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ABSTRACT 

The pursuit of versatility and improved performance for gas tur-

bine engines has resulted in a requirement for them to operate over wider 

ranges and, at times, closer to component fatigue and stability limits. 

This has led to the development of more sophisticated engines with 

multiple controls, for which a multivariable control strategy may be 

advantageous. This thesis develops a method for designing a gas turbine 

multivariable controller, capable of regulation and limit protection, and 

applies it to a model of a modern turbofan with reheat. 

The first part (Chapters 2-4) derives the necessary theory for 

limit control. Chapter 2 concludes that a 'lowest-wins' strategy 

(ie choosing the lowest of competing signals) is the best way of achiev-

ing this, and shows that its dynamic behaviour can be analysed by trans-

forming the system into one with a single-input single-output non-

linearity. Chapter 3 performs this analysis comparing and evaluating 

several alternative methods, including some derived here. A number of 

stability criteria, based on frequency response data and with simple 

graphical interpretations, are derived and illustrated on an example. 

Extension of these results to the multivariable case is carried out in 

Chapter A, and indicates that each pair-wise combination of competing 

signals need only be considered to ensure stability. 

In the latter half of this thesis (Chapters 5-7) a multivariable 

limit controller, for the gas turbine under study, is developed. 

Chapter 5 derives a linear model from a thermodynamic simulation of the 

engine, analyses the model's behaviour and describes its implementation 

on a digital computer. For chosen control laws, Chapter 6 investigates 

the influence of interaction between speed and pressure governors and 

designs a multivariable regulator using the Characteristic Locus design 

technique. An open-loop reheat controller is added using an Inverse 

Nyquist Array design method. Finally, Chapter 7 incorporates speed and 

temperature limit lanes by applying the theories developed earlier in 

this thesis. Both segregated and multivariable controllers are designed 

and their performances are compared. 

Conclusions and recommendations from this work are summarised in 

Chapter 8. " 
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1. Introduction 

1.1 Motivation for study 

The early simple gas turbine engines had only a single input 

variable to control, namely the fuel flow. An ordinary speed governor 

was used, with the only additional complication being to limit the degree 

of over- or under-fuelling during transients. The pursuit of versatility 

and improved performance has led to a requirement for modern engines to 

operate over wider ranges and, at times, close to component fatigue 

and stability limits. This has resulted in the development of more 

sophisticated gas turbines with multiple controls (eg several fuel flows, 

variable nozzle, variable compressor and intake geometry). 

The current control philosophy for such powerplants is to adopt 

separate control systems for each of the major components with the mini-

mum of communication between them. For instance the variable geometry 

intake, the main engine and reheat systems would all have their own local 

controllers. However, the various control parameters mentioned are far 

from independent. Interactions between them may be large enough to 

seriously degrade the transient performance of the overall system. 

Therefore a design strategy specifically aimed at such a system - the 

multivariable approach - may be better. Further, by introducing inter-

action into the controller, multivariable control can be used to optimise 

the performance in a chosen manner, and, in particular, to minimise the 

transient excursion of critical parameters towards their limits. 
( 1 2 ) 

Two recent studies ' have demonstrated that, from an integrity 

and reliability standpoint, an integrated controller (ie one where as 

much as possible of the control hardware is concentrated in one place) is 

not only feasible, but advantageous compared with a distributed approach. (3 4) 

The advent of the microprocessor, as a viable digital controller ' to 

replace its hydromechanical counterpart, has made the application of 

modern multivariable control techniques possible. However, two basic 

questions remain to be answered; first, 

"What advantages, if any, does multivariable control give?" 

and second, 

"How should one implement a multivariable control strategy on a 

gas turbine?" 

These are. not unrelated questions. To answer them one must 

design a controller on engineering grounds, test it on an engine and/or 

simulation, and compare its performance with that of an equivalent 
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segregated design. In addition to the transient response, the ultimate 

choice will be heavily dependent on practical considerations such as 

the ease of design, analysis and implementation, safety and cost. 

This thesis develops a straightforward procedure for designing a 

multivariable controller, with the capability of regulation and protec-

tion against violation of engine operating limits. However, the 

necessary theory for limit control must first be derived. Great emphasis 

is placed on the need for a procedure employing frequency response data, 

since these can be measured directly using sinewave or pseudo-random-

binary-noise testing^"*^, and to illustrate its application on a modern 

engine. Thus the aim is to demonstrate, by example, a practical 

approach to the design of multivariable control strategies for modern 

gas turbines. 

1.2 The gas turbine 

This section gives a brief introduction to the gas turbine used 

in this study. A fuller description of the construction and operation 

of these engines can be found in Reference 6, with detailed explanations 

of the underlying theory in Reference 7. 

The gas turbine studied is described as a *three-shaft turbofan 

with reheat', the main components of which are shown in Figure 1.1. 

Basically it consists of an air-intake (not shown), three compressors 

and turbines, combustion chamber, bypass duct, jet-pipe, two fuel pumps 

and a nozzle. The compressors are linked to the turbines by three co-

axial shafts, with the innermost compressor linked to the innermost turbine. 

In a straightforward turbojet, air, taken in from the atmosphere 

through the intake, passes through a series of compressors before enter-

ing the combustion chamber. Here fuel, usually a kerosene derivative, 

is injected into the airstream and burned continuously. The resulting 

gas stream, passing on towards the jet-pipe, drives a series of turbines 

which in turn drive the compressors as these are linked mechanically. 

Finally, thrust is provided by a propulsive jet which is generated by the 

flow as it discharges through the nozzle back to atmospheric conditions. 

The engine studied differs from the basic turbojet, just described, 

in two major aspects. One is that the airflow, after passing through 

the first compressor ( 'fan' or low pressure (LP) compressor) is divided, 

with one portion bypassing the remainder of the compressor-combustor-

turbine complex. The flows recombine in the jet-pipe, where mixing of 

the cold stream (bypassed flow) and hot stream (combusted flow) is said 
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to take place. This technique, known as bypass, increases propulsive 

efficiency especially at low aircraft speeds, and such engines are 

called turbo fans. 

The other difference is that additional combustion (termed reheat) 

can take place, whereby fuel is injected into the gas stream during its 

passage through the jet-pipe. This is a highly fuel-inefficient process 

but it .does have the advantage of raising the maximum thrust level for 

a particular engine size. Its use is thus restricted to high-thrust 

short-duration manoeuvres such as take-off and combat. 

In addition, to maintain performance over the entire operating 

envelope ideally would require the velocity of each individual compressor 

stage (ie blade-row) to vary independently. This would involve undue 

mechanical complexity and, as a compromise therefore, three compressor 

and turbine shafts are employed. Hence the description of this engine 

as a 'three shaft turbofan with reheat'. 

1.3 Measurement and control considerations 

The prime requirement of any gas turbine control system is the 

control of thrust; however this is subject to several constraints, (see 

Reference 8 for a detailed discussion) such as 

i . maximum rotational speed of the shafts owing to stress limits 

on the turbine blades. 

ii . maximum temperatures in the turbines to prevent the blades from 

melting or being seriously weakened. 

i ii . prevention of 'surge', a perilous flow instability caused by 

large scale stalling of flow over the compressor blades. This is an 

extremely undesirable condition and can result in the sudden loss of 

thrust, combustion being extinguished, or, in very severe cases, an 

entire engine being wrecked. It can also be precipitated by large 

fluctuations of intercompressor pressure caused by disturbances in the 

reheat section being transmitted back along the bypass duct. 

In addition, a given thrust level should be maintained with the 

minimum fuel consumption. During reheat operation this entails keeping 

the high pressure core of the engine at its maximum speed for all 

conditions. 

However, at current technology levels, it is not possible to 

measure thrust on-line during flight. The parameters available for 

measurement ares 



12 

i . shaft speeds 

ii . pressures 

iii . temperatures. 

Three variables are used for. effecting control: 

i . WFE - the rate of main engine fuel flow 

ii . WFR - the rate of reheat fuel flow 

iii . AJ - the nozzle area. 

This allows up to three measured engine parameters to be regulated. 

For this purpose the high pressure (HP) shaft speed NH, the LP/IP inter-

compressor pressure P2L and reheat fuel flow WFR were chosen. 

NH is a direct measurement of the high pressure core operating 

point, often employed in current single-variable systems. P2L is of 

prime importance for surge avoidance; its regulation is intended to 

shield the LP and IP compressors from disturbances in the reheat system. 

WFR was chosen with the aim of employing the same controller structure 

in both the dry (non-reheated) and reheated running regimes. Since 

reheat requires a minimum fuel level for stable combustion, with its 

lighting-up and shutting-down procedures largely sequential in nature, 

its control, by feedback of an additional engine variable, was not con-

sidered feasible. Regulating WFR itself, removes all doubt as to 

whether reheat is required. 

To represent the constraints listed at the beginning of this 

section, maximum limits were imposed on the LP shaft speed NL and com-

bustor outlet temperature T3. The manner of achieving this is developed 

in subsequent chapters. 

No attempt is made here to integrate the intake system; studies 

by BAC^^ and Sears'^ have indicated that its dynamic coupling with the 

rest of the engine is, on a conventional aircraft, too weak for any sig-

nificant advantage to be obtained. 

1.4 Multivariable control of gas turbines 

The advantages of a multivariable approach are twofold. Firstly, 

to compensate for any possible loss in performance due to interaction, 

and secondly, to optimise the performance in some way by exploiting this 

same interaction. Numerous methods^^ for achieving this have been 

developed using various criteria such as maximising a performance index, 

positioning the closed loop poles, reducing interaction, manipulating 

the characteristic loci and satisfying inequalities. Plant data can 
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also come in a variety of forms such as state-space models, frequency 

responses, transfer functions and simulations. The majority of methods, 

however, can be divided into two classes - synthesis and design. 

In the former, feedback control is calculated according to a pre-

defined criterion such as maximising a performance index (optimal 

control or positioning the closed-loop poles (pole-assignment^^). 

Thus the design aspect is transferred from the choice of feedback con-

trol to the choice of performance criterion. The most common of these 

methods are those employing a state-space model of the plant, to which 

analytical algorithms may be applied. A typical procedure would be to 

derive a simple (ie low-order) state-space model of the process to be 

controlled, choose a performance index to be maximised (optimal 

(13) 
control ) and calculate the corresponding proportional controller. If 

the resulting design is unsatisfactory (or even nonexistent), the index 

is altered and the sequence repeated until an acceptable design is found. 

One such approach was adopted by the National Aeronautics and 

Space Administration (NASA) in the USA for multivariable control of a 

Pratt and Whitney F100 turbofan^*"5 Using the Linear Quadratic 

Regulator (LQR) synthesis technique, their aim was to 'optimise' the 

transient response of the gas turbine throughout its flight envelope. (18) Their procedure, starting from a digital thermodynamic engine 

simulation, was to linearise about a number of different operating con-

(19) 
ditions thereby deriving several 16th order state-space models, 

each with five control and seven output variables. Then, using a tech-

nique aimed at maintaining the positions of the most dominant open-loop 

p o l e s ^ ^ , they reduced these models to fifth order. Having chosen a 

suitable performance index, they applied LQR theory to derive a pro-

portional feedback controller. Trim integral terms were added to remove 

steady-state offsets, and, in order to overcome actuator saturation, 

changes in demand values were rate limited. This was carried out at each 

of the linearised operating points with a global controller formed by 

linearly interpolating the gains. Engine protection was achieved by 

switching whichever parameter that was currently most critical into the 

feedback loop. Testing was carried out in three phases: 

i. on the digital simulation (16 ) ii on a realrtime hybrid computer model 

. . (21) 
i n . on the gas turbine engine m an altitude test facility 



1A 

During the final phase it was found that, owing to differences 

between the engine and simulation, some adjustment to the reference 

point schedules (ie demand values) was necessary, after which accept-

able control was attained. 

The second class of methods, the design approach, uses frequency 

response data^*'^"^ and attempts to reduce the problem to a series of 

non-interactive single-loop designs. These first aroused the interest 

of gas turbine engineers in the 1960's when attempts were made to regulate, 

using engine fuel and nozzle area respectively, the HP and LP shaft speeds 

of an Olympus two-shaft turbojet. Significant interaction was experienced 

and a means was sought for extending the controller design procedure to 

cope. The ability to use directly measurable frequency response data was 

particularly desirable. 

At that time the necessary control theory for such an approach was 

being developed at the University of Manchester Institute of Science 

(22) (23) 
and Technology (UMIST) (Rosenbrock , MacFarlane ) ; work which 

resulted in the formulation of the Inverse Nyquist Array (INA) design 
(2A) 

method . In this technique, pre- and post-compensators are sought to 

reduce interaction to a sufficient extent to allow single-loop theory to 

be applied. (25) 

Starting from measured Olympus engine data supplied by the 

National Gas Turbine Establishment (NGTE), transfer function and state-/ r -j \ / -jN f <j oS space models were derived ' . Mueller and McMorran then 

showed that, for these models, the INA method, employing only frequency 

response data, was perfectly capable of designing satisfactory regulators. 
(29) 

Hodge applied this method to the reheat system of the real 

engine, integrating reheat fuel and nozzle area control. Thrust was 

regulated by maintaining predefined levels of jet-pipe pressure and tern-. 

perature. A detailed thermodynamic model was derived and the INA method 

applied to it. Designs, implemented on a digital computer and tested on 

an engine test facility at NGTE, provided satisfactory regulation at 

several operating conditions. 

A similar study on this engine was carried out by Dixon^"^, inte-

grating engine fuel and nozzle area control. His work went on to compare 

several alternative methods of iiiul t ivariable control and will be discussed 

later. 
Although numerous other examples of multivariable control theory 

(9 10 31 3?) 
applied to gas turbine models exist in the literature ' ' ' , the 
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studies carried out at NASA and UMIST are, to date, the only published 

applications backed up by hardware experience. Their results, and the 

suitability of any other methods for linear multivariable control, will 

be discussed in the next section. 

Nonlinear aspects of gas turbine multivariable control have, on 

the other hand, received little attention. In the NASA exercise, for-

instance, engine limit protection appears to have been achieved without 

any regard to the transient behaviour as the limit is approached^^. 

What attention there is has been largely devoted to scheduling regulator 

gains against operating condition, typically by straightforward linear 
(16) 

interpolation 

1•^ Choice of multivariable control method 

The best choice of a multivariable control method depends on the 

particular application. For instance in satellite manipulation, where 

there is a well-defined optimum (ie minimum fuel), and total state feed-(13) 

back is available, optimal control theory is likely to be ideally 

suited. This is not the case with the gas turbine where, in addition to 

the absence of the above features, limits exist on engine parameters, 

dynamics are highly nonlinear and considerable noise or external dis-

turbances may be present. 

Thus Dixon^ 3^, in 1971, compared several methods of linear 

multivariable control as applied to the Olympus gas turbine at NGTE. 

His objective was to design a controller that gave satisfactory regula-

tion with the minimum of interaction. He found all the state-space 

methods considered to be generally unsuitable as they: 

i . required good low-order state-space models; 

ii. lacked design flexibility; 

iii . needed sophisticated computer programs; 

iv. gave no insight into bandwidth, disturbance rejection or 

sensitivity; 

v. restricted the form of controller. 

In addition, particular methods suffered further problems: pole 

placement techniques, ie positioning the closed-loop poles (eg pole 

a s s i g n m e n t m o d a l control analytical design technique^3^), were 

unsuitable since the closed-loop response depended on the zeros as well (35) as the poles; state estimators required too accurate plant models, 
( ^f ^ 

while dynamic programming ' required too much on-line computer time. 
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Dixon concluded : 

"State-space techniques are not acceptable for the design of 

multivariable control systems in a typical process control situation 

with time delays, interaction or inaccurate plant models." 

Frequency response methods, on the other hand, did provide 

insight into these areas. They employed familiar single-loop design 

techniques allowing dynamic compensation to be added and could use the 

more direct frequency response form of plant data. % 

. (37) 
Of three such methods considered, two - non-interacting and 

(38) 

commutative control - were unsatisfactory. The former could not 

always be applied, tending to give rise to complex controllers sensitive 

to plant parameter variations, while the latter gave no insight into 

interaction. The remaining candidate, the INA, suffered from none of 

these disadvantages and was considered the most promising at the time. 

Numerous other methods, both state-space and frequency response, 

have continued to be developed over the past decade with consequent doubt 

as to which were practical or most suitable. Thus, in 1978, the National 

Engineering Consortium in USA sponsored a forum on 'Alternatives for 

Multivariable C o n t r o l A l l contributors were asked to illustrate 

their methods on a linear model of the F100 turbofan on which the NASA 

project was based. Amongst the few successful in achieving a design 

were two of the leading frequency response methods, the INA (Rosenbrock 

and Munro^3^) and the Characteristic Locus (Kouvaritakis and Edmunds^'^ 

Of the state-space methods, only Merril's contribution using output 
(41) 

feedback achieved and demonstrated a design which included the 

actuator dynamics. 

An explanation for the different approaches adopted at UMIST and 

NASA (described in the previous section) can be found from studying the 

underlying objectives of their particular projects. At UMIST, the aim 

was to eliminate interaction, a problem which had manifested itself on 

the Olympus turbojet. At NASA, however, the emphasis was on optimisation 

For a gas turbine with five control inputs, some of which were very 

restricted in their range and effect (eg compressor variable geometry), 

their objective was to calculate the controller giving the 'best' 

transient response. Essentially, NASA aimed to exploit interaction while 

UMIST aimed to eliminate it. 
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In this exercise, the design objective was to optimise the 

transient performance in terms of response time, overshoot and inter-

action, using a straightforward and proven method. Of those available, 

state-space techniques were rejected on the grounds of being restrictive 

and difficult to apply (Dixon^3^), while other 'synthesis' procedures 
/ I / I 

(eg Multivariable Wienef-Hopf , Zakian's method of inequalities , 

computer-aided optimisation^^, closed loop Nyquist array^"^) were 

discounted since they give the designer little 'feel' for the problem, 

or indication of how a controller should be modified to satisfy or com-

promise on performance requirements. This left only the frequency 
(37) 

response design methods. Of these, non-interacting control has 

already been dealt with; Owen's dyadic decomposition^ ^ cannot always 
(47) . 

be applied, while Mayne's sequential return difference gives no 

information about interaction. 

The two main candidates remaining, the INA and Characteristic 
(48,49) 

Locus . techniques, are both well proven, both established on com-

puter networks and both capable of being applied to directly measured 

data in the form of gain and phase plots. These are considered the most 

suitable for gas turbines and their application to the problem under 

study is discussed further in Chapter 6, where a multivariable regulator 

will be designed. 

1.6 Scope of this study 

The prime objective of this thesis is to contribute towards the 

development of integrated control for gas turbines, by developing a 

method for designing a multivariable regulator capable of protection 

against violation of engine operating limits. Great emphasis is placed 

on the need for a procedure which: 

i . is straightforward to apply; 

i i . can employ frequency response data; 

i ii . requires little on-line calculation. 

Towards achieving this goal there are, of necessity, a number of 

secondary results, each important in its own right. 

Firstly, Chapter 2 develops the strategy for achieving engine 

limit protection. Prediction and analysis of its behaviour in the 

single variable and multivariable configurations are studied in 

Chapters 3 and 4 respectively, and results in the development of several 

criteria for stability of limit control systems. 
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Chapter 5 derives and examines a linear model of the gas turbine. 

A study of its natural modes through calculating its eigenvalues and 

eigenvectors provides a valuable insight into its dynamic behaviour and 

problems likely to be encountered. An on-line computer simulation of 

the engine, complete with actuators, i-s established. 

Chapter 6 explores the benefits of a multivariable strategy. A 

straightforward design procedure, capable of coping with mixed open 

and closed loop configurations, is developed and illustrated. The 

effects of interaction are assessed and the performance of alternative 

strategies with different levels of integration compared. 

Finally, Chapter 7 incorporates limit control into the regulator 

design. Again a straightforward design procedure is suggested and 

applied to compare segregated and multivariable strategies. 

Throughout the study simple forms of controller are assumed, so 

as to provide a comparison between the alternative strategies and to 

facilitate computation. Thus it is not the intention of this thesis 

to provide a completed design for a gas turbine multivariable controller, 

but to lay down the initial groundwork for this to be achieved. 
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CHAPTER 2 

LIMIT CONTROL STRATEGY 

2.1 Requirements of a limit strategy 

2.2 Choice of switching strategy 

2.3 Transient response of 'lowest-wins' strategies 

2.A System reconfiguration 
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2. Limit control strategy 

2.1 Requirements of a limit strategy 

Central to the theme of this study is how to design a con-

troller, with the ability to protect against violation of limits. In 

different regions of the engine operating envelope, for instance, differ-

ent parameters become critical and must then he regulated. As an 

example, consider a gas turbine employing fuel flow W to regulate shaft 

speed N where there is a maximum allowable combustor outlet tempera-

ture T^. When the actual temperature T is well below this maximum, the 

controller need only be a speed governor; if, however, a higher speed is 

demanded, requiring the fuel flow to reach a level where this limit would 

be exceeded, the controller must act so as to maintain the maximum poss-

ible shaft speed consistent with this temperature limit. In effect the 

controller becomes a temperature regulator, regulation of speed being 

relaxed. 

For a multivariable system, independent regulation can, at most, 

be exercised over as many plant outputs as there are controlling inputs. 

This leads to the 'Multivariable Regulation Limit Principle':-

'For a multivariable system with n inputs being used to regulate 

n independent outputs, if an additional output approaches or exceeds a 

limit and therefore needs to be regulated, this can only be achieved if 

control of one of the original outputs is relaxed.* 

From this principle, it can be inferred that some form of 

Variable Structure C o n t r o l m u s t be employed. Ideally, the chosen 

strategy should satisfy the following requirements:-

(i ) Limits satisfied at all times. 

( i i ) Regulation on the most critical parameters in steady-state 

with zero offset. 

( i i i ) Transient and regulatory engine behaviour unaffected when 

limits are well away from being reached. 

(iv) Stability, in particular absence of 'limit cycles'. 

(v) Output from controller (ie actuator demand signal) to 

remain smooth. 

(vi) Simple and straightforward to implement with as few addi-

tional measurements as possible. 

(vi) Ability to predict performance using measured (frequency 

response) engine data. 
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Variation of structure can be either gradual or abrupt. Simplest 

are systems where only abrupt changes occur; the problem then reduces to 

that of choosing an appropriate switching strategy. Gradual change 

strategies, on the other hand, are more complex, difficult to generalise 

to multivariable systems and, unless great care is taken (ie additional 

complexity), violate the zero steady-state requirement, ( i i ) above. 

These shall not be considered further since, as derived in the remainder 

of this chapter, a satisfactory switching strategy exists. Its per-
% 

formance in the single-input case is analysed in depth in Chapter 3 and 

extended to the multivariable case in Chapter A. 

2.2 Choice of switching strategy 

Consider the single-input system in Figure 2.1 which is a choice 

between a speed N or temperature T regulator. It is assumed that the 

steady-state gains of the speed to fuel and temperature to fuel transfer 

functions, AN/AW(s) and AT/AW(s) respectively, are positive (ie in 

steady-state both temperature and speed increase with fuel). Further, 

assume that the temperature limit T^ is fixed with the speed demand N^ 

under pilot control. 

Strategies satisfying all the conditions except ( i ) in the pre-

vious section can be constructed as follows: 

Define N^ to be the engine speed corresponding to when, in steady-state, 

the temperature T equals its limit T^. 

Then if 

N^ < N^ : Regulate the speed at N^ 

and if N^ > N^ : Regulate the temperature (or speed) at its limit T^ (or 

limit equivalent N^) 

These involve no switching; the dynamic behaviour will simply be 

that of the controlling loop. Condition (i ) is not satisfied since, as 

the controller is regulating about a limit, the magnitude of the con-

trolled variable may vary either side. This technique is known as 'soft 

limiting'. Hard limiting, ie ensuring that a limit is never violated, can 

in practice be effected by allowing a safety margin between the actual 

and regulated limits. 

However, these strategies are not generally feasible since the 

steady-state relationship between temperature and speed varies not only 

between engines, but also with operating condition and engine life. 

One possible solution would be to compensate the temperature 
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signal in such a way so as to make it dynamically similar to the speed 

signal. This form of controller is shown in Figure 2.2. where the 

compensator h(s) is chosen such that 

h ( s ) ^ ( s ) / § C s ) (2.1) 

with the proviso that h(s) is open-loop stable, and the switching 

strategy being to choose the lower of two competing signals. This 

feature is referred to as a 'lowest-wins' control strategy. 

However, designing the temperature controller Kj,(s) on this 

basis, ie 

k T (s) = kjjCs) • h(s) (2.2) 

is also likely to be unrealisable due to excessive phase advance and 

the requirement for open-loop stability. Design of kj(s) must therefore 

be based on a compromise between classical feedback considerations and 

the need to mimic the speed signal. This form of controller (ie employ-

ing a 'lowest-wins' strategy) can be seen to satisfy all the conditions 

laid down in Section 2.1 except (iv) and (vii) (Condition (i) has 

already been dealt with). These remaining requirements (ie that it 

should be possible to demonstrate acceptable performance and stability 

using frequency response data) will now be investigated. 

2*3 Transient response of 'lowest-wins' strategies 

In a 'lowest-wins' control strategy, stability of each feedback 

path alone, (ie with the 'lowest-wins' switch fixed in a particular 

position) is insufficient to guarantee stability of the composite 

system. Two modes of unstable behaviour are possible: 

( i ) Limit cycling - where the 'lowest-wins' switch flicks from 

one position to the other during each cycle. 

( i i ) Unlimited oscillatory growth - the result of an unstable 

limit cycle. 

As an example of these behaviours, consider the configuration 

shown in Figure 2.3. The open loop transfer functions are given by 

p(s) = 7/(1 + es + s 2 ) (2.3) 

and q(s) = 7/(1 + s)3 (2.A) 
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where e is a positive constant. For e equal to 0.1 and 0.2, their 

Nyquist loci are plotted in Figure 2.4, from which it can be verified 

that separately each closed-loop system is stable. However, Figures 2.5 

and 2.6 show actual results obtained from an analogue simulation. With 

e equal to 0.2 a limit cycle can be sustained (Figure 2.5) , whereas for 

e equal to 0.1 exponential oscillatory growth is possible (Figure 2 .6) , 

Thus stability for the individual loops definitely is not a 

sufficient condition for stability of the composite system. 
(52) 

In terms of Liapunov stability , this is equivalent to saying 

that for the example illustrated, a Liapunov function for one lane is 

not Liapunov for the other. To guarantee stability it would be suffi-

cient to find a common Liapunov function, (or functions with identical 

equipotential surfaces). 

2.4 System reconfiguration 

The key to analysing these systems is to reconfigure them into 

one which is single-input single-output (SISO) with a single memoryless 

(51) 

nonlinearity . This can be effected since the 'lowest-wins' or 

minimum function can be expressed in the form: 

min (rt , r 2 ) = ri + min (0, r2 - ri ) (2.5) 

The second term on the right-hand side is now a SISO memoryless 

nonlinearity with input (r2 - ri). 

Consider the general form of the single-input single-switch 

'lowest-wins' system shown in Figure 2.7. The variables x(t) and y(t) 

represent plant outputs; x^ and y^ are their respective demand values 

and g (s), g (s), k (s), k (s) and l(s) denote transfer functions. The 
x y x y 

objective is to determine whether the transient response of this system 

decays to a stable state, (ie a constant fuel flow in the case of the 

gas turbine) for arbitrary initial conditions. As a prerequisite, 

therefore, the system must be stable when the 'lowest-wins' switch is 

fixed in either position. This imposes the following constraints on 

the system transfer functions: 

( i ) g (s) , g (s), k (s) and k (s) are all open-loop stable, 
x y x y 

ie their poles are contained within the left-half of the complex 

piane. 
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( i i ) p(s) and q(s) are both closed-loop stable, where these are 

defined by 

p(s) = kx(s) gx(s) l(s) (2.6) 

q(s) = k ( s ) gy(s) l (s) ( 2 . 7 ) 

ie their Nyquist loci do not enclose the critical point, -1. 

In particular, it should be noticed that l(s) is permitted to 

have open-loop poles with non-negative real parts whereas g (s) , g (s) , 
x y 

k (s) and k (s) are not. 
x y 

Thus this does not include those systems in which the controllers 

k (s) and k (s) contain integral feedback. In such cases, the 
x y 

integrators must be reset when loops switch in order to prevent signals 

ramping and to ensure a smooth changeover. This has a destabilising 

effect which can be seen by transforming the system so that the integral 

terms are transferred from k (s) and k (s) to l(s) x y 

le k^(s) = s k ( s > 

k' (s) = s k (s) 
y x 

l*(s) = l(s) /s 

(2.8) 

Although this removes the need to reset integrators, the switching 

strategy is no longer 'lowest-wins'. This results in a discrete jump 

in the signal entering l ' ( s ) , which would tend to destabilise the system. 

Since the controller terms k (s) and k (s) must be open-loop stable, 
x y 

the generalised system in Figure 2.7 can be simplified by absorbing these 

terms into the plant transfer functions, g (s) and g (s) respectively. 
x y 

The variables x, y, x and y must be redefined accordingly 
d d 

te x(s) = k
x ( s ) x(s) 

y(s) = k (s) y(s) 

x , = k (0) x( 

> (2.9) 

y-d = k y ( 0 ) yd J 
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where A is used to denote the Laplace transform. 

Transforming in the manner of Equation (2 .5) , the 'lowest-wins' 

function 

z(t) = min [(xd - x(t)) , <yd - y(t))] (2.10) 

becomes 

z(t) = (xd - x(t)) - min [0, (yd - x.d) - (y(t) - x (t ) ) ] 

(2.11) 

and the system reconfigured to that shown in Figure 2.8. 

This is now in the required form - a linear part and a SISO 

nonlinearity n(»), given by: 

n(i(t)) = min [0, i ( t ) ] (2.12) 

Next, calculate the frequency response of the linear part, 

ie the open-loop response of i(t) from o(t). Omitting initial condition 

terms and taking Laplace transforms gives 

£ [i (t) - yd + x d ] = (p(s) - q(s)) z(s) (2.13> 

£ [o(t) + x d] = (1 + p(s)) z(s) (2.14) 

where £ is also used to denote the Laplace transform. Eliminating z(s) 

from these two equations gives 

£ [i(t) - yj + xj] = -e(s)jC [o(t) + xj] (2.15) 

where e(s) = (q(s) - p(s))/(l + p(s)) (2.16) 

Thus e(s) is the transfer function of the linear part of the 

system in Figure 2.9. Initial condition effects of this function must 

tend to zero since the 'fixed-switch' stability requirement implies that 

e(s) is open-loop stable. 
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Hence, the problem has now been reduced to that of determining the 

stability or otherwise of a SISO nonlinear system. In contrast to the 

linear case, there are no known necessary and sufficient conditions for 

stability. However, a number of approximate or sufficient conditions 

do exist, of which the most useful will be investigated in the next 

chapter. 
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CHAPTER 3 

•LOWEST-WINS* STABILITY ANALYSIS 

3.1 Nonlinear stability theory 

3.2 The Describing Function Method 

3.2.1 Stability theory 

3.2.2 Effect of bias 

3.2.3 Comparison with simulation 

3.3 Passivity methods 

3.4 Haddad criterion 

3.5 Extended Describing Function 

3.6 Describing Function with Small Gain Theorem 

3.7 Summary 
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3. 'Lowest-wins' stability analysis . 

3.1 Nonlinear stability theory 

In general, there exist only approximate or sufficient criteria 

for stability of nonlinear control systems. The most promising of these 

will now be applied to the SISO form (derived in the previous chapter, 

Figure 2.9) of a single-input single-switch 'lowest-wins' control 

strategy, using the example system introduced in Section 2.3 (Figure 2.3) 

to provide a quantitative comparison. No attempt is made here to give 

a comprehensive review of all criteria; this can be obtained from 

References 12, 53-56. 

Approximate methods aim to replace the nonlinearity by an 

'equivalent' linear gain, and are particularly useful for analysing the 

behaviour of limit cycles. These methods look for conditions of harmonic 

balance (ie matching the first few terms of the Fourier expansion), and 

are collectively known as the 'Describing Function Method' or the 

'Method of Equivalent Gain'*""''^. In this analysis, the term 'Describing 

Function* (DF) is used exclusively for the method applied in Section 3.2. 

Sufficient methods, on the other hand, rely on finding Liapunov 
(52) 

functions thereby guaranteeing absolute stability. Most of these 

stem from two further results known as the Small Gain and Passivity 
(58) 

theorems 

The methods (in order of application) are: 

( i ) Describing Function 

( i i ) Passivity 

( i i i ) Haddad 

(iv) Extended Describing Function 

(v) Describing Function with Small Gain theorem. 

The last two of these are attempts by the author to improve upon 

the approximate results of the DF method. For all these, advantage is 

sought from exploiting the particularly simple nature of the non-

linearity under study. 

3.2 The Describing Function Method 

3 , 2 , 1 Stability theory 

The Describing Function (DF) Method gives an approximate 

criterion for stability by considering the response tc a sinusoidal input 

and neglecting any higher harmonics. Notice that as the nonlinearity 

under study 
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n(i) = min ( i , 0) (3.1) 

is not antisymmetric, the output from a purely sinusoidal input will 

contain a zeroth harmonic (bias) component. Thus in applying the DF 

method it is important to balance this bias term in addition to the 

fundamental. 

Consider a sinusoidal plus bias input into the nonlinearity of 

Figure 2.9, 

and look for conditions for which the return signal, ignoring second 

and higher harmonics, balances. To this accuracy, the output of the 

nonlinearity can be written as 

where no(y) and n! (y) are the bias and fundamental describing functions 

(df) (ie equivalent gains) respectively, andj[are functions of the ampli-

tude ratio y where 

i(t) = a + b sin wt, b > 0 (3.2) 

o(t) = a no(y) + b m (y) sin wt (3.3) 

Y = a/b (3.4) 

These functions, calculated irt Appendix A, are given by 

< 1 (3.5) 

and 

m ( y ) 0 

1 y < -1 
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The fundamental df n! (y) , plotted in Figure 3.1, decreases con-

tinuously from 1 to 0; its equivalent gain to sinusoids can therefore 

take any value in this range depending upon the amplitude ratio y. 

The bias df no(y) has a singularity at y = 0, but-the product 

no'(y) = y • no(y) (3.7) 

remains finite ie 

n© (0) = -1/tt (3.8) 

This new function no(*), also plotted in Figure 3.1, is the ratio of 

the size of the output bias to the sinusoidal input, ie Equation (3 .3 ) 

can be rewritten as 

o(t) = b ( ^ (y) + ^ ( y ) sin wt) (3.9) 

Thus, the response to a purely sinusoidal input (y = 0) does possess 

a finite bias component. 

Now balancing the sinusoidal and bias components of the return 

and input signals gives 

(a) Fundamental balance 

e(ioj) n t(y) + 1 = 0 (3.10) 

(b) Bias balance 

(e(0) T̂  (y) + 1) a = yd - (1 + e(0)) * d (3.11) 

Solutions of the first equation can easily be found by plotting 

the loci of e(io)) and -1/ni (y) and looking for an intersection. The 

locus of -l/ni(y) is the segment of the real line to the left of the 

-1 point, (ie - » <-l/nj (y) < -1). Thus, if the Nyquist locus of e(s) 

cuts this segment, solutions of Equation (3.10) exist. From these 

intersections the frequency to and amplitude ratio y of a potential 

limit cycle can be read off. 
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For harmonic balance, it remains to check that the bias balance 

equation has, for these values of y, solutions for a and b with b > 0. 

Equation (3.11) is equivalent to 

(e(0) n0'(y) + y) b = yd - (1 + e(0)) xd (3.12) 

which shows that the sign of the right hand side of this equation, ie 

yd - (1 + e(0)) xd
 % (3.13) 

is crucial for harmonic balance. In terms of p(s) and q(s), this expres-

sion is equal to 

(1 + q(0)) 
yd Xd 

(1 + q(0) ) . " (1 + p(0)) 
(3.14) 

The two terms inside the square brackets are the steady-state values of 

the competing signals entering the lowest-wins comparator. Thus the 

sign of this expression, and therefore harmonic balance, depends on 

whichever loop is capable of sustaining a steady-state solution. 

It is interesting to observe that replacing a 'lowest-wins' by a 

'highest-wins' strategy is mathematically equivalent to negating the 

demand signals xd and yd« Thus any solutions of the fundamental balance 

equation (Equation 3.10) must correspond to conditions for harmonic 

balance of either a 'lowest-wins' or 'highest-wins' control strategy. 

These results can be used to derive a stability criterion, since 

harmonic balance indicates conditions for which the loop gain equals -1 

(neutral stability). As the system is known to be stable for all small 

departures from equilibrium, a necessary and sufficient condition for 

absolute stability is, to within the accuracy of the DF method, that no 

positions of harmonic balance exist. 

Before expressing this result as a theorem, define the 'F-locus' 

to be Nyquist locus of the transfer function f(s) where this is defined 

by 

f ( 8 ) = 1 4 - 4 4 (3.i5) 
1 + p(s) 
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This transfer function is related to e(s) by 

fCs) = 1 + e(s) (3.16) 

and has the properties that it is well-defined and non-zero throughout 

the right-half of the complex plane with f(0) a real positive number. We . 

may now state: 

Stability Theorem 1 
* 

An approximate necessary and sufficient condition for the system 

described in Section 2.4 to be stable for all initial conditions and 

demand signals, is that its F-locus never crosses the negative real axis. 

In other words, for stability, the phases of the return differ-

ences, 1 + p(s) and 1 + q(s), must never differ by 180°. Thus plotting 

phase against frequency for these functions provides a straightforward 

means of assessment that can easily be extended to systems with three or 

more lanes; in such cases the resulting 'snake1 of plots (Figure 3 .2) 

need only be inspected at its maximum width to reveal the likelihood of 

an instability, the loops involved and the frequency of any potential 

limit cycle. 

Another revealing way of expressing the fundamental balance 

equation (Equation (3.10)) is 

n,(y) q(s) + (1 - m (y ) ) p(s) = -1 (3.17) 

As.ni(y) lies between zero and one (Figure 3.1), for harmonic balance 

a weighted mean of the open-loop transfer functions, p(s) and q(s), 

must enclose the critical point, -1. For instance in Figure 3.3, 

systems with Nyquist loci A and C or B and C are stable, but one with 

loci A and B may support switching instabilities. However, this does 

show that, in practice, switching instabilities are virtually impossible 

unless one or both of the competing lanes are marginally stable. 

3.2.2 Effect of bias 

Solutions of the fundamental balance equation (Equation (3 .10)) 

alone are not sufficient to guarantee conditions for harmonic balance 

as, in addition, the bias equation (Equation (3.12)) must yield a 

positive result for the amplitude b, The coefficient of b on the left-

hand side of this equation can be expressed in the form 
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f(0) njCY) + (Y - t)q (Y)) (3.18) 

This is a strictly increasing function of Y since f(0) is positive and 

the gradient of nj (Y) lies between 0 and 1. Further, this expression 

equals 

-f(0) for Y = -1 

and 1 for Y = 1 

and thus vanishes for precisely one value of y, denoted by Yo > which 

must lie between plus and minus one. The point on the negative real 

axis corresponding to n^Yo)* will separate those intersections of the 

F-locus giving a positive value for b from those giving a negative 

result. This point is referred to as the 'separator point'. Thus if 

the bias expression (expression (3 .13) ) is positive, a necessary and 

sufficient condition for harmonic balance is that the F-locus intersects 

the negative real axis to the left of the separator point. 

It can be seen from expression (3.18) that the position of this 

point depends only on f(0) and this relationship is plotted in 

Figure (3.A) for the range 

1 > f (0) > 0 (3.20) 

It can be extended to the case of f (0 ) greater than one by reciprocat-

ing the axes since 

c(f (0 ) ) = l /c ( l / f (0 ) ) (3 .21) 

where c(») denotes the separator point position as a function of f (0) . 

The F-locus can only cut the negative real axis an even number 

of times, for otherwise the origin would be enclosed indicating that 

the Nyquist locus of at least one of the return differences, 1 + p(s) 

or 1 + q(s), also encloses the origin; this is a sufficient condition 

for the corresponding loop to be unstable. Thus the simplest case 

that may be considered is where the axis is cut twice. 

Suppose the bias expression (expression (3 .13)) is positive. 

There are three possible behaviours (Figure 3 .5 ) : 

( 3 . 19 ) 
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( i ) Quenching; Both intersections at values greater than 

c(f(0))j no positions of harmonic balance, absolute stability. 

(ii ) Hard instability: One intersection either side of 

c(f(0)) ; there exists a single position of harmonic balance (ut ) 

separating those regions where' the loop gain is less than one 

(stable) and greater than one (unstable). Small disturbances 

will decay but larger oscillations can grow indefinitely. The 

harmonic balance point is said to be that of an 'unstable limit 

.cycle*. 

( i ii ) Hard excitation: Both intersections at values less than 

c(f(0)) : two positions of harmonic balance exist defining a finite 

range of amplitudes for which the loop gain exceeds one. Small 

disturbances decay while larger ones tend to a limit cycle, 

defined by the balance condition with the larger amplitude. The 

intersection nearer to the separator point is that of the limit 

cycle (s) with the other corresponding to an unstable limit 

cycle (u2 ) . 

If instead the bias expression . was negative, behaviours ( i ) and ( i i i ) 

would be reversed. Notice that when intersections occur on both sides 

of the separator point, a position of harmonic balance must exist. 

3.2.3 Comparison with simulation 

The use of the Describing Function Method will now be illustrated 

on the example system introduced in Section 2.3 and its results compared 

with those obtained from analogue simulation. This system is illustrated 

in Figure 2.3 with the open-loop transfer functions given by 

p(s) = 7/(1 + e s + s2 ) 

and q(s) = 7/(1 + sf 

(3.22) 

where e is a positive constant. 

As pj(s) and q(s) have equal steady-state gains, the bias balance equa-

tion (Equation (3.12)) simplifies to 

y b = ~xd (3.23) 

and the separator point for harmonic balance is -1 (Figure 3.4). 
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Consider first the case e = 0.2. Its F-locus, part of which is 

plotted in Figure 3.6, crosses the negative real axis twice, at values of 

-0.75 and -0.12. These both correspond to conditions for which y is less 

than zero; theory predicts limit cycles when x^ is positive with stability 

if x^ is negative. Further, the intersection at -0.75 can be examined to 

predict the amplitude and frequency of the limit cycle. At this point 

ni(y) = 0.571 

corresponding to 

Y = -0.112 

and a frequency of 0.356 Hz. 

This system was then simulated on the analogue computer of the 

Pacer 600 Hybrid Computer Facility at NGTE. In accordance with theory, 

it was found that a stable limit cycle could be sustained for x^ positive 

(Figure 2.5) with absolute stability otherwise. Its amplitude and fre-

quency are compared below. 

Prediction Simulation 

Amplitude ratio (y) 0.112 0.133 

Frequency 0.356 Hz 0.365 Hz 

To investigate further, e was varied between 0.12 and 0.3 and the 

results plotted (Figures 3.7 and 3.8) . Both theory and simulation 

enabled three regions of behaviour to be identified: 

(1) £ small: Hard instability for x^ of either sign; the F-locus 

has two intersections of the negative real axis on opposite sides 

of the separator point, -1. 

(2) e medium: Hard excitation for x^ positive, with limit cycl€ 

amplitude decreasing as e is increased; there are two intersections 

of the negative real axis, both to the right of the separator 

po int. 

e large: Absolute stability; the F-locus does not intersect 

the negative real axis. 
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Sample F-loci for these three behaviours including the two boundary-

cases, £ = 0,176 and e= 0.245, are plotted in Figure 3.7. The following 

comparison with simulation was observed: 

Behaviour 

Range of e 

Behaviour 
Prediction Simulat ion 

Hard instability E < 0.176 E < 0.153 

Hard excitation 0.176 < E < 0.24 5 0.153 < e < 0.221 

Quenching E > 0.245 £ > 0.221 

Figure 3.8 compares the amplitude ratios of the limit cycles over 

the range of values of e. Notice that for fixed x^, the amplitude of 

the cycle does not decay continuously as e is increased but vanishes 

suddenly on reaching a particular size of e. This phenomenon has been 

observed with the simulation by slowly increasing £ during limit cycling; 

on reaching e = 0.221, the limit cycle rapidly decays to a stable response. 

In summary, all the qualitative features of the transient behaviour 

appear to have been predicted by the Describing Function Method with 

estimates obtained of limit cycle frequency and amplitude. Using e as a 

measure of the overall stability of the system, this method seems to be 

slightly conservative, ie it predicts spurious instabilities. However, 

it must be remembered that this method is only approximate, and the com-

parisons contained in this section have been intended to indicate the 

likely size of error. 

3.3 Passivity methods 
( 58) 

Passivity methods give rise to sufficient conditions for 

absolute stability by determining the existence or otherwise of certain 
(52) 

forms of Liapunov functions . 

Consider the feedback arrangement shown in Figure 3.9 which con-

sists of a linear transfer function g(s) and a 'monotonic increasing1 

nonlinearity n ( 0 with maximum slope c 

U t i2 (3.24) 

The input signal.r(t) is initially assumed to satisfy 

le 0 < n ( i l ^ " ^ < 
(i2 - U ) 

.00 

r2 (t) dt < °° (3.25) 
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( 5 9 ) 
Based on earlier results of Zames , Appendix B derives suffi-

cient conditions for stability of such configurations, including the 

following unified form of the Dewey^^ , Off-axis Circle^*^ and Popov^^ 

criteria:' 

Lemma 1 

The system described above is absolutely stable (ie decays to a 

zero signal) if there exists a real constant r such that 

Re Jg(io))(l + irajn) + 1/cJ > 0 (3.26) 

for all real w ^ 0 and n = -1, 0 or +1. These three values for n are the 

Dewey^^ , Off-axis Circle^*^ and Popov^^ criteria respectively. 

This result cannot be applied directly to the 'lowest-wins* prob-

lem, Figure 2.9, since the input signals are constant and therefore 

violate condition (3.25) . However, we assert the following: 

Lemma 2 

For the feedback system in Figure 3.9 let r(t) be assumed constant. 

If the following conditions are satisfied: 

( i ) g(s) has finite steady-state gain 

and ( i i ) a position of equilibrium (not necessarily stable) exists 

then the system is equivalent to one composed of the same linear transfer 

function g(s), a nonlinearity with the same slope bounds, as n ( 0 and 

r(t) = 0 

Proof of Lemma 2 

In equilibrium, let the nonlinearity have input and output values 

of a and b respectively. Redefine the nonlinearity to shift the 

equilibrium point to the origin 

ie n*(i) = n(i + a) - b (3.27) 

and absorb the resulting bias signals into r(t) . Then the input 

and output values of the new nonlinearity are both zero and consequently 

so is r(t). The new nonlinearity n ' ( * ) is a pure translation of the 

original one and will therefore have exactly the same slope bounds. Q.E.E 
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Now apply these results to the 'lowest-wins' configuration, 

Figure 2.9. The requirement for the competing feedback loops to be 

individually stable (Section 2.4) is sufficient for the conditions of 

Lemma 2 to be satisfied. Inequality (3.26) becomes 

Re Jf(ia))(l + irton) > 0 (3.28) 

where f(s) is defined in Equation (3.15) . 

This criterion is easy to implement graphically since it can be expressed 

in the form 

Re J f(iaj)| - r Im |wn f(io»)} > 0 (3.29) 

which may be stated as follows: 

Stability Theorem 2 

Absolute stability is ensured if a straight line can be drawn 

through the origin such that either the Nyquist locus, the Popov locus 

(Nyquist locus with the imaginary par.t multiplied by to) or the Dewey 

locus (Nyquist locus with the imaginary part divided by w) of f(s) lies 

entirely to the right of it. 

Apply this to our example system. As for values of e less than 

0.245 the F-locus actually cuts the negative real axis, none of the above 

three criteria can ensure stability. Furthermore, for values of e just 

above this value (eg e = 0.3, Figure 3.7) , no straight line can be drawn 

through the origin such that the Nyquist, Popov or Dewey loci lie entirely 

to the right of it. Thus, in this region, although simulation and the 

Describing Function Method indicate the system to be absolutely stable, 

passivity is insufficient to confirm this. Since stability margins 

increase with increasing c, an indication of just how conservative the 

criteria are can be obtained by comparing the values of e for which 

absolute stability can be guaranteed. Results obtained were 



39 

e for stability 

Simulation 0.221 

Popov 0.666 

Off-axis Circle 1.000 

Dewey 1.574 

Describing Function 0.2454 

The Popov locus of f(s) for £ = 0.666 is plotted in Figure 3.10. 

The Popov and Dewey criteria allow a means of distorting the 

Nyquist locus of the Off-axis Circle criterion to improve the stability 

boundary. In general their effects tend to be opposite, one enhancing 

while the other degrading the available stability margins. In this case 

the Popov locus was found to give the best results, but was still con-

servative to the extent of a factor of three on e. However, even with z 

equal to 0.666, the system comprises two highly oscillatory feedback 

lanes and without this technique it would be far from obvious that the 

composite is absolutely stable. 

3.4 Haddad criterion 
/ r -3 \ 

Haddad developed an unconventional method for assessing 

stability of nonlinear control systems. This reduces to a very simple 

form when applied to the 'lowest-wins' problem. In this method, stability 

properties are inferred from the size and shape of a particular region 

defined in the plane. Although initially encouraging, results were 

weaker than those of previous criteria and beset by computational 

difficulties. 

Haddad's criterion for a feedback system, with a monotonic memory-

less nonlinearity, may be summarised as follows: 

For the arrangement shown in Figure 3.9, let g(t) be the impulse 

response of g(s). Decompose g(t) into its positive and negative com-

ponents, gi (t) and g 2(t) respectively, 

ie 

and 

gi(t) = max.(g(t), 0 ) 

g 2 (t) = max (-g(t), 0) 

(3.30) 
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and define Aj and' A2 by 

Ai 

A2 = 

6i Ct) dt 

& ( t ) dt 

• (3.31) 

Similarly, define Ri and R2 from r(t). Define also functions njCO and 

n 2 ( 0 over the set of positive real numbers by 

nt (u) = n(u) u > 0 

n (-u) = n(-u) u < 0 
2 

Now consider the region in the x-y plane given by 

0 < x < A2 m (x) + At n2 (y) + Ri 

0 < y < Aj ni (x) + A2 n2 (y) + R2 

(3.32) 

(3.33) 

Denoting by xi and yi the maximum values reached by x and y in this 

region, then Haddad's criterion states that the output of the nonlinearity 

will ultimately remain between -r̂  (yx ) and nj (xi ) 

le -n2 (yi ) < v(t) < ni (xi ) (3.34) 

For the case of 'lowest-wins' (Figure 2.9) the functions n i ( 0 and 

n2 ( •) are given by 

ni (u) = 0 

na (u) = u 

> (3.35) 

and the region (3.33) simplifies to 
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0 < x < y + Ri 

(3.36) 

0 < y < Aj y + R; 
l2 

where Ai and A2 are derived from the impulse response of e(s), and 

Ri = max (0, r . ) 

R2 = max (0, -r.) • (3 .37) 

where r 
d yd - f ( 0 ) x< 'd 

so that either Ri or R2 is zero. Notice that r^ is the bias expression 

in the DF approach (expression (3.13)) , whose sign determines which lane 

is capable of sustaining a steady-state solution. 

This region (3.36) may take one of three forms: 

( i ) A2 > 1 : the region is unbounded, no inferences on stability 

can be made. 

(ii ) A2 < 1, Rt = 0 : the region is finite, as shown in Figure 3.11, 

with 

It is interesting to note that, consistent with results obtained 

from simulation and the DF, this method appears to predict bounded 

responses or stability depending on the sign of the bias term r^. 

Unlike the previous criteria, results from this method are not 

symmetric in p(s) and q(s), since stability does not necessitate a zero . 

output from the nonlinearity (ie transposing p(s) and q(s) alters the out-

put of the nonlinearity even in steady-state). Thus for a global 

stability criterion, the analysis must be repeated with p(s) and q(s) 

transposed. Denoting by * variables associated with the transposed 

system, then 

(3.38) 

Bounded limit cycles are possible. 

(iii) Aa < 1, R̂  = 0: the region lies along the x-axis, stability 

is guaranteed. 
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R? = Ra/f(0) ^ 

> (3.39) 

and R* = R t / f (0) J 

Thus R2 equals zero for either the original or transposed system; 

stability is ensured if the corresponding A2 is less than unity. We may 

now state the following theorem. 

Stability Theorem 3 

For the system under study, absolute stability is ensured if both 

A2 (Eq (3.31)) and A* are less than unity. Further the response is 

bounded (ie may contain limit cycles) if only one of these is less. 

Now apply this result to the example system (Figure 2.3) with 

e = 1.0. Calculation revealed 

A2 « 1.5 "I 

> (3.AO) 

and ^ 2 0 J 

Thus, even with this large value of e, which we know from passivity to 

be absolutely stable, the Haddad method fails to make any prediction. 

Further, no values of e could be found which made A£ less than or near 

to unity. 

The main problem of this method lies in the calculation of the 

terms A2 and A£; the values quoted above, for instance, are 'rough* 

estimates obtained after lengthy digital simulation of e(s). Pole-
(58) 

shifting (ie applying equal positive and negative feedbacks around 

e(s)) is unlikely to yield any improved results since this would either 

destroy the monotonic property of the nonlinearity or increase the loop 

gain. 

Thus, to conclude, the Haddad criterion appears to be of con-

siderably lower value than the DF or Passivity methods for assessing 

stability. 

3.5 Extended Describing Function 

The weakness of the DF method (Section 3.2) is that it is approxi-
mate and can either fail to' predict a limit cycle or spuriously predict 

(64) . 

a non-existent limit cycle . This is because the method ignores the 

effects of second and higher harmonics; good results usually being obtained 
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when this approximation can be justified, eg if the linear part acts as a 

low-pass filter or the nonlinearity is almost linear. 

A logical extension to this method, known as multiple-input 

describing functions , is to include the effects of the first few 

harmonics in the harmonic balance. In general, resulting criteria are 

difficult to apply; there are now no straightforward graphical inter-

pretations and resort must be made to calculation. A systematic pro-

cedure for achieving this, known as the Describing Function Matrix, has 

been developed by Mees but this is essentially a computational 

algorithm applied to a system whose components are already known. In 

general, results peculiar to a specific nonlinearity cannot be found. 

However, in view of the particularly simple nature of the non-

linearity under study, an attempt to include the second harmonic terms 

will now be made. The following conditions are assumed 

(i ) |g(2ioj)/g(ioo) | = p (3.41) 

where 0 < p « 1 

and g(s) is the transfer function of the linear part (Figure 3.9) . 

Further, it is assumed that, as a consequence of this, the ampli-

tude of the second harmonic is of order p compared with the 

fundamental. 

( i i ) Terms of second degree in p and contributions from third 

and higher harmonics can be ignored. 

It is this latter condition which differs from the usual DF method 

which assumes that terms of only first degree in P can be ignored. 

To apply this to 'lowest-wins' systems, recall the configuration 

in Figure 2.9 and input into the nonlinearity a signal of the form 

i(t) = Y + sin (at + p(b sin 2wt + c cos 2cot) (3.42) 

where |Y| < 1 and b and c are real constants. The output o(t), ignoring 

third and higher harmonics and terms in p2 is calculated in Appendix C 

and can be expressed in the form 
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o(t) = d0 + dj sin cat + d4 cos 2wt 

+ p(c f0 + c fj sin tot + b f2 cos ojt + b f3 sin 2iot 

+ c f4 cos 2a)t) (3.43) 

where the d . 's and f . ' s are functions of y. 
i I 

Now perform the harmonic balance, denoting the real and imaginary 
i 

components of e(s) by e r(s) and e^(s) respectively. The fundamental 

balance equations to first order are: 

sin ojt 

cos o)t 

er(iw> di + 1 = 0(p) 

ei(icu) di = 0(p) 

where 0(p) denotes terms of order p. 

These are equivalent to the fundamental balance equation (Equation 

(3.10)) , discussed in Section 3.2. If a solution (to this accuracy) 

exists, the selection of p(s) and q(s) can be ordered such that at this 

condition 

-1 > e (ioi) > -2 (3.45) 
r 

Thus assumption (i ) (Equation (3.41)) can be replaced by 

|e(2i«)| = 0(P) - (3.46) 

in the frequency range of interest. 

Now calculate the fundamental and second harmonic balance equations 

including terms of order p. 

sin wt 

cos tot 

sin 2wt 

cos 2^t 

e (iwXdi + P c fj ) + 1 = 0(p2 ) (3.47) 
r 

e (iw) P b f 2 + e.(iw) di = 0(p2) (3.48) 
r l 

-ej^iw) d; + P b = 0(p2) (3.49) 

e (2iw) cjU + p c = 0(p2) (3.50) 
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Combining Equations (3.44), (3.48) and (3.49) gives 

-e^(2iw) d4 f2/dx + eLCiw) dj = 0(p2) (3.51) 

From Appendix C we have 

fa = -2 d4 (3.52) 

Hence 

e i (iu) + e^(2iw) = 0(p2) (3.53) 

The quotient (cU/di) varies between 

0 < d4 /d! < 4/3tr (3.54) 

and thus the coefficient of e^(2iw) by 

0 < 2(d4/d1)2 < 32/9tt2 = 0.36 (3.55) 

As this coefficient is always positive, the sign of e^(2ia0 in the 

frequency range of interest can be used to indicate whether the describing 

function method overpredicts or underpredicts limit cycles. Remembering 

that f(ioi) and e(iw) are related by 

f(ico) = 1 + e(iw) (3.56) 

the following statement can be made. 

' s t a b i l i t y Theorem 4 

If the F-locus approaches^the negative real axisj^from the same side 

as f(2i&0, where to is a frequency in the range of interest, the describ-

ing function method will overpredict positions of harmonic balance and 

vice-versa if on opposite sides. 

Consider now the example system (Figure 2.3) . The F-locus first 

touches the negative real axis from above for e = 0.245 at a frequency of 

w = 1.99 Hz. At this point 
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e (ito) = -1.3 
r 

e (2iw) = 0.75 e.(2ioj) = 0.24 (3.57) 
r l 

er(3ito) = 0.23 ei(3ito) = 0.04 

The intersection with the negative real axis lies between -1 and -2 

showing that the ordering of p(s) and q(s) is correct. Now with this 

value of e^(2iw), the left-hand side of Equation (3.53) remains positive 

in the frequency range of interest. Hence the DF is expected to be over-

predictive as verified by simulation (limit cycles were only found for 

e < 0.221). 

To estimate the accuracy of this criterion, calculate the likely 

size of p: 

p « .|e(2iw)/e(iw)| = 0.60 (3.58) 

Thus the error of this method is expected to be in the region of half that 

of the straightforward DF. Systems where the attenuation of e(s) is 

greater should yield more precise results. However, checking the sign of 

Im |f(i(o)j does provide a very simple means of indicating the type of 

error produced by the DF method. 

3.6 Describing Function with Small Gain Theorem 

. The Describing Function method, as has been shown, can give power-

ful quantitative and qualitative results but can never guarantee absolute 

stability. It is not surprising, therefore, that several attempts to 

place bounds on the accuracy this approach have been made. Sandberg^'^^ 
( 6 8 ) 

and Holtzmann , for instance, both employ contraction maps to ascertain 

the existence of harmonic balance in the vicinity of a DF solution. Mees 

and Bergen^9^ have developed a technique for placing error bands around 

the DF locus, but this is only applicable to systems with anti-symmetric 

nonlinearities. 

The method developed here is an improvement of one by Bergan and 

Franks^7^, and can be applied to any feedback system with a single 

memoryless nonliriearity. It aims to establish a sufficient condition for 

existence or absence of harmonic balance by applying the small gain 
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( 58) 
theorem to the second and higher harmonic terms remaining after a DF 

balance. Although a partial stability criterion for 'lowest-wins* systems 

was obtained, it proved disappointing when applied to the example system 

of Figure 2.3. 

Define the norm of a periodic function, h(t), with angular frequency 

u by 

fll = 

P2ir/< 
0) 
2tt 

h 2(t) dt (3.59) 

which has, the property that the harmonic functions form an orthonormal 

series with 

Jl sin nwtlj = 1, n integer ^ 0 (3.60) 

This defines a metric with the triangle inequality 

IIlull + IIhaII > IIhi + h3ll (3.61) 

Assume the usual nonlinear feedback arrangement of Figure 3.9 and 
of 

let X denote the maximum slope^the nonlinearity n(»). Consider a 

periodic input signal to the nonlinearity expressed in the form 

Y + sin tot + <|>(t) IyI < 1 (3.62) 

where <Kt) is a periodic function, angular frequency to, with no zeroth or 

first harmonic terms (ie <Kt) contains only second and higher harmonics) 

and define 6 by 

6 = 11*0011, 6>0 (3.63) 

The output from the nonlinearity can be expressed in the form 

c + d sin tot + iL(t) + c. + d, sin (tot + n) + ^,(t) 1 <p (p m (3.6/«> 
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where the first three terms are the output when <f>(t) is identically zero, 

and iKt) and ij> (t) are functions containing only second and higher 
9 

harmonics. Hence the last three terms are the additional output from the 

nonlinearity due to <Kt), ie 

c^ + d^ sin (art + n) + ^ = n(a + b sin wt +. <(>(t)) - n(a + b sin wt) (3.65) * 

Taking the norm of both sides of this equation gives 

+ / + ii v 2 
0) 

2TT 

2tt/ CO 

[n(a + b sin ait + <J>(t)) 

- n(a + b sin wt)]2 dt (3.66) 

2tt 

2U/oj 

X2 <{>2(t) dt (definition of X) 

" A 0 (definition of 5) 

Hence there must exist a constant k between 0 and 1 such that 

II\|i II < >/k X 6 (3.67) 
$ 

d 
and — < v / l - k x 5 (3.68) 

v/2 

Assuming now that external inputs into the system are constant 

(ie r(t) contains no harmonic components), the input signal to the linear 

part g(s) can be expressed in the form 

c* + d* Sin(wt + n ' ) "+ S(t) (3.69) 

where 

C(t) = H t ) + * <t) <p 
(3.70) 
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Now define 

g(w) = S U P g(niw) , n integer >2 (3.71) 
n 

then the norm of the 'second and higher harmonics term' of the output from 

g(s), which is defined to be of size <5 (Equation (3.63)) is bounded above 

by . 

« 

i(u) II 5H (3.72) 

Applying the triangle inequality to 5(t) (Equation C3.70)) and substituting 

for IUJI (Equation (3.67)) gives 
<P 

« < 5(aO(H*ll + v̂k X 6) (3.73) 

Hence if 

lOO X < 1 (3.74) 

then 

• 6 < 8 (a> ) • (3.75) 

1 - I(io) X Vk 

Thus d , the error in the fundamental df, is bounded above by 
$ 

d4> <- nA - k X g(to) Hifrll (3.76) 

V 2 (1 - 5(0,) X v/k ) 

The right hand side is maximised with regard to k for 

v/k = i ( w ) A (3.77) 

giving 

d + < 11 J t ^ T - ( 3 - 7 8 ) 

where x = g(to)A, x < 1 (3.79) 
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This is a general result applicable to nonlinear control systems, 
i 

but it requires the loop gain of all second and higher harmonics to be 

less than unity for a meaningful criterion to be obtained. As the small 

gain theorem itself ensures absolute stability for when the loop gain 

is always less than unity, the above criterion can at best be used to place 

error bounds on DF solutions above a particular frequency. 

To apply this to 'lowest-wins', (Figure 2.9), first reconfigure the 

system by means of pole-shifting to minimise the loop gain. The non-
« 

linearity n(») is transformed to 

n r ( i ) = 2n(i) - 1 = -|i| (3.80) 

and the linear part to 

i / \ _ e(s) q(s) - p(s) / , 
e'Cs; = , \ . _ = / \ .—/ s , n Q3.81J 

e(s) + 2 q(s) + p(s) + 2 

Now calculate IÎ 11 . Since this new nonlinearity preserves modulus, 

it also preserves norm. Applying this to the case where <Kt) = 0 

(Equations (3.62) and (3.64)) gives 

- c2 + + M i 2 = y2 + \ (3.82) 

where c and d are related to the df functions (Equations (3.6) and (3.7)) 

by 

C(y) = 2n^(Y) - Y 

(3.83) 

d(Y) = (y) - 1 

Thus 

HI!2 = Y2 ~ (2n0* ( Y ) - y)2 + (1 - (2nj(Y) - 1)* )/2 (3.84) 

which is maximised at y = 0 giving 

HII < (-'5 - 4/tt2)^ * 0.3078 (3.85) 
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and on substituting into Equation (3.78) gives 

d. < 0.3078 
1 - i'2 (w) 

2e'2 (co) 
(3.86) 

The requirement for the loop gain to be less than unity 

(Equation (3.74)) is equivalent to 

(3.87) 

Thus in all interesting cases, absolute stability cannot be proved and 

attention must be restricted to the range of frequencies likely to 

exhibit harmonic balance. With the configuration adopted, the DF locus 

is the straight line segment 

If a section of the inverse Nyquist locus of e*(s) with error band of 

width dJ (Equation (3.86)) fails to cut this segment, no positions of 
9 

harmonic balance exist in that frequency range. Conversely, if a cut is 

guaranteed, a condition of balance must exist. 

Applying this to the example system (Figure 2.3) , these error bands 

proved too wide for a useful stability criterion to be obtained, but were, 

however, able to confirm the existence of harmonic balance conditions for 

small values of e. Figure 3.12 shows the result for the case e = 0.05. 

The Nyquist locus of -l/e'(s) is plotted over the frequency range 0.15 Hz 

to 0.45 Hz and the error circles over the range 0.25 Hz to 0.45 Hz. For 

even lower frequencies, the radius of these circles increases dramatically, 

becoming infinite near 0.23 Hz. Further, this result is independent of the 

ordering of p(s) and q(s), since transposing them alters only the sign of 

In summary, although this method provides another potentially useful 

tool for the analysis of 'lowest-wins' strategies, its ambition to combine 

the powerful qualitative features of the DF approach with absolute criteria 

can only be regarded as a partial success. 

1 > z > -1 z real (3.88) 

e ' (s) . 
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3.7 Summary 

Five methods for assessing stability of nonlinear control systems 

have been applied to the problem of 'lowest-wins' and evaluated using a 

simple example. Further approaches, such as the 'Approximately quantised 
(71) (72) 

characteristic* (Atherton ) and 'Modal structure' (Cook ) , were 

rejected since they are difficult to apply and unlikely to yield gener-al 

results. 

Of those applied, Haddad's method and the small gain extension 

proved of least value since these, too, were difficult to apply and gave 

poor results. This was despite the fact that they were able to take 

advantage of knowing the exact nature of the nonlinearity. The other 

three, however, all gave significant results which could be obtained simply 

from plotting the F-locus, ie the Nyquist locus of 

f(s) = (1 + q(s)) / (l + p(s)) (3.89) 

where q(s) and p(s) are the two competing open-loop transfer functions, 

Figure 3.13. These will now be summarised. 

( i ) Describing function 

An approximate necessary and sufficient condition for stability 

is that the F-locus never crosses the negative real axis. The 

positions of any crossings determine the nature of any instability 

and the approximate amplitude ratio and frequency of potential 

limit cycles. 

( ii ) Passivity 

Absolute stability is ensured if a straight line can be drawn 

through the origin such that either the Nyquist, Popov or Dewey 

loci of f(s) lie entirely to the right of it. 

(iii) Extended describing function 

The describing function method ( ( i ) above) will tend to overpredict 

instability if the F-locus approaches the negative real axis from the 

same side of the real axis as f(2ioj), and vice-versa if from 

opposite sides, where w covers those frequencies in the range of 

interest. 

These criteria can be applied to systems with three or more com-

peting lanes since the phase only of f(s) is involved and 

Phase (f (s) ) = Phase (1 + q(s)) - Phase (1 + p(s)) (3.90) 
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For instance, criterion (i) (Describing function) may be restated 

as: 

An approximate necessary and sufficient condition for stability is 

that the phases of the Nyquist loci of the return differences (ie 1 + p(s) 

and 1 + q(s)) never differ by 180° or more. 

Thus systems with several lanes can be analysed by plotting their 

return difference phases and looking for where the resultant 'snake' of 

plots has maximum width. This represents the point of greatest phase mis-

match. Stability of the lanes involved can then be assessed in more 

detail using the above criteria. In particular, if this snake of plots 

has a width of less than 90°, the passivity result (criteria ( i i ) ) 

guarantees stability of each pairwise combination of lanes. 

Finally, expressing these results, especially the Describing 

Function approximation, in terms of the open-loop Nyquist loci revealed 

that switching instabilities are virtually impossible unless one or both 

of the competing lanes are marginally stable. 
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CHAPTER 4 

MULTIVARIABLE 'LOWEST-WINS' THEORY 

4.1 General system 

4.2 Single-switch case 

4.3 Describing function method 

4.4 Passivity methods 

4.5 Extension to more complex arrangements 

4.6 Summary 
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4. Multivariable 'lowest:-wins1 theory 

4.1 General system 

The previous chapter concerned 'lowest-wins' control systems with 

only one switch and one input. The generalisation to the multivariable 

case (ie multiple inputs and/or multiple switches will now be considered). 

Figure 4.1 shows the general multivariable form where the 'lowest-wins' 

is now a vector operation. The plant outputs are divided into three 

groups: those variables which are continually fed back w, and two sets of 
til 

signals competing for feedback x and y. The i entry of the 'lowest-

wins' output vector z is given by 

As with the scalar case, the system must be both open and closed 

loop stable when the 'lowest-wins' switches are in fixed positions. 

Again, the first step in assessing stability is to transform the system 

into a suitable form. Define P(s) to be the plant open-loop transfer 

function matrix when the 'lowest-wins' switches are fixed in a particular 

combination, and Q(s) the matrix when all the switches have all been 

reversed. For instance, using the notation of Figure (4.1) , P(s) and 

Q(s) can be chosen such that 

With these definitions, the system may be expressed as shown in Figure 4 ,2 , 

which can be recognised as the multivariable equivalent of that studied in 

Chapter 2 (Figure 2 .8) . The vectors x ' , y' and z' are given by 

• (4 .2 ) 

and 

(4.3) 

(4.4) 
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with x' and y' their respective demand signals and 

( j ) 
(A.5) 

This can now be transformed into nonlinear multivariable feedback 

form (Figure A.3) using the same techniques as employed for the single-

variable case in Section 2.A. The linear part E(s) is given by 

and all the nonlinear terms are contained within a memoryless diagonal 

matrix, N(»). For a system with 1 inputs and m switches, N( 0 is an 

1 x 1 matrix, the first m of whose diagonal elements are the familiar 

nonlinearity 

Stability of this configuration will be analysed in the succeeding 

sections using the Describing Function and Passivity methods. Criteria 

for single-switch systems are first derived and then extended to cover 

the multiswitching case. Situations where the •lowest-wins' operators 

act on three or more incoming signals or are separated by dynamic 

elements are included by showing that these may be transformed into the 

above form. Finally, the main results of this analysis are summarised 

in Section (A.6). 

4.2 Single-switch case 

Suppose the multivariable system in Figure 4.1 has only a single 

'lowest-wins' switch (ie x and y are scalars). Then, in the configuration 

of Figure A.3, the output of E(s) has only one non-zero component and 

N ( 0 only one non-zero entry. Thus the system reduces to a single-

variable form whose transfer function of the linear part e(s) will now 

be calculated. Notice first that, except for the top row, all rows of 

E(s) are identically zero; consequently all but one of its eigenvalues 

are zero with the other equal to e(s). Now as the product of the eigen-

values of a matrix equals its determinant, and all but one of the eigen-

values of the return difference matrix (I + E(s)) equal one, then 

E(s) = (Q(s) - P(s))(I + P(s)) 
-l 

(A. 6) 

n(i) = mind, 0) (A.7) 
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1 + e(s) = dot (I + E(s)) (A. 8) 

giving 

e(s) = det (F(s)) - 1 (A.9) 

where F(s) is defined by • 

F(s) = (I + Q(s))(I + P(s))""1 (A.10) 

Substituting e(s) above for e(s) as defined in Equation (2.16), the 

stability criteria of Chapter 3 apply but with 

- det (I + Q(s)) 
£ ( s ) = det (I + P ( s » C * ' 1 1 D 

replacing 

«•> = ^ 

For an 'open-loop stable' linear multivariable system with transfer 

function matrix G(s), a necessary and sufficient condition for closed-

loop stability is that the Nyquist locus of the return difference deter-
(73) 

minant, det (I + G(s)), does not encircle the origin . Thus this 

determinant is the multivariable equivalent of the scalar return differ-

ence (1 + g(s))j 'Ks) and f(s) are related in precisely this manner and 

with this substitution all the results from the single variable case 

(Chapter 3) transfer across. We may state 

Multivariable Theorem 1 

The stability criteria derived in Chapter 3 for single-input systems 

extend to the multiple-input case but with the return difference deter-

minant det(I + P(s)) replacing the scalar return difference (1 + p(s)). 

A.3 Describing Function method 

In applying the Describing Function method to a multivariable 

system, it is assumed that,, at a condition of harmonic balance, all loops (7A) 

oscillate with the same fundamental frequency w .. The input into the 

nonlinearity, excluding second and higher harmonics, can then be expressed 

in the form 



58 

Re | a + b e ^ f (4.13) 

where _a arid b are constant vectors and b may be complex. The equations 

of harmonic balance to this accuracy are (cf (3.10) and (3.11)) 

Fundamental 

[E(iw) Ni (r) + I ] b = 0 (4.14) 

» 

Bias 

[E(0) fl>(T) + i ] a = y^ - (I + E(0)) x^ (4.15) 

Ni(*) and Wo ( • ) are the fundamental and bias describing function 
matrices respectively and £ is a vector denoting the amplitude ratio of t h 
the incoming signals such that its i entry is given by 

(£) i = = a./| b j i = 1, . . . , m (4.16) 

These matrices have the same structure as N(»)> and their non-zero entries 

are the familiar scalar describing functions ni(«) and no(') (Equations 

(3.5) and (3 .6) ) 

ie 

Ni(r) = diag (ni (Yi ) > ni(y 2) , ni(Ym), 0, . . . , 0) (4.17) 

N0(T) = diag (nQ(Y, ) , n 0 (Y 2 ) , n0(Ym), 0, 0) (4.18) 

Equation (4.14) has a non-trivial solution for t> if and only if 

det + P(iw) + ^(r),[Q(io)) - P(iw)]J = 0 (4.19) 

To solve this, note that as nt (y^) occurs only once in N, (r) , the 

left hand side of this equation must, by straightforward evaluation of 

determinants, be linear in n! (yi )• Similarly for each of the other 

n ^ Y ^ ' s . Thus, this expression may be evaluated by calculating its value 

for two known values of nj (Y^) and linearly interpolating. For instance, 

if there is only one switch present, ie N(*) has only one non-zero element., 

then, since for n, (Yi ) = 1, the left-hand side of Equation (4.19) is equal 

to 
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det [i + Q(iw)] 

and for n ^ y ^ = 0 it is equal to 

det [I + P(ioj)] 

Equation (4.19) becomes 

n i ( Y l ) det [I + Q(iu)] + (1 - n ^ Y i ) ) det [i + P(iw)] 0 (4.20) 

This may be re-expressed as 

det [I + Q(iu)] x 

det [I + P(ito)] ni (Yl } 
- 1 (4.21) 

which can be recognised as the single-switch criterion, derived in the 

previous section. 

For the general (multiswitching) case, let 

Qj(s), j = 1, . . . 2m (4.22) 

be used to denote all the possible open-loop transfer function matrices. 

Then using the property of linearity in the ^ ( y ^ ' s , Equation (4.20) 

may be re-expressed as 

) Of. det (I * Q.(iw)) = 0 (4.23) 
^ J J 

j=l 

where each aj is of the form 

m 

a . = n 3. . (A.24) 
J i=i 1 

and = m (y£) or (1 - m ( y ^ ) (4.25) 

The a . 's have the property 

J 
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2m 

^ a. = 1, with a. > 0 (A.26) 

Thus the a j ' s c a n be regarded as weighting factors in Equation 

(4.23). Hence a necessary condition for the fundamental to balance is 

that there exists a weighted combination of all the possible return 

difference determinants whose Nyquist locus passes through the origin. 

However, the prerequisite that each configuration is stable in the non-

switching mode implies that none of the individual loci enclose or pass 

through the origin. A necessary and sufficient condition therefore for 

Equation (4.23) is that there exists at least one pair of return differ-

ence determinants with a weighted mean whose Nyquist locus either encloses 

or passes through the origin. As the absence here of harmonic balance 

implies stability, the following theorem may be stated. 

Multivariable Theorem 2 

A sufficient condition for stability (in the approximate sense of 

the Describing Function) is that no pair of return difference determinants 

has a weighted mean such that its Nyquist locus encloses the origin. 

An obvious way to check for this is to plot the phases of the 

various return difference determinants against frequency and look for 

where the resulting 'snake* of plots has maximum width, (cf Figure 3.2 

and Section 3.2) . Any offending loops can then be easily identified. 

4.4 Passivity methods 

The simplification to single variable arrangements (Section 4.2) 

is no longer possible when multiple 'lowest-wins' switches are present. 

In such cases the passivity criteria of Appendix B must be replaced by 

their multivariable equivalents, which unfortunately are less strong and 

more difficult to apply. 

Consider the multivariable form of the feedback arrangement shown 

in Figure (3.9) where the matrix nonlinearity, N(*)» is assumed to be com-

posed on m independent monotonic nonlinearities, n^(u^) each with maximum 

slope k^ 

n . (u . ) - n.(u!) 
ie 0 < - i — ! 1—L- < k. i = 1, . . . , m (4.27) 

u. - u.I 1 
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Define K to be the diagonal matrix 

K = diag (k, , k ) (A.28) 
m 

and let G(s) be the transfer function matrix of the linear component. 

The Popov^^ and Off-axis C i r c l e ^ ^ criteria generalise to the 

following two results: 

(i) Generalised Popov (Jury and Lee^"^ ) 

The system described is absolutely stable if there exists a real 

diagonal matrix R whose entries are all positive such that the 

matrix 

(I + jojR)CG(iu) + K~* ) + [(I + juiR)(G(iw) + K*1 ) J (A.29) 

is positive definite for all real where * denotes the complex 

conjugate transpose. 
( 76 ̂  

( ii ) Generalised Off-axis Circle (CoolO ) 

The system described is free from limit cycles if there exists a 

matrix R, defined above, such that 

(I + jR)(G(iu) + K* 1) + [(I + jR)(G(iw) + K " 1 ) ] * (A.30) 

is positive definite for all real 

Now apply these results to the reconfigured 'lowest-wins' control 

system in Figure A.3. First dispense with the constant input signals 

using the multivariable form of Lemma 2 in Section 3.3. Next define 

F(s)_ to be the m x m matrix composed of the first m rows and columns of 

F(s) (Equation (A.10)). The following theorem may now be stated. 

Multivariable Theorem 3 

Stability is assured if there exists a real diagonal matrix R whose 

entries are all positive such that the matrix 

(I + iwR) F(ioj) + F(ico)" (I - iwR) (A.31) 
m m 

is positive definite. Further, if instead there only exists an R such that 
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(I + ilO F(ioj) + F(iw)* (I - iR) (4.32> 
m m 

is positive definite, the system is free from limit cycles. 

As the above matrices are Hermitian (ie they equal their complex 

conjugate transpose) a necessary and sufficient condition for thern to-be 

positive definite is that all their eigenvalues (which must be real) are 

positive. For instance, setting R equal to the zero matrix, (the 
( 7 7 ) 

generalised circle criterion ), criterion (4.31) reduces to checking 

that the following matrix has positive eigenvalues: 

F(iw) + F*(iw) (4.33) 
m m 

However, except for certain computational algorithms, there are no 

known methods for determining the optimal choice for R. Shankar and 
(78) 

Atherton have shown that when these matrices are close to being diagonal, 

their eigenvalues lie in bands centred around the Nyquist loci of their 

diagonal elements. Thus choosing R on the basis of these elements may 

provide a near optimal choice. 

4.5 Extension to more complex arrangements 

The stability criteria derived in the previous two sections will 

now be extended to systems involving the 'lowest-wins' of three or more 

signals, (eg Figure 4.4) or distributed 'lowest-wins' systems (ie dynamic 

elements separating 'lowest-wins' switches, eg Figure 4.5) . 

Let 

q^(s) i = 1, . . . , n (4.34) 

be used to denote the possible return ratio determinants for n different 

switching configurations. These functions characterise the possible 

transient behaviours since the characteristic equations of motion are 

QJCS) = 0 ( 4 . 3 5 ) 

Thus these functions are invariant under system reconfigurations. 

Any 'lowest-wins' strategy can be expressed as a number of binary 

decisions. For instance, the 'lowest-wins' of three signals, Figure 4.4 
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z(t) = min (wd - w(t), xd - x(t), yd - y(t)) (A.36) 

can be split into 

z(t) = min (v(t), yd - y(t)) 

v(t) = min (w, - w(t), x, - x(t)) 
a a 

(A.37) 

Although this may appear to increase the number of switching possibilities, 

in this case from 3 to A, the number and value of the return difference 

determinants remains unaltered. In the 'lowest-wins' of three signals 

example (Figure A.A), these are 

and 

1 + p(s) 

1 + q(s) 

1 + r(s) 

• (A.38) 

Now reconfigure the system into the form of a linear part with 

2k outputs feeding k 'lowest-wins' binary switches. Figure A.6 shows 

the result of transforming the example system in this way; the Laplace 

transforms of the input (ie v(t),, y(t), w(t), x(t)) and output signals 

(ie z(t), v(t)) from the 'lowest-wins' decisions are related by a linear 

A x 2 transfer function matrix, H(s) say, such that 

= H(s) (!Cs)) (A.39) 

where * denotes the Laplace transform. The matrix H(s) is given by 

H(s) = 

0 P(s)\ 

0 q(s) ' 

0 r(s) 

-1 0 / 

(A.AO) 
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As this is merely a reconfiguration of the system, the return difference 

determinants, qXs ) , will remain unchanged. In the example, the plant 

transfer function matrices for the four possible switching configurations 

are: 

/ 0 p(s)\ / 0 , p(s)\ 

NO r(s)/ \-l 0 / 

/ 0 q(s)\ / 0 q(s)\ 

\0 r(s)/ \-l 0 / 

• (4.41) 

Yet their return difference determinants are still those in expressions 

(4.38). The system is now in the form of Figure 4.1, a multivariable 

'lowest-wins' control system. 

Now apply the results of the Describing Function method (Section 4 . 3 ) . 

Equation (4.23) states that a weighted mean of all the possible return 

ratio determinants must pass through the origin for harmonic balance. In 

this case, these determinants are the original q^(s)'s. Hence Multivariable 

Theorem 1 (Section 4.3) can be extended to the systems under study in this 

section. We may state 

Multivariable Theorem 4 

The Describing Function condition of stability that no pair of 

return difference determinants has a weighted mean with Nyquist locus 

enclosing the origin (Multivariable Theorem 2) can be extended to systems 

in which the 'lowest-wins' operators act on 3 or more signals or are 

separated by dynamic elements. 

Again, plotting the phases of the various return differences 

against frequency can be used to determine stability. 

4.6 Summary 

This Chapter has derived four principal results. 

(1) In the multiple-input case, the stability criteria of 

Chapter 3 still apply but with the return difference determinant, 

det [l + P(s)], replacing the return difference, 1 + p(s). 

(2) A sufficient criterion for the Describing Function approxima-

tion to indicate stability in the multiple-switching case is that 

each pair-wise combination of possible switching arrangements 

satisfies the single-switching criterion. 
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(3) Absolute stability in the multiple-switching case can be 

ensured if a particular Hermitian matrix has positive eigenvalues. 

(A) These results can be applied to any distributed, multiple-

input, multiple-switching, 'lowest-wins of any number' system. 

However, it has not been proved that if all the pair-wise combina-

tions are stable, then the total system is stable. The Describing 

Function method shows this to be approximately true, and one can therefore 

surmise' that instances where this does not hold will be characterised by 

there being no single dominant limit cycle frequency. 

Use of some of the above results will" later be illustrated in 

Chapter 7 for assessing the performance of a gas turbine multivariable 

limit controller. 
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CHAPTER 5 

THE GAS TURBINE MODEL 

5.1 Derivation 

5.2 Actuators and sensors 

5.3 Configuration and discretisation 

Tables 

5.1 Engine variables 

5.2 State-space matrices 

5.3 Eigenvalues 
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5. The gas turbine model 

5.1 Derivation 

For the purposes of designing and evaluating alternative control 

strategies, a linearised model of the turbofan under study was derived. 
(18) 

This was obtained from a thermodynamic model simulated on the Pacer 

Hybrid Computer Facility at NGTE. The state-space form was chosen to 

represent the model since this provided compact storage, gave easy 

calculation of frequency and time responses and allowed the inner structure 

to be analysed through studying the natural modes (ie the eigenvalues and 

eigenvectors). The procedure followed will now be described, a fuller 

account of which can be found in Reference 79. 

The thermodynamic model can be expressed as a series of algebraic 

and first-order differential equations: 

— (x) = f , (x , u) (5.1) 

z = f2(x, u) (5.2) 

where there are three input variables (u), six possible output variables 

(z) , in addition to 14 state variables (x) which may also be outputs. 

These are listed in Table 5.1. 

Linearisation was carried out about a mid-reheat operating condi-

tion and performed using the Pacer version of the general purpose 

linearisation program, NINSAP^^\ Matrices for the linearised system 

ie 4? (x) = Ax + Bu (5.3) 
dt — — — 

z = Cx + Du (5.4) 

are listed in Table 5.2. All variables were normalised to one so that 

the percentage change in output per percentage change in input is given. 
( 81) 

Then, using the Linear Systems Analysis Program, LINSAP , the natural 

modes of the system were derived by calculating the eigenvalues and eigen-

vectors of the A-matrix. A rough indication as to which part of the 

simulation is responsible for generating each mode was obtained from ( 82 ) 

studying the elements of each eigenvector . These modes and their 

related eigenvalues are listed in Table 5.3. 
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As can be seen, the modes may be divided into three classes: 

( i ) 1-3 Low frequency modes associated with shaft dynamics. 

These showed a high degree of coupling with a similar rate of 

decay, suggesting that their time constants were being determined 

by a common mechanism. 

( i i ) 4-11 Mid-frequency range modes: Two are associated with each 

of the combustion volumes, ie the combustion chamber and the jet-

pipe. These correspond to pressure and temperature variations 

arising from mismatch of mass and energy. The eigenvalues of 

the remaining four modes (6-9) possess significant imaginary 

parts and are thus highly oscillatory. These oscillations are 
( 83) 

of the same nature as those observed in a Helmholtz resonator , 

ie mismatch of mass and momentum giving rise to variations in 

pressure and mass flow. The effect of their being transmitted 

along the bypass duct is likely to be of crucial importance to the 

operation of the LP and IP compressors. 

( i i i ) 12-14 Highly damped non-oscillatory modes arising from 

intercomponent pressure dynamics; unimportant from a control 

viewpoint. 

The linearised model was validated against the hybrid simulation 

in two ways. Firstly, by comparing transients arising from small step 

changes in the control variables; the linearised equations being solved 

digitally using a fourth-order Runge-Kutta algorithn/*^. Secondly, by 

comparing selected transfer functions derived directly using matrix ( 81) 

manipulation (LINSAP ) for the linearised system and by Pseudo-Random 

Binary Noise t e s t i n g ^ o n the hybrid model. In both cases, reasonably 

close agreement was obtained; Figures 5.1-5.3, for instance, compare the 

responses of NH, P2L and thrust (TH) to step changes in the control 

inputs (ie WFE, AJ, WFR). These show the effect of raising each control 

independently from 95% of its linearisation value to 105%. The small 

steady-state discrepancies between the two sets of results are due mainly 

to the inaccuracies of analogue components employed in the hybrid 

simulation. The sudden spike in thrust in response to a step increase 

by AJ is unrealistic, caused by the instantaneous increase in nozzle area 

before the jet-pipe pressure P5 has had time to respond. .In practice, 

the sluggish nature of the nozzle actuator dynamics would prevent this 

from occurring. 
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5.2 Actuators and sensors 

It is important to include the response of the actuators in design-
(39) 

mg a control system for a gas turbine since these often dominate , or 

at least considerably alter,, the overall dynamic behaviour. Sensors 

(eg pressure transducers, revolution counters and optical pyrometers), on 

the other hand, are much faster-acting devices, typically with time con-

stants of only a few milliseconds, and were therefore ignored for the 

purposes of this study. 
Transfer functions for the fuel pumps were derived from measured 

(85) 

icy response data . Th< 

the engine and reheat fuel pumps 

(85) 
frequency response data . The following model was adopted for both 

A Actual fuel _ 1 e~o • o l s (5 5) 
A Demand fuel =

 1 + 0 i 0 0 9 3 8 s + 1 > 2 3 . 10-> 6 

The nozzle actuator transfer function was based on data supplied 

by the manufacturer 

A Actual area 1 -o*ois / c^n 
e (5.6/ 

A Demand area ~ ( l + 0 . 0 6 s ) ( l + 0.03s) 

Frequency responses for these are plotted in Figures 5.A and 5.5; 

notice that the fuel actuator can follow variations of up to 100 rad/s, but 

that the nozzle will cut off around 30 rad/s. 

5.3 Configuration and discretisation 

The overall configuration, including actuators and controller, is 

shown in Figure 5.6 where the vectors u, w, y, r and e represent: 

T 
u - control inputs, u = (WFE, AJ, WFR) 

w - controller demands, wT = (WFE , AJ , WFR ) 
' — s s s 

T 
y - engine outputs, y = (NH, P2L, WFR) 

T 
r - demanded values, r = (NH., P2LJ, WFR.) 
— — d d d 

q - error signals, je = r - y 

This was implemented as a sampled data system on the NGTE Hybrid Computer 

Facility, and, with 1:1k? aim of approximating to a continuous model, a 

sample frequency of A00 Hz (sample interval = 2.5 ms) was chosen, as this 
( 86 ) 

is a factor of five over the highest resonant frequency (^80 Hz) . 
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( 5 9 ) 
Using LINSAP , the state-space model was discretised through 

calculating, by straightforward integration, the transition, F and dis— 
( 87^ 

tribution, E matrices 

x = F x + E u (5.7) 
—n+i —n —n+i 

z = C x + D u , (5 .8) 
—n —n —n+i 

Validation against the continuous model was achieved by comparing 

step transients and ensuring the eigenvalues (X) of the A and F matrices 

satisfied 

Xp = exp (dt • XA) (5.9) 

where dt is the sample interval. 
( 87) 

Actuator transfer functions were replaced by their z-transforms 

Nozzle 

(1.67z 1.60) 10"* / s i r * 
(z2 - 1.88z + 0.88) z4 

Fuel 

(2 > 38z 4- 2.23) 10* ( _ m 

(z2 - 1.78z + 0.83) z4 

Sampling delays^^^ were minimised by using newly calculated con-

troller and actuator outputs immediately for actuator and engine inputs; 

ie in the nomenclature of Figure 5.6, the order of calculation is 

e ^ = r . - y (5.12) 
—n+i —ri-H —n 

—n+i = K ( z ) ^ i ( 5 - 1 3 ) 

u . f = A(z) w (5.14) 
—n-H —n+i 

yn+1 = (5,i5) 
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As there are three 'sample and holds' compared with a continuous 
( 86) 

system, the effective sampling delay is equal to 

The model was run at one hundredth real time (ie a frame time of a 
(88) 

quarter of a second) under the hybrid monitor program FORMON . The use 

of this program together with an analogue patch panel gave a very flexible 

on-line" model with easy control over inputs, outputs, controller gains and 

any other chosen parameters. Figures 5.7-5.9 show the response of NH, 

P2L and TH to unit step increases in the two' fuel flow and nozzle area 

demand signals w. 

Final validation of the overall system was performed by calculating, 

using transfer function methods, the proportional feedback gains needed 

for closed-neutral stability of the continuous system, and comparing 

these with values measured from the discrete simulation. Close agreement 

was obtained with predicted values well within the range identified by 

simulation. 

(5.16) 
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TABLE 5.1 - ENGINE VARIABLES 

State variables 

• Xi . NL LP shaft speed 

x2 NI IP shaft speed 

X3 NH HP shaft speed 

X4 P2L LP/IP intercompressor pressure 

P2I IP/HP intercompressor pressure 

P2 Combustor pressure 

X, T3 Compustor outlet temperature 

PAH HP/IP interturbine pressure 

x> P4I IP/LP interturbine pressure 

Xj 0 P4M Post-turbine pressure 

X 1 1 WH Hot stream mass flow 

Xj 2 wc Cold stream mass flow 

* 3 P5 Jet-pipe pressure 

* I 4 T6 Jet-pipe outlet temperature 

Control inputs 

WFE Engine fuel 

Mi AJ Reheat fuel 

WFR Nozzle area 

Measured outputs 

Z l W1 Fan mass flow 

z2 W2 HP compressor mass flow 

Z3 P6 Nozzle pressure 

24 T2L LP/IP intercompressor temperature 

Zs T2I IP/HP intercompressor temperature 

Z6 TH Thrust 



TABLE 5.2 - STATE-SPACE MATRICES 

Matrix A (14 x 14) 

-7 0 -0.1 -2.9 0 -0.2 1.4 0 6.6 -3.3 0 0 0 0 

0.2 -6 0 0 -3.4 -0.2 1.5 12.4 -8-8 0 0 0 0 0 

0.9 0 -10.7 -0.4 -1.7 6.2 1.3 -3.5 0 0 0 0 0 0 

125 -64 0 -46 14 0 0 0 0 0 0 -52.8 0 0 

140 1920 -3100 950 -1470 642 0 0 0 0 0 0 0 0 

-20 0 365 10 126 -327 -242 13.6 0 0 0 0 0 0 

48 0 -125 -22 -42 -22 -251 * 0 0 0 0 0 0 

45 240 -504 -24 -142 2810 0 -4100 1530 0 0 0 0 0 

270 -330 200 17 - 77 -47 74 5600 -5720 69 0 0 0 0 

-24 1 11 1.7 2.5 16 -127 2 254 -4.9 -274 0 0 0 

-2 0 3 58 1 5.8 -40 1 0 775 -100 25 -770 0 

-27.4 0 -1.5 320 0 -2.5 19.4 0 0 13.6 27 -96 -274 0 

14 0 -6 37 -2 -12 92 -0.6 . 0 22 107 81 -485 -60 

14.5 0 -7 30 -2 -13 95 -0.7 0 20 19 -44 -214 -170 



TABLE 5.2 (cont'd) 

Matrix B (14 x 3) 

0.12 0 0 

0.136 0 0 

0.151 0 0 

0 0 0 

0 0 0 

167.0 0 0 

127.0 0 0 

0 0 • 0 

0 , 0 0 

0 0 0 

0 0 0 

0 0 0 

44.1 238.0 -430.0 

37.2 197.0 -189.0 

Matrix D (6 * 3) 

0 0 0 

0 0 0 

0.001 0 0 

0 0 0 

0 0 0 

0.002 0 1.1 
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TABLE 5.3 - EIGENVALUES 

Eigenvalues 
Associated engine 

components 

1 -7.14 ) 
2 -7.66 + j 4.08 > Shaft dynamics 

3 -7.66 - j 4.08 J 
4 -85.6 i 

5 -168 
| Combustion chamber 

6 -99.7 + j 144 

7 -99.7 - j 144 
Cold stream 

8 -106 + j 504 1 

9 -106 - j 504 
j Hot stream 

10 -350 1 

11 -372 
j Jet pipe 

12 -1530 Intercompressor volume 

13 -1900 1 

14 -7950 
j Interturbine volumes 
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CHAPTER 6 

CONTROLLER.DESIGN AND,EVALUATION 

6.1 Controller structure 

6.2 Assessment of interaction 

6.3 Multivariable regulator design 

6.A Open-loop design 
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6. Controller design and evaluation 

6.1 Controller structure 

The steady-state requirement of the gas turbine regulator is to 

maintain given levels of NH, P2L and WFR. The first two of these, being 

engine outputs, require integral control on an error signal; however this 

is not the case with WFR. As fuel actuators are, in general, designed' for 

good open-loop response, closed-loop control of WFR would, in addition to 

requiring a flow transducer, tend to degrade performance. Indeed integral 

feedback control is already employed internally in the actuator under 

study, thus guaranteeing a steady-state gain-of unity. 

Figure 6.1 shows a typical comparison. On designing proportional 

plus integral regulators for the fuel actuator, (Equation (5 .5) ) it was 

found that the closed-loop systems tended to be more oscillatory with 

longer time constants. The figure compares the open loop performance, 

compensated by a lag of 0.015 seconds, with that of a closed-loop con-

figuration having the proportional plus integral regulator 

Thus open-loop control of WFR was chosen with the controller 

inputs e now equal to 

The relationships between the inputs, e and outputs w of the 

controller K(s) (Equation (5.13)) can be written as 

0. A + 15/s (6 .1) 

_ANH 

.AP2L 

WFR, 
d 

NH error (= NH^ - NH) 

P2L error (= P2Ld - P2L) 

Selected level of WFR 

AJ 
s 

k^ (s) k22(s) 1̂2 3 (s) AP2L (6.2) 

The presence of the open-loop signal WFR^, means that the transfer 

functions k 1 3 (s ) , k 2 3 (s ) and k 3 3 (s) cannot include integral terms; while 
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the requirement for zero steady-state error means that neither can k 3 1 ( s ) 
or k 3 2 ( s ) , and k 3 3 ( s ) must have a steady-state gain of unity. As the 
plant ( ie actuators + engine) transfer function matrix, G(s), has zeroes 
in the ( 3 , 1 ) and ( 3 , 2 ) positions 

le j NH\ /GH(S) gia (S) gi3(s)yWFE s^ 

62l ( s ) g2 2 ( s ) g 2 3 ( s ) l AJ P2L 

\WFR J 83 3 (s)/ VF R , 

( 6 .3 ) 

a necessary condition for the closed-loop system to be non-interacting 
is that K(s) has the same structure ( ie k 3 j ( s ) , k 3 2 ( s ) = 0) , The reheat 
demand signal is then independent of variations in P2L and NH, allowing 
the controller design procedure to split into two separate phases. First 
design the terms k M ( s ) , k 1 2 ( s ) , k 2 1 ( s ) and k 2 2 ( s ) to give a closed-loop 
regulator for P2L and NH incorporating integral action, and then the 
remaining non-zero terms k i 3 ( s ) , k 2 3 ( s ) and k 3 3 ( s ) , which govern the open-
loop responses of the controller demand signals w to variations in KFR *̂ 
Thus the controller can be divided into open and closed loop components 
Kq(s) and K c (s ) respectively, with the structure 

K ( s ) c 
K(s) = Ko(s) (6 .4 ) 

giving the overall configuration shown in Figure 6 .2 . 
As no account has been taken of power limitations of the actuators, 

i t is possible, with sufficient complexity and phase advance in the con-
t r o l l e r , to obtain arbitrari ly good performance (including arbitrar i ly 
l i t t l e interaction). It is necessary therefore to r e s t r i c t the form of 
controller in order to provide a basis for comparison between the 
segregated and multivariable approaches. With the additional aim of 
easing computation so as to emphasise the design aspects of this work, al l 
terms in the controller were restricted to be of the form: 

(1 + as)/ (b + cs) (6.5) 
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ie proportional plus integral regulators for K c(s) , (b = 0) and lead-lags 
for K ( s ) . 

o 

Throughout the design procedure, recourse was made to the Cambridge 
Linear Analysis Design Package^89^ for .all multivariable frequency 
response aspects of the work (eg Characteristic loci , Inverse Nyquist 
Arrays, Approximately commutative control). Resulting controllers were 
evaluated in the time domain using the on-line linearised model at NGTE. 
6.2 Assessment of interaction % 

Before proceeding with the design of the multivariable regulator, 
K c (s) , i t is useful to assess the effects of interaction, as these will 
indicate whether a multivariable approach is likely to be advantageous 
and highlight problems that may need to be overcome. It is assumed that 
in a segregated controller, WFE controls NH and AJ controls P2L. 

A graphical indication of how interaction affects stability can be 
obtained by plotting, for the segregated system, the gain required for 

(23) 
instability m one loop against the gam of the other loop . Data can 
be obtained by calculating, for different loop gain ratios, where the 
characteristic l o c i ^ 9 ^ ( ie the Nyquist loci of the eigenvalues of G(s)) 

. (73) . . cross the negative real axis . For a truly non-interacting system a 
perfect rectangle is obtained. The results, plotted in Figure 6 .3 , are 
very close to this rectangular form indicating that interaction is unlikely 
to have more than a minimal effect on stability margins. 

Next, an indication of the effect on performance was obtained by 
designing, using SISO theory, a segregated controller and comparing i ts 
response with both loops operating simultaneously to that with either 
loop in isolation. The regulators designed were; 

NH : 20(s + 8 ) / s ( 6 . 6 ) 
P2L : -2 .5 (s + 8)/s (6 .7 ) 

the minus sign being necessary since in steady-state, P2L decreases for 
an increase in AJ. The resulting open-loop Nyquist loci , plotted in 
Figure 6.A show good stability margins with closed-loop gains never 
exceeding unity. 

However, these loci do not represent the true response of the over-
all system when interaction is present. In such cases their multivariable 

(49) equivalents, the characteristic loci , must be plotted, Figure 6 .5 . 
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In this Figure, plotted by the Cambridge package , the circles denot-
ing closed-loop gains of 1.2 and 1.4 (M-circles) are shown for comparison 
purposes. Notice f i r s t that there has been a slight reduction of stabil i ty 
margins near a frequency of 30 rad/s as one of the loci reaches a closed-
loop gain of 1 .2 . Secondly the f i rs t locus (El) , behaves like that of 
P2L loop in isolation at low frequencies, and that of NH loop at high 
frequencies. The converse is obtained for the second locus (E2). Thus 
the natural modes (characteristic eigenvectors) cannot be associated with 
a particular loop for all frequencies. % 

Comparisons in the time domain for unit step changes in NĤ  and 
P2L^ are shown in Figures 6.6 and 6 .7 . These confirm that interaction 
has l i t t l e effect on the individual controllers. However, i t can be 
seen in Figure 6.6 that there is a large pulse in P2L in response to a 
change of shaft speed. As described in Section 1.3, such a pulse is 
highly undesirable as i t can lead to surging of the LP or IP compressors. 
Thus, in this application, a prime aim of the multivariable control 
strategy should be to reduce, as much as possible, the size of the P2L 
pulse. 

6 .3 Multivariable regulator design 
The intention of this section is to demonstrate, by example, a 

straightforward means for designing a multivariable regulator using fre-
quency response data. Of the two methods considered feasible in 
Section 1.5, namely the I N A ^ ^ and Characteristic L o c u s ^ ^ , the lat ter 
was preferred since diagonal dominance, required by the INA, may be 
difficult to achieve, especially with high order systems, and, as pointed 

(47) 
out by Mayne , is not necessary for good performance. 

The philosophy behind the Characteristic Locus approach is to allow 
the control system designer to manipulate the characteristic loci to give 
the desired gain and phase margins as i f they were the Nyquist loci of 
single-variable systems. Although this may not, s t r i c t ly speaking, give 
the required response, serious exceptions are likely to be symptomatic of 
physical peculiarities of the system which should be investigated 
separately. (These exceptions occur when the characteristic eigenvectors 
are roughly colinear, signifying the proximity of a branch point which 
would tend to distort the paths of the characteristic l o c i . ) A parallel 
would be the use of gain and phase margins^9^ in single-variable designs 
where, for instance, conditionally stable systems can give rise to 
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paradoxical results. In general such cases can safely be ignored provided 
the response of the final closed-loop design is evaluated as a check. 

The procedure adopted is based on that laid down in Reference 49 
(MacFarlane and Kouvaritakis) for the design of a multivariable propor-
tional plus integral regulator. The f i r s t step is to scale the outputs 
in order to balance the scaled output variation in accordance with the 
likely variations of the actual outputs. In matrix notation this is 
equivalent to pre-multiplying the plant transfer function matrix G c ( s ) by 
a diagonal constant compensator Ki where * 

ie the f i r s t two rows and columns of G(s). Ki , referred to as a post-
compensator since i t operates on the outputs of G (s ) , was chosen as 

ie multiply the speed error signal by 6 and negate the pressure signal. 
The characteristic loci for this system ( ie Ki G c (s) ) are shown in 
Figure 6 .8 . 

At low frequencies, large values of loop gain provide good tracking 
properties with l i t t l e interaction. However, this is not possible at 
higher frequencies as gain size is limited by the Nyquist Stability 

(73) . . . . . . 
Criterion . The aim then is to minimise interaction whilst maintain-
ing reasonable stability margins. Thus the design procedure is divided 
into two stages corresponding respectively to high-frequency and low-
frequency conditions. 

At high frequencies ( ie frequencies of concern for stabil i ty) the 
objective is to find the real matrix precompensator that makes the com-
bined system closest to being diagonal ( ie free from interaction), whilst 
giving adequate stabili ty margins. A matrix Kt satisfying the f i rs t 

G ( s ) (6.8) 

(6 .9) 
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requirement (diagonalisation) can be obtained by applying the ALIGN 
algorithm^9^ to the system transfer function matrix at a representative 
high frequency. 

Consider f irst the characteristic loci , Figure 6.8; these cross 
the negative real axis at frequencies of 45 rad/s and 70 rad/s. A repre-
sentative high frequency of 50 rad/s was chosen and ALIGN applied, giving 
the precompensator 

(6.10) 

In addition, ALIGN calculates the matrix of the magnitudes of the 
responses of the combined system which, i f perfect diagonalisation has 
been obtained, equals the identity. In this case the matrix obtained was 

0.638 0.083\ 
j (6.11) 

0.481 1.003/ 

The term 0.481 indicates that there is s t i l l considerable inter-
action present between NĤ  and P2L, ie the P2L pulse is s t i l l present. 
The reason for this is not difficult to find if one looks at the actuator 
dynamics. At this frequency the fuel pumps can respond to variations 
whereas the nozzle cannot. Thus, i t is impossible to reduce interaction 
significantly unless phase advance is employed or the rate of response is 
compromised. 

Continuing with the design, the characteristic loci were then 
scaled to give adequate stability margins by adding the diagonal 
precompensator 

K3 = ( | (6.12) 
0.3, 

The new loci ( ie for Ki G(s) K2 K3 ) are plotted in Figure 6 .9 . This com 
pletes the high frequency stage of the design. 
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At low frequencies, the objective is to maximise the loop gains 
without upsetting the stabil i ty margins. This is achieved by designing 
a proportional plus integral precompensator of the form 

k ( | + l ) . (6.13) 

where K has the property of balancing the sizes of the characteristic loci 
(38) 

at low frequencies. For this , the commutative controller algorithm 
is used which allows independent manipulation of the loci in the vicinity 
of a given frequency. Two matrices K* and K6 are calculated such that the 
precompensator may be expressed in the form 

k K» K s (s ) Kfi (6 .14) 

where Kt K* = I (6 .15) 

and Ki = | | (6 .16) 
C2 + s 

The constants Ci and Cz each affect only one of the loci and are chosen, 
along with k to satisfy the requirements of high gain and s tabil i ty . 

A representative low frequency of 5 rad/s was chosen giving 

(6.17) 

0.663' 
and Kg = I (6.18) 

1.449, 

and from studying the characteristic loci , k and K 5(s) were chosen as 



85 

k K 5(S) = 0.8 

s + 5 

0 

s 
s + 10 

0 

s 

(6.19) 

The loci for this final system ( ie k K, Gc(s) K2 K3 K4 K s (s) K&) 
are plotted in Figure 6.10 and can be seen to satisfy the requirements 
for stability and balanced gains. The closed-loop gain array (ie the 
magnitudes of the responses of NH and P2L to changes in NĤ  and 
Figure 6.11, shows that NH and P2L can.follow variations in demand up to 
frequencies of 65 and 35 rad/s respectively. However, as expected, there 
is s t i l l considerable interaction between P2L and NĤ  at frequencies 
near 50 rad/s. 

The final controller design ^ c ( s ) can be expressed as a proportional 
plus integral matrix by multiplying out i t s components 

I t s performance is compared with that of the segregated design 
(Equations (6 .6) and ( 6 . 7 ) ) in Figures (6.12) and (6.13) for unit step 
changes in the demand signals, NĤ  and The most striking improve-
ment is in the response of NH to P2L^ where the maximum deviation has 
been reduced by a factor of 5 with effective governing re-established 
considerably faster. As expected, there is s t i l l a pressure pulse in 
response to a change in NH ,̂ but i t s size has been reduced by 20% due to 
the nozzle now beginning to open. Again, the same improvement in the 
time taken to re-establish governing is manifest. 

To summarise, a straightforward multivariable regulator design 
procedure has been outlined and illustrated on the gas turbine model. 
Although, as indicated by the previous section, the effects of interaction 
were small, nevertheless significant advantages in performance were 
obtained compared with the segregated design. However, one of the main 

K (s ) = k K2 K3 K4 Ks(s) Ke Ki c (6.20) 

giving 

(6.21) 
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benefits of this approach was seen at the high frequency design stage, 
when the method correctly identified that interaction could not be 
reduced unless either phase advance was employed or the rate of response 
was compromised. Inclusion of phase advance in future designs should 
further improve the extent to which the P2L pulse can be eliminated. 
6.A Open-loop design 

The procedure for multivariable regulator design in the last 
section will now be extended to include the open-loop WFR̂  signal 
(Figure 6 .2 ) . The objective is to design the open-loop control matrix 
KQ(S) so as to satisfy, as closely as possible, the transfer function 
relationships • 

ie minimum interaction between NH or P2L and NFR̂ * and close tracking by 
WFR. 

With the configuration as shown in Figure 6.2, Kq(s) can be 
regarded as an open-loop precompensator to the rest of the system, G'(s), 
where 

fANH/AWFR (̂s) 

AP2L/AWFRd(s) 

»AWFR/AWFRd(s) 

(6.22) 

G*(s) = [ I + G(s) K*(s)]""1 G(s) (6 .23) 

and 

Equation (6 .22) may now be rewritten as 

(6.25) 
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An exact solution to this is given'by MK (s) equals the final 
column of the Inverse Nyquist Array of G*(s)". Inverting Equation (6 .23) 
gives 

G'"1 ( s ) = G"1(s) + K'(s) c (6.26) 

but since the final column of K'(s) is zero, the final columns of G 1 ( s ) c 
and G* (s) must be identical. Thus this 'idealised* cho»ice for Kq(S) 

independent of K c (s) , so permitting the open- and closed-loop phases of 
the design to be carried out independently. 

In practice, however, i t would be impossible to realise this choice 
for KQ(S) exactly because of the requirement for excessive phase advance 
at high frequencies. Therefore, consistent with the restrictions on com-
plexity laid down in Section 6.1 , the entries of KQ(s) were chosen to be 
lead-lag approximations to these functions in the low and mid-frequency 
ranges (ie up to 100 rad/s) . The f i rs t coefficient, ie the compensation 
required between WFR̂  and WFEg, was found to be very small (<10 5 ) and 
overwhelmed by rounding error. Figure 6.14 shows the functions obtained, 
( ie the last column of G ( s ) ) , and from these, K (s ) was chosen as 

K ( s ) = o 

/AWFES/AWFRA 

AAJ /AWFR^ s d 

\ AWFR/AWFR / 

! 
0.464(1 + 0 . 1 s ) / ( l + 0.015s) 

1/(1 + 0.015s) I 

(6.27) 

Two alternative strategies were initially compared, namely 
( i ) coupled: KQ(s) a s above 
( i i ) independent: ignoring the coupling between WFR, and AJ . ™ • 1 " 1 CI s 

Responses of WFR, TH, NH and P2L to a step change in WFR̂ , with the 
previously designed multivariable feedback regulator K c(s) , are plotted 
in Figure 6.15. It can be seen that the coupling between WFR̂  and AJg 

significantly improves the performance, reducing the overshoot in thrust 
and variations in P2L and NH by a factor of five. The response of WFR, 
of course, remains unaffected. 

However, i t could be argued that the comparison is slightly unfair, 
since phase advance has been employed in the AJg/WFR^ compensator. Thus 
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the transient was repeated using a purely passive controller ( ie no phase 
advance) with the compensator equal to a constant, 0.464. The response, 
overplotted on Figure 6,15, s t i l l shows an improvement over the independent 
system, but now variations and overshoot have been reduced by only 30%. 

In addition to demonstrating a procedure for designing the open-
loop part of the controller K ( s ) , this section draws two main conclusions. o 
First ly , the design of Kq(S) need not wait for K c (s ) . Secondly, and echo-
ing the results of the previous section, although multivariable control 

» 

does demonstrate real advantages, some degree of phase advance is necessary 
for best results. 
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CHAPTER 7 

MULTIVARIABLE LIMIT CONTROL 

7.1 Design philosophy 
7.2 Segregated design 
7.3 Multivariable design and comparison 
7.4 Summary of final designs 
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7. Multivariable limit control 
7.1 Design philosophy 

The methods developed in Chapters 2-4 for limit control will now be 
illustrated by applying them to the gas turbine model. According to the 
'Multivariable Limit Principle' (Section 2 .1 ) , when an additional engine 
output, such as NL or T3, approaches or exceeds a limit and consequently 
requires regulating, this can be achieved only i f control of one of the 
original outputs ( ie NH or P2L) is relaxed. In this case, NH control is 
relaxed for either the NL or T3 limits since i t is important to maintain 
the control of P2L for surge protection. 

Ideally, when a different set of outputs is fed back, a total ly 
new design of the controller K(s) should be employed. However, this is 
impractical for large systems since, in addition to requiring complex 
control logic to achieve a smooth changeover, a large number of designs 
would be necessary; for instance a plant with m inputs, each fed with n 
possible outputs, would require nm different designs. On the other hand, 
to use the same controller for different error signals would be equally 
wrong as the scaling, dynamic behaviour and coupling of an alternative 
signal are likely to be very different. As a compromise, i t was decided 
to retain the same basic controller K c (s ) , but to add compensation to 
the NL and T3 error signals, Figure 7 .1 . 

The design procedure adopted is as follows: 
( i ) Starting from the engine G(s) and controller K c (s) , assess 
stability with just the NH loop broken. 
( i i ) S t i l l with the P2L loop closed, design, using SISO theory, 
compensators for the limit lanes. This guarantees stabili ty in 
the non-switching modes. 
( i i i ) Assess overall performance in the non-switching modes by 
plotting the characteristic loci . 
( iv) Finally, check for switching instabilities by plotting and 
comparing the phases of the return difference determinants. 
In order to provide a comparison between the multivariable and 

segregated approaches, this procedure is f i rs t preceded by conducting a 
SISO design, ie ignoring any interaction with the P2L/AJ loop. Perform-
ances of the two strategies are then compared by plotting their responses 
to a step change in NH.. 
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7.2 Segregated design 
In a segregated approach, the problem reduces to the design of 

SISO regulators for the NL and T3 lanes. Consistent with the constraints 
on complexity, Equation ( 6 . 5 ) , these were designed as 

NL lane : c , ( s ) = 1 3 ( s * ^ (7 .1 ) s 

TO n f \ 0.75(s + 50) f -T3 lane : c 2 ( s ) = (7 .2 ) s » 

The same SISO regulator for NH, as designed in Section (6 .2 ) , was 
retained (Equation ( 6 . 6 ) ) 

xm i 20(s + 8) f -NH lane : (7 .3 ) s 

The Nyquist loci for all three lanes are plotted in Figure 7.2 and 
show good stability margins with closed-loop gains less than or equal to 
unity. As suggested in Chapter 3, the possibility of switching 
instabili t ies was investigated by plotting the phases of the return differ-
ences against frequency, Figure 7 .3 . These never differ by more than 35°, 
the worst case being between the NH and T3 loops at 70 rad/s. Thus, 
applying the Off-axis Circle criterion Equation (3 .28) , switching 
instabilit ies between any two loops are impossible, as the phases never 
differ by more than 90°. 

Str ict ly speaking, this has not ruled out the possibility of an 
instability involving all three lanes. However, Multivariable Theorem 4 
in Chapter 4 shows that to within the accuracy of the Describing Function 
method, stability of each pair-wise combination of loops is sufficient for 
overall stability. Thus, the absence of such instabilities would seem 
reasonable to surmise in view of this approximate confirmation and the size 
of the pair-wise stabil i ty margins. A rigorous test would be to calculate 
the characteristic loci of the Hermitian matrix defined in expression (4 .31) , 
and to check that they are always positive (Multivariable Theorem 3) . 
Unfortunately, the author was unable to carry this out as the necessary com-
puter software was not available. 

These results have, however, ignored any interaction with the 
P2L/AJ loop. For a true assessment of behaviour, the multivariable 
equivalents of the Nyquist loci and return differences must be plotted, 



92 

namely the characteristic loci and return difference determinants 
(Multivariable Theorem 1 ) . Figures 7.4 and 7.5 respectively show the 
characteristic loci when limiting on the NL and T3 lanes, with the SISO 
P2L/AJ regulator as designed in Section 6.2 (Equation ( 6 . 6 ) ) . 

ie 2 ' 5 ( s + 8 ) ( 7 . 0 s 

It can be seen from comparing Figures 7.2 and 7.4 that, when 
regulating on NL and P2L, interaction causes one of the loci to exhibit a 
closed-loop gain of 2 .0 in the vicinity of 10 rad/s. The presence of 
interaction between these two parameters is not surprising in view of 
their close proximity within the engine. The stability margins in the 
P2L/T3 combination, Figure 7 .5 , remain relatively unaffected. 

To assess the likelihood of switching instabilities, the phases 
of the return difference determinants were plotted (Figure 7 .6) and the 
theories in Section 4.6 applied. Their most striking difference with the 
single variable case (Figure 7 .3) is that now they all begin from -180° 
rather than -90°. This is expected since each loop contributes -90° ; a 
3-input system with integral feedback would, for instance, start at -270°. 
Secondly, although the phase differences between the T3 and the NH and NL 
lanes remain at approximately 35° around 70 rad/s, the interaction between 
P2L and NL has considerably altered the situation near 10 rad/s. Here, 
the difference between the NH and NL lanes has risen from 5° to 15°, and 
that between T3 and NL from 20° to 40°. However, even at these levels, 
there is s t i l l a considerable safety margin before switching instabili t ies 
become possible. 
7.3 Multivariable design and comparison 

The procedure proposed in Section 7.1 for limit lane compensator 
design will now be applied to the gas turbine model with multivariable 
regulator ^ c ( s ) (Equation ( 6 . 2 1 ) ) . The resulting system will then be 
compared with the segregated design of the previous section by plotting 
typical step responses. 

Consider f i rs t the NL lane. The open-loop frequency response of 
this lane with the P2L loop closed was calculated and plotted. With the 
usual lead-lag restriction, the NL compensator CJ(s) was chosen as 

c i ( s ) ae 0.6 (7.5) 
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This shows reasonable stabili ty margins with the closed-loop gains always 
less than 1.4 , Figure 7 .7 . However, when the overall response was 
investigated by calculating the characteristic loci , Figure 7.8, i t was 
found that one of the loci exhibited a closed-loop gain of over 2 .5 . This 
reinforces the finding of the segregated design that there is considerable 

» 

interaction between NL and P2L which can be detrimental to the performance. 
Turning now to the T3 lane, the frequency response of the uncom-

pensated system with the usual P2L feedback, Figure 7.9, indicates that 
high frequency attentuation is required. A simple lag was chosen for the 
compensator c 2 ( s ) , given by 

C * ( S ) = 3(1 A - l S s ) ( 7 ' 6 ) 

The resulting Nyquist locus is plotted in Figure 7.10. This time the 
characteristic loci , Figure 7.11, showed no tendency to be more unstable 
than the single-locus prediction. I t can also be seen that this locus, 
Figure 7.10, almost overplots one of the characteristic loci , suggesting 
the lat ter can be manipulated independently using the compensator C2(s). 

Switching instabili t ies were again assessed by plotting the phases 
of the return difference determinants, Figure 7.12. As with the segregated 
design, the greatest mismatch of about 40° occurred at a frequency of 
10 rad/s between the NL and T3 lanes. Thus one may surmise that in their 
final designs, both the segregated and multivariable strategies suffer 
interaction between NL and P2L but are nevertheless free from limit cycles. 

As a final comparison, the responses to a unit step increase in the 
speed demand signal NĤ  were calculated. This represents the worse case 
condition for entry on to a limit lane. Limits were imposed on NL and T3 
equivalent to a steady-state r ise in NH of 50% (ie NH = 1 .5 ) with P2L con-
stant. Normalised relative to in i t ia l values, these limits were 

NLX = 3.125 (7 .7 ) 

T3X = 2.224 (7 .8 ) 

The results when either the NL or T3 limit only is present, are 
plotted in Figures 7.13 and 7.14 respectively. Looking f i r s t at the T3 
case, Figure 7.14, the response of the system for both the segregated and 
multivariable strategies was to immediately regulate on T3. Thus in effect , 
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the responses are purely those of T3/P2L regulators. Though both 
strategies show large excursions of T3 above i t s limit value for a dura-
tion of 0.1 seconds, the multivariable design is significantly worse. The 
only indication of this at the design stage was a marginally larger closed-
loop gain of the characteristic loci in the multivariable case, 1 .1 rather 
than 1.0 , Figures 7.5 and 7.11. 

Consider now the NL lane, Figure 7.13. The segregated controller, 
as before, goes straight over to controlling on the limit lane whereas 
now the multivariable controller takes 0.1 seconds before doing so. The 
result is that the multivariable system accelerates faster, establishes 
quicker governing, but overshoots on NL. What is slightly surprising is 
that the oscillatory behaviours anticipated by the characteristic loci , 
Figures 7.4 and 7.8, were not generally noticeable. 

Repeating the transient with both limit lanes in operation gave 
identical results to that with just T3, ie immediate and continuous regula-
tion of T3. Thus, in order to demonstrate multilane operation, the tempera-
ture limit T3^ was raised to 2.958, equivalent to a steady-state NH of 1 .8 . 
Although both systems s t i l l immediately switch to the T3 lane, Figure 7.15, 
the multivariable strategy takes about 0.1 seconds longer before reverting 
to the NL lane. The results are similar to before; the multivariable 
strategy giving quicker governing on NL with worse overshoots on NL and T3. 

In view of the purpose of a limit controller, ie preventing variables 
from exceeding their limits, the segregated design appears, on this basis, 
to be the more favourable. This may well be the result of designing a 
multivariable controller using the wrong interaction terms, although i t 
would be premature to make such a generalisation from a single comparison. 

(91) 
A possible solution would be to adopt a 'slave-datum* approach , ie to 
switch only the integral part of the error signals. This would have the 
effect of altering the transfer function matrix frequency response" at only 
the low frequencies, and in particular not at the representative high fre-
quency of the characteristic loci design method. Thus the requirement for 
low interaction at high frequencies would remain satisfied. 

However, what can be said with virtual certainty is that, owing to 
the techniques derived in Chapters 2-4 of this thesis, both the segregated 
and multivariable designs are known to.be free from switching instabil i t ies . 
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7.4 Summary of final designs 
Segregated controller 

K c(s) = 

'20(5 + 8) 0 ^ 
s 

- 2 . 5 ( s + 8) 

r s - 1 3 ( s + 

" 20(s + 8) 

( \ 0.75(s + 50) 
° 3 > s } = 20(s + 8) 

Multivariable controller 

20.31 -0.0602X /68.23 8.8721 

K c (s) = \ U i 
2.795 -2.438 / \68.61 -27.24 

Cj(s) = 0.6 

( \ 1 
°2 ~ 3(1 + 0.13s) 

Open-loop control matrix 

I ° KQ(S) = I k 2 3 ( s ) 
\ l / ( l + 0.015s) 

where ka3(s) depends on the strategy: 
( i ) independent: k 2 3 ( s ) = 0 
( i i ) coupled: *S 3 (s ) = 0.464(1 + 0 . 1 s ) / ( l + 0.015s) 
( i i i ) coupled passive: k^Cs) = 0.464. 
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CHAPTER 8 

i 

CONCLUSIONS AND RECOMMENDATIONS 

8.1 
8.2 
8.3 

General comments 

Summary of results 

Recommendations for further study 
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8. Conclusions and recommendations 

8.1 General comments 

Although initially aimed at gas turbine multivariable control, the 

topics treated in this thesis have covered a wide range from gas turbine 

simulation to nonlinear control theory. This research, however, has 

primarily been directed towards two particular goals: 

( i ) Developing a strategy for limit control and a means of 

predicting its performance. 
« 

(ii ) Developing and demonstrating a method for designing a multi-

variable regulator, with limit protection, for a gas turbine. 

In both.of these, the ability to employ frequency response data 

has been particularly sought. Note that it has not been the intention 

of this thesis to design a full gas turbine multivariable controller, 

nor to carry out a comprehensive comparison of segregated and multivariable 

strategies. As results have been obtained using a single idealised model 

of an engine at a particular operating condition, it would be premature 

to draw any but the most general conclusions on the suitability of a 

particular control scheme. Future strategies may, for instance, employ 

different control parameters on engines with different dynamic 

characteristics. Further, a full controller will also have to take 

account of practical features such as: 

( i ) Nonlinearity, due to variations in operating condition. 

( ii ) Engine degradation and performance variation. 

( i ii ) Signal noise. 

(iv) Resolution errors. 

(v) Sampling rate. 

(vi) Actuator rate limits. 

(vii) Engine starting and shutdown. 

The succeeding two sections summarise the main results and indicate 

areas where the author feels additional studies would be of value, with 

suggestions for possible approaches. In view of the range of subjects 

studied, both sections are divided into two parts entitled 'Limit Control 

Theory' and 'Multivariable Gas Turbine Control' corresponding respectively 

to goals (i ) and (ii) above. 

In addition, an extensive library of computer software for data 

generation, analysis and presentation has evolved during the course of 
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this work; in particular, the linearisation program, the on-line engine 
(81) 

simulation, the linear systems analysis package and the frequency 
and time response plotting routines. 
8.2 Summary of results 
Limit control theory 

1. For limit control, 'lowest-wins' strategies are simple to 
implement, give smooth outputs, involve l i t t l e on-line computation 
and can be generalised to any size of system. Although they can 
give rise to switching instabil i t ies , these are unlikely to occur 
unless one or both competing loops are marginally stable with 
their frequency responses related in a particular manner. 
2. A number of c r i te r ia , based on frequency response data, 
and with simple graphical interpretations, have been developed for 
assessing the stability of 'lowest-wins' control strategies. Both 
sufficient and approximate c r i te r ia have been derived of which 
.the most useful will now be summarised. 
3. An approximate, necessary and sufficient condition for a 
'lowest-wins' control strategy, with open-loop transfer functions 
p(s) and q(s) , to be stable is that i t s F-locus, ie the Nyquist 
locus of 

f ( s ) = (1 + q ( s ) ) / ( l + p(s)) (8 .1 ) 

never crosses the negative real axis. This is equivalent to the 
condition that no weighted mean of p(s) and q(s) has a Nyquist 
locus which encircles the c r i t i ca l point -1 . 
4. A sufficient condition for the system described above to be 
stable is that there exists a real number r such that 

Re J f ( ico)(l + iro)n)J > 0 for al l a) > 0 ( 8 . 2 ) 

and n = -1, 0 or 1. 
This can be tested graphically by seeing whether a straight line 
can be drawn through the origin such that the F-locus (where i ts 
imaginary part may be multiplied or divided by w) always remains 
to the right of i t . (Section 3 . 3 . ) 
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5. An alternative graphical representation for the two c r i t e r i a 
described above (paragraphs 3 and 4) which allows systems with 
three or more lanes to be assessed is to plot the phases of the 
loop return differences, 1 + p(s) and 1 + q(s), against frequency. 

Paragraph 3 is equivalent to: 
( i ) An approximate necessary and sufficient condition 
for stability is that the phases never differ by 180°, 

and from Paragraph 4 can be derived: 
( i i ) A sufficient condition for stability is that the 
phases never differ by more than 90°. (Chapter 3 . ) 

6. An estimate of the nature, size and frequency of a switching 
instability can be obtained from the position of the intersection 
between the F-locus and the negative real axis (section 3 . 2 ) . 
7. 'Lowest-wins' strategies which require integrators to be 
reset are inherently more unstable as these are equivalent to 
systems with discrete jumps in the feedback signal (section 2 .4 ) . 
8. A new sufficient criterion for stability of single-variable 
systems with a monotonic nonlinearity has been derived, and was 
shown to include the Dewey^^, Off-axis C i r c l e ^ ^ and Popov^^ 
cr i ter ia as special cases, (Appendix 3) . 
9. With the aim of making the Describing Function method more 
rigorous, two new methods for assessing stability of nonlinear 
systems have been developed, referred to as the 'Extended 
Describing Function' arid the 'Describing Function with Small Gain 
Theorem' methods, (sections (3 .5 ) and ( 3 . 6 ) ) . 
10. Several methods for assessing the behaviour of a nonlinear 
system have been compared with respect to the 'lowest-wins' con-
trol problem and evaluated using a simple example. Best results 
were obtained from the 'Describing Function* and 'Passivity' 
methods, with additional insight provided by the 'Extended 
Describing Function' method. The 'Haddad' and 'Describing Function 
with Small Gain' methods were difficult to apply (Chapter 3), 
11. In multiple-input 'lowest-wins' systems, the same stability-
c r i te r ia apply as in the single-input case, but with the return 
difference determinant det (I + P(s)) replacing the return 
difference 1 + p(s) (section 4 . 2 ) . 
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12. For multiple-switching configurations, i t was found that, 
in the approximate sense of the Describing Function method, 
stability of each possible combination of pairs of lanes is 
sufficient for overall stability (sections A.3 and 4 . 5 ) . 

Gas turbine multivariable control 
13. A linearised 14th-order model of a three-shaft turbofan 
with reheat has been derived and used in conjunction with actuator 
models to establish an on-line simulation thereof, (Chapter 5) . 
14. Modal analysis of this linear model provided a valuable 
insight into the dynamic structure of the gas turbine. In • 
particular, i t identified three closely coupled modes associated 
with the shaft dynamics and a 20 IIz mass flow oscillation in the 
bypass duct, (section 5 . 1 ) . 
15. Three methods were demonstrated for assessing the size 
and effects of interaction, namely, comparing gains, time responses 
and frequency responses. Applying these to the turbofan model 
showed that interaction between the high-pressure shaft speed NH 
and intercompressor pressure P2L control loops has l i t t l e effect 
on stability, but does give r ise to an unwanted pulse in pressure, 
(section 6 . 2 ) . 
16. A simplified approach to the use of the Characteristic 
Locus design technique was demonstrated and applied to derive a 
'proportional plus integral* multivariable regulator. It correctly 
identified that, owing'to the different response rates of the two 
actuators, interaction could not be reduced significantly unless 
phase advance was employed in the controller or the rate of 
response was compromised. Despite this a multivariable regulator 
was designed which exhibited advantages over i ts segregated 
counterpart in terms of improved response and reduced levels of 
interaction, (section 6 . 3 ) . 
17. A procedure was derived for designing a controller with 
both open- and closed-loop components. I t was shown that the 'best' 
choices for each part ( ie open and closed) were independent and 
could be designed separately. The use of this was demonstrated 
on the gas turbine model by adding open-loop control of reheat 
fuel WFR to the existing multivariable design. Owing to a high 
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decree of interaction between this fuel and the intercompressor 
pressure P2L, significant advantages were obtained by coupling the 
reheat demand and nozzle area control signals. In addition, phase 
advance was required in the coupling term for best results. 
18. A method for incorporating limit lanes into a multivariable 
control strategy, without requiring recalculation of all the con-
trol ler gains was suggested and demonstrated by adding combustor 

•temperature T3 and low-pressure shaft speed NL limit lanes to 
the basic controller. Stability of the final designs was ensured 
by applying the switching c r i te r ia derived in Chapters 3 and 4. 
However, high levels of interaction between NL and P2L degraded 
the stability margins irrespective of whether a multivariable or 
segregated control strategy was adopted. 
19. Comparisons between multivariable and segregated strategies 
suggested that frequency response data alone are insufficient for 
determining acceptable limit control behaviour. Although both 
strategies displayed similar frequency response stability margins, 
the multivariable design was significantly worse in terms of 
overshoot on c r i t i c a l parameters. 
20. Finally, the main points for the gas turbine control 
designer are: 

• Interaction between the intercompressor pressure P2L and 
high-pressure shaft speed NH control loops has l i t t l e 
effect on stabili ty but does give rise to an unwanted 
pressure pulse. 
Interaction between the P2L and low-pressure shaft speed 
NL control loops significantly degrades their stability 
margins. 

. Multivariable control can significantly reduce ia ter -
action, even when stability margins are not affected. 
A straightforward procedure for designing a multivariable 
regulator, applicable to real is t ic gas turbine data, has 
been demonstrated. 
Limit lanes are unlikely to cause switching instabilities 
i f a 'lowest-wins* strategy is adopted. 

. Straightforward compensation on error signals from limit 
lanes may be inadequate when interaction is present. 
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Frequency response data alone are not sufficient for 
assessing the performance of limit lanes. 

8.3 Recommendations for further study 
Limit control theory 

1. A notable omission in the theories derived here is whether, 
in a multiple-switching 'lowest-wins' control system, stabili ty of . 
each possible pair of feedback configurations is a sufficient 
condition for absolute stabili ty. The Describing Function method 

« 

indicates this to be approximately true, suggesting that counter-
examples, i f any exist , will be- characterised by there being no 
single .dominant frequency. 
2. Appendix B derives the class of phase multipliers, for non-
linear feedback systems, of the form 

0 > f(<j>) > 1 (8 .3 ) 

and shows that certain simple choices of the function f(c|>) give 
rise to the Dewey^^, Off-axis Circle^"^ and Popov^^ c r i t e r i a . 
What is the range of this class of multipliers and are there any 
other 'simple-to-apply' special cases? Choosing f(<{>) to be of 
the form below looks promising: 

f(<p = Re {g(i<|>)/g(-i<f>)} (3.A) 

where g(O is an analytic function with real coefficients. 
3. Extend the stability results of Chapters 3 and A to sampled 
data systems. Sampled versions of the Describing Function method^ 
suggest that under certain phase conditions, high frequency limit 
cycles ( ie with only a few samples per cycle) are more likely to 
occur. 
A. Extend the stability c r i ter ia to systems where the switching 
strategy is no longer a straightforward 'lowest-wins' or 'highest-
wins'. Such instances are quite common in practice (eg re -
initialising integrators) and tend to have a destabilising 
influence, as effectively a discrete jump is generated in the 
feedback signal. 

w . . 
2 . ,2 f(<f>) d<j) 

a) + 9 
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(91) 5. Investigate the use of a Slave-datum control system for 
limit protection, ie one in which the high frequency part of the 
controller remains unchanged and only the datum (ie low frequency) 
part switches. For instance, in the design example, the integral 
terms in the controller would be switched with the speed NH and 
pressure P2L error signals continually feeding the proportional-
part. With this strategy, the alternative lanes will be dynamically 
.similar at high frequencies and consequently will continue to give 
the desired'transient behaviour in this frequency range. 

6. The phase mismatches of the return difference determinants 
from the two-input system designs, in section 7.2, were consider-
ably greater than those of the corresponding single-input case. 
This suggests that systems with several controls and with appro-
priate interaction are more likely to exhibit switching instabil i t ies 
If so, do any occur in nature? 

Gas turbine multivariable control 
7. Repeat the design procedure of Chapter 6 allowing rea l is t i c 
levels of phase advance in the controllers. This would provide a 
more valid assessment of the advantages of a multivariable control 
scheme since, in theory, such strategies can reduce interaction to 
an arbitrarily small level under conditions of sufficient phase 
advance and complexity. 
8. As interaction between the speed NH and pressure P2L control 
loops was found to be primarily one-way ( ie the influence of the 
nozzle area AJ on NH was small), the following form of triangular 
regulator is suggested 

•WFES\ /ktjCs) 0 \ /ANH \ 
. (8.6) 

AJS / \ k21 ( s ) k 2 2 ( s ) / \AP2L/ 

The main engine fuel control is then independent of variations 
in pressure. Thus the terms x ( s ) and k ^ ( s ) can be designed on 
standard single-variable grounds with kjjCs) chosen to minimise 
closed-loop interaction. 
9. Regulate the level of thrust rather than that of the reheat 
fuel as this, ideally, is the objective of a reheat control system. 
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However, this complicates the design procedure as it would now not 

be possible to divide the controller into distinct open-loop and 

closed-loop components. A possible approach is first to search for 

a precompensator to eliminate the response of thrust to variations 

in the nozzle area and main engine fuel demand signals, AJ^ and 

WFE^. Then the multivariable design procedure described in 

Chapter 6 could be followed. 

10. Finally, apply the methods developed in this thesis to the 
» 

design of a full gas turbine multivariable controller. This would 

necessitate taking into account those 'practical features' listed 

in section 8.1. In particular, this requires deriving several 

linear models at different operating conditions and examining theii 

variations in behaviour. It is envisaged that, as the main restric 

tion on engine response time is the danger of compressor surge, the 

most promising area to apply multivariable control is in the inte-

gration of main engine fuel, compressor bleed and variable 

geometry control to this end. 
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Appendix A 
Calculation of Describing (Equivalent Gain) Functions 

This Appendix calculates the f i r s t two terms of the Fourier 
series of 

o(t ) = min (0, y + sin cot) (A.l) 

expressed in the form » 

O(t) = Y NO (Y) + NI (Y) sin uit (A.2) 

First , for |y| ^ 1, we have 

{ 0 y > 1 

(A. 3) Y + sin tot y ^ ~ 1 

For |Y| < define 6 by 

-i 
6 = sin (-Y) IT/2 > 6 > - TT/2 (A.4) 

then 

o(t) = < 

0 ir - 6 > (wt - 2-rrn) > <5 

Y + sin tot 2TT + 6 > (tot - 2im) > IT - 6 
(A. 5) 

where n is any integer. 
Now calculate the f i r s t two terms of the Fourier series of o(t) by direct 
integration 

2tt/W (2TT+6)/O) 

Y no (y) dt = 

(TT-6)/uj 

(Y + sin ut) dt (A.6) 
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2tt 
0) 

Y no (Y) = Yt - cos cot 
to 

(2tt+6)/W 

(TT-6) /w 

2 cos 6 
= ^ (tt + 26) -

w w 

so NO (Y) = 
(tt + 26) _ cos 6 

2tt Y"17 

Similarly 

(A. 7) 

2TT/W 

m (Y) sin2 tot dt = 
(tt-6) /to 

(2TT+6)/co 

(Y + sin (ot) sin u)t dt 

(2TT+6)/oj 

i n ( Y ) = 
to 1 

(TT-6) /or 

(A. 8) 

(Y sin ut + 1 - i cos 2wt> dt 

Y t — cos wt + -r to 2 
sin 2tot 

4W 

(2tt+5)/O) 

(tt—6) /to 

so 

- 2y cos 6 (tt + 26) _ sin 26 
2w 

(tt + 26) _ y cos 6 
2io w 

2to 

NI (Y) = 
(tt + 26) _ y cos 6 

2tt TT 
(A. 9) 

Substituting for 6 in equations (A.7) and (A.9) gives 

1 

r~ i ,2 
NO (Y) = 

0 

sin 1 y + 0 ~ Yz) 

Y <-1 

M < 1 

IYI > I 

(A. 10) 
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and 

n , ( Y ) = 

0 

-l 
sin y + y (1 - Y ) 

Y < -1 

IYI < 1 (A.10 

Y > 1 
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Appendix B 

Stability Criteria for Monotonic Memoryless Nonlinearities 

For the feedback arrangement of Figure 3.9, where the memoryless 

nonlinearity, n(«), is constrained to be monotonic with maximum slope c 

n(u, J - n(u2 ) 

ie 0 < 
(ui - u2 ) 

< Ui u2 (B.L) 

59 
Zames has shown that such a system is absolutely stable if there exists 

a 'multiplier1 h(s) in the class Z of transfer functions such that 

Re J(g(iw) + 1/c) h(ito)| > 0, .for all real to > 0 (B.2) 

where Z is the class of all functions, of the form 

z(s) 
+i 

m 
z& n ( s + ^j) 

i=.i 

n (s + y . ) 
j=* J 

(B.3) 

m arid k are non-negative integers with m = k or k + 1 and zo, X^ and 

Vij satisfy 

z o > 0 

0 < Xi < pi < X2 < y2 < . . . 

(B.4) 

In the above form, this criterion is difficult to apply. 

This appendix derives a new way of expressing this result which unifies 

the Dewey^, off-axis circle^* and Popov^^ criteria. 

Condition (B.2), notice, relates only to the phase of h(ito). Thus 

the phase only of the elements in Z, expression (B.3), need be considered, 

-l 
Since Phase (X + iio) = tan (w/X) (B.5) 
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then 

Phase {zCs)±l} = |^tan_1 (to/Xi ) - tan (w/yi) + tan 1 (w/X2) 
] 

( B . 6 ) 

Mi .V2 
0) 

Xi 
w2 + (j)2 

d<j> + 
to 

a)2 + <(>2 
d(f> + 

X2 

a)2 + <f>2 
f(4>) d<j> (B.7) 

where f(<|>) = 

1 X. < 4> < u- for all i 
i I 

0 otherwise 

(B.8) 

However, as the choice of jjn and X^ is arbitrary subject only to constraint 

(B.4), any function, f(4>), satisfying 

f C<f>) = 0 or 1 <j> > 0 (B.9) 

will, when substituted into equation (B.7) give the phase of an allowable 

multiplier. Since to/(to2 + <$>2)' is continuous, f(<f>) can be extended, by 

considering the limit of functions which fluctuate increasingly rapidly, 

to include all measurable functions satisfying 

0 < f (<f>) < 1 <f> > 0 (B.10) 

Consider now some special cases for f(<|>) 

(i) f (<f>) = k, a constant 0 < k < 1 (B.ll) 

then 

Phase j z(iio)+I j = k 
w 

to2 + <J>2 
d<J> = 

ku 
2 (B.12) 
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This is satisfied by 

h(iw) = 1 + ir, where r is a real constant. 

ie, Criterion (B.2) becomes 

Re |(g(iw) + 1/c) (1 + ir)| > 0 for all real u > 0 (B.13) 

61 
which is the Off-axis Circle Criterion . 

(ii) 

f(40. = 

0 <j> < k 

1 <J> > k 

Then Phase | z (ico) | = tan 1 (co/k) 

and is satisfied by 

h(s) = 1 + rs 

62 

the Popov criterion 

(iii) 

f ( » = 

Then Phase J z(iio) 
+i 

1 <f> < k 

0 $ > k 

tan 1 (k/w) 

and is satisfied by 

(B.14) 

(B.15) 

( B . U ) 

(B.17) 

(B.18) 

h(s) = 1 - r/s (B.19) 

the Dewey criterion^. 

Special cases (i ) , (ii) and (iii) can be summarised by: the system 

is absolutely stable if there exists a real constant r such that 
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Re j g ( s ) (1 + ir 03n) + l/c| > 0 for all real to > 0 (B. 20) 

and n = -1, 0 or +1• 
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Appendix C 
Calculation of Fourier Coefficients 

For the nonlinearity 

y( t ) « rain (0, x ( t ) ) (C.l) 

and input signal 

x ( t ) a y + sin cot + p (b sin 2cot + c cos 2wt) (C.2) 

with |Y| <1 and p small, ( ie 0 < p << 1), this appendix calculates the 
Fourier coefficients of y ( t ) , ignoring second order effects in p, up to 
the second harmonic. 

Denote by y0 ( t ) , the output when p is equal to zero and define t 

and T to be the times at which y 0 ( t ) is zero with 

-l 
X = sin ( ~ Y T T / 2 > GOT > -TT/2 

and 
-l T = sin (~Y)/W —IT/2 > COT > -3ir/2 . 

(C.3) 

so that yo ( t ) is zero in the intervals [jr - 2ir/co, t ] and Q:, T + 2ir/af] 
and negative in the interval [jT, t ] . Similarly define t" and T^ to be 
the equivalent times for y ( t ) . Since y(t ) and yo ( t ) (differ by an amount 
of order p, so will t and t" and T and T' . In addition, since x ( t ) is 
continuous, i t will also be of order p in the time intervals (T, T") and 
(T, T") (assuming that T" > T and -T" > T) . 

Thus x ( t ) • f ( t ) dt (C.4) 
T 

is of order p2 for any bounded function f ( t ) . Similarly for the interval 
(T, r > . 

r7f/2US 

Hence y( t ) f ( t ) dt = x ( t ) f ( t ) dt (C.5) 
-3tt/2Wj 
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x ( t ) f ( t ) dt (to first order in p) (C.6) 

By choosing f(t) to be each harmonic function in turn, this 

equation can be used to derive the Fourier coefficients of y(t). Since 

expression (C.6) is linear in y, pb and pc, y(t) may be expressed in the 

form 

y(t ) = 

/ M 
i 

Pb 
pc 

/e 10 ei i e i 2 ei 3 ei4\ 

e2 0 e2 1 e2 2 e2 3 e2 4 

e3 0 e3 1 e3 2 e3 3 e3 4 

e4o 1 e4 2 643 e44 

1 

sin cot 
cos cot 
sin 2cot 
cos 2co 

+ 0(p2) 

It now remains to calculate the e ^ coefficients by direct integration. 

( i ) eio = 
CO 
2tt 

dt 

~ t ( t - T ) = r (by definition) 

(2) en = — sin cot dt 

0) # _ 2 cos cox 
IT CO 

2 cos COT 

= -2k where k = cos cot/tt (definition) 

(3) e i cos cot dt = 0 

(4) e i 3 

r t 

T' 
sin 2cot dt = 0 
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(5) ei 4 - — cos 2cot dt = -2yk 

(6) C-2 0 = 
0) 
2tt 

sin cot dt = -k 

(7) e-21 = — 
rT 

V 

sin2 tut dt 

to 
2TT 

f T 

(1 - cos 2a)t) dt 

= r + yk 

(8) &2 2 ~ T sin tot cos ut dt = 0 

(9) e2 3 = — 
rx 

sin tot sin 2oot dt = 0 

(10) e 2 4 = — sin tot cos 2tot dt 

0) 
2tt 

(sin 3oot - sin cot) dt 

_ k (1 - 4y2) _ 2 (1 + 2y 2) k 
3 k " 3 ~ 

(11) e3o = 
2tt 

sin 2cot dt = 0 

(12) e31 = — 
TT 

sin tot sin 2cot dt = 0 
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(13) e3 a = — 
TJ 

cos lot sin 2cot dt 

to 
2tt 

(sin tot.+ sin 3cot) dt 

- k - k 0 = - 1) 

(14) e3 3 = — sin 2wt sin 2wt dt 

(0 
2TT 

(1 - cos 4(ot) dt 

- r + y 0 " 2y2) k 

(15) e 3 4 = T cos 2cot sin 2cot dt = 0 

(16) e4o = 
to 
2tt 

cos 2cot dt = - yk 

(17) ©41 = — sin (ot cos 2(ot dt 

2 (1 + 2y2) k 
3 

(18) e42 = — cos cot cos 2cot dt = 0 
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£19) CA 3 = ~ sin 2wt cos 2wt dt = 0 

(20) CA 4 cos 2wt cos 2wt dt 

0) 
2TT 

(1 + cos 4oit) dt 

= r + y (2y2 - 1) k 

Thus the e . . matrix is 
ij 

/ r 

-k 

0 

-2k 

r + Yk 

0 

v -Yk 2.(1 + 2Y 2 ) .k/3 

0 0 -2 k 

0 0 2 . ( 1 + 2Y2).k/3 

4 . (Y 2 - l ) .k /3 r + Y . (1 - 2y7 ). k 0 

0 . 0 r + Y. (2Y2 - 1). k 

where k = (1 - y2)Vtt 

and 
-l 

r = cos y/n 1 > r > 0 
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FIGURE 3.9 
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