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Abstract

The time required to execute real-world scientific computations is a major
issue. A single simulation may last hours, days, or even weeks to reach a
certain level of accuracy, despite running on large-scale parallel architec-
tures. Strict time limits may often be imposed too — 60 minutes in the case
of the UK Met Office to produce a forecast.

In this thesis, it is demonstrated that by raising the level of abstrac-
tion, the performance of a class of numerical methods for solving partial
differential equations is improvable with minimal user intervention or, in
many circumstances, with no user intervention at all. The use of high level
languages to express mathematical problems enables domain-specific op-
timization via compilers. These automated optimizations are proven to be

effective in a variety of real-world applications and computational kernels.

The focus is on numerical methods based on unstructured meshes, such
as the finite element method. The loop nests for unstructured mesh traver-
sal are often irregular (i.e., they perform non-affine memory accesses, such
as A[B[i]]), which makes reordering transformations for data locality es-
sentially impossible for low level compilers. Further, the computational
kernels are often characterized by complex mathematical expressions, and
manual optimization is simply not conceivable. We discuss algorithmic
solutions to these problems and present tools for their automation. These
tools — the COFFEE compiler and the SLOPE library — are currently in use

in frameworks for solving partial differential equations.
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Chapter 1

Introduction

1.1 Thesis Statement

Maximizing the performance of numerical methods for partial differential
equations is a challenging task that can be facilitated by raising the level
of abstraction, through which automated optimization becomes possible.

1.2 Overview

In many fields such as computational fluid dynamics, computational elec-
tromagnetics and structural mechanics, phenomena are modelled by par-
tial differential equations. Numerical techniques, such as the finite volume
method and the finite element method, are widely employed to approx-
imate their solutions. Unstructured meshes are often used to discretize
the computational domain, since they allow an accurate representation of
complex geometries. The solution is sought by applying suitable numeri-
cal operations, or kernels, to the entities of a mesh, such as edges, vertices,
or cells. On typical clusters of multi-core processors, usually, a kernel is
executed sequentially by a process, while parallelism is achieved by as-
signing mesh partitions to different nodes or processes. This execution
model is adopted by many real-world applications and frameworks.

The time required to apply the numerical kernels is a major issue, since
the equation domain needs be discretized into an extremely large number
of cells to obtain a satisfactory approximation of the solution, possibly of
the order of trillions, as in Rossinelli et al. [2013]. For example, it has



been well established that mesh resolution is critical in the accuracy of
numerical weather forecasts. However, operational forecast centers have
a strict time limit in which to produce a forecast - 60 minutes in the case
of the UK Met Office. Producing efficient kernels or improving the mesh
iteration has a direct scientific payoff in higher resolution, and therefore
more accurate, forecasts.

This thesis shows that the use of domain-specific languages for express-
ing a class of numerical methods based on unstructured meshes plays a
crucial role in performance optimization. In the translation of the prob-
lem specification into low level code (e.g., C), a stack of compilers applies
sophisticated transformations. Ideally, these transformations would man-
ually be written, specialized, and tuned for each application and for each
architecture. This is however unrealistic, as all fundamental rules of soft-
ware engineering, including maintainability, extendibility, and modular-
ity, would be violated.

As we shall demonstrate, optimizing applications via domain-specific
compilers has significant advantages. First, simplicity: both the program
structure and domain properties are captured by the high level syntax,
which invaluably simplifies the compiler’s job. Second, portability: mul-
tiple applications use the same transformation pipeline, and execution
on heterogeneous architectures may be supported. Third, separation of
concerns. Application specialists focus on expressing simulations with
a notation close to the mathematics of textbooks, whereas performance

optimization is hidden in the lower abstraction layers.

1.3 Thesis Outline and Contributions

This thesis investigates two main topics: (i) the generalization of a com-
piler transformation known as sparse tiling, whose aim is to improve data
locality in sequences of irregular loops; (ii) the optimization of so called
local assembly kernels in finite element methods. In fact, the latter spans two
research directions: (ii-a) the minimization of the operation count; (ii-b)
the low level optimization of the code resulting from (ii-a), through novel
and state-of-the-art loop transformations. For both (i) and (ii), automation
via domain-specific compilers is a distinguishing feature. The order in which

these topics are covered is detailed below.



The thesis comprises seven chapters, including the present introduction
and the conclusions. Chapter 2 establishes the foundation for the contribu-
tions in the subsequent chapters. The basics of the finite element method,
the state-of-the-art on automated code generation for unstructured mesh
computations, and compiler optimization are reviewed. Chapters 3, 4,
and 5, which respectively treat the aforementioned topics (i), (ii-a), and
(ii-b), represent the core contributions of this thesis, as detailed next:

Chapter 3 Sparse tiling is a transformation that fuses and tiles loops per-
forming indirect memory accesses (e.g., A[B[i]]). These loops are
common when iterating over unstructured meshes. The research on

sparse tiling was characterized by two phases:

1. The initial work was a joint international effort with people
from several institutions: Michelle M. Strout, Christopher Krieger,
and Catherine Olschanowsky (Colorado State University; fun-
damental contributions to the first version of the generalized
sparse tiling algorithm for shared-memory architectures, perfor-
mance evaluation of the Jacobi sparse matrix solver benchmark);
Carlo Bertolli IBM T. J. Watson,; tiling algorithm, debugging); J.
“Ram” Ramanujam (Louisiana State University; formalization);
Gheorghe-Teodor Bercea and Paul H. ]. Kelly (Imperial College;
tiling algorithm, performance evaluation of the Airfoil bench-
mark). The design and the implementation of the first sparse
tiling algorithm in the OP2 library were entirely performed by
the author of this thesis.

2. The work has later been extended in four directions: a more
efficient sparse tiling algorithm for shared-memory architec-
tures; support for distributed-memory architectures, with con-
tributions from Michael Lange (Imperial College); automation
in the Firedrake framework through the SLOPE library; ex-
tensive performance evaluation with a real-world application
(Seigen, an elastic wave equation solver for seismological prob-
lems). SLOPE implements sparse tiling and is a by-product of
this thesis.

Chapter 4 An algorithm for minimizing the operation count in a class of



local assembly kernels is devised and evaluated. This algorithm,
which exploits fundamental mathematical properties of finite ele-
ment operators, is proven to achieve a locally optimal operation
count. Rewrite operators, such as factorization and generalized loop-
invariant code motion, as well as cost models are used to this pur-
pose. The algorithm is implemented in COFFEE, a domain-specific
compiler conceived and written by the author of this thesis. COF-
FEE is integrated with Firedrake, a system capable of solving partial
differential equations expressed in mathematical syntax through the
finite element method [Rathgeber et al., 2015]. As such, the technol-
ogy developed in this chapter is in use in a number of projects built
on top of Firedrake.

Chapter 5 The low level optimization of the code resulting from the min-
imization algorithm in Chapter 4 is studied. A number of transfor-
mations, both novel (inspired by the kernel structure and/or domain
properties) and well-known (although specialized to take advantage
of kernel properties), are introduced. SIMD vectorization and reg-
ister locality on state-of-the-art CPUs are the primary target. The
implementation is carried out in COFFEE, hence the technology de-
veloped is available to Firedrake users. Some transformations — the
ones which are proven to provide systematic performance improve-
ments across a range of problems — are automatically introduced
during the default optimization process performed by COFFEE. Ex-
tensive performance evaluation provides compelling evidence about
the effectiveness of the transformations. In particular, the Intel Xeon
Phi experimentation was performed in collaboration with Ana Lucia
Varbanescu (Delft University of Technology).

Finally, Chapter 6 describes the conception, architecture and interface
of COFFEE. This is a technical chapter, in which implementation choices
and optimization strategies are discussed.

Summarizing, this thesis advances the state-of-the-art by introducing
new performance optimizations for a class of unstructured mesh compu-
tations (with emphasis on the finite element method) and by automating
them through two new software components: SLOPE and COFFEE.



1.4 Dissemination

The tools developed in this thesis are released under open source li-
censes. The underlying theory has been exposed to the scientific com-

munity through various publications and presentations.

Publications From this thesis derive three main publications; a further
publication is planned for the most recent achievements in sparse

tiling. In chronological order:

¢ M.M. Strout, F. Luporini, C.D. Krieger, C. Bertolli, G.-T. Bercea,
C. Olschanowsky, J. Ramanujam, and P.H.J. Kelly. Generaliz-
ing run-time tiling with the loop chain abstraction, in Parallel and
Distributed Processing Symposium (IPDPS), 2014 (Strout et al.
[2014]). This conference paper generalizes sparse tiling to arbi-
trary sequences of irregular loops (i.e., Chapter 3, first research
phase on sparse tiling, as explained in Section 1.3).

¢ F Luporini, A.L. Varbanescu, F. Rathgeber, G.-T. Bercea, J. Ra-
manujam, D.A. Ham, and P.H.J. Kelly. Cross-loop optimization of
arithmetic intensity for finite element local assembly, in ACM Trans-
actions on Architectures and Code Optimizations (TACO), 2015
(Luporini et al. [2015]). This journal paper describes the work
on the low level optimization of local assembly kernels (i.e.,
Chapter 5).

¢ E Luporini, D.A. Ham, PH.]. Kelly. An algorithm for the optimiza-
tion of finite element integration loops, submitted to ACM Transac-
tions on Mathematical Software (TOMS), 2016 (Luporini et al.
[2016a]). This journal article introduces the operation count
minimization algorithm for local assembly kernels (i.e., Chap-
ter 4).

Other publications — the result of collaborations with people at Im-
perial College — are not reported here since they do not contribute

directly to the thesis.

Presentations A number of formal and informal presentations were given
at various conferences, workshops, and meetings. The most relevant,

in chronological order, are:



» Generalised Sparse Tiling for Unstructured Mesh Computations in
the OP2 Framework. Compilers for Parallel Computing (CPC)
workshop, 2013.

* COFFEE: an Optimizing Compiler for Finite Element Local Assem-
bly. FEniCS workshop, 2014.

* Optimization of Arithmetic Intensity for Finite Element Assembly.
GungHo! workshop, 2014.

* Cross-loop Optimization of Arithmetic Intensity and Data Locality
for Unstructured Mesh Applications. Oxford Many-core seminars,
2014.

* Cross-loop Optimization of Arithmetic Intensity for Finite Element
Local Assembly. High Performance and Embedded Architecture
and Compilation (HiPEAC) conference, 2015.

* Generating high performance finite element kernels using optimality
criteria. STAM Parallel Processing for Scientific Computing (PP)
conference, 2016.

* An algorithm for the optimization of finite element integration loops.
Platform for Research In Simulation Methods (PRISM) work-
shop, 2016.

Software The research described in this thesis has led to the development
of two software components.

¢ COFFEE, a compiler for optimising the arithmetic intensity of
expressions embedded in loop nests [Luporini, 2014a].

* SLOPE, a library for fusing sequences of loops characterized by
indirect memory accesses [Luporini, 2016b].



Chapter 2
Background

The foundations of the thesis are established in this chapter. A top-down
approach is followed. The first topic treated is the mathematical theory
of the finite element method. How this theory is translated into software
is subsequently discussed; in particular, a revolutionary approach based
upon automated code generation is explored. The core libraries that make
this approach possible are surveyed. The state of the art in performance
optimization is then reviewed, with emphasis on the fundamental class of
loop reordering transformations. An overview of the successful domain-
specific abstractions that have inspired some of the core contributions of
this thesis concludes the chapter. Some of the relevant related work is
introduced, although extended literature review is provided in the later
chapters.

2.1 The Finite Element Method

Computational methods based upon finite elements are used to approxi-
mate the solution of partial differential equations (henceforth, PDEs) in a
wide variety of domains. The mathematical abstraction used in the finite
element method is extremely powerful: not only does it help reasoning
about the problem, but also provides systematic ways of deriving effec-
tive computer implementations. This, however, has a price in terms of
complexity. Here, we limit ourselves to reviewing the aspects that are
essential for understanding the contributions in Chapters 4 and 5. The
content and the notation used in this section are inspired by Rathgeber



[2014], Logg et al. [2012] and Dlgaard and Wells [2010]. For a complete
treatment of the subject, the reader is invited to refer to Brenner and Scott
[2007].

2.1.1 Weak Formulation

In a boundary value problem, the solution of a (partial) differential equation
subject to a set of boundary conditions is sought. The boundary conditions
specify the behaviour of the unknown at the domain boundary.

We introduce two spaces of functions, U and V, called respectively trial
space and test space. These function spaces may have desirable properties,
such as differentiability. We consider the variational or weak formulation

of a linear boundary value problem!

Find u € U such that a(u,v) =L(v) VoeV (2.1)

where u is the sought problem solution. In this formulation, a is a bilin-
ear form (a map U x V — R, linear in each argument separately) and L
is a linear form (a linear map V — RR). The term “variational” stems from
the fact that the test function v can vary arbitrarily. The reader unfamiliar
with the theory of Hilbert spaces may find this formulation unusual. The
underlying idea of the variational formulation consists of “transferring”
certain requirements on the unknown (e.g., differentiability) to v.

In the finite element method, the variational problem is discretized by
using discrete trial and test spaces, namely U, C U and Vj, C V. This leads
to restating (2.1) as

Find uj, € Uy, C U such that a(uy,v,) = L(v,) Vo, €V, CV  (22)
Let {%}}i | be a set of basis functions spanning Uy, and let {¢;}Y ; be

a set of basis functions spanning V},. The unknown solution u can be

approximated as a linear combination of the basis functions {l,b]'}jli 1r

N
Uy = Zﬁjl[]j. (2.3)
=1

INon-linear problems require refinements that are out of the scope of this review.



The equation in (2.2) can then be reformulated as:

™=z

ﬁ]a(tp], (Pl) = L((PZ'), i= 1,2,...,N (24)

]

I
—_

From the solution of the linear system

Au=b 2.5)
where
Aij = a(y;, ¢i) 2.6)
bi = L(¢1)

we determine the set of degrees of freedom U to express u;. The matrix
A and the vector b can be seen as the discrete operators arising from the
bilinear form a and from the linear form L for the given choice of basis
functions.

The underlying assumption of this formulation is that the finite dimen-
sional subspaces U, and Vj, can be constructed. As elaborated in Sec-
tion 2.1.2, Uy and V}, are constructed by decomposing the PDE domain
into a set of finite elements and by combining the local function spaces
defined on these elements.

2.1.2 Local and Global Function Spaces

In the finite element method, the domain () of the PDE is partitioned into
a finite set of disjoint cells {K}; thatis, UK = Q) and N K = @. This forms
a mesh.

Finite elements As originally formalized in Ciarlet [1976], a finite ele-
ment is a triple (K, Pk, Lk), where:

* Kis a cell in the mesh with non-empty interior and piecewise smooth
boundary;

® Pg is a finite dimensional “local” function space of dimension ng;



¢ the set of degrees of freedom (nodes) L is a basis {lf, l£<, ey lrIfK} for

P, the dual space of Pk.

This definition allows imposing constraints on the set of basis functions
{cp{(, cpf, ey cpﬁK} spanning Px. For instance, to enforce a nodal basis for Pk
— a particularly useful property for expressing solutions in U}, — we can
impose that the relationship

K@) =8, i,j=1,2,..,nk 2.7)

where §;; is the Kronecker delta, must be satisfied. This allows the

expression of any v € Px as

1K

v="Y Ifv)¢pf. (2.8)

i=1
Each linear functional in Lk is used to evaluate one degree of freedom
of v in terms of the chosen nodal basis. In other words, we can refer to
both the coefficients U introduced in the previous section and Lk as the
degrees of freedom.

Example: the triangular degree 1 Lagrange element The following ex-
ample is extracted from Logg et al. [2012]. Consider a triangular cell K
and let Pk be the space of polynomials of order 1 on K. Let Lx be the set
of bounded linear functionals representing point evaluation at the vertices
x' (i =1,2,3) of K such that

K. P 5 R

1K (v) = o(x) 22

Since if v is zero at each vertex then v must be zero everywhere, Lx
really is a basis for Py, so what we have defined is indeed a finite element.
In particular, if we take x' = (0,0), x> = (1,0), x*> = (0,1), we have that

the nodal basis is given by:

Pr(x) =1—x1—2x2, ¢2(x) =x1, ¢P3(x) = x2. (2.10)

10



X

. K
X' =(0,0) X? = (1,0)

Figure 2.1: Affine mapping from the reference element K to an element K.

Construction of the global function spaces A local-to-global mapping al-
lows to patch together the finite elements to form a global function space,
for instance the set of trial functions U, = span{l,b]-}jl\i ; introduced in Sec-

tion 2.1.1. A local-to-global mapping is a function

Ik : [1,7’1[(] — [1,N] (211)

that maps the local degrees of freedom Lk to global degrees of freedom
L. The mappings ik, together with the choice of L, determine the conti-
nuity of a function space or, in simpler words, the continuity of a function
throughout the domain ). The reader is invited to refer to Logg et al.
[2012] for a comprehensive description of this step.

2.1.3 The Reference Element

One of the central aspects of the finite element method is that global func-
tion spaces are often defined in terms of a reference finite element <K, P, L>
and a set of invertible mappings {Gk }x from K to each cell in the mesh
such that K = Gg(K). This situation is illustrated in Figure 2.1.

For each K, Gk also allows to generate Px and Lx. The complexity
of this process depends on the mapping itself. In the simplest case, the
mapping is affine; that is, expressible as Gk (&) = Mg& + wk, where Mg
and wg are, respectively, some matrix and vector.

11



2.1.4 Assembly

The assembly is the phase in which the matrix A and the vector b in (2.6)
are constructed. This is accomplished by adding the contributions from
each K to A and b. Let us consider the bilinear form a. Since the operator

is linear, we can express a as

A=)y ag (2.12)

K

where ax is an element bilinear form. We can then define the local
element matrix

Al = ak(¢f, 9F) (2.13)

where i € Tk, the index set on AZK. That is, Zx = {(1,1), ..., (nu,nv)},
with ny and ny representing the number of degrees of freedom for the
local trial functions X € UK and the local test functions ¢¥ € VK. The
element matrix AX is therefore a (typically dense) matrix of dimension
ny X ny.

Now let (¥ and 1} be the local-to-global mappings for the local discrete
function spaces U,f and VhK. We can define, for each K, the collective

local-to-global mapping ik : Zx — I such that

(i) = (i), 10 (i), Vi€ Ix. (2.14)

This simply maps a pair of local degrees of freedom to a pair of global
degrees of freedom. Let 7 be the subset of the cells in the mesh in which
¥;, and ¢;, are both non-zero. Note that here we are considering the global
functions whose restrictions to K gives 1,05 and qbg. By construction, ik is
invertible if K € 7. At this point, we have all the ingredients to formulate
the computation of A as the sum of local contributions from the elements
in the mesh:

A=) ax($i, di,)

KeT

_ K K _ K
= K;T ax (W1, Py 1) = K;T A

(2.15)

12



Similar conclusions may be drawn for the linear form L. We observe
that this computation can be implemented as a single iteration over all
cells in the mesh. On each cell, AX is computed and added to A using the
corresponding inverse map. This approach is particularly efficient because
it only evaluates the non-zero entries in the sparse matrix A. More trivial
implementations are possible, although they are rarely used in practice
because of the higher computational cost.

We conclude with a clarification concerning the terminology. The as-
sembly process is often described as a two-step procedure: local assembly
and global assembly. The former consists of computing the contributions
of each element (i.e., the element matrices AX); the latter represents the
“coupling” of all AK into A. As we shall see, one of the main subjects of
this thesis is the computational optimization of the local assembly phase.

2.1.5 Local Assembly Example: from Math to Code

Because of its relevance in this thesis, we illustrate local assembly in a
concrete example, the evaluation of the element matrix for a Laplacian
operator.

2.1.5.1 Specification of the Laplacian operator

Consider the weighted Laplace equation

—V - (wVu)=0 (2.16)

in which u is unknown, while w is prescribed. The bilinear form asso-

ciated with the weak variational form of the equation is:

a(v,u) :/ wVv-Vu dx (2.17)
0

The domain () of the equation is partitioned into a set of cells (elements)
T suchthat UT = Q and N T = @. Assuming for simplicity that the sets
of trial and test functions are the same and by defining {¢X} as the set of
local basis functions spanning U and V on the element K, we can express

the local element matrix as

AK = /K WK - VoK dx (2.18)

13



The element vector L can be determined in an analogous way.

2.1.5.2 Monomials

In this example, the element tensor is expressed as a single integral over
the cell domain. In general, it is expressed as a sum of integrals over K,
each integral being the product of derivatives of functions from sets of dis-
crete spaces and, possibly, functions of some spatially varying coefficients.
We refer to such integrals as the monomials of the form.

2.1.5.3 Assembly with Quadrature

A{; is numerically evaluated by means of a quadrature scheme. A quadra-
ture scheme approximates an integral by evaluating the integrand at a
set of quadrature points, each point multiplied with some suitable quadra-
ture weight, and summing these values. By mapping the computation to a
reference element as explained in Section 2.1.3 and by using the assembly
procedure detailed in Section 2.1.4, a quadrature scheme for the Laplacian
operator on K is as follows

Al = /KwV4>{< -VoF
N, (2.19)
~w ) WeVgP (x) - Vi (x) | det G (1),
k=1
where {x',x?, ..., xN7} is the set of N; quadrature points, and {Wi, W, ..., Wy, }
the corresponding set of quadrature weights scaled such that Z,Ijil Wi =
To compute a local basis function ¢X from a reference element basis
function ®; we exploit the inverse map G K 1, which allows us to write (sz
as K = ®; 0 G, !, To evaluate the gradient of a basis function ¢X at a
quadrature point x¥, with ¥ = Gx(X*) and X* € K, we therefore have to
compute a matrix-vector product

VapF () = ((Gx) )T (+") Vx®i(X¥). (2.20)

The term (G) ! represents the inverse of the Jacobian matrix originat-

14



ing from the change of coordinates. The resulting scalar-valued expression

for each entry AZI;, assuming () to be a domain of dimension d, reads as:

9Xq, 09K (X*) 9X,, OPF (XF)

d d d
Z Z¢"‘3 Z:: Z:: Z:: xﬁ 0Xy, axﬁ 0Xq,

10(3 1

det G W,

(2.21)

2.1.5.4 Assembly with Tensor Contraction

Consider the case in which Gx : K — K is an affine mapping. Exploit-
ing linearity, associativity and distributivity of the involved mathematical

operators, we can rewrite (2.21) as

d d n d
Xy, 0X A P
K __ / o1 1% i ]
Az] - Z Z Z det ngD(3 IBZ:1 axﬁ ax‘B Ko 4) 33X¢X1 aXle dX. (222)

w1=1ar=1a3=1

A generalization of this transformation has been proposed in Kirby and
Logg [2006]. By only involving reference element terms, the integral in
the equation can be pre-evaluated and stored in temporary variables. The
evaluation of the local tensor can then be abstracted as

2 AW (2.23)

in which the pre-evaluated “reference tensor” A;j, and the cell-dependent
“geometry tensor” Gy

op; 0P;
A, = / s (2.24)
49X, 90X
Gk = det Gyw nn (2.25)
K “3‘52_1 aJCﬁ axﬁ

are exposed.

2.1.5.5 Qualitative Comparison of Quadrature and Tensor Contraction

Depending on form and discretization, the relative performance of the
two approaches can vary quite dramatically. The presence of derivatives

15



or coefficient functions in the input form increases the rank of the geom-
etry tensor, which makes the traditional quadrature mode preferable for
“complex” forms, due to a lower operation count. On the other hand, the
tensor contraction mode leads to significant speed-ups in a wide class of
“simple” forms, in which the geometry tensor remains sufficiently small.
The discretization, particularly the relative polynomial order of trial, test,
and coefficient functions, also plays a key role in the resulting operation

count.

2.1.5.6 Towards a new Algorithm for Local Assembly

The quadrature and tensor contraction modes have been implemented in
the FEniCS Form Compiler [Kirby and Logg, 2006], which we review in
later sections. In this compiler, a heuristic is used to choose the most
suitable mode for a given form. It consists of analysing each monomial
in the form, counting the number of derivatives and coefficient functions,
and checking if this number is greater than a constant found empirically
[Logg et al., 2012]. In Chapter 4, a novel algorithm that goes beyond the
dichotomy between quadrature and tensor contraction modes will be in-

troduced.

2.1.5.7 Code Examples

A possible C implementation of (2.21) is illustrated in Listing 1. We as-
sume a domain of dimension 4 = 2 and polynomial order 1 Lagrange
elements. The values at the quadrature points of the derivatives of the
basis functions are pre-tabulated in the B and D arrays (representing, re-
spectively, the derivatives with respect to the coordinates x and y). The
values at the quadrature points of the basis functions spanning the field
w are pre-tabulated in the array C. Pre-tabulation, which is made possi-
ble by mapping the computation to a reference element, is fundamental
to speed up the local assembly phase. The summation over the N, = 6
quadrature points is implemented by the i loop. The summation over a3
for expressing w is implemented by the loop r. The summations over the
spatial dimensions &y, & and B have been expanded in the “assembly ex-
pression” that evaluates the local element matrix A. The K array includes
the four components of the inverse of the Jacobian matrix for the change

16



LISTING 1: A possible implementation of Equation 2.21 assuming a 2D trian-
gular mesh and polynomial order 1 Lagrange basis functions.
1 void weighted_laplace(double A[3][3], double **coords, double w[3])

2 {

// Compute Jacobian
double 1[4];
compute_jacobian_triangle_2d(J, coords);

// Compute Jacobian inverse and determinant
double K[4];

double det];

10 compute_jacobian_inverse_triangle_2d(K, det], J);
11 const double det = fabs(det]);

© ® N G kR W

13 // Quadrature weights
14 static const double W[6] = 0.5;

16 // Basis functions

17 static const double B[6][3] = {{...}} ;

18 static const double C[6]1[3] = {{...}} ;

19  static const double D[6][3] = {{...}} ;

20

21 for (int i = 0; i < 6; ++i) {

22 double f0 = 0.0;

23 for (int r = 0; r < 3; ++r) {

24 £0 += (wlr] * C[il[r]);

25 }

26 for (int j = 0; j < 3; ++j) {

27 for (int k = 0; k < 3; ++k) {

28 A[310k] += (CCCR[11*BLi1[k1) + (R[3]1*D[il[kID) *
29 ((K[11*B[i1[j1) + (K[31*D[i1[j1))) +
30 (CR[O01*B[i][k]) + (K[2]*D[il[k1)) *
31 y (K[O01*B[i]1[j]1) + (K[21*D[i]1[j1))))*det*W[i]*f0);
32

33 }

4}

35 }

of coordinates.

The evaluation of integrals becomes more computationally expensive
if the complexity of the variational form grows, in terms of number of
coefficients and differential or algebraic operators involved. A scenario
in which the computation of the local element tensor requires more than
hundreds or even thousands of floating point operations is not pathologi-
cal. An excerpt from one such example is shown in Listing 2: here, in the
main assembly expression, 14 distinct arrays are accessed (with the same
array referenced multiple times within the expression) along with several
other constants. The loop trip counts are also larger due to the different

choice of finite elements.
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1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21

LISTING 2: Local assembly implementation for a Burgers problem on a 3D
mesh using polynomial order g = 1 Lagrange basis functions.
oid burgers(double A[12][12], double **coords, double **w)

v
{
// Compute Jacobian
double 1[9];
compute_jacobian_triangle_3d(J, coords);

// Compute Jacobian inverse and determinant
double K[9];

double det];
compute_jacobian_inverse_triangle_3d(K, det], J);
const double det = fabs(detl);

// Quadrature weights
static const double W[5] = {...}

// Basis functions

static const double B[5][12] {{...}}
static const double C[5][12] = {{...}}
//11 other basis functions definitions

for (int i = 0; i<5; i++) {
double f0 = 0.0;
//10 other declarations (f1, f2,...)

for (int r = 0; r<12; r++) {
£0 += (wlr][01*C[i]1[rD);
//10 analogous statements (fl, f2, ...)

}
for (int j = 0; j<12; j++) {

for (int k = 0; k<12; k++) {

A[JI1[Kk] += ...

((K[51*F9) + (K[8]*F1®))*Y1[il[j1) + ... +

(CR[O1*C[i][k]) + (K[31*D[i][k1) + (R[6]*E[i][kIDD*Y2[iI[j1))*£11) +
(CR[2]*C[i1[kD) + (R[51*D[il[k]) + (R[8I*E[i][kID)*((R[2I*E[il[jD) + ...))) +
<roughly a hundred sum/muls go here>)..)*det*W[i];

+ o+ o+ o+

2.2 Software Abstractions for Partial Differential

Equation Solvers

The performance optimizations studied in this thesis target different lay-
ers of abstraction. In this section, we review these abstractions and estab-
lished software.
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2.2.1 Automating the Finite Element Method

The need for rapid implementation of high performance, robust, and
portable finite element methods has led to approaches based on auto-
mated code generation. This has been proven extremely successful in
the context of the FEniCS [Logg et al., 2012] and Firedrake [Rathgeber
et al., 2015] projects. In these frameworks, the weak variational formula-
tion of a problem is expressed at high level by means of a domain-specific
language. The mathematical specification is manipulated by a form com-
piler that generates a representation of the assembly operators. Such rep-
resentation may first be transformed for performance optimization and,
subsequently, translated into C code, compiled and executed. This en-
tire process occurs at run-time: both FEniCS and Firedrake were indeed
written in Python to simplify the analysis of the top-level domain-specific
language. When the operators are assembled, a linear system needs be
solved. For this, the PETSc library [Balay et al., 2015] is employed. In
the following, we expand on the components of this tool-chain that are
relevant for the following chapters. We focus on Firedrake, rather than
FEniCS, because all algorithms and techniques developed in this thesis
have been integrated with this framework.

2.2.1.1 Problem Specification

Firedrake uses a mathematical language called UFL, the Unified Form Lan-
guage [Alnees et al., 2014], to symbolically express variational formulations
of a problem. For this, it provides different kinds of operators, including
differential and algebraic operators, as well as elementary functions. The
language is unrelated to meshes, function spaces, and solvers. UFL starts
analyzing the input form to collect some useful information; it then ap-
plies some preliminary transformations, such as automatic differentiation;
eventually, it emits a representation suitable for the underlying compiler.

The UFL representation of the weighted Laplace operator shown in
(2.17) is given in Listing 3. When constructing a finite element, three
pieces of information are specified: family, cell, and polynomial degree. The
family represents the element type. UFL supports several families, includ-
ing the traditional Continuous Galerkin and Discontinuous Galerkin elements

as well as mixed elements such as H(div) and H(curl). This makes it pos-
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LISTING 3: UFL specification of the weighted Laplace operator defined in (2.17).
In orange the keywords of the language.

element = FiniteElement (’Lagrange’, triangle, 1)

u
v
w

TrialFunction(element)
TestFunction(element)
Coefficient(element)

a

w*dot(grad(v), grad(u))*dx

sible to solve problems with different requirements on the continuity of
the functions, as thoroughly described in Logg et al. [2012]. The cell repre-
sents the shape of the reference element: possible values include triangle,
quadrilateral and tetrahedron. The polynomial degree drives the number of
degrees of freedom in an element.

UFL will be used to generate kernels for experimentation; a deep un-
derstanding of the language, however, is not required for this thesis.

2.2.1.2 Form Compilers

The transformed UFL (e.g., after automatic differentiation has been ap-
plied) is passed to a form compiler, where a representation of the assem-
bly operators is constructed. The FEniCS Form Compiler, or FFC, was origi-
nally used by Firedrake for this task. FFC, which supports the quadrature
and tensor contraction modes illustrated in Section 2.1.5, was later modi-
tied to emit abstract syntax trees (ASTs) instead of C code. More recently,
FFC has been supplanted by the Two-Stage Form Compiler, or TSEC. Just
like FFC, TSFC emits abstract syntax trees (ASTs). The optimizations de-
scribed in Chapters 4 and 5 are implemented by manipulating these ASTs
in a lower-level compiler, COFFEE, whose structure will be outlined in
Chapter 6.
TSFC has two main features:

e It is a structure-preserving compiler in that it keeps intact the struc-
ture of algebraic operations (e.g., index sums, inner products), rather
than committing to a specific implementation. This lets the lower-
level compiler to explore the space of all possible transformations.

¢ In contrast to FFC, it supports the compilation of complicated forms
characterized by extensive use of tensor algebra. TSFC can effi-
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ciently identify repeated sub-expressions and assign them to tem-

porary variables, thus drastically reducing the code generation time.

Summarizing, in Firedrake the translation of the problem specification

is characterized by a neat separation of concerns:

e UFL is the mathematical language to express weak formulations of
problems.

* TSFC progressively lowers the finite element specification by pro-
ducing a general AST. Some nodes in the ASTs are decorated to
keep track of domain properties (e.g., linearity of an expression in
test and trial functions), exploitable in later optimization stages.

¢ COFFEE applies code transformations for improving the performance
of the operators returned by TSFC.

The conception and the design of the COFFEE layer, as well as its op-
timization algorithms, are amongst the main contributions of this thesis.
These topics are treated in Chapters 4, 5 and 6.

2.2.1.3 Iteration over the Mesh

Finite element problems require the application of computational kernels
over the discretized equation domain. In Firedrake, this is accomplished
through PyOP2, a domain specific language embedded in Python relying
on just-in-time compilation and execution [Markall et al., 2013].

Several kinds of kernels may need be executed in a Firedrake program.
Computationally expensive kernels arise from the assembly operators pre-
sented in Section 2.1.4. Other kernels are required for the application of
boundary conditions as well as for the interpolation and projection of
fields. The fact that a kernel is a local operation — its application on an
element of the mesh is independent of the application on any another
element — suits parallel execution naturally. This does not mean, how-
ever, that parallelizing a finite element computation is straightforward.
As clarified in Section 2.2.2, a kernel can update a field either directly or
indirectly. In the latter case, a subset of values, for instance the degrees
of freedom at the boundary between two elements, may receive contri-
butions from two different processes/threads, which requires non-trivial

coordination.
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PyOP2 supports the parallel application of kernels over unstructured
meshes, a key requirement for the finite element method. It also provides
global data structures such as sparse matrices, which are essential when
it comes to solve linear systems.

The PyOP2 abstraction implements another separation of concerns. The
kernels, which encode the numerics of the finite elements formulation of a
problem, are produced at higher layers through the Firedrake’s language
and form compiler, while the parallel application of kernels over the mesh
is entirely handled by PyOP2.

The PyOP2 layer, and its relationship with the OP2 library Giles et al.
[2011], are documented in more detail in Section 2.2.2.

2.2.1.4 Unstructured Meshes

PyOP2 represents meshes by means of sets and fixed-arity maps. Possible
sets are topological entities such as cells or degrees of freedom. A map
is an object describing the adjacency relationship between the elements of
two distinct sets (e.g., a map from cells to degrees of freedom). Sets and
maps are constructed at a higher layer, in particular by Firedrake with
the help of an additional software module, PETSc’s DMPlex [Lange et al.,
2015].

DMPlex is a data management abstraction representing unstructured
mesh data through direct acyclic graphs. It relieves PyOP2 of the duty
of handling complex operations such as partitioning for parallel execu-
tion and reordering for efficient memory accesses. The abstraction used
in DMPlex is very flexible, so a number of optimizations are enabled. For
instance, the fact that partition boundaries can be made arbitrarily deep
facilitates communication-computation overlap, as well as the introduc-
tion of low level transformations such as loop fusion (a contribution of
this thesis, Chapter 3).

2.2.1.5 Solving systems of equations

One of the key ideas behind the success of Firedrake is relying on available
software to implement specific components of the finite element method.
This philosophy is also applied to the solution of linear systems, for which
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the Portable, Extensible Toolkit for Scientific Computation library [Balay et al.,
2015], or PETSc, is employed.

PETSc is entirely implemented in C, although its Python interface petsc4py
makes it accessible by a framework like Firedrake. It provides a wide
range of parallel algorithms for solving linear and nonlinear systems, as
well as a considerable number of options to drive the solvers. Similarly to
Firedrake, PETSc never attempts to reinvent science: many functionalities
are implemented on top of existing libraries (e.g., BLAS) or offered via

third-party implementations through suitable wrappers.

2.2.2 The PyOP2 and OP2 Libraries

PyOP2 is inspired by and shares many ideas with OP2? [Giles et al., 2011],
although it differs in a few yet significant ways. In this section, we first de-
scribe the common features and then focus on the aspects that are peculiar
to PyOP2.

2.2.2.1 Programming Model

OP2 offers abstractions for modeling an unstructured mesh, in terms of
sets (e.g. vertices, edges), maps between sets (e.g., a map from edges to
vertices to express the mesh topology), and datasets associating data to
each set element (e.g. 3D coordinates to each vertex).

OP2 programs are expressed as sequences of parallel loops, or op_par_loop.
A simplistic example is provided in Listing 4. Each loop applies a com-
putational kernel to every element in a mesh set. These kernels can access
data associated to either the loop iteration set (direct access) or to other
sets (indirect access) through maps. Maps are implemented as arrays of
indices, so an indirect access requires, from a computational viewpoint,
an additional memory access (e.g., A[B[i]]).

The running example includes three parallel loops. Let us focus on the
first of them. This loop iterates over the edges set (whose declaration is
omitted for brevity), as indicated by the first parameter of the op_par_loop
function. The loop applies kernell to every element in the indicated

iteration space, i.e. to each edge. kernell reads data associated to an

>The name OP2 indicates that this is the second software engineering iteration of the
OPlus library, or Oxford Parallel Library.
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LISTING 4: Section of a toy (Py)OP2 program. OP2 syntax is used.

void kernell (double * x, double * tmpl, double * tmp2) {
*tmpl += *Xx;
*tmp2 += *Xx;

}

// loop over edges

op_par_loop (edges, kernell,
op.arg.dat (x, -1, OP_ID, OP_READ),
op-arg-dat (temp, O, edges2vertices, OP_INC),
op.arg_dat (temp, 1, edges2vertices, OP_INC))

// loop over cells

op_par_loop (cells, kernel2,
op.arg_dat (temp, 0, cells2vertices, OP_INC),
op-arg-dat (temp, 1, cells2vertices, OP_INC),
op.arg_dat (temp, 2, cells2vertices, OP_INC),
op.arg_dat (res, -1, OP_ID, OP_READ))

// loop over edges

op_par_loop (edges, kernel3,
op.arg_dat (temp, O, edges2vertices, OP_INC),
op.arg-dat (temp, 1, edges2vertices, OP_INC))

edge (direct access) and increments the two adjacent vertices with the
read value (indirect access). This information, essential for parallelization
and optimization, is indicated to OP2 through the access descriptors, or
op_arg_dat. The first access descriptor uses the special keyword OP_ID for
the data array x, which simply means that x is being accessed directly, i.e.
with the identity function. In addition, it tells through OP_READ that such
access is of type read. The second and third access descriptors express
that temp, a dataset associated with vertices, will be incremented (OP_INC)
by kernell, and that this increment occurs indirectly through the map
edges2vertices. The index array edges2vertices maps each edge index
into the indices of its two incident vertices, with the integer values of 0
and 1 in the access descriptors indicating which of the two vertices should

be considered.

2.2.2.2 Execution Model for Shared-Memory Parallelism

A fundamental property of parallel loops is that the execution order of
iterations does not influence the result. The shared-memory paralleliza-
tion of a loop in OP2 (and PyOP2) exploits this property. In essence, the
iteration space is partitioned and different partitions are executed concur-

rently by distinct threads, with the restriction that indirect increments to
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data values shared by two or more partitions must be serialized.

Consider again the first loop of the running example. The edges iter-
ation set is partitioned. Partitions that share values associated with temp
are considered adjacent (from a topological point of view, these are the
partitions connected through one or more vertices). The accesses to temp
are of type increment, so the adjacent partitions are considered conflicting
and are assigned a different color. At run time, partitions with the same
color can be executed in parallel, while partitions with different colors
will be scheduled serially. The execution of elements inside a partition is
serialized, since each partition is executed atomically by a single thread.
This scheme prevents race conditions by construction.

This process is applied on a per-loop basis and is implemented exploit-
ing the information provided through the access descriptors. Optionally,
external libraries can be used to reorder the partitions so that data locality

is improved.

2.2.2.3 Execution Model for Distributed-Memory Parallelism

Distributed-memory parallelism is conceptually simpler than shared-memory
parallelism. During the OP2 initialization phase, sets, maps, and datasets
are partitioned and then distributed to different processes. For executing
a parallel loop, MPI messages may need be exchanged to update any out-
of-date values along the partition boundaries. This phase is overlapped
with the execution of a set of local, or “core”, iterations. Once both phases
have finished, the remaining boundary iterations are computed.

To implement this parallelization scheme, the iterations of each locally

stored OP2 set are divided into four contiguous regions:

Core Iterations owned that can be processed without reading halo data.
Owned Iterations owned that can be processed only by reading halo data.

Exec halo Off-process iterations that are redundant executed because they
indirectly access owned iterations.

Non-exec halo Off-process iterations that only need be read to compute
the exec halo iterations.

This situation is depicted in Figure 2.2. Clearly, a good partitioning maxi-
mizes the ratio between the sizes of the core and non-core regions.
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Figure 2.2: Distributed-memory parallelism in OP2 and PyOP2. Matching colors repre-
sent identical subsets of iterations. The image was inspired by an example
in Rathgeber [2014].

2.2.2.4 PyOP2 Features

PyOP2 distinguishes itself from OP2 in a number of ways.

* An OP2 program is analyzed statically. A source-to-source compiler
produces a legal C program, which can subsequently be compiled
and executed. PyOP2, on the other hand, is implemented in Python,
so code generation occurs at run-time; the generated C code applies
a computational kernel over a set of elements. One problem with
OP2 is that its source-to-source compiler is quite limited in the anal-
ysis of input programs. PyOP2 does not have this problem, because
objects like sets, maps and parallel loops are constructed and in-
spected during the interpretation of the source program itself. This
makes PyOP2 easily composable with other layers, as proven in the
context of the Firedrake project. A hierarchy of “software caches” is
however needed in PyOP2 to minimize the overhead due to redun-
dant actions (e.g., generating code each time the same parallel loop
is encountered).

* Despite sharing relevant constructs (e.g., sets, maps), the PyOP2 do-
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main specific language tends to be more compact and expressive
than the OP2 counterpart. This is again a consequence of the run-

time analysis.

* PyOP2 supports global sparse matrices, basic linear algebra opera-
tions and mixed types (e.g., mixed sets), which are essential features
for integration with a finite element framework. OP2 has none of

these.

¢ OP2 completely handles distributed-memory parallelism, including
partitioning and distribution of data structures as well as mesh renum-
bering for increased data locality. PyOP2, as explained in Section 2.2.1.4,
relies on an external software module, DMPlex, for these functional-
ities. DMPlex is much more versatile than OP2, and this plays a key

role in performance optimization, as explained in Chapter 3.

2.2.3 Stencil Languages

A stencil defines how to access a set of values associated with a mesh el-
ement (e.g., vertex, cell) and its neighboring elements. In the literature,
the word “stencil” is often used to refer to the special case in which the
access rule is an affine function. This is the case of computational methods
based on structured meshes, such as the finite difference method. How-
ever, since this thesis focuses on unstructured meshes, we generalize this
notion. We characterize a stencil as follows:

Stencils for structured meshes Given an element i in the mesh, a stencil is
a vector-valued function f(i) = [f1(i), f2(i), ..., fu(i)] which retrieves
the n elements that need to be accessed when updating i. A function
fj is affine and usually takes the form f;(i) = i h + o, with 1,0 € IN.

Stencils for unstructured meshes Given an element i in the mesh and an
access function g, a stencil is a vector-valued operator f(i,g) =
[f1(i,8), f2(3,8), ..., fu(i, §)] which retrieves the n elements that need
to be accessed when updating i. There usually is no closed form for
a function f;.
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2.2.3.1 Stencil Languages for Unstructured Meshes

OP2 is an example of a language for implementing stencil-based computa-
tions on unstructured meshes. The maps in the OP2 language implement
non-affine stencils.

Yet another example of language for unstructured mesh stencils is Liszt
[DeVito et al., 2011]. Like OP2, Liszt supports multiple architectures, in-
cluding distributed-memory execution via MPI and GPUs. The language
is less flexible than OP2’s, though. Meshes are constructed by composing
the abstract data types of the language, namely vertices, edges, faces and
cells, and fields can only be associated with these types. This is on one
hand helpful, as the stencils can automatically be inferred (assuming that
the mesh topology does not change over time), but on the other hand it
makes integration with a finite element framework difficult, or simply un-

natural. Consider the case®

in which quadratic or higher-order basis func-
tions on triangles are used. The degrees of freedom are associated with
both vertices and edges. In OP2, this is naturally expressible by defin-
ing a map between cells and degrees of freedom, whereas in Liszt one
needs to manage two different fields (one for the degrees of freedom on
the vertices and the other for those on the edges). A computation in Liszt
is expressed through sequences of for-comprehensions over mesh elements.
The for-comprehensions can be arbitrarily nested. One of the key pre-
requisites is that each field in a for-comprehension nest has a fixed state,
one among read, write, or increment (for local reductions). This allows
the compiler to automatically perform useful actions such as scheduling
transformations (e.g., by rearranging iterations in a for-comprehensions
nest) and placement of MPI calls. The Liszt compiler derives data depen-
dency information automatically, while OP2 relies on access descriptors.

2.2.3.2 Stencil Languages for Structured Meshes

The field of domain specific languages for structured mesh computations

has received a large number of contributions over the last decade.
SBLOCK [Brandvik and Pullan, 2010] is a Python framework for ex-

pressing computations using structured stencils. The run-time support

3The example was extracted from Rathgeber [2014]
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automatically generates low-level code for multi-node many-core archi-
tectures. Mint is a framework based on pragma directives targeting GPUs
that has been used to accelerate a 3D earthquake simulation [Unat et al.,
2012]. Other stencil languages relying on auto-tuning systems for increas-
ing the performance of the generated code were presented in Zhang and
Mueller [2012], Datta et al. [2008], Christen et al. [2011].

An interesting approach is adopted in Pochoir [Tang et al., 2011], in
which a compiler translates the high-level specification into cache-oblivious
algorithms for multi-core CPUs. Interestingly, an attempt at integrat-
ing this system with a higher-level domain-specific language for finite
difference methods failed due to constraints on the programming inter-
face [Sun, 2016].

A stencil language explicitly aiming for generation of highly-efficient
vector code was presented in Henretty et al. [2013].

In spite of a large research effort, it is however not clear whether and to

what extent these languages have been adopted in production code.

2.3 Compilers and Libraries for Loop Optimization

In this section, we review state-of-the-art compilers and libraries for loop
optimization. This will provide the necessary background for the contri-
butions presented in Chapters 3 and 5.

2.3.1 Loop Reordering Transformations

The study of high level transformations for the optimization of loops in
imperative languages dates back to the sixties. The initial focus was on
techniques for improving data locality in loop nests; this was motivated
by the observation that many programs spend a considerable fraction of
time in executing these regions of code. A survey on the main results
achieved between the sixties and the nineties was provided by Bacon et al.
[1994]. Over the last twenty years, there has been a great deal of effort in
trying to improve the effectiveness of loop transformations, as well as in
developing tools for automating them. General-purpose compilers have
become increasingly sophisticated (especially the Intel and Cray compil-
ers), although they still often miss powerful optimization opportunities.
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This is usually a consequence of complex or unstructured codes for which
the analysis is too difficult or the lack of domain information. Polyhedral
compilers, discussed in Section 2.3.3, are particularly effective in relatively
simple affine loop nests, but there is no compelling evidence that analo-
gous results could systematically be achieved in real-world applications.
A class of optimizations relevant for this thesis is the one based on the
reordering of loop nest iterations. Well-known optimizations belonging to

this class are:

Interchange This transformation consists of exchanging the position of
two loops in a nest. Possible objectives are exposing as innermost

loop a vectorizable dimension or increasing data locality.

Reversal When a loop is “reversed”, the order in which its iterations are
executed is flipped. For instance, the reverse of a loop iterating from
0 to n — 1 with unitary increment is a loop from n — 1 to 0 with uni-
tary decrement. This transformation can enable other transforma-
tions or, under certain circumstances, eliminate the need for some

temporary variables.

Skewing Loop skewing, sometimes also called “time skewing” or “time
tiling”, aims to improve data reuse and to expose parallelism in
wave-front computations. In these Computations, one Oor more arrays
are updated at every loop iteration and the updates propagate like a
wave over the subsequent iterations (e.g., A[i]1[j] = f(A[i-1][j],
A[i][j-11)). We expand on loop skewing in Section 2.3.2.

Fission Sometimes also referred to as loop distribution, loop fission “splits”
a loop into a sequence of loops. The new loops have the same iter-
ation space as the original one, but include only a subset of state-
ments. This may improve or even affect data locality in a loop ac-
cessing a significant number of datasets. Increase in loop overhead

is a negative effect of the transformation.
Further, to this class of optimizations belong the two fundamental loop

reordering transformations studied in Chapter 3 in the context of unstruc-

tured stencils:
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Fusion A sequence of loops can be fused, or “merged”, to improve data
locality and reduce loop overhead. In the simplest instance, all loops
in a sequence have the same iteration space and, given S; a statement
in a first loop and S a statement in a subsequence loop, S does not
modify any data read by S;. In such a case, applying loop fusion
is straightforward. In general, however, loops can have different
bounds and the data dependencies in a set of statements may be
non-trivial. In these cases, loop fusion becomes more challenging,
or simply not feasible. The loop fusion problem has been tackled
formally by Darte [2000].

Tiling Also known as blocking, loop tiling is probably one of the most stud-
ied and powerful transformations. Its main goal is improving data
locality, although it is also sometimes used to extract parallelism.
The basic idea is to “chunk” the iteration space of a loop nest into
partitions of a given shape. This requires major changes to the loop
nest structure, as shown in Listing 5. In this example, square-shaped
tiles are executed with the objective of increasing data reuse along
the j dimension. Depending on properties of the loop nest such as
data dependency pattern and control flow, automating or even just
implementing tiling may pose significant challenges. In particular,
tiling a loop nest in presence of stencils is a non-trivial problem.
Early work on this transformation was presented in Irigoin and Tri-
olet [1988] and Ramanujam and Sadayappan [1992]. More recent
studies have tackled automation and effectiveness of the tiling algo-
rithms, such as Bondhugula et al. [2008], Acharya and Bondhugula
[2015], Klockner [2015]. The impact of the tile shape has been inves-
tigated by Grosser et al. [2014] and Krishnamoorthy et al. [2007b].

2.3.2 Composing Loop Tiling and Loop Fusion

Reordering transformations can be composed for improving their effec-
tiveness. A case of particular interest for this thesis is the composition
of loop fusion and loop tiling, in which a sequence of loops is fused by

4The example is partly extracted from www.netlib.org/utk/papers/autoblock/node2.
html
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LISTING 5: Illustration of loop tiling in a classic matrix-matrix multiplication
kernel*. The matrices are square of size N x N. If b is chosen small enough to fit
some level of cache, data reuse can be achieved.

// Original implementation

for i =1toN, 1
for j=1toN, 1
for k =1toN, 1
CLil[j]1 += A[i1[kI*B[k1[j1;

// Tiled implementation

for i = 1 to N, b
for jO0 = 1 to N, b
for kO = 1 to N, b
for i = 10 to min(i®+b-1, N)
for j = jO to min(jO+b-1, N)
for k = k0 to min(k®+b-1, N)
C[i1[j1 += A[i1[kI*B[kI[j1;

grouping multiple blocks of iterations into tiles. Such a transformation
can turn data reuse across consecutive loops into data locality, thus opti-
mizing memory bandwidth and memory latency. Composing loop fusion
and loop tiling is complicated; automation is even more challenging, es-
pecially depending on the kind of stencils that need to be supported.

In the domain of computational methods for approximating the solution
of PDEs, the composition of loop fusion and loop tiling is often referred
to as time tiling. In these codes, a sequence of loops over the spatial di-
mensions is repeatedly executed within a time loop; time tiling fuses the
spatial loops by building tiles crossing the time dimension. Time tiling has
extensively been studied for structured stencil codes [Bondhugula et al.,
2014, Holewinski et al., 2012, Zhou et al., 2012, Bondhugula et al., 2008]. It
has instead received very limited attention in the context of unstructured
stencil codes — where it is also known as sparse tiling [Strout et al., 2002] —
because of the complexity inherent in performing data dependence anal-
ysis. Prior to this thesis, sparse tiling had only been applied “manually”
to individual benchmarks, through “ad-hoc” strategies. In Chapter 3, the
state-of-the-art is advanced by introducing;:

¢ A technique for applying sparse tiling to arbitrary sequences of loops
that are expressible with the loop chain abstraction [Krieger et al.,
2013]. This contribution was a joint effort with the authors in Strout

32



et al. [2014].

¢ A system that automates this technique and enables execution on

distributed-memory architectures.

With plain loop tiling (i.e., in the absence of loop fusion), a tile can be
represented as a single block of iterations. This has been explained in
the previous section and illustrated in Listing 5. Time and sparse tiling
generalize this idea. The fused loops may either differ in iteration space
or be characterized by non-trivial data dependencies. For constructing a
legal scheduling, tiles need be assigned multiple blocks of iterations, one
for each of the fused loops. To this purpose, there exist two different

approaches:

Split tiling Tiles are constructed such that all data dependencies are sat-
isfied and are executed according to a partial ordering. Many split
tiling schemes have been studied for structured stencil codes. These
schemes, which take the name of the tile shape they end up produc-
ing (such as hexagonal or diamond tiling), differ in the achieved trade-
off between parallelism and data locality. The geometrical shape of
a tile can be visualized by plotting the fused iteration space and by

grouping iterations based on the tile they belong to.

Overlapped tiling Different tiles share subsets of iterations. A shared itera-
tion is “owned” by only one tile and is executed redundantly by the
set of overlapping tiles. These tiles store intermediate values into
“ghost” regions of memory. This approach removes the need for a
partial execution ordering, at the price of redundant computation.

Some of these approaches have been reviewed in Grosser et al. [2013]. In
this thesis, we will employ a mixed split-overlapped sparse tiling scheme
for unstructured stencil codes, suitable for execution on distributed-memory

architectures.

2.3.3 Automation via Static Analysis

There are two alternatives for automating loop reordering transforma-

tions. Both of them rely on static analysis of source code:
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Graph-based Representation General-purpose compilers analyze the source
code and produce an intermediate representation (IR) based on a
graph-like data structure (e.g., the static single assignment form, or
SSA, in the LLVM compiler). Some kind of data dependence anal-
ysis asserts the legality of a transformation, while cost models are
used to predict its impact on performance. Some compilers can ex-
pose the cost models directly to the user by textual reports. Users
have some form of control over the optimization process: pragma di-
rectives can be used to choose explicitly how to optimize a loop nest
(e.g., to set a specific unroll factor or to enforce vectorization), while

compiler parameters allow tuning global optimization heuristics.

Polyhedral Model Several research compilers, and more recently also a
fork of the LLVM compiler through a module called Polly [Grosser
et al., 2012], can introduce reordering transformations based on ge-
ometric representations of loop nests. To model a loop nest as a
polyhedron, two conditions must be satisfied: (i) loop bounds as well
as array indices must be affine expressions in the enclosing loop in-
dices and (ii) pointer aliasing must be known at compile-time. These
conditions are often necessary in the case of graph-based IRs too,
although in a more relaxed fashion (e.g., the Intel compiler can vec-
torize, to some extent, non-affine loop nests). Polyhedral compilers
target parallelism and data locality by composing affine scheduling
functions. A schedule defines the order in which the statement in-
stances of a loop nest are executed; a scheduling function can be
applied to change the original order. Once the polyhedron is avail-

able, different scheduling functions can be compared and applied.

If, on one hand, general-purpose compilers using graph-based IRs have
now reached an impressive level of sophistication (our experience with the
Cray and Intel autovectorization systems is remarkably positive), there is
still quite a lot of debate on the effectiveness of polyhedral compilers. One
of the main reasons is the lack of evidence: the performance evaluation of
state-of-the-art polyhedral compilers is typically conducted on simplistic
benchmarks that do not reflect the complexity of real-world applications.
We will expand on this matter in Section 3.3.

The fact that we focus on unstructured stencil codes, which render the
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loop nests non-affine, precludes the adoption of polyhedral compilers.
Recently, there has been an effort in extending the polyhedral model to
non-affine loops [Venkat et al., 2014], but it is far from clear whether this
technology will ever be applicable in the real-world applications we are
interested in.

2.3.4 Automation via Dynamic Analysis

If a stencil is unstructured, the memory access pattern is characterized
by indirect accesses that can only be resolved at execution time. In such
a case, loop reordering transformations can be enabled through inspec-
tor/executor strategies, as originally proposed by Salz et al. [1991]. In-
formally, an inspector is an additional piece of code that, at run-time,
captures the data dependency pattern of an irregular loop nest into a suit-
able data structure. An executor is semantically equivalent to the original
loop nest, but performs the iterations in a different order exploiting the
information produced by the inspector. Examples of reordering trans-
formations through inspector/executor schemes were provided by Strout
et al. [2003].

To automate a reordering transformation in the presence of unstruc-
tured stencils, a compiler replaces loops with suitable inspector/executor
schemes. Prior to this thesis, no compilers were capable of introducing

complex transformations such as sparse tiling.

2.4 Domain-Specific Optimization

By restricting the attention to relatively narrow classes of programs, it is
often possible to identify optimization opportunities that will be missed
by general-purpose or polyhedral compilers. This is because, for instance,
such optimizations rely on special mathematical properties of the problem
being tackled. Most of the contributions in Chapters 3, 4 and 5 exploit
this observation. In this section, we review some of the domain-specific

optimization systems that inspired our work.
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2.4.1 Tensor Contraction Engine

The Tensor Contraction Engine (TCE) is a successful project that turns the
mathematical structure of expensive computations in the field of quantum
chemistry into powerful optimizations [TCE contributors]. These codes
need to execute long sequences of tensor contractions, or generalized ma-
trix multiplications, which can easily result in teraflops of computation
and terabytes of data for simultaneously storing huge dense matrices. The
TCE provides a domain-specific language to express formulae in a mathe-
matical style. The mathematical specification is transformed into low-level
code while undergoing several optimization steps. Transformations aimed
at reducing the operation count [Hartono et al., 2006, 2009] and finding
the best trade-off between redundant computation and data locality [Lam
et al., 2011], as well as low-level optimization [Lu et al., 2012] are applied
in this framework. Many of these optimizations exploit the mathematical
structure inherent in tensor contractions.

In Chapter 4 we use a similar approach for optimizing the operation
count of finite element operators — we exploit the mathematical property
that these operators are linear in test and trial functions to identify effec-
tive factorizations.

2.4.2 Halide

Ragan-Kelley et al. [2013] recently introduced Halide, a high level lan-
guage for expressing image processing kernels. The run-time optimiza-
tion system, which relies on auto-tuning to explore the transformation
space, has been demonstrated to achieve a performance at least compara-
ble to that of hand-written (and hand-optimized) codes, and in many cases
to outperform them. Halide is a successful contribution to the landscape
of domain-specific languages, as it is currently employed for development
of production code by several companies’.

In Halide, an image processing pipeline is a sequence of interconnected
stages. Each stage applies a numerical kernel — usually a structured sten-
cil — to its input. Numerical kernels are pure functions applied over a

2D domain representing the image being processed. In realistic cases, an

5At least Google and Adobe have declared that some of their groups (more than 30
researchers and developers in total) are actively using Halide.
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image processing pipeline can be quite complex and include even up to
a hundred stages. What makes Halide powerful from the viewpoint of
optimization is the fact that the schedules are decoupled from the nu-
merical kernels. A schedule describes aspects like the iteration ordering
and the trade-off between temporary values and redundant computation.
These optimizations are fundamental in image processing pipelines and,
as such, are treated as first-class citizens by Halide. Different schedules
can be explored automatically or provided as user input.

2.4.3 Spiral

Spiral is a pioneering project on automated code generation starting from
a high level specification of a mathematical problem [Piischel et al., 2005].
The domain of interest is digital signal processing (DSP). Spiral gener-
ates highly optimized DSP algorithms, such as the discrete Fourier trans-
form, and autonomously tunes them for the underlying platform. To
achieve that, the mathematical specification of a DSP algorithm is first
transformed according to a set of rewrite rules. The resulting formulae
are translated into an intermediate language, which enables a set of op-
timizations, including explicit vectorization and parallelization. Finally,
low level code is produced, compiled, executed and timed. The last phase
provides feedback to the system so that increasingly optimized implemen-
tations can be generated.

Spiral leverages the mathematical specification to apply powerful op-
timizations. The rewrite rules system itself is essential to simplify com-
plex formulae. Another example is the loop fusion framework [Franchetti
et al., 2005], which exploits mathematical properties to detect loop fusion
opportunities that would be missed by lower level compilers.

2.4.4 Small-scale Linear Algebra

In several fields, such as graphics, media processing and scientific comput-
ing, many operations can be cast as small-scale linear algebra operations.
By small-scale we mean that the size of some of the involved tensors can
be as small as a few units, and only occasionally exceed a few hundreds
elements. Despite the small size, it is important to optimize these oper-

ations because they may be applied iteratively (e.g., in a time-stepping
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loop), thus accounting for a significant fraction of the overall execution
time.

Libraries for linear algebra are tuned for large-scale problems and they
become inefficient when tensors are small. Novel approaches, mostly cen-
tred on auto-tuning, have been developed over the last decade. In the
domain of scientific computing, it is worth mentioning the technique em-
ployed by the finite element code nek5000 [Fischer et al., 2008] to optimize
small matrix multiplications [Shin et al., 2010]. A set of highly-optimized
routines, each routine specialized for a particular size of the input prob-
lem, are generated and tuned for the underlying platform. At run-time,
a dispatcher function picks one of such routines, based on the size of
the input matrices. A higher level approach has recently been presented
in Spampinato and Piischel [2014], in which the LGen language is used
to write composite linear algebra operations. A set of rewrite rules and
a transformation system deeply inspired by Spiral are used for optimiza-
tion. Other libraries that are optimized for small-scale tensor operations
include LIBXSMM [Heinecke et al., 2016] and BLIS [Van Zee and van de
Geijn, 2015].

The field of small-scale linear algebra optimization systems is interest-
ing because some techniques could be used for low-level optimization of
finite element local assembly, a topic treated by this thesis in Chapter 5.

2.5 On the Terminology Adopted

Throughout the thesis we employ a standard terminology, very close to
the one used in reference textbooks such as [Hennessy and Patterson,
2011]. We here review a set of relevant keywords. This will especially be
useful when discussing the performance achieved by the proposed opti-

mizations.

Compilers

General-purpose compiler With this term we generically refer to any open-
source or commercial compilers capable of translating low level source
code (e.g., Fortran, C, C++) into machine code. Examples are the
GNU (gcc), Intel (icc), Cray and LLVM compilers. With “general-
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purpose” we aim to distinguish the aforementioned compilers from
all other higher level compilers, such as those based on the polyhe-

dral model or those used for translating domain specific languages.

(Auto)vectorization Vectorization is a well-known paradigm that general-
izes computation on scalars to computation on vectors — that is,
arrays of contiguous elements. A single instruction, multiple data
(SIMD) computation is one that employs vectorization to carry out
a sequence of instructions. SIMD architectures, which are nowadays
ubiquitous, emit vector code in two circumstances: (i) sections of a
program are explicitly vectorized (e.g., through high level libraries,
intrinsics instructions, or assembly code); (ii) a compiler transforms
scalar code into vector code. The latter case is often referred to as au-
tovectorization, since SIMD instructions are generated without user
intervention. When possible and if demonstrated to be effective,
autovectorization should be preferred over explicit vectorization for
portability reasons. Autovectorization is typically applied to inner
loops, although block vectorization [Larsen and Amarasinghe, 2000]

is also supported by more advanced compilers (e.g., Intel’s).

Performance and Cost Models

(High) Memory pressure This is often used to emphasize the fact that one
or more levels of the memory hierarchy (e.g.,, RAM, caches, regis-
ters) are stressed by a relatively large number of load/store instruc-
tions. A high memory pressure is often responsible for performance
degradation.

Memory- and CPU-boundedness A section of code can be either CPU-bound
or memory-bound. In the former case, the performance achieved is
limited by the operation throughput of the CPU; in the latter case,
the memory bandwidth or the memory latency are the limiting fac-
tors. The loop reordering transformations reviewed in Section 2.3
tackle memory-boundedness; for example, both tiling and fusion
aim to maximize the cache hit ratio, thus reducing latency and mem-
ory pressure. Many domain-specific optimizations, as discussed in
Section 2.4, target instead CPU-boundedness; for example, the Ten-

39



sor Contraction Engine and Spiral manipulate mathematical formu-

lae to reduce the operation count of the resulting kernels.

Operational intensity and Roofline Model This parameter defines the ratio
of total operations to total data movement (bytes) between the DRAM
and the cache hierarchy for a given section of code. The operational
intensity, which “predicts the DRAM bandwidth needed by a kernel on a
particular computer”, is useful to derive roofline plots [Williams et al.,
2009]. A roofline plot is particularly helpful to study the computa-
tional behaviour of a program, since it provides an insightful means
to understand what the performance bottleneck is and, therefore,
what kind of optimization is most useful.

Arithmetic intensity Sometimes, the term arithmetic intensity is used in place
of operational intensity. The differences are that only the fraction of
arithmetic operations emitted, instead of all operations, is consid-
ered and that the total data movement is to be interpreted as be-
tween the CPU and the last level of cache.

Miscellanea

Access function An access function specifies how the elements of an ar-
ray are accessed. Usually, these are functions of one or more loop
indices. Access functions can be constant, affine or non-affine, as

already shown in Section 2.2.3.

Local and global reductions A reduction is a commutative and associative
operation that is applied to a set of values to produce a scalar. For
instance, the sum of a set of numbers is a reduction. In mesh-based
computations, it is useful to distinguish between local and global
reductions. A reduction is local if only applied to a (typically small)
subset of mesh elements. A reduction is global if applied to an
entire set of elements (e.g., a field associated with a set of degrees
of freedom), thus introducing a global synchronization point in the

computation.

Communication A communication indicates a generic form of interaction

between two or more entities. The most obvious case is when two

40



processes on two different cores communicate explicitly via mes-
sage passing; if the cores are on the same node the communication
occurs via memory, whereas if they are on different nodes both the
network and the memory are needed. However, the term can also
be used in more general scenarios. We can say, for instance, that
two tiles in a blocked iteration space communicate if their execution
needs be synchronized. Intuitive terms like communication-avoiding
or communication-computation overlap are often used to classify opti-

mizations that aim to minimize communication.

Real-world applications Throughout the thesis we emphasize the use of
realistic applications, as opposed to simplistic benchmarks, to eval-
uate the impact of the introduced optimizations. By “real-world”
we mean that an application is based upon real-life equations, nu-
merical methods, and datasets. By using real-world applications, we
aim to provide compelling evidence about the effectiveness and the

actual applicability of our contributions.
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Chapter 3

Automated Sparse Tiling for
Irregular Computations

Many numerical methods for partial differential equations (PDEs) are
structured as sequences of parallel loops. This exposes parallelism well,
but does not convert data reuse between loops into data locality, since
their working set is usually too big to fit in some level of cache. In Sec-
tion 2.3.3, it was explained that loop fusion and loop tiling may be used
to retain some of this potential data locality. This chapter introduces a
mixed compiler/library system capable of applying these transformations
to sequences of irregular loops, automatically. Challenges deriving from
real-world applications are addressed. As reiterated throughout the chap-
ter, parts of this work are the result of a joint collaboration with Strout
et al. [2014].

3.1 Motivation

The focus of this chapter is improving data locality in unstructured mesh
PDE solvers, such as those based on the finite volume or the finite element
methods. Here, the loop-to-loop dependence structure is data-dependent
due to indirect references such as A[map[i]] (see Sections 2.2.2 and 2.2.3).
The map array stores connectivity information, for example from elements
in the mesh to degrees of freedom. A similar pattern occurs in molecu-
lar dynamics simulations and graph processing, so both the theory and
the tools that we will develop in this chapter are generalizable to these
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domains.

Three motivating real-world applications for this work are Hydra, Volna
and Seigen. Hydra [Reguly et al., 2016] is a computational fluid dynam-
ics application used at Rolls Royce for the simulation of next-generation
components of jet engines. Volna [Dutykh et al., 2011] is a computational
fluid dynamics application for the modelling of tsunami waves. Seigen
aims to solve the elastic wave equation using the discontinuous Galerkin
finite element method for energy exploration purposes. All these applica-
tions are characterized by the presence of a time-stepping loop, in which
several loops over the computational mesh (33 in Hydra, 10 in Volna, 25
in Seigen) are repeatedly executed. These loops are characterized by the
aforementioned irregular loop-to-loop dependence structure. We will use
Seigen, as well as other simpler benchmarks, for performance evaluation.

Because of the irregular memory access pattern, our approach to loop
transformation is based on dynamic analysis, particularly on inspector/ex-
ecutor schemes. Among the possible dynamic loop optimizations, we target
sparse tiling. We recall from Section 2.3.2 that sparse tiling aims to exploit
data reuse across consecutive loops by composing two transformations,
namely loop fusion and loop tiling. Given the presence of significant data
reuse across consecutive loops, our hypothesis is that sparse tiling has po-
tential in the class of unstructured mesh PDE solvers that we are targeting.

Summarizing, three main issues are tackled in this chapter:

¢ Previous approaches to sparse tiling were all based upon “ad-hoc”
inspector/executor strategies; that is, developed “by hand”, per bench-
mark. We seek a general technique, applicable to arbitrary real-

world computations on unstructured meshes.

* Automation is more than a desired feature because application spe-
cialists avoid complex optimizations harming source code compre-
hensibility. We therefore aim for a fully-automated framework, based
upon domain-specific languages and a mixed compiler/library ap-

proach.

* A few studies have addressed the problem of fusing loops when
these need be interleaved by routines for message passing. We are
aware of none for the scenario in which the memory accesses pattern
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is irregular. We fill this gap by introducing a sparse tiling scheme
that performs redundant computation over partition boundaries to
delay communication. The importance of this contribution stems
from the fact that most scientific simulations require distributed-

memory parallelism.

3.2 Context and Approach

Loop fusion and loop tiling have been widely studied in the literature. A
considerable number of techniques for improving and automating these
transformations have been proposed over the years. Their evaluation,
however, has traditionally been limited to a small set of benchmarks (or
“mini-applications”) and single-node performance. In particular, it has
repeatedly been shown that simple stencil codes arising in finite differ-
ence methods [Zumbusch, 2013, Holewinski et al., 2012, Bondhugula et al.,
2014], linear algebra routines [Buttari et al., 2008, 2009], and image pro-
cessing kernels [Ragan-Kelley et al., 2013] can benefit from both loop
fusion and loop tiling. This, unfortunately, does not shed light on the
impact that these transformations could have in real-world applications,
where the loop nests are often deeper, less structured, and characterized
by irregular control flow. Since numerical methods for PDEs are often
structured as sequences of complex, irregular loops (or “sweeps”) over

the computational mesh, some obvious questions arise:

Applicability Can sparse tiling be adopted in real-life numerical meth-
ods for solving PDEs, and should performance improvements be

expected?

Lack of evidence Why, despite decades of research, are non-trivial loop

transformations rarely used in scientific simulations?

Challenges What are the theoretical and technical challenges that need be

overcome to automate sparse tiling?

In this chapter, we tackle these problems in the following context:

Irregular codes Unstructured meshes are often used to discretize the com-
putational domain, since they allow for an accurate representation
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of complex geometries. Their connectivity is stored by means of
adjacency lists (or equivalent data structure). This leads to indirect
memory accesses within loop nests. Indirections break static anal-
ysis, thus making many compiler-based approaches to loop trans-
formation (e.g., polyhedral optimization) ineffective. Runtime data
dependence analysis enables dynamic loop optimization, although
this results in additional overhead.

Realistic datasets Complex simulations usually operate on at least ter-
abytes of data, hence execution on multi-node systems is required.
Sparse tiling will have to coexist with distributed-memory paral-

lelism.

Automation, but no legacy code Sparse tiling is an “extreme optimization”.
An implementation in a low level language (e.g., C, Fortran) requires
a great deal of effort, as a thoughtful restructuring of the application
is necessary. In common with many other low level transforma-
tions, it also makes the source code impenetrable, affecting main-
tenance and extensibility. We therefore aim for a fully automated
system based on domain-specific languages, which abstracts sparse
tiling through a simple interface (i.e., a single construct to define
a scope of fusible loops) and a tiny set of parameters for perfor-
mance tuning (e.g., the tile size). We are not interested in supporting
legacy code, where the key computational aspects (e.g., mesh iter-
ation, distributed-memory parallelism) are usually hidden for soft-
ware modularity, thus making automation almost impossible.

In this chapter, the problem of automatically applying sparse tiling to
irregular codes based on shared- and/or distributed-memory parallelism
is decomposed into two tasks:

1. establishing abstractions and devising algorithms to enable sparse

tiling in arbitrary sequences of irregular loops (Sections 3.5-3.8);

2. integrating them with a framework that relies on domain-specific
languages (Section 3.9).

Before addressing these two tasks, we elaborate on the theoretical and
technical challenges that arise when applying loop fusion and loop tiling
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to real-world applications (Section 3.3), and review the related work (Sec-
tion 3.4).

3.3 Applying Loop Fusion and Loop Tiling is More
Difficult than Commonly Assumed

We show in Listing 6 the “skeleton” of a typical PDE solver based on un-
structured meshes. This will be useful throughout the analysis presented
in this section.

We identify three classes of problems that are often neglected, or at least
treated with scarce emphasis, in the relevant literature.

Fundamental questions We first consider the effectiveness of loop fusion
and loop tiling in (un)structured mesh applications.

Computational boundedness Computational methods for PDEs are
structured as sequences of loop nests, each loop nest character-
ized by its own operational intensity. Within the same appli-
cation, some loop nests may be memory-bound, while others
CPU-bound. This clearly depends on the numerical method it-
self, particularly on aspects such as the arithmetic complexity
of the operators and the type of discretization employed (e.g.,
polynomial order of function spaces). Obviously, if most loop
nests are CPU-bound, the benefits of sparse tiling on data lo-
cality will provide marginal gains. Before even thinking about
aggressive optimizations, it is fundamental to determine the
bottlenecks of an application. This boils down to answering
two questions: (i) what fraction of the execution time is due
to memory-bound loop nests; (ii) can CPU-boundedness be re-
lieved by applying other optimizations (e.g., vectorization).

Loop tiling vs mesh renumbering Loop tiling and mesh renumbering
are two different attempts to solving the same problem: im-
proving the performance of mesh-based computations by in-
creasing data locality. A mesh renumbering provides an effec-
tive way of iterating over a mesh by guaranteeing that consec-

utive iterations correspond to neighboring elements; if these
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LISTING 6: The “bare” structure of a numerical method for solving a PDE.
Three parallelizable sweeps over the mesh — over cells, nodes, and boundary
nodes — are executed within a time-stepping loop. In the cells loop, the invoca-
tion of a kernel is shown. First, the (indirectly accessed) input data is “gathered”
into suitable buffers. The data passed to the kernel is now contiguous in mem-
ory, which maximizes the likelihood of low level optimizations such as vectoriza-
tion. Then, the kernel is executed. Finally, the computed values are “scattered”
from the kernel’s output buffer to memory. Distributed-memory parallelism is
achieved through MP], in particular through the MPI_Comm (...) calls that sepa-
rate different mesh sweeps. Additional calculations, for instance in Calc (...),
could also interleave the execution of consecutive loops.

1 // Time-stepping loop (T = total number of iterations)
2 fort =1t T {

3

4 // 1st sweep over the C cells of the mesh

5 foriin C {

6 buffer ® = {0.0} // will store the kernel output
7 buffer_1 = gather_data ( A[f(map[i])], ... )

8 cen

9 kernel_1( buffer 0, buffer 1, ... );

10 scatter_data ( buffer ®, f(map[i]) )

un }

13 Calc (...);
14 MPI_Comm (...);

16 // 2nd sweep over the N nodes of the mesh
17 foriin N {
18 ... // Similar to sweep 1

19}

21 // Boundary conditions: sweep over the BV boundary nodes
22 for i in BV {
23 ... // Similar to sweep 1

24}

26 Calc (...);
27 MPI_Comm (...);

elements share some data values, data reuse is exploited. Just
like loop tiling, a mesh renumbering can be considered a loop
reordering transformation (see Section 2.3.1). Unfortunately,
the relationship between them is unclear in the context of un-
structured meshes. In this chapter, sparse tiling will be applied
on top of meshes renumbered with the famous Reverse Cuthill
McKee (RCM) algorithm.

Technical issues Recent works on fusion and tiling for structured mesh
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applications have addressed automation (e.g., polyhedral compil-
ers), composition of transformations (e.g., time tiling), techniques
for minimizing communication (e.g., diamond tiling). However, the
following aspects were rarely given the attention they actually de-

serve.

Unstructured meshes Although ad-hoc inspector-executor strategies
for some proxy applications had previously been developed,
general techniques for arbitrary computations on unstructured
meshes have been missing until the work presented in this
chapter!. As already explained, the main problem with un-
structured meshes is the presence of indirect memory accesses,
which complicates the data dependence analysis needed for ap-

plying loop transformations.

Time tiling and distributed-memory parallelism We reiterate the fact that
real-world computations require large-scale distributed-memory
architectures. As Listing 6 shows, MPI calls usually separate
consecutive mesh sweeps. This poses a big challenge to time
tiling, because now all tiles close to the boundary of a mesh

partition require special handling.

Time tiling and extra code The Comp(...) function in Listing 6 shows
that additional computation may be performed between con-
secutive mesh sweeps. Comp could represent, for instance, check-
pointing, 1/0O, or the resolution of a linear system through a
function call to an external library. Moreover, conditional ex-
ecution of loops (e.g., through if-then-else) may be present.
The presence of additional code in between loops makes fusion

extremely challenging.

Legacy code is usually impenetrable Loop transformation opportuni-
ties are often hidden in existing scientific codes. As explained
in Strout [2013], common problems are: 1) potentially fusible
or tilable loop nests are separated for code modularity; 2) han-
dling of boundary conditions; 3) source code not amenable for

data dependency analysis (e.g., extensive use of pointers, vir-

IWe reinforce once more that the generalized sparse tiling algorithm is the result of a
joint collaboration amongst the authors of [Strout et al., 2014].

49



tual function calls).

Limitations inherent in the numerical method Two loops cannot be fused if
they are separated by a global synchronization point. This is often a
global reduction, either explicit (e.g., the first loop updates a global
variable that is read by the second loop) or implicit (i.e., within an
external function invoked between the two loops, as occurs in many
iterative solvers for linear systems). By limiting the applicability of
many loop optimizations, global synchronization points pose great
challenges and research questions. If strong scaling is the primary
goal and memory-boundedness is the key limiting factor, then inter-
esting questions are: (i) can the numerical method be reformulated
to relieve the constraints on low level optimization (which requires a
joint effort between numerical analysts and performance specialists);
(ii) can the tools be made more sophisticated to work around these
problems; (iii) will the effort be rewarded by significant performance

improvements.

All these issues will be addressed in the upcoming sections.

3.4 Related Work

Loop Chain

The data dependence analysis that we develop in this chapter is based on
an abstraction called loop chain, which was originally presented in Krieger
et al. [2013]. This abstraction is sufficiently general to capture data depen-
dencies in programs structured as arbitrary sequences of loops. We will
detail the loop chain abstraction in Section 3.5.

Inspector/Executor and Sparse Tiling

The loop chain abstraction provides sufficient information to create an in-
spector/executor scheme for an arbitrary unstructured mesh application.
Inspector/executor strategies were first formalized by Salz et al. [1991].
They have been used to exploit data reuse and to expose shared-memory
parallelism in several studies [Douglas et al., 2000, Strout et al., 2002, Dem-
mel et al., 2008, Krieger and Strout, 2012].
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Sparse tiling, which we reviewed in Section 2.3.4, is a technique based
upon inspection/execution. The term was coined by Strout et al. [2002,
2004] in the context of the Gauss-Seidel algorithm and also used in Strout
et al. [2003] in the Moldyn benchmark. However, the technique was ini-
tially proposed by Douglas et al. [2000] to parallelize computations over
unstructured meshes, taking the name of unstructured cache blocking. In
this work, the mesh was initially partitioned; the partitioning represented
the tiling in the first sweep over the mesh. Tiles would then shrink by
one layer of vertices for each iteration of the loop. This shrinking rep-
resented what parts of the mesh could be accessed in later iterations of
the outer loop without communicating with the processes executing other
tiles. The unstructured cache blocking technique also needed to execute
a serial clean-up tile at the end of the computation. Adams and Demmel
[1999] also developed an algorithm very similar to sparse tiling, to par-
allelize Gauss-Seidel computations. The main difference between Strout
et al. [2002, 2004] and Douglas et al. [2000] was that in the former work
the tiles fully covered the iteration space, so a sequential clean-up phase
at the end could be avoided.

We reiterate the fact that all these approaches were either specific to
individual benchmarks or not capable of scheduling across heterogeneous
loops (e.g., one over cells and another over degrees of freedom). These

limitations are addressed in this chapter.

Automated Code Generation and Optimization for Mesh-Based
Computations

The automated code generation technique presented in Ravishankar et al.
[2012] examines the data affinity among loops and performs partitioning
with the goal of minimizing inter-process communication, while main-
taining load balancing. This technique supports unstructured mesh appli-
cations (being based on an inspector/executor strategy) and targets dis-
tributed memory systems, although it does not exploit the loop chain
abstraction and does not introduce any sort of loop reordering transfor-
mation.

Automated code generation techniques, such as those based on polyhe-
dral compilers (reviewed in Section 2.3.3), have been applied to structured
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mesh benchmarks or proxy applications. Notable examples are in Bond-
hugula et al. [2008], Grosser et al. [2012], Klockner [2014]. There has been
very little effort in providing evidence that these tools can be effective in
real-world applications. Time-loop diamond tiling was applied in Bond-
hugula et al. [2014] to a proxy application, but experimentation was lim-
ited to shared-memory parallelism.

Overlapped Tiling

In structured codes, multiple layers of halo, or “ghost” elements, are often
used to reduce communication [Bassetti et al., 1998]. Overlapped tilling
(see Section 2.3.2) exploits the very same idea: trading communication for
redundant computation along the boundary [Zhou et al., 2012]. Several
works tackle overlapped tiling within single regular loop nests (mostly
stencil-based computations), for example Meng and Skadron [2009], Kr-
ishnamoorthy et al. [2007a], Chen et al. [2002]. Techniques known as
“communication avoiding” [Demmel et al., 2008, Mohiyuddin et al., 2009]
also fall in this category. To the best of our knowledge, overlapped tiling
for unstructured mesh applications has only been studied analytically,
by Giles et al. [2012]. Further, we are not aware of any prior techniques

for automation.

3.5 The Loop Chain Abstraction for Generalized

Inspector/Executor Schemes

In this section, we formalize the loop chain abstraction for unstructured
mesh applications and discuss its relationship with inspector/executor
schemes.

3.5.1 Relationship between Loop Chain and Inspector

The loop chain is an abstraction introduced in Krieger et al. [2013]. Infor-
mally, a loop chain is a sequence of loops with no global synchronization
points, with attached some extra information to enable run-time data de-

pendence analysis.
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We reiterate that the presence of indirect memory accesses inhibits static
loop optimization for data locality. The idea pursued in this chapter is to
replace static with dynamic optimization, exploiting the information car-
ried by a loop chain. Loop chains must somehow be added to or automat-
ically derived (e.g., via a domain-specific language) from the input code.
The inspector performs data dependence analysis using the information
carried by the loop chain and produces a loop reordering, or sparse tiling
schedule. This schedule is used by the executor, a piece of code that re-
places the original sequence of loops.

Before diving into the description of the loop chain abstraction, it is
worth observing that:

¢ The inspection phase introduces an overhead. In many scientific
computations, the data dependence pattern is static — or, more in-
formally, “the topology does not change over time”. This means
that the inspection cost may be amortized over multiple iterations of
the executor. If instead the mesh changes over time (e.g., in case of

adaptive mesh refinement), a new inspection must be performed.

¢ To adopt sparse tiling in a code there are two options. One possibil-
ity is to provide a library and leave the application specialists with
the burden of carrying out the implementation (re-implementation
in case of legacy code). A more promising alternative consists of
raising the level of abstraction: programs can be written in a domain-
specific language; loop chain, inspector, and executor can then be
automatically derived at the level of the intermediate representation.
As we shall see in Section 3.9, the tools developed in this chapter en-

able both approaches.

These points will be further elaborated in later sections.

3.5.2 Definition of a Loop Chain
In Krieger et al. [2013], a loop chain is defined as follows:

* A loop chain IL consists of n loops, Lo, L,...,L,—1. There are no
global synchronization points in between the loops. Although there
may be dependencies between successive loops in the chain, the ex-
ecution order of a loop’s iterations does not influence the result.
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* D is a set of disjoint m data spaces, Dy, Dy, ..., D;;,—1. Each loop ac-
cesses (reads from, writes to) a subset of these data spaces. An access
can be either direct (e.g., A[i]) or indirect (e.g., A[map(i)]).

* Rp,-p, (Z} and W, ,p, @ are access relations for a loop L; over a data
space D; € D. They indicate which locations in the data space Dy
an iteration i € L; reads from and writes to, respectively. A loop
chain must provide all access relations for all loops. For example, if
L; writes to the array A as A[B(i)] = £(...), then the loop chain
will have to provide an access relation By, 4 (?)

3.5.3 The Abstraction Revisited for Unstructured Mesh
Applications

Motivated by the issues raised in Section 3.3 and inspired by the pro-
gramming and execution models of OP2 (reviewed in Section 2.2.2), we
revisit the loop chain abstraction. This new definition is more suitable for
real-world unstructured mesh applications.

* A loop chain L consists of n loops, Lo, L,...,L,—1. There are no
global synchronization points in between the loops. Although there
may be dependencies between successive loops in the chain, the ex-
ecution order of a loop’s iterations does not influence the result.

¢ S is a set of disjoint m sets, So, S1, ..., Sm—1. Sets are used to represent
iteration and data spaces. Possible sets are the cells in the mesh or
the degrees of freedom associated with a function.

A set S is logically split into three contiguous regions: core (5°),
boundary (S), and non-exec (5). Given a process P and a set S:

S¢: the iterations of S that exclusively belong to P.

Sb: the boundary region can be seen as the union of two sub-regions,
owned (S°“"?) and exec (S°*°°). As shown in Figure 2.2, 5°@"ed
are iterations that belong to P which are redundantly executed
by some other processes; 5 are iterations from other pro-
cesses which are redundantly executed by P. We will see that

redundant computation preserves atomic execution — a prop-
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erty that enables executing tiles without the need for synchro-

nization.

S": these are iterations of other processes that are communicated to

P because they need be read to correctly compute S°.

A set is uniquely identified by a name and the sizes of its three
regions. For example, the notation S = (vertices, C, B, N) defines
the vertices set, which comprises C elements in the core region
(iterations 0 to C — 1), B elements in the boundary region (iterations
Cto C+ B —1), and N elements in the non-exec region (iterations
C+BtoC+B+N-—1).

The depth is an integer indicating the extent of the boundary region
of a set. This constant is the same for all sets.

M is a set of k maps, My, My, ..., Mx_1. A map of arity a is a vector-
valued function M : S; — S? X 5]1 X v X S}Z’l that connects each
element of S; to one or more elements in S;. For example, if a
triangular cell c is connected to three vertices vy, v1,v2, we have
M(c) = [vo, v1, v2].

A loop L; over the iteration space S is associated with d descriptors,
Dy, Dy, ...,D4_1. A descriptor D is a 2-tuple D = <M, mode>. M
is either a map from S to some other sets or the special placeholder
1, which indicates that memory accesses are direct to some data
associated with S itself. mode is one of [r, w, i], meaning that a

memory access is respectively of type read, write or increment.

With respect to the original definition, one crucial difference is the pres-

ence of sets in place of data spaces. In unstructured mesh applications,

a loop tends to access multiple data spaces associated with the same set.

The idea is to rely on sets, rather than data spaces, to perform data depen-

dence analysis. This can significantly improve the inspection cost, because

typically |S| << |D|. Another crucial difference is the characterization of

sets into the three regions core, boundary and non-exec. This separation is

essential for enabling distributed-memory parallelism. The extent of the

boundary regions is captured by the depth of the loop chain. Informally,

the depth tells how many extra “strips” of elements are provided by the
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neighboring processes. This allows some redundant computation along
the partition boundary and also limits the depth of the loop chain (i.e.,
how many loops can be fused). The role of the parameter depth will be

clear by the end of Section 3.8.

3.6 Loop Chain, Inspection and Execution Examples

LISTING 7: Section of a toy program that is used as a running example to illus-
trate the loop chain abstraction and show how the tiling algorithm works. Note
that all parameters passed to the kernels are pointers.

fort =0 to T {
// Lo: loop over edges
for e = 0 to E {
x =X + e;
tmp O = tmp + edges2vertices[e + 0];
tmp_1 = tmp + edges2vertices[e + 1];
kernell (x, tmp.®, tmp_1);

}

// Li: loop over cells

for c = 0 to C {
res = R + ¢;
tmp ® = tmp + cells2vertices[c + 0];
tmp_-1 = tmp + cells2vertices[c + 1];
tmp_2 = tmp + cells2vertices[c + 2];
kernel2 (res, tmp 0, tmp_1, tmp_2);

}

// Lp: loop over edges

fore =0 to E {
tmp O = tmp + edges2vertices[e + 0];
tmp_1 = tmp + edges2vertices[e + 1];
kernel3 (tmp._®, tmp_1);

}

Using the example in Listing 7 — a plain C implementation of the OP2
program in Listing 4 — we describe the actions performed by a sparse
tiling inspector. The inspector takes as input the loop chain illustrated
in Listing 8. We show two variants, for shared-memory and distributed-
memory parallelism. The value of the variable mode at line 19 in Listing 8

determines the variant to be executed.

56



© ® U R W N R

I T S S S G W
S o ®» I o @k @R RO

LISTING 8: Building the loop chain for inspection.

nspector = init_inspector (...);

// Three sets, edges, cells, and vertices

E = set (inspector, "edges", core_edges, boundary_edges, nonexec_edges, ...);

C = set (inspector, "cells", core_cells, boundary cells, nonexec_cells, ...);

V = set (inspector, "verts", core_vertices, boundary vertices, nonexec_vertices, ...);

// Two maps, from edges to vertices and from cells to vertices
e2vMap = map (inspector, E, V, edges2vertices, ...);
c2vMap = map (inspector, C, V, cells2vertices, ...);

// The loop chain comprises three loops; each loop has some descriptors

// recall that r and i in a descriptor stand for ‘‘read’’ and ‘‘increment’’
loop (inspector, E, {Ll, r}, {e2vMap, i});

loop (inspector, C, {Ll, r}, {c2vMap, i});

loop (inspector, E, {e2vMap, i});

// Now can run the inspector
inspection = run.inspection (mode, inspector, tile_size, ...)
return inspection;

P
0 Ps

Figure 3.1: Partitioning of the seed loop. The vertices are illustrated to make the connec-
tivity of the mesh clear, although they do not belong to any partition yet.

Overview

The inspector starts with partitioning the iteration space of a seed loop,
for example L. Partitions are used to initialize tiles: the iterations of Ly
falling in P; — or, in other words, the edges in partition P; — are assigned
to the tile T;. Figure 3.1 displays the situation after the initial partitioning
of Ly for a given input mesh. There are four partitions, two of which (P
and P3) are not connected through any edge or cell. These four partitions
correspond to four tiles, [Ty, Ty, T, T3], with P, = T;.

As detailed in the next two sections, the inspection proceeds by pop-
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Figure 3.2: A snapshot of the mesh after tiling Ly.

ulating T; with iterations from L; and L. The challenge of this task is
guaranteeing that all data dependencies — read after write, write after
read, write after write — are honored. The output of the inspector is even-
tually passed to the executor. The inspection carries sufficient information
for computing sets of tiles in parallel. T; is always executed by a single
thread /process and the execution is atomic; that is, it does not require
communication with other threads/processes. When executing T;, first
all iterations from Lj are executed, then all iterations from L; and finally
those from L,.

Inspection for Shared-Memory Parallelism

Similarly to OP2, to achieve shared-memory parallelism we use coloring.
Two tiles that are given the same color can be executed in parallel by dif-
ferent threads. Two tiles can have the same color if they are not connected,
because this ensures the absence of race conditions through indirect mem-
ory accesses during parallel execution. In the example we can use three
colors: red (R), green (G), and blue (B). Tp and T3 are not connected, so
they are assigned the same color. The colored tiles are shown in Fig-
ure 3.2. In the following, with the notation T} we indicate that the i-th tile
has color c.

To populate [Té;, TlB, Tf, T3G ] with iterations from L; and L,, we first
have to establish a total ordering for the execution of partitions with dif-
ferent colors. Here, we assume the following order: green (G), blue (B),
and red (R). This implies, for instance, that all iterations assigned to TlB
must be executed before all iterations assigned to TX. By “all iterations”
we mean the iterations from Ly (determined by the seed partitioning) as
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Figure 3.3: The vertices are written by Ly, so a projection must be computed before tiling
L;. Here, the projection is represented by the colored vertices.

Figure 3.4: A snapshot of the mesh after tiling L.

well as the iterations that will later be assigned from tiling L and L. We
assign integer positive numbers to colors to reflect their ordering, where
a smaller number means higher execution priority. We can assign, for

example, 0 to green, 1 to blue, and 2 to red.

To schedule the iterations of L to [Tg;, TE, TR, Tz? |, we need to com-
pute a projection for any write or local reduction performed by Ly. The
projection required by L is a function ¢ : V — T mapping the vertices
in V - as indirectly incremented during the execution of Ly, see Listing 7
—to atile T € T. Consider the vertex vy in Figure 3.3. vy has 7 incident
edges, 2 of which belong to TS, while the remaining 5 to TlB . Since we
established that G < B, vy can only be read after TlB has finished executing
the iterations from Ly (i.e., the 5 incident blue edges). We express this con-
dition by setting ¢(vg) = TF. Observe that we can compute ¢ by iterating
over V and, for each vertex, applying the maximum function (MAX) to
the color of the adjacent edges.

We now use ¢ to schedule L;, a loop over cells, to the tiles. Con-
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Figure 3.5: A snapshot of the mesh after tiling L;.

sider again vy and the adjacent cells [co, ¢1, ¢2] in Figure 3.3. These
three cells have in common the fact that they are adjacent to both green
and blue vertices. For c;, and similarly for the other cells, we compute
MAX(¢(vo), ¢(v1), ¢(v2)) = MAX(B,G,G) = B = 1. This establishes
that ¢; must be assigned to TP, because otherwise (c; assigned instead
to T[)C;) a read to vy would occur before the last increment from TlB took
place. Indeed, we recall that the execution order, for correctness, must be
“all iterations from [Lo, L1, L] in the green tiles before all iterations from
[Lo, L1, Lp] in the blue tiles”. The scheduling of L; to tiles is displayed in
Figure 3.4.

To schedule L, to [Toc, TlB, TZR, T:,,G] we employ a similar process. Ver-
tices are again written by L1, so a new projection over V will be necessary.
Figure 3.5 shows the output of this last phase.

(a) After tiling Ly (b) After tiling L; (c) After tiling Ly

Figure 3.6: Tiling the program in Listing 7 for shared-memory parallelism can lead to
conflicts. Here, the two green tiles eventually become adjacent, creating race
conditions.

Conlflicting Colors It is worth noting how T, “consumed” the frontier
elements of all other tiles every time a new loop was scheduled. Tiling a

loop chain consisting of k loops has the effect of expanding the frontier of a
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tile of at most k vertices. With this in mind, we re-inspect the loop chain of
the running example, although this time employing a different execution
order — blue (B), red (R), and green (G) — and a different seed partitioning.
Figure 3.6 shows that, by applying the same procedure described in this
section, T{ and T{ will eventually become adjacent. This violates the
precondition that tiles can be given the same color, and thus run in parallel,
as long as they are not adjacent. Race conditions during the execution of
iterations belonging to L, are now possible. This problem will be solved

in Section 3.8.1.

Inspection for Distributed-Memory Parallelism

In the case of distributed-memory parallelism, the mesh is partitioned
and distributed to a set of processes. As shown in Listing 6, neighboring
processes may exchange (MPI) messages before executing a loop L;. A
message includes all “dirty” dataset values required by L; modified by
any Ly, with Ly < L;. In the running example, Lo writes to vertices, so
a subset of values associated with border vertices must be communicated
prior to the execution of Li. To apply sparse tiling, the idea is to push all
communications at the beginning of the loop chain: as we shall see, this
increases the amount of data to be communicated, but also reduces the
number of synchronizations (only 1 synchronization between each pair of
neighboring processes per loop chain execution).

From Section 3.5.3 it is known that, in a loop chain, a set is logically
split into three regions, core, boundary, and non-exec. The boundary tiles,
which originate from the seed partitioning of the boundary region, will
include all iterations that cannot be executed until the communications
have terminated. The procedure described for shared-memory parallelism
- now performed individually by each process on a partition of the input
mesh — is modified as follows:

1. The core region of the seed loop Ly is partitioned into tiles. Unless
aiming for a mixed distributed/shared-memory scheme, there is no
need to assign identical colors to unconnected tiles, as a process will
execute its own tiles sequentially. Colors are assigned increasingly,
with T; given color i. As long as tiles with contiguous ID are also
physically contiguous in the mesh, this assignment retains spatial

61



locality when “jumping” from executing T; to T; .

2. The same process is applied to the boundary region. Thus, a sit-
uation in which a tile includes iterations from both the core and
the boundary regions is prevented by construction. Further, all tiles
within the boundary region are assigned colors higher than those
used for the core tiles. This constrains the execution order: no

boundary tiles will be executed until all core tiles are computed.

3. We map the whole non-exec region of Ly to a single special tile, T,.

This tile has the highest color and will actually never be executed.

non-exec
O O

O
N\
()
gy

Q

r AN Process 0

Process 1

Figure 3.7: A snapshot of the two mesh partitions on Process 0 and Process 1 after in-
specting the seed loop Ly for distributed-memory parallelism. On each pro-
cess, there are five tiles in total: two in the core region (green and violet), two
in the boundary region (red and light blue), and Tj. The boundary tiles can
safely cross the owned and exec sub-regions (i.e., the private local iterations
and the iterations to be redundantly computed, respectively). However, no tile
can include iterations from both the core and the boundary regions.

62



non-exec

Process 0

I
non-exec !

*
O
’
’

\
Process 1 O\\

Figure 3.8: A snapshot of the two mesh partitions on Process ® and Process 1 at the
end of the inspection for distributed-memory parallelism. T, expands over
the boundary region, which minimizes the amount of redundant computation
to be performed. At the end of the execution phase, the orange edges will
contain “dirty values”, but correctness is not affected as the exec region only
includes off-process data. The boundary tiles expand over the core region:
this is essential for correctness since none of the red and blue entities from
[Lo, L1, Lp] can be executed until the MPI communications have terminated.

From this point on, the inspection proceeds as in the case of shared-
memory parallelism. The application of the MAX function when schedul-
ing L; and L, makes higher color tiles (i.e., those having lower priority)
“expand over” lower color ones.

In Figure 3.7, a mesh is partitioned over two processes and a possible
seed partitioning and tiling of Ly illustrated. We observe that the two
boundary tiles (the red and light blue ones) will expand over the core tiles
as L; and L, are tiled, which eventually results in the scheduling illus-
trated in Figure 3.8. Roughly speaking, if a loop chain consists of n loops
and, on each process, n — 1 extra layers of iterations are provided (the exec
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regions in Figure 3.7), then all boundary tiles are correctly computed.

The schedule produced by the inspector is subsequently used by the
executor. On each process, the executor starts with triggering the MPI
communications required for the computation of boundary tiles. All core
tiles are then computed, since no data from the boundary region is neces-
sary. Hence, computation is overlapped with communication. As all core
tiles are computed and the MPI communications terminated, the bound-
ary tiles can finally be computed.

Efficiency considerations The underlying hypothesis is that the increase
in data locality will outweigh the overhead induced by the redundant
computation and by the bigger volume of data exchanged. This is mo-
tivated by several facts: (i) the loops being memory-bound; (ii) the core
region being much larger than the boundary region; (iii) the amount of re-
dundant computation being minimized through the special tile T,,,, which
progressively expands over the boundary region, thus avoiding unneces-

sary calculations.

3.7 Data Dependency Analysis for Loop Chains

As with all loop optimizations that reschedule the iterations in a sequence
of loops, any sparse tiling must satisfy the data dependencies. The loop
chain abstraction, which we have described in Section 3.5, provides enough
information to construct an inspector which analyzes all of the dependen-
cies in a computation and builds a legal sparse tiling. We recall that one
of the main assumptions in a loop chain is that each loop is fully parallel
or, equivalently, that there are no loop carried dependencies.

The descriptors in the loop chain abstraction enable a general derivation
of the storage-related dependencies between loops in a loop chain. The
storage related dependencies between loops can be described as either
flow (read after write), anti (write after read), or output (write after write)
dependencies. In the following, assume that loop L,, having iteration
space Sy, always comes before loop L,, having iteration space S,, in the
loop chain. Let us identify a descriptor of a loop L with mg;‘fgj: this
simply indicates that the loop L; has iteration space S; and uses a map
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m to write/read/increment elements (respectively, mode € {w,r,i}) in the
space S;.
The flow dependencies can then be enumerated by considering pairs of

points (i and f) in the iteration spaces of the two loops Ly and Ly:
{?_> ]_" 76 Sx /\76 Sy A mgj_ﬁsz(;} a mgyasz(]_}) 7& ®}'

Anti and output dependencies are defined in a similar way. The anti

dependencies for all pairs of loops Ly and L, are:
i 7liescnje sy nms s (i) Nmg, s () # @}
While the output dependencies between loops Ly and L, are:

{i=Jliesinjes,nms (i) nmg s (j) # @}

In essence, there is a storage-related data dependence between two itera-
tions from different loops (and therefore between the tiles they are placed
in) when one of those iterations writes to a data element and the other
iteration reads from or writes to the same data element.

There are local reductions, or “reduction dependencies” between two
or more iterations of the same loop when those iterations “increment”
the same location(s); that is, when they read, modify with a commutative
and associative operator, and write to the same location(s). The reduction

dependencies in L, are:

{i—7|i€ScAnjeScAms s (I)Nmk s () # D).

The reduction dependencies between two iterations within the same loop
indicates that those two iterations must be executed atomically with re-
spect to each other.

As seen in the example in Section 3.6, our inspector algorithm han-
dles data dependencies, including those between non-adjacent loops, by
tracking projections. In the next section we explain how projections are

constructed and used.
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3.8 Formalization

3.8.1 The Generalized Sparse Tiling Inspector

The pseudo-code for the generalized sparse tiling inspector is shown in
Algorithm 1. Given a loop chain and a “seed” tile size, the algorithm
produces a schedule suitable for mixed distributed/shared-memory par-
allelism. In the following, we elaborate on the main steps of the algorithm.
The notation used throughout the section is summarized in Table 3.1.

Symbol Meaning

L The loop chain

L; The j-th loop in L

Sj The iteration space of L;

S]C-, S]b , S}” The core, boundary, and non-exec regions of S i

S A generic set in IL

D A descriptor of a loop

r,w,i Possible values for D.mode

T The set of all tiles

T[i] Accessing the i-th tile

¢s A projection ¢ps: S — T

P The set of all available projections
0; A tiling function 0 : S; — T for L;
ts seed tile size

Table 3.1: Summary of the notation used throughout the section.

Choice of the seed loop The seed loop L, is used to initialize the tiles.
Theoretically, any loop in the chain can be chosen as seed. Supporting
distributed-memory parallelism, however, is cumbersome if Lg,y 7# Lo.
This is because more general schemes for partitioning and coloring would
be needed to ensure that no iterations in any S;’ are assigned to a core tile.
A limitation of our inspector algorithm in the case of distributed-memory
parallelism is that it must be L,y = Lo.

In the special case in which there is no need to distinguish between core
and boundary tiles (because a program is executed on a single shared-
memory system), Lg,; can be chosen arbitrarily. If we however pick Lggq
in the middle of the loop chain (Lg < ... < Lge < ..), @ mechanism
for constructing tiles in the reverse direction (“backwards”), from Lgeq
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ALGORITHM 1: The inspection algorithm

Input: The loop chain IL = [Ly, Ly, ..., L,,—1], a tile size ts
Output: A set of tiles T, populated with iterations from IL

// Initialization
seed < 0;

b+ ©;

C+1;

// Creation of tiles

Oseed, T <— partition(Sg..4, ts);
seed_map < find map(Sg,.4, IL);
conflicts < false;

// Schedule loops to tiles
do
color (T, seed_-map);

forj=1ton—1do
project(Lj_l, 0i-1, b, O);
Oj = tile(Lj, D);
assign(c;, T);

end for

if has_conflicts(C) then
conflicts <— true;
add_fake_connection(seed_-map, C);

end if
while conflicts;

// Inspection successful, create local maps and return

compute_local maps(T);
return T

towards Ly, is necessary. In Strout et al. [2014], we propose two “symmet-

ric” algorithms to solve this problem, forward tiling and backward tiling,

with the latter using the MIN function in place of MAX when comput-

ing projections. For ease of exposition, and since in the fundamental case

of distributed-memory parallelism we are imposing Lg.s = Lo, we here

neglect this distinction?.

2The algorithm implemented in the library presented in Section 3.9.1 supports backwards

tiling for shared-memory parallelism.
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Field Possible values
region core, boundary, non-exec
iterations lists one list of iterations [T;]; for each L; € IL
local maps one list of local maps for each L; € IL; one local
map for each map used in L;
color an integer representing the execution priority

Table 3.2: The tile data structure.

Tile initialization Let ts be the user-specified average tile size. The al-

[
see

that |Pj| = ts (except possibly for P,,_1), P; N P; = @, and U/" ;' P; = S¢

seed"®

gorithm starts with partitioning S¢_,, into m subsets {Py, P, ..., P,,_1 } such

c

Among all possible legal partitionings, we choose the one that splits S, ;

into blocks of ts contiguous iterations, with Py = {0,...,ts — 1}, P, =
b

see

{ts, ...,2ts — 1}, and so on. We analogously partition S ; into k subsets.
We create m + k + 1 tiles, one for each of these partitions and one extra
tile for S¢ .. We therefore have T = {T§, ..., T;,_;, TE, ..., Tf,’kal, T;ﬁik}'

A tile T; has four fields, as summarized in Table 3.2.

* The region is used by the executor to schedule tiles in a given or-
der. This field is set right after the partitioning of L4, as a tile (by

: . c b ne
construction) exclusively belongs to S, ;, S_,,;, or S¥7 ..

e The iterations lists contain the iterations in IL that T; will have to
execute. There is one iterations list [T;|; for each L; € IL. At this stage
of the inspection we have [T;]s..y = [Ti]o = P;, whereas still [T;]; = @
forj=1,..,n.

® Local maps may be used for performance optimization by the execu-
tor in place of the global maps provided through the loop chain; this
will be discussed in more detail in Section 3.11.

* The color gives a tile a scheduling priority. If shared-memory par-
allelism is requested, adjacent tiles are given different colors (the
adjacency relation is determined through the maps available in LL).
Otherwise, colors are assigned in increasing order (i.e., T; is given
color 7). The boundary tiles are always given colors higher than that
of core tiles; the non-exec tile has the highest color. The assignment
of colors is carried by the function color in Listing 1.
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Populating tiles by tracking data dependencies To schedule a loop to
tiles we use projections. A projection is a function ¢s : S — T. Initially, the
projections set ® is empty. Each time a loop is tiled, & may be added some
new projections or old projections may be updated. ®, and consequently
the tiling functions for all loops in IL, are derived incrementally (within
the loop at line 9 in Listing 1) starting from 0gpg @ Sgeeq — T, the tiling
function of Lg,;. In the following, we discuss in detail how projections

and tiling functions are constructed.

ALGORITHM 2: Projection of a tiled loop

Input: A loop L, a tiling function o}, the projections set @, the conflicts matrix C
Result: Update @ and C

foreach D € L;.descriptors do
if D.map == | then
‘ S =>PUg;;

else

inverse_map <— map_invert(D.map);

St, Sj, values, offset «— inverse_map;

¢s, <L,

for e = 0 to S;.size do

for k = offset[e] to offset[e + 1] do
Tiasr = T|values[k]];
max_color <— MAX(¢s, [e].color, Tj,g;.color);
if max_color # ¢g, [e].color then

‘ ¢s; [e} < Thast;

end if

end for

end for

update(C, T, ¢s,);

b =quU (Pst,'

end if

end foreach

Deriving a projection from a tiling function Algorithm 2 takes as input
(the descriptors of) L; and its tiling function ¢ : S; — T to update ®. The
algorithm also updates the conflicts matrix C € IN"*™, which indicates
whether two tiles having the same color will become adjacent once L;,1 is
tiled.

A projection tells what tile a set element logically belongs to at a given

point of the inspection. A new projection ¢s is needed if the elements of S
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are written by a loop. Let us consider the non-trivial case in which writes
or increments occur indirectly throughamap M : S; — SV x Sl x .. x 8§71,
To compute ¢s,, we first determine the inverse map (an example is shown
in Figure 3.9). Then, we iterate over all elements of S; and, for each e € S,
we determine the last tile that writes to e, say Tj,s. This is accomplished
by applying the MAX function over the color of the tiles accessing e. We
finally simply set ¢, [e] = Tjass-

9
map: 37|09
- -
b 1_|
Inverse 1 1 1
map: SR I ISR N R -
offset [3] offset [7] offset [9]

3

Figure 3.9: Representation of an inverse map. The original map shows that the triangular
cell 1 is adjacent to three vertices, namely 3, 7, and 9. The inverse map asso-
ciates vertices to cells. Since the mesh is unstructured, different vertices can
be incident to a different number of cells. The array offset determines the
distance between two consecutive vertices in the inverse map. For instance, all
entries in the inverse map between offset[3] and offset[4] are cells incident
to vertex 3 (in the illustrated case, the first of these is cell 1).

Deriving a tiling function from the available projections Using ®, we
compute 0; as described in Algorithm 3. The algorithm is similar to the
projection of a tiled loop, with the main difference being that now we use
® to schedule iterations correctly. Finally, o; is inverted and the iterations
are added to the corresponding iteration lists [T;];, for all T; € T.

Detection of conflicts If C indicates the presence of at least one conflict,
say between T; and T, we add a “fake connection” between these two
tiles and loop back to the coloring stage. T; and T;, are now connected,
so they will be assigned different colors.

History of the algorithm A first algorithm for sparse tiling inspection
was developed by the author of this thesis in conjunction with researchers
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ALGORITHM 3: Building a tiling function

Input: A loop Lj, the projections set ®
Output: The tiling function o;

oj —1;

foreach D € L;.descriptors do

if D.map == 1 then

| oj+ @[S;];

else

arity <— D.map.arity;

¢s <+ P[D.map.S];

for e = 0 to S;.size do

ojle] < T ;

for k = 0 to arity do
adjacent_tile <— ¢g[D.map.values|e * arity + k|];
max_color <~ MAX(c;|e].color, adjacent tile.color);
if max_color # oj[e].color then

| ojle] + adjacent tile;

end if

end for

end for

end if

end foreach

return o;

from multiple institutions, and was introduced in Strout et al. [2014]. In
this section, a new, enhanced version of that algorithm has been pre-
sented. In essence, the major differences are: (i) support for distributed-
memory parallelism; (ii) use of mesh coloring instead of a task graph for
tile scheduling; (iii) speculative inspection with backtracking if a coloring
conflict is detected; (iv) use of sets, instead of datasets, for data depen-
dency analysis; (v) use of inverse maps for parallelization of the projection
and tiling routines; (vi) computation of local maps. Most of these changes

contributed to reduce the inspection cost.

3.8.2 The Generalized Sparse Tiling Executor

The sparse tiling executor is illustrated in Algorithm 4. It consists of four
main phases: (i) exchange of halo regions amongst neighboring processes
through non-blocking communications; (ii) execution of core tiles (in over-

lap with communication); (iii) wait for the termination of the communica-
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ALGORITHM 4: The executor algorithm

Input: A set of tiles T
Result: Execute the loop chain

T, T « group_tiles_by_region(T);
start_MPI_comm();

foreach color do
foreach T € T€ s.t. T.color == color do
| execute_tile(T);
end foreach
end foreach

end_MPI_comm();

foreach color do
foreach T € T? s.t. T.color == color do
| execute_tile(T);
end foreach
end foreach

tions; (iv) execution of boundary tiles.

As explained in Sections 3.6 and 3.8.1, a sufficiently deep halo region
enables correct computation of the boundary tiles. Further, tiles are exe-
cuted atomically, meaning that all iterations in a tile are computed with-
out ever synchronizing with other processes. The depth of the boundary
region, which affects the amount of off-process data to be redundantly
computed, increases with the number 7 of loops to be fused. In the exam-
ple in Figure 3.7, there are n = 3 loops, and three “strips” of extra vertices
are necessary for correctly computing the fused loops without tile-to-tile

synchronizations.

We recall from Section 3.5.3 that the depth of the loop chain indicates the
extent of the boundary region. This parameter imposes a limit to the num-
ber of fusible loops. If L includes more loops than the available boundary
region — that is, if n > depth — then IL will have to be split into shorter
loop chains, to be fused individually. As we shall see (Section 3.9.3), in
our inspector/executor implementation the depth is controlled by the Fire-
drake’s DMPlex module.
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3.8.3 Computational Complexity of Inspection

Let N be the maximum size of a set in I = [Lg, Ly, ..., L,—1] and let M be
the maximum number of sets accessed in a loop. If a is the maximum arity
of a map, then K = aN is the maximum cost for iterating over a map. K
is also the worst-case cost for inverting a map. Let p < 1 be the probabil-
ity that a conflict arises during inspection in the case of shared-memory

parallelism; thus, the expected number of inspection rounds is R = .

p
Hence, the worst-case computational costs of the main inspection phases

are as in Table 3.3.

Phase Cost shared memory | Cost distributed memory
Partitioning N N
Coloring RK N
Projection R(nMNK?) nMNK?
Tiling R(nMNK) nMNK
Local maps nM nM

Table 3.3: Worst-case computational costs of the main inspection phases.

3.9 Implementation

The implementation of automated generalized sparse tiling is distributed
over three software modules.

Firedrake The framework for the automated solution of PDEs through the
finite element method (Section 2.2.1).

PyOP2 Firedrake produces numerical kernels to be applied over sets of
mesh components. The parallel iteration over the mesh is handled
by PyOP2 (Section 2.2.2).

SLOPE A library for writing generalized inspector /executor schemes, with
primary focus on sparse tiling. PyOP2 uses SLOPE to apply sparse

tiling to loop chains.
There are several reasons that motivate this structuring.

Simplicity of analysis The abstractions used in Firedrake and PyOP2 dras-

tically simplify the analysis of input programs. For example, from
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the parallel loop construct in PyOP2 (Section 2.2.2) we can derive

the information that we need to construct a loop chain.

Flexibility Inspector/executor schemes can be expressed at three different
layers of abstraction: in Firedrake programs, in PyOP2 programs, or
directly in C. It is extremely intuitive and simple to use sparse tiling
in a Firedrake program. Once the regions of code to be sparse tiled
are identified, the inspector/executor schemes are automatically de-
rived in the PyOP2 implementation. In the case of a pure PyOP2
program, the generation of inspector/executor schemes is instead
only partly automated, since the separation of a set into the core,
boundary and non-exec regions for distributed-memory parallelism
is user’s responsibility. An inspector-executor scheme can also be
written from scratch in a plain C program. In this case, the loop
chain must be provided explicitly through direct calls to the SLOPE
library.

Realistic simulations We aim to use generalized sparse tiling in real-world
programs. The choice was then to use a framework, Firedrake, with
a user base that could provide meaningful examples. The imple-
mentation effort is higher, but so is the potential scientific impact.

The interplay amongst Firedrake, PyOP2 and SLOPE is outlined in Fig-

ure 3.10 and discussed in more detail in the following sections.

3.9.1 SLOPE: a Library for Sparse Tiling Irregular Computations

SLOPE is an open source software that provides an interface to build loop
chains and to express inspector/executor schemes for sparse tiling®.

The loop chain abstraction implemented by SLOPE has been formalized
in Section 3.5.3. In essence, a loop chain comprises some sets (including
the separation into core, boundary, and non-exec regions), maps between
sets, and a sequence of loops. Each loop has one or more descriptors spec-
ifying what and how different sets are accessed. The example in Listing 8

illustrates the interface exposed by SLOPE.

3SLOPE is a contribution of this thesis and is available at https://github.com/
coneoproject/SLOPE
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Figure 3.10: Sparse tiling in the Firedrake-PyOP2-SLOPE framework. There are three ways
of sparse tiling a loop chain: decorating a Firedrake program (1A), decorating
a sequence of loops in a PyOP2 program (1B), writing both the loop chain and
the inspector/executor codes explicitly in C through calls to SLOPE (1C). Both
(1A) and (1B) use the loop_chain interface (details in Section 3.9.2). The kernels
generated within a loop_chain are pre-processed in PyOP2 (2) and forwarded
to SLOPE through its python interface (3). SLOPE now has access to the loop
chain, so it can generate an inspector/executor scheme and return it to PyOP2
(4). The inspector is compiled and executed. The result, a schedule (i.e., the
output of Algorithm 1), is cached and used as input to the executor. Each
time the same loop_chain is encountered in a Firedrake/PyOP2 program, the
corresponding schedule is reused.

SLOPE implements the algorithms in Section 3.8.1. Further, it provides
additional features to estimate the effectiveness and to verify the correct-
ness of sparse tiling:

VTK file generator For each tiled loop, a file showing the mesh and the
repartition into colored tiles is generated. The file is suitable for
visualization in Paraview [Ayachit, 2015].

Inspection summary The inspector returns useful information concerning
the sparse tiling process, including: the number and the average size
of tiles, the total number of colors used (which can partly explain the
performance of a shared-memory parallelization), time spent in the

critical inspection phases.

In the case of shared-memory parallelism, the following sections of code
are parallelized through OpenMP:

¢ The projection and tiling algorithms; in particular, the loop at line 8
of Algorithm 2 and the loop at line 8 of Algorithm 3).
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* The execution of tiles having the same color; that is, the loops at
lines 4 and 10 of Algorithm 4.

3.9.2 PyOP2: Lazy Evaluation and Interfaces

We focus on three relevant aspects of PyOP2: (i) the interface exposed to
identify loop chains; (ii) the lazy evaluation mechanism that allows loop
chains to be built; (iii) the interaction with SLOPE to build and execute
inspector/executor schemes.

To apply sparse tiling to a sequence of loops, PyOP2 provides the loop_chain
interface, as exemplified in Listing 5. This interface is exposed to the

PyOP2 users, including Firedrake.

LISTING 5: The loop_chain interface in PyOP2. The name uniquely identifies a
loop chain. Other parameters (most of them optional) are useful for performance
evaluation (e.g., logging) and performance tuning. The tile_size specifies the
initial average size for the seed partitions. The fusion_scheme allows to specify
how to break a long sequence of loops into smaller loop chains, which makes it
possible to experiment with a full set of sparse tiling strategies without having
to modify the source code.

1 with loop_chain (name, tile_size, fusion_scheme, ...):

Any Python code here

PyOP2 exploits lazy evaluation of parallel loops to generate an inspec-
tor/executor scheme. The parallel loops encountered during the pro-
gram execution — or, analogously, those generated through Firedrake —
are pushed into a queue, instead of being executed immediately. The se-
quence of parallel loops in the queue is called the trace. If a dataset f
needs to be read, for example because a user wants to inspect its values
or a global linear algebra operation needs be performed, the trace is tra-
versed — from the most recent parallel loop to the oldest one — and a new
sub-trace produced. The sub-trace includes all parallel loops that must be
executed to evaluate f correctly. The sub-trace can then be executed or
further pre-processed.

All loops in a trace that were created within a loop_chain scope are sparse
tiling candidates. In detail, the interaction between PyOP2 and SLOPE is
as follows:

1. Listing 5 shows that a loop_chain defines a new scope. As this scope
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is entered, a stamp s; of the trace is generated. This happens “be-
hind the scenes”, because the loop_chain is a Python context manager,
which can execute pre-specified routines prior and after the execu-
tion of the body. As the loop_chain’s scope is exited, a new stamp s
of the trace is computed. All parallel loops in the trace generated

between s; and s; are placed into a sub-trace for pre-processing.

2. The pre-processing consists of two steps: (i) “simple” fusion — con-
secutive parallel loops iterating over the same iteration space that do
not present indirect data dependencies are merged; (ii) generation of
a loop chain representation for SLOPE.

3. In (ii), PyOP2 inspects the sequence of loops and translates all rele-
vant data structures (sets, maps, loops) into a format suitable for the
SLOPE’s Python interface. C code implementing an inspector for the
loops in the loop_chain is returned by SLOPE. PyOP2 compiles and
executes this code, which results in an inspection for the loop chain.

4. A “software cache” mapping loop_chains to inspections is used. This
whole process needs therefore be executed only once for a given
loop_chain.

5. The executor is built in an analogous way to the inspector.

3.9.3 Firedrake/DMPlex: the S-depth Mechanism for Extended
Halo Regions

Firedrake uses DMPlex [Lange et al., 2015] to handle meshes. DMPlex
is responsible for partitioning, distributing over multiple processes, and
locally reordering a mesh. The MPI parallelization is therefore managed
through Firedrake/DMPlex.

During the start-up phase, each MPI process receives a contiguous par-
tition of the original mesh from DMPlex. The required PyOP2 sets, which
can represent either topological components (e.g., cells, vertices) or func-
tion spaces, are created. As explained in Section 2.2.2, these sets distin-
guish between multiple regions: core, owned, exec, and non-exec. Fire-
drake initializes the four regions exploiting the information provided by
DMPlex.
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To support the loop chain abstraction, Firedrake must be able to allo-
cate arbitrarily deep halo regions. Both Firedrake and DMPlex have been
extended to support this feature!. A parameter called S-depth (the name
has historical origins, see for instance Chronopoulos [1991]) regulates the
extent of the halo regions. A value S-depth = n indicates the presence of n
strips of off-process data elements in each set. The default value is S-depth
= 1, which enables computation-communication overlap when executing
a single loop at the price of a small amount of redundant computation

along partition boundaries. This is the default execution model in Fire-
drake.

3.10 Performance Evaluation - Benchmarks
The experimentation of generalized sparse tiling consisted of two phases:

1. Initially, the technique was tried in two benchmarks: a sparse Jacobi
kernel and a proxy unstructured mesh application, originally devel-
oped as a demo for the OP2 framework. The objectives of this phase
were (i) to explore the impact of generalized sparse tiling on perfor-
mance, (ii) to characterize the circumstances where the approach is
profitable, (iii) to identify the potential limitations of the technique

in real applications, (iv) to prototype a compiler.

2. Then, a real application developed in Firedrake, Seigen (an elastic
wave equation solver for seismological problems), was used for sys-
tematic performance evaluation. This is presented in Section 3.11.
Thanks to its long sequence of loops, Seigen provided a whole suite
of sparse tiling benchmark configurations.

In this section, we focus on phase 1. Both benchmarks are written in
C. Sparse tiling was introduced manually using a preliminary version of
SLOPE. A previous version of the inspector algorithms presented in this
chapter, described in Strout et al. [2014], was used. As detailed next, one
of the major drawbacks of this older inspector was its cost, which grew

very rapidly with the number of loops in the chain and the number of

“The implementation was mostly carried out by Michael Lange.
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Matrix name | Execution time reduction % | Speed-up
Idoor 40.34 12.11
pwtk 38.42 11.98

thermal2 25.78 11.08
xenon2 20.15 9.53
audikw_1 13.42 8.70
nd24k -151.72 3.06

Table 3.4: Execution time reductions over the original implementation (in percentage) and
speed-ups over the single-threaded tiled implementation for the sparse Jacobi
solver with 15 threads.

distinct datasets accessed. Finally, only shared-memory parallelism via
OpenMP was supported.

In all experiments presented in this section, the optimal tile size (i.e. the
one leading to the best execution time) was determined empirically, for

each combination of architecture and application.

3.10.1 Sparse Jacobi

The first benchmark was the sparse tiling of a Jacobi sparse matrix solver®.
Given a sparse matrix A, and a vector f , related by Ail = f , each iteration
of the sparse Jacobi method produces an approximation to the unknown
vector ii. In our experiments, the Jacobi convergence iteration loop is un-
rolled by a factor of two and the resulting two loops are chained together
(1000 iterations of the loop chain was executed). Using a ping-pong strat-
egy, each loop reads from one copy of the if vector and writes to the other
copy. This experiment was run on an Intel Westmere (dual-socket 8-core
Intel Xeon E7-4830 2.13 GHz, 24MB shared L3 cache per socket). The code
was compiled using gcc-4.7.0 with options -03 -fopenmp.

The Jacobi recurrence equation includes a sparse matrix vector multi-
plication and is representative of a broad class of sparse linear algebra
applications. It is also an effective test-bed because different data depen-
dency patterns can be examined simply by using different input matrices.
In these experiments, a set of 6 input matrices, drawn from the University
of Florida Sparse Matrix Collection [Davis and Hu, 2011], was used. The
matrices were selected so that they would vary in overall data footprint,

5This section is partly extracted from Strout et al. [2014]; the experiments were conducted
by Christopher D. Krieger, Catherine Olschanowsky, and Michelle Mills Strout
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Architecture | Implementation | Execution time (s) | Speed-up
omp 36.87 6.43
Westmere mpi 31.0 7.66
tiled 26.49 8.96
omp 30.01 6.65
Sandy Bridge mpi 24.42 8.17
tiled 20.63 9.67

Table 3.5: Execution time (in seconds) and speed-ups over the slowest single-threaded im-
plementation for the Airfoil benchmark. Respectively 16 and 24 threads/pro-
cesses are used on the Sandy Bridge and Westmere machines.

from 45 MB to 892 MB, and in percentage of non-zeros, from very sparse
at 0.0006% to much more dense at 0.5539% non-zeros.

Table 3.4 compares the performance of the tiled Jacobi solver to that of a
simple blocked version. Both codes use OpenMP parallel for directives
to achieve parallelism. The execution time reduction varied from 13% to
47% with the exception of the nd24k matrix, which showed as much as a
1.52x slowdown when sparse tiled. This matrix is highly connected, thus
limiting the number of tiles that can be scheduled in parallel. The greater
parallelism available under a blocked approach provides more benefit in
this case than the performance improvements due to improved locality
from full sparse tiling. Overall, speed-ups of between 8 and 12 times over
the single-threaded tiled implementation were observed when using 15
threads; a clear outlier is again the nd24k matrix that did not scale past 3.2
times the single thread performance.

The values in Table 3.4 do not include the inspection time necessary to
full sparse tile the loop chain. To break even when this cost is considered,
the inspector time must be amortized over between 1000 and 3000 itera-
tions of the executor, depending on the specific matrix being solved. We
will further elaborate on this aspect in Section 3.10.3.

3.10.2 Airfoil

The second benchmark was Airfoil [Giles et al., 2005], a proxy finite vol-
ume application designed in the context of the OP2 project to represent
the 3D viscous flow calculations typical of the Hydra CFD code [Reg-
uly et al., 2016] at Rolls-Royce plc. It is a nonlinear 2D inviscid airfoil
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code using an unstructured mesh, which solves the 2D Euler equations
employing a scalar numerical dissipation. Airfoil has a predictor/cor-
rector time-marching loop consisting of 2000 iterations, and iterates to-
wards the steady state solution by using a control volume approach in
each iteration [OP2 contributors, 2011]. At each time iteration, four paral-
lel loops are executed. The first two loops, called adt-calc and res-calc,
constitute the bulk of the computation. The adt-calc loop iterates over
cells, reads from adjacent vertices and writes to a local dataset, whereas
res-calc iterates over edges and exploits indirect mappings to vertices
and cells for incrementing indirect datasets associated to cells. These loops
share datasets associated with cells and vertices. The res-calc loop com-
putes the flux over the interior edges. The third and fourth loops, called
bres-calc and update, are less computationally expensive. The former
computes the flux over the boundary edges, while the latter — a direct
loop over cells — updates the current solution. Double-precision floating-
point arithmetic is used.

Three implementations of Airfoil, omp, mpi and tiled, were compared
on two shared-memory machines, an Intel Westmere (dual-socket 6-core
Intel Xeon X5650 2.66 GHz, 12MB of shared L3 cache per socket) and an
Intel Sandy Bridge (dual-socket 8-core Intel Xeon E5-2680 2.00Ghz, 20MB
of shared L3 cache per socket). The code was compiled using the In-
tel icc 2013 compiler with optimizations enabled (-03, -xSSE4.2 on the
Westmere and -xAVX on the Sandy Bridge).

The omp and mpi versions of Airfoil were implemented in OP2. The ef-
fectiveness of these parallelization schemes has been demonstrated in Giles
et al. [2011]. The tiled implementation uses an early version of the SLOPE
library (the differences with the inspector algorithms shown in Section 3.8.1
are discussed later) and is based on shared-memory parallelism via OpenMP.
We manually unrolled the time loop by a factor of two to be able to tile
over 6 loops in total.

Table 3.5 shows the runtime reduction achieved by sparse tiling the loop
chain on the Westmere and Sandy Bridge architectures. The input unstruc-
tured mesh was composed of 1.5 million edges. It is worth noticing that
both the omp and tiled versions suffer from the well-known NUMA effect
as threads are always equally spread across the two sockets. Neverthe-
less, compared to mpi, the tiled version exhibits a peak runtime reduction
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of 15% on the Westmere and of 16% on the Sandy Bridge.

Results shown for tiled do not include, however, the inspector overhead.
By also including it, the aforementioned improvements over mpi reduce to
roughly 10% on both platforms. In common with the sparse Jacobi solver,

the slow-downs when including the inspection overhead are significant.

3.10.3 Outcome

Need for highly optimized inspection The inspection overhead can sig-
nificantly affect sparse tiling. The situation may be even worse in real
applications, as usually characterized by longer loop chains, or when the
mesh changes over time. This experimental phase led to re-engineering
the inspection scheme presented in Strout et al. [2014] into the version de-
scribed in this chapter. To summarize, the critical differences are: (i) data
dependency analysis abstracted to the level of sets, rather than datasets;
(ii) optimistic coloring with backtracking in case of conflicts; (iii) paral-
lelization of the projection and tiling routines through the use of inverse

maps.

Need for automation The second lesson from this experimentation is
that automation is indispensable. Writing the inspector as a sequence of
calls to SLOPE is relatively simple, although tedious and error-prone. In-
tegrating the executor is much more complicated, because this requires the
rewriting of an entire sequence of loops. This is a severe limitation as it
poses an implementation burden on potential users. These considerations
led to the multilayer framework detailed in Section 3.9, which automati-
cally generates inspector/executor schemes in Firedrake programs.

Need for distributed-memory support The Airfoil experiments high-
lighted that shared-memory parallelism over multi-socket architectures is
drastically affected by the non-uniform memory access (NUMA) issue.
The difference in execution time between the OP2 OpenMP and MPI ver-
sions is in this sense remarkable. As discussed in Reguly et al. [2016],
the irregular nature of the computation makes it hard to find systematic
solutions to the NUMA issue in the case of pure OpenMP parallelism.
The sparse tiled implementation was also purely based on OpenMP, so it
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suffered from the same problem. This led to the definition of a more gen-
eral loop chain abstraction (Section 3.5.3) and to the introduction of more
flexible inspector algorithms (Section 3.8.1), enabling distributed-memory
execution. The MPI and the hybrid OpenMP/MPI execution models are

naturally better options for unstructured mesh applications.

3.11 Performance Evaluation - Seigen: an Elastic
Wave Equation Solver for Seismological

Problems

In this section, sparse tiling is applied to a computation built on top of
Firedrake, Seigen. The performance analysis presented in the following
sections is an actual methodological contribution of the thesis. The objec-
tives of this experimentation were to quantify and to motivate in detail
the impact of the optimization in a complex, realistic application. For this,
we executed a large set of experiments on multiple architectures, made
use of profilers and analytical tools, and studied the correlation with key

simulation parameters, such as the polynomial order and the mesh.

3.11.1 Computation
3.11.1.1 The Seismic Model

Seigen is a new seismological modelling framework capable of solving
the elastic wave equation on unstructured meshes. Exploiting the well-
known velocity-stress formulation [Virieux, 1986], the seismic model is
expressible as two first-order linear PDEs, which we refer to as velocity
and stress. These governing equations are discretized in space through
the discontinuous-Galerkin finite element method. The evolution over
time is obtained by using a fourth-order explicit leapfrog scheme based on
a truncated Taylor series expansion of the velocity and stress fields. The
particular choice of spatial and temporal discretizations has been shown
to be non-dissipative [Delcourte et al., 2009]. More details can be found
in Jacobs et al. [2016]. Seigen is part of OPESCI, an ecosystem of software
for elastic wave modeling [Gorman et al., 2015].
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3.11.1.2 Choice of the Test Case

The Seigen framework has been implemented using Firedrake by Chris-
tian Jacobs®, along with a set of test cases. In this experimentation, we
use the explosive_source test case. The test cases may differ in various
aspects, such as the initial conditions of the system and the propagation of
waves. However, they are all based upon the same seismological model;
from a computational viewpoint, this means that, in a time step, the same
sequence of loops is executed. Consequently, the performance analysis of
explosive_source in Section 3.11.3 is generalizable to the other test cases.
In fact, some of the conclusions will be generalizable to even completely
different codes.

3.11.1.3 Implementation

In a time loop iteration, eight linear systems need be solved, four from
velocity and four from stress. Each solve consists of three macro-steps
(see also Section 2.1.4): assembling a global matrix A; assembling a global
vector b; computing x in the system Ax = b. There are two global “mass”

matrices, one for velocity and one for stress. Both matrices are
¢ Time invariant, so they are assembled before entering the time loop.

* Block-diagonal, as a consequence of the spatial discretization em-
ployed; a block belongs to an element in the mesh. The inverse of
a block-diagonal matrix is again block-diagonal and is determined
by computing the inverse of each block. The solution of the linear
system Ax = b, expressible as x = bA~1, can therefore be evaluated
by looping over the mesh and computing a “small” matrix-vector

product in each element, where the matrix is a block in AL

Assembling the global vectors reduces to executing a set of loops over
mesh entities, particularly over cells, interior facets, and exterior facets.
Overall, twenty-five loops are executed in a time loop iteration. Thanks to
the hierarchy of “software caches” employed by Firedrake, the translation

from mathematical syntax into loops is only performed once.

6Formerly Imperial College London, now University of Southampton
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Figure 3.11: Four phases of the explosive_source test case in Seigen, following an explo-
sion at a point source.

3.11.1.4 Application of Sparse Tiling

Introducing sparse tiling into Seigen was relatively straightforward. Three
steps were required: (i) embedding the time stepping loop in a loop_chain
context (see Section 3.9.2), (ii) propagating the relevant user input for per-
formance tuning, (iii) creating a set of fusion schemes. A fusion scheme
establishes which sub-sequences of loops within a loop_chain will be fused
and the respective seed tile sizes. If no fusion schemes were specified, all
of the twenty-five loops would be fused using a default tile size. As we
shall see, operating with a set of small loop chains and heterogeneous tile
sizes is much more effective than fusing long sequences of loops. Hence,
specifying multiple fusion schemes is likely to have a direct payoff in per-
formance. As an example, one such scheme treats the loops arising in

velocity and stress as two different loop chains.

3.11.1.5 Validation

Seigen has several mechanisms to validate the correctness of the seismo-
logical model and the test cases. The numerical results of all code versions
(with and without tiling) were checked and compared. Paraview was also

used to verify the simulation output. A snapshot of the simulation output
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is displayed in Figure 3.11.

3.11.1.6 Parametrization of the Computation

There are two parameters that we can vary in explosive_source: the

polynomial order of the method and the input mesh.

Polynomial order ; We will test the spectrum g € {1,2,3,4}. To test higher
polynomial orders, changes to both the spatial and temporal dis-
cretizations would be necessary. For the spatial discretization, the
most obvious choice would be tensor product function spaces. How-

ever, this functionality is still under development in Firedrake.

Mesh We use as input a two-dimensional rectangular domain of fixed size
300x150 tessellated with triangles. We will vary the mesh spacing

h, which impacts the number of elements in the domain.

3.11.1.7 Computational Analysis of the Loops

We here discuss computational aspects of the twenty-five fusible loops.
The following considerations derive from an analytical study of the data
movement in the loop chain, extensive profiling through the Intel VTune
Amplifier tool [Intel Corporation, 2016], and roofline models (available
in Jacobs et al. [2016]).

Seigen should benefit from sparse tiling Not only does data reuse arise within
single loops (e.g., by accessing vertex coordinates from adjacent cells),
but also across consecutive loops, through indirect data dependen-
cies. This makes Seigen a natural fit for sparse tiling.

Data reuse across solvers Eight “solver” loops perform matrix-vector mul-
tiplications in each mesh element. It is well established that linear
algebra operations of this kind are memory-bound. Four of these
loops arise from velocity, the others from stress. There is signif-
icant data reuse amongst the four velocity loops and amongst the
four stress loops, since the same blocks in the global inverse matri-
ces are accessed. We hypothesize performance gains if these loops
were fused through sparse tiling.
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Exterior facet loops have negligible cost Three loops implement the bound-
ary conditions of the variational problems by iterating over the exte-
rior mesh facets. The impact of these loops on the completion time is
negligible, since their iteration space is order of magnitude smaller

than that of cells and facets loops.

Data reuse across cells and facets loops Six loops iterate over the interior
mesh facets to compute so called facet integrals. Facet integrals en-
sure the propagation of information between adjacent cells in discontinuous-
Galerkin methods. The operational intensity of these loops is much
lower than that of cell loops, and memory-boundedness is expected.
Consecutive facet and cell integral loops share fields, which creates
cross-loop data reuse opportunities. Again, sparse tiling might play
an important role in transforming this data reuse into data locality.

Optimizing the operational intensity All computational kernels generated
in Seigen are optimized through COFFEE (Chapters 4, 5, 6). In
essence: (i) the operation count is minimized by restructuring ex-
pressions and loop nests; (ii) auto-vectorization opportunities are

created by using array padding and by enforcing data alignment.

3.11.2 Setup and Reproducibility
3.11.2.1 Fusion Schemes and Attempted Optimizations

The generality of the sparse tiling algorithms, the flexibility of the loop_chain
interface, and the S-depth mechanism made it possible to experiment with
a variety of fusion schemes without changes to the source code.

Five fusion schemes were devised, based on the following criteria: (i)
amount of data reuse, (ii) amount of redundant computation over the
boundary region, (iii) memory footprint (the larger, the smaller the tile
size to fit in cache). The fusion schemes are summarized in Table 3.6 and
illustrated in Figure 3.12. The full specification, along with the seed tile
size for each sub loop chain, is available at Jacobs and Luporini [2016].

Furthermore, several optimizations, applicable to all fusion schemes,

were tried:

Global and local maps Algorithm 1 computes so called local maps to avoid
an extra level of indirection in the executor. We regard this as a
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Fusion | Number of sub Criterion S-depth
scheme| loop chains
fs1 3 Fuse only a few cells and facets loops 2
fs2 8 Several short loop chains 2
fs3 6 fs2 and include all solver loops 2
fs4 3 More aggressive than fs3 3
£s5 2 Two loop chains: one for velocity and one for stress 4

Table 3.6: Summary of the fusion schemes adopted in Seigen. The S-depth column repre-
sents the number of off-process cell layers.

fs1 fs2 fs3 fs4 fsb fs1 fs2 fs3 fs4 fsb
cells T TT7 cells T T
int-facets I | ext-facets
mat-vec int-facets 1
cells T mat-vec 1
ext-facets cells T T
int-facets J int-facets I i
mat-vec 1 mat-vec
cells T T T cells T
int-facets I i ext-facets
mat-vec T int-facets 1
cells mat-vec T
mat-vec 1 1 cells
mat-vec | 11

Figure 3.12: The sub loop chains in the five fusion schemes. Cells, int-facets, and ext-
facets represent respectively the cell, interior facet, and exterior facet assembly
loops, while mat-vec represents a solver.

potential optimization. Although no data reuse is available for the
local maps (each fused loop has its own local maps), there might be
benefits from improved hardware prefetching and memory latency.
We will experiment with both global (i.e., original, as constructed
by Firedrake and provided in the loop chain specification) and local
(i.e., computed by SLOPE) maps.

Tile shape The seed loop partitioning and the mesh numbering determine
the tile shape. The simplest way of creating tiles consists of “chunk-
ing” the seed iteration space every ts iterations, with ts being the
initial tile size (see Section 3.8.1). The chunk partitioning inherits
the original mesh numbering. In Firedrake, and therefore in Seigen,
meshes are renumbered during initialization applying the reverse
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Cuthill-McKee (RCM) algorithm. Using chunk partitioning on top
of an RCM-renumbered mesh has the effect of producing thin, rect-
angular tiles. This affects tile expansion, as a large proportion of
elements lie on the tile border. There are potential solutions to
this problem. The most promising would consist of using a Hilbert
curve, rather than RCM, to renumber the mesh. This would lead
to more regular polygonal tiles when applying chunk partitioning.
Unfortunately, Hilbert curves are at the moment not supported in
Firedrake. An alternative consists of partitioning the seed iteration
space with a library like METIS [Karypis and Kumar, 2011] before
applying RCM. As we shall see, this approach is not exempt from
side effects.

Software prefetching In a loop, there are usually more than a single stream
of memory accesses amenable to hardware prefetching (e.g., ac-
cesses to the indirection maps; direct accesses to data values; in-
direct accesses to data values if the mesh has a good numbering).
Sparse tiling, unfortunately, impairs hardware prefetching for two
reasons: (i) the virtual addresses streams are considerably shorter;
(i) tile expansion introduces irregularities in these streams. Soft-
ware prefetching can be used together with hardware prefetching to
minimize memory stalls. PyOP2 and SLOPE have been extended to
emit intrinsics instructions for prefetching the iteration i’s maps and

data values while executing iteration i — 1.

Extended boundary region The special non-exec tile T, (see Sections 3.6
and 3.8.1) reduces the amount of redundant computation in long
loop chains by expanding over boundary tiles. There are two ways
of creating T,,: either an extra layer of data is added to the bound-
ary region (e.g., see Figure 3.7) or during inspection, by searching
for mesh boundaries. The current implementation only supports
the first option. Manually deriving T, would be not only algorith-
mically complex, but also potentially very expensive.
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3.11.2.2 Systems Configuration and Execution Modes

Extensive experimentation was performed on two Intel architectures, whose

specification is reported in Table 3.7.

System Erebus CX1-Ivy
Node 1x4-core Intel 17-2600 3.4GHz 2x20-core Intel Xeon E5-2660 2.20GHz
DRAM 16 GB 64 GB
STREAM
performance 18.5 GB/s (4.6 GB/s per core) 92.0 GB/s (4.6 GB/s per core)
Cache L1=32KB, L2=256KB, L3=8MB L1=32KB, L2=256KB, L3=25MB
hierarchy L3 is shared L3 is shared per socket (50MB total)
Compilers Intel icc 16.0.2 Intel icc 15.1
Compiler flags -03 -xHost -ip -03 -xHost -ip
MPI version Open MPI 1.6.5 Intel MPI 5.1
I_MPI_DEVICE ssm
MPI . . I MPI_PIN yes
options --bind-to-core T_MPT_PIN.MODE 1lib
I_MPI _PIN_PROCESSOR_LIST map=bunch

Table 3.7: Systems specification.

Support for shared-memory parallelism is discontinued in Firedrake,
so only distributed-memory parallelism was tested. MPI processes were
pinned to cores. The hyperthreading technology was not used. Erebus
and CX1-Ivy were unstressed and exclusive access had been obtained

when the runs were performed.

3.11.2.3 Meshes

The (average) number of degrees of freedom d assigned to a process
mainly depends on the polynomial order g, the mesh spacing h and the
number of cores n in a node. Meshes are chosen such that: (i) d fits in
main memory; (ii) d exceeds the last level of cache; (iii) <d, g, h> en-
sure convergence of the simulation. A summary of the meshes used for

experimentation is provided in Table 3.8.

3.11.2.4 Timing Criteria

For each experiment, we collect three measurements.
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System n d velocity d stress

Erebus 1.0 | 138k | 276k | 460k | 690k | 276k | 552k | 920k | 1379k
(n=4) 1.2 96k 192k | 320k | 480k | 192k | 385k | 641k | 961k

cXi-vy | 06 | 78k | 157k | 262k | 393k | 157k | 314k | 525k | 787K
(n=20) | 08 | 44k | 89k | 149k | 223k | 89k | 178k | 298k | 447k

Table 3.8: Summary of the meshes used for single-node experimentation in Seigen. d is
the average number of degrees of freedom assigned to a process for a given
variational form.

Overall completion time (OT) Used to compute the maximum application
speed-up when sparse tiling is applied.

Average compute time (ACT) Sparse tiling impacts the kernel execution time
by increasing data locality. Communication is also influenced, espe-
cially in aggressive fusion schemes: the rounds of communication
decrease, while the data volume exchanged may increase. ACT iso-
lates the gain due to increased data locality from (i) the communica-
tion cost and (ii) any other action performed in Firedrake (executing
Python code) between the invocation of kernels. This value is aver-

aged across the processes.

Average compute and communication time (ACCT) As opposed to ACT, the
communication cost is also included in ACCT. By comparing ACCT

and ACT, the communication overhead can be derived.

As we shall see, all of these metrics will be essential for a complete under-
standing of the sparse tiling performance. It is true that for much larger
meshes ACT and ACCT should converge to OCT, but such an experi-
mentation is not feasible as it would require weeks, possibly months, of
compute time.

To collect OT, ACT and ACCT, the following configuration was adopted.

¢ All experiments were executed with “warm cache”; that is, with
all kernels retrieved directly from the Firedrake’s software cache of
compiled kernels, so code generation and compilation times are not

counted.
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¢ All of the non-tiled explosive_source tests were repeated three times.
The sparse tiling search space is big (the product of all g, fusion
schemes, tile sizes, meshes and a set of additional optimizations)
and some tests can last longer than a hour, so for practical reasons
the tiled explosive_source tests were repeated two times, instead

of three. The minimum times are reported (negligible variance).

* The cost of global matrix assembly — an operation that takes place
before entering the time loop —is not included in OT. Firedrake needs
to be extended to assemble block-diagonal matrices directly into vec-
tors (an entry in the vector would represent a matrix block). Cur-
rently, this is instead obtained in two steps: first, by assembling into
a CSR matrix; then, by explicitly copying the diagonal into a vector
(a Python operation). The assembly per se never takes more than 3
seconds, so it is reasonable to exclude this temporary overhead from

our timing.
¢ The inspection cost due to sparse tiling is included in OT.

* Extra costs were minimized: no check-pointing, only two 1/O ses-
sions (at the beginning and at the end of the computation), and min-
imal logging.

® The time loop has a fixed duration T, while the time step depends
on the mesh spacing / to satisfy the Courant-Friedrichs-Lewy nec-
essary condition (i.e., CFL limit) for the numerical convergence. In
essence, finer meshes require proportionately smaller time steps to
ensure convergence. Furthermore, T cannot be reduced arbitrarily,
which makes the performance exploration longer. A (prolonged)
transitory period P is necessary so that the waves fully propagate
across the domain. During P, the data movement is greatly reduced
as most data values are unchanged. The effects of sparse tiling be-
come evident only if T is sufficiently longer than P, so complete
simulations had to be executed.

3.11.3 Results and Analysis

In this section, we report on hundreds of experiments aimed at quanti-

tying the performance improvements obtainable in Seigen when sparse
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tiling is applied. Using the explosive_source test case, we explore a
large set of parameters, which includes polynomial order, mesh, node
architecture, fusion scheme, and many others. A generic instance of
explosive_source optimized with sparse tiling will be referred to as a
“tiled version”, otherwise the term “original version” will be used. The

structure of this section is as follows:

1. We start with an overview of the maximum speed-ups obtained

through sparse tiling. Some preliminary observations are made.

2. We delineate the structure of the search space exploration for deter-
mining the optimal sparse tiling version.

3. We motivate, in detail, through plots and the loop chain analyzer tool
(introduced shortly), the performance of the various fusion schemes
and optimizations attempted.

4. We provide further evidence from profiler reports.

5. We comment on the performance bottlenecks introduced by sparse
tiling.

3.11.3.1 Summary of the Attained Speed-ups

The times that we report below derive from runs with 1 MPI process per
physical core. The benefits from sparse tiling (if any) tend to be negligible
in other types of runs (e.g., sequential runs). As elaborated in the follow-
ing sections, this is a consequence of three factors: (i) the memory access
latency is only marginally affected when a large proportion of bandwidth
is available to the processes; (ii) hardware prefetching is impaired by the
small iteration space of tiles; (iii) TLB misses are more frequent due to tile
expansion.

Table 3.9 reports the completion times (OT) for the original and tiled
versions of Seigen, on both Erebus and CX1-Ivy. For each node architec-
ture, polynomial order g and mesh, the best tiled version time is reported;
the search space exploration that led to this number will be detailed in
the next section. The speed-up for OT achieved through sparse tiling is
indicated as Q°T. Tables 3.10 and 3.11 show analogous information for
ACT and ACCT.
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Based on these tables, some preliminary observations can be made.

® Despite a similar amount of available bandwidth per core, an im-

proved core architecture and a better cache hierarchy (see Table 3.7)
the speed-ups on CX1-Ivy are generally not as high as on Erebus.
Profiling through Intel VTune showed that the proportion of time
spent on executing compute-bound loops is higher on CX1-Ivy than
on Erebus, but further investigation is required to explain this be-
haviour. It would be interesting to carry out a similar performance
exploration on a many-core architecture, like Intel’s Knights Land-
ing, characterized by less powerful cores and a completely different
memory system. Testing on multi-node systems is also high prior-
ity future work, as this will increase the pressure on the memory

system due to inter-node communication.

The performance improvements are generally greater than 1.10X,
and often exceed 1.20x. In light of the limiting factors discussed in
the next sections, this is a promising result. While some of these lim-

iting factors are inherent in Seigen and sparse tiling, others are sim-

System | h q OT (s) OT tiled (s) Qo7
1 687 596 1.15

ol 2 1453 1200 1.21

' 3 3570 2847 1.25

Erebus 4 7057 5827 1.21
(n=4) 1 419 365 1.15
| 2 870 715 1.22

' 3 1937 1549 1.25

4 4110 3390 1.21

1 859 813 1.06

06| 2 1712 1585 1.08

‘ 3 3680 3378 1.09

CX1-Ivy 4 8051 6962 1.16
(n = 20) 1 396 390 1.02
os | 2 770 721 1.07

' 3 1562 1457 1.07

4 3263 2931 1.11

Table 3.9: Comparing the Seigen completion time OT on Erebus (number of processes
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System | h q ACT (s) ACT tiled (s) QACT
1 533 455 1.17

ol 2 1252 999 1.25

“l 3 3255 2549 1.28

Erebus 4 6585 5401 1.22
(n=4) 1 313 267 117
o] 2 729 579 1.26

! 1746 1360 1.28

4 3837 3127 1.23

1 484 448 1.08

06l 2 1149 1015 1.13

! 2740 2471 1.11

CX1-Ivy 4 6354 5423 1.17
(n = 20) 1 191 175 1.09
sl 2 486 434 1.12

I 1159 1068 1.09

4 2654 2307 1.15

Table 3.10: Comparing the Seigen average compute time ACT on Erebus (number of pro-
cesses n = 4) and CX1-Ivy (n = 20).

System | B | g ACCT (s) ACCT tiled (s) | QACCT
1 581 503 1.16
1o] 2 1334 1071 1.25
' 3 3438 2712 1.27
Erebus 4 6881 5661 1.22
(n=4) 1 340 293 1.16
| 2 776 618 1.26
' 3 1827 1437 1.27
4 3987 3265 1.22
1 638 586 1.09
06| 2 1468 1336 1.1
' 3 3398 3087 1.1
CX1-Ivy 4 7745 6649 1.16
(n = 20) 1 230 247 0.93
os | 2 603 543 1.11
' 3 1378 1278 1.08
4 3061 2730 1.12

Table 3.11: Comparing the Seigen average compute and communication time ACCT on
Erebus (number of processes n = 4) and CX1-Ivy (n = 20).
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ply due to shortcomings of the current implementation. We there-
fore envisage ample space for improvements. QACT and QACCT are,
as expected, higher than Q°T. ACT, in particular, tells us that the
benefits from the relieved memory pressure outweigh the redundant

computation overhead.

* The performance improvements tend to increase with 4. This is re-
markable, but not surprising. The memory footprint of an iteration
grows with g, hence all negative effects such as impaired hardware
prefetching and TLB misses (properly documented in the next sec-
tions) caused by sparse tiling become less notable. This trend can be

observed in all problem instances.

3.11.3.2 Structure of the Search Space Exploration

The best tiled version for a specific problem instance was determined em-
pirically, trying all possible combinations out of a set of parameters. The
space of parameters was described in Section 3.11.2.1 and is summarized
below.

Fusion scheme Five fusion schemes (fsX, X € {1,2,3,4,5}) were stud-
ied (see Table 3.6).

Seed tile size For each fs and g, three or four tile sizes were tested. Four
tile sizes were used with g € {1,2}. The tile sizes were chosen to
maximize the likelihood of fitting in L2 or L3 cache. A less extensive
experimentation with “more adverse” tile sizes showed that: (i) a
very small value causes dramatic slow-downs (up to 8x slower than
the original versions); (ii) larger values cause proportionately greater

increase in execution time.
Indirection maps Both local and global maps were tested.
Partitioning Two partitioning strategies were tested: chunk and metis.

Extended boundary region All experiments were repeated with and with-
out the extended boundary region optimization discussed in Sec-
tion 3.11.2.1.

96



Software prefetching and a small set of prefetch distances were also
tested in a few instances of explosive_source, but no significant changes
to the execution times were observed. It was decided, therefore, to exclude
this parameter from the search space; this made it possible to execute the
whole test suite in slightly less than five days.

An explosive_source instance is determined by three parameters:

Node architecture The two systems shown in Table 3.7 were used.
Polynomial order g € {1,2,3,4}.

Mesh The meshes shown in Table 3.8 were used (two meshes for each
node architecture).

We experimented with 2 X 4 x 2 = 16 explosive_source instances. For
each of these instances, we tested the original Seigen version and a set of
tiled versions. When g € {1,2}, a set of tiled versions consists of 5 x 4 x
2 x 2 x 2 = 160 instances (otherwise, with g € {3,4}, the instances are
120). In total, we executed 8 x (160 + 1) + 8 x (120 + 1) = 2256 versions
of Seigen on single node.

Given the large number of problem instances, the results of the search
space exploration are organized as follows. We show one plot for each of
the sixteen explosive_source instances. A plot illustrates the search space
exploration for given node architecture, i and g. The ACCT of the original
version and a subset of tiled versions is reported on the y-axis. To make
the plots readable, the impact of (i) local/global indirection maps, (ii) nor-
mal/extended boundary region, (iii) chunk/metis partitioning strategies
are only discussed qualitatively. Fortunately, it is very straightforward to
draw general conclusions about the effect of these optimizations. The raw

execution times are available at Luporini [2016a].

3.11.3.3 Outcome of the Search Space Exploration

PyOP2 was enhanced with a loop chain analyzer (LCA) capable of estimat-
ing the best- and worst-case tile memory footprint, as well as the percent-
age of data reuse ideally achievable’. We use this tool, as well as Intel

VTune, to explain the performance achieved.

"It is part of our future plans to move this machinery into SLOPE, where the effects of
tile expansion can be taken into account to provide better estimates.
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Figure 3.13: Search space exploration on Erebus with n = 4 MPI processes. Two meshes (h €
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ACCT (s)

ACCT (s)

{1.0,1.2}) and four polynomial orders (§ € {1,2,3,4}) are shown. Each plot shows
the average compute and communication time (ACCT, y-axis) of five fusion schemes and
the original version. The seed tile size of a loop chain in an fs, in terms of seed loop
iterations, is the product of the “tile size factor” (x-axis) and a pre-established multiplier
(an integer in the range [1,4]; full list at Jacobs and Luporini [2016]). With tiling, global
maps, chunk partitioning, and the extended boundary region optimization are used.
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Figure 3.15: Search space exploration on CX1-Ivy with n = 20 MPI processes. Two meshes (h €

ACCT (s)

ACCT (s)

{0.6,0.8}) and four polynomial orders (g € {1,2,3,4}) are shown. Each plot shows the
average compute and communication time (ACCT, y-axis) of five fusion schemes and
the original version. The seed tile size of a loop chain in an fs, in terms of seed loop
iterations, is the product of the “tile size factor” (x-axis) and a pre-established multiplier
(an integer in the range [1,4]; full list at Jacobs and Luporini [2016]). With tiling, global
maps, chunk partitioning, and the extended boundary region optimization are used.
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Figure 3.13 and 3.15 illustrate the search space exploration on Erebus

and CX1-Ivy, respectively. For reference, the ACCT of the original version

is also reported (in red, null tile size). The general trend of the search

space exploration is as follows.
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¢ fs, unsurprisingly, is the parameter having largest impact on the

ACCT. By influencing the fraction of data reuse convertible into data
locality, the amount of redundant computation and the data volume
exchanged, fusion schemes play a fundamental role in sparse tiling.
This makes automation much more than a desired feature: with-
out any changes to the source code, multiple sparse tiling strategies
could be studied and tuned. Automation is one of our major contri-
butions, and this performance exploration justifies the implementa-
tion effort.

There is a non-trivial relationship between ACCT, q and fs. The
aggressive fusion schemes are more effective with high g — that is,
with larger memory footprints — while they tend to be less efficient,
or even deleterious, when ¢ is low. The extreme case is fs5, which
fuses two long sequences of loops (twelve and thirteen loops each).
In Figure 3.13 (Erebus), £s5 is never a winning choice, although
the difference between fs3/fs4 and fs5 decreases as g4 grows. In
Figure 3.16b (CX1-Ivy) this phenomenon is even more pronounced:
while with g = 2 fs4 was almost 1.10x faster than the best fs5,
with g = 3 the difference was only 1.04x, and with g = 4 fs5 ended
outperforming fs4 by roughly 1.02x. If this trend continued with
g > 4, then the gain from sparse tiling could become increasingly
larger.

A non-aggressive scheme fuses only a few small subsets of loops. As
discussed in later sections, these fusion schemes, despite affording
larger tile sizes than the more aggressive ones (due to the smaller
memory footprint), suffer from limited cross-loop data reuse. For
fs1, LCA determines that the percentage of reusable data in the
three fused loop chains decreases from 25% (g = 1) to 13% (g = 4).
The drop is exacerbated by the fact that no reuse can be exploited
for the maps. Not only are these ideal values, but also a significant



number of loops are left outside of loop chains. The combination of
these factors motivate the lack of substantial speed-ups. With fs2, a
larger proportion of loops are fused and the amount of shared data
increases. The peak ideal reuse in a loop chain reaches 54%, which
translates into better ACCTs. A similar growth in data reuse can be
appreciated in more aggressive fusion schemes, with a peak of 61%
in one of the £s5’s loop chains. Nevertheless, the performance of £s5
is usually worse than fs4. As we shall clarify in later sections, this is
mainly due to the excessive memory footprint, which in turn leads
to very small tiles. Speculatively, we tried running a sixth fusion
scheme: a single loop chain including all of the 25 loops in a time
iteration. In spite of an ideal data reuse of about 70%, the ACCT was
always significantly higher than all other schemes.

Figure 3.13 and 3.15 show the ACCT for a “good selection” of tile
size candidates. Our approach was as follows. We took a very small
set of problem instances and we tried a large range of seed tile sizes.
Very small tile sizes caused dramatic slow-downs, mostly because
of ineffective hardware prefetching and TLB misses. Tile sizes larger
than a fraction of L3 cache also led to increasingly higher ACCTs.
If we consider 4 = 4 in Figure 3.13, we observe that the ACCT of
fs2, £s3, and fs4 grows when the initial number of iterations in a
tile is as big as 70. Here, LCA shows that the tile memory footprint
is, in multiple loop chains, higher than 3MB, with a peak of 6MB in
fs3. This exceeds the proportion of L3 cache that a process owns
(on average), which explains the performance drop.

As explained, the tile size and the fusion scheme are the most important

parameters of the search space exploration. Fortunately, general conclu-

sions about the impact of the other optimizations can easily be drawn.

Indirection maps Using local maps provides marginal gains with fs1 and

fs2; that is, only when there is none or very little reuse for the
indirection maps. In all other cases, the original indirection maps,
provided through the loop chain abstraction, lead to larger gains,
despite the need for an extra level of indirection.

Partitioning The chunk partitioning, applied on top of the RCM-based
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mesh numbering, always outperforms the metis partitioning. The
main reasons, as properly documented in Section 3.11.3.6, are the
increase in TLB misses and a less effective hardware prefetching,

caused by a more irregular tile expansion.

Extended boundary region Minimization of redundant computation through
expansion of non-exec tiles, implemented by allocating an extra layer
of data elements along the boundary region (see T, in Figure 3.7 and
Section 3.11.2.1), almost always improves the ACCT. Further, when it

does not, the performance difference tends to be negligible.

Summarizing, a very promising heuristic for a cost model might be: (i)
never use local maps; (ii) always use chunk partitioning, ideally on top of
a Hilbert curve (see also Section 3.11.3.6); (iii) always minimize redundant

computation by means of a non-exec boundary region.

3.11.3.4 Testing the Hypothesis via Profilers

Our hypothesis was that speed-ups could be achieved as sparse tiling
turns data reuse into data locality, thus diminishing the memory pressure
and improving the memory latency. The combination of three different
analyses provides compelling evidence that this was correct.

¢ The time spent in executing Python code is marginally affected by
sparse tiling, irrespective of the number of loops fused. This was
verified in several ways. First, we timed the experiments with just
one tile covering the whole iteration space, for several types of loop
chains, and then we compared to the case with no sparse tiling.
On one hand, loop fusion reduces the number of “jumps” between
Python and just-in-time compiled code proportionately to the loop
chain length. On the other hand, the Python processing takes longer
when sparse tiling is enabled, as a fused loop must be constructed
from the original sequence generated by Firedrake. These appear to
neutralize one another’s costs. Second, we profiled some test cases
with Python’s cProfile, which gave us exact measurements of how
much time is spent in each individual function. Illustrative graphs

were produced from these profiles, and are available at [Luporini,
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2016a]. Third, an indirect confirmation derives from the trend of

ACT, which excludes the Python processing.

* Several VTune “general-exploration” and “advanced-hotspots” anal-
yses confirmed that significant speed-ups derive from increased data
locality. This was evident in all types of fusion schemes. For exam-
ple, consider fs5 and the stress loop chain. VTune shows that
the execution times of the second and third solver loops are much
smaller than that of the first loop. In addition, fewer L3 cache misses
occur when loading the data values for the matrix-vector multipli-
cation. Similar evidence arises from fusing cell and facet integral

loops, although the gains are less pronounced.

* A VTune “bandwidth analysis” displays memory usage as a func-
tion of application time (in GB/s). By comparing the tiled and non-
tiled versions, we observed that the former constantly consumes
much less memory bandwidth (for both reads and writes). This
suggests that the processes are able to retrieve data from cache more
often.

3.11.3.5 On the Inspection Overhead

As explained in Section 3.11.2.4, the inspection cost is included in OT.
In this section, we quantify this overhead in a representative problem in-
stance. In all other problem instances, the overhead was either signifi-
cantly smaller or essentially identical (for reasons discussed below) to the
one reported here.

We consider explosive_source on Erebus with & = 1.0, 4 = 4, and
fs5. With this configuration, the time step was t = 481 -107% (we recall
from Section 3.11.2.4 that f is a function of /). Given the fixed simulation
duration T = 2.5, in this test case 5198 time steps were performed. A time
step took on average 1.15 seconds.

In each time step, twenty-five loops, fused as specified by fs5, are ex-
ecuted. We know that in fs5 there are two sub loop chains, which re-
spectively consist of thirteen and twelve loops. To inspect these two loop
chains, 1.4 and 1.3 seconds were needed (average across the four MPI
ranks, with negligible variance). Roughly 98% of the inspection time was
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due to the projection and tiling functions, while only 0.2% was spent on
the tile initialization phase (see Section 3.8.1). These proportions are con-
sistent across other fusion schemes and test cases.

After 200 time steps (less than 4% of the total) the inspection overhead
was already close to 1%. Consequently, the inspection cost, in this test
case, was eventually negligible. The inspection cost increases with the

number of fused loops, which motivates the choice of fs5 for this analysis.

3.11.3.6 Performance Limiting Factors

In this section, we discuss the computational and architectural factors that
impaired sparse tiling in Seigen. The following considerations derive from
a meticulous study of the data movement, the information provided by
the loop chain analyzer previously introduced, and extensive profiling
through VTune.

There are two types of performance limiting factors: (i) inherent in the
application and its loop chains and (ii) due to flaws or deficiencies in the

sparse tiling implementation. We start with point (i).

S-depth As reiterated, a large boundary region enables fusing loops in
presence of distributed-memory parallelism. The extent of this re-
gion grows proportionally with the number n of fused loops. Unfor-
tunately, this has two undesirable effects. First, the redundant com-
putation overhead tends to be non-negligible if some of the fused
loops are compute-bound. Sometimes, the overhead could be even
larger than the gain due to increased data locality. Second, the size
of an S-level (a “strip” of boundary elements) grows with 7, as outer
levels include more elements than inner levels. This increases not
only the amount of redundant computation, but also the volume of

data to be communicated.

Limited data reuse across non-consecutive loops In Section 3.11.1, we have
explained that Seigen appears to be an excellent sparse tiling candi-
date, with data reuse arising across consecutive loops and across
velocity and stress solvers. Data reuse is however quite limited
across non-consecutive, non-solver loops. Given a sequence of three

loops [Ly, Ly, L], the data reuse between L, and L, is usually greater
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than that between L, and L,.

Some solver loops are too far away in the loop chain We know that amongst
the velocity solver loops, and analogously amongst the stress
solver loops, there is substantial data reuse. Unfortunately, these
loops are relatively far from each other in the loop chain. For exam-
ple, the first and second velocity loops are separated by 8 loops.
Turning data reuse into data locality is in this case cumbersome,
since long loop chains suffer from the S-depth (discussed earlier) and
the constrained tile size (discussed next) issues.

Constrained tile size The memory footprint of a tile grows quite rapidly
with the number of fused loops. In particular, the matrices accessed
in the velocity and stress solver loops have considerable size. The
larger the memory footprint, the smaller the tile size which fits in
cache. Allocating small tiles has multiple implications. First, the pro-
portion of iterations lying on the border is often significant, which
worsen tile expansion (see Section 3.6) thus affecting data locality.
Using small tiles also impairs hardware prefetching, since the vir-
tual addresses streams are more irregular. Moreover, more tiles are
needed to cover an iteration space. In the case of shared-memory
parallelism, the larger the number of tiles, the higher the probability
of detecting a coloring conflict, which results in higher inspection
costs.

Limited data reuse in small loop chains With a large memory footprint, a
fusion scheme with multiple, short loop chains (e.g., 2-3 loops each)
could appear, at first glance, more promising: the data reuse in con-
secutive loops could be turned into data locality by using a small
S-depth and relatively big tiles, hence mitigating most of the afore-
mentioned issues. However, other problems arise. By limiting the
extent of a loop chain, it may not be possible to fuse some of the
velocity and stress solver loops. These loops are memory-bound,
share a significant volume of data, and have a considerable impact
on the execution time, so sparse tiling could provide substantial ben-
efits. A second issue is inherent to the fact that data reuse is much
smaller in short loop chains. Consider two loops L, and L, re-
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spectively over cells and interior facets. For a given tile, during the
execution of iterations from L, new fields and indirection maps are
loaded from memory into cache. When executing iterations from L,
new indirection maps need be fetched from memory (since L, has a
different iteration space than L,, hence different maps). Locality on
the shared data values is then exploitable, but it is evident that the
ratio of data reuse over total data movement could, in some cases,
really be small.

It is not unreasonable to expect some of these limiting factors to arise
in other applications. Further issues are implementation-related (point (ii)
above):

TLB misses A translation lookaside buffer (TLB) miss occurs whenever
the CPU cannot retrieve the physical page corresponding to a vir-
tual page. Since the TLB has a hierarchical structure, handling a
TLB miss usually requires multiple accesses to memory. Hence,
TLB misses are much more costly than cache misses. Sparse tiling
increases the TLB miss/hit ratio. This is evident (and more pro-
nounced) when the tile size is small, in which case a TLB miss is
likely to occur when jumping to executing a new loop. The problem
is exacerbated by metis partitioning, which leads to irregular tile
shapes. Here, tile expansion may eventually incorporate iterations
living in completely different virtual pages. VTune experimentation
with g = 1 and g = 2 versions of explosive_source showed that
chunk- and metis-based sparse tiling suffer from an increase in TLB
misses of roughly 16% and 35%, respectively. To mitigate this issue,
larger virtual pages could be used. Linux’s Transparent Huge Pages,
if enabled, automatically allocates memory in virtual pages of 2MB
(instead of the default 4KB) as long as the base address is properly
aligned. As future work, Firedrake could be extended by instan-
tiating 2MB-aligned Numpy arrays; this is not straightforward as
arbitrary alignment cannot be specified through the default Numpy

interface.

Tile shape and expansion The chunk partitioning strategy, applied on top
of the reverse Cuthill-McKee (RCM) algorithm used in Firedrake
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for mesh renumbering, leads to thin, rectangular tiles. As explained,
this maximizes the fraction of iterations on the tile border, which
in turn affects data reuse. The metis partitioning strategy did not
help, for the reasons explained above. A possible solution to this
issue would consist of using a Hilbert curve for mesh renumbering,
and then chunk partitioning on top of it. This would minimize tile
expansion while avoiding most of the negative low level implications
(i.e., prefetching, TLB misses).

3.12 Conclusions and Future Work

Sparse tiling, and more generally time tiling, aims to turn the data reuse
in a sequence of loops into data locality. In this chapter, three main prob-
lems have been addressed: the generalization of sparse tiling to arbitrary
sequences of irregular loops through the loop chain abstraction, automa-
tion via DSLs, and effective support for shared- and distributed-memory
parallelism. The major strength of this work lies in the fact that all algo-
rithmic and technological contributions derive from an in-depth study of

a realistic applications. The performance issues we found through Seigen

would never have been exposed by a set of simplistic benchmarks, as often

used in the literature.

The thorough performance analysis of Seigen has shed much light on
sparse tiling. However, the experimentation can still be extended in two
ways:

Multi-node experiments The more aggressive fusion schemes, which make
use of extended halo regions, may be affected or take advantage
from network communication. Other issues or potentials inherent in
sparse tiling could be exposed. Multi-node experiments have highest

priority and are now in progress.

3D problems Since many real-world simulations are based on 3D prob-
lems, it would be natural to extend the performance evaluation of
Seigen in this direction. At the moment of writing, however, Seigen
still does not include 3D test cases.

Other applications Seigen was attractive for its long sequence of loops,
which provides a complex, realistic scenario for testing sparse tiling.
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It would be particularly interesting to experiment with other ex-
plicit high-order discontinuous-Galerkin methods. Another class of

appealing loop chains arises in matrix-free solvers.

In the longer term, our ambition is to work around the implementation-
related performance limiting factors described in the previous section. We
believe that using a Hilbert curve numbering may lead to a better tile
shape, thus mitigating the performance penalties due to tile expansion,
TLB misses and hardware prefetching.

Shared-memory parallelism was not as carefully tested as distributed-
memory parallelism. First of all, we would like to replace the current
OpenMP implementation in SLOPE with the MPI Shared Memory (SHM)
model introduced in MPI-3. Not only does a unified programming model
provide significant benefits in terms of maintainability and complexity,
but the performance may also be greater as suggested by recent devel-
opments in the PETSc community. Secondly, some extra work would be
required for a fair comparison of this new hybrid MPI+MPI programming
model with and without sparse tiling.

The experimentation was carried out on a number of “conventional” In-
tel Xeon architectures. Intel’s Knights Landing and IBM’s POWERS have
more bandwidth than a standard Xeon x86, but also a significantly larger
number of cores and sockets. General-purpose many-core architectures
might play a key role in next-generation high performance computing, so
the same performance analysis in Section 3.11 should be repeated on these
systems.

Finally, for a widespread adoption of sparse tiling, a cost model for

automatic derivation of fusion schemes and tile sizes is still missing.
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Chapter 4

Minimizing Operations in
Finite Element Integration
Loops

In this chapter, we present an algorithm for the optimization of a class of
finite element local assembly kernels. This algorithm, which exploits fun-
damental mathematical properties of finite element operators, is proven
to achieve a locally optimal operation count. In specified circumstances
the optimum achieved is global. Extensive experimentation shows signif-
icant performance improvements over state-of-the-art finite element code
generation systems in almost all cases. This validates the effectiveness
of the algorithm presented here, and illustrates its limitations. The algo-
rithm is implemented in COFFEE and is currently in use in the Firedrake

framework. This chapter is an extended version of [Luporini et al., 2016a].

4,1 Motivation and Related Work

The need for rapid implementation of high performance, robust, and
portable finite element methods has led to approaches based on auto-
mated code generation. This has been proven successful in the context of
the FEniCS and Firedrake projects. We recall from Section 2.2.1 that, in
these frameworks, the weak variational form of a problem is expressed
in a high level mathematical syntax by means of the domain-specific lan-

guage UFL. This mathematical specification is used by a domain-specific
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compiler, known as a form compiler, to generate low-level C or C++ code
for the integration over a single element of the computational mesh of
the variational problem’s left and right hand side operators. The code
for assembly operators must be carefully optimized: as the complexity
of a variational form increases, in terms of number of derivatives, pre-
multiplying functions, or polynomial order of the chosen function spaces,
the operation count increases, with the result that assembly often accounts
for a significant fraction of the overall runtime. This aspect has previously
been introduced in Section 2.1.5.

As demonstrated by the substantial body of research on the topic, au-
tomating the generation of such high performance implementations poses
several challenges. This is a result of the complexity inherent in the math-
ematical expressions involved in the numerical integration, which varies
from problem to problem, and the particular structure of the loop nests en-
closing the integrals. General-purpose compilers, such as those by GNU
and Intel, fail to exploit the structure inherent in the expressions, thus
producing sub-optimal code (i.e., code which performs more floating-
point operations, or “flops”, than necessary; we show this in Section 4.9).
Research compilers, for instance those based on polyhedral analysis of
loop nests, such as PLUTO [Bondhugula et al., 2008], focus on paralleliza-
tion and optimization for cache locality, treating issues orthogonal to the
question of minimising flops. The lack of suitable third-party tools has
led to the development of a number of domain-specific code transforma-
tion (or synthesizer) systems. Jlgaard and Wells [2010] show how auto-
mated code generation can be leveraged to introduce optimizations that a
user should not be expected to write “by hand”. Kirby and Logg [2006]
and Russell and Kelly [2013] employ mathematical reformulations of fi-
nite element integration with the aim of minimizing the operation count.
In Luporini et al. [2015] (and in Chapter 5, from which the article is ex-
tracted), the effects and the interplay of generalized code motion and a
set of low level optimizations are analysed. It is also worth mentioning
two new form compilers, UFLACS [Alnees, 2016] and TSFC [Homolya and
Mitchell, 2016], which particularly target the compilation time challenges
of the more complex variational forms. The performance evaluation in

Section 4.9 includes most of these systems.

However, in spite of such a considerable research effort, there is still no
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answer to one fundamental question: can we automatically generate an
implementation of a form which is optimal in the number of flops exe-
cuted? In this chapter, we formulate an approach that solves this problem
for a particular class of forms and provides very good approximations in
all other cases. In particular, we will define “local optimality”, which re-
lates operation count with inner loops. In summary, our contributions are
as follows:

¢ We formalize the class of finite element integration loop nests and
we build the space of legal transformations impacting their opera-

tion count.

¢ We provide an algorithm to select points in the transformation space.
The algorithm uses a cost model to: (i) understand whether a trans-
formation reduces or increases the operation count; (ii) choose be-

tween different (non-composable) transformations.

* We demonstrate that our approach systematically leads to a local op-
timum. We also explain under what conditions of the input problem

global optimality is achieved.

* We integrate our approach with a compiler, COFFEE, which is in use
in the Firedrake framework. The structure of COFFEE is discussed

in Chapter 6.

* We experimentally evaluate using a broader suite of forms, dis-
cretizations, and code generation systems than has been used in
prior research. This is essential to demonstrate that our optimality
model holds in practice.

In addition, in order to place COFFEE on the same level as other code
generation systems from the viewpoint of low level optimization, which

is essential for a fair performance comparison:

* We introduce a transformation based on symbolic execution that al-
lows irrelevant floating point operations to be skipped (for example
those involving zero-valued quantities).

In Section 4.2 we introduce a set of definitions mapping mathematical

properties to the level of loop nests. This step is an essential precursor
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to the definition of the two algorithms — sharing elimination (Section 4.3)
and pre-evaluation (Section 4.4) — through which we construct the space of
legal transformations. The main transformation algorithm in Section 4.6
delivers the local optimality claim by using a cost model to coordinate the
application of sharing elimination and pre-evaluation. We elaborate on the
correctness of the methodology in Section 4.7. The numerical experiments
are presented in Section 4.9. We conclude discussing the limitations of the
algorithms presented and future work.

4.2 Loop Nests, Expressions and Optimality

In this section, we characterize global and local optimality for finite ele-
ment integration. In order to make the chapter self-contained, we start by
reviewing basic compiler terminology.

Definition 1 (Perfect and imperfect loop nests). A perfect loop nest is a
loop whose body either 1) comprises only a sequence of non-loop state-
ments or 2) is itself a perfect loop nest. If this condition does not hold, a
loop nest is said to be imperfect.

Definition 2 (Independent basic block). An independent basic block is
a sequence of statements such that no data dependencies exist between
statements in the block.

We focus on perfect nests whose innermost loop body is an indepen-
dent basic block. A straightforward property of this class is that hoisting
invariant expressions from the innermost to any of the outer loops or the
preheader (i.e., the block that precedes the entry point of the nest) is al-
ways safe, as long as any dependencies on loop indices are honored. We
will make use of this property. The results of the next sections could also
be generalized to larger classes of loop nests, in which basic block inde-
pendence does not hold, although this would require refinements beyond
the scope of this chapter.

We introduce some new concepts by mapping mathematical properties
to the loop nest level. We start with the notion of a linear symbol. This will
allow us to define a linear loop and, more generally, a (perfect) multilinear
loop nest.
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Definition 3 (Linear symbol). A symbol a in an expression e is linear if
1. ais an n-dimensional array, and

2. all occurrences of a in e are indexed through the same vector-valued
access function f = [fo, ..., fu—1] (e.g., a[fo(...)][f1(...)]), and

3. all sub-expressions of e in which a appears are affine in 4.

We discuss some simple examples (to relieve the notation, we set ai] =
a;). The symbol a is not linear in any of a;b + ay, a;b + a; >, and a;;b + ay;,
as condition 2 is violated. Condition 3 is violated for a in both b/a; and

a;b + a;a;. a is instead linear in a;b + a;.

Definition 4 (Linear loop). Let L; be a loop iterating over the space I

through the iteration variable i. L; is linear if in its body
1. i only appears as an array index, and
2. all symbols in which i appears are linear symbols.

Definition 5 (Multilinear loop nest). A multilinear loop nest of arity n is
a perfect nest composed of n linear loops.

We will show that multilinear loop nests, which arise naturally when
translating bilinear or linear forms into code, are important because they
have a structure that we can take advantage of to reach a local optimum.

We now define two different classes of loops.

Definition 6 (Reduction loop). A loop L; is said to be a reduction loop if
in its body

1. i appears only as an array index, and

2. for each augmented assignment statement S (e.g., an increment),
arrays indexed by i appear only on the right hand side of S.

Definition 7 (Order-free loop). A loop is said to be an order-free loop if
its iterations can be executed in any arbitrary order.

Consider Equation 2.21 and the (abstract) loop nest implementing it il-
lustrated in Figure 4.1. The imperfect nest A = [L,, L;, Lj, Li] comprises
an order-free loop L, (over elements in the mesh), a reduction loop L;
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for (e = 0; e < E; e++)
for (i = 0; i < I; i++)
for (j = 0; j < J; j++)

for (k = 0; k < K; k++)
m
Age += ) agiiBeioy;
w=1

Figure 4.1: The loop nest implementing a generic bilinear form.

(performing numerical integration), and a multilinear loop nest [L;, L]
(over test and trial functions). In the body of Ly, one or more statements
evaluate the local tensor for the element e. Expressions (the right hand
side of a statement) result from the translation of a form in high level
matrix notation into code. In particular, m is the number of monomials
(a form is a sum of monomials), a.; and B, represents the product of
a coefficient function (e.g., the inverse Jacobian matrix for the change of
coordinates) with some linear symbols (e.g., test or trial functions), and o;
is a function of coefficients and geometry. We do not pose any restrictions
on function spaces (e.g., scalar- or vector-valued), coefficient expressions
(linear or non-linear), differential and vector operators, so ¢,; can be arbi-
trarily complex. We say that such an expression is in normal form, because
the algebraic structure of a variational form is intact: products have not
yet been expanded, distinct monomials can still be identified, and so on.

This brings us to formalize the class of loop nests that we aim to optimize.

Definition 8 (Finite element integration loop nest). A finite element inte-
gration loop nest is a loop nest in which the following appear, in order: an
imperfect order-free loop, an imperfect (perfect only in some special cases)
reduction loop, and a multilinear loop nest whose body is an independent
basic block in which expressions are in normal form. Test and trial func-
tions (or derivatives thereof) are the linear symbols of the multilinear loop

nest.

We then characterize optimality for a finite element integration loop

nest as follows.

Definition 9 (Optimality of a loop nest). Let A be a loop nest, and let
I be a transformation function I : A — A’ such that A’ is semantically
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equivalent to A (possibly, A’ = A). We say that A’ = T'(A) is an opti-
mal synthesis of A if the total number of operations (additions, products)
performed to evaluate the result is minimal.

The concept of local optimality, which relies on the particular class of

flop-decreasing transformations, is also introduced.

Definition 10 (Flop-decreasing transformation). A transformation which
reduces the operation count is called flop-decreasing.

Definition 11 (Local optimality of a loop nest). Given A, A’ and T as in
Definition 9, we say that A’ = T'(A) is a locally optimal synthesis of A if:

* the number of operations (additions, products) in the innermost

loops performed to evaluate the result is minimal, and
¢ I'is expressed as composition of flop-decreasing transformations.

The restriction to flop-decreasing transformations aims to exclude those
apparent optimizations that, to achieve flop-optimal innermost loops, would
rearrange the computation at the level of the outer loops causing, in fact,
a global increase in operation count.

We also observe that Definitions 9 and 11 do not take into account mem-
ory requirements. If the execution of a loop nest were memory-bound —
the ratio of operations to bytes transferred from memory to the CPU be-
ing too low — then optimizing the number of flops would be fruitless.
Henceforth we assume we operate in a CPU-bound regime, evaluating
arithmetic-intensive expressions. In the context of finite elements, this is
often true for more complex multilinear forms and/or higher order ele-
ments.

Achieving optimality in polynomial time is not generally feasible, since
the o,; sub-expressions can be arbitrarily unstructured. However, multi-
linearity results in a certain degree of regularity in a.; and B,j. In the
following sections, we will elaborate on these observations and formulate
an approach that achieves: (i) at least a local optimum in all cases; (ii)
global optimality whenever the monomials are “sufficiently structured”.
To this purpose, we will construct:

¢ the space of legal transformations impacting the operation count
(Sections 4.3 — 4.5)
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* an algorithm to explore and select points in the transformation space
(Section 4.6)

4.3 Transformation Space: Sharing Elimination

We start by introducing the fundamental notion of sharing.

Definition 12 (Sharing). A statement within a loop nest A presents shar-
ing if at least one of the following conditions hold:

Spatial sharing There are at least two identical sub-expressions, possi-
bly just two symbols.

Temporal sharing There is at least one non-trivial sub-expression (e.g.,
an addition or a product) that is redundantly executed because it is
independent of {L;,L;,..L;, } C A.

To illustrate the definition, we show in Figure 4.2 how sharing evolves as
factorization and code motion are applied to a trivial multilinear loop nest.
In the original loop nest (Figure 4.2a), spatial sharing is induced by the
symbol b;. Factorization eliminates spatial sharing and creates temporal
sharing (Figure 4.2b). Finally, generalized code motion [Luporini et al.,
2015], which hoists sub-expressions that are redundantly executed by at
least one loop in the nest!, leads to optimality (Figure 4.2c).

for (j = 0; j < J; j++) for (j = 0; j < J; j++) for (i = 0; i < I; i++)
for (i = 0; i < I; i++) for (i = 0; i < I; i++) ti = ¢ + d;
aji += bjxc; + bjxd; ajj += bj*(c; + dp) for (j = 0; j < J; j++)

for (i = 0; i < I; i++)
aji += b]'*f,‘

(a) With spatial sharing (b) With temporal sharing (c) Optimal form

Figure 4.2: Reducing a simple multilinear loop nest to optimal form.

In this section, we study sharing elimination, a transformation that aims
to reduce the operation count by removing sharing through the appli-
cation of expansion, factorization, and generalized code motion. If the
objective were reaching optimality and the expressions lacked structure,

a transformation of this sort would require solving a large combinatorial

ITraditional loop-invariant code motion, which is commonly applied by general-purpose
compilers, only checks invariance with respect to the innermost loop.
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problem — for instance to evaluate the impact of all possible factorizations.
Our sharing elimination strategy, instead, exploits the structure inherent
in finite element integration expressions to guarantee, after coordination
with other transformations (an aspect which we discuss in the follow-
ing sections), local optimality. Global optimality is achieved if stronger
preconditions hold. Setting local optimality, rather than optimality, as
primary goal is essential to produce simple and computationally efficient
algorithms — two necessary conditions for integration with a compiler.

4.3.1 Identification and Exploitation of Structure

Finite element expressions can be seen as composition of operations be-
tween tensors. Often, the optimal implementation strategy for these oper-
ations is to be determined out of two alternatives. For instance, consider
J7 TV -] TVo, with J~T being the transposed inverse Jacobian matrix
for the change of (two-dimensional) coordinates, and v a generic two-
dimensional vector. The tensor operation will reduce to the scalar expres-
sion (a0 + bo}) (av? 4 bo}) + ..., in which v¥ and v} represent components
of v that depend on L;. To minimize the operation count for expressions

of this kind, we have two options:

STrRATEGY 1. Eliminating spatial and temporal sharing through general-
ized code motion. Spatial sharing is eliminated by capturing common
sub-expressions; temporal sharing is eliminated by hoisting expressions

out of some loops.

STRATEGY 2. Eliminating spatial sharing first — through product expan-
sion and factorization — and temporal sharing afterwards, again through

generalized code motion.

In the current example, depending on the size of L;, applying Strategy 2
could reduce the operation count since the expression would be recast as
0900aa + o9} (ab + ab) + vlvlce + ... and some hoistable sub-expressions
would be exposed. On the other hand, Strategy 1 would have no effect as
v only depends on a single loop, L;. A second example showing the effect
of Strategy 2 was provided in Figure 4.2. In general, choosing between the
two strategies is challenging because multiple factors must be taken into

account: the loop sizes, the increase in operations due to expansion, the
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gain due to code motion, and the presence of common sub-expressions.
Before addressing this problem (in Section 4.3.2), we need to understand
under what conditions Strategy 2 is applicable. For this, we introduce a

relevant class of expressions.

Definition 13 (Structured expression). We say that an expression is “struc-
tured in a loop nest A” if and only if, for every symbol s, depending on at
least one loop in A, the spatial sharing induced by s, may be eliminated
by factorizing all occurrences of s, in the expression.

Proposition 1. An expression is structured in a loop nest A if A is multilinear.

Proof. This follows directly from Definition 3 and Definition 5, which re-
strict the number of occurrences of s, in a summand to at most 1. O

If A were an arbitrary loop nest, a given symbol s, could appear every-
where (e.g., n times in a summand and m times in another summand with
n # m, as argument of a higher level function, in the denominator of a
division), thus posing the challenge of finding the factorization that max-
imizes temporal sharing. If A is instead a finite element integration loop
nest, it is guaranteed by Proposition 1 that any sub-expression includ-
ing at least two instances of the same linear symbol can be handled using
Strategy 2. As discussed in the next sections, this property will allow us to
construct the space of flop-decreasing transformations by “composition”
of Strategy 1 and Strategy 2.

Finally, we observe that the ¢,; sub-expressions can sometimes be con-
sidered “weakly structured”. This happens when a relaxed version of Def-
inition 13 applies, in which the factorization of s5 only minimizes (rather
than eliminates) spatial sharing (for instance, in the complex hyperelas-
tic model analyzed in Section 4.9). Weak structure will be exploited by
Algorithm 5 in the attempt to achieve optimality.

4.3.2 Global Analysis of the Expression

To evaluate the global impact of a transformation, we perform a so called
strategy selection analysis on a temporaries graph, which models the input
expression. As we shall see, this outperforms a simplistic approach in
which sub-expressions are analyzed in “isolation”, because common sub-

expressions are taken into account.

118



It is useful to start by introducing the notion of a minimal common sub-

expression.

Definition 14 (Minimal common sub-expression). A sub-expression m
within an expression e is said to be a minimal common sub-expression
(MCS) if:

* m occurs at least twice in ¢, and

e any m’, a sub-expression obtained by removing an operation from

m, has no common sub-expressions in e.

For example, in ab + abc +- abcd the sub-expression ab is an MCS, whereas
abc is not, despite occurring twice.

A temporaries graph is a directed k-partite graph in which vertices are
MCSs and edges represent read-after-write dependencies between MCSs
(e.g., an edge from e; to e, indicates that e; is read in e;). The k indepen-
dent sets {T; 1;2—01 of vertices, or simply levels, are determined iteratively.
Initially, Strategy 1 is applied to the input expression. This produces Ty
and modifies the input expression by replacing the MCSs in T with ap-
propriate temporaries. Then, Strategy 1 is applied to the modified expres-
sion; T; and the edges from Tj to T; are in this way determined. This
process is repeated k times, until no more MCSs can be extracted. An
example of a temporaries graph is provided in Figure 4.3. It is worth
observing that k can be quite large as the input is in normal form. This
implies, for instance, that the operands of an inner product occurring mul-
tiple times in the variational form will be common sub-expressions in the
translated scalar expression.

The strateqy selection analysis uses a temporaries graph to determine
whether applying Strategy 2 to some subsets of levels would lower the
global operation count. If the MCSs in the graph are structured expres-
sions, then this analysis can be accomplished in polynomial time (thanks

to Proposition 1). Given two levels T;, and T;, such that i1 < i3, one can

1. Starting with i = ij, calculate the total operation count for comput-
ing all sub-expressions in {Tj};zzl The operation count includes the

loop sizes.

2. Inline the MCSs in T; into {T]};z: i+1- The temporaries in T; are thus
discarded.
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Zo * Qik + 2o * bk 71 * Qi + 23 * bik

tox f+ti1xg tox h+t1 %1 toxm+1t1xn

Figure 4.3: The temporary graph for an excerpt of code extracted from a hyperelastic
model.

3. Apply Strategy 2 to all sub-expressions in {T;} factorizing any

i
[y
linear symbol/temporary.

4. Evaluate and store the new total operation count, which includes the

loop sizes.

5. Increment i and repeat this process until i = i,.

It is finally straightforward to determine for which range of levels (if
any) the application of Strategy 2 improved the operation count. The cost
and the effectiveness of the strategy selection analysis obviously depend on
the number n of pairs <ij,i> that are evaluated (at most k — 1). Since
during our experiments setting n = k — 1 never led to unacceptable code

2

generation times”, in the following we assume that the strategy selection

analysis always considers all legal pairs <iy,iy>.

4.3.3 The Sharing Elimination Algorithm

Algorithm 5 describes sharing elimination gathering the considerations
from the previous sections. It also introduces a model to minimize the
operation count within the innermost loop once strategy selection analysis
has been performed.

Algorithm 5 (Sharing elimination). The input of the algorithm is a tree

representation a finite element integration loop nest.

2Even in the case of complex hyperelastic models, the code generation time never exceed
a few seconds on a relatively old Sandy Bridge architecture.
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1. Perform a depth-first visit of the loop tree to collect all MCSs. Ap-
ply Strategy 1 to these MCSs. This requires introducing some new

temporaries. Repeat this process until there are no more MCSs.

2. Group the temporaries based on the linear loop they depend on. We
have two disjoint sets in the case of bilinear forms and, trivially, a
single set for linear forms. For each of these sets, build a temporaries

graph and apply the strateqy selection analysis discussed earlier.

3. Build the sharing graph G = (S, E) for each expression in the body of
the multilinear loop nest (these are the expressions transformed by
the strategy selection analysis, which now include some temporaries).
Each s € S represents a linear symbol or a temporary produced
by the previous steps. An edge (s;, s;) indicates that a product s;s;
would appear if the sub-expressions including s; and s; were ex-
panded.

Note: this and the following steps will only impact bilinear forms, since
otherwise, due to linearity, E = @.

4. Partition S into n disjoint sets {5y, ...,Sx}, such that S; includes all
instances of a given symbol s in the expression. Transform G by
merging {si,..,s,} C S; into a unique vertex s (taking the union
of the edges), provided that their factorization would not cause an

increase in operation count.

5. Map G to an Integer Linear Programming (ILP) model for determin-
ing how to optimally apply Strategy 2. The solution is the set of
linear symbols/temporaries that will be factorized. Let |S| = n; the
ILP model then is as follows:

x;: a vertex in S (1 if a symbol should be factorized, 0 otherwise)
yij: an edge in E (1 if s; is factorized in the product s;s; , 0 otherwise)

n;: the number of edges incident to x;

n
min )  x;, s.t. Y yi<nx,i=1.,n
= fipee
vijtyi=1 (ij) €E

6. Perform a depth-first visit of the loop tree and, for each expression
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independent of the multilinear loop nest, apply the most profitable
between Strategy 1 and Strategy 2.

Note: this pass speculatively assumes that expressions are (weakly) struc-
tured in the reduction loop. If the assumption does not hold, the operation
count will generally be sub-optimal because only a subset of factorizations
and code motion opportunities may eventually be considered.

Although the primary goal of Algorithm 5 is operation count minimiza-
tion within the multilinear loop nest, the enforcement of flop-decreasing
transformations (steps (2) and (4)) and the re-scheduling of sub-expressions
within outer loops (step (6)) also attempt to optimize the loop nest glob-
ally. We will further elaborate this aspect in Section 4.7.

4.3.4 Examples

In this section, we present a series of examples of increasing complexity.

4.3.4.1 Example 1

Consider again Figure 4.2a. There are no common sub-expressions, so
the strategqy selection analysis has no effect. The sharing graph is G =
({bj,ci,di}, {(bj,ci), (bj,d;) }. The ILP formulation leads to the code in Fig-
ure 4.2c.

4.3.4.2 Example 2

In Figure 4.4, Algorithm 5 is executed in a simple yet realistic scenario,
which originates from the bilinear form of a Poisson equation in two di-
mensions. The temporaries graph, which consists of a single level, is used
for performing strategy selection analysis. This leads to the synthesis in
Figure 4.4b. The sharing graph is G = ({to, t1,t2,t3}, {(to, t2), (t1,£3)}), but
since there are no factorization opportunities the ILP formulation has no
effect.

4.3.4.3 Example 3

In this example, we focus on the ILP formulation. We consider a bilinear
form extracted from a model of temperature-dependent multiphase flow
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for (e = 0; e < E; e++)

z9 = for (i = 0; i < I; i++)
zZ1 = tqget = Wixdet
.. . . for (k = 0; k < K; k++)
for (i = 0; i < I; i+4) to, = (zoaix + z2bix)
for (j = 0; j < J; j++) ty, = (z14i + zabix)
for (k = 0; k < K; k++) for (j = 05 j < 35 j+5)
Agik += (((zoaix + z2bix ) ' ’

fzj = (Z()Cij + ZZdij) * tdet
. ts; = (z16ij + zadjj) * taer
) ) for (j = 0; j < J; j++)
z1Cii + z3d, * ’ ;
I/\;*c;l]et Y ) for (k = 0; k < K; k++)
! Ag += to xty + by *t3,

1f
(a) Normal form (b) After sharing elimination

Figure 4.4: Applying sharing elimination to the bilinear form arising from a Poisson
equation in 2D. The operation counts are E(f(zg,z1,...) + IJK - 18) (left) and
E(f(zo,2z1,..) +I(J-6 + K-94 JK-4) (right), with f(z, z1, ...) representing the
operation count for evaluating zg, z1, ..., and common sub-expressions being
counted once. The synthesis in Figure 4.4b is globally optimal apart from the
pathological case I, ], K = 1.

through porous media [Dlgaard and Wells, 2010], which we informally
refer to as the “pressure equation”. Although the complete specification
of the form is irrelevant for the purpose of this example, it is useful to
know that (i) the problem is linear, (ii) there are in total six monomials,
(iii) the gradient and the divergence of test and trial functions appear
in some monomials (so several distinct linear symbols are present in the
input expression).

Figure 4.5a shows the finite element integration loop nest at the end of
step (2) in Algorithm 5; that is, once strateqy selection analysis has been
performed. The linear temporaries induce spatial sharing in the loop
nest. It is not obvious to individuate the factorization that would re-
sult in a local optimum. One can derive the sharing graph directly from
inspection of Figure 4.5a, obtaining G = ({t19,, to,, t11,, t2y sy e tis, },
{(t104, t10;), (104 t11;), (F10y t12;), (F15,, H11;), (Basy i), (Brogs by ), (Frog, tis,),
(tu/.,t14k), (tllj,tlgk), (tlzj,t14k), (tlzj,tlgk)}). The ILP formulation eventu-
ally retrieves three factorization candidates, as shown in Figure 4.5b.

4.3.4.4 Example 4

In the last example, we show how the strategy selection analysis impacts

the operation count in a hyperelastic model. This is the same problem
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for (e = 0; e < E; e++)
for (i = 0; i < I; i++)
for (j = 0; j < J; j++)
for (k = 0; k < K; k++)
Aji += (((troy * ((fro, * t3) + (ta* ((tr11; * t2) + (t1z; ¥ 11)) % £6))) +
(tg * to b5, x (b1, * f2) + (tiz; # 1)) *Ho) +
(tloﬁ * —1.0 % ((trg, *t2) 4 (13, ¥ t1)) ¥ cq) +
(t7 % ((t1a, * t2) + (tiz, % t1)) * ((tuj *ty) + (tlz, xt1)) xca) +
(ts5 * ((tra, * 1)) + (t13, x trz))) * £)) )+
W; = det

(a) Before the ILP-driven factorization
for (e = 0; e < E; e++)

for (i = 0; i < I; i++)

tqget = Wixdet
t15 = tl * t4 * t6
tg = (to*t5)+(t1*t1*t7*c4)
iy = tyxtg*tg
tig = tr*xty*tg
t19 = tl * t() * i‘g
ty = (fo*f5)+(f2*t2*t7*64)

for (int k = 0; k < K; k++)
t16k = (tloik * t3) + (t13k * —1.0 %ty * C4) + (t14k * —1.0 %ty * C4)
tiz, = (tioy * t15) + (ti3, * te) + (t1a, * t2 x b1 % c5) + (f15, * to * t19)
tig, = (o, * tig) + (t13, * t1 * b2 % c5) + (b1a, * ta0) + (f15, * to * H7)

for (j = 0; j < J; j++)
for (k = 0; k < K; k++)
Aji += (ho; * tg,) + (f12; * f17, ) + (t11, * f1s,)

(b) After the ILP-driven factorization

Figure 4.5: Using the ILP model to factorize the expression arising from the pressure equa-
tion.

used for performance evaluation in Section 4.9. The code in Figure 4.6a
is obtained by repeatedly applying Strategy 1 to the expression in normal
form (step (1) in Algorithm 5). The temporaries graph, which consists of
6 levels, can easily be derived. For given values of I and K, the strategy
selection analysis determines that applying Strategy 2 to the temporaries
between levels Ty and Ty will improve the operation count. Strategy 1 is
instead preferable for Ts, which comprises the four temporaries tso,, te,,
tes., tes,- The resulting synthesis is shown in Figure 4.6b. Intuitively, in-
stead of executing N operations IK times (Figure 4.6a), now M operations
are executed I times (Figure 4.6b). It is true that M > N, but the analysis
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guarantees that I and K are such that the operation count has improved.
In this example, the application of Strategy 2 reduces the operation
count by about 1.3, on average (the actual value clearly depends on I
and K). It is not rare, however, to encounter cases (e.g., more complex
hyperelastic models) in which the reduction is even larger than 2x. We
emphasize that here we are discussing the improvement from applying
Strategy 2 “on top of” Strategy 1; the overall gain due to performing strat-

egy selection analysis is usually much larger.
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for (e =

for (i

0; e < E; e++)
=0; i < I; i++)
for (int k = 0; k < K; k++)

tao
ta1
tan
ty3
faq
tys
213
tay
tag
ta9
t50
t51
t5n
t53
t54
t55
t56
ts7
ts8
t59,

te0y

((ts * tao, ) + (t11 * tas,))
(t1a * t35,) + (t15 * tag, )
ty1 * t3)

t43 % 1)

tyo * to1)
to * ((taz + tag + tae +taz) /2))

(
(
(
(
(
(
E
E(t48 + tgg) * w1 [0])
(
(
(
(
(
(
(
(

tyq * t1p)

tys * to1)

(ts3 + t53 + tsg + t54)/2)
tog * (t52 + tss) * tog)

tse + ((ts7 + ts7) * w1 [0]))
(tao * ta7) + (tag * t20)+
(tas + t33) + (tss * t21)

= (taz *ta7) + (tao * t3)+

te1 =

te2
te63
tea

(ta1 *t33) + (ts8 * t1e)

to * t52)

tss + ((te1 + te1) * w1[0]))

to * ((tag + tap + tay 4 tsg) /2))
(te3 + te3) x w1 [0])

e —

tes, = (tao*ta1) + (te2 * tao)+

(tas * t23) + (tea * t21)

teg, = (taz*t31) + (teo * t13)+

for (j

for (k

(ta1 % t23) + (tea * te)

J++)

= 0; j<J;
= 0; k < K; k++)

(a) Normal form

C37 =

€38
€39
C40
C41
C42
C43
Ca4
C45
C46
Cq7
C48
C49
€50

for (int k = 0;

for (j = 0; j < J1;
for (k = 0;

t59,
£60,
t65,
Fo6y

0; e < E; e++)

=0; i < I; i++)

(0.5* to)

(co * ((t14 % t13) + (s * t1g)))
(co* ((t1a * t20) + (tg * t21)))
(co* ((t15 * t13) + (t11 * t16)))
(o * ((t15 * t20) + (t11 * t21)))
(co* ((t11 * tie) + (t15 % £13)))
(co* ((ts % t16) + (14 * t13)))
(co* ((t11 * t21) + (t15 * t20)))
(co* ((ts * t21) + (t14 * t20)))
(w1[0] % 2)

(t4 * t2g)

(c10 % (20 * t11) + (f21 % t15)))
(c10 * ((t13 * t11) + (16 * t15)))
(c10 % ((t20 * tg) + (f21 * t1a)))

t11 * ta7) + (c3 * ca6) + (f15 * t33) + (coa * tg))
tg * tay) + (c1 % c36) + (t1a * t33) + (c23 * t1g))
€2 * c36) + (c25 * tg))

cq ¥ c36) + (C26 % t16))

((
((
((
((
(c
((c29 * t20) + (c6 * €41))

((ca7 * tag) + (c5 % ca1))

EEtS *t31) + (c30 * ta0) + (F14 % £23) + (cs * €a1))
(¢

((

((

((

((

t11 % t31) 4 (o8 * t20) + (t15 * t23) + (c7 % ca1))

t11 % t31) 4 (o7 * t13) 4 (t15 * t23) + (5 % C46))
co8 * t13) + (c7 * ca6))

tg * t31) 4 (o9 * £13) 4 (t14 % t23) + (C6 * Ca6))
c30 * t13) + (cs * c46))

k < K;

= (tag, * c32) + (tag, * c33) + (t3s, * c35) +
= (tss, * cag) + (f3q, * c37) + (39, * C39) +
= (tag, * caq) + (t3g, * ca5) + (t3s, * ca) +
= (tss, * Ca9) + (t3a, * Ca7) + (t39, * c50) +

j++)
k < K; k++)

(b) After sharing elimination

Figure 4.6: Applying the strategy selection analysis to the bilinear form arising from a hy-

perelastic model in 2D.
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4.4 Transformation Space: Pre-evaluation of

Reductions

Sharing elimination uses three operators: expansion, factorization, and
code motion. In this section, we discuss the role and legality of a fourth
operator: reduction pre-evaluation. We will see that what makes this
operator special is the fact that there exists a single point in the transfor-
mation space of a monomial (i.e., a specific factorization of test, trial, and
coefficient functions) ensuring its correctness.

We start with an example. Consider again the loop nest and the ex-
pression in Figure 4.1. We pose the following question: are we able to
identify sub-expressions for which the reduction induced by L; can be
pre-evaluated, thus obtaining a decrease in operation count proportional
to the size of L;, I? The transformation we look for is exemplified in
Figure 4.7 with a simple loop nest. The reader may verify that a similar

transformation is applicable to the example in Figure 4.4a.

for (i = 0; i < I; i++)
for (k = 0; k < K; k++)

for (e = 0; e < E; e++) e += by (¢ + di)

for (i = 0; i < I; i++)
for (k = 0; k < K; k++)

for (e = 0; e < E; e++)
Agp += dexbjxc; + doxbj xd; for (k = 0: k < K; k++)
Ag = dexty

(a) With reduction
(b) After pre-evaluation

Figure 4.7: Exposing (through factorization) and pre-evaluating a reduction.

Pre-evaluation can be seen as the generalization of tensor contraction
(reviewed in Section 2.1.5) to a wider class of sub-expressions. We know
that multilinear forms can be seen as sums of monomials, each monomial
being an integral over the equation domain of products (of derivatives) of
functions from discrete spaces. A monomial can always be reduced to the
product between a “reference” and a “geometry” tensor. In our model,
a reference tensor is simply represented by one or more sub-expressions
independent of L., exposed after particular transformations of the expres-
sion tree. This leads to the following algorithm.

Algorithm 6 (Pre-evaluation). Consider a finite element integration loop
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nest A = [L,, L;, L]-, Li]. We dissect the normal form input expression into
distinct sub-expressions, each of them representing a monomial. Each
sub-expression is then factorized so as to split constants from [L;, L;, Lg]-
dependent terms. This transformation is feasible®, as a consequence of
the results in Kirby and Logg [2007]. These [L;, Lj, L|-dependent terms
are hoisted outside of A and stored into temporaries. As part of this
process, the reduction induced by L; is computed by means of symbolic

execution. Finally, L; is removed from A.

The pre-evaluation of a monomial introduces some critical issues:

1. Depending on the complexity of a monomial, a certain number, t, of
temporary variables is required if pre-evaluation is performed. Such
temporary variables are actually n-dimensional arrays of size S, with
n and S being, respectively, the arity and the extent (iteration space
size) of the multilinear loop nest (e.g., n = 2 and S = JK in the case
of bilinear forms). For certain values of <t,n,5>, pre-evaluation
may dramatically increase the working set, which may be counter-

productive for actual execution time.

2. The transformations exposing [L;, Lj, Ly|-dependent terms increase
the arithmetic complexity of the expression (e.g., expansion tends to
increase the operation count). This could outweigh the gain due to

pre-evaluation.

3. A strategy for coordinating sharing elimination and pre-evaluation
is needed. We observe that sharing elimination inhibits pre-evaluation,
whereas pre-evaluation could expose further sharing elimination op-

portunities.

We expand on point (1) in the next section, while we address points (2)
and (3) in Section 4.6.

3For reasons of space, we omit the detailed sequence of steps (e.g., expansion, factor-
ization), which is however available at https://github.com/coneoproject/COFFEE/
blob/master/coffee/optimizer.py in Luporini et al. [2016b].
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4.5 Transformation Space: Memory Constraints

We have just observed that the code motion induced by monomial pre-
evaluation may dramatically increase the working set size. Even more ag-
gressive code motion strategies are theoretically conceivable. Imagine A
is enclosed in a time stepping loop. One could think of exposing (through
some transformations) and hoisting time-invariant sub-expressions for
minimizing redundant computation at each time step. The working set
size would then increase by a factor E, and since E > I, ],K, the gain
in operation count would probably be outweighed, from a runtime view-
point, by a much larger memory pressure.

Since, for certain forms and discretizations, hoisting may cause the
working set to exceed the size of some level of local memory (e.g. the
last level of private cache on a conventional CPU, the shared memory on

a GPU), we introduce the following memory constraints.

ConsTRAINT 1. The size of a temporary due to code motion must not be
proportional to the size of L,.

ConsTRAINT 2. The total amount of memory occupied by the temporaries
due to code motion must not exceed a certain threshold, Ty.

Constraint 1 is a policy decision that the compiler should not silently
consume memory on global data objects. It has the effect of shrinking
the transformation space. Constraint 2 has both theoretical and practical

implications, which will be carefully analyzed in the next sections.

4.6 Selection and Composition of Transformations

In this section, we build a transformation algorithm that, given a memory
bound, systematically reaches a local optimum for finite element integra-
tion loop nests.

4.6.1 The Main Transformation Algorithm

We address the two following issues:

1. Coordination of pre-evaluation and sharing elimination. Recall from Sec-

tion 4.4 that pre-evaluation could either increase or decrease the op-
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eration count in comparison with that achieved by sharing elimina-

tion.

2. Optimizing over composite operations. Consider a form comprising two
monomials 77 and my. Assume that pre-evaluation is profitable for
my but not for m,, and that m; and m, share at least one term (for
example some basis functions). If pre-evaluation were applied to m,
sharing between m; and m; would be lost. We then need a mecha-
nism to understand which transformation — pre-evaluation or shar-
ing elimination — results in the highest operation count reduction
when considering the whole set of monomials (i.e., the expression

as a whole).

Let 6 : M — Z be a cost function that, given a monomial m € M, re-
turns the gain/loss achieved by pre-evaluation over sharing elimination.
In particular, we define 6(m) = 6" (m) — 6%(m), where 6°° and 67 rep-
resent the operation counts resulting from applying sharing elimination
and pre-evaluation, respectively. Thus pre-evaluation is profitable for m if
and only if 8(m) < 0. We return to the issue of deriving 6* and 67 in
Section 4.6.2. Having defined 6, we can now describe the transformation
algorithm (Algorithm 7).

Algorithm 7 (Transformation algorithm). The algorithm has three main
phases: initialization (step 1); determination of the monomials preserving
the memory constraints that should be pre-evaluated (steps 2-4); applica-
tion of pre-evaluation and sharing elimination (step 5).

1. Perform a depth-first visit of the expression tree and determine the
set of monomials M. Let S be the subset of monomials m such that
6(m) > 0. The set of monomials that will potentially be pre-evaluated
isP=M\S.

Note: there are two fundamental reasons for not pre-evaluating my; € P
straight away: 1) the potential presence of spatial sharing between my and
my € S, which impacts the search for the global optimum; 2) the risk of

breaking Constraint 2.

2. Build the set B of all possible bipartitions of P. Let D be the dictio-

nary that will store the operation counts of different alternatives.
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3. Discard b = (bs, bp) € B if the memory required after applying pre-

evaluation to the monomials in bp exceeds Ty (see Constraint 2);
otherwise, add D[b] = 6°¢(S U bs) + 67" (bp).
Note: B is in practice very small, since even complex forms usually have
only a few monomials. This pass can then be accomplished rapidly as long
as the cost of calculating 6°¢ and 6F™ is negligible. We elaborate on this
aspect in Section 4.6.2.

4. Take arg min, D[b].

5. Apply pre-evaluation to all monomials in bp. Apply sharing elimi-
nation to all resulting expressions.
Note: because of the reuse of basis functions, pre-evaluation may produce
some identical tables, which will be mapped to the same temporary variable.
Sharing elimination is therefore transparently applied to all expressions,
including those resulting from pre-evaluation.

The output of the transformation algorithm is provided in Figure 4.8,

assuming as input the loop nest in Figure 4.1.

// Pre-evaluated tables

for (e = 0; e < E; e++)
// Temporaries due to sharing elimination
// (Sharing was a by-product of pre-evaluation)

// Loop nest for pre-evaluated monomials
for (j = 0; j < J; j++)
for (k = 0; k < K; k++)
Agjr += FF¢...) + F"¢...) + ...

// Loop nest for monomials for which run-time
// integration was determined to be faster
for (i = 0; i < I; i++)
// Temporaries due to sharing elimination
for (j = 0; j < J; j++)
for (k = 0; k < K; k++)
Aejk += H(...)

Figure 4.8: The loop nest produced by the algorithm for an input as in Figure 4.1.
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4.6.2 The Cost Function 0

We tie up the remaining loose end: the construction of the cost function 6.

We recall that 0(m) = 67" (m) — 6°(m), with 6°° and 67" representing
the operation counts after applying sharing elimination and pre-evaluation.
Since 0 is deployed in a working compiler, simplicity and efficiency are
essential characteristics. In the following, we explain how to derive these
two values.

The most trivial way of evaluating 6°° and 67" would consist of applying
the actual transformations and simply count the number of operations.
This would be tolerable for 6°, as Algorithm 5 tends to have negligible
cost. However, the overhead would be unacceptable if we applied pre-
evaluation — in particular, symbolic execution — to all bipartitions analyzed
by Algorithm 7. We therefore seek an analytic way of determining 67™.

The first step consists of estimating the increase factor, 1. This num-
ber captures the increase in arithmetic complexity due to the transfor-
mations exposing pre-evaluation opportunities. For context, consider the
example in Figure 4.9. One can think of this as the (simplified) loop
nest originating from the integration of the action of a mass matrix. The
sub-expression fo*Bjo+f1*Bj1+f2*Bj, represents the coefficient f over (tab-
ulated) basis functions (array B). In order to apply pre-evaluation, the ex-
pression needs be transformed to separate f from all [L;, L;, L;]-dependent
quantities (see Algorithm 6). By product expansion, we observe an in-

crease in the number of [L;, L]-dependent terms of a factor ; = 3.

for (i = 0; i < I; i++)
for (j = 0; j < J; j++)
for (k = 0; k < K; k++)
Aj += bij*bi* (fo*Bio+f1*Bin+f2*Bip)

Figure 4.9: Simplified loop nest for a pre-multiplied mass matrix.

In general, however, determining ¢ is not so straightforward since re-
dundant tabulations may result from common sub-expressions. Consider
the previous example. One may add one coefficient in the same func-
tion space as f, repeat the expansion, and observe that multiple sub-
expressions (e.g., big * by * ... and bg; * byg * ...) will reduce to identical
tables. To evaluate 1, we then use combinatorics. We calculate the k-
combinations with repetitions of n elements, where: (i) k is the number of
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(derivatives of) coefficients appearing in a product; (ii) # is the number of
unique basis functions involved in the expansion. In the original example,
we had n = 3 (for bjy, b;1, and bj;) and k = 1, which confirms ¢ = 3. In the
modified example, there are two coefficients, so k = 2, which means : = 6.

If 1 > I (the extent of the reduction loop), we already know that pre-
evaluation will not be profitable. Intuitively, this means that we are in-
troducing more operations than we are saving from pre-evaluating L;. If
t < I, we still need to find the number of terms p such that 87 = p - ..
The mass matrix monomial in Figure 4.9 is characterized by the dot prod-
uct of test and trial functions, so trivially p = 1. In the example in Fig-
ure 4.4, instead, we have p = 3 after a suitable factorization of basis func-
tions. In general, therefore, p depends on both form and discretization.
To determine this parameter, we look at the re-factorized expression (as
established by Algorithm 6), and simply count the terms amenable to pre-
evaluation.

4.7 Formalization

We demonstrate that the orchestration of sharing elimination and pre-
evaluation performed by the transformation algorithm guarantees local
optimality (Definition 11). The proof re-uses concepts and explanations
provided throughout the chapter, as well as the terminology introduced
in Section 4.3.3.

Proposition 2. Consider a multilinear form comprising a set of monomials M,
and let A\ be the corresponding finite element integration loop nest. Let I' be the
transformation algorithm. Let X be the set of monomials that, according to T,
need to be pre-evaluated, and let Y = M \ X. Assume that the pre-evaluation
of different monomials does not result in identical tables. Then, ' = T(A) is a
local optimum in the sense of Definition 11 and satisfies Constraint 2.

Proof. We first observe that the cost function 6 predicts the exact gain/loss
in monomial pre-evaluation, so X and Y can actually be constructed.

Let cp denote the operation count for A and let A; C A be the subset of
innermost loops (all L loops in Figure 4.8). We need to show that there
is no other synthesis A satisfying Constraint 2 such that cy» < c,; and
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that A’ is achieved through a sequence of flop-decreasing transformations.
This holds if and only if

1. The coordination of pre-evaluation with sharing elimination is optimal.

This boils down to prove that

a) pre-evaluating any m € Y would result in c Al > A

b)

not pre-evaluating any m € X would result in cyn > cp

2. Sharing elimination leads to (at least) a local optimum.

We discuss these points separately

1.

a)

b)

Let T,, represent the set of tables resulting from applying pre-
evaluation to a monomial m. Consider two monomials m1, my €
Y and the respective sets of pre-evaluated tables, T, and T, .
If T,y N Ty, # ©, at least one table is assignable to the same
temporary. I', therefore, may not be optimal, since 0 only dis-
tinguishes monomials in “isolation”. We neglect this scenario
(see assumptions) because of its purely pathological nature and
its — with high probability — negligible impact on the operation

count.

Let m; € X and my € Y be two monomials sharing some
generic linear symbols. If m; were carelessly pre-evaluated,
there may be a potential gain in sharing elimination that is
lost, potentially leading to a non-optimum. This situation is
prevented by construction, because I' exhaustively searches all
possible bipartitions in order to determine an optimum which
satisfies Constraint 2¢. Recall that since the number of mono-
mials is in practice very small, this pass can rapidly be accom-
plished.

2. Consider Algorithm 5. Strategy 1 cannot increase the operation

count as both code motion and common sub-expression elimina-

tion are flop-decreasing transformations. Strategy 2, instead, may

increase the operation count due to product expansion. If Strategy 2

“Note that the problem can be seen as an instance of the well-known Knapsack problem
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were carelessly applied, for instance as a step of a larger transforma-
tion, it would be possible to end up with an increased operational
cost. This is avoided by construction (steps (2) and (4)). The strat-
egy selection analysis, in particular, compares the operation counts of
Strategy 2 and Strategy 1 (a flop-decreasing transformation) and the
former is retained if and only if the new state shows an improved
operation count. As all transformations that are applied to the in-
put expressions in normal form are of flop-decreasing nature, local

optima cannot be prune from the search space.

The ILP model is derived from the sharing graph of the transformed
expressions. This is used to drive Strategy 2 in the minimization of
the operation count within the innermost loop (see Definition 11). At
this point, proving the optimality of the innermost loop reduces to
establishing the correctness of the model, which is relatively straight-
forward because of its simplicity. The model aims to minimize the
operation count by selecting the most promising factorizations. The
second set of constraints is to select all edges (i.e., all multiplications)
exactly once. The first set of inequalities allows multiplications to be
scheduled: once a vertex s is selected (i.e., once a symbol is decided
to be factorized), all multiplications involving s can be grouped.

O]

Throughout the chapter we have reiterated the claim that Algorithm 7
achieves a globally optimal flop count if stronger preconditions on the
input variational form are satisfied. We state here these preconditions, in

increasing order of complexity.

1. There is a single monomial and only a specific coefficient (e.g., the
coordinates field). This is by far the simplest scenario, which re-
quires no particular transformation at the level of the outer loops, so
optimality naturally follows.

2. There is a single monomial, but multiple coefficients are present.
Optimality is achieved if and only if all sub-expressions depending
on coefficients are structured (see Section 4.3.1). This avoids ambi-
guity in factorization, which in turn guarantees that the output of

step (7) in Algorithm 5 is optimal.
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3. There are multiple monomials, but either at most one coefficient
(e.g., the coordinates field) or multiple coefficients not inducing shar-
ing across different monomials are present. This reduces, respec-

tively, to cases (1) and (2) above.

4. There are multiple monomials, and coefficients are shared across
monomials. Optimality is reached if and only if the coefficient-
dependent sub-expressions produced by Algorithm 5 — that is, the
by-product of factorizing test/trial functions from distinct monomi-

als — preserve structure.

4.8 Code Generation

Sharing elimination and pre-evaluation, as well as the transformation al-
gorithm, have been implemented in COFFEE, the compiler for finite ele-
ment integration routines adopted in Firedrake. In this section, we briefly
discuss the aspects of the compiler that are relevant for this chapter. A
complete description of the compiler is provided in Chapter 6.

4.8.1 Expressing Transformations with COFFEE

COFFEE implements sharing elimination and pre-evaluation by compos-
ing building block transformation operators, which we refer to as rewrite
operators. This has several advantages. The first is extensibility. New
transformations, such as sum factorization in spectral methods, could be
expressed by composing the existing operators, or with small effort build-
ing on what is already available. Second, generality: COFFEE can be seen
as a lightweight, low level computer algebra system, not necessarily tied
to finite element integration. Third, robustness: the same operators are
exploited, and therefore tested, by different optimization pipelines. The
rewrite operators, whose (Python) implementation is based on manipula-
tion of abstract syntax trees (ASTs), comprise the COFFEE language. A
non-exhaustive list of such operators includes expansion, factorization,

re-association, and generalized code motion.
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4.8.2 Independence from Form Compilers

COFFEE aims to be independent of the high level form compiler. It pro-
vides an interface to build generic ASTs and only expects expressions to
be in normal form (or sufficiently close to it). For example, Firedrake
has transitioned from a version of the FEniCS Form Compiler modified to
produce ASTs rather than strings, to a newly written compiler (see also
Section 2.2.1.2), while continuing to employ COFFEE. Thus, COFFEE de-
couples the mathematical manipulation of a form from code optimization;
or, in other words, relieves form compiler developers of the task of fine
scale loop optimization of generated code.

4.8.3 Handling Block-sparse Tables

For several reasons, basis function tables may be block-sparse (e.g., con-
taining zero-valued columns). For example, the FEniCS Form Compiler
implements vector-valued functions by adding (blocks of) zero-valued
columns to the corresponding tabulations; this enormously simplifies code
generation (particularly, the construction of loop nests), but also affects
the performance of the generated code due to the execution of “useless”
flops (e.g., operations like a + 0). In Jlgaard and Wells [2010], a tech-
nique to avoid iteration over zero-valued columns based on the use of
indirection arrays (e.g. A[B[i]], in which A is a tabulated basis function
and B a map from loop iterations to non-zero columns in A) was pro-
posed. This technique, however, produces non-contiguous memory loads
and stores, which nullify the potential benefits of vectorization. COFFEE,
instead, handles block-sparse basis function tables by restructuring loops
in such a manner that low level optimization (especially vectorization) is
only marginally affected. This is based on symbolic execution of the code,
which enables a series of checks on array indices and loop bounds which
determine the zero-valued blocks which can be skipped without affecting
data alignment.
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4.9 Performance Evaluation

4.9.1 Experimental Setup

Experiments were run on a single core of an Intel 17-2600 (Sandy Bridge)
CPU, running at 3.4GHz, 32KB L1 cache (private), 256KB L2 cache (pri-
vate) and 8MB L3 cache (shared). The Intel Turbo Boost and Intel Speed
Step technologies were disabled. The Intel icc 15.2 compiler was used.
The compilation flags used were -03, -xHost. The compilation flag xHost
tells the Intel compiler to generate efficient code for the underlying plat-
form.

The Zenodo system was used to archive all packages used to perform
the experiments: Firedrake [Mitchell et al., 2016], PETSc [Smith et al.,
2016], petsc4py [Firedrake, 2016], FIAT [Rognes et al., 2016], UFL [Alnaes
et al., 2016], FFC [Logg et al., 2016], PyOP2 [Rathgeber et al., 2016b] and
COFFEE [Luporini et al., 2016b]. The experiments can be reproduced
using a publicly available benchmark suite [Rathgeber et al., 2016a].

We analyze the execution time of four real-world bilinear forms of in-
creasing complexity, which comprise the differential operators that are
most common in finite element methods. In particular, we study the mass
matrix (“Mass”) and the bilinear forms arising in a Helmholtz equation
(“Helmholtz”), in an elastic model (“Elasticity”), and in a hyperelastic
model (“Hyperelasticity”). The complete specification of these forms is
made publicly available®.

We evaluate the speed-ups achieved by a wide variety of transformation
systems over the “original” code produced by the FEniCS Form Compiler
(i.e., no optimizations applied). We analyze the following transformation

systems:

quad Optimized quadrature mode. Work presented in @lgaard and Wells
[2010], implemented in the FEniCS Form Compiler.

tens Tensor contraction mode. Work presented in Kirby and Logg [2006],
implemented in the FEniCS Form Compiler.

auto Automatic choice between tens and quad driven by heuristic (de-

5https ://github.com/firedrakeproject/firedrake-bench/blob/experiments/
forms/firedrake_forms.py
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tailed in Logg et al. [2012] and summarized in Section 2.1.5). Imple-
mented in the FEniCS Form Compiler.

ufls UFLACS, a novel back-end for the FEniCS Form Compiler whose

primary goals are improved code generation and execution times.

cfO1 Generalized loop-invariant code motion. Work presented in Lu-
porini et al. [2015], implemented in COFFEE.

cf02 Optimal loop nest synthesis with handling of block-sparse tables.
Work presented in this chapter, implemented in COFFEE.

The values that we report are the average of three runs with “warm
cache”; that is, with all kernels retrieved directly from the Firedrake’s
cache, so code generation and compilation times are not counted. The
timing includes however the cost of both local assembly and matrix in-
sertion, with the latter minimized through the choice of a mesh (details
below) small enough to fit the L3 cache of the CPU.

For a fair comparison, small patches were written to make quad, tens,
and ufls compatible with Firedrake. By executing all simulations in Fire-
drake, we guarantee that both matrix insertion and mesh iteration have
a fixed cost, independent of the transformation system employed. The
patches adjust the data storage layout to what Firedrake expects (e.g., by
generating an array of pointers instead of a pointer to pointers, by replac-
ing flattened arrays with bi-dimensional ones).

For Constraint 2, discussed in Section 4.5, we set Ty = size(L2); that is,
the size of the processor L2 cache (the last level of private cache). When
the threshold had an impact on the transformation process, the experi-
ments were repeated with Ty = size(L3). The results are documented
later, individually for each problem.

Following the methodology adopted in Jlgaard and Wells [2010], we

vary the following parameters:

¢ the polynomial degree of test, trial, and coefficient (or “pre-multiplying”)
functions, g € {1,2,3,4}

e the number of coefficient functions nf € {0,1,2,3}

While constants of our study are
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Figure 4.10: Performance evaluation for the mass matrix. The bars represent speed-up over
the original (unoptimized) code produced by the FEniCS Form Compiler.

¢ the element family: Lagrange

¢ the mesh: tetrahedral with a total of 4374 elements

¢ exact numerical quadrature (we employ the same scheme used in Jlgaard

and Wells [2010], based on the Gauss-Legendre-Jacobi rule)

4.9.2 Performance Results

We report the results of our experiments in Figures 4.10, 4.11,4.12, and 4.13

as three-dimensional plots. The axes represent g, nf, and code transforma-

tion system. We show one subplot for each problem instance (form, nf, q),

with the code transformation system varying within each subplot. The

best variant for each problem instance is given by the tallest bar, which
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Speedup relative to baseline
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Figure 4.11: Performance evaluation for the bilinear form of a Helmholtz equation. The
bars represent speed-up over the original (unoptimized) code produced by
the FEniCS Form Compiler.

indicates the maximum speed-up over non-transformed code. We note
that if a bar or a subplot are missing, then the form compiler failed to
generate code because it either exceeded the system memory limit or was
otherwise unable to handle the form.

The rest of the section is organized as follows: we first provide in-
sights into the general outcome of the experimentation; we then comment
on the impact of a fundamental low-level optimization, namely autovec-
torization; finally, we motivate, for each form, the performance results

obtained.

High level view Our transformation strategy does not always guaran-

tee minimum execution time. In particular, about 5% of the test cases (3
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Figure 4.12: Performance evaluation for the bilinear form arising in an elastic model. The
bars represent speed-up over the original (unoptimized) code produced by
the FEniCS Form Compiler.

out of 56, without counting marginal differences) show that c£f02 was not
optimal in terms of runtime. The most significant of such test cases is
the elastic model with [g = 4, nf = 0]. There are two reasons for this.
First, low level optimization can have a significant impact on the actual
performance. For example, the aggressive loop unrolling in tens elimi-
nates operations on zeros and reduces the working set size by not storing
entire temporaries; on the other hand, preserving the loop structure can
maximize the chances of autovectorization. Second, the transformation
strategy adopted when T} is exceeded plays a key role, as we will later

elaborate.

142



Speedup relative to baseline
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Figure 4.13: Performance evaluation for the bilinear form arising in a hyperelastic model.
The bars represent speed-up over the original (unoptimized) code produced
by the FEniCS Form Compiler.

Autovectorization We chose the mesh dimension and the function spaces
such that the inner loop sizes would always be a multiple of the machine
vector length. This ensured autovectorization in the majority of code vari-
ants®. The biggest exception is quad, due to the presence of indirection
arrays in the generated code. In tens, loop nests are fully unrolled, so the
standard loop vectorization is not feasible; the compiler reports suggest,
however, that block vectorization [Larsen and Amarasinghe, 2000] is of-
ten triggered. In ufls, cf01, and cf02 the iteration spaces have identical
structure, with loop vectorization being regularly applied.

®We verified the vectorization of inner loops by looking at both compiler reports and
assembly code.
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Mass matrix We start with the simplest of the bilinear forms investi-
gated, the mass matrix. Results are in Figure 4.10. We first notice that the
lack of improvements when g = 1 is due to the fact that matrix insertion
outweighs local assembly. For q > 2, cf02 generally shows the highest
speed-ups. It is worth noting why auto does not always select the fastest
implementation: auto always opts for tens, while for nf > 2 quad tends
to be preferable. On the other hand, cf02 always makes the optimal de-
cision about whether to apply pre-evaluation or not. Surprisingly, despite
the simplicity of the form, the performance of the various code generation
systems can differ significantly.

Helmholtz As in the case of Mass matrix, when g = 1 the matrix in-
sertion phase is dominant. For g > 2, the general trend is that cf02

outperforms the competitors. In particular:

nf = 0 pre-evaluation makes cf02 notably faster than c£01, especially for
high values of g; auto correctly selects tens, which is comparable to
cf02.

nf =1 auto picks tens; the choice is however sub-optimal when q = 3
and g = 4. This can indirectly be inferred from the large gap be-
tween cf02 and tens/auto: cf02 applies sharing elimination, but it
correctly avoids pre-evaluation because of the excessive expansion
cost.

nf = 2,3 auto reverts to quad, which would theoretically be the right
choice (the flop count is much lower than in tens); however, the gen-
erated code suffers from the presence of indirection arrays, which
break autovectorization and “traditional” code motion.

The slow-downs (or marginal improvements) seen in a small number of
cases exhibited by ufls can be attributed to the presence of sharing in the
generated code.

An interesting experiment we additionally performed was relaxing the
memory threshold by setting Ty = size(L3). We found that this makes
cf02 generally slower for nf > 2, with a maximum slow-down of 2.16 x

with (nf = 2,4 = 2). This effect could be worse when running in par-
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allel, since the L3 cache is shared and different threads would end up

competing for the same resource.

Elasticity The results for the elastic model are displayed in Figure 4.12.
The main observation is that cf02 never triggers pre-evaluation, although
in some occasions it should. To clarify this, consider the test case (nf =
0, ¢ = 2), in which tens/auto show a considerable speed-up over c£02.
cf02 finds pre-evaluation profitable in terms of operation count, although
it is eventually not applied to avoid exceeding Ty. However, running the
same experiments with Ty = size(L3) resulted in a dramatic improve-
ment, even higher than that obtained by tens. The reason is that, despite
exceeding Ty by roughly 40%, the saving in operation count is so large
(5 in this specific problem) that pre-evaluation would in practice be the
winning choice. This suggests that our objective function should be im-
proved to handle the cases in which there is a significant gap between
potential cache misses and reduction in operation count.
We also note that:

¢ the differences between cf02 and cf01 are due to the perfect shar-
ing elimination and the zero-valued blocks avoidance technique pre-

sented in Section 4.8.3.

* when nf = 1, auto prefers tens over quad, which leads to sub-

optimal operation counts and execution times.

¢ ufls often results in better execution times than quad and tens. This
is due to multiple factors, including avoidance of indirection arrays,
preservation of loop structure, and a more effective code motion

strategy.

Hyperelasticity In the experiments on the hyperelastic model, shown in
Figure 4.13, cf02 exhibits the largest gains out of all problem instances
considered in this section. This is a positive result, since it indicates that
our transformation algorithm scales well with form complexity. The fact
that all code transformation systems (apart from tens) show quite sig-
nificant speed-ups suggests two points. First, the baseline is highly in-

efficient. With forms as complex as in the hyperelastic model, a trivial
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translation of integration routines into code should always be avoided as
even the best general-purpose compiler available (the Intel compiler on an
Intel platform at maximum optimization level) fails to exploit the struc-
ture inherent in the expressions. Second, the strategy for removing spatial
and temporal sharing has a tremendous impact. Sharing elimination as
performed by cf02 ensures a critical reduction in operation count, which

becomes particularly pronounced for higher values of 4.

4.10 Conclusions

We have developed a theory for the optimization of finite element in-
tegration loop nests. The chapter details the domain properties which
are exploited by our approach (e.g., linearity) and how these translate to
transformations at the level of loop nests. All of the algorithms shown
in this chapter have been implemented in COFFEE, a publicly available
compiler fully integrated with the Firedrake framework. The correctness
of the transformation algorithm was discussed. The performance results

achieved suggest the effectiveness of our methodology.

4,11 Limitations and Future Work

We have defined sharing elimination and pre-evaluation as high level
transformations on top of a specific set of rewrite operators, such as code
motion and factorization, and we have used them to construct the trans-
formation space. There are three main limitations in this process. First, we
do not have a systematic strategy to optimize sub-expressions which are
independent of linear loops. Although we have a mechanism to determine
how much computation should be hoisted to the level of the integration
(reduction) loop, it is not clear how to effectively improve the heuristics
used at step (6) in Algorithm 5. Second, lower operation counts may be
found by exploiting domain-specific properties, such as redundancies in
basis functions; this aspect is completely neglected in this chapter. Third,
with Constraint 1 we have limited the applicability of code motion. This
constraint was essential given the complexity of the problem tackled.
Another issue raised by the experimentation concerns selecting a proper
threshold for Constraint 2. To solve this problem would require a more so-
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phisticated cost model, which is an interesting question deserving further
research.

We also identify two additional possible research directions: a complete
classification of forms for which a global optimum is achieved; and a gen-
eralization of the methodology to other classes of loop nests, for instance
those arising in spectral element methods.
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Chapter 5

Cross-loop Optimization of
Arithmetic Intensity for Finite
Element Integration

In the previous chapter, a method to minimize the operation count of fi-
nite element integration loop nests, or “assembly kernels”, has been devel-
oped. Here, the focus is on the same class of kernels, but a complementary
issue is tackled: the low level optimization of the resulting code.

This chapter is a revised version of Luporini et al. [2015], with extended

examples and improved results.

5.1 Recapitulation and Objectives

We know that an assembly kernel is characterized by the presence of an
affine, often non-perfect loop nest, in which individual loops are rather
small: their trip count rarely exceeds 30, and may be as low as 3 for low
order methods. In the innermost loop, a compute intensive expression
evaluates an n-dimensional array, or element tensor, which represents the
result of local assembly in an element of the discretized domain. More
specifically: in bilinear forms, n = 2 and the output is referred to as the
element matrix; in linear forms, n = 1 and the output is referred to as the
element vector. With such a kernel structure, the objective of the low level

optimization is maximizing register locality and SIMD vectorization.
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We aim to maximize our impact on the platforms that are realistically
used for finite element applications, so we target conventional CPU ar-
chitectures rather than GPUs. The key limiting factor to the execution
on GPUs is the stringent memory requirements. Only relatively small
problems fit in a GPU memory, and support for distributed GPU execu-
tion in general purpose finite element frameworks is minimal. There has
been some research on adapting local assembly to GPUs, although it dif-
fers from ours in several ways, including: (i) not relying on automated
code generation from a domain-specific language, (ii) testing only very
low order methods, (iii) not optimizing for cross-loop arithmetic intensity
(the goal is rather effective multi-thread parallelization). In addition, our
code transformations would drastically impact the GPU parallelization
strategy, for example by increasing a thread’s working set. For all these
reasons, extending the research to GPU architectures is beyond the scope
of this work. The related work on the subject is covered in Section 5.5,

while intuitions about this research direction are provided in Section 5.6.

Achieving high performance on CPUs is non-trivial. The complexity of
the mathematical expressions, which we know to be often characterized by
a large number of operations on constants and small vectors, makes it hard
to determine a single or specific sequence of transformations that is suc-
cessfully applicable to all problems. Loop trip counts are typically small
and can vary significantly, which further exacerbates the issue. Moreover,
the memory access pattern can be either unit-stride (A[i], A[i+1], A[i+2],
...) or multi-stride (A[i], A[i+1], A[i+N], A[i+N+1], ...) — for example, as
a consequence of skipping computation on zeros, see Section 4.8.3. We
will show that general-purpose compilers, such as GNU’s and Intel’s, fail
at maximizing the efficiency of the generated code because of such a par-
ticular structure. Polyhedral-model-based source-to-source compilers, for
instance Bondhugula et al. [2008], can apply aggressive loop optimiza-
tions, such as tiling, but these are not particularly helpful in our context
since they mostly focus on cache locality.

As in Chapter 4, we focus on optimizing the performance of assembly
kernels produced through automated code generation, so we seek trans-
formations that are generally applicable and effective. In particular, we
introduce and study the following transformations:
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Padding and data alignment SIMD vectorization is more effective when the
CPU registers are packed (unpacked) by means of aligned load (store)
instructions. Data alignment is achieved through array padding, a
conceptually simple yet powerful transformation that can result in

dramatic reductions in execution time.

Vector-register tiling Tiling at the level of vector registers exploits the pe-
culiar memory access pattern induced by finite element operators
(i.e., the linearity of the test and trial functions loops) to improve
data locality.

Expression splitting Complex expressions are often characterized by high
register pressure (i.e., the lack of available registers inducing the
compiler to “spill” data from registers to cache). This transformation
exploits the associativity property of the addition to distribute, or
“split”, an expression into multiple sub-expressions to be computed

in separate loop nests.

In addition, we analyze the effects of “more traditional” optimizations:
loop unrolling, loop interchange, loop fusion and vector promotion. Some
of these are not applied by general-purpose compilers, or are applied in
a sub-optimal way; in such a case, they will be applied explicitly through
our compiler, COFFEE.

To summarize, the contributions of this chapter are:

¢ The introduction of novel transformations that are demonstrated to
improve the performance of assembly kernels. These transforma-
tions, implemented in COFFEE, aim to maximize register locality
and SIMD vectorization.

* A study on the effectiveness of a set of well-known transformations
as well as the introduction of extensions that, taking advantage of
assembly kernel properties, maximize their impact.

¢ Extensive experimentation using a set of real-world forms commonly

arising in finite element methods.

¢ A discussion concerning the generality of the transformations and

their applicability to different domains.
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5.2 Low-level Optimization

In this section, we describe three novel transformations that target regis-
ter locality (expression splitting), SIMD vectorization (padding and data
alignment), or both (vector-register tiling). Their ideation was directly
inspired by the structure of assembly kernels. In particular, preliminary
experimentation and profiling suggested that better performance could
be achieved by optimizing resource usage within a CPU core. The imple-
mentation is carried out in COFFEE. Understanding the potential of these
transformations in other computational domains requires a different kind

of investigation, which we approach in Section 5.6.

5.2.1 Padding and Data Alignment

The absence of stencils makes it simple for a general-purpose compiler to
auto-vectorize the computation of the element tensor!. Nevertheless, vec-
torization is sub-optimal if data are not aligned to cache-line boundaries
or if the innermost loop trip count is not a multiple of the vector length
VL (especially when the loops are small as in assembly kernels).

Data alignment is enforced in two steps. First, all arrays (except the
element tensor, for reasons discussed shortly) are allocated to addresses
that are multiples of VL. This is achieved by adding special attributes to
each declaration (e.g., __attribute__(aligned(VL * 8)), with 8 being the
size of a value in double precision). Second, their innermost dimension is
padded by rounding the size to the nearest multiple of VL. For instance,
assume the original size of a basis function array is 3x3 and VL = 4
(e.g. AVX processor, with 32-byte long vector registers and 8-byte double-
precision floats); then, the padded version of the array will have size 3x4.
The compiler is explicitly informed about data alignment through suitable
pragmas. For example, in the case of the Intel compiler, adding the anno-
tation #pragma vector aligned to a loop declares that all of the memory
accesses performed in its body will be aligned. This allows the compiler
to generate aligned load and store instructions (e.g., movapd), which are

dramatically faster than unaligned ones (e.g., movupd).

n practice, the GCC compiler does not to auto-vectorize loops if these are too small; this
indicates flaws in its cost model, since vectorization, in our hand-crafted experiments,
was always found to be a winning choice.

152



As anticipated, the element tensor requires special attention. In our
computational model, the element tensor is a kernel’s input parameter,
so the aforementioned transformations cannot be applied. We therefore
create a “shadow” copy of the element tensor, padded, aligned, and ini-
tialized to 0. The shadow element tensor replaces any occurrence of the
original element tensor in the kernel. Right before returning to the caller,
a loop nest willy copy the relevant region of the shadow element tensor
back into the input array.

This process often allows to safely round a loop trip count to the nearest
multiple of VL, thus avoiding the introduction of a remainder (scalar) loop
from the compiler (which would render vectorization less efficient). We
distinguish two cases:

All memory accesses in the kernel are unit-stride It is trivial to verify whether
the iterations introduced by rounding up the loop trip count will
only write to the padded region of the element tensor. In such a case,
the loop trip count can be rounded. Listing 6 illustrates the effect of
padding and data alignment on top of generalized code motion in
the weighted Laplace kernel which we introduced in Chapter 2, with

loop trip counts properly rounded.

Offsets are used when accessing array values Verifying whether the trans-
formation will alter the output is in this case less trivial. The inter-
section I between the set of extra iterations (in Listing 6, {4}) and
the sets of non zero-valued columns in each array is computed. If
I # @, the loop trip count cannot be rounded. In such a case, or if
any offset is not a multiple of VL, the #pragma vector aligned also
cannot be added.

5.2.2 Expression Splitting

In complex kernels, like Burgers in Listing 2, and on certain architectures,
achieving effective register allocation can be challenging. If the number
of variables independent of the innermost-loop dimension is close to or
greater than the number of available CPU registers, poor register reuse
is likely. This usually happens when the number of basis function ar-
rays, temporaries introduced by either generalized code motion or pre-
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LISTING 6: The assembly kernel for the weighted Laplace operator in Listing 1
after application of padding and data alignment on top of generalized code mo-

tion. An AVX architecture, which implies VL = 4, is assumed.

1 #define ALIGN __attribute__(aligned(32))

2

3 void weighted_laplace(double A[3][3], double

© ® N Ul e

// K, det = Compute Jacobian (coords)

// Quadrature weights
static const double W[6] ALIGN = 0.5;

// Basis functions

static const double B[6][4] ALIGN
static const double C[6][3] ALIGN
static const double D[6][4] ALIGN

// Padded buffer
double PA[3][4] ALIGN = {{0.0}};

for (int i = 0; i<6; i++) {
double f0 = 0.0;
for (int r = 0; r < 3; ++r) {
£0 += (wlr] * C[il[rD);

double TO[4] ALIGN;

double T1[4] ALIGN;

#pragma vector aligned

for (int j = 0; j<4; j+) {
TO[;]
T1[j]

double T2[4] ALIGN;

double T3[4] ALIGN;

#pragma vector aligned

for (int k = 0; k<4; k++) {
T2 [k]
T3[k]

}

for (int j = 0; j<3; j+) {
#pragma vector aligned
for (int k = 0; k<4; k++) {

{..
...
{

**coords, double w[3]) {

(RL1I*BLi1 3D +(KI31*DLi1[31));
(RLOI*B[i]1[j1D+K[21*D[i1[31));

((RL11*BLi][k1)+(R[31*D[i]1[kI));
(R[OI*B[i]1[k1D+(K[2]*D[i][k1));

PA[j1[k] += (TO[j1*T2[k] + T1[j1*T3[k])*det*W[i]*£0);

}
}

// Copy back the shadow tensor to the input array
45 for (int j = 0; j<3; j++) {

for (int k
A[31(k]

0; k<3; k++) {
PA[j]1[k];
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evaluation, and problem constants is large. For example, applying code
motion to the Burgers example on a 3D mesh requires 24 temporaries for
the ijk loop order. This can make hoisting of the invariant loads out of the
k loop inefficient on architectures with a relatively low number of regis-
ters. One potential solution to this problem consists of suitably “splitting”
the computation of the element tensor A into multiple sub-expressions.
An example of this idea is given in Listing 7. The transformation can be
regarded as a special case of classic loop fission, in which associativity
of the addition is exploited to distribute the expression across multiple

loops.

LISTING 7: The assembly kernel for the weighted Laplace operator in Listing 1
after application of expression splitting on top of generalized code motion. In
this example, the split factor is 2.

void weighted.laplace(double A[3]1[3], double **coords, double w[3]) {
// Omitting redundant code

for (int j = 0; j<3; j+0 {
for (int k = 0; k<3; k++) {
A[31[k] += (TO[KI*TO[j]1)*det*W[i]*£{0;

}
for (int j = 0; j<3; j++) {
for (int k = 0; k<3; k++) {
A[J1[k] += (T1[KI*T1[j1)*det*W[i]*£0;

Splitting an expression has, however, several drawbacks. Firstly, it in-
creases the number of accesses to A in proportion to the “split factor”,
which is the number of sub-expressions produced. Also, depending on
how splitting is done, it can lead to redundant computation. For example,
the number of times the product det*W3[i] is performed is proportional
to the number of sub-expressions, as shown in the code snippet. Further,
it increases loop overhead, for example through additional branch instruc-
tions. Finally, it might affect register locality: for instance, the same array
could be accessed in different sub-expressions, requiring a proportional
number of loads be performed; this is not the case of the running exam-
ple, though. Nevertheless, the performance gain from improved register
reuse can still be greater if suitable heuristics are used. Our approach

consists of traversing the expression tree and recursively splitting it into
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multiple sub-expressions as long as the number of variables independent
of the innermost loop exceeds a certain threshold. The optimal thresh-
old has to be determined explicitly for each problem; a good heuristic
consists of counting how many distinct variables need be loaded at every

loop iteration and comparing with the number of available registers.

5.2.3 Model-driven Vector-register Tiling

LISTING 8: The assembly kernel for the weighted Laplace operator in Listing 1
after application of vector-register tiling (on top of generalized code motion,
padding, and data alignment). In this example, the unroll-and-jam factor is 1.

void weighted_laplace(double A[3][3], double **coords, double w[3]) {
// Omitting redundant code

// Padded buffer (note: both rows and columns)
double PA[4]1[4] ALIGN = {{0.0}};

for (int i = 0; i<3; i++) {

// Omitting redundant code

// ...

for (int j = 0; j<4; j += 4

for (int k = 0; k<4; k += 4) {

// Sequence of LOAD and SET intrinsics
// Compute PA[O][®], PA[1][1], PA[2][2], PA[3][3]
// One _mm256_permute_pd per k-loop LOAD
// Compute PA[O][1], PA[1][0], PA[2][3], PA[3][2]
// One _mm256_permute2f128_pd per k-loop LOAD
/] ...

// Scalar remainder loop (not necessary in this example)
}
// Restore the storage layout
for (int j = 0; j<4; j += 4) {
for (int k = 0; k<4; k += 4) {
_m256d r® = _mm256_load_pd (&-A[j+0][k]);
// LOAD PA[j+1][k], PA[j+2][k], PA[j+3][k]

r4 = mm256_unpackhi_pd (rl, r0);
r5 = _mm256_unpacklo_pd (r®, ri);
r6 = -mm256_unpackhi_pd (r2, r3);
r7 = -mm256_unpacklo_pd (r3, r2);
r® = _mm?256_permute2f128_pd (r5, r7, 32);
rl = -mm256_permute2f128_pd (r4, r6, 32);
r2 = mm256_permute2f128_ pd (r7, r5, 49);
r3 = _mm256_permute2f128_pd (r6, r4, 49);

_mm256_store_pd (& A[j+0]1[k], r®);
// STORE PA[j+1]1[k], PA[j+2]1[k], PA[j+3][k]

One notable problem of assembly kernels concerns register allocation
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and register locality. The critical situation occurs when the loop trip
counts and the variables accessed are such that the vector-register pres-
sure is high. Since the kernel’s working set is expected to fit the L1 cache,
it is particularly important to optimize register management. Standard
optimizations, such as loop interchange, unroll, and unroll-and-jam, can
be employed to deal with this problem. Tiling at the level of vector reg-
isters represents another opportunity. Based on the observation that the
evaluation of an element matrix can be reduced to a summation of outer
products along the j and k dimensions, a model-driven vector-register
tiling strategy can be implemented. The computation of an element ma-
trix is abstractly expressible as

Ajk: Z Xj']/k j,kZO,...,3

4
where B is the set of all basis functions or temporary variables accessed
in the kernel, whereas B’ and B” are generic problem-dependent subsets.
Regardless of the specific input problem, by abstracting from the presence
of all variables independent of both j and k, the element matrix compu-
tation is always reducible to this form. Figure 5.1 illustrates how we can
evaluate 16 entries (j, k = 0, ..., 3) of the element matrix using just 2 vector
registers, which represent a 4 x4 tile, assuming |B’| = |B”| = 1. Valuesina
register are shuffled each time a product is performed. Standard compiler
auto-vectorization for both GNU and Intel compilers, instead, executes 4
broadcast operations (i.e., “splat” of a value over all of the register loca-
tions) along the outer dimension to perform the calculation. In addition
to incurring a larger number of cache accesses, it needs to keep between
f =1and f = 3 extra registers to perform the same 16 evaluations when
unroll-and-jam is used, with f being the unroll-and-jam factor.

The storage layout of PA, however, is incorrect after the application of
this outer-product-based vectorization. It can be efficiently restored with
a sequence of vector shuffles following the pattern highlighted in Fig-
ure 5.2, executed once outside of the ijk loop nest. The pseudo-code for
the transformed weighted Laplace assembly kernel is shown in Listing 8.
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Figure 5.1: The outer-product vectorization relies on permuting values directly within vec-
tor registers.
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Figure 5.2: Restoring the storage layout is the last step of the outer-product vectorization.
The figure shows how 4 x4 elements in the top-left block of the element matrix
A can be moved to their correct positions. Each rotation, represented by a group
of three same-colored arrows, is implemented by a single shuffle intrinsic.

Generalization In this section, we have considered assembly kernels
arising from bilinear forms. The transformation can be generalized to
linear forms provided that the loop over mesh elements is introduced in
the computational model. The new dimension would induce an outer
product with the test functions loop; hence, the element vector could
be turned into a “multi-element” matrix, which would enable a similar

vector-register tiling. This is however not implemented in COFFEE.

5.3 Experiments

The objective is to evaluate the impact of the code transformations pre-

sented in the previous sections in representative problems.

5.3.1 Setup

We use three bilinear forms, which we refer to as (i) Helmholtz, (ii) Diffusion,
and (iii) Burgers (the names derive from the PDEs from which the bilinear

forms were extracted). The three chosen forms lead to real-life kernels and
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comprise the core differential operators in some of the most frequently en-
countered finite element problems in scientific computing. This is of cru-
cial importance because distinct problems, possibly arising in completely
different fields, may employ (subsets of) the same differential operators of
our benchmarks, which implies similarities and redundant patterns in the
generated code. Consequently, the proposed code transformations have
a domain of applicability that goes far beyond that of the three analyzed
equations.

The Helmholtz and Diffusion kernels are archetypal second order el-
liptic operators. They are complete and unsimplified examples of the
operators used to model diffusion and viscosity in fluids, and for impos-
ing pressure in incompressible fluids. As such, they are both extensively
used in climate and ocean modeling. Very similar operators, for which the
same optimizations are expected to be equally effective, apply to elasticity
problems, which are at the base of computational structural mechanics.
The Burgers kernel is a typical example of a first order hyperbolic con-
servation law, which occurs in real applications whenever a quantity is
transported by a fluid (the momentum itself, in our case). While the two
elliptic operators apply to scalar quantities, the chosen Burgers kernel
applies to a vector-valued quantity; this impacts the generated code, as
explained next. The operators we have selected are characteristic of both
the second and first order operators that dominate fluids and solids sim-
ulations.

The benchmarks, including the UFL description, are available at [Lu-
porini, 2014b]; for convenience, the studied bilinear operators are also
summarized in Figures 5.3, 5.4, and 5.5. The benchmarks were executed
over real unstructured meshes through Firedrake. The transformations
are applied through COFFEE, which is used by Firedrake. The Diffusion
code has already been shown in Listing 1. The Helmholtz equation uses
the same differential operators as Diffusion. In the Helmholtz kernel
code, the main differences with respect to Diffusion are the presence
of additional arrays (the basis functions for the “mass term”) and con-
stants for computing the element matrix. Burgers is a non-linear prob-
lem employing differential operators different from those of Helmholtz
and relying on vector-valued quantities, which has a major impact on the

generated assembly code (see Listing 2), where a larger number of ba-
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/ Vu-Vou+uv dx (5.1)
O

Figure 5.3: The Helmholtz bilinear form. The trial function u and the test function v be-
long to the space of continuous piecewise-defined polynomials of given degree.

/ Vu - Vo dx (5.2)
o)

Figure 5.4: The Diffusion bilinear form. The trial function u and the test function v belong
to the space of continuous piecewise-defined polynomials of given degree.

un-i—l —u"
/ — ot ("™ W)™y o +vVu" - Vo dx (5.3)
0

Figure 5.5: The Burgers operator. The solution u and the test function v belong to the space
of vector-valued continuous piecewise-defined polynomials of given degree. v
is a constant scalar viscosity. A backward Euler time discretization is used.

sis function arrays (X1, X2, ...) and constants (FO, F1, ..., KO, K1,...) are
generated.

These problems were studied varying both the shape of mesh elements
and the polynomial order q of the function spaces, whereas the element
family, Lagrange, is fixed. As might be expected, the larger the ele-
ment shape and ¢, the larger the iteration space. Triangles, tetrahedra,
and prisms were tested as element shape. For instance, in the case of
Helmholtz with g = 1, the size of the j and k loops for the three element
shapes is, respectively, 3, 4, and 6. Moving to larger shapes has the effect
of increasing the number of basis function arrays, since, intuitively, the
behaviour of the equation has to be approximated also along a third axis.
On the other hand, the polynomial order affects only the problem size
(the three loops i, j, and k, and, as a consequence, the size of the X and
Y arrays). A range of polynomial orders from g = 1 to g = 4 were tested;
higher polynomial orders are excluded from the study because of current
Firedrake limitations. In all these cases, the size of the element matrix
rarely exceeds 30x30, with a peak of 105x105 in Burgers with prisms
and g = 4.

160



5.3.2 Test Environment

The experiments were run on a single core of an Intel architecture, a Sandy
Bridge 17-2600 CPU running at 3.4 GHz, with 32KB of L1 cache and 256KB
of L2 cache). The icc 13.1 compiler was used. The compilation flags
used were -02 and -xAVX for auto-vectorization (other optimization levels
were tried, but they resulted in higher execution times).

The execution times are the average of three runs with “warm cache”;
that is, with all kernels retrieved directly from the Firedrake’s cache, so
code generation and compilation times are not counted. The timing in-
cludes the costs of both matrix insertion and mesh iteration.

5.3.3 Rationale of the Experimentation

We evaluate the impact of four transformations: generalized loop-invariant
code motion (licm); padding and data alignment (ap); outer-product vec-
torization (op-vect); expression splitting (split). We also study licm, despite
not considering it a real low level transformation (it is actually a rewrite
operator, see Chapters 4 and 6), because measuring the impact of ap, op-
vect, and split becomes realistic only when all additional loops and tem-
poraries have been created.

Figure 5.6 shows the maximum speed-ups achieved by composing the
four transformations over the original code generated by Firedrake via the
FEniCS Form Compiler. The figure is a three-dimensional plot: each sub-
plot is a specific (shape, form, q) problem instance, with g varying within
each subplot. By referring to this figure, in the next sections we motivate

the performance improvements obtained.

5.3.3.1 Impact of Generalized Loop-invariant Code Motion

In general, the speed-ups achieved by licm are notable, which is in line
with what we have observed in Chapter 4. The main reasons are that
in the original code, (i) sub-expressions invariant to outer loops are not
automatically hoisted, while (ii) sub-expressions invariant to the inner-
most loop are hoisted, but their execution is not auto-vectorized. These
observations derive from inspection of assembly code generated by the

compiler.
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Figure 5.6: Maximum performance improvement on a Sandy Bridge due to generalized
loop-invariant code motion, padding and data alignment, outer-product vec-
torization, and expression splitting over the original code produced by Fire-
drake. The unroll and splitting factors — respectively for the outer-product
vectorization and expression splitting — were determined empirically.

The gain tends to grow with the computational cost of the kernels: big-
ger loop nests (i.e., larger element shapes and polynomial orders) usually
benefit from the reduction in redundant computation, even though extra
memory for the temporary arrays is required. Some discrepancies to this
trend are due to a less effective auto-vectorization. For instance, on the
Sandy Bridge, the improvement at g4 = 3 is larger than that at g = 4 be-
cause, in the latter case, the size of the innermost loop is not a multiple
of the vector length, and a remainder scalar loop is introduced at compile
time. Since the loop nest is small, the cost of executing the extra scalar

iterations can have a significant impact.
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5.3.3.2 Impact of Padding and Data Alignment

Padding, which avoids the introduction of a remainder loop as described
in Section 5.2.1, as well as data alignment, enhance the quality of auto-
vectorization. Occasionally the impact of ap is marginal. These may be
due to two reasons: (i) the non-padded element tensor size is already
a multiple of the vector length; (ii) the number of aligned temporaries
introduced by licm is so large to induce cache associativity conflicts (e.g.
Burgers).

5.3.3.3 Impact of Vector-register Tiling

op-vect requires setting an unroll-and-jam factor. Here, we discuss the
speed-ups obtained after a small set of feasible unroll-and-jam factors (be-
tween 1 and 4) were tried (i.e., the maximum speed-ups).

The rationale behind these results is that the effect of op-vect is signifi-
cant in problems in which the assembly loop nest is relatively big. When
the loops are short, since the number of arrays accessed at every loop
iteration is rather small (between 4 and 8 temporaries, plus the element
matrix itself), there is no need for vector-register tiling; extensive unrolling
is sufficient to improve register re-use and, therefore, to maximize the per-
formance. However, as the iteration space becomes larger, op-vect leads to
improvements up to 1.4x (Diffusion, prismatic mesh, g = 4 - increasing
the overall speed up from 2.69x to 3.87x).

Using the Intel Architecture Code Analyzer tool [Intel Corporation,
2012], we confirmed that speed ups are a consequence of increased regis-
ter re-use. In Helmholtz q = 4, for example, the tool showed that when
using op-vect the number of clock cycles to execute one iteration of the j
loop decreases by roughly 17%, and that this is a result of the relieved
pressure on both of the data (cache) ports available in the core.

The performance of individual kernels in terms of floating-point oper-
ations per second was also measured. The theoretical peak on a single
core, with the Intel Turbo Boost technology activated, is 30.4 GFlop/s. In
the case of Diffusion using a prismatic mesh and g = 4, we achieved
a maximum of 21.9 GFlop/s with op-vect enabled, whereas 16.4 GFlop/s
was obtained when only licm and ap were used. This result is in line with

the expectations: analysis of assembly code showed that, in the jk loop
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nest, which in this problem represents the bulk of the computation, 73%
of instructions are actually floating-point operations.

Application of op-vect to the Burgers problem induces significant slow-
downs due to the large number of temporary arrays that need be tiled,
which exceeds the available logical registers on the underlying architec-
ture. Expression splitting can be used in combination with op-vect to alle-

viate this issue; this is discussed in the next section.

5.3.3.4 Impact of Expression Splitting

Expression splitting relieves the register pressure when the element ma-
trix evaluation needs to read from a large number of basis function ar-
rays. As detailed in Section 5.2.2, the price to pay for this optimization
is an increased number of accesses to the element matrix and, potentially,
redundant computation.

For the Helmholtz and Diffusion kernels, in which only between 4 and
8 temporaries are read at every loop iteration, split tends to slow down
the computation, because of the aforementioned drawbacks. Slow-downs
up to 1.4x were observed.

In the Burgers kernels, between 12 and 24 temporaries are accessed at
every loop iteration, so split plays a key role since the number of available
logical registers on the Sandy Bridge architecture is only 16. In almost
all cases, a split factor of 1, meaning that the original expression was
divided into two parts, ensured close-to-peak performance. The transfor-
mation negligibly affected register locality, so speed-ups up to 1.5x were
observed. For instance, when g = 4 and a prismatic mesh is employed,
the overall performance improvement increases from 1.44x to 2.11x.

The performance of the Burgers kernel on a prismatic mesh was 20.0
GFlop/s from q = 1 to g = 3, while it was 21.3 GFlop/s in the case of
g = 4. These values are notably close to the peak performance of 30.4
GFlop/s. Disabling split makes the performance drop to 17.0 GFlop/s for
q=1,2,18.2 GFlop/s for g = 3, and 14.3 GFlop/s for g = 4. These values
are in line with the speed-ups shown in Figure 5.6.

The split transformation was also tried in combination with op-vect (split-
op-vect). Despite improvements up to 1.22x, split-op-vect never outper-

forms split. This is motivated by two factors: for small split factors, such

164



as 1 and 2, the data space to be tiled is still too big, and register spilling
affects run-time; for higher ones, sub-expressions become so small that, as
explained in Section 5.3.3.3, extensive unrolling already allows to achieve

a certain degree of register re-use.

5.3.3.5 More Registers, Larger Vectors

To assess the impact of the transformations on architectures with different
numbers of vector registers and SIMD lanes, we have repeated the same
experiments on an Intel Xeon Phi (5110P, running at 1.05Ghz in native
mode, 32KB L1 cache and 512KB L2 cache). The icc 13.1 compiler was
used. The compilation flag used for optimization was -03.

In contrast to the Sandy Bridge, which only had 16 256-bit vector-
registers, the Xeon Phi has 32 512-bit vector registers. Since our trans-
formations focus on register locality and SIMD vectorization, it is useful
to study such a different platform.

The results of the experimentation are presented in Figure 5.7. Overall,
the trend is similar to that observed on the Sandy Bridge, with a few
exceptions. licm is occasionally inconsequential because the remainder
loop overhead is more pronounced on the Xeon Phi, where the vector
length is twice as long, which leads to proportionately larger fractions of
scalar code. The pattern of ap and op-vect, instead, is much more similar to
the one on the Sandy Bridge (higher speed-ups were often observed). The
impact of split in Burgers is not as pronounced as on the Sandy Bridge,
since register spilling is now limited by the presence of 32 logical vector

units.

5.3.3.6 Summary of Results

We have analyzed the impact of three low level optimizations on top of
licm. While ap is demonstrated to provide systematic improvements, the
impact of op-vect and split is more difficult to predict. op-vect requires rel-
atively large loop nests (the trip count of individual loops must be at least
larger than 10) to be effective, as observed in Helmholtz and Diffusion.
The largest gains in Burgers derive from using split, because of the high
register pressure. Composing op-vect and split in Burgers rarely provided
benefits, and most of these were significantly smaller than those achieved
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Figure 5.7: Maximum performance improvement on a Xeon Phi due to generalized loop-
invariant code motion, padding and data alignment, outer-product vectoriza-
tion, and expression splitting over the original code produced by Firedrake.
The unroll and splitting factors — respectively for the outer-product vectoriza-
tion and expression splitting — were determined empirically.

through ap. This was verified on both the Sandy Bridge and the Xeon
Phi. It is unclear why on the Xeon Phi, in spite of a larger number of
vector registers, the composite split-op-vect transformation did not result
in significant performance improvements.

These results suggest that a cost model or an auto-tuning system to
select the optimal composite transformation for a given problem would

be of great help. We expand on this problem in Section 5.5.

5.4 Experience with Traditional Compiler

Optimizations

In this section, we report on an experimentation with traditional optimiza-

tions: loop interchange, loop unroll, vector promotion and loop fusion.
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The following sections also discuss the implementation and the use of
these transformations in COFFEE.

5.4.1 Loop Interchange

All loops are interchangeable, provided that temporaries are introduced if
the nest is not perfect. For the employed storage layout, the loop permuta-
tions ijk and ikj are likely to maximize the performance. Conceptually,
this is motivated by the fact that if the i loop were in an inner position,
then a significantly higher number of load instructions would be required
at every iteration. We tested this hypothesis in manually crafted kernels.
We found that the performance loss is greater than the gain due to the
possibility of accumulating increments in a register, rather than memory,
along the i loop. The choice between ijk and ikj depends on the number
of load instructions that can be hoisted out of the innermost dimension. A
good heuristics is to choose as outermost the loop along which the num-
ber of invariant loads is smaller so that more registers remain available to
carry out the computation of the element tensor.

Our experience with the Intel and GNU compilers is contrasting: on
one hand, the former applies this transformation following a reasonable
cost model, while the latter is generally too conservative, even at highest
optimization level. This behaviour was verified in different variational
forms (by looking at assembly code and compiler reports), including the
complex hyperelastic model analyzed in Chapter 4.

Loop interchange is implemented in COFFEE. However, it is not applied
by any of the default optimization levels (see Section 6.2) due to the lack of
a cost model capable of providing systematic performance improvements

across a range of problems and general-purpose compilers.

5.4.2 Loop Unrolling

We first observe that manual full (or extensive) unrolling is unlikely to
be effective for two reasons. Firstly, the ijk loop nest would need to
be small enough such that the unrolled instructions do not exceed the
instruction cache, which is rarely the case: it is true that in a local assembly
kernel the minimum size of the ijk loop nest is 3x3x3 (triangular mesh

and polynomial order 1), but this increases rapidly with the polynomial
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order of the method and the discretization employed (e.g. tetrahedral
meshes imply larger loop nests than triangular ones), so sizes greater than
10x10x10, for which extensive unrolling would already be harmful, are in
practice very common. Secondly, manual unrolling is dangerous because
it may compromise compiler auto-vectorization by either removing loops
(most compilers search for vectorizable loops) or losing spatial locality
within a vector register.

By comparison with implementations with manually-unrolled loops,
we noticed that recent versions of compilers like GNU’s and Intel’s es-
timate close-to-optimal unroll factors when the loops are affine and their
bounds are relatively small and known at compile-time, which is the case
of our kernels. Our choice, therefore, is to relieve COFFEE from the duty
of applying loop fusion and to leave the back-end compiler in charge of

selecting unroll factors.

5.4.3 Vector promotion

Vector promotion is a transformation that “trades” a parallel dimension
for space, thus creating SIMD vectorization opportunities for outer loops.
In this section, we consider vector promotion for the sub-expressions that
only depend on the integration loop (i.e., the i loop).

In Listing 9, the evaluation of the coefficient w on the basis functions in
C is made vectorizable along the i loop by “promoting” the scalar f to
an array of size 6. All sub-expressions hoisted at the level of the i loop
(which result from applying the techniques described in Chapter 4) can be
treated similarly. The cost of this transformation obviously depends on the
amount of computation within the i loop: the larger the number of scalars
to be turned into arrays, the bigger the resulting working set, which may
lead to the same memory issues explained in Section 4.5. Loop tiling
may be used to counteract this effect, but the implementation complexity
would be significantly higher.

Neither the GNU nor the Intel compiler seems capable of applying this
transformations, probably because of the non-trivial impact on the work-
ing set. In fact, it is challenging to propose a cost model that works well
even just for the class of assembly kernels considered in this chapter. Vec-
tor promotion is implemented in COFFEE, but unused by any of the de-
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LISTING 9: The assembly kernel for the weighted Laplace operator in Listing 1
after application of vector promotion on top of generalized code motion.

void weighted.-laplace(double A[3][3], double **coords, double w[3]) {
// Omitting redundant code

// Application of vector promotion double f0[6] = {0.0};
for (int i = 0; i<6; i++) {
for (int r = 0; r < 3; ++r) {
f0[i] += (w[r] * C[il[rD);
}
}
for (int i = 0; i<6; i++) {
double TO[3];
double T1[3];
for (int j = 0; j<3; j++) {
TO[j] = (R[1I1*B[i][iD+X[3]1*D[1]1[j1D);
T1[j] = (K[O1*BLi][JD+X[2]*D[1]1[31));

double T2[3];
double T3[3];
for (int k = 0; k<3; k++) {

T2[k] = (K[11*B[i][kID+(K[31*D[i1[k1));
y T3[k] = (K[O1*B[i][k1)+(K[2]*D[i]1[kI));
for (int j = 0; j<3; j++) {

for (int k = 0; k<3; k++) {

A[j1[k] += (TO[j1*T2[k] + T1[j1*T3[k])*det*W[i]*fO[i]);

}
}

fault optimization pipelines (see also Section 6.2).

5.4.4 Loop Fusion

In assembly kernels arising from bilinear forms, test and trial functions
may belong to the same function space. Further, the same subset of oper-
ators is sometimes applied to both sets of functions. In such a case, not
only do the j and k loops have same trip count, but also sub-expressions
that differ in just the j and k array indices appear. We refer to these as “al-
most common sub-expressions”. The clone loops created by generalized
loop-invariant code motion can easily be fused (they have the same size
and no data dependencies are present) and the redundant computation
induced by the almost common sub-expressions be avoided. The result of
this transformation can be observed by comparing Listing 10 to some of
the previous code snippets, for instance Listing 6.

Although loop fusion is applicable by most general-purpose compil-

169



1
2
3
4
5
6
7
8
9

10
11
12
13
14
15
16
17
18
19
20
21
22

LISTING 10: The assembly kernel for the weighted Laplace operator in Listing 1
after application of loop fusion on top of generalized code motion.

void weighted.-laplace(double A[3][3], double **coords, double w[3]) {
// Omitting redundant code

for (int i = 0; i<6; i++) {
double f0 = 0.0;
for (int r = 0; r < 3; ++r) {
0 += (wlrl * C[i1[rD;

double TO[3];
double T1[3];
// Fused loop with almost common sub-expressions detected
for (int r = 0; r<3; r++) {

TO[r] (RI1I*B[i]1 [r1D+(K[31*D[i1[r1));
) T1[r] (K[O1*B[i][r]D+K[2]*D[1i]1[r1));
for (int j = 0; j<3; j++) {

for (int k = 0; k<3; k++) {

A[j1[k] += (TO[jI*TO[k] + T1[jl1*T1[k])*det*W[i]*£f0);

LT

}
}

ers, the detection of almost common sub-expression is not. There are
several possible explanations for this, including: the transformation is of
domain-specific nature; common sub-expression elimination occurs at an
earlier stage in the optimization pipeline; common sub-expression elim-
ination cannot distinguish different loop indices (i.e., it cannot detect al-
most common sub-expressions). We have therefore implemented this spe-
cial version of loop fusion in COFFEE, with satisfactory results. In our
experiments, this transformation results in relatively small performance
improvements, ranging between 2% and 7%. The speed-ups, however,
are systematic across different forms, discretizations and general-purpose
compilers, so loop fusion is performed automatically in the optimization

process. This is elaborated in Chapter 6.

5.5 Related Work

The code transformations presented in Section 5.2 are inspired by stan-
dard compiler optimizations and by the structure of the assembly kernels.
Expression splitting is an abstract variant of loop fission based on proper-
ties of arithmetic operators. The outer-product vectorization is an imple-
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mentation of tiling at the level of vector registers; tiling, or “loop block-
ing”, is commonly used to improve data locality (especially for caches).
Padding has been used to achieve data alignment and to improve the ef-
fectiveness of vectorization; the idea of changing the storage layout by
adding “ghost regions” is however widespread. A standard reference for
the compilation techniques re-adapted in this work is Aho et al. [2007].

Our compiler-based optimization approach is made possible by the top-
level DSL, which enables automated code generation. DSLs have been
proven successful in auto-generating optimized code for other domains:
Spiral [Piischel et al., 2005] for linear transforms in digital signal pro-
cessing, [Spampinato and Piischel, 2014] for dense linear algebra, or
Pochoir [Tang et al., 2011] and SDSL [Henretty et al., 2013] for image
processing and finite difference stencils. Similarly, PyOP2 is used by Fire-
drake to express iteration over unstructured meshes in scientific codes.
COFFEE improves automated code generation in Firedrake.

In Markall et al. [2010], the optimization of global assembly, rather than
local assembly, has been treated for both CPUs and GPUs. Knepley and
Terrel [2013] focus on improving the performance of assembly kernels on
GPUs through efficient parallelization. In Kruel and Bana [2013], variants
of the standard numerical integration algorithm have been specialized and
evaluated for the PowerXCell processor. A standard reference for the opti-
mization of both local and global assembly on GPUs is [Cecka et al., 2011].
All these studies, despite tackling low level optimization, lack an exhaus-
tive study from the compiler viewpoint; in addition, none of them relies
on automated code generation. The optimizations presented in Section 5.2
are also never mentioned.

COFFEE would benefit from a cost model or an auto-tuning system to
select, for a given problem, the best combination of low level optimiza-
tions. This would relieve users from the burden of performance tuning.
A cost model was introduced in Luporini et al. [2015], but in light of the
achievements in Chapter 4, it now requires refinements to be effective.
Many code generators, like those based on the Polyhedral model [Bond-
hugula et al., 2008] and those driven by domain-knowledge [Stock et al.,
2011], make use of cost models. The alternative of using auto-tuning has
been adopted by nek5000 [Shin et al., 2010] for small matrix-matrix multi-
plies, the ATLAS library [Whaley and Dongarra, 1998], FFTW [Frigo and
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Johnson, 2005] for fast fourier transforms, Spiral [Piischel et al., 2005], and
LGen [Spampinato and Piischel, 2014].

5.6 Applicability to Other Domains

We have demonstrated that our cross-loop optimizations for arithmetic
intensity are effective in the context of automated code generation for
finite element integration. In this section, we discuss their applicability
in other computational domains and, more in general, their integrability
within a general-purpose compiler.

There are neither conceptual nor technical reasons which prevent our
transformations from being used in other (general-purpose, research, ...)
compilers. It is challenging, however, to assess their potential in other
computational domains. We here provide insights into this matter. The
starting point of our work was the mathematical formulation of a finite
element operator, expressible as:

n o np

Vi, A{; = Z:l kX:l aq(a', V', c,.)By,ij(a,b,c,d, .. )y (wk, 2k) (54)
=1z

The expression represents the numerical evaluation of an integral at
ny points in the mesh element K computing the local element tensor A.
Functions «, f and v are problem-specific and can be intricately complex,
involving for example the evaluation of derivatives. We can however ab-
stract from the structure of «,  and vy to highlight a number of aspects

Optimizing mathematical expressions Expression manipulation (e.g. sim-
plification, decomposition into sub-expressions) opens multiple se-
mantically equivalent code generation opportunities, characterized
by different trade-offs in parallelism, redundant computation, and
data locality. The basic idea is to exploit properties of arithmetic
operators, such as associativity and commutativity, to re-schedule
the computation suitably for the underlying architecture. Loop-
invariant code motion and expression splitting follow this princi-
ple, so they can be re-adapted or extended to any domains involv-
ing numerical evaluation of complex mathematical expressions (e.g.

electronic structure calculations in physics and quantum chemistry
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relying on tensor contractions, which we reviewed in Section 2.4.1).

In this context, we highlight three points.

1. In (5.4), the summations correspond to reduction loops, whereas
loops over indices i and j are fully parallel. In our computa-
tional model, a kernel is executed by a single thread, which is
likely to be the best strategy for standard multi-core CPUs. On
the other hand, we note that for certain architectures (for ex-
ample GPUs) this could be prohibitive due to memory require-
ments. Intra-kernel parallelization is one possible solution: a
domain-specific compiler could map mathematical quantifiers
and operators to different parallelization schemes and generate
distinct variants of multi-threaded kernel code. Based on our
experience, we believe this approach is necessary for achieving

performance portability.

2. The various sub-expressions in B only depend on (i.e. iterate
along) a subset of the enclosing loops. In addition, some of
these sub-expressions might reduce to the same values as iter-
ating along certain iteration spaces. This code structure mo-
tivated the generalized loop-invariant code motion technique.
The intuition is that whenever sub-expressions invariant with
respect to different sets of affine loops can be identified, the
question of whether, where and how to hoist them, while min-
imizing redundant computation, arises. Vector promotion also
increases memory requirements due to the need for temporary
arrays, so it is possible that for certain architectures the trans-
formation could actually cause slow-downs (e.g. whenever the

available per-core memory is small).

3. Associative arithmetic operators are the prerequisite for expres-
sion splitting. In essence, this transformation concerns resource-
aware execution. In our context, expression splitting has been
applied to improve register pressure. However, the underlying
idea of re-scheduling (re-associating) operations to optimize for
some generic parameters is far more general. It could be used,
for example, as a starting point to perform kernel fission; that

is, splitting a kernel into multiple parts, each part character-

173



ized by less stringent memory requirements (a variant of this
idea for non-affine loops in unstructured mesh applications has
been adopted in Bertolli et al. [2013]). In (5.4), for instance, not
only can any of the functions «, p and <y be split (assuming
they include associative operators), but a could be completely
extracted and evaluated in a separate kernel. This would re-
duce the working set size of each of the kernel functions, an
option which is particularly attractive for many-core architec-
tures in which the available per-core memory is much smaller
than that in traditional CPUs.

Code generation and applicability of the transformations All array sizes and

loop bounds, for example n; and n; in (5.4), are known at code
generation time. This means that “good” code can be generated.
For example, loop bounds can be made explicit, arrays can be stat-
ically initialized, and pointer aliasing is easily avoidable. Further,
all of these factors contribute to the applicability and the effective-
ness of some of our code transformations. For instance, knowing
loop bounds allows both generation of correct code when apply-
ing vector-register tiling and discovery of redundant computation
opportunities. Padding and data alignment are special cases, since
they could be performed at run-time if some values were not known
at code generation time. Theoretically, they could also be automated
by a general-purpose compiler through profile-guided optimization,
provided that some sort of data-flow analysis is performed to ensure
that the extra loop iterations over the padded region do not affect the

numerical results.

Multi-loop vectorization Compiler auto-vectorization has become increas-

174

ingly effective in a variety of codes. However, multi-loop vectoriza-
tion involving the loading and storing of data along a subset of the
loops characterizing the iteration space (rather than just along the
innermost loop), is not supported by available general-purpose com-
pilers. The outer-product vectorization technique presented in this
chapter shows that two-loop vectorization can outperform standard
auto-vectorization. In addition, we expect the performance gain to

scale with the number of vectorized loops and the vector length (as



demonstrated in the Xeon Phi experiments). Although the automa-
tion of multi-loop vectorization in a general-purpose compiler is far
from straightforward, especially if stencils are present, we believe
that this could more easily be achieved in specific domains. The in-
tuition is to map the memory access pattern onto vector registers,
and then to exploit in-register shuffling to minimize the traffic be-
tween memory and processor. By demonstrating the effectiveness of
multi-loop vectorization in a real scenario, our research represents

an incentive towards a systematic study of this technique.

5.7 Conclusions

In this chapter, we have presented the study and systematic performance
evaluation of a class of composable cross-loop optimizations for improv-
ing arithmetic intensity in finite element local assembly kernels. In the
context of automated code generation for finite element local assembly,
COFFEE is the first compiler capable of introducing low-level optimiza-
tions to simultaneously maximize register locality and SIMD vectoriza-
tion. Assembly kernels have particular computational characteristics. Their
iteration space is usually very small, with the size depending on aspects
like the degree of accuracy one wants to reach (polynomial order of the
method) and the mesh discretization employed. The data space, in terms
of number of arrays and scalars required to evaluate the element tensor,
grows proportionally with the complexity of the finite element problem.
The various optimizations overcome limitations of current vendor and re-
search compilers. The exploitation of domain knowledge allows some of
them to be particularly effective, as demonstrated by our experiments on
a state-of-the-art Intel platform. The generality and the applicability of the
proposed code transformations to other domains has also been discussed.
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Chapter 6

COFFEE: a Compiler for Fast
Expression Evaluation

Sharing elimination and pre-evaluation, presented in Chapter 4, as well
as the low level optimizations in Chapter 5, have been implemented in
COFFEE!, a high-level compiler integrated with Firedrake. In this chapter,
the conception, architecture and interface of COFFEE are described. The
codebase, which comprises more than 4000 lines of Python, is available
at [Luporini, 2014a].

6.1 Overview

We recall from Section 2.2.1 that Firedrake users employ the Unified Form
Language to express problems in a mathematical syntax. At run-time,
the high-level specification is translated by a form compiler, the Two-
Stage Form Compiler (TSFC) [Homolya and Mitchell, 2016], into one or
more abstract syntax trees (ASTs) representing assembly kernels?. ASTs
are then passed to COFFEE for optimization. The output of COFFEE, C
code, is eventually provided to PyOP2 [Markall et al., 2013], where just-in-
time compilation and execution over the computational mesh take place.
This structure of this tool-chain is outlined in Figure 6.1, along with an

overview of the compilation pipeline in COFFEE.

ICOFFEE is the acronym for COmpiler For Fast Expression Evaluation.
2TSFC has recently replaced FFC, the FEniCS Form Compiler, which has been used for
performance evaluation in the previous chapters.
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Figure 6.1: The COFFEE pipeline and its interaction with Firedrake.

6.2 The Compilation Pipeline

In common with general-purpose compilers, COFFEE provides multiple
optimization levels: 00, 01, 02 and 03. Apart from 00, which essentially
leaves the ASTs unchanged (useful for debugging), all optimization levels
apply ordered sequences of transformations. In essence, the higher the
optimization level, the more aggressive (and potentially slower) is the AST
processing. In the following, when describing aspects of the optimization
process common to 01, 02 and 03, we will use the generic notation 0x (x
€ {1,2,3}).
The optimization level 0x can logically be split into three stages:

Expression rewriting Any transformations changing the structure of an ex-
pression. These are sharing elimination and pre-evaluation; or, more
in general, any rewrite operators on top of which such higher level
transformations are expressed (e.g., generalized code motion, factor-

ization; full list provided in Section 6.4).

Sparsity Optimization The iteration spaces are restructured to skip useless
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operations, such as those involving blocks of zeros in basis function
tables. In particular, loops may be fissioned, their bounds changed,
and offsets introduced for accessing non-zero array values. More

details are presented in Section 4.8.3.

Code Specialization A combination of the low level transformations pre-
sented in Chapter 6 is applied.

These three stages are totally ordered. Indeed, it would be useless to apply
any of the low level transformations until all loops and temporaries have
been created.

The optimization process Ox represents the core phase in COFFEE. Over-

all, the compilation pipeline consists of three phases:

Analysis During the analysis phase, an AST is visited and information
are collected. In particular, candidates for expression rewriting are
searched for. These are represented as special nodes in the AST,
which we refer to as “expression nodes”. In plain C, we could think
of an expression node as a statement preceded by a directive such as
#pragma coffee. The purpose of the directive would be to trigger
COFFEE’s 0x, similarly to the way loops are parallelized through
OpenMP. If no expression nodes are found, we jump directly to the

last phase (i.e., code generation).

Optimization (Ox or user-provided) In addition to 0x, users can craft their
own optimization pipelines by composing the individual transfor-
mations available in COFFEE. The compiler checks that the provided
transformation sequence is legal. If the specified sequence of trans-
formations is legal, the AST is processed. Specifically, for Ox:

01 Expression rewriting reduces to generalized code motion, while
only padding and data alignment as well as loop fusion are
applied amongst the low level optimizations.

02 With respect to 01, there is only one, yet fundamental, change:
expression rewriting now performs the whole sharing elimina-

tion procedure (i.e., Algorithm 5).

03 Algorithm 7, which coordinates sharing elimination and pre-
evaluation, is executed. This is followed by sparsity optimiza-
tion, loop fusion and padding and data alignment.
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Code generation All optimizations have been applied, so a string repre-

sentation of the transformed AST is produced and returned.

6.3 Plugging COFFEE into Firedrake

In this section, we explain how COFFEE interacts with the Firedrake
ecosystem.

6.3.1 Abstract Syntax Trees

We start with highlighting peculiarities of the hierarchy of AST nodes.

Special nodes Some nodes have special semantics. A first example is the
expression node described in the previous section. Furthermore, a whole
sub-hierarchy of LinAlg nodes is available, with objects such as Invert
and Determinant representing basic linear algebra operation. Code gen-
eration for these objects can be specialized based upon the underlying
architecture and the size of the involved tensors. For instance, a manually-
optimized loop nest may be preferred to a BLAS function when the tensors
are small®. Yet another special type of node is ArrayInit, used for static
initialization of arrays. An ArrayInit wraps an N-dimensional Numpy
array [van der Walt et al., 2011] and provides a simple interface to obtain
information useful for sparsity optimization, like the sparsity pattern of

the array.

Symbols A Symbol represents a variable in the code. The rank of a
Symbol captures the dimensionality of a variable, with a rank equal to N
indicating that the variable is an N-dimensional array (N = 0 implies that
the variable is a scalar). The rank is implemented as an N-tuple, each en-
try being either an integer or a string representing a loop dimension. The
offset of a Symbol is again an N-tuple where each element is a 2-tuple. For
each entry r in the rank, there is a corresponding entry <scale, stride> in
the offset. Rank and offset are used as in Figure 6.2 to access specific mem-
ory locations. By clearly separating the rank and the offset of a Symbol —

31t is well-known that BLAS libraries are highly optimized for big tensors, while their
performance tends to be sub-optimal with small tensors, which are very common in
assembly kernels.
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M[i][3] = A[i][3] * B[i][2*k+1]

rank: [1i, J] rank: [1,
offset: [(), ()] offset: [(

(scale=2, stride=1)]

Figure 6.2: AST representation of a C assignment in COFFEE.

rather than storing a generic expression — the data dependency analysis
required by the rewrite operators is greatly simplified. The underlying
assumption is that all symbols” access functions (Section 2.5) are affine in
the loop indices. This is definitely the case for the class of kernels in which

we are interested.

Building an AST Rather than using a parser, COFFEE exposes the whole
hierarchy of nodes for explicitly building ASTs. This is because the com-
piler is meant to be used as an intermediate representation in a multilayer
framework based on DSLs. To ease the construction of ASTs (especially

nested loops), a set of utility functions is provided.

6.3.2 Integration with Form Compilers

COFFEE has been integrated with two form compilers: the FEniCS Form
Compiler (FFC) and the Two-Stage Form Compiler (TSFC). These form
compilers represent assembly kernels using their own internal language.
The objective is to turn such a representation into an AST suitable for
COFFEE.

FFC and COFFEE FFC was developed in the context of the FEniCS frame-
work. In the early stages of this thesis, the FFC’s intermediate represen-
tation was modified to construct COFFEE ASTs, rather than C code. The
following contributions were made:
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* The mathematical expression evaluating the element tensor is repre-
sented in FFC as a tree data structure, or FFC AST. A limitation of
an FFC AST was that its nodes — symbols or arithmetic operations
— were not bound to loops. For instance, the FFC AST node cor-
responding to the symbol A[i][j] could not separate the variable
name A from the loop indices i and j. We have enriched FFC AST

symbols with additional fields to capture this kind of information.

¢ Basis functions in an FFC AST are added a new field storing the di-
mensionality of the function space. This information is later used to
enrich ArrayInit objects with a sparsity pattern. This enables spar-
sity optimization without requiring COFFEE to “sniff” array values.

The enriched FFC AST is intercepted prior to code generation and for-
warded to a new module, where a COFFEE AST is constructed. In this

module:

¢ the strings in the template originally used by FFC for code genera-
tion are now COFFEE AST objects.

¢ the FFC AST is visited and translated into a COFFEE AST by a suit-
able AST-to-AST converter routine.

TSFC and COFFEE TSFC was conceived to produce an input suitable for
COFFEE. This is accomplished through an AST-to-AST converter, which
translates the GEM representation (the internal language used by TSFC) of
an assembly kernel into a COFFEE AST. The implementation was carried
out by Myklés Homolya, the lead designer of TSFC.

6.4 Rewrite Operators

COFFEE implements sharing elimination and pre-evaluation by compos-
ing “building-block” operators, or “rewrite operators”. This has several
advantages. Firstly, extensibility: novel transformations — for instance,
sum-factorization in spectral methods — could be expressed using the ex-
isting operators, or with small effort building on what is already avail-
able. Secondly, generality: COFFEE can be seen as a lightweight, low
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level computer algebra system, not necessarily tied to finite element inte-
gration. Thirdly, robustness: the same operators are exploited, and there-
fore stressed, by different optimization pipelines. The rewrite operators,
whose implementation is based on manipulation of the kernel’s AST, es-
sentially compose the COFFEE language.

The most important rewrite operators in COFFEE are:

Generalized code motion A sub-expression that is invariant with respect to
one or more loops can be hoisted at the level of an outer loop, thus
reducing the operation count. This requires introducing a tempo-
rary (scalar, array) for each invariant sub-expression and, possibly,
adding a “clone” loop to the nest (Several examples, e.g. Figure 4.1,
have been provided throughout the thesis).

Expansion Exploiting distributivity, this transformation expands a prod-
uct between two sub-expressions. Expansion has several effects: (i)
exposing factorization opportunities (see Chapter 4); (ii) increasing
the operation count; (iii) in some circumstances, relieving the regis-
ter pressure by creating code motion opportunities.

Factorization The impact of factorizing, or collecting, identical symbols is
twofold: (i) reducing the number of multiplications to be performed;
(if) more importantly, exposing code motion opportunities, as illus-

trated through sharing elimination and pre-evaluation.

Symbolic evaluation This operator evaluates sub-expressions that only in-
volve statically initialized, read-only arrays (e.g., basis function ta-
bles). The result is stored into a new array, and the AST modified

accordingly

All these operators are used by both sharing elimination and pre-evaluation
(apart from symbolic evaluation, only employed by pre-evaluation).

The rewrite operators accept a number of options to enable users to
steer the transformation process. With code motion, for example, one can
specify what kind of sub-expressions should be hoisted (by indicating the
invariant loops) or the maximum amount of memory that is spendable
in temporaries. Factorization can be either “explicit” — in which case, a

list of symbols to be collected or a loop dimension along which searching
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for factorizable symbols are provided — or “heuristic” — with groups of

recurring identical symbols being collected.

6.5 Features of the Implementation

This section focuses on the toolkit available in COFFEE for implementing

and extending rewrite operators.

6.5.1 Tree Visitor Pattern

The need for a generic infrastructure for traversing ASTs has grown rapidly,
together with the complexity of the compiler. In the early stages of COF-
FEE, any time a new transformation (e.g., a rewrite operator) or inspector
(e.g., for dependence analysis) was required, one or more full AST traver-
sals had to be implemented. The lack of a common interface for tree
traversals also made the code less homogeneous and, as such, more dif-
ficult to understand. This led to the introduction of a tree visitor design
pattern?, whose aim is to decouple the algorithms from the data structure
on which they are applied.

As an example, consider an algorithm that needs to perform special
actions when a Symbol or a ForLoop nodes are encountered (e.g., to col-
lect loop dependence information). Then, a tree visitor will only need
to implement three methods, namely visit_Symbol and visit_ForLoop
— the actual handlers — as well as visit_Node, which will implement the

“fallback” action for all other node types (e.g., a propagation of the visit).

Tree visitors exploit the hierarchy of AST nodes by always dispatching
to the most specialized handler. For example, symbols are simultane-
ously of type Symbol and Expression, but if a Symbol is encountered and
visit_Symbol is implemented, then visit_Symbol is executed, whereas
visit_Expression (if any) is ignored.

Most of the algorithms in COFFEE exploit the tree visitor pattern.

“The tree visitor infrastructure was mainly developed by Lawrence Mitchell, and was
inspired by that adopted in UFL, the language used to specify forms in Firedrake.
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6.5.2 Flexible Code Motion

Code motion consists of hoisting a sub-expression out of one or more
loops. We already know that this operator is used in different contexts: as
a stand-alone transformation (optimization level 01), to implement shar-
ing elimination, and to implement pre-evaluation.

When applying the operator, several pieces of information must be

known:

¢ Which sub-expressions should be hoisted; for instance, should they

be constant or invariant in at most one of the linear loops.

* Where sub-expressions should be hoisted; that is, how far in the

loop nest (which affects the size of the temporaries).

¢ How much memory are we allowed to use in total for the tempo-

raries.

¢ A list of previously hoisted sub-expressions, for applying common
sub-expressions elimination.

COFEFEE tracks all of the hoisted sub-expressions for quick retrieval. A
dictionary mapping temporaries to metadata is employed. For a tempo-
rary t, the dictionary records:

¢ A reference to the hoisted expression e assigned to t.
¢ A reference to the loop in which e is lifted (if any).
* A reference to the declaration of t.

e Some extra fields.

This dictionary is updated after each invocation to the code motion oper-
ator and forms part of the “global state” that COFFEE maintains for each
assembly kernel. Not only is the dictionary accessed by later calls to the
code motion operator, but also by other operators, thus speeding-up the
AST transformation process.

The code motion operator “silently” applies common sub-expressions
elimination. A look-up to the dictionary tells whether a hoistable sub-
expression e has already been assigned to a temporary t by a prior call to
the operator; in such a case, e is replaced with t and no useless tempo-

raries are introduced.
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6.5.3 Tracking Data Dependency

Data dependency analysis is necessary to ensure the legality of transfor-

mations. For example:

¢ We may want to hoist a sub-expression e “as far as possible” in the

loop nest, but after the last write to a variable read in e.

* When expanding a product, some terms may be aggregated with
previously hoisted sub-expressions. This would avoid introducing
extra temporaries and increasing the register pressure. For example,
if we have (a + b)*c and both a and b are temporaries created by
code motion, we could expand the product and aggregate c with the
sub-expressions stored by a and b. Obviously, this is legal as long as

neither a nor b are accessed in other sub-expressions.
¢ To check whether fusing a sequence of loops is legal (see Section 5.4.4).

¢ To implement the strategy selection analysis in Section 4.3.2.

COFFEE uses a dependency graph to track data dependencies. The
dependency graph has as many vertices as symbols in the code; a direct
edge from A to B indicates that symbol B depends on (i.e., is going to read)
symbol A. Since COFFEE relies on static single assignment — a property that
ensures that variables are assigned exactly once — such a minimalistic data

structure suffices for data dependence analysis.

6.5.4 Minimizing Temporaries

Both the code motion operator and loop fusion (Section 5.4.4) impact the
number of temporaries in an assembly kernel. Once the AST has been
transformed, a special routine attempts to remove the unnecessary tempo-
raries. In addition to relieving the register pressure (this actually depends
on how smart the underlying general-purpose compiler is), this has the
effect of making the code more readable.

The main rule for removing a temporary t storing an expression e is that
if t is accessed only in a single statement s, then e is inlined into s and t
is removed. Secondly, if some of the transformations in the optimization
pipeline reduced e to a symbol, then any appearance of t is also replaced
by e.
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6.6 On the Compilation Time

Firedrake and its various software components are implemented in Python,
whereas the generated code is pure C. COFFEE has been written in Python
for a natural integration with Firedrake. The process of transforming an
AST usually takes fractions of seconds. For more complex forms, on a
Sandy Bridge architecture, the AST processing takes not more than ap-
proximately 2 seconds. For extremely challenging forms, like those aris-
ing in the Holzapfel-Ogden hyperelasticity model, the code generation is
carried out in 16 seconds; this is the only case, out of dozens, in which
the processing time was higher than 3 seconds. We believe, however, that
there is still ample space for optimizing the AST processing in COFFEE.

6.7 Overview of Applications Exploiting COFFEE

By default, Firedrake optimizes all local assembly kernels by using COF-
FEE at optimization level 02. This means that all applications written on
top of Firedrake seamlessly exploit the technology described in this thesis.

A non-comprehensive list of such applications is given below.

Thetis A framework for coastal and estuarine modelling [Thetis contribu-
tors, 2016]. Thetis has applications in the simulation of 3D baroclinic
river dynamics. It exploits 3D layered meshes (so-called “extruded
meshes”) and a large variety of finite element schemes. The lead de-
veloper, Tuomas Kédrnd (Oregon Health and Science University) has
observed that several simulations execute up to 30% faster when
COFFEE is enabled (as it is by default).

Gusto A dynamical core package based upon compatible finite element
methods [Gusto contributors, 2016], developed at Imperial College
London by Coling Cotter, Jemma Shimpton, Hiroe Yamazaki, An-
drew McRae and David Ham. The dynamical core is the part of an
atmosphere model that actually solves the flow equations. Gusto is
one of the key applications built on top of Firedrake.

Stability of jets and vortices Francis Poulin (University of Waterloo) is us-
ing Firedrake to study the stability characteristics of oceanic jets and
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vortices (e.g., the Gulf Stream and Meddies). The focus is on un-
derstanding the structures produced and how the energy cascades

across the different length scales.

Water waves and structures At University of Leeds, Firedrake is employed
in a number of projects. Anna Kalogirou and Onno Bokhove are
studying the generation of nonlinear rogue water waves and how
these affect ships. Floriane Gidel and Onno Bokhove use Firedrake
to solve the Benney-Luke equations to simulate freak waves (created,
for example, when solitary waves encounter oblique walls) [Gidel
and Bokhove, 2016]. Tomasz Salwa, Onno Bokhove, Mark Kelman-
son have developed a fluid-structure interaction model centered on
water waves interacting with offshore wind turbines [Salwa et al.,
2016].

r-adaptivity on the sphere Andrew McRae, Chris Budd (University of Bath),
Colin Cotter, Jemma Shimpton (Imperial College London) are work-
ing with Firedrake on moving-mesh methods for atmospheric prob-
lems on the Earth. By solving a Monge-Ampeére-type equation on
the sphere, the fundamental operation of adapting a mesh to a scalar
monitor-function is carried out without impacting the mesh connec-
tivity [McRae et al., 2016].

Most of these applications have played a key role in the development of
COFFEE, either by providing interesting test cases or by simply exposing

flaws in the transformation algorithms.
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Chapter 7
Conclusions

In this final chapter, the achievements and the shortcomings of this thesis
are reviewed. Future research directions, including an estimate of their

potential scientific impact, are also discussed.

7.1 Summary

Novel techniques that improve the performance of numerical methods for
solving partial differential equations have been introduced. Our work

builds upon three cornerstones:

Solid motivations The performance optimization of a code must always
start with an analysis of its bottlenecks and an assessment of its
potentials. Furthermore, to avoid solving fictitious problems, real-
world applications, kernels, and datasets must be used. This ap-
proach has systematically been adopted in this thesis.

Automation through high-level compilers Implementing and evaluating op-
timizations is challenging. Simplistic codes and benchmarks should
be avoided for experimentation, since they often provide an incom-
plete picture of the computational domain. On the other hand, inte-
grating optimizations with real codes is a long, tedious, error-prone
task — notably, a task that users should not be expected to carry out
on their own. Our solution to this issue is to insert compilers and

libraries into frameworks based upon domain-specific languages. In
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such environments, (i) domain specialists provide the real applica-
tions and (ii) performance optimization is automated “behind the
scenes” — that is, without the need for user intervention.

Validation of the hypotheses The hypotheses behind any run-time improve-
ments must always be validated. Optimizations, especially radical
changes at the algorithmic level, may have unpredictable implica-
tions on the low-level performance. For instance, a transformation
that reduces the operation count may impair the vectorizability of
loops. All performance numbers reported in this thesis have been
extensively analyzed through a variety of tools, including compiler
reports and profilers.

In this thesis, we have investigated three main problems in the field of

numerical methods on unstructured meshes.

Sparse tiling of irregular loops (Chapter 3) The biggest achievement
of this chapter is an inspector/executor scheme for fusing arbitrary se-
quences of loops expressible by means of the loop chain abstraction. In
fact, this technique is so general that any graph-based computation that
adheres to the program model of the loop chain abstraction (or equivalent)
is a potential optimization candidate. The first version of the generalized
inspector/executor sparse tiling scheme was jointly devised with Strout
et al. [2014]. The performance limitations of this inspector and an in-depth
study of the typical requirements of real-world applications (e.g., execu-
tion on distributed-memory architectures) motivated the design and the
implementation of a second generalized inspector/executor scheme, pre-
sented in Section 3.8.1. Automation was achieved through integration of
SLOPE with the Firedrake/PyOP2 tool-chain. The extensive performance
investigation of the seismological code in Section 3.11 clarifies the limita-
tions and the potentials of sparse tiling. To the best of our knowledge,
this is, to date, the first study that simultaneously attack (i) fusion/tiling
of irregular loops, (ii) the optimization of real-world applications, (iii) au-

tomation.

Minimizing flops in finite element kernels (Chapter4) Automated code
generation for finite element assembly is especially interesting when the
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kernels, as a consequence of the operators used in the problem specifica-
tion, are characterized by the presence of complex mathematical expres-
sions. Hand-writing these kernels requires a great deal of effort; even
more complex is optimizing for the operation count. This thesis demon-
strates that automated code generation and mathematical properties can
be leveraged for reducing the operation count (in particular, for reaching a
local optimum) in finite element assembly kernels. One of the main chal-
lenges tackled in this chapter is the coordination of different rewrite op-
erators (e.g., common sub-expressions elimination, factorization, expan-
sion), as subjected to a non-trivial interplay. Our algorithm shows sig-
nificant performance improvements over state-of-the-art code generation

systems for finite element assembly.

Low-level optimization of finite element kernels (Chapter 5) A sec-
ond question arising when studying finite element kernels concerns the
efficiency of the generated code. We have addressed this problem for con-
ventional multi-core architectures. The peculiar structure of the assembly
kernels (e.g., small loops, small working set distributed over a large num-
ber of variables/arrays) makes it difficult to find a specific sequence of
transformations that maximizes the performance of all problems, on all ar-
chitectures. We have investigated a number of novel and traditional com-
piler transformations, aimed at creating or improving SIMD vectorization
and data locality. Amongst these, the most powerful is padding and data
alignment, which exploits the memory access pattern of assembly kernels
to increase the effectiveness of SIMD vectorization, at the price of a few
additional scalar operations. This transformation has been demonstrated
to provide systematic improvements in execution time across a range of
problems. Although the idea behind the optimization is simple, the im-
plementation conceals several challenges, including the handling of non

unit-stride memory accesses.

The techniques produced in this thesis have been implemented in pub-
licly available software. SLOPE is a C library to express inspector/ex-
ecutor schemes for sparse tiling. The work on finite element kernels is
implemented in COFFEE. Both COFFEE and SLOPE are integrated with
Firedrake.
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7.2 Limitations

The limitations of this research have already been discussed in the previ-
ous chapters; here, we emphasize the most relevant.

Performance analysis and tuning of sparse tiling The system described
in Chapter 3 automates sparse tiling in Firedrake programs through the
loop_chain interface. This was a major step, as it made a very complex
optimization easily accessible. What is still missing is a cost model, or a
system, that facilitates or even automates the performance tuning. Most
applications, such as Seigen (Section 3.11), are characterized by long se-
quences of heterogeneous loops. Multiple computational aspects need be
considered: some loops may be memory-bound, while others compute-
bound; the working set size may vary significantly amongst different sub-
sets of loops; a loop may take much longer to execute than others; and
so on. Altogether, these issues make it difficult to think of a system ca-
pable of autonomously identifying which particular loops in a loop chain
should be fused. Auto-tuning could help, but the implementation would
be non-trivial. Moreover, an auto-tuning system could require (i) a sig-
nificant amount of time to retrieve a configuration and (ii) re-execution as
some problem parameters change (e.g., the domain discretization). Exper-
imenting with other programs and loops is however fundamental before

addressing this problem.

Combination of low-level transformations in finite element kernels All
optimizations presented in Chapter 5 can improve the performance of fi-
nite element kernels, but it is difficult to determine the optimal sequence
of transformations for a given problem. While, on one hand, padding and
data alignment shows consistent speed-ups across a variety of problems, it
is much more challenging to understand how to compose the other trans-
formations. The cost model suggested in Luporini et al. [2015] works well
if the expression rewriting stage (Section 6.2) is limited to the sole gener-
alized loop-invariant code motion. However, coordinating vector-register
tiling and expression splitting, as well as the general-purpose transfor-
mations (especially vector-promotion; see Section 5.4 for the full list), be-
comes difficult if the potential of the whole expression rewriting engine is
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exploited. This is a result of introducing more temporaries and complex
sub-expressions in the outer loops, as well as creating more loops. Many
low-level transformations are available in COFFEE, but none of them is au-
tomatically applied apart from padding/data-alignment and loop fusion.
Users, therefore, have some responsibility for low-level performance tun-
ing. Preliminary work on compiler auto-tuning is available at [Luporini,
2014a].

7.3 Future Research Directions

We recapitulate the open questions that arose from the three main chap-
ters of the thesis and provide insights into possible research directions.

Extensive performance evaluation of sparse tiling The theory and the
tools behind generalized sparse tiling are now mature. The next big step
will consist of extensive experimentation with computations arising in
multiple domains; for instance, in addition to numerical methods on un-
structured meshes (not necessarily finite element), molecular dynamics
and graph processing. The potential of sparse tiling has not yet been fully
explored.

Sparse tiling in general-purpose or research compilers It is unclear
whether sparse tiling could be automated in general-purpose or research
(polyhedral-based) compilers. Although simple inspector/executor schemes
are widespread (e.g., many compilers introduce alternative code paths for
handling statically unknown loop bounds), the path towards supporting
more advanced transformations is long and intricate. In fact, it is also un-
clear whether sparse tiling should be even considered a general-purpose

transformation.

Sparse tiling and space-filling curves In Section 3.3, we have discussed
the dichotomy between space-filling curves and loop tiling. Later, in Sec-
tion 3.11, we have hypothesized that applying sparse tiling on top of a
space-filling curve may significantly reduce the performance penalties that
we are subjected to at the moment (e.g., load balancing, TLB misses).
There is an on-going effort in the DMPlex community that will make
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space-filling curves available in Firedrake, so our hypotheses could be
verifiable relatively soon. We speculate that space-filling curves can have

a great impact on the performance of sparse tiling.

Minimizing operations and sum-factorization in assembly kernels The
strategy for minimizing the operation count developed in Chapter 4 tar-
gets a specific class of finite element integration loop nests. If the loop
nest changes dramatically, a generalization of the strategy will be neces-
sary. This may happen if the chosen function spaces have certain prop-
erties. For instance, in spectral element methods basis functions may be
constructed from the tensor product of 1D basis functions. This enables
the application of sum-factorization, a well-known technique for reducing
the operation count (see for example Vos et al. [2010]). In essence, sum-
factorization is the mathematical name for what we call generalized code
motion in Chapter 4. The relationship between this optimization and our
transformation model is yet to be investigated.

Minimizing operations and memory constraints in assembly kernels
Two memory constraints have been introduced in Chapter 4. While Con-
straint 1 has been imposed to limit the transformation space, Constraint 2
has a direct impact on the main optimization algorithm. Both constraints
leave some interesting questions unanswered. First, the heuristic for choos-
ing the memory threshold is partly flawed: we have proved (Section 4.9)
that a drastic reduction in operation count should overrule any constraints
on the working set size. It is unclear how to effectively approximate the
“cut-off” point, which is architecture- and problem-dependent. Second,
Constraint 1 would be overly restrictive if the time dimension were in-
cluded in the model of a finite element integration loop nest. Geometry-
dependent sub-expressions would become generalized code motion can-
didates; this would make the transformation space even bigger. Support-
ing this kind of hoisting could dramatically improve the execution time
of an application; for example, as explained in Section 3.11, Seigen would
benefit from it. Further investigation in this direction is likely to be very
rewarding.
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Extensions to many-core architectures In this thesis, we have focused
on the platforms that are typically used for unstructured mesh compu-
tations, that is, conventional CPU architectures. Two of the key limiting
factors to the execution on many-core platforms (e.g., GPUs) are the strin-
gent memory requirements of these computations and the lack of sup-
port from third-party libraries (e.g., PETSc). It would not be surprising
if this scenario evolved over the next years. The upcoming generation of
many-core architectures is in this sense promising, with traditional “ac-
celerators” slowly becoming first-class platforms (e.g., nodes that can run
a full-fledged operating system, larger memory systems, tighter coupling
with the CPU through a shared address space), like the Intel’s Knights
Landing. The COFFEE-related work is sufficiently mature for a general-
ization to non-standard platforms. Automated generation of efficient code
for finite element kernels on GPUs has not been addressed.

Compiler auto-tuning for assembly kernels As explained in the previ-
ous section, low-level optimization of assembly kernels could greatly ben-
efit from compiler auto-tuning. Auto-tuning techniques have been proven
successful in a variety of frameworks based upon domain-specific lan-
guages, such as Spiral and Halide. This would require some new technol-
ogy in COFFEE. Our hypothesis is that a minimalistic auto-tuning system,
performing a brute-force search out of a few tens of promising code syn-
theses, could result in significant speed-ups. This consideration is the
fruit of preliminary work on the subject, with experimentation limited to
relatively simple problems.
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