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is defined with reference to the configuration (x, y, z), can be connected to the infinitesimal
Cauchy strain variation de referred to unknown current configuration (X,Y,Z) by the
relation of:

de=[T]3e (2.18)
where, [T] is a transformation matrix which connects variation of Green Lagrangian
strain vector to Cauchy strain vector. The detailed contents of the transformation matrix [T)
can be found in Appendix A.

The equilibrium state of the structure at time station tg+At expressed by P. V. D. is:

le Se'odV = L SUTE , p AV +.[% SUTH, o dA (2.19)
+At

l°+At b'l-Al

Introducing into Eq. (2.19) the Eq. (2.5) and Eq. (2.14), it can be rewritten as:

Pro+ar = Fro+ae (2.20)
where,

Foou = _L Wi adv + | WIE,,dA 2.21)
AL A

is the external applied loads vector. In the dynamic structural analysis it contains also
inertial and damping effects. If the external applied force vector can be thought of as being
structural deformation independent, so that Eq. (2.21) can also be written as:
Foa = L Wi adV + L WE 0 dA 2.22)

where the integrations are performed now over the reference configuration.
The internal force vector on the left hand side of Eq. (2.20) is:
Py st = L Bl o dv 2.23)
!°+At

Recalling that, the variation of the infinitesimal Cauchy strain de can be connected to
the Green strain variation 8¢ by Eq. (2.18), the virtual work done by the internal stresses

can be expressed by using Green Lagrangian strain as:
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5dTP =j D T s av
1p+A v.p [Tl

= J &T(&[T]TG) av (2. 24)
\'A P
= I Sels dV
Vt
here,
S = %[T]Tc 2. 25)

is the vector of second Piola Kirchhoff stress. p and p, are the mass densities of
current and reference configurations respectively.

The second Piola Kirchhoff stress has little physical meaning. But when multiplied by
the Green Lagrangian strain and integrated over the whole volume of the reference
configuration, it gives the same strain energy as that existing inside the deformed unknown
configuration of the structure. However the second Piola Kirchhoff stress and the Green
Lagrangian strain have a very good property that they are invariant with the translation and
rotation of the body coordinate system [Bathe,1982]. The relationship between the second
Piola Kirchhoff stress and normal engineering stress is given by Eq. (2.25), from which
the physical meaningful stresses

c =plp, [T TS » (2.26)

can be calculated. The internal force vector Py 4 can be written now as:

P = _[v [By+ B,()I'S dV @.27)

and be calculated in the reference configuration now. However Eq. (2.20) still can not
be solved directly. Since the stress and hence the internal force vector are nonlinear
functions of displacement variable d. Therefore, incremental and iterative procedure have to
be used to solve this nonlinear equilibrium equation. Two different incremental Lagrangian
formulation methods will be described next.
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(2) Total Lagrangian Formulation Method

First we consider the Total Lagrangian formulation method. In the Total Lagrangian
formulation the original undeformed geometry is taken to be the reference configuration.
Suppose that at time t=t() the displacement of the structure is dg, the equilibrium

between the external applied force and the internal stress resultant, i.e.

T
F,=P, = JVO[BO+ B,(@)1" S, dv (2.28)

has been satisfied. At time station t=ty+at, the external applied force has been increased
by dF, so that the total load is now Fyy4at = Fyg + dF. The displacement of the structure
changes from dygto dyg4at = dyg+ dd in response, and the internal stress changes from
Sto to Sto+at = Sto+ dS. Here the second Piola Kirchhoff stress is used. The equilibrium

between the external load and the internal force at time t=tg+at must be satisfied, i.e.

F, + dF = jvomm» B,(d+ dd)]" S+ dS ) dV 2.29)

must be satisfied. Expanding Eq. (2.29) and taking into account of Eq. (2.28), we get
the incremental equilibrium equation as:
dF = L [Bg+ B(d,) + B,(dd)]" dS dv +L Bldd) S, dV  (2.30)
0 0

which has to be satisfied.

Here, the stress increment dS can be written by the relation:

ds = [D]de (2.31)

where [D] is the normal constitutive matrix of linear small displacement analysis if the
material property remains in linear elastic region. However, in large strain analysis or when
the material behaves nonlinearly, the proper incremental constitutive law has to be used
[Bathe, 1982]. Therefore, according to Eq. (2.31)

dS =[D] [By + B (d+ dd)] dd (2.32)

Put Eq. (2.32) into Eq. (2.30), ten terms will be obtained. The first term,

J'VOB;{D B, dV=[K] (2.33)
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is the geometrically linear stiffness matrix, which is the same as that of the linear small
displacement analysis. But it will become nonlinear if the nonlinear constitutive relation has
been used.

The next three terms involving the initial displacement vector dyg
L [B3DB, (d,) + B}(d, )DBy+ B1(d, )DB,(d, )] dV = K,] (.39
[}

is called the initial displacement stiffness matrix.

The remaining five terms involving dd

L [B3DB, (dd) + B](dd)DBy+ B(d, )DB,(dd)
0

+ B1(dd)DB,(d, }+ B](dd)DB,(dd)] dV = [Kyq] (2.35)
is called the displacement increment stiffness matrix.

The tenth term, which involves initial stress Sy, can be arranged in the form of:
L Bi(dd) S, dV
0

= [, 15086, W45, 6, W) (6, W43,.,6,W) (3, W)
+ 5,18, W) (8,W) + (5, W) (6, W)]
+ S, [(8, W) (5, W) + (3,W)" (5,W)] 2.36)

+8,.[(6,W) (5 W) + (5, W) (5,W)I} dV dd

6
=) §;A;dd = [Kg] dd

i=1

where [ Kgo] is called the initial stress stiffness matrix and

S, A, = J'v S, (5,W)'(5, W) dV
0

...... (2.37)
Sxyhry = jv S, 18, W) (3,W) + (8, W) (8,W)] dV
0
Therefore, Eq. (2.30) is written now:
dF = [ K| + Kgiot+ Kgg+ Kggl dd = [ K] dd (2.38)
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here [ Ky ] is the tangential stiffness matrix of the structure relating incremental forces

to incremental displacements, which is a quadratic function of the unknown variable dd, as
the displacement increment stiffness matrix [ K44] is a quadratic function of dd. So that
Eq. (2.38) has to be solved iteratively.

Eq. (2.38) is an accurate structural equilibrium description of the incremental form. In
nonlinear analysis, some authors use an approximate linearised incremental equilibrium
equation [Bathe, 1982], where terms involving the unknown displacement dd, (i.e. here
the displacement increment stiffness matrix [ Kyg4] Eq. (2.35)), are neglected. Although the
linearised incremental equilibrium equation can be solved directly, more equilibrium
iterations are needed to bring the solution to the true path. In other books [Owen and
Hinton, 1980], the initial stress stiffness [ Kgo] has been neglected. Although the ignored
term will appear as the residual force vector in Newton-Raphson solution scheme, we find

that makes the convergence very slow.

(3) Update Lagrangian Formulation Method

In the Update Lagrangian Formulation, the latest calculated equilibrium configuration of
structure is used as the reference configuration, i.e. the configuration at time t = t; is used.
The appropriate stress and strain measures are still the second Piola Kirchhoff stress and
Green Lagrangian strain. But Green strain is now defined referring to the latest known
equilibrium configuration after the structure is deformed by previous loading.

We know that equilibrium between external and internal forces has been achieved at
time t=t; and with a small external load increment dF we want the equilibrium state at time
t=ty+At to be calculated. ‘

At the beginning of the incremental step, there is no displacement yet with respect to the
reference configuration, although there is displacement with respect to the original
undeformed configuration, therefore d=0. The transformation matrix [T] in Eq. (2.25) is
an identity matrix, i.e. [T]=[I], so that the second Piola Kirchhoff stress is the same as the

engineering stress existing in the reference configuration now , i.e. s = ¢. The equilibrium
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between the external and the internal forces can be expressed by P.V.D. as:

F, = L [By+ B,@]'S, dV = L Bj o, dV (2.39)
Yo L

At the end of incremental step, the displacement increment is d. Equilibrium between

external and internal forces which must be satisfied is:

Fiia=F +dF = L [By+ Bl(d)]T(oto+ ds) dv (2. 40)
Y

Expanding Eq. (2.40) and taking into account of Eq. (2.39), the incremental form of

equilibrium equation can be written now as:

dF = _[v [By+ B, (@)]" ds dV +L BI(d) o, dV 2. 41)
‘o Y
Using the incremental constitution law of linear small strain, we have:
dF=[K_+Ky+K;]d = [Kp]d (2.42)
where,
[K.] =jv By D By dV (2.43)
%

is the usual geometrically linear stiffness matrix;

[Kql = .[v [BIDB,(d)+BT(d)DB+BT(d)DB,(d)] dV @ .44)
%

is the displacement increment stiffness matrix, which is a quadratic function of the

unknown displacement d; and

i=1

6
[KG]d='[vB'f(d)o,odV= ZoiAid (2.45)
)

here

A, = J'V 6,6, W)'G.W) dV
%o
...... 2. 46)

so that [ K] is the initial stress stiffness matrix.

Eq. (2.42) is also an accurate expression of equilibrium of the structure in incremental
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form, where [ Kt] is the tangential stiffness matrix of the structure.

Both the Total and the Update Lagrangian formulations can be used for large
displacement problems. If the correct incremental constitutive law is used, the results
produced by using one or another formulation method should be same. The difference
between the two formulations can be summarised mainly in three aspects:

(a) Different reference configurations are used. In the Total Lagrangian formulation all
differentiations and integrations are performed with respect to the initial undeformed
configuration. While in the Update Lagrangian formulation, all differentiations and
integrations are performed with respect to the latest calculated deformed equilibrium
configuration.

(b) In the Total Lagrangian formulation there is an extra initial displacement stiffness
matrix [Kgol. Therefore, more calculations are involved in the formulation of the tangential
stiffness matrix. But in the Update Lagrangian formulation, the geometry of the reference
configuration changes from step to step. Since in strain-displacement relation matrix all
differential operators are defined with respect to the deformed geometry, more computer
time is spent in the geometry updating. The integrations have to be performed for the
updated geometry.

(c) The Green strain and the second Piola Kirchhoff stress are used in the Total
Lagrangian formulation. In order to obtain the real engineering stress, a transformation of
Eq. (2.26) has to be performed. In the Update Lagrangian formulation, strictly speaking, it
is also the Green strain and the second Piola Kirchhoff stress which are used. However,
the second Piola Kirchhoff stress increment is the same as that of engineering stress
increment. Therefore, accumulated together we have directly the engineering stress in the
Update Lagrangian formulation.

Generally, it is easy to describe the kinematic relationships but difficult to describe
static relationships in the Total Lagrangian formulation. In the Update Lagrangian method,

it is exactly the other way round.
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(4) Equation of Motion for D ic Analysi

In a dynamic analysis, the inertial and damping effects should be considered. The
displacement and hence the strain and stress of the structure are all functions of time. If the
Total Lagrangian formulation is used, equilibrium state of the structure at any time instant

can be written by P.V.D. as:

j 5e's dV = I SUT(P+£4+69) dV + I SUTE dA (2. 47)
Vo Vo Ay
where, fi and fc are inertia and damping forces respectively. Proceeded as before we
have:
[M] d + [C] d +] K(d)] d = F(z) (2. 48)
here,
M] =J mW W dv (2. 49)
VO

is the consistent mass matrix, and m is the mass density of the structure;

[Cl= Iv CW'W dv (2. 50)
0

is the viscous damping matrix, and C is the viscous damping coefficient; and

[K@] = [ BT+BY@ID|By+ +B,(@)|av @.51)
v, 2

is the nonlinear total stiffness matrix, which is a quadratic function of unknown
displacement d. Note that in contrast to Egs. (2.38) and (2.42) it is a secant stiffness.

Therefore, the equation of motion for large displacement finite element analysis of the
structure is a set of second order nonlinear ordinary differential equations, which has to be
satisfied at all time during the motion of the structure. In this thesis only small strain linear
elastic problems are considered.

Analytical solution to Eq. (2.48) is generally not available. The numerical solution
procedures used in nonlinear structural analysis will be described in section 2.3.
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2.3 NONLINEAR SOLUTION PROCEDURES

In large displacement analysis, both static and dynamic equilibrium equations are
nonlinear functions of the unknown displacements. They have to be solved numerically.

The numerical solution of the nonlinear equations is an incremental and iterative procedure.

2.3.1 Solution Procedure for Nonlinear Static Analysis

The most popular solution scheme used in nonlinear static analysis is the
Newton-Raphson iteration method, in which the out of balance force vector of the system
is defined as:

R(d) =F - P(d) (2.52)

where F is the external applied load vector and P(d) is the nonlinear internal stress
resultant vector calculated by accumulation from the internal stress distribution. The
equilibrium requirement of the system at any loading stage can be expressed as:

R@*)=F-P(d*)=0 (2.53)

where d* is the accurate solution to the system. Supposing that in the incremental
iterative solution procedure, an approximate solution d=d; has been obtained after it
iteration. The out of balance force remaining is:

R(d;,) =F - P(d;) (2.59)

which is called the residual force hereafter. If we write the next improved solution d;,;

di,1=d;+Ad (2.55)
Put inside Eq. (2.52) and expand it by Taylor series, we have:
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R(d;;;) = R(d;) + (OR/od); Ad + ... (2.56)
the high order terms are omitted. The equilibrium requires that:

R(d;;;) =R(d;) + OR/0d); Ad =0 2.57)
50,

Ad = -[ (dR/od); ]! R(d) (2.58)

If the external applied load can be thought of as being displacement independent (most

of the concentrated loads applied on the structures belong to this type), then we have:
-[ (0R/0d); 1 = -[ 0 - (P/0d)]; = [Kr); (2.59)

where [Ky]; is the tangential stiffness matrix of the system, which has been explicitly
derived for the Total and the Update Lagrangian formulations previously, see Eq. (2.38)
and Eq. (2.42).

Hence, the displacement increment Ad at iteration i+1 can be obtained by solving
Eq.(2.58) which is now written as:

Ad = [K1];1 R(dy) (2. 60)

The iteration is continued until prescribed convergence criterion is satisfied. The
complete analysis can be performed by applying the total load incrementally and using the
above iteration procedure repeatedly for each increment. The analysis above forms the
basis of the Newton-Raphson method.

It is clear that in Newton-Raphson method, the tangential stiffness matrix [Ky] has to
be formulated and factorised at each iteration, which requires a major computational effort
per iteration. For large size problems, these calculations can be prohibitively expensive,
hence the modified Newton-Raphson method has been proposed. In the modified
Newton-Raphson method, the tangential stiffness matrix is only formulated at certain
acceptable equilibrium position, usually at the beginning of each incremental step.
Therefore Eq. (2.60) is written now as:

Ad = [Krlg! R(d) 2. 61)
where [Krl]¢ is the tangential stiffness matrix formulated at the accepted equilibrium

position previously calculated. The frequency of updating the tangential stiffness matrix
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depends on the degree of nonlinearity of the system, i.e. the more nonlinear the response
is, the more often the updating should be performed.

This modification is obviously more economical as fewer stiffness formulations and
factorisations are required. However, the advantage is somewhat offset by the slower
convergence in comparison to the quadratic convergence of the full Newton-Raphson
method. But in most cases, modified Newton-Raphson method still has the overall
economy. In this thesis the modified Newton-Raphson method has been used for the
nonlinear static analysis by both the Total and the Update Lagrangian formulations.

2.3.2 Solution Procedure for Nonlinear Dynamic Analysis

In nonlinear dynamic finite element analysis, the equilibrium equation of structure is a
set of nonlinear second order differential equations, which is also called the equation of
motion. These nonlinear equations of motion have to be satisfied at all times during the
motion of the structure. However in a numerical solution, the equilibrium equation is
satisfied only at some discrete time stations. Here direct time integration scheme will be
discussed.

The so-called "direct time integration” method should be compared to the "modal
superposition" method (the later is valid only in linear dynamic analysis). In linear modal
superposition, before the temporal solution is performed, the equation of motion of the
structure has to be transformed into the modal coordinate system. In direct time integration
no such transformation needs to be performed.

It is believed that in a nonlinear dynamic analysis, only direct time integration solution
method is valid. Although the response around a particular time instant can be expressed by
tangential eigenmodes of the structure at that moment, the entire solution procedure still has

to be performed in the time domain since the tangential eigenmodes are different at different
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times.

There are essentially two direct time integration methods which have been used with
effect in structural dynamic analysis, the explicit method and the implicit method. The
explicit method solves for accelerations while the implicit method solves for
displacements.

The explicit direct time integration method uses the equilibrium state at time station t=t,
to obtain the accelerations at that moment. Velocities and displacements at time ty+ At can
be calculated by a finite difference scheme in time. Such a time integration scheme can be
performed at element level, i.e. the internal nodal force vector P at time ty can be calculated
and assembled element by element without formulating the overall stiffness matrix of the
structure. Therefore, if a lumped mass matrix is used, i.e. when the mass matrix is
diagonalised, the equations of motion are trivial and can be solved without requiring
factorisation. |

The advantage of using the explicit time integration method is that relatively less
computer central memories are required and very little computing time is needed to solve
the uncoupled equation of motion for each time step. However, the method is only
conditionally stable, so that the time step has to be very small to ensure a convergent
solution.

While the implicit time integration method uses the equilibrium condition at time station
t = to+ At to obtain the solution of displacements at that time. This method can be
unconditionally stable, but assembly and factorisation of the full dynamic effective stiffness
matrix have to be performed at each time step. Since the nonlinear stiffness matrix is a
function of the unknown displacements, iterations are necessary to ensure convergence.

From the above discussion it is felt that the explicit direct time integration method has
an overall advantage for analysing large dynamic nonlinear problems. In this thesis the
explicit central difference time integration is used. For the consistence, a mass lumping
scheme proposed by Hinton [Hinton et al., 1976] is used to diagonalise the consistent mass
matrix. A brief description of the central difference method is given below.
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The equation of motion of the structure is given in Eq. (2.48), which can be now

rewritten as;
M]d+[Cld=F@ -[K(d)]d (2.62)

Assuming that the values of the kinematic variables d, d and d at discrete time stations
fromt=0, t=At .. upto t=ty are known, we increase the time by a small interval At,
and calculate the values of those variables at the end of time increment t=ty+At. This is a
typical step in solving the dynamic problem. The entire solution can be obtained by
performing the same procedure repeatedly from the known initial values to the time needed.

Expanding the displacement response of the structure d(t) with respect to time by
Taylor series at time station t = t;, we have:

. 1-
deeac= d +dy At + =d, AP+ .

2
and : (2 .63)
_ . 1 . 2

Adding and subtracting the two equations we have:

- 1

and (2.64)
. 1

d‘o = Z_At( d‘0+m - dto-At)

The high order terms are omitted, the truncation error in Eq. (2.64) is of order (At)2.
Put Eq. (2.64) into Eq. (2.62), the equation of motion at time t =t becomes:

1 1

= F(tg) - [K(d,)ld, 2. 65)
Therefore, the unknown displacement at time station t = ty+ At can be obtained by
solving

(A_ltf[ Ml + 2—f§[c1)d,o+,,, 2. 66)

2 1 1
=l ([x( a1~ 51 M])d,o— (Atz (M- [c1)a,o_m

Eq. (2.66) is the typical recurrence form which can be used through out the solution

procedure. In this thesis, the mass matrix is lumped and the mass matrix proportional
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damping is used to enable the coefficient matrix on the left hand side of Eq. (2.66) to have
a diagonal form. Since all equations in Eq. (2.66) are uncoupled, the computing cost to
solve it is trivial. If [C] is not proportional to [M], the central difference algorithm can be
changed to one involving velocities and accelerations instead.

As mentioned above, the central difference time integration is only conditional stable.
The integration time step At used should be smaller than the critical time step At..
Otherwise, the round-off error in each calculation will be accumulated and makes the
integration unstable and divergent.

The critical time step can be calculated from the mass and stiffness properties of the
structure [Warburton, 1976] as:

Aty = Tp/n @ . 67)

where T,;, is the smallest period of free vibration mode of the finite element
assemblage of the structure.

In order to use Eq. (2.67), it is necessary to calculate the highest natural frequency of
the structure which is quite expensive when the problem has large size.

Another simple method of obtaining approximately the critical time step is to estimate
the upper bound of the highest eigenvalue of the structure. Irons [Irons, 1980] has proved
that the highest system eigenvalue must always be smaller than the highest eigenvalues of
the individual elements. This enables a very easy estimate of the critical time step which

will err on the safe side.The commonly used form for plain strain problems is:
1
_ p(l+n)(l—20)]7
At =HL ‘[ E(1-v)

where L; is the smallest distance between any two adjacent nodes in the finite element

(2.68)

assemblage; p is the mass density, E is the Young's modulus and v is the Possion's ratio
of the material; W is a coefficient which is always less than unit depending on the type of
element employed [Shantaram et al., 1976].

Equations (2.67) and (2.68) are proposed for linear dynamic analysis. In nonlinear
dynamic analysis, Eq. (2.67) still holds. However, since natural frequencies change with
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the large displacement response in nonlinear analysis, the highest natural frequency used

should be the highest natural frequency through out the entire response history of the
analysis here. Therefore Eq. (2.68) has to be modified when used for nonlinear dynamic
analysis according to whether the system becomes stiffening or softening with the large
displacement response. Nevertheless, it gives a good estimation of the critical time step.

The proper selection of the time step is very important in the central difference time
integration. Too big a time step length may cause instability and makes the results useless,
while too small a time step length will result in unnecessary computing time waste. In the
present thesis, Eq. (2.68) has been used to calculate an initial estimate of the integration
time step, then a trial and error method is used to obtain a suitable time integration step
length for the problem.

From experience of present work, it seems that the stability requirement will dictate the
selection of the time step, not that of the accuracy requirement. In other words, if the

stability requirement is satisfied the accuracy requirement can be satisfied automatically.
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CHAPTER 3

REDUCED BASIS FINITE ELEMENT METHOD

3.1 INTRODUCTION

The nonlinear finite element analysis has been described in chapter 2 for both static and
dynamic structural problems. The equilibrium equations of the structures turn out to be
nonlinear algebra equations in static analysis, and nonlinear ordinary differential equations
in dynamic analysis. To solve a system of large scale nonlinear finite element equations
numerically, a great deal of computational effort is needed. In this chapter, a new algorithm
of nonlinear dynamic analysis which combines the finite element method and the classical
Rayleigh-Ritz technique will be presented. It is called the Reduced Basis Finite Element
Method.

The structure is discretized into finite element model as usual. The normal procedure is
used to analyse the structure, by which a number of basic deformation shapes of the
structure can be calculated. Then the classical Rayleigh-Ritz technique is applied using the
calculated deformation shapes of the structure as basis vectors. Equations of motion of the
original finite element discretisation, involving normally a large number of degrees of
freedom, can be transformed into a subspace spanned by the chosen basis vectors with
much fewer number of generalised "modal variables". The subsequent analysis of the
structure can be conducted inside the reduced space by using the reduced system of

equilibrium equations, so that computational cost can be reduced.
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3.2 EXPLICIT FORMULATION OF THE REDUCED EQUATION OF
MOTION

Supposing that a suitable set of basis vectors ¢y, ¢5, ...¢; can be found, where ¢;is a
Nx1 column vector representing a global deflection shape of the structure. Here N is the
number of total degrees of freedom of the finite element idealisation of the structure; r is
the number of basis vectors which is much smaller than N. The nodal point displacement
vector d, velocity vector d and acceleration vector d of the structure can be expressed by

linear combinations of these basis vectors as:

d=1[0, 0.0 E=[D] &
d=1[0, ¢,..0,] E=[D]E 3.1)
d=[¢; 6.0, E=[DI E
where & =[&;&,...£]T, is a rx1 column vector listing r generalised modal
coordinates which governs the amplitudes of the basis vectors or the generalised modes as
they are often termed. It is a function of time.

The equation of motion for large displacement nonlinear structural dynamic analysis
has been derived in section 2.2.3 using the Total Lagrangian finite element method. Since
in the Total Lagrangian formulation, no updating of reference geometry is needed, the
coefficient matrices of the nonlinear terms need to be formulated only once. This advantage
becomes more apparent in the formulation of the reduced equation of motion of structure.
Two different formulation methods, namely, the P.V.D. and the use of the Lagrangian's
equation, to derive the reduced basis equation of motion explicitly will be presented as

follows.

3.2.1 Formulation of the Reduced Basis Equation of Motion
by the Principle of Virtual Displacement
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The structural dynamic equilibrium equation or the equation of motion of structure has

already been given in section 2.2.3 as:
[M] d+[Cld +[ K(d)] d=F() (3.2
Eq. (3.2) can also be written as:

8dT{ M) d+[Cld + j (B+B,(@1" D [Bo+ 1B,(@)] av d}
VO

=8d"F (1) 3.3)
where dd is a small virtual variation of nodal point displacement of the structure, and
[K(d)] =jv [B+B,(@I" D [Bo+ 1B,(@)] av 3. 4)
0

is the total stiffness matrix of the structure for the large displacement small strain
analysis which has already given in section 2.2.3. It is an unsymmetrical matrix here, but
by a different definition we can derive a stiffness matrix which has the symmetrical form
(see Appendix B).

In order to reduce the problem size, we introduce Eq.(3.1) into Eq. (3.3) and derive
explicitly the equation of motion in the reduced space spanned by the chosen basis vectors.

Taking the virtual variation of nodal point displacement vector in Eq. (3.3) as:
3d = ¢.8E, (3.9

we get:

85.01{ [M] [®] £ + [C] [®] E

+ [ BotB, (2N [Bor 18,0010 | aV [0k}

0

=801 F(1) (3.6
For the convenience of analysis, the basis vectors are orthogonalised and normalised
with respect to the mass matrix, i.e.
(@) [M] [®] =[1] 3.7
here [1] is an identity matrix of r'h order; also, the damping matrix [C] is assumed to

be proportional to [M],
[C] = o M] (3.8)

where a is a factor determined by the damping of the lower frequency modes. This
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will result in less damping to the high frequency modes. But since the large displacement
responses of the structure are always caused by the lower frequency modes, the
disadvantage is not very severe in the geometrically nonlinear dynamic analysis.

Eq. (3.6) can be written now as:

Ei + aéi + ¢T{ JV [B0+Bl([¢]§)]TD [Bo+ %Bl([d)]&)] dV} [®IE

=1 F (1) 3.9)

The integration on the left hand side (L.H.S.) of Eq. (3.9) can be expanded by noticing
that:
B,((®]E) = D B0, (3.10)
i=1

therefore,

¢'}I‘{ . [B0+Bl([¢]§)]TD [BO+%B1([<D]§):| dV} [DIE

Jv
’ T
T
-y J'v B +§1 B,0J)% | D|Bg+ 2;} B,(0)E, [aV{ @k (3. 11)

Further expanding the right hand side (R.H.S.) of Eq. (3.11) and noticing that the

basis vector ¢; and the generalised modal coordinates & are irrelevant to the integration, we

have:
T

.ij B+Z B (4)E | DB+ 223(4»)& av [l

i
i=1 i=1

=0, I BDB dV+ZZI BDB 1) dV E

i=1

+Zj B(6)DBdV &, 3. 12)

i=1 0

222] B(¢)DB 1(9) dV EE; ¢ (@18

i=l =1 0
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Defining the "modal stiffness matrices" as:
(Ko = J'v Bi D B,(¢) dV
0

(Kl = Jv BY6,) D B, dV = [KI;
0

and (3.13)

(KL= Y B1(¢) D B,(¢) av =K1
“ Yo
where i=1,...,1; and j=1,...,1; and

[Klp=| ByD B, dV (3.14)

Yo

is the normal geometrically linear stiffness matrix.
Rearrange Eq. (3.12) and introducing Eq. (3.13) and Eq. (3.14) into it, the integration

can be written now explicitly in terms of the generalised modal variables &; as:
T

of { Ko+ (5Kl (Klig Jes + %Zz‘,mﬁggj} @l 3.15)

i=1 =1 =l
Therefore, the reduced equation of motion concerning the generalised modal variable &;
can be written now as:
T T r
. . 1 1
Ev ol ¢'{{ Ko+ Y, (51Kl (Ko Joct ., O Kl } (93
i=1 =1 j=1
= ¢  F(1) (.16

Written in matrix form, the reduced equation of motion using r basis vectors is:

£+ of +1a1" { Kot Y (5 Klt (Kl )g;%ZZ[Klijgigj} [t

i=1 =1 =1
= [®]"F() (3.17)
where
E = [£E,. .. E
and (3.18)
E=[E¢,. BT

are respectively acceleration and velocity vectors of generalised modal variables.

Defining the "generalised modal stiffness matrices" as:
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[Glo = [@]"[Kl[®]

[G] = (@1 (2 [Klor+{Klio ) [@]

and (3.19)
[G); = [®]"IK];[@]

i=j=1,..,1
eventually, the reduced equation of motion using r basis vectors can be written as:

£+ o+ [[G]o + ) [GLE; %ZZ [G; zgia,-} 3
i=1

i=1 j=1
= QM ' (3 .20)
where
Q) = [®1" F(y) (3.21)
is the generalised modal force vector.

3.2.2 Formulation of the Reduced Basis Equation of Motion

by Lagrange's Equation Principle

The equation of motion for a dynamic system can also be derived by using Lagrange's
equation principle [Meirovitch, 1975]. The Lagrange's equation of motion expresses the

equilibrium state of a dynamic system in the form of:

3(9E,) OE, 9B, OF,
E[a&iJ ' 'i+a§i—Qi

3 ot
where, E; is the kinetic energy of the system; E4 is the dissipating energy due to

(3.22)

nonconservative forces such as viscous damping etc.; and E;is the potential energy of the
system. &;is the it independent generalised coordinate which is used to describe the
motion of the system, and i ranging from 1 ... to r, the total number of generalised

coordinates of the system.
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The kinetic energy of a vibrating structure discretised by finite element method is:

By = 5 ~d'MIa (3.23)

Associating the nodal point displacement, velocity and acceleration vectors of the finite

element assemblage with r generalised modal basis vectors as Eq. (3.1), then Eq. (3.23)

becomes,
o ( 9Ey o[ o T
‘d‘t(?gf)" a-[ Sg—i(—g [®] [M][d)]é)] (3. 24)
Remember that the basis vectors are made to be the mass matrix [M] orthogonal, so
that:
aaEk_a'a 1.7 .4T ;
a{(-a—ﬁl—)_ 'd—tL-aE(iﬁ [®] [M][d)]&)}
—i( 9 li &2 (3 .25)
a5 (247 |
Therefore,
d ( OE, d
— = == — 3.26
d*(a&i) d[aa,(zg‘g H ©-29
oE,
-a?i =0 3.27)
and,
oE
P (1 T[c]d]=i(— el (Cliol) (3.28)
ok o 9\ 2 |

Since we assumed here, [C] = a[M], hence,

aEd d 1 T T : 0 (o A0 T ¥
— = —| ZE'[®] [Cl[®IE | = —| —E [@] M][D]
% =5 (28orcot)= (S ]

(“2@ }— ok, (3.29)

i=1

The potential energy of the structure is,
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E= % J.vdT[Bo+-%-B1(d)]TD [Bo+—;-Bl(d):| ddv

1 1 T 1
=3 _[ng[d>]T[Bo+-2-B1([<D]§)] D I:B0+§-Bl([¢]§)][(b]§ v (3.30)

T

2= 7) 07 [ Bt 3B.0010) | D[ Bo+ 78,0010 Jile av

r § T
+ 5[ €0l 18,60 | D[Bot 38,0 ke av 63D
v L

[ (01" Byt 2B ([<I>]§)]TD [lB ( )][cp]g dv
v | Bot351 > B1(9;

> T" 1 T 1
+ 3] £T0l"[ B+ 18,0010 | D[ Bor 38,0910 | 6,0V
v 5

As for the terms in the scaler Eq. (3.31) may be freely transposed, and noticing that

only coordinates of geometry are relevant to the integrations, it can be rewritten as:
d 1 T 1
aﬁp =47 [Bo+3B.0910 | D[ Bo+ 38,0010 | avion
T
Ty 4T 1 1
+&70l"[ [ 38,09 | D[ BorzBi1010) | av (e1g (3.32)

Expanding terms of B,([®]E) as:

B, () =B1[Z¢ié]
i=1

= B1(¢1)€1+ et B1(¢t)§!' (3 . 33)

and put Eq. (3.33) into Eq. (3.32). It becomes:
T

=4 jv[w 3 LB } D [Bo‘*' 2ZBI<¢,>&, } av [0

i=1

Tiol” [ [ 18,6, 15 (i)i] (] (3.34)
S M qu;] [Bo+2§31¢§ av [DlE 3.34

The first integration on the R.H.S. of Eq. (3.34) can be written as:
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T

¢ IVI:BO+ —ZB1(¢,)§1 D [B0+—ZBI(¢I)§‘] av [@]E

i=1

=] { Klo+ Z([K]O,+[KLO>¢, n ZZ[K]U EE; } [®)E (3. 35)

i=1 =1
where [K]y; [K];o and [K]ij i=1,..r5andj=1,..,r) are modal stiffness matrices
defined in Eq.(3.13).

The second integration on the R.H.S. of Eq. (3.34) can be written as:

T[(D] J“[—B1(¢x ] D l:BO'*%ZBl(‘bi)&i} dv [®]g
2_[\/[2%45 T(¢)]D[BO+ ZBl(Q)ﬁl}dV[(D]& (3 . 36)

As we point out in chapter 2, the nonlinear part of Green strain operator B;(d) has the

property that: Bl(di)dj = Bl(dj)di, therefore, Eq. (3.36) can be written as:

1 c v
§J'V o7 {B{(Z%éj]] D {BO+EZBI(¢i)§i] AVIDIE
F1 i=1
= ¢ { 5D Kl +5 >, O IK; B, } (@l (3.37)

i=1 =l =1
Adding together the first and the second terms on the R.H.S. of Eq. (3.34), i.e. adding
Eq. (3.35) and Eq. (3.37) together, we have:
)
azf = 0, {[K]wZ( Kl Ko i +5 ZZZ[K]U;&,}[M; (3.38)

i=1 =1 =1
Hence equation of motion for the i th generalised modal variable &; becomes:

E+af; + ¢1{ [K]o+z ( 2 K]ge+ [Klig )F,,+ > EZ[K]UF, 3 } [@]§

i=1 =1
= ¢ F() (3.39)

Written in matrix form, we have the reduced basis equation of motion for all r basis

vectors as:
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) . T r 1 l b r
€ + ok +[D] [K]o+2 (-Z-[K]or*- [Klio )E;i'*'EEZ[K]ijéigj [®IE
i=1 =l =1
= [®]"F® (3. 40)
which is exactly the same as that derived by using P.V.D. in Eq.(3.17).

By defining the generalised modal stiffness matrices as before, Eq. (3.40) can be
written as:

€+ of +|[Glo+Y, (G +5 D, Y, Gl £ |&
=1

i=l j=1
= Q(t) (3 .41)
where [G]y [G];and [G]ij (i=1,..,randj=1,..,r) are defined in Eq. (3.19),

and the generalised modal force vector Q(t) is given in Eq. (3.21).
3.2.3 Conclusion

Up to now we have derived the reduced basis equation of motion of structure using
both the P.V.D. and the Lagrange's equation principle. It can be seen now, that by defining
a set of generalised modal stiffness matrices [G]y, [G]; and [G]ij the reduced equation of
motion can be written in terms of generalised modal variables £ in a systematic way as
Eq.(3.41).

Once the basis vectors or the generalised modes of the structure are selected, coefficient
matrices [G]; and [Gij] i=1,..r5andj=1,..,r) can be evaluated explicitly according
to Eq.(3.13) and Eq. (3.17). Therefore, the equation of motion of the structure can be
transformed explicitly to, and the analysis performed in, the reduced modal space. In this
transformation the material property of the structure is assumed to be linear elastic.

Eq. (3.41) is also a set of nonlinear ordinary differential equations of the second order

but with constant coefficients. However the number of independent variables is much
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smaller than that of Eq.(3.2), since r is a much smaller number than N. Nonlinear force

can be assembled explicitly in the reduced system once the value of the generalised modal
variable £ is obtained. Given an initial value of &g, the response of the structure can be
calculated entirely inside the reduced space. It is in this sense that the method is called the

"explicit formulation".

3.3 IMPLICIT FORMULATION OF REDUCED EQUATION OF MOTION

In section 3.2 we have assumed that the material property of the structure is linear
elastic. The constitutive matrix [D] is symmetric and independent of structural deformation.
So we can express the reduced basis equation of motion explicitly in terms of the
generalised modal coordinate £. However, if the material of the structure is inelastic, then it
is difficult to express explicitly the reduced equation of motion in terms of generalised
modal variables, since the constitutive matrix [D] is now a function of the current stresses
and hence of the unknown displacements. To account for the variations in [D] explicitly in
terms of the generalised modal variable is a difficult task if not impossible. In order to
tackle this problem, an implicit formulation of the reduced equation of motion is suggested.

The structural dynamic equation of motion for the full system finite element analysis is

given by Eq.(3.2) as:
[M] d +[C] d +[ K(d)] d =F(p) (3.2
In the so-called implicit formulation method, those terms in Eq. (3.2) which are

structural deformation independent are transformed directly inside the reduced space. The
terms which are deformation dependent are evaluated in the full finite element system first,
and then transformed to the reduced system.

Eq. (3.2) can be rewritten as:
[M]ld+[C]d+P(d) = F(t) (3.42)
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where

P(d) =j [B;+B,@] D [B 0+%B1(d)] ddv (3. 43)
VO

is the nonlinear internal force vector of the structure, where the constitutional matrix
[D] is also a function of the unknown displacement d in material nonlinear cases, therefore
is deformation dependent. Introducing Eq. (3.1) into Eq. (3.42) and pre-multiplying both
sides by the transpose of transformation matrix [®]T we have:

[®] [M][®JE + [@]' [CIIBIE + [@] P(d) =[] F() (3. 44)

If the damping is still assumed to be the mass matrix proportional and the basis vectors
are orthogonalised and normalised with respect to [M] , then Eq. (3.44) becomes:
. . T
€ + af +[®] P(d) = Q) (3. 45)

In the solution procedure, at each time step, structural nonlinear internal force vector
P(d) is calculated for the full finite element system by Eq. (3.43) after the full set of
displacements d has been calculated from § by Eq. (3.1), and then transformed into the
reduced system. Instead of solving the large system of equilibrium equations (3.42), the
reduced set of equations of motion (3.45) is calculated which is much smaller in size. In
this way, the material nonlinearity can be treated.

However, since data transformation between the full finite element system and the
reduced basis system has to be made at each step, the implicit formulation method is not as
efficient as the explicit method. In this thesis only the explicit formulation method is used
and the analysis procedure will be described in section 3.5.

3.4 BASIS VECTOR SELECTION

The proper selection of the basis vectors is of utmost importance in the reduced basis
analysis, since the accuracy and the success of the method depend, to a great extent, on the

correct selection of the basis vectors. Some basic requirements of basis vector selection
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have been given in section 1.3. To refresh the memory, we quote them as below:

(a) The basis vectors selected should be linearly independent to each other and all the
basis vectors together should be able to span a subspace in which the solution of the
structure is contained.

(b) The generation of the basis vectors should be easy and computationally
inexpensive.

(c) Since the characteristics of the structure changes constantly in a highly nonlinear
structural analysis, the basis vectors selected should be able to follow the changing
directions on the solution path.

(d) The updating of the basis vectors should be both easy and as infrequent as possible.

The basis vectors used in the present thesis are the nonlinear dynamic responses of the
structure at different time instances. These dynamic responses are obtained by a direct time
integration of the full finite element system at the beginning of the analysis. In order to
extract the nonlinear behaviour of the system, the response bases should be chosen at
sufficiently long time intervals for them to develop significantly different characteristics in
their make-up. However, the time interval should not be too long or the cost of the full
system analysis during this period of basis selection will be high. Experience shows that 2
to 4 basis vectors may be selected in a quarter cycle of a vibration period, and the entire set
of the basis vectors can be selected among the first cycle of the vibration. It is thought that
by such selection of the basis vectors the above listed requirements can be best fulfilled.

Firstly, it is apparent that the subspace spanned by the basis vectors thus selected
contains fully the solution of the structure at the moment when the basis vectors are picked
up. The truncation error introduced by transforming the full system into the reduced space
should be smaller than either using the eigenmodes or the Lanczos Ritz vectors as the basis
vectors.

Secondly, the generation of the basis vectors is very convenient and computationally
inexpensive. It does not involve the solution of any eigenvalue problems, for all basis

vectors can be picked up during a short period of direct time integration of the full system at
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the beginning of the analysis. No extra computational work is involved in the basis vector
generation.

Thirdly, the nonlinear changing dynamic characteristics of the structure can be extracted
from these basis vectors alone. No differentiation of the structural tangential stiffness
matrix is needed, which is also computational costly. The theory will be discussed as
below.

The dynamic response of the structure at any time instance can be thought of as the
linear combination of its instantaneous eigenmodes of the system. In linear dynamic
analysis, the instantaneous eigenmodes of the structure are the same at all time irrespective
to structural responses. Only the amplitude of each mode changes with time. But in the
large displacement geometrically nonlinear dynamic analysis, the instantaneous eigenmodes
of the structure is a function of structural displacement d. At different time instants there
are different tangential eigenmodes. Therefore, responses at different time instants have the
information of different tangential eigenmodes of the system. If the time interval between
different responses are sufficiently long, the changing characteristics of the instantaneous
eigenmodes of the system can be extracted from them.

If we express the response of structure by its instantaneous tangential eigenmodes as:

d= wana Zwm&) 3 (3. 46)

i=1

here y;(d) is the ith instantaneous tangential vibration mode of the structure. It changes
with the system's large displacement response d in geometrically nonlinear cases and can
be thought of as a function of modal amplitude parameter £ as well.

Expanding Eq. (3.46) by Taylor series at time t=ty, we have:

%d )
d=d, (aé,) £+ [agagl EE + 3. 47)

where the repeated indexes imply summation from 1 to N. The derivatives of the nodal

displacement d with respect to the modal amplitude parameters can be calculated from

Eq.(3.46) as:
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&R )~ O, T 3L, T oE0E; =

Putting Eq. (3.48) into Eq. (3.47), the displacement increment around time t=t; can be

(3.48)

expressed as a linear combination of the tangential eigenmodes and their modal derivatives

of the structure evaluated at dy, i.e.
oy;

Ad = L{Wl(d) ( ) } (3.49)
L™ az;l

where Ad =d - dy (3.50)
We can calculate accurately the tangential modal derivatives by considering the free

vibrational characteristic equation of the structure as:
(K(d)] - o [MDy; = 0 (3.51)

and solving for

oy; d[K(d)]
3, —og, Vi

Then it is necessary to assemble the total stiffness matrix of the structure and to

(K(d)] - 02 M) = = (Mlyy] —[11) ——— (3.52)

differentiate it with respect to the modal parameters. Also the eigenvalue problem has to be
solved.

Since it is only the changing directions of the tangential eigenmodes which are of
interest to us, there is no need to calculate the accurate modal derivatives but to evaluate
them numerically. From Eq. (3.49) we know that the displacement increments around dy,
can be thought of as the linear combinations of the tangential eigenmodes and the modal
derivatives of the structure at that time. Therefore, by taking the responses of the structure
around dg and calculating the differences between them, we can obtain information of the
eigenmodes and its modal derivatives. Making them orthogonal to each other and taking as
basis vectors, the tangéntial eigenmodes and the modal derivatives can bc extracted
numerically.

Another advantage of this basis vector selection method is that the influence of the

applied load has been considered. Here only those deformation shapes which are actually
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excited out by the applied load have been included in the basis vectors. Therefore, not only

the spatial distribution of the applied load but also the frequency component of the applied
load has been taken into account in the basis vector generation. Because if the spatial
distribution of the load is orthogonal to some natural vibration modes of the structure, then
those modes will not participate in the response and will not be included in the basis
vectors. Also if the frequency of the excitation is close to a natural frequency of the
structure, then the response of the structure will be dominated by the corresponding natural
vibration mode. Therefore, the basis vectors selected will include mainly this mode and its
changing directions, i.e., the derivatives of the mode.

Lastly, if the dynamic characteristics of the structure changes significantly, the basis
vectors selected at the beginning of the analysis may not be able to describe adequately the
structural behaviours later. When this happens, the basis vectors should be reselected or
updated. Here the basis vector updating is easy. It can be performed simply by returning
back to the full system analysis and picking up the new deformation patterns of the
structure as before. Details can be found in section 3.5.

The using of the tangential eigenmodes of the structure and also the nonlinear static
solutions as basis vectors have been tried as well. The results show that they are not as

good as the present method of basis vector selection.

3.5 PROCEDURE FOR THE REDUCED BASIS DYNAMIC ANALYSIS

The procedure for the reduced basis finite element dynamic analysis is described in the
following. Here only the explicit formulation method is discussed.

(1) Finite element model.

Firstly, the finite element discretisation of the structure and the equation of motion for

the large displacement nonlinear dynamic analysis are formulated. Displacement method
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and the Total Lagrangian formulation are used in this work.

(2) Solution algorithm for the full system dynamic analysis.

One of the suitable direct time integration schemes is chosen to perform the full system
nonlinear dynamic analysis of the established system equations. Here the explicit central
difference method is used.

(3) Basis vector generation.

The nonlinear dynamic responses at different time instances of the full system are
chosen here to be the basis vectors. In the sinusoidal excitation of the structures, the basis
vectors are picked up to be the structural responses at evenly distributed time intervals
among the first half cycle or the first full cycle of the vibration depending upon how many
are needed. The number of the basis vectors needed depends on the problem nonlinearity
and also on the accuracy requirement of the analysis.

(4) Orthogonalisation of the basis vectors.

The basis vectors are orthogonalised to make them linearly independent. The
Gram-schmidt orthogonalisation method is used here. For computational convenience, the
basis vectors are orthogonalised and normalised with respect to the mass matrix, so that:

[@]" (M] (@] =[I] (3.53)

(5) Reduced equation formulation.

The "generalised modal stiffness" matrices [G]y [G]; and [G]ij i=1,..,5j=1,..,
r.) are calculated according to Eq. (3.13) and Eq. (3.19). Equation of motion of the full
finite element system is transformed into the reduced modal space to get the reduced basis
equation of motion Eq. (3.20).

(6) Initial conditions calculation.

To start the structural analysis in the reduced modal space, the initial conditions of the
reduced equation have to be calculated. Since the nodal displacement d,, and velocity d,,
have already been obtained in the full system, it is simple to transform them into the

reduced modal space. From Eq. (3.1) we have:
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d, = [@l g,

d, = [@IE, (3.54)
0 0

Multiplying both sides of Eq. (3.54) by [®]T[M], we get the initial conditions for the
reduced basis as:
T T
[@] [Mld, = [®] [M][®IE =&
0 0 0

[©] M4, = [®] [M] [@] € =& (3. 55)
0 0 0

(7) Solution algorithm for the reduced basis analysis.

Since the problem size has been greatly reduced, a more elaborate solution algorithm
can be used to solve the reduced equation. In this work, the fourth order Runge-Kutta time
integration method is used for its simplicity and good accuracy. The truncation error of the
fourth order Runge-Kutta method is of (At)S.

In the explicit reduced basis dynamic analysis, it is Eq. (3.20) which has to be solved.
Eq. (3.20) is a set of second order nonlinear differential equations. It can be rewritten as:

r ror
E=QW-at -{[lez [ChE+ 52, O IGhEE & (3. 56)
i=1 =l =1

Using the Runge-Kutta method, a new variable vector Y is introduced to reduced the

second order differential equation to the first order. Defining Y as:

Y=t £ 3 .57
then the equation of motion becomes:
Y=[¢ &' (3 .58)
where, ?; can be obtained from Eq. (3.56) which contains § and é only. With the initial
condition
Y, =[EE]y 3 .59

given at time t=t, Eq. (3.58) can be solved by the standard fourth order Runge-Kutta
method [Hall, 1976]. The analysing results can be transformed back to the full system
using Eq. (3.1) at any required time instants. ‘

It is worthwhile to notice that the time step used in the direct time integration of the

reduced system can be much larger than that used in the full system. This is because of the
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maximum eigenvalue for the reduced system drops significantly comparing to that of the
full system, so that the critical time step is much larger for the reduced system. The critical
time step for the Runge-Kutta method is (At).=2.78/A,,,, Where A ,, is the maximum
eigenvalue of the sy.stem [Wu Han and Shan Dong Univs. 1983].

(8) Accuracy control.

In order to control the accuracy of the reduced basis analysis, the results obtained from
the reduced system analysis are transformed regularly (say every M steps, where M is an
integer between 50-100.) back to the full finite element system to check if the accuracy
requirement is satisfied.

The error measurement defined in the full finite element dynamic system is:

T
1 R'R
Mp2M= % (3. 60)
N \/ F.F,+F.F 4P P+F'F

where, Tp is an accuracy control parameter of the dynamic analysis of the system; 1 is

the error measure of the system at any particular time instance; N is the number of total
degrees of freedom of the finite element discretisation; R is the out of balance residual force

vector of the system which is defined for the dynamic system:
R = F() - [M]d - [Cld - [K(d)ld (3. 61)
and F = F() is the external applied force vector;
F, =[Mld is the inertial force vector;

F, =[Cld is the damping force vector;
P =[K(d)ld is the nonlinear internal force vector.

- If the accuracy requirement is satisfied, then the transformed displacement and velocity
vectors of the full system are saved. Analysis of the structure continues inside the reduced
system. Otherwise, if the error measure 1 exceeds the prescribed tolerance Mp, then the
latest M steps of calculation in the reduced system analysis are discarded. The analysis of
the structure returns to the full system, where the initial conditions have been saved. New
basis vectors can be selected and a new reduced system can be formed as before.

(9)Nonlinear natural frequency calculation.

In nonlinear structural dynamic analysis, the dynamical characteristics of the structure
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changes continuously. Therefore, It is of interest to monitor whether the changing natural
frequencies would cause the structure to resonate.

Using the reduced basis analysis it is very easy to trace the variations of the lowest set
of natural frequencies of the structure. This is done by assembling the total nonlinear
generalised modal stiffness matrix [G] as:

r T
[G] = {[Gl+Y, [GLi &+ 5 Y IGHE, (3. 62)
i=1 =1 Fl

at the required time instants and solving the free vibrational characteristic equation of

the reduced system of:
(G] - o[y, = 0 (3. 63)

The free vibration modes of the full system can be obtained by the normal

transformation as:
v = [Dly, (3.64)

where, W and \, are the instantaneous free vibration mode of the structure in the full
system and the reduced system respectively.

It should be pointed out that only those instantaneous natural vibration modes which
actnally participate in the response can be extracted in this way. In other words, those
vibration modes which have not been excited by the applied load can not be calculated.

Since the number of independent variables in the reduced space analysis is much
smaller than that of the full finite element system, the computational effort for the

calculation of Eq. (3.63) is negligible.
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CHAPTER 4

THE STRUCTURE OF THE PROGRAMME REDDYN

4. 1 INTRODUCTION

The proposed reduced basis finite element (RBFE) method is implemented in a Fortran
programme called REDDYN (reduced dynamic analysis). The organisation of the
programme can be seen from the outline given in Fig.4.1.

The main purpose of the programme is to perform the large displacement geometrically
nonlinear dynamic analysis of the structures using the reduced basis analysis technique. In
order to generate different basis vectors, nonlinear static structural analysis and nonlinear
dynamic full finite element system analysis of the structures are incorporated. Therefore the
programme can be used to perform: (1) nonlinear static finite element analysis of the
structures using either the T.L. or the U.L. formulations (subroutine STATIC); (2)
dynamic analysis of the geometrically nonlinear structural problems using the full finite
element system (subroutine DYFULL); or (3) dynamic analysis of the geometrically
nonlinear structural problems using the RBFE method (subroutine DYREDU).

There is a control card at the beginning of the programme to specify the type of the
analysis, i.e., whether a static or a dynamic analysis is needed, and also to indicate whether
it is a small displacement linear analysis or a large displacement nonlinear analysis.
According to the analysis types, the programme is divided into two parts: the static analysis
and the dynamic analysis. Both of them are able to perform the small displacement linear or

the large displacement geometrically nonlinear analysis.
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DYNAMIC ANALYSIS ?

NO
YES
STATIC DYREDU DYFULL
] dynamic dynamic
structural static reduced basis full system
analysis analysis analysis
OUTPUT

Fig. 4.1 The outline of the programme REDDYN

In the dynamic analysis, the programme is further divided. The structures can be
analysed by using full finite element system or using the RBFE technique. Three different
kinds of basis vectors can be used in the RBFE analysis, they are: (a) the structural
nonlinear static solutions; (b) the lowest set of the tangential eigenmodes of the structure;
and (c) the nonlinear dynamic responses of the structure at different time instants. The

detailed description of each part will be given in the follows.
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4.2 THE T.L. AND THE U.L. ANALYSIS OF NONLINEAR
STATIC PROBLEMS

The subroutine STATIC is intended as an alternative way of generating the static basis
vectors for the use in the dynamic RBFE analysis. It can also be used to perform the
normal geometrically nonlinear static analysis of the structures. Both the T.L. formulation
(Eq. (2.38)) and the U.L. formulation (Eq. (2.42)) can be used. The flow chart of the
subroutine STATIC is shown in Fig. 4.2.

The programme is capable of analysing two dimensional plane stress/plane strain and
axisymmetrical problems using the isoparametric element. The external applied loads can be
of four different types, i.e. (a) the point loads; (b) the distributed edge loads; (c) the initial
stresses; and (d) the gravity loads.

Nonlinear incremental solution algorithms can be chosen from the initial stiffness
method or the modified Newton-Raphson method described in section 2.2.3. The Frontal
solution method is used to solve the governing equilibrium equations at each iteration to
take the advantage of its small computer central memory requirement. The convergence
criterion used in the nonlinear equilibrium iteration is the residual norm check which is

defined as:

1 /RTR
‘npzns=-ﬁ- ?; (4.1)

where M is a prescribed accuracy control parameter; 7 is the out of balance residual
norm measurement; N is the number of total D.O.F. of the finite element assemblage; P is
the nonlinear internal force vector; R is the residual force vector defined in Eq. (2.52). The

convergence check Eq. (4.1) is performed at every iteration. If 1, is smaller than the
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prescribed tolerance 1, then the equilibrium iteration is stopped for the current load

increment. Otherwise the equilibrium iteration continues. In modified Newton-Raphson
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solution scheme, when the maximum iteration step is reached structural stiffness matrix is
recalculated and the equilibrium iteration continues using the new stiffness matrix. If the
initial stiffness solution algorithm is used, the analysis will be stopped when the
convergence check fails after the maximum number of iteration steps is reached. The
problem is then classified as to be highly nonlinear, and the modified Newton-Raphson
solution scheme will be used instead.

4.3 STRUCTURAL DYNAMIC ANALYSIS USING THE FULL
SYSTEM OF EQUATIONS

Full system geometrically nonlinear structural dynamic analysis is implemented by
using the subroutine DYFULL. The subroutine is also used to generate the basis vectors
when dynamic responses of the system are chosen to be the basis vectors in the reduced
basis analysis.

Dynamic full system governing equations are solved by the direct time integration using
the central difference method (Eq. (2.66)). The consistent mass matrix of the structure is
diagonalised by a lumping routine [Hinton et al., 1976], so that Eq. (2.66) is decoupled.
Here the mass matrix proportional viscous damping is assumed. The nonlinear internal
force vector of the structure can be calculated and assembled element by element from the
stress distribution using Eq.(3.43). Therefore the solution for the decoupled governing
equation (2.66) is trivial at each time step. The flow chart of the full system nonlinear
dynamic analysis is shown in Fig. 4.3.

At the start of the analysis, the critical integration time step is estimated using
Eq.(2.68). As the dynamic characteristics of the system changes in the analysis, the trial
and the error method has to be used to adjust the time step estimated. From experience it

seems that the stability requirement dictates the time step for the central difference method.
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The accuracy requirement can be satisfied automatically as the time step is always
restricted to be very small by the stability consideration. So that the appropriate time step is

the maximum time step which can be used for the analysis procedure to remain stable.
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Another problem which arises in the time integration is that the central difference
method can not be self-starting. This can be seen from the Eq.(2.66), that the governing
equation at time t; involves the displacement vectors dg, dyg 4,, and also dg,a,. To solve
for the unknown displacement dyg, ., two previous displacement vectors d,g and d,g 5, are
involved. Therefore to start the time integration, we have to calculated dg_,, It can be

evaluated from Eq. (2.64) if the initial velocity vector dyis given, i.e.
doa= dosar 2At &0 4.2
Put Eq.(4.2) into Eq.(2.66), the first step calculation in central difference method

becomes:
2 2
2 [M] dy, 5, = Fltg) - [ K(dg)]-—=IM] |d
=M do,s,= Flty ([ - )
+ (—z-[M]—[c])ao 4.3)
At

4.4 GEOMETRICALLY NONLINEAR STRUCTURAL DYNAMIC
ANALYSIS USING THE REDUCED BASIS FE. METHOD

The procedure of the linear or geometrically nonlinear dynamic analysis of structures
using the reduced basis technique has been described in section 3.5. The procedure is
incorporated in the subroutine DYREDU in the programme REDDYN. Three different
choices of the basis vectors are: (a) the nonlinear structural static solutions; (b) the
tangential eigenmodes of the system; and (c) the nonlinear dynamic responses of the
structure at different time instants calculated from the full system. The analysis can be
divided into ten stages in the programme:

(1) Input phase.

Apart from the normal inputs, it is also necessary to indicate what kind of basis vectors
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will be chosen, how many basis vectors to be used and to specify the accuracy requirement
of the analysis.

(2) Formulation of the reference load vectors.
In most cases, the external applied loads can be controlled by one parameter, i.e., the
spatial distribution of the load can be formulated as a reference load, and the magnitude of

the load controlled by a parameter. So that in the static cases:
F=AF 4.4)
where F is the reference load which can be formulated by using Eq. (2.22), and A is a

magnitude governing parameter. In the dynamic cases:
F(t) = A®F 4.5
where the parameter A(t) is a function of time.

(3) mass matrix lumping.

In order to decouple the governing equations used in central difference time integration
(Eq.(2.66)), the consistent element mass matrices are formulated first and then a mass
lumping routine is used to diagonalise the total mass matrix of the system.

(4) Basis vector generation.

If the nonlinear static solutions of the structure are chosen to be the basis vectors, the
analysis is switched to the subroutine STATIC. The dynamic reference load is treated as a
static one applied to the structure. The static deflection shapes of the structure at different
load levels are calculated and chosen to be the basis vectors.

If the tangential eigenmodes of the structure are selected to be the basis vectors, then the
total stiffness matrix of the structure is assembled and the tangential eigenmodes are
calculated. The lowest set of the tangential eigenmodes are chosen to be the basis vectors.
At the beginning of the analysis, since there is no displacement, the tangential eigenmodes
of the structure are the same as those of the free vibration modes in small displacement
linear analysis. But when the structure is deformed from its original configuration, the
tangential eigenmodes of the system will differ from their counterparts of the small
displacement analysis, see Appendix C.

When nonlinear dynamic responses at different time instants are chosen to be the basis

71



Chapter 4
vectors, the analysis is switched to the subroutine DYFULL. The direct time integration is
performed for a short period of time in the full system, and the nonlinear responses at
different time instants are selected. In order to extract nonlinear changing dynamic
behaviour of the system, the chosen responses should have significantly different
characteristics in their "make-up". From the experience of this work, the basis vectors
selected should distribute evenly among the first half cycle or the first cycle of the vibrating
response of the structure.

(5) Orthogonalisation and normalisation of the basis vectors.

Once the basis vectors are selected, they should be orthogonalised to make them
linearly independent to each other. The Gram-Schmidt method is used and for
computational convenience, the basis vectors are normalised with respect to the mass
matrix as in equation (3.7).

(6) Formulation of the reduced system.

The full system can be transformed to the reduced system according to the equations
from (3.7) to (3.21). This includes the transformation of the reference load; the formulation
of the "modal stiffness matrices" [K]; and [K]ij according to Eq. (3.13); and the
evaluation of the "generalised modal stiffness matrices” [G]g, [G]; and [G];; of the reduced
system by Eq. (3.19).

(7) Direct time integration of the reduced system.

After the formulation of the reduced equation of motion, the analysis can be performed
in the reduced generalised modal space. Since the number of degrees of freedom is much
smaller in the reduced system comparing to the full system, more elaborate time integration
scheme can be used to analyse the reduced equation (3.20). Here the fourth order
Runge-Kutta method is adopted to achieve the high accuracy. The truncation error of the
fourth order Runge-Kutta method is of (At)S which is much lower than that of the central
difference method of (At)2. Also the initial conditions for the reduced system have to be
calculated according to Eq. (3.55).

(8) Nonlinear natural frequency calculation.
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The variations of the nonlinear natural frequencies of the system can be monitored from
the reduced system. It is achieved by assembling the nonlinear instantaneous stiffness
matrix of the reduced system according to Eq. (3.62) and solving the eigenvalue problem
of the reduced system Eq. (3.63) regularly. As the problem size is greatly reduced, the
computational cost for the eigenvalue solution of the small system is negligible.

(9) Accuracy control of the reduced system analysis.

At every M steps analysis in the reduced system, here M is a integer number between
50-100 depend on the accuracy requirement, the accuracy of the reduced system analysis is
checked. This is performed by transforming the results to the full system of finite element
variables and check if the dynamic equilibrium requirement Eq. (3.60) is satisfied. If the
residual force norm 1 does not exceed the prescribed tolerance Mp, the displacement and the
velocity vectors of the full system are saved and the analysis continues using the reduced
system. Otherwise, the calculations of the latest M steps are discarded, the analysis returns
to the full finite element system where the initial conditions at the last check have been
saved.

(10) Basis vector updating.

If the accuracy check fails, the calculation is restarted from that time instant and new
basis vectors are reselected as follows. If the basis vectors are selected to be the tangential
eigenmodes of the system, then the instantaneous stiffness matrix of the full system is
updated using the latest acceptable displacement and the tangential eigenmodes of the
structure are recalculated; Otherwise the analysis returns to the full system dynamic analysis
using the central difference direct time integration. The responses at different time instants
are selected as new basis vectors in the same way as in (4).

The flow chart of the nonlinear reduced basis dynamic analysis of the structure is given

in Fig. 4.4.
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NUMERICAL EXAMPLE STUDIES

The background of the reduced basis finite element (RBFE) method has been discussed
in chapter 1. Geometrically nonlinear finite element analysis of the structures is described in
chapter 2. The formulation of the reduced basis system and the programme implementation
of the RBFE method have been given in chapter 3 and chapter 4 respectively. In this
chapter, the proposed RBFE technique is applied to two sample studies to show its validity
and efficiency. Firstly the validity of the programme REDDYN will be checked. Then the
responses of two beam like structures under different dynamic loads are studied by using
both the usual finite element analysis and the RBFE method. The results from the two
methods are compared in every case. All the analyses are performed using the Cyber

computer on the 855 machine and the NOS operation system.

5.1 SOURCE CODE VERIFICATION

The cantilever showing in Fig. 5.1.1 has been analysed by several authors [Holden,
1972; Bathe, 1975, 1976]. It is also analysed here by using the programme REDDYN and
the results are compared to those available from the literatures to check the programme.

In order to compare the results with Bathe's analysis, the beam is represented by five

8-node isoparametric plane stress elements, see Fig. 5.1.2, the same elements are used in
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Bathe's paper [Bathe, 1975].
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Fig. 5.1.1 The cantilever beam
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Fig. 5.1.2 The finite element idealisation of the cantilever beam

5.1.1. Static analyses

The cantilever subjected to the static distributed load as shown in Fig. 5.1.3 has been
analysed. The magnitude of the load is q and the vertical displacement w at the free end of
the beam is calculated. The material behaviour of the beam is assumed to be linear elastic.

The analytical solution of the problem has been supplied by Holden [Holden, 1972] for
the geometrically nonlinear analysis, and the finite element analysis result is provided by

Bathe [Bathe, 1976].
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Fig. 5.1.3 the cantilever beam subjected to the distributed load
Firstly, the finite element linear small displacement analysis using the subroutine

STATIC will be compared to the analytical solution. The end deflection of the cantilever

under the distributed load is:
4
_aL_
w(0) = SEL 5.1

Using the data taken from Bathe's paper [Bathe, 1976] (h=1 in., L=10 in., q=2.85

Ib/in.) we have the comparison of the small displacement linear analysis results as:

analytical w(0) = 3.5625 in.
F.E.(present w(0) = 3.5604 in.
F.E.(Bathe) w(0) = 3.5600 in.

Then the large displacement geometrically nonlinear static analysis using the subroutine
STATIC is compared to Bathe's results. The distributed load q is applied incrementally
from O to 2.85 Ib/in by 20 steps. The displacement at the free end of the cantilever is:

E.E. (present T.L.) w(0) = 3.2716 in.

E.E. (present U.L. w(0) = 3.2766 in.
F.E. (Bathe) w(0) = 3.265 in.

where in Bathe's analysis more load incremental steps are divided. More detailed
comparison is given in Fig. 5.1.4. and very good agreement is obtained there. In Fig.
5.1.5 the influence of the load incremental step division on the nonlinear static solution
accuracy is shown.

When the displacement is large, the analysis using the linear theory gives obviously
incorrect result, see Fig. 5.6 and Fig.5.7, where the deformed configurations of the

cantilever of the linear and the nonlinear analyses are plotted.
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5.1.2. Dynamic calculations

Since the basis vectors used here are selected to be the responses of the full system
finite element analysis, the validity of the subroutine DYFULL is checked. The
calculations of the cantilever beam are compared with the existing results. The natural

frequencies of the cantilever evaluated using the analytical linear vibration theory are:

W, = 1.8752. / -E—I4 =1111.74 rad/s = 176.94 HZ
mL

®, = 4.694, [ 34 = 6967.95 rad/s = 1108.98 HZ
mL

), = 7.8552, / 24 = 1.951x10"* rad/s = 3105.11 HZ
mL

for the first three natural vibration modes. Here o, is the ith natural frequency of the
free vibration mode of the cantilever and m is the mass density of the beam. The finite
element eigenvalue analysis results are:

®; = 1100.34 rad/s = 175.07 HZ
®, = 6520.16 rad/s = 1037.71 HZ
@3 = 1.703x104 rad/s = 2710.41 HZ.

The responses of the cantilever under dynamic step load have been analysed by K. J.
Bathe [Bathe,1975] using the same finite element idealisation. The present analysis results
are compared to Bathe's analyses for both the linear small displacement and the
geometrically nonlinear large displacement analyses. Good agreements are obtained, see
Fig.5.1.8. Due to the "stiffening" phenomenon of the cantilever beam, the response
amplitude of the geometrically nonlinear analysis is much smaller than that of the linear

analysis.
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Hereafter, the term "geometrically nonlinear" will be simplified as "nonlinear" for

conciseness of expression.
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Fig. 5.1.8 Response calculations of the cantilever beam to the dynamic step load

3
A t=1.36x10 sec.

From the static and the dynamic calculations made above and the good agreement
obtained by comparing the results with those available from the theoretical analysis and in
the literature, the validity of the subroutines of STATIC and DYFULL in the programme
REDDYN has been established. In the example studies made later, the results obtained by
using the full system analysis (the subroutine DYFULL) are taken to be the accurate
solutions (to the extent of the finite element idealisation and of the direct time integration
scheme used). The reduced basis system analyses are compared to the full system results to
check the accuracy of the RBFE method.

The computational efficiency factor "CEF" of the RBFE analysis is defined as:

CP time needed for the full system analysis
CEF =

CP time used in the reduced system analysis for the same duration

It is called the economy factor sometimes.
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5.2 THE ANALYSIS OF THE CANTILEVER BEAM UNDER
DIFFERENT DYNAMIC LOADS

The first example study made is the analysis of the cantilever beam, shown in the Fig.
5.1.1, under different dynamic loads. The finite element model of the cantilever has already
given in the Fig. 5.1.2 and the total number of D.O.F. is 56. This small dynamic problem
is studied to show the validity of the proposed RBFE technique rather than to show its
computational efficiency. Both the linear small displacement and the nonlinear large

displacement dynamic analyses are made.

5.2.1. Response of the cantilever to dynamic step load

The distributed load shown in the Fig. 5.1.3 is applied to the cantilever as a dynamic
step load, see Fig. 5.2.1. The response of the cantilever is calculated using the RBFE
method and compared to the full system analysis. In the following the vertical displacement
response history at the free end of the cantilever beam will be plotted.

Y |

2.85

Fig. 5.2.1 Dynamic step load

Before the RBFE analysis results are presented, some abbreviations used in the plotting

are listed in the follows:
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CP Sec. computer time used (second);
D damping factor o;
INTEV the number of interval steps between each basis vector when

chosen from the vibrating response;

Lin Full linear full system analysis;

Nonli Full nonlinear full system analysis;

Lin Redu linear reduced system analysis;

Nonli Redu nonlinear reduced system analysis;

Lin F; linear natural frequency of the ith vibration mode;

Nonli F; instantaneous nonlinear natural frequency of the ith vibration mode;
Load the load magnitude or the load amplitude B;

NBASS number of the basis vectors used in the reduced system analysis.

In Fig. 5.2.2, linear dynamic analysis result using three basis vectors (NBASS=3)
which are picked from the first quarter cycle of vibrating response of the full system
analysis, is compared to that of the full system analysis. The agreement obtained is very
good. The accuracy control parameter of the reduced system analysis which is defined in
Eq. (3.60) is set to be Np= 0.01. Fig. 5.2.3 is the same analysis, but 8 basis vectors
(NBASS=8) are used which are distributed evenly among the first half cycle of the
vibrating response of the full system analysis. The result of the reduced system analysis is
almost as same as that of the full system analysis. And the 3-basis reduéed system analysis
result is a]sé plotted in the Fig. 5.2.3 for the comparison.

The nonlinear reduced system analysis result using 3 basis vectors is given in
Fig.5.2.4. Fig. 5.2.5 is the same analysis using 6 basis vectors. Both of the basis vectors
are picked within the first half cycle of the vibrating response and no basis vector updating
is needed. The accuracy control parameter Np is set to be 0.05 and 0.01 respectively. In the
Fig. 5.2.5 the variation of the nonlinear instantaneous natural frequency of the first

vibration mode is also given. The curve is scaled and plotted as Nonli-F1/Lin-F1 together
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with the displacement response history of the cantilever. The nonlinear instantaneous
natural frequencies are calculated using the reduced system. The beginning of the curve
gives the time when the reduced system analysis is started.

Using of the response deflection shapes of the structure as basis vectors in the
nonlinear reduced system analysis, when and where the basis vectors are picked has
significant influence on accuracy of the result. In Fig. 5.2.6 the result of a 8-basis reduced
system nonlinear analysis of the same problem is compared to the full system analysis. The
accuracy control parameter for the reduced system analysis is p=0.02. Because of the
basis vectors are selected too near to each other (INTEV=50), the information of the
nonlinear behaviour of the structure can not be fully included, therefore the analysing

result is not as accurate as that in Fig. 5.2.5 where only 6 basis vectors are used.

5.2.2. Steady states of the cantilever beam subjected

to sinusoidal excitations

In the following studies the steady states of the cantilever beam subjected to sinusoidal
excitations are calculated. The applied distributed load is now the harmonic function of time
t and is written in the form of q=B(qgsin wt), where qp=2.85 1b/in, ® is the exciting
frequency and B is a factor used to vary the amplitude of the sinusoidal exciting force to
investigate the nonlinear behaviour of the structure. Three different exciting frequencies are
used, which are: (a) the exciting frequency near to one of the natural frequency of the
structure to study the large amplitude responses; (b) the exciting frequency between two
lower natural frequencies to investigate the nonlinear multi-modes coupling effect; and (c)

the high frequency excitation study.

(1) Large amplitude response studies
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The fundamental natural frequency of the cantilever beam calculated from the finite
element model is @ = 1100 rad/s. The exciting frequency of the sinusoidal force is set near

to the natural frequency to investigate the resonance response of the structure.

(a) ®=1200 rad/s

Firstly, the exciting frequency of the force is set to be w=1200 rad/s which is slightly
higher than the fundamental natural frequency and the load magnitude is set to be B=0.5.
Fig. 5.2.7 shows the comparison of the linear full system and 3-basis reduced system
analysis results. The accuracy control parameter for the linear reduced system analysis is
Np=0.01. Excellent agreement is obtained.

Generally speaking, there is no clear indication as to when the geometrical nonlinearity
should be taken into account. This can be demonstrated by the following two examples. In
Fig. 5.2.8 the load amplitude of the excitation is set to be very small (B=0.01), the full
system nonlinear analysis is performed and the result is compared to that of the linear
3-basis reduced systerﬁ analysis. Exactly the same result is obtained. Because the response
amplitude is very low, there is no geometrically nonlinear effect. However when the load
amplitude is ten time bigger (B=0.1), then the geometrical nonlinearity can be detected, see
Fig. 5.2.9 where the nonlinear full system and the 3-basis reduced system analysis results
are compared. Due to the "stiffening” phenomenon of the cantilever beam, the response

amplitude of the nonlinear analysis is smaller than that of the linear analysis.

(b) ©=1000 rad/s

The exciting frequency is set slightly lower than the fundamental natural frequency at
®=1000 rad/s. Nonlinear response calculated using 6-basis reduced system is plotted
together with the full system analysis in Fig. 5.2.10, where the load magnitude is B=0.5
and the accuracy control parameter for the reduced system analysis is p=0.03. The six

basis vectors are picked from the first quarter cycle of the vibrating response of the full

85



Chapter §
system analysis. In Fig. 5.2.11 and Fig. 5.2.12 the nonlinear analyses using the same
reduced system are performed, but the load amplitude is reduced to B=0.25. The agreement
between the full system and the 6-basis reduced system analyses is very good and the
variations of the first and the second nonlinear instantaneous natural frequencies are plotted
together with the displacement response history. The comparison of the horizontal
displacement history at the free end of the cantilever is given in Fig. 5.2.13 also and Fig.
5.2.14 shows the vertical displacement response comparison at the middle span of the
cantilever.

In Fig. 5.2.15 responses of linear and the nonlinear analysis at B=0.25 are compared,
the response amplitude of nonlinear analysis is reduced due to the "stiffening" .
phenomenon.

Because the damping is neglected (a=0) here, the transient responses due to the initial
conditions never die away. Therefore the response of the cantilever is mainly the
superposition of two harmonic components: the natural response vibrating in its first
natural frequency of ®; and the response to the external excitation vibrating in the
frequency of ® Since the two frequencies are close to each other, the amplitude of the
response history is modulated to appear as a "standing wave" form, which can be explained

by considering of a linear single degree of freedom system of:

mx + kx = Pgsinot (5.2
The response of the system with the initial conditions x=0 and x=0 is:
Py/k . o .
X= ———2( sinwt — Esmmnt) (5.3

(3
@,
where o, is the natural frequency of the system and (®,)2=k/m. When the natural

frequency @, and the frequency of the excitation @ are close to each other, then w/m, =1,

the response can be written approximately as:

P,
X = -—olk—z sin%((o—o)n)t cos-;-(mmn)t (5.4

(0]
-(a)
@,
Therefore the system can be thought of as vibrating in the frequency of 1/2(0+w,)=w,
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and the amplitude of the response (the term inside the square brackets) is modulated at a
"beat" frequency of 1/2lw-w,|. This is the phenomenon which can be viewed in Figs.

5.2.7-15.

(2) Exciting frequency between the first and the second

natural frequencies

The natural frequency of the second vibration mode of the cantilever beam is
®,=6520.16 rad/s. The exciting frequency of the force is set between the first and the
second natural frequencies of the cantilever, the performance of the RBFE method in the

multimodes coupling circumstance is studied.

(a) Exciting frequency ® = 1500 rad/s; load factor B=1.0.

This exciting frequency is closer to the first natural frequency of the system (®,=1100
rad/s) than the second. The linear and the nonlinear full system analysis results are plotted
together in Fig. 5.2.16. The result of 3-basis reduced system linear analysis is also given
and the agreement with the linear full system analysis is excellent. The three basis vectors
are picked in the first quarter cycle of the vibrating response of the full system analysis.

Nonlinear reduced system analysis results using 6 and 8 basis vectors are shown in
Fig. 5.2.17 and Fig. 5.2.18 respectively. Both the bases are picked within the first quarter
cycle of the vibrating response of the full system analysis. The accuracy control parameter
is Np = 0.025, no basis vector updating is needed. The result of the 8-basis reduced
analysis is only slightly more accurate than that of the 6-basis analysis, see Fig. 5.2.19
where the results of the two reduced systems and the full system analysis are compared
together. It indicates that the six basis vectors is enough to describe the response of the
system under such load condition. The use of more basis vectors than needed is a waste of
computer time that decreases the computational efficiency of the RBFE method. When

more basis vectors than needed are used, the result of the reduced system analysis is not
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sensitive to the basis interval parameter (INTEV). It can be seen from Fig. 5.2.20 where
the nonlinear analyses using two 8-basis reduced systems are compared. Different basis
intervals are used (INTEV=50 and INTEV=100), the results calculated from the two
reduced systems are virtually identical.

In Fig. 5.2.21 nonlinear instantaneous natural frequency of the first vibration mode of
the cantilever is given. It is calculated using both the 6-basis and the 8-basis reduced
systems. From the Fig. 5.2.21 it can be seen that the first natural frequency of the

cantilever varies up to a maximum of 13.5% under this load circumstance.

(b) Exciting frequency ® = 3300 rad/s; various load factor B.

This exciting frequency is in the middle between the first (1100 rad/s) and the second
(6520.16 rad/s) natural frequencies of the system. Linear and nonlinear analyses at
different load levels are made.

Fig. 5.2.22 gives the linear full system analysis results under different load levels
(B=0.25; 0.5; 1.0; 1.5 and 2.0). It can be seen clearly that the response amplitude is
proportional to the load magnitude in linear analysis. The 3-basis reduced system linear
analysis results are given in Fig. 5.2.23 and Fig. 5.2.24. Very good agreement to the full
system analysis is obtained.

In the nonlinear analysis the load-response relationship is no longer linear, which can
be seen from Fig. 5.2.25 where full system nonlinear analysis results at different load
levels are given. When the load magnitude is large the response of the cantilever shows the
resonance phenomenon. Since the exciting frequency is far from the natural frequencies of
the cantilever, the resonance phenomenon is due to the nonlinear coupling effect. The
comparisons of the full system linear and the nonlinear analyses for load amplitudes
B=1.0, 1.5 and 2.0 are given in Figs. 5.2.26-28 respectively to show the resonance
phenomenons.

Nonlinear reduced system analysis results for the load level B=2.0 are shown in Fig.

5.2.29 using 6 basis vectors and in Fig. 5.2.30 using 8 bases. The basis vectors are picked
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from the first quarter cycle of the vibrating response of the full system analysis. The
accuracy control parameter is set to be Np=0.025 for both the reduced analyses. The
resonance phenomenon develops more clearly in Fig. 5.2.30(b) where longer response
history is calculated.

It is the nonlinear coupling effect between the natural response and the response due to
the excitation that causes the resonance. When damping is introduced the resonance
phenomenon disappears, see Fig. 5.2.31 where the damping factor is set to be a=45.0
(see, Eq. (3.8)) which is equivalent to introducing the first modal damping as 0.0205. In
Figs. 5.2.32-33 the 8-basis reduced system analysis results are compared to those of the
full system analyses for the load levels B=1.0 and B=1.5 respectively and very good

agreement obtained.

(3) High frequency excitation

The response amplitude of the structure to the high frequency excitation is generally
lower than that to the low frequency excitation. Therefore the geometrically nonlinear effect
can be ignored in this case and only the linear small displacement analysis will be
performed.

The exciting frequency is set to be ®=88300 rad/s which is between the ninth (84676
rad/s) and the tenth (94816 rad/s) natural frequencies of the cantilever beam. The load
magnitude factor is set to be B=5.5. Fig. 5.2.34 gives the linear analysis comparison of the
full system and the 3-basis reduced system. The three basis vectors are picked within the
first quarter cycle of the vibrating response and the accuracy control parameter is set to be
Np=0.05. In Fig. 5.2.35 and Fig. 5.2.36 six and eight basis vectors are used which are
also chosen from the first quarter cycle of the vibrating response of the full system

analysis, the analysing results are much closer to the full system analysis.
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Fig. 5.2.29 The response of the cantilever to sinusoidal excitation. Nonlinear full system
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and 8-B reduced system analyses comparison at load amplitude B=1.0.
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Fig. 5.2.32 The response of the cantilever to sinusoidal excitation. Nonlinear full system
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Fig. 5.2.34 The response of the cantilever to high frequency sinusoidal excitation. Linear
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Fig. 5.2.35 The response of the cantilever to high frequency sinusoidal excitation. Linear
full system and 6-B reduced system analyses comparison.
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Fig. 5.2.36 The response of the cantilever to high frequency sinusoidal excitation. Linear
full system and 8-B reduced system analyses comparison.
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5.3 DYNAMIC STUDIES OF A CIRCULAR ARCH

In the second example studied, the responses of a circular arch with different end
conditions under different dynamic loads are calculated. The geometry and the material

properties of the arch are given in Fig. 5.3.1.

rPA

b=30mm L’ A
h=43mm
L=1000mm
a
N
% a=14mm
A—A R=2928mm
E=3.Ox109MPa,
v=0.38,
m =1.2 Kg/mm?>

Fig. 5.3.1 The geometry and the material properties of the circular arch.

The arch is made of epoxy, in all the analyses the material properties of the arch are
assumed to be linear elastic. The finite element model of the arch is given in Fig. 5.3.2.

Because the arch is circular curved, the geometrical nonlinear effect will be significant.

5.3.1 Dynamic analysis of the arch with free end stretching

Firstly, the arch with the free stretching end condition is studied, see Fig. 5.3.3. By the
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symmetry of the beam only half of it needs to be analysed. The fundamental natural
frequency for the vertical free vibration mode of the arch is 138.2 rad/s (22 HZ) in this end
condition. The responses of the arch to the sinusoidal excitations are studied. Two different

exciting frequencies are used.

f(v

Fig. 5.3.3 The free stretching arch subjected to a point load

(1) One mode resonance studies

A point load of the sinusoidal excitation f(t)=Bsinwt is applied at the middle span of the
arch, see Fig. 5.3.3, with the exciting frequency w=135 rad/s (21.5 HZ) is applied. The
exciting frequency is very near to the fundamental natural frequency of the arch. The load
amplitude is set such that B= 5 Newtons here.

The vertical displacement response history at the middle span of the arch (node 57, see
Fig. 5.3.2) is plotted in Fig. 5.3.4, where the linear full system and 6-basis reduced
system analysis results are compared. The six basis vectors are picked from the first quarter
cycle of the vibrating response of the full system analysis. The accuracy control parameter
is Np=0.001 and excellent agreement is obtained. The computational efficiency factor in
this case is CEF=20.3 .

In Fig. 5.3.5 the nonlinear analysis of the same problem is repeated using six basis
vectors which are picked within the first half cycle of the vibrating response of the full
system analysis. The vertical and the horizontal displacement histories of the middle span

are plotted in Fig. 5.3.5(a) and Fig. 5.3.5(b) respectively. The accuracy control parameter
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is Np=0.01 and no basis vector updating is needed. The computational efficiency factor in
this case is CEF=10.7.

In order to investigate the influence of using more basis vectors on the accuracy and the
efficiency performance of the RBFE method, the reduced system nonlinear analysis result
using 8 basis vectors for the same loading is given in Fig. 5.3.6. Also the comparisons to
the full system and the above 6-basis reduced system analyses are made. The 8 basis
vectors are chosen from the first half cycle of the vibrating response of the full system
analysis. The accuracy control parameter is p=0.005. From Fig. 5.3.6(a) it can be seen
that the reduced system analysis results using both the 6 and the 8 basis vectors agree
exactly to the full system analysis up to the first three and a quarter cycles of vibration
calculation. The full system analysis is only performed there due to the high computational
cost. The results of the 6-basis and the 8-basis reduced system analysis agree well to each
other up to the first five cycles of the vibration response then a slightly difference can be
observed. The computational economy factor for the 8-basis reduced analysis is CEF=6.6,
which is lower than the above 6-basis reduced analysis where the CEF=10.7. The reason
for this is partly because of the longer full system analysis needs to be performed to
generate more basis vectors, but mainly because of the more computer time needs to be
used inside the nonlinear reduced system calculations. The variations of the first three
instantaneous nonlinear natural frequencies of the arch are plotted together with the
response history in Figs. 5.3.6(a)-(c) and Fig. 5.3.6(d) gives the magnified comparison of
the first natural frequency calculated from the two reduced systems. In Fig. 5.3.6(¢) the
horizontal displacement response history is compared.

The above two reduced system analyses show that when more basis vectors are used,
more accurate analysing result can be obtained by the RBFE method but at the expense of
its computational efficiency. Because if the number of basis vectors is increased not only
the degrees of freedom of the reduced system increases, but also the number of the
coupling terms between different basis vectors increases dramatically. Taking into account

the symmetry of the coefficient matrices, see Eq. (3.19), the number of the nonlinear
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coupling terms is still:

NNC = NBASS + NBASS(NBASS+1)/2 (5.5

where NNC is the number of the nonlinear coupling terms in the equation of motion of
the reduced system and NBASS stands for the number of basis vectors used. Therefore
when 3, 6 and 8 basis vectors are used the number of the nonlinear coupling terms are
respectively 9, 27 and 44. And all the coefficient matrices of the reduced system are of
order NBASS x NBASS. So that the increase of the number of basis vectors increases
substantially the calculations involved in the subsequent reduced system analysis and
decreases the computational efficiency of the RBFE method.

Since the arch is free to stretch under the present end condition, the vertical
displacement response history for the nonlinear analysis is as same as that of the linear
analysis in a relatively long time duration, see Fig. 5.3.7(a). But the horizontal
displacement response (of the middle span) is apparently different for the nonlinear and the
linear analysis, see Fig. 5.3.7(b). However, there is quite large difference between the
nonlinear and the linear analyses in the vertical displacement response history, see Fig.
5.3.8. The difference exists in both the response amplitude and in the "beat period" of the

response amplitude.
(2) High frequency excitation

In this case study, the exciting frequency is set to be w=1200 rad/s (191 HZ) which is
almost ten times higher than the first natural frequency of the arch. The load magnitude
remains as B=5 Newtons.

Fig. 5.3.9 shows the nonlinear full system analysis and the linear 6-basis reduced
system analysis comparison. As the response amplitude is low, no difference between the
linear and the nonlinear analyses can be detected. The six basis vectors are picked within
the first quarter cycle of the response vibration of the full system analysis. The agreement

between the two results is very good.
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5.3.2 Dynamic analysis of the arch with no free end stretching

In the following studies, both the ends of the arch are fixed in the horizontal and the
vertical directions, see Fig. 5.3.10, so that the free end stretching is prevented. The first

natural frequency of the symmetric vertical vibration mode is 463.9 rad/s (73.8 HZ) under

f(t)
l oL» x.u

this end condition.

Fig. 5.3.10 The circular arch with both the ends fixed

The nonlinearity is high in this circumstance as the vertical displacement towards the
centre of curvature will introduce the pressure force inside the beam which decreases the
stiffness of the beam. On the other hand, the displacement away from its curvature centre
will introduce the tensile force inside the beam which adds the extra stiffness to the vertical
displacement. The responses of the arch under different dynamic loads are calculated for
both the linear and the nonlinear analyses.

(1) dynamic step load studies

A vertical point load of 50 Newtons in the magnitude is applied at the middle span of
the arch suddenly. The response of the arch is calculated and the vertical displacement

history for various cases of the middle span are plotted in the following.
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Fig. 5.3.11 is the full system and the 3-basis reduced system linear analysis

comparison. The three basis vectors are chosen from the first half cycle of the vibrating
response of the full system analysis and the computational economy factor is CEF=10.4. In
Fig. 5.3.12 the reduced system analysis using one basis vector has been tried and it gives
quite close answer to the full system analysis and the CEF=10.7.

A nonlinear and linear full system analysis comparison for the same load is given in
Fig. 5.3.13, from which the geometrical nonlinear effect can be seen clearly. Under the
step compressive load the arch softens. The maximum vertical displacement at the middle
span is 1.59 times bigger in the nonlinear analysis than that in the linear analysis. The
oscillation period of the arch in the nonlinear analysis is of 1.42 times larger on the average
than that of the linear analysis. The maximum deflection shape of the arch with no scaling
is plotted in Fig. 5.3.14 for the nonlinear analysis. The dashed line is the undeformed
configuration.

In Fig. 5.3.15 nonlinear 8-basis reduced system analysis is compared to the nonlinear
full system analysis for the same load. The 8 basis vectors are picked evenly among the
first cycle of the response vibration of the full system analysis. The accuracy control
parameter is Np=0.01 and very good agreement is obtained. The variation of the first
symmetric nonlinear instantaneous natural frequency is plotted as well. The maximum drop
of the natural frequency is 28.8% (from 73.79 HZ to 52.57 HZ). The computational
efficiency factor is CEF=3.9 in this case (including the reduced system eigenvalue
calculation at every 100 steps).

The horizontal displacement response history at node 77 is compared in Fig. 5.3.16 for
the nonlinear full system and the 8-basis reduced system analyses. The agreement is good

and notice that the magnitude is of three order less than that of the vertical response.

(2) One mode resonance studies

A sinusoidal point load with the frequency close to the natural frequency of the arch is
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applied at the middle span. The exciting frequency is w=465 rad/s (74 Hz), very close to
the first natural frequency of the symmetric vibration mode which is 463.9 rad/s (73.8
HZ). According to whether the damping is included the response analysis is discussed
separately. In this highly nonlinear structure and large amplitude response analysis, the
performance of the RBFE method is studied in details, i.e., the influence of using the
different number of. basis vectors and the different selections of them will be investigated.

reson is with damping negl

Fig. 5.3.17 gives a comparison of the full system linear and the nonlinear analyses
where the vertical displacement at the middle span is plotted. The linear analysis result
shows a divergent phenomenon because the exciting frequency is very close to the natural
frequency. The "beat period” of the modulation of the response amplitude is very long. But
the response of the arch in the nonlinear analysis gives different history because of the
highly nonlinear behaviour of the arch. From Fig. 5.3.17 (and also 3.3.21(b)) it can be
seen that when the displacement has large positive values (away from the curvature centre
of the arch), the structure becomes stiffer. The oscillation period becomes less than those of
the linear analysis. On the other hand, when the displacement has a large negative value
(towards the curvature centre of the arch), the structure becomes softer. The oscillation
period becomes bigger than those of linear analysis. So that within one vibration cycle, the
time spent in compression is increased at the expense of the time in tension.

The 6-basis reduced system linear analysis result is compared with the full system
result in Fig. 5.3.18. The 6 basis vectors are picked among the first half cycle of the
vibrating response of the full system analysis. Excellent agreement is obtained and the CEF
for this case is 24.8. In Fig. 5.3.19 and Fig. 5.3.20 linear reduced system analysis results
using 3-basis and 1-basis vector are plotted. Very good agreement is obtained.

When the structure is near the resonant state, the response amplitude grows up quickly.
Therefore small displacement linear analysis theory quickly loses its validity. The large
displacement nonlinear analysis should be used instead. The response history of the arch

calculated using the nonlinear full system analysis is obviously different from the linear
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analysis, see Fig. 5.3.21. Nonlinear reduced system analysis results using 6 and 8 basis
vectors are given in Fig. 5.3.22 and Fig. 5.3.23 respectively. The variation of the
nonlinear instantaneous natural frequency of the first symmetric vibration mode is plotted
together with the response history. Both of the basis vectors are picked among the first
cycle of vibration in the full system analysis. The accuracy control parameter Mp is set to be
0.02 and 0.01 and the CEF is 9.3 and 5.9 respectively. The 8-basis reduced system
analysis gives more accurate result at the expense of the lower efficiency.

When the 8 basis vectors are used, only a slight difference between the full system and
the reduced system analyses can be detected, see Fig. 5.3.24 where the lowest three
nonlinear instantaneous natural frequencies (symmetric modes) are also plotted and
CEF=74.

The reduced system always stiffens the original full system, as the deformations of the
structure in the reduced system analysis are confined to the patterns prescribed by the basis
vectors which is equivalent to adding the extra stiffness to the structure. It is known as the
"stiffening effect” of the Rayleigh-Ritz method. If the basis vectors are inadequately
chosen, the extra stiffness added could be large. In Fig. 5.3.25 the reduced system is
formulated using 8 basis vectors as well, but the bases are picked too early (within the first
half cycle of response vibration). Since the nonlinear behaviour of the arch can not be
developed fully from the basis vectors, the reduced system analysis agrees well to the full
system analysis only to the first 8 vibration cycles. After that the stiffening character of the
reduced system can be seen clearly in two aspects: the vibration frequency of the arch and
the response amplitude modulation frequency. Recalling Eq. (5.4) that in the free damping
one mode resonance circumstance, the vibration frequency of the structure is
®,=1/2(0+m,) where o, is the vibration frequency of the structure, @ is the frequency of
excitation and @, is the natural frequency of the structure. When the displacement is large
the nonlinear natural frequency @, of the arch varies (In this case the average effect of the
variation is such that the arch is softening, i.e. the ®, decreases.). Henc;a the vibration

frequency of the arch w,=1/2(w+w,) decreases as well. However due to the stiffening

115



Chapter §
effect of the Rayleigh-Ritz method, the reduced system always produces the upper bound
value of the natural frequency [Meirovitch, 1975]. Therefore the response calculated by the
reduced system has a higher vibration frequency than what it should have. On the other
hand, the response amplitude modulation frequency is of 1/2lw-w,]|, the Rayleigh-Ritz
stiffening effect makes the two frequencies closer to each other. So that the amplitude
modulation frequency is decreased and the response amplitude is magnified which can be
seen from Eq. (5.4) as well. When the 8 basis vectors are picked within the first one and a
half vibration cycle of the full system analysis, see Fig. 5.3.26, the reduced system
analysis result is much improved. But the CEF is only 5.7 in this case.

In Fig. 5.3.27 the same problem is analysed by using 6 basis vectors for a relatively
long response time history. The basis vectors are distributed evenly among the first
vibration cycle of the response. The accuracy control parameter is p=0.02 and the
computational efficiency factor CEF=19.2 in this case. The Rayleigh-Ritz stiffening effect
is slightly higher than the use of the 8 basis vectors, see Fig. 5.3.27. When the six basis
vectors are distributed evenly among the first one and a quarter cycle of the vibration
response, see Fig. 5.3 28, a better result is obtained and the CEF is now 10.8. Fig. 5.3.29
gives the comparison of the nonlinear full system analysis and that of the 6-basis and the
8-basis reduced system analyses. The 6 bases are distributed evenly among the first one
and a quarter cycle of the vibration and the 8 bases are picked evenly in the first one and a
half cycle of the vibration. It can be seen from the Fig. 5.3.29 that the 8-basis reduced
system is less stiffened than the 6-basis system. But the computational economy factor of
using the 6-basis system (CEF=10.8) is almost twice as larger as that of using the 8-basis
system (CEF=5.7).

Fig. 5.3.30 shows that too large basis interval also introduces error to the reduced
system analysis. The six basis vectors used there are distributed evenly among the first two
and a half cycles of response vibration of the full system analysis. The analysing result is
not as accurate as that in Fig. 5.3.28 where the 6 bases are distributed among the first one

and a quarter cycle of the response vibration. From the experience of the present work, the

116



Chapter §
basis vectors pickéd from the first vibration cycle of the full system analysis has a good

economy and the accuracy compromise.
resonance analysis with ing includ

In the above analysis the arch is assumed to be damping free. Therefore the transient
initial condition response can not be damped out. In practice however there is always
damping existing. In this case study, a viscous damping which is mass matrix proportional
is assumed. The damping factor is set to be 0=44.0 (see, Eq. (3.8)) which is equivalent to
set the modal damping of the first symmetric vibration mode to be 0.0474. The amplitude
of the sinusoidal exciting force is increased to B=10 Newtons.

Fig. 5.3.31 is the comparison of the linear full system and 6-basis reduced system
analysis. The six basis vectors are picked evenly among the first three quarter cycle of the
vibration response of the full system analysis. The accuracy control parameter is np=0.01.
The first natural frequency of the symmetric vibration mode calculated from the reduced
system is 73.85 HZ which is very close to the accurate value of the full system eigenvalue
analysis (73.80 HZ). The computational efficiency factor is CEF=22.2. With the presence
of the damping, the response of the arch reaches to a steady state quickly.

Fig. 5.3.32 gives the comparison of nonlinear full system and 6-basis reduced system
analysis. Excellent agreement has obtained. Since the transient initial condition response
quickly dies away, the modulation phenomenon of the response amplitude disappears. The
six basis vectors are picked from the first three quarter cycle of the vibration of the full
system analysis and the accuracy control parameter is Np=0.01. The variation of the first
natural vibration frequency of symmetric vibration mode is plotted also. In Fig. 5.3.33 the
damped linear and nonlinear analyses are compared.

large load amplitud i

In this case the amplitude of the sinusoidal exciting force is largely increased to B=50
Newtons. The deflection of the arch is also very large, so that the performance of the
RBFE method in very highly nonlinear circumstance is studied. The damping factor is set

to be zero.
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In Fig. 5.3.34 the nonlinear full system and the 8-basis reduced system analysis results

are compared. The response of the arch is no longer sinusoidal due to the high nonlinearity.
The eight basis vectors are picked in the first vibration cycle of the full system analysis,
Np=0.05 and good agreement between the two analyses can be seen. The result shows that
the RBFE technique with the present basis vectors selection method can be applied to

analyse the very highly nonlinear cases.

(3) Multi-modes coupling studies

When the structure is near the resonance state, the deflection shape is dominated by the
corresponding natural vibration shape. Hereafter, two higher frequency nonresonant
excitation cases are studied to investigate how the proposed RBFE technique performs
under the nonlinear multi-modes coupling circumstances.

(a) The exciting frequency between the first and the second natural frequencies of the

symmetric vibration modes.

The first and the second natural frequencies of the symmetric vibration modes of the
arch is 463.9 rad/s (73.8 HZ) and 789.9 rad/s (125.7 HZ) respectively. A sinusoidal
exciting force of f(t)=Bsinwt with the frequency ®=628 rad/s (100 HZ) is applied. The
exciting frequency is between the first and the second natural frequencies of the symmetric
modes and the amplitude of the force is B=60 Newtons.

Fig. 5.3 35 gives the comparison of the linear full and the 6-basis reduced system
analyses. Excellent agreement is obtained. The six basis vectors are selected within the first
three quarters of the response vibration of the full system analysis and the economy factor
is CEF=11.6. In Fig. 5.3.36 both the linear and the nonlinear full system analyses are
compared. Nonlinear 6-basis reduced system analysis result is compared to that of the full
system in Fig. 5.3.37. The economy factor for the nonlinear 6-basis reduced analysis is
CEF =12.7 and the accuracy control parameter is 1p=0.02. In the above analyses the

damping is neglected.
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Figs. 5.3.38-40 show the same analyses but with the damping effect considered. Fig.

5.3.38 is the linear full and the 6-basis reduced system analysis comparison, the economy
factor is CEF=22.4. The linear and the nonlinear full system analysis results are plotted
together in Fig. 5.3.39. In Fig. 5.3.40 nonlinear reduced system analysis using 6 basis
vectors is compared to that of the full system analysis, the agreement is very good and the
CEF=12.1. The accuracy control parameter is set to be T\p=0.01 for both the linear and the
nonlinear 6-basis reduced system analyses.

The response of h to the impulse loadin

A point load of magnitude 100 Newtons is applied at the middle span of the arch for a
very short time duration of 0.0002 second. The response of the arch has abundant
frequency components, see Fig. 5.3.41. Since the displacement is of infinitesimal small,
the linear and the nonlinear full system analysis give the same result.

The linear reduced system analysis results using 8 basis vectors are plotted together
with that of the full system analysis in Fig. 5.3.42 and Fig. 5.3.43. In the Fig. 5.3.42 the
basis interval is smaller than that used in the Fig. 5.3.43. Both of the reduced systems
produce fairly accurate results. Because the response amplitudes of the high frequency
components are very small. When the basis vectors are selected from the displacement
responses of the structure, it is relatively difficult to extract from them the information of
the high frequency modes.

culation of the lowe f na uencies by the RBFE meth

In this last case study, a by-product of the RBFE technique, i.e., to extract the natural
frequencies of the structure on the low end is demonstrated. The arch is under a sinusoidal
excitation as shown in Fig. 5.3.44. The amplitude and the frequency of the exciting force
are B=500 Newtons and w=1237 rad/s (196.9 HZ) respectively. The damping is omitted in
the analysis.
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Fig. 5.3.44 The circular arch subjected to a sinusoidal load

Fig. 5.3.45 is the linear full system analysis and the 6-basis reduced system analysis
comparison. The accuracy control parameter for the reduced system analysis is 1p=0.02
and the agreement between the two analyses is good. The computational economy factor
for the reduced analysis is CEF=7.6.

When 8 basis vectors are used, the agreement between the full system and the reduced
system analyses is excellent, see Fig. 5.3.46. The lowest 8 natural frequencies of the arch
calculated using the 8-basis reduced system are compared to their full system eigenvalue
analysis values in Table 5.3.1. The first six of them are compared very well. However due
to the high frequency modes contaminations, the last two natural frequencies calculated
from the reduced system are much higher than their true values. All the natural frequencies
calculated from the reduced system give the upper bound of their true values which in turn

demonstrates the stiffening phenomenon of the Rayleigh-Ritz method.

Natural frequencies calculated from the full and the 8 bases reduced systems (HZ)
Frequencies f1 f2 f3 f4 f5 f6 1y f8

Fullsystem | 60.73 | 73.79 |125.72 |196.86 | 295.61 | 410.11 | 544.39 | 697.38
Reduced system | 60.74 | 73.89 |125.83 |197.21 | 298.24 | 411.85 | 952.73 |1246.86

Table 5.3.1 The comparison of the natural frequencies of the arch calculated
from the full system and the 8 bases reduced system
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Fig. 5.3.2 The finite element mesh of the circular arch.
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Fig. 5.3.6(c) The response of the simple supported arch to the sinusoidal excitation
together with the variation of N-F3/L-F3 calculated from both 6-B

and 8-B reduced systems.
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Fig. 5.3.6(d) The variation of N-F1/L-F1 of the simple supported arch calculated using
6-B and 8-B reduced systems.
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Fig. 5.3.6(¢) The horizontal displacement history at the middle span of the simple
supported arch to the sinusoidal excitation. 6-B and 8-B reduced
system analyses comparison.
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Fig. 5.3.7(a) The response of the simple supported arch to the sinusoidal excitation.
Nonlinear full system and linear full system analyses comparison.
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Fig. 5.3.7(b) The horizontal displaéement history at the middle span of the simple
supported arch. Nonlinear full system, 6-B reduced system and
linear 6-B reduced system analyses comparisons.
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8-B reduced system analyses comparison. CEF=3.9
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Fig. 5.3.17 The response of the arch to the sinusoidal excitation. Nonlinear full system
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Fig. 5.3.22 The response of the arch to the sinusoidal excitation. Nonlinear full system and
6-B reduced system analyses comparison. CEF=9.3
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Fig. 5.3.25 The response of the arch to the sinusoidal excitation. Nonlinear full system and
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Fig. 5.3.30 The response of the arch with viscous damping. Nonlinear full system and 6-B
reduced system analyses comparison. CEF=7.6
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Fig. 5.3.31 The response of the arch to the sinusoidal excitation. Linear full system and
6-B reduced system analyses comparison. CEF=22.2
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Fig. 5.3.45 The response of the arch to the sinusoidal excitation. Linear full system and

6-B reduced system analyses comparison. CEF=7.7
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CHAPTER 6

CONCLUSIONS

An approximate structural nonlinear dynamic analysis method using the Reduced Basis
Finite Element (RBFE) technique is proposed. The finite element method and the traditional
Rayleigh-Ritz technique are jointly used. The computational cost is saved by a large
reduction of the problem size while the high accuracy of the analysis is maintained.

The structure is discretized into the finite element model using the Total Lagrangian
formulation. The central difference direct time integration is used to calculate the responses
of the structure for a short period of time at the beginning, by which a number of basic
deformation shapes of the structure can be obtained. Then the classical Rayleigh-Ritz
technique is applied using the calculated deformation shapes of the structure as basis
vectors. Equations of motion of the original finite element discretisation, involving
normally a large number of degrees of freedom, can be transformed into a space spanned
by the chosen basis vectors with a much smaller number of degrees of freedom. The
subsequent analysis of the structure is performed inside the reduced space using the
reduced system of equations of motion. Therefore computational cost is greatly reduced
and the nonlinear steady states of vibration of the structures can be studied in this way in
the time domain.

Two different methods of transforming the equations of motion into the reduced space
have been suggested. The explicit formulation method is suitable to the geometrically
nonlinear problems, where the coefficient matrices can be written explicitly in terms of the
nonlinear coupling of the chosen basis vectors. The implicit formulation method, where the
nonlinear internal stress resultants are calculated inside the full finite element system, is

designated for the problems involving both the geometrical and the material nonlinearities.
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Chapter 6
Only geometrically nonlinear problems have been studied in the present thesis. Also the

nonlinear changing dynamic characteristics of the structure, such as the variations of the
lowest set of natural frequencies and the corresponding free vibration modes, can be
calculated easily from the reduced system in the explicit formulation.

The proper selection of the basis vectors is of utmost importance in the reduced basis
analysis, since the accuracy and the success of the method depend, to a great extent, on the
correct selection of the basis vectors. The basis vectors used in the present thesis are the
nonlinear dynamic responses of the structure calculated, normally, within the first cycle of
the vibrating response of the full system finite element analysis. The basis vectors thus
chosen are superior to the tangential eigenmodes and to that of using the nonlinear static
solutions as basis vectors in the following aspects.

(1) The space spanned by the basis vectors thus selected contains fully the solution of
the structure at the moment when the basis vectors are used. The truncation error
introduced by transforming the full system into the reduced space is smaller than using
either the eigenmodes or the Lanczos Ritz vectors as basis vectors.

(2) The generation of the basis vectors is convenient and computationally inexpensive.
It does not involve the solution of any eigenvalue problems, for all the basis vectors can be
picked up during a short period of direct time integration of the full system at the beginning
of the analysis. No extra computational work is involved in the basis vector generation.

(3) Nonlinear dynamic behaviour of the structure can be extracted from the basis
vectors. No differentiation of structural tangential stiffness matrix is needed, which is
computational costly. And the basis vector updating is greatly reduced.

(4) The influence of the applied load has been taken into account by this basis vector
selection method. Only those deformation patterns which are actually excited by the applied
load will be included in the basis vectors. Therefore both the spatial distribution and the
frequency components of the applied loads are reflected in the basis vector generation.

Two example studies of the beam type structures for the geometrically nonlinear

dynamic analysis are made. The responses of the structures under different dynamic load
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Chapter 6
conditions are studied by using the RBFE technique. In every case the reduced basis

analysis result is compared with the full system finite element analysis. Very good
agreement has obtained. The computational cost using of the proposed RBFE method is on
the average one order of magnitude lower (ten times lower) than that of using the normal
finite element analysis in the example studies of the small size problems. It is thought that
for the large size problems the computational efficiency of the RBFE method will be more
significant.

The number of the basis vectors needed in the reduced basis analysis depends on the
applied dynamic loads, the nonlinear behaviours of the structures and on the accuracy
requirement of the analysis as well. The more basis vectors are used, the more accurate the
analysis result will be. However, because the nonlinear coupling terms in the reduced
system is proportional to the square of the number of the basis vectors used, increasing the
number of basis vectors will increase dramatically the calculations and hence decrease the
computational efficiency of the RBFE method. Therefore there should be a compromise
between the required accuracy and the computational efficiency. Generally speaking, when
the deflection shapes of the structure are complicated then more basis vectors are needed. It
is thought that the proposed RBFE method is more suitable to analysing problems with
global large displacement nonlinearities such as large displacement steady state vibration
analysis rather than to dealing with the rapid changing local nonlinearities such as the
collision problems.

The problems with the material nonlinearity is at the present suggested to be tackled by
using the implicit reduction formulation. However it is thought that the implicit method is
computationally less efficient than the explicit formulation as the nonlinear internal stress
resultant has to be calculated using the full finite element system at every step. Further
research is needed to study how the constitutive law can be expressed in terms of the
generalised modal variables, so that the explicit method can be used to analyse the material
nonlinear problems also.

At the moment, only the plane strain / stress isoparametric element has been employed
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in the programme REDDYN. In order to increase its capability of analysing different types

of structures other elements should be added.
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THE TRANSFORMATION MATRIX [T]

x,y,2)
0 -

y

Fig. A 1.1 The large displacement movement of the body.

The variation relationship between the Green Lagrangian strain and the infinitesimal

Cauchy strain in matrix from can be written as [Bathe, 1982]:

[8e] = [A1T[3e][A] (Al1)
where,
Exx Exy Exz
[e] = |&yxEyyEy, (A1.2)
€x ezy €

is the Green Lagrangian strain matrix, which is defined with respect to the reference

configuration (x, y, z), see Fig. A1.1;
exx €xy ©xz
[e] = |eyx eyyeyz (A1.3)
ezx zy ©zz

is the infinitesimal Cauchy strain matrix defined referring to the unknown current

configuration (X, Y, Z) of the structure; and
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[ 0X 0X 90X ]
9x dy 0z
[A]=[_] _ | avavay
dr, 0x 0y 0z
0Z 0Z 9Z
| 9x dy oz |

(A1.4)

is the deformation gradient matrix of the structure. dry is a small distance between Py

and Qq, in the reference configuration (x, y, z); dr is the distance between the same points

but now being displaced to the positions P and Q respectively in the current unknown

configuration (X, Y, Z) of the structure, see Fig. Al.1.
The relationship of equation (A1.1) can be arranged in the vector form such that:

de =[T] de

(A 1.5)

where [T] is a transformation matrix which connects the Green Lagrangian strain

variation vector 8¢ to the infinitesimal Cauchy strain variation vector de. The variations of

the Green Lagrangian and the Cauchy strain vectors are defined as:
T
8e = [3e,, Beyy e, 28¢,, 28e,, 28¢,,)

and (A1.6)
S =[Sy, Seyy Se,, 286y, 28ey, 256,51
and the transformation matrix [T] is written as:
[ Oxdx dy dy oz dz  Ox dy 9y %z Oz 0x ]
0X 0X 0X 0X 0X0X 0dXoX 0X 90X oX X
dxdx dydy 0z dz  Ox dy 9y % 9 ox
3YOY OYJY JYaY oY oY Y oY Y oY
dx ox dy dy oz oz 9x dy dy oz 920x
me| T LEZ TR 3Z 9Z LIz 3Z 9Z
9% 3x 3y dy 020 xdy Oxdy dydk dy o d2x 0z dx
IX Y “IXJY “IXIY oX oY Y oX 9XJIY Y aX 9X oY oY 9X
dxdx Oydy ,dz 9z Oxdy Oxdy Jydz dyd Ozox ok
2T 29Y0Z 29Y9Z SYIZ 9ZIY N oL 9ZoY oY 92 aZ oY
LK Hydy %% kdy xdy Yk Ik Rk Od
Z X “IZIX “IZX JZIX X 9Z IZOX 90X X OZoX oXoZ |
(Al1.7).
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APPENDIX B

THE SYMMETRIC FORM OF STRUCTURAL
TOTAL STIFFNESS MATRIX IN LARGE DISPLACEMENT
NONLINEAR ANALYSIS

The nonlinear internal stress resultant of the structure in the large displacement
nonlinear finite element analysis using the T. L. formulation is:

P@ = [ (BB @1 D|By+38,@]dav
v
0

=[K(d)] d (A2.1)

where

[K(d)] = L [By+B,(d)]" D [B0+%B1(d):| v (A2.2)
[})

is an unsymmetrical nonlinear total stiffness matrix of the structure, see chapter 3. In
the following we shall demonstrate how to calculated P(d) from a structural nonlinear
stiffness matrix which has a symmetrical form.
Rewrite Eq. (A2.1) as:
[K(d)] d = L I:Bo+-%B1(d)]T D [B0+%Bl(d)] avd
0

T
+f [38.@] p[BergB,@]ava (a2.3)
0

= [K(@)], d + [K(d)], d
where [K(d)], is a symmetric matrix and
T
K@l,= | [38,@] p[Bgr38,@]av (A2.4)
0

is an unsymmetrical matrix.
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Appendix B
By defining of the stress stiffness matrices, the [K(d)], can be converted to have a
symmetrical form. Define the linear stress vector 6, and the nonlinear stress vector G, as:

oL = [D][Bo] d

o, = 1/2[D][B,(d)] d (A2.5)
then

k@l,d={ [18.@]| p[B+LiB @]dav
2~ 2°1 0271

0

1 T
-3 J'v B(d) (6,+0,) dV (A2.6)

0
1
= 5([ch,L+ [K]".) d
where [K]q and [K]g, are the linear and nonlinear current stress stiffness matrices.

They are both symmetric matrices, see chapter 2, Eq. (2.15) and Eq. (2.36).
Therefore the stress resultant may be calculated from:

P(d) = [K(d)]d = {[K(d)]; + 1/2([K]gL + [K]g,))d (A2.7)
where

T
k@1, = [Bo+38,@] D[Bor38,@]av,
0
K] =L Bi(d)o, dV, and (A2.8)
0
T
(K], =L B)(d) o, dV.

0

%

All of which are symmetrical.
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THE CHANGING DYNAMIC
CHARACTERISTICS OF STRUCTURE IN LARGE
DISPLACEMENT NONLINEAR ANALYSIS

In geometrically nonlinear analysis, when displacements are large the dynamic
characteristics of the structure changes constantly. It can be demonstrated by considering
the nonlinear instantaneous natural frequencies and the corresponding free vibration modes
of the cantilever beam shown in Fig. 5.1.1, when it is in the large displacement vibration
movement.

In the following the first three natural frequencies and the corresponding free vibration
modes of the cantilever before and after the deformation are compared. The cantileyer is
deformed in the large displacement vibration with the end displacement w = 5.84 in.

(a) The first natural frequency and the corresponding free vibration mode.

F1 =175 Hz (before deformation) F1 = 187 Hz (after deformation)
1
Cantilever
Mode 1 (undeformed)
Mode 1 (deformed)
-4 . T v
(] 10 20
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Appendix C
(b) The second natural frequency and the corresponding free vibration mode.

F7 = 1038 Hz (before deformation) F» =964 Hz (after deformation)
3
. Cantilever
Mode 2 (undeformed)
Mode 2 (deformed)
-4 v r v
0 10 20

(c) The third natural frequency and the corresponding free vibration mode.

F3 = 2710 Hz (before deformation) F3 = 2251 Hz (after deformation)

— | Cantilever
—&— | Mode 3 (undeformed)
—#— | Mode 3 (deformed)

0 10 20
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