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Abstract

This thesis is dedicated to the solution theory of singular stochastic partial differential equations

(SPDESs) of the form
O+ Lu =Y Gi(u,Vu,..., V'u)§; (1)

i=0
in various geometric spaces. The first chapter contains a short introduction to the field of SPDEs as
well as to the main results of the thesis.

In Chapter [2] we develop a generalisation of the original theory of regularity structures which is
able to treat SPDEs on manifolds with values in vector bundles. We apply our framework to
three example equations which illustrate that when £ is a Laplacian and §; is white noise it is in most
cases possible to renormalise such equations by adding spatially homogeneous counterterms and we
discuss in which cases more sophisticated renormalisation procedures (involving the curvature of
the underlying manifold) are required.

In Chapter [3| we work on the torus and exhibit a finite dimensional, canonical solution family to
certain singular SPDEs of the form (1)) where £ = — ijzl a; ;(x,1)0;0; — Zle bi(x,t)0; — c(x,1).
We also establish a continuity result for the solution map with respect to the differential operator
for these equations.

In Chapter [d] we show that the ellipticity condition on £ can be relaxed. This is achieved by
extending the theory of regularity structures to the setting of homogeneous Lie Groups. As an
application, we solve a class of parabolic Anderson type equations on compact quotients an arbitrary
Carnot groups.

In Chapter [5| we study the problem of convergence rates of finite difference numerical schemes

for one dimensional stochastic Allan Cahn type equations driven by space-time white noise.
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CHAPTER 1

INTRODUCTION

The identification and construction of universal scaling limits of discrete random objects has arguably
been one of the major contributions of mathematics to science. The two most classical statements
about such limits are without doubt the law of large numbers and the central limit theorem which
concern a sequence of independent identically distributed (i.i.d.) random variables X, Xo, ... with
mean ;1 = E[X1] and finite variance 02 = E[(X] — u)?] < +oc and the asymptotic behaviour as n — oo
of the sum S, = > | X;. The law of large numbers states that S—T{L — p a.s. while the central limit

theorem states that in law S";\/%W — N(0,0) as n — co. Informally, this can be summarized as
Sy~ np+ ov/nN(0,1),

for n > 1, i.e. the central limit theorem describes the deterministic mean behaviour of the sequence
Sy, while the central limit theorem captures the random fluctuations away form that mean. Since their
original discovery in the beginning of the 19th century, c.f. [Fis11], both of these theorems have been
central in probability theory, statistics and science in general.

Now, suppose one is interested in the behaviour of the entire sequence {5y, },cn, then one sees (say,

by the Borell-Cantelli lemma) that the sequence of rescaled functions

. . S\mt)
Wp Ry — R, t—= Wy(t) = ——
wm

converges a.s. to the identity function id : Ry — R, id(¢) = ¢ (say) uniformly on compacts as m — co.
The Donsker invariance principle identifies the random fluctuations around this limit, it states

that the recentered and rescaled sequence of functions

_ S|_mtj - \_mtJ:u

Wn Ry — R, t— Wi(t)
ovm

converges in law to a Brownian motion.
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Definition 1.0.1. A continuous random function B : Ry — R is called a Brownian motion (or Wiener
process), if its increments on any two non-overlapping intervals are independent and for all s,t € R

the random variable B(t) — B(s) is N(0, |t — s|) distributed.

In particular, this can again informally be summarized as

Slm(')J ~ mpid(-) + \/EUB(-)

for m > 1. For more complicated systems than the random walk S,, considered above, one can
very often still identify a mean behaviour and the fluctuations around it; these fluctuations are often

universal and described by stochastic partial differential equations (SPDEs).

1.1 STOCHASTIC PARTIAL DIFFERENTIAL EQUATIONS

Let us consider for d > 1 a family {X,},cza of i.i.d random variables with mean p and finite variance

o. Denoting by @ = [0,1)? the unit cube, we consider the large scale behaviour of the random function

Rd — R, X — Z XZl{zEz-‘rQ} .
z€Z

Similarly to above, one sees that the rescaled functions

~ 1
d
ém:RTR, oz > Xolfmeestq
2€74
converge a.s. (say) weakly on compacts to the constant function p as m — oo. But even just considering
the case of d = 1, one observes that since Brownian motion is a.s. not differentiable, there can not

exist any (random) function to which the functions

1
Em = W Z (Xz - M)l{mx€z+Q}

z€74

could converge in law. On the other hand local averages of &,, are seen to converge in law by the
central limit theorem, indicating that one should consider random distributions instead of functions as

possible limits. Indeed, one finds that &,, converges in law to white noise.

Definition 1.1.1. A random distribution ¢ € D(R?) is called white noise, if its parings with any two
disjointly support testfunctions are independent and for all ¢ € D(R?) the random variable £(p) is a
N(0, ¢ 2) distributed.

A very useful characterisation of white noise which can straightforwardly be generalised to any

Hilbert space is the following: Let {e;};en be a orthonormal basis of the Hilbert space L?(R%) and
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{Yj}jen a sequence of i.i.d. N(0, 1) distributed random variables, then the random series . Yje;

converges a.s. in D'(R) to a white noise.

STOCHASTIC HEAT EQUATION

White noise is arguably one of the most canonical external forcings to incorporate into a PDE. Indeed,

even the simplest SPDE driven by (space-time) white noise, the stochastic heat equations (SHE)
8tu = Au-+ 5

exhibits a rich mathematical structure. For example, its stationary solution is given by the Gaussian
free field (GFF). Recal]ﬂ that the GFF can formally be characterised as the centred random distribution

with covariance

Efh(x)h(y)] = G(z,y),

where G(z,y) is the Greens function of the Laplace operator. In d = 1, it formally agrees with Brownian
motion/Brownian bridge and in d > 2 it is the natural higher dimensional analogue thereof. We refer
to [MP10], [WP21] and [LSSW16] for more on Brownian motion, the GFF and more general fractional

Gaussian fields. Throughout this thesis the SHE (and variants thereof) will play a central role.

1.1.1 SINGULAR SPDEs

In this section we finally introduce some of the most central singular SPDEs which have been ‘solved’
to date. Before commencing, let us comment on the case d = 0, namely on stochastic differential
equation (SDEs). Let ¢ denote white noise on R and g € C*°(R) a smooth bounded function with
bounded derivatives, one looks for a function X : [0,7] — R satisfying X, = 9(X¢)&. The difficulty
that the product g(X;)&; is a priori ill-defined, was originally overcome by the development of stochastic
calculusﬂ see [[t644]. The development of rough path theory [Lyo98], see also [Gub04, [Gub10], allowed
for a clean break betweens the stochastic and analytic aspects of the solution theory for SDEs and was
the starting point for the development of the field of singular SPDEs, see in particular [Haill],[Hail4]
and [GIP15].

The following are some of the most important singular SPDEs, we focus on equations on the

d-dimenional torus T¢ as most of the literature considers this setting:

e The KPZ-equation formally reads

0tu:Au+(8wu)2—C+£,

!There are some technicalities when making the following statements rigorous which we shall not discuss.
2This development also allowed to solve certain SPDEs by interpreting them as SDEs in infinite dimensions, c.f.
IDPZ92|, [Hai23].
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where u : Ry X T — R and £ denotes space time white noise on R x T. It was for the first
time directlyﬂ solved in [Hail3] and describes the cross over regime between the SHE (Edwards-
Wilkinson universality class) and the KPZ fix point, see [MQR21], [QS23].

e The ¢3—equation formally reads
ou = Au — u® + Cu + €,

where u : R, — D'(T%) and ¢ is a (space-time) white noise on Ry x T?. For d = 2 it was originally
solved in [DPDO03] and for d = 3 in [Hail4]. It appears as the scaling limit of certain dynamic
Ising-Kac models [GLP98, MW17al, (GMW23| as well as as the stochastic quantisation equation
for the ¢* measure, see [PW*81, [DHS7]. This measure is of interest in statistical physics and
quantum field theory, c.f. |[Gli68, [Fel74] and is expected to describe the crossover regime between

the GFF and the Ising universality class.

e The continuum parabolic Anderson model (PAM) in d = 2,3, [Hail4] is given by
Ou = Au+u( —C).

Here, it is natural to also consider spatial noise (constant in time). This equation describes
a continuum version of the classical PAM, c.f. [GK05], and also appears as a scaling limit of

discrete models, see [MP19, [EH21].

e For a compact Lie Group G and its Lie algebra g the stochastic Yang Mills heat flow on the
principle bundle T?¢ x G for d = 2,3 is the stochastic quantisation equation for the Yang Mills
measure, see [PWT81]. After the addition of the so-called DeTruck-Zwanziger term, it reads

875147; = AAZ + [Aj, 283142 — 8114] + [Aj, AZH + CAZ + fZ

where formally A; : Ry x T¢ — g and &; are independent g-valued white noises for each i = 1, ..., d,

see [Che22bl [CCHS22al [CCHS22h).

e The geometric stochastic heat equation describes the evolution of a loop on a Riemannian manifold
(M, g) and is the stochastic quantisation equation for the Brownian loop measure on M. Denoting

by V the Levy-Civita connection and s : M — R the scalar curvature, it formally reads for ¢ € R

0w = Vg,u,0zu + ¢(Vs)(u) + &y,

3The “physical” solution to this equation had previously been identified indirectly, using the so called Cole-Hopf
transform, see [BG97].
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where ¢ denotes space time white noise “on loop space”, see [Hail6b, BGHZ22].

These equations are all subcritical in the sense of [BHZ19 Def. 5.14], see also [Hail4l, Def. 8.6].
Critical equations, to date, do not seem approachable using pathwise techniques. We refer to [CSZ20),
CES21], [CSZ23,, [CK23, [CGT23] for results on certain critical and supercritical equations, as well as to
[ADC21] [Fro82] for results in a related static setting. While we shall focus exclusively on parabolic-type
equations, during the writing of this thesis the understanding of singular dispersive/hyperbolic SPDEs
has seen significant progress, c.f. [GKO23, (GKOI8, BDNY22].

1.1.2 REGULARITY STRUCTURES

The theory of reqularity structures developed in [Hail4] and the subsequent articles [BHZ19], [BCCH20I,
[CH16] provides a unified “black box” local well-posedness theorem, [BCCH20), Theorem 2.22], for a
large class of singular SPDEs including the ones mentioned above. In this section we give a very low
resolution explanation of the workings of the theory and of this theorem. For more detailed expository
texts we refer to [Hail8, [Hail5, [FH20, [Hail6bl [Che22al.

We shall consider an equation of the form{]

ou+ Lu = G(u, Vu, ..., V'u) + & (1.1)

where £ is an elliptic operator on T¢ of order strictly greater that n > 0 such that 9; + £ is space-time
translation invariant and where ¢ € D'(R x T¢) denotes space time white noise We assume the
equation to be subcritical, but allow it to be classically ill-posed in the sense that, since any possible
solution can only be expected to be as regular as the solution to the linear equation 0; + Lv = £, the
classical Schauder estimates may not provide enough regularity for the non-linearity G(v, Vv, ..., V"v)
to be well defined. One may regularise the noise by convolution with a compactly supported smooth
mollifier p. such that & = p x £ converges to £ as € — 0 and hope that the corresponding sequence of
solutions u. of

Qe + Lue = G(ue, Ve, ..., Vue) + & (1.2)

to converge as € — 0. Generically, this is not the case and one needs to consider a renormalised version

of the equation. The type of result that the theory of regularity structures provides goes as follows:

Metatheorem. Let G, L, & as well as p. and & be as above. Then, there exists a finite index set

T_ and non-linearities YC[r] depending only on G, L, & and as well as constants c; € R depending

“The result [BCCH20, Theorem 2.22] is formulated slightly more generally for systems of SPDEs.
®Much more general noises are possible, see [CH16, [CS17] and notably [CHSIS).
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additionally on pe such for ue satisfying “compatible” initial conditions and

O + Lue = G(te, Ve, ..., V') + Z czTG[T](uE, Ve, ... V) + & (1.3)
TEY

there exists a random T > 0 and u € D'((0,T) x RY) independent of the choice of {Pe}ee(0,1) such that

Ue — u in probability as € — 0.

Note that this metatheorem purposefully kept several aspects vague, as it would require us to delve
into a significant amount of detail to state its precise instantiation as a theorem, [BCCH20, Theorem
2.22]. Hopefully, the statement is precise enough to inspire the uninitiated reader’s imagination and
the initiated reader’s memory.

Before outlining how such a result is achieved, let us introduce some vocabulary:

e A structure space is a vector space T', whose elements can be thought of as elements for an

expansion similar to abstract Taylor polynomials.

e A model Z gives analytic “meaning” to elements of 1" similarly to the map which associates to an

abstract polynomial P(X) the polynomial function p(z). We denote by M the space of models.

e Given a model Z € M and v > 0 we denote by D7 the space of modelled distributions whose

elements are certain maps (t,x) — f(x) € T. Furthermore, there exists a reconstruction operator
R:DY - D

which maps a modelled distribution to a concrete distribution.

The original equation (1.1f) can be “lifted” to an abstract equation which has as solution a modelled
distribution. It turns out that it is useful to explicitly exhibit the non-linearity G as an element of Eq,

a “space of non-linearities”, when considering the solution map to the abstract lift of
Sa:Eqx M — D, (G, Z) — u%Z,
For continuous noises ¢ there exists a canonical “enhancement”
vU:C— M, ¢ Z(Q),
with the property that if we denote by

Sc:EqxC—D, (G () uft
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the classical solution map to (1.1)) for a continuous noises ¢, then following diagram commutes

¢ 2 uG-2(0)
m m m
Sa
Eq x # DY
S
Eq x ¢ < D
w w W
G ¢ wG<¢ = RuG 2@

We have thus factored the classical solution map S¢. It turns out that the maps S4 and R are both
continuous, but W is notﬂ Indeed, if we work with mollifications & of a rough noise ¢ as in the
statement of the metatheorem, one typically finds that as & — £ the models ¥(&) = Z(&) do not
converge]’]

This is where renormalisation enters the story. Associated to the regularity structure there is a
renormalisation group ®&_ which is in canonical bijection with R*- for same index set T_ as in .
For M € &_ and {c"},ex_ € R*~ we shall write M ~ {c"},c5_ to mean that they are related under
this bijection. The group &_ acts on the space of models M as well as on the “space of right hand

sides” Eq. These actions are intertwined in such a way that for each M € &_ the following diagram

commutes
G uG-MZ(Q)
M
m m
Sa
Eq x .« DY
Y R
S,
, Eq _x ¢C < D’
| o \; w w
R S UMGC — RyGMZ(Q)

and furthermore for M € &_ such that M ~ {¢"},cz_ it holds that

MG=G+ Y 1.

TET_

Finally, instead of working with the canonical enhancement, one associate to each & as in the

statement of the metatheorem a specific element M, € &_ and considers the renormalised lift

SFor expository purposes we shall stay vague and not specify topologies.
"This is very much in contrast to the generic situation for SDEs.
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ZBPHZ (¢ ) .= M U(E,.), the so-called BPHZ—liftﬁ It turns out that the BPHZ-lift has the property

that the map & — ZBPHZ (&) is continuous. Thus, since all maps in the the chain

é_e NN RungBPHZ(ée)

are continuous and one can take the limit ¢ — 0, which concludes the outline of the argument behind
the metatheorem.
The general “black box” result [BCCH20, Theorem 2.22] outlined above is the culmination of the

following sequence of articles:

1. The introduction of regularity structures and models as a general tool in [Hail4]. Therein several

sub-critical SPDEs were solved by applying the strategy outlined above on a case by case basis.

2. In [BHZ19] the authors introduce the notion a rule and a systematic way of constructing from a
rule a regularity structure together with a renormalisation group &_ which acts on the space of

models M. Furthermore, they characterize the BPHZ-lift mentioned above.

3. In [CHI16] it is shown that the BPHZ-lift is indeed continuous (in the appropriate topologies) for

a large class of noises and rules, see also [HS23].

4. In [BCCH20| the action of &_ on the space of nonlinearites Eq is identified and an appropriate

notion of “compatible” initial conditions is introduced.

Let us emphasise that the description in this section should be read as a schematic sketch and that we

have omitted several important details!

1.2 MAIN CONTRIBUTIONS

This section serves as an introduction to the content of the main chapters of this thesis, each subsection

carrying the same title as the corresponding chapter in the main part of the text.

1.2.1 REGULARITY STRUCTURES ON MANIFOLDS AND VECTOR BUNDLES

The content of this chapter, Chapter [2] is written in collaboration with M. Hairer. Its purpose is to
extend the theory of regularity structures as developed in [Hail4] for solving singular partial differential
equations on R? or T? to a theory able to treat equations on vector bundles over a Riemannian manifold.
That is, assume M is a Riemannian manifold and E — M and F* — M are vector bundles (with a

metric and connection), we develop a theory for solving subcritical equations of the form

O+ Lu = ZGi(u, Vu, ..., V') , (1.4)
i=0

8We point out that this lift is not unique, since it depends on the choice of a decomposition of the heat kernel.
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where u is a (generalized) section of the vector bundle £ — M and L is a uniformly elliptic operator
on E of degree grater than n, & are F* valued random distributions (e.g. F'-valued white noise) and
Gi: EXTM*®E x ... x (TM*)®" ® E — L(F' E) are local functions.

As in [Hail4] and subsequent works [BHZ19], [CH16], [BCCH2(] the treatment of such equations

can naturally be divided into the following steps:

1. Introducing regularity structures and models as general tool and developing an analytic framework

allowing to reformulate and solve such equations as abstract equations “driven” by a model.

2. Building a regularity structure for a specific equation (or system of equations) and a large enough

renormalisation group, as well as identifying its action on the equation.

3. Identifying the correct renormalisation procedure and showing convergence of renormalised

models.

In this work we treat the first two steps in full generality and execute the last step for the following

equations.
e Let M be a compact Riemannian 2-manifold, f € C>**(R) and A(-,-) a smooth bilinear form on
the tangent bundle T'M. The g-PAM equation reads

Ou+ Au = A(Vu, Vu) + f(u)é, (g-PAM)

where A is the Laplace—Beltrami operatoxﬂ and £ is spatial white noise constant in time.
e Let M be a compact Riemannian 2 or 3-manifold and £ — M a vector bundle with a metric h
and compatible connection V. The natural geometric generalisation of the ®* equation reads

D+ APu= —u- uf} +€, (1)

where ¢ is an E-valued spacetime white noise, | - [, the norm on E induced by h and AF a
generalised Laplacian acting on sections of F/, an example being the connection Laplacian induced

by the connection V¥ and the Levi-Civita connection, c.f. (2.135)).

The invariant measure of this dynamic is of interest in constructive quantum field theory and

can formally be written as

xp (= [ 9F0R 0+ Vea(9))42(0)

where | - |xp, is the induced norm on T*M ® E, Vi \(u) = Clu|} — A|u|? is a double well potential

and £(¢) denotes the (non-existent) Lebesgue measure on sections of E.

9We use the sign convention more commonly used in geometry. Thus, Laplacians are positive operators.
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e While it turns out that in many cases, such as the two above, the renormalisation procedure
needed to solve singular SPDEs is insensitive to the curvature of the underlying manifold, this is

not always the case. The equation
Opu+ Au = u® + ¢ (1)

on a compact Riemannian 4 manifold is an example where an additional counter-term proportional

to the scalar curvature of M has to be introduced.

At this point we mention the work [DDD19] which builds a minimal framework to solve Equation
in the special case f = 0 and g = id within regularity structures. Of course flat compact
manifolds, such as the torus or the Klein bottle could already be treated in [Hail4], since all flat
compact manifolds are quotients of Euclidean space by a free crystallographic group. The theory of
para-controlled distributions [GIP15], an alternative theory to deal with SPDEs, has been extended
to the manifolds setting in [BB16] to be able to deal with the analytic step of solving Equation
, see also [Mou22]. Furthermore, Equation was recently independently studied in [BDFT23al,
[BDET23b] based on a transform introduced in [JP23].

1.2.2 SOME VARIABLE COEFFICIENT SPDESs

In Chapter 3] which is rather short, we investigate equations of the form

d d
O — Z a;j(x,t)0;0; — Zbi(aﬁ,t)&- —c(x,t) | u=F(u,Vu,§) , (1.5)
ij=1 i=1

where a; j,b;, ¢ : R x T — R are smooth and A = {%j}g, j—1 1s uniformly elliptic. While the articles
[Hail4], BHZ19], [BCCH20] and [CHI6] yield a comprehensive understanding of translation-invariant
subcritical SPDEs of parabolic type and several results also apply to such equations, still, no such
singular SPDE seems to have been “solved” to date. Let us use explain where the difficulty lies using
the example of the non-linearity F(u, Vu,&) = —u? + £, The solution theory for singular SPDEs
involves renormalisation of certain ill-defined products, which in turn involves subtracting (infinite)
counter-terms. In the translation invariant setting, this amounts to subtracting diverging constants
and since these constants are not unique, one thus does not obtain only one solution, but a finite
dimensional family of solutions. This can be rephrased as saying that the natural object of study is
not the original (single) equation, but the finite dimensional family of equations with right hand sides
Fo(u,0u, &) = —ud + C + ¢ for C € R.

When the equation is not translation invariant, this redundancy on first sight seems to become
more severe as one needs to involve renormalisation functions and one might end up with infinite

dimensional solution families. The main contribution of this chapter is to present a systematic way to
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identify a canonical finite dimensional solution-theory for equations of the type (1.5 and to explicitly

‘solve’ the non-translation invariant g-PAM, ¢3, ¢3 and KPZ-equation.

1.2.3 SINGULAR SPDEs oN HOMOGENEOUS LIE GROUPS

The content Chapter [4] is written in collaboration with A. Mayorcas and has been made publicly
available under [MS23| This article extends the theory of regularity structures in order to solve equations
of the form

Ou — Lu = F(u,§) , (1.6)

where the differential operator £ stems from a large class of hypoelliptic operators. This is achieved by
building on the fundamental idea of Folland [Fol75] to reinterpret the differential operator in question
as a differential operator on a homogeneous Lie group and extending the theory of regularity structures
to these non-commutative spaces.

In much of the works [Hail4], [BHZ19], [BCCH20] and [CHI6] translation invariance on R%, of
both the equation and the driving noise, plays a major role. Here we will instead work with equations
that are translation invariant with respect to a homogeneous Lie group G (Euclidean spaces being
special case). The bulk of this this chapter is dedicated to implementing the first analytic part of the
theory in [Hail4] in the case when the underlying space is a general (non-Abelian) homogeneous Lie
group, the latter steps are then carried out for a specific class of equations. While many of the key
ideas from [Hail4] carry over to our setting, we encounter a number of significant deviations from the
arguments presented therein. The main cause of these deviations are the non-commutative structure
of the base space and the fact that the notion of Taylor expansion, a crucial element of the theory,
heavily depends on the underlying group structure.

The central motivation for this extension to homogeneous Lie groups is to allow for the study
of singular SPDE with linear part given by a hypoelliptic operator, which may fail to be uniformly
parabolic. Two motivating examples are the heat operator associated to the sub-Laplacian on the

Heisenberg group and the kinetic Fokker-Planck operator on R x R?",
u(t, o, y,2) = Ou — (Ap + Ay + (22 +y*)A)u  and  wu(t,2,v) = du — Ayu —v - Veu.  (1.7)

We will carry these two operators and their associated homogeneous Lie groups, throughout the paper
as working examples of the theory. In the final sections we develop a full solution theory for Anderson
type equations associated to sub-Laplacians on general stratified Lie groups (Carnot groups), of which
the Heisenberg group is a well-studied example.

More generally, however, the analytic results of this paper apply to any differential operator, £ on
R?, such that the following combination of results by Folland applies to £ := 9; — £, with respect to

some homogeneous Lie group structure on R4+,
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Theorem 1.2.1 ([Fol75, Thm. 2.1 & Cor. 2.8]). Let G be a homogeneous Lie group of homogeneous
dimension |s| and £ be a left-translation invariant (with respect to G ), homogeneous differential operator
of degree B € (0,]s|) on G, such that £ and its adjoint £ are both hypoelliptic. Then there exists a

unique homogeneous distribution K, of order 8 — |s| such that for any distribution, ¢ € D'(G)
LK) = (Lp)x K = ¢.

where the convolution is with respect to the given Lie structure.

Referring to Section for a more thorough discussion of homogeneous Lie groups and their
properties, we recall here that a differential operator ® on R? is called hypoelliptic, if for every open
subset Q C R? one has that,

Du e C® Q) =ueC™Q).

The following celebrated result of Hormander, see [Hor67, Thm. 1.1] (almost) entirely classifies the

family of second order hypoelliptic operators.

Theorem 1.2.2. Let r < d and {X;}]_, be a collection of first order differential operators (i.e. vector
fields) on R® and recursively define Vi = span{X; : i =0,...,7}, Va1 = VaU{[V, W] : V € V|, W € V,,}.

If a differential operator can be written in the form,

'
D= X7+ Xo+¢ (1.8)
i=1
for some ¢ € R, and there exists an N > 1 such that dim(Vy) = d at every point in @ C R? then D is

hypoelliptic on 2.

Remark 1.2.3. By Froebenious’s theorem, [Fro77], if the condition of Theoremfaz'ls in some
open set then ® is not hypoelliptic on that set. However, the statement is not truly sharp; for example
the Grushin operator 02, — v0, is hypoelliptic, while the conditions of Theorem are violated on
sets intersecting {v = 0}. On the other hand this type of exception cannot occur if the sections V; are

continuous, since in this case it can be shown that the map x — 1{qimv,(z)=d} 1S upper semi-continuous.

While Hérmander’s theorem gives an almost sharp characterisation of second order, hypoelliptic,
operators it does not say much about fine properties of the fundamental solution. For example, it gives
no direct route to a refined regularity theory for hypoelliptic equations. This observation highlights
the contribution of Folland’s theorem (Theorem ; since translation invariance allows access
to many additional tools in the Euclidean setting, such as harmonic analysis and singular integral
methods. Viewing the class of translation invariant operators satisfying Folland’s theorem as analogous

to constant coefficient, elliptic operators on R% a programme was successfully carried out in the works
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[FS74al, [FS74bl [Fol75, RST6], establishing a full LP regularity theory for general, smooth coefficient,

hypoelliptic operators. We refer to [Bral4l, Ch. 3| for a concise introduction to this programme.

A MOTIVATING CLASS OF EXAMPLES

In this paper we restrict ourselves to linear operators satisfying the criteria of Theorem and use
the Anderson equation as a main motivating example, although we stress that our main analytic results

apply in the full generality treated by [Haild]. The parabolic Anderson model
Ou = Au —ug, uli—o = uo, (1.9)

on R, x R describes the conditional, expected density of particles, where each particle moves according
to an independent Brownian motion and branches at a rate proportional to the random environment &,
c.f. [GKO5]. Rigorously, this description is derived by discrete approximations and it is well known
that in the case ¢ is a spatial white noise, when d = 2 and d = 3 one needs to recentre the potential
in order to obtain a non-trivial limit as the discretisation is removed, [Hail4, HL15, HLI8| [GIP15].
We point out that if the environment is also allowed to depend on time and is for example, white
in time, then martingale methods can be used instead to develop a probabilistic solution theory, see
[Wal86, [Dal99, Dal01l [Chel5].

If one replaces the Brownian motions with a general diffusion,
r .
dz; = \@ZXZ(%) dWy,
i=1

where the vector fields satisfy Hormander’s rank condition (Theorem [1.2.2)), then, formally the

conditional expected density of particles is described by the hypoelliptic Anderson equation,

r
Ou — Lu = 8tu—ZXZ-2u:u§ . (1.10)
i=1

When realisations of the environment are sufficiently singular then a pathwise solution theory for
is expected to require renormalisation. Since the vector fields {X;}7_; satisfy Hérmander’s condition,
the operator £ is smoothing and therefore in principle, an extension of the theory of regularity structures
should be applicable to find a renormalised, pathwise, solution theory for . In Section we
apply the analytic tools developed in the paper to demonstrate such an extension to the case where £

is the sub-Laplacian on a compact quotient of stratified Lie group (Carnot group).
We show a result analogous to that off [Hail4], finding a notion of renormalised solution to ,
when £ is a colored periodic noise on a stratified Lie group. More precisely, we show that when £ is
replaced with a mollified, recentred noise & — c., solutions u. to converge in probability to a

unique limit independent of the specific choice of mollification-scheme. We stress that this result does
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not cover the full subcritical regime of . The treatment of this full regime would require an
analogue of the BPHZ theorem on homogeneous Lie groups, see [CHI16| [HS23].

A notable example of a stratified Lie group is the Heisenberg group, H" = R?” x R, see Section m
for a description. In this case the collection of left-translation invariant vector fields, which generate

the associated Lie algebra are,
Ai(x,y,2) = Oy, +vi02, Bi(z,y,z) =0, —x;0,, for i=1,... n.

It is readily checked that the collections {A4;, B;}!' ; are left-translation invariant with respect to
the group action described in Section and that one has C(z,y, z) := [A;, Bj] = —20, for all

i1 =1,...,n. The associated sub-Laplacian is the linear differential operator,

n

Lu =Y (A7 + B})u,

i=1

naturally extended to a heat type operator as in (1.7) and (1.10), c.f. Section for further

discussion. Recently, a problem closely related to the one in the final Section of this chapter was
studied in [BOTW22]. There an Anderson type equation on the Heisenberg group with white in time

and coloured in space noise is considered using It6 calculus techniques.

1.2.4 STRONG CONVERGENCE OF PARABOLIC RATE 1 OF DISCRETISATIONS OF

STOCHASTIC ALLEN-CAHN-TYPE EQUATIONS

The content of this Chapter is written in collaboration with Maté Gerencsér, it is publicly available
under |[GS22] and was accepted for publication in the Transactions of the AMS. We consider the
approximation of stochastic Allen-Cahn-type equations (i.e. 1+ 1-dimensional space-time white noise-
driven stochastic PDEs with polynomial nonlinearities F' such that F'(+o00) = Foo) by a fully discrete
space-time explicit finite difference scheme. The consensus in literature, supported by rigorous lower
bounds, is that strong convergence rate 1/2 with respect to the parabolic grid meshsize is expected
to be optimal. We show that one can reach almost sure convergence rate arbitrarily close to (and
no better than) 1 when measuring the error in appropriate negative Besov norms, by temporarily

‘pretending’ that the SPDE is singular.
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CHAPTER 2

REGULARITY STRUCTURES ON MANIFOLDS

AND VECTOR BUNDLES

Let us give a quick outline of this chapter. Section introduces the geometric setting for this work,
in particular a notion of scaling s similar to [Hail4].

In Section we first recall known results about jets, the analogue of polynomials on manifolds.
Then, the notion of an admissible realisation introduced. Since in the setting here, i.e. in the presence
of a connection and metric, there exists a canonical grading and norm on jet bundles J* which we use
to construct a graded space J. The space J will play the role of abstract polynomials and comes with
a canonical inclusion

Jk s J

for each k.

Section introduces the notion of a regularity structure and model. As in [DDD19|, we only

impose a condition informally expressible as
lpq ~ 1y (2.1)

instead of the rigid relation II,I'y ; = II; in [Hail4] and further introduce a bigrading T' = @B, 5 T(a,s)
where the parameter § keeps track of a quantitative bound on the error implicit in . While this
allows for more flexibility in the definition of jet models, it has the drawback that in order to formulate
a general Schauder estimate in Section it forces us to abandon the lower triangular structure of
the maps I'. To be able to treat equations with components taking values in different vector bundles
such as u and Vu in Equation , we work with reqularity structure ensembles. In contrast to
[DDD19] our maps I" and II are defined globally. We introduce vector bundle valued jet regularity
structures and models as examples.

Up to modifications of some proofs the ideas in Section [2.4] where modelled distributions are
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introduced and a reconstruction theorem in our setting is provided, are the same as in [Hail4, Section
2].

In Section we show how to implement local operations on regularity structures. The notion of
products is similar to the one in [Hail4] with the caveat of having to use regularity structure ensembles
in the bundle valued setting and the need to keep track of the bi-grading. Compositions with smooth
local functions relies on interpreting a local function G : F — F, where ng : E — M, np : F — M are
vector bundles, as a section of the bundle E x F' := 7},(F) and needs additional considerations not
present in the flat setting. Lastly, we explain in this section, how to lift differential operators relying
on the fact that every kth order differential operator 0 : C>°(E) — C*°(F) corresponds to a bundle
morphism Ty € L(J*(E), F) together with considerations from Section

In Section we follow [Hail4l Section 5] to define integration against singular kernels between
vector bundles. Due to which has as consequence that

(I+J)oT #To(I+.J) (2.2)

(as opposed to the setting in [Hail4]), we have to abandon the lower triangular structure of the
maps [' and introduce a new operator to compensate (2.2). While the presence of this operator

)

technically complicates the analysis, it has a natural interpretation in terms of the “elementary’
modelled distributions introduced in [ST18], see Remark

Section and Section are except for technical changes close to [Hail4l, Section 6, 7]. Since
throughout the main part of the text we only work with the integral form of the equations of interest,
Section contains a short discussion about the existence of fundamental solutions for differential
operators of the form 9; + £.

This completes the analytic part of the theory.

Remark 2.0.1. For readers mostly interested in the case of M = R% or T? the jet bundle can canonically
be identified with polynomials, c.f. Sections and Remark|2.5.15. From this point of view one can

interpret many results as recovering known statements of [Hailj|] under weaker assumptions, see also

Remark[2.0.2.

OUTLINE OF THE SECOND HALF

In Section we recall the notion of symmetric sets developed in [CCHS22a], and introduce vector
bundle assignments, a direct modification of vector space assignments. We also recall the analogue of
the functor Fyy therein.

In Section sets of (combinatorial decorated) trees which form the backbone of the constructions
that follow are introduced. These, in contrast to previous works, are built from three sets of edge types

&4+, £_ and &. The first encodes kernels, the second noises and the last serves as a place holder for
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jets. From these, similarly to [BHZ19], sets of trees T, %, and T_ as well as coloured versions thereof
are built from a rule. The trees in T_ are used later for negative renormalisation, contain no & type
edges and are used to index spaces of differential operators ®if, while the trees in ¥ resp. ¥4 are used
in the construction of the regularity structure ensemble, resp. for positive renormalisation utilising on
the machinery of symmetric sets. The coloured versions of these sets of trees such as T(-) and T(:) are
crucially used since both renormalisations are encoded by colouring operations instead of extractions.

In Section , after fixing a cutoff §y > 0, we construct vector bundles 7 and 7 from a subsets
of ¥ and ¥ . This is done by first turning trees into symmetric sets and then using the functor Fyy,
informally this corresponds to “attaching” jets to edges of type &. Finally, T, is equipped with a
bi-grading and thus a regularity structure ensemble is constructed. Then, we construct pre-models
which turn elements of 7 into concrete distributions as well as the renormalisation group &_. After
investigating the action of _ on a pre-model II, we show how to construct a model (I, T") from it.
To do so, positive renormalisation is still described by “admissible cuts”, though in this setting, as a
consequence of one has to cut trees of negative homogeneity as well. Then, we study the action
of &_ on models. Since we do not restrict ourselves to constant coefficient differential operators, this
action is not described by extraction operations but by colouring operations. For both renormalisations,
due to the fact that all bundles are constructed from symmetric sets, significant care has to be taken
to ensure that everything is well defined. Lastly, explicit formulas for the renormalisation of canonical
smooth models are obtained in this section.

Section [2.21] starts with a subcritical system of SPDEs and constructs the required bundle as-
signments, edge types and rule. Then the machinery of the previous sections yields a regularity
structure as well as a renormalisation group. First, for the canonical model for smooth noises we
check that the corresponding (reconstructed) abstract solution agrees the classical solution to the
system of equations. Then, in the central Proposition [2.21.9] of this section, we prove a formula for the
renormalised equation, which is solved (in the classical sense) by the reconstructed abstract solution

with respect to a renormalised model.

Remark 2.0.2. In the context of Remark one can interpret the results of this second part of
the article as giving an alternative non-algebraic point of view on the results in [BHZ19], [BB21] and
[BCCH20]. In particular, our framework allows for a rather compact proof of Proposition a

slight generalisation of the main result of [BCCH2(] even in the case of the torus.

OUTLINE OF CONCRETE APPLICATIONS AND STOCHASTIC ESTIMATES

When working with non-translation invariant equations, one is faced with the problem that the strategy
of regularity structures, when applied naively might yield an infinite-dimensional solution family. The
renormalisation group constructed in Section is indeed infinite dimensional. In Section [2.22] we

outline a general strategy to remedy this issue. In particular, we explain why for most singular SPDEs
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where the linear term is given by a generalised Laplacian, renormalisation constants are sufficient.
More precisely, one expects the convergence results for such singular SPDEs on trivial vector bundles
over the torus to translate directly to any (possibly non-trivial) vector bundle over a compact manifold.

In Section we turn to the treatment of specific examples of singular SPDEs, each of which

illustrates certain aspects of the theory developed in this article.

e While is a scalar valued equation, the right-hand side involves the gradient of the
solution, i.e. a section of T'M and the equation involves a rather general non-linearity. Since it
requires only Wick renormalisation, it serves as an example illustrative of the general workings of
the theory which does not many stochastic estimates. In Theorem we exhibit an (at most)

two dimensional canonical solution family.

e The FE-valued equation illustrates how the theory developed in this article can be used to
solve singular SPDEs taking values in general vector bundles. While the scalar valued analogue
on a compact manifold can essentially be treated as in [Hail4], when the vector bundle E is

non-trivial, a technical novelty arises when establishing the convergence of

(Mgbs, —115) (%)) -

see Lemma [2.23.17] As in [Haild], we exhibit an (at most) 2-dimensional solution family in
Theorem 2.23.61

e The last example, the |3/ equation, is meant to illustrate an SPDE, where a geometric counterterm

is needed to renormalise the model. Here we obtain a (at most) 5-dimensional solution family in

Theorem [2.23.201

Typically, in the framework of this article, when showing that a family of models Z¢ = (II¢,T)
converges, one has to not only obtain appropriate stochastic estimates on terms of the form H;T((ﬁ;‘),
but also additionally for

(6™ — 15m) () -

While this can significantly increase the number of estimates needed, their general form is close
to the Feynman diagrams usually encountered in regularity structures. Thus, for example for the
equations treated here, the straightforward adaptations of the kernel estimates in [Hail4] and [HQI§]
in Section are mostly sufficient.
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2.1 GEOMETRIC SETTING: ORTHOGONAL FOLIATIONS OF MANIFOLDS

In this section we motivate a natural geometric setup for incorporating a scaling s in the sense of
[Haild]. Let (M,g) be a (complete) d-dimensional Riemannian manifold and suppose one is given
n < d mutually orthogonal distributionﬁﬂ D,..., D" C TM, such that T,M =@}, D; together with

an element s € N®. Then one defines the scaled length of a tangent vector
X=X, +...+ X} €T,M ,
where X; € D; as
| Xp |S*ng XZ Xl (2.3)

On geometric grounds it is natural to assume that these distributions are integrable and parallel. Under

these assumptions the following theorem of de Rham, c.f. [BE06, Ch. 4, Thm. 4.4] holds.

Theorem 2.1.1. In addition to the above setup, assume that M is simply connected. We denote
by §',...,F" the foliations of M corresponding to ©', ..., D" respectively. Then, for every p €
M, there ezists a foliation preserving isometry from (M, g) to the Riemannian product manifold

(L', gY) x ... x (L™ g"), mapping each leaf F* to L'.
The above discussion motivates the following definition.

Definition 2.1.2. A scaling s on a manifold (M, g) is a decomposition M = (M*, g*) x ... x (M™, g")
together with an element s € N". To a scaling s on (M,g) we associate the scaled “norm” on T M

defined in , as well as the dz’stancaﬂ defined for p,q € M by

1
5

= d'(pi,gi)™
=1

where d' denotes the usual distance induced on M* by g' and where p = (p1,...,pn), ¢ = (q1,-..,qn) €
(MY g') < ... x (M™, g") .

The following simple lemma illustrates that the norm | - |s and distance ds(-, -) fit together well.

Lemma 2.1.3. In the above setting for every point p € M and X, € T,M small enough the identity

d (p,epr ) |X |5 )

holds.

Here “distribution” is meant in the geometric sense, i.e. a smooth section of the Grassmann bundle over M.
2Sometimes it will be more convenient to work with the (equivalent) scaled distance ds(p, q) := SUD;e(1,.. n} d(pi, qi)*,
which we shall do without elaborate explanation.

,,,,,
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We call a chart ¢ : M D U — V C R? an s-chart, if there exist charts ¢' : M? D U" — V? C R% for
i€{l,...,n}such that U =U' x ... x U" and ¢ = (¢',...,¢"). For a multi-index k = (k',... k"),

where k% € N% | we write
n d;
k= 3nH
i=1  j=1

In the sequel it will be useful to single out the vector fields V on M, which take values in TM* C T M.
We call such a vector field an s;-vector field. We say W is a s-vector field, if it is a s;-vector field for

some ¢ and declare the degree of a s-vector field V' to be given by

0 ifV=0,
deg,V = (2.4)

s, if V is an s;-vector field .

We extend this to tuples of s-vector fields (V4,..., Vi) by
degy(Vi,..., Vi) =Y deg,(V}) .
J

Remark 2.1.4. One could also work with real-valued scalings s € Ry, but the restriction s € N"
stmplifies notation later on. Furthermore, since in the theory of reqularity structures one always has

“an epsilon of room”, this is not usually much of a restriction.

Remark 2.1.5. In the setting of Theorem the Frobenious theorem, c.f. [Lun92], characterises
integrable distributions. The somewhat complementary setting where D' is spanned by Hérmander

vector fields, the simplest examples being Carnot groups, was considered in [MS23].

2.1.1 VECTOR BUNDLES AND METRIC CONNECTIONS

Usually, when working with a vector bundle 7 : E — M, we shall assume that it is equipped with a
metric (-, -)p and a connection V¥ which is compatible with the metric, i.e. for any two sections V, W

of E and X, € T, M one has
Xp(V,W)g) = (VX V,W)g + (V,VE W)g

where the left-hand side uses the usual identification of tangent vectors with derivations. We shall
write (E, V¥, (-,-)g) in this case. We shall denote by C*°(E) the space of smooth sections of E and by
C°(F) those which are furthermore compactly supported.

Let us recall some important constructions and examples of vector bundles.
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TRIVIAL BUNDLE

Any real-valued function on M can naturally be identified with a section of the trivial bundle M x R.
(Recall that there exist a canonical metric and connection on this bundle, the latter being independent
of the Riemannian structure of M.)

TANGENT BUNDLE

We shall always equip the tangent bundle T'M with the Levi-Civita connection V7'M

DUAL BUNDLE

Given a vector bundle (E, VE, (-,-) ) as above, denote by E* the dual bundle and (-, -) : E*[,®E|, — R
the natural pairing above any point p € M. We shall always equip E* with the canonically induced

metric (-,-)p+ and connection V", which are characterised by the following properties:

o If {e;} is an orthonormal basis of E|,, then the unique basis {e]} of E*|, satisfying
(e €i) = ik

is an orthonormal basis of E*|,.

o If V,V* are sections of E, resp. £* and X, € T, M, then

Vx, (V5 V)= (VR VS V) + (V5 VR V) .

One can observe that VF" is a metric connection with respect to (-, -)g+.

PRODUCT BUNDLE

Given two vector bundles E — M, F — N, let E & F be the vector bundle over M x N with fibres
E & F|,g = Elp ® Flg for (p,q) € M x N and smooth structure characterised by the fact that if
V € C®(E), W € C*®(F), then (p,q) — V(p) ® W(q), for which we write V(p) ® W(q) from now, is
an element of C*(E ® F).

Furthermore (E, V¥ (-,-Yg) and (F, V¥, (-,-)r) as above, then we shall always equip F ® F with
the canonically induced metric (-, -) por and connection VF®¥ | which are characterised by the following

properties:

e If {e;}, {f;} is an orthonormal basis of E|, respectively F|,, then {e; & f;};; is an orthonormal

basis of (E'® F)|(p,q) -

30



o If V,W are local sections of F resp. I, X;, € T,M and Y, € T; N, then

VER (VEW) =(VE V)& W(g) +V(p) @ VEW

where we implicitly identified T(M x N) ~ TM & TN under the canonical isomorphism.

One can observe that VE®F is compatible with (-, ->E®F.

TENSOR PRODUCT BUNDLE

Given two vector bundles (E, V¥, (-,-)g) and (F, V¥, (-,-)r) with the same manifold M as base space,
let E® F :=6"(E® F) where § : M — M x M is the diagonal map and ¢* the induced pullback of
vector bundles. We equip £ ® F with the canonically induced metric (-, -) pgr and connection VF®F,

which are characterised by the following properties:

o If {e;} and {f;} are orthonormal bases of E|, and F,, then {e; ® f;};; is an orthonormal basis

of (E® F)lp.

o If V,W are local sections of I, resp. F' and X, € T),M, then

VEEF(VaW)=(VEV)oW+VeoVk W .

One can observe that VE®F' is compatible with (-, ) pgr. Furthermore they agree with the pulled back
metric and connection under 9 .
SYMMETRIC TENSOR PRODUCT BUNDLE

Working with one vector bundle (E, VF, (-,-)g), we write E ®4 F := §*(E ®, E) for the subbundle of
FE ® E consisting of symmetric tensors equipped with the metric and connection obtained by restriction

of the ones on £ ® FE.

HIGHER ORDER DERIVATIVES

The constructions above give a meaning to higher order derivatives of sections of E given inductively as

(VI = TTMEOE o (g

where (VE)L .= V¥ .

We shall usually simply write (-,-) and V omitting reference to the underlying vector bundle.
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2.1.2 BUNDLE VALUED DISTRIBUTIONS

Given a vector bundle E — M, we write D(FE) for the space of smooth compactly supported sections.
We equip

pE)= U ox (E)

KCM compact
with the inductive limit topology, where each C2%(E) := {¢ € C°(E) :supp(¢) C K} is equipped

with the usual Fréchet topology induced be the semi-norms
o]l = sup{|V'é(x)| : =€ K, I <k}.

The space of generalised sections (or E-valued distributions) D'(F) is defined as the dual space of

D(E). We shall usually identify u € C*°(F) with an element of D/(E) via the canonical inclusion
C>*(E) — D'(E), u— Ty, ,

where Ty, (¢) := [;,(u(p), #(p)) £ d Vol, for ¢ € D(E) and d Vol, stands for integration in p with respect

to the usual Riemannian density.

2.2 JET BUNDLES

In this section we collect the definitions and basic properties of the jet bundle of a vector bundle
m: E — M where M is equipped with a scaling s and at the same time we fix notation used in the

sequel. For a beautiful exposition on jet bundles we refer to [Pal65].

2.2.1 DEFINITION AND BASIC PROPERTIES

Throughout this section we do not assume any structure other than M being a smooth manifold and
m: E — M being a smooth vector bundle.

For k € N,p € M we define an equivalence relation on C*°(M) by postulating that

f ~kp 9

if in some (and therefore any) s-chart (U, ¢) around p = ¢(0) € M and for all multiindices [ with
|I|s < k one has D'(f o ¢)(0) = D!(g o ¢)(0). We define

Ty M = C*(M)/ ~y

and denote by j}',f f the equivalence class of f € C®(M).
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For a vector bundle £ — M we define the space
JyE =C*(E)/ ~pip ,

where two section f,g € C*°(E) are equivalent with respect to ~g  , if in some (and therefore any)
smooth local frame {e;}; of E around p the component functions of f =", fle;, g = Y, g'e; satisfy
fi ~k.p g for each i .

We define J¥E = U, Jg‘E, which can be endowed with the structure of a vector bundle (c.f.
[Hir12, Chapter 2.3] or [Sau89, Chapter 6]) and is called the k-jet bundle of E. To any smooth section

f € C*°(E) one can associate the following section of J*E:
*fM—=JE,  pejif.

The map j* is called the prolongation map.

Remark 2.2.1. To make notation consistent one should write J¥(M x R), instead of J*M but we

shall usually opt for the latter for notational convenience.

Remark 2.2.2. Classically jet bundles are defined in the absence of a non-trivial scaling. But
since the scaling only causes minor modifications of the classical concepts, committing slight abuse of

nomenclature, we use the classical terminology in this setting as well.

Remark 2.2.3. The notion of jet bundles extends to fibre bundles, but the jet bundle of a fibre bundle

is only an affine space in general, c.f. [Sau89/.

Remark 2.2.4. In the absence of a scaling s, an equivalent condition for f ~y, g for two functions

f,g € C®(M) is to ask that for any smooth curve v: (—¢,e) — M such that v(0) = p, one has

95 (f o)(s)ls=0 = 95 (g ©7)(5)]s=0

for alln < k . This is not true in the presence of a non-trivial scaling s!

Remark 2.2.5. Let us mention an alternative characterisation of the space JIfM, resp. J]fE, for a

proof in the absence of a scaling we refer to the discussion in [Pal65, Chapter IV.2].
Forp=(p1,...,pn) € M let I := {f € C>°(M") : f(p) = 0} be the ideal of C**(M") of functions

vanishing at p. Identify I;; C C*°(M) in the canonical way and define I;’f as the smallest ideal containing

U @)

s>k

Then one can define Jﬁ(M) = COO(M)/f;f(M), which shows in particular, that J*(M) has a natural

algebra structure.
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Similarly for a vector bundle E, if one defines Z;f = I;]f -C®(FE) CC®(FE) , one can set
k __ (oo k
Jp (E) - C (E)/Zp )
which implies that JF(E) is a JF(M)-module.

PULL-BACK OF JETS

Let ¢ : M — N be a smooth map, the notion of pullback
@ C®°(N) = C*(M) , gr>goo,

induces a notion of pullback on jets. We define a map ¢* : JEN — J*M determined for p € U, ¢ = ¢(p)
by
O'los IV = UL G5 G0N = (e d) - (2.5)

Working on vector bundles £ — M, F' — N, let ® : E — F be a bundle morphism which restricts to
isomorphisms on fibres. Write ® = (¢, G) where ¢ : M — N is a smooth map and G(p) : El, — F|gp)
is an invertible linear map for each p € M, such that one can write ®(p,v) = (¢(p), G(p)(v)) for every
(p,v) € E. Such a bundle morphism induces a pullback ®* : C*°(F) — C*(FE) by

(®*9)(p) = G (p) (g0 0(p)) - (2.6)

One can thus define a map ®* : J*F — J*E determined by the fact that for any g € C*°(F) and

pe M, q=d(p)
o, : Jé"F — JZ’fE , j(];g — jj;(@*g) )

One easily checks that the maps introduced in (2.5 and (2.6) are well defined.

DIFFERENTIATION OF JETS

For V' a vector field in a neighbourhood of p the map
Vv JHE) = JiEmexisd(B), gk e lemasilyy,
is well defined. If V' is an s;-vector field, this can improved and the map
Vv s Ty (M) = JF(M), gy f e Ve S (27)

is well defined. This follows from a direct computation in charts, or alternatively from the fact that

in the setting of Remark [2.2.5|if r € Zzlf, then Vyr € Z,Lk_ﬁiJ. Given a global s;-vector field V, this
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induces a smooth map J*E — Jk—sil .

SCALAR VALUED JETS IN LOCAL COORDINATES

Let R? be equipped with a scaling s in the sense of [Hail4, Equation (2.10)] and denote by P polynomials
in indeterminates X7,..., X4 If M = U is an open subset of R?, we can and will identify J*M with
U x P*_ where P* C P denotes the space of abstract polynomials of (scaled) degree up to k and we
identify for f € C>°(M) l
=Y 0.
lils<k
Note that P* comes with a natural algebra structure, where the product is given by the usual product
on P composed with the projection onto P* and, for any p € M, this agrees with the algebra structure
on sz previously mentioned. We now investigate the notion of pullback of jets under this identification.

Let U,V CR™ and ¢ : U — V be a smooth map. For p € U, ¢ = ¢(p) one can express the map
Olo: gV = U, gl e gy (6°) =G5 (fed)

under the above identification of jets with polynomials as follows: Denoting by P(fqb the polynomial of
order k associated to the R%-valued jet quﬁ, the map ¢* is given by the algebra (bundle) morphism
{q} x P*¥ — {p} x P* determined by X; (P — p)i. Note that this map is not graded in general,
but upper triangular with respect to the natural grading on polynomials.

Remark 2.2.6. The fact that the map ¢*|, JfV — J}?U does not preserve the grading on polynomials
1s consistent with the fact that in the setting of smooth manifolds, the jet bundle is only a filtered bundle

as will be discussed in Section [2.2.2.

If (U, ¢) is a chart of M at p € U C M, then this induces a chart

Ofyg) : J*U = ¢(U) x P (2.8)

determined by 9?U7¢) : jgf > quﬁ(q)(qb_l)*f, where we can identify jg(q)(qﬁ_l)*f with a polynomial. The

smooth structure of JM agrees with the one given by such charts.

BUNDLE VALUED JETS IN LOCAL COORDINATES

We extend the previous discussion to bundle valued jets. Let M = U be an open subset of R? as before,
let E = U x R" be the trivial bundle over U, and denote by {e;}i=1, ., the canonical basis of R”. Then
we can and will identify J*E with U x P*(R"), where P*(R") = P*¥ ® R™ denotes the space of abstract

R"™-valued polynomials of (scaled) degree up to k. Note that P¥(R™) is naturally a P*-module. We
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thus identify for f=>"1", fi®e;

T 3b D2 A S
|I|s<k i=1 '

Let U,V ¢ R*and E = U x R?, F = V x R” be trivial bundles. Let ® : E — F be a
bundle morphism restricting to an isomorphism on fibres. Write ® = (¢, G) where ¢ : U — V and
G : U — GL(R™) are smooth maps such that ®(p,v) = (¢(p), G(p)(v)) for each (p,v) € E. Then the
pull-back map ®* : C*(F) — C®(E) is given on g = >_. g'e; € C*(F) by

(®*9)(p) =G () (90 6(p) =D (9" d)(p) G (p)(es) -

)

To describe the map
|y JIF = JVE . jiges iR (@)

for p € U, ¢ = ¢(p) explicitly, we use the algebra structure of P* and that Pk(R") is a P*-module.
Then, making the above identification of jets with polynomials and denoting for ® = (¢, G) by {g*’}, ;
the components of G~!, the map |, J;“F — J;fE is the unique linear map such that for every multi

index (

Xlejr (PFo—p)' - (PyG Ve => (P —p)' - (Prg™)e; (2.9)

(2
where P(fcb is the polynomial of order k associated to the R? valued jet Jq® and similarly for P;,“(G_l)
and Plf g,
Now suppose (71U, ®) is a local trivialisation of £, then this induces a chart 9%‘;,1[}@)  JE(rTWU) —

JE(p(U) x R") = ¢(U) x P¥(R™) determined by

e?w—lU,cp) : J}l;f = jfé(q) ((‘P*l)*f) ) (2.10)

where we identify jg(q) ((<I>_1)* f ) with a polynomial.
Remark 2.2.7. As in the scalar case one sees from the jet bundle is only a filtered bundle and
the maps in (2.10) are charts for the jet bundle.

DIFFERENTIAL OPERATORS

Definition 2.2.8. Given vector bundles E, F over a manifold (M,g) with a scaling s, we call A :
D(E) — D(F) a (smooth) kth order differential operator if there exists Ty € C°(L(J*E, F)) such that
A =Tyoj* . We denote by Dif,(E, F) the space of such differential operators.

Observe that if the scaling is trivial, this notion of k-th order differential operators agrees with the

standard notion, c.f. [Pal65, Section 3].
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2.2.2 GRADING ON JETS

In this section we observe that there is a canonical grading on J*¥E, if the underlying manifold M is
equipped with a Riemannian metric and E with a (metric) connection. Note that for each [ < k the
linear map px, : J*E — J'E, ¥ f s jlf is well defined, which turns (J*E)gey into a filtered bundle.

One then has a highly non-canonical isomorphism of vector bundles
JFE ~kerpy 1 ® Sprg—1 > kerpyp @ JE,

so that one can write

k
JEE ~ @kerpu_l ,
1=0

where we identify J1E = M x {0} and pg —1 : J°E — J~1E is the unique bundle morphism preserving
the base space. Thus, by choosing for each & an isomorphism ker py, 1 ®J k=1F — J¥E, one constructs
a grading on J¥M. It is natural to restrict our attention to maps which act on ker Pk,k—1 as the identity,

and thus it suffices to choose an injection
i1y JSIE = JRE

for which it is natural to further impose that py x_1 0 ip_1 4 = idJk—l(E).
We first discuss the case when £ = M x R is the trivial bundle and later turn to the more general
case. For p € M we define
ihrg s Iy M = I M (2.11)

as follows. Let ¢ be an exponential s-chart at p, i.e. an exponential chart at p which is also an s-chart,

then for f € C*(M) set

ik kGy ) = dgh
where h is a function satisfying
1. jF=1p = jh=1y
2. For any multi-index [ with |I|s = k, D'h(p) = 0.

Lemma 2.2.9. For each k the map ix_1 1s a well defined bundle morphism and furthermore it is a

right inverse of the map pr x—1, 1.€. Pik—1 0 tp—1k = id jr—1,.

Before proceeding to the proof, let us point out that in the vector bundle case, these two conditions
(respectively their naive adaptation) are in general not compatible as can be seen from the following
example. Let E' = TM, then in the same exponential chart (Vy, Vs, — V5,Vs,)f = R(01,02) f where

R denotes the Riemann curvature tensor.
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Proof. To show that the map i;_1 ; is well defined, it suffices to take h, in an exponential s-chart, to
be the polynomial of scaled degree k satisfying these conditions. To see that it is a right inverse of

Dk k—1, Dote that

Phg—1 0 th-1kih ' f = prp—riph =g th =il f

To observe that i;_1 j is indeed a bundle morphism, it remains to show that it is smooth. Fix some
point p € M, and let U C M be a neighbourhood of p, such that there exists an orthonormal frame of
TU consisting of s-vector fields. Fix such a frame (V1,...,Vy) and denote by 75 € (0, 00) the injectivity

radius of the exponential map at p € M. Denote by
¢ﬁ : Brz;((]) — M ()\1, ceey )\d) — eXpﬁ<)\1V1(]5), ceey )\dVd(ﬁ))

the induced exponential chart at p € U. Write N = {(p,q) € M x M | d(p,q) < rp}. It is well known
that N 3 (p,q) — (¢5) " '(g) is smooth.
Let O :={(p,q,vq) € U x JU | d(p,q) < 3} and define

PPUXIUDO = UxPr (5,0 = 05 (v,)

where 9’5 = (d); 1Y* is defined as in 1D Observe that ¥ is smooth, which follows from the fact that

the exponential chart map is smooth in both entries and the explicit transformation rule for jets in
charts from Section 2.2.11 We define
OF . JU - U xP*, (B, vp) — 5 (p,v5) .
Then i;_1 ; can locally be factored as
CORN

k— 1
LBy S LtV ARG SN TS BN SV VRN L e L Vi

and since all maps involved are smooth, the claim follows. ]

By defining for [ < k — 1 the maps 41 := 441 © ... 0 ix—1k, we have fixed an injection
J'M > ker p; 1) — JEM
We set (JEM); = i,k (ker p; ;1)) and obtain a (canonical) grading

JEM =PI M), . (2.12)
<k
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For k > [ we shall write Qf for the canonical projection
JEM — (JEM), ¢ JFM
which can explicitly be written as

QF =11 0 Prt — 11k O Pri-1 - (2.13)

Before we construct a (canonical) grading on the jet bundle of a genuine vector bundle E, we turn

to a short discussion about higher order covariant derivatives.

HIGHER ORDER DERIVATIVES

Denote by T* M the dual space of the tangent space of M. This space naturally decomposes as
T"M =T"M"®...0T*M" .

For a multiindex [ = (I},...,I") € N" define

l]s = ansili and 1] :== zn:li .
=1 =1

and define

(T*M)®Sl — ®(T*M'L’)®Sli :
=1

where ®; denotes the symmetric tensor product. For m € N set

(T*M)™ = @ (T* M)t

[lls=m

Define for a multi-index [ € N"
D':C®(M) — €™ ((T*M)®*!) respectively D':C™(E) — C®((T*M)*'  E) (2.14)
to be given as follows: For f € C*°(M) , respectively f € C*(FE)
D'f = vlllf’ (TM)®st >

where we implicitly use the canonical identification ((TM)®:!)" = (T*M)®s! . We define the map

k
DF:C®(E) —» (T M)™ ® E) f= > D'f. (2.15)
m=0 msgk
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Remark 2.2.10. Note that in the absence of a non-trivial scaling D* f = @51:0 vmf.

GRADING ON BUNDLE VALUED JETS

Once we have (2.14), we have a natural injection iy_1 : JF1E — JFE by setting, for any section
fecC>(E),
in—1k(iy ) = jkh

where h is a section of F satisfying
Loy th=gy""f
2. for any multi-index [ € N™ with |l|; = k, (D'h)(p) =0 in (T*M)f?sl QE, .

Remark 2.2.11. Note that in the case of the trivial bundle E' = M X R this definition of ir_1 agrees
with the one in since M x R is a flat bundle and thus D' = VI in this case.

Lemma 2.2.12. For each k the map ir—1 1 15 a well defined bundle morphism, and furthermore it is a

right inverse of the map py gp—1, i.€. Pgr—1 0 tk—1,k = id j-1p.

Proof. The proof proceeds similarly to the scalar valued case, but with some modifications. For p € M,
we again use 7, to denote the injectivity radius of the exponential map. Given an orthonormal basis

{eip} of Ep, we construct the following “special” orthonormal frame on B, (p) where for ¢ € B, (p)
eip(q) € Ey is obtained by by parallel translation of e; (2.16)

along the shortest geodesic connecting p to g. We denote by (I>]I§ the trivialisation of 7T_1(Brp (p) CE
induced by the exponential chart and the frame e; ,(-).
To show that the map ij_1 1 is well defined, it suffices to take h in the trivialisation @’; to be the

(unique) appropriate polynomial of scaled degree k and to note that in this trivialisation
gy th=iy '
is a condition on the part of the polynomial of scaled degree up to k — 1, while
(Dlh) (p) = 0 for each [ € N" such that |[|s = k

is a condition on the part of the polynomial of (scaled) homogeneity exactly k.

The map ir_1 1 is a right inverse of p ;1 since

Phgi—1 O i1 iy f = prg—1inh = jhth =t
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To observe that ij_1 x is indeed a bundle morphism, it remains to show that it is smooth. We proceed
by a slightly more elaborate version of the construction for the J¥M case. Fix some point py € M, and
let U C M be a neighbourhood of pg, such that there exists an orthonormal frame of TU consisting of
s vector fields and an orthonormal frame of 7= 1(U) C E. Fix such frames {Vi(p),...,Va(p)} of T,M
and {ep1,...,epm} of E|, and denote by r, € (0,00) the injectivity radius of the exponential map at
p. Denote by

¢p: Br,(0) = M, (A1,...,Aq) = expp(MVa(p), ..., AaVa(p))

the induced exponential chart at p € U. Write N = {(p,q) € M x M | d(p,q) < rp} and recall that
N 3 (p,q) — (¢p) " 1(q) is smooth.

Denote for (p,q) € N by epi(q) € E4 the vector obtained by parallel translating e,; to ¢ as
in and note that the maps e; : N — E, (p,q) — €p,i(q) are smooth by construction. Write
®p, : 7 1(By,(p)) = By, (0) x R" for the induced trivialisation.

Let O == {(p,q,vq) € U x 7= 1(U) | d(p,q) < 1} and define

U U x JU DO = UxPHRY),  (p,vg) — 05(vg)

where 0’; = (¥, 1)* is defined as in (2.10). Observe that the map ¥ is smooth, which follows from

the fact that the exponential chart map as well as the maps e; are smooth (in both entries) and the

explicit transformation rule for jets under change of bundle trivialisations (2.9) . We define
0F - JU = U xP*, (p,vp) — TF(p,v,) .

Then ij_1 j, can locally be factored as

— ky—1
T S Pl ) 85 U x PRURY o U x PRRY S SR ) ¢ JRE

and since all involved maps are smooth, the claim follows. O

Exactly as in the scalar valued case, we set 4; , := 4,41 0...04,_1 ) and thus single out a “canonical”
injection

J'E > ker py 1) — JE

Set (JEE); := i1,k (ker p ;1)) to obtain a grading

J'E = PIFE), . (2.17)
<k
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For k > [ we shall write Qf for the associated canonical projection
JEE — (JFM), c JFE |
which can explicitly be written as
QF =11 0 Prt — 11k O Pri-1 - (2.18)
We define a map .
D;:JE" - (PT*M)"®E
m=0

as the unique bundle morphism such that the following diagram commutes

C>(E) z JFE

— s

DE
Do T"M)" O E

5

where DF was introduced in (2.15). We recover the following (in the non-scaled setting classical) result,
c.f. the Corollary after Theorem 7 in [Pal65, Chapter IV. 9]. The result also substantiates the claim

that the grading constructed above is “canonical”.
Proposition 2.2.13. The map D* is well defined and an isomorphism of graded vector bundles.

Proof. We first construct and show uniqueness of the map D]; which makes the following diagram

commute.
-k
Jp

C>(E)

k
JKE

_ Dk
m lp

k *
@m:O(Tp M)k ® E|P :

Indeed, existence, uniqueness and the fact that D’; : @fnzo JI]fE — (TyM )¥ ® E|, is an isomorphism
follow from the fact that ker j}lj = ker D’“]p as can, for example, be seen by going to an exponential
chart at p. It follows directly from the construction of the grading that D’; is graded.

To see that the thus defined map D* with the property Dk|p = D’; is indeed a bundle morphism,
it suffices to check smoothness. This can for example be seen similarly as in the smoothness part of

the proof of Lemma [2.2.12] by using a map 6 defined in a neighbourhood of p. Alternatively it follows
directly from [Pal65, Chapter IV.3, Theorem 3]. O

We fix the scalar product on J¥FE making D* an isomorphism of inner product bundles.

Remark 2.2.14. Let (U, ¢) be an exponential s-chart at p and denote by J; the coordinate vector fields.
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Then one sees from the above construction, that

g fln = 1Qnip /] S sup (Va,, 0.0V, f)(p)|
deg(&il ,...,aim):n
= s (VB o DO

deg(0iy -+,0ipy, )=n0
for every f € C*(E) .
The following is a direct consequence of the preceding discussion.

Corollary 2.2.15. For a point p denote by ¢, s-normal coordinates in a neighbourhood U of p. Then,
the map 0, := (¢;1)*\J5M is graded with respect to the grading introduced in . Similarly, in
the vector bundle valued case, denote by ®, a trivialisation of 7 Y U) C E constructed as in
from an orthonormal frame {e;,}; of E|, and an underlying s-exponential chart. Then the map

0, := (9,1

» )*|J];§M is graded.

Remark 2.2.16. Note that the search for a canonical map ir—1j in this section is equivalent to the
search for a canonical splitting of the jet bundle exact sequence

0 —— (T*"M)F @ E —— J¥(E) 2225 J=1(E) —— 0,

c.f. [Pal65, Chapter IV, Thm. 1]. A differential operator A € Dif,(E, T*M)* ® E) such that T4 splits

the jet bundle exact sequence is called a kth total diﬁerentialﬂ The operator

A=( > D) :C®E)—=C®(T"M);®E),
leEN™:|l|s=k

where D' was defined in , has this property.

2.2.3 INFINITE JET BUNDLE

At this point it is natural to introduce the infinite jet bundle J*°E as the inverse limit of the inverse
system of vector bundles (JkE,ka)l’keN; 1<k It is straightforward to see that (JkE,pkyl)l,keN; 1<k is
a perfect inverse system and that there is a canonical isomorphism J°E ~ C*(E)/ ~c  where the
equivalence relation ~ , is defined analogously to the relation ~y ;, introduced in Section This in

particular implies that for each k& € N there is a unique projection

Poo s JFE — J'E

3Tt turns out that in the setting of a trivial scaling, kth total differentials can be characterised as exactly those
differential operators A whose symbol, c.f. Section is given by o1 (A)(vp)(ep) = v5* @ ey, see [Pal65, Chapter IV.9,
Thm. 5].
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such that the family of maps {poo i }ren satisfies the identity poc; = Pook © Pry for all I < k. The
analogous statement also holds for the maps iy .
In particular, it follows that the maps {Qf }rien introduced in extend to a map Q; : J°FE —
JFE given by
Q1 = 1,00 © Poo,l — H—1,00 © Poo,i—1 - (2.19)
We define the spaces (JE); = Q;J*°FE, which come with a natural scalar scalar product induced
from the one on J*E . We define the graded space

o0

JE = (PE)m

m=0
which in view of Proposition [2.2.13is canonically isomorphic to @;._(T*M)™ ® E. Note the strict

inclusion JE C J*E.

Remark 2.2.17. The reason for introducing the space JE C J®FE is that working with J*E would
introduce non-trivial convergence considerations in subsequent sections, while this can be circumuvented
on JE. In principle it would have been possible to work with J*M for some big enough k € N throughout
this article, but our decision to work with JE seems more natural from the point of view of [Hailj|], as
JpE is the canonical analogue of the space of polynomials of arbitrary but finite degree at p, while J;°

allows for infinite power series.

Remark 2.2.18. From now on we shall use the notation
jpf = Jgof )
since this will make many expressions less cluttered. Note that j,f ¢ J,M in general, but this will

cause no confusion, since the space J°M will play no role from Section onwards.

Remark 2.2.19. One can see that JE and JM Q@ E are canonically isometrically isomorphic, since it
follows from Proposition that for each k the vector bundles J*E and J*M @ E are isometrically
isomorphic.

2.2.4 JETS AND ANALYTIC BOUNDS

We make some remarks on the growth of a function f depending on its jet j}; f.

Lemma 2.2.20. Suppose W = (W1,...,W,,) is a tuple of s-vector fields defined on By(p). Then there

exists a constant (depending on W), such that the following bound holds uniformly over f,g € C>°(M)
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satisfying j;;f = j;fg

[(Vwy - Vw, £)(@) = (Vi - Vi, 9)(g)]

|k+1—deg, (W)|V0 H| j.Lk+maxz-siJvdeg(W)( f—yg

SW ds(p7Q) )‘HLOO(Bl)7

where deg,(W) was defined in .

Proof. We show the claim for | j;f fl=1 jéf f| =1, the general case follows from linearity. We begin with
the case n = 0: Let h = f — g, since j]],fh = 0 the discussion in this Section implies that in any
s-coordinate chart (U, ¢) around p the Taylor polynomial jg(p)(h o ¢~ 1) of order k vanishes. Thus it
follows from [Hail4, Prop. Al], that one has a bound of the form |ho ¢~ 1(z)| < |z — ¢(p)|F*+?, which
in turn implies the bound. In the bundle valued case the same argument applies replacing the s-chart
(U, ¢) by a trivialisation.

If n > 0, note that j%k_degs(W)J (Vw, ---Vw,h) =0by 1} and thus the claim follows as above. [

2.2.5 ADMISSIBLE REALISATIONS

In this section we define a notion of “admissible realisation” of JE for a smooth vector bundle F
which will lay the groundwork for defining the analogue of the polynomial regularity structure. In
short, an admissible realisation of JE associates to each element v € JE a concrete function. We
shall first define admissible realisations on J*E and obtain admissible realisations of JE by a (soft)
limiting argument. The only place where more than the smooth structure on FE is needed is when

formulating quantitative analytic bounds on admissible realisations (Lemma [2.2.25] Lemma [2.2.29| and
Lemma [2.2.30)).

Definition 2.2.21. We call a map R* : J*E — C®(E) an admissible realisation of J*E if the following

properties are satisfied:
e For each p € M, the map Rk|Jzz)cE is a right inverse ofj;f, i.e. j;f o Rk\JgE = id]JgE.
e The map R* is linear on each fiber of JXE.
e The map J*E x M — E, ((p,vp),q) = R¥((p,vp))(q) is smooth.

We shall often just write R*(v,) instead of R¥(p,vy) or R%lp(vp).

Let F'+— N be a vector bundle and ® : £ — F bundle isomorphism. Then the notion of pullback of
sections ®* : C*°(F) — C*°(E) induces the notion of pullback ®* : JF — JE discussed in Section [2.2.1]

This in turn induces a notion of pullback of admissible realisations.
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Definition 2.2.22. Let ® : E — F be a bundle isomorphism and RF be an admissible realisation of

JF, then ®*RF is defined as the unique map JE — C®(E) such that the following diagram commutes

L3 AN [} )

Rkl lcp* RF

C>®(F) —2 C>(E)

Note that this diagram defines the map ®*E* uniquely and that the smoothness and linearity
conditions in Definition [2.2.21| are trivially satisfied. To conclude that ®* R is an admissible realisation,
it suffices to observe that for p € M, v, € J,E one has j]’,f(@*Rk(Up)) = vp, . Indeed, writing p = ¢(p),

one has
Jp((®*RF)(vp)) = G5 (®*(RF((@71)*vp))) = @A RF(71) vp) = @ (™) vy = vy

Remark 2.2.23. One can see that the notion of pullback of admissible realisations also makes sense if

® = (¢, G) is a bundle morphism restricting to isomorphisms on fibres and such that ¢ is an immersion.

Proposition 2.2.24. For any vector bundle E — M and any k € N there exists an admissible

realisation of J*E.

Proof. Let us fix some function 1 : C2°(B1(0)), such that ¢|p, ) = 1. For r >0 we denote by 1, the
map given by 1,(x) = 9(¥) and extended to be vanish outside of B,(0).
First assume that V C W C R? are such that dist(V, W¢) > r for some 7 > 0. Then we define the

map,

Ry, : V x PFR™) = CZ(W) @R, (p,vp) = ¢r(- = p)(ILpvp)(-)
where II, is the map that maps an abstract polynomial in Pk(R") to the corresponding concrete R"
valued polynomial function centred at p. Note that
1 j;,va,W,r(vp) =uvp forallpeV,
2. the map Ry w, is C>°(V)-linear,
3. the map J¥(V x R™) x W — R™, ((p,vp),q) — Rv.w.(vp)(q) is smooth.

Now we construct an admissible realisation on an arbitrary vector bundle E — M. Let {(U;, ¢;) }icr
be a locally finite atlas of M such that there exist V; C ¢(U;), satisfying dist(V;, ¢(U;)€) := r; > 0 and
M = J; ¢; 1(V;) and such that there exists a partition of unity ¥; : M — [0, 1] subordinate to the
cover {V;} as well as trivialisations ®; = (¢;, G;) of 7~1(U;). Then we define R* : JE — C>®(E) by

the following formula:

RF(p, v,)( Zu& ) ®F Ry, 0 (031 (050)) (q) (2.20)
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where 0% := (&, 1) : J¥(771(V)) — V x PFR™) .
Next we check that this is indeed an admissible realisation. The second and third condition in

Definition [2.2.21] follow directly from and above. For the first condition note that one has
j}]; ((I)?R‘/i,%(Ui),ﬁ(((I)i_l)*vp)) = Up,

by definition. Thus it suffices to show that, if f, fi,..., f, are smooth sections of a vector bundle
defined in a neighbourhood of p € M satisfying j{; = j}’jfl =...= j;ffn and 71, ...,7, are smooth
functions satisfying > ; 7 = 1 in a neighbourhood of p, then

jﬁ(mei) = jﬁf :
i1

But since this holds on the trivial bundle R% x R™ it follows in the general case. O

The next lemma contains bounds which are used for the construction of the analogue of the

polynomial model. Assume that M is Riemannian and (E,V, (-,-)) is as in Section and recall for
k > [ the map Qf : JFE — (JFE); from 1|

Lemma 2.2.25. Let RF be an admissible realisation of J*E. For every compact set K C M the bound

Qi R(0p)lm S ds(p, )™ gl

holds uniformly over p,q € K, m,n <k and v, € (JI’,“E)“.

Proof. Let (U, ¢) be a chart around p and ® a compatible trivialisation of 7=1(U). Note that it suffices
to show the claim for ¢ € U, by continuity and compactness if follows for ¢ further away from p. Since
(@~ 1)*R(vp) is a smooth function on ¢(U) vanishing of order n at ¢(p), it follows that the coefficients
in front of monomials of homogeneity m of the abstract polynomial jfz(q)(q)_l)*R(vp) vanish of order

n —m. Since the map ®* is upper triangular, the same is true for jé“R(vp). O

Definition 2.2.26. We call a family of admissible realisations {R¥}ren for JFE consistent, if for each
k> 1 and each map py, : J*E — J'E introduced at the beginning of Sectz’on one has the identity

Rl = Rk Oka .

We call a map R : JE — C*(E) an admissible realisation of JE if there exists a family of admissible
realisations { R*}ren of JFE such that for each k > 1 one has the identity

Rl(yp), = R* o pociil ), - (2.21)
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Remark 2.2.27. Note that there is an obvious one to one correspondence between consistent families
of admissible realisations of {J*EY., and admissible realisations of JE. In particular every consistent

family of admissible realisations gives rise to an admissible realisation of JE.

Proposition 2.2.28. For any vector bundle E — M there exists a family of admissible realisations

{RF},. which is consistent and therefore there exists an admissible realisation of JE.

Proof. In view of the previous remark it suffices to show that there exists a consistent family of
admissible realisations. Note that the admissible realisations constructed for each k£ € N in the proof of
Proposition would form a consistent admissible realisation, if we could replace each Gf by 6° in
equation . To this end, define for V, W as in the proof of Proposition and any sequence
{rn}nen such that d(V,W¢) > r, for all n the following partial map

RV,VV,{T"}neN : JOO(V X Rm) —> COO(W) QR R™

which on J(V x R™),, C V x P(R™) agrees with Ry w.,,.
Now the point is, that depending on the chart maps and trivialisation (U;, ®;) one can choose

sequences {7y, ; }nen such that no convergence issues arise when setting k& = co and replacing Ry, .U

by RViy(bi(Ui)v{'rn,i}neN in (2.20). O

Note that the bounds obtained for admissible realisations of J*FE in Lemma [2.2.25| translate directly

into bounds for admissible realisations R of JE.
Lemma 2.2.29. Let R be an admissible realisation of JE. For every k € N and K C M compact,

there exists a constant Cy g such that for all n,m < k the bound

’qu(Up)‘m S Ck,de(pa Q)(n_m)VOWp‘ (2.22)

~

holds uniformly over p,q € K and v, € (T, E)s, .
We point out the following direct consequence of Lemma [2.2.20)] .

Lemma 2.2.30. Let R,R be two admissible realisations of JE, then for every compact set K and

neN

[R(1p)(@) = R(1p)(@)] S o I71ds(p, )"

uniformly over p,q € K, 7, € (J,E) <, .

FURTHER CONDITIONS ON ADMISSIBLE REALISATIONS

We point out that the notion of admissible realisation is rather general and depending on the context

one might want to impose further conditions such as the following.
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1. Recall, that JM is has a natural algebra-bundle structure. Thus one might want impose that
R is an algebra-bundle morphism. Indeed, the existence of such admissible realisation is clear:
since given any admissible realisation R of JM one can simply define R fibre wise as the unique

algebra morphism satisfying R(1,) = 1 where 1, := j,1 € (JMy)o and R|( ), = R(JM)I.

2. Recall that JF is naturally a JM module, i.e there is a fibre wise multiplication. Suppose one is
given an admissible realisation R of JM which is a bundle algebra morphism. Then, one could
restrict attention to admissible realisations R of JE which are compatible with this multiplicative

structure, i.e. such that the following diagram commutes

IM®@JE —"—— JE

Rof| lﬁz

C®(M) ® C®(E) —2 C®(E) .

3. More generally, given two vector bundles E and F, recall that in general there is a canonical
product
m:JE®JF - JEQF),

specified by the fact that for e € C*°(F), f € C*°(F) one has
Qrile®g) = > m(Quje,Qmif) -
k=m+n

Similarly to above one might restrict attention to admissible realisations R, R’ and R” such that

the following diagram commutes

JE®JF —™ 5 J(E®F)

R®R/i JV R

CP(E)RC®(F) —— C*(E®F) ,
where the lower arrow denotes the pointwise tensor product.

4. Observe that for any vector bundles F, F', the canonical trace map tr: £ @ E* ® FF — F extends
to a trace map tv: J(F ® E* ® F') — JF on jets, where the latter is characterised by the fact
that for g € C*°(F ® E* ® F') one has ttjg=jtrg .

For a fixed manifold M, we give a universal construction of an admissible realisation for any vector
bundle (with a connection) such that the above properties are always satisfied. First, for a vector

bundle £ — M, recall the isomorphism JE ~ JM ® E.

1. Fix a multiplicative admissible realisation R as in Point [l| of JM with the property that

supp(vp) C By, for all v, in J,M where r,, denotes the exponential radius at p.
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2. For e, € E|, denote by e,(-) the vector field obtained by parallel transport as in ([2.16]).

3. Define R: JE ~ JM ® E — C*(E) by

JM x E — C>(E), (vp €p) = R(vp)()ep() -
It is straightforward to check that the above properties are satisfied.

2.3 REGULARITY STRUCTURES AND MODELS ON VECTOR BUNDLES

As already seen in the introduction, when solving equations such as (2.134)), we need to work with

several vector bundles simultaneously. In order to do so we first introduce some convenient notion.

2.3.1 MAPS BETWEEN FAMILIES OF SPACES

For a family of vector spaces or vector bundles V' = {V;}ic; we shall write v € V' to mean v € |J,; V;.

Given a second family W = {W;};c; and a map o : I — J we define

Lo(V,W) = [ [ LV, Wo) = [ [ Woy @ V7', Lo(ViW) = [[Wo @V (2.23)
i€l i€l i€l

Given A € L,(V,W) and v € V, we write Av to denote A;v, where i € I is the index such that v € V.

(In particular v € V; implies that Av € Wo;.) For a third family U = {Uplrer and o’ : K — I

and B € L,/ (U, V) the composition AB € Lyo,(V, W) is defined by component-wise composition, i.e.
(AB)r = Ao (i) © Bg.

Furthermore, if the index sets agree, i.e. I = J and o = id, we simply write L(V,W) and

I:(V, W) instead of Liq(V, W) and Liq(V, W). We use a similar notation for spaces of sections, such as

D(V) ={D(V;)}ier and D'(V) = {D'(V;) }ier for vector bundle valued test functions and distributions.

Remark 2.3.1. We shall sometimes also use the notation L(V, W) where V is a family of vector
bundles, while W is only a family of vector spaces. In this case we implicitly identify W; with the
trivial bundle over one point and mean L(V,W) := L(V,W).

Remark 2.3.2. In this article, when working with the notions introduced above, we shall often work

with finite families of finite dimensional vector bundles. In this case one has the canonical isomorphisms

Lo(V\W) =~ P Wiy @V, Lo(V.W) = P Wy @ V"
el el

2.3.2 REGULARITY STRUCTURE ENSEMBLE

We henceforth assume that the manifold M is equipped with a Riemannian structure and any vector

bundle £ — M is equipped with a metric and compatible connection as in Section [2.1.1]
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The appearance of several vector bundles in equations motivates the definition of a regularity

structure ensemble.

Definition 2.3.3. Let M be a smooth manifold, a regularity structure ensemble consists of an indexing

set £ and a triple T = ({E'}iee, {T' hee, L) consisting of the following elements:

1.

4.

For each t € £, E' is a finite dimensional vector bundle over M equipped with a metric and a

compatible connection.

For each t€ £, T' = ®(a,6)eAxA T;‘M; is a finite dimensional vector bundle over M bi-graded by

ACR and A C RU{+o00} which are bounded from below, discrete sets.
The bundle TS’: = @sep I} 5 comes with a canonical isomorphism T§ ~ E*.

For every o € A the bundle TC"%OO is trivial.

5. L is a sub-bundle of ﬁ(T, T) such that for every p,q,r € M composition maps Ly, q X Lg, to Ly .

Remark 2.3.4. Let us elaborate on the definition of a reqularity structure ensemble:

o The spaces T* and the A-grading play the same role as in [Hailj)]. A model, c.f. Definition

shall turn elements of T* into Et-valued distributions. The second grading /\ plays the role of
“precision”, c.f. again Definition and the definition of a model in [DDD19]. In contrast
to [DDD19] we allow different values of § for different elements of T, this is natural when

introducing products on regularity structures, c.f. Section[2.5, and when renormalising models,

c.f. Section |2.20.6]

The isomorphism Point (@ is crucial when extending non-linear functions on the vector bundle
Et to functions on Tt c.f. Section . (Using the vocabulary introduced below, T¢ will always

be part of a “jet sector”.)

The reason that the action of L on T* is in general not lower triangular in A stems from the fact

that when § < 400 an additional “higher order” term appears when lifting singular kernels, c.f.

Section [2.6 and in particular Remark[2.17.9.

Remark 2.3.5. In order to lighten notation, whenever we write 1, € TC"M; the subscript p signifies that

Tp belongs to the fibre of Toth(; above p € M.

Remark 2.3.6. We set T} := @ycp Tt s and T's = @ocn T) 5. For v € R we introduce T :=

@a<7<5 T;(S . Lastly, for a € A we define the canonical projection maps Qo : T — T(i:.

Analogously to [Hail4, Def 2.5], we can define what a sector of a regularity structure ensemble is.
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Definition 2.3.7. Given a regularity structure ensemble T = ({E'}iee, {T iee, L), a sector ensemble
of regularity o € R* and precision 6 € R U {+oo} is a family {V'ce of bi-graded subbundles

V= @a’eA,zS'eA VY o CT  with VY, 5 C TV, 5 satisfying the following properties for each t € £
o Vot/’é, =M x {0} C T;,’é/ whenever o < o, or ¢’ < 4.
e For allp,g € M and allT" € L, , one has 1}),(11/(]’L C V; .

o For every o/ € A, §' € A, there exists a subbundle V', 5, C T, 5, such that
T(J;/,(S’ - VOE’,(S’ @ ‘_/05175/ .
As usual in the theory of regularity structures, we call the bundles V' sectors of reqularity ay. If o =0,

then the sector (or sector ensemble) is called function-like.

Definition 2.3.8. We say that a regularity structure ensemble T = ({E*}iee, {T }see, L) is contained
in a reqularity structure ensemble T = {EYca {Tt}tei" L) if

e one has £ C £ ,
e for each t € £ there is a graded injection ¢ : T — Tt,
o the spaces /Tt C Tt are sectors and t™ Yo Lov= L.

Before we turn to the definition of a model, we introduce the following useful space of test functions.

Let V'— M be a vector bundle (equipped with the usual structure), for r € N, A € (0,1),p € M let
T o0 . 1
BV = {6 (V) | supp(é) € Balp) , 7 0lullim < g forall k<) (2:24)

We shall often write B;’)‘ or BI’J\ instead of B;’)‘(V) if r resp. V is fixed. Furthermore, instead of just
writing ¢ € B{,’)‘, we shall sometimes use the notation ¢1))\ to emphasise A € (0,1] and p € M. Lastly,

we use the usual notational convention for families of vector bundles.

Remark 2.3.9. Instead of requiring bounds on the jet of a section, one could require bounds on
the (covariant) derivatives in . This is equivalent, as can be seen from the discussion around

Proposition [2.2.13

Remark 2.3.10. We point out the following useful property of the spaces B;”\. For every c € (0,1)
there exists N € N, such that the following property holds: For each p there exist N points p1,...,DpnN,

such that each qﬁl))‘ € B};’)‘ can be written as

N
A A
b= ¢,
i=1
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where d)‘»‘ € By, X The points p; € M can furthermore be chosen to satisfy ds(p,pi) < A.

Remark 2.3.11. Fix some constant D > 1 and K C M compact, observe that there exists a constant

C = C(D, K) such that uniformly over \ < D, p € K and d(p,p) < D one has
¢y € CByP™ .

Remark 2.3.12. Let {e;}; be a frame of m=1(U) C V. Then there exist C,C’ depending on this frame,
such that
=Y oyl € BYNV) = ¢yt € CByNM) for all i

and

PeBpMM) foralli = ¢y = ¢le; € C'ByNE)
Definition 2.3.13. A model for a regularity structure ensemble T consists of a pair Z = (II,T'), where
e II is an element of L(T,D'(E)) (in the notation of Remark ,
e I is a continuous section of L.

Furthermore, a model is required to satisfy the following analytic conditions for every t € £, compact

subset K € M and for allp,qe K, a € A, € A and 7, € (Tp);,af
‘HPTP((bp) Sk.a A Tplas
2. |TpqTqlp Sk ds(p, Q) PV 7|, for all B € A and p,q € K,
S [(ILpLpg7g — HqTq)(%) ~ Ko /\5|Tq‘a forp,q € K,

um’forml over A € (0,1) and qb]’g\ € Bg”\(Et) for fized r > |min A|. We denote by M the space of all
models for T.

From now on, whenever we are working with a regularity structure or regularity structure ensemble

we implicitly fix some integer r > |min A|.

Remark 2.3.14. In practice models usually satisfy for 7, € T§
My7p € C®(EY), I,7p(p) =7 ,

where the second equality makes use of the canonical isomorphism TS ~ E' in Definition .

Remark 2.3.15. Given a regularity structure T = (E,T, L) such that the bundles T, 5 are all trivial,
one can reformulate the notions of a reqularity structure and model in a way closer to the definition in

[Hai1j)].

4Here it is understood that AT = 0 for all A € (0,1).
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1. For eacha € A, § € A, let N5 € N and {%375}1-6{17“.’]\/ ! be a global frame of Ty, 5. Define the

vector spaces Ta’ =span{7. s :i=1,...,Nos } and
P =P ns .
a,d

2. Then, let L consist of all linear maps [ :T — T such that there exist p,q €M and 'y, € L such

that for every 7 € T one has
(T7)(p) = Tpq(7(a)) - (2.25)
3. Given a model Z = (II,T") for T this induces the maps

(a) I: M — L(T,D'(E)) given by

1:I;zﬂ: =11, (7(p))

(b) T: M x M — L is the unique map such that each p,q € M and 7 € T the term <I~‘p’q7-> (p)
agrees with the right-hand side of (2.25)).

The bundles Tt appearing when treating singular SPDEs will in general only be trivial if the jet bundles
JE' are trivial.

Whenever M is a compact manifold, it is possible to artificially put oneself in the setting of
Remark by enlarging T, s since every vector bundle over a compact manifold can be seen as a

summand — with respect to the direct sum of vector bundles — of a trivial vector bundle.
Next we introduce semi-norms on models.

Definition 2.3.16. Given a regularity structure ensemble T, we introduce the following “seminorms”

on models Z = (II,T):

e Forc>0 and a compact set K C M, let

|II||c, := supsup sup sup sup sup -
A<c teL peK a€ATyETY ; g™ A%|7p|

We also write ||II|| x := ||I||1,x -

e Define

Iypqm
||| s := sup sup sup sup | piq—qﬂm\/o ‘
te€ p,geKds(p,q)<l o,BEA T, €TY | ds(p, q)(a ) |7_q|

o Set

IL,I" —1II
[Z]c,x :=supsup sup supsup sup sup (L, p’qTq5 70)(®)
A<c te€ pgeK a€ASEN 74€T) § peBi? A ’Tq|

and, as before, [Z]k = [Z]1,k -
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We set | Z|ex := |U|le.ic + Tl i + [Z]exc. Similarly, we define for a second model Z = (11,T)

A<c p,qu OKGA(SEA lqEZ 5 EBT A )\6|7- ‘

and set |Z; Z)lex = | = lleic + |0 = Tllx + [Z; Z]e xc-

The following technical lemma will be useful in the sequel.

Lemma 2.3.17. Let Z = (1:[, f‘) be such that for each compact set K C M, there exists a constant cy,
such that properties (1), (2), and (3) of Definition are satisfied for A < ck, or equivalently, for
each K compact there exists cx > 0, such that ||Z||CK,K < oo. Then Z is a model. Furthermore for

every C > 0 the bounds
1205 Sceg 1 2llepx s 112520k Soeg 12 Zler i

hold uniformly over models Z, Z satisfying 1Zlc,. 5 V HZHch{ < C, where K is the 2-fattening of K.
Proof. We check the required bounds separately:
1. Note that the bound on I', ;7 holds by assumption.

2. Next we check the bound on II. We use Remark with ¢ = cx and decompose ¢I),‘ € BIT,’)‘ as

qbl))‘ = vazl ;‘f)‘. Thus we can write for 7, € T;ﬁ, p,q € K, A€ (0,1)

A
L7 (05 )

-

()] <

=1

Y A
|(Hp7p — ILLp, p7p)( o)+ 1L, L, p7p( o)

-

Il
R

K2

<[ Z]ep g7l N - (X’ + 1T g ITN & 170l D0 ds(pin )@Y (cg A)P
i BeA
Sex ([Z]e, i + e g TN )70 A

where we used the fact that ds(p;,p) < A. Observe that the obtained bound is uniform over
peEK,acA T, sand A€ (0,1), ) € By . Thus

Ml Seg [2]eie,m + 1M &IN5 -
Similarly one finds for a second model Z = (II,T)

T =Tk 17 Z] ey i + I = Tllege g ITN & + 1T 1T = Tl -
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3. We proceed similarly to obtain the desired bound on II,7, — II,I'; ,7,. We treat only the case
A > cg, since for A < cg the desired bound holds by assumption. W.l.o.g assume 7, € T, 5 for

0 < 400, then

Y
(Igmg — T 47g)( ;f{ )

M-

@
I
—

(Igrg — Hpr,qTq)(Gf););) =

Y
(Ig7q — I, I'p, g7g)( ;f{ )

I
,MZ

@
Il
—_

)
(H sz,pFPqTq_Hpr,qqu zcof,( )

'MZ

s
Il
—

Y
+ > (W, Ty g7q — Hp, T, pLp g T)( )

-

s
Il
i

(a) The summands of the first sum can bounded as follows:
A
|(Mg7g — Ty, T, q7a) (6557)| < [Z]e, & 17I(egA)°
(b) For the summands in the second sum one has

)\ -
|(Hp,L'p; pL'p,aTg — UpL'paTg) (p CK )| < Z |y, L'y, pQpLp g7 — pQﬁanTq)(@iﬁ{ )
BeEA

< [[Z]]CR,K Z |Q5Fp,q7q|(cf(>\)6
B

é
Sk 2] m TN lmgl(cgA)
(¢) For the summands in the last sum we use the following very crude bounds:

A
T, L'y, q7q (Sp )| < HHHIKZ ’Qﬁrpquq’(cKA)
B

)\min A

Sk Ml 71Tl k7]

Sk Mo 71T Irgle™ 470N

é
SK,CK ||H|‘CR,K||F||K‘TQ|)‘

where in the last line we used that A™"4 < cI“I—(m’L‘_‘S)\‘s for A > ci. Very similarly one

obtains

A é
0y, T p Lo Ta (05 ) Skeere Ml & lIT 117l A

Cis

for A > c.
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Putting this together,

(g = WpTpam) ()] Sere. ikt U+ TN [ Z)eg & + Il & IT1 )17l A°

holds uniformly over p,q € K, 7, € (Tq);é, and A € (0,1), qb]); € B;’)‘ .

For the last claim, if Z = (ﬁ, f‘) is a second model, one similarly finds

12 20 i SIT = Pl (120 i + Ml T

+ (4 1P (12 2o + 0= T T + 1L 1T = Fl)

O]

Next, we make the following useful observation, which holds in the flat setting as well, though is

less important there.

Lemma 2.3.18. Fiz a reqularity structure and a model. For D > 0, denote by KP, the D-enlargement
of any set K. Then, for every compact set K C M uniformly in p € K and p € K satisfying
d(p,p) < DX as well as 7, € T,,. and QSZ);‘ € B;’A

1,7 (¢3)| <o (Il ko IV 0 + [Z] 0 ) I7pIA
for X € (0,1). For any second model Z = (II,T") the analogous bound
(1~ 15,) 7(63)] S (I = Wl sy [Tl sy + T gep T = Tllep + 23 Z] ge0) 175 A%
holds.

Proof. First assume A < %, then

Hpr(¢%) = (p7p — Hﬁrﬁ,pr)(ﬁ%) + (Hﬁrﬁ,pr)(ﬁbg)
= (Ip7p — Hﬁrﬁ,pr)@%) + Z(HﬁQﬁrﬁ,pr)(%‘)
B

S [Z]ko |2 + [l go Y 1QsT5pmpIA
8

S 21k |l + 10 g Tl o] 3 (DAY VNS
B

A similar calculation works the second part of the claim for A < %. The general case follows along the

lines of the proof of Lemma [2.3.17] O
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JET REGULARITY STRUCTURES

We define jet regularity structures in the case |£| = 1 and use the obvious adaptation for cases |£| > 1.

Definition 2.3.19. For a vector bundle E — M, an E-valued jet reqularity structure T := (E,T,L) of
precision 0o consists of a bi-graded finite dimensional subbundle

T= ®a€A,6€A TW; C JE where

e A CN and for every a € A one has Ta,; = @6€A TW; = (JE)q, where the grading on JE was
introduced in .

e The isomorphism Ty ~ E is the canonical isomorphism Ty = (JE)y ~ E.
o L consists of all maps satisfying the properties in Deﬁnition Point .

An E-valued jet regularity structure is said to be of precision &y if it satisfies A = NN [0,dp) and
A C [6g, +00]. It is called the standard E-valued jet reqularity structure if AN = {dp}.

Now we define the analogue of the polynomial model.

Definition 2.3.20. Let T := (E, T, L) be an E-valued jet reqularity structure. An admissible realisation
R of JE is said to induce a model for T if the maps Z = (II,T") defined as

e IL,u, = R(vp) for vy € T,

o Iy, = QsigR(vy) for v, € Ty s, where Qs : JE — (JE) <5 denotes the canonical projection

defined in ,
satisfy the properties of a model. Then Z is called a jet model for T .

Proposition 2.3.21. For any dy > 0, every admissible realisation R of JE induces a model for the

standard jet reqularity structure of precision dg.

Proof. Set k =max{n € N : n <y} and define (II,T") as in Definition [2.3.20, Recall the canonical
identification (JE)g ~ E induced by Qojpf = f(p) for all f € C*°(FE) and that IL,v,(p) = 0 for

vy € (T)>0 since for all 7, € T,

JpllpTp = ij(Tp) =Tp -

Thus
L7p(9)| = [R(Q<klgllpTp) (9)| = |R(Q<rigRp)(@)| = |Qojg BTyl (2.26)

and

TpgTalm = lipR7g|m (2.27)

We check that the properties of a model are satisfied.
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e Note that (2.26) combined with Lemma [2.2.29|implies that for v, € (T},),

()] S ds(p,q)™ -

e The same Lemma [2.2.29| combined with (2.27)) implies for v, € (Tp),

Tp,qTalm = [Q<kipRTqlm < ds(p, q)(n—m)VO : (2.28)

e To check the last condition, denote by K :={p € M : d(p, K) <1} the 1-fattening of K. Then,
since

UpL'pg7q — g7 = RQ<kjpR7y — R7y

it follows by taking f = R7y and g = R(Q<xjpf) in Lemma [2.2.20] that
((MpLpq7q — Hg7o)(r)| Sk ds(p77“)60‘7'q|oc .

O]

Remark 2.3.22. When E = R% x R" is the trivial bundle over M = R% one can identify jets with
polynomials as in Section 2.2.1]. Then the polynomial model in the sense of [Hailj|] induces a model

for the any E valued-jet reqularity structure with A = {+oco} (up to an appropriate identification of
the different fibres of T, c.f. Remark and a truncation to make the space finite dimensional).

Remark 2.3.23. Note that the definition of “non-standard” jet reqularity structures allows some
flexibility on the analytic conditions one imposes on the corresponding model. These conditions are

particularly interesting in the case that oo € A and Ts # {0}.

e For example, when E = M X R is the trivial bundle one can always set To,oo = (JM)o and obtain

a model for it by working with admissible realisations R mapping j,1 — 1 for every p € M.

o More generally, if there exists a global parallel section e of E, it it can be useful to restrict
attention to admissible realisations satisfying Ejpe = e. An important example is the metric on

some bundle F', which is a parallel section of E = F* @ F*.

Given an arbitrary jet reqularity structure, in general it is a non-trivial geometric question whether

there exists an admissible realisation inducing a model for it.

Remark 2.3.24. Note that in this section there was no mention of the algebra structure of jet bundles,
c.f. Remark[2.2.5, which will be used again in Section[2.5. There it will be crucial that flexible notion
of admissible realisations allows one to impose further conditions with respect to this structure, c.f.

Section [2.2.5.
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2.3.3 OPERATIONS ON MODELS

Definition 2.3.25. Let E — M, F' — N be vector bundles and ® = (¢,G) : E — F a bundle
isomorphism. There is a natural notion of push-forward of a regularity structure Tg = (E,T,L) on M
to a reqularity structure ®,Tgp = (F, ¢ T, ¢ L) on N, where ¢ T, ¢ L are the pullback-vector bundles
under ¢, resp. ¢! x ¢~ and the isomorphism (¢, T)g ~ F is given by composing the isomorphism
To ~ E with .

The corresponding concept of push-forward of models
MTE — ./\/lq>*7’M, 7 — @*Z s

c.f. [IDDD19, Lemma 19] for the scalar case, is given as follows: Let Z = (II,T") be a model for Tg,
then for p,g € N

(2:D)pq = Lo-15).6-1(p)
(@*H)q = (b* o H¢—1]3 5
where the last ®, denotes the push-forward of distributions @, : D'(E) — D/(F).

Remark 2.3.26. In the special case of the jet reqularity structure, this simply corresponds to the
pushforward of admissible realisations, see Remark|2.2.24.

Remark 2.3.27. Note that in the setting of Definition for every compact set K C N, there
exist C = C(K,®) > 0, c = ¢(K,®) € (0,00) such that uniformly over p € K and X € (0,1)

C>(F) D ®*(B)(F)) C CBNE) C C°(E) ,

where we write p = ¢~ 1(p).

Since our definitions differ slightly from the ones in [DDD19], we state and prove the following
lemma, which is close to [DDD19, Lemma 19].

Lemma 2.3.28. The pushforward map of Definition is continuous. For every compact set

K C N there exists a constant cg, such that

[Pl K ere So Il g1 () (2.29)
[2.Z]k <o [Z]4-1(x) (2.30)
(9T lere, 6 So 1T 161k (2.31)
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and the analogous bound holds for the difference of two models. Therefore, by Lemma the bound
19:Z] 5 Sex 1216-1(x)

holds uniformly over models Z satisfying ”Z”¢—1(K) < C, as well as the similar bound for two models
Z,7Z
19.2;0.Z| k6 Sox 12; Z)| g1 -

Proof. Recall that by Remark there exist C = C(K,¢) > 0, ¢ = ¢(K, ¢) € (0,00) such that
uniformly over p € K and A € (0,1)
C(F) > $*(B(F)) € CBINE) € C(E) |
where we write p = ¢~1(p). For 75 € (¢.T)z, denote by 7, the corresponding element of 7,,. We have
((I)*H)ﬁTf)P% = Hpr((I)*Pfa\) .
Similarly writing ¢ = ¢~1(¢), we have
((@:IM)q(¢-Tap)73 = (©-1p73) g = (L7 = Thyy) (O p5) -

Thus, if we set cx = %/\1 the bounds and follow. The bound follows directly from

the Lipschitz continuity of ¢~ 1. O

Remark 2.3.29. In the sequel we will want to pushforward a reqularity structure and model, using
chart maps /trivialisations. To do so, we need to give a meaning to a model Z on M restricted to
an open set V. Let U C M be such that V€ U C M and ¥y € C°(U) such that Wy |y = 1. Define
Tulv == (A, Ty, Lluxu). Then, we define

Z|V = (ﬁ,f) s

where

() ==y ()7 ()

and

Ipg=Tpgq -

)

We say that Z is a restriction of Z to V subordinate to U. Note that this definition does depend on the
choice of Wy, € C°(U). It is clear how to pushforward such restricted models. In particular it will be

useful to pushforward restricted models using bundle trivialisations.

61



It follows from the definitions that restriction is a continuous operation, i.e. one has for each
compact set K C U
12l S 1211k

where the implicit constant depends on the function ¥y .

Remark 2.3.30. Given a regularity structure on M, assume U C M is open. We call a model on
Z = (ILT) on U compactly supported, if for all p € U and 1, € Ty, 11,1, is compactly supported in U.
If U C R? is convex, then there exists extension of the reqularity structure and model Z to a model on
all of RE. The first claim follows from the fact that any bundle over a convex base space is trivial and

a corresponding model is easily constructed as well.

2.4 MODELLED DISTRIBUTIONS AND RECONSTRUCTION

Now we define modelled distributions analogously to [Hail4].

Definition 2.4.1. Given a regularity structure ensemble T = ({E'}iee, {T ee, L) and a model
Z = (IL,T), we define for t € £, v € R the space D}(T*) to consist of all continuous sections [ of

TV = Dacy o5y Té,é satisfying for every compact set K C M

UFlbr = [ F i+ sup  sup L@ = @rlaal Dl

p,gEK, B<y ds(p, Q)’y_ﬁ
ds (p,q)<1

< 400, (2.32)

where

[f[l4: := sup sup [ f(p)la -
peK a<ly

For a second model Z = (II,T) and f € D}(Tt), we define

. F — _F (@) = Q<rlgpf(p) — (f(q) = Qr Ty pf(p))ls
1f5 flllyire == Nf = Fllyx + p,sqlé%, Zlg 0o a)=?
ds(p:q)<1

Remark 2.4.2. Note that in the setting of Definition one has the obvious motion of the

push-forward of a modelled distributions
D}(Tt) - DZ¢*Z)(Q>*Tt)’ f() = <1>*f() .

It is clear that this map is continuous.

Theorem 2.4.3. Given a regularity structure ensemble T = ({E'}iee, {T" }ee, L) and a model Z =
(IL,T), there exists for every v € (0,+00) a unique operator Ry € L(D},D'(E)), called reconstruction
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operator associated to Z, such that

[(Rzf — 1, f(p), 9p)]
sup sup sup

Sex I1F 1l
peK <1 ¢§€B{,’A AY ¢

i |12l g (2.33)

uniformly over all t € £, f € D}(T") and (ﬁfo‘ € B,Z’A(Et) as well as all models Z = (II,T") satisfying
|Z|| g < c. Furthermore, the map Z — Ry is continuous and if we denote by Z = (II,T) a second
model for T, R; the associated reconstruction operator, and 1572 the corresponding space of modelled

distributions, then the inequality

— F(p) — Raf — 1 A
sup sup sup [2d ~Ipf () = Rz f — Ty f(p), 7)]
peK A<1 neB;’/\ Y

5671( H| faf’”v;K HZHK“‘ |”J?W%K HZBZHR (2-34)

holds uniformly over models Z,Z € My, satisfying | Z||z, | Z||z < ¢ and f € D}, f € D).
Proof. We divide the proof into several steps. First, we argue that it suffices to show the bound for A

small enough, instead of A < 1, i.e. the following claim.

Claim 2.4.4. Assume that there exists an operator Rz : D), — D'(E), such that for every K there

exists cx for which

(Rzf —pf(p),n))]
sup sup sup

X Sex 1 ly:z 121 & (2.35)
peEK M<ci 77;>>‘€B£’>\

Then Rz f satisfies .

Proof of Claim[2.4.] We argue similarly to Lemma and use Remark to write

N

(R f =Ty f (o), m)) = > (Raf =T, f (0) (057
=1
= (Rzf =T, f(pi)) (")
D2 (W () =TT (0) ()

A
+ D (WL pf () = Ty f () (157)
i
1. For summands of the first type, we can use the assumption to obtain

(R =T ) 05| Seuc XM F Ml 12115 -
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2. For the terms in the second sum one has
A
| (0, 7 (91) = T Ty f ) G5E) | < NI U F i
3. The summands in the last line can be bounded by

(T, Ty = ) £ ) (5| < X120 11 F -

The rest of the proof essentially adapts from [DDD19]. The argument goes as follows.

1. First recall the theorem on the trivial bundle R% x R™, c.f. [Hail4], [OW19], [MW20], [ST18] or

[FH20], all proofs adapt easily to our slightly more general notion of models.

Next prove reconstruction for models compactly supported on the domain U C M of a trivialisation
®: 771 (U) = R? x R™. This can be done by push-forward: Assume Z = (II,T) is such a model,
and denote by Z = (II,T) := ®,Z the model pushed forward to R%. Let f € D), and denote by
fe D% the pushed forward modelled distribution. Set

Raf = (‘I)*l)*RZ.f .
We check that this satisfies (2.35)). Let = = ¢(p) , then
(Rz = f(0))(¢y) = (Rzf — I f(2)) (271" ¢p) -

Thus the claim follows by combining the previous step with Remark [2.3.27] and the bounds
on the pushforward of models and modelled distributions in Lemma [2.3.2§ and Remark [2.4.2]

2. Fix a locally finite partition }¥; of unity subordinate to trivialisations ®;. For a general model

Z = (I, T'), define the compactly supported models Z; := (¥;(-)II,T') and set
Rz:=Y Rz, .
i
Observe, that D C Dy . Then the estimate follows from the identity
Rzf=Tpf(p) =) (Rz.f = ¥:( ) f (1))
i

combined with the previous step.
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By a straightforward adaptation of the proof in [Hail4] and by going to s-charts on M one finds

the following.

Proposition 2.4.5 (Hail4, Prop. 7.2). Under the assumptions of Theorem one has the bound

. AV < \Y |f(p) — Fp,qf(Q)|a
(Rf =T, f(p)(9p)] S I N S e

where the implicit constant is of order 1+ ||Z||p,2x) - Furthermore, the analogue bound holds for the

difference of two models.

Corollary 2.4.6. Suppose, in the setting of Theorem the model Z = (IL,T") has the property
that that there exists an € > 0 such that for every 7, € T* IL,7, € C*(E"), then for every f € D}, one
has the identity

Rzf(p) = 1L, f(p)) (p) -

2.4.1 MORE ON JET MODELS

The following observation is trivial for polynomials in the flat setting, but for admissible realisations

on manifolds worth pointing out.

Lemma 2.4.7. Let R be an admissible realisation of JE. Then, for every compact set K and k € N,

there exist constants c,C > 0, such that uniformly over p € K, 7, € (JE)< and X € (0,1)

k k
CZ)\”QZTM < sup |<R7pa¢;;\>| < CZ)\l|QlTp|
1=1 $pEBy 1=1

Proof. First we proof the lemma in the scalar valued case. The upper bound follows directly from the

fact that the jet model is a model. The lower bound can be obtained as follows:

1. It follows from Remark [2.2.14] that if (d);}) Ae(0,1),peM 18 a family of Dirac sequences, such that
for some ¢ > 0, ccb? € B;Jrk’/\ and we denote by 0; the coordinate vector fields of a s-exponential

chart at p, then

|QnTp| < max lim [(R7y, (a’)*¢;>| ) (2.36)
[l|s=n A—0

Fix (qﬁf,‘) AeNpeMm such that for A — 0, qbz’} — 0, converges uniformly in p over compact sets (in
some distribution space), then the same also holds for (81)*@))‘ — (9')*6, . Therefore the limit in

(2.36)) can be taken to be uniform over p in compacts.

2. Thus by the previous step, for every K compact, there exists Ax > 0, such that for all A < Ag ,
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peEK

> OMNQuml < 2> A" max (R, ')
n<k n<k

<k sup (A" max |(Rrp, o))

= max R7’,1/1A ,
ma (R )

where we set l?? = {)\ms@lqﬁ;‘ | |ls| <k} C B;’A. To see the first inequality one first observe it for

the case 7, € T,.
3. The claim for the case A = 1 is straight forward, thus we conclude the general case by interpolation.

This completes the proof in the scalar valued case. The bundle valued case follows by combining the

lemma in this case with Remark 2:2.79 and Remark 2.3.12 O
The following is a direct application of Lemma [2.4.7] .

Lemma 2.4.8. Let § € (0,+00) and T := (E, T, L) be a jet regularity structure such that /A C (8, +o0]

and Z = (IL,T') a jet model. Let v ¢ N s.t. v < & and suppose f is a continuous section of T< .. .

1. If f satisfies for every K compact a bound of the form

|(pr(p) - Hprp,qf(Q))(%/;” Sk AT

uniformly over p,q € K and X € [271ds(p, q),ds(p, q)], then the following bound holds

1f () = Tpaf(Dlm Sk ds(p,0)"™™

for m <~ and thus f € D), .

2. If fe D}(T) satisfies uniformly over K compact and p € K a bound of the form

T, f(p)(dp)] S A

then f =0.
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2.4.2 HOLDER FUNCTIONS

A function f : R? — R is said to belong to the Holder spaceﬂ Cﬁo‘(]Rd) for some o > 0, if for every

compact set K C R the following semi-norm is finite

|f(y) — . P(y)|

I fllce. :== sup inf sup
K ek PPl yerpylo<1 |z —yl¢ ’

where Pl is as in Section and II, : Ple) — C®(R) is the linear map specified by IL, X*(y) =

(y — x)¥. Tt is a classical fact that for f € C2, there exists for each z € R a unique Py(f) € Pl such

that
— I, P,
sup f(y) x xa(f)(y)‘ < 400 .
yilz—yls<1 ‘CC - y‘s
Fix a norm | - | on the finite dimensional vector space Pl® and define

| fllee(x) = sup [Pu(f)| + (| flleg, -
rzeK

(Note that || f]lce. is a norm on functions in Cg* which are supported in K. ) We extend the definition

of C& to manifolds, resp. vector bundles in the usual manner.

Definition 2.4.9. Let E — M be an n-dimensional vector bundle. Fix a locally finite partition of
unity {¥;}tien of M subordinate to an atlas of s-charts {(U;, ¢;) }ien and let {®;};en be subordinate
trivialisations, i.e. ®; = (G, ;). We say that f € C*(E), if for any compact set K C M

I/

<00,
Ce (o~ (KNsupph;))

ez (K) = i > @y,

J=14ieN:supp¥;NK#£)D

where f; :=W,; - f.

Remark 2.4.10. [t is straightforward to see that the semi-norms obtained by using a different partition

of unity and local trivialisations are equivalent.

Lemma 2.4.11. Fiz o € Ry \ N. For a continuous section f € C(E) the following properties are

equivalent:
1. feCHE)

2. There exists a unique continuous section {Fp}tpenr of (JE)<q, such that for any admissible

realisation R
— RF,
sup inf sup |£(9) — BFy(q)] < 00 (2.37)
peK Fp€(JpE)<a geM:ds(p,q)<1 ds (p7 q)a

for every compact set K C M.

5We point out that for integer a € N this space is different from the usual notion of C'® spaces.
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3. There exists a unique section F of JE-, such that for any jet reqularity structure T = (E,T, L)
such that A C (o, +00] and JE<o C T one has F € DY(T) for any jet model Z and furthermore

RyF =f .

Proof. One easily sees that and are equivalent. To show implies we check that F' as
defined in is a modelled distribution and RF = f . Let p,q € M and \ € [27ds(p, q), 2ds(p, q)],

since

IL,(F(p) = TpgF(a))(¢5) =(LEF(p) — £)(¢5) + (f = LeF(a)((¢)))

+ (g F(q) = TpF(0)(8p)
one obtains
|Hp(F(p) - Fp,qF(Q))(ﬁb;))‘” R

by using for the first term, combined with Remark [2.3.11] for the second term and the bound in
the definition of a model for the third term. Thus the claim follows from Lemma [2.4.8
Clearly implies by the reconstruction theorem, Theorem O

Remark 2.4.12. Let E — M be a vector bundle over a compact manifold M and o ¢ N as well as
T = (E,T,L) be a jet reqularity structure such that A C (a,+o0] and JE~, C T. It follows from
the previous proposition that the reconstruction operator Ry : D — C% is a bijective bounded map.
Therefore by the open mapping theorem of functional analysis it has a bounded inverse. It follows from

the proof of Lemma that this inverse is explicitly given by the map

Cc* — D, [ (i[a],oo oj[a])f .

2.5 LocAL OPERATIONS ON MODELLED DISTRIBUTIONS

In this section we introduce linear and non-linear operations on modelled distributions.

2.5.1 PRODUCTS AND TRACES

Definition 2.5.1. Given a regularity structure ensemble T = ({E'} e, {T Hee, L), t3 € £ and two
sectors VY C TH V2 C T2 of reqularity o resp. oy, a bilinear bundle morphism x : Vi x V2 — T's

is called an abstract (tensor) product if the following properties are satisfied.
1. Eh ® B2 = E% |

1 t1 2 t2 1 2 t3
2. For any 7, € V', 7y € V7 ones has 7, x7; € T2, .
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The product x is called ~-precise, if furthermore the sectors Vi, V;? are y-precise and for every

neVi, 2e Vot? such that o + o/ < v one has

1 2 t3
11, %7, € TOéJra,,>7 ,

2. forallge M and 'y, € Ly,
Q<%:(Fq,p7}} * Fq,pT;?) = Q<%:Fq,p(7}} * 7'13) .

Natural extensions of this definition are given as follows.
o Products between more than two sectors VY x ... x V' are defined in the analogous manner.

e When E} = EY above, one defines symmetric tensor products by replacing the tensor product in

by a symmetric tensor product and further enforcing the product x be commutative.

We shall often use the notation TI} *y Tg = Q<7(TZ} * 7'5).

Remark 2.5.2. This definition is analogous to the definition of a product in [Haill|] except for
the following differences. On the one hand we need to keep track of the vector bundles, which is
strasghtforward and is done using sector ensembles, secondly, we need to introduce the notion of the
product being fy—preciseﬁ At first glance it would seem natural to impose that * maps VO%& X Voti 5 nto

T

ool 5 where § = ((5 + (a9 A O)) A ((5' + (g A 0)) But the additional freedom gained by not enforcing

this choice is crucial when discussing aspects of renormalisation, c.f. Section [2.20,

Remark 2.5.3. Given a regularity structure ensemble T = ({E'}ice, {T ee, L) and two sectors
Vi cTh V2 C T of reqularity o resp. as, one can always define a tensor product between V' and

V% as follows.
o Extend the set £ by a new element t3, i.e. let £= £U {t3},
o set BB = EY @ E%,

e set for example

Tps = &b Vs V2 o (2.38)
o+ =a,
(8 +(cn0)) A (874 (2 70)) =5

e catend Ly, to act on T multiplicatively,

o set T = ({Et}teia {Tt}tef:’ L).

In [Hail4] the notion of being y-regular is introduced. We prefer to to use different nomenclature, since this notion
though similar, is distinct from being ~-precise.
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Observe that in general there is no canonical extension of a non smooth model Z on T to a model
on T. An important exception occurs when VY or V2 is a jet sector and Z is a model that acts on

that sector as a jet model.

Remark 2.5.4. Note that while the construction in the previous remark is rather canonical, in certain
situations there is more structure present which makes other constructions more natural. A very
important example is the case of jet reqularity structures. Assume in the setting of the previous remark
that VY C JEY and V2 C JE%, then it is natural define the product to be the restriction of the
canonical product

m:JE" @ JE? - J(E" @ E®)

introduced in Section . In order to satisfy Property of being a ~y-reqular product for some
~v > 0, needs to restrict the space L accordingly. This in turn makes the space of jet models smaller, but
by Point[3 in Section [2.2.5 it is non-empty. We shall call the product m on jet sectors the canonical

product on jets and write x for it.
The following can be proved exactly as [Hail4, Theorem 4.7 and Prop. 4.10].

Lemma 2.5.5. Let V' C T% V2 C T* be two sectors of reqularity oy resp. ag and let % : Vi x V2 —
T' be an abstract tensor product. Let Z be a model and v1,v2 > 0. Assuming the product % is y-precise

forv=(y1+ a2) A (y2 + a1), the map
oy DN (VH) x D2(VE) D(’Y?+041)/\(’Yl+a2)(Tt3), (f1, f2) — f1 %y fo = Qyf1 % fo
s well defined, continuous and the bound

1 f1 %y ol S 1l (L2 e (T )

holds. If furthermore Z = (I1,T) is a second model and f, € D%I(th), fo € D}Q(VQ) one has the
bound

vk S0 Wi lyase 4 I 2 2 llwse +IIT = Tl

| f1 %y fos f1 %y foll

uniformly over fi,fi satisfying ||| filllye: i \HﬁH]%K < C and models satisfying ||T| x, Hf‘HK <C.

TRACE OPERATOR

Let E, F' be vector bundles, recall the trace operator tr : E* ® E® F' — F acting on elementary tensors
as e, ®@ep ® fp = (e, ep)f. Denote by I the E® E* tensor field, such that (I, e, @ e,) = (e, €p) and

observe that the dual map of tr is given by

FoFE'QEQF f—IQf.
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Thus there is a natural extension of the trace operator
tr:D(E*®E® F) — D'(F)
characterised by the fact that for each £ € D'(E* ® F ® F) and ¢ € D(F) one has

(tr& o) = (£, 1@ 9) .

Definition 2.5.6. Let EY = E* ® E® F, B = F. An abstract trace operator is a bi-graded bundle

morphism te: TY s T satisfying
o for any 7, € Totll(; one has tvt, € Tfé

o writing L : Tél — BY gy TSQ — E% for the canonical isomorphisms one has

Lty ottt =trouy,

o for each'y 4 € Ly, one has Ty gte = tel', 4

A model realizes an abstract trace operator if
I, (te ) = tr(Il,7p) -
Remark 2.5.7. It is obvious from the definition that for f € DY (V') one has tv f € DV(T*2) and that
trRf=Rtcf .

Remark 2.5.8. In the rest of this section we shall denote by tr trace operators on vector bundles
contracting different indices and it will be clear from the context which indices are contracted. In this
case the corresponding abstract trace tv is defined analogously. When working with SPDFEs, the vector
bundles and indexing sets will be treated more systematically but in order to not distract from the main

analytic content of this section this is postponed to Section |2.19.

Remark 2.5.9. In the setting where E' = E* @ E ® F but the reqularity structure ensemble does not
carry an abstract trace, there is an obvious extension of the regularity structure ensemble which carries
a trace operator as in Definition [2.5.0, Furthermore, in this case models have a canonical extension.
In the case of jet regqularity structures ensembles, there is a canonical trace described in Point [ of

Section . (In which case one needs to restrict the choice of admissible realisation accordingly.)
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LINEAR FUNCTIONALS

Let T = ({E'}iee, {T'}iee, L) be a regularity structure ensemble and Z a model for it. For A : E% — F|
a vector bundle morphism and V' be a sector of regularity o, we aim to define for f € DY(V")
a modelled distribution A(f) € D7 . First identify A with a section of E®? := (E“)* ® F and
assume the regularity structure ensemble contains (J Et2)<7+|a| on which Z acts as a jet model. Set
A= Q<ytla)JA € Drtlel(E%2). Assuming the regularity structure ensemble carries a v-regular tensor
product in the sense of Definition on JE®2 x V' and an abstract trace extending the canonical
trace

tr: E2 @ E%Y - F |

we define

A(f) =t (Axy f) .

Lemma 2.5.10. In the above setting, A(f) € DY and the following continuity bound holds

A sz Sa llLF Wl (1 1T x0)

as well as the analogue to the second bound of Lemma[2.5.5 If one further assumes that the model Z

realises tr for tv and that for any 7'5 € (JE£2)<7+‘Q| and TI} € VY one has Hp(Tg *Tz}) = HPTS ® HpTz},

then
RzA(f) = A(Rzf) .

Proof. The first part of the claim follows directly from Lemma , Lemma and Remark

The second part follows easily using the uniqueness of the reconstruction operator. O

Remark 2.5.11. Note that starting with f € DY(V') one can always extend the reqularity structure

and model canonically to carry all the structure needed to define A(f) € D7.

Remark 2.5.12. Note that a multilinear map B : EX™ — F can be seen as a linear map B : E®™ — F
and thus as a section B € C®((E*)®™ @ F). Therefore, assuming the appropriate structure on the

reqularity structure ensemble, one can define for f € DV (V)
B(f) =t Q<(y+(n—1)a)ry (B * f*n) ) (2.39)
where B = Q<y4njalJB- One finds similarly as above that if V' has regularity o, then map
B : D(V') = DOHDON - f o B(F)() = Qer(n-vyajny te ((5.B) % £7()

is well defined and continuous. Though this time, under the assumption for the second part of
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Lemma|[2.5.10) one can only conclude the identity

RB(f) = B(R(Q<y /™)) -

DIFFERENTIAL OPERATORS

In this section we lift k-th order differential operatorsﬂ to the regularity structure.

Definition 2.5.13. Given a sector VY C TY | a bundle morphism A : VY — T s called an abstract

k-th order differential operator if
o A7, € TO";{]M?,C for every 1, € V;la,
o A, , =T, %A for each 'y, € Ly, .
A model Z is said to realise a k-th order differential operator A : C*°(E%) — C®(E*%) for A, if
o 2 is an abstract k-th order differential operator,
o I, A7, =0ll,7, .
The proof of the following Lemma adapts ad verbatim from the flat setting, c.f. [Haild, Prop. 5.28]

Lemma 2.5.14. Let V%' C TY be a sector and 21 : VY — T an abstract k-th order differential
operator. If f € DV(VY), then A f € DVF(V®) and if furthermore v > k and a model Z realises
A :C®(EY) — C®(E"%2) for A, then

RzAf=0Rzf .

While this definition allows to lift any differential operator, the next remark describes a way to lift

all k-th order operators “at once”.

Remark 2.5.15. Suppose the operators {Dl}|l|5§k from Section have been lifted to abstract
differential operators {Dl}|l|5§k on the reqularity structure ensemble and for every | € N® such that
l|s < k the model realises D' for D'. Recall, that any k-th order differential operator on E, by definition
factors through the jet bundle J*(E) ~ @ﬁlzo(T*M)m ® E, i.e for each k-th order differential operator
A C®(E) — C>®(F) there exists a unique bundle morphism Ty € L(@fmzo(T*M)m ® E,F) such

that A =T, 0 (@|l|5§le) up to canonical isomorphism. Thus, it is natural to set

A f(p) = Ta(®,<xD' ) (p),

where the linear functional T4 is lifted as in Section [2.5.1].

"See Section for the definition of a k-th order differential operator in the setting of a non-trivial scaling s.
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2.5.2 (GENERAL NONLINEARITIES

Next we shall define the composition of a modelled distribution with a smooth nonlinearity G : E — F
with the property that G(ep,) € F|, for each e, € E|,. Let 7g : E — M be the projection map and let
E x I := 75 F be the pull-back bundle of F' through 7. The starting point for our construction will
be the observation that G' as above can naturally be seen as a section of E x F' and an investigation of
the space J®(E x F).

PROPERTIES OF J*(E x F)

First we introduce the following useful operator.

Definition 2.5.16. For a vector bundle F — M define the operator
GFC®(E x F) — C®(E x J®F)

as follows. Recall the construction associating to each e, € E|, a vector field e,(-) by parallel translation

in (2.16). For H € C*(E x F) let jF(H)(-) € C®(E x JXF) be given by jE(H)(ep) = jpH (ep(")).
This is well defined since H(epy(+)) € C(F).

Let P(E) := @,,(E*)®™, then one has the following lemma.

Lemma 2.5.17. Denote by ip : C*°(P(E) ® F) — C®°(E x F) and ijp : C*°(P(F) ® J*F) —

C®(E x J®F) the canonical injections. Then the following diagram commutes

C=(P(E)® F) " y C%(E x F)

ji j,El

C®(J*(P(E) ® F)) ~ C®*(P(E) ® J¥F) —225 C®(E x (J¥F)) .

Proof. We show that jf(iF(A)) = 17r(jpA) for every for A € C*°(P(F) ® F'). Indeed for each p we

can locally write

Zaz (€5 (@)% ® ... @ (e p(a) "

where I runs over a finite subset of N4 E  fe, 1dmE is an orthonormal basis of Ej, e;,(-) are the

corresponding local sections as in Definition [2.5.16{and e} ,(-) are the dual sections. Thus
Zaz )€1 p(a)s ep(@)) -+ (en (@), ()™

which implies that

Iy (ir(A)(ep) = Y (€3 p(p) ()™ -+ (€5 p(p), ep(0)) " port,

1
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since each (€] ,(¢), ep(q)) is constant. On the other hand we have
A=) (e1,(@)* ®. .. @ (e, (@)™ ® jpar
I

under the canonical isomorphism J*(P(E) ® F) ~ P(FE) ® J*F which implies the claim. O

Remark 2.5.18. Observe that for any H € C®°(E x F)

j;?(H)(ep) = jpH (Rep(")) ,
where R is an admissible realisation of JE and e, € E|, is interpreted as an element of (J,E)o C J,E

using the canonical isomorphism.

Remark 2.5.19. Clearly, for any H € C*(E x F) and g € C*(E)
D"jpH(g()) = jpD" H(g(-))

up to canonical isomorphism.
The next Lemma provides the intuition on which the rest of this section is based.
Lemma 2.5.20. There is a canonical isomorphism J(E x F) ~ E x (P(E) @ JF) .

Proof. Not that the connection on FE identifies a canonical horizontal direction complementing the
vertical subspace of the tangent bundle of F with the property that Ty F ~ F X TM and Tyer B ~
E x E. Therefore we can decompose the cotangent space as T*E = T} . F @ Ty, E, note the canonical

isomorphisms

J(Ex F) = (P © (Ex F) = (Ex F) @ (T E © Tie E)**
k k

where the fist isomorphism was given in Section Since

(T}ToriE @ T\TertE) @k = @ (T}ToriE)®sn ® (T:ertE)®sm ’
m-+n=~k
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and since Ti* . E~FE x T*M and T . FE ~ FE x E* we obtain

hori vert

JEX F)~FEx (@(T*M)®s"®F®(E*)®sm)

m,n

~ (B JF)® (E x (@(E)>™)

n

~ (Ex (BEN)>")) ® (E x JF)

n

~Ex (PE")®" @ JF)

n

— Ex (P(E)®JF) .

O]

Remark 2.5.21. In view of of the isomorphism J(E X F) ~ E x (JF ®@ P(E)), one sees that the

following diagram commutes for any ~v > 0

C®(E x F) — 357 0(J(E & F))

Q<v 2on m l

C®(E x (JF @ P(E))) .

We define the grading on J(E x F) as the grading that turns the isomorphism ~ into a graded
isomorphism.
LIFTING GENERAL NONLINEARITES

We have seen in Lemma [2.5.20] that for every p € M there is a canonical isomorphism
Ipe,(E X F) >~ Jp(F)® P(E), . (2.40)

We shall decompose a modelled distribution f with values in V', a function-like sector, as f(p) = fp + fp

where f = Qof € Vo~ E and f = f — f € Voo and formally write

G(N)p) = (3., G) (Fp) - (2.41)

We define the right-hand side of (2.41)) in two steps, for now ignoring truncations and the appropriate
assumptions on the sector ensemble. The rigorous definition under the appropriate assumptions is

given below.

1. First observe that since E|, is a vector space for each p € M and e, € E,, for any section
G € C>*(E x F) there is a canonical definition of D"G(p,e,) € (E[})%" ® F|, as the total

derivative in the “vertical direction”.
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2. We identify jp.,G = >, %jf(D"G)(ep), where each j¥(D"G) is interpreted as a section of
E x ((E*)®S" ® JF). Thus for f = f + f, we formally set

G = (1,,6) F) = 3 e (GED"OV )« 7). (2.42)

n

with the convention that f;o =1eR.

We make the following assumption in order to make (2.42)) rigorous for modelled distributions in

DY(V) for some v > 0.

Assumption 2.5.22. Let T = ({E'}iee, {T"}iee, L) be a regularity structure ensemble and {V*'}ice a

sector ensemble such that the following properties are satisfied.

1. Let V.= V' C T' be a function-like sector and let { = min {& € AN (0,00) : Vo # {0}}.
Set VO = M x R to be the trivial sector and V' = V. Assume that for every n € N such that
n—1<

IR

(a) V™ is a sector containing J(E®™)

b) for every k,l € N such that k +1 < n there is a y-precise abstract tensor product
Y Y-p p
*x: VEx V5 pm

which agrees with the canonical product on jets.

2. For every k € N such that k —1 < % the sector ensemble contains sectors WF and U* with the

property that

(a) (JA(E)*F @ F))_ =~ (B @ JF))_
product

. C W* and there is a y-precise abstract tensor

*x: Wk x VE 5 Uk

which again agrees with the canonical product on jets.

(b) For each k there is an abstract trace te : U* — WO which agrees with the canonical trace on

jets.

3. the products x are associative in the obvious sense and for n € N and 7 € V we write

*N 1

TN =Tk T *yn—1

and T =T %y T

whenever the expressions make sense.
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Theorem 2.5.23. Let T be a regularity structure ensemble, {V[}IGE as in Assumption Z =
(I,T) a model for T and G € C*(E x F). For f € DV(V) deﬁmﬁ

() = 3 e GEDC)(Fy) wy 37) € DUTY)

n

the map f +— G~(f) is locally Lipschitz continuous in the sense that for every C >0,

G () = G (xS NLF = glllixe (2.43)

uniformly over f,g satisfying || flluic. gl < C.

Remark 2.5.24. In the setting of Theorem it can be shown along the lines of [HP15, Proposition
8.11] that if Z = (II,T) is a second model that agrees with Z on jets and the manifold M is compact,
then

G (f): G s S W53 i +1Z5 211 (2.44)

uniformly over f,§ satisfying || flll.x, Gllly.x < C and models satisfying || Z||x, | Z||x < C. Indeed,
let us sketch the only difference in the set-up when applying the same trick as in the proof of |[HP15,
Proposition 3.11], which is the fact that we identify jets, instead of only constants and that we
work with reqularity structure ensembles. Thus, we construct a new reqularity structure ensemble
T = ({E'%ee, {T"} e, L) where

T'=T'eT"/~

where (11, 72) ~ (71, 72) if 1 = 71 + 0 and o = T — o for some jet o € JE'. and L C L@ L consists
of all elements (I'1,T'2) € L & L such that I'y|jpe = Ta|ype. From here onwards the proof of [HP15,

Proposition 3.11] adapts mutatis mutandis.

Remark 2.5.25. Note that the non-linearity (2.134)) fits into the setting of this section by taking E to

be a direct sum of vector bundles.

Remark 2.5.26. Note that in the case G : R — R, the definition above agrees up to canonical
isomorphisms with the one in [Hailj). Furthermore, in view or Lemma in the special case of
polynomial nonlinearites, this construction is consistent with the one in Remark|[2.5.12

Proof. The theorem is easily checked for v < (, thus we assume v > (. To check that G,(f) € D7,
we focus on bounding |G+ (f)(¢q) — I'qpG~(f)|x as the bound on |G~ (f)(q)|« follows straightforwardly.
Denote by R an admissible realisation of JFE, using Remark [2.5.18| we find that

[v/<]
G (f)(p) = Z t mjpDnG(pr(')) *y fp"

n=0

80Observe that this sum is finite due to the projection in the definition of - . More precisely only terms such that
n < [v/(] contribute.
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Note that for k < ~

[v/(¢]
Qk (F Z tt q,pjpDnG(pr(‘)) *y Pq,pfzjvn) =0
and that
[v/¢] [v/¢]
n rrkyM . n a o o)
Z te JqD G(Rfp()) %y Tapfp™" — Z tt LopipD"G(Rfp(+)) %y Tapfp”
[v/<l _
S Z Z ’Q<7 B JqD G(pr( )) = LgpipD" G(pr( ))‘aqup p s
n=0 a+p=k
[v/<] 3
<Z Z d p, ’Y o a‘ryppw‘ﬁ
n=0 a+f=k

fs ds(p7 q)’y—n 9

where we used Lemma [2.4.11] together with the fact that D"G(Rf,(-)) is a smooth function in the
third inequality. Thus, it suffices to estimate

[v/<]
G(f)a) = Dt —rigD"G(RIp()) % Tapfi™"
n=0 ’
By Remark [2.5.19
qunG(qu(')) = Dnqu(qu<')) )
therefore
b/ - ~*
G(f)(q) - Z te quDnG(pr(‘)) Ky Dopfp"
n=0 ’

[v/¢] B [v/¢]
— ZttquD”G(qu(-))* f" — Zttf‘]qD G(Rfp()) %y Ty ;””R

= n=0

/<]
< Z te —']anG(qu( ) * *W

n=0

b/ v/¢—n 1 - ~ - L
ST e DGR () w g (BRI — REO)™ |
n=0 k=0

/< v/Sl- 1 1 ~ ~ L
Y Y e L DGR ) iR~ REC) 5

n=0 k=0

[v/¢] 1 B _
= > =Gy D GRE() 4 Ly
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First we bound the former term

[v/<]

1 a Feon
[ D" & daD"GRI () * Iy
n=0 ’
[v/¢l v/¢l—n ~ ~ :
- Z Z tt Dn+k 4G(Rfy()) *’yjq(qu(')_pr(‘))®k *y fq*wn‘,{
n=0 k=0

Since the abstract tensor products agree with the canonical product on jets, it can be rewritten and

bounded as follows

b/4 b/d-n ) _ i .
\ttz D'GRF() = Y D PCERERE) ~ BRE()® |« 7|
k=0

[v/<] [v/¢]-n
1 . . fron
<Y e [ DR - YD DGR ONRAC) ~ ROV || 1
o¢+,8—/fn 0 k=0 «
[v/¢]
< Z Z (['y/g] n+1— a)\/O‘f*’Y"‘
n=0 a+fB=k
[v/¢]
= Z Z _Fq,pfp’(()[W/C]_nﬂ_a)vo‘f;w‘B
n=0 a+p=k

where we used that

‘Jq(D”G(qu Z k'Dn-i-kG(pr( N (RFy(-) — RFp() )®k>‘ < |fa = Rfy(q)|(mT-Dv0 |

k<m

for I < m + 1 in the second inequality, which follows from Lemma [2.5.27] Next we note for any

non-vanishing summand above we have

h/d—n+1—a=2<<<h/d+1>—<n—<n+<ﬂ>>
Zé(vﬁC%CB)
Zz(’y—wrﬂ—ﬁ—(m%ﬂ)
=2<v—n+<1—c><n—6>>
> F
o

where in the first line we used a + § = k, in the second line we used [y/¢(] +1 > /¢ and 8 > (n and



in the last line we used that ( <1 and k > . Thus, we conclude

A (F/Cl-n+1-a)v0
3 ra —n+l—a pRAT
Z Z |fq_Fq,pfp’0’Y |fq” |,3
n=0 a+p=k
[v/¢]
SZ Z ds(p, q)¢(D/C=n+1=a)
n=0 a+p=k

S ds(pa Q)W_H )

which concludes the estimate on the first term. Next we bound the second term

/< /<l
>y e L DR GREO) %y daRE () — RIS 5 T
n=0 k=0
. ) i
= > e g D GRE() % Tand"
n=0 )
[v/¢1 v/¢l-n _ _
=1 o (DGR xy (T~ T o)™ 2y i)
n=0 k=0

b/
. n = kT
= Y gD G(RE()) % Tapy |,
n=0 '

=: Ripq

We set Dipg = Q<yLopfp™™ = (fg = Tgpfp)*™ and find

[v/<]
. n — rx~M
Z t E]qD G(Rfp(+) v Lapfp”
n=0 )
[v/<] 1 - B L
= Z tr ﬁqu”G(pr(')) oy (fg = Taplfp+ )"
n=0 )
0/ )
+ Z t aqu"G(pr(')) *y D pg

’Y/C]
- Z Z n! ( ) tejgD"G(Rfp(-)) % (fy — Fq,pfp)®(n_k) *y Evk

n=0 k<n
[v/¢] 1 )
+ D e 3gD"G(RF(-)) %3 D
n=0
[v/¢] ) ) »
= S e D OWREO) &y (T = T

n=0 k<n
[v/¢] B
- 2‘6 te g D" G(Rfp(-)) %5 Dupg -
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Thus, we find

[v/¢] [v/¢]
rpa = Ztr — gD "G(Rfp() %y Dnpg| <Y > 1igD"G(Rfp(-)|alDnpgls
n! n=0 a+f=k
[v/<]
< Z Z ‘D 7pq’B Ndﬁ(p7 ) "
n=0 a+p=k

since

|Dnpgls = |(Capfp — Tapfp) ™ — (fg = Lapfp) "5 < ds(p, q)” -8,

where we used the general algebraic identity a™ — b" = (@ — b)(a™ ' +a"2b+ ... +ab" 2 + b" 1) for
the last inequality, This concludes the estimate on the second term. Lastly, to see (2.123)) one proceeds
as in [Hail4] and sets h = f — g such that

1
Gy (f) = Gy (g) = / G (g + th)dt

/ Z—tt GE(D"MG)(Gp + thy) % (Gp + thy) ™ %y h)dt

which can be bounded along the same argument as above. O

Lemma 2.5.27. Given H € C*(E x F), for l,m € N such that | < m + 1 the bound

’Jq( (Regq(-) Z k'DkH(Rep( ) (Reg(-) — Rep(.))®k> ’z < leq — Rey(q)[™ 1!

k<m

holds uniformly over compacts K C E and e, € E,NK and e, € E,N K.

Proof. Let F(-) := H(Req(")) — > k<m HGD*H (Rep()) (Req(-) — Rep(+))®*. It follows from the usual
Taylor formula that |F(q)| < |Req(q) — Rep(q)|™ . Let 8 be a basis vector field in an exponential

chart at g. We find by slight abuse of notation (suppressing the pushforward onto the chart)

(0F)(q) =(01H) (g eq) = Y %Dk((?lH) (. Rep(q)) (eq — Rep(q)®"

k<m

> %Dk“H(q, Rep(q)) (eq — Rep(q))®* @ VaRey(q)

k<m
o Z (k — 1)|DkH(q7 Rep(‘]))(eq - Rep(Q))®k_1 & VaRep(q)
0<k<m ’
=(01H)(q,eq) — Z %Dk@lH) (q, Rep(q))(eq _ Rep(q))®k

k<m

1 m m
+ D™ H (g, Rep(q)) (eq — Rep()®™ © VoRey(q)
and thus |(0F)(q)| < |Req(q) — Rep(q)|™. Differentiating further one obtains the general claim. [
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2.6 INTEGRATION AGAINST SINGULAR KERNELS

In this section, which is modelled after [Haild, Section 5], we show how to integrate modelled
distributions against singular kernels. The construction, though similar, comes with some twists,
which in particular explain the necessity to give up the lower triangular structure present in [Hail4].
Furthermore, in contrast to previous works, we drop the assumption that the kernels annihilate
“polynomials” under the “mild” condition that S ¢ N. The reason for doing so is twofold. First, in the
setting of general manifolds, it is not obvious how to canonically change an integral kernel, say the one
associated to the inverse of the Laplace operator, to satisfy this assumption. Second, even if one is
able to do so, this only simplifies the theory in very minor ways. A drawback of this setting is, that it
introduces some redundancy in the “information” contained in the modelﬂ Lastly, some modifications
arise due to the fact that we work over general vector bundles and do not limit ourselves to trivial

bundles.

2.6.1 SINGULAR KERNELS

Throughout this section fix two vector bundles (E, V¥ (-, -)g) and (F,VF,(-,-)r) over M. Assume
that K € C®°(F & E*\ 7~'A), where A C M x M denotes the diagonal, is a locally integrable kernel.
Throughout this article we shall use the following notation: If T' € D'(E), we write K(T') € D'(F') for

the distribution given by

op—T </ K*(p,-)o(p) dVolp> , (2.45)

where K*(p,q) € (E ® F*)|,p is the adjoint of K(p,q) € (F ® E*)|,, and K*(p,q)¢(p) € E|, denotes
the natural pairing between (E & F*)|,, and F|,. We assume that the kernel satisfies the following

assumption.
Assumption 2.6.1. One can write K =) K, where
1. K, € C®(F & E*) is supported on {(p,q) | ds(p,q) < 27"}.

2. For allp € M and n € N such that ming, , <1 7¢ < 27", one has
K,(p,-) =0 and K,(-,p) =0.

(Recall that T, > 0 denotes the injectivity radius of the exponential map exp,,.)

9Let us give two related ways to interpret the somewhat cryptic comment about “ information”.

e Fix the minimal regularity structure to solve an SPDE, say the ¢4 equation, in the setting of [Haild], i.e. when K
annihilates polynomials. Let Z be the BPHZ model, for the (rough!) noise. One typically expects the reconstruction
operator Rz to be injective. This does not hold, if K does not annihilate polynomials.

e In the setting of [Hail4], one expects the analogue of Lemma [2.4.7, to hold for the model corresponding to the o3
equation with rough noise. One does not expect this here.
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3. IpaKnlm Sm 27(sl=B+m) yniformly over (p,q) € M x M (equipped with the canonical scaling)

and n € N.

4. Lastly, assume that for any fized admissible realisation R of JF and for any two multi-indices

m,l € N, we have

’/M Quiq(K (P, )R(vg)(p)) dVoly| S Cloglm2™"
l

uniformly over p,q € M such that d(p,q) <1, vqg € (JF*)m, and n € N, where (K} (p,-)R(vq)(p))
used the canonical pairing (E @ F*) ® F — E*.

Furthermore we make the following standing assumption throughout this section.

Assumption 2.6.2. Assume that we are working with a reqularity structure ensemble T = ({E'}ee, {T e, L)

such that
e £ contains two distinguished elements ¢,f such that E* = E and Ef = F.
e for some 0 € (0,+00) \ N, TV C TT is an F-valued jet reqularity structure of precision dg.
o All models Z for T act on T' as a jet model.

Definition 2.6.3. Given a sector V. C T¢, a bundle morphism I : V. — TV is called abstract integration

map of order B and precision g, if the following properties are satisfied:
1. For each o € A, 6 € A\ such that Vo 5 # {0} one has a + 5 ¢ N and 6 + 5 ¢ N.

2. For (a,0) € ((AN[=B,00)) x A)U (A x (AN (0,00))), we have
Ly s (Vp)as = (T)) (at8),04+8)n80 N (1)) <so: »

while for a € AN (—o0,—0)

Iy (Vp)a+oo (Tg)a—&-ﬂ,-i-oo .

3. Dy plpty — LT pmp € T} for each Tp € Veso—p,: and L'y € Ly p.

Remark 2.6.4. The separate condition for a« € AN (—o0,—f), § = 400 encodes additional constraints
on models. These can be enforced, since the two operators J and E introduced below then satisfy for
Tp € T;‘M; that J,m, = Eq, = 0 for any p,q € M. This is advantageous (but not necessary) in order to
establish convergence of renormalised models in Section |2.23. Furthermore, the second property also

implies that Im, = 0 for mp € TS5 45 .

Remark 2.6.5. On first sight, the conditions o+ 5 ¢ N and 6 + 8 ¢ N might seem restrictive, but
note that if a kernel G satisfies Assumption for some B > 0, then it automatically satisfies the

same assumption for any B € (0, ().
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Given a model Z = (IL, T'), we introduce as in the flat setting for p € M the linear map J,, : T; — Tg

which for 7, € T} is given by
JpTp = Z Q< (a+8)rs0 I EKn (HpQ<5o—ﬁTp) .
n
Lemma 2.6.6. The map J,7 is well defined. Furthermore, whenever Il,r € C®(E) the identity

JpTp = Qeatpip [ K(-,2)IL,7(2) d Vol holds.

Proof. This follows by going to an exponential s-chart at p and arguing similarly to the flat case. Then

by Remark [2.2.14

‘ijn (TT,7) ‘k < sup (7 (V5

deg(Dyy v i )=k bt (0 )) | S T 3y 2"
cglo; im, )=

10
which is summable for k < a+ 3 . O

As in [Hail4], we define what it means for a model to realise an abstract integration map.

Definition 2.6.7. Let I : V — T be an abstract integration map of precision &y. We say a model Z
realises K for I, if for all o < 09 — B and 7, € Vy

1,17 = K(Il,1,) — I, 7 (2.46)
Recall that in the flat case, for admissible models one has the identity
(I + Jo)lpym =Tpy(I + Jy)T . (2.47)

Unfortunately, this fails in our setting since the re-expansion maps I' are not precise enough on large
scales (i.e. we only impose that II,I', ;, — I, is small for very localised test functions, but not when

testing against an element ¢}D € %2’1). Even the natural analogue
(I + Jo)laym — Ty (I + Jy) 7Tl < d(z,y)°

fails in our setting. The next proposition makes this precise.

Proposition 2.6.8. In the setting above, assuming that the model Z realises the abstract integration

map I, for every compact set K

1, (Fq,p(Ip + Jp)Tp - (Iq + Jq)rq,pr) (452‘) =K(Il,7, — HqQ<50ﬁ6’Fq,pr) (‘752)

+ Oz 7

holds uniformly over p,q € K, and 1, € V5 for a < dg — 3 and d){l\ € %;’)‘.
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Proof. In the identity

1, (Fq,p(Ip + Jp)1p — (I + Jq)rq,pr) (d)«/q\) = (Hq (Fq,p(lp + Jp)1p — T (1 + Jp)Tp) (@52\)

+ (T (I + Jp)7p — Ty (I + Jg) T py) ((15(/1\)

the first term is bounded by A0+H7% by definition of a model, while the second term is equal to

K7, — HqQ<6o—,3Fq,p7'p) (Cb;‘) . O

Remark 2.6.9. Note that in the case a < —f and § = 400 one actually has
Iy (Cyp(I + Jp)7p — (I + Jq)rq,pr)(¢2) =0.

At this point, it is natural to introduce the operato E,: T — Tg which for 7, € T} s and

a < &g — B is defined as
Eqrp = Z Q<(6+,B)/\60jqKn(Hpr — HyQ<so—plgpm) - (2.48)
n

and extended to 7, € T5 . as Ey7p = 0. To see that this is well defined, one notes that the sum in 1}
converges absolutely by the same argument as in the proof of Lemma [2.6.6] Recall, that we have fixed
an admissible realisation R of JF in Assumption We introduce for o € R the following quantity

K3 p (%) = K3(q,2) = R(Qeasip (-, 2))(q) € (B @ F)pg ~ Eq @ Fy.

5

where we also use R : JF* — C*°(F*) to denote the dual admissible realisation of R : JF — C*(F)
defined using the metric induced isomorphism F* ~ F' and Definition [2.2.22] as well as its canonical

extension to an admissible realisation of JF™* ® FE,

Lemma 2.6.10. For any admissible model and 7, € V.5,—p:s
Py + Jp)mp = (Ig + J)Tqp7p — Eqpli < |7lds(p, Q)(Mﬂ)/\éo_k

locally uniformly in p,q.

Proof. By Condition [3]in the definition of an abstract integration map, Definition [2.6.3

Lop(Ip + Jp)mp — (Ig + Jg) Vg ptp — Eqmpp € TLJO,: .

!"Note that there is no ambiguity in notation, we use E and E|, to denote the vector bundle and its fiber and E,, for
the operator.
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Thus, by Lemma it suffices to obtain the bound
11 (F‘”’(Ip + Jp)7p — (Ig + Jg)Tgpmp — Equ)(‘lSc/;\ﬂ N A@+B)Ad0
for ds(p,q) < A. Indeed

1, (Pmp([p + Jp)p — (g + Jg) L pmp — Equ)(¢2)
= K(Il,7, — HqQ<5076Fq7PTp)(¢2) - HqEqu(¢f1\) + OZ(/\((H@MO)
= Z Ky (I — HqQ<5o—BFq,pr)(¢9)
n
- HqQ<(6+ﬁ)/\60 (jqKn(Hpr - HqQ<50*ﬁFQ7pr)) (¢2\) =+ OZ(/\((H_B)MO)
= [ 37 (W, = QT (K28 33 Vol )+ O
n

SN 21kl |(ACTAN0 4 05 (ACHIN0) |
where to go from the first to the second line we used Proposition and the last inequality follows
from Lemma

Remark 2.6.11. Note that in Lemma |2.6.10) the condition o < 09 — 8 for 7, € Vs is actually

necessary.

2.6.2 ANALYTIC BOUNDS INVOLVING K

In this section we collect bounds involving the function

Kg,p,q(z) = K:L(Q’ Z) - R(Q&—i—ﬁij:L(’v Z))(Q) )

and for given s-vector fields W = (Wh,..., Wy),

K (2) = (V- Vw1 K5 (a0, 2) = Vi, . Vi, R(Qasp K5 (-, 2)) (@)

where the subscript 1 in (Vyy, ...V, )1K5,(q, 2) signifies that the differential operators acts on the first
variable and it is understood that (Vw,..Vw,)f = Vi, <...(VW,€71(Vka))...) for f € C*(E).

Remark 2.6.12. Note that, if W consists of coordinate vector fields, these functions are natural

analogues of the functions Kﬁj%y in [Haill).

Remark 2.6.13. Note that Km?‘q is supported on (By-n(q) U By-n(p)) N By, (q) N By, (p) by Poimﬁ@
of Assumption|2.16.2
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Lemma 2.6.14 (Hail4, Lemma 5.18). Let W = (Wy,..., W) be a tuple of s-vector fields. For
7q € Th5, for &, p > 0 such that £ + 5 < p and p,q,n such that ds(p,q) < 27" the bound

|HqTq(KrI:‘,/i§q)’ Swie ||Z||B1(p)‘7'q|

holds uniformly over n and models Z, satisfying ||Z| g,y < C. The finite set 0A¢ C N¢ has the
property that |l|ls > &+ B for every | € 0A¢. For a second model, Z = (ILT) satisfying ||Z||Bl(p) < C,

we have the following bound

| (g —T1y7g) (K g)l Swic 1Z: Z) g, ) |74l

% ( 3 ollletdes,W)a=Bng(y g)lile 4 3™ qp, q)P*degs(W)Q*n(a+5*m)) ,
1€5 A, m<&+B

Furthermore, the same bounds hold if K%E/,’fq is replaced by Kmép.

Proof. By linearity we can assume |7| = 1. First observe that supp(Km%) C By, (p) , by Point [2| of
Assumption Thus, let (B;,, ¢) be an s-exponential chart around p, and denote by Z = (1I,1)

the pushforward regularity structure and denote by K the pulled back kernel given by K(z,y) =
K(¢~(x), 7 y)). Writing x, = ¢(p) and y, = ¢(q), we have (using Lemma [2.2.15)), that

Kn(q,67'(2)) = R(Q<erpipkn(, 07 (2)) ()

= Kn(yg:2) = R(Qeetpin, Kn(-2))(¥g)

;N
3
Q
—
I
—_
—
N
~—
~—
I

where R is the admissible realisation obtained by pushforward under the exponential map from R, see
Remark [2.2.22, Similarly, denoting by W = (W4, ..., W},) the pushforward of W = (W, ..., W},) and
by V the pullback of V, as well as setting I?vap,yq(z) = Kfl’p,q@*l(z)) one finds that

K g, = KW (671(2) = Vi, - Vi Kb o (2)

n@p,yq

Therefore, denoting by Z = (I, T') the push-forward of Z, one has

P

= w,
g (K8, = Ty, g (Ko ) (2.49)

)

and we shall bound the right-hand side of (2.49).

We start with the case when there are no vector fields W present, i.e k = 0. By the definition of an
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admissible realisation we have

f(g,mp,yq (Z) ::f(n(yqa Z) - R(Q<§+ﬁj$pkn('a Z))(yq) (250)
- (g —7p)' 1) 7
=Ky (Yq: 2) — Z %DllKn(xpu z)
lils<e+8 '

—x ! ~ — [
b (8 W DRy 2) - RQud, K2 )

m<E+B  |ils=m

K (e =)' i i 2.51
=Kn(yq,2) — Z T n(p, 2) (2.51)
|I|<€&+8 '
+ ) O(lzp — ygl)2M g2 (2) (2.52)
m<&+p8

where d)g;’rn € B;f_n due to Assumption and p > 0 is arbitrary. We treat the two summands
above separately.

For the term (2.51]), we shall argue similarly to [Hail4, Lemma 5.18|, but additionally using
Lemma From the formula [Hail4l Proposition A.1], we have

~ — T l
Kp(y,z) — Z v 0 ) DY K, (z, 2) Z /Dl W(y +h, 2)Q'(x — y, dh)
lls<€+8 ) €6 A

and thus we can write

~ —gjl ~
lz[yTy<Kn(y,-)— > y ' )DllK Z/ 7, (DK, (y + h, ) Q' (x — y,dh) .

lils<€+8 ‘ l€6 A,

Since the integral in h only varies over points satisfying |hls < |z — y|s = ds(p,q), and since by

assumption d(p,q) < 27", we obtain by Lemma [2.3.18

’ﬁyTy(Kn(ya ) - ng: , (y ;'SU) DllKn(l‘, ))’
s<&+

< (105, @I, @) + [Z15, @)l 3 20ma=an / Q' — y, dh)
l€5Ag

= . > —ae ls
< (Mg, s ) ITI B, ii ) + [Z]8, ii ) el Y 20y g |
10 A,

Sl Zlpypy Y 2WlememPnd,(p, q)lle
1€5 A

where in the first inequality we have used the fact that there exists ¢ > 0 independent of n and y such

that ¢ DlK (y,2) € B;’Tn and in the last inequality we used Lemma |2.3.28] To treat the term

2|”5n
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(2.52), simply note that

2B M7 (¢ )] Se 227 Z) gy )
where we used that
’H Tq( 2 n)‘ < ’ﬁ:ﬂprwp,quq( )‘ + ’H Tq — H$szp7quq( 2 n)’

S Z |xp - yq|(a7C)VO27CHHﬁHBQ—n-‘rl(y) HFHBQ—TL+1(U)
CeEA
+ 2_6’”[[2]]B27n+1(y)

SC HZHB1(p) (2—5n + Z d(p, q)(a—C)VOQ—Cn)

CeA

S 1ZB, )2~ ",

~ |

where we applied Lemma [2.3.28|in the second last inequality and used that ds(p,q) < 27" in the last
one. This completes the case in the absence of vector fields W.

We turn to the case W = (W1,..., W) with £ > 1 . In this case one finds a similar decomposition

as given by (2.51)) and (2.52)), namely

[
~ ~ ~ p— ~
KV 0 (2) =% T | Balo) = 3 U Dl (2 | ()

’ [!
[l]<€+B
—deg, W - 2= n
+ Z O(|zp — yg|P~a: )Qn(m B)ng”; (2) ,
m<&+p
where again ¢;’j;27" € B;fin. Proceeding as above one obtains the claim. O

Lemma 2.6.15 (Hail4, Lemma 5.19). For 7, € Ty, . satisfying a + 8 ¢ N one has the bound

S| [ My K3y )63 ) Vol | Sc 12y A (259
neN

uniformly over q and gi);‘ € Bg’)‘, A < 1 and models Z satisfying || Z||g, ) < C. For a second model
Z = (11,T) one has

) / (I, — Tl) 7, (K%, ) D) AVO, | S [1Z: Z 5y [T1AH

neN

Proof. By linearity assume |7| = 1. For fixed A > 0 , we define n) € N as the number satisfying

A € (27™~1 27"\ and argue separately in the two cases, n < ny and n > ny, starting with the former.
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Since on n < m) we can use Lemma [2.6.14 and that ds(p,q) < A < 27" to bound

S [ Mo ,) 0 0)a Vol |

n<ny

SIZIs Y (3 20 [ 1630w avol,

n<ny l€6Aq

+ Y gnletsom /W )|d(p, q)Pd Vol, ))

m<a+p
,S ||Z||Bl(p)< Z Ams Z (|”5 a— B + Z )\p Z 92— noé-‘rﬂ m)
l€6An n<ny |l‘5<a+6 n<ny
S ||Z||Bl(p)< Z s (lls—a=B)na +)\p)

l€6An

S 2115,y N+ X%)

where we used that |l|; > a+ f for all [ € A,
For the case n > n) one can argue exactly as in [Hail4l Lemma 5.19], since this argument does not

involve the maps I'. One finds

| / Mg (K2, )0 p)d Voly | < [T, 3 A+ —r2—mn
>0

where the sum runs over some finite set of strictly positive indices k and therefore the desired bound

follows after summing over n > ny. O

Remark 2.6.16. Note that the second part of the proof of Lemma is where the bounds in Point[]]
of Assumption are used. Furthermore, the assumption that o + 8 ¢ N was used several times in

order to rule out the appearance of logarithmic terms.
Very similarly to Lemma [2.6.15] one obtains the following.

Lemma 2.6.17. If 6+ 5 ¢ N, then for 7, € T%s,_ps one has for every C' > 0 the bound

ZI/((HprHqQ<5o—5Fq,pr) (K320~ g (p)dVoly| S (12 gy ) mp AT
neN

uniformly over qbé € Bg’)‘ with A <1 and models satisfying || Z||g, () < C . A similar bound holds for

difference of models.

Note that in our setting the map Jy, : _g: TT defined by
JapTp = (J LoypTp + Eqmp — Fq,pJp)Tp = (JqQ<5—BFq7PTp + EqTp — qu‘]p)Tp

plays the role of (J(y)I'ys — I'y2J(x))7 in [Hail4]. Next we derive a bound analogous to [Hail4,
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Lemma 5.21].

Lemma 2.6.18. Let o < §g — 3 such that o+ B ¢ N, then, in the setting above for every T € T(;& and

every integer m < dg one has the bound

| Tp.qTglm Sc 121, @)l TId(p, q)letB—mIVo,

uniformly over p,q € M such that with d(p,q) < 1 and models Z satisfying || Z| g,y < C. Furthermore,

for two models the analogue bound difference bound holds.

Proof. Throughout this proof we fix an exponential s-chart at p and denote by 0; the coordinate vector
fields associated to it. We shall denote by 9 a tuple (9;,,...,0;,) and write Vg instead of Va,, ...Vaik.
Recall that by definition

IpaTg = JplpgTq + EpTg — IpgJqTq -

First we treat the simpler case a4+ 3 < m < (6§ + ) A dp by bounding each of the terms |J,I'), 47¢|m,
\T'p.qJq7qlm and |E,7y| separately. The bounds on the former two follow directly from Lemma the
estimate on F, follows from Remark [2.2.14] combined with the estimate

|EpTqlm < Z 4 s(gg) |(Hg7q — IIpLp 74 + Hszao_grp,q)(Va,1Kn(p, ))|
eg(8)=m

S ] 3 97+ i)

S |Tp| Z 2—n( (6+B)Adp—m)
n

Now we turn to the case m < ac+ 3. For p,q € M such that ds(p,q) < 1, we set np, € N as the number
satisfying ds(p,q) € (27"a~1,27"ra] and argue separately in the two cases n < n,, and n > n,,

starting with the former. Observe that for 7, € T} one has

QmJng = Qm Z J;LQCTp = Qm Z J;;QCTp ,

(<do—B m—B<(<8o—f

and therefore

QmJZJQTq
=Qm (J;;Tp’qTq + E;'Tq — Fp7ngTq)

= Qn( Z JQcTpgmq + E)7q — TpgJii7q)
m—B<(<6—f

= Qm( Z Jp ( pQCFp qTq) + ]pKn(HqTq - HpQéo—ﬂFp,qTq) - ijJt?Tq) :
m—pB<(<d—f
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It follows from Remark 2.2.14] that it suffices to bound

[pgTalm S sup |Ag = VoR(Jg7q)(p)]

deg(9)=m
where
Ao= Y TLQTm(VorKn(p,-) + (Myrg — Qs pTpq7) (Vo1 Kn(p, ) -
m—B<(<do—fB
Noting that
Aa = Z HPQCFP#ITQ(Va,lKn(pa )) + HpQ<5o—6Fp,qTq(v6,1Kn(p7 ))
¢<m—p

+ (HqTq - HpQ<5o—ﬁFp7qTq)(Va,lKn(p> ))
Z HpQCFp,qTq(Va,lKn(pa ) + HqTq(va,lKn(p: )
¢<m—B
=— Y IL,QTp (Vo1 Kn(p, ) + Mgr(Vo Ku(p, ) .
¢<m—B

where we used that ( + 8 ¢ N in the last line, we find

‘J;,qTq’m S sup \Aa - V8,1R(J3Tq)(p)\
deg(8)=m

o
S sup E |HPQCFp7qTq(v8,1Kn(pv )|+ ’HqTq(Kgqp” .
deg O=m C<m—8

To bound szz(gm | Iy 4 Tqlm, we thus estimate using Lemma [2.6.14{ with p > a + f3

"d(p,q)

o
sSup |HQTQ(K3,’q,p)‘
o deg(d)=m

Nd(p,q)

Z ( Z olllstm—a—Bing (o, gyllls | Z ds(p, q)P~"2" n(a+ﬁ—m)>

n=0 €6 AL m<a+f
< ds(p, ) TPT™ - ds(p, q)P ™

< ds(p, )™
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Next, since [T1,Q¢Tyq7(Vo1Kn(p, )| < ds(p, q)(@=OV02r(m=B=C) when deg(d) = m, we bound

& Td(p,q)
sup Z Z |HPQCFP7QTQ(VB,1Kn(p,')’S Z Z ds(p,q)(afc)VOQn(m*/D’*C)
deg(@)=m 1,0 ¢<m—p n=0 (<m—p
< D da(p )9V (M=B0)
¢<m—pB
S D> dilp, )0, (p, g)
¢<m—p_

< ds(p,q) ™

. n
This concludes the bound on Y, 2¢¢ | Ty Talm-

We turn to n > ng, ). We have

‘JﬁqTq‘m < sup ‘ Z HpQCFp,qTqva,lKn(p,‘))‘
deg(9)=m m—B<C<6—f

+ sup ’(HqTq_Hprpqu<6—BTq)(Va,1Kn(pa‘)‘
deg(8)=m

+ |Tpg i mq|
where we shall bound each term separately.

1. For the first summand we bound for m — 8 < (< d —

Z QT q7a(Vo 1 Kn(p, )| S Z ds(PaQ)(a_OVOQn(m_B_O

N2Nd(p,q) N2Nd(p,q)

< dy(p, q) @OV a(w.q) (m=B=C)

< ds(p,q)*¢V0d(p, q)P ™

S da(p, @) TPV

2. We bound the second term using the fact that 27" < ds(p,q) and m < o +

Z (g7 — pQcsy—8Tp.q7a) (Vo1 Kn(p, )| S Z gn(m=R)g=n((0o=F)r9)

NZ2Nd(p,q) NZ2Nd(p,q)

< dy(p, q)OTAN0=m

which is obviously bounded by ds(p, ¢)*T#~™ .
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3. For the last term we have

Z ‘FPQJ(?TQ}mrS Z Z ds(p,q)(l_m)vo\J;th

N2N4(p,q) n2ng(p,q) lENI<a+f

S Z Z ds (p’ Q) (lfm)\/02fn(a+67l)

n2Ng(p,q) lENI<a+p

5 Z dg(p, q)(lfm)VO Z 27n(a+ﬁfl)

leN,i<a+p nan(p’q)
5 Z dﬁ(pa q)(l_m)\/odﬁ(pa q)a+ﬁ_l
leN,i<a+3

S ds(p,q)* P

O]

The following theorem is almost a word for word adaptation of [Hail4l, Theorem 5.14], but the

proof is slightly easier, since our definitions are more relaxed.

Theorem 2.6.19. Let T = ({E'}iee, {T }iee, L) be a regularity structure ensemble and let Z = (I, T)
be a model, such that Assumption is satisfied. Let B > 0 and let V C T be a sector with the
property that for every (a,6) € A x A with Vi, 5y # {0} one has a+ 8 ¢ N and (6 + ) A do ¢ N.
Furthermore, let W C V be a subsector of V and let K be a kernel satisfying Assumption[2.6.1. Let
I:W — TV be an abstract integration map of order B and precision &y realising K for I. Then, there
exists a reqularity structure ensemble T containing T, a model Z = (fl, f‘) for Ts extending (IL,T), and

an abstract integration map I of order B and precision § acting on V =V such that:
e The model Z realizes K for I.
o The map I extends I, i.e. Iir = I forallTr e W .
Furthermore, the map Z — 7 is locally bounded and Lipschitz continuous as in [Hailj).

Remark 2.6.20. Note that the extension of the reqularity structure ensemble really only affects the §
component of the ensemble, i.e. T =T" for all t € £\ {f}. .

Proof. For « € AN (—o00,00 — ), 6 € A denote by W, 5 a complement, such that that
Va,& = Wa,& @ Wa,zS

and set W = @ @b V_Va’(s. We further denote by W+ the complement such that V. =W @ W @ W+ and
observe that Wt = Qxs,-5. W™ .
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To construct the regularity structure T, we set

A=AU{a+BeR : a<d—B, Wa,#{0}},
A=AU{(+B)AdeR : Ws+#{0}}

and for (a,8) € A x A set

Tfm; B Wa—ps—p if a, 8 < &y,

1) & Ds,_pes Warss it0 << b, 6=,
Fo= = .

Ta 6 T(L(s D ®50—BS5'<+00 Wa_@(gl if < 0, J = 507

T;(;@Wa—,b’,é if <0, §d =00,

T) 580 ifa>68 —Bord>d—j,

«

which is motivated by Definition [2.6.3] see also Remark [2.6.4f Accordingly we write elements
Tp € TL 5 as pairs 7, = (Tg , TZ}), where 719 e TT and Tpl € W. Next, we extend the space L appropriately.
Note that due to the second condition in the definition of an abstract integration map, Definition [2.6.3
we can not simply take the space of all linear maps satisfying the conditions of a regularity structure.

Instead we define, similar to [Hail4],

o do
Lpg = Lpgq x My,

where M;,S?q consists of all linear maps from W, to (TJ)<5O. An element (T4, Mp,) € Ly, acts on

e = (15, 72) € TL’(; as

(Lpgs Mp.g)Tq = (vaqqu + Ip(QWvaqTqQ) + Mp7q7z12= QWPp,qTqQ)

Similar to [Hail4, Equation (5.22)] one can check that Ly 0 Ly, C Ly,.
To extend the map I we note that for 7, € V,, we have a unique decomposition 7, = 7'}9 =+ 7'101 + Tg,
where 7) € W, 7} € W), and 77 € W+. We set
fp(Tp,O) = (L7, 71) .

Pip>'p

We have to check that the conditions in Definition [2.6.3] of an abstract integration map are satisfied.

The only non-trivial fact to check is Condition [3| for which by linearity it suffices to check it on
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N

I,y = (0,7,) € T} for 74 € W,. Indeed, by definition of Ty = (Tpq, Mpq) € Ly

)

fpf‘p.qu - IA‘p,qjtﬂ'q = fp(rp,tp Mp.q) (Tqv O) - 1qp,q (O’ Tq)
L(QwTpgmp + QuTpgmp: 0)
- (IpQWPp,qTq + Mp,q7g;, QWFp,qTQ)
= (IpQer-qu QWFp-qu)
- (IpQWFp,qTq + Mp,q7q, QWFp,qTq)

= ( — My 474, 0) .

Next, we turn to the extension of the model Z = (II,T) for T to a model Z = (II,T) for 7. For

7 = (17, 72) we define

gy = Mgy + K(y7)) — T Jyrs
This is well defined due to Lemma [2.6.15] Next, we define
1Aﬂp,q = (I'p,gs Mp,q) , where ]\410417'(12 = Jpr:tLqTq2 - 111941Jq7'q2 + Eprg = quz12 .

We check the second analytic condition in the definition of a model. By linearity and the fact that
I' satisfies the this bound, we only need to check it on elements of the form 7, = (0, Tq2) € ij B

Indeed,
3 2 2 2
LpaTq = (IpQer,qTq + Mpq7y QWF%qTq)
and we decompose lqpyqrq = fofp,qTq + (id — fo)fp,qv'q. Thus

|(id = Q1) Tpg7qle < |IpQWFp,qqu|C + |Qv"vrp,q7'q2|é“—ﬂ
= |QWFp,qTq2|C—B + |QV’VFp,qqu|C—B
S Tpargle—s

The bound on fofp’qTq = Mp,qTq2 = Jp’qqu follows from Lemma [2.14.3

Lastly, we check the third condition in the definition of a model. Again suffices by linearity to

check it on elements of the form 7, = (0,77) € TOE 5 - We assume § < +oo, the case § = +oo being
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simpler. Indeed, we have

ﬂpfp,qTq - 1iquq = ﬁp (IpQer,qT; + Mp,qTan QWFp,qTqQ) - ﬁq (07 qu)
=1, 1, Qw g7y + Mp(JpTpq7e — TpgJgme + Epry) + K(I,QupTp 7o)
— I JpQuTpge — (K(Igry) — g Jy7?)
:K(HprpquqZ) - HPJPPPang + Hp(JpraqTqQ - Fp,quTq2 + Equz)
- (K(HqTqQ) - HquTqQ)
=K,y q70) — Ty 0 Jyre + T, Ey7y
— K(Hqqu) + Hququ

= KTy 77 — Ugry) — WpEpry + Mg Jgrs — Ly g Jg7e

Ty Ty

Thus, by the same computation as in the proof of Lemma

|T1(¢;)§)| = '/M Z(Hpr — Ty p7p) (KQ’S‘SA(‘;O*B))(gb;\)(s)ds < A@FB)A%

where the last inequality follows from Lemma if 6 < +oo0 and even vanishes if § = co. The
bound |Th(¢p)| < X% follows from the fact that the jet model is indeed a model, Proposition [2.3.21
and if o + 8 < 0 vanishes. O

Remark 2.6.21. Note that if a model is constructed using the Extension theorem above, the term

bounded in Lemma |2.6.10 actually vanishes.

2.6.3 SCHAUDER ESTIMATES

We introduce for v < dy — 3 the operator N, which maps f € D7(T*) to the continuous section of 77
(N'yf)(p) = Z Q<7+6ij(Rf - Hpr) .

It follows from the Reconstruction Theorem and the scaling properties of K, in Assumption [2.6.1
that this sum converges absolutely by a similar argument as in the proof of Lemma [2.6.6]

Finally, we define K, the lift of K to D7(V)

Kyf(p) = pf(P) + pr(P) + (N"/f)(p) .

Theorem 2.6.22. Let T = ({E'}iee, {T ee, L) be a regularity structure ensemble and Z = (I1,T")
a model such that Assumption 1s satisfied. Let V C T* be a sector, K be 3 regularising kernel
satisfying Assumption and I :V — TV an abstract integration map such that Z realises K. Then,
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for any v € R such that v+ 8 ¢ N and 0 < v < &y — 3 it holds that K., maps DY (V') to DY*A(TT) and
the following identity holds
KRf = RK, f (2.54)

for all f € DY(V'). Furthermore, the following bound holds

I £ Ky i Sc I Fs flllsz +1125 21 &

uniformly over models Z,Z and modelled distributions f € D}(V), f € DL(V) satisfying ||Z||,
1Z] &, 1 fllp (&) and Hf”pw(i() <C.

Proof. First we note that

1K Flly,0¢ S ALFll e s f = Ky Fllys.x S NF = Flly + [T — s e,

follows easily as in [Hail4]. Similarly, for ( € A\ N such that { <+ [ it follows by direct inspection
that

Ky f(P) = Tk f(@)lc S dlp,g)P7¢ (2.55)

and

|]C7f(p) - Fp,qlcvf(Q) ( f( )—T P,q Wf( )) ‘C

Sdp, )" Fllyk 112 = Z)lysi) -

Next, we establish (2.119) for ( € N. Let k :=( < v+ (. It follows from Lemma [2.6.10| that

(K f (), — (Toaly f(@),,
= (Lof(p) + (N> H)D)),
— (JpLpaf (@) + Epf (@) + TpgWN5£)(0),, + Od(p, )P 7F)
= (S(f(0) = QerTpaf (), + NHP)y — (Tpa(N5F)(0)),,
— (Bp /(@) — (JpQ@>4Tpaf (9) + Od(p, q)77%)

We decompose Jp, = > 7 Jz(,n) E,=>">, Eﬁ”) Ny =307 N[Sn) by replacing K by K,. As in
previous proofs, we let ng, ) € N be such that d(p,q) € (27"dp.) =1 27"awa)] and proceed by looking
at the cases n > ny(,q) and n < ny, ) separately.

For n > ng, ) one proceeds as in [Hail4] to obtain

L Ynsnggy NTFD)], S ds(p,q) 0 F
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2. Yy 10 (F0) = QerToaf (@), S dslp, @)+

8- Lnongy LTra NG, S ds(p,a) 770

The remaining terms to be checked are (Epf(q))k and (Jszfprgf(q))k . For the former we have by
Remark [2.2.14] and using the notation 8 and Vg as in the proof of Lemma [2.14.3]

Yo IEPf@k<s DY swp [(f(p) — IyQesy—p,Lpaf (0) (Vo Knlp,-)|
n>ngq n>n deg(9)=k
P,q) d(p,q)

< Z 27 nOHA=R) < (p, q) TR

n>Nd(p,q)

and similarly

Z |y Q2 Lpgf(@)]k < Z sup |1, Q>4T'pqf(0) (Vo1 Kn(p, )|

n>N(p,q) n>Nd(p,q) deg(8)=k

< Z 9~ HB=R) < g (p, q) TP

n>Nd(p,q)

Now we turn to the case n > ng,q). Similarly to the large scale bound in the proof of [Hail4,

Theorem 5.12], we define

T = —Qr (VI ) p) + TV £ (p))
Tzk = Qk (J;gn)rp,qf(Q) + Eé”)f(q) + Fp,q(Nrgn)f)(Q))

and note that

—(TF+TF) = Qu(I () — Tpaf (@) + NV £)(p) — Tp o N (@) — ESV f(0)) -

Inspecting the definitions of the terms, we obtain the identities

TF =QuripKn( > WQcf(p) —Rf) ,
(<k—pB

,TQk :ijpKn( Z (HpQCFp,qf(Q))

k—B<(<éo—p
+ijpKn (qu(Q) - HpQ<§—BPp,qf(Q)))

_ijpR(Q<’y+ﬁjqKn(qu(Q) - Rf)) .
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We can rewrite

Ty = Qk]pKn (HpQ<6o—5Fp,qf(Q)) - Qk]pKn( Z HpQCFp,qf(Q))
¢<k—-p

+ QrjpKn (qu(q) - HPQ<5—BPp7qf(q)))
- Qk]p (Q<7+,8Jq ( qf( ) Rf)

= QkaKn (qu(Q)) - Qk]pKn( Z HpQCFp,qf(Q))
¢<k-p

_Qk]p (Q<’Y+/i7q ( qf( ) Rf)) .

Thus

7—1k + Bk = ijpKn (qu(Q) - Rf) - Qk]p (Q<7+B]q ( qf( ) Rf)

+ ijpK( Z Q¢ (f(p) — Fp,qf(‘])))
(<k—p

and therefore

ITF+ TF e < sup |(THgf(q) — RF)(KEDT,)] (2.56)
deg(8)=k

sup Z M Qc(f(P) = Tpaf(0)(VaKn(p,-))| -

deg(a) keln

We now bound these two summands separately.

Since d(p,q) < 2™ it follows as in Lemma [2.6.14| that for p > v + f,

(T, f(q) = RF)(KZH ) S D 2Wletdes@=a=Bingpy, )l (2.57)
lesA,
+ Y ds(p,q)f e @2l EEmm
m<y+0

and summing over n < ny, ) We obtain for deg(9) = k

Z (g f(q) — REY (KD ) S dp,g) P~ deg(®) 4 q(p, q)P~98®) < g(p, q)1TFF .

n<Nd(p,q)

For the second term in ([2.120)), note that ( + 8 < k actually means ¢ 4+ 3 < k since ( + 8 ¢ N. This
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yields

Y mQc(f(p) = Tpof (@) (VoKulp, )| S D dlp.q)0~9V02kDngmne

n<Nd(p,q) N<Nd(p,q)

< d(p, q)’y_C2(k_ﬁ_C)nd(p,q)

<d(p, )Pk

It remains to show the the identity (2.118]). As in the last part of the proof of [Hail4, Theorem 5.12],

one sees mutatis mutandis that
(KT () = KRN = 3 [(of(0) = RIE 4)63(a) dVol,

One bounds
> [ W1 - ROU,)é)a) aVol, £ X772

n<ny

by the same argument as in Lemma [2.6.15|. To obtain

3 / (I, (p) — RF)(E,)ég) d Vo, < AT+

n>ny

one decomposes

K7, .(2) = Kn(g,2) = > R(QrjpKn(:2))(q)
k<y+p8

and bounds each term separately. O

Remark 2.6.23. The identity

TE+ T < sup |(Tuf(@) = RE)(K2,)

deg(8)=k et
+ Y ILQ(f(0) — Tpaf (@) (Von(p, )
(<k-p

is the only place where we crucially need the term E,7, and where replacing Ep,7y by Q<aqpEpTq would

be insufficient. If we were to replace Ep7q by Q<aqpEpTy we would instead obtain
TE+TE < swp | (Tef(a) — RA(KDS,)
deg(8)=k

+ Y Q) — Tpaf (@) (VoKn(p,))
¢<Ik|-B

- Z (Ig = II.0)Qc f () (Vo Kn(p, -))
(<k—p

where the last term in general destroys the needed estimate (think of n =1).
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Remark 2.6.24. The fact that we cannot truncate E,7, is also consistent with the following interpre-

tation: Let 7, € T and assume that

q— f(q) = LopTp

is the modelled distribution in D°. (Note that this is not necessarily the case with our definitions.)

Then,

Ksf(p) = Lf(p) + Jpf(p) + (Nsf)(p)

=L, + Jp1p
while

Ksf(q) = I,f(q) + Jof (q) + (Nsf)(q)
=I,Uqprp + JUgpmp + Eq7p -
2.7 SINGULAR MODELLED DISTRIBUTIONS

In this section we shall be working with modelled distributions defined on R\ {0} x M, which belong
locally to DY away from {t = 0} := {0} x M and derive results analogous to those in [Hail4, Section
6]. We assume that M is equipped with a scaling 5 as in Section and extend the scaling in the

canonical way to a scaling s = (s59,5) on R x M, where sq € N. We write for z; = (¢;,p;) € R x M
1
ds(21,22) == |t1 — ta|*0 + ds(p1,p2) -
Then, we introduce for z = (¢,p) € R x M,
1
’ﬂso = ’t’507 |Z|50 = |t|50 >
and for any compact set K C R x M
K= {(21,22) e(K\{t= ()})2 |21 # 22 and ds(21, 20) < |21]sg A \z1|50} .

Definition 2.7.1. Fiz a reqularity structure ensemble T = ({E'}iee, {T' }iee, L) and a model Z = (I1,T)
on R x M. For 0 <n <~ we define DI"" to consist of all sections f of T%V such that for each compact

set K C R x M the following semi-norm s finite

|f(zl) - 11z1 zzf(ZQ)‘a
i+ sup - sup (. =
TR ek, a<y d(z1, 22) 77 (215 Al 22]s0) 1Y

iir

vt (K) = ”f’
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where

| f(t, D)o
[fllymsie == sup ~ sup ===
o (tp)EK\{t=0} a<y yt|§g‘““°

For f € D{"", we furthermore introduce the following quantity

f(t,p
00K == sup sup | (;]lJa :
(tp)ek a<y [t

Lastly, for a second model Z = (ﬁ,f) and f € D} we define the distance

1 3 |f(21) = T2 2y f(22) — (f(zl) - 1:‘21 ZQf(Z2))|CY
s Fllymsc =If = fllymx + sup  su = — :
W5 Flllymre =1 = fllymx (Z17Z2)I;Kha<13/ d(z1, 22)7=2(|21]sg A |22]50)77

The next lemma differs from [Haildl Lemma 6.5] due to the fact that the maps I' are not lower
triangular and since for p € M, t,t € R we do not identify Ty py with Ty ;) (and therefore addition
between elements in these spaces is not well defined). This forces us to impose a stronger continuity

condition on f at {t =0} .

Lemma 2.7.2. Letn <. Let I := [a,b] C [~1,1] be an interval containing zero, and K C M compact.
Assume that f € D" extends continuously to all of I x K and and that there exists € > 0 such that

for all o < n one has |f(t,p)| < || uniformly over I x K . Then one has the bounds

HfH’YJ];IXK < H‘f|||%n;lxK

and

0F = Flymrxr S WFs Flllymrcr 1T = Tl CIEF Ml + 1 F s )
where the implicit constant only depends on ||| rxx + |T||lrxx -

Proof. For the purpose of the proof, it is useful to define the quantity

I 7
IIT|[|7x & := sup sup sup sup | (t’vp),(t,ﬁlo) p.tla
a€A LY ElpeER 7(y ) €TY, |t -1 |80

and observe that there exists a constant C' > 0 such that |||T'|||;xx < C||T'||7xx- It is also useful to
define N € R be such that [|T||7xx < N¢ A ming geaazs N7

Let B € A be such that the bound |f(¢,p)|c < |t|7=¢ holds for all ¢ > 3. We argue that then the
same bound holds for ( = 8 as well. We can assume that 5 < n since otherwise the inequality follows
from the definition of ||| - [|lpyn(rx k) -

For notational convenience we write for fixed p € M:
Fg’ﬁ = 11(N*”t,p),(N*("+1)t,p)QSB and f(s) := f(s,p) ,
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as well as

AP = f(NT) = TP (N~ D)

Note that then it follows from the Holder type assumption of f close to {¢ = 0} and the choice of N
that
QaTy P o. . oTNAp(N—(H))

as n — 00. Indeed we have for t <1

L% o o DN FEN=H) | < T |7k Nt

which is summable. Using this and the convention that for n =0

P80 o id |

one finds
_ f:réw o ..o TNB(F(N=( D) — f(N~(mHDygy)
_ ipgﬂ oo (F(NT") = TP f(N~ (D))
_ ir{fﬂ o...oTNB(AfNAY
Thus

[e.e]
N, N, :
[Ftp)s <D [T o o TR (ALYF)]
n=0

<D Tk 1A o

n=0a<pg

Next observe that

AV

o S IFINT") = Diyenggy (v-negy f (N~ VD)

+ [T (g p) (Nt ) @58 F (N ~HDE)

S (N7tlg)"™ + D CINT ) VO (N =D
¢>p

SN tsg) 7™ A D (N tsg) ™ (N " [t]sg) "~
¢>p

S (N7 tls)"™
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where we used the fact that that « < 8 < ( and the assumption on § in the second last line. Therefore

R S 177D 0 (DT W N70)

n  a<p

ST T e NP
n

O
Remark 2.7.3. It is not difficult to see, that argument of the proof generalises to setting of [Hai14),
Remark 6.1], i.e. where {t = 0} is replaced by a more complicated submanifold.
Exactly as in [Hail4], one obtains the following interpolation inequality.

Lemma 2.7.4. Let v >0 and x € (0,1), as well as f, f as in Lemma|2.15.3. Then for every compact
set K the following holds

_ _ - 1—
|||f7fH|(1—H)7,n;I><K SIUfF—f U%;]xK ( 0f ”DZ”’(IXK) +[f U%n;lxK) :
where the implicit constant only depends on |U||1sx + ||Tll1xxk -

Proposition 2.7.5 (Hail4, Prop. 6.9). Let f € DV(V) for some sector V. C T" of reqularity o < 0,
somey >0 and n < v < §. Then, provided that o A > —sq, there exists a unique distribution
Rf € C(EY) which agrees with the reconstruction operator away from {t = 0}. Furthermore one has

the bound
IRf = Rfllcarnrxry S W fllyrxe +12, 21, i - (2.58)

Proof. The following results can also be obtained mutatis mutandis as in [Hail4] by going to appropriate
s-charts. O
2.7.1 PRODUCTS AND NONLINEARITES

Then next lemma is the analogue of Lemma the proof of which is a straightforward adaptation
of the proof of [Haildl Prop. 6.12].

Lemma 2.7.6. Let VY € TY V2 C T% be two sectors of reqularity aq resp. o and let % : Vi x V2 —
T be an abstract tensor product. Let Z be a model and v1,v2 > 0 and m1 < 1, n2 < 2. Assuming
the product * is y-precise for v = (y1 + a2) A (v2 + 1) and setting n = (71 + a2) A (n2+a1) A (1 +n2),
the map

DM (VE) x DER(VE) = DINTS), (fi fo) = fixy fo

1s well defined, continuous and the bound

1 fv %y Folllymre S M1 st 112 i msrc (14 ([T )
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holds. If furthermore Z = (II,T) is a second model and f, € D}l(V“), fo € D}Q(VQ) one has the
bound

H’fl Ky f2; fl Ky f2H ¥, K SJC H|f17 fl |||717771;K + H\ f2; f2 H|72,772;K +HF - fHK)

uniformly over fi. f; satisfying ||fillnirc. 1 Fillymac < C and models  satisfying

ITll, ITllx < C-

Since the lift of general non-linearities differs from the constructions in the flat setting, we provide

a proof of the next Proposition, even though it is very close to the proof of Proposition [2.5.

Theorem 2.7.7. Let T be a reqularity structure ensemble, {V'} oz as in Assumption Z = (I1I,T)

a model for T and G € C*(E x F). Forn € [0,7] one finds that for f € DY1(V)

() = 3 e GEDC)(fy) wy F37") € DINUP)

n

Furthermore, the map f — G(f) is locally Lipschitz continuous in the sense that for every C > 0,

1G~(f) = GA(9)]

Iy S = gllymx (2.59)

uniformly over £.g satisfying || fllmic: llglllyzc < C.

The next corollary follows as in Remark [2.5.24]
Corollary 2.7.8. In the setting of Theorem if Z = (II,T) is a second model that agrees with Z

on jets and M is compact then one has the bound

G (f): Go @Dz S WS 9 Mysre +1Z5 Zlxc (2.60)

uniformly over f,§ satisfying ||| fllyn:i, Gly.mx < C and models satisfying | Z||x, | Z||x < C, i.e.

the map
DIV f — DU, e Gy (f)(p)

18 strongly locally Lipschitz continuous.

Proof of Theorem [2.15.7. Let  be as in Assumption [2.5.22] we again only treat the more involved
case 7 > (.
In order to bound |G (f)|ly,n;x note that

[v/<]
G (D)o <D 1IED"G) (F)lil Fo " ot -
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Since [j (D"G)(fp)li S 1fl < |1l and

s l —1n,)NO
Mot S0 Wl SISO el
4. +Hlp=a—1

it thus suffices to check that

MA0)+((n=L)A0)+ ...+ ((n—1n) NO) = (n—a) AD .

If all terms on the left vanish, we are done. If not, note that (n A 0) = 0 and thus there must be a
summand contributing 1 — [;, for the rest of the summands note that ((n — ;) A0) > —[;. Thus, we

find that
MA0)+((n=l)AO)+...+(n=l)AO) >n—a+1>(n—-a)AD,

and conclude that |G~ (f)|lynx S fllymx -

In order to bound [||G(f)|||y,n;x we find as in the proof of Theorem [2.5.23| that for x < ~y

[v/d]
Qr | Lgp Ztt LopipD"G(RFp() %y Tapfp™™ | =0
and
[v/¢l B [v/¢l _ -
> te i D G(RI()) %y Topfy™" = Ztr —LandpD"G(RI()) % Taply
n=0 K
[v/¢<] ~
< Z Z ‘Q<7 B ]qD G(pr( ) — qupDnG(pr( ))‘OZ‘RLPJCPAY ‘ﬂ
n=0 a+B=k
[v/¢]
@ * n
<D dilpg) \fq|o§jr " Ix
n=0 a+f=k
[v/<]
S 3 el S A )

¢

S ds(p; @) " (Iplso A lalse)™™”
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As previously we find

[v/d]

GUN@) = Y & iaD"GRE() w7 T,
n=0
[v/¢] 1
<} Z t *]anG(qu( ) * *A/n
n=0
/¢l v/¢l—n 1 ~ - .
- Z Z tt Dn+k G(pr( ) *%7}1(1“21091(')—pr('))@)k*ft;wn‘,.i
n=0 k=0
/< /€l - 1 - - ~
+ Z 6 DR GRE() xy G (RE() — REO)Z 5 i7"
n=0 k=0
b/a ) )
= Dty D G(RE()) * Loy,
n=0

As previously, the former summand can be bounded by

R 7 7 (/¢=ntl-a) 7
Z Z |fq_Fq,pfp‘0’y |qu ’57

n=0 a+f=k

where for each non-vanishing term

Y — KR

/¢ -n+l-a> c

(2.61)

We note that

‘fq - I‘q,pJFp|O N ds(p7 Q)C(‘p’so A ’(J‘so)(niO/\o (2.62)

We treat the two cases n > ¢ and 7 < ( separately, starting with the former. Here we find using the

‘ﬁ S (’p‘ﬁo A ’q‘ﬁo)(niﬂ)/\o S (‘p’fxo N |q’50)77*“/ that

rr~AM
crude bound |fg”

[v/¢]

Z Z ,pfp [v/¢] n+1—a,fq*w,5

n=0 a+p=k
[v/¢]

<5 5 ooy,

n=0 a+p=k
[v/¢]

SN dilpea) " s

n=0 a+pf=k

S ds(p, )" (Iplso A ldlse)" 7,

where in the first inequality we used (2.126)) with the fact that (n — () A0 and in the second in ([2.125)).
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We turn to the case n < ¢ where using ([2.126f) we find

[v/¢]

r —n+l—a| jxyn
X | fa = Tapold/ "0 0" s

n=0 a+pB=k
[v/¢]

S Y0 dalpa @) O [l gl ) D
n=0 a+p=k

[v/¢] ds(p, q ¢([v/€-n+l-a) b/ Cl—rt1—a) | Ty
= Z Z (|p|so A ‘Q|50) |fq |ﬁ

n= 0a+/5 P ’p|50/\‘q|50
/<]

.
Al (/=nt1=a) | Fxm
<X 5 (GERE) ko Al 77

n=0 a+p=k
[v/¢]

<Y (@) (plso Alalso) T s

n=0 a+p=k

where in the second last inequality we used ([2.125)) together with the fact that 1 > ds(pa) o in
[plsg Aldlsg
the last inequality we again used (2.125)). Next, note that

17" 15 S (plso A lalsg) D0
thus we conclude
[v/¢]
ST dap. ) (plso Alalso) " s
n=0 a+f=k
[v/¢]
< Z Z ds b,q ’p‘so A ‘Q|50) ”H(\plso A |q’50)77—5
n=0 a+p=k

,S ds(pa Q)77H(|p‘50 A |Q|So)n77

Next we bound the second term R, , , for which we find exactly as in the proof of Theorem [2.5.23

[v/<] [v/<]

1., 7 . 7
Rypq = ZtthqD G(Rfp()) #y Dnpg| < Z Z 7gD" G (R fp(*))]al Dn.pqls
n=0 " n=0 a+p=k
[v/<]
S Z Z | Dn, ,pq’ﬂ
n=0 a+p=k

where we recall that D,, pq := Q< Ty o — (f; = Dgpfp)™™ and note that

| Dipals S ds(p,a)" P (Iplsy A lalso)"™
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This concludes the estimate of the second term. Lastly, to see (2.59)) one again writes h = f — g and

bounds

1 1 _ -
G(f) —Gy(g) = /0 Z ] tr (jf(DnJrlG)(gp + thy) *y (Gp + thy) ™ %y h)dt .

2.7.2 SCHAUDER ESTIMATE

The next proposition is the analogue of [Hail4, Prop. 6.16].

Proposition 2.7.9. In the setting of Theorem let f € DY(V) forn < ~y, where n A a > —s¢
andn+ 5 ¢ N, then
K. f € DY+B.(nAa)+B

Furthermore, let I C [—1,1] be an interval, then the following bound holds

|”K:7f§K'yﬂ”w-i—ﬁ,(n/\a)-i—ﬂ,[xl{ < |||f7f‘ v IxK +HZ;Z||(1+[71,1])X[< )

where the implicit constant depends on || Z||(1411.1))x i HZH(I+[—1,1})XK> W £lllvmrx i and ||| f]

Yo I XK -

Remark 2.7.10. As in [Hailj|] we observe that the condition o A > —sg is only required in order to
have a unique reconstruction operator. In situations where this fails but one needs to make a choice of

reconstruction operator R satisfying the bound .
Proof. The following follows directly as in [Hail4].
e The section N f is well defined for f € D¥(V) (outside the set {0} x M ) .

e The necessary estimates on IICy f(P)|a

) |/C7f(p) - ]Cvf(p”a )
Ky f(p) = TpaKy f(@)]a, and Ky f(p) — KVJF_ Ly oy fla) + fp,ql@vf(q)‘a forao € A\N.

e The necessary bound on |K, f(p)|x and |K,f(p) — K, f(p)|x for k € N .

The place where the proof in our setting varies from the one in [Hail4] is in estimating |IC, f(p) —

Ly oKy f(@) |k and Ky f(p) — Ky f(p) — TpoKyf(q) + Tp oKy f(@)|x for k € N. We only estimate the

former, one proceeds analogously for the latter.

To estimate |lC£,n) flp) — I‘p,qngn) f(q)|x for p,q € K we proceed differently in the three cases

1. 27" < ds(p, q),

2. 27" € [ds(p, q), %]p|50 A ldls]s

3. 27" > %|p]50 A 1qlsg-
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In the case 27" < ds(p, q) one proceeds exactly as in the proof of Theorem [2.14.7| to obtain

S KM D) = Tp oK (@) < ds(p @)™ (Iplso Alglsg)”™

n:27"<ds(p,q)

In the case 27" € [ds(p,q), 3|Plsy A |dlsy), one proceeds as in the second step of the proof of
Theorem [2.14.7 and it suffices to bound

sup |(TT,f(q) — Rf) (K27, (2.63)
deg(9)=k
and
sup Y [LQc(f(P) — Tpgf(@)(VoKn(p, ) , (2.64)

deg(0)=k ¢<k-8

see Equation (2.120). To bound ([2.127)), we proceed as in (2.121)) but using Lemma, to obtain

> (T f(q) = REY K7 ) S (Iplso A lalso)" " (d(p @) 7F + d(p, 0)° ")

_ Iplsg Alal
d(p,q)<2—n< 20200

for p > v+ B. For the second term (2.128)) one obtains the desired bound directly. We turn to the last
case 27" > %|p\50 A |qls,- Here we proceed as in the previous step, except for the term (2.127)), which

we estimate as

|(Tgf(q) — REYKZT )| < Mo f(@)(BEL7 )|+ [RFED )| -

Lemma [2.6.14] implies that

‘qu( K‘?};Yq Z ‘l|5+deg 8) nha— )nd(p7 q)ms
€6A,
+ Y di(p,q)f @ nlmnatiom)
m<y+p

For [ € §A, and deg(d) = k one finds

S e gl

n i 27> 5 plsoAlglsy

< ([plso A lglsy) ~WHetr=mma=Blg(p, gl

)(n/\oz)+ﬁfk( dﬁ(paQ) )|l~|s
|p|5o A |q|50

)(n/\a)+6—k( dﬁ(p?q) )’H’/B—k
[plso A lalso

= (Iplsy A lalso) ™ "ds(p, q)" 7%,

= (|P‘5o A IQ|50

S (Iplso A lglso
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where in the last inequality we used that ds(p,q) < |pls, A |qls, and |i|s >~y + 8 — k. For m < v+ 3
and p > 7 + [ one has

> ds(p, q)? "2 <y (p, @) R ([plsg A lalso) ™)
n:2*"2%|p\50/\|q\50

and thus for deg(9) = k

8 — —
S @& S (plso A lalsy)™ Vd(p,q)
n:2">1|plsg Alglsg

The same way one bounds ‘R f (K;? ﬂq)| and therefore concludes that

S M f@) = RAE] S (plss Alalso)™*d(p, q) 7 .

— 1
n:2 n2§ |p|50/\‘Q|50

2.8 SOLUTIONS TO SEMI-LINEAR EQUATIONS ON MANIFOLDS

In this section we provide the remaining ingredients in order to generalise the fixed point theorem in
[Hail4l Section 7.3] to the geometric setting of this article. From now on we work under the following

assumption.
Assumption 2.8.1. We assume that the manifold M is compact.

Since the equations we shall consider will always be in integral form, we proceed by working with
kernels. A discussion about the existence of such kernels for heat type differential operators can be

found in Section B.171

Assumption 2.8.2. Let G € C*°(F @ E* \ n~1A) be an integral kernel and B > 0. We assume there
evist K € C°(F @ E*\ 7 'A) and K_1 € C*(F ® E*) such that G = K + K_1 and the following

properties are satisfied.

o K satisfies Assumption for B,

e both, K and K_1 are non-anticipative, i.e.

t<s= K((t,p),(s,q)) =0 and K_1((t,p),(s,q)) =0 for allp,q € M .
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2.8.1 SHORT-TIME BEHAVIOUR

We define My = [—1,T] x M and as in [Hail4, Section 7.1] the operator
R" : D" — D"

given by multiplication with the indicator function of R;. The following is the analogue of [Hail4l,

Theorem 7.1] in our setting.

Theorem 2.8.3. Let K be a Kernel satisfying Assumption[2.16.9 for some 3 > 0. Assume furthermore
that the reqularity structure T comes with an integration map I of order B and precision dg acting on a
sector V' of regularity o > —sg and assume that the models Z = (I,T') and Z = (II,T") realise K for I
onV. Let v < g —

Then, for every T € (0, 1] uniformly over models Z,Z realising K for I on'V and f € DV(V),

7 e D) satisfying || fllmte: 1Pl s < C -
WCWRJFJCW’HB,??;MT So T || flllymsnr (2.65)
|||K7R+f;K7R+f“|v+ﬁ,ﬁ;MT Sc T%( Il f: 7 lymspar 12, Z”MT+1)7 (2.66)

where 7] = (N A a) + 8 — & and C > 0 depends on | Z||\npy s | 2] aigy, < C in the first inequality and

additionally || flllymatrs || flllymsaze < C in the second inequality.

Proof. For ¢ € A such that {( > (a An)+ (3 the estimates on Q¢(C,R™ f) follow as in the proof of
[Haildl Theorem 7.1] using Proposition [2.15.9, the local version of the Reconstruction theorem in

Proposition [2.4.5] and non-anticipativity of the kernel, together with the definition of the semi-norm

- llpgn -
Dt

Thus, it remains to show the estimate for k € N such that k < (aw An) 4 . Observes that
Qk(RT)(2) =D QrjKn(RRY f),
which follows by unravelling the definition of J,(R™' f) and N (R" f)(2). Since the operator
K :CoN — clemmtl P KE =Y Ky (F)

is well defined and since I,R™ f(¢,p) =0 for t < 0 (as K is assumed non-anticipative), one observes

that K, R" f satisfies the assumptions of Lemma [2.15.2] for € € (0, (o« A n) + 3). Therefore

HK’YR+f|]’y,(n/\a)+B;MT 5 |||IC’YR+fm'y,(n/\a)+B;MT7
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which together with Proposition [2.15.9implies (2.129) . One obtains (2.130) in a similar way. O

In Assumption [2.16.2] we decomposed G = K + K_1, where K_; is a smooth kernel. For any

a,v > 0 and n > —sg, we extend K_; to an operator on modelled distributions
K_1:D*"— DT as f+ QeryiK_1(Rf) .

The next lemma follows as [Hail4, Lemma 7.3].

Lemma 2.8.4. Let K_1 be as in Assumption then in the setting of Theorem the following

estimates hold

AR flll s agy S T Fllloyaasr (2.67)

IEART f5 K AR Flllpssa gy S TN £ llognaeny H1Z: Zllaz) - (2.68)

2.8.2 INITIAL CONDITION

In order to treat initial condition, we denote by E the vector bundle over M obtained by restriction

Eloyxir-

Lemma 2.8.5. Forn > 0 such that 3+n ¢ N and ug € C"(E) and G € C®°(F @ E*\ n~1A) satisfying
Assumption [2.16.9 We set fort # 0

G(u) (1, p) = / G(t,). (0, @))uolg) d Vol .

where we used suggestive but informal notation if n < 0. Then, for any v > (n+ 5 —s9) VO
Qi) Glug) € DPIHI=eN0 (2.69)

Proof. Observe that by Assumption G = K + K_;, where K_; is a smooth kernel and K =) K,
satisfies the properties in Assumption Thus it is easy to see that G(ug) is smooth away from the
origin and quantitative bounds on K_j(ug) are obvious. Thus we focus on the term K (ugp). For ¢t > 0

let n; € N be such that [t|; € (2771 27™)  then due to the support constraints on K,
o] ne
K (ug) = Y v(Kn((t,p)(0,)) = Y v(Ea((t,p)(0,"))
n=0 n=0
and thus since n+ § ¢ N and 9 € N

nt nt
K (o) (b, p)| § 322770 = 30 207 g el om0

n=0 n=0
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The bound |5 ) K (uo)m S |t|§77+ﬁ_50_m)AO follows similarly. This establishes the bound |G (u0)||y,+8—so:Mp <
+00.

The bound |G (uo)|||y,n+8—se;Mp < +00 follows by going to an exponential s-chart and applying the
Taylor estimate [Haild, Proposition A.1] or equivalently applying [DDD19, Corollary 69] (or strictly

speaking the slight extension thereof to the setting of non-trivial scalings.) O

Remark 2.8.6. In applications kernels usually satisfy B = sqg, see for example Section |2.17 as well as

[Hai1}, Section 7.2].

2.8.3 FIXED POINT THEOREM

Finally, we have generalised all necessary results of [Hail4] in order to extend the general fixed point

theorem [Hail4, Theorem 7.8] to our geometric setting. The proof therein adapts mutatis mutandis.

Theorem 2.8.7. Let V,V be two sectors of reqularity (,C and precision 8y of a reqularity structure
ensemble T = ({E*}ee, {T }ee, L) and let F : V — V be a local non-linearity such that for f € DY1(V)
one has F(f) € DV(V). Assume further that we are given a 3 regularising abstract integration map
I:V =V of precision 8y > 0.

Ifn< (@A) +B,7v<7+6, (AL > —p and &g > v as well as F is strongly locally Lipschitz,
then for every v € D" and every model Z = (II,T') for T that realises K for I, there exists T > 0

such that the fized point equation
U=(K+K_1)RTF(U) +v,

admits a unique solutions U € DV on Mrp. Furthermore the solution map (v, Z) — U s locally jointly

Lipschitz continuous.

Remark 2.8.8. Note that the assumption 7 A { > —f is imposed in order to apply Proposition [2.15.9,
This can sometimes be relazed by splitting the solution into two parts U = U + (K 4+ K_-1)v, where
v € D* and studying the fized point problem

U= (K+K_1)RTFU + (K+K_1)9) + (v— (K+K_1)d) .

This can be seen as applying a lifted version of the “Da Prato Debussche” trick, c.f. [Hail{, Rem. 7.9]
as well as [BCCH20, Section 5.5].
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2.9 EXCURSION ON DIFFERENTIAL OPERATORS, GREENS FUNCTIONS AND

HeEAT KERNELS

Recall that in this article we are concerned with developing a solution theory for singular SPDEs,
typicallyﬂ of the form

Opu+ Lu=>»_ Gi(u,Vu,..., V') (2.70)
=0

see (2.134)). In this section, we present a (non-exhaustive) class of differential operators £ € Dify, (E, E)

to which the theory applies. In particular we recall what it means for £ to be uniformly elliptic.

2.9.1 TRIVIAL SCALING

First, let us assume that the scaling on M is the trivial scaling 3 = (1), c.f. Definition We
denote by 7w+ : T*M — M the canonical projection. The symbol of a k-th order differential operator
A C®(E) = C*®(F) is a section oi(A) of the bundle 77..,,(L(E, F')) determined as follows. For
vy € TyM and e, € El, let g € C*°(M) be such that f(p) = 0 and v, = dg(p) let e € C*°(E) be a

section e(p) = ey, then,

1

ok (A)(vp)(ep) = 17 Alg"e)(p) € Fly -

We denote by Sym,(E, F) := {ox(A) : A€ Dif,(F, F)} and one can observe that oj(.A) is actually a
polynomial on 7% M and can thus canonically be identified with a section of (T*M)®s* @ L(E, F).

Remark 2.9.1. The symbol of a differential operator captures the behaviour of the differential operator
at leading order. This can for example be seen by observing that the following sequence of vector spaces

is exact, c.f. [Pal6d, Chapter 3, Section IV],
0 —— Dif,_1(E, F) —— Difi(E, F) —>— &ym(E,F) —— 0,

where the second arrow denotes the inclusion map.
Let us recall some important classes of differential operators characterised by their symbol:

1. A differential operator A € Dif,(E, F') is called elliptic if for every v, € T*M \ {0} the map
or(A)(vp) € L(E|p, Fp) is invertible.

2. A differential operator £ € Dify,(E, F) is called strongly elliptic if (—1)¥o91(£)(vp) is positive

definite whenever |v,| # 0.

Uparabolic systems, c.f. [ExiOg], also fall within the scope of the theory developed here.
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3. £ € Dify,(E, E) is called uniformly elliptiﬁ if there exists € > 0, such that

(—1)k02k(2)(1’p) > €|Up|2kidEp .

Remark 2.9.2. Note that, since the symbol is a polynomial map on T*M, the notion of strong

ellipticity only makes sense for differential operators of even order.

It is well understood that whenever £ € Dify,(E, E) is uniformly elliptic and M is compact, the

operator

O+ L

admits a unique fundamental solution G satisfying Assumption on M =R x M equipped with
the scaling s = (2k, 1) and 8 = 2k. We refer e.g. to [Ejd94], [FTi08], [BGT13| and [Dav95] where this
is proved in Euclidean space (for more general operators), but the construction can be generalised
to compact manifolds along the lines of [Kot16], [AIb17], [BGV03|]. In particular, since £ does not
depend on ¢ € R the fundamental solution is of the form G((t,p), (s,q)) = Gi—s(p, q).

Recall that our vector bundles are always equipped with a connection. In this case a particularly

important uniformly elliptic operator is given by the connection Laplacian AF € Dify(E, E)
NE . C®(E) - C®(E),  fr —tr(VIMOEIGE f) (2.71)

where try : C®°(T*M @ T*M ® E) — C*>(E) denotes the contraction with the metric on T*M. It is

straightforward to check that the symbol of this operator is given by
o2 (L) (vp) = —|vp*idE, . (2.72)

Remark 2.9.3. An important class of second order uniformly elliptic operators on E are given by
generalised Laplacians, i.e. operators whose symbol symbol is given by —|vp|2idEp . Thus, Equation
states that the operator A¥ is a generalised Laplacian. It turns out that for any generalised Laplacian
A on E there exists a connection VF on E such that A — AF € Dify(E,F) ~ L(E,E), c.f. [BGV03,
Prop. 2.5].

Remark 2.9.4. The framework developed in this article also allows to study equations, where the
differential operator is time dependent. This is for example of interest when the underlying manifold

evolves in time, c.f. [EHS12)].

While understanding the qualitative behaviour of a heat kernels is sufficient to apply the theory

developed so far in this article, in order to construct the appropriate renormalisation procedure it is

12Note that if M is compact, every strongly elliptic operator is uniformly elliptic since then {v € T*M : |v| =1} is
compact.
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often necessary to have a detailed understanding of its behaviour near the diagonal. The next theorem,

[BGV03, Theorem 2.30], captures this for the Laplacian AF.

Theorem 2.9.5. Let M be compact and the vector bundle E — M equipped with a metric and

connection. Let E = 1*E be the pullback bundle under the submersion
7:M=RxM— M, (t,p) = p .

Let Gy be the heat kernel associated to the Laplacian AE | there exist smooth sections ®; € C>®(E® E*)
supported on {(p,q) € M x M |d(p,q) < %} such that the heat kernel Gy(p,q) satisfies for t >0

Haf(Gt(ﬂ q) — ar t) d/2 d(p,q /4tztz Hcl i) < fN=d/2—1/2—k

Furthermore, the leading term ®q is given by ®o(p, q)eq = eq(p), where for eq € E, the section eq(-) is

given by parallel transport along the geodesic from q.

Remark 2.9.6. The sections ®; € C*°(E @ E*) can be explicitly calculated, c.f. the proof of [BGV03,
Theorem 2.26]. In particular one finds that ®1(p,p) = % i(p)idgy,, where sy (p) denotes the scalar
curvature of M, see [BGV03, Example 2.27].

Remark 2.9.7. Results similar to Theorem [2.17.5] also hold for more general elliptic operators, c.f.
[Tin82] and [BGVO3, Section 2.7].

Remark 2.9.8. Fractional Laplacmnsﬂ say scalar valued, A® for s € (0,1), fall slightly outside of
the scope of Assumption since the regularity condition in general fails on {t = 0}. We refer to

|BH21] on how to accommodate such kernels.

Remark 2.9.9. Note that if R x M is equipped with a scaling s and G satisfies Assumption [2.16.9
for 3, then, for every k € N G satisfies the same assumption for ' := kB if we equip R x M with
the scaling s' = ks for the new decomposition given by the kernels K| = Z K;mﬂ Indeed, it is

straightforward to check all assumptions.

2.9.2 NON-TRIVIAL SCALING

Suppose M = M'x...x M", E* — M* are vector bundles and let £ := ®?:1Ei. For L; € Dify, (E', E)
let £ € Dif(E, E) be the differential operator uniquely characterised by the fact that for all u; € C*°(E;)

n
£(u1®®un):Zu1®®£2ul®®un (2.73)

13Note that we work with the sign convention that makes the Laplacian a positive operator.
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Note that it follows directly form Definition and Proposition [2.2.13| that £ is well defined. Now,

it is straightforward to check that if Gi(-,-) is a fundamental solution of d; + £;, then

A~ n

Gi(p, ) = Q). Gilpi )

is a fundamental solution of 9; + L.
Next, let k be the least common multiple of k1, ..., k, and set 59 = 2k and s; := k/k;. If we choose
the scaling 5 = (s0,51,...,5,) on M =R x M! x ... x M™ then one sees that the differential operator

L has scaled order 2k. For what follows we work with the (equivalent) distance

. 1 _a
ds(z,2) := sup d'(x;,T;)% V|t —t]% |
ie{l,...,n}

on M =R x M' x...x M" where z = (t,21,...,2,) and z = ({,%1,...,%,).

Proposition 2.9.10. In the setting above, if each G satisfies Assumption for B = 2k; on
R x M equipped with the scaling (2k;, 1), then G satisfies Assumption with =2k on R x M
equipped with the scaling s.

Proof. First, in view of Remark we assume that each G satisfies the Assumption on
R x M for the scaling (2k, k/k;) and 8 = 2k. We show the claim for n = 2, the general case then follows
by repeated application of the same argument. Furthermore, since the non-anticipativity property
follows directly, it only remains to check Assumption . For K!' =Y k>0 K L and K% = > k>0 K?

as in Assumption [2.6.1] we write
Ky =K,K2+ K, + K, (2.74)

where K (2,2) =5 K} (2,2)K2(2,2) and K5(2,2) = > K} (2,2)K2(z,z). We shall freely

use the notation z = (¢,21,22) and z = (¢, %1, %2), where 21,71 € M! and z9,79 € M2. Clearly the
first summand in (2.138)) satisfies the desired bounds uniformly in m. We turn to K (z, Z) and observe

that for each n > m the support of K} K?2 is contained in

{((t,xl,xg), (t,21,%2)) € M x M II{laX} d(zg, )5 < 27 |t — 1|5 < 2_”} :
ie{1,2
Note that furthermore, since K,, is non-anticipative for any L > 0 we have |K2(z,2)| <p |t —

t|Fam(sotsa—F2+Lso) and thus

(2, 2)| S D K (2, 2)| [t — g P2 (oteemfatloo)

n>m
< Z 2n(50 +51—51) 9—nLso 2m(50 +s2—B2+Lso)

n>m
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and therefore choosing Lsg > sg + s1 — £1 we find

|Kn>1(z’ 7)< gm(2s0+s1+52—PB1—B2) _ gm(|s|—5) 7

since 59 = = 1 = P2 and |s| = sp + 51 + s2. After taking derivatives in exponential charts, one
obtains along the same lines that

Ge Bl S 2P0

which is Item |3| of Assumption m By symmetry the same estimate holds for K5 (z, z).

Lastly, Item [4] of Assumption is checked easily and since we are working on compact manifolds,
it is easy to accommodate Item [2| of Assumption by removing some additional smooth part of the
kernel K and adding it to K_. O

2.10 SYMMETRIC SETS AND VECTOR BUNDLES

The notion of symmetric set introduced in [CCHS22a] allows one to circumvent choosing a particular
basis when constructing a vector valued regularity structure. This was used in [CCHS22a] to be able
to work with Lie algebra-valued noises while still working with scalar valued models without fixing an
(arbitrary) basis of the Lie algebra. Here, symmetric sets allow us to replace “polynomial decorations”
by jets which do not come with a canonical basis (c.f. Section as well as to encode symmetries
of differential operators in terms of symmetries of certain trees. In this section we recall the relevant
notions from [CCHS22a).

For this section, we fix an underlying set of types &. For two finite typed sets 7' and T2 denote by
Iso(T',T?) the set of all type preserving bijections 7! — T2 and by Vec(Iso(T*, T?)) the free vector
space generated by Iso(T!,T?). First, we recall that symmetric sets are connected groupoids in the
category of typed sets. Explicitly, they and the corresponding notion of morphism can be described as

follows.

Definition 2.10.1. [CCHS22d, Def 5.3] A symetric set 3 consists of an index set A, and a triple
b
d= ({T:)G}CLGAS’ {t?}aGAm {F?’ }a,bEA,a) )
where (T2, t§) are finite typed sets and F?’b C Iso(T?, T2) a non-empty set satisfying for a,b,c € A,

7b -1 b7
yeTY” = 7 ely?,

yel® FeI® = yoyel®°.

Definition 2.10.2. [CCHS22d, Def 5.6 € Rem 5.11] A morphism ® € Hom(3,3) between two
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symmetric sets 3 and 3 is a two parameter family

Ay x A5 3 (a,a) — g4 € Vec(Iso(T, T3)) |

ab

which is invariant in the sense that, for any vap € F?’b and Y55 € I3,

one has the identity
Pa,0©Yab = Yap © Py - (2.75)

Composition is given by

(@Oq’)éa:éa,aoq’aa,

for any fized choice of a (no summation).

Note that the above definition of morphisms is equivalent to [CCHS22al Def 5.6] by [CCHS22a,
Rem 5.11].

Definition 2.10.3. [CCHS22d, Def 5.22] Denote by SSet the category of symmetric sets and define
TStruc to be the category obtained by freely adjoining countable products to SSet. We write SSetg and
TStrucg when we want to emphasise the dependence of this category on the underlying label set &.

For a description of morphisms in TStrucg see [CCHS22d, Rem. 5.23].

Remark 2.10.4. Fix some symmetric sets {d;}ic; for some finite index set I, where

8= ({Tia}aeAia {t}aca,, {F?’b}a,beAi). We then define the symmetric set 5 = ®Q;cr5; where
o A, = Hie[ A;
o for each a € Ay, T = | |;c; T is given by the disjoint union,
o t§: Ty' — & is the unique map such that t§|rs = t

e for each a,b € A,

]:‘?71) — H F?i,bi ’

i€l
elements of which act on T} in the canonical way.

We call 5 = ®;crd; the tensor product of the symmetric sets {3;}icr. This product turns SSet into a

monoidal category, c.f. [CCHS22d, Remark 5.12].

For manifold M, let VecBjs be the category of finite dimensional smooth vector bundles over M.
A vector bundle assignment W = (W')cg allows to define for a symmetric set 4 a vector bundle W?*

in exactly the same way as it is done in [CCHS22a] for vector spaces:

1. For T a typed set, let
WweT . ® W@

zeT
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and interpret any 1 € Iso(T,T) as the vector bundle morphism W®T — W®T characterised by

WI?T D Wy = QueTw, Y- wp = ®yefw;f71(y) . (2.76)
2. Define
W = {w € H WeL @ = Yab - w®  Va,be A, VYap € Ff’b} . (2.77)
acA,

For a € A,, denote by 7, , the symmetrisation map W& — W® given by

1
(o) = g 3 1w, (278)
s ’yEFf’“

These maps (7, q)qcA, have the property that
Ta©Yap=Tsp, Va,beAy, Vyupeld’. (2.79)
and they are left inverses to the natural inclusions

bya: W o WET - (w®))ye g, = w® (2.80)

We now fix two symmetric sets 4 and 3. Given ® € Hom(3,%), it naturally defines a linear map
Fg®: WoT 5 weT' pyfH]
Fglw =¥, w, (2.81)

where ®; , denotes the representative of ® in Vec(Iso(7%, 72)). One sees that for w = (w(®),c4, € W&,

O = (Py)eca, € Hom(3,3), as well as v, € r'*" and Ypa € F?’B, we have the identity
b,b - -
Iy wl® = gy w® = Vo,aPaaVab - w® = paPaa - w® )

and thus
Fo:W® 5 WS Fow=maFg"u 0w, (2.82)

is well defined and independent of the choices of a and a.

Here we use the following extension of (2.140): For i € {1,...,n}, let \; € R and ¥; € Iso(7, T), then v =3, Aty €
Vec(Iso(T, T)) induces the map

W®T_>W®T: Wp H'&'wP:Z)‘i(wi'wP) .

123



Remark 2.10.5. Note that in the setting of Remark writing 3 = R;crdi, there is a canonical
isomorphism

Q) Fw (i) = QW - W= =Fy(3) . (2.83)
el el

Observe the different meanings of the ® in 3 = ®;crd; and in (2.147)).
In particular, as in [CCHS22d, Lemma 5.18] this defines a monoidal functor Fy mapping 3 to
W and ® to Fg between the category TStruc of symmetric sets and the category VecB)y.

2.10.1 SOME CANONICAL MORPHISMS

In this section we introduce certain canonical morphisms of symmetric sets which will be useful in the

sequel. The following is a special case of [CCHS22al, Rem. 5.13].

Definition 2.10.6. Suppose for the same index set A we are given two symmetric setss = ({T%}aca, {t}aca, {re?
and § = ({T“}aeA, {t2}aea, {F?’b}&beA) , such that furthermore t§ = t¢ for all a € A.
We define S € Hom(3,3) as

1 1
S&,a = [ [aa E Ya,a ©Va,a = [ e § Ya,a © Va,a -
| 3 | b _ a,a a,a ’ 3 H ) | _ a,a a,a
Ya,a€l's " va,a €T Ya,a €5 Va,a €L,

Sometimes we shall write S** for emphasis.

In applications we shall refer to this morphism when speaking about a construction extending to
symmetric sets, see for example the discussion after (2.104)). The proof of the next lemma is a simple

exercise.

Lemma 2.10.7. Let 3, 3, 31 and 33 be symmetric sets over the same index set as in Definition

and furthermore suppose PcT®WcTandl cT® T Then, the following diagrams commute

S§91:32 532,5

91— 32 dg —=—— )
Sﬁk‘ lsﬁw 53% J'SS’“
5 ) 31

Remark 2.10.8. The following special cases of Definition are of particular interest.

1. In the case I’ff’b D I’g’b, we write T := §*° ¢ Hom(3,3) for this morphism and find the identity

1
I&,a = Thaa Z Ya,a -
T3

Ya,a €T3
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2. If T+ F?’b, let T1 := S*% € Hom(3,3). Then one can write

1
H&,a = ra.a Z Ya,a -
5

Wa,aEF?’a

Remark 2.10.9. In the setting of Definition iff‘f’b D Fg’b and using the notation I1 € Hom(3,4)

and Z € Hom(3,3) from the previous remark, one finds that
Fwﬂ o sz = Fwsd")’ = idW®s s

where the first equality follows from Lemma [2.18.7,

Remark 2.10.10. For a symmetric set s = (T, t, Fd) where A = A, consists of one element, we
write 3 for the symmetric set § = (T, t, f‘), where T' consists only of the identity map. Under the
canonical isomorphism VET ~ V& one sees for IT € Hom(3,5) and Z € Hom(3,3) as in Remark

that Fyw 1l agrees with the symmetrisation map in (2.142)) and FywZ agrees with the inclusion (2.153)).

2.10.2 DIRECT SUM DECOMPOSITION

Next we recall the notion of type decomposition, see [CCHS22al Def 5.25], with the only slight change

that we allow for countable decompositions of vector bundles.

Definition 2.10.11. Let P(A) denote the powerset of a set A. Given two distinct countable sets of
labels & and & as well as a map p: & — P(S&) \ {0}, such that {p(t) : t € &} is a partition of S, we
call & a type decomposition of & under p.

If we are also given space assignments (Wy)eg and (V_V[)[e@ with the property that

Wi = @ Wi for every te £, (2.84)
lep(t)

then we say that (Wy),cg is a decomposition of (Wy)ee. For L € p(t), we write Pi: Wy — W, for the

projection induced by ([2.148)).

Now we recall how a type decompositions allow us to decompose symmetric sets and associated

vector bundles:

1. Fix 6, &, p as well as (Wy)ies, (Wi)eg as in Definition [2.18.11 and, given a set B and functions
t: B— &, [: B — &, use the shorthand notation [ ~» t to signify that [(p) € p(t(p)) for every
peEB.

2. For a symmetric set 4 with label set & and a € A, we write L¢ = {[: T* = & : [~ 2} and we
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consider on Ly = ¢ 4, Ly the equivalence relation ~ given by

Lisl~Tell & Tpaeld® I=Toy,. (2.85)

Note that each equivalence class contains finitely many elements, but there might be a countable

number of equivalence classes which we denote by
Lg, == jjé/N .

3. Given an equivalence class Y € L, and a € A;, we define Y, = Yﬂﬁ? (which we note is non-empty

due to the connectedness of I'y). We then define a symmetric set 3y by

Asy = {(a, [) L ac A;, s [ e Ya} , Té(gﬂ) — jvba 7 t(a7[) —

dy )

: 7 (2.86)
F(a:[)v(bv[) _ {’Y c F?’b [ = [O’}/} .

dy

4. With these notations at hand, we can define a functor p* from SSetg to TStrucg as follows.

Given any 4 € Ob(SSetg), we define

p's = @ sy € Ob(TStrucg) (2.87)
YeLs

We refer the reader to [CCHS22al Eq. 5.17] to see how p* acts on morphisms.

One of our main interests in the functor p* is that it performs the direct sum decompositions at
the level of partially symmetric tensor products of the spaces V4, which is formulated in the following
proposition. Here, when working with infinite dimensional vector bundles, the grading is crucially

needed.
Proposition 2.10.12. [CCHS22d, Prop 5.29] One has Fy, op* = Fyy, modulo natural transformation.

Remark 2.10.13. Note that the whole discussion on symmetric sets adapts ad verbatim, when using
the tensor product @ introduced in Section instead of ® on vector bundles, one only has to replace
the category VecBys of vector bundles over M by the “larger” category VecB of vector bundles over

arbitrary base manifolds.
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2.11 TREES FOR REGULARITY STRUCTURES

2.11.1 INDEXING VECTOR BUNDLES

We shall construct a regularity structure ensemble associated to a subcritical rule. For this we start by
fixing an index set of types SE We shall assume that £ is equipped with an involution without fixed
points

P I Y L

which we extend to act on N¥ in the canonical way by mapping o € N® to ¢* € N® characterized by
o*(I) = o(I*). We define the map

red, : N¥ — N* ,

where red, (o) is given by the minimal element of N* such that [0] = [red(o)] in %, or equivalently
(redu(0)), = o1 — (o1 A ore).

From now on we assume that all vector bundle assignments {V'}c¢ satisfy
vh =v", (2.88)
where (V!)* denotes the dual bundle of V'. We define for o € N*
V= RV
leg
and denote by
@5 : VI X VI 5 VIte

the symmetrized tensor product induced by the canonical symmetric tensor product W®s" @ W®sm
W&t for any vector bundle W and n,m € N. Observe that © endows @, cye V7 with the structure
of a commutative algebra bundle Note that for any o € N* one then has a natural (and unique)
partial trace operator

Tr: Vo — yredso

which by polarisation is characterised by its action on elementary tensors

Q0 TNTx ®red(a)[
Q™ = @lunve) =

leg leg

TNT

which is well defined since each factor (v, vi=) ™ 2  appears exactly twice in this tensor product.

5The set £ plays a different role in this section than it did in the definition of a regularity structure ensemble, see
Definition

16This space can canonically be equipped with the structure of a Hopf algebra bundle (in the same way as the tensor
algebra over a vector space), but we shall not use this fact.
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Remark 2.11.1. Recall the basic fact that for any 0,6 € N* the product ® induces a canonical
pointwise product

©:1C®(V) x CO(VT) — C2(Vo+T)

Remark 2.11.2. The partial trace is not compatible with the algebra structure introduced above, in the

sense that in general Tr(vy ® Tr(vy ® v3)) # Tr(Tr(vy ® ve) ® v3) for v; € Vi,

Remark 2.11.3. Let us emphasise the advantage of allowing for possible redundancy in the vector
bundle assignment for models, i.e. ¢,f € £ such that V¢ = VI. It is such redundancies that allow one to
assume that all operations in the same index are symmetric, allowing us to work with combinatorial
rather than ordered treeﬁ and encode traces unambiguously. Let us illustrate this with two examples:
Let u,v be TM -valued solutions to a system of equations and let A be a section of (TM*)®2, then
the trees appearing to describe A(u,v) can be taken to be combinatorial, as we are indexing the two
“components” of (TM*)¥? = T*M ® T*M differently and thus contractions are unique. Now suppose
B € (TM*)®3 and the right-hand side of the equation contains the term B(u,v,v). Then we can
assume that B is symmetric in the last two components without changing the equation and the same

logic holds. See also Section where this is implemented for a concrete example.

2.11.2 CONSTRUCTION OF UNDERLYING TREES

We work with typed rooted trees (T, ¢), where T'= (N7, E) is a rooted tree and ¢ : Ep — & is a type
mapE We shall simply write T instead of (7', ¢). We assume that the set of types £ can be disjointly
decomposed as

E=E,USUE_ .

The set £ will encode kernels, & will be used to encode jets and one can think of the edges as encoding
kernels given by Dirac distributions on vector bundles. The set £_ will encode noises. We assume we

are given a map

L:E4UE — & (2.89)
such that ¢|¢, is an injection and ¢|g, = idg,. We also fix indexing maps
e ind; : & = £x L e (e64,e-)
eind :& =L e
e indy:& — N%, e e,

which we assume, after identifying the elements of £ with the canonical generators of N¥, to satisfy the

identity ind4 (e)— = indg(c(e)) for any € € £;. We shall omit the subscript and write ind for all three

"This in turn has the advantage that one can reuse notions and ideas from existing works such as [BHZ19] and
[BCCH2Q].
18Here we shall take set £ as given. In Section it is explained how it can be related to £ when working with SPDEs.
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maps, or even just e_, resp. €4 for e € £. We also assume we are given a map |- | : £ — R with the
property that € € Eggn e (With the convention that sign0 = 0). We denote by { the set of all typed

rooted trees and to each 7' € il we assign the homogeneity
T):= > le(e)] -
ecbEp
We also call £ the set of edge types and introduce node types

N =Pe =]

k>0

i.e. NV consists of all finite (unordered) multi—setﬂ whose elements belong to £. We define for v € N
ind(v) = red, (Ze_) eN*.
ecy
For any set A we denote by P(A) its powerset.
Definition 2.11.4. A rule is a map R: E — P(N) \ {0} satisfying the following conditions

1. R(e) ={()} for everye € E_U &

2. for each t € &4 and v € R(t) one has

ind(v) =t .

The rule is said to be normal if it additionally satisfies the following property

e if Ac R(e) and A= BUC for some non-empty multi-subset B C A such that B € P(Ey), one
has B U C € R(e), where B is obtained by replacing each edge of type t e &, by one of type

L) € &.

Given any rule ]O%, the normalisation R ofﬁ’, 18 the minimal normal rule containing R in the sense that
R(e) C R(e)

foralle € £.
We call a rule R equation-like if for each ¢ € € the following holds: For every A € R(e) there exists
A=BUC, where B € 75(5+) and C contains at most one edge of type &y, such that A= B U C’

T here is a canonical identification PE ~ N® under which [€]* consists of those v € N satisfying

ZV(E):k.

e€E

20Where as previously B° is as in Definition [2.19.4] i.e. obtained by replacing each edge of type ¢ € £1 in B by one of
type t(e) € &.
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Remark 2.11.5. Let us make the following comments.

o The first condition in the definition of a rule is motivated by the fact that only the £y type edges

encode operators, while E_ and &y encode functions / distributions.

e The second condition in the definition of a rule is a consistency condition needed to obtain
meaningful expressions later. It guarantees distributions take values in the correct vector bundles

and traces are well defined.

e Our notion of a rule being normal replaces the second condition of being normal in [BHZ]Q/E
In both cases this property is needed to close the algebraic structure with respect to the operations
needed for positive renormalisation. Our setting will have the property that the only products that

arise are the ones that are already present in the equation.

e Remark below explains why the notion of equation-like rules is useful. If a rule R is

equation-like, its normalisation is equation-like as well.
Now define subcriticality similarly to [BHZ19), Definition 5.13].

Definition 2.11.6. A rule R is called subcritical if there exists a map reg : € — R satisfying reg|s, =0,
such that for each € € £y

t) < |8 inf .
reg(®) < [t + mf > reg(e)

Remark 2.11.7. Subcriticality does not translate into the fact that for each r € R the set T, :={T €
S| T| < r} is finite, since it imposes no restriction on the possible number of & type edges attached to
each node. For equation-like rules however this holds by a straightforward adaptation of the proof of

[BHZ19, Proposition 5.15].

Remark 2.11.8. Recall that for any rooted tree T, the set Ny U Er has a natural partial order in
which the root is the unique minimal element. For an edge e € ET we write e;,e_ € Nt for the nodes

such that {e4,e_} =e and e_ < ey

From now on fix a subcritical rule R. This defines T C 4, the collection of trees which (in the
language of [BHZ19]) conform to R, that is ¥ consists of all trees T, such that for each edge e € Ep

the set Ei* = {e € Er | é_ = e, for some e € E7} satisfies

| | e(ei) € Rie(e)) -

ecE™

For a node type v € N, let T C T consist of all trees where the root has node type v and for o € N*

set

= |J 7.
ind(v)=0c

2INamely, for every € € £ and multi-sets A, B such that A C B € R(¢) it holds that A € R(e).
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Remark 2.11.9. The set T will play the role of the universe of trees, which we use for essentially all

our constructions, while T° will be used to construct objects related to distributions with values in V7.

Remark 2.11.10. We make the observation that all trees in T can be constructed recursively. The
base case is given by trees consisting of only one edge which is necessarily of type in Ey U E_ by the
definition of T. From mow on we denote the tree consisting of one edge by Z¢ if e € E_ and by 0. if

e € &. The rest of the trees are obtained by applying the following two operations repeatedly.
e The tree product: For T = (Np, Er),T" = (Np/, Ep/) let
T'T/ = (NTUNT//N 7EITUET/)

where ~ identifies the root nodes of T and T'. One easily checks that the tree product is associative
and commutative and we simply write Ty --- T, for the tree product of n € N trees.

o Attaching an edge of type € € £ to the root of a tree T = (Np, Ep): Let T, = ({e4,e—}, {e}) by
the tree consisting of only one edge which is of type €, then

Zi(T) :== (N Ue/~ ,Er U{e})

where ~ identifies the root of T' with the node e .

2.11.3 NEGATIVE SUBTREES

For T € ¥ and E C Er define Tg to be the minimal subtree of T containing these edges. Let p be a
partition of E. We say p generates a forest in T, if the trees {T4 : A € p} are mutually vertex disjoint
and denote by Fr, the corresponding subforest of T. We write P(T’, E) for all partitions of E which
generate a forest.

For a fixed tree T we define

o B :={ec Er |e(e) € E_},

o T, ={TgpCT|ECE;},

e« T,,={TeCT|ECE;, preTg},

o 5, ={Fr,CT|ECE;,pcP(T,E)}.

as well as

=57/~ (2.90)
TeX

where we write A ~ Ao for subtrees A1 C Ty € ¥ and Ay C Ty € X, if A1 and A, are isomorphic as

trees. Denote by §_ the free monoid generated by ¥_ under the forest product.
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Remark 2.11.11. Note that the maximal edges of every tree in ¥_ are necessarily of type in E_ and

thus by definition of a normal rule, a tree T € T_ never contains an edge of type in &.

Note that elements of ¥_ in general do not conform to the rule used to define . Indeed they
usually do not conform to any normal rule, since the second point of Definition [2:19.4] is not satisfied.

We quantify this by introducing for ' = (Nr, E7)
dify : Np — N®
as

red, (ZeGET:e:{nﬁ_} ¢(€)+ = D e By em{es .} ¢(e)-) if nis not a leaf,

difp(n) = (2.91)

0 else.

Remark 2.11.12. Observe that if n is the root of T, the first sum in is empty. If n is neither
the root nor a leaf it contains exactly one summand. We also observe that the second case in

will not play a major role.

Remark 2.11.13. Note that for any tree T € ¥ and any node n € N7 which is not the root, one has
difr(n) = 0.

2.11.4 OPERATORS ASSOCIATED TO TREES

Let us recall the notion of a multi-linear differential operator. Let S be a finite set and let {WW*}¢cg

and W be vector bundles over M. A map
A: ] e>w?) = c>(w)
seS

is called multi-linear differential operator of order k if it factors through the k-jet bundle via a
multi-linear bundle morphism, i.e. there exists Ty € L(®s€5JkWS, W), acting on [[,cg JRW* in the

canonical way, such that the following diagram commutes

[Toes CX(W*) —2— (W)

peons 2

TToes C(T* W)

Let v be a permutation of the set S such that W* = W) for each s € S. The operator A is called

~v-invariant if for all f; € C(W*) one has

A(H fs) = A(H f’y(s))

SES SES
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This is of course equivalent to the tensor T4 being y-symmetric.

Later we shall renormalise equations by associating to each T € T_ such a differential operator,
but for now we introduce only the relevant spaces of operators. For ¢ € N*, a € R and a symmetric
set 3 = (9,i,T') where the type set is given by N, i.e. i : S — N¥, and the index set A, consists only
of one element, c.f. Remark we define

Dif,(s,0) (2.92)

as the set of all multilinear differential operators of order max{n € NU{—oco} :n < —a} mapping
[Lics C(V®)) to C>°(V7) which are + invariant for all v € T'. We use the convention that f + 0 is

the only differential operator of order —oo.

Remark 2.11.14. For any operator A € Dif,, (é,a) mapping [[,cq CoO(Vis)) = C®°(V?) and any

k € N* we define a new multi-linear differential operator
AR - H COO(V’L(S)) > COO(Vn) N Cm(vred*(0+1€))
ses

given on fs € C(V*®), g € C(V") by

AK(H f87g) =Tr ('A<H fs) ®g)) .

ses seS

We shall from now on abuse notation and simply write A for the operator A% as well as

(TT 5 % 9.4 = A([] fo. 9.

ses ses

Remark 2.11.15. The fact that in we restricted ourselves to the case when the index set A,
consists only of one element was purely for notational convenience and there is an obvious extension to
the case |As| > 0. Indeed, arguing as in [CCHS22d, Remark 5.30], one can usually work with concrete
trees instead of an equivalence class of trees. We shall do so in the next definition and often throughout

the text.

Definition 2.11.16. For a tree T, we set

Difr = Difyr (37, nd(pr)) (2.93)

where 3p = (Sp,ip,T'r) is given by
o Sp=Np\({pr}ULr),
[ ] iT = difT B
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o 't consists of all tree symmetries restricted to St.

Defining the type set § = {(|T|, sp,ind pp) : T € ‘I,} consisting of triples composed of the degree
of a tree T, the isomorphism class of the symmetric set 47 and the index of the root pr, we introduce

the vector space assignment

D = {%iﬁa(é7t)}(a,o,t)€6 ’

Definition 2.11.17. For a forest F' € §_ define a new symmetric set with type set &
<F> = (Con(F), (-), Perp)

where
o Con(F') denotes the connected components of F',

e the type map is given by restricting the map
():%- =6, T (|T],s7,ind pr)

to Con(F).
e Perp consists of the permutations of isomorphic elements of Con(F).

We define
Difp := DO (2.94)

where ® is the algebmi@ tensor product of vector spaces. For later use we also define the family of

vector spaces

Dif := {Difp}rey. -

Remark 2.11.18. Observe that for a tree T (which is a forest with only one connected component)
the canonical isomorphism

DE=T ~ Dif (57, ind(pr))
makes the notation Difp in and unambiguous.
Remark 2.11.19. These definitions imply the following.
e If a forest F' has a connected component T such that |T'| > 0 , then Difp ~ {0} .

o If F =0, then Difp ~ R (acting by scalar multiplication). This follows from the fact that Difp

s given by the image of the empty symmetric set under the functor Fg.

22The choice of tensor product is arbitrary, since we shall only work with finite products and linear combinations.
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Remark 2.11.20. The forest product turns §_ into a commutative unital monoid, with unit given by
the empty forest.
Using the notions of Remark this product induces the canonical morphism

II € Hom(=F > @ <Fy=, <1 o) |
which in turn induces the symmetrisation

where we implicitly used the isomorphism Difp, @ Difp, ~ @if<F1>®<F2>, see Remark . Stmilarly,

the canonical morphism Z € Hom(<Fy Fy>, <F1> ® <F>) induces the canonical injection
FoT: Difp p, — Difp, @ Difp,. (2.96)

It is straightforward to check that (2.159)) is associative and (2.160]) is coassociative, since the
underlying morphisms of symmetric sets are. Lastly, it follows from Remark[2.18.9 that the former is

a left inverse of the latter.

Remark 2.11.21. The following construction will be very useful in the sequel. Let 7 € T_, and
G = {Gn}nen, be a family of trees where each G,, € TU{e}, here o denotes the tree consisting of only

one node. We define a new tree 7(G) as

#Ha)y=7u | Gn/w
neEN,
where ~ identifies the root of each G, with the node n € 7. Sometimes a similar construction, but
working with planted treeﬁ exclusively is useful. In this case we write G = {Gp;}nen, xn, where for
each n € N, for finitely many © € N the tree Gy, ; is a planted tree and Gy, ; = e for all other i € N. In

this case set

o) =ru Gm-/w,

neN; €N

where ~ identifies the root of every Gy, ; with the node n € T for each n € N;.

2.11.5 POSITIVE SUBTREES

For a tree T' and any edge e € Er, we denote by 7>, C T the subtree 175, = (N>, E>e), Wherelﬂ
Nse={ne Nr|n>e}Ueand Es.:={e € Ep | ¢ > e} . Similarly, for a set of edges E C Ep with

the property that no two edges in E are comparable, let 7> be the subforest of T' with connected

Z3A planted tree is a rooted tree whose root has exactly one incident edge.
24Recall that we work with the canonial partial order on Ny U Er, which has the root as minimal element.
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components

COI](TZE) = {TZe L ec E} .

Let Tf := {T5. :e € Er:e(e) € £+ U &} and write C(T') for the set of all subsets E C Er satisfying

the following properties:
e no two edges in E are comparable,
e c(e) e U forallec E,
e I contains all edges in Ep of type &

and define the set of subforests
§r={F>pCT|EecCyT)}

as well as

o= U/~
Te%

where ~ is as in ([2.154). For € € £y U & we set T5 C T to consist of those trees, for which the edge

incident to the root is of type €.

Remark 2.11.22. The set T4 will in general contain trees of negative degree, the plus sign is meant
to signify that these trees will encode positive renormalisation. The set C(T) C Ep consists of the

subsets of edges of T that can be “cut”.
The following definition will be useful in the sequel.

Definition 2.11.23. For T € ¥ define
a(T) :=min{|T\ F| : F € §;}

where T\ F' denotes the tree obtained as follows. For E € C(T) such that F = T>p define T\ F' to be

the tree obtained by replacing for each e € E the subtree T>¢ by a new edge of type 1(e(e)) € &, where

L 18 the injection from .

2.11.6 SECOND HOMOGENEITY OF TREES

We introduce a“homogeneity” of trees ||T||. Given dyp > 0, we define a map || - || : T — RU {+o0}

recursively as follows
1. If T consists of one edge of type &y, set ||T'|| = do.
2. If T consists of one edge of type £_, set | T|| = +oc.
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o0 it 7)) = oo, [¢]+ 7] <0,
3. For Z,T € T, set HIETH =

([e| + |T||) A do  else.
4. Lastly, with the convention || e | = a(e) = 0, define

ITI=_ min_ (7l+1Gmil + 3 a(Gny))
' B (n,8)#(m.,j)

where the minimum is taken over 7 € T_ U {o} and G = {Gy,i}(n,i)en, xn as in the second half

of Remark [2.19.21| satisfying 7(G) = T, as well as over (m, j) € N; x N.

Sometimes, to emphasise the dependence on dg, we shall write || - ||s, instead of || - ||.

Lemma 2.11.24. The function || - |ls, : T — R U {oo} is well defined and uniquely determined.
Furthermore, for any fired T' € T
lim ||T||5, = +o0 . (2.97)
(50—)00

Proof. The proof proceeds inductively on trees using the recursive construction from Remark [2.19.10

e The first two points and determine the value for the induction hypothesis, namely the
base case when the tree consists of exactly one edge, and (2.161)) is clearly satisfied.

e Note that if a tree is planted Z;7', the third point determines the value of the function and it
satisfies (2.161) assuming ||T'||s, is already determined and satisfies (2.161)) . Note that in this
case is an empty condition, since the only viable decomposition such that Z,T = 7({G,,;}) is

one where 7 = eo.

e Lastly, if the tree is not planted, determines its value uniquely. While the minimum looks like
it is taken over an infinite set, for each tree 7" there exists an My € N (for example take M to be
the maximal degree of its nodes), such that it suffices to take the minimum over 7 € ¥_U{e} and
G = {Gni}(ni)eN, x{1,..,Mp}- Thus, is satisfied since it holds for each term over which

the minimum is taken.

O

Remark 2.11.25. This second notion of homogeneity of trees will be used to construct the set /A
appearing in the definition of a reqularity structure and to determine the precision of elements in the
reqularity structure. Condition[1] enforces that jets always have precision 8. Sometimes it is convenient
and possible to relax this assumption, c.f. Remark[2.3.23

2.11.7 COLOURED TREES AND FORESTS

In this section we first introduce a general notion of (multi) coloured trees.
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Definition 2.11.26. Let C denote any set, whose elements we call colours@ Given a tree T, a colouring
is a map T : Ny U Er — P(C) such that, for each ¢ € P(C) the set T, := {x € N UEp : ¢ T(z)}
1s a subforest of T'. A colouring of a forest is defined analogously.

A pair (T, T), where T is a (possibly typed) tree and T is a colouring on it, is called a coloured tree

and similarly for forests.

For a finite index set I and {¢;}ic; € P(C), we denote by Vicr ¢i minimal element (with respect to

the partial order C ) of P(C) such that ¢; C V,erci for all i € I

Remark 2.11.27. Suppose T is a family of coloured trees with some colour set C' and underlying set

of trees T. We define

dep(T,T) = \/ T(x),
rENpTUET

and set for ¢ € P(C)

T = {(T,T)€T : dep(T,T)C ¢} .
Furthermore, for c € C, we shall use the convention T(¢) = (),

Remark 2.11.28. For a coloured tree (T,T) and ¢ € P(C) we introduce the following notation for
readability

~

(TcaT) = (TC7T|TC) :

Furthermore, given some coloured tree T = (T, T) and a subforest F C T such that T|F C ¢, For the
former we define a new colouring

c onF,

T else.

In the particular case that T|T\F is the empty colouring, we simply write U.F instead ofT U. F for

this new colouring.

Lastly, we extend everything in this section in the canonical way to forests. If we were to omit
the condition T|F C ¢, above, it might happen that 7'U, F : Ny U Ep — 75(0) fails to satisfy for each
¢ € P(C) that the set Ty := {x € Ny U Er : ¢ C T(z)} is a subforest of T. The latter is part of the
definition of a colouring.

Consider the following example: The tree T' consists of one edge and two nodes and has constant
non-empty colour. If F' consist of the two nodes and ¢ = (), then the new colouring T| F C ¢ would

have the property that only one edge and no nodes have non-empty colour.

% Recall that P(C) denotes the set of multisets of C' and that we use C for the inclusion of multi-sets.
26Note that under the canonical bijection P(C) ~ N this agrees with the component-wise maximum function.
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2.11.8 COLOURED TREES FOR REGULARITY STRUCTURES

In this section we apply the colouring constructions of the previous section with the set of colours
{—,+} to the trees and forests T_, T, T, and F_, §+.
We denote by T, resp. T, the set of coloured trees (7, T ) satisfying the following properties:

1. TeX resp. T € T4

2. For every n > 1, each connected component of THn is an element of §,

3. For every n > 1, each connected component of T[ 4]» is an element of S;

4. If T 1] 7 0, it contains all edges of type &.

5. For every n € N, each connected component S of T[_} satisfies either S C T[_Hn or SN TA[Hn = (.
We denote by _ the set coloured trees (T, T) satisfying the following properties:

1. Te¥_,

2. Ty =0,

3. For every n € N, each connected component of THn is an element of ¥_ .

Remark 2.11.29. Here, we shall actually never use the full sets T and T, but only specific subsets
thereof. The reason we still introduce them, is that they can be used to write down explicit (non-recursive)

formulae for renormalised models similarly to [CHI10).

2.12 MODELS AND THE RENORMALISATION GROUP

Finally, we turn to the task of constructing in the following order:

e structure spaces 77 for the regularity structure ensemble,

e a space of pre-models II,

e a renormalisation group &_ acting on pre-models,

e finally, a regularity structure ensemble and model Z = (II, ") built from certain pre-models II.
The sets of trees T, T, T_ and their coloured variants will serve as building blocks.

Assumption 2.12.1. We are working with a finite edge set £. The rule R from which the trees are

constructed is subcritical, normal and equation-like. Furthermore, we fiz a &y > 0.
Remark 2.12.2. Let us though mention the following features of this assumption:

o Sub-criticality is needed for the definition of the renormalisation group below.
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e The rule being equation like has the advantage that one obtains finite families of vector bundles.

This is strictly speaking not necessary, but simplifies exposition.

e Normality and a choice of 69 > 0 is only needed in order to define the maps Iy, 4 later. The role

of 69 will be the same as in Section [2.19.0|

2.12.1 SYMMETRIC SETS AND VECTOR BUNDLES FROM TREES

Recall from Section [2.19.1|that we extend any vector bundle assignment (V)¢ to a vector bundle
assignment (V) cne. For now we work with the set of types & = N as labels for symmetric sets.

Throughout this section we shall work with the induced vector bundle assignment (W?),cg given by
W = (JV)<s, - (2.98)

We assign to each T' € 4l (equivalence class of a (coloured) labelled rooted tree) a symmetric set 3 = (T),
where the index set A, consists of the elements of the equivalence class T’ itselfﬂ For each t € T, the

set

T!:={e € E; : ¢(e) € &}

is given by edges of type in &, the maps I'y in the definition of symmetric sets consist of tree

isomorphisms restricted to the sets T} and the type map is given by t!(e) := e(e)_ .

Definition 2.12.3. For for a set of trees 4 C T or 4 C T, let
W<so ={T €U : |T'| < by for every subtree T' C T}

and set

U= @@ 1, u=Fyuu= G Fw(T).

Te()<s, Te(W)<s,

For example for v € N, ¢ € £, U&y and U € {T",T”(*),fi}, we denote the thus constructed
spaces by T, 7%(7) Tf. With these definitions note that for o € N,

7= H ™ TI9= 5 7.

v : ind(v)=0o v :ind(v)=c
In particular all these spaces are finite dimensional by Assumption [2.20.1

Definition 2.12.4. Finally, set

T = {TU}O'EG 3 T(_) = {T(T’(_)}O'EG ) and T+ = {ﬁ}z—:e&rugo .
*"As in [CCHS22al the set of nodes can be fixed to be a subset of the natural numbers, to make this well defined.
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Remark 2.12.5. If a trees T contains no edges of type &y, then Fy (T') is a trivial one dimensional
vector bundle and we often single out a non-vanishing section which we declare to be canonical. This
will be most frequently done for trees of the form T = Z° for some € € £_. We shall use a subscript to

denote =5 € Fw (Z%), this canonical section evaluated at p € M.

Remark 2.12.6. For ¢ € & we write 6° for the tree consisting of exactly one edge of type €. We set

J® = Fw(6°) and note it is canonically isomorphic to (JV<-)<s,. Furthermore, we write J := {J}.cg,.

Definition 2.12.7. The tree product M as well as the operation Iy extend to morphisms of symmetric

sets and thus define corresponding bundle morphisms via the map Fy. We keep the convention of

{[_ 2”

abbreviating Fyy M by , as well as simply writing Ty for the bundle morphism

FyZe : By (T) — T,

whenever T € T is such that To(T) € (T)) <5,

Note that we implicitly used the morphism from Definition [2.10.6]in the above definition.

2.12.2 GRADING

In this section we introduce the appropriate bi-grading on the vector bundles 7" for v € N. First,

define the new set of types & = & x N and the type decomposition
G=6xN_5 2 (o,n) o€ (2.99)

as well as the space decomposition
[60]
TV ety =PIV ) ie. WM =(JV7), .

n=0

For 7 € Lr), where L1y was introduced above (2.150]), and 47 the corresponding symmetric set, let

7| =T|+ ) nle),

ecTy

which is clearly independent of a € A,, . Thus for $f C T one can set
Astso = {( T llso): 7 € Yiry, T € U}
Since
Fi () =Fy op™(T) =Fy P s-

T€Y<T>
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we find that U = @( ) Uy,s is a bi-graded vector bundle.

€Ay 5,

Finally, we set A to consist of all o € R such that there exists a pair (o, ) € Az, and similarly A

to consist of 6 € R such that there exists («,0) € Ag 5.

Remark 2.12.8. Note that for the induced decomposition J¢ = @a’g(JE)ay(g one has 6 = §y for all

summands. As already mentioned, sometimes one can “by hand” increase this value to +oo for some
subspace, c.f. Remark[2.3.23
2.12.3 CONSTRUCTION OF THE MAPS II

We fix kernel assignments { K¢ }ece, , where Ky is a kernel from V't to V- that satisfies Assumption
with § = || for each ¢ € £, . Furthermore, fix an admissible realisation R of J, i.e. admissible

realisations of JV? for each o € N¥.

Definition 2.12.9. We call a map I : T(2) — L(Dif,C®(V)) admissible, if the following properties

are satisfied:

1. For each 0 € & the restriction of Il yields a linear map
77— L(®if,c®(V7))

and for each T € Fy (((T, T)>) c T one has It € L(Qif:r_, Coo(de(pT))).
2. For each 7 € J, IIT = Rr.
3. For each t € £, IT,m = K (IIT).

Remark 2.12.10. Note that since T7) is a finite family of vector bundles, we can write
I e L(TO,L®if,c®(V)) where TE) = {Fw(D)}pexo) and L(Dif,C(V)) =
{L(®if7_, (V) s,

Remark 2.12.11. Due to the canonical isomorphisms L(R,C>*(V?)) ~ C>®(V?) and Dify ~ R
combined with the fact that T =0 for each T € T, we can naturally see Il|7 as an element of
L(T,C>®(V)), i.e. for each 0 € &

7o : 77 = C>®(V9) .

It turns out that Il|1 encodes all the information required to define a model. The reason we defined
II on T and not just on T is to be able to define the action of the renormalisation group. This is

related to what is done in [BHZ19] by taking the completion of the rule.

Remark 2.12.12. We describe a construction of coloured trees, building on the one in Remark|2.19.21

for uncoloured trees. Denote by T c TO) trees with uncoloured roots.
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1. Lett € _, and G = {Gp }nen, be a family of trees where each G, € ‘ff(_)U{o}, here o denotes the
tree consisting of only one (uncoloured) node. We define a new coloured tree 7(G) = (7(G), 7(G))

as follows:

o The tree 7(G) is as in Remark|2.19.21), i.e.

Hay=7u Gn/w

TLENT

where ~ identifies the root of each Gy, with the node n € N.

e The colouring is given by

[—], on T C 7(Q)

Gn7 on Gn \ PG, C 70—(G’n)

2. We define for each T € T_ a partial map
7 (T U o) g

where G = {Gpynen. is in the domain i, of this map if 7(G) € () 5,. Note that this partial
map extends canonically to symmetric sets by first considering the tensor product symmetric set

3G = ®nen, (Gn) as in Remark|2.18.4) and considering the canonical extension of the the map T
to 3¢ as in Remark[2.18.8

3. We define a map
e L({ 0% FW(Gn>}G€uT,T(*)> : (2.100)

TLGNT
which by abuse of notation is denoted by the same symbol. It acts on the space ®n€NT Fyw(Gp)

as the following composition
Rpen. Fiw(Gn) —— Fipog 20 Tind((er). ()

where the first arrow denotes the canonical isomorphism, c.f. Remark|2.18.5.

Given a tree with coloured root we can decompose it.

1. Let T € ) \i(_), observe that the connected component of the root in T_ is the unique 7 € T_
such that for some G = {Gy}nen, € ) U {o} one has

T=1(G) .

We write T'\ T for the sub forest |J,, G, C T and also use the notation (T'\ 7)>y, := Gy. Here T
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s the connected component of the root in T_.

2. Note that for any n € Fy (T) , where T € T\ ) there exist 7 € T_ and G = {Gp}n € Us,
as well as n" € Fy (Gy) such that
n=1(H),

where we write H = {n"}nen,. (Note that this decomposition is far from unique.)

Definition 2.12.13. We call II an admissible liﬁ@ of {€%}eee_, where each £&& € C°(VE-), if the map

IT is admissible and furthermore satisfies for all e € £_,
mE) = ¢ .

We call the map II the canonical lift of {&%}ccs_, if additionally the following conditions are satisfied.

e Fornt,....n" € T such that n' € Fy (T) for planted T* € T and writing T =T"---T" €
T(), one has

n n

(][ =m(Oue) , (2.101)
i=1

i=1
where the former product || was introduced in Definition and the latter is the product
canonically induced by () from Remark|(2.19.1

Q) L(Difys . (V™)) — L(Dify, ¢ (Vo))
=1

which is well defined using the canonical identification T_ ~ J,(T")_.

o For every n € T of the form n = 19(H) as in Pomt@ of Remark|2.20.19 and A € Dify_ of the
form A= ®:ccon(r_)Ar; c.f. Remark one has

HU(A) = Am( H Hnn( ®Tj€Con(Tn)_ 'AT])(TZ)> ) (2-102)

TLGNTO

where we canonically set Ile =1 and use -, to emphasise the variable corresponding to n € N,

and where Ay, € Difr acts on
H COO(VdifTO(’n)) x > (VU)
NTo\(p‘FoULTo)

foro = ind(p(;pm) as described in Remark |2.19.1}).

Remark 2.12.14. Note that the restriction of the canonical lift I of smooth noises to an element

of L(T,C>(V)) is not quite multiplicative with respect to the products on the domain and target, c.f.

ZNote that € € £_ is not a regularisation scale.
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Definition and Remark|(2.19.1) due to the operator Tr in (2.165)), c.f. Remark|2.19.2.

The following definition, while not crucial for the arguments, will significantly simplify notation
and is closely related to preparation maps and recursive renormalisation as introduced in [Brul8] and

used in the recent work [BB21] for related purposes.

Definition 2.12.15. For any admissible map IL : T2) — L(Dif,C>(V)), we define an induced map

m:7 — C>® (V) as the unique map satisfying the following properties:
e for each planted T € ¥, one has

Mg, 1) = Olp, )

o Forn',...,.n" € T such that n' € Fy(T%) where each T* is planted, one has

() = 1 ()

2.12.4 A RENORMALISATION GROUP

In this section we shall construct a renormalisation group. We define &_ to consist of all maps
g: 557 = L(Dif, Dif) satisfying the following properties:

o for each (F, F) € 5, g(F, F) € L(Difp_, Difp),

e g(0) =1,

o if (T,7T) € T is such that T = T, then ¢g(T) = id

e ¢ is multiplicative with respect to the forest product on 3(__) in the sense that the following

diagram commutes for any (F!, F1), (F2, F?) e 3(:) and (F,F) = (F', F') - (F2?, F?)

g(FLFY)®g(F?,F?)

Dif g1 ® Dif g Dif oy @ Dif o
T J (2.103)
Dif; o0 > Difp

where the upwards pointing arrow is the canonical injection FpZ and the downwards pointing

arrows is the canonical symmetrisation map Foll from Remark [2.19.20

Remark 2.12.16. For (F,F) € §) write Vec(F,F) for the one dimensional vector space
generated by (F,F) and let F) = {Vec(F, F)}(Fﬁ)eg(*) as well as L(Dif,Dif) =
{L(DifF_,Difﬂ}(pp)eg(—)- Then, we can interpret &_ C L(}"(*),Ij(ﬁif, Dif)) .

Next we define the group structure on &_.

145



Definition 2.12.17. For f,g € &_ and (T, T) S ‘Z(_), set

(f*g>(T7T): Z f(T,Ll_F)Og(F,T)’

FegnT_CcF
where U_F was introduced in Remark[2.11.28
Proposition 2.12.18. Let f,g,h € &_, then fx(gxh) = (f *g) xh,
Proof. Indeed, we find for f,g,h € &_ and (T,T) € )
(fx(gxh))(T,T) = Y f(T,U-F)o(gxh)(F,T)
FegrT_cF

= > F(T,U_F)og(F,U_F)oh(F,T)
F, Fegp:T_CFCF

= > (f*g)(T,U_F)oh(FT)

FegrTcF

= ((fx9)*h)(T,T)

Proposition 2.12.19. Let e € &_ be the unique element satisfying e(d) = 1 and

) ido.. fT- =T,
o(T,Ty={ -7

0 else.

Then (&_, *,e) forms a group with e as the unit.
Before proceeding with the proof, we introduce for a coloured tree (7, T) € T(__) and subforests
Fy, F5 C T such that T C Fy and T C F5 the notation

to mean
e [ C Fy andFlaéFQ

e for each connected component of A of F} there exists a connected component B of F5 such that

A C B and A = B only if B is a connected component of 7_.

We also introduce the notion of potential depth m of a tree (T, T) € T(:). If T[—] =T we set m = 0.
Else m is the maximal number, such that there exists a colouring T of T with colour set C' = {-},

such that (7, T) € T_ satisfies the following properties:
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A

oI = T[_]m (which could be the empty forest),

e for each n € N, T[_]n €sr,

e for each 0 < n < m it holds that THn # 0,

e for each 0 < n < m it holds that THn <<(T,T) THn—l .

Remark 2.12.20. While we will not need this here, the notion of potential depth naturally extends to
forests. Then it is natural to set the potential depth of the empty forest to be 0 and the potential depth

of a non-empty forest to be the maximal potential depth of its connected components.

Remark 2.12.21. Let (T, T) € Q(__) be a coloured tree s.t. TH # () and which has potential depth k.
Then (T,0) has potential depth > k.

Remark 2.12.22. Note that for any coloured (T, T) € ‘I(:) tree such that T_ # T, we have the
following disjoint union

{(FeFp T c Fy={T_} U{T} U{F € Fy : T <) F <o) T}

where the last term is empty if and only if (T, T) has potential depth 1.

Remark 2.12.23. Let (T, T) have potential depth n > 1 and F € § . be such that T L4 F<T
(which implies that F # T_ and F # T), then the tree (T,U_F) has potential less than n.

Proof of Proposition|2.20.19. 1t is clear that the map e is a unit, as one checks directly. Associativity

of * was observed in the previous proposition. Now we define for any g € &_ a new element Ag € &_.

e Define Ag for the empty forest, as well as trees of potential depth 0 as imposed in the definition
of &_.

o If (T, T) has potential depth n > 1, define recursively

Ag(T,T) = —g(T.T) - 2 Ag(T,-F) 091 T)
FeSp T-<L ip iy F Loy T

which is well defined since

1. if n =1 the sum is empty by Remark [2.20.22

2. if n > 1 by Remark [2.20.23| each coloured tree (T,U_F) in the sum above has potential less

than n.

e Extend this definition multiplicatively in the sense of (2.167)), which fully defines Ag € &_.
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Next we check that Ag defined as above is indeed an inverse, clearly we have (Agxg)(T,[-]) = e(T,[—])

and for other trees

Agxg(T.T)= > Ag(T,u_F)og(FT)
Fegp,T-CF
= Ag(T,T) + g(T,T) + > Ag(T,U_F) o g(F,T)
FE§ o Ty F<r
=0
as required. Finally Ag is a right inverse by standard arguments about groups. O

From now on for g € &_ and (F,0) € 57 we shall abbreviate g(F,0) by g(F).

Remark 2.12.24. In this remark we exhibit a subgroup &_ of &_, which is closer to the renormalisation
group of [BHZ19], but still allows for “renormalisation functions”. We define &_ to consist of all
elements g € &_, such that g(T,T) = 0 if |T_| < |T| . If we define |(T,T)|_ = |T| — |T_|, we see that
this is equivalent to g(T,T) = 0 whenever |(T,T)|- > 0. Since for any F € S such that T_ C F one
has

‘(T7T)’— = ‘(Tv U—F)‘— + |(F7T)’— )

it easily follows that G_ isa subgroup.

2.12.5 ACTION OF THE RENORMALISATION GROUP

Recall the map 7' +— L_F from Remark [2.11.28} it to acts on [—]-coloured trees (T,T) such that

A~

T_ CF by
(T,T) = (T,T),_p:=(T,TU_F) . (2.104)

The corresponding canonical morphism

A~ A

Sy = S{TDWTIU-F) ¢ Hom((T, T, (T, T LU_ F)))

from Definition [2.10.6] which we call the extension of (2.104]) to symmetric sets, in turn induces the
map FySy_p. For notational convenience we suppress the functor and for 7 € Fy (T, T)) simply

write 7,_p for FySyy_r (7).

Definition 2.12.25. For g € &_ and 7 € Fy (T, T)) € T set

97 := Z II(r,_F)og(F, T) .

Fegp T CF
Proposition 2.12.26. Let g € &_.
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1. IfII is admissible, II9 is admissible.

2. IfII is an admissible lift of smooth noises {£%}cce_, I19 is an admissible lift of the smooth noises
(&9)9, where
(€)=¢&—-9(=) .

Proof. For the first claim, the first two conditions of Definition [2.20.9] are clearly still satisfied. The
third follows from the fact that for any planted tree Z;T, all elements F € ST,r satisfy FF C T C Z,T.

For the second claim, note that

I9(=%,0) = (2, 0) + (=7, [-]) 0 (5%, 0) = & — (=) .

One sees that the properties of a group action are satisfied.

Proposition 2.12.27. For an admissible map Il the following identities hold
o (II)9 =119 for each f,g € &_,
o II°=1I.

Proof. We check the first point, the second is seen easily as well. First note that it follows from the
first identity in Lemma [2.18.7, that for 7 € Fy(T) and F, F € S such that T_ C F C F one has the

identity

Therefore,

@ir= > W (n_p)og(FT)
Fegp,T-CF

= > > T((rur),_p) o f(F,U_F)og(F,T)

Fe§y T CF Feg, , FCF

— > (1, 7)o f(F,U_F)og(F,T)
FFefn T_CFCF

= Z H(Tu_ﬁ‘) o (f*g)(F,T)

FegpT_CcF
=197 .
O]

Proposition 2.12.28. Let IT denote the canonical lift of smooth noises {£}ece_ and g € &_ such that
g(E%) =0 for alle € £_. For planted trees T*,..., T" € T andn' € Fy (T?), such thatn=n'---n" € T
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one has

oy =1+ Y ( T oo ) (2.105)

TGT;:pTZpT neN-
where for each T denote by H™ a family H™ = {n""}nen, such that n = 71(H") c.f. Remark|2.20.12
If we further decompose n™™ = [[,n;" where each n,"" is planted, one can rewrite (2.169)) as

Hgn:TrQ(Hgni)—l- Z ( H Tr@ﬂg )

i TGS;:pTepT neN-
Remark 2.12.29. A similar but slightly more involved formula holds, if we remove the condition
9(5%) = 0.

Proof. Note that the second formula follows directly from (2.169) and Definition [2.20.15, To proof
(12.169) we proceed inductively, c.f. Remark [2.19.10, Indeed the claim holds for the sectors containing

only jets or only a noise.

e Suppose the claim holds for 7 € Fy (T) C T, then it clearly holds for Z¢(7) since {7 € Tnm

PT(T) = pr} =0 and thus

Y @n)ur=T( > n_r)

FES1, 1) Fesr

which implies that

IIY(Zyr) = Z I(ZeT)y_pog(F)
FGEIE(T)

= Kg( Z H(TLLF) og(F))

Fesr
= K; (HgT)

= ﬂgIgT .

e Suppose the claim holds for planted n',...,n™ as in the proposition and n = n'---1n™ . Then

Z Nu_F = Z NMu_F + Z Nu_F

Fes; FESpgF Fe§gpeF
_ 1 m n
= E No_pr- Mu_pr + E : T({ E : M F"}neNT)
Fi€;:piF TEX L :pTET Fre§ crnipgrmn gGT"
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where H™ = {n™" },,en, and each n™™ € Fy(G™") is as in the proposition. Thus, we find

I = Y T r)og(F)
Fesn

= Y. O, gl pm)og(Ft - F™)
Fieg,:pigFi

(I Y meee) )

TET pr=pr nENT  Frego. nipgrin @GN
— 1 iy
='n+ Y. g0 ( J] T ()

TET;3PT:PT neEN,

where we used that g(=°) = 0 and the fact that by construction

M'n:= > T r)og(F).
Feg:pgF

2.12.6 CONSTRUCTION OF MODELS

In this section we investigate how to obtain a model (II,I") from an admissible map II. The underlying

spaces for this construction will be T4 := {7 }cee, ug, and J = {J}ccg,-

Definition 2.12.30. We define &, = L,(T4,J), the bundle whose fibre at (p,q) € M x M consists of
linear maps vpq: (T5)q — J;(s) such that for each e € £4 U &y, each tree T € T and each 7, € Fy (T')

)

Vp.a(Tq) € J;L;(a) .

We denote by & j,c the sub—bundl@ of *(®.), whose fibre at p consists of all maps v, satisfying
Ypla, =idy, - (2.106)

Remark 2.12.31. The following is useful in order to formulate positive renormalisation. Let T € T,

we shall build for each F € SJTF and v € &1 a map
FV<T>Q - 7;7’ Tq— T \'Yp,q E

o Flirst we define for T and F' as above a new tree T\ F'. Recall from Section that there is a
set E € Py (T) such that F = T>g, and we define T'\ F' to be the tree obtained by replacing for

each e € E the subtree T>. by a new edge of type t(e(e)).

29Recall that 6 : M — M x M is the diagonal map.

151



e For a concrete realisation of the tree T write S € Hom((T'), ®ecp(T>¢)) for the morphism in

Definition|2.10.6. Then we define T F to be the image of T under the following compositio
Tp.a

®IE| e
wer)y Fws, R WETe) 1y @ WHE) ~ T\ F IO, yya(m\F)

Definition 2.12.32. We define the action of & on T as follows. For T € %, 1, € Fy(T') C T°

and v € &4 ory € & joc set

L7 = Z T\y F .

Fegs
Remark 2.12.33. Note that for every v the map I'y is multiplicative by construction, i.e. I'y(1T1m2) =
(y11)(Dy72). Furthermore for a planted tree Tyr € Fy (T') one has

Iy(Zer) = Zer \y T+ Ze(Ty7) = y(Zer) + Ze(Ty7)

CONSTRUCTION OF II,

Given II, we define I, = Il o I'y, where the global section v = (IT) of & ), is define recursively as

follows
o IfT €T} (a,5) 15 such that a <0, then ~v(1) =0,
e if 7 € J, then (1) =,

e every other basis element is of the form Z;7, € 77 (,8) then
Yp(ZeTp) = —Q <60 Jp (Kell,Q 50— 1)) -

Remark 2.12.34. The definition of v,(Z7) is chosen to agree with —J,1, in the setting of Section .

CONSTRUCTION OF I'

Given IT, II.y and ~.), we define I' ; = T, , for an appropriately chosen global section v = y(I) € &,..

This section is defined recursively as follows

o for 7y € Jy, let vy 4(7q) = Q<s,Jp(II7y) = Q<s05p(R7y),

o for Zyty € Ty (a,s) et

Y,a(Z7q) = = Wp(LeL'p,gT) + pgVa(Zetq) + Q< (548)n60da K e (Il — LgQsy— e Lgp) g -
39The maps 7 and ¢ were introduced in and 1) respectively.
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Remark 2.12.35. Note that 7, q(Z7) above is defined so that it agrees with
Ipa™ = Jpl'p.aTq = UpgJyTg + EqTy

in the setting of Section[2.6

Remark 2.12.36. Note that, in contrast to the flat setting, the maps I .y do not satisfy I'p ol =

I'p.r, not even locally.

Remark 2.12.37. Observe that Ty, is invertable, while T is in general only invertible for ds(p, q)

Tp,q

small enough.

Proposition 2.12.38. Let (II,T") be constructed as above from the canonical lift I of smooth noises
{&hiee_ . Then (ILT) is a model, we shall call it the canonical model for {& }ice_ .

Proof. We need to check that the bounds from Definition [2.3.13| hold for
U7y, Lo pTp, (I — T Ty p)7p - (2.107)

Observe that all three estimates hold if 7, € Jp for every € € & by Proposition or if 7, is a
noise. Next, since all three terms are multiplicative with respect to the forest product, it suffices to
check that if the desired bound holds for 7, then it holds for Zr. This follows essentially from the

considerations in Section thus we use the notation J, and J, , from therein for the kernel Kj.

We have by Remark [2.20.33
H,Zer = T, Iy = My (Ze7) + MZe(T,,7) = —RJp7p, + Ke(I1p7p)

which satisfies the desired bound by Lemma [2.6.15)
Again by Remark [2.20.33

LypZetp = Ygp(ZeT) + Le(Lgp7) = JgpT + Ze(Lygp7)

and the first term satisfies the desired bound by Lemma and the second term by the definition
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of an abstract integration map (Definition [2.6.3]). For the last bound we find that

(I — gLy p)Zemp

= —RJpmp + Ke(Ilp7p) — (RJgp7 + HgZe(Lgp7p))

= —RJymp + Ke(Ilpp) — (RJgp7) + RJg(Tygp7)) — K(IgLgp7p)

= —RJy7p + Ke(Ilp7p) = R(JLqp7p — Lo pdpTp + Eqmp) + RJq(Lgp7p)) — K(IgLgp7p)
= —RJpymp + Ke(Ilp7y) — R(=TgpJp7p + Eqrp) — K(1gLgp7)

= (K?(H — Ly pmp) — REqu) — (I = TLgp) JpTp

where the first summand satisfies the desired bound by Lemma and the second summand by the
fact that the jet model is a model, i.e. Proposition [2.3.21 O

Definition 2.12.39. We call a model (II,I') admissible, if it is of the form I, =o'y qq), I'pq =

I, ,ary for an admissible map IL. We say that an admissible map I1 generates a model, if (IL,T) given

by Il, = ol ), I'pg =T, ) is a model.

Note that two different maps II might generate the same model (II,T"). In that sense II contains

more information. The next proposition is the main Proposition of this section.

Proposition 2.12.40. IfII is an element of the orbit under the renormalisation group & of the

canonical lift of smooth noises {&}1ee_, then I generates a model.
The following lemmas will be useful in the proof.

Lemma 2.12.41. Let (II,T) be the canonical model (generated by the canonical I1) and g € &_
such that g(Z°) = 0 for all ¢ € £_. For planted trees T',...,T™ € T and n* € Fy (T"), such that

n=mn'---n™ T one has
Mgy = T (O)Mr) + > ( IT T ( @ ) , (2.108)
i TES, prET neN;

where the sum runs over all negative subtrees T of T containing the root and where for each 7, H™
denotes a family H™ = {n™"}nen, such that n = 7(H") as in Remark|2.20.12 and furthermore write
=TI,n" where each n;™ € Fy (G]™") is planted.

Remark 2.12.42. [t is useful to introduce for a smooth model Z = (II,T') the maps f[p T — C2(V)

as the unique map satisfying the following properties:

o for each planted T € X, one has

1L ey o) = Mpley (1)
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e For 1711), N S T such that 77; € Fy(T?) where each T is planted, one has
n ) n
Hp( H 77%) =Tr (@Hp(ﬁz))
=1 =1
Then, one can write (2.172) as

mn =g+ > g [T 1 ca) -

TEX, pTET neN-

Proof. Throughout this proof we simply write 7, instead of ~,(II¢) in order to make notation lighter.
Writing T =T"---T" and for F € sJTr, F; = FNT" we compute

Mn =0y, = Y W(n\y F) = ) HQ<H” \a £ ):H9<H 2 1 F>

Fegh Fegh ¢ Fie3s,

Since

([, ) = Q@ B+ Y (H (O™, (@ 0 R >))

g TE‘I;\F:pET neN- J

we have

= 3 O Y Y g<r>(n (OWi"\, G R >))

Fe§r ‘ Fegh TET;\F:pET neN.
O Y a0+ Y Y s IO nm))
i F;€54, Fe§f reTy, piper neN: j

_Trgﬂgfypn + Z Z g(T)( H @Hg "oy (GTT N E(- ))>

F; EST TE‘IT\F pET neN:  j

_TrQHgF’ypn-l- o> g (H (W™ \,, F (n)>

T€X:peT F ES n neNr j
G

—I&«@ng,ypn + Y g ( 11 (@Hgl“ypn}’")(-n))

TEX pET neNr  j
—Tr@Hn + Z ( H @Hpnj ”)
TET L pET neN; J
as claimed. 0

Remark 2.12.43. Note that in the previous proof we only used the ewxplicit choice of vy, in the last

line. In particular we can extract the following general formula from the proof above. For any g € &_
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and f € &

ngrfn_Tr@ngfn + Y g ( 11 (@Hgffn}’"(-n))>

TET pET neNr  j

Lemma 2.12.44. In the setting and notation of the previous lemma, the following formula holds.

nggpn_ﬁ@mwpnﬂr 3 g(T)(H (Omrg,mr( ))

TET L pET neNr j

Proof. Again we we simply write 7, and 7, , instead of v,(I19) and 7, 4(I19) in order to make notation

lighter. Note that

ngg pT = HQFWFZ pT = HgF Z T \’Yq P F I Z Z \’Yq P \’Yp
Fegh Fegt, . Fegh

T\F
=1IIY Z T\Bq’p F:HQI’@WT
Fe3h

where we define ;) € (&4)qp by

Byp(T) = Z Ya(T \vg F)

Fegh

for 7 € Fy (T), C T¢. Thus we find by Remark [2.20.43

wgrg, = QW mt Y o0 I (O, )

@ TEX IpET neN- J
= Qg+ Y. o ( [T (Qmrgm")) .
i TEXpET neN: j
which completes the proof. O

Remark 2.12.45. Using a telescopic sum and combining the previous two lemmas on finds that

(I — TIITY ))n

n

=TrY (¥n") ..o Wy ) o [y — K9 /) o (ITY p' ) o ... e (909 ™)

j=1
Y 2 (I (O e)
“telescopic sum”Teg; prET neN;

where (---) stands for either 11}, TIj — I§T9 ,, or II§ — TI9TY , with 11 — TITY , appearing ezactly once

Proof of Proposition[2.20.40. First observe that any element in the orbit can be written as II/ for
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some f € &_. We proceed by induction as in the proof of Proposition [2.20.38 The desired estimates
hold for jets and noises. To observe the bound on the terms in (2.171]) we use the above lemmas and

observe the following:
1. To see that the desired bound on II,7, holds, use Lemma [2.20.41
2. The bound on Iy, 7, follows as in Proposition [2.20.38]

3. Note that ||T|| was defined in exactly such a way that it imposes a bound on (II, — II,I"; ,)7,
which is satisfied by Remark [2.20.45)

O

Remark 2.12.46. Instead of attaching jets one could directly attach smooth sections to &y type edges
and all of this sections easily adapts. But besides the minor drawback of having to work with infinite
dimensional vector bundles one would not gain much, since while the definition of the map II would
then be more canonical, still the choice of an admissible realisation of the jet bundle would have to be

made for the definition of the maps IL,.

Remark 2.12.47. Recall from Section [2.2.5] that is often useful to impose further restrictions on the
choice of admissible realisations and from Section[2.5.9 to enforce the canonical counterpart on products
of jets. The reqularity structure ensembles in this section do not enforce any such algebraic constraints.
This can be remedied by working with quotient spaces of T /~, such that Assumption is satisfied.
That is, whenever a tree contains two or more &y type edges incident to the same node, one applies the
canonical product x : J° ® J7 — J7t7 composed with the projection Qs, at that node.

It follows by construction, that by choosing an admissible realisation R of J respecting these con-
straints, which can be done by the constructions in Section[2.2.5, all considerations in this section extend

to the quotient space. A similar procedure is executed in [BCCH20], see also [Che22d, Remark 4.35].

Remark 2.12.48. Let us emphasise that the constructions of this section are conceptually very close
to the ones in [BHZ19]. One also expects to be able to reformulate many of the constructions here in a
framework closer to the one herein, i.e. one involving Hopf algebra bundles. Some of the novelties one

would need to incorporate on the abstract (algebraic) level are the following
o A non-triangular action of the positive coproduct, when acting on jets and negative trees,
o further “extending” the extended decorations therein.

But once this has been executed one can then turn the trees into vector bundles by working with a direct
product of frame bundles with some structure group G. Then associating to each tree a symmetric set
and to each symmetric set a representation of G one can thus construct the desired vector bundles as

associated bundles. By the categorical properties of symmetric sets and the thus constructed vector
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bundle assignment one then expects to be able to "push through” the algebraic structure on trees to the
vector bundles, somewhat analogously to what is done in [CCHS22d.
2.13 APPLICATION TO SPDEs

In this section we first explain, starting with an SPDE to choose a rule to construct then the regularity
structure ensemble in order to give a solution theory. Then, in Proposition [2.21.9] we give a formula
how the renormalisation group affects the concrete equation one wants to solve.

For index sets £, and £_ and a vector bundle assignment {V'}ce Lug_, we investigate the following

system of equations

‘Cut = Ft((ut)i€£+7 (Dut)t€2+) EER) (Dnut)t€2+’ (ff)fesf) for t € ’g-‘r ) (2109)

where in this section we can ut € D'(VY) and & € D'(VT). Let £ = (€4 x N)U £_ and £ be a disjoint

copy of é, for § € £ we write f for the corresponding element of €. We define £ = £U £ and
x: L= L =1,

to be the unique involution without fixed points satisfying f* = f for all f € £. We define the vector

bundle assignment (V');ce the be the assignment
{V(t’n)}(t,n)eme = {V'® (T*"M)"}inyeg. xn and  {Viee_

extended to £ so that (2.152]) is satisﬁed@
This puts us in the setting of Section 2.19.1} and we introduce the edge types

o & C £ x N, where (¢,n) € & if the term (D"u') appears in (2.173)F7]
o & =48

o & = Ear U &Y, where Sar is a disjoint copy of £, and
E) c{(t,o) C £, x N&+Y&= . DIt £ 0}

where there is usually a choice of of the exact subset ]

31Recall the definition of (T*M)™ in the presence of a scaling s from Section .

32Note that this is not quite well defined in the sense that one can always artificially increase this set. But there is
generically a canonical minimal choice.

33Tt is made depending on the parameters v < do suggested by the equation.
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It is important that we do not identify Sgr and £;! But we define the injection
t:& =&, (Ln)— (Ln). (2.110)

Remark 2.13.1. Note that £) typically contains an infinite number of elements.
We also fix the indexing maps
e ind; = (ind},ind}) : &4 — £x £, (&,n) — (& (& n)),
e ind_:& — L f—f,

e indy : & — N is defined as

L indg[go : (8,0) = €= 3" cp e 06—,

2. indg ygo+ = ind; ot 71,

a homogeneity assignment | -|: € — R and §y > v > 0, which in general is suggested by the Equation
(2.173]). This then puts us in the setting of Section [2.19.2 It is now natural to rewrite the equation in

the form

gut = Ft((uo)oeg-p (gf)fggf) :

We introduce the space E = @_cg, e V° and in view of Section we shall lift the local

non-linearity F* to an element of

C*(Ex (JE'@ P(E))) = PC™(Ex (JE'® (E)"))
neN
= P c*(ExJE'®V)).
cENE+YVE—

Here again, the exact truncation is chosen depending on the parameters v, dy. This motivates the

definition of a rule R : £ — P(N) \ {0} as the normalisation of the following naive rule R.
e Rie)=0foree&UE

o for (¢,n) € &,
R((e,n)) = {[(t,0)]Uo : (t,0) € &)},

where we interpret o € N+ as a multi-set and recall the notation U for the union of multi-sets.
Since the rule R is equation-like, R is as well.

Assumption 2.13.2. We assume that the rule R constructed above is subcritical.
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We define for o € £, the set

= | () T =ATM):Te | )
veR(o) vER(0)

and make the following observations.
1. For o = (k,n) € &4 and T € ToU %°, the node type n(n) of every node n € Np which is not
maximal nor minimal (i.e. the root) has exactly one incident edge of type in &J.
2. For o= (&,n) € & and o = (£, m) € &, one has T° = T

Remark 2.13.3. The trees in T°U {6"°)} are used for the expansion of {u°},ce, , while the trees in
T gre used for the expansion of the right-hand side of Equation .

Assumption 2.13.4. We assume F' is mulitilinear in the noise variables and the modelled distribution
describing & is given by p — Ep.

Remark 2.13.5. A weaker natural assumption would be to impose that the lift of the noise & is given
by a modelled distribution taking values in a sector of negative reqularity. This, combined with the

assumption of sub-criticality actually that the non-linearity is polynomial in the noises.
The above assumption tells us that for each t € £, one has

FY(u)oeey (Nee.) = FY((u)oce,,0) + Y DTFY((u)oce,,0)€° (2.111)

oeNE-

where we used the shorthand notation {7 = [[ice (eher .
It will be useful to denote for § € £ by UT the modelled distribution p =, and interpret it as
modelled distribution where the component of UT in Tgy: is constantly 0. This allows to write the lift of

the non-linearity simply as

D™Ft

FOm =Y il ——)(QU(p)) - U™ (p) (2.112)
meNE+E- ‘
and to formulate the lift of Equation [2.173] as
U® = LoQ o F (U°)oee,ue_ ) +u®  foroe &y, (2.113)
where u° is a section of the jet bundle Jé(s)

Remark 2.13.6. It is important to note that the solution depends on the choice of model!

Proposition 2.13.7. Let {U'} be the solution of the abstract fived point problem ([2.177)) with respect
to the canonical model for smooth noises {&}ice. . Then vt = R(UY) solves Equation in the

classical sense.
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Proof. Indeed we have
vt =RU' = RKF ((U)oee, e ) = KRF(U%)oee, e )
and thus

L' (p) = RF'((U°)oee,ue_ ) (p)

= Hth((Uo)oE&-Ug— ) <p)

ot ~
e Y QUGN )

eNE+UE-

Y )@t © (1,00)°

oENF+E- i
= FY(ILU(p)(p))

= F*((v*)oee, ) ()

=1I

where we used Corollary several times. O

2.13.1 RENORMALISED EQUATION

For 7 € T_ and t € £, define the new local non-linearity (D, F)" acting on families of smooth sections
v = {v%}oece, ue_ where v° € C*°(V?) for each o € £ UE_. First, we define for 7 € T_ and n € N;\ L,

where n # p;

(DT,nF)t . H COO(VO) N COO(VdifT(n))7 (DT,nF) (U)t — Dn(n)Fe(n¢)+ (U) 7
oe&LUE_

where n | denotes the unique edge e € E; such that e, = n. Furthermore, set

(DT,pTF)t . H C®(V°) — Cm(vred*(t—ind(p)))’ (DT,pTF)t(’U) _ Dn(pT)Ft(v) )
oeELUE_
Finally, we define

(D.,-F)t . H COO(VO) _)Cm(vred*(t—ind(p))) « H COO(VdifT(n))
oe€ELUE_ neN\(L-U{pr})

as

(DeF )= [ —e (DeF) " (0n)) |

neN,\L, Sn(7)
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where S,,(7) is defined as follows: If 7 at the node n € N; has the form

m l
ron = [1E)™ [[@a ()
i=1 j=1

whenever i # j, we set

Remark 2.13.8. Note that S(7) := [[,,cn, Sn(T) agrees with the corresponding definition in [BCCH20]
and S(7), has the interpretation of “the number of tree symmetries at the node n”, see also Re-

mark[2.21.13

Proposition 2.13.9. If U9 € D7 solves the abstract fixed point problem for the renormalised model

and for ~v large enough, then u = RUY solves the equation

Sut = FY((u)oee, s (Djes) + Y <(DTF)t((uo)oes+a(€f)fe6_)79(7)>

TET

where the bracket (-,-) denotes the canonical pairing between Dif. and

Coo(vred*({—ind(p))) > H Coo(vdifT(n))
neN\(L-U{p})

defined in Remark|2.19.1))

In order to prove this theorem, it will be useful to introduce certain rooted plane trees. Recall that
a rooted plane tree T, consists of a rooted tree together with an order of the incoming edges of each
node, that is for each n € N, the set E3?, = {e € Er | e~ = n} is equipped with a strict total order
<7 For rooted pane trees T' we denote by |T'] the rooted tree obtained by forgetting the order on
edges.

Next, we fix a strict total order < on £ U &4 U E-_ such that g < e < e_ for every gg € &, €4 €
Er, e e,

Lastly, we declare a tree in T to conform to the order <, if for each n € Ny and any two edges

el, e € E,iln such that e; <7, ez one has

o if 6(61), 6(62) §é €+,

6(6’1) =< 2(62) s
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o if 8(61) ¢ ggr but 2(62) S 50+

e(er) <1 (e(e2))
and similarly, if the roles of e; and ey are reversed,

o if ¢e(ey), e(e2) € 5;

1 e(er)) < v (e(e)) .
At this point, let us introduce the following analogues of the objects already introduced for plane

trees:

1. For o € &, denote by T° the set of plane rooted trees T that conform to < and such that |T| € T°.

Similarly, we set T_ to consist of plane trees 7 which conform to < and such that |7] € T_.
2. For plane rooted trees T4, ..., T),, denote by T =T - ...- T, the plane rooted tree such that

e Onehas |T| = |T1]---|Ty], where the latter tree product was introduced in Remark[2.19.10

e The order of the edges E;—,nn for n € Ny \ py agrees with the order inherited from the
T, ..., Ty

e The order of E’r}’jp is the unique order such for each i,j € N and ¢; € Ef, , C Ej , one has
e; < e;j whenever ¢ < j, and such that the order on Ep, pr C Ey . is simply inherited from

the order in 7j.
We call this the plane tree product.

Remark 2.13.10. Instead of working with a rule on rooted trees together with an order on edges, we

could have introduced an (obvious) notion of a plane rule.
For T € T we define maps Y[T]: JE — Fy (|T]) as follows:

1. If T = §°) consists of exactly one edge of type (o) € &, then
T () = 0} p) = Qo

2. If T = §¢ consists of exactly one edge of type e = (t,0) € &) , then

D F(Qoup)

o! ) -

YT (up) = i) (
3. If T = = consists of exactly one edge of type f € £_, then
T () = =

f
> -
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We further set

(4) for T=T'---T™ set Y[T)(up) = Y[T](up) -+ T[T™](up) -

(5) T[ZT](up) = T[T (up)-
The next lemma now follows directly from the definition of the maps T.

Lemma 2.13.11. Let U = {U°}oce.ue_ be the abstract solution of . The solution can be

uniquely decomposed as U° = u® + R°, where uy € JpVé(WO) and Ry € Ty and it holds that

U=+ Qcy D Y[TN(u) = Qou + Qey > T[T(u) . (2.114)

TeTe TeTou{s0)}
Remark 2.13.12. The fact that we work with plane trees accounts for the combinatorial factors usually
encountered. A version of this observation was already made in the case of ®* equations in [CMW23].
Similarly, the fact that we do not identify the abstract product on jets with the canonical product also

simplifies the expression.

Remark 2.13.13. For a tree T € T_, we define ky : Ny — N&+Ye~ 10 be the function such that for
n € Ny and o € E4 UE_ the number k;(n), € N denote the number of edges of type o attached to n

from above. Then one finds that for 7 € €_ one has

_ TR kr(n)!
HTET, : LTJ—T}’— H S.(r)

Remark 2.13.14. We extend Remark |2.19.21] and Remark |2.20.12 to plane trees (in some way
conforming with < ) and write 7(G) for a tree obtained from T € T_ and G = {Gp}nen, as therein.
Note that this definition is not unique, but we make a choice (which turns out to be irrelevant). Then,

it if follows from the fact that T contains no edges of type in & that for T := |T|
Y[7(G)] = T({T[Gul}nen,) -

Proof of Proposition[2.21.9. We shall use the common notation for m,k € N € Né+Y4~ and set for

o L () I ()

0€ELUE_ °

m >k

Furthermore, whenever we have a sum over N or another infinite set such as Né+Y¢- it is understood
that the sum is in reality truncated (with the truncation depending on the parameter 7).

We shall write 2 = QoU and U = U — @ one use for m € Né+Y4~ the multi-index notation
um .= [Toee.ue (U°)™o. We also fix the convention that whenever we write [Toee.ue T°, it is

understood that the product is taken in the order respecting < . For each multi-index we m € N&+Yé-
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we introduce the set

10— [ T[T : 709 e Uano)

O€5+ UE_ i=1

Then it follows for m € Né+Y¢~ that

m (o) =mg( T1 TIC X vred))=ng 3 i
0€€LUE_ i=1 7T(o,i) cToygt(0) TeT(m)
and therefore from Lemma [2.20.41] that

e =n O ( X wmrred)

O€5+U£, T(o,i) GTOU(;L(D)

€{l,...,mo}
+ 3 2 o I mxr\nelen)
Tet(m rc,T neN,

where T C, T means that 7 C T contains the root of T. In particular,

. DY) -
t _ D) m
R U) =iy Y G0

p m!

meENE+UE—

+ 03 > > e it T ) zal ()
meN£+u€_ TET("L) ;CPT neNx-

where we used in the last line, the fact that the differential operator ¢g(7) acts multiplicatively at the

root, c.f. Remark [2.19.14] For the first term we find

m (S 2O ) = Py (2.115)

m!
meNE+UE—

Next fix 7 € T_ and recall the map kr : Ny — Né+Y9~ from Remark [2.21.13] Looking only at

summands such that |7] is tree isomorphic to 7 we find

> X X taers®( I BOIE T\ D)2 0)

meNE+YE- Ter(m) 7C, T neN-
o(n) + kr(n)\ kr(n)! . _
= 19y [§(o () +k- () )y (.
2 g<7>< 1] ( e g (> I6n) ) -
o: N, —sNE+Ye— neN, T(n) g1(o(n))

where we sum over all maps o : N, — N&+Y6~ (with the finite truncation implicitly understood). Here

o(n) for number of edges attached at a node n € N, which do not belong to 7 and are not of type &J.

To see the line introducing the combinatorial factor (U(”L”(L:)T (”)) ;(77(2')7 one counts the number of ways

the planted subtree 7 can appear as a subtree. Say, counting from the top nodes downwardﬂ for the

34 Alternatively, one can also count from the root up.
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top nodes of 7 the combinatorial factor is trivial (since k-(n) = 0). Otherwise, one has to choose k(n)

edges of the o(n) + k(n) possible edges, which are part of 7. Then, it follows as in Remark [2.21.13
k(n)!

that one has exactly S, (r)1 Ways to assign the continuation 7 at n.

Next note that

3 gm( 11 (““Zj(:;(”))’g((?)’( T ﬁgm(a(mm(n»ﬂm](.n)))
O’:NT—>N£+U£— n T(n) cT(o(n))

_ o(n) + ke (n) ks ()
-2 9(”(RH< o)

o N —NE+E- ENr

- Y (s X Oy,

(7) T(n) e1(o(n)

_ - 1 ey DOTER@)
= 2 g()<Hsn(r)Hpjp TR

o: N —NE+E ner
Dtk (n )F(ﬁ) -
o (T g 3 2D,
neEN, m€N£+U£ me

Finally, we find that

m+k-(n) Ty
o(r) 11 SRR e

meENE+UE-

(I 5 0P

7_
neN, "

= ((D-F)(u),g(1))(p) ,

where in the first equality we used that

mtkr(n) P
> (Hg D <U)Um> (n) — (DFMF) () ()

m!
mGNE“' UE_

vanishes at p € M faster than —|7|, which is the case whenever v > 0 is chosen large enough. This
combined with (2.179) completes the proof.
O

Remark 2.13.15. Observe that we did not enforce the products of jets to be the canonical product, but
that the results of this section extend to the case when such an identification is made, c.f. Remark[2.20.47
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2.14 (CANONICAL RENORMALISATION PROCEDURES

One observes that for a given equation we have constructed a rather large renormalisation group
&_. In our setting, compared to the usual setting of translation invariant SPDEs in flat space, one a
priori obtains a family of solutions indexed by the (infinite-dimensional) space of sections of certain
vector bundles over M. Fortunately, one can often still single out a canonical, finite dimensional
family of renormalised solutions. Let us informally describe the corresponding procedure: Typically
one is working with a mollification scheme which depends on a scale e. If this mollification scheme
is “sufficiently covariant” it is possible to decompose the corresponding family of renormalisation

differential operators
=S () -g(D)
i
where

e cach f;:(0,1) — R typically E converges to +oo as € — 0.

e the ¢g/(T) are differential operators which depend explicitly on the curvature and the differential

operator of the linear part of the equation in a local manner and thus are arguably “canonical”.

Thus, for such regularisation schemes it is then natural to work with only the finite dimensional
subgroup &’ C &_ containing the differential operators g.(T"). One thus obtains a canonical (finite

dimensional) solution theory.

Remark 2.14.1. We note that, when working with an arbitrary mollification scheme, one in general
needs elements of ge € &_ which are not contained in &'_ in order to converge to one of the “canonical”
solutions. Thus, in this case the canonical solutions are only reached by considering the cosets

& g CB_.

Note that in general it non-trivial to extract the operators ¢¢(T') described above explicitly. When
working for example with generalised Laplacians and white noise this is a rather straightforward

consequence of the following:

1. Explicit expansions of the heat kernel, c.f. Theorem which can formally be written as

Gi(p,q) = pq)/“ztz (p,q) + ON "2, (2.116)

(47Tt)d/2
for 0 <t < 1.

2. Explicit expansion of the density in exponential coordinates, c.f. [Gra74, Cor. 2.10]. Fur us the

35Tt can sometimes be useful to also include f;, which just converge to a finite limit in the above decomposition.
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following will be sufficient

dvol, = [ 1- éZRi,jxixj dz + O(|af*)da (2.117)

1,J
Remark 2.14.2. This explains, why for many equations of interest when working with a heat kernel
reqularisation, renormalisation constants are sufficient. More precisely, when working with a generalised
Laplacian and white noise, as long as the most negative tree has homogeneity higher than —2, one
does not expect any geometric counterterms to appear. In Section we treat an equation where
this condition is violated and indeed a logarithmic divergence proportional to the scalar curvature s(x)

appears.

Note that in our setting the map Jgp: TC4 g, — TT defined by
JawTp = (JeLapTp + EqTp — Lapdp)Tp = (JgQ<s-6TapTp + EqTp — LopJp) Ty
plays the role of (J(y)I'ys — I'y.J(x))7 in [Haild]. Next we derive a bound analogous to [Hail4,

Lemma 5.21].

Lemma 2.14.3. Let a < §g — 3 such that o+ 3 ¢ N, then, in the setting above for every T € TS 5 and

every integer m < g one has the bound

‘JP,qTq’m 50 HZHBl(p)]T‘d(n q)(a-l-ﬁ—m)vo

I

uniformly over p,q € M such that with d(p,q) < 1 and models Z satisfying HZHBl(p) < C. Furthermore,

for two models the analogue bound difference bound holds.

Proof. Throughout this proof we fix an exponential s-chart at p and denote by 0; the coordinate vector
fields associated to it. We shall denote by 9 a touple (0, ..., 0;, ) and write Vg instead of Vo, -V, -
Recall that by definition

IpaTg = Ipl'pqTq + EpTg — IpgJqTq

First we treat the simpler case a + 3 < m < (6 + ) A 6y by bounding each of the terms |J,I', 474 |m.,
\T'p.qJq7qlm and |E,7y| separately. The bounds on the former two follow directly from Lemma the
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estimate on F, follows from Remark combined with the estimate

|EpTqlm < Z 4 S(lélg) |(Mg7g — TpTy g7g + T,Q>50—pTpq) (Va,lKn(p» ))|
eg

<|TP|Z n(d+B—m) 492 (60—m))

< ’Tp|22 ((6+B8)AGo—m)

Now we turn to the case m < a+ . For p, ¢ € M such that ds(p, q) < 1, we set np, € N as the number
satisfying ds(p,q) € (27"a~1,27"ra] and argue separately in the two cases n < n,, and n > n,,,

starting with the former. Observe that for 7, € T} one has
QmJng = Qm Z J;LQCTp = Qm Z JgQng )
(<é0—B m—B<(<do—p

and therefore

QmJ;;LqTq
=Qm (J;anTq + EgTq - Fp,ngLTQ)

= Qm( Z Ty QcLpgmq + Eytg — TpgJi7g)
m—B<(<8o—p

= Qm( Z JpK ( I,Qcpq7q) + jpKn(lg7q — HpQso—pLpq7q) — ijJz?Tq) .
m—B<(<dp—pB

It follows from Remark 2.2.14] that it suffices to bound

[paTalm S sup | Ap = VoR(J{7y)(p)]

deg(8)=m
where
Ag = Z IL,QTp,g7q(Vo 1 Kn(p; ) + (Mg — IpQcso—p1'p,a7a) (Vo1 Kn(p, -)) -
m—pB<(<do—pB
Noting that
Ag =— Z I,QcT (Vo 1 Kn(p, ) + 1pQcsy—l'p.aT7a(Vo 1 Kn(p, )
¢<m—p

+ (HqTq - HPQ<50ﬂ3Fp,qTq)(Va,lKn(I% ))

ST QT (Vo Kn(p, ) + gre(Vo1Kn(p, )
(<m—p

Z I,QcT (Vo1 Kn(p, ) +1g7q(Vo 1 Kn(p, ) ,
(<m—p
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where we used that ( + § ¢ N in the last line, we find

[JpqTalm S sup |Ag = Vo 1R(Jg7q)(p)]
deg(9)=m

S sup Z L,QcLpq7q(Va, 1 Kn(p, )| + |Hq7q(K3,’gp)| .

deg 0=m C<m—B

To bound szz(g’(” | Ty qTqlm, we thus estimate using Lemma [2.6.14{ with p > a + 3

Td(p,q)
o
sup |HqTq(Kg:q,p)‘
n—o deg(8)=m

Nd(p,q)

< Y (X 2l gy g)th 4 3 dy(p.q)r T2
n=0 l€6An m<a+pf

S da(p, )P 4+ da(p, q) ™

Sds(p, )t

Next, since [II,Q¢I'p o7 (Va 1 Kn(p, )| S ds(p, q)(@=OV02n(m=B=C) when deg(d) = m, we bound

"d(p,q) -
sup Y > QT (Vouka(p ) S Y D dslpg)la 90270
deg(9)=m n—g ¢<m—p n=0 (<m—p
5 Z dﬁ(pyQ)(aio\/OQnd(nq)(m*/D’*C)
(<m—p
5 Z dg(p’q)(a_g)\/ods(p’q)@_i_c_m
(<m—_

< ds(p, q) TP

This concludes the bound on $%% | T g Talm-

We turn to n > ng, 4. We have

| TpaTal < sup | Z IL,QcTp g7V o1 Kn(p,-))|
deg(B)=m 1, _g<c<s—p

+ sup ’(HqTq_Hprp,qu—ﬁTq)(Va,lKn(pa‘)‘
deg(8)=m

+ | TpgJo'7q|

where we shall bound each term separately.
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1. For the first summand we bound for m — 8 < (< d —

Z Q' qma(Vo 1 Kn(p, )| S Z ds(PaQ)(a_OVOQn(m_B_O

N2Nd(p,q) N2Nd(p,q)

< dg(p, q) @OV a(w.q) (m=B=C)

< ds(p,q)*V0d(p, q)P ™

S da(p,q) TPV

2. We bound the second term using the fact that 27" < ds(p,q) and m < a+ 8

Z |(Ig7q — IpQ<sy—pTp,q7q) (Va1 Kn(p, )| S Z on(m—PB)g—n((do—B)AJ)

n2Nq(p,q) N2Nd(p,q)

S ds(p, q) TN

which is obviously bounded by ds(p, ¢)*+t7#~™ .

3. For the last term we have

Z ‘quJgTq}m§ Z Z ds(p,q)(l—M)VOU;qu‘l

n2Ng(p.q) n2Ng(p,q) lENI<a+p

5 Z Z ds(p, q)(l—m)\/Oz—n(a—I—,B—l)

n>ngep,q) lENI<a4-p

S Z ds (p7 q)(lfm)\/O Z 27n(a+ﬂfl)

leNji<a+p nan(p’q)
SO ds(p, )Y (p, g)* P
leNi<a+p3

< ds(p,q)

O]

The following theorem is almost a word for word adaptation of [Hail4, Theorem 5.14], but the

proof is slightly easier, since our definitions are more relaxed.

Theorem 2.14.4. Let T = ({E'}iee, {T e, L) be a reqularity structure ensemble and let Z = (I1,T")
be a model, such that Assumption |2.6.4 is satisfied. Let B > 0 and let V C T be a sector with the
property that for every (o, 6) € A x A with Vi, 5y # {0} one has a4+ ¢ N and (6 + ) A do ¢ N.
Furthermore, let W C V be a subsector of V and let K be a kernel satisfying Assumption|[2.6.1 Let
I:W — TV be an abstract integration map of order B and precision &y realising K for I. Then, there
exists a reqularity structure ensemble T containing T, a model Z = (f[, f‘) for Te extending (IL,T), and

an abstract integration map I of order B and precision ¢ acting on V =V such that:
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e The model Z realizes K for I.

e The map I extends 1, i.e. Iir =7 forallTr e W .
Furthermore, the map Z — 7 is locally bounded and Lipschitz continuous as in [Hailj).

Remark 2.14.5. Note that the extension of the reqularity structure ensemble really only affects the §
component of the ensemble, i.e. T =T for all t € £\ {f}. .

Proof. For « € AN (—o00,00 — ), 6 € A denote by W, 5 a complement, such that that
Va,& = Wa,& @ Wa,zS

and set W = @ ad V_Va,(;. We further denote by W+ the complement such that V. =W @ W @ W and
observe that W1 = Qxs,-5. W™ .

To construct the regularity structure T, we set

A=AUu{a+BeER : a<d—B, Wa,#{0}},
A=AU{(6+B)AdeR : W4 {0}}

and for (a,8) € A x A set

T(;d @ Wafﬂﬁfﬁ if «, o< (50,

1) 5 & Ds,_pes Warss it0 << b, 6=,
o= z :

Ta 5 T(iﬁ @ ®50—BS5'<+00 Wa_@(gl if <0, § =0,

T;(;@Wa—ﬁﬁ ifa<0, § =00,

7! @0 ifao>d8 —Bord>d—f,

which is motivated by Definition [2.6.3] see also Remark [2.6.4 Accordingly we write elements
Ty € T(i 5 as pairs 7, = (719 ) TZ}), where TI? e TT and 7'101 € W. Next, we extend the space L appropriately.
Note that due to the second condition in the definition of an abstract integration map, Definition [2.6.3
we can not simply take the space of all linear maps satisfying the conditions of a regularity structure.

Instead we define, similar to [Hail4],

o do
Lypg = Lpq x My},

where Mgfq consists of all linear maps from W, to (TJ)QO. An element (T4, My,) € Lpq acts on

e = (15, 72) € T(;(; as

(Lpgs Mp.g)Tq = (vaqqu + Ip(QWvaqTqQ) + Mp,qu?a QWFp,qTqQ)
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Similar to [Hail4, Equation (5.22)] one can check that Ly 0 Ly, C Ly,.
To extend the map I we note that for 7, € V,, we have a unique decomposition 7, = Tg + TI} + Tg,

where 7) € W, 7 € W), and 77 € W+. We set

fp(TmO) = (IpT;?yT;}) .

We have to check that the conditions in Definition [2.6.3| of an abstract integration map are satisfied.
The only non-trivial fact to check is Condition [3| for which by linearity it suffices to check it on
I,;my = (0,7,) € T} for 7, € W,. Indeed, by definition of ', = (Tpq, Mpy) € Ly

fpf‘p.qu - IA‘p,qjtﬂ'q = jp(rp,m Mp.q) (Tqa O) - 1qp,q (O’ TQ)
= jp(QWFPW + Qg 0)
- (IPQWI‘p,qTq + Mp,q7g; QWFp,qTQ)
= (IPQWPP-QTIN QWPp-qu)
- (IpQWFp,qTq + My q7g; QWFp,qTq)

= ( — My 474, 0) .

Next, we turn to the extension of the model Z = (II,T) for T to a model Z = (II,T') for 7. For

o= (15, T2

) we define

gy = Mgy + K(y7)) — g Jy7s
This is well defined due to Lemma [2.6.15] Next, we define
f‘p,q = (I'p,gs Mp,q) , where Mp#]TqQ = J:anqTq2 - 1179,q<]qTqQ + Eprqg = Jzofﬂ'q2 .

We check the second analytic condition in the definition of a model. By linearity and the fact that
I" satisfies the this bound, we only need to check it on elements of the form 7, = (0, 7'q2) € T;n B

Indeed,
Lpatq = (IpQer,ng + Mp,ng, QVT/vaqTqQ)
and we decompose lA“pquq = fofp,qTq + (id — QTf)fp7qTq. Thus

|(id = Q1) pg7qle < |IpQWFp,q7'q2|C + |QWFp7q7'qQ|C—ﬂ
= |QWFp,qTqQ|C—/3 + |QWFp,qT¢?|C—6
S Tpgrile—s

S d(p,q) IOV
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The bound on fof‘pgTq = Mp,qTqQ = Jp7q7'(]2 follows from Lemma [2.14.3
Lastly, we check the third condition in the definition of a model. Again suffices by linearity to
check it on elements of the form 7, = (0,77) € TL s - We assume 0 < 400, the case § = +00 being

simpler. Indeed, we have

1,0 g7q — g7g = Wy (L,Qwpgm2 + Myors, Qulpgre) —1,(0,72)
=1, L, QuwTpq7s + Mp(JpTp e — TpgJgme + Epry) + K(I,QupTpg72)
- HPJPQWFp,qqu - (K(Hqﬂ?) - Hququ)
:K(Hprnqﬂ?) - HpJprﬂﬁ + Hp(Jpr,qqu - Fp,quTq2 + Equz)
- (K(HqTqQ) - HquTqQ)
=K (I,Tyq72) — MLy g Jq72 + T, 7y
— K(HqTqQ) + l_IquTq2

= K(IIpTp 77 — Ugry) — Wy Epry + g Jgrs — Ly g Jg7e

T Ts

Thus, by the same computation as in the proof of Lemma

|T1(¢;)§)| = '/M Z(Hpr — Ty p7p) (KQ,SéA(éo—B))(qb;\)(s)dS < A@HB)Ad

where the last inequality follows from Lemma [2.6.17]if § < 400 and even vanishes if § = oco. The
bound ]Tg(gbfo‘)\ < A% follows from the fact that the jet model is indeed a model, Proposition [2.3.21
and if o + 8 < 0 vanishes. O

Remark 2.14.6. Note that if a model is constructed using the Extension theorem above, the term

bounded in Lemma |2.6.10 actually vanishes.

2.14.1 SCHAUDER ESTIMATES

We introduce for v < dg — 3 the operator N, which maps f € D7(T*) to the continuous section of 77
(N’yf)(p) = Z Q<7+ijK(Rf - Hpr) .
n

It follows from the Reconstruction Theorem and the scaling properties of K, in Assumption [2.6.1
that this sum converges absolutely by a similar argument as in the proof of Lemma [2.6.6

Finally, we define K, the lift of K to D7(V)

Kyf(p) = pf(P) + pr(P) + (N"/f)(p) .
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Theorem 2.14.7. Let T = ({E'}iee, {T }iee, L) be a regularity structure ensemble and Z = (I1,T")
a model such that Assumption 1s satisfied. Let V C T* be a sector, K be 3 reqularising kernel
satisfying Assumption and I :V — T an abstract integration map such that Z realises K. Then,
for any v € R such that v+ 8 ¢ N and 0 < v < &y — 3 it holds that K., maps DV (V') to DY*A(TT) and
the following identity holds

KRf=RK,f (2.118)

for all f € DY(V'). Furthermore, the following bound holds

K f5 Ky Fllyegix So lFs Fllyz H1Z: 2l &
uniformly over models Z,Z and modelled distributions f € D}(V), f € DL(V) satisfying ||Z||,
1Zl & I fllpv )y and [ fllpv gy < C -

Proof. First we note that

1K Flly,0¢ S ALl e 1 f = Ky fllys. S NF = Fllv + T — Tls e,

follows easily as in [Hail4]. Similarly, for ¢ € A\ N such that { < 4+ [ it follows by direct inspection
that

IC, £ (p) = TpgKr (@)l S dlp, q)" ¢ (2.119)

and

|]C7f(p) - Fp,qlcvf(Q) ( f( )—T P.q Wf( )) ‘C

Sdp, )P (I Flyk + 12 = Z)yas.i) -

Next, we establish (2.119) for ( € N. Let k :=( < v+ (. It follows from Lemma [2.6.10| that

(Kyf (D), — (Tpaky £ (),
= (Jof () + VN2 )(D)),
— (pLpaf (@) + Bpf (@) + Tp (N ) (@), + Od(p, q) )
= (H(f(0) = QrTpaf (), + NHP)y — (Tpa(N5F)(0)),,
— (Bpf (@), = (JpQx4Tpaf (@) + Od(p, )" 7 7F)

We decompose Jp, = > "7, ngn) CE, =30 Eﬁn) Ny =307 /\/}Sn) by replacing K by K,. As in

previous proofs, we let ng, ) € N be such that d(p,q) € (27"dr.) =1 27"awa)] and proceed by looking
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at the cases n > ny(, 4 and n < ny, ) separately.

For n > ng(, ) one proceeds as in [Hail4] to obtain
2. Zn>nd(p7q> ‘J;} (f(p) - Q<7Fp7qf(Q)) ‘k 5 ds(p7 Q)’H_ﬁ_k

8- Lnsnggy LraNG (@), S ds(p,a) 770

The remaining terms to be checked are (Epf(q))k and (Jszfyfpgf(q))k . For the former we have by
Remark [2.2.14] and using the notation @ and Vg as in the proof of Lemma [2.14.3

Yo EPf@k<s Yo swp [(f(p) — WpQesy—p,: Lo f (0) (Vo Knlp, )|

n>Nd(p,q) n>Nd(p,q) deg(9)=k

SO 2R S (p gt R

n>Ng(p,q)

and similarly

Yo B Dpaf@k < Y. sup Q2 Tpef(@)(Va Ka(p, )]

n>Nd(p,q) n>Nd(p,q) deg(8)=k

S Y 27U S (p, )R

n>Nd(p,q)

Now we turn to the case n > ng(,q). Similarly to the large scale bound in the proof of [Haildl

Theorem 5.12], we define

T = =Qu(WNI™ f)(p) + I f(p))
T8 = Qi (ST f (@) + ESV £(q) + Ty g N £)(q))

and note that

—(TF+TF) = Qu(J (F(0) = Tpgf (@) + N F)(p) = Tp g WS ) (q) — ES £(a)) -

Inspecting the definitions of the terms, we obtain the identities

TV =QuipKn( Y WQcf(p) - Rf) |
¢<k-p

Ek :ijpKn( Z (HpQCFp,qf(Q))

k—B<(<do—p
+ijpKn (qu(Q) - HpQ<6fBFp,qf(Q)))

_ijpR(Q<'y+quKn(HQf(Q) - Rf)) .
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We can rewrite

Ty = Qk]pKn (HpQ<6o—5Fp,qf(Q)) - Qk]pKn( Z HpQCFp,qf(Q))
¢<k—-p

+ QrjpKn (qu(q) - HPQ<5—BPp7qf(q)))
- Qk]p (Q<7+,8Jq ( qf( ) Rf)

= QkaKn (qu(Q)) - Qk]pKn( Z HpQCFp,qf(Q))
¢<k-p

_Qk]p (Q<’Y+/i7q ( qf( ) Rf)) .

Thus

7—1k + Bk = ijpKn (qu(Q) - Rf) - Qk]p (Q<7+B]q ( qf( ) Rf)

+ ijpK( Z Q¢ (f(p) — Fp,qf(‘])))
(<k—p

and therefore

ITF+ TF e < sup |(THgf(q) — RF)(KEDT,)] (2.120)
deg(8)=k

sup Z M Qc(f(P) = Tpaf(0)(VaKn(p,-))| -

deg(a) keln

We now bound these two summands separately.

Since d(p,q) < 2™ it follows as in Lemma [2.6.14| that for p > v + f,

(o f(q) — R K2y S Y 2Ulerdes@==Bmgp )l (2.121)
lesA,
+ Z ds(p, q)P~de8(@)g—n(y+B-m)
m<y+p

and summing over n < ny(, ) We obtain for deg(9) = k

Z (g f(q) — REY (KL S dp,q) P~ deg(®) 4 q(p, q)P~98®) < d(p, q)1TFF .

n<Nd(p,q)

For the second term in ([2.120)), note that ( + 8 < k actually means ¢ 4+ 3 < k since ( + 8 ¢ N. This
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yields

Y mQc(f(p) = Tpof (@) (VoKulp, )| S D dlp.q)0~9V02kDngmne

n<Nd(p,q) N<Nd(p,q)

< d(p, q)’y_C2(k_ﬁ_C)nd(p,q)

<d(p, )Pk

It remains to show the the identity (2.118]). As in the last part of the proof of [Hail4, Theorem 5.12],

one sees mutatis mutandis that
(KT () = KRN = 3 [(of(0) = RIE 4)63(a) dVol,

One bounds
> [ W1 - ROU,)é)a) aVol, £ X772

n<ny

by the same argument as in Lemma [2.6.15|. To obtain

3 / (I, (p) — RF)(E,)ég) d Vo, < AT+

n>ny

one decomposes

K7, .(2) = Kn(g,2) = > R(QrjpKn(:2))(q)
k<y+p8

and bounds each term separately. O

Remark 2.14.8. The identity

TE+ T < sup |(Tuf(@) = RE)(K2,)

deg(8)=k et
+ Y ILQ(f(0) — Tpaf (@) (Von(p, )
(<k-p

is the only place where we crucially need the term E,7, and where replacing Ep,7y by Q<aqpEpTq would

be insufficient. If we were to replace Ep7q by Q<aqpEpTy we would instead obtain
TE+TE < swp | (Tef(a) — RA(KDS,)
deg(8)=k

+ Y Q) — Tpaf (@) (VoKn(p,))
¢<Ik|-B

- Z (Ig = II.0)Qc f () (Vo Kn(p, -))
(<k—p

where the last term in general destroys the needed estimate (think of n =1).
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Remark 2.14.9. The fact that we cannot truncate E,7, is also consistent with the following interpre-

tation: Let 7, € T and assume that

q— f(q) = LopTp

is the modelled distribution in D°. (Note that this is not necessarily the case with our definitions.)

Then,

Ksf(p) = Lf(p) + Jpf(p) + (Nsf)(p)

=L, + Jp1p
while

Ksf(q) = 1,f(q) + Jof(q) + (Nsf)(q)
=1l ptp + JelgpTp + EqTp -
2.15 SINGULAR MODELLED DISTRIBUTIONS

In this section we shall be working with modelled distributions defined on R\ {0} x M, which belong
locally to DY away from {t = 0} := {0} x M and derive results analogous to those in [Hail4, Section
6]. We assume that M is equipped with a scaling 5 as in Section and extend the scaling in the

canonical way to a scaling s = (s59,5) on R x M, where sq € N. We write for z; = (¢;,p;) € R x M
1
ds(21,22) == |t1 — ta|*0 + ds(p1,p2) -
Then, we introduce for z = (¢,p) € R x M,
1
’ﬂso = ’t’507 |Z|50 = |t|50 >
and for any compact set K C R x M
K= {(21,22) e(K\{t= ()})2 |21 # 22 and ds(21, 20) < |21]sg A \z1|50} .

Definition 2.15.1. Fiz a regularity structure ensemble T = ({E'}ice, {T"}ee, L) and a model
Z =(ILT) on R x M. For 0 <n <~ we define D{"" to consist of all sections f of T%" such that for

each compact set K C R x M the following semi-norm is finite

|f(zl) - Fz1,zzf(22)‘a

K+ sup sup - —
T ek a<y (21, 22) 17|21 [ A [22]sg) 7Y

iir

vt (K) = ”f’
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where

| f(t, D)o
[fllymsie == sup ~ sup ===
o (tp)EK\{t=0} a<y yt|§g‘““°

For f € D{"", we furthermore introduce the following quantity

f(t,p
00K == sup sup | (;]lJa :
(tp)ek a<y [t

Lastly, for a second model Z = (ﬁ,f) and f € D} we define the distance

1 3 |f(21) = T2 2y f(22) — (f(zl) - 1:‘21 ZQf(Z2))|CY
s Fllymsc =If = fllymx + sup  su = — :
W5 Flllymre =1 = fllymx (Z17Z2)I;Kha<13/ d(z1, 22)7=2(|21]sg A |22]50)77

The next lemma differs from [Haildl Lemma 6.5] due to the fact that the maps I' are not lower
triangular and since for p € M, t,t € R we do not identify Ty py with Ty ;) (and therefore addition
between elements in these spaces is not well defined). This forces us to impose a stronger continuity

condition on f at {t =0} .

Lemma 2.15.2. Let n < . Let I := [a,b] C [~1,1] be an interval containing zero, and K C M
compact. Assume that f € D" extends continuously to all of I x K and and that there exists € > 0

such that for all a < n one has |f(t,p)| S |t|© uniformly over I x K . Then one has the bounds

HfH’YJ];IXK < H‘f|||%n;lxK

and

0F = Flymrcr S WFs F lllymrcr 1T = Tllos CIEF Ml + 1 F s )
where the implicit constant only depends on ||| rxx + |T||lrxx -

Proof. For the purpose of the proof, it is useful to define the quantity

I 7
IIT|[|7x & := sup sup sup sup | (t’vp),(t,ﬁlo) p.tla
a€A LY el peER 7(y ) €TY, |t -1 |80

and observe that there exists a constant C' > 0 such that |||T'|||;xx < C||T'||7xx- It is also useful to
define N € R be such that [|T||7xx < N¢ A ming geaazs N7

Let B € A be such that the bound |f(¢,p)|c < |t|7=¢ holds for all ¢ > 3. We argue that then the
same bound holds for ( = 8 as well. We can assume that 5 < n since otherwise the inequality follows
from the definition of ||| - [|lpyn(rx k) -

For notational convenience we write for fixed p € M:
Fg’ﬁ = 11(N*”t,p),(N*("+1)t,p)QSB and f(s) := f(s,p) ,

180



as well as

AP = f(NT) = TP (N~ D)

Note that then it follows from the Holder type assumption of f close to {¢ = 0} and the choice of N
that
QeTo " 0o TP F(NTCY) - 0

as n — 00. Indeed we have for t <1

T oo DN Fe N~ DY < |0 ||t Nt D)

which is summable. Using this and the convention that for n =0

PV o oV id |

one finds
_ i T3P o o TNA(F(N-(HDE) — f(N—(HDy))
ST 0 o T (F(N) — TN ()
_ ir{fﬂ o ..o TNA(ANGY .
Thus

F(t,p)]s < D15 0 o TV (ALY 4
n=0

<D T Nk 182 la

n=0a<p

Next observe that

|Afn

o S IFINT") = Diyenggy (v-negy f (N~ DD)]

+ T (g p) (Nt ) @8 F (N ~HDE)

S (NTtlsg)"™ + D0 CINT ) VO (N =D
¢>p

S (N tsg) 7™ A D (N tsg) (N " [t]so) "~
¢>p

S (N7 tls)"™
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where we used the fact that that « < 8 < ( and the assumption on § in the second last line. Therefore

R S 177D 0 (DT W N70)

n  a<p

ST T e NP
n

O
Remark 2.15.3. It is not difficult to see, that argument of the proof generalises to setting of [Hai14),
Remark 6.1], i.e. where {t = 0} is replaced by a more complicated submanifold.
Exactly as in [Hail4], one obtains the following interpolation inequality.

Lemma 2.15.4. Let v > 0 and k € (0,1), as well as f, f as in Lemma|2.15.9, Then for every compact
set K the following holds

_ _ - 1—
|||f7fH|(1—H)7,n;I><K SIUfF—f U%;]xK ( 0f ”DZ”’(IXK) +[f U%n;lxK) :
where the implicit constant only depends on |U||1sx + ||Tll1xxk -

Proposition 2.15.5 (Hail4, Prop. 6.9). Let f € DV"(V) for some sector V. C T" of reqularity o < 0,
somey >0 and n < v < §. Then, provided that o A > —sq, there exists a unique distribution
Rf € C(EY) which agrees with the reconstruction operator away from {t = 0}. Furthermore one has

the bound

IRf = Rfllcarnrxry S W F llymsrxi +1Z, 20 5 - (2.122)

Proof. The following results can also be obtained mutatis mutandis as in [Hail4] by going to appropriate

s-charts. O
2.15.1 PRODUCTS AND NONLINEARITES

Then next lemma is the analogue of Lemma the proof of which is a straightforward adaptation
of the proof of [Haildl Prop. 6.12].

Lemma 2.15.6. Let VY C TH V' C T be two sectors of reqularity oy resp. o and letx : Vi x V2 —
T be an abstract tensor product. Let Z be a model and v1,v2 > 0 and m1 < 1, n2 < 2. Assuming
the product * is y-precise for v = (y1 + a2) A (v2 + 1) and setting n = (71 + a2) A (n2+a1) A (1 +n2),
the map

DM (VE) x DER(VE) = DINTS), (fi fo) = fixy fo

1s well defined, continuous and the bound

1 fv %y Folllymre S M1 st 112 i msrc (14 ([T )
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holds. If furthermore Z = (II,T) is a second model and f, € D}l(V“), fo € D}Q(VQ) one has the

bound

¥ K So H|f17 fl |||717771;K + H\ f2; f2 H|72,772;K +HF - fHK)

| f1 %y fos f1 %y Foll

uniformly over fi. f; satisfying ||fillnirc. 1 Fillymac < C and models  satisfying

ITll, ITllx < C-

Since the lift of general non-linearities differs from the constructions in the flat setting, we provide

a proof of the next Proposition, even though it is very close to the proof of Proposition [2.5.

Theorem 2.15.7. Let T be a reqularity structure ensemble, {V[}IGE as in Assumption Z =

(IL,T) a model for T and G € C*°(E x F). Forn € [0,7] one finds that for f € DV(V)

(1)) = 3 e GEDC)(fy) #y F37) € DINUP)

n

Furthermore, the map f — G(f) is locally Lipschitz continuous in the sense that for every C > 0,

1G~(f) = GA(9)]

Iy S = gllymx (2.123)

uniformly over £.g satisfying || fllmic: gl < C.

The next corollary follows as in Remark [2.5.24]
Corollary 2.15.8. In the setting of Theorem if Z=(II,T) is a second model that agrees with

Z on jets and M is compact then one has the bound

G (f); G (@i S W33 s +1Z3 Zlxc (2.124)

‘v,n;Ka |||§|||%n;K < C and models satisfying ||Z| k, ||Z||K <C, e

uniformly over f,g satisfying ||| f|
the map
DYV f — DU,  fes Gy (f)(p)

18 strongly locally Lipschitz continuous.

Proof of Theorem [2.15.7. Let  be as in Assumption [2.5.22] we again only treat the more involved
case 7 > (.
In order to bound |G (f)|ly,n;x note that

[v/<]
G (D)o <D 1IED"G) (F)lil Fo " ot -
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Since [j (D"G)(fp)li S 1fl < |1l and

= l 1 )NO
Mot S Y0 Wl SISO
Lh+.. . +Hlp=a—1

it thus suffices to check that
MA0)+((n—UL)A0)+ ..+ ((n—1) NO) > (n—a)AD.

If all terms on the left vanish, we are done. If not, note that (n A 0) = 0 and thus there must be a
summand contributing 1 — [;, for the rest of the summands note that ((n — ;) A0) > —[;. Thus, we

find that
MA0)+((n—=1)A0)+..+((n—1)ANO)>n—a+1>(n—a)A0,

and conclude that |G~ (f)|lynx S fllymx -

In order to bound [||G(f)|||y,n;x we find as in the proof of Theorem [2.5.23| that for x < ~y

[v/d]
Qr | Lgp Ztt LopipD"G(RFp() %y Tapfp™™ | =0
and
[v/¢l B [v/¢l _ -
> te i D G(RI()) %y Topfy™" = Ztr —LandpD"G(RI()) % Taply
n=0 K
[v/¢<] ~
< Z Z ‘Q<7 B ]qD G(pr( ) — qupDnG(pr( ))‘OZ‘RLPJCPAY ‘ﬂ
n=0 a+B=k
[v/¢]
@ * n
<D dilpg) \fq|o§jr " Ix
n=0 a+f=k
[v/<]
S 3 el S A )

¢

S ds(p; @) " (Iplso A lalse)™™”
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As previously we find

[v/d]

GUN@) = Y & iaD"GRE() w7 T,
n=0
[v/¢] 1
<} Z t *]anG(qu( ) * *A/n
n=0
/¢l v/¢l—n 1 ~ - .
- Z Z tt Dn+k G(pr( ) *%7}1(1“21091(')—pr('))@)k*ft;wn‘,.i
n=0 k=0
/< /€l - 1 - - ~
+ Z 6 DR GRE() xy G (RE() — REO)Z 5 i7"
n=0 k=0
b/a ) )
= Dty D G(RE()) * Loy,
n=0

As previously, the former summand can be bounded by

R 7 7 (/¢=ntl-a) 7
Z Z |fq_Fq,pfp‘0’y |qu ’57

n=0 a+f=k

where for each non-vanishing term

Y — KR

/¢ -n+l-a> c

(2.125)

We note that

‘fq - I‘q,pJFp|O < ds(p7 Q)C(‘p’so A |Q‘50)(n70/\0 (2.126)

We treat the two cases n > ¢ and 7 < ( separately, starting with the former. Here we find using the

‘ﬁ S (’p‘ﬁo A ’q‘ﬁo)(niﬂ)/\o S (‘p’fxo N |q’50)77*“/ that

rr~AM
crude bound |fg”

[v/¢]

Z Z ,pfp [v/¢] n+1—a,fq*w,5

n=0 a+p=k
[v/¢]

<5 5 ooy,

n=0 a+p=k
[v/¢]

SN dilpea) " s

n=0 a+pf=k

S ds(p, )" (Iplso A ldlse)" 7,

where in the first inequality we used (2.126)) with the fact that (n — () A0 and in the second in ([2.125)).
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We turn to the case n < ¢ where using ([2.126f) we find

[v/¢]

r —n+l—a| jxyn
X | fa = Tapold/ "0 0" s

n=0 a+pB=k
[v/¢]

S Y0 dalpa @) O [l gl ) D
n=0 a+p=k

[v/¢] ds(p, q ¢([v/€-n+l-a) b/ Cl—rt1—a) | Ty
= Z Z (|p|so A ‘Q|50) |fq |ﬁ

n= 0a+/5 P ’p|50/\‘q|50
/<]

.
Al (/=nt1=a) | Fxm
<X 5 (GERE) ko Al 77

n=0 a+p=k
[v/¢]

<Y (@) (plso Alalso) T s

n=0 a+p=k

where in the second last inequality we used ([2.125)) together with the fact that 1 > ds(pa) o in
[plsg Aldlsg
the last inequality we again used (2.125)). Next, note that

17" 15 S (plso A lalsg) D0
thus we conclude
[v/¢]
ST dap. ) (plso Alalso) " s
n=0 a+f=k
[v/¢]
< Z Z ds b,q ’p‘so A ‘Q|50) ”H(\plso A |q’50)77—5
n=0 a+p=k

,S ds(pa Q)77H(|p‘50 A |Q|So)n77

Next we bound the second term R, , , for which we find exactly as in the proof of Theorem [2.5.23

[v/<] [v/<]

1., 7 . 7
Rypq = ZtthqD G(Rfp()) #y Dnpg| < Z Z 7gD" G (R fp(*))]al Dn.pqls
n=0 " n=0 a+p=k
[v/<]
S Z Z | Dn, ,pq’ﬂ
n=0 a+p=k

where we recall that D,, pq := Q< Ty o — (f; = Dgpfp)™™ and note that

| Dipals S ds(p,a)" P (Iplsy A lalso)"™
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This concludes the estimate of the second term. Lastly, to see (2.123]) one again writes h = f — g and

bounds

1 1 _ -
G(f) —Gy(g) = /0 Z ] tr (jf(DnJrlG)(gp + thy) *y (Gp + thy) ™ %y h)dt .

2.15.2 SCHAUDER ESTIMATE

The next proposition is the analogue of [Hail4, Prop. 6.16].

Proposition 2.15.9. In the setting of Theorem let f € DY(V) forn < ~, where n A o > —s

andn+ 5 ¢ N, then
K. f € DY+B.(nAa)+B

Furthermore, let I C [—1,1] be an interval, then the following bound holds

|”’C7f§K'yﬂ”w-i—ﬁ,(n/\a)-i—ﬂ,[xl{ < |||f7f‘

Y IxK +”Z;Z||(I+[—1,1])XK )

where the implicit constant depends on || Z||(1411.1))x i HZH(I+[—1,1})XK> W £lllvmrx i and ||| f]

Yo I XK -

Remark 2.15.10. As in [Hail4] we observe that the condition o A > —sg is only required in order
to have a unique reconstruction operator. In situations where this fails but one needs to make a choice

of reconstruction operator R satisfying the bound .
Proof. The following follows directly as in [Hail4].
e The section N f is well defined for f € D¥(V) (outside the set {0} x M ) .

e The necessary estimates on IICy f(P)|a , Kyf(p) = Kyf(D)la ,
K5 f(P) = Tp.aKy f(@)la, and [y f(p) = Ky f = Tp oKy f(a) + TpgKyf(q)la for o € A\N.

e The necessary bound on |K, f(p)|x and |K,f(p) — K, f(p)|x for k € N .

The place where the proof in our setting varies from the one in [Hail4] is in estimating |IC, f(p) —
Ly oKy f(@) |k and Ky f(p) — Ky f(p) — TpoKyf(q) + Tp oKy f(@)|x for k € N. We only estimate the
former, one proceeds analogously for the latter.

To estimate |K£,n)f(p) _ I‘p,qngn)f(q)\k for p,q € K¢ we proceed differently in the three cases
L. 27" < ds(p,q),

2. 27" € [ds(p, 9), 5[Plso A ldlso)s

3. 27" > 3Iplsy A lglso-
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In the case 27" < ds(p, q) one proceeds exactly as in the proof of Theorem [2.14.7| to obtain

S KM D) = Tp oK (@) < ds(p @)™ (Iplso Alglsg)”™

n:27"<ds(p,q)

In the case 27" € [ds(p,q), 3|Plsy A |dlsy), one proceeds as in the second step of the proof of
Theorem [2.14.7 and it suffices to bound

sup [(Iyf(q) = Rf)(K27,)] (2.127)
deg(9)=k
and
sup > TL,Q(f(P) — Toaf (0)(VoKnu(p, )] (2.128)

deg(0)=k (<k-8

see Equation (2.120). To bound ([2.127)), we proceed as in (2.121)) but using Lemma, to obtain

> (T f(q) = REY K7 ) S (Iplso A lalso)" " (d(p @) 7F + d(p, 0)° ")

_ Iplsg Alal
d(p,q)<2—n< 20200

for p > v+ B. For the second term (2.128)) one obtains the desired bound directly. We turn to the last
case 27" > %|p\50 A |qls,- Here we proceed as in the previous step, except for the term (2.127)), which

we estimate as

|(Tgf(q) — REYKZT )| < Mo f(@)(BEL7 )|+ [RFED )| -

Lemma [2.6.14] implies that

‘qu( K‘?};Yq Z ‘l|5+deg 8) nha— )nd(p7 q)ms
€6A,
+ Y di(p,q)f @ nlmnatiom)
m<y+p

For [ € §A, and deg(d) = k one finds

S e gl

n i 27> 5 plsoAlglsy

< ([plso A lglsy) ~WHetr=mma=Blg(p, gl

)(n/\oz)+ﬁfk( dﬁ(paQ) )|l~|s
|p|5o A |q|50

)(n/\a)+6—k( dﬁ(p?q) )’H’/B—k
[plso A lalso

= (Iplsy A lalso) ™ "ds(p, q)" 7%,

= (|P‘5o A IQ|50

S (Iplso A lglso
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where in the last inequality we used that ds(p,q) < |pls, A |qls, and |i|s >~y + 8 — k. For m < v+ 3
and p > 7 + [ one has

> ds(p, q)? "2 <y (p, @) R ([plsg A lalso) ™)
n:2*"2%|p\50/\|q\50

and thus for deg(9) = k

8 — —
S @& S (plso A lalsy)™ Vd(p,q)
n:2">1|plsg Alglsg

The same way one bounds ‘R f (K;? ﬂq)| and therefore concludes that

S M f@) = RAE] S (plss Alalso)™*d(p, q) 7 .

— 1
n:2 n2§ |p|50/\‘Q|50

2.16 SOLUTIONS TO SEMI-LINEAR EQUATIONS ON MANIFOLDS

In this section we provide the remaining ingredients in order to generalise the fixed point theorem in
[Hail4l Section 7.3] to the geometric setting of this chapter. From now on we work under the following

assumption.
Assumption 2.16.1. We assume that the manifold M is compact.

Since the equations we shall consider will always be in integral form, we proceed by working with
kernels. A discussion about the existence of such kernels for heat type differential operators can be

found in Section B.171

Assumption 2.16.2. Let G € C*°(F @ E*\ m~1A) be an integral kernel and 3 > 0. We assume there
evist K € C°(F @ E*\ 7 'A) and K_1 € C*(F ® E*) such that G = K + K_1 and the following

properties are satisfied.

o K satisfies Assumption for B,

e both, K and K_1 are non-anticipative, i.e.

t<s= K((t,p),(s,q)) =0 and K_1((t,p),(s,q)) =0 for allp,q € M .
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2.16.1 SHORT-TIME BEHAVIOUR

We define My = [—1,T] x M and as in [Hail4, Section 7.1] the operator
R" : D" — D"

given by multiplication with the indicator function of R;. The following is the analogue of [Hail4l,

Theorem 7.1] in our setting.

Theorem 2.16.3. Let K be a Kernel satisfying Assumption[2.16.9 for some 8 > 0. Assume furthermore
that the reqularity structure T comes with an integration map I of order B and precision dg acting on a
sector V' of regularity o > —sg and assume that the models Z = (I,T') and Z = (II,T") realise K for I
onV. Let v < g —

Then, for every T € (0, 1] uniformly over models Z,Z realising K for I on'V and f € DV(V),

7 e D) satisfying || fllmte: 1Pl s < C -
WCWRJFJCW’HB,??;MT Sc T | Flllymsner (2.129)
|||K7R+f;K7R+f“|v+ﬁ,ﬁ;MT Sc T%( Il f: 7 lymspar 12, Z”MT+1)7 (2.130)

where 7] = (N A a) + 8 — & and C > 0 depends on | Z||\npy s | 2] aigy, < C in the first inequality and

additionally || flllymatrs || flllymsaze < C in the second inequality.

Proof. For ¢ € A such that {( > (a An)+ (3 the estimates on Q¢(C,R™ f) follow as in the proof of
[Haildl Theorem 7.1] using Proposition [2.15.9, the local version of the Reconstruction theorem in

Proposition [2.4.5] and non-anticipativity of the kernel, together with the definition of the semi-norm

- llpgn -
Dt

Thus, it remains to show the estimate for k € N such that k < (aw An) 4 . Observes that
Qk(RT)(2) =D QrjKn(RRY f),
which follows by unravelling the definition of J,(R™' f) and N (R" f)(2). Since the operator
K :CoN — clemmtl P KE =Y Ky (F)

is well defined and since I,R™ f(¢,p) =0 for t < 0 (as K is assumed non-anticipative), one observes

that K, R" f satisfies the assumptions of Lemma [2.15.2] for € € (0, (o« A n) + 3). Therefore

HK’YR+f|]’y,(n/\a)+B;MT 5 |||IC’YR+fm'y,(n/\a)+B;MT7
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which together with Proposition [2.15.9implies (2.129) . One obtains (2.130) in a similar way. O

In Assumption [2.16.2] we decomposed G = K + K_1, where K_; is a smooth kernel. For any

a,v > 0 and n > —sg, we extend K_; to an operator on modelled distributions
K_1:D*"— DT as f+ QeryiK_1(Rf) .

The next lemma follows as [Hail4, Lemma 7.3].

Lemma 2.16.4. Let K_1 be as in Assumption then in the setting of Theorem the

following estimates hold

AR Flllanaggy S T Fllopn (2.131)

IEART f5 K AR Flllpyssa gy S TN £ llognaeny 125 Zllazr) - (2.132)

2.16.2 INITIAL CONDITION

In order to treat initial condition, we denote by E the vector bundle over M obtained by restriction

Eloyxir-

Lemma 2.16.5. Forn > 0 such that 3+n ¢ N and ug € C"(E) and G € C®°(F @ E*\ 7w~ 1/A) satisfying
Assumption [2.16.9 We set fort # 0

G(u) (1, p) = / G(t,). (0, @))uolg) d Vol .

where we used suggestive but informal notation if n < 0. Then, for any v > (n+ 5 —s9) VO
Qi) Glug) € DY AN (2.133)

Proof. Observe that by Assumption G = K + K_;, where K_; is a smooth kernel and K =) K,
satisfies the properties in Assumption Thus it is easy to see that G(ug) is smooth away from the
origin and quantitative bounds on K_j(ug) are obvious. Thus we focus on the term K (ugp). For ¢t > 0

let n; € N be such that [t|; € (2771 27™)  then due to the support constraints on K,
o] ne
K (ug) = Y v(Kn((t,p)(0,)) = Y v(Ea((t,p)(0,"))
n=0 n=0
and thus since n+ § ¢ N and 9 € N

nt nt
K (o) (b, p)| § 322770 = 30 207 g el om0

n=0 n=0
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The bound |5 ) K (uo)m S |t|§77+ﬁ_50_m)AO follows similarly. This establishes the bound |G (u0)||y,+8—so:Mp <
+00.

The bound |G (uo)|||y,n+8—se;Mp < +00 follows by going to an exponential s-chart and applying the
Taylor estimate [Haild, Proposition A.1] or equivalently applying [DDD19, Corollary 69] (or strictly

speaking the slight extension thereof to the setting of non-trivial scalings.) O

Remark 2.16.6. In applications kernels usually satisfy 8 = s, see for example Section [2.17 as well

as [Hailj), Section 7.2].

2.16.3 FIXED POINT THEOREM

Finally, we have generalised all necessary results of [Hail4] in order to extend the general fixed point

theorem [Hail4, Theorem 7.8] to our geometric setting. The proof therein adapts mutatis mutandis.

Theorem 2.16.7. Let V,V be two sectors of reqularity ¢,¢ and precision &y of a reqularity structure
ensemble T = ({E*}ee, {T }ee, L) and let F : V — V be a local non-linearity such that for f € DY1(V)
one has F(f) € DV(V). Assume further that we are given a 3 regularising abstract integration map
I:V =V of precision 8y > 0.

Ifn< (@A) +B,7v<7+6, (AL > —p and &g > v as well as F is strongly locally Lipschitz,
then for every v € D" and every model Z = (II,T') for T that realises K for I, there exists T > 0

such that the fized point equation
U=(K+K_1)RTF(U) +v,

admits a unique solutions U € DV on Mrp. Furthermore the solution map (v, Z) — U s locally jointly

Lipschitz continuous.

Remark 2.16.8. Note that the assumption TAC > —f is imposed in order to apply Proposition|2.15.9,
This can sometimes be relazed by splitting the solution into two parts U = U + (K 4+ K_-1)v, where
v € D* and studying the fized point problem

U= (K+K_1)RTFU + (K+K_1)9) + (v— (K+K_1)d) .

This can be seen as applying a lifted version of the “Da Prato Debussche” trick, c.f. [Hail{, Rem. 7.9]
as well as [BCCH20, Section 5.5].
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2.17 EXCURSION ON DIFFERENTIAL OPERATORS, GREENS FUNCTIONS

AND HEAT KERNELS

Recall that in this chapter we are concerned with developing a solution theory for singular SPDEs,
typically@ of the form

ou+ Lu = Z Gi(u,Vu, ..., V') | (2.134)
i=0

see (2.134)). In this section, we present a (non-exhaustive) class of differential operators £ € Dify, (E, E)

to which the theory applies. In particular we recall what it means for £ to be uniformly elliptic.

2.17.1 TRIVIAL SCALING

First, let us assume that the scaling on M is the trivial scaling 3 = (1), c.f. Definition We
denote by 7w+ : T*M — M the canonical projection. The symbol of a k-th order differential operator
A C®(E) = C*®(F) is a section oi(A) of the bundle 77..,,(L(E, F')) determined as follows. For
vy € TyM and e, € El, let g € C*°(M) be such that f(p) = 0 and v, = dg(p) let e € C*°(E) be a

section e(p) = ey, then,

1

ok (A)(vp)(ep) = 17 Alg"e)(p) € Fly -

We denote by Sym,(E, F) := {ox(A) : A€ Dif,(F, F)} and one can observe that oj(.A) is actually a
polynomial on 7% M and can thus canonically be identified with a section of (T*M)®s* @ L(E, F).

Remark 2.17.1. The symbol of a differential operator captures the behaviour of the differential operator
at leading order. This can for example be seen by observing that the following sequence of vector spaces

is exact, c.f. [Pal6d, Chapter 3, Section IV],
0 —— Dif,_1(E, F) —— Difi(E, F) —>— &ym(E,F) —— 0,

where the second arrow denotes the inclusion map.
Let us recall some important classes of differential operators characterised by their symbol:

1. A differential operator A € Dif,(E, F') is called elliptic if for every v, € T*M \ {0} the map
or(A)(vp) € L(E|p, Fp) is invertible.

2. A differential operator £ € Dify,(E, F) is called strongly elliptic if (—1)¥o91(£)(vp) is positive

definite whenever |v,| # 0.

36Parabolic systems, c.f. [ExiOg], also fall within the scope of the theory developed here.
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3. £ € Dify,(E, E) is called uniformly elliptiﬂ if there exists € > 0, such that

(—1)k02k(2)(1’p) > €|Up|2kidEp .

Remark 2.17.2. Note that, since the symbol is a polynomial map on T*M, the notion of strong

ellipticity only makes sense for differential operators of even order.

It is well understood that whenever £ € Dify,(E, E) is uniformly elliptic and M is compact, the

operator

O+ L

admits a unique fundamental solution G satisfying Assumption on M =R x M equipped with
the scaling s = (2k, 1) and 8 = 2k. We refer e.g. to [Ejd94], [FTi08], [BGT13| and [Dav95] where this
is proved in Euclidean space (for more general operators), but the construction can be generalised
to compact manifolds along the lines of [Kot16], [AIb17], [BGV03|]. In particular, since £ does not
depend on ¢ € R the fundamental solution is of the form G((t,p), (s,q)) = Gi—s(p, q).

Recall that our vector bundles are always equipped with a connection. In this case a particularly

important uniformly elliptic operator is given by the connection Laplacian AF € Dify(E, E)
NE . C®(E) - C®(E),  fr —tr(VIMOEIGE f) (2.135)

where try : C®°(T*M @ T*M ® E) — C*>(E) denotes the contraction with the metric on T*M. It is

straightforward to check that the symbol of this operator is given by
E _ 2:
o2 (A7) (vp) = —|vp7idE, . (2.136)

Remark 2.17.3. An important class of second order uniformly elliptic operators on E are given by
generalised Laplacians, i.e. operators whose symbol symbol is given by —|vp|2idEp . Thus, Equation
states that the operator A¥ is a generalised Laplacian. It turns out that for any generalised Laplacian
A on E there exists a connection VF on E such that A — AF € Dify(E,F) ~ L(E,E), c.f. [BGV03,
Prop. 2.5].

Remark 2.17.4. The framework developed in this chapter also allows to study equations, where the
differential operator is time dependent. This is for example of interest when the underlying manifold

evolves in time, c.f. [EHS12)].

While understanding the qualitative behaviour of a heat kernels is sufficient to apply the theory

developed so far in this chapter, in order to construct the appropriate renormalisation procedure it is

3"Note that if M is compact, every strongly elliptic operator is uniformly elliptic since then {v € T*M : |v| =1} is
compact.
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often necessary to have a detailed understanding of its behaviour near the diagonal. The next theorem,

[BGV03, Theorem 2.30], captures this for the Laplacian AF.

Theorem 2.17.5. Let M be compact and the vector bundle E — M equipped with a metric and

connection. Let E = 1*E be the pullback bundle under the submersion
7:M=RxM— M, (t,p) = p .

Let Gy be the heat kernel associated to the Laplacian AE | there exist smooth sections ®; € C>®(E® E*)
supported on {(p,q) € M x M |d(p,q) < %} such that the heat kernel Gy(p,q) satisfies for t >0

Haf(Gt(ﬂ q) — ar t) d/2 d(p,q /4tztz Hcl i) < fN=d/2—1/2—k

Furthermore, the leading term ®q is given by ®o(p, q)eq = eq(p), where for eq € E, the section eq(-) is

given by parallel transport along the geodesic from q.

Remark 2.17.6. The sections ®; € C*°(E @ E*) can be explicitly calculated, c.f. the proof of [BGV03,
Theorem 2.26]. In particular one finds that ®1(p,p) = % i(p)idgy,, where sy (p) denotes the scalar
curvature of M, see [BGV03, Example 2.27].

Remark 2.17.7. Results similar to Theorem [2.17.5 also hold for more general elliptic operators, c.f.
[Tin82] and [BGVO3, Section 2.7].

Remark 2.17.8. Fractional Laplaciansﬂ say scalar valued, N® for s € (0,1), fall slightly outside of
the scope of Assumption since the regularity condition in general fails on {t = 0}. We refer to

|BH21] on how to accommodate such kernels.

Remark 2.17.9. Note that if R x M is equipped with a scaling s and G satisfies Assumption [2.16.9
for 3, then, for every k € N G satisfies the same assumption for ' := kB if we equip R x M with
the scaling s' = ks for the new decomposition given by the kernels K| = Z K;mﬂ Indeed, it is

straightforward to check all assumptions.

2.17.2 NON-TRIVIAL SCALING

Suppose M = M*'x...x M™, E* — M?" are vector bundles and let E := ®?:1Ei. For £; € Dify, (E', E)
let £ € Dif(E, E) be the differential operator uniquely characterised by the fact that for all u; € C*°(E;)

n
L(u] ® ... ® up) :ZU1®®£W@®UTL . (2.137)
i=1

38Note that we work with the sign convention that makes the Laplacian a positive operator.
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Note that it follows directly form Definition and Proposition [2.2.13| that £ is well defined. Now,

it is straightforward to check that if Gi(-,-) is a fundamental solution of d; + £;, then

A~ n

Gi(p, ) = Q). Gilpi )

is a fundamental solution of 9; + L.
Next, let k be the least common multiple of ki, ...k, and set s9 = 2k and s; := k/k;. If we choose
the scaling s = (8¢, 51, ...,5,) on M =R x M! x ... x M™, then one sees that the differential operator

L has scaled degree 2k. For what follows we work with the (equivalent) distance

. 1 _a
ds(z,2) := sup d'(x;,T;)% V|t —t]% |
ie{l,...,n}

on M =R x M!' x ... x M" where z = (t,z1,...,2,) and Z = (£, %1, ..., Tp).

Proposition 2.17.10. In the setting above, if each G* satisfies Assumption for B = 2k; on
R x M equipped with the scaling (2k;, 1), then G satisfies Assumption with =2k on R x M
equipped with the scaling s.

Proof. First, in view of Remark we assume that each G satisfies the Assumption on
R x M for the scaling (2k, k/k;) and 8 = 2k. We show the claim for n = 2, the general case then follows
by repeated application of the same argument. Furthermore, since the non-anticipativity property
follows directly, it only remains to check Assumption . For K!' =Y k>0 K L and K% = > k>0 K?

as in Assumption [2.6.1] we write
Ky =K,K2+ K, + K, (2.138)

where K (2,2) =5 K} (2,2)K2(2,2) and K5(2,2) = > K} (2,2)K2(z,z). We shall freely

use the notation z = (¢,21,22) and z = (¢, %1, %2), where 21,71 € M! and z9,79 € M2. Clearly the
first summand in (2.138)) satisfies the desired bounds uniformly in m. We turn to K (z, Z) and observe

that for each n > m the support of K} K?2 is contained in

{((t,xl,xg), (t,21,%2)) € M x M II{laX} d(zg, )5 < 27 |t — 1|5 < 2_”} :
ie{1,2
Note that furthermore, since K,, is non-anticipative for any L > 0 we have |K2(z,2)| <p |t —

t|Fam(sotsa—F2+Lso) and thus

(2, 2)| S D K (2, 2)| [t — g P2 (oteemfatloo)

n>m
< Z 2n(50 +51—51) 9—nLso 2m(50 +s2—B2+Lso)

n>m
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and therefore choosing Lsg > sg + s1 — £1 we find

|Kn>1(z’ 7)< gm(2s0+s1+52—PB1—B2) _ gm(|s|—5) 7

since 59 = = 1 = P2 and |s| = sp + 51 + s2. After taking derivatives in exponential charts, one
obtains along the same lines that

Ge Bl S 2P0

which is Item |3| of Assumption m By symmetry the same estimate holds for K5 (z, z).

Lastly, Item [4] of Assumption is checked easily and since we are working on compact manifolds,
it is easy to accommodate Item [2| of Assumption by removing some additional smooth part of the
kernel K and adding it to K_. O

2.18 SYMMETRIC SETS AND VECTOR BUNDLES

The notion of symmetric set introduced in [CCHS22a] allows one to circumvent choosing a particular
basis when constructing a vector valued regularity structure. This was used in [CCHS22a] to be able
to work with Lie algebra-valued noises while still working with scalar valued models without fixing an
(arbitrary) basis of the Lie algebra, here this issue does not arise since we allow for vector bundle valued
models. Instead, on the one hand, will symmetric sets allow us to replace “polynomial decorations” by
jets which do not come with a canonical basis (c.f. Section and, on the other hand, they allow to
encode symmetries of differential operators in terms of symmetries of certain trees. In this section we
recall the relevant notions from [CCHS22a).

For this section, we fix an underlying set of types &. For two finite typed sets T and T2 denote by
Iso(T',T?) the set of all type preserving bijections 7! — T2 and by Vec(Iso(T*, T?)) the free vector
space generated by Iso(T!,T?). First, we recall that symmetric sets are connected groupoids in the
category of typed sets. Explicitly, they and the corresponding notion of morphism can be described as

follows.

Definition 2.18.1. [CCHS22d, Def 5.3] A symetric set 3 consists of an index set A, and a triple

b
5 = ({1} Yaeass {6}aca,, {15 Yapen,) »
where (T2, t$) are finite typed sets and F?’b C Iso(TP?, T2) a non-empty set satisfying for a,b,c € A,

b -1 b,
yely” = A ely?,

a,c

yely’, Fel}® = nqoyel]

Definition 2.18.2. [CCHS22d, Def 5.6 & Rem 5.11] A morphism ® € Hom(3,3) between two
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symmetric sets 3 and 3 is a two parameter family

Ay x A5 3 (a,a) — g4 € Vec(Iso(T, T3)) |

which is invariant in the sense that, for any vap € F?’b and ;5 € Fg’b, one has the identity

Pa,a 0 Yab = Yap © Ppp - (2.139)

Composition is given by

(@Oq’)éa:éa,aoq’aa,

) 5

for any fized choice of a (no summation).

Note that the above definition of morphisms is equivalent to [CCHS22al Def 5.6] by [CCHS224,
Rem 5.11].

Definition 2.18.3. [CCHS22d, Def 5.22] Denote by SSet the category of symmetric sets and define
TStruc to be the category obtained by freely adjoining countable products to SSet. We write SSetg and
TStrucg when we want to emphasise the dependence of this category on the underlying label set &.

For a description of morphisms in TStrucg see [CCHS22d, Rem. 5.23].

Remark 2.18.4. Fix some symmetric sets {d;}ic;r for some finite index set I, where

Si = ({Tia}aeAm {t Yaca,s {F?’b}a,beAi). We then define the symmetric set 5 = Q;cr5; where
o Ay =L Ai
o for each a € Ay, T = | |,c; T} is given by the disjoint union,
o {f :T" — & is the unique map such that t§|Tia = tZC.”

e for each a,b € A,

a,b a;,b;
Iy" = | | Fi ,
el

elements of which act on T in the canonical way.

We call 5 = ®;crd; the tensor product of the symmetric sets {3;}icr. This product turns SSet into a
monoidal category, c.f. [CCHS22d, Remark 5.12].

For a manifold M, let VecBjs be the category of graded smooth vector bundles over M, namely
bundles of the type E = @nzo E,, with each E,, a smooth finite-dimensional vector bundle. Morphisms
are given by degree-preserving smooth vector bundle morphisms preserving the base manifold M.
Terms like dual and tensor products are understood to mean graded dual and graded tensor product.

If E is a finite-dimensional smooth vector bundle without specifying any grading, then it is viewed
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as an object of VecBjs by setting Fy = E and E,, = {0} for n > 1. A vector bundle assignment
W = (WY)ee allows to define for a symmetric set 4 a vector bundle W?* in exactly the same way as it

is done in [CCHS22a] for vector spaces:

1. For T a typed set, let

W®T = ® Wt(:v)
zeT

and interpret any 1 € Iso(T,T) as the vector bundle morphism W& — W®T characterised by

WI‘?T S Wy = QuerwW, Y- wp = ®yefw;f_l(y) . (2.140)
2. Define
W = {w e JI wo™ : wl = -w® Va,be A, Vya € r;?"} : (2.141)
a€A;

For a € A,, denote by 7, , the symmetrisation map W®T' — W® given by

1
(ra)® = —— 3 5w, (2.142)
|]‘—‘3’ | b,a
vely
These maps (7, 4)aca, have the property that
Tsa©Yap=Tsp, Va,be Ay, Vyupeld’. (2.143)

and they are left inverses to the natural inclusions

ba: W s WO (w®)ycy, = 0@ (2.144)

We now fix two symmetric sets 3 and 3. Given ® € Hom(3,3), it naturally defines a linear map

FET WSS, T

Fglw =g, w, (2.145)

where ®; , denotes the representative of ® in Vec(Iso(T%, 72)). One sees that for w = (w(®),ca, € W,

39Here we use the following extension of (2.140): For i € {1, ..,n}, let A; € R and 1; € Iso(T, T), then ¢ = > i €
Vec(Iso(T,T)) induces the map

weT — weT, wp H?E-wp:ZAi(wi-wp) .
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O = (Py)aca, € Hom(s,3), as well as v, € It and Ypa € F?’B, we have the identity
b,b _ _
Fq; ’U)(b) = (I)B,b . ’U}(b) = B,&(I)&:afyavb . w(b) = %76@(—1’& . w(a) ;

and thus
b WP 5 W Faw=m5,Fg%, 0w, (2.146)

is well defined and independent of the choices of a and a.

Remark 2.18.5. Note that in the setting of Remark writing 3 = Q;erd;, there is a canonical
isomorphism

QY Fw (i) = QW — W= =Fy(s) . (2.147)

icl iel
Observe the different meanings of the ® in 3 = Q;crd; and in .
In particular, as in [CCHS22d, Lemma 5.18] this defines a monoidal functor Fy mapping 3 to
W® and ® to Fp between the category TStruc of symmetric sets and the category VecB ;.

2.18.1 SOME CANONICAL MORPHISMS

In this section we introduce certain canonical morphisms of symmetric sets which will be useful in the

sequel. The following is a special case of [CCHS22al Rem. 5.13].

Definition 2.18.6. Suppose for the same index set A we are given two symmetric setss = ({T%}aca, {t}aca, {F?’bj
and 5 = ({T%}aca, {t}aca, {Fg’b}mbeA) , such that furthermore t§ = ¢ for all a € A.
We define S € Hom(s,3) as

1 1
S, = Yaz OVag = ——=—————— Va o .
a,a |Fg’a ?’a 5 Ya,a Ya,a ’F?7a| ’F?’a| E Ya,a © Ya,a

’Va,aEF?’d,'Ya,aGFf’a ’Va,aGF?’a,’YE,aGFf’a

Sometimes we shall write S*° for emphasis.

In applications we shall refer to this morphism when speaking about a construction extending to
symmetric sets, see for example the discussion after (2.168)). The proof of the next lemma is a simple

exercise.

Lemma 2.18.7. Let 3, 3, 31 and 33 be symmetric sets over the same index set as in Definition

and furthermore suppose Pcr®cT andl cT® . Then, the following diagrams commute

S31 592+ .
31 S 32 dg ——— 3
5”& lSozo 532,0\‘ JSS,M
31 .

Remark 2.18.8. The following special cases of Definition are of particular interest.
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1. In the case Fff’b D Fg’b, we write T := §*° ¢ Hom(3,%) for this morphism and find the identity

1
I&,a = a,a Z ’7&,0, :
157

"/El,aerf’a

2. IfT%" I‘?’b, let II := S*% € Hom(3,3). Then one can write

1 _
Ha,a = W Z Ya,a -

> ' Fga€ld?

Remark 2.18.9. In the setting of Definition ifI‘?’b D Fg’b and using the notation IT € Hom(3,4)

and T € Hom(3,5) from the previous remark, one finds that
Fwﬂ o FWI = FWS°’° = idW®a s

where the first equality follows from Lemma|2.18.71

Remark 2.18.10. For a symmetric set s = (T, t, Fﬂ) where A = A, consists of one element, we
write 3 for the symmetric set § = (T, t, f‘), where T' consists only of the identity map. Under the
canonical isomorphism VET ~ V& one sees for I1 € Hom(3,) and T € Hom(3,3) as in Remark
that Fyw 1l agrees with the symmetrisation map in and FywZI agrees with the inclusion .

2.18.2 DIRECT SUM DECOMPOSITION

Next we recall the notion of type decomposition, see [CCHS22a, Def 5.25], with the only slight change

that we allow for countable decompositions of vector bundles.

Definition 2.18.11. Let P(A) denote the powerset of a set A. Given two distinct countable sets of
labels & and & as well as a map p: & — P(&) \ {0}, such that {p(t) : t € &} is a partition of S, we
call G a type decomposition of & under p.

If we are also given space assignments (Wy)ee and (Wy)cg with the property that

W= P W for every t € £, (2.148)
lep(t)

then we say that (W) is a decomposition of (Wy)es. For | € p(t), we write Pi: Wy — W, for the

projection induced by ([2.148)).

Now we recall how a type decompositions allow us to decompose symmetric sets and associated

vector bundles:

1. Fix 6, &, p as well as (Wy)ies, (Wi)es as in Definition [2.18.11] and, given a set B and functions
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t: B— &, [: B — &, use the shorthand notation [ ~» t to signify that [(p) € p(t(p)) for every
p € B.

2. For a symmetric set 4 with label set & and a € A, we write L¢ = {[: T* = & : [~ 2} and we

consider on L, = U ﬁg the equivalence relation ~ given by

a€A,
LisI~Tell o Tpaeld® I=Toy,. (2.149)

Note that each equivalence class contains finitely many elements, but there might be a countable

number of equivalence classes which we denote by
L;; - EQ/N .

3. Given an equivalence class Y € L, and a € Ay, we define Y, = Yﬁﬁ? (which we note is non-empty

due to the connectedness of I'y). We then define a symmetric set 3y by

Ay ={(a,)) sa€d,, levy), T =10 (o

- 53 Ay

7 _ (2.150)
F(‘Zv[):(bu[) — {/7 c F?’b [ = [O"y} .

dy

4. With these notations at hand, we can define a functor p* from SSetg to TStrucg as follows.

Given any 4 € Ob(SSetg), we define

p's = @D sy € Ob(TStrucg) . (2.151)
YeLs

We refer the reader to [CCHS22al Eq. 5.17] to see how p* acts on morphisms.

One of our main interests in the functor p* is that it performs the direct sum decompositions at
the level of partially symmetric tensor products of the spaces Vi, which is formulated in the following
proposition. Here, when working with infinite dimensional vector bundles, the grading is crucially

needed.
Proposition 2.18.12. [CCHS22d, Prop 5.29] One has Fy op* = Fy, modulo natural transformation.

Remark 2.18.13. Note that the whole discussion on symmetric sets adapts ad verbatim, when using
the tensor product @ introduced in Section instead of ® on vector bundles, one only has to replace
the category VecBys of vector bundles over M by the “larger” category VecB of vector bundles over

arbitrary base manifolds.
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2.19 TREES FOR REGULARITY STRUCTURES

2.19.1 INDEXING VECTOR BUNDLES

We shall construct a regularity structure ensemble associated to a subcritical rule. For this we start by
fixing an index set of types S@ We shall assume that £ is equipped with an involution without fixed
points

P I Y L

which we extend to act on N¥ in the canonical way by mapping o € N® to ¢* € N® characterized by
o*(I) = o(I*). We define the map

red, : N¥ — N* ,

where red, (o) is given by the minimal element of N* such that [0] = [red(o)] in %, or equivalently
(redu(0)), = o1 — (o1 A ore).

From now on we assume that all vector bundle assignments {V'}c¢ satisfy
(VhHr=v", (2.152)
where (V!)* denotes the dual bundle of V'. We define for o € N*
V= RV
leg
and denote by
@5 : VI X VI 5 VIte

the symmetrized tensor product induced by the canonical symmetric tensor product W®s" @ W®sm
W&t for any vector bundle W and n,m € N. Observe that © endows @, cye V7 with the structure
of a commutative algebra bundle Note that for any o € N* one then has a natural (and unique)
partial trace operator

Tr: Vo — yredso

which by polarisation is characterised by its action on elementary tensors

Q0 TNTx ®red(a)[
Q™ = @lunve) =

leg leg

TNT

which is well defined since each factor (v, vi=) ™ 2  appears exactly twice in this tensor product.

40The set £ plays a different role in this section than it did in the definition of a regularity structure ensemble, see
Definition

4IThis space can canonically be equipped with the structure of a Hopf algebra bundle (in the same way as the tensor
algebra over a vector space), but we shall not use this fact.

203



Remark 2.19.1. Recall the basic fact that for any 0,6 € N* the product ® induces a canonical
pointwise product

©:1C®(V) x CO(VT) — C2(Vo+T)

Remark 2.19.2. The partial trace is not compatible with the algebra structure introduced above, in the

sense that in general Tr(vy ® Tr(vy ® v3)) # Tr(Tr(vy ® ve) ® v3) for v; € Vi,

Remark 2.19.3. Let us emphasise the advantage of allowing for possible redundancy in the vector
bundle assignment for models, i.e. ¢,f € £ such that V¢ = VI. It is such redundancies that allow one to
assume that all operations in the same index are symmetric, allowing us to work with combinatorial
rather than ordered tree@ and encode traces unambiguously. Let us illustrate this with two examples:
Let u,v be TM -valued solutions to a system of equations and let A be a section of (TM*)®2, then
the trees appearing to describe A(u,v) can be taken to be combinatorial, as we are indexing the two
“components” of (TM*)¥? = T*M ® T*M differently and thus contractions are unique. Now suppose
B € (TM*)®3 and the right-hand side of the equation contains the term B(u,v,v). Then we can
assume that B is symmetric in the last two components without changing the equation and the same

logic holds. See also Section where this is implemented for a concrete example.

2.19.2 CONSTRUCTION OF UNDERLYING TREES

We work with typed rooted trees (T, ¢), where T'= (N7, E) is a rooted tree and ¢ : Ep — & is a type
mapﬁ We shall simply write T instead of (7', ¢). We assume that the set of types £ can be disjointly
decomposed as

E=E,USUE_ .

The set £ will encode kernels, & will be used to encode jets and one can think of the edges as encoding
kernels given by Dirac distributions on vector bundles. The set £_ will encode noises. We assume we

are given a map

L:ELUE — & (2.153)
such that ¢|¢, is an injection and ¢|g, = idg,. We also fix indexing maps
e ind; : & = £x L e (e64,e-)
eind :& =L e
e indy:& — N%, e e,

satisfying ind; (¢)— = indg(c(¢)) for any € € £, . We shall omit the subscript and write ind for all

three maps, or even just e_, resp. ¢4 for € € £. We also assume we are given a map |- | : £ — R with

“2This in turn has the advantage that one can reuse notions and ideas from existing works such as [BHZ19] and
[BCCH2Q].
43Here we shall take set £ as given. In Section it is explained how it can be related to £ when working with SPDEs.
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the property that € € Eggne (With the convention that sign0 = 0). We denote by &l the set of all typed

rooted trees and to each T € il we assign the homogeneity

7] = Je(e)] -

ecEr

We also call £ the set of edge types and introduce node types

N =Pe =]

k>0

i.e. N consists of all finite (unordered) multi-sets @ whose elements belong to £. We define for v € N/

ind(v) =red, () e ) e N*.

g€y

For any set A we denote by P(A) its powerset.
Definition 2.19.4. A rule is a map R : E — P(N) \ {0} satisfying the following conditions
1. R(e) ={()} for everye € E_U&

2. for each t € &4 and v € R(t) one has

ind(v) =t .

The rule is said to be normal if it additionally satisfies the following property

e if A€ R(e) and A= BUC for some non-empty multi-subset B _ A such that B € 75(5+), one

has B U C € R(e), where B is obtained by replacing each edge of type te E+ by one of type

L(E) € &.
Given any rule ]o%, the normalisation R of}O% s the minimal normal rule containing R in the sense that
R(e) C R(e)

foralle € £.
We call a rule R equation-like if for each ¢ € £ the following holds: For every A € R(e) there exists
A=BUC, where B € 75(€+) and C contains at most one edge of type &y, such that A = B9 L C’

“There is a canonical identification PE ~ N® under which [€]* consists of those v € N satisfying

ZV(E):IC.

e€E

“5Where as previously B is as in Definition [2.19.4] i.e. obtained by replacing each edge of type € € £; in B by one of
type t(e) € &.
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Remark 2.19.5. Let us make the following comments.

o The first condition in the definition of a rule is motivated by the fact that only the £y type edges

encode operators, while E_ and &y encode functions / distributions.

e The second condition in the definition of a rule is a consistency condition needed to obtain
meaningful expressions later. It guarantees distributions take values in the correct vector bundles

and traces are well defined.

e Our notion of a rule being normal replaces the second condition of being normal in [BHZJQ]@
In both cases this property is needed to close the algebraic structure with respect to the operations
needed for positive renormalisation. Our setting will have the property that the only products that

arise are the ones that are already present in the equation.

e Remark below explains why the notion of equation-like rules is useful. If a rule R is

equation-like, its normalisation is equation-like as well.
Now define subcriticality similarly to [BHZ19), Definition 5.13].

Definition 2.19.6. A rule R is called subcritical if there exists a map reg : € — R satisfying reg|s, = 0,
such that for each € € £y

t) < |8 inf .
reg(®) < [t + mf > reg(e)

Remark 2.19.7. Subcriticality does not translate into the fact that for each r € R the set T, :={T €
S| T| < r} is finite, since it imposes no restriction on the possible number of & type edges attached to
each node. For equation-like rules however this holds by a straightforward adaptation of the proof of

[BHZ19, Proposition 5.15].

Remark 2.19.8. Recall that for any rooted tree T, the set Ny U Er has a natural partial order in
which the root is the unique minimal element. For an edge e € ET we write e;,e_ € Nt for the nodes

such that {e4,e_} =e and e_ < ey

From now on fix a subcritical rule R. This defines T C 4, the collection of trees which (in the
language of [BHZ19]) conform to R, that is ¥ consists of all trees T, such that for each edge e € Ep

the set Ei* = {e € Er | é_ = e, for some e € E7} satisfies

| | e(ei) € Rie(e)) -

ecE™

For a node type v € N, let T C T consist of all trees where the root has node type v and for o € N*

set

= |J 7.
ind(v)=0c

46Namely, for every € € £ and multi-sets A, B such that A C B € R(e) it holds that A € R(e).
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Remark 2.19.9. The set T will play the role of the universe of trees, which we use for essentially all

our constructions, while T° will be used to construct objects related to distributions with values in V7.

Remark 2.19.10. We make the observation that all trees in T can be constructed recursively. The
base case is given by trees consisting of only one edge which is necessarily of type in Ey U E_ by the
definition of T. From mow on we denote the tree consisting of one edge by Z. if ¢ € E_ and by 0. if

e € &. The rest of the trees are obtained by applying the following two operations repeatedly.
e The tree product: For T = (Np, Er),T" = (Np/, Ep/) let
T'T/ = (NTUNT//N 7EITUET/)

where ~ identifies the root nodes of T and T'. One easily checks that the tree product is associative
and commutative and we simply write T - ... - T;, for the tree product of n € N trees.

o Attaching an edge of type € € £ to the root of a tree T = (Np, Ep): Let T, = ({e4,e—},{e}) by
the tree consisting of only one edge which is of type €, then

Zi(T) :== (N Ue/~ ,Er U{e})

where ~ identifies the root of T' with the node e .

2.19.3 NEGATIVE SUBTREES

For T € ¥ and E C Er define Tg to be the minimal subtree of T containing these edges. Let p be a
partition of E. We say p generates a forest in T, if the trees {T4 : A € p} are mutually vertex disjoint
and denote by Fr, the corresponding subforest of T. We write P(T’, E) for all partitions of E which
generate a forest.

For a fixed tree T we define

o B :={ec Er |e(e) € E_},

o T, ={TgpCT|ECE;},

e« T,,={TeCT|ECE;, preTg},

o 5, ={Fr,CT|ECE;,pcP(T,E)}.

as well as

T = ‘z;/w (2.154)
TeX

where we write A ~ Ao for subtrees A1 C Ty € ¥ and Ay C Ty € X, if A1 and A, are isomorphic as

trees. Denote by §_ the free monoid generated by ¥_ under the forest product.
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Remark 2.19.11. Note that the maximal edges of every tree in ¥_ are necessarily of type in E_ and

thus by definition of a normal rule, a tree T € T_ never contains an edge of type in &.

Note that elements of ¥_ in general do not conform to the rule used to define . Indeed they
usually do not conform to any normal rule, since the second point of Definition [2:19.4] is not satisfied.

We quantify this by introducing for ' = (Nr, E7)
dify : Np — N®
as

red, (ZGGET:&{”’@_} ¢(€)+ — Deeppem{es.n} ¢(e)-) if nis not a leaf,

difp(n) (2.155)

0 else.

Remark 2.19.12. Observe that if n is the root of T', the first sum in is empty. If n is neither
the root nor a leaf it contains exactly one summand. We also observe that the second case in

will not play a major role.

Remark 2.19.13. Note that for any tree T € T and any node n € N7 which is not the root, one has
difr(n) = 0.

2.19.4 OPERATORS ASSOCIATED TO TREES

Let us recall the notion of a multi-linear differential operator. Let S be a finite set and let {WW*}¢cg

and W be vector bundles over M. A map
A: ] e>w?) = c>(w)
seS

is called multi-linear differential operator of degree k if it factors through the k-jet bundle via a
multi-linear bundle morphism, i.e. there exists Ty € L(®s€5JkWS, W), acting on [[,cg JRW* in the

canonical way, such that the following diagram commutes

[Toes CX(W*) —2— (W)

peons 2

TToes C(T* W)

Let v be a permutation of the set S such that W* = W) for each s € S. The operator A is called

~v-invariant if for all f; € C(W*) one has

A(H fs) = A(H f’y(s))

SES SES
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This is of course equivalent to the tensor T4 being v-symmetric.

Later we shall renormalise equations by associating to each T € T_ such a differential operator,
but for now we introduce only the relevant spaces of operators. For ¢ € N*, a € R and a symmetric
set 3 = (9,i,T') where the type set is given by N, i.e. i : S — N¥, and the index set A, consists only
of one element, c.f. Remark we define

Dif,(3,0) (2.156)

as the set of all multilinear differential operators of degree max{n € NU{—oo} :n < —a} mapping
[Lics C(V®)) to C>°(V7) which are + invariant for all v € T'. We use the convention that f + 0 is

the only differential operator of degree —oo.

Remark 2.19.14. For any operator A € Dif,, (é,a) mapping [[,cq CoO(Vis)) = C®°(V?) and any

k € N* we define a new multi-linear differential operator
AR - H COO(V’L(S)) > COO(Vn) N Cm(vred*(a‘+l€))
ses

given on fs € C(V*®), g € C(V") by

AK(H f87g) =Tr ('A<H fs) ®g)) .

ses seS

We shall from now on abuse notation and simply write A for the operator A% as well as

(TT 5 % 9.4 = A([] fo. 9.

ses ses

Remark 2.19.15. The fact that in we restricted ourselves to the case when the index set A,
consists only of one element was purely for notational convenience and there is an obvious extension to
the case |As| > 0. Indeed, arguing as in [CCHS22d, Remark 5.30], one can usually work with concrete
trees instead of an equivalence class of trees. We shall do so in the next definition and often throughout

the text.

Definition 2.19.16. For a tree T, we set

Difr = Difyr (37, nd(pr)) (2.157)

where 3p = (Sp,ip,T'r) is given by
o Sp=Np\({pr}ULr),
[ ] iT = difT B
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o 't consists of all tree symmetries restricted to St.

Defining the type set § = {(|T|, sp,ind pp) : T € ‘I,} consisting of triples composed of the degree
of a tree T, the isomorphism class of the symmetric set 47 and the index of the root pr, we introduce

the vector space assignment

D = {%iﬁa(é7t)}(a,o,t)€6 ’

Definition 2.19.17. For a forest F' € §_ define a new symmetric set with type set &
<F> = (Con(F), (-), Perp)

where
o Con(F') denotes the connected components of F',

e the type map is given by restricting the map
():%- =6, T (|T],s7,ind pr)

to Con(F).
e Perp consists of the permutations of isomorphic elements of Con(F).

We define
Difp := DO (2.158)

where ® is the algebmi@ tensor product of vector spaces. For later use we also define the family of

vector spaces

Dif := {Difp}rey. -

Remark 2.19.18. Observe that for a tree T (which is a forest with only one connected component)
the canonical isomorphism

DE=T ~ Dif (57, ind(pr))
makes the notation Difp in and unambiguous.
Remark 2.19.19. These definitions imply the following.
e If a forest F' has a connected component T such that |T'| > 0 , then Difp ~ {0} .

o If F =0, then Difp ~ R (acting by scalar multiplication). This follows from the fact that Difp

s given by the image of the empty symmetric set under the functor Fg.

4TThe choice of tensor product is arbitrary, since we shall only work with finite products and linear combinations.
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Remark 2.19.20. The forest product turns §_ into a commutative unital monoid, with unit given by
the empty forest.
Using the notions of Remark this product induces the canonical morphism

II € Hom(=F > @ <Fy=, <1 o) |
which in turn induces the symmetrisation
F'DH : glfFl & glfF2 — @ifplFQ y (2159)

where we implicitly used the isomorphism Difp, @ Difp, ~ @if<F1>®<F2>, see Remark . Stmilarly,

the canonical morphism Z € Hom(<Fy Fy>, <F1> ® <F>) induces the canonical injection

It is straightforward to check that (2.159)) is associative and (2.160]) is coassociative, since the
underlying morphisms of symmetric sets are. Lastly, it follows from Remark[2.18.9 that the former is

a left inverse of the latter.

Remark 2.19.21. The following construction will be very useful in the sequel. Let 7 € T_, and
G = {Gn}nen, be a family of trees where each G,, € TU{e}, here o denotes the tree consisting of only

one node. We define a new tree 7(G) as

#Ha)y=7u | Gn/w
neEN,
where ~ identifies the root of each G, with the node n € 7. Sometimes a similar construction, but
working with planted treeﬁ exclusively is useful. In this case we write G = {Gp;}nen, xn, where for
each n € N, for finitely many © € N the tree Gy, ; is a planted tree and Gy, ; = e for all other i € N. In

this case set

o) =ru Gm-/w,

neN; €N

where ~ identifies the root of every Gy, ; with the node n € T for each n € N;.

2.19.5 POSITIVE SUBTREES

For a tree T' and any edge e € Er, we denote by 17>, C T the subtree 15, = (N>¢, E>e), Wherﬂ
Nse={ne Nr|n>e}Ueand E>.:={e € Ep | ¢ > e} . Similarly, for a set of edges E C Ep with

the property that no two edges in E are comparable, let 7> be the subforest of T' with connected

48 A planted tree is a rooted tree whose root has exactly one incident edge.
49Recall that we work with the canonial partial order on Ny U Er, which has the root as minimal element.
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components

COI](TZE) = {TZe L ec E} .

Let Tf := {T5. :e € Er:e(e) € £+ U &} and write C(T') for the set of all subsets E C Er satisfying

the following properties:
e no two edges in E are comparable,
e c(e) e U forallec E,
e I contains all edges in Ep of type &

and define the set of subforests
§r={F>pCT|EecCyT)}

as well as

o= U/~
Te%

where ~ is as in Equation(2.154). For € € £ U &y we set T5 C T to consist of those trees, for which

the edge incident to the root is of type €.

Remark 2.19.22. The set T4 will in general contain trees of negative degree, the plus sign is meant
to signify that these trees will encode positive renormalisation. The set C(T) C Ep consists of the

subsets of edges of T that can be “cut”.
The following definition will be useful in the sequel.

Definition 2.19.23. For T € ¥ define
a(T) :=min{|T\ F| : F € §;}

where T\ F' denotes the tree obtained as follows. For E € C(T) such that F = T>p define T\ F' to be

the tree obtained by replacing for each e € E the subtree T>¢ by a new edge of type 1(e(e)) € &, where

L is injection from .

2.19.6 SECOND HOMOGENEITY OF TREES

We introduce a“homogeneity” of trees ||T||. Given dyp > 0, we define a map || - || : T — RU {+o0}

recursively as follows
1. If T consists of one edge of type &y, set ||T'|| = do.
2. If T consists of one edge of type £_, set | T|| = +oc.
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o0 it 7)) = oo, [¢]+ 7] <0,
3. For Z,T € T, set HIETH =

([e| + |T||) A do  else.
4. Lastly, with the convention || e | = a(e) = 0, define

ITI=_ min_ (7l+1Gmil + 3 a(Gny))
' B (n,8)#(m.,j)

where the minimum is taken over 7 € T_ U {o} and G = {Gy,i}(n,i)en, xn as in the second half

of Remark [2.19.21| satisfying 7(G) = T, as well as over (m, j) € N; x N.

Sometimes, to emphasise the dependence on dg, we shall write || - ||s, instead of || - ||.

Lemma 2.19.24. The function || - |ls, : T — R U {oo} is well defined and uniquely determined.
Furthermore, for any fired T' € T
lim [|T|s, = +o0 . (2.161)
(50—)00

Proof. The proof proceeds inductively on trees using the recursive construction from Remark [2.19.10

e The first two points and determine the value for the induction hypothesis, namely the
base case when the tree consists of exactly one edge, and (2.161)) is clearly satisfied.

e Note that if a tree is planted Z;7', the third point determines the value of the function and it
satisfies (2.161) assuming ||T'||s, is already determined and satisfies (2.161)) . Note that in this
case is an empty condition, since the only viable decomposition such that Z,T = 7({G,,;}) is

one where 7 = eo.

e Lastly, if the tree is not planted, determines its value uniquely. While the minimum looks like
it is taken over an infinite set, for each tree 7" there exists an My € N (for example take M to be
the maximal degree of its nodes), such that it suffices to take the minimum over 7 € ¥_U{e} and
G = {Gni}(ni)eN, x{1,..,Mp}- Thus, is satisfied since it holds for each term over which

the minimum is taken.

O

Remark 2.19.25. This second notion of homogeneity of trees will be used to construct the set /A
appearing in the definition of a reqularity structure and to determine the precision of elements in the
reqularity structure. Condition[1] enforces that jets always have precision 8. Sometimes it is convenient
and possible to relax this assumption, c.f. Remark[2.3.23

2.19.7 COLORED TREES AND FORESTS

In this section we first introduce a general notion of (multi) colored trees.
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Definition 2.19.26. Let C denote any set, whose elements we call colorsm Given a tree T', a coloring
is a map T : Ny U Ep — P(C) such that, for each ¢ € P(C) the set T, := Useﬁ(C): s T1(s) is a
subforest of T'. A coloring of a forest is defined analogously.

A pair (T, T), where T is a (possibly typed) tree and T is a coloring on it, is called a colored tree
and similarly for forests. We denote by C‘(T) the set of all colorings of the tree T' with color set C.

For é € C define dep (T, T) := min{n € N |T[C]n+1 =0}.

Remark 2.19.27. Suppose T is a family of C = {c1, ..., ¢y} colored trees with underlying set of trees T.

Then we set

A

™, [en]™m) {(T, T)eT : dep,(T, T) <m; fori=1, ,n}

and use the convention, that if m; = 0 we leave out the term [c;]° in the exponent, and if m; = 1 we

write ¢; instead of [¢;]* in the exponent. Using this notation, for evample

Tler) — pllen)®fen] s fen]?)

Remark 2.19.28. For a colored tree (T,T) and ¢ € P(C) we introduce the following notation for

readabilities sake

(T, T) := (T, T

) -

Furthermore, given some colored tree T = (T,T) and a subforest F C T such that T|r < ¢, we define a

new coloring

T else.

In the particular case that T|T\F 18 the empty coloring, we simply write U.F' instead ofT U. F' for this

new coloring.

Lastly, we extend everything in this section in the canonical way to forests.

2.19.8 COLORED TREES FOR REGULARITY STRUCTURES

In this section we apply the coloring constructions of the previous section with the set of colors {—, +}
to the trees and forests T_, T, T4 and §_, §+.

We denote by T, resp. T the set of colored trees (T, T) satisfying the following properties:
1. TeX resp. T € T4

2. For every n > 1, each connected component of T[_]n is an element of §,,

3. For every n > 1, each connected component of T[ 4]» is an element of 3}

59Recall that P(C) denotes the set of multisets of C' and that we use C for the inclusion of multi-sets.
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4. I T 1] # 0, it contains all edges of type &.

5. For every n € N, each connected component S of TH satisfies either S C T[_Hn or SN T[_Hn = 0.
We denote by T_ the set colored trees (7 T) satisfying the following properties:

1. Te¥_,

2. Tjy =0,

3. For every n € N, each connected component of T[_]n is an element of ¥_ .

Remark 2.19.29. Here, we shall actually never use the full sets T and T, but only specific subsets
thereof. The reason we still introduce them, is that they can be used to write down explicit (non-recursive)

formulae for renormalised models similarly to [CHI16|.

2.20 MODELS AND THE RENORMALISATION GROUP

Finally, we turn to the task of constructing in the following order:

e structure spaces 77 for the regularity structure ensemble,

e a space of pre-models II,

e a renormalisation group &_ acting on pre-models,

e finally, a regularity structure ensemble and model Z = (II,T") built from certain pre-models II.
The sets of trees T, T, T_ and their colored variants will serve as building blocks.

Assumption 2.20.1. We are working with a finite edge set £. The rule R from which the trees are

constructed is subcritical, normal and equation-like. Furthermore, we fix a dy > 0.
Remark 2.20.2. Let us though mention the following features of this assumption:
o Sub-criticality is needed for the definition of the renormalisation group below.

e The rule being equation like has the advantage that one obtains finite families of vector bundles.

This is strictly speaking not necessary, but simplifies exposition.

e Normality and a choice of 69 > 0 is only needed in order to define the maps Iy 4 later. The role

of 69 will be the same as in Section [2.19.0|
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2.20.1 SYMMETRIC SETS AND VECTOR BUNDLES FROM TREES

Recall from Section [2.19.1|that we extend any vector bundle assignment (V)i to a vector bundle
assignment (V) cne. For now we work with the set of types & = N as labels for symmetric sets.

Throughout this section we shall work with the induced vector bundle assignment (W?),ce given by
W = (JV)<s, - (2.162)

We assign to each T' € U (equivalence class of a (colored) labelled rooted tree) a symmetric set 3 = (T),
where the index set A, consists of the elements of the equivalence class T’ itselfﬂ For each t € T, the
set

T!:={ec€ E; : ¢e) € &}

is given by edges of type in &, the maps I'y in the definition of symmetric sets consist of tree

isomorphisms restricted to the sets T} and the type map is given by t!(e) := e(e)_ .

Definition 2.20.3. For for a set of trees 4 C T or 4 C T, let
W sy :={T €U : |T'| < by for every subtree T' C T}

and set

U= P @, u=ryi= P Fw().

Te()<s, Te(W)<s,

For example for v € N, e € £, U&y and U € {‘I”,T”(_),Ti}, we denote the thus constructed
spaces by TV, 7%, 7. With these definitions note that for o € N¥,

= p T, T9= FH T
v : ind(v)=0 v : ind(v)=c

In particular all these spaces are finite dimensional by Assumption [2.20.1

Definition 2.20.4. Finally, set
T ={T%es, T ={T"D}ses, and Ti:={T{}ece,ue, -

Remark 2.20.5. If a trees T contains no edges of type &y, then Fy (T') is a trivial one dimensional
vector bundle and we often single out a non-vanishing section which we declare to be canonical. This
will be most frequently done for trees of the form T = =¢ for some € € £_. We shall use a subscript to

denote =5 € Fw (=%), this canonical section evaluated at p € M.

1 As in [CCTIS22a] the set of nodes can be fixed to be a subset of the natural numbers, to make this well defined.
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Remark 2.20.6. For e € & we write 6° for the tree consisting of exactly one edge of type €. We set

J = Fw(6°) and note it is canonically isomorphic to (JVE=)s,. Furthermore, we write J := {J¢}ccs,-

Definition 2.20.7. The tree product M as well as the operation Ly extend to morphisms of symmetric

sets and thus define corresponding bundle morphisms via the map Fy. We keep the convention of

“,o»

abbreviating Fyy M by , as well as simply writing L for the bundle morphism

FyZe : By (T) — T,

whenever T € T is such that To(T) € (T)) <5,

Note that we implicitly used the morphism from Definition [2.18.6]in the above definition.

2.20.2 GRADING

In this section we introduce the appropriate bi-grading on the vector bundles 7" for v € N. First,

define the new set of types & = & x N5 and the type decomposition
G&=6xN_5, 3 (o,n) o€ (2.163)

as well as the space decomposition

[60]
V)t = DVt WO = (1),
n=0
For T € L<T>, where L<T> was introduced above (2.150]), and 3, the corresponding symmetric set, let

[Tl =T+ Y nle),

e€Ty,

which is clearly independent of a € A, . Thus for 4 C T one can set
Astso = {7 T llso): 7 € Yiry, T € U}

Since

Fy((T)) =Fyop™(T) =Fy € 3,

we find that U = @(a’é) Un,s5 is a bi-graded vector bundle.

EALL,(SO

Finally, we set A to consist of all @ € R such that there exists a pair (o, d) € Ag s, and similarly A

to consist of 6 € R such that there exists (o, d) € Az ,.

Remark 2.20.8. Note that for the induced decomposition J* = D, 5(J%)a,s one has 6 = by for all
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summands. As already mentioned, sometimes one can “by hand” increase this value to +oo for some

subspace, c.f. Remark|[2.3.235.

2.20.3 CONSTRUCTION OF THE MAPS II

We fix kernel assignments { Ky }ece, , where K is a kernel from Vt to V- that satisfies Assumptionm
with 8 = || for each ¢ € £, . Furthermore, fix an admissible realisation R of J, i.e. admissible

realisations of JV for each o € N<.

Definition 2.20.9. We call a map IL: T2 — L(Dif,C(V)) admissible, if the following properties

are satisfied:

1. For each 0 € & the restriction of Il yields a linear map
77— L(®if,c®(V7))

and for each T € Fy (((T, T)>) c T one has It € L(Qif;pf, Coo(vind(pT)))'
2. For each 7 € J, IlT = Rr.
3. For each t € &1, IIT,m = K (IIT).

Remark 2.20.10. Note that since T is a finite family of vector bundles, we can write
II e L(T(_),I}(C‘Dif,COO(V))) where T = {Fw(T)}res— and L(Dif,Cc>®(V)) =
{L(®if7_, (V) r).

Remark 2.20.11. Due to the canonical isomorphisms L(R,C>®(V?)) ~ C>®(V?) and Dify ~ R
combined with the fact that =10 for each T € T, we can naturally see Il as an element of
L(T,C>®(V)), i.e. for each o € &

7o : 77 = C>®(V9) .

It turns out that Il|1 encodes all the information required to define a model. The reason we defined
II on T and not just on T is to be able to define the action of the renormalisation group. This is

related to what is done in [BHZ19] by taking the completion of the rule.

Remark 2.20.12. We describe a construction of colored trees, building on the one in Remark|2.19.21

for uncolored trees. Denote by T c TO) trees with uncolored roots.

1. Let 7 € T_, and G = {Gy}nen, be a family of trees where each Gy, € ) U {o}, here o denotes

the tree consisting of only one (uncolored) node. We define a new colored tree 7(G) = (7(G), 7(G))

as follows:
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o The tree 7(G) is as in Remark|2.19.21), i.e.

#HG)=Tu | Gn/w

neN,
where ~ identifies the root of each G, with the node n € N;.

e The coloring is given by

(=), on T C 7(G)
Gn, on Gp\pg, CT(Gn)

2. We define for each T € ¥_ a partial map
7 (T U o) )

where G = {Gpynen, is in the domain L, of this map if 7(G) € (T))4,. Note that this partial
map extends canonically to symmetric sets by first considering the tensor product symmetric set
3¢ = ®nen, (Gn) as in Remark and considering the canonical extension of the the map T
to 3¢ as in Remark[2.18.8

3. We define a map
e L({ 0% FW<Gn>}GeuT,T(_)) : (2.164)

neN,
which by abuse of notation is denoted by the same symbol. It acts on the space @), cn. Fw(Gn)

as the following composition
Rnen, Fw(Gn) —— Fwig FwT, ind(n(er),(-) |

where the first arrow denotes the canonical isomorphism, c.f. Remark [2.18.5.
Given a tree with colored root we can decompose it.

1. Let T € ) \‘QI(_), observe that the connected component of the root in T_ is the unique T € T_
such that for some G = {Gy}nen, € ) U {o} one has

T=71(G).

We write T'\ T for the sub forest |J,, G, C T and also use the notation (T'\ 7)>y := G,. Here T

is the connected component of the root in T_.

2. Note that for any n € Fy (T) , where T € T\ ) there exist 7 € T_ and G = {Gp}n € ihr,
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as well as n"™ € Fy (Gy) such that
n=1(H),

where we write H = {n" }nen,. (Note that this decomposition is far from unique.)

Definition 2.20.13. We call I an admissible lift of {&:}ece_, where each & € C°(VE-), if the map

IT is admissible and furthermore satisfies for all e € E_,
H(Es) =& .

We call the map II the canonical lift of {&:}ece_, if additionally the following conditions are satisfied.

o Forn',..,n" € T such that n' € Fw (T?) for planted T* € ) and writing T =T ... T"
%), one has

n n

I(][») =T (Oue)) (2.165)
i=1 i=1

where the former product || was introduced in Definition and the latter is the product
canonically induced by () from Remark|(2.19.1

& L(Difys . €M) o L(Dify., €V )
i=1

which is well defined using the canomnical identification T_ ~ J,(T")_.

o For everyn € T of the form n = 19(H) as in Point@ of Remark|2.20.12 and A € Dify  of the
form A= @ ccon(r_)Ar, c.f. Remark[2.19.20, one has

In(A) = Am( H Hnn( Qr;eCon(T,)— AT])('IZ)) ) (2.166)

TLENTO

where we canonically set Ile =1 and use -, to emphasise the variable corresponding to n € Ny,

and where A;, € Difr acts on

H COO(VdifTO (n)) x > (VU’)
N‘Fo\(p‘Fo ULTQ)

foro = ind(pgpfo) as described in Remark|2.19.14)

Remark 2.20.14. Note that the restriction of the canonical lift I of smooth noises to an element

of L(T,C>(V)) is not quite multiplicative with respect to the products on the domain and target, c.f.

Definition and Remark|(2.19.1| due to the operator Tr in (2.165)), c.f. Remark|2.19.2

The following definition, while not crucial for the arguments, will significantly simplify notation

and is closely related to preparation maps and recursive renormalisation as introduced in [Brul§| and
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used in the recent work [BB21] for related purposes.

Definition 2.20.15. For any admissible map IL : T(-) — L(Dif,C>®(V)), we define an induced map

m:7 — C>® (V) as the unique map satisfying the following properties:
o for each planted T' € X, one has

fl\FW<T> =g, 1)

o Forn',,..n" € T such that n' € Fy(T?) where each T* is planted, one has
n n

H( H ni) =Tr (@H(nz)) .

i=1 =1
2.20.4 A RENORMALISATION GROUP

In this section we shall construct a renormalisation group. We define &_ to consist of all maps

g: 57 - L(Dif, Dif) satisfying the following properties:

o for each (F, F) € 3, g(F, F) € L(®ifp_, Difp),

e g(0) =1,

o if (T,T) T is such that 7. = T, then ¢(T) = id

e ¢ is multiplicative with respect to the forest product on 3’(_7) in the sense that the following

diagram commutes for any (F!, F1), (F2, F?) e ) and (F,F) = (F', F") . (F? F?)

Fl E1 F2 (2 . .
Difpu @ Difpe — T I i, @ Dif

T J (2.167)

Difp » Difp

g(F.F)

where the upwards pointing arrow is the canonical injection FpZ and the downwards pointing

arrows is the canonical symmetrisation map FglIl from Remark [2.19.20

Remark 2.20.16. For (F,F) € §) write Vec(F, F') for the one dimensional vector space generated by
(F, F) and let F) = {Vec(F, F)}(F 7)eg) as well as
L(Dif, Dif) = {L(Difp_, Difp)} ez Then, we can interpret &_ C L(F), L(Dif, Dif)) .

Next we define the group structure on &_.

Definition 2.20.17. For f,g € 6_ and (T,T) € ‘I(_), set

(fx9)(T,T)= > f(T,u_F)og(F,T),

Fegp T CF
where U_F was introduced in Remark[2.19.28
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Proposition 2.20.18. Let f,g,h € &_, then fx(g*h) = (f xg) ~h,
Proof. Indeed, we find for f,g,h € 6_ and (T,T) € )
(F*(gxm)(T.T)= > f(T.U_F)o(gxh)(F.T)
FegrT_CF

= > F(T,U_F)og(F,U_F)oh(F,T)
F, Fegp:T_cFCF

= > (f*g)(T.U_F)oh(FT)

FegpTCF

= ((fx9)*h)(T.T)

Proposition 2.20.19. Let e € &_ be the unique element satisfying e(0) = 1 and

o Nidey, T =1,
(T, 7)y=4 7"

0 else.

Then (&_, *,e) forms a group with e as the unit.

Before proceeding with the proof, we introduce for a colored tree (7, T) € 5(:) and subforests

Fy, F5 C T such that T C Fy and T C F5 the notation
Fl <<(T,T) F2

to mean
e [N C K andFlgéFQ

e for each connected component of A of Fy there exists a connected component B of F5 such that

A C B and A = B ounly if B is a connected component of T

We also introduce the notion of potential layers m of a tree (T,T) € T 1 TH =T we set
m = 0. Else m is the maximal number, such that there exists a multilayer coloring T of T with color

set C' = {—}, such that (T,T) € T_ satisfies the following properties:
o1 = T[_]m (which could be the empty forest),
e for each n € N, THn €Sy,
e for each 0 < n < m it holds that THn # 0,

e for each 0 < n < m it holds that THn <<(T ) Tanl .
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Remark 2.20.20. While we will not need this here, the notion of potential depth naturally extends to
forests. Then it is natural to set the potential depth of the empty forest to be 0 and the potential depth

of a non-empty forest to be the maximal potential depth of its connected components.

Remark 2.20.21. Let (T,7T) € T be a colored tree s.t. TH # () and which has potential depth k.
Then (T,0) has potential depth > k.

Remark 2.20.22. Note that for any colored (T, T) € T(:) tree such that T £ T, we have the following

disjoint union
{FeFp: T cFy={T}U{T}U{F € Fp : T <(pp) F <(rpy T}

where the last term is empty if and only if (T, T) has potential depth 1.

Remark 2.20.23. Let (T, T) have potential depth n > 1 and F' € § be such that T <17 T
(which implies that F # T_ and F #T), then the tree (T,UU_F) has potential less than n.

Proof of Proposition[2.20.19. It is clear that the map e is a unit, as one checks directly. Associativity

of * was observed in the previous proposition. Now we define for any g € &_ a new element Ag € &_.

e Define Ag for the empty forest, as well as trees of potential depth 0 as imposed in the definition
of &_.

o If (T, T) has potential depth n > 1, define recursively

Ag(T7T) = _g(TaT)_ Z Ag(Tvl—I—F>Og(F7T)
Feg 7T—<<(T,T)F<<(T,T)T

which is well defined since

1. if n =1 the sum is empty by Remark [2.20.22
2. if n > 1 by Remark [2.20.23| each colored tree (T, LI_F") in the sum above has potential less

than n.

e Extend this definition multiplicatively in the sense of (2.167)), which fully defines Ag € &_.

Next we check that Ag defined as above is indeed an inverse, clearly we have (Agxg)(T, [—]) = e(T,[-])

and for other trees

Agg(T,T)= > Ag(T,u_F)og(F,T)
FegnT-CF

:AQ(T7T)+9<T7T)+ Z Ag(T,l_l_F)Og(F,T)

Feg .

7y L= <S@n <
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as required. Finally Ag is a right inverse by standard arguments about groups. O
From now on for g € &_ and (F,0) € 57 we shall abbreviate g(F,0) by g(F).

Remark 2.20.24. In this remark we exhibit a subgroup ®_ of &_, which is closer to the renormalisation
group of [BHZ19], but still allows for “renormalisation functions”. We define &_ to consist of all
elements g € &_, such that g(T,T) = 0 if |T_| < |T| . If we define |(T,T)|- = |T| — |T_|, we see that
this is equivalent to g(T,T) = 0 whenever |(T,T)|— > 0. Since for any F € Sp such that T_ C F one
has

‘(T7T)’— - ‘(Ta I—l—F)‘— + ‘(F7T)’— )

it easily follows that G_ isa subgroup.

2.20.5 ACTION OF THE RENORMALISATION GROUP

Recall the map 7'+ LI_F from Remark [2.19.28] it to acts on [—]-colored trees (T, T') such that 7~ C F
by
(T,T) v (T,T)_p = (T,TU_F) . (2.168)

The corresponding canonical morphism
Sy = SUTINATTUE) ¢ Hom((T, 7)), (T,TU_ F)))

from Definition [2.18.6 which we call the extension of (2.168]) to symmetric sets, in turn induces the
map Fy S,_p. For notational convenience we suppress the functor and for 7 € Fy (T, T)) simply

write 7,_p for Fy Sy r (7).

Definition 2.20.25. For g € &_ and 7 € Fy (T, T)) € T set

Mr:= Y  I(r_p)og(FT).
Fegp,T-CF

Proposition 2.20.26. Let g € &_.
1. If1I is admissible, I19 is admissible.

2. IfII is an admissible lift of smooth noises {& Yece , IY is an admissible lift of the smooth noises

&9, where

fg =& —g(Ee) .

Proof. For the first claim, the first two conditions of Definition [2.20.9] are clearly still satisfied. The
third follows from the fact that for any planted tree Z1', all elements F € SiT satisfy FF C T C Z¢T.
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For the second claim, note that

IIY(Z.,0) =II(Z.,0) + II(Z, [-]) 0 9(E:,0) = & — g(Ee) -

One sees that the properties of a group action are satisfied.

Proposition 2.20.27. For an admissible map II the following identities hold
o (II)9 =119 for each f,g € &_,
o II°=1I.

Proof. We check the first point, the second is seen easily as well. First note that it follows from the
first identity in Lemma [2.18.7} that for 7 € Fy (T) and F, F € F such that T_ C F C F one has the
identity

Therefore,

= > S O((u_r),_p) o f(F,U_F)og(F,T)

= Z H(Tuiﬁ)Of(F,l_l,F)Og(F,T)
F.Fen T_CFCF

= Z H(Tuiﬁ) © (f*g)(F,T)
Fegn,T_CF

=197 .

O]

Proposition 2.20.28. Let IT denote the canonical lift of smooth noises {&:}ece_ and g € &_ such that
g(E2) =0 for alle € £_. For planted trees T', ..., T™ € T and n* € Fy (T"), such thatn=n'-....n" € T
one has

ooy =1+ ) g(T)( 11 fIgnT’”(-n)) (2.169)

TE€ i pr=pr neENy

where for each T denote by H™ a family H™ = {n™"}nen, such thatn=T7(H") c.f. Remark|2.20.12,
If we further decompose n™" =[], n," where each n]"" is planted, one can rewrite (2.169) as

wy =@+ > 9@ ( [T TOW ) -

g TET i pTEPT neN- i
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Remark 2.20.29. A similar but slightly more involved formula holds, if we remove the condition
9(Ee) = 0.

Proof. Note that the second formula follows directly from and Definition To proof
we proceed inductively, c.f. Remark Indeed the claim holds for the sectors containing

only jets or only a noise.

e Suppose the claim holds for 7 € Fy (T') C T, then it clearly holds for Z¢(r) since {7 € %7, 1)

PT.(T) = pT} = () and thus

Y @mur=T(> mr)

FE¥7, 1) Fesy

which implies that

IET Z H IE’T _F O g( )
FESIE

= Kg( Z H(Tu_p) Og(F))
Fegr

= K (1'[97')

= ﬁgIBT .

e Suppose the claim holds for planted n',...,n™ as in the proposition and n =n' - ... - n™ . Then

Znu,FI Z Nnu_r + Z Nu_F

Fesy FegpipgF Fe§pipeF
— 1 m Tn
= E : Ny_pr e Mo_pn + E : ({ E : UHETS
Fieg;i:pi¢Fi TET L pTET Freforniparn@GTn

where H™ = {n™" },,en, and each n™" € Fy(G™") is as in the proposition. Thus, we find

Wy = T(n_r)og(F)
Fegr

= Y. O, gl pm)og(F - F™)
Fieﬁ’;i:pigéFi

oy g<r>(H( > H(na’fmog(F")(-m)neNT)

TET pr=pr nENT  Frego. o ipgrn @GN
9 9
TET;:/)T:pT n€N-
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where we used that g(=.) = 0 and the fact that by construction

flgn = Z O(ny_p)og(F) .

Feg:pdF

2.20.6 CONSTRUCTION OF MODELS

In this section we investigate how to obtain a model (II,T") from an admissible map II. The underlying

spaces for this construction will be T} := {77 }cee . ug, and J = {J°}ccg,-

Definition 2.20.30. We define &, = i/L(T+, J), the bundle whose fibre at (p,q) € M x M consists of
linear maps vpq: (T5)q — J;,(E) such that for each e € £y U &y, each tree T € T5. and each 74 € Fy (T)

)

Yp,a(Tq) € J;L;(a) .

We denote by & o the sub-bundlﬁ of 6* (&), whose fibre at p consists of all maps vy, satisfying
Ypla, = idy, - (2.170)

Remark 2.20.31. The following is useful in order to formulate positive renormalisation. Let T € T,

we shall build for each F € SZ_'; and v € &1 a map
Fy(T)g = Tp, Tq=>7\y,, F -

o First we define for T and F' as above a new tree T\ F'. Recall from Section that there is a
set E € Py (T) such that F = T>g, and we define T'\ F' to be the tree obtained by replacing for
each e € E the subtree T>. by a new edge of type t(e(e)).

e For a concrete realisation of the tree T write S € Hom((T"), ®ccp(T>e)) for the morphism in

Definition . Then we define 7\, , I’ to be the image of T under the following compositioﬁ

wer)y Fws, Ry WETze) AN Ry WHE = WET\F TTNETNE) ypr@(T\F)

Definition 2.20.32. We define the action of & on T as follows. For T € X%, 7, € Fy(T) C T°

and v € & ory € & o set

Ly = Z T\y F.

Fegy

%2Recall that 6 : M — M x M is the diagonal map.
®3The maps ¢ and 7 were introduced in Equations (]2.142[) and (]2.153[) respectively.
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Remark 2.20.33. Note that for every v the map I'y is multiplicative by construction, i.e. I'y(11m2) =
(Dy71)(Ty72). Furthermore for a planted tree Lyt € Fy (T') one has

Dy(Zer) = Zem \y T+ Ze(Ty7) = v(Zer) + Le(Ty7)

CONSTRUCTION OF II,,

Given II, we define IT, = Il o I'y | where the global section v = (II) of & . is define recursively as

follows
o IfT €T} (a,8) 1S such that a < 0, then v(7) = 0,
o if 7 € J, then v(7) =T,

e every other basis element is of the form Zy7, € Tj (@,6)" then
Yp(Zerp) = —Q<6ojp(KEHpQ<6o—IEIT) .

Remark 2.20.34. The definition of v,(ZT) is chosen to agree with —J,1, in the setting of Section .

CONSTRUCTION OF I'

Given IT, II.y and 7.y, we define I', ; =I5, , for an appropriately chosen global section v = y(I) € &..

This section is defined recursively as follows

o for 7, € Jy, let vy 4(7q) = Q<sodp(II7y) = Qs0p(R7y),

o for Zety € Ti(a,s) et
Yp.a(Z7q) = = ¥p(Lel'p,gT) + Upgvq(Zery) + Q<(6+6)AéojqK% (IL, — Hquo—IEIFq,p)Tq .
Remark 2.20.35. Note that 7, q(ZT) above is defined so that it agrees with
Ipa™ = JplpaTq = Tpdo7q + Eq1y

in the setting of Section[2.6

Remark 2.20.36. Note that, in contrast to the flat setting, the maps I .y do not satisfy I'p 40T, =

I'p.r, not even locally.

Remark 2.20.37. Observe that I, is invertable, while I, , is in general only invertible for ds(p, q)

small enough.
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Proposition 2.20.38. Let (II,T") be constructed as above from the canonical lift I of smooth noises
{&hee_ . Then (ILT) is a model, we shall call it the canonical model for {&}ee_ .

Proof. We need to check that the bounds from Definition [2.3.13| hold for
Wpmp,  Topp,  (Hp —Hglgp)7p - (2.171)

Observe that all three estimates hold if 7, € J; for every € € & by Proposition [2.3.21] or if 7, is a
noise. Next, since all three terms are multiplicative with respect to the forest product, it suffices to
check that if the desired bound holds for 7, then it holds for Z7. This follows essentially from the

considerations in Section thus we use the notation J, and J, , from therein for the kernel K.

We have by Remark [2.20.33
I, Zer =T, ZeT = Iy, (ZeT) + HIB(F%T) = —RJp7, + Ke(Il,7)

which satisfies the desired bound by Lemma [2.6.15
Again by Remark [2.20.33

LypTetp = Ygp(ZeT) + Le(Typ7) = JgpT + Te(Lygp7)

and the first term satisfies the desired bound by Lemma [2.14.3] and the second term by the definition
of an abstract integration map (Definition [2.6.3]). For the last bound we find that

(I, — Iyl p)Zemp
= —RJp7p + Ke(Ilp7p) — (RJq,pT + qué(rqvap))

= —RJp7p + Ke(Ilp7p) — (RJgp7) + RJg(Lgp7)) — K (gL p7p)

= —RJp7p + Ke(Ilp7)

= —RJp1p + Ke(Ilp7) — R(JLgp7p — Ly ppTp + Eq7p) + RIg(Lgp7p)) — K (gL p7)
— R(—TqpJpmp + Eqmp) — K(gTg )

= (KE(HP = lgp7p) REqu) = (Hp = gL p) Jp7p
where the first summand satisfies the desired bound by Lemma and the second summand by the
fact that the jet model is a model, i.e. Proposition [2.3.21 O

Definition 2.20.39. We call a model (IL,T') admissible, if it is of the form I, =l o T qq), Tpq =

L, ) for an admissible map IL. We say that an admissible map II generates a model, if (II,T") given

Tpsq

by I, =Ilo ') ), I'pq =T, @) is a model.

Note that two different maps II might generate the same model (II,T"). In that sense II contains

more information. The next proposition is the main Proposition of this section.
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Proposition 2.20.40. IfII is an element of the orbit under the renormalisation group & of the

canonical lift of smooth noises {&}1ce_, then I generates a model.
The following lemmas will be useful in the proof.

Lemma 2.20.41. Let (II,T) be the canonical model (generated by the canonical II) and g € &_
such that g(Z.) = 0 for all e € £_. For planted trees T,...,T™ € T and n* € Fy (T*), such that

n=mn'-...-n™ €T one has

g =T Q)+ Y- ( IT T ( @ ) , (2.172)

TES, prET neN-

where the sum runs over all negative subtrees T of T containing the root and where for each T, H™
denotes a family H™ = {n™"}nen, such that n = 7(HT) as in Remark|2.20.12 and furthermore write
=TI,;n" where each n,™ € Fy (G]™") is planted.

Remark 2.20.42. It is useful to introduce for a smooth model Z = (II,T") the maps ﬁp T — C2(V)

as the unique map satisfying the following properties:

e for each planted T € ¥, one has

1L ey ) = Mpley 1)

e For n},, yees Ty € T such that 7;; € Fy(T%) where each T* is planted, one has

n n
([ ] ') = T (O, (7
i=1 i=1
Then, one can write as

mn =g + > o) T () -

T€X L prET neN,

Proof. Throughout this proof we simply write 7, instead of v,(II?) in order to make notation lighter.

Writing T =T"-...- T" and for F € S;, F; = FNT" we compute

W= Y W n = 3w (I R) w1 5 )

FeFs FeFS i FiEe¥),

Since

w([Ln \o, £i) = Q@ \o, B+ Y (H (W™ \y, (G N F)( )))

TGT;\F:pGT neNrs
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we have

DL TOLINEED VD gm(n (@™, (650 >))

F€3+ J FES; TET;\F:pET
O Y a0+ Y Y s IO nm))
i F;€35, FE3} 7% piper neN,  j

:Tr@l’[glﬂvn + Z Z g(T)( H @Hg "\oy (GTT N E(- ))>

F; EST TG‘IT\F pET neNr

_TrQHgl“vn + Z Z (H @Hg "\ap F5)( ))

TET ipET F ES n neN; J
G

= QT+ Y o ( I (OWTy) )

TET IpET neNr j
—Tr@Hn + Z ( H QHPnJ ”)
TET:pET neNy j

O]

Remark 2.20.43. Note that in the previous proof we only used the ewxplicit choice of vy, in the last

line. In particular we can extract the following general formula from the proof above. For any g € &_

and f € &

W =T QW+ Y @ ( I (Qmrm )

TETLpET nENr j

Lemma 2.20.44. In the setting and notation of the previous lemma, the following formula holds.

ngg,pn:Tr@ngrgpn + > g ( 11 (@ngg,pn}’”(-n)»

TET L pET neEN, J

Proof. Again we we simply write 7, and 7, 4 instead of 7, (I19) and 7, 4(I19) in order to make notation

lighter. Note that

myry - =TT, 79 7 =TT, S 7\, F=1" 3 3 (r\y,, F)\o, F
FeFs Fegt - Fe§t

T\F
=1IIY Z T\Bq’p F:HQFBWT
Fe3T,
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where we define ;) € ()4, by

Bap() = 3 g(r \ny, F)

Fegt

for 7 € Fy (T), C T¢. Thus we find by Remark [2.20.43

wrg, = QW nt Y o) I (O, )

( TET L pET neEN J
= TrGHgFg,pTi + Z 9(7)< H (Q nggﬁpn}n('n))) ,
@ TEX IpET neN- J
which completes the proof. ]

Remark 2.20.45. Using a telescopic sum and combining the previous two lemmas on finds that

(L5, — 1IgTG p)n

n
= Tr Z(H;;nl) ® .0 [y o 9y — 1409 pf) © (T4 ™) © ... (11919 ™)
j=1

D> > 9@ ( T ™ (O (n" )

“telescopic sum”Tegj; prET neN; i
where (...) stands for either 1§, I — TIJTY ,, or I — TIGT'Y , with 11§ — IIYTY , appearing ezactly once

Proof of Proposition[2.20.70. First observe that any element in the orbit can be written as II/ for
some f € &_. We proceed by induction as in the proof of Proposition [2.20.38] The desired estimates
hold for jets and noises. To observe the bound on the terms in (2.171)) we use the above lemmas and

observe the following:
1. To see that the desired bound on II,7, holds, use Lemma [2.20.41]
2. The bound on Iy 7, follows as in Proposition [2.20.38]

3. Note that ||T|| was defined in exactly such a way that it imposes a bound on (II, — II,I'; )7,
which is satisfied by Remark [2.20.45

O]

Remark 2.20.46. Instead of attaching jets one could directly attach smooth sections to & type edges
and all of this sections easily adapts. But besides the minor drawback of having to work with infinite
dimensional vector bundles one would not gain much, since while the definition of the map II would
then be more canonical, still the choice of an admissible realisation of the jet bundle would have to be

made for the definition of the maps IL,.
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Remark 2.20.47. Recall from Section [2.2.5] that is often useful to impose further restrictions on the
choice of admissible realisations and from Section[2.5.9 to enforce the canonical counterpart on products
of jets. The regqularity structure ensembles in this section do not enforce any such algebraic constraints.
This can be remedied by working with quotient spaces of T /~, such that Assumption is satisfied.
That is, whenever a tree contains two or more & type edges incident to the same node, one applies the
canonical product x : J7 ® J7 — J7T7 composed with the projection Qs, at that node.

It follows by construction, that by choosing an admissible realisation R of J respecting these con-
straints, which can be done by the constructions in Section[2.2.5, all considerations in this section extend

to the quotient space. A similar procedure is executed in [BCCH20], see also [Che22d, Remark 4.35].

Remark 2.20.48. Let us emphasise that the constructions of this section are conceptually very close
to the ones in [BHZ19]. One also expects to be able to reformulate many of the constructions here in a
framework closer to the one herein, i.e. one involving Hopf algebra bundles. Some of the novelties one

would need to incorporate on the abstract (algebraic) level are the following

o A non-triangular action of the positive coproduct, when acting on jets and negative trees,

o further “extending” the extended decorations therein.

But once this has been executed one can then turn the trees into vector bundles by working with a direct
product of frame bundles with some structure group G. Then associating to each tree a symmetric set
and to each symmetric set a representation of G one can thus construct the desired vector bundles as
associated bundles. By the categorical properties of symmetric sets and the thus constructed vector
bundle assignment one then expects to be able to "push through” the algebraic structure on trees to the

vector bundles, somewhat analogously to what is done in [CCHS22d).

2.21 ApPPLICATION TO SPDES

In this section we first explain, starting with an SPDE to choose a rule to construct then the regularity
structure ensemble in order to give a solution theory. Then, in Proposition [2.21.9| we give a formula
how the renormalisation group affects the concrete equation one wants to solve.

For index sets £, and £_ and a vector bundle assignment {V'}ce Lug_, we investigate the following

system of equations

ﬁut = Ft((ut)tES.p (Dut)’t€2+) ) (Dnut)’tGE.p (gf)féﬁ_) for t € £+ ) (2173)

where in this section we can u' € D'(VY) and ¢ € D/(VF). Let £ = (£, x N)U £_ and £ be a disjoint

copy of iol, for f € £ we write f for the corresponding element of €. We define £ = £U £ and

x: L= L =1,
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to be the unique involution without fixed points satisfying f* = f for all f € £. We define the vector

bundle assignment (V');cg the be the assignment
{V(t’n)}(t,n)ESJrXN = {V'® (T"M)"} i nyes. v and  {Vi}ee_

extended to £ so that (2.152) is satisﬁed@
This puts us in the setting of Section [2.19.1} and we introduce the edge types

e &, C £, x N, where (¢,n) € &, if the term (D"u') appears in 2.173@
o &_=L_

o & =& UEY, where £ is a disjoint copy of &4 and
E) c{(t,o) C £, x N&+Y&= . DIt £ 0}

where there is usually a choice of of the exact subset |

It is important that we do not identify 5(? and £;! But we define the injection
t:€+ =&, (Ln)— (Ln). (2.174)

Remark 2.21.1. Note that £) typically contains an infinite number of elements.
We also fix the indexing maps
e ind; = (ind},ind}): &4 = £x L, (&,n) — (& (& n)),
e ind_:E_ =L f—T,
e indy : & — N*® is defined as

L indo g : (8,0) = €= > e e 0eE—

2. indo [+ = ind} o7,

a homogeneity assignment | -|: € — R and g > v > 0, which in general is suggested by the Equation
(2.173]). This then puts us in the setting of Section [2.19.2] It is now natural to rewrite the equation in

the form

ut = FY((u)oes, , (§iec_) -

PRecall the definition of (T*M)™ in the presence of a scaling s from Section .

55 Note that this is not quite well defined in the sense that one can always artificially increase this set. But there is
generically a canonical minimal choice.

56Tt is made depending on the parameters v < o suggested by the equation.
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We introduce the space E = @_cg, eV and in view of Section we shall lift the local

non-linearity F* to an element of

C®(E x (JE'® P(E))) = @ C®(E x (JE' ® (E*)"))
neN

= P c*ExJE'V))).

ceNE+UE-

Here again, the exact truncation is chosen depending on the parameters v, dy. This motivates the

definition of a rule R : £ — P(N) \ {0} as the normalisation of the following naive rule R.
e Re)=0foreec&UE
o for (¢,n) € &,
R((e,n)) = {[(t,0)] Lo : (t,0) €&},
where we interpret o € N+ as a multi-set and recall the notation LI for the union of multi-sets.
Since the rule R is equation-like, R is as well.
Assumption 2.21.2. We assume that the rule R constructed above is subcritical.
We define for o € £ the set
T = J @)y T={LM):Te |J )
vER(o) vER(0)
and make the following observations.

1. For o = (k,n) € &4 and T € T° U T, the node type n(n) of every node n € Ny which is not

maximal nor minimal (i.e. the root) has exactly one incident edge of type in &.
2. For o= (¢,n) € & and o = (¢, m) € £, one has T° = 7.

Remark 2.21.3. The trees in T°U {6"°)} are used for the expansion of {u}oce, , while the trees in
T are used for the expansion of the right-hand side of Equation .

Assumption 2.21.4. We assume F' is mulitilinear in the noise variables and the modelled distribution

describing & is given by p — =y

Remark 2.21.5. A weaker natural assumption would be to impose that the lift of the noise & is given
by a modelled distribution taking values in a sector of negative reqularity. This, combined with the

assumption of sub-criticality actually that the non-linearity is polynomial in the noises.
The above assumption tells us that for each t € £, one has
Ft((uo%e&’ (ff)fe&) = Ft((uo)oe&,o) + Z DUFt((uo)o€£+, 0)50 (2.175)
oeNé-
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where we used the shorthand notation {7 = ;¢ (€her .
It will be useful to denote for f € £ by UT the modelled distribution p =, and interpret it as
modelled distribution where the component of U’ in T&: is constantly 0. This allows to write the lift of

the non-linearity simply as

.z, DMF! ~m
FOm) = Y iy () @QU@) U () (2.176)
meENE+UE- '
and to formulate the lift of Equation [2.173] as
U° = IOQ<7_|O|Ft((U°)O€g+U57) +u® foroe &y, (2.177)

where u° is a section of the jet bundle Jé(z)
Remark 2.21.6. It is important to note that the solution depends on the choice of model!

Proposition 2.21.7. Let {U'}; be the solution of the abstract fized point problem (2.177)) with respect
to the canonical model for smooth noises {£}iee . Then vt = R(UY) solves Equation in the

classical sense.

Proof. Indeed we have
vt =RU"' = RKF((U%)oce,ve.) = KRF((U)oce,ue_)
and thus

L' (p) = RF'((U°)oee,ue_) (p)

= Hth((Uo)oE&-Ug— ) (p)

e Y QUGN )

ceNE+UE-

Y (@i o @)

TENF+VE- i
= FY(IL,U(p)(p))

= F'((v%)oce, ) (p)

=1I

where we used Corollary several times. O

2.21.1 RENORMALISED EQUATION

For 7 € T_ and t € £, define the new local non-linearity (D, F)! acting on families of smooth sections

v = {v°}oee, ue_ Where v° € C°(V?) for each 0 € £, UE_. First, we define for 7 € T_ and n € N;\ L,
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where n # p;r

(DrnF) s [ C=(V°) = Co(va) (D, F)(v)' = DM (v)
oeELUE_

where n | denotes the unique edge e € E; such that e, = n. Furthermore, set

(Drp ) e T] CX(VO) = CX(vrettndo)) (D, p)(v) = D" F(u)
0€ELUE_
Finally, we define
(DTF)’: . H COO(VO) _>Coo(vred*(t—ind(p))) > H Coo(vdifT(n))
oe&LUE_ neN\(L-U{p-})

as

00 = T 5ot

TLGNT \LT

where S, (7) is defined as follows: If 7 at the node n € N; has the form

whenever i # j, we set

Su(m) = et T] 8" -

i=1 j=1
Remark 2.21.8. Note that S(7) := [[,,cn, Sn(T) agrees with the corresponding definition in [BCCH20]
and S(7)n has the interpretation of “the number of tree symmetries at the node n”, see also Re-

mark

Proposition 2.21.9. If U9 € D7 solves the abstract fixed point problem for the renormalised model

and for v large enough, then u = RUY solves the equation

cut = FY(()oce, s (ENjee) + D (D) (@)oces (€)jee ). 9(r))

TET

where the bracket (-,-) denotes the canonical pairing between Dif. and

C>® (Vred* ({—ind(p))) > H C>® (VdifT(n))
neN-\(L-U{p})
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defined in Remark|2.19.14)

In order to prove this theorem, it will be useful to introduce certain rooted plane trees. Recall that
a rooted plane tree T, consists of a rooted tree together with an order of the incoming edges of each
node, that is for each n € N, the set E3f, = {e € Er | e~ = n} is equipped with a strict total order
<7n. For rooted pane trees T we denote by |T'] the rooted tree obtained by forgetting the order on

edges.

Next, we fix a strict total order < on £ U &4 U E-_ such that g9 < e < e_ for every gg € &, €4 €
Eq,e_ e,

Lastly, we declare a tree in T to conform to the order <, if for each n € N7 and any two edges

el, e € Eff such that e; <7, ez one has

o if e(ey), e(eg) ¢ 5(—)’_7

e(er) < e(ea)

o if ¢(er) ¢ & but e(ez) € &F

e(er) < 1 (e(e2))
and similarly, if the roles of e; and es are reversed,

o if 2(61), 6(62) S Ear

fl(e(el)) < fl(e(eg)) .

At this point, let us introduce the following analogues of the objects already introduced for plane

trees:

1. For o € £, denote by T° the set of plane rooted trees T that conform to < and such that |T'] € F°.

Similarly, we set T_ to consist of plane trees 7 which conform to < and such that |7] € T_.
2. For plane rooted trees 11, ... , Ty, denote by T =T} - ... - T}, the plane rooted tree such that

e Onehas |T| = |T1]-...-| T, ], where the latter tree product was introduced in Remark[2.19.10

e The order of the edges E%nn for n € N7 \ p7 agrees with the order inherited from the
Ty, ..., Ty.

e The order of Eiiﬁjp is the unique order such for each i,j € N and ¢; € Ef, , C Ej , one has
e; < e;j whenever ¢ < j, and such that the order on Ey, pr C Ey pr is simply inherited from

the order in 7j.
We call this the plane tree product.

Remark 2.21.10. Instead of working with a rule on rooted trees together with an order on edges, we

could have introduced an (obvious) notion of a plane rule.
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For T € T we define maps Y[T] : JE — Fy (| T]) as follows:

1. If T = 6°) consists of exactly one edge of type (o) € &, then

Y[T)(up) = T[6")(up) = @0y .

2. If T = §° consists of exactly one edge of type e = (t,0) € &£ , then

YTy = i (2]

3. If T = = consists of exactly one edge of type f € £_, then

Y= (up) = E; )

We further set

(4) for T=T"- ... T™ set Y[T*..T™|(up) = T[T (up)... X [T™](up) -

(5) Y[ZT)(up) = T[T (up)-
The next lemma now follows directly from the definition of the maps Y.

Lemma 2.21.11. Let U = {U°}oce.ue_ be the abstract solution of . The solution can be

uniquely decomposed as U° = u® + R, where uy € JpVé(Wo) and Ry € Ty and it holds that

U =0+ Qcy Y T[T)(u) = Quu’ + Qey > T[T(u) . (2.178)

TeTo Tetou{s-2)}
Remark 2.21.12. The fact that we work with plane trees accounts for the combinatorial factors usually
encountered. A version of this observation was already made in the case of ®* equations in [CMW23].
Similarly, the fact that we do not identify the abstract product on jets with the canonical product also

simplifies the expression.

Remark 2.21.13. For a tree T € T_, we define ky : Ny — N&+Ye~ 10 be the function such that for
n € Ny and o € E4 UE_ the number k;(n), € N denote the number of edges of type o attached to n

from above. Then one finds that for T € ¥_ one has

_ o B kr(n)!
HTGT_ : LTJ—T}‘— H S.(r)

TLENT

Remark 2.21.14. We extend Remark |2.19.21] and Remark |2.20.12 to plane trees (in some way

conforming with < ) and write 7(G) for a tree obtained from 7 € T_ and G = {Gp}nen, as therein.

239



Note that this definition is not unique, but we make a choice (which turns out to be irrelevant). Then,

it if follows from the fact that T contains no edges of type in &y that for T := |T|

Y[7(G)] = 7({Y[Gnl}nen,) -

Proof of Proposition[2.21.9. We shall use the common notation for m,k € N € Né+Y~ and set for

o L ()L ()

oeELUE_

m >k

Furthermore, whenever we have a sum over N or another infinite set such as Né+Y¢- it is understood
that the sum is in reality truncated (with the truncation depending on the parameter 7).

We shall write 2 = QoU and U = U — @ one use for m € Né+Y4~ the multi-index notation
umn = [Toee. v (U°)™o. We also fix the convention that whenever we write [Toee. v T°, it is
understood that the product is taken in the order respecting < . For each multi-index we m € N&+UYé-

we introduce the set

10— [ T[T : 79 e 1 Uaio)

o€ UE_ i=1

Then it follows for m € Né+Y¢- that

mp (o) =m( T I1C S wre) - 3 vl

o€ELUE_i=1  T(o)i) cToys(o) TeT(m)

and therefore from Lemma 2.20.41] that

g (fjm):ﬁ © ( 3 H;;T[T@»i)])

oeELUE_ T(0,i) cToy§e(0)

i€{l,....mo}
D IIDICIE | R SR
Tetlm) rc,T nEN>

where 7 C, T' means that ¥ C T' contains the root of 7. In particular,

g DMFYU)

ﬁm
m!

o
mro) -y Y

meNE+E-

+ Z Z Z g(f')( H ﬁgT[(é(t’m) T\f)zn](n))

meNE+VE— Tex(m) 7C,T n€Nz

where we used in the last line, the fact that the differential operator g(7) acts multiplicatively at the
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root, c.f. Remark [2.19.14] For the first term we find

o m t_ ~
g > 2o ) ) = Fuyw) (2479)
meNE+UE~

Next fix 7 € T_ and recall the map k. : N, — N¢+Y4~ from Remark [2.21.13] Looking only at

summands such that |7] is tree isomorphic to 7 we find

> 2 X U@ ( I OO T\ P2 0)

meNE+YE— TeT(m) 7C,T neN;

. o(n) + k-(n)) kr(n)! L9 150 () Her () ()

Y g(T)<H< o ) (2 0 7)) )
o:N, —NE+YE- neN- T(n)eT(o(n))

where we sum over all maps o : N; — Né+Y6~ (with the finite truncation implicitly understood). Here

o(n) for number of edges attached at a node n € N; which do not belong to 7 and are not of type 58 .

o(n)+kr (n)) k(n)!

To see the line introducing the combinatorial factor ( k(n) S,.(r)» One counts the number of ways

the planted subtree 7 can appear as a subtree. Say, counting from the top nodes downwardﬂ for the
top nodes of 7 the combinatorial factor is trivial (since k-(n) = 0). Otherwise, one has to choose k(n)
edges of the o(n) + k(n) possible edges, which are part of 7. Then, it follows as in Remark [2.21.13

that one has exactly Skn(?T))', ways to assign the continuation 7 at n.

Next note that

3 g(7)< I (a(n?{}f;(M) /’;T((Z))!( > ﬁgrr[é(a(n)—i-kT(n))T(n)](_n)))

T(n)eT(o(n))

o: N, —NE+UE- €Ny
Da(n)—&-kT(n)F(U)
(> gy YT ()
<T<n>€T(U(n>> (o(n) + kr(n))! )
1 . .EDU(nHkr(n)F([j) o
= Y o\ gy X w1
o:N; —NE+UE— neN, T(n) gT(o(n))

| DI P -
- ¥ g<f>< i1y % Do)
neT

o(n)!
o N —NE+E- ()

1 . p DM E@)
| [l == > Wif———— D (*n)
Sn(T) m!

neN, mEN‘S‘*’UE—

57 Alternatively, one can also count from the root up.
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Finally, we find that

neN, Sn(T) meNE+YE~ ml
1
=g(7) — (DM F)()(-n)) (p)
Ol 5@ )

= ((D-F)(u),9(7))(p) ,

where in the first equality we used that

3 m+kr(n) pt(77) _
Z (HgJED E (U) Um) (n) - (Dk(n)F)(u)(n)

m!
meENE+YE-

vanishes at p € M faster than —|7|, which is the case whenever v > 0 is chosen large enough. This
combined with (2.179) completes the proof.
O]

Remark 2.21.15. Observe that we did not enforce the products of jets to be the canonical product, but
that the results of this section extend to the case when such an identification is made, c.f. Remark|2.20.4.

2.22 (CANONICAL RENORMALISATION PROCEDURES

One observes that for a given equation we have constructed a rather large renormalisation group
B_. In our setting, compared to the usual setting of translation invariant SPDEs in flat space, one a
priori obtains a family of solutions indexed by the (infinite-dimensional) space of sections of certain
vector bundles over M. Fortunately, one can often still single out a canonical, finite dimensional
family of renormalised solutions. Let us informally describe the corresponding procedure: Typically
one is working with a mollification scheme which depends on a scale e. If this mollification scheme
is “sufficiently covariant” it is possible to decompose the corresponding family of renormalisation

differential operators

g(T) = 3" f(0) - 4'(T) |
i
where
e cach f; : (0,1) — R typically @ converges to oo as € — 0.

e the ¢g/(T) are differential operators which depend explicitly on the curvature and the differential

operator of the linear part of the equation in a local manner and thus are arguably “canonical”.

58Tt can sometimes be useful to also include f;, which just converge to a finite limit in the above decomposition.
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Thus, for such regularisation schemes it is then natural to work with only the finite dimensional
subgroup &’ C &_ containing the differential operators g.(7"). One thus obtains a canonical (finite

dimensional) solution theory.

Remark 2.22.1. We note that, when working with an arbitrary mollification scheme, one in general
needs elements of g € &_ which are not contained in &' in order to converge to one of the “canonical”

solutions. Thus, in this case the canonical solutions are only reached by considering the cosets

& g CH_.

Note that in general it non-trivial to extract the operators ¢¢(T') described above explicitly. When
working for example with generalised Laplacians and white noise this is a rather straightforward

consequence of the following:

1. Explicit expansions of the heat kernel, c.f. Theorem which can formally be written as

Gi(p,q) = b /‘”Zt’ )+ 0N (2.180)

(47 t)d/2
for 0 <t<1.

2. Explicit expansion of the density in exponential coordinates, c.f. [Gra74, Cor. 2.10]. Fur us the

following will be sufficient

dVol, = |1—- éZRi,jxi:Ej dz + O(|z*)dz . (2.181)

2%
Remark 2.22.2. This explains, why for many equations of interest when working with a heat kernel
reqularisation, renormalisation constants are sufficient. More precisely, when working with a generalised
Laplacian and white noise, as long as the most negative tree has homogeneity higher than —2, one
does not expect any geometric counterterms to appear. In Section we treat an equation where

this condition is violated and indeed a logarithmic divergence proportional to the scalar curvature s(x)

appears.
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2.23 (CONCRETE APPLICATIONS

Finally, we turn to the three examples described in the introduction. Recall that for a vector bundle
E — M, E-valued (spatial) white noise can be characterised as the unique random distributions

¢ € D'(F), such that for any v, € D(F),
1. &(v) is a centred Gaussian random variable,

2. BIEW),EW)] = [y (0, ¢') pd Vol

We speak of E-valued space-time white noise, when the bundle above is replaced by the pull-back
bundle 7*F, where 7w : R x M — M is the canonical projection.

We shall often writhe (£, 1) = £(v)), where the absence of a subscript means the canonical pairing
of D'(E) x D(E) or D'(n*E) x D(n*E) respectively.

We shall be working with the following two regularisation procedures. Let Gy € C°(E®E*) be the

heat kernel of the Laplacian in the equation.

1. If ¢ € D'(E) is spatial white noise, set
ge(p) = <§a GEQ(pv ))

2. If £ € D'(7*E) is space time white noise, furthermore fix an additional even, smooth compactly

supported function ¢ : R — R integrating to 1. Writing ¢(¢) := e%qﬁ (6%), we shall set

ge(tvp) - <£7¢6(t - ')GEQ(p7 )) ) (2182)

which can informally be written as & (t,p) = [p, 1, ¢°(t — 5)Ge2(p, 9)&(ds, dg).
Furthermore, fix a cut-off x : R — [0, 1] such that the following properties are satisfied
o k(t)=0fort<Oort>2,
e r(t)=1forte0,1).
e r|r, is smooth.

For fixed N € N large enoug we denote by 7 = %, where 1, is the injectivity radius at
p € M. We introduce the following notation for the leading terms of the scalar heat kernel G, c.f.
(12.180))

Zi(p,q) : = We‘d(p"”/‘%(d(p, q)/P)k(t) (2.183)
ZH(p,q) - =t Zu(p, ) ®1(p, q) (2.184)

9This number is conveniently fixed depending on the equation, for the examples discussed here N = 10 is sufficent.
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as well ZE(p,q) = Zi(p, q)7p 4 for the E-valued kernel, where we recall that 7,, : E|, — E|, is the
parallel transport map.
Lastly, we use the following notation for the corresponding truncation of the heat kernel in Euclidean

space
- 1

Zy(x) = W@"“F/‘“m(t).

2.23.1 THE G-PAM EQUATION

For € > 0, we define the following counterterms:

Ce = / / 7y gre(2)Z2(x) dz ds, (2.185)
R ~(0)

o - /R 2 / o) PFss @0 dsds! (2.186)

where the latter is the same for ¢ € {1,2}. In this section we proof the following theorem.

Theorem 2.23.1. Let M be a compact two dimensional Riemannian manifold, & be white noise on M,
and & its reqularisation as described above. Furthermore, let f € C*°(R), A(-,-) be a smooth bilinear

orm on the tangent bundle and let ug € or o > 0. For C, as in (2. . an
f h bundle TM and 1 CY(M) fi 0. For C,C! i ([2.185)) & (12.186 d

for ue solving

Opue + Aue = A(Ve, Vue) — Cof*(ue) (tr A) + f(ue) (€ — Cef'(ue)) s ue(0) =ug ,  (2.187)
there exists a (random) T > 0 and u : [0,T] x M — R, such that ue — u uniformly as € — 0 in
probability.

The proof of the theorem follows along the usual lines, when applying the theory of regularity

structures. First, introduce the following types:
e kernel types &4 = {Z,V1},
e noise types £_ = {=},

e jet types &) = &' U 5({ , Wher 5({ = {67 . neN}and & = {64 : n € N} to encode

the non-linearities,

e further jet types & = {0%,0V1}. We fix the injection ¢ : £, — & from (2.174) to be

T 6%, VI 6VE .

50Tt is notationally convenient to treat the right-hand side as two different non-linearities and introduce the edge types
6™, 64, Comparing to ([2.175)), the 6©™ edges correspond to a derivative in the ¢ direction.
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Since the equation is rather simple, we do not introduce the vector bundle assignments and the indexing

maps explicitly. Set
|Z| € (2 —1/10,2), IVZ| e (1-1/10,1), =] € (-1 -1/10,-1)
and define the naive rule
R(T) = R(VI) = {[¢""|uZ]" U [E], [*"|U[VI]® :n >0}

as well as its normalisation R. Let us introduce the the analogue of the usual graphical notation. We
write = = o (using the common convention of not writing it as an edge) and denote an edge of type Z
by | as well as an edge of type VZ by I. Thus, we for example write ZZ = 9. Denote edges of type 67

by 1. Since it suffices to solve the abstract in D7 for some v > 1, we can work with
T={o,%, 1}
to describe the abstract solution and
T_{670=, &h3, 651 640
to describe the right-hand side. We observe that the only negative subtrees appearing are given by
T_={1, V}.

Thus, we next fix §g > 1 and work with the regularity structure constructed form the above trees. We
quotient it, so that the product of jets agrees with the canonical product, c.f. Remark [2.20.47|and denote
by Z¢ = (II¢,T'°) the canonical model for the smooth noise &, such that the abstract Integration map Z
realises K;(p,q) := Gi(p, q)k(t)k(d(p,q)/7) and VT realises K (p, q) := (V1G¢(p,q))x(t)x(d(p, q)/F).
Next, in order to identify the correct two dimensional solution family, we restrict attention to the

subgroup &’ of elements g.» € G_such that

e, (°) =0, gc,c’(I) =G e, (V) = C/gﬁa

for some ¢,¢ € R and where where ¢f € C(TM®?) denotes the adjoint tensor field of the metric g. To

lighten notation, we denote the renormalised model (Z€)%e.ct by Z¢ = (II¢, ).

Proof of Theorem [2.23.1] In the setting described above, let 7,7 € R such that 0 < n < «a and
—|Z| < 7 < &. It follows from Theorem [2.16.7| there exists a unique abstract solution U¢ € DV (TT)
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of the abstract lift of
Ou + Au = A(Vu, Vu) + f(u)é,

for the renormalised model Z¢. Then, it is simple special case of Proposition [2.21.9|and the observation
A(g*) = tr A, that @ = RU€ solves (2.187). Thus, the proof is complete once Proposition [2.23.2| below

is shown. ]

Proposition 2.23.2. The renormalised models Z. converge to a limiting model Z ase— 0.

Proof. 1t follows from Proposition below combined with a Kolmogorov type criterion, obtained

by going to charts, that for each p,g € R x M , 7, € T" there exist random distributions

7 Hel'g p7p,

such thatf®]]
I =10 | T sy + 12952 1 Tl ca g = 0
Then, it follows from Theorem [2.14.4| that |]Z€; ZAH[71,T+1}xM — 0. -

STOCHASTIC ESTIMATES

This section is dedicated to proving the following.

Proposition 2.23.3. There exists a x> 0, such that for any p,q € R x M, 7, € T 5 and N € N, it
holds that uniformly over X € (0,1] and gbé € Bg’)‘ that

1/N 1/N

o R N
S B (g, - Tgn)e)) | S @asy)

q-qp'P

e A N

| (m)(e)" |

as well as the same estimate for l:[; and f‘;q replaced by ﬂp and lA“pg. Furthermore, it holds that
R R N1U/N

E [(HZTP - Hpr)(¢2)> ] S CON

o ) o ) N11/N
E [((H;r;pfp 17 (60) — (Lo pmy + m) (0))) ] < rpdth

We first introduce similar notation to [HP15], [HQ18]. Recall, that a random variable belonging
to the kth homogeneous Wiener chaos can be described by a kernel in L2(M)®*, i.e. the space of
square-integrable functions in k space variables via the correspondence f — I (f) given in [Nua06),
p. 8J.

We shall graphically represent (HiT)(qu}), where ¢} € B denotes a test function that is localised

around the point x € R x M. Nodes in our graph will represent variables in M or R x M, with one

S'Here we use this notation to denote the restriction of the corresponding expressions for || - lli=1,7+1)xm and

[ - li=1,741xa in Definition [2.3.16|to only 7 € 7.
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special node ® representing the point x € R x M. The nodes O represent the arguments of our kernel,
so that a random variable in the kth (homogeneous) Wiener chaos is represented by a graph with
exactly k such nodes. The remaining nodes, which we draw as e, represent dummy space time variables
that are to be integrated out.

Each line then represents a space or space-time kernel, with —— representing the kernel K,
----------- representing the kernel p. = G2 and ——> representing a generic test function ¢}. Note that
since pe(p, q) = pe(q,p), the notation - is unambiguous.

Whenever we draw a barred arrow —— this represents a factor K((¢,p),(s,q)) — K(*,(s,q)),

where (s,q) € R x M and (t,p) € R x M are the coordinates of the starting and end point respectively.

A FIRST STOCHASTIC TERM

Using the notation introduced above, one can write

PR @) . POPRR e} . .
(TI53) () = i ..... o+ i = i ..... o+ l — ¢ (2.189)
NN NN\ VY
(]
We further introduce the graphical notation
| e=c
)
and decompose the function
l“ji:::. _ l. + l«.ji::;-, (2.190)
o o o

where the blue term is determined by ([2.190)).

Lemma 2.23.4. The function l- is uniformly bounded for € € (0,1] and converges uniformly as
o

e — 0.

Proof. Recall that

T04(t, p) = /R /M Ki—a(p, 0)Ec(q)d Vol, ds = /R (€,Goyrex(p, ) (t — 5)ds + (£, p)

and thus

[ e =B, p)]
[ ]

—E [ [ {66 ssaonte = )€, Gl ->>ds} FEF(tp)E )] .
R
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Since the conclusion of the lemma holds for the map p — E[R{(t,p){(p)] we proceed by noting that

| (6 Guaralp rlt = 9)(E Gl s

_ /R /M Gy oy er(ps )G (p, 2)d VoL, R(t — )ds

_ /R / ) Do :2) 2, 2)VOL (0 — )ds

| [ (Grvea0.) = Zisra0.2) Gl ) Vol (e = 5)ds

+ /R/M Zi_gi2(p,2) (G (p, 2) — Ze2(p, z)) dVol, k(t — s)ds

where if follows from Theorem [2.17.5| that the latter two summands converge uniformly as ¢ — 0.

Finally, if follows from(2.185)) and (2.181)) that
/ / Zy_sie2(p,2)Ze2(p, z)d Vol k(t — s)ds — Ce
R JB:(p)

converges uniformly to a limiting function. O

Thus, after renormalisation we find

(I52) (62) = J*r\o - \/ - l\ : (2.191)

A SECOND STOCHASTIC TERM

Here we use a slight variation of the above notation and use ----- > to represent the kernel

(KY * pe) (p,q) = /M KY (p, 2)pe(z, q)d Vol

and ——> represents a localised test function ¢} € C®(TM®?). So

Similarly to above, we write

/.\ /.\ /. o

/7N
!/
{1 =Clg¢ and [ i=1 -1 1.
N ¥ N _ ¥ N _ ¥ N ¥

/.\

\

Lemma 2.23.5. The section | | of C°(T*M®=2) is uniformly bounded for € € (0,1] and converges
M.K
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uniformly.

Proof. Let {ep;}i=12 be a basis of T,M. We proceed exactly as in Lemma [2.23.4 and find that

id

( \} =E |:/]R’<§7 VGt—s+e2 (p7 ')>K’(t - S)dS X /R<§’ vc;t—s’-l—e2 (p7 ‘)>H(t - S/)dS/ + Ri (p)

N ¥
[ ]

~

= Z ep,i @ €p / / 0:Z_sie2(p,2) ® 0 Z;_ g 2(p, 2)d Vol, dsds’ + RS
i,j R2 J Br(p)

= ZCﬁ(i’j)ei ®ej+ R3 ,

0]
where
Cld) = / / 0iZy_oy2(2) @ 0; 2,y 2(2)dzdsds’
R2 J B (0)
and the sections RS, RS, RS of TM®? converge uniformly as € — 0. Noting that C! = Ce(l’l) = 05(2’2)

and 06(1’2) = 06(2’1) = 0, this concludes the proof. O

Thus, after renormalisation,

Q9
(V) () = ¥+ o (2.192)
? 1
® )
Proof of Proposition . Note that it follows from (2.191]) and (2.192)) that
PO, . 2 o 2
E|(I153) (¢2)] < 2 ii + 2 + 2 l (2.193)

and

BJ(IT59) (1) < 2 £--o-3e . + f . (2.194)
[}

The last term of each has already been bounded in Lemma [2.23.4] resp. Lemma [2.23.5] while the rest

can be estimated using the bounds of Section [2.24.1| exactly as in the proof of [Hail4l Theorem 10.19].

Combining this with the fact that for 7, = { and ¢ one has

reThe e _
HqI‘q’pr — Hpr =0,

implies that for these elements (2.188]) is satisfied. Since every element 7, € 7" is the product of a jet
with either § or % (2.188)) follows generally. In order to conclude the remainder of Proposition |2.23.3
one proceeds as usual, edge by edge replacing pe by pe(p, q) — 6,(q). O
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2.23.2 THE ®3(F) EQUATION

Let

C. = / / (s =10 (s' = 1) Zy_gy2(2) Zy_ g1 2(2)dsds'drdz (2.195)
R* J B,.(

ol = ( ACIP )) Z(2)d> (2.196)
R B, (0)

where Z()(t, x) =[x fBr (s = 1)¢(8' — 1) Zy__gr 902 (x)dsds'drdz.

We shall prove the following theorem.

Theorem 2.23.6. Let E — M be a vector bundle over a compact 3-manifold equipped with with a
metric h and compatible connection V. Let |-|; be the norm on E induced by h and A a generalised
Laplacian on E differing form the connection Laplacian only by a 0-th order term. Let & be an E-valued

space-time white noise, and denote by & its reqularisation as in (2.182)). Then, let ug € C*(E) for
a > —%, let Ce, C! as in (2.195) and (2.196) and let ue solve

A, + APy, = —u€|ue|,21 + 3Ccue — 9Cue + & ue(0) = ug . (2.197)
Then, there exists a (random) T > 0 and u € D'((0,T) x E), where we canonically identify (0,T) x E
with a subset of ©*E, such that u. — u in D'((0,T) X E) as € — 0 in probability.

Remark 2.23.7. The condition that A¥ differs form the connection Laplacian by only a 0-th order
term is not a real loss of generality, c.f. Remark[2.17.3

Remark 2.23.8. It is well known that one can take T = oo a.s. in Theorem see [IMWI7h],
[MW20], [GR25], [JP23][Duc21] & [BDFT23d]. Furthermore, it is well understood that w can actually

be realised as a continuous function u : [0,00) — D'(E).

First, we define a new symmetric nonlinearity

1
H:E® - E, (u1,u2,u3) = 30 Z Ug(1) P (Uo(2)s Us(3)) 5
o€ES3

where S5 denotes the permutation group of the set {1,2,3} C N and study
Opu + APu = —H(u,u,u) + € . (2.198)

We define the edge types:
e kernel types &4 = {Z},

e noise types £_ = {=},
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o jet types &) = {6®)} and & = {67} with the injection ¢ : £ — &

We fix homogeneities |Z| € (2 — £,2), [E] € (-3 — 75, —3) and the naive rule characterised by

R(T) = {|Z)3, [2]}. Denote by R its normalisation. Using graphical notation we write Z = o, denote
an edge of type Z by | and edges of type 6% by 1. Since the nonlinearity is given by a parallel section
of H € L(E®3, E), we shall suppress the §(3) edges in the notation and use the convention that it is

implicitly present, whenever a node has three incident edges from above. For example, we write
sOIEP =w, OsaE)?=v, NE)21E=% ()} =x%.

By exactly the same power counting as for the usual ¢* equation, it suffices to solve the equation

in D7 for some v > 1. Thus, the relevant trees to describe the solution are
7 ={1,1, 7 ¥}
and to describe the right-hand side we use

T o= {o, ¥, ¥, ¥, ¥, B, B, B}

For p € (1,2) we work with the regularity structure constructed in Section Note that this time,
as we are working with a multi-linear nonlinearity, we do not need to identify products of jets, c.f.
Section Denote by Z¢ = (II¢,I'°) the canonical model for the smooth noise &, such that the
abstract Integration map Z realises K;(p,q) := Gi(p,q)k(t)x(d(p,q)/T), where G denotes the heat
kernel of AF.

Finally, we shall work with the subgroup &’ C &_ consisting of elements g, € &_ such that

g(¥) =chf,  g(&F) = 2didp

)

for some ¢, ¢ € R and such that for other 7 € T one has g(7) = e(7), where e € &_ denotes the

unit element. We again write Z¢ := (Z€)%¢t and Z¢ = (II¢, I'°).

Remark 2.23.9. Note that we have incorporated another simplification due to the fact that H is a
parallel non-linearity. A priory g(¥») is a 0-th order differential operator

g() : € (B ® L(E®**, E)) x L(E®**,E)) — C>®(E) .

Only after contracting both sets of indices corresponding to L(E®s3, E) with H one obtains a 0-th order
differential operator C*°(E) — C*(E).

Proof of Theorem[2.23.6, In the setting described above, let 7,y € R such that [2|Z| + 2|Z|| < v < &y
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and —2/3 <n < (|2] 4+ |Z]) A a as well as n < a. Note that the homogeneity of |=| is a priori too low
in order to apply the Theorem [2.16.7| directly, but this can be resolved exactly as in [Hail4, Sec. 9.4]
for the classical ®3 equation. One then finds that there exists a unique abstract (local) solution

U e DY (TZ) of the abstract lift of ([2.198) for the renormalised models Z¢. Then, it follows from
Proposition |2.21.9| that o = RU* solves

Ot + AP = —H(4) +3CH(t® h*) —9C'H (0 ® h?) + &,

which is exactly (3.30). The proof is thus complete once Proposition [2.23.10| below is shown. O

Proposition 2.23.10. The restriction of the renormalised model Ze to 'T<IL: and 72"07: converges as

e — 0.

Proof. This follows exactly as in the proof of Proposition [2.23.2] from Proposition [2.23.12| below. [

Remark 2.23.11. A difference between Propositions[2.23.2 and[2.23.1( is that the latter only claims

convergence of the model restricted to objects relevant for the equation at hand. This is done purely
for convenience, since this reduces the number of stochastic estimates we need to show below. An
appropriate modification of the general results in [CH16], [HS23] would be desirable and is expected to

hold in our setting as well.

STOCHASTIC ESTIMATES

This section is dedicated to proving the following Proposition, which is the combination of Lemma|2.23.14
Lemma [2.23.16| and Lemma, [2.23.17] below.

Proposition 2.23.12. The conclusion of Proposition holds for 7, € T2, ..

We use similar notation as in Section where this time a random variable belonging to the
kth homogeneous Wiener chaos can be described by a kernel in L2(7T*E)®k , where m : R x M — M is
the canonical projection. That is, the space of of square-integrable sections of k space-time variables.

As previously, we introduce convenient graphical notation: Nodes in our graph will represent
variables in R x M, with one special node ® representing the point x € R x M. As previously, the
nodes O represent the arguments of our kernel and the the nodes which we draw as e, represent dummy
variables that are to be integrated out. Each line then represents a kernel, with —— representing the

kernel K ((t,p), (s,q)) := Gi—s(p, Q)k(t — s)x(d(p, q)/T), with ----- > representing the kernel

(K % pe) (21,22) = K(21,2")pe(2', 22)d Vol (2.199)
RxM

for pe(z1, 22) = ¢(t1—t2)Ge2(p1, p2) and ——> representing a representing a localised test function ¢} €

Co°(m*E®Y), for some i € {1,2,3} depending on the context. Whenever we draw a barred arrow ——>
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this represents a factor K (z1, 22) — R(Q<0j«K (-, 22)) (21), where z; and 25 are the coordinates of the
starting and end point respectively. Similarly—+— represents a factor K (21, 22)—R (Q<17+K (-, 22)) (#1).
In the calculations that follow it will be convenient to recall that the heat kernel Gy(p, q) € E|, ® E*|,
satisfies G7(q,p) = Gi(p, q), c.f. Remark Similarly to above we can write

M%) (@)) = ¥+ w7 (2.200)

as well as

/7N
[ =ChP and Py =0 —

A FIRST COUNTERTERM.

0N

Lemma 2.23.13. The section | | of C®(m* E®?) is uniformly bounded for e € (0,1] and converges
\_ ¥

) [
uniformly.

Proof. We proceed as in the proof of Lemma the only slight difference being the fact the £ is
an F-valued space time white noise, instead of a scalar valued spatial white noise. First, fix a local
frame {e,;}80E ¢ E|, and let &, = (1. pepi, E)p € D/(M). Thus, we find writing (¢¢)** (s — s') =
[ ¢°(s = 1r)¢p(s" — r)dr (recall that ¢ is even)

II,.\\\ _ €\*2 !
ST L@
X (/ (Z15E—5+e2 (p, Z)(Tz’pepﬂ')) ® (ZtE_S,Jrgg (p, Z)(Tz’p6p7i)) dVolZ> dsds’ + R¢
B,

- Z €pi & €pi / / (¢6)*2 (S - S/)Zt—8+62 (p, Z)Zt—s’+62 (p, z)desldVOIZ +R,
i R By (p)

where we used that the &; ,(r, z) for i = 1,...,d are independent. Finally, note the conclusion of the

Lemma holds for R€ and

/W / oy F = ) Zr a0 Dy (pr7)dsdsldrd Vol ~C
r\P

converges uniformly in p as € — 0. O

Thus, we find as previously,

IR (2.201)
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Since,

QT L M9
(R ST (2:20)
° °
we also find that
Qf o M0
(ﬂie)t\v)((bi): T +3 \\sfé" ) (2.203)
° ®

The next lemma summarises what we can conclude so far, arguing exactly as in the proof of

Proposition [2.23.3

Lemma 2.23.14. The conclusion of Proposition holds for 7, € Fy (T for
T € {¥, ¥, ¥, ¥} .

A SECOND COUNTERTERM

We introduce the kernel of two variables

P B

Qc=6——0. (2.204)

~o _’
—o—

with the convention that the left green dot represents the variable x; € R x M and the right one

*9 € R x M. Further set

- ~ =
-, ~ -, ~

o:—»:o 1= Cebyy (*1) and o:—>:. = Qc(*1,%2) — Closy (*1) - (2.205)

~o _7 So _

where 6,,( - ) denotes the Dirac distribution at x2 acting on ¢ € D(7*E) by (04,, ¢) = ¢(*2).

Lemma 2.23.15. One has

where the ke € C*° (L(m*E, m*E)) is uniformly bounded for € € (0, 1] and converges uniformly as € — 0.
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Proof. Let us first calculate, denoting the first green node as *; = (¢, p) and the second as x2 = (¥, q)

= Z €p,i ® Tq,pep,i / / (s = 1) (8" — 1) Zy 11— s—sr19e2(p, q)dsds’drd Vol
+ Rj
Writing

Z(E) ((t, p)v (tlv Q)) = /R}" ¢E( T)¢E(sl - T)Zt+t’fsfs/+262 (pa q)dsds’drd VOlz

we define S¢(*1,%2) = VAC) (%1, %2)2Z (x1,%2) and SE(x1, %) = Se(*1,%2)74,p and find

v v
e——e =H (TgpH (s €ips €ip), Tap€ips Tqp€ip) Se(x1,x2) + R5(x1, %2)

= SF(x1,%2) + R5(x1,%2) .

where R (p, q) satisfies || R5||_ 41 /9,, < 00 uniformly over €. Since RSE = SF(x1,%2) — [ Se(¥1,2)dz -

84, (¥2), we conclude by observing that [ Sc(x1, 2)dz — C. converges uniformly as € — 0. O]

LARGER TREES

Note that
¢
o\ C:> /o i /O ’N\\ q O\ C:> /O
\ ’ ’ ! 1 \ ’

3
*
’
Y
.
*
i

o—>-
°o—
o—>-
°—

@)
VN q ok !
| M I 1
\ ; ,’ | I ¢
\ w Z
pm B _Pe% >e<
\ ’ O I/ \
\ \ 4
+ 3 \ | + 6 \ ,/ + 6 \\ /I 5
‘)o‘ \>0K S>e€”
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from which it follows that

?
@) ! @)

o 17 O 1 O *~. O o 7T 0
N7 I [N N s
Ny 7 I I\ \ 1 \ | 7
N ’ ; YU

vp-
*!‘ P )!‘ \).’Q 4 o~ .

—~
=
O
&
&
—~
+ >
N~—
|
y
.
.
~——
N
N
N
+
(@)
—0
e
3
N
N
N
+
w
p
.
.
——
N
\\
O
+
- ~
7/
i

(2.206)

"
x

o—-

@) O

N q /N ! !

| Ny o ! 1

b » ; ;

o> U3 >e<s o>e

| \ ’ @) ’ \\ I/ 1«

\ \ 4
+3 % + 61 S 469 S L A A P

\ £ e \ 7 \ Y
\),i \)T \)f(, \>i‘>

[ J [ ] [ [ ]

where the gray arrow and the 0 in the last digram are to be read as follows: For n € N

represents (RQ<njxK (-, 21)) (22) where z; is the variable where the left arrow starts, and zy is the

variable where the right gray arrow ends.
Lemma 2.23.16. The conclusion of Proposition holds for 1, € Fy (T') for T € {ﬁ@,?‘@}

Proof. Equation together with ﬂgﬁ)fqﬁﬁ = ﬂgf)cﬁﬁn imply the conclusion of the lemma for T = N
by repeated application of the Lemmas in Section exactly as in the proof of [Hail4, Thm. 10.22].

In order to treat the case T = 5, first note that ¥ satisfies by a similar argument as above
the conclusion of Proposition and then note that elements of Fyy () are obtained from it by
multiplication with a jet. O

A LAST TREE

We introduce the following notation. For v € ®p€ um JE, we write

UV WO (2.207)

257



e Fy&% for the element canonically isomorphic to

for the function Rv(x). Then, writing i\fﬁv(ep)

ep € E|, C J,E, one finds that

and thus
e ey
Q é 0 % Jo . €x o § &
h o 4 > 3 \\).‘i‘r‘é o \\‘:"ss
O NN PSS 2.208
( * (6*))(¢*) - \* ’ + \\ “/ + \)‘ “/ + \\~)“| ( . )

o> %
,
o—"
o
°—

Next we find that for the canonical model
Flep) =I5 ey =T (Viry o) = Vien) — R Qi KTV (41, o) — TV,)))
115) Q<ojp K (I<P(c,)) (p)

(QSlng(HEW(QOFq,p%)

GG
— (T, —

=T (e, o) = Viep) = B

— R(Dyp —id) (Q<ojp K (¥ (.,)) (p)

~1I,)))

And therefore
R (Q<1jo K(IIV(gor, ep—e,))) - (TI))

Igre, C{Sﬁ‘(ep -1 “@(ep))

TGP, — P,y =1 (B, o) — Briey)) —
(

9~ q,p

— (%) - R(Typ — id) Q<ojp K (I1V )
(HZFZ ﬁ@(em —Hfa{%(ep))g
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We suggestively define

(GG e,) = IGe,)) = (H ‘V”) - R(Tgyp — id) Qojp K (IL (V) (2.209)
and set
(T p e,y — I,)) 4 = TETG ) — T8,
= (55,8, — L%, 5-
Since
Fo*’pepieé; F*‘pepieé .F*,pEp—ep
N \é/ ’ )%// |\\ N .i
Q o) ~ @) Q o)
A \\ // o // \\ //
(Hil—\*,p$}(6p) - HLZ@(%))A(Qb*) - \*i“/ + 4 \\\)i‘/ + \)‘i“/
°® ° °
o CIT*,pe;D*EP I.F\*’PEP*Ep Pepep—ep
\\4‘:);5‘ ‘\\ A\;,lé
/o\\ L) /o\\ >e /,).(\\
+ \\ \l} + \\ \l + 2 .(\ ). 5
\’f‘ \’;f‘ \),.r(/
° °® °
we find that the latter term is given by
Lx,pep—ep Lx,pep—ep Ty pep—ep
Q é e Je) PN é
“re 1+ e by O\ I /O //). /O O\\). ,O
(T o)) —THB,)) al02) = L7 +4 % St % (2.210)
([} [} ([}
o CIT*,pep—ep ; E‘f pep—€p Fepep—ep Fepep—ep
o~ \\4\é§ 0~‘\\>°;“‘§ e >§
+) +} +24 | r2di
RN Yo% S>e<” NG
° °® °® 0>

Lemma 2.23.17. The conclusion of Proposition holds for 7, € Fy ().

Proof. The desired bounds on (ﬂf)ﬁ@(e*)) () follow from (2.208) as in the proof of Lemma [2.23.16

In order to establish the desired bounds on

(51 p B, — T, (02)

*
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we estimate (2.209) and (2.210) separately. Indeed, the former is treated easily using the bounds

already established in Lemma [2.23.14] since it only involves a product of a smooth function with a
distribution. For the latter, note that for all terms in the Wiener Chaos decomposition except

F*7p6p76p thepfep
/’)§(\\ //)1
€ )\ _ L] \o .I l
Ped =<4 | b+ L1\ (2.211)
‘)f(’ ‘)is
[ ] [ ]

one can argue as for the terms in (2.208)). In order to treat this last term, let us introduce the following

notation:
o f(2) = R(T«pep — ep) (2), which satisfies | f(2)| < ds(z, %)%
2

)

-
-,

[ Kg(*l,*g) :.:

\\ -
—e—

and note that (2.211)) is given by

/ Ke(, 2)K (10, 2) [ (2)N@) — K0, 2) K (&, 2)7e 0 f (1) () vl
RxM JRxM

~

:o , which satisfies K€(*1,%2) < dg(*1,%2)~

Pe(9) =
- / K@, )R (QeujuK (- 2)) () f(2) 6 () dudz
RxM JRxM

+ /R B /R k) ()0 w)dads.

Clearly [o. as Jrsas |Fe(@) f(2)$2(2)|dzdz S A%, so we turn to the other term. On the one hand, first

integrating over x € R x M one finds uniformly in ¢ > 0.

/| iy (K@K @20} — K@ DR Q1K (2) (0)f(:)02(@) ) dud:

- / K, 2) K (2, 2)7s 0 f (1) (2)ddz
|m|<%d(z,z)

|Q<2iy K (-, 2)I| £ (2)]| 62| ded2

~

<[ @ ? s
|z|<5d(z,2) ly|<5d(x,2)

+/ K(2, 2) K (2, 2)72 0 f(2)0 ()| dd=
|x|<%d(x,z)

SJ )\507%
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Similarly, integrating first over z

/| iy (K@K @20} — K@ DR QK (2) (0)f(:)02(@) ) dud

- / K, 2) K (2, 2)7s 0 f (1) (2)ddz
|x|<%d(m,z)

<

/ iy K @K@ () = 7eaf (@) ) (x)dadz

b IR @ ARQai K () (0f ()6 ) dads
|z|> 5 d(z,z2)

S

O]

Remark 2.23.18. Note that in order to estimate (2.211]), we needed to leverage positive and negative

renormalisation for the set of edges connecting the same two vertices. Thus, estimating this diagram

falls outside the scope of (naively) applying Theorem |2.24.8.

Remark 2.23.19. Note that the scalar gb§ equation can essentially be treated as in [Hail4)] by working
with the choice of admissible realisation such that Rj,1 =1 for all p € M, since then ﬂgf;piﬁ(jpl) —
H;?@(jpl) =0.
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2.23.3 THE ¢} EQUATION.

Let

C:\)]’l — (z)e(t — S + T')(bﬁ(t — S + T)ZS+S/+2€2 (0) deS/dT y
R3

and

1
C:\f’,2 ——

3 ) P(t—s+1)o(t —s+71)(s+8 +2€) Zyyi0:2(0) dsds'dr .
In order to define the remaining counter terms, we us graphical notation, with — representing Z,
————— > representing the kernel Z  p. for p(t,z) = ¢(t)Z2(z). The special node ® represents 0 € R,

while « represents a variables in R® to be integrated out. Set

N
Cl_gt kT
€ ",/ € \./ € i/,
[
Finally, set
G, = (¥, c¥2,c%, % c¥) e 3. (2.212)

We shall prove the following theorem.

Theorem 2.23.20. Let M be a compact four dimensional Riemannian manifold, & be space time white
noise on M and &, its reqularisation as described above. Let ug € C*(M) for a > —1 and denote by A
the Laplace—Beltrami operator and by s : M — R the scalar curvature. Then, for C. as in ([2.212)) and

Ue solving
Outte + A = w2 — OV — 0¥ _ac@y —a0% 0 Lo w(0) = up s (2.213)

there exists a (random) T >0 and u € D'((0,T) x M) such that uc — u as € — 0 in probability.

Remark 2.23.21. Note that for this equation one expects that the maximal existence time of the

solutions is a.s. finite.
We proceed as by now standard and define edge types
o & = {1},
i
o & = {07} with the injection ¢: &, — &
e Since the equations is scalar valued and the non-linearity parallel, we suppress the 58 type edges.

—_

We fix homogeneities |Z| € (2 — {5,2), |Z| € (—3 — {5, —3) and the rule characterised by



Again suffices to solve the equation in D7 for some v > 1 and thus, using again graphical notation

where = = o, 7 is written as | and 67 as 1, the relevant trees are
7= {7, %1}

and

LA A AR A NS

Counterterms are only needed for negative subtrees with an even number of noises, namely 37, &, €,
{. We denote for
C = (@, %2 0% o oy o po

by g& € ® the element such that gs(%°) = eV 4 V2, ga(t) = C7 for 7 € {qg{’;:, Y, 5)“} and
95(T) = e(T) for any other negative subtree 7 € T_ \ {‘V’, %,W,&} . We denote by &’ C &_ the
subgroup generated by these g& € &_. Denote by Z¢ = (II°,I'°) the canonical model for the smooth
noise &, such that the abstract Integration map Z realises K;(p, q) := Gi(p, ¢)x(t)r(d(p, q)/T), where
G denotes the heat kernel, and such that the admissible realisation has the property that R(j.1) = 1.
We again write Z¢ := (Z€)% and Z¢ = (II¢, I'°).

Proof of Theorem [2.25.20. In the setting described above, let 1,7 € R such that —1 < 7 < a and
|IE] + ||| < v < do. Note that this time the homogeneity of || and || are too low to apply the fixed
point theorem [2.16.7| directly. Fortunately, this can again be resolved in [Haildl Sec. 9.4]. One then

finds that there exists a unique abstract (local) solution U¢ € DY (TZ) of the abstract lift of
o — Au=u?+¢

for the renormalised models Z¢. Then, by Proposition [2.21.9( 4 = RU€ solves (2.213]). The proof is
thus complete, once the analogue of Proposition [2.23.10| for the model Z¢ of this section is shown,
which in turn follows Proposition [2.23.22] below. O

STOCHASTIC ESTIMATES

In this section we prove the following proposition.
Proposition 2.23.22. The conclusion of Proposition holds for T, € T, . whenever a < 0.

Throughout this section, we use (essentially) the same graphical as in Section [2.23.2, Thus, we
write

L =0 0V 2s(x) and L = - .
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Lemma 2.23.23. The section | | of C*(R x M) is uniformly bounded for € € (0,1] and converges

N _ ¥

uniformly.

Proof. We proceed as previously and find that

H(e)?(t,p) = /R<€’ ¢E(s - ')Gt78+62 (p’ '>>I{(t - S)dS + Te(tap)'

Therefore,

/.\

\

= L] s 6 = s G e (. IR(SIR(S s dr + R
RS JM

\_ ¥
[

where R, satisfies the conclusion of the lemma. Thus, the lemma follows from Theorem [2.17.5 O

The Lemma follows from a simplified ad verbatim adaptation of the proofs of Lemma[2.23.13]|&[2.23.15]

Lemma 2.23.24. The smooth functions

(——.7.
0<————o
7
0 <-——-o
|
<

~
RN
vl
.
2
<
(NN
.
-

are uniformly bounded for e € (0,1] and converge uniformly as € — 0. Furthermore, denoting the
variable corresponding to the higher green dot by x1 and the one corresponding to the lower one by xo,

one has

N

[ R .K\ &

L 5= 50 = Ok (x1) = RQe(*1,%2) — ke(%2) 0y (x1)

] '

where the k. € C*°(R x M) is uniformly bounded for € € (0,1] and converges uniformly as e — 0.

Proof of Proposition [2.23.23. We proceed exactly as in the proof of Propositions [2.23.3| & [2.23.12] The
term (ﬂie)%") (¢}) can be treated exactly as in the estimate of the analogue term in Proposition [2.23.3

We next study the Wiener Chaos expansion of

(M%) (62),  (IEF)(62),  (T1S%) (42) -

Since
'k/O ¥ e k"o
AR ORI At 8
(156) (@) =d_o+do o2k
Ne NN
we find that
-0 L7, k,¢O
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We observe that all three trees can by bounded straightforwardly using the estimates of Section [2.24.1

Similarly one finds that

Q 9 Q9 & Q9
A \vl \./ W V¥
(M) () = " +25 .~

! !

L]
Q o N
\ Y i

R
NN Y

L] { ] ] .L .k// \\‘
+4 N + N +2\./

! ! !

U

I SN
Y---

and thus

In order to estimate the term

we apply Theorem [2.24.8] while the other terms are easily bounded using the estimates of Section [2.24.1

Next note that

.k—’o o TN .k/o k”o .‘//OO o"/7 "7
o e I NGO\ T
(%) (@) = 77O+ 1970 4 te 4217 42t JF +27\:+ ™.
e<--0O i(——o i" i e<--0O i/ i/ i"/’.
\. \. \. \. \. \. \.
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and thus

O e -0 -0 -0 .
"o I"’/ I“‘O I“‘O IY\:. : Cl>
A g | Y
(%) (62) =1 O+ 17O + I~ + [~ +2] +27 S
e<--0O i(——o i‘///. o‘//,. e<--0O t/
\o \o \o \o \o \o

\

+
L X3 " >0
VA
+
o(——[:D-——->
+
/ ’\\\ //ﬁ
° .
+
° .

.0 L
o::\ ¥ CI)
| o W
: T/’ , (2.215)
b

A and
-
.K
°

while the remaining terms can again be bounded using the estimates in Section [2.24.1] The bounds on

/

() (0),  (IE%%)(82),  (T19%6)(42),

follow straightforwardly, where for the last term we use that admissible realisation satisfies R(j.1) =
1. O

Remark 2.23.25. Let us observe that the trees appearing for the ¢3 equation are formally identical to

those for the KPZ equation and the power-counting is also similar.

2.24 KERNELS WITH PRESCRIBED SINGULARITIES

Throughout this section we fix vector bundles (E?, V¥ (.. -Yg) and (F?, V¥, (-,-)F) over M for i € N.
A smooth kernel K € C*®°(F ® E*\ A), where A C M x M denotes the diagona@ is called of order ¢

if for any for m € N

K¢ := sup sup ds(p, )" |jpgKx < +o00 .
k<mp,qeM

2.24.1 KELEMENTARY ESTIMATES

In this section, we collect the analogue estimates to [Hail4l, Section 10.3], the proofs of which adapt

mutatis mutandis.

52Throughout this section, we shall use the lighter notation F & E* \ A to denote the restricted bundle with base space
M x M\ A.
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Lemma 2.24.1. For i = 1,2 let K; € C®(F® & (EM)*\ A) be supported on {(p,q) € (M x
M)\ A | ds(p,q) < 1} and of order {;. Then, up to the canonical isomorphism (F(l) ® (E(l))*) ®

A~

(F(l) & (E(l))*) ~ (F(l) ® F(2)) & (E(l) ® E(Q))* ’
K1 ® Ky € C% ((F<1> ® F®) & (EW @ E@Y*\ A) .
Furthermore, there exists C > 0 such that
151 @ Kalllg, 4+ cpim < ClEg, i 112 gy -

Lemma 2.24.2. Fori = 1,2 let K;11; € C°(EWD & (EMD)*\ A) be supported on {(p,q) € (M x
M)\ A | ds(p,q) <1} and of order ¢;. If (1 A (2 > —|s|, we write

K30 % Ko1(p,q) 32/ K3 2(p,2)K21(z,q)d Vol, ,
M

where K32(p, 2)K21(2,q) € (E(3) ® (E(l))*) |p.q is obtained by contracting the factors in (E®))* and
E®). Then, K3 % Ky1 € C® (E(3) & (EW)*\ A). If furthermore ¢ := (1 + (2 + |s| < 0, then

1532 % K21

lem < ClHE ey I gy -

If( €Ry\N, then Kzox Ko € CIE® & (EW)*\ A) and

Ka1(p,q) i= Koo+ Koa(p,) = R (i0Kaa(,)) ()

satisfies

155 1l < ClELg, 1

llgyim »

for m =mV ([C] + max; s;) for any admissible realisation R.

Definition 2.24.3. Let —|s|—1 < ( < |s| and K € C®(F@E*\A) of order ¢ such that supp(K (p,-)) C
By, (p). We define the renormalised operator RK : C*°(E) — C*(F') by

RE(p) = /M K(p,2) (8(2) — 72p(p)) d Vo, .

Lemma 2.24.4. Fori = 1,2 let K;11; € C°(ED & (E®)*\ A) be supported on {(p,q) € (M x
M)\ A | ds(p,q) < 1} and of order (;. If —|s| — 1 < (o < —|s| and —2|s| — (2 < {1 < 0, then

REKs0 % Kap € C (E<3) & (EWy*\ A) ,
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satisfies for C =0 A (C1 + G + |5]),

IR K32 * K21

lem < Oyl

llgysm >

for every m > 0 and m = m + max; s;.

Lemma 2.24.5. Let K € C*°(F @ E*\ A) be supported on {(p,q) € (M x M)\ A | ds(p,q) < 1} and
of order . If M = M has constant scaling, set p. = G2, while if M = R x M has scaling s = (2,1) let
pe be given as in (2.199). Then, K. := K * p. has bounded derivatives of all orders and

g Keli < C(ds(p,a) + € IIKll -
Finally, for ¢ € [¢ —1,¢) and m > 0, one has the bound
1K = Kelllz < <MKl »

where m = n + max; §;.

Lemma 2.24.6. Let K € C*°(F @ E*\ A) be supported on {(p,q) € (M x M)\ A | ds(p,q) < 1} and

of order ¢ < 0. Then, for every o € [0, 1], one has the bound

(K (21,2) = To 2 K (22, 2)| S d(21,22)*(d(2,21)° + d(2,22) ) | K|

C?m,

where m = sup, §;.

2.24.2 A HAIRER—QUASTEL TYPE CRITERION

In this section we state a non-translation invariant weaker version of [HQ18, Theorem A.3] which is

sufficient to estimate the terms in (2.214]) and (2.215)). Let us first recall the setting: We are given a

finite directed multigraph G = (V,E) with edges e € E labelled by (a.,r.) € Ry x {0,1}, and kernels
Ke: M x M\ A — R compactly supported on {(p,q) € (M x M)\ A | ds(p,q) < 1} and satisfying
[ Kelllq,.0 < 0o. We assume G contains M > 0 distinguished edgeﬁ €x,1, .- Ex, M connecting x € V
distinguished vertices vy 1, ..., Vs, pr. We write V, = {x, v, 1, ..., 01} Vo = V\ {x}. For e € E, we write
(e—, eq) for the pair of vertices such that that e is directed from the vertex e_ to ey. For simplicity@
assume that for any pair of vertices vy, vo there exists at most one edge connecting them such that
re = 1.

Then, we define a new fully connected directed graph G = (V, E) where for each edge e € E the

label (G, re) is the sum of the labels over all edges directed from e_ to e (with the empty sum being

53The green arrows in Section
54Tis is not needed for the argument but generally satisfied for diagrams appearing in regularity structures.
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understood to be 0 and K, = 1 for all such newly added edges).

For a subset V C V we call
e E'(V)={e€E:enV = e_} outgoing edges,
e EY(V)={e € E:enV =e,} incoming edges,
e Eg(V) ={e € E:enV = ¢} internal edges,
e E(V)={e€E:enV #(} incident edges
and write B4 (V) = {e € E(V) : . > 0}, El. = E, NE' and ! = E, NE.

Assumption 2.24.7. The resulting directed graph (V, IE) with labels (Ge,7e) satisfies re = 0 for all

edges connected to x or connecting two elements of Vi. Furthermore assume the following.

1. For every subset V C V of cardinality at least 2,

S e < (V= (2.216)

eE]Eo (V)

2. For every subset V.C V containing O of cardinality at least 2,

Y aet Y (aetre—1)= > re<(V]=1)s]; (2.217)

e€lo (V) ecl] (V) eclt! (V)

3. For every non-empty subset V.C V\ V,,

ST bt Y re— Y. (re—1)>|V||s|. (2.218)

ecB(V)\E! (V) ekl (V) €Y (V)

Next, for edges e € E such that r. = 0 set Ke(p, q) = K¢(p,q) while for edges e € E such that
re = 1 set K.(p,q) = Ko(p,q) — Ko(*.q) and let

¢*a /MVO HK TeysLe_ H¢)\ -’L‘v*l dVOl

Theorem 2.24.8 (Theorem A.3 [HQ18]). Let G = (V,E) be a finite directed multigraph with labels
{ae,Te}teer and kernels { K. }ecr with the resulting graph satisfying Assumption and its preamble.
Then, there exist C' < oo depending only on the structure of the graph (V,E) and the labels r. such that

I%(px, K) < ON ] 1Kellavsz » (2.219)

ecE
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for 0 < XA <1, where

a=s[V\V,| =) a. (2.220)
ecE

This theorem is a simpler version of the one in [HQ18], so we shall only outline the (minor) changes
necessary to adapt it to manifolds. One first introduces ¢ : R — [0, 1] supported on [3/8,1] such that
for (™ (s) = ¢(2"s) one has for every s > 0

ng(")(s) =1.

nezZ

Then, for n € N3 and an edges e € E such that 7. = 0 set

(k) 7 —
A 90 (d(p7 Q))Ke(pv Q) lfl _m_O ’
K& (p, q) =

0 else.

One observes that the analogue of [HQI18, Lemma A.4] holds. If r. = 1, set

K™ (p,q) = ¢®(d(p, 0)) e (d(x, )™ (d(%,0)) (Ke(p, q) — K (p, ) -

After possibly enhancing the edge set E to include for any (v,w) € V2 an edge e from v to w and

setting K. = 1 for such edges, define for n : E — N3

f((n)(:n) = Hké%)(xe,yl'e+) .
ecE
One observes that if we set Ny = {n E— N3 27 <\ } it suffices to show that the absolute

value of

FK)= > , K™ (2)d Vol,
neN, M¥o

is bounded by the right-hand side of , see [HQ18, Lemma A.7].

At this point, we can apply the multiscale clustering argument in [HQI8| essentially ad verbatim,
even with the further simplification that in our case the naive bound of [HQ18| Section A.4] is sufficient.
Let us therefore only recall the main cornerstones of that argument. To every configuration z € MV
one associates a labelled binary rooted tree (T',1) where the leave set Ly of T is given by V and the
inner nodes T° = Np \ Ly have a labels

1:T° =N

satisfying the following properties.
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1. The labels are order preserving, i.e. for inner nodes v,w € T°,

v>w=Iv) >1l(w) .

2. For every v,w € V, one has
2—l(v/\w) < dﬁ(-fmxw) < |V|2—l(v/\w) ’

where v A w € T° denotes the largest common ancestor of v and w.

After defining NV (7T,1) and Ty(V) as in [HQI8| Definition A.8] and right thereafter, it follows by the

same argument as for [HQ18, Lemma A.13] that

s Y Y ‘ K@ (z)dVol,| . (2.221)

(T)ET (V) neN(T,L)

Next, it follows as in [HQ18, Lemma A.15] that for n: T° — R given by n(v) = |s| + > g 7e(v), where

ne(v) = _deleT(U) + Te(le+/\0<v) - 1e¢ (v))17‘6>0,e+/\0>e¢

+ (1 —Te — de)(le,/\()(v) - 16T (U>)1Te>0,e,/\0>eT ’

with 1,(v) =1 and 1,(w) = 0 for w # v, one has the bound
(H 2~ W') sup|K (@) S I 27" (2.222)
veT® veT*°

Finally, combining (2.222)) with [HQ18| Lemma A.10 & Lemma A.16] concludes the argument. Note
that we do not consider any negative renormalisation here and therefore we can omit the considerations

of [HQ18, Section A.5].
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CHAPTER 3

SOME VARIABLE COEFFICIENT SPDESs

The analytic machinery of [Hail4] applies to non-translation invariant SPDEs and only the second part
of [Haild] and the articles [BHZ19] [BCCH20] and [CHI6] make significant use of translation invariance.
It was shown in [BB21] that preparation maps introduced in [Brul8|] are compatible with the use of
renormalisation functions]l| The results in Chapter [2] automate all of the work for a local solution
theory to subcritical equations of the form except for the identification of the “correct” finite
dimensional renormalisation procedure/group, see the discussion in Section and the stochastic

estimates on models.

3.0.1 SCALING HEURISTICS

We first explain how classical scaling heuristics (often) suggest the correct renormalisation functions,

starting with the example of the ¢}-equation for d € {2, 3} formally given by
(0= V- A()V)u =~ +¢ ,

where ¢ denotes space time white noise. Indeed, formally writing @*(t, z) := A¥?~u(ty + \*t, xg + A\z)

as well as A (t, ) = A(to + A%t zo + Mx) and EMt, x) = A¥2H1E(tg + N2t, zg + \z) one finds that
(8 — V- AAV)ad = \230/2=0g3 4 e

Since g“ is again a space time-white noise and since A* — A(zo,to), as A — 0 this suggests that close

to (zo,to) the solution u should be well approximated by the solution Z(z0:to) ¢

(8 — V - Az, t0)V)2@0t0) = ¢ .

!The renormalisation function suggested therein [BB21] Eq. 3.15] does not correspond to the ones used in this chapter
and, there, convergence of models is not considered.
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Finally, writing Z for the solution to (8; — A)Z = ¢ and D(z,t) = | det(A(z,t))|~"/? one formally finds

E[(=7040))?]

that e

= D(xg,to) which for d = 2 suggests to consider the family of equations given by
0 —V-AO)VIu= -1 +3a"D(, thu+¢, oV eR.
For d = 3 the above argument combined with the main result of [BCCH20] suggests to consider
(0 =V -AV)u = —ud + (3avD(:1:,t) — 9aQ§JD(:1:,t)2) u+&, a(v, af\k& eR,

with the second counterterm corresponding to a logarithmic divergence.
The same argument also suggests the correct right hand side for the g-PAM and KPZ equation
(where for the former the scaling changes slightly, as one is only working with spatial white noise), see

Theorem 2:23.1] and Theorem [3.3.6

Remark 3.0.1. While the heuristic just described works for the not “too singular” equations above, it

fails in more singular settings such as for the ¢3 equation, see Remark .

Remark 3.0.2. Note that on the torus equipped with a non-standard metric g = g; ; the Laplace-

Beltrami operator N9 is given by
N f =g 0u0;f — ¢* TS

Taking that point of view, the fact that in this article one needs to choose renormalisation functions
while for the analogue examples in Chapter [ renormalsiation constants were sufficient stems from
the fact that white noise for the flat metric differs from white noise with respect to the metric g by
exactly a multiplicative factor \/m . Thus, the choice of counter-terms advocated here, at least for
the g-PAM, ¢3 and qb%—equation s the unique choice consistent with the intrinsic solution theory in

Chapter[3.

STRUCTURE OF THE CHAPTER

In Section [3.1] we recall the classical paramerix construction of heat kernels I' associated to the
linear part of , c.f. the bibliographical remarks in [Eri08]. We focus on capturing precise enough
asymptotics of I' close to the diagonal, in order to identify canonical renormalisation functions. In
Section we check that the constructed kernels fit within the framework of regularity structures and
consider the continuity of the abstract solution map with respect to the coefficients of the differential
operator.

Then, in Section [3.2.1] using mollification based on the heat kernel the “correct” renormalisation

functions for the g-PAM, ¢* and the KPZ non-linearity are identified. In particular, we note in
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Remark |3 that for the more singular ¢} equation the scaling heuristic of Section 1) does not
apply. In Section [3.2.2] we argue that for the equations treated here more general regularisation schemes
are also applicable, yielding counter-terms of the same form.

Finally, in Section “solve” the equations mentioned above. This section is short since the
existing literature, in particular [Hail4], [BB21] and the results of Chapter [2| supplies all necessary

results not already established in the previous sections.

3.1 HEAT KERNELS

In this section we recall the construction of the heat kernel of differential operators on R4+ of the form
L =0 — Za”xt Zb z,t)0; — c(x,t) (3.1)

following Avner-Friedman [Fri08, Chapter 1] and collect some of the properties needed here. Without

loss of generality, assume that a; ; = a;;.

Assumption 3.1.1. There exists constants Ao, \y > 0 such that for every z € R and ¢ € R? we

have

Ml¢P < aij(2)6i¢ S Ml¢l?
and the coefficients a; ;, b; and c are smooth and have globally bounded derivatives.

Remark 3.1.2. Note that Lipshitz continuous coefficients (with respect to the parabolic distance)

are sufficient for all considerations of this section, except for the second claim in Proposition

Remark[3.1.7, Lemma[3.1.9 and Section[3.1.9 as well as Section [3.1.3

Remark 3.1.3. The argument outlined here is carried out in [Fri08] keeping sharper track of the

continuity assumptions on the coefficients.

We shall write a*J for the entries of the inverse matrix A~! of A. We define
Lior) (9 =0)
, z . _ {t>1}
Zaj 2)Gi G, w (%h(ﬁ)—mexp <4(t—7')
and C(z) = (47)~ Y2 det(A(z)) /2, where

1 ift >,
1{t>7’} =
0 else.

The fundamental solution of the differential operator with coefficient “frozen” at z = (¢, 7) € R+ is
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given by
Z(z,t;¢,7) = O (¢, mw (a,8:¢,m) = C(¢, w7 (@ = ¢t = 70,0) . (3:2)

and one has for any Aj < Ag and p € [0,d/2] the estimate

2(p — d/2—p 2(p —
(ot = (¢ = 1) (07— Oy (TS ) e (-GS '

St =)Mo — ¢ enp (- NEZCEY (3.3)

One finds the following identity

LZ(z,t;¢,7) =Y (aij(x,t) — ai (¢, 7)0:0; 2 (2,1, 7)

i’j

+ D Bil@ DO Z(w,85:¢,7) + e, ) Z (3,85, 7)
and thus in particular for any u € [0, d/2],

L2(eti6,7) % (=) Mo — o] 4 e (2240 (3.4

Next, for v > 1 recursively define (LZ); := (LZ) and

t
Dnaticn) = [ [ 12t L2)0.0:¢7)ndo

as well as Zp := Z and

(x,t;¢,T) / / (x,t;m,0)(LZ),(n,0;¢,7)dndo . (3.5)

The next lemma collects some properties of these functions and is contained in the discussion around

[Fri08, Eq. 4.14)].

Lemma 3.1.4. For any A\ < Ao, there exist positive constants Hy, H such that

(L2t < T 1yt e (-0l E)

I'(v) 4(t — 1)
and
HoH” .\ aje Agle —¢P?
| Zy (2, t;:¢,7)] < T(m )(t T) exp = ) (3.6)
Corollary 3.1.5. In particular one finds for Z>, := any Zy, that
* 12
Zosle t:C) S (- 7)o (- B CEY (3.7
= 4t —7)
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The following is the content of [Fri08, Ch. 1, Thm. 8 & Ch. 1, Section 6 & Ch. 6, Thm. §]

Proposition 3.1.6. Under Assumption the (unique) fundamental solution of the differential
operator (3.1) is given by

D(z,t:¢,7) ZZ:rtC,

Furthermore, for a,a’ € N%, b,/ € N

* 2
e o N T s e
,a’\b, — T

Remark 3.1.7. By proceeding exactly as in the proof of [Fri08, Ch. 6, Thm. 8] one finds that there
exists H > 0 such that for a,a’ € N%, b b € N

’ ’ HY _ ’ ’ )\*|x <‘2
a qa’ 9bqb . _ \v—(la|+|a’|+2b4+2b"+d) /2
ZI/ y Uy 6y <a a’ bbb’ .
|030¢ 0,07 Zy(2,t5¢,7)| Sava b ) (t—7) exp < 2=7)

As a consequence the same bound, up to multiplicative constant, holds for Z>,.

Corollary 3.1.8. For 7 < o < t the following identity holds
Dati€r) = [ Plovtiy o). 036 ) dy (38)
Rd
Proof. This follows directly from the uniqueness of the fundamental solution. O

3.1.1 BEHAVIOUR CLOSE TO THE DIAGONAL

We write

Re R RY 2 —z 4+ 2 (3.9)

for the map reflecting at the point ¢ € R% and observe that
Zo(Re (), ¢, 7) = Zo(x, £;¢,7) -
Lemma 3.1.9. One can write Z1(z;2) = Z1(z; Z) + Ri1(z; 2) such that Z satisfies
Z1(Re(x),t:¢,7) = —Z1 (2, t; ¢, 7), (3.10)

as well as the same upper bound (3.6) as Zy (with possibly a larger constant) and Ry satisfies the upper
bound (3.6) for v =2 (with possibly a larger constant).
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Proof. We find that
Z1(,t:¢,7) // (2. t5m,0)(LZ)1(n, 03¢, 7) di do
-3 / [, 20t50.0)0s50.0) = 0156, )03 200,036 7) dy o
ij 7T

t
+§;/T /Rd Z(x,t;n,0)Bi(n,0)0:Z(n,0;¢,7) dndo

t
+ / / 2, tim,0)c(n, )2 (0,0 ¢, 7) dy do
T JRA
:Zl(xa t; Cv 7—) + Rl <1‘7 t; Cv T)

where Z := D i 7+ >, Zi for

Z0a.6r) = D ks (6710 / [0S @t )= 0100,2(0,36.7) d do
74167 =060 [ [ w8 im0z, 01¢, ) dndo
T JRd
and
=Y RY¥4+Y R+ 27
ij i
for R% = (7% — ZW), R' = (Z' — Z') and
Zl I‘tC, / / l‘t?’], (777 ) (naU;C7T)d77dU'

At this point one sees that Z; and R; satisfy the properties claimed in the lemma. O

3.1.2 ADJOINT KERNELS

The (formal) adjoint operator of L is given by

=0+ ) ai ()00 +Zb* 2,1):0; + (1)
7‘7
where b] = —b; +23; 0ja;; and ¢* = c— 3, 0;b; + 3, ; 0;0;a; ;. Its fundamental solution (back-wards
in time, i.e. for ¢ < 7) can be constructed in essentially the same way as the one for L and is then
given by
(z,t;¢,7) ZZ* z,t,C,7)

where

C(G )1y, A G
Zy(x,t; ¢, 1) = WGXP (M)
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and Z(x,t;¢,7) is defined analogously to (3.5) for v > 1. It is the content of [Eri08, Thm. 15] that
one has the identity
F(C,T;$,t) :F*(l',t; CaT) . (311)

For later use we define for i € {1,...,d}

Xt —2)

I
ZO;i(na T; Ilf,t) = 2(t — 7_) ZO (777 ) {L‘,t) .

Lemma 3.1.10. One can write Oy, Z§(n, 75 x,t) = Zo,i(n, 752, t) + Rai(n,T; x,t) where

* — )\*‘.’L' — 77’2
i) 5 (2= 7) 9 2exp (-1

Proof. One finds that

>u(at! +a)(n — 2)i + (0 — @), (G0, Az, 1)) (0 — @)

aﬂUzZak(n?T?x?t) = - 4(t—7') ZS(UaT;%t)7
thus the claim follows by observing that
Soy(at +d(n—=) .
ZO;’i(naT;x7t) = =L 4(t—7‘) ZO(na T;x’t)
together with an estimate as in (3.3)) . O

3.1.3 OPERATORS DEPENDING ON A PARAMETER

Consider the situation where af:j (z,t), b)(z,t) and c*(z,t) depend on a parameter A € [0,1] and

consider the fundamental solutions I'* = Zuzo Z as in Proposition to the differential operator
LN =0, =) api(z,)0:0; = > b (x,4)0; — MNa,t) .
i i

The following proposition is a well known and follows as direct consequence of the construction in the

previous section, c.f. [BGV03, Theorem 2.48] for a similar result in a slightly different setting.

Proposition 3.1.11. Under Assumption assuming furthermore that for each (zg,to) € R!
the map A\ — (af:j(mo,to),bf‘(:zg,to),c’\(:no,to)) is continuously differentiable and that the functions
%az’-\,j, %bf‘, 8%0’\ are bounded with bounded derivatives (with respect to (z,t) € R¥1), it holds that
for each z # Z the maps

A=TXNz,2), Ao Z)z,72)
are continuously differentiable for each v > 1 and the kernels B%F)‘, C%Zﬁ and their derivatives (in

2, %) satisfy identical upper bounds (up to multiplicative constant) as T respectively Z)).
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Proof. One first checks differentiability in A and upper bounds on Z* and L*Z* (including (3.3)) and
(3.4)). Then, the stated claims on Z; follow by direct computation as for Lemma, Thus, by

summability the claims about I'* follow as well. O

3.1.4 KERNELS IN REGULARITY STRUCTURES

The aim of this section is to check that the kernels constructed above fit into the framework of regularity
structures and to establish continuity bounds with respect to the kernels. Thus, throughout this section
we assume familiarity with the content of the of the article [Hail4] up to and including Section 7. The

following definition captures the content of [Hail4, Assumption 5.1].

Definition 3.1.12. Let K : R4 x RIFI\ A — R be a kernel which can be decomposed as K(z,2') =
> >0 Kn(2, 2") where each Ky, is supported on {(2,2') : |z —2'||s < 271 On the space of such
kernels KC, we define for L, R € Ry, the norm || K||g.r r as the smallest number C such that there exists

a decomposition K =Y K,, for which the following bounds are satisfied:

o For any multi-indices ki, ko satisfying |ki|s < L, |k2|s < R it holds that
|DFDE2 K, (2, 2')| < C2Uel=BIkiletkals) (3.12)

uniformly over n >0 and z, 2’ € R,

o Let KFk2 = lel D§2Kn, for maximaﬂ elements
ke {ke N |k, <L},  koe{keN™*' .|k, <R},
it holds that

Kok ko
|[Kp"™ (2 4+ h,2') — Kpt" (2, 2)] < Oollsl=B+L+kals)

sup

|1 le<1 |h1|5L—|k1\s
1,k K1,k
[Kn""™ (2, 2" 4 ha) — Kn"™ (2, 27)] (Is|—B-+1k1|e+R)

o | | I2le =2 ’

2 s<1 2ls b

as well as
s | K™ (2 4 ha, 2/ + ho) — KRV™ (2 4 ha, /) — KRV (2,2 + ha) + K3V™ (2, )]
|h1|5,|h2|5<1 ‘hllsL_“ﬂIs’hQ‘f_“ng

< C2Usl=A+L+R)

uniformly over n >0 and z, 2z € R,

Zwith respect to the canonical partial order on R4 +!
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e For any multi-indices ki, ky satisfying |k1|ls < L, |kals < R it holds that

| | (z= 2Dk K, (2,2 )dx| < C27P" (3.13)
R4

uniformly over n >0 and z, 2’ € R,

Finally, we define the vector space ICQR ={K € K : ||K|grr < +00} equipped with the norm

- 1lg;L.R-

Note that, while in [Hail4l, Assumption 5.4] it is assumed that the kernels K, annihilate polynomials
up to a certain degree, this assumption can be replaced by the following assumption which is more
convenient in the non-translation invariant setting and can always be satisfied by replacing 8 by 6 — €

for (certain) arbitrary small € € (0, 1).

Assumption 3.1.13. For all o € A (the index set of the structure space T = @, 4 Ta), one has
a+ (¢ N.

In what follows we observe that the general abstract fixed point theorem of [Hail4] is continuous
with respect to the norms || - ||g,z,r provided L, R are large enough. Since this only amounts to a
careful reading of [Hail4] and a more sophisticated variant of these ideas was carried out in detail in
[GH19b|, we shall only sketch the argument.

Recall, that in the theory of regularity structures one lifts a K to an abstract operator . This

involves, for a given sector V' C T, three operators
1:V =T, JN2): VT, NE:D(V)—-CORYTLT),

see [Haildl Eq. 5.11, Eq. 15 & Eq. 5.16]
One readily checks that if the sector V satisfies for o, 7 € R that

V C @ Ts ,

a<é<n
the following holds:

e The linear map IC%R > K — JK ¢ O(R™! L(V,T)) is Lipschitz continuous if

—R < o, L>n+p. (3.14)
e The map IC%R > K Nf( € L(DY(V),C(R¥1,T)) is Lipschitz continuous if

—R < «, L>~y+0. (3.15)
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Importantly, by a careful reading of the corresponding sections of [Hail4] one finds that for L, R > 0
satisfying & , the results [Hail4, Thm 5.12, Thm. 5.14, Prop. 6.16 and Theorem 7.1] still
hold in the slightly more general setting where Z = (II,T") realises a kernel K € Klg g for I and
Z = (II,T) realises a distinct kernel K € lCﬁ} g for I, but with the implicit constant in the inequalities
of these results depending on a constant C' > 0 for which the inequality then holds uniformly in kernels
K, K satistying ||K||g.L.rV | K| g.z.r < C and with an additional term || K — K|,z g on the respective
right hand sides.

Lastly, for a regularity structure equipped with an abstract integration map I : V' — T we define
K] px MCK] pxM

to consist of pairs (K, Z) such that Z realises K for I.

One concludes that the following slight generalisation of [Hail4, Theorem 7.8] holds.

Theorem 3.1.14. In the setting of [Hail4, Theorem 7.8/, under the Assumption instead of
|Hail], Assumption 5.4] and assuming that v < L and that —R is smaller than the reqularity of the

sector V', consider the solution map for T > 0 small enough to the fiz point problem
u=T+J* + NEYRTF(u) + v,

as a map

Sr: (/cﬁﬁR ™ M) « DUNT) = DY, (K, Z),v) ~ u .

Then, assuming F is  strongly locally  Lipschitz,  for each boundecﬂ subset
B C (IC?R X ./\/l) x DLN(T) there exists T > 0 such that the solution map St is well defined

and Lipschitz on B.

Remark 3.1.15. Let us consider what choices of L, R in the above Theorem work for our

example equations.

1. For g-PAM in d =2 one can take R > 1,L > 1, c.f. [Hailj), Sec. 9.1 Sec. 9.5].

2. For the ¢3-equation one can take R > 2, L > 0. But one can observe that after making sense
of ¢ “by hand” instead of using the extension theorem of [Hailj, Thm. 5.14], it suffices to take
R,L >0, c.f. [DPD03].

3. For the qﬁ%—equation, after making sense of ¥ and ¥ “by hand”, one can take R > 1 and L > 1,
c.f. [Hail4, Sec. 9.2 & Sec. 9.4] and [CMW23].

3with respect to the distance

(((K7 Z)7v)7 ((Rv Z)’T))) = HK - KH,B;L,R + H‘Z’ Z’H,\/;o + ”|1)7@”|

¥,m:T 0
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4. Following the usual convention for the KPZ-equation of writing | for the derivative of the heat
kernel and | for the heat kernel, after making sense of 1, and “by hand” one can take R > 1/2
and L > 3/2 for this equation, c.f. [Hail3] and [FFH20)].

Remark 3.1.16. It is in principle possible to slightly weaken the reqularity assumptions on kernels

: : : 8
further by introducing Besov-type variants of the spaces ICL7R.

Finally, we check that non-translation invariant kernels constructed here fit within the framework

of regularity structures. From now on, for the rest of this article we make the following assumption:
Assumption 3.1.17. The functions a;;( - ,t),bi( - ,t),c( - ,t) are periodic for everyt € R.

We work with an truncation of the heat kernel in time specified by « : R — [0, 1] such that

o k(t)=0fort<Oort>1,

o k(t)=1forte (0,1/2).

e r|r, is smooth.

We also fix ¢ : R? — [0,1] smooth and compactly supported on Bi11/10(0) C R such that
Y pezd @(x 4+ k) =1 for all z.

Proposition 3.1.18. Under Assumption and Assumption the kernel

K(x,t,¢,8) = Y k(t —s)p(x — OT(z,£,( + k, s)

kezd

is non-anticipative and satisfies | K||g,p,r < +o0 for any L,R > 0 and < 2. Furthermore, in the
setting of Proposition|3.1.11| the family of kernels

K* = Z k(t — s)p(x — Oz, t,C + k, 5)

kezd
additionally satisfies | K* — K*||g.p r < |\ — p| for every L, R >0 and 8 < 2.

Proof. 1t is clear that K is non-anticipative. In order to see | K||g.r, r < 400, note that only the bound

B:13| requires an argument, the rest follow straightforwardly from Proposition We first write

LR]
T'=> Z,+Zsg -
v=0

For the summand Z | g| the bound follows directly form Remark For the the summand Zj,
the bound follows by first turning the derivative Ds into terms only involving derivatives Dj in

the first variable using the explicit formula (3.2) and then integrating by parts. The bound on
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Z, for v € {1,...,|R]} follows similarly, but by additionally using (3.5 together with the explicit

form of LZ above (3.4). The second part of the lemma follows analogously, but furthermore using

Proposition [3.1.11] O

Remark 3.1.19. Note that in [Hailj)] the kernel is decomposed into a compactly supported singular
part and a compactly supported smooth part, where the singular part is supported on a fundamental

domain. This last property is convenient in establishing convergence of models, but not crucial.

Remark 3.1.20. Note that by keeping slightly more careful track of the reqularity assumptions on A,
one finds that Assumption|3.1.1| can be weakened depending on the equation at hand. For example, one
finds in view of Remark that for the ®5 equation one can weaken the regularity assumption on A

to mere Hélder continuity for some positive exponent using the bounds in [Fri08, Chapter 1, Section 6].

3.2 CANONICAL COUNTERTERMS

Finally, we turn to the main contribution of this article, the identification of canonical countert-
erms/solutions to the non-translation invariant g-PAM, ¢3, qﬁ% and KPZ equation. We shall freely use
standard graphical notations such as ¢ = I= and <7, >, c.f. [FH20], [HQI8] and [HPI5]; the meaning
will be clear from the specified context.

Throughout this section, a will denote a constant, possibly depending on the tree considered and
further mathematical objects. These dependencies will be specified by writing «(...) and listing them in
the brackets. We shall use (. to denote constants, which converge as e — 0. We shall again write S(...)
in order to specify dependencies. Importantly, o and 5. will always be constants and not functions!

We can and shall choose renormalisation functions as if we were working with white noise in the full
space instead of periodic noise. One can check that this only affects the constants . in the examples

that follow.

3.2.1 HEeEAT KERNEL REGULARISATION

In this subsection, when working with spatial white noise & € D'(R?), we use the following approximation

of the noise

ot) = [ Tlat Gt =0 dc. (3.16)

Note in particular that & € C*°(R x R%) is a function of space and time, despite the original noise
being constant in time.
When working with space time white noise ¢ € D'(R%*!) we fix an additional smooth compactly

supported even function ¢ € C*°(R) such that [ ¢ =1 and set

£, t) :/que(t—T) /Rdf‘(a:,t,ﬁ,t—GQ)f(C,T) dcdr | (3.17)
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where ¢¢(t) := E%qb (%).

™

Remark 3.2.1. Note that the exponent 2 of €2 in (3.16)) and (3.16)) is included so that the reqularisation

respects parabolic scaling in the sense of [Haill].

COUNTERTERMS FOR G-PAM

Working with & as in (3.16]), one finds that

M (z, 1) = /R /R 1,7l — TG TG

= [ [ ] TG = e dean st r)ar
— /R/Rdr(x,t;n,r—e2)g(n) dn k(t — 7)dr

:// (0,7 — € 2, 0)E(n) dy K(t — 7)dr
R JRE

and therefore

¢
E[Hei(a:,t)]:/ F*(n,t—eQ;az,t)/ F*(T],T—62;.T,t)d77 k(t —7)dT
R4 0

After writing I'™ = Z§ + Z%, we investigate the contribution of each term to the above expected value.

By Corollary the contributions involving Z%, converge as e — 0, while the contribution only

involving Z is given by

| [, st = w0257 = Eayan s = ryar
Rd

9@ —a)\  Clx,t) 9@ () — x)
- [ [, S ( 0] L e (0

(z,t) (1 _ (z,t) (1 _
= / C(x, t)2(62)7d/2(t -7+ 62)7d/2 exp <—19 (n—z) _ Y (n—z) ) dn k(t — 7)dr
R JRd

4e? 4t — 7+ €?)

9(@:t)
= / Cla, )2 () W2t — 7 + ) 2 exp < M) dn k(t —T)dr
R 4 t—7+2€2

/c (2, 0)(2)"2(t — 7 4 2)~U/? (“_T*E)E)Wﬁ(t—f)m

t— 7 + 2€

= C(x,1) / (7 +26%) " 2k(r)dr
R
= C(x,t) (2| log(e)| + Be(k)) -
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Next, we turn to the symbols {¥; ;}? where 1; stands for the abstract lift of the derivative of the

2,7=1?

kernel | in the i-th direction. Thus, we find using (3.8])

t) = /R/Rd O, T*(n, 7 — €22, 1)E(n) dn K(t — T)dT

which implies that

E [TV (x,t)] = /JR/]R/]Rd (02, (n, 7 — ez, t)) (02, (1,0 — ez, t))dnk(t — 7)drk(t — 0)do

Writing 0, I = 0y, Z5 + 0, 2%, it follows from Remark that any contribution involving Z%, to
E [II*¥;;(x,t)] converges to a finite limit. Finally, by Lemma [3.1.10| the only divergent contribution to
E [Hevz‘j (a:, t)} is

/ / / Zo.i(n, T — e, t)Zg.;(n, 0 — e x,t)dn k(t — 7)dT K(t — 0)do

Za a* //(/Rdélt—T—FGQ)(t—U-i—Ez) o(m 7 = €2, 1) Zg(n, 0 — €%, ) dn

K(t —7)dT K(t — o)do .

We calculate

/]Rd(n - .%')l(?] - .%')kZS(T],T - 62; x7t>Z6k(777 0 — 62; .%',t) dn

(n = 2)i(n — 2)i 9@ (1 — a)
= / C(z,t)? IV exp | — dn
’ _ /2(+ _ 2\d/2 (t—7+€2)(t—o+e?)
Rd (t—7T7+ )2t —0o+€2) Uorteploote)
(=T )=o)\ Ol t)? i exp [0
2t+€)—o—1 e (t—T+ )2t — o + €2)d/2 4

(2(t + €2) — o — 7)d/2+1 4

(t—T7+)(t—0+€)
2t +€2) — o — 7)d/2H1

(=Tt (t—o+ (1)’ / e oD ( 19(9“”(?7)) J
Rd

= 2al,k(xa t)C(CL‘, t)

and finally find

/ / / Zoi(n, T — eQ;x,t)Z&j(n, o — €% x,t)dy Kk(t —7)dT K(t — 0)do

R4

2a; 1 C(x,t)
_ il gk Lk
Za ab // 2T E) o o) k(t —1)dr K(t — o)do

7-] t

= % / / (262 + 0 + 7)Y k(1)dr Kk(0)do
2 R JR

— " (,1)C(a, ) (| log(€)| + Be(r)) -
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COUNTERTERMS FOR @}

This time we work with space time white noise and & as in (3.17). We find that
(art) = [ [ Dot r)6 G rE (e = r)dr
R JR4
= / / / D(x,t;n,7 — )¢ (1 — 0)&(n, o) dndo k(t — 7)dT .
R JR JR4
Thus, writing (¢€)*? (1 — 7/) == Jz ¢°(1 — 0)¢° (7' — o) find

1)) (3.18)

[ (2
= / / (gbe)*2 (r— 7")/ T*(n, 7 — €%z, )00*(n, 7' — %2, t; ) dn k(t — 7)dr k(t —7')dr .
R JR R
Writing I'™* = Z§ + Z%,, again all contributions involving Z%, converge to a finite limit as € — 0, while
the term only involving Zj is given by
[ L@y [ Zinr - &atzZin s - &) dn st - r)dr (e -y’
R JR R
— [ [ @ = rmte - e~ 1)
R JR
C(x,1)? 9Dz —n) 9D (z — ) :
— — d drd
8 </Rd (t — 7+ €2)4/2(t — 7/ 4 €2)d/2 P 4t —1+€) Alt—T1+€?) 0

= C(x,t) /R/ (gbe)*2 (=72t + ) — 7 — T’)fd/Qn(t —7)d7 K(t —7")d7’

R

— O, 1) /R / ()2 (7 — )26 + 7+ 7)Y 2k(r)dr w(+)dr

R

= C(x,t) (| log(e)| + Be(x, ) .

where the last equality can be seen by substitution (k, ') — (€2, €2K’).

COUNTERTERMS FOR @4

For E[II%¢(x, t)] one obtains the identity (3.18)), exactly as above. This time, we write
I = Z5 + Z7 + Ry + Z%,

where we used Lemma to write Z; = Z} + R}. In order to identify the divergent contributions to
E[II¢(x,t)] we observe the following.

e The contributions of the terms involving either R} or Z%, converge to a finite limit as € — 0.

e Similarly, the contribution only involving Z} converges to a finite limit.
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e The contribution of the cross term between Z and Z; given by

/ / /qf)e )¢ (7' — a)/ ZE(m, T — e x, ) Zf (n, 7' — € x,t) dndodrdr’ .
Rd

vanishes due to (3.10)).

Thus, the only remaining contribution to E[II¢(IZ)?(z,)] is as above given by

/ / / ¢ (1 — o) (1" — O’)/ Z5(n, T — ez, 2§ (n, 7 — e x, t; Ydndo k(t — 7)dT K(t — 7')d7’

= C(x,1) // (¢)2 (1 — 7)(26% + 7+ 7/)"2 w(7)dr K(7)dr’

= C(x,1) <O‘(€¢) + Be(, ¢)) :

For the cb%—equation there is an additional divergence coming form the tree <y», see [Hail4]. It is given

by
~ 2 _
// F(x,t;i,f)(Fe(x,t,:f,f)) dzk(t —t)dt
R JRd

_ ~. — 2 —
:// D@+, f 4, t) (Bl b, @ 42,04 0)) daw(t — D
R JR4

where

fotiad) = [ [0 =) [ Tt = 0@ r’ = @) dy nle = rdr st - 7
= / /(¢6)*2(T —7') / T*(n,7 — €2, t)T*(n, 7 — €%, ,t) dn k(t — 7)dr K(t — 7')d1" .
R JR R4

Writing I'* = Zg§ + Z%, one finds that the only divergent summand is given by
— ~ — 2 —
/ / 2@ ) (2@ Fat)) . dan(t — Dyl
R JRd
where

ZF(x,t,Z,1)

- / / (6)72(r — ) / 27 — )2 (0,7 — .8 dn k(t — 7)dr w(E —7)dr
RJR Rd

— / / (6)72(r — ') / 24, — @5, 4)C(@, DD (1,7 — 2,8 dy Kt — 7)dr w(T - 7).
R JR R4

Lemma 3.2.2. It holds that

* 12
0.0 (.72,0) - Cla 3,70, 5 (o —al + =120 =) exp (-0 =ELY
-7

287



where the implicit constant depends on A.

Inspired by the above lemma, set

ZF (2, t,7,1) = // )*2( Vet — T)k(t —1')

X </ Z*(n,m — 4 2,t)C(x, w (xt)(n,T’—e;x,ﬂdn> drdr’

// (627 — )t — Pl — )

( C(z,t)?w® (z, 7 — ;m, )w®) (n, 7 — € 7,1) dn) drdr’
= [ [ @2 =t = rnte =)
(C(m Hw®D (z, 7 4+ 7' — 262 :ct—f—ﬂ) drdr’

- / /(qﬂ*% = )a(t = 1)l = )2 (@, 7+ 7' = 26 L, t) drdr
RJR

and observe that the remaining diverging summand is given by

/ / 2@ Fat) (222 Ewt)) dm(t — D = C(a, 1) (ol log(e)| + Be(6.5)) -
R JR4

Remark 3.2.3. Let us observe at this point that in d > 4 dimensions the identification of the divergent
contributions to (3.18|) would require further analysis. For d =4 a decomposition of the form

M =275+ Zi+Ri+ Z5 + Ry + Z33 .

then yields additional possible divergences, which are explicit local expressions involving a, derivatives
thereof, as well as possibly b and c. Despite the contributions involving b and ¢ not being expected
to diverge, since they can be absorbed into the right hand side of the equation, one can see that an
additional divergence does appear for the mon-translation invariant ¢3-equation. This follows from
Remark and the fact that for the geometric ¢3-equation in Chapter@ there is an additional
logarithmic divergence proportional to the scalar curvature. Thus, in particular, the scaling heuristic of

Section does not apply to this equation.

COUNTERTERMS FOR KP7Z

For the KPZ-equation we first write
NI* = Z5y + 0127 + Ry + OR} + 01235, (3.19)

where we used the decompositions from Lemma [3.1.10| in the case d = 1 and Lemma After

adopting the usual convention for the KPZ-equation that | stands for the derivative of the heat kernel,
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we make the following observation about contribution of each term in (3.19) to E [II%f(x, t)]:
1. Any term involving either OR} or 01 Z%, converges as € — 0.

2. The cross term involving 9, Z; and R, converges as € — 0.

3. The cross terms involving Zg, and either 01 Z;F or R, vanish, since Zg, is odd with respect to

R defined in (3.9)), while the latter two are even.

Thus, the only remaining term involves just Zj, and is given by

/ /(¢6)*2(T — T')/ Zoa(n, 7 — e x, t)Z51(n, v — ez t;) dndo K(t — T)dT K(t — T)dT’
R JR Rd
o' (¢)

€

=a (z,t)C(x, 1) (

= a7 (z, 1) <a(¢) + Be(9, ff)) :

€

30 )

For the remaining counterterms appearing due to the diagrams &, €%, “% we observe the following;:

1. E[I¢(p, t)] converges since the only possibly divergent term vanishes due to reflection proper-
ties. (This term “would” come with the function a=3/2(z,t)C(z,t) ~ a~2(x,t) in front of the

divergence.)

2. Both logarithmic divergences corresponding to 3, “% have a pre-factor proportional to C2 (z,t)a3(z,t) ~
a4 (z,t).
Remark 3.2.4. One can show that, as for the usual KPZ equation, the logarithmic divergences due to

Y, % cancel, c.f. [HQ18, Theorem 6.5] and [Hail3, Lemma 6.5].

3.2.2 MORE GENERAL REGULARISATIONS

In this section we show that using the heat kernel I' in order to regularize the noise in the spatial
direction, while convenient, is not crucial for the equations considered hereﬁ Its main advantage is that
it is more robust, c.f. Remark and yields short explicit expressions for the diverging counterterms.
In this section we consider the following type of regularisations: Let p € C2°(R) non-negative with

support in [0, 1), all odd derivatives vanishing at the origin, and such that [p, p(|z|?)dz = 1. Set

26 () — 1 V()
A)@_amm@wﬂ<@)'

We shall now study the case when the noise & € C*(R9*1) is obtained as in (3.16)), resp. (3.17) but
with T'(x,t,(,t — €2) replaced by pl@t).€) (z — (). In the former case, this reads

&)= [ o= Oeld0) (3:20)

“We shall frequently use the expression “the equations considered here” meaning the g-PAM, ¢4, ¢35 and KPZ-equation.
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but for notational convenience we shall only discuss the case of space time white noise from now 0nE|
We set for ¢¢ as in (3.17))
o (x,1;¢,m) = ¢(t = 7))z — ()

then the mollified noise is given by

E(z) = /ge(z; e d2 . (3.21)

For later use, define p*¢(x,t;(,7) = ¢<(t — 7)p*)(x — () .

All expected values we needed renormalise can be represented by a directed graph G = (V,E) as
follows. We are given two types of edges E = E; UE, the former representing the kernel T'* (resp. 0;I"*
for g-Pam or KPZ) and the latter representing instances of . To each vertex v € V we associate a
variable in z, € R¥1. The set V contains one special vertex « and we shall integrate over all variables

in Vo = V\ {x}. Thus to each such graph G we can associate a corresponding integral expression

I (ze,, 2 0 (2e,, 2 , (3.22)
/xe(RXR H “ H “

ecEq

respectively

/ — ® Ve T*( ze+, H 0° ze+, ) (3.23)

EEE+ ecEp

We introduce the following graphical notation:
1. @ represents the special node «, that is an instance of the variable z,,
20 > represents e € Eq directed from e_ to e4, i.e. an instance of 0°(z, , ze_),

3. —— represents a directed edge e € E directed from e_ to e, i.e. an instance of I'*(z., , z¢_)

resp. Vo, I™(ze,, 26 ).
4. o represents a variable in R x R to be integrated over.

Thus, all divergent expressions for the equations considered can be represented by one of following

diagramd’|

Then, one sees exactlyﬂ as in Subsection that the only divergent contribution to the integrals
in (3.22)&(3.23) are given when all occourences of I'*, resp. VI'* are replaced by Zf, resp. Zj, and

50Only spatial white noise can be treated similarly.
5The first two in the case of g-PAM, being interpreted with the appropriate modification.
"Here we use that p is even.
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that all remaining terms converge as ¢ — 0. From now on we focus on the former case, i.e. on the
integral in (3.22), the latter corresponding to (3.23|) can be treated analogously. The counterterm

corresponding to the one considered in the previous section is thus given by

Ie = C (Z* €1 s R ey
G(24) /xe(]Rde)V H (2w (2 + H (2 +

ecE ecEg

with G being one of the graphs in . Furthermore, it is clear subtracting Z. g(z.) from
corresponds in the limit € — 0 to the same renormalisation as considered in the previous subsection.

Next we argue that Z. g(2,) has the same asymptotic behaviour as the counterterms obtained in
Subsection (but with the constants «, S in general depending additionally on p). The following

consequence of Taylor’s theorem will be useful.

Lemma 3.2.5. There exists a constant C depending on p and A, such that
€ z,€ 1 1/2
6 (1,22) = 07 (21, 22)| < Oyl (a1 — w2) (for — | + 12 = 1/2) .

We define

Tea(z) 1= / Rk H Clzw™ (e ze ) [ 0 (zey 2o )da (3.25)
X

ecEq

and note by a simple substitution that iVG has the same form as counterterms explicitly calculated in

Section [3.2.1] Therefore, we conclude this section by showing that
1 Zec(2) = Ze(z)| = 0 (3.26)

(uniformly in z,) as ¢ — 0. Using an analogous decomposition as in [HQ18| Lemma A.4] we write

w) =37 wi) and for n € NE+

H C(2z4 wne ze+,ze_)

ecE

we find that

IG,G(Z*) - ZO.E,G(Z*)

Z /Rde W™(2) H 0 (Ze, » Ze H 0 (Zes » Ze dz . (3.27)

NE+ e€Eg ecEq
To conclude, we apply dominated convergence together with the following observations
1. Each summand of ([3.27)) converges to 0 (uniformly in z,).
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2. Due to Lemma one finds that for each of the diagrams in (3.24]) for the equations considered,

sup K"(z 07 (2e,, 2. ) — 0 (Zey s Ze_ dz 3.28
oy K TL ez = T o) (3.28)

nene+ €01 e€E e€ko
is bounded uniformly in € and independently of z,.

Remark 3.2.6. Let us emphasise, that whether the uniform bound on (3.28)) holds depends crucially

on the power counting of the diagram considered. It fails for the “cherry” of the ¢3 equation.

3.3 MAIN RESULTS

Throughout this section write L = szzl a; j(x,t)0:0; + Z?zl bi(z,t)0; + ¢(x,t) and recall that A
denotes the matrix with entries a;; which (without loss of generality) is assumed to be symmetric.

Furthermore, recall that we write a®/ for the entries of A~' and C(z,t) = (47)~ %2 det(A(x, 1))~ /2.

Theorem 3.3.1. Let & be white noise on T?, and &, its reqularisation as in (3.16) or (3.20) for p as
therein. Let f;j,g € C*°(R) and ug € C%(T?) for a > 0. There exists a sequence ag,ay € R depending

on p such that for u. satisfying u.(0) = uy and solving

2
(O — L)yu = Z fij(u) (&u@-u - ayC(w,t)ai’j(x,t)gQ(u)) + g(u) (é’ — aEC(x,t)g'(u)) ,
ij=1
there exists a (random) T > 0 and u : [0,T] x T? — R independent of the choice of p, such that u. — u

uniformly as € — 0 in probability.

Remark 3.3.2. One can show that ag,ay in the theorem above can be written as

ol = 2llog(e)] + B(p) ¥ = [log(e)| + BY (p)

where BE (p), By(p) converge as € — 0, c.f. Section .

Proof of Theorem [3.3.1 The proof follows along the usual lines when applying the theory of regularity
structures [Hail4]. For example one can follow ad verbatim the proof of Theorem with the only
difference in the argument being the the convergence of the 0-th Wiener Chaos contributions of I1,§
and II,%, which for the heat kernel regularisation is the content of Section and for more

general regularisations is contained in Section [3.2.2 ]

Theorem 3.3.3. For d € {2,3}, let ¢ denote space-time white noise on R x T¢ and ug € C*(T¢) for
a > —%. Denote by & its reqularisation as in (3.17) or (3.21)) for o as therein. Then, there exist
sequences of constants

ozo\)]’2, a:’o’?’, a?ﬁj eR

€
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depending on o such that the following holds.

o Ifd =2, let u. denote the solution to

Aue — Lue = —ud + 30 2C(w, ue + & | ue(0) = ug . (3.29)

o Ifd=3, let ue be the solution to

e — Lue = —ud + 3ay’3C(x, t)ue — 905&0(1‘, t)uc + & | ue(0) = ug . (3.30)

In both cases, there exists (random) T > 0 and u € C([0,T], D'(T%)) such that uec — u as ¢ — 0 in

probability. In particular, the limit is independent of the choice of p

Remark 3.3.4. We first make two observations particular to the non-translation invariant setting.

|—1/2

1. The renormalisation functions for ¢* equations depend only on |det(A) , which can be

interpreted as a “volume-term”, c.f. Remark [3.0.3,

2. For d = 3, we in general obtain a genuine 2-dimensional solution family for the ¢§ equation, in
contrast to the translation invariant setting. One thus expects the analogue statement to also hold

for non-translation invariant (]5% MEeasures.

Remark 3.3.5. On can actually choose T = 400 a.s. in Theorem (3.3.3) by an adaptation of the
global existence/coming down from infinity results of [MWITH],[MW20],|[CMW23]. Furthermore, one

can show that

al? = 2|log(e)| + 8% (0)

and

a8 — O‘(EQ) 4 5:/0’3(0)7 a?ﬁj = c|log(e)| + Bit&(@,

€

for a wuniversal constant ¢ € R, some o dependent constant a(p) € R and where

:/O’Z, :/O’?’,ﬁ?& € R converge as € — 0.

Proof of Theorem [3.3.5 For d = 3, one can for example follow ad verbatim (with some simplifications)
the proof of Theorem [2.23.6] again with the only difference in the argument being, using the notation

therein, the treatment of the function resp. the renormalised kernel

KN e o N
/ \ v ¥
1 \
\ | resp. o—>0
b [ )
N4 A
o Se e

i.e. Lemma [2.23.13|and Lemma [2.23.15| For the heat kernel regularisations (3.16)) the replacement of

these Lemmas is the content of Section and for more general regularisations it is contained in

Section 3.2.2
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The case d = 2 follows either as a (simple) special case of argument for d = 3 or can be obtained by

a straightforward adaptation of the argument in [DPDO03]. O

Theorem 3.3.6. Let & denote space-time white noise on T and & its reqularisation as in (3.17)) or
(3.21)) for o as therein. Let u € C*(T) for a > 0, then there exists a sequence of constants ai’o, oz:@)),

a?& € R (depending on o) such that for ue solving
Opue — Lue = (Opuc)? — ay ca”3 P (xt) — (aZ@P + 404:%’> caHx, ) + & ue(0) = ug ,

there exists a (random) T > 0 and u : [0,T] x T — R, such that uc — u uniformly as e — 0 in

probability and, furthermore, u is independent of the choice of p.

Proof of Theorem[3.3.6, The argument, for example, adapts mutatis mutandis from the proof of
Theorem since the diagrams to renormalise are formally identical to the ones for the ¢3
equation therein. Here the content of Section [3.2.1] resp. Section replaces Lemma and
Lemma [2.23.24] O

Remark 3.3.7. Let us emphasise that in the proofs above we could also refer to [Hailj)] for the analytic
step, to [BB21|] for the identification of the renormalised equation (once renormalisation functions are
chosen) and to Chapter@ for the construction of the regularity structure, the renormalisation group
and the stochastic estimates. For the readers convenience we decided to refer directly to Chapter |3

instead, as in particular [BB21l] uses somewhat different notation.

Remark 3.3.8. In Theorem Theorem and Theorem if one would have used
homogeneous (in space) mollifiers as in the translation invariant setting, then one would retain the
analogue scaling in €. But it is not clear whether in general the renormalisation functions are still local
in A. (In this case one could still represent them as integral expressions involving apprizimations of the
heat kernel.) A-posteriori one would then find that one obtains the same solution as in the theorems

above.

Proposition 3.3.9. In the setting of Proposition|5.1.11| consider the equations of Theorems|2.25.1

12.23.6/ and |3.3.6. Then, for each of these equations if we denote by u* the solution to the equation

with L replaced by L*, the map [0,1] > X\ +— u* is Lipschitz continuous (in the topology stated in the

respective theorem and for some (possibly smaller) T > 0 independent of \).

Proof. Denote by Z* the renormalised model associated each I'*. In view of Theorem [3.1.14| the proof

of the proposition amounts to checking that for each respective regularity structure the map

[0,1] 3 X (KX, 2% e K} x M
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is Lipschitz continuous. But this, in view of Proposition [3.1.11] follows by exactly the same way as

when establishing convergence of models when regularising the noise. O
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CHAPTER 4

SINGULAR SPDES oN HOMOGENEOUS LIE

(GROUPS

4.1 STRUCTURE OF THE CHAPTER

We begin with a discussion of analysis on homogeneous Lie groups sufficient for our purpose, Section [4.2
The most important result in this section is Theorem which provides us with an intrinsic version
of Taylor’s theorem on homogeneous Lie groups and will be used frequently throughout. Section
contains the bulk of the chapter and establishes an extension to the analytic aspects of regularity
structures to the setting of homogeneous Lie groups. In Section we demonstrate the application of
this general theory to semi-linear evolution equations of the type discussed in the introduction and
provide an example fixed point theorem for such generalised multiplicative stochastic heat equations.
We note that there is no difficulty in extending the general fixed point theorem of [Hail4] to our
setting, we only specialise to aid the clarity of presentation. Finally, in Sections [4.5] and we the
construct suitable regularity structures for our specialised setting and demonstrate a solution theory
for Anderson-type equations associated to sub-Laplacians on quotients of stratified Lie groups. The
very last sections draw heavily on the notation and arguments of [Haildl, [HP15, BHZ19], which carry

over to homogeneous Lie Groups to some extent.

4.2 ANALYSIS ON HOMOGENEOUS LIE GROUPS

We collect some basic facts on homogeneous Lie groups and smooth function on them. Let g be a
Lie algebra and G be the unique, up to Lie algebra isomorphism, corresponding simply connected Lie
group. We write [, -] for its Lie bracket and inductively set, g1y = g and g(,) = [g(n—1),8]- Recalling

the exponential map exp : g — G, we have the Baker—-Campbell-Hausdorff formula
exp(X) exp(Y) = exp(H(X,Y)) , (4.1)
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where H is given by H(X,Y) = X +Y + % [X,Y]+... with the remaining terms consisting of higher order
iterated commutators of X and Y’; crucially H is universal, i.e. it does not depend on the underlying

Lie algebra.

Proposition 4.2.1 ([['S82, Prop. 1.2]). Assume that g is nilpotent, i.e. g,y = 0 for some n € N.

Then, the exponential map is a diffeomorphism and

o through this identification of g with G, the map
GxG3(x,y)—»ayeG

becomes a polynomial map (between vector spaces).
o the pull-back to G of the Lebesgue measure on g is a bi-invariant Haar measure on G.

Definition 4.2.2. A dilation on g is a group of algebra automorphisms {Dy },~¢ of the form D, X = exp(logr - §) X

with s : g — g being a diagonalisable linear operator with 1 as its smallest eigenvalue.

Remark 4.2.3. The requirement that the smallest eigenvalue of s be 1 is purely cosmetic. Otherwise,

denoting the smallest eigenvalue by 51, one can work with the new operator § = is.

Remark 4.2.4. For a € R, denote by W, C g the eigenspace of s with eigenvalue a. Thus for X € W,
Y € W, one has the condition

D,[X,Y] = [D, X,D, Y] = r***[X, Y]

which in particular implies (W, W] C Woip and since Wy, = {0} for a <1

5) C P Wa -

a>j
In particular, if g admits a family of dilations, it is nilpotent. The converse is not necessarily true.

Definition 4.2.5. A homogeneous Lie group G is a simply connected, connected Lie group where its Lie

algebra g is endowed with a family of dilations {D; },~o. For r > 0, we define the group automorphism

T—=Tex = expoDroexp_lx .

A homogeneous norm on G is a continuous function |- | : G — [0,00) satisfying the following
properties for allz € G, r € R

1. |z| = 0 if and only if x = e, the neutral element,

2. |z| = a7,
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3. -z =rlz| .

The homogeneous norm naturally induces a topology generated by the open sets and in turn a Borel
o-algebra. From now on, we will always assume that G is equipped with this topology and o-algebra.
Furthermore, given a homogeneous group G we denote by {X; };-l:l € g a basis of eigenvectors of s with

eigenvalues 1 = 51 < 59 < ... < s4 and such that
5Xj = Sij . (42)

Given a measurable subset E C G we write |E| for its Haar measure which we assume to be normalized
such that the set By =: {x € G : |z| < 1} has measure 1, c.f. Proposition In integrals we use
the standard notation dz. We define |s| := trace(s) as the homogeneous dimension of G, since for any

measurable subset £ C G and r > 0, one has
lr- E| = r‘5|\E| .
We also define balls of radius r > 0,
B(z)={yeG : |z y <r}.

The topology induced by these balls agrees with the topology of G as a Lie group, see [FR16], Sec. 3.1.6].
Note that due to the non-commutativity of G, in general |2~ 1y| # |yz~!|. We consistently work with

the following choice a semi-metric on the group,

dg(z,y) = |z y| = |y 'z| .

For & C G we write & := {z € G : dg(z,R) := infyeq [y 'z| < 1} for the 1-fattening of &.

Remark 4.2.6. A function f: G — R is called homogeneous of degree X € R, if f(r - x) = r*f(z) for
all z € G. One can show, c.f. [FS82, Prop. 1.5 & Prop. 1.6], that for any homogeneous norm on G

there exists v > 0 such that
o |zyl <~(|z] + [y]) for any z,y € G
o ||zy| — |z|| < vly| for any x,y € G such that |y| < %\x! .

Furthermore all homogeneous norms are mutually equivalent and we may always choose a homogeneous

norm that is smooth away from e € G, [FR16, Sec. 3.1.6].
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4.2.1 DERIVATIVES AND POLYNOMIALS

We identify g with the left invariant vector fields gy on G and write ggr for the right invariant vector
fields. We write X; for the the basis elements as in (4.2)) seen as elements of g7, and Y; for the basis of

gr satisfying Y;|c = Xi|. . Thus we can write

Xif(y) = O f(yexp(tX;))le=o and  Y;f(y) = Of(exp(tY;)y)|i=o

for any smooth function f € C*(G).

A map P : G — R is called a polynomial if P oexp : g — R is a polynomial on gE| Let ¢; be the
basis dual to the basis X; of g. We set n; = (50 exp~!, which maps G to R. Note that n = (91, ..., 7q)
forms a global coordinate system E| and furthermore any polynomial map on G can be written in terms

of coefficients a; € R as
P=Y
I

with the sum running over a finite subset of N and where for a multi-index I = (iy, ...,iq) € N¢ we
write 7! = nit . ... nfid. Define d(I) = >_;s;i; and |I| = . i;, we call max{d(I) : a; # 0} the
homogeneous degree and max{|I| : a; # 0} the isotropic degree of P. For a > 0, we denote by P, the
space of polynomials of homogeneous degree strictly less than a and define A = {d(I) € R : I € N¢}.

E| We can rewrite the group law on G explicitly in terms of n = (n1, ..., 74).

Proposition 4.2.7. For j € {1,...,d} and multi-indices I, J s.t. d(I) + d(J) = s;, there exist

constants C;’J > 0 such that the following formula holds,

ni(wy) = nj(x) +n;(y) + > il (@)’ (y) -
1,J#0, d(I)+d(J)=s;

Proof. By the Baker—Campbell-Hausdorff formula (4.1) one has

ni(zy) =ni(@) +miw) + D> Sl @n’ ) .
11722

By setting either x = e or y = e, we find that CJLJ =0if I = 0 or J = 0. Since furthermore
nj((rz)(ry)) = r¥n;(zy) the claim follows. O

Remark 4.2.8. Proposition implies that for s; < 2 one has nj(xy) = nj(x) + n;(y) while for

s; =2 one has nj(zy) = 0;(2) + 1Y) + Xy —=1 CF (@) () -

'Recall that the space of polynomial functions on g is canonically isomorphic to @, (g")®*" where ®; denotes the
symmetric tensor product.

2QOccasionally we use the corresponding notation aim'

3We point out a possibly counter-intuitive quirk of our definition; for k € A the set Py does not contain polynomials

of degree k but only those of degree less than k.
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Remark 4.2.9. It is also noteworthy to realise that Proposition implies that P, is invariant
under right and left-translations. (This is not true if one replaces homogeneous degree by isotropic

degree, except if G is abelian or a =0).

Remark 4.2.10. If follows from Proposition that one can write

™ (zy) = n"(z) + 0" (y) + > cx’n" (@)’ (v) |
1,70, d(I)+d(.))=d(K)

where the constants Cé"] can be written in terms of the constants Cf”].

Lemma 4.2.11. Fori, j € {1,...,d},

Xiﬁj = 51"3' + Z C;’einl , (4.3)
I#0, d(I)=s;—s;

where e; denotes the multi-index (0,...,0,1,0,...,0) with the 1 being in the i-th slot.

Proof. This follows directly from Proposition applying X; to the function

y = n;(zy) ,

evaluating at y = 0 and using the fact that X;|o = 8%1-’0' O

Proposition 4.2.12 ([ES82, Prop. 1.26]). One has X; =3 P} <3%k) where

1 ifk=j
0 ifsk<sjk#j

P =

and Pjy is a homogeneous polynomial of degree s, — s; if 5, > s; . The analogous statement holds for

the vector fields Yj,

For a multi-index I = (i1, ...,iq) € N? we introduce the notation X! = Xil...Xéd. Note that the
order of the composition matters since g is not in general Abelian. It is a well known fact that any left
invariant differential operator on G can (uniquely) be written as a linear combination of { X}, cya.

The next proposition follows as a direct consequence.

Proposition 4.2.13 ([FS82| Prop. 1.30]). The following maps from P, — RI™Pe qre linear isomor-
phisms.
I
1. P {(86) P(e)} ,
K d(I)<a
2. P {XTP(e)} 4 1yca -
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I
3 P {YIP()} yycq -
The same holds replacing e € G with any other point x € G.

Definition 4.2.14. For a smooth function f : G — R, a point x € G and a € (0,00), we define the left
Taylor polynomial of homogeneous degree (less than) a of f at x to be the unique polynomial PL[f] € P,
such that X1 P2[f](e) = X! f(z) for all I such that d(I) < a. The right Taylor Polynomial can be

defined similarly, replacing X' by Y.

Remark 4.2.15. One observes that for I € N% and a > d(I) one has that
XTPi[f] =Py ]

for all f € C>®(G). Indeed, this follows from the fact that for any d(J) < a — d(I) one has
X7 (XTPLf])(e) = X7 (X f)(x), since X7 X' can be written as a linear combination of {X*}(x)<q-

Theorem 4.2.16 (Taylor’s Theorem). For each a > 0 and every f € C°°(G) it holds that

) ~ P2Lf) = / XTf(@)Q ()
17 \<[a]+1 d(1
where for each multi-index I and y € G the measure Q' (y, -) is supported on Bﬁ[a]+1‘y|(e) for some

B > 0 depending only on G and satisfies [ 1Q (y,dz)| < |y|UD)

Remark 4.2.17. Note that, while it is very useful to have a rather explicit form of the reminder
in order establish Schauder estimates in Section[{.5.5, there is a more common version of Taylor’s
Theorem on homogeneous groups, c.f. [FS82, Thm. 1.37], which states that the remainder satisfies the

estimate

[f(zy) = PLUf1(Y)] Sa Yoo W sup (X f(2)] (4.4)

[|<[a)+1,d(1)>a |2|<Blal+1]y|
and which follows as a trivial consequence of Theorem[.2.16, Furthermore the analogous claim for the
right Taylor polynomial, (Pr)%[f], holds. In this case the analogue of (4.4]) reads

[flye) = PREAWISa D W™ sup  [YIf(za)] (4.5)

[11<[a]+1,d(I)>a |z]<Blal+1]y|

Remark 4.2.18. If we define PL[f](y) := PA[f](z1y), then it follows that

F(y) — PUI£)(y) = / X f(e2)Q! (r Yy, dz)

\I|<[a]+1 d(I)>

301



and in particular that

F@) =Pl e D a7yl sup X f(22)]

[I|<[a]+1 [2]<Clz—1y]
d(I) >«

In the particular case when f is compactly supported, one can rewrite this for the rescaled function

@) = 5 f(A-2) as

1) =Pl Se Y Ay 4D sup [ X £ (2)] (4.6)
1| <[al+1 €6
d(I)>a
Sa,f Z )\—(a+6)—\5||x—1y|a+5 ’
6>0

where the sum over § runs over some finite subset of (0,00).

Remark 4.2.19. Given f € C%°(G), if we define F € C®(G x G) by setting F(y,z) = f(z"ty), we
find that

Remark 4.2.20. For any p € P, one has

P2 [pl(y) = p(y) -

Remark 4.2.21. In the proof of Theorem given below, we use the following elementary

observations

e The map

P :R" — G,

(t1y .oy tn) — exp(t1X7) - ... - exp(tn Xy)
s a diffeomorphism. To see this note that it is clearly a local diffeomorphism since one has

D®|: TRy ~R? = TGy~ g

(tl, ...,tn) — ZtZXZ
i

Then since,

O(r*ty, ., 77 ty) =1 - B(t1, ..y b))

it is seen to be a global diffeomorphism.
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e Setting fort € RY,
d

tls =D Il V50

i=1

one finds that there exists some = $(G) > 0 such that
1
B\t\s S e()] < Bltls (4.7)

uniformly over t € RY.

o By repeated use of the commutator, for any I,J € N% and i € N there exist coefficients Nig,1 such
that
XiX7 =Y "N X! (4.8)
I
and one has \; j; = 0 whenever d(J) +d; # d(I) .

o Ifae A, then mg := max{|I| : d(I) < a} = [a] where [a] denotes the integer part of a. This
follows from the fact that d(I) < a implies mq < [a] and since ([a],0,...,0) is in the set over

which the mazimum s taken.

Proof of Theorem[{.2.16, Define for i € {1,...,d} the following measure on R? with support on Bfﬂs(O)

Q% (t,ds) = ] 6, (ds;) - 1jo,0,y(dss) [ [ do(ds;)

J<i j>t

and define Q% (y, - ) = ®.Q%(® (), -) to be the push-forward measure. First we show that,
Fla) = @) =3 [ (K@@ (). (1.9
i=1

Indeed one can write for y = 132 . . . yq, where y; = exp(t;X;) and t = (1, ...,tq) = ®~(y)

d
flay) = f@) = flayr . yioay) — fayr..yi1)
=1

d

-3 [ osten e
d ti
- ;/0 (Xif)(xy1 ... yi—1exp(sX;))ds
d ~
- Z/n(Xif)(x‘I)(S))Qei(t,ds)
1=1
d
=3 [iNEIQ ).

Using the fact that @ is a diffeomorphism one easily checks that that Q% (y, dz) is supported on Bg,(0)
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where 3 is as in (4.7), and satisfies fG 1Q%|(y,dz) < |y|%, thus we have proved the theorem in the

special case a € (0,1], also known as mean-value theorem. We turn to the proof in the general case.

Claim 4.2.22. Set g(y) = f(zy) — P2[f](y), we note that X/ g(0) =0 for d(J) < a while X7 g(y) =
X7 f(zy) for d(J) > a. We shall prove that for any multi-index J it holds that one can write

X = Y / X1 f(22)Q (y,d2)

T|<[a]+1,d(T
where the measures Q17 (x,-) satisfy the following properties
e Q' (x,-) is supported on Bﬂmu)M(O) C G where m(J) =min{m e N: a—m <d(J)},
o J5 QM |(x,dy) < || 4D

We shall prove by induction on m € {1, ..., [a]}, that for multi-indices J satisfying a—m < d(J) < a
the claim holds.

e The case m = 1 follows from (4.8) and (4.9)),
X7gy) = X7g() Z/ (XX 9)(2)Q" (v, d2)

‘Z/ S Nu(XTg)(2)Q (v, d2)

I d(I)=d(J)+s;

- Z/ Z Xia (X ) (22)Q% (y, dz)

I: d(I)=d(J)+s;

= /XI xz) QIJ(y,dz)

|1\<[a}+1 d(I

The properties of @/ (y, dz) follow from the corresponding properties of Q% (y, dz), completing

the case m = 1.

e Suppose the claim holds for m — 1. Then by the same argument as above

=y Z Mok [[(X0)(w2)Q% 0,2

i=1 d(K)=d(J)+s;

= Z Ntk /G<XK9><xz>Qei<y,dz>

., K:d(K)=d(J)+s;<a

+ > i d, K /G(XKQ)(wz)Qei (y,dz).

i, Kd(K)=d(J)+s;>a

We can apply the induction hypothesis to the terms in the first sum, since d(K) = d(J) + s; >
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d(J)+1>a—(m—1) and find

(XEg)(z2) = Z /X] z2)Q1E (2,d3)

[I<[a]+1,d(I)>a

and therefore

X'g(y) = > (X% g)(22)Q% (y, d2)

i Kd(K)=d(J)+s;<a”’ ©

+ Z Ai,J,K/@(XKg)(:Uz)Qei(y, dz)

i, K:d(K)=d(J)+s;>a

= Z Ni T K Z //XIf 22)Q" " (2,d%)Q% (y, dz)

4, K:d(K)=d(J)+s;<a [I|<k+1,d(I)>a

+ Z )\z‘,J,K/G(XKg)(xz)Qei(y,dz),

4, K:d(K)=d(J)+s;>a

- Y o Y / X @) (@M + Q) (. d2)

i, K:d(K)=d(J)+s;<a [T|<k+1,d(I)>a

+ Z )\z‘,J,K/G(XKg)(xz)Qei(y, dz)

3, K:d(K)=d(J)+s:>a

= /XI 22)QM (y,d2)

|1\<[a}+1 d(I

where Q7+ is defined such that the last line holds true. Concerning the measures Q!+ (y, -), we

note that

1. supp QI’J(yv ) C BBm(J)‘yl since
supp (@™ * Q%(y,-)) C Bgmx+1y

as supp Q"5 (y,-) C Bgmr)),((0) and supp Q% (y, dz) C Bg,(0).

2. f@ Q" (y, )| < |33|d(1)7d(‘]) since
/’QI,K * Qei‘(y,dZ) < /|QI’K‘(y,dz) . /‘Qei(y7dz) 5 |y’d(1)—d(K) . ’y‘di )

This completes the proof. O

4.2.2 DISTRIBUTIONS AND CONVOLUTION

We define D(G) := C°(G) to be the space of compactly supported smooth functions on G equipped
with the natural Fréchet topology. The space of distributions on G is given by the dual D'(G) of D(G)
and for £ € D'(G) and ¢ € D(G) we either write (¢, &) or £(¢) for the canonical pairing. Given r € R>q
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we introduce the following useful space of test functions

1
‘B;\(:E) = {(1560?0(3,\(13)) : |XI¢| SMVI:d(I)gr} .

We will often use the shorthand B, := Bl(e) . Given ¢ € D(G) we extensively use the following

notations,

2= 50 (3 @)

Recalling that we use the notation dz for the Haar measure on G we define the norms,

s (S |f ()P dz) P, for 1 < p < oo,
L =

esssup,cq |f(z)], p=oc.

By left and right translation invariance of the Haar measure, for f € L'(G) it holds that

/Gf(yx)dyz/Gf(:vy)dyZ/Gf(y)dyz/Gf(y‘l)dy-

See the discussion after [FR16, Thm. 1.1.1].

Remark 4.2.23. From the scaling properties of D it follows that

B2) = {62 ;o€ Ble)}.

One defines the convolution of two functions ¢, : G — R as
vroe) = [ty ey = [ wleyot)dy (110)

Note that in general ¥ x ¢(z) # ¢ * () but still many of the usual inequalities hold, in particular the
Young inequity, c.f. [FS82, Prop. 1.18]. One can write

b * () = / b(y)y(@)dy -

We extend convolution to generalised function, i.e. elements of D'(G), by duality in the usual manner.

From now on we will use the notation ¢(z) := ¢(z 1), one notes that the following identities hold

(frg%®) = (G=f.0) = (f * b,9) (4.11)
Frog=gxf (4.12)

¢A*¢A:(¢*¢)* and (Y * @)y = Vg * .
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Recalling the notation X! = Xil...X;d for any multi-index I = (iy,...,iq) € N%, we introduce the
analogous notation Y/ = de....Yfl for the right invariant basis vectors. Note the reversal in the
composition. Since for any right invariant vector field Y and left invariant vector field X such that

Xl|e = Y it holds that (X f,g9) = (f,Yg) for f, g € C°(G), it follows from the definition of the

convolution that

o X'(¢px¢) =1 (X'9),

o Yi(x¢) = (Y'¢)x o,

o (X)) xd=1xYIs.
Definition 4.2.24. For a € R we define the space C*(G) of a-Holder continuous distributions to be
those f € D'(G) such for every compact set & C G,

e Ifa<0

A
| fllca(sy =sup sup  sup M < 400 .
TERGEB[_o AE(0,1) A

o If a > 0, there exists a continuous map G — Py, x+— P, such that

— P& -
oy = sup sup sup =Ly 1 oo (4.13
2ER $€Bo A€(0,1) A zeR
where | - |p, denotes any norm on the finite dimensional vector space Py,.

Furthermore, C(G) denotes the space of continuous functions (note that only the strict inclusion

C(G) € C%G) holds).

Remark 4.2.25. We note that as in [Hailj)], for o € A\ the C*(G) spaces do not agree with the usual
notion of continuously a-differentiable functions. This definition, however, is more canonical in the

context of reqularity structures, c.f. Theorem [{.5.10

The following proposition gives some useful properties that also mirror those of Euclidean Hélder

spaces.
Proposition 4.2.26. Given any real number o € R the following holds
1. C*(G) C CP(G) for every B < a.
2. For any multiindex I the map X' : C*(G) — C*~)(G), f+s X!f is well defined.
3. If a > 0, then any distribution f € C*(G) agreeaﬁ with a continuous function.

Note that this proposition in particular implies that C°°(G) = Ny>0C*(G).

4As usual, we say a distribution agrees with a continuous functions, if it lies in the image of the canonical embedding

C(G) — D'(G).
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Proof. Points [1| and [2| follow directly. For Point [3| denote by P, the polynomial in Definition [4.2.24
we set F'= f — ]5(), then for any 1 € Bg such that fG Y = ¢! > 0 and smooth compactly supported

function g we find
F,g) = clim (F M =clim { F My ) = cli FpNg(y)dy =0
(F.g) = c lm (Fg ") cg%< [t y> ctim [ (F gy =0,
where in the last step we used that since y — Py is continuous we have

(F) =t = B+ [ (B - Pz dz — 0,

as A — 0. Thus we find that the distribution f agrees with the continuous function z — P (z),

concluding the proof. O

Remark 4.2.27. Note that by Proposition for a >0 and any f € C*(G) we know that X' f
agrees with a continuous function whenever d(I1) < a. Thus, in particular Definition|4.2.14| of Taylor
polynomials PS[f] extends to C*(G) D C*(G).

4.2.3 DISCRETE SUBGROUPS

Recall that, given a discrete subgroup & C G acting on G (say) on the left, then the quotient space
S :=G/® ={&zr : x € G} is a smooth manifold. Furthermore, the quotient map 7 : G — S is a

smooth normal covering map , c.f. [Leel3l Thm. 21.29] and the canonical G right action
SxG— S, (&z,2') — Sza’

makes it a homogeneous space. We call & a lattice if S = G/® is a compact space. This is equivalent
to S carrying a finite G invariant measure, which we shall denote by d(®x), c.f. [Rag07, Thm. 2.1].
Throughout this chapter we assume that every homogeneous Lie group we work with carries a lattice,
the following theorem, [Rag07, Thm. 2.12], gives sufficient conditions for this to be the case, which all

our examples satisfy.

Theorem 4.2.28. Let G be a simply connected nilpotent Lie group and g its Lie algebra. Then, G
admits a lattice if and only if g admits a basis with respect to which the structure constants of g are

rational.

Let us point out that there do exist nilpotent Lie groups that do not admit a basis with respect to

which the structure constants are rational, see [Rag07, Rem. 2.14] for an example.
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Denote by 7* : C(S) — C(G) the pull-back under 7. We define a convolution map
x5 : OF(5) x CF(G) = C%(5),  (f;0) = [xs¢

as the unique map, such that the following diagram commutes

C(8) x CX(G) —2— C>=(S)

* Xidl ln*

C®(G) x CF(G) —— C=(G) ,

where convolution on the bottom row is convolution on the group as defined in In order to check
that this map is well defined, we use the following terminology. A function f € C*°(G) is called left &

periodic, if for every x € G and n € & it holds that

f(x) = f(nz) .

Thus, we only need to check that for any ¢ € C°(G) and any left & periodic function f € C*°(G), the
function f * ¢ is left & periodic. Indeed for any n € & and = € G, it holds that

fro(n) = /G F )by n)dy = /G F@)d((n~ty) z)dy = /G Fny)d(y~ e)dy = /G F)dly z)dy

By duality, one naturally extends the notion of convolution on S to pairs, (§,¢) € D'(S) x D.L(G),

where D.(G) denotes distributions on G with compact support.

4.2.4 CONCRETE EXAMPLES

In order to cement ideas we present two concrete examples of non-abelian, homogeneous Lie groups,
both of which are identified with fixed global charts. These will be revisited in Section when we

discuss the heat operator on the Heisenberg group and Kolmogorov type operators.

THE HEISENBERG GROUP

Given n > 1 we equip define the Heisenberg group H" as the set R?" x R with the group law,
n
(z,y,2) (@' ¢, 2) = <x +aly+y 2+ 2+ (aly - ﬂfz'yi)) :
i=1

Remark 4.2.29. Note that one may equally define the complexr Heisenberg group on C™ x R equipped
with the group law,

n
(u,2)(, 2) = (v—kv’,z—f—z/—l—%Zuiug) .

=1
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One sees that these definitions are equivalent after identifying C™ with R?".

The origin e = (0,0,0) is clearly the identity and for (x,y,2) € R?® x R one has (z,y,2)"! =
(—x, —y, —z). The Lie algebra, b of H" is identified with R?"*! and spanned by the basis of left-invariant

vector fields,
Ai($a Y, Z) = ax, + y’iaza Bi(SC, Y, Z) = ayi - SUiGZa C($, Y, Z) =0,

and equipped with the Lie bracket [A, B] = AB — BA. We observe that for any (z,y,z) € H" and
1=1,...,n,

We say that a Lie algebra is graded if there exist vector spaces {W}}r>1 where only finitely many Wy
are non-zero, g = @y Wi, and [W;, W] C Wiy;.

Definition 4.2.30. A homogeneous Lie group G is called stratified (or a Carnot group) if its Lie
algebra is graded and generated by W7.

Due to (4.14]), we see that if we equip H" with the dilation map,
A (z,y,2) == Mz, Ay, \22),

then H" becomes a stratified group. Refer to [Braldl, Sec. 3.3.6] for a discussion of generalisations of
this structure.

A simple example of a lattice on the Heisenberg group is the set of integer vectors (a,b,c) € H" =
72" x 7 equipped with the group law as defined above. Note that it is not a normal subgroup and thus
the quotient space H"/$™ not a group. However, since it is a lattice the homogeneous space H"/$™ is

compact, c.f. Subsection [4.2.3

MATRIX EXPONENTIAL GROUPS

For n > 1, let B be a rational n x n block matrix of the form,

0 B 0 -+ 0

0 0 By -+ 0
B =

0 0 0 By

0 0 0 0

with each B; a p;—1 X p; block matrix of rank p;, where n > pg > p; > -+ > pi. and Zf:o p; = n. Note

that this implies the zero blocks on the diagonal are all p; x p; square matrices. We can equip R x R"
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with an associated Lie structure by defining the group law

(t,2)(s,2) := (t + 5,2 +exp (sBT) z) .

To define the dilation we begin by decomposing according to the structure of the block matrix B,
writing

R™" =RPO x ... x RP",

Thus the action of BT on z = (20, ..., z) € RP x - x RP* is written Bz = (B 20, By 21, ...B,;rzk_l)
etc. Then we set

A (t, 20y - - - ,Zk;) = ()\Qt, )\Zo, ey )\2k+1zk).
The origin e = (0,0) is again the identity element and (¢,2)~! = (—t, —exp(—tBT)z). The Lie algebra

is spanned by the translation invariant vector fields,

Xi(t,z) =0, fori=1,...,pp and Y(t,z) =0, — (Bz)-V =0, — Z bij2i0z, -
17]:p0+1

This defines the matrix exponential group associated to B and one sees that it is not stratified.

The simplest non-trivial example is to set n = 2 and

so that using the suggestive notation (¢t,v,z) € R x R x R, the group law becomes,
(t,v,2)(s,w,y) = (t + 5,0+ w,z +y + 50).

The equivalent scaling as above is to set \ - (t,2,v) = (A%, \v, A3x). We refer to [Man97] for more
details and Section [£.4.4] below for a discussion of natural, second order, hypoelliptic, linear operators

associated to these groups.

4.3 REGULARITY STRUCTURES AND MODELS
Definition 4.3.1. A regularity structure is a pair T = (T, G) consisting of the following elements:
1. A graded vector space T = @ ¢ 4 Ta where

o the index set A C R is discrete, bounded from below and contains zero,

e cach T, is finite dimensional with a fixed norm |- |,. We write Qn : T — T, for the

canonical projection,
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e T is isomorphic to R with a distinguished element 1 € Ty, such that |1]o = 1.
The space T is called the structure space.

2. A group G of linear operators acting on T, such that for every I' € G it holds that T'|t, is the

identity map and for all T € Ty:

FT—TE@Tﬁ.

B<a

The group G is called the structure group of T.

A sector is a G invariant subspace V. C T and if V' # {0} the regularity of the sector V is defined
asminfao € A : VNT, #{0}}.

We make use of the natural shorthands, T, T>q, T<a, T<o and the projections 9O~ etc.

Definition 4.3.2. Given a regularity structure T = (T,G) and r € N such that r > |min A|, a model
for T is a pair M = (IL,T"), consisting of

e a realisation map 11 : R — L(T,D'(G)), =+ Il,, such that for any compact set & C G one has

1Tz == sup,eg [|11]|4,2 < 400 for all v > 0, where

7. &
|||lyz:=  sup  supsup sup KL%H
CEAN(—ooy) TET, A<1 6B, |TlcA

e a re-expansion map I : R x R = G, (z,y) — 'z, which satisfies the algebraic condition
Uyl =11,

and the analytic condition ||U||y.q == supg yeg. jy-1a)<1 IT

ey < 00 for all v > 0, where

T
T2y, == Sup sup sup | ng—éﬁ '
¢EAN(—oo] AnB<( reTe [y~ ta|> 77|,

Lastly, we denote by My the space of models for T equipped with the semi-norms || M||y.q := || ||y.5 +
1T [;5-

Remark 4.3.3. In the rest of the chapter, often without any further comment, we will write
r:=min{n € N : n>|minA|} .

4.3.1 THE POLYNOMIAL REGULARITY STRUCTURE

As an important example we describe the polynomial regularity structure and canonical model which

are crucial in the analysis of singular SPDEs on homogeneous Lie groups. We define the structure
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space T to be the symmetric tensor (Hopf) algebra generated by {n;}¢,, which we think of as abstract
lifts of the monomials {m}gzl. For a multi-index I, we write ! := nil - ~17f; as well as 1 :=n°. The

group G is given by a copy of G acting by

gb—)(Fg:nj'—H’)j-i- Z CJIJ I( )"7 +77](9)>
1,070, d(I)+d(J)=s,

and I‘gnI = (an)l . The canonical polynomial model is defined by setting

Ia;(2) = (2" 2)

and

I,J
oy =1; + > iy em” iy )1
1J#0, d(I)+d(J)=s;

These maps are extended multiplicatively to all of T. Using Prop. in the third equality,

Wlen;(z) =Te(m+ Y ' o’ + ™))
1,J#0, d(I)+d(J)=d;
=ni(e"2) + > CI Tl (y ) (x712) + iy e
1,J#0, d(I)+d(J)=d,
= nj(y_lxx lz)
=n;(y'2)
= ym;(2).

DERIVATIVES AND ABSTRACT POLYNOMIALS

Next we lift the vector fields X* to abstract differential operators X% on T of degree s;, c.f. Definition
given later. We set

Xif]j = (57;7]'1 + Z Cj[’einl
1#0, d(I)Zﬁj—Si

and extend this definition to the whole regularity structure by the Leibniz rule. The two conditions to

be an abstract differential operator are checked directly:
1. Indeed X" : Ty, — To—s,;-

2. By the Leibinz rule the second property is checked by showing that

XTp ) =Ty, X0 . (4.15)
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Note that II,X inj = Xinnj , since

I, X'n;(z) = 11, (@-Jl + Y C;’einl) =5+ Y. Ol
I1#£0, d(I):sj—si I#0, d(I):sj_si

and using left invariance of the vector field X; as well as (4.3])

Xillmj(2) = (Ximj (@™ ') (2) = (Ximp) (@ 2) =6i + Y. Cron'(ate).
I#O, d([)ZSj—Si

Thus (4.15)) follows from the injectivity of the maps II,.

Remark 4.3.4. In addition to showing that X; is an abstract differential operator, we have shown that

it also realizes X; for the polynomial model, see Definition[].3.25 in Section[{.3.4)

ABSTRACT TAYLOR EXPANSIONS

The following operator, which sends a smooth function to its abstract Taylor expansion, will be used

throughout the chapter.

Definition 4.3.5. For a > 0 and x € G, we define the family of maps
P?:C%G)—~ T

where P2[f] is characterised by the fact that II.PL[f] = PL[f] € Pa.

Remark 4.3.6. Note that the map P% is well defined by Remark . We shall almost exclusively

use it, when its argument is a smooth function f € C*°(G) C C*(G).

Lemma 4.3.7. Let f € C*(G) and a > 0. Then for each multi-index I the coefficient of n! in P2[f]
is given by a linear combination (depending only on G) of {XKf(x)}d(K)gd([). Furthermore, for b > a

one has

Pif] = Q<.Pi[f] - (4.16)

Proof. We first observe that (4.16) holds since the polynomial IT.Q<,P%[f] satisfies the property
required in Definition [4.2.14} The first part of the lemma follows by combining Proposition [4.2.13| with
@10). O

Lemma 4.3.8. In the setting of the above lemma one has

X'TLPLf)(=) = X PeAI) S Y swp X f(@)]] 40D
d()<d(J)<a W)=d(T)

Proof. Since the coefficient of 7 in P%[f] is bounded by a universal multiple of SUPq(sy<d(J) | X T f ()]
by Lemma m the claim follows using the fact that | X IInp”(z)| < |z|)—d() O
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The next lemma will be useful when proving Schauder estimates in Section since it allows us

to circumvent the issue of having non-explicit Taylor polynomials.

Lemma 4.3.9. Let § >0 and P € Ts. If, for some € € [0,1],
|(XTTI.P)(e)] < &)

for all I € N¢ such that § > d(I), then it holds that |P|, Ssc €2~ for all a < 6.

Proof. We observe that P‘;[HEP] = II.P. Thus, the claim follows directly from Lemma m O

4.3.2 MODELLED DISTRIBUTIONS

Definition 4.3.10. Given a regularity structure T = (T,G), a model M = (II,T") and v € R we define
23, as the space of all continuous maps f : G — T, such that for all { € AN (—o0,7) the following

bounds hold for every compact set R C G

1f(y) = Tayf(@)lc

sup | f(x)|¢ < +o0, sup S < oo
TER z,YER, |y71x|’Y
0<|y~lz|<1
We define the corresponding semi-norm || - ||y.5 on 23, by setting,

|f(y) = Tayf(@)lc
|7*C ’

[ flly;5 := supsup |f(z)|c +sup  sup ;
TER (<y (<y  z,yER, \y* x
0<|y~'z|<1

Given two models M = (II,T"), M = (II,T), two modelled distributions f € 27, f € 9};[ and a compact
set R C G we define the quantity,

) = F(¥) = Lo f(y) + Ty f (2)lc.

—1:6‘7*4

I1f; fllyis == supsup | f(z) — f(z)|c+ sup sup (4.17)
TER (<

(zy)er  (<vy ly
0<|y~'z|<1

For the set of modelled distributions taking values in a sector V.C T we write 2),(V) and if the
reqularity of the sector is a € A we often use the shorthand 2. ,,. We will freely drop the explicit

dependence on the model, image sector and its reqularity when the context is clear.

RECONSTRUCTION

Theorem 4.3.11 (Reconstruction Theorem). Let T = (T, G) be a regularity structure with oo = min A.
Then for every v > 0 and M = (I, T") € M, there exists a unique, continuous linear map Ry : QX” —

C2%, called the reconstruction operator associated to M, such that for any compact K and X € (0,1]

sup [(Rasf — o f (2),92)] Sa A7||]
YEBm

’Y;BQ)\(QJ)HH”’Y;BQ)\(:E) > (4.18)
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uniformly over x € R. Furthermore the map M — Ry is locally Lipschitz continuous in the sense that

for a second model M = (II,T') and f € 27, for every A € (0,1]

sup ‘<RMf - RMf_ Hmf(l') + ﬁmf($)7¢£> Sﬁ AT <”f7 f_‘||’y;B2A(x)Hf[||'Y;B2A(x)
PEBm (4.19)

T anwBM)\H—HHWBM) ,

Remark 4.3.12. FEuxistence of a reconstruction operator for v < 0 also holds, however, uniqueness
does not. In the case v = 0 the analogous bound to (4.18|) contains an additional logarithmic correction
on the right hand side, c.f. [CZ20).

Remark 4.3.13. It follows from the definition of the reconstruction operator, that if f € D) ,, is a

modelled distributions with values in a sector V. C T of regularity o > «, then Ry f € C°.

In order to prove Theorem [4.3.11| we require two preliminary results. As in [FH20, Sec. 13.4] we
make the observation that for every N > 0 there exists a p : G — R, smooth and compactly supported

in B1(0) and such that
/nf(x)p(a;) dz =079, 0<d(I)<N, (4.20)

where the ¢ here denotes the Kronecker delta applied componentwise to the multi-index. For v > 1 we

define p(™ (z) := "Bl p(¢" - z) as well as,

(n,m)

pmm) = plm s p

with the convention p(™™ = p(®). We then have the following result.

Lemma 4.3.14. If v > ||p||z1 > 1, then there exists a smooth, compactly supported function o™ =
limy, 00 p™), where the convergence takes place in D(G) and supp(¢™) C Bop—n for C = =1

Proof. First, note that since ||p"™| ;1 = ||p|l1 and p(™ is supported on a ball of radius t, it follows

from the mean value theorem on G (c.f. (4.5) with a = 0) that

|f % p" (@) = f(2)| =

) = )™ o a) dy| S 1Yl

Secondly, since

Y pm) = y T (p) x prtlm)y — (YT p(m)y  plntlm) (4.21)

one finds by applying Young’s convolution inequality m-times, c.f. Section that

¥z < [¥ipllo ol
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and therefore

Hp(n,m) _ p(n,m—l) _ ”p(n,m—l) % p(m) _ IO(n,m—l)HLo0

| o

n,m—l)’

< max [[Yip! e llpll ™™
i=1,...,n

< Y pllzoe Il 75" 2™

< Yol <”P||L1 >m

Tl N e

which is summable in m since we assumed that v > ||p||;1. Thus we may write,

m—n—1

p(n,m) :p(n) + Z p(n,m—k) _p(n,m—l—k)7
k=0

and it follows that p(™™) converges uniformly as m — +oco. Using (4.21]) we obtain convergence in
D(G). It remains to check the support of gp(”). For two functions f1, fa such that supp(f;) € By, one has

supp( f1#* f2) € By, 4ry, hence it follows that (™) is supported in a ball of radius 3200 +™™ = -+~ O]

1——1-

It follows from the definitions that ¢ = p(™) % (1) We set

ﬁ(m,n) — ﬁ(m) % ﬁ(m_l) Kook ﬁ(n)

and using ([£.12) we note that ™+t « 5 = &™) and pmn) - G in D(G) as m — oo.

Lemma 4.3.15. Let v > 1 and p be as in Lemma[].3.14 Let « > 0 and &, : G — R be a sequence of
functions such that for every compact & C G there exists a Cg such that sup,cg |§n(x)| < Cqr®” and
such that &, = &Enpq * ™. Then the sequence &, is Cauchy in C=P(G) for every B > a and the limit &

satisfies &, = & x @) . If furthermore, for some z € G and v > —« one has the bound
()] < e (Ja~Typte 4o (rren)

uniformly over n > 0 and y € G such that |z~ y| < 1, then |[(&,4))] S AV for all X < 1 and ¢ € B,

where 1 = —[—al.

Proof. The proof follows along the same steps as that of [FH20, Lem. 13.24], but one has to be careful
since convolution is non-commutative in our setting. Let A € (0,1] and ¢ € B,, we first establish the

bound
(€ — Enyr, )] S A Pele A (4.22)

uniformly over ¢ € B,, A € (0,1] and locally uniformly over x € G. First observe the trivial bound,

(€ = Env1,92)] < sup ([&n (@) + €ns1(@)]) 921l < (1 +1%)CrCr™,
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where C' = sup{ [ [¢*(z)|dz : ¢ € B,} < +oo . Hence, when A < t™" the bound (4.22)) holds
directly.
In the case t™" < A, using (4.11)) we rewrite

(€ — Ent1, U] = (€1 * P — €1, ¥D)] = [(Engr, 0 % p™ — 4.

By Taylor’s theorem and in particular Remark 4.2.18

(03 (2) = Pyla](2)] Sp Y ATyt (4.23)
6>0

where the sum runs over a finite set. It follows from (4.10), Remark [4.2.10| and (4.20) that we have

D’ n p’ - n 50 — n
P[]+ p" () = /Py[wi](zy Np™ (y)dy = /Py[wé](zy D™ (y)dy = 12 (y)
and thus
¥y ™ (y) — 2 (y) = (W — Pylug)) « o™ (y),
which by is bounded uniformly by a multiple of } ;. A\~ (r+0)=lsle=n(r+9) and supported on a

ball of radius A + =" < 2\. Using the bound [&,41] S t®" we conclude that

[(nrr g p — )| S Y- ATCFemnlrEdgen g A=fplahin
6>0

where we used t™" < XA and without loss of generality assumed that r > § in the last line. Hence

{€,}n>1 is Cauchy in C~#(G) and for any test function,

(Ens ) = (Eng1, ¥ % pM™) = (&, 0 % pI™) = (€9 % ™),

showing that &, = & % (™).

To prove the second claim, for any test function ¥ € 98B,., A > 0 and = € G we write,

(€)= (€ ) + D Gkt — & ¥d),

k>n

where n is chosen so that A € [c~(*D +="] and as a consequence

|(€ns )] < A Fleom /

<|x—1y’v+a + t—(7+oc)n) dy, S AV Tagan e 5 A,
B (z)
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To bound the summands (&41 — &, ¢)) we proceed as in the proof of the first claim to find that

(€ — 1, OD)| = [(Erpr, ) % pB) — )|
= [(€er1, (W) — PL[w2))) = o))
SY AR [ g )y

§>0 Box(z)
< Z A~ (r+0)—ls| k(a—r—5) (/ |x*1y|7+a dy + t(v+a)(k+1))\|5>
5>0 Bax ()

5 Z ()\'erafrfétk(afrfé) + )\7(T+5)tfk('y+r+5)>
>0

where the sum in ¢ is again over a finite set. Since r + d > « the quantity on the left is summable over

k > n and is of order A7, concluding the proof. O
We are now ready to proof Theorem

Proof of Theorem[].3.11. For m > 0 we first define the operators R("™™) : 7 — C(G) by setting,

(Rm7) () 2= (10 ) ™)) (9) = (10, ). ™).

We then set, for n < m,

R(m,n)f _ R(m,m)f % ﬁ(m—l,n)

and recalling that (™1 x 5(m) = 3(m) we find

R(m,n)f _ R(m—i—l,n)f _ R(m,m)f * ﬁ(m—lm,) _ R(m—i—l,m—i—l)f % ﬁ(m,n)

_ (R(m,m)f _ R(erl,erl)f % ﬁ(m)) * ﬁ(mfl,n) )

Using the identity
(F+3)(@) = (F.62) = [ F@eulo)dy
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it follows that

(R(m,n)f . R(m+1,n)f) (IL‘) (R(m,m)f o R(m+1,m+1)f % ﬁ(m))( )p;m 1,n) (y)dy

Il
\\\

(ILy £ (y) = g™ — ROMHELmMEL) £ 50 (3) plm=Lm) (1)
= (yﬂwwmm RO f) i 5 ) (1) o= (1) dy

= [ [ (W5 < gm0 = R £) )0 )zl )y
= [ [ @5 67D < T p() 5 6D 2ol () dzpl 1 )y

=//mﬁ@—mﬂm@m%memﬁ*m@@.

Therefore, using the fact that I, = II,I',., we have,

(R = ROV ) ) = [ [(01,(70) = Tyaf D) D)ol (ol )y

Then successively applying the facts that,
+1) _
o sup, .ep o [y o™ S s, 7| for 7 € T,

o 1F(w) =Tyzf(2)lla S ||f||7;Br,m(y)t(°‘_7)m uniformly over [y~tz| S v

o |lpz” < 1 uniformly over m > n > 0,

we establish the bound,

IRIM™ f — RIMFLN £ o) S

ol fllyme™ ™™

uniformly over m > n > 0, where £ denotes the two fattening of the set &. It follows directly from the

definition and properties of a model that we also have the bound,

IR Fll ooy S NI &l llyme " (4.24)

where a = min A. It follows that R("™ f converges uniformly on compacts as m — oo to R(™ f which

also satisfies the bound(4.24]). Since it also holds that for every m > n + 1,

R(m,n)f _ R(m,m)f % ﬁ(m—l,n) _ R(m,m)f % [)(m—l,n—i—l) % ﬁ(n) _ R(m,n+1)f % Ia(n)

)

we find that
RO f = ROAD £y 50

Therefore we may apply Lemma [4.3.15| to see that there exists a limit Rf := lim,_oo R™ f .
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With validity of the limit established we now turn to show the bounds ) and - this
requires us to keep more careful track of the underlying sets in the proof. We begin with (| , first
noting that if we define f,(y) := Ty, f(x) then one has R(™™ f, =TI, f(x) * $™ so that (&.18) can be

written as the claim that for all A € (0, 1],

wsel(pr |<R(f - f:v),¢;\>| S.ﬁ )\’nyH'y;BQA(x)||H||7;BQ/\(:£) . (425)

Using that |(f — f2)(2)|a S HwaB‘flz‘(m)|z_1fn|7_a for z, z € R, it follows that for all y € By(z) one

has

(RO (f — f2) ()] = KLy (f(y) = fo(y)), o)
= [Ty (f(y) = Tayf(x)), o5

Syl llvipp ey D, €y e

asa<sy

S Iy I F it " (™ ]2 e, (4.26)

where C(v) := 5 is as in Lemma Given n > ng(A) sufficiently larger, we have a uniform bound
Ct™" < \. By the convergence of R(™™ in the first exponent, it follows that R(") satisfies the same
bound and so inspecting the proof of the second half of Lemma in particular noticing that we
integrate the above estimate over y € B)(x), we conclude that holds for the limit R.

Using the obvious notation we can also rewrite as

sup [(R(f = fu) = RO = fo) ¥ S AT (15 Flli s @) 1T Bon () + 1F 3o ) |TE = Tl 3y )

PEBm

uniformly over A € (0,1]. This is seen very similarly to (4.25) but using this time that for n large

enough,

IR (f — fo) = RUM(F = fo) (y)]
= (I, (f(y) — Tayf(@) — y(f(y) — Tyuf(@)), o)

= (I, (f(y) = Tayf(2) = F(y) + Ty f (@) + (1L, = ) (f(y) = Ty f(2)), 05"

5 (HHH%BA(y)Hf;.]FH'y;Bx(y) + HH - ﬁ”v;BA(y)Hf_"y;BA(y)) Z t—an‘y—lxp_a
asa<ly

It remains to show that the reconstruction map is unique for v > 0 and that R f is indeed an element

of C%. This is done exactly as in [Hail4, Sec. 3]. O
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FUNCTIONS AS MODELLED DISTRIBUTIONS

Let T = (T, G) be the polynomial regularity structure equipped with the polynomial model. We show
that in this setting the reconstruction theorem and its inverse map Taylor polynomials to Holder

functions and vice versa.
Theorem 4.3.16. For v > 0 the reconstruction operator is an isomorphism between 27(G) and C(G).
In particular the inverse of the reconstruction map is given by

C'(G) > f(-)— P

(- )[f] € 77(G),

where P is defined in Definition [{.5.5

Proof. Given a modelled distribution in 27 and since we are working with the polynomial regularity
structure equipped with its canonical model, it follows directly from the bound satisfied by the
image of the reconstruction operator, i.e. Equation, and the definition of C7 in that the
reconstruction operator is a map 27(G) — C?(G). Continuity also follows from and by linearity.

To see the other direction recall that given a Holder continuous distribution f € C7(G) by Proposition

4.2.26(the { X! f }d(r)<~ are actually functions and, in particular, that P, = HIP@ ] [f]. Therefore, for

A=z lyle

‘Hx(PD] ] = Doy PYA) W) = [(Pe = £, + [(f = Py )| SN (4.27)
uniformly in ¢ € %B,. On the other hand, writing PY[f] — Ty, PY[f] = 31 L n', we find that
11, (PDI[f] — T, PY[ ] Z b ' @) = > b e’ @) = > ok NMOTp! (1) .

d(I)<~y d(I)<vy

Using that P, is a finite dimensional vector space and the surjectivity of the linear map
Ce(Bu(e)) = R e {Tlen’ () Yar) <

we find that

D e AT S sup | Y el XD ()] (4.28)
d(I)<y YEB | i<y

Together, (4.27) and (4.28)) imply that that |c£7y| < X\~ | we may then apply Lemma to see

that P [f] € 27 . O
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LocAL RECONSTRUCTION

We will require the following further refinement of the reconstruction theorem which is an analogue in

our case of [Hail4, Prop. 7.2].

Proposition 4.3.17. In the setting of Theorem one has the improved bound,

1f(2) = Tayf(W)le

_12"\/7Z

sup [(Rf — o f(2)) ()| S NI|y.py0 ) sup sup

: (4.29)
YEBm y, z€supp() €<y |y

as well as, given a second model M(I1,T) and a modelled distribution f € @XZ’ the analogous bound,

that for every A € (0,1],

sup [(Rarf — Rygf — T f(z) + T, fx), 62} < A0 (nf; Pl sump(ey 1T o
VEBm (4.30)

+ ||f”*y,supp(1/1;c\)”ﬂ - HH"{;BQ)\(Z)) )
for any x € G and any X € (0,1].

Proof. Since the right hand side of (4.29) is linear in f, as in [Hail4] we may assume it to be equal to
1. We use the functions p(™ and (™ from Section and recall that they satisfy

" V(z) = / PV ) (@)dy, oy = / P (w)el) () dw
BrfnJrl Bt7n+l
in particular since [ p(™(z)dz = 1 we have [ (p;n)( -)dy = 1 for all n > 0. Define, for fixed v}, the sets

An={y €6 : sup(p{”) Nsupp(y}) £ 0} c G

which by definition is contained By c—n(z) with C' = 27 as in Lemma(4.3.14} as well as a (measurable)

function

Tt Ay — SUPP(T/@)

such that m,(y) € supp(goy(f")) N supp(y)) for every y € A,,.

Next, let

R = /A (RS = Ty £ ea0))) (02l

— (RfD) /A I, 0 f () (20 )y

n

It follows that for ng = min{n € N : =" < A}, one has

(Rf —T.f(2))(¥2) — R

/ (I £ () — Ty, ) F(mn(0)) (M) dy| S X7 (4.31)

n
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as well as for n > ng

Rn-1— Ry, :/ Hﬂnfl(y)f(ﬂ-nfl(y))(@Z);\SOZ_I)dy - / Hwn(z)f(ﬂ-n(z))(lbai\gpg)dz

_ An

:/An_l M) f (T () (1/12 /B . p("l)(w)wz(ﬁ?dw> dy
_/ e, () f (7 (2)) (V307 d2

:/BCWr1 2D () /Anl Hﬂ'"*l(y)f(ﬂn_l(y))(wi\@éz?)dydw
B / e, (o) f (7 (2)) (V307 d2

:/ P D) / Iy, ) f (-1 (207 )) (Yl dzdw
Bi—nt1 A1
_/A Iy, (o) f (7 (2)) (V37 ) dz

n

-/ A / (s aa (o) = Tl (m(2)) ) (22 ddo
Since |7, (2) ' 1(zw™!)| < Ct™" and for 7 € Ty, such that |7] <1
M, (T (32)| S Ao
we find that

dz <v

S0y £ 0™) = Tl o (21 (022

and thus conclude

’Rn — Rn71| 5 [

A similar argument gives |R,,| — 0 as n — oo which combined with (4.31]) concludes the proof of
(4.29). The proof of the analogous bound, (4.30)), follows in a similar manner. O

4.3.3 SINGULAR MODELLED DISTRIBUTIONS

As in [Hail4] we will eventually be concerned with solutions to SPDEs that take values in spaces of
modelled distributions with permissible singularities in some regions of the domain. Our main example
will be modelled distributions on space-time domains that are allowed to be discontinuous at {t = 0},
see Section However, as in [Hail4] we build the notion of singular modelled distributions allowing
for singularities on more general sets, generalisations of which have been used in [GHI19a, (GH21] to
study singular equations with boundary conditions.

We fix a homogeneous sub-Lie group P C G with associated Lie algebra for which we write p C g.
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The assumption that P be a homogeneous sub-Lie group means that the the scaling map s restricts to
a map § := s|, : p — p which is diagonalisable. We fix a decomposition g = p @ p© such that p¢ is also

invariant under s and define the homogeneous dimension of P and its complement, P¢ := exp(p©) as,
5| := trace(s|,) and |m| = trace(s|ye) . (4.32)
Furthermore, we set
lz|p :=1Adg(z,P)=1Ainf{z € P : |x_1z|}, |z, y|p = |z|p Aly|p-

Note that since P is closed (being the image under exp of a linear subspace of g), one sees easily that

the infimum above is actually a minimum. Given 8 C G we define the set
Ap = {(:C,y) € (ﬁ\P)2 :x#y and ]:c_ly| < \:c,y|p}.

That is Kp contains all the points in K that are closer to each other than they are to P.

Definition 4.3.18 (Singular Modelled Distributions). Given a regularity structure T and a subgroup
P as above, for any v >0, n € R and maps f: G\ P — T, we set
@)l

If(x)lc
| fllyms == sup sup ———=>—=, [flypa:= sup sup
T eq\p cay o] 1O R L 1

Then given a model M = (IL,T) as well as a sector V, the space 257 ,(V) consists of all functions

[ :G\ P — V<, such that for every compact set R C G,

—T,
171, g = [+ sup sup L2 Lol W)le

— — < +o00.
(@y)ep < [y~ ta|" o, y[h 7

For two models M = (I,T"), M = (I1),T') and two modelled distributions f € 9 PM, fe Py we also

set,

-f -Iy fa: f
sup  sup f(@) — f(z) 7,Cyf(3/) - Wl
(@y)esp (< =t ylp

75 711

Wiﬁ

If V is a sector of reqularity o € A, where appropriate we will use the shorthand .@WPM Q;X/I(V)

and we will drop the dependence on the model when the context is clear.

Remark 4.3.19. We refer to [Hailj)] for more intuition regarding the definition of these spaces and
their properties - all of which carry over to our setting. In particular [Hailj, Rem. 6.4] discusses the

relationship between the spaces 25" and P7.

Remark 4.3.20. The family of norms [f]yn.q and the two following lemmas play a role when we

consider fized-point maps in Section below. Their utility is in allowing us to extract small scaling
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parameters in terms of the distance to the subgroup. In the semi-linear evolution equation setting this

allows us to obtain fixed points on sufficiently short time intervals.

Lemma 4.3.21. Let &8 C G be a compact domain such that for every x € & and T := argmin ¢ p |z~ 1y
one has that the points T(X\ - (z71z)) € R for every X € [0,1]. Also let f € )" for some v > 0 and
assume that for every ¢ < n the map x — Q¢ f(x) extends continuously in such a way that for v € P

one has Q¢ f(x) = 0. Then one has the bound,

[[f]]’y,'r];.ﬁ 5 ”|f|”fy,n;ﬁ7

where the implied constant depends affinely on ||T'||y.q but is otherwise independent of K. Similarly, if

fe D with respect to a different model M = (II,T) and is such that

lim Qc(f(x) — f()) =0

z—P

for every ¢ <n. Then one has the bound,

[[f—f]]%n;ﬁs H}fvfm +HF_1;’

¥;R (”|f|”fy,n;ﬁ + H‘fm%n;ﬁ) ’

¥R

with proportionality constant also depending affinely on ||T'||y.5 and ||T[|:x-

Proof. The proof follows almost exactly as that of [Haild, Lem. 6.5]. For completeness we provide a
sketched proof of the first inequality, the second follows analogously.

Firstly, note that for x € G such that dg(z, P) > 1 or for ¢ > n both bounds follow directly from
the definitions. Hence we restrict our attention to x € R such that dg(z, P) < 1 and ¢ < 7. We define

a recursive sequence by setting xg := 7, oo 1= T = argmin,.p lz712| and z, = Too (2_” . (:Ugolmo)).

One has |7, 70| = 27" - (v lz0)| = 27" |2 tao| as well as
_ _ _ _ _ a3\, -
e | So 277 (@il mo)| 4+ 27D - (2 wo)| = 277 <2> | @ol -
So using that we can write 27" |z 2| = |7, 70| we find
2 | Se |23 woo] = 27" o wo| = 27 "dg (2, P) = 27" |z|p. (4.33)

The main difference in the proof is to apply (4.33)) in place of [Haildl Equation (6.4)], then the rest of
the proof adapts closely. One uses (4.33) together with the definition of ||| f||
CE A4,

;> 10 show that for any

’f(xn-I—l) - an+1xnf($n)|C el |”f”|%mﬁ2n(77*0|x’7})_<‘

To see this, note that for m > 1 it trivially holds and so for |f(z)|m Sg |z|h ™, we proceed by reverse
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induction, assuming that the required bound holds for all m > ¢ and then show that it also holds for (.
Applying the triangle inequality, the inductive hypothesis, the properties of I and (4.33)) we find, as in
the proof of [Hail4, Lem. 6.5], that

|f(@ng1) = flzn)|e S zn(n%)mv])—c’

where the constant depends affinely on ||I'[|,.¢. Then, using the assumption that Q¢ f(x) = 0 for all

¢ <nand x € P and applying the above inequality we find,

n>0 n>0

Using that A is locally finite we may complete the induction which finishes the proof of the first

inequality. The proof of the second follows as in [Hail4, Lem. 6.5]. O

Lemma 4.3.22. Let v > 0, x € (0,1) and assume f, f satisfy the assumptions of Lemma [4.3.21].

Then, for every compact R C G, one has

_ _ _ 1—k
175 Ml a5 1 = T8 s (00 + M7 )

Proof. Follows by a direct adaptation of the proof of [[ail4), 6.6]. One need only replace R? there by
G here. 0

RECONSTRUCTION THEOREM FOR SINGULAR MODELLED DISTRIBUTIONS

Since the reconstruction is purely local, it follows from our earlier proof that for any singular modelled
distribution, f € 911’", there exists a unique element R f € 8'(G\ P), i.e. in the dual of smooth

functions compactly supported away from P, such that,

(Rf — T f(x),92) S\,

for all z ¢ P and A < dg(z, P). However, we show below that under appropriate assumptions there

exists a natural extension of Rf to an actual distribution on G with regularity C2.

Proposition 4.3.23 (Singular Reconstruction). Let f € 25"(V), v > 0 and n <~. Then, provided
a An > —m, where m is the scaled dimension of the complement of the singular hyperplane defined by
([@32), there exists a unique distribution Rf € C&™" such that (Rf)(¢) = (Rf)(p) for any smooth test
function compactly supported away from P. If f and f are given with respect to two models M and M
then, for any compact R, it holds that

IR f = RagFllearnisy S 15l m + M ML 5
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where the constant depends on semi-norms of f, f and Z, Z on K.

We provide the proof of Proposition at the end of this section, let us first make some
preparatory observations. Recalling the decomposition g = p & p¢ defined at the start of the subsection,
we define the projections 7. : g = p© and 71, : g — p. Then using the decomposition X = X? + X¢ e
p @ p¢, we define the map

P:g—G, PX)=exp(XP)exp(X©). (4.34)

Similarly to Remark |4.2.21] one sees that P is a global diffeomorphism. We then define the map
Np:G — Ry, T ‘eXp <7Tc o @_1(1:)) ‘ (4.35)

and observe the following properties.

e For x € G one has that Np(z) = 0 if and only if x € P . This follows from the fact that

P = exp(p).

e For x € G and § > 0 one has the identity

Np((s . .%') = 5Np(x) . (4.36)

Indeed, writing z = ®(X), we have

Np(6- ) = [exp(me(Ds X))| = |exp(Ds me(X))| = |6 - exp(me(X))| = 6Np(z) -

e For any « € G and y € P one has
Np(yz) = Np(z) . (4.37)

This follows from the observation that, writing 2 = ®(X) and y = ®(Y) = exp(Y) one finds that
yr = exp(H(Y, X?)) exp(X°) where H was defined in (.1)). Identity (&.37) then follows from the
fact that H(Y, X?) € p.

e The map Np is Lipschitz continuous on G and it follows from Remark [£.2.6] that Np is smooth
on G\ P.

e There exists a constant C' > 0 such that for all x € G
CNp(x) < dg(z, P) . (4.38)

In a neighbourhood of the origin this follows directly from the fact that Np is Lipschitz continuous.
Homogeneity of N, (given by (4.36]) above) and of the distance function « +— dg(z, P) then shows

that this constant is in fact uniform on all of G.
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e Forallz e G
dg(xz,P) < Np(x) . (4.39)

Indeed, write z = ®(X) = exp(X®) exp(X°) and note that

d(z, P) < |exp(XP)'a| = |exp(X©)| = Np(z) .

Proof of Proposition[[.3.23 The proof is analogous to that of [Hail4, Lem.6.9], the only element that
does not adapt ad verbatim, is the construction of the partition of unity ¢, ,. We therefore present an
alternative construction of a partition of unity on G, which satisfies all the required conditions.

First let ¢ : R4 — [0, 1] be a smooth compactly, supported function such that supp(y) = [1/2,2]
and with the property that for all » € R,

Z w(2"r) = 1.

neL

Secondly, let 3 C P be a lattice (see Section [4.2.3)) and let ¢ be smooth, compactly supported, such
that

D ylz) =1 (4.40)

ye3

for all z in the %—fattening of P C G, where C' is the constant in (4.38)and (4.39). For y € 3 we then

set

py(x) == (CNp(z))@y(x) ,
where the constant C is as in (4.38]). To conclude, we then set for every n >0, y € 3 and z € G,
an,y(x) = ¢y(2n - ).

By using (4.36)) and (4.37)), it directly follows that ¢y, () = (¢1.c) (y~ (2" - x)). Since ¢1, has compact
support and is such that for all z € supp(¢; ), one has dg(z, P) > CNp(z) > 1/2, it only remains to

check that {¢n ytnezye3 is in fact a partition of unity. Indeed let z € G, then

Y duyl@)= D @(CNp(2"-2))3y(2"-2) =) @(2"CNp(z)) D @y(2"-2) =1,

n€Z,ye3 n€Z,ye3 nez yES

=1 given d(z,P)<E2-n+t1

where we used (4.40)) in the last equality. The remainder of the proof of [Hail4, Lem. 6.9] then adapts
ad verbatim by also also making use of Proposition [4.3.17] O

Remark 4.3.24. If the model M is smooth, i.e. Ill,7 € C®°(G) for every T € T, one finds exactly
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as in [Hailj, Rem. 3.15] that for any modelled distribution f € 27 with v > 0 one has the identity

Ry f(z) = Uz f(x)) (x) (and in particular Rarf is a continuous function).

4.3.4 LocAL OPERATIONS

To handle SPDEs using regularity structures we require suitable extensions to modelled distributions of
standard local operations such as differentiation, multiplication and composition with smooth functions.
These extensions adapt easily from [Hail4], thus for brevity we provide them directly for singular

modelled distributions.

DIFFERENTIATION OF SINGULAR MODELLED DISTRIBUTIONS

Definition 4.3.25. Given a sector V' of a regularity structure T = (T, G), a linear operator 0 : V — T

defines an abstract differential operator of homogeneous degree (3, if
o for any a € V, it holds Oa € Ty_g,
o foranya €V and ' € G, one has I'da = dla.

We say O realizes £ for the model M = (I, T") if
o for any a € V and x € G, one has I1,0a = £11,a.

The following proposition is an immediate consequence of the definitions and the uniqueness of the

singular reconstruction operator.

Proposition 4.3.26. In the setting of Definition let f e 25"(V) for some v > 1, then
of € @g—ﬂ,n—ﬁ' Furthermore, if the sector V. has reqularity o and it holds that v > [ as well as
aAn>p —m, then one has ROf = LR f.

Proof. For the first claim one may directly adapt the proofs of [Hail4l Prop. 5.28 & Prop. 6.15]. The
second claim follows by applying the Proposition (4.3.23| to 9;75 n=h n

Remark 4.3.27. We note that any left invariant differential operator £ of homogeneous degree 3 on

G is of the form

for some I € N®. Thus, in order to lift such an £, it suffices to lift each of the differential operators

{X;}L | to abstract differential operators.

Remark 4.3.28. Recall that in Section we lifted the differential operators X; crucially using the
additional structure of the polynomial reqularity structure. This is by no means the only lift, though
certainly the most canonical one. One observes that it is always possible to extend a reqularity structure

and a model such that it carries some lift of a given differential operator.
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MULTIPLICATION AND COMPOSITION WITH SMOOTH FUNCTIONS

We recall the notion of a product on a regularity structure.

Definition 4.3.29. Given a regularity structure T = (T, G) and two sectors V,W C T, a continuous
bilinear map

*: (V,W)—=T, (a,b)—axb
defines a product if
e one has axb € Tyqp for every a, € A and a € Ty, b € Tg,
o I'(axb) = (T'a) % (I'b) for every I € G and for everya € V,be W .

We say that a sector V is stable under the product if V«V C V. Given a product * and any v € R, we
introduce the truncated product x.,, which is given by the composition of x with the projections onto

T,

We show that the product of two singular modelled distributions is again a singular modelled

distribution with possibly new regularity and singularity parameters.

Proposition 4.3.30. Let P be a hyperplane as described above and fi € 230" (Vi) and fo € D5 (Va)
for two sectors Vi, Va of respective regularities oy, aa € A and let x be a product on (Vi, Va). Then

f=Ffixfae .@;?g with
a=a;+ay, y=M+ta)A(2+a), n=(m+a1)Am+a)A(m+n).

Here x., is the projection of x onto T,.
Furthermore, for products between modelled distributions as above but on differing models, writing

f = fi*y f2 and g = g1 %, g2 we have the bound,

|||f7 g|||'y,n;_ﬁ S “|f1’ gl|||'y17771;ﬁ + |||f27 92”|’yQ7nQ;ﬁ + HF - f\H'Yl"F'YQ;R’

uniformly over any compact set R C G.

Proof. One may directly adapt the proofs of [Hail4, Th. 4.7] and [Hail4, Prop. 6.12], recalling that

the homogeneous distance satisfies a triangle inequality with a constant, c.f. Remarkid.2.6| O

We define the composition of modelled distributions with smooth functions as in [Hail4]. Given
a € V, a function-like sector, we decompose a = al + a with a € 7>y and a = (1, a). Further, let ¢ > 0

be the smallest non-zero value such that V; # 0 so that we actually have a € T>.
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Given a smooth function F': R™ — R, for some n > 1, and a function-like sector V' which is stable
under some product x., we lift ' to a function 13’7 : V™ — V by the formula,

)= Y0 20 5o

= o : (4.41)

k

where we used the isomorphism Ty ~ R for each component of a = (a1,...,a,) € V", as well as the
notation a; = a; — Qpa;. Here the sum runs over all possible multi-indices and we extend the product
* in a natural way for vectorial arguments and multi-index powers.

We make the same observation as in [Hail4l, Sec. 4.2], that although the sum in looks infinite,
since ¢ > 0 we have a** ¢ T k¢ and so only finitely many terms of the sum are non-zero. In the
following proposition we naturally extend the definition of a modelled distribution and associated

norms componentwise.

Proposition 4.3.31. Let P be as above, v > 0 and f = (fi,..., fa) € Zp" (V") be a collection
of modelled distributions for some function-like sector V. which is stable under the product x. Let

furthermore F' € C*°(R™;R), then, provided n € [0,~], the modelled distribution

E(f)(x): G =V,
with F(f) defined as in [{&.41)), belongs to 25"(V). Furthermore, the map 13'7 : 9FNV) = DLV s
locally Lipschitz continuous in any of the semi-norms || - ||yn:a and |||l .-
Furthermore, the analogous Lipschitz bound holds when working with two models.

Proof. One may follow ad verbatim the proof of [Hail4, Prop. 6.13], as well as [HP15, Prop. 3.11] for

the last sentence, since all Taylor expansions are carried out in Euclidean space. O

4.3.5 CONVOLUTION WITH SINGULAR KERNELS

In this section we describe how to lift the action of singular kernels onto the regularity structure.
While most arguments adapt from [Hail4] some care has to be taken due to the fact that convolutions
are not commutative and we do not have an explicit formula for Taylor expansions. This latter issue
is circumvented using Lemma which allows us to reduce our analysis to similar expressions as
appear in [Hail4]. The examples we have in mind are the singular part of Greens functions of left

invariant differential operators satisfying the following assumption.

Assumption 4.3.32. The kernel K : G\ {e} — R can be decomposed as

K(z) =Y Kn(x) (4.42)

neN

where the smooth functions K,, are supported on By—n and
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o for each I € N? there exists a constant C(I) > 0, uniform in n € N such that

sup [ X 16, ()| < C(D)20s=5 4O,
z€G

o for any multi-indices I, J € N¢ there exists a constant C(I,.J) > 0 uniform in n € N such that,

‘ / (@) X7 K ()dz | < C (1, 7)2-%,
G

e there exists an integer r, such that

/ 0! (z)K(z)dz =0
G

for all multi-indices I € N% with scaled degree d(I) < r.

Remark 4.3.33. We note that all of the analysis in the remainder of this section also applies to
kernels of the form K : (G \ {e})? — R satisfying an analogue of [Hailj, Ass. 5.1 & Ass. 5.4] adapted
to our setting. Although Assumption [[.3.39 is somewhat less general we choose to work with it for
two reasons; firstly it is simpler to verify and secondly it highlights the role that translation invariance
plays in our applications. Lemma which is an amalgam of [Hail4, Lem. 5.5 €& Lem. 7.7] in our
setting, shows that fundamental solutions of left-translation invariant, homogeneous linear operators
can always be decomposed into a compactly support part satisfying Assumption[4.3.39 and a sufficiently

well-behaved remainder.

Remark 4.3.34. Although we work explicitly with the one-parameter kernels of Assumption

it will sometimes convenient in the proofs below to define K(x,y) := K(y~'z) and use the notation

K(f)(z) := [ K(z,y)f(y)dy = f * K(z). Note that under this convention, for any left-translation
invariant vector field X, one has (XK)(f) = X(Kf).

From now on we shall exclusively work with regularity structures 7 models M satisfying the

following assumption.

Assumption 4.3.35. For each a € A, the vector space T, coincides with the linear span of abstract
monomials 9! with d(I) = a and the model M € My restricted to the polynomial sector T = DBoca Ta,

18 the canonical polynomial model.

We point out that the assumption K annihilates polynomials causes no real restriction on the type
of kernels since the result [Haildl Lem. 5.5] adapts in a straightforward manner to our setting, see also
Lemma [£.4.4 below. We point out that this assumption is convenient but not crucial for the theory, c.f.

Chapter2] In the remainder of this subsection we show how the action of kernels of this type are lifted
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onto the regularity structure and act on modelled distributions. Given a v € RN A we write K, for

this lift; it corresponds to K in the sense that for f € &7
RE,f = K(Rf) (4.43)

and in that it satisfies an appropriate version of the classical Schauder estimates.

Definition 4.3.36. Given a sector V, a map I :V ~ T is called an abstract integration map of order

B > 0 if it satisfies the following properties:

1. For each o € A, T :Vy — Top, where Toyp:={0} fora+ 3 ¢ A.

2. It annihilates polynomials, that is T : T NV — {0}.

3. Foreacht €T, T €G: (ZT -TI)(r) e T.

Assume that the kernel K satisfies Assumption for some 3 > 0. We associate to K the map
J :R? — L(T,T) which for every 7 € T, is given by

J(@)r =Y Py« Ky), (4.44)

where the last sum is seen to converge absolutely by first observing that by Assumption for any
TeT,
X (T = K ()] = [T 5 X7 K ()| = [T (X B, ))] 270000

and then using Lemma [£.3.7]

Definition 4.3.37. Given a reqularity structure T equipped with an Integration map I, a kernel K
and a model M = (II,T'), we say the model M realises K for I if for each 7 € Ty and each x € G,

I, Zr = K(Il,7) — I, J (x)T.
Now we can define the lift of the kernel K, namely for f € 27(V) we set:
Kyf(x) :=Zf(x)+ T (2)f(2) + Ny f(=),

where
W) (@) =Y PUP((Rf — o f(x)) * Kn)
where the last sum converges by the same argument as for J(z)7.

Remark 4.3.38. Given a kernel K satisfying Assumption a regularity structure and model

satisfying Assumption[{.3.35, it turns out that one can always extend the reqularity structure and model
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to be equipped with an integration map L realizing the kernel K. This is the content of the extension
theorem found as [Hailj, Thm. 5.14], which holds in our setting as well. While we do not reproduce

the whole proof since it is a straightforward adaptation of the original one, we present the main steps

below, see Lemmas|4.3.40,4.3.41| and|].53.49, so that the interested reader will easily be able to fill in

the remaining details.

The next theorem which is an analogue of [Haild, Thm. 5.12], confirms that K, does indeed
correspond to K in the sense of (4.43) and satisfies the desired Schauder estimates.

Theorem 4.3.39. Let v € R\ A and 8 > 0 be such that v+ 5 & A, let K : G\ {e} — R be a kernel
satisfying Assumption for r>~y+08,let T =(T,G) be a regularity structure and M = (I, T")
be a model satisfying Assumption [{.53.35. Furthermore assume that T is equipped with an abstract
integration operator and M realises K for T. Then for any sector V of reqularity o € A the operator

K, is a continuous linear map from 27,(V) to ‘@(A’;fﬁ) Ao Satisfying the identity

RK, f = K(Rf),

for all f € 27,(V). Furthermore, if we denote by M = (IL,T), M = (IL,T') two admissible models and

by Ky, respectively IQ the associated operators, one has the bound

1K £ Pl S 1771+ 00— Tl 0~ Dl

where the implicit constant depends on the norms of M, M and f € Z7(V) and f € 27,(V).

The fact that the next lemma ([Hail4l Lem. 5.16]) still holds in our setting is the underlying reason
that all proofs extend in a rather straight forward manner from [Hail4] and one does not require a
more involved notion of abstract integration map, which is for example the case on general Riemannian

manifolds c.f. Chapter

Lemma 4.3.40. In the setting of Theorem[].3.39 one has the identity
Lo+ T () =T+ T (x)ley

forallx,y € G.

Proof. The proof consists of unravelling the Definitions and using the fact that the map Il is injective

when restricted to polynomials, exactly as in [Hail4]. O
We introduce the following quantity; for I € N*, @ > 0,n € N and z,y, z € G, set

KL (2) = XT K, (y, 2) — PO O XK (4 2))(y) = XL (K(-,2) = PO [K(,2)]) () (4.45)

n’zy
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where the second equality follows from Remark Here we reiterate that we are using the notation
K(z,y) := K(y~'z) where K satisfies Assumption 4.3.32} Taylor’s theorem and Remark [4.2.18| then
yield that

Kha (2) = / XY (XT K (22, 2)Q7 (g, d2) (4.46)
\J|<lal+1,d())>a+B—d(1) ” ©

As in [Hail4] the motivation for defining these quantities comes from the identity

I, (Z7)(¢) = K(Ix7)(¢) — 12 (2)7(9)

-y / I, 7(K92 ) (y) dy

where we use the subscript in (I1;7)2 (K, (-, -)) to clarify that this denotes the function w +— I, 7 (K, (w,-))
and the analogous subscript for P, 1[K (-, -)](y) to clarify that one expands in the first coordinate. The
next Lemma collects the results of [Haildl, Lem. 5.18, Lemma 5.19], the proofs of which adapt ad

verbatim.

Lemma 4.3.41. Let o € A and 7 € T, and assume a+ 8 ¢ /\, then the following bound holds

(L) (K e S I, 0) (1 + T, o) Y 27y~ | Fet a0 (4.47)
>0

where the sum over § runs over a finite set of positive real numbers. The same bound holds for
](HwT)(Kfljgy)\, as well as the analogue bound on the difference of two models.

Furthermore one has the bound

by

n

a;Bz(x)(l + ||F||oz;Bg(:c)) ’ (448)

/G (IL7) (K12 oA (w) dy | < A8

as well as the analogous bound for the difference of two models, where all these bounds hold uniformly

over x € G, A € (0,1] and ¢ € B,

As in [Haild] we introduce for x,y € G the following operator

Ty =T (@) py —T0yT(y) (4.49)
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Lemma 4.3.42. Under the assumptions of Theorem[{.3.39 one has for each a € A, T € T,

| TeyTla S a5 () (14 (T oo )|y~ 22T |

uniformly in x,y € G satisfying v € B1(y). Again, the analogous bound holds for the difference of two

models holds as well.

Proof. First we write Jpy =, Jey Where each J;', is defined by replacing K by only one summand
K, in the definition of 7, ,. Observe that since jﬁyT € T<a+g it suffices by Lemma m to show that

Pr(y) = e(TryT)(Y) € Pasp

satisfies

D] S 1Mo, By (1 + 1T, 5y (o) ly ™ 2|24 (4.50)

n
We treat the cases |y~ ‘x| < 27" and |y~ 'x| > 27" separately. In the case |y~'z| < 27", using the

definitions of the polynomial regularity structure, we find

pr(a™"z) = Ie(Tpym) (27" 2) = o (T, 7)(2)

and thus
X'pl(e) = X (1T, 7)(x) -

Using the analogous notation J"(x) for the operator consisting only of one summand in (4.44), we find

LT (@) ym(2) = T (T (2) Q4 TayT) (2)
y<a
_ Z L, (11,Q, 0 y7) K-, )] (2)
> BT (I, QL) Ko )(2)
Y mar et (P I 1(2)
y<a
= (11,7) (P ) ;n 2Oy (B3 1K )] = P [ ) (2)
B (I ) Ko zn QT (P[5 ()] = P17 (K )]) (2)
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and

M,T,,J"(y)7(2) = ,T"(y)r(z) = Po P [(10,7)2 K-, )] (2)

a
Y
a
T

Il
=0

B R, )] (2)

B [y, (Pyr 1Ka ()] (2)

where in the third equality we used the fact that 15?_'8 acts as the identity map on polynomial functions

of degree less then a4+ 8. Therefore,

. Sa+B a8 ports Sy+8
br ($ IZ) = P:E |:(Hy7-)2 (K’n(u ) - Py,l [Kn ) ] Z H Q’y T yT [ n(') )] - P;l [Kn('a )]) (Z)
¢=p?,;(rx—1z) e =pr; (27 12)

Using the general formula X7 (P5[f])(z) = X (P2[f])(e) = X' f(x) for d(I) < a we find that

X1ty (e) = X[, 7)a (K, ) = Pyt 1, )] ) = () ()

and so by Lemma [4.3.41| we find that

> Xt (e)] S ly el D
n:ly=le|<2-n

Concerning p.), since one has the identity
prd(a2) = =PI (0,Q Dy )oK ))(2) + Py P (L@, Dy )oK, )](2)
we find that XIpZ’;( ) =0 unless d(I) € [y + B,a+ (), in which case
XIP:;( )= HxQWmeyT(XllKn(%')) .
Thus,

Yoo Xl s Y a2 0 g Sy e D
n:ly~lz|<2—n n:ly~lz|<2—"
where we used that the case d(I) = v + ( does not arise as by Assumption [4.3.35
we have v + 3 ¢ A. This concludes the case |y~ lz| > 27".

To treat the case |[y~lz| > 27", one writes

Z I, J"(x Q’v eyT)(@2) =Ty T (y)T(22)

v<a

='Qf,f (2) =:q75(2)
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and using the fact that v+ 8 ¢ A one finds

’X]qn,iy(e)‘ _ }ng'YF-TvyT (X{Kn(x7))} ’ if d(I) < ’Y—i_/ﬁu
7 0, otherwise,

which is bounded uniformly over |y~'z| < 1 by a constant multiple of |y~ 'z|*~72-7(r+8-d()  Con-

cerning ¢, we find that

@2(2) = Ty T (y)7(2) = 1,77 (y)7(22) = P} (0,2 K )y~ e2))

and therefore by Lemma [4.3.§]

aEls 3 s e (6 Kt | e O
d(1)<d(J)<a+g U =d)
S Z sup Q—n(a+6—d(J'))|y—1x|d(J)—d(I)’7_|
A1) <d(J)<a+p W)=d(J)
< —n(a+ﬁ—d(J)),y—lw’d(J)—d(I)‘T’ '

d(I)<d(J)<a+f

Since p?! = Zv<a qTf + q7 5 one obtains 0) by summing over {n eEN : |y~ lz| > 2_”}. O

Proof of Theorem [{.3.39. First, we need to check that for a € A it holds that

Ko f () = Tay s f(9)la S ly~ a7 H070 (4.51)

For a ¢ A this bound follows from Lemma and properties of modelled distributions by an ad
verbatim adaptation of the same argument in the proof of [Hail4l Thm. 5.12]. The only place, where
the proof [Hail4l, Thm. 5.12] does not adapt directly is when showing the bound for a € A. As in the
proof of Lemma we use Lemma to circumvent the difficulty of not having explicit Taylor
expansions in our setting. The rest of the proof adapts almost ad verbatim.

We first note that the polynomial part of I, f(x) — 'y Ky f(y) is given by

P =Ty N, f(y) =Ny f(2) + T (2) (T f(y) — f(2)) (4.52)

and thus, in order to prove (4.51)) for the polynomial part it suffices by Lemma to show that for
any d(I) < v+ 5, p(e) := II. P satisfies

(X p(e)| < |y~ ta A4 (4.53)
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Using (4.42)) we define the analogous decompositions J = >, J" and N, = 37 AN and similarly
write P =) _,P", etc.
As usual we use different strategies for small and large scales, starting with the case 27" < |y~ !z|.

In this case we separately estimate p;(e) := Il P; for i € {1,2,3} .

e Noting that
PL(2) = ILTay N, £ (9)(@2) = N, F() (2) = PITP (RS =0, (1) (Kl )] (v "22),
we find by Lemma [4.3.8

X pi(e)l S sup ‘(Rf 1L f () (X Koy, ))‘ ly~ | D =d(D)
d(J")<d(J)

N

sup 27 POHB=dI)) |y =1 d()—d(D)

d(D)<d(J)<y+p W) =d(])

< Z 9~y +B=d(J)) |y =1 g A(I)=d(D)

d(1)<d(J)<y+8

e Regarding p% we find that X pZ(e) = (Rf — U, f(x)) (X{ K, (z,-)) and thus by the Reconstruc-
2 2 1

tion, see Theorem [4.3.11
| X pg(e)] S 27n0FAUD)

e Lastly, for p™, using the definition of [J(z) and properties of models and modelled distributions
we find

X p5(e)| < > (Mo Q5 (T f(y) — f(a)) (XT K ()]

SeA: d(I)—B<d<y

< Z |y~ Lz 02— n(BHo—d)
SEA: d(I)—B<d<r

Therefore summing over 27" < |y~ 1z, since 3+ 6 ¢ A for any 6 € A and 5+ ¢ A\, we find

3
>, Xpels Yo Y IXT@IS et
n:2 - "<|y 1z n: 27|y~ 1g| i=1
Next we turn to the case 27" > |y~ !z|; here a computation analogous to the one preceding [Hail4]

Eq. (5.48)] gives

X'p*(e) = (M f(y) —RAOKLT) — > ([MeQc(Tuyf(y) — f(2) (X{ Kn(z,-)) (4.54)
(<d(I)—-p

which can be bounded exactly the way it is done there.
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Finally, one may follow the concluding steps of the proof of [Haildl Thm. 5.12], finding that for
any ¢ € ‘B,
(e (K f(2)) = K(RF))(#3) = D / (o f () = RE) (K, 2)) 52 )y

and thus one obtains the identity R, f = K(Rf).
The proof of the difference bound follows by similar steps as to those presented here and applied in

the proof of [Hail4]. ]

4.3.6 SCHAUDER ESTIMATES FOR SINGULAR MODELLED DISTRIBUTIONS

Since our main application will be to semi-linear evolution equations we will often require a Schauder
estimate for modelled distributions with permissible singularities near a given subgroup P C G, as in

Section on singular modelled distributions.

Proposition 4.3.43. In the setting of Section[{.3.3 and Theorem[].3.39, given a sector V of reqularity
a € A, the operator K., is well defined on 25" (V) for n <~ provided that v > 0 and n A o > —|m|.
Furthermore, if v+ ¢ N and n+ 5 ¢ A, one has K, f € @;+67(77/\a)+/8 continuity bound

’HIC’Yf’ IC’YJE|H,Y+&(77/\Q)+B;§ S H f; fm%m_é + ||H - ﬁH'y;.é + ”F - f”fy;._ﬁ (455)

over any compact set R C G and admissible models, where the implicit constant is uniform in the

semi-norms of M, M and f € 25{(V), f € 27.(V) on &

Proof. The proof follows exactly along the same lines as the one of [Hail4l Prop. 6.16], where as in the
proof of Theorem [4.3.39| the only modification needed is due to the fact that our Taylor expansions are
non explicit. Using the same notation as in the proof of Theorem [4.3.39] we recall (4.52)

P =T Ny f(y) =Ny f(2) + T () (Tay f(y) — fl2)) - (4.56)

This time, in order to show that K, f € @73+'3 (M) +B , by Lemma we are required to show that
for p(e) :=.P =33 TP,

_ +B—d(I —
|le(6)|<|y 11,|'Y ()]x,y|§;7/\a)+ﬁ Y

< , (4.57)

There are three scales, which need separate arguments.

e In the case 27" < |y~ 'z| one proceeds exactly as in the proof of Theorem [4.3.39] using the

decomposition p" = Zf’zl ;-

e In the cases 27" € (|y_1:c|, %‘l’,yh)) and 27" > %|x,y|p one uses Equation (4.54) and proceeds

exactly as in [Hail4] from there onwards.
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Again, the proof of the difference bound follows analogously. O

4.3.7 SYMMETRIES

As in [Hail4l Sec. 3.6], we shall consider modelled distributions which respect certain symmetries of G.
In this work we will only consider the symmetries of G under the canonical left action of a discrete
subgroup & C G as in Section acting by ® x G 3 (n,x) — (nx) € G. We extend this to an action
on function 9 : G — R by pull-back, i.e.

(") () == Pp(n~'z) = Yn(x).
For a regularity structure 7 = (T, G) we give the following definition, by analogy with [Hail4l Def. 3.33]
but restricted to this more straightforward setting.
Definition 4.3.44. Given a discrete sub-group & C G as above, we say that a model M = (II,T") is
adapted to the action of & if, for every test function, ¢ € C°(G), x € G, 7 € T and n € & one has

(ILye7)(n*Y) = (II7)(v) and Thgny = Lay.

A modelled distribution f : G — T is said to be symmetric if f(nx) = f(z) for every x € G and n € &.
The following proposition is an amalgam of [Hail4, Prop. 3.38 & Prop. 5.23|.

Proposition 4.3.45. Let T be a regularity structure, & C G be a discrete subgroup as above and
M = (IL,T") be adapted to the action of & (according to Definition|4.3.44}). Then, for every modelled

distribution f € 27, for some v > 0, symmetric with respect to the action of &, the following hold;
1. For every ¢ € C°(G) and n € & one has (Rf)(n*¢) = (Rf) ().
2. For any x € G and n € & one has (K, f)(nz) = (K f)(z).

Proof. The proof of the first point follows exactly the steps of the proof of [Hail4, Prop. 3.38] in our
simplified setting.

The proof of the second follows similarly along the lines of the proof of [Hail4l Prop. 5.23], in
particular using the assumption that the model is adapted to the action of & and the vector fields

{X;}L | are left-translation invariant. O

4.3.8 BouNDS ON MODELS

We state two results which, as in the Euclidean setting, allow one to reduce the number of stochastic
estimates needed in order to obtain convergence of models to only II|p_,. The proof of the next

proposition, [Haild, Prop 3.31], adapts ad verbatim to our setting
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Proposition 4.3.46. Let T = (T, G) be a regularity structure and (II,I") a model. For a € (0,00)N A,
the action of I1 on T, is fully determined by the action of Il on T« as well as the action of I' on T,.

Furthermore, one has the bound

II.7 qf))‘
supsup sup sup =Tl gy iy

TER A<1 ¢€B, 7€T \{0} AT o
as well as the analogous difference bound.
Furthermore, one has the following simple consequence of Lemma, and Lemma

Proposition 4.3.47. Under the assumptions of Theorem one has for each a € A\ A, 7 € T,

and § € A one has

sup |F:r,yIT‘5+5 |Fx,y7,6

zyeR: |y~ lz|<1 |T‘a—ﬁ|y

1.1a—% S (1+ ||FHO¢;§)HHHO¢;:§ + Sup —1,.ja—6 °
x| zyef:ly~tal<1 |T|a—ply~ 2|

Again, the analogous bound for the difference of two models holds as well.

4.4 APPLICATIONS TO SEMILINEAR EVOLUTION EQUATIONS

In this section we specialize to the setting, when the homogeneous Lie group G has distinguished
time direction, see Section [£.4.4] below for illustrative examples. Specifically, assume we are given
decomposition of the Lie algebra g = p @ p where both summands are s-invariant subspaces and
furthermore p€ is one dimensional. In line with this decomposition, in this section we deviate from the
convention stated above Equation and reorder the basis of g so that we always have the time
component, i.e. X; € p¢, in the first slot. Under this assumption we also fix the basis X = {Xi}f-l:2 of
p where s X; = 5;. We note that P := exp(p) C G is a homogeneous subgroup as in and we recall
the notation defined there,

s5:=s|, and [s]:= trace(s|y).

In particular we have |s| = 51 + |5]. From now on we identify the Lie group G with R x P under the
diffeomorphism

RxP—G, (t,z)—zexp(tXy).
and we shall often use the notation z = (¢,2) € R x P = G. Let us collect some useful facts;
e Under this identification we see that R x {e} C G is a homogeneous subgroup.

e The scaling map behaves as expected, in that for any z = (t,2) € G and § > 0

§-(t,x) = (0°1t,0 - x)
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where J - z is understood to be the restriction of the dilation to P.

e The map ® from (4.34) is related to our decomposition here, in that for any X? € p and ¢ € R,
we have ®(XP 4+ tX]) = (¢, exp(X*)).

e Recall the map Np : G — R, defined by . There exists a constant ¢ > 0 such that
Np(t,z) = c’]t!i. In particular, by and there exist a constant ¢ > 0 such that for
any (t,x) € G

%|t|% <d((t,2),P) < clt|7r . (4.58)

A core assumption for the remainder of this section will be that of non-anticipativity.

Assumption 4.4.1. We say that G : G\ {e} — R is non-anticipative if for any (t,z), (s,y) € G one
has G((s,y)"(t,x)) = 0 whenever s > t.

We will also require an assumption of prescribed homogeneity on the kernel, with respect to the

dilation map.

Assumption 4.4.2. For o € R, we say that that G : G\ {e} — R is smoothly o-homogeneous if it is
smooth and for any z € G\ {e} and X > 0,

G\ -z) = XG(z).

We now have the following analogue of [Hail4l, Lem. 7.4].

Lemma 4.4.3. Given G : G\ {e} — R satisfying Assumption and Assumption with
o = —|§|, then there exists a smooth function G : P — R such that for all (t,z) € G with t > 0,

Gt,x) =t =G (t‘i ). (4.59)

For every multi-index I € N1 and every n > 0 there exists a constant C > 0 such that uniformly
over z € G,

|XIG(x)| <O + |z (4.60)

Proof. The proof follows exactly the same steps of [Hail4, Lem. 7.4] after replacing the usual derivatives

there with the vector fields X = {X;}%,. O

Lemma 4.4.4. Let G : G\ {e} — R satisfy Assumption and Assumption with o = —|s|.
Then, for any r > 0, there exist smooth functions K : G\ {e} = R and K_1 : G — R, both satisfying
Assumption and such that G = K + K_1 and

e K is compactly and satisfies Assumption[{.3.39 with B = s1.
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o K_1:G — R is globally smooth and such that X'K_1 € LS (R; LY(P)) for any I € N¢,

loc

Proof. The proof readily adapts from [Hail4, Lem. 5.5 & Lem. 7.7] with the only real change being to
skip the last step in the proof of [Hail4l Lem. 7.7] and instead using Faa di Bruno’s formula along
with (4.60) to obtain the claimed integrabillity of K _;. O

Remark 4.4.5. Note that more careful analysis yields improved bounds on K_1, however, K_1 €

L3 (R; LY(P)) suffices for our purposes.

loc

4.4.1 SHORT TIME BEHAVIOUR OF KERNEL CONVOLUTIONS

Together, the following two results show, in our setting, that the lift of the kernel applied to a modelled
distribution, f, can be controlled on sets of the form Op := {z € G : d(z,P) < T} only using
information about f on the same set. Note that using there exists a constant ¢ > 0 such
that [0,cT] x P C Op. Hence, the corresponding notion of local solutions, described in Section m
corresponds to the usual one.

First, we introduce some final pieces of notation, let R* : R x P — R be a map such that for
all z € P one has RT(t,z) = 1 for t > 0 and R (¢,2) = 0 for ¢ < 0. From now on we shall also
use subspaces of the previously introduced Holder spaces (Definition , modelled distributions
(Definition and singular modelled distributions (Definition writing, for example

C*G) cCG), 21C I IYbCIVp

where we allow the set £ in the relevant definitions to be any closed subset 8 C Op for some T" > 0
(in particular £ is not necessarily compact). We shall often write the corresponding semi-norms for

example as

|| . ”a;oTﬂﬁv |H : ”|'y;OTﬂﬁ) ||| : |”'y;'r];OTﬁﬁ )

where in particular we allow R = Or.
With these notions at hand the proof of the next theorem adapts directly from the proof of [Hail4l
Thm. 7.1].

Theorem 4.4.6. Let v > 0, T be a regularity structure and M = (IL,T) and M = (II,T) models
and K : G\ {e} — R a non-anticipative kernel (see Assumption such that the assumptions of
Theorem [4.53.39 are satisfied for some B > 0 and a sector V of regularity « > —s1. Then, for every

T € (0,1], and n > —s1 and for kK > 0 small enough

‘H,CVRJrfH‘7+67(77/\a)+ﬁ—mOT S e 11 V107 (4.61)
H"C’YRJrf;K’YRJrfmnyﬁB,(n/\a)Jrﬁ—n;OT ST (H ik f‘H’y,n;OT + H|M§Mmy;02) : (4.62)
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The constant in the first bound depends only on || M]||
H|fH%77§OT v }“f‘|‘7,n;OT and |HM|”7§02 v H{MH‘V;OQ'

Proof. The proof follows almost ad verbatim the proof of [Hail4, Thm. 7.1], only using our modified
definition of the sets Op :={z € G : dg(z, P) <T}. O

41097 while in the second it may also depend on

Remark 4.4.7. In fact, given any closed set R C G the bounds (4.61) and (4.62)) both hold if Or is

replaced on the left hand side by O N 8 and on the right hand side by O N K. However, we will not

make use of this fact in this chapter.

While Theorem treats the lift of the singular part of the kernel the following lemma shows
that the application of the smooth remainder can be lifted into the polynomial regularity structure in

a similar manner.

Lemma 4.4.8. Let K 1 : G — R be a smooth, non-anticipative kernel on G, such that for any
I € N? the functions XTK_1(t, -) are bounded in L'(P), locally uniformly in t € R. Then, under the
assumptions of Theorem [{.4.6 one has the bound

I[Py 1R 1| SIS0

v+8,7;07
as well as the analogous difference bound
H’P?')[K_lnMRJrf];PZ')[K_IRMRJFJ?]H‘wﬁ,ﬁ;OT ~T <H Il or + H‘M;M‘H%Ol) '

Proof. The argument adapts mutatis mutandis form the proof of [Hail4l Lem. 7.3], replacing the

compact support assumption therein by the integrability property of K_;. ]

4.4.2 INITIAL CONDITIONS

We will only consider evolution equations on domains without boundary so that our only boundary

data is the initial condition and proceed as in [Haild, Sec. 7.2].

Lemma 4.4.9. Let ug € C%(P) such that |luo|ce(py < 00 and T = (T,G) be a regularity structure

containing the polynomial regularity structure over G and let G be a kernel satisfying Assumptions[.4.1]
and[{.4.9. We set fort # 0

Guo) (1) = / /T GO ()l dy,

where we used the suggestive but only formal notation if « < 0. Then, for every v > 0 the map

P(.)[G(uo)] : G\ P — T belongs to .@&’g for every v > (aA0) and furthermore, for any T > 0, one has

22 el g, <o
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Proof. We first decompose the kernel as in Lemma [£.4.4] and write
G(UO)(tv ZL‘) = K(UO)(t7 l‘) + Kfl(u())(ta $) :

For the summands of K (up)(t,z), one can argue as in the proof of [Haild, Lem. 7.5] or as in

Section The desired bound for K_1(ug)(t, z) follows exactly as in Lemma [4.4.8| O

4.4.3 AN ExaMPLE FIXED PoOINT THEOREM

At this point, we have all ingredients at hand to straightforwardly see that the very general fixed point
Theorem [Hail4, Theorem 7.8] as well as the other parts of [Haild, Section 7.3] adapt to the setting of
homogeneous Lie Groups. For the sake of conciseness and with the primary example of Anderson-type
models in mind, we refrain from presenting this material in all generality and instead show an example
fixed point theorem. This result covers Anderson type equations, such as the one treated in Section [4.6

Recall here the notation introduced at the start of this section, in particular the identity |s| = s; + |s].

Theorem 4.4.10. Let o € (—s51,0], v > —a, n+a > —s1 and G : G\ {e} — R be a kernel satisfying
Assumptions |4.4.1] and|4.4.2 with 0 = —|5| and the decomposition G = K + K_1 as in Lemma |{.4.4.

Furthermore, let T = (T, G) be a reqularity structure containing the polynomial reqularity structure,
equipped with an abstract integration operator T of order s1 and containing an element = € Ty, where

a=min A. Then, given a model M = (II,T") which realises K for I and satisfies the assumptions of
Theorem along with any v € 2}, the map

Moy G — 29" U~ K, RT(UE) + P,

( )[K_1R+(UE)] + v, (4.63)

1s well-defined and there exists a unique fized point for some T > 0.
Furthermore, if ll.= and v are &-periodic and the model is adapted to the action of & on the group
(as defined in Section , then the unique fized point is as well.

Crucially, the solution map depends continuously on the model.

Remark 4.4.11. Note that using that the abstract mild equation given by is linear in U, the
local time of existence T' > 0 can be chosen independ of the initial condition. Thus, given suitable
bounds on the model over a suitably large set of the form {z € G : d(z, P) < T + 1}, by restarting the
equation one obtains existence of a fixed point for arbitrary T > 0. We refer to [HL1S8, Theorem 5.2/
for details.

Remark 4.4.12. In practice we will usually take v = P7[G(ug)] so that by Lemma the condition
v e _@&’IZ is satisfied provided uy € C"(P), where n+ « > —s1. The notation K and K_; is carried over
from Section[{.3 and Section[{.4), in particular K is the lift of K, the compactly supported, singular
part of the fundamental solution, see Theorem [.4.00 and K_; the smooth remainder, see Lemma [4.4.8
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Proof sketch of Theorem[{.4.10. The proof is a straightforward adaptation of the proof of [Hail4,
Theorem 7.8] and follows by applying Proposition Theorem and Lemma to show
that the map M., has a unique fixed point in 23" for some T > 0. Since a = min A, the modelled
distribution = — = is an element of 93;’73 for any v > 0. Assuming U € .@&’g by Proposition one
therefore has,

= YHo,nto
UE€Z,p .

So by using the singular Schauder estimate, Proposition [4.3.43] along with the assumption (n+a) A« >

—51, one has

- +a+8,((nt+a)Aa)+8
IC(U‘_‘) S @?a+ﬁ)A0;lz'7 :

Then, we see that

y+a+B>y n<n+a+pf and (a+p)A0>0.

Hence, one finds .@(Vatrag//ib(;(;ﬁa)/\a)-w

@g,’?g. By comparing Mr.,U and MT;UU for U, U € 93’", one then shows that M., is a contraction

< 9.p which concludes the proof that My, is a self-mapping on

for sufficiently small T > 0.
From the steps outlined above one furthermore obtains the the claims of &-periodicity and the
continuous dependence of the solution on the model. O

4.4.4 CONCRETE EXAMPLES OF DIFFERENTIAL OPERATORS AND KERNELS

The theory developed in the proceeding sections provides the analytic framework to treat singular
SPDEs using the tools of regularity structures where the linear part of the equation is given by an
operator £ satisfying the assumptions of Folland’s theorem, Theorem In this section we present
a non-exhaustive list of homogeneous Lie groups and linear differential operators, £, to which our

results apply. Generically, these equations are of the form,
Lu =0 — Lu = F(u,Xu,...,£), uli=o = uo,

where £ is a suitable noise, the non-linearity is linear in the noise and only depends on lower order

derivatives of u than are contained in £ which satisfies the assumptions of Theorem c.f. [Fol75).

Setting 1 P is a stratified Lie Group (see Definition [4.2.30]) with a basis {X;}I", of Wi, generating the Lie
Algebra. We equip G := R x P with the trivial homogeneous Lie Group structure

GxG>((ta),,2)— t+1t, ")

with the extended scaling A - (t,2) = (A?t,\ - z). The heat type operator associated to the
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Setting 2

Setting 3

sub-Laplacian
L=0-> X7
i=1

satisfies the assumptions of Theorem and it follows from [Fol75, Thm. 3.1 & Prop. 3.3]
that £ is non-anticipative. We shall discuss a notable example of the setting, that of the heat

operator on the Heisenberg group, below.

A generalisation of the above setting is to take P a homogeneous Lie Group and equip G := R x P
with the same structure as above, but this time define the scaling \- (t,z) = (\24¢, \- x) for ¢ > 2

and an integer. A natural class of operators is given by
£Q :8t_Q(X17'-'aXm) )

where @) is a polynomial of homogeneous degree 2¢ and such that £g and E*Q are hypoelliptic
and £¢ is non-anticipative, see [Hail4, Eq. 7.8]. A notable example is the heat type operator

associated to the bi-sub-Laplacian on a stratified Group.

The homogeneous Lie Group G = R x P is equipped with a non-trivial Lie group structure. In

this case we look at differential operators of the form,
L£=Xo—-Q(X1,...,Xm) .

where Xo = 0; + Xo and the operators £, £* satisfy the criteria of Folland’s theorem and £ is
non-anticipative. Examples are parabolic/restricted Hormander operators, c.f. [Hail6a, Def. 1.1]

or [Bel95, Ch. 3] and the kinetic Fokker—Planck operator fits into this setting.

HEAT OPERATOR ON THE HEISENBERG GROUP

In the context of [Setting 1|and [Setting 2| we recall that the Heisenberg group, H", defined in Section
is a stratified Lie group. Identifying H"” = R?" x R we recall that

Ai(xa y’Z) = 8381 + yzaz, Bl(wa Y, Z) = ayi - wiaz; C(x7y7 Z) - 82

are left-translation invariant vector fields. It is readily checked that the operator

n

£=0,-) (Al + B},

=1

is homogeneous with respect to the scaling,

A (t,x,y, 2) = (N2, Az, Ay, A22),

349



Applying [Fol75, Thm. 2.1] there exists a unique, fundamental solution K : H” — R associated to £
which is smooth away from e and satisfies the assumptions of Lemma As a result our framework

allows for the study of semi-linear evolution equations of the form,
ou — Lu = F(u, Ayu, ..., Apu, Biu, ..., Byu,§), uli—o = uo.

MATRIX EXPONENTIAL GROUPS AND KOLMOGOROV TYPE OPERATORS

A wide class of operators fitting into [Setting 3| above are the Kolmogorov (or K-type) operators on
R x R™ for n > 1. The group structure is a matrix exponential group, as defined in Section [4.2.4

Given two, rational, n X n block matrices,

0 By 0 0
A 0 0 0 By 0
A= . B-
0 0 0 0 0 By
0 0 0 O

with Ay constant, positive definite and of rank ¢ < n and each B; a p;_1 X p; block matrix of rank p;,

where ¢ =pg > p1 > --- > pi and Zle p; = n. Then the linear operator, defined for v : R x R® — R
by
Lu(t,z) = Owu(t, z) — V- (AVult, z)) + Bz - Vu(t, 2),

satisfies Hormander’s condition. Equipping R x R™ with the matrix exponential group structure
associated to B (and defined in Section {4.2.4)) it is readily checked that £ satisfies the assumptions of
Theorem In fact, there is an explicit formula for the fundamental solution. We first let

C(t) == 1/0 exp(—sB')Aexp(—sB)ds

and then using the same notation for the effective spatial dimension, |5| := Zfzo(% + )p;,

Kt z) = ((47r)"t5|1det c(t) ) N P (‘W) '

The kinetic Fokker-Plank operator falls into this class. Consider the domain R x R?¢, with variables

(t,z,v) and set, as block matrices,

I, 0 s [0 L
0 0 0 0
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Then the associated operator is
Lu(t,v,x) = du(t,v,z) — Ayu(t,v,z) —v - Vyu(t,v, ).
and the fundamental solution in fact has the explicit form,

K(t,v,x) =

23 p(_w_3‘x+gt’2>

d(amydgat CP Ty 3

See [IK64, Sec. 7] for a derivation in the case d = 1 and [Man97| in the general case.

4.5 A REGULARITY STRUCTURE FOR ANDERSON EQUATIONS

In this section we present a brief construction of a sufficiently rich regularity structure 7 = (T, G) in

order to solve abstract fixed point equations of the form
U=Z(U=)+ Uy, (4.64)

as treated by Theorem where Z denotes the abstract part of the lift of a 2 regularising kernel
as in Section = is the lift of a noise of regularity a and Uy is the polynomial part of U. In
order for the equation to be subcritical one needs to impose o > —2 and thus it follows from the
previous discussions that we can look for a fixed point in a space 2}, for v < 2. Thus we only need to
incorporate abstract polynomials 1; with s; < 2 into our regularity structure and since one has the

following identities in this case

ni(zy) = mi(z) +my),  PUAC) = f@)+ D m()Xif(x) (4.65)

ii5;<y
one can work with essentially a truncated version algebraic framework as on the abelian group R¢
developed in [BHZ19]. Therefore, in the remainder of this short section, we freely use notations and
definitions from [BHZ19], often without further explanation.
We define two edge types £ = {t,Z} and declare |[t| = 2 and |Z| = o and as well as a scaling in the
sense of [BHZ19] s = (s1,...,8,), where n = max{i < d :s; < 2}. E| Motivated by we define the
naive (normal) rule, c.f. [BHZ19, Def. 5.7]

R(t) = {(LE), (1), (E). 0}, RE) = {0} (4.66)

and consider its completion R constructed in [BHZI9, Prop. 5.21] (note that this second step is only

5Recall form Section that s1, s2,..,5, are the first n eigenvalues of the scaling s in increasing order and that X;
are the corresponding eigenvectors
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necessary if @ < —3/2). We denote by 7% and 7%, 7_ C T* the corresponding spaces constructed in

[BHZ19, Def. 5.26, Def. 5.29, Def. 6.22] and summarise some important properties of these spaces.
Proposition 4.5.1. The triple {T, T.2*, T_} have the following algebraic structure.
o The spaces T, T_, T* are graded Hopf algebras with coproduct given by Ay and A_ respectively.
e The space T is a right comodule over T .
o The spaces T and T are left comodules over T— .
e These spaces satisfy the co-interaction property, i.e. the following diagram commutes
AT

7'61‘ >T€x®7::117

AJ lM(173)(2)(4)0(A7®A7)

Ter g Ter WO e g e g s

Note that the fact that we can leverage the framework developed in [BHZI19] relies crucially on the
fact that it suffices to include polynomials of degree < 2, which translates into the algebraic relation
At(n;) =n; ®1+ 1 ®n; whenever s; < 2. In general one would need a modification A™ of the map
AT such that At(n;) = Zd(1)+d(J):sj C’j"]'nl ®n”. Furthermore, one would need a modification A~ of
triangle A~ and both modifications, At and A~, would depend on the group structure of G, since the
form of higher order Taylor polynomials depends crucially on it. To circumvent these considerations
we restrict ourselves to working with the following subspaces.

Let T consists of the span of those basis vectors (trees) T' € T where T and its grading |T'|4, c.f.
[BHZ19. Def. 5.3], satisfies the following properties

e it is planted and satisfies |T'|; <y or T = T'= where T" is planted and satisfies |T"|+ < 7,

e the only polynomial decorations appearing are at the second highest node and of degree < ~.
Similarly, we set 7, C T* to consist of the subalgebra generated by those trees T € T* satisfying

o [T+ <~

e the only polynomial decorations appearing are at the second highest node and of degree < ~.

Observe that Proposition still holds with 7* replaced by 71 and T replaced by T. We define

G+ to be the character group of 7;.. From now on our regularity structure shall be given by
T=(T,G), (4.67)
where G consists of the elements I' € L(T, T) of the form I' = (id ® f)A™ for some f € G.
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4.5.1 SMOOTH MODELS

In order to define the models, we have to deviate slightly from [BHZ19]. For i € {1,...,n} we write n;
instead of X; for abstract polynomials and we declare a map I : 7 — C°(G) (c.f. [BHZ19, Def. 6.8])
to be admissible for a smooth function £ € C*°(G) and a kernel K as in Assumption 4.3.32] if for every
zeG

I=(x) = &(x),  Mni(x) = ni(z)

and

NZr = Kllr, IIZ;7 = (X;K)IIT ,

where we write Z resp. Z; for the operation of attaching an edge of type t, resp. (t,e;) to the root. For

II an admissible map as above and z € G we recursively define f, € G, and II, by

fAIr)= - Y 9fHXKIL7)(2)
d(N<|T(7)|+
M.I7(2) = K(IL7)(2) — Y 7'z ') X' K1L7)(2)

d(1)<|Z(7)|+

and by the analogous expression for Z;7, where i € {1,...,n}, c.f. [BHZ19, Lem. 6.9]. We say that II is
canonical, if it satisfies II=7 = IIZIIT for every 7 such that =7 € T, and it does not see the extended

decoration, i.e is reduced in the sense of [BHZI19, Def. 6.2.1]. One can check that for such canonical

lifts II the maps I, = (II® f.)AT and T, , where 75, = (f7 ' ® fo) AT form a model
M =(LT,) . (4.68)

The renormalisation group G_ is defined to be the character group of the Hopf algebra 7. We
observe that in our case 7 coincides (as an algebra) with the free algebra spanned by a family of
linear trees. (In the case o > —3/2, one furthermore has 7°* = 7_ and we list the trees explicitly in

the next section). The group G_ acts on models as follows. For g € G_ let Ry = (g ® id)A™, we set
M9 = (11, 1Y) = (IRy, Ty, - (4.69)

One can check that every element the orbit of a smooth canonical model as in (4.68]) is indeed a model.

Remark 4.5.2. Note that in order to show convergence of a family of models ME) = (f[(s),f’(g)) of
the form (4.69) for the regularity structure T = (T,G) for some smooth underlying noises & and a
sequence of elements ge € G_, it is sufficient to show convergence of fIE\TSO due to Propositions

and 37

We emphasise again that this section relied on the the assumption v < 2.
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4.6 'THE ANDERSON EQUATION ON STRATIFIED LIE GROUPS

In this section we apply the machinery developed in this chapter in order to solve a class of parabolic
Anderson type models on a compact quotients of an arbitrary d-dimensional, stratified, Lie groups.
Let G be a stratified Lie group (recall Definition with Lie algebra g and & a lattice subgroup
with its canonical left action on G. Recall from Section the definition of the quotient map
m: G — S =G/®, we shall, without loss of generality assume that there exists a fundamental domain
of this action, K C G, such that e € By(e) C K for some N € N, large enoughﬁ For m < d,
let X1, ..., X, be a basis of Wi, the family of left invariant vector fields generating g and we write
X; = 1, X; for the push-forward vector fields on S. Finally we recall the notion of convolution g on S
induced by the right action of G on S, as defined in Section (4.2.3]).

We shall solve equations where the driving noise satisfies the following assumption for some & > 0.

Assumption 4.6.1. For a € (—|s|/2,0), assume that £ is of the form & = € xg ca, where ¢ denotes

a Gaussian white noiscﬂ on S and ¢z : G\ {e} = R is a function with bounded support, satisfying

lca(z)] < ||~ loH0s1/24) g5 well as cq(z1) = ca(x) for all z € G.

Remark 4.6.2. For £ satisfying Assumption a simple calculation shows that for any ¢, € L*(S),

E[(€, 6)(€, 4)] = /S (65 ca) () (1 %5 ca)(x) d

In particular, coloured noise where the regqularisation is given by a megative fractional power of the

sub-Laplacian fits into our setting, c.f. [BOTW22].

Remark 4.6.3. The assumption that c5(2) = ca(271) is not crucial, but allow us to reuse computations
previously carried out for equations on Euclidean domains in [HP15]. A robust treatment of similar

equations in the Fuclidean setting, driven by more general driving noise, even beyond the Gaussian

setting, is given in [CS17]. A similar remark holds for the choice of mollifier p in Theorem below.
In the above setting, we have the following theorem.

Theorem 4.6.4. Fiz T > 0 arbitrary and let £ be a noise satisfying Assumption with a €
(=3/2,-1) andn € (—(2+ @),0). Fore € (0,1), let u. : [0,T] x S — R be the unique solution to the
random PDE .
Opue = Xjue +uc(ée — o), ulimo = ug € C"(S) (4.70)
i=1

where & = € x5 7, for p € C2(Bi(e)) satisfying p(=) = p(=~Y) and {c.(p)}ec(on) is @ family of

2+2a

(diverging) constants, depending on p and such that |cc| < e Then, there exists a random function

5This is for example achieved by replacing the homogeneous norm on G with a multiple of itself. We only require this
condition in order to make the integrands in Section supported on the fundamental domain K.

"Recalling that S is a measure space, é can be defined as a centred Gaussian field, over L?(S) and with covariance
given by the L?(S) inner product.
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u:[0,T] x S — R, independent of the chosen mollifier, p € C°(Bi(e)), such that

sup  t Mug(t,x) —u(t,z)| =0
(t,2)€[0,T]xS

i probability as € — 0.

Remark 4.6.5. We point out that the proof of Theorem[{.6.4] given below modifies mutatis mutandis
to the case where the noise is allowed to depend on time. In this case the natural modification of
Assumption is to assume that the noise is of the form & = €  c5, where € is a space-time white
noise on R x S and ¢4 satisfies |ca(t, )| < (|| + |t|/2)"6/2714 . The only difference in the proof is
to replace all convolutions and integrals over S with convolutions and integrals over R x S. We point
out that this form of noise is not covered by [BOTW22], where the white in time assumption is required

in order to make use of martingale arguments, see also Remark [{.6.7 below.

Remark 4.6.6. The range of & considered in Theorem [4.6.4] does not cover the full subcritical regime
of the Anderson equation on a stratified Lie group. Indeed one expects an analogue of Theorem[{.6.4] to
hold for any & € (—2,0). The main obstacle is the absence of a BPHZ type theorem in the setting of
homogeneous Lie groups, see [CHI6, [HS23] for the corresponding result on RY. Let us further point
out that in order for the Carnot group G to be non-trivial it must have scaled dimension |s| > 4, hence

the sub-critical regime for @ is necessarily contained in Assumption [4.6.1]

Remark 4.6.7. Let us point to the work [BOTW22], where, using Ité calculus methods, the authors
construct a solution-theory in the case, when the noise is white in time and coloured in space, corre-
sponding to the full subcritical regime on the Heisenberg group. This probabilistic notion of solution
circumuvents the need for explicit renormalisation as in . Furthermore, their results are obtained
on the infinite volume group H"™, rather than the compact quotient space that we consider here. We
expect that by using weighted modelled distributions, c.f. [HL1§], together with the techniques developed
in [HP15], one can recover the solution constructed in [BOTW22] together with a Wong—Zakai type
theorem in the analogue of the regime a € (—3/2,—1), treated by Theorem . If one is interested in
the full subcritical regime however, this would not just require a suitable BPHZ-type theorem in the
setting of homogeneous Lie groups, but furthermore a systematic way to single out the Ité model among

an (arbitrarily) high dimensional family of models obtained.

Proof of Theorem[[.6.4) We follow a usual strategy in the theory of regularity structures, showing
the equivalent theorem for the pulled back equations on G. For this, we work with the regularity
structure 7 = (T, G) constructed in with |Z| = (—3/2, @). Note that since we are in
we can directly apply Theorem to see that there exists a unique, fundamental solution
G:(RxG)\(0,e) = R and satisfying the assumptions of Lemma [4.4.4] so that we have G = K + K_4

enjoying the properties described therein.
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Denote by M) = (I1(5), I'?) the canonical model for T, satisfying H,(ZE)E = &, and realising K for 7.
From now on we shall use the common tree notation, with the obvious changes in interpretation, as

defined for example in [HP15, Sec. 4.1], and write

Since @ € (—3/2,—1) the rule defined in (4.66) is complete and 7_ coincides (as an algebra) with
the free commutative algebra generated by {o, £, ﬁ} Since the noise is Gaussian and centred, it is

sufficient to work with the subgroup G_ C G_ consisting of g € G_ satisfying

g(r)=0 = TEspan{o, i}

For each ¢ € (0,1) we fix g. € G_ to be the character specified by

9¢(8) = El&(e) K (&) (e)] -

Thus, applying Theorem [4.4.10, we obtain a solution U. : [0,7] x G — T« to the abstract lifted
equation, (4.63]), for the model M©) .= MZ%. Next we show that uf = Ry Ue actually solves

Equation (4.70)) in several steps.

e First, note that for any z = (¢t,z) € [0,T] x G, the abstract solution has the explicit form

Ue(2) =ul(2) (1 + L+ %) + > ul(2)ms

5; <7y

since we are working with the expansion up to order v < 3. In particular f[,(f)UE(z)(z) =u?(z).

o We observe that therefore

(U: 0)(2) = u(2)(0+ 3 +%) + > ul(z)mi o

5i<y
e We also note that 1% (Zﬁi - ug(z)mo) () = 0 and

1 (ud(z) 0+ 1+ 6) ) (2) = ud(z) (l(2) + O (3 4+ ) (2)) = ul(2)(&c(2) — <2) -
e Thus, we can conclude using Remark that

Ryro (U%0) = u(2)(€(2) — ) = (R U?) (2) (€e(2) — cz) -

Thus it only remains to show is that the family of models M) converges to a limiting model M,
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which is the content of Proposition stated below. O

Proposition 4.6.8. The familly of models ME) = (ﬁ(a), f‘a) constructed in the proof of Theorem

converges as € — 0.

Proof. Note that by Remark it is sufficient to show convergence of 1) |7, in the model topology,
which follows from a stright-forward adaptation of Kolmogorov’s criterion to models using the molifiers

™ constructed in Lemma [4.3.14] together with the estimates obtained in Proposition [4.6.10 O

Remark 4.6.9. For a detailed proof of a Kolmogorov type criterion for general models on Euclidean

domains, i.e. G = R%, in the spirit above, we refer to [HS23, Appendiz BJ.

4.6.1 STOCHASTIC ESTIMATES FOR THE RENORMALISED MODEL

In this subsection we obtain convergence the renormalised models. We shall freely use techniques of
[Haildl Sec 10] and as well as graphical notiation similar to that in [HPI5l Sec. 5], with some slight

changes in interpretation. For example we write

with the following interpretations;

e The node ® represents the origin, (0,e) € R x G while the edge =——> represents integration

against the rescaled test function .

e The node O represents an instance of the & left periodic white noise on G while the edge -
represents the kernel c¢g * p.. Note therefore, that when ¢ = 0 our diagrams will still contain

dotted lines, as opposed to [HP15].

e The nodes « represent dummy variables z = (t,z) € R x G which are to be integrated out and
the edges —— represent integration against the kernel K. A barred arrow —— represents
a factor of K(t — s,y 'z) — K(—s,y 1), where (s,y) and (¢,x) are the coordinates of the start

and end points of the arrow respectively.

As in [Hail4, Sec. 10.2] and [HPI5, Sec. 5.1.1] we will also use the notation W) 7 to denote the
kernel associated to the k*'-homogeneous Wiener chaos component of II(g,)7 and similarly Wiek)
for the renormalised model. For example, we find that W(5;2)Z((s, y); 1, x0) = WED((s,1); 21, x2) is
given by

WEDL((s,y); 21, 22) = //R G(Ca*ps)(yflxl)(Ca*pg)(y_lxz) (K(s—s1,y7'y) — K(—s1,97")) ds1 dy;.
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Proposition 4.6.10. Fiz§ > 0 small enough. Then, for every A € (0,1), ¢ € B, and z = (t,z) € RxG,

there exist random variables

A~

([Lo)(@Y),  (ILD(EY), (LGP (4.71)

such that for any p > 1 the following estimates hold uniformly over \,e € (0,1)

~

(19) () — (o) (M)P| S ePorr@—d

(195 (%) — (D] 5 erirwr2a-d

1) E[|(00)(pM)P] < @), 1) E

20) E [T 7)oM) S 3e+2a-0), ) B

30) B [[AOL)NP] £ 0059, 1) B[J(HOD) () — ([LE)(IF] < ernrsssas

Proof. Firstly, we note that by translation invariance of the noise it is enough to consider z = (0, e).
Furthermore, since all random variables belong to a finite Wiener chaos, it suffices to show these
estimates for p = 2, [Hail4l Lem. 10.5]. The first two estimates, and follow readily by Ito’s
isometry.

For the next items we recall [Hail4l Lem. 10.14 & 10.18], the natural analogues of which hold in
our setting as well. We can write (with the adaptation of the meaning of the diagrams described above)

the Wiener chaos decomposition of the second symbol as

PO e) .
(ﬂgg?e)I)(Wk) = i ----- o — .": o (4.72)
NGV,

The first summand is the graphical representation of the iterated integral, Ir((WE2)2)(2)) integrated
against a test function centred at (0,e) € R x G; see for example the analogous second term in [Hail4l
Eq. (10.23)]. The second summand is the graphical analogue of the first term in [Hail4l Eq. (10.23)]
given by Io((WED])(2)). Next note that by virtually an identical calculation as in the beginning of
the proof of [Hail4, Thm. 10.19] one finds,

[((VEDR)(2), WEVR)(2)] S 277+ + 220 (4.73)

which implies

~

[(OVERD (2), WEDD)(2))] S (120 + 2704 |27

Together with the simple estimate Io((WE9)(2))] < |2[22 this gives
Next we turn to show First, note that by a similar calculation as for (4.73]) one finds

{OVEDL)w), (WD) ()| S fwf 2 + 2429
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Therefore, together with the bound Io((WEDL) (w))| < |w]?*+* we find

E ({5, <) o (T1)0)) ()| S A20+5)
As in [HP15] Sec. 5.3.2] we find
..... o e e
Lo |4 JV Mo A0
(o) =f o+ L4+ L -1 ;
AN NS NN

and introduce the notation Q:(s,y) = K(s,y)(¢ca * p=)*(y). We see that ¢. = [[, - Q:(2)dz, and
define the renormalised kernel ZQ:(s,y) := Q:(8,y) — cd(0,¢)- Then, as in [HP15, Eq. (5.14)], using

the notation swww.- for the renormalised kernel, one finds

(ﬂgg;)i) (M =1

Similarly,

o A S
((ﬂgg?e)(f)O(ﬂgg?e)o))(go)\) = i ..... e J X‘.
Y

!
A (4.74)

The latter two can be bounded by repeatedly using the analogue of [Hail4, Lem. 10.14], while for
the first diagram we use additionally the natural analogue of [Hail4, Lem. 10.16]. This concludes
the proofs of and therefore the first column. The bounds on the random variables in are
obtained analogously by replacing ¢5 * p. by just ¢5 throughout (and appropriately interpreting the
renormalised kernel, @, for ¢ = 0). The approximation bounds and are obtained by standard
arguments, replacing each diagram with a finite telescopic sum of diagrams, where all dotted lines
except one either encode convolution with ¢4 * p. or convolution with ¢z and the one remaining dotted

line is replaced by ¢z — ¢5 * p- and then applying the analogue of [Hail4l, Lem. 10.17]. O
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CHAPTER 5

STRONG CONVERGENCE OF PARABOLIC
RATE 1 OF DISCRETISATIONS OF

STOCHASTIC ALLEN-CAHN-TYPE EQUATIONS

5.1 INTRODUCTION

Consider the 1 4+ 1-dimensional stochastic Allen-Cahn equation
Ou=Au+u—u®+¢ (5.1)

on [0,00) x T, where T = R/Z denotes the torus, driven by a 1 4+ 1-dimensional space-time white
noise &, with some initial condition . The well-posedness of is classically well-understood (see
e.g.[FJL82]). In this chapter we are interested in the discretisation of and SPDEs of the more
general form

Oru = Au+ F(u) + €. (5.2)

When the nonlinearity F is globally Lipschitz continuous, then it is well-known [Gy699] that with grid
of parabolic meshsize of order n~! (for precise details see below) the error of a space-time explicit finite
difference scheme is of order n=/2 in L,(Q). The results of [Gy699] have seen far-reaching extensions
both in terms of the regularity and the growth conditions imposed on F. As for regularity, [BDG21]
proved rate 1/2 in the case of merely bounded measurable F', without assuming any continuity. As for
growth, [BGJK22] showed rate 1/2 (for a different, Galerkin-type fully discrete scheme) for a class of
F-s that are only locally Lipschitz, in particular covering the example . Further recent results on
full discretisations on and can be found in [LQI19, Wan20]. Let us also mention that for
Burgers-type equations, where F' depends also on the gradient of the solution, the rate of convergence

1/2 has been proven for spatial semidiscretisations [AGO06, [HM15]. The appearance of the exponent
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1/2 everywhere above is not a coincidence, [DGO1] shows that this is sharp in the following sense: even
in the simplest linear case F' = 0 the conditional variance of u;(0) given the discrete observations

~1/2 " A similar lower bound is derived in

of £ is bounded from below by a positive constant times n
[BGJK22] for the Galerkin-type approximations considered therein.

With matching lower and upper bounds, there appears to be not much room for improvement.
The present chapter aims to show otherwise. As already observed by Davie and Gaines [DGO0I] in the

simplest case F' = 0, although the pointwise error is of order n~1/2, this does not rule out superior

convergence rates when measured in a distributional norm. First we make this observation quantitative:

«

measuring in the Besov space BS, .,
I’

a < 1/2, the error in the linear case F' = 0 is shown to be of order
n(—1/2+e+eV(=1) for any e > 0, see Lemma below. Pursuing this idea further for a nonlinear
equation like and considering u and its approximation u™ as elements of BY ., comes across an
obvious obstacle: as soon as o < 0, the mapping u — u? is simply not defined. This is reminiscent to
the difficulty that one has to overcome when solving higher dimensional <I>§ equations.

In this way, the SPDE looks singular in the sense of [Hail4], albeit in an artificial way, and one
does not actually expect any renormalisation to appear. In fact, we will only need the simplest tool for
singular SPDE-s, the Da Prato-Debussche trick [DD03]. It turns out that for any polynomial F' of
odd degree with negative leading order coefficient this is sufficient to implement the above strategy
and we obtain rate 1 — ¢ of strong convergence, when measuring the error in the appropriate Besov

norm. This is the content of our main result, Theorem below, which we state after the precise

formulation of our setup.
Remark 5.1.1. The rate 1 can not be improved even in a distributional sense, see Proposition|5.1.11].

Remark 5.1.2. In the proof one surprisingly encounters seemingly unrelated reqularisation by noise
tools. The precise occurence of this term is E™' in in the proof of the main result, here we
just outline the heuristics of such a term. One term that one expects to see when comparing the true
equation with its approximation is F(u) — F(myu), where m, is the projection on the space-time
grid. Since the parabolic reqularity of the solution u is known to be 1/2, it may look like such a term
can also not be bounded by anything better than n=/2. One way of improving the rate for such terms
1s to notice that since in the mild formulation they appear under a space-time integral, one can exploit

averaging effects. Using estimates obtained through regularisation by noise, one can get a bound of

order n=! [BDGZ21.

Remark 5.1.3. There is no clear finite dimensional analogy to our result. Again staying on the

heuristic level: suppose that one wishes to improve on the well-known rate 1/2 for a finite dimensional
SDE
dXt = O'(t, Xt) th, (53)

where W is a standard Brownian motion, by measuring the error in some negative Besov (in time)
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norm. Under mild assumptions on o it is known [MGO04)] that any approzimation method X™ based on
n evaluations of W makes an error of order n=Y2 at time 1. Then one expects that any approzimation
on the time interval [1,2], measured in any norm, would make a larger strong error than the exact
solution Y of starting at time 1 from Yy = X{'. But choosing o(t,z) = 1 for t € [1,2], the
difference between the true solution X and Y is constant in time and equals X1 — Y1 = X1 — X7, and

therefore cannot be made of higher order in any reasonable norm. See also Figure[5.3 below.

5.1.1 THE SETUP

Fix a complete probability space (2, F,P) carrying a 1 4+ 1-dimensional space-time white noise £. That
is, £ is a mapping from By([0,00) x T), the bounded Borel sets of [0,00) x T, to L2(Q2) such that
for any collection Ay, ..., Ay of elements of By([0,00) x T), the vector (£(A1),...,&(Ax)) is Gaussian
with mean 0 and covariance E(§(A;)€(4;)) = |A; N A;j|. We denote by (F;)¢>0 the complete filtration
generated by &.

We take the nonlinearity F' in to be a polynomial of odd degree with negative leading order

coefficient. That is,
14

F(v) = chvj,

§=0
with some odd integer v > 3, cg,...,c,—1 € R, and ¢, < 0. The prototypical example to have in mind
is the stochastic Allen-Cahn equation (5.1]), where F(v) = —v3 + v.
As in [Gyo99, BDG21], we consider a finite difference, forward Euler approximation of ([5.2).

Introduce the space and time grids
M, ={0,2n)",...,2n—1)(2n)'} cT,  A,={0,h,2h,...} CR, (5.4)

for n € N and where h satisfies the relation h = ¢(2n)~2 for some c € (0,1/4). On II,,, just like on T,
addition (as well as negation and subtraction) is understood in a periodic way, e.g. (2n —1)(2n)~! +
(2n)~1 =0.

For a continuous initial condition ¢ : T — R, the approximation scheme is defined by setting

ug(z) = ¢¥(x) for x € II,, and then inductively
wiyp () = ug (2) + hAnu (2) + hE (uf (2)) + hna(t, ©) (5:5)

for t € A, and = € II,,, where the discrete Laplacian is defined as

fla+(@2n)™) —2f(z) + f(z — (2n)7")

Anf(w) = (2n)2 )
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the discrete noise term is given by
n(t, ) = 2nh—1g([t, t+ R [z, 2 + (2n)_1]) : (5.7)

5.1.2 FUNCTION SPACES

The function spaces C%(T) for a € (0,1), LP(2), LP(T) for p € [1, 00] are defined in the usual way. By
C(T) we denote the the space of continuous functions on T equipped with the supremum norm. For
keN, C"(T) (C"(R), resp.) denote the r times continuously differentiable functions equipped with
the usual norm. If the target space differs from R (for example, C) it is indicated in the notation (for
example, as L?(T;C)). By (-,-) we denote the complex inner product on L?(T;C).

For functions on II,, we define analogous norms

Jx) — fly
fllcmy = sup [£@)] + flowmy = swp [f@)]+ swp LT
zell, zell, x#y€ll, |x - y|
1
P _
1By = 5 3 IF@
IEHn
for o € (0,1) and p € [1,00). As usual, the norm || - || z2(1,.c) induces a complex inner product that we

denote by (-, -),. By C(II,) we denote the space of all functions on II,, and by || f|| e (11,,) the maximum
norm on C(II,,). Convolution of elements of C'(1I,,) is denoted by *,,, that is, (f*,g)(z) = (f(x—-), 9(-))n-
The norms || - || Lr(11,) satisfy Holder’s inequalities. In addition, one has the n-dependent inequality

I fll oo,y < 20l fllz1(m,)- More generally, for any 1 < g < p < oo one has

£l e,y < (2n)1/q_1/p’\f\|m(nn)a (5.8)

see Lemma below for a slightly stronger version and a short proof.

Any continuous function on T can be restricted to II,,. We denote this operation by

on : C(T) — C(11,), (Onf)(x) = f(x), z € IL,.

The functions e;(z) = "*™7 for j € Z are eigenfunctions of A with eigenvalues \; = —4r%52. It is
also well-known that (e;);ez forms an orthonormal basis of L?(T;C).

Recall from [BDG21, Prop. 2.1.1] that é,ej, j € Z are eigenfunctions of A, with eigenvalues

_ 2. 2 (JT
A} = —16n"sin (%) (5.9)

Moreover, the set (6,€;)j=—n,—n+1,.- n—1 forms an orthonormal basis of L*(Il,;C). Forj € {-n,...,n—
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A sin?(j7/2n)

1}, the ratios of the eigenvalues Vi = )\—J = Gajanz with the convention ~§ = 1, satisfy the bounds
Ar? <P <1, (5.10)

1 /79m\2
[1—7] < §<;) : (5.11)

see [BDG21].

Remark 5.1.4. The lack of symmetry in the range of j stems from the fact that we have an even

number of grid points. But note that dpe_, = dpe, and thus dpe, = 5n((1/2)(6_n + en)).

Next, we define Besov spaces. Our setup will be a bit more convoluted than usual, in order to be
able to handle their discrete counterparts conveniently. Fix some gy € (0,1/10) and take a smooth even
bump function ¢" : R — [0, 1], such that ¢0]31750 =1 and supp ¢" C By, where B, = {z € R : |z| < r}.

3_2250. For p € [1,2] define gf)g(x) = ¢°((po/p)x). Further, set for positive integers j

Set pg =
¢f;(:n) = ¢2(2—Jg:) - ¢2(2—j+1$) _ ¢;11(2_j+1:€) .

Note that the definitions are set up such that ¢} =1 on (p/po, (p/po)(2(1 —€9))); the midpoint of this

interval is exactly p. Similarly, gzb%“ is constant 1 in a neighborhood of 27p, this fact is used in Remark

below. One can check that for any p € [1,2], the functions {(;Sf;}jeN form a partition of unity.
For any distribution f € §'(T) define the Littlewood-Paley blocks

FIE= "6l (k) (f en)en
kEZ

We then define the (inhomogeneous) Besov spaces via the norms

11l Bg ,my = 17 = 2% 0L Loy |-

So far the choice of p did not play a role and in fact replacing (;5{ with (;Sf; would result in an equivalent
norm for any p € [1,2].

For the discrete analogues of Besov norms, for any integer n > 2 define J, = |logyn]| and
pn =n2"7n € [1,2]. For f € C(Il,,) define the discrete Littlewood-Paley blocks

n—1

flbn = Z ¢’ (k){f, Oner)ndner

k=—n
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and the discrete Besov norms

I fllBg, (1) = [|7 = 2% L Lo 11, | -

Just like (5.8) allows one to trade powers of n for integrability, one can also trade for regularity: for

any a < 8 one has

15z .y < @027l g, - (5.12)

Remark 5.1.5. With the above setup, we have that for j € {0,...J,}, gbjn is supported on Bai . 1py =

B )p» therefore one has

f[ﬂﬂ = Z ¢]n(k)<f> On€k)nOnCr;

kEZ
now importantly having the summation over k € Z. For the (J, + 1)-th block we can use the fact that

Oner = Onel—_on, to Tewrite it as

f[Jn+1],n _ Z (%ZH(k)U, Onek)ndek,

kEZ
where g?)ffl = ¢%+11(0721p) + gbf,“(- - 2j+1p)1[2jp7oo) is the rescaling of a smooth (!) function ¢t. In
particular, ~gg+1(a:) = ¢l (n'xz).
While the restriction operator §,, is rather canonical, for extending functions from IT,, to T there

are many choices. One that plays an important role for us is given by

n—1

bt C(I) = C(T),  tnf = > (f 6nej)ne;.

j=-n

One has 0ptn, = idg(,) but t,0,, # idg(T) in general.

Remark 5.1.6. One observes that even when f € C(I1,,) is real valued, in general v, f is complex

valued. Another natural extension map (cf. Remark , which preserves being real valued would be

given by
n—1
~ uéne—n n
Inf = Z (f,0nej)nej + <f2>(en +e_p).
j=—(n-1)

While the maps v, and i, share all relevant properties, the former has a more compact explicit formula

and thus we work with it.

Finally, a notational convention: in proofs of statements we use the shorthand f < g to mean that
there exists a constant N such that f < Ng, and that N does not depend on any other parameters

than the ones specified in the statement. Any additional dependence is denoted in subscript.
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5.1.3 MAIN RESULT

We are now in a position to state the main result of the chapter.

Theorem 5.1.7. Let § € (—1/2,0] and ¢ € (0,1/2 + 0). Assume that ¢ € C'=¢(T). Let u be the
solution of (5.2) and u™ be the approzimation defined by (5.5)). Then there exists an almost surely

finite random variable n such that for alln € N

sup  [[6nur — uflll e (i, <m0 (5.13)

teAnN[0,1] o0
One can rewrite the left-hand side of (5.13) in terms of the error tested against test functions.
For a function ¢ : R — R, z € T, and A € (0,1] define the rescaled and recentered function
©3(y) = Ao (A7 (y — 2)). Note that if ¢ is smooth on R and supp ¢ C B3, then all functions 0

are smooth on T. We define a set of appropriately normalised test functions

d={pecCR): suppp C Bz, lellermy < 13-

The following is then an immediate consequence of Theorem [5.1.7] above and Lemma [5.2.1] below.

Corollary 5.1.8. In the setting of Theorem[5.1.7, there exists a random variable 7] such that for all
neN

sup - sup sup sup A~ ’ > (urly) — y))wﬁ(y)( < fjn /Ot
teALN[0,1] p€® zell, Ae(n—1,1] vell,

Remark 5.1.9. In comparison to [LQ19, [Wan20, [BGJK22] we do not obtain LP(§) bounds, on the
other hand we require neither an implicit nor a truncated (or “tamed”) scheme. This is somewhat
reminiscent in spirit of [BG19], where for the stochastic Allen-Cahn equation an explicit time-
splitting scheme without taming is studied, and rate of convergence in probability is obtained. Let us

mention however that the key intermediate step of a priori bounds of the approximation can be turned

into an LP(Q) bound on a truncated scheme, see Remark .

Remark 5.1.10. Considering the solutions as elements of distributional spaces is necessary in higher
dimensional versions of the stochastic Allen-Cahn equations, also known as the dynamical @3 models,
which for this reason have to be renormalised. The dependence of the rate of convergence of approxima-
tions on the choice of the Besov exponent is observed in [MZ20], where the authors consider the spatial
semidiscretisation of ®5 and bound the BOOGOO norm of the error by n=%t¢ for any e > 0, under the

constraint 0 € (0,2/9). In [HM18, [ZZ18] the convergence of spatial semidiscretisations of ®3 is shown,

without rate.

One might wonder if one could even further improve the rate by looking at even weaker norms.
The following proposition rules this out, at least for this scheme: even testing the error with a single

test function the rate does not exceed 1.
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Proposition 5.1.11. Let v» =0 and F = 0. Then for any € > 0 and t > 0 one has

n' e (pue — u', 0ne1)n| 2 ™ in probability.

Proposition [5.1.11| does not rule the possibility of rate exactly 1 in Theorem but this potential
improvement by € seems to have some nontrivial technical obstacles in the proof.
5.2 VARIOUS TOOLS

5.2.1 KERNELS AND CONVOLUTIONS

The continuous and discrete heat kernels are defined as follows. For (¢,z,y) € (0,00) x T2, define the

kernel
pi(w,y) =) eNlej(x —y),
JEZ
where \; = —47242 are the eigenvalues of A. For t > 0 the corresponding operators on S'(T) are

Fe P, Puf(e) = /T P, y) () dy, z € T,

with the integral understood in the usual way if f is a genuine distribution. These operators are known
to satisfy the semigroup property Py(Psf) = Piysf. By convention, we understand po(z,y) to be the
Dirac-6 distribution, and correspondingly Py to be the identity operator.
Similarly, for (t,2,y) € A, x (I,)?, define the discrete kernel
n—1
pi(e,y) = Y (140 ej(x —y)

j=—n

where A7 denotes the eigenvalues of Ay, c.f. (5.9). For t € A, the corresponding operators
1
fePrf PRf@)=o- > pi@y)fy), © €,

yell,

which also satisfy the semigroup property P;*(Py f) = P{sf, see [BDG21) Prop. 2.1.6]. Note that the
argument of the operator P;* can either be an element of C(T) or C(II,,), we do not distinguish these
cases in the notation. One furthermore has that the action of P{* on the Fourier modes is similarly

exponential as that of P;: more precisely, there exists a kK = k(c) > 0 such that for all t € A,, one has
h —rKtj2
|1+ hAR|HR < et (5.14)

see [BDG21l Eq. (2.9)]. We rephrase equations ([5.2)) and ([5.5)) in mild formulations. Indeed, for (/5.2))

367



we define a mild solution of it as a function u :  x [0,00) x T that is almost surely continuous in ¢, x,
is measurable with respect to the product of the predictable and Borel o-algebras, and satisfies for

(t,z) € [0,00) x T almost surely

ug(z) = Pryp(x / Pr_s F(us)( ds—l—/ /pt s(z —y)&(dy, ds). (5.15)

As for the approximation u”, it is already uniquely defined by ([5.5)), but one can derive a similar mild

form of it: by [BDG21, Eq. (2.14)] one has for (t,z) € A, x II,, almost surely

t
uP(2) = PP(a / P2 F(u ) (@) ds + /0 /T P oo (@ o) E(dy,ds),  (5.16)

where i, (t) := |[th™!|h and p,(z) = [22n](2n)~!

Important reference objects are the solutions of the linear equation with 0 initial data, they are

- | [ preste - et (5.17)

denoted by

for (¢t,z) € (0,00) x T, and by

— [ [ Bl el ds) (5.18)
0o JT

for (t,x) € A, x II,,, respectively. Unraveling the definitions, one finds

(Or,e0) = / /TZ ARy (en(y)E(dy, ds), er)

kEZ

/ L ewsa. as) (5.19)

for any ¢ € Z and

t n—1
(tnOF' s e0) = (O} dnee)n = ( /0 /T D (1 + hAY)E =G e (Vew(pn ()€ (dy, ds), dnee),,
k=—n
t
= [ [ ma e e, ety s (5.20)
for any ¢ € {—n,...,n — 1}. For any other ¢, clearly (., O}, e;) = 0.

5.2.2 PROPERTIES OF DISCRETE AND CONTINUOUS FUNCTION SPACES

In this section we establish properties of the discrete Besov spaces analogous to the continuous ones.
We start with two lemmata which substantiates the definition of discrete Besov spaces, their proof can

be found in the Appendix.
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Lemma 5.2.1. For any a < 0 there exists a constant N = N (o, ¢°) such that with r = min{k € N :

k > —a} the bound
(£, 0002}
sup sup —————

S N QO Ccr f o n
z€ll, Ae(n—1,1) P H H (T)H HBOO’OO(H)

holds uniformly over ¢ € C°(T) such that suppp C By, n € N, and f € C(II,).

Lemma 5.2.2. For any o € (0,1) there exists a constant N = N(a, ¢°) such that for all n € N,
f € C(1l,,) one has the bounds.

1flBg, o) S Nllflleagr,y,  Ifllexar,) < Nlfllbg, 1) - (5.21)

Next, recall the following classical Theorem [ZF03, Thm. I1.7.10].

Theorem 5.2.3. Denote by 6, the Dirac measure at © € R and let w,, = % z;-nz_ol 6 . There exists a

constant N such that for any complex polynomial P(z) = > 1_, ckz* and all p € [1, ]

</01 ’P(e27rit>‘pdwn+1(t))zl) < N</01 ’P(ezm't)‘pdt)zl) .

Similarly, for each p € (1,00), there exists a constant N = N(p) such that

=

p@mtypar) < N( [ 1P Pdona ()
0 0

uniformly over polynomials of the form P(z) =Y ,_, e .

A simple consequence of Theorem [5.2.3] is a kind the equivalence of discrete and continuous LP

norms (which can be used to deduce equivalence of Besov norms, but we do not need this).

Proposition 5.2.4. For any p € (1,00) the maps vy, : LP(II,,) — LP(T) are bounded uniformly in

n € N. Furthermore, the maps oy, : 1, LP(11,,) — LP(IL,,) are bounded uniformly inn € N and p € [1, o).

Proof. Tt suffices to apply Theorem to the polynomial P(z) = zigl( fy6nek_n)nz" since one has

n—1
F@) = | 32 A buerdnbuer(a)
ot
=Y, 5nek,n>n6nek7n(:r)‘
k=0
2n—1 .
= Z <f7 5n6k—n>n(5n61)k($)) = ‘P(e%rm)}

k=0

for x € II,, and similarly |, f(z)| = |P(e*™®)| for x € T . O
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Remark 5.2.5. Note that in the case p = 2, the above proposition follows immediately from the fact
that {nextk=—n.. n-1 ({ek}trez, resp.) is orthonormal basis of L*(IL,; C) (L*(T;C), resp.).

Proposition 5.2.6. There exists a constant N (depending only on the choice of ¢°) such that for all
p€[l,00], n €N, f e C(Il,) one has the bound

15 a1y < NS llze(,)s 1 llzeqr,y < 1B, (11,)- (5.22)

Further, for any € > 0 there exists N = N(g) such that for all« € R, p € [1,00], and f € C(II,) one

has

1l ity < NI gt (5.23)

Before proceeding to the proof, we make the following useful observation, used several times in the

sequel.

Remark 5.2.7. Denote the usual Fourier transform by

Z(f)(2) = /R f(2)e2 5 da.

Then (as one can see from e.g. the Poisson summation formula) if f € L*(R) is a smooth function
on R and g is a smooth function on T, such that Ff(k) = (g,ex) for all k € Z, then one has

g9(x) => ez f(+n) on T. In particular for any o >0,

19O ey < I 1Ol e

and

I 8Oy < 12O s a2
where here, and in the sequel, for v > 0 the space YZ is understood to be equipped with the measure
o
Proof of Proposition|5.2.0. First we write

FO =7 35 () dnerhndner = (3 &4, (K)oner) n f, (5.24)

kEZ keZ

where ¢!, = ¢’ for j # J, + 1 and gZA)pZ“ = ~gg+1, see Remark |5.1.5, Thus the first inequality of
(5.22)) follows by Young’s convolution inequality and the fact that by Proposition and Remark
we have the following uniform (in » and j) L' bound:

| Zéﬁn(k)%ekHLl(Hn) < Z@jn(k)ekHLl(T) <NF )y = IF D)1 w)- (5.25)

keZ keZ
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The second inequality in (5.22)) follows simply from the triangle inequality, since f = > jen f bln. The
inequality (5.23) follows by observing that for any sequence {a;} en one has

> 2%ay] <o sup 2 tja )
jeN JeN

O
Lemma 5.2.8. Let 1 <p; <ps < o0, 1< q1 < g <00, and o € R. Then there exists a constant

N = N(p1,p2) such that for all f € C(Il,,) one has the bound

I oo gy < Nlfllg, ,, (110)-
Proof. Using the discrete Berstein inequality, Lemma below, we find that

VL L P T Ty

Observing that || - ||ge2 < || - [[¢ar concludes the proof. O

Lemma 5.2.9 (Discrete Bernstein Inequality). For any 1 < p < q < 0o, and any function f € C(I1,)

of the form f = Zzn;_lm aponer , where m < n, the following inequality holds

1_1
[ fllaqm,) < (2m)e 9 || fll e, -

Proof. The case p = ¢ is obvious. The case ¢ = 0o, p = 1 follows from
m—1
£l oo (m,y < Z |(f, onex)nl < 2ml| fl L1 m,)-
k=—m

The general case follows by interpolation. ]

Lemma 5.2.10. Let o, 8 € R such that a + > 0. Then there exists a constant N = N(«, 3) such

that for any functions f,g € C(I1,,) one has the following estimate

”ngBgo/,\go(Hn) < NHfHB&,oo(H")HgHBfo,oo(Hn)‘

Proof. The proof is essentially the same as in the continuous case, for the convenience of the reader we
sketch it. We introduce the quantities f[<7m = ZKj flibn and similarly g[<7ln = ZK]- gl as well

as the Coifmann-Meyer operators

mo(fog) =Y fMngl=kna (fg) = Y Mgl (f9) == me(0, ) -
keN k0N
ke<1
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Trivially, one has

fg = 7T<(f7g) +7T:(fag) +7T>(fag)7

and we shall bound each of these terms separately. Without loss of generality, assume || f| s, _(1,) =

\|g\|B&7w(Hn) = 1 and note that then

SR oo,y < Z 1A | oo a1,y < Z 27 <27 v,

j<k—2 j<k—2

and similarly ”g[Sk_QLnHLoo(Hn) < 27Pk v 1. Note further that since the product f¥hmg[=k=2ln only
consists of frequencies whose order of magnitude is of bounded distance from k (with our setup of
Littlewood-Paley blocks, with distance up to 2), the contribution to frequencies of order 27 to 7 (f, g)

comes only from terms with |k — j| < 2.Therefore,

H(ﬂ'<(f7g))[j]7nHLoo(Hn)S Z Hf[kLnHLOO(Hn)Hg[gk_2]7nHL°°(Hn)

keN
|k—j]<2

S Z 2—ak(2—ﬁk Vi 1) S 2—j(()f+,3/\0)'

keN
lk—j|<2

Exactly the same way || (7 (f, g))[j]’nHLoo(H ) < 279(@N0+B) - Lastly, for 7—(f,g), with a similar
reasoning as above, one sees that the contribution to frequencies of order 2/ comes from the terms

k > j — 2. Therefore

1= ) ey S D I a1, 191 o a1

k,LEN
k0>5—2
k—f|<1

< Z 9—al—pk 52—3'(&+5)

ke LEN
E4>j—2
k—fl<1

using the condition a4+ 8 > 0 in the very last step. Since the minimum of the exponents o A 0+ 5 and
a+ B A0 is simply a A 5, we get the claim. O
5.2.3 HEAT KERNEL BOUNDS

Since one can view p,(x,y) the transition probability from x to y of a random walk on II,, (see [BDG21],

Rem. 2.1.7]), one has ||p}(z,-)||1(mr,) = 1, and therefore || Pf fl| o1,y < Ifllzp(11,) for any p € [1, oc].

Lemma 5.2.11. Let « € R, p,q € [1,00], and § > 0. Then there exists a constant N = N (6, ¢c) such
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that for allt € A, N[0,1] and f € C(1l,,) one has the bound

IPFfll pgsoan,y < Nt £l g, (m,)-

Proof. As in the proof of Proposition [5.2.6] we want to appeal to arguments on continuous Fourier

transforms. To this end, first we extend some of our functions: define, for z € R, n € N, t € A,:
() = —16n%sin? (;i) firn(z) = (14 BA™(2)) ",
n

In particular, we have A" (5) = AY for j € Z. Tedious but elementary calculations show

8mtn sin (%) ~

Oz it pn(2) = _l—kh—Sﬂ(z)Mt’n(z) ;
9. _ (t* — ht)(8nmsin (%))2~ B 8m?tcos (2F)
(02)"fitn(2) = (1+ hjxn(z))2 fit,n(2) 1+ hj\"(z) fitn(2) -

Recalling that by our choice of ¢ we have 1 + hA™(z) > 1/2, we get the bounds

10zt (2)] S telfien(2), (0 Fen(2)| S (]2 + 1) fien(2)- (5.26)

As an analogy, the reader might compare this with the corresponding estimates for the Fourier transform
of the continuum heat kernel, with the counterpart of fi; () being 6_4“2”2, which satisfies bounds
analogous to (5.26)).

Let ni : R — [0,1] be a smooth compactly supported function such that n%\supp o1 =10 ¢ supp 7y,

and suppni C B 1. Then set 17{;(:1:) :=n(277p~1z) and observe that for j > 1

(14e0)py

ne\liln _ liln FIED

(P ) " (f (ann )it (k)dner ) #n (£,
k=—n

so that it suffices to show

I Z M (Bt ( 6nekHL1(Hn) S (t1/22j)76 (5.27)
k=—n

uniformly over n € N, t € A, and j < J, + 1. First consider the 1 < j < J, case. Thanks to our choice

of ni, the support of nZn is contained in B,, so the summation in k can freely be changed to run over

k € 7Z. Therefore, first using the argument as in (5.25)) we get

HZM )it n ( ‘5n€’fHL1(Hn H]: ( ()NthQ HL1
kEZ
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By Holders inequality, we get

1F = (1, Ot @ ey S N+ T PYF (05, Vit 2)) || oo ey
SIF A+ ), it (2D | oy (5.28)

< H 1 +A ( ()ﬂtn j'))HLl(R)-
Using the bounds we have

11+ A) (1, Ot D | 1 gy

S / |fit,0(272)| + 271020 (27 2)| 4 2%((82)° fia, (27 2)| d2
upp 3,
5/ (1 + 2%t |2] + 2942 |2 + 2%7t) |fiy,n (27 2) | d2
uppng,, (5.29)
= (t1/22j)‘5/ (£17229)° (1 4 2% 2| + 292 |2 + 2291) |jip.n (27 2)| d2
uppn,
< (tl/22j)_(S sup ((r5(1 + 72z 4+ )2 + 7"2))6_”2|Z|2)

zesuppmn,,
r>0

using ([5.14)) in the last step. Since the support of n;n is separated from 0 uniformly in n, the supremum
is bounded uniformly in n, finishing the proof of (5.27)) in the case j # 0, J,, + 1.

For j = J, + 1, we use the 2n-periodicity in k of fi;,, and d,e. to rewrite the sum on the right-hand

side of (5.27)) as

Z an—H ,utn 6 n€k = Z ~Jn+1 Ut n k)énekv
k=—n keZ

J+1

where 7,7 = 1)) (0,2ip) (- — 2741 p) 1195, 00) is the rescaling of the smooth (!) function 7. In

particular, np"+1( x) = i (n~'z). From there the bound (5.27) follows as before.
Finally, for j = 1 we can simply use that the L'(II,,) norm of the lowest order multiplier is uniformly

bounded in 7 and so the analogue of (5.27)) follows from the trivial inequality 1 < t~%/2 for t € (0,1]. O

Lemma 5.2.12. Let a € R, p,q € [1,00], and § € [0,2]. Then there exists a constant N = N(9,c)
such that for all t € A, N[0,1] and f € C(I1,,) one has the bound

1P f = fllsg, a1 < NS pass -

Proof. Defining 77% exactly as in the proof of Lemma |5.2.11{ we write for j > 1

(P f — f [J] ( Z npn ) (fien (k) — 1)5n€k> . f[jLn .

k=—n
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Therefore this time we aim for the bound

H Z 77pn ) (e (k) — 1)5"ekHL1(Hn) S (t1/22j)6- (5.30)
k=—n

Starting with 1 < j < J,, we can again replace the summation in k over all of Z, and following the

argument in ((5.28)-(5.29) we find

| ann (Fitn (K 1)5"61‘5”L1(Hn)
keZ

< / ien(272) — 1] + 29|, fig.n (272)] + 229(8.)2fie.n(272)] d2
uppn},

‘ 2

< / (22j\z]2t + 24jt2]z]2 + 22jt) e H12%|z
uppn;,,

< (t1/22j)6 sup ((r*‘;(TQ\ZP + 74| 2? +r2))e*m2|z‘2>
zesuppn;,
r>0

using |fun(w) — 1| S tlw|2e="wI* in the second inequality. Since § < 2 and the support of n})n is
separated from 0 uniformly in n, the supremum is bounded uniformly in 7, finishing the proof of
in the case j # 0, J, + 1.

For j = J, + 1 we only have to take slight care when replacing the summation in k, but this is
done precisely as in the proof of Lemma [5.2.11

Finally, for j = 0, we simply have for any smooth function 7 that is constant 1 on the support of

(;Son and is supported on, say, Bs, that

D
0 S
(Prf = 1) = (32 0k (k) = Dner) 0 (F97)
k=—2

and

H Z ,utn 1)6nekHL1(Hn)

k=—2

follows from. |fig,n(w) — 1] S tlw|2e=mtlwl* < 49/2 for any k € {—2,...,2} and 6 € [0,2] O

Lemma 5.2.13. Let f,g: A, x II,, — R satisfy for all (t,z) € A, x II,,

/ Nnt s.an 8)( )ds

Let further a € R, p,q € [1,00], and § > 0. Then there exists a constant N = N(c) such that for all
t € A, N[0,1] one has the bound

I fell goto )y <N sup  |lgsllBa, (m,)- (5.31)
By.q” (1) SEARN[0,t) S5 (1)
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Proof. The case t = 0 is trivial. For ¢t = kh, k > 1, we follow the classical argument, see e.g. [GIP15]

Lem. A.9], and split the integral at an intermediate time ¢h, £ < k. One writes

f[j] / K (t—5) ;[jy]L(s ds

=h Z P(T;c—l—m hg7[7]1]h
S T il
=h Z P&*I*m)hgnjﬁ;n th Z P(rlbﬂflfm)hg#z;zn’
m=0 m=/{

and estimates the two terms as follows.

For the first, fix any ¢ > 0. Using (5.27)) from the proof of Lemma [5.2.11| with 6 = 1 + € one finds

-1 -1
71, 41,
19> Plismndmi zoqany < B D2 1 Ph1-mndmi o,
m=0 m=0
/-1
<h > (k=1 —m)h)" e 20 gy
m=0
-1
—2j(1+¢€) h € Z —(1+¢) ”g[J],n” Lp(IL)
; 1
—2j(14€)7,— :
< 2 %0te) e e 190k =1 —mynll Lo () -
m=k—{
For the second term one simply writes
k—1
13~ Pt mni o,y < hZ g o).
m={ m={
Therefore, for any function j — £(j) the two bounds above give
12217 o e
A k—1 1 . k-l
S B el A PR S Sy Al A A
m=k—(j) m=£(j)
' k—1 1
<l Y || 12 e el
m=k—{(j )

*Hm% k 1H 12°9 | g5 | o s

m=L(5)

2725j

S (1z<j>>0H(h(k—£(j)))€ !

L |n2e- ﬁ(j))Hgm) o lgsll g, 11, -

Making the choice £(j) = (k — [h™1272]) v 0, the quantity in the big parentheses is of order 1.

Indeed, if £(j) = 0 the first term in the parenthesis does not contribute and in this case k < [h~127%/]
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which implies that the second term is bounded, and if £(j) = (k — [h~'272/7) both terms are clearly
bounded as well. O

5.2.4 HEAT KERNEL ERROR BOUNDS

We recall 3 error bounds for heat kernels from [BDG21]. The following is [BDG21), Lem. 2.2.9].
Lemma 5.2.14. For any o € (0,1) there exists a constant N = N(a,¢) such that for all ¢ € C*(T),
t€[0,1], and y € T, we have

Pro(y) = Pip(y)] < Nn=?|[¢l[co(r).- (5.32)

The following is [BDG21, Lem. 2.2.7] (see also[Gy699, Lem. 3.3]).
Lemma 5.2.15. Let B € [0,2]. Then there exists a constant N(f3,c) such that for allt € [h,1], x € T
one has the bound

Hpt(x, pﬂn(t)(m Pn (- HL2 < Npn =B (B+1)/2, (5.33)

The following is a crucial tool from [BDG2I, Lem. 3.3.1] that we alluded to in Remark
Note that pulling the norm inside the integral in gives only a rate 1/2, therefore using the
regularisation of the noise is essential (and is done by stochastic sewing [Lé20] in [BDG21]). We remark
that technically [BDG21l, Lem. 3.3.1] is stated with w below defined by P™ and O™ in place of P and

O; the choice we make here would only make the proof easier. Set

wi(x) = Prp(z) + O(x). (5.34)

Lemma 5.2.16. Let p > 2 and ¢ € (0,1/4), and suppose that for some constant K one has
[¥llc1/2-</3(ry < K. Then there exists a constant N = N(p,e, ¢, K) such that for all bounded measurable

function g : R = R and all n € N, one has the bound

T L AT P

te[0,1] z€T
< Nligllzeo@n~ e (5.35)

5.3 MAIN PROOFS

5.3.1 BOUNDS ON THE LINEAR SOLUTIONS IN BESOV NORMS

We start with a very specific case of Kolmogorov’s theorem that is sufficient for our setting.
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Proposition 5.3.1. Let { Xy }rez be a family of C-valued Gaussian random variables that are mutually

complex orthogonal (i.e. EXyXy, =0 for k # £). Denote ar, = \/E|Xg|2. Then the series

F = ZXkek

defines a random distribution, which for any o € R and q € [1,00) satisfies the bounds

. a\ 1/
EIF sy < Bl 5 0 < N (X2 (X 6l ka0t ) (5.36)

jeN keZ

where N = N(q).

Similarly, the random function
n—1

F = Z Xkének
k=—n

satisfies for any a € R and q € [1,00) the bounds
n—1 @i i 9 q l/q
EIFlps i < EIFlas o) < V(S 2( Y @96, a)?)”, (537
jEN k=—n

where N = N(q).

Proof. The proof of the two parts are identical, so we only give the first. The first inequality in ([5.36])

is trivial. For any j € N, FUl is a smooth function, and one can write

EFVP(2) < > ¢l (k)] (F) (EXiXp ) ew(@)ew (z) = > | (k)ax|*.

k.k'€Z keZ

By the equivalence of moments of Gaussian random variables we then have

BIF Ly = [ B @) de s [ @FI@P)E o= (Delma)t  639)

kEZ

Therefore by Bernstein’s inequality

EFI5e @ =EY CYIFM o) SED 27 FW Lacry)?,
= jEN jEN

and by (/5.38]) we get the second inequality in (5.36)). O

Remark 5.3.2. The proof only uses the equivalence of moments property of Gaussians, and so the
statement immediately extends to any other family of probability distributions with the same property

(e.g. random variables from a fivzed Wiener chaos).

We first show the bounds of desired order for the linear solutions. Similar in spirit bounds can be
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found in [MZ20, Lem. 3.4.], with a number of differences: therein the 2-dimensional case is considered,
without discretisation in time, and with Galerkin approximation in space (and of course due to the

difference in dimension the regularities are shifted by 1/2 compared to the ones below).

Lemma 5.3.3. For anyn € N, t € [0,1], and q € [1,00) the processes Oy, O}, see and -,
satisfy the bounds

Nn—q(l/Q—Oé—l/Q) ZfO[ € (—1 271 2 ’
E|O; — nO}|%, o < e o

(T) = ‘
Nn™4 if o < —1/2,

Nn—q(l/?*afl/(I) Zf (VRS (_1/2a 1/2)’
E[6,0¢ — O}|%,

IN

() (5.40)

’

Nn™1 if a < —1/2,

where N = N(a,q).

Proof. By Jensen’s inequality, it clearly suffices to bound for large enough ¢q. We start with the bound
(5.39). We wish to apply Proposition with ' = O — 1,O™. To verify the complex orthogonality
of the coordinates, take k # ¢ and first note that from (5.19) ((5.20), resp.), Itd’s isometry, and

the orthogonality of the eg-s (dpex-s, resp.) it is clear that for £ # k we have E(Oy, e;)(Oy,ex) = 0,

E(t,OF, €p) (tnOF , e) = 0, resp. Furthermore, elementary calculation shows

E(1n 02, 0} {Or,en) = /0 Yot / e (y)er(puly)) dy ds

27rz— 2n—1

t
27rz]2 271'1] mds = 0
/ %t 2mik Z e 5T

with some bounded function ;.

To apply Proposition we need to bound ay. For £ € {—n,...,n — 1} we have

’<Ot_[zn t)@g / /‘ 747‘(‘282(75 S)* ) ( _’_h)\n)(ﬁn(t 5)/h)e£ Ion ‘ dyds

t e —
S / / |6747r2£2(t—s)é£(y) _ 67477 02 (tfs)e?(pn(y))‘Q dy ds
0 JT

t 7 N —
" /0 /T eI (pnly)) = (14 IAD W (pn () dy ds
t —
S / 6—8772(2(75—5) dS/ ‘éﬁ( . 62 pn ‘ dy
0 T

t
+/0 (6—47r2€2(t—s) —(1+ h)\?)(nn(t—s)/h))zds/r \67(pn(y))\2 dy.

t [
< [ e s [ ledts) Tt dy
0 T

t
+/ (e ) _ N =92 g
0
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t
+/ (e—/\g(t—s) . e—/\?ﬁn(t—s))2 ds
0

t
+ / (e XErn(t=9) _ (1 4 pAR)n(t=9)/M)2 g g
0

=I'+ 2P+ P+ 1
We claim that each I7 satisfies
P <n2 (5.41)
First one has trivially
_ —_—2
/T @(y) — Fon ()| dy S /2,

and thus by the elementary inequality f(f e~ %ds < 1/a, we get (5.41)) for I'. Next, we have

t t
T2 5 / 673262(1573)64(7? _ 1)2(t _ 8)2 ds S / 673242(1575)68”74(75 _ 8)2 ds
0 0

where we used A\, < A < —16¢? in the first inequality (see (5.10))) and (5.11) in the second. Now by
the inequality fot e~ %s2ds < 2/a® we conclude I? < £?n~2, and since |¢| < n, this yields (5.41) for I?

as claimed. Next, we have

~

t t
P < / (|t — 5 — kit — s)’)\?e—)\?nn(t—s))Z ds §/ n—Apte— 166 (t—s) g < £2n_4,
0 0
as desired. Finally, arguing as in [BDG21, Lem.2.2.7], we find

t
145/ e 109 e (£ — )2 |hAP|* ds
0

~

t
< / 671682(1573)@ _ 5)2n7468 ds < 2n—4
0

yielding again (5.41]) as desired. Therefore the proof of (5.41)) is complete.
Moving on to £ € Z\ {—n,...,n — 1}, it is easy to see that

t
E[(O; — 1, OF, €02 = E[(Oy, e0)|? = / o8 (t=9) g < 472,
0

Altogether we get

lag)? = E[(O; — 1, O eg)|> Sn 2 A2

By Proposition [5.3.1] we therefore have

[S]<}

B[O = 10} %y ) S 2.2 (X (2l Ak

jeN kez
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Summing first over j such that 2/ < n, we get a bound of order

n—4 Z 9i(1+q/2+aq)

2i<n

If & > —1/2, then this is of order nl=1(1/2=0) while for a < —1/2, for large enough ¢, it is of order
n~9. Both of these bounds are of the required order. On the complement regime 2/ > n, we get a

bound of order

Z 9i(1—q/2+aq)

2i>n

1/2=a) " This is again of the required order.

For any a < 1/2, for large enough ¢, this is of order nl=a(
The proof of (5.40) is very similar. The orthogonality of the coordinates follows the same way.
To estimate E[(5,0; — O, §,e¢)n|?, note that for all £ € {—n,...,n — 1} and all j € Z one has

Oneryjon = Opeg, and thus

(0004, Oneg)n = Z(Ot; errjon) = (O, €e0) + Z(Ot, ertjon) -
JEL J#0
Therefore (6,0t — O, 0ner)n = (O — tn O}, €0) + 35 40(Ot; €ej2n), which implies

jac? = E[(8.0¢ — OF, Snee)ul® S ENOr = taOF e |* + Bl Y (O, e jon)
J#0

A

1 1

2 § : 2

= (£ + j2n)
2

N

n
1
n
This is precisely the same bound as before, so by applying the second part of Proposition [5.3.1] we get

(5.40) as before. O

Complementing the upper bounds in Lemma [5.3.3]is the lower bound in Proposition [5.1.11] that we

prove below.

Proof of Proposition[5.1.11. Note that in the setting of the statement, we have u = O, u"™ = O". As
seen in the last proof, (5,0 — O}, dpe1)n = (O — 1, OF, e1) + Z#O<Ot, €1+j2n), and since the terms
are Gaussian and independent, it suffices to bound the variance of (O; — 1, O}, e1) from below by a

positive constant times n~2. Recall that

t
E|(O; — 1O}, e1)” = /O /T e~ 1 =2)2) (y) — (1 + R} =)W en(p, ()| dy ds.

Recall that for any two unit vectors z1, z2 € C and any two constants ¢, co > 0, one has |c121 — caza| >
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(c1 A c2)|z1 — z2|. Therefore

n ~ n |2 —
E|<ot—bnot,e1>|2z/T\el(y)—el(pn(ym dy 272,
as claimed. 0

5.3.2 A PRIORI BOUNDS ON THE APPROXIMATIONS

The purpose of this section is to derive an a priori bound on the approximation u". Let v = u™ — O™,

which solves the recursion
ofn(@) = v (2) + hAgef (2) + hE (O (z) + of (2), (5.42)
(t,x) € Ay, x II,,, with initial data vf(z) = " (x), € II,,. Alternatively, in mild form we have

t

Throughout the section we fix an even integer > v, where v is the degree of the polynomial F'. We

aim to bound the L#(II,)-norm of v". Introduce the quantities

R'=1+ ma Of || oo A= ma vy :
tEAnﬂ)[E),l} 107 IL (In)» t seAnﬂ)[(O,t] [|vg ”L“(Hn)

Theorem 5.3.4. Fiz a K such that |6, pu(,) < K for all n € N. Then there exists a constant
N = N(c,co,...,cp, v, pu, K) such that on the event

0, = {(Rn)V(V+u) < nl—('/—l)/u}

one has the bound

AP < N(R™)r+r=D/n, (5.44)

Remark 5.3.5. To get a more direct analogy to the a priori bound of [BGJK22, [Wan20], note that
Theorem can easily be turned into an LP () bound on a truncated scheme. Take N from Theorem

and define
Ty = inf{t € Ap ¢ [|uy || e,y = (N + 1)n}

and let the truncated scheme be iy = ugy, . Then, on Q, the bound (5.44) implies that A7 < Nn,
and therefore T, > 1. Notice furthermore that from Lemmalb.3.5 we have uniform in n estimate on

]EHO"H%OO(Aann). By Fernique’s theorem, this implies that P(€),) decays faster than any power of n.
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Therefore

| te/{n%}[% . ||ay HL“(Hn)HLP

= HlQn tel{ri%)[é,l} Hut HL“ ”Lp (Q) + HlQn tez{n%)[%) 1] Hﬂ?HL“(Hn)HLP(Q)

SR EHH gy + nP(2) S 1.

Before the proof of Theorem we start by outlining the argument, to motivate the intermediate
Lemma below. Let t € A, N[0, 1] and write k = ¢/h. Then one has

k—

o Wy = 1001y + D (0 yalliuq,y = 15 lsu,y) -
=0

—_

.

One can then rewrite the summands by the binomial theorem

k—1
108 1,y = 10021,y + ZM<U6’+1)h Vs (W)Y,
1 n
+ ZZ ( > UG+ 1h — )’ )P, (5.45)
7=0 (=2

In the first sum we will leverage the monotonicity of the nonlinearity. In the second sum we use the
fact that the time increments appear with power at least 2, therefore a bound on this increment with a
power of h larger than 1/2 makes the total sum ‘small’. This is the content of Lemma [5.3.6, which

does use the sign of the nonlinearity.

Lemma 5.3.6. For any ¢ > 0 there exists a constant N = N (e, ¢, cq, ..., ¢y, v, 1, K) such that for all

t € A, N0,1] the following bound holds:
lofsn = of | Loq,y < NAZCTD/GOZ2 (R 4 (A7)). (5.46)
Proof. Recall that v, , — v = Pylvf + hF(ui) — vy, and applying (5.8) we immediately get

R F @) o, S b EOF + o) e,

S hnmDB((RPY 4 (A7)). (5.47)
It remains to bound Pjlvy* — vy*. By Lemma and Proposition [5.2.6] we have

lvellgz, iy S sup JEOF+vi)lge, )
wiv,00 s€AnN[0,t) #,00

S sup  |[F(OF + )| puv )
s€A,N[0,t)

S (RY)” + (A7)”.
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Therefore by Lemma we have

el -y S Mol iy S (R + (A7)

Finally, using Proposition and Lemma [5.2.12] we have

1P = vl S PR = o'l B; (1m0

5 hli(yi )/ @ E/2Hvt|| (v— 1)/#( )

5 hlf(ufl)/( w)— 6/2((Rn)1/ (A?)Z/) (548)

The bounds and - 5.48)) yield (|5.46} - with /2 in place of e. O

Proof of Theorem [5.3.4) We start from the decomposition and bound the terms one by one.
Recall that vf’; ), —vf) = Apvj), +hF (0%, +v7,). At this point the sign of the nonlinearity comes into
play: fixing an arbitrary parameter a € R, the leading order term in the polynomial y — F(a + y)y*
is c,y’T#=1. It follows that there exists a constant Ny < 1 such that F(a 4 y)y*~! is negative for
ly| > Npla|. On the other hand, if |y| < Np|a|, then we can bound F(a + y)y*~! trivially by a constant

times 1 + |a|**#~L. Therefore we get

(PO + o). ()" 1), S THIORITE S () < (R (5.49)

As for the contribution of the term with the Laplacian, we can argue similarly to |[GGI14, Lem. 3.1]:
first notice that with 6% : C(I,) — C(II,) defined by 6 f(z) = £(2n) 1 (f(z) — f(z £ (2n)71)), we
have A,, = §;76, . Further, §," is the adjoint of —¢,, with respect to the inner product (-,-),. Finally,

for any f € C(Il,), and any p > 2 one has

1
P20 = 51 [ 0= DI =011(@)+05( = 2m) ] ao
= 6, f(2)Fypf (2),

with the mapping F), , : C(II,) — C(II,) defined by the above equality clearly satisfying F), , f > 0 for

any f. Putting these observations together,

<Anv;1h’( ]h)“ 1>n = _<5;U;'Lh?5_(( ]h)“ 1)>n <5 U]h?( anjh)(sn U]h> <0. (550)

Moving on to the terms of the last type in (5.45)), by Holder’s inequality and Lemma (with e >0

to be chosen momentarily) we can write for any j =0,....,k—land £ =2,...u— 1,
¢ —L
K(U%H)h —vip)%s (V)" >n| < Hv&ﬂ)h - UthLu ) ||v]hHLu (11,)
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< R0/ =) (R 4 ( ?h)l/)e( i

< K200 0/@m=e) (R 4 (AZ)"H). (5.51)

Substituting (5.49)-(5.50)-(5.51)) into ([5.45)), summing up, recalling the assumption on ||6,9| s (m1,,),

and keeping in mind that &k < h™!, we get
o 1,y S (R FHTE 4 RIZCTD2E (R 1 4 (AR )).

Denote k = 1 — (v — 1)/u > 0 and fix ¢ = k/2. Note that the definition of €, ensures that

he/2(R™)I < 1, so on the event €, the above bound further simplifies to
of 0,y S (R B2 A7)0, (5.52)

We now claim that this implies the claimed bound (5.44)) if we choose N large enough. Clearly it
suffices to prove for n large enough. We proceed by induction on k = t/h. For k = 0 we simply
need to choose N > K. In the inductive step, if A} = A} ;, then we are clearly done, otherwise

AP = ||vfle(r,)- Denoting the implicit constant in (5.52) by N1, we then have
(A?)“ < Nl(Rn)z/—i-u—l + NlNhn(Rn)V(V-i-u—l).

To handle the first term, we simply choose N > 2N;. For the second, note that on €2, we have
he(R™)Y(+1=1) 5 0 as n — 0. As a consequence, for large enough n the second term can be bounded

by N/2. This finishes the proof. O

5.3.3 PROOF OF THEOREM

In addition to our usual notation <, in this proof we use the notation a < b to denote the existence of
an almost surely finite random variable 1 depending only on the parameters of the problem (that is, 1,
0, €, and F') such that a < nb.

We write v™ = u™ — O™ as before, as well as v = v — O. By Lemma and Proposition it

is sufficient to show

SUD 1600, (1) — Ve o Loy < AR,

teA,N[0,1]

For (t,z) € A, x II,, we can write

(5n1}t(.%') — U ( ) pt¢( :U / Pt s us ) P,?n(t s) (U:n(s))(ib) ds
= Pup(z) — Py (x)

/ /pt s F(us(y)) —F(uﬁn@(pn(y)))) dy ds
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+ /Ot /?T (e—s(@s9) = B2 oy (22 0 (9)) ) F 1, ) (9 (9)) dy s
+ /Ot 73'?n(l‘/fs) (F<unn(s)) — F(u;‘n(s))> (z)ds

= &) + "N z) + £ () + £ (). (5.53)

We can first bound
£ ()] S mFe (5.54)
using Lemma [5.2.14| (with o = 1 — ) and ¢ € C1=5(T).
Next, we have
9 t
&% ()] < /0 [pe—s(x,) = P ) (@ P CD 1 oy 1E ()| oo 1, 45

t
< (1 + HUHEO%[OJ]X@) /0 Hpt—s(xa ) _p:n(t—s)(x?pn('))“Ll(T) ds

= 3/4 1 t
S (1+””||i°°<[0711x1r>)(/0 (t —5) 740" ds+/

t—h
<n (5.55)

1 ds)

using Lemma |5.2.15 (with 3 = 2) to get the third line, along with the fact that ||pi—s(z, )| 1 (m) =

Hpﬁn(t_s)(a?aPn('))”Ll(T) = szn(t_s)(ﬂfa ‘)HLl(Hn) = 1.
To estimate £™', introduce a parameter L € N and the notations 7, = inf{t > 0 : ||u|| zeo ()

LIATL @ = ugpry, O = {7z = 1} € {|lull e oaixmy < L}, Fr(r) = F(= LV (r A L)). Finally, let

v

us introduce, for any z: 2 x [0,1] x T — R,

@ = [ [ et (FLa0) ~ Filoaoon)) s

Then by definition, on 7, one has ™! = £»L[a(1)]. Moreover, since the solution u is global (see e.g.

[Hai23, Sec. 6]), the union of Q7-s over all L € N, is of full probability. Therefore, in order to show
& ()] < n 1, (5.56)
it suffices to show for any L € N there exists a constant Ny, such that
& D) (x)] = Npn~1F%. (5.57)

By Lemma [5.2.16) we have that

HS?L[U’] (x)HLP(Q) Sp.L n71+5,

386



where w is defined in (5.34). Therefore,

Esupn!~2 sup ‘gfL[w](x)‘p <E Z nP(1=22) Z }SNZLL[w] (:L‘)‘p
neN (t,z)€(AnN[0,1]) xIT neN (t,2)€(AnN[0,1]) X1,
Sp.L Z nPen3, (5.58)
neN

Choosing p large enough, the last sum converges, and we get (5.57) with w in place of u(P). Since the
laws of w and @(X) are equivalent by Girsanov’s theorem, (5.57)), and consequently (5.56)), follows.
Turning to £™3, define the polynomial F in two variables a, b by

v—1 Fi
b) = Z Cj+1 Z ajikbk,
j=0 k=0
which satisfies F'(a) — F(b) = (a — b)F(a,b). We then write

. i
& = / P;Ln(t—s) (On(s) = Ot ) F (U ) 1, <s))) ds

/ /@n(t s) n(S) _”Zn(s))F( Iin(S)?uﬁ (s))) ds
=: Stngl +5tn32.

It’s well-known that sup,eo 1 |ts| c1/2-() 2 1 (again by e.g. [Hai23, Sec. 6]). Therefore by Lemma
0.2.2)

sup ||dy, USH 125 m,) < sup Hénusucl/%E(Hn) < sup HUSHCU%E(T) =1L
s€[0,1] s€[0,1] s€[0,1]

Similarly, one gets sup,c(o 1 110005 H 12 e < 1. By Lemma [5.3.3[ and an analogous argument to

(ITn)
(5.58)) we have

sup {16,04,(s) = Ok (o)l pg.__qu,) < n /2 (5.59)
s€[0,1] '

for any 6 € (—1/2,1/2). Choosing 6 > 0 we get

supR" <1+sup max |O} s <1
neN neNteh, 0,1 ¢ 1B 00 (Mn)

For any p as in Section on €, Theorem [5.3.4] yields a bound of order 1 in the sense of < for
o™ in LA (I1,) C B0 oo (IT,). Substituting this back in the equation, by Lemma [5.2.13| one also gets a

bound of order 1 in B2 (I1,,) C Bl/2 ~_(II,,)). We conclude that on €, we have

p/v,00

sup sup HF U, (s)> U <1 (5.60)

/ —
neN s€[0,1] ’ Kn 5) )HB;O?OOE(Hn)

Now we use (5.59) with § = 6. Since 1/2+60 —¢ > 0, Lemma|5.2.10| can be used to bound the integrand
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in £%31, which combined with Lemma [5.2.13| yields that on €,

teA,N[0,1] ’

Finally, we can use (5.60) in a trivial way to get for any T € A,,, on £,

T
up €2 w1 S [ It = 0ol eim . (5.62)
teA,N[0,T] 0

Putting together (5.53))-(5.54))-(5.55)-(5.56))-(5.61))-(5.62)) we get for any T' € A,,, on Q,,

T
sup  [[6nvr — ' || oo 11,y = n~l/2H0+e 4 / sup  ||6nve — v || oo (1, ds-
teA,N[0,T) 0 teA,N[0,s]

By Gronwall’s lemma we get on €2,

sup H(Snvt — U?HLLX’(Hn) < n—1/2+9+€’
teA,NI[0,1]

and since the sum of the probabilities of the complements of €2, is finite, this yields the claim. O

Remark 5.3.7. In many situations the invariant measure of 15 absolutely continuous with respect
to the Wiener measure, therefore it is natural to take as initial condition a v that is random (but
independent of £) and is only Cl/Q_H(T)—regular, for any k > 0. Accommodating randomness is not
an issue. As for the regularity, note that in the above proof only the treatment of £™° really used
more than 1/2 reqularity of 1». We believe that this requirement can likely be removed by introducing a
temporal weight. To not further complicate notation, we decided not to pursue such technical weighting

arguments.

5.4 IMPLEMENTATION

An advantage of finite difference methods is their simple implementation. We simulated (5.5)) with
different meshsizes, choosing n = 3-27, j =2,...,6. We treat the finest approximation as the “true
solution” and compare the coarser approximations to it. The following plots illustrate the main theorem

of the chapter.

5.5 SOME TECHNICAL PROOFS

This appendix contains some proofs postponed from Section [5.2.2
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—e— L emor
2 —e— Lerror

—8— tested error
4 \\\

~10 4

logz(error)

—124

2.5 3.0 35 4.0 4.5 5.0 5.5 6.0 6.5
x=loga(k}

Figure 5.1: A log-log plot of the error (compared to the highest resolution approximation) for a single
realisation of the noise, measured in L., L1, and tested against a single test function, showing superior
rate for the latter.

Experiment for n=192, k1=96.0, k2=12.0

Precise solution uf(-) Simulations u%(:) Errors u(-) — u¥(-)

—=1.0 4 =1.0 4
=1.1+ =11+
—-1.2 4 =12 1
=134 =134
-14 -1.4

—1.5 —1.5

0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 10 0.0 0.2 0.4 0.6 0.8 1.0

Figure 5.2: A fine grid approximation at time 1 (left), two coarser grid approximations (middle) and
their differences (right). The error plot on the right shows oscillatory behaviour around 0, which
suggests smaller error in negative regularity spaces, agreeing with Theorem

Proof of Lemma[5.2.1 Set Jy € {0, ..., J, + 1} such that X\ € (27/x71, 27/A], we find

Jn+1

(£, 0np2) \<Z\ LA
Jn+1
< Z Z ‘(f[k}’na(énﬁpi\)[j]’%n‘
=0 [k—j|<1
Jnt1
< Z Z Hf[k]’nHLoo(nn)H(‘Sn%\)[]]’n||y(nn)
J=0 |k—j|<1
Jnt1
S ||f||Bgo,oo(Hn) Z 2_0[]”(57502)[]}’” }Ll(Hn)
j—O
Jn+1 ' .
< 1fllss ooam(Z? NG g+ 20 2 NG aqa,y) -
J=JI+1

389



Experiment for n=1000 k=50

Precise solution X"(-) Simulation X*{+) Error X"(-) — X*(-)
0.25 A
10 4 10 1 0.20 +
0.15 +
8 8
0.10 4
6 6
0.05 +
4 4
0.00 +
2 2
—0.05 4
! ! ! ! ! ! | ! ! ! ! | ! ! !
0.0 0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8 0.0 0.2 0.4 0.6 0.8

Figure 5.3: A fine grid approximation X990 (left), a coarse grid approximation X%° (middle), both
computed via the Euler-Maruyama scheme, and their difference (right), of the SDE dX; = 2X; dt +
(arctan(Xt) -7/ 2) dW;. Here the error is one-sided and thus not expected to be smaller in distributional
norm, as discussed in Remark

For the first sum, using (5.24)) and ([5.25)), we find
J)\ JA
327 6ue) |y S 1y D27 S el
=0 j=0

where we used that [|¢|| ;1) = ”QO%HLI(R). For the second sum, we claim that for 277 < X and any
leN
1Gae) Pl 11 11, S lellomery (27727, (5.63)

from which it follows that since r > —a,

Jn+1 ‘ ' Jntl ,
Y 26 i S lellormy Do @TIATH27 S lellermA
j=Jda+1 J=JIat+1

We show (j5.63)) for j < J,, + 1, for the case j = J,, + 1 one adapts the argument as usual. Since both
sides of ([5.63)) are translation invariant, we can without loss of generality assume that x = 0 and drop

x from the notation. We find

L R PR DITTAT NG P

kez
< HZ (¢, e, <Z5pn €kHL1
kez
A
<l¢ *‘F(d)?’n)HLl(R)

Recall that F( %n) annihilates polynomials (which is easy to see on the Fourier side, using that (;5],;” is

supported away from 0). Therefore, denoting by P”[¢?*] the Taylor polynomial of ¢} of degree r — 1 at
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z, we find

0 F(8,)()] = | / AW)F(,)(z — ) dy
R
.y /R (£ () — P ) F (), ) (= — ) dy]
S elery [ 52 17 @G-
<A gl (A2
Thus,
/ o % F(6), ) ()] dz < (A2
z ¢ |z|<2A}

Next, note that for any m one has [F(¢, )(y)| Sm B‘m Choosing m = r + 1, this implies that

~

\ ‘ \ 1 2,] r+1
™ * F(¢), )(2) dz < |97 Ly (w) |5 9
z 1 |z|>2)} {z : |z|>A} z
] 1 r+1
S lelgz™ | e
z 0 |z|>A |7

Sllellp@2 A~

= llelp@(A1279)",

completing the proof of (5.63)).

Proof of Lemma[5.2.2 By Young’s inequality

[ £

\LOO(Hn) < H¢gn|’L1(Hn)||f”Loo(Hn) S ”f”ca(nn) :

For j € {1,....J, + 1} set &I =", &b, (k)dnex. Then it follows as in (5.24) that

F = @I ) = o3 @) (e~ )~ ()

yell,

and thus

1 oy < 1 1192 O g I F o

to bound the last term we use Remark

H| ) ‘a@j’n('”HLl(nn) = H| ) ‘af_l(%n)(')HLl((zn)flz)
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and find that

ol i 1 o 1 - Y
H| 0F 1( %n)(')HLl(@n)*lZ) = om Z [yl 27(j+1)}— 1(¢ﬁ1»n) (27(j+1)>
ye(2n)—17Z

1 W% 101
= o+, Z ‘ﬁ F (¢pn)(w)
we(29+2n) =17
= 27U} |af_1(¢/lan)(‘)HLl((zjﬂn)—IZ) ;
which completes the first inequality in (5.21)). To obtain the second inequality, given f € C(I1,,), we
write f,(z) = f(z + z) for z € II,,. Let j, € N be such that |z| € (27U=+D 2772], then

jz Jn+1
If = fellLoo ) < Z LA — UM o,y + Z (A" oo gy + 1FE™ | oo r1,0))
Jj=0 J=J=
jz . . Jn+1 .
< NI = M oo,y + 21f B, () > 2
Jj=0 J=J=

Jz
SO N — I ey + 1 e 21
§=0

To bound the first sum, note that using the discrete derivative D,, f(z) := £ (”U)_{Q(Z;[(f 27D one finds

P — 0 ey S D f P ooy S 121270V D f Nl gect

S |Z|2j(_a+1)|’fHBgcom(nn) :

where we used Lemma from below in the last inequality. Thus one completes the proof by

observing that since a € (0,1), one has

Jz Jz
Z AU — fUbn | oy S 121l e, (1) ZQJ(faH) S llBe, |21
=0 =0

O]

Lemma 5.5.1. For any o € R there exists a constant N = N(¢") such that for alln € N, f € C(II,,)

one has the bounds

”an”ngl(nn) e NHf”Bg’q(Hn) )

where Dy, f(x) := %)—t(fn)*l)

Proof. We prove that ||(an)[j]’"||Lp(Hn) S 2j||f[j]’”||Lp(Hn) for j € {1,..., Jp}, the claim for j = J,, +1
follows by the usual adaptation of the same argument, while the case j = 0 is trivial. Let n{ : R — [0, 1]

be a smooth compactly supported function such that nﬂsupp gl = 1, 0 ¢ supp n%, and supp 17% -
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B(1+€O) —1. Then set np( x) :=n(279p~'z) and observe that for j > 1
(D, f)lbn ( Z 77p k)oner) *n £l ) Z 77,; )oner) *n fliln
k=—n k=—n

and thus .

||(an)[j]’nHLp(nn) < ‘Dn(kz ). (k)oner) Ll(nn)Hf[j]’nHLp(nn)
which completes the proof, since

n—1

J — J

< SN0 — F )6 = @) ) g
(2n)~! .
il [ o

<0F ') 1wy

LY(R)

= 2||0F "y, |l 1wy

S 20F HLl(R)
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