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ABSTRACT

This thesis reports on the development and application of gradient
methods of minimization that have quadratic termination properties.
These properties extend to the case of minimization subject to linear
constraints an the variables. Modifications have also been made to

deal with nonlinear constraints.

The thesis is divided inte three sections ¢

In Part 1, relevant previous work in the field of Nonlinear

Programming is reviewed.

In Part 2, the methods of minimization are presented and their
convergence properties established. Numerical examples are presented

and discussed in relation to other methods.

In Part 3, the methods are applied to a specific problem in
chemical engineering ¢ that of an optimal design of a multicomponent

distillation column.
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PART I

SURVEY OF RELEVANT

NONLINEAR PROGRAMMING LITERATURE
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CHAPTER 1

HILL~CLIMBING METHODS OF OPTIMIZATION

1.1 Unconstrained Minimization

l.1.1 Introduction

In this section we consider the problem :
minimize £(x)

where the values of x = x5 o i = l...n, the n independent variables

are real numbers but otherwise have no constraints imposed on them.

The function is assumed to be smooth, in the senée that it possesses
second-partial derivatives, which are continuous. Since such functions
can be represented locally by a quadratic approximation, it is

convenient to express f(x) by a second-order Taylor's series expansion :

k) = £(x, ;) + Ei-l o+ %:pi Hx _, *+épJp » 0F6<1 (1.1)

3
3
P
n

e T H

and g -&(Ek-l) » the gradient of the function at the point x .

H(x, ., +Op,) is the Hessian matrix of second partiel derivatives

evaluated at some point in the interval (x - Ek-l)'

A necessary condition for the existence of an unconstrained minimum

at the point X is that the gradient there be zero :

1t

gx) = 0 (1.2)

Equation (1.2) in itself only establishes X as a stationary point. A
sufficient condition that X satisfying (1.2) is a minimum point (and not
a maximum point or a point of inflection) is that the Hessian there be
positive~definite ¢

_p_Tg(gc':)g >0 forall p#0Q (1.3)



l.1.2 Classical First and Second-Order Methods

The method of steepest deséent, which dates back to Cauchy (1847),

uses the negative gradient vector as the search direction

Be T B T8y T T %18 (1.4)

o is a scalar vhich determines the size of the step By It may be
shown that this direction produces the greatest decrease in f(x) in the

locality of x, ..

Degpite its admplicity, the method can be quite powerful,
especitlly if one is able to build up good empirical rules for the choice
of Y when applying it to a particular class of problems(l). Often a
fixed step-length is used, and often the function is minimized along
the direction of - This would yield the minimum in one step if the
contours of f(;) were spherical, but since the contours are usually at
best only ellipsoidal the path of the search follows a zig—zagging
course towards the minimum. Hence the effectiveness of the method is

most apparent at points far removed from the minimum, and its terminal

convergence properties are poor.

The Newton-Raphson method is based on cquation (1.1). If f(x) was
truly quadratic, so that the Hessian H = H(x) was the same for all
points X, and hence positive-definite at all points, the minimum point

could be reached in one step :

gx = g, +Hx- 3=k-1) (1.5)

hence, using (1.2)

a8

x = _:_ck-_fflgk_l (1.6)
For more general functions, (1.6) is used to define a direction of

search @

Be T N TEHg < ceq Eh e, (1.7)
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It is apparent that the terminal convergence properties of this method
are very good, since a quadratic is a valid local approximation of f(x)
about the minimum. On the other hand, the method is unlikely to be as
efficient computationally as steepest descent at points far removed from
the minimum. The first reason is that forming and inverting the Hessian
matrix is a long process. Also, the Hessian at points far removed from
the minimum is unlikely to be the same as that at the minimum, so this
operation must be repeated, possibly at every step. Further, the
Hessian thus calculated may not be positive-~definite, in which case the

method may not converge.

l.1l.3 The Conjugate~Gradient Method

Because most functions can be represented locally by a quadratic,
emphasis has been placed on methods which will give the minimum péint of
a quadratic function in a finite number of steps. In particular, it is
apparent that one may use first-order information to achieve second~

order convergence in n+l steps.

The conjugate-gradient method was originally devised by Hestenes and
(2)

as a method of solving a set of linear equations, and discussed

(3)

Steifel

subsequently by Fletcher and Reeves as a minimization method.

The search direction, Bys is not the negative gradient direction,

but a linear combination of that and the previous direction ¢

By = =% (g B Byy) (1.8)

where By = By By / Bep Bep Py = O (1.9)

It is essential that @, be chosen to minimize £(x) along the direction
T

By s S0 that - 0. It may be shown that, for quadratic functions,

and if the initial search direction is the direction of steepest descent,

the subsequent search directions thus chosen are mutually conjugate with



L,

respect to the Hessian :
T s
2 Ep; = 0§ = 1-%1 (1.10)

Hence the gradients at successive points are mutually orthogonal, and

orthogonal to all previous steps &

1-=k-1 (1.11a)

0 3

T
B B4

1=k - (1.11b)

]

o
(=)

il

T
B By
Thus, the minimum is achieved in n steps for a gquadratic, since & is

orthogonal to n linearly-independent vectors so must be zero.

The method is very appealing, for it achieves quadratic convergence
without the need to store any approximation to the Hessian inverse. When
it is applied to general functions, the need for accurate one~dimensional
searches detracts from its usefulness.‘ Also, since quadratic convergence
is achieved only if the first direction is that of steepest descent, the

process must be started afresh with this direction every (n) steps.

1.1.4 The Fletcher—Powell Method

This is another quadratically convergent minimization method, but
differs from the conjugate-—gradient method in that it uses the first
order infurmation to update an approximation to the inverse Hessian
matrix. The current approximation, §k—l’ is used to define the search

direction :

Be T 7 %1 B B (1.22)
The matrix is updated using the symmetric correction :

T T
) BBy 35%85
Be T EatTT (1.13)

Tg
By L2y Ak
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where g = g - & 3 (1.14)

In order to achieve quadratic convergence it is again essential to obtain
a stationary minimum along the search direction, so that Bz & = 0. We
then have §n = Erl for quadratics, but the method generates conjugate
directions and (1.11b) also holds, so that convergence is achieved in

n steps. If the initial matrix, §°, is chosen as the identity matrix,
the first direction is that of steepest descent, and in this case the
Fletcher-Powell and conjugate-gradient methods follow identical paths on

(&)

gquadratics .

The matrix-updating scheme given by (1.13) was devised by Davidon(S),

but the standard reference is to the paper by Fletcher and Powell(G) who
established the quadratically convergent nature of the method and

presented a refined algorithm for its implementation.

Despite the need to store the matrix, §k? it has become the most
well=known gradient method for unconstrained minimization. It is more
powerful than the conjugate-gradient method when applied to general
functions. Whether or not accurate one-dimensional searches are needed
when the method is applied to general functions is a point of some
contention in the literature, but in any case for most functions the
process remains stable with §k finite and positive~definite. This point

is discussed further in Chapter 3.

1.1.5 Minimization Along a Line

There are two methods of minimizing along a line which are commonly
used with gradient methods of optimization, or when the objective

function is known to be reasonably smooth.



6.

The first method fits a quadratic function along the line by using
three data points : either the function value and gradient at the base
point plus one other function value, or three function values. Rather
than fit a higher order polynomial with function values at subsequent
points, it is nsual to fit a new quadratic function rejecting the worst

of the previous points.

The second method fits a cubic function along the line by using the
function value and gradient at two points. Again, the worst point is
rejected and successive cubic fits yield minima which converge to the
minimum of the objective function. This method is much more powerful
than the quadratic fit, and is usually worth the computational expense

of calculating gradients.

Both methods require precautions that the stationary point
predicted by the quadratic or cubic approximation is a minimum and not

a maximume.
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1.2 Direct Methods of Handling Constraints

1.2,1 Introduction

The constrained minimization problem may be presented in the form 3
micimize £°(x) (1.15)

subject to: £9(x) £ 0 j = le=—m® (1.16)
If any constraint is linear, it may be written as @
e x - b, S0 (1.17)

Some constraints may hold as strict equalities, but in any case (1.16)
describes a feasible region, within which fo(g) must be minimized. In
this section we shall consider methods which take direct account of the

constraints, insofar as they use them to restrict the path of the search.

l.2.2 Gradient~Projection Methods

The gradient projection method, first presented by Rosen in 1960(7),

was the first efficient method for handling linear constraints in non-
linear optimization problems. Rosen's method is based on the steepest

descent method of minimization.

Suppose that the current point lies on the boundary of the feasible
region. For linear constraints, this boundary is formed by a set of

hyperplanes given by the equation ¢

-G'g _)S. - h = 9 . (1018)
ieea
(EJ)T_:E-bj =0 j = le—-m

A search direction which retains the steepest descent property as well
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as feasibilitj is the orthogonal projection of the negative gradient onto

the boundary @

B = " Ip B (1.19)
) ? -1 T
where P = I- Qm(_(jm —'m) &, (1.20)

Em is an orthogenal projection operator; it leaves unchanged any vector
in the boundary (i.e. the subspace defined by the intersection of
constraining hyperplanes (1.18)), and it annihilates any vector orthogonal
to this subspace. Thus, the search direction taken is that component of

the negative gradient direction which lies in the boundary subspace.,

A constraint is added to the basis (1.18) if its boundary is
encountered during a search. Rosen has also devised a criterion for

dropping a constraint (say j) @

when Hf_m_g; “ ‘i%[(gﬁgn)"lgigﬁ}j/‘bjj\% (1.21)

. th .. T -1
where b:j:j is the j diagonal element of (G G )

0 0
o 2,0 2] - 5 £ 2.
The procedure terminates where " 2 g;Z ' =0 and (_G'r;f1 & )"1_(:‘:;:1[1I E;ZS )

(within some error tolerance), so there is no constraint to drop. In this

case Rogen furnishes theorems to show that a constrained overall minimum has

been reached.

Simple recursion formulae may be used when adding and dropping a
constraint from the basis. These and other aopects of this method are

discussed further in Chapter 4.

Goldfarb and Lapidus(s) have combined the gradient-projection

technique with the method of Fletcher and Powell to produce an algorithm
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which has quadratic convergence properties. Since the Fletcher~Powell
matrix-updating scheme is valid only for steps B defined by
- g §k&l Eirl s Goldfarb and Lapidus incorporated projection

properties into the matrix S Their matrix is the orthogonal

~k=-1°
projection of th: current invesrse Hessian approximation onto the
subspace of active constraints. Thus for steps within this subspace,
§k—l is updated using the Davidon-Fletcher~Powell recursion (1.13),
and when a constraint is added to or dropped fram the basis, recursion
formulae analoéous to Rosen's are used. This procedure ensures that
steps are in the subspace of active constraints, and whilst steps are
confined to any one particular subspace they possess the quadratic

convergence properties of the Fletcher-Powell method.

Besides the disadvantage of having to incorporate projection

properties into the matrix and thus having to discard accumulated

Sa
information orthogonal to the current subspace, the method suffers from
a more serious drawback. The inherent disadvantage of the Fletcher=
Powell method in the presence of constraints is the need to go to a
stationary minimum along each search direction, so that Bi'sk = Oa
Constraints will often prevent this occurring, and a new sequence of

conjugate directions must be started each time the subspace of active

constraints changes.

Davies'?) has recently extended this method to deal with nonlinear
constraints. The curvature of nonlinear constraints gives rise to
serious problems, since one does not usually know 'a priori'! the
behaviour of the constraint function along the search direction. Davies!
method involves a linearization of the nonlinear constraints about the
current point, with the subsequent step taking due regard of these

linearizations. This is followed by orthogonal projection back into
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the feasible region if the resulting point violates any of the nonlinear
constraints. The step-size is adjusted during the course of the search

to take account of the curvature of the constraints.

1.2.3 Linear Approximation Techniques

Since noni'neav constraints may be conveniently handled by
successive linearizations, a class of methods has been based on the
extension of this idea to include successive linearization of the
objective function. This gives rise to a sequence of linear programming

problems, for which powerful methods of solution are well-established(lo).

The problem (1.15),(1.16) is thus reformulated as ¢

minimize f°(_:gk_1) + (g;:_l)T(;g -x ) (1.23)

subject to fj(ggk_l) + (gg_l)T(;_C_ - Ek—l) £o0 i

j = le——m"
The solution point, X1 of this problem is taken as the next base point,

about which the objective and constraint functions are re-linearized.

The "Method of Approximation Programming', due to Griffiths and
Stewart(llz uses this formulation; however, they also add a set of

limitations on the step size to the set of constraints (1.24):
L $x-x4, €U (1.24a)

Considerable success has been reported with this method, particularly
in applications where the objective and constraint functions are not

highly nonlinear.

(12)

Kelley's "Cutting Plane" method relinearizes only one constraint

at a time and specifically considers a linear objective function. As he



points out, there is no loss of generality in this, since a nonlinear
objective function may be replaced by a nonlinear constraint with a

slack variable @

- » . * o =
minimize x_ .. subject to f (x1-xn) e 0-
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1.3 Penalty Function Methods

Since powerful methods of unconstrained minimization exist, it is
an attractive proposition to transform a constrained problem into a
sequence of unconstrained problems. This is especially so for highly
nonlinear constraints, since direct methods of handling these will

ultimately give rise to very small search steps.

The idea of adding a penalty term when a constraint is violated
11, (33)

goes back to Courant in 19 ¢ and since then numerous penalty
function formulations have appeared in the literature. They all modify
the objective function so that it takes on very high values at or near

a constraint boundary in order to force the search into the feasible

‘region.

A typical formulation which allows constraint violations is as

follows ¢ -
) m
£(x, K) = £°(x) + K == 6(£3(x)) . (£(x))? (1.25)
3=1
where 6(y) = Eg i:\,g

This is solved as an unconstrained problem for a sequence of increasing K.

Another formulation, which has been extensively developed by Fiacco

and McCormick(la), does not allow any constraint violations s
m*™ .
£y v) = £20x) -~ r = (W/£x) (1.26)
J=1

The right=hand term goes to infinity as the constraint fJQE) approaches
zerc. This is solved as an unconstrained problem for a sequence of
decreasing r. As r decreases, each solution gets closer to the boundary

of the active constraints.
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The unconstrained minimization problems arising from penalty function
formulations are characterized by narrow curving valleys or ridges.
Nevertheless, such formulations have become established as a most

effective means of solving nonlinearly constrained problems.
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CHAPTER 2

KUHN~-TUCKER THEORY AND THE SADDLE~POINT PROBLFEM

2.1 The Kuhn-Tucker Conditions for a Constrained Minimum

2.1.1 Lagrange Multipliers—~Equality Constraints

Consider the problem 3

minimize £°(x) )

j (2.1)
subject to fI(x) = 0 j=1--m

The classical approach to this problem is to adjoin the equality
constraints to the objective function by means of Lagrange multipliers.
We then have the unconstrained problem of finding a statiomary point of the

Lagrangian function

m
W &) = 2 - 2 A 156 (2.2)
j:

Under certain regularity assumptions, these two problems, (2.1) and

(2.2), are equivalent(ls). At a stationary point, 21l the first partial

derivatives of the function are zero.

3L(x, A) 85°(x) JL PRI

.._._'..... - - L j = O i = l Lo di ¢§
6xi axi j=1 axi

— = =-f(x) = 0 j=l =——m

axj

)

which is a set of ntm equations for the nim unknowns (xi, Kj

i=z)le=n, j=1 «==m,
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2.1.2 Extension to Inequality Constraints = The Kuhn=Tucker Theorem

Kuhn and Tucker(16)

have extended the useé of Lagrange multipliers
to inequality constrained minimization problems, and have put forward a
set of necessary and sufficient conditions for the existence of a

solution.
Theorem ¢ If -g_c__ is a solution to the problem

minimize £°(x)
(2.3)

-~

subject to £3(x) £ 0 =1 mmn®
(Necessary Conditions) then there exists a vector Z such that 3

» .
G L awE = 3£l (x)

(1) — = - <<_ X, = 0 i=z1e~-n (2.4)
ox, 9%, =19 ax,
(ii) xj L0 J=1e—o (2.5)
oL (x, A) :
(iii) — = =) 2 o j=1 =" (2.6)
A
J
rED B
X, — .
(iv) A —" T =Z A £9@ = o0 (2.7)
TN j=1 3

(Sufficient Conditions) If, also, the following condition holds, then
these conditions are sufficient.
oL (x, M) (x - )
0x

(v) L(gt-_, X = Lx, M) + for all x & E (2.8)
Note that (v) is satisfied if the Lagrangian is convex in x. That
this condition provides sufficiency is easily shown @

(Please see OVereses)
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from (ii) i‘j < 0 j=le—u

Note also £3(x) £ O for all feasible x.

%
m
< = j - s
Hence <= Ay f (x) = 0 for all feasible x 4 and, using
J=1

(1) and (iv), (v) implies that

]
m

£2(x) - = % Pz = °®
J=1

iee. f2°(x) F £°%X) for all feasible x.

Note that, using (ii) and (iii), (iv) implies that either ’i.'j =0 or
fj(gb = 0. This simply meens that constraints not active at (x) are

ignored.

The above conditions are subject to a regularity assumption when
nonlinear constraints are present, namely that there is at least one
feasible point for which all the nonlinear constraints are satisfied as

strict inequalities(l7).

2.2.3 The Saddle-Point Problem

The necessary conditions for optimality given by the Kuhn~Tucker
Theorem are also necessary conditions for the existence of a saddle=point
of the Lagrangian function at (%, A)

i.ec.
YEAN S LED € LD A €0 (2.9)

x < B
The sufficiency condition, that the Lagrangian be convex in x, is also a

sufficient condition for the existence of a saddle-point, a&ince the

Lagrangian is linear and hence concave, in A :

. L, MD Q-
Lz, M) = Lx, X) + 5 T
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using conditions (iii) and (iv) :
L(x, A) =< L(x,X) for all1 A < O.

The right-hand inequality of .(2.9), follows immediately from (2.8) since
AL GEdD
0x -

Under these conditions, the solution of the original constrained
minimization problem, (2.3), may be found by the solution of the saddle-

point problem ¢

min max L(x, A) (2.10)
X< B A=O0

Note that this minimization is over the complete space of x, not just
feasible x. But from (iii) it follows that the solution point (3?, ) is

feasgible.
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2.2 Solution of the Saddle-Point Problem

2+2s1 Direct Search for a Saddle~Point

(18) have propoped a differential gradient

Arrow, Hurwicz, and Uzawa
procedure, which takes the form of two simultaneous differential

equations :

3 .
ax 0£%(x) Zm 3£d(x)
aE - 0x B §=1 }\J 0x
=t= ( £x) if A;> 0 or 9(x) = o

0] otherwise

Note that this constitutes a full search in the E'xE' space of x
and A. It is only possible to prove that the process converges to the
saddle point for a strictly convex objective function and strictly

convex constraints. This places a severe limitation on the method.

King(lg) has proposed a Liapunov function 3

» T » .
f0r%(x) = afj(gc_)] ar® & agd T
minimize V(x, A) = [ " ?:1 M E IR iﬁ Mo + £4(x) £Xx)

where _f! (x) is the set of strict equality constraints. This function
is positive-definite everywhere except at a number of isolated points,
which must be investigated for convergence. Note that it needs calculation

of second-derivatives to minimize V(x,A) by gradient methods.
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Another approach to the solution of the saddle-point problem is to

transform the search in the spaces of x and A into two separate sub-

problems.

Problem 1 minimize L(x, A)
X =

x
m

£2(x) - = A £3(x)
3

with A fixed.

Problem 2 meximize +y(A) min  L(x, M)
A0 e

The function y(A) is the envelope of the solutions of Problem 1

for various A.

This transformation of the original objective function L(x, A) into

the function y(A) was mentioned in Courant and Hilbert(l5 )

constraints. It has been discussed more recently by Takalmshicao),

generalized to include inequality constraints by Falk(a).

for equality

and

Its effectiveness is limited by the effort in solving Problem 1 for

each setting of A, and the need for convexity of the constraints and

strict convexity of the objective function. However, some problems have

a structure which is particularly amenable to this transformationg in

(22)

particular Brosilow and Lasdon have applied the technique to the

decomposition of complex chemical plant.

20203 Quadratic Approximation Programming

Using the Kuhn-Tucker conditions, Wilson'22) has developed an

interesting extension of the linear approximation programming method

discussed in section (1.2.3). The Taylor's series expansions of the
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objective znd constraint functions are truncated at the second=order

term 2

00 = £°g) + (g7 - ) + e - 1) K- x) +ofx - x JF

260 = 90 + (gD 6 - m) + M - )" Bl - %) + 0 fx - EkW
£ 0 =1 - m

A sequence of quadratic programming problems is generated, using
Lagrange multipliers to put the nonlinearities in the constraint

functions into the objective function

L
m.
minimize (g + (g (x - x) + 3x - 57 - Z_ 4, G - x)
5=
subject to fj(gc_k) + (gg)T(E - 351{) = 0 j=1 e

The values of the Lagrange multipliers, Kj, used are those at the
solution of the previous problem in the sequence (and must be guessed

for the first problem).

Note in particular that, as well as the constraints, the objective
function is also truncated at second-order. A serious drawback to the
method is the need to calculate (m™ + 1) Hessian matrices of second
partial~derivates for each member of the sequence of problems. However,
it is remarked in the reference that it is not necessary to recalculate
these at every step of the sequence. For large m”, the storage of the

matrices may in itself present a problem.



PART TI

MINIMIZATION METHODS

WITH QUADRATIC CONVERGENCE



CHAPTER 3

MINIMIZATION WITHOUT CONSTRAINTS

%e1 Basis of the Methods

The principle of solution is to assume a local quadratic
approximation to the function and construct successive approximations to
the inverse of the Hessian matrix, using these to estimate the position of

the minimum at each step.

Thus we consider a function, f(x), of n variables, with continuous

second derivatives, and expand it in a Taylor series with a remainder

-

term of second order @

™

fk = fk-l + -E;:E-l Bk + %Ei'g(ﬁc—l + G-Ek)"Ek 0 £ @ 1 (3.1)

vhere £, = f(x) , g = g(x,_;) is the gradient of the function at

point Xy B = X - X o and H is the symmetric Hessian matrix.
The change in the gradient is then given by

Qe T By " B = Hep (3.2)

Now if x, = X , the position of the minimum, we have g(x) = 0, and

provided that H is non-singular, equation (3.2) yields

= By mE gy 3.3)

%>

We are therefore interested in constructing successive approximations,
ﬁk s+ to the inverse of the Hessian matrix, and it seems reasonzble to
require that the approximation at any step should satisfy equation (3.2)

for all steps so far made @

IN
.

/i

e
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After n steps we can form the n x n matrices, ?-n and gn with

columns Bj 1% 3j <n, and ay - 1< j £ n, respectively.

Equation (3.4) then gives

Bp8n = & (3.5

Now if the function f(x) is adequately represented by a quadratic
function over these n steps, the Hessian matrix H will not vary, and if

further H and Q are non-singular, we have from (3.2) and (3.5) ¢

5 =P 9 =K (3.6)

We can then obtain the position of the minimum from equation (3.3).
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3,2 Construction of the mairices §k

A number of methods suggest themselves for the comstruction of -S-k to

satisfy equation (3.4) and here we consider two related methods.

3.2.1 Method A

The most obvious method is based on equation (3.5), written in the

form
5 = B R (3.7)
-],
where Bk = Q‘k

We start with arbitrary matrices 20 and 30 s subject only to the
condition that 90 is non~singular, and at each step successively replace

corresponding columns with the calculated vectors, By and 9 ¢

B, = 1t (B~ By ).eT (3:8)

& = Gyt (g - Yqey ).eT (3.9)

The corresponding inverse, R, , is readily computed by the

-k
recursion formula :(2‘*)

- )o 'I..,
R = B+ T‘R;{"l %5023 S (3.10)
25 S-1

Note also that @

det ng\ = det ‘Q‘k--l‘ det ‘ (z +(Ek—19-k - s_d)sfg)

Expanding the right-~hand determinant by diagonal ell.ements<25 ) we have ¢

det ‘Q‘k' = det ]9«-1 . 31:‘ R o (3.11)
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Now if det

_Oq{_]j A0, R,.; is non-singular and R.1 g camot be
null unless L] itself is null. Otherwise there will be at least one
non-zero element of the vector &&_1 q + S0 that we can choose g_j to
ensure that Bk
so that _g_r"_[j‘ 5{_1 9 is the element of greatest absolute value, which makes

det 191(

the same column to be replaced repeatedly. Since the quadratic is only

is non-singular. It would seem desirable to choose Ej

as large as possible, but for general functions this may cause

a local approximation, it is equally important to retain the most recent

information and a suitable compromise is to replace the oldest column for
T . .

which e i _13] 1 9 does not fall below a prescribed lower biound, chosen to

ensure that a singular Qk does not arise through rounding errors.

It is convenient to write equation (3.10) in the form :

R, = R, +(e -R _qk) (3.12)
T
with IIEE = -%,%—%"—1—- (3.13)
25 B

Substitution of (3.8), (3.12) and (3.13) into equation (3.7) then

yields a simple recursion formula for §-k :

= St (B S 80k (3.14)

*m

It is not therefore necessary to construct the gk and Q‘k explicitly @

we merely start with arbitrary non-singular matrices §0 and go and up—-date
them using (3.12) - (3.14). If points are rejected for which g, = 0 and
e 5 is chosen as explained above, all successive _l}k are non-singular, and
the S, satisfy equation (3.4) for all vectors Py and g4 dmplicit in the

current gk and gk respectively.
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3e2e2 Method B

Since H and H - are symetric, it is of interest to investigate the
possibility of constructing symmetric §k to satisfy equation (3.4). Since
any symmetric matrix can be expressed as a sum of symmetric simple
products of type g,g?, we investigate the recursion formula t

. T
B = St pen/o (3.15)

where S

Sl is symmetric and z is to be chosen to satisfy equation (3.4).

Setting j = k in equation (3.4) and substituting  (3.15) we have :

T
B = S Gy = S 8 205 8/0

Whence, if we choose ¢ = gi.gk
(3.16)
we obtain Ek = Ek - §k~1 9
From (3.15) and (3.16) :
(e = 5 ) (B -~ S84 -‘Jk)T
_Sik = _Sik_l + ki (3-17)

T

9By = 5 )

We may note that this is also of the form of equation (3.14), where
I is now given by ¢

2.
- =X
I = o\ (3.18)

It remains to demonstrate that §k s constructed according to equation

(3.17), satisfies eguation (3.4) for all preceding steps as well as the

current step, and it turns out that this is only true if f£(x) may be

represented by a quadratic function over the steps in question.
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The proof is by induction.
We nocordingly suppose that ¢

B 45 = By R T (3.19)
Then from (3.2) and (3.19) :

ﬂz-sic—l-g-j: S;I;Bj =£k§_2j=£§_g_j (3.20)
and from the definition of z in (3.16) :
Zeq; = Rch-g-j-'-q-gEk—l-g-j =0 (3.21)

Hence, from (3.15) :

A

§k-g-3 = -§-k-1 45 =By 1=J~<k as required.

Now §-k has been constructed so that _S_k 9 =B and in particular

-S-l 9 =B for arbitrary -S-O « This completes the proof.

Essentially both methods ére methods for solving the set of non-
linear equations : g(x) = O , for which H is the Jacobian matrix.
Method A makes no assumptions about the nature of H, other than that it is
non-singu.’l_é.r, and it may therefore be used for solving general sets of

non-linear equations.

In both methods the matrix -§k

requires the storage of a second auxiliary matrix (B_k). It will be

must be stored, and Method A further

seen in Chapter 4 that the flexibility introduced by the use of 2;( in
Method A can be used to advantage in dealing with constraints. Method B
on the other hand has the advantage of requiring less storage space and

less computation per step but camnot be used for solving sets of
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equations with non-symmetric H.

(26)

Broyden has discussed a more general class of methods based on

the recursion @
‘ T T
S % By TR B "7 Sy Qe

This includes the Fletcher-Powell method as well as the Two
methods presented here, and Broyden mentions the generalized=secant
method and Method B above but does not discuss computational performance.
Davidon(27) has also independently arrived at the same matrix updating
scheme as Method B. Some of the results in this Chapter have been

(28).

presented in an earlier paper
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3.3 Choice of Steps, B

It is logical to choose the step o according to equation (3.3),
replacing _Ifl by its current approximation, §-k-1' However, if this is a
poor approximation such a step mey well lead to an increase in the
function, and it is wiser :to allow for a modification of the distance

along the direction of the predicted minimum according to the formula ¢

B T "% Spq B (3.22)

where % g is a suitably chosen scalar,

If we ensure that the function f(_:g) initially decreases as we move
from X along the direction By 1 We can always choose an &t such
that f(_!gk) - f(’_ik..l). We must therefore have 51T<-1 By < 0, and so long
as 5;'2_1 S 1 B # O we can always choose the sign of @, 50 that this

is s0.

In chapter 5 we shall show that in order to achieve convergence we
need to make these conditions slightly stronger, according to the

relations ¢

o flacl < o a <o s (3.25)
gsead > € s || 2 (5.24)
2 - ) Z 6o e B S B T O (5.25)
|ow| = v (3.26)

where (", t,6,6 ,yv are fixed positive constants.
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Condition (3.23) represents upper and lower bounds on the norm of
the vector §k<5k in relation to the wvector By - As will be seen in
Chapter 5, the lower bound is essential in order to ensure that the
sequence of functions converge to where B = O, and the upper bound is

needed to ensure that the steps b -7 0 as _gkﬁ 0.

Condition (3.24) limits the angle between the search direction and
that of steepest descent, so that with o of the appropriate sign the
function initially decreases along the search direction. This is
associated with condition (3.25) which bounds the function decrease above
a positive multiple of{gﬁ §k B 80 that together these two conditions
ensure that the steps do not stop short of a stationary point., Condition
(3.26) is of course essentialj it postulates that the search steps do not

become infinitely small.

It will be seen later that non-singularity of the approximating

matrix S, is a useful property to retain, and in any case this ensures

-
that the left-hand side of (3.23) is satisfied. Consider the determinant

of the updated matrix :

From (3.17) and (3.18) we have @

det |5, = detls, ,|. det]{l + (S2 p - g) xi}! (3.27)

Expanding the right hand determinant by diagonal elements, and noting

that 1§ 9 = 1, we have :

det |5, | = dot|s . B S By (3.28)
using (3.22)

aet | 5, | =det|s, |- oy w gy (3.29)



Hence, a necessary and sufficient condition for _S_k to be non~

singular (with 8.4 non-singqlar and &, # 0) is that

T
Yy Bq # O (3.30)
Thus, if S, is non-singular and we ensure that (3.26) and (3.30) are
satisfied at each step, all successive S, are non-=singular.

=K

A1l the methods break down if G4 = 0, for g, occurs in the
denominator of Ty in each case. This means that §-k-1 cannot be updated,
and since B = By the direction of search is also unchanged. In
general of course there will only be a finite set of points for which
g, = 0 so that a change of .y Will usually be sufficient to avoid the
problem. However, it may arise that _5(5) is constant far all points
along the line of search and in this case the simplest course of action
is to make a step in the steepest descent direction without updating
§_i{_1 or the auwxiliary matrices. It may be noted that this also
constitutes a failing case for the Fletcher=Powell method.

With these precautions the procedures will generate a sequence of

points x,_ such that £(x ) < f(gk_l) , where the equality occurs only if

X
By = 0, indicating that X is a stationary point. A local search
about X for example along each of the coordinate directions, will then
elther confirm that this is a minimum or else provide a new point with a

smaller function value, from which the procedure can be continued.

We must now examine how these conditions can be met in practice for

the proposed methods.
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3.4 Procedure for Method A

We consider first the choice of o to satisfy (3.24).

At step (k-1), gfi_l 8, 1 B_p setisfied (3.24), and since &(x) is a
continuous function of x, there i1s a neighbourhood of X%, _, for which

lE;E S 1 &\ N'Ek” . “-S-k-l Ek" satisfies (3.24) and we can choose
e to give an X in this neighbourhood. Now from equation (3.14) we
have @
T T T T

B S B = B S Bt BB~ S 805 & (3-31)

If the second term on the right hand side should be of such sign
and magnitude as to prevent E;T{ -S-k By from satisfying the condition, we
can always make li & = 0 , and hence guarantee that condition (3.24)

is satisfied for a sufficiently small o .

From equations (3.13) and (3.29) we see that xg &, = O makes
xg B = ~l, which also conveniently satisfies the condition for
non~singularity of _S_k. Thus, when corrections according to equations
(3.12) = (3.14) with the normal choice of g vesult in either
1125 iy = Oy or condition (3.24) not being satisfied, we con make

further corrections according to the formulae ¢

Ry Ek"'(-eqn"'gkgk-l)-z-ch

S5 = 8 4 +(p ~54 g_k)(z;{)T (3.32)

T
e

7 and (_xl'{)""1 = (e.+_§m)T§_1;
on By B

AN

where 2 =
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Note that the result li B = 0 1leads to a simpler correction 3

T
? = -
5= St - ) &
The vector = is chosen by the same rule as _t_a_j s but with the
restriction that m # j. The combined correction factor y_}'( which
7 R . . R
generates -§k from Ek—l is then equivalent to Xy in (3.14) and is
orthogonal to g as required.

This result may perhaps be more easily seen in relation to the
matrix Qq{" It was noted (c.f. equations 3.10 and 3.12) that we require
T _ T _
Y, to be the solution of § ¥, = £4° To make y; £ .4 == 1, We

effectively put - Byeq in column m of -Q‘k and solve (_Q{{)T ;zi'{ = _e_j + &

If in fact this condition is not necessary to satisfy (3.24), we
may be able to obtain _yi B # 0 more simply by continving the search
for an _(_a_j which yields this result as well as a suitably large value of

T . . .
&5 g.k_l g, in the first correction.
It is now possible to give a complete statement of the procedure
for step k given X Beq Bk-l and §-k—1 s
1. Choose the sign of ap . to make oy . gi_l Synq By POsitive

2. Starting with lak-l l = 1, and computing By from (3.22), determine
a point X with 0s ‘ % g l‘ <1 to satisfy (3.25), using some search

method for minimizing along a line or by successive halving if necessary.

3. Compute g_= g(ggk), and if ” _gk”$ ¢ proceed to the local seerch

procedure for confirmation of a minimum. Otherwise go to step 4.

T <
L. If lgk S _gkl/ “Ekn . H§k_1 &{” 6 4 return to step 2 and
seck a smaller value of |o y|. (If |ay_,| becomes less than & register
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a failure of this step for purposes of step 7.)

S« Check that ‘a’k-ll =< & and “§k-1 Ek—l“ / ”-&k—lu < vy 3 rescale

oy and -S-k—l if necessary.

6. Compute y, and R, from equations (3.12) and (3.13) choosing the

oldest column for which _e;? R g_kl = b, and if possible

1{ B l 2 & « If it is not possible to satisfy this latter

condition, correct R_and 8, using equation (3.32).

7. Test that condition (3.24) is satisfied. If it is not, correct R,

and -S—k using (3.32) if the test in step 4 was satisfied, otherwise reset
S L R-L

In this procedure & and & are small positive constants chosen to

ensure that no difficulties arise through rounding errors.



3l

3.5 Procedure for Method B

3.5.1 Positive-~Definiteness

For Method B we can show that, if -S-O is chosen to be positive

definite and we can always choose @, _; so that x;'E - < 0, then all
ék are positive definite. The proof is by induction, so we suppose that
§-k—l is positive definite and Bye1 # 0.

We note first that g S, £, O 5o that a_, must be positive

to obtain g, p < O. Now comsider the matrix S(t) defined by

S(6) =8, * ey = 80 8) B (3.53)

where t is a scalar in the interval 0 % t £ 1,

From (3.33) :

aet|s(t)| = aet|s, .| - §@ -8 -t x g, Ten d (3.34)

Since det!_S_k_llj £ 0 and x}T{ By < O by hypothesis, and @, > O,
it follows that the right hand side of (3.34) cannot vanish, and hence
that S(t) is non-singular, over the interval 0 < t < 1. Now according
to a theorem given by Caratheodory(29), a matrix S(t) is positive definite
in each interval t, £ t = t, for which 8(t) is non-singular, provided
that this interval contains a point t, for which S(t,) is positive
definite. The point t = O is such a point in the interval 0< ¢t < 1,

and S(t) is therefore positive definite over this interval. In

particular, § = 8(1) is positive definite and this completes the proof.

To examine the conditions for I;.E Ek-l< 0 ve consider separately the

mumerator and denominator of y, . Substituting from (3.22) we have 3

(Pleasec see OVET eae)
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T T
55—1 Z = Ei—l(ﬁk =S 80 = Qo )E S 9B T BB

eee (3.35)
T T
% = Siqi(ﬁk = Sa9) = @ - g5 8 “(1 - oy B S 1B
7
- BS 15 ees (3.36)

Using (3.35) to eliminate oy, from (3.36), together with (3.16) and

(3.18), we obtain after some rearrangement
T o - . I T2
Bie1 1831 % T Eeie1 PEe-174-18 T Be-1Ppe-18-1

[T T T 2
-Lakgk—lsk'-&k-lék-l-&k-l - <ﬂk-—1§-k-1ﬂk)J (3.57)

Now since S is positive definite the second term on bhe right hand

—%-1
is always positive, by the Schwarz inequality, unless & is parallel to

Byt when it is zero.

ce o T -
It follows from (3.35) that if 2y By = 0, then B §k—l By 7
By 81 B, nd the first term on the right hand side of (3.37) is

negative.

Thus, if gi 5k-1> O , we must have ¢, < O and the condition
T < 3 >
Yy By O is satisfied. If this occurs for Gy = 1 equation (3.35)

shows that -Ei _gk"' O and hence a minimum must occur along the line
between X1 and Xo
T .
.> - . o
If Cy 0 we must have 2y By O and again the condition

xi - < 0 is satisfied. In this case (3.35) shows that if O <a.k$ 1

we have Ei _gk<~ O and the function is decreasing at X5 unless the
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function is quite badly behaved it will not have both a maximum and a

minimum in this range of a

2(x, )< £2(x, ).

=1 5° that this normally implies that

. - T <
It is unfortunately possible that ¢, = o and'Ek-Skel < O together
(although both can be simultaneously zero only if By is parallel to
Ek?l)' s0 that the condition.xz‘gk?1<: O can fail., If this failure occurs
T “ . . T _

at Ogq = 1, then we have D B =0, with equality if~£k'5krl = 0,

In this latter case the stationary point will normally be a minimum,
correctly predicted usinglgk_l s0 it seems reasonable simply to set

Sy = S
as explained above., An interesting result is that, for Ol = 1, the

in any case we shall normally have obtained a function decrease,

next search direction, Ek-gk s is only sign-dependent on Cpe

In fact we are left with 1little theoretical guidance as to the best
course of action when the method does fail. The most obvious course is
to reset §k to the identity matrix, and thus restart with the steepest
descent direction. Some preliminary numerical experiments indiccted that
resetting‘§k = §k—l often led to repeated subsequent failure; however,
it is evident from (3.21) that it is possible to retain the information
in 8, , by updating to S, using equation (3.15) but with a different
choice of Cpo Note also from (3.15) that S, is positive definite for

any positive C)e

Three choices of c, were exﬁerimented with ¢ a constant value

k
PR _ T T .
o(=10"") , ¢, =~z g o »and o =2z z. The third choice was found

to be the most successful. The reason for this is considered to be the
fact that this keeps the numerator and denominator of (3.15) of the
same order of magnitudej this is especially helpful on approaching

convergence when the correction terms become small.
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Carrying out a similar analysis for the Davidon-Fletcher-Powell
matrix updating scheme, we find that the condition equivalent to
li-skvl‘; 0 for positive definiteness is that Ei-gkjb O. This is
satisfied for all positive oo if the function is convex along B,
(excluding the possibility that 9 = 0), but in any case it is
certainly satisfied at the minimum (since Ei'sk = O there, and §, . is
positive definite). Thus, this method does not suffer from the

possibility of failure.

3502 Search Algorithus

It is not difficult to show that conjugate directions are generated
1f one does go to the minimum along each search direction, provided that
the matrix updating scheme does not fail(Bo). Also, Method B and the
Fletcher-Powell method will generate identical paths on .quadratic functions
if they both start with the same initial §o' Thus one search algorithm
tried was that of searching for the minimum along each direction. This
also enabled us to compare the matrix updating scheme itself with that of

Davidon=Fletcher~Powell.

One way of avoiding fruitless computation is to step O = 1, and
. T T . .

test the sign of By & there. If~2k B >0 then the function ill have
a minimum in the range O < a, ., < 1 and the condition zg Ek-l'i 0

. s os T _ . R
will be satisfied there. If D& 0 at 41 = 1, the function will
normally have decreased and the minimum occurs at o 21, In this
case 1t would seem sensible to test the condition.ziigk‘Q O there and,
if they are not satisfied, to reset §k immediately, since further analysiEBO)

shows that changing o is unlikely to have any effect.

k=1

A third algorithm which suggests itself is to discard all reference

to conjugate directions and to merely satisfy the conditions required for
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overall convergence. Indeed, the method is quadratically convergent for
steps of arbitrary length and direction, so that obtaining conjugacy is
superfluous anyway. Condition (3.25), bounding the function decrease, is
in general a much less stringent requirement than that of going to the
minimum(3o>, s0 the indicated course of action is to satisfy this, and then

test (3.24) and yo < 0 for stability.
Ly By

The three algorithms are described more explicitly below.
Preliminary numerical experiments showed that the cubic minimization
method of Fletcher and Powell was sufficiently powerful to justify the
computational expense of calculating gradients. Also, a choice of

initial step-length offered by them was found to be useful

O = min)il.O, -2 (£(x) - £ L.B.)/gi p_k} (3.38)

where f L.B. is the estimated lower bound on the function, which is

often zero.

(27)

Davidon's recent variance algorithm uses the same matrix updating
scheme as (3.17), and alters the value of c, to keep S, positive
definite. A fixed steplength of g = 1l is used, and if this results

in a function increase, the matrix is updated but the step is rejected,
so that X =X However, it is felt that this course of action is not
desirable, since a function increase at Uy = 1 indicates that an
interpolation can be made yielding both a function decrease and a stable
matrix

§k'

Algorithm B.1l. {First Conjugate-Direvtion Method)

(i) Make an initial step according to equation (3.22) with @, _, glven

by equation (3.38).

(ii) Use cubic minimization to find the minimum,
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(i4i) If ”g_k“.‘: ¢ proceed to the local search for confirmation of a

minimume.

(iv) Test oy, Z b and ”ék—l Ek—ln/“Ek—ln = 6§ rescale @, and
5&-1 if necessary.
o . T T - . .
(v) Test lckl =6z 2z and z -Ek-l/ck < =8 3 if either fails

to S, using equation (3.17).

reset S, , but otherwise update §-k—l Sy

=i

Algorithm B,2.(Second Conjugate-Direction Method)

(i) Make an initial step according to equation (3.22) with @4 =1

(ii) 1f ”gku < £ proceed to the local search for confirmation of a

minimum.

(ii1) Test _z_i B - & and if successful go to step (iv). Otherwise
T T < . . .

test 'ckl =6z z adz g o /ck < 6 3 if either fails reset §k

and return to (i) for the next step, but otherwise go to step (vi).

(iv) Use cubic minimization to find the minimum.

(v) 1f “ E'kii == & proceed to the local search for confirmation of a

ninimume

(vi) Test o o = 6 and “§-k-1 Ek-lu/ HBK_J_H > & ; rescale &, _, and

Si 1 if necessary.

(vii) Update 8,., to 8, using equation (3.17).

Algorithm B.2a

- As Algorithm B.2 but with the initial. Y given by equation (3.38).
In this case cubic minimization may generate an e =2 1 and if this

occurs we set o . = 1 and return to (iii).



Algoritim B.3 (Ensuring Convergence)

(1) Set ¢, = 1.
(ii) Make a step according to equation (3.22).

(1ii) If u Ek“ < &  proceed to the local search for confirmation of

the minimum.

(iv) Test condition (3.25). If not satisfied make one step of the
cubic minimization algorithm, or if this has converged halve Oy ? and

return to (ii).

(v) Test o o = 6 and I“-'-S-k-l gk_l“/”_gk_ln > & 3 rescale o

and S

Sy if necessary.

(vi) Test !ckl PAN _z_.;'z_z_k and g'f{ £ _1/% < ~ 6 § if either fails

reset S

S, but otherwise update 8, . to S, using equation (3.17).

k-1

Algorithm B.%a

~ As Algorithm B.3 but with the initial e, , in (1) given by

equation (3.38).
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3,6 Numerical Examples

A number of problems appearing in the literature are specifically
designed to be difficult to solve, and have evolved as a standard set

for comparison of minimization methods.

Example 1(8) inimize £(x) = 100 (}__la - x2)2 + (1 = x1)2

starting pt. (-1.2, 1.0).

This is a narrow curving banana=-shaped valley, with the starting

point at one end and the minimum at the other.

Example 2(6)

minimize £(x) = G +10x)° + 5(x5 = x,)?

+ Gy = 26" 4 200 = %)
starting pt. (3, -1, 0, 1).
This quartic has a singular Hessian at the minimum. It thus

presents a difficult test for methods which build up an approximation to

the inverse of the Hessian.

Example 5(6) minimize £(x) = 100 [FXB - 10 9)2 + (r - l)é] + x32

-

where 2;19 = tan T (xa/xl) - %;/2 < onp = 3;;/2

2+x2)%

Gy 2

starting pt. (-1, 0, O).

and r

This function has a steep-sided helical valley, winding in the x3

direction with pitch 10 and radius 1.
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ample h(33) 2

Examp minimize £(x) = 100(x% = x,)% + (1 = %)% + 90(x,” - x,)
+ (1 - x3)2 + 10,1 [(x?_ - 12+ (x, - 1){'

+ 1998 (xz - 1)(x1+ - 1)
starting pt. (=3, -1, =3, -1)

This is a four-dimensional banana=-shaped valley, with characteristic
steep sides and high curvature. Around the 'middle! there is extreme

curvature with little function decrease along the valley floor.

n - n
<~ 2
Example 5(6) minimize f(x) = = E, - <. (Aij Sin x, + Bi 5 Cos xj)]
i=1 I =1 '

———

i.e. solve the set of simultaneous non~linear equations

n
:EEE (Ai- Sin x, + Bi, Cos x.) = E. i=1-=n
J J J J

3= *

The matrix elements of A and B were generated as random integers
between + 100, and the values of the variables, X;9 i = 1 === n, were
generated randomly between + m. For these values the right-hand sides,
Ei’ were calculated, and the starting point taken as (xi + 0.1 6i) where
the 6i's were also generated as random numbers between + m. The

experiments were repeated a number of times for n = 5, 10, and 20.

The examples were solved on an IBM 7094, using double precision
(16 decimal) arithmetic. (Some comparative results in single precision
showed little change). The constants appearing in section (3.4) and
(3.5) for both Method A and Method B, & and &, were taken as Il.O"'8 and
10~ respectively. The cubic minimivation method of Fletcher and Powell
was used in all the tests, and when searching for a minimum along a line
the criterion for convergence was that ‘ gi P—k' =& or e “§-lc-l E-k-l“ <t

where Ao is the change in @ g for one iteration of the search algoritim.
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Method A

This method was tried on the first four examples. The results of
these were sufficient to indicate that it was considerably inferior to
Method B, so that further investigation was not warranted. Two
alternative search strategies were tested, these involving a small change

in step 2 of the procedure described in section 3.lk. 3

Mgorithm A.,1 ¢ The minimum along each search direction was sought.
Algorithm A.2 : The search along each direction was terminated when

condition (3.25) was satisfied.

For purposes of comparison two similar algorithms using the Davidon~

Fletcher-Powell matrix updating scheme were tried 3

1. A programme was written in which the minimum along each direction

was sought, the approximating matrix being updated using equation (1.13).

2. The other programme used was subroutine VAOIA, supplied by
M.J.De Powell, which is similar to Algorithm A.2 in that it merely

seeks a function decrease.

The results of these tests are shown in Table 1 of Appendix 1.

Method B

The three algorithms given in section (3.5) were each tried on the
five examples. Two different reset schemes, when the condition

T . .
Yy By < 0 failed, were tried :
Reget 1 ¢ Set -§k =1

Reset 2 @ Update to S, using (3.15) with ¢ = &

B to 5y
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The results for the first four examples are shown in Table 2 of
Appendix 1. Also in this appendix are Table 3, which shows the results
on Example 5, and Tables 4 - 7, which compare the progress of

Algorithms B.3 and B.3a (using Reset 2) on the first four examples.

Discussion of Results

It is immediately evident from these results that Method A behaves
very poorly in comparison to Method B. The main difference between these
methods is that the correction term in Méthod B is fixed by symmetry,
whereas the choice of correction term in Method A is very flexible, It

would seem that this arbitrary nature of contributes in large measure

S
to the downfall of the method when it is applied to general functions.
It is interesting to note the same pattern of behaviour in both Method A
and the Fletcher~Powell method : the second search strategy; of merely

seeking a function decrease along each direction, produced an improvement

in all examples except the fourth, where it failed badly.

The performance of Method B was most encouraging, especially
Algorithms B.3 and B.3a. Comparison of the performance of B.3 and B.3a
in Tables 2 and 4 - 7 of Appendix 1 shows an interesting phenomecnon.
B.3%a, giving achoice of initial step-length, shows an improvement over
B.3 as expected in 21l examples except 1 and &4 where the functions are
characterized by narrow curving valleys. It is evident that the large
initial step in B.3 oversteps the minimum, and hence the path zig—zags
easily aromnd the bends, whilst the smaller step-size in B.3a results

in a path which creeps around on one side of the valley.
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Of the three comparable conjugate-direction methods Algorithm B.2a
was generally the best, with B.l usually giving a slight improvement over
the Fletcher-Powell (Algorithm 1) method; however, this general trend is

reversed in Example 5.

An interesting phenomenon observed in Example 5 was that progress
often went in cycles of around n steps; n steps with small funetion
decrease would be made, followed by one or more steps with large function
decrease. Often a reset was then required. Presumably, the n steps
would build up curvature information, producing a large improvement and

leading to a region where this information becomes invalid.

Reset 2 proved to be generally better than Reset 1, as would be
expected since only the current step is rejected with Reset 2 rather than
the whole matrix as with Reset 1. In fact the need to reset did not occur
as often as anticipated. No rescaling of the §k was necessary at any
time with any of the methods.

The conclusion to be drawn from these results is that Algorithm B.3a
with Reset 2 gives the best all-round performance. However, if it is
known that the function is likely to exhibit a curving valley, as often
occurs for example in penalty function formulations of problems with
non~linear constraints, it is probably worth suppressing the choice of

initial step-length and using Algoritim B.3.



3.7 DNumerical Evaluation of Dexivatives

(31) a5 recently published an algorithm for use with the

Stewart
Fletcher-Powell method when gradients of the function cannot be calculated
analytically. He uses the second-prder information in the approximating
matrix, §k’ to estimate the relative effects of rounding error and

truncation error, using these estimates to determine the step size for

calculating gradients by differencing.

The optimal step size is that for which truncation error and
rounding error are of the same order of magnitude. On the basis of the
estimated magnitudes of these errors the algorithm also chooses between
using first-order differences or second=-order differences in calculating

the gradient numerically.

This algorithm was tried on Method B, the only modification being
to allow for the change in matrix-updating formulae. The algorithm,
as modified, is summarized belowj; for the arguments behind the

(1),

calculations, reference is drawn to Stewart's paper

Input data @ € estimated rounding error in the function

£

calculation. Em

il

step size for calculating gradients initially

(or on Reset 1).

Steps ¢
l. Update u = vector of diagonal elements of §;il y Using ¢
gl - gl o3
-k k=1
Gy * M B
where  z = B =S g

g
A?
a
)
P
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2. For each component (gi, xi) of vectors By & and function value

f= f(_)_c_k) , caleulate @

3

(1) E =min§(&f, kgi\.\xii.em/[fts

(13) It g° 2 |u, .lf'.g- caleulate
st = 2(|¢] /‘ui| )%
6 = 6'[1 - o, | & /G o |e6r + hlgiti‘

Otherwise, calculate

y
o' = 2( e} |g, |/u,®
ﬂ,
5 = @& (1 - 2lg| /(3w 81 4 b’lgiM
(110) 1t 3lu, |6/ lg| < 10

the ith component of.gk with step size 6. Otherwise, use second

differences, choosing & as the positive root of :

"

62 - 131‘ 6 - 10°, lf‘ & =0

3o,

use first differences to calculate

The cubic minimization method of Fletcher and Powell was used for

the linear searches, the directional derivatives being calculated

numerically (along the line).

Preliminary results were not encouraging, and an alternative scheme

tried was to use the algorithm to produce optimal step-sizes, but use

second~differences throughout.



The results of both of the schemes on Examples 1 = 4 are shown in
Table 8 of Appendix 1. (Algorithm B.3 was used on Examples 1 and 4,
and Algorithm B.3a used on Examples 2 and 3). The results are not

impressive, and while it may be concluded that the algorithm does
produce convergence, there is evidently scope for large improvement

upon these results.
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CHAPTER L4

MINIMIZATION WITH CONSTRAINTS

L.,1 The Projection Operator

We now consider the problem ¢

minimize £°(x) ' (4.1)

subject to £9(x)< 0 1< j<not (4.2)
If the constraints are linear, they can be written in the form 3
(_gj)T e <o 135" (4.2a)

(We assume that the equations have been scaled so that the vectors

gj, 1< j=nu", are normalised.)

Suppose that fo(_:_c_) is a strictly convex quadratic function and that
the constrained minimum point lies on the intersection of m linearly

independent hyperplanes given by a matrix equation of the form ¢

T

_‘m_l_c_-l)_ = 0 (L|’-3)

This intersection forms an (n-m) dimensional subspace orthogonal to the
m~dimensional subspace spanned by the normals, Ej, 1< j<m, which form

the columns of _(_}m .

The minimum point in the constraint space is characterized by a

gradient orthogonal to this space ¢

£ = [0S (bl

where A is an arbitrary m-vector.

Suppose we stepped to the unconstrained minimum point :\:g from any

point X
X - =7 = -H1g° (4.5)
X%, T R = £ B 5
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Now this point, _ic_\, transgresses the set of m constraints associated

with (4.3), and we therefore seek E to sutisfy (4.4), and also ¢

_‘%E - 3%(_1) + -i:k‘-l = 0 (4.6)
where fq = fj(g_rk_l) 1€j<m (5.7
Now, GE-x.) = FG@ -8 (4.8)
and using (4.4)
E-x_, = EXg r-g ) (4.9
A is determined from (4.6) @
QE-my) - GETGIA-GEg, - -y (10
A o= (Q: gt §m>'1(_$ )i gg_l - £) (4.11)

Note that the inverse exists, since H is positive definite.

Using (4.9), the step, p, is thus given by :

- - - T - -1, T -
FIREEEE RS SUNCE S RCy o SRE RN RS =+
and using (4.5) : acscs® (4-12)
=f-Elo@E e Ne B+ ) (4.13)
Note that, if X is in the subspace, then LI O3 in which case
equation (4.,12) reduces to @
- N -1 O
2 =Rp=-BEE g, (b.14)
_ St oyl ~1 o 4=l T}
where P = qI-H G (g E™G) G | (4.15)
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P is idempotent and is therefore a projection operator, which
projects any vector into the (n-m) dimensional subspace formed by the

intersection of the m constraining hyperplanes.

-1 . X . . .
If H ™ is replaced by its current approximation, §k~l’ and §k—l is

. T -1 R .
such that the inverse (gm §k—l Em) exists, then equations (4.11) and (4.13)
become :
5 +8 -G A (4.16)
Be T BT 21 Zn Sm,k-l .
_ . ~1,,T 0
where Ay, = (G 85 &) T S e~ ) (k.17)
” 0
and D = 5.4 B, . (4.18)
Equations (4.14) and (4.15) become :
2y k-1 Zm, k=1 2%-1 Ek~1 (with o . =1
where _ 5+ _ T -1 T
L R g &l 5 &) T & ! (4.20)
Note that Em Yl also projects any vector into the intersection of
k4
constraining hyperplanes. gm k=1 becomes an orthogonal projection
9
operator analogous to Rosen's if we set §k—1 = I,

Note that this projection operator is not symmetric. While its
range is the subspace formed by the intersection of constraining hyper-
planes, its null space is the space spanned by the columns of (§k‘§m),not
gm. For symmetric §k’ one could describe the operator as a variable-metric
_s_;l y which if

were a valid approximation to grl would be the natural metric of the

projection operator as it is orthogonal in the metric §k

quadratic form.



52.

‘Note also that -sik need only have the required equivalence to g'.l

within a subspace, namely that _S_}_ Hu=1u for every vector U in the

1

subspace, without being equal to _If « That this must be so will be

5,
obvious in Chapter 5, where it is shown that only n-m steps, not n,
are needed to predict the minimum in an n-m dimensional subspace. But
this fact also becomes apparent in Method A, since for this method Sk
is not usually symmetric at a constrained minimum, but does indeed

become symmetric at an unconstrained minimum.
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k.2 Updating Required for S, .

At each step, §kr1 is updated t°-§k by Methods A or B of Chapter 3.
. T -1
When constraints are present, we must then also update (gm S gﬁ) .
The two methods show advantages and disadvantages ct this stage, each

requiring different treatment.

Method A

With this method we can use the degrees of freedom in the choice of

¥y to make unnecessary any recursive updating of these matrices.

Each time we add a new constraint to the basis, we not only
effectively put 9 in column j of gk_l by updating Ekrl' but we also put
5} (corresponding to the new constraint i) in some other column of g after
the next step using (3.32). This involves an extra recursion on R, but
note that this is required only when we add & new constraint to the basis,
and not af every step. On dropping a constraint, (say i'), from the
basis, the column ofgk_1 containing EFl sinply becomes eligible for

replacement by Q. along with the others.
This procedure ensures that @
T
8 =0 (4.21)

Hence, from (3.14) :

5.8 = 5.4 8 (4.22)
T =1 _ T ~1
so that € 8. 6&) = (s ,6) (4.23)
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Note that although the constraint normals occupy m columns of
9‘1( y this does not prevent quadratic convergence in a subspace, since at
most (n-m) steps are needed to predict the minimum point. Further, from
(3.14) and (4.22), we bave S, 4 = Sy 9y for any previous vector, g,
implicit in Bk?l and orthogonal to the subspace. Also, we will not
generate a vector aq which is linearly dependent on the c¢columns of gm,
for this would imply E}T( H B = O. This is impossible since H is

positive-~definite.

Method B

Using this method of upcdating §_k_1 v Yy is uniquely determined and we
cannot impose the conditions (4.21). We must therefore use recursion
formulae. However, since the correction applied to Si 1 is in the form of

a simple product, we can update the inverse moment matrix without

difficulty.
T -1 _ T -1
G5 5™ - (D885 B - Sa 205 %)
T T -1
=m —k-1 -m .
1+ T G v
e En X
_ T -1 T
where Y = (-G-m -S-k-l gm) _ij(p‘k - -S-k-l ﬂk) (4.25)

Note that this recursion must be applied at every step.
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4.3 Adding and Dropping Constraints

For updating the inverse moment matrix, (Q"E‘ S, G )-1, we use
; =1 =k -m

recursion formulae analogous to those used by Rosen ¢

(i) Adding Constraint to Basis

T - _
Gy S Gy) = A = | &y &
(4.26)
A By
h = G S G i
waere -&11 =m =k -m
_ AT m+1
o = G 5=
. (L.27)
_ m+l
£‘-21 - (E ) -S-k —Gm
A-aa - (ﬁm+l)T -S-k Em-i—l
. -1 .
Write @ Ay = Ay, = Ay AT A, , vhich is a scalar. (4.28)
Hence ¢
i -1 _
(G155 84a? ~ = B = | By Byp
(4.29)
By By
=1, -1 -1 -1
where Bin % A5 YAy AL Ay A A
- ""l ""1 (4030)
B = ~41 4,4
_ 1 -1
B = ~h in 4
_ .-
By = Ay

The only inverse matrix required is ¢

_@_i'i = (_c",ggk gm)-l y which is known.
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+1

Assuming that _g_m is linearly independent of the columns of -g-m s We

must still show that the new inverse always exists,

ice. T
T get | Sp1 Sk S £ 0 (4.31)

Note that the result follows immediately for Method B of updating

. - s _ AT
-§k-1’ as ék remains positive definite. (Note also that £12 = _.@21 for

Method B.)

This is not so for Method A, but since we have a certain degree of
arbitrariness in the choice of §k we can take explicit precautions to

satisfy (4.31)} By a Cauchy expansion of the determinant :

T T
det | G +1 S! G +1 = Ao.detl G S! G l
_ m+lT m+1
where AO = ( )P k Si (4.32)

Now if it should happen that AO = 0, we then make a small stép, without

adding the hyperplane, and update §-k again. We then have

o mHLT m+1 m+1T T ol
b= & ) By B B T BT By (B~ By G Maen 8
T +1
= ¢ 6 Hin g (4.33)

where ¢, = 0, and c, 15 invariant on further choice of Yygq0 since

-Em,k+1 = -Pim,k for Method A.

If the determinant is again zero for this new step, we can impose a

further condition on xk*l :

m+l

11T<+13 =1 (b.34)
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However, in the further event that ¢y = O over a range of Qpy We have a
degenerate case. This is only a remote possibility and the simplest
procedure seems to be to reset §-k to a new positive definite matrix, for

example the ldentity matrix.

(ii) Dropping Constraint from Basis

(G 8 &)™ = A1 = B ={B) B
(4.35)
Bay Ba
Solving for A_l = (gﬁ_l S -g'm-l)—l
- -1
= Byy = Byp Bys By (4.36)

It can be shown, by using a permutation matrix, that this formula also

th

applies for the jth constraint to be drepped, with the m ™ and jth rows

and columns interchanged.
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L.t Kuhn-Tucker Theory and the Projection Operator

As is to be expected, solution of the Lagrangian saddle-point

problem and constrained minimization with the projection operator have

many similarities, both algebraically and geometrically. In fact, if we

consider only linear constraints, then it is not difficult to show that

they are equivalent.

Consider the Lagrangian function :

b
m

L(x, A) = £°0x) - 2} A B (4.37)
J:

L(x, A) = Lx . M) + gL(lck_l)T B t? PkT f_ches,{_l +6p)p

, 0=<6 <1 (4.38)
m

@ -= A g

J=1

where EL(?Ek..l)

g°(:_ck_1) when the constraints are linear.

and _I}_L(_Yq{_l)

The solution point, (E, Z), of the saddle point problem ¢

min pax  L(x, A
x KISO (x »)

must satisfy the necessary conditions ¢

(1)

(i1)

(i1i)

L (x, }) = 0
0x

L (x, M) = 0
*



(1) To obtain L (X, A)=0, we must step
ox

-1 I
-’Ek—l"(—H-L)lEk

1%
"

»x

m_-
Seq = BT g - L )
o i=L
Hence we obtain @

5 = X -85 (g -G M (4.39)

(ii) As the Lagrangian in linear in ) , %i" > 0 reduces to a set of

inequalities in x :
89E) < 0 § = 1Le—n" (4.40)
which is of course the same as (4.2).

It was noted earlier in Chapter 2 that condition (iii) implies that
either i‘j = 0 or fa(@ = 0 , s0 that constraints not active at x are
ignored. This interpretation is used in combining (%4.39) with (4.40) for

the current set of active constraints in the basis to give }_m x 85 the
?

solution of ¢

T _ AT o
(G 5 &) e = G S &

What is interesting, however, is that we may view a projected
direction as being an unconstrained step on the Lagrangian function, with
the Lagrange multipliers being updated recursively at each step. This
may be compared to the methods discussed in section (2.2.2) where the
Lagrangian is minimized over the whole space of x for a fixed A. Note
also that, using the projection operator, we do not work with the whole
space of A at each step, those not in the current basis being set to

ZEeXrOe
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The Kuhn-Tucker necessary conditions for a constrained overall

minimun may be expressed conveniently in the form @

gm’k_s_ksg = 0 (hali1)

fj(gk) < 0 j = 1e—n (4o 12)

M) <o j = 1-—-n" (4.43)

where A = (@ 5 60T G5 g (Lol
Note that B \ S, g = 5% -8 A (4.15)

Since §k is non~singular and bounded below by construction,
equation (4.41) is equivalent to (4.4). Condition (L,41) states that
the negative gradient direction must be orthogonal to the set of
hyperplanes which satisfy the linearized version of (4.42) as equalities.
Condition (L4.43) may be interpreted as requiring that the negative
gradient direction be within the cone spanned by the constraint normals,
or more simply that the negative gradient direction points orthogonally
out of the feasible region with respe¢t to all the active constraints.
If zm,k-ék g; = 0, but lj'> O for some constraint j , the negative
gradient direction is pointing orthogonally into the feasible region
with respect to this constraint. Hence, this constraint must be dropped,

and the projection operator then projects into a subspace one dimension

higher.

It is in fact not necessary to search in a subspace until the
gradient becomes orthogonal to the comstraint surfaces before testing.

(7)

In a manner similar to Rosen it is possible to detect that a
constraint needs to be dropped as the gralient cames within a certain angle

to the perpendicular. In other words, one can derive a lower bound for
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B

dropped :

5; in terms of each hj, below which the constraint j may be

Dividing the vectorigk‘g; into the range and null=-space

complements oflgm,k , we have @
s g2 = 8 @ A+P S5 g (4.46)
=x By S <m =7 Sk =k B °

where A is given by (4.hk)

Homcor Py iy S B = Epax Sk G2 BB Scm (M)
Now it is easily shown that @

BrapScSad = B S £ C.48)
nd By Po BB = Ba S B (ko)
Hence, (4.47) becomes 3

P,k Sk B = N Paax Sy € + Pk Sy B

O > m - (e}
5o that Hfm-l,k S || 2 M ”-lfm—l,k 5 & “ ﬂ'gm-l,k 5y B

P“nf 0)
casee (4,50)

(Note again that this applies to any constraint, j, to be dropped, with

the jth and mth rows and columns interchanged.)

From (4.28) and (4.30) note that the moR diagonal element of

T -l _— rml
(G, 5, &) "+ by = &
= (T m _ o myT T =Lt m
where A, = (g0 8, & - (@) 5.8 (6 15 6 )&, 5 &
T
= ( m) P 5 Em (Ll'osl)



62.

Using Schwarz inequality :

T BTN

[P
Now we have assumed the constraint equations have been normalized so

m
]
(o}

a-P'm“'l ’k §'l{ E}{

that = 1, hence (4.50) reduces to @

l Z N/ ,bmml B Hgm,k-s-xs;” (4.52)

Therefore, if we drop the jth constraint when

g‘?mk S B aal J=3°f X/lbml x/lb I A~ 0
cosne (h4.53)
then
”E-m-l,k-gl:-g;u‘/\‘ l_lgm,k-s-kﬁi' (4.54)

Thus, the norm of the projected direction is increased on dropping

constraint jfrom the basis when the inequality (4.53) is satisfied.

In the case of Method B it is worth noting that, as in the unconstrained
case, positive-definiteness of §k is a sufficient condition to ensure that
the projected direction is downhill, i.e. that it makes an acute angle

with the negative gradient direction :

(o]

oy T o T
from (hl5) (g B 8, g = () 5,(g - G A )

with A K given by eaquation (h.il).

. - O\T o _ ° _ I -
Bence (g )" By S & = (g~ G a0 Slm -G X
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But, using (4.14) we find that the second term on the right-hand
side is zero, and for positive definite §-k the first term on the right
. . . o _ . . .
hand side is posltive unless g = _ij 2"—m,k , which is condition (k.4) for
. . o\T 0
a constrained stationary point. We thus have (gk) -I-Dm,k §-k & > 0, as

required, until a constrained stationary point is reached.
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4.5 Constrained Step Strategy for Linear Constreints

4.5.1 Algorithm

This is analogous to Rosen's strategy for linear constraints. If

X, is an interior point, we search in the unconstrained direction

By = " o By B (4.55)
If X, iz on a set of active constraints, we project the unconstrained

direction into the intersection of hyperplanes which form the constraint

boundaries :

O

Paa1 T 7 %% Emi Sy By (4.56)

In this case ak is chosen as for the unconstrained method unless a new

constraint is encountered.

A general step of the algorithm, starting at point X is as follows :

I Update :

Method A

(i) Compute zi and R from equations (3.12) and (3.13) choosing the
column j to be replaced to be the oldest column in 9] 1 for which

T , 3 . 1 m
]Eﬁ Bkrl gkl z &‘(excludlng the columns containing g =—== g ).

(ii) If a new constraint, i, was incorporated in the basis for the

previous step Ry oo put 5} in the jIR th colimn °f~9k by using the

. e < _ 1
recursion formiris 3.000 wnoptoand B ziving Ko
| o] ° m N
L ¥y Lo, 1 i 1 +
A TR Bg »om & J

where J is the set of columns occupied by either Gy v OF 5} srvam g?.
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(iii) Update S, . using equation (3.14), with xch = & R

k=1
(or zi = _gtj[l.f_{_il'{ tor step (ii) ).

Method B

=6

(i) Check that _gg'; (p, = 8,5 )

(i1) Check for positive~definiteness. Note that this test takes a

different form in the presence of linear constraints @

det

S| = aot| 5| 58T nS

for y, given by (3.18).

i.e. detl -§-k| = det

T o
ék-l‘ {o‘k-l L (G A - -Ek-l)}
where A is given by equation (4.44).

Hence, test that Ii (@ A=-g) > 6, for z_given by (3.18).

(iii) If these tests are satisfied, update 8,_; using equation (3.14)

with y,  given by (3.18).

Otherwise, update using X given by

B S 3’“) (4.57)
(B = S 8 By = S )

L

This is preferable to resetting -§k = I, as this would require a resetting

and reinversion of the moment matrix.

(iv) Update the inverse moment matrix,

(_(?r:f1 5.1 _Gm)-l to (g?n 5, _Gm)-1 » using equation (4.24).
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II Projection ¢

. _ T -1 T 0
(i) Form gm’k = (6, 8,6) & 8 & (bobih)
.. _ o _ _ 0
(i1) Form Py Em,k S, & §k(-g-m z‘m,k Ek) (4.58)
A xi -
(1ii) Form B = %kj/lbjj‘ j=3 .—-'13 y1Si<m
Psf  [pas

ceces (L4.59)

b,. is the corresponding jth diagonal element of (c* G 5 G yL,

33

Strict equality constraints are excluded from consideration.

(iv) 1If X, is on the boundary ef a new constraint, m+l , calculate

qu;l 5m+1 and ( )T m+1_ If either is positive, add this constraint
. -1 -1 .
to the basis, update (_G_m S, —m) to (G G Sy —m-l-l) using

equation (4.29) and put m = m+l. Return to step (i).

(v) Stop if “p_k+1| < ¢ and B < §, where § is some small

number : the Kuhn-Tucker conditions for an overall minimum are satisfied.

(vi) 1If “P-kﬂ“ < B , drop the constraint corresponding to ?&3. from the

a9 to (& 5, 8 )7 using equation (4.36), and

. T
basis, update (G~ S 1 5 &g

- =k
put m = m=1. Return to step (i).

(vii) Check that

(o}

CARREW EE R T R Y

{

(For Method A, merely check the magnitude of the left hand side, since a

negative oy is possible). If not satisfied, reset S, = I, reform and

—k
T _ o
reinvert the moment matrix (_(ErIn _ij). If v = “Bkﬂ.“/ “(-(-}m A= gk)” <6,

rescale by dividing the elements of _S_k and Pyt by v and multiplying the

elements of (G ) 1 by v.
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IITI Search ¢
T .
(i) For Method A, choose the sign of @, to make o D4 5§ nogative.

(i1) Calculate

=

"

m:;ii.n {(bj - (g)T x) /_’Qi_‘_l _gjj

. »
m+l & j<m

position of nearest constraint.

‘s o . »
(iii) Put o, = min (1.0, o, )
step = Xt pg
- 1

Test, if £(x ) - f(_:_gl) Z b. oy (g;)T _lfm,k§ks§

put X .. = 51 , otherwise interpolate to adjust w, until this

is satisfied.

. T -1
(iv) 1If lak!‘< 6 , rescale & §k and (Qm §k'gm) .

The above description does not include some additional features of
the type developed by Rosen. Not all of the results obtained by Rosen
generalize to the case of oblique projectors, owing to the lack of
symmetry in gm’k and the presence of the matrlx'gk. However, it is

possible to derive an equivalent set of those results which are essential.

L4,5.2 Linear Dependence of Hyperplanes

Rosen has utilised the fact that an orthogonal projection operator
provides a convenient test for linear dependence, since it annihilates
any vector in the space spanned by the columns of gm. If a hyperplane
about to be added to the constraint set was linearly dependent on the

set of hyperplanes forming the (n-m)-dimensional subspace, then their



normals also would be linearly dependent $

m+. s s
£ 1 = G a for some non-trivial g.
ﬂ — —

The projection operator Em is an oblique projector and would not

k
?
+
annihilate _gm 1 in this case. However, it is evident that if we rotate
m+l . . . o s .
B by the matrix §k and then project, -Em,k will annihilate it.
m+l _ T -1 T m+1
B S B s @5, 6, (6 5,807 &) 85y 8
- . m+l .
=0 if g7 = Gia
Thus, if |2 . 5, gl < ¢ B+l 56 not added to the constraint
y Jk =k 2 l =~ &

basis.

4.5.3 Degeneracy

When linearly dependent hyperplanes are present, a degenerate

situation may arise as follows.

Suppose the point X, lies on mtr hyperplanes, r of which are

linearly dependent on the first m.

. o . .
(1) 1If " Em,kéksk" Z B 4 Py Iis satisfactory ,

T m+l m+ryT
for note that we have G p, .. = O andalso (g ~ =g ) puq = 0O

for the linearly dependent subset.

< & end B < E , the Kuhn-Tucker conditions

) 1t | 2y, 5 a |

for an overall minimum are satisfied.

(iii) If " -I-Jm,k 5, 5; " < B , we drop the constraint corresponding to
. myT s

lj , giving & p, ., = O and (g) P4y = O as required. Most of

the time it will also be true that (53)T Prs1 € 0 j = mtle——mtr,

but in a degenerate case we will have (53)'1‘ D4q — O for some j of the
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linearly dependent set. (Note that this can occur only if one of the

set relied on gm for its linear dependence on _Qm).

The procedure in a degenerate case is to replace the bj's in

equation (4.2a) by

b +fi,--—bm+r+r£ £>0

Now only the independent hyperplanes intersect at e The mtr
hyperplanes form an unbounded convex region R, with the point X e

vertex of R and _5;2 a constant vector. We now solve the sub-problem

minimize (E;Z)T?i over R

This problem will have one of two possible solutions

(1) (_gz)T X remains bounded on R. That is, the solution point is a
vertex of R. Since for & >0 all vertices coincide with X, o we cannot
improve the value of (EE)T x and therefore conclude we are at the

overall minimum.

(ii) There exists an optimal ray x = Xty B (with o = 0 and
x a vertex of R) which is in R pointing out the open end, along which

the linear functicn (_g;)T X assumes arbitrarily low values. In this case

)T.g; =0 and(pk_'_l)T_gij j =1 o= mtr

By

SO Py 4q is a feasible direction along which the algorithm is restarted.

Note that this sub-problem can be solved by any linear-programming

method.

Degeneracy seems to be mainly of theoretical interest. The same
sort of degeneracy can arise in linear programming by the simplex method.
While it is possible to construct examples where a degenerate situation

does arise, it has not been known to arise in practical problems and
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indeed most commercial linear programming codes do not have degeneracy

(32)_

procedures incorporated in them

4,5.4 Rounding FErrors, x~-Correction

Rounding errors are liable to build up 'in the recursive updating
of the inverse moment matrix as constraints continually get added to and
dropped from the basis. As a result, the current point, X0 may have
moved off the surface of a constraint in the current basis. The

procedure is as follows @

(i) Calculate fa(gk) j=1===mtr ., This includes 2 possible

linearly dependent subset of r constraints.

(11) If ‘fj(gk) | 3 =1-—m is outside a certein tolerance, €,

then an X-correction is required :

ot 55 GG 5 &) (Gx -

We can only consider m constraints for this correction, usually the
constraints in the basis. But there is no reason why the vector b should
not include some of the bj's from the linearly dependent subset. TFor we
have ¢

fm+r(§k) (_gm'lT)T

-J-C-k—bm-l-r

T T
CARNCIE W

(since g™ = G o for some a).
-qn— -
+r, 1 T.T_ 1
Hence, £ (Ek) = o G Ek-bm-i-r
_ T .T - _ 2T -1,.T T
=« & x -b, -2 5 8)@E 5 8N x-b )

0 as required.



Other checks for rounding errors are

(iii) The projection at a vertex should be zero (within a certain error

tolerance).

(iv) If dropping a constraint is expected to increase the norm of a

projection, and it does not, rounding errors are evident.

In this case the inverse Hessian approximation is set to the identity,

and the moment matrix reformed and inverted.

4.,5.5 Initial Feasible Point and Starting Procedure

Since the initial approximation to the inverse Hessian is usually
the identity matrix, the initial projection operator is analogous to
Rosen's. Hence, the generation of an initial feasible point and the
starting procedure are analogous to his procedures, which are briefly

described below.

Initial Feasible Point :

(i) Add all the strict equalities to the initial basis (testing for

linear dependence).

(i1) If one or more constraints in the basis are violated, an x-
correction is required (section 4). The basis constraints are then

satisfied.

(iii) If any constraint not in the basis is violated, the one most
violated is tested for linear independence and, if the test is
satisfied, added to the basis. The procedure is then repeated from

step (ii).

(iv) 1If this constraint is linearly dependent, test for a constraint to

drop. If there is not one to drop, there is no feasible x.
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(v) If there is a constraint to drop, drop the constraint and repeat

from (ii).

Starting Procedure ¢ Given an initial feasible point.

(1) Setp, = =g

(ii) Add strict equalities to basis, and from the direction vector

_ )
2 - 1—jm.,o 5 &

(i4i) If § inequality constraints are present, calculate
q

W = mgx Eg g? =1 === jx
J
(iv) If w = 0, add the corresponding constraint to the basis
(testing for linear dependence). Set m = m+l. Form the new direction
vector p, = - P 5 gg , decrease j= by 1 and repeat from step (iii).

"‘m,O -0

4.5.6 Numerical Examples

Prograrmes using both Methods A and B with the projection operator
were tested on four examples. One of these was a simple quadratic, used
to test the properties of the methods, and the other 3 are to be found in
Colville's study of nonlinear programming codes(sz). This is the only
set of test problems to be found in the literature dealing with a
comprehensive range of characteristics. The details of the examples are

tabulated in Appendix 2, as also is the progress of each method on them.

Example 1

This was a simple example - a lL-dimensional quadratic function, to be
minimized subject to 7 inequality constraints. Both methods took 5 steps
and 6 function evalustinns to find the minimum. For gquadratics, both

methods will have generated the inverse Hessian of the quadratic function



730

after n linearly independent steps. But convergence may be achieved
in more or less steps than ntl depending on when one reaches the
correct subspace. After n linearly independent steps all subsequent
steps will be linearly dependent on these, but in fact nothing gets
added to the Hessian inverse and subsequent steps are always to the

minimum of the current subspace.

Example 2

This example consists of a five-dimensional cubic function, to be
minimized subject to 15 inequality constraints. Method A took 9 steps
and 10 function evaluations, and Method B took 6 steps and 7 function
evaluations. Both compare well with the results of Goldfarb and
Lapidus, who report 9 steps and 13 function evaluations with their
method and 12 steps, 29 function evaluations for Rosen's Gradient

Projection method.

Exemple 3
This is a 1l6~variable quartic, subject to 8 linear equality

constraints and 32 inequality constraints in the form of upper and

lower bounds on the variables. The initial starting point was infeasible,
approximately one third of the total computing time was spent in finding
an initial feasible starting point. Method A fook 11 steps and 19
function evaluations, and Method B took 5 steps and 9 function
evaluations. This compares with 6 steps, 10 function evaluations with
the Goldfarb-Lapidﬁs method and 7 steps 14 function evaluations with
Rosen's Gradient Projection. Although Method A took over twice the
number of function evaluations of Method B, the increase in computing

time was only 20%. This is due to the computational advantage it has of
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not having to use recursion formulae repeatedly; however this is offmet
by the disadvantage that we are suppressing information by storing the

3

constraint normels g* ir the colums of § .

Example 4

This is the same four—dimensional banana as example 4 in section
(3.6), except upper and lower bounds of + 10.0 are set on the variables.
These are usually not active, but they decreased the number of function
evaluations in Method B from 68 to 43 (35 steps). This decrease is due
to the fact that the bounds limit the initial step size, (also, one
variable was constrained at its bounding positive value for two early
steps.) Method A took 66 steps, 206 function evaluations. Goldfarb and
Lapidus report 105 steps, 142 function evaluations with their method, and
Rosen's Gradient Projection failed completely, being unable to reduce the

function below 7.87.

The conclusion drawn from these results is that, despite the need
to use recursion formulae to update the inverse moment matrix, Method B
is far superior to Method A. It would also appear to be more powerful

than other current methods of minimizing subject to linear constraints.
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4.6 A Strategy for Nonlinear Constraints

L4.6.1 Introduction

In section 4.4 the relationship between the projection operator and
the Lagrangian function was discussed. It is possible to take this
discussion further in deriving an algorithm for handling nonlinear as

well as linear constraints.

In the general case any search path will give rise to points away

from the constraint boundaries, so that # 0 and the step Ek derived

I
in section 4.1 takes the more general form (c.f. (4.9) and (4.11))s

- - o _
Be = " %1 Seq (Byen ~ G Ap k) (4.60)
- T ~1 T o _ "
where A oo = (G 84 &) [Qm 5,1 By _f.k_lJ (4.61)

Comparing the expression (4.60) with the step for the unconstrained
case given by (3.22) it can be seen that (4.60)constitutes an unconstrained
step on the Lagrangian function (with the Lagrange Multipliers taken as

constant), whose gradient is given by :

L (o}
Be1 = B S Ak (4o62)

Now the Hessian of the Lagrangian function
m

B o= @ -2 a8 (4.63)
3=1

is not equal to gf when nonlinear constraints are present, since the
constraint Hessians,‘gé, are not all zero. It would thus seem .a
reasonable proposition to note the differences in Eﬁrl’ which form the
columns oflgm, and update the approximating matrix, §k~l’ using

differences in.gi_l. S, then becomes an approximation to the inverse

of|§?.

k
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We are thus using Lagrange multipliers to put constraint
nonlinearities into the objective function and approximating a solution
to ¢

m
e * & - % MENE - %) =G 2 (4.64)

subject to 31{—1 + (gg_l)T(z -%5.,) =0 j=1--—-m (L65)

(23)

This approach has some similarities to that of Wilson y discussed in
section 2.2.3; however, there are essential differences in that he forms
(and stores) each Hessian matrix separately, and solves a sequence of
quadratic programming problems formed by truncating the objective and

constraint functions at the second-order term of the Taylor!s series

expansions.

4,6.2 Inequality Constraints

It is evident that a major problem arises in the case of nonlinear
inequality constraints, since once a constraint, say j, is dropped from
the basis there is no way of dropping the contribution of the xj.gj
term in the approximation to the inverse of E}. Unless one projects
back onto the nonlinear constraint surface, there is also a combinatorial
problem in deciding which set of constraints to incliude in the basis,
since the linearized constraint equations are displaced from the current

point unless this point itself satisfies the constraints.

!
o

. T
i.e. the surface G (x - x ) + £

does not pass throughgk unless f o.

=t

One way of overcaning these difficulties is to turn all nonlinear

constraints into equality constraints by the use of slack variables.
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"

There are two possible fomulations

1. Replace fj(gc_)s 0

by £9(x) + X4y = O
(4.66)

*nej Z 0

2. Replace fj(gc_) < 0
by fj(g} + xi+j = 0 (4.67)

The first formulation has the disadvantage that it replaces the
nonlinear inequality constraint by a nonlinear equality constraint plus a
linear inequality, whereas the second formulation provides only a non=
linear equality. However, this disadvantage is not serious Since the
constrained step strategy of section 4.5 handles linear inequalities
easily. Moreover, the search area is restricted to half the space of the
second formulation. The first formulation is also helpful computationally
in that when the linear constraint on xn+j is active this indicates that
the original nonlinear inequality is active as an equality constraint -

this fact will be used to some advantage in section 4.6.4.

Of course computational experience is the final basis on which to
judge the relative merits of each formulation; however, there is one
case where the first is the obvious choice, and that is to handle non-
linear inequalities of the form :

aj < fj(__) < b;j
This is replaced by only one nonlinear equality constraint and two
linear inequalities @

Jgy - =
£(x) xn+j = 0

(4.68)
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The idea of using slack variables to handle inequality constraints
certainly removes all of the theoretical difficulties involved in
formulating an algorithm, however each slack variable adds another
dimension to the problem and it is not hard to envisage instances where
the problem rapidly assumeé enormous proportions. In the implementation
of such an approach some device would be required to overcome this
difficulty. Fof example, it is probably not worth considering a
constraint unfil it is actually violated, and then treat it as an
‘equality with its associated slack varisble set at its bounding value.
(Note that the problem of the lj_ﬁj term contaminating the inverse

approximation only arises on dropping a constraint, not on adding one).

L.,6.3 Penalty Terms

As noted in section L.k, E} = g? if the constraints are linear so
that if H° is positive-definite the stationary point of the Lagrangian
will be a minimum and correspond to the constrained minimum of the
original objective function. In the presence of nonlinear constraints
oS xj.§5 may not be positive-definite; indeed if slack
variables g:t added as given by (4.66) it will be singular. There is
thus no guarantee that the stationary point of the Lagrangian will

correspond to the constrained minimum of the original objective function.

(18)

Arrow and Solow have proposed an algorithm based on a modified

Lagrangian, of the form 3

m m
Ma B = 2% - 2 A 130 + 3 2 £ (4.69)
=1 5=1

They show that for sufficiently large positive K the Hessian of this

Lagrangian is positive=definite, This formulation is equivalent in our
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case to adding a penalty terr to the objective function, so that it

becomes 3

]

m
P + & 2. 13(x)? (4.70)
3=1

£°(x)

where ;?(39 =0, j=1 =---m, are nonlinear equality comstraints, and

?o(g) is the original objective function.

Considering only nonlinear constraints for the present, we note

however that @

£ = g ® + & (K £(x)) (4.71)
where f£(x) = fj(zg 3= L —=e .

Hence the contribution of the penalty term to the predicted step gets

cancelled.out :

. T 1.7
from (4.61) : A 5 = (& 5.4 G) [gm §_k__l(§§_l G (K£ ) ik;l
_ T -1,.T -0
= (G 8, &) € 8 By ) K5,
and from
- - =0 -
(4.60) P = %y 8, 1 ((gk_l g (x ik—l)) [ &m,krl)

which is the same as if the penalty term was not present. However, the
presence of the penalty term does become important when determining the
value of the step-sise parameter Gyg® 1ndeed the prime usefulness of the
penalty term is to give a measure of progress towards the solution, since
the modified objective function can be made to decrease at each stepe.

By the same token it prevents large violations of any constraints
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however, a very large value of K in the penalty term would give rise to

very small steps.

k.6.4 Projection for Feasibility

(7)

In Rosen's extension of his gradient projection algorithm to
include nonlinear constraints, the current point is projected
orthogonally back onto the constraint surface at the end of each step.
The same device may be used with a variable-metric projection operator,
the correction term being @

(e )L g

Sn S &) X (4.72)

= L
5= 55,48
Iteration is needed for nonlinear constraints, since each

corrected X satisfies only the linearized constraint equations.

Preliminary experiments showed that this device was useful, and
indeed necessary for the final convergence to the solution. The reason
for this is evident from the discussion in section 4.6.3 = we wish to
keep K iﬁ the penalty term low to prevent small step lengths, yet
unless K is sufficiently high the value of the modified objective
function is not a good monitor and the process converges to a point
outside the feasible region with an objective function value lower than
that at the true constrained minimum. This is precisely the situation
which gives rise to the sequential penalty function approach discussed
in section 1.3 and is one which we wish to avoid. It may well be that
such a point is sufficiently close to the true minimum that a quadratic
approximation is valid and we merely have to look for a stationary point
of the Lagrangian without noting function values, but again in order to

guarantee this the choice of K becomes critical.
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In order to prevent unnecessary implementation of this step for
nonlinear inequelity constraints, a rule adopted was to force feasibility
on a constraint only when the constraint on its associated slack
variable was active, i.e. when the original inequality constraint was

active.

L.6.5 Algorithm

Formulate the problem in the form ¢
n.

minimize £°(x) = T°(x) + & 2 £3()? (4.73)
)
subject %o
nonlinear constraints fj(g) =0 j=1e=ni (4a78)
linear constraints (EP)T X - bj-$ 0 J=nt + 1, o= o (4a75)

Note that the nonlinear constraints (4.74) include nonlinear
inequalities which have been transformed into equalities using slack
variables, and (4.75) includes possible bounds on the slack variables.
(A register of those constraints in (4.75) which correspond to the
slack variables in (4.74) is also kept). ILinear equality constraints
are included in (4.75), the only special coundition on them being that

they are never considered for dropping from the basis.

The presence of nonlinear constraints in the basis does not affect
the treatment of linear constraints, which are handled in exactly the

same way as described in section 4.5.
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Let m= nt. be the number of constraints in the basis at the

current point. A general step of the algorithm is as follows 3

1. Project :

T SN
(1) Form 2"1n,k—1 = (g_m -S—k—l -G1n) L §k~1 _gk 1 '-k-l] (4.61)
where fj( ) j =1 "'""‘nj/
e o7 Ee ‘
k-1 .,
0 j = nd 41, === m.

The rules for adding and dropping linear constraints carry over

from section 4.5.

—~

. s < 0_ - .
(ii) 1f Mg S and I' 5,.(g =& &m’k_l)ll = & stop;

the Kuhn-Tucker conditions for an overall minimum are satisfied.

2. Step ¢

(1) Calowlate af ngn((_gj)T PR RV COME NN CS I
j = MLy ee—— mx

distance to nearest constraint,

1!

(1) Step  x = H g == o S0, - & 21

1

where o min (1.0, aé_l)

k=1

(iii) Adjust O if necessary by cubic interpolation to satisfy s

1y = T
20g) - £ = 6'|°‘k—1“ (ge1)” Sy Big1™ Sy B e

3. Project for Feasibility

If any nonlinear constraints are deemed to be active (as discussed
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in section 4.6.4), step 3

T

-1
x =x' -5 _,8(@ s . 6) 1 (4.72)
3 - i
(£ J = ] e r.
where o S (?gk) J n
X {o j=nl 4, c==nm

Repeat this step if necessary until I fj(gc_k)‘ < £ for the active

constraints.
L, TUpdate :
nd.
(1) Form g = (g2 - g2 ) - El M o & -8 (4.76)
J:

Note that &'m is not updated for this step.
9

k=1

(i1) Update S, ; to 8, using (3.17),
where p_ = x - x . for the complete step (2 and 3)
L
and 9 = &G -

Note that for the test for positive~definiteness, Ei -S-l-il Bk/ ck> o,

we have @
r
-1 _ o - T -1
St B = " e 7 G Ry < GG 5 807 (2 5)
th

where _f,l is the value of -t:i'c at the 1™ iteration, i = 1 === 1r, of step 3.

If the test for positive=-definiteness fails, update using

T <
Cp = 7y Dy 85 previously.

(1i1) Update (G 8, . &) to (gi &)™ using (k.24).

=k~1 =m E14:

(iv) Drop 5{1—1 y j =1 == n¥., from (gg _Gm)-l using (4.36), and

5y
replace these with 51‘1 y j =1 ~=nl, using (4.29).
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Return to step 1.

If there is a large number of nonlinear constraints compared to
linear constraints present, it is probably not worth updating the
inverse moment matrix by recursion, but easier to solve a set of linear

equations for A in step l.
—m

Wk

4,6.6 Numerical Examples

The programme for linear constraints was modified to include the
features described above for handling nonlinear constraints, and tested
on a number of examples. Appendix 3% contains details of these examples,

together with tables showing the progress of solution on each.

Example 1 This was a simple problem consisting of a 3-~dimensional
quadratic objective function, subject to one quadratic equality
constraint and 6 linear inequality constraints. This converged in

4 steps, 9 function evaluations and 8 nonlinear constraint evaluations.

Example 2 This was one of Colville's(33)

test problems. It consisted
of a S5-dimensional quadratic objective function, subject to 6 quadratic
inequality constraints and 10 linear inequality constraints. The
nonlinear inequality constraints consisted of upper and lower bounds on
3 quadratic functions. This problem was transformed by use of slack
variables, (using equation (4.68)), to an 8~dimensional problem with

3 quadratic equality constraints and 16 linear inequality constraints.
This problem took 5 steps, 9 function evaluations and 9 nonlinear

constraint evaluations. This result compares well with figures quoted

in Colville's report for other algorithms.
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Example 3 This was pevhaps the most difficult problem in Colvillels
set of standard examples; a large number of algorithms appearing in
his report failed to converge to the solution. It is the dual problem
to Example 2 in Section 3.6, and consists of a 15-dimensional cubic
objective function, subject to 5 quadratic inequality constraints and
15 linear inequalities. This problem was also transformed by the use
of slack variables, (using equation (4.66)), into a 20~dimensional
problem with 5 quadratic equality constraints and 20 linear inequality

constraints.

This problem took 56 steps, 178 function evaluations and 119
nonlinear constraint evaluations. This result is comparable to figures

9

quoted by Davies with his method for nonlinear constraints. Both
show a significant improvement on penalty function methods quoted in

Colville's report.
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CHAPTER 5

CONVERGENCE THEOREMS

5.1 TFinite Converpence for Quadratic Functions

5.1.1 Minimization without Constraints

Theorem 1

Suppose we have a set of steps, D 1< i £k, not necessarily

consecutive, which satisfy the equation :

5,9 = B 1<i<k (5.1)

w:x.‘bh._§_k non=singular

Then, for a quadratic function, a step according to ¢

By = -5 B (5.2)

is either linearly independent of the steps, D, s Or else attains a

stationary point of the function.

Proof Suppose that B is linearly dependent on the B ¢

k

By = 2 By B (5.3)

i=1

where at least one Bi is non~-zero.

Since the function is quadratic :

9 = HEp; (5.4)

From (5.3) and (5.4)

Getr = H By T Ei:.. By By = & By g (5.5)
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From (5.1), (5.3) and (4.5)

k k
B = S Pl T 2 PG t g, 0 66

From (5.2) and (5.6), since S, is non-singular :

TB T gan T B T &

whence @

By = O

This is the condition for attaining a stationary point, which is thus
a necessary condition for linear dependence of Bpyy o0 the set )

1€ i<k,

Coz:hllary l.l QoEoD-

The stationary point is attained in at most (n+l) steps. This result
follows immediately from the fact that the maximum possible number of

linearly independent steps is n.

Although step (5.2) is always the first estimate for By40 the
proposed methods subsequently modify this by the factor o # 1 if the
function increases. However, this does not change the direction of the
step, which therefore remains linearly independent of the set of B;-
The theorem therefore shows that we still build up a set of linearly

independent B step by step.

No information is rejected for Method B, so the corollary is
immediately applicable to this method; however, this statement must be
qualified by an assumption of stability, i.e. that §k remains finite and
positive definite.
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For Method A, however, we have to show that no vector a5 is

subsequently eliminated in updating gk and To show that 94 does

§-k'

not eliminate any previous g; we need to assume that H is non=singular.

Then if ) is linearly dependent on the set q; ®

k
G T L Py (5.7)
We have using (5.4) :
-1 Xk -1 &
By T BT =2 BETYG <L bR (5.8)
= i=1

Again this leads to the conclusion that the attainment of a stationary

point is a necessary condition for linear dependence of Dy on the

set g5 l=1% ke If we do not step to a stationary point, Q7 is

linearly independent of the previous g4 and since 9‘1{ is non=singular
T

there must therefore be a non-zero element E-j B—k 9.4y among the rows

which do not correspond to this set.

We must also show that j # m if we need to include g, among the

columns of Q . using equations (3.32) applied to R 41+ Now suppose

-

that g _is linearly dependent on the set g 123i% kHl
k+l
B = - 2 Bja; (5.9)

i=l

Then from (5.1), (5.2) and (5.9)

KeH K
Pl T TS & < o BBy T f:lﬁi Byt BBy Sy

veeo (5.10)
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But from (5.1) and (3.14)

7
Pt = 81 Bens = S G ¥ B 7 S Yo By Gon (541D

Equation (5.11) gives a linear relationship between.Ekﬂi_and §k Gy yq
so equation (5.10) implies that By 4y is linearly dependent on the
previous B 1% i ¥ k. Once again this leads to the conclusion that
attainment of a stationary point is a necessary condition for - to be
linearly dependent on the set g, , 1S i kHl , and if we do not step
. . . T
to a stationary point there will be a non-~zero element & Bill g, among
the rows of Bk+1 which do not correspond to this set of_gi. It then
follows from Corollary 1.l that we attain the minimum in at most (n+1)

steps.

5e1.2 Minimization with Linear Constraints

Theorem 2

Suppose we have a set of steps P 1 =i < k, not necessarily
consecutive, which satisfy equation (5.1) with §k non-singular. Then for
a quadratic function, fo(z), a step according to ¢

_ 0 0O
B =5 GG 5. &) (G 5 5 -5) -5 & (5.12)

is either linearly independent of the steps, D; » Or else attains a
stationary point in the space formed by the intersection ef the constraint

set ¢
T
Gl-x)+f =0
Proof As in Theorem 1 we suppose that Py is linearly dependent on the

D; » 5o that equations (5.3) = (5.6) hold. From (5.12) and (5.6), since
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§k is non~singular 2
T -1,.T 0 o _ _ 0 _ 0
Cn(G 5 &) TG B g mE) "B T S T & (5-13)
Thus ¢
ERESRCT RG-SR SEY N (5.1

Equation (5.14) shows that 5§+1 is orthogonal to the intersection of the
constraint set @ gg(g,-‘gk) + £, = O, which is the condition for a

stationary point in this intersection. -

Hence the attainment of a stationary point in the intersection of the
constraint set is a necessary condition for linear dependence of P4y OR

£ 43 <
the Set Bi’ l i k. Q.EQD.

Corollary 2,1

The stationary point in the intersection of m linear constraints is

attained in at most (n - m + 1) steps in this intersection.

Corollary 2.2

If the intersection of a set of linear constraints has been spanned
by previous steps, then a step according to (5.12) attains immediately a

stationary point in this intersection.

Again the modification of (5.12) by a factor ak-# 1 if the step is not
successful does not change the direction of the step and we build up a set of
linearly independent by within the intersection of the constraints step by

step.
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The properties of the two methods carry over from the unconstrained
case, so that Corollaries 2.1 and 2.2 apply to them, subject in the case

of Method A to non-singularity of the Hessian matrix.
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5.2 Overall Convergence

Although a non-singular Hessian matrix was implicit in the basis of
the methods presented, we have already seen that this assumption is
unnecessary for minimization of quadratic functions, and it is also
possible to prove ultimate convergence to a stationary point for a more
general class of functions. The proofs are applicable to both methods

(34)

developed here and are analogous to a proof given by Ostrowski for a
similar class of descent methods. However, the conditions used here have

the advantage that they may be computationally verified.

502¢1 Minimization without Constraints

Theorem 3

Suppose that f(x) is defined on UCE" and is such that ¢
(1) qo =§L_J_<_ | x=u, £x) < C} is a bounded subset of U,

(i3) f(_}_c_) has continuous second derivatives on -fi! and there is a o
such that @
“E (']'C-)H £ _/\ y X € 40 (5.15)

We take & point x_ c.;'ﬁ).:{_;glzc_ € U, £(x) < Cf with g{x ) £ ©O

and generate a sequence Xor X} vee X3 Xy ny oo accarding to the rule @

Bvl T Hey TEH T 4 5 & (5.16)

with S, chosen to satisfy the conditions

A

’Ei-s-kﬂkl Z f"“ﬁk”-“-s-kﬂkn - (5an)

cladl < s ad] < 5 || & (5.18)

where &,(Cand 6 are fixed positive constents.
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Then we can always choose a finite non=-zero o at each step such

that :
£x) - £lx,_) = § Ts g >0 (5.19)
E<R B! & U O By 2y By
with ¢ a fixed positive number less than unity.

With the @, 80 chosen, the sequence X, lies in 4. and tends to
0O* - % x ! x € £2, g(x) = 07 in the sense that the distance of x_from o

tends to zero as k -2 =2,

Proof If X, is in -+l then since -{2is an open subset, neighbouring

. . \ - o
points are also in (! and hence for sufficiently small Py both X1 and
x *t 8 By 4q 2Te in 42 and we can expand f(_)gk_l_l) in a Taylor series about

X0 with remainder of second order :

T T
£&n) = KX * g By ¥ F R B +OR,0) By

08 <1 coe  (5.20)

. . T s .
We choose the sign of o, to make o By -S-k By positive as required by

(5.19) and substitute (5.16) into (5.20) to give :

o T
T s ol Sy g K e, £)
0a) - 1) = o B S -E*ki: 7 Iﬂg Sy & | }
=k Sk |
noe (soa)

We can use (5.15), (5.17) and (5.18) in (5.21) to give @

fx) - (g 4) = o, _g§§k_gk{l - "—;3 1a.k ;} (5.22)
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Thus so long as ¢ 26(1 -€)
!“kl = R (5.23)

X 4q Temains in =2 and (5.19) is satisfied. Since x € L2 the whole sequence
is in fland it is therefore always possible to choose a finite non-zero

o to satisfy condition (5.19).
With @, 80 chosen, the sequence f(_:gk) is monotonically decreasing, and

since (ii) implies that f(_}_c_) is bounded belew in (3 4 it is also convergent,

so that :

f(g_ck) - fL_ngk+1) -~ C as k -— < (5.24)

But from (5.17), (5.18) and /5.19) :
) - £xg,) Z €.8.¢. ug_k” 2, [ak‘ (5.25)
and since & £ 0 (5.24) implies that ﬂ_gk“ 20 and hence Ek—é 0.

Further, fram (5.16) and (5.18) :

bl = fek flmesd] < o fo] - || | (5.26)

and it follows that Pl 3 0 as k — 20,

Now suppose that the sequence does not tend to 2%, Then since the
sequence X, is in (2 ', a closed bounded region of Rn, we can find a

subsequence, x; for which
‘_}gi , 2% ‘———> d >0

But this subsequence in turn contains a subsequence converging to.a

point, 3 say, contained in -f2, sc that

ll'é,n“l = da>0 (5.27)
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But g —>0, so that we have g(3) = 0 and "> belongs to Q¥ This
contradicts (5.27), so that the sequence X must tend to .Q.!, and the

proof is complete.

We note further that if the banmic procedure converges to a stationary
point which is not a (weak) local minimum, then the local search
procedure will restart the basic procedure at a point with a lower
function value, which in view of (5.19) excludes convergence to the same
point again. We shall therefore ultimately converge to a (weak) local

minimum.

5e2.2 Minimization with Linear Constraints

If the minimization is subject to a set of linear equality constraints
on x, it will be easy to find an initial feasible point, and we can then
make use of the following theorem on convergence of the projection

algorithm, which is closely analogous to Theorem 3 :
Theorem 4

Given the set S ={_)_:_\_)g e B, _(_}_;'I‘S1 x = Bg and the function £°(x)

defined en S such that @
(1) O ={3<_‘3<_es, £2(x) < CE is a bounded sub=set of S.

(i1) £°(x) has continuous second derivatives on 4L and there is a

-\ such that :
"_If (x) <A, x ¢ L (5.28)

. ¢ - ? 0 ;
We take a point x_ € L —~Zz_c_’3c'c 8, £(x) = Cowith g°(x)) § " ana

generate a sequence Xov £y <o Eg g eee according to the rule

Bery T Fen TFK T ‘“kékxf; (5.29)
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where _g; = 5; A (5.30)
PO I )
A, i satisfies 1 G 5 -(-}m-):m,k = & 5, 8 (5.31)

and the _S_k are chosen to satisfy the conditions for the solution of
(5.31) to exist, and @
> ziF
7 sl = o]
Ii:‘ ('T,I ;! - .-t L ( )
e <ol

where & and € are fixed positive constants.

Then we can always choose a finite non-zero o at each step such

that
o 0 - L T L
- > & >
20x) - 205, = Calg) S g >0 (5.34)
with § a fixed positive constant less than unity.

With the o 80 chosen, the sequence X lies in () and tends to

o ={_ng_}£ C o, glx) € s*} in the sense that the distance of x_ from

A27 tends to zero as k- o,

Proof From (5.30) and (5.31) :
8. & = s g2 5. G A = 0 (5.35)
=m Sx By Zn 2k B T Zn S Sm Sm,k .

L T L 0 L T o T L ‘
whence  (g) S £ = (B B Bt G S B = &) B g (530
Since x € 8, it follows from (5.29) and (5.35) that all points of
the sequence X, lie in £, For sufficiently small a0 X therefore lies
in £ and we may expand f (_Jgk +1) in a Taylor series about X with a
remainder of second order

/please 8€€ OVEXr' aeeso
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Plge) = P05 + G By * ¥ By B0 * O Bog) By 537)
050 =1
We choose the sign of a to make ak(gi)T 5, g positive, substitute
(5.29) into (5.37) and use (5.36) ta give 2

(5,80 B )3, 8
fﬁ@‘ﬂ%ﬁ=%ﬁﬁﬁég f%l ﬁﬁ%ﬁﬂ&}

8)"s, & |
veee (5.38)

Now if X lies in <. , so also does (ggk + © P-k+1)' 80 We may
substitute (5.28), (5.32) and (5.33) into (5.38) to give

) - 20,0 = @) s, g {1 - 35S < o 3 (5.39)
Thus X4 remains in {2 , and (5.34) is satisfied, so long as 3

26(1-7)
‘“x' A2 (5.40)

B IRt |

It is therefore always possible to choose a finite non-zero o at

each step to satisfy condition (5.34).

With the o 80 chosen, the sequence f(:_ck) is monotonically decreasing,
and since (5.28) implies that f£(x)'is bounded below on S, it is also

convergent, so that

f(_Jgk) - f(l“'-k-!-l) > 0Oas k — om (5.1)
But from (5.32) and (5.34) :

( = s :
2 ~ gt 7 6o my | ||a

and since |ak| # 0 (5.41) implies that H-EiLc “-—>0 and hence .EII; — 0.
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Further, from (5.29) and (5.33) :
[ A S Ry F

and it follows that :

—_—3  Fel
Bl —= 0 as k

It can also be shown as before that :

RSN

wy s
lEk’ @) ! - 0 as k —»'x3,

If the minimization is subject to a set of linear inequality
constraints (with-of without linear equality constraints) we are still
assured of convergence if we satisfy the appropriate conditions at each
step. This follows from the fact that the arguments in Theorems 3 and 4
show that we can choose a finite non-zero o4 at each step and remain in
the region £l appropriate to the set of active constraints at that step.
Since each 4: is bounded, their union is also bounded and we have
sufficient conditions for convergence of the sequence fo(gk)g the

remainder of the proof follows as before.

Frequently the feasible region V = {_:_c_‘_:_c.EEn; -(.}31 X = _’Qm; _(_}f. x< ;b_ri
is bounded, and provided that condition (ii) of the theorems is satisfied
for a1l x €V we shall not then require condition (i) on the set f£u in
elther theorem. In fact we can replace {2 in Theorem 3 by the interior
of V, and in Theorem 4 {2 may be replaced by the interior of vV s.

This follows from the fact that the search strategy and projection
algorithm ensure that all points of the sequence X, ere feasible and

. . . P 4 §
hence lie in a bounded rezion nd T,
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CHAPTER 6

PROGRAMME FOR THE CALCULATION OF A

MULTICOMPONENT PLATE DISTILLATION COLUMN

6.1 Introduction

This chapter describes a computer programme to calculate the

" steady~state performance of a multicomponent plate distillation columne.
It is a 'performance' rather than a 'design' programme in that the input
variables are those for the simulation of an existing column. However,
such a programme can be used as part of a 'function calculation! in

some design or optimization problem.

A paper describing the method of calculation usedin the programme
has been published(35 ). A summary of this is given, including a discussion

of the various convergence techniques tried.
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6.2 The Describing Equations

An everall mass balance around plate » gives the equation @

F +E +V .

_ v
By * Vgt Doy = (V4B + (L 4 E 4P (6.1)

where F_ = molar rate of feed to plate p.
Ep = molar rate of liquid entrainment leaving plate p.
V? = molar rate of vapour leaving plate p.
P; = molar rate of vapour product leaving plate p.

Lp = molar rate of liquid leaving plate p.
P? = molar rate of liquid product leaving plate p.
The mass balance for a typical component, i, similarly yields 2
= (v +P’ +
Vp *+ Ppvs o

L0t Bp1 Fayp1 Y Vo1 Y1 T lpn Fapn

+ (L +E +PL)x.
P o P Ti,p

cees (6.2)
where xi, = mole fraction of component i in the liquid leaving plate p.
yi,p = mole fraction of component i in the vapour leaving plate p.
fi,p = molar rate of feed of component i to plate p.

The energy balance gives the equation ¢

v

+h,  F +h _E . +H +h L., =H((V +P') +
Q‘p fr 'p "p-1 p-1 “p-1 p-1 ptl pil p(p P)

+h (L + B+ Pg) (6.3)
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Indirect heat input to plate p.

5
a
"do
i

hfp = specific molar enthalpy of feed to plate pe.
hp = specific molar enthalpy of liquid leaving plate p.
Hp = specific molar enthalpy of vapour leaving plate p.

Equations (6.1), (6.2) and (6.3) apply equally well to the reboiler
(stage 1) and the condenser (stage P), if we make the following special

substitutions @

For the reboiler : Vb = Eo = L1 = 0 (6.4)

For the condenser : V? = E, = LP+1 =0 (6.5?

The Murphree vapour-phase plate efficiency relates the actual change
in vapour composition with that achieved by equilibrium. We define this

as 3

. Y = J:
(\’LI - 1,p l,R—l (6-6)
P Y-y
i,p i,p-1

where yz o is the mole fraction of component i in the vapour which would
1
be in equilibrium with the liquid leaving the stage if this were¢ brought
to its boiling point (Gz P) at the pressure in question. The equilibrium
9

relationship is of the form :

yz’P = Ki,p X5 p (6.7)
where-y;!’p is the mole fraction of component i.in the vapour in
equilibrium with the liquid at its boiling point at a given pressure,
and Ki,p is the equilibrium ratio of component i, a function of
temperature and pressure for ideal mixtures, and also of composition for
non~-ideal mixtures. If follows from this definition that the equilibrium

ratios, K, _, for each component i, are calculated at the boiling point

i,p
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of the liquid mixture corresponding to x5 p°
 J

The thermal efficiency relates actual changes in vapour and liquid

temperatures with those achieved by thermal equilibrium between the

mixtures ¢
For the liquid : ¢L ) QL,p - QL,p+1 (6.8
P eF -0
L,p L,ptl
For the vapour : v o Qv,p - Qv,p—l (6.9)
g = 9
[ -
Vap  Vyp-l
Qv O ) 1
or ¢; = =Rk (6.10)
e -8
L,p V.p~l
where QL p = temperature of liquid leaving plate p.
4
or = boiling point of liquid leaving plate p.
L,p
_— = temperature of vapour leaving plate p.
1
Q: p = dew point of vapour leaving plate p.
b

Difficulty with the reboiler and condenser is most easily avoided by
treating these as ideal stages, however special perfornance relations

may be applied.

The component mass~balance equations (6.2) have a band structure if
we work with vapour mole fractions. Using (6.7) to express y? o in terms
L

of the Vi, p and subsequently using (6.6) to express %5 p in terms of the

s p we obtain a set of equations of the form
9

i i i i
. + + - . = f, 6.11
8 ,p2 Yi,p2 ¥ €,p-1 V1,01 * &p,p Vi,p ¥ Ep,pi1 Vayprr = fip (641D

or in matrix form @ g? X = £ (6.12)
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. th
where‘zi and ii are column vectors with yip and fip as p elements

R i, .
respectively, and G~ is a band matrix whose non-zero elements are ¢

1 E .
- = - LX) v p"l \
gP»P 2 (1 Li,p—l) X _"va \
i,p~1 “i,p-1
_ - L+
SR R - - MY y_R_ B
gP!P"l =1 WV 1,Dp WV
K. {. K. Ls
iyp=1 ‘i,p-1 1D "1,DP
\ &13)
™
E +L_+P° L /
> =(V +pP)+-L2 P P 4 (13- 2
&pyp p e Ty AV i g MV
i,p {isP i,ptl “i,pHl
i - - Lp+1
gp,p‘*‘l K n’lv
i,p+1l ‘i,ptl

From the special conditions for the condenser and reboiler, we have @

B, = B0 = fppa = O

If there are C components in the mixture, there will be C matrices
of the form of (6.12). The equations are of course nonlinear, for the
coefficients of g? i =1 == C, are functions of composition. For a
trial set of coefficients, the I will not usually sui to unity and
iterative adjustment of the coefficlents 1s required. The sum of the
individual mass balances will satisfy the overall mass balance (6.1)
when the individual compositions sun to unity, but we must also satisfy
the overall energy balance equations (6.3), which form a set of P
nonlinear equations. Howeve;, for a trial set of enthalpies of the
vapour and liquid streams, these may be solved for the Lp and Vﬁ

using (6.1) with (6.3) by successive substitution.
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The variables specified for the performance calculation are as
follows @

a) The total number of plates, P, and the positions of all feeds

and sidestreams.
b) Flow-rates, composition, and heat content of each feed.

c) State and flow-rate of each product (except one flow-rate which

is calculated by the overall column mass balance).

d) Indirect heat input for each plate (excopt one which is calculated

by the overall column energy balance).

e) All plate pressures.
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6.3 Solution of the Band Matrix

For a trial set of coefficients (6.13) we have a set of C matrices
of the form (6.12) which must be solved for the vapour composition.
These matrices are often ill-conditioned, and to reduce rounding errors,

(36) was used. This consists

the method of solution proposed by Wilkinson
of triangular decomposition with partial pivoting - a variant of the
Gaussian elimination procedure where the matrix is decomposed into the
product of a lower and an upper triangular matrix. These are subsequently
solved by back=-substitution. The usual process is to work from the top
diagonal element downwards, rewriting the current row and column as a
product of the lower and upper triangular elements already formeda

Interchanges with remaining rows of the matrix are made to ensure that

the current diagonal element is of maximum modulws.

Since there is one super-diagonal band and two sub~diagonal bands,
it is evident that in order to preserve this band structure as much as
possible and thereby save storage space, it is better to work backwards
from the bottom diagonal element. Thus, there is a possibility of
pivoting only with the superdiagonal element, so a row interchange will
not alter the band structure much. In fact, only 7 x n storage locations

are needed, including a 1 x n register of pivot operations.

Iterative refinement of the solution is also included. This
involves repeated back-substitution with the triangular matrices on the

residuals wntil they become sufficiently small.
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6.4 Convergence Techniques

Tterative adjustment of the coefficients of (6.12) is required until
the calculated vapour compositions on each plate sum to unity, and the
overall plate mass and energy balances are all satisfied simultaneously.
The method of solution is to decompose this adjustment into two iterative
loops. In the inner loop, the equilibrium ratios Ki,p y and possibly the
Murphree plate efficiencies "Lz’p y are adjusted iteratively until the
vapour compositions sum to unity (within a prescribed error tolerance).
Each time this inner loop has converged the internal flowrates are
recalculated from the plate mass and energy balances, using the enthalpies
corresponding to the current compositions. This forms an outer iterative
cycle, which must be repeated until there is no change in these variables

between two successive cycles.

(a) Inner Loop
c

It is reasonable to expect that when <. Vip = 1 for each plate

L, c i=1 P
py then also &- y, _ =1 and = X, .= le Indeed this must be so unless
i=1 "14P i=1 <1+P

the nlz p are not the same for each component on a given plate, whence this
*

condition is one solution. Since the equilibrium ratios, Ki p’ given by
?
equation (6.6) in conjunction with (6.7), correspond to the boiling
point of a liquid composition ef x; P i=1-= ¢, or to the dew point
9

of a vapour composition of y: P i=1 ==~ c, we may adjust Ki P in the
) ?

inner iterative loop by seeking to satisfy the relation

1 === P (6.14)

:?i, yo_ /K. = 1 p
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Three convergence techniques were tried, as follows @

Method 1 ¢ Newton's Method on the function @

— Vi
i=1 ™

(o]
R(®) = = ¥y p /Ky o = 140 (6.15)

we thus make a step in temperature @

(R)
®) ., = (@) - —2— (6.16)
n+l n (dR/dg)n

for each plate p, and recalculate Ki o 1 =1 === ¢ using this new
1

estimate of 9; " Of course, this 1s feasible only for ideal mixtures,
)

where Ki o is a function of temperature only for a given pressure.
?

Method 2 ¢ Second=order Newton=-Raphson to minimize the function :

:, a
(z:iyisp /di,j,p - KjiP) (6.17)

s(e)

% 5,p = Ki,p /Kj,p , the relative volatility of

component i to component j, the base component.

where

We thus make a step in temperature ¢

(o) (@), - )
e = (8) =~ —mg—— (6.18
n+l n (das/dea)n
for each plate p, and again recalculate Ki o i =1 == ¢ using this new
* ?
estimate of ef p> Again, the mixture must be ideal. Note also from
?

(6.17) that if the &y were constant, then we would effectively be

1 3P

considering only K p by this, step in temperature and changing the

Js
other Ki o for plate p by the same factor throughout.
?
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Method 3 : Relaxation.

Thié is based on the assumption of constant relative volatility

% 5.p for each plate p. The appropriate correction derived from (6.14)
1J?
is then @
c_
K, = (K, (2 yE UK, (6.129)
( JoP)corr' ( Jsp)n ( i=1 yli l’p)n ?

Again, using the assumption of canstant relative volatility, (6.19)

amounts to scaling all the Ki p for a given plate by a constant factor crb.
9

Ki,p)corr. = (Ki,p)n. Sb i=1 ¢ (6.20)
c.
S = (2 .
where p ( < Yi,p /Ki’p)n (6.21)

Rather than use the corrected Ki directly, convergence is improved by
?

p
using over-relaxation according to the formula @

® dpir = 9B Doope, ¥ (2= 0)E D (6.22)

vhere w is a relaxation parameter, which may be given a fixed value, or
may be based on a linear extrapolation of previous values. {Note that

the K;  are recaloulated with the boiling points in the outer 1oop.)
k

None of the methods congerged satisfactorily unless the compositions,

, were scaled so that g__y¥ = 1. On the test problem used to

Y s LB
i=1
develop the programme, Method 1 and Method 3 were divergent and Method 2

»
I5

was convergent but very slow. However, all three methods converged well
when the compositions were scaled. Method 2 was slightly better than
Method 1 on a number of examples tried, but this was later abandoned as
it was considered that there was little justification for the calculation

of second=derivatives which, unless equilibrium ratios are expressed as
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polynomials in temperature, is an arduous task. Method 3 is by far the
most useful, since it is not dependent on the form of the equilibrium

data.

(b) Outer Loop

The new compositions calculated in the inner loop give new values
for the enthalpies of the vapour and liquid mixtures on each plate. 4
plate to plate energy balance, using (6.3) together with (6.1), will

thus give new values for the internal flowrates.

Recalculating these variables from the new compositions amounts to
direct substitution, and it is evident that convergence of this outer
loop may be accelerated by the use of a variable relaxation parameter, as
in the inner loop. This device proved sufficiently successful to justify

the increased storage requirement.
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CHAPTER 7

AN OPTIMIZATION PROBLEM IN DISTILLATION COLUMN DESIGN

7.1 Introduction

The programme described in Chapter 6 is for the simulation of an
existing column. In the design of a column, socme of the variables used
as input to this programme must be adjusted to meet other design

specifications.

The feed composition, enthalpy, and flowrate are usually fixed by
previous unifs in the process. For a conventional column, with one
feedplate and two product streams, the variables which may be adjusted
are the number of plates, feedplate position, one of the product
flowrates and one of the external heat loads, either the reboiler rate

or condenser rate.

If the design specifications are a product rate and composition,
the problem is usually approached in one of two ways : either the number
of plates is fixed and the reboiler rate waried to meet the desired
composition specification, or else the reboiler rate is fixed and the
number of plates adjusted to meet the composition specification. In
both cases the product rate must also be varied if the design speci-

fications are given as two compositions.

In this chapter we consider the problem of meeting product
composition specifications for a column with a fixed number of plates.
This is more convenient for using the programme described in Chapter 63
and also of course the number of plates is an integer variable whereas

the reboiler rate is a continuous variable.
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For a given feedplate position, the reboiler rate (or condenser
rate) and the tap product flowrate must be varied in order to meet

two product composition specifications.

This may be done by formulating an unconstrained minimization
problem, where these two variables are adjusted to minimize the sum
of squares of the deviations of the product compositions from
specification. (There are bounds on the variables, in that they must
both be greater than zero, and also the product rate must be less than
the total feedrate, but these are never active in any physically

meaningful situation.)

Avother design problem is to determine the optimal feedplate
position. For a medium-sized column, consisting of 20 theoretical
plates or less with one feedplate and two product streams, this
_problem is easily solved by trial and error since the choice of
feedplate positions is not large. The simplest course of action is to
determine the reboiler rate and product flowrate to meet the composition
specifications for each feedplate position, and determine which position

minimizes the operating cost.

For a column with a large number of plates and possibly multiple
feedstreams, the problem is not easily solved and rightly belongs to
the field of Mixed-Integer Programming. However, an interesting
problem may be formulated by allowing feed to enter on any plate for a
predetermined range of plates. For eanh such plate the feed flowrate
becomes another variable. An interesting set of linear constraints
arise from this formulation : each feed flowrate must be greater than or
equal to zero, and also there is a linear equality constraint in that
the sum of the individual flowrates must equal the predetermined total

feed flowrate.
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7.2 Product Speclfications for a Single Feedplate

A specific example was taken in order to try out the above ideas
in practice. In order to keep the programme running time within the
express turn-around limitations of the computing system, a necessarily
small distillation column was used as an example. It congisted of a 15
plate column, diétilling a Le~component hydrocarbon mixture at a pressure
of 300 psia. Feed of the composition given below entered at a rate of

100 moles/hr., and an enthalpy of 15,700 Btu/mole.
- C
i 4 0.25

n-c 0030
Enthalpy and equilibrium data were taken from Holland(37).

Plate performance characteristics were specified as follows ¢

Entrainment Ratio Rp = Ep/Vp = 10% P=1 eee P=1
Murphree Plate Efficiency'W1z » = 60% 1 =1 eoe Cyp = 2eoP-1
?
Thermal Efficiency of Liquid
Ph.ase ¢g = 9% p = 2 sae P-l
Thermal Efficiency of Vapour
Phase ¢Z = 9% P = 2 eeo P=]

The reboiler and condenser were treated as ideal stages.

The product specifications were met as follows @

S1 & The recovery of n - 04 in the bottoms must be 95%

SR ¢ The mole fraction of G3 HS in the distillate must be 0.50,
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The first problem discussed in section 7.1 was solved for each of
four feedplate positions, for feed entering on plates 7, 8, 9 and 10,
adjusting the condenser rate and the top product flowrate. The
minimization method used was Algorithm B.3a with Reset 2, using Stewart‘s(Bl)

algorithm to calculate gradients numerically, as discussed in section 3.7.

For feed entering on the ?7th plate, the progress of solution is

shown in Table 7.1 below @

TABLE 7.1
Feed on 7th Plate
AS AS
No. Col.; Pp - 1 2
Step Calcns. | moles/hr.! Btu/hr. 1 % S2 %
!

0 1 1 40.000 1.000 1o6 - 27.450 - 56,000
1 10 26.252 9.734 106 - 2.660 - 21.640
2 15 22.232 9.622 106 + 0.670 - 1.388
3 19 22.159 9.620 106 + 0,708 - 0.996
L 22 22.103 9.618 106 + 0.750 - 0.626

The problem was resolved for feed entering on plates 8, 9 and 10.
For both plates 8 and 9 the starting point was the minimum point for the

previous plate, while for plate 10 the starting point was that for plate 7.

The results are shown in Table 7.2 below @

TABLE 7.2
Final Values for each Plate Position

Feedplate Pp ~Qp _Aﬁ % _Aia_ %
S S
1 2
7 22.103 9°618 106 + 0,750 - 0.626
8 21.937 | 4.002 10° + 0.437 - 0.350
9 21.817 3.086 106 + 0,188 - 0.045
10 22.058 5.940 106 + 0.402 - 0,574
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7.3 Product Specifications for Multiple Feedplates

The other problem discussed in section 7.1, that of allowing the
feed to distribute itself over a predetermined range of plates, was

tried on this system alsc.

The two product composition specifications given in section 7.2
may be cast as nonlinear equality constraints, and the objective function
to be minimized is the operating cost (the cost of reboiler heat and
condenser cooling water). This problem thus uses the methods discussed
in Part 2 to their fullest extent, as it not only includes linear and
nonlinear constraints, but also requires numerical evaluation of

derivatives.

The reboiler heat cost was specified at 10-6 cost units/Btu, and the
cost of the condenser cooling water at 10-'7 cost units/Btu. Using these
unit costs, the cost obtained from each feedplate position discussed in

section 7.2 is given in Table 7.3 below @

TABLE 7.3

Profit for Single Feedplate
(Basis: 100 mole/hr.feed)

Plate Reboiler Condenser Total
Position Cost Cost Cost
Vi 9.7025 0.9618 10.6643
8 ,0852 0.4002 L. L35k
9 3.1679 0.3086 3.4765
10 6.0235 0.5940 6.6175

The problem discussed above was solved, using as a startiyg point
all the feed onto plate 9. The composition specifications of section 7.2

were required to be met within 0.75% tolerance.



The progress of solution is shown in Table 7.4 below

i.e.

468,
—l

S,

%

J

<

0.75

TABLE 7.4

j=1, 2.

Product Specifications for Multiple Feedplates
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are within the error bnlerance imposed on the constraints.

No. {Feed |Feed |Feed |Feed | PP -qp, |25 85 iTota
Col. v 8 9 10 x106 5, 5, Cost
Calcns.| mole/hr.| mole/hr.|{mole/hr. mole/hr.'mole/hr. Btw/hr. % %

b1 0.0,0 0.0,0 100.000 | 0.0,0 21.817 | 3.086 {4+0.188| =0.045 3.476%
16 O-lll"-s 00501-5 99!""98 00657-6 21.483 10535 00189 "'0.243 107682
23 =0.25,-2] =0.46,-2{ 99.494 | -0.46,-2| 21.245 {0.833 |=0.426|-1.172]0.992
25 ~0.13,-1] =0.23,=2| 99.496 |-0.23,-2|21.364 |1.183 |~0.267|~0.470}1.378
Note ¢ The extra digits denote the exponent at 10. The negative values
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7.4t DISCUSSION OF RESULTS

The performance of the minimization method on this design problem was
not impressive. This poor performance, particularly on the formulation
discussed in section 7.3, is due partly to the fact that the example
distillation column was very small and the feed distribution over the
range of plates * considered made very little difference. This of course
gave rise to.small gradients of the objective function with respect to the
associated variables, and indeed there was little change in these variables

from theilr initial values.

The problem of small gradients would have an aggravating effect on the
most serious problem arising in these examples, namely that the numerical
calculation of gradients was inaccurate. Blame for this should not be
laid entirely at Stewarts! algorithm, even though the problems discussed
in section 3.7 showed poor convergence. Results could have been considerably
improved if a systematic study of the correct scaling of the variables had
been made. However, the need for such a study in itself demonstrates the

weakness of the algorithm.

However, the methods do give a clear indication that the optimal
feedplate position is plate 9. Also, there is no improvement in operating
cost to be obtained by spreading the feed over a range of plates. The
cost decrease shown in Table 7.4 was obtained by reducing the reboiler
rate and condenser rate, at the expense of a decrease in top product flow-
rate and a decrease in the accuracy to which the composition specifications

were satisfied.
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GENERAL CONCLUSIONS AND SUGGESTIONS FOR FURTHER WORK

It may be concluded from the numerical experiments that the methods
presented are extremely powerful gradient methods of minimization.
Implementation of the algorithms requires a moderate amount of matrix-—
vector manipulation; they are therefore particularly suited to problems
where calculation of the objective function is by far the most expensive
step computationglly.There is also a need to store at least one full
matrix (although advaﬁtage may be taken of symmetry in the matrices
discussed). Storage limitations of the computer, and the possibility
of rounding error, thus limit the size of the problems which may be

conveniently handled.

For unconstrained minimization, Method B (Algorithm 3a) would seem
to be rather better than the Fletcher-Powell method, and the results
of the numerical experiments certainly establish it as an attractive

alternative.

For minimization subject to linear constraints, the properties of
the method developed here remove all the theoretical difficulties
assoclated with the method of Goldfarb and Lapidus, and numerical tests

show a consistent improvement upon their results.

The extensions of the algorithm to deal with both linear and
nonlinear constraints have produced encouraging results. No proofs of
convergence in the presence of nonlinear constraints have been produced,
but satisfactory proofs have been given for the case of linear
constraints and for the unconstrained case. Other slack variable
formulations to deal with nonlinear inequality constraints could be

tried, although this is no major undertaking.
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The area in which further work is definitely required is in the
numerical evaluation of derivatives. The methods presented here fall
short of the required objective, namely to have an algoritlm capable of

being incorporated into a general=-purpose simulation and design

programme, and in order to achieve this the methods must be extended to

deal with problems where gradients are not available explieitly.
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UNCONSTRAINED MINIMIZATION RESULTS
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Tables 1 ~ 3 and 8 show the number of function evaluations required

for convergence, whilst Tables 4 - 7 compare the progress of Algorithms

B.3 and B.3a using Reset 2 on the first four examples.

Table 1 Method A and Fletcher Powell

Method A Flectcher-Powell
Example Algorithm 1| Algorithm 2 | Algorithm 1 VAOLA
1 100 62 80 3k
2 123 51 64 53
> 139 125 81 53
L 206 981 257 880
Table 2 Method B
Reset 1 Reset 2
Example 1 2 22 3 3|l 1 2 22 3 %
1 93 113 94 38 6L 96 93 73 60 60
2 52 326 Is 32 51 46 36 38 40
3 82 75 64 54 35 75 73 62 I 33
L 145 193 175 70 230 |153 129 113 68 130
Table 3 Example 5 Method B
0 Fletcher Reset 1 Reset 2
Powell6 1 2 2a 3 3a 1 2 22 3 %a,
5 19 23 kg 27 33 15 27 L6 28 34 15
23 25 51 31 37 19 33 52 30 39 17
10 29 L5 68 52 56 it} ko 83 4z 58 30
36 51 87 70 63 67 62 89 ko 78 L
20 68 78 136 75 104 79 84 1l 81 103 61
84 80 140 81 112 90 95 142 85 104 65
89 82 142 92 150 93 96 16k 89 156 70
121 95 177 132 151 1l g7 188 97 168 83
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TABLE 4 Rosenbrock's Valley
Step Algorithm 3 Algorithm 3a
Function £(x) Functi?n . £(x)
Evaluations Evaluations

0 1 2.4 10! 1 2.4 10!

2 11 5.4 10° 4 4.6 10°

4 14 2.2 10° 6 3.5 10°

6 16% 2.1 1d° 9 3.1 10°

8 20 1.8 10° 11 2.5 10°

10 22% 1.4 10° 14 2.1 10°

12 27 1.1 1d° 16 1.8 10°

14 29 7.2 107} 18 1.5 10°

16 33 4,6 107" 21% 1.2 10°

18 37% 3.8 1071 25 1.0 10°
20 39 2.1 1071 28% 7.6 1071
Y 42 1.2 1071 31 5.9 107!
24 45% 6.2 102 34 4.1 1071
26 48 3.4 1072 36% 2.8 107t
28 50% 1.2 1072 40 1.9 1071
30 52% 4.3 1073 43 9.7 1072
32 54 1.5 1073 46 4.2 1072
34 56 8.0 107 48% 1.3 1072
36 58 1.4 1077 51 5.9 1073
38 6o 5.3 10711 53% 1.3 1073
40 55% 4.3 107%
42 57 6.9 107°
" 59 3.3 1070
45 60 2.3 10713

* Reset 2
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TABLE 5 Quartic Singular Hessian
Step Algorithm 3 Algorithm 3a
Function £(x) Function f(x)
Evaluations Evaluations

0 1 2.2 10° 1 2.2 10%

2 11 1.8 10! 3 2.6 10t

4 17 2.6 10° 6 1.4 10°

6 19 6.3 1073 8 1.1 10°
8 21 8.5 107% 10 1.1 107t
10 23 3.9 107 12 1.1 1072
12 25 3,0 10°° 14 1.2 1073
14 28 2.4 107° 16 1.2 107
16 30 2.3 107 18 1.4 107
18 32% 1.9 107% 20 2.1 1078
20 34 1.4 107 22 9.3 107/
22 36 1.4 107° 24 8.1 107’
23 37 4.6 1077 25 7.9 1077
24 38 1.5 1077 26 7.9 107’
| 28 " 7.7 1077

32 7.5 1077

34 7.5 1077

36 7.2 1077

38% 7.0 1077

40 1.0 1077

* Reset 2
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TABLE 6 Helical Valley
Step Algorithm 3 Algorithm 3a
Function £(x) Function £(x)
Evaluations Evaluations
0 1 2.5 10 1 2.5 107
2 6 2.7  10% 3 1.5  10°
4 9% 9.9 10! 6 3.7 10t
6 12 1.2 10! 8 1.0 10!
8 14 9.8 10° 11 5.1 10°
10 18 6.4 10° 13# 4.6  10°
12 21% 4.7 1° 16% 2.5 10°
14 24 3.3 10° 19% 9.5 107}
16 27 1.8 10° 22 4.9 107"
18 20% 5.0 107t 25 1.2 107t
20 32 2.1 107t 28 1.2 1072
22 3 4.9 1072 30 9.2 107"
24 36 6.4 107 32 6.2 10710
25 37 4.8 1072 33 3.4 10712
26 38 1.9 107%
28 40 4,0 1078
29 41 3.6 10742

* Reset 2
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TABLE 7 Four-Dimensional Banana
Step Algorithm 3 Algorithm 3a
Function f(x) Function £(x)
Evaluations Evaluations
0 1 1.9 10 1 1.9 10%
2 17 8.6 10! 4 1.2 10°
4 25 2,5 10* 6 1.6 10°
6 27 9.1 10° 10 4.8 10%
8 31 4.0 10° 13% 1.4 10!
10 35 2.5 10° 15 8.0 10°
12 40% 1.3 10° 17 7.9 10°
14 4% 8.3 107 19 7.9 10°
16 45 8.2 107t 21% 7.9 10°
18 49 5.4 10 23% 7.9 10°
20 51 2.9 107t 25% 7.9 10°
22 54 1.3 107t 28 7.9 10°
2 57 3.4 1072 31% 7.9 10°
26 59 7.0 1073 3 7.8 107
28 61% 7.3 107 37% 7.8 10°
30 64 3.3 107 41 7.8 10°
32 66 2,8 1077 44 7.7 10°
3 68 2.7 1072 46 7.6 10°
36 49 7.5 10°




Table 8 Numerical Derivatives

Example Unnodified Stewaﬁgii Algorithm
Stewart Algorithm Double di%ferences
1 (B.3) 286 418
2 (B.3a) 165 201
3 (B.3a) 221 364
4 (B.3) 348 358
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Appendix 2. Linear Constraints.

Example .} Quadratic with Linear Constraints

minimize fo(g) Z 3 Xy + i z z C.. X, X,
3-1 j=1 1-11] 3
subject to: - X, £ 0 i=1l....n
Z B j xj - is 0 1= ﬂ.+1.... m
ne4, n=7 Initial Point: (4,4,1,%)

ij 1 2 3 4

a. -1 -3 1 -1

J

cij 1 2 0 -1 0
2 0 1 0 0

A 0 0 1 1

ij 1 2 3 4 by
815 5 1 2 1 1 5

6 3 1 2 -1 4

7 0 -1 -4 0 -1.5

The results are shown in Table | below:

128,

Table }.
METHOD A. METHOD {2,
No. . No. . 0 No. . No. . 0
Step Function Constraints £(x) Function Constraints £ (x)
Calcns. in Basis Calcns. in Basis
0 1 0 -1.250 1 0 -1.250
1 2 0 -2.882 2 0 ~2.882
2 3 1 ~-4.081 - 3 1 -4.044
3 4 | 2 -4.124 4 2 ~4.120
4 5 1 -4 .409 5 1 -4 .397
5 6 2 -4.682 6 2 -4 .682
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Example 2 Cubic Example of Goldfarb and Lapidus

0 n n n n 3
minimize £ (x) = Ja, X, +)] } c..X. X, + ) d. x,
T je1d 3 ja1 faM I e d

subject to:

X S Q i=1l.....n1n
)
g-o X. "b.s 0 i-n"'].oo-om
=1 ij 73 i
ne5 m=15 Initial Point (0,0,0,0,1)

ij 1 2 3 4 5

aj =15 =27 =36 -18 -12
c.. 1 30 -20 -10 32 -10
1]
2 =20 39 -6 =31 32
3 -10 -6 10 -6 -10
4 32 -31 -6 39 -20
5 ~10 32 -0 =20 30
dj 4 8 10 6 2

g:: 6 16 -2 0 -1 0 40

1)

7 0 2 D 0.4 =2 2

8 3.5 0 -2 0 0 n.25
9 0 2 0 4 1 4
1o 0 9 2 -1 2.8 4

11 -2 0 4 0 0 1
12 1 1 1 1 1 40
13 1 2 3 2 1 60
14 -1 -2 -3 ~4 -5 =5

15 -1 ~1 o § -1 -1 -1

The results, in comparison with Goldfarb-Lapidus, are shown in Table % below.



Table 2.

'30| »

GOLDFARB-LAPIDUS METHOD A, METHOD B.
No. No. 0 No. No. 0 No., No. 0
Step |Functn. Constr. f (x) |Functn. Constr. £ (x) |Functn. Constr. £ (x)
Calcns. in Calens. in Calcns. in
Basis Basis Basis

0 1 0 20,0000 1 ¢} +20.0000 1 0 +20.0000
1 2 1 -23.8967 2 1 -23.8967 2 1 -23.8967
2 3 2 -25.1972 3 2 =-25.2247 3 2 ~25.1909
3 5 3 -25.2605 4 2 ~28.7506 4 2 -30.6838
4 6 2 -28.5235 5 3 -28.9891 5 3 -32.0117
5 7 3 -29.6326 6 3 -31.0703 6 4 -32.348664
6 8 4 =-32.0615 7 3 =32.1685 7 4 ~32.348679
7 10 3 ~-32.1134 8 3 -32.3469
8 11 3 -32.3353 9 4 -32.348678
9 13 4 -32.348679! 10 4 -32.348679
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Example

This example is in 16 variables, with 8 linear equality constraints

and 32 linear inequality constraints.

16 16
— .<—'
Mipimize £9(x) = — 22— Ai. (x.2 +x, +1.0)(x.2 + x, + 1.0)
- i=1 j=1 * + J J

subject to @

0.22X1 + 0.20x2 + O.l9x3 + O.25x4 + 0.15x5 + O.llx6 + 0.12x7 + 0.13x8+x9=2.5

- 1.46x1 - l.3x3 + l.82x4 - 1.15x5 + O.8x7 + X0 = 1.1
l.29x1 - 00893{2 - 10163{5 - Oa96X6 - Ool+9x8 + 3(11 = -3.1
-l.le1 - 1.06x2 + 0.95::3 - O.54x4 - 1.78x6 - O,hlx? + %, = =35
-1043}{)4‘ + 1.51):5 + 0.59}{6 - 0.33}{7 - O..1+3X8 + 3(13 = 103
--1.’72x2 - 0.33x3 + 1.62x5 + 1.24x6 + O.alx7 - O.26x8 + Xy = 2.1
lulax-l + 003]_’(4 + lolac,? - 0036x9 + xls = 293
O.Lrsx2 + O.26x3 - 1'10x4 + O.58x5 - 1.03x7 + O.1x8 + x5 = ~1.5
0< x;, € 5.0, i=1~- 16. Initial Point(Non-Feasible): x, = O

i =1 = 16.
The coefficients of the upper triangular matrix Aij are shown overleaf.

The results._are shown in Table 3 below @

Table 3
Method A Method B
Step No.Fnetn. |No.Constr. o} No.Fnctn.| No.Constr. o}
Calens. in Basis £ (Ej Calens. in Basis £(x)
0 1 11 246,271 1 11 2h6.271
1 2 11 245,620 2 11 245,620
2 3 12 245,028 3 12 245,094
3 5 13 244,955 5 13 244,918
L 7 13 244,955 7 13 244,913
5 9 13 244,951 9 13 244,900
6 11 13 244,951
7 13 13 244,950
8 15 13 244,932
9 16 13 244,908
10 17 13 244,905
11 19 13 244 .901




10
11
12
13
14
15

16

Aj; for Test Problem No. 3

2 3 4 5 6 7 & 9 10 11 12 13 14 15 16
1.0 1,0 1,0 1.0 1.0
1.0 1,0 1.0 1.0
1.0 1.0 1.0 1.0 1.0
1.0 1.0 1.0
1.0 1.0 1.0 1.0 1.0
1.0 1.0 1.0
1.0 1.0 1.0
1.0 1.0 1,0
1.0 1.0 1.0
1.0 1.0
1.0 1.0
1.0 1.0
1.0 1.0
1,0
1.0
1.0
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Four-Dimensional Banana

Example 4

This example has linear inequality constraints in the form of bounds

on the variables, which are usually inactive.
s o _ 2 _ 2 - 2 2 _ 2
Minimize £ (_}_C_) = 100(x1 x2) + (1 x'.l.) + 90(x3 xh)
2 [ 2 _ 2‘
+ (1 x3) +10.1(x, - 1) + (x), = 1)7;

+ 1998(.'}(2 - l)(xh - 1)
SU.bject tO -'1000 S'. Xi S 10.0 i = 1 m—— L”'a

Initial point (-3, -1, =3, -1).

The results are shown in Table 4 below :

Table b
Method A Method B
No.Fnectn. No.Frnctn,
Step Calens. fo(_ng) Step Calens. fo(_zg)
0 1 1.9 10 0 1 1.9 10%
I 20 2.8 10" 2 6 9.3 10°
8 34 1.5 10% 4 g* 1.8 10°
12 17 2.4 10° 6 10 6.2 102
16 58 7.5 107% 8 12 1.2 10°
20 66 7.5 1071 10 14 7.6 10°
24 80 4.9 107% 12 16 9.8 1071
28 9l 2.3 107% 14 19" 8.0 107¢
32 106 1.1 107% 16 21 8.0 107*
26 118 1.1 10T 18 2l 5.2 107%
40 132 8.6 1072 20 27 3.4 107%
iy 146 8.4 1072 22 30 1.9 107}
48 159 5.1 10 2l 3 8.0 1072
52 17k 5.0 107> 26 3l 2.5 1072
56 187 2.8 1072 28 36 5.6 107
60 195 1.5 1072 30 38 2.8 107%
6l 203 1.0 1077 22 40 1.8 1070
66 206 2.6 10710 30 42 2.1 1072
35 I3 1.2 10712

* ~ Constraint 6 was in the basis (x2 = 10.0) for steps 4 and 5.
t . Reset 2.
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Appendix 3 ¢ Nonlinear Constraints

Example 1

() = 2,02 + (G + %, = 101/3) %4y = 5)°

min. fO(?-;-)

subject to leg) xlz + xzz + x32 -48 = 0
= 1*-5 < ﬁ! xz < l"'5

- 5.0 = x3

't

5.0
Initiel Point (4, 4, 4)

The progress of solution is shown in Table 1 below ¢

TABLE 1
—
No. No ) No. °
Step Function Constraint Constraints £2(x)
Cal.cns. Calcns. in Basis
i
o] 1 1 1 S ST ITIT Y
1 L 1 1,0022
2 6 5 1 0.9545
3 8 7 1 0.9535
i L 9 8 1 0.9535
i {

Example 2
" min £°(x) = 5.3578547 x32 + 0.8356891 x,x; + 37.293239 x, - 40792.141

subject to

0 = 85.334407 + 0.0056858 x x5 + 0.0006262 x;x) = 0.0022053 xz%; < 92
90 = 80,5129 + 0.0071317 x,x5 + 0.0029955 xx, + 0.0021813 :sz < 110

20 < 9.,300961 + 0.0047026 x3x5 + 0.0012457 X)Xz + 0.0019085 x3xh_$5 25
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Example 2 (continued)

78 < X < 102
3 s x, < 15
27 < X5 < L5
27 x < k5
27 < X5 < b5

Tnitiel Point (78.62, 33.44, 31.07, 44,18, 35.32)

3 slack variables were added to the problem, their initial values being

that of the corretponding constraint functions.

The progress of solution is shown in Table 2 below ¢

TABLE 2
No. No. No.
Step Function Constraint Constraints fo(g)
Calcns. Calcns. in Basis
0 1l 1 3 = 30373.9
1l 2 2 3 - 30497.7
2 3 3 b - 30556.1
3 5 5 5 - 30586.6
b 7 7 6 - 30640.8
5 9 9 8 - 30665.5
Example 3
5 5 5
ninimize :Eff byx, * o oLy Vit d, v
i=] i=l j=1 13 J = 373
subject to
5 10
aJ + 2.;’ R + 3d yj +;§;igij xirfi 0 J=1 eea 5
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z j = i = sse
yj O 1 eoe 5 9 xi ; O 1 1 lo

where the elements aj, bi’ cij’ dj and gij are as given for Example 2,

Appendix 2.

Initial Point : x, = 60.0, all other variables 0.0001.

7
5 slack variables were added to the problem, their initial values being

that of the corresponding constraint functions.

The progress of solution is shown in Table 3 below ¢

TABLE 3
No. No. No,
Step Function Constraint Constraints foﬂg)
Calcns. Calcns. in Basis
0 1 1 14 24,0 10°
# 21 8 19 144 10°
8 28 14 19 8.4 102
12 Lo 23 19 71.9076
16 50 29 19 59.8411
20 70 38 19 42,2758
2L 89 L5 18 42,1913
28 102 58 19 33.5005
32 114 68 19 33,0912
36 126 75 18 33,0798
ko 137 85 18 3249879
L 146 99 17 32.4885
48 158 108 17 32,3570
52 168 1L 16 32.3493
56 178 119 16 32.3487

Note that in all these examples, a penalty term was added, as

discussed in section 4.6.3, with a value of K equal to 2.0.



	Page 1
	Page 2
	Page 3
	Page 4
	Page 5
	Page 6
	Page 7
	Page 8
	Page 9
	Page 10
	Page 11
	Page 12
	Page 13
	Page 14
	Page 15
	Page 16
	Page 17
	Page 18
	Page 19
	Page 20
	Page 21
	Page 22
	Page 23
	Page 24
	Page 25
	Page 26
	Page 27
	Page 28
	Page 29
	Page 30
	Page 31
	Page 32
	Page 33
	Page 34
	Page 35
	Page 36
	Page 37
	Page 38
	Page 39
	Page 40
	Page 41
	Page 42
	Page 43
	Page 44
	Page 45
	Page 46
	Page 47
	Page 48
	Page 49
	Page 50
	Page 51
	Page 52
	Page 53
	Page 54
	Page 55
	Page 56
	Page 57
	Page 58
	Page 59
	Page 60
	Page 61
	Page 62
	Page 63
	Page 64
	Page 65
	Page 66
	Page 67
	Page 68
	Page 69
	Page 70
	Page 71
	Page 72
	Page 73
	Page 74
	Page 75
	Page 76
	Page 77
	Page 78
	Page 79
	Page 80
	Page 81
	Page 82
	Page 83
	Page 84
	Page 85
	Page 86
	Page 87
	Page 88
	Page 89
	Page 90
	Page 91
	Page 92
	Page 93
	Page 94
	Page 95
	Page 96
	Page 97
	Page 98
	Page 99
	Page 100
	Page 101
	Page 102
	Page 103
	Page 104
	Page 105
	Page 106
	Page 107
	Page 108
	Page 109
	Page 110
	Page 111
	Page 112
	Page 113
	Page 114
	Page 115
	Page 116
	Page 117
	Page 118
	Page 119
	Page 120
	Page 121
	Page 122
	Page 123
	Page 124
	Page 125
	Page 126
	Page 127
	Page 128
	Page 129
	Page 130
	Page 131
	Page 132
	Page 133
	Page 134
	Page 135
	Page 136
	Page 137
	Page 138
	Page 139
	Page 140
	Page 141
	Page 142
	Page 143
	Page 144
	Page 145

