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� A constitutive model with micro-
structure, strength, work hardening
sub-models is developed for artificial
ageing of AA2050.

� The model has for the first time suc-
cessfully predicted ageing behaviour
covering under-ageing to over-
ageing.

� Yield strength and work hardening
behaviour from under-aged to over-
aged conditions has been charac-
terised and modelled.

� Shearing-to-bypassing strengthening
transition does not occur immediately
when reaching peak-ageing state.
a r t i c l e i n f o

Article history:
Received 25 June 2019
Received in revised form
27 July 2019
Accepted 11 August 2019
Available online 12 August 2019

Keywords:
Artificial ageing
Constitutive modelling
AA2050
Strengthening mechanism
Yield strength
Work hardening
a b s t r a c t

The yield strength and work hardening properties of an Al-Cu-Li alloy AA2050 after artificial ageing have
been experimentally investigated and modelled in this study. Uniaxial tensile stress-strain curves of the
alloy artificially aged for up to 500 h have been acquired and evolutions of main precipitates during
ageing have been summarised to elucidate the underlying mechanisms of the observed mechanical
properties, such as yield strength and work hardening behaviour. Work hardening analysis with Kocks-
Mecking plots has been performed to analyse the shearing-to-bypassing transition progress of the aged
alloy and it has been found that the transition does not occur at the peak-ageing state. A new
mechanism-based unified constitutive model, comprising three sub-models, has been developed to
simultaneously predict the evolutions of microstructures, yield strength and work hardening properties
of the artificially aged AA2050. It is the first unified model covering a wide range of artificial ageing
conditions from under-ageing to over-ageing, providing an effective tool for performance prediction of
the aged alloys for industrial applications. The model has the generic feature and could be applied to
artificial ageing of other 2xxx series aluminium alloys with dominant T1 precipitates.
© 2019 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY license

(http://creativecommons.org/licenses/by/4.0/).
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Nomenclature

Variables Unit Specification

c, c0, ca, cs wt% Solute concentration in the matrix, its initial value, equilibrium

values at ageing temperature and solution heat treatment
temperature respectively
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(continued )

c, c0, ca e Normalised c and corresponding values for c0 and ca
f, fn, fd e Total volume fraction and volume fraction components from T1

precipitate and dissolving clusters respectively
fa e Equilibrium volume fraction at ageing temperature

f , f n , f d e Normalised total volume fraction and components from T1
precipitate and dissolving clusters respectively

f 0, f n0
,

f d0

e Initial values of f , f n and f d

h, hc nm Thickness of T1 precipitate and its critical value to be fully non-
shearable respectively

h, h0 e Normalised thickness of T1 precipitate and its initial value
respectively

htran ,

htran2

e Normalised thickness of T1 precipitate when it starts to be non-
shearable and becomes fully non-shearable respectively

N e Strength contribution exponent
q e Aspect ratio of precipitate
rd, rn nm Radius of dissolving clusters and T1 precipitate respectively
rd , rn e Normalised rd and rn
rd0

, rn0 e Initial values of rd and rn
rc nm Critical radius of T1 precipitate at peak-ageing state
t h Time
εp, εu e Plastic strain and uniform elongation respectively
q, q0 MPa Work hardening rate and its initial value respectively
r, r0, rs m�2 Dislocation density, its initial value in the as-received alloys and

the maximum value in the alloy during ageing respectively
ri m�2 Dislocation density in the alloy after SHT and water quenching
rss, rgn m�2 Statistically stored dislocation density and geometrically

necessary dislocation density respectively
rssm, rgnm m�2 Maximum values of rss and rgn
r, r0 e Normalised r and its initial value in the as-received alloy
rss , rgn e Normalised rss and rgn

st MPa Combined contribution to yield strength from precipitates and
dislocations

sd MPa Contribution from dislocations to work hardening
sf, sw MPa Flow stress and stress increase due to work hardening
sdis, sp,

sss

MPa Hardening contributions from dislocation, precipitate and solid
solution to yield strength respectively

sp�d,
sp�n

MPa Contribution to precipitation hardening from dissolving clusters
and T1 precipitates respectively

sr MPa A radius related factor in precipitation hardening equation of
sp�n

sshear,
sbypass

MPa Contribution to precipitation hardening from shearable
precipitate and non-shearable precipitate respectively

sy, sUTS MPa Yield strength and ultimate tensile strength
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1. Introduction

The recently developed third generation Aluminium-Lithium (Al-
Li) alloys, also termed as Aluminium-Copper-Lithium (Al-Cu-Li) al-
loys, are lightweight materials and currently attracting strong in-
terest in aerospace applications, as they overcome the limitations of
low toughness and high anisotropy inpredecessor generations, while
retaining the high modulus and high strength-to-weight properties
[1,2]. Artificial ageing is essential for the Al-Cu-Li alloys to achieve the
high strength requirement for aerospace products. A complex pre-
cipitation sequence with particular precipitates, such as T1 (Al2CuLi),
has been reported during artificial ageing of these ternary system
alloys [3,4], which will affect the dislocation-precipitate interaction
mechanism during plastic deformation and result in particular me-
chanical properties of the aged alloys [5,6]. Understanding and pre-
dicting the relationships between precipitation andmainmechanical
properties during plastic deformation of artificially aged Al-Cu-Li
alloys are not only of scientific interest but also of great practical
importance to enhance their applications in the aerospace industry.

The precipitation behaviour of Al-Li alloys has been widely
investigated. Different precipitates have been observed during ageing
of Al-Li alloys, including GP zones, q0 (Al2Cu), d0 (Al3Li), S0 (Al2CuMg)
and T1 (Al2CuLi) [3,7]. The Li content has been reported to play a
decisive role in precipitation of Al-Li alloys [4]. With high Li contents
(>2%) in the 1st and 2nd generation Al-Li alloys, d0 withminor S0 plays
the dominant role in strengthening, while with low Li contents (<2%)
in the 3rd generation Al-Li alloys investigated in this study, T1 is the
dominant strengthening precipitate, together with minor q0 [1,4].

T1 precipitate provides a high strengthening effect and its
strengthening mechanism has been the subject of a number of
studies. Previously it was believed that T1 precipitate is a strong
non-shearable particle [8,9], while recent studies [10,11] have
characterised it as a shearable precipitate that can be sheared only
once at the same location. The thickening of T1 precipitates has
been indicated as the main factor that facilitates the strengthening
mechanism transition from shearing to bypassing during plastic
deformation [5,11,12]. Evolution of T1 precipitate during artificial
ageing of AA2050-T34 has been studied recently [13], whose
thickness shows an increasing trend after 300 h ageing at 155 �C,
however, no mechanical property results have been provided. The
effect of T1 precipitate on the work hardening behaviour of an Al-
Cu-Li alloy during plastic deformation has been studied [5], and it
was indicated that T1 precipitate can generate a higher strain
hardening rate than other shearable precipitates, such as d0, due to
its single-pass shearing property.

Yield strength models based on detailed precipitation behaviour
have been developed for ageing of different aluminium alloys, such
as Al-Cu-Mg [14], Al-Mg-Si [15], Al-Zn-Mg [16] and Al-Li [17] alloys.
Most of these models utilised either shearing or Orowan bypassing
mechanisms to characterise yield strength behaviour of alloys with
either under-aged or over-aged conditions [18]. Shercliff and Ashby
[19] have introduced a harmonic mean equation to approximately
combine shearing and bypassing contributions to yield strength in
the sameequation. For theAl-Cu-Li alloy investigated in this study, Li
et al. [20,21] have proposed a yield strength model with simplified
morphology of T1 precipitates and successfully predicted yield
strength evolution of AA2050-T34 alloy up to the peak-aged state.
Dorin et al. [12] have proposed a yield strengthmodel for AA2198 by
considering interfacial and stacking fault energy, however, over-
estimation of yield strengthhas beenobserved after the peak-ageing
state. Hence, existingmodels are not sufficient to accurately capture
the complicated precipitation and yield strength evolutions of the
aged Al-Cu-Li alloys ranging from under-ageing to over-ageing.

In addition to yield strength, modelling of the strain hardening
behaviour during plastic deformation has also been conducted by
many investigators [14,22]. The most common approach is to use
internal variable models, based on the one-internal-variable model
developed by Kocks and Mecking [23,24]. Plasticity behaviour of
alloys can be significantly affected by their ageing states and many
studies have been focused on this phenomenon [25e27]. Effects of
microstructures, such as solutes [28] and precipitates [29], have
been introduced as new internal variables into strain hardening
models for various aluminium alloys [30,31]. Most of the current
models only considered either shearing or bypassing mechanisms
during plastic deformation. Myhr et al. [32] have proposed a
combined model considering both shearing and bypassing mech-
anisms for work hardening behaviour of Al-Mg-Si alloys, which
have different precipitation and shearing-to-bypassing progress
from those of Al-Cu-Li alloys [5]. To effectively facilitate the appli-
cations of Al-Cu-Li alloys, it is of great importance to develop a
model to predict precipitate characteristics and basic plastic
deformation properties of the alloys from under-aged to over-aged
conditions. However, such a model is still not available currently.

In this paper, the yield strength and work hardening behaviour
of an Al-Cu-Li alloy, AA2050-T34, after artificial ageing for large
span of time ranging from under-ageing to over-ageing, has been
revisited. Precipitate evolutions and work hardening rate analysis
have been utilised to investigate the detailed relationships between
microstructures and mechanical properties of the alloy. Based on
these, a set of mechanism-based constitutive equations has been
proposed for the first time to incorporate microstructural evolu-
tions into yield strength and two-state-variable work hardening



Table 1
Main chemical composition ranges of AA2050 (wt%).

Al Cu Li Mg Ag Mn Zr

Balance 3.2e3.9 0.7e1.3 0.20e0.60 0.20e0.70 0.20e0.50 0.06e0.14

Table 2
Summary of main precipitates during artificial ageing of AA2050-T34 at 155 �C,
summarised from the results in [13,34e36].

Material state Time range Precipitates

As-received e Cu-rich clusters
Reversion 0e2 h Dissolving of clusters
Under-aged to

peak-aged
2e18 h Nucleation and growth of T1 (minor q0)

Peak-aged to 18 h onwards Gradually coarsening of T1 (minor q0)
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models, with which, evolutions of microstructures, yield strength
and work hardening behaviour of the Al-Cu-Li alloy from under-
ageing to over-ageing have been successfully modelled.
over-aged
2. Experimental procedure

The material used in this study is a third generation Al-Cu-Li
alloy, AA2050, whose main composition ranges are listed in
Table 1. The as-received material was rolled plates of half inch
thickness and had been solution heat treated, water-quenched, pre-
stretched and then naturally aged for several months, leading to the
T34 temper condition, as demonstrated in Fig. 1(a). The basic
properties of the alloy have been reported in detail in [2,33], which
demonstrate a very good isotropic behaviour in mechanical prop-
erties (<4% difference in yield strength along the rolling direction
and along the 45 degree of the rolling direction). Hence, all the
experiments in this study were performed along the rolling direc-
tion as a representation.

Test specimens were machined from the centre of the as-
received plate along the rolling direction. The detailed di-
mensions of the specimens for tensile tests are shown in Fig.1(b). In
addition, some cubic samples with a dimension of 10 *10 *10mm3

were also prepared for hardness tests. Artificial ageing tests were
then performed for different duration. During artificial ageing,
specimens were placed in a furnace, heated to 155 �C and kept for
different time (0, 2, 5, 12, 18, 24, 32, 70, 150, 300 and 500 h). A
thermocouple was attached on the specimens to record the tem-
perature during the tests. After the required ageing time, the
specimens were taken out of the furnace and cooled to room
temperature in atmosphere. As the cooling stage is much shorter
than the isothermal ageing period (the temperature decreases to
below 80 �C within 10min) and the temperature is continuously
decreasing, the effect of cooling phase on further evolution of
precipitates in the artificially aged alloy is not expected to be
Fig. 1. (a) Heat treatment history of AA2050-T34 and subsequent artificial ageing tests
and (b) dimensions of tensile test specimen (units: mm).
significant and hence was not considered in this study. The heat
treatment history is illustrated in Fig. 1(a).

Room temperature tensile tests of the artificially aged speci-
mens were subsequently carried out in an Instron 5584 machine to
obtain the detailed yield strength and work hardening behaviour of
the alloy. Strain data was obtained with an Instron 2630-107
extensometer attached to the gauge section of the specimens
during tests. The strain rate used was 10�4 s�1. Tests for some
selected ageing conditions (0, 2, 18 and 150 h) have been repeated
for three times, and the variations of the yield strength results for
the same aged condition were all within ±5MPa. In addition,
Vickers hardness of the artificially aged cubic samples was
measured using a Zwick Roell hardnessmachinewith a load of 1 kgf
(HV1) and the reported value is an average of 10 measurements.
3. Precipitate evolution during artificial ageing

The detailed precipitate evolutions of the naturally aged AA2050
alloy during long-term artificial ageing at 155 �C have been investi-
gated previously [13,34e36], and themain sequence is summarised in
Table2. Cu-rich clusters are themainprecipitates in theas-receivedT34
material, whichwill be dissolved during thefirst 2 h of artificial ageing.
Meanwhile, nucleation and growth of the dominant T1 precipitates
occur during artificial ageing until reaching the peak-ageing state at
18 h [21]. Fig. 2(a) shows the transmission electron microscopy (TEM)
imageof the alloyat thepeak-ageing state [35], and correspondinghigh
resolution TEM (HR-TEM) image in Fig. 2(b) indicates a single layer
structure of the T1 precipitate. After that, coarsening of T1 precipitates
occurs gradually with a very slow speed. T1 precipitate demonstrates a
plate shape, which has been schematically illustrated in Fig. 2(c).

The detailed evolutions of T1 precipitate dimensions in AA2050-
T34 alloy, including average diameter and average thickness, during
artificial ageing at 155 �C from different studies are plotted in Fig. 3.
The average diameter values from different studies [13,34e36] are
close to each other and show a similar trend with ageing time
(Fig. 3(a)), increasing with a high rate in the first 18 h and then
remaining at a comparatively stable level. The average thickness of
T1 precipitates stays at a stable level for a long time (single layer,
<2 nm) during artificial ageing at 155 �C and starts to increase after
about 300 h, as shown in Fig. 3(b).
4. Experimental results and discussion

4.1. Mechanical properties

Fig. 4 shows the hardness curve of AA2050-T34 after artificial
ageing at 155 �C for different time. The results correspondwell with
the data from [36] for the same alloy aged at 155 �Cwithin 30 h. The
hardness experiences an initial decrease in the first 2 h due to the
dissolution of Cu-rich clusters indicated in Table 2. A subsequently
rapid increase of hardness is observed between 2 and 18 h, when
nucleation and growth of T1 precipitates occur. After that, the
hardness keeps at a high level until 300 h and a slight decrease of
hardness is observed at 500 h.

Fig. 5 shows the true stress-strain curves of AA2050-T34



Fig. 2. (a) TEM image of AA2050-T34 after 18 h ageing at 155 �C, showing the T1 precipitates along 111Al; (b) HR-STEM image showing the edge-on configuration of T1 precipitate
[35]; and (c) schematic of a plate-shaped T1 precipitate.
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artificially aged at 155 �C. The yield strength of the material expe-
riences the same changing trend with the hardness data shown in
Fig. 4. The as-received alloy shows a relatively high yield strength
(272MPa) with apparent work hardening behaviour. Serrations
occur at the late stage of the stress-strain curve, which is known as
the Portevin-Le Chatelier effect [37]. As the Portevin-Le Chatelier
effect is generally caused by high level of solutes in alloys which
restrain dislocation movement during plastic deformation [37,38],
the serrations indicate that a high level of solutes exists in the
matrix of AA2050 alloy at T34 condition. The most significant ser-
rations occur in the specimen after 2 h artificial ageing, indicating
the highest level of solutes in the matrix of the alloy after disso-
lution of Cu-rich clusters. Serrations become less obvious after 5 h
Fig. 3. Evolution of (a) average diameter and (b) average thickness of T1 precipitates
and disappear after 8 h ageing because of the nucleation and
growth of T1 precipitates. After peak-ageing, similar stress-strain
curves are observed for the alloy artificially aged from 18 to
300 h, while a decrease of yield strength is observed after 500 h in
Fig. 5, which indicates a slight over-aged behaviour at this state.

Fig. 6(a) summarises the evolutions of yield strength (sy), ulti-
mate tensile strength (UTS, sUTS) and uniform elongation (εu) from
the tensile test curves in Fig. 5. Yield strength and UTS share the
same trend with the hardness curve in Fig. 4. These strength values
are related to the microstructural states in the alloy and can be
explained according to the evolution of the dominant T1 precipitate
shown in Fig. 3. As T1 precipitates grow only in diameter and the
thickness remains constant before peak-ageing (18 h), it is
in AA2050-T34 during artificial ageing at 155 �C. (Data comes from [13,35,36].)



Fig. 4. Hardness curve of AA2050-T34 after artificial ageing at 155 �C (square symbols
e current study; diamond symbols e from [36]).

Fig. 6. (a) Evolutions of yield strength (sy), UTS (sUTS) and uniform elongation (εu) and
(b) saturate work hardening stress (sUTS� sy) versus artificial ageing time for AA2050-
T34 at 155 �C. The insert shows the relationship between εu and (sUTS� sy).
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reasonable to conclude that the increasing diameter of T1 pre-
cipitates is the main reason for the strengthening behaviour of
AA2050 from under-aged to peak-aged states. The high strength
remains stable after peak-ageing for a long period (from 18 to
300 h), as the diameter of T1 increases only slightly and the thick-
ness remains thin and constant (<2 nm [13]), which can be sheared
through by dislocations. After 300 h of artificial ageing, the thick-
ness of T1 precipitates starts to increase, which leads to the start of
the shearing to bypassing transition [11], and thus results in the
over-aged behaviour after 500 h ageing.

The uniform elongation (εu) evolves oppositely to sy and sUTS.
The difference between UTS and yield strength (sUTS� sy) is used to
represent the saturate work hardening stress of the alloy and its
evolution with ageing time is shown in Fig. 6(b), which demon-
strates the same trend with εu and a very good linear relationship
has been found between them, as shown in the insert of Fig. 6(b).
The solute contents in the alloy can enhance the efficiency of
dislocation storage during plastic deformation, and thus, helping to
increase the level of (sUTS� sy) and εu of the alloy [5]. As nucleation
and growth of precipitates deplete the free solutes, an opposite
evolution trend for both (sUTS� sy) and εu is observed to that of
strength values, as shown in Fig. 6. In the over-aged states, geo-
metric necessary dislocations are introduced due to the existence of
non-shearable precipitates [39], which could be the reason of the
slight increase of saturate work hardening stress after 300 h arti-
ficial ageing shown in Fig. 6(b).

4.2. Work hardening behaviour

Work hardening analysis of artificially aged AA2050 is carried
Fig. 5. True stress-strain curves of AA2050-T34 after artificial ageing at 155 �C for
indicated time.
out with the Kocks-Mecking plots [24], which demonstrates evo-
lutions of work hardening rate (dsf/dε, where sf is the transient flow
stress at strain of ε) with work hardening stress (sf� sy) during
tensile tests, as shown in Fig. 7(a). The initial work hardening rate
(q0) of each curve in Fig. 7(a) is defined according to the method
proposed by Cheng et al. [40], as demonstrated in Fig. 7(b), and
corresponding results are shown in Fig. 7(c). When only clusters or
minor precipitates exist in the early stage of ageing (within 5 h),
similar work hardening rate curves are observed with a high q0
value, which can be explained by the high level of free solutes in the
alloy matrix [5]. q0 drops with an increasing speed from 5 to 24 h
artificial ageing when T1 precipitates substantially nucleate and
grow. After peak-ageing, q0 remains at a stable level until 300 h
ageing and the stable value of q0 (between 1180 and 1270MPa from
24 to 300 h in Fig. 7(c)) is very close to that of pure aluminium
(about 1250MPa) [41,42]. Similar work hardening behaviour has
been reported in Al-Cu-Li [5], Al-Zn-Mg [43] and Al-Mg-Si [44]
alloys and has been explained as the occurrence of shearing of
precipitates during plastic deformation. Hence, these results indi-
cate that T1 precipitates in AA2050-T34 remain shearable during
plastic deformation until 300 h artificial ageing at 155 �C, which
corresponds well with the microstructural results in Fig. 3(b) and
tensile test results in Fig. 6(a). A slight increase of q0 is observed in
the specimen after 500 h artificial ageing and is attributed to the
transition of shearing-to-bypassing strengthening mechanism in
the alloy during plastic deformation [43]. Hence, it can be
concluded that the shearable/non-shearable (shearing/bypassing)
transition does not occur at the peak-ageing state (18 h) for AA2050
alloy.



Fig. 7. (a) Work hardening rate with the work hardening stress (sf� sy) (Kocks-
Mecking plots) after artificial ageing of AA2050-T34 at 155 �C for indicated time, (b)
definition of initial work hardening rate q0 and (c) evolution of q0 with yield strength.
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5. Modelling

The relationships between microstructural variables and me-
chanical properties of AA2050-T34 during artificial ageing have
been characterised in Sections 3 and 4, based on which, a set of
unified constitutive equations is proposed in this section to model
and predict the evolutions of microstructures, yield strength and
work hardening of the alloy from under-aged to over-aged
conditions.

The developed unified model comprises three sub-models: i)
microstructure sub-model, which describes evolutions of main
microstructural variables during artificial ageing of Al-Cu-Li alloys;
ii) yield strength sub-model, which relates yield strength to
microstructural variables during artificial ageing; and iii) work
hardening sub-model, which, based on microstructural variables,
predicts the work hardening behaviour of the artificially aged
alloys.
5.1. Modelling of microstructures

According to Sections 3 and 4, the Cu-rich clusters, solid solutes,
and new precipitates (mainly T1) generated during artificial ageing
are the main microstructural constituents that affect the yield
strength and work hardening behaviour of AA2050 during artificial
ageing. In addition, as T34 alloy has undergone pre-stretching,
initial dislocations are present in the as-received material that
can also affect the precipitation progress [45]. All these micro-
structures were considered in the model.
5.1.1. Dislocations
Previous studies indicated that recovery of initial dislocations in

the as-received material occurs during artificial ageing [46] and the
evolution of corresponding dislocation density (r) can be modelled
by the rate form of a recovery model from [47,48]:
_r ¼ �Cprm4 (1)

where Cp andm4 are material constants characterising the recovery
process. r is the normalised dislocation density defined as (r� ri)/
rs, where ri is the dislocation density in the alloy after SHT and
water quenching and rs is the maximum dislocation density in the
alloy during specific processes, such as plastic deformation and/or
ageing. The initial dislocation density in the AA2050-T34 alloy (r0)
used in this study is much larger than ri due to the pre-stretch
(about 4%) that was performed after water quenching (r0[ ri).
During artificial ageing process, the dislocation density experiences
a decreasing trend due to the recovery process [46] and the
maximumdislocation density is at the beginning of ageing (rs¼ r0).
Hence, the initial value of the normalised dislocation density of
AA2050-T34 during the artificial ageing process investigated in this
study is set as r0z1.

5.1.2. Solute concentration
Solute concentration achieves its super saturated level after

solution heat treatment (SHT) and water-quenching, and will
decrease due to precipitation until reaching an equilibrium level at
the artificial ageing temperature. In addition, dislocations in the
alloy also contribute to the evolution of solute concentration (c) due
to their enhancing effect on diffusion and precipitation [34]. A rate
evolution equation for the normalised solute concentration (c) to
consider both effects has been developed in a previous study [21],
which is derived according to the classic equations for solute con-
centration from [19], in order to avoid possible numerical issues in
solving or evaluating corresponding original equations. The rate
evolution equation is used in this study, as:

_c ¼ �A1

�
c� ca

��
1þg0r

m2

�
(2)

where A1, g0, m2 are constants, c is the normalised solute concen-
tration defined as c/cs and ca ¼ ca=cs is the corresponding nor-
malised value at the ageing temperature, in which cs and ca are
respectively the equilibrium solute concentrations in the alloy at
SHT temperature and ageing temperature. In addition, some extra
solutes become free due to the dissolution of Cu-rich clusters
during artificial ageing of AA2050-T34 and an additional compo-
nent characterising this compensation effect for solute concentra-
tion evolution is then added to Eq. (2), as:

_c ¼ �A1

�
c� ca

��
1þg0r

m2

�
þA2rd (3)

where A2 is a constant and rd ¼ rd=rd0
is a normalised radius of Cu-

rich clusters, where rd is the transient radius of clusters during
artificial ageing and rd0

is the initial radius of clusters. The deduc-
tion of the compensation component of A2rd is introduced in
Appendix 1.

5.1.3. Precipitates
During artificial ageing of AA2050-T34, Cu-rich clusters dissolve

in the first couple of hours and new precipitates nucleate, grow and
then coarsen with increasing ageing time, leading to the particular
strength behaviour shown in Fig. 6(a). The evolutions of both pre-
cipitates are modelled in this section.

The total volume fraction of precipitates (f) in the alloy is
directly proportional to the solute concentration. The normalised
total volume fraction is defined as f ¼ f =fa, where fa is the equi-
librium volume fraction at the ageing temperature. f can be
calculated from corresponding normalised solute concentration (c),
as [19]:
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f ¼ ci � c
ci � ca

¼ 1� c
1� ca

(4)

where ci is the solute concentrationat the initial stateof thealloyand ci
is approximately treated as cs here. The total volume fraction of pre-
cipitates in AA2050-T34 during artificial ageing is comprised of vol-
ume fractions fromCu-rich clusters andnewprecipitates, as f¼ fdþ fn.
The normalised values of fd and fn are bothdefinedwith the sameway
as the total volume fraction, as: f d ¼ fd=fa, f n ¼ fn=fa. Therefore:

f ¼ f d þ f n (5)

Cu-rich clusters in the as-received AA2050-T34 material
dissolve at the early stage of artificial ageing, the evolution of the
normalised radius of these clusters during artificial ageing has been
modelled based on the dissolution kinetics as [21,49]:

_rd ¼ �Cr1
rd

(6)

where Cr1 is a constant. The cell assumption proposed by Reti and
Flemings [50] can be used to relate the volume fraction to cluster
radius for the dissolving clusters during artificial ageing, as fd¼ (rd/
rd0)

3 [30,51], based onwhich, the normalised volume fraction of the
dissolving Cu-rich clusters f d can be calculated as:

f d ¼ fd
fa

¼ fd
fd0

fd0

fa
¼ f d0

�
rd
rd0

�3

(7)

where fd0
is the initial volume fraction of the clusters and f d0

is the
corresponding normalised value. At the initial state, f 0 ¼ f d0

in the
material.

The new precipitates include T1 and q0, in which T1 to q0 number
ratio is around25e30 [21], and thusT1precipitates play thedominant
role inprecipitation strengtheningof AA2050during artificial ageing.
The evolution of T1 precipitate variables, including dimensions
(radius rn and thickness h shown in Fig. 2(c)) and volume fraction fn,
are modelled in this study to represent the new precipitates.

A normalised precipitate radius (rn) is defined as rn ¼ rn=rc,
where rn and rc are respectively the radius of the new precipitates
and the critical radius at the peak-ageing state. rn then evolves from
0 to 1 from under-ageing to peak-ageing, andwill coarsen to reach a
saturate level eventually after peak-ageing. A rate controlling
equation of rn has been proposed to model this evolution progress
during artificial ageing, from under-ageing to over-ageing, as [21]:

_rn ¼ Cr
�
Q � rn

�m1
(8)

where Q represents the saturate value of rn during artificial ageing
and Cr and m1 are constants. In addition, dislocations in the as-
received material also affect the evolution of precipitates, espe-
cially for T1 precipitates which require high energy sites for
nucleation and growth [3,4]. This effect has been characterised by
introducing a dislocation density controlling part into the rate
equation for rn, as [52]:

_rn ¼ Cr
�
Q � rn

�m1
�
1þg0r

m2

�
(9)

The thickness of new precipitate (h) is also represented by a
normalised value (h) in this study, as h ¼ h=hc, where hc is the
critical thickness. For Al-Cu-Li alloy AA2050, thickening of T1 pre-
cipitate occurs after peak-ageing, and before which, T1 precipitate
remains as a single layer structurewith a constant thickness ( _h ¼ 0).
Thickening of T1 precipitate enables the transition of strengthening
mechanism from shearing to bypassing, as discussed earlier. hc then
represents the critical thickness of T1 precipitate when it becomes
fully non-shearable and h� 1 indicates non-shearable precipitates.
Thickening of precipitates during ageing has been modelled based
on the diffusion mechanism in some previous studies [53,54] and
the corresponding equation is used to predict the thickening of T1
precipitates after peak-ageing states (rn � 1) in this study:.

8>><
>>:

_h ¼ 0
�
rn <1

�
_h ¼ 1

3
bD

h
¼ Ch

h

�
rn � 1

� (10)

where b¼U/A is a dimensionless growth parameter, in which A is a
constant and U is the supersaturation of solid solutes in the ma-
terial and it can be regarded as a constant for a particular material
at a specific ageing temperature. D is the diffusion coefficient of
solute. Ch is then defined as a constant to include all these
parameters.

As f and f d have been respectively calculated by Eqs. (4) and (7),
the normalised volume fraction of new precipitates f n can be ob-
tained according to Eq. (5).
5.2. Modelling of yield strength

It is generally accepted that during artificial ageing of
aluminium alloys, the yield strength of the material is contributed
by dislocation (sdis), precipitation (sp) and solid solution (sss)
hardening [19], which are all taken into account in the strength
model detailed in this section.
5.2.1. Dislocation hardening
Dislocation hardening has been well modelled according to the

dislocation density [23,55], as:

sdis ¼ A3r
n (11)

where A3 is a constant and n is a coefficient generally treated as 0.5
[23,55].
5.2.2. Precipitation hardening
Shercliff and Ashby [19] have proposed a set of equations to

model the strengthening effects from shearable and non-shearable
precipitates according to their changing radius and volume frac-
tion, with a constant aspect ratio assumption during ageing. For
AA2050 investigated in this study, thickness of new precipitates
(T1) evolves differently from radius during long-term artificial
ageing. The aspect ratio of radius to thickness (q) is then no longer a
constant during ageing and thus needs be considered in the
strengthening model. Zhu and Starke Jr. [56] have proposed a
strengthening model for plate shaped precipitates by computer
simulations of dislocation movements through linear obstacles, in
which the strengthening effect from both volume fraction (f) and
aspect ratio (q) has been obtained as a combined form of qafb (a and
b are constants). Zhang et al. [57] have simplified the form as (qf)a in
a later study and demonstrated its effectiveness in strength pre-
diction for aluminium alloys containing plate shaped precipitates.
Hence, this relationship between the precipitation hardening and
volume fraction and aspect ratio of precipitates has been adopted to
update the original strengthening model from [19] to include the
thickness effect of T1 precipitates in this study. By introducing this
aspect ratio, the strengthening equations for shearable (sshear) and
non-shearable (sbypass) precipitates from [19] can be modified as:
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sshear ¼ c1

�
qf n

�ma

rna
n

sbypass ¼ c2

�
qf n

�mb
�

rnb
n

(12)

where c1, c2, ma, mb, na and nb are constants. The aspect ratio (q) of
new precipitates is defined as:

q ¼ rn
h

¼ rc
hc

rn
h

(13)

where rc and hc are respectively critical radius and critical thickness
of T1 precipitate and both are constants for AA2050 alloy investi-
gated in this study. Inserting q into Eq. (12), the precipitation
strength equations become:

sshear ¼ c01
f
ma

n

h
ma

 
rn

0
a

n

!

sbypass ¼ c02
f
mb

n

h
mb

 
1

r
n0
b

n

! (14)

where c10 and c20 are constants representing all the constants (c1, c2
and rc/hc) in Eqs. (12) and (13). Following [19], the harmonic mean
of shearable and non-shearable precipitate strength components is
used here to approximately combine both shearing and bypassing
strengthening mechanisms in the same equation. With this
method, strength components in Eq. (14) can be integrated as a
simple formulation for hardening from new precipitates (sp�n):

sp�n ¼ sshearsbypass
sshear þ sbypass

¼ sr
f
m5

n

h
m6

(15)

where m5 and m6 are constants. sr represents the strengthening
effect from precipitate radius, which has been discussed previously
and is described by the following equation [21,58]:

_sr ¼ Ca _r
m7

n

�
1� rm8

n

�
(16)

where Ca, m7 and m8 are constants.
In the current naturally aged alloy, Cu-rich clusters are present

and will be dissolved during artificial ageing. The clusters in the as-
received material are small and shearable during plastic deforma-
tion, hence the strengthening equation for shearing in Eq. (12) can
be directly used. As mentioned earlier, the volume fraction is
satisfied with a cell assumption according to Eq. (7), the strength
from dissolving clusters (sp�d) can be simplified to:

sp�d ¼ Ca1r
m9
d (17)

where Ca1 and m9 are constants.
The total strength contribution from precipitation (sp),

including both new precipitates and dissolving clusters, is
modelled according to the classical law of mixtures [59]:

sp ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2p�d þ s2p�n

q
: (18)
5.2.3. Solid solution hardening
The solid solution strength is directly determined by the solute

concentration and can be modelled as [19]:
sss ¼ CSSc
m10 (19)

where CSS andm10 are constants, the latter is generally taken as 2/3
according to [19].

5.2.4. Overall yield strength
The overall yield strength (sy) is composed of the strength

components mentioned above and can be modelled as [40]:

sy ¼ sss þ st ¼ sss þ
�
sNdis þ sNp

�1
N (20)

where st represents the combined strengthening effects from dis-
locations and precipitates. N is a parameter characterising in-
teractions between dislocation hardening and precipitation
hardening, which generally varies from 1 to 2. For weak obstacles,
such as clusters and some weak precipitates in under-aged condi-
tions,N¼ 1. For strong obstacles, such as non-shearable precipitates
in over-aged conditions,N is set as 2 [60,61].N evolves from1 to 2 to
represent the transition progress of precipitates from shearable to
non-shearable and will be discussed in more detail in Section 6.1.

5.3. Modelling of work hardening behaviour

Work hardening behaviour of aluminium alloys during plastic
deformation is generally attributed to dislocation hardening [23].
Considering the dislocation-precipitate interactions in thematerial,
the total dislocation contributed to work hardening can be divided
into two parts: the statistically stored dislocation and the
geometrically necessary dislocation [39]. Statistically stored dislo-
cations mainly come from interactions between dislocations and
weak obstacles (shearable precipitates) and alloying elements in
solid solutions, while geometrically necessary dislocations are
generally from the storage of dislocations around strong obstacles
(non-shearable precipitates) [32]. The contribution from these
dislocations to work hardening (sd) can be modelled by two inde-
pendent internal variables - statistically stored dislocation density
(rss) and geometrically necessary dislocation density (rgn) [23,39]:

sd ¼ aMGb
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rss þ rgn

p
(21)

where a is a constant,M is the Taylor factor, G is the shear modulus
and b is the Burgers vector.

5.3.1. Statistically stored dislocation
It has been shown in Fig. 7 that similar work hardening rates

have been observed in AA2050 material with high free solutes or
with weak obstacles (clusters and shearable precipitates before
peak-ageing). Hence, it is reasonable to use the same equation to
characterise statistically stored dislocation evolutions with either
alloying elements or clusters/shearable precipitates in AA2050
during plastic deformation. Kocks [23] proposed an equation to
model the evolution of rss by considering both statistic storage and
dynamic recovery effects, as:

_rss ¼
�
K1r

1=2
ss �K2rss

�
_εp (22)

where K1 is a constant determined by the alloy composition and K2
is a constant dependant on the solute concentration in the alloy
[23]. The actual statistically stored dislocation density in the alloy
during plastic deformation is very hard to obtain, but theoretically,
statistically stored dislocation density would accumulate and
eventually reach a saturate level during plastic deformation in
tensile tests [43]. A normalised value of statistically stored dislo-
cation density is used to represent rss in this study, which is defined



Table 3
A summary of the unified constitutive model developed in this study.
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as rss ¼ rss=rssm, where rssm represents the maximum value of the
statistically stored dislocation density in the saturate level during
plastic deformation. rss thenwill evolve from 0 at the initial state to
the saturate value of 1 during plastic deformation. When rss tends
to 1, the statistically stored dislocation density reaches its saturate
level and its evolution rate _rss becomes 0. Therefore, Eq. (22) can be
transformed to another simple form while maintaining its original
physical phenomenon (the mathematical transformation process
has been introduced in [21,62]), as:

_rss ¼ k1
�
1� rss

�
_εp: (23)

rss then increases continuously until reaching 1 during plastic
deformation. k1 is used to represent the effect from constants K1
and K2 in Eq. (22), which has been reported to be depended on the
solute concentration in the alloy [23,32] and is updated as:

k1 ¼ k10*c
n1 (24)

where k10 and n1 are constants.
5.3.2. Geometrically necessary dislocation
Ashby [39] proposed an equation to model the evolution of

geometrically necessary dislocation around strong obstacles in the
material. For plate-shaped obstacles with a large constant aspect
ratio, the equation is:

rgn ¼ 4
b
g

l
(25)

where l is the length of precipitate and g is the simple shear strain.
During the plastic deformation of real engineering materials, re-
covery of dislocations also occurs toprevent further accumulation of
geometrically necessary dislocations when shear strain is high
enough [32,63]. Hence, rgn cannot increase infinitelywith increasing
strain as described by Eq. (25) and will reach a saturate level when
the strain is high enough. Considering the most commonly used
uniaxial tensile strain (εp) and replacing the length of precipitate
with radius, geometrically necessary dislocation in Eq. (25) can be
modified to the following form to suit engineering materials:

rgn ¼ 2
brn

K
�
1� exp

	� εp

 �

(26)

where K is a constant representing the maximum contribution
from strain to geometrically necessary dislocation. During over-
ageing of AA2050 alloy investigated in this study, the thickness of
T1 precipitates grows, while the radius remains at a comparatively
stable level. Therefore the aspect ratio becomes smaller with
increasing ageing time and the effect from T1 precipitate thickness
(h) on the evolution of geometrically necessary dislocation needs
be considered. In addition, previous studies [11,64] have reported
that thickness of plate-shaped precipitates can control whether or
not the precipitate would support Orowan loops for geometrically
necessary dislocation storage. Hence, a thickness factor is added in
Eq. (27) to include the T1 precipitate thickness effect on the evo-
lution of rgn for the material investigated in this study, as:

8><
>:

rgn ¼ 0
�
h � htran

�

rgn ¼ k2
rn

�
h� htran

��
1� exp

	� εp

 � �

h>htran

� (27)

where rgn ¼ rgn=rgnm is the normalised geometrically necessary
dislocation density, in which rgnm is the maximum value of rgn in
the alloy during plastic deformation and can be treated as a con-
stant for a specific alloy. k2 is a constant representing 2 K/b in Eq.
(26).

	
h�htran



is the thickness factor, in which htran represents the

normalised thickness of T1 precipitate when the transition from
shearable (weak) to non-shearable (strong) starts. When h � htran,
T1 precipitates are shearable and no storage of geometrically
necessary dislocations exist around the precipitates (rgn ¼ 0).
When h>htran, T1 precipitates become non-shearable, and the
thickness of precipitates contributes to the storage of geometrically
necessary dislocations by a factor of

	
h�htran



in Eq. (27).

As a result, the work hardening strength contribution from
dislocations can be updated according to the normalised internal
variables of rss and rgn, as:

sd ¼ aMGb
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rssmrss þ rgnmrgn

q
¼ Cd

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
rss þ rgn

q
(28)

It is assumed that the maximum value of statistically stored
dislocation density in the saturate level approximately equals the
maximum value of geometrically necessary dislocation density in
this study, i.e. rssm¼ rgnm, as it is plausible that the maximum level
of dislocation storage depends mainly on the alloy compositions
and temperature, and less on the type or configuration of disloca-
tions [65]. Hence, Cd is a constant representing aMGb

ffiffiffiffiffiffiffiffiffi
rssm

p
.

The flow stress (sf) during plastic deformation in tensile tests
can be obtained according to the same superposition law used in
Eq. (20), as:



Table 4
Initial and equilibrium values of variables in the microstructure and yield strength sub-models for AA2050-T34.

rn0 (�) h0 (�) rd0
(�) c0 (�) r0 (�) f 0 (�) sdis0 (MPa) sp�n0 (MPa) sp�d0 (MPa) sss0 (MPa) ca (�)

0 0.25 1 0.978 1 0.032 100 0 52 120 0.316
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sf ¼ sss þ
�
sNd þ sNt

�1
N
: (29)

Hence, the actual work hardening stress component (sw), which
is directly shown in the tensile curves in Fig. 5 is:

sw ¼ sf � sy: (30)

5.4. Summary of the unified constitutive model

The comprehensive unified constitutive model for microstruc-
tures, yield strength and work hardening behaviour proposed
above is summarised in Table 3 below.

6. Modelling results and discussion

6.1. Determination of materials constants

The unified constitutivemodel proposed in Section 5 is based on
basic physical equations related to aluminium alloys. The micro-
structural variables were all modelled in a normalised way in this
study, so as to avoid the significant difficulty in obtaining experi-
mental data of some microstructures in the alloys, such as dislo-
cations. Some material constants in the model keep their physical
meanings in the original equations, and can be physically deter-
mined directly. Meanwhile, as some equations in the model have
been transformed by mathematic techniques to avoid numerical
difficulties in solving or evaluating corresponding original equa-
tions, some relatedmaterial constantsmay not have strong physical
meanings and need to be calibrated according to corresponding
experimental data or normalised data from basic physical theories.
The detailed determination and calibration processes of all the
material constants in the model for AA2050 are introduced below.
The calibration process was completed by a numerical fitting
method with the non-linear least square criterion [66,67].

6.1.1. Microstructure sub-model
The normalised radius of new precipitates rn shows only minor

increases after peak-ageing in Fig. 3(a), hence, its maximumvalue Q
in Eq. (9) was determined as 1, the value at the peak-ageing state,
for simplification in this study. Constants Cr and m1 in Eq. (9) were
then calibrated according to the normalised experimental data
from Fig. 3(a).

The normalised thickness of T1 precipitates h remains stable
before peak-ageing (when rn <1), as shown in Fig. 3(b), during
which hwas set as the initial value h0 whichwill be characterised in
Table 5
Summary of material constants used in the microstructure
detail in the next section. After the peak-ageing state (rn � 1), h
evolves according to Eq. (10) and Ch was determined by the nor-
malised experimental data in Fig. 3(b).

For the normalised radius of dissolving Cu-rich clusters rd, its
initial value (rd0

) was 1. Although no experimental data is obtained
in this study, its normalised value decreasesmonotonously from1 at
0 h to 0 at around 2 h according to the physical understanding ob-
tained in Section 4, based onwhich, Cr1 in Eq. (6) was calibrated. It is
well-known that the normalised dislocation density r decreases
monotonously to a stable level during ageing, and this physical-
based trend was applied to the calibration of Cp and m4 in Eq. (1).

The initial value of the normalised solute concentration (c0) has
been obtained before, as 0.978 [21]. c will experience a slight in-
crease due to the dissolution of Cu clusters and reach its maximum
value (near but <1) at around 2 h. After that, it decreases contin-
uously until reaching the equilibrium state (ca) during artificial
ageing. Constants in Eq. (3) were calibrated by these normalised
data. The normalised volume fraction f was then obtained ac-
cording to Eq. (4).

The initial and equilibrium values of these microstructural var-
iables are listed in Table 4. Table 5 gives a summary of the material
constants and their determination or calibration methods in the
microstructure sub-model.
6.1.2. Yield strength sub-model
The initial values of strength components, including dislocation

hardening (sdis), precipitation hardening (sp�n and sp�d) and solid
solution hardening (sss), of AA2050-T34 have beendetermined from
experimental data in [21] and the results were directly used here, as
listed in Table 4. A3 in Eq. (11), Ca1 in Eq. (17) and CSS in Eq. (19) were
then directly calculated according to the initial values of corre-
sponding strength components and relevant microstructural vari-
ables listed in Table 4. In addition, n in Eq. (11)was 0.5,m9 in Eq. (17)
was 2 and m10 in Eq. (19) was 0.67 for aluminium alloys from [19].

In the overall yield strength equation (Eq. (20)), a variable N is
defined to characterise different strength contributions from weak
and strong obstacles in the material. As the transition of shearable to
non-shearable properties of T1 precipitate is determined by its thick-
ness [5], the evolution ofN can bemodelled as a function of h, as [60]:

N ¼ 1:5þ0:5tanh

 
h� hf
A4

!
(31)

where hf ¼ 	
htran2 þhtran


�
2, in which htran and htran2 represent

respectively the normalised thicknesses of precipitates when it
starts deviating from shearable and when it becomes fully non-
sub-model for artificial ageing of AA2050-T34.



Fig. 8. Schematic showing evolutions of N value with the normalised thickness (h) of
T1 precipitate.

Fig. 9. Evolutions of normalised microstructural variables during ageing at 155 �C for
AA2050-T34: (a) radius (rn) and thickness (h) of new precipitates and radius (rd) of
dissolving clusters, and (b) solute concentration (c), dislocation (r) and volume frac-
tions (f , f n and f d). (Symbols represent normalised experimental data from Fig. 3 and
lines are modelling results.)
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shearable. The evolution of N value with thickness is illustrated in
Fig. 8. When h � htran, N¼ 1, representing fully shearable pre-
cipitates; when h � htran2, N¼ 2, indicating fully non-shearable
precipitates; when h evolves from htran to htran2, N increases from
1 to 2, which represents the shearable-to-non-shearable transition
progress of precipitates. It has been concluded in Section 4 that the
transition from shearing to bypassing starts between 300 and 500 h
of artificial ageing at 155 �C for AA2050-T34 and it also has been
shown in Fig. 3(b) that the thickness of T1 precipitate starts to grow
at the same time range. Hence, htran is approximately set as the
initial thickness value of T1 precipitate (single layer) in AA2050,
which equals to h0. Deschamps et al. [5] have reported that when T1
precipitate grows to a four-layer structure, it becomes non-
shearable during plastic deformation. Hence, the critical thickness
value of hc with fully non-shearable property, was approximately
set as four times of the initial single-layer precipitate (h0). As a
result, htran ¼ h0 ¼ h0=hc ¼ 0:25, htran2 ¼ hc ¼ hc=hc ¼ 1 and
hf ¼ 0.625 for AA2050 in this study. The value of A4 in Eq. (31)
determined by [60] is used in this study.

Finally, the material constants in Eq. (15) were calibrated by the
experimental data of yield strength evolution in Fig. 6(a). Table 6 is
a summary of the material constants and corresponding determi-
nation or calibration methods in the yield strength sub-model.
6.1.3. Work hardening sub-model
htran in Eq. (27) for the geometrically necessary dislocation has

been determined in Section 6.1.2. Eqs. (23) and (28) together pre-
dict the work hardening behaviour of the alloy before peak-ageing,
and hence, related material constants k10, n1 and Cd were calibrated
by corresponding experimental data of alloys before 24 h ageing in
Fig. 5. To predict the work hardening behaviour of the alloy after
peak-ageing, Eq. (27) needs to be included, and related material
Table 6
Summary of material constants used in the yield strength sub-model for artificial ageing

Parameter Value Methods

A3 (MPa) 100 Calculated by sdis0
n (�) 0.50 From [60]
m5 (�) 0.30 Calibrated Eq. (15) to data in Fig. 6(a)
m6 (�) 0.05
Ca (MPa) 36.3 Calibrated Eq. (16) to data in Fig. 6(a)
m7 (�) 0.06
m8 (�) 9.50

Table 7
Summary of material constants used in the work hardening sub-model for artificial agei

Parameter Value Methods

k10 (�) 1.80 Calibrated by data in Fig. 5 before 24 h ageing
n1 (�) 1.57
Cd (MPa) 425
constant k2 was then calibrated by the experimental data of the
alloy after 24 h ageing in Fig. 5. Three sets of experimental data
from AA2050-T34 artificially-aged for 0, 18 and 500 h were selected
for the calibration process and related microstructural variables in
these equations were obtained according to the microstructure
sub-model determined earlier. The other sets of experimental data
at different ageing times were used for the validation of the
determined material constants. Table 7 summarises the material
constants and their determination or calibration methods in the
work hardening sub-model.
of AA2050-T34.

Parameter Value Methods

Ca1 (MPa) 52 Calculated by sp�d0

m9 (�) 2 From [19]
CSS (MPa) 120 Calculated by sss0
m10 (�) 0.67 From [19]
A4 (�) 0.22 From [60]

hf (�) 0.625 Determined by data in Fig. 3(a)

ng of AA2050-T34.

Parameter Value Methods

k2 (�) 1.80 Calibrated by data in Fig. 5 after 24 h ageing

htran (�) 0.25 Determined by data in Fig. 3(a)
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6.2. Results and discussion

6.2.1. Microstructures
Fig. 9 shows modelling results of evolutions of microstructural

variables during artificial ageing of AA2050-T34 at 155 �C with
calibrated constants in Table 5. The experimental data in Fig. 3 is
also normalised and plotted in Fig. 9 for comparison. The modelling
results of normalised radius of new precipitate rn correspond well
with all experimental data from previous studies [13,34e36],
which increases continuously with ageing time and reaches the
peak-ageing state (rn ¼ 1) at around 18 h. As rn was set to reach its
maximum value at the peak-ageing state in the current model for
simplification as stated in Section 6.1.1, a small discrepancy be-
tween modelling and experimental results is observed in Fig. 9(a)
after long term artificial ageing (>300 h). The modelling and
experimental results of normalised thickness also agree well with
each other. h remains as a single-layer structure (h¼ 0.25) for a long
ageing time and apparent thickening behaviour occurs after 300 h
of ageing, where shearing-to-bypassing transition starts, as indi-
cated from experimental results in Section 4. The modelling results
show that the normalised radius of dissolving clusters rd decreases
continuously and the clusters disappear between 2 and 3 h of
ageing, which is consistent with the microstructural observations
summarised in Section 3.

The additional solutes in the matrix of the alloy released from
dissolving clusters at the first 2 h of ageing has been well modelled,
as shown in Fig. 9(b). After that, solutes are significantly reduced due
to the fast nucleation and growth of new precipitates, leading to the
significant decrease of normalised solute concentration c towards its
equilibrium value. The normalised total volume fraction (f ) shows
the opposite trend to c. The normalised volume fraction of clusters
(f d) shows the same trend with rd, while the normalised volume
fraction of new precipitates (f n) increases continuously due to the
nucleation and growth of T1 precipitates during artificial ageing. For
the normalised dislocation density r, a continuous recovery is pre-
dicted during artificial ageing of the alloy, as shown in Fig. 9(b).
6.2.2. Yield strength
Fig. 10 shows the modelling results of strength components and

overall yield strength of AA2050-T34 during artificial ageing at
155 �C with the calibrated material constants in Table 6. Strength
contributions from dislocations (sdis), solutes (sss) and dissolving
clusters (sp�d) show similar evolving trends to the corresponding
normalised microstructural variables in Fig. 9 respectively. The
strength contribution from new precipitates sp�n (T1 for AA2050-
T34) demonstrates an apparent increasing trend after about 2 h of
ageing, when fast nucleation and growth of T1 precipitates start.
After the peak-ageing state (18 h), sp�n still shows some minor
Fig. 10. Evolutions of strength components and yield strength during artificial ageing
at 155 �C for AA2050-T34 from experiments (symbols) and modelling results (lines).
increases, which is attributed to the still increasing volume fraction
predicted in Fig. 9(b). sp�n starts to decrease slightly at the later
stage of artificial ageing as thickening of precipitate occurs. The yield
strength data obtained from modelling agrees excellently with ex-
periments. An initial decrease with subsequent rapid increase of
yield strength sy is well predicted. A plateau with an almost con-
stant yield strength is successfully modelled between 18 and 300 h
of ageing. After that, a decreasing trend of yield strength is pre-
dicted, which is determined by the combined effect from decreasing
sp�n and the transition of N value from 1 to 2 in the model, indi-
cating the transition of strengthening mechanism from shearing to
bypassing. Hence, the current model can be used to predict evolu-
tions of both microstructural variables and yield strength during
artificial ageing of AA2050-T34 from under-ageing to over-ageing.

6.2.3. Work hardening
Based on the microstructural variables obtained from the micro-

structure sub-model, thework hardening curves of AA2050-T34with
different ageing time during plastic deformation (εp) were predicted
with the calibrated constants inTable 7. The results fromAA2050-T34
with some selected ageing times are plotted in Fig. 11. Apart from the
data used for calibration (0 h in Fig. 11(a), 18 h in Fig. 11(d) and 500 h
in Fig. 11(h)), the predicted work hardening curves at other ageing
times all demonstrate a very good agreement with corresponding
experiments, as shown in Fig. 11. These results indicate that the
proposed model is capable to predict work hardening behaviour of
AA2050-T34 after artificial ageing with different time, from short-
term under-ageing to long-term over-ageing conditions.

6.2.4. Prediction of UTS and uniform elongation
The Considere's necking condition [42] is generally applied to

obtain the UTS (sUTS) and uniform elongation (εu) data through a
true stress-strain curve, as:

dsf
dεp






necking

¼ sf (32)

As Eq. (32) is fulfilled at the necking point of a true stress-strain
curve, the stress and strain values at this point are respectively sUTS
and εu for the material. By analysing the true stress-strain curves
predicted by the proposed model with Eq. (32), sUTS and εu values
for AA2050-T34 artificially aged at 155 �C for different time were
obtained and the results are plotted and compared with experi-
mental results in Fig. 12. A good agreement has been achieved for
both sets of results, which shows the effectiveness of the proposed
model in the prediction of work hardening behaviour of AA2050-
T34 after artificial ageing.

The model proposed in this study is for AA2050 with T34 initial
temper but has the generic feature for application to other tempers
of the alloy with the change of initial conditions to be suitable to
different states. Details on the method of determining the initial
values can be referred to a previous study [20]. Furthermore, the
model comprehensively reveals and quantifies the evolution of
main geometric parameters (thickness and radius) and volume
fraction of T1 precipitates during artificial ageing, and their
particular effects on the evolution of other microstructural features
(dislocations and solutes). The model utilises a normalised concept
for the microstructure sub-model, which not only keeps the
physical meaning of the model, but also largely reduces the
requirement of time-consuming microstructural observations for
extended application of the model to other similar aluminium al-
loys. The yield strength and work hardening behaviour of the alloys
after artificial ageing have also been characterised based on
fundamental ageing models. Hence, the model developed in this
study has the generic feature and the potential to be applied to
artificial ageing of other 2xxx series aluminium alloys, in which



Fig. 11. Comparison of true stress - strain curves in the plastic region of AA2050-T34 after artificial ageing at 155 �C for (a) 0, (b) 2, (c) 8, (d) 18, (e) 32, (f) 150, (g) 300 and (h) 500 h
from experiments (solid lines) and modelling results (dashed lines).
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plate-shaped T1 precipitates play the dominant role. In addition, it
should be noted that the current model only considers artificial
ageing under isothermal conditions, and may apply to other
isothermal ageing temperatures with recalibration of materials
constants. However, the effect of changing temperatures on artifi-
cial ageing behaviour is not included in the model, which needs
further studies.

7. Conclusions

The yield strength and work hardening behaviour of AA2050-
T34 after artificial ageing at 155 �C have been investigated in this
study. The detailed relationships between microstructures and
mechanical properties of the artificially-aged alloy, from under-
ageing to over-ageing, have been analysed, based on which a uni-
fied constitutive model has been proposed and validated to
simultaneously predict microstructures, yield strength and work
hardening behaviour of the alloy. The following conclusions can be
drawn:

1) The shearing-to-bypassing transition does not occur immedi-
ately when reaching the peak-ageing state (18 h) for AA2050
alloy and the high yield strength stays up to 300 h ageing. Over-
ageing of AA2050 with a slight drop of yield strength starts



Fig. 12. Comparison of evolutions of UTS (sUTS) and uniform elongation (εu) of AA2050-
T34 after artificial ageing at 155 �C from experiments (symbols) and modelling results
(lines).
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between 300 and 500 h of artificial ageing, as thickening of T1
precipitates occurs and the shearing-to-bypassing transition
starts.

2) A unified constitutive model has been established based on
fundamental ageing and work hardening equations and
physically-based assumptions, comprising three sub-models for
microstructure, yield strength and work hardening. The model
successfully predicts the shearing-to-bypassing transition of
AA2050 during artificial ageing by considering the thickening of
T1 precipitates and the changing of dislocation-precipitate
interactions.

3) The model developed in this study has successfully predicted
evolutions of main microstructural variables (precipitate, solute
concentration and dislocation), yield strength and work hard-
ening properties (including UTS and uniform elongation) of
AA2050 after artificial ageing for a wide range of time, from
under-ageing to over-ageing, providing an efficient tool to
characterise the main mechanical properties of the aged alloys
for industrial applications.
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Appendix 1

Similar with the normalised volume fraction equation for pre-
cipitates in Eq. (4), the volume fraction of clusters can also be
represented by corresponding normalised solute concentration cd,
as:

f d ¼ K1 �K2cd (A1)

where K1 and K2 are constants for a specific ageing temperature.
Combining Eq. (A1) with Eq. (7), the following equation can be
obtained:
K1 �K2cd ¼
�
rd
rd0

�3

(A2)

The time derivative of cd is then:

_cd ¼ � 3
K2

1

ðrd0Þ3
�
rd

�2
_rd (A3)

Replacing _rd in Eq. (A3) by Eq. (6), the compensation component
of solute concentration evolution from dissolving clusters can be
obtained:

_cd ¼ 3
K2

Cr1
ðrd0Þ3

rd ¼ A2rd (A4)

where A2 represents all the other constants in Eq. (A4).
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