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ABSTRACT 

Týc application of graph theory and combinatorics to 

the compatibility analysis of structures covers the major part 

of the research presented in this thesis. The direct corres- 

pondence between the complementary solution space of a continuous 

skeletal structure and the vector space associated with 1-cycles 

of the topological model of the structure enables the selection 

of a suitable statical basis by simple theorems in graph theory. 

Three computer algorithms are presented, for the selection of a 

maximal independent set of cycles of smallest measure to yield 

statical bases corresponding to sparse flexibility matrices. 

The programs developed for these methods are economic in com- 

puter time. The concepts of vector spaces and matroid theory 

are used to justify the methods. 

In general, the bandwidths of the flexibility matrices 

resulting from the cycle bases selected by the above methods 

are not optimal. Methods are developed to reduce, and to optimise 
in most, cases, the bandwidth of any symmetric matrix and are 

extended to reorder the elements of the cycle bases. The 

problem of front width reduction is also studied. The methods 

are programmed and examples are studied. 

A completely automatic computer program for the 

compatibility analysis of continuous skeletal structures to be 

used in conjunction with the cycle basis selection algorithms 
is described. Examples are analysed and compared with the 

equilibrium method. 

A direct approach for the compatibility analysis of 
finite element idealisations is developed. While the ideas can 
be easily generalised, the application is restricted to membrane 

analysis and the method is programmed. Methods are presented 
to make the flexibility matrix of finite element idealisations 

sparse and banded. 



3 

ACKNOWLEDGMENTS 

It is a pleasure to the author to be able to record his deep 

gratitude to Dr. A. C. Cassell and Mr. J. C. de C. Henderson for their 

valuable guidance and continuous encouragement throughout the duration 

of the research. I 

Most of the research was carried out during the award of a 

Commonwealth Scholarship by the Commonwealth Universities Association 

in the United. Kingdom, to whom the author is grateful. The author 
is also indebted to the Secretary, Ministry of Education, Sri Lanka, 

for awarding the author the opportunity to carry out this research. 

Thanks are due to the author's colleagues, Mr. A. M. Joharzadeh, 

Mr. L. P. R. Lyons and Mr. T. K. Sen for the useful discussions. Thanks 

are also due to Miss E. Niblock for her quick and carekul typing of 
the manuscript. 

Finally, but in no way least, the author wishes to thank his 

wife for providing help and support in so many ways during the course 

of the study. 



4 

Onmrri'Ll"fre 

ABSTRACT 2 

ACKNOWLE DPEMENTS 3 

NOTATION 9 

CHAPTER 1. INTRODUCTION 11 

1.1 5cope of Research 11 

1.2 A Review of Relevant Topics 13 

CHAPTER 2. LINEAR ANALYSIS OF SKELETAL STRUCTURES 16 

2.1ý Introduction 16 

2.2 Skeletal Structures 16 

2.3 Methods of Structural Analysis 17 

2.4 Structural Idealisation 17 
2.5 Compatibility Method 18 

2.5.1 Particular and Complementary Solutions is 

2.6 Complementary Solution for Skeletal 

Structures is 

2.6.1 Physical Approach. 18 

2.6.2 Abstract Approach using Vector Spaces 19 

2.7 Compatibility Equations by Linear 

Transformations 20 

2.8 Statical Basis Selection 23 

2.9 Algebraic Methods 23 

2.10 Topological Methods 24 

2.10.1 Some Graph Theory Definitions:.. 24 

2.10.2 Mathematical Model of the Structure 25 

2.10.3 Cycle Groups Associated with S 25 

2.10.4 Complementary Solution Space (D from 

Cycle Space Z, (S, R) 26 

2.11 Criterion for Cycle Basis Selection 32 

2.11.1 Pattern Equivalence of G and AAT 32 

2.11.2 Assemblage of G 32 

2.11.3 Cycle Basis of Minimal Measure 33 

CHAPTER 3 ýYCLE BASIS SELECTION 36 

3.1 Introduction 36 

3.2 Graph Theory in Cycle Selection 36 

3.2.1' Definitions 36 

3.3 Whitney's Theorem 37 

3.4 Combinatorics and Cycle Basis Selection 38 



5 

3.4.1 Definitions 38 

3.4.2 Cassell et al Method 39 

3.4.3 Efficiency of the Different Methods 39 

3.4.4 Modified Method 41 

3.4.5 Theorem A 41 

3.4.6 Algorithm 1 45 

3.5 Tree Circuits 46 

3.6 improvements on Tree Cycle Basis 46 

3.7 Modified Tree Cycle Basis 47 

3.7.1 Definitions 47 

3.7.2 Algorithm 2 48 

3.8 Problems in Cycle Basis Selection 48 

3.9 Independence Tests 49 

3.9.1 Gaussian Elimination Technique 49 

3.9.2 A simple Independence Test 50 

3.9.3 Nullity as an Independence Test 51 

3.9.4 Rank of the Circuit Edge Incidence 

Matrix 52 

3.9.5 Independence of Tree Circuits 52 

3.9.6 Independence of the Circuits Selected 

by Algorithm 2 52 

3.9.7 Independence of the Circuits Selected 

by Algorithm 1 52 

3.10 Oriented and Non-oriented Graphs 53 

3.11 Degree of Minimality of the Cycle 

Basis of Algorithm 1 55 

3.12 Degree of Minimality of the Cycle 

Basis of Algorithm 2 56 

3.13 Comparison of Algorithms 1 and 2 57 

3.14 MATROIDS AND CYCLE BASIS SELECTION 59 

3.14.1 Matroids 59 

3.14.2 Introduction' 59 

3.14.3 Definitions 59 

3.14.4 Equivalent Definitions of a Matroid 60 

3.14.5 Graphs and Matroids 61 

3.14.6 Polygon Matroid 61 

3.14.7 Whitney's Building up Theorem 62 

3.14.8 Forest Matroid 62 

3.14.9 Base Axioms for a Matroid 63 

3.15 Matroid Spaces and Vector Spaces 63 

3.16 Matroid Spaces and Kruskal's Algorithm 64 



6 

3.17 Cycle Bases of Minimal Measure 64 
1.18 Minimal Measure Basis Algorithm 65 

3.18.1 Special Features of the Algorithm 67 

3.19 Simplified Technique 67 

3.20 Intuitive Amendments to the 

Algorithms 1 and 2 70 

3.21 Practical Considerations 71 

CHAPTER 4. SOLUTION PROCEDURES AND COMPUTER 

PROGRAM FOR THE ANALYSIS OF CONTINUOUS 

SKELETAL STRUCTURES 72 

4.1 Introduction 72 

4.2 Bandwidth Reduction Methods 72 

4.3 Graph Theory in Bandwidth Reduction 73 

4., ý. l Determination of the Diameter of a 
Graph 74 

4.3.2 Nodal Decomposition Procedures 75 
4.3.3 Further Improvements 75 
4.3.4 Shortest Route Tree Algorithm 76 
4.4 Automatic Renumbering Algorithms 76 
4.4.1 Problems Associated with Numbering 76 
4.4.2 Algorithm 77 
4.4.3 Modified Algorithm 78 
4.5 Examples and Applications 79 
4.6 Banded Matrix Technique so 
4.6.1 Stiffness Method of Analysis 80 
4.6.2 Flexibility Method of Analysis 80 
4.6.3 Alternative Method for Circuit 

Numbering 80 
4.7 Frontal Technique 81 
4.7.1 Stiffness Method of Analysis 81 
4.7.2 Algorithm 82 
4.7.3 Flexibility Method of Analysis 83 
4.8 COMPUTER PROGRAM FOR THE COMPATIBILITY 

ANALYSIS OF CONTINUOUS SKELETAL 
STRUCTURES 84 

4.8.1 Introduction 84 
4.8.2 Data required for the Analysis 85 

4.8.3. Formation of B 86 0 
4.8.4 Particular Solution 87 

4.8.5 
I 

Formation of the Statical Basis B 88 



7 

4.8.6 Formation of the Unassembled 

Flexibility Matrix f go 

4.8.7 Assemblage of the Compatibility 

Equations 91 

4.8.8 Determination of Member Forces S 94 

4.8.9 Determination of Nodal Displacements 6 94 

4.8.10 Examples and Discussion 95 

CHAPTER S. EXTENSION OF COMPATIBILITY ANALYSIS 

TO FINITE ELE14ENT METHOD 96 

5.1 Introduction 96 

5.2 Review of the Flexibility Finite 

Element Methods 96 

5.3 Element Flexibility Matrix 97 

5.4 Element Description 98 

5.5 Pure Compatibility Finite Element 

Analysis 101 

5.6 Statical Indeterminacy 101 
5.6.1 Examples 103 
5.7 Associated Graph of a Finite Element 

Idealisation 104 
5.8 Self-equilibrating Systems and 

Associated Graphs 104 
5.9 Particular and Complementary Solutions 105 
5.10 Complementary Solution 106 
5.10.1 Compatibility Conditions due to 

Local Bi-actions 106 
5.10.2 Compatibility Conditions due to 

Cyclic Bi-actions 107 
5.11 Definitions 110 
5.12 Sparseness of the Flexibility Matrix 110 
5.13 Bandwidth of the Flexibility Matrix 112 
5.13.1 Method 1 112 
5.13.2 Method 2 113 
5.14 Compatibility Equations 113 
5.15 Computer Program 114 

5.15.1 Typical Data 115 

5.15.2 Computer Output 116 

5.15.3 Particular Solution FP 117 

5.15.4 Determination of B 117 

5.15.5 Solution of Compatibility Equations 118 



a 

CHAPTER 6. CONCLUSIONS 

APPENDICES 

1 Definitions 
2 Derivation of the flexibility matrix 

of a rectangular element 
3 Direction cosine matrix for a 

straight uniform member 
REFERENCES 

FLOWCHARTS 

FIGURES 

8 

119. 

124 

126 

129 

131 

139 

142 



9 
NOTATION 

The following notations have been used in the text. 

Any deviation or addition has been defined locally. 

z Group of integers 

z Group of integers modullo z 2 1 
R Field of real numbers 

F Skeletal structure 

E Mathematical model of F 

a Number of members in E 

a Number of nodes in E 

a=a -a +1 Cycle rank of E 
0 

S Graph model of a structure 

M Number of edges in S 

N Number of vertices in S 

R(S) Rank of S 

r, r(S) Nullity of S 

Associated graph of S 

Number of edges in T 

Number of vertices in 

r Nullity of S 

C Element of a cycle basis (cycle) 

P(C i Measure of the cycle Ci 

d Diameter of S, 

E(S) Edge sets of S 

F(S) Setof spanning forests 

C(S) Set of non-oriented circuits of S 

H, 's S Subgraphs of S Sl 2 ** m 
Sk Union of subgraphs Ssk 

Number of edges in Sk Mk 

Nk Number of p4qe4 in Sk- 

Ck Union of circuits CV C2 ***Ck 
AI (S) Set of all non-oriented circuits 
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V=Z (S, R) Vector space of the 1-cycles of S over R 
-1 
V =Z(4z) Vector space of the 1-cycles of S over Z 212z 
ý' ý1' ý2 Matroid spaces 

B Bandwidth of a matrix 
B Base of a matroid space, static transformation matrix 

B Kinematic transformation matrix 
-0 
CA Cycle basis of E 

C Cycle basis of S 

C 
min 

Minimal cycle basis of S 

A(C) Measure of the cycle basis C 

A Cycle edge adjacency matrixt transformation matrix 

Transformation matrix 

D= Cycle adjacency matrix, elasticity matrix 

T Direction cosine matrix 

a Stress resultants at a point 

e Strain resultanýs at a point 

f Unassembled flexibility matrix 
-- T G=B fB Flexibility matrix of the released structure 

Complementary solution space 

d Member deformations vector 

Nodal displacements vector 

Flexibility matrix of*the element m M 
E Young's modulus 

G Shear modulus 

Ix St. V enant's torsion constant 
Iy .Iz Second moment of areas about y, z axes 
L Length of the member 
a Area of cross-section of the member 
$0 3 for 2-D problems and 6 for 3-D problems 
q,., Number of generalised forces on the i th boundarv 
qti Local releases on the i th boundary 

x Fp Particular solution 
-p -c 
xF Complementary solutioný 
-c - 
U Union 

n Intersection 

E qn element op 
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CHAPTER 1 

INTRODUCTION 

1.1 Scope of Research 

Research workers have shown much interest in the equi- 
librium method of structural analysis because of the ease of 

programming for fully automatic computing. Even those, who have 

developed new conceýts and methods in the compatibility method, 
have confined their research mainly to the analysis of skeletal 

structures, due to the formidable task of generating a maximal 
independent set of self equilibrating systems (statical basis) 

for a general structure. The prime aim of this thesis is to 

study the use of graph theory and combinatorics in the compa- 
tibility analysis of skeletal structures with a view of extending 
the method to the analysis of finite element idealisations. 

The compatibility method zis generally employed has two 
drawbacks viz, the selection of a suitable statical basis and 
the construction of the influence coefficients. in spite of 
these drawbacks it has certain advantages over the stiffness 

method such as smaller set of equations in structures with 

statical indeterminacv less than the kinematical indeterminacy, 

and better conditioned equations with a suitable statical basis. 

It has long been felt that the statical basis may be 

formed on the structural. elements with prescribed properties 

strung in a closed path. These paths will be termed self 

equilibrium paths. The most convenient self equilibritun paths 
are those which are confined to minimum nurber of elements. 
The direct correspondence between these paths and circuits of 
the graphs associated with the topological model of the struc- 
tures enables the extensive use of the graph theory in the 
determination of these paths. The major part of the thesis is 

concerned with the development of automatic efficient simple 

methods for the selection of a maximal independent set of 

circuits (cycle basis) of smallest measure of the topological 

model S of a skeletal structure. 

The thesis starts by briefly reviewing the compatibi- 
lity analysis of rigid jointed skeletal structures using contra- 

gredience relations. The correspondence between the cycle 

space associated with S and the statical basis is reformulated 

with a new proof. The criterion for the selection of a suitable 
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statical basis is shown to be a cycle basis of minimal measure. 

Two algorithms are presented for the selection of a 

near minimal cycle basis of S which are efficient, convenient 
to use and applicable to any complex pattern. The first method 
is based on a theorem proposed and proved in the thesis as an 

extension to the theorem by Whitney on the 'building up' of a 

graph from its circuits. A new concept is developed in the 

second algorithm to'use in conjunction with the well known tree 

circuits method to produce a near minimal cycle basis. The cycle 
basis selected by these methods correspond to. the regional 

cycles of an embedding of the 1-complex onto a collapsible 

surface. The minimal cycle basis does not always correspond to 

an qmbedding onto a collapsible surface. Two such examples are 

given. 

Thus there is a need to develop a third algorithm to 

select a minimal cycle basis. The concepts of the matroid 

spaces and the vector spaces are used to justify the minimality 

of the basis selected by the third algorithm. All three methods 

are programmed for a digital computeiý and the flow charts of 

the programs are included. Illustrative examples are given 

under each method. 

The efficiency of the compatibility analysis does 

not entirely depend on the sparsity of the flexibility matrix 
but on its bandwiath as well. A method based on tree is deve- 
loped to reduce the bandwidth of matrices and the method is 

programmed. The method is extended to renumber the elements of 
the cycle bases selected and also to renumber the elements of 
finite element idealisations for stiffness method of analysis. 
Different solution techniques are discussed and methods are 
presented to order the finite elements for Frontal technique as 
well. 

A fully automatic computer 
bility analysis of three dimensional 

structures to be used in conjunction 

scribed. The selection of the cycle 

automatic, completely preselected 15u 

a combination. of both. Examples are 

the equilibrium method. 

program for the compati- 

rigid jointed skeletal 
with a cycle basis is de- 
basis can be completely 

t automatically imposed or 

studied and compared with 

The successful application of combinatorial theory 

to the compatibility analysis of skeletal structures has led to 
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the development of a topological procedure for the analysis of 
finite element idealisations by the compatibility method. A 

formula for the number of statical indeterminacy in terms of 
the edges of an associated graph S (to be defined)and the 

nullity of 9 is established. The pattern equivalence of the 
flexibility matrix and the bi-action adjacency matrix (to be 

defined) is used to derive a criterion for the selection of a 

cycle basis of 9 to'make the flexibility matrix as sparse as 

possible. Two methods are described for numbering the bi- 

actions to produce a reduction of bandwidth. Flexibility 

matrices for a finite element can be defined in as many ways as 
there are statically determinate support conditions. A rela- 
tion between any two such flexibility matrices is derived in 

terms of their statical relations. 

A computer program is written to solve plane stress 

problems with rectangular finite elements with four nodes; but 

extension is possible to incorporate elements of arbitary shape 
and to consider bending problems. 

1.2 A Review of the relevant topics 

An automatic method for the compatibility analysis 
of structures requires a process to select a suitable maximal 
set of self-equilibrating stress systems (statical basis). 

For civil engineering structures the selection of a statical 
basis was originally made manually, Henderson et al. (1960), 

Hall and Woodhead (1961). Argyris (1955) used more generalised 
statical bases comprised of localised self-equilibrating 
stress systems in the analysis of air craft structures. These 

approaches lack generality and cannot be computerised to gene- 
rate automatically the statical basis for any structure. 

The earliest automatic methods Denke (1962), Robinson 

and Regl (1963) determine a statical basis from the equi- 
librium equations. The determination of a statical basis from 

the linear dependence of the equilibrium equations gives no 
guarantee that a good basis will be found, even when the 

weighting procedures are used. Further the choice of a suitable 
basis by these methods is encumbered by the presence of geo- 

metrical information. 

For continuous skeletal structures there is a con- 
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siderable simplification when a combinatorial approach is 

adopted and a cycle basis associated with the graph model 

of the structure is sought, Henderson (1960). A set of six 

self equilibrating stress systems in the structure corresponds 
to each element of a cycle basis which leads to a six fold 

reduction in rank of the matrix to be dealt with and exclusion 

of geometric information. For plane frames Edwards (1963) 

used the regional cycles to form a cycle basis. Henderson 
(1966) showed how surface embeddings of the network can be 

formed to help in the selection of a statical basis for three 
dimensional skeletal structures. A more systematic manual 

selection of regional cycles using admissible embeddings is 

given by Henderson and Maunder (1969) and Maunder (1971). 

In the analysis of electrical networks Kirchhoff 
(1447) employed a number of topological ideas long before 

topology attracted the attention of mathematicians. Papers by 

Synge (1951), Roth (1955), Seshu and Reed (1961) are also 

noteworthy in the application of topological concepts to electri- 
cal networks. Kron (1944) appears to be the first to apply 
topology in the analysis of structures. Later Langefors (1959, 
1961) published a series of papers on the analysis of struc- 
tures as networks. Samuelsson (1962) restricted the applica- 
tion of topological concepts to frames. 

The selection of a cycle basis, a problem common 
to the mesh analysis of all networks has received attenti on 
from research workers in different fields but most of them seem 

to be satisfied with tree cycle bases. In the field of gas 

networks Travers (1967) used a shortest spanning tree following 

the methods of Kruskal (1956). Westervelt (1962) used a shortest 

route tree to determine a tree cycle basis and then combined 

these cycles to form a suitable basis. In the field of 

structures Langefors' (1961) algorithm for cycle selection is 

again based on a shortest route tree. Cassell et al. (1974) 

were the first to publish an automatic method for the selection 

of a good cycle basis based on combinatorics. 

It is strange that a simple theorem in graph theory 

on the construction of a non-separable graph from its circuits 
by Whitney (1932) has escaped the attention of all the research 

workers. Another significant contribution towards the selec- 

tion of a cycle basis is also available in a paper by Whitney 
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(1935) on matroids, where lie introduces the abstract properties 

of linear independence of the elements in a set. The methods 

developed in this thesis are based on Whitney's theorem and the 

concept s of matroids are used to justify the methods. 

The use of the computer has permitted the solution of 

problems involving large matrices whose rank is measured in 

tens of thousands. To make use of the computer efficiently 

when a banded solution technique is used, the bandwidth of the 

matrix involved should be minimised. Although the problem of 

bandwidth reduction is known for a long time, it has received 

attention in the literature only. quite recently. Most of the 

methods developed for bandwidth reduction are iterative tech- 

niques, Alway and Martin (1965), Rosen (1968), Akyuz and Utku 

(1968). Graph theory principles give an Insight to the band- 

width problem and have been used in this thesis to derive 

efficient algorithms. The algorithms of Cuthill and McKee 

(1969) and Collins (1973) also make use of the graph theory to 

a certain extent. I 

Coinpatibility analysis depends on the selection of 

self-equilibrating force systems which have represented an im- 

pediment to the computationally efficient utilisation of the 

. method in finite element analysis. The algebraic procedures 

developed by Denke (1962) and Robinson (1973) require sub- 

stantial computational effort to make this selection. To 

circumvent this difficulty Fraeijs de Veubeke (1965), Sander 

(1970) and others have used the displacement method with stiff- 

ness matrices derived by the inversion of the flexibility 

maýrices. Gallagher and Dhalla (1971) presented a direct 

flexibility method analogus to direct stiffness method. In 

this thesis an alternative method for finite element analysis 
by the compatibility method is developed. 

The following text books, have been found useful as 

references: 
Graph Theory - Harary (1969). 

Vector spaces of finite dimension - Shephard (1966) 

Topology - Patterson (1959) 

Introduction to the theory of finite groups - Ledermann 
(1957) 

Finite graphs and networks - Busaker and Saaty (1965) 
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CHAPTER 

LINEAR ANALYSIS OF SKELETAL STRUCTURES 

2.1 Introduction 

it has been widely accepted now that the analysis of 
I 

skeletal structures can be considered as a network problem and 

may be analysed as such. The analysis procedures may therefore 

be divided into two parts: 

1. A study of the connectivity of the structure. 

This has a distinct role to play in the 

compatibility analysis. 

A study of the metrical and elastical properties 

of the structure. 

These distinctions are made in some treatments of the 

equilibrium method, where the connectivity is adequately described 

by the cut-set matrix. In compatibility analysis a successful 
distinction has been made for regular plane frames using regional 

cycles but no method for general frames has been available. 

The main aim of this chapter is to show how an efficient compati- 

bility analysis of a continuous skeletal structure can be based 

upon topological c9ncepts. Therefore the structural analysis 

procedures will be described with an emphasis on their topological I 

aspects. 

2.2 1 Skeletal Structures 

A skeletal structure is one which can be represented by 

one dimensional members appropriately connected at points called 

nodes. Each member is assumed to be terminated by two different, 

nodes and no two distinct members join the same pair of nodes. 
The analysis of a skeletal structure is complete once the components 
displacement of the nodes and the internal stress resultants acting 

on at least one end of each member have been found. 
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2.3 'M(ýth6dg of St3tuctiltal'Analysis 

Eethods for the'analysis of structures are well described 

by many authors, Morice (19583, Livesley (1964), Przemieniecki (19681 

and Jenkins (1969). Henderson and Morice (1958) discuss the various 

methods available for carrying out an analysis of the stress and 

strain state of an engineering structure taking the principles of 

stationary potential energy and complementary energy as the basis 

of their discussion. Argyris (1958) also reviews the various methods 

of elastic analysis of complex structures. 

There are basically two approaches available for the analysis 

of structures, viz. the displacement method or equilibrium method and 

the force method or compatibility method. in the equilibrium method 

geometrically compatible states (elements) are combined to give 

equilibrium and the basic unknowns are the displacements at the connect- 
ing points. In the compatibility method elements which are in statical 

equilibrium with the external applied load are combined to give geo- 

metrical compatibility and the basic unknowns are taken to be stress 

resultants, Morice (1958). The equilibrium method is based on the 

principle of minimum potential energy whereas the compatibility method 
is based on the principle of complementary potential energy and the 

duality of these methods has been shown by many authors, Lange fors 

(1959), Argyris (1955), Samuelsson (1962), Fenves (1963) and Maunder 

(1971). 

2.4 Structural Idealisation 

This thesis is concerned with the compatýbility linear analysis 

of statically indeterminate structures. ' A linear structure is defined 

here as one whose material properties are linearly elastic and which 
has a linear relation between the small displacements (translations 

and rotations) and load (forces and moments). Statical indeterminacy 

(SI) is the difference between the number of unknown stress resultants 

and reactions and the number of independent equilibrium conditions. 
The analysis of structures by the finite element method uses the 

simplification of assuming the structure to be made up of discrete 
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elements'having known elastic and metric properties connected in 

a prescribed fashion at selected points, termed nodes, This 

representation of the actual continuum by an assemblage of discrete 

elements is usually referred to as structural idealisation and is 

accomplished by equating energies of the actual continua and the 

discrete element systerd. In general it is only possible to use 

approximate representation of the actual continua by assumed stress 
distributions or displacement distributions within the elements or 

by hybrid elements having assumed distribution of both stress and 

displacements as discussed in Chapter 5. The structure has then 

been replaced by an equivalent mathematical model having a finite 

statical indeterminacy leading to a set of compatibility conditions. 

In the case of a skeletal structure the discretisation already exists 

owing to the customary approximations of engineering theory of beam 

properties and the discrete system gives an exact representation of 
the actual structure. 

2.5 Compatibility Method 

2.5.1 Particular and Complementary Solutions 

In the compatibility method the stress resultants xt at 

any point in the structure duetc, any applied loading P may be thought 

of as being made up of two components viz. the stress resultants 
in equilibrium with the applied load and the self-equilibrating 

stress resultants necessary to give geometrical compatibility. 
The former is termed the particular solution x and the latter the 

-P complementary solution x Thus 
-C 

xt =x+x 

- -P -C 

2.6 Complementary solution for skeletal structures 
2.6.1 Physical A22roach 

Let a be the SI of the structure. The structure is made 

statically determinate (SD) by assuming a suitable stress resultants 
in the structure to be zero, or the structure is said to have a 

releases. This substructure is called the basis system. The stress 
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resultants in the SD structure in equilibrium with-the load P is xp 

It is not m andatory to have. an SD structure to get x 
P. 

and any sub- 

structure which can be analysed using existing standard information 

and simple statics, may be used, 'Argyris (1958). x may be obtained 
by applying equal and opposite actions (bi-actions) R,, R2Ra at 

the releases. x can be written as 
-C 

XXr (2.1) 
-C 

where Xa matrix of a columns of stress resultants, each-of 

which is due to a unit biaction at and corresponding 

to the release 

ra column vector of a independent scalar multipliers 

of the biactions which give geometrical compatibility 

at the releases. 

If r=Ar where A is a non-singular (a x a) matrix and r is a 

column vector associated with another set of a independent biactions, 

equation (2.1) can be rewrittenas 

xXAriT (2. '2') 

-C --- 

where is the stress resultant matrix corresponding to r It 

shows that the release system or complementary solution sy9tem and 

basic system need not be the same, Jenkins (1954). Morice (1958) 

called this the mixed solution. This geometrico-physical approach 

of assuming hypothetical physical releases fails to give a more 

general mathematical represent ation to x 
-C 

2.6.2 Abstract Approach using Vector Spaces 

The equation x=Xr is true for all X provided the rank 
ftc 

Of X is a Eac column of X represents a set of stress'resultants 

in self equilibrium. Consider. all sets of stress resultants in the 

structure which are in self-equilibrium including the stress free 

state. These sets of self-equilibrating stress resultants form an 

additive abelian group and therefore-it is possible to define'a 
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vector space over the field of real numbersr. This vector space 

may be termed the complementary solution space ýP, whose dimension- 

is obviously a. Any basis of 4) will be called a statical basis 

and may be used for X ip equation (2.2), Henderson (1966). This 

approach has transformed the problem of finding a complementary 

solution into a problem of finding a basis of a vector space. 

The main advantage of this approach is that it will be possible to 

relate 4ý to the cycle space (to be defined) of the graph model of 

the structure and thus to use topological concepts in arriving at a 

complementary solution. - The description of the derivation of the 

complementary solution space for skeletal structures is given in 

Section 2.10.4. 

2.7 Compatibility Equations by Linear Transformations 

Let x= {x 
.... x) be the stress resultants at any 1' x2 n 

point due to a set of stress resultants y= {ylv Y2 .... ynI at some 
I 

other point connected to the previous point, where n is equal to six 

except in two dimensional cases when it is three. If x and y can 
be related by a linear transformation matrix T, obtainable from the 

geometry of the system such that 

Ay (2.3) 

then it can be easily shown that 

dV=d 

where dV is the column vector of the deformations in the directions 

and senses of the stress resultants y due to any set of displacements 

du in the directions and senses of the stress resultants x. Stress 

resultants and displacements are therefore said to transform contra- 

grediently. 
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Consider a structure having a statical indeterminacy under 

load P= jP1? PPI where P. is a set of six loads at the L th 
2 '*** N1 

node and N is the number of nodes. Let there be an independent set 

of a stress resultants distribution {R1, R2.... Ra )at any point on 

the actual structure i., e. structure with no releases. Stress 

resultants X 
pi at any point T in the structure due to the applied 

loading P is given by xAP Stress resultants x at the 
-i -pi, -i 

U, 
-cj 

same point T due to statically indeterminate stress resultants Ri is 

given by x cj =BiR j* and Bi are the (6x6) transformation matrix 

corresponding to the matrix A of equation 2.3. Thus the total stress 

resultants x t, at any point T can be written as 

Na 
xt Ex+Ex 

cj i=1 P, j=l 

N-a 
EAP+EB 

1. = 
iij=IjRi 

XP + "ER 

As observed in Section 2.6.1, these Rmay be any set of a independent 

self-equilibrating stress resultants. 

The stress resultants xt at any. point and the deformations 

(37U of a small element ds at this point may be related by 

du=Cxt ds 

where F= (6x6) elasticity or elastic compliance matrix 

ds small element of axial length of the structural 
beam at the point under consideration. 

To determine the arbitrary scalar multipliers of self- 

equilibrating stress resultants (SES): 
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Consider a independent discontinuities W =-- {W 
1f W2 **** Wa I 

in the structure, one for each SES, and check for compatibility of the 

respective displacement components at these position discontinuities. 

Let dWi be the displacement at the j th discontinuity due 

to the displacement d7u at the point T. Then 

dW 

ýi ý -x ds 
- -t 

P+ R) * ds 

=0 

Hence fTCB ds R+BTCP ds 

GR+u=0 (2.4) 
.- -0 

Where GfTC ds 

fBTCAP ds 
0 

The set of a linear equations given by equation (2.4) 

is known as the compatibility equations which may be, solved for R. 

The principle of complementary virtual work (the principle 

of virtual forces) or other variational approach may also be used to 

derive the compatibility equations. G is the flexibility matrix of 

the structure corresponding to the statical basis used to derive the 

compatibility equations. 

The accuracy and validity of the results of the compati- 

bility analysis of a structure depends mainly on the conditioning 

of the set of compatibility equations (2.4). The conditioning of G 
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is controlled by the statical basis used in the formation of G 

and hence further discussion*in this chapter will be confined to 

the study of the statical basis-selection and the effect of- 

statical basis in the analysis of continuous skeletal structures. 

Those structures having discontinuities such as hinges, slides 

etc., are treated as rigid-jointed for the present since their 

effects can be taken into account later in the analysis, Fenves 

et al (1965). 

2.8 Statical basis selection 

There are two distinct approaches available for the 

selection of a statical basis. They can be classified either as 

algebraic methods or as combinatorial topological methods. The 

algebraic methods have been independently developed by Robinson 

and Regl (1963), who have called their method the Rank method, 

and by Denke (1962) whose method is known as the structure cutter. 
A brief description of the albegraic methods will be given here 

for completeness' sake. 

2.9 Algebraic Methods 

These methods involve setting up all the equations for 

1. Joint equilibrium 
2. Member equilibrium 
3. Release conditions. 

The Jordan elimination technique is-then applied to these equations 
which automatically separates a set of forces. These forces con- 

stitute a statical basis. The main difficulty with theselmethoas 
is that they need a larger number of equations than the displacement 

method, which requires only joint equilibrium equations, thereby 
losing the main advantage of the compatibility method, where the 

statical indeterminacy is less than the kinematical indeterminacy. 
J 
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A simple structure having an SI of 6 will require 36 

equations to start with, Figure 2.1. In the author's opinion 

these algebraic methods, rather than reducing the computer 

requirements, demand a greater capacity. However these methods 

are fully automatic and the input data requirement will be the 

same as that for the di8placement method or topological method. 

2.10 Topological Method 

Henderson and Bickley (1955) were the first to introduce 

topology, as far as the author knows, in the structural engineering 

field by showing that the statical indeterminacy is a topological 

problem. 

Generalised statical bases in various forms have been 

used in the analysis of aeronautical structures as early as 1950 

Argyris (1955) but such generalisation has not been used in the 

analysis of Civil Engineering Structures till 1959. Though 

Argyris (1955) used generalised statical bases in his work, no 

mention was made of the use of topoligical concepts in the 

selection of statical bases. 

2.10.1 Some Graph Theory Definitions 

These definitions mainly follow those of Whitney (1932). 

A graph consists of a set of vertices a, b, c .... f ana a set of 

edges ab, bc, ac .... cf. If an edge ab is present in 

a graph, its vertices a, b are also present. 

.A circuit is a set of distinct edges which can be put in a cyclic 

order ab, bd .... fa, where vertices in different 

positions are distinct. Circuits will be referred to 

as simple cycles as well in this thesis. 

Rank R(SS) and nullity r of a graph S are given by R(S) =N-P 

and r=M-N+P where M, N, P are the number of edges, 

vertices and connected pieces in the graph S. (P =I 
for a connected graph). The nullity is also known as 

the cycle rank, the cyclomatic number and the'first 

Bett, i number b1 (S). 
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2.10.2 Mathematical model of the Structure 

A continuous skeletal structure F can be represented. by 

a mathematical model E where the elements of E are one dimensional 

members joined at nodes of finite size. If E has M members and 

N nodes then the statical indeterminacy of F is given by a6r. 

where r=M-N+1, Henderson and Bickley (1955). 

The graph model S consists of a set N(S) of N points or 

0-cells a0, called vertices and a set M(S) of M unordered pairs of 

distinct points or 1-cells a,, called edges, which are in one to 

one correspondence with the nodes and members of E respectively, 

so that two vertices of an edge correspond with the nodes incident 

with the corresponding member of E. It is assumed that the structure 

is such that the graph S is connected. By the definition of skeletal 

structures in Section 2.2, the graph S is without multiple edges. 

2.10.3 Cycle Groups Associated with S 

If each edge (1-cell) of S is arbitrarily oriented, then 

the graph S can be considered as an oriented 1-cell and certain 

cycle groups can be associated with it. The edges are oriented-in 

an arbitrary fashion by arrows indicating direction from end 1 to 

end 2, as shown in Figure 2.2. For definitions of N-cell complex, 

chain groups, cycle groups, boundary, etc. see Appendix 1. 

The term cycle will be used to denote an element of the 

cycle group Z1 (S, R) of real 1-cycles and the corresponding members in 

E. An element Ci of the cycle group Z1 (S, R) is given by - 

m Cl. =a ii a1...... . aij a, . ..... am a, 

or. cj. =a ii mI++a ij mia im mm 

where a, j CR and mj is'the member in E corresponding to aj in S. I 
It will be shown in the next section that a basis of 4ý may be 

obtained. from a basis of the vector space Z1 (S, R) of the I-cycles 

over the field of real numbers. The vector space of the 1-cycles 

over any field will be termed a cycle space, -and any basis of the 
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cycle space will be termed a cycle basis. Another cycle space 

zI (S, Z 
2) over the field of residue modulo 2 (Z 2) can also be 

associated with S. The relation between the bases of the cycle 

space Z1 (S, R) and the cycle space Z1 (S, Z 2) will be discussed in 

Chapter 3. 
4 

Two groups have done independent research in the field 

of network topology of skeletal structures: Langefori (1959), and 

Samuelson (1962) in Sweden and Henderson (1960) in the U. K. 

2.10.4 Complementary Solution Space ýD from Cycle Space Z-(S, R) I 

It is not very difficult to show that the complementary 

solution space 0 corresponding to a continuous skeletal structure 

may be formed on the cycle space Z1 (S, R) of the 1-cycles of S over 

the field of real numbers. The method described in this section 

mainly follows that of Henderson and Maunder (1969) for easy can- 

parison. 

The stress resultant distribution in a member of E can 
be completely described by the six stress resultants in system 

axes or local axes at any point along the member. For convenience 

the stress resultants. may be specified in system axes at end 2 of 

each member, as shown in Figure 2.3. 

Those members with non-zero coefficients in C. form a 

substructure Ei in E. 

It will now be shown that six independent self-equilibrating 

stress distributions can be generated on the substructure Ei 

corresponding to each cycle Ci from the cycle group Z1 (S, R). 

Associate any arbitrary point Pi in R3 with each Ei and 

apply three forces (p 1' P2' P3 ) and three moments (p 
4' P5' P6 ) in 

system axes, as shown in Figure 2.4. Stress resultants at end 2 

of each member mj in Ei, statically equivalent to pk with pk = a, j, 
coefficient of m3 in CI will Produce a self-equilibrating stress 

system in E i' Six such distributions cap be generated on each Ei 

corresponding to the six values of pk and the independence of these 

six distributions is obvious. The values of the stress resultants 
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acting on the end 2 of m3 and a, j 
B, j, where 

1 

ij 

w0 -u 

-V u0 

where u, v, w are the coordinates of Pi relative to the end 2 of 

mi in system coordinates. These six distributions considered over 
the whole of E form a (6M x 6) matrix B.: 

I 

a B. ii ii 

Bi a 12 Bi 
2 

a im B 
im 

By generating six elements of (D in each cycle of a set of r 
independent cycles of the group Z1 (S, R) as outlined above, 6r 

elements of 1D can be obtained. Independence of these 6r elements 
is next shown. 
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rl 

a11 

B 

12 

* 

* 

* 

a im 
B im a 

rM 
B 

rM 

(2.5) 

The cycle edge incidence matrix A of the r cycles used in the formation 

of B is given by 

a 21 

a rl 

10 0 0 -1 0 r 1 0 0 0 0 0 
010 0 0 0 0 1 0 0 0 0 
001 0 0 0 10 0 1 0 0 0 

- 11 vil 0w 1 0 0a1 21 ,0- 
21 w 21 v 1 0 

,aB 
0 1, rl rl 

wil 0 -Uli 0 1 0 1w 
21 0 _u21 0 1 0 

-vil Uli 0 0 0 1 -1-v 
21 u21 0 0 0 1 

L 

100 0 0 0 
1010 0 0 0 

1001 
- 12 12 wv 

0 0 0l 1 aB 22 22 
0 1 0 01 

1 w12 0. _u12 0 1 01 
1 
, _v12 U12 0 0- 0 

1 

1 
t- 

a 12 **** a im 

a 2M 

a rM 
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T 
F6r convenience let [Tij 

= 
[a 

a 
ril 

Vi] 
T= [a 

li v 
I 

E Wj 
T= [a,, 

w 
li 

[u 
il 

T= Ea 
ii u 

ii 
a 21 u 

21 
****a ri u ri I 

with i varying from I to M. 

a 21 v 
21 

****a ri v ri] 

a 21 w 
21 

****a ri w ri I 

Every sixth column of B is of the same type and therefore 

B can be rewritten as 

all a 21 .... a rl 
0 0 0 

0 0 0 

0 0 0 
21 rl a 11 w 

11 
a 21 w 

21 
a rl w 

rl 
-a 11 v -a 21 v .... -a rl w 

B= a 12 a 22 .... a r2 
0 0 0 
0 0 0 

0 12 21 
a 12 w a 21 w r2 a r2 w 

12 21 12 
-a 1ý, -a 22 v -a . 2v 

im rm -a W .... ... a v , rM 

0 .... 0 

0 0 

0 0 

0 0 

0 0 

a 11 a 21 a rl 

a Im a 2M *"* a rM 
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I 

B= 

-T A 0 0 0 0 0 

0 -T A 0 0 0 

0 0 -T A 0 0 0 

0 
T 

-w 
T 

v -T A 0 0 

w1T 0 -u 
T 0 il T 0 

-v 1T 
uT 0 0 0 T 

T 
AM 0 0 0 0 0 

0 -T AM 0 0 0 0 

0 0 -T AM 0 0 0 

0 -wm v -T AM 0 0 

T 
wm 0 T 

_UM 0 -T AM 0 

T 
-VM 

T 
UM 0 0 -T AM 

Rearrangement of the rows leads to 

30 
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i 

B= 

T 

T 
A 2 

T 
A 

M 

T 

I i--, I 
0 

TMT 

- T 

T 
A 

m 
T T 

_W vT 
m 

T 

TT 
-w v -T A 

m m 

wT -u 
T 

M 
T 

0 0 

TT 
-U W T 

! 4_ 
-- 

m- 
-- -L T T -m- 

-V u T 

0 

u VM 
m 

-T AM 
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i 

AT 

T 
A 

-T 
T 

A 
TVT :r 

B -W 

TAT 

VT UT AT 

uT 

where [UTI u2T 
etc. 

I 
UM 

T 

Since the rank of A is r, the rank of B is 6r. These 6r 

independent self-equilibrating stress distributions form a basis for ýP. 

It shows that a statical basis of a continuous skeletal structure may 

be formed on a basis of the cycle space Z1 (S, R) of the 1-cycles over 

the field of real numbers, where S is the graph representation of the 

structure. It can also be seen that the statical basis, a (6r x 6M) 

matrix, in the partitioned form 2.5 is pattern equivalent to AT, the 

transpose of the cycle member incidence matrix. For the definition 

of the pattern equivalence see Henderson (1960). 

2.11 Criterion for Cycle Basis Selection 

2.11.1 Pattern Equivalence of G and AA T 

If the stress resultant distribution along any member of E 

is specified by the stress resultants at end 2 of the member as 

has been done in Section 2.10.3, then the compatibility equation 2.4 

can be transformed to 

BTfBR+BTfBP=0 
0- 

where 
f is the unassembled member flexibility matrix: 

f2 

fm 
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(6 x 61 flexibility matrix of. the i th 
member 

in system coordinates 

(2) B is a statical basis, each column of this (6M x 6r) 

matrix represents a self-equilibrating stress 
I 

distribution in the members of E. 

The flexibility matrix G of the skeletal structure is there- 

fore given by: 

BT fB 

Since the pattern of a matrix remains unchanged when multiplied 

by a diagonal matrix, G is said to be pattern equivalent to BTB in the 

partitioned form. But B, in the partitioned form is pattern equivalent 
T 

to A Therefore, in the partitioned form, G is pattern equivalent to 
-T 

D= AA D is termed the cycle adjacency matrix. 

2.11.2 Assemblage of G 

The analysis of skeletal structures requires two main 

processes: 

Assembly of the flexibility matrix G from cycle member 

incidence matrix A and unassembled member flexibility 

matrix f 

2. Solving the compatibility equations. 

The effort in the assemblage of the flexibility matrix G 

is dependent on the sparsity of the matrix D and becomes less as the 

overlapping of cycles is reduced. Two or more cycles are said to 

overlap if they contain at least one common member. 

The efficiency of the solution procedures of the compatibility 

equations depends on 

1. Conditioning of the equations 

The sparsity of the matrix D 

Bandwidth of the matrix D 



34 

Factors concerned with the conditioning of the compatibility equations 

are accuracy of the computer, the method used to solve the equations 

and the pattern of matrix D. The first two factors are independent 

of the topological aspects of the structure and hence are not con- 

sidered in this chapter4 In practice, it has been observed that the 

flexibility matrix G corresponding to a sparse D matrix is usually not 

ill-conditioned. 

The sparsity of the matrix D is controlled by the overlapping 

of cycles and D has maximum sparsenes; when there is a minimal overlap 

of the elements of the cycle basis. However, the problem of finding 

a cycle basis with minimum overlap is highly complex, and something is 

achieved if a systematic general method capable of generating a cycle 

basis with minimal number of elements in each cycle is developed. The 

overlap of this basis is usually not very different from the minimal 

overlap. 

2.11.3 Cycle_Basis of Minimal Measure 

Assign a positive number g(C i) to each cycle element Ci of 

the cycle space Z1 (S, R) such that p(C i) is the sum of the absolute 

values of the coefficients of the i th 
row of the cycle member 

incidence matrix A. This number g(C will be called the measure 

of the cycle C i* The measure of a cycle basis C of Z1 (S, R) may be 

defined to be 

r 
=Z jt(C. ) 

i=1 

It is known that min 9(C) is associated with high sparsity of D and 

corresponds to a cycle basis of minimal overlap in most cases, but 

not always. Figure 2.5 shows an example where a cycle basis of 

min A(C) does not give a minimal overlap. However, the use of the 

criterion min ýt(C) always gives very high sparsity of D. Further, 

min g(C) is a simple criterion by which a cycle basis can be 

quantified. Also it is possible to use the concepts of vector 

spaces and matroid spaces for the evaluation of a cycle basis 

satisfying min p(C). Hence min p(C) is being used for the criterion 
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on which cyýle selection is based. The cycle basis corresponding 

to min p(C) will be called the minimal cycle basis and it obviously 

consists- of cycles of smallest measure possible. The cycles of 

smallest measure are simple cycles (circuits) and the number of 

simple cycles in a graph S is greater than or equal to the dimension 

r of the cycle space. Thus, in order to select a minimal cycle 

basis, it is sufficient to concentrate on circuits. A cycle basis, 

measure of which is fairly close to the minimal measure will be called 

a near minimal cycle basis. A basis corresponding to a sparse D 

matrix will be called a good cycle basis. The next chapter is 

concerned with methods of selecting near minimal cycle bases and 

minimal cycle bases. 
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CHAPTER 3 

CYCLE BASIS SELECTION 

3.1 Introduction 

It is well knbwn that fundamental tree circuits form a 

basis of the cycle space generated by the 1-cycles of the graph 

model S. The basis formed by the fundamental tree circuits is 

usually not a good cycle basis. Henderson and Maunder (1969) 

use various embeddings for the manual selection of a good cycle 

basis. Recently Cassell et al (1974) used a combinatorial approach 

for the automatic selection of a good cycle basis. Various com- 

binatorial methods will be outlined first and then suitable algorithms 

for the selection of a near minimal cycle basis of the graph model S 

will be described. The chapter will conclude with an algorithm 
for a minimal cycle basis, which may require more computer time 

for its selection than the near minimal cycle basis. 

3.2 Graph theory in cycle selection 

3.2.1 Definitions 

Chain or simple path is a set of one or more distinct edges 

which can be ordered thus ab, bc ... gh where vertices 
in different positions are distinct, i. e. the chain may 

not intersect itself. 

Suspended chain is a chain consisting of two or more edges such 
that no vertex other than the first and last is on other 

edges and these two vertices are each on at least two 

other edges. 

Connected graph A graph is connected if any two of its vertices 

are joined by a chain. 

Subgraph H of G is a graph containing a subset of the vertices of 
G and those vertices of G which are on these edges. 

Isolated vertex is a vertex which is not in any edge. 
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An edge is said to be incident with its vertices. 

'Valency of a vertex is the number of edges incident with it. 

Forest is a graph containing no circuits. 

Tree is a spanning forest. Chords of a tree are the edges 
4 

of the graph not in the tree. 

Non-separable graph A connected graph which cannot be broken 

at a single vertex into two graphs each containing at 

least an edge is called a non-separable graph. Let 

the graph S be divided into any two subgraphs H1 and H 2' 
The graph S is non-separable if R(S) < R(H 1)+ R(H 2 

). 

Circuit of graphs Two or more non-separable graphs form a 

circuit of graphs if they can be named G1, G2.... GM 

in such a way that G1 and G2 have just the vertex a1 

in common, G2 and G3 have just the vertex a2 in common, 

GM and G1 have just the vertex am in common; 

these vertices are all distinct, and no other two of these 

graphs'have a common vertex. 

The distance between two vertices of a graph is the number of edges 

in the shortest chain between these vertices. 

A graph is said to be cyclically connected if any two', of its vertices 

are contained in a circuit. It has been proved by 

Whitney (1932. ) that a non-separable graph is cyclically 

connected. Thus it can be said that every edge of a 

non-separable graph is contained in a circuit. 

I-3.3 Whitney's theorem 

The theorem by Whitney (1932) on the construction of a 

non-separable graph can be used to select a cycle basis of the 

graph model S. The theorem shows how a non-separable graph could 

be built up from its edges. 
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Theorem "We can build up any non-separable graph containing at 

least two edges by taking first a circuit, then adding 

successively edges or suspended chains, so that at any 

stage of the construction we have a non-separable graph. " 

i 

The following conclusions may be drawn from this theorem; 

the proofs are available in the same paper: 

Each time an edge or suspended chain is added, these 

edges, together with the non-separable graph already 

present, form a circuit of graphs. 

2. The nullity of the graph is increased by one with each 

circuit of graphs. 

This method makes it possible to find a set of r independent 

circuits of the graph model S and therefore it is a method for the 

selection of a cycle basis. This method will be referred to as 

Whitney's method. 

3.4 Combinatorics and cycle basis selection 

3.4.1 Definitions 

Sk is the union of the subgraphs S 1' S2 " Sk of S, 

k 
i=k 

i. e. SUS i* If the subgraphs are 
i=1 kk i=k 

circuits then S=C=U Ci* Measure of 
- 122 1 

a circuit is C1 is A(C i) and A(C i) 
is the number of 

distinct edges in C i* Minimal circuit on any edge 

is the circuit of smallest measure containing the 

edge. 
I 

Any edge mi of S which does not belong to Si (i. e. m Si) is 

i+I 
an unused edge for the formation of S 
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The notation p(r, S, ti .... W) will be used to specify each 

circuit, (r, s, t, .... w) being the edges in the 

circuit 

3.4.2 Cassell'et al method 

Cassell et al (1974) were the first to publish an automatic 

combinatorial method for the selection of a cycle basis. Their 

method is similar to the building up process of Whitney (1932) and 
they call it an expansion process. An early form of their method 

was made available to the author and a brief description is given 
below. A circuit C k+I is said to be admissible if its inter- 

section with the subgraph already formed (i. e. Sk0C k+1 
) is a 

chain. 

Step I Using any edge incident with a suitable starting vertex, 
form the first minimal circuit. Form the second 

admissible minimal cycle on any eage incident with this 

vertex but not used in the previous circuit. Repeat 

the process until all the edges incident with this 

vertex are used as the elements of the selected circuits. 

Step 2 Repeat Step 1 for all those vertices adjacent to the 

starting vertex. 

Step 3 Repeat Step 2 for all those vertices adjacent to the 

vertices of Step 2. Continue until all the edges of 
S have been used. 

3.4.3 Efficiency of the different methods 

The advantages of a minimal cycle basis in the flexibility 

analysis has been discussed in Chapter 2. In this section relative 
merits and efficiencies of the methods described in the previous 
sections will be discussed. The efficiency of a method is determined 
by (1) the measure of the cycle basis selected by it, (2) the number 

of operations involved to get this cycle basis. 
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IThitney Is Method 

This method and the Cassell et al method basically use 

the same principle and therefore it is discussed under the next 

section. 

Cassell et al methoa 

4 

The basic principle in this method and Whitney's method, 

is to build up the graph model, which may be regarded as a 1-complex 

from its elements. The building up process 

i=r 
u 

i=l 

is not unique and the I-complex can be built up in numerous ways. 

The degree of minimality of the cycle basis selected by these 

methods depends on, the following: 

Selection of a suitable starting node, the criterion 

for its selection has not been well defined, and 

depends on the graph model. 

2. Selection of subsequent nodes and edges. 

This method may fail to select a minimal cycle basis even 
in a trivial example as shown in Figure 3.1. 

Minimal basis Basis selected 
1 (1, 2,6) 1 (1,2,6) 

2 (3, 12,2) 2 (3,12,2) 

3 (4, 13,3) 3 (4,13,3) 

4 (5, 10,4) 4 (5,10,4) 

5 (7, 6,11) 5 (11,7,6) 

6 (8, 1,5) 6 (14,11,12,13) 

7 (9, 6,7) 7 (9,14,10) 

8 (m, 10,9) 8 (4 -A '-'A F 
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The measure of the minimal basis is 24 whereas. the. measure of the 

basis selected is 25. 

3.4.4 - 'Modif ied *Taethod 

The author observed that the sequence of building up plays 

a vital role in the degrqe of minimality of the cycle basis selected, 

and found that the non-separable condition should be relaxed to form 

separate non-separable graphs which could be joined later. Theorem A 

is stated and proved in the subsequent sections to justify this 

proposition. 

3.4.5 Theorem A 

All the independent circuits of a graph S can be found by 

the following procedure: first take a circuit; then successively 

1. add a suspended chain or a set of suspended chains so that 

it forms a circuit with one or more elements of the sub- 

graph already present and increases the nullity of the 

subgraph by one, or 

2. add disjoint circuits, till no more circuits can be 

formed. 

We need a few lemmas to prove the theorem A. Mk and Nk 
k 

are the number of edges and vertices in the subgraph S and the 

nullity of the subgraph Sk will be denoted by r(S 
k 

and "k 

are defined as M"MM and NN-N kk k-1. kk k-1* 

Lemma Let S SU S then r(S r(S +I 

if Mi Npi where Pi is the number of 

subgraphs connected by Sj, - 

Proof Let 4 be the, number of disjoint subgraphs of S 

which are not connected by Si 
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r (s Mi-N+1 

r (S =m i-I -N i-l' +P+ 

Thus r (S 
i 

-. r(S mm (N Np 

M, Np+ 

e. r(S r(S )+ .1+MNp 

Hence the result. 

i-1 i Lemma 2A single vertex cannot be added to, S to form S 

Since the graph does not contain any isolated vertex, 

the proof is obvious. Thus we can say that addition 

of a vertex gives rise to the addition of at least 

one edge. 

Lemma 3 If the nullity of the graph increases by one with the 

addition of Si, then S, contains at least one edge. 

Proof By Lemma 1 the nullity of the graph increases by one 
if 

M, Ni+Pi, 

Since PI and 0, R, >, 1 

Hence the lemma. 

Lemma 4 If S forms a circuit with one or more elements of S ii i-1 i i-I then r(S ) >, r(S )+1 where S=SUSi 
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Proof if Si forms a circuit with. some elements of Pi connected 

pieces in S 
i-I 

, then the circuit will contain-either 

" number of vertices-from each connected piece-or 

" number of edges and the corresponding vertices from 

each connected piece. 

In both cases Nk-Mk>, I where Nk and Mk are the 

vertices and edges in the intersection of the circuit 

and the k th 
connected piece. 

k=P 
* 13ut MNi+Emk- Nk =0 

k=l 

Thus R- -N 
i-P>, 

But r(S r(S mNp+ 

Hence the lemma. 

The theorem A will now be proved. 

Proof Let S be the union of the circuits formed 

r(S) = number of circuits formed by this process 

M= number of edges in S 

N= number of vertices in S 

P= number of connected pieces in S 

r (S) N+ 

r (S) N+P 

Assume r(S) j r(S) 

Case Let MM and NN 

r(S) r(S) P 

Since M=M and N N, S=S and P 

r(S) = r(S) 
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Case 2 Letý M=M and N 

By Leuma 2, a contradiction. 

Hence N=N and r(S) = r(S) 

Case 3 Let M<M ana N <, N and r(S) < (S) 

Since the graph is cyclically connected, there is at least 
A 

one circuit through each of the edges in (M - M) and 

therefore the process could not stop with S. Proceeding 

with the process will lead to Case I or Case 2. 

Case 4 Let M<M, N<N and r(S) = r(S) 

Since the graph is cyclically connected, there is at least 

one circuit through each of the edges (M - M). Let Sk 

be the suspended chain or the set of suspended chains 
A 

containing one of the edges (M - M) and forming a circuit 

with S. 

By Le=a 4, r(S USkr (S) + 

i. e. r (S USkr (S) 

Since (S USk)CS, r(S USk) l< r(S) 

A contradiction; M=M and N 

Thus it has been proved that the number of circuits found by this process 

is r(S) = r. The independency of these circuits will now be proved. 

The nullity increases by one with each circuit and hence by Lemma 3, 

there is at least one new edge in the last circuit formed. The 

circuits are independent because the last circuit cannot be formed 

by any linear ccmbination of the circuits selected previously. 

Hence the proof. 

Symbolically theorem A can be expressed as 

SCIuS2uS3 **** uCnuSi 

with 
R jT 

i=P, 
for each S1. 
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This approach has the unique advantage over the other 

methods of building up the graph S in any sequence provided the 
th 

equation MI-N, =Pi at the i stage of the building up. This 

condition is really a restriction on the sequence of building up 

but it has been observed that it does not affect the degree of 

min, imality of the cycle basis selected in most cases. The effect 

of relaxing this restriction will be dealt with in a subsequent 

section. 

3.4.6 ALGORITHM 1 

Based on theorem A is the author's algorithm 1 for the 

selection of a near minimal cycle basis. Any circuit which 

satisfies M N, =Pi is an admissible circuit. 

Step I Form as many admissible circuits of measure three as 

possible by scanning all the edgeg in turn. Record 

the edges and vertices of the circuits formed as used. 

Step 2 Re-examine all the unused edges (edges which have not been 

used in the previous circuits) for admissible circuits 

of measure three. Repeat the re-examination till no 

more admissible circuits of measure three can be formed. 

If it is not possible to find all the r circuits of the 

graph S, go to Step 3. 

Step 3 Increase the measure of the circuit by one and examine 

all the unused edges for an admissible circuit of this 

measure. Each time one circuit is formed repeat Step 

If a circuit of this measure is not found go to Step 4. 

Step 4 Repeat Step 3 till an admissible circuit is formed' 

continue the process till r circuits are formed. 
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3.5 Troe circuits 

When'a chord of a tree is added to the tree, the chord and 

the path in the tree between the ends-of the chord constitute a 

circuit. This circuit is a unique circuit for the tree. By 

adding all the chords Of the tree, r circuits of the graph are 
formed. These circuits are called the fundamental circuits of 

the graph and are unique for the tree used. The concept of 
fundamental circuits is due to Kirckhoff (1847) and is very useful 
because it yields a simple and unambiguous method of determining 

a set of r independent circuits of the graph. It should be noted 

that different sets of r independent circuits will result from 

different trees. The fundamental circuits will be referred to as 

tree circuits and the cycle basis made up of tree circuits will be 

called tr ecycle basis. 

3.6 Improvements on Troe, Cycle'nasis 

The D matrix corresponding to a tree cycle basis is 

normally very dense due to the same branch (edge) being incident 

in several tree circuits. Langefors (1959) improved the tree 

cycle basis by using a shortest route tree, rooted at a'suitable 

vertex. Westervelt's algorithm (1962) depends on the construction 

of a tree cycle basis using a shortest route tree and then combining 
these circuits together as a series of matrix operations till the 

measure of each circuit cannot be reduced further. It is doubtful 

whether the algorithm is economic in practice. 

The tree cycle basis method in its original form uses the 

chords of a tree together with the edges of the trees only, to form 

the r independent circuits. Cassell et al improved the method by 

allowing the circuits to include not only the edges of the tree but 

also some chords which had been used in the previously selected 

circuits. This is a very good improvement over the tree cycle 
basis method but still needs modifications to achieve minimality 

or near minimality. 
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3.7 . Modified Tree Cycle Basis 

The possibility of obtaining a minimal cycle basis from 

the tree cycle basis by suitable elementary matrix operations prompted 

the author to produce a very efficient algotithm independently. In 

this algorithm, chords of the tree once used to form a circuit will 
be treated as edges of. the tree. Circuits are being formed by 

finding the shortest path between the ends of the chords through 

members of the tree and/or chords which have been used in the previous 

circuits. Justification for this procedure and its relation with the 

"building up" method will be discussed under Section 3.13. 

3.7.1 Definitions 

A number of definitions are necessary to make the algorithm 

self-explanatory. 

N-Adjacent A vertex is said to be N-adjacent to another vertex if 

the shortest distance between them is N. 

Hei! 2ht of a Tree The number of edges in the longest branch of a tree 

is called the height of the tree. 

Star A tree formed by connecting a vertex, called root, to all 
its 1-adjacent vertices will be called a star. In fact 

it is a shortest route tree of height one. 

Partial Star A tree formed by connecting a vertex, called root, to 

a few of its 1-adjacent vertices will be called a partial 

star. 

N-adjacent star A tree obtained by connecting a vertex, called 
root, to those vertices which are 1-adjacent to it and 
N-adjacent to at least one other vertex (not through the 

root) will be called an N-adjacent star, Figure 3.2(a). 

These trees may be stars or partial stars. 

Star Tree The tree obtained by forming stars or partial 

stars at the vertices in the descending order of their 

valencies will be called a star tree, Figure 3.2(b). 
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Modified Star Tree The tree obtained by forming I-adjacent 

stars in the first instance at the vertices in the 

descending order of their valencies-and by repeating 

the process with 2-adjacent, 3-adjacent ... N-adjacent 

stars in turn, till. all the vertices are spanned will 

be called a modified star tree, Figure 3.2(c) 

3.7.2. 'ALGORITI114 2 

Step I Form a modified star tree. 

Step 2 Scan the chords of the tree and form as many circuits 

of measure three as possible. 

Step 3 Re-examine the unused chords (chords which are not used 

in the previous circuits) till no more circuits of 

measure three can be formed. If it is not possible 

to find all the r circuits, go to Step 4. 

Step 4 Increase the measure of the circuit by one and examine 

all the unused chords of the tree for a circuit of this 

measure. Each time one circuit is found repeat Step 3. 

If a circuit of this measure is not found, go to Step 5. 

Step 5 Repeat Step 4 till a circuit of this measure is found. 

The process is continued till r circuits are formed. 

3.8 
. 

Problems in cycle basis selection 

The problems associated with cycle basis selection are (1) testing 

independence of the circuits, (2) finding a way to reduce the number 
i 

of circuits to be tested at each stage of the construction of C 

The various methods available for testing the independency of the 

circuits will be discussed first. 
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3.9 - Independence Tosts 

3.9.1 Gaussian Elimination Technique 

The circuit edge incidence matrix is always a rectangular 

matrix with more columnP than rows as shown below. Since no loops 

or multiple edges are allowed in a non-separable graph N >, 3. But 

NmM-r+1. Thus r<m-2. In the author's opinion Gaussian 

elimination technique is best suited with computers for testing the 

indepepdence of the rows (or columns) of any matrix. 

Although the method is well known, a brief description is 

given for completeness' sake. Consider a (n x m) matrix (n <, m). 

The i th 
element of the i th 

row is termed as the pivot of the i th 
row. 

Eliminate the j th 
element of the k th 

row with a scaled i th 
row for 

all k satisfying 2<k<, n and 1<j<k. If the pivot of any row, 

say p 
th 

row, happens to be zero by these operations, then change the 

position of the p 
th 

column with some other column, say q 
th 

column 
(q > p), which contains a non-zero element in the p 

th 
row and proceed 

with the elimination. If'this process ultimately leads to form A then 

all the rows are independent. If it leads to the form B, it can be 

inferred that the rows (n - below the dotted lines are dependent on 

the rest. 

n 

n-n 

Form A Form B 
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The same procedure can be applied to the circuit edge 

incidence matrix, oriented as well as non-oriented, to test the 

independence of the most recent ly selected circuit with the set 

of circuits selected previously. If the last circuit is-not 

independent a null row-will result as in the form B. If the 

last circuit is independent of the other circuits, on elimination 

form A will result with a new pivot in the last row. It is a 

definite test for independence but unfortunately this method is 

tedious and should be avoided if the independence could be checked 

by other simple tests described below. 

3.9.2 A_Simple Independence Test 

it is not very difficult to see that if the circuits are 

selected in-such a way that the most recently selected circuit 

contains at least one edge which is not contained in any other 

circuits previously selected, then all these circuits are indepen- 

dent. Then naturally the question "why cannot this simple criterion 

be used for finding a cycle basis of a graph? " arises. The answer 
is simple: it is not always possible to find all the r independent 

circuits of the graph using this criterion only, because all the 

edges could have been used in the first r<r circuits and no unused 

edges could have been left to find the other independent circuits. 

Gaussian elimination technique may then have to be used to find the 

rest of the circuits and the method has lost its simplicity. 

The condition that each circuit contains at least one edge 

which is not contained in any of the circuits previously selected 
is sufficient to ensure independence, but it is not always necessary, 

as shown in example, Figure 3.3. If the circuits are selected in 

the following order 1(1,2,3), 2(2,4,5), 3(6,7, B), 4(3,5,6), the last 

circuit does not contain any unused edge; but it is independent. 

As mentioned earlier, it will not always be possible to 

find all the r independent circuits by this simple criterion unless 

some restriction is made. The most logical restriction would be to 

limit the number of unused edges in the subsequent circuits. This 

simply means that all circuits should be formed by the union of 
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I 
minimum number of unused edges with-the used edges and it can be 

I best illustrated by the same example, Figure 3.3. 

Let the circuits 1 (1,2,3) and 2 (2,4,5) be formed and 

selected. The next circuit could be either 3(7,8, x) or 3(6, x) 

and not 3(6,7,8), whereix is the set of edges in any path between 

the nodes 1 and 2 other than the edge 6. It is conceivable but 

difficult to prove that with this restriction, all r independent 

circuits could be found. However Whitney's theorem is a pure 

graph theoretic approach leading to identical results. 

3.9.3 Nullity as an Independence Test 

k=k Let CUC., where each C is an independent circuit. 
i=1 Ii 

if S k+l forms a circuit C k+l with C, then by Lemma 4, 

(Ck+l) > r (Ck) 

It is also known by Lemma 2 that S k+1 contains at least one edge e k+1 
not belonging to Ck and hence. e k+1 

j C, (for i=1 to i= k). There- 

fore it can be concluded that if the union of a circuit C k+1 with C 

increases the nullity of the resulting subgraph c 
k+1 

=CUC k+1 at 

least by one, then the circuit C k+1 is independent of all the circuits 
k in C This property of nullity of a graph can be used as an indepen- 

dence test. The condition that the nullity of the subgraph Ck should 
increase at least by one with each circuit C k+1 

is a sufficient 

condition for independency but not a necessary condition as shown 
below, Figure 3.3 

Circuit C Nullity of C 
k+l 

1(1,2,3) 1 

2(2,4,5) 2 

3(6,7, S) 4 

4(3,5,6) 4 
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3.9.4 Rank of the circuit Edge Incidence Matrix 

The rank of the circuit edge incidence matrix may also 

be used to test independence of the circuits. A set of circuits 

is independent if the rank of the circuit edge incidence matrix is 

I equal to the number of circuits. 

3.9.5 Independence, of Tree Circuits 

Each of the tree circuits in its original form contains 

an edge (chord) which is not in any other tree circuit, irrespective 

of the order in which the circuits are selected. The tree circuits 

are therefore independent. Furthermore if the chords are sequentially 

ordered, the circuit edge incidence matrix of the tree circuits will 

be of the form A without making any elimination or modification, 

proving the independence of the tree circuits. 

3.9.6 Independence of the circuits selected by Algorithm 2 

In the modified tree circuits method (Algorithm 2) each 

circuit will contain an edge (chord) not belonging to the circuits 

previously selected. It is a sufficient condition to ensure 

independence of the circuits as discussed in the section 3.9.5. 

Also the number of circuits is equal to r, the number of chords. 

It is also easy to see that the nillity of the subgraph increases 

by one with the formation of each circuit, because only a single 

edge (chord) is added to the subgraph with each circuit. 

3.9.7 Independence of the circuits selected by Algorithm I 

The independence of the circuits selected by Algorithm I 

is being satisfied by increasing the nullity of the union of circuits 

by one with each circuit. The circuits which increase the nullity 

by more than one are not permitted in this method, although they are 

independent, to make the selection of r independent circuits possible 

without using other difficult independent tests. The nullity test is 
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the easiest and most convenient independence. test which ensures the 

selection of all r -4ndcpcndent circuits. However, this simple 

independence test restricts the selecti-on of suitable circuits in 

any arbitrary manner, say minimal measure circuits. 

1 
3.10 graphs and non-oriented graphs 

The discussion so far made in this chapter is for non- 

oriented graphs. But all these concepts are equally applicable to 

oriented graphs as well, except that real number arithmetic must be 

used in the Gaussian elimination technique instead of mod 2 arithmetic. 

A circuit is said to be oriented if its edges are oriented and vice 

versa. The class of residue mod 2 is a field and denoted by Z 2' 

z2 consists of only two numbers 0 and 1. The cycle space 

z1 (S, z 2) of the 1-cycles of S over the field Z2 is a subspace of ZI (S, R). 

The dimension of both space is r, Seshu and Reed (1961). It can be 

shown that a basis of ZI (S"z 
2) co rresponds to a set of bases of Z1 (S, R). 

Consider the cycle-edge incidence matrix of a basis of Z1 (S, z 2 
). 

Gaussian elimination technique, when applied to the rows of this matrix 

in mod 2 arithmetic will lead to the form A of Section 3.9.1. Assume 

that the elements of this basis are given the same orientation as in 

the arbitrarily oriented graph. These oriented elements obviously 

belong to the space Z1 (S, R). The cycle-edge incidence matrix of these 

elements will be of the same form as that of the cycle-edge incidence 

matrix without orientations except that some of its 1's would have 

been changed to -11s. Suppose the j 
th 

element of the i 
th 

row is 

being eliminated (i < i) by the mod 2 addition of the k 
th 

row in the 
th ' 

non-oriented cycle edge incidence matrix. If the j element of the 

i th 
row of the oriented cycle edge incidence matrix is negative, k 

th 

row should be added to the i th 
tow and if the j th 

element is positive 

then the k th 
row should be subtracted from the i th 

row to effect the 

elimination of the j 
th 

element of the i 
th 

row in the oriented cycle 

edge incidence matrix. By extending this argument, it can be seen 

that the non-oriented cycle edge incidence matrix is also reducible 

to form A. Therefore a set of oriented cycles corresponding to a 



54 

basis of ZI (S'Z 
2) 

forms a basis of ZI (SpRI. Since each element of 

the basis of Z1 (S'Z 
2) may be given two orientations, the number of 

different sets of oriented cycle bases corresponding to each non- 
r 

oriented cycle basis made up of circuits only is 2 An example 

will be useful here, Figure 3.4. 

The set of mod 2 circuits (cycles) 1(a, e, d), 2(b, f, e) and 

3 (c, d, f) forms a basis of Z1 (S, Z 2) The eight sets of oriented 

circuits corresponding to the above set of mod 2 circuits are 
{I(a, -e, d), 2(b, -f, e), 3(c, -d, f)), (I(a, -e, d), 2(b, -f, e), 

3(-c, d, -f)), {1(a, -e, d), 2(-b, f, -e), 3(-c, d, -f)} {1(a, -e, d), 

2(-b, f, -e), 3(c, -d, f)}, {1(-a, e, -d), 2(b, -f, e), 3(c, -d, f)) 

{1(-a, e, -d), 2(b, -e, f), 3(-c, d, -f)), {1(-a, e, -d), 2(-b, f, -e), 
3(c, -d, W, {1(-a, e, -d), 2(-b, f, -e), 3(-c, d, -f)). 

nowever a basis of ZI (S, R) need not have a corresponding 

basis in Z1 (S, z2) as shown below. Suppose Gaussian elimination 

technique when applied to the cycle incidence matrix of a basis of 

Z (S, R) has led to the form 

k 

1 -0 0 O\ 1 -1 -1 

3C 0001 

00 
L 

To eliminate the element kj (j < k), k th 
row may be sub- 

tracted from the i th 
row. This will give a non-zero pivot. Assume 

that the orientations are removed and mod 2 operations are used. To 

eliminate the element kj, k th 
row may be added to i th 

row, but it will 
lead to a zero pivot in the k th 

row (column). There may or may not 

be ap 
th 

column (p > k) having a non-zero element in the k th 
row to 

interchange. If there is no such column, then the k th 
row is null 

showing that the k th 
cycle is not independent. Such a circumstance 
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is uncommon,. but it can occur, as shown in the example( Figure 3.5. 

3.11 Degree of Minimality of the Cycle Basis of Algorithm 1 

Algorithm I uses the nullity test described in Section 3.9.3 

for checking the independence of the circuits selected. But care has 

been taken to formulate the algorithm in such a way that it selects 

circuits of smallest measure out of those which satisfy the nullity 

criterion. For example in a toroidal structure, Figure 3.6, the 

algorithm will select 31 circuits of measure 3 and 2 circuits of 

measure 4, as shown below. In this example minimal basis also 

has 31 circuits of measure 3 and 2 circuits of measure 4. 

10,17,18) 12(6,20,21) 2302,25,32) 

2(2,19,20) 13(10,35,36) 24(40,12,39) 

3(3,21,22) 14(25,5,26) 25(16,33,40) 

4(9,26,27) 15(28,6,27) 26(41,17,25,33) 

5(11,30,31) 16(29,10,28) 27(42,13,41) 

6(13,34,35) 17(30,7,29) 28(43,1,42) 

7(14,36,37) 18(23,7,22) 29(44,14,43) 

8(33,9,34) 19(4,1,2,3) 30(45,2,44) 

9(37,11,38) 20(24,4,23) 31(46,15,45) 

10(39,15,38) 21(8,17,24) 32(47,3,46) 

11(5,18,19) 22(32,8,31) 33(48,16,47) 

If the structure is slightly modified as in Figure 3.7, 

the algorithm may or may not select the minimal basis, which consists 

of 30 circuits of measure 3 and 2 circuits of measure 4. This is 

a good example, which clearly shows the role of the sequence of the 

building up in the measure of the cycle basis selected. Depending 

on the sequence of building up, the algorithm may select 29 circuits 

of measure 3 and 3 circuits of measure 4 instead of the minimal 

basis as follows: 
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1(1,17,18) 12(7,22,23) 23(16,33,39) 

2(2,19,20) 13(25,5,26) 24(14,35,10,36) 

3(2,21,22) 14(28,6,27) 25(40,17,25,33) 

4(9,26,27) 15(29,7,30) 26(41,13,40) 

5(11,30,31) 16(10,28,29) 27(42,1,41) 

6(13,34,35) 17(4,1,2,3) 28(43,14,42) 

7(15,37,38) 18(24,4,23) 29(44,2,43) 

8(33,34,35) 19(8,17,24) 30(45,15,44) 

9(36,11,37) 20(32,8,31) 31(46,3,45) 

10(5118119) 21(12,25,32) 32(47,16,46) 

11(6,20,21) 22(39,12,38) 

This algorithm in this form does not always select a 

minimal basis. The author's intuitive amendments to the algorithm 

to ensure minimal basis selection in most of the cases, of course 

at the cost of extra computer time, is given in Section 3.20. 

3.12 Degree of Minýmality of the Cycle Basis of Algorithm 2 

Algorithm 2 uses the chords of a special tree as generators 

of the circuits to select a cycle basis. Independence of these 

circuits is shown in Section 3.9.6. The concept of the tree makes 

the independence test very simple compared to the independence test 

of Algorithm 1. The disadvantage of using a tree for cycle basis 

selection is that the tree prevents the selection of circuits in any 

arbitrary manner, since the circuits generated on the chords of a tree 

are dependent on the tree already selected. 

If the properties of the circuits to be selected are known 

as in the case of a minimal cycle basis, viz. circuits of minimal 

measure, then it may be possible to find a tree whose chords may 

yield the required circuits. The author's Algorithm 2 uses this 

principle to form a special tree. The chords of the modified star 

tree described in Section 3.7.1. have the unique property of generating 

circuits of smallest measure possible on the edge with the'members of 

the tree and the chords used in the previous circuits. The measure of 

the cycle basis selected by this algorithm may be of the same measure 
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of a cycle basis selected by the Algorithm 1,. as shown in Section 3.13. 

Some empirical rules may be postulated to make minimal cycle basis 

selection probable in most cases by this algorithm as discussed in 

Section 3.20. 

1 
3.13 Comparison of Algorithms 1 and 2 

Suppose Algorithm I starts selecting circuits of measure 

three at the vertex of the highest valency. The edges contained 

in the circuits selected and incident with this vertex form a 

I-adjacent star (defined in Section 3.7.1) at this vertex. Con- 

tinuing the process for other vertices in the descending order of 

the valencies, will produce 1-adjacent stars'- at the other vertices 

as well. Repeat the process for circuits of measure four, five, 

etc., starting again from the vertex of the highest valency. This 

is exactly what has been proposed in the modified star tree of 

Algorithm 2. 

The author's concept of treating the used chords of the 

tree as tree members has made the underlying principle of both methods 

identical, except that in the Algorithm 2 the generators of the 

circuits are being determined during the process of forming the tree 

and not at the time of forming the circuits, as in the Algorithm 1. 

It has been observed in Section 3.11 that the Algorithm I will select 

a different near minimal basis of the graph with each different 

sequence of building up. It can now be seen that the Algorithm 2 

will select one of the several near minimal bases which would be 

selected by the Algorithm 1. It can therefore be concluded that 

the measure of the basis selected by the Algorithm 2 will always 

be of the same order as that of the basis selected by the Algorithm 1. 

It has also been found that the Algorithm 2 can be programmed more 

easily than the Algorithm 1. 

Both methods make use of a more stringent criterion for 
i+l) i 

testing the independence viz: r(S = r(S + 1, which is sufficient 

but not necessary. The cycle basis selected with this criterion forms 

the regional cycles of an embedding of S on a collapsible surface and 
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therefore the elements of the basis are independent mod 2. But 

a minimal measure basis of Z1 (S, Z 2) does not necessarily correspond 

to the regional cycles of an embedding on to a collapsible surface 

as shown in Figure 3.8(a). The minimal measure cycle basis of S 

of Figure 3.8(a) corresponds to the regional cycles of an embedding 

on to a contractible b9t non-collapsible surface known as Bing's 

house, Bing (1963), Figure 3.8(b). Hence the algorithms will not 

select a minimal basis unless the basis forms the regional cycles 

of an embedding of S on to a collapsible surface. See also Section 

3.17. 
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3.14 MATROIDS AND CYCLE BASIS SELECTION 

3.14.1 Matroids 

3.14.2 Introduction 

Matroid theory was first introduced by Whitney (1935) in 

his pioneer paper as an abstraction of matrices. Research workers 
did not show much interest in the axiom systems for matroids 
developed by Whitney until Tutte and Rado wrote independently on 

the subject in 1957. Subsequently Edmonds, Nash-Williams, Welsh 

and Tutte have published a number of papers on the application of 

matroid theory to solve various problems. Matroid theory has now 

found a number of applications in graph theory and linear algebra 

and it serves to unify several different areas of combinatorics. 
In subsequent sections matroid theory will be outlined and it will 
be shown how matroid theory could be used advantageously for the 

selection of cycles and cycle bases. 

3.14.3 Definitions 

Basic definitions in the matroid theory necessary for the 

cycle selection are given. 

Definition in terms of rank 

Let M be a finite set of elements ej, e2 -* e n* and r(N), 
the rank of N, be the number associated with any subset 
N of M. A matroid is a system (M, N) satisfying the 

following three postulates: 

1. Rank of the null set is zero. 

2. For any NCM and any eýN- 

r(N+e) =r(N) +k where %=O or 1. 

For any NCM and e,, e2ýN 
if r(N+e I)=r (N+e), r (N) 

then r(N+e I +e 2= r(N) 



60 

Submatroid Any subset of M satisfies all the three postulates 

and therefore constitutes another matroid, called a 

submatroid. 

Nullity If P(N) = number of elements in N 

r(N) = Rank of N 

then n(N) = Nullity of N 

=P (N) -r (N) 

Independent A subset N of M is independent (i. e. the elements of 

N are independent) if n(N) = 0. - 

Base A base is a maximal independent subset (submatroid) of M. 

Circuit A circuit is a minimal dependent subset (submatroid) of M. 

3.14.4 Equivalent definitions of a matroid 

Several equivalent axiomatic definitions of a matroid are 

given by Whitney. Two of those definitions are stated below. The 

equivalence of the definitions is obvious and the interested readers 

may refer to the original paper, if necessary. 

Definition in terms of independent sets 

Let M be a finite set of elements and any NCM. If the 

following two postulates are satisfied, the system (M, N) 

is a matroid: 

1. Any subset of an independent set is independent 

If N=e +e e and N' =eI +e el+e' 12 **** pp P+l 

are independent then for some i such, that el ý N, 

N+ej is an independent set. 

Definition in terms of circuits 

Let M be a finite set of elements and P 1' P2 C M* If M is 

a matroid, then the following two postulates will be 

satisf ied: 
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1. No proper subset of a circuit is a circuit. 

2. if PI and P2 are circuits, el, e2cP, e, C P2 

and e2ý P2' then there is a circuit P3 in(P 
I+P 2) 

containing e2 but not e 1* 

Non-separable matroids 4 
1. 

Let M=MI+M2 (M 
1 and M2 have no common elements) 

If n(M) = n(M 1)+ n(M 2 
), the matroid is separable. 

Otherwise, M is a non-separable matroid. 

3.14.5 Graphs and Matroids 

Matroid theory, though developed as an abstraction of 

matrices, has been motivated by graphs, a special class of matrices. 

A non-oriented graph Gn may be regarded as a matrix N(G 
n) of zeros 

and ones, which has exactly two ones in each column. An oriented 

graph may be regarded as a matrix N(G 
0) of -1,0 and 1 which has 

exactly two non-zeros in each column. -The columns represent the 

edge set E(S) of the graph S and the rows are the vertices (nodes) 

of the graph. We will be concerned with matroids corresponding 

to connected, non-separable graphs only. It will now be shown how 

a matroid may be defined on the edge set 'E(S) of a connected non- 

separable graph S. 

If P(S) is a set of subsets of E(S), a matroid (E(S), P(S)) 

may be defined on the edge set E(S) depending on the property of P(S) 

as shown in Sections 3.14.6 and 3.14.8. 

3.14.6 Polygon Matroid 

If C(S) denotes the set of non-oriented circuits of the 

graph S, then the matroid (E(S), C(S)) is termed a polygon matroid. 

of S. The elements of C(S) satisfy the circuit axioms and there- 

fore C(S) is a collection of circuits of the matroid, on the edge 

set E(S) of the graph S. 
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It is not difficult to verify that the matroid (E(SI, C(S)) 

of a connected non-scparable graph S is non-separable. ' Vle can now 

exploit Whitney's theorem'on the building up of a non-separable 

matroid to find a set of r circuits of the polygon matroid which 

are also circuits of the graph S. 

3.14.7 Whitney's'nuilding*Up'Theorem 

"Any non-separable matroid M of nullity >0 can be built 

up in the following manner:. take a circuit M1; ada a set of elements 

which forms a circuit with one or more elements of M forming a non- 

separable matroid M2 of nullity 2 (if n(M) > 1), repeat this process 

till we have M=M. 
n 

In fact this is the matroid version of Whitney's theorem 

of Section 3.3. Our interest is to build up the matroid M with the 

smallest circuits possible and the following steps are obvious from 

the theorem. 

Step I Take the minimal circuit. 

Step 2 Add one or more elements of M which forms a circuit of 

smallest measure with the elements of the matroid already 
formed and increases the nullity by one. 

Step 3 Repeat Step 2 till the matroid M is formed. 

If this method is interpreted in terms of graph theory, 

the close relation between this method and Cassell et al method 

can be easily seen. 

3.14.8 Forest Matroid 

If F(S) denotes the set of spanning forests of the graph S, 

then the matroid (E(S), F(S)) may be called a forest matroid of S. 

Elements of F(S) will satisfy the base axioms of a matroid given 
below and therefore F(S) is a collection of bases of the matroid 

on the edge set E(S) of the graph S. This thesis is not concerned 

with this aspect of the graph theory and therefore interested readers 

are referred to the papers by Kruskal (1956) and Welsh (1968). 
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3.14.9 Base'Axioms for a Matroid 

The members of a set Q of non-null subsets of M will be 

called the bases of a matroid on M if the following two axioms are 

satisf ied: 

4 
No manber of the set Q is a proper subset of another 

If B and B' are members of Q and e is an element of B, 

then for some element el in'B', (B-e+e') is a member of 

Q. 

The second base axiom of a matroid can be re-stated as 

follows: 
I 

"If B and B' are two bases of a matroid and ecB, e' c B',, 

el ýB then ii = B-e+e' is also a base of the matroid. " 

This property of the bases of a matroid is sometimes 

referred to as Interchange Theorem for Matroids. It can also be 

proved that all the bases of a matroid contain the same number of 

elements, Whitney (1935). 

3.15 Matroid spaces and vector spaces 

Any vector space containing a finite number of elements 

and any finite subset of a vector space (finite or infinite) both 

satisfy the axioms of a matroid (also called matroid space) and 

therefore can be regarded as matroid spaces. But the converse, 

any matroid space can be regarded as a vector space, is always not 

true. For example AI (S), the set of all non-oriented circuits of 

" graph S constitutes a matroid ý, = (A 
I (S), B 1 

(S)), where B1 (S) is 

" set of independent subsets of A1 (S); but AI (S) does not form a 

vector space over any field, since A1 (S) is not an Abelian group. 

The main difference between the matroid spaces and the vector spaces 
is that the elements of a matroid spacc need not form an abelian 

group as the elements of a vector space have to. As a result the 

base of a matroid space may not span the whole matroid space as 

the base of a vector space does. Tutte (1965) uses the term 

dendroid for the base of a matroid. 
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Týe elements of the group ZI (SIZ 
2 

). (=A 
2 

(S) form a 

matroid space ý' (S) ,B (S) where B (S) is a set of 2 'ý (A 
222 

independent subsets of A2 (S). V2=z1 (S, Z 2) being an abelian 

group forms a vector space over the field of residue mod 2. 

This is an example where the vector space can be regarded as 
I 

a matroid space, ý 
2* 2 

is a submatroid of The vector 

space V=Z1 (S, R), has an infinite number of elements and hence 

it cannot be considered as a matroid space. However, any 

finite subset ý of V can be considered as a matroid space. 

The subset ý need not be a subspace of the vector space V. * may 

consist of all the oriented circuits A(S) of the graph - The 

matroid space ý will be given by V= Q%(S), B(S)) where B(S) is a 

set of independent subsets of A(S). 

3.16 Matroid spaces and Kruskal Is Algorithm 

Kriiskal (1956) solved the problem of finding a shortest 

spanning tree of a graph. Welsh (1968) extended the Kruskal's 

algorithm for the minimal spanning tree of a graph to a general 

algorithm for the minimal (maximal) basis of all matroid spaces. 

This extended algorithm may be called the Kruskal-Welsh algorithm. 

Application of the Kruskal-Welsh algorithm to the forest matroid 

of Section 3.14.8 will give a minimal spanning tree of the graph S 

showing that Kruskal's algorithm is a special case of this more 

general algorithm. A similar algorithm is given by Edmonds (1971), 

who calls it the greedy algorithm. 

3.17 Cycle Bases of Minimal Measure 

The cycle spaces associated with the graph model S 

relevant to this thesis are V and V 2* The concept of matroid 

space provides an elegant method (due to Welsh, described above) 

to find a base of minimal or maximal measure of a finite subset of 

any vector space or cycle space. It has been shown in Section 3.10 

that a base of V need not be a base of V 2' when the orientations are 

removed from the elements of V. Thus a minimal measure basis of V2 

cannot always be expected to be a minimal measure cycle basis of a 
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graph S, Figure 3.9. It is therefore necessary to find a method 

for the determination of a minimal measure basis of V, in order to 

select aC min 
of a graph S. It is known that the elements. of a 

minimal measure basis of V-are circuits. Hence it can be said that 

minimal measure bases of V are contained in The Kruskal-Welsh 

algorithm can now be applied to the matroid space V to find a minimal 

measure basis of V which is also a minimal measure basis of V. 

Alternatively, a method based on vector spaces may be used to select 

a minimal measure basis of V. The following method and proof are 

closely modelled upon those of Welsh (1968) for easy comparison. 

Method 

Choose from *a cycle C1 of minimal measure and let 

C, =C Subsequently construct C 
i+I 

from Ci by adding to Ci 

an element C, 
+1 of * which has the smallest measure of those 

elements of * independent of C.. The process is finite and the 

final step produces Cr C as a basis of V of minimal measure. 

Proof 

Assume that exists as a minimal measure basis of V 

such that A(C). Let the elements of C be ordered by the 

foregoing meihod i. e. 
X 

ci =L- 
i-1 

Then an element C exists such that C 
i-I 

C By the exchange 

theorem for vector spaces and the definition of there exists CcC k 
such that CCC and such that another basis C= IC -Ek +Ci k 
exists. 

By definition p(C < p(C), hence g'(C i) >' P(Ck ), but the 
- -ý- I inequality cannot hold because c would then have been selected by 

k 
the method and g (C) =g (C) 

e Then C is also a basis of minimal measure of V having mor 

elements than C in common with C. Continuing this argument 

PIC) 
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3.18. Minimal Measure Basis AI(Torithyn 

Theoretically there is a solution to the problem of 

selecting a minimal measure cycle basis by the method of the fore- 

going section. At first sight this method appears to require the 

generation of all the circuits of A(S). Generation of all the 

circuits and checking ýheir independence is an exceedingly laborious 

task for all except the smallest graphs. Most of the difficulties 

have been alleviated in the following algorithm and the method has 

been made a feasible one. 

ALGORITHM 3 

In this algorithm it is sufficient to consider the elements 

of A2 (S) only. The edges in these elements are then given orientations 

according to the, initial and terminal vertices of the edges where the 

initial vertex has the smaller vertex number than the terminal vertex, 

as shown in Figure 3.10. obviously these oriented circuits belong to 

This set of circuits contains at least-one minimal measure basis 

of V. 

Step I Renumber the vertices ofthe graph as follows: Take the first 

vertex and renumber all its 1-adjacent vertices sequentially. 

Repeat the process for the vertices renumbered 2,3 ... etc. 

until all the vertices are renumbered. 

Step 2 Start with the first vertex (renumbered) and select an edge 

whose initial vertex is the vertex under consideration. 
Generate all the possible circuits of measure'three on this^ 

edge. Reject the circuit if it passes through vertices 
having a smaller number than the numbers of the vertices of 
the generator of the circuit. Select the circuit with 
fewer unused edges first. Rename one of the new edges in 

the circuit with the circuit number and also the other edges 

of the circuit with numbers ranging from r to M where r and 
M are the nullity and the number of edges in the graph res- 

pectively. Use Gaussian elimination technique or the 

$simplified technique' of Section 3.18.2. to test the 

independency of the last circuit selected if the circuit does 

not contain at least one new edge. 
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Step 3 Repeat Step 2 for other edges whose initial vertices are 
the same as that tinder consideration. 

Step 4 Repeat Steps 2 and 3 for other vertices. 

. 
Step 5 Repeat Steps, 2,3 and 4 for circuits of measure 4,5 M 

etc. till all the r circuits are selected. Reject a circuit 4 
if any two of its vertices are (m-3) - adjacent where m is 

the measure of the circuit. 

3.18.1 Special Features of the Algorithm 

Though the concept of the algorithm is simple, the ideas are 

somewhat new and the method is original. The algorithm has the following 

special features: 

1. Repetition of considering the same circuit for its independence 

has been avoided by rejecting the circuit if it passes through 

vertices having smaller numbers than the initial or terminal 

. vertex of the generator of the circuit. 

Preferential selection of circuits with fewer unused edges 

reduces the number of independence tests by the Gaussian 

elimination technique or simplified technique to a minimum. 

Rejection of a circuit of measure m with vertices of (m-3) - 
adjacency reduces the number of dependent circuits in A(S) 

to be tested for independency. 

4. Renaming the edges of the circuits as soon as they are . 
selected facilitates independence testing by the simplified 
technique, if it becomes necessary. 

3.19 fimplified Technique 

It is a. simplified version of the Gaussian elimination technique 

specially designed for testing the independence of the circuits selected 
by the algorithm of Section 3.18. This technique relies on the proper 

renumbering of the edges of the circuits. The procedure is as follows: 

Since the circuit does not contain any new edge, few or all its edges 

x4ill have nurmbers less than the number of the last circuit selected or r. 

Eliminate all the edges in the circuit which are smaller than the number 
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of the circuit under consideration by adding or subtracting the 

corresponding circuits. If the last circuit selected is dependent 

on the circuits previously selected, a null circuit results on 

elimination. Elimination is easily carried out as shown in the 

example below (a projective plane), Figure 3.10. 

The validitylof the above technique is now shown. Consider 

a set of p circuits each of which has a new edge. The circuit edge 

incidence matrix of these p circuits due to the numbering system 

adopted in the algorithm will be of the form A of Section 3.9.1. 

showing the independence of the circuits. If the (p+1) th 
circuit 

selected does not contain a new edge, the circuit edge incidence 

matrix may be of the form shown below. 

U 

0 

p+1 101 

Elimination of the edges in the (P+l)th circuit having numbers 

less than (p+1) will either lead to a non-zero diagonal coefficient in 

(P+l) th 
row or a zero coefficient. In the'former case, the resulting 

form is that of form A of Section 3.9 and hence the (p+1) th 
circuit is 

independent of the other circuits. If the diagonal coefficient is zero, 

since the (p+1) th 
row is not null it is always possible to interchange 

the (p+1) th 
column with k th 

column to give a non-zero (p+1) th diagonal 

coefficient. Hence the (p+1) th 
circuit is independent of the elimination 

of the edges having numbers less than (p+1) does not give a null row. 

Example. 

The data necessary are initial and terminal vertices of all the 

edges, Table. 3.1. Number of vertices 10, number of edges = 15 and 

hence the nullity r=6. 
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Edge Number Initial Vertex Terminal Vertex 

1 1 2 

2 2 3 

3 3 4 

4 4 

5 

6 6 

7 2 7 

8 3 8 

9 4 9 

to 5 10 

11 6 9 

12 7 9 

13 7 10 

14 8 10 

is 6 a 

TABLE 3.1 

The algorithm will select the circuit 1(1,2,3,4, -5) first 

and rename its edges as 1(1,7,8,9, -10). Subsequently the following 

independent circuits will be selected and its edges are renamed as 

shown below: 

2(-6,1,7,12, '-11)- 

3(-10, -5,6,14,15) 
4 (8,14, -13, -7, -2) 
5(9, -11,15, -8,3) 

2(2,1,12, -11, -6). 
3(-3, -10,6,15,14) 
4(4,14, -13, -2, -7) 
5'(5, -11,15, -4,8) 

The independence of the circuits has been so far satisfied 
by the presence of an unused edge (underlined) in the last circuit 

selected. The next circuit selected by the algorithm is 

6(-4,9, -12,13, -10) 6(-3,5, -9, -12,13) 

To eliminate 3, subtract the 6th circuit from the 3rd 

circuit. it gives (6(-S, 9,12, -13, -10,6,15,14). To eliminate 
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5, add the modified 6th circuit to the 5th circuit leading to 

6(-4, -11,15,8,9,12, -13, -10,6,14). -4 can be eliminated 
by adding the 4th circuit to it resulting in 6(-11,15, '8,9,12, 

-13, -10,6,14, -2, -7). Adition of the 2nd circuit will lead to 

6(1,12, -11,15,8,9, -13, -10,14,7) and finally subtract the 

first circuit giving 6(-12,11, -15,13, -14). The last circuit 
is therefore independent. 

3.20. Intuitive amendments to Algorithms 1 and 2 

The algorithm 1 may be made to select the minimal cycle 

basis of a graph model S when the elements of minimal cycle basis 

are the regional cycles of an embedding of the graph on to a 

collapsible surface, by imposing an extra restriction as follows: 

Instead of selecting any circuit of measure N in Step 3, select 

that circuit which leads to the selection of most number of circuits 

of measure 3,4 (N-1). This approach may not appear to be 

economical in computer time, but practical experience shows that 

the circuit, of measure N on a generator from a vertex of high 

valency having high valency adjacent vertices satisfies the above 

requirement. The selection of such a circuit is not very difficult. 

For example, the algorithm 1 will select, in Figure 3.7,18 circuits 

of measure three in Step 1, Figure 3.11(a). There are 12 vertices 

available for selecting a generator for the next circuit. Modified 

algorithm may use any one of the unused edges incident with the 

following vertices in sequence: 5,6,9,16,1,2,12,13,10,15, 

11,14 to select the next circuit. In accordancp with the numbering 

of the vertices of the graph, edge 5 will be used to form the next 

circuit 19(5,6,7,8). Once again the algorithm has a choice of 

selecting any one of the following vertices in sequence 9,16,12,13, 

10,15,11,14 and the edge selected as the generator of the next circuit 

would be '33, Figure 3.11(b) and the circuit selected would be 

26(17,25,33,40). Proceeding with the steps will yield a minimal 

cycle basis. 
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If similar restrictions are imposed on the construction 

of the modified star tree, it is expected to get a minimal cycle 

basis from the algorithm 2. Consider the same structure of Figure 3.7. 

The basis selected by the algorithm 2 from a modified star tree formed 

with this restriction, Figure 3.11(c) is minimal, as shown in 

Figure 3.11(d). I 

3.21 Practical Considerations 

Though the flexibility matrix G corresponding to a minimal 

cycle basis is usually not ill-condition; d, a cycle basis where the 

frequencies of occurrence of the more flexible members in the circuits 

are kept to a minimum will always give better conditioned compatibility 

equations. In the analysis of skeletal structures therefore, other 

considerations which have not been studied yet may outweigh the 

importance of having a minimal cycle basis. Hence considering all 

the factors involved with the compatibility analysis of skeletal 

structures, it is felt that the use of a near-minimal cycle basis 

selected by the algorithm 1 of 2 is justified. 
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SOLUTION PROCEDURES AND COMPUTER PROGRAM 

FOR THE ANALYSIS OF CONTINUOUS SKELETAL STRUCTURES 

4.1 Introduction 

Both the compatibility method and the equilibrium method of 

structural analysis lead to a set of linear simultaneous equations and 

the necessary stresses and the deflections are obtained from them. 

A popular method of solving these sparse symmetric equations is to use 

a banded matrix solution technique, which has the advantages of using 

less computer time and less computer core. The time required to solve 

a system of equations by the above technique is found to be directly 

proportional to the square of the bandwidth of the coefficient matrix, 

where the bandwidth is defined as the maximum difference between the 

diagonal and any non-zero element in that row. In the analysis of 

large structures, a good percentage of the total computer time is used 

to solve these equations and hence bandwidth reduction contributes 

significantly to reduce the computer cost. 

Another powerful method for solving symmetric positive definite 

equations as met in finite element applications is the frontal technique 

of Irons (1970). The method is more involved than the standard banded 

matrix solution techniques but it is said to have advantages when the 

finite elements have many side nodes (Figure 4.1), Irons (1970). However 

the successful application of the technique depends on the presentation of 

the elements (section 4.8) in a certain order just as the banded solution 
techniques depend on nodal numbering. Thus it can be seen that a proper 

numbering scheme of the elements which may be nodes, finite elements or 

cycles depending on the problem, is necessary for both the banded solution 
technique and the frontal technique. It is not intended to go into the 

details of the other solution techniques which may or may not depend on 
the bandwidth for their efficiency and the discussion which follows is 

confined to the use of renumbering in these two methods. 

4.2 Bandwidth Reduction Methods 

Programs based on iterative techniques to reduce the bandwidth 

of any symmetric matrix have been developed by Alway and Martin (1965), 

Tewarson (1967), Akyuz and Uýku (1968), Rosen (1968) and Grooms (1972). 

In each of these methods columns and rows are interchanged to satisfy 

certain criteria till no more improvement on the bandwidth can be effected. 
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Though the iterative methods are attractive due to their simplicity, 

they appear. to take a good amount of computer time and fail to give 

minimal or near minimal bandwidth in a number of cases. The author's 

interest in bandwidth reduction was motivated initially by his observation 

(section 4.3.4) that the maximum number of vertices in any level of a 

shortest route tree represents the possible minimum difference between 

the adjacent vertex numbers, since the vertices at any level are adjacent 

only to those at the same level, the preceding level and/or the following 

level. This observation and the challenge to develop an efficient method 

of reducing the bandwidth of the cycle adjacency matrix D (section 4.7.3) 

led to further independent research in this field using graph theory 

principles. But it has been subsequently noticed that Cuthill and Mckee 

(1968) also use a shortest route tree for renumbering without recognising 

it to be such. However it is claimed that the author's work is original; 

further it incorporates some new concepts which are not found in Cuthill 

and Mckee. Similar results have been reported by Collins (1973) after 

this work has been completed by the author; *but the algorithm presented 

by Collins is not as efficient as that reported in this thesis. 

4.3 Graph Theory in Bandwidth Reduction 

Even though the matrix bandwidth reduction can be studied 

without recourse to graphs, graph representation of a matrix makes it 

easy to formulate and understand the problem. To represent a symmetric 

(NxN) matrix A by a graph, assign N vertices n1j, n2 ***** nN and connect 

the vertices ni and ni by an edge for each non-zcro element a il, The 

bandwidth of the matrix is then given by the maximum difference between 

the numbers of any two adjacent vertices of the graph. Figure 4.2(b) 

shows the graph representation. of the matrix of Figure 4.2(a). The 

method described herein is based on renumbering the vertices such that 

the maximum difference between the numbers of any two adjacent vertices 

is minimum. 

Let the vertices of the graph be arranged in different sets 

(levels) such that each of the vertices in any set (level) is adjacent 

to at least one of the vertices in the set (level) preceding or following 

it as shown in Figures 4.2(c) - (f). Such an arrangement will be called 

the nodal decom position of the graph. Different nodal decompositions of 
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of the same graph are illustrated in Figures 4.2(c) - (f). The 

minimum bandwidth that can be obtained is determined by the maximum 

number of vertices in any set (level) of this nodal decomposition, 

because the vertices in any set (level) are adjacent to some of those 

in the same set, the preceding set and/or the following set. It is 

therefore clear that to 4 produce the minimum bandwidth all that is 

required is a suitable nodal decomposition. A suitable nodal decomposition 

will be defined as one in which the number of vertices in the largest set 

is as small as possible. one way of achieving this is to make a large 

number of sets so that the average number of vertices is small. The 

diameter d of a graph is defined as the maximum of the shortest distances 

between any two vertices of the graph. Therefore (d+l) is the maximum 

number of sets (levels) possible in a suitable nodal decomposition. 

Although the minimum bandwidth of a matrix cannot be predicted (and 

sometimes cannot be achieved) with the knowledge of graph theory, we are 

now in a position to give a realistic estimation for the lower bound of 
IV 

the bandwidth as the smallest integer greater than or equal to --H-- or d+1 
whichever is greater, where V is the highest valency of the vertices. 

4.3.1 Determination of the diameter of a graph 

There are no direct methods available for determining the diameter of a 

graph. But its determination is not difficult and the following method 

may be used. Form a shortest route tree at each vertex in turn by the 

method described in section 4.3.4. The diameter of the graph is then 

one less than the maximum level encountered. Any shortest route tree 

which gives the diameter of the graph will be called a diametral shortest 

route tree (DSR tree) and the roots of DSR trees will be called diametral 

vertices. The width of a tree will be defined as the maximum number of 

vertices in any level of the tree and hence a shortest route tree of 

minimum width will be called the narrowest tree.. There may be a number 

of DSR trees in a graph, Figure 4.3(a), and also a number of narrowest 
trees, Figure 4-3(b). The path number of a vertex is defined as the 

width of the shortest route tree with the root at this vertex, Figure 4.3(c), 
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4.3.2 Nodal decomposition procedures 

I The simplest way of making a nodal decomposition is to 

span all the vertices of the graph by a shortest route tree and to 

arrange the vertices in each level of the tree into sets. An'optimal 

nodal decomposition is one with the number of vertices in each set less 
I 

than or equal to the optimum number. The nodal decomposition due to a 

narrowest tree will be optimal in most but not all cases, Figure 4.4. 

It has to be noted that optimal nodal decomposition may not correspond 

to a tree. Further, in many cases analysed, the DSR trees are the 

narrowest trees, Figures 4.3 (a) - (b). It is also observed that out 

of the narrowest trees, if there are more than one, the tree with the 

maximum level gives a better nodal decomposition and may be referred to 

as the optimal narrowest tree. In the absence of any exact formula 

for the minimum bandwidth it is difficult to say whether the narrowest 

tree gives the optimal nodal decomposition or whether further adjustments 

of the vertices from one level to the other are necessary to make it 

optimal. However, the author's lowest bound value for the minimum 

bandwidth is helpful in this direction and in many planar graphs tested 

it is equal to or one less than the actual value. Therefore the width 

of the narrowest tree can now be checked with the lower bound and the 

necessary facilities may be made available in the computer program to 

proceed with the improvements discussed (in the next section) or not 

depending on the percentage difference between the two values. 

4.3.3 Further Improvements 

It is always theoretically possible to obtain an optimal nodal 
decomposition from a narrowest tree by transferring appropriate vertices 
from one set (level) to the other, as shown in Figures-4.5 N- (e). 

Kaveh (1974) uses somewhat similar idea but employing different criterion 
to make this transfer. The easiest but not the best way to effect this 

transfer is to start from the root of the tree. The vertex of small 

path number adjacent to the root of the narrowest tree is given the 

same level as that of the root and the necessary transfers are then 

made in the other levels (i. e. a new tree with two roots is being formed). 

The vertices in the level of-the root are called the roots of the tree. 

The procedure may be repeated if necessary, for the other vertices of 


