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ABSTRACT

The theory of the self tuning regulator has been extended by
the inclusion of a variable forgetting factor and a more

robust controllexr. The resulting algorithm, which is applicable
also for non minimum phase systems with unknown delays is

shown to give global stability and convergence subject to

mean square bounded noise input.

A number of computer simulations and experiments performed on
a large pilot chemical process show that the algorithm also
in many cases can stabilize systems with timevarying and

nonlinear dynamics.

ARMA models and state space mddels are considered and the
variable weighting factor approach is developed for use '
with thé Kalman filter. Stability of the filter is demon-
strated and computersimulations show that filter divergence
can be avoided by use of the proposed method. A continous
time state space receding horizon controller is developed
‘and shown to give asymptotic stability for unstable non

minimum phase systems subject to observability and reach-

dbility of the open loop system.






PREFACE

This work concerns the application of recent developments

in the fields of adaptive control and estimation to chemi-

cal process operation. In particular has the self tuning
regulator been studied and successfully implemented

on several loops of a large pilot chemical process plant.
Several areas for development of theory for both estimator
and the controller became however apparent through pre-
liminary studies and a great portion of the thesis is

thus dedicated to the discussion of rather technical issues.
The problems that are discussed involves divergence con-
trol measures for parameter and state estimators together

with more robust versions of the minimum variance regulator.

Input- output models and state space systems are discussed
in parallel as it is felt that both approaches have their
special merits and that the one does not exclude the other
from an applications point of view. Thil-point is

discussed further and some links are observed.

A major part of the work is centered around theoretical
developments and mathematical proofs of rather technical
nature. Some of this may appear unnecessarily detailed for
a practicing chemical engineer, but as will be clear,

several important points are brought forth and resulting



algorithms can be applied with greater ease and confidence.
A deep underStanding of these proofs is however not
necessary for most practical purposes and the surrounding
discussion should provide enough background material to

render the thesis readable also for those who do not want

to go through the technical developments in great detail.

Adaptive control and estimation are fields in rapid
development and the large number of different algorithms

and methods presented in the literature may give a con-

fusing picture for those who are not specialists in the field.
To ease readability are most developments therefore accompanied
with discussions and comments that may be well known to some
and appear obvious to the pundit. This approach does however
provide all readers with enough theory

such that even the novice can obtain a feeling for the state of

art in self tuning and adaptive control.

Birger Erik Ydstie
Imperial College

London SW 7

April 1982
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NOTATION

<X,Y> scalar product of vectors x and y.

||x||2 = <X, X> the norm of a vector.

||x|‘é = <QX,X> the norm weighted with a positive
matrix Q.

P > O a positive definite matrix.

P2O a non~-negative definite matrix.

P, 2 P, implies P,-P, is a non-negative
definite matrix.

I the identity operator.

B' and x‘ transpose of a matrix B and a vector X.

trace P sum of diagonal elements of a matrix.

B” least squares pseudoinverse

B © pseudoinverse based on orthogonal change

of basis.

N®(P) = {x:xeX and Px=0} null space of P.

R°(P) = {y:yeY and there exist xeX, y=Px} the range of P.

o range inclusion.

Rr" n-dimensional vectorspace of reals.
YI(P) the ith'eigenvalue of a matrix P.

( » ) open interval.

[, 1 closed interval.

E mathematical expectation.

E( '|Yk) expected value conditioned on Y, where

Yk is a o-algebra of subsets of a

probability space (observations) .




CHAPTER 1

Implementation of advanced control strategies in the
chemical and metallurgical industries have until recently
been confined to the research laboratories and although

medium and large sized plants are often installed with on-
line computers, it is still the case that these are used .

for relatively simple tasks like monitoring, data logging,
scheduling and supervision of relatively simple control loops.
The advances of modern control theory in the past two decades
have thus not made the same impact on chemical process
operation as they have in the aerospace industries. There may
be mény reasons for this but one important fact is that the
PI regulator with the possibility of a derivative term and
feed forward will perform satisfactorly on a majority of the
loops in chemical industrial control. The three term regu-
lator is still the work-horse of chemical plant control and
this is likely to remain so in the foreseesable future. There
are however on some plants situations where the three term
controller does not perform satisfactorily The problems are
especially acute for processes with non-linear dynamics,
strong interaction between plant variablesor long transport-
ation delays. The difficulties are enhanced by the fact that
most chemical processes operate .in a tme-~varyving environment,
are subject to sudden changes in operating conditions and

are of a distributive nature. These processes may be control-

led by skilled operators with frequent retuning of regulator-
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parameters but there is also a growing incentive in the

industry to apply more advanced control techniques. Further-

more, rising emexgy ‘prices, increased demand for high quality
products and use of process equipment of high complexity and

critical margins for operation motivate more robust and op-

timal control systems design.

The basic tool of automated control of dynamical systems is
the mathematical model describing the plant behaviour. This
model is used incontrol design and specification of regulator-
parameters such that the plaﬁt satisfies given performance
criteria over a wide range of operating conditions. An example
of this design concept is the PI regulator based on Bode or
Nyquist analysis. The methodology may however be extended to

any degree of complexity depending on objectives for the
design and characteristics of the plant. The adaptive and
robust approach has developed the idea further by introducing
the fact that there is an element of uncertainty in the

model that should be-taken. into account. It;is the intentdion
of this work to look into some recent ideas within the field

of adaptive control and discuss their applicability to chemical

engineering.

The problem of optimising an uncertain plant is of consider-
able complexity and in all but a very few cases too involved
even with large computing power. A great deal of research
interest has thereforebeen channelled into a search for

simple and flexible yet robust algorithms that can yield good
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results for a wide range of plants. To make a problem of
reasonable complexity it has in adaptive design become common

practice to make the following assumptions:

Al: It is possible to use local linear approximations.

A2: The separation priciple holds.

Assumption 1 makes it possible to draw from a wealth of
exdsting linear systems theory. Non-linear filtering and
control are thus problems that are avoided. Assumption 2
states that estimation of uncertain states and control

can be dealt with as two separate issues; this will in general
be true for linear systems only, but the principle has strong
intuitive appeal and a much simpler problem is posed. Caution
and probing are thus not integral parts of the algorithm, but
as pointed out by Astrgm and Wittenmark (1973) it is often
the case that a certainty equivalent control laW'will.haﬁe a
probing element in that inaccurate estimates when used'in
control will cause perturbation of plant dyhamics'} better

conditions for the estimator and faster convergence.

A number of stable adaptive algorithma have recently appeared
in the literature (Peterka, 1970} Astrgm and Wittenmark, 1973,
Clark and Gawthrop, 1975; Wellstead et al. 1979, Astrgm and
Wittenmark, 1980; Elliot and Wolowich, 1979; Landau, 1979 to
name a few). The idea of an adaptive regulator appears, how-

ever, to be 0ld and an early reference on the subject is

Kalman (1958).
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The design philosophy of a self adjusting regulator is
illustrated schematically in figure 1, the principle should

be self explanatory but a detailed discussion is given by Rstrgm
et.al. (1977 ). The success of thié approach depends a lot on
parameterisation and control objective and this work will

treat both input output models and state space systems. The
main advantage of the latter would appear to be that a priori
knowledge of the system dynamics can easily be interpreted in
terms of differential equations and used in nonlinear prediction
steps. A well developed process model may thus give a good
process descriptionover a wide range of operating conditions
and there will be few parameters left to estimate even in

multivariable design problems.

There are in the Department of Chemical Engineéring at Imperial
College London several large computer controlled pilot chemical
plants with good opportunity to perform a wide range of

control experiments (Kershenbaum and Fortescue, 1981) One of

these plants is a CO2 absorption—de”ﬁmﬂtlon plant (figure 2)

and this has been successfully controil ;jjwith the self
tuning requlator of Peterka (1970) anusnntrwm-W1ttenmark (1973).
Fortescue (1976) started this work and the conclusions were

in general encouraging alghough some Jtmrtcomings were apparant
The problemm were mainly comcernod with the adaptivity of the
estimter and control of non—minimum phase systems. This work
carries}ghiuﬁgpggarangfurthar,nnd ideas and remedies to
overcome the problems are developed and presented

with theoretical results on stability and convergence. These are

_presentéd1nchaptet2-where also a more detailed descriptian,g

P !
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of the self tuning regulator is given. Chapter 3 concerns
the extension of the ideas into a state space framework
and gives in particular a thorough discussion on the problem

of divergence control of the Kalman filter. The results of

chapters 2 and 3 are presented in the: form of algorithms
which are in turn tested both in simulations and plant
experiments; the results appear in chapter 4. The results
for the input-output model give a fairly complete picture of
the behaviour of the adaptive minimum variance regulator
whereas the results for the state space regulator are few
and leave scope for further work in many directions. The
question of different control objectives has also been

touched upon only lightly and there are also here many'

opportunities for further work and experiments.
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CHAPTER 2
A SIMPLE ADAPTIVE REGULATOE
2.1 Introduction

The PI regulator is without doubt the most commonly used
regulator in industry. It has been successfully implemented
on a large number of plants and the number of control-loops
that can be handled by this requlator is further increased
by the addition of a feedforward or a derivative term.
Nevertheléss, there are loops that cannot be satisfactorly
controlled with this simple scheme and it will be appropriate
to use a more complex controller design in connection with
somemechanism.to tune the regulator parameters. One of the
simplest ways of implementing such a scheme is to estimate
on-line the parameters of an input-output model of the plant
and to use these estimates in a certainty equivalent control-
law. Such a regulator was proposed by Astrgm and Wittenmark
(1973) and a number of succgssful applications have followed
on from this work. Sastry et al (1977) regulate a binary
distillation column, Gawthrop (1980) discusses the use of the

self-tuning regulator on a chemical batch reactor, Dumont and
Bélanger (1981) control a Tio2 rotary kiln, and a number of

other applications are mentioned in Astr¢m et al (1977). The

multivariable problem is treated by Morris and Nazer (1977),

BorrisOn*(;979) and Goodwin et al (1980).
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Most chemical processes, however, @ as mentioned in Chapter 1,
exhibit nonlinear timevarying dynamics and it is therefore
necessary to incorporate some adaptive mechanism in the esti-
mator to enable it follow these changes. A convenient and much
used way of Solving this problem is to prevent the Least
Squares (LS) Estimator from converging by introducing a for-
getting factor. Some of the applications mentioned in the
references above indicate that this may work weil but the for-
getting factor must be chosen with great caution and must some-
times be manually adjusted to give acceptable performance of

the estimator (Prager, 1980). In near deterministic systems,

which are typical in chemical process control, the plant may

become unstable altogether due to a problem often| referred to

as "blow up". 0ld information is continually forgotten while
there is very little new dynamic information coming in from
the plant. This in turn leads to an exponential growth of the
covariance matrix and a system which is extremely sensitive

to disturbances and susceptible to numerical and computational
difficulties (Astrgm and Wittenmark, 1980, Fortescue and
Kershenbaum, 1976, Morris et al 1977). One way of overcoming
this problem is to have a variable forgetting factor in the

L S estimator. The forgetting factor will now be chosen to
keep constant a measure of the information in the estimator
and the estimator is thus not permitted to forget information °
unless there is new information coming in. This approach was
suggested by Fortescue (1976) and Ydstie (1977) demonstrated

it's usefulness in computer-simulations. Here a modified

algorithm based on minimum variance estimation is developed

and shown to have good stability and convergence characteristics.




18

Chemical processes are always of a continous nature, they
may display a large spread of eigenvalues, have nonlinear
interacting dynamics and timevarying transportation delays.
All of these factors will have to be taken into account,
and to get a fair representation of the plant it is neces-
sary either to use models of high dimensionality and com-
plexity or simplified structures that deal only with the
most important modes of the process combined with detuned

strategies.

The simple minimum variance controller as suggested by
ﬁstrﬁm.and.W1ttenmark (1973) is based on a d-step ahead
prediction and system invertability and it is obvious that
this scheme will have some shortcomings (d is the the delay-
time which is assumed to be known and timeinvariant).
Systems with unstable inverse (non minimum phase systems /
systems with right half plane zeros) are common 1in
engineering practice and it is often found that non minimum
phase characteristics may arise from using discrete models
even when the underlying continous system displays no

such effects (Molander, 1975).

Clark and Gawthrop (1975) suggest an alternative minimum
variance objective function that will take control effort

as well as output variance into account. Assuming system

stability will this scheme converge to the optimal regulator
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and the regulator can by suitable choice of control weight-

ings also deal with stable systems with right half plane
zeros. Other ways to attack the problem are to use regulators
based on poleplacement design. (Wellstead and Edmunds, 1979;

Rstrdm and Wittenmark, 1980) or the spectral factorization
algorithm of Peterka (1972).

A receding horison criterion is developed in this work and
this is shown to be able to detune the controller sufficiently
to deal with the problems mentioned above. The advantage of
this approach is that a timehorizon can be interpreted as a

responsetime for the systems and intuitive guidance is
therefore offered as to how this parameter should be
selected. The requlator does furthermore not require exact
knowledge of system deadtime, only an upper bound, and the
algorithm can therefore be applied to plants with unknown or

timevarying delays.

2.2 The self tuning requlator with forgettinc factor

The purpose of the self tuning regulator is to control a plant
with unknown and possibly time varying dynamicse in such a

way that optimum performance is achieved if the regulator is
allowed to converge for a parameter constant system. In

this chapter it will be assumed that the system can be repre-
ented by a finite dimensionalautoregreséive moving average

(ARMA) model of the form:

1

+ Cl(z T)vy (2.1)

A(z—l)yk = B(z-l) uk

The plant has a single input u, ., a single output Y} and Vi is

a stationary ergodic martingale difference sequence defined
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'pn (R, F, p) and adapted to the increasing sequence of sub-
sigma algebras Y, generated by all observations including

those at time k. By the ergodicity and stationarity:

k
E(v 2|Y_ ) =49 a.s. and lim 1l 1 v 2 =g
k k-1 = i
k 1
and

The following notation is used for the polynomial operators.

-1 -1 -n

P(z ') = p_ + Pyz  + .oou. + p_2- P, *O

1

where p_, py, ...p are real constants and z ~ is the backward

time shift operator. A and B are supposed to be coprime, A is
monic (a0 = 1), B and C are stable (C can always be made sO

by the representation theorem, Astrﬁm.lQ?O) and the delay time
in control action is such that 4 > 1. The self-tuning ‘stﬁategy
is now to identify the unknown parameters of (2;1)aa%2?#§9//f

these estimates on-line to design a feedback controller as a

linear filter:

u = =(F(z”H)B(z"h /62"y, ' (2.2)

System (2.1) can also be written as a linear predictor (Astregm

and Wittenmark, 1973; appendix 2)

Yk = ¢k.d © + Sk (2.3)
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where ¢y = (Yyr «ov oYy qa1rUgr co¢ UgomeCgr co- r€xp4)

is a vector of past measurements disturbances and controls

and 9' = (al' o e 0 ,GH;BO; * o0 'BE‘ 'Yl' s o o ’YE)

is a vector of parameters with dimension p=n+m+p+l.

E(elek_d) = O . a.s.
2 o 2

€k is thus a moving average of order d-1l, while n,m and E

are appropriate oOrders of the model. €y is in general not
measurable and this will have to be estimated when the disturb-
ances consist of coloured noise terms (C(z-l) # 1 or O ). For
the moment will we ignore this and assume C(z_l) = 1 (white
noise) and only later (section 2.4.2) will we develop the

algorithm for the coloured noise case.

The signal model 2.3 lends itself particularely well to

prediction error identification methods (Ljung, 1978) anda

we will here attempt to harness the power of minimum variance

and maximum likelvyhood identification methods.

The optimal d-step ahead regulator is obviously given by

solving for*uk the relationship (see appendix 2):

4
Ye+a = 990 (2.4)

where {y:} is a sequence of desired setpoints. Rstrﬁm

(1970) shows that the costfunction

k
3=E (I (ygmyph (2.5)
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is minimised when a set of parameters satisfying (2.3) is

used and the system is minimum phase.

Tracking parameters in a timevarying environment is, as
mentioned in the introduction, an important but not by any
means trivial problem. The method used in this work, although
heuristic in it's basic idea, has proven to be an effective

and robust method to solve this problem (see chapter 4). It
will here be shown that the method also has desirable theoreti-

cal properties. To introduce the problem and serve as a moti-
vation it is chosen to use the Exponentially weighted Least

Squares (LS) Estimator (Goodwin and Payne, 1977). The following

recursions are defined:

Estimates: 6k = 6k-1 + Kkek ' (2.6)
where

ex = ¥y T fylq Oy _ (2.7)
is the predictidn error

K = Mg 9y_q (2.8)
is the estimator gain.and

M= My P bt o cd e (2.9)

is'the“informatidn matrix.
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'A is the forgetting factor and it is seen from (2.9) that

A > 1 will give a steady growth of M in fact if ¢k'¢k>o vk

then
lim ILMkII = o . a.s. , for X > 1

and the estimator gain (2.8) will decay to zero so that esti-
mates eventually become insensitive to new measurements.
Convergence will be slow and control bad if this happens be-
fore accurate estimates are obtained (see figure 2.1). One way
of overcoming the problem is to choose A < 1, and thus prevént
M, from growing too fast. The sensitivity of the estimator can

be retained if A is chosen suitably small (typically 0.9-0.99)

and the speed of adaptation is determined by the asymptotic

memory—lgngth (Clarke and Gawthrop, 1975).
N=1/(1-)) . (2.10)

which implies that information dies away with a timeconstant
of N sample intervals..The algdrithmpaboﬁe is usually formulated
in a way that updates the inverse information matrix directly.

Define
p. 8 mt o E (6-6.)(0- 0 )° " (2.11)
k - Mx-d x’ 97 O - “-

and the algorithm is started by choosing Po equal to some

large number times the identity matrix (Note that (2.11) de-

fines the covariance only for A = 1). Fortescue (1976) shows
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that for a constant parameter linear process
'
E(lim Mk) = N E (lim (¢k¢k ) )

which implies that the asymptotic value of Mk can be very small
when regulation is good in a near deterministic system and N is
chosen small. This is observed initially as an exponential
growth of the covariance matrix and increased sensitivity until
even small disturbances cause large excursions of estimates and
periodic bursts. The regulator may become temporarily unstable
and a large disturbance or numerical errors will eventually
lead to complete instability. Figure 2.2 shows the behaviour of
the diagonal elements of Pk and the estimates of a second

order controller with A = 0.99. The process is the pressure
loop of the chemical plant described in Chapter 4. At the end
of the experiment it is seen that the diagonal elements become
smaller due to accumulations of rounding errors and eventually

P, becomes indefinite. The parameter estimates vary initially

k
stepwise due. to set-point changes during the first 20 minutes

of operation, then they remain fairly stable while the
covariance matrix is growing. An equilibrium point is reached,

at this point the estimator is very sensitiﬁe and even small

diStu:bances have a large effect on the estimator. The in-
accurate estimates will in turn lead to more noisy control and
dynamic excitation of the process such that the estimates will
be retuned when the disturbance is not too large. Figure 2.3
shows the estimates and the plant output during a "blow-up"”

for a third order controller. Here it is seen that the process
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output is a bit more noisy just before complete instability

oOCCurs.

In order to avoid such difficulties several ad hoc solutions,
like putting an upper bound on the diagonal elements of Pk or
trace Pk have been suggested (Fortescue, 1976). These have
shown some success, but such bounds are difficult to choose in
a consistent manner. Alternatively the forgetting factor can
be manually adjusted or additional noise can be injected to
excite the process but these alternatives have obvious
disadvantages. A few other methods are reviewed by Goodwin and-
Payne (1977) but these give similar problems to the one de-
scribed above as they all discard old information regardless of
whether there is new information coming in. The most promising
approach so far has thus been to define a measure of the in-
formation content of the estimator and to choose a forgetting
factor such that this is kept constant. Such an approach was

first suggested by Fortescue (1976) and it can indeed be shown

that this algorithm, with a reasonable choice of information

measure can prevent the covariance matrix from blowing up
while still retaining adaptability. Fortescue used

an LS-estimator, while herea Minimum Variance (MV) estimator is

used and the algorithm is modified somewhat due to an error in

the original devéloPment, the basic idea however remains the

same.
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2.3 Minimum Variance Estimation and the Variable

Forgetting Factor

For a near deterministic system the & posteriori error will
at each step tell something about the state of the estimator.

If the exror is small this may be due to one of several causes:

a) the process has not been excited
b) the parameters have nearly correct values
c) the estimator is sensitive enough to significantly

reduce the residual error.

In these cases it will be a reasonable strategy to retain as
much information as possible by choosing a forgetting factor
close to unity. If, on the other hand, the error is larger,

the estimator sensitivity should be increased by choosing a
lower forgetting factor. This will shorten the effective

memory length of the estimator until the parametexrs are retuned
and the errors become smaller. Based on those observations one
can define a measure of the information content of the filter

as the weighted sum of squares of a posteriori errors:

k
0 A - | A 2 _1 2
“x g Oy l¥y ~ 83lg Q)T ,or = E(ef|Yy_q) a.s. (2.12)

where o<o, ,¢ = is an arbitrary sequence of weighting factors
(Linnik, 1961, Albert and Sittler, 1966). Fortescue (1976) and

Albert and Sittler (1966) give a recursive formula for up¥

dating (2.12) based on the least squares estimator. A similar
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result is here derived for a minimum variance estimator and
it will be demonstrated how this result can be used to update

the weighting factors such that I, is kept constant. Let the

k
process be given by

- |
Y = Px_g 9t gy

o<y, < o a.8.

Given Eek = 0O , E(ekei) = rkéi,k X

E(GIYO) = 6,, E(0 - 9,) (6= ) Y,

E(e-eo)ek = 0 Vk

This implies that the noise sequence €y is uncorrelated. The
estimator will thus not in general be optimal in the minimum
variance sense when ek is coloured noise. But the estimator

may still converge as will be shown later. Define

Y, (Y renneer v)y X ° 2 (€11 vennr €) (2.13)

0k—d 4 (¢l-d' ety ¢k—d)

hence

Yk = ’k-d 0 + xk (2.14)
From (2.13):

E(xk) = Q, E(xkxk') = Rkt E(xkgo) = O where Rk = [rksi,k]

Then the minimum variance estimate of © is given by (Luenberger,

1969)
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~ - -1
% = Px/o0%-a'?k-a Px/0%%-a * Rx) Yy (2.15)
- - ' -1 '
Px = Px/o 7 Px/o%k-a'®k-aFx/0%-a * Bx) " %-aPx/o (2.16)
When a weighting factor ULA%S used
Pk/o = GO/kPO where Pk/o = E (PleO) (2.17)

From (2.16) and the matrix inversion lemma (Appendix 1)

1 -1
Pk k/o

+ & RO (2.18)

From (2.16)

- -1,
Prx-a = Px/o¥%-a = Px/0%k-a(®x-aPx/0%k-a ¥ B! Px-aFk/0%k-a

-1
N Pk/o k-d(°k-d k/o k-d Rk) Ry (2.13)

- RN deTE

which with (2.15) yields a formula for the estimate:

M

ek = P °k-de Y, (2.20)

In the case where no initial information is available it

-1

follows that 90 can be set arbitrarily;with P~ = O this gives

the Gauss-Markov estimate. The additional condition Rk = J

gives the L S estimator.

From the definitions (2.12) and (2.13) write
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O - ' -_1 _ ’
2= (v, - 0 _.0)'RI(Y - o’ 0 ) (2.21)

Fat

YiRlek - 2 YiRk k-a% * °k-de k-a%

From (2.18) and (2.20) this becomes

2 = VIR Y, - 20, 'P_O + e (P k/o)e
= Y, - 6,'P te - orprl o (2.22)
kRk kx 9% xFk /0% '

For computational purposes it is desirable to express these

relationships in a recursive form. Define

Ok =1 v kel T Ok M, 0 <A Sl 1<K (2.23)
-1 -1 -1

R, = 1A% R 1 ] 7 Peso = *kPx-1/0 (2.24)
Y rk

where r, = E(ei} and Ak is & sequence of forgetting factors.

Keeping A, = c<1 where c is a constant, will as mentioned be-

fore give exponential weighting.

From (2.18) and (2.24)

-1 I | + "'1 .
k= Pxso * 1¥k-1-a *k-al PPx-1 |
Tx

= 1 ""1
‘ePx-1/8 M k-1-aRk-1%-1-a *

. pot

kPk-1 * Tk °k a?x-d (2.23)
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Use the matrix inversion lemma and define w, _; = &p_ 4Py 1% _q /%)

P, = (P -

k = (Px-1 = Pr-1%%-a %k-a Pr-1/ (Ot W% ) X (2:26)

From (2.20) and (2.24)

- -1 -1
Ok = P A ® 3 aPk-1¥k-1 * ®%-aTx Yy’

-1 A -1
kPk=-1%-1 * ®x-aTk

Py (A Yy

-1 -1 ' - -1
= P ((P” =1, "0 g%y g) O3 t $-gTx Yi!

A ) """l
Ok-1 * Pr¥x-a¥k ©x _ (2.27)

where e is defined by (2.7). From (2.26) and (2.27)

N

O, = O, _y * P _ 10 _y 8 / (A + (2.28)

Wi-1) Tk

To £find a recursive relatiorniship for (2.22) proceed by using

(2.27)
6,'P716, = (8, _, + P o _.r-le )'e Y8, . + B o _.rite,)
k "k "k k-1 k"k-d "k "k k k-1 k'k=-d"k "k

Ok-1Px-1%-1 * 20_1%-a"k °k * ®x-a"k¥k-a"k °k

(2.29)

From (2.7), (2.22), (2.24) and (2.29)
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o 0 -1 2 ' -1

_ _ - 1 '
L = ALy T Y T O (AP T Ty g%k-g) Ok-1

29, _ 1¢k atx ‘Yk ¢k-d k-1~ ®x-aPx®x-a*k Sk

N I . -1 A
+ xkek—lpk-lek-l ekpk/oe + Akek-lpk 1 /0% -1
_-12 -1 A -1, ' A
= Yy 29k 1%x-a%k ¥x * %-1%%x-a"kx ®k-a%k-1
— | A | ! A
. 2.2 , 5" oL

bp-aFPx®x-a"x x * %%k-1Pkx/0%%-1 9 Pk/o k

2, -1 -2, , o' ool
ey (™ = O _gPu®p_g¥x ) * %P k/oek -1

From equation (2.26) and result above

o _ 0 2
B = MeZx-1 * MeSk/ (Pt Wk-1) T
A _lA A -] -
+ Oy 1Pk /0%-1 Oy Pk/o X (2.30)

Equation (2.30)defines the desired recursive relationship
for the sum of squares of & posteriori errors. Following
Fortescue (1976) a strategy for calculating the forgetting

factor can now be defined by determining Ak such that

0 _ 0 -
Ly = Lpoqeese =1L, >0 (2.31)
To get the expression for Ak it is necessary to take the

initial condition into account. The result is summarised by

the following lemma:
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Lemma 2.1

If

ey ——
A = (b +/'b% - 4 ac)/2 a
where

a=1T s c = (I, = LW 1y

3 _ 2
b = (Eo/k Zo)rk+ ):Ow _lrk t ey
and
; 6. _l A ~ 3 _1 A
o/k = %%-1Po/k%k-1 = % Po/xk
then
°=
Ek Eo vk
proof: Set
o o
Zk = 2k—1 = Zo in (2.30), then
LI = A, L +e2x +ezl/(l+-w )r +;.: 2.32)
o k“o k% T Sk VAT Wk-1) T o/k (2.

SOlve'(2.32)w1th respect to Ak' The following second degree
relationship is obtained:

a 2 _ _
EofiMk * (2oTx = Zo/kTk T Lo%k-1 Fx ~ k) *k

and the lemma follows by the use of the definitions above. 1

Note that in the c&ﬁe'of Fortescue (1977) and Albert and

Sittler (1966) the LS - estimator is useqd, P = 0 and in

this reSpect-(2.30)=deviatésafrom their result.
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If however (ag is often the case) Po is
chosen to be some large scalar P, times the identity matrix,
it will follow that
s _l o ) ""'l '

k-1Fk/0%-1 = %Pk /0%

™
L

o/k ©

| "N ﬂ'ﬂ

1 A -
(0191 ~ Y€

0o/kpo k)

and it appears justifiable to neglect the contribution of
initial conditions whenpgl and the parameter change sup

| AG is small. The significance of 76/ is furthermore de-

k| X

creased if Ak is chosen such that

co/kwill then be small for large k and in particular (see

equation (2.23))

lim U-/k = O . for lk < 1 alwayvs

By neglecting Zo/k the following result can be established

I.emma 2.2

Given
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proof: (2. 33) follows directly from lemma 2.1 with zo/k = 0

Now suppose that P;il > 0. Then W, _, 20, SO from (2.33)

-1
Xk > 0 and (2.25) gives Pk

the first part of the inequality follows. Now from (2.30)

2 0. But PO > 0 by hypothesis, so

_ 2

and the last term is always non-negative so A, X 1l ¥k |

Lemma 2.2 will form the basis for the various forgetting
factor updates and Figure 2.4 shows the characteristics of Ak
with respect to ei for different choices of Wy_y- When w,_,
is large, which implies a sensitive system, a forgetting
factor close to unity is chosen even when the error is large.
A more drastic change in forgetting factor will result when

w1 18 smaller.

Certain problems of identifiability may arise when all para-
meters of (2.3) are estimated on line and a division by zero
may occur in (2.4) if the estimation algorithm is not designed
to take care of this (Astrgm and Wittenmark, 1973). To avoid
the problem it is suggest‘d in the referehce above to make a
guess of one of the paraﬂeters in the model, typically B , and
in this manner fix the free movnment of 9 in parameterspace.
Astrgm et al, 1977 demonstrate this further and suggest that

stability is ensured if this choice is such that
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where BO is the guessed value of Bo' (Note that Bozmust have

correct sign). Indeed, many applications show that the self-
tuner is robust with respect to choice of Bo' but it may some-
times be difficult to find a reasonable Bo and this factor

will then have to be estimated along with the other parameters.

Goodwin et al (1980) discuss this possibility and their modi-
fication to the self tuner is readily included in the follow-
ing algorithms and results. 1Initially we will assume

that there exists a known and reasonable value for B_ and the

process model can now be reformulated so that for a white noise

perturbed system:

— ' : '
Y = P-a% * Bolk-a * & - (2.37)
where
¢, ' - , ,
k = yp,r «one 'yk-n+l'30qkﬂlf ct e 'Bouk-mf)

e= (Gl' ¢« & O @ ¥ i an'BI; s & o @ 'Bm?

B, = @ known quantity and n, m are appropriate orders.

The corresponding certainty equivalent minimum variance control

is given by:

. -1
U = YE.q ~ %) fo (2.47)

Main results in the foregoing development can be summarised
and expressed as an algorithm for self-tuning adaptive control
of unknown plants. The deterministic algorithm will be dis-

cussed first as it provides insight, has desirable convergence
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characteristics and gives a good introduction to the stochastic

analysis given .later.

Set k = 1

l. Error: e = Y ~ ¢k_dek-l - Bouk-d

2. Forgetting factor: ), = (n, + J nki t 4w, _4)/2

where

y. | o
n =l-w_,-e/i jandw _, =6 _4P 1 & _4

3. Gain: K, = Pk__1¢k_d/()tk + W _q)

N

4. Estimates: O, = ék-l + K e,

5. Covariance: P, = (P, , - K (A, + w _l)l{k')/kk

6. Control: \ik = (Y;+d - ¢]'<-d6k)/60 set k = k+1l, go to step 1
given P_ > o and léor <‘n

' *
It is assumed that the set-point Yy+d is known at time t and

[yl <= vk

Tk is set equal
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to unity in the algorithm above. LS estimation is thus assumed.
The result to follow is however valid for any o<r, <w and this

is easily included in the analysis.

2.4 Convergencenand stabilitxq

Convergence and stability analysis of adaptive control algorithms
is an area of great current research interest and a number of
globally stable algorithms and a variety of methods of analysis

i have appeared in the literature. Ljung (1974) looks at an associ-
ated set of- differential equations describing the motion of para-

meter-estimates in the approximation space. Stabilityof recursive

- algorithms based on Kiefer—-Wolowitz and Robbins-Munroe schemes
is demonstrated and subject to a positive real condition on
C(z_l) of (2.1) it is shown that the self-tuner of Astrgm and

* Wittenmark (1973) will converge to the optimal minimum variance

regulator (Ljung 1977 a, 1977b). Kushner and Clark (1978) use a

similar approach in their study of stochastic approximation

E methods. This theory has formed much of the basis for further

| research and methods more suitable to deal with the case kk < 1

are now available. Goodwin et al (1980) investigate a number of

different estimation algorithms in connection with adaptive

deterministic control and Cordero and Mayne (1981) use this

theory to perform a convergence study of the variable forgetting

factor algorithm of Fortescue (1976). They find it necessary to

introduce a bound on ||Pk|| to ensure deterministic convergence.

Egard (1980) and GawthroP (1980) look at stochastic algorithms

with forgetting factors o<zksl but their analysis relies
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(for A < 1) on assumptions of boundedness of variables that
cannot easily be verified or secured in the algorithm without
destroying the method of proof. It will in the development
below be shown that the deterministic Algorithm 2.1 converges

to zero tracking-error without any bound on ||Pk||.

2.4.1 Deterministic Convergence

Goodwin et al (1980) present useful tools for the investigation
of deterministic adaptive control algorithms. Their work
demonstrates convergence for a discrete multivariable adaptive
controller based on LS-estimation. This result is valid in the
unit delay case (d=1) provided Ak = 1 Yk. The aim of the analysis
below is to extend this method of proof such that Algorithm 2.1

can be investigated with a general delay (d » 1) and variable

forgetting. The devolopment is supported by the following mathe-

matical results:

Lemma 2.3 (Goodwin et al 1980). If

2 )
lim Sy /(ak + bkok'ck) = O

where{ak},{bk] and {s,} are real scalar sequences and {0, }

18 a real vector sequence. Then subject to

1. o<ak$K1 , o<bk§K2 vk , Kl'x2 < o
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where Cl, C2 are positive constants, it follows that

and {||o, ||} remains bounded vk

Lemma 2.4 (Minimum phase condition) 1If B(z-l)#+ O for all

lz-1] < 1 then

(6. | 2 C, + C. max |y, |
k 1 2 O<T£g¥k

. o where C,, C, are positive constants.
The proofs of these two lemmas are given in the reference above. g

Define a parameter error vector

where © satisfies the relationship
!

Ye = ¥x-q 9 * Bl g vk

Thus from algorithm 2.1 step 4

- K, e . (2.34)




44

From algorithm 2.1 step 1 and (2.3') with €, =0 and Bo exactly

known.

Ny

'
e = ¢ _3 61 (2.35)

The following Lemma is the key to prove convergence:

Lemma 2.5 The scalar function

is bounded, non-negative and non-increasing:-along the: solutions

of Algorithm 2.1 for any choice of Xk such that o<Ak£1, vk.

Proof: From (2.34) and (2.35)

.

9, = (I - K (2.36)

k k®x-a’ k-1
From (2.26) and step 3 of algorithm 2.1 it follows that
P = (I = Kty a)Per /A _ (2.37)

hence from (2.36)

. 4 -

Ok = ARPrPr-19-1

whence

6 '9'15 = A 5 vp-L 5 (2.38)
k °k %k = % Fx-19%-1 .

From the definition of Vkand (2.38)
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h ) -1 7 _
Ve = MeVi-1 = MO P10 T AVl
= A (5 - 5 )'15"""1 5 (2.39)
k' 'k k-1 k=-1"k-1 °

(2.34), (2.35), (2.39) and step 3 of algorithm 2.1 then yields:

2

Vi = AVk-1 = 7 A/ Oy + W) (2.40)
Thus since o<kkg_ 1l vk

E _ - 2 _ ~ _

ka Vi_l = Akek /(Xk + W, _y) (1 Ak)v'-l <0 (2.41)

Now P;l>'o by definition and by induction P;130 so Vy is non-

negative. (see equation 2.25) 1

A
Lemma 2.6 If o<P <=, I > o and |@_|< = then:

(el < c; [Ip || < = vk
and
16, | < ¢, < ® vk

where ||Pk|| = Ypax (P)) denotes the operator-norm of P,

and o< ci< o o § = 1,2 are constants.

Proof: From (2.40) and the boundedness assumptions above

<YV < = " . (2.42)
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From Algorithm 2.1, Xk is chosen to satisfy:

_ 2 .
I = A, + Akek/(xk + W _1)

0O kO
that is:
K 2
20 = goiliei/(ki + wi-l) + co/kzo (2.43)
where
k |
Os41 = ? Ay o O = 1 i= 2,k
and
k o
°o/k = gxi o - from (2.23)
k
From (2.42) co/k o > gai N 1/(1 + oWy 1)
hence from (2.43) Eo.f Go/k (V6 + Eo) < o (2.44)

and it follows that ao/k is uniformly bounded from below.

In particular

0<20/(z‘.0 + Vb)ii Go/k'i ;

Then from (2.18) P2} o1 p~i vk

x 2 pk/o = 0o/k o

1 4 =1
and by (2.44) - “Pk“i GO/k HPDH < ® vk
The boundedness proyerty-of Pk as suggested in the lemma is
-1
thus established with c1 = 0ok < 1l + vb/zo < o
The result above gives Y 1n(Pk ) > oo/k min(P]) > o , using
(2.42)
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_1 ~ oo
Yo/k Ymin Fo ) O O < Vg
hence
p - X
O = (VOOO/kYmin(Po )) 7 < . b

It is interesting to notice fromh(2.44) that in the case Vb = 0

(LS-estimation) ao/k = 1, hence A, = 1 vk and the algorithm is

k

identical to the LS estimation with no forgetting. The fact that
Uo/k is bounded from below implies that there is a finite

correction in the estimator.

Result 2.1 The deterministic regulator, algorithm 2.1 is

stable and

1im * 2.4
lyy = v | = o (2.46)

provided:

AL : B(z1)s o for |z71} <1

A2 : 4 and BO $ O are known

A3 : Upper bounds on system orxders are known

*
Ad : ykﬁf'x, < o vk

By stable is understood that.iyk|<u and |uk|<u vk
proof: From lemma 2.5

2 ' .
lilekek /(kk + "iél) = 0 (2.47)

.80 long as o < lk_< 1

vk, and consequently
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2 -
lim Ae “/(A, +w 4)I =o0 is * © (2.48)

From (2.33) it is evident that the update of A\, can be

written in the form:

2
A LT e /Oy ) I,

This with (2.48) gives lin.xk = ] since zo> 0 by definition,
and (2.45) is established.

Now from (2.3'), (2.34), (2.35) and steps 3 and 6 of

-algorithm 2.1 we have

* ' - ' ~ & k-1
Yk = ¥k = *x-a %k-a ¥ *x-a %k-1 D ... T1®4
k-1
= e, + I ¢ P, b, e /(A +w, )
K 7 4 o geqey k-4 Ti-1 P1-a%1/00 T Wia1? o (2.49)

Now ||P, || < clllPo[I = c, <= hence

2
2 ,
1Py 3#3-gl 17/ Oy + wy ) < #) g Py1%5-a/4ia P11 4319

<cy for ¢, 4 =0 (2.50)

Define*Ek = max lyf-yII we then have from Al and A4 together

with lemma 2. 4.
'l¢k| i~cl + CzK + c2 X (2.51)

This together with (2.49) and (2.50) yields

Iekl Ieil c3*(c1+czx+c

W Yoo s - k_m\(‘? r—.*—:ﬁ

since A, >0 andwk_l >0 ¥ k it follows from this and (2.47)

that
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- N
lim ek/(kk W _4) =0

hence

: —2 2
lim @2/ (0 ¢ 1111 1ley_gl1D = 0

Since 0 < A, <1 , 0< ||P it follows from (2.51)

k= k-1112¢5
and the result above together with lemma 2.3 that

lim e, = 0 and ||¢k| | <«¥ k. This also gives

¥yl <= + [ug|<= and |w _,|<= for all k

thus from (2.47) lim ey 0 as well. - Q.E.D.

2.4.2 Mean Square Convergence

A brief review of various methods of proving convergence and
stability of adaptive algorithms was given in the introduction
to section 2.4. Most of these approaches are not directly
applicable to the algorithm with variable forgetting factor

but by using the technique developed for the deterministic

case and by modifying the algorithm slightly we can arrive at
fairly strong results without limiting the applicability of the

algorithm to deterministic systems only. We use the follow-

ing set of assumptions

Al: An upper bound for the system order is known -

A2: 4 > 1 is known

A3: A(z-l), B(z'l) and C(z_l)'# 0 for Iz_ll < 1

*
A4: sup lykl < ®

We note in passing that the stability conditions on A(z-l)

and C(z_l) are without loss of generality in many cases.

Most chemical processes are stable or can easily be stabilized



50

by a constant feedback law and C(z-l) can always be made
stable when the noise sequence is weakly stationary

(Astrém, 1970).

The following algorithm is given:

Algorithm 2.2 Adaptive Regulator (Stochastic)

| ~ *
Given (zo > 0, Po >0, 8_, d) and({ Xy > 0, Y }

o

Set k = 1 and T0 = trace Po

Ly

— - ¢
Compute 1. e =y, = ¢, 5 8, 4

' | = 1= - 2 _
2. We_1 = ¥x-g Pyo1 *k-a/Tkr Pk = 1 Wp-rmex/ BTk

- 2
3. Ay =max{ (n, +y\n + 4w, _,)/2 , trace P, _, /T )

| = _ '
6. P, = (P, =~ KK (A + w )5 )/

b

®
7._Solve $r O = Yiug for u,

8. Set k = k+1 and go to step 1
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Goodwin et al (1980) note thatég ¥ O a.s. 80 unlike the
deterministic case are modifications to avoid division by
zero in step 7 unnecessary. The check on A in step 3 is

introduced to avoid very large covariance matrices during

transitions and extreme disturbances.

1

The white noitse case, C(z ) = 1

To set up the problem define

~ . "~ _ N ~ %

® = *k-d °k-17 ®k T Sk = ¥g " ¥y (2.33)
— P ' -1 7 .

Ve = %% Px o O (2.54)

Lemma 2.7 The operator norm of the covariance matrix

satisfies along the trajectories of algorithm 2.2

< T for all k

where Pl = ¥ pax (P, ) the maximum eigenvalue of P,

Proof: From (2.25) we find by induction P, > Owyk.

k —
Step 6 of algorithm 2.2 gives trace P, < trace Pk_l/)uk

step 3gives )\ > trace P,_,/T, and the result follows

immediately since P, > 0 and IIPkll < trace P, 1

Lemma 2.8 V, is nonnegative and for any 0<i, <l
" = ' .- - "'1 "'1 2 -1 _ ‘
Vp = A V) - (- g Py g 0 et ¢ el T (2.55)
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Proof: P, > 0 hence V, > 0. From (2.25)

-1 ' -1

A P Pr-1 = 1 = Py 43 g Tx

From algorithm 2.2 and (2.52)

g

D ¢
"

k = O%-1 = Ky (2.57)
- ) -1
= -1 7 Px%%k-a%k Sk - (2.58)
-1~ _=1- - -1
Hence Pk 8y = P8, 4 bp-a Tx Sk . (2.59)

Using definition (2.54) together with (2.25), (2.58) and (2.20)

-1 . -1 - v -1
) Oy Ppite g Ty ’3k-1

Hence from.(2.54) again with (2.56) and (2.58)

- - "2 -1 _ ' B IS I -1 -
Yk T AY%-1 Y STk T %k-a TPf%-afk-aTk ! ®x-1Tk Sk
-¢, LP. ¢ r_le ; - (5 - P ¢ -rrle')'¢ r_le
k-d"k 'k-d "k "k "k k-1 k'k-da "k "k’ "k-d"k "k
. ._ ~2_~1 _ -~ -1 ' -2 2 (2.60)
Ak Vk-1 * STk T %%%Tk  * %%x-a Px%k-a Tk Sk
and the lemma follows from (2.60) by use of (2.53) 1

Result 2.2 : The parameter estimates of algorithm 2.2

converges - (a.s) to finite random variables such that :

||9-—§k||2< 0 a.s for all k

1

provided Al - A4 are satisfiedandC(z ~) =1
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Proof : Recall from (2.22) Ek = YiRil Yk -giPk—lékngipilgk
‘Since Polkzio we thus find from (2.30)
I, = 'Ry, - 8' 27l @, +o )
k k"k "k k "k "k “olk o
K -1, _-1 2

0
Y, —h ¥
1 %ilk (1-0"5_q Pibj g Ty ) Ty 5 * 05k T 2 Iy (2.61)

From Lemma 2.8 and the above we thus find :

K -1 2
Vi = %1k (V- L)) - I+ i i1k T i i (2.62)

Vk is obviously finite for finite k so we need only consider

asymptotic properties. Suppose %im E(Ak| Y, _4) =1, then
by the principle of optimality : o
K -1 ~ 2 K -1 2
O = ' .
llc-i'-gjl kT ]]('-i»g' %31k i Oi-dk*H) 2 ]]5_’;2 §_ i kTi %4

hence from (2.61) and (2.62)

%igh v, & %ig'colk' (Vb -~ ZO) <o (2.63)

On the other hand, if %Em E (AKI Yk-d) < 1-¢ for some €>0,
=500

then again from lemma 2.8 :

E(V [ ¥y g) = Vg B Oy I ¥ g) =yt L

where a, = E((1-¢; P, ¢ rml)r"1 e’ LY, J)
k k-d "k "k-d "k k k kK-a

in the limit :

E(V, | ¥, ) <V,._,+b (2.64)

where b, = -a, - er_l4-l

and 1% grbi <o a.s.
| k
(the last assertation is proved by contradiction. Assume ibi=ﬂ*,
- Kk &
we have li b, £ - Eﬁ V. k = -=» for alle>0, we can thus

Rk
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conclude that the sum must be bounded). By using the martingale
theorem (Appendix 1) we find that V, converges a.s. to a

finite random wvariable. The result thus follows since Pil

positive definite by virtue of Lemma 2.7.

Lemma 2.9 Let c, e[lo,») for 1 = 1,...,7 then

|¢k+1|£ Cl * Cz l3k||¢k| + C3|€k|

Proof: From (2.3) and algorithm 2.2 step 7

breeg ©

k-d ®kx T ®k (2.65)

F

now Bo 2 0 a.s (Goodwin et al 1980), hence from (2.3) and

assumption A4

'
|Ykl.i_c4 ¥ c5|¢k-dllgk-dl M Iekl | (2.66)

and also from algorithm 2.2 and A3

lu | € cg +cq Uop gl + Ty ) 18] (2.67)

The result follows by use of (2.66) and (2.67) together with

the definition of by - q

Lemma 2.10 (Rank one update for Cholesky factors). Let

;1 = SkS; where Sk-l 0 is upper triéngular of same dimension
th

(p) as P; . Define s(i)

P

4 to be the 1

X diagonal element of Sk

4

then for i = p,p-l,...,l-

s(i)y = s(i), 1A + cli), #()2_o , clp) = 1

c(i-1), = c(i)k s(i)y _y/s(1)
th
where ¢ (i), _., is the i~ element of b1-q

Proof: See Bierman (1977) g
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Result 2.3 (Regulator stability). The regulator algorithm

2.2 satisfies:

lim %'t (yi - y;_)2 = Cy < ® a.s.
K>eos i=1

k
lim ~% X ui = c2 { o a.s.
ke i=4

Subject to Al-A4 where c, and c, are positiﬁe finite

constants and C(z-l) = ],

Proof: The characteristic polynomial of Sy is given by

[ (y(d), = s(1)F) = 0 (2.68)

The eigenvalues of S, are thus given by s(i)z. From result

2.2 we have

lim sup Vk { =

From lemma 2.

s(1), > s(i), 1A, + (i) ¢ (1)) (2.69)

We have . (due to the boundedness properties of ;k and the

fact that .k does not grow 1hf1nitely fast) that c(i)k> O a.s.

for i= p,p-1, ... 1, now c(p), = xr, > O for all k so we
can conclude that c(i)k is Bounded from below always. Using

(2.68) and (2.69) we get:

min ¢ (1)2c() [18] 1 < [Isy (|12 =v, <= a.s. (2.70)
i
- ®
The regulation error is given by e, = Yy Y - From Cauchy-

Schwartz inequality we thus have
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hence from (2.70)

LE)E 1% Bt (el 5 - 2
k pHSk!Ib S kB Ube gl imin o) c ™" v +] ¢, D® (2.72)
| -1 _
Now A(z ) and B(z 1) are stable hence by use of lemma 2.9

. -1
“k-dl Imi.n 0(1)k| < » a.s. (2.73)
and the result follows since Vi is bounded. Q.E.D.

The coloured noise case

The convergence results in the previous development dealt with
a white noise perturbed system with a general delay of known
magnitude. The results were arrived at through samplepath
analysis and orthogonality properties of the estimator. Some
of these arguments break down in the coloured noise case as it
is not clear that (2.64) will be satisfied; we find

that biassed estimates may yield a lower sum of squares.

To complete our argument we will need the following definition

Definition: The seguence {’k} is said to be of full rank if

there exist a £finite N such that:

k .

I ¢;¢; > O a.s. for all k > N
i=k-N |
Conjecture: {ék} is a full rank process when E(elek_d)#O a.s.

and E(Ak) = ] a.s.
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We are in this work mainly concerned with forgetting
factors which for a stochastic system will be less than
unity almost surely. There is however a possibility that
algorithm 2.2 may give E(AkIYk_d) = 1 a.s. in the limit
and the conjecture is introduced to enable us to cover
also this case. A brief discussion on some properties of

a full rank process is given in appendix 1 and this
analysis suggests that the condition will be satisfied

in system operating in a stochastic environment with

time varying feedback. Numerous plant experiments and
simulations demonstrate that{¢k} will be of full rank.

An alternative way of overcoming the case of no forgetting
may be to interface the theory of this section with
existing theory in the literature. This has however not been
developed here but further work will continue along such

lines.

The development here is based on the assumption that we
wish to estimate the noise generating polynomial and
algorithm 2.2 has to be modified to allow for this. To
guarantee stability does it with this modification appear
necessary to introduce a positive real condition on one

of the transfer functions. This restriction is common

in most methods of analysis but exact conditions may vary

for different choices of estimators
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The process given by (2.1) can be transformed into the

before mentioned signal model (see appendix 2)

Yk = ’)'("'d 0 + Ek (2.3)
where E (¢ | Y, _g) =0 a.s. (2.74a)
E (2] v, ) == 1im L 3e2 ' (2.74b)

‘k:.d = (kuYk_l! ¢ o !Yk_n_._llukl A Iuk_ml ekl ¢ o rek_p_l_l)

The sequence of disturbances €y is not directly measurable

but can be approximated by the method of Extended MV estim-
ation which is similar to the AML method (Solo, 1979). Define:

F é _ r .l . o - . _ a' N
€ © Yi T ¥-q %% T x-a® T kg O t & (2.75)
where ‘k = (Yk'-.-,Yk_n.'.llukiiilfuk_m' ek'...’ek-P'.'l)
Q N -~ , oo~ - ' _ ~ A
® ~ Yx 7 *k-a k-1 T *%-a® T ¥x-gq %k-1 * S (2.76a)
",
= ek + €1 (2.76Db)
é 9 g _ F 9
S S0 -0, 4 = ey - 4"

Note that from (2.74a) and (2.76b) E (e e |Y, ) = 0 a.s.
k' k-4

We will use algorithm 2.2 to estimate Ek' but the vector ) can
now be concatenated with the past estimated values of €y tO

allow estimation of Elz-l): other ways of estimatingﬁ(z-l)
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‘are possible (Goodwin et al. 1980, Clark and Gawthrop, 1980)
or may be left out (;strdm.and Wittenmark, 1973). The
latter alternative will yield biassed estimates but as
pointed out by Ljung (1977): the regulator will, if it
converges still yield minimum variance control. The proof
of Ljung is however incomplete in the sense that it assumes
regulator stability. This assumption is also implicit in

the works of Gawthrop (1980) and Egard (1979).

e

Introduce the assumption (see appendix 2 for motivation)

-1l,-1

AS: (l-z+d§(z ) ) is strictly positive real.

From algorithm 2.2 and the definitions above

»,

1

€x = -a% 7 fk-a (Ox-1*Pr-1%%-al (AtWye_1)xy) Tep)+ey
=z (1 - ;' P ; ‘r_fl)e (2.77)
k-4 Fx ?x-a Tx ' - (e
| A 4 ¥,
Define w 2 ¢; o ¥, 8 2§ , 0 (2.78)

Now from appendix 2 and the above we have

N

:i-de = z-da(z-l) (Ek - ek)

using (2.75) and (2.78)
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= -z-d§7(z-l) (o

B, x t B8y )

+d=

G(z_l

-1

hence &y = - (2 ) - 1) Bk

<1

“k.is the output of a passive system driven by Bk,0<xk_

and we thus have for some 0 < K, < « (see appendix 1)

-1

k
= i 041k “kBkrk + %Rl > 0 for all k (2.79)

2k

- ' -1
Define V, = Bk P Bk > 0

By elementary operations from (2.25) and the algorithm:
(the reader may consult the proof of lemma 2.8 for detailed

derivation, the development is parallel)

-1 2 2

_ ~ -a , ” _1 ""l
Vie ® AV = (=g Py g I )E e + AL,

(2.80)

where

8

A

k= %% ~ %-a %%x-1 ° -tk-de v e

The last term was obtained from (2.76), (2.80 )

reduces to lemma 2.8 in the case II:k = 0 for all k

1

n

(e.g. when C(z °) = 1 or ¢, measurable )

Before we proceed any further will we demongtrate that

algorithm 2.2 cannot give lim.E(xlek_d) = 1 a.s.

unless the full rank conjecture is violated.
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The forgetting factor satisfies the relationship:

I = A, L + ez

-1
o = Mlo T e (A +w_q)ix)

subject to 1, > trace Pk-l/To

suppose that the constraint A, T >trace P, _, in the limit is

inactive a.s. , then

1 L = AL

)rk) o k"o

2
el (O + Wiy
hence with E(a, |Y, _,) =1 a.s.

_ll

lim.E(eklk((Ak t W)X ) Yo.g) =0 a.s.

Using lemma 2.3 and 2.4 (see deterministic proof) we get
2 = 2 _ 2
lim E (ekIYk_d) = 0 a.s, but E (ekIYk-d) e, + 5 >0 a.s

and the supposition is contradicted.

Suppose now that the constraint on Ak is active, 1i.e.

lim E(P, _,|Y, _4)/T, =1 a.s. (2.81)
We have from algorithm 2.2 step 6:

trace Pk = (trace Pk-l-‘i-dpi ok_d(xk+wk_l)rk)/1k

Both P, and P, , are Y, _, measurable so we have from (2.81)
11m¢]'(_dP12(¢k_d =0 a.s. (2.82)

- Let now P, have dimension p then since lim trace Pk = To we

k
have that at least one eigenvalue of Pk in the limit must

be non zero, henCe
Dim N°(P,) < p-1 ags k + (2.83)

but from (2.82) we have that ¢, always stays in the null-

space of Pk as k+e can therefore not be full rank,

*x
and we have again a contradiction.
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We have now established that the only possibility for the

variable forgetting factor algorithm to give lim E(Alek_d)

= ] a.s. is that we have X ¢i¢i singular.
1

We now proceed by looking at the case lim.E(Ak|Yk_d)< 1
a.s. for all k and we note that no assumptions about the

process {¢k} are necessary in this case. We have by use

of the ratio test as in the white noise case

K -1 (2.84)
iri diik S C <= a.s .

"2

hence by using (2.80)

Ve £ 2% V-1 T Tk Skt 4%
P o "~ . - ' - -
note €, =4, *+ ¢ ', 8 and #y 4 8) oy
2 2. —1 2 -1
Vi <A Vg - (Ak + “k a, + “k)rk + 8, Ty
p. -1
= A Vo - @y + 280, )r
Take conditional expectations and we have
E(V, ¥, _4) <V, _JE(A|Y - E(a?]y k! + b
k! k-4’ — <o d k' k-4 k k

-1
where c, = 2 E(Gksklik_d)rk

b, = ~E(q e, ¥, o) = -El&, a8 ¢, 1Y _4)

-1 2 -1

: E (4 _gPicby-a” k k! ¥k-a) *x
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From the passivity condition (2.79)

1
 inexfx 2 73N
From (2.84) and the conditions on the noise sequence (see

page 53 for derxrivation )

= -1 - ~ 2
L 951k Ti $i-a Py *5-q ¢4

application of the martingale convergence theorem

is straight forward and we have

lim sup V, < = a.s. (2.85)

Lemma 2.11 Let ¢, €[0,») for i =1, ..., then

i

l$k+l| < <4 + czlekl'l¢k| + c3|3k|

Proof: We have from (2.3) and the algorithm

€ = fx = $xta® ~ *x-q %%-q
hence .
vl € Tel + IBiglol + L g1 d (2.86

~ -1
Also Iukl < (IYi+dl N c4”¢'k-ll + ka“"lekl ))8 (2.87)

where eo:=0 a.s and |y§+d| o

= -4 "
Now e, =¥, = ¢ _4q 9% hence
- P

ol € Ele e ]l € Zllew o = goal * 180 a o ]
P! & e T8 W T L Cx-4 ~ Yx-i k-d-1i ! %%-1

(2.88)

The result follows by choosing appropriate constants. 1§



64

Result 2.4 The regulator algorithm 2.2 '+ satisfies:

k
i) 1im 1 « e T2 _ -
K'i(yi ;) c, < a.s
k
ii) lim'% L ug = 02 = a.S.
1

iid) ||e - Ek.ll2 < = a.s. for all k
Subject to Al-A5 and {¢k} is full rank for C(z—l) # 1

Proof: Having established (2.83) and (2.85 we have iii)

immediately since lemma 2.7 still applies. From lemma 2.11
we find that lykl ’ Iukl and |¢, | cannot grow infinitely fast
and we can use lemma 2.10 to establish i) and ii) by the same
argument as the one leading up to Result 2.3. Q.E.D.

Note that it is easy to perform the same analysis for an

estimator which does not estimate the noise polynomial, the

results will then follow without restriction AS.

2.5 Implementation and considerations, the estimator

The variable forgetting factor algorithm was presented by
Fortescue (1977) in the form given in appendix 4. There was
an error in this development which results in the gain and
parameterupdates being made before the forgetting factor

is applied. Negative ), may be produced if excitation is
large compared with zo (Ydstie, 1977) and it is necessary
to introduce a lower bound on A to avoid this possibility.
Practical experience however shows that the algorithm
functions well in simulations and in practical experiments
(Fortescue et al., 198l)and in addition deterministic

convergence is demonstrated provided t{#,{| is bounded
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(Coxdero and Mayne, 198l).

The algorithms presented in this work calculate the
forgetting factor before updating gain and parameter-
estimates and this makes it perform differently. from
the original algorithm since it in a sense forgets old
information to make room for the new information coming
in rather than forgetting both o0ld and new information
together. This difference is however negligible when
disturbances are small and the p_raqtical difference
between the two algorithms will in most cases be small.
The change of strategy probably has its largest signifi-
cance in that it allows us to perform the deterministic

analysis without artificially bounding ||P, ||.

The stochastic algorithm although analysed in a parallel

manner to the detexrministic did unfortunately not follow
through without artificially bounding ||P, || . The reason
for this was that unlike the deterministic case do we not
achieve lim inf Ay = 1l a.s. and positive definiteness of
initial conditions are eventually lost. In general Wwe can
however say that since the system is persistently excited
by noise will the process . be full rank and having
established stability it is possible to show that P, will
remain bounded ( although not uniformly boﬁnded) and

by proper choice of To and zo (large) will the bound in
step 3 of algorithm 2.2 be only rarely in effect. The

result is also supported through pilot plant experiments

and simulations presented in chapter 4. Inclusion of this

property into the total analysis is however not a trivial
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task and the bound was introduced.

The update for A, given in Lemma 2.2 may be unattractive
from a computational point of view and to avoid extra

calculations and the square root extraction one may use

the simplified algorithm below.

Lemma 2.12 Let P >0, E >0, 5 >0 and

o

= I _ (I

xk o

2 -1
o t ek/((1+"k-1)rk))

* | |
then O<2, < Ap S 1 where Ay 1s given by lemma 2.2

Proof : The lower bound can be seen to follow from the

fact that xk can be expressed as

2 -1
Ay = L (E, + e /(A +w _5)x))

O <A, <1 for all k we have the

and using the fact

k

desired result. Using (2.25) we have P, 2 O for all k

by induction, hence W1 2 O and the upper bound is

established. ¢

The approximate algorithm is identical with algorithm
2.2 apart from step J where the forgetting factor is

calculated.
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Algorithm 2.3 Approximate forgetting factor

A ®
Given (zo >0, P_ >0, 0 d) and {rk> 0, yk}

Set k =1, T = trace P
o o

’ A

e s ""l
-1 T *%-3 Pi-#x-a Tx

1

3. Ak = max {zo/(r.o + ei((l+w _l)rk)_ )

, trace Pk-l/To}

P by-q/ (A  + w1y

3. Oy = Ot K ey

6. P = (P _, - ka'k“k w1 )x )/
ﬁ+ *

7. Solve ¢; ok = Yi+d for U

8. Set K = k+l go to step 1

Step 7 involves in the deterministic case a generic

possibility of indefinite control when bb £ O. This

is avoided Dby fixing one parameter as preoposed in
algorithm 2.1 . Altcrnatively‘,rk can be used &3 a scaling
factor for the gain in step 4 such that division by zero

is avoided. For a detailed treatment see Goodwin et all
(1980).
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Result 2.5 (Stabtlity) The stochastic regulator

algorithm 2.3 will give stable control. Subject to
Al-AS and {¢,)} full rank if C(z ') # 1

*. 2

k .

lim % g (y1 - yi) = C, a.s.
K

lim % L ui =C, < = a.s.
a

||e--;k||2 < = a.s. for all k

Proof : The method of proof exactly parallel to the

proof of result 2.4 and is not repeated here. The
proof follows through as before since no explicit
reference was made to how the forgetting factor was
calculated anc the prxoof.is indeed valid for any O<i, < 1
provided ||P, || stays bounded.

Chorce of parameters

In the algorithm.rk € (O,») can bd chosen arbitrarily.
This choice will of course affect the rate of
éonvergence. LS-estimation will result when I ®= 1l for

all k and MV-estimation when r, = E(‘: ), the expected

k
noise variance of the process. If an estimate of r is
available it can be seen that zo will be the asymptotic

memorylength of the estimator.
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The choice of L, will control the speed of adaptation
and the sensitiviéy of the system as it corresponds to
a nominal asymptotic memorylength. Steady state and
transient performance is affected through I, as the
size of P, will be inversly related to Ly Large o

K
yields small Pk and vice versa. This is discussed in

detail in chapter4.

The blow up phenomenon described earlier was due to a
combination of large covariance matrix and accumulation
of round-off errors. NoO degeneracy of Pk'was detected
when algorithm 2.1 was used on a l6-bit Honeywsll

DDP516 computer even after more than 12 hours continous
operation. Nevertheless, it is worthwile to use an

algorithm that ensures a positive definite P The

1 *
¢holesky (Square—Root) algorithm of Peterka or a
UDU ' factorization (__Bierman, 1977 and Thopnton and
Bierman, 1378) are two such algorithms. Both of theée
are numerically efficient and more robustghan thé -
algorithms given here. A FORTRAN' listing Joff the square
root estimator with variable forgetting factor is given

in appendix 6.



70

2.6 Receding horizon control

The main advantages of the minimum variance control

law (2.4) are that control parameters are updated
directly by the algorithm,giving a minimum of

computing effort and furthermore no extra tuning
parameters are introduced ; the regulator is thus

easy to implement. This latter point is considered

to be important from an applications point of view since
added tuning parameters, although giving greater
flexibility and possibly robustness will make the
regulator more difficult to use and the principle of

the self : tuning regulator is violated when a great num-
ber of parameters have to be set by a user who may have

few guidelines on how to choose thesge.

The previous section dealt with robustifying the mini-

mum variance estimator so that it could better cope with
changing parameters in a nonlinear environment.

We will now direct our attention to the sometimes
parametersensitive miriimum variance control law and its

main weaknesses

I. The criterion :

J, = min E(l] Yi+a = Yxeq 11 Y, ) (2.89)

uk .
is in many cases too st‘i-.o:"'ng"" and my give rise to drastic
control action and overshoot onqnoll plants whero a

5Ystempinverse can be dofin‘d 65!? t& 10000 terns
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A long sample time for the regulator may overcome
some of these problems but this may lead to other

disadvantages like intersample drifts and oscillations.

II. The minimum variance regulator gives stable

control only for systems that satisfy :

Yy #0 for |z7t|< 1

B(z

This is a minitmum phase condition and this is limiting
since thereare a number of controlproblems that display

non~minimum phase behaviour.

IIXI. The delaytime 4 is a design parameter for the self-
tuning regulator and this must be given by the user.
Pilot plant studies together with simulations show that
geod performance of the closed loop system often is
dépendcnt on correct choice of delaytime and th-e rogulatof
may therefore - not perform well on a system which has

variable timedelay or in situations where 4d is dl?fiéult

te specify. .

We will in the following explore the possibilities of
using a receding horizon control eoncept to.overcome

above.
Consider the dynamic system

the problems outline

Az by, =Bz Ny + cz )y, (2.90)

. -"'.%

- . . T2 cer, A -
tota k] "q"' Rt Bl 11:"" N 1, = - " ‘\.- - e L 'l‘_| . ) o ) - 1.- i v Trow o

':F . {"-‘ n i + i [ -, = :E P F . r . i ”

el {J ? Hﬁ v % k'; o ‘E : - {1- ¥ - : : IE EPL I s to e bt
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Where A,B and C are polynominals as specified before
but the leading coefficients of B(z_l) can now be
zexro to give account for transportation delays.

Introduce the set of assumptions :

*
Al : An upper bound for n,m and p is known

*

A 2 A(z-l) and C(z™ 1) # O for Iz_llg 1

*
A3

L 2

Sup.'y; | < K < = for all k

*®
The set A 1s weaker than the set A used in section
2.4.2 and includes both the case of unknown delay and

non minimum phase behaviour.

The receding horizon control strategy is now defined

by at each k to find a sequence of controls that finds

0 i m v - W 112
Iy =min EC || ¥y, = Yyup T 1Y) (2.91)

f-Or_ ’m T _)_ d F q = {uk 4 uk+l AR r'uk+T_1}

Only the first of these controls is implemented and there
'1i no'nﬁedfte calculate the rest. There does howdver
exist a NMIt1911C1ty of solutions when T >d (the strategy
reduces to the minimum variance control for T=d) and
"wu.have tb'intrdduce constraintson {u } to obtain a

g wall def.ined solution for o, . T™wo different approaches

Q#-are considered here.

rf:Tho thaory of appendix S givcs the optimal T-step ahead

predictor f@f (2 90) o ? T . 23’*
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= ¢ 'é'-u-T;:'1
i=0

+ ¢ (2.92)

By Yk+7-1-1 K+T

(Yk' ® o o yk_ﬁ.'_l’uk'n--;uk_ﬁ ,Ek,-.-,ek_ﬁ_'_l)

' = (Glpi-.up aa ’ BT '.‘..'Bﬁ p?lfunan 5)
E (e) | ¥y _p) =0 a.s. (2.93a)
. _
E (x| Yy p) =1 = lim b Ief <= a.s. (2.93b)
Using (2.91) and (2.92) we find the set of controls
{uk} must satisfy :
* - o T-=l
Yeer = % O 7 B0 P4 Yker-1-4 (2.94)

By substituting (2.93) back into (2.92) and (2.91)
we find by use of (2.93)

|¥,) =x - a.s (2.95)

and the optimal performance is obtained for the receding

horizon cost.

Strategy I : Choose u, constant on ie [k, k+T).

By substituting into (2.94) we have

* -
U T e = %) (I 8y )

(2.96)

This law has in a number of simulations and plant experi-
ments been shown to vyield good results. Problems may

however occur if members of the set (Byr Byeee Bm_y])

have opposite signs such that the sum in (2.96) vanishes.
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This is an indication that the output Yy 4 is not
affected by a constant law over the period [k,k+T)

and a different timehorizon should be chosen.

Strategy 2 : To overcome the possibility of ill

defined controls we here suggest to weigh the

control action over the period [k,k+T) to minimize

J. = T3t 2 I
3 i“O k+T"‘"l"‘i

The Lagrangian will be given by :

L = TEI u? + (Til + ¢ 0)
o k#T-1-1 VUL By Ugpogogt 4

optimum is obtained for

3L/ p 1y = U o qy ~ VB = O _ (2.97)

From (2.94) and (2.97)

-1 1. T-1 2

%
= ¢ o= |
Yeer ™ % & = (I By Upypoy-g * 3V 5 8

By using (2.97) again we have a unique sequence of

and J

controls that will satisfy J, subject to the

3
constraints (2.90).

* - - T-1 9 -1
- p— . P — P
Uy ame-q _Bi ‘yk+T qko) (jioﬂj) . for i?of /T=1 (2.98)
Note that (2.98) is well defined fOor every i1 and gives
u=0 if Biﬂo. In spirit of the receding horizon strategy

will we only implement one of these controls, namely

the current and we have :
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_ * - =
U = Bpoy (Yppp = 00 V(2 By )

We now proceed to investigate stability of these

controllers.

Result 2.6. (Stability of receding horizon controller)

There exist finite T such that

1 Xk _JN2 a.s.
l k 2
lim - Z u < ® a.s.
k1 1
* T-1
Provided A 1is satisfied and iz Bi # O 1f controller
=0
(2.96) is used.
Proof : It is convenientto reformulate (2.90) into

state space representation. Using the theory of appendix
8 we can obtain an equivalent input output map : U-+X-+Y.

U, X, Y are input, state and output spaces respectivly

X, € mn, is the state vector

W Axk + Buk + CVk (2.100)

Y, = Dx, + v, ( )

and (A,B,C,D) are uniformly bounded linear operators
%
defined over the field of real numbers. Due to A 2 do

we in addition have that the spectrum of A lies strictly

inside the uﬁit disec.
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The T-step predictor and the equivalent discrete control

equations are easily derived :

x. =A% + 1T (al Bu + alev ) (2.102)
k+T k {0 k+T-1-1 k+T-1~-1 ’

For strategy 1

L r T T-1 4 -1 (2.103)
u, (Yk+'1' CA xk) (C iEO A B)

T-1
where we have assumed C iz A'Bp¢¥ O
=0

For strategy <2

= AT la(yt . - AT x) ('t (calp)?)L (2.104)
Yy Yk+T )L ) '

note that since (2.100)can be a minimal representation,
there exist a number @ > 1 such that |CA¢B| # O for

%*
all 1 > 4. However due to A 2:

lim |CAT'1B| = 0 (2.105)
T4

The closed loop performance is giveh by

T-1 *
= (I - BCA t) Ax, + ¢ BYp.m + Cvy (2.106)
T-1 4 . -1
where (C £ A" B) for strategy 1
=0
z =
-1 T-1 2,~1 for strateqgy 2

(AT ! Bz (calm?)
= i=o



17
Now %im | | BCA = 0, A is asymptotically stable
-» o0

and, [ < K<=,(2,106) can thus be made stable by proper

choice of T. We have for some T

k-1 %* 3
kal < ||al}- |xo| + | iio (AiBCYk-l-i + A Cvk_l_i)kfor all k

where |]A|] <1 and by the boundedness properties of
{y;} and (v, } we find that |xk|<c= a.s. for all k.
Hence from (2.103) and (2.104) {uk} <o a.8. for all k
and the result for {uk} follows. The result {yk} is an

immediate corngequence of (2.101) Q.E.D.

The result above is only concerned with stability and
steady state offsets may reduce the applicability of
the regulators unless extra integrators are introduced.

This is discussed later.

Adaptive control and stochastic stability

To estimate the uncertain dynamics and the noise

sequence of (2.90) will we use the EMV method developed

earliexr, We have :

" A - A
‘k o2 (yk_T+1’...'Yk_T_ﬁ+2’uk'---;uk_ﬁ!ekl---Iek_§+1)

3k & (yk'.--’yk_ﬁ;l'uk'--i;uk_ﬁ+Tlekl--tlek_§+l)

k (ulflllluﬁfsoflll’_-eﬁ’ Yl'...'Y-p-)

9; A (alr"-rcﬁc.rr--'rﬁﬁr er-'-:Yﬁ)

>
ne

>

?
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Algorithm 2.4a Receding horizon adaptive control

N

®
Given : (}:o > 0, Po >0, 6_, T), {rk> 0, yk}

O
Set To = trace P0 and k=1

N

Compute : l. €.= y = ¢, 16,3
2 W = ;' P ; /., ,n,. = l=-w -ez/(r L)
) k-1 "k-1"k-1 "k-1""k’'"k k-1 k! ""k'o

+ /n2 + 4w

K k k_l)/2, trace Pk-l/To}

3. Ak= max { (n

4. K= By 61/ (O + W _)r)

== - ¢'0
Ta. u, By 1 (Yyeprp ¢kok)(iz

9, set k= k+l go to step 1

Alternativly we can have controller (2.96) to yield

Algorithm 2.4p

* - = ,,T=1 )_1
To. wye= (yy,q= 0 O) (I By
Step 8 can be replaced by ;k = ekwk_l((lk + wk-l)rk)-l

- =1
which may save some computertime. Estimation of G(z ")

may'also be left out.
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The time horizon T should in the algorithm above be set
such that this is largex than the expected delaytime in
the system. There are possible extentions by the

introduction of an adaptive time horizon, e.g. :

7. 1) 4if |Bn_,| 2 €, set u = u _, and T=T+l

go to step 8

T™1 2 1

ii) 1if BT ("t 8% ) < € for control 7a
=0 i - 2
T"]. "l
(iio B,y) < e, for control 7b

set T = T-ly
iii) Implement control 7a or 7b

The constants e, and €, are set by the user. cl'will

ensure that T is always chosen to be greater than the
delajtime and €, will prevent the regulator from becoming
to sluggish by having too low gain. The implementation

of this scheme is however not straight forward since

the size of 6, and P, will change with choice of T and other

approaches to achieve this tuning property may be more

appropiate.

Result 2.8 The adaptive receding horizon controller is

stable in the mean square
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1 ok * 2
l — : - — o0
im . i (yi yi) Cy < a.s.
k .
lim 1 L ui2 = €, < = a.s.
k 1 - -
" 2
|le - 8, ||® < = a.s. for all k

&
Subject to assumptions A 1 -.A*3 , the positive real

condition AS and {¢k} full rank if C(z-l) ¥ 1

Proof The estimator part of algorithms 2.3 and 2.4

are equivalent since no reference was made about the

controller or the stability of this. We can immediately

gstate :

lim Vk < e a.,s. (2.107)

v -1

. = 0 _ =1, , 71
where V, xk Py g amd Vo, (BL7) > T

o
The result for the boundedness of the estimates followse.

> 0.

We now develop an argument based on contradiction.

Assume :

®

" Using the fact that the parameter estimates are bounded

~ (from 2.107) we have that ly,|,| ul and|e; | cannot grow in-
: finiteiy fast (see lemma 2.11). Again we factor Pk into

8, sk' where ﬂk is upper triangular and by use of lemma
:qﬁwiﬁmwé?fiﬁdfthafhalong any subsequence of unstable

controlg : ¢
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lim S(i)k =3 % for i - 1'2p e o @ 'p

where s(i)k are the eigenvalues of S Hence from (2.107)

kl
lim ”Ek |= 0 . But this implies that for any 6 >0 there exists

a finite k, such that “Ek.”2£.5 for all k > k,
( ||6k|l"’.'i>tms a Cauchy sequence). Applying the stability
result for the receding horizon controller we find that the
regulator for some T > d will give mean sguare bounded

control for all k > kﬁ‘ The assumption is contradicted. Q.E.D.

2.7 Integral action and incremental control.

The algorithms presented earlier may give slow convergence

to zero steady state error, this is especially true when
L, and / or T are chosen large. There are alternative ways
of overcoming this problem, but the method that is

chosen may change

convergence characteristics and some

care must be taken.

*x
Wittenmark (1973) suggests replacing y, by (Y, = Y)) and

u, by (u, - u __,) in the self tuning regulator algorithms.

u
K
This will incorporate an integrator in the feed back loop
and steady state off sets are eliminated. This approach
does however have adverse effects since an extra zero is

1), lemma 2.4 cannot

introduced on the unit circle of B(z
be appliea and results 2.1 to 2.3 are not valid since

bounded control is not guaranteed. Practical experience
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however indicate that this may not be a serious restriction

unless zo is chosen to be very small.

A different alternative may be to cascade the adaptive

algorithm with a PI regulator with slow dynamics as shown

in figure 2.5 .

A third alternative which is considered here is to use an
algorithm based on incremental input output data. This is
advantageous since many process control systems operate on
incremental rather than absolute values and it provides us
with a simple way of introducing the integrator. Fortescue
(1977) derives a deterministic algorithm, the theory is
extended to include the stochastic case in appendix 3 and
we will | use this result to develop the incremental
receding horizon controller. The receding horizon result
is derived directly , this does however reduce to the

minimum variance controller for T = d. We have from appendix 3:

where the statistics of ¢, are given by (2.93)

’i = (Ayk"'T".'l’ o @ 7 AYk-E-T'l‘z 'Au f * o ,Auk_ﬁ", Aﬁk, * & F Aek_§+l)
o' = (“]_' ¢ s rﬂﬁreor * oo 'Bl-u'Yl' * oo IYE)

and the operator A is defined by:

A = (1-z 1)

The receding horizon control strategy must satisfy:

N |
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yt
STR . PLANT .

Figure 2.5 (Top) Adaptive requlator cascaded with a
PI regulator with slow dynamics to yield zero steady

state error.

Figure 2.6 (Bottom) Block diagram of the incremental

adaptivé regulator.
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which give the optimal controlincrements:

N T-1
B - = -1
buy = Bp g (Y um + 050 + ek)(i:o Bi) Strategy 2 (2.110)
T-1
ok -, = -1 Strategy 1 (2.111)
buy = (Yp,m * 030 + e )( L B8,)
i=0o
where ;k and 6 are defined by leaving out Auk' ¢ 'Auk-T

from ‘k and Bo' ee B 1 fr'om 0.

T
Note that €y is Yk:measurable and it is important to include

this in the controller since (2.108) and (2.109) give:

x
E((yk = Yk)2|Yk_T) = E(eﬁlYk_T) = Iy a.Ss.

whereas if we leave out €1

L.
E((Yk - Yk) |Yk_T) = EIZC-T + E(elz(IYk-T) > rk dA.S.

The inclusion of these ideas into the adaptive framework

is now straight forward by appropriately redefining algorithm
2.4 to include predictor model (2.108) and regulator (2.110)
or (2.11l).

A block diagram of the incremental regulator is given in
figure 2.6 where it becomes more apparent how the integration

is performed.

2.8 Implementation and considerations, Controller.

Multivartable systems.The extention of the theory to cover
feed forward from measurable disturbances and multivariable
systems is relativly straight forward. It is however

important to exploit the natural block structure of the
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multivariable ARMA models such that a minimum number of
parameters are updated (Goodwin et al, 1980, appendix 8)
The multivariable regulator can in fact be formulated as
m coupled multi input single output loops (m is the number
of inputs and outputs) and software development in

going from single variable to multivariable systems is
minimal. Further investigation of this is not made here
since it is proposed that non linear state space modelling

may in many cases lead to more robust solutions.

Decoupling samplerates for estimator and regululator. The
estimator part of the adaptive algorithms will require

more storage and computer time than the update of control

action which, given the control parameters, involves only

a scalar product and a summation for a single variable
system. The estimator will therefore be the limiting

factor for the cycle time for the control update. To
overcome this problem it is however feasible to decouple

the sample rates for these two tasks such that estimation

is executed at relatively lower frequencies than control
update. The convergence and stability theory of the previous
sections still applies, but convergence rates will be slower

thus limiting the applicability to slowly varying near linear

systems.

Solving polynomial identities. The parameters of (2.1) can
be identified directly without going through the optimal
d-step ahead predictor form as suggested by (2.3). The
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receding horizon strategy (or the d-step ahead minimum
variance regulator for d greater than one) can be

resolved through the polynomial identities given in
appendix 2. This will result in a lower dimension for the
parameter vector and substantial savinges in computer

time and storage can be achieved for the cases where a
large Timehorizon or a long delay time d is used. The
robustness of this scheme has however not been investigated,
but simulations performed with the equivalent state space

regulator suggest that this may be a feasible solution.
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CHAPTER 3

ESTIMATION AND CONTROL OF MULTIVARIABLE STATE SPACE MODELS

3.1 Introduction and problem formulation

Consider a discrete linear state space system given by:

TS B P P L Y A (3.1)
v, = Cpx, *+ vy (3.2)
where the vector sequence {xk} e IR® defines the state of
system (3.1) , the s’equencgs {uk} eR" and {yk} e R"

are measurable input and output sequences, Ak,Bk,Gk and

C, are uniformely bounded linear operators defined over

k
the field of reals and finally the unmeasurable sequences

{w, } e R" and (v, } e R" satisfy:

E(wkwi) = Qkéi,k ’ Ewk = O a.s8. (3-3&)
’ oo =
E(vkvi) Rkai,k ’ Evk O a.s. (3.3b)

The state Xy is in general not directly measurable but an

estimate x, can be obtained through the funtional re-
lationship (3.2).

We will in this chapter be concerned about how we can

obtain the conditional MV estimate xk/kﬂE(xlek)- Given

xk/k and an estimate of the system dynamics we will later

construct a certainty equivalent feedback regulator:
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(3.4)

where u, is the input to system (3.1) and Fk is designed to
stabilize the plant such that the output track given sequences

of reference values {y;}

It was understood from Chapter 1 that (3.1), (3.2) are only
correct as local linearizatiomns since this model is a discrete
linearised version of an underlying continous non-linear process.
The success of this procedure is dependent on parameterisation,
sample frequency parameteradaptivity and choice of performance
criterion for Fk' These problems will be discussed further and
the self tuning concepts of Chapter 2 will be extensively used

in designing an adaptive regulator set in a state-space frame-

work. The connections between this regulator and the regulators

of the preceding chapter will be intimate and the develop-
ments nearly parallel. Motivation and background material is

thereforeleft out in the following as an inclusion of

this would be mere repetition.

3.2 An Adaptive Filter Algorithm

Most estimation methods for uncertain parameter systems in
current use solve the combined state and parameter estimation
problem by using local linear approximations to the non-linear
problem. (Astrgm and Eyckhoff, 1971). A thorough description

of the extended Kalman filter as a state and parameter estimator
is given by Jazwinski (1970) and Nelson and Stear (1976).

The method is well established despite the fact that convergence
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in general cannot be guaranteed (Ljung, 1979L and many succes-
ful applications reported in the literature suggest that this
is a robust and effective method of solving the nonlinear
filtering problem. (Roberts, 1978, Litchfield et al 1979, Morari

et al 1980, Sorenson and Stubberud, 1970).

There are however some problems connected with the extended

Kalman filter approach and it is a well. known fact that good

performance is dependent on a careful choice of covariance
statistics. In effect, rather than reflecting knowledge of noise,
Qk and Rk become "fiddling parameters" that adjust the filter-
pexformance. This manual tuning is theoretically unsatisfactory,
may sometimes not be easy to perform and may not yield enough
flexibility to perform well in a timevarying nonlinear environ-
ment. Furthermore, the filter may diverge altogether due to
modelling errors. (Jazwinski, 1970, Schlee et al, 1967, Fitzgerald,
1367). Several methods are suggested to overcome this problem.
Ohap, Stubberud (1976) and B&langer (1974) discuss adaptive

noise estimation, Lijung (1979) introduces a modified gain cal-
culation. Jazwinski (1970) gives a further discussion and
suggests other divergence-control procedures. These methods
essentially give a discountiﬁg of old data whereby older measur-
ments are given less importance than the more recent and in this

fashion the adaptive properties of the filter are retained.

Sorenbdn aﬁd Sacks (1971) diséuss exponentially fading memory
filtering and Sacks and Sorenson (1973) exponentially fading

memory smoothing. - The remedies rely on fixed inter-
vals or fixed memory lengths and problems of blow up or unne-

cessarily large error covariance matrices may under certain
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conditions arise (see chapter 2). It is therefore of interest
to generalise the variable weighting factor approach to include
state space dynamical systems, and if possible to find a

firmer theoretical basis for this approach.

Let the state evolution be given by (3.1) and the observations

by (3.2). The problem consists of finding the estimate ;k/k

under the consideration that the system dynamics and the

noise statistics are only poorly known. Define Y. to be the

set of observations up to and including time k. The variable
forgetting factor will assign weights to the individual
elements of Yk such that more recent data is preferred to
older data in a manner that will keep a scalar measure of the
information ocontent of Yk constant. Yk will from now on

be regarded as a o-~algebra of subsets of a general probability

space.

Define:

M

Xy k= E(xg 1Y) 0<icxk I S

Pk = Elx - X ) (% - xk/k)'lYk) (3.6)
and the norm:
llxllf‘ = x'Mx (3.7)

where x ¢ Rn, M > 0, dim M=nxn

Define the information content as the weighted sum of
squares of residuals (a posteriori errors) (see chapter 2

for further motivation).
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k
L, = ¥ O

(3.8)
K 4=1

o 2
1/k||Y1 Cixi/kllR;1

where 0<oi/k<w for the moment is an arbitrary scalar seguence
of weights. The optimal filterxr for ;k/k and a recursive
relationship for (3.8) can be obtained through using some
elementary ideas in H:libert space theory, the filtering
problem being viewed as a sequence of orthogonal maps in

a normed linear space.

Lemma 3.1 (Orthogonal Projections). Let X be a normed linear

space, x ¢ X and let Y be a closed subspace. Then there
exists a unique (orthogonal) linear mapping from X into Y

such that:

min fjx - 2 || = |jx - x ||%
2cY

if and only if <x - x,2> = O for all z ¢ Y.

Proof: See Rudin (1970)

For clarity it is chosen to suppress timeindices for the
system matrices. Let {b1} , 1=1, ... ,k be an orthonormal

basis for Y, . That is:

k

’ =
E(b, b}) I8, x

The best estimate (MV) xk/k

that minimizes the expected error variance

of xk is defined as the one

trgce Pk/k

Hence from lemma 3.1
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E(xk - xk/k)bi = 0O for all i (3.9)

multiply with b1 and take the sum

k k
@ E(x, b )b - I E(x )b = O (3.10)
1=1 ki 1=1 k/k i

F Y

Since xk/k is a projection onto Yk r Xy sy € Y, and {bil is

a basis, it follows from (3,10) that

R k

X3 /k = iilE(xj H , for 3§=1,2, ... ,k (3.11)
where X5 e E(ijYk).. he contribution of x_ is
neglected.

From (3.8) and (3.11l) we have:

k k

ly; - € & E(x;b)b, |12-1 (3.12)
"k Wy T €0 R]

)
K i= l

Now from (3.2)
CE(xibi) = E(Yibi)

where {bi} is an orthonormal basis so we have

E(y,by) =0 for i=l, ...,k-1 . (3.13)

The recursion for the weighting factors is defined by

3 /k-1 ' x/k = 1‘ for i=1, ... ,k (3.14)

/k ™
where O < Ak < 1 1is the forgetting factor

Now from (3.12), (3.13) and (3.14)
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o iy - cE ) 2
L, =A,_ I o _ y-CZE(xb)b
X k oy i/k-1 174 jm1 173 1

! : | 2
+ Yy, - C I E(x b )b
k42 ] Rk

Hence from (3.11)

k-1 _ .
“k © *kiil 93 /x-1 ¥y - cxi/k-l”R;I

+ lyy - Cx, ey = CE(x b || &1 (3.15)
Lemma 3.1 gives:
E(xk - xk/k)yi = 0 for i=1, ... ,Lk

hence fxom (3.2)

E(yy = CX, )y} = O for i=1, ... ,k (3.16)
Define
®% = Yx T C¥x/k-1 (3.17)

then from (3.16) and (3.17)

-1 -1
Ly = Agig-y * Ry ey + ¢ R "CE(x. by )b,

' -1 '
- (e, - CE(x,by)b )R *(CE(x,bl)b)  (3.18)

Now

My

(ek - CE(xkbi)bk) == (yk - ka/k) (3.19)
is orthogonal to Yk and

e S S .

ac cording to lemma 3.1 . The last term of (3.18) thus

vanishes and we have:
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>
i

-1 S |
k = *kix-1 * exRye, - e R CE (x), by )b, (3.20)

It now remains to determine the projection E(xkb;)bk. bk is
orthogonal to Y, ., e, 1s also orthogonal to Y, , 80O for some

matrix K, together with the system equation (3.1)

T o

Xpe sk ™ Axk-l/k-l + + K e (3.21)

Bu, 1 + Kiey

This is the celebrated Kalmanfilter, the derivation to follow

is included for completeness but can be found in Kalman (1960)

and Jazwinski (1970). Define

X = Xy = Xy
From (3.1) and (3.2)

Y = CA(;k_l + ;k—l/k-l) + Cka'+' CBuk + Ve (3.22)
From (3.1), (3.2), (3.17) and (3.21)

+ Gw, - K, CAX

k-1 k k™ k-1

- Kk(CG_wg + vk) (3.23)

Now from Lemma 3.1 E(xky;() = O

hence frdh.(3}22), (3.23) and the fact that E(wkv;) = O
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AE(;k_l;k_l)A'C' + GE(ww, ')G'C’ - KkCAE(;k_l;i_l)A'C'
- KkCGE(wkwk')G'C' - KkE(vkvk') = O (3.24)
Define Py, ) = AP; 5, ,A' + G QG (3.25)
Wy =C Pk/k—lc' (3.26)

Weighting of past data is performed by scaling Pk/k_l'with the
the forgetting factor Ak. Hence from (3.24) with (3.6), (3.25)
and (3.26)

Py /k-1C" /A = KWy /2 + RY)

ox

...]_ |
K, = Pk/k-lc'(wk-l + A R ) (3.27)
From (3.23) and (3.6):
= ' ! - - Ity
Pr/k = APyo1/x-1B + GQGT = KCAPy ) oA’ = APy A CTRy

iy o - Al kR 4
+ K CAP, , » A'C'Ky - K CGQG' - GQG'C xk

Wolk &
+ KkCGQG C Kk + KkRkKi

Hence with scaling with A, and definitions (3.25), (3.26)

k

d k

- - '
chpk/k-l + KkCPk/k_IC'K')/lk-I-KkRkKk

k/k = (Pyxe1 = Py k-1€'K

= (I - KkC)Pk/k_l(I - K. C) /A, + K R K, | (3.28)
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This is the update as formulated by Aoki (1967), it can be
reformulated into the more familiar form by substituting (3.27)
into (3.28)

Pk = (1= KOIP /A (3.29)
From (3.21), (3.27) and (3.7)
' -1
By = Axlx-1 * &Ry I 7 CKyley
= AL, _. +eRII-CP , .C'(W .+ AR) e
k“k-1 * xRk k/k-1¢ k-1 * AR ey
2 AR )TE ‘ 3
= Melg-a oM (W g + ARy) Tey (3.30)

(Compare this with 2.30).

The result, equation (3.30) is not complete in the sense that
initial conditions are not taken into account in the deve-
lopment and there is therefore some uncertainty connected
with the accuracy of (3.30). It is however reasonable to
assume that initialconditions can be neglected by the same

argument as that given in Chapter 2.

The following lemma gives the formula for updating the

forqgtting factor such that I, is kept constant.

k

Lemma 3i'2 - Given Po > 0O and zo

Ay = L /(2 + e i Wy HARy) Tey) (3.31)

then O<aAg, <1 forallkand I, =1I_ > O always.
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Proof: From (3.30) with zk = zk-l = 20 (3.32)
. -1
Lo = AN Ig v epd (W 3 +0,R) “e (3.33)

and (3.31) follows directly. Assume Pk/k—l > O, then from

(3.26) W, _, > O. Now R, >0 and £_ > O by definition and

using (3.31) we have O < Ak < 1 , but Po > O by assumption

and the the result follows by induction. Y

The solution of (3.31) is however not straight forward since
it gives in the multivariable case a rather complex relation-

ship for the forgetting factor. This will be discussed

further in section 3.4.

A recursive algorithm can be stated by use of (3.1), (3.2),
(3.25), (3.27) and (3.28). A lower bound on A which can be
chosen arbitrarely small is introduced to ensure uniform
bounds on covariance matrices. The bound will however rarely

be active when I _ is chosen large in comparison with the

noise in the systemnm.

Algorithm 3.1 (Adaptive Kalmanfilter)

M

r_ > 0, lm > 0} set k=l

Given {PO > o"xO/G' o
Compute:
1- k/k-1 " Ak-lxk-l/k-l * Br-1Y%-1
: _ . , )
2.~. Pk/kflﬁ Ak'lpk‘l/k'lhi-l * G 1Cx-1 ¢ P0/0 Yo

Y% T T kel
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A = z ’ -1
4. = max{® /(Z + e A (W ., + A\ R) “e), lm}
where W1~ Ckpk/k-l K
5 K= C )™t
' % = Pr/k-1% k-1t AR
°- *k/x = *k/x-1 T Fx®k
7 Pr/x = ‘I'chk’Pk/k-l‘I‘chk’ Yyt KR Ky
8. set k = k+l and go to step 1. -

The covariance update given in step 7 is numerically more
attractive than (3.29) (Jazwinski, 1970) and . 1in general

preferred.
3.3 Stability of the Kalman filter with forgetting factor

The stability of algorithm 3.1 can be investigated by means

of standard theory from the literature (Deyst and Price, 1968;
Jazwinski, 1970, Moore and Anderson, 1980). Following Moore

and Anderson it is possible to demonstrate asymptotic stabllity
of Algorithm 3.1 without assuming existence of inverse
transition matrices. The general plan for the analysis is
firstly to establish uniform bounds (upper and lower) for the
eiqehvalues of Pk/k and secondly to construct a Lyapunov
function for the estimation error. A thorough treatment of

Lyapunov theory is givén by Hahn (1963) and only the main

result is given here.

Definition 3.1 An equilibrium point X, of a system is uni-
formly asymptotically stable if for any €> O thewe exist 6 and

k_ such that if Ixo—xel < & < » where x_ is the initial state;

then |x -x_| <¢ for all k 2> k.
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Theorem 3.1 (Svability Result, Lyapunov) Given a system

suppose there exists ascalar function V(zk) such that for
some integexs N, M > O and'e1 >0 , i=1,2,3 we have
2 2
Sl: 0 < ez ||” < V(z)) < ¢,]|z, || z, #0 for all k > N
2
S2: V(z ) - V(z ) < - c3||zk|| z, ¥O for all k > M

O if ||z,.]]|%= O for all k

S3: V(zk) kl

then V(zk) is a Lyapunov function, (3.33) is uniformly

asymptotically stable and z, = O is an equilibrium point.

Proof: See Hahn (1963) or Willems (1970) |

Boundedness of error covariance matrices is closely connected
with observability and reachability of (3.1), (3.2). Ikeda et

al (1975) give a detalled treatment and definitions,

Define the state transition matrix

S (3.34)
’ “ﬂ A | ’ = I ®
the information matrix
: -1 (3.35)
= L o' ,C!R,C,¢ o
Kok, pmx ko411 10K,
and the reachability Gramian

X
“kok-N T, E 0 *k+1,14261942%1 %k, 141
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Definition 3.2 (Kalman, 1960) The dynamical system (3.1),

(3.2) is completely observable if there exists k >ko such that
M . > O. The system is uniformly completely observable if
o

there exists 0 < N < o and eo > 0 such that

> + N
Mk,k-N'— E:oI 2 ko

Similarly the system is completely reachable if for some

k >k, N > 0. The system is uniformly completely reach-

o k,k
o
able if there exists 0 < N < «»« and € > o such that (appendix 1)

Based on definitions above, Theorem 3.1 and a few results to

follow one can state the general stability result for Algorithm

3.1.

Lemma 3.3 If the pair (A, Ck) is uniform with respect to
complete observability it follows that for any o:: > 0 the pair

(02 A, C,) has the same property.

Proof: From the condition on (Ak, Ck) it follows that there

exists N > o and E:o > 0 such that

N |
Mk;k-N- eo I vk > ko +

Now define

A k
1=k~N

SIS P o 3.37)
19%,1C1R Ci%y .4 (3.

;‘;!I

k~-N
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hence for some El' €5 > 0O

for all k > K,

and the lemma follows. 1

Lemma 3.4 If the pair (Ak,Gk) is uniform with respect to
complete reachability it follows that for any a: > O the

pair (Uzhk’Gk) enjoys the same property.

Proof: As for lemma 3.3. 1

Lemma 3.5 (lUpperbound on Pk/k)' If the pair (Ak,Ck) is
uniform with respect to complete observability it follows

that along the solutions of algorithm 3.1

llPk/k"-i a for all k > k_

where o is a positive constant.

Proof: The moving average (suboptimal estimate) of'xk can

be expressed as

X -1 '
“m - -] ’ _ s -1 o
k ™ *,k-k Meox-k I, 1R Yy ¢ 4C4Ry7CyB313)9,
O

now yi can be expanded in terms of linear combinations of u,

'vi?"j and xko hence for ko <3j<i

k _
m .
O



102

where Y 51 and Y, are uniformly bounded constant sequences

from (3.38) we thus have

m m .
Pk' = E(xk - xk) (xk - xk) < clI

where

(3.39)

where c, is a positive constant. Now Pi}k is a suboptimal

covariance estimate so it is clear that the optimal estimate

satisfies:

m
tracePk/k < tracePk

(3.40)

and the result follows. |

Lemma 3.6 (Lowerbound on Pk/k)' If the pair (Ak,Gk) is
uniform with respect to complete reachability, (Ak,Ck)
uﬁiform.with respect to complete observability lndtQk > O
it follows that the eigenvalues of Pk/k are uniformly
bounded from below, i.e.

O < BI < P for all k > k

k/k - 0

where is a positive constant.

Proof: From algorithm 3.1 gtep 5 and 7:
» e -1
Prk = Prsk-1 7 Prm-1B Moy ¥ AcRid T CPrsk-11 /2 3-40)

+  For matrices A>B implies A-B>0



103

'
Factor Pk/k_lisuch that Pk/k-l.= S5 Sy - BY lemma 3.5 Pk-l/k-l is

uniformly boundéd- and hence for some e >0
' '
€C, 5,5, Cp < Av By for all k k

thus from (3.41)

. ' I R | -] '
Prsk 2 Sy (175, C (G 8,8, C) €8, (1 + €) )5, /0

By the properties of the pseudoinverse and the fact that

o < X, <1 Vk

k —
Pk/k 2 Sksk /(1 +€)1k > Pk/k_le/(l + g);\k (3.42)
—— A J— -
Define Pk = €A 1P 1Ay t GkaGk' P = po > 0O (3.43)

where € > O vk. From lemma 3.4 it then follows that there
exists B > o such that P, > 8 I for k 3-ko-+ N and by induction

it follows from (3.42) and 3.43) that

Pk/kg_Pg;_BI vk > k

hence lemma 3.6. !

It may happen, if (Ak, Gk) is not reachable or Qk singular
that Pk/k becomes singular as well. The following lemma
allows the possibility of a singular

_covariance.matrix and this will later be exploited in the

construction of a Lyapunov function.
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Lemma 3.7 Given Po > 0 and a dynamical system Zy 4l = Akzk'

zo < o jt follows that

' __1 _0_ | _1 — z -O
AeZkPr Pre1 kel b Cke1Br+1%+17 2%k < %k Pk
and

Rs(Pk/k) D Rs(ik'ko) where ik = Ak(I - Kka)

and ¢ is the transitionmmatrix associated with ii.
k,ko

P° is an orthogonal factorization of P and P ° the psenpdoinverse

Proof: One can immediately state

Pr/k Pk/kaRilckPk/k

) _1
S Pk T PraxCk Bt OB xCx) TSPy ke

=0 O

= (Py e ¥ CRyeCy)

< (P:/k + CiRick’-o/*k (3.44)

From (3.25) and (3.28)

Pe/k = Pxo1Pr-1/k-12%-172 * KkRklxk + (I-K Gy )Gy 1 QCx sy

(I-chk)'/xk (3.45)

From (3.27) and (3.29)

s | | ...]_ !
Pk T Pri-1%% 7 Pro-1%% -1 PR O Py e-1Ck) /A

-1
= Py /k-1Ck (Wea1 + 2Bye) "Ry
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and from (3.45) we thus have (3.45')

Pk~ ProxCx®x SxPr/k 2 Ax-1Pk-1/x-12%-171k

Using (3.44) it follows that

n =0 = -0 o
P ¥ SR %) 7 Meo1Pred x-1Pk-1/k-1Pk-1/k-12%x-172% 2 ©
(3.46)

S ,,.~0 ' =1 S s "
Then from (3.28) N (Pk/k + CkR.k Ck) < N (Pk/k) G N (Pk-l/k-lhk-l)

(p.° S(& 3.46);
and N"(P,~, ) S N (A 4P g py). From Lemma Al.6 and ( ):

_ =" -0 "=l | =O=
Pr-1/k-1 = *%xPx-1/%-12%-1 Pr/x * %Pk Sx) Ax-1Pk-1,x-1 2 °
- ' (3.47)

hence the first part is established by shifting (3.47) one time-

step forwards. From (3.28) again

Pr/k 2 Aeo1Px-1/x-1P%-172x

k

that is Py, > I & P @ /ai/kwhere P =P, >0 (3.47])
i=k o o
_ s s
o <o, <1 vi, hence R (ik/ko) S RO(Py ).

 Based on these mathematical formulae one can state the theorem
‘about Lyapunov. stability for the optimal filter with variable
forgetting factor. This result, is valid for any choice of

of A, such that A ¢ [Am,l] and is thus not restricted only to

the case where Ak is chosen to keep Ek constant.
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Result 3.1 The estimator with variable forgetting factor

Algorithm 3.1 is asymptotically stable provided that system

(3.1), (3.2) is uniform wrt complete observability. If in
addition the system is uniform wWrt complete reachability it

follows that the estimator has N¥step exponential stability.

Proof: By (3.21) and (3.17)

e = My * =X <o (3.48)
where
Wy = kak - Kk(Ckawk + Vi )
and
Ay = By - KG
= f . ' s
O = SxQe1%% ~ K%k Nea1% ~ Ck%+1%kCkFk + KPiKx
From the boundednessproperties of P it follows that K, is
bounded, w, and v, are independent hence Eﬁk = o0 and
E(Gkﬁi) = 66k’i The stochastic stability of the error

equation (3.48) can now be investigated by looking at the
stability of

= A . 0 | - o .4
Zx+l = A %k o © | o B

, o
Let Vk k k/k X

be a Lyapunovfuhction—candidate for (3.49). By lemma 3.7 and

(3.49) it follows that

. - !
VK41l T Vi ST APk 1Ck+1 R Cxe1 P4l
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Hence
|
Vel ~ Vi 27 A2y k+1Rk+1Ck+lzk = (=2 )V,
and it follows that
. k+N—- Y
Vieem T Vi 27 Zean {42k % 4C 1 Ry 1°k 191 2x4N (3.50)

The pair (¢ yC, ) has an observability matrix

k

k. . 1
18k % _,1(T = KyCy)'CiR;Cy (T - KyC 1'% _,1

and uniformity with respect to complete observability follows

provided (I - K ) is nonsingular for all k. Now Rk > O

k“k
and A 2 A, 2 O always soO we have:
' —
det(I - K C ) =det(I = Py n 1C (W _; + A R) lck) (3.51)
= det (I - (W, _, + xknk)'lwk_l)

= _ _ vk >k
detA, R, /det( , , + A,R ) > o ¥k 2Xo 7
and uniformity with respect to complete observability of (3.49)

follows by use of lemma 3.4. Hence for all k:

v = Ve 27 TR unNZK4N

k+N kK — @

for some positive number a.

Condition Sl of theorem 3.1 is satisfied by the boundedness
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properties of P (lemmas 3.5 and 3.6). In the case where

k/k
the reachability condition of lemma 3.6 is not satisfied it
may happen that Pk/k is singular. But lemma 3.7 states that
RS(Pk/k)‘ERS(Qk,kO) provided Po is non~singular and Vk'will
satisfy this condition. S2 follows from (3.51) and S3 is
trivial. The first part of result 3.1 is established. Let
(Ak,Gk) be uniformly completely reachable and Q > 0 Yk, then

by lemma 3. 6. P;ik is uniformly bounded from above

V-1
Ve = 2x Px/x%*k

from (3.50) and lemma 3.5

K+N

for some positive constant 8. That is

\'

k+n < Vi/ (B + 1)

exponentiﬁl decay of Vk and consequently N-step

ax_-xd .N-gtep

exponential convergence of zk;ig guaranteed. ) Q.E.D.
3.4 Numerical cqnsiderations"a'Simalified'Alworithm,

;k,q*gap'by step 4 Algorithm 3.1 is un-

lex nonlinear relationship that will have

The solution for A

fortunately a comy

to be solved by a numerical routine like a Secant or Newton

method. The problem may be circumvented if R, is diagonal

'since then each measurement can
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be processed individually (Jazwinski, 1970) with a UDU'or P!5
factored algorithm for efficiency and stability (appendix 6).
This will also open up the possibility of choosing different

Zo according to the noise and processuncertainty for each

measurment. These ideas are not pursued any further in this

work but an approximate version of Algorithm 3.1 with a

simpler calculation of A, is suggested and tested in simulations.

k

Algorithm 3.2 (Approximate forgetting factor)

Loy = ¥ = Cp By 1Xk-1/k-1 = %o <7

+ Bk—luk-l)' xo/o o,

i
4"
v
0

2. Py k-1"Br-1Pr-1/k-12%-1 * Cx-1%C-1 * Pos/o = %o

: -1
3. Xk max (ze/(ze t ey (wk-l + Rk) ak), Xm)'-km-> O

|
4. K k/k lC (W -t Rk) /Ak
S¢ Xy e = A 1¥pe1 k-1 Y Br-1Yk-1 t Ry

C /A # K R K

6. Py = (I - )Pk/k_l(I - K

go to step 1l.

Lemma 3.8 If Po > 0 then A;: < Ak < 1 Vk where ig is given by

the optimal algorithm,

Proof: The lowerbound is an immediate consequence of lemma 3.2
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(compare (3.31) and step 3 of algorithm 3.2). Since P0 > 0,
Ay, > © by lemma 3.2 and R, > o by definition it follows by
induction that Pk/k > 0 hence Wk 20 and the upper bound is

established.

Result 3.2 The algorithm with approximate forgetting factor,

Algorithm 3.2 is asymptotically stable provided that the system
(3.1), (3.2) is uniform. wrt complete observability. If in

addition the system is uniform wrt complete reachability it

follows that the estimator has N-step exponential stability.

Proof: The result is a direct consequence of Result 3.1 since

the only restriction on lk*was that it should satisfy a bounded-

ness condition. X lk <1 Vk. This is guaranteed by the

update given in step 3. The other requirement (see equation 3.51)

is that (I - chk) is nonsingular. From step 4 it follows that
det(I-K,C,) = det(I-P, , ,Cy ("k-l*“k’_l"k/"k”

= det(I - (W__, + ak) e /A)

= ), det R /det(w, _, + R) > o ¥k

The rest of the proof is identical with the proof given in

section 3.3.
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3.5 Simple Control Strategies, Minimum Variance Requlator

The full optimal control problem (Bryson and Ho, 1969,
Kwakernaak and Sivan, 1972) involves the solution to a
Riccati equation and this is in it's own right a consider-
able problem. The poleplacement or eigenstructure assign-
ment method (Wolevich, 1974, anham; 1974) is numerically
somewhat less complicated but there is, at least initially

an incentive to find simpler laws that can be efficiently
used in connection with the parameter adaptive scheme. One
approach that has become popular is to look at one step
ahead criteria (Astrom, 1970; KuXera; 1972; Schumann, 1980).
This technique forms an obvious subset of optimal control
design and is, as was made clear in Chapter 2 by now well
established in adaptive control based on input-output models.
The limitation for the state space optimal output controller
is the same as_for‘the equivalent controller in the z-domain,
that the system must have a stable inverse. In the following
it will however be demonstrated that this problem may be
circumvented when a receding horizon controller is used.
Receding horizon ideas in connection with optimal control and
filtering have b@en discussed by Kwon and Pearson (1974) and
in their algorithms been shown to have good stability proper-
ties; the results in this chapter are however developed along

different lines and can be regarded as new.

Certainty eguivalent laws for contimious systems are con-

sidered so we need only to consider the deterministic system.



112

X, .Atxt + Btut . . for t;Fo and X given (3.52)

Yi = Cix, | (3.53)

where X, € Rn, Yy and a, é:Rm and A,B and C are uniformly
bounded operators as before. Note that subscript t in this
chapter will indicate a continuous time variable whereas k

will be used in connection with discrete systems.

It is well known (Kwakernaak and Sivan, 1972) that when

u, = u,_ is constant on [t,t+A),A > O we also have:

Xps] ™ Akxk + Bkuk | B (3.54)
Y = Cx*x - ' (3.55)
with Xppif = xt fort=t°+iﬂ ,1=0,1,2,..... where A
is the sampletime,
__ -t

3 = ’t+A,t R Y é ’t+r,tBrdT . (3.56)
Ck = Ct ) 1 for t=t°+iA (3.57)
and 't+A v is the state transition matrix which satisfies

7
$er T A, e $oe =1

Hhen.A,B,C are timeinvariant we have

’t+A,t f exp(hb)
The congtruction of minimum variance regulators is closely
connected with optimal predictor and inverse system theory,

some of these ideas will be used here. (Silverman, 1969)
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Definition The SYStem‘(At'Bt’Ct) is said to be uniform with

respect to complete reachability if there exists p >0 such that

t+p

= s a
i ¢ e, tBBitl,, AT > O for all t > t_ (3.58)

and uniform with respect to complete observability 1f there

Nt+p.t

exists w >0 such that

t+w

- e
i ¢ (C.Cie! dr > 0 for all t > t_ (3.59)

For a timeinvariant system we will have these conditions

Mito,t

satisfied for any'p > 0O and w > O.

Lemma 3.9 Let (At,Bt) be uniform with respect to complete

reachability, rankBt = rankCt = m and rankAt =n>m;

then there exist § > O such that

detD, ¥ O ~ for all t >t
t+é

{ °t+T,tBTdT (3.60)

If in addition (A,B) is timeinvariant we have detDt % O

where Dt sz Ct+6

for any 6§ > O.

Proof: From the condition on reachability there exists § >0

such that (3.58) is satisfied, since rankC = m we then

t+4 :
have:
t+é : _
Cess {  J ' BTB‘:' .'E'.-l-'t,‘l'dr > O for all t > to
thus N | |
t+4 |
det(ct+5i e pr, tB.87) ¥ O for all t > t_

and the result is proved. | 1
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/

The optimal l-step ahead feedback controller (discrete) is
defined by finding the control that minimizes:

1 2 2
Jo = %(||lyella + Hlu llE ) (3.62)
k k+1 Qk k Rk

where Qe >0 and R, > O are general mxm weighting matrices

and the sampletime is given by A.

Result 3.3 The piecewise constant control law that will
minimize (3.62) is given by: 1

u = -(R_+ DQD ) DIQC AX - (3.63)
where Dk = Ck+13k

If R, = O then under the conditions of lemma 3.9

u, = -D ck+lnkxk T (3.64)

where Dy is nonsingular.

Proof: From (3.54) and (3.55)

A =5 at t=t +ia .

Yre1 = k+1*k‘k + Dk“k S . (3.65)
Insert (3.65) in (3.62)

. _
Jkﬂ7¥‘|}ck+l;f_

’Jk/au " PPk Ikt T ke

2 2

+Upkgkl1qk + 'luk'le)

find ninim by setting Nk/ 3\1 = ° and solve "’ith reapect
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to a, . From lemma 3.9 we have that Dk is nonsingular for

suitable choice of A . and the second result follows

by setting Rk = 0, Q.E.D.

The regulators (3.63) and (3.64) are suitable for all

systems that have a stable inverse and regulator (3.63)
can in addition be used for inverse stable systems when

all eigenvaues ofAk lie strictly inside the unit disc.

Unstable nonminimum phase systems can be stabilized by a
regulator that costs the whole state. Define:

2 2 - 2
g = %(llx 5 + [la [15) (3.66)
k “k+1''Q, i S S

where Qk is nxn and positive definite.

Result 3.4 The control minimizing (3.66) is given by:

U =~ (R *JBiQkBk)f}BiokAkxk _ . ﬁ (3.67)

Proof: 1Insert(3.54) into (3.66) and differentiate

2 . . '
/%y = BLQ A x, + B QB u + Ru

and (3.66) fdiioﬁs by setting 3Ji/3u = 0. Q.E.D.

k

3.6 Receding horiz

The problems of inﬁei'sample oscillations and control of

non minimum phase 5}‘5&&3 were discussed at some length
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in Chapter 2. and it is evident that these carry over into
the state space framcﬁork. The concept 0of receding horizon
controller was introduced and this idea is here developed

also for continuous systems.

Consider

Te = 5UlYeegllg + Hugiy (3.70)

where T > O is the Ttmehorison.

The costfunction (3.70) is uniquely defined for all t since
we are considering instantaneous values of Y4 and u, . The
input u, will however not be well defined unless we constrain

the trajectory of u ._for.:e[t,t+T).

Here we will consider the strategy of keeping the future

value of ut over tha timchorizon constant. Note however |

that in line'with the receding horizon concept will u, be
a continuous variable since'we are considering the instan-

taneous cost (3 70) at all t.

Result 3.5 ' The receding horizon regulator is given by:

1

Pt" -(R ¥ DtQﬁ t) tQt t+T?t+7, % (3'7;)_
If in addition T  of lemma 3.9 and Rk-othen,w

S |
B¢ = "Dt Ceartesr, ™t o B
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Proof: The proof is almost parallel to the proof of Result3.3
but the argument is repeated here for the sake of complet-

ness.

From (3.54) to (3.57)

t+T
Yerr = Cearleer, t¥e ¥ Cesr i’t+T;tBtuth (3.73)
now u,_ is supposed to be constant on [t,t+T) so we have
Year = Cearfesr, ¥ T PtYt (3.74)

where Dt is defined in lemma 3.9 for §6< T.

The result follows immediately by substituting (3.74) into the

costfunction and performing the minimization. Q.E.D.

Result 3.6 (Stability of receding horison regulator) The

receding horizon regulator (3.72) is liiblc and

1im| %, || = 0, lm|ly,[| =0 and 1tam|lu_|| = O

t+. t-b-ﬂ t-’..

provided (A,B,C) are timeinvariant and uniform with respect
to both observability and reachability.

Proof: Assume for simplicity that A has distinct eigenvalues,

we can then diagonalise A by the similarity transformatidn

A =r"13r ' 'where r is an eigenvector matrix for A

and Alis diagonalﬁatrix of eigenvalues.
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with A. We also have

Consider Vt(-) 3 m"

Vo () = SEIP(T)E,
-1
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>

et T

1

+ R, given by:

O for all T>O

= exp(AT) is the transition matrix associated

-1
®eap, T

2
> O for all |[jg || # O (3.75)

Let Et = [ X, s then from (3.52) and (3.53)

Et t ’

= Aat + Bu
and from (3.72)

-1
u, = =D "C & 0 £TE,

From (3.75)

Yy = CTE,

vt(qedut;:?('r)zt +gép(r)£t)

(3.76a)

(3.76Db)

Now P(T) is diagonal hence by using (3.76)

v, (E,)

= {P(T)(AE, ¥ Buy)

- o
ELP(TIAE, = ELY(TIE,

~ where v(T) = P(T)BD

We have thefb;lpw§ngpr0perties:

1im[|P(T) || = O and

lcrt

1lim ¢

T+0 ~ T+0
N(r(1)) = NPeere . )

t+7,t

. =
t+T,t

(3.77)

(3.78)

(3.79)

From (3.76), (3.78) and (3.79) we find that there exist an

¢ and t > O such that for all 0 < T < t

€
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Gt(Etﬁ= -BEQEt < O for all Et A NS(?(T)) (3.80)

From (3.80) we can see that the function Vt(st) is strictly

decreasing for any £, outside the nullspace of Y(T). Hence:

Um g NT(Cre ) (3.81)
But this together with (3.79) and (3.76b) gives iimllutll = O
From (3.75) we f£ind the T ahead output

t+7T
Yeor = € (Ppypp o8¢ * t Yo, B0 AT (3.83)
hence using (3.81)|together with the result forut we have
lim.llytll = O and the result follows from the conditions
on observability and reachability. Q.E.D.

The state space receding horizon controller can thus also be

applied to unstable non minimum phase systems provided that

a suitable timehorizon. is chosen. The restrictions uniform
with respect to observability and reachability and time-—
invariance are however fairly strong and these may in some
cases limit the applicability of the regulator in situations
where there are both strong instabilities and non minimum
phase effects acting together. This has to be explored

further in experiments.
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3.7 A tuning reulator ,f_ _artiall known systems

Up to this point we have considered systems where there are
very weak assumptions made about our knowledge of the
process dynamics. The algorithms presented treat the process
in terms of input output relationships and the estimated
models may in many cases be one member of a larger set of
models giving the same iaput output map. The assumptions

of linearity, stationarityand timeinvariance have led us

to strong results about stability and sometimes convergence
of the regulators. To apply the theory to a more realistic
environment have we robustified the estimator by means of
variable weighting of data and a detuned version of the
minimum variance regulator has been introduced. It can be
expected that this will allow good performance on systems that
deviate mildly from the above mentioned assumptions also: for
multivariable controllexrs. Using the theory of appendix 9

we can estimate the parameters and reconstruct the states
of the unknown system directly from input output data and in
this way apply the state space regulator theory. There is
however no :Lmd:late ‘reason why th:ls develo;ment should

not be carried through by extending the theory

of chapter 2 directly without having to use state space
representations. The main advant ages of the state approach

lie élsewhére. -

-
L]
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Chemical processes are inlmany cases as pointed out in chapter
1 modelled by means of ordinary and partial differential
equations and the assumption of having no knowledge of

process dynamics is often too pessimistic. There will in
general be some knowledge of the process dynamics and more

often than not this knowlege tells us:

A: Most chemical procésses are nonlinear
B: Time varying parameters frequently appear

C: Disturbance processes are nonstationary

This knowledge shakes the basis for some the earlier deve-
lopments an& the 11near timeiﬁ?ariant regulator theory.will
have to allow substantial detuning to yield good performance
on multi input multi cutput plants. Given the existence

of a reasonably good model bf the physical system it is there-
fore natural to interface this with the concepts developed

in the previous chapters and sections and thereby strengthen

the foundation for our design.

Let the plant now be described by:

x, = £,(8,x ,u) +Gv, , x_ ecR', x_given  (3.84)

t t t

Yy ‘gt(e.xt)'-i-ﬁ Ve ' 1 Y. € R o (3.85)
where f_ and_gtygxg nonlinear vectorfields, G is a linear

Operitor;_wT §nd_V are Gaussian disturbances and 6 is a

t t

vector of uncertain parameters occurringin f,_ and g +* The

. t
realizability of such a system is not discussed further here



