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Wide classes of new fundamental physics theories cause apparent variations in particle mass ratios in
space and time. In theories that violate the weak equivalence principle (EP), those variations are not
uniform across all particles and may be detected with atomic and molecular clock frequency comparisons.
In this work we explore the potential to detect those variations with near-future clock comparisons. We
begin by searching published clock data for variations in the electron-proton mass ratio. We then undertake
a statistical analysis to model the noise in a variety of clock pairs that can be built in the near future
according to the current state of the art, determining their sensitivity to various fundamental physics signals.
Those signals are then connected to constraints on fundamental physics theories that lead directly or
indirectly to an effective EP-violating, including those motivated by dark matter, dark energy, the vacuum
energy problem, unification or other open questions of fundamental physics. This work results in
projections for tight new bounds on fundamental physics that could be achieved with atomic and molecular
clocks within the next few years. Our code for this work is packaged into a forecast tool that translates clock
characteristics into bounds on fundamental physics.
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I. INTRODUCTION

The world’s most precise clock to date can reach relative
uncertainties of 10719 [1], a level of precision which would
lose less than a second over the age of the Universe. This
level of precision opens up new avenues for testing funda-
mental physics theories by searching for variations in
Nature’s constants. In many theories beyond the Standard
Model, “fundamental constants” such as the proton-to-
electron mass ratio () and the fine structure constant («)
are not fixed but can vary dynamically over time [2-5]. This
behavior is exhibited in a wide variety of dark matter, dark
energy, and modified gravity theories. Atomic, molecular
and ion clock transition frequencies depend on those
fundamental constants and are therefore sensitive to their
variations [6]. By comparing the frequencies of two different
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atomic/molecular transitions, we obtain a unitless observ-
able thatis sensitive to fundamental constant variations [7,8];
the level of constraint produced by such a comparison
depends on both the precision of the clocks involved and
their intrinsic sensitivity to the fundamental constants under
question [9].

Earlier studies of temporal variations of fundamental
constants searched for linear drifts in the atomic clock
frequency ratios between two clock species [7,9—11]. Drift
rates were extracted from linear fits to the data, with ¢ and
dependence derived through computational calculations of
atomic structure. More recently, frequency measurements
of atomic clocks have also been used to search for
oscillatory fundamental constant variations caused by
hypothetical gravitational potential couplings to x4 and «a
by investigating the possibility of annual sinusoidal varia-
tions caused by the varying gravitational potential as the
Earth orbits the Sun [12]. Previous studies that have
searched for such variations in ;41 have used neutral
strontium vs caesium-fountain [14], hydrogen maser vs
caesium [15], and ytterbium ion vs caesium [16] compar-
isons. These studies have searched for violations of general

ISee [13] for a similar search for « variations using atomic
dysprosium.
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relativistic local position invariance with no such variations
observed to date, resulting in some of the strictest con-
straints on fundamental theories currently known.

In parallel, over the past several decades, there have been
enormous advancements in the development of different
types of clocks, including atomic, molecular, and ion clocks.
There are over 450 atomic clocks in over 80 national
laboratories worldwide, contributing to International
Atomic Time (TAI) alone [17]. It is estimated that there
are thousands of atomic clocks worldwide in telecommuni-
cation networks, GPS satellites, and research institutions and
universities. The most precise and accurate atomic clock has
recently recorded a systematic uncertainty of 8 x 1071° [1].
Dedicated efforts to build networks of clocks with unprec-
edented sensitivity to temporal variations of the fundamental
constants are also ongoing [18,19]. The pace of progress in
both theoretical fundamental physics and optical frequency
metrology motivates a coordinated approach that integrates
theory and experiment.

The purpose of this work is threefold. First, we overview
wide classes of new physics theories focusing on those with
specific predictions that atomic clocks can measure.
Second, we carry out a preliminary search for those signals
by compiling existing publicly available data from the
BIPM circular T database [20]. Third, we introduce a tool
to apply statistical methods and generate constraints based
on the characteristics of the clocks in question that can be
used to test the sensitivity of clocks to fundamental physics
theories, specifically a wide variety of modified gravity,
dark energy and dark matter theories. This tool can also be
used to forecast the degree to which future atomic clock
advancements can result in stronger bounds on fundamen-
tal physics, and we use it to explore several such possibil-
ities in this work.

The rest of this paper is organized as follows. Section II
provides an overview of the fundamental theories that we
test. Secs. III and IV present an illustrative analysis using
publicly available data from optical atomic clocks to
produce constraints on those theories and to provide
forecasts on state-of-the-art/future clock experiments and
projections for their testability with atomic clocks.
Section V presents a publicly available tool that can be
used to derive constraints using the characteristics of
atomic clocks as input. We conclude in Sec. VI.

Conventions: Throughout this work, we use natural units
in which ¢ = A = 1, the mostly plus metric convention,
and we define the reduced Planck mass in the usual way
as Mp, = (872G)™"/? ~2 x 10'® GeV.

II. THEORETICAL MODELS

There is clear motivation from cosmology to introduce
new physics. Despite nearly a century of effort, 95% of the
matter in the Universe remains unaccounted for, as does
about 70% of the total energy. This energy appears to be
driving the accelerated expansion of the Universe, which

can otherwise be produced by no particle in the Standard
Model apart from quantum or classical vacuum energy
which suffers the worse fine-tuning problem of particle
physics. Faced with this challenge, myriad of new theories
have been proposed in an attempt to explain some of the
aforementioned phenomena by involving either new par-
ticles, new interactions or modifications of some of the
properties of the known particles of the Standard Model or
the graviton. These models generically involve new scalar
(alongside potentially higher spin) fields, either as funda-
mental new degrees of freedom, or (more commonly) as
effective or decoupled local and four-dimensional descrip-
tions of the new effects [21].

Taking this new physics to be described by a real scalar
field ¢, the lowest-order couplings to ordinary matter have
an interaction Lagrangian that may be written as

¢ ¢ ¢
»CimNM—pmppp+Em”nn—|—Emeee. (1)

Note that we have chosen to work at the level of effective
couplings to protons and neutrons, which are composite
particles. These couplings could be further decomposed
into couplings to fundamental Standard Model particles
[2,22]. We provide an approximate mapping to one such
description in Appendix F. Nevertheless our present
approach is relatively generic and a sufficient approxima-
tion for the low-energy phenomena in atomic clocks, so (1)
can be regarded as ubiquitous to large classes of models
that probe the fundamental constituents and their
interactions.

In most of this WOI‘k,2 we assume that nucleons couple
with equal strength to the scalar field M = M, = M,, so
the main physical scale is captured by the differential
coupling between nucleons and electrons

Mg =M= M) (2)

A nonuniversal coupling may appear troubling from a
purely gravitational perspective, as modified gravity the-
ories often descend from a Jordan-frame metric that
depends on the scalar field and commonly results in a
universal coupling to matter. Our approach is more general,
and indeed, theories with nonuniversal couplings like in
Eq. (1) are common targets for new physics searches,
particularly ones looking for equivalence principle
violation [23-25].

From Eq. (1) it is straightforward to see the dependence
of the fundamental constant y on the scalar field ¢. Each
term takes the form of a mass for its respective fermion
my, (¢) = my, (1 +¢/M,,) for yw € {p,n, e}. The effective
mass ratio of the particles is

“See Appendix F for implications and generalizations.
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m, (14 ¢(1)/M),)
me(l + ¢(t)/Me) ’
~u(1+¢(0)/M, - p(t)/M,),

A8

In general the scalar field ¢ = ¢ (X, t) can vary as a function
of position X and time ¢. In this work we will focus on
cosmological signals that are uniform in space, hence
¢ = ¢(1), as well as the effect of spatial variations that
become time variations in Earth’s reference frame as a
result of Earth’s orbital motion: ¢ = ¢(Xgum(7), 1) = @(2).
An experiment might constrain variations in g (f) over
some particular timescale, that is, Ay = pegr(12) — pege(11)-
Dividing by the average value 1 we have

Hefi (1) =

e @

o My

where A¢ is the change of the scalar field value over this
same timescale.’ This makes clear two essential ingredients
for a measurable signal in atomic clocks. First, we require a
nonuniversal coupling to some combination of protons,
neutrons, and electrons, as a universal coupling (corre-
sponding to M, =M, = M,, or M.z — oo) would pro-
duce Ay = 0. Second, we require some variation in ¢ over
the timescale of the experiment. This variation depends on
the specific theory in question and can be produced either
locally or cosmologically. We identify three distinct types
of signals, each corresponding to a new fundamental
physics scenario:

(1) Modified gravity and tests of fundamental physics:
The inclusion of the coupling to matter in Eq. (1)
implies that matter sources the scalar field, as is the
case in many models that involve a screening
mechanism [21], (e.g., Vainshtein [26-28], chame-
leon [29], or other screening mechanisms that
effectively reduce the coupling between the scalar
and matter [30-34]). One of the strongest sources in
our vicinity is the Sun, and as the Earth orbits
the Sun its distance varies at the level of ~1%,
producing ¢ ~ sin(2xt/year) and corresponding

*An analogous procedure may be performed with the photon if
the scalar is also coupled to photons, such as L;, = j—”‘;in.
Assuming ¢ changes slowly over the time- and length—séales
of the experiment, we can rescale the photon field A, —
(14 ¢/M,)"'/?A,, and we find

Aa A

a M,

(5)

However, in this work, we will restrict our attention to matter
couplings only.

oscillations in x on a one-year period, with known
phase. This is discussed in Sec. IVA.

(ii) Dark energy: Dark energy is commonly modeled as
quintessence [35,36]; a scalar field rolling down
some self-interaction potential V(¢). This produces
a field that varies in time ¢ = ¢(), inducing
corresponding variation in u. Over the short time-
spans under current consideration (~years), this
variation can be reasonably approximated as linear,
¢ ~ \/pxet, where pgg < (2.4 meV)* is the amount
of kinetic energy in the dark energy field. See
Sec. IV B for details.

(iii) Dark matter: Ultralight dark matter produces
background field oscillations ¢ ~ sin(mr), where
10723 eV < m < eV is the scalar particle mass [37].
This predicts sinusoidal variations in u over time-
scales of 10715s < m~! < 1 year. This is discussed
in Sec. IV C.

The bounds from each of these signals will be compared
against existing bounds on those theories, the most relevant
of which are typically other clock experiments, the
Planck [38] and MICROSCOPE [25] satellites, and lunar
laser ranging [39].

III. EXISTING AND SIMULATED CLOCK DATA

In this section we conduct a preliminary search for the
signals described in Sec. II. We utilise publicly available
data from circular T (Sec. Il A) and employ a Markov-
chain-Monte-Carlo (MCMC) and a Fisher matrix technique
to project the sensitivity of different combinations of clocks
(Sec. III B). Lastly, we use simulated data from state-of-the-
art atomic clocks to forecast their sensitivity to potential
signals, thereby establishing constraints on relevant theo-
retical models based on their noise profiles. The constraint
plots produced using the simulated data generation of state-
of-the-art atomic clocks are presented in Sec. I'V.

Throughout this work, we use the framework presented
in Ref. [8] to relate the frequency ratios of atomic clock
pairs to potential variations in the fundamental constant p.
The sensitivity of a specific atomic or molecular transition,
denoted by v;, to changes in a fundamental constant
represented by X = {a, u}, is quantified by a sensitivity
coefficient denoted as Ky.

The sensitivity to variations in a particular fundamental
constant X for a given frequency ratio R = v, /v, is directly
proportional to the difference between the sensitivity
coefficients

- Kl S (©)

A higher value of Ky indicates greater sensitivity of
the specific transition to variations of X. For optical
electronic transitions K, ,,, = 0; for molecular vibrational

transitions K, i, = —%; and for hyperfine microwave
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TABLEI. Summary of types of signals in variations of  due to fundamental physics. All values stated are the standard uncertainties in
the associated parameter A as defined in the first column, i.e. 4. This represents approximately the largest such signal that could
reasonably escape detection. For the dark matter signal, the values in the table show the forecast error on A assuming a fiducial value of
@ = 2z yr~! after marginalizing over that parameter as well as the phase &. The full frequency dependence of this constraint is illustrated

in Fig. 1. Each of these generalized signal types will be connected to fundamental physics theories in Sec. IV.

Signal type Ap/p signal  CaF/Sr (projected)  Sr/Cs (projected)  Circular-T [20]  Best existing constraint ~ Units
Modified gravity Acos(%) 7.8 x 1078 1.4 x 10710 43 x 10717 2.3 x 1071% [51] None
Dark energy At 1.7 x 107% 3.1 x 107 1.6 x 10720 1.1 x 1072# [16] 57!
Dark matter 4 cos(wt + 6) 1.5x 107 2.8 x 1073 3.6 x 10777 See Fig. 1 57!

(MW) transitions K, yyw = —1 [18,40]. For K, the sensi-
tivity coefficients depend on the detailed atomic structure
of the atom or molecule considered [41-43]. See Ref. [8]
for a discussion on how these sensitivity coefficients are
derived.

The transition frequencies of the atomic clocks consid-
ered in this work can be written in the form [8]

Vopt = A+ Fop(@) - R,

1
m, \z
Vyip =C+ | — | R,
mp

vmw = B - & Fyw(@) % CR, (7)
P

with the Rydberg constant R, = 75 a*m,. The F(a) terms
. . . . & .

account for relativistic perturbations to the atomic structure,

which can be significant in heavier elements.”

A. Testing the models on circular T data

To provide a baseline for constraints on the classes of
signal described in this paper, we performed a preliminary
study using publicly available data published monthly by the
BIPM through circular T [20]. The BIPM provides a monthly
release of the BIPM’s time department data, allowing for
local realizations of UTC(k), which are maintained by
national institutes, to trace back to the coordinated universal
time (UTC). UTC is a globally recognized time standard used
as a reference for timekeeping and is established using data
from atomic clocks operated by over 80 contributing
institutes worldwide [48,49]. Since the definition of the SI
second is based on the frequency of the hyperfine transition
in caesium, most clocks contributing to TAI are caesium-
based with K, = —1. However, inrecent years, contributions
from clocks based on optical transitions have emerged [20]
which have K, = 0. In this work, we exploit this difference

*It should be noted that for the microwave hyperfine transition
frequency, Eq. (7) neglects two small but potentially non-negligible
effects: the variation of the nuclear magnetic g-factors [44,45] and
the variation of the nuclear radius [46,47]. In this work we use
effective couplings to entire nucleons, so a discussion of effects due
to varying nuclear structure is beyond the present scope of
discussion but would be an interesting exploration in future work.

in sensitivity to test for variation in p by assuming that the
mean value of TAI is entirely determined by the caesium
transition, and comparing individual strontium and ytterbium
optical clocks against this total mean to extract a cross-
species frequency ratio.

The data used to produce the constraints and the
mapping from that data to Ap/u are presented in
Appendix A. For this analysis, values of d, the negative
fractional frequency deviation of TAI, for individual optical
frequency clocks as reported in circular T are used as
described in the same Appendix. It is assumed that this
value is proportional to AR/R and therefore to Au/u where
R is the ratio of frequencies of the optical clock considered
to the mean caesium transition frequency.

After collating the data for all the optical clocks
contributing to circular T (Fig. 6, in Appendix A), we
use Bayesian inference to evaluate the posterior distribution
of the unknown parameters in our models. Three models
were used: (a) a sinusoidal model with a fixed period of one
year with the amplitude as the only free parameter, (b) a
linear model with the gradient as the unknown parameter,
and (c) a sinusoidal model with an unknown period and
phase. We use the EMCEE Python package [50] to perform an
MCMC analysis of the (log)-posterior distribution in the
theoretical parameters given the data (see Appendix C).

The constraints produced from this analysis are pre-
sented in Table I for comparison with the other constraints
on the associated parameters stated. It should be noted that
this analysis is limited by assuming that the quoted
uncertainties are reliable and that there are no correlations
between measurements of the same clocks.

We also assume that all optical clocks from all the
different laboratories are affected in the same way by
the physical phenomena, and that the uncertainties in the
measurement of % is affected by a Gaussian noise, with no
correlations between different clock pairs. As a point of
comparison, the maximum allowed signals in the data that
could have escaped detection are summarized in Table I.

B. Forecasts with state-of-the-art atomic
clocks (Fisher information)

To forecast the possible observation of variations in
fundamental constants using current state-of-the-art atomic
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clocks, a Fisher forecast method is adopted, along with a
MCMC analysis, to evaluate the projected sensitivity of the
experiments to potential signals of fundamental constant
variations. Those methods are widely used in cosmology
[52] as tools for parameter estimation forecasts, which
inform the development of future experiments.

The Fisher matrix method is a Bayesian inference
approach, and the method is used to detect potential
variations in the ratio of the measured frequencies of
two clocks over time. For the clock projections, we
simulate a data stream sampled with a cadence of 1 second,
coming from the superposition of the frequency ratio AR/R
induced by our set of theories and the instrumental noise
from a realistic noise model built on the physical properties
of the clocks considered. The mathematical framework of
this technique is presented in Appendix C 1. This data
stream is Fourier transformed into the frequency domain to
facilitate the analysis of the signal characteristics and
separate it from noise. The noise is assumed to be
Gaussian and stationary with zero mean, and we assume
the data stream is ungapped. The relaxations of these
assumptions are not expected to significantly impact the
forecast, even if the analysis will become much more
challenging in practice. Some details regarding this point
are given in Appendix C 1. The Fisher approximation of the
posterior distribution of the unknown parameters is then
analytically computed to have a quick and reliable estimate
of the confidence intervals to produce analytical and
interpretable forecasts. An MCMC evaluation of the full
forecast posterior distribution has been done to check the
validity of the Fisher approximation. The clock character-
istics used in this part of the analysis can be found in
Appendix B Table III.

C. Forecasts—Simulated data

This section presents the method used to create simulated
clock data to derive constraints on the various models using
Bayesian inference. A numerical simulation is imple-
mented to generate synthetic datasets consisting of a signal
embedded in noise.

The analysis is carried out in the frequency domain
instead of the time domain. This is because the noise profile
includes a 1/f = 2x/w dependence noise term (flicker/
pink noise), which implies correlations in the noise of the
data points in the time domain, making the analysis more
complex and computationally expensive as the correlations
would need to be explicitly handled. Working in the
frequency domain, where the covariance matrix of the
data is diagonal, removes this requirement and simplifies
the analysis.

We first generate noise with white and pink noise
components for two clocks by modeling the noise profile
of the clocks using the one-sided power spectral density
(PSD) for a single clock, as indicated in Eq. (B1). The
values for the coefficients used for each clock are presented

in Table III. The total duration of the simulated signal is
three years with a cadence of one second. Two clocks are
required for sensitivity to variations in fundamental param-
eters, therefore, the combined resulting PSD of the two
clocks is the combination of the individual PSDs for each
clock assuming that the noise streams of the individual
clocks are uncorrelated. The resulting PSD is a summation
of the individual clocks PSD. The combinations of clocks
used are presented in Fig. 7(b) (bottom plot).

The signal predicted by the theories considered is para-
metrized in the frequency domain and then added to the
simulated noise stream. The injected signal is determined in
the frequency domain for all different scenarios by taking
the Fourier transform of the time-domain signals outlined
in Table I. The MCMC analysis is then performed on the
resulting dataset to obtain samples from the posterior
distribution of the unknown parameters.

The values for the coefficients of the PSD are included in
Table III. The MCMC sampling method described in the
previous section is used to derive the posterior distributions
for the different free parameters in question for the different
models. The results are then used to investigate the
relationship of different parameters of the models in
question. Plots investigating the relationship of different
parameters are presented, and the constraints on the space
parameters imposed by different pairs of atomic clocks are
also shown.

This was done for each of the signals listed in Table I.
The results for two representative samples of clock combi-
nations are also listed in that table. The “dark matter” signal
is slightly more involved because the threshold for detec-
tion of A now depends on the typical frequency of the
signal . We therefore include additional information for
this case as a worked example. The approach may be
generalized straightforwardly for the other two fundamen-
tal physics signals types. One key distinction of the
modified gravity signal is that the phase of the oscillations
is set by the position of the Earth relative to the Sun, the
details of which are discussed in Sec. IVA.

For the dark-matterlike signal, we show the upper bound
that the experiment can pose on the amplitude parameter A
as a function of the value of the frequency of the signal,
which is the curve

A> 07 = GA(a)O)a)ﬂ()]]\:’((CZ:)))

(8)

where N(w) is the noise power spectral density at fre-
quency 52 and o4 (@) is the value of the forecast error in the
measurement of the parameter A at the reference frequency
Wy = f—}’fr The curve is shown in Fig. 1, with the values of
o4 (@) displayed in Table I, and the derivation is detailed in

Appendix C 1.
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D. Existing varying-u searches

Variations in g have been previously discussed in the
literature in a variety of contexts (see [3] for a comprehensive
review). Such observations can be observed from laboratory
scales to cosmological (see, e.g., [56-59] for recent con-
straints from the early universe via the “thermal misalign-
ment” mechanism). In this section, we briefly review a few of
the most relevant existing laboratory measurements, with a
particular focus on atomic clock tests.

Six years of clock data were examined for oscillatory
signals associated with dark matter with an Rb/Cs clock
pair [60]. However, this particular clock pair has a
sensitivity coefficient difference for u of 0, making it
difficult to perform a direct comparison in this work.
Indeed, a nonzero sensitivity coefficient K, (described at
the beginning of Sec. III) is a key advantage of the clock
pairs we focus on in this work. In the interest of facilitating
comparison, we translate our bounds into the dark matter
model used in that work in Appendix F.

A comparison of Cs/Yb/Sr clocks was combined to
produce estimates of signals equivalent to our modified
gravity and dark energy signals [51]. The uncertainty on the
amplitude of the yearly modified gravity signal was
64 =2.3x 10715 which is directly comparable to our
results. It is seen in Table I that this is roughly in line
with our St/Cs clock projections and about 1.5 orders of
magnitude weaker than our CaF/Sr projections. A com-
parison of noncontinuous clock data over a period of
roughly 13 years was also undertaken to search for a
linear drift in px, which was measured to be j/p =
(5.346.5) x 10717 /yr. Converting this uncertainty into
units of s~! allows for a direct comparison to our dark
energy signal, and rules out A > 2.1 x 1072* s~!, Referring
to Table I, we see that the measurement is roughly in line
with our Sr/Cs clocks projection and about one order of
magnitude worse than the CaF/Sr projection.

Frequency comparisons between a strontium clock,
silicon cavity, and hydrogen maser were performed to
search for ultralight dark matter [54]. Those bounds are
stated in terms of a scalar-electron coupling parameter d,,
which is related to our M by

V2Mp

M . =
eff dm

- 9)

e

Those bounds are included in Fig. 5. To translate the
bounds to the amplitude signal of Fig. 1, we use Eq. (25) to
compute the signal amplitude as

V2ppm

M eff

A=

(10)

where we have used the local density for dark matter as
described in Sec. I'V. Also of note is a search using Yb/Cs

Dark Matter Signal
_16 -
o o-18p 1L
(%]
-
<
o
—
o —20
o
]
°
>
=
= -22¢
IS
<
—24+
%58 7 & 5 2 3 =
Frequency logiof/ Hz
FIG. 1. Comparison of projected and existing constraints on

oscillations in pq(t)/ft = 1 + A/w cos(wr + §). This signal is
associated with ultralight dark matter theories. Also shown are
currently leading constraints from clocks in this frequency range
[40,53-55]. Note that this figure is in terms of the ordinary
frequency f, not the angular frequency w = 2xf.

clocks which ran for 298 days [55], and is also included in
Fig. 1. In a similar vein there are a number of experiments
that constrain ultralight dark matter in this range, particu-
larly NANOGrav [61] which appears on Fig. 5. More
generally a number of constraints on the ultralight dark
matter-Standard Model interactions are summarized in [62].

More recently, data from Yb, Sr, and Cs clocks was used
to search for oscillatory ultralight dark matter signals [40].
This data is in 600s intervals and was collected over a
period of two weeks. Since the dark matter signal in Table I
is normalized to 1 year, this result is omitted from the table,
but it is included in Figs. 1 and 5. These bounds cover a
similar frequency range as explored here, and are approx-
imately one order of magnitude weaker than our current
projections.

The coupling between clock frequencies and the
Newtonian gravitational potential were measured in
[15,53], and has been summarized for a variety of atomic
species. Unfortunately, these results are not directly com-
parable to our approach without additional theoretical
modeling, as the modified gravity models we focus on
in this work fall off differently from the Newtonian
potential. In future work, it would be interesting to translate
their results into bounds on specific modified gravity
models. A similar approach was taken in [16], although
that work also constrained a linear temporal variation in y
to be j/u=(—-8+36)x 107!8 yr=!. This corresponds
to a maximum dark energy signal amplitude of A <
1.1 x 102* 57!, making it, along with MICROSCOPE,
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one of the best current constraints on the EP-violating dark
energy signal.

It was recently proposed to search for chameleon
particles by employing two identical clocks, where one
of the clocks is placed inside a massive source object (or
with such an object nearby) to search for redshift
effects [63]. Such effects could, in principle, be searched
for with the clocks under present consideration as well,
although in this work, we focus on equivalence-principle
violation searches through varying-u as this is a unique
feature of the clock combinations we are considering. It
would be interesting to explore the potential for these
clocks to search for the above signal, particularly for short-
range forces, in future work.

IV. PROJECTED CONSTRAINTS
ON FUNDAMENTAL PHYSICS

This section presents projected constraints on funda-
mental physics theories from state-of-the-art clocks for all
three signals described in Sec. II. These signals are
associated with modified gravity, dark energy, and dark
matter, respectively. In each case, the underlying physics is
modeled as a single real scalar field ¢, coupled to matter via
the interaction Lagrangian given in Eq. (1). The coupling to
matter, along with spatial and/or temporal variations in the
local scalar field value, leads to variations in the apparent
electron-proton mass ratio .. In this section, we mainly
emphasize the results on a few of the most novel or
promising routes for detecting new fundamental physics
rather than a broad overview of all possible theories that
could be tested.

A. Fifth forces and screening

A direct scalar-matter coupling of the form Eq. (1)
generically implies that the scalar field mediates a new
“fifth” force between matter particles. There are a wide
range of fifth force models in the literature, which are
reviewed in [21,64-66]. While clocks are not directly
sensitive to this new force, they are sensitive to that force’s
potential, which is proportional to the local field value ¢, as
is clear from Eq. (3). The Sun, like all massive bodies, is a
source for that potential. As the Earth orbits the Sun, the
Earth-Sun distance varies at the level of ~1%, leading to
variations in ¢ (and hence the proton-electron mass ratio u)
on a one-year period. A similar approach was taken in [67],
although that work focused on theories without scalar self-
interactions and on variations in the fine structure constant
a and particle masses.

For our purposes, many models can be analyzed via the
same procedure where the additional degrees of freedom
behave as a scalar in some limit. Then we can first consider
the scalar field’s equation of motion around the Sun in order
to find ¢(r), where r is the distance to the Sun. Then, we
supply r(t), which describes the Earth’s distance to the Sun

as a function of time. This allows us to compute variations
in u.; as a function of time via Egs. (3). In this section, we
focus on a pair of modified gravity models, and further
models are discussed in Appendix E 2.

Leading theories of gravity which depart from four-
dimensional general relativity on large cosmological scales
are associated with theories where the graviton is effec-
tively massive either as a resonance or as an effect from
extra dimensions [68-71] or as a four-dimensional local
theory of gravity [28,72,73]. While Lorentz-invariant
theories of massive gravity (whether they are effective or
not) involve additional degrees of freedom (or polariza-
tions), that could in principle mediate fifth forces, they also
come hand in hand with a Vainshtein screening mechanism
[26,74] which is best understood in the decoupling
limit [75], where one of the degrees of freedom behaves
as a scalar field (dubbed the Galileon) [76,77]. The
Vainshtein mechanism naturally ensures that scalar self-
interactions suppress the fifth force sourced by massive
objects and lead to a smooth massless limit. This theory is
introduced in more detail in Appendix E 2 c, while here we
give a brief overview of this theory’s relevant properties.

The Galileon is characterized by both a scalar-matter
interaction set by the parameter M, as well as several
nonlinear self-interaction terms which are set by the
parameters A, cy. Note that A is related to the scale of
the graviton mass m, in this theory by [78]

A3 zméMpl. (11)

Around a spherical source object of mass mg, the
Galileon’s equation of motion is

! M 2 N 3 .
() (5) + % (F) —amm 02

r AN\ r A r 4aMr
The terms on the left follow from the theory’s ordinary
kinetic term, its cubic self-interactions, and its quartic self-
interactions in its Lagrangian, respectively. There are three
parameters: A sets the overall strength of the Galileon’s
self-interactions, ¢, controls the relative strength of the
quartic interactions, and M controls the strength of the
coupling to matter. Note that in the interest of simplicity we
have coupled the Galileon to nucleons with equal strength
and not at all to electrons (that is, in this section we

take M, — ).

Far away from the source, the cubic and quartic terms are
strongly suppressed relative to the kinetic term, which may
be intuitively understood by observing the additional

>Strictly speaking, the source in Eq. (12) should not be the total
mass, but only the fraction of the source’s mass made up of
nucleons. However, this distinction corrects the value of my; at
the level of a part in 10° which makes a negligible difference to
our present estimates.
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factors of ¢’ /r in the equation of motion. As such, at large
r, the field’s behavior is dominated by the ordinary kinetic
term, giving a field profile that goes as ¢ ~ 1/r, much like
in Newtonian gravity. Closer to the body, the Galileon’s
self-interactions become significant, and the cubic inter-
actions dominate the left-hand side of Eq. (12). Within this
region, the falloff is reduced to ¢ ~ 1/4/r. The boundary
between these two regimes is termed the “cubic Vainshtein
radius” Rj. Closer still to the massive body, the quartic
terms dominate, and the field profile tends toward a
constant. Summarizing, we have

mét/)f for r < R}/R3,

(r) ~ m(l,{)jzr“/2 for R}/RY <r <R;, (13)

1

Moy~ for Ry < r.

The Vainshtein radii R34 depend on the mass of the
source and parameters of the theory and are given in
Appendix E2c.

As the Earth orbits the Sun, its distance varies as

_ 1—¢
r(t) = aecos(Zm‘/year) +1°
= a(l — ecos(2xt/year) + O(e?)),  (14)

where a = AU is the average Earth-Sun distance and &€ =
0.0167 is the eccentricity of Earth’s orbit. This leads to
yearly sinusoidal variations in ¢, and therefore also in u via
Eq. (3). These variations are to be compared with the result
of the statistical analysis searching for sinusoidal variations
in p with a one-year period, which is summarized in Table 1.
Note that (unlike the case with dark matter) the phase of this
signal is known and is set by the position of the Earth
relative to the Sun.
To solve for the scalar field, we Taylor expand as

¢(r) = ¢(a) + ¢'(a)(r - a). (15)

Only the second term varies in time via r = r(r).
Combining, we find

p(1)
i

¢ (a)ae
M

=1+ cos(2nt/year). (16)

The result of this analysis is shown in Fig. 2. This
analysis was done for a CaF/Sr clock pair over a period of
three years, which was shown in Table I to be one of the
most sensitive clock systems to the yearly periodic modi-
fied gravity signal.

We can make some general observations about these
results. First, we can identify the three distinct regimes,
depending on the size of A, corresponding to the regions
where the quadratic, cubic, and quartic self-interaction

logiomgy / €V
-35 -30 =25 -20 -15

I T

! Galileon

1 Microscope
L|Ca Rs <AU

CaF/Sr clocks

logio M / Mp

016 —14 -12 -10 -8 -6 -4 -2 0

logio A\ / eV

FIG. 2. Constraints on Galileon parameter space from a CaF/Sr
clock pair over a period of three years. The different power laws
in the curve correspond to regions where quadratic, cubic, and
quartic terms of Eq. (12) each dominate. The gray regions are
ruled out by the MICROSCOPE experiment and lunar laser
ranging, which are discussed in Appendix E 2 c. Also indicated
are M = Mp, which corresponds to a gravitational-strength
matter-scalar coupling, and the A scale that corresponds to a
graviton mass proportional to the current Hubble scale, as given
by Eq. (11).

terms each dominate. When A is large, the Vainshtein radii
are smaller than the Earth-Sun distance and the Sun is
therefore unscreened. Decreasing A, we see a region
dominated by the cubic self-interaction term, and con-
straints weaken because of the stronger screening.
Decreasing A further still we see a region dominated by
the quartic term, with constraints that are weaker still
thanks to the strong screening effect.

Also plotted on the figure are the constraints from
MICROSCOPE [24,25], a satellite-borne test of the uni-
versality of free-fall toward Earth. These bounds are
discussed in greater detail in Appendix D. When screening
is inactive (that is, at large A), the bounds from
MICROSCOPE are superior to the projected bounds from
clocks. However, in the screened regime the situation
reverses and clocks appear more promising. This may be
understood intuitively by examining Eq. (12). In the
unscreened regime, which is to say when Ry;, are both
smaller than the Earth-Sun distance and Earth-
MICROSCOPE distance, the signal is proportional to
m/r. For our clock setup we take m = mg and r = AU,
while MICROSCOPE has the much smaller m = mg and
r = Rupicroscope ~ 7000 km.  MICROSCOPE  measures a

044053-8



PROSPECTS FOR DETECTING NEW DARK PHYSICS WITH THE ...

PHYS. REV. D 112, 044053 (2025)

much smaller source (the Earth) but at a far shorter
distance, which more than compensates for the smaller
source. Hence the constraints from MICROSCOPE are
comparatively stronger. However, once screening becomes
active, the signal instead goes as m'/?//r and m'/? for the
cubic and quartic regimes, respectively. In these cases, the
falloff of the signal is smaller, so there is a comparatively
smaller penalty for the Sun-clock measurement’s longer
baseline. It is for this reason that the clock constraints
compare favorably against MICROSCOPE within the
screened regime of the Galileon. Notably, we find that
the constraint on M is improved by an order of magnitude
over MICROSCOPE for the A that gives a graviton mass of
order the Hubble scale, m, ~ Hy ~ 107% eV.

This pattern is also evident in our second sample theory.
For this, we present a parametrized interaction model. This
model describes the field sourced by a spherical object of
mass M as

a2 Mo\ g
¢ =A <87zM> (Ar)~". (17)
Although we did not derive this from a Lagrangian, this
phenomenological description encapsulates the behavior of
a large number of modified gravity theories, which corre-
spond to different choices of the parameters A, M, a, and .
Once again, for our projected clock constraints, we will
choose mg,j = mg and r = r(t) is the Earth-Sun distance
over time given by Eq. (14). The scalar field parameters a,
M characterize the scalar-matter coupling, A is a mass scale
related to the scalar field’s self-couplings, and f describes
how quickly the scalar field’s potential falls off with
distance from a source which is affected by the nature
of the interactions (see for instance [71] for an example
where additional extra dimensions lead to a different
scaling). As a simple example, a free scalar field with a
gravitational-strength coupling to matter corresponds to
a=1,p=2,M = Mp;, and A cancels out. Projected clock
constraints on this generalized interaction model for several
sets of fiducial parameter values are presented in Fig. 3.
Once again, we can observe the same general pattern as the
Galileon: theories where the field drops off more slowly
than 1/r compare more favorably against MICROSCOPE.
For both modified gravity models, we see that the projected
clock bounds are currently weaker than those deriving from
lunar laser ranging (LLR) [39,79-81]. A further factor of
100 improvement in clock sensitivity beyond what is
projected here would result in clock bounds that are
competitive with LLR.

B. Dark energy

One of the simplest models of dynamical dark energy is
quintessence [35,36], which involves a scalar field rolling
down some self-interaction potential V()

1.0

Generalized interaction | free scalar |

0.8

0.6
s Cubic
Galileon
0.4 :
Quartic
Galileon
0.2
A=10"10 eV
DBlon M = Mp,
0.0r®
0.00 0.25 050 0.75 1.00 1.25 1.50 1.75 2.00
B
FIG. 3. Upper panel: constraints on the space of parameters

(A, M) in the generalized interaction modified gravity model
(E36). The lines define the lower bounds in the region of
parameters (A, M) that can be ruled out by a CaF/Sr clock pair
over a three-year observation time. Particular theories are high-
lighted: the free scalar, cubic Galileon, and quartic Galileon
corresponding to each of the three regimes identified in Eq. (12),
and also generalized ones that include DBI [77].

Ly =5 (007~ V() (18)

On cosmological scales, the field depends only on time,
¢ = ¢(¢) and is, therefore, a perfect fluid with an equation
of state and density

-
30+ V()
p=3 8+ V(). (19)

We know from cosmological measurements [38] that
wr =1 and p = Af; = (2.4 meV)*. Clearly, this requires
that we choose our potential such that V(¢) ~ Af, and that
the potential is shallow enough such that the field only rolls
very slowly ¢? < Afp.

In the case ¢ = 0, then the theory reduces to a simple
cosmological constant. Any amount of kinetic energy in the
field causes the equation of state to deviate from w = —1,
which then serves as a measure of how dynamical dark
energy is. Through the couplings of Eq. (1), it is possible to
measure the amount of kinetic energy in the dark energy
field via a time-dependent signal in p.

Previous studies on this topic have focused on a non-
minimal coupling to photons [82] (although not in the
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context of atomic clocks), or suggested using atomic clocks
to search for dark energy theories that are coupled to matter
via variations in the Higgs vacuum expectation value [83].
In the present case, we rely on two ingredients: the
nonminimal couplings of Eq. (1) to generate a scalar
field-dependent y, and a nonzero amount of kinetic energy
¢ to cause the field value to change over time.

If we assume that ¢ is constant over the timescale of the
experiment (~years) then it is possible to constrain
quintessence in a model-independent way. Since ¢ is
constant, over some time period Ar the field changes by
an amount A¢ ~ ¢At. Then we have via Eq. (4)

Au ¢ V25
— = At V1 + wAt, 20
H Mg M5t ( )

where in the second equality we have used Eq. (19) and
V(p) % A}g. The maximum allowed deviation from
w = —1 for a canonical scalar field model of dark energy,
as measured by Planck, is —1 < w < —0.95 at the 95% con-
fidence level [38]. It should also be noted that there may be
a growing preference for dynamical dark energy from
baryon acoustic oscillations [84].

The scalar field is assumed to be essentially massless on
the scale of the Solar System. As such, tests of the
equivalence principle and fifth force tests constrain this
theory tightly. Assuming equivalence principle violation (as
we must in order to measure any change in p with clocks)
then the strongest experimental bound comes from
MICROSCOPE, which is derived in Appendix D.
A comparison of the expected constraints from atomic
clocks to the bounds from MICROSCOPE and Planck are
shown in Fig. 4. The clock bounds strengthen as w
increases away from w = —1 because this corresponds to
more kinetic energy in the dark energy field, giving a larger
change to the electron-proton mass ratio over a given period
of time.

C. Dark matter

Dark matter may be modeled as a canonical scalar field
with a mass m

Ly = =5 (00) ~ 5 mg 1)

Cosmologically, we once again assume ¢ = ¢() such that
dark matter is a perfect fluid with an equation of state
wpm = 0 and present-day density ppy =~ 0.3p,, where py) is
the cosmological energy density. The equation of motion
following from Eq. (21) is

(O -m?)¢p =0, (22)

where we are neglecting Hubble drag as well as the
Standard Model couplings for the time being. This is a

Dark Energy
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FIG. 4. Projected bounds from clocks on quintessence dark
energy, over an observation time of 3 years. A CaF/Sr clock pair
was used for the bottom plot.

good approximation on short timescales compared to the
Hubble time and in regions where the Standard Model field
energy densities are small, such as in the vacuum of space.
Cosmological solutions depend only on time, so the
solution to Eq. (22) follows as

(1) = %cos(mt +96). (23)

The normalization is chosen such that p is the energy
density of the oscillating background field. Using Eq. (19)
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we find an oscillating equation of state w = cos2mt.
Although this equation of state oscillates between —1
and 1, so long as the period m~! is short compared to
the Hubble time the oscillations average to zero, giving
w = 0 on cosmological timescales as desired. The average
value of the dark matter density in the Universe is
pom ~ 10711 eV, However, this is not the relevant quantity
in our Solar System. The local dark matter density is
significantly higher at approximately pppioca = 2.6 X
107¢ eV* [85]. In fact, ¢(7) is much more complicated
within the galaxy, but over timescales shorter than the
coherence time and length scales shorter than the coherence
length, it still takes the form of Eq. (23), but with the local
dark matter density pppjoca- The coherence time and
coherence length are given by [40,86]

4 2
te=—2_ do =2 (24)

2 ’
muvg;, MUy

where v, ~#200 kms™! is the virial velocity of our
galaxy. The maximum dark matter mass we consider is
m~ 17—~ 107'® eV. This corresponds to a coherence
length of Ac ~ 10'> km, which is larger than the Solar
System. The corresponding coherence time is 7¢ =~
240 years, which is much longer than the measurement
time of a few years. As such the whole mass range of dark
matter particles under current consideration is well within
the regime of applicability of Eq. (23).

To compute the resulting variations in y we combine
Egs. (4) and (23) and find

A 1 2
S DM ¢ o (mt + ). (25)
B Mg m

We see that this is of the form Au/fi ~ sin(wt)/w. Signals
of this form were searched for in the simulated clock data,
with the result given in Table I. Applying that result to the
fundamental theory parameters M ; and m gives the
projected constraints in Fig. 5.

Also included in that plot is a comparison to existing
constraints, the strongest of which come from CMB and
large scale structure, the MICROSCOPE satellite, and
existing clock constraints. Because the signal oscillates
with frequency m, the maximum and minimum timescales
over which data is gathered are directly proportional to the
range in m that may be constrained with clocks.

V. FORECAST TOOL

In this section we present a software package which can
be used to extract constraints for the three signals described
in Sec. II, and was used in the creation of this work. The
tool takes in a set of clock characteristics, a phenomeno-
logical model of new fundamental physics, generates a
simulated data stream, and applies the MCMC method as

Frequency logio 5 / Hz
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10 T

[Ultralight Dark Matter]

l0g10 Mest / Mpy

cope (M — )

2n(10 min)~!

=

225 -24 -23 -22 -21 -20 -19 -18 -17 -16

logiom / eV

FIG. 5. Constraints on the space of parameters (M, m) in the
dark matter model defined in (23) after marginalizing over the
unknown phase 6, for an observation time of 7 = 3 yr. Also
plotted are constraints from NANOGrav [61] and Yb/Cs clocks
[40,55] which were drawn from [62], as well as Sr/H/Si clocks
[54], and the MICROSCOPE satellite [25]. The best torsion
balance curves [87] sit approximately one order of magnitude
below the MICROSCOPE line and hence are not included in
the figure. Planned atom interferometry experiments will
also be sensitive to the higher end of this mass range
(1079 eV < m < 107! V) within the next few years [88].

described in Sec. III C to perform parameter estimation.
This forecasts the maximum amplitudes for signals in the
time variation of u that are associated with new physics,
specifically dark energy, dark matter, and modified gravity.
The results are then used to generate constraint plots for the
different theory scenarios.
The key parameters that must be provided by the user are
(i) The value of the Allan variance for the instability, the
accuracy and the sensitivity coefficient K for all the
clocks used,
(i1) A list of clock pairs to be considered and
(iii) The functional form of the phenomenological mod-
els one wishes to forecast in the frequency domain.
The models used investigated in this work are
included.
The software then generates a set of model-independent
constraints for the desired signals in p(z). We have included
the analysis to map those variations onto constraints on the
theories.
This setup is designed to be extended to a wide variety of
EP-violating theories from arbitrary clock characteristics.
This is demonstrated in the following example. Let us
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assume the user wishes to evaluate the capabilities of two
new clocks nicknamed “C1” and “C2.” The user adds a line
for each clock in stats/clocks_parameters.csv, supplying the
information on the instability, accuracy and constant K for
each clock. Furthermore, the user specifies the clock
combination C1/C2 in stats/clocks_pairs.csv. The user then
runs the statistical analysis via the supplied makefile, simply
running the command “make” from the command line. This
generates a new line in the stats/sigma_A_table.csv file,
giving the uncertainty in the amplitudes for each of the
generalized signals in Table 1. These can also be queried
programatically via an API that is detailed in the code’s
documentation, and was used in the generation of the theory
bound figures in this work. If desired, one could replace the
Cs/Sr clock projections with the C1/C2 clock projection by
replacing the clock pair name in each of the plotting scripts
supplied with the software package. The software package is
publicly available® and the version used for this work is
permanently archived at [89].

VI. CONCLUSIONS

Atomic clocks are powerful tools for testing theories
involving modified gravity, dark energy, and dark matter by
measuring time-dependent changes in fundamental con-
stants like the proton-to-electron mass ratio (1). Modern
atomic clocks have reached an uncertainty of as low as one
part in 10", allowing for the possibility of probing these
fundamental constant variations and discovering new
physics beyond the Standard Model.

In this paper, we highlighted several theories that couple
differently to protons and electrons, leading to variations
in u. These couplings cause variations in the atoms’
transition frequencies, which clocks are sensitive to. The
signals, coming from fundamental physics, generally mani-
fest as either a linear drift or sinusoidal oscillations in .

A preliminary analysis was conducted using publicly
available data from the BIPM circular T database. We
found that the circular T constraints were generally sub-
leading compared to existing constraints for the theories
under investigation. This work also presented forecasts of
the sensitivity of state-of-the-art atomic clocks using the
Fisher matrix calculation and an MCMC-based analysis
pipeline that utilizes simulated data.

This simulated signal was then used to project con-
straints on a range of fundamental physics theories, high-
lighting classes of theories where atomic clocks would
significantly improve upon existing constraints. Those
improvements are most profound for dynamical dark
energy and dark matter theories. For modified gravity
theories, we find an improvement over MICROSCOPE
bounds provided that the fifth force falls off more slowly
than 1/, In this case bounds from lunar laser ranging are

®https://github.com/elizabeth-pa/clock-constraints.

currently stronger still, although this situation may change
as atomic clock measurements improve.

The analysis framework has been turned into a publicly
available tool that can be used by clock operators and
researchers to test their clocks’ sensitivity to the different
theoretical models. The tool enhances the ability to test
various models and plan for future experiments. It can also
be used to investigate the effects of different clock
characteristics, including the level of noise of the clocks,
on the ability to detect or further constrain new physics
signals. It also presents the possibility to compare the
effects of different noise components to allow for informed
decision-making in experimental design. This is important
for, e.g., detecting these fundamental physics signals by
taking specific steps to suppress the noise.

Improvements in atomic clock precision and data cover-
age and quality could significantly enhance the search for
time-varying signals of new physics. For the detection of
modified gravity signals where it is hypothesized that the
period of oscillation is one year, one would need a dataset
spanning at least 2-3 years. Gaps in the data (which are
common in current datasets from clocks) also cause a
limitation when turning to data analysis tools to infer the
presence of a signal. The analysis framework presented is,
therefore, a good starting point for testing the capabilities of
different atomic clocks and motivating the need for atomic
clock readouts that are continuous and as precise and
accurate as possible.

In this work, we focused on deriving projected constraints
from optical, microwave and molecular clock transition
combinations with a focus on the combinations that produce
the best constraints in time-dependent variations of u. As
technology progresses and new technological platforms for
the development of clocks are explored, new types of clocks
have surfaced that have increased sensitivity to time-depen-
dent variations of a. Highly charged ion (HCI) clocks such as
the californium ion clocks (Cf!5* and Cf'7+) [90,91] have
emerged as excellent candidates for searching for variations
in ar due to their high sensitivities (K, = 47 and K, = —43.5
respectively [8]), long excited clock transition lifetimes and
their convenient optical transition frequencies [92,93].
Another promising candidate for detecting a-variations is
nuclear clocks [12,94,95]. Significant progress has been
made in the development of a Thorium-229 nuclear
clock [96]. This nuclear transition has an enhanced sensi-
tivity to temporal variations of @ with an enhancement factor
for a variation of —(0.82 + 0.25) x 10* [97] and a projected
fractional instability of ~1071? [98,99]. The analysis could
be extended to variations of o and include these different
species of atomic clocks in the future.

In future work, it would be interesting to analyze the
capabilities of atomic clock pairs in a highly elliptical orbit
around the Earth or Sun. Such a configuration would
produce much stronger local variations to atomic frequen-
cies from theories of modified gravity, and would also enable
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the possibility to map the modified gravity force as a function
of distance from the Sun. In the future, it would also be
interesting to connect the dark energy bound to specific
models of dark energy, along with the bounds of the
cosmological variation of particle masses. Additionally, there
is the possibility of searching for multiple phenomenological
signals present together in the clock measurement data
stream. In this case, one could exploit the different time
dependence of the signals to disentangle their contributions
and perform a parameter estimation on the full set of
parameters for all three signals. For the three phenomeno-
logical signals considered in this work, a full reconstruction
of all the parameter space is possible,7 as the signals have a
very different time dependence (which is even more different
in the frequency domain) and their individual effect can
therefore be disentangled. Given that, we expect that the
uncertainty in the reconstruction of all the parameters is
expected to be slightly worse than the individual constraints
of the present work, while constraining all three phenom-
enological models simultaneously.
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APPENDIX A: FROM CIRCULAR T DATA
TO Ap/p

Circular T reports the fractional deviation d of the scale
interval of the international atomic time (TAI) with respect

"With one caveat: if the frequency and phase of the dark matter
modulation are close to the period and phase of the modified
gravity effect due to the Earth’s motion around the Sun, the two
signals are degenerate and their disentanglement would be
virtually impossible.

to the ST second on the geoid [or terrestrial time (TT)]. This
quantity reflects how much the length of one second in TAI
differs from the SI second (in the time domain). This
quantity relates to the fractional frequency deviation of TAI
as follows:

length of 1sin TAl-lengthof 1sin TT
lengthof 1sin TT

d=—yra1 = . (Al)

The values of d for individual primary frequency
standards (PFS) and secondary frequency standards
(SES) contributions are also published. These values denote
the second as realized by each standard, and they compare
TAI frequency with that of the given primary and secondary
frequency standards (PFS/SES). These are found in Sec. 11
of the circular T datasheets [100]. We define the value of d;
for individual standards as

di X =y - 1, A2
fTAI ( )
with
U
P _t R A3
fim (43)

where v; is the measured frequency and v;  is the nominal
frequency of the atomic transition.

We will only use the values for d for optical atomic
clocks, i.e. strontium and ytterbium, for which K, = 0. We
assume that the dominant contribution to fra; is from
Caesium-based clocks that use a microwave transition with

K, = —1. In this way, using Eq. (6) we can assume that

% = —d (based on the sensitivities of optical and micro-

wave clocks to variations of yx (Table III).

Whether a clock contributes to circular T depends on
whether it runs in a given month and whether data is
submitted for the calculation of UTC. Secondary fre-
quency standards based on optical transitions do not
typically contribute as regularly as microwave standards,
leading to long gaps sometimes of many months between
data points. A graphical representation of all the pri-
mary and secondary frequency standards evaluations
reported since September 2003 is shown on the BIPM
website.®

One value for d is recorded for each frequency standard,
i.e., each atomic clock, per month (if the clock was running
that month). Fractional uptimes for each clock are also
reported monthly (Sec. III of the datasheets). Up-to-date
tables containing all the available data for each clock can be
found on the BIPM website.’ Figure 6 shows the values for

8https ://webtai.bipm.org/database/show_psfs.html.
*https://webtai.bipm.org/ftp/pub/tai/other-products/taipsfs/.
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FIG. 6. Plot of % (= —d) vs month and year for each optical clock used in the analysis.

d for all the optical clocks reported in circular T up to the
time of writing. The value of d is reported along with
several uncertainty values, which are then summed in
quadrature to obtain the final error reported for the values
of d. The uncertainties reported are that of the instability of
the standard, the combined uncertainty from systematic
effects, uncertainties in the link between the TAl-partici-
pating clock and the standard relating to dead time and
systematic effects and the uncertainty in the link to
TAI [100].

The date in circular T is reported in Modified Julian Date
MIJD (start and end for each period of estimation). MJD
gives the number of days since midnight on November 17
1858. For the modified gravity case, the phase of the
sinusoidal signal is defined by the time that aphelion/
perihelion happens during the year. Perihelion and aphelion
times vary from year to year. Table II gives an average time
of when perihelion and aphelion occur during the year and
the corresponding phase in terms of days since the
beginning of the MJD calendar.

The phase could be set to 48 days but since we have data
from 2016 onward, the MJD day that the perihelion
happens in the data (4 January 2017 in MJD = 57757)
can be subtracted from the data and then fit the equation
without the phase.

TABLE II. Average time of the year that perihelion and
aphelion happen. The number of days from the beginning of
the MJD calendar to the first instance of perihelion and aphelion
are also reported as phases.

Perihelion Aphelion
Date 4 January 5 July
Phase 48 days 230 days

APPENDIX B: CURRENT CLOCK
CHARACTERISTICS

Table III presents different species of clocks and their
sensitivity to variation in o and px along with the clock
instability and accuracy (systematic uncertainty).

There are two types of errors in frequency standards:
(a) statistical errors originating from measurement fluctua-
tions and (b) systematic uncertainties [112]. The perfor-
mance of the clock is characterized by determining the
(1) fractional frequency instability o, (7) and (2) systematic
frequency uncertainty. The clock stability is limited by the
quantum projection noise or shot noise and thermal noise.
The systematic frequency fluctuations originate from mag-
netic and electric fields, which induce perturbations in the
natural frequencies of the atoms (e.g., Zeeman and Stark
shift). More information on how noise is characterized in
clocks can be found in [112,113].

The major noise sources can be modeled as white
noise and pink (flicker) frequency noise. The total noise
of the system can be derived by summing all the
noise terms.

In the frequency domain, the one-sided power spectral
density (PSD) function for fractional frequency fluctuations
of the clock is

1
Sy(f> :ho +?h_1. (Bl)

where h, is the white frequency modulation (WFM)
component (white noise) and the }h_l is the flicker
frequency modulations (FFM) or pink noise component.

The relationship between Allan variance and PSD
coefficients iy and h_; depend on the power law model
of the noise. The conversions are given by

044053-14



PROSPECTS FOR DETECTING NEW DARK PHYSICS WITH THE ... PHYS. REV. D 112, 044053 (2025)

TABLE III. Clock instability and accuracy of each type of clock used in this analysis. The accuracy is defined as the systematic
uncertainty of the clock or flicker noise. The coefficients of the power spectral density of the modeled white and pink noise of the clocks
are also stated along with the sensitivity of each clock to variations in @ and u. The instabilities quoted here are based on state-of-the-art
clock results except for the CaF and N clocks where projections of the instability and systematic uncertainty are taken from [8].

Clock Instability/+/7/s ho/s Accuracy h_y K, K,
Yb [101] 1.4 x 10716 [102] 4.0 x 10732 1.4 x 10718 [103] 1.4 x 10736 0.37 [104] 0
7yb* [105] 1.1 x 1071 [106] 2.4 x 10730 2.2 x 10718 [107] 3.5%x 10736 —5.95 [104] 0
87Sr [108] 4.8 x 10717 [109] 4.6 x 1073 8.0 x 1071 [1] 4.6 x 10737 0.06 0
133Cs [110,111] 2.5 % 1071 1.3 x107% 1-2 x 10716 2.9 x 10732 2.83 -1
CaF [8] 1.5x 10713 4.5 x 10730 7.5%x 10718 4.1 x 1073 0 -0.5
Nj [8] 1.2x 1071 2.9 x 10728 3.9x 10718 1.1 x107% 0 -0.5

APPENDIX C: DATA ANALYSIS

ol(r) = 1 h
3(7) = 5-ho. AND BAYESIAN INFERENCE

0% () =2In(2)h_,. (B2) Suppose one has a process which produces some data
that are represented by the time series {7;,y;},_; n- We
also consider that there is an underlying model A(z,0),
Plots of the combined PSD of the clocks listed in Table Il parametrized by the parameters 6, with noise n present as
are presented in Fig. 7(b). The sensitivity of different pairs

of clocks to variations in y is also presented as a function of _

frequency. yi = h(1;,0) + n;. (C1)
10713
=
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§ 107
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FIG. 7. (a) Allan deviation (fractional uncertainty) as a function of averaging time for different clock species. The sloped region
represents white noise fluctuations (instability), while the flat region corresponds to flicker/pink noise (inaccuracy). The bottom plot
illustrates sensitivities to variations in y over time for different clock combinations. (b) Power spectral density as a function of frequency
for different clock species. The flat region represents white noise fluctuations (instability), while the sloped region corresponds to
flicker/pink noise (inaccuracy). The bottom plot shows sensitivities to variations in u as a function of frequency for different clock
combinations. Note: In both bottom plots, the Cs/Sr and Cs/Yb curves overlap, as do the CaF/Cs and CaF/Yb curves.

044053-15



BENJAMIN ELDER et al.

PHYS. REV. D 112, 044053 (2025)

and where we assume Gaussian and uncorrelated noise, i.e.
with (n;) =0 and (n;n;) = 675,;. The likelihood proba-
bility of the measured y; as a function of the parameters 6
will be

1 exp <_ (vi=h(1:.0))*

267

£({aH0) =] ) (e

2n6?

If one is then interested in reconstructing the posterior
distribution of the parameters 6, namely P(6|{z;,y;}), that
will be

POt y:}) = L({t;,yi }|0)=(0),

where 7(0) is the prior distribution of the parameters 6. In
principle, one should evaluate the posterior distribution in a
space that is highly dimensional. Therefore, Markov chain
Monte Carlo (MCMC) is a very suitable method to produce
an efficient representation of this function.'® The Python
package EMCEE for MCMC [50] is the one adopted.

(C3)

1. Fisher forecast

Given that our instruments can be interrogated each
~1 s, we will have at our disposal a very densely sampled
data stream. This allows us to forecast the observability of a
variation in time of the frequency ratio R as defined in
Eq. (6). In particular, we promote the data stream to the
continuous variable y(r), which comes from the super-
position of the modulated signal and the noise

y(t) = h(t,0) + n(z). (C4)
For the sake of simplicity, we will assume that the data are
observed for a total time 7 at constant cadency A¢ and that
there are no gaps in the data stream. In this case we also
assume a Gaussian, 0-mean, and stationary noise.!! We first
Fourier transform the data stream y(7)

T .
) = [ diy(oenr, (cs)
0
and we define the statistics of the noise
1
(@ (f)a(f)) = 55(f—f’)N(f),
N = o+, (co)

In practice, for a parameter space with dimension d > 3; itis

never convenient to perform a grid evaluation of the posterior.

The generalization to the case where the first assumption is

not taken (i.e., when the data stream is not evenly sampled or it is

gapped) involves a time-frequency analysis and is not a com-

plicated one. The treatment of a nonstationary noise can be
performed in the time-frequency domain as well.

where the matrix N(f) is the noise power spectrum. The
likelihood function will be

I .,
L(716) = 577509,

5(f) = h(f.0)P

oD

f@@—T/ﬂU

where N is a normalization factor and y2(y, §) the so-called
chi-squared. An important note is the fact that when writing
Eq. (C7) we assumed noise domination (i.e. the amplitude
of the signal is less than the noise on average). In order to
produce a forecast, we wish to provide a good summary of
the statistics described by the posterior function

P(0]y) = L(y|0)x(0). (C8)

In order to do so, we need to choose a fiducial value for the
theoretical parameters 6 and then investigate the structure
of the posterior distribution. Close to its maximum, the chi-
squared, peaked at the value of the fiducial parameters 6,
can be approximated as

7 (y.0) = (0-0)TF(0)(0-0).

_ 1 62)(2 _
+(0) == 0), Cc9
Fil0) = 335 (©9)

where F is the Fisher matrix (please note that 0 is a
d-dimensional vector). A validation of the Fisher method
can be done with a direct comparison of the posterior
distribution approximated by the Fisher analysis and the
true one by drawing samples from the two distributions and
checking that they are compatible. In order to draw samples
from the true posterior distribution, an MCMC method is
employed as in the released code.

a. Fisher forecast for the DM model

For what concerns the DM signal, which produces a time
modulation of the kind

Ault) = ésin(a)t +96)

(C10)
7 w

we wish to forecast the detectability of such a signal. To do
so, we first define @ = % for convenience: detection occurs

when we are able to reject the hypothesis @ = 0, which is
when a > o,, where
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-1/2
[ aa s

-1/2

- [/ dfﬁ(F[cos(wt—l—qﬁ)](f))z .

To obtain this result, we used the fact that the discrete
Fourier transform of the cosine is well approximated by a
delta function with a constant ¢, which is fixed by our units,
and N(f) is the noise power spectrum. We are, therefore,
able to rule out signals with

(C11)

/ 2rh_
=>A>04=Cw ho—i—” L
®

The value of the newly defined constant ¢’ can obtained by
explicitly computing 6, = % at some reference frequency
value w,. In Table I we compute the values of 6, (w,) for
@y = 2m yr~'. The last formula is valid for values of
frequencies fT’; < w < with T, being the total obser-
vation time of the experiment and At the sampling rate. A
further check of the validity of the following formula has
been done by an explicit evaluation of ¢4 at some further

values of frequency with MCMC.

(C12)

2. Realistic gapped signal

The data stream in a realistic experimental setup will
present gaps and a non evenly spaced sampling of the data
points, therefore requiring some other steps in the analysis:
one cannot simply Fourier transform the observed data
stream since gaps will affect the Fourier transform, and the
non evenly spacing has to be taken into account in the
transform. In this scenario, the analysis would work as
follows

(i) From the observed data stream y(f) one computes

r(t) = y(t)w(t) where w(¢) is a weight function (not
to be confused with the dark energy equation of
state, also referred to as w in Sec. IV), which can be
set arbitrarily (convenient choices of this weight
function will improve the quality of the data analysis
but do not change the analysis drastically).

(i1) In the generalized frequency domain the data stream
will be 7(f) = [, df5(f)i(f - f)

(iii) One has to compute the statistics of the windowed-
filtered noise, define the likelihood and produce the
forecast exactly as it has been done in this section

For the sake of our analysis, given a duty cycle of the
experiment Ty = P T, with O < S < 1, one can replace
T — T in the formulas above to obtain a fair proxy of the
actual results.

APPENDIX D: MICROSCOPE

MICROSCOPE is a satellite-borne experiment that
measures the differential acceleration between two objects
in Earth’s orbit, with one composed of titanium and the
other platinum. The two materials contain slightly different
ratios of electrons, protons, and neutrons, so it is sensitive
to theories that violate the equivalence principle. The
reported constraint is [25]

A=) 15 x 10719

a1+a2

n (D1)

where a, , are the total accelerations of the titanium and
platinum bodies.

The scalar force on a test body is given by Eq. (E9). It
follows that the difference in acceleration between two
bodies is, at the lowest order in the electron/proton mass
ratio m,/m,,,

1
M eff

(e1 — £2) V . (D2)

a) —dy =

Last, we shall assume that the two objects mainly follow
their Newtonian trajectories: a; + a, ~ 2Gmg,/ ernicmscope,
where Ricroscope 18 the distance between the center of the
Earth and the experiment and is Rypicroscope & 7000 km [25].

The parameter 7 is then

8aM3,R2, 1
n= PI”*microscope (81 _ 82)¢/. (DS)
Mg Mg

The external field profile ¢’ is sourced by the Earth and is
a theory-dependent quantity. As an example, we specialize
to a theory of a massless free scalar, for which Earth’s field
profile is given by Eq. (E4). Then we have, at leading order
inm,/m,,

IME /1 e
n=="-" (— + ®) (epy — &1i)- (D4)

Meff M Me

The e factors are given in Table IV. In this work, we assume
that Earth is mostly composed of iron.

We conclude this appendix with a few comments. First,
observe that if the scalar couples equally to nucleons and
electrons, M ; — oo, then there is no differential accel-
eration between the test bodies, as expected. Second, we
point out that in the limiting case that the scalar is

TABLE IV. The dimensionless ratio €, given by Eq. (E7), for
the various atomic species that are considered in this work.

Titanium Platinum

< Hydrogen Iron

e 5.00x 10™* 233 x10™* 230x10™* 2.00 x 10~

044053-17



BENJAMIN ELDER et al.

PHYS. REV. D 112, 044053 (2025)

decoupled from electrons, M, — oo, we have i ~ ep — er;.
In the opposite limit where the scalar couples to electrons
but not nucleons M — oo, we have n ~ eg(ep, — er;). This
is one higher order in the small ratio m,/m,, meaning that
MICROSCORPE is much less sensitive to scalar fields that
couple only to electrons.

APPENDIX E: THEORY MODEL DETAILS

Our aim in this work is to describe the effects of dark
energy, dark matter, and modified gravity on atomic clock
measurements. Although these are disparate phenomena,
all can be described by various scalar field theories. All of
the models considered in this work descend from a very
general action [77]

1 1
Ly = —5(045)2 - P(X,¢) —A—g(a(/))qub

— 5 (00)*((09)* - (9,0,¢)). (E1)

We have omitted the quintic Galileon term, as we will only
be concerned with spherically symmetric configurations,
for which the quintic Galileon contribution is zero [76]. We
have also included a generic scalar self-interaction potential
P(X.¢), where X =1(0¢)>. If we wished to describe
curved spacetimes, the even more general theories of the
generalized Galileon [114] or, equivalently, Horndeski
theory [115] would be the starting point instead or in fact
more generically going back to the decoupling limit of the
modified gravity theory on that curved background [28].

This theory is coupled to Standard Model particles via
Eq. (1). These represent the leading-order low-energy
couplings for a real scalar. If we used a pseudoscalar
instead, such as in the case of an axion (see [116] for a
review), these would be replaced by couplings to, e.g., the
fermion pseudoscalar and pseudovector currents and FF.
Couplings to quantities like e and F> would only appear at
the next order in ¢p/M via terms like ¢>F>.

In this work, we compute constraints for a single model
of dark matter. Similarly, for dark energy our projected
constraints are largely model-independent. As such, the
details of those models are described in Sec. IV. For
modified gravity, however, there are a wide range of
models which must each be translated individually,
which is the topic of the majority of this appendix, after
first computing the scalar charge of objects in a model-
independent way. Afterward, we apply the general theory
of Eq. (E1) to several modified gravity models in turn. It
will often be useful to work with the averaged fermion
density fields p;,. Assuming that a fermion field yw is
nonrelativistic, we have m,yy ~ p,,, resulting in a more
compact notation that will be frequently used throughout
this appendix.

1. Scalar charge

It is helpful to work on a simple example in detail, which
will contain some useful expressions, particularly for the
scalar charge of a large source mass. We will consider the
motion of a test mass m in the presence of a much larger
SOUrce mass Mg, i the context of a massive free scalar.
The general setup is as follows. We first compute the field
profile sourced by the large source mass, treating the
nucleon and electron fields classically such that, e.g.,
m,pp = p,, where p, is the energy density of the protons.
Once the field profile around the source mass is computed,
we calculate the motion of the small test mass which is
treated as a nonperturbing probe. (See [117] for a treatment
of such a computation in nonlinear scalar field theories.)
The Lagrangian for the scalar field is

1
£y =—2(a¢>2—¢(p"+”” pe) (E2)

M M M

where we have converted the couplings of Eq. (1) to
classical energy densities, and we have coupled protons and
neutrons with equal strength M. We begin by solving for
the external field around the spherical source mass #72,cc»
ignoring the presence of the test mass. The static equation
of motion is

o2 Pn | Pe
\Y =
)= M+M+M

(E3)
where the p; are the energy densities of their respective
fields.

Integrating once, we find that the field outside the
source is

1 N, m N, m N,m
/ R: PP n'"*n el'te
¢9'(r>F) 47rr2< M + M +Me>
0
= . E4
4rr? ()

where N pae denotes the total number of protons, neutrons,
and electrons in the source mass. In the second equality we
have identified the scalar charge of the source mass

Npmp N,m, N,m,

QSOUFCB - M M M

(ES)

e

It will be helpful to simplify this expression. To do so, we
assume that the source mass is composed of a single atomic
species of atomic number Z and mass number A. The total
mass of an individual atom in the source is

Matom ~ Amp + Zmea

Zm
=A 1 €.
mp< +Amp>

(E6)
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where we have ignored the difference in mass between the
protons and neutrons. The combination in the second line
will frequently appear, so we define

Zm,

Am,

(E7)

E =

This dimensionless ratio quantifies the fraction of the
source’s mass that is contributed by electrons, and is
tabulated for several different atomic species in Table IV.
We can now rewrite the scalar charge as

msource (i + 8SOl.ll'CC)
l + 850111'(36 M Me
Note that the scalar charge defined in this way is a
dimensionless quantity. If we were to couple to nucleons
and electrons equally, M = M,, we would have Q. cc =
Meource/ M, and we recover the familiar expression
¢l(r) = msource/(4”Mr2)'

Having solved for the field profile ¢’(r) around our large
source mass, we pause briefly to comment on atomic
clocks. We can integrate Eq. (E4) once more to obtain ¢(r),
which are treated as probes living in this field profile.
Atomic clock tests are sensitive to the ambient field value
via the proton/electron mass ratio as in Eq. (3). In the case
explored in this work, the source mass is the Sun, and
clocks on Earth move closer and further away over the
course of Earth’s orbit.

We now return to the main task of computing the scalar-
mediated force between a large source mass and a small test
mass. In the presence of a spatially varying scalar field
profile ¢ = ¢(X), a test particle of mass m,., experiences a
scalar-mediated force (see, e.g., [117])

N,m N, m N.m,\ =
e — P P n n e e v
mtesta¢ ( Mp =+ Mn =+ Me > ¢

(E8)

Qsource =

N
= _Qtest v¢7 (Eg)
where the N; now refer to the number of constituent
particles in the test mass. In the second equality we have
used the same steps as before to define the scalar charge of
the test particle, given by Eq. (E8) except with the
substitution 7m,yce = Mies €tc. Combining with Eq. (E4),
it follows that the scalar force between our two objects is

Fﬂ¢ _ Qsource Qtest .

4nr? (EL0)

In the course of this work, the source mass will frequently
be the Earth, and the test mass will either be test masses in a
satellite (for the MICROSCOPE experiment, Appendix D)
or the moon (for lunar laser ranging, discussed in
Appendix E 2 c).

2. Modified gravity

Since the scalar field couples to matter, all objects source
a scalar field profile as described in Sec. II. Any objects that
move in relation to the atomic clocks then cause the
ambient field value to change, thus inducing a variation
in p that can be measured by the clocks. For long-ranged
field profiles, which we are mainly concerned with here, the
strongest effect generally comes from the motion of
the Sun.

As the Earth orbits the Sun, the Earth-Sun distance
varies between R and R + AR, where R~ lau and
AR ~0.033R."? Using Eq. (4), we see that u varies by
an amount

p— M N
P (R)AR
~ M )

Au ¢(R+AR) - ¢(R)
ii

(E1)

This modified gravity effect manifests as a variation of u
and a on a one-year period. To proceed further, we must
supply a specific value for ¢¢’, which is model-dependent. In
the remainder of this section, we will consider several
different models.

All of the models discussed in this section are more
typically proposed with a universal coupling to matter:
M = M,. However, from a phenomenological point of
view, this need not be the case, and we will always consider
the case M # M, in order to induce variations in y. To keep
the discussion as concrete as possible, throughout this
section we shall specialize to the case in which the scalar is
decoupled from electrons: M, — oo. It will frequently be
necessary to compute the scalar charge of an object, usually
the Sun, in a given theory. This is given by Eq. (E8), and
with M, — oo, the scalar charge is very nearly determined
by its total mass:

0= /Mobj (1+e&)! z—mObj )

” ” (E12)

Including the scalar-electron coupling M, would not
change the main results in any meaningful way, nor the
size of the projected effects relative to other experimental
bounds such as MICROSCOPE.

a. Massless free scalar

The simplest modification of gravity is with a massless
free scalar field

_ LYo ®
L= _2 (a¢) Mpnucleon’ (E13)

PFor 2024, the Earth’s closest and furthest distances from the
Sun are 0.983 au and 1.017 au, respectively.
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where we have included the interaction term with nucleons
in the interest of clarity. (Recall that the energy density
of the nucleons, assuming they are nonrelativistic, is
Prucleons X Myiin +m,pp.) Its equation of motion is

1 1

D¢ = Mpnucleons ~ Mpmatter (E14)

We will be interested in the static, spherically symmetric
solution around an object of total mass my;

= Pmatter
V¢ = Pmatter E15
=L (E15)
which may be integrated once to obtain
/ Mob;
= . El6
¢ 4zMr? (E16)

If we use mg, = mg then this gives the field profile
sourced by the Sun, and r is the distance between the
Earth and the Sun. Putting this into Eq. (E11), we rule out

Au/ii Mo\ 2
HIE 68 x 106<"'> .
M

10-16 (E17)

where Mp = (82G)™"/2 = 2.4 x 10”7 eV is the reduced
Planck mass and Ap/j is the maximum variation in
from the clock measurement over 1 year. For example,
assuming a clock constraint of Au/fi < 107'% we rule
out M < 10°Mp,.

For the MICROSCOPE constraint, we use mq,; = mg,
and r will refer to the distance between the center of the
Earth and the MICROSCOPE satellite. We then substitute
the field profile Eq. (E16) into Eq. (D3), finding a
constraint

M 2
1 <2.2x 1010 (V"‘) . (E18)

In order for clocks to be competitive with MICROSCOPE
in this theory, their measured uncertainty of Au/i would
need to be reduced by 3—4 orders of magnitude.

b. Massive scalar field

A slight variation on the previous model involves the
addition of a mass for the scalar field

_ _1 2 _1 2 42 ﬂ
L= 2 (()(f)) 2m(/;¢ Mpnucleon' (E19)

The equation of motion for a static, spherically symmetric
field configuration is

1

=2
\ ¢ - méqﬁ = Mpnucleonv (EZO)

which may be integrated once to give

¢/ _ mObj

= e Myr
AzMr?

(E21)

Over distances shorter than r < m;, this reduces to the
massless field profile Eq. (E16). So for m;l > 1 au the
constraint is nearly identical to Eq. (E17). When 10* km <
mlzl < 1 au the clock effect is exponentially suppressed by

the e ™" term, but the MICROSCOPE constraint is still
effectively the same as in the massless case. When
my;' < 10* km, the constraint on M from both experiments

is exponentially weaker.

c. Galileon

The Galileon around a spherical source of mass my;,
obeys an equation of motion (after being integrated once)

/ N\ 2 /\ 3 .
O35 -2

r AN\ r A°* \ r 4xMr
These terms correspond, in order on the left-hand side of this
equation, to an ordinary kinetic term, the cubic Galileon
terms, and the quartic Galileon terms, respectively. A quintic
Galileon term exists in general, but it vanishes around
spherical objects, so testing it would require a different

methodology than what is considered in this work. For
perturbations to be stable, it is required that [76]

(E22)

0<c¢y;<2/3. (E23)
Around any given object, the solution for ¢’ exhibits three
distinct regimes, delineated by two Vainshtein radii R and
R,. These radii are defined via a function g¢(r) that
quantifies the deviation from the solution for a massless
field

! Mobj
= . E24
¢ =290 (E24)
In terms of g(r), the equation of motion is
R3\?3 R4\ ©
ot <_3) N <_4> Pl (E25)
r r
This defines the Vainshtein radii as
R L (o'
PTA\2aM)
1/6
R, = (%) Rs. (E26)

Notice that the stability criterion Eq. (E23) translates to
R, < 31%& for perturbations to be stable. We are now able
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to identify three distinct regimes, depending on the distance
to the source

-\ 1/3
A? <8:Mblc4> Pore Ry/R;,
/ ~ A3
AR Ry RYR <r<R, (E27)
T Ry <.

In other words, very far from the source, the canonical
kinetic term dominates. Moving closer to the source, the
cubic Galileon term dominates, and closer still, the quartic
Galileon term dominates. It is worth noting that very close
to the source, perturbations in the Galileon field become
unstable [76]. Constraints on this model are discussed
in Sec. IV.

There exist bounds from lunar laser ranging (LLR)
on the Galileon [39,78,79,81], which we briefly sum-
marize following the discussion in [27]. We begin by
noting that the Galileon contributes an additional poten-
tial ¥ = ¢(r)/M, where ¢ is obtained by integrating
Eq. (E27) once. This potential results in an additional
anomalous perihelion precession 6¢),, of the moon around

the Earth
o, = nro, <r26, <f> ) ,
-

where ¢ = 6¥/Wy is the ratio of the additional potential to
the Newtonian gravitational potential ¥y = Gmgy/7.
Substituting, we find

(E28)

271M12>1A2( (8)” >1/3r2 r<R}/R3,

C4M4m<2’bj
T\ ()RR <r<ry B2
0 R3 <r.

The experimental bound is ¢, < 2.4 x 107", For the
Earth-moon system, we use mg, = Mg,y and set r to
the average Earth-moon distance, r ~ 3.8 x 10'° cm. The
resulting bounds are plotted in Fig. 2. Note that this
expression does not account for any effects from the
Sun, which could be significant, as will be discussed
briefly in the next section.

d. Dressing of the Galileon coupling constants

The Galileon, along with other theories that exhibit
screening, has a strongly nonlinear equation of motion. As
such, it does not obey a superposition principle, so it is not
always appropriate to consider a system independently of
its environment. For instance, when examining the inter-
action between the Earth and the MICROSCOPE satellite,

it may be necessary to consider the effects of the Sun,
depending on the theory parameters in question.

Let us briefly reexamine the MICROSCOPE constraint
for the cubic Galileon in this context. We will assume that,
in the vicinity of the Earth, we can decompose the field as

¢(R + r) = ¢Sun<R) + (p(l"), (E3O)

where R is the Earth-Sun distance, » << R is the distance to
the Earth, and ¢g,, is the field sourced by the Sun. This
field solution is characterized by the ratio ry/R, where
ry = Rj3 is the (cubic) Vainshtein radius of the sun, given
by Eq. (E26).

The task is to solve for the Lagrangian for the fluctua-
tions ¢ around this background field. It turns out that the
Lagrangian is essentially the same as the original cubic
Galileon, but with “dressed” (i.e., rescaled) coupling
parameters [75,118]

o\ 3/4 o\ 3/4
M = (:) M, Aeir = <:> A.

In the analysis of Sec. IVA, we included regimes where
ry/r > 1 so both couplings could, in principle, be dressed
to a larger value. This weakens the matter coupling, but it
also weakens the screening effects of the theory. We can see
from Eq. (E27) that the net effect is to strengthen ¢’ by a
factor of ry/r.

A proper treatment of this effect would take into account
the full cubic Galileon theory, as well as a careful
consideration of the Vainshtein and strong-coupling radii,
and in principle could result in stronger constraints from
MICROSCOPE and lunar laser ranging [39,78,79,81] on
this theory. This detailed analysis is beyond the present
scope and will appear in future work.

e. DBI-Galileon

The Galileon enjoys a special class of Galilean sym-
metries but these be relaxed to a DBI-Galileon classes of
interactions ubiquitous from extra dimensions [77]. The
leading term in that framework is given by the simple DBI
relativistic kinetic term

L= A* \/W - %pnucleonsa (E31)

where we have slightly redefined the theory to only couple
to nucleons, as the original theory had a universal matter
coupling. The static, spherically symmetric field profile
around an object of mass m; is [119,120]

A2 1 mobj
= ]"* = — _
Lt (r/r)t

¢ (E32)

A\ dzM’
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which is written in terms of the Vainshtein radius r,. Deep
within the Vainshtein radius, the solution is approximately
P~ N, (E33)

Assuming the Earth is within the Sun’s Vainshtein radius
(r, > lau) we have

Au/ji M A2
”_/1” <10x105( =2} (=) (E34)
1071¢ M ) \eV
Likewise, from MICROSCOPE we have
M A2
1<25x105(=2) (=) . E35
= * ( M ) \eV (E35)

We see that the MICROSCOPE bound is comparable to the
atomic clock projection, assuming that clocks constrain at
the level of Au/ji ~ 1071, Like the Galileon, it should be
subject to an analogous dressing effect of the coupling
constants, which will be investigated in future work.

f. Generalized interaction

All of the previous theories may be captured with a
parametrized description. In all cases considered so far the
field profile may be written in the form

¢ =N <$—;> “(Ar)P,

What is not encapsulated by this formula is that a single
theory may have different scalings for ¢’ in different
regimes. For instance, the full DBI-Galileon solution
may go as either ¢/ ~ A% or ¢' ~ A*(r/r,)~* depending
on the size of r/r,, whereas this prescription assumes a
single power law scaling with r [119,120]. Likewise, this
generalized model does not capture the dressing effects
mentioned in Sec. E2d (see Ref. [121]). Nevertheless, it
provides a useful guide for the general types of interactions
that may be tested.

For the MICROSCOPE and LLR constraints, we assume
that there is a matter-scalar coupling of the form
Lii = ¢p/M. Tt then follows that the acceleration of a

test particle is a = —ﬁqﬁ /M. Following the arguments
given in E2 ¢, the LLR bound then becomes

(E36)

Mp\? (M \ !
1 2-p)| — Ar)*P, E37
by =129 (50 (5) " anp. e)
We see that this bound vanishes for an inverse square law
interaction, = 2. All constraints on this parametrized
model are shown in Fig. 3.

g. Chameleon

Theories in the chameleon family [29] have a screening
mechanism such that an object’s scalar charge is not simply
a sum of the scalar charges of its constituent particles. For
reviews of the chameleon and related theories, see
[64-66,122]. In these theories, the scalar charge is sup-
pressed for sufficiently large and dense objects in a way that
also depends on the ambient chameleon field value. The
simplest chameleon Lagrangian is

1 A @

-— . E38
¢ M Pnucleon ( )

The interaction terms are frequently considered together as
an “effective potential”

Vese(¢p) = %j + %/’- (E39)
The chameleon scalar charge of an object is
Qobj = mobjlloby (E40)
where A, is the “screening factor”
Aobj & min (;L'ﬁmgg (E41)
nucleon R gpj

The scalar field ¢, is the ambient field value in the
absence of the object. We shall assume that ¢,,,,, minimizes
the effective potential in the Milky Way

MA>
¢amb = A\
PMw

(E42)
where pyw ~ mg/pc? is a typical average galactic density.
The field profile sourced by the Sun may then be solved for
by expanding the Lagrangian to quadratic order around
Gamb- The solution is then

¢/ = j’SUan e_meffr
)

=7 E43
4xMr? ( )

where mg; is the mass of the scalar fluctuations around

¢amb

5 2A3
Mg = —3
amb

(E44)

As a first approximation, we ignore the effects of the Earth,
as well as the surrounding apparatus and atmosphere
around the atomic clocks. We will also assume the atoms
are completely unscreened. All of these effects would
further suppress the Sun-clock interactions. But even
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Projected clock bound on chameleon parameter space (left). On the right are shown existing bounds on chameleon parameter

space, reproduced from [122]. It is seen that all parameter space accessible to the Sun-atomic clocks interaction is ruled out by existing

experiments.

without those effects, the projected constraint is in tension
with existing bounds, as seen in Fig. 8.

APPENDIX F: COUPLING TO FUNDAMENTAL
PARTICLES

In this work we have described a coupling between the
scalar particle and protons and neutrons. Of course, these
couplings are to be understood as effective couplings to
these composite particles, arising from couplings to fun-
damental Standard Model fields, particularly quarks and
gluons. Some works [40,60] use these fundamental cou-
plings, so it is useful to provide a translation between
couplings to fundamental fields and to composite particles.
This topic was discussed in detail in [123], and we will
briefly summarize the relevant parts of their derivation for
this work. (The reader may also be interested in [22], which
examined this topic in the context of theories that contain a
screening mechanism.)

That work described the fundamental couplings as

d d
Eim—Kqﬁ( SF? —ﬁF2 -

d dmary; |,
de 293 A Z ( mj+7mi g)szth>

j=eu,d
(F1)

where « = \/4nGy, F,F, are the electromagnetic and
gluon field strength tensors respectively, and the y; are
the Standard Model fermion fields. Here g3 is the QCD
coupling and f;(g3) and 7,,(g3) give the running of the
QCD coupling and particle masses, respectively. These
particular choices of couplings were made in order to

ensure that the couplings and fermion masses are invariant
under the renormalization group.

Our present aim is to provide an approximate relation
between the fundamental couplings d; and the couplings
M, M, used in this work. This may be done by computing
the scalar charge of a given mass m,, which is Q, = myay,
where ay, is [123]

1 omy(¢)
=— . F2
27 xm, O (F2)
From Eq. (1) it follows that
2M
ap,n,e = u ’ (F3)
Mp.n,e

for a proton, neutron, and electron, respectively.

We will now compute the «; in terms of the fundamental
couplings. The reader is referred to [123] for a more
complete description of this calculation, while here we
summarize only the essential steps. First, it was shown that

1 R dmA amA
Ay = dg + m—A ((d,;l — dg)m o + (dém - dq)émm
om om
+ (d,, —d,)m, ﬁ +d,a a—aA> . (F4)

This is phrased in terms of the average light quark masses
and their difference

ém = (my—m,), (F5)
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as well as their corresponding coupling strengths

d- — dmdmd =+ dm“mu
m ’
mg+m,
de — dmdmd - dm“mu
om — .
mg—m,

For a single electron m, = m, and we simply have
a, =d,. (F7)
From Eq. (F3) it immediately follows that

VM _

d,. F8
V= (Fs)

The proton and neutron masses are given as

mp:mN3+0—56—|—CPa,

1
m,, = mN3+0'—|—§5+C,,a. (Fg)

The first term does not depend on 7z or dm and is therefore
irrelevant to the present discussion. The C, , describe the
electromagnetic binding energy contribution to the nucleon
mass. In addition to being small, in this work, we do not
consider any coupling between the scalar and photons, so
d, = 0, and these terms may be neglected. The remaining
two terms are

(n|m(dd — uu)|n) ~ 45 MeV,

o= (n|
8 = (n|ém(dd — uu)|n) ~ 3.1 MeV. (F10)

With these definitions, the scalar charge of the proton
becomes

a, :dg+(drh_dg)m7_§(d§m_dg)m

’

c 1 1
P P
and the scalar charge of the neutron becomes

c 1 o
ay :dg+(drh_dg)m_+§(d§1n_dg)_'

n mn

From these results, we see that the gluon binding energy
dominates the composition of the nucleons, as expected.
Summarizing these results and substituting numerical
values, we have the following mapping between couplings:

V2Mpy

= 0.954d, +0.0168d,, +0.0296d,,.

p
oM
V2Mp _ 0.950d, + 0.0138d,, + 0.0357d,,,
M, ’ ’
V2Mp, _d . (F11)
Y .

e

Having obtained couplings to protons and neutrons, we are
in a position to test the procedure that was used to compute
scalar charges in the main text. In Appendix E, the scalar
charge was computed as a weighted average of the various
components. The analogous procedure here for an atom is

aatom

1
=——(Zmya, + (A= Z)m,a, + Zm,a,),

atom

(F12)

for an atom of atomic number Z, mass number A, and total
mass Myem = Zm, + (A — Z)m, + Zm,. Using titanium-
48 as an example, we find

ar = 0.952d,, + 0.0152d, + 0.0329d,

+2.49 x 10‘4dmp. (F13)
This result, like the expressions in the main text, does not
account for the strong force binding energy between nucle-
ons. This is accounted for in a general expression for atoms
that is given in [123]. Using their general result, we find

ar, = 0.917d,, + 0.0262d,, + 0.0565d,

+2.52 x 10‘4dme. (F14)
We see that accounting for the binding energy between
nucleons changes some of the coefficients slightly but does
not alter the overall picture: ~90% of the coupling is
dominated by the scalar-gluon coupling, the quarks’ rest
mass contributes at the level of a few per cent, and the electron
rest mass is subleading.
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