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We consider an Individual-Based Model for self-rotating particles interacting through
local alignment and investigate its macroscopic limit. This model describes self-propelled
particles moving in the plane and trying to synchronize their rotation motion with their
neighbors. It combines the Kuramoto model of synchronization and the Vicsek model
of swarm formation. We study the mean-field kinetic and hydrodynamic limits of this
system within two different scalings. In the small angular velocity regime, the resulting
model is a slight modification of the ’Self-Organized Hydrodynamic’ model which has
been previously introduced by the first author. In the large angular velocity case, a new
type of hydrodynamic model is obtained. A preliminary study of the linearized stability
is proposed.
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1. Introduction

This paper is concerned with the study of large system of rotating self-propelled
particles subject to collective ‘social’ interactions. Specifically, we consider particles
evolving in the plane under the following influences: (i) self-propulsion, (ii) proper
rotation, (iii) ‘social interaction’ resulting in velocity alignment with their neighbors’
average velocity and (iv) random velocity fluctuations in the form of Brownian
motions in the velocity direction. Proper rotation means that the self-propelled
particle trajectories, in the absence of any other influence (i.e. without (iii) or (iv))
are circles of constant centers and radii. Moreover, the centers and radii of different
particles can be different. The goal of the present work is to establish a set of
hydrodynamic equations for the density and mean-velocity of these particles. Such
hydrodynamic equations will be valid at large time and space scales compared with
the typical interaction time and distance between the particles.

Systems of self-propelled particles interacting through local alignment have re-
ceived considerable interest since the early work of Vicsek and coauthors.5? This is
because despite its simplicity, this paradigm is able to reproduce many of the collec-
tive patterns observed in nature. It also exhibits complex behaviors such as phase
transitions which have motivated a huge literature.?1424:40:62 We refer to Ref. 63
for a recent review on the subject. But in the vast majority of previous works, the
influence of proper rotation (see item (ii) above) has been ignored.

Furthermore, a majority of works on such systems use Individual-Based Models
(IBM) which consist in following the evolution of each particle (or individual, or
agent) in time.!13:14:17:19,42,50.52 Thege models aim at describing systems of swarm-

3,18,36 20

ing biological agents such as animals living in groups or bacterial colonies,

among others. Alignment interaction has also been shown to result from volume
exclusion interaction in the case of elongated self-propelled particles.6->4

When the number of agents is large, it is legitimate to consider mean-field ki-
netic models,”%12:33:43 where the state of the system is described by the probability
distribution of a single particle. It is even possible to reduce the description fur-
ther by considering hydrodynamic models, which follow the evolution of average
quantities such as the local density or average velocity. Until recently, hydrody-
namic models of interacting self-propelled particle systems were mostly derived on
phenomenological considerations.?®:56:59:60 A series of works?”:26:34 have firmly es-
tablished the derivation of such hydrodynamic models from microscopic ones, and
particularly of one of them, the 'Self-Organized Hydrodynamics’ (SOH) (see the re-
view Ref. 25). Within this framework, phase transitions have been analyzed*:22:24:35
(see also the review Ref. 23). We wish to follow the same methodology here and de-
rive hydrodynamic models of rotating self-propelled particles interacting through
local alignment. This work is focused on model derivation. So, we defer the analysis
of phase transitions to future work.

Situations where swarming agents are trapped in a rotation motion are not un-
common. A typical example is given by swimming agents such as bacteria or algae in
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a shear flow. In the case of elongated particles, the velocity shear induces a rotation
of the particles in a motion named Jeffrey’s orbits.*® The combination of this effect
with swimming leads bacteria to undergo a circular motion near boundaries.30:4®
This nurtures the so-called gyrotactic effect which is responsible for accumulation
of phytoplankton in layers®? and patches.?! Staying in the biological realm, we
note that some strains of swarming bacteria exhibit circular motion and vortex
formation.?? In some circumstances, coordination of flagella beats leads sperm cells
to self-organize in a collective formation of vortices.?” In a different context, roboti-
cists are keen to find decentralized control algorithms of robot swarms inducing
a collective circular motion of the swarm.'%53:58 Applications target the design of
mobile sensor networks for mapping or monitoring.

The goal of this paper is to provide a continuum description of these systems
when the number of agents is large. We start by proposing an IBM which encom-
passes features (i) to (iv) above. This IBM combines the Kuramoto?” and Vicsek5?
dynamics (see Ref. 1 and 63 for reviews on the Kuramoto and Vicsek models re-
spectively). It borrows from the Kuramoto model the way the agents synchronize
the phase of their rotation and from the Vicsek model the way this synchronization
is coupled with the spatial localization of the agents. Indeed, agents look for neigh-
bors, compute the average phase of their rotation motion and choose this phase
as their target for their own phase. In the absence of proper rotation of the par-
ticles, one recovers exactly the Vicsek model in its time continuous form.2%:27 By
contrast, if the synchronization is global, i.e. the agents compute the average phase
over the whole ensemble of particles, the original Kuramoto model is recovered. Pre-
vious works have acknowledged the proximity between the Kuramoto and Vicsek
models.164! The present model is close to that proposed in Ref. 53, 58. A different,
but related approach where the oscillators move diffusively in space, has been stud-
ied in Ref. 55. But none of them have proposed a hydrodynamic description of a
system of particles undergoing a combined Kuramoto-Vicsek dynamics. This is the
goal pursued here.

Similar to the present work, previous works have used circular motion as the free
motion of the agents. In particular, the so-called ‘Persistent Turner’ model has been
proposed to describe the dynamics of fish?®:37 and fish schools.??:36 However, there
are significant differences. In the ‘Persistent Turner’ model, the curvature of the
motion undergoes stochastic changes. In the mean over time, the curvature is zero,
and there is no preferred turning direction. By contrast, in the present work, the
curvature is constant and so is its mean over time. Consequently, there is a definite
preferred turning direction. These differences are significant and can be read on the
structure of the resulting hydrodynamic models.

After writing the combined Kuramoto-Vicsek IBM, we propose a mean-field ki-
netic description of this system by means of a Fokker-Planck type equation for the
one-particle ensemble distribution function. After scaling the kinetic equation to
dimensionless variables, we realize that two regimes are of interest. In the first one,
the proper rotation of the particles is slow enough, so that the particles can reach an
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equilibrium under the combined influences of the alignment and noise without de-
viating from a straight line too much. In this regime, the hydrodynamic limit yields
the SOH model?5-27:26:34 with an additional source term in the velocity evolution
equation stemming from the average proper rotation of the particle ensemble. This
regime is called the slow angular velocity regime and the associated hydrodynamic
models, the ’Self-Organized Hydrodynamics with proper Rotation (Small
angular velocity case)’ or SOHR-S.

Another regime is possible, where the proper rotation is of the same order as the
alignment interaction and noise. This changes significantly the equilibrium velocity
distribution of the particles. In order to maintain the propensity of the particles to
align with the ensemble of neighboring particles, we are led to modify the definition
of the direction to which elementary particles align. This modification is commented
in great length in the corresponding section below. At this point, let us simply
mention that this modification could account for the influence of volume exclusion
interaction in the spirit of Ref. 6, 54. In this regime, the obtained hydrodynamic
model involves significant modifications compared with the previous SOH model and
is called the ’Self-Organized Hydrodynamics with proper Rotation (Large
angular velocity case)’ or SOHR-L.

The changes compared with the SOHR-S model consist of two aspects. First,
the velocity equation is coupled to the whole angular velocity distribution function
(while in the SOHR-S model, this coupling is realized through lower order moments
such as the density or average angular momentum). Second, this equation involves
additional terms which correspond to transport in the direction normal to the veloc-
ity, or off-diagonal terms in the pressure tensor. In spite of its complexity, the model
is shown to be linearly well-posed when the angular velocity distribution function is
an even function (i.e. there is no preferred turning direction when averaged over the
particles). Also, the asymptotics for small angular velocities reduces the complexity
of the system to that of three first order partial differential equations. More detailed
analytical studies of this system are in progress.

In both regimes, the derivation of hydrodynamic models is possible, in spite of
the lack of momentum conservation. The lack of conservations is acknowledged (see
e.g. the discussion in the introduction of Ref. 63) as one of the major sources of
difficulties in the modeling of complex systems. The main contribution of previous
works on the SOH model (see e.g. the review Ref. 25) has been to provide a way to
bypass this lack of momentum conservation. The main tool for this is the concept
of Generalized Collision Invariant (GCI). Again, this concept will be the key of the
derivation of the SOHR models, in both the small and the large angular velocity
cases.

The paper is organized as follows. In section 2, the IBM and its mean-field
kinetic limit are introduced and scaling considerations are developed. Section 3
is devoted to the statement of the convergence of the mean-field kinetic model
towards the hydrodynamic limit in the small angular velocity case. Some properties
of the SOHR-S model are discussed. The case of the large angular velocity regime
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is then treated in section 4. Section 5 details some of the properties of the SOHR-L
model, such as its linearized stability or its asymptotics in the small angular velocity
limit. A conclusion is drawn in section 6. Then, three appendices are devoted to
the proofs of the formal convergence results towards the hydrodynamic limit in
the small angular velocity case (Appendix A) and in the large angular velocity
case (Appendix B) and to the formal asymptotics of the SOHR-L model when the
angular velocities become small (Appendix C). Finally Appendix D presents some
graphical illustrations.

2. Individual-Based model, mean-field limit and scaling

We consider a system of N particles or agents moving with constant speed ¢ in
the two-dimensional plane R?. We denote by (X (t), Vi(t))k=1,.n the positions
and the normalized velocities of the particles, with X;(t) € R? and Vi(t) € S',
where S' denotes the unit circle in R2. The actual velocities of the particles are
Vi = ¢Vi. Each particle is subject to three different actions. The first one is a
proper angular velocity Wy, which, in the absence of any other action, would result
in a circular motion of radius Ry = chl’ rotating counter-clockwise if Wy > 0
and clockwise if Wi < 0. Then, each particle is subject to independent Brownian
white noises P+ o (V2D dBf) with uniform diffusivity D. The quantity dBf refers
to the standard white noise in R?. It is projected onto a standard white noise on
S' thanks to the projection operator Py.. Denoting by Vi the vector obtained
from Vi by a rotation of angle 7/2, PVkL is the orthogonal projection onto the
line generated by VkJ-, ie. PVkJ_ = ij‘ ® Vit = 1d — Vi ® Vj, where ® denotes
the tensor product of two vectors and Id is the identity matrix. The symbol o’
indicates that the corresponding stochastic differential equation is taken in the
Stratonovich sense. The fact that the projection of a standard white noise in R?
onto the tangent line to the circle in the Stratonovich sense leads to a standard
white noise on S! can be found e.g. in Ref. 45. Finally, the particle velocities relax
towards the neighbors’ average velocity Vj, with relaxation constant v. The quantity
v is also supposed uniform (i.e. all particles have identical ) and constant in time
for simplicity. Following these rules, the particles evolve according to the following
stochastic differential equations:

dXy,
— 2-1
dt CVk7 ( )

AV, = Py o (v Vi dt + V2D dBy) + Wy Vi dt, (2.2)

The vector Vj, may be computed by different rules, leading to different types
of models. For the time being, we assume that V}, is obtained by normalizing the
average Jj of the velocities V; of the particles j lying in a disk of given radius R
centered at X, i.e.

. 1
Vo= D =t >V, (2.3)

b
[T G, 1X;—Xr|<R
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In the absence of self-rotation velocity W = 0, the system reduces to the time-
continuous version of the Vicsek alignment model®? as proposed in Ref. 20, 27. On
the other hand, if the neighbors’ average velocity is computed over all the particles,
i.e. if (2.3) is replaced by

J 1

Vi=V==>0A0 T==0V,, 2.4
then, the evolution of the velocities (Vi)r=1,...,.n does not depend on the positions
(Xk)k=1,..~ and the resulting system for (Vj)r=1,. n is nothing but the noisy
Kuramoto model of oscillator synchronization.! Indeed, considering the noiseless
case D = 0 for simplicity, we can write Vj, = (cosf,sinfy), V = (cosf,sin ) and
Eq. (2.2) with (2.4) can be written:

N
dby, - v 1 .
T~ s 00+ W = 1715 2 sinll; =00 + Wi

This is the Kuramoto model with a coupling constant K = %I In the standard

Kuramoto model, the coupling constant K is supposed independent of |7|. The
reason for taking K = ‘% here is that the original time-continuous version of the
Vicsek model as in Ref. 20, 27 corresponds to this choice. Additionally, with this

choice, the macroscopic limit is simpler.
v

7]
generally a smooth function of |J]) has been studied in Ref. 22, 23, 24. In this case,

multiple equilibria and phase transitions may appear. Phase transitions are also

In the context of the Vicsek model, the case where is a constant (or more

seen in the Kuramoto model.}%19:38:39:49 This makes the physics more interesting
but on the other hand, complicates the derivation of hydrodynamic models. Hence,
in the present work, we keep the assumption of constant v for the sake of simplicity
and differ the study of the constant ﬁ case to future work.

In the limit of an infinite number of particles N — oo, the system can be de-
scribed by the one-particle distribution function f(z,v, W,t) where (z,v, W) is the
position in the phase space R? x S! x R. The quantity f(z,v, W,t) dx dvdW repre-
sents the probability of finding a particle in a neighborhood dx dv dW of (x,v, W).
The evolution equation for f deduced from system (2.1), (2.2) is given by the fol-
lowing Fokker-Planck equation!!:

Oif+cVg-(vf)+ V- (Frf)—DA,f =0, (2.5)
with
Fy(z,0,W,t) = Pyi (vos(z,t)) + Wot, (2.6)

This equation expresses that the time derivative of f is balanced by, on the one hand,
first order fluxes in the (z,v) space describing spatial transport by the velocity cv
(the second term) and velocity transport by the force Fy (the third term) and by, on
the other hand, velocity diffusion due to the Brownian noise (the fourth term). The
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operators V,,- and A, stand, respectively, for the divergence of tangent vector fields
to S' and the Laplace-Beltrami operator on S'. For later usage, we also introduce
the symbol V, which denotes the tangential gradient of scalar fields defined on S'.
Let ¢(v) be a scalar function defined on S' and let p(v)vt a tangent vector field
to St. Denote by @(6) the expression of ¢(v) in a polar coordinate system. Then,
these operators are expressed as follows:

Vo (p(0)v?) = 09, Vup(v) =dppv™,  Aup(v) = 5.

Equation (2.6) states how the force term is computed. The first term describes
the interaction force: it has has the form of a relaxation towards the neighbors’
average velocity vs(x,t) with a relaxation frequency v. The second term is the self-
rotation force with angular velocity W. We note that there is no operator explicitly
acting on the angular velocity W. Indeed, this quantity is supposed attached to
each particle and invariant over time. System (2.5), (2.6) is supplemented with an
initial condition fr(z,v, W) := f(x,v,W,t =0).

Different expressions of the neighbors’ average velocity vs(x,t) will be consid-
ered in this paper. The simplest expression is obtained by taking the continuum
counterpart of the discrete formula (2.3), namely:

where

]f(x,t):/ K(‘x_m)f(y,v,W,t)vdydvdW.
(y,v,W)€ER2 xS xR R

Here the summation of the neighbors’ velocities over a disk centered at the location x
of the particle and of radius R which was used in the discrete model (formula (2.3))
is replaced by a more general formula involving a radially symmetric interaction
kernel K. We recover an integration over such a disk if we choose K () = x[0,1(£),
with £ = % and x|, 1) is the indicator function of the interval [0, 1]. For simplicity,
we now normalize K such that [, K(|z|) dz = 1. The parameter R will be referred
to as the interaction range.

In order to define the hydrodynamic scaling, we first write the system in dimen-
sionless form. We introduce the time scale t, = v~! and the associated space scale
2o = ctg = ¢/v. With these choices, the time unit is the time needed by a particle
to adjust its velocity due to interactions with other particles (or mean interaction
time) and the space unit is the mean distance traveled by the particles during the
mean interaction time, i.e. the mean free path. We set Wy the typical angular fre-
quency. For instance, we can assign to Wy the value Wy + W, where Wy and Wy are
respectively the mean and the standard deviation of W over the initial probability
distribution function f;dx dvdW. Similarly, we introduce a distribution function

_ 1 1
scale fy = W, and a force scale Fy = e
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We introduce dimensionless variables x = zg2’, t = tot’', W = Wo W', f = fof’,
Fr=FKF Ji, as well as the following dimensionless parameters:

dzg, T:%, r:@. (2.7)

v v c
These parameters are respectively the dimensionless diffusivity, the dimensionless
intrinsic angular velocity and the dimensionless interaction range. The dimension-
less system solved by f(a’,v, W’ ') is written as follows (dropping the primes for

simplicity):
Wf+ V- (0f)+ V- (Ff f) —dA,f =0,
with
Fy(z,0,W,t) = P,uvg(z,t) + T Wo,

where, in the simple example given above, the neighbors’ average velocity is now
given by

with
Ti(a.t) = / K(u) F(y, 0, Wi t) v dy dv dW.
(y,v,W)ER2 xS xR r

So far, the chosen time and space scales are microscopic ones: they are set up
to describe the evolution of the system at the scale of the interactions between the
agents. We are now interested by a description of the system at macroscopic scales,
i.e. at scales which are described by units 7o = “* and to = t—“ where ¢ < 1 is a small
parameter. By changing these units, we correspondlngly Change the variables x and
¢ and the unknown f to new variables and unknowns & = e, { = et, f = i In
performing this change of variables, we must state how the dimensionless parameterb
(2.7) behave as ¢ — 0. We assume that d = O(1) and r = O(1) as € — 0, and for
simplicity, we assume that d and r remain constant. By contrast, we will investigate
two different scaling assumptions for T and we define a new parameter n = . After
changing to the macroscopic variables &, t the system reads (dropping the tildes for
simplicity):

1 1
O 4 Ve (0F%) = 2= Vo (Pustfe f5) 4+ dASS) = WV (0 1),
where again in the simplest case, the neighbors’ average velocity is given by

Jj(z,t)

e = 17 )

(2.8)
with

Jj(z,t) = / K(u) fly,v, W, t)vdy dvdW. (2.9)
(y,v,W)ER2 xSt xR er
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Next, by Taylor expansion and owing to the rotational symmetry of the function
r € R?2 = K(|z]), we have?":

Ui(x,t) = Qp(x,1) + O(),  Qp(x,t) =
with
Jf(a:,t):/ flx,v, W, t)vdvdW.
(v,W)eSt xR

In other words, up to O(?) terms, the interaction force is given by a local expression,
involving only the distribution function f at position z. The quantity J(z,t) is the
local particle flux at point z and time ¢. By contrast, the expression (2.8), (2.9)
of 0% is spatially non-local: it involves a convolution of f with respect to the non-
local kernel K. We now omit the O(g?) terms as they have no contribution to the
hydrodynamic limit at leading order (which is what we are interested in).

The remainder of this work is concerned with the formal limit € — 0 of the
following perturbation problem:

3

1 1
at.fe + Vg (’Ufa) = ( —Vy- (PviQfE fe) + dAUfE) - EWVU : (vlfg)v
with
Qf(x,t) = %, Jf(x,t) :/ fz,v, W, t)vdvdW. (2.10)
! il (0, W)est xR

We will be interested in the following two scaling assumptions for n

(i) Small angular velocities: n = O(1). In this regime, the characteristic angular
velocity satisfies T = O(g). It takes the particles a macroscopic time interval
to perform a finite angle rotation.

(ii) Large angular velocities: n = O(g). In this case, the characteristic angular
velocity satisfies T = O(1). It takes the particles a microscopic time interval
to perform finite angle rotations. Over a macroscopic time interval, the
number of rotations is (9(%)

We expect that case (i) is just a perturbation of the case where there is no proper
rotation, and which has previously been investigated in Ref. 27. On the other hand,
case (ii) involves a larger modification and we expect that significant new behav-
iors are captured. However, we will see that case (ii) requires a modification of
the way the agents’ turning velocity is computed. Indeed, the agents need to take
their proper angular velocity into account in the evaluation of the turning velocity
that produces alignment with their neighbors. Therefore, according to whether that
proper velocity goes along or against their will, the agents need to achieve smaller or
larger turning. Precisely, the changes to Eq. (2.10) that are needed will be described
in greater detail below. The next section is devoted to the investigation of case (i).
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3. Small angular velocities

In the case of small angular velocities, we have n = O(1). We make n = 1 for
simplicity. The problem is now written:

1
Wf+Va (f)+ WV, - (v f°) = -Q(f), (3.1)
where the ’collision operator’ Q(f) is given by:

Q(f) =—-Vy '(PvLfo)‘i‘dAvfa
with

(e, t) = 200

St t) J(a:,t):/ FaoWhvdvdW.  (3.2)
FEX (0. W) €81 xR

The formal limit € — 0 has been established in Ref. 27, 26 when there is no self-
rotation term WV, - (v f¢) and no dependence of f upon W. The present analysis
is a somewhat straightforward extension of this earlier work. Before stating the
theorem, we need to recall the definition of the von Mises-Fisher (VMF') distribution
Mg (v). Tts expression is given by:

v-Q

-Q
Mq(v) = Z; " exp (UT), Zg = / . exp ( 7 ) dv. (3.3)
veS?

By construction, Mq(v) is a probability density and due to rotational symmetry,
the constant Z; does not depend on 2. The flux of the VMF distribution is given
by:

0-Q
1 € '
Mao@W)vdv = ¢ Q, ¢ =c1(d) = Jyeg xp (%2 Z (3.4)

veSt fvESl ex (

The parameter ¢;(d) does not depend on 2. It is given by
fwecose cosfdf L(%)

)dv

0
JTe<i do Io(y)
where f € R — I;,(8) € R is the modified Bessel function:

C1 (d) =

I.(B) = 71T/07f exp{f cos0} cos(k0)df, VG eR, VkeN

It verifies 0 < ¢;(d) < 1 and is a strictly decreasing function of d € [0,00). When
c1 is small, the VMF distribution is close to the uniform distribution. By contrast,
when ¢; is close to 1, the VMF distribution is close to the Dirac delta at v = €.
The parameter ¢; measures the degree of alignment of the VMF distribution about
the direction of €2, hence its name of ’order parameter’.

Now, we can state the theorem which establishes the limit € — 0 of (3.1).

Theorem 3.1. We assume that the limit f0 = lim._,o f¢ exists and that the conver-
gence is as regular as needed (i.e. occurs in functional spaces that allow the rigorous
Justification of all the computations below). Then, we have

oz, v, W, t) = pw(z,t) Moy (z,4)(v). (3.5)
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where, for any (z,t), the function W € R — pw(x,t) € R belongs to L*(R) and
has first moment finite, and the vector Q(x,t) belongs to St. The functions pw (z,t)
and Q(z,t) satisfy the following system of hydrodynamic equations:

875[)[/1/ +V,- (Clpwﬂ) =0, VW eR, (36)
P02+ c2(Q-V,)Q—=YQH) +d Py V,p =0,

with

pat)= [ pwanal, (M= [ ow@owar. @)
WeR WeR
The constants ¢y, co are respectively given by formulas (3.4) and (A.18) in Appendiz
A below.

The proof of Theorem 3.1 is developed in Appendix A. We now discuss the
significance of the results. Equation (3.6) is a continuity equation for the density
of particles of given proper angular velocity W. Indeed, since the interactions do
not modify the proper angular velocities of the particles, we must have an equation
expressing the conservation of particles for each of these velocities W. However, the
self alignment force modifies the actual direction of motion v of the particles. This
interaction couples particles with different proper angular velocities. Therefore, the
mean direction of motion ) is common to all particles (and consequently, does not
depend on W) and obeys a balance equation which bears similarities with the gas
dynamics momentum conservation equations.

Since ¢; and € do not depend on W, the dependence on W in Eq. (3.6) can be
integrated out, which leads to the following system of equations:

dip+ Va - (c1p) = 0. (3.9)
O(pY) + V- (c1pYQ) = 0. (3.10)
p (0 Q2+ (2 V)2 —YQY) +d Py V,p=0, (3.11)

Therefore, p, Y and Q can first be computed by solving the system (3.9), (3.10),
(3.11). Once 2 is known, Eq. (3.6) is just a transport equation with given coeffi-
cients, which can be easily integrated (provided that the vector field € is smooth, i.e.
at least C'). Equation (3.9) expresses the conservation of the total density of parti-
cles (i.e. integrated with respect to W € R), while (3.10) expresses the conservation
of the ’angular momentum density’ pY. Using the mass conservation equation (3.9),
Eq. (3.10) can be rewritten (for smooth solutions) as a transport equation for the
‘average rotation velocity’ Y:

QY +¢1Q-V, Y =0, (3.12)

which simply expresses that the average rotation velocity Y is convected at the flow
speed ¢ €.
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Suppose that Y;—g = 0. Then, by (3.12), we have Y (x,t) = 0 for all (z,t) €
R? x [0,00). In this case, the system reduces to the following:

Op+ V- (c1pQ) =0. (3.13)
p(0Q+c2(-Vy)Q) +dPqrV,p =0, (3.14)

which has been studied in earlier work.?%:27:26:51 This system is referred to as the

’Self-Organized Hydrodynamics’ (SOH). As mentioned above, it bears simi-
larities with the isothermal compressible gas dynamics equations, but differs from
it by several aspects, which have been developed in earlier work (see e.g. the review
Ref. 25). These are:

(i) The mean velocity €2 is a vector of unit norm (specifically, it is the direction
of the mean velocity rather than the mean velocity itself).

(ii) The projection operator P multiplies the pressure gradient term dV . p. It
is required to maintain the constraint that |[2] = 1. Indeed, taking the dot
product of (3.7) with Q, we realize that (0; +c2Q-V,)|Q|? = 0. Therefore, if
|| = 1 uniformly at ¢ = 0, it stays of unit norm at all times. The projection
operator Pq1 brings a non-conservative term in this equation. Hence, (3.7)
is not a conservation equation: it does not express any momentum balance.

(iii) The convection velocity of € is ¢ and is different from the convection
velocity c¢; of p. In classical fluids, these two velocities are equal. This
results from the Galilean invariance of the gas dynamics system. Here,
the system is not Galilean invariant (the velocities are normalized to 1:
this property is not invariant under Galilean transforms) and consequently,
these two convection velocities may differ. The loss of Galilean invariance
by fluid models of self-propelled particles has been noted earlier.5%:6! As a
consequence, in such fluids, the propagation of sound is anisotropic.5!

The model with non-vanishing average rotation velocity (3.9)-(3.11) appears as
an enrichment of the standard SOH model by the following two aspects:

(i) An additional term, namely —Y Q1. is present in the velocity evolution
equation (3.11). This term expresses how the self-rotation of the particles
influences the evolution of the mean velocity direction ). Quite naturally,
it depends on the angular momentum density pY which provides the con-
tribution of the proper angular rotation of the particles to the evolution of
the mean velocity.

(ii) An additional equation, namely (3.10) (or (3.12) in non-conservative form)
is added to the system. It shows that the average angular velocity Y is
passively transported by the flow velocity ¢;€).

This model will be referred to as the ’Self-Organized Hydrodynamics with
proper Rotation (small angular velocity case)’ or SOHR-S.
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In Ref. 27, 26, it is shown that the SOH model (3.13), (3.14) is hyperbolic. Its
two eigenvalues evaluated at a state (p,€2) are given by

Y+ = %[(61 + ¢2) cos 0 £ ((co — ¢1)? cos® 0 + 4d sin® 9)1/2]v (3.15)

where Q = (cosf,sin#)? and the exponent T’ denotes the transpose of a vector.
Apart from additional zero-th order terms, the SOHR-S model is derived from the
SOH model by the addition of the convection equation (3.12) with convection veloc-
ity ¢1€2. It is a hyperbolic problem, whose eigenvalues consist of the two eigenvalues
(3.15) of the SOH model on the one hand, and of the convection speed ¢; cos @ of
the additional equation (3.12) on the other hand. These three eigenvalues are real
and distinct, except in the case § = 0. Therefore, the problem is strictly hyperbolic
in most of the domain where the state variables (p, ) are defined. This gives a good
indication that at least local well-posedness of the SOHR-S model can be achieved.

4. Large angular velocities

Now, we investigate the case of large proper angular velocities, i.e. n = O(g). We
choose 1 = € for simplicity. The problem is now written:
1
O fe+ V- (vff) = g< — Vo (Pyrwp=(W) &) = WV, - (v f9) +dA, f7), (4.1)
Now, by contrast to the small angular velocity case (section 3), we abandon the
hypothesis that wy = ¢, where we recall that (see 3.2):

Jf(xﬂf)

Qp(x,t) = ————=, Js(z,t :/ flx,v, W t)vdvdW. 4.2
T =Gwar 0T fesna T 42

Indeed, the agents’ proper angular velocity being large, it influences their evaluation
of the turning velocity that produces alignment with their neighbors. According to
the situation, the proper angular velocity goes along or against the turning direc-
tion they want to achieve. Therefore, the agents need to take this proper angular
velocity into account: they achieve smaller or larger turning speeds according to
whether their proper angular velocities goes along or against their intended rota-
tion direction. This results in a prescription for w; which is different from €; and
which requires wy to be dependent of W, as indicated in (4.1).

The precise determination of wy requires several steps. Before going into this
determination, we write (4.1) as follows:

0+ V. (uf) = 2Q(), (43)
where Q( f) is a new collision operator given by:
Qf) = Qu, (), (4.4)

where wy: W € R — wy(W) € S is the function to be determined below and where,
for any given function w: W € R — w(W) € S!, we define:

Qw(f) ::_vv'(wa)+dAvf»
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with
F,(v,W):= P, rw(W)+ Wot.

We define &, the set of equilibria of Q,, as follows:

Definition 4.1. Let w: W € R — w(W) € S! be given. The set &, of equilibria of
Q. is defined by

Eo={f€L*R,C*S") | f>0 and Qu(f)=0}.

To determine &, we first define what the analogs of the von Mises-Fisher distribu-
tions are in the present case. The existence of these objects requires the following
preliminary lemma.

Lemma 4.1. Let W € R be given. There exists a unique 2mw-periodic solution of
the following problem:

é((W —sin@)®w)'(0) = 0, /O i Py (0)do =1, (4.5)

where the primes denote derivatives with respect to 6. We denote by @y this unique
solution. It is positive and it belongs to C*°(St).

Oy (0) —

We can now define the analogs of the von Mises-Fisher distributions:

Definition 4.2. Let ®y be the function defined in the previous lemma. Let w:
W eR — w(W) € S be fixed. We define M,, such that:

Mo (v,W) =y (0), with 6= (w(W),). (4.6)

For any given W € R, the distribution M, (v, W) dv is a probability measure on S'.
We refer to it as the ’Generalized von Mises-Fisher’ (GVM) distribution.

Thanks to the definition of M,,, we can describe the set &,, as in the following
lemma:

Lemma 4.2. The set &, is the set of all functions of the form
(UaW) = pWMw(U7W)a (47)
where the function W — pyw € Ry is arbitrary in L'(R).
We now define the direction of the flux associated to a GVM equilibrium M,

Definition 4.3. Given w: W € R — w(W) € St and W € R, we define:

u, (W) = M, (v, W)vdv. (4.8)
veSt
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This vector can be decomposed in u,(W) = é,(W) ¥, (W), with |T,(W)| = 1,
where ¢y, and W, are given by:

_ uy, (W)
 ue (W)
We have u,(W) € R?, ¥,(W) € S!. The vector ¥, (W) is the direction of the

GVM M, for a given angular rotation W and the real number ¢; (W) is its order
parameter for this angular rotation (again, we have 0 < é& (W) < 1).

U, (W) crw(W) = [u,(W)). (4.9)

We stress the fact that U, (W) # w unless W = 0. This is in marked contrast with
the small angular velocity case, where the direction of the VMF distribution Mg
is precisely equal to 2. This is the reason why, in the present case, we cannot set
wy =y (we recall that, for a given distribution f, the direction of the local flux
Qy is given by (4.2)). Indeed, the ’consistency relation’ that the direction of the
equilibrium Mg ; should be €2y would not be realized. So, for a given local velocity
direction Qy, we will have to look for w¢(W) which realizes that, for any value of
the angular velocity W, the direction of the associated GVM M, ; is equal to Qy,
ie. U, (W) = Qy. From the present considerations, we will have wg(W) # Qj,
unless W = 0. To do this, we have a few steps to go. For later usage, we first state
the following auxiliary lemma:

Lemma 4.3. The real number ¢1 ,(W) does not depend on w and is denoted below
é(W).

Now, as developed above, for a fixed direction {2, we are interested in finding a
function w such that the direction ¥, (W) of M,, coincides with €, for all angular
velocities W. Such an w can be uniquely determined, as the lemma below shows.

Lemma 4.4. Let Q € St. Then, the equation V(W) = Q, VW € R, determines a
unique function w: W € R — w(W) € St. We denote this unique solution by wq.
By definition, we have

U, (W)=Q, YWeR (4.10)

Now, as explained above, we define wy such that the direction W, (W) of the
associated GVM M,,, coincides with the local flux {2; for all values of the angular
velocity W € R. This leads to the following definition:

Definition 4.4. Given a distribution function f(w, W), we define wy by:
wy :LUQf, (411)
i.e. we have:

U, (W)=Q;, YW eR. (4.12)
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The proofs of Lemmas 4.1 to 4.4 are given in Appendix B.

We now comment on the rationale for the definition of wy. The Individual-Based
model whose mean-field limit gives rise to the kinetic equation (4.1) is obviously as
follows (with the notations of section 2):

dXp,
@ -
dVy = Py o (wy, (Wi)dt + V2D dBy) + W), Vi~ dt. (4.13)

Here, wy;, is the function defined by (4.10) where € is substituted by V. To justify
the use of wy, , we recall that expression (4.13) must describe a relaxation dynamic
towards the local mean alignment direction Vj. For this purpose, the alignment
force PVkL wp, must be such that the total acceleration dV vanishes when Vj, = V.
Let us examine the noiseless case first. In this case, because of the self-rotation
velocity Wy, the alignment force cannot be equal to kai V. Indeed, otherwise,
when Vj, = V4, the relaxation force vanishes and the total acceleration dVj, is equal
to the self-rotation force Wy Vit and does not vanish. It is readily seen that the
alignment force PVkL wy, which gives rise to a vanishing total acceleration dVj when
Vi, = Vj, is given by

PVkJ. Wy, + Wy, Vkl = PVkJ_ Vk

We note that this equation has a solution wy, only for a finite range of values of
W, but this problem disappears when noise is added.

In the presence of noise, the demand that the total acceleration dVj vanishes
when Vj, = Vj, can only be satisfied in an averaged sense, which in turn requires some
assumption on the velocity distribution of the particles. In this work, we assume
that the distribution of the particles in (v, W)-space is locally at equilibrium, i.e.
is a GVM distribution ka. Then, the alignment force ka+ wy, vanishes when Vj,
is equal to wy, . In this case, there is no action on the particles in average when
they are distributed according to a GVM. Indeed, when Vi, = wy, , the right-hand
side of (4.13) is zero in average in the sense that the associated Fokker-Planck
operator resulting from applying the Ito formula to (4.13) vanishes. This means
that the relaxation has been achieved ’statistically’. Once translated in the mean-
field framework of (4.1), this leads to our definition (4.12).

Obviously, the use of the equilibrium to compute wy restricts the applicability
of this model to a situation close to such an equilibrium. Since the goal is precisely
to explore the hydrodynamic regime which prevails in such situations of closeness
to equilibrium, this approach is still consistent. Another question is about the likeli-
ness that agents are able to perform such a complicated computation. However, we
can think that this dynamic is a simple outcome of collisions between the particles.
Imagine a set of self-rotating robots with elongated shapes. The volume-exclusion
interaction between elongated self-propelled objects through hard-core collisions re-
sults in an alignment dynamic, as already shown in e.g. Ref. 5, 21, 44, 54. Therefore,
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the ’computation’ of the magnitude of the self-alignment force may be just an out-
come of an equilibration between the self rotation force and the pressure exerted
by the neighboring agents through the collisions.

The goal is now to investigate the limit ¢ — 0 of the solution of (4.3). More
precisely, we show the:

Theorem 4.1. Let f¢ be a solution of (4.1) with wy given by (4.11). We assume
that the limit O = lim._,o f* exists and that the convergence is as reqular as needed.
Then, we have

f0($7’l)7VV,t) = pw(.%',t) Mwsl(w,t)(v7w)’ (4'14)

where, for any (z,t), the function W € R — py (x,t) € R belongs to L*(R) and the
vector (x,t) belongs to S*. The functions pw (x,t) and Q(z,t) satisfy the following
system of hydrodynamic equations:

Qupw + Vo - (E1pwQ) =0, VIV € R, (4.15)
milpw] Qe + malpw] (2 - Vo) + ms[ow] (2" - V,)Q

where milpw], ..., mglpw] are moments of pw given by formulas (B.34) in Ap-
pendix B below.

Equation (4.15) expresses the conservation of particles of given angular momen-
tum W, exactly in the same way as in the small angular velocity case (see Eq.
(3.6)). The velocity evolution equation (4.16) has also a similar structure (see Eq.
(3.7)) but contains more terms. The analog terms to those of (3.7) are the first
term (corresponding to the first term of (3.7)), the second one (corresponding to
the second term of (3.7)) and the fifth one (corresponding to the fourth term of
(3.7)). The difference is the replacement of p, which appears in the three terms of
(3.7) by three different moments of py. This is a consequence of the dependence of
the GVM M,,, and the GCI Yq (which will be found in section B.2 of Appendix
B) on the angular velocity W. There was no such dependence of the VMF M, and
of the GCI xgq in the small angular velocity case.

The third term of (3.7) which originated from the particle self-rotation disap-
pears in the large angular velocity case investigated here, but three new terms
appear. The third term of (4.16) describes transport in the direction perpendicular
to the mean velocity 2. The orientation of transport is determined by the sign of
mgs. The fourth term is a contribution of the compressibility of the velocity field to
its transport: regions of compression or rarefaction induce rotation of the velocity
field in one direction or the other one according to the sign of my. Finally, the
sixth term is an off-diagonal term in the pressure tensor, where gradients of the
moment mg of the density distribution py induce rotation of the velocity field. All
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these three terms obviously translate the average influence of the individual particle
self-rotation.

By analogy with the previous model, this model will be referred to as the *Self-
Organized Hydrodynamics with proper Rotation (Large angular velocity
case)’ or SOHR-L. The proof of Theorem 4.1 is developed in Appendix B.

5. Properties of the SOHR-L hydrodynamic model

We investigate some properties of the SOHR-L hydrodynamic model (4.15), (4.16).
In a first section, we study its linearized stability about a uniform steady-state.
For the sake of simplicity, we restrict ourselves to the case where the unperturbed
density distribution py is even in W (which means that there are as many particles
rotating in the clockwise direction with angular speed |W| as particles rotating
counter-clockwise with the same angular speed). In this case, we prove the linearized
stability of the model. This is a good indication of the well-posedness of the SOHR-
L model in this case, although a rigorous proof of this fact is still lacking. The
investigation of the linearized stability of the SOHR-L model in the general case is
deferred to future work.

In a second section, we investigate the asymptotics of the SOHR-L model (as
well as that of the SOHR-S model) when W is small. We show that both models
reduce to the SOH model (3.13), (3.14) in this limit, but with different coefficients.
We also establish the asymptotics of the SOHR-L model to second order for small
W and compare the resulting model to the SOHR-S model.

5.1. Linearized stability of the SOHR-L system

We first consider a pair (pow, Qo) such that (i) pow and Qg are independent of x, (ii)
the function W € R +— pow belongs to L*(R), (iii) pow > 0, (iv) all the moments
mglpow], k= 1,...,6 exist, (v) |Q| = 1. Such a pair (pow, o) is a steady-state of
the SOHR-L system (4.15), (4.16). The goal of this section is to study the linearized
stability of the SOHR-L system about such a uniform steady-state.

We linearize the system. We introduce a small parameter § < 1 and look for
solutions such that

pw (2, 1) = pow + 8 prw (, 1) + O(5?), Qz,t) = Qo+ 6 +0O(6?). (5.1)
The constraint |Q2(z,t)| = 1 translates into the constraint
Q- =0. (5.2)

The linearized system obtained by introducing (5.1) into (4.15), (4.16) and neglect-
ing terms of order O(62) reads as follows:

Oipw +¢1 Qo - Vepw + C1Lpow Vi - 2 =0, VW € R, (5.3)
my Q + mo (QO . VI)Q + ms (Qé‘ . Vm)Q
+ Q5 (ma (Vo - Q) + (- Vi) mslpw] + (Qo - Vo) melpw]) =0, (5.4)
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where my, ...my4 are evaluated on pgy except otherwise stated and where the
index ’1’ on the perturbation is omitted for the sake of clarity. Next, we consider
plane-wave solutions:

prw (1) = pw D, Q= Qi) (5.5)

where gy, Q are the wave amplitudes, £ € R is the wave-number and p € C is
the frequency. Here, z € R is a one-dimensional spatial variable, corresponding to
the direction of propagation of the plane wave. Indeed, the SOHR-L being invariant
under rotations, the plane-wave analysis is independent of the choice of the direction
of propagation. We let Q¢ = (cos#,sin ). The constraint (5.2) translates into € -
Q=0,ie Q=5(—sinb,cosf) with & € R. Inserting (5.5) into (5.3), (5.4), we get
(again, omitting the tildes on py and Q for the sake of clarity):

(—p+é€cost)pw — & pow & sinfo =0, VW ER, (5.6)
( —pmy+ma€ cosh — (m3+my) € sinH) o
— & sinfms[pw] + & cos@mg[pw] = 0. (5.7)
From (5.6), we get:
C1 Pow .
- Gbhw R.
oW 7M+61£CO89§sm90, YW e
Therefore,
€1 Pow .
= _— 0 k= . .
melpw] = my [—M E: COSQ] ¢ sind o, 5,6 (5.8)

Inserting (5.8 ) into (5.7), we get a non-trivial solution o if and only if the following
dispersion relation is satisfied:

—pmy +ma & cos — (mg +my) € sin 6

}§$§9+m4 1 Pow

—p~+¢1 & cosb

m C1 pow
5 —i 4 ¢1 & cosf

Next, we seek some simplifications in the case where the function W € R — pow

€% cosfsinf =0. (5.9)

is even. For this purpose, we will need the following lemma about the even-
ness/oddness of the coefficients ap, k = 1,...,6 of the corresponding moments
mi.

Lemma 5.1. (i) We have:
P_w(0) =2w(-0), X_w(0)=-Xw(-0), (5.10)
where Py is defined by (4.5) and Xw by (B.27).

(ii) The following functions of W are even: é1, A, a1, a2, as (see (4.9), (B.25),
(B.28), (B.29), (B.32) for the definitions of these functions).

(iii) The following functions of W are odd: C, 1, as, a4, ag (see (B.1), (B.5),
(B.30), (B.31), (B.33) for the definitions of these functions).
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Proof. (i) We form Egs. (4.5) and (B.27) for &y (—6) and Xy (—0). By changing
W into —W, we recover the same equations for ®_y () and —X _yy () respectively,
which shows (5.10).

(ii) and (iii) By (4.9) é is clearly even. By writing (B.1) at —6 and for —W and
using the first equation of (5.10), we get that C is odd. Now, using the first equation
of (5.10) into (B.4) and changing 6 into —6, we get that ¥, (—W) is the symmetric
of ¥, (W) about the line spanned by w. As an immediate consequence, ¥ is even.
Changing 6 into —6 in (B.25) and using the first equation of (5.10), the evenness
of ¢; and the oddness of i, we get that X is even. By similar considerations, we get

that aq, as, as are even and ag, a4 and ag are odd. [
: : €1 pow :

Now, we assume that pgy is even with respect to W. Then, it £ cos is also

even with respect to W. Therefore, the coefficients mg, my4 and md%]

vanish in (5.9), as the result of the integration of an odd function of W. The resulting
dispersion relation is written:

—pmy +mo & cost —ms [%}52 sin®# = 0. (5.11)
We now show that for all £ € R and 6§ € [0, 2], the roots p of (5.11) can only
be real, which proves the linearized stability of the system. Indeed, suppose that
w=«a+if with a, § € R, taking the imaginary part of (5.11), we get

é'lpOW 2 2,
—Bmy —ﬂms{(_a+51€ cos9)2+52]5 sin ) = 0. (5.12)

If 8 # 0, we deduce from (5.12) that:

C1 pow
(—a+ ¢ & cosh)? + 52
Numerically, we realize below that the coefficients a; and a5 are non negative (see

Appendix D). Since we know that ¢ is also non negative, (5.13) cannot have any
root. Thus, S = 0. We summarize this in the following result:

my = —m5[ }52 sin? 6. (5.13)

Proposition 5.1. Consider a uniform steady-state (pow,$) where pow > 0 is
such that (1 + |W|)kpow is integrable for k large enough, and where || = 1. We
assume that the coefficient a1 and as given by (B.28) and (B.28) are positive (and
this is verified numerically). If pow is even with respect to W, the SOHR-L model
(4.15), (4.16) is linearly stable about this steady-state.

This linear stability result is a first step towards a local-in-time existence result
for the full SOHR-L system. Proving such an existence result is outside the scope
of the present paper.

Remark 5.1. in the special cases § = 0 (the plane-wave perturbation propagates
in the same direction as the unperturbed velocity field €2y) or 6 = 7 (the propa-
gation direction is perpendicular to it), the dispersion relation (5.11) can be solved
explicitly:
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(i) Case 6 = 0. Then the dispersion relation reduces to
ma
p=—=E.
mi

This corresponds to a pure convection wave of (2 in the z-direction. It comes
from the convection operator:

malow] Qe + malpw] (@ - V)R

(i) Case @ = 7. Then, the dispersion relation reads:

ms[C1pow ]\ 1/?

= (el ]y g
my

This corresponds to acoustic waves propagating symmetrically in both the

positive and negative directions. They come from the acoustic operator:

malpw] Qe + QF (2 - Vo) ms[pw].

5.2. Small angular velocity limit of the SOHR-L model

In this section, we study the asymptotics of the SOHR-L model (4.15), (4.16) when
the angular velocity is small. For this purpose, we change the scaling n = € which
was made at the beginning of section 4 into n = ¢/{. We first keep ¢ = O(1) when
performing the limit € — 0. The resulting model is the SOHR-L model (4.15), (4.16),
where now, the moments mg[pw] (see (B.34)) and the associated coefficients ay, (see
(B.28) to (B.33)) depend on the parameter . In a second step, we investigate the
limit ¢ — 0 in this SOHR-L model with {-dependent coefficients.

First step: limit ¢ — 0. Derivation of the SOHR-L model with (-
dependent coefficients. Introducing the parameter ¢ transforms (4.1) into

1
ath +V, - (Ufs) = g( —Vy- (PvafE(W) fs) - CWV’U . (UJ_fE) + dAva)'(5'14)
It is an easy matter to show that the associated equilibria are of the form

pw Mo, (v,(W) where py and Q are arbitrary and M, (v, W) is the GVM de-
fined at Definition 4.2. In particular, we can write

—

Mwn (Uv CW) - q)CW(a)’ with 0= (wQ(CW)’U)

Similarly, the GCI are of the form 8xq(v,(W)+¢(W), where 8 and ¢ are arbitrary
and Yq(v, W) is the GCI defined in Prop. B.2. Thus,

5(9(1)7 CW) = XCW(Q)a

with the same definition of 6. It follows that f© = lim._,q f¢ where f¢ is the solution
of (5.14) is given by

w0, Wot) = pw (w,8) My~ (0,CW)
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where
wh (W) = wa(CW). (5.15)

The functions pw (z, t) and Q(x, t) satisfy the system (4.15), (4.16), with coefficients
&, mi [pw] such that

EW) = & (CW), mg[pw]/ERak(gW)deW, k=1,...,6.  (5.16)

Second step: limit ( — 0 in the SOHR-L model with (-dependent coeffi-
cients. We can now state the following proposition, whose proof can be found in
Appendix C:

Proposition 5.2. The formal small angular velocity limit ( — 0 of the SOHR-L
model (4.15), (4.16) with (-dependent coefficients is the model
Opw + V- (c1pwQ) =0, YW € R, (5.17)
{p (024 c2 (- V4)Q) + 5 Par Vap =0, (5.18)
with p given by (3.8), co by (A.18) and c5 by
fo%ecoje sin? 0 d 1 Io(%) = Ix(

fOZWecojg cos@df 2 L(%)

). (5.19)

Ul

Cs =

The same study can be performed in the small angular velocity case. Replacing
W by (W in the kinetic equation (3.1) and performing the limit ¢ — 0 keeping ¢
fixed leads to the SOHR-S system (3.6), (3.7) with a factor ¢ multiplying the term
Y QL in (3.7). Therefore, the limit ¢ — 0 in the SOHR-S system with (-dependent
parameters is immediate and leads to the system:

8tpW +V,- (Clpr) =0, YW e R, (520)
p (0 Q2+ c2 (- Vy)Q) +d Py Vep =0, (5.21)

we see that the structure of this system is the same as that of (5.17), (5.18). How-
ever, the coefficients of the pressure term Py V,p of the two systems are different.
While it is simply the noise coefficient d in the SOHR-S case, it is equal to a new
coefficient ¢5 in the SOHR-L case. Therefore, even for very small angular velocities,
the two systems do not coincide. This is due to the different ways of computing the
interaction force.

Like in the case of the SOHR-S model, the density equations (5.17) or (5.20) can
be integrated with respect to W, since ¢; does not depend on W. In both cases, the
resulting system is nothing but the standard SOH model (3.13), (3.14) (see section
3). However, again, the coefficients of the pressure term PqiV,p in the velocity
equation (3.14) differ. It is indeed equal to d in the case of the SOHR-S model
(5.20), (5.21), while it is equal to ¢5 in the case of the SOHR-L model (5.17), (5.18).
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Approximation up to O(¢?) of the SOHR-L model in the limit ( — 0.
Proposition 5.2 shows that the small angular velocity limit of the SOHR-L model
leads to the standard SOH Model (with slightly modified coefficients) for the total
density p and velocity direction (2. Therefore, information about the self-rotation
of the particles is lost. Indeed, since the SOH model also describes particles with
no self-rotation,?” one cannot distinguish any influence of the particle self-rotation
by looking at it. In order to retain some of the influence of the self-rotation of the
particles in this limit, it is interesting to compute the first-order correction terms
in O(¢). In this way, we will get the corrections to the SOH model induced by the
self-rotation. The resulting model is stated in the following proposition, whose proof
is sketched in Appendix C:

Proposition 5.3. The O(¢?) approxvimation of the SOHR-L model (4.15), (4.16)
with (-dependent coefficients, in the limit ¢ — 0, is the model

8tpw 4+ Vg - (C1pwg) =0, VW eR, (522)
p (8tQ + o (02 Vx)Q) + ¢5 PqiVyp
+CpY (e3(QF - Vo)Q4cs (Vo - Q) Q) +Ces(Q- Vo) (pY) Q8 =0, (5.23)

with p and pY given by (3.8), co by (A.18), c5 by (5.19) and ¢;, = %}O), k=3,4,6,
a1(0) being given by (C.5).

Here, compared to the SOHR-S system (3.6), (3.7), the particle self-rotation
introduces structurally different terms. In the SOHR-S system, self-rotation is taken
into account through the source term —Y Q-+ in the velocity direction equation (3.7).
This term corresponds to an acceleration in the direction of the average self-rotation
and proportional to it. In the system issued from the SOHR-L model (5.22), (5.23),
self-rotation introduces differential terms. The first two ones (those multiplied by cs3
and c¢4) are proportional to both, the average self-rotation Y and differential terms
acting on the velocity direction  (namely (Q* - V,)Q and (V, - Q)). So, in the
case of a uniform vector field €2, these two terms would not induce any acceleration,
by contrast to what happens in the SOHR-S system. The operator (Q+ - V,)Q
produces an acceleration if the vector fields varies in the direction normal to itself.
Regions of compression or rarefaction also give rise to an acceleration due to the
term (V,-Q). The last term (multiplied by ¢g) is proportional to the gradient of the
average angular momentum pY in the direction of 2. Therefore, variations of the
average angular momentum in the direction of the flow produce an acceleration term
as well. Again, in the case where pY is uniform, this acceleration term vanishes, by
contrast to what happens in the case of the SOHR-S system.

One can interpret this difference as follows. In the kinetic equation leading to
the SOHR-L system (4.1), the particle acceleration P, wq, is modified compared
to that used in the kinetic equation leading to the SOHR-S system (3.1), namely
P,1Qy. The use of wg, instead of 2y introduces some kind of compensation for the
self rotation Wo' and reduces its influence. This is why, in the hydrodynamic model
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(5.22), (5.23), self-rotation appears through differential terms instead of source
terms like in the SOHR-S model. In a spatially homogeneous situation, where p
and (2 are uniform, the compensation of self-rotation by the use of wgq, in the ac-
celeration is total, and there is no influence of self-rotation in the hydrodynamic
model. By contrast, in the SOHR-S case, even in the spatially homogeneous situ-
ation, there cannot be any compensation, and the influence of self-rotation in the
hydrodynamic model persists.

6. Conclusion and perspectives

In this paper, we have derived hydrodynamic models for a system of noisy self-
propelled particles moving in a plane. The particles are subject to proper rotation
on the one hand and interactions with their neighbors through local alignment on
the other hand. Two regimes have been investigated. In the small angular velocity
regime, the hydrodynamic model consist of a slight modification of the previously
obtained Self-Organized Hydrodynamic (SOH) model, including a source term to
account for a net average angular velocity. In the large angular velocity regime,
after modifying the interaction force to preserve the particle propensity to locally
align with their neighbors, the resulting hydrodynamic model involves additional
terms accounting for such effects as transport in the normal direction to the veloc-
ity and off-diagonal pressure tensor terms. A linearized stability analysis has been
performed showing the stability of the model in some particular case. Perspectives
include a deeper analytical study of the models, such as proving linearized sta-
bility in the general case and local well-posedness of smooth solutions. Numerical
simulations will be performed with two purposes. The first one is to validate the
hydrodynamic model by comparison to simulations of the IBM. The second one is
to explore what new structures and features are exhibited by these models.

Appendix A Small angular velocity case: proof of Theorem 3.1

The proof of Theorem 3.1 involves three steps which are developed in the following
sections.

A.1 Determination of the equilibria

Thanks to (3.1), we have Q(f¢) = O(e). Taking the limit ¢ — 0 implies Q(f°) = 0.

Therefore, f° is a so-called equilibrium, i.e. a solution of Q(f) = 0. Since @ only

operates on the (v, W) variables, we first ignore the spatio-temporal dependence.
Let Q € S! be given and define the linear operator

Qalf)(v, W) = dV, - [MQ“’)V” (Mﬂ |

Easy computations®” show that:

Q(f) = Qa,(f)-
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We now introduce the functional setting. Let f and g be smooth functions of (v, W)
with fast decay when W — +o00. We define the duality products:

(Do == / f (0, W) g0, W)
(v,W)€eS! xR

1
dv dW,
Mg(v)

and
_ f, W), g(v, W)
rgha= /(U,W)eSlle Vol Mg(v) ) Vol Mg (v)

Then, (f,g)o.q defines a duality (i.e. a continuous bilinear form) between f €
LY (R, L%(SY)) and f € L*°(R, L*(S?)). Similarly, (f, g)1.q defines a duality between
f € LY(R,HY(SY)) and f € L>®(R, H'(S')). Thanks to Green’s formula applied
with smooth functions, we have

—(Qg(f),ghm = d(f, g>1,Q- (A1)

Therefore, for f € L>*(R,H'(S')), we define Qq(f) as a linear form on
L (R, H'(S!)). Actually, since this linear form is defined and continuous on
CY(R, H(SY)), where C§ denotes the space of continuous functions tending to zero
at infinity, Qo (f) is a bounded measure on R with values in H!(S!) but we will not
use this characterization. We now define the set of equilibria:

) Mo,(v) dv dW.

Definition A.1. The set £ of equilibria of @ is given by
E={fe L' (R,H'S")| f>0and Qq,(f) =0}.

The characterization of £ is given in the following lemma.

Lemma A.1. The set £ of equilibria is the set of all functions of the form
v = pw Mq(v), (A.2)

where the function W — py € Ry and the vector Q are arbitrary in the sets L'(R)
and St respectively.

Proof. First, suppose that f € &. Then, thanks to (A.l), we have 0 =
—(Qa, (f). foq, = d{f. f)1a,. It follows that V, (L&) = 0, ie. there ex-
ists pw € R, independent of v, such that f(v, W) :pr Mg, . Additionally,
that f € LY(R,H'(S')) and f > 0 implies that py > 0 and that the function
W € R — pw € R, belongs to L'(R). Therefore, f is of the form (A.2).
Conversely, suppose that f is of the form (A.2) with py as regular as in the
lemma. Then, the results follow obviously if we can show that Q; = ). But, thanks
to (3.4), we have Jyymq = [yrep pw dW c1 Q, and since ¢; > 0 and pw > 0, we
have Q,,, am, = €2, which shows the result. ]

From this lemma, and the fact that f° is an equilibrium, we deduce that f°
is given by (3.5). Now, pw = pw(x,t) and Q@ = Q(x,t) are a priori arbitrary
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functions of (z,t). Indeed, @ only acts on the (v, W) variables. Hence, the fact that
Q(f°) = 0 does not impose any condition on the dependence of f° on (z,t). In
order to determine how py and Q depend on (z,t), we need the second step of the
proof, developed in the following section.

A.2 Generalized Collision Invariants (GCI)

We first recall the concept of a Collision Invariant.

Definition A.2. A collision invariant (CI) is a function ¢ € L (R, H(S!)) such
that for all functions f € L*(R, H(S')), we have

-/ QU dvdW = d{pMa, . f)ra, =0, (A3)
(v,W)eSI xR

We denote by C the set of CI. The set C is a vector space.

We first have the obvious result:

Proposition A.1. Any function ¢: W € R — ¢(W) € R belonging to L= (R) is a
CIL

Proof. Let ¢ € L*(R) and f € L'(R,H'(S')). Then, obviously ¢Mg, €
L>(R, H'(S!)) and since ¢ does not depend on v, it satisfies (A.3). "

We will see that this set of CI does not suffice to provide the spatio-temporal
evolution of py and € in the hydrodynamic limit. In the absence of other obvious
CI, we introduce a weaker concept, that of ’Generalized Collision Invariant’ (GCI).
The rationale for introducing this concept is discussed in details in Ref. 25, 27.

Definition A.3. Let Q € S* be given. A Generalized Collision Invariant (GCI)
associated to Q is a function ¢ € L (R, H!(S')) which satisfies the following prop-
erty: for all functions f(v, W) such that f € L*(R, H'(S')) and that P Qf = 0,

we have
_/ Qa(f) b dvdW = d(sMe, f)1o = 0. (A.4)
(v,W)€EST xR

We denote by Gq the set of GCI associated to €. It is a vector space.

Of course, if ¢ € L*>®(R, H*(S!)), so does Mg and (A.4) is well-defined. Before
determining Gq, we introduce an appropriate functional setting for functions of
v only. We consider the space Vo = {¢ € H'(S'), [ cc(v)dv = 0}. Let Q €
St be given. We define the following norms or semi-norms on L?(S!) and H!(S!)
respectively, by:

_ 1 _ f(v)
o= [ W@P g o= [

NSy

2
)‘ Mg (v) dv.
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Of course, these two semi-norms are respectively equivalent to the classical L? norm
and H' semi-norm on L?(S!) and H*(S'). We have the following Poincar inequality:

lelia > Clela, Ve €T, (A.5)
with a positive constant C. We denote by (f,¢)o.o and (f,g)1,o the associated

bilinear forms.

Proposition A.2. We have
Go = {Bxalv) +6(W), BER, ¢eLXR)},

where pqo = xaMaq is the unique solution in Vi of the variational formulation

Find ¢ € Vo such that (¢, f)1.0= (2" -v Mg, f)oga, Vf € H'(SY). (A.6)

Proof. The existence of a unique solution ¢ € Vj of the variational problem (A.6)
is an easy consequence of Lax-Milgram’s theorem and the Poincaré inequality (A.5).
We refer the reader to Ref. 27, 34.

Now, let Q € St be given, 1 € Go and f € L'(R, H'(S!)). First we note that
the condition P11y = 0 is equivalent to P Jy = 0 and can be written

/ FQt v dvdw =0,
(v,W)eS xR

or equivalently, (O - v Mg, f)o.o = 0. Then, by (A.4), ¥ is a GCI if and only if
¥ € L°°(R, H(S!)) and the following implication holds: for all f € L}(R, H*(S')),

Qf v Mg, floa=0 — (f,¥Mq)1,0 =0.

By a standard functional analytic argument, this means that there exists a real
number B such that

(Mo, f)1,0 = B(U v Ma, f)o.a, Vfe L' (R, H'(SY). (A7)

Therefore, 1 is the solution of an elliptic variational problem.

Now, we remark that the function (v, W) — Bxa(v) + ¢(W), with ¢ € L>(R)
belongs to L (R, H!(S')) and satisfies the variational problem (A.7). These are the
only ones. Indeed, by linearity, the difference v of two such solutions is an element
of L>®(R, H'(S')) and satisfies

(¥Maq, f)1,.0 =0, VfeL'(R, H'(SY)).
Then, introducing the indicator function {4 (W) of the interval [— A, A], with A > 0
and taking f = 1/Mq(a as a test function in L'(R, H'(S!)), we get

/ V0| Mg dvdW =0,
(v,W)€ESI x[—A,A]

which implies that 1) does not depend on v and is therefore of the form (W) with
1 € L*°(R). This concludes the proof. "
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Interpreting the variational problem (A.6) in the distributional sense, we see
that xq is a solution of the following elliptic problem:

V. (MqV,xa) =v-Q Mg, / xa(v) Mq(v) dv = 0. (A.8)
veSt
Additionally, we can write3* yq(v) = g(0), where 0 = m and ¢ is the odd 27-
periodic function in H (R) (which can be identified to H{ (0, 7)) which uniquely
solves the problem
d cos 6 dg . cos 6
—@(e d @(0)) =sinfe ¢ . (A.9)

A closed formula for ¢ can be obtained?:

f09 e T dp
Iy ey

9(6)

Since the function 5 is even and 2m-periodic, it can be expressed as a function
of cos@. Thus, we introduce the function h defined on [—1, 1] such that

9(0) =do —dr (A.10)

9(0)
===, A1l
h(cos8) g ( )
Then, we can write
xa(v) = h(Q-v) Qt o, (A.12)

and the function h is bounded. We are now well equipped to derive the hydrody-
namic limit € — 0 of (3.1). This is done in the next section.

A.3 Hydrodynamic limit e — 0
This section is devoted to the proof of Theorem 3.1.

Proof of Theorem 3.1. We recall that, as a consequence of Lemma A.1 and the
fact that f0 = lim. o f€ is an equilibrium, f° is given by (3.5). In the remainder
of the proof, we omit the superscript 0 for the sake of clarity.

We first prove (3.6). Taking an arbitrary function ¢ € L*°(R), multiplying (3.1)
by ¢, integrating with respect to (v, W) € S! x R, using the fact that ¢ is a GCI
thanks to Proposition A.2 and taking the limit € — 0, we get:

/ (8tpw + VI . (Clpwﬂ)) qb(W) dW = 0.
WeR

In the second term, we have used (3.4), as well as the definition (3.8). Since this
equation is valid for any ¢ € L>°(R), we immediately deduce (3.6).

We now prove (3.7). We multiply (3.1) by xq,. and integrate with respect to
v. Since xq,. is a GCI associated to 2¢- and since f© has precisely mean direction
Qy-, we have

/ Q(f%) X0 dvdW = 0.
(v,W)eSt xR
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Then we get
/ (T + T2 f°) xa,. dvdW =0, (A.13)
(v,W)€eS! xR

where 7%, k = 1,2 are the following operators:
T'f=0f+Va-(f), T*f=WV,-(v"f).
Taking the limit ¢ — 0 in (A.13) and using the fact that f© — py Mg we get:

/ (T (pw Mq) + T*(pw Mgq)) xq dvdW =Ty + Ty = 0, (A.14)
(v,W)€eSI xR

The contribution of the first term of (A.14) has been computed in Ref. 26, 34.
Using the expression (A.12) of xgq, it leads to

T, =Q+. / [pw (% W+ (02 VI)Q) + aPq  Vopw | dW, (A.15)
WeR
with

o= . Ma(v) (1= (v-Q)?) h(v-Q)dv,

T=g Mq(v) (1= (v-Q)?) h(v- Q) cos(v - Q) dv.
veS?

Since « and «y do not depend on W, we can integrate the variable W out and (A.15)
leads to:

T =0t [p(%atQ—i—fy(Q Va)Q) + aPoi Vap|. (A.16)
We now turn towards the second term. We have

T, :/ WV, - (vhpwMg) (v- Q) h(v- Q) dvdW.
(v,W)eS xR

Owing to the fact that V,, - (ULMQ) = f”'gL Mgq, we get

1
T, :—7/ W pw dW Mg (v-QH)%h(v-Q)dv
d WeR veS?t
@
=—-Y. Al
: (A7)
Now, collecting (A.16) and (A.17) and multiplying by g, we get (3.7) with
co = %’%, i.e.
L Mo@) (1= (- Q)2 h(v-Q) cos(v- Q) dv
o _ e Maf®) (1= (0-2)%) - ©) cox(v-9) s,

Jyest Ma(v) (1= (v-2)2) h(v- Q) dv ’

[T i sin? 0 h(cosf) cos6db

0
Je=F sin® 0 h(cosf) do

[T = g() sind cos b df

0
foﬂew;e g(0) sin 6 do

)
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where we use (A.11) in the last equality.

Appendix B Large angular velocity case: proof of Theorem 4.1

The proof of Theorem 4.1 is divided into the same three steps as that of Theorem 3.1.
However, there are substantial differences and new difficulties which justify why we
develop this proof in full detail below.

B.1 Determination of the equilibria
We first prove Lemmas 4.1 to 4.4.

Proof of Lemma 4.1. We show the existence and uniqueness of ®y,. For simplicity,

we omit the index W. Defining G(#) = (W —sin#), (4.5) can be rewritten

P —GP=C, (B.1)

where C' is a constant. This equation can be integrated elementarily on the interval
[0, 27] and leads to

0
d(0) = eH(")(C/ e 1 ds + D), 0€lo,2r],
0

where D is another constant and H is the antiderivative of G which vanishes at
0: H(#) = 2(W6 + cosf — 1). The constants C and D are determined from the
requirement that, on the one hand & is 27-periodic and smooth, hence leading to
®(0) = ¢(27) and on the other hand it is normalized to unity, i.e. fo% O(0)do = 1.
These two conditions lead to the following linear system for C' and D:

27
eH(zﬂ)/ e HE) ds € 4 (eHC™ 1) D =0,
0

27 0 27
/ eH(G)/ o~ H () gs do c+/ O go D=1,
0 0 0

The determinant A of this system can be written

27 27 27 6
A = Hm) / et / e ") dsdo + / et / e 1) dsdp,
0 ) 0 0

and is clearly strictly positive. Therefore, there exists a unique pair of constants
(C, D) which satisfies the required conditions. These constants can be computed
readily and are given by:

1 1 27
C=—— 6H(27r) -1 , D= — 6H(27r)/ 67H(s) ds.
S, p g |
Then, the solution can finally be written:
SH(0) 27 0
o(0) = A (eH(2”) / e 1) g +/ e 1) ds), 6€l0,2n], (B.2)
0 0
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and is again, clearly positive. Finally, (B.2) shows that the function ® is smooth,
except may be at the cut point § = 0. However, by using the equation recursively, it
is easy to see that &) (27) = &) (0), showing that ® defines a function of C>°(S').
This concludes the proof. [ |

Proof of Lemma 4.2. Let f(v, W) be such that Q,,f = 0. Using the angular co-
ordinate 6 = m, and writing f(v, W) = pwtw (0), with pw = [, s, f(v, W) do,
we find that ¢y satisfies (4.5). Hence, by the uniqueness of the solution of (4.5),
1w must be equal to @y, leading to the expression (4.7). The converse is obvious.

|
Proof of Lemma 4.3. Let 6§ = (w(/I/VTU). Then, we have:
2m
Gw(W) = ‘ / By (0)(cos 0, sin 0)T dd, (B.3)
0
and is clearly independent of w(W). ]
Proof of Lemma 4.4. We compute the components of ¥,,(W) in the basis (w,w™).
We get:
1 2m T
U, (W) == Dy (0)(cosh,sinf)* db, B.4
W)= i [ owlo ) (B.4)

where the exponent "T” denotes the transpose of a vector or matrix. This expression
shows that the angle

PW) = (W), ¥y, (W)), (B.5)

does not depend on w and can be computed a priori from the knowledge of @y .

Thus, given €, if we choose w such that (w(ﬁ/TQ) = yY(W), VIW € R, we get that
U, (W) = Q and that this is the unique choice of w which realizes this equality. =

Now, we recall that Q(f) is defined by (4.4). We turn to the definition and
determination of the equilibria of Q.

Definition B.1. The set € of equilibria of Q is defined by
E={feL'(R,C*S")) | f>0 and Q(f)=0}.

The following proposition characterizes the elements of E:

Proposition B.1. The set £ is the set of all functions of the form
(/U’ W) = pWMwQ (’U, W)7 (B6)
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where the function W — pyw € Ry and the vector Q are arbitrary in L*(R) and S*
respectively.

Proof. We first show that all equilibria are necessarily of the form (B.6). Indeed,
let f(v,W) be such that Q(f) = 0. Then, it satisfies Q~wf (f) = 0 and is therefore
an element of &, ;- From Lemma 4.2, there exists py > 0 such that f = pw Mw
But, by Definition 4.4, wy = wq,. Therefore, there exist  (namely Q) such that
f is of the form (B.6).

Conversely, suppose that f is of the form (B.6). By Lemma 4.2, f € g'wn. B
(4.4), Definition 4.1 and Definition B.1, we have the equivalence:

fe€ = feé,,.

Therefore, to prove that f € &, it is sufficient to prove that wy = wgq. But from
(B.6), we have

Ty= [ pw e W) e (W) aw
weR
With (4.10), we deduce that
= [ wamwyav e
weR

and that
Jro
|l

Therefore, by (4.11), we have wy = wq, = waq. This concludes the proof. ]

=L =q

B.2 Generalized collision invariants

We define the notion of a GCI for the collision operator Q:

Definition B.2. Let Q € S! be given. A Generalized Collision Invariant (GCI)
associated to € is a function ¢ € L{° (R, H'(S')) which satisfies the following
property:

/ an (f) 1/} dvdW = 0, Vf such that PQL Qf =0,
(v,W)eSt xR2

where the integral is understood in the distributional sense. We denote by Gq the
set of GCI associated to (2. It is a vector space.

The determination of Gq is performed in the next proposition. We introduce
HY(SY) = {p € H(S) | fesl ¢(v) dv = 0}.

Proposition B.2. We have
Q= {ﬁ)N(Q(U, W)+¢(W)v BER, Ol Lloc(R)}v
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where for each W € R, the function v € S* — xq(v, W) is the unique solution in
H}(SY) of the problem

—dA,X — (Pyrwa(W) + Wot) - V,x = Q* v, (B.7)

Proof. The proof starts like that of Prop. A.2. Let {2 € S be given. The constraint
Pq1§y = 0 is a linear constraint on f, which can be written f(v W)eSlx]Rf Q-+
v dvdW = 0. By Definition B.2, ¥ is a GCI if and only if the following implication
holds:

/ fQt vdvd =0 = —/ Quo (f) th dvdW =0,
(v,W)eS xR (v,W)eS xR
which is equivalent to the existence of a real number 3 such that

—/ Quo, (f)thdvdW =8 f Qv dvdw,

(v,W)eSt xR (v,W)eSt xR

for all functions f. By introducing the formal L? adjoint Q;Q of me this is again
equivalent to the problem:

—QL, v =80Q" -, (B.8)

which is nothing but the elliptic problem (B.7). We note that the different values of
W are decoupled in problem (B.7) and that, for any given W € R, it can be solved
as a function of v only. Therefore, from now on, we omit the dependence of wq in
W and simply write it w.

We solve this equation in the space H!(S') by using a variational formulation.
For v, ¢ € H(S'), we denote by £(1, ¢) the bilinear form associated to (B.7), i.e.

W) =d [

Vop - Vo do — / ((w + Wol)- Vq,z/)) e dv.
veSt

veS!

The bilinear form ¢ in continuous on H!(S!). By Young’s inequality applied to the
second term, we have

d

o) 25 [ IVpldo-c [ JoPan
veSst veSst

for all ¢ € H'(S'). Therefore, there exists A large enough such that the bilinear

form

a(,p) =LY, p) + A . Y @dv,
vest

is coercive on H'(S!). Then, by Lax-Milgram theorem, for all ( € L?*(S') there
exists a unique solution ¢ € H*(S') such that

ewoe)= [ Codv. voem(s (B9
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and the mapping 7 which to each ¢ € L?(S') associates this solution 1 € H(S!)
is a bounded linear operator. By the compact embedding of H'(S!) into L?(S!),
the mapping T* is a compact operator of L2(S!).

Now, we specify ¢ = (p := Bv - Qt. The function (y belongs to L?(S'). The
variational solution v of (B.8) can be written:

awee) = [ (Grrw)odn, Ve B,
ve
or equivalently

¥ =T(Go+ X).

This is a fixed point equation. Changing unknown to £ = {y + Ay, the equation is
transformed into

(Id = ATA)¢ = (o (B.10)

We denote by Im(Id—AT?) and Ker(Id—AT**) the image of I[d—AT* and the kernel
of its adjoint respectively (where T™* denotes the adjoint of 7). Eq (B.10) has a
solution if and only if ¢y € Im(Id — AT?). Since T? is compact, we can apply the
Fredhlom alternative and this condition is equivalent to {y € (Ker(Id — )\T’\*))L.

We show that Ker(Id — AT**) = Span{M,}, where, by abuse of notation, we
denote by M,, the function v — M,,, (v, W), for the considered particular value of
W. First, T** is defined as follows: let ¢ € L2(R). Then, v = T** if and only if ¢
is the solution of the variational formulation:

a(p, ) = /681 Codv, Vye HY(SY,

or equivalently, using Green’s formula:

d Voo - Vo dv + Vo ((w+Woh)y) pdo+ A Yodv =

veSL veSt veSt

z/ Codv, Yo HY(SY. (B.11)
veS?

When ¢ = M,,, we see that this variational formulation is solved with ¢ = %Mw.
This is due to the fact that, by construction, M, cancels the first two terms of
(B.11). Therefore, T**M,, = LM, or (Id — NXT*)M,, = 0. Thus Span{M,} C
Ker(Id — AT**). Reciprocally, let 1 € Ker(Id — AT**). Then T** 1 = ;. Inserting
= %u and ¢ = p in (B.11), we see that p satisfies

d Vop - Vypdo + Vo - ((w—&—WvJ‘)u) edv=0, VYypc H S,

veS! veS!

which is the weak formulation of:

dAypt = Vo - ((Pyrwo(W) + Wot)u) = 0.
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By Lemma 4.2, we know that the only solutions to this equation are proportional to
M,,. This shows that Ker(Id — N\T**) C Span{M,,} and finally proves the identity
of these two spaces.

Now, (B.10) has a solution if and only if (o € (Span{Mw})l. We compute:

/ Co(v) My, (v)dv = BQ+ - / vM,,, (v, W) dv
veSt

veSs?t
= Ba(W)Qt - Wy, (W)
=0,

by virtue of (4.10). Consequently, there exists a solution in H(S') to (B.10).

Now, the Fredholm theory also tells that dim(Ker(Id — AT?)) = dim(Ker(Id —
AT™)) = 1, where dim stands for the dimension of a space. But, we easily see
that the constants belong to Ker(Id — AT*). Indeed, ¢ = § solves the variational
formulation (B.9) for ¢ = 1. Therefore, T*1 = § and (Id — AT*)1 = 0. It follows
that Ker(Id—A\T*) = Span{1}. Therefore, the general solution of (B.10) is obtained
from any particular solution by adding an arbitrary constant. We can select a unique
solution, denoted by 1z by imposing the extra constraint that fuesl Ygdv =0. We
realize that ¢g = 11 (which follows easily from the uniqueness).

Now, we construct the function yq (v, W) such that for all W € R, the function
v = Xa(v, W) coincides with the function 1; obtained by the construction above
for the considered value of W. This function is a solution of (B.8) with 8 = 1. We
obtain a solution of (B.8) for an arbitrary 5 by taking SBxq(v, W). Now, suppose
that there are two solutions of (B.8) for the same value of 3. The difference is a
solution of (B.8) for 8 = 0. We obtain such solutions by following the same steps
above, except that the right-hand side (y is now equal to 0. The corresponding
changed unknown ¢ solves the homogeneous version of (B.10), i.e. is an element of
Ker(Id — AT?). Therefore, ¢ is a constant in v, and so is 1. When restoring the
dependence in W, this means that the solutions of (B.8) for 5 = 0 consist of the
functions of W only. Therefore, any solution of (B.8) is written Syq (v, W)+ ¢(W),
with an arbitrary function ¢(W). Since § is any real number, the set of GCI is
spanned by such elements when 8 € R and the function ¢(W) are arbitrary. This
is what is stated in Proposition B.2, and ends the proof. |

B.3 Hydrodynamic limit € — 0
This section is devoted to the proof of Theorem 4.1.

Proof of Theorem 4.1. The beginning of the proof is analogous to that of Theorem
3.1. Let f¢ be a solution of (4.1) with wy- given by (4.11). Thanks to Proposition
B.1, there exist two functions pw (z, t) and Q(z, t) where, for fixed (z, t), the function
W — pw(z,t) and the vector Q(z,t) belong to L' (R) and S! respectively, such that
(4.14) holds. The derivation of (4.15) is also similar as in the proof of Theorem 3.1.



July 20, 2013 19:21 WSPC/INSTRUCTION FILE VK'm3asrevised

36 Pierre Degond, Giacomo Dimarco, Thi Bich Ngoc Mac

We concentrate on the proof of (4.16). We omit the superscript 0 on f° for the
sake of clarity. Again, the beginning of the proof is similar and we end up getting

/ T(pw M) So dodW =0, (B.12)
(v,W)eSt xR
with T = 0; + v - V. We compute:

T (pw M) = Moo {A, + pw Aq}, (B.13)

where, using (4.15),
Ap=Tpw = (0 + &1 Vi)pw + (v — 1) - Vepw
= —C1pw (Ve Q)+ (v — Q) - Vaepw, (B.14)
and Ag = T In M, ie.

dln M,
Ag(z,t) = — =2 Q(z,t). B.15
alet) = gt T (B.15)
The quant1ty M “2 | is a linear form acting on the tangent line to S! at Q.
By the chain rule:
dln M,,, dln M, an
— | = — B.16
ol o ow lwg 00 ( )

8lnMw

where o, is a linear form acting on the tangent line to S' at wg and 2 ol

is a linear apphcatlon from the tangent line to S! at € into the tangent line to S*
at wg. We compute the first factor. Since In M, = In®y (f) with § = (w,v) and
®yy given at Lemma 4.1, we can write, thanks to (B.1):

81nMw’ 6ln<I>W‘ m‘
ow w = (w v) ow w T
:(é(wL-v—W)—Ag)wL-T, (B.17)

w
for all tangent vectors 7 to S! at w. We now compute the second factor. We differ-
entiate relation (4.10) with respect to € and we get that

Owq ov,, -1
—| = . B.18
00 o ( 0w lwg ) ( )
Let 7 be a tangent vector to S! at w. We have, using Lemma 4.3 and Egs. (4.8),
(B.17),
ov,, l Ou, ‘
ow lw 61 Oow
1
== v dv
C1 vESl w
1 ~
:7/ v -W)M, —C)vdvw® T
C1 st
1 ~
= — (wL v — W) Myvdv wt -, (B.19)
d61 veESL
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where the term in factor of C' vanishes by oddness considerations. Now, we note
that

/ (wh-v—W)M, v- ¥, dv=0. (B.20)
veSt
Indeed, differentiating the equation |u,| = ¢; with respect to w, we get
8|uw\ auw
0= — v,
ow lw T ow lw
M,
=V, - / (8 ‘ 7') v dv
veS?! Ow lw
1

:7/ (wh-v—=W)M, (v-¥,)dv wt -7,
d veS!?

which implies (B.20). Then, decomposing v = (v- ¥, )W, + (v- 1)UL (B.19) leads
to

8\I/w 1 1 ~ 1 1 1
— Ly — M -0 -T) W B.21
el = as [t e WL @ wd) av el B2
= A(wt 1) T, (B.22)
with
A= 71~ (wh - 0) (UL - v) M, do,
dCl veS?!

using that the second term in (B.21) vanishes, thanks to the definition of ¥,,. Now,
using (B.18) and (B.22), we get, for all tangent vector 7 to S! at Q
owq | _ 1. .
— (0L, . B.23
50 o7 = 3 @D (B.23)
Then, inserting (B.17) and (B.23) into (B.16), we get, for all tangent vector 7 to S!
at

OlnM,, | 1,1 C _
o T =3 (Gt v - W) - et (B-24)
with
1 ~
A= — (Wst “v) (QL ) My dv.
dcl veSt

We note that A = A(W) only depends on W. Indeed, introducing 6 = (w/m\v) and
PY(W) = (wq, ), we can write

2m
AW) = #(VV) /0 sin 6 sin(0 — (W) @y (0) do, (B.25)

which clearly defines a function of W only.
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Inserting (B.24) into (B.15) and collecting it with (B.14) to insert it into (B.13),
we get
T(pwMa) = Muo{ — &(W) pw (Vo - Q) + (v = & (W) Q) - Vapw
cw)

—&—%(é(ué-v—W) ——=—) Q" (O +v V) }

which can be rewritten, by decomposing v = (v-Q)Q + (v - Q1H)QL:
T(pw M) = —=&1(W) pw Mug Ve Q+ (v- Q=& (W) My, Q- Vapw
- 1 -
(0 Q) Myy Q5 Vapw + 22 (= (wh v = W) Moy — C(W)) 0,0 Q-
AW) M d
W (S (wh v = W) My — C(W)) (0-Q) (2-V,)Q-QF

+ 0 (= (wgg v = W) Mg — C(W)) (v 24) (@ V,)0- 0F (B.26)

Now, we define the following quantities:

o = s | (o -0 = W) WL o, W) o,

v = Sy v = W) - 2 B e, W) de
iyl ) Tl W)

%= Sy L@ v = W) - 94 By ae, W) de
S [ et tat

av=—e(W) [ Wo(0,W) Rale, W) do
vES
as = / (v- QL) Mwﬂ xa(v, W) dv,
veSt

ag = / (v-Q =& (W) My, Xa(v, W) dv.
veS?

From (B.7), the function yqo(v, W) can be written xq(v, W) = Xy (), with 6 =
(wq,v) and Xy the unique 27-periodic solution of
27

— Xy + (sin @ — W)Xy, = sin(8 — (W), Xw(0)do =0, (B.27)
0
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with (W) = (wgq, Q). Therefore, the quantities a; through ag can be written:

1 27
“ = Sird /O (sind — W) @y (6) X (6) 6, (B.28)
a5 = m /0 "(sinh— W) cos(0 — (W) Dy (6) Xuw (0) b,
27
f((VVVV)) /0 cos(0 — p(W)) Xw (0)do, (B.29)
a5 = A(V%/)d /0 "(sin— W) sin(6 — $(W)) By (6) Xow (8) db,
—f((vvg)) /0 " sin(0— w(W)) Xw(0)do, (B.30)
27
as = —& (W) /O By (0) Xuw (6) b, (B.31)
a5 = /0 " sin(0 — (W) Dy (6) Xow (0) b, (B.32)
27
ag = /0 (cos(0 — p(W)) — 51(W))<1>W(9) Xy (6) df. (B.33)
We notice that they depend only on W and we shall denote them by ax (W), k =
1,...,6. We now define the following moments of py :
mk[pw} = / Rak(W) PwW dW, k= 1,...,6. (B34)

With these definitions, we can multiply (B.26) by xqo Q* and integrate the resulting
expression on (v, W) € S! x R. Thanks to (B.12), we get (4.16), which ends the
proof of Theorem 4.1. n

Appendix C Small angular velocity limit of the SOHR-L model.
Proofs

C.1 Proof of Proposition 5.2.

We first need to let ¢ — 0 in the coefficients (5.16) of the SOHR-L model. For this,
we need the following lemmas:

Lemma C.1. (i) For fized W, the functions ®w and Xw respectively given by
(4.5) and (B.27) are such that

Doy (0) = Do (0) + (WD, (0) + O(¢?), Xew (0) = Xo(0) + (W X1(0) + O(¢?),(C.1)

where ®g, X1 are even and Xg, ®1 are odd functions of 6. Furthermore, we have

©o(0) = Mo(v) = ——e 7, Xo(f) = xa(v) = g(6), (C.2)
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where 0 = m, Mq(v) and xq(v) are the VMF distribution (3.3) and the GCI
(A.8) associated to the small angular velocity case, g is given by (A.9) or (A.10)

and Zg is the normalization factor (3.3) .

(i) We have

& (CW) = & (0) + O(C?),  &(0) = /0% Bo(6) cosfdf = e, (C.3)
ACW) = A0) +0O(¢?),  A0) = dicl /O v ®o(6) sin? 0 d6, (C.4)
a1(CW) = a1(0) + O(¢?), a1(0) = ﬁ(o) /O " Dy (0) Xo(0) sin 6 do, (C.5)
as(CW) = az(0) + O(¢?), ax(0) = ﬁ(()) /:W ®y(0) Xo(#) cosf sinfdf, (C.6)
as(CW) = as(0) + O(¢?),  a5(0) = d A\(0)ay(0), (C.7)

where ¢y is the order parameter of the VMF distribution in the small angular case,
given by (3.4).

Proof of Lemma C.1. Changing W into (W into (5.10) and inserting expansions
(C.1), we immediately get that ®g, X; are even and X, 1 are odd functions of 6.

Now, changing W into (W into (4.5) and again inserting the expansion (C.1),
we get that ®( is a smooth periodic solution of

1 2m
D + E(sin9¢>0)’ =0, / Dy(0)do = 1.
0

Such a solution is unique and given by the first equation (C.2). Inserting expansion
(C.1) into (B.3) gives (C.3).

Before expanding Xy (0), we need to expand ¢((W) = (wé(W), ). We have,
by (5.15) and (4.10),

¢(<W> = (WQ(CW)’ Q) = (wQ<<W)7 Ve (¢ W)) = (UJ, ‘I]w(C W))

The last equality comes from the fact that (W) does not depend on the particular
choice of w(W). Then, inserting expansion (C.1) into (B.4) and using the evenness
of @y and the oddness of ¢, we get

27
U, ((W)=w+ Cﬁgww +0(¢?), B = / ®,(0) sinf db.
1 0
It follows that

BCW) = g

We deduce that the right-hand side of (B.27) (with W changed into (W) can be
expanded into:

CW +0(¢?). (C.8)

sin(f — ¢ (CW)) =sinf — CECW cos @ + O(¢?).
1
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Now, inserting (C.1) into (B.27) (with W changed into (W), we find that X(0) is
a smooth periodic solution of

1 2m
- X+ 7 sinf X, = sin 6, Xo(6)db = 0.
0
Now, by comparing with (A.8), we realize that the second relation (C.2) holds.
Now, inserting the expansions (C.1), (C.3) and (C.8) successively into (B.25)
and (B.28), (B.29), (B.32), we get (C.4), (C.5), (C.6), (C.7), which ends the proof
of the Lemma. ]

End of proof of Proposition 5.2. Since a3, a4 and ag are even functions of W,
the expansion ai((W) = O(C) for k = 3, 4, 6, when ¢ — 0 holds. Therefore, in
this limit, mi[pw] — 0 for k = 3, 4, 6. Now, using (C.5), (C.6), (C.7), we have
mi [ow] — ar(0) p, with p given by (3.8). This leads to:

pa1(0)0:Q + paz(0) (Q- V) + a5(0) P Vaep = 0.
Dividing by a;(0), we get (5.18) with the coefficients ¢z and ¢5 given by:

_ (12(0) 5 = (15(0
a1(0

Nt

(C.9)

=

Now, using (C.5), (C.6), (C.7) together with (C.2), we notice that the first equation
(C.9) is nothing but (A.18), while the second equation (C.9) can be recast into
(5.19). Finally, Eq. (5.17) directly follows from (4.15) and (C.3). This ends the
proof of Proposition 5.2. [

C.2 Proof of Proposition 5.3.

To compute the order O(¢) terms in the expansion of the SOHR-L model when
¢ — 0, we need to complement Lemma C.1 by information about the first-order
corrections to the terms ag, as and ag (see (B.30), (B.31), (B.33)). This is the
purpose of the following lemma:

Lemma C.2. (i) The perturbations ®1 and Xy are the unique smooth 27 periodic
solutions to the problems

1 1 2m
B+ gm0 @) =g, [ @)@ —o, (C.10)
0

and
X

1 27
X{—gmoxi= =S Zeost. [ m@a-0. (©1)



July 20, 2013 19:21 WSPC/INSTRUCTION FILE VK'm3asrevised

42 Pierre Degond, Giacomo Dimarco, Thi Bich Ngoc Mac

We have the expansions:

az(CW) = as CW + O(¢?),

27
ai = L/ [ —sinf @ Xo(1+ ﬁ) +sin” 0 (Po X1 + ®1.X0)] df (C.12)
d/\(O) 0 C1
27
as(W) =azj CW 40O, aj=c / (Po X + ®1X,) db, (C.13)
0

2
ag(CW) = ag CW + O(¢?), af = /0 (cos @ —c1) (Po X1 + P1X0) db, (C.14)

Proof of Lemma C.2. Egs. (C.10) and (C.11) follow easily from (4.5) and (B.27)
(changing W into (W and expanding up to second order in ¢). Then, from (B.1) and
(5.10), we find that the constant C (W) is odd with respect to W. Therefore, C({W)
is expanded in ¢ according to C(W) = Cy ( W, where the expression of the constant
C1 can be obtained from ®y, ®; but will not be needed. Indeed, in the expansion
of az(¢(W), the term containing C' has non contribution by oddness with respect to
0. The other term can be expanding using the auxiliary computations already done
in the proof of Lemma C.1. They lead to the expressions (C.12), (C.13), (C.14). n

Once Lemma C.2 is proved, the proof of Proposition 5.3 is straighforward and
left to the reader. ]

Appendix D Graphical representations

In this appendix, we provide some graphical representations of the equilibrium GVM
distribution, of the GCI and of the coefficients ay,...,as of the large angular ro-
tation case. Fig. 1 provides the Generalized von Mises-Fisher (GVM) distribution
M, (v, W) (4.6) as a function of the angle § = (w/g,\v), i.e. the function @y () de-
fined at Def. 4.1. Fig. 2 provides the Generalized Collision Invariant (GCI) xq(v, W)
defined at Prop. B.2 as a function of the angle § = (@), i.e. the function Xy (6)
defined by (B.27). The GCI have been scaled to present similar maxima and be
more easily compared (in other words, the function represented is Xy () for some
value of the scaling parameter 5 ; we notice that the final SOHR-L model is inde-
pendent of the use of 8Xw (6) instead of Xy (6), as the GCI form a vector space).
The GVM and GCI are represented for three values of the noise parameter: d = 0.2
(Fig. 1a and 2a), d =1 (Fig. 1b and 2b) and d = 5 (Fig. 1c and 2c¢). In each figure,
four values of the angular velocity W are represented: W = 0 (blue curve), W =1
(red curve), W =5 (green curve) and W = 20 (magenta curve).

On Fig. 1, we observe that the GVM have Gaussian shapes which become more
uneven with maxima drifting towards the right when the angular velocity W in-
creases. As W becomes large (see the magenta curves corresponding to W = 20),
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the GVM becomes close to a uniform distribution, and the difference to the uniform
distribution seems close to an odd function. The influence of W' is stronger when the
noise parameter d is small. Indeed, comparing the blue and red curves respectively
corresponding to W = 0 and W = 1, we observe a fairly large difference in the
case d = 0.2 (Fig. 1la) while the difference is tiny in the case d = 5 (Fig. 1¢). In
particular, we observe that the position of the peak is strongly drifted towards the
right in the case d = 0.2 (Fig. 1a) and to a lesser extent, in the case d = 1 (Fig. 1b).
The drift of the peak towards the right shows that the angle ¢(W) = (wg(/T/V\), Q)
can be significant. For instance, here, in the case d = 0.2 (Fig. 1la), we see that this
angle is about 1 radian (if we estimate it as the position of the peak). As expected,
the width of the peak increases with the noise parameter d.

On Fig. 2, we notice that the GCI are close to odd functions of 6 and are
rigorously odd functions in the case W = 0. The influence of increasing values of W
is similar as for the GVM, with a deformation of the GCI towards the right (compare
the cases W = 0 (blue curve) and W = 1 (red curve) for the noise parameter d = 0.2
(Fig. 2a)). The influence of W is less pronounced for increasing values of d, with
almost no difference between the cases W = 0 (blue curve) and W =1 (red curve)
for the noise parameter d = 5 (Fig. 2¢). When both W and d are small, the GCI
have sharp variations around # = +7 and smoother variation around 6 = 0 (see the
cases W = 0 (blue curve) for d = 0.2 (Fig. 2a)). When either d or W increases, the
GCI becomes closer and closer to the sine function.

Finally, on Fig. 3, the coefficients a1 through ag as functions of W in the range
W € [0,10] are represented. Again, three values of the noise parameter d are in-
vestigated: d = 0.2 (red dots), d = 1 (blue stars), d = 5 (black diamonds). As
announced in Prop. 5.1, we realize that a; and a5 are positive. We also observe that
ay through a4 are quite small for large values of d (see the case d = 5) and that
a1, az and as seem to converge to 0 as W — oo. By contrast, as and a4 seem to
have a linear behavior as W — oo, while ag seems to converge to a non-zero value.
Finally, as expected, the range of variation of the parameters as a function of W is
narrower in the low noise case (d = 0.2) than in the large noise case (d = 5). All
these observations need to be confirmed by theoretical investigations, which will be
developed in future work.
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