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Abstract

Jacobian-based methods of singularity analysis are known to be unreliable when applied to
kinematically redundant parallel robot manipulators, due to their potential to miss certain
singularities and incorrectly identify others in the manipulator’s workspace. In this paper, a
geometric method of singularity avoidance for kinematically redundant planar parallel robot
manipulators is presented, which firstly determines the manipulator’s proximity to a singu-
larity and then computes how the kinematically redundant degree(s) of freedom should be
optimised for the given pose of the end-effector. The singularity analysis is conducted by ex-
amining the mechanism in terms of the instantaneous centres of rotation of its corresponding
mobility one sub-mechanisms when all but one of the actuators are locked, where the manip-
ulator is in a type-II singularity when these points either are indeterminable or coincide with
one another, and an index, rmin, is introduced which describes the minimum normalised dis-
tance from such conditions being met. A predictor-corrector method is employed to compute
the configuration for which rmin is optimised, and is reachable without crossing a singular-
ity. Finally, the advantages of the geometric method of singularity analysis are shown in
comparison to traditional Jacobian-based methods when applied to kinematically redundant
parallel robot manipulators.
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1. Introduction

Singularity avoidance is a fundamental aspect of the control of parallel robotic systems,
as the failure to detect and bypass singular configurations can lead to a significant deterio-
ration in the performance of the robot manipulator. Arguably the most problematic type of
singular configuration for parallel robot manipulators are those in which the manipulator’s
end-effector gains an additional degree of freedom, referred to as singularities of redundant
output [1] or type-II singularities [2], since in these configurations the mechanism loses its
inherent rigidity. Some have proposed the use of kinematically redundant architectures to
limit the number of singularities in the manipulator’s workspace; robotic systems with such
architectures have a greater number of degrees of freedom than the number of parameters
required to describe the pose of the end-effector, but become rigid when, and only when, all
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of the actuated joints are locked. Indeed, these types of architectures have gained popularity
in recent years [3, 4, 5, 6], as, unlike for non-redundant robots, for most poses of the end-
effector there is an infinite number of solutions to the inverse kinematics problem, meaning
that is possible to reconfigure the redundant degree of freedom to avoid singularities, whilst
maintaining the same pose of the end-effector.

Despite these advantages, there is a lack of methods of singularity analysis for kine-
matically redundant parallel robots in the literature, and hence it is common to implement
conventional methods of singularity analysis, developed for non-redundant robots, on them.
Arguably the most common method is to compute the determinant of the Jacobian matrix
of the robot manipulator, or to take the inverse of its condition number [7, 2], where the
robot manipulator is in a singularity if the result is equal to zero. However, it is known that
these methods are not reliable when implemented on kinematically redundant parallel robot
manipulators, more precisely on those which do not exhibit actuators connected in series,
since the Jacobian has the potential to both incorrectly identify and fail to identify some
singularities in the workspace [8].

An alternative approach to the singularity analysis of parallel robots is to perform a
geometric analysis based on the properties of the instantaneous centres of rotation (ICRs).
In [9], the set of geometric conditions for which single-dof mechanisms are in the three dif-
ferent singularity types classified in [2] is detailed through the determination of the positions
of the ICRs between the links of the mechanism. In [10], this analysis was extended to
multi-dof mechanisms by considering each of the ICRs between the platform and the base of
the mechanism when all but one of the actuated joints are locked, where the mechanism is in
a type-II singularity if these centres coincide; a similar analysis was performed in [11]. The
apparent advantage of these methods is that the manipulator’s proximity to a singularity
can be described by a physical distance, the separation between the ICRs, as opposed to
the traditional Jacobian-based methods for which the corresponding indices have no direct
physical meaning. However, performance indices based on these methods have yet to be
proposed. In this paper, it is demonstrated that such an index not only can provide a more
meaningful description of the robot manipulator’s proximity to a singular configuration, but
also is more reliable than Jacobian-based methods when applied to kinematically redundant
planar parallel robots with no actuators connected in series.

In addition to understanding the robot manipulator’s proximity to a singularity, it is also
useful to be able to know how to reconfigure the mechanism such that it will move further
away from these troublesome configurations. For non-redundant parallel robots, many have
formulated path-planning algorithms using Jacobian-based approaches of singularity analy-
sis. In [12], a path-planning algorithm was developed for non-redundant robots which finds
a solution to the problem by computing the singularity-free C-space; the region where the
Jacobian is non-singular. Additionally, some path-panning algorithms have been made for
kinematicallly redundant parallel robots. In [13], an algorithm was developed for kinemat-
ically redundant variations of the 3-RRR manipulator which used a local optimisation of
the determinant of the Jacobian to plan the trajectory. A point-to-point motion planning
scheme was proposed in [14] for a 3-RPRR manipulator, which utilises an index, the nor-
malised scaled incircle radius, that describes how far away the geometric conditions in which
the Jacobian becomes singular are from being met. Similarly, in [15] an overall motion plan-
ning scheme was developed, which aims to optimise the entire trajectory as a whole, that
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uses the same index as the previous reference. These methods are effective when applied to
kinematically redundant robots with serially connected actuators, however they are limited
when applied to architectures which exhibit no actuators connected in series, as it is for these
architecutre where the Jacobian becomes unreliable as a means of singularity analysis [8].

In this paper, a geometric method of singularity avoidance for kinematically redundant
parallel robots is proposed which does not suffer from the same shortcomings as Jacobian-
based approaches. The singularity analysis is based on the properties of instantaneous centres
of rotation (ICRs), where the robot manipulator is in a singular configuration when these
ICRs coincide or are indeterminable. Firstly, the planar parallel robot manipulator is de-
composed into its corresponding mobility one sub-mechanisms, for which all but one of the
actuators are locked, and the position of the ICR between the platform and the base for each
of these sub-mechanisms is computed. The robot manipulator’s proximity to a singularity is
measured by computing the in-circle radii of the triangles formed by these ICRs, and finding
the minimum of these radii, rmin. This is different to the method presented in [16] and used
in [3], where the robot manipulator’s proximity to a singularity is given by the minimum
distance between two ICRs. The avoidance of singularities is carried out by determining
the optimum value of the parameter which describes the degree of kinematic redundancy
of the robot manipulator such that rmin is maximised without passing through a singular
configuration, that where rmin=0; this is distinct from the method proposed in [16] in which
the singularity avoidance instructs how the mechanism should be reconfigured such that the
distance between two ICRs is increased. The method of singularity avoidance is carried
out numerically on an example mechanism. Finally, it is shown that the geometric method
of singularity analysis is more reliable than Jacobian-based approaches by examining two
example mechanisms, which are in configurations where the Jacobian both incorrectly iden-
tifies and fails to identify singularities, but the proposed method does not; this is verified by
computing the robots’ corresponding rigidity matrices whilst in these configurations, as it is
known that the rank of the rigidity matrix drops in a singular configuration [17, 18, 19].

The remainder of this paper is structured as follows. In section 2, the principles of
instantaneous centres of rotation are discussed and the method of determining their positions
is presented. In section 3, the potential of the Jacobian to incorrectly identify a singularity
is demonstrated for an example mechanism, showing the need for alternative methods. In
section 4, the singularity analysis is performed, such that the value of rmin for a given
configuration of the robot manipulator can be obtained and a predictor-corrector algorithm
is then employed to increase this value without crossing a singularity or changing the pose
of the end-effector. Section 5 gives a numerical example to demonstrate this process. In
section 6, the proposed method of singularity analysis is compared with a conventional
Jacobian based method; the advantages the former has over the latter are shown with the
aid of two examples. Finally, section 7 concludes the paper.

2. Basic Tools

In this section, the background tools used to conduct the proposed method are sum-
marised. Firstly, a definition is provided for kinematic redundancy in planar parallel robots,
and a family of these architectures is presented. Secondly, a review of instantaneous centres
of rotation is given, and the geometric method of singularity analysis is presented. The
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section is concluded by giving a brief description of the rigidity matrix of parallel robots; in
section 6 the proposed method of singularity analysis is compared with the inverse of the
condition number of the Jacobian, and the analysis using the rigidity matrix is used as a
third method of comparison for instances where the results of the other methods differ.

2.1. Kinematic Redundancy in Parallel Robots

A kinematically redundant parallel robot manipulator is a mechanism whose total number
of degrees of freedom exceeds the number of degrees of freedom of the end-effector, and that is
rigid when, and only when, all of its actuators are locked. Fig. 1 displays four example planar
architectures that have been proposed in recent years. Architecture a) was first presented
in [16], b) and c) in [5], and d) in [4], although this architecture is less unique than the others
because it can be considered as a specialised case of architecture b).

Figure 1: A family of kinematically redundant planar parallel robots. All of these architectures consist of four
RPR legs, two of which directly connect the end-effector to the ground. In architecture a) the remaining two
RPR legs join the end-effector to a ternary link which itself is connected to the base via a revolute joint. In
architecture b), the remaining two RPR legs join the base to a binary link which is joined to the end-effector
via a revolute joint. In architecture c), the remaining two RPR legs join the end-effector to a binary link
which is connected to the ground via a revolute joint. Finally, architecture d) is a specialised case of b) in
which two of the joints attached to the end-effector are coincident.
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The advantage that this type of architecture holds over non-redundant parallel robots
is that it is possible to reconfigure the mechanism without changing the pose of the end-
effector, meaning that the number of singularities in the robot manipulator’s workspace is
significantly decreased. Additionally, unlike redundantly actuated robots which are over
constrained mechanisms, kinematically redundant architectures do not suffer from needless
internal moments and forces being exerted onto the platform since the robot manipulator is
only rigid when all of the actuators are locked [20]. The architectures in Fig. 1 also do not
exhibit any actuators that are connected in series, which means that they do suffer from the
accumulation of actuator errors along each of the limbs.

The method of singularity analysis presented in section 4.1 is applicable on all planar
parallel robots, however the method of singularity avoidance, presented in section 4.2, is
tailored for redundant robots such as those shown in Fig. 1.

2.2. Instantaneous Centres of Rotation and Singularities

The singularity analysis is performed by inspecting the mechanism in terms of its in-
stantaneous centres of rotation (ICRs), where the manipulator is determined to be in a
singularity if these ICRs coincide or become indeterminable [21, 16, 10]. The method of
carrying out this analysis is briefly described here, for a more comprehensive description the
reader is referred to [3]. Firstly, the mechanism is treated as the union of its corresponding
sub-mechanisms with a mobility of one (M=1) where all but one of the actuated joints are
locked. Then the ICR between the end-effector and the base of each sub-mechanism can
be found by applying the Aronhold-Kennedy theorem; which states that for any three rigid
bodies moving relative to one another in a plane, the three ICRs between them lie upon
the same line. If the positions of two of the ICRs between three rigid bodies are known,
then the third ICR must lie upon the line which passes through them; following this, the
position of an ICR can be determined if it lies upon two known lines – the ICR between the
end-effector and the base for each sub-mechanism is found using this principle. An effec-
tive system for keeping track of which ICRs between two rigid links of the mechanism are
known is to construct Circle Diagrams (also known as the auxiliary polygon derived from the
Aronhold-Kennedy theorem on ICRs), first presented in [22]. For example, Fig. 2 displays
the architecture in Fig. 1 a) with the relevant ICRs depicted, and the corresponding Circle
Diagrams are given in Fig. 3.

The mechanism consists of an end-effector (link 7) which is connected to the base (link
1) directly by two RPR legs (links 3 and 4), and also by two other RPR legs (links 5 and
6) that are connected to a ternary link (link 2) which itself is connected to the base via a
revolute joint. Links 4 and 6 are connected to the end-effector at a single point, as are links
5 and 7.

The M=1 sub-mechanisms are obtained by removing the constraints imposed by each of
the four legs in turn; it can be verified that each of the following mechanisms have a mobility
of one by using the extended Chebychev-Kutzbach-Grübler formula [23], which is given by

M = F −
λ∑
i=1

ti (1)

where λ = J − L+ 1 is the number of independent closed-loops in the mechanism, ti is the
motion type of the ith independent closed-loop (ti = 3 in the planar case), J is the total
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Figure 2: Kinematically redundant planar parallel architecture presented in [16] with the relevant ICRs
displayed.

Figure 3: Circle Diagrams used to determine the positions of the ICRs for the mechanism displayed in Fig. 2.
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number of joints, L is the number of links, and F is the total number of degrees of freedom
of the joints. The Circle Diagrams for the sub-mechanisms are given in Fig. 3 where all the
links are denoted by number and the black, filled lines denote that the corresponding links
share a physical joint. The circle diagram for the sub-mechanism where link 6 is removed is
not shown because it gives the same result as the sub-mechanism where link 5 is removed.
A desired ICR is denoted by a dashed line, and it is possible to find its position if this line is
the common side of two other triangles that are otherwise made up of lines denoting known
ICRs and joints.

The aim is to obtain the position of ICR(1,7) for each sub-mechanism; from herein the
ICR between links i and j will be denoted by ICR(i,j). For sub-mechanism i), it can be seen
that the dashed line on the circle diagram between links 1 and 7 is the common side of two
triangles otherwise made up of filled in lines. The position of ICR(1,7) is therefore given
by the point of intersection between the lines that pass through the joints between links 1
& 3 and links 3 & 7, and the joints between links 1 & 4 and links 4 & 7; this is displayed
as point S on Fig. 2. Sub-mechanisms ii) and iii) follow the same logic, but since ICR(1,7)
is not initially the common side of two triangles, an additional ICR has to be calculated
beforehand, this is ICR(2,7) and it is shown as point Q in Fig. 2. Now ICR(1,7), for both
sub-mechanism ii) and iii), is the common side of two triangles, its position can be found by
finding the point of intersection of the relevant lines.

2.3. The Rigidity Matrix

In [17], the conditions for determining the unique realisations of a graph are explored.
A graph is a set of vertices and the connections between them, known as edges. One of
the tools used in this paper to determine if a graph is rigid or not is the determination of
its rigidity matrix. For a given d-dimensional graph with n vertices, the number of edges
required to ensure the graph is rigid (only rigid body motions are possible) is given by

S(n, d) =

{
nd− d(d+ 1)/2 if n >= d,

n(n− 1)/2 otherwise.
(2)

The number of edges in the graph is denoted by m, and the m × nd rigidity matrix is
formed as follows. Each row corresponds to each edge of the graph, and each column corre-
sponds to a coordinate of each vertex. If an element in the matrix is in a row corresponding
to an edge and in a column of a vertex that is part of that edge, then the value of that
element is the difference between that vertex and the other vertex in the edge in terms of
the coordinates dictated by the column. For an example, see [17].

A planar parallel robot can be analysed by its underlying graph, for which the vertices
correspond to the position of the joints of the manipulator and the edges correspond to the
links. The mechanism is rigid if, and only if, the rank of the graph’s rigidity matrix is equal
to S(n, d). Performing this analysis provides a reliable method of determining if the robot
manipulator is in a singularity or not. The limitation of this method is that it is not able
to determine the robot manipulator’s proximity to a singularity, but rather just returns a
binary result of whether or not the robot manipulator is in a singularity. In this paper, the
rigidity matrix is used as an independent judge of whether or not the robot manipulator is
in a singularity when the proposed method and the inverse of the condition number of the
Jacobian are in disagreement.
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3. Motivation Example - False Positive of the Jacobian

Perhaps the most common approach of singularity analysis is to use methods based on the
robot manipulator’s Jacobian matrix, such as taking its determinant or computing the inverse
of its condition number. However, such techniques have recently shown to be unreliable when
applied to kinematically redundant parallel robots which do not exhibit actuated joints
connected in series, due to the need to eliminate the parameter(s) corresponding to the
kinematically redundant degree(s) of freedom in order to construct the matrix. In this
section, an example mechanism is considered which is in a configuration where the Jacobian
is singular but the rigidity matrix of the underlying graph of the robot manipulator is
of full rank; indicating that the mechanism is in a non-singular configuration. A more
comprehensive description of a similar example is given in [8].

The relationship between the the velocity vector of the end-effector, ċ, and the actuator
velocities, q̇, of a kinematically redundant planar parallel robot manipulator with no actuated
joints connected in series is given by

Jċ = Kq̇. (3)

where ċ is a 3× 1 vector, q̇ is an n× 1 vector, J is a 3× 3 matrix, K is a 3× n matrix, and
n is the total number of degrees of freedom of the mechanism [4]. For non-redudant robots,
the mechanism is in a direct kinematic singularity when det(J) = 0.

Consider the mechanism from Fig. 2. The Jacobian Matrix, J, of this robot manipulator,
as detailed in [3], is

J =

(p6 − p1)
T (p6 − p1)

TEv6

(p7 − p2)
T (p7 − p2)

TEv7

(p5 − p3)
TNG

 , (4)

where pi denotes the vector from the origin to the point Pi, v6 and v7 denote the vectors
from the end-effector, Pe, to points P6 and P7, respectively,

E =

[
0 −1
1 0

]
,

N =

[
d3,4
d3,5

(p6 − p4)
TM

(p7 − p5)
T

]−1
,

G =

[
(p6 − p4)

T (p6 − p4)
TEv6

(p7 − p5)
T (p7 − p5)

TEv7

]
,

M =

[
cos(δ) −sin(δ)
sin(δ) cos(δ)

]
,

with δ being the angle taken anticlockwise from the vector from P3 to P5 to the vector from
P3 to P4.

Let’s consider the configuration of this mechanism where the joints are positioned at
P1 = (2, 0)T , P2 = (8, 0)T , P3 = (6, 2)T , P4 = (3.17, 4.83)T , P5 = (4.96, 5.86)T , P6 =
(2.60, 8.79)T , and P7 = (6.45, 9.58)T (all values are given to two decimal places); this is
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shown in Fig. 4. If the Jacobian is calculated using equation (4), the inverse of its 2-norm
condition number is equal to zero. The rigidity matrix of the mechanism is given by the
formula in Appendix A. By equating the positions of the revolute joints with those of the
corresponding vertices, the rank of the rigidity matrix is computed as eleven, meaning it is
of full rank. This indicates that the robot manipulator is in a non-singular configuration,
meaning that the Jacobian has incorrectly determined that the mechanism is in a singularity.
The fact that the Jacobian has the potential to fail as a means of singularity analysis for
kinematically redundant architectures with no actuators connected in series means that
it is necessary to develop other measures of the robot manipulator’s proximity to these
troublesome configurations. In the following section, an index is presented which does not
exhibit these limitations.

Figure 4: Configuration of the robot proposed in [16] where the inverse of the condition number of the
Jacobian is zero, but the mechanism’s corresponding rigidity matrix is of full rank.

4. Geometric Method of Singularity Avoidance

4.1. Proximity to a Singularity

After the ICRs between the base and the platform for each M=1 sub-mechanism have
been determined using the methods detailed in section 2.2, the robot manipulator’s proximity
to a singularity is analysed by determining how close two of these ICRs are to coinciding or
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Figure 5: Different maximum in-circles: Example a) shows the in-circle, C, of the triangle formed by three
ICRs (I1, I2, and I3) and the maximum sized in-circle, Cmax, given by that which passes through each of
the physical joints (P1, P2, and P3), example b) shows the in-circle of the triangle formed by one ICR and
two physical joints, and the maximum sized in-circle whose radius is given by half the distance between the
physical joints.

how close one of the sub-mechanisms is to being in a singularity itself. In order to measure
both of these criteria, the method used is to find sets of three ICRs and calculate the in-
circle radius of the triangle whose vertices correspond to the positions of these points. The
computation of the in-circle radius has previously been used for performing a Jacobian-based
method of singularity analysis of the 3-RPRR manipulator [14].

The first objective is to determine the triangles that need to be formed in order to
measure the robot manipulator’s proximity to a singularity. A robot manipulator is in a
singularity if either two or more of the ICRs between the base and the end-effector of each
sub-mechanism coincide, or if one or more of the sub-mechanisms themselves move into a
singularity; a configuration where the ICR between the base and the end-effector cannot be
determined due to the collinearity of construction lines. The former is done by calculating
the number of triangles that can be formed by the total number of ICRs between the base
and the end-effector; e.g. if there are three, one triangle needs to be formed. The latter is
done by making sure that every pair of construction lines used to compute the position of
any virtual ICR is included in a triangle; if there exists a pair that are not, then a triangle
must be formed with one of its vertices corresponding to the position of the ICR determined
by these lines, and the remaining two corresponding to the centres of the physical joints
which lie on each of the lines. The in-circle radius of each triangle is then calculated, and
the obtained value is then normalised using the maximum possible in-circle radius of that
triangle, which is dependent on the pose of the end-effector.

Two examples are shown in Fig. 5 which correspond to each of these situations. The first
example, displayed in Fig. 5 a), shows a set of three ICRs whose positions are determined by
the construction lines passing through three links, which are joined to three revolute joints
separated by fixed distances; the positions of the ICRs are given by the red points. The
in-circle of the triangle formed by these points, C, is shown in blue. The maximum sized
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circle, Cmax, is the maximum in-circle that can be obtained by reorienting the three links,
corresponding to the circle which passes through the three physical joints [14]. Note that this
example is not showing how the ICRs are computed just for the case of the 3-RPRR parallel
robot (as computed in [14]), but for any mechanism where three joints are separated by fixed
lengths and whose ICRs are positioned at the intersection points of the three construction
lines that pass through each of the joints. Fig. 5 b) shows the in-circle of the triangle formed
by a single virtual ICR and two physical joints separated by a fixed distance. It can be seen
that the maximum value of the radius of this circle is given by half of the fixed distance
between the physical joints.

For the case shown in Fig. 5 a), the in-circle radius of the triangle formed by the the
three ICRs, denoted by I1, I2, and I3, is calculated below; the x and y coordinates of ICR
Ii are given by Ii,x and Ii,y respectively. The coordinates of the centre of the in-circle are
calculated by taking the angle bisectors of two of the vertices of the triangle and calculating
the point of intersection of these lines. Firstly, the gradients of the lines connecting each
pair of points are computed as

mi,j =
Ii,y − Ij,y
Ii,x − Ij,x

(5)

where (i, j) is (1, 2), (1, 3), and (2, 3). Two points that lie upon the angle bisectors of
two of the vertices of the triangle, say I1 and I2, are given by

I1,bi = I1 + I1I2 ‖I1I3‖+ I1I3 ‖I1I2‖ (6)

I2,bi = I2 + I2I3 ‖I2I1‖+ I2I1 ‖I2I3‖ (7)

where IiIj denotes the vector from Ii to Ij. The gradients, m1,bi and m2,bi, of the lines
passing through points I1 and I1,bi, and I2 and I2,bi are calculated using (5). The coordinates
of the centre of the in-circle is given by the point of intersection of these two lines, calculated
as

Cx =
I1,y −m1,biI1,x − I2,y +m2,biI2,x

m2,bi −m1,bi

(8)

Cy = m2,biCx + I2,y −m2,biI2,x (9)

and C = (Cx, Cy)
T . The in-circle radius, r, is then found by

r =
‖I2C× I2I1‖
‖I2I1‖

(10)

The normalised in-circle radius, rnorm, is then obtained by dividing r by its maximum
possible value, rmax. The value of rmax depends on the physical constraints of the ICRs and
the construction lines. The maximum possible radius of the in-circle displayed in Fig. 5 a),
that which passes through all three physical joints, denoted by P1, P2, and P3, is given by
equation (11)

ra,max =

√
b2 + c2 − 4ad

4a2
(11)
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where

a = x1(y2 − y3)− y1(x2 − x3) + x2y3 − x3y2,
b = (x21 + y21)(y3 − y2) + (x22 + y22)(y1 − y3) + (x23 + y23)(y2 − y1),
c = (x21 + y21)(x2 − x3) + (x22 + y22)(x3 − x1) + (x23 + y23)(x1 − x2),
d = (x21 + y21)(x3y2 − x2y3) + (x22 + y22)(x1y3 − x3y1) + (x23 + y23)(x2y1 − x1y2),

and the x and y coordinates of Pi are given by xi and yi respectively. The maximum
possible radius of the in-circle displayed in Fig. 5 b), rb,max, is given by half the distance
between the two fixed points.

The robot manipulator is in a singularity if any of these rnorm values are equal to zero.
In order to analyse how close the entire system is to being in a singularity, fuzzy logic is
applied; such that the proximity to a singularity is given by the minimum rnorm value. In
order for the derivative of this value to be continuous, the minimum rnorm is computed using
the p-norm, where p is a ’large’ integer, such that

rmin =
1

( 1
r1,norm

p
+ ...+ 1

rn,norm

p
)
1
p

. (12)

Throughout this paper, p is set equal to 20.

4.2. Singularity Avoidance

Once the kinematically redundant robot’s proximity to a singularity has been computed,
the next step is to determine how its links can be reconfigured such that the robot moves
further away from a singularity without changing the pose of the end-effector. Since the
robot’s distance from a singularity is given by the minimum normalised radius of these in-
circles, the robot can reliably be moved further away from a singularity by increasing the
value of rmin.

The method of singularity avoidance for kinematically redundant planar parallel robots
is performed in three steps:

1. Identify which ICRs are able to be repositioned without changing the pose of the
end-effector, and determine the triangles necessary to detect all possible singularities.

2. Formulate the value of rmin in terms of the redundant variable.

3. Find a greater value of rmin by using a predictor-corrector method.

This method is demonstrated below using the mechanism displayed in Fig. 2. For this
mechanism, the joints whose positions are constant for any given pose of the end-effector are
P1, P2, P3, P6, and P7; which means that the constant ICR is point S since its position is
determined by the orientation of the links that pass through points P1 and P6, and P2 and
P7, respectively. The moveable joints for a given pose of the end-effector are P4 and P5.
ICRs Q, R, and T are identified as the ICRs that can be repositioned; this is because Q is
dependent on the positions of P4 and P5, and both R and T are dependent on Q.

To complete step one,the necessary triangles for detecting all possible singularities must
be identified. The robot is in a singularity when two of ICRs R, S, and T become coincident,
or when the construction lines used to determine the position of any ICR become collinear.
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Following this, the in-circles of only two triangles are needed; the triangle made from R, S,
and T, and the triangle made from P6, P7, and Q, called triangles 1 and 2, respectively.
The in-circle of triangle 1 describes both how close the ICRs are to coinciding, and also how
close any pair of construction lines are to becoming collinear for these three points. The
in-circle of triangle 2 describes how close the construction lines which determine Q are to
becoming collinear, which is the only remaining possible singularity.

The next step is to formulate the value of rmin in terms of the redundant variable. For this
robot, the redundant variable, denoted by α, is the orientation of the ternary link P3P4P5

– the anticlockwise angle taken from the horizontal axis to the link that joins P3 and P4.
The pose of the end-effector is given by (PT

e , φ)T , where Pe denotes the position of the
end-effector and φ denotes the anticlockwise angle taken from the horizontal axis to the link
joining P6 and P7.

If Pe, φ, and α, are known, along with the position of the base joints P1, P2, and P3,
then the position of every joint of the robot and also every ICR can be determined. Firstly,
P6, P7, and P4 are calculated by

Pj = Pi + pi,j, (13)

where (i, j) = (e, 6), (e, 7), and (3, 4), respectively, and pe,6 = −de,6(cos(φ), sin(φ))T , pe,7 =
de,7(cos(φ), sin(φ))T , and p3,4 = d3,4(cos(α), sin(α))T .

The vector from P3 to P5, denoted by p3,5, is determined by multiplying the vector from
P3 to P4, p3,4, by the bilateration matrix Z3,4,5

p3,5 = Z3,4,5p3,4 (14)

where

Z3,4,5 =
1

2s3,4

[
s3,4 + s3,5 − s4,5 −4A3,4,5

4A3,4,5 s3,4 + s3,5 − s4,5

]
and

A3,4,5 = ±1

4

√
(s3,4 + s3,5 + s4,5)2 − 2(s23,4 + s23,5 + s24,5),

with si,j = d2i,j denoting the squared distance between the points Pi and Pj and A3,4,5, the
signed area of the triangle defined by points P3, P4 and P5 [24].

The positions of the ICRs are found by finding the points of intersection between their
respective construction lines. If the lines pass through points Pi and Pj, and Pk and Pl,
respectively, then the x and y coordinates of the ICR, Im, are given by

Im,x =
yk −mk,lxk − yi +mi,jxi

mi,j −mk,l

, (15)

Im,y = mi,jIm,x + yi −mi,jxi, (16)

where the gradients mi,j and mk,l are obtained using equation (5).
The positions of ICRs Q, R, S, and T are calculated by replacing (Pi, Pj, Pk, and Pl)

with (P4, P6, P5, and P7), (P1, P6, P3, and Q), (P1, P6, P2, and P7), and (P2, P7, P3,
and Q), respectively. The in-circle radii of triangles 1 and 2, r1 and r2, are then obtained in
terms of the redundant parameter, α, by inputting (R, S, and T) and (P6, P7, and Q) into
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equations (5-10). r1,norm is obtained by firstly obtaining r1,max by inputting the coordinates
of the base joints P3, P6, and P7 into (11), as the maximum in-circle radius for any given
pose of the end-effector is given by that of the circle which passes through these joints, and
r2,max is given by half the distance between P6 and P7.

The initial rmin value is calculated, using (12), given the initial value of α. In order to
move further away from a singularity, the value of α which gives the maximum value of rmin
must be obtained, with the additional condition that a singularity, a point where rmin=0,
cannot be crossed. This is accomplished by using a predictor-corrector method [25], which
will be described here continuing with the same example. The first step is to differentiate
both r1,norm and r2,norm with respect to α. Given an initial known value of α, rmin will either
lie on the curve of r1,norm or r2,norm. The tangent vector at the initial point, xi, on the curve
is obtained, and a new point pi, the predicted point, is determined by translating along this
tangent by a small amount, h, such that

pi = xi + hti (17)

where

ti =
1√

1 + f ′(αi)2

[
sign(f ′(αi))
|f ′(αi)|

]
,

f(α) denotes the function of α that provides the value of rmin, and f ′(α) denotes its derivative
with respect to α.

ti is formulated such that the the predicted point moves higher up on the curve than
the initial point. The corrector step of the algorithm then maps pi back onto the curve by
repeating equation (18) until the difference between the α value of the current pi and the
previous one becomes less than a chosen threshold value.

pi+1 = pi −
[
f ′(αi)
−1

]
f(pi,α)− pi,r
f ′(αi)2 + 1

(18)

where pi is defined by the coordinates (pi,α, pi,r)
T .

rmin is recalculated with this new α value to see if it is still on the same curve; if not,
the next predicted point is computed using the tangent of the current curve. This process
is repeated until the gradient changes sign; i.e. the local maximum point on the curve has
been reached.

5. Numerical Example

In this section, a numerical example is used to demonstrate the method detailed above,
using a mechanism with the same architecture as that used above. The positions of the
base joints and the joints attached to the moving platform are P1 = (0, 0)T , P2 = (4, 0)T ,
P3 = (1, 1)T , P6 = (0.75, 5)T , and P7 = (2, 5.5)T . The dimensions of the ternary link, that
formed by joints P3, P4, and P5, are d3,4 = 2, d3,5 = 2, and d4,5 = 2. The orientation of
the ternary link is described by the angle α, which is the angle taken in the anticlockwise
direction from the horizontal axis which passes through P3, to the vector from P3 to P4;
the initial value of α is 0.3. The vector from P3 to P5 is at an angle pi/3 in the clockwise
direction from the vector from P3 to P4.
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The four ICRs are calculated using (5) and (15-16) as Q = (2.22, 2.67)T , R = (−0.07,−0.46)T ,
S = (1.17, 7.79)T , and T = (2.76, 3.40)T . The initial in-circle radii are calculated, using equa-
tions (5-10), and then are normalised to obtain values of r1,norm = 0.43 and r2,norm = 0.78;
hence, initially, rmin = 0.43. The predictor-corrector method is then used to find the value
of α that provides an improved rmin value, and hence gives a configuration of the mechanism
that is further away from a singularity. The algorithm returns a value of α = 1.19, corre-
sponding to a minimum normalised radius of rmin = 0.57. Fig. 6 shows r1,norm and r2,norm
plotted against α between 0 and 2π, along with the initial and improved values of α found
by the predictor-corrector method.

Figure 6: Normalised in-circle radii r1,norm and r2,norm against α for the example mechanism. The initial
and final values of α are shown.

6. Comparison to the Jacobian

In this section, the geometric method of singularity analysis is compared with the inverse
of the condition number of the Jacobian matrix. Firstly, let’s consider again the example
given in section 3; the robot manipulator is in a configuration where the inverse of the 2-
norm condition number of the Jacobian is zero but the rigidity matrix of the underlying
graph of the mechanism has full rank. The positions of ICRs Q, R, S, and T are determined
just as in the example given in section 5; here they are computed as Q = (3.54, 2.29)T ,
R = (2.17, 2.46)T , S = (3.79, 26.06)T , and T = (7.71, 1.80)T . Following this, the normalised
in-circle radii are calculated as r1,norm = 0.62, and r2,norm = 0.71, hence rmin = 0.62 which
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indicates the robot manipulator is not in a singularity, agreeing with the rank of the rigidity
matrix.

In this second example, let’s consider a different robot manipulator, the mechanism
presented in section 3.2 of [5] (displayed in Fig. 7). The mechanism consists of a moving
platform connected to two RPR legs via revolute joints, centred at B1 and B2, which are
connected to the base via revolute joints centred at A1 and A2. Two other RPR legs, joined
to the platform at B3 and B4, are joined to a common revolute joint, centred at S, which
is in turn connected to the base via a revolute joint at A1. The Jacobian, J, of this robot
manipulator is given by

J =

(b1 − a1)
T (b1 − a1)

TEν1

(b2 − a2)
T (b2 − a2)

TEν2

(s− a3)
T (s− a3)

TE(s− p)

 , (19)

where ai, bi, and s, denote the position vectors of Ai, Bi, and S, respectively, p denotes the
position vector of a chosen reference point on the platform, νi denotes the vector bi − p,
and

E =

[
0 −1
1 0

]
.

It is noted by the authors that the robot manipulator is in a singularity when joint S lies
upon the line which passes through B3 and B4. However, if the robot manipulator follows
a trajectory such that S approaches such a position, the value of 1/k(J) does not approach
zero, but rather it only becomes zero when S lies directly upon the line. An example of this
is considered below.

The base joints are positioned at a1 = (13, 0)T , a2 = (9, 0)T , and a3 = (0, 1)T . The
revolute joint at S is positioned at s = (2, 2.5)T throughout the trajectory. The platform
joints are initially positioned at b1 = (0, 12)T , b2 = (0, 9)T , b3 = (−3, 9)T , and b4 =
(−3, 12)T , and they follow a horizontal trajectory from left to right. Taking the coordinates
of b1 as the reference point on the platform, p(x, y), the initial point of the trajectory is
x = 0, and the final point is x = 8. In Fig. 8, both the inverse of the 2-norm condition
number, 1/κ(J), and the two relevant in-circle radii are plotted throughout the trajectory;
r1 corresponds to the triangle whose vertices are positioned at the intersection points between
the lines through A1B1, A2B2, and A3S, and r2 corresponds to the triangle whose vertices
are positioned at S, B3, and B4. Point S lies upon the line B3B4 when x = 5. It can be
seen that r2 approaches zero as this point is neared, however 1/k(J) does not approach zero.
It can be verified that this configuration is singular by computing the rank of the rigidity
matrix, the formula for which is given in Appendix A, as the platform moves along the
trajectory; the matrix is of full rank, 13, at all points except when x = 5, where the rank
drops to 12. This demonstrates a limitation of using the Jacobian to detect a mechanism’s
proximity to a singularity. If the robot manipulator here follows a trajectory like the one
shown in Fig. 8, and 1/k(J) is used as the index for determining the robot manipulator’s
proximity to a singularity, the robot manipulator would run a risk of failing near this point
despite the fact that 1/k(J) is well above zero.
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Figure 7: Instance of the kinematically redundant planar parallel architecture proposed in [5].

Figure 8: Plot of the in-circle radii and 1/k(J) for the mechanism presented in [5] as the mechanism passes
through a singular configuration.
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7. Conclusion

This paper presented a geometric method of singularity avoidance for kinematically re-
dundant planar parallel robots which does not exhibit the same limitations that Jacobian-
based approaches do when applied to these architectures. The singularity analysis is per-
formed by firstly determining the positions of the relevant instantaneous centres of rotation
of the mechanism from the positions and orientations of the links, and secondly by deter-
mining the relevant in-circle radii formed by these ICRs; these radii act as a measure of
how close two ICRs are to coinciding or how close an ICR is to becoming indeterminable –
both of which indicate that the robot manipulator is in a singularity. The robot manipula-
tor’s distance from a singularity is given by the minimum normalised value of these in-circle
radii, rmin. A configuration of the kinematically redundant mechanism that is further away
from a singularity is calculated by formulating rmin in terms of the redundant parameter.
A predictor-corrector method is then implemented to find a value of this parameter which
gives an increased value of rmin without crossing a singularity to get there – a point where
rmin = 0.

Finally, the in-circle method is compared with a conventional method of singularity anal-
ysis, the calculation of the inverse of the condition number of the Jacobian, 1/k(J). The
in-circle method is shown to be more robust than using 1/k(J) as a means of measuring prox-
imity to a singularity; two examples are shown to demonstrate these advantages. Firstly,
both methods are used on a non-singular configuration of the mechanism proposed in [16];
the Jacobian matrix is singular however the in-circle method suggests that the robot manip-
ulator is not in a singularity, and the corresponding rigidity matrix of the mechanism is of
full rank which verifies this. In the second example, the mechanism proposed in [5] is moved
toward a singularity, however 1/k(J) does not approach zero as this point is neared, whereas
rmin does.

It is concluded that the proposed geometric method is more reliable than conventional
Jacobian-based methods when applied to kinematically redundant architectures for the rea-
sons described above. Future work may involve geometric methods of singularity analysis
for kinematically redundant spatial manipulators.
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Appendix A. Rigidity Matrix Formulae

The formula for calculating the rigidity matrix, M1, of the mechanism displayed in Fig.4
is given below. Each vertex, νi, corresponds to the revolute joint Pi. The two-dimensional
row vector, ei,j, denotes the edge that joins vertices i and j, computed as ei,j = νi − νj, and
0 denotes the two-dimensional row vector of zeros.

M1 =



v1 v2 v3 v4 v5 v6 v7
e1,2 −e1,2 0 0 0 0 0
e1,3 0 −e1,3 0 0 0 0
e1,6 0 0 0 0 −e1,6 0
0 e2,3 −e2,3 0 0 0 0
0 e2,7 0 0 0 0 −e2,7
0 0 e3,4 −e3,4 0 0 0
0 0 e3,5 0 −e3,5 0 0
0 0 0 e4,5 −e4,5 0 0
0 0 0 e4,6 0 −e4,6 0
0 0 0 0 e5,7 0 −e5,7
0 0 0 0 0 e6,7 −e6,7


.

The formula for calculating the rigidity matrix, M2, of the mechanism displayed in Fig.7
is given below. Vertices ν1, ν2, and ν3 correspond to the base joints A1, and A2, and A3,
respectively, vertices ν4, ν5, ν6, and ν7 correspond to the platform joints B1, B2, B3, and B4,
respectively, and vertex ν8 corresponds to S.

M2 =



v1 v2 v3 v4 v5 v6 v7 v8
e1,2 −e1,2 0 0 0 0 0 0
e1,3 0 −e1,3 0 0 0 0 0
e1,4 0 0 −e1,4 0 0 0 0
0 e2,3 −e2,3 0 0 0 0 0
0 e2,5 0 0 −e2,5 0 0 0
0 0 e3,8 0 0 0 0 −e3,8
0 0 0 e4,5 −e4,5 0 0 0
0 0 0 e4,7 0 0 −e4,7 0
0 0 0 0 e5,6 −e5,6 0 0
0 0 0 0 e5,7 0 −e5,7 0
0 0 0 0 0 e6,7 −e6,7 0
0 0 0 0 0 e6,8 0 −e6,8
0 0 0 0 0 0 e7,8 −e7,8



.
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