chapter. Section 2.1 introduces the geometric setting for this work,

in particular a notion of scaling s similar to [Hai14].

In Section 2.2 we first recall known results about jets, the analogue of polynomials on manifolds.

Then, the notion of an admissible realisation introduced. Since in the setting here, i.e. in the presence

of a connection and metric, there exists a canonical grading and norm on jet bundles Jk which we use

to construct a graded space J . The space J will play the role of abstract polynomials and comes with

a canonical inclusion

Jk ↪→ J

for each k.

Section 2.3 introduces the notion of a regularity structure and model. As in [DDD19], we only

impose a condition informally expressible as

ΠpΓp,q ∼ Πq (2.1)

instead of the rigid relation ΠpΓp,q = Πq in [Hai14] and further introduce a bigrading T =
⊕

α,δ T(α,δ)

where the parameter δ keeps track of a quantitative bound on the error implicit in (2.1). While this

allows for more flexibility in the definition of jet models, it has the drawback that in order to formulate

a general Schauder estimate in Section 2.6 it forces us to abandon the lower triangular structure of

the maps Γ. To be able to treat equations with components taking values in different vector bundles

such as u and ∇u in Equation (g-PAM), we work with regularity structure ensembles. In contrast to

[DDD19] our maps Γ and Π are defined globally. We introduce vector bundle valued jet regularity

structures and models as examples.

Up to modifications of some proofs the ideas in Section 2.4, where modelled distributions are
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introduced and a reconstruction theorem in our setting is provided, are the same as in [Hai14, Section

2].

In Section 2.5 we show how to implement local operations on regularity structures. The notion of

products is similar to the one in [Hai14] with the caveat of having to use regularity structure ensembles

in the bundle valued setting and the need to keep track of the bi-grading. Compositions with smooth

local functions relies on interpreting a local function G : E → F , where πE : E →M , πF : F →M are

vector bundles, as a section of the bundle E ⋉ F := π∗E(F ) and needs additional considerations not

present in the flat setting. Lastly, we explain in this section, how to lift differential operators relying

on the fact that every kth order differential operator ∂ : C∞(E) → C∞(F ) corresponds to a bundle

morphism T∂ ∈ L(Jk(E), F ) together with considerations from Section 2.2.

In Section 2.6 we follow [Hai14, Section 5] to define integration against singular kernels between

vector bundles. Due to (2.1) which has as consequence that

(I + J) ◦ Γ ̸= Γ ◦ (I + J) (2.2)

(as opposed to the setting in [Hai14]), we have to abandon the lower triangular structure of the

maps Γ and introduce a new operator to compensate (2.2). While the presence of this operator

technically complicates the analysis, it has a natural interpretation in terms of the “elementary”

modelled distributions introduced in [ST18], see Remark 2.14.9.

Section 2.15 and Section 2.16 are except for technical changes close to [Hai14, Section 6, 7]. Since

throughout the main part of the text we only work with the integral form of the equations of interest,

Section 2.17 contains a short discussion about the existence of fundamental solutions for differential

operators of the form ∂t + L.

This completes the analytic part of the theory.

Remark 2.0.1. For readers mostly interested in the case ofM = Rd or Td the jet bundle can canonically

be identified with polynomials, c.f. Sections 2.2.1 and Remark 2.3.15. From this point of view one can

interpret many results as recovering known statements of [Hai14] under weaker assumptions, see also

Remark 2.0.2.

Outline of the second half

In Section 2.18 we recall the notion of symmetric sets developed in [CCHS22a], and introduce vector

bundle assignments, a direct modification of vector space assignments. We also recall the analogue of

the functor FW therein.

In Section 2.19 sets of (combinatorial decorated) trees which form the backbone of the constructions

that follow are introduced. These, in contrast to previous works, are built from three sets of edge types

E+, E− and E0. The first encodes kernels, the second noises and the last serves as a place holder for
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jets. From these, similarly to [BHZ19], sets of trees T,T+ and T− as well as coloured versions thereof

are built from a rule. The trees in T− are used later for negative renormalisation, contain no E0 type

edges and are used to index spaces of differential operators Dif, while the trees in T resp. T+ are used

in the construction of the regularity structure ensemble, resp. for positive renormalisation utilising on

the machinery of symmetric sets. The coloured versions of these sets of trees such as T(−) and T
(−)
− are

crucially used since both renormalisations are encoded by colouring operations instead of extractions.

In Section 2.20 , after fixing a cutoff δ0 > 0, we construct vector bundles T and T+ from a subsets

of T and T+. This is done by first turning trees into symmetric sets and then using the functor FW ,

informally this corresponds to “attaching” jets to edges of type E0. Finally, T , is equipped with a

bi-grading and thus a regularity structure ensemble is constructed. Then, we construct pre-models

which turn elements of T into concrete distributions as well as the renormalisation group G−. After

investigating the action of G− on a pre-model ΠΠΠ, we show how to construct a model (Π,Γ) from it.

To do so, positive renormalisation is still described by “admissible cuts”, though in this setting, as a

consequence of (2.1) one has to cut trees of negative homogeneity as well. Then, we study the action

of G− on models. Since we do not restrict ourselves to constant coefficient differential operators, this

action is not described by extraction operations but by colouring operations. For both renormalisations,

due to the fact that all bundles are constructed from symmetric sets, significant care has to be taken

to ensure that everything is well defined. Lastly, explicit formulas for the renormalisation of canonical

smooth models are obtained in this section.

Section 2.21 starts with a subcritical system of SPDEs and constructs the required bundle as-

signments, edge types and rule. Then the machinery of the previous sections yields a regularity

structure as well as a renormalisation group. First, for the canonical model for smooth noises we

check that the corresponding (reconstructed) abstract solution agrees the classical solution to the

system of equations. Then, in the central Proposition 2.21.9 of this section, we prove a formula for the

renormalised equation, which is solved (in the classical sense) by the reconstructed abstract solution

with respect to a renormalised model.

Remark 2.0.2. In the context of Remark 2.0.1 one can interpret the results of this second part of

the article as giving an alternative non-algebraic point of view on the results in [BHZ19], [BB21] and

[BCCH20]. In particular, our framework allows for a rather compact proof of Proposition 2.21.9, a

slight generalisation of the main result of [BCCH20] even in the case of the torus.

Outline of concrete applications and stochastic estimates

When working with non-translation invariant equations, one is faced with the problem that the strategy

of regularity structures, when applied naively might yield an infinite-dimensional solution family. The

renormalisation group constructed in Section 2.20.4 is indeed infinite dimensional. In Section 2.22, we

outline a general strategy to remedy this issue. In particular, we explain why for most singular SPDEs
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where the linear term is given by a generalised Laplacian, renormalisation constants are sufficient.

More precisely, one expects the convergence results for such singular SPDEs on trivial vector bundles

over the torus to translate directly to any (possibly non-trivial) vector bundle over a compact manifold.

In Section 2.23 we turn to the treatment of specific examples of singular SPDEs, each of which

illustrates certain aspects of the theory developed in this article.

• While (g-PAM) is a scalar valued equation, the right-hand side involves the gradient of the

solution, i.e. a section of TM and the equation involves a rather general non-linearity. Since it

requires only Wick renormalisation, it serves as an example illustrative of the general workings of

the theory which does not many stochastic estimates. In Theorem 2.23.1 we exhibit an (at most)

two dimensional canonical solution family.

• The E-valued Φ4
3-equation illustrates how the theory developed in this article can be used to

solve singular SPDEs taking values in general vector bundles. While the scalar valued analogue

on a compact manifold can essentially be treated as in [Hai14], when the vector bundle E is

non-trivial, a technical novelty arises when establishing the convergence of

(
Π̂ϵqΓ̂

ϵ
q,p − Π̂ϵp

)(
(ep)

)
,

see Lemma 2.23.17. As in [Hai14], we exhibit an (at most) 2-dimensional solution family in

Theorem 2.23.6.

• The last example, the ϕ34 equation, is meant to illustrate an SPDE, where a geometric counterterm

is needed to renormalise the model. Here we obtain a (at most) 5-dimensional solution family in

Theorem 2.23.20.

Typically, in the framework of this article, when showing that a family of models Zϵ = (Πϵ,Γϵ)

converges, one has to not only obtain appropriate stochastic estimates on terms of the form Πϵpτ(ϕ
λ
p),

but also additionally for (
ΠϵqΓ

ϵ
q,pτp −Πϵpτp

)
(ϕλq ) .

While this can significantly increase the number of estimates needed, their general form is close

to the Feynman diagrams usually encountered in regularity structures. Thus, for example for the

equations treated here, the straightforward adaptations of the kernel estimates in [Hai14] and [HQ18]

in Section 2.24, are mostly sufficient.
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2.1 Geometric Setting: Orthogonal Foliations of Manifolds

In this section we motivate a natural geometric setup for incorporating a scaling s in the sense of

[Hai14]. Let (M, g) be a (complete) d-dimensional Riemannian manifold and suppose one is given

n ≤ d mutually orthogonal distributions1 D1, . . . ,Dn ⊂ TM , such that TpM =
⊕n

i=1Di
p together with

an element s ∈ Nn. Then one defines the scaled length of a tangent vector

Xp = X1
p + . . .+Xn

p ∈ TpM ,

where Xi
p ∈ Di

p as

|Xp|s =
n∑
i=1

gp(X
i
p, X

i
p)

1
2si . (2.3)

On geometric grounds it is natural to assume that these distributions are integrable and parallel. Under

these assumptions the following theorem of de Rham, c.f. [BF06, Ch. 4, Thm. 4.4] holds.

Theorem 2.1.1. In addition to the above setup, assume that M is simply connected. We denote

by F1, . . . ,Fn the foliations of M corresponding to D1, . . . ,Dn respectively. Then, for every p ∈

M , there exists a foliation preserving isometry from (M, g) to the Riemannian product manifold

(L1, g1)× . . .× (Ln, gn), mapping each leaf Fi to Li.

The above discussion motivates the following definition.

Definition 2.1.2. A scaling s on a manifold (M, g) is a decomposition M = (M1, g1)× . . .× (Mn, gn)

together with an element s ∈ Nn. To a scaling s on (M, g) we associate the scaled “norm” on TM

defined in (2.3), as well as the distance2 defined for p, q ∈M by

ds(p, q) =
n∑
i=1

di(pi, qi)
1
si

where di denotes the usual distance induced on M i by gi and where p = (p1, . . . , pn), q = (q1, . . . , qn) ∈

(M1, g1)× . . .× (Mn, gn) .

The following simple lemma illustrates that the norm | · |s and distance ds(·, ·) fit together well.

Lemma 2.1.3. In the above setting for every point p ∈M and Xp ∈ TpM small enough the identity

ds(p, exppXp) = |Xp|s ,

holds.

1Here “distribution” is meant in the geometric sense, i.e. a smooth section of the Grassmann bundle over M .
2Sometimes it will be more convenient to work with the (equivalent) scaled distance ds(p, q) := supi∈{1,...,n} d

i(pi, qi)
1/si ,

which we shall do without elaborate explanation.
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We call a chart ϕ :M ⊃ U → V ⊂ Rd an s-chart, if there exist charts ϕi :M i ⊃ U i → V i ⊂ Rdi for

i ∈ {1, . . . , n} such that U = U1 × . . .× Un and ϕ = (ϕ1, . . . , ϕn). For a multi-index k = (k1, . . . , kn),

where ki ∈ Ndi , we write

|k|s =
n∑
i=1

si

di∑
j=1

kij .

In the sequel it will be useful to single out the vector fields V onM , which take values in TM i ⊂ TM .

We call such a vector field an si-vector field. We say W is a s-vector field, if it is a si-vector field for

some i and declare the degree of a s-vector field V to be given by

degsV =


0 if V = 0 ,

si if V is an si-vector field .

(2.4)

We extend this to tuples of s-vector fields (V1, . . . , Vk) by

degs(V1, . . . , Vk) =
∑
j

degs(Vj) .

Remark 2.1.4. One could also work with real-valued scalings s ∈ Rn+, but the restriction s ∈ Nn

simplifies notation later on. Furthermore, since in the theory of regularity structures one always has

“an epsilon of room”, this is not usually much of a restriction.

Remark 2.1.5. In the setting of Theorem 2.1.1 the Frobenious theorem, c.f. [Lun92], characterises

integrable distributions. The somewhat complementary setting where D1 is spanned by Hörmander

vector fields, the simplest examples being Carnot groups, was considered in [MS23].

2.1.1 Vector bundles and metric connections

Usually, when working with a vector bundle π : E →M , we shall assume that it is equipped with a

metric ⟨·, ·⟩E and a connection ∇E which is compatible with the metric, i.e. for any two sections V,W

of E and Xp ∈ TpM one has

Xp(⟨V,W ⟩E) = ⟨∇E
Xp
V,W ⟩E + ⟨V,∇E

Xp
W ⟩E ,

where the left-hand side uses the usual identification of tangent vectors with derivations. We shall

write (E,∇E , ⟨·, ·⟩E) in this case. We shall denote by C∞(E) the space of smooth sections of E and by

C∞
c (E) those which are furthermore compactly supported.

Let us recall some important constructions and examples of vector bundles.
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Trivial bundle

Any real-valued function on M can naturally be identified with a section of the trivial bundle M × R.

(Recall that there exist a canonical metric and connection on this bundle, the latter being independent

of the Riemannian structure of M .)

Tangent bundle

We shall always equip the tangent bundle TM with the Levi-Civita connection ∇TM .

Dual bundle

Given a vector bundle (E,∇E , ⟨·, ·⟩E) as above, denote by E∗ the dual bundle and (·, ·) : E∗|p⊗E|p → R

the natural pairing above any point p ∈M . We shall always equip E∗ with the canonically induced

metric ⟨·, ·⟩E∗ and connection ∇E∗
, which are characterised by the following properties:

• If {ei} is an orthonormal basis of E|p, then the unique basis {e∗i } of E∗|p satisfying

(e∗k, ei) = δi,k

is an orthonormal basis of E∗|p.

• If V, V ∗ are sections of E, resp. E∗ and Xp ∈ TpM , then

∇Xp(V
∗, V ) = (∇E∗

Xp
V ∗, V ) + (V ∗,∇E

Xp
V ) .

One can observe that ∇E∗
is a metric connection with respect to ⟨·, ·⟩E∗ .

Product bundle

Given two vector bundles E →M, F → N , let E ⊗̂ F be the vector bundle over M ×N with fibres

E ⊗̂ F |(p,q) = E|p ⊗ F |q for (p, q) ∈ M × N and smooth structure characterised by the fact that if

V ∈ C∞(E), W ∈ C∞(F ), then (p, q) 7→ V (p)⊗W (q), for which we write V (p) ⊗̂W (q) from now, is

an element of C∞(E ⊗̂ F ).

Furthermore (E,∇E , ⟨·, ·⟩E) and (F,∇F , ⟨·, ·⟩F ) as above, then we shall always equip E ⊗̂ F with

the canonically induced metric ⟨·, ·⟩E⊗F and connection ∇E⊗F , which are characterised by the following

properties:

• If {ei}, {fj} is an orthonormal basis of E|p respectively F |q, then {ei ⊗̂ fj}i,j is an orthonormal

basis of (E ⊗ F )|(p,q) .

30



• If V,W are local sections of E resp. F , Xp ∈ TpM and Yq ∈ TqN , then

∇E⊗̂F
(Xp,Yq)

(V ⊗̂W ) = (∇E
Xp
V )⊗W (q) + V (p)⊗∇F

YqW ,

where we implicitly identified T (M ×N) ≃ TM ⊗̂ TN under the canonical isomorphism.

One can observe that ∇E⊗̂F is compatible with ⟨·, ·⟩E⊗̂F .

Tensor product bundle

Given two vector bundles (E,∇E , ⟨·, ·⟩E) and (F,∇F , ⟨·, ·⟩F ) with the same manifold M as base space,

let E ⊗ F := δ∗(E ⊗̂ F ) where δ :M →M ×M is the diagonal map and δ∗ the induced pullback of

vector bundles. We equip E ⊗ F with the canonically induced metric ⟨·, ·⟩E⊗F and connection ∇E⊗F ,

which are characterised by the following properties:

• If {ei} and {fj} are orthonormal bases of E|p and F |p, then {ei ⊗ fj}i,j is an orthonormal basis

of (E ⊗ F )|p.

• If V,W are local sections of E, resp. F and Xp ∈ TpM , then

∇E⊗F
Xp

(V ⊗W ) = (∇E
Xp
V )⊗W + V ⊗∇F

Xp
W .

One can observe that ∇E⊗F is compatible with ⟨·, ·⟩E⊗F . Furthermore they agree with the pulled back

metric and connection under δ .

Symmetric tensor product bundle

Working with one vector bundle (E,∇E , ⟨·, ·⟩E), we write E ⊗s E := δ∗(E ⊗̂s E) for the subbundle of

E⊗E consisting of symmetric tensors equipped with the metric and connection obtained by restriction

of the ones on E ⊗ E.

Higher order derivatives

The constructions above give a meaning to higher order derivatives of sections of E given inductively as

(∇E)n+1 := ∇T ∗M⊗n⊗E ◦ (∇E)n ,

where (∇E)1 := ∇E .

We shall usually simply write ⟨·, ·⟩ and ∇ omitting reference to the underlying vector bundle.
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2.1.2 Bundle valued distributions

Given a vector bundle E →M , we write D(E) for the space of smooth compactly supported sections.

We equip

D(E) =
⋃

K⊂M compact

C∞
c,K(E)

with the inductive limit topology, where each C∞
c,K(E) := {ϕ ∈ C∞

c (E) : supp(ϕ) ⊂ K} is equipped

with the usual Fréchet topology induced be the semi-norms

∥ϕ∥k := sup{|∇lϕ(x)| : x ∈ K, l ≤ k} .

The space of generalised sections (or E-valued distributions) D′(E) is defined as the dual space of

D(E). We shall usually identify u ∈ C∞(E) with an element of D′(E) via the canonical inclusion

C∞(E) ↪→ D′(E), u 7→ Tu ,

where Tu(ϕ) :=
∫
M ⟨u(p), ϕ(p)⟩E dVolp for ϕ ∈ D(E) and dVolp stands for integration in p with respect

to the usual Riemannian density.

2.2 Jet Bundles

In this section we collect the definitions and basic properties of the jet bundle of a vector bundle

π : E → M where M is equipped with a scaling s and at the same time we fix notation used in the

sequel. For a beautiful exposition on jet bundles we refer to [Pal65].

2.2.1 Definition and basic properties

Throughout this section we do not assume any structure other than M being a smooth manifold and

π : E →M being a smooth vector bundle.

For k ∈ N, p ∈M we define an equivalence relation on C∞(M) by postulating that

f ∼k,p g

if in some (and therefore any) s-chart (U, ϕ) around p = ϕ(0) ∈ M and for all multiindices l with

|l|s ≤ k one has Dl(f ◦ ϕ)(0) = Dl(g ◦ ϕ)(0). We define

JkpM := C∞(M)/ ∼k,p

and denote by jkpf the equivalence class of f ∈ C∞(M).
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For a vector bundle E →M we define the space

JkpE := C∞(E)/ ∼E,k,p ,

where two section f, g ∈ C∞(E) are equivalent with respect to ∼E,k,p if in some (and therefore any)

smooth local frame {ei}i of E around p the component functions of f =
∑

i f
iei, g =

∑
i g
iei satisfy

f i ∼k,p g
i for each i .

We define JkE :=
⋃
p J

k
pE, which can be endowed with the structure of a vector bundle (c.f.

[Hir12, Chapter 2.3] or [Sau89, Chapter 6]) and is called the k-jet bundle of E. To any smooth section

f ∈ C∞(E) one can associate the following section of JkE:

jkf :M → JkE, p 7→ jkpf .

The map jk is called the prolongation map.

Remark 2.2.1. To make notation consistent one should write Jk(M × R), instead of JkM but we

shall usually opt for the latter for notational convenience.

Remark 2.2.2. Classically jet bundles are defined in the absence of a non-trivial scaling. But

since the scaling only causes minor modifications of the classical concepts, committing slight abuse of

nomenclature, we use the classical terminology in this setting as well.

Remark 2.2.3. The notion of jet bundles extends to fibre bundles, but the jet bundle of a fibre bundle

is only an affine space in general, c.f. [Sau89].

Remark 2.2.4. In the absence of a scaling s, an equivalent condition for f ∼k,p g for two functions

f, g ∈ C∞(M) is to ask that for any smooth curve γ : (−ϵ, ϵ) →M such that γ(0) = p, one has

∂ns (f ◦ γ)(s)|s=0 = ∂ns (g ◦ γ)(s)|s=0

for all n ≤ k . This is not true in the presence of a non-trivial scaling s!

Remark 2.2.5. Let us mention an alternative characterisation of the space JkpM , resp. JkpE, for a

proof in the absence of a scaling we refer to the discussion in [Pal65, Chapter IV.2].

For p = (p1, . . . , pn) ∈M let Iip := {f ∈ C∞(M i) : f(p) = 0} be the ideal of C∞(M i) of functions

vanishing at p. Identify Iip ⊂ C∞(M) in the canonical way and define Īkp as the smallest ideal containing

⋃
|l|s>k

(I1p )
l1 · · · (Inp )l

n
.

Then one can define Jkp (M) = C∞(M)/Īkp (M), which shows in particular, that Jk(M) has a natural

algebra structure.
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Similarly for a vector bundle E, if one defines Zkp = Īkp · C∞(E) ⊂ C∞(E) , one can set

Jkp (E) = C∞(E)/Zkp ,

which implies that Jkp (E) is a Jkp (M)-module.

Pull-back of jets

Let ϕ :M → N be a smooth map, the notion of pullback

ϕ∗ : C∞(N) → C∞(M) , g 7→ g ◦ ϕ ,

induces a notion of pullback on jets. We define a map ϕ∗ : JkN → JkM determined for p ∈ U , q = ϕ(p)

by

ϕ∗|q : Jkq V → JkpU , jkq f 7→ jkp (ϕ
∗f) = jkp (f ◦ ϕ) . (2.5)

Working on vector bundles E →M , F → N , let Φ : E → F be a bundle morphism which restricts to

isomorphisms on fibres. Write Φ = (ϕ,G) where ϕ :M → N is a smooth map and G(p) : E|p → F |ϕ(p)
is an invertible linear map for each p ∈M , such that one can write Φ(p, v) = (ϕ(p), G(p)(v)) for every

(p, v) ∈ E. Such a bundle morphism induces a pullback Φ∗ : C∞(F ) → C∞(E) by

(
Φ∗g

)
(p) = G−1(p)

(
g ◦ ϕ(p)

)
. (2.6)

One can thus define a map Φ∗ : JkF → JkE determined by the fact that for any g ∈ C∞(F ) and

p ∈M , q = ϕ(p)

Φ∗|q : Jkq F → JkpE , jkq g 7→ jkp (Φ
∗g) .

One easily checks that the maps introduced in (2.5) and (2.6) are well defined.

Differentiation of jets

For V a vector field in a neighbourhood of p the map

∇V : Jkp (E) → J⌊k−maxi si⌋
p (E), jkpf 7→ j⌊k−maxi si⌋

p ∇V f

is well defined. If V is an si-vector field, this can improved and the map

∇V : Jkp (M) → J⌊k−si⌋
p (M), jkpf 7→ j⌊k−si⌋

p ∇V f (2.7)

is well defined. This follows from a direct computation in charts, or alternatively from the fact that

in the setting of Remark 2.2.5 if r ∈ Zkp , then ∇V r ∈ Z
⌊k−si⌋
p . Given a global si-vector field V , this
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induces a smooth map JkE → J⌊k−si⌋E.

Scalar valued jets in local coordinates

Let Rd be equipped with a scaling s in the sense of [Hai14, Equation (2.10)] and denote by P polynomials

in indeterminates X1, . . . , Xd. If M = U is an open subset of Rd, we can and will identify JkM with

U × Pk, where Pk ⊂ P denotes the space of abstract polynomials of (scaled) degree up to k and we

identify for f ∈ C∞(M)

jkpf =
∑
|l|s≤k

X l

l!
Dlf(p) .

Note that Pk comes with a natural algebra structure, where the product is given by the usual product

on P composed with the projection onto Pk and, for any p ∈M , this agrees with the algebra structure

on Jkp previously mentioned. We now investigate the notion of pullback of jets under this identification.

Let U, V ⊂ Rm and ϕ : U → V be a smooth map. For p ∈ U , q = ϕ(p) one can express the map

ϕ∗|q : Jkq V → JkpU , jkq f 7→ jkp (ϕ
∗f) = jkp (f ◦ ϕ) ,

under the above identification of jets with polynomials as follows: Denoting by P kq ϕ the polynomial of

order k associated to the Rd-valued jet jkq ϕ, the map ϕ∗ is given by the algebra (bundle) morphism

{q} × Pk → {p} × Pk determined by Xi 7→
(
Pqϕ− p

)
i
. Note that this map is not graded in general,

but upper triangular with respect to the natural grading on polynomials.

Remark 2.2.6. The fact that the map ϕ∗|q : Jkq V → JkpU does not preserve the grading on polynomials

is consistent with the fact that in the setting of smooth manifolds, the jet bundle is only a filtered bundle

as will be discussed in Section 2.2.2.

If (U, ϕ) is a chart of M at p ∈ U ⊂M , then this induces a chart

θk(U,ϕ) : J
kU → ϕ(U)× Pk (2.8)

determined by θk(U,ϕ) : j
k
q f 7→ jkϕ(q)(ϕ

−1)∗f , where we can identify jkϕ(q)(ϕ
−1)∗f with a polynomial. The

smooth structure of JM agrees with the one given by such charts.

Bundle valued jets in local coordinates

We extend the previous discussion to bundle valued jets. Let M = U be an open subset of Rd as before,

let E = U ×Rn be the trivial bundle over U , and denote by {ei}i=1,..,n the canonical basis of Rn. Then

we can and will identify JkE with U × Pk(Rn), where Pk(Rn) = Pk⊗Rn denotes the space of abstract

Rn-valued polynomials of (scaled) degree up to k. Note that Pk(Rn) is naturally a Pk-module. We
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thus identify for f =
∑n

i=1 f
i ⊗ ei

jkpf =
∑
|l|s≤k

n∑
i=1

Dlf i(p)

l!
X l ⊗ ei .

Let U, V ⊂ Rd and E = U × Rn, F = V × Rn be trivial bundles. Let Φ : E → F be a

bundle morphism restricting to an isomorphism on fibres. Write Φ = (ϕ,G) where ϕ : U → V and

G : U 7→ GL(Rn) are smooth maps such that Φ(p, v) = (ϕ(p), G(p)(v)) for each (p, v) ∈ E. Then the

pull-back map Φ∗ : C∞(F ) → C∞(E) is given on g =
∑

i g
iei ∈ C∞(F ) by

(
Φ∗g

)
(p) = G−1(p)

(
g ◦ ϕ(p)

)
=
∑
i

(gi ◦ ϕ)(p)G−1(p)(ei) .

To describe the map

Φ∗|q : Jkq F → JkpE , jkq g 7→ jkp (Φ
∗g)

for p ∈ U , q = ϕ(p) explicitly, we use the algebra structure of Pk and that Pk(Rn) is a Pk-module.

Then, making the above identification of jets with polynomials and denoting for Φ = (ϕ,G) by {gi,j}i,j

the components of G−1, the map Φ∗|q : Jkq F → JkpE is the unique linear map such that for every multi

index l

X lej 7→ (P kq ϕ− p)l · (P kpG−1)ej =
∑
i

(Pqϕ− p)l · (P kp gi,j)ei (2.9)

where P kq ϕ is the polynomial of order k associated to the Rd valued jet jqϕ and similarly for P kp (G
−1)

and P kp g
i,j .

Now suppose (π−1U,Φ) is a local trivialisation of E, then this induces a chart θk(π−1U,Φ) : J
k(π−1U) →

Jk(ϕ(U)× Rn) = ϕ(U)× Pk(Rn) determined by

θk(π−1U,Φ) : j
k
q f 7→ jkϕ(q)

(
(Φ−1)∗f

)
, (2.10)

where we identify jkϕ(q)
(
(Φ−1)∗f

)
with a polynomial.

Remark 2.2.7. As in the scalar case one sees from (2.9) the jet bundle is only a filtered bundle and

the maps in (2.10) are charts for the jet bundle.

Differential operators

Definition 2.2.8. Given vector bundles E,F over a manifold (M, g) with a scaling s, we call A :

D(E) → D(F ) a (smooth) kth order differential operator if there exists TA ∈ C∞(L(JkE,F )) such that

A = TA ◦ jk . We denote by Difk(E,F ) the space of such differential operators.

Observe that if the scaling is trivial, this notion of k-th order differential operators agrees with the

standard notion, c.f. [Pal65, Section 3].
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2.2.2 Grading on jets

In this section we observe that there is a canonical grading on JkE, if the underlying manifold M is

equipped with a Riemannian metric and E with a (metric) connection. Note that for each l < k the

linear map pk,l : J
kE → J lE, jkf 7→ jlf is well defined, which turns (JkE)k∈N into a filtered bundle.

One then has a highly non-canonical isomorphism of vector bundles

JkE ≃ ker pk,k−1 ⊕ℑpk,k−1 ≃ ker pk,k−1 ⊕ Jk−1E ,

so that one can write

JkE ≃
k⊕
l=0

ker pl,l−1 ,

where we identify J−1E =M×{0} and p0,−1 : J0E → J−1E is the unique bundle morphism preserving

the base space. Thus, by choosing for each k an isomorphism ker pk,k−1⊕Jk−1E → JkE, one constructs

a grading on JkM . It is natural to restrict our attention to maps which act on ker pk,k−1 as the identity,

and thus it suffices to choose an injection

ik−1,k : J
k−1E → JkE ,

for which it is natural to further impose that pk,k−1 ◦ ik−1,k = idJk−1(E).

We first discuss the case when E =M × R is the trivial bundle and later turn to the more general

case. For p ∈M we define

ik−1,k : J
k−1
p M → JkpM (2.11)

as follows. Let ϕ be an exponential s-chart at p, i.e. an exponential chart at p which is also an s-chart,

then for f ∈ C∞(M) set

ik−1,k(j
k−1
p f) = jkph ,

where h is a function satisfying

1. jk−1h = jk−1f

2. For any multi-index l with |l|s = k, Dlh(p) = 0.

Lemma 2.2.9. For each k the map ik−1,k is a well defined bundle morphism and furthermore it is a

right inverse of the map pk,k−1, i.e. pk,k−1 ◦ ik−1,k = idJk−1M .

Before proceeding to the proof, let us point out that in the vector bundle case, these two conditions

(respectively their naive adaptation) are in general not compatible as can be seen from the following

example. Let E = TM , then in the same exponential chart (∇∂1∇∂2 −∇∂2∇∂1)f = R(∂1, ∂2)f where

R denotes the Riemann curvature tensor.
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Proof. To show that the map ik−1,k is well defined, it suffices to take h, in an exponential s-chart, to

be the polynomial of scaled degree k satisfying these conditions. To see that it is a right inverse of

pk,k−1, note that

pk,k−1 ◦ ik−1,kj
k−1
p f = pk,k−1j

k
ph = jk−1

p h = jk−1
p f .

To observe that ik−1,k is indeed a bundle morphism, it remains to show that it is smooth. Fix some

point p ∈M , and let U ⊂M be a neighbourhood of p, such that there exists an orthonormal frame of

TU consisting of s-vector fields. Fix such a frame (V1, . . . , Vd) and denote by rp̃ ∈ (0,∞) the injectivity

radius of the exponential map at p̃ ∈M . Denote by

ϕp̃ : Brp̃(0) →M , (λ1, . . . , λd) 7→ expp̃(λ1V1(p̃), . . . , λdVd(p̃))

the induced exponential chart at p̃ ∈ U . Write N = {(p̃, q) ∈M ×M | d(p̃, q) < rp̃}. It is well known

that N ∋ (p̃, q) 7→ (ϕp̃)
−1(q) is smooth.

Let O := {(p̃, q, vq) ∈ U × JU | d(p̃, q) < rp̃} and define

ψk : U × JU ⊃ O → U × Pk, (p̃, vq) 7→ θkp̃(vq) ,

where θkp̃ = (ϕ−1
p̃ )∗ is defined as in (2.8). Observe that ψk is smooth, which follows from the fact that

the exponential chart map is smooth in both entries and the explicit transformation rule for jets in

charts from Section 2.2.1. We define

θk : JU → U × Pk, (p̃, vp̃) 7→ ψk(p̃, vp̃) .

Then ik−1,k can locally be factored as

Jk−1M ⊃ Jk−1U
θk−1

−→ U × Pk−1 ↪→ U × Pk
(θk)−1

−→ JkU ⊂ JkM ,

and since all maps involved are smooth, the claim follows.

By defining for l < k − 1 the maps il,k := il,l+1 ◦ . . . ◦ ik−1,k, we have fixed an injection

J lM ⊃ ker pl,(l−1) → JkM .

We set (JkM)l := il,k(ker pl,(l−1)) and obtain a (canonical) grading

JkM =
⊕
l≤k

(JkM)l . (2.12)
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For k ≥ l we shall write Qkl for the canonical projection

JkM → (JkM)l ⊂ JkM ,

which can explicitly be written as

Qkl = il,k ◦ pk,l − il−1,k ◦ pk,l−1 . (2.13)

Before we construct a (canonical) grading on the jet bundle of a genuine vector bundle E, we turn

to a short discussion about higher order covariant derivatives.

Higher order derivatives

Denote by T ∗M the dual space of the tangent space of M . This space naturally decomposes as

T ∗M = T ∗M1 ⊕ . . .⊕ T ∗Mn .

For a multiindex l = (l1, . . . , ln) ∈ Nn define

|l|s :=
n∑
i=1

sil
i and |l| :=

n∑
i=1

li .

and define

(T ∗M)⊗sl :=
n⊗
i=1

(T ∗M i)⊗sli ,

where ⊗s denotes the symmetric tensor product. For m ∈ N set

(T ∗M)m =
⊕

|l|s=m

(T ∗M)⊗sl .

Define for a multi-index l ∈ Nn

Dl : C∞(M) → C∞((T ∗M)⊗sl
)

respectively Dl : C∞(E) → C∞((T ∗M)⊗sl ⊗ E
)

(2.14)

to be given as follows: For f ∈ C∞(M) , respectively f ∈ C∞(E)

Dlf := ∇|l|f
∣∣
(TM)⊗sl

,

where we implicitly use the canonical identification
(
(TM)⊗sl

)∗
= (T ∗M)⊗sl . We define the map

D̄k
s : C∞(E) → C∞( k⊕

m=0

(T ∗M)m ⊗ E
)
, f 7→

∑
|l|s≤k

Dlf . (2.15)
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Remark 2.2.10. Note that in the absence of a non-trivial scaling D̄kf =
⊕k

m=0∇mf .

Grading on bundle valued jets

Once we have (2.14), we have a natural injection ik−1,k : Jk−1E → JkE by setting, for any section

f ∈ C∞(E),

ik−1,k(j
k−1
p f) = jkph ,

where h is a section of E satisfying

1. jk−1
p h = jk−1

p f

2. for any multi-index l ∈ Nn with |l|s = k,
(
Dlh

)
(p) = 0 in (T ∗M)⊗sl

p ⊗ Ep .

Remark 2.2.11. Note that in the case of the trivial bundle E =M ×R this definition of ik−1,k agrees

with the one in (2.11) since M × R is a flat bundle and thus Dl = ∇|l| in this case.

Lemma 2.2.12. For each k the map ik−1,k is a well defined bundle morphism, and furthermore it is a

right inverse of the map pk,k−1, i.e. pk,k−1 ◦ ik−1,k = idJk−1E.

Proof. The proof proceeds similarly to the scalar valued case, but with some modifications. For p ∈M ,

we again use rp to denote the injectivity radius of the exponential map. Given an orthonormal basis

{ei,p} of Ep, we construct the following “special” orthonormal frame on Brp(p) where for q ∈ Brp(p)

ei,p(q) ∈ Eq is obtained by by parallel translation of ei,p (2.16)

along the shortest geodesic connecting p to q. We denote by Φkp the trivialisation of π−1(Brp(p)) ⊂ E

induced by the exponential chart and the frame ei,p(·).

To show that the map ik−1,k is well defined, it suffices to take h in the trivialisation Φkp to be the

(unique) appropriate polynomial of scaled degree k and to note that in this trivialisation

jk−1
p h = jk−1

p f

is a condition on the part of the polynomial of scaled degree up to k − 1, while

(
Dlh

)
(p) = 0 for each l ∈ Nn such that |l|s = k

is a condition on the part of the polynomial of (scaled) homogeneity exactly k.

The map ik−1,k is a right inverse of pk,k−1 since

pk,k−1 ◦ ik−1,kj
k−1
p f = pk,k−1j

k
ph = jk−1

p h = jk−1
p f .
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To observe that ik−1,k is indeed a bundle morphism, it remains to show that it is smooth. We proceed

by a slightly more elaborate version of the construction for the JkM case. Fix some point p0 ∈M , and

let U ⊂M be a neighbourhood of p0, such that there exists an orthonormal frame of TU consisting of

s vector fields and an orthonormal frame of π−1(U) ⊂ E. Fix such frames {V1(p), . . . , Vd(p)} of TpM

and {ep,1, . . . , ep,m} of E|p and denote by rp ∈ (0,∞) the injectivity radius of the exponential map at

p. Denote by

ϕp : Brp(0) →M , (λ1, . . . , λd) 7→ expp(λ1V1(p), . . . , λdVd(p))

the induced exponential chart at p ∈ U . Write N = {(p, q) ∈ M ×M | d(p, q) < rp} and recall that

N ∋ (p, q) 7→ (ϕp)
−1(q) is smooth.

Denote for (p, q) ∈ N by ep,i(q) ∈ Eq the vector obtained by parallel translating ep,i to q as

in (2.16) and note that the maps ei : N → E, (p, q) 7→ ep,i(q) are smooth by construction. Write

Φp : π
−1(Brp(p)) → Brp(0)× Rn for the induced trivialisation.

Let O := {(p, q, vq) ∈ U × π−1(U) | d(p, q) < rp} and define

Ψk : U × JU ⊃ O → U × Pk(Rn), (p, vq) 7→ θkp(vq) ,

where θkp := (Ψ−1
p )∗ is defined as in (2.10). Observe that the map Ψk is smooth, which follows from

the fact that the exponential chart map as well as the maps ei are smooth (in both entries) and the

explicit transformation rule for jets under change of bundle trivialisations (2.9) . We define

θk : JU → U × Pk, (p, vp) 7→ Ψk(p, vp) .

Then ik−1,k can locally be factored as

Jk−1E ⊃ Jk−1π−1(U)
θk−1

−→ U × Pk−1(Rn) ↪→ U × Pk(Rn) (θk)−1

−→ Jkπ−1(U) ⊂ JkE

and since all involved maps are smooth, the claim follows.

Exactly as in the scalar valued case, we set il,k := il,l+1 ◦ . . .◦ ik−1,k and thus single out a “canonical”

injection

J lE ⊃ ker pl,(l−1) → JkE .

Set (JkE)l := il,k(ker pl,(l−1)) to obtain a grading

JkE =
⊕
l≤k

(JkE)l . (2.17)
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For k ≥ l we shall write Qkl for the associated canonical projection

JkE → (JkM)l ⊂ JkE ,

which can explicitly be written as

Qkl = il,k ◦ pk,l − il−1,k ◦ pk,l−1 . (2.18)

We define a map

DDDk
s : JEk →

k⊕
m=0

(T ∗M)m ⊗ E

as the unique bundle morphism such that the following diagram commutes

C∞(E) JkE

⊕k
m=0(T

∗M)m ⊗ E ,

jk·

D̄k
s

DDDk
s

where D̄k
s was introduced in (2.15). We recover the following (in the non-scaled setting classical) result,

c.f. the Corollary after Theorem 7 in [Pal65, Chapter IV. 9]. The result also substantiates the claim

that the grading constructed above is “canonical”.

Proposition 2.2.13. The map DDDk is well defined and an isomorphism of graded vector bundles.

Proof. We first construct and show uniqueness of the map DDDk
p which makes the following diagram

commute.

C∞(E) JkpE

⊕k
m=0(T

∗
pM)k ⊗ E|p .

jkp

D̄k|p
DDDk

p

Indeed, existence, uniqueness and the fact that DDDk
p :
⊕k

m=0 J
k
pE → (T ∗

pM)k ⊗E|p is an isomorphism

follow from the fact that ker jkp = ker D̄k|p as can, for example, be seen by going to an exponential

chart at p. It follows directly from the construction of the grading that DDDk
p is graded.

To see that the thus defined map DDDk with the property DDDk|p =DDDk
p is indeed a bundle morphism,

it suffices to check smoothness. This can for example be seen similarly as in the smoothness part of

the proof of Lemma 2.2.12 by using a map θ defined in a neighbourhood of p. Alternatively it follows

directly from [Pal65, Chapter IV.3, Theorem 3].

We fix the scalar product on JkE making DDDk an isomorphism of inner product bundles.

Remark 2.2.14. Let (U, ϕ) be an exponential s-chart at p and denote by ∂i the coordinate vector fields.
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Then one sees from the above construction, that

|jkpf |n := |Qknjkpf | ≲ sup
deg(∂i1 ,...,∂im )=n

|(∇∂i1
◦ . . . ◦ ∇∂im

f)(p)|

= sup
deg(∂i1 ,...,∂im )=n

|(∇m
(∂i1 ,...,∂im )f)(p)| ,

for every f ∈ C∞(E) .

The following is a direct consequence of the preceding discussion.

Corollary 2.2.15. For a point p denote by ϕp s-normal coordinates in a neighbourhood U of p. Then,

the map θp := (ϕ−1
p )∗|Jk

pM
is graded with respect to the grading introduced in (2.17) . Similarly, in

the vector bundle valued case, denote by Φp a trivialisation of π−1(U) ⊂ E constructed as in (2.16)

from an orthonormal frame {ei,p}i of E|p and an underlying s-exponential chart. Then the map

θp := (Φ−1
p )∗|Jk

pM
is graded.

Remark 2.2.16. Note that the search for a canonical map ik−1,k in this section is equivalent to the

search for a canonical splitting of the jet bundle exact sequence

0 (T ∗M)k ⊗ E Jk(E) Jk−1(E) 0 ,
pk,k−1

c.f. [Pal65, Chapter IV, Thm. 1]. A differential operator A ∈ Difk(E, T
∗M)k ⊗ E) such that TA splits

the jet bundle exact sequence is called a kth total differential.3 The operator

A =
( ∑
l∈Nn:|l|s=k

Dl
)
: C∞(E) → C∞((T ∗M)kp ⊗ E) ,

where Dl was defined in (2.14), has this property.

2.2.3 Infinite jet bundle

At this point it is natural to introduce the infinite jet bundle J∞E as the inverse limit of the inverse

system of vector bundles (JkE, pk,l)l,k∈N: l≤k. It is straightforward to see that (JkE, pk,l)l,k∈N: l≤k is

a perfect inverse system and that there is a canonical isomorphism J∞
p E ≃ C∞(E)/ ∼∞,p where the

equivalence relation ∼∞,p is defined analogously to the relation ∼k,p introduced in Section 2.2. This in

particular implies that for each k ∈ N there is a unique projection

p∞,k : J
∞E → JkE

3It turns out that in the setting of a trivial scaling, kth total differentials can be characterised as exactly those
differential operators A whose symbol, c.f. Section 2.17, is given by σk(A)(vp)(ep) = v⊗k

p ⊗ ep, see [Pal65, Chapter IV.9,
Thm. 5].
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such that the family of maps {p∞,k}k∈N satisfies the identity p∞,l = p∞,k ◦ pk,l for all l ≤ k. The

analogous statement also holds for the maps ik,∞.

In particular, it follows that the maps {Qkl }k,l∈N introduced in (2.18) extend to a map Ql : J
∞E →

J∞E given by

Ql = il,∞ ◦ p∞,l − il−1,∞ ◦ p∞,l−1 . (2.19)

We define the spaces (JE)l = QlJ
∞E, which come with a natural scalar scalar product induced

from the one on JkE . We define the graded space

JE :=

∞⊕
m=0

(JE)m ,

which in view of Proposition 2.2.13 is canonically isomorphic to
⊕∞

m=0(T
∗M)m ⊗ E. Note the strict

inclusion JE ⊊ J∞E.

Remark 2.2.17. The reason for introducing the space JE ⊂ J∞E is that working with J∞E would

introduce non-trivial convergence considerations in subsequent sections, while this can be circumvented

on JE. In principle it would have been possible to work with JkM for some big enough k ∈ N throughout

this article, but our decision to work with JE seems more natural from the point of view of [Hai14], as

JpE is the canonical analogue of the space of polynomials of arbitrary but finite degree at p, while J∞
p

allows for infinite power series.

Remark 2.2.18. From now on we shall use the notation

jpf := j∞p f ,

since this will make many expressions less cluttered. Note that jpf /∈ JpM in general, but this will

cause no confusion, since the space J∞M will play no role from Section 2.3 onwards.

Remark 2.2.19. One can see that JE and JM ⊗E are canonically isometrically isomorphic, since it

follows from Proposition 2.2.13 that for each k the vector bundles JkE and JkM ⊗E are isometrically

isomorphic.

2.2.4 Jets and analytic bounds

We make some remarks on the growth of a function f depending on its jet jkpf .

Lemma 2.2.20. Suppose W = (W1, . . . ,Wn) is a tuple of s-vector fields defined on B1(p). Then there

exists a constant (depending on W ), such that the following bound holds uniformly over f, g ∈ C∞(M)
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satisfying jkpf = jkpg

|(∇W1 · · · ∇Wnf)(q)− (∇W1 · · · ∇Wng)(q)|

≲W ds(p, q)
⌊k+1−degs(W )⌋∨0 ∥∥|j⌊k+maxi si⌋∨deg(W )

· (f − g)|
∥∥
L∞(B1)

,

where degs(W ) was defined in (2.4) .

Proof. We show the claim for |jkpf | = |jkpf | = 1, the general case follows from linearity. We begin with

the case n = 0: Let h = f − g, since jkph = 0 the discussion in this Section 2.2.1 implies that in any

s-coordinate chart (U, ϕ) around p the Taylor polynomial jkϕ(p)(h ◦ ϕ−1) of order k vanishes. Thus it

follows from [Hai14, Prop. A1], that one has a bound of the form |h ◦ ϕ−1(x)| ≲ |x− ϕ(p)|k+1
s , which

in turn implies the bound. In the bundle valued case the same argument applies replacing the s-chart

(U, ϕ) by a trivialisation.

If n > 0, note that j
⌊k−degs(W )⌋
p (∇W1 · · · ∇Wnh) = 0 by (2.7) and thus the claim follows as above.

2.2.5 Admissible realisations

In this section we define a notion of “admissible realisation” of JE for a smooth vector bundle E

which will lay the groundwork for defining the analogue of the polynomial regularity structure. In

short, an admissible realisation of JE associates to each element v ∈ JE a concrete function. We

shall first define admissible realisations on JkE and obtain admissible realisations of JE by a (soft)

limiting argument. The only place where more than the smooth structure on E is needed is when

formulating quantitative analytic bounds on admissible realisations (Lemma 2.2.25, Lemma 2.2.29 and

Lemma 2.2.30).

Definition 2.2.21. We call a map Rk : JkE → C∞(E) an admissible realisation of JkE if the following

properties are satisfied:

• For each p ∈M , the map Rk|Jk
pE

is a right inverse of jkp , i.e. j
k
p ◦Rk|Jk

pE
= id|Jk

pE
.

• The map Rk is linear on each fiber of JkE.

• The map JkE ×M → E, ((p, vp), q) 7→ Rk((p, vp))(q) is smooth.

We shall often just write Rk(vp) instead of Rk(p, vp) or R
k
E|p(vp).

Let F 7→ N be a vector bundle and Φ : E → F bundle isomorphism. Then the notion of pullback of

sections Φ∗ : C∞(F ) → C∞(E) induces the notion of pullback Φ∗ : JF → JE discussed in Section 2.2.1.

This in turn induces a notion of pullback of admissible realisations.
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Definition 2.2.22. Let Φ : E → F be a bundle isomorphism and Rk be an admissible realisation of

JF , then Φ∗Rk is defined as the unique map JE → C∞(E) such that the following diagram commutes

JkF JkE

C∞(F ) C∞(E)

Φ∗

Rk Φ∗Rk

Φ∗

Note that this diagram defines the map Φ∗Ek uniquely and that the smoothness and linearity

conditions in Definition 2.2.21 are trivially satisfied. To conclude that Φ∗Rk is an admissible realisation,

it suffices to observe that for p ∈M , vp ∈ JpE one has jkp (Φ
∗Rk(vp)) = vp . Indeed, writing p̄ = ϕ(p),

one has

jkp ((Φ
∗Rk)(vp)) = jkp (Φ

∗(Rk((Φ−1)∗vp))) = Φ∗jkp̄R
k((Φ−1)∗vp) = Φ∗(Φ−1)∗vp = vp .

Remark 2.2.23. One can see that the notion of pullback of admissible realisations also makes sense if

Φ = (ϕ,G) is a bundle morphism restricting to isomorphisms on fibres and such that ϕ is an immersion.

Proposition 2.2.24. For any vector bundle E → M and any k ∈ N there exists an admissible

realisation of JkE.

Proof. Let us fix some function ψ : C∞
c (B1(0)), such that ψ|B1/2(0) = 1. For r > 0 we denote by ψr the

map given by ψr(x) = ψ(xr ) and extended to be vanish outside of Br(0).

First assume that V ⊂W ⊂ Rd are such that dist(V,W c) > r for some r > 0. Then we define the

map,

RV,W,r : V × Pk(Rm) → C∞(W )⊗ Rn, (p, vp) 7→ ψr(· − p)(Πpvp)(·) ,

where Πp is the map that maps an abstract polynomial in Pk(Rn) to the corresponding concrete Rn

valued polynomial function centred at p. Note that

1. jkpRV,W,r(vp) = vp for all p ∈ V ,

2. the map RV,W,r is C∞(V )-linear,

3. the map Jk(V × Rm)×W → Rm, ((p, vp), q) 7→ RV,W,r(vp)(q) is smooth.

Now we construct an admissible realisation on an arbitrary vector bundle E →M . Let {(Ui, ϕi)}i∈I

be a locally finite atlas of M such that there exist Vi ⊂ ϕ(Ui), satisfying dist(Vi, ϕ(Ui)
c) := ri > 0 and

M =
⋃
i ϕ

−1
i (Vi) and such that there exists a partition of unity ⊮i : M → [0, 1] subordinate to the

cover {Vi} as well as trivialisations Φi = (ϕi, Gi) of π
−1(Ui). Then we define Rk : JE → C∞

c (E) by

the following formula:

Rk(p, vp)(q) :=
∑
i

⊮i(p) Φ∗
i

(
RVi,ϕi(Ui),ri(θ

k
i vp)

)
(q) (2.20)
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where θki := (Φ−1
i )∗ : Jk(π−1(V )) → V × Pk(Rm) .

Next we check that this is indeed an admissible realisation. The second and third condition in

Definition 2.2.21 follow directly from (2) and (3) above. For the first condition note that one has

jkp
(
Φ∗
iRVi,ϕi(Ui),ri((Φ

−1
i )∗vp)

)
= vp,

by definition. Thus it suffices to show that, if f, f1, . . . , fn are smooth sections of a vector bundle

defined in a neighbourhood of p ∈ M satisfying jkpf = jkpf1 = . . . = jkpfn and η1, . . . , ηn are smooth

functions satisfying
∑n

i=1 η = 1 in a neighbourhood of p, then

jkp
( n∑
i=1

ηifi
)
= jkpf .

But since this holds on the trivial bundle Rd × Rn it follows in the general case.

The next lemma contains bounds which are used for the construction of the analogue of the

polynomial model. Assume that M is Riemannian and (E,∇, ⟨·, ·⟩) is as in Section 2.1.1 and recall for

k > l the map Qkl : J
kE → (JkE)l from (2.19).

Lemma 2.2.25. Let Rk be an admissible realisation of JkE. For every compact set K ⊂M the bound

|QkmjkqR(vp)|m ≲K ds(p, q)
(n−m)∨0|vp|n

holds uniformly over p, q ∈ K, m,n ≤ k and vp ∈ (JkpE)n.

Proof. Let (U, ϕ) be a chart around p and Φ a compatible trivialisation of π−1(U). Note that it suffices

to show the claim for q ∈ U , by continuity and compactness if follows for q further away from p. Since

(Φ−1)∗R(vp) is a smooth function on ϕ(U) vanishing of order n at ϕ(p), it follows that the coefficients

in front of monomials of homogeneity m of the abstract polynomial jkϕ(q)(Φ
−1)∗R(vp) vanish of order

n−m. Since the map Φ∗ is upper triangular, the same is true for jkqR(vp).

Definition 2.2.26. We call a family of admissible realisations {Rk}k∈N for JkE consistent, if for each

k ≥ l and each map pk,l : J
kE → J lE introduced at the beginning of Section 2.2.2 one has the identity

Rl = Rk ◦ pk,l .

We call a map R : JE → C∞(E) an admissible realisation of JE if there exists a family of admissible

realisations {Rk}k∈N of JkE such that for each k ≥ l one has the identity

R|(JE)l = Rk ◦ p∞,k|(JE)l . (2.21)
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Remark 2.2.27. Note that there is an obvious one to one correspondence between consistent families

of admissible realisations of {JkE}k and admissible realisations of JE. In particular every consistent

family of admissible realisations gives rise to an admissible realisation of JE.

Proposition 2.2.28. For any vector bundle E →M there exists a family of admissible realisations

{Rk}k which is consistent and therefore there exists an admissible realisation of JE.

Proof. In view of the previous remark it suffices to show that there exists a consistent family of

admissible realisations. Note that the admissible realisations constructed for each k ∈ N in the proof of

Proposition 2.2.24 would form a consistent admissible realisation, if we could replace each θki by θ∞i in

equation (2.20). To this end, define for V,W as in the proof of Proposition 2.2.24 and any sequence

{rn}n∈N such that d(V,W c) > rn for all n the following partial map

RV,W,{rn}n∈N : J∞(V × Rm) ↛ C∞(W )⊗ Rm

which on J(V × Rm)n ⊂ V × P (Rm) agrees with RV,W,rn .

Now the point is, that depending on the chart maps and trivialisation (Ui,Φi) one can choose

sequences {rn,i}n∈N such that no convergence issues arise when setting k = ∞ and replacing RVi,ϕi(Ui),ri

by RVi,ϕi(Ui),{rn,i}n∈N in (2.20).

Note that the bounds obtained for admissible realisations of JkE in Lemma 2.2.25 translate directly

into bounds for admissible realisations R of JE.

Lemma 2.2.29. Let R be an admissible realisation of JE. For every k ∈ N and K ⊂ M compact,

there exists a constant Ck,K such that for all n,m ≤ k the bound

|jqR(vp)|m ≲ Ck,Kds(p, q)(n−m)∨0|vp| (2.22)

holds uniformly over p, q ∈ K and vp ∈ (TpE)n .

We point out the following direct consequence of Lemma 2.2.20 .

Lemma 2.2.30. Let R, R̃ be two admissible realisations of JE, then for every compact set K and

n ∈ N

|R(τp)(q)− R̃(τp)(q)| ≲R,R̃,K |τ |ds(p, q)k+n

uniformly over p, q ∈ K, τp ∈ (JpE)<k .

Further conditions on admissible realisations

We point out that the notion of admissible realisation is rather general and depending on the context

one might want to impose further conditions such as the following.
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1. Recall, that JM is has a natural algebra-bundle structure. Thus one might want impose that

R is an algebra-bundle morphism. Indeed, the existence of such admissible realisation is clear:

since given any admissible realisation R̃ of JM one can simply define R fibre wise as the unique

algebra morphism satisfying R(1p) = 1 where 1p := jp1 ∈ (JMp)0 and R|(JM)1 = R̃(JM)1 .

2. Recall that JE is naturally a JM module, i.e there is a fibre wise multiplication. Suppose one is

given an admissible realisation R of JM which is a bundle algebra morphism. Then, one could

restrict attention to admissible realisations R̄ of JE which are compatible with this multiplicative

structure, i.e. such that the following diagram commutes

JM ⊗ JE JE

C∞(M)⊗ C∞(E) C∞(E) .

m

R⊗R̄ R̄

m

3. More generally, given two vector bundles E and F , recall that in general there is a canonical

product

m : JE ⊗ JF → J(E ⊗ F ) ,

specified by the fact that for e ∈ C∞(E), f ∈ C∞(F ) one has

Qkj(e⊗ g) =
∑

k=m+n

m(Qnje,Qmjf) .

Similarly to above one might restrict attention to admissible realisations R,R′ and R′′ such that

the following diagram commutes

JE ⊗ JF J(E ⊗ F )

C∞(E)⊗ C∞(F ) C∞(E ⊗ F ) ,

m

R⊗R′
R′′

where the lower arrow denotes the pointwise tensor product.

4. Observe that for any vector bundles E,F , the canonical trace map tr : E ⊗E∗ ⊗ F → F extends

to a trace map tr : J(E ⊗ E∗ ⊗ F ) → JF on jets, where the latter is characterised by the fact

that for g ∈ C∞(E ⊗ E∗ ⊗ F ) one has tr jg = j tr g .

For a fixed manifold M , we give a universal construction of an admissible realisation for any vector

bundle (with a connection) such that the above properties are always satisfied. First, for a vector

bundle E →M , recall the isomorphism JE ≃ JM ⊗ E.

1. Fix a multiplicative admissible realisation R̃ as in Point 1 of JM with the property that

supp(vp) ⊂ Brp for all vp in JpM where rp denotes the exponential radius at p.
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2. For ep ∈ E|p denote by ep(·) the vector field obtained by parallel transport as in (2.16).

3. Define R : JE ≃ JM ⊗ E → C∞(E) by

JM × E → C∞(E), (vp, ep) 7→ R(vp)(·)ep(·) .

It is straightforward to check that the above properties are satisfied.

2.3 Regularity Structures and Models on Vector Bundles

As already seen in the introduction, when solving equations such as (2.134), we need to work with

several vector bundles simultaneously. In order to do so we first introduce some convenient notion.

2.3.1 Maps between families of spaces

For a family of vector spaces or vector bundles V = {Vi}i∈I we shall write v ∈ V to mean v ∈
⋃
i Vi.

Given a second family W = {Wj}j∈J and a map σ : I → J we define

Lσ(V,W ) :=
∏
i∈I

L(Vi,Wσ(i)) =
∏
i∈I

Wσ(i) ⊗ V ∗
i , L̂σ(V,W ) :=

∏
i∈I

Wσ(i) ⊗̂ V ∗
i . (2.23)

Given A ∈ Lσ(V,W ) and v ∈ V , we write Av to denote Aiv, where i ∈ I is the index such that v ∈ Vi.

(In particular v ∈ Vi implies that Av ∈ Wσ(i).) For a third family U = {Uk}k∈K and σ′ : K → I

and B ∈ Lσ′(U, V ) the composition AB ∈ Lσ◦σ′(V,W ) is defined by component-wise composition, i.e.

(AB)k = Aσ′(k) ◦Bk.

Furthermore, if the index sets agree, i.e. I = J and σ = id, we simply write L(V,W ) and

L̂(V,W ) instead of Lid(V,W ) and L̂id(V,W ). We use a similar notation for spaces of sections, such as

D(V ) = {D(Vi)}i∈I and D′(V ) = {D′(Vi)}i∈I for vector bundle valued test functions and distributions.

Remark 2.3.1. We shall sometimes also use the notation L(V,W ) where V is a family of vector

bundles, while W is only a family of vector spaces. In this case we implicitly identify Wj with the

trivial bundle over one point and mean L(V,W ) := L̂(V,W ).

Remark 2.3.2. In this article, when working with the notions introduced above, we shall often work

with finite families of finite dimensional vector bundles. In this case one has the canonical isomorphisms

Lσ(V,W ) ≃
⊕
i∈I

Wσ(i) ⊗ V ∗
i , L̂σ(V,W ) ≃

⊕
i∈I

Wσ(i) ⊗̂ V ∗
i .

2.3.2 Regularity structure ensemble

We henceforth assume that the manifold M is equipped with a Riemannian structure and any vector

bundle E →M is equipped with a metric and compatible connection as in Section 2.1.1.
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The appearance of several vector bundles in equations motivates the definition of a regularity

structure ensemble.

Definition 2.3.3. Let M be a smooth manifold, a regularity structure ensemble consists of an indexing

set L and a triple T = ({Et}t∈L, {T t}t∈L, L) consisting of the following elements:

1. For each t ∈ L, Et is a finite dimensional vector bundle over M equipped with a metric and a

compatible connection.

2. For each t ∈ L, T t =
⊕

(α,δ)∈A×△ T
t
α,δ is a finite dimensional vector bundle over M bi-graded by

A ⊂ R and △ ⊂ R ∪ {+∞} which are bounded from below, discrete sets.

3. The bundle T t
0,: :=

⊕
δ∈△ T

t
0,δ comes with a canonical isomorphism T t

0 ≃ Et.

4. For every α ∈ A the bundle T t
α,∞ is trivial.

5. L is a sub-bundle of L̂(T, T ) such that for every p, q, r ∈M composition maps Lp,q ×Lq,r to Lp,r.

Remark 2.3.4. Let us elaborate on the definition of a regularity structure ensemble:

• The spaces T t and the A-grading play the same role as in [Hai14]. A model, c.f. Definition 2.3.13,

shall turn elements of T t into Et-valued distributions. The second grading △ plays the role of

“precision”, c.f. again Definition 2.3.13 and the definition of a model in [DDD19]. In contrast

to [DDD19] we allow different values of δ for different elements of T t, this is natural when

introducing products on regularity structures, c.f. Section 2.5, and when renormalising models,

c.f. Section 2.20.6.

• The isomorphism Point (3) is crucial when extending non-linear functions on the vector bundle

Et to functions on T t, c.f. Section 2.5.2. (Using the vocabulary introduced below, T t
0 will always

be part of a “jet sector”.)

• The reason that the action of L on T t is in general not lower triangular in A stems from the fact

that when δ < +∞ an additional “higher order” term appears when lifting singular kernels, c.f.

Section 2.6 and in particular Remark 2.14.9.

Remark 2.3.5. In order to lighten notation, whenever we write τp ∈ T t
α,δ the subscript p signifies that

τp belongs to the fibre of T t
α,δ above p ∈M .

Remark 2.3.6. We set T t
α,: :=

⊕
δ∈△ T

t
α,δ and T t

:,δ =
⊕

α∈A T
t
α,δ. For γ ∈ R we introduce T t,γ :=⊕

α<γ<δ T
t
α,δ . Lastly, for α ∈ A we define the canonical projection maps Qα : T t → T t

α,:.

Analogously to [Hai14, Def 2.5], we can define what a sector of a regularity structure ensemble is.
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Definition 2.3.7. Given a regularity structure ensemble T = ({Et}t∈L, {T t}t∈L, L), a sector ensemble

of regularity α ∈ RL and precision δ ∈ R ∪ {+∞} is a family {V t}t∈L of bi-graded subbundles

V t =
⊕

α′∈A,δ′∈△ V
t
α′,δ′ ⊂ T t with V t

α′,δ′ ⊂ T t
α′,δ′ satisfying the following properties for each t ∈ L

• V t
α′,δ′ =M × {0} ⊂ T t

α′,δ′ whenever α
′ < αt or δ

′ < δ.

• For all p, q ∈M and all Γ ∈ Lp,q one has Γp,qV
t
q ⊂ V t

p .

• For every α′ ∈ A, δ′ ∈ △, there exists a subbundle V̄ t
α′,δ′ ⊂ T t

α′,δ′, such that

T t
α′,δ′ = V t

α′,δ′ ⊕ V̄ t
α′,δ′ .

As usual in the theory of regularity structures, we call the bundles V t sectors of regularity αt. If α = 0,

then the sector (or sector ensemble) is called function-like.

Definition 2.3.8. We say that a regularity structure ensemble T = ({Et}t∈L, {T t}t∈L, L) is contained

in a regularity structure ensemble T̂ = ({Et}t∈L̂, {T̂
t}t∈L̂, L̂) if

• one has L ⊂ L̂ ,

• for each t ∈ L there is a graded injection ι : T t → T̂ t ,

• the spaces ιT t ⊂ T̂ t are sectors and ι−1 ◦ L̂ ◦ ι = L.

Before we turn to the definition of a model, we introduce the following useful space of test functions.

Let V →M be a vector bundle (equipped with the usual structure), for r ∈ N, λ ∈ (0, 1), p ∈M let

Br,λp (V ) :=
{
ϕ ∈ C∞

c

(
V
) ∣∣∣ supp(ϕ) ⊂ Bλ(p) , ∥|jr· ϕ|k∥L∞ <

1

λ|s|+k
for all k ≤ r

}
. (2.24)

We shall often write Br,λp or Bλp instead of Br,λp (V ) if r resp. V is fixed. Furthermore, instead of just

writing ϕ ∈ Br,λp , we shall sometimes use the notation ϕλp to emphasise λ ∈ (0, 1] and p ∈M . Lastly,

we use the usual notational convention for families of vector bundles.

Remark 2.3.9. Instead of requiring bounds on the jet of a section, one could require bounds on

the (covariant) derivatives in (2.24). This is equivalent, as can be seen from the discussion around

Proposition 2.2.13.

Remark 2.3.10. We point out the following useful property of the spaces Br,λp . For every c ∈ (0, 1)

there exists N ∈ N, such that the following property holds: For each p there exist N points p1, . . . , pN ,

such that each ϕλp ∈ Br,λp can be written as

ϕλp =

N∑
i=1

ϕcλpi ,
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where ϕcλpi ∈ Br,cλpi . The points pi ∈M can furthermore be chosen to satisfy ds(p, pi) ≤ λ.

Remark 2.3.11. Fix some constant D > 1 and K ⊂M compact, observe that there exists a constant

C = C(D,K) such that uniformly over λ < 1
D , p ∈ K and d(p, p̄) < D one has

ϕλp̄ ∈ CBr,Dλp .

Remark 2.3.12. Let {ei}i be a frame of π−1(U) ⊂ V . Then there exist C,C ′ depending on this frame,

such that

ϕλp =
∑

ϕλ,ip ei ∈ Br,λp (V ) ⇒ ϕλ,ip ∈ CBr,λp (M) for all i

and

ϕλ,ip ∈ Br,λp (M) for all i ⇒ ϕλp =
∑

ϕλ,ip ei ∈ C ′Br,λp (E) .

Definition 2.3.13. A model for a regularity structure ensemble T consists of a pair Z = (Π,Γ), where

• Π is an element of L(T,D′(E)
)
(in the notation of Remark 2.3.1),

• Γ is a continuous section of L.

Furthermore, a model is required to satisfy the following analytic conditions for every t ∈ L, compact

subset K ∈M and for all p, q ∈ K, α ∈ A, δ ∈ △ and τp ∈ (Tp)
t
α,δ:

1. |Πpτp(ϕλp)| ≲K,α λα|τp|α,

2. |Γp,qτq|β ≲K,α ds(p, q)(α−β)∨0|τq|α for all β ∈ A and p, q ∈ K,

3. |(ΠpΓp,qτq −Πqτq)(ϕ
λ
p)| ≲K,α λδ|τq|α for p, q ∈ K,

uniformly4 over λ ∈ (0, 1) and ϕλp ∈ Br,λp (Et) for fixed r > |minA|. We denote by MT the space of all

models for T .

From now on, whenever we are working with a regularity structure or regularity structure ensemble

we implicitly fix some integer r > |minA|.

Remark 2.3.14. In practice models usually satisfy for τp ∈ T t
0

Πpτp ∈ C∞(Et), Πpτp(p) = τp ,

where the second equality makes use of the canonical isomorphism T t
0 ≃ Et in Definition 2.3.3.

Remark 2.3.15. Given a regularity structure T = (E, T, L) such that the bundles Tα,δ are all trivial,

one can reformulate the notions of a regularity structure and model in a way closer to the definition in

[Hai14].

4Here it is understood that λ+∞ = 0 for all λ ∈ (0, 1).
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1. For each α ∈ A, δ ∈ △, let Nα,δ ∈ N and {τ̃ iα,δ}i∈{1,...,Nα,δ
} be a global frame of Tα,δ. Define the

vector spaces T̃α,δ = span{τ̃ iα,δ : i = 1, . . . , Nα,δ } and

T̃ =
⊕
α,δ

T̃α,δ .

2. Then, let L̃ consist of all linear maps Γ̃ : T̃ → T̃ such that there exist p, q ∈M and Γp,q ∈ L such

that for every τ̃ ∈ T̃ one has (
Γ̃τ̃
)
(p) = Γp,q(τ̃(q)) . (2.25)

3. Given a model Z = (Π,Γ) for T this induces the maps

(a) Π̃ :M → L(T̃ ,D′(E)) given by

Π̃pτ̃ := Πp (τ̃(p)) ,

(b) Γ̃ :M ×M → L̃ is the unique map such that each p, q ∈M and τ̃ ∈ T̃ the term
(
Γ̃p,q τ̃

)
(p)

agrees with the right-hand side of (2.25).

The bundles T t appearing when treating singular SPDEs will in general only be trivial if the jet bundles

JEt are trivial.

Whenever M is a compact manifold, it is possible to artificially put oneself in the setting of

Remark 2.3.15 by enlarging Tα,δ since every vector bundle over a compact manifold can be seen as a

summand – with respect to the direct sum of vector bundles – of a trivial vector bundle.

Next we introduce semi-norms on models.

Definition 2.3.16. Given a regularity structure ensemble T , we introduce the following “seminorms”

on models Z = (Π,Γ):

• For c > 0 and a compact set K ⊂M , let

∥Π∥c,K := sup
λ<c

sup
t∈L

sup
p∈K

sup
α∈A

sup
τp∈T t

α,:

sup
ϕ∈Br,λ

p

|Πpτp(ϕ)|
λα|τp|

.

We also write ∥Π∥K := ∥Π∥1,K .

• Define

∥Γ∥K := sup
t∈L

sup
p,q∈K:ds(p,q)<1

sup
α,β∈A

sup
τq∈T t

α,:

|Γp,qτq|β
ds(p, q)(α−β)∨0|τq|

.

• Set

JZKc,K := sup
λ<c

sup
t∈L

sup
p,q∈K

sup
α∈A

sup
δ∈△

sup
τq∈T t

α,δ

sup
ϕ∈Br,λ

p

|(ΠpΓp,qτq −Πqτq)(ϕ)|
λδ|τq|

and, as before, JZKK := JZK1,K .
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We set ∥Z∥c,K := ∥Π∥c,K + ∥Γ∥K + JZKc,K . Similarly, we define for a second model Z̃ = (Π̃, Γ̃)

JZ; Z̃Kc,K := sup
λ<c

sup
p,q∈K

sup
α∈A

sup
δ∈△

sup
τq∈Tα,δ

sup
ϕ∈Br,λ

p

|(ΠpΓp,qτq −Πqτq − Π̃pΓ̃p,qτq + Π̃qτq)(ϕ)|
λδ|τq|

and set ∥Z; Z̃∥c,K = ∥Π− Π̃∥c,K + ∥Γ− Γ̃∥K + JZ; Z̃Kc,K .

The following technical lemma will be useful in the sequel.

Lemma 2.3.17. Let Z̃ = (Π̃, Γ̃) be such that for each compact set K ⊂M , there exists a constant cK ,

such that properties (1), (2), and (3) of Definition 2.3.13 are satisfied for λ ≤ cK , or equivalently, for

each K compact there exists cK > 0, such that ∥Z̃∥cK ,K < ∞. Then Z̃ is a model. Furthermore for

every C > 0 the bounds

∥Z̃∥1,K ≲C,cK̄ ∥Z̃∥cK̄ ,K̄ , ∥Z; Z̃∥1,K ≲C,cK̄ ∥Z; Z̃∥cK̄ ,K̄ ,

hold uniformly over models Z, Z̃ satisfying ∥Z∥cK̄ ,K̄ ∨ ∥Z̃∥cK̄ ,K̄ < C, where K̄ is the 2-fattening of K.

Proof. We check the required bounds separately:

1. Note that the bound on Γp,qτ holds by assumption.

2. Next we check the bound on Π. We use Remark 2.3.9 with c = cK̄ and decompose ϕλp ∈ Br,λp as

ϕλp =
∑N

i=1 ϕ
cK̄λ
pi . Thus we can write for τp ∈ T t

α,δ, p, q ∈ K, λ ∈ (0, 1)

|Πpτp(ϕλp)| ≤
N∑
i=1

|Πpτp(ϕ
cK̄λ
pi )|

≤
N∑
i=1

|(Πpτp −ΠiΓpi,pτp)(ϕ
cK̄λ
pi )|+ |ΠpiΓpi,pτp(ϕ

cK̄λ
pi )|

≤ JZKcK̄ ,K̄ |τp|N · (ckλ)δ + ∥Π∥cK̄ ,K̄∥Γ∥K̄ |τp|
∑
i

∑
β∈A

ds(pi, p)
(α−β)∨0(cK̄λ)

β

≲cK̄ (JZKcK̄ ,K̄ + ∥Π∥cK̄ ,K̄∥Γ∥K̄)|τp|λα

where we used the fact that ds(pi, p) ≤ λ. Observe that the obtained bound is uniform over

p ∈ K, α ∈ A, τp ∈ T t
α,δ and λ ∈ (0, 1), ϕλp ∈ Br,λp . Thus

∥Π∥K ≲cK̄ JZKcK̄ ,K̄ + ∥Π∥cK̄ ,K̄∥Γ∥K̄ .

Similarly one finds for a second model Z̃ = (Π̃, Γ̃)

∥Π− Π̃∥K ≲ JZ; Z̃KcK̄ ,K̄ + ∥Π− Π̃∥cK̄ ,K̄∥Γ∥K̄ + ∥Π̃∥cK̄ ,K̄∥Γ− Γ̃∥K̄ .
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3. We proceed similarly to obtain the desired bound on Πpτp −ΠqΓq,pτp. We treat only the case

λ ≥ cK̄ , since for λ < cK̄ the desired bound holds by assumption. W.l.o.g assume τp ∈ Tα,δ for

δ < +∞, then

(Πqτq −ΠpΓp,qτq)(ϕ
λ
p) =

N∑
i=1

(Πqτq −ΠpΓp,qτq)(ϕ
cK̄λ
pi )

=

N∑
i=1

(Πqτq −ΠpiΓpi,qτq)(ϕ
cK̄λ
pi )

+
N∑
i=1

(ΠpiΓpi,pΓp,qτq −ΠpΓp,qτq)(ϕ
cK̄λ
pi )

+
N∑
i=1

(ΠpiΓpi,qτq −ΠpiΓpi,pΓp,qτq)(ϕ
cK̄λ
pi )

(a) The summands of the first sum can bounded as follows:

|(Πqτq −ΠpiΓpi,qτq)(ϕ
cK̄λ
pi )| ≤ JZKcK̄ ,K̄ |τ |(cK̄λ)δ

(b) For the summands in the second sum one has

|(ΠpiΓpi,pΓp,qτq −ΠpΓp,qτq)(ϕ
cK̄λ
pi )| ≤

∑
β∈A

|(ΠpiΓpi,pQβΓp,qτq −ΠpQβΓp,qτq)(ϕ
cK̄λ
pi )|

≤ JZKcK̄ ,K̄
∑
β

|QβΓp,qτq|(cK̄λ)δ

≲K JZKcK̄ ,K̄∥Γ∥K |τq|(cK̄λ)δ

(c) For the summands in the last sum we use the following very crude bounds:

|ΠpiΓpi,qτq(ϕ
cK̄λ
pi )| ≤ ∥Π∥1,K

∑
β

|QβΓpi,qτq|(cK̄λ)β

≲K ∥Π∥cK̄ ,K̄∥Γ∥K |τq|λminA

≲K ∥Π∥cK̄ ,K̄∥Γ∥K |τq|cminA−δ
K̄

λδ

≲K,cK̄ ∥Π∥cK̄ ,K̄∥Γ∥K |τq|λδ

where in the last line we used that λminA ≤ cminA−δ
K̄

λδ for λ ≥ cK̄ . Very similarly one

obtains

|ΠpiΓpi,pΓp,qτq(ϕ
cK̄λ
pi )| ≲K,cK̄ ∥Π∥cK̄ ,K̄∥Γ∥2K̄ |τq|λδ

for λ ≥ cK̄ .

56



Putting this together,

|(Πqτq −ΠpΓp,qτq)(ϕ
λ
p)| ≲cK̄ ,K̄ (1 + ∥Γ∥K̄)(JZKcK̄ ,K̄ + ∥Π∥cK̄ ,K̄∥Γ∥K̄)|τq|λδ

holds uniformly over p, q ∈ K, τq ∈ (Tq)
t
α,δ, and λ ∈ (0, 1), ϕλp ∈ Br,λp .

For the last claim, if Z̃ = (Π̃, Γ̃) is a second model, one similarly finds

JZ; Z̃KcK̄ ,K̄ ≲∥Γ− Γ̃∥K̄
(
JZKcK̄ ,K̄ + ∥Π∥cK̄ ,K̄∥Γ∥K̄

)
+ (1 + ∥Γ̃∥K̄)

(
JZ; Z̃KcK̄ ,K̄ + ∥Π− Π̃∥cK̄ ,K̄∥Γ∥K̄ + ∥Π̃∥cK̄ ,K̄∥Γ− Γ̃∥K̄

)
.

Next, we make the following useful observation, which holds in the flat setting as well, though is

less important there.

Lemma 2.3.18. Fix a regularity structure and a model. For D > 0, denote by KD, the D-enlargement

of any set K. Then, for every compact set K ⊂ M uniformly in p ∈ K and p̃ ∈ K satisfying

d(p, p̃) < Dλ as well as τp ∈ Tα,: and ϕ
λ
p̃ ∈ Br,λ

p̃

|Πpτp(ϕλp̃)| ≲D
(
∥Π∥KD∥Γ∥KD + JZKKD

)
|τp|λα

for λ ∈ (0, 1). For any second model Z̃ = (Π̃, Γ̃) the analogous bound

|
(
Πp − Π̃p

)
τp(ϕ

λ
p̃)| ≲D

(
∥Π− Π̃∥KD+1

∥Γ̃∥KD+1
+ ∥Π∥KD∥Γ− Γ̃∥KD + JZ; Z̃KKD

)
|τp|λα ,

holds.

Proof. First assume λ < 1
D , then

Πpτp(ϕ
λ
p̃) = (Πpτp −Πp̃Γp̃,pτp)(ϕ

λ
p̃) + (Πp̃Γp̃,pτp)(ϕ

λ
p̃)

= (Πpτp −Πp̃Γp̃,pτp)(ϕ
λ
p̃) +

∑
β

(Πp̃QβΓp̃,pτp)(ϕ
λ
p̃)

≲ JZKKD |τp|λδ + ∥Π∥KD

∑
β

|QβΓp̃,pτp|λβ

≲ JZKKD |τp|λδ + ∥Π∥KD∥Γ∥KD |τp|
∑
β

(Dλ)(α−β)∨0λβ .

A similar calculation works the second part of the claim for λ < 1
D . The general case follows along the

lines of the proof of Lemma 2.3.17.
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Jet regularity structures

We define jet regularity structures in the case |L| = 1 and use the obvious adaptation for cases |L| > 1.

Definition 2.3.19. For a vector bundle E →M , an E-valued jet regularity structure T̄ := (E, T̄ , L) of

precision δ0 consists of a bi-graded finite dimensional subbundle

T̄ =
⊕

α∈A,δ∈△ T̄α,δ ⊂ JE where

• A ⊂ N and for every α ∈ A one has T̄α,: =
⊕

δ∈△ T̄α,δ = (JE)α, where the grading on JE was

introduced in (2.17).

• The isomorphism T̄0 ≃ E is the canonical isomorphism T̄0 = (JE)0 ≃ E.

• L consists of all maps satisfying the properties in Definition 2.3.3 Point (5).

An E-valued jet regularity structure is said to be of precision δ0 if it satisfies A = N ∩ [0, δ0) and

△ ⊂ [δ0,+∞]. It is called the standard E-valued jet regularity structure if △ = {δ0}.

Now we define the analogue of the polynomial model.

Definition 2.3.20. Let T̄ := (E, T̄ , L) be an E-valued jet regularity structure. An admissible realisation

R of JE is said to induce a model for T̄ if the maps Z = (Π,Γ) defined as

• Πpvp = R(vp) for vp ∈ T̄α,δ,

• Γq,pvp = Q<δjqR(vp) for vp ∈ T̄α,δ, where Q<δ : JE → (JE)<δ denotes the canonical projection

defined in (2.19) ,

satisfy the properties of a model. Then Z is called a jet model for T̄ .

Proposition 2.3.21. For any δ0 > 0, every admissible realisation R of JE induces a model for the

standard jet regularity structure of precision δ0.

Proof. Set k = max{n ∈ N : n < δ0} and define (Π,Γ) as in Definition 2.3.20. Recall the canonical

identification (JE)0 ≃ E induced by Q0jpf = f(p) for all f ∈ C∞(E) and that Πpvp(p) = 0 for

vp ∈ (Tp)>0 since for all τp ∈ T̄p

jpΠpτp = jpR(τp) = τp .

Thus

|Πpτp(q)| = |R(Q<kjqΠpτp)(q)| = |R(Q<kjqRτp)(q)| = |Q0jqRτp| (2.26)

and

|Γp,qτq|m = |jpRτq|m (2.27)

We check that the properties of a model are satisfied.
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• Note that (2.26) combined with Lemma 2.2.29 implies that for vp ∈ (Tp)n

|Πpτp(q)| ≲ ds(p, q)n .

• The same Lemma 2.2.29 combined with (2.27) implies for vp ∈ (Tp)n

|Γp,qτq|m = |Q≤kjpRτq|m ≲ ds(p, q)(n−m)∨0 . (2.28)

• To check the last condition, denote by K̄ := {p ∈M : d(p,K) ≤ 1} the 1-fattening of K. Then,

since

ΠpΓp,qτq −Πqτq = RQ≤kjpRτq −Rτq

it follows by taking f = Rτq and g = R(Q≤kjpf) in Lemma 2.2.20 that

|(ΠpΓp,qτq −Πqτq)(r)| ≲R,δ ds(p, r)δ0 |τq|α .

Remark 2.3.22. When E = Rd × Rn is the trivial bundle over M = Rd one can identify jets with

polynomials as in Section 2.2.1. Then the polynomial model in the sense of [Hai14] induces a model

for the any E valued-jet regularity structure with △ = {+∞} (up to an appropriate identification of

the different fibres of T̄ , c.f. Remark 2.3.15, and a truncation to make the space finite dimensional).

Remark 2.3.23. Note that the definition of “non-standard” jet regularity structures allows some

flexibility on the analytic conditions one imposes on the corresponding model. These conditions are

particularly interesting in the case that ∞ ∈ △ and T̄∞ ̸= {0}.

• For example, when E =M ×R is the trivial bundle one can always set T̄0,∞ = (JM)0 and obtain

a model for it by working with admissible realisations R mapping jp1 7→ 1 for every p ∈M .

• More generally, if there exists a global parallel section e of E, it it can be useful to restrict

attention to admissible realisations satisfying Ejpe = e. An important example is the metric on

some bundle F , which is a parallel section of E = F ∗ ⊕ F ∗.

Given an arbitrary jet regularity structure, in general it is a non-trivial geometric question whether

there exists an admissible realisation inducing a model for it.

Remark 2.3.24. Note that in this section there was no mention of the algebra structure of jet bundles,

c.f. Remark 2.2.5, which will be used again in Section 2.5. There it will be crucial that flexible notion

of admissible realisations allows one to impose further conditions with respect to this structure, c.f.

Section 2.2.5.
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2.3.3 Operations on models

Definition 2.3.25. Let E → M , F → N be vector bundles and Φ = (ϕ,G) : E → F a bundle

isomorphism. There is a natural notion of push-forward of a regularity structure TE = (E, T, L) on M

to a regularity structure Φ∗TE = (F, ϕ∗T, ϕ∗L) on N , where ϕ∗T, ϕ∗L are the pullback-vector bundles

under ϕ−1, resp. ϕ−1 × ϕ−1 and the isomorphism (ϕ∗T )0 ≃ F is given by composing the isomorphism

T0 ≃ E with Φ.

The corresponding concept of push-forward of models

MTE → MΦ∗TM , Z 7→ Φ∗Z ,

c.f. [DDD19, Lemma 19] for the scalar case, is given as follows: Let Z = (Π,Γ) be a model for TE,

then for p̄, q̄ ∈ N

(Φ∗Γ)p̄,q̄ := Γϕ−1(p̄),ϕ−1(p̄)

(Φ∗Π)q̄ := Φ∗ ◦Πϕ−1p̄ ,

where the last Φ∗ denotes the push-forward of distributions Φ∗ : D′(E) → D′(F ).

Remark 2.3.26. In the special case of the jet regularity structure, this simply corresponds to the

pushforward of admissible realisations, see Remark 2.2.22.

Remark 2.3.27. Note that in the setting of Definition 2.3.25, for every compact set K ⊂ N , there

exist C = C(K,Φ) > 0, c = c(K,Φ) ∈ (0,∞) such that uniformly over p̄ ∈ K and λ ∈ (0, 1)

C∞
c (F ) ⊃ Φ∗(Bλp̄ (F )) ⊂ CBcλp (E) ⊂ C∞

c (E) ,

where we write p = ϕ−1(p̄).

Since our definitions differ slightly from the ones in [DDD19], we state and prove the following

lemma, which is close to [DDD19, Lemma 19].

Lemma 2.3.28. The pushforward map of Definition 2.3.25 is continuous. For every compact set

K ⊂ N there exists a constant cK , such that

∥Φ∗Π∥K,cK ≲ϕ ∥Π∥ϕ−1(K) (2.29)

JΦ∗ZKK ≲ϕ JZKϕ−1(K) (2.30)

∥Φ∗Γ∥cK ,K ≲ϕ ∥Γ∥ϕ−1(K) (2.31)
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and the analogous bound holds for the difference of two models. Therefore, by Lemma 2.3.17, the bound

∥Φ∗Z∥K ≲C,K ∥Z∥ϕ−1(K̄)

holds uniformly over models Z satisfying ∥Z∥ϕ−1(K̄) < C, as well as the similar bound for two models

Z, Z̄

∥Φ∗Z; Φ∗Z̄∥K,δ ≲C,K ∥Z; Z̄∥ϕ−1(K̄) .

Proof. Recall that by Remark 2.3.27 there exist C = C(K,ϕ) > 0, c = c(K,ϕ) ∈ (0,∞) such that

uniformly over p̄ ∈ K and λ ∈ (0, 1)

C∞
c (F ) ⊃ Φ∗(Bλp̄ (F )) ⊂ CBcλp (E) ⊂ C∞

c (E) ,

where we write p = ϕ−1(p̄). For τp̄ ∈ (ϕ∗T )p̄, denote by τp the corresponding element of Tp. We have

(Φ∗Π)p̄τp̄ρ
λ
p̄ = Πpτp(Φ

∗ρλp̄) .

Similarly writing q = ϕ−1(q̄), we have

(
(Φ∗Π)q̄(ϕ∗Γq̄,p̄)τq̄ − (Φ∗Π)p̄τq̄

)
ρλq̄ = (ΠqΓq,pτq −Πpτq)(Φ

∗ρλq̄ ) .

Thus, if we set cK := 1
c ∧ 1 the bounds (5.22) and (5.23) follow. The bound (2.31) follows directly from

the Lipschitz continuity of ϕ−1.

Remark 2.3.29. In the sequel we will want to pushforward a regularity structure and model, using

chart maps / trivialisations. To do so, we need to give a meaning to a model Z on M restricted to

an open set V . Let U ⊂ M be such that V ⋐ U ⊂ M and ⊮V ∈ C∞
c (U) such that ⊮V |V = 1. Define

TM |U := (A, T |U , L|U×U ). Then, we define

Z|V := (Π̃, Γ̃) ,

where

Π̃pτ(·) := ⊮V (·)Πpτ(·)

and

Γ̃p,q = Γp,q .

We say that Z̄ is a restriction of Z to V subordinate to U . Note that this definition does depend on the

choice of ⊮V ∈ C∞
c (U). It is clear how to pushforward such restricted models. In particular it will be

useful to pushforward restricted models using bundle trivialisations.
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It follows from the definitions that restriction is a continuous operation, i.e. one has for each

compact set K ⊂ U

∥Z̃∥K ≲ ∥Z∥K ,

where the implicit constant depends on the function ⊮V .

Remark 2.3.30. Given a regularity structure on M , assume U ⊂ M is open. We call a model on

Z = (Π,Γ) on U compactly supported, if for all p ∈ U and τp ∈ Tp, Πpτp is compactly supported in U .

If U ⊂ Rd is convex, then there exists extension of the regularity structure and model Z to a model on

all of Rd. The first claim follows from the fact that any bundle over a convex base space is trivial and

a corresponding model is easily constructed as well.

2.4 Modelled Distributions and Reconstruction

Now we define modelled distributions analogously to [Hai14].

Definition 2.4.1. Given a regularity structure ensemble T = ({Et}t∈L, {T t}t∈L, L) and a model

Z = (Π,Γ), we define for t ∈ L, γ ∈ R the space Dγ
Z(T

t) to consist of all continuous sections f of

T t,γ =
⊕

α<γ,δ>γ T
t
α,δ satisfying for every compact set K ⊂M

9f9γ;K := ∥f∥γ;K + sup
p,q∈K,
ds(p,q)<1

sup
β<γ

|f(q)−Q<γΓq,pf(p)|β
ds(p, q)γ−β

< +∞ , (2.32)

where

∥f∥γ;K := sup
p∈K

sup
α<γ

|f(p)|α .

For a second model Z̃ = (Π̃, Γ̃) and f̃ ∈ Dγ

Z̃
(T t), we define

9f ; f̃9γ;K := ∥f − f̄∥γ;K + sup
p,q∈K,
ds(p,q)<1

sup
β<γ

|f(q)−Q<γΓq,pf(p)− (f̃(q)−Q<γΓ̃q,pf̃(p))|β
ds(p, q)γ−β

.

Remark 2.4.2. Note that in the setting of Definition 2.3.25, one has the obvious notion of the

push-forward of a modelled distributions

Dγ
Z(T

t) → Dγ
(Φ∗Z)

(Φ∗T
t), f(·) 7→ Φ∗f(·) .

It is clear that this map is continuous.

Theorem 2.4.3. Given a regularity structure ensemble T = ({Et}t∈L, {T t}t∈L, L) and a model Z =

(Π,Γ), there exists for every γ ∈ (0,+∞) a unique operator RZ ∈ L(Dγ
Z ,D′(E)), called reconstruction
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operator associated to Z, such that

sup
p∈K

sup
λ<1

sup
ϕλp∈B

r,λ
p

|⟨RZf −Πpf(p), ϕ
λ
p⟩|

λγ
≲c,K 9f 9γ;K ∥Z∥K̄ (2.33)

uniformly over all t ∈ L, f ∈ Dγ
Z(T

t) and ϕλp ∈ Br,λp (Et) as well as all models Z = (Π,Γ) satisfying

∥Z∥K̄ ≤ c. Furthermore, the map Z 7→ RZ is continuous and if we denote by Z̄ = (Π̄, Γ̄) a second

model for T , RZ̄ the associated reconstruction operator, and D̄γ

Z̃
the corresponding space of modelled

distributions, then the inequality

sup
p∈K

sup
λ<1

sup
η∈Br,λ

p

|⟨RZf −Πpf̄(p)−RZ̄ f̄ − Π̄pf(p), η
λ⟩|

λγ

≲c,K 9 f, f̄ 9γ;K ∥Z∥K̄ + 9f̄ 9γ;K ∥Z; Z̄∥K̄ (2.34)

holds uniformly over models Z, Z̄ ∈ MT , satisfying ∥Z̃∥K̄ , ∥Z̃∥K̄ ≤ c and f ∈ Dγ
Z , f̄ ∈ D̄γ

Z̄
.

Proof. We divide the proof into several steps. First, we argue that it suffices to show the bound for λ

small enough, instead of λ ≤ 1, i.e. the following claim.

Claim 2.4.4. Assume that there exists an operator RZ : Dγ
Z → D′(E), such that for every K there

exists cK for which

sup
p∈K

sup
λ<cK

sup
ηλp∈B

r,λ
p

|⟨RZf −Πpf(p), η
λ
p ⟩|

λγ
≲c,K 9f 9γ;K̄ ∥Z∥K̄ (2.35)

Then RZf satisfies (2.33).

Proof of Claim 2.4.4. We argue similarly to Lemma 2.3.17 and use Remark 2.3.9 to write

⟨RZf −Πpf(p), η
λ
p ⟩ =

N∑
i=1

(
RZf −Πpf(p)

)
(η
cK̄λ
pi )

=
∑
i

(
RZf −Πpif(pi)

)
(η
cK̄λ
pi )

+
∑
i

(
Πpif(pi)−ΠpiΓpi,pf(p)

)
(η
cK̄λ
pi )

+
∑
i

(
ΠpiΓpi,pf(p)−Πpf(p)

)
(η
cK̄λ
pi )

1. For summands of the first type, we can use the assumption to obtain

∣∣∣(RZf −Πpif(pi)
)
(η
cK̄λ
pi )

∣∣∣ ≲c,K λγ 9 f 9γ;K̄ ∥Z∥K̄ .
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2. For the terms in the second sum one has

∣∣∣(Πpif(pi)−ΠpiΓpi,pf(p)
)
(η
cK̄λ
pi )

∣∣∣ ≤ λγ∥Π∥K̄ 9 f 9γ;K̄ .

3. The summands in the last line can be bounded by

∣∣∣(ΠpiΓpi,p −Πp
)
f(p)(η

cK̄λ
pi )

∣∣∣ ≤ λγJZKK̄ 9 f 9γ;K̄ .

The rest of the proof essentially adapts from [DDD19]. The argument goes as follows.

1. First recall the theorem on the trivial bundle Rd × Rm, c.f. [Hai14], [OW19], [MW20], [ST18] or

[FH20], all proofs adapt easily to our slightly more general notion of models.

Next prove reconstruction for models compactly supported on the domain U ⊂M of a trivialisation

Φ : π−1(U) → Rd × Rm. This can be done by push-forward: Assume Z = (Π,Γ) is such a model,

and denote by Z̄ = (Π̄, Γ̄) := Φ∗Z the model pushed forward to Rd. Let f ∈ Dγ
Z and denote by

f̄ ∈ Dγ
Z̄
the pushed forward modelled distribution. Set

RZf := (Φ−1)∗RZ̄ f̄ .

We check that this satisfies (2.35). Let x = ϕ(p) , then

(
RZ −Πpf(p)

)
(ϕλp) =

(
RZ̄ f̄ − Π̄xf̄(x)

)
((Φ−1)∗ϕλp) .

Thus the claim follows by combining the previous step (1) with Remark 2.3.27 and the bounds

on the pushforward of models and modelled distributions in Lemma 2.3.28 and Remark 2.4.2.

2. Fix a locally finite partition ⊮i of unity subordinate to trivialisations Φi. For a general model

Z = (Π,Γ), define the compactly supported models Zi := (⊮i(·)Π,Γ) and set

RZ :=
∑
i

RZi .

Observe, that Dγ
Z ⊂ Dγ

Zi
. Then the estimate (2.35) follows from the identity

RZf −Πpf(p) =
∑
i

(
RZif − ⊮i(·)Πpf(p)

)
combined with the previous step.
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By a straightforward adaptation of the proof in [Hai14] and by going to s-charts on M one finds

the following.

Proposition 2.4.5 (Hai14, Prop. 7.2). Under the assumptions of Theorem 2.4.3 one has the bound

|(Rf −Πpf(p))(ϕ
λ
p)| ≲ λγ sup

p,q∈Bλ(p)
sup
α<γ

|f(p)− Γp,qf(q)|α
ds(p, q)γ−α

,

where the implicit constant is of order 1 + ∥Z∥Bp(2λ) . Furthermore, the analogue bound holds for the

difference of two models.

Corollary 2.4.6. Suppose, in the setting of Theorem 2.4.3, the model Z = (Π,Γ) has the property

that that there exists an ϵ > 0 such that for every τp ∈ T t Πpτp ∈ Cϵ(Et), then for every f ∈ Dγ
Z one

has the identity

RZf(p) = (Πpf(p)) (p) .

2.4.1 More on jet models

The following observation is trivial for polynomials in the flat setting, but for admissible realisations

on manifolds worth pointing out.

Lemma 2.4.7. Let R be an admissible realisation of JE. Then, for every compact set K and k ∈ N,

there exist constants c, C > 0, such that uniformly over p ∈ K, τp ∈ (JE)<k and λ ∈ (0, 1)

c

k∑
l=1

λl|Qlτp| ≤ sup
ϕλp∈Bλ

p

|⟨Rτp, ϕλp⟩| ≤ C

k∑
l=1

λl|Qlτp|

Proof. First we proof the lemma in the scalar valued case. The upper bound follows directly from the

fact that the jet model is a model. The lower bound can be obtained as follows:

1. It follows from Remark 2.2.14, that if (ϕλp)λ∈(0,1),p∈M is a family of Dirac sequences, such that

for some c > 0, cϕλp ∈ Br+k,λp and we denote by ∂i the coordinate vector fields of a s-exponential

chart at p, then

|Qnτp| ≤ max
|l|s=n

lim
λ→0

|⟨Rτp, (∂l)∗ϕλp⟩| . (2.36)

Fix (ϕλp)λ∈N,p∈M such that for λ → 0, ϕλp → δp converges uniformly in p over compact sets (in

some distribution space), then the same also holds for (∂l)∗ϕλp → (∂l)∗δp . Therefore the limit in

(2.36) can be taken to be uniform over p in compacts.

2. Thus by the previous step, for every K compact, there exists λK > 0, such that for all λ ≤ λK,k,
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p ∈ K

∑
n≤k

λn|Qnτp| < 2
∑
n≤k

λn max
|l|s=n

|⟨Rτp, ∂lϕλp⟩|

≲k sup
n

(
λn max

|l|s=n
|⟨Rτp, ∂lϕλp⟩|

)
= max

ψλ∈B̃λ
p

|⟨Rτp, ψλp ⟩| ,

where we set B̃λp =
{
λ|l|s∂lϕλp | |ls| ≤ k

}
⊂ Br,λp . To see the first inequality one first observe it for

the case τp ∈ Tn.

3. The claim for the case λ = 1 is straight forward, thus we conclude the general case by interpolation.

This completes the proof in the scalar valued case. The bundle valued case follows by combining the

lemma in this case with Remark 2.2.19 and Remark 2.3.12.

The following is a direct application of Lemma 2.4.7 .

Lemma 2.4.8. Let δ ∈ (0,+∞) and T̄ := (E, T̄ , L) be a jet regularity structure such that △ ⊂ (δ,+∞]

and Z = (Π,Γ) a jet model. Let γ /∈ N s.t. γ < δ and suppose f is a continuous section of T̄<γ,; .

1. If f satisfies for every K compact a bound of the form

|
(
Πpf(p)−ΠpΓp,qf(q)

)
(ϕλp)| ≲K λγ

uniformly over p, q ∈ K and λ ∈ [2−1ds(p, q), ds(p, q)], then the following bound holds

|f(p)− Γp,qf(q)|m ≲K ds(p, q)
γ−m

for m < γ and thus f ∈ Dγ
Z .

2. If f ∈ Dγ
Z(T̄ ) satisfies uniformly over K compact and p ∈ K a bound of the form

|Πpf(p)(ϕλp)| ≲ λγ

then f = 0.
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2.4.2 Hölder functions

A function f : Rd 7→ R is said to belong to the Hölder space5 Cαs (Rd) for some α > 0, if for every

compact set K ⊂ R the following semi-norm is finite

∥f∥cαK := sup
x∈K

inf
P∈P⌊α⌋

sup
y∈K:|x−y|s≤1

|f(y)−ΠxP (y)|
|x− y|αs

,

where P⌊α⌋ is as in Section 2.2.1 and Πx : P⌊α⌋ → C∞(R) is the linear map specified by ΠxX
k(y) =

(y − x)k. It is a classical fact that for f ∈ Cαs , there exists for each x ∈ R a unique Px(f) ∈ P⌊α⌋ such

that

sup
y:|x−y|s≤1

|f(y)−ΠxPx(f)(y)|
|x− y|αs

< +∞ .

Fix a norm | · | on the finite dimensional vector space P⌊α⌋ and define

∥f∥Cα(K) := sup
x∈K

|Px(f)|+ ∥f∥cαK .

(Note that ∥f∥Cα
K

is a norm on functions in Cαs which are supported in K. ) We extend the definition

of Cαs to manifolds, resp. vector bundles in the usual manner.

Definition 2.4.9. Let E → M be an n-dimensional vector bundle. Fix a locally finite partition of

unity {⊮i}i∈N of M subordinate to an atlas of s-charts {(Ui, ϕi)}i∈N and let {Φi}i∈N be subordinate

trivialisations, i.e. Φi = (Gi, ϕi). We say that f ∈ Cα(E), if for any compact set K ⊂M

∥f∥Cα
s (K) :=

n∑
j=1

∑
i∈N:supp⊮i∩K ̸=∅

∥∥∥((Φ−1
i )∗fi

)
j

∥∥∥
Cα
s (ϕ−1(K∩supp⊮i))

<∞ ,

where fi := ⊮i · f .

Remark 2.4.10. It is straightforward to see that the semi-norms obtained by using a different partition

of unity and local trivialisations are equivalent.

Lemma 2.4.11. Fix α ∈ R+ \ N. For a continuous section f ∈ C(E) the following properties are

equivalent:

1. f ∈ Cαs (E)

2. There exists a unique continuous section {Fp}p∈M of (JE)<α, such that for any admissible

realisation R

sup
p∈K

inf
Fp∈(JpE)<α

sup
q∈M :ds(p,q)≤1

|f(q)−RFp(q)|
ds(p, q)α

<∞ (2.37)

for every compact set K ⊂M .

5We point out that for integer α ∈ N this space is different from the usual notion of Cα spaces.
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3. There exists a unique section F of JE<α such that for any jet regularity structure T̄ = (E, T̄ , L)

such that △ ⊂ (α,+∞] and JE<α ⊂ T̄ one has F ∈ Dα
Z(T̄ ) for any jet model Z and furthermore

RZF = f .

Proof. One easily sees that (1) and (2) are equivalent. To show (2) implies (3) we check that F as

defined in (2) is a modelled distribution and RF = f . Let p, q ∈ M and λ ∈ [2−1ds(p, q), 2ds(p, q)],

since

Πp(F (p)− Γp,qF (q))(ϕ
λ
p) =(ΠpF (p)− f)(ϕλp) + (f −ΠqF (q))((ϕ

λ
p))

+ (ΠqF (q)− Γp,qF (q))(ϕ
λ
p) ,

one obtains

|Πp(F (p)− Γp,qF (q))(ϕ
λ
p)| ≲ λα

by using (2) for the first term, (2) combined with Remark 2.3.11 for the second term and the bound in

the definition of a model for the third term. Thus the claim follows from Lemma 2.4.8.

Clearly (3) implies (2) by the reconstruction theorem, Theorem 2.4.3.

Remark 2.4.12. Let E →M be a vector bundle over a compact manifold M and α /∈ N as well as

T̄ = (E, T̄ , L) be a jet regularity structure such that △ ⊂ (α,+∞] and JE<α ⊂ T̄ . It follows from

the previous proposition that the reconstruction operator RZ : Dα → Cα is a bijective bounded map.

Therefore by the open mapping theorem of functional analysis it has a bounded inverse. It follows from

the proof of Lemma 2.4.11 that this inverse is explicitly given by the map

Cα → Dα, f 7→ (i[α],∞ ◦ j[α])f .

2.5 Local Operations on Modelled Distributions

In this section we introduce linear and non-linear operations on modelled distributions.

2.5.1 Products and traces

Definition 2.5.1. Given a regularity structure ensemble T = ({Et}t∈L, {T t}t∈L, L), t3 ∈ L and two

sectors V t1 ⊂ T t1 , V t2 ⊂ T t2 of regularity α1 resp. α2, a bilinear bundle morphism ⋆ : V t1 × V t2 → T t3

is called an abstract (tensor) product if the following properties are satisfied.

1. Et1 ⊗ Et2 = Et3 .

2. For any τ1p ∈ V t1
α , τ2p ∈ V t2

α′ ones has τ1p ⋆ τ
2
p ∈ T t3

α+α′ .
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The product ⋆ is called γ-precise, if furthermore the sectors V t1
α , V t2

α′ are γ-precise and for every

τ1p ∈ V t1
α , τ2p ∈ V t2

α′ such that α+ α′ < γ one has

1. τ1p ⋆ τ
2
p ∈ T t3

α+α′,>γ ,

2. for all q ∈M and Γq,p ∈ Lq,p

Q<γ,:(Γq,pτ
1
p ⋆ Γq,pτ

2
p ) = Q<γ,:Γq,p(τ

1
p ⋆ τ

2
p ) .

Natural extensions of this definition are given as follows.

• Products between more than two sectors V t1 × . . .× V tn are defined in the analogous manner.

• When Et
1 = Et

2 above, one defines symmetric tensor products by replacing the tensor product in

(1) by a symmetric tensor product and further enforcing the product ⋆ be commutative.

We shall often use the notation τ1p ⋆γ τ
2
p := Q<γ(τ

1
p ⋆ τ

2
p ).

Remark 2.5.2. This definition is analogous to the definition of a product in [Hai14] except for

the following differences. On the one hand we need to keep track of the vector bundles, which is

straightforward and is done using sector ensembles, secondly, we need to introduce the notion of the

product being γ-precise.6 At first glance it would seem natural to impose that ⋆ maps V t1
α,δ × V t2

α′,δ′ into

T t3
α+α′,δ̄

, where δ̄ =
(
δ + (α2 ∧ 0)

)
∧
(
δ′ + (α1 ∧ 0)

)
. But the additional freedom gained by not enforcing

this choice is crucial when discussing aspects of renormalisation, c.f. Section 2.20.

Remark 2.5.3. Given a regularity structure ensemble T = ({Et}t∈L, {T t}t∈L, L) and two sectors

V t1 ⊂ T t1 , V t2 ⊂ T t2 of regularity α1 resp. α2, one can always define a tensor product between V t1 and

V t2 as follows.

• Extend the set L by a new element t3, i.e. let L̄ = L ∪ {t3},

• set Et3 := Et1 ⊗ Et2,

• set for example

T t3
α,δ :=

⊕
α′+α′′=α,(

δ′+(α2∧0)
)
∧
(
δ′′+(α1∧0)

)
=δ

V t1
α′,δ′ ⊗ V t2

α′′,δ′′ , (2.38)

• extend Lp,q to act on T t3 multiplicatively,

• set T̄ := ({Et}t∈L̄, {T t}t∈L̄, L).
6In [Hai14] the notion of being γ-regular is introduced. We prefer to to use different nomenclature, since this notion

though similar, is distinct from being γ-precise.
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Observe that in general there is no canonical extension of a non smooth model Z on T to a model

on T̄ . An important exception occurs when V t1 or V t2 is a jet sector and Z is a model that acts on

that sector as a jet model.

Remark 2.5.4. Note that while the construction in the previous remark is rather canonical, in certain

situations there is more structure present which makes other constructions more natural. A very

important example is the case of jet regularity structures. Assume in the setting of the previous remark

that V t1 ⊂ JEt1 and V t2 ⊂ JEt2, then it is natural define the product to be the restriction of the

canonical product

m : JEt1 ⊗ JEt2 → J(Et1 ⊗ Et2)

introduced in Section 2.2.5. In order to satisfy Property (2) of being a γ-regular product for some

γ > 0, needs to restrict the space L accordingly. This in turn makes the space of jet models smaller, but

by Point 3 in Section 2.2.5 it is non-empty. We shall call the product m on jet sectors the canonical

product on jets and write ⋆ for it.

The following can be proved exactly as [Hai14, Theorem 4.7 and Prop. 4.10].

Lemma 2.5.5. Let V t1 ⊂ T t1 , V t2 ⊂ T t2 be two sectors of regularity α1 resp. α2 and let ⋆ : V t1 ×V t2 →

T t3 be an abstract tensor product. Let Z be a model and γ1, γ2 > 0. Assuming the product ⋆ is γ-precise

for γ = (γ1 + α2) ∧ (γ2 + α1), the map

⋆γ : Dγ1(V t1)×Dγ2(V t2) → D(γ2+α1)∧(γ1+α2)(T t3), (f1, f2) 7→ f1 ⋆γ f2 := Qγf1 ⋆ f2

is well defined, continuous and the bound

9f1 ⋆γ f29γ;K ≲ 9f1 9γ1;K 9f2 9γ2;K (1 + ∥Γ∥K)

holds. If furthermore Z̃ = (Π̃, Γ̃) is a second model and f̃1 ∈ Dγ1
Z̃
(V t1), f̃2 ∈ Dγ2

Z̃
(V t2) one has the

bound

9f1 ⋆γ f2; f̃1 ⋆γ f̃29γ;K ≲C 9f1; f̃1 9γ1;K + 9 f2; f̃2 9γ2;K +∥Γ− Γ̃∥K

uniformly over fi, f̃i satisfying 9fi9γi;K ,9f̃i9γi;K < C and models satisfying ∥Γ∥K , ∥Γ̃∥K < C.

Trace operator

Let E,F be vector bundles, recall the trace operator tr : E∗⊗E⊗F → F acting on elementary tensors

as e∗p ⊗ ep ⊗ fp 7→ (e∗p, ep)f . Denote by I the E ⊗ E∗ tensor field, such that (Ip, e
∗
p ⊗ ep) = (e∗p, ep) and

observe that the dual map of tr is given by

F → E∗ ⊗ E ⊗ F f 7→ I ⊗ f .
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Thus there is a natural extension of the trace operator

tr : D′(E∗ ⊗ E ⊗ F ) → D′(F )

characterised by the fact that for each ξ ∈ D′(E∗ ⊗ E ⊗ F ) and ϕ ∈ D(F ) one has

⟨tr ξ, ϕ⟩ = ⟨ξ, I ⊗ ϕ⟩ .

Definition 2.5.6. Let Et1 = E∗ ⊗E ⊗ F , Et2 = F . An abstract trace operator is a bi-graded bundle

morphism tr : T t1 7→ T t2 satisfying

• for any τp ∈ T t1
α,δ one has tr τp ∈ T t2

α,δ

• writing ι1 : T
t1
0 → Et1, ι2 : T

t2
0 → Et2 for the canonical isomorphisms one has

ι2 ◦ tr = tr ◦ι1,

• for each Γp,q ∈ Lp,q one has Γp,q tr = trΓp,q

A model realizes an abstract trace operator if

Πp(tr τp) = tr(Πpτp) .

Remark 2.5.7. It is obvious from the definition that for f ∈ Dγ(V t1) one has tr f ∈ Dγ(T t2) and that

trRf = R tr f .

Remark 2.5.8. In the rest of this section we shall denote by tr trace operators on vector bundles

contracting different indices and it will be clear from the context which indices are contracted. In this

case the corresponding abstract trace tr is defined analogously. When working with SPDEs, the vector

bundles and indexing sets will be treated more systematically but in order to not distract from the main

analytic content of this section this is postponed to Section 2.19.

Remark 2.5.9. In the setting where Et = E∗ ⊗ E ⊗ F but the regularity structure ensemble does not

carry an abstract trace, there is an obvious extension of the regularity structure ensemble which carries

a trace operator as in Definition 2.5.6. Furthermore, in this case models have a canonical extension.

In the case of jet regularity structures ensembles, there is a canonical trace described in Point 4 of

Section 2.2.5. (In which case one needs to restrict the choice of admissible realisation accordingly.)

71



Linear functionals

Let T = ({Et}t∈L, {T t}t∈L, L) be a regularity structure ensemble and Z a model for it. For A : Et1 → F ,

a vector bundle morphism and V t1 be a sector of regularity α, we aim to define for f ∈ Dγ(V t1)

a modelled distribution A(f) ∈ Dγ . First identify A with a section of Et2 := (Et1)∗ ⊗ F and

assume the regularity structure ensemble contains (JEt2)<γ+|α| on which Z acts as a jet model. Set

Ā = Q<γ+|α|jA ∈ Dγ+|α|(Et2). Assuming the regularity structure ensemble carries a γ-regular tensor

product in the sense of Definition 2.5.1 on JEt2 × V t1 and an abstract trace extending the canonical

trace

tr : Et2 ⊗ Et1 → F ,

we define

A(f) := tr
(
Ā ⋆γ f

)
.

Lemma 2.5.10. In the above setting, A(f) ∈ Dγ and the following continuity bound holds

9A(f)9γ;K ≲A 9f 9γ1;K (1 + ∥Γ∥K)

as well as the analogue to the second bound of Lemma 2.5.5. If one further assumes that the model Z

realises tr for tr and that for any τ2p ∈ (JEt2)<γ+|α| and τ
1
p ∈ V t1 one has Πp(τ

2
p ⋆ τ

1
p ) = Πpτ

2
p ⊗ Πpτ

1
p ,

then

RZA(f) = A(RZf) .

Proof. The first part of the claim follows directly from Lemma 2.4.11 , Lemma 2.5.5 and Remark 2.5.7.

The second part follows easily using the uniqueness of the reconstruction operator.

Remark 2.5.11. Note that starting with f ∈ Dγ(V t) one can always extend the regularity structure

and model canonically to carry all the structure needed to define A(f) ∈ Dγ.

Remark 2.5.12. Note that a multilinear map B : E×n → F can be seen as a linear map B : E⊗n → F

and thus as a section B ∈ C∞((E∗)⊗n ⊗ F ). Therefore, assuming the appropriate structure on the

regularity structure ensemble, one can define for f ∈ Dγ(V )

B(f) := trQ<(γ+(n−1)α)∧γ
(
B̄ ⋆ f⋆n

)
, (2.39)

where B̄ = Q<γ+n|α|jB. One finds similarly as above that if V has regularity α, then map

B : D(V t) → D(γ+(n−1)α)∧γ , f 7→ B(f)(·) := Q<(γ+(n−1)α)∧γ tr
(
(j·B) ⋆ f⋆n(·)

)
is well defined and continuous. Though this time, under the assumption for the second part of
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Lemma 2.5.10 one can only conclude the identity

RB(f) = B(R(Q<γf
⋆n)) .

Differential operators

In this section we lift k-th order differential operators7 to the regularity structure.

Definition 2.5.13. Given a sector V t1 ⊂ T t1, a bundle morphism A : V t1 → T t2 is called an abstract

k-th order differential operator if

• A τp ∈ T t2
α−k,δ−k for every τp ∈ V t1

α,δ,

• AΓp,q = Γp,q A for each Γp,q ∈ Lp,q .

A model Z is said to realise a k-th order differential operator A : C∞(Et1) → C∞(Et2) for A, if

• A is an abstract k-th order differential operator,

• ΠpA τp = ∂Πpτp .

The proof of the following Lemma adapts ad verbatim from the flat setting, c.f. [Hai14, Prop. 5.28]

Lemma 2.5.14. Let V t1 ⊂ T t1 be a sector and A : V t1 → T t2 an abstract k-th order differential

operator. If f ∈ Dγ(V t1), then A f ∈ Dγ−k(V t2) and if furthermore γ > k and a model Z realises

A : C∞(Et1) → C∞(Et2) for A, then

RZ A f = ∂RZf .

While this definition allows to lift any differential operator, the next remark describes a way to lift

all k-th order operators “at once”.

Remark 2.5.15. Suppose the operators {Dl}|l|s≤k from Section 2.2.2 have been lifted to abstract

differential operators {Dl}|l|s≤k on the regularity structure ensemble and for every l ∈ Nd such that

|l|s ≤ k the model realises Dl for Dl. Recall, that any k-th order differential operator on E, by definition

factors through the jet bundle Jk(E) ≃
⊕k

m=0(T
∗M)m⊗E, i.e for each k-th order differential operator

A : C∞(E) 7→ C∞(F ) there exists a unique bundle morphism TA ∈ L
(⊕k

m=0(T
∗M)m ⊗ E,F

)
such

that A = TA ◦ (⊕|l|s≤kD
l) up to canonical isomorphism. Thus, it is natural to set

A f(p) = TA(⊕|l|s≤kD
lf)(p),

where the linear functional TA is lifted as in Section 2.5.1.

7See Section 2.2.1 for the definition of a k-th order differential operator in the setting of a non-trivial scaling s.
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2.5.2 General nonlinearities

Next we shall define the composition of a modelled distribution with a smooth nonlinearity G : E → F

with the property that G(ep) ∈ F |p for each ep ∈ E|p. Let πE : E →M be the projection map and let

E ⋉ F := π∗EF be the pull-back bundle of F through πE . The starting point for our construction will

be the observation that G as above can naturally be seen as a section of E ⋉ F and an investigation of

the space J∞(E ⋉ F ).

Properties of J∞(E ⋉ F )

First we introduce the following useful operator.

Definition 2.5.16. For a vector bundle F̃ →M define the operator

jE· : C∞(E ⋉ F̃ ) → C∞(E ⋉ J∞F̃ )

as follows. Recall the construction associating to each ep ∈ E|p a vector field ep(·) by parallel translation

in (2.16). For H ∈ C∞(E ⋉ F̃ ) let jE· (H)(·) ∈ C∞(E ⋉ J∞
p F̃ ) be given by jEp (H)(ep) = jpH(ep(·)).

This is well defined since H(ep(·)) ∈ C∞(F̃ ).

Let P (E) :=
⊕

n(E
∗)⊗sn, then one has the following lemma.

Lemma 2.5.17. Denote by iF : C∞(P (E) ⊗ F ) → C∞(E ⋉ F ) and iJF : C∞(P (E) ⊗ J∞F ) →

C∞(E ⋉ J∞F ) the canonical injections. Then the following diagram commutes

C∞(P (E)⊗ F ) C∞(E ⋉ F )

C∞(J∞(P (E)⊗ F )) ≃ C∞(P (E)⊗ J∞F ) C∞(E ⋉ (J∞F )) .

iF

j· jE·

iJF

Proof. We show that jEp (iF (A)) = iJF (jpA) for every for A ∈ C∞(P (E)⊗ F ). Indeed for each p we

can locally write

A(q) =
∑
I

αI(q)(e
∗
1,p(q))

⊗i1 ⊗ . . .⊗ (e∗n,p(q))
⊗in ,

where I runs over a finite subset of NdimE , {ei,p}dimE
i=1 is an orthonormal basis of Ep, ei,p(·) are the

corresponding local sections as in Definition 2.5.16 and e∗i,p(·) are the dual sections. Thus

A(ep(q)) =
∑
I

αI(q)⟨e∗1,p(q), ep(q)⟩i1 · · · ⟨e∗n,p(q), ep(q)⟩in ,

which implies that

jEp (iF (A))(ep) =
∑
I

⟨e∗1,p(p), ep(p)⟩i1 · · · ⟨e∗n,p(p), ep(p)⟩injpαI ,
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since each ⟨e∗j,p(q), ep(q)⟩ is constant. On the other hand we have

jpA ≃
∑
I

(e∗1,p(q))
⊗i1 ⊗ . . .⊗ (e∗n,p(q))

⊗in ⊗ jpαI

under the canonical isomorphism J∞(P (E)⊗ F ) ≃ P (E)⊗ J∞F which implies the claim.

Remark 2.5.18. Observe that for any H ∈ C∞(E ⋉ F̃ )

jEp (H)(ep) = jpH(Rep(·)) ,

where R is an admissible realisation of JE and ep ∈ E|p is interpreted as an element of (JpE)0 ⊂ JpE

using the canonical isomorphism.

Remark 2.5.19. Clearly, for any H ∈ C∞(E ⋉ F̃ ) and g ∈ C∞(E)

DnjpH(g(·)) = jpD
nH(g(·))

up to canonical isomorphism.

The next Lemma provides the intuition on which the rest of this section is based.

Lemma 2.5.20. There is a canonical isomorphism J(E ⋉ F ) ≃ E ⋉
(
P (E)⊗ JF

)
.

Proof. Not that the connection on E identifies a canonical horizontal direction complementing the

vertical subspace of the tangent bundle of E with the property that ThoriE ≃ E ⋉ TM and TvertE ≃

E⋉E. Therefore we can decompose the cotangent space as T ∗E = T ∗
horiE⊕T ∗

vertE, note the canonical

isomorphisms

J(E ⋉ F ) ≃
(⊕

k

(T ∗E)⊗sk
)
⊗ (E ⋉ F ) ≃ (E ⋉ F )⊗

⊕
k

(T ∗
horiE ⊕ T ∗

vertE)⊗sk ,

where the fist isomorphism was given in Section 2.2.3. Since

(T ∗
horiE ⊕ T ∗

vertE)⊗sk ≃
⊕

m+n=k

(T ∗
horiE)⊗sn ⊗ (T ∗

vertE)⊗sm ,
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and since T ∗
horiE ≃ E ⋉ T ∗M and T ∗

vertE ≃ E ⋉ E∗ we obtain

J(E ⋉ F ) ≃ E ⋉
(⊕
m,n

(T ∗M)⊗sn ⊗ F ⊗ (E∗)⊗sm
)

≃ (E ⋉ JF )⊗
(
E ⋉

(⊕
n

(E∗)⊗sn
))

≃
(
E ⋉

(⊕
n

(E∗)⊗sn
))

⊗ (E ⋉ JF )

≃ E ⋉
(⊕

n

(E∗)⊗sn ⊗ JF
)

= E ⋉
(
P (E)⊗ JF

)
.

Remark 2.5.21. In view of of the isomorphism J(E ⋉ F ) ≃ E ⋉ (JF ⊗ P (E)), one sees that the

following diagram commutes for any γ > 0

C∞(E ⋉ F ) C∞(J(E ⋉ F ))

C∞(E ⋉ (JF ⊗ P (E))) .

Q<γj·

Q<γ
∑

n
1
n
DnjE·

∼

We define the grading on J(E ⋉ F ) as the grading that turns the isomorphism ∼ into a graded

isomorphism.

Lifting general nonlinearites

We have seen in Lemma 2.5.20 that for every p ∈M there is a canonical isomorphism

Jp,ep(E ⋉ F ) ≃ Jp(F )⊗ P (E)p . (2.40)

We shall decompose a modelled distribution f with values in V̄ , a function-like sector, as f(p) = f̄p+ f̃p

where f̄ = Q0f ∈ V̄0 ≃ E and f̃ = f − f̄ ∈ V̄>0 and formally write

G(f)(p) =
(
jp,f̄pG

)
(f̃p) . (2.41)

We define the right-hand side of (2.41) in two steps, for now ignoring truncations and the appropriate

assumptions on the sector ensemble. The rigorous definition under the appropriate assumptions is

given below.

1. First observe that since E|p is a vector space for each p ∈ M and ep ∈ Ep, for any section

G ∈ C∞(E ⋉ F ) there is a canonical definition of DnG(p, ep) ∈ (E|∗p)⊗sn ⊗ F |p as the total

derivative in the “vertical direction”.
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2. We identify jp,epG =
∑

n
1
n!j

E
p (D

nG)(ep), where each jE· (D
nG) is interpreted as a section of

E ⋉
(
(E∗)⊗sn ⊗ JF

)
. Thus for f = f̄ + f̃ , we formally set

G(f)(p) =
(
jp,f̄pG

)
(f̃p) :=

∑
n

1

n!
tr
(
jEp (D

nG)(f̄p) ⋆ f̃
⋆n
p )
)
, (2.42)

with the convention that f̃⋆0p = 1 ∈ R.

We make the following assumption in order to make (2.42) rigorous for modelled distributions in

Dγ(V̄ ) for some γ > 0.

Assumption 2.5.22. Let T = ({El}l∈L, {T l}l∈L, L) be a regularity structure ensemble and {V t}t∈L a

sector ensemble such that the following properties are satisfied.

1. Let V̄ = V t̄ ⊂ T t̄ be a function-like sector and let ζ = min
{
α ∈ A ∩ (0,∞) : V̄α ≠ {0}

}
.

Set V̄ 0 = M × R to be the trivial sector and V̄ 1 = V̄ . Assume that for every n ∈ N such that

n− 1 ≤ γ
ζ

(a) V n is a sector containing J(E⊗n)<γ

(b) for every k, l ∈ N such that k + l < n there is a γ-precise abstract tensor product

⋆ : V̄ k × V̄ l → V̄ n

which agrees with the canonical product on jets.

2. For every k ∈ N such that k − 1 ≤ γ
ζ the sector ensemble contains sectors W k and Uk with the

property that

(a)
(
J((E∗)⊗sk ⊗ F )

)
<γ

≃
(
(E∗)⊗sk ⊗ JF )

)
<γ

⊂ W k and there is a γ-precise abstract tensor

product

⋆ :W k × V̄ k → Uk

which again agrees with the canonical product on jets.

(b) For each k there is an abstract trace tr : Uk →W 0 which agrees with the canonical trace on

jets.

3. the products ⋆ are associative in the obvious sense and for n ∈ N and τ ∈ V̄ we write

τ⋆n := τ ⋆ τ⋆n−1 and τ⋆γn := τ ⋆γ τ
⋆γn−1

whenever the expressions make sense.
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Theorem 2.5.23. Let T be a regularity structure ensemble, {V l}l∈L̄ as in Assumption 2.5.22, Z =

(Π,Γ) a model for T and G ∈ C∞(E ⋉ F ). For f ∈ Dγ(V̄ ) define8

Gγ(f)(p) :=
∑
n

1

n!
tr
(
jEp (D

nG)(f̄p) ⋆γ f̃
⋆γn
p

)
∈ Dγ(U0) ,

the map f 7→ Gγ(f) is locally Lipschitz continuous in the sense that for every C > 0,

9Gγ(f)−Gγ(g)9γ;K ≲ 9f − g9γ;K (2.43)

uniformly over f, g satisfying 9f9γ;K ,9g9γ;K ≤ C.

Remark 2.5.24. In the setting of Theorem 2.5.23 it can be shown along the lines of [HP15, Proposition

3.11] that if Z̃ = (Π̃, Γ̃) is a second model that agrees with Z on jets and the manifold M is compact,

then

9Gγ(f);Gγ(g̃)9γ;K ≲ 9f ; g̃ 9γ;K +∥Z; Z̃∥ , (2.44)

uniformly over f, g̃ satisfying 9f9γ;K ,9g̃9γ;K ≤ C and models satisfying ∥Z∥K , ∥Z̃∥K ≤ C. Indeed,

let us sketch the only difference in the set-up when applying the same trick as in the proof of [HP15,

Proposition 3.11], which is the fact that we identify jets, instead of only constants and that we

work with regularity structure ensembles. Thus, we construct a new regularity structure ensemble

T̂ = ({El}l∈L, {T̂ l}l∈L, L̂) where

T̂ l = T̂ l ⊕ T̂ l/∼

where (τ1, τ2) ∼ (τ̄1, τ̄2) if τ1 = τ̄1 + σ and τ2 = τ̄2 − σ for some jet σ ∈ JEl. and L̂ ⊂ L⊕ L consists

of all elements (Γ1,Γ2) ∈ L ⊕ L such that Γ1|JEt = Γ2|JEt. From here onwards the proof of [HP15,

Proposition 3.11] adapts mutatis mutandis.

Remark 2.5.25. Note that the non-linearity (2.134) fits into the setting of this section by taking E to

be a direct sum of vector bundles.

Remark 2.5.26. Note that in the case G : R → R, the definition above agrees up to canonical

isomorphisms with the one in [Hai14]. Furthermore, in view or Lemma 2.5.17, in the special case of

polynomial nonlinearites, this construction is consistent with the one in Remark 2.5.12.

Proof. The theorem is easily checked for γ ≤ ζ, thus we assume γ > ζ. To check that Gγ(f) ∈ Dγ ,

we focus on bounding |Gγ(f)(q)− Γq,pGγ(f)|κ as the bound on |Gγ(f)(q)|κ follows straightforwardly.

Denote by R an admissible realisation of JE, using Remark 2.5.18 we find that

Gγ(f)(p) =

[γ/ζ]∑
n=0

tr
1

n!
jpD

nG(Rf̄p(·)) ⋆γ f̃
⋆γn
p

8Observe that this sum is finite due to the projection in the definition of ⋆γ . More precisely only terms such that
n ≤ [γ/ζ] contribute.
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Note that for κ < γ

Qκ

Γq,pGγ(f)(p)−
[γ/ζ]∑
n=0

tr
1

n!
Γq,pjpD

nG(Rf̄p(·)) ⋆γ Γq,pf̃
⋆γn
p

 = 0

and that ∣∣∣∣∣∣
[γ/ζ]∑
n=0

tr
1

n!
jqD

nG(Rf̄p(·)) ⋆γ Γq,pf̃
⋆γn
p −

[γ/ζ]∑
n=0

tr
1

n!
Γq,pjpD

nG(Rf̄p(·)) ⋆γ Γq,pf̃
⋆γn
p

∣∣∣∣∣∣
κ

≲
[γ/ζ]∑
n=0

∑
α+β=κ

∣∣Q<γ−β(jqDnG(Rf̄p(·))− Γq,pjpD
nG(Rf̄p(·)

)∣∣
α
|Γq,pf̃

⋆γn
p |β

≤
[γ/ζ]∑
n=0

∑
α+β=κ

ds(p, q)
γ−β−α|Γq,pf̃

⋆γn
p |β

≲ ds(p, q)
γ−κ ,

where we used Lemma 2.4.11 together with the fact that DnG(Rf̄p(·)) is a smooth function in the

third inequality. Thus, it suffices to estimate

G(f)(q)−
[γ/ζ]∑
n=0

tr
1

n!
jqD

nG(Rf̄p(·)) ⋆γ Γq,pf̃
⋆γn
p .

By Remark 2.5.19

jqD
nG(Rf̄q(·)) = DnjqG(Rf̄q(·)) ,

therefore

∣∣∣G(f)(q)− [γ/ζ]∑
n=0

tr
1

n!
jqD

nG(Rf̄p(·)) ⋆γ Γq,pf̃
⋆γn
p

∣∣∣
κ

=
∣∣∣ [γ/ζ]∑
n=0

tr
1

n!
jqD

nG(Rf̄q(·)) ⋆γ f̃
⋆γn
q −

[γ/ζ]∑
n=0

tr
1

n!
jqD

nG(Rf̄p(·)) ⋆γ Γq,pf̃
⋆γn
p

∣∣∣
κ

≤
∣∣∣ [γ/ζ]∑
n=0

tr
1

n!
jqD

nG(Rf̄q(·)) ⋆ f̃
⋆γn
q

−
[γ/ζ]∑
n=0

[γ/ζ]−n∑
k=0

tr
1

n!

1

k!
Dn+kjqG(Rf̄p(·)) ⋆γ jq(Rf̄q(·)−Rf̄p(·))⊗k ⋆ f̃

⋆γn
q

∣∣∣
κ

+
∣∣∣ [γ/ζ]∑
n=0

[γ/ζ]−n∑
k=0

tr
1

n!

1

k!
Dn+kjqG(Rf̄p(·)) ⋆γ jq(Rf̄q(·)−Rf̄p(·))⊗k ⋆ f̃

⋆γn
q

−
[γ/ζ]∑
n=0

tr
1

n!
jqD

nG(Rf̄p(·)) ⋆γ Γq,pf̃
⋆γn
p

∣∣∣
κ
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First we bound the former term

∣∣ [γ/ζ]∑
n=0

tr
1

n!
jqD

nG(Rf̄q(·)) ⋆ f̃
⋆γn
q

−
[γ/ζ]∑
n=0

[γ/ζ]−n∑
k=0

tr
1

n!

1

k!
Dn+kjqG(Rf̄p(·)) ⋆γ jq(Rf̄q(·)−Rf̄p(·))⊗k ⋆γ f̃

⋆γn
q

∣∣
κ
.

Since the abstract tensor products agree with the canonical product on jets, it can be rewritten and

bounded as follows

∣∣∣ tr [γ/ζ]∑
n=0

1

n!
jq

DnG(Rf̄q(·))−
[γ/ζ]−n∑
k=0

1

k!
Dn+kG(Rf̄p(·))(Rf̄p(·)−Rf̄q(·))⊗k

 ⋆γ f̃
⋆γn
q

∣∣∣
κ

≲
∑

α+β=κ

[γ/ζ]∑
n=0

∣∣∣∣∣∣ 1n!jq
DnG(Rf̄q(·))−

[γ/ζ]−n∑
k=0

1

k!
Dn+kG(Rf̄p(·))(Rf̄p(·)−Rf̄q(·))⊗k

∣∣∣∣∣∣
α

|f̃⋆γnq |β

≲
[γ/ζ]∑
n=0

∑
α+β=κ

|f̄q −Rf̄p(q)|([γ/ζ]−n+1−α)∨0|f̃⋆γnq |β

=

[γ/ζ]∑
n=0

∑
α+β=κ

|f̄q − Γq,pf̄p|([γ/ζ]−n+1−α)∨0
0 |f̃⋆γnq |β .

where we used that

∣∣∣jq(DnG
(
Rf̄q(·)

)
−
∑
k≤m

1

k!
Dn+kG

(
Rf̄p(·)

)
(Rf̄q(·)−Rf̄p(·))⊗k

)∣∣∣
l
≲ |f̄q −Rf̄p(q)|(m+1−l)∨0 ,

for l ≤ m + 1 in the second inequality, which follows from Lemma 2.5.27. Next we note for any

non-vanishing summand above we have

[γ/ζ]− n+ 1− α =
1

ζ
(ζ([γ/ζ] + 1)− ζn− ζκ+ ζβ))

≥ 1

ζ
(γ − β − ζκ− ζβ)

≥ 1

ζ
(γ − κ+ κ− β − ζκ+ ζβ)

=
1

ζ
(γ − κ+ (1− ζ)(κ− β))

≥ γ − κ

ζ

where in the first line we used α+ β = κ, in the second line we used [γ/ζ] + 1 ≥ γ/ζ and β ≥ ζn and
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in the last line we used that ζ ≤ 1 and κ ≥ β. Thus, we conclude

[γ/ζ]∑
n=0

∑
α+β=κ

|f̄q − Γq,pf̄p|([γ/ζ]−n+1−α)∨0
0 |f̃⋆γnq |β

≲
[γ/ζ]∑
n=0

∑
α+β=κ

ds(p, q)
ζ([γ/ζ]−n+1−α)

≲ ds(p, q)
γ−κ ,

which concludes the estimate on the first term. Next we bound the second term

∣∣ [γ/ζ]∑
n=0

[γ/ζ]−n∑
k=0

tr
1

n!

1

k!
Dn+kjqG(Rf̄p(·)) ⋆γ jq(Rf̄q(·)−Rf̄p(·))⊗k ⋆γ f̃

⋆γn
q

−
[γ/ζ]∑
n=0

tr
1

n!
jqD

nG(Rf̄p(·)) ⋆γ Γq,pf̃
⋆γn
p

∣∣
κ

=
∣∣ [γ/ζ]∑
n=0

[γ/ζ]−n∑
k=0

tr
1

n!

1

k!

(
Dn+kjqG(Rf̄p(·)) ⋆γ (f̄q − Γq,pf̄p)

⋆γk ⋆γ f̃
⋆γn
q

)
−

[γ/ζ]∑
n=0

tr
1

n!
jqD

nG(Rf̄p(·)) ⋆γ Γq,pf̃
⋆γn
p

∣∣
κ

=: Rκ,p,q

We set Dn,pq = Q<γΓq,pf̃
⋆γn
p − (fq − Γq,pf̄p)

⋆γn and find

[γ/ζ]∑
n=0

tr
1

n!
jqD

nG(Rf̄p(·)) ⋆γ Γq,pf̃
⋆γn
p

=

[γ/ζ]∑
n=0

tr
1

n!
jqD

nG(Rf̄p(·)) ⋆γ (f̄q − Γq,pf̄p + f̃q)
⋆γn

+

[γ/ζ]∑
n=0

tr
1

n!
jqD

nG(Rf̄p(·)) ⋆γ Dn,pq

=

[γ/ζ]∑
n=0

∑
k≤n

1

n!

(
n

k

)
tr jqD

nG(Rf̄p(·)) ⋆γ (f̄q − Γq,pf̄p)
⊗(n−k) ⋆γ f̃

⋆γk
q

+

[γ/ζ]∑
n=0

tr
1

n!
jqD

nG(Rf̄p(·)) ⋆γ Dn,pq

=

[γ/ζ]∑
n=0

∑
k≤n

1

(n− k)!

1

k!
tr jqD

nG(Rf̄p(·)) ⋆γ (f̄q − Γq,pf̄p)
⊗(n−k) ⋆γ f̃

⋆γk
q

+

[γ/ζ]∑
n=0

tr
1

n!
jqD

nG(Rf̄p(·)) ⋆γ Dn,pq .
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Thus, we find

Rκ,p,q =

∣∣∣∣∣∣
[γ/ζ]∑
n=0

tr
1

n!
jqD

nG(Rf̄p(·)) ⋆γ Dn,pq

∣∣∣∣∣∣
κ

≤
[γ/ζ]∑
n=0

∑
α+β=κ

|jqDnG(Rf̄p(·))|α|Dn,pq|β

≲
[γ/ζ]∑
n=0

∑
α+β=κ

|Dn,pq|β ≲ ds(p, q)γ−κ

since

|Dn,pq|β = |(Γq,pfp − Γq,pf̄p)
⋆γn − (fq − Γq,pf̄p)

⋆γn|β ≲ ds(p, q)γ−β ,

where we used the general algebraic identity an − bn = (a− b)(an−1 + an−2b+ . . .+ abn−2 + bn−1) for

the last inequality, This concludes the estimate on the second term. Lastly, to see (2.123) one proceeds

as in [Hai14] and sets h = f − g such that

Gγ(f)−Gγ(g) =

∫ 1

0
∂tGγ(g + th)dt

=

∫ 1

0

∑
n

1

n!
tr
(
jEp (D

n+1G)(ḡp + th̄p) ⋆γ (g̃p + th̃p)
⋆γn ⋆γ h

)
dt

which can be bounded along the same argument as above.

Lemma 2.5.27. Given H ∈ C∞(E ⋉ F ), for l,m ∈ N such that l ≤ m+ 1 the bound

∣∣∣jq(H(Req(·))− ∑
k≤m

1

k!
DkH

(
Rep(·)

)
(Req(·)−Rep(·))⊗k

)∣∣∣
l
≲ |eq −Rep(q)|m+1−l

holds uniformly over compacts K ⊂ E and ep ∈ Ep ∩K and eq ∈ Eq ∩K.

Proof. Let F (·) := H
(
Req(·)

)
−
∑

k≤m
1
k!D

kH
(
Rep(·)

)
(Req(·)−Rep(·))⊗k. It follows from the usual

Taylor formula that |F (q)| ≲ |Req(q) − Rep(q)|m+1. Let ∂ be a basis vector field in an exponential

chart at q. We find by slight abuse of notation (suppressing the pushforward onto the chart)

(∂F )(q) =(∂1H)(q, eq)−
∑
k≤m

1

k!
Dk(∂1H)

(
q,Rep(q)

)
(eq −Rep(q))

⊗k

+
∑
k≤m

1

k!
Dk+1H

(
q,Rep(q)

)
(eq −Rep(q))

⊗k ⊗∇∂Rep(q)

−
∑

0<k≤m

1

(k − 1)!
DkH

(
q,Rep(q)

)
(eq −Rep(q))

⊗k−1 ⊗∇∂Rep(q)

=(∂1H)(q, eq)−
∑
k≤m

1

k!
Dk(∂1H)

(
q,Rep(q)

)
(eq −Rep(q))

⊗k

+
1

m!
Dm+1H

(
q,Rep(q)

)
(eq −Rep(q))

⊗m ⊗∇∂Rep(q)

and thus |(∂F )(q)| ≲ |Req(q)−Rep(q)|m. Differentiating further one obtains the general claim.
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2.6 Integration Against Singular Kernels

In this section, which is modelled after [Hai14, Section 5], we show how to integrate modelled

distributions against singular kernels. The construction, though similar, comes with some twists,

which in particular explain the necessity to give up the lower triangular structure present in [Hai14].

Furthermore, in contrast to previous works, we drop the assumption that the kernels annihilate

“polynomials” under the “mild” condition that β /∈ N. The reason for doing so is twofold. First, in the

setting of general manifolds, it is not obvious how to canonically change an integral kernel, say the one

associated to the inverse of the Laplace operator, to satisfy this assumption. Second, even if one is

able to do so, this only simplifies the theory in very minor ways. A drawback of this setting is, that it

introduces some redundancy in the “information” contained in the model.9 Lastly, some modifications

arise due to the fact that we work over general vector bundles and do not limit ourselves to trivial

bundles.

2.6.1 Singular kernels

Throughout this section fix two vector bundles (E,∇E , ⟨·, ·⟩E) and (F,∇F , ⟨·, ·⟩F ) over M . Assume

that K ∈ C∞(F ⊗̂E∗ \ π−1△), where △ ⊂M ×M denotes the diagonal, is a locally integrable kernel.

Throughout this article we shall use the following notation: If T ∈ D′(E), we write K(T ) ∈ D′(F ) for

the distribution given by

ϕ 7→ T

(∫
K⋆(p, ·)ϕ(p) dVolp

)
, (2.45)

where K⋆(p, q) ∈ (E ⊗̂ F ∗)|q,p is the adjoint of K(p, q) ∈ (F ⊗̂ E∗)|p,q and K⋆(p, q)ϕ(p) ∈ E|q denotes

the natural pairing between (E ⊗̂ F ∗)|q,p and F |p. We assume that the kernel satisfies the following

assumption.

Assumption 2.6.1. One can write K =
∑

n∈NKn where

1. Kn ∈ C∞(F ⊗̂ E∗) is supported on {(p, q) | ds(p, q) < 2−n}.

2. For all p ∈M and n ∈ N such that minds(p,q)≤1 rq ≤ 2−n, one has

Kn(p, ·) = 0 and Kn(·, p) = 0.

(Recall that rp > 0 denotes the injectivity radius of the exponential map expp.)

9Let us give two related ways to interpret the somewhat cryptic comment about “ information”.

• Fix the minimal regularity structure to solve an SPDE, say the ϕ4
3 equation, in the setting of [Hai14], i.e. when K

annihilates polynomials. Let Z be the BPHZ model, for the (rough!) noise. One typically expects the reconstruction
operator RZ to be injective. This does not hold, if K does not annihilate polynomials.

• In the setting of [Hai14], one expects the analogue of Lemma 2.4.7, to hold for the model corresponding to the ϕ4
3

equation with rough noise. One does not expect this here.
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3. |jp,qKn|m ≲m 2n(|s|−β+m) uniformly over (p, q) ∈ M ×M (equipped with the canonical scaling)

and n ∈ N.

4. Lastly, assume that for any fixed admissible realisation R of JF and for any two multi-indices

m, l ∈ N, we have ∣∣∣∣∫
M
Qljq(K

⋆
n(p, ·)R(vq)(p)) dVolp

∣∣∣∣
l

≲ C|vq|m2−βn

uniformly over p, q ∈M such that d(p, q) < 1, vq ∈ (JF ∗)m and n ∈ N, where (K⋆
n(p, ·)R(vq)(p))

used the canonical pairing (E ⊗ F ∗)⊗ F → E∗.

Furthermore we make the following standing assumption throughout this section.

Assumption 2.6.2. Assume that we are working with a regularity structure ensemble T = ({Et}t∈L, {T t}t∈L, L)

such that

• L contains two distinguished elements e, f such that Ee = E and Ef = F .

• for some δ0 ∈ (0,+∞) \ N, T̄ f ⊂ T f is an F -valued jet regularity structure of precision δ0.

• All models Z for T act on T̄ f as a jet model.

Definition 2.6.3. Given a sector V ⊂ T e, a bundle morphism I : V → T f is called abstract integration

map of order β and precision δ0, if the following properties are satisfied:

1. For each α ∈ A, δ ∈ △ such that Vα,δ ̸= {0} one has α+ β /∈ N and δ + β /∈ N.

2. For (α, δ) ∈ ((A ∩ [−β,∞))×△) ∪
(
A× (△∩ (0,∞))

)
, we have

Ip : (Vp)α,δ 7→ (T f
p)(α+β),(δ+β)∧δ0 ∩ (T f

p)<δ0,: ,

while for α ∈ A ∩ (−∞,−β)

Ip : (Vp)α,+∞ 7→ (T f
p)α+β,+∞ .

3. Γq,pIpτp − IqΓq,pτp ∈ T̄ f
q for each τp ∈ V<δ0−β,: and Γq,p ∈ Lq,p.

Remark 2.6.4. The separate condition for α ∈ A∩ (−∞,−β), δ = +∞ encodes additional constraints

on models. These can be enforced, since the two operators J and E introduced below then satisfy for

τp ∈ T t
α,δ that Jpτp = Eqτp = 0 for any p, q ∈M . This is advantageous (but not necessary) in order to

establish convergence of renormalised models in Section 2.23. Furthermore, the second property also

implies that Ipτp = 0 for τp ∈ T e
>δ−β,:.

Remark 2.6.5. On first sight, the conditions α+ β /∈ N and δ + β /∈ N might seem restrictive, but

note that if a kernel G satisfies Assumption 2.6.1 for some β > 0, then it automatically satisfies the

same assumption for any β̄ ∈ (0, β).
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Given a model Z = (Π,Γ), we introduce as in the flat setting for p ∈M the linear map Jp : T
e
p → T̄ f

p

which for τp ∈ T e
p is given by

Jpτp =
∑
n

Q<(α+β)∧δ0jpKn

(
ΠpQ<δ0−βτp

)
.

Lemma 2.6.6. The map Jpτ is well defined. Furthermore, whenever Πpτ ∈ C∞(E) the identity

Jpτp = Q<α+βjp
∫
K(·, z)Πpτ(z) dVolz holds.

Proof. This follows by going to an exponential s-chart at p and arguing similarly to the flat case. Then

by Remark 2.2.14

∣∣jpKn

(
Πpτp

)∣∣
k
≤ sup

deg(∂i1 ,...,∂im )=k
|(Πpτp

(
∇m
∂i1 ,...,∂im ,1

K⋆
n(p, ·)

)
| ≲ ∥Π∥B1(p)2

−n(β+α−k) ,

which is summable for k < α+ β .

As in [Hai14], we define what it means for a model to realise an abstract integration map.

Definition 2.6.7. Let I : V → T f be an abstract integration map of precision δ0. We say a model Z

realises K for I, if for all α < δ0 − β and τp ∈ Vα

ΠpIpτp = K(Πpτp)−ΠpJpτp . (2.46)

Recall that in the flat case, for admissible models one has the identity

(I + Jx)Γx,yτ = Γx,y(I + Jy)τ . (2.47)

Unfortunately, this fails in our setting since the re-expansion maps Γ are not precise enough on large

scales (i.e. we only impose that ΠpΓp,q −Πq is small for very localised test functions, but not when

testing against an element ϕ1p ∈ Br,1
p ). Even the natural analogue

|(I + Jx)Γx,yτ − Γx,y(I + Jy)τ |α ≲ d(x, y)δ−α

fails in our setting. The next proposition makes this precise.

Proposition 2.6.8. In the setting above, assuming that the model Z realises the abstract integration

map I, for every compact set K

Πq
(
Γq,p(Ip + Jp)τp − (Iq + Jq)Γq,pτp

)
(ϕλq ) =K(Πpτp −ΠqQ<δ0−βΓq,pτp

)
(ϕλq )

+OZ(λ
(δ+β)∧δ0)|τ | ,

holds uniformly over p, q ∈ K, and τp ∈ Vα,δ for α < δ0 − β and ϕλq ∈ Br,λ
p .
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Proof. In the identity

Πq
(
Γq,p(Ip + Jp)τp − (Iq + Jq)Γq,pτp

)
(ϕλq ) =

(
Πq
(
Γq,p(Ip + Jp)τp −Πp(Ip + Jp)τp

)
(ϕλq )

+
(
Πp(Ip + Jp)τp −Πq(Iq + Jq)Γq,pτp

)
(ϕλq )

the first term is bounded by λ(δ+β)∧δ0 by definition of a model, while the second term is equal to

K(Πpτp −ΠqQ<δ0−βΓq,pτp
)
(ϕλq ) .

Remark 2.6.9. Note that in the case α < −β and δ = +∞ one actually has

Πq
(
Γq,p(I + Jp)τp − (I + Jq)Γq,pτp

)
(ϕλq ) = 0 .

At this point, it is natural to introduce the operator10 Eq : T e → T̄ f
q which for τp ∈ T e

α,δ and

α < δ0 − β is defined as

Eqτp :=
∑
n

Q<(δ+β)∧δ0jqKn(Πpτp −ΠqQ<δ0−βΓq,pτp) . (2.48)

and extended to τp ∈ T e
≥,: as Eqτp = 0. To see that this is well defined, one notes that the sum in (2.48)

converges absolutely by the same argument as in the proof of Lemma 2.6.6. Recall, that we have fixed

an admissible realisation R of JF in Assumption 2.6.1. We introduce for α ∈ R the following quantity

Kα
n,p,q(z) := K⋆

n(q, z)−R(Q<α+βjpK
⋆
n(·, z))(q) ∈ (E ⊗̂ F ∗)p,q ≃ Eq ⊗̂ F ∗

p .

where we also use R : JF ∗ → C∞(F ∗) to denote the dual admissible realisation of R : JF → C∞(F )

defined using the metric induced isomorphism F ∗ ≃ F and Definition 2.2.22, as well as its canonical

extension to an admissible realisation of JF ∗ ⊗ Ez

Lemma 2.6.10. For any admissible model and τp ∈ V<δ0−β;δ

|Γq,p(Ip + Jp)τp − (Iq + Jq)Γq,pτp − Eqτp|k ≲ |τ |ds(p, q)(δ+β)∧δ0−k

locally uniformly in p, q.

Proof. By Condition 3 in the definition of an abstract integration map, Definition 2.6.3,

Γq,p(Ip + Jp)τp − (Iq + Jq)Γq,pτp − Eqτp ∈ T̄ f
<δ0,:

.

10Note that there is no ambiguity in notation, we use E and E|p to denote the vector bundle and its fiber and Ep for
the operator.
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Thus, by Lemma 2.4.8, it suffices to obtain the bound

|Πq
(
Γq,p(Ip + Jp)τp − (Iq + Jq)Γq,pτp − Eqτp)(ϕ

λ
q )| ≲ λ(δ+β)∧δ0

for ds(p, q) ≤ λ. Indeed

Πq
(
Γq,p(Ip + Jp)τp − (Iq + Jq)Γq,pτp − Eqτp)(ϕ

λ
q )

= K(Πpτp −ΠqQ<δ0−βΓq,pτp)(ϕ
λ
q )−ΠqEqτp(ϕ

λ
q ) +OZ(λ

(δ+β)∧δ0)

=
∑
n

Kn(Πpτp −ΠqQ<δ0−βΓq,pτp)(ϕ
λ
q )

−ΠqQ<(δ+β)∧δ0
(
jqKn(Πpτp −ΠqQ<δ0−βΓq,pτp)

)
(ϕλq ) +OZ(λ

(δ+β)∧δ0)

=

∫
M

∑
n

(
Πpτp −ΠqQ<δ0−βΓq,pτp

)(
Kδ∧(δ0−β)
n,q,r

)
ϕλq (r) dVolg(r) +O(λδ)

≲ ∥Z∥K |τ |(λ(δ+β)∧δ0 +OZ(λ
(δ+β)∧δ0) ,

where to go from the first to the second line we used Proposition 2.6.8 and the last inequality follows

from Lemma 2.6.17.

Remark 2.6.11. Note that in Lemma 2.6.10 the condition α < δ0 − β for τp ∈ Vα;δ is actually

necessary.

2.6.2 Analytic bounds involving Kα
n,p,q

In this section we collect bounds involving the function

Kα
n,p,q(z) := K⋆

n(q, z)−R(Qα+βjpK
⋆
n(·, z))(q) ,

and for given s-vector fields W = (W1, . . . ,Wk),

KW,α
n,p,q(z) = (∇W1 ...∇Wk

)1K
⋆
n(q, z)−∇W1 ...∇Wk

R(Qα+βjpK
⋆
n(·, z))(q) ,

where the subscript 1 in (∇W1 ...∇Wk
)1Kn(q, z) signifies that the differential operators acts on the first

variable and it is understood that (∇W1 ...∇Wk
)f = ∇W1

(
...
(
∇Wk−1

(∇Wk
f)
)
...
)
for f ∈ C∞(E).

Remark 2.6.12. Note that, if W consists of coordinate vector fields, these functions are natural

analogues of the functions Kk,α
n,xy in [Hai14].

Remark 2.6.13. Note that KW,α
n,p,q is supported on (B2−n(q) ∪B2−n(p)) ∩Brq(q) ∩Brp(p) by Point 2

of Assumption 2.16.2.
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Lemma 2.6.14 (Hai14, Lemma 5.18). Let W = (W1, . . . ,Wk) be a tuple of s-vector fields. For

τq ∈ Tα,δ, for ξ, ρ > 0 such that ξ + β < ρ and p, q, n such that ds(p, q) < 2−n the bound

|Πqτq(KW,ξ
n,p,q)| ≲W,C ∥Z∥B1(p)|τq|

holds uniformly over n and models Z, satisfying ∥Z∥B1(p) ≤ C. The finite set ∂Aξ ⊂ Nd has the

property that |l|s ≥ ξ + β for every l ∈ ∂Aξ. For a second model, Z̃ = (Π̃, Γ̃) satisfying ∥Z̃∥B1(p) ≤ C,

we have the following bound

|
(
Πq−Π̃qτq

)
(KW,ξ

n,p,q)| ≲W,C ∥Z; Z̃∥B1(p)|τq|

×
( ∑
l∈δAξ

2(|l|s+degs(W )−α−β)nd(p, q)|l|s +
∑

m<ξ+β

d(p, q)ρ−degs(W )2−n(α+β−m)
)
.

Furthermore, the same bounds hold if KW,ξ
n,p,q is replaced by KW,ξ

n,q,p.

Proof. By linearity we can assume |τ | = 1. First observe that supp(KW,ξ
n,p,q) ⊂ Brp(p) , by Point 2 of

Assumption 2.6.1. Thus, let (Brp , ϕ) be an s-exponential chart around p, and denote by Z̃ = (Π̃, Γ̃)

the pushforward regularity structure and denote by K̃ the pulled back kernel given by K̃(x, y) =

K(ϕ−1(x), ϕ−1(y)). Writing xp = ϕ(p) and yq = ϕ(q), we have (using Lemma 2.2.15), that

Kξ
n,p,q(ϕ

−1(z)) = Kn(q, ϕ
−1(z))−R(Q<ξ+βjpKn(·, ϕ−1(z)))(q)

= K̃n(yq, z)− R̄(Q<ξ+βjxpK̃n(·, z))(yq) ,

where R̄ is the admissible realisation obtained by pushforward under the exponential map from R, see

Remark 2.2.22. Similarly, denoting by W̃ = (W̃1, . . . , W̃k) the pushforward of W = (W1, . . . ,Wk) and

by ∇̃ the pullback of ∇, as well as setting K̃ξ
n,xp,yq(z) := Kξ

n,p,q(ϕ−1(z)) one finds that

K̃W,ξ
n,xp,yq := KW,ξ

n,p,q(ϕ
−1(z)) = ∇̃W̃1

. . . ∇̃W̃k
K̃ξ
n,xp,yq(z)

Therefore, denoting by Z̄ = (Π̄, Γ̄) the push-forward of Z, one has

Πqτq(K
W,ξ
n,p,q) = Π̄yqτq(K̃

W,ξ
n,xp,yq) (2.49)

and we shall bound the right-hand side of (2.49).

We start with the case when there are no vector fields W present, i.e k = 0. By the definition of an
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admissible realisation we have

K̃ξ
n,xp,yq(z) :=K̃n(yq, z)− R̄(Q<ξ+βjxpK̃n(·, z))(yq) (2.50)

=K̃n(yq, z)−
∑

|l|s<ξ+β

(yq − xp)
l

l!
Dl

1K̃n(xp, z)

+
∑

m<ξ+β

( ∑
|l|s=m

(yq − xp)
l

l!
Dl

1K̃n(xp, z)− R̄(QmjxpK̃n(·, z))(yq)
)

=K̃n(yq, z)−
∑

|l|<ξ+β

(yq − xp)
l

l!
Dl

1K̃n(xp, z) (2.51)

+
∑

m<ξ+β

O(|xp − yq|ρ)2n(m−β)ϕm,2
−n

xp (z) , (2.52)

where ϕm,2
−n

xp ∈ Br,2−n

xp due to Assumption 2.6.1 and ρ > 0 is arbitrary. We treat the two summands

above separately.

For the term (2.51), we shall argue similarly to [Hai14, Lemma 5.18], but additionally using

Lemma 2.3.18. From the formula [Hai14, Proposition A.1], we have

K̃n(y, z)−
∑

|l|s<ξ+β

(y − x)l

l!
Dl

1K̃n(x, z) =
∑
l∈δAξ

∫
Dl

1K̃n(y + h, z)Ql(x− y, dh)

and thus we can write

Π̄yτy

(
K̃n(y, ·)−

∑
|l|s<ξ+β

(y − x)l

l!
Dl

1K̃n(x, ·)
)
=
∑
l∈δAξ

∫
Π̄yτy

(
Dl

1K̃n(y + h, ·)
)
Ql(x− y, dh) .

Since the integral in h only varies over points satisfying |h|s < |x − y|s = ds(p, q), and since by

assumption d(p, q) < 2−n, we obtain by Lemma 2.3.18

∣∣Π̄yτy(K̃n(y, ·)−
∑

|l|s<ξ+β

(y − x)l

l!
Dl

1K̃n(x, ·)
)∣∣

≲
(
∥Π̄∥B2−n (q)∥Γ̄∥B2−n (q) + JZ̄KB2−n (q)

)
|τq|

∑
l∈δAξ

2(|l|s−α−β)n
∫
Ql(x− y, dh)

≲
(
∥Π̄∥B2−n+1 (p)∥Γ̄∥B2−n+1 (p) + JZ̄KB2−n+1 (p)

)
|τq|

∑
l∈δAξ

2(|l|s−α−β)n|x− y||l|ss

≲C ∥Z∥B1(p)

∑
l∈δAξ

2(|l|s−α−β)nds(p, q)
|l|s

where in the first inequality we have used the fact that there exists c > 0 independent of n and y such

that c 2nβ

2|l|sn
DlK̃n(y, z) ∈ Br,2−n

y and in the last inequality we used Lemma 2.3.28. To treat the term
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(2.52), simply note that

2n(m−β)|Π̄yτq(ϕm,2
−n

xp )| ≲C 2n(m−β)2−nα∥Z∥B1(p) ,

where we used that

|Π̄yτq(ϕm,2
−n

xp )| ≤ |Π̄xpΓ̄xp,yqτq(ϕm,2
−n

xp )|+ |Π̄yτq − Π̄xpΓ̄xp,yqτq(ϕ
m,2−n

xp )|

≤
∑
ζ∈A

|xp − yq|(α−ζ)∨02−ζn∥Π̄∥B2−n+1(y)
∥Γ̄∥B2−n+1(y)

+ 2−δnJZ̄KB2−n+1(y)

≲C ∥Z∥B1(p)

(
2−δn +

∑
ζ∈A

d(p, q)(α−ζ)∨02−ζn
)

≲ ∥Z∥B1(p)2
−αn,

where we applied Lemma 2.3.28 in the second last inequality and used that ds(p, q) ≤ 2−n in the last

one. This completes the case in the absence of vector fields W .

We turn to the case W = (W1, . . . ,Wk) with k ≥ 1 . In this case one finds a similar decomposition

as given by (2.51) and (2.52), namely

K̃W,ξ
n,xp,yq(z) =∇̃W̃1

...∇̃W̃k

K̃n(·, z)−
∑

|l|<ξ+β

( · − xp)
l

l!
Dl

1K̃n(xp, z)

 (yq)

+
∑

m<ξ+β

O(|xp − yq|ρ−degsW )2n(m−β)ϕm,2
−n

xp (z) ,

where again ϕm,2
−n

xp ∈ Br,2−n

xp . Proceeding as above one obtains the claim.

Lemma 2.6.15 (Hai14, Lemma 5.19). For τq ∈ T e
α,: satisfying α+ β /∈ N one has the bound

∑
n∈N

|
∫

Πqτq(K
α
n,p,q)ϕ

λ
q (p)dVolp | ≲C ∥Z∥B1(p)|τ |λ

α+β (2.53)

uniformly over q and ϕλq ∈ Br,λ
q , λ ≤ 1 and models Z satisfying ∥Z∥B1(p) < C. For a second model

Z̃ = (Π̃, Γ̃) one has

∑
n∈N

|
∫
(Πq − Π̃q)τq(K

α
n,p,q)ϕ

λ
q (p)dVolp | ≲C ∥Z; Z̃∥B1(p)|τ |λ

α+β .

Proof. By linearity assume |τ | = 1. For fixed λ > 0 , we define nλ ∈ N as the number satisfying

λ ∈ (2−nλ−1, 2−nλ ] and argue separately in the two cases, n < nλ and n ≥ nλ, starting with the former.

90



Since on n < nλ we can use Lemma 2.6.14 and that ds(p, q) < λ < 2−n to bound

∑
n≤nλ

|
∫

Πqτq(K
α
n,p,q)ϕ

λ
q (p)dVolp |

≲ ∥Z∥B1(p)

∑
n≤nλ

( ∑
l∈δAα

2(|l|s−α−β)n
∫

|ϕλq (p)|d(p, q)|l|s dVolp

+
∑

m<α+β

2−n(α+β−m)

∫
|ϕλq (p)|d(p, q)ρdVolp)

)
≲ ∥Z∥B1(p)

( ∑
l∈δAα

λ|l|s
∑
n≤nλ

2(|l|s−α−β)n +
∑

|l|s<α+β

λρ
∑
n≤nλ

2−n(α+β−m)
)

≲ ∥Z∥B1(p)

( ∑
l∈δAα

λ|l|s2(|l|s−α−β)nλ + λρ
)

≲ ∥Z∥B1(p)(λ
(α+β) + λδ) ,

where we used that |l|s > α+ β for all l ∈ Aα .

For the case n > nλ one can argue exactly as in [Hai14, Lemma 5.19], since this argument does not

involve the maps Γ. One finds

|
∫

Πqτq(K
α
n,p,q)ϕ

λ
q (p)dVolp | ≲ ∥Π∥B1(p)

∑
δ>0

λα+β−κ2−κn ,

where the sum runs over some finite set of strictly positive indices κ and therefore the desired bound

follows after summing over n > nλ.

Remark 2.6.16. Note that the second part of the proof of Lemma 2.6.15 is where the bounds in Point 4

of Assumption 2.6.1 are used. Furthermore, the assumption that α+ β /∈ N was used several times in

order to rule out the appearance of logarithmic terms.

Very similarly to Lemma 2.6.15 one obtains the following.

Lemma 2.6.17. If δ + β /∈ N, then for τq ∈ T e
<δ0−β,δ one has for every C > 0 the bound

∑
n∈N

|
∫

(
(
Πpτp −ΠqQ<δ0−βΓq,pτp

)(
Kδ∧(δ0−β)
n,q,r

)
ϕλq (p)dV olp| ≲C ∥Z∥B1(p)|τp|λ

(δ+β)∧δ0

uniformly over ϕλq ∈ Br,λ
q with λ ≤ 1 and models satisfying ∥Z∥B1(p) < C . A similar bound holds for

difference of models.

Note that in our setting the map Jq,p : T
e
<δ0−β,: → T̄ f defined by

Jq,pτp :=
(
JqΓq,pτp + Eqτp − Γq,pJp

)
τp =

(
JqQ<δ−βΓq,pτp + Eqτp − Γq,pJp

)
τp

plays the role of
(
J(y)Γy,x − Γy,xJ(x)

)
τ in [Hai14]. Next we derive a bound analogous to [Hai14,
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Lemma 5.21].

Lemma 2.6.18. Let α < δ0 − β such that α+ β /∈ N, then, in the setting above for every τ ∈ T e
α,δ and

every integer m < δ0 one has the bound

|Jp,qτq|m ≲C ∥Z∥B1(p)|τ |d(p, q)
(α+β−m)∨0,

uniformly over p, q ∈M such that with d(p, q) < 1 and models Z satisfying ∥Z∥B1(p) < C. Furthermore,

for two models the analogue bound difference bound holds.

Proof. Throughout this proof we fix an exponential s-chart at p and denote by ∂i the coordinate vector

fields associated to it. We shall denote by ∂ a tuple (∂i1 , . . . , ∂ik) and write ∇∂ instead of ∇∂i1
...∇∂ik

.

Recall that by definition

Jp,qτq = JpΓp,qτq + Epτq − Γp,qJqτq .

First we treat the simpler case α+ β ≤ m < (δ + β) ∧ δ0 by bounding each of the terms |JpΓp,qτq|m,

|Γp,qJqτq|m and |Epτq| separately. The bounds on the former two follow directly from Lemma 2.6.6 the

estimate on Eq follows from Remark 2.2.14 combined with the estimate

|Epτq|m ≤
∑
n

sup
deg(∂)=m

|(Πqτq −ΠpΓp,qτq +ΠpQ≥δ0−βΓp,q)
(
∇∂,1Kn(p, ·)

)
|

≲ |τp|
∑
n

(
2−n(δ+β−m) + 2−n(δ0−m)

)
≲ |τp|

∑
n

2−n((δ+β)∧δ0−m)

Now we turn to the case m < α+β. For p, q ∈M such that ds(p, q) < 1, we set np,q ∈ N as the number

satisfying ds(p, q) ∈ (2−np,q−1, 2−np,q ] and argue separately in the two cases n < np,q and n ≥ np,q,

starting with the former. Observe that for τp ∈ T e
p one has

QmJ
n
p τp = Qm

∑
ζ<δ0−β

JnpQζτp = Qm
∑

m−β<ζ<δ0−β
JnpQζτp ,

and therefore

QmJ
n
p,qτq

= Qm
(
Jnp Γp,qτq + Enp τq − Γp,qJ

n
q τq
)

= Qm
( ∑
m−β<ζ<δ0−β

JnpQζΓp,qτq + Enp τq − Γp,qJ
n
q τq
)

= Qm
( ∑
m−β<ζ<δ0−β

jpKn

(
ΠpQζΓp,qτq) + jpKn(Πqτq −ΠpQδ0−βΓp,qτq)− jpRJ

n
q τq
)
.
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It follows from Remark 2.2.14 that it suffices to bound

|Jnp,qτq|m ≲ sup
deg(∂)=m

∣∣A∂ −∇∂R(J
n
q τq)(p)

∣∣
where

A∂ :=
∑

m−β<ζ<δ0−β
ΠpQζΓp,qτq(∇∂,1Kn(p, ·)) + (Πqτq −ΠpQ<δ0−βΓp,qτq)(∇∂,1Kn(p, ·)) .

Noting that

A∂ =−
∑

ζ≤m−β
ΠpQζΓp,qτq(∇∂,1Kn(p, ·)) + ΠpQ<δ0−βΓp,qτq(∇∂,1Kn(p, ·))

+ (Πqτq −ΠpQ<δ0−βΓp,qτq)(∇∂,1Kn(p, ·))

=−
∑

ζ≤m−β
ΠpQζΓp,qτq(∇∂,1Kn(p, ·)) + Πqτq(∇∂,1Kn(p, ·))

=−
∑

ζ<m−β
ΠpQζΓp,qτq(∇∂,1Kn(p, ·)) + Πqτq(∇∂,1Kn(p, ·)) ,

where we used that ζ + β /∈ N in the last line, we find

|Jnp,qτq|m ≲ sup
deg(∂)=m

∣∣A∂ −∇∂,1R(J
n
q τq)(p)

∣∣
≲ sup

deg∂=m

∑
ζ<m−β

|ΠpQζΓp,qτq(∇∂,1Kn(p, ·))|+ |Πqτq(Kα,∂
n,q,p)| .

To bound
∑nd(p,q)

n=0 |Jnp,qτq|m, we thus estimate using Lemma 2.6.14 with ρ > α+ β

nd(p,q)∑
n=0

sup
deg(∂)=m

|Πqτq(Kα,∂
n,q,p)|

≲

nd(p,q)∑
n=0

( ∑
l∈δAα

2(|l|s+m−α−β)nds(p, q)
|l|s +

∑
m<α+β

ds(p, q)
ρ−m2−n(α+β−m)

)
≲ ds(p, q)

α+β−m + ds(p, q)
ρ−m

≲ ds(p, q)
α+β−m .
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Next, since |ΠpQζΓp,qτq(∇∂,1Kn(p, ·)| ≲ ds(p, q)(α−ζ)∨02n(m−β−ζ) when deg(∂) = m, we bound

sup
deg(∂)=m

nd(p,q)∑
n=0

∑
ζ<m−β

|ΠpQζΓp,qτq(∇∂,1Kn(p, ·)| ≲
nd(p,q)∑
n=0

∑
ζ<m−β

ds(p, q)
(α−ζ)∨02n(m−β−ζ)

≲
∑

ζ<m−β
ds(p, q)

(α−ζ)∨02nd(p,q)(m−β−ζ)

≲
∑

ζ<m−β
ds(p, q)

(α−ζ)∨0ds(p, q)
β+ζ−m

≲ ds(p, q)
α+β−m .

This concludes the bound on
∑nd(p,q)

n=0 |Jnp,qτq|m.

We turn to n ≥ nd(p,q). We have

∣∣Jnp,qτq∣∣m ≤ sup
deg(∂)=m

∣∣ ∑
m−β<ζ<δ−β

ΠpQζΓp,qτq∇∂,1Kn(p, ·))
∣∣

+ sup
deg(∂)=m

∣∣(Πqτq −ΠpΓp,qQ<δ−βτq)(∇∂,1Kn(p, ·)
∣∣

+
∣∣ΓpqJnq τq∣∣ ,

where we shall bound each term separately.

1. For the first summand we bound for m− β < ζ < δ − β

∑
n≥nd(p,q)

|ΠpQζΓp,qτq(∇∂,1Kn(p, ·))| ≲
∑

n≥nd(p,q)

ds(p, q)
(α−ζ)∨02n(m−β−ζ)

≲ ds(p, q)
(α−ζ)∨02nd(p,q)(m−β−ζ)

≲ ds(p, q)
α−ζ∨0d(p, q)β+ζ−m

≲ ds(p, q)
(α+β−m)∨0 .

2. We bound the second term using the fact that 2−n ≲ ds(p, q) and m ≤ α+ β

∑
n≥nd(p,q)

|(Πqτq −ΠpQ<δ0−βΓp,qτq)(∇∂,1Kn(p, ·)| ≲
∑

n≥nd(p,q)

2n(m−β)2−n((δ0−β)∧δ)

≲ ds(p, q)
(δ+β)∧δ0−m

which is obviously bounded by ds(p, q)
α+β−m .

94



3. For the last term we have

∑
n≥nd(p,q)

∣∣ΓpqJnq τq∣∣m ≲ ∑
n≥nd(p,q)

∑
l∈N,l<α+β

ds(p, q)
(l−m)∨0|Jnq τq|l

≲
∑

n≥nd(p,q)

∑
l∈N,l<α+β

ds(p, q)
(l−m)∨02−n(α+β−l)

≲
∑

l∈N,l<α+β
ds(p, q)

(l−m)∨0
∑

n≥nd(p,q)

2−n(α+β−l)

≲
∑

l∈N,l<α+β
ds(p, q)

(l−m)∨0ds(p, q)
α+β−l

≲ ds(p, q)
α+β−m .

The following theorem is almost a word for word adaptation of [Hai14, Theorem 5.14], but the

proof is slightly easier, since our definitions are more relaxed.

Theorem 2.6.19. Let T = ({Et}t∈L, {T t}t∈L, L) be a regularity structure ensemble and let Z = (Π,Γ)

be a model, such that Assumption 2.6.2 is satisfied. Let β ≥ 0 and let V ⊂ T be a sector with the

property that for every (α, δ) ∈ A × △ with V(α,δ) ≠ {0} one has α + β /∈ N and (δ + β) ∧ δ0 /∈ N.

Furthermore, let W ⊂ V be a subsector of V and let K be a kernel satisfying Assumption 2.6.1. Let

I :W → T f be an abstract integration map of order β and precision δ0 realising K for I. Then, there

exists a regularity structure ensemble T̂ containing T , a model Ẑ = (Π̂, Γ̂) for T̂L extending (Π,Γ), and

an abstract integration map Î of order β and precision δ acting on V̂ = ιV such that:

• The model Ẑ realizes K for Î.

• The map Î extends I, i.e. Îιτ = ιIτ for all τ ∈W .

Furthermore, the map Z → Ẑ is locally bounded and Lipschitz continuous as in [Hai14].

Remark 2.6.20. Note that the extension of the regularity structure ensemble really only affects the f

component of the ensemble, i.e. T̂ t = T t for all t ∈ L \ {f}. .

Proof. For α ∈ A ∩ (−∞, δ0 − β), δ ∈ △ denote by W̄α,δ a complement, such that that

Vα,δ =Wα,δ ⊕ W̄α,δ

and set W̄ =
⊕

α,δ W̄α,δ. We further denote by W̄+ the complement such that V =W ⊕ W̄ ⊕ W̄+ and

observe that W̄+ = Q≥δ0−β,:W̄
+ .
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To construct the regularity structure T̂ , we set

Â = A ∪
{
α+ β ∈ R : α < δ0 − β, W̄α,: ̸= {0}

}
,

△̂ = △∪
{
(δ + β) ∧ δ0 ∈ R : W̄:δ ̸= {0}

}
and for (α, δ) ∈ Â× △̂ set

T̂ f
α,δ =



T f
α,δ ⊕ W̄α−β,δ−β if α, δ < δ0,

T f
α,δ ⊕

⊕
δ0−β≤δ′ W̄α−β,δ′ if 0 ≤ α < δ0, δ = δ0,

T f
α,δ ⊕

⊕
δ0−β≤δ′<+∞ W̄α−β,δ′ if α < 0, δ = δ0,

T f
α,δ ⊕ W̄α−β,δ if α < 0, δ = ∞,

T f
α,δ ⊕ 0 if α ≥ δ0 − β or δ > δ0 − β ,

which is motivated by Definition 2.6.3, see also Remark 2.6.4. Accordingly we write elements

τp ∈ T̂ f
α,δ as pairs τp = (τ0p , τ

1
p ), where τ

0
p ∈ T f and τ1p ∈ W̄ . Next, we extend the space L appropriately.

Note that due to the second condition in the definition of an abstract integration map, Definition 2.6.3,

we can not simply take the space of all linear maps satisfying the conditions of a regularity structure.

Instead we define, similar to [Hai14],

L̂p,q := Lp,q ×M δ0
p,q

where M δ0
p,q consists of all linear maps from W̄p to (T̄ f

q)<δ0 . An element (Γp,q,Mp,q) ∈ L̂p,q acts on

τq = (τ1q , τ
2
q ) ∈ T̂ f

α,δ as

(Γp,q,Mp,q)τq = (Γp,qτ
1
q + Ip(QWΓp,qτ

2
q ) +Mp,qτ

2
q , QW̄Γp,qτ

2
q )

Similar to [Hai14, Equation (5.22)] one can check that Lp,q ◦ Lq,r ⊂ Lp,r.

To extend the map I we note that for τp ∈ Vp we have a unique decomposition τp = τ0p + τ1p + τ2p ,

where τ0p ∈W , τ1p ∈ W̄p and τ2p ∈W+. We set

Îp(τp, 0) := (Ipτ
0
p , τ

1
p ) .

We have to check that the conditions in Definition 2.6.3 of an abstract integration map are satisfied.

The only non-trivial fact to check is Condition 3 for which by linearity it suffices to check it on
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Îqτq = (0, τq) ∈ T̂ f
q for τq ∈ W̄q. Indeed, by definition of Γ̂p,q = (Γp,q,Mp,q) ∈ L̂p,q

ÎpΓ̂p.qτp − Γ̂p,q Îqτq = Îp(Γp,q,Mp,q)
(
τq, 0

)
− Γ̂p,q

(
0, τq

)
= Îp

(
QWΓp.qτp +QW̄Γp.qτp, 0

)
−
(
IpQWΓp,qτq +Mp,qτq, QW̄Γp,qτq

)
=
(
IpQWΓp.qτp, QW̄Γp.qτp

)
−
(
IpQWΓp,qτq +Mp,qτq, QW̄Γp,qτq

)
=
(
−Mp,qτq, 0

)
.

Next, we turn to the extension of the model Z = (Π,Γ) for T to a model Ẑ = (Π̂, Γ̂) for T̂ . For

τq = (τ1q , τ
2
q ) we define

Π̂qτq = Πqτ
1
q +K(Πqτ

2
q )−ΠqJqτ

2
q .

This is well defined due to Lemma 2.6.15. Next, we define

Γ̂p,q = (Γp,q,Mp,q) , where Mp,qτ
2
q := JpΓp,qτ

2
q − Γp,qJqτ

2
q + Epτq = Jpqτ

2
q .

We check the second analytic condition in the definition of a model. By linearity and the fact that

Γ satisfies the this bound, we only need to check it on elements of the form τq = (0, τ2q ) ∈ T̂ f
αn+β,δn

.

Indeed,

Γ̂p,qτq =
(
IpQWΓp,qτ

2
q +Mp,qτ

2
q , QW̄Γp,qτ

2
q

)
and we decompose Γ̂p,qτq = QT̄ fΓ̂p,qτq + (id−QT̄ f)Γ̂p,qτq. Thus

|(id−QT̄ f)Γ̂p,qτq|ζ ≤ |IpQWΓp,qτ
2
q |ζ + |QW̄Γp,qτ

2
q |ζ−β

= |QWΓp,qτ
2
q |ζ−β + |QW̄Γp,qτ

2
q |ζ−β

≲ |Γp,qτ2q |ζ−β

≲ d(p, q)(αn+β−ζ)∨0 .

The bound on QT̄ fΓ̂p,qτq =Mp,qτ
2
q = Jp,qτ

2
q follows from Lemma 2.14.3.

Lastly, we check the third condition in the definition of a model. Again suffices by linearity to

check it on elements of the form τq = (0, τ2q ) ∈ T̂ f
α,δ . We assume δ < +∞, the case δ = +∞ being
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simpler. Indeed, we have

Π̂pΓ̂p,qτq − Π̂qτq = Π̂p
(
IpQWΓp,qτ

2
q +Mp,qτ

2
q , QW̄Γp,qτ

2
q

)
− Π̂q

(
0, τ2q )

=ΠpIpQWΓp,qτ
2
q +Πp(JpΓp,qτ

2
q − Γp,qJqτ

2
q + Epτ

2
q ) +K(ΠpQW̄Γp,qτ

2
q )

−ΠpJpQW̄Γp,qτ
2
q − (K(Πqτ

2
q )−ΠqJqτ

2
q )

=K(ΠpΓp,qτ
2
q )−ΠpJpΓp,qτ

2
q +Πp(JpΓp,qτ

2
q − Γp,qJqτ

2
q + Epτ

2
q )

− (K(Πqτ
2
q )−ΠqJqτ

2
q )

=K(ΠpΓp,qτ
2
q )−ΠpΓp,qJqτ

2
q +ΠpEpτ

2
q

−K(Πqτ
2
q ) + ΠqJqτ

2
q

=K(ΠpΓp,qτ
2
q −Πqτ

2
q )−ΠpEpτ

2
q︸ ︷︷ ︸

T1

+ΠqJqτ
2
q −ΠpΓp,qJqτ

2
q︸ ︷︷ ︸

T2

.

Thus, by the same computation as in the proof of Lemma 2.6.10

|T1(ϕλp)| =

∣∣∣∣∣
∫
M

∑
n

(Πpτp −ΠqΓq,pτp
)(
Kn,δ∧(δ0−β)
r,s

)
(ϕλq )(s)ds

∣∣∣∣∣ ≲ λ(δ+β)∧δ0
where the last inequality follows from Lemma 2.6.17 if δ < +∞ and even vanishes if δ = ∞. The

bound |T2(ϕλp)| ≲ λδ0 follows from the fact that the jet model is indeed a model, Proposition 2.3.21

and if α+ β < 0 vanishes.

Remark 2.6.21. Note that if a model is constructed using the Extension theorem above, the term

bounded in Lemma 2.6.10 actually vanishes.

2.6.3 Schauder estimates

We introduce for γ < δ0 − β the operator Nγ which maps f ∈ Dγ(T e) to the continuous section of T̄ f

(Nγf)(p) =
∑
n

Q<γ+βjpK
(
Rf −Πpτp

)
.

It follows from the Reconstruction Theorem 2.4.3 and the scaling properties of Kn in Assumption 2.6.1

that this sum converges absolutely by a similar argument as in the proof of Lemma 2.6.6.

Finally, we define Kγ the lift of K to Dγ(V )

Kγf(p) = Ipf(p) + Jpf(p) + (Nγf)(p) .

Theorem 2.6.22. Let T = ({Et}t∈L, {T t}t∈L, L) be a regularity structure ensemble and Z = (Π,Γ)

a model such that Assumption 2.6.2 is satisfied. Let V ⊂ T e be a sector, K be β regularising kernel

satisfying Assumption 2.6.1 and I : V → T f an abstract integration map such that Z realises K. Then,
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for any γ ∈ R such that γ + β /∈ N and 0 < γ < δ0 − β it holds that Kγ maps Dγ(V ) to Dγ+β(T f) and

the following identity holds

KRf = RKγf (2.54)

for all f ∈ Dγ(V ). Furthermore, the following bound holds

9Kγf ;Kγ f̄9γ+β;K ≲C 9f ; f̄ 9γ;K̄ +∥Z; Z̄∥K̄

uniformly over models Z, Z̄ and modelled distributions f ∈ Dγ
Z(V ), f̄ ∈ Dγ

Z̄
(V ) satisfying ∥Z∥K̄ ,

∥Z̄∥K̄ , ∥f∥Dγ(K̄) and ∥f̄∥Dγ(K̄) < C .

Proof. First we note that

∥Kγf∥γ+β,K ≲ ∥f∥γ,K , ∥Kγf − K̄γ f̄∥γ+β,K ≲ ∥f − f̄∥γ,K + ∥Π− Π̄∥δ,K ,

follows easily as in [Hai14]. Similarly, for ζ ∈ A \ N such that ζ < γ + β it follows by direct inspection

that

|Kγf(p)− Γp,qKγf(q)|ζ ≲ d(p, q)γ+β−ζ (2.55)

and

|Kγf(p)− Γp,qKγf(q)−
(
K̄γ f̄(p)−Γ̄p,qK̄γ f̄(q)

)
|ζ

≲ d(p, q)γ+β−ζ
(
∥f ; f̄∥γ,K̄ + ∥Z − Z̄∥γ+β,K̄

)
.

Next, we establish (2.119) for ζ ∈ N. Let k := ζ < γ + β. It follows from Lemma 2.6.10 that

(
Kγf(p)

)
k
−
(
Γp,qKγf(q)

)
k

=
(
Jpf(p) + (Nγf)(p)

)
k

−
(
JpΓp,qf(q) + Epf(q) + Γp,q(Nγf)(q)

)
k
+O(d(p, q)γ+β−k)

=
(
Jp(f(p)−Q<γΓp,qf(q))

)
k
+
(
Nγf)(p)

)
k
−
(
Γp,q(Nγf)(q)

)
k

−
(
Epf(q)

)
k
−
(
JpQ≥γΓp,qf(q))k +O(d(p, q)γ+β−k)

We decompose Jp =
∑∞

n=1 J
(n)
p , Ep =

∑∞
n=1E

(n)
p , Np =

∑∞
n=1N

(n)
p by replacing K by Kn. As in

previous proofs, we let nd(p,q) ∈ N be such that d(p, q) ∈ (2−nd(p,q)−1, 2−nd(p,q) ] and proceed by looking

at the cases n ≥ nd(p,q) and n < nd(p,q) separately.

For n > nd(p,q) one proceeds as in [Hai14] to obtain

1.
∑

n>nd(p,q)

∣∣N n
γ f(p)

∣∣
k
≲ ds(p, q)γ+β−k
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2.
∑

n>nd(p,q)

∣∣Jnp (f(p)−Q<γΓp,qf(q)
)∣∣
k
≲ ds(p, q)γ+β−k

3.
∑

n>nd(p,q)

∣∣Γp,q(Nγf)(q)
∣∣
k
≲ ds(p, q)γ+β−k .

The remaining terms to be checked are
(
Epf(q)

)
k
and

(
JpQ≥γΓp,qf(q)

)
k
. For the former we have by

Remark 2.2.14 and using the notation ∂ and ∇∂ as in the proof of Lemma 2.14.3

∑
n>nd(p,q)

|E(n)
p f(q)|k ≤

∑
n>nd(p,q)

sup
deg(∂)=k

|(Πpf(p)−ΠpQ<δ0−β,:Γp,qf(q))(∇∂,1Kn(p, ·))|

≲
∑

n>nd(p,q)

2−n(γ+β−k) ≲ ds(p, q)
γ+β−k .

and similarly

∑
n>nd(p,q)

|JnpQ≥γΓp,qf(q)|k ≤
∑

n>nd(p,q)

sup
deg(∂)=k

|ΠpQ≥γΓp,qf(q)(∇∂,1Kn(p, ·))|

≲
∑

n>nd(p,q)

2−n(γ+β−k) ≲ ds(p, q)
γ+β−k .

Now we turn to the case n ≥ nd(p,q). Similarly to the large scale bound in the proof of [Hai14,

Theorem 5.12], we define

T k
1 := −Qk

(
(N (n)

γ f)(p) + J (n)
p f(p)

)
T k
2 := Qk

(
J (n)
p Γp,qf(q) + E(n)

p f(q) + Γp,q(N (n)
γ f)(q)

)
and note that

−
(
T k
1 + T k

2

)
= Qk

(
J (n)
p (f(p)− Γp,qf(q)) +N (n)

γ f)(p)− Γp,q(N (n)
γ f)(q)− E(n)

p f(q)
)
.

Inspecting the definitions of the terms, we obtain the identities

T k
1 =QkjpKn

( ∑
ζ≤k−β

ΠpQζf(p)−Rf
)
,

T k
2 =QkjpKn

( ∑
k−β<ζ<δ0−β

(
ΠpQζΓp,qf(q)

)
+QkjpKn

(
Πqf(q)−ΠpQ<δ−βΓp,qf(q))

)
−QkjpR

(
Q<γ+βjqKn(Πqf(q)−Rf)

)
.
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We can rewrite

T k
2 = QkjpKn

(
ΠpQ<δ0−βΓp,qf(q)

)
−QkjpKn

( ∑
ζ≤k−β

ΠpQζΓp,qf(q)
)

+QkjpKn

(
Πqf(q)−ΠpQ<δ−βΓp,qf(q))

)
−QkjpR

(
Q<γ+βjqKn(Πqf(q)−Rf)

= QkjpKn

(
Πqf(q)

)
−QkjpKn

( ∑
ζ≤k−β

ΠpQζΓp,qf(q)
)

−QkjpR
(
Q<γ+βjqKn(Πqf(q)−Rf)

)
.

Thus

T k
1 + T k

2 = QkjpKn

(
Πqf(q)−Rf

)
−QkjpR

(
Q<γ+βjqKn(Πqf(q)−Rf)

+QkjpK
( ∑
ζ≤k−β

ΠpQζ(f(p)− Γp,qf(q))
)

and therefore

|T k
1 + T k

2 |k ≤ sup
deg(∂)=k

∣∣(Πqf(q)−Rf
)
(K∂,γ

n,p,q)
∣∣ (2.56)

+ sup
deg(∂)=k

∑
ζ≤k−β

|ΠpQζ(f(p)− Γp,qf(q))(∇∂Kn(p, ·))| .

We now bound these two summands separately.

Since d(p, q) < 2−n it follows as in Lemma 2.6.14 that for ρ > γ + β,

|(Πqf(q)−Rf
)
(K∂,γ

n,p,q)| ≲
∑
l̃∈δAγ

2(|l̃|s+deg(∂)−γ−β)nd(p, q)|l̃|s (2.57)

+
∑

m<γ+β

ds(p, q)
ρ−deg(∂)2−n(γ+β−m)

and summing over n < nd(p,q) we obtain for deg(∂) = k

∑
n<nd(p,q)

|(Πqf(q)−Rf
)
(K∂,γ

n,p,q)| ≲ d(p, q)γ+β−deg(∂) + d(p, q)ρ−deg(∂) ≲ d(p, q)γ+β−k .

For the second term in (2.120), note that ζ + β ≤ k actually means ζ + β < k since ζ + β /∈ N. This
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yields

∑
n<nd(p,q)

|ΠpQζ(f(p)− Γp,qf(q))(∇∂Kn(p, ·))| ≲
∑

n<nd(p,q)

d(p, q)(γ−ζ)∨02(k−β)n2−nζ

≲ d(p, q)γ−ζ2(k−β−ζ)nd(p,q)

≲ d(p, q)γ+β−k .

It remains to show the the identity (2.118). As in the last part of the proof of [Hai14, Theorem 5.12],

one sees mutatis mutandis that

(ΠpKf(p)−K(Rf))(ϕλp) =
∑
n

∫
(Πpf(p)−Rf)(Kγ

n,q,p)ϕ
λ
p(q) dVolq .

One bounds ∑
n≤nλ

∫
(Πpf(p)−Rf)(Kγ

n,q,p)ϕ
λ
p(q) dVolq ≲ λ

γ+β

by the same argument as in Lemma 2.6.15 . To obtain

∑
n>nλ

∫
(Πpf(p)−Rf)(Kγ

n,q,p)ϕ
λ
p(q) dVolq ≲ λ

γ+β

one decomposes

Kγ
n,p,q(z) := Kn(q, z)−

∑
k<γ+β

R(QkjpKn(·, z))(q)

and bounds each term separately.

Remark 2.6.23. The identity

|T k
1 + T k

2 |k ≤ sup
deg(∂)=k

∣∣∣(Πqf(q)−Rf
)
(K∂,γ

n,p,q)

+
∑

ζ≤k−β
ΠpQζ(f(p)− Γp,qf(q))(∇∂Kn(p, ·)

∣∣∣
is the only place where we crucially need the term Epτq and where replacing Epτq by Q<α+βEpτq would

be insufficient. If we were to replace Epτq by Q<α+βEpτq we would instead obtain

|T k
1 + T k

2 | ≤ sup
deg(∂)=k

∣∣∣(Πqf(q)−Rf
)
(K∂,γ

n,p,q)

+
∑

ζ≤|k|−β

ΠpQζ(f(p)− Γp,qf(q))(∇∂Kn(p, ·))

−
∑

ζ≤k−β
(Πq −ΠpΓp,q)Qζf(q)(∇∂Kn(p, ·))

∣∣∣
where the last term in general destroys the needed estimate (think of n = 1).
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Remark 2.6.24. The fact that we cannot truncate Epτq is also consistent with the following interpre-

tation: Let τp ∈ T e and assume that

q 7→ f(q) = Γq,pτp

is the modelled distribution in Dδ. (Note that this is not necessarily the case with our definitions.)

Then,

Kδf(p) = Ipf(p) + Jpf(p) + (Nδf)(p)

= Ipτp + Jpτp ,

while

Kδf(q) = Iqf(q) + Jqf(q) + (Nδf)(q)

= IqΓq,pτp + JqΓq,pτp + Eqτp .

2.7 Singular Modelled Distributions

In this section we shall be working with modelled distributions defined on R \ {0} × M̄ , which belong

locally to Dγ away from {t = 0} := {0} × M̄ and derive results analogous to those in [Hai14, Section

6]. We assume that M̄ is equipped with a scaling s̄ as in Section 2.1 and extend the scaling in the

canonical way to a scaling s = (s0, s̄) on R× M̄ , where s0 ∈ N. We write for zi = (ti, pi) ∈ R× M̄

ds(z1, z2) := |t1 − t2|
1
s0 + ds̄(p1, p2) .

Then, we introduce for z = (t, p) ∈ R× M̄ ,

|t|s0 := |t|
1
s0 , |z|s0 := |t|s0 ,

and for any compact set K ⊂ R×M

Kt :=
{
(z1, z2) ∈ (K \ {t = 0})2 |z1 ̸= z2 and ds(z1, z0) ≤ |z1|s0 ∧ |z1|s0

}
.

Definition 2.7.1. Fix a regularity structure ensemble T = ({Et}t∈L, {T t}t∈L, L) and a model Z = (Π,Γ)

on R×M . For 0 ≤ η < γ we define Dγ,η
t to consist of all sections f of T t,γ such that for each compact

set K ⊂ R×M the following semi-norm is finite

9f9γ,η;t(K) := ∥f∥γ,η;K + sup
(z1,z2)∈Kt,

sup
α<γ

|f(z1)− Γz1,z2f(z2)|α
d(z1, z2)γ−α(|z1|s0 ∧ |z2|s0)η−γ

,
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where

∥f∥γ,η;K := sup
(t,p)∈K\{t=0}

sup
α<γ

|f(t, p)|α
|t|(η−α)∧0s0

For f ∈ Dγ,η
t , we furthermore introduce the following quantity

8f8γ,η;K := sup
(t,p)∈K

sup
α<γ

|f(t, p)|α
|t|η−αt

.

Lastly, for a second model Z̃ = (Π̃, Γ̃) and f̃ ∈ Dγ

Z̃
we define the distance

9f ; f̃9γ,η;K :=∥f − f̃∥γ,η;K + sup
(z1,z2)∈Kt,

sup
α<γ

|f(z1)− Γz1,z2f(z2)− (f̃(z1)− Γ̃z1,z2 f̃(z2))|α
d(z1, z2)γ−α(|z1|s0 ∧ |z2|s0)η−γ

.

The next lemma differs from [Hai14, Lemma 6.5] due to the fact that the maps Γ are not lower

triangular and since for p ∈M , t, t′ ∈ R we do not identify T(t′,p) with T(t,p) (and therefore addition

between elements in these spaces is not well defined). This forces us to impose a stronger continuity

condition on f at {t = 0} .

Lemma 2.7.2. Let η < γ. Let I := [a, b] ⊂ [−1, 1] be an interval containing zero, and K ⊂ M̄ compact.

Assume that f ∈ Dγ,η
t extends continuously to all of I ×K and and that there exists ϵ > 0 such that

for all α < η one has |f(t, p)| ≲ |t|ϵ uniformly over I ×K . Then one has the bounds

8f8γ,η;I×K ≲ 9f9γ,η;I×K

and

8f − f̄8γ,η;I×K ≲ 9f ; f̄ 9γ,η;I×K +∥Γ− Γ̄∥I×K
(

9 f 9γ,η;I×K + 9 f 9γ,η;I×K
)
,

where the implicit constant only depends on ∥Γ∥I×K + ∥Γ̄∥I×K .

Proof. For the purpose of the proof, it is useful to define the quantity

9Γ9I×K := sup
α∈A

sup
t,t′∈I

sup
p∈K

sup
τ(t,p)∈T t

:,:

|Γ(t′,p),(t,p)τp,t|α
|t− t′|s0

and observe that there exists a constant C > 0 such that 9Γ9I×K ≤ C∥Γ∥I×K . It is also useful to

define N ∈ R be such that 9Γ9I×K < N ϵ ∧minα,β∈A,α ̸=β N
|α−β|.

Let β ∈ A be such that the bound |f(t, p)|ζ ≲ |t|η−ζs1 holds for all ζ > β. We argue that then the

same bound holds for ζ = β as well. We can assume that β < η since otherwise the inequality follows

from the definition of 9 · 9Dγ,η
t (I×K) .

For notational convenience we write for fixed p ∈M :

ΓN,βn := Γ(N−nt,p),(N−(n+1)t,p)Q≤β and f(s) := f(s, p) ,
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as well as

△fN,βn := f(N−nt)− ΓN,βn f(N−(n+1)t) .

Note that then it follows from the Hölder type assumption of f close to {t = 0} and the choice of N

that

QβΓ
N,β
0 ◦ . . . ◦ ΓN,βn f(N−(n+1)) → 0

as n→ ∞. Indeed we have for t ≤ 1

|ΓN,β0 ◦ . . . ◦ ΓN,βn f(tN−(n+1))| ≤ 9Γ 9n+1
I×K N−ϵ(n+1)

which is summable. Using this and the convention that for n = 0

ΓN,β0 ◦ . . . ◦ ΓN,βn−1 := id ,

one finds

f(t) = f(t)−
∞∑
n=0

ΓN,β0 ◦ . . . ◦ ΓN,βn

(
f(N−(n+1)t)− f(N−(n+1)t)

)
=

∞∑
n=0

ΓN,β0 ◦ . . . ◦ ΓN,βn−1

(
f(N−nt)− ΓN,βn f(N−(n+1)t)

)
=

∞∑
n=0

ΓN,β0 ◦ . . . ◦ ΓN,βn−1(△f
N,β
n ) .

Thus

|f(t, p)|β ≤
∞∑
n=0

∣∣ΓN,β0 ◦ . . . ◦ ΓN,βn−1(△f
N,β
n )

∣∣
β

≤
∞∑
n=0

∑
α≤β

9Γ 9nI×K |△fN,βn |α

Next observe that

|△fN,βn |α ≤ |f(N−nt)− Γ(N−nt,p),(N−(n+1)t,p)f(N
−(n+1)t)|α

+ |Γ(N−nt,p),(N−(n+1)t,p)Q>βf(N
−(n+1)t)|α

≲ (N−n|t|s0)η−α +
∑
ζ>β

C(N−n|t|)(ζ−α)∨0|f(N−(n+1)t)|ζ

≲ (N−n|t|s0)η−α +
∑
ζ>β

(N−n|t|s0)ζ−α(N−n|t|s0)η−ζ

≲ (N−n|t|s0)η−α ,
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where we used the fact that that α ≤ β < ζ and the assumption on β in the second last line. Therefore

|f(t, p)|β ≲ |t|η−β
∑
n

(∑
α≤β

9Γ 9nI×K N−n(η−α))
≲ |t|η−β

∑
n

9Γ 9nI×K N−n(η−β) .

Remark 2.7.3. It is not difficult to see, that argument of the proof generalises to setting of [Hai14,

Remark 6.1], i.e. where {t = 0} is replaced by a more complicated submanifold.

Exactly as in [Hai14], one obtains the following interpolation inequality.

Lemma 2.7.4. Let γ > 0 and κ ∈ (0, 1), as well as f, f̄ as in Lemma 2.15.2. Then for every compact

set K the following holds

9f, f̄9(1−κ)γ,η;I×K ≲ 8f − f̄ 8κγ,η;I×K
(

8 f 8Dγ,η
t (I×K) + 8 f̄ 8γ,η;I×K

)1−κ
where the implicit constant only depends on ∥Γ∥I×K + ∥Γ̄∥I×K .

Proposition 2.7.5 (Hai14, Prop. 6.9). Let f ∈ Dγ,η(V ) for some sector V ⊂ T t of regularity α ≤ 0,

some γ > 0 and η ≤ γ ≤ δ. Then, provided that α ∧ η > −s0, there exists a unique distribution

Rf ∈ Cα∧η(Et) which agrees with the reconstruction operator away from {t = 0}. Furthermore one has

the bound

∥Rf − R̄f̄∥Cα∧η(I×K) ≲ 9f, f̄ 9γ,η;I×K̄ +∥Z, Z̄∥γ,K̄ . (2.58)

Proof. The following results can also be obtained mutatis mutandis as in [Hai14] by going to appropriate

s-charts.

2.7.1 Products and nonlinearites

Then next lemma is the analogue of Lemma 2.5.5, the proof of which is a straightforward adaptation

of the proof of [Hai14, Prop. 6.12].

Lemma 2.7.6. Let V t1 ⊂ T t1 , V t2 ⊂ T t2 be two sectors of regularity α1 resp. α2 and let ⋆ : V t1×V t2 →

T t3 be an abstract tensor product. Let Z be a model and γ1, γ2 > 0 and η1 < γ1, η2 < γ2. Assuming

the product ⋆ is γ-precise for γ = (γ1 +α2)∧ (γ2 +α1) and setting η = (η1 +α2)∧ (η2 +α1)∧ (η1 + η2),

the map

Dγ1,η1
t (V t1)×Dγ2η2

t (V t2) → Dγ,η
t (T t3), (f1, f2) 7→ f1 ⋆γ f2

is well defined, continuous and the bound

9f1 ⋆γ f29γ,η;K ≲ 9f1 9γ1,η1;K 9f2 9γ2,η2;K (1 + ∥Γ∥K)
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holds. If furthermore Z̃ = (Π̃, Γ̃) is a second model and f̃1 ∈ Dγ1
Z̃
(V t1), f̃2 ∈ Dγ2

Z̃
(V t2) one has the

bound

9f1 ⋆γ f2; f̃1 ⋆γ f̃29γ,η;K ≲C 9f1; f̃1 9γ1,η1;K + 9 f2; f̃2 9γ2,η2;K +∥Γ− Γ̃∥K)

uniformly over fi, f̃i satisfying 9fi9γi,ηi;K , 9f̃i9γi,ηi;K < C and models satisfying

∥Γ∥K , ∥Γ̃∥K < C.

Since the lift of general non-linearities differs from the constructions in the flat setting, we provide

a proof of the next Proposition, even though it is very close to the proof of Proposition 2.5.23.

Theorem 2.7.7. Let T be a regularity structure ensemble, {V l}l∈L̄ as in Assumption 2.5.22, Z = (Π,Γ)

a model for T and G ∈ C∞(E ⋉ F ). For η ∈ [0, γ] one finds that for f ∈ Dγ,η(V̄ )

Gγ(f)(p) :=
∑
n

1

n!
tr
(
jEp (D

nG)(f̄p) ⋆γ f̃
⋆γn
p

)
∈ Dγ,η(U0) .

Furthermore, the map f 7→ Gγ(f) is locally Lipschitz continuous in the sense that for every C > 0,

9Gγ(f)−Gγ(g)9γ,η;K ≲ 9f − g9γ,η;K (2.59)

uniformly over f, g satisfying 9f9γ,η;K ,9g9γ,η;K ≤ C.

The next corollary follows as in Remark 2.5.24.

Corollary 2.7.8. In the setting of Theorem 2.15.7, if Z̃ = (Π̃, Γ̃) is a second model that agrees with Z

on jets and M is compact then one has the bound

9Gγ(f);Gγ(g̃)9γ,η;K ≲ 9f ; g̃ 9γ,η;K +∥Z; Z̃∥K , (2.60)

uniformly over f, g̃ satisfying 9f9γ,η;K ,9g̃9γ,η;K ≤ C and models satisfying ∥Z∥K , ∥Z̃∥K ≤ C, i.e.

the map

Dγ,η(V̄ )f → Dγ,η(U0), f 7→ Gγ(f)(p)

is strongly locally Lipschitz continuous.

Proof of Theorem 2.15.7. Let ζ be as in Assumption 2.5.22, we again only treat the more involved

case γ > ζ.

In order to bound ∥Gγ(f)∥γ,η;K note that

|Gγ(f)(p)|α ≤
[γ/ζ]∑
n

|jEp (DnG)(f̄p)|l|f̃
⋆γn
p |α−l .
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Since |jEp (DnG)(f̄p)|l ≲ |f̄p| ≲ |t|η∧0s0 and

|f̃⋆γnp |α−l ≲
∑

l1+...+ln=α−l
|f̃p|ln ≲ |t|(η−l1)∧0s0 · · · |t|(η−ln)∧0s0 ,

it thus suffices to check that

(η ∧ 0) + ((η − l1) ∧ 0) + . . .+ ((η − ln) ∧ 0) ≥ (η − α) ∧ 0 .

If all terms on the left vanish, we are done. If not, note that (η ∧ 0) = 0 and thus there must be a

summand contributing η − li, for the rest of the summands note that ((η − lj) ∧ 0) ≥ −lj . Thus, we

find that

(η ∧ 0) + ((η − l1) ∧ 0) + . . .+ ((η − ln) ∧ 0) ≥ η − α+ l ≥ (η − α) ∧ 0 ,

and conclude that ∥Gγ(f)∥γ,η;K ≲ ∥f∥γ,η;K .

In order to bound 9Gγ(f)9γ,η;K we find as in the proof of Theorem 2.5.23 that for κ < γ

Qκ

Γq,pGγ(f)(p)−
[γ/ζ]∑
n=0

tr
1

n!
Γq,pjpD

nG(Rf̄p(·)) ⋆γ Γq,pf̃
⋆γn
p

 = 0

and ∣∣∣∣∣∣
[γ/ζ]∑
n=0

tr
1

n!
jqD

nG(Rf̄p(·)) ⋆γ Γq,pf̃
⋆γn
p −

[γ/ζ]∑
n=0

tr
1

n!
Γq,pjpD

nG(Rf̄p(·)) ⋆γ Γq,pf̃
⋆γn
p

∣∣∣∣∣∣
κ

≲
[γ/ζ]∑
n=0

∑
α+β=κ

∣∣Q<γ−β(jqDnG(Rf̄p(·))− Γq,pjpD
nG(Rf̄p(·)

)∣∣
α
|Γq,pf̃

⋆γn
p |β

≤
[γ/ζ]∑
n=0

∑
α+β=κ

ds(p, q)
γ−β−α|f̄q|0

∑
χ

|f̃⋆γnp |χ

≲
[γ/ζ]∑
n=0

ds(p, q)
γ−κ

∑
ζ

(|p|s0 ∧ |q|s0)η−χ∧0

≲ ds(p, q)
γ−κ(|p|s0 ∧ |q|s0)η−γ
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As previously we find

∣∣G(f)(q)− [γ/ζ]∑
n=0

tr
1

n!
jqD

nG(Rf̄p(·)) ⋆γ Γq,pf̃
⋆γn
p

∣∣
κ

≤
∣∣ [γ/ζ]∑
n=0

tr
1

n!
jqD

nG(Rf̄q(·)) ⋆ f̃
⋆γn
q

−
[γ/ζ]∑
n=0

[γ/ζ]−n∑
k=0

tr
1

n!

1

k!
Dn+kjqG(Rf̄p(·)) ⋆γ jq(Rf̄q(·)−Rf̄p(·))⊗k ⋆ f̃

⋆γn
q

∣∣
κ

+
∣∣ [γ/ζ]∑
n=0

[γ/ζ]−n∑
k=0

tr
1

n!

1

k!
Dn+kjqG(Rf̄p(·)) ⋆γ jq(Rf̄q(·)−Rf̄p(·))⊗k ⋆ f̃

⋆γn
q

−
[γ/ζ]∑
n=0

tr
1

n!
jqD

nG(Rf̄p(·)) ⋆γ Γq,pf̃
⋆γn
p

∣∣
κ

As previously, the former summand can be bounded by

[γ/ζ]∑
n=0

∑
α+β=κ

|f̄q − Γq,pf̄p|([γ/ζ]−n+1−α)
0 |f̃⋆γnq |β ,

where for each non-vanishing term

[γ/ζ]− n+ 1− α ≥ γ − κ

ζ
. (2.61)

We note that

|f̄q − Γq,pf̄p|0 ≲ ds(p, q)ζ(|p|s0 ∧ |q|s0)(η−ζ)∧0 (2.62)

We treat the two cases η ≥ ζ and η < ζ separately, starting with the former. Here we find using the

crude bound |f̃⋆γnq |β ≲ (|p|s0 ∧ |q|s0)(η−β)∧0 ≲ (|p|s0 ∧ |q|s0)η−γ that

[γ/ζ]∑
n=0

∑
α+β=κ

|f̄q − Γq,pf̄p|[γ/ζ]−n+1−α
0 |f̃⋆γnq |β

≲
[γ/ζ]∑
n=0

∑
α+β=κ

ds(p, q)
ζ([γ/ζ]−n+1−α)|f̃⋆γnq |β

≲
[γ/ζ]∑
n=0

∑
α+β=κ

ds(p, q)
γ−κ|f̃⋆γnq |β

≲ ds(p, q)
γ−κ(|p|s0 ∧ |q|s0)η−γ ,

where in the first inequality we used (2.126) with the fact that (η − ζ)∧ 0 and in the second in (2.125).
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We turn to the case η < ζ where using (2.126) we find

[γ/ζ]∑
n=0

∑
α+β=κ

|f̄q − Γq,pf̄p|[γ/ζ]−n+1−α
0 |f̃⋆γnq |β

≲
[γ/ζ]∑
n=0

∑
α+β=κ

ds(p, q)
ζ([γ/ζ]−n+1−α)(|p|s0 ∧ |q|s0)(η−ζ)([γ/ζ]−n+1−α)|f̃⋆γnq |β

=

[γ/ζ]∑
n=0

∑
α+β=κ

(
ds(p, q)

|p|s0 ∧ |q|s0

)ζ([γ/ζ]−n+1−α)
(|p|s0 ∧ |q|s0)η([γ/ζ]−n+1−α)|f̃⋆γnq |β

≤
[γ/ζ]∑
n=0

∑
α+β=κ

(
ds(p, q)

|p|s0 ∧ |q|s0

)γ−κ
(|p|s0 ∧ |q|s0)η([γ/ζ]−n+1−α)|f̃⋆γnq |β

≤
[γ/ζ]∑
n=0

∑
α+β=κ

ds(p, q)
γ−κ(|p|s0 ∧ |q|s0)−γ+κ|f̃

⋆γn
q |β ,

where in the second last inequality we used (2.125) together with the fact that 1 ≥ ds(p,q)
|p|s0∧|q|s0

and in

the last inequality we again used (2.125). Next, note that

|f̃⋆γnq |β ≲ (|p|s0 ∧ |q|s0)(η−β)∧0 ,

thus we conclude

[γ/ζ]∑
n=0

∑
α+β=κ

ds(p, q)
γ−κ(|p|s0 ∧ |q|s0)−γ+κ|f̃

⋆γn
q |β

≤
[γ/ζ]∑
n=0

∑
α+β=κ

ds(p, q)
γ−κ(|p|s0 ∧ |q|s0)−γ+κ(|p|s0 ∧ |q|s0)η−β

≲ ds(p, q)
γ−κ(|p|s0 ∧ |q|s0)η−γ .

Next we bound the second term Rκ,p,q for which we find exactly as in the proof of Theorem 2.5.23

Rκ,p,q =

∣∣∣∣∣∣
[γ/ζ]∑
n=0

tr
1

n!
jqD

nG(Rf̄p(·)) ⋆γ Dn,pq

∣∣∣∣∣∣
κ

≤
[γ/ζ]∑
n=0

∑
α+β=κ

|jqDnG(Rf̄p(·))|α|Dn,pq|β

≲
[γ/ζ]∑
n=0

∑
α+β=κ

|Dn,pq|β

where we recall that Dn,pq := Q<γΓq,pf̃
⋆γn
p − (fq − Γq,pf̄p)

⋆γn and note that

|Dn,pq|β ≲ ds(p, q)γ−β(|p|s0 ∧ |q|s0)η−γ .
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This concludes the estimate of the second term. Lastly, to see (2.59) one again writes h = f − g and

bounds

Gγ(f)−Gγ(g) =

∫ 1

0

∑
n

1

n!
tr
(
jEp (D

n+1G)(ḡp + th̄p) ⋆γ (g̃p + th̃p)
⋆γn ⋆γ h

)
dt .

2.7.2 Schauder estimate

The next proposition is the analogue of [Hai14, Prop. 6.16].

Proposition 2.7.9. In the setting of Theorem 2.14.7 let f ∈ Dγ,η(V ) for η < γ, where η ∧ α > −s0

and η + β /∈ N, then

Kγf ∈ Dγ+β,(η∧α)+β.

Furthermore, let I ⊂ [−1, 1] be an interval, then the following bound holds

9Kγf ; K̄γ f̄9γ+β,(η∧α)+β,I×K ≲ 9f ; f̄ 9γ,η,I×K +∥Z; Z̄∥(I+[−1,1])×K̄ ,

where the implicit constant depends on ∥Z∥(I+[−1,1])×K̄ , ∥Z̄∥(I+[−1,1])×K̄ , 9f9γ,η,I×K and 9f̄9γ,η,I×K .

Remark 2.7.10. As in [Hai14] we observe that the condition α ∧ η > −s0 is only required in order to

have a unique reconstruction operator. In situations where this fails but one needs to make a choice of

reconstruction operator R satisfying the bound (2.122).

Proof. The following follows directly as in [Hai14].

• The section N f is well defined for f ∈ Dγ,η(V ) (outside the set {0} ×M ) .

• The necessary estimates on |Kγf(p)|α , |Kγf(p) − K̄γ f̄(p)|α ,

|Kγf(p)− Γp,qKγf(q)|α, and |Kγf(p)− K̄γ f̄ − Γp,qKγf(q) + Γ̄p,qK̄γ f̄(q)|α for α ∈ A \ N .

• The necessary bound on |Kγf(p)|k and |Kγf(p)− K̄γ f̄(p)|k for k ∈ N .

The place where the proof in our setting varies from the one in [Hai14] is in estimating |Kγf(p) −

Γp,qKγf(q)|k and |Kγf(p) − K̄γ f̄(p) − Γp,qKγf(q) + Γ̄p,qK̄γ f̄(q)|k for k ∈ N. We only estimate the

former, one proceeds analogously for the latter.

To estimate |K(n)
γ f(p)− Γp,qK(n)

γ f(q)|k for p, q ∈ Kt we proceed differently in the three cases

1. 2−n ≤ ds(p, q),

2. 2−n ∈ [ds(p, q),
1
2 |p|s0 ∧ |q|s0 ],

3. 2−n ≥ 1
2 |p|s0 ∧ |q|s0 .
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In the case 2−n ≤ ds(p, q) one proceeds exactly as in the proof of Theorem 2.14.7 to obtain

∑
n:2−n≤ds(p,q)

|K(n)
γ f(p)− Γp,qK(n)

γ f(q)|k ≲ ds(p, q)γ+β−k(|p|s0 ∧ |q|s0)η−γ .

In the case 2−n ∈ [ds(p, q),
1
2 |p|s0 ∧ |q|s0 ], one proceeds as in the second step of the proof of

Theorem 2.14.7 and it suffices to bound

sup
deg(∂)=k

∣∣(Πqf(q)−Rf
)
(K∂,γ

n,p,q)
∣∣ (2.63)

and

sup
deg(∂)=k

∑
ζ≤k−β

|ΠpQζ(f(p)− Γp,qf(q))(∇∂Kn(p, ·))| , (2.64)

see Equation (2.120). To bound (2.127), we proceed as in (2.121) but using Lemma 2.4.5 to obtain

∑
d(p,q)≤2−n≤ |p|s0∧|q|s0

2

|(Πqf(q)−Rf
)
(K∂,γ

n,p,q)| ≲ (|p|s0 ∧ |q|s0)η−γ(d(p, q)γ+β−k + d(p, q)ρ−k)

for ρ > γ + β. For the second term (2.128) one obtains the desired bound directly. We turn to the last

case 2−n ≥ 1
2 |p|s0 ∧ |q|s0 . Here we proceed as in the previous step, except for the term (2.127), which

we estimate as ∣∣(Πqf(q)−Rf
)
(K∂,γ

n,p,q)
∣∣ ≤ ∣∣Πqf(q)(K∂,γ

n,p,q)
∣∣+ ∣∣Rf(K∂,γ

n,p,q)
∣∣ .

Lemma 2.6.14 implies that

∣∣Πqf(q)(K∂,γ
n,p,q)

∣∣ ≲ ∑
l̃∈δAγ

2(|l̃|s+deg(∂)−η∧α−β)nd(p, q)|l̃|s

+
∑

m<γ+β

ds(p, q)
ρ−deg(∂)2−n(η∧α+β−m) .

For l̃ ∈ δAγ and deg(∂) = k one finds

∑
n : 2−n≥ 1

2
|p|s0∧|q|s0

2(|l̃|s+k−η∧α−β)nds(p, q)
|l̃|s

≲ (|p|s0 ∧ |q|s0)−(|l̃|s+k−η∧α−β)d(p, q)|l̃|s

= (|p|s0 ∧ |q|s0)(η∧α)+β−k
( ds(p, q)

|p|s0 ∧ |q|s0

)|l̃|s
≲ (|p|s0 ∧ |q|s0)(η∧α)+β−k

( ds(p, q)

|p|s0 ∧ |q|s0

)γ+β−k
= (|p|s0 ∧ |q|s0)η∧α−γds(p, q)γ+β−k ,
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where in the last inequality we used that ds(p, q) ≤ |p|s0 ∧ |q|s0 and |l̃|s > γ + β − k. For m < γ + β

and ρ > γ + β one has

∑
n:2−n≥ 1

2
|p|s0∧|q|s0

ds(p, q)
ρ−k2−n(η∧α+β−m) ≲ ds(p, q)

γ+β−k(|p|s0 ∧ |q|s0)(η∧α−γ)

and thus for deg(∂) = k

∑
n:2−n≥ 1

2
|p|s0∧|q|s0

∣∣Πqf(q)(K∂,γ
n,p,q)

∣∣ ≲ (|p|s0 ∧ |q|s0)η∧α−γd(p, q)γ+β−k .

The same way one bounds
∣∣Rf(K∂,γ

n,p,q)
∣∣ and therefore concludes that

∑
n:2−n≥ 1

2
|p|s0∧|q|s0

∣∣(Πqf(q)−Rf
)
(K l,γ

n,p,q)
∣∣ ≲ (|p|s0 ∧ |q|s0)η∧α−γd(p, q)γ+β−k .

2.8 Solutions to Semi-linear Equations on Manifolds

In this section we provide the remaining ingredients in order to generalise the fixed point theorem in

[Hai14, Section 7.3] to the geometric setting of this article. From now on we work under the following

assumption.

Assumption 2.8.1. We assume that the manifold M̄ is compact.

Since the equations we shall consider will always be in integral form, we proceed by working with

kernels. A discussion about the existence of such kernels for heat type differential operators can be

found in Section 2.17.

Assumption 2.8.2. Let G ∈ C∞(F ⊗̂ E∗ \ π−1△) be an integral kernel and β > 0. We assume there

exist K ∈ C∞(F ⊗̂ E∗ \ π−1△) and K−1 ∈ C∞(F ⊗̂ E∗) such that G = K +K−1 and the following

properties are satisfied.

• K satisfies Assumption 2.6.1 for β,

• both, K and K−1 are non-anticipative, i.e.

t < s⇒ K((t, p), (s, q)) = 0 and K−1((t, p), (s, q)) = 0 for all p, q ∈M .
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2.8.1 Short-time behaviour

We define MT = [−1, T ]×M and as in [Hai14, Section 7.1] the operator

R+ : Dγ,η
t → Dγ,η

t

given by multiplication with the indicator function of R+. The following is the analogue of [Hai14,

Theorem 7.1] in our setting.

Theorem 2.8.3. Let K be a Kernel satisfying Assumption 2.16.2 for some β > 0. Assume furthermore

that the regularity structure T comes with an integration map I of order β and precision δ0 acting on a

sector V of regularity α > −s0 and assume that the models Z = (Π,Γ) and Z̄ = (Π̄, Γ̄) realise K for I

on V . Let γ < δ0 − β

Then, for every T ∈ (0, 1] uniformly over models Z, Z̄ realising K for I on V and f ∈ Dγ,η(V ),

f̄ ∈ D̄γ,η(V ) satisfying 9f9γ,η;MT
,9f̄9γ,η;MT

≤ C :

9KγR
+f9γ+β,η̄;MT

≲C T
κ
s0 9 f9γ,η;MT

(2.65)

9KγR
+f ; K̄γR

+f̄9γ+β,η̄;MT
≲C T

κ
s0

(
9 f ; f̄ 9γ,η;MT

+∥Z, Z̄∥MT+1

)
, (2.66)

where η̄ = (η ∧ α) + β − κ and C > 0 depends on ∥Z∥MT+1
, ∥Z̄∥MT+1

≤ C in the first inequality and

additionally 9f9γ,η;MT
, 9f̄9γ,η;MT

≤ C in the second inequality.

Proof. For ζ ∈ A such that ζ ≥ (α ∧ η) + β the estimates on Qζ(KγR
+f) follow as in the proof of

[Hai14, Theorem 7.1] using Proposition 2.15.9, the local version of the Reconstruction theorem in

Proposition 2.4.5 and non-anticipativity of the kernel, together with the definition of the semi-norm

9 · 9Dγ,η
t

.

Thus, it remains to show the estimate for k ∈ N such that k < (α ∧ η) + β. Observes that

Qk(KγR
+f)(z) =

∑
n

QkjzKn(RR+f),

which follows by unravelling the definition of Jz(R
+f) and N (R+f)(z). Since the operator

K : Cα∧η → C(α∧η)+β, F 7→ KF =
∑
n

Kn(F )

is well defined and since KγR
+f(t, p) = 0 for t < 0 (as K is assumed non-anticipative), one observes

that KγR
+f satisfies the assumptions of Lemma 2.15.2 for ϵ ∈ (0, (α ∧ η) + β). Therefore

8KγR
+f8γ,(η∧α)+β;MT

≲ 9KγR
+f9γ,(η∧α)+β;MT

,
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which together with Proposition 2.15.9 implies (2.129) . One obtains (2.130) in a similar way.

In Assumption 2.16.2 we decomposed G = K + K−1, where K−1 is a smooth kernel. For any

α, γ > 0 and η > −s0, we extend K−1 to an operator on modelled distributions

K−1 : Dα,η 7→ Dγ(T̄ f) as f 7→ Q<γjK−1(Rf) .

The next lemma follows as [Hai14, Lemma 7.3].

Lemma 2.8.4. Let K−1 be as in Assumption 2.16.2, then in the setting of Theorem 2.16.3 the following

estimates hold

9K−1R
+f9Dγ+β,η̄

t (MT )
≲C T 9 f9Dγ,η

t (MT ) (2.67)

9K−1R
+f ;K−1R

+f̄9Dγ+β,η̄
t (MT )

≲C T
(

9 f ; f̄ 9Dγ,η
t (MT ) +∥Z, Z̄∥MT+1

)
. (2.68)

2.8.2 Initial condition

In order to treat initial condition, we denote by Ē the vector bundle over M̄ obtained by restriction

E|{0}×M̄ .

Lemma 2.8.5. For η > 0 such that β+ η /∈ N and u0 ∈ Cη(Ē) and G ∈ C∞(F ⊗̂E∗ \π−1△) satisfying

Assumption 2.16.2 We set for t ̸= 0

G(u0)(t, p) =

∫
G((t, p), (0, q))u0(q) dVolq ,

where we used suggestive but informal notation if η ≤ 0. Then, for any γ > (η + β − s0) ∨ 0

Q<γj(·)G(u0) ∈ Dγ,(η+β−s0)∧0
t . (2.69)

Proof. Observe that by Assumption G = K +K−1, where K−1 is a smooth kernel and K =
∑

nKn

satisfies the properties in Assumption 2.6.1. Thus it is easy to see that G(u0) is smooth away from the

origin and quantitative bounds on K−1(u0) are obvious. Thus we focus on the term K(u0). For t > 0

let nt ∈ N be such that |t|s ∈ (2−nt−1, 2−nt), then due to the support constraints on Kn

K(u0) =

∞∑
n=0

v(Kn((t, p)(0, ·)) =
nt∑
n=0

v(Kn((t, p)(0, ·))

and thus since η + β /∈ N and s0 ∈ N

|K(u0)(t, p)| ≲
nt∑
n=0

2−nη+n(s0−β) =

nt∑
n=0

2n(s0−β−η) ≲ |t|(η+β−s0)∧0
s .
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The bound |j(t,p)K(u0)|m ≲ |t|(η+β−s0−m)∧0
s follows similarly. This establishes the bound ∥G(u0)∥γ,η+β−s0;MT

<

+∞.

The bound 9G(u0)9γ,η+β−s0;MT
< +∞ follows by going to an exponential s-chart and applying the

Taylor estimate [Hai14, Proposition A.1] or equivalently applying [DDD19, Corollary 69] (or strictly

speaking the slight extension thereof to the setting of non-trivial scalings.)

Remark 2.8.6. In applications kernels usually satisfy β = s0, see for example Section 2.17 as well as

[Hai14, Section 7.2].

2.8.3 Fixed point theorem

Finally, we have generalised all necessary results of [Hai14] in order to extend the general fixed point

theorem [Hai14, Theorem 7.8] to our geometric setting. The proof therein adapts mutatis mutandis.

Theorem 2.8.7. Let V, V̄ be two sectors of regularity ζ, ζ̄ and precision δ0 of a regularity structure

ensemble T = ({Et}t∈L, {T t}t∈L, L) and let F : V → V̄ be a local non-linearity such that for f ∈ Dγ,η(V )

one has F (f) ∈ Dγ̄,η̄(V̄ ). Assume further that we are given a β regularising abstract integration map

I : V → V̄ of precision δ0 > 0.

If η < (η̄ ∧ ζ̄) + β, γ < γ̄ + β, (η̄ ∧ ζ̄) > −β and δ0 > γ as well as F is strongly locally Lipschitz,

then for every v ∈ Dγ,η and every model Z = (Π,Γ) for T that realises K for I, there exists T > 0

such that the fixed point equation

U = (K +K−1)R
+F (U) + v,

admits a unique solutions U ∈ Dγ,η on MT . Furthermore the solution map (v, Z) 7→ U is locally jointly

Lipschitz continuous.

Remark 2.8.8. Note that the assumption η̄ ∧ ζ̄ > −β is imposed in order to apply Proposition 2.15.9.

This can sometimes be relaxed by splitting the solution into two parts U = Ũ + (K + K−1)ṽ, where

ṽ ∈ D∞ and studying the fixed point problem

Ũ = (K +K−1)R
+F (Ũ + (K +K−1)ṽ) + (v − (K +K−1)ṽ) .

This can be seen as applying a lifted version of the “Da Prato Debussche” trick, c.f. [Hai14, Rem. 7.9]

as well as [BCCH20, Section 5.5].
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2.9 Excursion on Differential Operators, Greens Functions and

Heat Kernels

Recall that in this article we are concerned with developing a solution theory for singular SPDEs,

typically11 of the form

∂tu+ Lu =

m∑
i=0

Gi(u,∇u, . . . ,∇nu)ξi , (2.70)

see (2.134). In this section, we present a (non-exhaustive) class of differential operators L ∈ Dif2k(E,E)

to which the theory applies. In particular we recall what it means for L to be uniformly elliptic.

2.9.1 Trivial scaling

First, let us assume that the scaling on M̄ is the trivial scaling s̄ = (1), c.f. Definition 2.1.2. We

denote by πT ∗M : T ∗M →M the canonical projection. The symbol of a k-th order differential operator

A : C∞(E) → C∞(F ) is a section σk(A) of the bundle π∗T ∗M (L(E,F )) determined as follows. For

vp ∈ T ∗
pM and ep ∈ E|p let g ∈ C∞(M) be such that f(p) = 0 and vp = dg(p) let e ∈ C∞(E) be a

section e(p) = ep, then,

σk(A)(vp)(ep) :=
1

k!
A(gke)(p) ∈ F |p .

We denote by Symk(E,F ) := {σk(A) : A ∈ Difk(E,F )} and one can observe that σk(A) is actually a

polynomial on T ∗M and can thus canonically be identified with a section of (T ∗M)⊗sk ⊗ L(E,F ).

Remark 2.9.1. The symbol of a differential operator captures the behaviour of the differential operator

at leading order. This can for example be seen by observing that the following sequence of vector spaces

is exact, c.f. [Pal65, Chapter 3, Section IV],

0 Difk−1(E,F ) Difk(E,F ) Symk(E,F ) 0 ,σ

where the second arrow denotes the inclusion map.

Let us recall some important classes of differential operators characterised by their symbol:

1. A differential operator A ∈ Difk(E,F ) is called elliptic if for every vp ∈ T ∗M \ {0} the map

σk(A)(vp) ∈ L(E|p, F |p) is invertible.

2. A differential operator L ∈ Dif2k(E,E) is called strongly elliptic if (−1)kσ2k(L)(vp) is positive

definite whenever |vp| ≠ 0.

11Parabolic systems, c.f. [Fri08], also fall within the scope of the theory developed here.

117



3. L ∈ Dif2k(E,E) is called uniformly elliptic12 if there exists ϵ > 0, such that

(−1)kσ2k(L)(vp) ≥ ϵ|vp|2kidEp .

Remark 2.9.2. Note that, since the symbol is a polynomial map on T ∗M , the notion of strong

ellipticity only makes sense for differential operators of even order.

It is well understood that whenever L ∈ Dif2k(E,E) is uniformly elliptic and M̄ is compact, the

operator

∂t + L

admits a unique fundamental solution G satisfying Assumption 2.16.2 on M = R× M̄ equipped with

the scaling s = (2k, 1) and β = 2k. We refer e.g. to [Ejd94], [Fri08], [BG+13] and [Dav95] where this

is proved in Euclidean space (for more general operators), but the construction can be generalised

to compact manifolds along the lines of [Kot16], [Alb17], [BGV03]. In particular, since L does not

depend on t ∈ R the fundamental solution is of the form G((t, p), (s, q)) = Gt−s(p, q).

Recall that our vector bundles are always equipped with a connection. In this case a particularly

important uniformly elliptic operator is given by the connection Laplacian △E ∈ Dif2(E,E)

△E : C∞(E) → C∞(E), f 7→ − trg(∇(T ∗M⊗E)∇Ef) , (2.71)

where trg : C∞(T ∗M ⊗ T ∗M ⊗ E) → C∞(E) denotes the contraction with the metric on T ∗M . It is

straightforward to check that the symbol of this operator is given by

σ2(△E)(vp) = −|vp|2idEp . (2.72)

Remark 2.9.3. An important class of second order uniformly elliptic operators on E are given by

generalised Laplacians, i.e. operators whose symbol symbol is given by −|vp|2idEp . Thus, Equation 2.136

states that the operator △E is a generalised Laplacian. It turns out that for any generalised Laplacian

△ on E there exists a connection ∇E on E such that △−△E ∈ Dif0(E,E) ≃ L(E,E), c.f. [BGV03,

Prop. 2.5].

Remark 2.9.4. The framework developed in this article also allows to study equations, where the

differential operator is time dependent. This is for example of interest when the underlying manifold

evolves in time, c.f. [EHS12].

While understanding the qualitative behaviour of a heat kernels is sufficient to apply the theory

developed so far in this article, in order to construct the appropriate renormalisation procedure it is

12Note that if M is compact, every strongly elliptic operator is uniformly elliptic since then {v ∈ T ∗M : |v| = 1} is
compact.
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often necessary to have a detailed understanding of its behaviour near the diagonal. The next theorem,

[BGV03, Theorem 2.30], captures this for the Laplacian △E .

Theorem 2.9.5. Let M̄ be compact and the vector bundle Ē → M̄ equipped with a metric and

connection. Let E = π∗Ē be the pullback bundle under the submersion

π :M = R× M̄ → M̄, (t, p) 7→ p .

Let Gt be the heat kernel associated to the Laplacian △Ē, there exist smooth sections Φi ∈ C∞(Ē ⊗̂ Ē∗)

supported on {(p, q) ∈M ×M |d(p, q) < rp
2 } such that the heat kernel Gt(p, q) satisfies for t > 0

∥∥∂kt (Gt(p, q)− 1

(4πt)−d/2
e−d(p,q)/4t

N∑
i

tiΦi(p, q)
)∥∥
Cl(M̄×M̄)

≲ tN−d/2−l/2−k .

Furthermore, the leading term Φ0 is given by Φ0(p, q)eq = eq(p), where for eq ∈ Eq the section eq(·) is

given by parallel transport along the geodesic from q.

Remark 2.9.6. The sections Φi ∈ C∞(Ē ⊗̂ Ē∗) can be explicitly calculated, c.f. the proof of [BGV03,

Theorem 2.26]. In particular one finds that Φ1(p, p) =
1
3sM̄ (p)idE|p, where sM̄ (p) denotes the scalar

curvature of M̄ , see [BGV03, Example 2.27].

Remark 2.9.7. Results similar to Theorem 2.17.5 also hold for more general elliptic operators, c.f.

[Tin82] and [BGV03, Section 2.7].

Remark 2.9.8. Fractional Laplacians,13 say scalar valued, △s for s ∈ (0, 1), fall slightly outside of

the scope of Assumption 2.16.2 since the regularity condition in general fails on {t = 0}. We refer to

[BH21] on how to accommodate such kernels.

Remark 2.9.9. Note that if R×M is equipped with a scaling s and G satisfies Assumption 2.16.2

for β, then, for every k ∈ N G satisfies the same assumption for β′ := kβ if we equip R ×M with

the scaling s′ = ks for the new decomposition given by the kernels K ′
n =

∑k−1
i=0 Kkn+i. Indeed, it is

straightforward to check all assumptions.

2.9.2 Non-trivial scaling

Suppose M̄ =M1×. . .×Mn, Ei →M i are vector bundles and let E :=
⊗̂n

i=1E
i. For Li ∈ Dif2ki(E

i, Ei)

let L ∈ Dif(E,E) be the differential operator uniquely characterised by the fact that for all ui ∈ C∞(Ei)

L(u1 ⊗̂ . . . ⊗̂ un) =

n∑
i=1

u1 ⊗̂ . . . ⊗̂ Liui ⊗̂ . . . ⊗̂ un . (2.73)

13Note that we work with the sign convention that makes the Laplacian a positive operator.
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Note that it follows directly form Definition 2.2.8 and Proposition 2.2.13 that L is well defined. Now,

it is straightforward to check that if Git(·, ·) is a fundamental solution of ∂t + Li, then

Gt(p, q) =
⊗̂n

i=1
Git(pi, qi)

is a fundamental solution of ∂t + L.

Next, let k be the least common multiple of k1, . . . , kn and set s0 = 2k and si := k/ki. If we choose

the scaling s = (s0, s1, . . . , sn) on M = R×M1 × . . .×Mn, then one sees that the differential operator

L has scaled order 2k. For what follows we work with the (equivalent) distance

ds(z, z̄) := sup
i∈{1,...,n}

di(xi, x̄i)
1
si ∨ |t− t̄|

1
s0 ,

on M = R×M1 × . . .×Mn, where z = (t, x1, . . . , xn) and z̄ = (t̄, x̄1, . . . , x̄n).

Proposition 2.9.10. In the setting above, if each Gi satisfies Assumption 2.16.2 for β = 2ki on

R×M i equipped with the scaling (2ki, 1), then G satisfies Assumption 2.16.2 with β = 2k on R× M̄

equipped with the scaling s.

Proof. First, in view of Remark 2.17.9 we assume that each Gi satisfies the Assumption 2.16.2 on

R×M i for the scaling (2k, k/ki) and β = 2k. We show the claim for n = 2, the general case then follows

by repeated application of the same argument. Furthermore, since the non-anticipativity property

follows directly, it only remains to check Assumption 2.6.1. For K1 =
∑

k≥0K
1
k and K2 =

∑
k≥0K

2
k

as in Assumption 2.6.1, we write

Km = K1
mK

2
m +K>

m +K<
m , (2.74)

where K>
m(z, z̄) =

∑
n>mK

1
n(z, z̄)K

2
m(z, z̄) and K

<
m(z, z̄) =

∑
n>mK

1
m(z, z̄)K

2
n(z, z̄). We shall freely

use the notation z = (t, x1, x2) and z̄ = (t̄, x̄1, x̄2), where x1, x̄1 ∈ M1 and x2, x̄2 ∈ M2. Clearly the

first summand in (2.138) satisfies the desired bounds uniformly in m. We turn to K>
m(z, z̄) and observe

that for each n ≥ m the support of K1
nK

2
m is contained in

{
((t, x1, x2), (t̄, x̄1, x̄2)) ∈M ×M : max

i∈{1,2}
d(xi, x̄i)

1/si < 2−m , |t− t̄|1/s0 < 2−n
}
.

Note that furthermore, since Kn is non-anticipative for any L ≥ 0 we have |K2
m(z, z̄)| ≲L |t −

t̄|L2m(s0+s2−β2+Ls0) and thus

|K>
m(z, z̄)| ≲

∑
n>m

|K1
n(z, z̄)||t− t̄|L2m(s0+s2−β2+Ls0)

≲
∑
n>m

2n(s0+s1−β1)2−nLs02m(s0+s2−β2+Ls0)
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and therefore choosing Ls0 > s0 + s1 − β1 we find

|K>
m(z, z̄)| ≲ 2m(2s0+s1+s2−β1−β2) = 2m(|s|−β) ,

since s0 = β = β1 = β2 and |s| = s0 + s1 + s2. After taking derivatives in exponential charts, one

obtains along the same lines that

|jz,z̄K>
m|l ≲ 2m(|s|−β−l) ,

which is Item 3 of Assumption 2.6.1. By symmetry the same estimate holds for K<
m(z, z̄).

Lastly, Item 4 of Assumption 2.6.1 is checked easily and since we are working on compact manifolds,

it is easy to accommodate Item 2 of Assumption 2.6.1 by removing some additional smooth part of the

kernel K and adding it to K−1.

2.10 Symmetric Sets and Vector Bundles

The notion of symmetric set introduced in [CCHS22a] allows one to circumvent choosing a particular

basis when constructing a vector valued regularity structure. This was used in [CCHS22a] to be able

to work with Lie algebra-valued noises while still working with scalar valued models without fixing an

(arbitrary) basis of the Lie algebra. Here, symmetric sets allow us to replace “polynomial decorations”

by jets which do not come with a canonical basis (c.f. Section 2.2) as well as to encode symmetries

of differential operators in terms of symmetries of certain trees. In this section we recall the relevant

notions from [CCHS22a].

For this section, we fix an underlying set of types S. For two finite typed sets T 1 and T 2 denote by

Iso(T 1, T 2) the set of all type preserving bijections T 1 → T 2 and by Vec(Iso(T 1, T 2)) the free vector

space generated by Iso(T 1, T 2). First, we recall that symmetric sets are connected groupoids in the

category of typed sets. Explicitly, they and the corresponding notion of morphism can be described as

follows.

Definition 2.10.1. [CCHS22a, Def 5.3] A symetric set s consists of an index set As and a triple

s=
(
{T as }a∈As , {tas}a∈As, {Γa,bs }a,b∈As

)
,

where (T as , t
a
s) are finite typed sets and Γa,bs ⊂ Iso(T bs , T

a
s ) a non-empty set satisfying for a, b, c ∈ As

γ ∈ Γa,bs ⇒ γ−1 ∈ Γb,as ,

γ ∈ Γa,bs , γ̄ ∈ Γb,cs ⇒ γ ◦ γ̄ ∈ Γa,cs .

Definition 2.10.2. [CCHS22a, Def 5.6 & Rem 5.11] A morphism Φ ∈ Hom(s, s̄) between two
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symmetric sets s and s̄ is a two parameter family

As ×As̄ ∋ (a, ā) 7→ Φā,a ∈ Vec
(
Iso(T as , T

ā
s̄ )
)
,

which is invariant in the sense that, for any γa,b ∈ Γa,bs and γ̄ā,b̄ ∈ Γā,b̄s̄ , one has the identity

Φā,a ◦ γa,b = γ̄ā,b̄ ◦ Φb̄,b . (2.75)

Composition is given by

(Φ̄ ◦ Φ)¯̄a,a = Φ̄¯̄a,ā ◦ Φā,a ,

for any fixed choice of ā (no summation).

Note that the above definition of morphisms is equivalent to [CCHS22a, Def 5.6] by [CCHS22a,

Rem 5.11].

Definition 2.10.3. [CCHS22a, Def 5.22] Denote by SSet the category of symmetric sets and define

TStruc to be the category obtained by freely adjoining countable products to SSet. We write SSetS and

TStrucS when we want to emphasise the dependence of this category on the underlying label set S.

For a description of morphisms in TStrucS see [CCHS22a, Rem. 5.23].

Remark 2.10.4. Fix some symmetric sets {si}i∈I for some finite index set I, where

si =
(
{T ai }a∈Ai , {tai }a∈Ai , {Γa,bi }a,b∈Ai

)
. We then define the symmetric set s= ⊗i∈Isi where

• As =
∏
i∈I Ai

• for each a ∈ As, T
a
s =

⊔
i∈I T

a
i is given by the disjoint union,

• tas : T as → S is the unique map such that tas|Ta
i
= taii

• for each a, b ∈ As

Γa,bs =
∏
i∈I

Γai,bii ,

elements of which act on T as in the canonical way.

We call s= ⊗i∈Isi the tensor product of the symmetric sets {si}i∈I . This product turns SSet into a

monoidal category, c.f. [CCHS22a, Remark 5.12].

For manifold M , let VecBM be the category of finite dimensional smooth vector bundles over M .

A vector bundle assignment W = (W t)t∈S allows to define for a symmetric set s a vector bundle W s

in exactly the same way as it is done in [CCHS22a] for vector spaces:

1. For T a typed set, let

W⊗T :=
⊗
x∈T

W t(x)
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and interpret any ψ ∈ Iso(T, T̄ ) as the vector bundle morphism W⊗T →W⊗T̄ characterised by

W⊗T
p ∋ wp = ⊗x∈Tw

x
p 7→ ψ · wp = ⊗y∈T̄w

ψ−1(y)
p . (2.76)

2. Define

W⊗s =
{
w ∈

∏
a∈As

W⊗Ta
s : w(a) = γa,b · w(b) ∀a, b ∈ As , ∀γa,b ∈ Γa,bs

}
. (2.77)

For a ∈ As, denote by πs,a the symmetrisation map W⊗Ta
s →W⊗s given by

(πs,aw)
(b) =

1

|Γb,as |

∑
γ∈Γb,a

s

γ · w , (2.78)

These maps (πs,a)a∈As have the property that

πs,a ◦ γa,b = πs,b , ∀a, b ∈ As , ∀γa,b ∈ Γa,bs . (2.79)

and they are left inverses to the natural inclusions

ιs,a : W
⊗s →W⊗Ta

s , (w(b))b∈As 7→ w(a) . (2.80)

We now fix two symmetric sets s and s̄. Given Φ ∈ Hom(s, s̄), it naturally defines a linear map

F a,āΦ : W⊗Ta
s →W⊗T ā

s̄ by14

F a,āΦ w = Φā,a · w , (2.81)

where Φā,a denotes the representative of Φ in Vec(Iso(T as , T
ā
s̄ )). One sees that for w = (w(a))a∈As ∈W⊗s,

Φ = (Φa)a∈As ∈ Hom(s, s̄), as well as γa,b ∈ Γa,bs and γ̄b̄,ā ∈ Γā,b̄s̄ , we have the identity

F b,b̄Φ w(b) = Φb̄,b · w(b) = γ̄b̄,āΦā,aγa,b · w(b) = γ̄b̄,āΦā,a · w(a) ,

and thus

FΦ :W⊗s →W⊗s̄, FΦw = πs̄,āF
a,ā
Φ ιs,aw , (2.82)

is well defined and independent of the choices of a and ā.

14Here we use the following extension of (2.140): For i ∈ {1, . . . , n}, let λi ∈ R and ψi ∈ Iso(T, T̄ ), then ψ̄ =
∑

i λiψi ∈
Vec(Iso(T, T̄ )) induces the map

W⊗T →W⊗T̄ , wp 7→ ψ̄ · wp =
∑
i

λi(ψi · wp) .
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Remark 2.10.5. Note that in the setting of Remark 2.18.4 writing s= ⊗i∈Isi, there is a canonical

isomorphism ⊗
i∈I

FW (si) =
⊗
i∈I

W⊗si →W⊗s = FW (s) . (2.83)

Observe the different meanings of the ⊗ in s= ⊗i∈Isi and in (2.147).

In particular, as in [CCHS22a, Lemma 5.18] this defines a monoidal functor FW mapping s to

W⊗s and Φ to FΦ between the category TStruc of symmetric sets and the category VecBM .

2.10.1 Some canonical morphisms

In this section we introduce certain canonical morphisms of symmetric sets which will be useful in the

sequel. The following is a special case of [CCHS22a, Rem. 5.13].

Definition 2.10.6. Suppose for the same index set A we are given two symmetric sets s =
(
{T a}a∈A, {tas}a∈A, {Γ

a,b
s }a,b∈A

)
and s̄ =

(
{T a}a∈A, {tas̄}a∈A, {Γa,bs̄ }a,b∈A

)
, such that furthermore tas = tas̄ for all a ∈ A.

We define S ∈ Hom(s, s̄) as

Sā,a :=
1

|Γā,ās̄ ||Γā,as |

∑
γ̄ā,ā∈Γā,ā

s̄
,γā,a∈Γā,a

s

γ̄ā,ā ◦ γā,a =
1

|Γā,as̄ ||Γa,as |

∑
γ̄ā,a∈Γā,a

s̄
,γa,a∈Γa,a

s

γ̄ā,a ◦ γa,a .

Sometimes we shall write Ss,s̄ for emphasis.

In applications we shall refer to this morphism when speaking about a construction extending to

symmetric sets, see for example the discussion after (2.104). The proof of the next lemma is a simple

exercise.

Lemma 2.10.7. Let s̊, s̄, s1 and s2 be symmetric sets over the same index set as in Definition 2.10.6

and furthermore suppose Γ̊ ⊂ Γ(1) ⊂ Γ̄ and Γ̊ ⊂ Γ(2) ⊂ Γ̄. Then, the following diagrams commute

s1 s2

s̄ ,

Ss1,s2

Ss1 ,̄s
Ss2 ,̄s

s2 s̊

s1 .

Ss2 ,̊s

Ss2,s1
Ss̊,s1

Remark 2.10.8. The following special cases of Definition 2.10.6 are of particular interest.

1. In the case Γa,bs ⊃ Γa,bs̄ , we write I := Ss,s̄ ∈ Hom(s, s̄) for this morphism and find the identity

Iā,a =
1

|Γā,as |

∑
γā,a∈Γā,a

s

γā,a .
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2. If Γa,bs ⊂ Γa,bs̄ , let Π := Ss,s̄ ∈ Hom(s, s̄). Then one can write

Πā,a =
1

|Γā,as̄ |

∑
γ̄ā,a∈Γā,a

s̄

γ̄ā,a .

Remark 2.10.9. In the setting of Definition 2.10.6, if Γa,bs ⊃ Γa,bs̄ and using the notation Π ∈ Hom(s̄,s)

and I ∈ Hom(s, s̄) from the previous remark, one finds that

FWΠ ◦ FWI = FWS
s,s = idW⊗s ,

where the first equality follows from Lemma 2.18.7.

Remark 2.10.10. For a symmetric set s =
(
T, t, Γs

)
where A = As consists of one element, we

write s̊ for the symmetric set s̊ =
(
T, t, Γ̄

)
, where Γ̄ consists only of the identity map. Under the

canonical isomorphism V ⊗T ≃ V ⊗̊s one sees for Π ∈ Hom(̊s,s) and I ∈ Hom(s, s̊) as in Remark 2.18.8

that FWΠ agrees with the symmetrisation map in (2.142) and FWI agrees with the inclusion (2.153).

2.10.2 Direct sum decomposition

Next we recall the notion of type decomposition, see [CCHS22a, Def 5.25], with the only slight change

that we allow for countable decompositions of vector bundles.

Definition 2.10.11. Let P(A) denote the powerset of a set A. Given two distinct countable sets of

labels S and S̄ as well as a map p : S → P(S̄) \ {∅}, such that {p(t) : t ∈ S} is a partition of S̄, we

call S̄ a type decomposition of S under p.

If we are also given space assignments (Wt)t∈S and (W̄l)l∈S̄ with the property that

Wt =
⊕
l∈p(t)

W̄l for every t ∈ L , (2.84)

then we say that (W̄l)l∈S̄ is a decomposition of (Wt)t∈S. For l ∈ p(t), we write Pl : Wt → W̄l for the

projection induced by (2.148).

Now we recall how a type decompositions allow us to decompose symmetric sets and associated

vector bundles:

1. Fix S, S̄, p as well as (Wt)t∈S, (W̄l)l∈S̄ as in Definition 2.18.11 and, given a set B and functions

t : B → S, l : B → S̄, use the shorthand notation l⇝ t to signify that l(p) ∈ p(t(p)) for every

p ∈ B.

2. For a symmetric set s with label set S and a ∈ As we write L̂as = {l : T as → S̄ : l⇝ tas} and we
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consider on L̂s =
⋃
a∈As

L̂as the equivalence relation ∼ given by

L̂as ∋ l ∼ l̄ ∈ L̂bs ⇔ ∃γb,a ∈ Γb,as : l = l̄ ◦ γb,a . (2.85)

Note that each equivalence class contains finitely many elements, but there might be a countable

number of equivalence classes which we denote by

Ls = L̂s/∼ .

3. Given an equivalence class Y ∈ Ls and a ∈ As, we define Ya = Y ∩L̂as (which we note is non-empty

due to the connectedness of Γs). We then define a symmetric set sY by

AsY = {(a, l) : a ∈ As , l ∈ Ya} , T
(a,l)
sY = T as , t

(a,l)
sY = l ,

Γ
(a,l),(b,̄l)
sY = {γ ∈ Γa,bs : l̄ = l ◦ γ} .

(2.86)

4. With these notations at hand, we can define a functor p∗ from SSetS to TStrucS̄ as follows.

Given any s ∈ Ob(SSetS), we define

p∗s =
⊕
Y ∈Ls

sY ∈ Ob
(
TStrucS̄

)
. (2.87)

We refer the reader to [CCHS22a, Eq. 5.17] to see how p∗ acts on morphisms.

One of our main interests in the functor p∗ is that it performs the direct sum decompositions at

the level of partially symmetric tensor products of the spaces Vt, which is formulated in the following

proposition. Here, when working with infinite dimensional vector bundles, the grading is crucially

needed.

Proposition 2.10.12. [CCHS22a, Prop 5.29] One has FW̄ ◦p∗ = FW , modulo natural transformation.

Remark 2.10.13. Note that the whole discussion on symmetric sets adapts ad verbatim, when using

the tensor product ⊗̂ introduced in Section 2.1.1 instead of ⊗ on vector bundles, one only has to replace

the category VecBM of vector bundles over M by the “larger” category VecB of vector bundles over

arbitrary base manifolds.
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2.11 Trees for Regularity Structures

2.11.1 Indexing vector bundles

We shall construct a regularity structure ensemble associated to a subcritical rule. For this we start by

fixing an index set of types L.15 We shall assume that L is equipped with an involution without fixed

points

∗ : L → L, l 7→ l∗ ,

which we extend to act on NL in the canonical way by mapping σ ∈ NL to σ∗ ∈ NL characterized by

σ∗(l) = σ(l∗). We define the map

red∗ : NL → NL ,

where red∗(σ) is given by the minimal element of NL such that [σ] = [red∗(σ)] in
Z[L]

ker(id−∗) , or equivalently(
red∗(σ)

)
l
= σl − (σl ∧ σl∗).

From now on we assume that all vector bundle assignments {V l}l∈L satisfy

(V l)∗ = V l∗ , (2.88)

where (V l)∗ denotes the dual bundle of V l. We define for σ ∈ NL

V σ :=
⊗
l∈L

(V l)⊗sσl

and denote by

⊙s : V
σ × V σ̄ → V σ+σ̄

the symmetrized tensor product induced by the canonical symmetric tensor product W⊗sn ⊗W⊗sm →

W⊗sn+m for any vector bundle W and n,m ∈ N. Observe that ⊙ endows
⊕

σ∈NL V σ with the structure

of a commutative algebra bundle.16 Note that for any σ ∈ NL one then has a natural (and unique)

partial trace operator

Tr : V σ → V red∗σ

which by polarisation is characterised by its action on elementary tensors

⊗
l∈L

v⊗σll 7→
⊗
l∈L

(vl, vl∗)
σl∧σl∗

2 v
⊗red(σ)l
l ,

which is well defined since each factor (vl, vl∗)
σl∧σl∗

2 appears exactly twice in this tensor product.

15The set L plays a different role in this section than it did in the definition of a regularity structure ensemble, see
Definition 2.3.3.

16This space can canonically be equipped with the structure of a Hopf algebra bundle (in the same way as the tensor
algebra over a vector space), but we shall not use this fact.
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Remark 2.11.1. Recall the basic fact that for any σ, σ̄ ∈ NL the product ⊙ induces a canonical

pointwise product

⊙ : C∞(V σ)× C∞(V σ̄) → C∞(V σ+σ̄) .

Remark 2.11.2. The partial trace is not compatible with the algebra structure introduced above, in the

sense that in general Tr(v1 ⊙ Tr(v2 ⊙ v3)) ̸= Tr(Tr(v1 ⊙ v2)⊙ v3) for vi ∈ V σi.

Remark 2.11.3. Let us emphasise the advantage of allowing for possible redundancy in the vector

bundle assignment for models, i.e. e, f ∈ L such that V e = V f. It is such redundancies that allow one to

assume that all operations in the same index are symmetric, allowing us to work with combinatorial

rather than ordered trees17 and encode traces unambiguously. Let us illustrate this with two examples:

Let u, v be TM-valued solutions to a system of equations and let A be a section of (TM∗)⊗2, then

the trees appearing to describe A(u, v) can be taken to be combinatorial, as we are indexing the two

“components” of (TM∗)⊗2 = T ∗M ⊗ T ∗M differently and thus contractions are unique. Now suppose

B ∈ (TM∗)⊗3 and the right-hand side of the equation contains the term B(u, v, v). Then we can

assume that B is symmetric in the last two components without changing the equation and the same

logic holds. See also Section 2.23.2 where this is implemented for a concrete example.

2.11.2 Construction of underlying trees

We work with typed rooted trees (T, e), where T = (NT , ET ) is a rooted tree and e : ET → E is a type

map.18 We shall simply write T instead of (T, e). We assume that the set of types E can be disjointly

decomposed as

E = E+ ∪ E0 ∪ E− .

The set E+ will encode kernels, E0 will be used to encode jets and one can think of the edges as encoding

kernels given by Dirac distributions on vector bundles. The set E− will encode noises. We assume we

are given a map

ι : E+ ∪ E0 → E0 (2.89)

such that ι|E+ is an injection and ι|E0 = idE0 . We also fix indexing maps

• ind+ : E+ → L× L, ε 7→ (ε+, ε−)

• ind− : E− → L, ε 7→ ε−

• ind0 : E0 → NL, ε 7→ ε− ,

which we assume, after identifying the elements of L with the canonical generators of NL, to satisfy the

identity ind+(ε)− = ind0(ι(ε)) for any ε ∈ E+. We shall omit the subscript and write ind for all three

17This in turn has the advantage that one can reuse notions and ideas from existing works such as [BHZ19] and
[BCCH20].

18Here we shall take set E as given. In Section 2.21 it is explained how it can be related to L when working with SPDEs.
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maps, or even just ε−, resp. ε+ for ε ∈ E . We also assume we are given a map | · | : E → R with the

property that ε ∈ Esign |ε| (with the convention that sign 0 = 0). We denote by Ū the set of all typed

rooted trees and to each T ∈ Ū we assign the homogeneity

|T | :=
∑
e∈ET

|e(e)| .

We also call E the set of edge types and introduce node types

N = P̂E =
⋃
k≥0

[E ]k

i.e. N consists of all finite (unordered) multi-sets19 whose elements belong to E . We define for ν ∈ N

ind(ν) = red∗
(∑
ε∈ν

ε−
)
∈ NL .

For any set A we denote by P(A) its powerset.

Definition 2.11.4. A rule is a map R : E → P(N ) \ {∅} satisfying the following conditions

1. R(ε) = {()} for every ε ∈ E− ∪ E0

2. for each k ∈ E+ and ν ∈ R(k) one has

ind(ν) = k+ .

The rule is said to be normal if it additionally satisfies the following property

• if A ∈ R(ε) and A = B ⊔ C for some non-empty multi-subset B ⊏ A such that B ∈ P̂(E+), one

has B0 ⊔ C ∈ R(ε), where B0 is obtained by replacing each edge of type k̃ ∈ E+ by one of type

ι(k̃) ∈ E0.

Given any rule R̊, the normalisation R̄ of R̊ is the minimal normal rule containing R̊ in the sense that

R̊(ε) ⊂ R̄(ε)

for all ε ∈ E.

We call a rule R equation-like if for each e ∈ E the following holds: For every A ∈ R(e) there exists

Ã = B ⊔ C, where B ∈ P̂(E+) and C contains at most one edge of type E0, such that A = B0 ⊔ C.20
19There is a canonical identification P̂E ≃ NE under which [E ]k consists of those ν ∈ NE satisfying∑

ε∈E

ν(ε) = k .

20Where as previously B0 is as in Definition 2.19.4, i.e. obtained by replacing each edge of type ε ∈ E+ in B by one of
type ι(ε) ∈ E0.
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Remark 2.11.5. Let us make the following comments.

• The first condition in the definition of a rule is motivated by the fact that only the E+ type edges

encode operators, while E− and E0 encode functions / distributions.

• The second condition in the definition of a rule is a consistency condition needed to obtain

meaningful expressions later. It guarantees distributions take values in the correct vector bundles

and traces are well defined.

• Our notion of a rule being normal replaces the second condition of being normal in [BHZ19].21

In both cases this property is needed to close the algebraic structure with respect to the operations

needed for positive renormalisation. Our setting will have the property that the only products that

arise are the ones that are already present in the equation.

• Remark 2.19.7 below explains why the notion of equation-like rules is useful. If a rule R is

equation-like, its normalisation is equation-like as well.

Now define subcriticality similarly to [BHZ19, Definition 5.13].

Definition 2.11.6. A rule R is called subcritical if there exists a map reg : E → R satisfying reg|E0 = 0,

such that for each k ∈ E+

reg(k) < |k|+ inf
N∈R(k)

∑
ε∈ν

reg(ε) .

Remark 2.11.7. Subcriticality does not translate into the fact that for each r ∈ R the set T<r := {T ∈

T||T | < r} is finite, since it imposes no restriction on the possible number of E0 type edges attached to

each node. For equation-like rules however this holds by a straightforward adaptation of the proof of

[BHZ19, Proposition 5.15].

Remark 2.11.8. Recall that for any rooted tree T , the set NT ∪ ET has a natural partial order in

which the root is the unique minimal element. For an edge e ∈ ET we write e+, e− ∈ NT for the nodes

such that {e+, e−} = e and e− < e+ .

From now on fix a subcritical rule R. This defines T ⊂ U, the collection of trees which (in the

language of [BHZ19]) conform to R, that is T consists of all trees T , such that for each edge e ∈ ET

the set Ein
e = {ē ∈ ET | ē− = e+ for some e ∈ ET } satisfies

⊔
ē∈Ein

e

e(ei) ∈ R(e(e)) .

For a node type ν ∈ N , let Tν ⊂ T consist of all trees where the root has node type ν and for σ ∈ NL

set

Tσ =
⋃

ind(ν)=σ

Tν .

21Namely, for every ε ∈ E and multi-sets A,B such that A ⊂ B ∈ R(ε) it holds that A ∈ R(ε).
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Remark 2.11.9. The set T will play the role of the universe of trees, which we use for essentially all

our constructions, while Tσ will be used to construct objects related to distributions with values in V σ.

Remark 2.11.10. We make the observation that all trees in T can be constructed recursively. The

base case is given by trees consisting of only one edge which is necessarily of type in E0 ∪ E− by the

definition of T. From now on we denote the tree consisting of one edge by Ξε if ε ∈ E− and by δε if

ε ∈ E0. The rest of the trees are obtained by applying the following two operations repeatedly.

• The tree product: For T = (NT , ET ), T
′ = (NT ′ , ET ′) let

T · T ′ := (NT ∪NT ′
/
∼ , ET ∪ ET ′)

where ∼ identifies the root nodes of T and T ′. One easily checks that the tree product is associative

and commutative and we simply write T1 · · ·Tn for the tree product of n ∈ N trees.

• Attaching an edge of type k ∈ E to the root of a tree T = (NT , ET ): Let Ik = ({e+, e−}, {e}) by

the tree consisting of only one edge which is of type k, then

Ik(T ) := (NT ∪ e
/
∼ , ET ∪ {e})

where ∼ identifies the root of T with the node e+.

2.11.3 Negative subtrees

For T ∈ T and E ⊂ ET define TE to be the minimal subtree of T containing these edges. Let p be a

partition of E. We say p generates a forest in T , if the trees {TA : A ∈ p} are mutually vertex disjoint

and denote by FT,p the corresponding subforest of T . We write P (T,E) for all partitions of E which

generate a forest.

For a fixed tree T we define

• E−
T := {e ∈ ET |e(e) ∈ E−},

• T−
T := {TE ⊂ T | E ⊂ E−

T },

• T−
T,ρ = {TE ⊂ T | E ⊂ E−

T , ρT ∈ TE},

• F−
T := {FT,p ⊂ T | E ⊂ E−

T , p ∈ P (T,E)}.

as well as

T− :=
⋃
T∈T

T−
T

/
∼ (2.90)

where we write A1 ∼ A2 for subtrees A1 ⊂ T1 ∈ T and A2 ⊂ T2 ∈ T, if A1 and A2 are isomorphic as

trees. Denote by F− the free monoid generated by T− under the forest product.

131



Remark 2.11.11. Note that the maximal edges of every tree in T− are necessarily of type in E− and

thus by definition of a normal rule, a tree T ∈ T− never contains an edge of type in E0.

Note that elements of T− in general do not conform to the rule used to define T. Indeed they

usually do not conform to any normal rule, since the second point of Definition 2.19.4 is not satisfied.

We quantify this by introducing for T = (NT , ET )

difT : NT → NL

as

difT (n) =


red∗

(∑
e∈ET : e={n,e−} e(e)+ −

∑
e∈ET : e={e+,n} e(e)−

)
if n is not a leaf,

0 else.

(2.91)

Remark 2.11.12. Observe that if n is the root of T , the first sum in (2.155) is empty. If n is neither

the root nor a leaf it contains exactly one summand. We also observe that the second case in (2.155)

will not play a major role.

Remark 2.11.13. Note that for any tree T ∈ T and any node n ∈ NT which is not the root, one has

difT (n) = 0.

2.11.4 Operators associated to trees

Let us recall the notion of a multi-linear differential operator. Let S be a finite set and let {W s}s∈S

and W be vector bundles over M . A map

A :
∏
s∈S

C∞(W s) → C∞(W )

is called multi-linear differential operator of order k if it factors through the k-jet bundle via a

multi-linear bundle morphism, i.e. there exists TA ∈ L(⊗s∈SJ
kW s,W ), acting on

∏
s∈S J

kW s in the

canonical way, such that the following diagram commutes

∏
s∈S C∞(W s) C∞(W )

∏
s∈S C∞(JkW s) .

A

jk· ×...×jk·
TA

Let γ be a permutation of the set S such that W s =W γ(s) for each s ∈ S. The operator A is called

γ-invariant if for all fs ∈ C(W s) one has

A(
∏
s∈S

fs) = A(
∏
s∈S

fγ(s)) .
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This is of course equivalent to the tensor TA being γ-symmetric.

Later we shall renormalise equations by associating to each T ∈ T− such a differential operator,

but for now we introduce only the relevant spaces of operators. For σ ∈ NL, α ∈ R and a symmetric

set s= (S, i,Γ) where the type set is given by NL, i.e. i : S → NL, and the index set As consists only

of one element, c.f. Remark 2.19.15, we define

Difα
(
s, σ
)

(2.92)

as the set of all multilinear differential operators of order max{n ∈ N ∪ {−∞} : n ≤ −α} mapping∏
s∈S C∞(V i(s)) to C∞(V σ) which are γ invariant for all γ ∈ Γ. We use the convention that f 7→ 0 is

the only differential operator of order −∞.

Remark 2.11.14. For any operator A ∈ Difα
(
s, σ
)
mapping

∏
s∈S C∞(V i(s)) → C∞(V σ) and any

κ ∈ NL we define a new multi-linear differential operator

Aκ :
∏
s∈S

C∞(V i(s))× C∞(V κ) → C∞(V red∗(σ+κ))

given on fs ∈ C(V s), g ∈ C(V κ) by

Aκ(
∏
s∈S

fs, g) = Tr
(
A(
∏
s∈S

fs)⊙ g)
)
.

We shall from now on abuse notation and simply write A for the operator Aκ as well as

⟨(
∏
s∈S

fs)× g,A⟩ := Aκ(
∏
s∈S

fs, g).

Remark 2.11.15. The fact that in (2.156) we restricted ourselves to the case when the index set As

consists only of one element was purely for notational convenience and there is an obvious extension to

the case |As| > 0. Indeed, arguing as in [CCHS22a, Remark 5.30], one can usually work with concrete

trees instead of an equivalence class of trees. We shall do so in the next definition and often throughout

the text.

Definition 2.11.16. For a tree T , we set

DifT := Dif|T |
(
sT , ind(ρT )

)
(2.93)

where sT = (ST , iT ,ΓT ) is given by

• ST = NT \ ({ρT } ∪ LT ) ,

• iT = difT ,
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• ΓT consists of all tree symmetries restricted to ST .

Defining the type set S=
{
(|T |,sT , ind ρT ) : T ∈ T−

}
consisting of triples composed of the degree

of a tree T , the isomorphism class of the symmetric set sT and the index of the root ρT , we introduce

the vector space assignment

D=
{
Difα

(
s, t
)}

(α,s,t)∈S .

Definition 2.11.17. For a forest F ∈ F− define a new symmetric set with type set S

≺F≻ = (Con(F ), ⟨·⟩,PerF )

where

• Con(F ) denotes the connected components of F ,

• the type map is given by restricting the map

⟨·⟩ : T− → S, T 7→ (|T |,sT , ind ρT )

to Con(F ).

• PerF consists of the permutations of isomorphic elements of Con(F ).

We define

DifF := D⊗≺F≻ (2.94)

where ⊗ is the algebraic22 tensor product of vector spaces. For later use we also define the family of

vector spaces

Dif := {DifF }F∈F− .

Remark 2.11.18. Observe that for a tree T (which is a forest with only one connected component)

the canonical isomorphism

D⊗≺T≻ ≃ Dif|T |
(
sT , ind(ρT )

)
makes the notation DifT in (2.157) and (2.158) unambiguous.

Remark 2.11.19. These definitions imply the following.

• If a forest F has a connected component T such that |T | > 0 , then DifF ≃ {0} .

• If F = ∅, then DifF ≃ R (acting by scalar multiplication). This follows from the fact that DifF

is given by the image of the empty symmetric set under the functor FD.

22The choice of tensor product is arbitrary, since we shall only work with finite products and linear combinations.
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Remark 2.11.20. The forest product turns F− into a commutative unital monoid, with unit given by

the empty forest.

Using the notions of Remark 2.18.8 this product induces the canonical morphism

Π ∈ Hom(≺F1≻⊗≺F2≻,≺F1F2≻) ,

which in turn induces the symmetrisation

FDΠ : DifF1
⊗DifF2

→ DifF1F2
, (2.95)

where we implicitly used the isomorphism DifF1
⊗DifF2

≃ Dif≺F1≻⊗≺F2≻, see Remark 2.18.5. Similarly,

the canonical morphism I ∈ Hom(≺F1F2≻,≺F1≻⊗≺F2≻) induces the canonical injection

FDI : DifF1F2
→ DifF1

⊗DifF2
. (2.96)

It is straightforward to check that (2.159) is associative and (2.160) is coassociative, since the

underlying morphisms of symmetric sets are. Lastly, it follows from Remark 2.18.9 that the former is

a left inverse of the latter.

Remark 2.11.21. The following construction will be very useful in the sequel. Let τ ∈ T−, and

G = {Gn}n∈Nτ be a family of trees where each Gn ∈ T ∪ {•}, here • denotes the tree consisting of only

one node. We define a new tree τ̊(G) as

τ̊(G) = τ ∪
⋃
n∈Nτ

Gn

/
∼

where ∼ identifies the root of each Gn with the node n ∈ τ . Sometimes a similar construction, but

working with planted trees23 exclusively is useful. In this case we write G = {Gn,i}n∈Nτ×N, where for

each n ∈ Nτ , for finitely many i ∈ N the tree Gn,i is a planted tree and Gn,i = • for all other i ∈ N. In

this case set

τ̊(G) = τ ∪
⋃

n∈Nτ ,i∈N
Gn,i

/
∼,

where ∼ identifies the root of every Gn,i with the node n ∈ τ for each n ∈ Nτ .

2.11.5 Positive subtrees

For a tree T and any edge e ∈ ET , we denote by T≥e ⊂ T the subtree T≥e = (N≥e, E≥e), where
24

N≥e = {n ∈ NT | n > e} ∪ e and E≥e := {e′ ∈ ET | e′ ≥ e} . Similarly, for a set of edges E ⊂ ET with

the property that no two edges in E are comparable, let T≥E be the subforest of T with connected

23A planted tree is a rooted tree whose root has exactly one incident edge.
24Recall that we work with the canonial partial order on NT ∪ ET , which has the root as minimal element.
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components

Con(T≥E) = {T≥e : e ∈ E} .

Let T+
T := {T≥e : e ∈ ET : e(e) ∈ E+ ∪ E0} and write C+(T ) for the set of all subsets E ⊂ ET satisfying

the following properties:

• no two edges in E are comparable,

• e(e) ∈ E+ ∪ E0 for all e ∈ E,

• E contains all edges in ET of type E0

and define the set of subforests

F+
T := {F≥E ⊂ T | E ∈ C+(T )}

as well as

T+ :=
⋃
T∈T

T+
T

/
∼ ,

where ∼ is as in (2.154). For ε ∈ E+ ∪ E0 we set Tε+ ⊂ T+ to consist of those trees, for which the edge

incident to the root is of type ε.

Remark 2.11.22. The set T+ will in general contain trees of negative degree, the plus sign is meant

to signify that these trees will encode positive renormalisation. The set C+(T ) ⊂ ET consists of the

subsets of edges of T that can be “cut”.

The following definition will be useful in the sequel.

Definition 2.11.23. For T ∈ T define

α(T ) := min{|T \ F | : F ∈ F+
T }

where T \F denotes the tree obtained as follows. For E ∈ C+(T ) such that F = T≥E define T \F to be

the tree obtained by replacing for each e ∈ E the subtree T≥e by a new edge of type ι(e(e)) ∈ E0, where

ι is the injection from (2.89).

2.11.6 Second homogeneity of trees

We introduce a“homogeneity” of trees ∥T∥. Given δ0 > 0, we define a map ∥ · ∥ : T → R ∪ {+∞}

recursively as follows

1. If T consists of one edge of type E0, set ∥T∥ = δ0.

2. If T consists of one edge of type E−, set ∥T∥ = +∞.
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3. For IkT ∈ T, set ∥IkT∥ =


+∞ if ∥T∥ = ∞, |k|+ |T | < 0 ,

(|k|+ ∥T∥) ∧ δ0 else.

4. Lastly, with the convention ∥ • ∥ = α(•) = 0, define

∥T∥ = min
τ : τ̊(G)=T

(
|τ |+ ∥Gm,j∥+

∑
(n,i) ̸=(m,j)

α(Gm,j)
)

where the minimum is taken over τ ∈ T− ∪ {•} and G = {Gn,i}(n,i)∈Nτ×N as in the second half

of Remark 2.19.21 satisfying τ̊(G) = T , as well as over (m, j) ∈ Nτ × N.

Sometimes, to emphasise the dependence on δ0, we shall write ∥ · ∥δ0 instead of ∥ · ∥.

Lemma 2.11.24. The function ∥ · ∥δ0 : T → R ∪ {∞} is well defined and uniquely determined.

Furthermore, for any fixed T ∈ T

lim
δ0→∞

∥T∥δ0 = +∞ . (2.97)

Proof. The proof proceeds inductively on trees using the recursive construction from Remark 2.19.10.

• The first two points (1) and (2) determine the value for the induction hypothesis, namely the

base case when the tree consists of exactly one edge, and (2.161) is clearly satisfied.

• Note that if a tree is planted IkT , the third point determines the value of the function and it

satisfies (2.161) assuming ∥T∥δ0 is already determined and satisfies (2.161) . Note that in this

case (4) is an empty condition, since the only viable decomposition such that IkT = τ̊({Gn,i}) is

one where τ = •.

• Lastly, if the tree is not planted, (4) determines its value uniquely. While the minimum looks like

it is taken over an infinite set, for each tree T there exists an MT ∈ N (for example take M to be

the maximal degree of its nodes), such that it suffices to take the minimum over τ ∈ T−∪{•} and

G = {Gn,i}(n,i)∈Nτ×{1,...,MT }. Thus, (2.161) is satisfied since it holds for each term over which

the minimum is taken.

Remark 2.11.25. This second notion of homogeneity of trees will be used to construct the set △

appearing in the definition of a regularity structure and to determine the precision of elements in the

regularity structure. Condition 1 enforces that jets always have precision δ0. Sometimes it is convenient

and possible to relax this assumption, c.f. Remark 2.3.23.

2.11.7 Coloured trees and forests

In this section we first introduce a general notion of (multi) coloured trees.
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Definition 2.11.26. Let C denote any set, whose elements we call colours.25 Given a tree T , a colouring

is a map T̂ : NT ∪ ET → P̂(C) such that, for each c ∈ P̂(C) the set T̂c := {x ∈ NT ∪ ET : c ⊏ T̂ (x)}

is a subforest of T . A colouring of a forest is defined analogously.

A pair (T, T̂ ), where T is a (possibly typed) tree and T̂ is a colouring on it, is called a coloured tree

and similarly for forests.

For a finite index set I and {ci}i∈I ∈ P̂(C), we denote by
∨
i∈I ci minimal element (with respect to

the partial order ⊏ ) of P̂(C) such that ci ⊏
∨
i∈I ci for all i ∈ I.26

Remark 2.11.27. Suppose T̄ is a family of coloured trees with some colour set C and underlying set

of trees T. We define

dep(T, T̂ ) =
∨

x∈NT∪ET

T̂ (x) ,

and set for c ∈ P̂(C)

T(c) =
{
(T, T̂ ) ∈ T̄ : dep(T, T̂ ) ⊏ c

}
.

Furthermore, for c ∈ C, we shall use the convention T(c) = T([c]).

Remark 2.11.28. For a coloured tree (T, T̂ ) and c ∈ P̂(C) we introduce the following notation for

readability

(Tc, T̂ ) := (T̂c, T̂ |T̂c) .

Furthermore, given some coloured tree T = (T, T̂ ) and a subforest F ⊂ T such that T̂ |F ⊏ c, For the

former we define a new colouring

T̂ ⊔c F =


c on F,

T̂ else.

In the particular case that T̂ |T\F is the empty colouring, we simply write ⊔cF instead of T̂ ⊔c F for

this new colouring.

Lastly, we extend everything in this section in the canonical way to forests. If we were to omit

the condition T̂ |F ⊏ c, above, it might happen that T̂ ⊔c F : NT ∪ET → P̂(C) fails to satisfy for each

c′ ∈ P̂(C) that the set T̂c′ := {x ∈ NT ∪ ET : c′ ⊏ T̂ (x)} is a subforest of T . The latter is part of the

definition of a colouring.

Consider the following example: The tree T consists of one edge and two nodes and has constant

non-empty colour. If F consist of the two nodes and c = ∅, then the new colouring T̂ |F ⊏ c would

have the property that only one edge and no nodes have non-empty colour.

25Recall that P̂(C) denotes the set of multisets of C and that we use ⊏ for the inclusion of multi-sets.
26Note that under the canonical bijection P̂(C) ∼ NC this agrees with the component-wise maximum function.
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2.11.8 Coloured trees for regularity structures

In this section we apply the colouring constructions of the previous section with the set of colours

{−,+} to the trees and forests T−, T, T+ and F−, F+.

We denote by T̄, resp. T̄+ the set of coloured trees (T, T̂ ) satisfying the following properties:

1. T ∈ T, resp. T ∈ T+

2. For every n ≥ 1, each connected component of T̂[−]n is an element of F−
T

3. For every n ≥ 1, each connected component of T̂[+]n is an element of F+
T

4. If T̂[+] ̸= ∅, it contains all edges of type E0.

5. For every n ∈ N, each connected component S of T̂[−] satisfies either S ⊂ T̂[+]n or S ∩ T̂[+]n = ∅.

We denote by T̄− the set coloured trees (T, T̂ ) satisfying the following properties:

1. T ∈ T−,

2. T̂[+] = ∅,

3. For every n ∈ N, each connected component of T̂[−]n is an element of T− .

Remark 2.11.29. Here, we shall actually never use the full sets T̄ and T̄+ but only specific subsets

thereof. The reason we still introduce them, is that they can be used to write down explicit (non-recursive)

formulae for renormalised models similarly to [CH16].

2.12 Models and the Renormalisation Group

Finally, we turn to the task of constructing in the following order:

• structure spaces T σ for the regularity structure ensemble,

• a space of pre-models ΠΠΠ,

• a renormalisation group G− acting on pre-models,

• finally, a regularity structure ensemble and model Z = (Π,Γ) built from certain pre-models ΠΠΠ.

The sets of trees T, T+, T− and their coloured variants will serve as building blocks.

Assumption 2.12.1. We are working with a finite edge set E. The rule R from which the trees are

constructed is subcritical, normal and equation-like. Furthermore, we fix a δ0 > 0.

Remark 2.12.2. Let us though mention the following features of this assumption:

• Sub-criticality is needed for the definition of the renormalisation group below.
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• The rule being equation like has the advantage that one obtains finite families of vector bundles.

This is strictly speaking not necessary, but simplifies exposition.

• Normality and a choice of δ0 > 0 is only needed in order to define the maps Γp,q later. The role

of δ0 will be the same as in Section 2.19.6.

2.12.1 Symmetric sets and Vector bundles from trees

Recall from Section 2.19.1 that we extend any vector bundle assignment (V t)t∈L to a vector bundle

assignment (V σ)σ∈NL . For now we work with the set of types S = NL as labels for symmetric sets.

Throughout this section we shall work with the induced vector bundle assignment (W σ)σ∈S given by

W σ = (JV σ)<δ0 . (2.98)

We assign to each T ∈ U (equivalence class of a (coloured) labelled rooted tree) a symmetric set s= ⟨T ⟩,

where the index set As consists of the elements of the equivalence class T itself,27 For each t ∈ T , the

set

T ts := {e ∈ Et : e(e) ∈ E0}

is given by edges of type in E0, the maps Γs in the definition of symmetric sets consist of tree

isomorphisms restricted to the sets T ts and the type map is given by tts(e) := e(e)− .

Definition 2.12.3. For for a set of trees U ⊂ T̄ or U ⊂ T̄+ let

(U)<δ0 :=
{
T ∈ U : |T ′| < δ0 for every subtree T ′ ⊂ T

}
and set

UUU =
⊕

T∈(U)<δ0

⟨T ⟩ , U = FWUUU =
⊕

T∈(U)<δ0

FW ⟨T ⟩ .

For example for ν ∈ N , ε ∈ E+ ∪ E0 and U ∈ {Tν ,Tν,(−),Tε+}, we denote the thus constructed

spaces by T ν , T ν,(−), T ε
+. With these definitions note that for σ ∈ NL,

T σ =
⊕

ν : ind(ν)=σ

T ν , T σ,(−) =
⊕

ν : ind(ν)=σ

T ν,(−) .

In particular all these spaces are finite dimensional by Assumption 2.20.1.

Definition 2.12.4. Finally, set

T := {T σ}σ∈S , T (−) := {T σ,(−)}σ∈S , and T+ := {T ε
+}ε∈E+∪E0 .

27As in [CCHS22a] the set of nodes can be fixed to be a subset of the natural numbers, to make this well defined.
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Remark 2.12.5. If a trees T contains no edges of type E0, then FW ⟨T ⟩ is a trivial one dimensional

vector bundle and we often single out a non-vanishing section which we declare to be canonical. This

will be most frequently done for trees of the form T = Ξε for some ε ∈ E−. We shall use a subscript to

denote Ξεp ∈ FW ⟨Ξε⟩, this canonical section evaluated at p ∈M .

Remark 2.12.6. For ε ∈ E0 we write δε for the tree consisting of exactly one edge of type ε. We set

Jε = FW ⟨δε⟩ and note it is canonically isomorphic to (JV ε−)<δ0 . Furthermore, we write J := {Jε}ε∈E0 .

Definition 2.12.7. The tree product M as well as the operation Ik extend to morphisms of symmetric

sets and thus define corresponding bundle morphisms via the map FW . We keep the convention of

abbreviating FWM by “ · ”, as well as simply writing Ik for the bundle morphism

FWIk : FW ⟨T ⟩ → T k ,

whenever T ∈ T(−) is such that Ik(T ) ∈ (T(−))<δ0.

Note that we implicitly used the morphism from Definition 2.10.6 in the above definition.

2.12.2 Grading

In this section we introduce the appropriate bi-grading on the vector bundles T ν for ν ∈ N . First,

define the new set of types S̄ = S× N<δ and the type decomposition

S̄ = S× N<δ0 ∋ (σ, n)⇝ σ ∈ S (2.99)

as well as the space decomposition

(JV σ)<δ0 =

⌊δ0⌋⊕
n=0

(JV σ)n i.e. W̄ (σ,n) = (JV σ)n .

For τττ ∈ L⟨T ⟩, where L⟨T ⟩ was introduced above (2.150), and sτττ the corresponding symmetric set, let

|τττ | = |T |+
∑
e∈Ta

sτττ

n(e),

which is clearly independent of a ∈ Asτττ . Thus for U ⊂ T̄ one can set

AU,δ0 = {(|τττ |, ∥T∥δ0) : τττ ∈ Y⟨T ⟩, T ∈ U} .

Since

FW (⟨T ⟩) = FW̄ ◦ p∗⟨T ⟩ = FW̄
⊕

τττ∈Y⟨T ⟩

sτττ
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we find that U =
⊕

(α,δ)∈AU,δ0
Uα,δ is a bi-graded vector bundle.

Finally, we set A to consist of all α ∈ R such that there exists a pair (α, δ) ∈ AT,δ0 and similarly △

to consist of δ ∈ R such that there exists (α, δ) ∈ AT,δ0 .

Remark 2.12.8. Note that for the induced decomposition Jε =
⊕

α,δ(J
ε)α,δ one has δ = δ0 for all

summands. As already mentioned, sometimes one can “by hand” increase this value to +∞ for some

subspace, c.f. Remark 2.3.23.

2.12.3 Construction of the maps ΠΠΠ

We fix kernel assignments {Kk}k∈E+ , whereKk is a kernel from V k+ to V k− that satisfies Assumption 2.6.1

with β = |k| for each k ∈ E+ . Furthermore, fix an admissible realisation R of J , i.e. admissible

realisations of JV σ for each σ ∈ NL.

Definition 2.12.9. We call a map ΠΠΠ : T (−) → L(Dif, C∞(V )) admissible, if the following properties

are satisfied:

1. For each σ ∈ S the restriction of ΠΠΠ yields a linear map

T σ,(−) → L(Dif, C∞(V σ))

and for each τ ∈ FW (⟨(T, T̂ )⟩) ⊂ T (−) one has ΠΠΠτ ∈ L
(
DifT− , C∞(V ind(ρT ))

)
.

2. For each τ ∈ J , ΠΠΠτ = Rτ .

3. For each k ∈ E+, ΠΠΠIkτ = Kk(ΠΠΠτ).

Remark 2.12.10. Note that since T (−) is a finite family of vector bundles, we can write

ΠΠΠ ∈ L
(
T (−), L̄(Dif, C∞(V ))

)
where T (−) = {FW ⟨T ⟩}T∈T(−) and L̄(Dif, C∞(V )) =

{L(DifT− , C∞(V ind(ρT ))}T∈T(−).

Remark 2.12.11. Due to the canonical isomorphisms L(R, C∞(V σ)) ≃ C∞(V σ) and Dif∅ ≃ R

combined with the fact that T̂− = ∅ for each T ∈ T, we can naturally see ΠΠΠ|T as an element of

L(T , C∞(V )), i.e. for each σ ∈ S

ΠΠΠ|T σ : T σ → C∞(V σ) .

It turns out that ΠΠΠ|T encodes all the information required to define a model. The reason we defined

ΠΠΠ on T (−) and not just on T is to be able to define the action of the renormalisation group. This is

related to what is done in [BHZ19] by taking the completion of the rule.

Remark 2.12.12. We describe a construction of coloured trees, building on the one in Remark 2.19.21

for uncoloured trees. Denote by T̊(−) ⊂ T(−) trees with uncoloured roots.
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1. Let τ ∈ T−, and G = {Gn}n∈Nτ be a family of trees where each Gn ∈ T̊(−)∪{•}, here • denotes the

tree consisting of only one (uncoloured) node. We define a new coloured tree τ(G) = (̊τ(G), τ̂(G))

as follows:

• The tree τ̊(G) is as in Remark 2.19.21, i.e.

τ̊(G) = τ ∪
⋃
n∈Nτ

Gn

/
∼

where ∼ identifies the root of each Gn with the node n ∈ Nτ .

• The colouring is given by

τ̂(G) =

 [−], on τ ⊂ τ̊(G)

Ĝn, on Gn \ ρGn ⊂ τ̊(Gn)

 .

2. We define for each τ ∈ T− a partial map

τ : (T̊(−) ∪ {•})Nτ ↛ T(−)

where G = {Gn}n∈Nτ is in the domain Uτ of this map if τ(G) ∈ (T(−))<δ0 . Note that this partial

map extends canonically to symmetric sets by first considering the tensor product symmetric set

sG = ⊗n∈Nτ ⟨Gn⟩ as in Remark 2.18.4 and considering the canonical extension of the the map τ

to sG as in Remark 2.18.8.

3. We define a map

τ ∈ L
({ ⊗

n∈Nτ

FW ⟨Gn⟩
}
G∈Uτ

, T (−)
)
, (2.100)

which by abuse of notation is denoted by the same symbol. It acts on the space
⊗

n∈Nτ
FW ⟨Gn⟩

as the following composition

⊗
n∈Nτ

FW ⟨Gn⟩ FWsG T ind(n(ρτ )),(−) ,
FW τ

where the first arrow denotes the canonical isomorphism, c.f. Remark 2.18.5.

Given a tree with coloured root we can decompose it.

1. Let T ∈ T(−) \ T̊(−), observe that the connected component of the root in T− is the unique τ ∈ T−

such that for some G = {Gn}n∈Nτ ∈ T̊(−) ∪ {•} one has

T = τ(G) .

We write T \ τ for the sub forest
⋃
nGn ⊂ T and also use the notation (T \ τ)≥n := Gn. Here τ
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is the connected component of the root in T−.

2. Note that for any η ∈ FW ⟨T ⟩ , where T ∈ T(−) \ T̊(−) there exist τ ∈ T− and G = {Gn}n ∈ Uτ ,

as well as ηn ∈ FW ⟨Gn⟩ such that

η = τ(H) ,

where we write H = {ηn}n∈Nτ . (Note that this decomposition is far from unique.)

Definition 2.12.13. We call ΠΠΠ an admissible lift28 of {ξε}ε∈E− , where each ξε ∈ C∞(V ε−), if the map

ΠΠΠ is admissible and furthermore satisfies for all ε ∈ E−,

ΠΠΠ(Ξε) = ξε .

We call the map ΠΠΠ the canonical lift of {ξε}ε∈E−, if additionally the following conditions are satisfied.

• For η1, . . . , ηn ∈ T̊ (−) such that ηi ∈ FW (T i) for planted T i ∈ T̊(−) and writing T = T 1 · · ·Tn ∈

T(−), one has

ΠΠΠ
( n∏
i=1

ηi
)
= Tr

( n⊙
i=1

ΠΠΠ(ηi)
)
, (2.101)

where the former product
∏

was introduced in Definition 2.20.7 and the latter is the product

canonically induced by
⊙

from Remark 2.19.1

n⊗
i=1

L
(
DifT i

−
, C∞(V ind(ρTi ))

)
→ L

(
DifT− , C∞(V

∑
i ind(ρTi ))

)
,

which is well defined using the canonical identification T− ≃
⋃
i(T

i)−.

• For every η ∈ T (−) of the form η = τ0(H) as in Point 2 of Remark 2.20.12 and A ∈ DifT− of the

form A = ⊗τ∈Con(T−)Aτ , c.f. Remark 2.19.20, one has

ΠΠΠη(A) = Aτ0

( ∏
n∈Nτ0

ΠΠΠηn
(
⊗τj∈Con(Tn)− Aτj

)
(·n)
)
, (2.102)

where we canonically set ΠΠΠ• = 1 and use ·n to emphasise the variable corresponding to n ∈ Nτ0

and where Aτ0 ∈ DifT acts on

∏
Nτ0\(ρτ0∪Lτ0 )

C∞(V difτ0 (n))× C∞ (V σ)

for σ = ind(ρGρτ0
) as described in Remark 2.19.14.

Remark 2.12.14. Note that the restriction of the canonical lift ΠΠΠ of smooth noises to an element

of L(T , C∞(V )) is not quite multiplicative with respect to the products on the domain and target, c.f.

28Note that ε ∈ E− is not a regularisation scale.
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Definition 2.20.7 and Remark 2.19.1 due to the operator Tr in (2.165), c.f. Remark 2.19.2.

The following definition, while not crucial for the arguments, will significantly simplify notation

and is closely related to preparation maps and recursive renormalisation as introduced in [Bru18] and

used in the recent work [BB21] for related purposes.

Definition 2.12.15. For any admissible map ΠΠΠ : T (−) → L(Dif, C∞(V )), we define an induced map

Π̊ΠΠ : T → C∞(V ) as the unique map satisfying the following properties:

• for each planted T ∈ T, one has

Π̊ΠΠ|FW ⟨T ⟩ = ΠΠΠ|FW ⟨T ⟩

• For η1, . . . , ηn ∈ T̊ such that ηi ∈ FV (T
i) where each T i is planted, one has

Π̊ΠΠ
( n∏
i=1

ηi
)
= Tr

( n⊙
i=1

Π̊ΠΠ(ηi)
)
.

2.12.4 A renormalisation group

In this section we shall construct a renormalisation group. We define G− to consist of all maps

g : F
(−)
− → L(Dif,Dif) satisfying the following properties:

• for each (F, F̂ ) ∈ F
(−)
− , g(F, F̂ ) ∈ L(DifF− ,DifF ),

• g(∅) = 1,

• if (T, T̂ ) ∈ T
(−)
− is such that T̂− = T , then g(T ) = id

• g is multiplicative with respect to the forest product on F
(−)
− in the sense that the following

diagram commutes for any (F 1, F̂ 1), (F 2, F̂ 2) ∈ F
(−)
− and (F, F̂ ) = (F 1, F̂ 1) · (F 2, F̂ 2)

DifF̂ 1
−
⊗DifF̂ 2

−
DifF̂ 1 ⊗DifF̂ 2

DifF̂−
DifF ,

g(F 1,F̂ 1)⊗g(F 2,F̂ 2)

g(F,F̂ )

(2.103)

where the upwards pointing arrow is the canonical injection FDI and the downwards pointing

arrows is the canonical symmetrisation map FDΠ from Remark 2.19.20.

Remark 2.12.16. For (F, F̂ ) ∈ F(−) write Vec(F, F̂ ) for the one dimensional vector space

generated by (F, F̂ ) and let F (−) = {Vec(F, F̂ )}(F,F̂ )∈F(−) as well as L̄(Dif,Dif) =

{L(DifF− ,DifF )}(F,F̂ )∈F(−). Then, we can interpret G− ⊂ L
(
F (−), L̄(Dif,Dif)

)
.

Next we define the group structure on G−.
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Definition 2.12.17. For f, g ∈ G− and (T, T̂ ) ∈ T
(−)
− , set

(f ⋆ g)(T, T̂ ) =
∑

F∈F−
T ,T̂−⊂F

f(T,⊔−F ) ◦ g(F, T̂ ),

where ⊔−F was introduced in Remark 2.11.28.

Proposition 2.12.18. Let f, g, h ∈ G−, then f ⋆ (g ⋆ h) = (f ⋆ g) ⋆ h,

Proof. Indeed, we find for f, g, h ∈ G− and (T, T̂ ) ∈ T
(−)
−

(
f ⋆ (g ⋆ h)

)
(T, T̂ ) =

∑
F̃∈F−

T ,T̂−⊂F̃

f(T,⊔−F̃ ) ◦ (g ⋆ h)(F̃ , T̂ )

=
∑

F, F̃∈F−
T :T̂−⊂F⊂F̃

f(T,⊔−F̃ ) ◦ g(F̃ ,⊔−F ) ◦ h(F, T̂ )

=
∑

F∈F−
T :T̂⊂F

(f ⋆ g)(T,⊔−F ) ◦ h(F, T̂ )

=
(
(f ⋆ g) ⋆ h

)
(T, T̂ )

Proposition 2.12.19. Let e ∈ G− be the unique element satisfying e(∅) = 1 and

e(T, T̂ ) =


idDifT if T− = T ,

0 else.

Then (G−, ⋆, e) forms a group with e as the unit.

Before proceeding with the proof, we introduce for a coloured tree (T, T̂ ) ∈ T
(−)
− and subforests

F1, F2 ⊂ T such that T̂− ⊂ F1 and T̂− ⊂ F2 the notation

F1 ≪(T,T̂ ) F2

to mean

• F1 ⊂ F2 and F1 ̸= F2

• for each connected component of A of F1 there exists a connected component B of F2 such that

A ⊂ B and A = B only if B is a connected component of T̂−.

We also introduce the notion of potential depth m of a tree (T, T̂ ) ∈ T
(−)
− . If T̂[−] = T we set m = 0.

Else m is the maximal number, such that there exists a colouring T̃ of T with colour set C = {−},

such that (T, T̃ ) ∈ T̄− satisfies the following properties:
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• T̂− = T̃[−]m (which could be the empty forest),

• for each n ∈ N, T̃[−]n ∈ F−
T ,

• for each 0 < n < m it holds that T̃[−]n ̸= ∅,

• for each 0 < n ≤ m it holds that T̃[−]n ≪(T,T̂ ) T̃[−]n−1 .

Remark 2.12.20. While we will not need this here, the notion of potential depth naturally extends to

forests. Then it is natural to set the potential depth of the empty forest to be 0 and the potential depth

of a non-empty forest to be the maximal potential depth of its connected components.

Remark 2.12.21. Let (T, T̂ ) ∈ T
(−)
− be a coloured tree s.t. T̂[−] ̸= ∅ and which has potential depth k.

Then (T, 0) has potential depth > k.

Remark 2.12.22. Note that for any coloured (T, T̂ ) ∈ T
(−)
− tree such that T̂− ̸= T , we have the

following disjoint union

{F ∈ F−
T : T̂− ⊂ F} = {T̂−} ∪ {T} ∪ {F ∈ F−

T : T̂− ≪(T,T̂ ) F ≪(T,T̂ ) T}

where the last term is empty if and only if (T, T̂ ) has potential depth 1.

Remark 2.12.23. Let (T, T̂ ) have potential depth n > 1 and F ∈ F−
T be such that T̂− ≪(T,T̂ ) F ≪ T

(which implies that F ̸= T̂− and F ̸= T ), then the tree (T,⊔−F ) has potential less than n.

Proof of Proposition 2.20.19. It is clear that the map e is a unit, as one checks directly. Associativity

of ⋆ was observed in the previous proposition. Now we define for any g ∈ G− a new element Ag ∈ G−.

• Define Ag for the empty forest, as well as trees of potential depth 0 as imposed in the definition

of G−.

• If (T, T̂ ) has potential depth n ≥ 1, define recursively

Ag(T, T̂ ) = −g(T, T̂ )−
∑

F∈F−
T ,T−≪(T,T̂ )F≪(T,T̂ )T

Ag(T,⊔−F ) ◦ g(F, T̂ )

which is well defined since

1. if n = 1 the sum is empty by Remark 2.20.22,

2. if n > 1 by Remark 2.20.23 each coloured tree (T,⊔−F ) in the sum above has potential less

than n.

• Extend this definition multiplicatively in the sense of (2.167), which fully defines Ag ∈ G−.
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Next we check that Ag defined as above is indeed an inverse, clearly we have (Ag ⋆g)(T, [−]) = e(T, [−])

and for other trees

Ag ⋆ g(T, T̂ ) =
∑

F∈F−
T ,T̂−⊂F

Ag(T,⊔−F ) ◦ g(F, T̂ )

= Ag(T, T̂ ) + g(T, T̂ ) +
∑

F∈F−
(T,T̂ )

,T̂−≪(T,T̂ )F≪T

Ag(T,⊔−F ) ◦ g(F, T̂ )

= 0

as required. Finally Ag is a right inverse by standard arguments about groups.

From now on for g ∈ G− and (F, 0) ∈ F
(−)
− we shall abbreviate g(F, 0) by g(F ).

Remark 2.12.24. In this remark we exhibit a subgroup G̊− of G−, which is closer to the renormalisation

group of [BHZ19], but still allows for “renormalisation functions”. We define G̊− to consist of all

elements g ∈ G−, such that g(T, T̂ ) = 0 if |T̂−| < |T | . If we define |(T, T̂ )|− = |T | − |T̂−|, we see that

this is equivalent to g(T, T̂ ) = 0 whenever |(T, T̂ )|− > 0. Since for any F ∈ F−
T such that T̂− ⊂ F one

has

|(T, T̂ )|− = |(T,⊔−F )|− + |(F, T̂ )|− ,

it easily follows that G̊− is a subgroup.

2.12.5 Action of the renormalisation group

Recall the map T̂ 7→ ⊔−F from Remark 2.11.28, it to acts on [−]-coloured trees (T, T̂ ) such that

T̂− ⊂ F by

(T, T̂ ) 7→ (T, T̂ )⊔−F := (T, T̂ ⊔− F ) . (2.104)

The corresponding canonical morphism

S⊔−F := S⟨(T,T̂ )⟩,⟨(T,T̂⊔−F )⟩ ∈ Hom(⟨(T, T̂ )⟩, ⟨(T, T̂ ⊔− F )⟩)

from Definition 2.10.6, which we call the extension of (2.104) to symmetric sets, in turn induces the

map FWS⊔−F . For notational convenience we suppress the functor and for τ ∈ FW ⟨(T, T̂ )⟩ simply

write τ⊔−F for FWS⊔−F (τ).

Definition 2.12.25. For g ∈ G− and τ ∈ FW ⟨(T, T̂ )⟩ ⊂ T (−) set

ΠΠΠgτ :=
∑

F∈F−
T ,T̂−⊂F

ΠΠΠ(τ⊔−F ) ◦ g(F, T̂ ) .

Proposition 2.12.26. Let g ∈ G−.
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1. If ΠΠΠ is admissible, ΠΠΠg is admissible.

2. If ΠΠΠ is an admissible lift of smooth noises {ξε}ε∈E− , ΠΠΠg is an admissible lift of the smooth noises

(ξε)g, where

(ξε)g = ξε − g(Ξε) .

Proof. For the first claim, the first two conditions of Definition 2.20.9 are clearly still satisfied. The

third follows from the fact that for any planted tree IkT , all elements F ∈ F−
IkT satisfy F ⊂ T ⊂ IkT .

For the second claim, note that

ΠΠΠg(Ξε, 0) = ΠΠΠ(Ξε, 0) +ΠΠΠ(Ξε, [−]) ◦ g(Ξε, 0) = ξε − g(Ξε) .

One sees that the properties of a group action are satisfied.

Proposition 2.12.27. For an admissible map ΠΠΠ the following identities hold

• (ΠΠΠf )g = ΠΠΠf⋆g for each f, g ∈ G−,

• ΠΠΠe = ΠΠΠ .

Proof. We check the first point, the second is seen easily as well. First note that it follows from the

first identity in Lemma 2.18.7, that for τ ∈ FW ⟨T ⟩ and F, F̃ ∈ F−
T such that T̂− ⊂ F ⊂ F̃ one has the

identity

(τ⊔−F )⊔−F̃
= τ⊔−F̃

.

Therefore,

(ΠΠΠf )gτ =
∑

F∈F−
T ,T̂−⊂F

ΠΠΠf (τ⊔−F ) ◦ g(F, T̂ )

=
∑

F∈F−
T ,T̂−⊂F

∑
F̃∈F−

T ,F⊂F̃

ΠΠΠ
(
(τ⊔−F )⊔−F̃

)
◦ f(F̃ ,⊔−F ) ◦ g(F, T̂ )

=
∑

F,F̃∈F−
T ,T̂−⊂F⊂F̃

ΠΠΠ(τ⊔−F̃
) ◦ f(F̃ ,⊔−F ) ◦ g(F, T̂ )

=
∑

F̃∈F−
T ,T̂−⊂F̃

ΠΠΠ(τ⊔−F̃
) ◦ (f ⋆ g)(F̃ , T̂ )

=(ΠΠΠf⋆g)τ .

Proposition 2.12.28. Let ΠΠΠ denote the canonical lift of smooth noises {ξε}ε∈E− and g ∈ G− such that

g(Ξε) = 0 for all ε ∈ E−. For planted trees T 1, . . . , Tn ∈ T and ηi ∈ FW ⟨T i⟩, such that η = η1 · · · ηn ∈ T
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one has

ΠΠΠgη = Π̊ΠΠ
g
η +

∑
τ∈T−

T :ρT=ρτ

g(τ)
( ∏
n∈Nτ

Π̊ΠΠ
g
ητ,n(·n)

)
(2.105)

where for each τ denote by Hτ a family Hτ = {ητ,n}n∈Nτ such that η = τ(Hτ ) c.f. Remark 2.20.12.

If we further decompose ητ,n =
∏
i η
τ,n
i where each ητ,ni is planted, one can rewrite (2.169) as

ΠΠΠgη = Tr
⊙
i

(ΠΠΠgηi) +
∑

τ∈T−
T :ρT∈ρτ

g(τ)
( ∏
n∈Nτ

Tr
⊙
i

ΠΠΠgητ,ni (·n)
)
.

Remark 2.12.29. A similar but slightly more involved formula holds, if we remove the condition

g(Ξε) = 0.

Proof. Note that the second formula follows directly from (2.169) and Definition 2.20.15. To proof

(2.169) we proceed inductively, c.f. Remark 2.19.10. Indeed the claim holds for the sectors containing

only jets or only a noise.

• Suppose the claim holds for τ ∈ FW ⟨T ⟩ ⊂ T , then it clearly holds for Ik(τ) since
{
τ ∈ T−

Ik(T ) :

ρIk(T ) = ρτ
}
= ∅ and thus

∑
F∈F−

Ik(T )

(Ikτ)⊔−F = Ik
( ∑
F∈F−

T

τ⊔−F

)

which implies that

ΠΠΠg(Ikτ) =
∑

F∈F−
Ik(T )

ΠΠΠ(Ikτ)⊔−F ◦ g(F )

= Kk

( ∑
F∈F−

T

ΠΠΠ
(
τ⊔−F

)
◦ g(F )

)
= Kk

(
ΠΠΠgτ

)
= Π̊ΠΠ

g
Ikτ .

• Suppose the claim holds for planted η1, . . . , ηm as in the proposition and η = η1 · · · ηm . Then

∑
F∈F−

T

η⊔−F =
∑

F∈F−
T :ρ/∈F

η⊔−F +
∑

F∈F−
T :ρ∈F

η⊔−F

=
∑

Fi∈F−
Ti :ρi /∈F i

η1⊔−F 1 · · · ηm⊔−Fn +
∑

τ∈T−
T :ρT∈τ

τ
({ ∑

Fn∈F−
Gτ,n :ρGτ,n /∈Gτ,n

ητ,n⊔−Fn

}
n∈Nτ

)
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where Hτ = {ητ,n}n∈Nτ and each ητ,n ∈ FW (Gτ,n) is as in the proposition. Thus, we find

ΠΠΠgη =
∑
F∈F−

T

ΠΠΠ(η⊔−F ) ◦ g(F )

=
∑

F i∈F−
Ti :ρi /∈F i

ΠΠΠ(η1⊔−F 1 · · · ηm⊔−Fm) ◦ g(F 1 · · ·Fm)

+
∑

τ∈T−
T :ρT=ρτ

g(τ)

( ∏
n∈Nτ

( ∑
Fn∈F−

Gτ,n :ρGτ,n /∈Gτ,n

ΠΠΠ(ητ,n⊔−Fn) ◦ g(Fn)(·n)
)
n∈Nτ

)

= Π̊ΠΠ
g
η +

∑
τ∈T−

T :ρT=ρτ

g(τ)
( ∏
n∈Nτ

Π̊ΠΠ
g
ητ,n(·n)

)
,

where we used that g(Ξε) = 0 and the fact that by construction

Π̊ΠΠ
g
η :=

∑
F∈F−

T :ρ/∈F

ΠΠΠ(η⊔−F ) ◦ g(F ) .

2.12.6 Construction of models

In this section we investigate how to obtain a model (Π,Γ) from an admissible map ΠΠΠ. The underlying

spaces for this construction will be T+ := {T ε
+}ε∈E+∪E0 and J = {Jε}ε∈E0 .

Definition 2.12.30. We define G+ = L̂ι(T+, J), the bundle whose fibre at (p, q) ∈M ×M consists of

linear maps γp,q : (T ε
+)q → J

ι(ε)
p such that for each ε ∈ E+ ∪ E0, each tree T ∈ Tε+ and each τq ∈ FW ⟨T ⟩

,

γp,q(τq) ∈ J ι(ε)p .

We denote by G+,loc the sub-bundle29 of δ∗(G+), whose fibre at p consists of all maps γp satisfying

γp|Jp = idJp . (2.106)

Remark 2.12.31. The following is useful in order to formulate positive renormalisation. Let T ∈ T,

we shall build for each F ∈ F+
T and γ ∈ G+ a map

FV ⟨T ⟩q → Tp, τq 7→ τ \γp,q F .

• First we define for T and F as above a new tree T \ F . Recall from Section 2.19.5 that there is a

set E ∈ P+(T ) such that F = T≥E, and we define T \ F to be the tree obtained by replacing for

each e ∈ E the subtree T≥e by a new edge of type ι(e(e)).

29Recall that δ :M →M ×M is the diagonal map.
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• For a concrete realisation of the tree T write S ∈ Hom(⟨T ⟩,⊗e∈E⟨T≥e⟩) for the morphism in

Definition 2.10.6. Then we define τ \γp,q F to be the image of τ under the following composition30

W⊗⟨T ⟩ ⊗
e∈EW

⊗⟨T≥e⟩
⊗

e∈EW
ι(e) ≃W⊗T\F W⊗⟨T\F ⟩ .

FWS γ⊗|E| πT\F,⟨T\F ⟩

Definition 2.12.32. We define the action of G+ on T as follows. For T ∈ Tσ, τp ∈ FW ⟨T ⟩ ⊂ T σ

and γ ∈ G+ or γ ∈ G+,loc set

Γγτ :=
∑
F∈F+

T

τ \γ F .

Remark 2.12.33. Note that for every γ the map Γγ is multiplicative by construction, i.e. Γγ(τ1τ2) =

(Γγτ1)(Γγτ2). Furthermore for a planted tree Ikτ ∈ FW ⟨T ⟩ one has

Γγ(Ikτ) = Ikτ \γ T + Ik(Γγτ) = γ(Ikτ) + Ik(Γγτ) .

Construction of Πp

Given ΠΠΠ, we define Πp = ΠΠΠ ◦ Γγp where the global section γ = γ(ΠΠΠ) of G+,loc is define recursively as

follows

• If τ ∈ T ε
+,(α,δ) is such that α < 0, then γ(τ) = 0,

• if τ ∈ J , then γ(τ) = τ ,

• every other basis element is of the form Ikτp ∈ T ε
+,(α,δ), then

γp(Ikτp) = −Q<δ0jp(KkΠpQ<δ0−|k|τ) .

Remark 2.12.34. The definition of γp(Iτ) is chosen to agree with −Jpτp in the setting of Section 2.6.

Construction of Γ

Given ΠΠΠ, Π(·) and γ(·), we define Γp,q = Γγp,q for an appropriately chosen global section γ = γ(ΠΠΠ) ∈ G+.

This section is defined recursively as follows

• for τq ∈ Jq, let γp,q(τq) = Q<δ0jp(ΠΠΠτq) = Q<δ0jp(Rτq),

• for Ikτq ∈ T+(α,δ) set

γp,q(Iτq) =− γp(IkΓp,qτ) + Γp,qγq(Ikτq) +Q<(δ+β)∧δ0jqKk(Πp −ΠqQδ0−|k|Γq,p)τq .

30The maps π and ι were introduced in (2.142) and (2.89) respectively.
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Remark 2.12.35. Note that γp,q(Iτ) above is defined so that it agrees with

Jp,qτ = JpΓp,qτq − Γp,qJqτq + Eqτq

in the setting of Section 2.6.

Remark 2.12.36. Note that, in contrast to the flat setting, the maps Γ(·),(·) do not satisfy Γp,q ◦Γq,r =

Γp,r, not even locally.

Remark 2.12.37. Observe that Γγp is invertable, while Γγp,q is in general only invertible for ds(p, q)

small enough.

Proposition 2.12.38. Let (Π,Γ) be constructed as above from the canonical lift ΠΠΠ of smooth noises

{ξl}l∈L−. Then (Π,Γ) is a model, we shall call it the canonical model for {ξl}l∈L−.

Proof. We need to check that the bounds from Definition 2.3.13 hold for

Πpτp, Γq,pτp, (Πp −ΠqΓq,p)τp . (2.107)

Observe that all three estimates hold if τp ∈ Jεp for every ε ∈ E0 by Proposition 2.3.21 or if τp is a

noise. Next, since all three terms are multiplicative with respect to the forest product, it suffices to

check that if the desired bound holds for τ , then it holds for Iτ . This follows essentially from the

considerations in Section 2.6, thus we use the notation Jp and Jp,q from therein for the kernel Kk.

We have by Remark 2.20.33

ΠpIkτ = ΠΠΠΓγpIkτ = ΠΠΠγp(Ikτ) +ΠΠΠIk(Γγpτ) = −RJpτp +Kk(Πpτp)

which satisfies the desired bound by Lemma 2.6.15.

Again by Remark 2.20.33

Γq,pIkτp = γq,p(Ikτ) + Ik(Γq,pτ) = Jq,pτ + Ik(Γq,pτ)

and the first term satisfies the desired bound by Lemma 2.14.3 and the second term by the definition
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of an abstract integration map (Definition 2.6.3). For the last bound we find that

(Πp −ΠqΓq,p)Ikτp

= −RJpτp +Kk(Πpτp)− (RJq,pτ +ΠqIk(Γq,pτp))

= −RJpτp +Kk(Πpτp)− (RJq,pτ) +RJq(Γq,pτ))−K(ΠqΓq,pτp)

= −RJpτp +Kk(Πpτp)−R(JqΓq,pτp − Γq,pJpτp + Eqτp) +RJq(Γq,pτp))−K(ΠqΓq,pτp)

= −RJpτp +Kk(Πpτp)−R(−Γq,pJpτp + Eqτp)−K(ΠqΓq,pτp)

=
(
Kk(Πp −ΠqΓq,pτp)−REqτp

)
− (Πp −ΠqΓq,p)Jpτp

where the first summand satisfies the desired bound by Lemma 2.6.17 and the second summand by the

fact that the jet model is a model, i.e. Proposition 2.3.21.

Definition 2.12.39. We call a model (Π,Γ) admissible, if it is of the form Πp = ΠΠΠ ◦ Γγp(ΠΠΠ), Γp,q =

Γγp,q(ΠΠΠ) for an admissible map ΠΠΠ. We say that an admissible map ΠΠΠ generates a model, if (Π,Γ) given

by Πp = ΠΠΠ ◦ Γγp(ΠΠΠ), Γp,q = Γγp,q(ΠΠΠ) is a model.

Note that two different maps ΠΠΠ might generate the same model (Π,Γ). In that sense ΠΠΠ contains

more information. The next proposition is the main Proposition of this section.

Proposition 2.12.40. If ΠΠΠ is an element of the orbit under the renormalisation group G of the

canonical lift of smooth noises {ξl}l∈L−, then ΠΠΠ generates a model.

The following lemmas will be useful in the proof.

Lemma 2.12.41. Let (Π,Γ) be the canonical model (generated by the canonical ΠΠΠ) and g ∈ G−

such that g(Ξε) = 0 for all ε ∈ E−. For planted trees T 1, . . . , Tm ∈ T and ηi ∈ FW ⟨T i⟩, such that

η = η1 · · · ηm ∈ T one has

Πgpη = Tr
⊙
i

(Πgpη
i) +

∑
τ∈T−

T :ρT∈τ

g(τ)
( ∏
n∈Nτ

Tr
(⊙

i

Πgpη
τ,n
i (·n)

))
, (2.108)

where the sum runs over all negative subtrees τ of T containing the root and where for each τ , Hτ

denotes a family Hτ = {ητ,n}n∈Nτ such that η = τ(Hτ ) as in Remark 2.20.12 and furthermore write

ητ,n =
∏
i η
τ,n
i where each ητ,ni ∈ FW (Gτ,ni ) is planted.

Remark 2.12.42. It is useful to introduce for a smooth model Z = (Π,Γ) the maps Π̊p : T → C∞(V )

as the unique map satisfying the following properties:

• for each planted T ∈ T, one has

Π̊p|FW ⟨T ⟩ = Πp|FW ⟨T ⟩
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• For η1p, . . . , η
n
p ∈ T̊ such that ηip ∈ FV (T

i) where each T i is planted, one has

Π̊p
( n∏
i=1

ηi
)
= Tr

( n⊙
i=1

Π̊p(η
i)
)
.

Then, one can write (2.172) as

Πgpη = (Π̊gpη) +
∑

τ∈T−
T :ρT∈τ

g(τ)
( ∏
n∈Nτ

Π̊gpη
τ,n(·n)

)
.

Proof. Throughout this proof we simply write γp instead of γp(ΠΠΠ
g) in order to make notation lighter.

Writing T = T 1 · · ·Tn and for F ∈ F+
T , Fi = F ∩ T i we compute

Πgpη = ΠΠΠgΓγpη =
∑
F∈F+

T

ΠΠΠg(η \γ F ) =
∑
F∈F+

T

ΠΠΠg
(∏

i

ηi \γp Fi
)
= ΠΠΠg

(∏
i

∑
Fi∈F+

Ti

ηi \γp Fi
)

Since

ΠΠΠg
(∏

i

ηi \γp Fi
)
= Tr

⊙
i

(ΠΠΠgηi \γp Fi) +
∑

τ∈T−
T\F

:ρ∈τ

g(τ)

( ∏
n∈Nτ

(⊙
j

ΠΠΠgητ,nj \γp (G
τ,n
j ∩ Fi)(·n)

))

we have

Πgpη =
∑
F∈F+

T

Tr
⊙
i

(ΠΠΠgηi \γp Fi) +
∑
F∈F+

T

∑
τ∈T−

T\F
:ρ∈τ

g(τ)

( ∏
n∈Nτ

(⊙
j

ΠΠΠgητ,nj \γp (G
τ,n
j ∩ Fi)(·n)

))

= Tr
⊙
i

(ΠΠΠg
∑

Fi∈F+
Ti

ηi \γp Fi) +
∑
F∈F+

T

∑
τ∈T−

T\F
:ρ∈τ

g(τ)

( ∏
n∈Nτ

(⊙
j

ΠΠΠgητ,nj \γp (G
τ,n
j ∩ Fi)(·n)

))

= Tr
⊙
i

ΠΠΠgΓγpη
i +

∑
Fi∈F+

Ti

∑
τ∈T−

T\F
:ρ∈τ

g(τ)

( ∏
n∈Nτ

(⊙
j

ΠΠΠgητ,nj \γp (G
τ,n
j ∩ Fi)(·n)

))

= Tr
⊙
i

ΠΠΠgΓγpη
i +

∑
τ∈T−

T :ρ∈τ

∑
Fj∈F+

G
τ,n
j

g(τ)

( ∏
n∈Nτ

(⊙
j

ΠΠΠgητ,nj \γp Fj)(·n)
)

= Tr
⊙
i

ΠΠΠgΓγpη
i +

∑
τ∈T−

T :ρ∈τ

g(τ)
( ∏
n∈Nτ

(⊙
j

ΠΠΠgΓγpη
τ,n
j

)
(·n)
)

= Tr
⊙
i

Πgpη
i +

∑
τ∈T−

T :ρ∈τ

g(τ)
( ∏
n∈Nτ

(⊙
j

Πgpη
τ,n
j

)
(·n)
)
,

as claimed.

Remark 2.12.43. Note that in the previous proof we only used the explicit choice of γp in the last

line. In particular we can extract the following general formula from the proof above. For any g ∈ G−
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and f ∈ G+

ΠΠΠgΓfη = Tr
⊙
i

ΠΠΠgΓfη
i +

∑
τ∈T−

T :ρ∈τ

g(τ)
( ∏
n∈Nτ

(⊙
j

ΠΠΠgΓfη
τ,n
j (·n)

))
Lemma 2.12.44. In the setting and notation of the previous lemma, the following formula holds.

ΠgqΓ
g
q,pη = Tr

⊙
i

ΠgqΓ
g
q,pη

i +
∑

τ∈T−
T :ρ∈τ

g(τ)
( ∏
n∈Nτ

(⊙
j

ΠgqΓ
g
q,pη

τ,n
j (·n)

))

Proof. Again we we simply write γp and γp,q instead of γp(Π
g) and γp,q(Π

g) in order to make notation

lighter. Note that

ΠgqΓ
g
q,pτ = ΠΠΠgΓγqΓ

g
q,pτ = ΠΠΠgΓγq

∑
F̃∈F+

T

τ \γq,p F̃ = ΠΠΠg
∑

F∈F+

T\F̃

∑
F̃∈F+

T

(τ \γq,p F̃ ) \γp F

= ΠΠΠg
∑
F∈F+

T

τ \βq,p F = ΠΠΠgΓβq,pτ

where we define βq,p ∈ (G+)q,p by

βq,p(τ) =
∑
F̃∈F+

T

γq(τ \γq,p F̃ )

for τ ∈ FW ⟨T ⟩p ⊂ T+. Thus we find by Remark 2.20.43

ΠgqΓ
g
q,p = Tr

⊙
i

ΠΠΠgΓβq,pτi +
∑

τ∈T−
T :ρ∈τ

g(τ)
( ∏
n∈Nτ

(⊙
j

ΠΠΠgΓβq,pη
τ,n
j (·n)

))
= Tr

⊙
i

ΠgqΓ
g
q,pτi +

∑
τ∈T−

T :ρ∈τ

g(τ)
( ∏
n∈Nτ

(⊙
j

ΠgqΓ
g
q,pη

τ,n
j (·n)

))
,

which completes the proof.

Remark 2.12.45. Using a telescopic sum and combining the previous two lemmas on finds that

(Πgp −ΠgqΓ
g
q,p)η

= Tr

n∑
j=1

(Πgpη
1)⊙ . . .⊙ (Πgpη

j−1)⊙ (Πgpη
j −ΠgqΓ

g
q,pη

j)⊙ (ΠgqΓ
g
q,pη

j+1)⊙ . . .⊙ (ΠgqΓ
g
q,pη

m)

+
∑

“telescopic sum”

∑
τ∈T−

T :ρT∈τ

g(τ)
( ∏
n∈Nτ

Tr
(⊙

i

(
· · ·
)
ητ,ni (·n)

))

where
(
· · ·
)
stands for either Πgp, Π

g
p−ΠgqΓ

g
q,p, or Πgp−ΠgqΓ

g
q,p with Πgp−ΠgqΓ

g
q,p appearing exactly once

Proof of Proposition 2.20.40. First observe that any element in the orbit can be written as ΠΠΠf for
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some f ∈ G−. We proceed by induction as in the proof of Proposition 2.20.38. The desired estimates

hold for jets and noises. To observe the bound on the terms in (2.171) we use the above lemmas and

observe the following:

1. To see that the desired bound on Πpτp holds, use Lemma 2.20.41.

2. The bound on Γq,pτp follows as in Proposition 2.20.38.

3. Note that ∥T∥ was defined in exactly such a way that it imposes a bound on (Πp − ΠqΓq,p)τp

which is satisfied by Remark 2.20.45.

Remark 2.12.46. Instead of attaching jets one could directly attach smooth sections to E0 type edges

and all of this sections easily adapts. But besides the minor drawback of having to work with infinite

dimensional vector bundles one would not gain much, since while the definition of the map ΠΠΠ would

then be more canonical, still the choice of an admissible realisation of the jet bundle would have to be

made for the definition of the maps Πp.

Remark 2.12.47. Recall from Section 2.2.5 that is often useful to impose further restrictions on the

choice of admissible realisations and from Section 2.5.2 to enforce the canonical counterpart on products

of jets. The regularity structure ensembles in this section do not enforce any such algebraic constraints.

This can be remedied by working with quotient spaces of T σ/∼, such that Assumption 2.5.22 is satisfied.

That is, whenever a tree contains two or more E0 type edges incident to the same node, one applies the

canonical product ⋆ : Jσ ⊗ J σ̄ → Jσ+σ̄ composed with the projection Q<δ0 at that node.

It follows by construction, that by choosing an admissible realisation R of J respecting these con-

straints, which can be done by the constructions in Section 2.2.5, all considerations in this section extend

to the quotient space. A similar procedure is executed in [BCCH20], see also [Che22a, Remark 4.35].

Remark 2.12.48. Let us emphasise that the constructions of this section are conceptually very close

to the ones in [BHZ19]. One also expects to be able to reformulate many of the constructions here in a

framework closer to the one herein, i.e. one involving Hopf algebra bundles. Some of the novelties one

would need to incorporate on the abstract (algebraic) level are the following

• A non-triangular action of the positive coproduct, when acting on jets and negative trees,

• further “extending” the extended decorations therein.

But once this has been executed one can then turn the trees into vector bundles by working with a direct

product of frame bundles with some structure group G. Then associating to each tree a symmetric set

and to each symmetric set a representation of G one can thus construct the desired vector bundles as

associated bundles. By the categorical properties of symmetric sets and the thus constructed vector
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bundle assignment one then expects to be able to ”push through” the algebraic structure on trees to the

vector bundles, somewhat analogously to what is done in [CCHS22a].

2.13 Application to SPDEs

In this section we first explain, starting with an SPDE to choose a rule to construct then the regularity

structure ensemble in order to give a solution theory. Then, in Proposition 2.21.9 we give a formula

how the renormalisation group affects the concrete equation one wants to solve.

For index sets L+ and L− and a vector bundle assignment {V l}l∈L+∪L− , we investigate the following

system of equations

Lut = F t
(
(ut)t∈L+ , (Du

t)t∈L+ , . . . , (D
nut)t∈L+ , (ξ

f)f∈L−

)
for t ∈ L+ , (2.109)

where in this section we can ut ∈ D′(V t) and ξf ∈ D′(V f). Let L̊ = (L+ × N) ∪ L− and L̃ be a disjoint

copy of L̊, for f ∈ L̊ we write f̃ for the corresponding element of L̃. We define L = L̊ ∪ L̃ and

∗ : L → L, l 7→ l∗ ,

to be the unique involution without fixed points satisfying f∗ = f̃ for all f ∈ L̊. We define the vector

bundle assignment (V l)l∈L the be the assignment

{V (t,n)}(t,n)∈L+×N = {V t ⊗ (T ∗M)n}(t,n)∈L+×N and {V f}f∈L−

extended to L so that (2.152) is satisfied.31

This puts us in the setting of Section 2.19.1. and we introduce the edge types

• E+ ⊂ L+ × N, where (k, n) ∈ E+ if the term (Dnuk) appears in (2.173)32,

• E− = L−

• E0 = E+
0 ∪ E0

0 , where E+
0 is a disjoint copy of E+ and

E0
0 ⊂ {(t, σ) ⊂ L+ × NE+∪E− : DσF t ̸= 0}

where there is usually a choice of of the exact subset.33

31Recall the definition of (T ∗M)n in the presence of a scaling s from Section 2.2.2 .
32Note that this is not quite well defined in the sense that one can always artificially increase this set. But there is

generically a canonical minimal choice.
33It is made depending on the parameters γ < δ0 suggested by the equation.
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It is important that we do not identify E+
0 and E+! But we define the injection

ι : E+ → E0, (l, n) 7→ (l, n) . (2.110)

Remark 2.13.1. Note that E0
0 typically contains an infinite number of elements.

We also fix the indexing maps

• ind+ = (ind++, ind
−
+) : E+ → L× L, (k, n) 7→ (k, (k, n)),

• ind− : E− → L, f 7→ f,

• ind0 : E0 → NL is defined as

1. ind0 |E0
0
: (k, σ) 7→ k−

∑
ε∈E+∪E− σεε− ,

2. ind0 |E+
0
= ind−+ ◦ι−1,

a homogeneity assignment | · | : E → R and δ0 > γ > 0, which in general is suggested by the Equation

(2.173). This then puts us in the setting of Section 2.19.2. It is now natural to rewrite the equation in

the form

Lut = F t
(
(uo)o∈E+ , (ξ

f)f∈E−
)
.

We introduce the space Ē =
⊕

ε∈E+∪E− V
ε and in view of Section 2.5.2 we shall lift the local

non-linearity F t to an element of

C∞(Ē ⋉ (JEt ⊗ P (Ē))
)
=
⊕
n∈N

C∞(Ē ⋉ (JEt ⊗ (Ē∗)n)
)

=
⊕

σ∈NE+∪E−

C∞(Ē ⋉ (JEt ⊗ (V σ)∗)
)
.

Here again, the exact truncation is chosen depending on the parameters γ, δ0. This motivates the

definition of a rule R : E → P(N ) \ {∅} as the normalisation of the following naive rule R̊.

• R̊(ε) = ∅ for ε ∈ E0 ∪ E−

• for (k, n) ∈ E+,

R̊((k, n)) =
{
[(k, σ)] ⊔ σ : (k, σ) ∈ E0

0

}
,

where we interpret σ ∈ NE+ as a multi-set and recall the notation ⊔ for the union of multi-sets.

Since the rule R̊ is equation-like, R is as well.

Assumption 2.13.2. We assume that the rule R constructed above is subcritical.
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We define for o ∈ E+ the set

T̊o =
⋃

ν∈R(o)

(Tν)<γ−|o|, To = {Io(T ) : T ∈
⋃

ν∈R(o)

Tν}

and make the following observations.

1. For o = (k, n) ∈ E+ and T ∈ T̊o ∪ To, the node type n(n) of every node n ∈ NT which is not

maximal nor minimal (i.e. the root) has exactly one incident edge of type in E0
0 .

2. For o = (k, n) ∈ E+ and o′ = (k,m) ∈ E+ one has T̊o = T̊o
′
.

Remark 2.13.3. The trees in To ∪ {δι(o)} are used for the expansion of {uo}o∈E+ , while the trees in

T̊o are used for the expansion of the right-hand side of Equation 2.173 .

Assumption 2.13.4. We assume F is mulitilinear in the noise variables and the modelled distribution

describing ξf is given by p 7→ Ξp.

Remark 2.13.5. A weaker natural assumption would be to impose that the lift of the noise ξf is given

by a modelled distribution taking values in a sector of negative regularity. This, combined with the

assumption of sub-criticality actually that the non-linearity is polynomial in the noises.

The above assumption tells us that for each t ∈ L+ one has

F t
(
(uo)o∈E+ , (ξ

f)f∈E−
)

= F t
(
(uo)o∈E+ , 0

)
+
∑

σ∈NE−

DσF t
(
(uo)o∈E+ , 0

)
ξσ (2.111)

where we used the shorthand notation ξσ =
∏

f∈E−(ξ
f)σf .

It will be useful to denote for f ∈ E− by U f the modelled distribution p 7→ Ξp and interpret it as

modelled distribution where the component of U f in T f
0,: is constantly 0. This allows to write the lift of

the non-linearity simply as

F t(U)(p) =
∑

m∈NE+∪E−

jEp
(DmF t

m!

)
(Q0U(p)) · Ũm(p) (2.112)

and to formulate the lift of Equation 2.173 as

Uo = IoQ<γ−|o|F
t
(
(Uo)o∈E+∪E−

)
+ uo for o ∈ E+ , (2.113)

where uo is a section of the jet bundle J
ι(o)
<γ,:.

Remark 2.13.6. It is important to note that the solution depends on the choice of model!

Proposition 2.13.7. Let {U t}t be the solution of the abstract fixed point problem (2.177) with respect

to the canonical model for smooth noises {ξl}l∈L−. Then vt = R(U t) solves Equation 2.173 in the

classical sense.
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Proof. Indeed we have

vt = RU t = RKtF
t
(
(Uo)o∈E+∪E−

)
= KtRF t

(
(Uo)o∈E+∪E−

)
and thus

Ltvt(p) = RF t
(
(Uo)o∈E+∪E−

)
(p)

= ΠpF
t
(
(Uo)o∈E+∪E−

)
(p)

= Πp
∑

σ∈NE+∪E−

jEp
(DσF t

σ!

)
(Q0U(p))Ũσ(p)

= Tr
∑

σ∈NE+∪E−

(DσF t

σ!

)
(Q0U0(p))⊙ (ΠpŨ(p))⊙σ

= F t
(
ΠpU(p)(p)

)
= F t

(
(vo)o∈E+

)
(p)

where we used Corollary 2.4.6 several times.

2.13.1 Renormalised equation

For τ ∈ T− and t ∈ L+, define the new local non-linearity (DτF )t acting on families of smooth sections

v = {vo}o∈E+∪E− where vo ∈ C∞(V o) for each o ∈ E+∪E−. First, we define for τ ∈ T− and n ∈ Nτ \Lτ ,

where n ̸= ρτ

(Dτ,nF )
t :

∏
o∈E+∪E−

C∞(V o) → C∞(V difτ (n)), (Dτ,nF )(v)
t = Dn(n)F e(n↓)+(v) ,

where n ↓ denotes the unique edge e ∈ Eτ such that e+ = n. Furthermore, set

(Dτ,ρτF )
t :

∏
o∈E+∪E−

C∞(V o) → C∞(V red∗(t−ind(ρ))), (Dτ,ρτF )
t(v) = Dn(ρτ )F t(v) .

Finally, we define

(DτF )
t :

∏
o∈E+∪E−

C∞(V o) →C∞(V red∗(t−ind(ρ)))×
∏

n∈Nτ\(Lτ∪{ρτ})

C∞(V difT (n))

as

(DτF )
t(v) =

∏
n∈Nτ\Lτ

1

Sn(τ)
(DτF )

t,n
(
v(·n)

)
,
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where Sn(τ) is defined as follows: If τ at the node n ∈ Nτ has the form

τ≥n =
m∏
i=1

(Ξi)
αi

l∏
j=1

(Ioi(Ti))βj

where terms are paired in such a way that

(oi, Ti) ̸= (oj , Tj) and Ξi ̸= Ξj

whenever i ̸= j, we set

Sn(τ) =
m∏
i=1

αi! ·
l∏

j=1

βj ! .

Remark 2.13.8. Note that S(τ) :=
∏
n∈Nτ

Sn(τ) agrees with the corresponding definition in [BCCH20]

and S(τ)n has the interpretation of “the number of tree symmetries at the node n”, see also Re-

mark 2.21.13

Proposition 2.13.9. If Ug ∈ Dγ solves the abstract fixed point problem for the renormalised model

and for γ large enough, then u = RUg solves the equation

Lut = F t
(
(uo)o∈E+ , (ξ

f)f∈E−
)
+
∑
τ∈T−

〈
(DτF )

t
(
(uo)o∈E+ , (ξ

f)f∈E−
)
, g(τ)

〉

where the bracket ⟨·, ·⟩ denotes the canonical pairing between Difτ and

C∞(V red∗(t−ind(ρ)))×
∏

n∈Nτ\(Lτ∪{ρ})

C∞(V difT (n))

defined in Remark 2.19.14.

In order to prove this theorem, it will be useful to introduce certain rooted plane trees. Recall that

a rooted plane tree T̄ , consists of a rooted tree together with an order of the incoming edges of each

node, that is for each n ∈ NT , the set Ein
T,n = {e ∈ ET | e− = n} is equipped with a strict total order

<T,n. For rooted pane trees T̄ we denote by ⌊T̄ ⌋ the rooted tree obtained by forgetting the order on

edges.

Next, we fix a strict total order ≺ on E0
0 ∪ E+ ∪ E− such that ε0 ≺ ε+ ≺ ε− for every ε0 ∈ E0

0 , ε+ ∈

E+, ε− ∈ E−.

Lastly, we declare a tree in T̄ to conform to the order ≺, if for each n ∈ NT and any two edges

e1, e2 ∈ Ein
n such that e1 <T,n e2 one has

• if e(e1), e(e2) /∈ E+
0 ,

e(e1) ≺ e(e2) ,
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• if e(e1) /∈ E+
0 but e(e2) ∈ E+

0

e(e1) ≺ ι−1(e(e2)) ,

and similarly, if the roles of e1 and e2 are reversed,

• if e(e1), e(e2) ∈ E+
0

ι−1(e(e1)) ≺ ι−1(e(e2)) .

At this point, let us introduce the following analogues of the objects already introduced for plane

trees:

1. For o ∈ E+ denote by To the set of plane rooted trees T̄ that conform to ≺ and such that ⌊T̄ ⌋ ∈ To.

Similarly, we set T− to consist of plane trees τ̄ which conform to ≺ and such that ⌊τ⌋ ∈ T−.

2. For plane rooted trees T̄1, . . . , T̄n, denote by T̄ = T̄1 · . . . · T̄n the plane rooted tree such that

• One has ⌊T̄ ⌋ = ⌊T̄1⌋ · · · ⌊T̄n⌋, where the latter tree product was introduced in Remark 2.19.10.

• The order of the edges Ein
T̄ ,n

for n ∈ NT̄ \ ρT̄ agrees with the order inherited from the

T̄1, . . . , T̄n.

• The order of Ein
T̄ ,ρ

is the unique order such for each i, j ∈ N and ei ∈ ET̄i,ρ ⊂ ET̄ ,ρ one has

ei ≺ ej whenever i < j, and such that the order on ET̄i,ρT̄ ⊂ ET̄ ,ρT̄ is simply inherited from

the order in T̄i.

We call this the plane tree product.

Remark 2.13.10. Instead of working with a rule on rooted trees together with an order on edges, we

could have introduced an (obvious) notion of a plane rule.

For T̄ ∈ T we define maps Υ[T̄ ] : JE → FW ⟨⌊T̄ ⌋⟩ as follows:

1. If T̄ = δι(o) consists of exactly one edge of type ι(o) ∈ E+
0 , then

Υ[T̄ ](up) = Υ[δι(o)](up) = Q>0u
ι(o)
p .

2. If T̄ = δe consists of exactly one edge of type e = (t, σ) ∈ E0
0 , then

Υ[T̄ ](up) = jEp
(DσF (Q0up)

σ!

)
.

3. If T̄ = Ξf consists of exactly one edge of type f ∈ E−, then

Υ[Ξf](up) = Ξf
p .
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We further set

(4) for T̄ = T̄ 1 · · · T̄m set Υ[T̄ ](up) = Υ[T̄ 1](up) · · ·Υ[T̄m](up) .

(5) Υ[ItT̄ ](up) = ItΥ[T̄ ](up).

The next lemma now follows directly from the definition of the maps Υ.

Lemma 2.13.11. Let U = {Uo}o∈E+∪E− be the abstract solution of (2.173). The solution can be

uniquely decomposed as Uo = uo +Ro, where uop ∈ JpV
ι(o)
<γ and Rop ∈ T o

p and it holds that

Uo = uo +Q<γ
∑
T̄∈To

Υ[T ](u) = Q0u
o +Q<γ

∑
T̄∈To∪{δι(o)}

Υ[T ](u) . (2.114)

Remark 2.13.12. The fact that we work with plane trees accounts for the combinatorial factors usually

encountered. A version of this observation was already made in the case of Φ4 equations in [CMW23].

Similarly, the fact that we do not identify the abstract product on jets with the canonical product also

simplifies the expression.

Remark 2.13.13. For a tree τ ∈ T−, we define kτ : Nτ → NE+∪E− to be the function such that for

n ∈ Nτ and o ∈ E+ ∪ E− the number kτ (n)o ∈ N denote the number of edges of type o attached to n

from above. Then one finds that for τ ∈ T− one has

∣∣{τ̄ ∈ T− : ⌊τ̄⌋ = τ
}∣∣ = ∏

n∈Nτ

kτ (n)!

Sn(τ)
.

Remark 2.13.14. We extend Remark 2.19.21 and Remark 2.20.12 to plane trees (in some way

conforming with ≺ ) and write τ̄(G) for a tree obtained from τ̄ ∈ T− and Ḡ = {Ḡn}n∈Nτ as therein.

Note that this definition is not unique, but we make a choice (which turns out to be irrelevant). Then,

it if follows from the fact that τ̄ contains no edges of type in E0 that for τ := ⌊τ̄⌋

Υ[τ̄(Ḡ)] = τ({Υ[Ḡn]}n∈Nτ ) .

Proof of Proposition 2.21.9. We shall use the common notation for m, k ∈ N ∈ NE+∪E− and set for

m ≥ k

k! :=
∏

o∈E+∪E−

ko! ,

(
m

k

)
:=

∏
o∈E+∪E−

(
mo

ko

)
.

Furthermore, whenever we have a sum over N or another infinite set such as NE+∪E− it is understood

that the sum is in reality truncated (with the truncation depending on the parameter γ).

We shall write ū = Q0U and Ũ = U − ū one use for m ∈ NE+∪E− the multi-index notation

Ũm :=
∏
o∈E+∪E−(Ũ

o)mo . We also fix the convention that whenever we write
∏
o∈E+∪E− T̄

o, it is

understood that the product is taken in the order respecting ≺ . For each multi-index we m ∈ NE+∪E−
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we introduce the set

T(m) :=

 ∏
o∈E+∪E−

mo∏
i=1

T̄ (o,i) : T̄ (o,i) ∈ To ∪ δι(o)


Then it follows for m ∈ NE+∪E− that

Πgp

(
Ũm
)
= Πgp

( ∏
o∈E+∪E−

mo∏
i=1

( ∑
T̄ (o,i)∈To∪δι(o)

Υ[T̄ (o,i)]
))

= Πgp
∑

T̄∈T(m)

Υ[T̄ ]

and therefore from Lemma 2.20.41 that

Πgp

(
Ũm
)
= Tr

⊙
o∈E+∪E−
i∈{1,...,mo}

( ∑
T̄ (o,i)∈To∪δι(o)

ΠgpΥ[T̄ (o,i)]
)

+
∑

T̄∈T(m)

∑
τ⊂ρT̄

g(τ̄)
( ∏
n∈Nτ

Π̊gpΥ[(T̄ \ τ̄)≥n](·n)
)
,

where τ̄ ⊂ρ T̄ means that τ̄ ⊂ T̄ contains the root of T̄ . In particular,

ΠgpF
t(U) =Π̊gp

∑
m∈NE+∪E−

jEp
DmF t(Ū)

m!
Ũm

+
∑

m∈NE+∪E−

∑
T̄∈T(m)

∑
τ̄⊂ρT̄

g(τ̄)
( ∏
n∈Nτ̄

Π̊gpΥ[(δ(t,m) · T̄ \ τ̄)≥n](·n)
)

where we used in the last line, the fact that the differential operator g(τ) acts multiplicatively at the

root, c.f. Remark 2.19.14. For the first term we find

Π̊gp

 ∑
m∈NE+∪E−

jEp
DmF t(Ū)

m!
Ũm

 (p) = F t(u)(p) . (2.115)

Next fix τ ∈ T− and recall the map kτ : Nτ → NE+∪E− from Remark 2.21.13. Looking only at

summands such that ⌊τ̄⌋ is tree isomorphic to τ we find

∑
m∈NE+∪E−

∑
T̄∈T(m)

∑
τ̄⊂ρT̄

1⌊τ⌋∼τ̄g(τ̄)
( ∏
n∈Nτ

Π̊gp(Υ[(δmT \ τ̄)≥n](·n)
)

=
∑

σ:Nτ→NE+∪E−

g(τ)

( ∏
n∈Nτ

(
σ(n) + kτ (n)

kτ (n)

)
kτ (n)!

Sn(τ)

( ∑
T̄ (n)∈T(σ(n))

Π̊gpΥ[δ(σ(n)+kτ (n))T̄ (n)](·n)
))

,

where we sum over all maps σ : Nτ → NE+∪E− (with the finite truncation implicitly understood). Here

σ(n) for number of edges attached at a node n ∈ Nτ which do not belong to τ and are not of type E0
0 .

To see the line introducing the combinatorial factor
(σ(n)+kτ (n)

k(n)

) k(n)!
Sn(τ)

, one counts the number of ways

the planted subtree τ̄ can appear as a subtree. Say, counting from the top nodes downwards34, for the

34Alternatively, one can also count from the root up.
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top nodes of τ the combinatorial factor is trivial (since kτ (n) = 0). Otherwise, one has to choose k(n)

edges of the σ(n) + k(n) possible edges, which are part of τ . Then, it follows as in Remark 2.21.13

that one has exactly k(n)!
Sn(τ)!

ways to assign the continuation τ at n.

Next note that

∑
σ:Nτ→NE+∪E−

g(τ)

( ∏
n∈Nτ

(
σ(n) + kτ (n)

kτ (n)

)
kτ (n)!

Sn(τ)

( ∑
T̄ (n)∈T(σ(n))

Π̊gpΥ[δ(σ(n)+kτ (n))T̄ (n)](·n)
))

=
∑

σ:Nτ→NE+∪E−

g(τ)

( ∏
n∈Nτ

(
σ(n) + kτ (n)

kτ (n)

)
kτ (n)!

Sn(τ)

×
( ∑
T̄ (n)∈T(σ(n))

Π̊gpj
E
p

Dσ(n)+kτ (n)F (Ū)

(σ(n) + kτ (n))!
Υ[T̄ (n)](·n)

))

=
∑

σ:Nτ→NE+∪E−

g(τ)

 ∏
n∈Nτ

1

Sn(τ)

∑
T̄ (n)∈T(σ(n))

Π̊gpj
E
p

Dσ(n)+kτ (n)F (Ū)

σ(n)!
Υ[T̄ (n)](·n)


=

∑
σ:Nτ→NE+∪E−

g(τ)

(∏
n∈τ

1

Sn(τ̄)
Π̊gpj

E
p

Dσ(n)+kτ (n)F (Ū)

σ(n)!
Ũσ(n)(·n)

)

= g(τ)

 ∏
n∈Nτ

1

Sn(τ)

∑
m∈NE+∪E−

Π̊gpj
E
p

Dm+kτ (n)F (Ū)

m!
Ũm(·n)

 .

Finally, we find that

g(τ)

 ∏
n∈Nτ

1

Sn(τ)

∑
m∈NE+∪E−

Π̊gpj
E
p

Dm+kτ (n)F (Ū)

m!
Ũm(·n)

 (p)

= g(τ)
( ∏
n∈Nτ

1

Sn(τ̄)
(Dkτ (n)F )(u)(·n)

)
(p)

= ⟨
(
DτF

)
(u), g(τ)⟩(p) ,

where in the first equality we used that

∑
m∈NE+∪E−

(
Π̊gpj

E
p

Dm+kτ (n)F t(Ū)

m!
Ũm

)
(·n)− (Dk(n)F )(u)(·n)

vanishes at p ∈ M faster than −|τ |, which is the case whenever γ > 0 is chosen large enough. This

combined with (2.179) completes the proof.

Remark 2.13.15. Observe that we did not enforce the products of jets to be the canonical product, but

that the results of this section extend to the case when such an identification is made, c.f. Remark 2.20.47.
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2.14 Canonical Renormalisation Procedures

One observes that for a given equation we have constructed a rather large renormalisation group

G−. In our setting, compared to the usual setting of translation invariant SPDEs in flat space, one a

priori obtains a family of solutions indexed by the (infinite-dimensional) space of sections of certain

vector bundles over M . Fortunately, one can often still single out a canonical, finite dimensional

family of renormalised solutions. Let us informally describe the corresponding procedure: Typically

one is working with a mollification scheme which depends on a scale ϵ. If this mollification scheme

is “sufficiently covariant” it is possible to decompose the corresponding family of renormalisation

differential operators

gϵ(T ) =
∑
i

fi(ϵ) · gi(T ) ,

where

• each fi : (0, 1) → R typically 35 converges to ±∞ as ϵ→ 0.

• the gi(T ) are differential operators which depend explicitly on the curvature and the differential

operator of the linear part of the equation in a local manner and thus are arguably “canonical”.

Thus, for such regularisation schemes it is then natural to work with only the finite dimensional

subgroup G′
− ⊂ G− containing the differential operators gϵ(T ). One thus obtains a canonical (finite

dimensional) solution theory.

Remark 2.14.1. We note that, when working with an arbitrary mollification scheme, one in general

needs elements of gϵ ∈ G− which are not contained in G′
− in order to converge to one of the “canonical”

solutions. Thus, in this case the canonical solutions are only reached by considering the cosets

G′
−gϵ ⊂ G−.

Note that in general it non-trivial to extract the operators gi(T ) described above explicitly. When

working for example with generalised Laplacians and white noise this is a rather straightforward

consequence of the following:

1. Explicit expansions of the heat kernel, c.f. Theorem 2.17.5, which can formally be written as

Gt(p, q) =
1

(4πt)d/2
e−d(p,q)/4t

N∑
i=0

tiΦi(p, q) +O(tN−n/2) , (2.116)

for 0 < t≪ 1.

2. Explicit expansion of the density in exponential coordinates, c.f. [Gra74, Cor. 2.10]. Fur us the

35It can sometimes be useful to also include fi, which just converge to a finite limit in the above decomposition.
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following will be sufficient

dVolp =

1− 1

6

∑
i,j

Ri,jxixj

 dx+O(|x|3)dx . (2.117)

Remark 2.14.2. This explains, why for many equations of interest when working with a heat kernel

regularisation, renormalisation constants are sufficient. More precisely, when working with a generalised

Laplacian and white noise, as long as the most negative tree has homogeneity higher than −2, one

does not expect any geometric counterterms to appear. In Section 2.23.3 we treat an equation where

this condition is violated and indeed a logarithmic divergence proportional to the scalar curvature s(x)

appears.

Note that in our setting the map Jq,p : T
e
<δ0−β,: → T̄ f defined by

Jq,pτp :=
(
JqΓq,pτp + Eqτp − Γq,pJp

)
τp =

(
JqQ<δ−βΓq,pτp + Eqτp − Γq,pJp

)
τp

plays the role of
(
J(y)Γy,x − Γy,xJ(x)

)
τ in [Hai14]. Next we derive a bound analogous to [Hai14,

Lemma 5.21].

Lemma 2.14.3. Let α < δ0 − β such that α+ β /∈ N, then, in the setting above for every τ ∈ T e
α,δ and

every integer m < δ0 one has the bound

|Jp,qτq|m ≲C ∥Z∥B1(p)|τ |d(p, q)
(α+β−m)∨0,

uniformly over p, q ∈M such that with d(p, q) < 1 and models Z satisfying ∥Z∥B1(p) < C. Furthermore,

for two models the analogue bound difference bound holds.

Proof. Throughout this proof we fix an exponential s-chart at p and denote by ∂i the coordinate vector

fields associated to it. We shall denote by ∂ a touple (∂i1 , ..., ∂ik) and write ∇∂ instead of ∇∂i1
...∇∂ik

.

Recall that by definition

Jp,qτq = JpΓp,qτq + Epτq − Γp,qJqτq

First we treat the simpler case α+ β ≤ m < (δ + β) ∧ δ0 by bounding each of the terms |JpΓp,qτq|m,

|Γp,qJqτq|m and |Epτq| separately. The bounds on the former two follow directly from Lemma 2.6.6 the
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estimate on Eq follows from Remark 2.2.14 combined with the estimate

|Epτq|m ≤
∑
n

sup
deg(∂)=m

|(Πqτq −ΠpΓp,qτq +ΠpQ≥δ0−βΓp,q)
(
∇∂,1Kn(p, ·)

)
|

≲ |τp|
∑
n

(
2−n(δ+β−m) + 2−n(δ0−m)

)
≲ |τp|

∑
n

2−n((δ+β)∧δ0−m)

Now we turn to the case m < α+β. For p, q ∈M such that ds(p, q) < 1, we set np,q ∈ N as the number

satisfying ds(p, q) ∈ (2−np,q−1, 2−np,q ] and argue separately in the two cases n < np,q and n ≥ np,q,

starting with the former. Observe that for τp ∈ T e
p one has

QmJ
n
p τp = Qm

∑
ζ<δ0−β

JnpQζτp = Qm
∑

m−β<ζ<δ0−β
JnpQζτp ,

and therefore

QmJ
n
p,qτq

= Qm
(
Jnp Γp,qτq + Enp τq − Γp,qJ

n
q τq
)

= Qm
( ∑
m−β<ζ<δ0−β

JnpQζΓp,qτq + Enp τq − Γp,qJ
n
q τq
)

= Qm
( ∑
m−β<ζ<δ0−β

jpKn

(
ΠpQζΓp,qτq) + jpKn(Πqτq −ΠpQδ0−βΓp,qτq)− jpRJ

n
q τq
)
.

It follows from Remark 2.2.14 that it suffices to bound

|Jnp,qτq|m ≲ sup
deg(∂)=m

∣∣A∂ −∇∂R(J
n
q τq)(p)

∣∣
where

A∂ :=
∑

m−β<ζ<δ0−β
ΠpQζΓp,qτq(∇∂,1Kn(p, ·)) + (Πqτq −ΠpQ<δ0−βΓp,qτq)(∇∂,1Kn(p, ·)) .

Noting that

A∂ =−
∑

ζ≤m−β
ΠpQζΓp,qτq(∇∂,1Kn(p, ·)) + ΠpQ<δ0−βΓp,qτq(∇∂,1Kn(p, ·))

+ (Πqτq −ΠpQ<δ0−βΓp,qτq)(∇∂,1Kn(p, ·))

=−
∑

ζ≤m−β
ΠpQζΓp,qτq(∇∂,1Kn(p, ·)) + Πqτq(∇∂,1Kn(p, ·))

=−
∑

ζ<m−β
ΠpQζΓp,qτq(∇∂,1Kn(p, ·)) + Πqτq(∇∂,1Kn(p, ·)) ,
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where we used that ζ + β /∈ N in the last line, we find

|Jnp,qτq|m ≲ sup
deg(∂)=m

∣∣A∂ −∇∂,1R(J
n
q τq)(p)

∣∣
≲ sup

deg∂=m

∑
ζ<m−β

|ΠpQζΓp,qτq(∇∂,1Kn(p, ·))|+ |Πqτq(Kα,∂
n,q,p)| .

To bound
∑nd(p,q)

n=0 |Jnp,qτq|m, we thus estimate using Lemma 2.6.14 with ρ > α+ β

nd(p,q)∑
n=0

sup
deg(∂)=m

|Πqτq(Kα,∂
n,q,p)|

≲

nd(p,q)∑
n=0

( ∑
l∈δAα

2(|l|s+m−α−β)nds(p, q)
|l|s +

∑
m<α+β

ds(p, q)
ρ−m2−n(α+β−m)

)
≲ ds(p, q)

α+β−m + ds(p, q)
ρ−m

≲ ds(p, q)
α+β−m .

Next, since |ΠpQζΓp,qτq(∇∂,1Kn(p, ·)| ≲ ds(p, q)(α−ζ)∨02n(m−β−ζ) when deg(∂) = m, we bound

sup
deg(∂)=m

nd(p,q)∑
n=0

∑
ζ<m−β

|ΠpQζΓp,qτq(∇∂,1Kn(p, ·)| ≲
nd(p,q)∑
n=0

∑
ζ<m−β

ds(p, q)
(α−ζ)∨02n(m−β−ζ)

≲
∑

ζ<m−β
ds(p, q)

(α−ζ)∨02nd(p,q)(m−β−ζ)

≲
∑

ζ<m−β
ds(p, q)

(α−ζ)∨0ds(p, q)
β+ζ−m

≲ ds(p, q)
α+β−m .

This concludes the bound on
∑nd(p,q)

n=0 |Jnp,qτq|m.

We turn to n ≥ nd(p,q). We have

∣∣Jnp,qτq∣∣m ≤ sup
deg(∂)=m

∣∣ ∑
m−β<ζ<δ−β

ΠpQζΓp,qτq∇∂,1Kn(p, ·))
∣∣

+ sup
deg(∂)=m

∣∣(Πqτq −ΠpΓp,qQ<δ−βτq)(∇∂,1Kn(p, ·)
∣∣

+
∣∣ΓpqJnq τq∣∣ ,

where we shall bound each term separately.
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1. For the first summand we bound for m− β < ζ < δ − β

∑
n≥nd(p,q)

|ΠpQζΓp,qτq(∇∂,1Kn(p, ·))| ≲
∑

n≥nd(p,q)

ds(p, q)
(α−ζ)∨02n(m−β−ζ)

≲ ds(p, q)
(α−ζ)∨02nd(p,q)(m−β−ζ)

≲ ds(p, q)
α−ζ∨0d(p, q)β+ζ−m

≲ ds(p, q)
(α+β−m)∨0 .

2. We bound the second term using the fact that 2−n ≲ ds(p, q) and m ≤ α+ β

∑
n≥nd(p,q)

|(Πqτq −ΠpQ<δ0−βΓp,qτq)(∇∂,1Kn(p, ·)| ≲
∑

n≥nd(p,q)

2n(m−β)2−n((δ0−β)∧δ)

≲ ds(p, q)
(δ+β)∧δ0−m

which is obviously bounded by ds(p, q)
α+β−m .

3. For the last term we have

∑
n≥nd(p,q)

∣∣ΓpqJnq τq∣∣m ≲ ∑
n≥nd(p,q)

∑
l∈N,l<α+β

ds(p, q)
(l−m)∨0|Jnq τq|l

≲
∑

n≥nd(p,q)

∑
l∈N,l<α+β

ds(p, q)
(l−m)∨02−n(α+β−l)

≲
∑

l∈N,l<α+β
ds(p, q)

(l−m)∨0
∑

n≥nd(p,q)

2−n(α+β−l)

≲
∑

l∈N,l<α+β
ds(p, q)

(l−m)∨0ds(p, q)
α+β−l

≲ ds(p, q)
α+β−m .

The following theorem is almost a word for word adaptation of [Hai14, Theorem 5.14], but the

proof is slightly easier, since our definitions are more relaxed.

Theorem 2.14.4. Let T = ({Et}t∈L, {T t}t∈L, L) be a regularity structure ensemble and let Z = (Π,Γ)

be a model, such that Assumption 2.6.2 is satisfied. Let β ≥ 0 and let V ⊂ T be a sector with the

property that for every (α, δ) ∈ A × △ with V(α,δ) ≠ {0} one has α + β /∈ N and (δ + β) ∧ δ0 /∈ N.

Furthermore, let W ⊂ V be a subsector of V and let K be a kernel satisfying Assumption 2.6.1. Let

I :W → T f be an abstract integration map of order β and precision δ0 realising K for I. Then, there

exists a regularity structure ensemble T̂ containing T , a model Ẑ = (Π̂, Γ̂) for T̂L extending (Π,Γ), and

an abstract integration map Î of order β and precision δ acting on V̂ = ιV such that:
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• The model Ẑ realizes K for Î.

• The map Î extends I, i.e. Îιτ = ιIτ for all τ ∈W .

Furthermore, the map Z → Ẑ is locally bounded and Lipschitz continuous as in [Hai14].

Remark 2.14.5. Note that the extension of the regularity structure ensemble really only affects the f

component of the ensemble, i.e. T̂ t = T t for all t ∈ L \ {f}. .

Proof. For α ∈ A ∩ (−∞, δ0 − β), δ ∈ △ denote by W̄α,δ a complement, such that that

Vα,δ =Wα,δ ⊕ W̄α,δ

and set W̄ =
⊕

α,δ W̄α,δ. We further denote by W̄+ the complement such that V =W ⊕ W̄ ⊕ W̄+ and

observe that W̄+ = Q≥δ0−β,:W̄
+ .

To construct the regularity structure T̂ , we set

Â = A ∪
{
α+ β ∈ R : α < δ0 − β, W̄α,: ̸= {0}

}
,

△̂ = △∪
{
(δ + β) ∧ δ0 ∈ R : W̄:δ ̸= {0}

}
and for (α, δ) ∈ Â× △̂ set

T̂ f
α,δ =



T f
α,δ ⊕ W̄α−β,δ−β if α, δ < δ0,

T f
α,δ ⊕

⊕
δ0−β≤δ′ W̄α−β,δ′ if 0 ≤ α < δ0, δ = δ0,

T f
α,δ ⊕

⊕
δ0−β≤δ′<+∞ W̄α−β,δ′ if α < 0, δ = δ0,

T f
α,δ ⊕ W̄α−β,δ if α < 0, δ = ∞,

T f
α,δ ⊕ 0 if α ≥ δ0 − β or δ > δ0 − β ,

which is motivated by Definition 2.6.3, see also Remark 2.6.4. Accordingly we write elements

τp ∈ T̂ f
α,δ as pairs τp = (τ0p , τ

1
p ), where τ

0
p ∈ T f and τ1p ∈ W̄ . Next, we extend the space L appropriately.

Note that due to the second condition in the definition of an abstract integration map, Definition 2.6.3,

we can not simply take the space of all linear maps satisfying the conditions of a regularity structure.

Instead we define, similar to [Hai14],

L̂p,q := Lp,q ×M δ0
p,q

where M δ0
p,q consists of all linear maps from W̄p to (T̄ f

q)<δ0 . An element (Γp,q,Mp,q) ∈ L̂p,q acts on

τq = (τ1q , τ
2
q ) ∈ T̂ f

α,δ as

(Γp,q,Mp,q)τq = (Γp,qτ
1
q + Ip(QWΓp,qτ

2
q ) +Mp,qτ

2
q , QW̄Γp,qτ

2
q )
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Similar to [Hai14, Equation (5.22)] one can check that Lp,q ◦ Lq,r ⊂ Lp,r.

To extend the map I we note that for τp ∈ Vp we have a unique decomposition τp = τ0p + τ1p + τ2p ,

where τ0p ∈W , τ1p ∈ W̄p and τ2p ∈W+. We set

Îp(τp, 0) := (Ipτ
0
p , τ

1
p ) .

We have to check that the conditions in Definition 2.6.3 of an abstract integration map are satisfied.

The only non-trivial fact to check is Condition 3 for which by linearity it suffices to check it on

Îqτq = (0, τq) ∈ T̂ f
q for τq ∈ W̄q. Indeed, by definition of Γ̂p,q = (Γp,q,Mp,q) ∈ L̂p,q

ÎpΓ̂p.qτp − Γ̂p,q Îqτq = Îp(Γp,q,Mp,q)
(
τq, 0

)
− Γ̂p,q

(
0, τq

)
= Îp

(
QWΓp.qτp +QW̄Γp.qτp, 0

)
−
(
IpQWΓp,qτq +Mp,qτq, QW̄Γp,qτq

)
=
(
IpQWΓp.qτp, QW̄Γp.qτp

)
−
(
IpQWΓp,qτq +Mp,qτq, QW̄Γp,qτq

)
=
(
−Mp,qτq, 0

)
.

Next, we turn to the extension of the model Z = (Π,Γ) for T to a model Ẑ = (Π̂, Γ̂) for T̂ . For

τq = (τ1q , τ
2
q ) we define

Π̂qτq = Πqτ
1
q +K(Πqτ

2
q )−ΠqJqτ

2
q .

This is well defined due to Lemma 2.6.15. Next, we define

Γ̂p,q = (Γp,q,Mp,q) , where Mp,qτ
2
q := JpΓp,qτ

2
q − Γp,qJqτ

2
q + Epτq = Jpqτ

2
q .

We check the second analytic condition in the definition of a model. By linearity and the fact that

Γ satisfies the this bound, we only need to check it on elements of the form τq = (0, τ2q ) ∈ T̂ f
αn+β,δn

.

Indeed,

Γ̂p,qτq =
(
IpQWΓp,qτ

2
q +Mp,qτ

2
q , QW̄Γp,qτ

2
q

)
and we decompose Γ̂p,qτq = QT̄ fΓ̂p,qτq + (id−QT̄ f)Γ̂p,qτq. Thus

|(id−QT̄ f)Γ̂p,qτq|ζ ≤ |IpQWΓp,qτ
2
q |ζ + |QW̄Γp,qτ

2
q |ζ−β

= |QWΓp,qτ
2
q |ζ−β + |QW̄Γp,qτ

2
q |ζ−β

≲ |Γp,qτ2q |ζ−β

≲ d(p, q)(αn+β−ζ)∨0 .
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The bound on QT̄ fΓ̂p,qτq =Mp,qτ
2
q = Jp,qτ

2
q follows from Lemma 2.14.3.

Lastly, we check the third condition in the definition of a model. Again suffices by linearity to

check it on elements of the form τq = (0, τ2q ) ∈ T̂ f
α,δ . We assume δ < +∞, the case δ = +∞ being

simpler. Indeed, we have

Π̂pΓ̂p,qτq − Π̂qτq = Π̂p
(
IpQWΓp,qτ

2
q +Mp,qτ

2
q , QW̄Γp,qτ

2
q

)
− Π̂q

(
0, τ2q )

=ΠpIpQWΓp,qτ
2
q +Πp(JpΓp,qτ

2
q − Γp,qJqτ

2
q + Epτ

2
q ) +K(ΠpQW̄Γp,qτ

2
q )

−ΠpJpQW̄Γp,qτ
2
q − (K(Πqτ

2
q )−ΠqJqτ

2
q )

=K(ΠpΓp,qτ
2
q )−ΠpJpΓp,qτ

2
q +Πp(JpΓp,qτ

2
q − Γp,qJqτ

2
q + Epτ

2
q )

− (K(Πqτ
2
q )−ΠqJqτ

2
q )

=K(ΠpΓp,qτ
2
q )−ΠpΓp,qJqτ

2
q +ΠpEpτ

2
q

−K(Πqτ
2
q ) + ΠqJqτ

2
q

=K(ΠpΓp,qτ
2
q −Πqτ

2
q )−ΠpEpτ

2
q︸ ︷︷ ︸

T1

+ΠqJqτ
2
q −ΠpΓp,qJqτ

2
q︸ ︷︷ ︸

T2

.

Thus, by the same computation as in the proof of Lemma 2.6.10

|T1(ϕλp)| =

∣∣∣∣∣
∫
M

∑
n

(Πpτp −ΠqΓq,pτp
)(
Kn,δ∧(δ0−β)
r,s

)
(ϕλq )(s)ds

∣∣∣∣∣ ≲ λ(δ+β)∧δ0
where the last inequality follows from Lemma 2.6.17 if δ < +∞ and even vanishes if δ = ∞. The

bound |T2(ϕλp)| ≲ λδ0 follows from the fact that the jet model is indeed a model, Proposition 2.3.21

and if α+ β < 0 vanishes.

Remark 2.14.6. Note that if a model is constructed using the Extension theorem above, the term

bounded in Lemma 2.6.10 actually vanishes.

2.14.1 Schauder estimates

We introduce for γ < δ0 − β the operator Nγ which maps f ∈ Dγ(T e) to the continuous section of T̄ f

(Nγf)(p) =
∑
n

Q<γ+βjpK
(
Rf −Πpτp

)
.

It follows from the Reconstruction Theorem 2.4.3 and the scaling properties of Kn in Assumption 2.6.1

that this sum converges absolutely by a similar argument as in the proof of Lemma 2.6.6.

Finally, we define Kγ the lift of K to Dγ(V )

Kγf(p) = Ipf(p) + Jpf(p) + (Nγf)(p) .
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Theorem 2.14.7. Let T = ({Et}t∈L, {T t}t∈L, L) be a regularity structure ensemble and Z = (Π,Γ)

a model such that Assumption 2.6.2 is satisfied. Let V ⊂ T e be a sector, K be β regularising kernel

satisfying Assumption 2.6.1 and I : V → T f an abstract integration map such that Z realises K. Then,

for any γ ∈ R such that γ + β /∈ N and 0 < γ < δ0 − β it holds that Kγ maps Dγ(V ) to Dγ+β(T f) and

the following identity holds

KRf = RKγf (2.118)

for all f ∈ Dγ(V ). Furthermore, the following bound holds

9Kγf ;Kγ f̄9γ+β;K ≲C 9f ; f̄ 9γ;K̄ +∥Z; Z̄∥K̄

uniformly over models Z, Z̄ and modelled distributions f ∈ Dγ
Z(V ), f̄ ∈ Dγ

Z̄
(V ) satisfying ∥Z∥K̄ ,

∥Z̄∥K̄ , ∥f∥Dγ(K̄) and ∥f̄∥Dγ(K̄) < C .

Proof. First we note that

∥Kγf∥γ+β,K ≲ ∥f∥γ,K , ∥Kγf − K̄γ f̄∥γ+β,K ≲ ∥f − f̄∥γ,K + ∥Π− Π̄∥δ,K ,

follows easily as in [Hai14]. Similarly, for ζ ∈ A \ N such that ζ < γ + β it follows by direct inspection

that

|Kγf(p)− Γp,qKγf(q)|ζ ≲ d(p, q)γ+β−ζ (2.119)

and

|Kγf(p)− Γp,qKγf(q)−
(
K̄γ f̄(p)−Γ̄p,qK̄γ f̄(q)

)
|ζ

≲ d(p, q)γ+β−ζ
(
∥f ; f̄∥γ,K̄ + ∥Z − Z̄∥γ+β,K̄

)
.

Next, we establish (2.119) for ζ ∈ N. Let k := ζ < γ + β. It follows from Lemma 2.6.10 that

(
Kγf(p)

)
k
−
(
Γp,qKγf(q)

)
k

=
(
Jpf(p) + (Nγf)(p)

)
k

−
(
JpΓp,qf(q) + Epf(q) + Γp,q(Nγf)(q)

)
k
+O(d(p, q)γ+β−k)

=
(
Jp(f(p)−Q<γΓp,qf(q))

)
k
+
(
Nγf)(p)

)
k
−
(
Γp,q(Nγf)(q)

)
k

−
(
Epf(q)

)
k
−
(
JpQ≥γΓp,qf(q))k +O(d(p, q)γ+β−k)

We decompose Jp =
∑∞

n=1 J
(n)
p , Ep =

∑∞
n=1E

(n)
p , Np =

∑∞
n=1N

(n)
p by replacing K by Kn. As in

previous proofs, we let nd(p,q) ∈ N be such that d(p, q) ∈ (2−nd(p,q)−1, 2−nd(p,q) ] and proceed by looking
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at the cases n ≥ nd(p,q) and n < nd(p,q) separately.

For n > nd(p,q) one proceeds as in [Hai14] to obtain

1.
∑

n>nd(p,q)

∣∣N n
γ f(p)

∣∣
k
≲ ds(p, q)γ+β−k

2.
∑

n>nd(p,q)

∣∣Jnp (f(p)−Q<γΓp,qf(q)
)∣∣
k
≲ ds(p, q)γ+β−k

3.
∑

n>nd(p,q)

∣∣Γp,q(Nγf)(q)
∣∣
k
≲ ds(p, q)γ+β−k .

The remaining terms to be checked are
(
Epf(q)

)
k
and

(
JpQ≥γΓp,qf(q)

)
k
. For the former we have by

Remark 2.2.14 and using the notation ∂ and ∇∂ as in the proof of Lemma 2.14.3

∑
n>nd(p,q)

|E(n)
p f(q)|k ≤

∑
n>nd(p,q)

sup
deg(∂)=k

|(Πpf(p)−ΠpQ<δ0−β,:Γp,qf(q))(∇∂,1Kn(p, ·))|

≲
∑

n>nd(p,q)

2−n(γ+β−k) ≲ ds(p, q)
γ+β−k .

and similarly

∑
n>nd(p,q)

|JnpQ≥γΓp,qf(q)|k ≤
∑

n>nd(p,q)

sup
deg(∂)=k

|ΠpQ≥γΓp,qf(q)(∇∂,1Kn(p, ·))|

≲
∑

n>nd(p,q)

2−n(γ+β−k) ≲ ds(p, q)
γ+β−k .

Now we turn to the case n ≥ nd(p,q). Similarly to the large scale bound in the proof of [Hai14,

Theorem 5.12], we define

T k
1 := −Qk

(
(N (n)

γ f)(p) + J (n)
p f(p)

)
T k
2 := Qk

(
J (n)
p Γp,qf(q) + E(n)

p f(q) + Γp,q(N (n)
γ f)(q)

)
and note that

−
(
T k
1 + T k

2

)
= Qk

(
J (n)
p (f(p)− Γp,qf(q)) +N (n)

γ f)(p)− Γp,q(N (n)
γ f)(q)− E(n)

p f(q)
)
.

Inspecting the definitions of the terms, we obtain the identities

T k
1 =QkjpKn

( ∑
ζ≤k−β

ΠpQζf(p)−Rf
)
,

T k
2 =QkjpKn

( ∑
k−β<ζ<δ0−β

(
ΠpQζΓp,qf(q)

)
+QkjpKn

(
Πqf(q)−ΠpQ<δ−βΓp,qf(q))

)
−QkjpR

(
Q<γ+βjqKn(Πqf(q)−Rf)

)
.
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We can rewrite

T k
2 = QkjpKn

(
ΠpQ<δ0−βΓp,qf(q)

)
−QkjpKn

( ∑
ζ≤k−β

ΠpQζΓp,qf(q)
)

+QkjpKn

(
Πqf(q)−ΠpQ<δ−βΓp,qf(q))

)
−QkjpR

(
Q<γ+βjqKn(Πqf(q)−Rf)

= QkjpKn

(
Πqf(q)

)
−QkjpKn

( ∑
ζ≤k−β

ΠpQζΓp,qf(q)
)

−QkjpR
(
Q<γ+βjqKn(Πqf(q)−Rf)

)
.

Thus

T k
1 + T k

2 = QkjpKn

(
Πqf(q)−Rf

)
−QkjpR

(
Q<γ+βjqKn(Πqf(q)−Rf)

+QkjpK
( ∑
ζ≤k−β

ΠpQζ(f(p)− Γp,qf(q))
)

and therefore

|T k
1 + T k

2 |k ≤ sup
deg(∂)=k

∣∣(Πqf(q)−Rf
)
(K∂,γ

n,p,q)
∣∣ (2.120)

+ sup
deg(∂)=k

∑
ζ≤k−β

|ΠpQζ(f(p)− Γp,qf(q))(∇∂Kn(p, ·))| .

We now bound these two summands separately.

Since d(p, q) < 2−n it follows as in Lemma 2.6.14 that for ρ > γ + β,

|(Πqf(q)−Rf
)
(K∂,γ

n,p,q)| ≲
∑
l̃∈δAγ

2(|l̃|s+deg(∂)−γ−β)nd(p, q)|l̃|s (2.121)

+
∑

m<γ+β

ds(p, q)
ρ−deg(∂)2−n(γ+β−m)

and summing over n < nd(p,q) we obtain for deg(∂) = k

∑
n<nd(p,q)

|(Πqf(q)−Rf
)
(K∂,γ

n,p,q)| ≲ d(p, q)γ+β−deg(∂) + d(p, q)ρ−deg(∂) ≲ d(p, q)γ+β−k .

For the second term in (2.120), note that ζ + β ≤ k actually means ζ + β < k since ζ + β /∈ N. This
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yields

∑
n<nd(p,q)

|ΠpQζ(f(p)− Γp,qf(q))(∇∂Kn(p, ·))| ≲
∑

n<nd(p,q)

d(p, q)(γ−ζ)∨02(k−β)n2−nζ

≲ d(p, q)γ−ζ2(k−β−ζ)nd(p,q)

≲ d(p, q)γ+β−k .

It remains to show the the identity (2.118). As in the last part of the proof of [Hai14, Theorem 5.12],

one sees mutatis mutandis that

(ΠpKf(p)−K(Rf))(ϕλp) =
∑
n

∫
(Πpf(p)−Rf)(Kγ

n,q,p)ϕ
λ
p(q) dVolq .

One bounds ∑
n≤nλ

∫
(Πpf(p)−Rf)(Kγ

n,q,p)ϕ
λ
p(q) dVolq ≲ λ

γ+β

by the same argument as in Lemma 2.6.15 . To obtain

∑
n>nλ

∫
(Πpf(p)−Rf)(Kγ

n,q,p)ϕ
λ
p(q) dVolq ≲ λ

γ+β

one decomposes

Kγ
n,p,q(z) := Kn(q, z)−

∑
k<γ+β

R(QkjpKn(·, z))(q)

and bounds each term separately.

Remark 2.14.8. The identity

|T k
1 + T k

2 |k ≤ sup
deg(∂)=k

∣∣∣(Πqf(q)−Rf
)
(K∂,γ

n,p,q)

+
∑

ζ≤k−β
ΠpQζ(f(p)− Γp,qf(q))(∇∂Kn(p, ·)

∣∣∣
is the only place where we crucially need the term Epτq and where replacing Epτq by Q<α+βEpτq would

be insufficient. If we were to replace Epτq by Q<α+βEpτq we would instead obtain

|T k
1 + T k

2 | ≤ sup
deg(∂)=k

∣∣∣(Πqf(q)−Rf
)
(K∂,γ

n,p,q)

+
∑

ζ≤|k|−β

ΠpQζ(f(p)− Γp,qf(q))(∇∂Kn(p, ·))

−
∑

ζ≤k−β
(Πq −ΠpΓp,q)Qζf(q)(∇∂Kn(p, ·))

∣∣∣
where the last term in general destroys the needed estimate (think of n = 1).
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Remark 2.14.9. The fact that we cannot truncate Epτq is also consistent with the following interpre-

tation: Let τp ∈ T e and assume that

q 7→ f(q) = Γq,pτp

is the modelled distribution in Dδ. (Note that this is not necessarily the case with our definitions.)

Then,

Kδf(p) = Ipf(p) + Jpf(p) + (Nδf)(p)

= Ipτp + Jpτp ,

while

Kδf(q) = Iqf(q) + Jqf(q) + (Nδf)(q)

= IqΓq,pτp + JqΓq,pτp + Eqτp .

2.15 Singular Modelled Distributions

In this section we shall be working with modelled distributions defined on R \ {0} × M̄ , which belong

locally to Dγ away from {t = 0} := {0} × M̄ and derive results analogous to those in [Hai14, Section

6]. We assume that M̄ is equipped with a scaling s̄ as in Section 2.1 and extend the scaling in the

canonical way to a scaling s = (s0, s̄) on R× M̄ , where s0 ∈ N. We write for zi = (ti, pi) ∈ R× M̄

ds(z1, z2) := |t1 − t2|
1
s0 + ds̄(p1, p2) .

Then, we introduce for z = (t, p) ∈ R× M̄ ,

|t|s0 := |t|
1
s0 , |z|s0 := |t|s0 ,

and for any compact set K ⊂ R×M

Kt :=
{
(z1, z2) ∈ (K \ {t = 0})2 |z1 ̸= z2 and ds(z1, z0) ≤ |z1|s0 ∧ |z1|s0

}
.

Definition 2.15.1. Fix a regularity structure ensemble T = ({Et}t∈L, {T t}t∈L, L) and a model

Z = (Π,Γ) on R×M . For 0 ≤ η < γ we define Dγ,η
t to consist of all sections f of T t,γ such that for

each compact set K ⊂ R×M the following semi-norm is finite

9f9γ,η;t(K) := ∥f∥γ,η;K + sup
(z1,z2)∈Kt,

sup
α<γ

|f(z1)− Γz1,z2f(z2)|α
d(z1, z2)γ−α(|z1|s0 ∧ |z2|s0)η−γ

,
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where

∥f∥γ,η;K := sup
(t,p)∈K\{t=0}

sup
α<γ

|f(t, p)|α
|t|(η−α)∧0s0

For f ∈ Dγ,η
t , we furthermore introduce the following quantity

8f8γ,η;K := sup
(t,p)∈K

sup
α<γ

|f(t, p)|α
|t|η−αt

.

Lastly, for a second model Z̃ = (Π̃, Γ̃) and f̃ ∈ Dγ

Z̃
we define the distance

9f ; f̃9γ,η;K :=∥f − f̃∥γ,η;K + sup
(z1,z2)∈Kt,

sup
α<γ

|f(z1)− Γz1,z2f(z2)− (f̃(z1)− Γ̃z1,z2 f̃(z2))|α
d(z1, z2)γ−α(|z1|s0 ∧ |z2|s0)η−γ

.

The next lemma differs from [Hai14, Lemma 6.5] due to the fact that the maps Γ are not lower

triangular and since for p ∈M , t, t′ ∈ R we do not identify T(t′,p) with T(t,p) (and therefore addition

between elements in these spaces is not well defined). This forces us to impose a stronger continuity

condition on f at {t = 0} .

Lemma 2.15.2. Let η < γ. Let I := [a, b] ⊂ [−1, 1] be an interval containing zero, and K ⊂ M̄

compact. Assume that f ∈ Dγ,η
t extends continuously to all of I ×K and and that there exists ϵ > 0

such that for all α < η one has |f(t, p)| ≲ |t|ϵ uniformly over I ×K . Then one has the bounds

8f8γ,η;I×K ≲ 9f9γ,η;I×K

and

8f − f̄8γ,η;I×K ≲ 9f ; f̄ 9γ,η;I×K +∥Γ− Γ̄∥I×K
(

9 f 9γ,η;I×K + 9 f 9γ,η;I×K
)
,

where the implicit constant only depends on ∥Γ∥I×K + ∥Γ̄∥I×K .

Proof. For the purpose of the proof, it is useful to define the quantity

9Γ9I×K := sup
α∈A

sup
t,t′∈I

sup
p∈K

sup
τ(t,p)∈T t

:,:

|Γ(t′,p),(t,p)τp,t|α
|t− t′|s0

and observe that there exists a constant C > 0 such that 9Γ9I×K ≤ C∥Γ∥I×K . It is also useful to

define N ∈ R be such that 9Γ9I×K < N ϵ ∧minα,β∈A,α ̸=β N
|α−β|.

Let β ∈ A be such that the bound |f(t, p)|ζ ≲ |t|η−ζs1 holds for all ζ > β. We argue that then the

same bound holds for ζ = β as well. We can assume that β < η since otherwise the inequality follows

from the definition of 9 · 9Dγ,η
t (I×K) .

For notational convenience we write for fixed p ∈M :

ΓN,βn := Γ(N−nt,p),(N−(n+1)t,p)Q≤β and f(s) := f(s, p) ,
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as well as

△fN,βn := f(N−nt)− ΓN,βn f(N−(n+1)t) .

Note that then it follows from the Hölder type assumption of f close to {t = 0} and the choice of N

that

QβΓ
N,β
0 ◦ ... ◦ ΓN,βn f(N−(n+1)) → 0

as n→ ∞. Indeed we have for t ≤ 1

|ΓN,β0 ◦ ... ◦ ΓN,βn f(tN−(n+1))| ≤ 9Γ 9n+1
I×K N−ϵ(n+1)

which is summable. Using this and the convention that for n = 0

ΓN,β0 ◦ ... ◦ ΓN,βn−1 := id ,

one finds

f(t) = f(t)−
∞∑
n=0

ΓN,β0 ◦ ... ◦ ΓN,βn

(
f(N−(n+1)t)− f(N−(n+1)t)

)
=

∞∑
n=0

ΓN,β0 ◦ ... ◦ ΓN,βn−1

(
f(N−nt)− ΓN,βn f(N−(n+1)t)

)
=

∞∑
n=0

ΓN,β0 ◦ ... ◦ ΓN,βn−1(△f
N,β
n ) .

Thus

|f(t, p)|β ≤
∞∑
n=0

∣∣ΓN,β0 ◦ ... ◦ ΓN,βn−1(△f
N,β
n )

∣∣
β

≤
∞∑
n=0

∑
α≤β

9Γ 9nI×K |△fN,βn |α

Next observe that

|△fN,βn |α ≤ |f(N−nt)− Γ(N−nt,p),(N−(n+1)t,p)f(N
−(n+1)t)|α

+ |Γ(N−nt,p),(N−(n+1)t,p)Q>βf(N
−(n+1)t)|α

≲ (N−n|t|s0)η−α +
∑
ζ>β

C(N−n|t|)(ζ−α)∨0|f(N−(n+1)t)|ζ

≲ (N−n|t|s0)η−α +
∑
ζ>β

(N−n|t|s0)ζ−α(N−n|t|s0)η−ζ

≲ (N−n|t|s0)η−α ,

181



where we used the fact that that α ≤ β < ζ and the assumption on β in the second last line. Therefore

|f(t, p)|β ≲ |t|η−β
∑
n

(∑
α≤β

9Γ 9nI×K N−n(η−α))
≲ |t|η−β

∑
n

9Γ 9nI×K N−n(η−β) .

Remark 2.15.3. It is not difficult to see, that argument of the proof generalises to setting of [Hai14,

Remark 6.1], i.e. where {t = 0} is replaced by a more complicated submanifold.

Exactly as in [Hai14], one obtains the following interpolation inequality.

Lemma 2.15.4. Let γ > 0 and κ ∈ (0, 1), as well as f, f̄ as in Lemma 2.15.2. Then for every compact

set K the following holds

9f, f̄9(1−κ)γ,η;I×K ≲ 8f − f̄ 8κγ,η;I×K
(

8 f 8Dγ,η
t (I×K) + 8 f̄ 8γ,η;I×K

)1−κ
where the implicit constant only depends on ∥Γ∥I×K + ∥Γ̄∥I×K .

Proposition 2.15.5 (Hai14, Prop. 6.9). Let f ∈ Dγ,η(V ) for some sector V ⊂ T t of regularity α ≤ 0,

some γ > 0 and η ≤ γ ≤ δ. Then, provided that α ∧ η > −s0, there exists a unique distribution

Rf ∈ Cα∧η(Et) which agrees with the reconstruction operator away from {t = 0}. Furthermore one has

the bound

∥Rf − R̄f̄∥Cα∧η(I×K) ≲ 9f, f̄ 9γ,η;I×K̄ +∥Z, Z̄∥γ,K̄ . (2.122)

Proof. The following results can also be obtained mutatis mutandis as in [Hai14] by going to appropriate

s-charts.

2.15.1 Products and nonlinearites

Then next lemma is the analogue of Lemma 2.5.5, the proof of which is a straightforward adaptation

of the proof of [Hai14, Prop. 6.12].

Lemma 2.15.6. Let V t1 ⊂ T t1 , V t2 ⊂ T t2 be two sectors of regularity α1 resp. α2 and let ⋆ : V t1×V t2 →

T t3 be an abstract tensor product. Let Z be a model and γ1, γ2 > 0 and η1 < γ1, η2 < γ2. Assuming

the product ⋆ is γ-precise for γ = (γ1 +α2)∧ (γ2 +α1) and setting η = (η1 +α2)∧ (η2 +α1)∧ (η1 + η2),

the map

Dγ1,η1
t (V t1)×Dγ2η2

t (V t2) → Dγ,η
t (T t3), (f1, f2) 7→ f1 ⋆γ f2

is well defined, continuous and the bound

9f1 ⋆γ f29γ,η;K ≲ 9f1 9γ1,η1;K 9f2 9γ2,η2;K (1 + ∥Γ∥K)
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holds. If furthermore Z̃ = (Π̃, Γ̃) is a second model and f̃1 ∈ Dγ1
Z̃
(V t1), f̃2 ∈ Dγ2

Z̃
(V t2) one has the

bound

9f1 ⋆γ f2; f̃1 ⋆γ f̃29γ,η;K ≲C 9f1; f̃1 9γ1,η1;K + 9 f2; f̃2 9γ2,η2;K +∥Γ− Γ̃∥K)

uniformly over fi, f̃i satisfying 9fi9γi,ηi;K , 9f̃i9γi,ηi;K < C and models satisfying

∥Γ∥K , ∥Γ̃∥K < C.

Since the lift of general non-linearities differs from the constructions in the flat setting, we provide

a proof of the next Proposition, even though it is very close to the proof of Proposition 2.5.23.

Theorem 2.15.7. Let T be a regularity structure ensemble, {V l}l∈L̄ as in Assumption 2.5.22, Z =

(Π,Γ) a model for T and G ∈ C∞(E ⋉ F ). For η ∈ [0, γ] one finds that for f ∈ Dγ,η(V̄ )

Gγ(f)(p) :=
∑
n

1

n!
tr
(
jEp (D

nG)(f̄p) ⋆γ f̃
⋆γn
p

)
∈ Dγ,η(U0) .

Furthermore, the map f 7→ Gγ(f) is locally Lipschitz continuous in the sense that for every C > 0,

9Gγ(f)−Gγ(g)9γ,η;K ≲ 9f − g9γ,η;K (2.123)

uniformly over f, g satisfying 9f9γ,η;K ,9g9γ,η;K ≤ C.

The next corollary follows as in Remark 2.5.24.

Corollary 2.15.8. In the setting of Theorem 2.15.7, if Z̃ = (Π̃, Γ̃) is a second model that agrees with

Z on jets and M is compact then one has the bound

9Gγ(f);Gγ(g̃)9γ,η;K ≲ 9f ; g̃ 9γ,η;K +∥Z; Z̃∥K , (2.124)

uniformly over f, g̃ satisfying 9f9γ,η;K ,9g̃9γ,η;K ≤ C and models satisfying ∥Z∥K , ∥Z̃∥K ≤ C, i.e.

the map

Dγ,η(V̄ )f → Dγ,η(U0), f 7→ Gγ(f)(p)

is strongly locally Lipschitz continuous.

Proof of Theorem 2.15.7. Let ζ be as in Assumption 2.5.22, we again only treat the more involved

case γ > ζ.

In order to bound ∥Gγ(f)∥γ,η;K note that

|Gγ(f)(p)|α ≤
[γ/ζ]∑
n

|jEp (DnG)(f̄p)|l|f̃
⋆γn
p |α−l .
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Since |jEp (DnG)(f̄p)|l ≲ |f̄p| ≲ |t|η∧0s0 and

|f̃⋆γnp |α−l ≲
∑

l1+...+ln=α−l
|f̃p|ln ≲ |t|(η−l1)∧0s0 ...|t|(η−ln)∧0s0 ,

it thus suffices to check that

(η ∧ 0) + ((η − l1) ∧ 0) + ...+ ((η − ln) ∧ 0) ≥ (η − α) ∧ 0 .

If all terms on the left vanish, we are done. If not, note that (η ∧ 0) = 0 and thus there must be a

summand contributing η − li, for the rest of the summands note that ((η − lj) ∧ 0) ≥ −lj . Thus, we

find that

(η ∧ 0) + ((η − l1) ∧ 0) + ...+ ((η − ln) ∧ 0) ≥ η − α+ l ≥ (η − α) ∧ 0 ,

and conclude that ∥Gγ(f)∥γ,η;K ≲ ∥f∥γ,η;K .

In order to bound 9Gγ(f)9γ,η;K we find as in the proof of Theorem 2.5.23 that for κ < γ

Qκ

Γq,pGγ(f)(p)−
[γ/ζ]∑
n=0

tr
1

n!
Γq,pjpD

nG(Rf̄p(·)) ⋆γ Γq,pf̃
⋆γn
p

 = 0

and ∣∣∣∣∣∣
[γ/ζ]∑
n=0

tr
1

n!
jqD

nG(Rf̄p(·)) ⋆γ Γq,pf̃
⋆γn
p −

[γ/ζ]∑
n=0

tr
1

n!
Γq,pjpD

nG(Rf̄p(·)) ⋆γ Γq,pf̃
⋆γn
p

∣∣∣∣∣∣
κ

≲
[γ/ζ]∑
n=0

∑
α+β=κ

∣∣Q<γ−β(jqDnG(Rf̄p(·))− Γq,pjpD
nG(Rf̄p(·)

)∣∣
α
|Γq,pf̃

⋆γn
p |β

≤
[γ/ζ]∑
n=0

∑
α+β=κ

ds(p, q)
γ−β−α|f̄q|0

∑
χ

|f̃⋆γnp |χ

≲
[γ/ζ]∑
n=0

ds(p, q)
γ−κ

∑
ζ

(|p|s0 ∧ |q|s0)η−χ∧0

≲ ds(p, q)
γ−κ(|p|s0 ∧ |q|s0)η−γ
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As previously we find

∣∣G(f)(q)− [γ/ζ]∑
n=0

tr
1

n!
jqD

nG(Rf̄p(·)) ⋆γ Γq,pf̃
⋆γn
p

∣∣
κ

≤
∣∣ [γ/ζ]∑
n=0

tr
1

n!
jqD

nG(Rf̄q(·)) ⋆ f̃
⋆γn
q

−
[γ/ζ]∑
n=0

[γ/ζ]−n∑
k=0

tr
1

n!

1

k!
Dn+kjqG(Rf̄p(·)) ⋆γ jq(Rf̄q(·)−Rf̄p(·))⊗k ⋆ f̃

⋆γn
q

∣∣
κ

+
∣∣ [γ/ζ]∑
n=0

[γ/ζ]−n∑
k=0

tr
1

n!

1

k!
Dn+kjqG(Rf̄p(·)) ⋆γ jq(Rf̄q(·)−Rf̄p(·))⊗k ⋆ f̃

⋆γn
q

−
[γ/ζ]∑
n=0

tr
1

n!
jqD

nG(Rf̄p(·)) ⋆γ Γq,pf̃
⋆γn
p

∣∣
κ

As previously, the former summand can be bounded by

[γ/ζ]∑
n=0

∑
α+β=κ

|f̄q − Γq,pf̄p|([γ/ζ]−n+1−α)
0 |f̃⋆γnq |β ,

where for each non-vanishing term

[γ/ζ]− n+ 1− α ≥ γ − κ

ζ
. (2.125)

We note that

|f̄q − Γq,pf̄p|0 ≲ ds(p, q)ζ(|p|s0 ∧ |q|s0)(η−ζ)∧0 (2.126)

We treat the two cases η ≥ ζ and η < ζ separately, starting with the former. Here we find using the

crude bound |f̃⋆γnq |β ≲ (|p|s0 ∧ |q|s0)(η−β)∧0 ≲ (|p|s0 ∧ |q|s0)η−γ that

[γ/ζ]∑
n=0

∑
α+β=κ

|f̄q − Γq,pf̄p|[γ/ζ]−n+1−α
0 |f̃⋆γnq |β

≲
[γ/ζ]∑
n=0

∑
α+β=κ

ds(p, q)
ζ([γ/ζ]−n+1−α)|f̃⋆γnq |β

≲
[γ/ζ]∑
n=0

∑
α+β=κ

ds(p, q)
γ−κ|f̃⋆γnq |β

≲ ds(p, q)
γ−κ(|p|s0 ∧ |q|s0)η−γ ,

where in the first inequality we used (2.126) with the fact that (η − ζ)∧ 0 and in the second in (2.125).
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We turn to the case η < ζ where using (2.126) we find

[γ/ζ]∑
n=0

∑
α+β=κ

|f̄q − Γq,pf̄p|[γ/ζ]−n+1−α
0 |f̃⋆γnq |β

≲
[γ/ζ]∑
n=0

∑
α+β=κ

ds(p, q)
ζ([γ/ζ]−n+1−α)(|p|s0 ∧ |q|s0)(η−ζ)([γ/ζ]−n+1−α)|f̃⋆γnq |β

=

[γ/ζ]∑
n=0

∑
α+β=κ

(
ds(p, q)

|p|s0 ∧ |q|s0

)ζ([γ/ζ]−n+1−α)
(|p|s0 ∧ |q|s0)η([γ/ζ]−n+1−α)|f̃⋆γnq |β

≤
[γ/ζ]∑
n=0

∑
α+β=κ

(
ds(p, q)

|p|s0 ∧ |q|s0

)γ−κ
(|p|s0 ∧ |q|s0)η([γ/ζ]−n+1−α)|f̃⋆γnq |β

≤
[γ/ζ]∑
n=0

∑
α+β=κ

ds(p, q)
γ−κ(|p|s0 ∧ |q|s0)−γ+κ|f̃

⋆γn
q |β ,

where in the second last inequality we used (2.125) together with the fact that 1 ≥ ds(p,q)
|p|s0∧|q|s0

and in

the last inequality we again used (2.125). Next, note that

|f̃⋆γnq |β ≲ (|p|s0 ∧ |q|s0)(η−β)∧0 ,

thus we conclude

[γ/ζ]∑
n=0

∑
α+β=κ

ds(p, q)
γ−κ(|p|s0 ∧ |q|s0)−γ+κ|f̃

⋆γn
q |β

≤
[γ/ζ]∑
n=0

∑
α+β=κ

ds(p, q)
γ−κ(|p|s0 ∧ |q|s0)−γ+κ(|p|s0 ∧ |q|s0)η−β

≲ ds(p, q)
γ−κ(|p|s0 ∧ |q|s0)η−γ .

Next we bound the second term Rκ,p,q for which we find exactly as in the proof of Theorem 2.5.23

Rκ,p,q =

∣∣∣∣∣∣
[γ/ζ]∑
n=0

tr
1

n!
jqD

nG(Rf̄p(·)) ⋆γ Dn,pq

∣∣∣∣∣∣
κ

≤
[γ/ζ]∑
n=0

∑
α+β=κ

|jqDnG(Rf̄p(·))|α|Dn,pq|β

≲
[γ/ζ]∑
n=0

∑
α+β=κ

|Dn,pq|β

where we recall that Dn,pq := Q<γΓq,pf̃
⋆γn
p − (fq − Γq,pf̄p)

⋆γn and note that

|Dn,pq|β ≲ ds(p, q)γ−β(|p|s0 ∧ |q|s0)η−γ .
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This concludes the estimate of the second term. Lastly, to see (2.123) one again writes h = f − g and

bounds

Gγ(f)−Gγ(g) =

∫ 1

0

∑
n

1

n!
tr
(
jEp (D

n+1G)(ḡp + th̄p) ⋆γ (g̃p + th̃p)
⋆γn ⋆γ h

)
dt .

2.15.2 Schauder estimate

The next proposition is the analogue of [Hai14, Prop. 6.16].

Proposition 2.15.9. In the setting of Theorem 2.14.7 let f ∈ Dγ,η(V ) for η < γ, where η ∧ α > −s0

and η + β /∈ N, then

Kγf ∈ Dγ+β,(η∧α)+β.

Furthermore, let I ⊂ [−1, 1] be an interval, then the following bound holds

9Kγf ; K̄γ f̄9γ+β,(η∧α)+β,I×K ≲ 9f ; f̄ 9γ,η,I×K +∥Z; Z̄∥(I+[−1,1])×K̄ ,

where the implicit constant depends on ∥Z∥(I+[−1,1])×K̄ , ∥Z̄∥(I+[−1,1])×K̄ , 9f9γ,η,I×K and 9f̄9γ,η,I×K .

Remark 2.15.10. As in [Hai14] we observe that the condition α ∧ η > −s0 is only required in order

to have a unique reconstruction operator. In situations where this fails but one needs to make a choice

of reconstruction operator R satisfying the bound (2.122).

Proof. The following follows directly as in [Hai14].

• The section N f is well defined for f ∈ Dγ,η(V ) (outside the set {0} ×M ) .

• The necessary estimates on |Kγf(p)|α , |Kγf(p) − K̄γ f̄(p)|α ,

|Kγf(p)− Γp,qKγf(q)|α, and |Kγf(p)− K̄γ f̄ − Γp,qKγf(q) + Γ̄p,qK̄γ f̄(q)|α for α ∈ A \ N .

• The necessary bound on |Kγf(p)|k and |Kγf(p)− K̄γ f̄(p)|k for k ∈ N .

The place where the proof in our setting varies from the one in [Hai14] is in estimating |Kγf(p) −

Γp,qKγf(q)|k and |Kγf(p) − K̄γ f̄(p) − Γp,qKγf(q) + Γ̄p,qK̄γ f̄(q)|k for k ∈ N. We only estimate the

former, one proceeds analogously for the latter.

To estimate |K(n)
γ f(p)− Γp,qK(n)

γ f(q)|k for p, q ∈ Kt we proceed differently in the three cases

1. 2−n ≤ ds(p, q),

2. 2−n ∈ [ds(p, q),
1
2 |p|s0 ∧ |q|s0 ],

3. 2−n ≥ 1
2 |p|s0 ∧ |q|s0 .
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In the case 2−n ≤ ds(p, q) one proceeds exactly as in the proof of Theorem 2.14.7 to obtain

∑
n:2−n≤ds(p,q)

|K(n)
γ f(p)− Γp,qK(n)

γ f(q)|k ≲ ds(p, q)γ+β−k(|p|s0 ∧ |q|s0)η−γ .

In the case 2−n ∈ [ds(p, q),
1
2 |p|s0 ∧ |q|s0 ], one proceeds as in the second step of the proof of

Theorem 2.14.7 and it suffices to bound

sup
deg(∂)=k

∣∣(Πqf(q)−Rf
)
(K∂,γ

n,p,q)
∣∣ (2.127)

and

sup
deg(∂)=k

∑
ζ≤k−β

|ΠpQζ(f(p)− Γp,qf(q))(∇∂Kn(p, ·))| , (2.128)

see Equation (2.120). To bound (2.127), we proceed as in (2.121) but using Lemma 2.4.5 to obtain

∑
d(p,q)≤2−n≤ |p|s0∧|q|s0

2

|(Πqf(q)−Rf
)
(K∂,γ

n,p,q)| ≲ (|p|s0 ∧ |q|s0)η−γ(d(p, q)γ+β−k + d(p, q)ρ−k)

for ρ > γ + β. For the second term (2.128) one obtains the desired bound directly. We turn to the last

case 2−n ≥ 1
2 |p|s0 ∧ |q|s0 . Here we proceed as in the previous step, except for the term (2.127), which

we estimate as ∣∣(Πqf(q)−Rf
)
(K∂,γ

n,p,q)
∣∣ ≤ ∣∣Πqf(q)(K∂,γ

n,p,q)
∣∣+ ∣∣Rf(K∂,γ

n,p,q)
∣∣ .

Lemma 2.6.14 implies that

∣∣Πqf(q)(K∂,γ
n,p,q)

∣∣ ≲ ∑
l̃∈δAγ

2(|l̃|s+deg(∂)−η∧α−β)nd(p, q)|l̃|s

+
∑

m<γ+β

ds(p, q)
ρ−deg(∂)2−n(η∧α+β−m) .

For l̃ ∈ δAγ and deg(∂) = k one finds

∑
n : 2−n≥ 1

2
|p|s0∧|q|s0

2(|l̃|s+k−η∧α−β)nds(p, q)
|l̃|s

≲ (|p|s0 ∧ |q|s0)−(|l̃|s+k−η∧α−β)d(p, q)|l̃|s

= (|p|s0 ∧ |q|s0)(η∧α)+β−k
( ds(p, q)

|p|s0 ∧ |q|s0

)|l̃|s
≲ (|p|s0 ∧ |q|s0)(η∧α)+β−k

( ds(p, q)

|p|s0 ∧ |q|s0

)γ+β−k
= (|p|s0 ∧ |q|s0)η∧α−γds(p, q)γ+β−k ,
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where in the last inequality we used that ds(p, q) ≤ |p|s0 ∧ |q|s0 and |l̃|s > γ + β − k. For m < γ + β

and ρ > γ + β one has

∑
n:2−n≥ 1

2
|p|s0∧|q|s0

ds(p, q)
ρ−k2−n(η∧α+β−m) ≲ ds(p, q)

γ+β−k(|p|s0 ∧ |q|s0)(η∧α−γ)

and thus for deg(∂) = k

∑
n:2−n≥ 1

2
|p|s0∧|q|s0

∣∣Πqf(q)(K∂,γ
n,p,q)

∣∣ ≲ (|p|s0 ∧ |q|s0)η∧α−γd(p, q)γ+β−k .

The same way one bounds
∣∣Rf(K∂,γ

n,p,q)
∣∣ and therefore concludes that

∑
n:2−n≥ 1

2
|p|s0∧|q|s0

∣∣(Πqf(q)−Rf
)
(K l,γ

n,p,q)
∣∣ ≲ (|p|s0 ∧ |q|s0)η∧α−γd(p, q)γ+β−k .

2.16 Solutions to Semi-linear Equations on Manifolds

In this section we provide the remaining ingredients in order to generalise the fixed point theorem in

[Hai14, Section 7.3] to the geometric setting of this chapter. From now on we work under the following

assumption.

Assumption 2.16.1. We assume that the manifold M̄ is compact.

Since the equations we shall consider will always be in integral form, we proceed by working with

kernels. A discussion about the existence of such kernels for heat type differential operators can be

found in Section 2.17.

Assumption 2.16.2. Let G ∈ C∞(F ⊗̂E∗ \ π−1△) be an integral kernel and β > 0. We assume there

exist K ∈ C∞(F ⊗̂ E∗ \ π−1△) and K−1 ∈ C∞(F ⊗̂ E∗) such that G = K +K−1 and the following

properties are satisfied.

• K satisfies Assumption 2.6.1 for β,

• both, K and K−1 are non-anticipative, i.e.

t < s⇒ K((t, p), (s, q)) = 0 and K−1((t, p), (s, q)) = 0 for all p, q ∈M .
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2.16.1 Short-time behaviour

We define MT = [−1, T ]×M and as in [Hai14, Section 7.1] the operator

R+ : Dγ,η
t → Dγ,η

t

given by multiplication with the indicator function of R+. The following is the analogue of [Hai14,

Theorem 7.1] in our setting.

Theorem 2.16.3. Let K be a Kernel satisfying Assumption 2.16.2 for some β > 0. Assume furthermore

that the regularity structure T comes with an integration map I of order β and precision δ0 acting on a

sector V of regularity α > −s0 and assume that the models Z = (Π,Γ) and Z̄ = (Π̄, Γ̄) realise K for I

on V . Let γ < δ0 − β

Then, for every T ∈ (0, 1] uniformly over models Z, Z̄ realising K for I on V and f ∈ Dγ,η(V ),

f̄ ∈ D̄γ,η(V ) satisfying 9f9γ,η;MT
,9f̄9γ,η;MT

≤ C :

9KγR
+f9γ+β,η̄;MT

≲C T
κ
s0 9 f9γ,η;MT

(2.129)

9KγR
+f ; K̄γR

+f̄9γ+β,η̄;MT
≲C T

κ
s0

(
9 f ; f̄ 9γ,η;MT

+∥Z, Z̄∥MT+1

)
, (2.130)

where η̄ = (η ∧ α) + β − κ and C > 0 depends on ∥Z∥MT+1
, ∥Z̄∥MT+1

≤ C in the first inequality and

additionally 9f9γ,η;MT
, 9f̄9γ,η;MT

≤ C in the second inequality.

Proof. For ζ ∈ A such that ζ ≥ (α ∧ η) + β the estimates on Qζ(KγR
+f) follow as in the proof of

[Hai14, Theorem 7.1] using Proposition 2.15.9, the local version of the Reconstruction theorem in

Proposition 2.4.5 and non-anticipativity of the kernel, together with the definition of the semi-norm

9 · 9Dγ,η
t

.

Thus, it remains to show the estimate for k ∈ N such that k < (α ∧ η) + β. Observes that

Qk(KγR
+f)(z) =

∑
n

QkjzKn(RR+f),

which follows by unravelling the definition of Jz(R
+f) and N (R+f)(z). Since the operator

K : Cα∧η → C(α∧η)+β, F 7→ KF =
∑
n

Kn(F )

is well defined and since KγR
+f(t, p) = 0 for t < 0 (as K is assumed non-anticipative), one observes

that KγR
+f satisfies the assumptions of Lemma 2.15.2 for ϵ ∈ (0, (α ∧ η) + β). Therefore

8KγR
+f8γ,(η∧α)+β;MT

≲ 9KγR
+f9γ,(η∧α)+β;MT

,
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which together with Proposition 2.15.9 implies (2.129) . One obtains (2.130) in a similar way.

In Assumption 2.16.2 we decomposed G = K + K−1, where K−1 is a smooth kernel. For any

α, γ > 0 and η > −s0, we extend K−1 to an operator on modelled distributions

K−1 : Dα,η 7→ Dγ(T̄ f) as f 7→ Q<γjK−1(Rf) .

The next lemma follows as [Hai14, Lemma 7.3].

Lemma 2.16.4. Let K−1 be as in Assumption 2.16.2, then in the setting of Theorem 2.16.3 the

following estimates hold

9K−1R
+f9Dγ+β,η̄

t (MT )
≲C T 9 f9Dγ,η

t (MT ) (2.131)

9K−1R
+f ;K−1R

+f̄9Dγ+β,η̄
t (MT )

≲C T
(

9 f ; f̄ 9Dγ,η
t (MT ) +∥Z, Z̄∥MT+1

)
. (2.132)

2.16.2 Initial condition

In order to treat initial condition, we denote by Ē the vector bundle over M̄ obtained by restriction

E|{0}×M̄ .

Lemma 2.16.5. For η > 0 such that β+η /∈ N and u0 ∈ Cη(Ē) and G ∈ C∞(F ⊗̂E∗ \π−1△) satisfying

Assumption 2.16.2 We set for t ̸= 0

G(u0)(t, p) =

∫
G((t, p), (0, q))u0(q) dVolq ,

where we used suggestive but informal notation if η ≤ 0. Then, for any γ > (η + β − s0) ∨ 0

Q<γj(·)G(u0) ∈ Dγ,(η+β−s0)∧0
t . (2.133)

Proof. Observe that by Assumption G = K +K−1, where K−1 is a smooth kernel and K =
∑

nKn

satisfies the properties in Assumption 2.6.1. Thus it is easy to see that G(u0) is smooth away from the

origin and quantitative bounds on K−1(u0) are obvious. Thus we focus on the term K(u0). For t > 0

let nt ∈ N be such that |t|s ∈ (2−nt−1, 2−nt), then due to the support constraints on Kn

K(u0) =

∞∑
n=0

v(Kn((t, p)(0, ·)) =
nt∑
n=0

v(Kn((t, p)(0, ·))

and thus since η + β /∈ N and s0 ∈ N

|K(u0)(t, p)| ≲
nt∑
n=0

2−nη+n(s0−β) =

nt∑
n=0

2n(s0−β−η) ≲ |t|(η+β−s0)∧0
s .
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The bound |j(t,p)K(u0)|m ≲ |t|(η+β−s0−m)∧0
s follows similarly. This establishes the bound ∥G(u0)∥γ,η+β−s0;MT

<

+∞.

The bound 9G(u0)9γ,η+β−s0;MT
< +∞ follows by going to an exponential s-chart and applying the

Taylor estimate [Hai14, Proposition A.1] or equivalently applying [DDD19, Corollary 69] (or strictly

speaking the slight extension thereof to the setting of non-trivial scalings.)

Remark 2.16.6. In applications kernels usually satisfy β = s0, see for example Section 2.17 as well

as [Hai14, Section 7.2].

2.16.3 Fixed point theorem

Finally, we have generalised all necessary results of [Hai14] in order to extend the general fixed point

theorem [Hai14, Theorem 7.8] to our geometric setting. The proof therein adapts mutatis mutandis.

Theorem 2.16.7. Let V, V̄ be two sectors of regularity ζ, ζ̄ and precision δ0 of a regularity structure

ensemble T = ({Et}t∈L, {T t}t∈L, L) and let F : V → V̄ be a local non-linearity such that for f ∈ Dγ,η(V )

one has F (f) ∈ Dγ̄,η̄(V̄ ). Assume further that we are given a β regularising abstract integration map

I : V → V̄ of precision δ0 > 0.

If η < (η̄ ∧ ζ̄) + β, γ < γ̄ + β, (η̄ ∧ ζ̄) > −β and δ0 > γ as well as F is strongly locally Lipschitz,

then for every v ∈ Dγ,η and every model Z = (Π,Γ) for T that realises K for I, there exists T > 0

such that the fixed point equation

U = (K +K−1)R
+F (U) + v,

admits a unique solutions U ∈ Dγ,η on MT . Furthermore the solution map (v, Z) 7→ U is locally jointly

Lipschitz continuous.

Remark 2.16.8. Note that the assumption η̄ ∧ ζ̄ > −β is imposed in order to apply Proposition 2.15.9.

This can sometimes be relaxed by splitting the solution into two parts U = Ũ + (K + K−1)ṽ, where

ṽ ∈ D∞ and studying the fixed point problem

Ũ = (K +K−1)R
+F (Ũ + (K +K−1)ṽ) + (v − (K +K−1)ṽ) .

This can be seen as applying a lifted version of the “Da Prato Debussche” trick, c.f. [Hai14, Rem. 7.9]

as well as [BCCH20, Section 5.5].
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2.17 Excursion on Differential Operators, Greens Functions

and Heat Kernels

Recall that in this chapter we are concerned with developing a solution theory for singular SPDEs,

typically36 of the form

∂tu+ Lu =

m∑
i=0

Gi(u,∇u, ...,∇nu)ξi , (2.134)

see (2.134). In this section, we present a (non-exhaustive) class of differential operators L ∈ Dif2k(E,E)

to which the theory applies. In particular we recall what it means for L to be uniformly elliptic.

2.17.1 Trivial scaling

First, let us assume that the scaling on M̄ is the trivial scaling s̄ = (1), c.f. Definition 2.1.2. We

denote by πT ∗M : T ∗M →M the canonical projection. The symbol of a k-th order differential operator

A : C∞(E) → C∞(F ) is a section σk(A) of the bundle π∗T ∗M (L(E,F )) determined as follows. For

vp ∈ T ∗
pM and ep ∈ E|p let g ∈ C∞(M) be such that f(p) = 0 and vp = dg(p) let e ∈ C∞(E) be a

section e(p) = ep, then,

σk(A)(vp)(ep) :=
1

k!
A(gke)(p) ∈ F |p .

We denote by Symk(E,F ) := {σk(A) : A ∈ Difk(E,F )} and one can observe that σk(A) is actually a

polynomial on T ∗M and can thus canonically be identified with a section of (T ∗M)⊗sk ⊗ L(E,F ).

Remark 2.17.1. The symbol of a differential operator captures the behaviour of the differential operator

at leading order. This can for example be seen by observing that the following sequence of vector spaces

is exact, c.f. [Pal65, Chapter 3, Section IV],

0 Difk−1(E,F ) Difk(E,F ) Symk(E,F ) 0 ,σ

where the second arrow denotes the inclusion map.

Let us recall some important classes of differential operators characterised by their symbol:

1. A differential operator A ∈ Difk(E,F ) is called elliptic if for every vp ∈ T ∗M \ {0} the map

σk(A)(vp) ∈ L(E|p, F |p) is invertible.

2. A differential operator L ∈ Dif2k(E,E) is called strongly elliptic if (−1)kσ2k(L)(vp) is positive

definite whenever |vp| ≠ 0.

36Parabolic systems, c.f. [Fri08], also fall within the scope of the theory developed here.
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3. L ∈ Dif2k(E,E) is called uniformly elliptic37 if there exists ϵ > 0, such that

(−1)kσ2k(L)(vp) ≥ ϵ|vp|2kidEp .

Remark 2.17.2. Note that, since the symbol is a polynomial map on T ∗M , the notion of strong

ellipticity only makes sense for differential operators of even order.

It is well understood that whenever L ∈ Dif2k(E,E) is uniformly elliptic and M̄ is compact, the

operator

∂t + L

admits a unique fundamental solution G satisfying Assumption 2.16.2 on M = R× M̄ equipped with

the scaling s = (2k, 1) and β = 2k. We refer e.g. to [Ejd94], [Fri08], [BG+13] and [Dav95] where this

is proved in Euclidean space (for more general operators), but the construction can be generalised

to compact manifolds along the lines of [Kot16], [Alb17], [BGV03]. In particular, since L does not

depend on t ∈ R the fundamental solution is of the form G((t, p), (s, q)) = Gt−s(p, q).

Recall that our vector bundles are always equipped with a connection. In this case a particularly

important uniformly elliptic operator is given by the connection Laplacian △E ∈ Dif2(E,E)

△E : C∞(E) → C∞(E), f 7→ − trg(∇(T ∗M⊗E)∇Ef) , (2.135)

where trg : C∞(T ∗M ⊗ T ∗M ⊗ E) → C∞(E) denotes the contraction with the metric on T ∗M . It is

straightforward to check that the symbol of this operator is given by

σ2(△E)(vp) = −|vp|2idEp . (2.136)

Remark 2.17.3. An important class of second order uniformly elliptic operators on E are given by

generalised Laplacians, i.e. operators whose symbol symbol is given by −|vp|2idEp . Thus, Equation 2.136

states that the operator △E is a generalised Laplacian. It turns out that for any generalised Laplacian

△ on E there exists a connection ∇E on E such that △−△E ∈ Dif0(E,E) ≃ L(E,E), c.f. [BGV03,

Prop. 2.5].

Remark 2.17.4. The framework developed in this chapter also allows to study equations, where the

differential operator is time dependent. This is for example of interest when the underlying manifold

evolves in time, c.f. [EHS12].

While understanding the qualitative behaviour of a heat kernels is sufficient to apply the theory

developed so far in this chapter, in order to construct the appropriate renormalisation procedure it is

37Note that if M is compact, every strongly elliptic operator is uniformly elliptic since then {v ∈ T ∗M : |v| = 1} is
compact.
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often necessary to have a detailed understanding of its behaviour near the diagonal. The next theorem,

[BGV03, Theorem 2.30], captures this for the Laplacian △E .

Theorem 2.17.5. Let M̄ be compact and the vector bundle Ē → M̄ equipped with a metric and

connection. Let E = π∗Ē be the pullback bundle under the submersion

π :M = R× M̄ → M̄, (t, p) 7→ p .

Let Gt be the heat kernel associated to the Laplacian △Ē, there exist smooth sections Φi ∈ C∞(Ē ⊗̂ Ē∗)

supported on {(p, q) ∈M ×M |d(p, q) < rp
2 } such that the heat kernel Gt(p, q) satisfies for t > 0

∥∥∂kt (Gt(p, q)− 1

(4πt)−d/2
e−d(p,q)/4t

N∑
i

tiΦi(p, q)
)∥∥
Cl(M̄×M̄)

≲ tN−d/2−l/2−k .

Furthermore, the leading term Φ0 is given by Φ0(p, q)eq = eq(p), where for eq ∈ Eq the section eq(·) is

given by parallel transport along the geodesic from q.

Remark 2.17.6. The sections Φi ∈ C∞(Ē ⊗̂ Ē∗) can be explicitly calculated, c.f. the proof of [BGV03,

Theorem 2.26]. In particular one finds that Φ1(p, p) =
1
3sM̄ (p)idE|p, where sM̄ (p) denotes the scalar

curvature of M̄ , see [BGV03, Example 2.27].

Remark 2.17.7. Results similar to Theorem 2.17.5 also hold for more general elliptic operators, c.f.

[Tin82] and [BGV03, Section 2.7].

Remark 2.17.8. Fractional Laplacians,38 say scalar valued, △s for s ∈ (0, 1), fall slightly outside of

the scope of Assumption 2.16.2 since the regularity condition in general fails on {t = 0}. We refer to

[BH21] on how to accommodate such kernels.

Remark 2.17.9. Note that if R×M is equipped with a scaling s and G satisfies Assumption 2.16.2

for β, then, for every k ∈ N G satisfies the same assumption for β′ := kβ if we equip R ×M with

the scaling s′ = ks for the new decomposition given by the kernels K ′
n =

∑k−1
i=0 Kkn+i. Indeed, it is

straightforward to check all assumptions.

2.17.2 Non-trivial scaling

Suppose M̄ =M1×...×Mn, Ei →M i are vector bundles and let E :=
⊗̂n

i=1E
i. For Li ∈ Dif2ki(E

i, Ei)

let L ∈ Dif(E,E) be the differential operator uniquely characterised by the fact that for all ui ∈ C∞(Ei)

L(u1 ⊗̂ ... ⊗̂ un) =

n∑
i=1

u1 ⊗̂ ... ⊗̂ Liui... ⊗̂ un . (2.137)

38Note that we work with the sign convention that makes the Laplacian a positive operator.

195



Note that it follows directly form Definition 2.2.8 and Proposition 2.2.13 that L is well defined. Now,

it is straightforward to check that if Git(·, ·) is a fundamental solution of ∂t + Li, then

Gt(p, q) =
⊗̂n

i=1
Git(pi, qi)

is a fundamental solution of ∂t + L.

Next, let k be the least common multiple of k1, ...kn and set s0 = 2k and si := k/ki. If we choose

the scaling s = (s0, s1, ..., sn) on M = R×M1 × ...×Mn, then one sees that the differential operator

L has scaled degree 2k. For what follows we work with the (equivalent) distance

ds(z, z̄) := sup
i∈{1,...,n}

di(xi, x̄i)
1
si ∨ |t− t̄|

1
s0 ,

on M = R×M1 × ...×Mn, where z = (t, x1, ..., xn) and z̄ = (t̄, x̄1, ..., x̄n).

Proposition 2.17.10. In the setting above, if each Gi satisfies Assumption 2.16.2 for β = 2ki on

R×M i equipped with the scaling (2ki, 1), then G satisfies Assumption 2.16.2 with β = 2k on R× M̄

equipped with the scaling s.

Proof. First, in view of Remark 2.17.9 we assume that each Gi satisfies the Assumption 2.16.2 on

R×M i for the scaling (2k, k/ki) and β = 2k. We show the claim for n = 2, the general case then follows

by repeated application of the same argument. Furthermore, since the non-anticipativity property

follows directly, it only remains to check Assumption 2.6.1. For K1 =
∑

k≥0K
1
k and K2 =

∑
k≥0K

2
k

as in Assumption 2.6.1, we write

Km = K1
mK

2
m +K>

m +K<
m , (2.138)

where K>
m(z, z̄) =

∑
n>mK

1
n(z, z̄)K

2
m(z, z̄) and K

<
m(z, z̄) =

∑
n>mK

1
m(z, z̄)K

2
n(z, z̄). We shall freely

use the notation z = (t, x1, x2) and z̄ = (t̄, x̄1, x̄2), where x1, x̄1 ∈ M1 and x2, x̄2 ∈ M2. Clearly the

first summand in (2.138) satisfies the desired bounds uniformly in m. We turn to K>
m(z, z̄) and observe

that for each n ≥ m the support of K1
nK

2
m is contained in

{
((t, x1, x2), (t̄, x̄1, x̄2)) ∈M ×M : max

i∈{1,2}
d(xi, x̄i)

1/si < 2−m , |t− t̄|1/s0 < 2−n
}
.

Note that furthermore, since Kn is non-anticipative for any L ≥ 0 we have |K2
m(z, z̄)| ≲L |t −

t̄|L2m(s0+s2−β2+Ls0) and thus

|K>
m(z, z̄)| ≲

∑
n>m

|K1
n(z, z̄)||t− t̄|L2m(s0+s2−β2+Ls0)

≲
∑
n>m

2n(s0+s1−β1)2−nLs02m(s0+s2−β2+Ls0)
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and therefore choosing Ls0 > s0 + s1 − β1 we find

|K>
m(z, z̄)| ≲ 2m(2s0+s1+s2−β1−β2) = 2m(|s|−β) ,

since s0 = β = β1 = β2 and |s| = s0 + s1 + s2. After taking derivatives in exponential charts, one

obtains along the same lines that

|jz,z̄K>
m|l ≲ 2m(|s|−β−l) ,

which is Item 3 of Assumption 2.6.1. By symmetry the same estimate holds for K<
m(z, z̄).

Lastly, Item 4 of Assumption 2.6.1 is checked easily and since we are working on compact manifolds,

it is easy to accommodate Item 2 of Assumption 2.6.1 by removing some additional smooth part of the

kernel K and adding it to K−1.

2.18 Symmetric Sets and Vector Bundles

The notion of symmetric set introduced in [CCHS22a] allows one to circumvent choosing a particular

basis when constructing a vector valued regularity structure. This was used in [CCHS22a] to be able

to work with Lie algebra-valued noises while still working with scalar valued models without fixing an

(arbitrary) basis of the Lie algebra, here this issue does not arise since we allow for vector bundle valued

models. Instead, on the one hand, will symmetric sets allow us to replace “polynomial decorations” by

jets which do not come with a canonical basis (c.f. Section 2.2) and, on the other hand, they allow to

encode symmetries of differential operators in terms of symmetries of certain trees. In this section we

recall the relevant notions from [CCHS22a].

For this section, we fix an underlying set of types S. For two finite typed sets T 1 and T 2 denote by

Iso(T 1, T 2) the set of all type preserving bijections T 1 → T 2 and by Vec(Iso(T 1, T 2)) the free vector

space generated by Iso(T 1, T 2). First, we recall that symmetric sets are connected groupoids in the

category of typed sets. Explicitly, they and the corresponding notion of morphism can be described as

follows.

Definition 2.18.1. [CCHS22a, Def 5.3] A symetric set s consists of an index set As and a triple

s=
(
{T as }a∈As , {tas}a∈As, {Γa,bs }a,b∈As

)
,

where (T as , t
a
s) are finite typed sets and Γa,bs ⊂ Iso(T bs , T

a
s ) a non-empty set satisfying for a, b, c ∈ As

γ ∈ Γa,bs ⇒ γ−1 ∈ Γb,as ,

γ ∈ Γa,bs , γ̄ ∈ Γb,cs ⇒ γ ◦ γ̄ ∈ Γa,cs .

Definition 2.18.2. [CCHS22a, Def 5.6 & Rem 5.11] A morphism Φ ∈ Hom(s, s̄) between two

197



symmetric sets s and s̄ is a two parameter family

As ×As̄ ∋ (a, ā) 7→ Φā,a ∈ Vec
(
Iso(T as , T

ā
s̄ )
)
,

which is invariant in the sense that, for any γa,b ∈ Γa,bs and γ̄ā,b̄ ∈ Γā,b̄s̄ , one has the identity

Φā,a ◦ γa,b = γ̄ā,b̄ ◦ Φb̄,b . (2.139)

Composition is given by

(Φ̄ ◦ Φ)¯̄a,a = Φ̄¯̄a,ā ◦ Φā,a ,

for any fixed choice of ā (no summation).

Note that the above definition of morphisms is equivalent to [CCHS22a, Def 5.6] by [CCHS22a,

Rem 5.11].

Definition 2.18.3. [CCHS22a, Def 5.22] Denote by SSet the category of symmetric sets and define

TStruc to be the category obtained by freely adjoining countable products to SSet. We write SSetS and

TStrucS when we want to emphasise the dependence of this category on the underlying label set S.

For a description of morphisms in TStrucS see [CCHS22a, Rem. 5.23].

Remark 2.18.4. Fix some symmetric sets {si}i∈I for some finite index set I, where

si =
(
{T ai }a∈Ai , {tai }a∈Ai , {Γa,bi }a,b∈Ai

)
. We then define the symmetric set s= ⊗i∈Isi where

• As =
∏
i∈I Ai

• for each a ∈ As, T
a
s =

⊔
i∈I T

a
i is given by the disjoint union,

• tas : T as → S is the unique map such that tas|Ta
i
= taii

• for each a, b ∈ As

Γa,bs =
∏
i∈I

Γai,bii ,

elements of which act on T as in the canonical way.

We call s= ⊗i∈Isi the tensor product of the symmetric sets {si}i∈I . This product turns SSet into a

monoidal category, c.f. [CCHS22a, Remark 5.12].

For a manifold M , let VecBM be the category of graded smooth vector bundles over M , namely

bundles of the type E =
⊕

n≥0En with each En a smooth finite-dimensional vector bundle. Morphisms

are given by degree-preserving smooth vector bundle morphisms preserving the base manifold M .

Terms like dual and tensor products are understood to mean graded dual and graded tensor product.

If E is a finite-dimensional smooth vector bundle without specifying any grading, then it is viewed
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as an object of VecBM by setting E0 = E and En = {0} for n ≥ 1. A vector bundle assignment

W = (W t)t∈S allows to define for a symmetric set s a vector bundle W s in exactly the same way as it

is done in [CCHS22a] for vector spaces:

1. For T a typed set, let

W⊗T :=
⊗
x∈T

W t(x)

and interpret any ψ ∈ Iso(T, T̄ ) as the vector bundle morphism W⊗T →W⊗T̄ characterised by

W⊗T
p ∋ wp = ⊗x∈Tw

x
p 7→ ψ · wp = ⊗y∈T̄w

ψ−1(y)
p . (2.140)

2. Define

W⊗s =
{
w ∈

∏
a∈As

W⊗Ta
s : w(a) = γa,b · w(b) ∀a, b ∈ As , ∀γa,b ∈ Γa,bs

}
. (2.141)

For a ∈ As, denote by πs,a the symmetrisation map W⊗Ta
s →W⊗s given by

(πs,aw)
(b) =

1

|Γb,as |

∑
γ∈Γb,a

s

γ · w , (2.142)

These maps (πs,a)a∈As have the property that

πs,a ◦ γa,b = πs,b , ∀a, b ∈ As , ∀γa,b ∈ Γa,bs . (2.143)

and they are left inverses to the natural inclusions

ιs,a : W
⊗s →W⊗Ta

s , (w(b))b∈As 7→ w(a) . (2.144)

We now fix two symmetric sets s and s̄. Given Φ ∈ Hom(s, s̄), it naturally defines a linear map

F a,āΦ : W⊗Ta
s →W⊗T ā

s̄ by39

F a,āΦ w = Φā,a · w , (2.145)

where Φā,a denotes the representative of Φ in Vec(Iso(T as , T
ā
s̄ )). One sees that for w = (w(a))a∈As ∈W⊗s,

39Here we use the following extension of (2.140): For i ∈ {1, ..., n}, let λi ∈ R and ψi ∈ Iso(T, T̄ ), then ψ̄ =
∑

i λiψi ∈
Vec(Iso(T, T̄ )) induces the map

W⊗T →W⊗T̄ , wp 7→ ψ̄ · wp =
∑
i

λi(ψi · wp) .
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Φ = (Φa)a∈As ∈ Hom(s, s̄), as well as γa,b ∈ Γa,bs and γ̄b̄,ā ∈ Γā,b̄s̄ , we have the identity

F b,b̄Φ w(b) = Φb̄,b · w(b) = γ̄b̄,āΦā,aγa,b · w(b) = γ̄b̄,āΦā,a · w(a) ,

and thus

FΦ :W⊗s →W⊗s̄, FΦw = πs̄,āF
a,ā
Φ ιs,aw , (2.146)

is well defined and independent of the choices of a and ā.

Remark 2.18.5. Note that in the setting of Remark 2.18.4 writing s= ⊗i∈Isi, there is a canonical

isomorphism ⊗
i∈I

FW (si) =
⊗
i∈I

W⊗si →W⊗s = FW (s) . (2.147)

Observe the different meanings of the ⊗ in s= ⊗i∈Isi and in (2.147).

In particular, as in [CCHS22a, Lemma 5.18] this defines a monoidal functor FW mapping s to

W⊗s and Φ to FΦ between the category TStruc of symmetric sets and the category VecBM .

2.18.1 Some canonical morphisms

In this section we introduce certain canonical morphisms of symmetric sets which will be useful in the

sequel. The following is a special case of [CCHS22a, Rem. 5.13].

Definition 2.18.6. Suppose for the same index set A we are given two symmetric sets s =
(
{T a}a∈A, {tas}a∈A, {Γ

a,b
s }a,b∈A

)
and s̄ =

(
{T a}a∈A, {tas̄}a∈A, {Γa,bs̄ }a,b∈A

)
, such that furthermore tas = tas̄ for all a ∈ A.

We define S ∈ Hom(s, s̄) as

Sā,a :=
1

|Γā,ās̄ ||Γā,as |

∑
γ̄ā,ā∈Γā,ā

s̄
,γā,a∈Γā,a

s

γ̄ā,ā ◦ γā,a =
1

|Γā,as̄ ||Γa,as |

∑
γ̄ā,a∈Γā,a

s̄
,γa,a∈Γa,a

s

γ̄ā,a ◦ γa,a .

Sometimes we shall write Ss,s̄ for emphasis.

In applications we shall refer to this morphism when speaking about a construction extending to

symmetric sets, see for example the discussion after (2.168). The proof of the next lemma is a simple

exercise.

Lemma 2.18.7. Let s̊, s̄, s1 and s2 be symmetric sets over the same index set as in Definition 2.18.6

and furthermore suppose Γ̊ ⊂ Γ(1) ⊂ Γ̄ and Γ̊ ⊂ Γ(2) ⊂ Γ̄. Then, the following diagrams commute

s1 s2

s̄ ,

Ss1,s2

Ss1 ,̄s
Ss2 ,̄s

s2 s̊

s1 .

Ss2 ,̊s

Ss2,s1
Ss̊,s1

Remark 2.18.8. The following special cases of Definition 2.18.6 are of particular interest.
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1. In the case Γa,bs ⊃ Γa,bs̄ , we write I := Ss,s̄ ∈ Hom(s, s̄) for this morphism and find the identity

Iā,a =
1

|Γā,as |

∑
γā,a∈Γā,a

s

γā,a .

2. If Γa,bs ⊂ Γa,bs̄ , let Π := Ss,s̄ ∈ Hom(s, s̄). Then one can write

Πā,a =
1

|Γā,as̄ |

∑
γ̄ā,a∈Γā,a

s̄

γ̄ā,a .

Remark 2.18.9. In the setting of Definition 2.18.6, if Γa,bs ⊃ Γa,bs̄ and using the notation Π ∈ Hom(s̄,s)

and I ∈ Hom(s, s̄) from the previous remark, one finds that

FWΠ ◦ FWI = FWS
s,s = idW⊗s ,

where the first equality follows from Lemma 2.18.7.

Remark 2.18.10. For a symmetric set s =
(
T, t, Γs

)
where A = As consists of one element, we

write s̊ for the symmetric set s̊ =
(
T, t, Γ̄

)
, where Γ̄ consists only of the identity map. Under the

canonical isomorphism V ⊗T ≃ V ⊗̊s one sees for Π ∈ Hom(̊s,s) and I ∈ Hom(s, s̊) as in Remark 2.18.8

that FWΠ agrees with the symmetrisation map in (2.142) and FWI agrees with the inclusion (2.153).

2.18.2 Direct sum decomposition

Next we recall the notion of type decomposition, see [CCHS22a, Def 5.25], with the only slight change

that we allow for countable decompositions of vector bundles.

Definition 2.18.11. Let P(A) denote the powerset of a set A. Given two distinct countable sets of

labels S and S̄ as well as a map p : S → P(S̄) \ {∅}, such that {p(t) : t ∈ S} is a partition of S̄, we

call S̄ a type decomposition of S under p.

If we are also given space assignments (Wt)t∈S and (W̄l)l∈S̄ with the property that

Wt =
⊕
l∈p(t)

W̄l for every t ∈ L , (2.148)

then we say that (W̄l)l∈S̄ is a decomposition of (Wt)t∈S. For l ∈ p(t), we write Pl : Wt → W̄l for the

projection induced by (2.148).

Now we recall how a type decompositions allow us to decompose symmetric sets and associated

vector bundles:

1. Fix S, S̄, p as well as (Wt)t∈S, (W̄l)l∈S̄ as in Definition 2.18.11 and, given a set B and functions
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t : B → S, l : B → S̄, use the shorthand notation l⇝ t to signify that l(p) ∈ p(t(p)) for every

p ∈ B.

2. For a symmetric set s with label set S and a ∈ As we write L̂as = {l : T as → S̄ : l⇝ tas} and we

consider on L̂s =
⋃
a∈As

L̂as the equivalence relation ∼ given by

L̂as ∋ l ∼ l̄ ∈ L̂bs ⇔ ∃γb,a ∈ Γb,as : l = l̄ ◦ γb,a . (2.149)

Note that each equivalence class contains finitely many elements, but there might be a countable

number of equivalence classes which we denote by

Ls = L̂s/∼ .

3. Given an equivalence class Y ∈ Ls and a ∈ As, we define Ya = Y ∩L̂as (which we note is non-empty

due to the connectedness of Γs). We then define a symmetric set sY by

AsY = {(a, l) : a ∈ As , l ∈ Ya} , T
(a,l)
sY = T as , t

(a,l)
sY = l ,

Γ
(a,l),(b,̄l)
sY = {γ ∈ Γa,bs : l̄ = l ◦ γ} .

(2.150)

4. With these notations at hand, we can define a functor p∗ from SSetS to TStrucS̄ as follows.

Given any s ∈ Ob(SSetS), we define

p∗s =
⊕
Y ∈Ls

sY ∈ Ob
(
TStrucS̄

)
. (2.151)

We refer the reader to [CCHS22a, Eq. 5.17] to see how p∗ acts on morphisms.

One of our main interests in the functor p∗ is that it performs the direct sum decompositions at

the level of partially symmetric tensor products of the spaces Vt, which is formulated in the following

proposition. Here, when working with infinite dimensional vector bundles, the grading is crucially

needed.

Proposition 2.18.12. [CCHS22a, Prop 5.29] One has FW̄ ◦p∗ = FW , modulo natural transformation.

Remark 2.18.13. Note that the whole discussion on symmetric sets adapts ad verbatim, when using

the tensor product ⊗̂ introduced in Section 2.1.1 instead of ⊗ on vector bundles, one only has to replace

the category VecBM of vector bundles over M by the “larger” category VecB of vector bundles over

arbitrary base manifolds.
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2.19 Trees for Regularity Structures

2.19.1 Indexing vector bundles

We shall construct a regularity structure ensemble associated to a subcritical rule. For this we start by

fixing an index set of types L.40 We shall assume that L is equipped with an involution without fixed

points

∗ : L → L, l 7→ l∗ ,

which we extend to act on NL in the canonical way by mapping σ ∈ NL to σ∗ ∈ NL characterized by

σ∗(l) = σ(l∗). We define the map

red∗ : NL → NL ,

where red∗(σ) is given by the minimal element of NL such that [σ] = [red∗(σ)] in
Z[L]

ker(id−∗) , or equivalently(
red∗(σ)

)
l
= σl − (σl ∧ σl∗).

From now on we assume that all vector bundle assignments {V l}l∈L satisfy

(V l)∗ = V l∗ , (2.152)

where (V l)∗ denotes the dual bundle of V l. We define for σ ∈ NL

V σ :=
⊗
l∈L

(V l)⊗sσl

and denote by

⊙s : V
σ × V σ̄ → V σ+σ̄

the symmetrized tensor product induced by the canonical symmetric tensor product W⊗sn ⊗W⊗sm →

W⊗sn+m for any vector bundle W and n,m ∈ N. Observe that ⊙ endows
⊕

σ∈NL V σ with the structure

of a commutative algebra bundle.41 Note that for any σ ∈ NL one then has a natural (and unique)

partial trace operator

Tr : V σ → V red∗σ

which by polarisation is characterised by its action on elementary tensors

⊗
l∈L

v⊗σll 7→
⊗
l∈L

(vl, vl∗)
σl∧σl∗

2 v
⊗red(σ)l
l ,

which is well defined since each factor (vl, vl∗)
σl∧σl∗

2 appears exactly twice in this tensor product.

40The set L plays a different role in this section than it did in the definition of a regularity structure ensemble, see
Definition 2.3.3.

41This space can canonically be equipped with the structure of a Hopf algebra bundle (in the same way as the tensor
algebra over a vector space), but we shall not use this fact.
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Remark 2.19.1. Recall the basic fact that for any σ, σ̄ ∈ NL the product ⊙ induces a canonical

pointwise product

⊙ : C∞(V σ)× C∞(V σ̄) → C∞(V σ+σ̄) .

Remark 2.19.2. The partial trace is not compatible with the algebra structure introduced above, in the

sense that in general Tr(v1 ⊙ Tr(v2 ⊙ v3)) ̸= Tr(Tr(v1 ⊙ v2)⊙ v3) for vi ∈ V σi.

Remark 2.19.3. Let us emphasise the advantage of allowing for possible redundancy in the vector

bundle assignment for models, i.e. e, f ∈ L such that V e = V f. It is such redundancies that allow one to

assume that all operations in the same index are symmetric, allowing us to work with combinatorial

rather than ordered trees42 and encode traces unambiguously. Let us illustrate this with two examples:

Let u, v be TM-valued solutions to a system of equations and let A be a section of (TM∗)⊗2, then

the trees appearing to describe A(u, v) can be taken to be combinatorial, as we are indexing the two

“components” of (TM∗)⊗2 = T ∗M ⊗ T ∗M differently and thus contractions are unique. Now suppose

B ∈ (TM∗)⊗3 and the right-hand side of the equation contains the term B(u, v, v). Then we can

assume that B is symmetric in the last two components without changing the equation and the same

logic holds. See also Section 2.23.2 where this is implemented for a concrete example.

2.19.2 Construction of underlying trees

We work with typed rooted trees (T, e), where T = (NT , ET ) is a rooted tree and e : ET → E is a type

map.43 We shall simply write T instead of (T, e). We assume that the set of types E can be disjointly

decomposed as

E = E+ ∪ E0 ∪ E− .

The set E+ will encode kernels, E0 will be used to encode jets and one can think of the edges as encoding

kernels given by Dirac distributions on vector bundles. The set E− will encode noises. We assume we

are given a map

ι : E+ ∪ E0 → E0 (2.153)

such that ι|E+ is an injection and ι|E0 = idE0 . We also fix indexing maps

• ind+ : E+ → L× L, ε 7→ (ε+, ε−)

• ind− : E− → L, ε 7→ ε−

• ind0 : E0 → NL, ε 7→ ε− ,

satisfying ind+(ε)− = ind0(ι(ε)) for any ε ∈ E+ . We shall omit the subscript and write ind for all

three maps, or even just ε−, resp. ε+ for ε ∈ E . We also assume we are given a map | · | : E → R with

42This in turn has the advantage that one can reuse notions and ideas from existing works such as [BHZ19] and
[BCCH20].

43Here we shall take set E as given. In Section 2.21 it is explained how it can be related to L when working with SPDEs.
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the property that ε ∈ Esign ε (with the convention that sign 0 = 0). We denote by Ū the set of all typed

rooted trees and to each T ∈ Ū we assign the homogeneity

|T | :=
∑
e∈ET

|e(e)| .

We also call E the set of edge types and introduce node types

N = P̂E =
⋃
k≥0

[E ]k

i.e. N consists of all finite (unordered) multi-sets 44 whose elements belong to E . We define for ν ∈ N

ind(ν) = red∗
(∑
ε∈ν

ε−
)
∈ NL .

For any set A we denote by P(A) its powerset.

Definition 2.19.4. A rule is a map R : E → P(N ) \ {∅} satisfying the following conditions

1. R(ε) = {()} for every ε ∈ E− ∪ E0

2. for each k ∈ E+ and ν ∈ R(k) one has

ind(ν) = k+ .

The rule is said to be normal if it additionally satisfies the following property

• if A ∈ R(ε) and A = B ⊔ C for some non-empty multi-subset B ⊏ A such that B ∈ P̂(E+), one

has B0 ⊔ C ∈ R(ε), where B0 is obtained by replacing each edge of type k̃ ∈ E+ by one of type

ι(k̃) ∈ E0.

Given any rule R̊, the normalisation R̄ of R̊ is the minimal normal rule containing R̊ in the sense that

R̊(ε) ⊂ R̄(ε)

for all ε ∈ E.

We call a rule R equation-like if for each e ∈ E the following holds: For every A ∈ R(e) there exists

Ã = B ⊔ C, where B ∈ P̂(E+) and C contains at most one edge of type E0, such that A = B0 ⊔ C.45
44There is a canonical identification P̂E ≃ NE under which [E ]k consists of those ν ∈ NE satisfying∑

ε∈E

ν(ε) = k .

45Where as previously B0 is as in Definition 2.19.4, i.e. obtained by replacing each edge of type ε ∈ E+ in B by one of
type ι(ε) ∈ E0.
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Remark 2.19.5. Let us make the following comments.

• The first condition in the definition of a rule is motivated by the fact that only the E+ type edges

encode operators, while E− and E0 encode functions / distributions.

• The second condition in the definition of a rule is a consistency condition needed to obtain

meaningful expressions later. It guarantees distributions take values in the correct vector bundles

and traces are well defined.

• Our notion of a rule being normal replaces the second condition of being normal in [BHZ19].46

In both cases this property is needed to close the algebraic structure with respect to the operations

needed for positive renormalisation. Our setting will have the property that the only products that

arise are the ones that are already present in the equation.

• Remark 2.19.7 below explains why the notion of equation-like rules is useful. If a rule R is

equation-like, its normalisation is equation-like as well.

Now define subcriticality similarly to [BHZ19, Definition 5.13].

Definition 2.19.6. A rule R is called subcritical if there exists a map reg : E → R satisfying reg|E0 = 0,

such that for each k ∈ E+

reg(k) < |k|+ inf
N∈R(k)

∑
ε∈ν

reg(ε) .

Remark 2.19.7. Subcriticality does not translate into the fact that for each r ∈ R the set T<r := {T ∈

T||T | < r} is finite, since it imposes no restriction on the possible number of E0 type edges attached to

each node. For equation-like rules however this holds by a straightforward adaptation of the proof of

[BHZ19, Proposition 5.15].

Remark 2.19.8. Recall that for any rooted tree T , the set NT ∪ ET has a natural partial order in

which the root is the unique minimal element. For an edge e ∈ ET we write e+, e− ∈ NT for the nodes

such that {e+, e−} = e and e− < e+ .

From now on fix a subcritical rule R. This defines T ⊂ U, the collection of trees which (in the

language of [BHZ19]) conform to R, that is T consists of all trees T , such that for each edge e ∈ ET

the set Ein
e = {ē ∈ ET | ē− = e+ for some e ∈ ET } satisfies

⊔
ē∈Ein

e

e(ei) ∈ R(e(e)) .

For a node type ν ∈ N , let Tν ⊂ T consist of all trees where the root has node type ν and for σ ∈ NL

set

Tσ =
⋃

ind(ν)=σ

Tν .

46Namely, for every ε ∈ E and multi-sets A,B such that A ⊂ B ∈ R(ε) it holds that A ∈ R(ε).
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Remark 2.19.9. The set T will play the role of the universe of trees, which we use for essentially all

our constructions, while Tσ will be used to construct objects related to distributions with values in V σ.

Remark 2.19.10. We make the observation that all trees in T can be constructed recursively. The

base case is given by trees consisting of only one edge which is necessarily of type in E0 ∪ E− by the

definition of T. From now on we denote the tree consisting of one edge by Ξε if ε ∈ E− and by δε if

ε ∈ E0. The rest of the trees are obtained by applying the following two operations repeatedly.

• The tree product: For T = (NT , ET ), T
′ = (NT ′ , ET ′) let

T · T ′ := (NT ∪NT ′
/
∼ , ET ∪ ET ′)

where ∼ identifies the root nodes of T and T ′. One easily checks that the tree product is associative

and commutative and we simply write T1 · ... · Tn for the tree product of n ∈ N trees.

• Attaching an edge of type k ∈ E to the root of a tree T = (NT , ET ): Let Ik = ({e+, e−}, {e}) by

the tree consisting of only one edge which is of type k, then

Ik(T ) := (NT ∪ e
/
∼ , ET ∪ {e})

where ∼ identifies the root of T with the node e+.

2.19.3 Negative subtrees

For T ∈ T and E ⊂ ET define TE to be the minimal subtree of T containing these edges. Let p be a

partition of E. We say p generates a forest in T , if the trees {TA : A ∈ p} are mutually vertex disjoint

and denote by FT,p the corresponding subforest of T . We write P (T,E) for all partitions of E which

generate a forest.

For a fixed tree T we define

• E−
T := {e ∈ ET |e(e) ∈ E−},

• T−
T := {TE ⊂ T | E ⊂ E−

T },

• T−
T,ρ = {TE ⊂ T | E ⊂ E−

T , ρT ∈ TE},

• F−
T := {FT,p ⊂ T | E ⊂ E−

T , p ∈ P (T,E)}.

as well as

T− :=
⋃
T∈T

T−
T

/
∼ (2.154)

where we write A1 ∼ A2 for subtrees A1 ⊂ T1 ∈ T and A2 ⊂ T2 ∈ T, if A1 and A2 are isomorphic as

trees. Denote by F− the free monoid generated by T− under the forest product.
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Remark 2.19.11. Note that the maximal edges of every tree in T− are necessarily of type in E− and

thus by definition of a normal rule, a tree T ∈ T− never contains an edge of type in E0.

Note that elements of T− in general do not conform to the rule used to define T. Indeed they

usually do not conform to any normal rule, since the second point of Definition 2.19.4 is not satisfied.

We quantify this by introducing for T = (NT , ET )

difT : NT → NL

as

difT (n) =


red∗

(∑
e∈ET : e={n,e−} e(e)+ −

∑
e∈ET : e={e+,n} e(e)−

)
if n is not a leaf,

0 else.

(2.155)

Remark 2.19.12. Observe that if n is the root of T , the first sum in (2.155) is empty. If n is neither

the root nor a leaf it contains exactly one summand. We also observe that the second case in (2.155)

will not play a major role.

Remark 2.19.13. Note that for any tree T ∈ T and any node n ∈ NT which is not the root, one has

difT (n) = 0.

2.19.4 Operators associated to trees

Let us recall the notion of a multi-linear differential operator. Let S be a finite set and let {W s}s∈S

and W be vector bundles over M . A map

A :
∏
s∈S

C∞(W s) → C∞(W )

is called multi-linear differential operator of degree k if it factors through the k-jet bundle via a

multi-linear bundle morphism, i.e. there exists TA ∈ L(⊗s∈SJ
kW s,W ), acting on

∏
s∈S J

kW s in the

canonical way, such that the following diagram commutes

∏
s∈S C∞(W s) C∞(W )

∏
s∈S C∞(JkW s) .

A

jk· ×...×jk·
TA

Let γ be a permutation of the set S such that W s =W γ(s) for each s ∈ S. The operator A is called

γ-invariant if for all fs ∈ C(W s) one has

A(
∏
s∈S

fs) = A(
∏
s∈S

fγ(s)) .
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This is of course equivalent to the tensor TA being γ-symmetric.

Later we shall renormalise equations by associating to each T ∈ T− such a differential operator,

but for now we introduce only the relevant spaces of operators. For σ ∈ NL, α ∈ R and a symmetric

set s= (S, i,Γ) where the type set is given by NL, i.e. i : S → NL, and the index set As consists only

of one element, c.f. Remark 2.19.15, we define

Difα
(
s, σ
)

(2.156)

as the set of all multilinear differential operators of degree max{n ∈ N ∪ {−∞} : n ≤ −α} mapping∏
s∈S C∞(V i(s)) to C∞(V σ) which are γ invariant for all γ ∈ Γ. We use the convention that f 7→ 0 is

the only differential operator of degree −∞.

Remark 2.19.14. For any operator A ∈ Difα
(
s, σ
)
mapping

∏
s∈S C∞(V i(s)) → C∞(V σ) and any

κ ∈ NL we define a new multi-linear differential operator

Aκ :
∏
s∈S

C∞(V i(s))× C∞(V κ) → C∞(V red∗(σ+κ))

given on fs ∈ C(V s), g ∈ C(V κ) by

Aκ(
∏
s∈S

fs, g) = Tr
(
A(
∏
s∈S

fs)⊙ g)
)
.

We shall from now on abuse notation and simply write A for the operator Aκ as well as

⟨(
∏
s∈S

fs)× g,A⟩ := Aκ(
∏
s∈S

fs, g).

Remark 2.19.15. The fact that in (2.156) we restricted ourselves to the case when the index set As

consists only of one element was purely for notational convenience and there is an obvious extension to

the case |As| > 0. Indeed, arguing as in [CCHS22a, Remark 5.30], one can usually work with concrete

trees instead of an equivalence class of trees. We shall do so in the next definition and often throughout

the text.

Definition 2.19.16. For a tree T , we set

DifT := Dif|T |
(
sT , ind(ρT )

)
(2.157)

where sT = (ST , iT ,ΓT ) is given by

• ST = NT \ ({ρT } ∪ LT ) ,

• iT = difT ,
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• ΓT consists of all tree symmetries restricted to ST .

Defining the type set S=
{
(|T |,sT , ind ρT ) : T ∈ T−

}
consisting of triples composed of the degree

of a tree T , the isomorphism class of the symmetric set sT and the index of the root ρT , we introduce

the vector space assignment

D=
{
Difα

(
s, t
)}

(α,s,t)∈S .

Definition 2.19.17. For a forest F ∈ F− define a new symmetric set with type set S

≺F≻ = (Con(F ), ⟨·⟩,PerF )

where

• Con(F ) denotes the connected components of F ,

• the type map is given by restricting the map

⟨·⟩ : T− → S, T 7→ (|T |,sT , ind ρT )

to Con(F ).

• PerF consists of the permutations of isomorphic elements of Con(F ).

We define

DifF := D⊗≺F≻ (2.158)

where ⊗ is the algebraic47 tensor product of vector spaces. For later use we also define the family of

vector spaces

Dif := {DifF }F∈F− .

Remark 2.19.18. Observe that for a tree T (which is a forest with only one connected component)

the canonical isomorphism

D⊗≺T≻ ≃ Dif|T |
(
sT , ind(ρT )

)
makes the notation DifT in (2.157) and (2.158) unambiguous.

Remark 2.19.19. These definitions imply the following.

• If a forest F has a connected component T such that |T | > 0 , then DifF ≃ {0} .

• If F = ∅, then DifF ≃ R (acting by scalar multiplication). This follows from the fact that DifF

is given by the image of the empty symmetric set under the functor FD.

47The choice of tensor product is arbitrary, since we shall only work with finite products and linear combinations.
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Remark 2.19.20. The forest product turns F− into a commutative unital monoid, with unit given by

the empty forest.

Using the notions of Remark 2.18.8 this product induces the canonical morphism

Π ∈ Hom(≺F1≻⊗≺F2≻,≺F1F2≻) ,

which in turn induces the symmetrisation

FDΠ : DifF1
⊗DifF2

→ DifF1F2
, (2.159)

where we implicitly used the isomorphism DifF1
⊗DifF2

≃ Dif≺F1≻⊗≺F2≻, see Remark 2.18.5. Similarly,

the canonical morphism I ∈ Hom(≺F1F2≻,≺F1≻⊗≺F2≻) induces the canonical injection

FDI : DifF1F2
→ DifF1

⊗DifF2
. (2.160)

It is straightforward to check that (2.159) is associative and (2.160) is coassociative, since the

underlying morphisms of symmetric sets are. Lastly, it follows from Remark 2.18.9 that the former is

a left inverse of the latter.

Remark 2.19.21. The following construction will be very useful in the sequel. Let τ ∈ T−, and

G = {Gn}n∈Nτ be a family of trees where each Gn ∈ T ∪ {•}, here • denotes the tree consisting of only

one node. We define a new tree τ̊(G) as

τ̊(G) = τ ∪
⋃
n∈Nτ

Gn

/
∼

where ∼ identifies the root of each Gn with the node n ∈ τ . Sometimes a similar construction, but

working with planted trees48 exclusively is useful. In this case we write G = {Gn,i}n∈Nτ×N, where for

each n ∈ Nτ , for finitely many i ∈ N the tree Gn,i is a planted tree and Gn,i = • for all other i ∈ N. In

this case set

τ̊(G) = τ ∪
⋃

n∈Nτ ,i∈N
Gn,i

/
∼,

where ∼ identifies the root of every Gn,i with the node n ∈ τ for each n ∈ Nτ .

2.19.5 Positive subtrees

For a tree T and any edge e ∈ ET , we denote by T≥e ⊂ T the subtree T≥e = (N≥e, E≥e), where
49

N≥e = {n ∈ NT | n > e} ∪ e and E≥e := {e′ ∈ ET | e′ ≥ e} . Similarly, for a set of edges E ⊂ ET with

the property that no two edges in E are comparable, let T≥E be the subforest of T with connected

48A planted tree is a rooted tree whose root has exactly one incident edge.
49Recall that we work with the canonial partial order on NT ∪ ET , which has the root as minimal element.
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components

Con(T≥E) = {T≥e : e ∈ E} .

Let T+
T := {T≥e : e ∈ ET : e(e) ∈ E+ ∪ E0} and write C+(T ) for the set of all subsets E ⊂ ET satisfying

the following properties:

• no two edges in E are comparable,

• e(e) ∈ E+ ∪ E0 for all e ∈ E,

• E contains all edges in ET of type E0

and define the set of subforests

F+
T := {F≥E ⊂ T | E ∈ C+(T )}

as well as

T+ :=
⋃
T∈T

T+
T

/
∼ ,

where ∼ is as in Equation(2.154). For ε ∈ E+ ∪ E0 we set Tε+ ⊂ T+ to consist of those trees, for which

the edge incident to the root is of type ε.

Remark 2.19.22. The set T+ will in general contain trees of negative degree, the plus sign is meant

to signify that these trees will encode positive renormalisation. The set C+(T ) ⊂ ET consists of the

subsets of edges of T that can be “cut”.

The following definition will be useful in the sequel.

Definition 2.19.23. For T ∈ T define

α(T ) := min{|T \ F | : F ∈ F+
T }

where T \F denotes the tree obtained as follows. For E ∈ C+(T ) such that F = T≥E define T \F to be

the tree obtained by replacing for each e ∈ E the subtree T≥e by a new edge of type ι(e(e)) ∈ E0, where

ι is injection from (2.153).

2.19.6 Second homogeneity of trees

We introduce a“homogeneity” of trees ∥T∥. Given δ0 > 0, we define a map ∥ · ∥ : T → R ∪ {+∞}

recursively as follows

1. If T consists of one edge of type E0, set ∥T∥ = δ0.

2. If T consists of one edge of type E−, set ∥T∥ = +∞.
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3. For IkT ∈ T, set ∥IkT∥ =


+∞ if ∥T∥ = ∞, |k|+ |T | < 0 ,

(|k|+ ∥T∥) ∧ δ0 else.

4. Lastly, with the convention ∥ • ∥ = α(•) = 0, define

∥T∥ = min
τ : τ̊(G)=T

(
|τ |+ ∥Gm,j∥+

∑
(n,i) ̸=(m,j)

α(Gm,j)
)

where the minimum is taken over τ ∈ T− ∪ {•} and G = {Gn,i}(n,i)∈Nτ×N as in the second half

of Remark 2.19.21 satisfying τ̊(G) = T , as well as over (m, j) ∈ Nτ × N.

Sometimes, to emphasise the dependence on δ0, we shall write ∥ · ∥δ0 instead of ∥ · ∥.

Lemma 2.19.24. The function ∥ · ∥δ0 : T → R ∪ {∞} is well defined and uniquely determined.

Furthermore, for any fixed T ∈ T

lim
δ0→∞

∥T∥δ0 = +∞ . (2.161)

Proof. The proof proceeds inductively on trees using the recursive construction from Remark 2.19.10.

• The first two points (1) and (2) determine the value for the induction hypothesis, namely the

base case when the tree consists of exactly one edge, and (2.161) is clearly satisfied.

• Note that if a tree is planted IkT , the third point determines the value of the function and it

satisfies (2.161) assuming ∥T∥δ0 is already determined and satisfies (2.161) . Note that in this

case (4) is an empty condition, since the only viable decomposition such that IkT = τ̊({Gn,i}) is

one where τ = •.

• Lastly, if the tree is not planted, (4) determines its value uniquely. While the minimum looks like

it is taken over an infinite set, for each tree T there exists an MT ∈ N (for example take M to be

the maximal degree of its nodes), such that it suffices to take the minimum over τ ∈ T−∪{•} and

G = {Gn,i}(n,i)∈Nτ×{1,...,MT }. Thus, (2.161) is satisfied since it holds for each term over which

the minimum is taken.

Remark 2.19.25. This second notion of homogeneity of trees will be used to construct the set △

appearing in the definition of a regularity structure and to determine the precision of elements in the

regularity structure. Condition 1 enforces that jets always have precision δ0. Sometimes it is convenient

and possible to relax this assumption, c.f. Remark 2.3.23.

2.19.7 Colored trees and forests

In this section we first introduce a general notion of (multi) colored trees.
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Definition 2.19.26. Let C denote any set, whose elements we call colors.50 Given a tree T , a coloring

is a map T̂ : NT ∪ ET → P̂(C) such that, for each c ∈ P̂(C) the set T̂c :=
⋃
s∈P̂(C): c⊏s T̂

−1(s) is a

subforest of T . A coloring of a forest is defined analogously.

A pair (T, T̂ ), where T is a (possibly typed) tree and T̂ is a coloring on it, is called a colored tree

and similarly for forests. We denote by Ĉ(T ) the set of all colorings of the tree T with color set C.

For c̊ ∈ C define depc(T, T̂ ) := min{n ∈ N |T̂[c]n+1 = ∅}.

Remark 2.19.27. Suppose T̄ is a family of C = {c1, ..., cn} colored trees with underlying set of trees T.

Then we set

T([c1]
m1 ,...,[cn]mn ) =

{
(T, T̂ ) ∈ T̄ : depci(T, T̂ ) ≤ mi for i = 1, ..., n

}
and use the convention, that if mi = 0 we leave out the term [ci]

0 in the exponent, and if mi = 1 we

write ci instead of [ci]
1 in the exponent. Using this notation, for example

T(ck) = T([c1]
0,...,[ck]

1,...,[cn]0) .

Remark 2.19.28. For a colored tree (T, T̂ ) and c ∈ P(C) we introduce the following notation for

readabilities sake

(Tc, T̂ ) := (T̂c, T̂ |T̂c) .

Furthermore, given some colored tree T = (T, T̂ ) and a subforest F ⊂ T such that T̂ |F ≤ c, we define a

new coloring

T̂ ⊔c F =


[c] on F,

T else.

In the particular case that T̂ |T\F is the empty coloring, we simply write ⊔cF instead of T̂ ⊔c F for this

new coloring.

Lastly, we extend everything in this section in the canonical way to forests.

2.19.8 Colored trees for regularity structures

In this section we apply the coloring constructions of the previous section with the set of colors {−,+}

to the trees and forests T−, T, T+ and F−, F+.

We denote by T̄, resp. T̄+ the set of colored trees (T, T̂ ) satisfying the following properties:

1. T ∈ T, resp. T ∈ T+

2. For every n ≥ 1, each connected component of T̂[−]n is an element of F−
T

3. For every n ≥ 1, each connected component of T̂[+]n is an element of F+
T

50Recall that P̂(C) denotes the set of multisets of C and that we use ⊏ for the inclusion of multi-sets.
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4. If T̂[+] ̸= ∅, it contains all edges of type E0.

5. For every n ∈ N, each connected component S of T̂[−] satisfies either S ⊂ T̂[+]n or S ∩ T̂[+]n = ∅.

We denote by T̄− the set colored trees (T, T̂ ) satisfying the following properties:

1. T ∈ T−,

2. T̂[+] = ∅,

3. For every n ∈ N, each connected component of T̂[−]n is an element of T− .

Remark 2.19.29. Here, we shall actually never use the full sets T̄ and T̄+ but only specific subsets

thereof. The reason we still introduce them, is that they can be used to write down explicit (non-recursive)

formulae for renormalised models similarly to [CH16].

2.20 Models and the Renormalisation Group

Finally, we turn to the task of constructing in the following order:

• structure spaces T σ for the regularity structure ensemble,

• a space of pre-models ΠΠΠ,

• a renormalisation group G− acting on pre-models,

• finally, a regularity structure ensemble and model Z = (Π,Γ) built from certain pre-models ΠΠΠ.

The sets of trees T, T+, T− and their colored variants will serve as building blocks.

Assumption 2.20.1. We are working with a finite edge set E. The rule R from which the trees are

constructed is subcritical, normal and equation-like. Furthermore, we fix a δ0 > 0.

Remark 2.20.2. Let us though mention the following features of this assumption:

• Sub-criticality is needed for the definition of the renormalisation group below.

• The rule being equation like has the advantage that one obtains finite families of vector bundles.

This is strictly speaking not necessary, but simplifies exposition.

• Normality and a choice of δ0 > 0 is only needed in order to define the maps Γp,q later. The role

of δ0 will be the same as in Section 2.19.6.
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2.20.1 Symmetric sets and Vector bundles from trees

Recall from Section 2.19.1 that we extend any vector bundle assignment (V t)t∈L to a vector bundle

assignment (V σ)σ∈NL . For now we work with the set of types S = NL as labels for symmetric sets.

Throughout this section we shall work with the induced vector bundle assignment (W σ)σ∈S given by

W σ = (JV σ)<δ0 . (2.162)

We assign to each T ∈ U (equivalence class of a (colored) labelled rooted tree) a symmetric set s= ⟨T ⟩,

where the index set As consists of the elements of the equivalence class T itself,51 For each t ∈ T , the

set

T ts := {e ∈ Et : e(e) ∈ E0}

is given by edges of type in E0, the maps Γs in the definition of symmetric sets consist of tree

isomorphisms restricted to the sets T ts and the type map is given by tts(e) := e(e)− .

Definition 2.20.3. For for a set of trees U ⊂ T̄ or U ⊂ T̄+ let

(U)<δ0 :=
{
T ∈ U : |T ′| < δ0 for every subtree T ′ ⊂ T

}
and set

UUU =
⊕

T∈(U)<δ0

⟨T ⟩ , U = FWUUU =
⊕

T∈(U)<δ0

FW ⟨T ⟩ .

For example for ν ∈ N , ε ∈ E+ ∪ E0 and U ∈ {Tν ,Tν,(−),Tε+}, we denote the thus constructed

spaces by T ν , T ν,(−), T ε
+. With these definitions note that for σ ∈ NL,

T σ =
⊕

ν : ind(ν)=σ

T ν , T σ,(−) =
⊕

ν : ind(ν)=σ

T ν,(−) .

In particular all these spaces are finite dimensional by Assumption 2.20.1.

Definition 2.20.4. Finally, set

T := {T σ}σ∈S , T (−) := {T σ,(−)}σ∈S , and T+ := {T ε
+}ε∈E+∪E0 .

Remark 2.20.5. If a trees T contains no edges of type E0, then FW ⟨T ⟩ is a trivial one dimensional

vector bundle and we often single out a non-vanishing section which we declare to be canonical. This

will be most frequently done for trees of the form T = Ξε for some ε ∈ E−. We shall use a subscript to

denote Ξεp ∈ FW ⟨Ξε⟩, this canonical section evaluated at p ∈M .

51As in [CCHS22a] the set of nodes can be fixed to be a subset of the natural numbers, to make this well defined.
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Remark 2.20.6. For ε ∈ E0 we write δε for the tree consisting of exactly one edge of type ε. We set

Jε = FW ⟨δε⟩ and note it is canonically isomorphic to (JV ε−)<δ0 . Furthermore, we write J := {Jε}ε∈E0 .

Definition 2.20.7. The tree product M as well as the operation Ik extend to morphisms of symmetric

sets and thus define corresponding bundle morphisms via the map FW . We keep the convention of

abbreviating FWM by “ · ”, as well as simply writing Ik for the bundle morphism

FWIk : FW ⟨T ⟩ → T k ,

whenever T ∈ T(−) is such that Ik(T ) ∈ (T(−))<δ0.

Note that we implicitly used the morphism from Definition 2.18.6 in the above definition.

2.20.2 Grading

In this section we introduce the appropriate bi-grading on the vector bundles T ν for ν ∈ N . First,

define the new set of types S̄ = S× N<δ and the type decomposition

S̄ = S× N<δ0 ∋ (σ, n)⇝ σ ∈ S (2.163)

as well as the space decomposition

(JV σ)<δ0 =

⌊δ0⌋⊕
n=0

(JV σ)n i.e. W̄ (σ,n) = (JV σ)n .

For τττ ∈ L⟨T ⟩, where L⟨T ⟩ was introduced above (2.150), and sτττ the corresponding symmetric set, let

|τττ | = |T |+
∑
e∈Ta

sτττ

n(e),

which is clearly independent of a ∈ Asτττ . Thus for U ⊂ T̄ one can set

AU,δ0 = {(|τττ |, ∥T∥δ0) : τττ ∈ Y⟨T ⟩, T ∈ U} .

Since

FW (⟨T ⟩) = FW̄ ◦ p∗⟨T ⟩ = FW̄
⊕

τττ∈Y⟨T ⟩

sτττ

we find that U =
⊕

(α,δ)∈AU,δ0
Uα,δ is a bi-graded vector bundle.

Finally, we set A to consist of all α ∈ R such that there exists a pair (α, δ) ∈ AT,δ0 and similarly △

to consist of δ ∈ R such that there exists (α, δ) ∈ AT,δ0 .

Remark 2.20.8. Note that for the induced decomposition Jε =
⊕

α,δ(J
ε)α,δ one has δ = δ0 for all
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summands. As already mentioned, sometimes one can “by hand” increase this value to +∞ for some

subspace, c.f. Remark 2.3.23.

2.20.3 Construction of the maps ΠΠΠ

We fix kernel assignments {Kk}k∈E+ , whereKk is a kernel from V k+ to V k− that satisfies Assumption 2.6.1

with β = |k| for each k ∈ E+ . Furthermore, fix an admissible realisation R of J , i.e. admissible

realisations of JV σ for each σ ∈ NL.

Definition 2.20.9. We call a map ΠΠΠ : T (−) → L(Dif, C∞(V )) admissible, if the following properties

are satisfied:

1. For each σ ∈ S the restriction of ΠΠΠ yields a linear map

T σ,(−) → L(Dif, C∞(V σ))

and for each τ ∈ FW (⟨(T, T̂ )⟩) ⊂ T (−) one has ΠΠΠτ ∈ L
(
DifT− , C∞(V ind(ρT ))

)
.

2. For each τ ∈ J , ΠΠΠτ = Rτ .

3. For each k ∈ E+, ΠΠΠIkτ = Kk(ΠΠΠτ).

Remark 2.20.10. Note that since T (−) is a finite family of vector bundles, we can write

ΠΠΠ ∈ L
(
T (−), L̄(Dif, C∞(V ))

)
where T (−) = {FW ⟨T ⟩}T∈T(−) and L̄(Dif, C∞(V )) =

{L(DifT− , C∞(V ind(ρT ))}T∈T(−).

Remark 2.20.11. Due to the canonical isomorphisms L(R, C∞(V σ)) ≃ C∞(V σ) and Dif∅ ≃ R

combined with the fact that T̂− = ∅ for each T ∈ T, we can naturally see ΠΠΠ|T as an element of

L(T , C∞(V )), i.e. for each σ ∈ S

ΠΠΠ|T σ : T σ → C∞(V σ) .

It turns out that ΠΠΠ|T encodes all the information required to define a model. The reason we defined

ΠΠΠ on T (−) and not just on T is to be able to define the action of the renormalisation group. This is

related to what is done in [BHZ19] by taking the completion of the rule.

Remark 2.20.12. We describe a construction of colored trees, building on the one in Remark 2.19.21

for uncolored trees. Denote by T̊(−) ⊂ T(−) trees with uncolored roots.

1. Let τ ∈ T−, and G = {Gn}n∈Nτ be a family of trees where each Gn ∈ T̊(−) ∪ {•}, here • denotes

the tree consisting of only one (uncolored) node. We define a new colored tree τ(G) = (̊τ(G), τ̂(G))

as follows:
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• The tree τ̊(G) is as in Remark 2.19.21, i.e.

τ̊(G) = τ ∪
⋃
n∈Nτ

Gn

/
∼

where ∼ identifies the root of each Gn with the node n ∈ Nτ .

• The coloring is given by

τ̂(G) =

 (−), on τ ⊂ τ̊(G)

Ĝn, on Gn \ ρGn ⊂ τ̊(Gn)

 .

2. We define for each τ ∈ T− a partial map

τ : (T̊(−) ∪ {•})Nτ ↛ T(−)

where G = {Gn}n∈Nτ is in the domain Uτ of this map if τ(G) ∈ (T(−))<δ0 . Note that this partial

map extends canonically to symmetric sets by first considering the tensor product symmetric set

sG = ⊗n∈Nτ ⟨Gn⟩ as in Remark 2.18.4 and considering the canonical extension of the the map τ

to sG as in Remark 2.18.8.

3. We define a map

τ ∈ L
({ ⊗

n∈Nτ

FW ⟨Gn⟩
}
G∈Uτ

, T (−)
)
, (2.164)

which by abuse of notation is denoted by the same symbol. It acts on the space
⊗

n∈Nτ
FW ⟨Gn⟩

as the following composition

⊗
n∈Nτ

FW ⟨Gn⟩ FWsG T ind(n(ρτ )),(−) ,
FW τ

where the first arrow denotes the canonical isomorphism, c.f. Remark 2.18.5.

Given a tree with colored root we can decompose it.

1. Let T ∈ T(−) \ T̊(−), observe that the connected component of the root in T− is the unique τ ∈ T−

such that for some G = {Gn}n∈Nτ ∈ T̊(−) ∪ {•} one has

T = τ(G) .

We write T \ τ for the sub forest
⋃
nGn ⊂ T and also use the notation (T \ τ)≥n := Gn. Here τ

is the connected component of the root in T−.

2. Note that for any η ∈ FW ⟨T ⟩ , where T ∈ T(−) \ T̊(−) there exist τ ∈ T− and G = {Gn}n ∈ Uτ ,

219



as well as ηn ∈ FW ⟨Gn⟩ such that

η = τ(H) ,

where we write H = {ηn}n∈Nτ . (Note that this decomposition is far from unique.)

Definition 2.20.13. We call ΠΠΠ an admissible lift of {ξε}ε∈E−, where each ξε ∈ C∞(V ε−), if the map

ΠΠΠ is admissible and furthermore satisfies for all ε ∈ E−,

ΠΠΠ(Ξε) = ξε .

We call the map ΠΠΠ the canonical lift of {ξε}ε∈E−, if additionally the following conditions are satisfied.

• For η1, ..., ηn ∈ T̊ (−) such that ηi ∈ FW (T i) for planted T i ∈ T̊(−) and writing T = T 1 · ... · Tn ∈

T(−), one has

ΠΠΠ
( n∏
i=1

ηi
)
= Tr

( n⊙
i=1

ΠΠΠ(ηi)
)
, (2.165)

where the former product
∏

was introduced in Definition 2.20.7 and the latter is the product

canonically induced by
⊙

from Remark 2.19.1

n⊗
i=1

L
(
DifT i

−
, C∞(V ind(ρTi ))

)
→ L

(
DifT− , C∞(V

∑
i ind(ρTi ))

)
,

which is well defined using the canonical identification T− ≃
⋃
i(T

i)−.

• For every η ∈ T (−) of the form η = τ0(H) as in Point 2 of Remark 2.20.12 and A ∈ DifT− of the

form A = ⊗τ∈Con(T−)Aτ , c.f. Remark 2.19.20, one has

ΠΠΠη(A) = Aτ0

( ∏
n∈Nτ0

ΠΠΠηn
(
⊗τj∈Con(Tn)− Aτj

)
(·n)
)
, (2.166)

where we canonically set ΠΠΠ• = 1 and use ·n to emphasise the variable corresponding to n ∈ Nτ0

and where Aτ0 ∈ DifT acts on

∏
Nτ0\(ρτ0∪Lτ0 )

C∞(V difτ0 (n))× C∞ (V σ)

for σ = ind(ρGρτ0
) as described in Remark 2.19.14.

Remark 2.20.14. Note that the restriction of the canonical lift ΠΠΠ of smooth noises to an element

of L(T , C∞(V )) is not quite multiplicative with respect to the products on the domain and target, c.f.

Definition 2.20.7 and Remark 2.19.1 due to the operator Tr in (2.165), c.f. Remark 2.19.2.

The following definition, while not crucial for the arguments, will significantly simplify notation

and is closely related to preparation maps and recursive renormalisation as introduced in [Bru18] and
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used in the recent work [BB21] for related purposes.

Definition 2.20.15. For any admissible map ΠΠΠ : T (−) → L(Dif, C∞(V )), we define an induced map

Π̊ΠΠ : T → C∞(V ) as the unique map satisfying the following properties:

• for each planted T ∈ T, one has

Π̊ΠΠ|FW ⟨T ⟩ = ΠΠΠ|FW ⟨T ⟩

• For η1, , ..., ηn ∈ T̊ such that ηi ∈ FV (T
i) where each T i is planted, one has

Π̊ΠΠ
( n∏
i=1

ηi
)
= Tr

( n⊙
i=1

Π̊ΠΠ(ηi)
)
.

2.20.4 A renormalisation Group

In this section we shall construct a renormalisation group. We define G− to consist of all maps

g : F
(−)
− → L(Dif,Dif) satisfying the following properties:

• for each (F, F̂ ) ∈ F
(−)
− , g(F, F̂ ) ∈ L(DifF− ,DifF ),

• g(∅) = 1,

• if (T, T̂ ) ∈ T
(−)
− is such that T̂− = T , then g(T ) = id

• g is multiplicative with respect to the forest product on F
(−)
− in the sense that the following

diagram commutes for any (F 1, F̂ 1), (F 2, F̂ 2) ∈ F
(−)
− and (F, F̂ ) = (F 1, F̂ 1) · (F 2, F̂ 2)

DifF̂ 1
−
⊗DifF̂ 2

−
DifF̂ 1 ⊗DifF̂ 2

DifF̂−
DifF ,

g(F 1,F̂ 1)⊗g(F 2,F̂ 2)

g(F,F̂ )

(2.167)

where the upwards pointing arrow is the canonical injection FDI and the downwards pointing

arrows is the canonical symmetrisation map FDΠ from Remark 2.19.20.

Remark 2.20.16. For (F, F̂ ) ∈ F(−) write Vec(F, F̂ ) for the one dimensional vector space generated by

(F, F̂ ) and let F (−) = {Vec(F, F̂ )}(F,F̂ )∈F(−) as well as

L̄(Dif,Dif) = {L(DifF− ,DifF )}(F,F̂ )∈F(−). Then, we can interpret G− ⊂ L
(
F (−), L̄(Dif,Dif)

)
.

Next we define the group structure on G−.

Definition 2.20.17. For f, g ∈ G− and (T, T̂ ) ∈ T
(−)
− , set

(f ⋆ g)(T, T̂ ) =
∑

F∈F−
T ,T̂−⊂F

f(T,⊔−F ) ◦ g(F, T̂ ),

where ⊔−F was introduced in Remark 2.19.28.
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Proposition 2.20.18. Let f, g, h ∈ G−, then f ⋆ (g ⋆ h) = (f ⋆ g) ⋆ h,

Proof. Indeed, we find for f, g, h ∈ G− and (T, T̂ ) ∈ T
(−)
−

(
f ⋆ (g ⋆ h)

)
(T, T̂ ) =

∑
F̃∈F−

T ,T̂−⊂F̃

f(T,⊔−F̃ ) ◦ (g ⋆ h)(F̃ , T̂ )

=
∑

F, F̃∈F−
T :T̂−⊂F⊂F̃

f(T,⊔−F̃ ) ◦ g(F̃ ,⊔−F ) ◦ h(F, T̂ )

=
∑

F∈F−
T :T̂⊂F

(f ⋆ g)(T,⊔−F ) ◦ h(F, T̂ )

=
(
(f ⋆ g) ⋆ h

)
(T, T̂ )

Proposition 2.20.19. Let e ∈ G− be the unique element satisfying e(∅) = 1 and

e(T, T̂ ) =


idDifT if T− = T ,

0 else.

Then (G−, ⋆, e) forms a group with e as the unit.

Before proceeding with the proof, we introduce for a colored tree (T, T̂ ) ∈ T
(−)
− and subforests

F1, F2 ⊂ T such that T̂− ⊂ F1 and T̂− ⊂ F2 the notation

F1 ≪(T,T̂ ) F2

to mean

• F1 ⊂ F2 and F1 ̸= F2

• for each connected component of A of F1 there exists a connected component B of F2 such that

A ⊂ B and A = B only if B is a connected component of T̂−.

We also introduce the notion of potential layers m of a tree (T, T̂ ) ∈ T
(−)
− . If T̂[−] = T we set

m = 0. Else m is the maximal number, such that there exists a multilayer coloring T̃ of T with color

set C = {−}, such that (T, T̃ ) ∈ T̄− satisfies the following properties:

• T̂− = T̃[−]m (which could be the empty forest),

• for each n ∈ N, T̃[−]n ∈ F−
T ,

• for each 0 < n < m it holds that T̃[−]n ̸= ∅,

• for each 0 < n ≤ m it holds that T̃[−]n ≪(T,T̂ ) T̃[−]n−1 .
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Remark 2.20.20. While we will not need this here, the notion of potential depth naturally extends to

forests. Then it is natural to set the potential depth of the empty forest to be 0 and the potential depth

of a non-empty forest to be the maximal potential depth of its connected components.

Remark 2.20.21. Let (T, T̂ ) ∈ T
(−)
− be a colored tree s.t. T̂[−] ̸= ∅ and which has potential depth k.

Then (T, 0) has potential depth > k.

Remark 2.20.22. Note that for any colored (T, T̂ ) ∈ T
(−)
− tree such that T̂− ̸= T , we have the following

disjoint union

{F ∈ F−
T : T̂− ⊂ F} = {T̂−} ∪ {T} ∪ {F ∈ F−

T : T̂− ≪(T,T̂ ) F ≪(T,T̂ ) T}

where the last term is empty if and only if (T, T̂ ) has potential depth 1.

Remark 2.20.23. Let (T, T̂ ) have potential depth n > 1 and F ∈ F−
T be such that T̂− ≪(T,T̂ ) F ≪ T

(which implies that F ̸= T̂− and F ̸= T ), then the tree (T,⊔−F ) has potential less than n.

Proof of Proposition 2.20.19. It is clear that the map e is a unit, as one checks directly. Associativity

of ⋆ was observed in the previous proposition. Now we define for any g ∈ G− a new element Ag ∈ G−.

• Define Ag for the empty forest, as well as trees of potential depth 0 as imposed in the definition

of G−.

• If (T, T̂ ) has potential depth n ≥ 1, define recursively

Ag(T, T̂ ) = −g(T, T̂ )−
∑

F∈F−
T ,T−≪(T,T̂ )F≪(T,T̂ )T

Ag(T,⊔−F ) ◦ g(F, T̂ )

which is well defined since

1. if n = 1 the sum is empty by Remark 2.20.22,

2. if n > 1 by Remark 2.20.23 each colored tree (T,⊔−F ) in the sum above has potential less

than n.

• Extend this definition multiplicatively in the sense of (2.167), which fully defines Ag ∈ G−.

Next we check that Ag defined as above is indeed an inverse, clearly we have (Ag ⋆g)(T, [−]) = e(T, [−])

and for other trees

Ag ⋆ g(T, T̂ ) =
∑

F∈F−
T ,T̂−⊂F

Ag(T,⊔−F ) ◦ g(F, T̂ )

= Ag(T, T̂ ) + g(T, T̂ ) +
∑

F∈F−
(T,T̂ )

,T̂−≪(T,T̂ )F≪T

Ag(T,⊔−F ) ◦ g(F, T̂ )

= 0
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as required. Finally Ag is a right inverse by standard arguments about groups.

From now on for g ∈ G− and (F, 0) ∈ F
(−)
− we shall abbreviate g(F, 0) by g(F ).

Remark 2.20.24. In this remark we exhibit a subgroup G̊− of G−, which is closer to the renormalisation

group of [BHZ19], but still allows for “renormalisation functions”. We define G̊− to consist of all

elements g ∈ G−, such that g(T, T̂ ) = 0 if |T̂−| < |T | . If we define |(T, T̂ )|− = |T | − |T̂−|, we see that

this is equivalent to g(T, T̂ ) = 0 whenever |(T, T̂ )|− > 0. Since for any F ∈ F−
T such that T̂− ⊂ F one

has

|(T, T̂ )|− = |(T,⊔−F )|− + |(F, T̂ )|− ,

it easily follows that G̊− is a subgroup.

2.20.5 Action of the Renormalisation Group

Recall the map T̂ 7→ ⊔−F from Remark 2.19.28, it to acts on [−]-colored trees (T, T̂ ) such that T̂− ⊂ F

by

(T, T̂ ) 7→ (T, T̂ )⊔−F := (T, T̂ ⊔− F ) . (2.168)

The corresponding canonical morphism

S⊔−F := S⟨(T,T̂ )⟩,⟨(T,T̂⊔−F )⟩ ∈ Hom(⟨(T, T̂ )⟩, ⟨(T, T̂ ⊔− F )⟩)

from Definition 2.18.6, which we call the extension of (2.168) to symmetric sets, in turn induces the

map FWS⊔−F . For notational convenience we suppress the functor and for τ ∈ FW ⟨(T, T̂ )⟩ simply

write τ⊔−F for FWS⊔−F (τ).

Definition 2.20.25. For g ∈ G− and τ ∈ FW ⟨(T, T̂ )⟩ ⊂ T (−) set

ΠΠΠgτ :=
∑

F∈F−
T ,T̂−⊂F

ΠΠΠ(τ⊔−F ) ◦ g(F, T̂ ) .

Proposition 2.20.26. Let g ∈ G−.

1. If ΠΠΠ is admissible, ΠΠΠg is admissible.

2. If ΠΠΠ is an admissible lift of smooth noises {ξε}ε∈E− , ΠΠΠg is an admissible lift of the smooth noises

ξg, where

ξgε = ξε − g(Ξε) .

Proof. For the first claim, the first two conditions of Definition 2.20.9 are clearly still satisfied. The

third follows from the fact that for any planted tree IkT , all elements F ∈ F−
IkT satisfy F ⊂ T ⊂ IkT .
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For the second claim, note that

ΠΠΠg(Ξε, 0) = ΠΠΠ(Ξε, 0) +ΠΠΠ(Ξε, [−]) ◦ g(Ξε, 0) = ξε − g(Ξε) .

One sees that the properties of a group action are satisfied.

Proposition 2.20.27. For an admissible map ΠΠΠ the following identities hold

• (ΠΠΠf )g = ΠΠΠf⋆g for each f, g ∈ G−,

• ΠΠΠe = ΠΠΠ .

Proof. We check the first point, the second is seen easily as well. First note that it follows from the

first identity in Lemma 2.18.7, that for τ ∈ FW ⟨T ⟩ and F, F̃ ∈ F−
T such that T̂− ⊂ F ⊂ F̃ one has the

identity

(τ⊔−F )⊔−F̃
= τ⊔−F̃

.

Therefore,

(ΠΠΠf )gτ =
∑

F∈F−
T ,T̂−⊂F

ΠΠΠf (τ⊔−F ) ◦ g(F, T̂ )

=
∑

F∈F−
T ,T̂−⊂F

∑
F̃∈F−

T ,F⊂F̃

ΠΠΠ
(
(τ⊔−F )⊔−F̃

)
◦ f(F̃ ,⊔−F ) ◦ g(F, T̂ )

=
∑

F,F̃∈F−
T ,T̂−⊂F⊂F̃

ΠΠΠ(τ⊔−F̃
) ◦ f(F̃ ,⊔−F ) ◦ g(F, T̂ )

=
∑

F̃∈F−
T ,T̂−⊂F̃

ΠΠΠ(τ⊔−F̃
) ◦ (f ⋆ g)(F̃ , T̂ )

=(ΠΠΠf⋆g)τ .

Proposition 2.20.28. Let ΠΠΠ denote the canonical lift of smooth noises {ξε}ε∈E− and g ∈ G− such that

g(Ξε) = 0 for all ε ∈ E−. For planted trees T 1, ..., Tn ∈ T and ηi ∈ FW ⟨T i⟩, such that η = η1 ·...·ηn ∈ T

one has

ΠΠΠgη = Π̊ΠΠ
g
η +

∑
τ∈T−

T :ρT=ρτ

g(τ)
( ∏
n∈Nτ

Π̊ΠΠ
g
ητ,n(·n)

)
(2.169)

where for each τ denote by Hτ a family Hτ = {ητ,n}n∈Nτ such that η = τ(Hτ ) c.f. Remark 2.20.12.

If we further decompose ητ,n =
∏
i η
τ,n
i where each ητ,ni is planted, one can rewrite (2.169) as

ΠΠΠgη = Tr
⊙
i

(ΠΠΠgηi) +
∑

τ∈T−
T :ρT∈ρτ

g(τ)
( ∏
n∈Nτ

Tr
⊙
i

ΠΠΠgητ,ni (·n)
)
.

225



Remark 2.20.29. A similar but slightly more involved formula holds, if we remove the condition

g(Ξε) = 0.

Proof. Note that the second formula follows directly from (2.169) and Definition 2.20.15. To proof

(2.169) we proceed inductively, c.f. Remark 2.19.10. Indeed the claim holds for the sectors containing

only jets or only a noise.

• Suppose the claim holds for τ ∈ FW ⟨T ⟩ ⊂ T , then it clearly holds for Ik(τ) since
{
τ ∈ T−

Ik(T ) :

ρIk(T ) = ρτ
}
= ∅ and thus

∑
F∈F−

Ik(T )

(Ikτ)⊔−F = Ik
( ∑
F∈F−

T

τ⊔−F

)

which implies that

ΠΠΠg(Ikτ) =
∑

F∈F−
Ik(T )

ΠΠΠ(Ikτ)⊔−F ◦ g(F )

= Kk

( ∑
F∈F−

T

ΠΠΠ
(
τ⊔−F

)
◦ g(F )

)
= Kk

(
ΠΠΠgτ

)
= Π̊ΠΠ

g
Ikτ .

• Suppose the claim holds for planted η1, ..., ηm as in the proposition and η = η1 · ... · ηm . Then

∑
F∈F−

T

η⊔−F =
∑

F∈F−
T :ρ/∈F

η⊔−F +
∑

F∈F−
T :ρ∈F

η⊔−F

=
∑

Fi∈F−
Ti :ρi /∈F i

η1⊔−F 1 · ... · ηm⊔−Fn +
∑

τ∈T−
T :ρT∈τ

τ
({ ∑

Fn∈F−
Gτ,n :ρGτ,n /∈Gτ,n

ητ,n⊔−Fn

}
n∈Nτ

)

where Hτ = {ητ,n}n∈Nτ and each ητ,n ∈ FW (Gτ,n) is as in the proposition. Thus, we find

ΠΠΠgη =
∑
F∈F−

T

ΠΠΠ(η⊔−F ) ◦ g(F )

=
∑

F i∈F−
Ti :ρi /∈F i

ΠΠΠ(η1⊔−F 1 · ... · ηm⊔−Fm) ◦ g(F 1 · ... · Fm)

+
∑

τ∈T−
T :ρT=ρτ

g(τ)

( ∏
n∈Nτ

( ∑
Fn∈F−

Gτ,n :ρGτ,n /∈Gτ,n

ΠΠΠ(ητ,n⊔−Fn) ◦ g(Fn)(·n)
)
n∈Nτ

)

= Π̊ΠΠ
g
η +

∑
τ∈T−

T :ρT=ρτ

g(τ)
( ∏
n∈Nτ

Π̊ΠΠ
g
ητ,n(·n)

)
,
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where we used that g(Ξε) = 0 and the fact that by construction

Π̊ΠΠ
g
η :=

∑
F∈F−

T :ρ/∈F

ΠΠΠ(η⊔−F ) ◦ g(F ) .

2.20.6 Construction of models

In this section we investigate how to obtain a model (Π,Γ) from an admissible map ΠΠΠ. The underlying

spaces for this construction will be T+ := {T ε
+}ε∈E+∪E0 and J = {Jε}ε∈E0 .

Definition 2.20.30. We define G+ = L̂ι(T+, J), the bundle whose fibre at (p, q) ∈M ×M consists of

linear maps γp,q : (T ε
+)q → J

ι(ε)
p such that for each ε ∈ E+ ∪ E0, each tree T ∈ Tε+ and each τq ∈ FW ⟨T ⟩

,

γp,q(τq) ∈ J ι(ε)p .

We denote by G+,loc the sub-bundle52 of δ∗(G+), whose fibre at p consists of all maps γp satisfying

γp|Jp = idJp . (2.170)

Remark 2.20.31. The following is useful in order to formulate positive renormalisation. Let T ∈ T,

we shall build for each F ∈ F+
T and γ ∈ G+ a map

FV ⟨T ⟩q → Tp, τq 7→ τ \γp,q F .

• First we define for T and F as above a new tree T \ F . Recall from Section 2.19.5 that there is a

set E ∈ P+(T ) such that F = T≥E, and we define T \ F to be the tree obtained by replacing for

each e ∈ E the subtree T≥e by a new edge of type ι(e(e)).

• For a concrete realisation of the tree T write S ∈ Hom(⟨T ⟩,⊗e∈E⟨T≥e⟩) for the morphism in

Definition 2.18.6. Then we define τ \γp,q F to be the image of τ under the following composition53

W⊗⟨T ⟩ ⊗
e∈EW

⊗⟨T≥e⟩
⊗

e∈EW
ι(e) ≃W⊗T\F W⊗⟨T\F ⟩ .

FWS γ⊗|E| πT\F,⟨T\F ⟩

Definition 2.20.32. We define the action of G+ on T as follows. For T ∈ Tσ, τp ∈ FW ⟨T ⟩ ⊂ T σ

and γ ∈ G+ or γ ∈ G+,loc set

Γγτ :=
∑
F∈F+

T

τ \γ F .

52Recall that δ :M →M ×M is the diagonal map.
53The maps ι and π were introduced in Equations (2.142) and (2.153) respectively.
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Remark 2.20.33. Note that for every γ the map Γγ is multiplicative by construction, i.e. Γγ(τ1τ2) =

(Γγτ1)(Γγτ2). Furthermore for a planted tree Ikτ ∈ FW ⟨T ⟩ one has

Γγ(Ikτ) = Ikτ \γ T + Ik(Γγτ) = γ(Ikτ) + Ik(Γγτ) .

Construction of Πp

Given ΠΠΠ, we define Πp = ΠΠΠ ◦ Γγp where the global section γ = γ(ΠΠΠ) of G+,loc is define recursively as

follows

• If τ ∈ T ε
+,(α,δ) is such that α < 0, then γ(τ) = 0,

• if τ ∈ J , then γ(τ) = τ ,

• every other basis element is of the form Ikτp ∈ T ε
+,(α,δ), then

γp(Ikτp) = −Q<δ0jp(KkΠpQ<δ0−|k|τ) .

Remark 2.20.34. The definition of γp(Iτ) is chosen to agree with −Jpτp in the setting of Section 2.6.

Construction of Γ

Given ΠΠΠ, Π(·) and γ(·), we define Γp,q = Γγp,q for an appropriately chosen global section γ = γ(ΠΠΠ) ∈ G+.

This section is defined recursively as follows

• for τq ∈ Jq, let γp,q(τq) = Q<δ0jp(ΠΠΠτq) = Q<δ0jp(Rτq),

• for Ikτq ∈ T+(α,δ) set

γp,q(Iτq) =− γp(IkΓp,qτ) + Γp,qγq(Ikτq) +Q<(δ+β)∧δ0jqKk(Πp −ΠqQδ0−|k|Γq,p)τq .

Remark 2.20.35. Note that γp,q(Iτ) above is defined so that it agrees with

Jp,qτ = JpΓp,qτq − Γp,qJqτq + Eqτq

in the setting of Section 2.6.

Remark 2.20.36. Note that, in contrast to the flat setting, the maps Γ(·),(·) do not satisfy Γp,q ◦Γq,r =

Γp,r, not even locally.

Remark 2.20.37. Observe that Γγp is invertable, while Γγp,q is in general only invertible for ds(p, q)

small enough.
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Proposition 2.20.38. Let (Π,Γ) be constructed as above from the canonical lift ΠΠΠ of smooth noises

{ξl}l∈L−. Then (Π,Γ) is a model, we shall call it the canonical model for {ξl}l∈L−.

Proof. We need to check that the bounds from Definition 2.3.13 hold for

Πpτp, Γq,pτp, (Πp −ΠqΓq,p)τp . (2.171)

Observe that all three estimates hold if τp ∈ Jεp for every ε ∈ E0 by Proposition 2.3.21 or if τp is a

noise. Next, since all three terms are multiplicative with respect to the forest product, it suffices to

check that if the desired bound holds for τ , then it holds for Iτ . This follows essentially from the

considerations in Section 2.6, thus we use the notation Jp and Jp,q from therein for the kernel Kk.

We have by Remark 2.20.33

ΠpIkτ = ΠΠΠΓγpIkτ = ΠΠΠγp(Ikτ) +ΠΠΠIk(Γγpτ) = −RJpτp +Kk(Πpτp)

which satisfies the desired bound by Lemma 2.6.15.

Again by Remark 2.20.33

Γq,pIkτp = γq,p(Ikτ) + Ik(Γq,pτ) = Jq,pτ + Ik(Γq,pτ)

and the first term satisfies the desired bound by Lemma 2.14.3 and the second term by the definition

of an abstract integration map (Definition 2.6.3). For the last bound we find that

(Πp −ΠqΓq,p)Ikτp

= −RJpτp +Kk(Πpτp)− (RJq,pτ +ΠqIk(Γq,pτp))

= −RJpτp +Kk(Πpτp)− (RJq,pτ) +RJq(Γq,pτ))−K(ΠqΓq,pτp)

= −RJpτp +Kk(Πpτp)−R(JqΓq,pτp − Γq,pJpτp + Eqτp) +RJq(Γq,pτp))−K(ΠqΓq,pτp)

= −RJpτp +Kk(Πpτp)−R(−Γq,pJpτp + Eqτp)−K(ΠqΓq,pτp)

=
(
Kk(Πp −ΠqΓq,pτp)−REqτp

)
− (Πp −ΠqΓq,p)Jpτp

where the first summand satisfies the desired bound by Lemma 2.6.17 and the second summand by the

fact that the jet model is a model, i.e. Proposition 2.3.21.

Definition 2.20.39. We call a model (Π,Γ) admissible, if it is of the form Πp = ΠΠΠ ◦ Γγp(ΠΠΠ), Γp,q =

Γγp,q(ΠΠΠ) for an admissible map ΠΠΠ. We say that an admissible map ΠΠΠ generates a model, if (Π,Γ) given

by Πp = ΠΠΠ ◦ Γγp(ΠΠΠ), Γp,q = Γγp,q(ΠΠΠ) is a model.

Note that two different maps ΠΠΠ might generate the same model (Π,Γ). In that sense ΠΠΠ contains

more information. The next proposition is the main Proposition of this section.
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Proposition 2.20.40. If ΠΠΠ is an element of the orbit under the renormalisation group G of the

canonical lift of smooth noises {ξl}l∈L−, then ΠΠΠ generates a model.

The following lemmas will be useful in the proof.

Lemma 2.20.41. Let (Π,Γ) be the canonical model (generated by the canonical ΠΠΠ) and g ∈ G−

such that g(Ξε) = 0 for all ε ∈ E−. For planted trees T 1, ..., Tm ∈ T and ηi ∈ FW ⟨T i⟩, such that

η = η1 · ... · ηm ∈ T one has

Πgpη = Tr
⊙
i

(Πgpη
i) +

∑
τ∈T−

T :ρT∈τ

g(τ)
( ∏
n∈Nτ

Tr
(⊙

i

Πgpη
τ,n
i (·n)

))
, (2.172)

where the sum runs over all negative subtrees τ of T containing the root and where for each τ , Hτ

denotes a family Hτ = {ητ,n}n∈Nτ such that η = τ(Hτ ) as in Remark 2.20.12 and furthermore write

ητ,n =
∏
i η
τ,n
i where each ητ,ni ∈ FW (Gτ,ni ) is planted.

Remark 2.20.42. It is useful to introduce for a smooth model Z = (Π,Γ) the maps Π̊p : T → C∞(V )

as the unique map satisfying the following properties:

• for each planted T ∈ T, one has

Π̊p|FW ⟨T ⟩ = Πp|FW ⟨T ⟩

• For η1p, , ..., η
n
p ∈ T̊ such that ηip ∈ FV (T

i) where each T i is planted, one has

Π̊p
( n∏
i=1

ηi
)
= Tr

( n⊙
i=1

Π̊p(η
i)
)
.

Then, one can write (2.172) as

Πgpη = (Π̊gpη) +
∑

τ∈T−
T :ρT∈τ

g(τ)
( ∏
n∈Nτ

Π̊gpη
τ,n(·n)

)
.

Proof. Throughout this proof we simply write γp instead of γp(ΠΠΠ
g) in order to make notation lighter.

Writing T = T 1 · ... · Tn and for F ∈ F+
T , Fi = F ∩ T i we compute

Πgpη = ΠΠΠgΓγpη =
∑
F∈F+

T

ΠΠΠg(η \γ F ) =
∑
F∈F+

T

ΠΠΠg
(∏

i

ηi \γp Fi
)
= ΠΠΠg

(∏
i

∑
Fi∈F+

Ti

ηi \γp Fi
)

Since

ΠΠΠg
(∏

i

ηi \γp Fi
)
= Tr

⊙
i

(ΠΠΠgηi \γp Fi) +
∑

τ∈T−
T\F

:ρ∈τ

g(τ)

( ∏
n∈Nτ

(⊙
j

ΠΠΠgητ,nj \γp (G
τ,n
j ∩ Fi)(·n)

))
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we have

Πgpη =
∑
F∈F+

T

Tr
⊙
i

(ΠΠΠgηi \γp Fi) +
∑
F∈F+

T

∑
τ∈T−

T\F
:ρ∈τ

g(τ)

( ∏
n∈Nτ

(⊙
j

ΠΠΠgητ,nj \γp (G
τ,n
j ∩ Fi)(·n)

))

= Tr
⊙
i

(ΠΠΠg
∑

Fi∈F+
Ti

ηi \γp Fi) +
∑
F∈F+

T

∑
τ∈T−

T\F
:ρ∈τ

g(τ)

( ∏
n∈Nτ

(⊙
j

ΠΠΠgητ,nj \γp (G
τ,n
j ∩ Fi)(·n)

))

= Tr
⊙
i

ΠΠΠgΓγpη
i +

∑
Fi∈F+

Ti

∑
τ∈T−

T\F
:ρ∈τ

g(τ)

( ∏
n∈Nτ

(⊙
j

ΠΠΠgητ,nj \γp (G
τ,n
j ∩ Fi)(·n)

))

= Tr
⊙
i

ΠΠΠgΓγpη
i +

∑
τ∈T−

T :ρ∈τ

∑
Fj∈F+

G
τ,n
j

g(τ)

( ∏
n∈Nτ

(⊙
j

ΠΠΠgητ,nj \γp Fj)(·n)
)

= Tr
⊙
i

ΠΠΠgΓγpη
i +

∑
τ∈T−

T :ρ∈τ

g(τ)
( ∏
n∈Nτ

(⊙
j

ΠΠΠgΓγpη
τ,n
j

)
(·n)
)

= Tr
⊙
i

Πgpη
i +

∑
τ∈T−

T :ρ∈τ

g(τ)
( ∏
n∈Nτ

(⊙
j

Πgpη
τ,n
j

)
(·n)
)

Remark 2.20.43. Note that in the previous proof we only used the explicit choice of γp in the last

line. In particular we can extract the following general formula from the proof above. For any g ∈ G−

and f ∈ G+

ΠΠΠgΓfη = Tr
⊙
i

ΠΠΠgΓfη
i +

∑
τ∈T−

T :ρ∈τ

g(τ)
( ∏
n∈Nτ

(⊙
j

ΠΠΠgΓfη
τ,n
j (·n)

))
Lemma 2.20.44. In the setting and notation of the previous lemma, the following formula holds.

ΠgqΓ
g
q,pη = Tr

⊙
i

ΠgqΓ
g
q,pη

i +
∑

τ∈T−
T :ρ∈τ

g(τ)
( ∏
n∈Nτ

(⊙
j

ΠgqΓ
g
q,pη

τ,n
j (·n)

))

Proof. Again we we simply write γp and γp,q instead of γp(Π
g) and γp,q(Π

g) in order to make notation

lighter. Note that

ΠgqΓ
g
q,pτ = ΠΠΠgΓγqΓ

g
q,pτ = ΠΠΠgΓγq

∑
F̃∈F+

T

τ \γq,p F̃ = ΠΠΠg
∑

F∈F+

T\F̃

∑
F̃∈F+

T

(τ \γq,p F̃ ) \γp F

= ΠΠΠg
∑
F∈F+

T

τ \βq,p F = ΠΠΠgΓβq,pτ
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where we define βq,p ∈ (G+)q,p by

βq,p(τ) =
∑
F̃∈F+

T

γq(τ \γq,p F̃ )

for τ ∈ FW ⟨T ⟩p ⊂ T+. Thus we find by Remark 2.20.43

ΠgqΓ
g
q,p = Tr

⊙
i

ΠΠΠgΓβq,pτi +
∑

τ∈T−
T :ρ∈τ

g(τ)
( ∏
n∈Nτ

(⊙
j

ΠΠΠgΓβq,pη
τ,n
j (·n)

))
= Tr

⊙
i

ΠgqΓ
g
q,pτi +

∑
τ∈T−

T :ρ∈τ

g(τ)
( ∏
n∈Nτ

(⊙
j

ΠgqΓ
g
q,pη

τ,n
j (·n)

))
,

which completes the proof.

Remark 2.20.45. Using a telescopic sum and combining the previous two lemmas on finds that

(Πgp −ΠgqΓ
g
q,p)η

= Tr
n∑
j=1

(Πgpη
1)⊙ ...⊙ (Πgpη

j−1)⊙ (Πgpη
j −ΠgqΓ

g
q,pη

j)⊙ (ΠgqΓ
g
q,pη

j+1)⊙ ...(ΠgqΓ
g
q,pη

m)

+
∑

“telescopic sum”

∑
τ∈T−

T :ρT∈τ

g(τ)
( ∏
n∈Nτ

Tr
(⊙

i

(
...
)
ητ,ni (·n)

))

where
(
...
)
stands for either Πgp, Π

g
p − ΠgqΓ

g
q,p, or Πgp − ΠgqΓ

g
q,p with Πgp − ΠgqΓ

g
q,p appearing exactly once

Proof of Proposition 2.20.40. First observe that any element in the orbit can be written as ΠΠΠf for

some f ∈ G−. We proceed by induction as in the proof of Proposition 2.20.38. The desired estimates

hold for jets and noises. To observe the bound on the terms in (2.171) we use the above lemmas and

observe the following:

1. To see that the desired bound on Πpτp holds, use Lemma 2.20.41.

2. The bound on Γq,pτp follows as in Proposition 2.20.38.

3. Note that ∥T∥ was defined in exactly such a way that it imposes a bound on (Πp − ΠqΓq,p)τp

which is satisfied by Remark 2.20.45.

Remark 2.20.46. Instead of attaching jets one could directly attach smooth sections to E0 type edges

and all of this sections easily adapts. But besides the minor drawback of having to work with infinite

dimensional vector bundles one would not gain much, since while the definition of the map ΠΠΠ would

then be more canonical, still the choice of an admissible realisation of the jet bundle would have to be

made for the definition of the maps Πp.

232



Remark 2.20.47. Recall from Section 2.2.5 that is often useful to impose further restrictions on the

choice of admissible realisations and from Section 2.5.2 to enforce the canonical counterpart on products

of jets. The regularity structure ensembles in this section do not enforce any such algebraic constraints.

This can be remedied by working with quotient spaces of T σ/∼, such that Assumption 2.5.22 is satisfied.

That is, whenever a tree contains two or more E0 type edges incident to the same node, one applies the

canonical product ⋆ : Jσ ⊗ J σ̄ → Jσ+σ̄ composed with the projection Q<δ0 at that node.

It follows by construction, that by choosing an admissible realisation R of J respecting these con-

straints, which can be done by the constructions in Section 2.2.5, all considerations in this section extend

to the quotient space. A similar procedure is executed in [BCCH20], see also [Che22a, Remark 4.35].

Remark 2.20.48. Let us emphasise that the constructions of this section are conceptually very close

to the ones in [BHZ19]. One also expects to be able to reformulate many of the constructions here in a

framework closer to the one herein, i.e. one involving Hopf algebra bundles. Some of the novelties one

would need to incorporate on the abstract (algebraic) level are the following

• A non-triangular action of the positive coproduct, when acting on jets and negative trees,

• further “extending” the extended decorations therein.

But once this has been executed one can then turn the trees into vector bundles by working with a direct

product of frame bundles with some structure group G. Then associating to each tree a symmetric set

and to each symmetric set a representation of G one can thus construct the desired vector bundles as

associated bundles. By the categorical properties of symmetric sets and the thus constructed vector

bundle assignment one then expects to be able to ”push through” the algebraic structure on trees to the

vector bundles, somewhat analogously to what is done in [CCHS22a].

2.21 Application to SPDEs

In this section we first explain, starting with an SPDE to choose a rule to construct then the regularity

structure ensemble in order to give a solution theory. Then, in Proposition 2.21.9 we give a formula

how the renormalisation group affects the concrete equation one wants to solve.

For index sets L+ and L− and a vector bundle assignment {V l}l∈L+∪L− , we investigate the following

system of equations

Lut = F t
(
(ut)t∈L+ , (Du

t)t∈L+ , ...., (D
nut)t∈L+ , (ξ

f)f∈L−

)
for t ∈ L+ , (2.173)

where in this section we can ut ∈ D′(V t) and ξf ∈ D′(V f). Let L̊ = (L+ × N) ∪ L− and L̃ be a disjoint

copy of L̊, for f ∈ L̊ we write f̃ for the corresponding element of L̃. We define L = L̊ ∪ L̃ and

∗ : L → L, l 7→ l∗ ,
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to be the unique involution without fixed points satisfying f∗ = f̃ for all f ∈ L̊. We define the vector

bundle assignment (V l)l∈L the be the assignment

{V (t,n)}(t,n)∈L+×N = {V t ⊗ (T ∗M)n}(t,n)∈L+×N and {V f}f∈L−

extended to L so that (2.152) is satisfied.54

This puts us in the setting of Section 2.19.1. and we introduce the edge types

• E+ ⊂ L+ × N, where (k, n) ∈ E+ if the term (Dnuk) appears in (2.173)55,

• E− = L−

• E0 = E+
0 ∪ E0

0 , where E+
0 is a disjoint copy of E+ and

E0
0 ⊂ {(t, σ) ⊂ L+ × NE+∪E− : DσF t ̸= 0}

where there is usually a choice of of the exact subset.56

It is important that we do not identify E+
0 and E+! But we define the injection

ι : E+ → E0, (l, n) 7→ (l, n) . (2.174)

Remark 2.21.1. Note that E0
0 typically contains an infinite number of elements.

We also fix the indexing maps

• ind+ = (ind++, ind
−
+) : E+ → L× L, (k, n) 7→ (k, (k, n)),

• ind− : E− → L, f 7→ f,

• ind0 : E0 → NL is defined as

1. ind0 |E0
0
: (k, σ) 7→ k−

∑
ε∈E+∪E− σεε− ,

2. ind0 |E+
0
= ind−+ ◦ι−1,

a homogeneity assignment | · | : E → R and δ0 > γ > 0, which in general is suggested by the Equation

(2.173). This then puts us in the setting of Section 2.19.2. It is now natural to rewrite the equation in

the form

Lut = F t
(
(uo)o∈E+ , (ξ

f)f∈E−
)
.

54Recall the definition of (T ∗M)n in the presence of a scaling s from Section 2.2.2 .
55Note that this is not quite well defined in the sense that one can always artificially increase this set. But there is

generically a canonical minimal choice.
56It is made depending on the parameters γ < δ0 suggested by the equation.
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We introduce the space Ē =
⊕

ε∈E+∪E− V
ε and in view of Section 2.5.2 we shall lift the local

non-linearity F t to an element of

C∞(Ē ⋉ (JEt ⊗ P (Ē))
)
=
⊕
n∈N

C∞(Ē ⋉ (JEt ⊗ (Ē∗)n)
)

=
⊕

σ∈NE+∪E−

C∞(Ē ⋉ (JEt ⊗ (V σ)∗)
)
.

Here again, the exact truncation is chosen depending on the parameters γ, δ0. This motivates the

definition of a rule R : E → P(N ) \ {∅} as the normalisation of the following naive rule R̊.

• R̊(ε) = ∅ for ε ∈ E0 ∪ E−

• for (k, n) ∈ E+,

R̊((k, n)) =
{
[(k, σ)] ⊔ σ : (k, σ) ∈ E0

0

}
,

where we interpret σ ∈ NE+ as a multi-set and recall the notation ⊔ for the union of multi-sets.

Since the rule R̊ is equation-like, R is as well.

Assumption 2.21.2. We assume that the rule R constructed above is subcritical.

We define for o ∈ E+ the set

T̊o =
⋃

ν∈R(o)

(Tν)<γ−|o|, To = {Io(T ) : T ∈
⋃

ν∈R(o)

Tν}

and make the following observations.

1. For o = (k, n) ∈ E+ and T ∈ T̊o ∪ To, the node type n(n) of every node n ∈ NT which is not

maximal nor minimal (i.e. the root) has exactly one incident edge of type in E0
0 .

2. For o = (k, n) ∈ E+ and o′ = (k,m) ∈ E+ one has T̊o = T̊o
′
.

Remark 2.21.3. The trees in To ∪ {δι(o)} are used for the expansion of {uo}o∈E+ , while the trees in

T̊o are used for the expansion of the right-hand side of Equation 2.173 .

Assumption 2.21.4. We assume F is mulitilinear in the noise variables and the modelled distribution

describing ξf is given by p 7→ Ξp.

Remark 2.21.5. A weaker natural assumption would be to impose that the lift of the noise ξf is given

by a modelled distribution taking values in a sector of negative regularity. This, combined with the

assumption of sub-criticality actually that the non-linearity is polynomial in the noises.

The above assumption tells us that for each t ∈ L+ one has

F t
(
(uo)o∈E+ , (ξ

f)f∈E−
)

= F t
(
(uo)o∈E+ , 0

)
+
∑

σ∈NE−

DσF t
(
(uo)o∈E+ , 0

)
ξσ (2.175)
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where we used the shorthand notation ξσ =
∏

f∈E−(ξ
f)σf .

It will be useful to denote for f ∈ E− by U f the modelled distribution p 7→ Ξp and interpret it as

modelled distribution where the component of U f in T f
0,: is constantly 0. This allows to write the lift of

the non-linearity simply as

F t(U)(p) =
∑

m∈NE+∪E−

jEp
(DmF t

m!

)
(Q0U(p)) · Ũm(p) (2.176)

and to formulate the lift of Equation 2.173 as

Uo = IoQ<γ−|o|F
t
(
(Uo)o∈E+∪E−

)
+ uo for o ∈ E+ , (2.177)

where uo is a section of the jet bundle J
ι(o)
<γ,:.

Remark 2.21.6. It is important to note that the solution depends on the choice of model!

Proposition 2.21.7. Let {U t}t be the solution of the abstract fixed point problem (2.177) with respect

to the canonical model for smooth noises {ξl}l∈L−. Then vt = R(U t) solves Equation 2.173 in the

classical sense.

Proof. Indeed we have

vt = RU t = RKtF
t
(
(Uo)o∈E+∪E−

)
= KtRF t

(
(Uo)o∈E+∪E−

)
and thus

Ltvt(p) = RF t
(
(Uo)o∈E+∪E−

)
(p)

= ΠpF
t
(
(Uo)o∈E+∪E−

)
(p)

= Πp
∑

σ∈NE+∪E−

jEp
(DσF t

σ!

)
(Q0U(p))Ũσ(p)

= Tr
∑

σ∈NE+∪E−

(DσF t

σ!

)
(Q0U0(p))⊙ (ΠpŨ(p))⊙σ

= F t
(
ΠpU(p)(p)

)
= F t

(
(vo)o∈E+

)
(p)

where we used Corollary 2.4.6 several times.

2.21.1 Renormalised equation

For τ ∈ T− and t ∈ L+, define the new local non-linearity (DτF )t acting on families of smooth sections

v = {vo}o∈E+∪E− where vo ∈ C∞(V o) for each o ∈ E+∪E−. First, we define for τ ∈ T− and n ∈ Nτ \Lτ ,
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where n ̸= ρτ

(Dτ,nF )
t :

∏
o∈E+∪E−

C∞(V o) → C∞(V difτ (n)), (Dτ,nF )(v)
t = Dn(n)F e(n↓)+(v) ,

where n ↓ denotes the unique edge e ∈ Eτ such that e+ = n. Furthermore, set

(Dτ,ρτF )
t :

∏
o∈E+∪E−

C∞(V o) → C∞(V red∗(t−ind(ρ))), (Dτ,ρτF )
t(v) = Dn(ρτ )F t(v) .

Finally, we define

(DτF )
t :

∏
o∈E+∪E−

C∞(V o) →C∞(V red∗(t−ind(ρ)))×
∏

n∈Nτ\(Lτ∪{ρτ})

C∞(V difT (n))

as

(DτF )
t(v) =

∏
n∈Nτ\Lτ

1

Sn(τ)
(DτF )

t,n
(
v(·n)

)
,

where Sn(τ) is defined as follows: If τ at the node n ∈ Nτ has the form

τ≥n =

m∏
i=1

(Ξi)
αi

l∏
j=1

(Ioi(Ti))βj

where terms are paired in such a way that

(oi, Ti) ̸= (oj , Tj) and Ξi ̸= Ξj

whenever i ̸= j, we set

Sn(τ) =

m∏
i=1

αi! ·
l∏

j=1

βj ! .

Remark 2.21.8. Note that S(τ) :=
∏
n∈Nτ

Sn(τ) agrees with the corresponding definition in [BCCH20]

and S(τ)n has the interpretation of “the number of tree symmetries at the node n”, see also Re-

mark 2.21.13

Proposition 2.21.9. If Ug ∈ Dγ solves the abstract fixed point problem for the renormalised model

and for γ large enough, then u = RUg solves the equation

Lut = F t
(
(uo)o∈E+ , (ξ

f)f∈E−
)
+
∑
τ∈T−

〈
(DτF )

t
(
(uo)o∈E+ , (ξ

f)f∈E−
)
, g(τ)

〉

where the bracket ⟨·, ·⟩ denotes the canonical pairing between Difτ and

C∞(V red∗(t−ind(ρ)))×
∏

n∈Nτ\(Lτ∪{ρ})

C∞(V difT (n))
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defined in Remark 2.19.14.

In order to prove this theorem, it will be useful to introduce certain rooted plane trees. Recall that

a rooted plane tree T̄ , consists of a rooted tree together with an order of the incoming edges of each

node, that is for each n ∈ NT , the set Ein
T,n = {e ∈ ET | e− = n} is equipped with a strict total order

<T,n. For rooted pane trees T̄ we denote by ⌊T̄ ⌋ the rooted tree obtained by forgetting the order on

edges.

Next, we fix a strict total order ≺ on E0
0 ∪ E+ ∪ E− such that ε0 ≺ ε+ ≺ ε− for every ε0 ∈ E0

0 , ε+ ∈

E+, ε− ∈ E−.

Lastly, we declare a tree in T̄ to conform to the order ≺, if for each n ∈ NT and any two edges

e1, e2 ∈ Ein
n such that e1 <T,n e2 one has

• if e(e1), e(e2) /∈ E+
0 ,

e(e1) ≺ e(e2) ,

• if e(e1) /∈ E+
0 but e(e2) ∈ E+

0

e(e1) ≺ ι−1(e(e2)) ,

and similarly, if the roles of e1 and e2 are reversed,

• if e(e1), e(e2) ∈ E+
0

ι−1(e(e1)) ≺ ι−1(e(e2)) .

At this point, let us introduce the following analogues of the objects already introduced for plane

trees:

1. For o ∈ E+ denote by To the set of plane rooted trees T̄ that conform to ≺ and such that ⌊T̄ ⌋ ∈ To.

Similarly, we set T− to consist of plane trees τ̄ which conform to ≺ and such that ⌊τ⌋ ∈ T−.

2. For plane rooted trees T̄1, ... , T̄n, denote by T̄ = T̄1 · ... · T̄n the plane rooted tree such that

• One has ⌊T̄ ⌋ = ⌊T̄1⌋·...·⌊T̄n⌋, where the latter tree product was introduced in Remark 2.19.10.

• The order of the edges Ein
T̄ ,n

for n ∈ NT̄ \ ρT̄ agrees with the order inherited from the

T̄1, ..., T̄n.

• The order of Ein
T̄ ,ρ

is the unique order such for each i, j ∈ N and ei ∈ ET̄i,ρ ⊂ ET̄ ,ρ one has

ei ≺ ej whenever i < j, and such that the order on ET̄i,ρT̄ ⊂ ET̄ ,ρT̄ is simply inherited from

the order in T̄i.

We call this the plane tree product.

Remark 2.21.10. Instead of working with a rule on rooted trees together with an order on edges, we

could have introduced an (obvious) notion of a plane rule.
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For T̄ ∈ T we define maps Υ[T̄ ] : JE → FW ⟨⌊T̄ ⌋⟩ as follows:

1. If T̄ = δι(o) consists of exactly one edge of type ι(o) ∈ E+
0 , then

Υ[T̄ ](up) = Υ[δι(o)](up) = Q>0u
ι(o)
p .

2. If T̄ = δe consists of exactly one edge of type e = (t, σ) ∈ E0
0 , then

Υ[T̄ ](up) = jEp
(DσF (Q0up)

σ!

)
.

3. If T̄ = Ξf consists of exactly one edge of type f ∈ E−, then

Υ[Ξf](up) = Ξf
p .

We further set

(4) for T̄ = T̄ 1 · ... · T̄m set Υ[T̄ 1...T̄m](up) = Υ[T̄ 1](up)...Υ[T̄m](up) .

(5) Υ[ItT̄ ](up) = ItΥ[T̄ ](up).

The next lemma now follows directly from the definition of the maps Υ.

Lemma 2.21.11. Let U = {Uo}o∈E+∪E− be the abstract solution of (2.173). The solution can be

uniquely decomposed as Uo = uo +Ro, where uop ∈ JpV
ι(o)
<γ and Rop ∈ T o

p and it holds that

Uo = uo +Q<γ
∑
T̄∈To

Υ[T ](u) = Q0u
o +Q<γ

∑
T̄∈To∪{δι(o)}

Υ[T ](u) . (2.178)

Remark 2.21.12. The fact that we work with plane trees accounts for the combinatorial factors usually

encountered. A version of this observation was already made in the case of Φ4 equations in [CMW23].

Similarly, the fact that we do not identify the abstract product on jets with the canonical product also

simplifies the expression.

Remark 2.21.13. For a tree τ ∈ T−, we define kτ : Nτ → NE+∪E− to be the function such that for

n ∈ Nτ and o ∈ E+ ∪ E− the number kτ (n)o ∈ N denote the number of edges of type o attached to n

from above. Then one finds that for τ ∈ T− one has

∣∣{τ̄ ∈ T− : ⌊τ̄⌋ = τ
}∣∣ = ∏

n∈Nτ

kτ (n)!

Sn(τ)
.

Remark 2.21.14. We extend Remark 2.19.21 and Remark 2.20.12 to plane trees (in some way

conforming with ≺ ) and write τ̄(G) for a tree obtained from τ̄ ∈ T− and Ḡ = {Ḡn}n∈Nτ as therein.
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Note that this definition is not unique, but we make a choice (which turns out to be irrelevant). Then,

it if follows from the fact that τ̄ contains no edges of type in E0 that for τ := ⌊τ̄⌋

Υ[τ̄(Ḡ)] = τ({Υ[Ḡn]}n∈Nτ ) .

Proof of Proposition 2.21.9. We shall use the common notation for m, k ∈ N ∈ NE+∪E− and set for

m ≥ k

k! :=
∏

o∈E+∪E−

ko! ,

(
m

k

)
:=

∏
o∈E+∪E−

(
mo

ko

)
.

Furthermore, whenever we have a sum over N or another infinite set such as NE+∪E− it is understood

that the sum is in reality truncated (with the truncation depending on the parameter γ).

We shall write ū = Q0U and Ũ = U − ū one use for m ∈ NE+∪E− the multi-index notation

Ũm :=
∏
o∈E+∪E−(Ũ

o)mo . We also fix the convention that whenever we write
∏
o∈E+∪E− T̄

o, it is

understood that the product is taken in the order respecting ≺ . For each multi-index we m ∈ NE+∪E−

we introduce the set

T(m) :=

 ∏
o∈E+∪E−

mo∏
i=1

T̄ (o,i) : T̄ (o,i) ∈ To ∪ δι(o)


Then it follows for m ∈ NE+∪E− that

Πgp

(
Ũm
)
= Πgp

( ∏
o∈E+∪E−

mo∏
i=1

( ∑
T̄ (o,i)∈To∪δι(o)

Υ[T̄ (o,i)]
))

= Πgp
∑

T̄∈T(m)

Υ[T̄ ]

and therefore from Lemma 2.20.41 that

Πgp

(
Ũm
)
= Tr

⊙
o∈E+∪E−
i∈{1,...,mo}

( ∑
T̄ (o,i)∈To∪δι(o)

ΠgpΥ[T̄ (o,i)]
)

+
∑

T̄∈T(m)

∑
τ⊂ρT̄

g(τ̄)
( ∏
n∈Nτ

Π̊gpΥ[(T̄ \ τ̄)≥n](·n)
)
,

where τ̄ ⊂ρ T̄ means that τ̄ ⊂ T̄ contains the root of T̄ . In particular,

ΠgpF
t(U) =Π̊gp

∑
m∈NE+∪E−

jEp
DmF t(Ū)

m!
Ũm

+
∑

m∈NE+∪E−

∑
T̄∈T(m)

∑
τ̄⊂ρT̄

g(τ̄)
( ∏
n∈Nτ̄

Π̊gpΥ[(δ(t,m) · T̄ \ τ̄)≥n](·n)
)

where we used in the last line, the fact that the differential operator g(τ) acts multiplicatively at the
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root, c.f. Remark 2.19.14. For the first term we find

Π̊gp

 ∑
m∈NE+∪E−

jEp
DmF t(Ū)

m!
Ũm

 (p) = F t(u)(p) . (2.179)

Next fix τ ∈ T− and recall the map kτ : Nτ → NE+∪E− from Remark 2.21.13. Looking only at

summands such that ⌊τ̄⌋ is tree isomorphic to τ we find

∑
m∈NE+∪E−

∑
T̄∈T(m)

∑
τ̄⊂ρT̄

1⌊τ⌋∼τ̄g(τ̄)
( ∏
n∈Nτ

Π̊gp(Υ[(δmT \ τ̄)≥n](·n)
)

=
∑

σ:Nτ→NE+∪E−

g(τ)

( ∏
n∈Nτ

(
σ(n) + kτ (n)

kτ (n)

)
kτ (n)!

Sn(τ)

( ∑
T̄ (n)∈T(σ(n))

Π̊gpΥ[δ(σ(n)+kτ (n))T̄ (n)](·n)
))

,

where we sum over all maps σ : Nτ → NE+∪E− (with the finite truncation implicitly understood). Here

σ(n) for number of edges attached at a node n ∈ Nτ which do not belong to τ and are not of type E0
0 .

To see the line introducing the combinatorial factor
(σ(n)+kτ (n)

k(n)

) k(n)!
Sn(τ)

, one counts the number of ways

the planted subtree τ̄ can appear as a subtree. Say, counting from the top nodes downwards57, for the

top nodes of τ the combinatorial factor is trivial (since kτ (n) = 0). Otherwise, one has to choose k(n)

edges of the σ(n) + k(n) possible edges, which are part of τ . Then, it follows as in Remark 2.21.13

that one has exactly k(n)!
Sn(τ)!

ways to assign the continuation τ at n.

Next note that

∑
σ:Nτ→NE+∪E−

g(τ)

( ∏
n∈Nτ

(
σ(n) + kτ (n)

kτ (n)

)
kτ (n)!

Sn(τ)

( ∑
T̄ (n)∈T(σ(n))

Π̊gpΥ[δ(σ(n)+kτ (n))T̄ (n)](·n)
))

=
∑

σ:Nτ→NE+∪E−

g(τ)

( ∏
n∈Nτ

(
σ(n) + kτ (n)

kτ (n)

)
kτ (n)!

Sn(τ)

×
( ∑
T̄ (n)∈T(σ(n))

Π̊gpj
E
p

Dσ(n)+kτ (n)F (Ū)

(σ(n) + kτ (n))!
Υ[T̄ (n)](·n)

))

=
∑

σ:Nτ→NE+∪E−

g(τ)

 ∏
n∈Nτ

1

Sn(τ)

∑
T̄ (n)∈T(σ(n))

Π̊gpj
E
p

Dσ(n)+kτ (n)F (Ū)

σ(n)!
Υ[T̄ (n)](·n)


=

∑
σ:Nτ→NE+∪E−

g(τ)

(∏
n∈τ

1

Sn(τ̄)
Π̊gpj

E
p

Dσ(n)+kτ (n)F (Ū)

σ(n)!
Ũσ(n)(·n)

)

= g(τ)

 ∏
n∈Nτ

1

Sn(τ)

∑
m∈NE+∪E−

Π̊gpj
E
p

Dm+kτ (n)F (Ū)

m!
Ũm(·n)

 .

57Alternatively, one can also count from the root up.
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Finally, we find that

g(τ)

 ∏
n∈Nτ

1

Sn(τ)

∑
m∈NE+∪E−

Π̊gpj
E
p

Dm+kτ (n)F (Ū)

m!
Ũm(·n)

 (p)

= g(τ)
( ∏
n∈Nτ

1

Sn(τ̄)
(Dkτ (n)F )(u)(·n)

)
(p)

= ⟨
(
DτF

)
(u), g(τ)⟩(p) ,

where in the first equality we used that

∑
m∈NE+∪E−

(
Π̊gpj

E
p

Dm+kτ (n)F t(Ū)

m!
Ũm

)
(·n)− (Dk(n)F )(u)(·n)

vanishes at p ∈ M faster than −|τ |, which is the case whenever γ > 0 is chosen large enough. This

combined with (2.179) completes the proof.

Remark 2.21.15. Observe that we did not enforce the products of jets to be the canonical product, but

that the results of this section extend to the case when such an identification is made, c.f. Remark 2.20.47.

2.22 Canonical Renormalisation Procedures

One observes that for a given equation we have constructed a rather large renormalisation group

G−. In our setting, compared to the usual setting of translation invariant SPDEs in flat space, one a

priori obtains a family of solutions indexed by the (infinite-dimensional) space of sections of certain

vector bundles over M . Fortunately, one can often still single out a canonical, finite dimensional

family of renormalised solutions. Let us informally describe the corresponding procedure: Typically

one is working with a mollification scheme which depends on a scale ϵ. If this mollification scheme

is “sufficiently covariant” it is possible to decompose the corresponding family of renormalisation

differential operators

gϵ(T ) =
∑
i

fi(ϵ) · gi(T ) ,

where

• each fi : (0, 1) → R typically 58 converges to ±∞ as ϵ→ 0.

• the gi(T ) are differential operators which depend explicitly on the curvature and the differential

operator of the linear part of the equation in a local manner and thus are arguably “canonical”.

58It can sometimes be useful to also include fi, which just converge to a finite limit in the above decomposition.
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Thus, for such regularisation schemes it is then natural to work with only the finite dimensional

subgroup G′
− ⊂ G− containing the differential operators gϵ(T ). One thus obtains a canonical (finite

dimensional) solution theory.

Remark 2.22.1. We note that, when working with an arbitrary mollification scheme, one in general

needs elements of gϵ ∈ G− which are not contained in G′
− in order to converge to one of the “canonical”

solutions. Thus, in this case the canonical solutions are only reached by considering the cosets

G′
−gϵ ⊂ G−.

Note that in general it non-trivial to extract the operators gi(T ) described above explicitly. When

working for example with generalised Laplacians and white noise this is a rather straightforward

consequence of the following:

1. Explicit expansions of the heat kernel, c.f. Theorem 2.17.5, which can formally be written as

Gt(p, q) =
1

(4πt)d/2
e−d(p,q)/4t

N∑
i=0

tiΦi(p, q) +O(tN−n/2) , (2.180)

for 0 < t≪ 1.

2. Explicit expansion of the density in exponential coordinates, c.f. [Gra74, Cor. 2.10]. Fur us the

following will be sufficient

dVolp =

1− 1

6

∑
i,j

Ri,jxixj

 dx+O(|x|3)dx . (2.181)

Remark 2.22.2. This explains, why for many equations of interest when working with a heat kernel

regularisation, renormalisation constants are sufficient. More precisely, when working with a generalised

Laplacian and white noise, as long as the most negative tree has homogeneity higher than −2, one

does not expect any geometric counterterms to appear. In Section 2.23.3 we treat an equation where

this condition is violated and indeed a logarithmic divergence proportional to the scalar curvature s(x)

appears.
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2.23 Concrete applications

Finally, we turn to the three examples described in the introduction. Recall that for a vector bundle

E → M , E-valued (spatial) white noise can be characterised as the unique random distributions

ξ ∈ D′(E), such that for any ψ,ψ′ ∈ D(E),

1. ξ(ψ) is a centred Gaussian random variable,

2. E[ξ(ψ), ξ(ψ′)] =
∫
M ⟨ψ,ψ′⟩EdVolg.

We speak of E-valued space-time white noise, when the bundle above is replaced by the pull-back

bundle π∗E, where π : R×M →M is the canonical projection.

We shall often writhe ⟨ξ, ψ⟩ = ξ(ψ), where the absence of a subscript means the canonical pairing

of D′(E)×D(E) or D′(π∗E)×D(π∗E) respectively.

We shall be working with the following two regularisation procedures. Let Gt ∈ C∞(E⊗̂E∗) be the

heat kernel of the Laplacian in the equation.

1. If ξ ∈ D′(E) is spatial white noise, set

ξϵ(p) = ⟨ξ,Gϵ2(p, ·)⟩

2. If ξ ∈ D′(π∗E) is space time white noise, furthermore fix an additional even, smooth compactly

supported function ϕ : R → R integrating to 1. Writing ϕϵ(t) := 1
ϵ2
ϕ
(
t
ϵ2

)
, we shall set

ξϵ(t, p) = ⟨ξ, ϕϵ(t− ·)Gϵ2(p, ·)⟩ , (2.182)

which can informally be written as ξϵ(t, p) =
∫
R×M ϕϵ(t− s)Gϵ2(p, q)ξ(ds, dq).

Furthermore, fix a cut-off κ : R → [0, 1] such that the following properties are satisfied

• κ(t) = 0 for t < 0 or t > 2,

• κ(t) = 1 for t ∈ [0, 1).

• κ|R+ is smooth.

For fixed N ∈ N large enough59 we denote by r̄ =
minp∈M rp

N , where rp is the injectivity radius at

p ∈ M . We introduce the following notation for the leading terms of the scalar heat kernel G, c.f.

(2.180)

Zt(p, q) : =
1

(4πt)d/2
e−d(p,q)/4tκ(d(p, q)/r̄)κ(t) , (2.183)

Z1
t (p, q) : = t Zt(p, q)Φ1(p, q) (2.184)

59This number is conveniently fixed depending on the equation, for the examples discussed here N = 10 is sufficent.
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as well ZEt (p, q) = Zt(p, q)τp,q for the E-valued kernel, where we recall that τp,q : E|q → E|p is the

parallel transport map.

Lastly, we use the following notation for the corresponding truncation of the heat kernel in Euclidean

space

Z̄t(x) =
1

(4πt)d/2
e−|x|2/4tκ(t).

2.23.1 The g-PAM equation

For ϵ > 0, we define the following counterterms:

Cϵ =

∫
R

∫
Br(0)

Z̄t−s+ϵ2(x)Z̄ϵ2(x) dx ds, (2.185)

C ′
ϵ =

∫
R2

∫
Br(0)

∂iZ̄t−s+ϵ2(x)∂iZ̄t−s′+ϵ2(x)dx dsds
′ (2.186)

where the latter is the same for i ∈ {1, 2}. In this section we proof the following theorem.

Theorem 2.23.1. Let M be a compact two dimensional Riemannian manifold, ξ be white noise on M ,

and ξϵ its regularisation as described above. Furthermore, let f ∈ C∞(R), A(·, ·) be a smooth bilinear

form on the tangent bundle TM and let u0 ∈ Cα(M) for α > 0. For Cϵ, C
′
ϵ as in (2.185)& (2.186) and

for uϵ solving

∂tuϵ +∆uϵ = A(∇uϵ,∇uϵ)− C ′
ϵf

2(uϵ)(trA) + f(uϵ)
(
ξϵ − Cϵf

′(uϵ)
)
, uϵ(0) = u0 , (2.187)

there exists a (random) T > 0 and u : [0, T ] ×M → R, such that uϵ → u uniformly as ϵ → 0 in

probability.

The proof of the theorem follows along the usual lines, when applying the theory of regularity

structures. First, introduce the following types:

• kernel types E+ = {I,∇I},

• noise types E− = {Ξ},

• jet types E0
0 = EA0 ∪ Ef0 , where60 Ef0 = {δ(f,n) : n ∈ N} and EA0 = {δ(A,n) : n ∈ N} to encode

the non-linearities,

• further jet types E+
0 = {δI , δ∇I}. We fix the injection ι : E+ → E+

0 from (2.174) to be

I 7→ δI , ∇I 7→ δ∇I .

60It is notationally convenient to treat the right-hand side as two different non-linearities and introduce the edge types
δf,n, δA,n. Comparing to (2.175), the δf,n edges correspond to a derivative in the ξ direction.
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Since the equation is rather simple, we do not introduce the vector bundle assignments and the indexing

maps explicitly. Set

|I| ∈ (2− 1/10, 2), |∇I| ∈ (1− 1/10, 1), |Ξ| ∈ (−1− 1/10,−1)

and define the naive rule

R̊(I) = R̊(∇I) = {[δf,n] ⊔ [I]n ⊔ [Ξ], [δA,n] ⊔ [∇I]2 : n ≥ 0}

as well as its normalisation R. Let us introduce the the analogue of the usual graphical notation. We

write Ξ = (using the common convention of not writing it as an edge) and denote an edge of type I

by as well as an edge of type ∇I by . Thus, we for example write IΞ = . Denote edges of type δI

by . Since it suffices to solve the abstract in Dγ for some γ > 1, we can work with

TI := { , , }

to describe the abstract solution and

Tr={δf,0Ξ, δf,1 , δf,1 , δA,0 }

to describe the right-hand side. We observe that the only negative subtrees appearing are given by

T− = { , } .

Thus, we next fix δ0 > 1 and work with the regularity structure constructed form the above trees. We

quotient it, so that the product of jets agrees with the canonical product, c.f. Remark 2.20.47 and denote

by Zϵ = (Πϵ,Γϵ) the canonical model for the smooth noise ξϵ, such that the abstract Integration map I

realises Kt(p, q) := Gt(p, q)κ(t)κ(d(p, q)/r̄) and ∇I realises K∇
t (p, q) := (∇1Gt(p, q))κ(t)κ(d(p, q)/r̄).

Next, in order to identify the correct two dimensional solution family, we restrict attention to the

subgroup G′
− of elements gc,c′ ∈ G−such that

gc,c′( ) = 0, gc,c′( ) = c, gc,c′( ) = c′g♯,

for some c, c′ ∈ R and where where g♯ ∈ C(TM⊗2) denotes the adjoint tensor field of the metric g. To

lighten notation, we denote the renormalised model (Zϵ)
gCϵ,C

′
ϵ by Ẑϵ = (Π̂ϵ, Γ̂ϵ).

Proof of Theorem 2.23.1. In the setting described above, let η, γ ∈ R such that 0 < η < α and

−|Ξ| < γ < δ0. It follows from Theorem 2.16.7 there exists a unique abstract solution Û ϵ ∈ Dγ,η(T I)
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of the abstract lift of

∂tu+∆u = A(∇u,∇u) + f(u)ξ,

for the renormalised model Ẑϵ. Then, it is simple special case of Proposition 2.21.9 and the observation

A(g♯) = trA, that û = RU ϵ solves (2.187). Thus, the proof is complete once Proposition 2.23.2 below

is shown.

Proposition 2.23.2. The renormalised models Ẑϵ converge to a limiting model Ẑ as ϵ→ 0.

Proof. It follows from Proposition 2.23.3 below combined with a Kolmogorov type criterion, obtained

by going to charts, that for each p, q ∈ R×M , τp ∈ T r there exist random distributions

Π̂pτp Π̂qΓ̂q,pτp,

such that61

∥ Π̂ϵ − Π̂ | T r∥[−1,T+1]×M + JẐϵ ; Ẑ | T rK[−1,T+1]×M → 0 .

Then, it follows from Theorem 2.14.4 that ∥Ẑϵ; Ẑ∥[−1,T+1]×M → 0.

Stochastic estimates

This section is dedicated to proving the following.

Proposition 2.23.3. There exists a κ > 0, such that for any p, q ∈ R×M , τp ∈ T r
α,δ and N ∈ N, it

holds that uniformly over λ ∈ (0, 1] and ϕλq ∈ Br,λq that

E
[(

Π̂ϵqτq)(ϕ
λ
q )
)N]1/N

≲ λα+2κ , E
[(

(Π̂ϵqΓ̂
ϵ
q,pτp − Π̂ϵpτp)(ϕ

λ
q )
)N]1/N

≲ λδ+2κ (2.188)

as well as the same estimate for Π̂ϵp and Γ̂ϵp,q replaced by Π̂p and Γ̂p,q. Furthermore, it holds that

E
[(

Π̂ϵpτp − Π̂pτp)(ϕ
λ
q )
)N]1/N

≲ ϵκλα+κ

E
[(

(Π̂ϵqΓ̂
ϵ
q,pτp − Π̂ϵpτp)(ϕ

λ
q )− (Π̂qΓ̂q,pτp + Π̂pτp)(ϕ

λ
q )
)N]1/N

≲ ϵκλδ+κ .

We first introduce similar notation to [HP15], [HQ18]. Recall, that a random variable belonging

to the kth homogeneous Wiener chaos can be described by a kernel in L2(M)⊗k, i.e. the space of

square-integrable functions in k space variables via the correspondence f 7→ Ik(f) given in [Nua06,

p. 8].

We shall graphically represent
(
Πϵ⋆τ

)
(ϕλ⋆), where ϕ

λ
⋆ ∈ Br,λ⋆ denotes a test function that is localised

around the point ⋆ ∈ R×M . Nodes in our graph will represent variables in M or R×M , with one

61Here we use this notation to denote the restriction of the corresponding expressions for ∥ · ∥[−1,T+1]×M and
J · K[−1,T+1]×M in Definition 2.3.16 to only τ ∈ T r.
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special node representing the point ⋆ ∈ R×M . The nodes represent the arguments of our kernel,

so that a random variable in the kth (homogeneous) Wiener chaos is represented by a graph with

exactly k such nodes. The remaining nodes, which we draw as , represent dummy space time variables

that are to be integrated out.

Each line then represents a space or space-time kernel, with representing the kernel K,

representing the kernel ρϵ = Gϵ2 and representing a generic test function ϕλ⋆ . Note that

since ρϵ(p, q) = ρϵ(q, p), the notation is unambiguous.

Whenever we draw a barred arrow this represents a factor K((t, p), (s, q)) − K(⋆, (s, q)),

where (s, q) ∈ R×M and (t, p) ∈ R×M are the coordinates of the starting and end point respectively.

A first stochastic term

Using the notation introduced above, one can write

(
Πϵ⋆

)
(ϕλ⋆) = + = + − . (2.189)

We further introduce the graphical notation

:= Cϵ

and decompose the function

= + , (2.190)

where the blue term is determined by (2.190).

Lemma 2.23.4. The function is uniformly bounded for ϵ ∈ (0, 1] and converges uniformly as

ϵ→ 0.

Proof. Recall that

ΠΠΠϵ (t, p) =

∫
R

∫
M
Kt−s(p, q)ξϵ(q)dVolq ds =

∫
R
⟨ξ,Gt−s+ϵ2(p, ·)⟩κ(t− s)ds+ rϵ(t, p)

and thus

= E [ΠΠΠϵ (t, p)]

= E
[∫

R
⟨ξ,Gt−s+ϵ2(p, ·)⟩κ(t− s)⟨ξ,Gϵ2(p, ·)⟩ds

]
+ E [rϵ(t, p)ξϵ(p)] .
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Since the conclusion of the lemma holds for the map p 7→ E [Rϵ1(t, p)ξϵ(p)] we proceed by noting that

E
[∫

R
⟨ξ,Gt−s+ϵ2(p, ·)⟩κ(t− s)⟨ξ,Gϵ2(p, ·)⟩ds

]
=

∫
R

∫
M
Gt−s+ϵ2(p, z)Gϵ2(p, z)dVolz κ(t− s)ds

=

∫
R

∫
Br(p)

Zt−s+ϵ2(p, z)Zϵ2(p, z)dVolz κ(t− s)ds

+

∫
R

∫
M

(Gt−s+ϵ2(p, z)− Zt−s+ϵ2(p, z))Gϵ2(p, z)dVolz κ(t− s)ds

+

∫
R

∫
M
Zt−s+ϵ2(p, z) (Gϵ2(p, z)− Zϵ2(p, z)) dVolz κ(t− s)ds ,

where if follows from Theorem 2.17.5 that the latter two summands converge uniformly as ϵ → 0.

Finally, if follows from(2.185) and (2.181) that

∫
R

∫
Br(p)

Zt−s+ϵ2(p, z)Zϵ2(p, z)dVolz κ(t− s)ds− Cϵ

converges uniformly to a limiting function.

Thus, after renormalisation we find

(
Π̂ϵ⋆

)
(ϕλ⋆) = − + . (2.191)

A second stochastic term

Here we use a slight variation of the above notation and use to represent the kernel

(
K∇
t ∗ ρϵ

)
(p, q) =

∫
M
K∇
t (p, z)ρϵ(z, q)dVolz ,

and represents a localised test function ϕλ⋆ ∈ C∞(TM⊗2). So

(
Πϵ⋆

)
(ϕλ⋆) = + .

Similarly to above, we write

= C ′
ϵg
♯ and = − .

Lemma 2.23.5. The section of C∞(T ∗M⊗s2) is uniformly bounded for ϵ ∈ (0, 1] and converges
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uniformly.

Proof. Let {ep,i}i=1,2 be a basis of TpM . We proceed exactly as in Lemma 2.23.4 and find that

= E
[∫

R
⟨ξ,∇Gt−s+ϵ2(p, ·)⟩κ(t− s)ds⊗

∫
R
⟨ξ,∇Gt−s′+ϵ2(p, ·)⟩κ(t− s′)ds′

]
+Rϵ1(p)

=
∑
i,j

ep,i ⊗ ep,j

∫
R2

∫
Br(p)

∂iZt−s+ϵ2(p, z)⊗ ∂jZt−s′+ϵ2(p, z)dVolz dsds
′ +Rϵ2

=
∑
i,j

C(i,j)
ϵ ei ⊗ ej +Rϵ3 ,

where

C(i,j)
ϵ :=

∫
R2

∫
Br(0)

∂iZ̄t−s+ϵ2(z)⊗ ∂jZ̄t−s′+ϵ2(z)dzdsds
′

and the sections Rϵ1, R
ϵ
2, R

ϵ
3 of TM⊗2 converge uniformly as ϵ→ 0. Noting that C ′

ϵ = C
(1,1)
ϵ = C

(2,2)
ϵ

and C
(1,2)
ϵ = C

(2,1)
ϵ = 0, this concludes the proof.

Thus, after renormalisation,

(
Π̂ϵ⋆

)
(ϕλ⋆) = + . (2.192)

Proof of Proposition 2.23.3 . Note that it follows from (2.191) and (2.192) that

E
∣∣(Π̂ϵ⋆ )(ϕλ⋆)∣∣2 ≤ 2 + 2




2

+ 2




2

(2.193)

and

E|
(
Π̂ϵ⋆

)
(ϕλ⋆)|2 ≤ 2 .+




2

. (2.194)

The last term of each has already been bounded in Lemma 2.23.4, resp. Lemma 2.23.5, while the rest

can be estimated using the bounds of Section 2.24.1 exactly as in the proof of [Hai14, Theorem 10.19].

Combining this with the fact that for τp = and one has

Π̂ϵqΓ̂
ϵ
q,pτp − Π̂ϵpτp = 0 ,

implies that for these elements (2.188) is satisfied. Since every element τp ∈ T r is the product of a jet

with either or (2.188) follows generally. In order to conclude the remainder of Proposition 2.23.3

one proceeds as usual, edge by edge replacing ρϵ by ρϵ(p, q)− δp(q).
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2.23.2 The Φ4
3(E) equation

Let

Cϵ =

∫
R⊭

∫
Br(0)

ϕϵ(s− r)ϕϵ(s′ − r)Z̄t−s+ϵ2(z)Z̄t−s′+ϵ2(z)dsds
′drdz (2.195)

C ′
ϵ =

∫
R×Br(0)

(
Z̄(ϵ)(z)

)2
Z̄(z)dz (2.196)

where Z̄(ϵ)(t, x) =
∫
R⊭

∫
Br
ϕϵ(s− r)ϕϵ(s′ − r)Z̄t−s−s′+2ϵ2(x)dsds

′drdx.

We shall prove the following theorem.

Theorem 2.23.6. Let E → M be a vector bundle over a compact 3-manifold equipped with with a

metric h and compatible connection ∇E. Let | · |h be the norm on E induced by h and ∆E a generalised

Laplacian on E differing form the connection Laplacian only by a 0-th order term. Let ξ be an E-valued

space-time white noise, and denote by ξϵ its regularisation as in (2.182). Then, let u0 ∈ Cα(E) for

α > −2
3 , let Cϵ, C

′
ϵ as in (2.195) and (2.196) and let uϵ solve

∂tuϵ +∆Euϵ = −uϵ|uϵ|2h + 3Cϵuϵ − 9C ′
ϵuϵ + ξϵ , uϵ(0) = u0 . (2.197)

Then, there exists a (random) T > 0 and u ∈ D′((0, T )× E), where we canonically identify (0, T )× E

with a subset of π∗E, such that uϵ → u in D′((0, T )× E) as ϵ→ 0 in probability.

Remark 2.23.7. The condition that ∆E differs form the connection Laplacian by only a 0-th order

term is not a real loss of generality, c.f. Remark 2.17.3.

Remark 2.23.8. It is well known that one can take T = ∞ a.s. in Theorem 2.23.6, see [MW17b],

[MW20], [GR23], [JP23][Duc21] & [BDFT23a]. Furthermore, it is well understood that u can actually

be realised as a continuous function u : [0,∞) → D′(E).

First, we define a new symmetric nonlinearity

H : E⊗3 → E, (u1, u2, u3) 7→
1

3!

∑
σ∈S3

uσ(1)h(uσ(2), uσ(3)) ,

where S3 denotes the permutation group of the set {1, 2, 3} ⊂ N and study

∂tu+∆Eu = −H(u, u, u) + ξ . (2.198)

We define the edge types:

• kernel types E+ = {I},

• noise types E− = {Ξ},
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• jet types E0
0 = {δ(3)} and E+

0 = {δI} with the injection ι : E+ → E+
0 .

We fix homogeneities |I| ∈ (2 − 1
10 , 2), |Ξ| ∈ (−5

2 − 1
10 ,−

5
2) and the naive rule characterised by

R̊(I) = {[I]3, [Ξ]}. Denote by R its normalisation. Using graphical notation we write Ξ = , denote

an edge of type I by and edges of type δI by . Since the nonlinearity is given by a parallel section

of H ∈ L(E⊗3, E), we shall suppress the δ(3) edges in the notation and use the convention that it is

implicitly present, whenever a node has three incident edges from above. For example, we write

δ(3)(IΞ)3 = , δ(3)δI(IΞ)2 = , δ(3)(δI)2IΞ = , δ(3)(δI)3 = .

By exactly the same power counting as for the usual ϕ4 equation, it suffices to solve the equation

in Dγ for some γ > 1. Thus, the relevant trees to describe the solution are

TJ :=
{
, , ,

}
and to describe the right-hand side we use

Tr :=
{
, , , , , , ,

}
.

For δ0 ∈ (1, 2) we work with the regularity structure constructed in Section 2.21. Note that this time,

as we are working with a multi-linear nonlinearity, we do not need to identify products of jets, c.f.

Section 2.5. Denote by Zϵ = (Πϵ,Γϵ) the canonical model for the smooth noise ξϵ, such that the

abstract Integration map I realises Kt(p, q) := Gt(p, q)κ(t)κ(d(p, q)/r̄), where G denotes the heat

kernel of ∆E .

Finally, we shall work with the subgroup G′
− ⊂ G− consisting of elements gc,c′ ∈ G− such that

g( ) = ch♯, g( ) = 2c′idE

for some c, c′ ∈ R and such that for other τ ∈ T
(−)
− one has g(τ) = e(τ), where e ∈ G− denotes the

unit element. We again write Ẑϵ := (Zϵ)
gCϵ,C

′
ϵ and Ẑϵ = (Π̂ϵ, Γ̂ϵ).

Remark 2.23.9. Note that we have incorporated another simplification due to the fact that H is a

parallel non-linearity. A priory g( ) is a 0-th order differential operator

g( ) : C∞ ((E ⊗ L(E⊗s3, E))× L(E⊗s3, E)
)
→ C∞(E) .

Only after contracting both sets of indices corresponding to L(E⊗s3, E) with H one obtains a 0-th order

differential operator C∞(E) → C∞(E).

Proof of Theorem 2.23.6. In the setting described above, let η, γ ∈ R such that
∣∣2|Ξ|+ 2|I|

∣∣ < γ < δ0
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and −2/3 < η < (|Ξ|+ |I|) ∧ α as well as η ≤ α. Note that the homogeneity of |Ξ| is a priori too low

in order to apply the Theorem 2.16.7 directly, but this can be resolved exactly as in [Hai14, Sec. 9.4]

for the classical Φ4
3 equation. One then finds that there exists a unique abstract (local) solution

Û ϵ ∈ Dγ,η(T I) of the abstract lift of (2.198) for the renormalised models Ẑϵ. Then, it follows from

Proposition 2.21.9 that û = RÛ ϵ solves

∂tû+∆E û = −H(û) + 3CϵH(û⊙ h♯)− 9C ′
ϵH(û⊙ h♯) + ξϵ

which is exactly (3.30). The proof is thus complete once Proposition 2.23.10 below is shown.

Proposition 2.23.10. The restriction of the renormalised model Ẑϵ to T I
≤1,: and T r

≤0,: converges as

ϵ→ 0.

Proof. This follows exactly as in the proof of Proposition 2.23.2 from Proposition 2.23.12 below.

Remark 2.23.11. A difference between Propositions 2.23.2 and 2.23.10 is that the latter only claims

convergence of the model restricted to objects relevant for the equation at hand. This is done purely

for convenience, since this reduces the number of stochastic estimates we need to show below. An

appropriate modification of the general results in [CH16], [HS23] would be desirable and is expected to

hold in our setting as well.

Stochastic estimates

This section is dedicated to proving the following Proposition, which is the combination of Lemma 2.23.14,

Lemma 2.23.16 and Lemma 2.23.17 below.

Proposition 2.23.12. The conclusion of Proposition 2.23.3 holds for τp ∈ T r
≤1,:.

We use similar notation as in Section 2.23.1, where this time a random variable belonging to the

kth homogeneous Wiener chaos can be described by a kernel in L2(π∗E)⊗̂k, where π : R×M →M is

the canonical projection. That is, the space of of square-integrable sections of k space-time variables.

As previously, we introduce convenient graphical notation: Nodes in our graph will represent

variables in R ×M , with one special node representing the point ⋆ ∈ R ×M . As previously, the

nodes represent the arguments of our kernel and the the nodes which we draw as , represent dummy

variables that are to be integrated out. Each line then represents a kernel, with representing the

kernel K((t, p), (s, q)) := Gt−s(p, q)κ(t− s)κ(d(p, q)/r̄), with representing the kernel

(K ∗ ρϵ) (z1, z2) =
∫
R×M

K(z1, z
′)ρϵ(z

′, z2)dVolz (2.199)

for ρϵ(z1, z2) = ϕϵ(t1−t2)Gϵ2(p1, p2) and representing a representing a localised test function ϕλ⋆ ∈

C∞(π∗E⊗i), for some i ∈ {1, 2, 3} depending on the context. Whenever we draw a barred arrow
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this represents a factor K(z1, z2)−R (Q≤0j⋆K(·, z2)) (z1), where z1 and z2 are the coordinates of the

starting and end point respectively. Similarly represents a factorK(z1, z2)−R (Q≤1j⋆K(·, z2)) (z1).

In the calculations that follow it will be convenient to recall that the heat kernel Gt(p, q) ∈ E|p ⊗E∗|q

satisfies G⋆t (q, p) = Gt(p, q), c.f. Remark 2.17.3. Similarly to above we can write

(
Π

(ϵ)
⋆

)
(ϕλ⋆) = + . (2.200)

as well as

= Cϵh
♯ and = − .

A first counterterm.

Lemma 2.23.13. The section of C∞(π∗E⊗2) is uniformly bounded for ϵ ∈ (0, 1] and converges

uniformly.

Proof. We proceed as in the proof of Lemma 2.23.5, the only slight difference being the fact the ξ is

an E-valued space time white noise, instead of a scalar valued spatial white noise. First, fix a local

frame {ep,i}dimE
i=1 ∈ E|p and let ξi,p = ⟨τz,pep,i, ξ⟩E ∈ D′(M). Thus, we find writing (ϕϵ)⋆2 (s − s′) =∫

ϕϵ(s− r)ϕϵ(s′ − r)dr (recall that ϕ is even)

=
∑
i

∫
R⊭

(ϕϵ)⋆2 (s− s′)

×
(∫

Br

(
ZEt−s+ϵ2(p, z)(τz,pep,i)

)
⊗
(
ZEt−s′+ϵ2(p, z)(τz,pep,i)

)
dVolz

)
dsds′ +Rϵ

=
∑
i

ep,i ⊗ ep,i

∫
R⊭

∫
Br(p)

(ϕϵ)⋆2 (s− s′)Zt−s+ϵ2(p, z)Zt−s′+ϵ2(p, z)dsds
′dVolz +R

ϵ ,

where we used that the ξi,p(r, z) for i = 1, ..., d are independent. Finally, note the conclusion of the

Lemma holds for Rϵ and

∫
R⊭

∫
Br(p)

ϕϵ(s− r)ϕϵ(s′ − r)Zt−s+ϵ2(p, z)Zt−s′+ϵ2(p, z)dsds
′drdVolz −Cϵ

converges uniformly in p as ϵ→ 0.

Thus, we find as previously,

(
Π̂

(ϵ)
⋆

)
(ϕλ⋆) = + . (2.201)
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Since,

(
Π

(ϵ)
⋆

)
(ϕλ⋆) = + 3 , (2.202)

we also find that

(
Π̂

(ϵ)
⋆

)
(ϕλ⋆) = + 3 . (2.203)

The next lemma summarises what we can conclude so far, arguing exactly as in the proof of

Proposition 2.23.3.

Lemma 2.23.14. The conclusion of Proposition 2.23.3 holds for τp ∈ FW (T ) for

T ∈ { , , , } .

A second counterterm

We introduce the kernel of two variables

Qϵ = . (2.204)

with the convention that the left green dot represents the variable ⋆1 ∈ R ×M and the right one

⋆2 ∈ R×M . Further set

:= Cϵδ⋆2(⋆1) and = Qϵ(⋆1, ⋆2)− C ′
ϵδ⋆2(⋆1) . (2.205)

where δ⋆2( · ) denotes the Dirac distribution at ⋆2 acting on ϕ ∈ D(π∗E) by ⟨δ⋆2 , ϕ⟩ = ϕ(⋆2).

Lemma 2.23.15. One has

= RQϵ(⋆1, ⋆2)− kϵ(⋆2)δ⋆2(⋆1)

where the kϵ ∈ C∞ (L(π∗E, π∗E)) is uniformly bounded for ϵ ∈ (0, 1] and converges uniformly as ϵ→ 0.
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Proof. Let us first calculate, denoting the first green node as ⋆1 = (t, p) and the second as ⋆2 = (t′, q)

=
∑
i

ep,i ⊗ τq,pep,i

∫
R⊭

∫
Br(p)

ϕϵ(s− r)ϕϵ(s′ − r)Zt+t′−s−s′+2ϵ2(p, q)dsds
′drdVolz

+Rϵ1

Writing

Z̃(ϵ)((t, p), (t′, q)) :=

∫
R⊭

∫
Br

ϕϵ(s− r)ϕϵ(s′ − r)Zt+t′−s−s′+2ϵ2(p, q)dsds
′drdVolz

we define Sϵ(⋆1, ⋆2) = Z̃(ϵ)(⋆1, ⋆2)
2Z(⋆1, ⋆2) and S

E
ϵ (⋆1, ⋆2) = Sϵ(⋆1, ⋆2)τq,p and find

= H (τq,pH(·, ei,p, ei,p), τq,pei,p, τq,pei,p)Sϵ(⋆1, ⋆2) +Rϵ2(⋆1, ⋆2)

= SEϵ (⋆1, ⋆2) +Rϵ2(⋆1, ⋆2) .

where Rϵ2(p, q) satisfies |||Rϵ2|||−|s|+1/2,m <∞ uniformly over ϵ. Since RSEϵ = SEϵ (⋆1, ⋆2)−
∫
Sϵ(⋆1, z)dz ·

δ⋆1(⋆2), we conclude by observing that
∫
Sϵ(⋆1, z)dz − C ′

ϵ converges uniformly as ϵ→ 0.

Larger trees

Note that

(
Π

(ϵ)
⋆

)
(ϕλ⋆) = + 6 + 3 +

+ 3 + 6 + 6 ,
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from which it follows that

(
Π

(ϵ)
⋆

)
(ϕλ⋆) = + 6 + 3 + (2.206)

+ 3 + 6 + 6 + 6 0 .

where the gray arrow and the 0 in the last digram are to be read as follows: For n ∈ N

n

represents (RQ≤nj⋆K(·, z1)) (z2) where z1 is the variable where the left arrow starts, and z2 is the

variable where the right gray arrow ends.

Lemma 2.23.16. The conclusion of Proposition 2.23.3 holds for τp ∈ FW (T ) for T ∈
{

,
}
.

Proof. Equation 2.206 together with Π̂
(ϵ)
q Γ̂q,p = Π̂

(ϵ)
p imply the conclusion of the lemma for T =

by repeated application of the Lemmas in Section 2.24.1 exactly as in the proof of [Hai14, Thm. 10.22].

In order to treat the case T = , first note that satisfies by a similar argument as above

the conclusion of Proposition 2.23.3 and then note that elements of FW ( ) are obtained from it by

multiplication with a jet.

A last tree

We introduce the following notation. For v ∈
⊕

p∈M JE, we write

v . (2.207)
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for the function Rv(⋆). Then, writing (ep) ∈ FW for the element canonically isomorphic to

ep ∈ E|p ⊂ JpE, one finds that

(
Π

(ϵ)
⋆ (e⋆)

)
(ϕλ⋆) =

e⋆

+ 4

e⋆

+

e⋆

+

e⋆

+

e⋆

+ 2

e⋆

.

and thus

(
Π̂

(ϵ)
⋆ (e⋆)

)
(ϕλ⋆) =

e⋆

+ 4

e⋆

+

e⋆

+

e⋆

(2.208)

+

e⋆

+ 2

e⋆

+ 2

e⋆

0 .

Next we find that for the canonical model

ΠϵqΓ
ϵ
q,p (ep) −Πϵp (ep) =ΠΠΠ

ϵ
(

(Γq,pep) − (ep)

)
−R

(
Q≤1jqK(ΠΠΠϵ (Q0Γq,pep) −ΠΠΠϵ (ep))

)
−
(
ΠϵqΓ

ϵ
q,p −Πϵq

)
Q≤0jpK(ΠΠΠϵ (ep))(p)

=ΠΠΠϵ
(

(Γq,pep) − (ep)

)
−R

(
Q≤1jqK(ΠΠΠϵ (Q0Γq,pep) −ΠΠΠϵ (ep))

)
−R (Γq,p − id)

(
Q≤0jpK(ΠΠΠϵ (ep))

)
(p)

And therefore

ΠϵqΓ
ϵ
q,p (ep) −Πϵp (ep) =ΠΠΠϵ

(
(Γq,pep) − (ep)

)
−R

(
Q≤1jqK(ΠΠΠϵ (Q0Γq,pep−ep))

)
· (ΠΠΠ ))︸ ︷︷ ︸

=:
(
Πϵ

qΓ
ϵ
q,p (ep)−Πϵ

p (ep)

)
A

− (ΠΠΠϵ ) ·R (Γq,p − id)Q≤0jpK(ΠΠΠϵ (ep))︸ ︷︷ ︸
=:
(
Πϵ

qΓ
ϵ
q,p (ep)−Πϵ

p (ep)

)
B
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We suggestively define

(
Π̂ϵqΓ̂

ϵ
q,p (ep) − Π̂ϵp (ep)

)
B̂
:=
(
Π̂ΠΠ
ϵ
)
·R (Γq,p − id)Q≤0jpK(Π̂ΠΠ

ϵ
( (ep))) (2.209)

and set

(
Π̂ϵqΓ̂

ϵ
q,p (ep) − Π̂ϵp (ep)

)
Â
= Π̂ϵqΓ̂

ϵ
q,p (ep) − Π̂ϵp (ep)

−
(
Π̂ϵqΓ̂

ϵ
q,p (ep) − Π̂ϵp (ep)

)
B̂
.

Since

(
Πϵ⋆Γ⋆,p (ep) −Πϵp (ep)

)
A
(ϕλ⋆) =

Γ⋆,pep−ep

+ 4

Γ⋆,pep−ep

+

Γ⋆,pep−ep

+

Γ⋆,pep−ep

+

Γ⋆,pep−ep

+ 2

Γ⋆,pep−ep

,

we find that the latter term is given by

(
Π̂ϵ⋆Γ̂⋆,p (ep)−Π̂ϵp (ep)

)
Â
(ϕλ⋆) =

Γ⋆,pep−ep

+ 4

Γ⋆,pep−ep

+

Γ⋆,pep−ep

(2.210)

+

Γ⋆,pep−ep

+

Γ⋆,pep−ep

+ 2

Γ⋆,pep−ep

+ 2

Γ⋆,pep−ep

1 .

Lemma 2.23.17. The conclusion of Proposition 2.23.3 holds for τp ∈ FW ( ).

Proof. The desired bounds on
(
Π̂

(ϵ)
⋆ (e⋆)

)
(ϕλ⋆) follow from (2.208) as in the proof of Lemma 2.23.16.

In order to establish the desired bounds on

(
Π̂ϵ⋆Γ̂⋆,p (ep) − Π̂ϵp (ep)

)
(ϕλ⋆)
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we estimate (2.209) and (2.210) separately. Indeed, the former is treated easily using the bounds

already established in Lemma 2.23.14 since it only involves a product of a smooth function with a

distribution. For the latter, note that for all terms in the Wiener Chaos decomposition except

Pϵ(ϕλ⋆) :=

Γ⋆,pep−ep

+

Γ⋆,pep−ep

1 (2.211)

one can argue as for the terms in (2.208). In order to treat this last term, let us introduce the following

notation:

• f(z) = R (Γ⋆,pep − ep) (z), which satisfies |f(z)| ≲ ds(z, ⋆)δ0

• Kϵ(⋆1, ⋆2) = , which satisfies Kϵ(⋆1, ⋆2) ≲ ds(⋆1, ⋆2)−2,

and note that (2.211) is given by

Pϵ(ϕλ⋆) =

∫
R×M

∫
R×M

Kϵ(x, z)K(x, z)f(z)ϕλ(x)−Kϵ(x, z)K(x, z)τz,xf(x)ϕ
λ
⋆(x)dxdz

−
∫
R×M

∫
R×M

Kϵ(x, z)R (Q≤1j⋆K(·, z)) (x)f(z)ϕλ⋆(x)dxdz

+

∫
R×M

∫
R×M

kϵ(x)f(x)ϕ
λ
⋆(x)dxdz.

Clearly
∫
R×M

∫
R×M |kϵ(x)f(x)ϕλ⋆(x)|dxdz ≲ λδ0 , so we turn to the other term. On the one hand, first

integrating over x ∈ R×M one finds uniformly in ϵ > 0.∣∣∣∣∣
∫
|x|< 1

2
d(x,z)

(
Kϵ(x, z)K(x, z)f(z)ϕλ⋆(x)−Kϵ(x, z)R (Q≤1j⋆K(·, z)) (x)f(z)ϕλ⋆(x)

)
dxdz

−
∫
|x|< 1

2
d(x,z)

Kϵ(x, z)K(x, z)τz,xf(x)ϕ
λ
⋆(x)dxdz

∣∣∣∣∣
≲
∫
|x|< 1

2
d(x,z)

|Kϵ(x, z)|d(x, ⋆)2 sup
|y|< 1

2
d(x,z)

|Q≤2jyK(·, z)||f(z)||ϕλ⋆ |dxdz

+

∫
|x|< 1

2
d(x,z)

|Kϵ(x, z)K(x, z)τz,xf(x)ϕ
λ
⋆(x)|dxdz

≲ λδ0−κ
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Similarly, integrating first over z∣∣∣∣∣
∫
|x|< 1

2
d(x,z)

(
Kϵ(x, z)K(x, z)f(z)ϕλ⋆(x)−Kϵ(x, z)R (Q≤1j⋆K(·, z)) (x)f(z)ϕλ⋆(x)

)
dxdz

−
∫
|x|< 1

2
d(x,z)

Kϵ(x, z)K(x, z)τz,xf(x)ϕ
λ
⋆(x)dxdz

∣∣∣∣∣
≤

∣∣∣∣∣
∫
|x|> 1

2
d(x,z)

Kϵ(x, z)K(x, z) (f(z)− τz,xf(x))ϕ
λ
⋆(x)dxdz

∣∣∣∣∣
+

∫
|x|> 1

2
d(x,z)

|Kϵ(x, z)R (Q≤1j⋆K(·, z)) (x)f(z)ϕλ⋆(x)dxdz

≲ λδ0

Remark 2.23.18. Note that in order to estimate (2.211), we needed to leverage positive and negative

renormalisation for the set of edges connecting the same two vertices. Thus, estimating this diagram

falls outside the scope of (naively) applying Theorem 2.24.8.

Remark 2.23.19. Note that the scalar ϕ43 equation can essentially be treated as in [Hai14] by working

with the choice of admissible realisation such that Rjp1 = 1 for all p ∈M , since then Π̂ϵqΓ̂
ϵ
q,p (jp1) −

Π̂ϵp (jp1) = 0 .
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2.23.3 The ϕ3
4 equation.

Let

C ,1
ϵ =

∫
R3

ϕϵ(t− s+ r)ϕϵ(t− s+ r)Z̄s+s′+2ϵ2(0) dsds
′dr ,

and

C ,2
ϵ =

1

3

∫
R3

ϕϵ(t− s+ r)ϕϵ(t− s+ r)(s+ s′ + 2ϵ)Z̄s+s′+2ϵ2(0) dsds
′dr .

In order to define the remaining counter terms, we us graphical notation, with representing Z̄,

representing the kernel Z̄ ∗ ρ̄ϵ for ρ̄ϵ(t, z) = ϕϵ(t)Z̄ϵ2(x). The special node represents 0 ∈ R5,

while represents a variables in R5 to be integrated out. Set

Cϵ = 2 , Cϵ = 2 , Cϵ = .

Finally, set

C̄ϵ = (C ,1
ϵ , C ,2

ϵ , Cϵ , Cϵ , Cϵ ) ∈ R5 . (2.212)

We shall prove the following theorem.

Theorem 2.23.20. Let M be a compact four dimensional Riemannian manifold, ξ be space time white

noise on M and ξϵ its regularisation as described above. Let u0 ∈ Cα(M) for α > −1 and denote by ∆

the Laplace–Beltrami operator and by s :M → R the scalar curvature. Then, for C̄ϵ as in (2.212) and

uϵ solving

∂tuϵ +∆uϵ = u2ϵ − C ,1
ϵ − C ,2

ϵ s− 4Cϵ uϵ − 4Cϵ − Cϵ + ξϵ, uϵ(0) = u0 , (2.213)

there exists a (random) T > 0 and u ∈ D′((0, T )×M) such that uϵ → u as ϵ→ 0 in probability.

Remark 2.23.21. Note that for this equation one expects that the maximal existence time of the

solutions is a.s. finite.

We proceed as by now standard and define edge types

• E+ = {I},

• E− = {Ξ},

• E+
0 = {δI} with the injection ι : E+ → E+

0 .

• Since the equations is scalar valued and the non-linearity parallel, we suppress the E0
0 type edges.

We fix homogeneities |I| ∈ (2− 1
10 , 2), |Ξ| ∈ (−3− 1

10 ,−3) and the rule characterised by

R(I) =
{
[δI ]2, [δII], [I]2, [Ξ]

}
.
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Again suffices to solve the equation in Dγ for some γ > 1 and thus, using again graphical notation

where Ξ = , I is written as and δI as , the relevant trees are

TJ :=
{
, , ,

}
and

Tr :=
{
, , , , , , , ,

}
.

Counterterms are only needed for negative subtrees with an even number of noises, namely , , ,

. We denote for

C̄ = (C( ,1), C ,2, C , C ,C ) ∈ R5

by gC̄ ∈ G the element such that gC̄( ) = C( ,1)s + C ,2, gC̄(τ) = Cτ for τ ∈
{

, ,
}

and

gC̄(τ̄) = e(τ̄) for any other negative subtree τ̄ ∈ T− \
{
, , ,

}
. We denote by G′

− ⊂ G− the

subgroup generated by these gC̄ ∈ G−. Denote by Zϵ = (Πϵ,Γϵ) the canonical model for the smooth

noise ξϵ, such that the abstract Integration map I realises Kt(p, q) := Gt(p, q)κ(t)κ(d(p, q)/r̄), where

G denotes the heat kernel, and such that the admissible realisation has the property that R(j·1) = 1.

We again write Ẑϵ := (Zϵ)gC̄ and Ẑϵ = (Π̂ϵ, Γ̂ϵ).

Proof of Theorem 2.23.20. In the setting described above, let η, γ ∈ R such that −1 < η < α and∣∣|Ξ|+ |I|
∣∣ < γ < δ0. Note that this time the homogeneity of |Ξ| and | | are too low to apply the fixed

point theorem 2.16.7 directly. Fortunately, this can again be resolved in [Hai14, Sec. 9.4]. One then

finds that there exists a unique abstract (local) solution Û ϵ ∈ Dγ,η(T I) of the abstract lift of

∂tu−∆u = u2 + ξ

for the renormalised models Ẑϵ. Then, by Proposition 2.21.9 û = RÛ ϵ solves (2.213). The proof is

thus complete, once the analogue of Proposition 2.23.10 for the model Ẑϵ of this section is shown,

which in turn follows Proposition 2.23.22 below.

Stochastic estimates

In this section we prove the following proposition.

Proposition 2.23.22. The conclusion of Proposition 2.23.3 holds for τp ∈ T r
α,: whenever α ≤ 0.

Throughout this section, we use (essentially) the same graphical as in Section 2.23.2. Thus, we

write

= C( ,1)
ϵ + C ,2

ϵ s(⋆) and = − .
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Lemma 2.23.23. The section of C∞(R×M) is uniformly bounded for ϵ ∈ (0, 1] and converges

uniformly.

Proof. We proceed as previously and find that

ΠΠΠ(ϵ) (t, p) =

∫
R
⟨ξ, ϕϵ(s− ·)Gt−s+ϵ2(p, ·)⟩κ(t− s)ds+ rϵ(t, p).

Therefore,

=

∫
R3

∫
M
ϕϵ(t− s+ r)ϕϵ(t− s+ r)Gs+s′+2ϵ2(p, p)κ(s)κ(s

′)dsds′dr +Rϵ ,

where Rϵ satisfies the conclusion of the lemma. Thus, the lemma follows from Theorem 2.17.5.

The Lemma follows from a simplified ad verbatim adaptation of the proofs of Lemma 2.23.13 & 2.23.15.

Lemma 2.23.24. The smooth functions

:= − Cϵ , := − Cϵ

are uniformly bounded for ϵ ∈ (0, 1] and converge uniformly as ϵ → 0. Furthermore, denoting the

variable corresponding to the higher green dot by ⋆1 and the one corresponding to the lower one by ⋆2,

one has

:= − Cϵ δ⋆2(⋆1) = RQϵ(⋆1, ⋆2)− kϵ(⋆2)δ⋆2(⋆1)

where the kϵ ∈ C∞(R×M) is uniformly bounded for ϵ ∈ (0, 1] and converges uniformly as ϵ→ 0.

Proof of Proposition 2.23.22. We proceed exactly as in the proof of Propositions 2.23.3 & 2.23.12. The

term
(
Π̂

(ϵ)
⋆

)
(ϕλ⋆) can be treated exactly as in the estimate of the analogue term in Proposition 2.23.3.

We next study the Wiener Chaos expansion of

(
Π̂ϵ⋆

)
(ϕλ⋆),

(
Π̂ϵ⋆

)
(ϕλ⋆),

(
Π̂ϵ⋆

)
(ϕλ⋆) .

Since

(
Πϵ⋆

)
(ϕλ⋆) = + + 2 ,

we find that

(
Π̂ϵ⋆

)
(ϕλ⋆) = + + 2 .
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We observe that all three trees can by bounded straightforwardly using the estimates of Section 2.24.1.

Similarly one finds that

(
Πϵ⋆

)
(ϕλ⋆) = + 2

+ 4 + + 2

and thus

(
Π̂ϵ⋆

)
(ϕλ⋆) = + 2

+ 4 + + 2 .

In order to estimate the term

(2.214)

we apply Theorem 2.24.8, while the other terms are easily bounded using the estimates of Section 2.24.1.

Next note that

(
Πϵ⋆

)
(ϕλ⋆) = + + + 2 + 2 + 2 +
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and thus

(
Π̂ϵ⋆

)
(ϕλ⋆) = + + + + 2 + 2

+ 2 + 2 + + .

Here we apply Theorem 2.24.8 to bound the terms

and , (2.215)

while the remaining terms can again be bounded using the estimates in Section 2.24.1 The bounds on

(
Π̂ϵ⋆

)
(ϕλ⋆),

(
Π̂ϵ⋆

)
(ϕλ⋆),

(
Π̂ϵ⋆

)
(ϕλ⋆),

follow straightforwardly, where for the last term we use that admissible realisation satisfies R(j·1) =

1.

Remark 2.23.25. Let us observe that the trees appearing for the ϕ34 equation are formally identical to

those for the KPZ equation and the power-counting is also similar.

2.24 Kernels with Prescribed Singularities

Throughout this section we fix vector bundles (Ei,∇E , ⟨·, ·⟩E) and (F i,∇F , ⟨·, ·⟩F ) over M for i ∈ N.

A smooth kernel K ∈ C∞(F ⊗̂E∗ \△), where △ ⊂M ×M denotes the diagonal62, is called of order ζ

if for any for m ∈ N

|||K|||ζ;m := sup
k≤m

sup
p,q∈M

ds(p, q)
k−ζ |jp,qK|k < +∞ .

2.24.1 Elementary estimates

In this section, we collect the analogue estimates to [Hai14, Section 10.3], the proofs of which adapt

mutatis mutandis.

62Throughout this section, we shall use the lighter notation F ⊗̂E∗ \△ to denote the restricted bundle with base space
M ×M \ △.
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Lemma 2.24.1. For i = 1, 2 let Ki ∈ C∞(F (i) ⊗̂ (E(i))∗ \ △) be supported on {(p, q) ∈ (M ×

M) \ △ | ds(p, q) < 1} and of order ζi. Then, up to the canonical isomorphism
(
F (1) ⊗̂ (E(1))∗

)
⊗(

F (1) ⊗̂ (E(1))∗
)
≃ (F (1) ⊗ F (2)) ⊗̂ (E(1) ⊗ E(2))∗ ,

K1 ⊗K2 ∈ C∞
(
(F (1) ⊗ F (2)) ⊗̂ (E(1) ⊗ E(2))∗ \ △

)
.

Furthermore, there exists C > 0 such that

|||K1 ⊗K2|||ζ1+ζ2;m ≤ C|||K1|||ζ1;m|||K1|||ζ2;m .

Lemma 2.24.2. For i = 1, 2 let Ki+1,i ∈ C∞(E(i+1) ⊗̂ (E(i))∗ \ △) be supported on {(p, q) ∈ (M ×

M) \ △ | ds(p, q) < 1} and of order ζi. If ζ1 ∧ ζ2 > −|s|, we write

K3,2 ∗K2,1(p, q) :=

∫
M
K3,2(p, z)K2,1(z, q)dVolz ,

where K3,2(p, z)K2,1(z, q) ∈
(
E(3) ⊗̂ (E(1))∗

)
|p,q is obtained by contracting the factors in (E(2))∗ and

E(2). Then, K3,2 ∗K2,1 ∈ C∞ (E(3) ⊗̂ (E(1))∗ \ △
)
. If furthermore ζ̄ := ζ1 + ζ2 + |s| < 0, then

|||K3,2 ∗K2,1|||ζ̄;m ≤ C|||K1|||ζ1;m|||K1|||ζ2;m .

If ζ̄ ∈ R+ \ N, then K3,2 ∗K2,1 ∈ C[ζ̄](E(3) ⊗̂ (E(1))∗ \ △) and

K3,1(p, q) := K3,2 ∗K2,1(p, q)−R
(
j[ζ̄]q K3,1(·, q)

)
(p)

satisfies

|||K3,1|||ζ̄;m ≤ C|||K1|||ζ1;m̄|||K1|||ζ2;m̄ ,

for m̄ = m ∨ ([ζ̄] + maxi si) for any admissible realisation R.

Definition 2.24.3. Let −|s|−1 < ζ ≤ |s| and K ∈ C∞(F ⊗̂E∗\△) of order ζ such that supp(K(p, ·)) ⊂

Brp(p). We define the renormalised operator RK : C∞(E) → C∞(F ) by

RK(φ) =

∫
M
K(p, z) (ϕ(z)− τz,pϕ(p)) dVolz .

Lemma 2.24.4. For i = 1, 2 let Ki+1,i ∈ C∞(E(i+1) ⊗̂ (E(i))∗ \ △) be supported on {(p, q) ∈ (M ×

M) \ △ | ds(p, q) < 1} and of order ζi. If −|s| − 1 < ζ2 ≤ −|s| and −2|s| − ζ2 < ζ1 < 0, then

RK3,2 ∗K2,1 ∈ C∞
(
E(3) ⊗̂ (E(1))∗ \ △

)
,
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satisfies for ζ̄ = 0 ∧ (ζ1 + ζ2 + |s|),

|||RK3,2 ∗K2,1|||ζ̄;m ≤ C|||K1|||ζ1;m|||K1|||ζ2;m̄ ,

for every m ≥ 0 and m̄ = m+maxi si.

Lemma 2.24.5. Let K ∈ C∞(F ⊗̂E∗ \ △) be supported on {(p, q) ∈ (M ×M) \ △ | ds(p, q) < 1} and

of order ζ. If M = M̄ has constant scaling, set ρϵ = Gϵ2 , while if M = R× M̄ has scaling s = (2, 1) let

ρϵ be given as in (2.199). Then, Kϵ := K ∗ ρϵ has bounded derivatives of all orders and

|jp,qKϵ|k ≤ C(ds(p, q) + ϵ)ζ−k|||K|||ζ,k .

Finally, for ζ̄ ∈ [ζ − 1, ζ) and m ≥ 0, one has the bound

|||K −Kϵ|||ζ̄,m ≲ ϵ
ζ−ζ̄ |||K|||ζ,m̄ ,

where m̄ = n+maxi si.

Lemma 2.24.6. Let K ∈ C∞(F ⊗̂E∗ \ △) be supported on {(p, q) ∈ (M ×M) \ △ | ds(p, q) < 1} and

of order ζ ≤ 0. Then, for every α ∈ [0, 1], one has the bound

|K(z1, z)− τz1,z2K(z2, z)| ≲ d(z1, z2)α(d(z, z1)ζ−α + d(z, z2)
ζ−α)|||K|||ζ,m,

where m = supi si.

2.24.2 A Hairer–Quastel type criterion

In this section we state a non-translation invariant weaker version of [HQ18, Theorem A.3] which is

sufficient to estimate the terms in (2.214) and (2.215). Let us first recall the setting: We are given a

finite directed multigraph G = (V,E) with edges e ∈ E labelled by (ae, re) ∈ R+ × {0, 1}, and kernels

Ke : M ×M \ △ → R compactly supported on {(p, q) ∈ (M ×M) \ △ | ds(p, q) < 1} and satisfying

|||Ke|||ae;2 < ∞. We assume G contains M ≥ 0 distinguished edges63 e⋆,1, ..., e⋆,M connecting ⋆ ∈ V

distinguished vertices v⋆,1, ..., v⋆,M . We write V⋆ = {⋆, v⋆,1, ..., v⋆,M} V0 = V \ {⋆}. For e ∈ E, we write

(e−, e+) for the pair of vertices such that that e is directed from the vertex e− to e+. For simplicity64

assume that for any pair of vertices v1, v2 there exists at most one edge connecting them such that

re = 1.

Then, we define a new fully connected directed graph Ĝ = (V, Ê) where for each edge e ∈ Ê the

label (âe, re) is the sum of the labels over all edges directed from e− to e+ (with the empty sum being

63The green arrows in Section 2.23.
64This is not needed for the argument but generally satisfied for diagrams appearing in regularity structures.
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understood to be 0 and Ke = 1 for all such newly added edges).

For a subset V̄ ⊂ V we call

• E↑(V̄) = {e ∈ E : e ∩ V̄ = e−} outgoing edges,

• E↓(V̄) = {e ∈ E : e ∩ V̄ = e+} incoming edges,

• E0(V̄) = {e ∈ E : e ∩ V̄ = e} internal edges,

• E(V̄) = {e ∈ E : e ∩ V̄ ̸= ∅} incident edges

and write E+(V̄) = {e ∈ E(V̄) : re > 0}, E↑
+ = E+ ∩ E↑ and E↓

+ = E+ ∩ E↓.

Assumption 2.24.7. The resulting directed graph (V, Ê) with labels (âe, re) satisfies re = 0 for all

edges connected to ⋆ or connecting two elements of V⋆. Furthermore assume the following.

1. For every subset V̄ ⊂ V0 of cardinality at least 2,

∑
e∈Ê0(V̄)

âe < (|V̄| − 1)|s| ; (2.216)

2. For every subset V̄ ⊂ V containing 0 of cardinality at least 2,

∑
e∈Ê0(V̄)

âe +
∑

e∈Ê↑
+(V̄)

(âe + re − 1)−
∑

e∈Ê↓
+(V̄)

re < (|V̄| − 1)|s| ; (2.217)

3. For every non-empty subset V̄ ⊂ V \ V⋆,

∑
e∈Ê(V̄)\Ê↓

+(V̄)

âe +
∑

e∈Ê↑
+(V̄)

re −
∑

e∈Ê↓
+(V̄)

(re − 1) > |V̄||s| . (2.218)

Next, for edges e ∈ E such that re = 0 set K̂e(p, q) = Ke(p, q) while for edges e ∈ E such that

re = 1 set K̂e(p, q) = Ke(p, q)−Ke(⋆.q) and let

IG(ϕλ⋆ ,K) :=

∫
MV0

∏
e∈E

K̂e(xe+ , xe−)

M∏
i=1

ϕλ(xv⋆,i)dVolx .

Theorem 2.24.8 (Theorem A.3 [HQ18]). Let G = (V,E) be a finite directed multigraph with labels

{ae, re}e∈E and kernels {Ke}e∈E with the resulting graph satisfying Assumption 2.24.7 and its preamble.

Then, there exist C <∞ depending only on the structure of the graph (V,E) and the labels re such that

IG(ϕλ,K) ≤ Cλα̃
∏
e∈E

∥Ke∥ae;2 , (2.219)
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for 0 < λ ≤ 1, where

α̃ = |s||V \ V⋆| −
∑
e∈E

ae. (2.220)

This theorem is a simpler version of the one in [HQ18], so we shall only outline the (minor) changes

necessary to adapt it to manifolds. One first introduces ϕ : R → [0, 1] supported on [3/8, 1] such that

for Φ(n)(s) = φ(2ns) one has for every s > 0

∑
n∈Z

φ(n)(s) = 1 .

Then, for n ∈ N3 and an edges e ∈ E such that re = 0 set

K̂k,l,m
e (p, q) =


φ(k)(d(p, q))Ke(p, q) if l = m = 0 ,

0 else.

One observes that the analogue of [HQ18, Lemma A.4] holds. If re = 1, set

K̂k,l,m
e (p, q) = φ(k)(d(p, q))φ(l)(d(⋆, p))φ(m)(d(⋆, q)) (Ke(p, q)−K(p, ⋆)) .

After possibly enhancing the edge set E to include for any (v, w) ∈ V2 an edge e from v to w and

setting Ke = 1 for such edges, define for n : E → N3

K̂(n)(x) =
∏
e∈E

K̂(ne)
e (xe− , xe+) .

One observes that if we set Nλ =
{
n : E → N3 : 2−ne⋆,i ≤ λ

}
it suffices to show that the absolute

value of

IGλ (K) =
∑
n∈Nλ

∫
MV0

K̂(n)(x)dVolx

is bounded by the right-hand side of (2.219), see [HQ18, Lemma A.7].

At this point, we can apply the multiscale clustering argument in [HQ18] essentially ad verbatim,

even with the further simplification that in our case the naive bound of [HQ18, Section A.4] is sufficient.

Let us therefore only recall the main cornerstones of that argument. To every configuration x ∈MV

one associates a labelled binary rooted tree (T, l) where the leave set LT of T is given by V and the

inner nodes T ◦ = NT \ LT have a labels

l : T ◦ → N

satisfying the following properties.
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1. The labels are order preserving, i.e. for inner nodes ν, ω ∈ T ◦,

ν ≥ ω ⇒ l(ν) ≥ l(ω) .

2. For every v, w ∈ V, one has

2−l(v∧w) ≤ ds(xv, xw) ≤ |V|2−l(v∧w) ,

where v ∧ w ∈ T ◦ denotes the largest common ancestor of v and w.

After defining N (T, l) and Tλ(V) as in [HQ18, Definition A.8] and right thereafter, it follows by the

same argument as for [HQ18, Lemma A.13] that

|IGλ (K)| ≲
∑

(T,ℓ)∈Tλ(V)

∑
n∈N (T,ℓ)

∣∣∣∫
MV

K̂(n)(x) dVolx

∣∣∣ . (2.221)

Next, it follows as in [HQ18, Lemma A.15] that for η : T ◦ → R given by η(v) = |s|+
∑

e∈Ê ηe(v), where

ηe(v) = −âe1e↑(v) + re(1e+∧0(v)− 1e↑(v)
)
1re>0,e+∧0>e↑

+ (1− re − âe)(1e−∧0(v)− 1e↑(v)
)
1re>0,e−∧0>e↑ ,

with 1v(v) = 1 and 1v(w) = 0 for w ̸= v, one has the bound

( ∏
v∈T ◦

2−ℓv |s|
)
sup
x

|K̂(n)(x)| ≲
∏
v∈T ◦

2−ℓvη(v) . (2.222)

Finally, combining (2.222) with [HQ18, Lemma A.10 & Lemma A.16] concludes the argument. Note

that we do not consider any negative renormalisation here and therefore we can omit the considerations

of [HQ18, Section A.5].
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Chapter 3

Some variable coefficient SPDEs

The analytic machinery of [Hai14] applies to non-translation invariant SPDEs and only the second part

of [Hai14] and the articles [BHZ19] [BCCH20] and [CH16] make significant use of translation invariance.

It was shown in [BB21] that preparation maps introduced in [Bru18] are compatible with the use of

renormalisation functions.1 The results in Chapter 2 automate all of the work for a local solution

theory to subcritical equations of the form (1.5) except for the identification of the “correct” finite

dimensional renormalisation procedure/group, see the discussion in Section 2.22, and the stochastic

estimates on models.

3.0.1 Scaling heuristics

We first explain how classical scaling heuristics (often) suggest the correct renormalisation functions,

starting with the example of the ϕ4d-equation for d ∈ {2, 3} formally given by

(∂t −∇ ·A(·)∇)u = −u3 + ξ ,

where ξ denotes space time white noise. Indeed, formally writing ũλ(t, x) := λd/2−1u(t0 + λ2t, x0 + λx)

as well as Ãλ(t, x) = A(t0 + λ2t, x0 + λx) and ξ̃λ(t, x) = λd/2+1ξ(t0 + λ2t, x0 + λx) one finds that

(∂t −∇ · Ãλ(·)∇)ũλ = λ2−3(d/2−1)ũ3 + ξ̃λ .

Since ξ̃λ is again a space time-white noise and since Ãλ → A(x0, t0), as λ→ 0 this suggests that close

to (x0, t0) the solution u should be well approximated by the solution z(x0,t0) to

(∂t −∇ ·A(x0, t0)∇)z(x0,t0) = ξ .

1The renormalisation function suggested therein [BB21, Eq. 3.15] does not correspond to the ones used in this chapter
and, there, convergence of models is not considered.
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Finally, writing z̄ for the solution to (∂t −△)z̄ = ξ and D(x, t) = | det(A(x, t))|−1/2 one formally finds

that E[(z(x0,t0))2]
E[z̄2] = D(x0, t0) which for d = 2 suggests to consider the family of equations given by

(∂t −∇ ·A(·)∇)u = −u3 + 3α D(x, t)u+ ξ , α ∈ R .

For d = 3 the above argument combined with the main result of [BCCH20] suggests to consider

(∂t −∇ ·A(·)∇)u = −u3 +
(
3α D(x, t)− 9α D(x, t)2

)
u+ ξ , α , α ∈ R ,

with the second counterterm corresponding to a logarithmic divergence.

The same argument also suggests the correct right hand side for the g-PAM and KPZ equation

(where for the former the scaling changes slightly, as one is only working with spatial white noise), see

Theorem 2.23.1 and Theorem 3.3.6.

Remark 3.0.1. While the heuristic just described works for the not “too singular” equations above, it

fails in more singular settings such as for the ϕ34 equation, see Remark 3.2.3.

Remark 3.0.2. Note that on the torus equipped with a non-standard metric g = gi,j the Laplace-

Beltrami operator △g is given by

△gf = gi,k∂k∂jf − gj,kΓljk∂lf .

Taking that point of view, the fact that in this article one needs to choose renormalisation functions

while for the analogue examples in Chapter 2 renormalsiation constants were sufficient stems from

the fact that white noise for the flat metric differs from white noise with respect to the metric g by

exactly a multiplicative factor
√
det(g). Thus, the choice of counter-terms advocated here, at least for

the g-PAM, ϕ42 and ϕ43-equation is the unique choice consistent with the intrinsic solution theory in

Chapter 2.

Structure of the Chapter

In Section 3.1, we recall the classical paramerix construction of heat kernels Γ associated to the

linear part of (1.5), c.f. the bibliographical remarks in [Fri08]. We focus on capturing precise enough

asymptotics of Γ close to the diagonal, in order to identify canonical renormalisation functions. In

Section 3.1.4 we check that the constructed kernels fit within the framework of regularity structures and

consider the continuity of the abstract solution map with respect to the coefficients of the differential

operator.

Then, in Section 3.2.1 using mollification based on the heat kernel the “correct” renormalisation

functions for the g-PAM, ϕ4 and the KPZ non-linearity are identified. In particular, we note in
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Remark 3.2.3 that for the more singular ϕ34 equation the scaling heuristic of Section 3.0.1 does not

apply. In Section 3.2.2 we argue that for the equations treated here more general regularisation schemes

are also applicable, yielding counter-terms of the same form.

Finally, in Section 3.3 “solve” the equations mentioned above. This section is short since the

existing literature, in particular [Hai14], [BB21] and the results of Chapter 2, supplies all necessary

results not already established in the previous sections.

3.1 Heat Kernels

In this section we recall the construction of the heat kernel of differential operators on Rd+1 of the form

L = ∂t −
∑
i,j

ai,j(x, t)∂i∂j −
∑
i

bi(x, t)∂i − c(x, t) (3.1)

following Avner-Friedman [Fri08, Chapter 1] and collect some of the properties needed here. Without

loss of generality, assume that ai,j = aj,i.

Assumption 3.1.1. There exists constants λ̄0, λ̄1 > 0 such that for every z ∈ Rd+1 and ζ ∈ Rd we

have

λ̄0|ζ|2 ≲ ai,j(z)ζiζj ≲ λ̄1|ζ|2

and the coefficients ai,j, bi and c are smooth and have globally bounded derivatives.

Remark 3.1.2. Note that Lipshitz continuous coefficients (with respect to the parabolic distance)

are sufficient for all considerations of this section, except for the second claim in Proposition 3.1.6,

Remark 3.1.7, Lemma 3.1.9 and Section 3.1.2 as well as Section 3.1.3.

Remark 3.1.3. The argument outlined here is carried out in [Fri08] keeping sharper track of the

continuity assumptions on the coefficients.

We shall write ai,j for the entries of the inverse matrix A−1 of A. We define

ϑz(ζ) =
∑
i,j

ai,j(z)ζiζj , wz(x, t; ζ, τ) =
1{t>τ}

(t− τ)d/2
exp

(
ϑz(x− ζ)

4(t− τ)

)

and C(z) = (4π)−d/2 det(A(z))−1/2, where

1{t>τ} =


1 if t > τ,

0 else.

The fundamental solution of the differential operator with coefficient “frozen” at z = (ζ, τ) ∈ Rd+1 is
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given by

Z(x, t; ζ, τ) := C(ζ, τ)w(ζ,τ)(x, t; ζ, τ) = C(ζ, τ)w(ζ,τ)(x− ζ, t− τ ; 0, 0) . (3.2)

and one has for any λ∗0 < λ0 and µ ∈ [0, d/2] the estimate

|wz(x, t; ζ, τ)| =

∣∣∣∣∣(t− τ)−µ (ϑz(x− ζ))µ−d/2
(
ϑz(x− ζ)

(t− τ)

)d/2−µ
exp

(
−ϑ

z(x− ζ)

4(t− τ)

)∣∣∣∣∣
≲(t− τ)−µ|x− ζ|−d+2µ exp

(
−λ

∗
0|x− ζ|2

4(t− τ)

)
. (3.3)

One finds the following identity

LZ(x, t; ζ, τ) =
∑
i,j

(ai,j(x, t)− ai,j(ζ, τ))∂i∂jZ(x, t; ζ, τ)

+
∑
i

βi(x, t)∂iZ(x, t; ζ, τ) + c(x, t)Z(x, t; ζ, τ) ,

and thus in particular for any µ ∈ [0, d/2],

LZ(x, t; ζ, τ) ≲ (t− τ)−µ|x− y|−d−1+2µ exp

(
−λ

∗
0|x− ζ|2

4(t− τ)

)
. (3.4)

Next, for ν ≥ 1 recursively define (LZ)1 := (LZ) and

(LZ)ν+1(x, t; ζ, τ) =

∫ t

τ

∫
Rd

LZ(x, t; η, σ)(LZ)ν(η, σ; ζ, τ)dη dσ

as well as Z0 := Z and

Zν(x, t; ζ, τ) =

∫ t

τ

∫
Rd

Z(x, t; η, σ)(LZ)ν(η, σ; ζ, τ) dη dσ . (3.5)

The next lemma collects some properties of these functions and is contained in the discussion around

[Fri08, Eq. 4.14].

Lemma 3.1.4. For any λ∗0 < λ0, there exist positive constants H0, H such that

|(LZ)ν(x, t; ζ, τ)| ≤
H0H

ν

Γ(ν)
(t− τ)ν−d/2−1 exp

(
−λ

∗
0|x− ζ|2

4(t− τ)

)

and

|Zν(x, t; ζ, τ)| ≤
H0H

ν

Γ(m)
(t− τ)ν−d/2 exp

(
−λ

∗
0|x− ζ|2

4(t− τ)

)
. (3.6)

Corollary 3.1.5. In particular one finds for Z≥ν :=
∑

n≥ν Zn that

|Z≥ν(x, t; ζ, τ)| ≲ (t− τ)ν−d/2 exp

(
−λ

∗
0|x− ζ|2

4(t− τ)

)
. (3.7)
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The following is the content of [Fri08, Ch. 1, Thm. 8 & Ch. 1, Section 6 & Ch. 6, Thm. 8]

Proposition 3.1.6. Under Assumption 3.1.1 the (unique) fundamental solution of the differential

operator (3.1) is given by

Γ(x, t; ζ, τ) =

∞∑
ν=0

Zν(x, t; ζ, τ) .

Furthermore, for a, a′ ∈ Nd, b, b′ ∈ N

|∂ax∂a
′
ζ ∂

b
t∂

b′
τ Γ(x, t; ζ, τ)| ≲a,a′,b,b′ (t− τ)−(|a|+|a′|+2b+2b′+d)/2 exp

(
−λ

∗
0|x− ζ|2

4(t− τ)

)
.

Remark 3.1.7. By proceeding exactly as in the proof of [Fri08, Ch. 6, Thm. 8] one finds that there

exists H > 0 such that for a, a′ ∈ Nd, b, b′ ∈ N

|∂ax∂a
′
ζ ∂

b
t∂

b′
τ Zν(x, t; ζ, τ)| ≲a,a′,b,b′

Hν

Γ(ν)
(t− τ)ν−(|a|+|a′|+2b+2b′+d)/2 exp

(
−λ

∗
0|x− ζ|2

4(t− τ)

)
.

As a consequence the same bound, up to multiplicative constant, holds for Z≥ν .

Corollary 3.1.8. For τ < σ < t the following identity holds

Γ(x, t; ξ, τ) =

∫
Rd

Γ(x, t; y, σ)Γ(y, σ; ξ, τ) dy . (3.8)

Proof. This follows directly from the uniqueness of the fundamental solution.

3.1.1 Behaviour close to the diagonal

We write

Rζ : Rd → Rd, x 7→ −x+ 2ζ (3.9)

for the map reflecting at the point ζ ∈ Rd and observe that

Z0(Rζ(x), t; ζ, τ) = Z0(x, t; ζ, τ) .

Lemma 3.1.9. One can write Z1(z; z̄) = Z̄1(z; z̄) +R1(z; z̄) such that Z̄1 satisfies

Z̄1(Rζ(x), t; ζ, τ) = −Z̄1(x, t; ζ, τ), (3.10)

as well as the same upper bound (3.6) as Z1 (with possibly a larger constant) and R1 satisfies the upper

bound (3.6) for ν = 2 (with possibly a larger constant).
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Proof. We find that

Z1(x, t; ζ, τ) =

∫ t

τ

∫
Rd

Z(x, t; η, σ)(LZ)1(η, σ; ζ, τ) dη dσ

=
∑
i,j

∫ t

τ

∫
Rd

Z(x, t; η, σ)(ai,j(η, σ)− ai,j(ζ, τ))∂i∂jZ(η, σ; ζ, τ) dη dσ

+
∑
i

∫ t

τ

∫
Rd

Z(x, t; η, σ)βi(η, σ)∂iZ(η, σ; ζ, τ) dη dσ

+

∫ t

τ

∫
Rd

Z(x, t; η, σ)c(η, σ)Z(η, σ; ζ, τ) dη dσ

=Z̄1(x, t; ζ, τ) +R1(x, t; ζ, τ)

where Z̄1 :=
∑

i,j Z̄
i,j
1 +

∑
i Z̄

i
1 for

Z̄i,j1 (x, t; ζ, τ) :=
∑
k

∂kai,j(ζ, τ)C(ζ, τ)

∫ t

τ

∫
Rd

wζ,τ (x, t; η, σ)(η − ζ)k∂i∂jZ(η, σ; ζ, τ) dη dσ

Z̄i1(x, t; ζ, τ) := bi(ζ, τ)C(ζ, τ)

∫ t

τ

∫
Rd

wζ,τ (x, t; η, σ)∂iZ(η, σ; ζ, τ) dη dσ ,

and

R1 =
∑
i,j

Ri,j +
∑
i

Ri + Z0
1

for Ri,j = (Zi,j − Z̄i,j), Ri = (Zi − Z̄i) and

Z0
1 (x, t; ζ, τ) :=

∫ t

τ

∫
Rd

Z(x, t; η, σ)c(η, σ)Z(η, σ; ζ, τ) dη dσ .

At this point one sees that Z̄1 and R1 satisfy the properties claimed in the lemma.

3.1.2 Adjoint Kernels

The (formal) adjoint operator of L is given by

L∗ = ∂t +
∑
i,j

ai,j(·)∂i∂j +
∑
i

b∗(x, t)i∂i + c∗(x, t) ,

where b∗i = −bi+2
∑

j ∂jai,j and c
∗ = c−

∑
i ∂ibi+

∑
i,j ∂i∂jai,j . Its fundamental solution (back-wards

in time, i.e. for t < τ) can be constructed in essentially the same way as the one for L and is then

given by

Γ∗(x, t; ζ, τ) =
∞∑
ν=0

Z∗
ν (x, t; ζ, τ)

where

Z∗
0 (x, t; ζ, τ) =

C(ζ, τ)1{τ>t}

(τ − t)d/2
exp

(
ϑ(ζ,τ)(x− ζ)

4(τ − t)

)
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and Z∗
ν (x, t; ζ, τ) is defined analogously to (3.5) for ν ≥ 1. It is the content of [Fri08, Thm. 15] that

one has the identity

Γ(ζ, τ ;x, t) = Γ∗(x, t; ζ, τ) . (3.11)

For later use we define for i ∈ {1, ..., d}

Z0;i(η, τ ;x, t) = −
∑

l a
i,l(η − x)l

2(t− τ)
Z∗
0 (η, τ ;x, t) .

Lemma 3.1.10. One can write ∂xiZ
∗
0 (η, τ ;x, t) = Z0;i(η, τ ;x, t) +R∗

0,i(η, τ ;x, t) where

|R∗
0,i(η, τ ;x, t)| ≲ (t− τ)−d/2 exp

(
−λ

∗
0|x− η|2

4(t− τ)

)
.

Proof. One finds that

∂xiZ
∗
0 (η, τ ;x, t) = −

∑
l(a

i,l + al,i)(η − x)l + ⟨(η − x), (∂xiA(x, t))(η − x)⟩
4(t− τ)

Z∗
0 (η, τ ;x, t),

thus the claim follows by observing that

Z0;i(η, τ ;x, t) = −
∑

l(a
i,l + al,i)(η − x)l
4(t− τ)

Z∗
0 (η, τ ;x, t)

together with an estimate as in (3.3) .

3.1.3 Operators depending on a parameter

Consider the situation where aλi,j(x, t), b
λ
i (x, t) and cλ(x, t) depend on a parameter λ ∈ [0, 1] and

consider the fundamental solutions Γλ =
∑

ν≥0 Z
λ
ν as in Proposition 3.1.6 to the differential operator

Lλ = ∂t −
∑
i,j

aλi,j(x, t)∂i∂j −
∑
i

bλi (x, t)∂i − cλ(x, t) .

The following proposition is a well known and follows as direct consequence of the construction in the

previous section, c.f. [BGV03, Theorem 2.48] for a similar result in a slightly different setting.

Proposition 3.1.11. Under Assumption 3.1.1, assuming furthermore that for each (x0, t0) ∈ Rd+1

the map λ 7→ (aλi,j(x0, t0), b
λ
i (x0, t0), c

λ(x0, t0)) is continuously differentiable and that the functions

∂
∂λa

λ
i,j ,

∂
∂λb

λ
i ,

∂
∂λc

λ are bounded with bounded derivatives (with respect to (x, t) ∈ Rd+1), it holds that

for each z ̸= z̄ the maps

λ 7→ Γλ(z, z̄), λ 7→ Zλν (z, z̄)

are continuously differentiable for each ν ≥ 1 and the kernels ∂
∂λΓ

λ, ∂
∂λZ

λ
ν and their derivatives (in

z, z̄) satisfy identical upper bounds (up to multiplicative constant) as Γλ respectively Zλν .
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Proof. One first checks differentiability in λ and upper bounds on Zλ and LλZλ (including (3.3) and

(3.4)). Then, the stated claims on Zλν follow by direct computation as for Lemma 3.1.4. Thus, by

summability the claims about Γλ follow as well.

3.1.4 Kernels in Regularity Structures

The aim of this section is to check that the kernels constructed above fit into the framework of regularity

structures and to establish continuity bounds with respect to the kernels. Thus, throughout this section

we assume familiarity with the content of the of the article [Hai14] up to and including Section 7. The

following definition captures the content of [Hai14, Assumption 5.1].

Definition 3.1.12. Let K : Rd+1 × Rd+1 \ △ → R be a kernel which can be decomposed as K(z, z′) =∑
n≥0Kn(z, z

′) where each Kn is supported on {(z, z′) : ∥z − z′∥s ≤ 2−n+1}. On the space of such

kernels KKK, we define for L,R ∈ R+, the norm ∥K∥β;L,R as the smallest number C such that there exists

a decomposition K =
∑
Kn for which the following bounds are satisfied:

• For any multi-indices k1, k2 satisfying |k1|s ≤ L, |k2|s ≤ R it holds that

|Dk1
1 D

k2
2 Kn(z, z

′)| ≤ C2(|s|−β+|k1|s+|k2|s) (3.12)

uniformly over n ≥ 0 and z, z′ ∈ Rd+1.

• Let Kk1,k2
n := Dk1

1 D
k2
2 Kn, for maximal2 elements

k1 ∈ {k ∈ Nd+1 : |k1|s < L}, k2 ∈ {k ∈ Nd+1 : |k1|s < R},

it holds that

sup
|h1|s<1

|Kk1,k2
n (z + h1, z

′)−Kk1,k2
n (z, z′)|

|h1|L−|k1|s
s

≤ C2(|s|−β+L+|k2|s) ,

sup
|h2|s<1

|Kk1,k2
n (z, z′ + h2)−Kk1,k2

n (z, z′)|
|h2|R−|k2|s

s

≤ C2(|s|−β+|k1|s+R) ,

as well as

sup
|h1|s,|h2|s<1

|Kk1,k2
n (z + h1, z

′ + h2)−Kk1,k2
n (z + h1, z

′)−Kk1,k2
n (z, z′ + h2) +Kk1,k2

n (z, z′)|
|h1|L−|k1|s

s |h2|R−|k2|s
s

≤ C2(|s|−β+L+R) ,

uniformly over n ≥ 0 and z, z′ ∈ Rd+1.

2with respect to the canonical partial order on Rd+1
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• For any multi-indices k1, k2 satisfying |k1|s ≤ L, |k2|s < R it holds that

|
∫
Rd

(z − z′)k1Dk2
2 Kn(z, z

′)dx| ≤ C2−βn (3.13)

uniformly over n ≥ 0 and z, z′ ∈ Rd+1.

Finally, we define the vector space KKKβ
L,R = {K ∈ KKK : ∥K∥β;L,R < +∞} equipped with the norm

∥ · ∥β;L,R.

Note that, while in [Hai14, Assumption 5.4] it is assumed that the kernels Kn annihilate polynomials

up to a certain degree, this assumption can be replaced by the following assumption which is more

convenient in the non-translation invariant setting and can always be satisfied by replacing β by β − ϵ

for (certain) arbitrary small ϵ ∈ (0, 1).

Assumption 3.1.13. For all α ∈ A (the index set of the structure space T =
⊕

α∈A Tα), one has

α+ β /∈ N.

In what follows we observe that the general abstract fixed point theorem of [Hai14] is continuous

with respect to the norms ∥ · ∥β;L,R provided L,R are large enough. Since this only amounts to a

careful reading of [Hai14] and a more sophisticated variant of these ideas was carried out in detail in

[GH19b], we shall only sketch the argument.

Recall, that in the theory of regularity structures one lifts a K to an abstract operator K. This

involves, for a given sector V ⊂ T , three operators

I : V → T, JK(z) : V → T̄ , NK
γ : Dγ(V ) → C(Rd+1, T̄ ) ,

see [Hai14, Eq. 5.11, Eq. 15 & Eq. 5.16]

One readily checks that if the sector V satisfies for α, η ∈ R that

V ⊂
⊕
α≤δ≤η

Tδ ,

the following holds:

• The linear map KKKβ
L,R ∋ K 7→ JK ∈ C(Rd+1, L(V, T )) is Lipschitz continuous if

−R < α, L > η + β . (3.14)

• The map KKKβ
L,R ∋ K 7→ NK

γ ∈ L(Dγ(V ), C(Rd+1, T̄ )) is Lipschitz continuous if

−R < α, L > γ + β . (3.15)
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Importantly, by a careful reading of the corresponding sections of [Hai14] one finds that for L,R > 0

satisfying (3.14)& (3.15), the results [Hai14, Thm 5.12, Thm. 5.14, Prop. 6.16 and Theorem 7.1] still

hold in the slightly more general setting where Z = (Π,Γ) realises a kernel K ∈ KKKβ
L,R for I and

Z̄ = (Π̄, Γ̄) realises a distinct kernel K̄ ∈ KKKβ
L,R for I, but with the implicit constant in the inequalities

of these results depending on a constant C > 0 for which the inequality then holds uniformly in kernels

K, K̄ satisfying ∥K∥β;L,R ∨∥K̄∥β;L,R < C and with an additional term ∥K − K̄∥β;L,R on the respective

right hand sides.

Lastly, for a regularity structure equipped with an abstract integration map I : V → T we define

KKKβ
L,R ⋉M ⊂KKKβ

L,R ×M

to consist of pairs (K,Z) such that Z realises K for I.

One concludes that the following slight generalisation of [Hai14, Theorem 7.8] holds.

Theorem 3.1.14. In the setting of [Hai14, Theorem 7.8], under the Assumption 3.1.13 instead of

[Hai14, Assumption 5.4] and assuming that γ < L and that −R is smaller than the regularity of the

sector V , consider the solution map for T > 0 small enough to the fix point problem

u = (I + JK +NK)R+F (u) + v ,

as a map

ST :
(
KKKβ
L,R ⋉M

)
×Dγ,η

P (T̄ ) → Dγ,η
P , ((K,Z), v) 7→ u .

Then, assuming F is strongly locally Lipschitz, for each bounded3 subset

B ⊂
(
KKKβ
L,R ⋉M

)
× Dγ,η

P (T̄ ) there exists T > 0 such that the solution map ST is well defined

and Lipschitz on B.

Remark 3.1.15. Let us consider what choices of L,R in the above Theorem 3.1.14 work for our

example equations.

1. For g-PAM in d = 2 one can take R > 1, L > 1, c.f. [Hai14, Sec. 9.1& Sec. 9.3].

2. For the ϕ42-equation one can take R > 2, L > 0. But one can observe that after making sense

of “by hand” instead of using the extension theorem of [Hai14, Thm. 5.14], it suffices to take

R,L > 0, c.f. [DPD03].

3. For the ϕ43-equation, after making sense of and “by hand”, one can take R > 1 and L > 1,

c.f. [Hai14, Sec. 9.2 & Sec. 9.4] and [CMW23].

3with respect to the distance(
((K,Z), v), ((K̄, Z̄), v̄)

)
7→ ∥K − K̄∥β;L,R +

∣∣∣∣∣∣Z, Z̄∣∣∣∣∣∣
γ;O

+ |||v; v̄|||γ,η;T ,
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4. Following the usual convention for the KPZ-equation of writing for the derivative of the heat

kernel and for the heat kernel, after making sense of , and “by hand” one can take R > 1/2

and L > 3/2 for this equation, c.f. [Hai13] and [FH20].

Remark 3.1.16. It is in principle possible to slightly weaken the regularity assumptions on kernels

further by introducing Besov-type variants of the spaces KKKβ
L,R.

Finally, we check that non-translation invariant kernels constructed here fit within the framework

of regularity structures. From now on, for the rest of this article we make the following assumption:

Assumption 3.1.17. The functions ai,j( · , t), bi( · , t), c( · , t) are periodic for every t ∈ R.

We work with an truncation of the heat kernel in time specified by κ : R → [0, 1] such that

• κ(t) = 0 for t < 0 or t > 1,

• κ(t) = 1 for t ∈ (0, 1/2).

• κ|R+ is smooth.

We also fix ϕ : Rd → [0, 1] smooth and compactly supported on B1+1/10(0) ⊂ Rd such that∑
k∈Zd ϕ(x+ k) = 1 for all x.

Proposition 3.1.18. Under Assumption 3.1.1 and Assumption 3.1.17 the kernel

K(x, t, ζ, s) =
∑
k∈Zd

κ(t− s)ϕ(x− ζ)Γ(x, t, ζ + k, s)

is non-anticipative and satisfies ∥K∥β;L,R < +∞ for any L,R ≥ 0 and β ≤ 2. Furthermore, in the

setting of Proposition 3.1.11 the family of kernels

Kλ =
∑
k∈Zd

κ(t− s)ϕ(x− ζ)Γλ(x, t, ζ + k, s)

additionally satisfies ∥Kλ −Kµ∥β;L,R ≲ |λ− µ| for every L,R ≥ 0 and β ≤ 2.

Proof. It is clear that K is non-anticipative. In order to see ∥K∥β;L,R < +∞, note that only the bound

3.13 requires an argument, the rest follow straightforwardly from Proposition 3.1.6. We first write

Γ =

⌊R⌋∑
ν=0

Zν + Z>⌊R⌋ .

For the summand Z>⌊R⌋ the bound follows directly form Remark 3.1.7. For the the summand Z0,

the bound follows by first turning the derivative D2 into terms only involving derivatives D1 in

the first variable using the explicit formula (3.2) and then integrating by parts. The bound on
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Zν for ν ∈ {1, ..., ⌊R⌋} follows similarly, but by additionally using (3.5) together with the explicit

form of LZ above (3.4). The second part of the lemma follows analogously, but furthermore using

Proposition 3.1.11.

Remark 3.1.19. Note that in [Hai14] the kernel is decomposed into a compactly supported singular

part and a compactly supported smooth part, where the singular part is supported on a fundamental

domain. This last property is convenient in establishing convergence of models, but not crucial.

Remark 3.1.20. Note that by keeping slightly more careful track of the regularity assumptions on A,

one finds that Assumption 3.1.1 can be weakened depending on the equation at hand. For example, one

finds in view of Remark 3.1.15 that for the Φ4
2 equation one can weaken the regularity assumption on A

to mere Hölder continuity for some positive exponent using the bounds in [Fri08, Chapter 1, Section 6].

3.2 Canonical Counterterms

Finally, we turn to the main contribution of this article, the identification of canonical countert-

erms/solutions to the non-translation invariant g-PAM, ϕ42, ϕ
4
3 and KPZ equation. We shall freely use

standard graphical notations such as = IΞ and , , c.f. [FH20], [HQ18] and [HP15]; the meaning

will be clear from the specified context.

Throughout this section, α will denote a constant, possibly depending on the tree considered and

further mathematical objects. These dependencies will be specified by writing α(...) and listing them in

the brackets. We shall use βϵ to denote constants, which converge as ϵ→ 0. We shall again write βϵ(...)

in order to specify dependencies. Importantly, α and βϵ will always be constants and not functions!

We can and shall choose renormalisation functions as if we were working with white noise in the full

space instead of periodic noise. One can check that this only affects the constants βϵ in the examples

that follow.

3.2.1 Heat Kernel regularisation

In this subsection, when working with spatial white noise ξ ∈ D′(Rd), we use the following approximation

of the noise

ξϵ(x, t) =

∫
Rd

Γ(x, t, ζ, t− ϵ2)ξ(ζ) dζ . (3.16)

Note in particular that ξϵ ∈ C∞(R × Rd) is a function of space and time, despite the original noise

being constant in time.

When working with space time white noise ξ ∈ D′(Rd+1) we fix an additional smooth compactly

supported even function ϕ ∈ C∞(R) such that
∫
ϕ = 1 and set

ξϵ(x, t) =

∫
R
ϕϵ(t− τ)

∫
Rd

Γ(x, t, ζ, t− ϵ2)ξ(ζ, τ) dζdτ , (3.17)
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where ϕϵ(t) := 1
ϵ2
ϕ
(
t
ϵ2

)
.

Remark 3.2.1. Note that the exponent 2 of ϵ2 in (3.16) and (3.16) is included so that the regularisation

respects parabolic scaling in the sense of [Hai14].

Counterterms for g-PAM

Working with ξϵ as in (3.16), one finds that

ΠΠΠϵ (x, t) =

∫
R

∫
Rd

Γ(x, t, ζ, τ)κ(t− τ)ξϵ(ζ, τ)dζdτ

=

∫
R

∫
Rd

∫
Rd

Γ(x, t; ζ, τ)Γ(ζ, τ, η, τ − ϵ2)ξ(η) dζdη κ(t− τ)dτ

=

∫
R

∫
Rd

Γ(x, t; η, τ − ϵ2)ξ(η) dη κ(t− τ)dτ

=

∫
R

∫
Rd

Γ∗(η, τ − ϵ2;x, t)ξ(η) dη κ(t− τ)dτ

and therefore

E [ΠΠΠϵ (x, t)] =

∫
Rd

Γ∗(η, t− ϵ2;x, t)

∫ t

0
Γ∗(η, τ − ϵ2;x, t)dη κ(t− τ)dτ .

After writing Γ∗ = Z∗
0 + Z∗

≥1 we investigate the contribution of each term to the above expected value.

By Corollary 3.1.5 the contributions involving Z∗
≥1 converge as ϵ → 0, while the contribution only

involving Z∗
0 is given by

∫
R

∫
Rd

Z∗
0 (η, t− ϵ2;x, t)Z∗

0 (η, τ − ϵ2;x, t)dη κ(t− τ)dτ

=

∫
R

∫
Rd

C(x, t)

(ϵ2)d/2
exp

(
−ϑ

(x,t)(η − x)

4ϵ2

)
C(x, t)

(t− τ + ϵ2)d/2
exp

(
− ϑ(x,t)(η − x)

4(t− τ + ϵ2)

)
dη κ(t− τ)dτ

=

∫
R

∫
Rd

C(x, t)2(ϵ2)−d/2(t− τ + ϵ2)−d/2 exp

(
−ϑ

(x,t)(η − x)

4ϵ2
− ϑ(x,t)(η − x)

4(t− τ + ϵ2)

)
dη κ(t− τ)dτ

=

∫
R

∫
Rd

C(x, t)2(ϵ2)−d/2(t− τ + ϵ2)−d/2 exp

(
−ϑ

(x,t)(η − x)

4 (t−τ+ϵ2)ϵ
t−τ+2ϵ2

)
dη κ(t− τ)dτ

=

∫
R
C(x, t)(ϵ2)−d/2(t− τ + ϵ2)−d/2

(
(t− τ + ϵ)ϵ2

t− τ + 2ϵ2

)d/2
κ(t− τ)dτ

= C(x, t)

∫
R
(τ + 2ϵ2)−d/2κ(τ)dτ

= C(x, t) (2| log(ϵ)|+ βϵ(κ)) .
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Next, we turn to the symbols { i,j}2i,j=1, where i stands for the abstract lift of the derivative of the

kernel in the i-th direction. Thus, we find using (3.8)

ΠΠΠϵ i(x, t) =

∫
R

∫
Rd

∂xiΓ
∗(η, τ − ϵ2;x, t)ξ(η) dη κ(t− τ)dτ

which implies that

E [ΠΠΠϵ ij(x, t)] =

∫
R

∫
R

∫
Rd

(
∂xiΓ

∗(η, τ − ϵ2;x, t)
)(
∂xjΓ

∗(η, σ − ϵ2;x, t)
)
dηκ(t− τ)dτκ(t− σ)dσ

Writing ∂xiΓ
∗ = ∂xiZ

∗
0 + ∂xiZ

∗
≥1 it follows from Remark 3.1.7 that any contribution involving Z∗

≥1 to

E [ΠΠΠϵ ij(x, t)] converges to a finite limit. Finally, by Lemma 3.1.10 the only divergent contribution to

E [ΠΠΠϵ ij(x, t)] is∫
R

∫
R

∫
Rd

Z∗
0;i(η, τ − ϵ2;x, t)Z∗

0;j(η, σ − ϵ2;x, t) dη κ(t− τ)dτ κ(t− σ)dσ

=
∑
l,k

ai,laj,k
∫
R

∫
R

(∫
Rd

(η − x)l(η − x)k
4(t− τ + ϵ2)(t− σ + ϵ2)

Z∗
0 (η, τ − ϵ2;x, t)Z∗

0 (η, σ − ϵ2;x, t) dη

)
× κ(t− τ)dτ κ(t− σ)dσ .

We calculate

∫
Rd

(η − x)l(η − x)kZ
∗
0 (η, τ − ϵ2;x, t)Z∗

0 (η, σ − ϵ2;x, t) dη

=

∫
Rd

C(x, t)2
(η − x)l(η − x)k

(t− τ + ϵ2)d/2(t− σ + ϵ2)d/2
exp

− ϑ(x,t)(η − x)

4 (t−τ+ϵ2)(t−σ+ϵ2)
2(t+ϵ2)−σ−τ

 dη

=

(
(t− τ + ϵ2)(t− σ + ϵ2)

2(t+ ϵ2)− σ − τ

)d/2+1 ∫
Rd

C(x, t)2
ηlηk

(t− τ + ϵ2)d/2(t− σ + ϵ2)d/2
exp

(
−ϑ

(x,t)(η)

4

)
dη

=
(t− τ + ϵ2)(t− σ + ϵ2)C(x, t)2

(2(t+ ϵ2)− σ − τ)d/2+1

∫
Rd

ηlηk exp

(
−ϑ

(x,t)(η)

4

)
dη

= 2al,k(x, t)C(x, t)
(t− τ + ϵ2)(t− σ + ϵ2)

(2(t+ ϵ2)− σ − τ)d/2+1

and finally find

∫
R

∫
R

∫
Rd

Z∗
0;i(η, τ − ϵ2;x, t)Z∗

0;j(η, σ − ϵ2;x, t) dη κ(t− τ)dτ κ(t− σ)dσ

=
∑
l,k

ai,laj,k
∫
R

∫
R

1

4

2al,kC(x, t)

(2(t+ ϵ2)− σ − τ)d/2+1
κ(t− τ)dτ κ(t− σ)dσ

=
ai,jC(x, t)

2

∫
R

∫
R
(2ϵ2 + σ + τ)−d/2−1 κ(τ)dτ κ(σ)dσ

= ai,j(x, t)C(x, t) (| log(ϵ)|+ βϵ(κ)) .
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Counterterms for Φ4
2

This time we work with space time white noise and ξϵ as in (3.17). We find that

ΠΠΠϵ (x, t) =

∫
R

∫
Rd

Γ(x, t, ζ, τ)ξϵ(ζ, τ)dζ κ(t− τ)dτ

=

∫
R

∫
R

∫
Rd

Γ(x, t; η, τ − ϵ2)ϕϵ(τ − σ)ξ(η, σ) dηdσ κ(t− τ)dτ .

Thus, writing (ϕϵ)∗2 (τ − τ ′) :=
∫
R ϕ

ϵ(τ − σ)ϕϵ(τ ′ − σ) find

E[ΠΠΠϵ (x, t)] (3.18)

=

∫
R

∫
R
(ϕϵ)∗2 (τ − τ ′)

∫
Rd

Γ∗(η, τ − ϵ2;x, t)Γ∗(η, τ ′ − ϵ2;x, t; ) dη κ(t− τ)dτ κ(t− τ ′)dτ ′ .

Writing Γ∗ = Z∗
0 + Z∗

≥1, again all contributions involving Z∗
≥1 converge to a finite limit as ϵ→ 0, while

the term only involving Z∗
0 is given by

∫
R

∫
R
(ϕϵ)∗2 (τ − τ ′)

∫
Rd

Z∗
0 (η, τ − ϵ2;x, t)Z∗

0 (η, τ
′ − ϵ2;x, t; ) dη κ(t− τ)dτ κ(t− τ ′)dτ ′

=

∫
R

∫
R
(ϕϵ)∗2 (τ − τ ′)κ(t− τ)κ(t− τ ′)

×

(∫
Rd

C(x, t)2

(t− τ + ϵ2)d/2(t− τ ′ + ϵ2)d/2
exp

(
− ϑ(x,t)(x− η)

4(t− τ + ϵ2)
− ϑ(x,t)(x− η)

4(t− τ ′ + ϵ2)

)
dη

)
dτdτ ′

= C(x, t)

∫
R

∫
R
(ϕϵ)∗2 (τ − τ ′)(2(t+ ϵ2)− τ − τ ′)−d/2κ(t− τ)dτ κ(t− τ ′)dτ ′

= C(x, t)

∫
R

∫
R
(ϕϵ)∗2 (τ − τ ′)(2ϵ2 + τ + τ ′)−d/2κ(τ)dτ κ(τ ′)dτ ′

= C(x, t) (| log(ϵ)|+ βϵ(κ, ϕ)) ,

where the last equality can be seen by substitution (κ, κ′) 7→ (ϵ2κ, ϵ2κ′).

Counterterms for Φ4
3

For E[ΠΠΠϵ (x, t)] one obtains the identity (3.18), exactly as above. This time, we write

Γ∗ = Z∗
0 + Z̄∗

1 +R∗
1 + Z∗

≥2

where we used Lemma 3.1.9 to write Z∗
1 = Z̄∗

1 +R∗
1. In order to identify the divergent contributions to

E[ΠΠΠϵ (x, t)] we observe the following.

• The contributions of the terms involving either R∗
1 or Z∗

≥2 converge to a finite limit as ϵ→ 0.

• Similarly, the contribution only involving Z̄∗
1 converges to a finite limit.
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• The contribution of the cross term between Z∗
0 and Z̄∗

1 given by

∫
R

∫
R

∫
R
ϕϵ(τ − σ)ϕϵ(τ ′ − σ)

∫
Rd

Z∗
0 (η, τ − ϵ;x, t)Z̄∗

1 (η, τ
′ − ϵ;x, t) dηdσdτdτ ′ .

vanishes due to (3.10).

Thus, the only remaining contribution to E[ΠΠΠϵ(IΞ)2(x, t)] is as above given by

∫
R

∫
R

∫
R
ϕϵ(τ − σ)ϕϵ(τ ′ − σ)

∫
Rd

Z∗
0 (η, τ − ϵ2;x, t)Z∗

0 (η, τ
′ − ϵ2;x, t; ) dηdσ κ(t− τ)dτ κ(t− τ ′)dτ ′

= C(x, t)

∫
R

∫
R
(ϕϵ)∗2 (τ − τ ′)(2ϵ2 + τ + τ ′)−d/2 κ(τ)dτ κ(τ ′)dτ ′

= C(x, t)

(
α(ϕ)

ϵ
+ βϵ(κ, ϕ)

)
.

For the ϕ43-equation there is an additional divergence coming form the tree , see [Hai14]. It is given

by

∫
R

∫
Rd

Γ(x, t; x̄, t̄)
(
Γ̃ϵ(x, t, x̄, t̄)

)2
dx̄κ(t− t̄)dt̄

=

∫
R

∫
Rd

Γ∗(x̄+ x, t̄+ t;x, t)
(
Γ̃ϵ(x, t, x̄+ x, t̄+ t)

)2
dx̄κ(t− t̄)dt̄

where

Γ̃ϵ(x, t, x̄, t̄) =

∫
R

∫
R
(ϕϵ)∗2(τ − τ ′)

∫
Rd

Γ(x, t; η, τ − ϵ2)Γ(x̄, t̄; η, τ ′ − ϵ2) dη κ(t− τ)dτ κ(t̄− τ ′)dτ ′

=

∫
R

∫
R
(ϕϵ)∗2(τ − τ ′)

∫
Rd

Γ∗(η, τ − ϵ2;x, t)Γ∗(η, τ ′ − ϵ2; x̄, t̄) dη κ(t− τ)dτ κ(t̄− τ ′)dτ ′ .

Writing Γ∗ = Z∗
0 + Z∗

≥1 one finds that the only divergent summand is given by

∫
R

∫
Rd

Z∗(x̄, t̄;x, t)
(
Z̃∗
ϵ (x̄, t̄;x, t)

)2
dx̄κ(t− t̄)dt̄

where

Z̃∗
ϵ (x, t, x̄, t̄)

:=

∫
R

∫
R
(ϕϵ)∗2(τ − τ ′)

∫
Rd

Z∗(η, τ − ϵ2;x, t; )Z∗(η, τ ′ − ϵ2; x̄, t̄) dη κ(t− τ)dτ κ(t̄− τ ′)dτ ′

=

∫
R

∫
R
(ϕϵ)∗2(τ − τ ′)

∫
Rd

Z∗(η, τ − ϵ2;x, t; )C(x̄, t̄)w(x̄,t̄)(η, τ ′ − ϵ2; x̄, t̄) dη κ(t− τ)dτ κ(t̄− τ ′)dτ ′ .

Lemma 3.2.2. It holds that

|C(x̄, t̄)w(x̄,t̄)(η, τ ′; x̄, t̄)−C(x, t)w(x,t)(η, τ ′; x̄, t̄)| ≲ (|x− x̄|+ |t− t̄|1/2)(t− τ)−d/2 exp
(
−λ

∗
0|x− ζ|2

4(t− τ)

)
,
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where the implicit constant depends on A.

Inspired by the above lemma, set

Ẑ∗
ϵ (x, t, x̄, t̄) :=

∫
R

∫
R
(ϕϵ)∗2(τ − τ ′)κ(t− τ)κ(t̄− τ ′)

×
(∫

Rd

Z∗(η, τ − ϵ2;x, t)C(x, t)w(x,t)(η, τ ′ − ϵ; x̄, t̄) dη

)
dτdτ ′

=

∫
R

∫
R
(ϕϵ)∗2(τ − τ ′)κ(t− τ)κ(t̄− τ ′)

×
(∫

Rd

C(x, t)2w(x,t)(x, τ − ϵ2; η, t)w(x,t)(η, τ ′ − ϵ2; x̄, t̄) dη

)
dτdτ ′

=

∫
R

∫
R
(ϕϵ)∗2(τ − τ ′)κ(t− τ)κ(t̄− τ ′)

×
(
C(x, t)w(x,t)(x, τ + τ ′ − 2ϵ2; x̄, t+ t̄)

)
dτdτ ′

=

∫
R

∫
R
(ϕϵ)∗2(τ − τ ′)κ(t− τ)κ(t̄− τ ′)Z∗(x̄, τ + τ ′ − 2ϵ2 − t̄;x, t) dτdτ ′

and observe that the remaining diverging summand is given by

∫
R

∫
Rd

Z∗(x̄, t̄;x, t)
(
Ẑ∗
ϵ (x̄, t̄;x, t)

)2
dx̄κ(t− t̄)dt̄ = C(x, t)2 (α| log(ϵ)|+ βϵ(ϕ, κ)) .

Remark 3.2.3. Let us observe at this point that in d ≥ 4 dimensions the identification of the divergent

contributions to (3.18) would require further analysis. For d = 4 a decomposition of the form

Γ∗ = Z∗
0 + Z̄∗

1 +R∗
1 + Z̄∗

2 +R∗
2 + Z̄∗

≥3 .

then yields additional possible divergences, which are explicit local expressions involving a, derivatives

thereof, as well as possibly b and c. Despite the contributions involving b and c not being expected

to diverge, since they can be absorbed into the right hand side of the equation, one can see that an

additional divergence does appear for the non-translation invariant ϕ34-equation. This follows from

Remark 3.0.2 and the fact that for the geometric ϕ34-equation in Chapter 2 there is an additional

logarithmic divergence proportional to the scalar curvature. Thus, in particular, the scaling heuristic of

Section 3.0.1 does not apply to this equation.

Counterterms for KPZ

For the KPZ-equation we first write

∂1Γ
∗ = Z∗

0;1 + ∂1Z̄
∗
1 +R∗

0,1 + ∂R∗
1 + ∂1Z

∗
≥2, (3.19)

where we used the decompositions from Lemma 3.1.10 in the case d = 1 and Lemma 3.1.9. After

adopting the usual convention for the KPZ-equation that stands for the derivative of the heat kernel,
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we make the following observation about contribution of each term in (3.19) to E [ΠΠΠϵ (x, t)]:

1. Any term involving either ∂R∗
1 or ∂1Z

∗
≥2 converges as ϵ→ 0.

2. The cross term involving ∂1Z̄
∗
1 and R∗

0,1 converges as ϵ→ 0.

3. The cross terms involving Z∗
0;1 and either ∂1Z̄

∗
1 or R∗

0,1 vanish, since Z∗
0;1 is odd with respect to

R defined in (3.9), while the latter two are even.

Thus, the only remaining term involves just Z∗
0;1 and is given by

∫
R

∫
R
(ϕϵ)∗2(τ − τ ′)

∫
Rd

Z∗
0;1(η, τ − ϵ2;x, t)Z∗

0;1(η, τ
′ − ϵ2;x, t; ) dηdσ κ(t− τ)dτ κ(t− τ ′)dτ ′

= a−1(x, t)C(x, t)

(
α′(ϕ)

ϵ
+ β′ϵ(ϕ, κ)

)
= a−3/2(x, t)

(
α(ϕ)

ϵ
+ βϵ(ϕ, κ)

)
.

For the remaining counterterms appearing due to the diagrams , , we observe the following:

1. E[ΠΠΠϵ (p, t)] converges since the only possibly divergent term vanishes due to reflection proper-

ties. (This term “would” come with the function a−3/2(x, t)C(x, t) ∼ a−2(x, t) in front of the

divergence.)

2. Both logarithmic divergences corresponding to , have a pre-factor proportional to C2(x, t)a−3(x, t) ∼

a−4(x, t).

Remark 3.2.4. One can show that, as for the usual KPZ equation, the logarithmic divergences due to

, cancel, c.f. [HQ18, Theorem 6.5] and [Hai13, Lemma 6.5].

3.2.2 More general regularisations

In this section we show that using the heat kernel Γ in order to regularize the noise in the spatial

direction, while convenient, is not crucial for the equations considered here.4 Its main advantage is that

it is more robust, c.f. Remark 3.2.6, and yields short explicit expressions for the diverging counterterms.

In this section we consider the following type of regularisations: Let ρ ∈ C∞
c (R+) non-negative with

support in [0, 1), all odd derivatives vanishing at the origin, and such that
∫
Rd ρ(|x|2)dx = 1. Set

ρ(z,ϵ)(x) =
1

ϵd det(A(z))1/2
ρ

(
ϑz(x)

ϵ2

)
.

We shall now study the case when the noise ξϵ ∈ C∞(Rd+1) is obtained as in (3.16), resp. (3.17) but

with Γ(x, t, ζ, t− ϵ2) replaced by ρ((x,t),ϵ)(x− ζ). In the former case, this reads

ξϵ(x, t) =

∫
Rd

ρ((x,t),ϵ)(x− ζ)ξ(dζ) , (3.20)

4We shall frequently use the expression“the equations considered here” meaning the g-PAM, ϕ4
2, ϕ

4
3 and KPZ-equation.
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but for notational convenience we shall only discuss the case of space time white noise from now on.5

We set for ϕϵ as in (3.17)

ϱϵ(x, t; ζ, τ) = ϕϵ(t− τ)ρ((x,t),ϵ)(x− ζ) ,

then the mollified noise is given by

ξϵ(z) =

∫
ϱϵ(z; z′)ξ(z′) dz′ . (3.21)

For later use, define ϱz,ϵ(x, t; ζ, τ) = ϕϵ(t− τ)ρ(z,ϵ)(x− ζ) .

All expected values we needed renormalise can be represented by a directed graph G = (V,E) as

follows. We are given two types of edges E = E+ ∪E0, the former representing the kernel Γ∗ (resp. ∂iΓ
∗

for g-Pam or KPZ) and the latter representing instances of ϱϵ. To each vertex v ∈ V we associate a

variable in zv ∈ Rd+1. The set V contains one special vertex ⋆ and we shall integrate over all variables

in V0 = V \ {⋆}. Thus to each such graph G we can associate a corresponding integral expression

∫
x∈(R×Rd)V0

∏
e∈E+

Γ∗(ze+ , ze−)
∏
e∈E0

ϱϵ(ze+ , ze−)dx , (3.22)

respectively ∫
x∈(R×Rd)V0

⊗
e∈E+

∇xe−
Γ∗(ze+ , ze−)

∏
e∈E0

ϱϵ(ze+ , ze−)dx . (3.23)

We introduce the following graphical notation:

1. represents the special node ⋆, that is an instance of the variable z⋆,

2. represents e ∈ E0 directed from e− to e+, i.e. an instance of ϱϵ(ze+ , ze−),

3. represents a directed edge e ∈ E+ directed from e− to e+, i.e. an instance of Γ∗(ze+ , ze−)

resp. ∇xe−
Γ∗(ze+ , ze−).

4. represents a variable in R× Rd to be integrated over.

Thus, all divergent expressions for the equations considered can be represented by one of following

diagrams6

, , , , , . (3.24)

Then, one sees exactly7 as in Subsection 3.2.1 that the only divergent contribution to the integrals

in (3.22)&(3.23) are given when all occourences of Γ∗, resp. ∇Γ∗ are replaced by Z∗
0 , resp. Z

∗
0,1 and

5Only spatial white noise can be treated similarly.
6The first two in the case of g-PAM, being interpreted with the appropriate modification.
7Here we use that ρ is even.
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that all remaining terms converge as ϵ → 0. From now on we focus on the former case, i.e. on the

integral in (3.22), the latter corresponding to (3.23) can be treated analogously. The counterterm

corresponding to the one considered in the previous section is thus given by

Iϵ,G(z⋆) =
∫
x∈(R×Rd)V0

∏
e∈E+

C(z⋆)w
(z⋆)(ze+ , ze−)

∏
e∈E0

ϱϵ(ze+ , ze−)dx

with G being one of the graphs in (3.24). Furthermore, it is clear subtracting Iϵ,G(z⋆) from (3.22)

corresponds in the limit ϵ→ 0 to the same renormalisation as considered in the previous subsection.

Next we argue that Iϵ,G(z⋆) has the same asymptotic behaviour as the counterterms obtained in

Subsection 3.2.1 (but with the constants α, βϵ in general depending additionally on ρ). The following

consequence of Taylor’s theorem will be useful.

Lemma 3.2.5. There exists a constant C depending on ρ and A, such that

|ϱϵ(z1, z2)− ϱz,ϵ(z1, z2)| ≤ C
1

ϵd
1Bϵ(x1 − x2)

(
|x1 − x|+ |t1 − t|1/2

)
.

We define

I̊ϵ,G(z⋆) :=
∫
(R×Rd)V0

∏
e∈E+

C(z⋆)w
(z⋆)(ze+ , ze−)

∏
e∈E0

ϱz⋆,ϵ(ze+ , ze−)dx , (3.25)

and note by a simple substitution that I̊ϵ,G has the same form as counterterms explicitly calculated in

Section 3.2.1. Therefore, we conclude this section by showing that

|Iϵ,G(z⋆)− I̊ϵ,G(z⋆)| → 0 (3.26)

(uniformly in z⋆) as ϵ → 0. Using an analogous decomposition as in [HQ18, Lemma A.4] we write

w(z⋆) =
∑∞

n=0w
(z⋆)
n and for n ∈ NE+

Wn(z) :=
∏
e∈E+

C(z⋆)w
(z⋆)
ne (ze+ , ze−)

we find that

Iϵ,G(z⋆)− I̊ϵ,G(z⋆)

=
∑

n∈NE+

∫
(R×Rd)V0

Wn(z)

∏
e∈E0

ϱz⋆,ϵ(ze+ , ze−)−
∏
e∈E0

ϱϵ(ze+ , ze−)

 dz . (3.27)

To conclude, we apply dominated convergence together with the following observations

1. Each summand of (3.27) converges to 0 (uniformly in z∗).
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2. Due to Lemma 3.2.5 one finds that for each of the diagrams in (3.24) for the equations considered,

∑
n∈NE+

sup
ϵ∈(0,1)

∣∣∣∣∣∣
∫
(R×Rd)V0

Kn(z)

∏
e∈E0

ϱz⋆,ϵ(ze+ , ze−)−
∏
e∈E0

ϱϵ(ze+ , ze−)

 dz

∣∣∣∣∣∣ (3.28)

is bounded uniformly in ϵ and independently of z⋆.

Remark 3.2.6. Let us emphasise, that whether the uniform bound on (3.28) holds depends crucially

on the power counting of the diagram considered. It fails for the “cherry” of the ϕ34 equation.

3.3 Main results

Throughout this section write L =
∑d

i,j=1 ai,j(x, t)∂i∂j +
∑d

i=1 bi(x, t)∂i + c(x, t) and recall that A

denotes the matrix with entries ai,j which (without loss of generality) is assumed to be symmetric.

Furthermore, recall that we write ai,j for the entries of A−1 and C(x, t) = (4π)−d/2 det(A(x, t))−1/2.

Theorem 3.3.1. Let ξ be white noise on T2, and ξϵ its regularisation as in (3.16) or (3.20) for ρ as

therein. Let fij , g ∈ C∞(R) and u0 ∈ Cα(T2) for α > 0. There exists a sequence αϵ , αϵ ∈ R depending

on ρ such that for uϵ satisfying uϵ(0) = u0 and solving

(∂t − L)u =

2∑
i,j=1

fij(u)
(
∂iu∂ju− αϵ C(x, t)a

i,j(x, t)g2(u)
)
+ g(u)

(
ξ − αϵC(x, t)g

′(u)
)
,

there exists a (random) T > 0 and u : [0, T ]×T2 → R independent of the choice of ρ, such that uϵ → u

uniformly as ϵ→ 0 in probability.

Remark 3.3.2. One can show that αϵ , αϵ in the theorem above can be written as

αϵ = 2| log(ϵ)|+ βϵ (ρ) αϵ = | log(ϵ)|+ βϵ (ρ)

where βϵ (ρ), βϵ (ρ) converge as ϵ→ 0, c.f. Section 3.2.1.

Proof of Theorem 3.3.1. The proof follows along the usual lines when applying the theory of regularity

structures [Hai14]. For example one can follow ad verbatim the proof of Theorem 2.23.1 with the only

difference in the argument being the the convergence of the 0-th Wiener Chaos contributions of Πx

and Πx , which for the heat kernel regularisation (3.16) is the content of Section 3.2.1, and for more

general regularisations is contained in Section 3.2.2.

Theorem 3.3.3. For d ∈ {2, 3}, let ξ denote space-time white noise on R× Td and u0 ∈ Cα(Td) for

α > −2
3 . Denote by ξϵ its regularisation as in (3.17) or (3.21) for ϱ as therein. Then, there exist

sequences of constants

α ,2
ϵ , α ,3

ϵ , αϵ ∈ R
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depending on ϱ such that the following holds.

• If d = 2, let uϵ denote the solution to

∂tuϵ − Luϵ = −u3ϵ + 3α ,2
ϵ C(x, t)uϵ + ξϵ , uϵ(0) = u0 . (3.29)

• If d = 3, let uϵ be the solution to

∂tuϵ − Luϵ = −u3ϵ + 3α ,3
ϵ C(x, t)uϵ − 9αϵ C(x, t)2uϵ + ξϵ , uϵ(0) = u0 . (3.30)

In both cases, there exists (random) T > 0 and u ∈ C([0, T ],D′(Td)) such that uϵ → u as ϵ → 0 in

probability. In particular, the limit is independent of the choice of ρ

Remark 3.3.4. We first make two observations particular to the non-translation invariant setting.

1. The renormalisation functions for ϕ4 equations depend only on | det(A)|−1/2, which can be

interpreted as a “volume-term”, c.f. Remark 3.0.2.

2. For d = 3, we in general obtain a genuine 2-dimensional solution family for the ϕ43 equation, in

contrast to the translation invariant setting. One thus expects the analogue statement to also hold

for non-translation invariant ϕ43 measures.

Remark 3.3.5. On can actually choose T = +∞ a.s. in Theorem (3.3.3) by an adaptation of the

global existence/coming down from infinity results of [MW17b],[MW20],[CMW23]. Furthermore, one

can show that

α ,2
ϵ = 2| log(ϵ)|+ β ,2

ϵ (ϱ)

and

α ,3
ϵ =

α(ϱ)

ϵ
+ β ,3

ϵ (ϱ), αϵ = c| log(ϵ)|+ βϵ (ϱ),

for a universal constant c ∈ R, some ϱ dependent constant α(ϱ) ∈ R and where

β ,2
ϵ , β ,3

ϵ , βϵ ∈ R converge as ϵ→ 0.

Proof of Theorem 3.3.3. For d = 3, one can for example follow ad verbatim (with some simplifications)

the proof of Theorem 2.23.6, again with the only difference in the argument being, using the notation

therein, the treatment of the function resp. the renormalised kernel

, resp. ,

i.e. Lemma 2.23.13 and Lemma 2.23.15. For the heat kernel regularisations (3.16) the replacement of

these Lemmas is the content of Section 3.2.1, and for more general regularisations it is contained in

Section 3.2.2.
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The case d = 2 follows either as a (simple) special case of argument for d = 3 or can be obtained by

a straightforward adaptation of the argument in [DPD03].

Theorem 3.3.6. Let ξ denote space-time white noise on T and ξϵ its regularisation as in (3.17) or

(3.21) for ϱ as therein. Let u ∈ Cα(T) for α > 0, then there exists a sequence of constants αϵ , αϵ ,

αϵ ∈ R (depending on ϱ) such that for uϵ solving

∂tuϵ − Luϵ = (∂xuϵ)
2 − αϵ · a−3/2(x, t)−

(
αϵ + 4αϵ

)
· a−4(x, t) + ξϵ , uϵ(0) = u0 ,

there exists a (random) T > 0 and u : [0, T ] × T → R, such that uϵ → u uniformly as ϵ → 0 in

probability and, furthermore, u is independent of the choice of ϱ.

Proof of Theorem 3.3.6. The argument, for example, adapts mutatis mutandis from the proof of

Theorem 2.23.20, since the diagrams to renormalise are formally identical to the ones for the ϕ34

equation therein. Here the content of Section 3.2.1, resp. Section 3.2.2 replaces Lemma 2.23.23 and

Lemma 2.23.24.

Remark 3.3.7. Let us emphasise that in the proofs above we could also refer to [Hai14] for the analytic

step, to [BB21] for the identification of the renormalised equation (once renormalisation functions are

chosen) and to Chapter 2 for the construction of the regularity structure, the renormalisation group

and the stochastic estimates. For the readers convenience we decided to refer directly to Chapter 2

instead, as in particular [BB21] uses somewhat different notation.

Remark 3.3.8. In Theorem 2.23.1, Theorem 2.23.6 and Theorem 3.3.6, if one would have used

homogeneous (in space) mollifiers as in the translation invariant setting, then one would retain the

analogue scaling in ϵ. But it is not clear whether in general the renormalisation functions are still local

in A. (In this case one could still represent them as integral expressions involving appriximations of the

heat kernel.) A-posteriori one would then find that one obtains the same solution as in the theorems

above.

Proposition 3.3.9. In the setting of Proposition 3.1.11 consider the equations of Theorems 2.23.1,

2.23.6 and 3.3.6. Then, for each of these equations if we denote by uλ the solution to the equation

with L replaced by Lλ, the map [0, 1] ∋ λ 7→ uλ is Lipschitz continuous (in the topology stated in the

respective theorem and for some (possibly smaller) T > 0 independent of λ).

Proof. Denote by Zλ the renormalised model associated each Γλ. In view of Theorem 3.1.14 the proof

of the proposition amounts to checking that for each respective regularity structure the map

[0, 1] ∋ λ 7→ (Kλ, Zλ) ∈ KKKβ
L,R ⋉M

294



is Lipschitz continuous. But this, in view of Proposition 3.1.11, follows by exactly the same way as

when establishing convergence of models when regularising the noise.
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Chapter 4

Singular SPDEs on Homogeneous Lie

Groups

4.1 Structure of the chapter

We begin with a discussion of analysis on homogeneous Lie groups sufficient for our purpose, Section 4.2.

The most important result in this section is Theorem 4.2.16 which provides us with an intrinsic version

of Taylor’s theorem on homogeneous Lie groups and will be used frequently throughout. Section 4.3

contains the bulk of the chapter and establishes an extension to the analytic aspects of regularity

structures to the setting of homogeneous Lie groups. In Section 4.4 we demonstrate the application of

this general theory to semi-linear evolution equations of the type discussed in the introduction and

provide an example fixed point theorem for such generalised multiplicative stochastic heat equations.

We note that there is no difficulty in extending the general fixed point theorem of [Hai14] to our

setting, we only specialise to aid the clarity of presentation. Finally, in Sections 4.5 and 4.6 we the

construct suitable regularity structures for our specialised setting and demonstrate a solution theory

for Anderson-type equations associated to sub-Laplacians on quotients of stratified Lie groups. The

very last sections draw heavily on the notation and arguments of [Hai14, HP15, BHZ19], which carry

over to homogeneous Lie Groups to some extent.

4.2 Analysis on Homogeneous Lie Groups

We collect some basic facts on homogeneous Lie groups and smooth function on them. Let g be a

Lie algebra and G be the unique, up to Lie algebra isomorphism, corresponding simply connected Lie

group. We write [·, ·] for its Lie bracket and inductively set, g(1) = g and g(n) = [g(n−1), g]. Recalling

the exponential map exp : g → G, we have the Baker–Campbell–Hausdorff formula

exp(X) exp(Y ) = exp(H(X,Y )) , (4.1)
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where H is given by H(X,Y ) = X+Y + 1
2 [X,Y ]+ ... with the remaining terms consisting of higher order

iterated commutators of X and Y ; crucially H is universal, i.e. it does not depend on the underlying

Lie algebra.

Proposition 4.2.1 ([FS82, Prop. 1.2]). Assume that g is nilpotent, i.e. g(n) = 0 for some n ∈ N.

Then, the exponential map is a diffeomorphism and

• through this identification of g with G, the map

G×G ∋ (x, y) 7→ xy ∈ G

becomes a polynomial map (between vector spaces).

• the pull-back to G of the Lebesgue measure on g is a bi-invariant Haar measure on G.

Definition 4.2.2. A dilation on g is a group of algebra automorphisms {Dr}r>0 of the form DrX = exp(log r · s)X

with s : g → g being a diagonalisable linear operator with 1 as its smallest eigenvalue.

Remark 4.2.3. The requirement that the smallest eigenvalue of s be 1 is purely cosmetic. Otherwise,

denoting the smallest eigenvalue by s1, one can work with the new operator s̃ = 1
s1
s.

Remark 4.2.4. For a ∈ R, denote by Wa ⊂ g the eigenspace of s with eigenvalue a. Thus for X ∈Wa,

Y ∈Wb one has the condition

Dr[X,Y ] = [DrX,Dr Y ] = ra+b[X,Y ]

which in particular implies [Wa,Wb] ⊂Wa+b and since Wa = {0} for a < 1

g(j) ⊂
⊕
a≥j

Wa .

In particular, if g admits a family of dilations, it is nilpotent. The converse is not necessarily true.

Definition 4.2.5. A homogeneous Lie group G is a simply connected, connected Lie group where its Lie

algebra g is endowed with a family of dilations {Dr}r>0. For r > 0, we define the group automorphism

x 7→ r · x := exp ◦Dr ◦ exp−1 x .

A homogeneous norm on G is a continuous function | · | : G → [0,∞) satisfying the following

properties for all x ∈ G, r ∈ R

1. |x| = 0 if and only if x = e, the neutral element,

2. |x| = |x−1| ,
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3. |r · x| = r|x| .

The homogeneous norm naturally induces a topology generated by the open sets and in turn a Borel

σ-algebra. From now on, we will always assume that G is equipped with this topology and σ-algebra.

Furthermore, given a homogeneous group G we denote by {Xj}dj=1 ∈ g a basis of eigenvectors of s with

eigenvalues 1 = s1 ≤ s2 ≤ ... ≤ sd and such that

sXj = sjXj . (4.2)

Given a measurable subset E ⊂ G we write |E| for its Haar measure which we assume to be normalized

such that the set B1 =: {x ∈ G : |x| ≤ 1} has measure 1, c.f. Proposition 4.2.1. In integrals we use

the standard notation dx. We define |s| := trace(s) as the homogeneous dimension of G, since for any

measurable subset E ⊂ G and r > 0, one has

|r · E| = r|s||E| .

We also define balls of radius r > 0,

Br(x) := {y ∈ G : |x−1y| < r} .

The topology induced by these balls agrees with the topology of G as a Lie group, see [FR16, Sec. 3.1.6].

Note that due to the non-commutativity of G, in general |x−1y| ̸= |yx−1|. We consistently work with

the following choice a semi-metric on the group,

dG(x, y) := |x−1y| = |y−1x| .

For K ⊂ G we write K̄ := {z ∈ G : dG(z,K) := infy∈K |y−1z| ≤ 1} for the 1-fattening of K.

Remark 4.2.6. A function f : G → R is called homogeneous of degree λ ∈ R, if f(r · x) = rλf(x) for

all x ∈ G. One can show, c.f. [FS82, Prop. 1.5 & Prop. 1.6], that for any homogeneous norm on G

there exists γ > 0 such that

• |xy| ≤ γ(|x|+ |y|) for any x, y ∈ G

• ||xy| − |x|| ≤ γ|y| for any x, y ∈ G such that |y| ≤ 1
2 |x| .

Furthermore all homogeneous norms are mutually equivalent and we may always choose a homogeneous

norm that is smooth away from e ∈ G, [FR16, Sec. 3.1.6].
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4.2.1 Derivatives and Polynomials

We identify g with the left invariant vector fields gL on G and write gR for the right invariant vector

fields. We write Xi for the the basis elements as in (4.2) seen as elements of gL and Yi for the basis of

gR satisfying Yi|e = Xi|e . Thus we can write

Xjf(y) = ∂tf(y exp(tXj))|t=0 and Yjf(y) = ∂tf(exp(tYj)y)|t=0

for any smooth function f ∈ C∞(G).

A map P : G → R is called a polynomial if P ◦ exp : g → R is a polynomial on g.1 Let ζi be the

basis dual to the basis Xi of g. We set ηj = ζj ◦ exp−1, which maps G to R. Note that η = (η1, ..., ηd)

forms a global coordinate system 2 and furthermore any polynomial map on G can be written in terms

of coefficients aI ∈ R as

P =
∑
I

aIη
I

with the sum running over a finite subset of Nd and where for a multi-index I = (i1, ..., id) ∈ Nd we

write ηI = ηi11 · ... · ηidd . Define d(I) =
∑

j sjij and |I| =
∑

j ij , we call max{d(I) : aI ̸= 0} the

homogeneous degree and max{|I| : aI ̸= 0} the isotropic degree of P . For a > 0, we denote by Pa the

space of polynomials of homogeneous degree strictly less than a and define △ = {d(I) ∈ R : I ∈ Nd}.
3 We can rewrite the group law on G explicitly in terms of η = (η1, ..., ηd).

Proposition 4.2.7. For j ∈ {1, . . . , d} and multi-indices I, J s.t. d(I) + d(J) = sj, there exist

constants CI,Jj > 0 such that the following formula holds,

ηj(xy) = ηj(x) + ηj(y) +
∑

I,J ̸=0, d(I)+d(J)=sj

CI,Jj ηI(x)ηJ(y) .

Proof. By the Baker–Campbell–Hausdorff formula (4.1) one has

ηj(xy) = ηj(x) + ηj(y) +
∑

|I|+|J |≥2

CI,Jj ηI(x)ηJ(y) .

By setting either x = e or y = e, we find that CI,Jj = 0 if I = 0 or J = 0. Since furthermore

ηj((rx)(ry)) = rsjηj(xy) the claim follows.

Remark 4.2.8. Proposition 4.2.7 implies that for sj < 2 one has ηj(xy) = ηj(x) + ηj(y) while for

sj = 2 one has ηj(xy) = ηj(x) + ηj(y) +
∑

sk=sl=1C
k,l
j ηk(x)ηl(y) .

1Recall that the space of polynomial functions on g is canonically isomorphic to
⊕

n(g
∗)⊗sn where ⊗s denotes the

symmetric tensor product.
2Occasionally we use the corresponding notation ∂

∂ηi
.

3We point out a possibly counter-intuitive quirk of our definition; for k ∈ △ the set Pk does not contain polynomials
of degree k but only those of degree less than k.
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Remark 4.2.9. It is also noteworthy to realise that Proposition 4.2.7 implies that Pa is invariant

under right and left-translations. (This is not true if one replaces homogeneous degree by isotropic

degree, except if G is abelian or a = 0).

Remark 4.2.10. If follows from Proposition 4.2.7 that one can write

ηK(xy) = ηK(x) + ηK(y) +
∑

I,J ̸=0, d(I)+d(J)=d(K)

CI,JK ηI(x)ηJ(y) ,

where the constants CI,JK can be written in terms of the constants CI,Jj .

Lemma 4.2.11. For i, j ∈ {1, . . . , d},

Xiηj = δi,j +
∑

I ̸=0, d(I)=sj−si

CI,eij ηI , (4.3)

where ei denotes the multi-index (0, . . . , 0, 1, 0, . . . , 0) with the 1 being in the i-th slot.

Proof. This follows directly from Proposition 4.2.7, applying Xi to the function

y 7→ ηj(xy) ,

evaluating at y = 0 and using the fact that Xi|0 = ∂
∂ηi

|0.

Proposition 4.2.12 ([FS82, Prop. 1.26]). One has Xj =
∑
Pj,k

(
∂
∂ηk

)
where

Pj,k =

 1 if k = j

0 if sk ≤ sj , k ̸= j

and Pj,k is a homogeneous polynomial of degree sk − sj if sk > sj . The analogous statement holds for

the vector fields Yj,

For a multi-index I = (i1, ..., id) ∈ Nd we introduce the notation XI = Xi1
1 ...X

id
d . Note that the

order of the composition matters since g is not in general Abelian. It is a well known fact that any left

invariant differential operator on G can (uniquely) be written as a linear combination of {XI}I∈Nd .

The next proposition follows as a direct consequence.

Proposition 4.2.13 ([FS82, Prop. 1.30]). The following maps from Pa → RdimPa are linear isomor-

phisms.

1. P 7→
{(

∂
∂η

)I
P (e)

}
d(I)<a

,

2. P 7→
{
XIP (e)

}
d(I)<a

,
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3. P 7→
{
Y IP (e)

}
d(I)<a

,

The same holds replacing e ∈ G with any other point x ∈ G.

Definition 4.2.14. For a smooth function f : G → R, a point x ∈ G and a ∈ (0,∞), we define the left

Taylor polynomial of homogeneous degree (less than) a of f at x to be the unique polynomial Pax[f ] ∈ Pa

such that XI Pax[f ](e) = XIf(x) for all I such that d(I) < a. The right Taylor Polynomial can be

defined similarly, replacing XI by Y I .

Remark 4.2.15. One observes that for I ∈ Nd and a > d(I) one has that

XI Pax[f ] = Pa−d(I)x [XIf ]

for all f ∈ C∞(G). Indeed, this follows from the fact that for any d(J) < a − d(I) one has

XJ(XI Pax[f ])(e) = XJ(XIf)(x), since XJXI can be written as a linear combination of {XK}d(K)≤a.

Theorem 4.2.16 (Taylor’s Theorem). For each a ≥ 0 and every f ∈ C∞(G) it holds that

f(xy)− Pax[f ](y) =
∑

|I|≤[a]+1,d(I)≥a

∫
G
XIf(xz)QI(y,dz) ,

where for each multi-index I and y ∈ G the measure QI(y, · ) is supported on Bβ[a]+1|y|(e) for some

β > 0 depending only on G and satisfies
∫
G |QI(y,dz)| ≲ |y|d(I).

Remark 4.2.17. Note that, while it is very useful to have a rather explicit form of the reminder

in order establish Schauder estimates in Section 4.3.5, there is a more common version of Taylor’s

Theorem on homogeneous groups, c.f. [FS82, Thm. 1.37], which states that the remainder satisfies the

estimate

|f(xy)− Pax[f ](y)| ≲a
∑

|I|≤[a]+1,d(I)≥a

|y|d(I) sup
|z|≤β[a]+1|y|

|XIf(xz)| (4.4)

and which follows as a trivial consequence of Theorem 4.2.16. Furthermore the analogous claim for the

right Taylor polynomial, (PR)
a
x[f ], holds. In this case the analogue of (4.4) reads

|f(yx)− (PR)
a
x[f ](y)| ≲a

∑
|I|≤[a]+1,d(I)≥a

|y|d(I) sup
|z|≤β[a]+1|y|

|Y If(zx)| . (4.5)

Remark 4.2.18. If we define P̃
a
x[f ](y) := Pax[f ](x

−1y), then it follows that

f(y)− P̃
a
x[f ](y) =

∑
|I|≤[a]+1,d(I)≥a

∫
G
XIf(xz)QI(x−1y, dz)
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and in particular that

|f(y)− P̃
a
x[f ](y)| ≲a

∑
|I|≤[a]+1
d(I)≥α

|x−1y|d(I) sup
|z|≤C|x−1y|

|XIf(xz)| .

In the particular case when f is compactly supported, one can rewrite this for the rescaled function

fλ(x) = 1
λ|s|

f(λ · x) as

|fλ(y)− P̃
a
x[f

λ](y)| ≲a
∑

|I|≤[a]+1
d(I)≥a

λ−d(I)−|s||x−1y|d(I) sup
z∈G

|XIf(z)| (4.6)

≲a,f
∑
δ≥0

λ−(a+δ)−|s||x−1y|a+δ ,

where the sum over δ runs over some finite subset of (0,∞).

Remark 4.2.19. Given f ∈ C∞(G), if we define F ∈ C∞(G×G) by setting F (y, z) = f(z−1y), we

find that

P̃
a
x[F ( · , z)](y) = P̃

a
z−1x[f ](z

−1y) .

Remark 4.2.20. For any p ∈ Pγ one has

P̃
γ
x[p](y) = p(y) .

Remark 4.2.21. In the proof of Theorem 4.2.16, given below, we use the following elementary

observations

• The map

Φ : Rn → G,

(t1, ..., tn) 7→ exp(t1X1) · ... · exp(tnXn)

is a diffeomorphism. To see this note that it is clearly a local diffeomorphism since one has

DΦ|0 : TRd|0 ∼ Rd → TG|0 ∼ g

(t1, ..., tn) 7→
∑
i

tiXi.

Then since,

Φ(rs1t1, ..., r
sntn) = r · Φ(t1, ..., tn)

it is seen to be a global diffeomorphism.
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• Setting for t ∈ Rd,

|t|s :=
d∑
i=1

|ti|1/si ,

one finds that there exists some β = β(G) > 0 such that

1

β
|t|s ≲ |Φ(t)| ≲ β|t|s (4.7)

uniformly over t ∈ Rd.

• By repeated use of the commutator, for any I, J ∈ Nd and i ∈ N there exist coefficients λi,J,I such

that

XiX
J =

∑
I

λi,J,IX
I (4.8)

and one has λi,J,I = 0 whenever d(J) + di ̸= d(I) .

• If a ∈ △, then ma := max{|I| : d(I) ≤ a} = [a] where [a] denotes the integer part of a. This

follows from the fact that d(I) ≤ a implies ma ≤ [a] and since ([a], 0, ..., 0) is in the set over

which the maximum is taken.

Proof of Theorem 4.2.16. Define for i ∈ {1, ..., d} the following measure on Rd with support on Bs
|t|s(0)

Q̃ei(t, ds) =
∏
j<i

δtj (dsj) · 1[0,ti](dsi)
∏
j>i

δ0(dsj)

and define Qei(y, · ) = Φ∗Q̃
ei(Φ−1(y), · ) to be the push-forward measure. First we show that,

f(xy)− f(x) =

n∑
i=1

∫
G
(Xif)(xz)Q

ei(y, dz) . (4.9)

Indeed one can write for y = y1y2 . . . yd, where yi = exp(tiXi) and t = (t1, ..., td) = Φ−1(y)

f(xy)− f(x) =
d∑
i=1

f(xy1 . . . yi−1yi)− f(xy1...yi−1)

=

d∑
i=1

∫ ti

0
∂sf(xy1 . . . yi−1 exp(sXi))|s=s′ds′

=
d∑
i=1

∫ ti

0
(Xif)(xy1 . . . yi−1 exp(sXi))ds

=
d∑
i=1

∫
Rn

(Xif)(xΦ(s))Q̃
ei(t, ds)

=

d∑
i=1

∫
G
(Xif)(xz)Q

ei(y, dz) .

Using the fact that Φ is a diffeomorphism one easily checks that that Qei(y, dz) is supported on Bβ|y|(0)
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where β is as in (4.7), and satisfies
∫
G |Qei |(y, dz) ≲ |y|di , thus we have proved the theorem in the

special case a ∈ (0, 1], also known as mean-value theorem. We turn to the proof in the general case.

Claim 4.2.22. Set g(y) = f(xy)− Pax[f ](y), we note that XJg(0) = 0 for d(J) < a while XJg(y) =

XJf(xy) for d(J) ≥ a. We shall prove that for any multi-index J it holds that one can write

XJg(y) =
∑

|I|≤[a]+1,d(I)≥a

∫
G
XIf(xz)QI,J(y, dz) ,

where the measures QI,J(x, ·) satisfy the following properties

• QI,J(x, ·) is supported on Bβm(J)|y|(0) ⊂ G where m(J) = min{m ∈ N : a−m < d(J)} ,

•
∫
G |QI,J |(x, dy) ≲ |x|d(I)−d(J) .

We shall prove by induction on m ∈ {1, ..., ⌈a⌉}, that for multi-indices J satisfying a−m < d(J) ≤ a

the claim holds.

• The case m = 1 follows from (4.8) and (4.9),

XJg(y) = XJg(y)−XJg(0) =

d∑
i=1

∫
G
(XiX

Jg)(z)Qei(y, dz)

=

n∑
i=1

∫
G

∑
I : d(I)=d(J)+si

λi,J,I(X
Ig)(z)Qei(y, dz)

=
n∑
i=1

∫
G

∑
I : d(I)=d(J)+si

λi,J,I(X
If)(xz)Qei(y, dz)

=
∑

|I|≤[a]+1,d(I)≥a

∫
G
XIf(xz)QI,J(y, dz)

The properties of QI,J(y, dz) follow from the corresponding properties of Qei(y, dz), completing

the case m = 1.

• Suppose the claim holds for m− 1. Then by the same argument as above

XJg(y) =

n∑
i=1

∑
d(K)=d(J)+si

λi,J,K

∫
G
(XKg)(xz)Qei(y, dz)

=
∑

i,K:d(K)=d(J)+si<a

λi,J,K

∫
G
(XKg)(xz)Qei(y, dz)

+
∑

i,K:d(K)=d(J)+si≥a

λi,J,K

∫
G
(XKg)(xz)Qei(y, dz).

We can apply the induction hypothesis to the terms in the first sum, since d(K) = d(J) + si ≥
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d(J) + 1 ≥ a− (m− 1) and find

(XKg)(xz) =
∑

|I|≤[a]+1,d(I)≥a

∫
G
XIf(xz̃)QI,K(z, dz̃)

and therefore

XJg(y) =
∑

i,K:d(K)=d(J)+si<a

∫
G
(XKg)(xz)Qei(y, dz)

+
∑

i,K:d(K)=d(J)+si≥a

λi,J,K

∫
G
(XKg)(xz)Qei(y, dz)

=
∑

i,K:d(K)=d(J)+si<a

λi,J,K
∑

|I|≤k+1,d(I)≥a

∫
G

∫
G
XIf(xz̃)QI,K(z, dz̃)Qei(y, dz)

+
∑

i,K:d(K)=d(J)+si≥a

λi,J,K

∫
G
(XKg)(xz)Qei(y, dz).

=
∑

i,K:d(K)=d(J)+si<a

λi,J,K
∑

|I|≤k+1,d(I)≥a

∫
G
XIf(xz̃)

(
QI,K ∗Qei

)
(y, dz̃)

+
∑

i,K:d(K)=d(J)+si≥a

λi,J,K

∫
G
(XKg)(xz)Qei(y, dz)

=
∑

|I|≤[a]+1,d(I)≥a

∫
G
XIf(xz̃)QI,J(y, dz̃)

where QI,J is defined such that the last line holds true. Concerning the measures QI,J(y, ·), we

note that

1. suppQI,J(y, ·) ⊂ Bβm(J)|y| since

supp
(
QI,K ∗Qei(y, ·)

)
⊂ Bβm(K)+1|y|

as suppQI,K(y, ·) ⊂ Bβm(K)|y|(0) and suppQei(y, dz) ⊂ Bβ|y|(0).

2.
∫
G |QI,J(y, ·)| ≲ |x|d(I)−d(J) since

∫
|QI,K ∗Qei |(y, dz) ≤

∫
|QI,K |(y, dz) ·

∫
|Qei |(y, dz) ≲ |y|d(I)−d(K) · |y|di .

This completes the proof.

4.2.2 Distributions and Convolution

We define D(G) := C∞
c (G) to be the space of compactly supported smooth functions on G equipped

with the natural Fréchet topology. The space of distributions on G is given by the dual D′(G) of D(G)

and for ξ ∈ D′(G) and ϕ ∈ D(G) we either write ⟨ϕ, ξ⟩ or ξ(ϕ) for the canonical pairing. Given r ∈ R≥0
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we introduce the following useful space of test functions

Bλ
r (x) :=

{
ϕ ∈ C∞

c (Bλ(x)) : |XIϕ| ≤ 1

λ|s|+d(I)
∀I : d(I) ≤ r

}
.

We will often use the shorthand Br := B1
r(e) . Given ϕ ∈ D(G) we extensively use the following

notations,

ϕλx(z) :=
1

λ|s|
ϕ

(
1

λ
· (x−1z)

)
.

Recalling that we use the notation dx for the Haar measure on G we define the norms,

∥f∥Lp :=


(∫

G |f(x)|p dx
)1/p

, for 1 ≤ p <∞,

ess supx∈G |f(x)|, p = ∞.

By left and right translation invariance of the Haar measure, for f ∈ L1(G) it holds that

∫
G
f(yx) dy =

∫
G
f(xy) dy =

∫
G
f(y) dy =

∫
G
f(y−1) dy.

See the discussion after [FR16, Thm. 1.1.1].

Remark 4.2.23. From the scaling properties of D it follows that

Bλ
r (x) =

{
ϕλx : ϕ ∈ B1

r(e)
}
.

One defines the convolution of two functions ϕ, ψ : G → R as

ψ ∗ ϕ(x) =
∫
ψ(y)ϕ(y−1x)dy =

∫
ψ(xy−1)ϕ(y)dy . (4.10)

Note that in general ψ ∗ ϕ(x) ̸= ϕ ∗ ψ(x) but still many of the usual inequalities hold, in particular the

Young inequity, c.f. [FS82, Prop. 1.18]. One can write

ψ ∗ ϕ(x) =
∫
ψ(y)ϕy(x)dy .

We extend convolution to generalised function, i.e. elements of D′(G), by duality in the usual manner.

From now on we will use the notation ϕ̃(z) := ϕ(z−1), one notes that the following identities hold

⟨f, g ∗ ϕ⟩ = ⟨g̃∗f, ϕ⟩ = ⟨f ∗ ϕ̃, g⟩ (4.11)

f̃ ∗ g = g̃ ∗ f̃ (4.12)

ψλ ∗ ϕλ = (ψ ∗ ϕ)λ and (ψ ∗ ϕ)x = ψx ∗ ϕ.
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Recalling the notation XI = Xi1
1 ...X

id
d for any multi-index I = (i1, ..., id) ∈ Nd, we introduce the

analogous notation Y I = Y id
d ....Y

i1
1 for the right invariant basis vectors. Note the reversal in the

composition. Since for any right invariant vector field Y and left invariant vector field X such that

X|e = Y |e it holds that ⟨Xf, g⟩ = ⟨f, Y g⟩ for f, g ∈ C∞
c (G), it follows from the definition of the

convolution that

• XI(ψ ∗ ϕ) = ψ ∗ (XIϕ),

• Y I(ψ ∗ ϕ) = (Y Iψ) ∗ ϕ,

• (XIψ) ∗ ϕ = ψ ∗ Y Iϕ .

Definition 4.2.24. For α ∈ R we define the space Cα(G) of α-Holder continuous distributions to be

those f ∈ D′(G) such for every compact set K ⊂ G,

• If α ≤ 0

∥f∥Cα(K) = sup
x∈K

sup
ϕ∈B⌈−α⌉

sup
λ∈(0,1)

|⟨f, ϕλx⟩|
λα

< +∞ .

• If α > 0, there exists a continuous map G → Pα, x 7→ P̃x such that

∥f∥Cα(K) = sup
x∈K

sup
ϕ∈B0

sup
λ∈(0,1)

|⟨f − P̃x, ϕ
λ
x⟩|

λα
+ sup

x∈K
|P̃x|Pα < +∞ , (4.13)

where | · |Pα denotes any norm on the finite dimensional vector space Pα.

Furthermore, C(G) denotes the space of continuous functions (note that only the strict inclusion

C(G) ⊊ C0(G) holds).

Remark 4.2.25. We note that as in [Hai14], for α ∈ △ the Cα(G) spaces do not agree with the usual

notion of continuously α-differentiable functions. This definition, however, is more canonical in the

context of regularity structures, c.f. Theorem 4.3.16.

The following proposition gives some useful properties that also mirror those of Euclidean Hölder

spaces.

Proposition 4.2.26. Given any real number α ∈ R the following holds

1. Cα(G) ⊂ Cβ(G) for every β < α.

2. For any multiindex I the map XI : Cα(G) → Cα−d(I)(G), f 7→ XIf is well defined.

3. If α > 0, then any distribution f ∈ Cα(G) agrees4 with a continuous function.

Note that this proposition in particular implies that C∞(G) = ∩α>0Cα(G).

4As usual, we say a distribution agrees with a continuous functions, if it lies in the image of the canonical embedding
C(G) → D′(G).
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Proof. Points 1 and 2 follow directly. For Point 3, denote by P̃x the polynomial in Definition 4.2.24,

we set F = f − P̃·(·), then for any ψ ∈ B0 such that
∫
G ψ = c−1 > 0 and smooth compactly supported

function g we find

⟨F, g⟩ = c lim
λ→0

⟨F, g ∗ ψλ⟩ = c lim
λ→0

〈
F,

∫
G
g(y)ψλydy

〉
= c lim

λ→0

∫
G
⟨F,ψλy ⟩g(y)dy = 0 ,

where in the last step we used that since y → P̃y is continuous we have

⟨F,ψλy ⟩ = ⟨f − P̃y( · ), ψλy ⟩+
∫ (

P̃y(z)− P̃z(z)
)
ψλy (z) dz → 0 ,

as λ → 0. Thus we find that the distribution f agrees with the continuous function x 7→ P̃x(x),

concluding the proof.

Remark 4.2.27. Note that by Proposition 4.2.26 for α > 0 and any f ∈ Cα(G) we know that XIf

agrees with a continuous function whenever d(I) < α. Thus, in particular Definition 4.2.14 of Taylor

polynomials Pαx [f ] extends to Cα(G) ⊃ C∞(G).

4.2.3 Discrete Subgroups

Recall that, given a discrete subgroup G ⊂ G acting on G (say) on the left, then the quotient space

S := G/G = {Gx : x ∈ G} is a smooth manifold. Furthermore, the quotient map π : G → S is a

smooth normal covering map , c.f. [Lee13, Thm. 21.29] and the canonical G right action

S ×G → S, (Gx, x′) 7→ Gxx′

makes it a homogeneous space. We call G a lattice if S = G/G is a compact space. This is equivalent

to S carrying a finite G invariant measure, which we shall denote by d(Gx), c.f. [Rag07, Thm. 2.1].

Throughout this chapter we assume that every homogeneous Lie group we work with carries a lattice,

the following theorem, [Rag07, Thm. 2.12], gives sufficient conditions for this to be the case, which all

our examples satisfy.

Theorem 4.2.28. Let G be a simply connected nilpotent Lie group and g its Lie algebra. Then, G

admits a lattice if and only if g admits a basis with respect to which the structure constants of g are

rational.

Let us point out that there do exist nilpotent Lie groups that do not admit a basis with respect to

which the structure constants are rational, see [Rag07, Rem. 2.14] for an example.
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Denote by π∗ : C(S) → C(G) the pull-back under π. We define a convolution map

∗S : C∞(S)× C∞
c (G) → C∞(S), (f, ϕ) 7→ f ∗S ϕ

as the unique map, such that the following diagram commutes

C∞(S)× C∞
c (G) C∞(S)

C∞(G)× C∞
c (G) C∞(G) ,

∗S

π∗×id π∗

∗

where convolution on the bottom row is convolution on the group as defined in 4.10. In order to check

that this map is well defined, we use the following terminology. A function f ∈ C∞(G) is called left G

periodic, if for every x ∈ G and n ∈ G it holds that

f(x) = f(nx) .

Thus, we only need to check that for any ϕ ∈ C∞
c (G) and any left G periodic function f ∈ C∞(G), the

function f ∗ ϕ is left G periodic. Indeed for any n ∈ G and x ∈ G, it holds that

f∗ϕ(nx) =
∫
G
f(y)ϕ(y−1nx)dy =

∫
G
f(y)ϕ((n−1y)−1x)dy =

∫
G
f(ny)ϕ(y−1x)dy =

∫
G
f(y)ϕ(y−1x)dy .

By duality, one naturally extends the notion of convolution on S to pairs, (ξ, ζ) ∈ D′(S) × D′
c(G),

where D′
c(G) denotes distributions on G with compact support.

4.2.4 Concrete Examples

In order to cement ideas we present two concrete examples of non-abelian, homogeneous Lie groups,

both of which are identified with fixed global charts. These will be revisited in Section 4.4.4 when we

discuss the heat operator on the Heisenberg group and Kolmogorov type operators.

The Heisenberg group

Given n ≥ 1 we equip define the Heisenberg group Hn as the set R2n × R with the group law,

(x, y, z)(x′, y′, z′) =

(
x+ x′, y + y′, z + z′ +

n∑
i=1

(
x′iyi − xiy

′
i

))
.

Remark 4.2.29. Note that one may equally define the complex Heisenberg group on Cn × R equipped

with the group law,

(u, z)(u′, z′) =

(
v + v′, z + z′ + ℑ

n∑
i=1

uiū
′
i

)
.
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One sees that these definitions are equivalent after identifying Cn with R2n.

The origin e = (0, 0, 0) is clearly the identity and for (x, y, z) ∈ R2n × R one has (x, y, z)−1 =

(−x,−y,−z). The Lie algebra, h of Hn is identified with R2n+1 and spanned by the basis of left-invariant

vector fields,

Ai(x, y, z) = ∂xi + yi∂z, Bi(x, y, z) = ∂yi − xi∂z, C(x, y, z) = ∂z

and equipped with the Lie bracket [A,B] = AB − BA. We observe that for any (x, y, z) ∈ Hn and

i = 1, . . . , n,

[Ai, Bi](x, y, z) = −2C. (4.14)

We say that a Lie algebra is graded if there exist vector spaces {Wk}k≥1 where only finitely many Wk

are non-zero, g =
⊕∞

k=1Wk and [Wi,Wj ] ⊂Wi+j .

Definition 4.2.30. A homogeneous Lie group G is called stratified (or a Carnot group) if its Lie

algebra is graded and generated by W1.

Due to (4.14), we see that if we equip Hn with the dilation map,

λ · (x, y, z) := (λx, λy, λ2z),

then Hn becomes a stratified group. Refer to [Bra14, Sec. 3.3.6] for a discussion of generalisations of

this structure.

A simple example of a lattice on the Heisenberg group is the set of integer vectors (a, b, c) ∈ Hn :=

Z2n×Z equipped with the group law as defined above. Note that it is not a normal subgroup and thus

the quotient space Hn/Hn not a group. However, since it is a lattice the homogeneous space Hn/Hn is

compact, c.f. Subsection 4.2.3.

Matrix Exponential Groups

For n ≥ 1, let B be a rational n× n block matrix of the form,

B =



0 B1 0 · · · 0

0 0 B2 · · · 0
...

...
. . .

. . .
...

0 0 · · · 0 Bk

0 0 · · · 0 0


with each Bi a pi−1 × pi block matrix of rank pi, where n ≥ p0 ≥ p1 ≥ · · · ≥ pk and

∑k
i=0 pi = n. Note

that this implies the zero blocks on the diagonal are all pi × pi square matrices. We can equip R× Rn
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with an associated Lie structure by defining the group law

(t, z)(s, z′) :=
(
t+ s, z′ + exp

(
sB⊤

)
z
)
.

To define the dilation we begin by decomposing according to the structure of the block matrix B,

writing

Rn = Rp0 × · · · × Rpn .

Thus the action of B⊤ on z = (z0, ..., zk) ∈ Rp0 × · · · × Rpk is written B⊤z = (B⊤
1 z0, B

⊤
2 z1, ...B

⊤
k zk−1)

etc. Then we set

λ · (t, z0, . . . , zk) := (λ2t, λz0, . . . , λ
2k+1zk).

The origin e = (0, 0) is again the identity element and (t, z)−1 = (−t,− exp(−tB⊤)z). The Lie algebra

is spanned by the translation invariant vector fields,

Xi(t, z) = ∂zi for i = 1, . . . , p0 and Y (t, z) = ∂t − (Bz) · ∇ = ∂t −
n∑

i,j=p0+1

bijzi∂zi .

This defines the matrix exponential group associated to B and one sees that it is not stratified.

The simplest non-trivial example is to set n = 2 and

B =

0 1

0 0

 ,

so that using the suggestive notation (t, v, x) ∈ R× R× R, the group law becomes,

(t, v, x)(s, w, y) = (t+ s, v + w, x+ y + sv).

The equivalent scaling as above is to set λ · (t, x, v) = (λ2t, λv, λ3x). We refer to [Man97] for more

details and Section 4.4.4 below for a discussion of natural, second order, hypoelliptic, linear operators

associated to these groups.

4.3 Regularity Structures and Models

Definition 4.3.1. A regularity structure is a pair T = (T,G) consisting of the following elements:

1. A graded vector space T =
⊕

α∈ATα where

• the index set A ⊂ R is discrete, bounded from below and contains zero,

• each Tα is finite dimensional with a fixed norm | · |α. We write Qα : T → Tα for the

canonical projection,
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• T0 is isomorphic to R with a distinguished element 1 ∈ T0, such that |1|0 = 1.

The space T is called the structure space.

2. A group G of linear operators acting on T, such that for every Γ ∈ G it holds that Γ|T0 is the

identity map and for all τ ∈ Tα:

Γτ − τ ∈
⊕
β<α

Tβ .

The group G is called the structure group of T .

A sector is a G invariant subspace V ⊂ T and if V ̸= {0} the regularity of the sector V is defined

as min{α ∈ A : V ∩ Tα ̸= {0}}.

We make use of the natural shorthands, T>α, T≥α, T<α, T≤α and the projections Q>α etc.

Definition 4.3.2. Given a regularity structure T = (T,G) and r ∈ N such that r > |minA|, a model

for T is a pair M = (Π,Γ), consisting of

• a realisation map Π : Rd → L(T,D′(G)), x 7→ Πx, such that for any compact set K ⊂ G one has

∥Π∥γ;K := supx∈K ∥Π∥γ,x < +∞ for all γ > 0, where

∥Π∥γ,x := sup
ζ∈A∩(−∞,γ)

sup
τ∈Tζ

sup
λ<1

sup
ϕ∈Br

|⟨Πxτ, ϕλx⟩|
|τ |ζλζ

,

• a re-expansion map Γ : Rd × Rd → G, (x, y) 7→ Γx,y, which satisfies the algebraic condition

ΠxΓx,y = Πy

and the analytic condition ∥Γ∥γ;K := supx,y∈K: |y−1x|<1 ∥Γ∥x,y,γ < +∞ for all γ > 0, where

∥Γ∥x,y,γ := sup
ζ∈A∩(−∞,γ]

sup
A∋β<ζ

sup
τ∈Tζ

|Γx,yτ |β
|y−1x|ζ−β|τ |ζ

.

Lastly, we denote by MT the space of models for T equipped with the semi-norms ∥M∥γ;K := ∥Π∥γ;K +

∥Γ∥γ;K.

Remark 4.3.3. In the rest of the chapter, often without any further comment, we will write

r := min {n ∈ N : n > |minA|} .

4.3.1 The Polynomial Regularity Structure

As an important example we describe the polynomial regularity structure and canonical model which

are crucial in the analysis of singular SPDEs on homogeneous Lie groups. We define the structure
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space T̄ to be the symmetric tensor (Hopf) algebra generated by {ηηηi}di=1, which we think of as abstract

lifts of the monomials {ηi}di=1. For a multi-index I, we write ηηηI := ηηηi11 · ... · ηηηidd as well as 1 := ηηη0. The

group Ḡ is given by a copy of G acting by

g 7→
(
Γg : ηηηj 7→ ηηηj +

∑
I,J ̸=0, d(I)+d(J)=sj

CI,Jj ηI(g)ηηηJ + ηj(g)1
)

and Γgηηη
I =

(
Γgηηη

)I
. The canonical polynomial model is defined by setting

Πxηηηj(z) = ηj(x
−1z)

and

Γx,yηηηj = ηηηj +
∑

I,J ̸=0, d(I)+d(J)=sj

CI,Jj ηI(y−1x)ηηηJ + ηj(y
−1x)1 .

These maps are extended multiplicatively to all of T̄. Using Prop. 4.2.7 in the third equality,

ΠxΓx,yηηηj(z) = Πx

(
ηηηj +

∑
I,J ̸=0, d(I)+d(J)=dj

CI,Jj ηI(y−1x)ηηηJ + ηj(y
−1x)

)
(z)

= ηj(x
−1z) +

∑
I,J ̸=0, d(I)+d(J)=dj

CI,Jj ηI(y−1x)ηJ(x−1z) + ηj(y
−1x)

= ηj(y
−1xx−1z)

= ηj(y
−1z)

= Πyηηηj(z).

Derivatives and abstract Polynomials

Next we lift the vector fields Xi to abstract differential operators X i on T̄ of degree sj , c.f. Definition

4.3.25 given later. We set

X iηηηj = δi,j1+
∑

I ̸=0, d(I)=sj−si

CI,eij ηηηI

and extend this definition to the whole regularity structure by the Leibniz rule. The two conditions to

be an abstract differential operator are checked directly:

1. Indeed X i : Tα 7→ Tα−si .

2. By the Leibinz rule the second property is checked by showing that

X iΓx,yηηη
j = Γx,yX iηηηj . (4.15)
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Note that ΠxX iηηηj = XiΠxηηη
j , since

ΠxX iηηηj(z) = Πx

(
δi,j1 +

∑
I ̸=0, d(I)=sj−si

CI,eij ηηηI
)
= δi,j +

∑
I ̸=0, d(I)=sj−si

CI,eij ηI(x−1z)

and using left invariance of the vector field Xi as well as (4.3)

XiΠxηηηj(z) = (Xiηj(x
−1·))(z) = (Xiηj)(x

−1z) = δi,j +
∑

I ̸=0, d(I)=sj−si

CI,eij ηI(x−1z) .

Thus (4.15) follows from the injectivity of the maps Πx.

Remark 4.3.4. In addition to showing that Xi is an abstract differential operator, we have shown that

it also realizes Xi for the polynomial model, see Definition 4.3.25 in Section 4.3.4.

Abstract Taylor Expansions

The following operator, which sends a smooth function to its abstract Taylor expansion, will be used

throughout the chapter.

Definition 4.3.5. For a > 0 and x ∈ G, we define the family of maps

PPPax : Ca(G) → T̄

where PPPax[f ] is characterised by the fact that ΠePPP
a
x[f ] = Pax[f ] ∈ Pa.

Remark 4.3.6. Note that the map PPPax is well defined by Remark 4.2.27 . We shall almost exclusively

use it, when its argument is a smooth function f ∈ C∞(G) ⊂ Ca(G).

Lemma 4.3.7. Let f ∈ C∞(G) and a ≥ 0. Then for each multi-index I the coefficient of ηηηI in PPPax[f ]

is given by a linear combination (depending only on G) of {XKf(x)}d(K)≤d(I). Furthermore, for b ≥ a

one has

PPPax[f ] = Q≤aPPP
b
x[f ] . (4.16)

Proof. We first observe that (4.16) holds since the polynomial ΠeQ≤aPPP
b
x[f ] satisfies the property

required in Definition 4.2.14. The first part of the lemma follows by combining Proposition 4.2.13 with

(4.16).

Lemma 4.3.8. In the setting of the above lemma one has

|XIΠePPP
a
x[f ](z)| = |XI Pax[f ](z)| ≲

∑
d(I)≤d(J)<a

sup
d(J ′)≤d(J)

|XJ ′
f(x)||z|d(J)−d(I) .

Proof. Since the coefficient of ηJ in Pax[f ] is bounded by a universal multiple of supd(J ′)≤d(J) |XJ ′
f(x)|

by Lemma 4.3.7 the claim follows using the fact that |XIΠeηηη
J(z)| ≲ |z|d(J)−d(I) .
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The next lemma will be useful when proving Schauder estimates in Section 4.3.5, since it allows us

to circumvent the issue of having non-explicit Taylor polynomials.

Lemma 4.3.9. Let δ > 0 and P ∈ T̄<δ. If, for some ε ∈ [0, 1],

∣∣(XIΠeP )(e)
∣∣ ≤ εδ−d(I)

for all I ∈ Nd such that δ > d(I), then it holds that |P |a ≲δ,G εδ−a for all a ≤ δ.

Proof. We observe that Pδx[ΠeP ] = ΠeP . Thus, the claim follows directly from Lemma 4.3.7.

4.3.2 Modelled Distributions

Definition 4.3.10. Given a regularity structure T = (T,G), a model M = (Π,Γ) and γ ∈ R we define

Dγ
M as the space of all continuous maps f : G → T<γ, such that for all ζ ∈ A ∩ (−∞, γ) the following

bounds hold for every compact set K ⊂ G

sup
x∈K

|f(x)|ζ < +∞, sup
x,y∈K,

0<|y−1x|≤1

|f(y)− Γx,yf(x)|ζ
|y−1x|γ−ζ

< +∞ .

We define the corresponding semi-norm ∥ · ∥γ;K on Dγ
M by setting,

∥f∥γ;K := sup
x∈K

sup
ζ<γ

|f(x)|ζ + sup
ζ<γ

sup
x,y∈K,

0<|y−1x|≤1

|f(y)− Γx,yf(x)|ζ
|y−1x|γ−ζ

.

Given two models M = (Π,Γ), M̄ = (Π̄, Γ̄), two modelled distributions f ∈ Dγ
M , f̄ ∈ Dγ

M̄
and a compact

set K ⊂ G we define the quantity,

∥f ; f̄∥γ;K := sup
x∈K

sup
ζ<γ

|f(x)− f̄(x)|ζ + sup
(x,y)∈K

0<|y−1x|≤1

sup
ζ<γ

|f(y)− f̄(y)− Γx,yf(y) + Γ̄y,xf̄(x)|ζ
|y−1x|γ−ζ

. (4.17)

For the set of modelled distributions taking values in a sector V ⊂ T we write Dγ
M (V ) and if the

regularity of the sector is α ∈ A we often use the shorthand Dγ
α;M . We will freely drop the explicit

dependence on the model, image sector and its regularity when the context is clear.

Reconstruction

Theorem 4.3.11 (Reconstruction Theorem). Let T = (T,G) be a regularity structure with α = minA.

Then for every γ > 0 and M = (Π,Γ) ∈ MT , there exists a unique, continuous linear map RM : Dγ
M →

Cα, called the reconstruction operator associated to M , such that for any compact K and λ ∈ (0, 1]

sup
ψ∈Bm

|⟨RMf −Πxf(x), ψ
λ
x⟩| ≲K λ

γ∥f∥γ;B2λ(x)∥Π∥γ;B2λ(x) , (4.18)
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uniformly over x ∈ K. Furthermore the map M → RM is locally Lipschitz continuous in the sense that

for a second model M̄ = (Π̄, Γ̄) and f̄ ∈ Dγ
M̄
, for every λ ∈ (0, 1]

sup
ψ∈Bm

|⟨RMf −RM̄ f̄ −Πxf(x) + Π̄xf̄(x), ψ
λ
x⟩| ≲K λ

γ

(
∥f ; f̄∥γ;B2λ(x)∥Π̄∥γ;B2λ(x)

+ ∥f∥γ;B2λ(x)∥Π− Π̄∥γ;B2λ(x)

)
,

(4.19)

Remark 4.3.12. Existence of a reconstruction operator for γ ≤ 0 also holds, however, uniqueness

does not. In the case γ = 0 the analogous bound to (4.18) contains an additional logarithmic correction

on the right hand side, c.f. [CZ20].

Remark 4.3.13. It follows from the definition of the reconstruction operator, that if f ∈ Dγ
α,M is a

modelled distributions with values in a sector V ⊂ T of regularity α ≥ α, then RMf ∈ Cα.

In order to prove Theorem 4.3.11 we require two preliminary results. As in [FH20, Sec. 13.4] we

make the observation that for every N ≥ 0 there exists a ρ : G → R, smooth and compactly supported

in B1(0) and such that ∫
ηI(x)ρ(x) dx = δI,0, 0 < d(I) ≤ N, (4.20)

where the δ here denotes the Kronecker delta applied componentwise to the multi-index. For r > 1 we

define ρ(n)(x) := rn|s|ρ(rn · x) as well as,

ρ(n,m) = ρ(n) ∗ ρ(n+1) ∗ · · · ∗ ρ(m),

with the convention ρ(n,n) = ρ(n). We then have the following result.

Lemma 4.3.14. If r > ∥ρ∥L1 > 1, then there exists a smooth, compactly supported function φ(n) =

limm→∞ ρ(n,m), where the convergence takes place in D(G) and supp(φ(n)) ⊂ BCr−n for C = r
r−1 .

Proof. First, note that since ∥ρ(m)∥L1 = ∥ρ∥L1 and ρ(m) is supported on a ball of radius r, it follows

from the mean value theorem on G (c.f. (4.5) with a = 0) that

|f ∗ ρ(m)(x)− f(x)| =
∣∣∣∣∫

G
(f(y)− f(x))ρ(m)(y−1x) dy

∣∣∣∣ ≲ max
i=1,...,d

∥Yif∥L∞∥ρ∥L1r−m .

Secondly, since

Y Iρ(n,m) = Y I(ρ(n) ∗ ρ(n+1,m)) = (Y Iρ(n)) ∗ ρ(n+1,m) (4.21)

one finds by applying Young’s convolution inequality m-times, c.f. Section 4.2.2, that

∥Yiρ(n,m)∥L∞ ≤ ∥Yiρ∥∞∥ρ∥m−n−1
L1
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and therefore

∥ρ(n,m) − ρ(n,m−1)∥L∞ = ∥ρ(n,m−1) ∗ ρ(m) − ρ(n,m−1)∥L∞

≲ max
i=1,...,n

∥Yiρ(n,m−1)∥L∞∥ρ∥L1r−m

≤ ∥Y ρ∥L∞∥ρ∥m−n−2
L1 r−m

≤ ∥Y ρ∥L∞

∥ρ∥n+2
L1

(
∥ρ∥L1

r

)m

which is summable in m since we assumed that r > ∥ρ∥L1 . Thus we may write,

ρ(n,m) = ρ(n) +

m−n−1∑
k=0

ρ(n,m−k) − ρ(n,m−1−k),

and it follows that ρ(n,m) converges uniformly as m → +∞. Using (4.21) we obtain convergence in

D(G). It remains to check the support of φ(n). For two functions f1, f2 such that supp(fi) ∈ Bri one has

supp(f1∗f2) ∈ Br1+r2 , hence it follows that φ
(n) is supported in a ball of radius

∑∞
m=n r

−m = r−n

1−r−1 .

It follows from the definitions that φ(n) = ρ(n) ∗ φ(n+1). We set

ρ̃(m,n) := ρ̃(m) ∗ ρ̃(m−1) ∗ · · · ∗ ρ̃(n)

and using (4.12) we note that φ̃(m+1) ∗ ρ̃(m) = φ̃(m) and ρ̃(m,n) → φ̃(n) in D(G) as m→ ∞.

Lemma 4.3.15. Let r > 1 and ρ be as in Lemma 4.3.14 Let α > 0 and ξn : G → R be a sequence of

functions such that for every compact K ⊂ G there exists a CK such that supx∈K |ξn(x)| ≤ CKr
αn and

such that ξn = ξn+1 ∗ ρ̃(n). Then the sequence ξn is Cauchy in C−β(G) for every β > α and the limit ξ

satisfies ξn = ξ ∗ φ̃(n). If furthermore, for some x ∈ G and γ > −α one has the bound

|ξn(y)| ≤ rαn
(
|x−1y|γ+α + r−(γ+α)n

)
uniformly over n ≥ 0 and y ∈ G such that |x−1y| ≤ 1, then |⟨ξ, ψλx⟩| ≲ λγ for all λ ≤ 1 and ϕ ∈ Br,

where r = −[−α].

Proof. The proof follows along the same steps as that of [FH20, Lem. 13.24], but one has to be careful

since convolution is non-commutative in our setting. Let λ ∈ (0, 1] and ψ ∈ Br, we first establish the

bound

|⟨ξn − ξn+1, ψ
λ
x⟩| ≲ λ−βr(α−β)n (4.22)

uniformly over ψ ∈ Br, λ ∈ (0, 1] and locally uniformly over x ∈ G. First observe the trivial bound,

|⟨ξn − ξn+1, ψ
λ
x⟩| ≤ sup

x∈K
(|ξn(x)|+ |ξn+1(x)|) ∥ψλx∥L1 ≤ (1 + rα)CKC̄r

αn,
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where C̄ := sup{
∫
|ψλ(x)|dx : ψ ∈ Br} < +∞ . Hence, when λ ≤ r−n the bound (4.22) holds

directly.

In the case r−n ≤ λ, using (4.11) we rewrite

|⟨ξn − ξn+1, ψ
λ
x⟩| = ⟨ξn+1 ∗ ρ̃(n) − ξn+1, ψ

λ
x⟩| = |⟨ξn+1, ψ

λ
x ∗ ρ(n) − ψλx⟩|.

By Taylor’s theorem and in particular Remark 4.2.18

|ψλx(z)− P̃
r
y[ψ

λ
x ](z)| ≲r

∑
δ>0

λ−(r+δ)−|s||y−1z|r+δ , (4.23)

where the sum runs over a finite set. It follows from (4.10), Remark 4.2.10 and (4.20) that we have

P̃
r
y[ψ

λ
x ] ∗ ρ(n)(z) =

∫
P̃
r
y[ψ

λ
x ](zy

−1)ρ(n)(y)dy =

∫
P̃
0
y[ψ

λ
x ](zy

−1)ρ(n)(y)dy = ψλx(y)

and thus

ψλx ∗ ρ(n)(y)− ψλx(y) = (ψλx − P̃
r
y[ψ

λ
x ]) ∗ ρ(n)(y),

which by (4.23) is bounded uniformly by a multiple of
∑

δ>0 λ
−(r+δ)−|s|r−n(r+δ) and supported on a

ball of radius λ+ r−n ≤ 2λ. Using the bound |ξn+1| ≲α rαn we conclude that

|⟨ξn+1, ψ
λ
x ∗ ρ(n) − ψλx⟩| ≲

∑
δ>0

λ−(r+δ)r−n(r+δ)rαn ≲ λ−βr(α−β)n

where we used r−n ≤ λ and without loss of generality assumed that r ≥ β in the last line. Hence

{ξn}n≥1 is Cauchy in C−β(G) and for any test function,

⟨ξn, ψ⟩ = ⟨ξn+1, ψ ∗ ρ(n)⟩ = ⟨ξm, ψ ∗ ρ(n,m)⟩ = ⟨ξ, ψ ∗ φ(n)⟩,

showing that ξn = ξ ∗ φ̃(n).

To prove the second claim, for any test function ψ ∈ Br, λ > 0 and x ∈ G we write,

⟨ξ, ψλx⟩ = ⟨ξn, ψλx⟩+
∑
k≥n

⟨ξk+1 − ξk, ψ
λ
x⟩,

where n is chosen so that λ ∈ [r−(n+1), r−n] and as a consequence

|⟨ξn, ψλx⟩| ≤ λ−|s|rαn
∫
Bλ(x)

(
|x−1y|γ+α + r−(γ+α)n

)
dy,≲ λγ+αrαn + r−γn ≲ λγ .

318



To bound the summands ⟨ξk+1 − ξk, φ
λ
x⟩ we proceed as in the proof of the first claim to find that

|⟨ξk − ξk+1, ψ
λ
x⟩| = |⟨ξk+1, ψ

λ
x ∗ ρ(k) − ψλx⟩|

= |⟨ξk+1, (ψ
λ
x − P̃

r
x[ψ

λ
x ])) ∗ ρ(k)⟩|

≲
∑
δ>0

λ−(r+δ)−|s|r−k(r+δ)
∫
B2λ(x)

|ξk+1(y)|dy

≲
∑
δ>0

λ−(r+δ)−|s|rk(α−r−δ)

(∫
B2λ(x)

|x−1y|γ+α dy + r−(γ+α)(k+1)λ|s|

)

≲
∑
δ>0

(
λγ+α−r−δrk(α−r−δ) + λ−(r+δ)r−k(γ+r+δ)

)

where the sum in δ is again over a finite set. Since r + δ > α the quantity on the left is summable over

k ≥ n and is of order λγ , concluding the proof.

We are now ready to proof Theorem 4.3.11.

Proof of Theorem 4.3.11. For m > 0 we first define the operators R(m,m) : Dγ → C(G) by setting,

(
R(m,m)f

)
(y) :=

(
Πyf(y) ∗ φ̃(m)

)
(y) = ⟨Πyf(y), φ(m)

y ⟩.

We then set, for n < m,

R(m,n)f = R(m,m)f ∗ ρ̃(m−1,n)

and recalling that φ̃(m+1) ∗ ρ̃(m) = φ̃(m) we find

R(m,n)f −R(m+1,n)f = R(m,m)f ∗ ρ̃(m−1,n) −R(m+1,m+1)f ∗ ρ̃(m,n)

=
(
R(m,m)f −R(m+1,m+1)f ∗ ρ̃(m)

)
∗ ρ̃(m−1,n) .

Using the identity

(F ∗ ϕ̃)(x) = ⟨F, ϕx⟩ =
∫
F (y)ϕx(y)dy ,
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it follows that

(
R(m,n)f −R(m+1,n)f

)
(x) =

∫ (
R(m,m)f −R(m+1,m+1)f ∗ ρ̃(m)

)
(y)ρ(m−1,n)

x (y)dy

=

∫ (
Πyf(y) ∗ φ̃(m) −R(m+1,m+1)f ∗ ρ̃(m)

)
(y)ρ(m−1,n)

x (y)dy

=

∫ ((
Πyf(y) ∗ φ̃(m+1) −R(m+1,m+1)f

)
∗ ρ̃(m)

)
(y)ρ(m−1,n)

x (y)dy

=

∫ ∫ (
Πyf(y) ∗ φ̃(m+1) −R(m+1,m+1)f

)
(z)ρ(m)

y (z)dzρ(m−1,n)
x (y)dy

=

∫ ∫ (
Πyf(y) ∗ φ̃(m+1) −Πzf(z) ∗ φ̃(m+1)

)
(z)ρ(m)

y (z)dzρ(m−1,n)
x (y)dy

=

∫ ∫
⟨Πyf(y)−Πzf(z), φ

(m+1)
z ⟩ρ(m)

y (z)dzρ(m−1,n)
x (y)dy .

Therefore, using the fact that Πz = ΠyΓyz, we have,

(
R(m,n)f −R(m+1,n)f

)
(x) =

∫ ∫
⟨Πy(f(y)− Γyzf(z)), φ

(m+1)
z ⟩ρ(m)

y (z)dzρ(m−1,n)
x (y)dy.

Then successively applying the facts that,

• supy, z∈Br−m (0) |⟨Πyτ, φ
(m+1)
z | ≲ ∥Π∥γ;Br−m (0)r

−αm|τ |ζ for τ ∈ Tζ ,

• ∥f(y)− Γyzf(z)∥α ≲ ∥f∥γ;Br−m (y)r
(α−γ)m uniformly over |y−1z| ≲ r−m

• ∥ρ(n,m−1)
x ∥L1 ≲ 1 uniformly over m > n ≥ 0,

we establish the bound,

∥R(m,n)f −R(m+1,n)f∥L∞(K) ≲ ∥Π∥γ,K̄∥f∥γ;K̄r−γm ,

uniformly over m ≥ n ≥ 0, where K̄ denotes the two fattening of the set K. It follows directly from the

definition and properties of a model that we also have the bound,

∥R(n,n)f∥L∞(K) ≲ ∥Π∥γ,K̄∥f∥γ;K̄r−αn, (4.24)

where α = minA. It follows that R(m,n)f converges uniformly on compacts as m→ ∞ to R(n)f which

also satisfies the bound(4.24). Since it also holds that for every m ≥ n+ 1,

R(m,n)f = R(m,m)f ∗ ρ̃(m−1,n) = R(m,m)f ∗ ρ̃(m−1,n+1) ∗ ρ̃(n) = R(m,n+1)f ∗ ρ̃(n) ,

we find that

R(n)f = R(n+1)f ∗ ρ̃(n) .

Therefore we may apply Lemma 4.3.15 to see that there exists a limit Rf := limn→∞R(n)f .
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With validity of the limit established we now turn to show the bounds (4.18) and (4.19); this

requires us to keep more careful track of the underlying sets in the proof. We begin with (4.18), first

noting that if we define fx(y) := Γy,xf(x) then one has R(n,n)fx = Πxf(x) ∗ φ̃(n) so that (4.18) can be

written as the claim that for all λ ∈ (0, 1],

sup
ψ∈Bm

|⟨R(f − fx), ψ
λ
x⟩| ≲K λ

γ∥f∥γ;B2λ(x)∥Π∥γ;B2λ(x) . (4.25)

Using that |(f − fx)(z)|α ≲ ∥f∥γ;B|z−1x|(x)
|z−1x|γ−α for x, z ∈ K, it follows that for all y ∈ Bλ(x) one

has

|(R(n,n)(f − fx)(y)| = |⟨Πy(f(y)− fx(y)), φ
(n)
y ⟩|

= |⟨Πy(f(y)− Γx,yf(x)), φ
(n)
y ⟩|

≲ ∥Π∥γ;Bλ(y)∥f∥γ;BCr−n (y)

∑
α≤α≤γ

r−αn|y−1x|γ−α

≲ ∥Π∥γ;Bλ(y)∥f∥γ;BCr−n (y)r
−αn(|y−1x|γ−α + r(α−γ)n), (4.26)

where C(r) := r
r−1 is as in Lemma 4.3.14. Given n > n0(λ) sufficiently larger, we have a uniform bound

Cr−n ≤ λ. By the convergence of R(n,n) in the first exponent, it follows that R(n) satisfies the same

bound and so inspecting the proof of the second half of Lemma 4.3.15, in particular noticing that we

integrate the above estimate over y ∈ Bλ(x), we conclude that (4.25) holds for the limit R.

Using the obvious notation we can also rewrite (4.19) as

sup
ψ∈Bm

|⟨R(f − fx)− R̄(f̄ − f̄x), ψ
λ
x⟩| ≲ λγ

(
∥f ; f̄∥γ;B2λ(x)∥Π̄∥γ;B2λ(x) + ∥f∥γ;B2λ(x)∥Π− Π̄∥γ;B2λ(x)

)
,

uniformly over λ ∈ (0, 1]. This is seen very similarly to (4.25) but using this time that for n large

enough,

|R(n,n)(f − fx)− R̄(n,n)(f̄ − f̄x)(y)|

= |⟨Πy(f(y)− Γx,yf(x))− Π̄y(f̄(y)− Γ̄y,xf̄(x)), φ
(n)
y ⟩|

= |⟨Πy(f(y)− Γx,yf(x)− f̄(y) + Γ̄y,xf̄(x)) + (Πy − Π̄y)(f̄(y)− Γ̄y,xf̄(x)), φ
(n)
y ⟩|

≲
(
∥Π∥γ;Bλ(y)∥f ; f̄∥γ;Bλ(y) + ∥Π− Π̄∥γ;Bλ(y)∥f̄∥γ;Bλ(y)

) ∑
α≤α≤γ

r−αn|y−1x|γ−α .

It remains to show that the reconstruction map is unique for γ > 0 and that Rf is indeed an element

of Cα. This is done exactly as in [Hai14, Sec. 3].
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Functions as Modelled Distributions

Let T̄ = (T̄, Ḡ) be the polynomial regularity structure equipped with the polynomial model. We show

that in this setting the reconstruction theorem and its inverse map Taylor polynomials to Hölder

functions and vice versa.

Theorem 4.3.16. For γ > 0 the reconstruction operator is an isomorphism between Dγ(G) and Cγ(G).

In particular the inverse of the reconstruction map is given by

Cγ(G) ∋ f(·) 7→ PPPγ( · )[f ] ∈ Dγ(G),

where PPPa is defined in Definition 4.3.5

Proof. Given a modelled distribution in Dγ and since we are working with the polynomial regularity

structure equipped with its canonical model, it follows directly from the bound satisfied by the

image of the reconstruction operator, i.e. Equation(4.18), and the definition of Cγ in (4.13) that the

reconstruction operator is a map Dγ(G) → Cγ(G). Continuity also follows from (4.18) and by linearity.

To see the other direction recall that given a Hölder continuous distribution f ∈ Cγ(G) by Proposition

4.2.26 the {XIf}d(I)<γ are actually functions and, in particular, that P̃x = ΠxPPP
[γ]
x [f ]. Therefore, for

λ = |x−1y|G

∣∣∣Πx(PPP[γ]
x [f ]− Γx,yPPP

[γ]
y [f ]

)
(ψλx)

∣∣∣ = |⟨P̃x − f, ψλx⟩|+ |⟨f − P̃y, ψ
λ
x⟩| ≲ λγ (4.27)

uniformly in ψ ∈ Br. On the other hand, writing PPP
[γ]
x [f ]− Γx,yPPP

[γ]
y [f ] =

∑
d(I)<γ c

I
x,yηηη

I , we find that

Πx
(
PPP[γ]
x [f ]− Γx,yPPP

[γ]
y [f ]

)
(ψλx) =

∑
d(I)<γ

cIx,yΠxηηη
I(ψλx) =

∑
d(I)<γ

cIx,yΠeηηη
I(ψλ) =

∑
d(I)<γ

cIx,yλ
d(I)Πeηηη

I(ψ) .

Using that Pγ is a finite dimensional vector space and the surjectivity of the linear map

C∞
c (B1(e)) → RdimPγ , ψ 7→ {ΠeηηηI(ψ)}d(I)<γ

we find that ∑
d(I)<γ

|cIx,y|λd(I) ≲γ sup
ψ∈Br

∣∣∣∣∣∣
∑
d(I)<γ

cIx,yλ
d(I)Πeηηη

I(ψ)

∣∣∣∣∣∣ . (4.28)

Together, (4.27) and (4.28) imply that that |cIx,y| ≲ λγ−d(I), we may then apply Lemma 4.3.9 to see

that PPP
[γ]
( · )[f ] ∈ Dγ .
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Local Reconstruction

We will require the following further refinement of the reconstruction theorem which is an analogue in

our case of [Hai14, Prop. 7.2].

Proposition 4.3.17. In the setting of Theorem 4.3.11 one has the improved bound,

sup
ψ∈Bm

|(Rf −Πxf(x))(ψ
λ
x)| ≲ λγ∥Π∥γ;B2λ(x) sup

y, z∈supp(ψλ
x )

sup
ℓ<γ

|f(z)− Γzyf(y)|ℓ
|y−1z|γ−ℓ

, (4.29)

as well as, given a second model M̄(Π̄, Γ̄) and a modelled distribution f̄ ∈ Dγ
M̄
, the analogous bound,

that for every λ ∈ (0, 1],

sup
ψ∈Bm

|⟨RMf −RM̄ f̄ −Πxf(x) + Π̄xf̄(x), ψ
λ
x⟩| ≲ λγ

(
∥f ; f̄∥γ;supp(ψλ

x )
∥Π̄∥γ;B2λ(x)

+ ∥f∥γ;supp(ψλ
x )
∥Π− Π̄∥γ;B2λ(x)

)
,

(4.30)

for any x ∈ G and any λ ∈ (0, 1].

Proof. Since the right hand side of (4.29) is linear in f , as in [Hai14] we may assume it to be equal to

1. We use the functions ρ(n) and φ(n) from Section 4.3.2 and recall that they satisfy

φ(n−1)(x) =

∫
Br−n+1

ρ(n−1)(y)φ(n)
y (x)dy, φ(n−1)

y =

∫
Br−n+1

ρ(n−1)(w)φ(n)
yw (x)dw

in particular since
∫
ρ(n)(x) dx = 1 we have

∫
φ
(n)
y ( · ) dy = 1 for all n ≥ 0. Define, for fixed ψλx , the sets

Λn =
{
y ∈ G : supp(φ(n)

y ) ∩ supp(ψλx) ̸= ∅
}
⊂ G

which by definition is contained Bλ+Cr−n(x) with C = r
r−1 as in Lemma 4.3.14, as well as a (measurable)

function

πn : Λn → supp(ψλx)

such that πn(y) ∈ supp(φ
(n)
y ) ∩ supp(ψλx) for every y ∈ Λn.

Next, let

Rn =

∫
Λn

(
Rf −Ππn(y)f(πn(y))

)
(ψλxφ

n
y )dy

= ⟨Rf, ψλx⟩ −
∫
Λn

Ππn(y)f(πn(y))(ψ
λ
xφ

n
y )dy .

It follows that for n0 = min{n ∈ N : r−n ≤ λ}, one has

∣∣∣(Rf −Πxf(x))(ψ
λ
x)−Rn

∣∣∣ = ∣∣∣∣∫
Λn

(
Πxf(x)−Ππn(y)f(πn(y))

)
(ψλxφ

n
y )dy

∣∣∣∣ ≲ λγ (4.31)
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as well as for n > n0

Rn−1 −Rn =

∫
Λn−1

Ππn−1(y)f(πn−1(y))(ψ
λ
xφ

n−1
y )dy −

∫
Λn

Ππn(z)f(πn(z))(ψ
λ
xφ

n
z )dz

=

∫
Λn−1

Ππn−1(y)f(πn−1(y))

(
ψλx

∫
Br−n+1

ρ(n−1)(w)φ(n)
ywdw

)
dy

−
∫
Λn

Ππn(z)f(πn(z))(ψ
λ
xφ

n
z )dz

=

∫
Br−n+1

ρ(n−1)(w)

∫
Λn−1

Ππn−1(y)f(πn−1(y))(ψ
λ
xφ

(n)
yw )dydw

−
∫
Λn

Ππn(z)f(πn(z))(ψ
λ
xφ

n
z )dz

=

∫
Br−n+1

ρ(n−1)(w)

∫
Λn−1

Ππn−1(zw−1)f(πn−1(zw
−1))(ψλxφ

(n)
z )dzdw

−
∫
Λn

Ππn(z)f(πn(z))(ψ
λ
xφ

n
z )dz

=

∫
Br−n+1

ρ(n−1)(w)

∫
Λn

(
Ππn−1(zw−1)f(πn−1(zw

−1))−Ππn(z)f(πn(z))
)
(ψλxφ

n
z )dzdw .

Since |πn(z)−1πn−1(zw
−1)| ≤ C̄r−n and for τ ∈ Tα such that |τ | ≤ 1

|Ππn(z)τ(ψ
λ
xφ

n
z )| ≲ λ|s|r−αn ,

we find that

∫
Λn

∣∣∣(Ππn−1(zw−1)f(πn−1(zw
−1))−Ππn(z)f(πn(z))

)
(ψλxφ

n
z )
∣∣∣dz ≲ r−γn

and thus conclude

|Rn −Rn−1| ≲ r−γn.

A similar argument gives |Rn| → 0 as n → ∞ which combined with (4.31) concludes the proof of

(4.29). The proof of the analogous bound, (4.30), follows in a similar manner.

4.3.3 Singular Modelled Distributions

As in [Hai14] we will eventually be concerned with solutions to SPDEs that take values in spaces of

modelled distributions with permissible singularities in some regions of the domain. Our main example

will be modelled distributions on space-time domains that are allowed to be discontinuous at {t = 0},

see Section 4.4. However, as in [Hai14] we build the notion of singular modelled distributions allowing

for singularities on more general sets, generalisations of which have been used in [GH19a, GH21] to

study singular equations with boundary conditions.

We fix a homogeneous sub-Lie group P ⊂ G with associated Lie algebra for which we write p ⊂ g.
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The assumption that P be a homogeneous sub-Lie group means that the the scaling map s restricts to

a map s̄ := s|p : p → p which is diagonalisable. We fix a decomposition g = p⊕ pc such that pc is also

invariant under s and define the homogeneous dimension of P and its complement, P c := exp(pc) as,

|s̄| := trace(s|p) and |m| = trace(s|pc) . (4.32)

Furthermore, we set

|x|P := 1 ∧ dG(x, P ) = 1 ∧ inf
{
z ∈ P : |x−1z|

}
, |x, y|P := |x|P ∧ |y|P .

Note that since P is closed (being the image under exp of a linear subspace of g), one sees easily that

the infimum above is actually a minimum. Given K ⊂ G we define the set

KP :=
{
(x, y) ∈ (K \ P )2 : x ̸= y and |x−1y| ≤ |x, y|P

}
.

That is KP contains all the points in K that are closer to each other than they are to P .

Definition 4.3.18 (Singular Modelled Distributions). Given a regularity structure T and a subgroup

P as above, for any γ > 0, η ∈ R and maps f : G \ P → T , we set

∥f∥γ,η;K := sup
x∈K\P

sup
ζ<γ

|f(x)|ζ
|x|(η−ζ)∧0P

, JfKγ,η;K := sup
x∈K\P

sup
ζ<γ

|f(x)|ζ
|x|η−ζP

.

Then given a model M = (Π,Γ) as well as a sector V , the space Dγ,η
P,M (V ) consists of all functions

f : G \ P → V≤γ such that for every compact set K ⊂ G,

|||f |||γ,η;K := ∥f∥γ,η;K + sup
(x,y)∈KP

sup
ζ<γ

|f(x)− Γx,yf(y)|ζ
|y−1x|γ−ζ |x, y|η−γP

< +∞.

For two models M = (Π,Γ), M̄ = (Π̄), Γ̄) and two modelled distributions f ∈ Dγ,η
P,M , f̄ ∈ Dγ,η

P,M̄
we also

set, ∣∣∣∣∣∣f ; f̄ ∣∣∣∣∣∣
γ,η;K

:= ∥f − f̄∥γ,η;K + sup
(x,y)∈KP

sup
ζ<γ

|f(x)− f̄(x)− Γx,yf(y) + Γ̄xyf̄(y)|ζ
|y−1x|γ−ζ |x, y|η−γP

.

If V is a sector of regularity α ∈ A, where appropriate we will use the shorthand Dγ,η
α;P,M = Dγ,η

P,M (V )

and we will drop the dependence on the model when the context is clear.

Remark 4.3.19. We refer to [Hai14] for more intuition regarding the definition of these spaces and

their properties - all of which carry over to our setting. In particular [Hai14, Rem. 6.4] discusses the

relationship between the spaces Dγ,η
P and Dγ.

Remark 4.3.20. The family of norms JfKγ,η;K and the two following lemmas play a role when we

consider fixed-point maps in Section 4.4 below. Their utility is in allowing us to extract small scaling
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parameters in terms of the distance to the subgroup. In the semi-linear evolution equation setting this

allows us to obtain fixed points on sufficiently short time intervals.

Lemma 4.3.21. Let K ⊂ G be a compact domain such that for every x ∈ K and x̄ := argminy∈P |x−1y|

one has that the points x̄
(
λ · (x̄−1x)

)
∈ K for every λ ∈ [0, 1]. Also let f ∈ Dγ,η

P for some γ > 0 and

assume that for every ζ < η the map x 7→ Qζf(x) extends continuously in such a way that for x ∈ P

one has Qζf(x) = 0. Then one has the bound,

JfKγ,η;K ≲ |||f |||γ,η;K,

where the implied constant depends affinely on ∥Γ∥γ;K but is otherwise independent of K. Similarly, if

f̄ ∈ Dγ,η
P,M̄

with respect to a different model M̄ = (Π̄, Γ̄) and is such that

lim
x→P

Qζ(f(x)− f̄(x)) = 0

for every ζ < η. Then one has the bound,

Jf − f̄Kγ,η;K ≲
∣∣∣∣∣∣f ; f̄ ∣∣∣∣∣∣

γ,η;K
+ ∥Γ− Γ̄∥γ;K

(
|||f |||γ,η;K +

∣∣∣∣∣∣f̄ ∣∣∣∣∣∣
γ,η;K

)
,

with proportionality constant also depending affinely on ∥Γ∥γ;K and ∥Γ̄∥γ;K.

Proof. The proof follows almost exactly as that of [Hai14, Lem. 6.5]. For completeness we provide a

sketched proof of the first inequality, the second follows analogously.

Firstly, note that for x ∈ G such that dG(x, P ) ≥ 1 or for ζ ≥ η both bounds follow directly from

the definitions. Hence we restrict our attention to x ∈ K such that dG(x, P ) < 1 and ζ < η. We define

a recursive sequence by setting x0 := x, x∞ := x̄ = argminz∈P |x−1z| and xn := x∞
(
2−n · (x−1

∞ x0)
)
.

One has |x−1
n x∞| = |2−n · (x−1

∞ x0)| = 2−n|x−1
∞ x0| as well as

|x−1
n xn+1| ≲G |2−n · (x−1

∞ x0)|+ |2−(n+1) · (x−1
∞ x0)| = 2−n

(
3

2

)
|x−1

∞ x0| .

So using that we can write 2−n|x−1
∞ x0| = |x−1

n x∞| we find

|x−1
n xn+1| ≲G |x−1

n x∞| = 2−n|x−1
∞ x0| = 2−ndG(x, P ) = 2−n|x|P . (4.33)

The main difference in the proof is to apply (4.33) in place of [Hai14, Equation (6.4)], then the rest of

the proof adapts closely. One uses (4.33) together with the definition of |||f |||γ,η;K, to show that for any

ζ ∈ A,

|f(xn+1)− Γxn+1xnf(xn)|ζ ≲G |||f |||γ,η;K2
n(η−ζ)|x|η−ζP .

To see this, note that for m ≥ η it trivially holds and so for |f(x)|m ≲K |x|η−mP , we proceed by reverse
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induction, assuming that the required bound holds for all m > ζ and then show that it also holds for ζ.

Applying the triangle inequality, the inductive hypothesis, the properties of Γ and (4.33) we find, as in

the proof of [Hai14, Lem. 6.5], that

|f(xn+1)− f(xn)|ζ ≲ 2n(η−ζ)|x|η−ζP ,

where the constant depends affinely on ∥Γ∥γ;K. Then, using the assumption that Qζf(x) = 0 for all

ζ < η and x ∈ P and applying the above inequality we find,

|f(x)|ζ = |f(x)− f(x∞)|ζ ≤
∑
n>0

|f(xn+1)− f(xn)|ζ ≲K |x|η−ζP

∑
n≥0

δn(η−ζ).

Using that A is locally finite we may complete the induction which finishes the proof of the first

inequality. The proof of the second follows as in [Hai14, Lem. 6.5].

Lemma 4.3.22. Let γ > 0, κ ∈ (0, 1) and assume f, f̄ satisfy the assumptions of Lemma 4.3.21.

Then, for every compact K ⊂ G, one has

∣∣∣∣∣∣f ; f̄ ∣∣∣∣∣∣
(1−κ)γ,η;K ≲ Jf − f̄Kκγ,η;K

(
|||f |||γ,η;K +

∣∣∣∣∣∣f̄ ∣∣∣∣∣∣
γ,η;K

)1−κ
.

Proof. Follows by a direct adaptation of the proof of [Hai14, 6.6]. One need only replace Rd there by

G here.

Reconstruction Theorem for Singular Modelled Distributions

Since the reconstruction is purely local, it follows from our earlier proof that for any singular modelled

distribution, f ∈ Dγ,η
P , there exists a unique element R̃f ∈ S ′(G \ P ), i.e. in the dual of smooth

functions compactly supported away from P , such that,

⟨R̃f −Πxf(x), ψ
λ
x⟩ ≲ λγ ,

for all x /∈ P and λ≪ dG(x, P ). However, we show below that under appropriate assumptions there

exists a natural extension of R̃f to an actual distribution on G with regularity Cα.

Proposition 4.3.23 (Singular Reconstruction). Let f ∈ Dγ,η
P (V ), γ > 0 and η ≤ γ. Then, provided

α ∧ η > −m, where m is the scaled dimension of the complement of the singular hyperplane defined by

(4.32), there exists a unique distribution Rf ∈ Cα∧ηs such that (Rf)(φ) = (R̃f)(φ) for any smooth test

function compactly supported away from P . If f and f̄ are given with respect to two models M and M̄

then, for any compact K, it holds that

∥RMf −RM̄ f̄∥Cα∧η(K) ≲
∣∣∣∣∣∣f ; f̄ ∣∣∣∣∣∣

γ,η;K̄
+
∣∣∣∣∣∣M ; M̄

∣∣∣∣∣∣
γ;K̄
,
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where the constant depends on semi-norms of f, f̄ and Z, Z̄ on K̄.

We provide the proof of Proposition 4.3.23 at the end of this section, let us first make some

preparatory observations. Recalling the decomposition g = p⊕ pc defined at the start of the subsection,

we define the projections πc : g → pc and πp : g → p. Then using the decomposition X = Xp +Xc ∈

p⊕ pc, we define the map

Φ̃ : g → G, Φ̃(X) = exp(Xp) exp(Xc). (4.34)

Similarly to Remark 4.2.21 one sees that Φ̃ is a global diffeomorphism. We then define the map

NP : G → R+, x 7→
∣∣∣exp(πc ◦ Φ̃−1(x)

)∣∣∣ (4.35)

and observe the following properties.

• For x ∈ G one has that NP (x) = 0 if and only if x ∈ P . This follows from the fact that

P = exp(p).

• For x ∈ G and δ > 0 one has the identity

NP (δ · x) = δNP (x) . (4.36)

Indeed, writing x = Φ̃(X̃), we have

NP (δ · x) = | exp(πc(Dδ X̃))| = | exp(Dδ πc(X̃))| = |δ · exp(πc(X̃))| = δNP (x) .

• For any x ∈ G and y ∈ P one has

NP (yx) = NP (x) . (4.37)

This follows from the observation that, writing x = Φ̃(X̃) and y = Φ̃(Y ) = exp(Y ) one finds that

yx = exp(H(Y, X̃p)) exp(X̃c) where H was defined in (4.1). Identity (4.37) then follows from the

fact that H(Y, X̃p) ∈ p.

• The map NP is Lipschitz continuous on G and it follows from Remark 4.2.6 that NP is smooth

on G \ P .

• There exists a constant C > 0 such that for all x ∈ G

CNP (x) ≤ dG(x, P ) . (4.38)

In a neighbourhood of the origin this follows directly from the fact that NP is Lipschitz continuous.

Homogeneity of Np (given by (4.36) above) and of the distance function x 7→ dG(x, P ) then shows

that this constant is in fact uniform on all of G.
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• For all x ∈ G

dG(x, P ) ≤ NP (x) . (4.39)

Indeed, write x = Φ̃(X) = exp(Xp) exp(Xc) and note that

d(x, P ) ≤ | exp(Xp)−1x| = | exp(Xc)| = NP (x) .

Proof of Proposition 4.3.23. The proof is analogous to that of [Hai14, Lem.6.9], the only element that

does not adapt ad verbatim, is the construction of the partition of unity φx,n. We therefore present an

alternative construction of a partition of unity on G, which satisfies all the required conditions.

First let φ : R+ → [0, 1] be a smooth compactly, supported function such that supp(φ) = [1/2, 2]

and with the property that for all r ∈ R+,

∑
n∈Z

φ(2nr) = 1.

Secondly, let Z ⊂ P be a lattice (see Section 4.2.3) and let φ̃ be smooth, compactly supported, such

that ∑
y∈Z

φ̃y(x) = 1 (4.40)

for all x in the 2
C -fattening of P ⊂ G, where C is the constant in (4.38)and (4.39). For y ∈ Z we then

set

ϕy(x) := φ(CNP (x))φ̃y(x) ,

where the constant C is as in (4.38). To conclude, we then set for every n ≥ 0, y ∈ Z and x ∈ G,

ϕn,y(x) := ϕy(2
n · x).

By using (4.36) and (4.37), it directly follows that ϕn,y(x) = (ϕ1,e)
(
y−1(2n · x)

)
. Since ϕ1,e has compact

support and is such that for all x ∈ supp(ϕ1,e), one has dG(x, P ) ≥ CNP (x) ≥ 1/2, it only remains to

check that {ϕn,y}n∈Z,y∈Z is in fact a partition of unity. Indeed let x ∈ G, then

∑
n∈Z,y∈Z

ϕn,y(x) =
∑

n∈Z,y∈Z
φ(CNP (2

n · x))φ̃y(2n · x) =
∑
n∈Z

φ(2nCNP (x))
∑
y∈Z

φ̃y(2
n · x)︸ ︷︷ ︸

=1 given d(x,P )≤ 1
C
2−n+1

= 1 ,

where we used (4.40) in the last equality. The remainder of the proof of [Hai14, Lem. 6.9] then adapts

ad verbatim by also also making use of Proposition 4.3.17.

Remark 4.3.24. If the model M is smooth, i.e. Πxτ ∈ C∞(G) for every τ ∈ T, one finds exactly
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as in [Hai14, Rem. 3.15] that for any modelled distribution f ∈ Dγ with γ > 0 one has the identity

RMf(x) = (Πxf(x)) (x) (and in particular RMf is a continuous function).

4.3.4 Local Operations

To handle SPDEs using regularity structures we require suitable extensions to modelled distributions of

standard local operations such as differentiation, multiplication and composition with smooth functions.

These extensions adapt easily from [Hai14], thus for brevity we provide them directly for singular

modelled distributions.

Differentiation of Singular Modelled Distributions

Definition 4.3.25. Given a sector V of a regularity structure T = (T,G), a linear operator ∂ : V → T

defines an abstract differential operator of homogeneous degree β, if

• for any a ∈ Vα it holds ∂a ∈ Tα−β,

• for any a ∈ V and Γ ∈ G, one has Γ∂a = ∂Γa.

We say ∂ realizes L for the model M = (Π,Γ) if

• for any a ∈ V and x ∈ G, one has Πx∂a = LΠxa.

The following proposition is an immediate consequence of the definitions and the uniqueness of the

singular reconstruction operator.

Proposition 4.3.26. In the setting of Definition 4.3.25 let f ∈ Dγ,η
P (V ) for some γ > η, then

∂f ∈ Dγ−β,η−β
P . Furthermore, if the sector V has regularity α and it holds that γ > β as well as

α ∧ η > β −m, then one has R∂f = LRf .

Proof. For the first claim one may directly adapt the proofs of [Hai14, Prop. 5.28 & Prop. 6.15]. The

second claim follows by applying the Proposition 4.3.23 to Dγ−β,η−β
P ,

Remark 4.3.27. We note that any left invariant differential operator L of homogeneous degree β on

G is of the form

L =
∑

d(I)=β

aIX
I ,

for some I ∈ Nd. Thus, in order to lift such an L, it suffices to lift each of the differential operators

{Xi}di=1 to abstract differential operators.

Remark 4.3.28. Recall that in Section 4.3.1 we lifted the differential operators Xi crucially using the

additional structure of the polynomial regularity structure. This is by no means the only lift, though

certainly the most canonical one. One observes that it is always possible to extend a regularity structure

and a model such that it carries some lift of a given differential operator.
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Multiplication and Composition with Smooth Functions

We recall the notion of a product on a regularity structure.

Definition 4.3.29. Given a regularity structure T = (T,G) and two sectors V,W ⊂ T, a continuous

bilinear map

⋆ : (V,W ) → T, (a, b) 7→ a ⋆ b

defines a product if

• one has a ⋆ b ∈ Tα+β for every α, β ∈ A and a ∈ Tα, b ∈ Tβ,

• Γ(a ⋆ b) = (Γa) ⋆ (Γb) for every Γ ∈ G and for every a ∈ V, b ∈W .

We say that a sector V is stable under the product if V ⋆ V ⊆ V . Given a product ⋆ and any γ ∈ R, we

introduce the truncated product ⋆γ, which is given by the composition of ⋆ with the projections onto

T<γ.

We show that the product of two singular modelled distributions is again a singular modelled

distribution with possibly new regularity and singularity parameters.

Proposition 4.3.30. Let P be a hyperplane as described above and f1 ∈ Dγ1,η1
P (V1) and f2 ∈ Dγ2,η2

P (V2)

for two sectors V1, V2 of respective regularities α1, α2 ∈ A and let ⋆ be a product on (V1, V2). Then

f = f1 ⋆γ f2 ∈ Dγ,η
α;P with

α = α1 + α2, γ = (γ1 + α2) ∧ (γ2 + α1), η = (η1 + α1) ∧ (η2 + α1) ∧ (η1 + η2).

Here ⋆γ is the projection of ⋆ onto T<γ.

Furthermore, for products between modelled distributions as above but on differing models, writing

f = f1 ⋆γ f2 and g = g1 ⋆γ g2 we have the bound,

|||f ; g|||γ,η;K ≲ |||f1; g1|||γ1,η1;K + |||f2; g2|||γ2,η2;K + ∥Γ− Γ̄∥γ1+γ2;K,

uniformly over any compact set K ⊂ G.

Proof. One may directly adapt the proofs of [Hai14, Th. 4.7] and [Hai14, Prop. 6.12], recalling that

the homogeneous distance satisfies a triangle inequality with a constant, c.f. Remark4.2.6.

We define the composition of modelled distributions with smooth functions as in [Hai14]. Given

a ∈ V , a function-like sector, we decompose a = ā1+ ã with ã ∈ T>0 and ā = ⟨1, a⟩. Further, let ζ > 0

be the smallest non-zero value such that Vζ ̸= 0 so that we actually have ã ∈ T≥ζ .
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Given a smooth function F : Rn → R, for some n ≥ 1, and a function-like sector V which is stable

under some product ⋆γ , we lift F to a function F̂γ : V n → V by the formula,

F̂γ(a) :=
∑
k

DkF (Q0a)

k!
ã⋆γk, (4.41)

where we used the isomorphism T0 ∼ R for each component of a = (a1, . . . , an) ∈ V n, as well as the

notation ãi = ai −Q0ai. Here the sum runs over all possible multi-indices and we extend the product

⋆ in a natural way for vectorial arguments and multi-index powers.

We make the same observation as in [Hai14, Sec. 4.2], that although the sum in (4.41) looks infinite,

since ζ > 0 we have ã⋆γk ∈ T≥|k|ζ and so only finitely many terms of the sum are non-zero. In the

following proposition we naturally extend the definition of a modelled distribution and associated

norms componentwise.

Proposition 4.3.31. Let P be as above, γ > 0 and f = (f1, . . . , fn) ∈ Dγ,η
P (V n) be a collection

of modelled distributions for some function-like sector V which is stable under the product ⋆. Let

furthermore F ∈ C∞(Rn;R), then, provided η ∈ [0, γ], the modelled distribution

F̂γ(f)(x) : G → V,

with F̂ (f) defined as in (4.41), belongs to Dγ,η
P (V ). Furthermore, the map F̂γ : Dγ,η

P (V ) → Dγ,η
P (V ) is

locally Lipschitz continuous in any of the semi-norms ∥ · ∥γ,η;K and ||| · |||γ,η;K.

Furthermore, the analogous Lipschitz bound holds when working with two models.

Proof. One may follow ad verbatim the proof of [Hai14, Prop. 6.13], as well as [HP15, Prop. 3.11] for

the last sentence, since all Taylor expansions are carried out in Euclidean space.

4.3.5 Convolution with Singular Kernels

In this section we describe how to lift the action of singular kernels onto the regularity structure.

While most arguments adapt from [Hai14] some care has to be taken due to the fact that convolutions

are not commutative and we do not have an explicit formula for Taylor expansions. This latter issue

is circumvented using Lemma 4.3.9 which allows us to reduce our analysis to similar expressions as

appear in [Hai14]. The examples we have in mind are the singular part of Greens functions of left

invariant differential operators satisfying the following assumption.

Assumption 4.3.32. The kernel K : G \ {e} → R can be decomposed as

K(x) =
∑
n∈N

Kn(x) (4.42)

where the smooth functions Kn are supported on B2−n and
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• for each I ∈ Nd there exists a constant C(I) > 0, uniform in n ∈ N such that

sup
x∈G

|XIKn(x)| ≤ C(I)2(|s|−β+d(I))n,

• for any multi-indices I, J ∈ Nd there exists a constant C(I, J) > 0 uniform in n ∈ N such that,

∣∣∣∣ ∫
G
ηI(x)XJK(x)dx

∣∣∣∣ ≤ C(I, J)2−βn,

• there exists an integer r, such that

∫
G
ηI(x)K(x) dx = 0

for all multi-indices I ∈ Nd with scaled degree d(I) ≤ r.

Remark 4.3.33. We note that all of the analysis in the remainder of this section also applies to

kernels of the form K : (G \ {e})2 → R satisfying an analogue of [Hai14, Ass. 5.1 & Ass. 5.4] adapted

to our setting. Although Assumption 4.3.32 is somewhat less general we choose to work with it for

two reasons; firstly it is simpler to verify and secondly it highlights the role that translation invariance

plays in our applications. Lemma 4.4.4 which is an amalgam of [Hai14, Lem. 5.5 & Lem. 7.7] in our

setting, shows that fundamental solutions of left-translation invariant, homogeneous linear operators

can always be decomposed into a compactly support part satisfying Assumption 4.3.32 and a sufficiently

well-behaved remainder.

Remark 4.3.34. Although we work explicitly with the one-parameter kernels of Assumption 4.3.32

it will sometimes convenient in the proofs below to define K(x, y) := K(y−1x) and use the notation

K(f)(x) :=
∫
K(x, y)f(y) dy = f ∗K(x). Note that under this convention, for any left-translation

invariant vector field X, one has (XK)(f) = X(Kf).

From now on we shall exclusively work with regularity structures T models M satisfying the

following assumption.

Assumption 4.3.35. For each a ∈ △, the vector space Ta coincides with the linear span of abstract

monomials ηηηI with d(I) = a and the model M ∈ MT restricted to the polynomial sector T̄ =
⊕

a∈△Ta,

is the canonical polynomial model.

We point out that the assumption K annihilates polynomials causes no real restriction on the type

of kernels since the result [Hai14, Lem. 5.5] adapts in a straightforward manner to our setting, see also

Lemma 4.4.4 below. We point out that this assumption is convenient but not crucial for the theory, c.f.

Chapter2. In the remainder of this subsection we show how the action of kernels of this type are lifted
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onto the regularity structure and act on modelled distributions. Given a γ ∈ R ∩△ we write Kγ for

this lift; it corresponds to K in the sense that for f ∈ Dγ

RKγf = K(Rf) (4.43)

and in that it satisfies an appropriate version of the classical Schauder estimates.

Definition 4.3.36. Given a sector V , a map I : V 7→ T̄ is called an abstract integration map of order

β > 0 if it satisfies the following properties:

1. For each α ∈ A, I : Vα → Tα+β, where Tα+β := {0} for α+ β /∈ A.

2. It annihilates polynomials, that is I : T̄ ∩ V → {0}.

3. For each τ ∈ T, Γ ∈ G : (I Γ− ΓI)(τ) ∈ T̄.

Assume that the kernel K satisfies Assumption 4.3.32 for some β > 0. We associate to K the map

J : Rd → L(T, T̄) which for every τ ∈ Tα is given by

J (x)τ :=
∑
n

PPPα+βx (Πxτ ∗Kn), (4.44)

where the last sum is seen to converge absolutely by first observing that by Assumption 4.3.32 for any

τ ∈ Tα

|XI(Πxτ ∗Kn)(x)| = |Πxτ ∗XIKn(x)| = |Πxτ(XI
1Kn(x, ·))| ≲ 2−n(α+β−d(I)) ,

and then using Lemma 4.3.7.

Definition 4.3.37. Given a regularity structure T equipped with an Integration map I, a kernel K

and a model M = (Π,Γ), we say the model M realises K for I if for each τ ∈ Tα and each x ∈ G,

ΠxIτ = K(Πxτ)−ΠxJ (x)τ.

Now we can define the lift of the kernel K, namely for f ∈ Dγ(V ) we set:

Kγf(x) := If(x) + J (x)f(x) +Nγf(x),

where

(Nγf)(x) =
∑
n

PPPγ+βx

(
(Rf −Πxf(x)) ∗Kn

)
where the last sum converges by the same argument as for J (x)τ .

Remark 4.3.38. Given a kernel K satisfying Assumption 4.3.32 a regularity structure and model

satisfying Assumption 4.3.35, it turns out that one can always extend the regularity structure and model
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to be equipped with an integration map I realizing the kernel K. This is the content of the extension

theorem found as [Hai14, Thm. 5.14], which holds in our setting as well. While we do not reproduce

the whole proof since it is a straightforward adaptation of the original one, we present the main steps

below, see Lemmas 4.3.40, 4.3.41 and 4.3.42, so that the interested reader will easily be able to fill in

the remaining details.

The next theorem which is an analogue of [Hai14, Thm. 5.12], confirms that Kγ does indeed

correspond to K in the sense of (4.43) and satisfies the desired Schauder estimates.

Theorem 4.3.39. Let γ ∈ R \ △ and β > 0 be such that γ + β ̸∈ △, let K : G \ {e} → R be a kernel

satisfying Assumption 4.3.32 for r ≥ γ + β, let T = (T,G) be a regularity structure and M = (Π,Γ)

be a model satisfying Assumption 4.3.35. Furthermore assume that T is equipped with an abstract

integration operator and M realises K for I. Then for any sector V of regularity α ∈ A the operator

Kγ is a continuous linear map from Dγ
M (V ) to Dγ+β

(α+β)∧0 satisfying the identity

RKγf = K(Rf),

for all f ∈ Dγ
M (V ). Furthermore, if we denote by M = (Π,Γ), M̄ = (Π̄, Γ̄) two admissible models and

by Kγ, respectively K̄γ the associated operators, one has the bound

∥Kγf ; K̄γ f̄∥γ+β;K ≲C
∣∣∣∣∣∣f, f̄ ∣∣∣∣∣∣

γ;K̄
+ ∥Π− Π̄∥γ;K̄ + ∥Γ− Γ̄∥γ;K̄ ,

where the implicit constant depends on the norms of M, M̄ and f ∈ Dγ
M (V ) and f̄ ∈ Dγ

M̄
(V ).

The fact that the next lemma ([Hai14, Lem. 5.16]) still holds in our setting is the underlying reason

that all proofs extend in a rather straight forward manner from [Hai14] and one does not require a

more involved notion of abstract integration map, which is for example the case on general Riemannian

manifolds c.f. Chapter 2.

Lemma 4.3.40. In the setting of Theorem 4.3.39 one has the identity

Γx,y(I + J (y)) = (I + J (x))Γx,y

for all x, y ∈ G.

Proof. The proof consists of unravelling the Definitions and using the fact that the map Πx is injective

when restricted to polynomials, exactly as in [Hai14].

We introduce the following quantity; for I ∈ Nn, α > 0, n ∈ N and x, y, z ∈ G, set

KI,α
n,xy(z) := XI

1Kn(y, z)− P̃
α+β−d(I)
x [XI

1Kn(·, z)](y) = XI
1

(
Kn( · , z)− P̃

α+β
x [Kn(·, z)]

)
(y) (4.45)
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where the second equality follows from Remark 4.2.15. Here we reiterate that we are using the notation

K(x, y) := K(y−1x) where K satisfies Assumption 4.3.32. Taylor’s theorem and Remark 4.2.18 then

yield that

KI,α
n,xy(z) =

∑
|J |≤[a]+1,d(J)≥α+β−d(I)

∫
G
XJ

1 (X
I
1Kn)(xz̃, z)Q

J(x−1y, dz̃) . (4.46)

As in [Hai14] the motivation for defining these quantities comes from the identity

Πx(Iτ)(ϕ) = K(Πxτ)(ϕ)−ΠxJ(x)τ(ϕ)

=
∑
n

∫ (
Πxτ(Kn(y, ·))− P̃

α+β
x [Kn(Πxτ)](y)

)
ϕ(y) dy

=
∑
n

∫ (
Πxτ(Kn(y, ·))− P̃

α+β
x

[
(Πxτ)2(Kn(·, ·))

]
(y)
)
ϕ(y) dy

=
∑
n

∫ (
Πxτ(Kn(y, ·))− (Πxτ)(P̃

α+β
x,1 [Kn(·, ·)](y)

)
ϕ(y) dy

=
∑
n

∫
Πxτ

(
Kn(y, ·)− P̃

α+β
x,1 [Kn(·, ·)](y)

)
ϕ(y) dy

=
∑
n

∫
Πxτ(K

0,α
n,xy)ϕ(y) dy

where we use the subscript in (Πxτ)2(Kn(·, ·)) to clarify that this denotes the function w 7→ Πxτ(Kn(w, ·))

and the analogous subscript for P̃x,1[K(·, ·)](y) to clarify that one expands in the first coordinate. The

next Lemma collects the results of [Hai14, Lem. 5.18, Lemma 5.19], the proofs of which adapt ad

verbatim.

Lemma 4.3.41. Let α ∈ A and τ ∈ Tα and assume α+ β /∈ △, then the following bound holds

|(Πyτ)(KI,α
n,xy)| ≲ ∥Π∥α,B2(x)(1 + ∥Γ∥α,B2(x))

∑
δ>0

2δn|y−1x|δ+α+β−d(I) , (4.47)

where the sum over δ runs over a finite set of positive real numbers. The same bound holds for

|(Πxτ)(KI,α
n,xy)|, as well as the analogue bound on the difference of two models.

Furthermore one has the bound

∑
n

∣∣∣∣∫
G
(Πxτ)(K

I,α
n,xy)ϕ

λ
x(y) dy

∣∣∣∣ ≲ λα+β∥Π∥α;B2(x)(1 + ∥Γ∥α;B2(x)) , (4.48)

as well as the analogous bound for the difference of two models, where all these bounds hold uniformly

over x ∈ G, λ ∈ (0, 1] and ϕ ∈ Br

As in [Hai14] we introduce for x, y ∈ G the following operator

Jx,y := J (x)Γx,y − Γx,yJ (y) (4.49)
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Lemma 4.3.42. Under the assumptions of Theorem 4.3.39 one has for each a ∈ ∆, τ ∈ Tα

|Jx,yτ |a ≲ ∥Π∥α,B2(x)(1 + ∥Γ∥α,B2(x))|y
−1x|α+β−a|τ |

uniformly in x, y ∈ G satisfying x ∈ B1(y). Again, the analogous bound holds for the difference of two

models holds as well.

Proof. First we write Jx,y =
∑

n J n
x,y where each J n

x,y is defined by replacing K by only one summand

Kn in the definition of Jx,y. Observe that since J n
x,yτ ∈ T̄<α+β it suffices by Lemma 4.3.9 to show that

pnτ (y) := Πe(J n
x,yτ)(y) ∈ Pα+β

satisfies ∑
n

|(XIpnτ )(e)| ≲ ∥Π∥α,B2(x)(1 + ∥Γ∥α,B2(x))|y
−1x|α+β−d(I)|τ | . (4.50)

We treat the cases |y−1x| ≤ 2−n and |y−1x| > 2−n separately. In the case |y−1x| ≤ 2−n, using the

definitions of the polynomial regularity structure, we find

pnτ (x
−1z) = Πe(J n

x,yτ)(x
−1z) = Πx(J n

x,yτ)(z)

and thus

XIpnτ (e) = XI(ΠxJ n
x,yτ)(x) .

Using the analogous notation J n(x) for the operator consisting only of one summand in (4.44), we find

ΠxJ n(x)Γx,yτ(z) =
∑
γ≤α

Πx (J n(x)QγΓx,yτ) (z)

=
∑
γ≤α

ΠxP
γ+β
x [

(
ΠxQγΓx,yτ

)
2
Kn(·, ·)](z)

=
∑
γ≤α

P̃
γ+β
x [

(
ΠxQγΓx,yτ

)
2
Kn(·, ·)](z)

=
∑
γ≤α

ΠxQγΓx,yτ
(
P̃
γ+β
x,1 [Kn(·, ·)](z)

)
= (Πyτ)

(
P̃
α+β
x,1 [Kn(·, ·)](z)

)
−
∑
γ≤α

ΠxQγΓx,yτ
(
P̃
α+β
x,1 [Kn(·, ·)]− P̃

γ+β
x,1 [Kn(·, ·)]

)
(z)

= P̃
α+β
x [(Πyτ)2Kn(·, ·)](z)−

∑
γ<α

ΠxQγΓx,yτ
(
P̃
α+β
x,1 [Kn(·, ·)]− P̃

γ+β
x,1 [Kn(·, ·)]

)
(z)
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and

ΠxΓx,yJ n(y)τ(z) = ΠyJ n(y)τ(z) = P̃
α+β
y [(Πyτ)2Kn(·, ·)](z)

= P̃
α+β
x

[
P̃
α+β
y [(Πyτ)2Kn(·, ·)]

]
(z)

= P̃
α+β
x

[
(Πyτ)2

(
P̃
α+β
y,1 [Kn(·, ·)]

)]
(z) ,

where in the third equality we used the fact that P̃
α+β
x acts as the identity map on polynomial functions

of degree less then α+ β. Therefore,

pnτ (x
−1z) = P̃

α+β
x

[
(Πyτ)2

(
Kn(·, ·)− P̃

α+β
y,1 [Kn(·, ·)]

) ]
(z)︸ ︷︷ ︸

:=pnτ,1(x
−1z)

−
∑
γ<α

ΠxQγΓx,yτ
(
P̃
α+β
x,1 [Kn(·, ·)]− P̃

γ+β
x,1 [Kn(·, ·)]

)
(z)︸ ︷︷ ︸

:=pn,γ
τ,2 (x

−1z)

Using the general formula XI(P̃
a
x[f ])(x) = XI(Pax[f ])(e) = XIf(x) for d(I) < a we find that

XIpnτ,1(e) = XI
[
(Πyτ)2

(
Kn(·, ·)− P̃

α+β
y,1 [Kn(·, ·)]

)]
(x) = (Πyτ)(K

I,α+β
n,x,y )

and so by Lemma 4.3.41 we find that

∑
n : |y−1x|≤2−n

|XIpnτ,1(e)| ≲ |y−1x|α+β−d(I)|τ | .

Concerning pn,γτ,2 , since one has the identity

pn,γτ,2 (x
−1z) = −P̃

γ+β
x [(ΠxQγΓx,yτ)2Kn(·, ·)](z) + P̃

α+β
x [(ΠxQγΓx,yτ)2Kn(·, ·)](z) ,

we find that XIpn,γτ,2 (e) = 0 unless d(I) ∈ [γ + β, α+ β), in which case

XIpn,γτ,2 (e) = ΠxQγΓx,yτ
(
XI

1Kn(x, ·)
)
.

Thus,

∑
n : |y−1x|≤2−n

|XIpn,γτ,2 (e)| ≲
∑

n : |y−1x|≤2−n

|y−1x|α−γ2−n(γ+β−d(I))|τ |a ≲ |y−1x|α+β−d(I)|τ | ,

where we used that the case d(I) = γ + β does not arise as by Assumption 4.3.35

we have γ + β /∈ △. This concludes the case |y−1x| > 2−n.

To treat the case |y−1x| > 2−n, one writes

pnτ (z) =
∑
γ≤α

ΠxJ n(x)(QγΓx,yτ)(xz)︸ ︷︷ ︸
=:qn,γ

τ,1 (z)

−ΠxΓx,yJ n(y)τ(xz)︸ ︷︷ ︸
=:qnτ,2(z)
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and using the fact that γ + β /∈ △ one finds

|XIqn,γτ,1 (e)| =


∣∣ΠxQγΓx,yτ

(
XI

1Kn(x, ·)
)∣∣ , if d(I) < γ + β,

0, otherwise,

which is bounded uniformly over |y−1x| < 1 by a constant multiple of |y−1x|α−γ2−n(γ+β−d(I)). Con-

cerning qnτ,2, we find that

qnτ,2(z) = ΠxΓx,yJ n(y)τ(xz) = ΠyJ n(y)τ(xz) = Pγ+βy,1 [(Πyτ)2Kn(·, ·)](y−1xz))

and therefore by Lemma 4.3.8

|XIqn2 (e)| ≲
∑

d(I)<d(J)≤α+β

sup
d(J ′)≤d(J)

∣∣∣Πyτ (XJ ′
1 Kn(y, ·)

)∣∣∣ |y−1x|d(J)−d(I)|τ |

≲
∑

d(I)≤d(J)<α+β

sup
d(J ′)≤d(J)

2−n(α+β−d(J
′))|y−1x|d(J)−d(I)|τ |

≲
∑

d(I)≤d(J)<α+β

2−n(α+β−d(J))|y−1x|d(J)−d(I)|τ | .

Since pnτ =
∑

γ≤α q
n,γ
τ,1 + qnτ,2 one obtains (4.50) by summing over

{
n ∈ N : |y−1x| > 2−n

}
.

Proof of Theorem 4.3.39. First, we need to check that for a ∈ A it holds that

|Kγf(x)− Γx,yKγf(y)|a ≲ |y−1x|γ+β−a . (4.51)

For a /∈ △ this bound follows from Lemma 4.3.42 and properties of modelled distributions by an ad

verbatim adaptation of the same argument in the proof of [Hai14, Thm. 5.12]. The only place, where

the proof [Hai14, Thm. 5.12] does not adapt directly is when showing the bound for a ∈ △. As in the

proof of Lemma 4.3.42 we use Lemma 4.3.9 to circumvent the difficulty of not having explicit Taylor

expansions in our setting. The rest of the proof adapts almost ad verbatim.

We first note that the polynomial part of Kγf(x)− Γx,yKγf(y) is given by

P := Γx,yNγf(y)︸ ︷︷ ︸
=:P1

−Nγf(x)︸ ︷︷ ︸
=:P2

+J (x)(Γx,yf(y)− f(x))︸ ︷︷ ︸
=:P3

(4.52)

and thus, in order to prove (4.51) for the polynomial part it suffices by Lemma 4.3.9 to show that for

any d(I) < γ + β, p(e) := ΠeP satisfies

|XIp(e)| ≲ |y−1x|γ+β−d(I) . (4.53)
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Using (4.42) we define the analogous decompositions J =
∑

n J n and Nγ =
∑

nN n
γ and similarly

write P =
∑

n=0 P
n, etc.

As usual we use different strategies for small and large scales, starting with the case 2−n ≤ |y−1x|.

In this case we separately estimate pi(e) := ΠePi for i ∈ {1, 2, 3} .

• Noting that

pn1 (z) = ΠxΓx,yNγf(y)(xz) = ΠyNγf(y)(xz) = P γ+βy,1

[
(Rf −Πyf(y))2

(
Kn(·, ·)

)]
(y−1xz),

we find by Lemma 4.3.8

|XIpn1 (e)| ≲
∑

d(I)≤d(J)<γ+β

sup
d(J ′)≤d(J)

∣∣∣(Rf −Πyf(y)
)(
XJ ′

1 Kn(y, ·)
)∣∣∣ |y−1x|d(J)−d(I)

≲
∑

d(I)≤d(J)<γ+β

sup
d(J ′)≤d(J)

2−n(γ+β−d(J
′))|y−1x|d(J)−d(I)

≲
∑

d(I)≤d(J)<γ+β

2−n(γ+β−d(J))|y−1x|d(J)−d(I) .

• Regarding pn2 we find that XIpn2 (e) = (Rf −Πxf(x))
(
XI

1Kn(x, ·)
)
and thus by the Reconstruc-

tion, see Theorem 4.3.11,

|XIpn2 (e)| ≲ 2−n(γ+β−d(I)) .

• Lastly, for pn, using the definition of J (x) and properties of models and modelled distributions

we find

|XIpn3 (e)| ≤
∑

δ∈A: d(I)−β<δ<γ

∣∣(ΠxQδ(Γx,yf(y)− f(x)
)
(XI

1K(x, ·))
∣∣

≲
∑

δ∈A: d(I)−β<δ<γ

|y−1x|γ−δ2−n(β+δ−d(I)) .

Therefore summing over 2−n ≤ |y−1x|, since β + δ /∈ △ for any δ ∈ A and β + γ /∈ △, we find

∑
n : 2−n≤|y−1x|

|XIpn(e)| ≤
∑

n : 2−n≤|y−1x|

3∑
i=1

|XIpni (e)| ≲ |y−1x|γ+β−d(I) .

Next we turn to the case 2−n > |y−1x|; here a computation analogous to the one preceding [Hai14,

Eq. (5.48)] gives

XIpn(e) = (Πyf(y)−Rf)(KI,γ
n,x,y)−

∑
ζ≤d(I)−β

(
ΠxQζ(Γx,yf(y)− f(x)

)(
XI

1Kn(x, ·)
)

(4.54)

which can be bounded exactly the way it is done there.
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Finally, one may follow the concluding steps of the proof of [Hai14, Thm. 5.12], finding that for

any ϕ ∈ B, (
Πx(Kγf(x))−K(Rf)

)
(ϕλx) =

∑
n

∫ (
Πxf(x)−Rf

)
(Kγ

n,xy)ϕ
λ
x(y)dy

and thus one obtains the identity RKγf = K(Rf).

The proof of the difference bound follows by similar steps as to those presented here and applied in

the proof of [Hai14].

4.3.6 Schauder Estimates for Singular Modelled Distributions

Since our main application will be to semi-linear evolution equations we will often require a Schauder

estimate for modelled distributions with permissible singularities near a given subgroup P ⊂ G, as in

Section 4.3.3 on singular modelled distributions.

Proposition 4.3.43. In the setting of Section 4.3.3 and Theorem 4.3.39, given a sector V of regularity

α ∈ A, the operator Kγ is well defined on Dγ,η
P (V ) for η < γ provided that γ > 0 and η ∧ α > −|m|.

Furthermore, if γ + β /∈ △ and η + β /∈ △, one has Kγf ∈ D
γ+β,(η∧α)+β
P continuity bound

∣∣∣∣∣∣Kγf ; K̄γ f̄
∣∣∣∣∣∣
γ+β,(η∧α)+β;K ≲

∣∣∣∣∣∣f ; f̄ ∣∣∣∣∣∣
γ,η;K̄

+ ∥Π− Π̄∥γ;K̄ + ∥Γ− Γ̄∥γ;K̄ (4.55)

over any compact set K ⊂ G and admissible models, where the implicit constant is uniform in the

semi-norms of M,M̄ and f ∈ Dγ,η
P,M (V ), f̄ ∈ Dγ,η

P,M̄
(V ) on K̄.

Proof. The proof follows exactly along the same lines as the one of [Hai14, Prop. 6.16], where as in the

proof of Theorem 4.3.39 the only modification needed is due to the fact that our Taylor expansions are

non explicit. Using the same notation as in the proof of Theorem 4.3.39, we recall (4.52)

P := Γx,yNγf(y)︸ ︷︷ ︸
=:P1

−Nγf(x)︸ ︷︷ ︸
=:P2

+J (x)(Γx,yf(y)− f(x))︸ ︷︷ ︸
=:P3

. (4.56)

This time, in order to show that Kγf ∈ D
γ+β,(η∧α)+β
P , by Lemma 4.3.9, we are required to show that

for p(e) := ΠeP =
∑3

i=1ΠePi,

|XIp(e)| ≲ |y−1x|γ+β−d(I)|x, y|(η∧α)+β−γP , (4.57)

There are three scales, which need separate arguments.

• In the case 2−n ≤ |y−1x| one proceeds exactly as in the proof of Theorem 4.3.39 using the

decomposition pn =
∑3

i=1 p
n
i .

• In the cases 2−n ∈
(
|y−1x|, 12 |x, y|P

)
and 2−n ≥ 1

2 |x, y|P one uses Equation (4.54) and proceeds

exactly as in [Hai14] from there onwards.
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Again, the proof of the difference bound follows analogously.

4.3.7 Symmetries

As in [Hai14, Sec. 3.6], we shall consider modelled distributions which respect certain symmetries of G.

In this work we will only consider the symmetries of G under the canonical left action of a discrete

subgroup G ⊂ G as in Section 4.2.3 acting by G×G ∋ (n, x) 7→ (nx) ∈ G. We extend this to an action

on function ψ : G → R by pull-back, i.e.

(n∗ψ)(x) := ψ(n−1x) = ψn(x).

For a regularity structure T = (T,G) we give the following definition, by analogy with [Hai14, Def. 3.33]

but restricted to this more straightforward setting.

Definition 4.3.44. Given a discrete sub-group G ⊂ G as above, we say that a model M = (Π,Γ) is

adapted to the action of G if, for every test function, ϕ ∈ C∞
c (G), x ∈ G, τ ∈ T and n ∈ G one has

(Πnxτ)(n
∗ψ) = (Πxτ)(ψ) and Γnx,ny = Γx,y.

A modelled distribution f : G → T is said to be symmetric if f(nx) = f(x) for every x ∈ G and n ∈ G.

The following proposition is an amalgam of [Hai14, Prop. 3.38 & Prop. 5.23].

Proposition 4.3.45. Let T be a regularity structure, G ⊂ G be a discrete subgroup as above and

M = (Π,Γ) be adapted to the action of G (according to Definition 4.3.44). Then, for every modelled

distribution f ∈ Dγ, for some γ > 0, symmetric with respect to the action of G, the following hold;

1. For every ϕ ∈ C∞
c (G) and n ∈ G one has (Rf)(n∗ϕ) = (Rf)(ϕ).

2. For any x ∈ G and n ∈ G one has (Kγf)(nx) = (Kγf)(x).

Proof. The proof of the first point follows exactly the steps of the proof of [Hai14, Prop. 3.38] in our

simplified setting.

The proof of the second follows similarly along the lines of the proof of [Hai14, Prop. 5.23], in

particular using the assumption that the model is adapted to the action of G and the vector fields

{Xi}di=1 are left-translation invariant.

4.3.8 Bounds on Models

We state two results which, as in the Euclidean setting, allow one to reduce the number of stochastic

estimates needed in order to obtain convergence of models to only Π|T<0 . The proof of the next

proposition, [Hai14, Prop 3.31], adapts ad verbatim to our setting
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Proposition 4.3.46. Let T = (T,G) be a regularity structure and (Π,Γ) a model. For α ∈ (0,∞)∩A,

the action of Π on Tα is fully determined by the action of Π on T<α as well as the action of Γ on Tα.

Furthermore, one has the bound

sup
x∈K

sup
λ<1

sup
ϕ∈Br

sup
τ∈Tα \{0}

|Πxτ(ϕλx)|
λα|τ |α

≤ ∥Π∥α;K̄∥Γ∥α;K̄,

as well as the analogous difference bound.

Furthermore, one has the following simple consequence of Lemma 4.3.40 and Lemma 4.3.42.

Proposition 4.3.47. Under the assumptions of Theorem 4.3.39 one has for each α ∈ A \ △, τ ∈ Tα

and δ ∈ A one has

sup
x,y∈K : |y−1x|<1

|Γx,yIτ |δ+β
|τ |α−β|y−1x|α−δ

≲ (1 + ∥Γ∥α;K̄)∥Π∥α;K̄ + sup
x,y∈K : |y−1x|<1

|Γx,yτ |δ
|τ |α−β|y−1x|α−δ

.

Again, the analogous bound for the difference of two models holds as well.

4.4 Applications to Semilinear Evolution Equations

In this section we specialize to the setting, when the homogeneous Lie group G has distinguished

time direction, see Section 4.4.4 below for illustrative examples. Specifically, assume we are given

decomposition of the Lie algebra g = pc ⊕ p where both summands are s-invariant subspaces and

furthermore pc is one dimensional. In line with this decomposition, in this section we deviate from the

convention stated above Equation (4.2) and reorder the basis of g so that we always have the time

component, i.e. X1 ∈ pc, in the first slot. Under this assumption we also fix the basis X̄ = {Xi}di=2 of

p where sXi = si. We note that P := exp(p) ⊂ G is a homogeneous subgroup as in 4.3.3 and we recall

the notation defined there,

s̄ := s|p and |s̄| := trace(s|p).

In particular we have |s| = s1 + |s̄|. From now on we identify the Lie group G with R× P under the

diffeomorphism

R× P → G, (t, x) 7→ x exp(tX1) .

and we shall often use the notation z = (t, x) ∈ R× P = G. Let us collect some useful facts;

• Under this identification we see that R× {e} ⊂ G is a homogeneous subgroup.

• The scaling map behaves as expected, in that for any z = (t, x) ∈ G and δ > 0

δ · (t, x) = (δs1t, δ · x) ,
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where δ · x is understood to be the restriction of the dilation to P .

• The map Φ̃ from (4.34) is related to our decomposition here, in that for any Xp ∈ p and t ∈ R,

we have Φ̃(Xp + tX1) = (t, exp(Xp)).

• Recall the map NP : G → R+ defined by (4.35). There exists a constant c′ > 0 such that

NP (t, x) = c′|t|
1
s1 . In particular, by (4.38) and (4.39) there exist a constant c > 0 such that for

any (t, x) ∈ G
1

c
|t|

1
s1 ≤ d ((t, x), P ) ≤ c|t|

1
s1 . (4.58)

A core assumption for the remainder of this section will be that of non-anticipativity.

Assumption 4.4.1. We say that G : G \ {e} → R is non-anticipative if for any (t, x), (s, y) ∈ G one

has G((s, y)−1(t, x)) = 0 whenever s ≥ t.

We will also require an assumption of prescribed homogeneity on the kernel, with respect to the

dilation map.

Assumption 4.4.2. For σ ∈ R, we say that that G : G \ {e} → R is smoothly σ-homogeneous if it is

smooth and for any z ∈ G \ {e} and λ > 0,

G(λ · z) = λσG(z).

We now have the following analogue of [Hai14, Lem. 7.4].

Lemma 4.4.3. Given G : G \ {e} → R satisfying Assumption 4.4.1 and Assumption 4.4.2 with

σ = −|s̄|, then there exists a smooth function Ĝ : P → R such that for all (t, x) ∈ G with t > 0,

G(t, x) = t
− s̄

s1 Ĝ
(
t
− 1

s1 · x
)
. (4.59)

For every multi-index I ∈ Nd−1 and every n > 0 there exists a constant C > 0 such that uniformly

over x ∈ G,

|X̄IĜ(x)| ≤ C(1 + |x|2)−n. (4.60)

Proof. The proof follows exactly the same steps of [Hai14, Lem. 7.4] after replacing the usual derivatives

there with the vector fields X̄ = {Xi}di=2.

Lemma 4.4.4. Let G : G \ {e} → R satisfy Assumption 4.4.1 and Assumption 4.4.2 with σ = −|s̄|.

Then, for any r > 0, there exist smooth functions K : G \ {e} → R and K−1 : G → R, both satisfying

Assumption 4.4.1 and such that G = K +K−1 and

• K is compactly and satisfies Assumption 4.3.32 with β = s1.
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• K−1 : G → R is globally smooth and such that XIK−1 ∈ L∞
loc(R;L1(P )) for any I ∈ Nd.

Proof. The proof readily adapts from [Hai14, Lem. 5.5 & Lem. 7.7] with the only real change being to

skip the last step in the proof of [Hai14, Lem. 7.7] and instead using Faa di Bruno’s formula along

with (4.60) to obtain the claimed integrabillity of K−1.

Remark 4.4.5. Note that more careful analysis yields improved bounds on K−1, however, K−1 ∈

L∞
loc(R;L1(P )) suffices for our purposes.

4.4.1 Short Time Behaviour of Kernel Convolutions

Together, the following two results show, in our setting, that the lift of the kernel applied to a modelled

distribution, f , can be controlled on sets of the form OT := {z ∈ G : d(z, P ) ≤ T} only using

information about f on the same set. Note that using (4.58) there exists a constant c > 0 such

that [0, cT ]× P ⊂ OT . Hence, the corresponding notion of local solutions, described in Section 4.4.3,

corresponds to the usual one.

First, we introduce some final pieces of notation, let R+ : R × P → R be a map such that for

all x ∈ P one has R+(t, x) = 1 for t > 0 and R+(t, x) = 0 for t ≤ 0. From now on we shall also

use subspaces of the previously introduced Hölder spaces (Definition 4.2.24), modelled distributions

(Definition 4.3.10) and singular modelled distributions (Definition 4.3.18) writing, for example

C̄α(G) ⊂ Cα(G), D̄γ
α ⊂ Dγ

α , D̄γ,η
α,P ⊂ Dγ,η

α,P ,

where we allow the set K in the relevant definitions to be any closed subset K ⊆ OT for some T > 0

(in particular K is not necessarily compact). We shall often write the corresponding semi-norms for

example as

∥ · ∥α;OT∩K, ||| · |||γ;OT∩K, ||| · |||γ;η;OT∩K ,

where in particular we allow K = OT .

With these notions at hand the proof of the next theorem adapts directly from the proof of [Hai14,

Thm. 7.1].

Theorem 4.4.6. Let γ > 0, T be a regularity structure and M := (Π,Γ) and M̄ = (Π̄, Γ̄) models

and K : G \ {e} → R a non-anticipative kernel (see Assumption 4.4.1) such that the assumptions of

Theorem 4.3.39 are satisfied for some β > 0 and a sector V of regularity α > −s1. Then, for every

T ∈ (0, 1], and η > −s1 and for κ > 0 small enough

∣∣∣∣∣∣KγR
+f
∣∣∣∣∣∣
γ+β,(η∧α)+β−κ;OT

≲ T κ/s1 |||f |||γ,η;OT
(4.61)∣∣∣∣∣∣KγR

+f ; K̄γR
+f
∣∣∣∣∣∣
γ+β,(η∧α)+β−κ;OT

≲ T κ/s1
(∣∣∣∣∣∣f ; f̄ ∣∣∣∣∣∣

γ,η;OT
+
∣∣∣∣∣∣M ; M̄

∣∣∣∣∣∣
γ;O2

)
. (4.62)
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The constant in the first bound depends only on |||M |||γ;O2
, while in the second it may also depend on

|||f |||γ,η;OT
∨
∣∣∣∣∣∣f̄ ∣∣∣∣∣∣

γ,η;OT
and |||M |||γ;O2

∨
∣∣∣∣∣∣M̄ ∣∣∣∣∣∣

γ;O2
.

Proof. The proof follows almost ad verbatim the proof of [Hai14, Thm. 7.1], only using our modified

definition of the sets OT := {z ∈ G : dG(z, P ) ≤ T}.

Remark 4.4.7. In fact, given any closed set K ⊂ G the bounds (4.61) and (4.62) both hold if OT is

replaced on the left hand side by OT ∩ K and on the right hand side by OT ∩ K̄. However, we will not

make use of this fact in this chapter.

While Theorem 4.4.6 treats the lift of the singular part of the kernel the following lemma shows

that the application of the smooth remainder can be lifted into the polynomial regularity structure in

a similar manner.

Lemma 4.4.8. Let K−1 : G → R be a smooth, non-anticipative kernel on G, such that for any

I ∈ Nd the functions XIK−1(t, · ) are bounded in L1(P ), locally uniformly in t ∈ R. Then, under the

assumptions of Theorem 4.4.6 one has the bound

∣∣∣∣∣∣∣∣∣PPPγ( · )[K−1RMR+f ]
∣∣∣∣∣∣∣∣∣
γ+β,η̄;OT

≲ T |||f |||γ,η;OT

as well as the analogous difference bound

∣∣∣∣∣∣∣∣∣PPPγ( · )[K−1RMR+f ];PPPγ( · )[K−1RM̄R+f̄ ]
∣∣∣∣∣∣∣∣∣
γ+β,η̄;OT

≲ T
(∣∣∣∣∣∣f ; f̄ ∣∣∣∣∣∣

γ,η;OT
+
∣∣∣∣∣∣M ; M̄

∣∣∣∣∣∣
γ,O1

)
.

Proof. The argument adapts mutatis mutandis form the proof of [Hai14, Lem. 7.3], replacing the

compact support assumption therein by the integrability property of K−1.

4.4.2 Initial Conditions

We will only consider evolution equations on domains without boundary so that our only boundary

data is the initial condition and proceed as in [Hai14, Sec. 7.2].

Lemma 4.4.9. Let u0 ∈ Cα(P ) such that ∥u0∥Cα(P ) < ∞ and T = (T,G) be a regularity structure

containing the polynomial regularity structure over G and let G be a kernel satisfying Assumptions 4.4.1

and 4.4.2. We set for t ̸= 0

G(u0)(t, x) :=

∫∫
T×R

G((0, y)−1(t, x))u0(y) dy,

where we used the suggestive but only formal notation if α ≤ 0. Then, for every γ > 0 the map

PPPγ( · )[G(u0)] : G \P → T belongs to Dγ,α
0;P for every γ > (α∧ 0) and furthermore, for any T > 0, one has

∣∣∣∣∣∣∣∣∣PPPγ( · )[G(u0)]∣∣∣∣∣∣∣∣∣γ,η;OT

<∞ .
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Proof. We first decompose the kernel as in Lemma 4.4.4 and write

G(u0)(t, x) = K(u0)(t, x) +K−1(u0)(t, x) .

For the summands of K(u0)(t, x), one can argue as in the proof of [Hai14, Lem. 7.5] or as in

Section 4.3.5. The desired bound for K−1(u0)(t, x) follows exactly as in Lemma 4.4.8.

4.4.3 An Example Fixed Point Theorem

At this point, we have all ingredients at hand to straightforwardly see that the very general fixed point

Theorem [Hai14, Theorem 7.8] as well as the other parts of [Hai14, Section 7.3] adapt to the setting of

homogeneous Lie Groups. For the sake of conciseness and with the primary example of Anderson-type

models in mind, we refrain from presenting this material in all generality and instead show an example

fixed point theorem. This result covers Anderson type equations, such as the one treated in Section 4.6.

Recall here the notation introduced at the start of this section, in particular the identity |s| = s1 + |s̄|.

Theorem 4.4.10. Let α ∈ (−s1, 0], γ > −α, η + α > −s1 and G : G \ {e} → R be a kernel satisfying

Assumptions 4.4.1 and 4.4.2 with σ = −|s̄| and the decomposition G = K +K−1 as in Lemma 4.4.4.

Furthermore, let T = (T,G) be a regularity structure containing the polynomial regularity structure,

equipped with an abstract integration operator I of order s1 and containing an element Ξ ∈ Tα, where

α = minA. Then, given a model M = (Π,Γ) which realises K for I and satisfies the assumptions of

Theorem 4.3.39 along with any v ∈ Dγ,η
0;P,, the map

MT ;v : Dγ,η
0 → Dγ,η

0 U 7→ KγR
+(UΞ) +Pγ

( · )[K−1R
+(UΞ)] + v, (4.63)

is well-defined and there exists a unique fixed point for some T > 0.

Furthermore, if ΠeΞ and v are G-periodic and the model is adapted to the action of G on the group

(as defined in Section 4.3.7), then the unique fixed point is as well.

Crucially, the solution map depends continuously on the model.

Remark 4.4.11. Note that using that the abstract mild equation given by (4.63) is linear in U , the

local time of existence T > 0 can be chosen independ of the initial condition. Thus, given suitable

bounds on the model over a suitably large set of the form {z ∈ G : d(z, P ) ≤ T + 1}, by restarting the

equation one obtains existence of a fixed point for arbitrary T > 0. We refer to [HL18, Theorem 5.2]

for details.

Remark 4.4.12. In practice we will usually take v = Pγ [G(u0)] so that by Lemma 4.4.9 the condition

v ∈ Dγ,η
0;P is satisfied provided u0 ∈ Cη(P ), where η+α > −s1. The notation K and K−1 is carried over

from Section 4.3 and Section 4.4, in particular K is the lift of K, the compactly supported, singular

part of the fundamental solution, see Theorem 4.4.6 and K−1 the smooth remainder, see Lemma 4.4.8.
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Proof sketch of Theorem 4.4.10. The proof is a straightforward adaptation of the proof of [Hai14,

Theorem 7.8] and follows by applying Proposition 4.3.30, Theorem 4.4.6 and Lemma 4.4.8 to show

that the map MT̄ ;v has a unique fixed point in Dγ,η
0 for some T > 0. Since α = minA, the modelled

distribution x 7→ Ξ is an element of Dγ,γ
α;P for any γ > 0. Assuming U ∈ Dγ,η

0;P by Proposition 4.3.30 one

therefore has,

UΞ ∈ Dγ+α,η+α
α;P .

So by using the singular Schauder estimate, Proposition 4.3.43, along with the assumption (η+α)∧α >

−s1, one has

K(UΞ) ∈ D
γ+α+β,((η+α)∧α)+β
(α+β)∧0;P .

Then, we see that

γ + α+ β > γ, η < η + α+ β and (α+ β) ∧ 0 > 0 .

Hence, one finds D
γ+α+β,((η+α)∧α)+β
(α+β)∧0;P ↪→ Dγ,η

0;P which concludes the proof that MT ;v is a self-mapping on

Dγ,η
α;P . By comparing MT ;vU and MT ;vŪ for U, Ū ∈ Dγ,η

0 , one then shows that MT ;v is a contraction

for sufficiently small T > 0.

From the steps outlined above one furthermore obtains the the claims of G-periodicity and the

continuous dependence of the solution on the model.

4.4.4 Concrete Examples of Differential Operators and Kernels

The theory developed in the proceeding sections provides the analytic framework to treat singular

SPDEs using the tools of regularity structures where the linear part of the equation is given by an

operator L satisfying the assumptions of Folland’s theorem, Theorem 1.2.1. In this section we present

a non-exhaustive list of homogeneous Lie groups and linear differential operators, L, to which our

results apply. Generically, these equations are of the form,

Lu = ∂tu− L̄u = F (u, X̄u, . . . , ξ), u|t=0 = u0,

where ξ is a suitable noise, the non-linearity is linear in the noise and only depends on lower order

derivatives of u than are contained in L which satisfies the assumptions of Theorem 1.2.1, c.f. [Fol75].

Setting 1 P is a stratified Lie Group (see Definition 4.2.30) with a basis {Xi}mi=1 of W1, generating the Lie

Algebra. We equip G := R× P with the trivial homogeneous Lie Group structure

G×G ∋
(
(t, x), (t′, x′)

)
7→ (t+ t′, xx′)

with the extended scaling λ · (t, x) = (λ2t, λ · x). The heat type operator associated to the
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sub-Laplacian

L = ∂t −
m∑
i=1

X2
i .

satisfies the assumptions of Theorem 1.2.1. and it follows from [Fol75, Thm. 3.1 & Prop. 3.3]

that L is non-anticipative. We shall discuss a notable example of the setting, that of the heat

operator on the Heisenberg group, below.

Setting 2 A generalisation of the above setting is to take P a homogeneous Lie Group and equip G := R×P

with the same structure as above, but this time define the scaling λ · (t, x) = (λ2qt, λ ·x) for q ≥ 2

and an integer. A natural class of operators is given by

LQ = ∂t −Q(X1, . . . , Xm) ,

where Q is a polynomial of homogeneous degree 2q and such that LQ and L∗
Q are hypoelliptic

and LQ is non-anticipative, see [Hai14, Eq. 7.8]. A notable example is the heat type operator

associated to the bi-sub-Laplacian on a stratified Group.

Setting 3 The homogeneous Lie Group G = R× P is equipped with a non-trivial Lie group structure. In

this case we look at differential operators of the form,

L = X0 −Q(X1, . . . , Xm) .

where X0 = ∂t + X̄0 and the operators L, L∗ satisfy the criteria of Folland’s theorem and L is

non-anticipative. Examples are parabolic/restricted Hörmander operators, c.f. [Hai16a, Def. 1.1]

or [Bel95, Ch. 3] and the kinetic Fokker–Planck operator fits into this setting.

Heat Operator on the Heisenberg Group

In the context of Setting 1 and Setting 2 we recall that the Heisenberg group, Hn, defined in Section

4.2.4, is a stratified Lie group. Identifying Hn = R2n × R we recall that

Ai(x, y, z) = ∂xi + yi∂z, Bi(x, y, z) = ∂yi − xi∂z, C(x, y, z) = ∂z

are left-translation invariant vector fields. It is readily checked that the operator

L = ∂t −
n∑
i=1

(A2
i +B2

i ),

is homogeneous with respect to the scaling,

λ · (t, x, y, z) := (λ2t, λx, λy, λ2z),
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Applying [Fol75, Thm. 2.1] there exists a unique, fundamental solution K : Hn → R associated to L

which is smooth away from e and satisfies the assumptions of Lemma 4.4.4. As a result our framework

allows for the study of semi-linear evolution equations of the form,

∂tu− Lu = F (u,A1u, . . . , Anu,B1u, . . . , Bnu, ξ), u|t=0 = u0.

Matrix Exponential Groups and Kolmogorov Type Operators

A wide class of operators fitting into Setting 3 above are the Kolmogorov (or K-type) operators on

R × Rn for n ≥ 1. The group structure is a matrix exponential group, as defined in Section 4.2.4.

Given two, rational, n× n block matrices,

A =


A0 · · · 0
...

. . .
...

0 · · · 0

 , B =



0 B1 0 · · · 0

0 0 B2 · · · 0
...

...
. . .

. . .
...

0 0 · · · 0 Bk

0 0 · · · 0 0


.

with A0 constant, positive definite and of rank q ≤ n and each Bi a pi−1 × pi block matrix of rank pi,

where q = p0 ≥ p1 ≥ · · · ≥ pk and
∑k

i=1 pi = n. Then the linear operator, defined for u : R× Rn → R

by

Lu(t, z) = ∂tu(t, z)−∇ · (A∇u(t, z)) +Bz · ∇u(t, z),

satisfies Hörmander’s condition. Equipping R × Rn with the matrix exponential group structure

associated to B (and defined in Section 4.2.4) it is readily checked that L satisfies the assumptions of

Theorem 1.2.1. In fact, there is an explicit formula for the fundamental solution. We first let

C(t) :=
1

t

∫ t

0
exp(−sB⊤)A exp(−sB) ds

and then using the same notation for the effective spatial dimension, |s̄| :=
∑k

i=0(2i+ 1)pi,

K(t, z) =

(
1

(4π)nt|̄s| detC(t)

)1/2

exp

(
−C(t)

−1z · z
4t

)
.

The kinetic Fokker–Plank operator falls into this class. Consider the domain R× R2d, with variables

(t, x, v) and set, as block matrices,

A =

Id 0

0 0

 , B =

0 Id

0 0

 .
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Then the associated operator is

Lu(t, v, x) = ∂tu(t, v, x)−∆vu(t, v, x)− v · ∇xu(t, v, x).

and the fundamental solution in fact has the explicit form,

K(t, v, x) =
2
√
3

d(4π)dt2d+1
exp

(
−|v|2

4t
−

3
∣∣x+ v

2 t
∣∣2

t3

)
.

See [IK64, Sec. 7] for a derivation in the case d = 1 and [Man97] in the general case.

4.5 A Regularity Structure for Anderson Equations

In this section we present a brief construction of a sufficiently rich regularity structure T = (T,G) in

order to solve abstract fixed point equations of the form

U = I(UΞ) + U0 , (4.64)

as treated by Theorem 4.4.10, where I denotes the abstract part of the lift of a 2 regularising kernel

as in Section 4.3.5, Ξ is the lift of a noise of regularity α and U0 is the polynomial part of U . In

order for the equation to be subcritical one needs to impose α > −2 and thus it follows from the

previous discussions that we can look for a fixed point in a space Dγ
P for γ < 2. Thus we only need to

incorporate abstract polynomials ηηηi with si < 2 into our regularity structure and since one has the

following identities in this case

ηi(xy) = ηi(x) + ηi(y), Pγx[f ]( · ) = f(x) +
∑
i : si<γ

ηi(·)Xif(x) (4.65)

one can work with essentially a truncated version algebraic framework as on the abelian group Rd

developed in [BHZ19]. Therefore, in the remainder of this short section, we freely use notations and

definitions from [BHZ19], often without further explanation.

We define two edge types L = {t,Ξ} and declare |t| = 2 and |Ξ| = α and as well as a scaling in the

sense of [BHZ19] s = (s1, . . . , sn), where n = max{i ≤ d : si < 2}. 5 Motivated by (4.64) we define the

naive (normal) rule, c.f. [BHZ19, Def. 5.7]

R̊(t) = {(t,Ξ), (t), (Ξ), ()}, R̊(Ξ) = {()} (4.66)

and consider its completion R constructed in [BHZ19, Prop. 5.21] (note that this second step is only

5Recall form Section 4.2 that s1, s2, .., sn are the first n eigenvalues of the scaling s in increasing order and that Xi

are the corresponding eigenvectors
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necessary if α ≤ −3/2). We denote by T ex and T ex
+ , T− ⊂ T ex

− the corresponding spaces constructed in

[BHZ19, Def. 5.26, Def. 5.29, Def. 6.22] and summarise some important properties of these spaces.

Proposition 4.5.1. The triple {T ex, T ex
+ , T−} have the following algebraic structure.

• The spaces T ex
+ , T−, T ex

− are graded Hopf algebras with coproduct given by △+ and △− respectively.

• The space T ex is a right comodule over T ex
+ .

• The spaces T ex and T ex
+ are left comodules over T− .

• These spaces satisfy the co-interaction property, i.e. the following diagram commutes

T ex T ex ⊗ T ex
+

T ex
− ⊗ T ex T ex

− ⊗ T ex ⊗ T ex
+

△+

△− M(1,3)(2)(4)◦(△−⊗△−)

id⊗△+

Note that the fact that we can leverage the framework developed in [BHZ19] relies crucially on the

fact that it suffices to include polynomials of degree < 2, which translates into the algebraic relation

△+(ηηηj) = ηηηj ⊗ 1 + 1⊗ ηηηj whenever sj < 2. In general one would need a modification △̃+ of the map

△+ such that △̃+(ηηηj) =
∑

d(I)+d(J)=sj
CI,Jj ηηηI ⊗ηηηJ . Furthermore, one would need a modification △̃− of

triangle △− and both modifications, △̃+ and △̃−, would depend on the group structure of G, since the

form of higher order Taylor polynomials depends crucially on it. To circumvent these considerations

we restrict ourselves to working with the following subspaces.

Let T consists of the span of those basis vectors (trees) T ∈ T ex where T and its grading |T |+, c.f.

[BHZ19, Def. 5.3], satisfies the following properties

• it is planted and satisfies |T |+ < γ or T = T ′Ξ where T ′ is planted and satisfies |T ′|+ < γ,

• the only polynomial decorations appearing are at the second highest node and of degree < γ.

Similarly, we set T+ ⊂ T ex
+ to consist of the subalgebra generated by those trees T ∈ T ex

+ satisfying

• |T |+ < γ

• the only polynomial decorations appearing are at the second highest node and of degree < γ.

Observe that Proposition 4.5.1 still holds with T ex
+ replaced by T+ and T ex replaced by T. We define

G+ to be the character group of T+. From now on our regularity structure shall be given by

T = (T,G) , (4.67)

where G consists of the elements Γ ∈ L(T, T ) of the form Γ = (id⊗ f)△+ for some f ∈ G+.
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4.5.1 Smooth Models

In order to define the models, we have to deviate slightly from [BHZ19]. For i ∈ {1, ..., n} we write ηηηi

instead of Xi for abstract polynomials and we declare a map ΠΠΠ : T → C∞(G) (c.f. [BHZ19, Def. 6.8])

to be admissible for a smooth function ξ ∈ C∞(G) and a kernel K as in Assumption 4.3.32, if for every

x ∈ G

ΠΠΠΞ(x) = ξ(x), Πηηηi(x) = ηi(x)

and

ΠΠΠIτ = KΠΠΠτ, ΠΠΠIiτ = (XiK)ΠΠΠτ ,

where we write I resp. Ii for the operation of attaching an edge of type t, resp. (t, ei) to the root. For

ΠΠΠ an admissible map as above and z ∈ G we recursively define fz ∈ G+ and Πz by

fz(Iτ) = −
∑

d(I)<|It(τ)|+

ηI(z−1)XIK(Πzτ)(z)

ΠzIτ(z̄) = K(Πzτ)(z̄) −
∑

d(I)<|I(τ)|+

ηI(z−1z̄)XIK(Πzτ)(z) ,

and by the analogous expression for Iiτ , where i ∈ {1, ..., n}, c.f. [BHZ19, Lem. 6.9]. We say that ΠΠΠ is

canonical, if it satisfies ΠΠΠΞτ = ΠΠΠΞΠΠΠτ for every τ such that Ξτ ∈ T , and it does not see the extended

decoration, i.e is reduced in the sense of [BHZ19, Def. 6.2.1]. One can check that for such canonical

lifts ΠΠΠ the maps Πz = (ΠΠΠ⊗ fz)△+ and Γγx,y where γx,y = (f−1
x ⊗ fx)△+ form a model

M = (Π,Γγ) . (4.68)

The renormalisation group G− is defined to be the character group of the Hopf algebra T ex
− . We

observe that in our case T ex
− coincides (as an algebra) with the free algebra spanned by a family of

linear trees. (In the case α > −3/2, one furthermore has T ex
− = T− and we list the trees explicitly in

the next section). The group G− acts on models as follows. For g ∈ G− let Rg = (g ⊗ id)△−, we set

M̂g = (Π̂g, Γ̂g) = (ΠRg,ΓγRg) . (4.69)

One can check that every element the orbit of a smooth canonical model as in (4.68) is indeed a model.

Remark 4.5.2. Note that in order to show convergence of a family of models M̂ (ε) = (Π̂(ε), Γ̂(ε)) of

the form (4.69) for the regularity structure T = (T,G) for some smooth underlying noises ξϵ and a

sequence of elements gϵ ∈ G−, it is sufficient to show convergence of Π̂ε|T≤0
due to Propositions 4.3.46

and 4.3.47.

We emphasise again that this section relied on the the assumption γ < 2.
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4.6 The Anderson Equation on Stratified Lie Groups

In this section we apply the machinery developed in this chapter in order to solve a class of parabolic

Anderson type models on a compact quotients of an arbitrary d-dimensional, stratified, Lie groups.

Let G be a stratified Lie group (recall Definition 4.2.30) with Lie algebra g and G a lattice subgroup

with its canonical left action on G. Recall from Section 4.2.3 the definition of the quotient map

π : G → S = G/G, we shall, without loss of generality assume that there exists a fundamental domain

of this action, K ⊂ G, such that e ∈ BN (e) ⊂ K for some N ∈ N, large enough.6 For m ≤ d,

let X1, ..., Xm be a basis of W1, the family of left invariant vector fields generating g and we write

X̃i = π∗Xi for the push-forward vector fields on S. Finally we recall the notion of convolution ∗S on S

induced by the right action of G on S, as defined in Section (4.2.3).

We shall solve equations where the driving noise satisfies the following assumption for some ᾱ > 0.

Assumption 4.6.1. For ᾱ ∈ (−|s|/2, 0), assume that ξα is of the form ξ = ξ̃ ∗S cᾱ, where ξ̃ denotes

a Gaussian white noise7 on S and cᾱ : G \ {e} → R is a function with bounded support, satisfying

|cᾱ(x)| ≲ |x|−|s|+(|s|/2+ᾱ) as well as cᾱ(x
−1) = cᾱ(x) for all x ∈ G.

Remark 4.6.2. For ξ satisfying Assumption 4.6.1, a simple calculation shows that for any ϕ, ψ ∈ L2(S),

E[⟨ξ, ϕ⟩⟨ξ, ψ⟩] =
∫
S
(ϕ ∗S cᾱ)(x)(ψ ∗S cᾱ)(x) dx .

In particular, coloured noise where the regularisation is given by a negative fractional power of the

sub-Laplacian fits into our setting, c.f. [BOTW22].

Remark 4.6.3. The assumption that cᾱ(z) = cᾱ(z
−1) is not crucial, but allow us to reuse computations

previously carried out for equations on Euclidean domains in [HP15]. A robust treatment of similar

equations in the Euclidean setting, driven by more general driving noise, even beyond the Gaussian

setting, is given in [CS17]. A similar remark holds for the choice of mollifier ρ in Theorem 4.6.4 below.

In the above setting, we have the following theorem.

Theorem 4.6.4. Fix T > 0 arbitrary and let ξ be a noise satisfying Assumption 4.6.1 with ᾱ ∈

(−3/2,−1) and η ∈ (−(2 + ᾱ), 0). For ε ∈ (0, 1), let uε : [0, T ]× S → R be the unique solution to the

random PDE

∂tuε =

m∑
i=1

X̃2
i uε + uε(ξε − cε), u|t=0 = u0 ∈ Cη(S) , (4.70)

where ξε := ξα ∗S ρε, for ρ ∈ C∞
c (B1(e)) satisfying ρ(z) = ρ(z−1) and {cε(ρ)}ε∈(0,1) is a family of

(diverging) constants, depending on ρ and such that |cε| ≲ ε2+2ᾱ. Then, there exists a random function

6This is for example achieved by replacing the homogeneous norm on G with a multiple of itself. We only require this
condition in order to make the integrands in Section 4.6.1 supported on the fundamental domain K.

7Recalling that S is a measure space, ξ̃ can be defined as a centred Gaussian field, over L2(S) and with covariance
given by the L2(S) inner product.
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u : [0, T ]× S → R, independent of the chosen mollifier, ρ ∈ C∞
c (B1(e)), such that

sup
(t,x)∈[0,T ]×S

t−η|uε(t, x)− u(t, x)| → 0

in probability as ε→ 0.

Remark 4.6.5. We point out that the proof of Theorem 4.6.4 given below modifies mutatis mutandis

to the case where the noise is allowed to depend on time. In this case the natural modification of

Assumption 4.6.1 is to assume that the noise is of the form ξ = ξ̃ ∗ cᾱ, where ξ̃ is a space-time white

noise on R× S and cᾱ satisfies |cᾱ(t, x)| ≤ (|x|+ |t|1/2)−|s|/2−1+ᾱ. The only difference in the proof is

to replace all convolutions and integrals over S with convolutions and integrals over R× S. We point

out that this form of noise is not covered by [BOTW22], where the white in time assumption is required

in order to make use of martingale arguments, see also Remark 4.6.7 below.

Remark 4.6.6. The range of ᾱ considered in Theorem 4.6.4 does not cover the full subcritical regime

of the Anderson equation on a stratified Lie group. Indeed one expects an analogue of Theorem 4.6.4 to

hold for any ᾱ ∈ (−2, 0). The main obstacle is the absence of a BPHZ type theorem in the setting of

homogeneous Lie groups, see [CH16, HS23] for the corresponding result on Rd. Let us further point

out that in order for the Carnot group G to be non-trivial it must have scaled dimension |s| ≥ 4, hence

the sub-critical regime for ᾱ is necessarily contained in Assumption 4.6.1.

Remark 4.6.7. Let us point to the work [BOTW22], where, using Itô calculus methods, the authors

construct a solution-theory in the case, when the noise is white in time and coloured in space, corre-

sponding to the full subcritical regime on the Heisenberg group. This probabilistic notion of solution

circumvents the need for explicit renormalisation as in (4.70). Furthermore, their results are obtained

on the infinite volume group Hn, rather than the compact quotient space that we consider here. We

expect that by using weighted modelled distributions, c.f. [HL18], together with the techniques developed

in [HP15], one can recover the solution constructed in [BOTW22] together with a Wong–Zakai type

theorem in the analogue of the regime ᾱ ∈ (−3/2,−1), treated by Theorem 4.6.4. If one is interested in

the full subcritical regime however, this would not just require a suitable BPHZ-type theorem in the

setting of homogeneous Lie groups, but furthermore a systematic way to single out the Itô model among

an (arbitrarily) high dimensional family of models obtained.

Proof of Theorem 4.6.4. We follow a usual strategy in the theory of regularity structures, showing

the equivalent theorem for the pulled back equations on G. For this, we work with the regularity

structure T = (T,G) constructed in (4.67) with |Ξ| = (−3/2, ᾱ). Note that since we are in Setting

1 we can directly apply Theorem 1.2.1 to see that there exists a unique, fundamental solution

G : (R×G) \ (0, e) → R and satisfying the assumptions of Lemma 4.4.4, so that we have G = K +K−1

enjoying the properties described therein.
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Denote by M (ε) = (Π(ε),Γε) the canonical model for T , satisfying Π
(ε)
z Ξ = ξε and realising K for I.

From now on we shall use the common tree notation, with the obvious changes in interpretation, as

defined for example in [HP15, Sec. 4.1], and write

:= Ξ, = IΞ, = ΞIΞ, etc.

Since ᾱ ∈ (−3/2,−1) the rule defined in (4.66) is complete and T− coincides (as an algebra) with

the free commutative algebra generated by
{
, ,

}
. Since the noise is Gaussian and centred, it is

sufficient to work with the subgroup G̃− ⊂ G− consisting of g ∈ G− satisfying

g(τ) = 0 ⇒ τ ∈ span
{
,
}
.

For each ε ∈ (0, 1) we fix gε ∈ G̃− to be the character specified by

gε( ) = E[ξε(e)K(ξε)(e)] .

Thus, applying Theorem 4.4.10, we obtain a solution Uε : [0, T ] × G → T<γ to the abstract lifted

equation, (4.63), for the model M̂ (ε) := Mgε
ε . Next we show that uRε := RM̂(ε)Uε actually solves

Equation (4.70) in several steps.

• First, note that for any z = (t, x) ∈ [0, T ]×G, the abstract solution has the explicit form

Uε(z) = u0ε(z)
(
1+ +

)
+
∑
si<γ

uiε(z)ηηηi ,

since we are working with the expansion up to order γ < 3
2 . In particular Π̂

(ε)
z Uε(z)(z) = u0ε(z).

• We observe that therefore

(Uε )(z) = u0ε(z)
(

+ +
)
+
∑
si<γ

uiε(z)ηηηi .

• We also note that Π̂
(ε)
z

(∑
si<γ

uiε(z)ηηηi

)
(z) = 0 and

Π̂(ε)
z

(
u0ε(z)

(
+ +

))
(z) = u0ε(z)

(
Π̂(ε)
z (z) + Π̂(ε)

z

(
+

)
(z)
)
= u0ε(z)(ξε(z)− cε) .

• Thus, we can conclude using Remark 4.3.24 that

RM̂(ε)(U
g ) = u0ε(z)(ξε(z)− cε) =

(
RM̂(ε)U

g
)
(z) (ξε(z)− cε) .

Thus it only remains to show is that the family of models M̂ (ε) converges to a limiting model M ,
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which is the content of Proposition 4.6.8, stated below.

Proposition 4.6.8. The familly of models M̂ (ε) = (Π̂(ε), Γ̂ε) constructed in the proof of Theorem 4.6.4

converges as ε→ 0.

Proof. Note that by Remark 4.5.2 it is sufficient to show convergence of Π̂(ε)|T<0 in the model topology,

which follows from a stright-forward adaptation of Kolmogorov’s criterion to models using the molifiers

φ(n) constructed in Lemma 4.3.14 together with the estimates obtained in Proposition 4.6.10.

Remark 4.6.9. For a detailed proof of a Kolmogorov type criterion for general models on Euclidean

domains, i.e. G = Rd, in the spirit above, we refer to [HS23, Appendix B].

4.6.1 Stochastic Estimates for the Renormalised Model

In this subsection we obtain convergence the renormalised models. We shall freely use techniques of

[Hai14, Sec 10] and as well as graphical notiation similar to that in [HP15, Sec. 5], with some slight

changes in interpretation. For example we write

(
Π

(ε)
(0,e)

)
(φλ) = + ,

with the following interpretations;

• The node represents the origin, (0, e) ∈ R × G while the edge represents integration

against the rescaled test function φλ.

• The node represents an instance of the G left periodic white noise on G while the edge

represents the kernel cᾱ ∗ ρε. Note therefore, that when ε = 0 our diagrams will still contain

dotted lines, as opposed to [HP15].

• The nodes represent dummy variables z = (t, x) ∈ R×G which are to be integrated out and

the edges represent integration against the kernel K. A barred arrow represents

a factor of K(t− s, y−1x)−K(−s, y−1), where (s, y) and (t, x) are the coordinates of the start

and end points of the arrow respectively.

As in [Hai14, Sec. 10.2] and [HP15, Sec. 5.1.1] we will also use the notation W(ε;k)τ to denote the

kernel associated to the kth-homogeneous Wiener chaos component of Π(0,e)τ and similarly Ŵ(ε;k)τ

for the renormalised model. For example, we find that Ŵ(ε;2) ((s, y);x1, x2) = W(ε;2) ((s, y);x1, x2) is

given by

W(ε;2) ((s, y);x1, x2) :=

∫∫
R×G

(cᾱ∗ρε)(y−1
1 x1)(cᾱ∗ρε)(y−1x2)

(
K(s− s1, y

−1
1 y)−K(−s1, y−1

1 )
)
ds1 dy1.
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Proposition 4.6.10. Fix δ > 0 small enough. Then, for every λ ∈ (0, 1), φ ∈ Br and z = (t, x) ∈ R×G,

there exist random variables

(Π̂z )(φλ), (Π̂z )(φλ), (Π̂z )(φλ) (4.71)

such that for any p ≥ 1 the following estimates hold uniformly over λ, ε ∈ (0, 1)

1a) E
[
|(Π̂(ε)

z )(φλ)|p
]
≲ λp(ᾱ−δ),

2a) E
[
|(Π̂(ε)

z )(φλ)|p
]
≲ λp(2+2ᾱ−δ),

3a) E
[
|(Π̂(ε)

z )(φλ)|p
]
≲ λp(4+3ᾱ−δ),

1b) E
[
|(Π̂(ε)

z )(φλ)− (Π̂z )(φλ)|p
]
≲ εpδλp(ᾱ−δ) ,

2b) E
[
|(Π̂(ε)

z )(φλ)− (Π̂z )(φλ)|p
]
≲ εpδλp(2+2ᾱ−δ) ,

3b) E
[
|(Π̂(ε)

z )(φλ)− (Π̂z )(φλ)|p
]
≲ εpδλp(4+3ᾱ−δ) .

Proof. Firstly, we note that by translation invariance of the noise it is enough to consider z = (0, e).

Furthermore, since all random variables belong to a finite Wiener chaos, it suffices to show these

estimates for p = 2, [Hai14, Lem. 10.5]. The first two estimates, 1a) and 1b), follow readily by Ito’s

isometry.

For the next items we recall [Hai14, Lem. 10.14 & 10.18], the natural analogues of which hold in

our setting as well. We can write (with the adaptation of the meaning of the diagrams described above)

the Wiener chaos decomposition of the second symbol as

(
Π̂

(ε)
(0,e)

)
(φλ) = − . (4.72)

The first summand is the graphical representation of the iterated integral, I2((Ŵ(ε;2) )(z)) integrated

against a test function centred at (0, e) ∈ R×G; see for example the analogous second term in [Hai14,

Eq. (10.23)]. The second summand is the graphical analogue of the first term in [Hai14, Eq. (10.23)]

given by I0((Ŵ(ε;0) )(z)). Next note that by virtually an identical calculation as in the beginning of

the proof of [Hai14, Thm. 10.19] one finds,

|⟨((Ŵ(ε;1) )(z), (Ŵ(ε;1) )(z̄)⟩| ≲ |z|2ᾱ+4 + |z̄|2ᾱ+4 , (4.73)

which implies

|⟨(Ŵ(ε;2) )(z), (Ŵ(ε;2) )(z̄)⟩| ≲ (|z|2ᾱ+4 + |z̄|2ᾱ+4)|z̄−1z|2ᾱ .

Together with the simple estimate I0((Ŵ(ε;0) )(z))| ≲ |z|2ᾱ+2 this gives 2a).

Next we turn to show 3a). First, note that by a similar calculation as for (4.73) one finds

|⟨(Ŵ(ε;2) )(w), (Ŵ(ε;2) )(w̄)⟩| ≲ |w|2(4+2ᾱ) + |w̄|2(4+2ᾱ) .
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Therefore, together with the bound I0((Ŵ(ε;0) )(w))| ≲ |w|2ᾱ+4 we find

E
∣∣∣((Π̂(ε)

(0,e) ) ⋄ (Π̂(ε)
(0,e) )

)
(φλ)

∣∣∣2 ≲ λ2(4+3ᾱ) .

As in [HP15, Sec. 5.3.2] we find

(
Π̂

(ε)
(0,e)

)
(φλ) = +

 −

 + −

and introduce the notation Qε(s, y) = K(s, y)(cα ∗ ρε)∗2(y). We see that cε =
∫∫

R×GQε(z) dz, and

define the renormalised kernel RQε(s, y) := Qε(s, y)− cεδ(0,e). Then, as in [HP15, Eq. (5.14)], using

the notation for the renormalised kernel, one finds

(
Π̂

(ε)
(0,e)

)
(φλ) = + − + − .

Similarly,

(
(Π̂

(ε)
(0,e) ) ⋄ (Π̂(ε)

(0,e) )
)
(φλ) = −

and thus it only remains the bound the covariance of the diagrams

, , , (4.74)

The latter two can be bounded by repeatedly using the analogue of [Hai14, Lem. 10.14], while for

the first diagram we use additionally the natural analogue of [Hai14, Lem. 10.16]. This concludes

the proofs of 3a) and therefore the first column. The bounds on the random variables in (4.71) are

obtained analogously by replacing cᾱ ∗ ρε by just cᾱ throughout (and appropriately interpreting the

renormalised kernel, Qε, for ε = 0). The approximation bounds 2b) and 3b) are obtained by standard

arguments, replacing each diagram with a finite telescopic sum of diagrams, where all dotted lines

except one either encode convolution with cᾱ ∗ ρε or convolution with cᾱ and the one remaining dotted

line is replaced by cᾱ − cᾱ ∗ ρε and then applying the analogue of [Hai14, Lem. 10.17].
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Chapter 5

Strong convergence of parabolic

rate 1 of discretisations of

stochastic Allen-Cahn-type equations

5.1 Introduction

Consider the 1 + 1-dimensional stochastic Allen-Cahn equation

∂tu = ∆u+ u− u3 + ξ (5.1)

on [0,∞) × T, where T = R/Z denotes the torus, driven by a 1 + 1-dimensional space-time white

noise ξ, with some initial condition ψ. The well-posedness of (5.1) is classically well-understood (see

e.g.[FJL82]). In this chapter we are interested in the discretisation of (5.1) and SPDEs of the more

general form

∂tu = ∆u+ F (u) + ξ. (5.2)

When the nonlinearity F is globally Lipschitz continuous, then it is well-known [Gyö99] that with grid

of parabolic meshsize of order n−1 (for precise details see below) the error of a space-time explicit finite

difference scheme is of order n−1/2 in Lp(Ω). The results of [Gyö99] have seen far-reaching extensions

both in terms of the regularity and the growth conditions imposed on F . As for regularity, [BDG21]

proved rate 1/2 in the case of merely bounded measurable F , without assuming any continuity. As for

growth, [BGJK22] showed rate 1/2 (for a different, Galerkin-type fully discrete scheme) for a class of

F -s that are only locally Lipschitz, in particular covering the example (5.1). Further recent results on

full discretisations on (5.1) and (5.2) can be found in [LQ19, Wan20]. Let us also mention that for

Burgers-type equations, where F depends also on the gradient of the solution, the rate of convergence

1/2 has been proven for spatial semidiscretisations [AG06, HM15]. The appearance of the exponent
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1/2 everywhere above is not a coincidence, [DG01] shows that this is sharp in the following sense: even

in the simplest linear case F ≡ 0 the conditional variance of u1(0) given the discrete observations

of ξ is bounded from below by a positive constant times n−1/2. A similar lower bound is derived in

[BGJK22] for the Galerkin-type approximations considered therein.

With matching lower and upper bounds, there appears to be not much room for improvement.

The present chapter aims to show otherwise. As already observed by Davie and Gaines [DG01] in the

simplest case F ≡ 0, although the pointwise error is of order n−1/2, this does not rule out superior

convergence rates when measured in a distributional norm. First we make this observation quantitative:

measuring in the Besov space Bα
∞,∞, α < 1/2, the error in the linear case F ≡ 0 is shown to be of order

n(−1/2+α+ε)∨(−1), for any ε > 0, see Lemma 5.3.3 below. Pursuing this idea further for a nonlinear

equation like (5.1) and considering u and its approximation un as elements of Bα
∞,∞ comes across an

obvious obstacle: as soon as α < 0, the mapping u 7→ u3 is simply not defined. This is reminiscent to

the difficulty that one has to overcome when solving higher dimensional Φ4
d equations.

In this way, the SPDE looks singular in the sense of [Hai14], albeit in an artificial way, and one

does not actually expect any renormalisation to appear. In fact, we will only need the simplest tool for

singular SPDE-s, the Da Prato-Debussche trick [DD03]. It turns out that for any polynomial F of

odd degree with negative leading order coefficient this is sufficient to implement the above strategy

and we obtain rate 1− ε of strong convergence, when measuring the error in the appropriate Besov

norm. This is the content of our main result, Theorem 5.1.7 below, which we state after the precise

formulation of our setup.

Remark 5.1.1. The rate 1 can not be improved even in a distributional sense, see Proposition 5.1.11.

Remark 5.1.2. In the proof one surprisingly encounters seemingly unrelated regularisation by noise

tools. The precise occurence of this term is En,1 in (5.53) in the proof of the main result, here we

just outline the heuristics of such a term. One term that one expects to see when comparing the true

equation (5.2) with its approximation is F (u)− F (πnu), where πn is the projection on the space-time

grid. Since the parabolic regularity of the solution u is known to be 1/2, it may look like such a term

can also not be bounded by anything better than n−1/2. One way of improving the rate for such terms

is to notice that since in the mild formulation they appear under a space-time integral, one can exploit

averaging effects. Using estimates obtained through regularisation by noise, one can get a bound of

order n−1 [BDG21].

Remark 5.1.3. There is no clear finite dimensional analogy to our result. Again staying on the

heuristic level: suppose that one wishes to improve on the well-known rate 1/2 for a finite dimensional

SDE

dXt = σ(t,Xt) dWt, (5.3)

where W is a standard Brownian motion, by measuring the error in some negative Besov (in time)
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norm. Under mild assumptions on σ it is known [MG04] that any approximation method Xn based on

n evaluations of W makes an error of order n−1/2 at time 1. Then one expects that any approximation

on the time interval [1, 2], measured in any norm, would make a larger strong error than the exact

solution Y of (5.3) starting at time 1 from Y1 = Xn
1 . But choosing σ(t, x) ≡ 1 for t ∈ [1, 2], the

difference between the true solution X and Y is constant in time and equals X1 − Y1 = X1 −Xn
1 , and

therefore cannot be made of higher order in any reasonable norm. See also Figure 5.3 below.

5.1.1 The setup

Fix a complete probability space (Ω,F ,P) carrying a 1 + 1-dimensional space-time white noise ξ. That

is, ξ is a mapping from Bb([0,∞) × T), the bounded Borel sets of [0,∞) × T, to L2(Ω) such that

for any collection A1, . . . , Ak of elements of Bb([0,∞)× T), the vector
(
ξ(A1), . . . , ξ(Ak)

)
is Gaussian

with mean 0 and covariance E
(
ξ(Ai)ξ(Aj)

)
= |Ai ∩Aj |. We denote by (Ft)t≥0 the complete filtration

generated by ξ.

We take the nonlinearity F in (5.2) to be a polynomial of odd degree with negative leading order

coefficient. That is,

F (v) =
ν∑
j=0

cjv
j ,

with some odd integer ν ≥ 3, c0, . . . , cν−1 ∈ R, and cν < 0. The prototypical example to have in mind

is the stochastic Allen-Cahn equation (5.1), where F (v) = −v3 + v.

As in [Gyö99, BDG21], we consider a finite difference, forward Euler approximation of (5.2).

Introduce the space and time grids

Πn = {0, (2n)−1, . . . , (2n− 1)(2n)−1} ⊂ T, Λn = {0, h, 2h, . . .} ⊂ R, (5.4)

for n ∈ N and where h satisfies the relation h = c(2n)−2 for some c ∈ (0, 1/4). On Πn, just like on T,

addition (as well as negation and subtraction) is understood in a periodic way, e.g. (2n− 1)(2n)−1 +

(2n)−1 = 0.

For a continuous initial condition ψ : T → R, the approximation scheme is defined by setting

un0 (x) = ψ(x) for x ∈ Πn and then inductively

unt+h(x) = unt (x) + h∆nu
n
t (x) + hF (unt (x)) + hηn(t, x) (5.5)

for t ∈ Λn and x ∈ Πn, where the discrete Laplacian is defined as

∆nf(x) =
f(x+ (2n)−1)− 2f(x) + f(x− (2n)−1)

(2n)2
, (5.6)
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the discrete noise term is given by

ηn(t, x) = 2nh−1ξ
(
[t, t+ h]× [x, x+ (2n)−1]

)
. (5.7)

5.1.2 Function spaces

The function spaces Cα(T) for α ∈ (0, 1), Lp(Ω), Lp(T) for p ∈ [1,∞] are defined in the usual way. By

C(T) we denote the the space of continuous functions on T equipped with the supremum norm. For

k ∈ N, Cr(T) (Cr(R), resp.) denote the r times continuously differentiable functions equipped with

the usual norm. If the target space differs from R (for example, C) it is indicated in the notation (for

example, as L2(T;C)). By ⟨·, ·⟩ we denote the complex inner product on L2(T;C).

For functions on Πn we define analogous norms

∥f∥Cα(Πn) = sup
x∈Πn

|f(x)|+ [f ]Cα(Πn) = sup
x∈Πn

|f(x)|+ sup
x ̸=y∈Πn

|f(x)− f(y)|
|x− y|α

,

∥f∥pLp(Πn)
=

1

2n

∑
x∈Πn

|f(x)|p,

for α ∈ (0, 1) and p ∈ [1,∞). As usual, the norm ∥ · ∥L2(Πn;C) induces a complex inner product that we

denote by ⟨·, ·⟩n. By C(Πn) we denote the space of all functions on Πn and by ∥f∥L∞(Πn) the maximum

norm on C(Πn). Convolution of elements of C(Πn) is denoted by ∗n, that is, (f∗ng)(x) = ⟨f(x−·), g(·)⟩n.

The norms ∥ · ∥Lp(Πn) satisfy Hölder’s inequalities. In addition, one has the n-dependent inequality

∥f∥L∞(Πn) ≤ 2n∥f∥L1(Πn). More generally, for any 1 ≤ q ≤ p ≤ ∞ one has

∥f∥Lp(Πn) ≤ (2n)1/q−1/p∥f∥Lq(Πn), (5.8)

see Lemma 5.2.9 below for a slightly stronger version and a short proof.

Any continuous function on T can be restricted to Πn. We denote this operation by

δn : C(T) → C(Πn), (δnf)(x) = f(x), x ∈ Πn.

The functions ej(x) = ei2πjx for j ∈ Z are eigenfunctions of ∆ with eigenvalues λj = −4π2j2. It is

also well-known that (ej)j∈Z forms an orthonormal basis of L2(T;C).

Recall from [BDG21, Prop. 2.1.1] that δnej , j ∈ Z are eigenfunctions of ∆n, with eigenvalues

λnj = −16n2 sin2
(jπ
2n

)
. (5.9)

Moreover, the set (δnej)j=−n,−n+1,··· ,n−1 forms an orthonormal basis of L2(Πn;C). For j ∈ {−n, . . . , n−
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1}, the ratios of the eigenvalues γnj =
λnj
λj

= sin2(jπ/2n)
(jπ/2n)2

, with the convention γn0 = 1, satisfy the bounds

4π−2 ≤ γnj ≤ 1, (5.10)

|1− γnj | ≤
1

3

(jπ
n

)2
, (5.11)

see [BDG21].

Remark 5.1.4. The lack of symmetry in the range of j stems from the fact that we have an even

number of grid points. But note that δne−n = δnen and thus δnen = δn
(
(1/2)(e−n + en)

)
.

Next, we define Besov spaces. Our setup will be a bit more convoluted than usual, in order to be

able to handle their discrete counterparts conveniently. Fix some ε0 ∈ (0, 1/10) and take a smooth even

bump function ϕ0 : R → [0, 1], such that ϕ0|B1−ε0
≡ 1 and suppϕ0 ⊂ B1, where Br = {x ∈ R : |x| ≤ r}.

Set ρ0 =
3−2ε0

2 . For ρ ∈ [1, 2] define ϕ0ρ(x) = ϕ0
(
(ρ0/ρ)x

)
. Further, set for positive integers j

ϕjρ(x) = ϕ0ρ(2
−jx)− ϕ0ρ(2

−j+1x) = ϕ1ρ(2
−j+1x) .

Note that the definitions are set up such that ϕ1ρ ≡ 1 on
(
ρ/ρ0, (ρ/ρ0)(2(1− ε0))

)
; the midpoint of this

interval is exactly ρ. Similarly, ϕj+1
ρ is constant 1 in a neighborhood of 2jρ, this fact is used in Remark

5.1.5 below. One can check that for any ρ ∈ [1, 2], the functions {ϕjρ}j∈N form a partition of unity.

For any distribution f ∈ S ′(T) define the Littlewood-Paley blocks

f [j] =
∑
k∈Z

ϕj1(k)⟨f, ek⟩ek.

We then define the (inhomogeneous) Besov spaces via the norms

∥f∥Bα
p,q(T) =

∥∥j 7→ 2αj∥f [j]∥Lp(T)
∥∥
ℓq
.

So far the choice of ρ did not play a role and in fact replacing ϕj1 with ϕjρ would result in an equivalent

norm for any ρ ∈ [1, 2].

For the discrete analogues of Besov norms, for any integer n ≥ 2 define Jn = ⌊log2 n⌋ and

ρn = n2−Jn ∈ [1, 2]. For f ∈ C(Πn) define the discrete Littlewood-Paley blocks

f [j],n =
n−1∑
k=−n

ϕjρn(k)⟨f, δnek⟩nδnek
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and the discrete Besov norms

∥f∥Bα
p,q(Πn) =

∥∥j 7→ 2αj∥f [j],n∥Lp(Πn)

∥∥
ℓq
.

Just like (5.8) allows one to trade powers of n for integrability, one can also trade for regularity: for

any α ≤ β one has

∥f∥
Bβ

p,q(Πn)
≤ (2n)β−α∥f∥Bα

p,q(Πn). (5.12)

Remark 5.1.5. With the above setup, we have that for j ∈ {0, . . . Jn}, ϕjρn is supported on B2Jnρn/ρ0 =

Bn/ρ0, therefore one has

f [j],n =
∑
k∈Z

ϕjρn(k)⟨f, δnek⟩nδnek,

now importantly having the summation over k ∈ Z. For the (Jn + 1)-th block we can use the fact that

δnek = δnek−2n, to rewrite it as

f [Jn+1],n =
∑
k∈Z

ϕ̃Jn+1
ρn (k)⟨f, δnek⟩nδek,

where ϕ̃j+1
ρ = ϕj+1

ρ 1(0,2jρ) + ϕj+1
ρ (· − 2j+1ρ)1[2jρ,∞) is the rescaling of a smooth (!) function ϕ̃11. In

particular, ϕ̃Jn+1
ρn (x) = ϕ̃11(n

−1x).

While the restriction operator δn is rather canonical, for extending functions from Πn to T there

are many choices. One that plays an important role for us is given by

ιn : C(Πn) → C(T), ιnf =

n−1∑
j=−n

⟨f, δnej⟩nej .

One has δnιn = idC(Πn) but ιnδn ̸= idC(T) in general.

Remark 5.1.6. One observes that even when f ∈ C(Πn) is real valued, in general ιnf is complex

valued. Another natural extension map (cf. Remark 5.1.4), which preserves being real valued would be

given by

ι̃nf :=

n−1∑
j=−(n−1)

⟨f, δnej⟩nej +
⟨f, δne−n⟩n

2
(en + e−n).

While the maps ιn and ι̃n share all relevant properties, the former has a more compact explicit formula

and thus we work with it.

Finally, a notational convention: in proofs of statements we use the shorthand f ≲ g to mean that

there exists a constant N such that f ≤ Ng, and that N does not depend on any other parameters

than the ones specified in the statement. Any additional dependence is denoted in subscript.
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5.1.3 Main result

We are now in a position to state the main result of the chapter.

Theorem 5.1.7. Let θ ∈ (−1/2, 0] and ε ∈ (0, 1/2 + θ). Assume that ψ ∈ C1−ε(T). Let u be the

solution of (5.2) and un be the approximation defined by (5.5). Then there exists an almost surely

finite random variable η such that for all n ∈ N

sup
t∈Λn∩[0,1]

∥δnut − unt ∥Bθ
∞,∞(Πn) ≤ ηn−1/2+θ+ε. (5.13)

One can rewrite the left-hand side of (5.13) in terms of the error tested against test functions.

For a function φ : R → R, x ∈ T, and λ ∈ (0, 1] define the rescaled and recentered function

φλx(y) = λ−1φ
(
λ−1(y − x)

)
. Note that if φ is smooth on R and suppφ ⊂ B1/3, then all functions φλx

are smooth on T. We define a set of appropriately normalised test functions

Φ = {φ ∈ C1(R) : suppφ ⊂ B1/3, ∥φ∥C1(R) ≤ 1}.

The following is then an immediate consequence of Theorem 5.1.7 above and Lemma 5.2.1 below.

Corollary 5.1.8. In the setting of Theorem 5.1.7, there exists a random variable η̃ such that for all

n ∈ N

sup
t∈Λn∩[0,1]

sup
φ∈Φ

sup
x∈Πn

sup
λ∈(n−1,1]

λ−θ
∣∣∣ ∑
y∈Πn

(
ut(y)− unt (y)

)
φλx(y)

∣∣∣ ≤ η̃n−1/2+θ+ε.

Remark 5.1.9. In comparison to [LQ19, Wan20, BGJK22] we do not obtain Lp(Ω) bounds, on the

other hand we require neither an implicit nor a truncated (or “tamed”) scheme. This is somewhat

reminiscent in spirit of [BG19], where for the stochastic Allen-Cahn equation (5.1) an explicit time-

splitting scheme without taming is studied, and rate of convergence in probability is obtained. Let us

mention however that the key intermediate step of a priori bounds of the approximation can be turned

into an Lp(Ω) bound on a truncated scheme, see Remark 5.3.5.

Remark 5.1.10. Considering the solutions as elements of distributional spaces is necessary in higher

dimensional versions of the stochastic Allen-Cahn equations, also known as the dynamical Φ4
d models,

which for this reason have to be renormalised. The dependence of the rate of convergence of approxima-

tions on the choice of the Besov exponent is observed in [MZ20], where the authors consider the spatial

semidiscretisation of Φ4
2 and bound the B−θ

∞,∞ norm of the error by n−θ+ε for any ε > 0, under the

constraint θ ∈ (0, 2/9). In [HM18, ZZ18] the convergence of spatial semidiscretisations of Φ4
3 is shown,

without rate.

One might wonder if one could even further improve the rate by looking at even weaker norms.

The following proposition rules this out, at least for this scheme: even testing the error with a single

test function the rate does not exceed 1.
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Proposition 5.1.11. Let ψ = 0 and F ≡ 0. Then for any ε > 0 and t > 0 one has

n1+ε|⟨δnut − unt , δne1⟩n| −→
n→∞

∞ in probability.

Proposition 5.1.11 does not rule the possibility of rate exactly 1 in Theorem 5.1.7, but this potential

improvement by ε seems to have some nontrivial technical obstacles in the proof.

5.2 Various tools

5.2.1 Kernels and convolutions

The continuous and discrete heat kernels are defined as follows. For (t, x, y) ∈ (0,∞)× T2, define the

kernel

pt(x, y) =
∑
j∈Z

eλjtej(x− y) ,

where λj = −4π2j2 are the eigenvalues of ∆. For t > 0 the corresponding operators on S ′(T) are

f 7→ Ptf, Ptf(x) =
∫
T
pt(x, y)f(y) dy, x ∈ T,

with the integral understood in the usual way if f is a genuine distribution. These operators are known

to satisfy the semigroup property Pt(Psf) = Pt+sf . By convention, we understand p0(x, y) to be the

Dirac-δ distribution, and correspondingly P0 to be the identity operator.

Similarly, for (t, x, y) ∈ Λn × (Πn)
2, define the discrete kernel

pnt (x, y) =
n−1∑
j=−n

(1 + hλnj )
t/hej(x− y) ,

where λnj denotes the eigenvalues of ∆n, c.f. (5.9). For t ∈ Λn the corresponding operators

f 7→ Pn
t f, Pn

t f(x) =
1

2n

∑
y∈Πn

pnt (x, y)f(y), x ∈ Πn,

which also satisfy the semigroup property Pn
t (Pn

s f) = Pn
t+sf , see [BDG21, Prop. 2.1.6]. Note that the

argument of the operator Pn
t can either be an element of C(T) or C(Πn), we do not distinguish these

cases in the notation. One furthermore has that the action of Pn
t on the Fourier modes is similarly

exponential as that of Pt: more precisely, there exists a κ = κ(c) > 0 such that for all t ∈ Λn one has

|1 + hλnj |t/h ≤ e−κtj
2
, (5.14)

see [BDG21, Eq. (2.9)]. We rephrase equations (5.2) and (5.5) in mild formulations. Indeed, for (5.2)
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we define a mild solution of it as a function u : Ω× [0,∞)× T that is almost surely continuous in t, x,

is measurable with respect to the product of the predictable and Borel σ-algebras, and satisfies for

(t, x) ∈ [0,∞)× T almost surely

ut(x) = Ptψ(x) +
∫ t

0
Pt−sF (us)(x)ds+

∫ t

0

∫
T
pt−s(x− y)ξ(dy, ds). (5.15)

As for the approximation un, it is already uniquely defined by (5.5), but one can derive a similar mild

form of it: by [BDG21, Eq. (2.14)] one has for (t, x) ∈ Λn ×Πn almost surely

unt (x) = Pn
t ψ(x) +

∫ t

0
Pn
κn(t−s)F (u

n
κn(s)

)(x) ds+

∫ t

0

∫
T
pnκn(t−s)(x, ρn(y)) ξ(dy, ds), (5.16)

where κn(t) := ⌊th−1⌋h and ρn(x) = ⌊x2n⌋(2n)−1.

Important reference objects are the solutions of the linear equation with 0 initial data, they are

denoted by

Ot(x) =

∫ t

0

∫
T
pt−s(x− y)ξ(dy, ds) (5.17)

for (t, x) ∈ (0,∞)× T, and by

Ont (x) =

∫ t

0

∫
T
pnκn(t−s)(x, ρn(y)) ξ(dy, ds) (5.18)

for (t, x) ∈ Λn ×Πn, respectively. Unraveling the definitions, one finds

⟨Ot, eℓ⟩ =
〈 ∫ t

0

∫
T

∑
k∈Z

e−4π2k2(t−s)ek(·)ēk(y)ξ(dy, ds), eℓ
〉

=

∫ t

0

∫
T
e−4π2ℓ2(t−s)ēℓ(y)ξ(dy, ds) (5.19)

for any ℓ ∈ Z and

⟨ιnOnt , eℓ⟩ = ⟨Ont , δneℓ⟩n =
〈 ∫ t

0

∫
T

n−1∑
k=−n

(1 + hλnk)
(κn(t−s)/h)δnek(·)ēk(ρn(y))ξ(dy, ds), δneℓ

〉
n

=

∫ t

0

∫
T
(1 + hλnℓ )

(κn(t−s)/h)ēℓ(ρn(y))ξ(dy, ds) (5.20)

for any ℓ ∈ {−n, . . . , n− 1}. For any other ℓ, clearly ⟨ιnOnt , eℓ⟩ = 0.

5.2.2 Properties of discrete and continuous function spaces

In this section we establish properties of the discrete Besov spaces analogous to the continuous ones.

We start with two lemmata which substantiates the definition of discrete Besov spaces, their proof can

be found in the Appendix.
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Lemma 5.2.1. For any α < 0 there exists a constant N = N(α, ϕ0) such that with r = min{k ∈ N :

k > −α} the bound

sup
x∈Πn

sup
λ∈(n−1,1)

∣∣⟨f, δnφλx⟩n∣∣
λα

≤ N∥φ∥Cr(T)∥f∥Bα
∞,∞(Πn)

holds uniformly over φ ∈ C∞
c (T) such that suppφ ⊂ B1/3, n ∈ N, and f ∈ C(Πn).

Lemma 5.2.2. For any α ∈ (0, 1) there exists a constant N = N(α, ϕ0) such that for all n ∈ N,

f ∈ C(Πn) one has the bounds.

∥f∥Bα
∞,∞(Πn) ≤ N∥f∥Cα(Πn), ∥f∥Cα(Πn) ≤ N∥f∥Bα

∞,∞(Πn) . (5.21)

Next, recall the following classical Theorem [ZF03, Thm. II.7.10].

Theorem 5.2.3. Denote by δx the Dirac measure at x ∈ R and let ωm = 1
m

∑m−1
j=0 δ j

m
. There exists a

constant N such that for any complex polynomial P (z) =
∑n

k=0 ckz
k and all p ∈ [1,∞]

(∫ 1

0
|P (e2πit)|pdωn+1(t)

) 1
p ≤ N

(∫ 1

0
|P (e2πit)|pdt

) 1
p
.

Similarly, for each p ∈ (1,∞), there exists a constant N = N(p) such that

(∫ 1

0
|P (e2πit)|pdt

) 1
p ≤ N

(∫ 1

0
|P (e2πit)|pdωn+1(t)

) 1
p

uniformly over polynomials of the form P (z) =
∑n

k=0 ckz
k .

A simple consequence of Theorem 5.2.3 is a kind the equivalence of discrete and continuous Lp

norms (which can be used to deduce equivalence of Besov norms, but we do not need this).

Proposition 5.2.4. For any p ∈ (1,∞) the maps ιn : Lp(Πn) → Lp(T) are bounded uniformly in

n ∈ N. Furthermore, the maps δn : ιnL
p(Πn) → Lp(Πn) are bounded uniformly in n ∈ N and p ∈ [1,∞].

Proof. It suffices to apply Theorem 5.2.3 to the polynomial P (z) =
∑2n−1

k=0 ⟨f, δnek−n⟩nzk since one has

|f(x)| =
∣∣∣ n−1∑
k=−n

⟨f, δnek⟩nδnek(x)
∣∣∣

=
∣∣∣ 2n−1∑
k=0

⟨f, δnek−n⟩nδnek−n(x)
∣∣∣

=
∣∣∣ 2n−1∑
k=0

⟨f, δnek−n⟩n(δne1)k(x)
∣∣∣ = ∣∣P (e2πix)∣∣

for x ∈ Πn and similarly |ιnf(x)| = |P (e2πix)| for x ∈ T .
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Remark 5.2.5. Note that in the case p = 2, the above proposition follows immediately from the fact

that {δnek}k=−n,...,n−1 ({ek}k∈Z, resp.) is orthonormal basis of L2(Πn;C) (L2(T;C), resp.).

Proposition 5.2.6. There exists a constant N (depending only on the choice of ϕ0) such that for all

p ∈ [1,∞], n ∈ N, f ∈ C(Πn) one has the bound

∥f∥B0
p,∞(Πn) ≤ N∥f∥Lp(Πn), ∥f∥Lp(Πn) ≤ ∥f∥B0

p,1(Πn). (5.22)

Further, for any ε > 0 there exists N = N(ε) such that for all α ∈ R, p ∈ [1,∞], and f ∈ C(Πn) one

has

∥f∥Bα
p,1(Πn) ≤ N∥f∥Bα+ε

p,∞ (Πn)
. (5.23)

Before proceeding to the proof, we make the following useful observation, used several times in the

sequel.

Remark 5.2.7. Denote the usual Fourier transform by

F (f)(z) =

∫
R
f(x)e2πizx dx.

Then (as one can see from e.g. the Poisson summation formula) if f ∈ L1(R) is a smooth function

on R and g is a smooth function on T, such that Ff(k) = ⟨g, ek⟩ for all k ∈ Z, then one has

g(x) =
∑

n∈Z f(x+ n) on T. In particular for any α ≥ 0,

∥∥| · |αg(·)∥∥
L1(T) ≤

∥∥| · |αf(·)∥∥
L1(R)

and ∥∥| · |αg(·)∥∥
L1(Πn)

≤
∥∥| · |αf(·)∥∥

L1((2n)−1Z) ,

where here, and in the sequel, for γ > 0 the space γZ is understood to be equipped with the measure

1
γ

∑
x∈γZ δx.

Proof of Proposition 5.2.6. First we write

f [j],n =
∑
k∈Z

ϕ̂jρn(k)⟨f, δnek⟩nδnek =
(∑
k∈Z

ϕ̂jρn(k)δnek

)
∗n f, (5.24)

where ϕ̂jρn = ϕjρn for j ̸= Jn + 1 and ϕ̂Jn+1
ρn = ϕ̃Jn+1

ρn , see Remark 5.1.5. Thus the first inequality of

(5.22) follows by Young’s convolution inequality and the fact that by Proposition 5.2.4 and Remark

5.2.7 we have the following uniform (in n and j) L1 bound:

∥∥∑
k∈Z

ϕ̂jρn(k)δnek
∥∥
L1(Πn)

≤
∥∥∑
k∈Z

ϕ̂jρn(k)ek
∥∥
L1(T) ≤ ∥F−1(ϕ̂jρn)∥L1(R) = ∥F−1(ϕ̂11)∥L1(R). (5.25)
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The second inequality in (5.22) follows simply from the triangle inequality, since f =
∑

j∈N f
[j],n. The

inequality (5.23) follows by observing that for any sequence {aj}j∈N one has

∑
j∈N

2αj |aj | ≲ε sup
j∈N

2(α+ε)j |aj | .

Lemma 5.2.8. Let 1 ≤ p1 ≤ p2 ≤ ∞, 1 ≤ q1 ≤ q2 ≤ ∞, and α ∈ R. Then there exists a constant

N = N(p1, p2) such that for all f ∈ C(Πn) one has the bound

∥f∥
B

α−(1/p1−1/p2)
p2,q2

(Πn)
≤ N∥f∥Bα

p1,q1
(Πn).

Proof. Using the discrete Berstein inequality, Lemma 5.2.9 below, we find that

2αj−(1/p1−1/p2)j∥f [j],n∥Lp2 (Πn) ≲ 2αj∥f [j],n∥Lp1 (Πn).

Observing that ∥ · ∥ℓq2 ≤ ∥ · ∥ℓq1 concludes the proof.

Lemma 5.2.9 (Discrete Bernstein Inequality). For any 1 ≤ p ≤ q ≤ ∞, and any function f ∈ C(Πn)

of the form f =
∑m−1

k=−m akδnek , where m ≤ n, the following inequality holds

∥f∥Lq(Πn) ≤ (2m)
1
p
− 1

q ∥f∥Lp(Πn) .

Proof. The case p = q is obvious. The case q = ∞, p = 1 follows from

∥f∥L∞(Πn) ≤
m−1∑
k=−m

|⟨f, δnek⟩n| ≤ 2m∥f∥L1(Πn).

The general case follows by interpolation.

Lemma 5.2.10. Let α, β ∈ R such that α+ β > 0. Then there exists a constant N = N(α, β) such

that for any functions f, g ∈ C(Πn) one has the following estimate

∥fg∥
Bα∧β

∞,∞(Πn)
≤ N∥f∥Bα

∞,∞(Πn)∥g∥Bβ
∞,∞(Πn)

.

Proof. The proof is essentially the same as in the continuous case, for the convenience of the reader we

sketch it. We introduce the quantities f [≤j],n =
∑

i≤j f
[i],n and similarly g[≤j],n =

∑
i≤j g

[i],n, as well

as the Coifmann-Meyer operators

π<(f, g) :=
∑
k∈N

f [k],ng[≤k−2],n, π=(f, g) :=
∑
k,ℓ∈N

|k−ℓ|≤1

f [k],ng[ℓ],n, π>(f, g) := π<(g, f) .

371



Trivially, one has

fg = π<(f, g) + π=(f, g) + π>(f, g),

and we shall bound each of these terms separately. Without loss of generality, assume ∥f∥Bα
∞,∞(Πn) =

∥g∥
Bβ

∞,∞(Πn)
= 1 and note that then

∥f [≤k−2],n∥L∞(Πn) ≤
∑
j∈N
j≤k−2

∥f [j],n∥L∞(Πn) ≤
∑
j∈N
j≤k−2

2−αj ≲ 2−αk ∨ 1,

and similarly ∥g[≤k−2],n∥L∞(Πn) ≲ 2−βk ∨ 1. Note further that since the product f [k],ng[≤k−2],n only

consists of frequencies whose order of magnitude is of bounded distance from k (with our setup of

Littlewood-Paley blocks, with distance up to 2), the contribution to frequencies of order 2j to π<(f, g)

comes only from terms with |k − j| ≤ 2.Therefore,

∥∥(π<(f, g))[j],n∥∥L∞(Πn)
≲

∑
k∈N

|k−j|≤2

∥f [k],n∥L∞(Πn)∥g
[≤k−2],n∥L∞(Πn)

≲
∑
k∈N

|k−j|≤2

2−αk(2−βk ∨ 1) ≲ 2−j(α+β∧0).

Exactly the same way
∥∥(π>(f, g))[j],n∥∥L∞(Πn)

≲ 2−j(α∧0+β). Lastly, for π=(f, g), with a similar

reasoning as above, one sees that the contribution to frequencies of order 2j comes from the terms

k ≥ j − 2. Therefore

∥∥(π=(f, g))[j],n∥∥L∞(Πn)
≲

∑
k,ℓ∈N
k,ℓ≥j−2
|k−ℓ|≤1

∥f [k],n∥L∞(Πn)∥g
[ℓ],n∥L∞(Πn)

≲
∑
k,ℓ∈N
k,ℓ≥j−2
|k−ℓ|≤1

2−αℓ−βk ≲ 2−j(α+β)

using the condition α+ β > 0 in the very last step. Since the minimum of the exponents α∧ 0 + β and

α+ β ∧ 0 is simply α ∧ β, we get the claim.

5.2.3 Heat kernel bounds

Since one can view pn(x, y) the transition probability from x to y of a random walk on Πn (see [BDG21,

Rem. 2.1.7]), one has ∥pnt (x, ·)∥L1(Πn) = 1, and therefore ∥Pn
t f∥Lp(Πn) ≤ ∥f∥Lp(Πn) for any p ∈ [1,∞].

Lemma 5.2.11. Let α ∈ R, p, q ∈ [1,∞], and δ > 0. Then there exists a constant N = N(δ, c) such
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that for all t ∈ Λn ∩ [0, 1] and f ∈ C(Πn) one has the bound

∥Pn
t f∥Bα+δ

p,q (Πn)
≤ Nt−δ/2∥f∥Bα

p,q(Πn).

Proof. As in the proof of Proposition 5.2.6, we want to appeal to arguments on continuous Fourier

transforms. To this end, first we extend some of our functions: define, for z ∈ R, n ∈ N, t ∈ Λn:

λ̃n(z) = −16n2 sin2
(zπ
2n

)
, µ̃t,n(z) =

(
1 + hλ̃n(z)

)t/h
.

In particular, we have λ̃n(j) = λnj for j ∈ Z. Tedious but elementary calculations show

∂zµ̃t,n(z) = −
8πtn sin

(
zπ
n

)
1 + hλ̃n(z)

µ̃t,n(z) ,

(∂z)
2µ̃t,n(z) =

(t2 − ht)
(
8nπ sin

(
zπ
n

))2
(1 + hλ̃n(z))2

µ̃t,n(z)−
8π2t cos

(
zπ
n

)
1 + hλ̃n(z)

µ̃t,n(z) .

Recalling that by our choice of c we have 1 + hλ̃n(z) ≥ 1/2, we get the bounds

|∂zµ̃t,n(z)| ≲ t|z|µ̃t,n(z), |(∂z)2µ̃t,n(z)| ≲
(
t2|z|2 + t

)
µ̃t,n(z). (5.26)

As an analogy, the reader might compare this with the corresponding estimates for the Fourier transform

of the continuum heat kernel, with the counterpart of µ̃t,n(z) being e
−4π2tz2 , which satisfies bounds

analogous to (5.26).

Let η11 : R → [0, 1] be a smooth compactly supported function such that η11|suppϕ11 ≡ 1, 0 /∈ supp η11,

and supp η11 ⊂ B(1+ε0)ρ
−1
0
. Then set ηjρ(x) := η(2−jρ−1x) and observe that for j ≥ 1

(Pn
t f
)[j],n

= Pn
t (f

[j],n) =
( n−1∑
k=−n

ηjρn(k)µ̃t,n(k)δnek

)
∗n (f [j],n),

so that it suffices to show

∥∥ n−1∑
k=−n

ηjρn(k)µ̃t,n(k)δnek
∥∥
L1(Πn)

≲
(
t1/22j

)−δ
(5.27)

uniformly over n ∈ N, t ∈ Λn and j ≤ Jn+1. First consider the 1 ≤ j ≤ Jn case. Thanks to our choice

of η11, the support of ηjρn is contained in Bn, so the summation in k can freely be changed to run over

k ∈ Z. Therefore, first using the argument as in (5.25) we get

∥∥∑
k∈Z

ηjρn(k)µ̃t,n(k)δnek
∥∥
L1(Πn)

≤
∥∥F−1

(
η1ρn(·)µ̃t,n(2

j ·)
)∥∥
L1(R).
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By Hölders inequality, we get∥∥F−1
(
η1ρn(·)µ̃t,n(2

j ·)
)∥∥
L1(R) ≲

∥∥(1 + | · |2)F−1
(
η1ρn(·)µ̃t,n(2

j ·)
)∥∥
L∞(R)

≲
∥∥F−1

(
(1 + ∆)(η1ρn(·)µ̃t,n(2

j ·))
)∥∥
L∞(R)

≤
∥∥(1 + ∆)(η1ρn(·)µ̃t,n(2

j ·))
∥∥
L1(R).

(5.28)

Using the bounds (5.26) we have

∥∥(1 + ∆)(η1ρn(·)µ̃t,n(2
j ·))
∥∥
L1(R)

≲
∫
supp η1ρn

|µ̃t,n(2jz)|+ 2j |∂zµ̃t,n(2jz)|+ 22j |(∂z)2µ̃t,n(2jz)| dz

≲
∫
supp η1ρn

(
1 + 22jt|z|+ 24jt2|z|2 + 22jt

)
|µ̃t,n(2jz)| dz

=
(
t1/22j

)−δ ∫
supp η1ρn

(t1/22j
)δ(

1 + 22jt|z|+ 24jt2|z|2 + 22jt
)
|µ̃t,n(2jz)| dz

≤ (t1/22j
)−δ

sup
z∈supp η1ρn

r≥0

((
rδ(1 + r2|z|+ r4|z|2 + r2)

)
e−κr

2|z|2
)

(5.29)

using (5.14) in the last step. Since the support of η1ρn is separated from 0 uniformly in n, the supremum

is bounded uniformly in n, finishing the proof of (5.27) in the case j ̸= 0, Jn + 1.

For j = Jn +1, we use the 2n-periodicity in k of µ̃t,n and δne· to rewrite the sum on the right-hand

side of (5.27) as
n−1∑
k=−n

ηJn+1
ρn (k)µ̃t,n(k)δnek =

∑
k∈Z

η̃Jn+1
ρn (k)µ̃t,n(k)δnek,

where η̃j+1
ρ = ηj+1

ρ 1(0,2jρ) + ηj+1
ρ (· − 2j+1ρ)1[2jρ,∞) is the rescaling of the smooth (!) function η̃11. In

particular, η̃Jn+1
ρn (x) = η̃11(n

−1x). From there the bound (5.27) follows as before.

Finally, for j = 1 we can simply use that the L1(Πn) norm of the lowest order multiplier is uniformly

bounded in n and so the analogue of (5.27) follows from the trivial inequality 1 ≤ t−δ/2 for t ∈ (0, 1].

Lemma 5.2.12. Let α ∈ R, p, q ∈ [1,∞], and δ ∈ [0, 2]. Then there exists a constant N = N(δ, c)

such that for all t ∈ Λn ∩ [0, 1] and f ∈ C(Πn) one has the bound

∥Pn
t f − f∥Bα

p,q(Πn) ≤ Ntδ/2∥f∥Bα+δ
p,q (Πn)

.

Proof. Defining ηjρ exactly as in the proof of Lemma 5.2.11 we write for j ≥ 1

(Pn
t f − f

)[j],n
=
( n−1∑
k=−n

ηjρn(k)(µ̃t,n(k)− 1)δnek

)
∗n f [j],n .
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Therefore this time we aim for the bound

∥∥ n−1∑
k=−n

ηjρn(k)(µ̃t,n(k)− 1)δnek
∥∥
L1(Πn)

≲
(
t1/22j

)δ
. (5.30)

Starting with 1 ≤ j ≤ Jn, we can again replace the summation in k over all of Z, and following the

argument in (5.28)-(5.29) we find

∥∥∑
k∈Z

ηjρn(k)(µ̃t,n(k)− 1)δnek
∥∥
L1(Πn)

≲
∫
supp η1ρn

|µ̃t,n(2jz)− 1|+ 2j |∂zµ̃t,n(2jz)|+ 22j |(∂z)2µ̃t,n(2jz)| dz

≲
∫
supp η1ρn

(
22j |z|2t+ 24jt2|z|2 + 22jt

)
e−κt2

2j |z|2

≲
(
t1/22j

)δ
sup

z∈supp η1ρn
r≥0

((
r−δ(r2|z|2 + r4|z|2 + r2)

)
e−κr

2|z|2
)

using |µ̃t,n(w) − 1| ≲ t|w|2e−κt|w|2 in the second inequality. Since δ ≤ 2 and the support of η1ρn is

separated from 0 uniformly in n, the supremum is bounded uniformly in n, finishing the proof of (5.30)

in the case j ̸= 0, Jn + 1.

For j = Jn + 1 we only have to take slight care when replacing the summation in k, but this is

done precisely as in the proof of Lemma 5.2.11.

Finally, for j = 0, we simply have for any smooth function η that is constant 1 on the support of

ϕ0ρn and is supported on, say, B3, that

(Pn
t f − f

)[0],n
=
( 2∑
k=−2

η(k)(µ̃t,n(k)− 1)δnek

)
∗n (f [0],n)

and ∥∥ 2∑
k=−2

η(k)(µ̃t,n(k)− 1)δnek
∥∥
L1(Πn)

follows from |µ̃t,n(w)− 1| ≲ t|w|2e−κt|w|2 ≲ tδ/2 for any k ∈ {−2, . . . , 2} and δ ∈ [0, 2]

Lemma 5.2.13. Let f, g : Λn ×Πn → R satisfy for all (t, x) ∈ Λn ×Πn

ft(x) =

∫ t

0
Pn
κn(t−s)gκn(s)(x) ds.

Let further α ∈ R, p, q ∈ [1,∞], and δ > 0. Then there exists a constant N = N(c) such that for all

t ∈ Λn ∩ [0, 1] one has the bound

∥ft∥Bα+2
p,q (Πn)

≤ N sup
s∈Λn∩[0,t)

∥gs∥Bα
p,q(Πn). (5.31)
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Proof. The case t = 0 is trivial. For t = kh, k ≥ 1, we follow the classical argument, see e.g. [GIP15,

Lem. A.9], and split the integral at an intermediate time ℓh, ℓ < k. One writes

f
[j],n
t =

∫ t

0
Pn
κn(t−s)g

[j],n
κn(s)

ds

= h
k−1∑
m=0

Pn
(k−1−m)hg

[j],n
mh

= h
ℓ−1∑
m=0

Pn
(k−1−m)hg

[j],n
mh + h

k−1∑
m=ℓ

Pn
(k−1−m)hg

[j],n
mh ,

and estimates the two terms as follows.

For the first, fix any ε > 0. Using (5.27) from the proof of Lemma 5.2.11 with δ = 1 + ε one finds

∥∥h ℓ−1∑
m=0

Pn
(k−1−m)hg

[j],n
mh

∥∥
Lp(Πn)

≤ h
ℓ−1∑
m=0

∥∥Pn
(k−1−m)hg

[j],n
mh

∥∥
Lp(Πn)

≤ h

ℓ−1∑
m=0

((k − 1−m)h)−(1+ε)2−2j(1+ε)∥g[j],nmh ∥Lp(Πn)

≤ 2−2j(1+ε)h−ε
ℓ−1∑
m=0

(k − 1−m)−(1+ε)∥g[j],nmh ∥Lp(Πn)

≤ 2−2j(1+ε)h−ε
k−1∑

m=k−ℓ

1

m1+ε
∥g[j],n(k−1−m)h∥Lp(Πn) .

For the second term one simply writes

∥h
k−1∑
m=ℓ

Pn
(k−1−m)hg

[j],n
mh ∥Lp(Πn) ≤ h

k−1∑
m=ℓ

∥g[j],nmh ∥Lp(Πn).

Therefore, for any function j 7→ ℓ(j) the two bounds above give

∥2(α+2)j∥f [j],nt ∥Lp(Πn)∥ℓq

≤
∥∥∥2−2jεh−ε

k−1∑
m=k−ℓ(j)

1

m1+ε
2αj∥g[j],n(k−1−m)h∥Lp(Πn) + h22j

k−1∑
m=ℓ(j)

2αj∥g[j],nmh ∥Lp(Πn)

∥∥∥
ℓq

≤
∥∥∥2−2jεh−ε

k−1∑
m=k−ℓ(j)

1

m1+ε

∥∥∥
ℓ∞

∥2αj∥g[j],n(k−1−m)h∥Lp(Πn)∥ℓq

+
∥∥∥h22j k−1∑

m=ℓ(j)

1
∥∥∥
ℓ∞

∥2αj∥g[j],nmh ∥Lp(Πn)∥ℓq

≲
(
1ℓ(j)>0

∥∥∥ 2−2εj(
h(k − ℓ(j))

)ε∥∥∥
ℓ∞

+
∥∥∥h22j(k − ℓ(j))

∥∥∥
ℓ∞

)
sup

s∈Λn∩[0,t)
∥gs∥Bα

p,q(Πn) .

Making the choice ℓ(j) = (k − ⌈h−12−2j⌉) ∨ 0, the quantity in the big parentheses is of order 1.

Indeed, if ℓ(j) = 0 the first term in the parenthesis does not contribute and in this case k ≤ ⌈h−12−2j⌉
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which implies that the second term is bounded, and if ℓ(j) = (k − ⌈h−12−2j⌉) both terms are clearly

bounded as well.

5.2.4 Heat kernel error bounds

We recall 3 error bounds for heat kernels from [BDG21]. The following is [BDG21, Lem. 2.2.9].

Lemma 5.2.14. For any α ∈ (0, 1) there exists a constant N = N(α, c) such that for all ψ ∈ Cα(T),

t ∈ [0, 1], and y ∈ T, we have

|Pn
t ψ(y)− Ptψ(y)| ≤ Nn−α∥ψ∥Cα(T). (5.32)

The following is [BDG21, Lem. 2.2.7] (see also[Gyö99, Lem. 3.3]).

Lemma 5.2.15. Let β ∈ [0, 2]. Then there exists a constant N(β, c) such that for all t ∈ [h, 1], x ∈ T

one has the bound

∥∥pt(x, ·)− pnκn(t)(x, ρn(·))
∥∥2
L2(T) ≤ Nn−βt−(β+1)/2. (5.33)

The following is a crucial tool from [BDG21, Lem. 3.3.1] that we alluded to in Remark 5.1.2.

Note that pulling the norm inside the integral in (5.35) gives only a rate 1/2, therefore using the

regularisation of the noise is essential (and is done by stochastic sewing [Lê20] in [BDG21]). We remark

that technically [BDG21, Lem. 3.3.1] is stated with w below defined by Pn and On in place of P and

O; the choice we make here would only make the proof easier. Set

wt(x) = Ptψ(x) +Ot(x). (5.34)

Lemma 5.2.16. Let p ≥ 2 and ε ∈ (0, 1/4), and suppose that for some constant K one has

∥ψ∥C1/2−ε/3(T) ≤ K. Then there exists a constant N = N(p, ε, c,K) such that for all bounded measurable

function g : R → R and all n ∈ N, one has the bound

sup
t∈[0,1]

sup
x∈T

∥∥∥∫ t

0

∫
T
pt−r(x, y)

(
g
(
wr(y)

)
− g
(
wκn(r)(ρn(y)

))
dy dr

∥∥∥
Lp(T)

≤ N∥g∥L∞(R)n
−1+ε. (5.35)

5.3 Main proofs

5.3.1 Bounds on the linear solutions in Besov norms

We start with a very specific case of Kolmogorov’s theorem that is sufficient for our setting.
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Proposition 5.3.1. Let {Xk}k∈Z be a family of C-valued Gaussian random variables that are mutually

complex orthogonal (i.e. EXkXℓ = 0 for k ̸= ℓ). Denote ak =
√
E|Xk|2. Then the series

F :=
∑
k∈Z

Xkek

defines a random distribution, which for any α ∈ R and q ∈ [1,∞) satisfies the bounds

E∥F∥Bα
∞,∞(T) ≤ E∥F∥Bα

∞,q(T) ≤ N
(∑
j∈N

2j
(∑
k∈Z

(2αjϕj1(k)ak)
2
) q

2

)1/q
, (5.36)

where N = N(q).

Similarly, the random function

F =
n−1∑
k=−n

Xkδnek

satisfies for any α ∈ R and q ∈ [1,∞) the bounds

E∥F∥Bα
∞,∞(Πn) ≤ E∥F∥Bα

∞,q(Πn) ≤ N
(∑
j∈N

2j
( n−1∑
k=−n

(2αjϕjρn(k)ak)
2
) q

2

)1/q
, (5.37)

where N = N(q).

Proof. The proof of the two parts are identical, so we only give the first. The first inequality in (5.36)

is trivial. For any j ∈ N, F [j] is a smooth function, and one can write

E|F [j]|2(x) ≤
∑
k,k′∈Z

ϕj1(k)ϕ
j
1(k

′)
(
EXkXk′

)
ek(x)ēk′(x) =

∑
k∈Z

|ϕj1(k)ak|
2.

By the equivalence of moments of Gaussian random variables we then have

E∥F [j]∥qLq(T) =

∫
T
E|F [j](x)|q dx ≲

∫
T

(
E|F [j](x)|2

) q
2 dx =

(∑
k∈Z

(ϕj1(k)ak)
2
) q

2 . (5.38)

Therefore by Bernstein’s inequality

E∥F∥qBα
∞,q(T)

= E
∑
j∈N

(2αj∥F [j]∥L∞(T))
q ≲ E

∑
j∈N

2j(2αj∥F [j]∥Lq(T))
q,

and by (5.38) we get the second inequality in (5.36).

Remark 5.3.2. The proof only uses the equivalence of moments property of Gaussians, and so the

statement immediately extends to any other family of probability distributions with the same property

(e.g. random variables from a fixed Wiener chaos).

We first show the bounds of desired order for the linear solutions. Similar in spirit bounds can be
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found in [MZ20, Lem. 3.4.], with a number of differences: therein the 2-dimensional case is considered,

without discretisation in time, and with Galerkin approximation in space (and of course due to the

difference in dimension the regularities are shifted by 1/2 compared to the ones below).

Lemma 5.3.3. For any n ∈ N, t ∈ [0, 1], and q ∈ [1,∞) the processes Ot, O
n
t , see (5.17) and (5.18),

satisfy the bounds

E∥Ot − ιnO
n
t ∥

q
Bα

∞,∞(T) ≤


Nn−q(1/2−α−1/q) if α ∈ (−1/2, 1/2),

Nn−q if α < −1/2,

(5.39)

E∥δnOt −Ont ∥
q
Bα

∞,∞(Πn)
≤


Nn−q(1/2−α−1/q) if α ∈ (−1/2, 1/2),

Nn−q if α < −1/2,

(5.40)

where N = N(α, q).

Proof. By Jensen’s inequality, it clearly suffices to bound for large enough q. We start with the bound

(5.39). We wish to apply Proposition 5.3.1 with F = O − ιnO
n. To verify the complex orthogonality

of the coordinates, take k ≠ ℓ and first note that from (5.19) ((5.20), resp.), Itô’s isometry, and

the orthogonality of the ek-s (δnek-s, resp.) it is clear that for ℓ ̸= k we have E⟨Ot, eℓ⟩⟨Ot, ek⟩ = 0,

E⟨ιnOnt , eℓ⟩⟨ιnOnt , ek⟩ = 0, resp. Furthermore, elementary calculation shows

E⟨ιnOnt , eℓ⟩⟨Ot, ek⟩ =
∫ t

0
γs,t

∫
T
ek(y)eℓ(ρn(y)) dy ds

=

∫ t

0
γs,t

e2πi
k
2n

2πik

2n−1∑
j=0

e2πij
k
2n e−2πij ℓ

2n ds = 0

with some bounded function γs,t.

To apply Proposition 5.3.1, we need to bound aℓ. For ℓ ∈ {−n, . . . , n− 1} we have

E|⟨Ot − ιnO
n
t , eℓ⟩|2 =

∫ t

0

∫
T

∣∣e−4π2ℓ2(t−s)ēℓ(y)− (1 + hλnℓ )
(κn(t−s)/h)enℓ (ρn(y))

∣∣2 dy ds
≲
∫ t

0

∫
T

∣∣e−4π2ℓ2(t−s)ēℓ(y)− e−4π2ℓ2(t−s)enℓ (ρn(y))
∣∣2 dy ds

+

∫ t

0

∫
T

∣∣e−4π2ℓ2(t−s)enℓ (ρn(y))− (1 + hλnℓ )
(κn(t−s)/h)enℓ (ρn(y))

∣∣2 dy ds
≤
∫ t

0
e−8π2ℓ2(t−s) ds

∫
T

∣∣ēℓ(y)− enℓ (ρn(y))
∣∣2 dy

+

∫ t

0

(
e−4π2ℓ2(t−s) − (1 + hλnℓ )

(κn(t−s)/h))2 ds∫
T
|enℓ (ρn(y))|

2 dy.

≲
∫ t

0
e−8π2ℓ2(t−s) ds

∫
T

∣∣ēℓ(y)− enℓ (ρn(y))
∣∣2 dy

+

∫ t

0

(
e−4π2ℓ2(t−s) − e−λ

n
ℓ (t−s)

)2
ds
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+

∫ t

0

(
e−λ

n
ℓ (t−s) − e−λ

n
ℓ κn(t−s)

)2
ds

+

∫ t

0

(
e−λ

n
ℓ κn(t−s) − (1 + hλnℓ )

(κn(t−s)/h))2 ds
=: I1 + I2 + I3 + I4.

We claim that each Ij satisfies

Ij ≲ n−2. (5.41)

First one has trivially ∫
T

∣∣ēℓ(y)− enℓ (ρn(y))
∣∣2 dy ≲ ℓ2/n2,

and thus by the elementary inequality
∫ t
0 e

−αsds ≤ 1/α, we get (5.41) for I1. Next, we have

I2 ≲
∫ t

0
e−32ℓ2(t−s)ℓ4(γnℓ − 1)2(t− s)2 ds ≲

∫ t

0
e−32ℓ2(t−s)ℓ8n−4(t− s)2 ds

where we used λℓ ≤ λnℓ ≤ −16ℓ2 in the first inequality (see (5.10)) and (5.11) in the second. Now by

the inequality
∫ t
0 e

−αss2ds ≤ 2/α3 we conclude I2 ≲ ℓ2n−2, and since |ℓ| ≤ n, this yields (5.41) for I2

as claimed. Next, we have

I3 ≤
∫ t

0

(
|t− s− κn(t− s)|λnℓ e−λ

n
ℓ κn(t−s)

)2
ds ≲

∫ t

0
n−4ℓ4e−16ℓ2(t−s) ds ≲ ℓ2n−4,

as desired. Finally, arguing as in [BDG21, Lem.2.2.7], we find

I4 ≲
∫ t

0
e−16ℓ2(t−s)|κn(t− s)h−1|2|hλnℓ |4 ds

≲
∫ t

0
e−16ℓ2(t−s)(t− s)2n−4ℓ8 ds ≲ ℓ2n−4.

yielding again (5.41) as desired. Therefore the proof of (5.41) is complete.

Moving on to ℓ ∈ Z \ {−n, . . . , n− 1}, it is easy to see that

E|⟨Ot − ιnO
n
t , eℓ⟩|2 = E|⟨Ot, eℓ⟩|2 =

∫ t

0
e−8π2ℓ2(t−s) ds ≲ ℓ−2.

Altogether we get

|aℓ|2 = E|⟨Ot − ιnO
n
t , eℓ⟩|2 ≲ n−2 ∧ ℓ−2.

By Proposition 5.3.1 we therefore have

E∥Ot − ιnO
n
t ∥

q
Bα

∞,∞(T) ≲
∑
j∈N

2j
(∑
k∈Z

(
2αjϕj1(k)(n

−1 ∧ k−1)
)2) q

2
.
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Summing first over j such that 2j ≤ n, we get a bound of order

n−q
∑
2j≤n

2j(1+q/2+αq) .

If α > −1/2, then this is of order n1−q(1/2−α), while for α < −1/2, for large enough q, it is of order

n−q. Both of these bounds are of the required order. On the complement regime 2j > n, we get a

bound of order ∑
2j>n

2j(1−q/2+αq).

For any α < 1/2, for large enough q, this is of order n1−q(1/2−α). This is again of the required order.

The proof of (5.40) is very similar. The orthogonality of the coordinates follows the same way.

To estimate E|⟨δnOt − Ont , δneℓ⟩n|2, note that for all ℓ ∈ {−n, . . . , n − 1} and all j ∈ Z one has

δneℓ+j2n = δneℓ, and thus

⟨δnOt, δneℓ⟩n =
∑
j∈Z

⟨Ot, eℓ+j2n⟩ = ⟨Ot, eℓ⟩+
∑
j ̸=0

⟨Ot, eℓ+j2n⟩ .

Therefore ⟨δnOt −Ont , δneℓ⟩n = ⟨Ot − ιnO
n
t , eℓ⟩+

∑
j ̸=0⟨Ot, eℓ+j2n⟩, which implies

|aℓ|2 = E|⟨δnOt −Ont , δneℓ⟩n|2 ≲ E|⟨Ot − ιnO
n
t , eℓ⟩|2 + E|

∑
j ̸=0

⟨Ot, eℓ+j2n⟩|2

≲
1

n2
+
∑
j ̸=0

1

(ℓ+ j2n)2

≲
1

n2
.

This is precisely the same bound as before, so by applying the second part of Proposition 5.3.1 we get

(5.40) as before.

Complementing the upper bounds in Lemma 5.3.3 is the lower bound in Proposition 5.1.11 that we

prove below.

Proof of Proposition 5.1.11. Note that in the setting of the statement, we have u = O, un = On. As

seen in the last proof, ⟨δnOt −Ont , δne1⟩n = ⟨Ot − ιnO
n
t , e1⟩+

∑
j ̸=0⟨Ot, e1+j2n⟩, and since the terms

are Gaussian and independent, it suffices to bound the variance of ⟨Ot − ιnO
n
t , e1⟩ from below by a

positive constant times n−2. Recall that

E|⟨Ot − ιnO
n
t , e1⟩|2 =

∫ t

0

∫
T

∣∣e−4π2(t−s)ē1(y)− (1 + hλn1 )
(κn(t−s)/h)en1 (ρn(y))

∣∣2 dy ds.
Recall that for any two unit vectors z1, z2 ∈ C and any two constants c1, c2 > 0, one has |c1z1− c2z2| ≥
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(c1 ∧ c2)|z1 − z2|. Therefore

E|⟨Ot − ιnO
n
t , e1⟩|2 ≳

∫
T

∣∣ē1(y)− en1 (ρn(y))
∣∣2 dy ≳ n−2,

as claimed.

5.3.2 A priori bounds on the approximations

The purpose of this section is to derive an a priori bound on the approximation un. Let vn = un −On,

which solves the recursion

vnt+h(x) = vnt (x) + h∆nv
n
t (x) + hF

(
Ont (x) + vnt (x)

)
, (5.42)

(t, x) ∈ Λn ×Πn, with initial data vn0 (x) = ψn(x), x ∈ Πn. Alternatively, in mild form we have

vnt (x) = Pn
t ψ(x) +

∫ t

0
Pn
κn(t−s)F

(
Onκn(s) + vnκn(s)

)
(x) ds. (5.43)

Throughout the section we fix an even integer µ > ν, where ν is the degree of the polynomial F . We

aim to bound the Lµ(Πn)-norm of vn. Introduce the quantities

Rn = 1 + max
t∈Λn∩[0,1]

∥Ont ∥L∞(Πn), Ant = max
s∈Λn∩[0,t]

∥vns ∥Lµ(Πn).

Theorem 5.3.4. Fix a K such that ∥δnψ∥Lµ(Πn) ≤ K for all n ∈ N. Then there exists a constant

N = N(c, c0, . . . , cν , ν, µ,K) such that on the event

Ωn = {(Rn)ν(ν+µ) ≤ n1−(ν−1)/µ}

one has the bound

An1 ≤ N(Rn)(ν+µ−1)/µ. (5.44)

Remark 5.3.5. To get a more direct analogy to the a priori bound of [BGJK22, Wan20], note that

Theorem 5.3.4 can easily be turned into an Lp(Ω) bound on a truncated scheme. Take N from Theorem

5.3.4 and define

τn := inf{t ∈ Λn : ∥unt ∥Lµ(Πn) ≥ (N + 1)n}

and let the truncated scheme be ũnt = unt∧τn. Then, on Ωn the bound (5.44) implies that An1 ≤ Nn,

and therefore τn ≥ 1. Notice furthermore that from Lemma 5.3.3 we have uniform in n estimate on

E∥On∥2L∞(Λn×Πn)
. By Fernique’s theorem, this implies that P(Ωcn) decays faster than any power of n.
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Therefore

∥∥ max
t∈Λn∩[0,1]

∥ũnt ∥Lµ(Πn)

∥∥
Lp(Ω)

≤
∥∥1Ωn max

t∈Λn∩[0,1]
∥unt ∥Lµ(Πn)

∥∥
Lp(Ω)

+
∥∥1Ωc

n
max

t∈Λn∩[0,1]
∥ũnt ∥Lµ(Πn)

∥∥
Lp(Ω)

≲
∥∥(Rn)(ν+µ−1)/µ∥Lp(Ω) + nP(Ωcn) ≲ 1.

Before the proof of Theorem 5.3.4 we start by outlining the argument, to motivate the intermediate

Lemma 5.3.6 below. Let t ∈ Λn ∩ [0, 1] and write k = t/h. Then one has

∥vnt ∥
µ
Lµ(Πn)

= ∥δnψ∥µLµ(Πn)
+

k−1∑
j=0

(
∥vn(j+1)h∥

µ
Lµ(Πn)

− ∥vnjh∥
µ
Lµ(Πn)

)
.

One can then rewrite the summands by the binomial theorem

∥vnt ∥
µ
Lµ(Πn)

= ∥δnψ∥µLµ(Πn)
+

k−1∑
j=0

µ
〈
vn(j+1)h − vnjh, (v

n
jh)

µ−1
〉
n

+
k−1∑
j=0

µ∑
ℓ=2

(
µ

ℓ

)〈
(vn(j+1)h − vnjh)

ℓ, (vnjh)
µ−ℓ〉

n
. (5.45)

In the first sum we will leverage the monotonicity of the nonlinearity. In the second sum we use the

fact that the time increments appear with power at least 2, therefore a bound on this increment with a

power of h larger than 1/2 makes the total sum ‘small’. This is the content of Lemma 5.3.6, which

does use the sign of the nonlinearity.

Lemma 5.3.6. For any ε > 0 there exists a constant N = N(ε, c, c0, . . . , cν , ν, µ,K) such that for all

t ∈ Λn ∩ [0, 1] the following bound holds:

∥vnt+h − vnt ∥Lµ(Πn) ≤ Nh1−(ν−1)/(2µ)−ε((Rn)ν + (Ant )
ν
)
. (5.46)

Proof. Recall that vnt+h − vnt = Pn
h v

n
t + hF (unt )− vnt , and applying (5.8) we immediately get

h∥F (unt )∥Lµ(Πn) ≲ hn
(ν−1)/µ∥F (Ont + vnt )∥Lµ/ν(Πn)

≲ hn(ν−1)/µ
(
(Rn)ν + (Ant )

ν
)
. (5.47)

It remains to bound Pn
h v

n
t − vnt . By Lemma 5.2.13 and Proposition 5.2.6 we have

∥vt∥B2
µ/ν,∞(Πn) ≲ sup

s∈Λn∩[0,t)
∥F (Ons + vns )∥B0

µ/ν,∞(Πn)

≲ sup
s∈Λn∩[0,t)

∥F (Ons + vns )∥Lµ/ν(Πn)

≲ (Rn)ν + (Ant )
ν .
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Therefore by Lemma 5.2.8 we have

∥vt∥B2−(ν−1)/µ
µ,∞ (Πn)

≲ ∥vt∥B2
µ/ν,∞(Πn) ≲ (Rn)ν + (Ant )

ν .

Finally, using Proposition 5.2.6 and Lemma 5.2.12, we have

∥Pn
h v

n
t − vnt ∥Lµ(Πn) ≲ ∥Pn

h v
n
t − vnt ∥Bε

µ,∞(Πn)

≲ h1−(ν−1)/(2µ)−ε/2∥vt∥B2−(ν−1)/µ
µ,∞ (Πn)

≲ h1−(ν−1)/(2µ)−ε/2((Rn)ν + (Ant )
ν
)
. (5.48)

The bounds (5.47) and (5.48) yield (5.46) with ε/2 in place of ε.

Proof of Theorem 5.3.4. We start from the decomposition (5.45) and bound the terms one by one.

Recall that vn(j+1)h−v
n
jh = ∆nv

n
jh+hF (Onjh+v

n
jh). At this point the sign of the nonlinearity comes into

play: fixing an arbitrary parameter a ∈ R, the leading order term in the polynomial y 7→ F (a+ y)yµ−1

is cνy
ν+µ−1. It follows that there exists a constant N0 ≲ 1 such that F (a + y)yµ−1 is negative for

|y| ≥ N0|a|. On the other hand, if |y| ≤ N0|a|, then we can bound F (a+ y)yµ−1 trivially by a constant

times 1 + |a|ν+µ−1. Therefore we get

〈
F (Onjh + vnjh), (v

n
jh)

µ−1
〉
n
≲ 1 + ∥Onjh∥

ν+µ−1
Lν+µ−1(Πn)

≤ (Rn)ν+µ−1. (5.49)

As for the contribution of the term with the Laplacian, we can argue similarly to [GG14, Lem. 3.1]:

first notice that with δ±n : C(Πn) → C(Πn) defined by δ±n f(x) = ±(2n)−1
(
f(x)− f(x± (2n)−1)

)
, we

have ∆n = δ+n δ
−
n . Further, δ

+
n is the adjoint of −δ−n with respect to the inner product ⟨·, ·⟩n. Finally,

for any f ∈ C(Πn), and any p ≥ 2 one has

δ−n (|f |p−2f)(x) = δ−n f(x)

∫ 1

0
(p− 1)

∣∣(1− θ)f(x) + θf(x− (2n)−1)
∣∣p−2

dθ

=: δ−n f(x)Fp,nf(x),

with the mapping Fp,n : C(Πn) → C(Πn) defined by the above equality clearly satisfying Fp,nf ≥ 0 for

any f . Putting these observations together,

〈
∆nv

n
jh, (v

n
jh)

µ−1
〉
n
= −

〈
δ−n v

n
jh, δ

−
n

(
(vnjh)

µ−1
)〉
n
= −

〈
δ−n v

n
jh, (Fµ,nv

n
jh)δ

−
n v

n
jh

〉
n
≤ 0. (5.50)

Moving on to the terms of the last type in (5.45), by Hölder’s inequality and Lemma 5.3.6 (with ε > 0

to be chosen momentarily) we can write for any j = 0, . . . , k − 1 and ℓ = 2, . . . µ− 1,

∣∣〈(vn(j+1)h − vnjh)
ℓ, (vnjh)

µ−ℓ〉
n

∣∣ ≤ ∥vn(j+1)h − vnjh∥ℓLµ(Πn)
∥vnjh∥

µ−ℓ
Lµ(Πn)
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≲ hℓ(1−(ν−1)/(2µ)−ε)((Rn)ν + (Anjh)
ν
)ℓ
(Anjh)

µ−ℓ

≲ h2(1−(ν−1)/(2µ)−ε)((Rn)νµ + (Anjh)
νµ
)
. (5.51)

Substituting (5.49)-(5.50)-(5.51) into (5.45), summing up, recalling the assumption on ∥δnψ∥Lµ(Πn),

and keeping in mind that k ≤ h−1, we get

∥vnt ∥
µ
Lµ(Πn)

≲ (Rn)ν+µ−1 + h1−(ν−1)/µ−2ε
(
(Rn)νµ + (Ant−h)

νµ
)
.

Denote κ = 1 − (ν − 1)/µ > 0 and fix ε = κ/2. Note that the definition of Ωn ensures that

hκ/2(Rn)νµ ≤ 1, so on the event Ωn the above bound further simplifies to

∥vnt ∥
µ
Lµ(Πn)

≲ (Rn)ν+µ−1 + hκ/2(Ant−h)
νµ. (5.52)

We now claim that this implies the claimed bound (5.44) if we choose N large enough. Clearly it

suffices to prove for n large enough. We proceed by induction on k = t/h. For k = 0 we simply

need to choose N ≥ K. In the inductive step, if Ant = Ant−h, then we are clearly done, otherwise

Ant = ∥vnt ∥Lµ(Πn). Denoting the implicit constant in (5.52) by N1, we then have

(Ant )
µ ≤ N1(R

n)ν+µ−1 +N1Nh
κ(Rn)ν(ν+µ−1).

To handle the first term, we simply choose N ≥ 2N1. For the second, note that on Ωn we have

hκ(Rn)ν(ν+µ−1) → 0 as n→ 0. As a consequence, for large enough n the second term can be bounded

by N/2. This finishes the proof.

5.3.3 Proof of Theorem 5.1.7

In addition to our usual notation ≲, in this proof we use the notation a ⪯ b to denote the existence of

an almost surely finite random variable η depending only on the parameters of the problem (that is, ψ,

θ, ε, and F ) such that a ≤ ηb.

We write vn = un −On as before, as well as v = u−O. By Lemma 5.3.3 and Proposition 5.2.6 it

is sufficient to show

sup
t∈Λn∩[0,1]

∥δnvκn(t) − vnκn(t)∥L∞(Πn) ⪯ n−1/2+θ+ε.

For (t, x) ∈ Λn ×Πn we can write

δnvt(x)− vnt (x) = Ptψ(x)− Pn
t ψ(x) +

∫ t

0
Pt−sF (us)(x)− Pn

κn(t−s)F (u
n
κn(s)

)(x) ds

= Ptψ(x)− Pn
t ψ(x)

+

∫ t

0

∫
T
pt−s(x, y)

(
F
(
us(y)

)
− F

(
uκn(s)(ρn(y))

))
dy ds
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+

∫ t

0

∫
T

(
pt−s(x, y)− pnκn(t−s)(x, ρn(y))

)
F
(
uκn(s)(ρn(y))

)
dy ds

+

∫ t

0
Pn
κn(t−s)

(
F (uκn(s))− F (unκn(s))

)
(x) ds

=: En,0t (x) + En,1t (x) + En,2t (x) + En,3t (x). (5.53)

We can first bound

|En,0t (x)| ≲ n−1+ε, (5.54)

using Lemma 5.2.14 (with α = 1− ε) and ψ ∈ C1−ε(T).

Next, we have

|En,2t (x)| ≤
∫ t

0

∥∥pt−s(x, ·)− pnκn(t−s)(x, ρn(·))
∥∥
L1(T)

∥∥F (uκn(s))∥∥L∞(Πn)
ds

≲
(
1 + ∥u∥νL∞([0,1]×T)

) ∫ t

0

∥∥pt−s(x, ·)− pnκn(t−s)(x, ρn(·))
∥∥
L1(T) ds

≲
(
1 + ∥u∥νL∞([0,1]×T)

)( ∫ t−h

0
(t− s)−3/4n−1 ds+

∫ t

t−h
1 ds

)
⪯ n−1, (5.55)

using Lemma 5.2.15 (with β = 2) to get the third line, along with the fact that ∥pt−s(x, ·)∥L1(T) =

∥pnκn(t−s)(x, ρn(·))∥L1(T) = ∥pnκn(t−s)(x, ·)∥L1(Πn) = 1.

To estimate En,1, introduce a parameter L ∈ N and the notations τL = inf{t ≥ 0 : ∥ut∥L∞(T) ≥

L} ∧ 1, ũ
(L)
s = us∧τL , Ω̃L = {τL = 1} ⊂ {∥u∥L∞([0,1]×T) ≤ L}, FL(r) = F

(
− L ∨ (r ∧ L)

)
. Finally, let

us introduce, for any z : Ω× [0, 1]× T → R,

Ẽn,Lt [z](x) =

∫ t

0

∫
T
pt−s(x, y)

(
FL
(
zs(y)

)
− FL

(
zκn(s)(ρn(y))

))
dy ds.

Then by definition, on Ω̃L, one has En,1 = Ẽn,L[ũ(L)]. Moreover, since the solution u is global (see e.g.

[Hai23, Sec. 6]), the union of Ω̃L-s over all L ∈ N, is of full probability. Therefore, in order to show

|En,1t (x)| ⪯ n−1+2ε, (5.56)

it suffices to show for any L ∈ N there exists a constant NL such that

∣∣Ẽn,Lt [ũ(L)](x)
∣∣ ⪯ NLn

−1+2ε. (5.57)

By Lemma 5.2.16, we have that

∥∥Ẽn,Lt [w](x)
∥∥
Lp(Ω)

≲p,L n
−1+ε,
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where w is defined in (5.34). Therefore,

E sup
n∈N

n1−2ε sup
(t,x)∈(Λn∩[0,1])×Πn

∣∣Ẽn,Lt [w](x)
∣∣p ≤ E

∑
n∈N

np(1−2ε)
∑

(t,x)∈(Λn∩[0,1])×Πn

∣∣Ẽn,Lt [w](x)
∣∣p

≲p,L
∑
n∈N

n−pεn3. (5.58)

Choosing p large enough, the last sum converges, and we get (5.57) with w in place of u(L). Since the

laws of w and ũ(L) are equivalent by Girsanov’s theorem, (5.57), and consequently (5.56), follows.

Turning to En,3, define the polynomial F̃ in two variables a, b by

F̃ (a, b) =

ν−1∑
j=0

cj+1

j∑
k=0

aj−kbk,

which satisfies F (a)− F (b) = (a− b)F̃ (a, b). We then write

En,3t =

∫ t

0
Pn
κn(t−s)

((
Oκn(s) −Onκn(s)

)
F̃ (uκn(s), u

n
κn(s)

)
)
ds

+

∫ t

0
Pn
κn(t−s)

((
vκn(s) − vnκn(s)

)
F̃ (uκn(s), u

n
κn(s)

)
)
ds

=: En,3,1t + En,3,2t .

It’s well-known that sups∈[0,1] ∥us∥C1/2−ε(T) ⪯ 1 (again by e.g. [Hai23, Sec. 6]). Therefore by Lemma

5.2.2

sup
s∈[0,1]

∥δnus∥B1/2−ε
∞,∞ (Πn)

≲ sup
s∈[0,1]

∥δnus∥C1/2−ε(Πn)
≤ sup

s∈[0,1]
∥us∥C1/2−ε(T) ⪯ 1.

Similarly, one gets sups∈[0,1] ∥δnOs∥B1/2−ε
∞,∞ (Πn)

⪯ 1. By Lemma 5.3.3 and an analogous argument to

(5.58) we have

sup
s∈[0,1]

∥∥δnOκn(s) −Onκn(s)
∥∥
Bθ̄

∞,∞(Πn)
⪯ n−1/2+θ̄+ε (5.59)

for any θ̄ ∈ (−1/2, 1/2). Choosing θ̄ > 0 we get

sup
n∈N

Rn ≤ 1 + sup
n∈N

max
t∈Λn∩[0,1]

∥Ont ∥Bθ̄
∞,∞(Πn)

⪯ 1.

For any µ as in Section 5.3.2, on Ωn, Theorem 5.3.4 yields a bound of order 1 in the sense of ⪯ for

vn in Lµ(Πn) ⊂ B0
µ,∞(Πn). Substituting this back in the equation, by Lemma 5.2.13 one also gets a

bound of order 1 in B2
µ/ν,∞(Πn) ⊂ B

1/2−ε
∞,∞ (Πn). We conclude that on Ωn we have

sup
n∈N

sup
s∈[0,1]

∥∥F̃ (δnuκn(s), unκn(s))∥∥B1/2−ε
∞,∞ (Πn)

⪯ 1. (5.60)

Now we use (5.59) with θ̄ = θ. Since 1/2+θ−ε > 0, Lemma 5.2.10 can be used to bound the integrand
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in En,3,1, which combined with Lemma 5.2.13 yields that on Ωn

sup
t∈Λn∩[0,1]

∥En,3,1t ∥B2+θ
∞,∞(Πn)

⪯ n−1/2+θ+ε. (5.61)

Finally, we can use (5.60) in a trivial way to get for any T ∈ Λn, on Ωn,

sup
t∈Λn∩[0,T ]

∥En,3,2t ∥L∞(Πn) ≲
∫ T

0
∥δnvκn(s) − vnκn(s)∥L∞(Πn) ds. (5.62)

Putting together (5.53)-(5.54)-(5.55)-(5.56)-(5.61)-(5.62) we get for any T ∈ Λn, on Ωn,

sup
t∈Λn∩[0,T ]

∥δnvt − vnt ∥L∞(Πn) ⪯ n−1/2+θ+ε +

∫ T

0
sup

t∈Λn∩[0,s]
∥δnvt − vnt ∥L∞(Πn) ds.

By Gronwall’s lemma we get on Ωn

sup
t∈Λn∩[0,1]

∥δnvt − vnt ∥L∞(Πn) ⪯ n−1/2+θ+ε,

and since the sum of the probabilities of the complements of Ωn is finite, this yields the claim.

Remark 5.3.7. In many situations the invariant measure of (5.2) is absolutely continuous with respect

to the Wiener measure, therefore it is natural to take as initial condition a ψ that is random (but

independent of ξ) and is only C1/2−κ(T)-regular, for any κ > 0. Accommodating randomness is not

an issue. As for the regularity, note that in the above proof only the treatment of En,0 really used

more than 1/2 regularity of ψ. We believe that this requirement can likely be removed by introducing a

temporal weight. To not further complicate notation, we decided not to pursue such technical weighting

arguments.

5.4 Implementation

An advantage of finite difference methods is their simple implementation. We simulated (5.5) with

different meshsizes, choosing n = 3 · 2j , j = 2, . . . , 6. We treat the finest approximation as the “true

solution” and compare the coarser approximations to it. The following plots illustrate the main theorem

of the chapter.

5.5 Some technical proofs

This appendix contains some proofs postponed from Section 5.2.2.
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Figure 5.1: A log-log plot of the error (compared to the highest resolution approximation) for a single
realisation of the noise, measured in L∞, L1, and tested against a single test function, showing superior
rate for the latter.

Figure 5.2: A fine grid approximation at time 1 (left), two coarser grid approximations (middle) and
their differences (right). The error plot on the right shows oscillatory behaviour around 0, which
suggests smaller error in negative regularity spaces, agreeing with Theorem 5.1.7.

Proof of Lemma 5.2.1. Set Jλ ∈ {0, ..., Jn + 1} such that λ ∈ (2−Jλ−1, 2−Jλ ], we find

∣∣⟨f, δnφλx⟩n∣∣ ≤ Jn+1∑
k=0

∣∣⟨f [k],n, δnφλx⟩n∣∣
≤

Jn+1∑
j=0

∑
|k−j|≤1

∣∣⟨f [k],n, (δnφλx)[j],n⟩n∣∣
≤

Jn+1∑
j=0

∑
|k−j|≤1

∥∥f [k],n∥∥
L∞(Πn)

∥∥(δnφλx)[j],n∥∥L1(Πn)

≲ ∥f∥Bα
∞,∞(Πn)

Jn+1∑
j=0

2−αj
∥∥(δnφλx)[j],n∥∥L1(Πn)

≤ ∥f∥Bα
∞,∞(Πn)

( Jλ∑
j=0

2−αj
∥∥(δnφλx)[j],n∥∥L1(Πn)

+

Jn+1∑
j=Jλ+1

2−αj
∥∥(δnφλx)[j],n∥∥L1(Πn)

)
.
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Figure 5.3: A fine grid approximation X1000 (left), a coarse grid approximation X50 (middle), both
computed via the Euler-Maruyama scheme, and their difference (right), of the SDE dXt = 2Xt dt+(
arctan(Xt)−π/2

)
dWt. Here the error is one-sided and thus not expected to be smaller in distributional

norm, as discussed in Remark 5.1.3.

For the first sum, using (5.24) and (5.25), we find

Jλ∑
j=0

2−αj
∥∥(δnφλx)[j],n∥∥L1(Πn)

≲ ∥φλx∥L1(R)

Jλ∑
j=0

2−αj ≲ ∥φ∥L1(T)λ
α ,

where we used that ∥φ∥L1(T) = ∥φλx∥L1(R). For the second sum, we claim that for 2−j ≤ λ and any

l ∈ N

∥(δnφλx)[j],n∥L1(Πn) ≲n ∥φ∥Cn(T)(2
−jλ−1)l, (5.63)

from which it follows that since r > −α,

Jn+1∑
j=Jλ+1

2−αj∥(δnφλx)[j],n∥L1(Πn) ≲r ∥φ∥Cr(T)

Jn+1∑
j=Jλ+1

(2−jλ−1)r2−αj ≲ ∥φ∥Cr(T)λ
α.

We show (5.63) for j < Jn + 1, for the case j = Jn + 1 one adapts the argument as usual. Since both

sides of (5.63) are translation invariant, we can without loss of generality assume that x = 0 and drop

x from the notation. We find

∥∥(δnφλ)[j],n∥∥L1(Πn)
=
∥∥∑
k∈Z

⟨φλ, ek⟩ϕjρn(k)δnek
∥∥
L1(Πn)

≤
∥∥∑
k∈Z

⟨φλ, ek⟩ϕjρn(k)ek
∥∥
L1(T)

≤
∥∥φλ ∗ F(ϕjρn)

∥∥
L1(R) .

Recall that F(ϕjρn) annihilates polynomials (which is easy to see on the Fourier side, using that ϕjρn is

supported away from 0). Therefore, denoting by Prz[φ
λ] the Taylor polynomial of φλx of degree r − 1 at
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z, we find

∣∣φλ ∗ F(ϕjρn)(z)
∣∣ = ∣∣ ∫

R
φλ(y)F(ϕjρn)(z − y)

)
dy
∣∣

=
∣∣ ∫

R

(
φλ(y)− Prz[φ

λ](y))F(ϕjρn)(z − y)
)
dy
∣∣

≲ λ−1∥φ∥Cr(R)

∫
R

∣∣∣∣z − y

λ

∣∣∣∣r ∣∣F(ϕjρn)(z − y) dy
∣∣

≲ λ−1∥φ∥Cr(T)(λ
−12−j)r .

Thus, ∫
{z : |z|<2λ}

|φλ ∗ F(ϕjρn)(z)| dz ≲ (λ−12−j)r .

Next, note that for any m one has |F(ϕ1ρn)(y)| ≲m
∣∣1
z

∣∣m. Choosing m = r + 1, this implies that

∫
{z : |z|>2λ}

|φλ ∗ F(ϕjρn)(z)| dz ≲ ∥φλ∥L1(R)

∫
{z : |z|>λ}

1

2−j

∣∣∣∣2−jz
∣∣∣∣r+1

dz

≲ ∥φ∥L1(R)2
−rj
∫
{z : |z|>λ}

∣∣∣∣1z
∣∣∣∣r+1

dz

≲ ∥φ∥L1(R)2
−rjλ−r

= ∥φ∥L1(R)(λ
−12−j)r ,

completing the proof of (5.63).

Proof of Lemma 5.2.2. By Young’s inequality

∥f [0],n∥L∞(Πn) ≤ ∥ϕ0ρn∥L1(Πn)∥f∥L∞(Πn) ≲ ∥f∥Cα(Πn) .

For j ∈ {1, ..., Jn + 1} set Φj,n =
∑

k∈Z ϕ̂
j
ρn(k)δnek. Then it follows as in (5.24) that

f [j],n = Φj,n ∗n f(x) =
1

2n

∑
y∈Πn

Φj,n(y)
(
f(x− y)− f(x)

)
and thus

∥f [j],n∥L∞(Πn) ≤
∥∥| · |α|Φj,n(·)|∥∥

L1(Πn)
∥f∥Cα(Πn) .

to bound the last term we use Remark 5.2.7

∥∥| · |α|Φj,n(·)|∥∥
L1(Πn)

≤
∥∥| · |αF−1(ϕ̂jρn)(·)

∥∥
L1((2n)−1Z)
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and find that

∥∥| · |αF−1(ϕ̂jρn)(·)
∥∥
L1((2n)−1Z) =

1

2n

∑
y∈(2n)−1Z

|y|α 1

2−(j+1)
F−1(ϕ̂1ρn)

( y

2−(j+1)

)
=

1

2j+1n

∑
w∈(2j+2n)−1Z

∣∣∣ w

2j+1

∣∣∣αF−1(ϕ̂1ρn)(w)

= 2−α(j+1)
∥∥| · |αF−1(ϕ̂1ρn)(·)

∥∥
L1((2j+1n)−1Z) ,

which completes the first inequality in (5.21). To obtain the second inequality, given f ∈ C(Πn), we

write fz(x) = f(x+ z) for z ∈ Πn. Let jz ∈ N be such that |z| ∈ (2−(jz+1), 2−jz ], then

∥f − fz∥L∞(Πn) ≤
jz∑
j=0

∥f [j],n − f [j],nz ∥L∞(Πn) +

Jn+1∑
j=jz

(
∥f [j],n∥L∞(Πn) + ∥f [j],nz ∥L∞(Πn)

)
≤

jz∑
j=0

∥f [j],n − f [j],nz ∥L∞(Πn) + 2∥f∥Bα
∞,∞(Πn)

Jn+1∑
j=jz

2−αj

≲
jz∑
j=0

∥f [j],n − f [j],nz ∥L∞(Πn) + ∥f∥Bα
∞,∞(Πn)|z|

α.

To bound the first sum, note that using the discrete derivative Dnf(x) :=
f(x)−f(x+(2n)−1)

(2n)−1 one finds

∥f [j],n − f [j],nz ∥L∞(Πn) ≲ |z|∥Dnf
[j],n∥L∞(Πn) ≲ |z|2j(−α+1)∥Dnf∥Bα−1

∞,∞(Πn)

≲ |z|2j(−α+1)∥f∥Bα
∞,∞(Πn) ,

where we used Lemma 5.5.1 from below in the last inequality. Thus one completes the proof by

observing that since α ∈ (0, 1), one has

jz∑
j=0

∥f [j],n − f [j],nz ∥L∞(Πn) ≲ |z|∥f∥Bα
∞,∞(Πn)

jz∑
j=0

2j(−α+1) ≲ ∥f∥Bα
∞,∞(Πn)|z|

α.

Lemma 5.5.1. For any α ∈ R there exists a constant N = N(ϕ0) such that for all n ∈ N, f ∈ C(Πn)

one has the bounds

∥Dnf∥Bα−1
p,q (Πn)

≤ N∥f∥Bα
p,q(Πn) ,

where Dnf(x) :=
f(x)−f(x+(2n)−1)

(2n)−1 .

Proof. We prove that ∥(Dnf)
[j],n∥Lp(Πn) ≲ 2j∥f [j],n∥Lp(Πn) for j ∈ {1, . . . , Jn}, the claim for j = Jn+1

follows by the usual adaptation of the same argument, while the case j = 0 is trivial. Let η11 : R → [0, 1]

be a smooth compactly supported function such that η11|suppϕ11 ≡ 1, 0 /∈ supp η11, and supp η11 ⊂
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B(1+ε0)ρ
−1
0
. Then set ηjρ(x) := η(2−jρ−1x) and observe that for j ≥ 1

(Dnf)
[j],n = Dn

(( n−1∑
k=−n

ηjρn(k)δnek
)
∗n f [j],n

)
= Dn

( n−1∑
k=−n

ηjρn(k)δnek
)
∗n f [j],n

and thus

∥(Dnf)
[j],n∥Lp(Πn) ≤

∥∥∥Dn

( n−1∑
k=−n

ηjρn(k)δnek
)∥∥∥
L1(Πn)

∥f [j],n∥Lp(Πn)

which completes the proof, since

∥∥∥Dn

( n−1∑
k=−n

ηjρn(k)δnek
)∥∥∥
L1(Πn)

=
∥∥∥Dn

(∑
k∈Z

ηjρn(k)δnek
)∥∥∥
L1(Πn)

≲
1

2n

∥∥(F−1ηjρn)(·)− (F−1ηjρn)(· − (2n)−1)
∥∥
L1(R)

=
1

2n

∥∥∥∫ (2n)−1

0
(∂F−1ηjρn)(·+ y)dy

∥∥∥
L1(R)

≤ ∥∂F−1ηjρn∥L1(R)

= 2j∥∂F−1η1ρn∥L1(R)

≲ 2j∥∂F−1η1∥L1(R).
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[GK05] J. Gärtner and W. König. The parabolic anderson model. In Interacting stochastic

systems, 153–179. Springer, 2005.

[GKO18] M. Gubinelli, H. Koch, and T. Oh. Renormalization of the two-dimensional stochastic

nonlinear wave equations. Transactions of the American Mathematical Society , no. 370.10,

(2018), 7335–7359.

[GKO23] M. Gubinelli, H. Koch, and T. Oh. Paracontrolled approach to the three-dimensional

stochastic nonlinear wave equation with quadratic nonlinearity. Journal of the European

Mathematical Society (2023).

[Gli68] J. Glimm. Boson fields with the: ϕ4: interaction in three dimensions. Communications

in Mathematical Physics 10, no. 1, (1968), 1–47.

[GLP98] G. Giacomin, J. L. Lebowitz, and E. Presutti. Deterministic and stochastic hydro-

dynamic equations arising from simple microscopic model systems. Mathematical Surveys

and Monographs 64, (1998), 107–152.

[GMW23] P. Grazieschi, K. Matetski, and H. Weber. The dynamical ising-kac model in 3d

converges to ϕ43. arXiv preprint arXiv:2303.10242 (2023).

[GR23] M. Gubinelli and P. Rinaldi. Stochastic quantisation of the fractional ϕ34 model in the

full subcritical regime. arXiv preprint arXiv:2303.18112 (2023).

399

https://dx.doi.org/10.1007/s00245-014-9272-2
https://dx.doi.org/10.1007/s00440-018-0841-1
https://dx.doi.org/10.1002/cpa.21816


[Gra74] A. Gray. The volume of a small geodesic ball of a Riemannian manifold. Michigan

Mathematical Journal 20, no. 4, (1974), 329 – 344. doi:10.1307/mmj/1029001150.

[GS22] M. Gerencsér and H. Singh. Strong convergence of parabolic rate 1 of discretisations

of stochastic allen-cahn-type equations. arXiv preprint arXiv:2209.09222 (2022).

[Gub04] M. Gubinelli. Controlling rough paths. Journal of Functional Analysis 216, no. 1,

(2004), 86–140.

[Gub10] M. Gubinelli. Ramification of rough paths. Journal of Differential Equations 248, no. 4,

(2010), 693–721.
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de probabilités de Saint-Flour, XIV—1984, vol. 1180 of Lecture Notes in Math., 265–439.

Springer, Berlin, 1986. doi:10.1007/BFb0074920.

[Wan20] X. Wang. An efficient explicit full-discrete scheme for strong approximation of stochastic

Allen-Cahn equation. Stochastic Processes and their Applications 130, no. 10, (2020),

6271–6299. doi:10.1016/j.spa.2020.05.011.

[WP21] W. Werner and E. Powell. Lecture notes on the Gaussian free field. Société
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