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ARTICLE INFO ABSTRACT

Keywords: In this work we study the influence of fluid viscoelasticity on the performance of lubricated con-
Hydrodynamic lubrication tacts in the presence of cavitation. Several studies of viscoelastic lubricants have been carried
Viscoelasticity, Cavitation, out, but none of them have considered the possibility of the presence of cavitation. To describe
Journal bearings, Squeezing the effect of viscoelasticity, we use the Oldroyd-B model. By assuming that the product between
Surface texture. €, i.e. the ratio between vertical and horizontal length scales, and the Weissenberg number (Wi),

i.e. the ratio between polymer relaxation time and flow time scale, i.e. the ratio between poly-
mer relaxation time and flow time scale, is small, we can linearise the viscoelastic thin film
equations, following the approach pioneered by "Tichy, J., 1996, Non-Newtonian lubrication
with the convected Maxwell model." Consequently, the zeroth-order in eW'i corresponds to a
Reynolds equation modified to describe also the film cavitation through the mass-conserving
Elrod-Adams model. We consider the flow of viscoelastic lubricants using: (i) a cosine profile
representing a journal bearing unwrapped geometry, and (ii) a pocketed profile to model a tex-
tured surface in lubricated contacts. The introduction of viscoelasticity decreases the length of
cavitated region in the cosine profile due to the increasing pressure distribution within the film.
Consequently, the load carrying capacity increases with Wi by up to 50% in the most favorable
condition, confirming the beneficial influence of the polymers in bearings. On the other hand for
the pocketed profile, results show that the load can increase or decrease at higher Wi depend-
ing on the texture position in the contact. The squeeze flow problem between two plates is also
modeled for viscoelastic lubricants considering an oscillating top surface. For this configuration
a load reduction is observed with increasing Wi due to the additional time needed to reform the
film at high Wi. Furthermore, if viscoelastic effects increase, the cavitation region widens until
reaching a value of Wi for which a full-film reformation does not occur after the initial film
rupture.

1. Introduction

Lubricants are essential for machine components to reduce wear and friction between solid surfaces in moving
parts. The lubricant film ensures the presence of a gap between both surfaces by exerting a pressure that supports
the load of bearing surfaces in relative motion. A technique to improve the performance of lubricants (e.g. mineral
oils) consists in introducing polymer additives. This practice was initially performed to minimize the temperature
dependence of viscosity but it improved further the lubricant characteristics when compared to lubricants without
additives (Davies and Li, 1994; Williamson, Walters, Bates, Coy and Milton, 1997).

Lubricants with polymer additives can present viscoelastic effects. Generally, viscoelastic fluids have been shown
to exhibit beneficial attributes in several applications. One of such viscoelastic fluids are perfluoropolyether (PFPE)
lubricants used in the heat-assisted magnetic recording (HAMR) of disks and can be located at the head-disk interface
(Sakhalkar and Bogy, 2018). In grease oils at low shear rates (e.g. in the start-up phase of roller bearings) viscoelas-
tic effects influence the deformation of the lubricant (Li, Hoglund, Westerberg, Green, Lundstrom, Lugt and Baart,
2012). Usually in the past, more attention has been paid to the piezoviscosity of standard lubricants compared to their
viscoelastic property (D’Agostino, Petrone and Senatore, 2012). However in many applications (especially consumer
goods) there is a widespread use of viscoelastic fluids to lubricate. For example, the optimal performance of shaving
foams is dependent on their viscoelastic property (Breuer and Tsai, 1984).
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Lubricants could completely change their mechanical properties if viscoelastic. Therefore, the film can no longer
be treated as a regular Newtonian fluid. Therefore we need to modify the classical lubrication theory to consider
viscoelasticity. Viscoelastic fluids exhibit a characteristic memory time scale, i.e. the characteristic relaxation time A
defined as the materials ratio of viscosity to its elastic modulus. The strength of viscoelastic effects can be measured by
the Weissenberg number, defined as the ratio of the characteristic relaxation time to the process (or observation) time
f, Wi = A/f. At smaller relaxation times or conversely for longer observation times, the fluid is expected to behave as
Newtonian whereas as the Weissenberg number increases the fluid viscoelasticity cannot be neglected anymore.

Several numerical approaches have been developed to describe viscoelastic lubricants. Using the upper convected
Maxwell (UCM) model, Tichy (1996) carried out a regular perturbation analysis with the Newtonian lubrication solu-
tion as the leading order term. He found that the flow profile (curvature and slope) were critical factors in determining
the load enhancement/reduction properties of viscoelastic lubricants. Following a similar approach, Li (2014) found
that viscoelasticity was responsible for the enhanced pressure and the improved lubricant performance observed in
experiments. A nonlinear model using the generalized Reynolds (GR) equation for non-Newtonian fluids, able to in-
corporate various rheological models, was developed by Wolff and Kubo (1996). Their results are not in agreement
with linearized studies since they found that polymers do decrease the load in a rolling contact. More recently, Ahmed
and Biancofiore (2021) developed a model able to predict the behavior of viscoelastic lubricants also at large Wi.
They confirmed the beneficial effect of viscoelasticity, showing that the failure of GR for certain geometries is caused
by the assumption that the normal stress can be neglected.

The Oldroyd-B constitutive equations are a widely accepted model giving accurate predictions of viscoelastic
fluids flows. However, in the presence of extensional flows, potentially encountered in tribological applications when
studying cavitation, the polymers can stretch infinitely at large values of Wi causing the polymer stress to approach a
singularity (Putinar, 2016). This singularity can be resolved by incorporating a FENE-P penalization to keep the stress
bounded and ensure a maximum extensional flow (Thomases and Shelley, 2007). Phan-Thien and Tanner (1984)
investigated the behavior of the Oldroyd-B model in squeeze flows. They noted that the load decreases as soon as
the Weissenberg number increases. This was later confirmed by Phan-Thien, Dudek, Boger and Tirtaatmadja (1985)
who found an analytical solution modeling the polymers still with Oldroyd-B. This finding was not in agreement with
experiments (Leider, 1974). To explain this Phan-Thien, Sugeng and Tanner (1987) updated their pioneering Phan
Thien Tanner (PTT) model (Phan-Thien and Tanner, 1977) to include the polymer stress overshoot. With this new
model (Modified PTT, or MPTT) the load capacity of the lubricant increases as viscoelasticity becomes stronger,
showing the importance of the polymer stress overshoot. At very high shear rates, this stress overshoot can become
very significant supporting the description of the synovial fluid as an excellent lubricant (Phan-Thien and Mai-Duy,
2017; Yousfi, Bou-Said and Tichy, 2013).

Cavitation is a very common phenomenon in lubricated machine components. It describes the process of formation
of vapor bubbles in a liquid which occurs due to a sudden decrease in local pressure usually below the saturation
pressure. The prediction of (i) the appearance of a region of cavitation and (ii) its exact location are important factors
to accurately describe lubricated contacts. The liquid-vapor mixture regions can be observed at locations where the
contact geometry diverges often imposing sub-ambient pressures within the lubricant. The first model to take into
account the film rupture is the so called "half-Sommerfeld’ condition (Giimbel, 1914) who accounted for the film
rupture by setting the pressure equal to the cavitation pressure in the cavitated (non-active) region. However, this
model fails to consider the possibility of film reformation. Works by Swift (1932) and Stieber and Schwimmlager
(1933) produced the Swift-Steiber condition, which can be used to establish a more adequate film rupture location.
However, they were still unable to accurately predict the lubricant film reformation. Jakobsson (1957) and Olsson
(1965) pioneered a set of boundary conditions for the classic Reynolds equation, which are now generally termed
the Jakobsson-Floberg-Olsson (JFO) theory. The JFO theory (i) removes the pressure contribution of the mass flow
in the cavitation region, (ii) preserves the conservation of mass, (iii) sets approximately correct conditions at the
cavitation boundaries, and (iv) produces a single equation applicable to both the full-film and cavitation regions. Elrod
(1974) solved a generalized form of the Reynolds equation incorporating the JFO theory in a numerical algorithm
for hydrodynamic lubrication in the presence of cavitation. This has become a commonly used and widely accepted
formulation known as the mass conserving Elrod-Adams model. However it should be noted that the JFO theory could
be prone to computational complexities due to the non-linear boundary conditions (Hirani, Athre and Biswas, 2001).
Moreover, the JFO/Elrod-Adams model is not able to take into account the variation of both the viscosity and pressure
in the region of cavitation.

To incorporate these variations other cavitation models have been proposed, including homogeneous equilibrium
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models (HEM), some of which, e.g. the Wallis model, is for instance used both in algorithms based on the lubrication
approximation Bayada and Chupin (2013) and in approaches using computational fluid dynamics (Brajdic-Mitidieri,
Gosman, loannides and Spikes, 2005). The HEM models consider the fluid as a single-phase. Its density can vary
between the values for the liquid and vapor phases and is governed by the barotropic equation, based on the speed of
sound. Natsumeda and Someya (1987) developed a hydrodynamic theory for a two-phase homogenous fluid coupling
the Reynolds equation and the Rayleigh-Plesset (RP) equation solved for a journal bearing. The RP equation describes
the size of the cavitation bubbles and is able to account for the surface tension, viscous and surface dilatation. This
coupled model was also used for studying flows in a squeeze film damper (Gehannin, Arghir and Bonneau, 2009).
More in general, many studies have proposed methodologies to model cavitation in lubricated contacts; however, this
has not been routinely done when considering viscoelastic fluids.

The main goal of this paper is to fill this specific gap. In this paper, we investigate the properties of viscoelastic
thin film lubricants using the Oldroyd-B model in the presence of cavitation. This model for dilute polymer solutions
is not just restricted to the field of tribology but has been used in a wide range of viscoelastic modeling including
falling liquid films (Saprykin, Koopmans and Kalliadasis, 2007) and blood transport modeling in biological systems
(Anand, Kwack and Masud, 2013). The principle adopted by this model is to linearize the governing equations using
the Weissenberg number as the perturbation parameter. To predict the presence of cavitation in the contacts, this study
uses a modified version of the Reynolds equation based on the Elrod-Adams formulation. In this way we can remove
the pressure contribution of the mass flow at the cavitation region, preserve the conservation of mass and have a single
equation that is applicable to both the full-film and cavitation regions. A new set of boundary conditions are proposed
to accommodate for the changes that may occur at the film rupture locations due to the viscoelastic properties of the
lubricants.

The paper is structured as follows. In section 2 we introduce the mathematical model of the problem. In section
3 the proposed algorithm is first validated and then numerical examples are solved to showcase the effect of fluid
viscoelasticity for (i) an unwrapped journal bearing profile, (ii) a micro-textured surface profile and (iii) the study of
oscillatory squeeze flow between parallel plates. Finally, we draw conclusions in section 4.

2. Mathematical model and numerical algorithm

In this section we discuss the mathematical model and the numerical algorithm used to describe the behavior of
viscoelastic lubricants when cavitation is present. Particularly in section 2.1, we introduce the governing equations,
whereas in section 2.2 we describe the contact geometries analyzed in this paper. In section 2.3 we apply the thin
film approximation to obtain a non-dimensional lower order set of equations. In section 2.4 we linearize this set of
equations, for both a pure sliding motion and an oscillatory squeeze motion. Afterwards in section 2.5 we discuss
the cavitation problem and introduce a set of boundary conditions to capture the effect of viscoelasticity. Finally the
numerical method used to solve the relevant equations is illustrated in section 2.6.

2.1. Governing equations
The governing equations for the isothermal flow of a viscoelastic fluid are given by

(i) Continuity equation

Dp
= V.-u= 1
pr TV ou=0. @

(il)) Momentum equation

p<g—;+u-w>=—vp+nsv2u+v-r, )

(iii) Oldroyd-B constitutive equation

1+,1(g—;+u-Vr—(Vu)-T—T'(VM)T>=2’7pD7 3)
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where u(uy,u,) is the velocity vector, T is time, p is the density, P is the pressure, 7 is the stress tensor, A is the
characteristic fluid relaxation time, 7, is the solvent viscosity, 77, is the polymer viscosity and D is the rate of deformation
tensor expressed as

D=2 (Vu+ (V') @

Other types of constitutive equations can be used such as those for UCM model (Tichy, 1996), PTT (Phan-Thien
and Tanner, 1977) or MPTT (Phan-Thien et al., 1987). Particularly the MPTT constitutive equations is presented in
Appendix A (see Eq. 35).

In this formulation, we assume that the liquid is incompressible and have therefore made use of the incompressible
Oldroyd-B constitutive equation, which is an established model for dilute polymer solutions (Oldroyd, 1958). Note
that as cavitation is expected to occur, the compressible Navier-Stokes equations have been employed to account for
the compressibility of the vapor-mixture region.

2.2. Geometries
In this section, we introduce the contact geometries studied in this work.

Surface texture

e
| Contact surface

Hoa !
Lubricant film —iH,_ {Film height H(x)
U
L

Figure 1: Schematic representation of the pure sliding thin film flow of a lubricant.

1. We consider a 2-D thin film flow of a lubricant between two rigid surfaces with the top surface fixed and the
bottom surface sliding at a constant velocity U in the horizontal x-direction as illustrated in Fig. 1. We assume
no-slippage at the contact boundaries and the pressure at both channel inlet and outlet is atmospheric P = P, =
10° Pa.

Hmin |H(T) $Hmax

N
L

Figure 2: Schematic representation of the oscillating squeeze flow of a lubricant.

2. We analyze the 2-D case of a lubricant between two flat plates, where the bottom plate is kept constant, whereas
the top plate moves with an oscillatory velocity (V' = d H /dT) only in the normal x,-direction. A schematic
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diagram of this oscillatory squeeze film case is shown in Fig. 2. In this paper we analyze only a flat oscillating
surface, however it is possible to apply our model to other curved surfaces. The initial pressure is equal to the
atmospheric pressure P(0) = P, = 10° Pa.

In both cases we use as (i) horizontal length scale the contact length L and (ii) vertical length scale the maximum

height of the contact H,,,,. We assume that the lubricant cavitation pressure P, is P, = 0.

2.3. Thin film approximation
Following the footprints of Tichy (1996), a set of dimensionless variables are introduced to express the governing
equations in non-dimensional form. The dimensionless quantities are

X1 711 U P
x ==, T = —H——, u, = , 0=2,
L xx ”UrefL/H}y,ax * Uref P
) Ti2 ) P-P,
y= . o= i U, = —2—, P=—F7=,
Hmax Xy ”Uref/Hmax y Uremeax/L ”Uref L/H;%,ax
¢ = Hnax T, = —2— h(x, ) = 2l t=L12 and Wi= s
L’ Y "Uref/L’ ’ Hm ’ Hmax ’ Hmax

In this formulation, it is assumed that the horizontal length gzale is much larger than the vertical length scale: L >>
H, .. Consequently the parameter € is a very small number that allows us to apply the thin film approximation. A
detailed formulation of the lubrication approximation showing the expansion in € is presented in Appendix B.

We introduce a fluid fraction term 6 to be the non-dimensional density, where p; is the density of the liquid. The
velocity reference scale U, r has been defined to describe the general motion of either a roller bearing or the squeeze

flow problem

2

v, =1/u? Usires 5
ref — x,ref+ 2 ®)

Introducing the non-dimensional quantities into Eqs. (1 - 3) and applying the lubrication approximation the gov-
erning equations can be expressed as

% 0 (Ou,) . 0 (6u,)

or  ox O (62)
a;;x N aaf;y + ﬁcj;lzx _ g_i’ (6b)
P»_y, (6¢)
dy

T + eWi <()§;X +uxa;;x + uya(;;x - Z%TW - Z%TM) =0, (6d)
Tyy + Wi <6;');y +uxa;-jcy + uya;;y - %ryy - %Txx> = —( —ﬂ)%, and (6e)
7, +teWi <% +ux% + uyaai;y - ZZ—L;yryy — 2%1)@) = =2(1 —ﬂ)(j)—b;y. (6f)

Note that we introduced also the solvent concentration in viscosity f = ; 15” . When g = 1 the lubricant behaves as

Newtonian. If not explicitly stated otherwise, in this work the lubricant isl asgumed to be fully viscoelastic, therefore
the solvent concentration in viscosity will be taken as f = 0. We have chosen this value to maximize the viscoelastic
effects. Since the density is considered constant in Oldroyd-B, the model is valid for dilute polymer solutions only.
Small amount in mass of polymer additives can modify significantly the viscosity of the solution but not the density
as shown by Phan-Thien et al. (1985). In their experiments a value of f = 0.77 corresponds to a change in density of
about 0.08% only.
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2.4. Perturbation Analysis

A regular perturbation expansion is applied to Eqs. (6a -6f) where the perturbation parameter is eW'i. In this
analysis the leading term will be the Newtonian lubrication solution marked with a superscript L, whereas the first
order correction term is represented with a superscript W'.

u, = uf + eWi - qu + O(e*W i), (7a)
uy, = uyL + eWi- u:V +O(€2Wi2), (7b)
p=pt + eWi-p¥ +0*Wi?), (7c)
0 =0 + ewi-0" +0EWi?), and (7d)
=1 + eWi ¥ +0EEWi?). (7e)

Substituting Eqgs. (7a - 7e) into Egs. (6a - 6f) we can collect the leading order terms

L, L
a0t a(ont) 2(0)

+ =0, 8
ot ox dy (8a)
orL otk o*uL opL

v, The 0w ot (8b)
ox oy 0y? ox
9 L
P, (8c)
dy
k=0, (8d)

ul

L _ _1_p—=X
Ty = 1-p " and (8e)
. o
Ty = —2(l—ﬁ)a—y. (8f)

The first order terms are also collected
00" 0 o w oWy, O gL W W Ly _
7 + a(e le +0 ux)+ a—y(@ uy +0 Lly) = O, (93.)
oc ot PulV  opW o
+ + = ,

0x dy p 0y? ox )
9 w
o _,, (%)
dy

ouk
=2 p x Tfy, (9d)
y
ou" orL orL orL oul oul
Yy -p—2=-2 L L ¥y ZxpL YL and (%)
xy dy ot * ox Y oy ady ¥ ox **
ou” orL orL orL oul ouL

opa-pL =22 f 2y YL g YL (9f)
Yy dy ot * ox Y oy dy ox

Note that the linearization of the MPTT constitutive equations gives the same leading and first order terms found in
Egs. (8d-8f) and Eqgs. (9d-9f), respectively. The reader is referred to appendix A for more details.

2.4.1. Pure sliding motion

In this section, the typical thin-film flow illustrated in Fig. 1 will be considered. We extend the model of Tichy
(1996) to include density variations in the lubricant. The boundary conditions for the pure sliding mode are stated
below for the leading order and first order terms as follows
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eatx=0andx=1:p

For the pure sliding motion U

. aty=0:ui:l,uyL:O,u)If/:OanduL’V=0

e at y = h(x): ui:O,uf:O,u}f’:Oandu?’:O

L =0and p" =0.

yrer = 0 and therefore the overall velocity U,,; = Uy -

1. Zeroth-order solution

Solving the leading order terms (Eqs. 8a - 8f) for a lubricant in steady flow we obtain the velocity distribution
for the pure sliding motion as

n2opt (y* y
L
=2 (LX) i1-2 and 10
“ T T x \ 2 h n (10

Eq. 10 is substituted into the continuity equation (Eq. 8a) to derive the zeroth-order Reynolds solution for
lubricant pressure.

L, L
a(a ”y)_ d [6L apt oL
dy ox

2 _ L_Y_
> % (y yh)+0 hy . an

Eq. 11 can then be integrated by making use of the Leibniz theorem (?)

L L
9 h39LaL = 6M. (12)
ox ox o0x

Eq. 12 is the proposed zeroth-order Reynolds solution which corresponds to the Newtonian lubricant pressure
solution.

. First order solution

The first order solution are a set of linear ordinary differential equations (Eqs. 9a - 9f) which depend on the
solution of the zeroth-order pressure p’ and fluid fraction %. The first order terms are solved by substituting
the constitutive equations (Eqgs. 9d - 9f) into the momentum equation (Eq. 9b) and applying the boundary
conditions. We are then able to arrive at a first order solution for the horizontal velocity

wo_ a2 yh\ (A=Bdh | sa\i, e\ (¥ _y
T Tax <2 2 )t a'x<1 3h><2 3h> w2 h) (13)

where,

_ /01 h(x)2dx

N . (14)
Jo h(x)=3dx

To derive the first order Reynolds solution for the lubricant pressure, Eq. 10 and Eq. 13 are substituted into the
first order continuity equation (Eq. 9a) which is integrated in a similar manner using the Leibniz theorem

o (,3,.00" 0 (3w op" a(ho") 0 [ rdh a a ]
— | o — — |0 — ) =6 -20-pH—|0"—(1-3=)(2-3=)|. (15
ox ( ox * ox dx ox ( ﬁ)dx dx ( h) ( h) (1%

The film fraction € is no longer constant as in the incompressible case (Li, 2014). This creates some additional
terms including 8" in Eq. 15. In particular the second term on the left hand side of Eq. 15 is active and most
significant in determining the cavitation boundaries (see section 2.5).
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2.4.2. Oscillatory squeeze flow
For the oscillatory squeeze flow the boundary conditions are

e aty=0: u£=0,u§‘=0,u:?/=0andu;v:0

o aty = h(x): uﬁ:O,uﬁ:l,u}‘f:Oandu;‘/:O
L

e atx=0and x = 1: pL =0and p" =0.

We assume that the x-component of the velocity U, ,,, = 0, this implies that the velocity reference scale is U,,, =
U

yref
e

1. Zeroth-order solution

Solving the leading order governing equations (Eqs. 8a - 8f) and applying the boundary conditions for the
oscillatory squeeze problem, the zeroth-order horizontal velocity is obtained

nropt (y*
L _ -_—
W= Sox\mn) (16)

Eq. 16 is substituted into the continuity equation (Eq. 8a) and can be integrated by applying the Leibniz theorem
to obtain the leading order solution of the Reynolds equation

L L
O (p3gL0P"\ _ p0h07) (17)
ox ox ot

2. First order solution
The first order horizontal velocity solution for the oscillatory squeeze flow can be found from Egs. (9a - 9f) by
substituting the constitutive equations (Egs. 9d - 9f) into the momentum equation (Eq. 9b) and applying the
boundary conditions

w 1dp" 2
= (a-pa+L27) (2 -y, 18
u; <( P+ 35— (y* —yh) (18)
where,
2 2 2 2
Q=362 34174 gy psdhdh oy sdh o p-adhT L sap-adh o3 dR g
dt dx dt dx 4 dx dt dt dr? dx

We derive the final equation for the first order pressure by substituting the velocity solution (Eq. 18) into the
first order continuity equation (Eq. 9a) and integrating to obtain

o [, op" o (6Lm? o (R, opt w Oh
— (=t )+ = (Z—1-pQ )+ — [ =" =) =6V =—. 20
()x<12 ox ) tox e U=PR)+50 127 o ot (20)

Similar to Eq. 15, there are additional terms in Eq. 20 including 8" created by the variation of the density.
In particular, the third term on the left hand side is important in defining the boundaries between active and
non-active regions (see section 2.5).

2.5. Cavitation

To describe the appearance of cavitation in the lubricant we use the Elrod-Adams (or p-8) algorithm (Elrod, 1974).
This algorithm was reported to be much more accurate than models using the half-Sommerfeld condition in predicting
the lubricant behavior for both sliding micro-textured profiles and squeeze problems (Ausas, Ragot, Leiva, Jai, Bayada
and Buscaglia, 2007; Ausas, Jai and Buscaglia, 2009).

We can assume that the pressure remains constant in the non-active region and equal to the cavitation pressure
D = P.q- Then the pressure gradient is zero (Z—i = 0). However, it is convenient to use the fluid fraction 8 as the
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Figure 3: Transition of the non-active region location from (a) Newtonian to viscoelastic lubricant when the cavitation
region is (b) extended and (c) shrinked by increasing the viscoelastic contribution of the fluid

dependent variable rather than the pressure in the cavitation region. The fluid fraction can be regarded as an auxiliary
quantity used to determine the appropriate conditions to apply in both the incompressible liquid and the compressible
mixture regions

1, in the incompressible full-film region,

0= 2n

0 <6 <1, inthe compressible mixture region.

Viscoelasticity has an effect on both the location of film rupture and reformation. Therefore it is necessary to define
a set of new boundary conditions capable of accurately capturing the changes implied by the perturbation expansion
when comparing a Newtonian and non-Newtonian lubricant for the non-active region location. An illustrative descrip-
tion of the boundaries can be seen in Fig. 3. The region labeled as @ is liquid for both Newtonian and viscoelastic
lubricants. In the region labeled @, either the liquid phase in the Newtonian lubricant case may be cavitated for a
viscoelastic lubricant (expansion) or a cavitated region in the Newtonian lubricant case may be occupied by liquid
for a viscoelastic lubricant (shrinking). Finally the region labeled @ contains some vapor for both Newtonian and
viscoelastic lubricants. Two cases are possible:

1. If the cavitation region expands as e.g. viscoelastic effects are increased by the addition of polymers to the
lubricant, some parts of the contact initially occupied purely by a full-film (8 = 1) in the Newtonian lubricant
are occupied by a mixture region in a viscoelastic lubricant. For this reason we have a liquid-vapor mixture
(6 < 1). Fig. 3a shows a schematic of an increased cavitation region due to viscoelasticity

Gamaniel et al.: Preprint submitted to Elsevier Page 9 of 28



—_ L . . . . . . . .
o p¥ = SLW[ in the two regions in which a mixture is present for the viscoelastic case (@ and 3).

w _ 1-6L . .
o 9% = 7 n the unchanged full-film region @.

e pl' = 0inregion @ where the fluid is a mixture in both the Newtonian and the viscoelastic cases.

2. The reverse case is expected for a shrinking cavitation region, i.e. when mixture regions for the Newtonian case
are occupied by liquid if the film is viscoelastic. Fig. 3c shows a schematic of a shrinking non-active region as
a result of increasing viscoelastic effects.

L. . .
e p" = =~ in the unchanged mixture region 3.

o 0V = % in the two regions (i.e. ® and @) fully occupied by liquid if the film is viscoelastic.

e 9L = linregion O, i.e. the region in which we have liquid independently if it is Newtonian or viscoelastic.

Finally, the cavitation boundary for the squeeze flow problem is transient ( % # 0), resulting in different phases at the
same location over a time period.

Although we derived two sets of equations for the zeroth-order and the first order lubricant pressure, four unknowns
(%, pV', 6% and 8"') still remain. Using the Elrod-Adams model, we are able to obtain a solution at all nodes. This
solution is achievable as only one variable in the equations is unknown in each region. For instance in the full-film
region the fluid fraction is known (6 = 1) while in the non-active region the pressure is known (p = p,.).

2.6. Numerical method and algorithm

Ausas and co-authors have presented in their work an efficient Elrod-Adams algorithm using a finite difference
numerical scheme (Ausas et al., 2007, 2009). We modified their numerical algorithm to incorporate the newly defined
set of boundary conditions and the additional constitutive equations to model viscoelastic lubricants.

Fig. 4 shows the flow chart of the algorithm used in this study. Firstly, we solve the zeroth-order problem (Eq.
12 and Eq. 17 for the slider and squeeze flow, respectively) since p~ and 8 are both needed to solve the first order
equations (Eq. 15 and Eq. 20 for the slider and squeeze flow, respectively). Afterwards we solve the general linearized
equations. We employed a finite difference numerical scheme by approximating the spatial derivative for the shear
flow term using the backward differencing scheme. This is particularly important within the cavitated region where
the equation becomes hyperbolic and there is no data coming from the down-stream region (Sahlin, Almqvist, Larsson
and Glavatskih, 2007). The pressure induced flow term has been approximated using the discrete equation

0 (,3,dP I 3 3
= <h 95 = ") [h,- 0;(piy1 — i) — h;_,0,_1(p; —P,-_l)] , (22)
and is applicable to both leading order and first order terms. The transient term has been discretized with the Euler
backward scheme to enhance the numerical stability of the algorithm.

A time step equal to At = 6.6 * 10~ was found suitable for the transient simulations after a carefully conducted
convergence study. The error at nodal point i for time step j of the s iteration was determined by

-1 -1
Error:”l’;j_pij ||2+||0,‘S’j_9ij_1||2’ (23)

where a tolerance of 107 was set for all simulations. For the steady state solutions, we use the same equation to
calculate the error convergence but ignore the transient terms. A Gauss-Seidel iteration scheme was employed in
determining the solution convergence.

3. Numerical results

In this section, different profile configurations for the pure sliding and oscillatory squeeze film flow are examined.
In section 3.1 we (i) conduct a grid test and (ii) verify the results for a Newtonian lubricant with cavitation present and
a viscoelastic lubricant in a non-cavitating channel. We verify our results for a Newtonian lubricant with the works of
Giacopini, Fowell, Dini and Strozzi (2010) for the roller bearing and Ausas et al. (2009) for the oscillatory squeeze
flow. The results for a non-Newtonian lubricant are verified using the work of Li (2014). This is followed by analyses
conducted to study the effect of viscoelasticity on (i) a cosine profile configuration to represent a journal bearing
unwrapped geometry in section 3.2 and (ii) single and multi-pocketed slider configurations in section 3.3. Finally, the
results for the oscillating squeeze motion of two parallel plates are presented in section 3.4.
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End simulation

*Eq. 12 for pure sliding/Eq.17 for squeeze flow.
**Eq. 15 for pure sliding/Eq.20 for squeeze flow.

Figure 4: The flow chart of the viscoelastic Elrod-Adams algorithm used in the present study.

3.1. Grid test and verification
We begin this section by conducting a grid test to ensure the grid independence of our chosen number of points

along the x-direction. The cosine profile shown in Fig. 5 was used to mimic an unwrapped journal bearing geometry
with the film thickness defined by

H(x)=c [1 + %cos (27rakx)] , (24)

where the eccentricity € is € = 0.2, the clearance c is ¢ = 0.8, the channel length a is a = 1, the spatial frequency k
is k = 1, and the non-dimensional atmospheric pressure p, is p, = 0.0083. This configuration is commonly used to
test algorithms describing cavitation appearance in lubrication, see e.g. Biancofiore, Giacopini and Dini (2019) who
studied the effects of slippage at the walls of lubricated contacts in the presence of cavitation.
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Figure 5: The cosine profile mimicking an unwrapped journal bearing used by Giacopini et al. (2010).
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Figure 6: The distribution along the x-direction of the film friction for for different number of grid points N for the cosine
profile described by Eq. 24 for Wi = 10.

We chose N = 400 as the number of grid points after conducting grid sensitivity tests. An example of these tests
is shown in Fig. 6 where we compare the film fraction distribution (i.e. the most sensitive parameters) for the cosine
profile at Wi = 100 for different numbers of grid points N.

The proposed model is verified by comparing our model when Wi = 0 (the leading order solution) and other
Newtonian cases in literature. The Newtonian solution is also achievable by setting the solvent concentration § = 1.
We verify our results for the pure sliding case, by comparing our simulations with results obtained by Giacopini et al.
(2010). Fig. 7a shows the lubricant pressure distribution for the current configuration. The dashed lines are the
values obtained by Giacopini et al. (2010), whereas the continuous lines indicate our results. We are satisfied by the
predictions of our model, since the two curves are identical.

We verify our algorithm for the oscillatory squeeze flow between two rigid flat plates by comparing to the mass-
conserving algorithm proposed by Ausas et al. (2009). The bottom plate is kept constant and the top plate moves only
in the vertical direction. The top surface profile is described by the spatial and time dependent function

h(x,1) = hy + hycos(wt) + ax?, (25)

where Ay, is the clearance height, A, is the amplitude of motion, w is the oscillation frequency, a is a factor of curvature
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for the moving plate and the reference velocity V.., = wh;. We set hy = 0.375, h; = 0.125, w = 4z and a = 0
to represent two flat and parallel plates. This flat profile is common in modeling squeeze films and has been used
in a finite element analysis of the Newtonian squeeze flow problem by Optasanu and Bonneau (2000). Note that the
proposed algorithm can be easily extended to other curved configurations. We impose (i) an initial full-film condition
0(x,t = 0) = 1, and (ii) a full-film boundary condition at 8(0,¢) = 6(1,¢) = 1. At the boundaries, the pressure is set to
P, = 0.1358 for both Newtonian and viscoelastic solutions.
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Figure 7: Verification of the film pressure for a Newtonian case in (a) a cosine slider bearing, (b) a squeeze film flow, and
(c) the first order pressure for a viscoelastic lubricant in a plane slider bearing. The black continuous lines illustrate the
results obtained by our algorithm whereas the red dashed lines are (a) Giacopini et al. (2010)'s results, (b) Ausas et al.
(2009)'s results and (c) Li (2014)'s results, respectively.

Fig. 7b shows the position of the right cavitation boundary X ,,(#). The dashed lines are the values obtained by
Ausas et al. (2009), whereas the continuous line represents the position of the boundary determined by the proposed
model. We conclude that our algorithm is able to reproduce correctly the results found in literature when the film is
Newtonian.

Finally, we verify our results for a viscoelastic lubricant using a plane slider bearing. Here, a viscoelastic lubricant
flows in the channel with an inclined top surface that is kept fixed and a bottom surface moving at a velocity U. The
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top surface profile of the plane slider bearing is described by
h(x) = a; + ap(x) + a3(x* = x), (26)

where, @y = 1, ay = —0.5 and a3 = —1. The first order pressure contribution is shown in Fig. 7c where the dashed
red lines are the results from Li (2014) and the solid black lines are the result from our proposed model. These results
show that our model is able to correctly reproduce the results available in the literature for viscoelastic lubricants.

3.2. Journal bearing

In this section, we investigate the effects of viscoelasticity in lubricant flow through two profiles representing an
unwrapped geometry of a journal bearing. Particularly, in section 3.2.1 we analyze the cosine profile already used by
Biancofiore et al. (2019), while in section 3.2.2 we focus on a twin parabolic slider used by Bertocchi, Dini, Giacopini,
Fowell and Baldini (2013). In section 3.2.3 we briefly examine the effect of the solvent concentration on the bearing
performance. Finally, we analyze in section 3.2.4 the effect of viscoelasticity on the load carrying capacity of both
profiles.

3.2.1. Cosine slider profile

The cosine slider profile, which is illustrated in Fig. 5 has been shown to induce cavitation at the diverging end of
the channel. The top surface of the cosine slider does not move and the bottom surface has a constant sliding velocity.

The cosine profile configuration has been described in section 3.1 and is defined by Eq. 24. In the current con-
figuration, the eccentricity is € = 0.25, the clearance is ¢ = 0.75, the channel length is a = 1, the spatial frequency
is k = 1. The boundary condition imposed at the inlet and outlet of the channel is p, = 0.019 and the corresponding
fluid fraction at these boundaries is setto 8 = 1.

Fig. 8a shows the pressure distribution in the cosine slider for viscoelastic lubricants using the proposed algorithm.
One can note that the maximum pressure within the channel increases when viscoelastic effects are more significant as
it is possible to see in Table 1. Fig. 8b illustrates the first order pressure contribution in the cosine slider. An increase
in p" is a measure of the viscoelastic contribution to modify the pressure.

Table 1
Lubricant maximum pressure and extent of cavitation region data for a cosine slider
at various Weissenberg numbers.

Weissenberg number | Maximum pressure | Percentage of cavitated region
0 4.09 MPa 34.59
25 4.24 MPa 33.05
50 4.44 MPa 32.08
75 4.70 MPa 31.08
100 5.02 MPa 30.33

The film fraction shown in Fig. 8c shows the incompressible liquid region where # = 1 and the compressible
mixture region where § < 1. Fig. 8c indicates that there is a change in the film rupture location as Wi increases.
The location of the cavitation boundary moves towards the outlet if polymers are added to the lubricant, whereas the
reformation boundary remains constant. This suggests a reduction of the entire vapor region with increasing Wi as
confirmed in Table 1. Fig. 8d shows the first order film fraction, where a positive value of 8" at the boundary implies
that the cavitation region shrinks and vice versa. Positive values for the first order film fraction within the cavitation
region indicates there is an increase in the overall film fraction towards a full film. A spike is observed at the film
reformation in the first order film fraction 8", see Fig. 8d. This is due to the discontinuity in the film fraction inherent
in the Elrod-Adams model at the film reformation (Elrod, 1981; Meng, Bai and Peng, 2014), see Fig. 8c. Eq. 15 shows
that the derivative of #% (i.e. the film friction for the Newtonian case) plays a role for calculating 8" . Therefore the
behaviour of the first order correction at the reformation point is not surprising.

3.2.2. Twin parabolic profile

To verify the accuracy of the proposed algorithm in handling the lubricant film reformation, we investigate the
flow in the twin parabolic slider represented in Fig. 9. This peculiar profile has two separated non-active regions. In
particular, for the first region, reformation occurs far away from the outlet, as shown by Bertocchi et al. (2013). This
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Figure 8: (a) Pressure distribution p in the cosine slider at various Weissenberg numbers, (b) the first order pressure p"
in the cosine slider at various Weissenberg numbers, (c) film fraction 6 at several values of the Weissenberg number and
(d) the first order film fraction 6" at several values of the Weissenberg number: Wi = 0 (yellow lines), Wi = 25 (red
lines), Wi =50 (black lines) and Wi =100 (blue lines).

allows to have a clearer understanding of the influence of the polymers on the reformation location. The twin parabolic
slider is represented by the following equation

A(x) = Ry + 16 - My 3 27)

where h,,;,, = 0.5. The boundary condition imposed at the inlet and outlet of the channel is p, = 0.019 with fluid
fraction at these boundaries set to 8 = 1.

The pressure distribution for different values of the Weissenberg number is shown in Fig. 10a. An increase in the
maximum pressure is observed as viscoelasticity is introduced, similar to the cosine slider examined in section 3.2.1.
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Figure 9: The unwrapped journal bearing modeled as a twin parabolic profile.

Fig. 10b shows an increase in the first order pressure as viscoelastic effects grow, similar to what has been reported in
section 3.2.1.

The film fraction for the twin parabolic slider in Fig. 10c shows two regions of cavitation as expected. Furthermore,
we observe a reduction in the cavitation region as Wi becomes larger. However, there is no significant effect of vis-
coelasticity on the reformation boundary of the twin parabolic slider. The effect of viscoelasticity at the film boundary
is emphasized by Fig. 10d where a positive 8" suggests that the non-active region becomes smaller if polymers are
added to the lubricant. Spikes in 8" are also observed in the twin parabolic slider at the end of the non-active region
similarly to the cosine profile (see Fig. 8d). These spikes are as a result of the discontinuity in 6 at the reformation
location, typical of the Elrod-Adams model.

3.2.3. Effect of the solvent concentration

We analyze the effect of solvent concentration on the film pressure. Fig. 11a and Fig. 11b show the pressure
distributions for various solvent concentrations at Wi = 50 in the cosine slider and twin parabolic slider configurations,
respectively. By decreasing the polymer concentration (1 — f), the viscoelastic properties of the fluid become weaker.
This results in a gradual return to the Newtonian solution which is achieved when the solvent concentration is maximum
(P = 1). We can conclude that a decrease in f is equivalent to an increase in Wi. Then a steady rise in the film pressure
occurs as the viscoelastic effects (i.e. either an increase of relaxation time or an increase of polymer concentration)
become stronger.

3.2.4. Load and friction coefficient
In this section we study how viscoelasticity influences the load carrying capacity of lubricants. The total load W
is calculated as

1 1
w = / px)dx = / (pL(x) +eWi -pW(x)) dx. (28)
0 0

Moreover, we define W}, the load for Wi = 0. Fig. 12a shows the load within the cosine profile and twin parabolic
profile as a function of the Weissenberg number. As expected the load carrying capacity increases linearly for both
profiles confirming the beneficial influence of the polymer additives for lubricants in journal bearings.

The friction F is calculated as the sum of friction at the top and bottom surfaces

1 1
F = / (7,,(x,0) + 7, (x, D)dx = / (T (0 +eWi- ol (x,0) + 7 (x, ) + eWi- 2 (x, ))dx.  (29)
0 0
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Figure 10: (a) Pressure distribution p in the twin parabolic slider, (b) the first order pressure p" in the twin parabolic
slider at various Weissenberg numbers, (c) the film fraction 6 distribution in the twin parabolic slider, and (d) the first
order film fraction 6" in the twin parabolic slider for various Weissenberg numbers: Wi = 0 (yellow lines), Wi =25 (red
lines), Wi =50 (black lines) and Wi =100 (blue lines).

Fig. 12b reports the normalized friction coefficient C/C, as a function of the Weissenberg number for the cosine and
twin parabolic slider. Here C = F /W is the friction coefficient and C; = % is the friction coefficient at Wi = 0

(where Fy is the friction at Wi = 0). As Wi increases the friction coefficient decreases, confirming how viscoelasticity
improves the performance of journal bearings. It is important to note that the total friction F is independent on Wi.
This is due to the fact that the first order correction of the shear stress at the top and bottom surfaces are perfectly
symmetric along the x-direction, i.e. r}‘:‘y/(x, 1= —r}?y/(x, 0).

3.3. Pocketed profiles

Surface textures have been introduced in lubricated contacts because of their potential to improve the performance
of the mechanical components, particularly to reduce friction (Vladescu, Olver, Pegg and Reddyhoff, 2015). In this
section we study the impact of viscoelastic lubricants on surface textured contacts. Particularly, we analyze the influ-
ence of the location of the texture.

We model a textured bearing using the pocketed profile shown in Fig. 13. This configuration is inspired from the
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Figure 11: The lubricant pressure in (a) the cosine slider, and (b) the twin parabolic slider, for Wi = 50 and different
values of the solvent concentration: f =1 (yellow lines), g = 0.75 (red lines), # = 0.5 (black lines), g = 0.25 (green lines)
and g =0 (blue lines).
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Figure 12: (a) Normalized load and (b) normalized friction coefficient for a cosine slider (red line) and a twin parabolic
slider (black line) in function of the Weissenberg number.

pocket profile used by Biancofiore et al. (2019), but slightly modified to smoothen the pocket edges. In this manner
we avoid that the discontinuities associated with surface texture can lead to numerical instabilities in the polymer
constitutive equation. The surface geometry is characterized by the equation

h(x) = hyiy + L~ P - L~ P (30)
D % tanh(100 % (x — b)) 2 % tanh(100 * (x — b —c))’
where the entrance height is A,,;, = 0.1, the non-dimensional atmospheric pressure p, is p, = 0.05, the pocket length
¢ is ¢ = 0.15 and the entrance length b is (i) b = 0.1 at the front pocket, (ii) b = 0.425 at the center pocket and (iii)
b = 0.75 at the rear pocket.
An analysis using the proposed algorithm for the textured surface with the pocket located at (i) the front, (ii) center,
(iii) rear of the channel, and (iv) a multi-pocket, i.e. a combined profile including all the pockets, has been carried out.
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Figure 13: A surface textured bearing modeled using three pockets at the front, center and rear sections of the channel.

Fig. 14 shows the pressure distribution at different pocket locations at several values of the Weissenberg number.
For all the configurations the maximum pressure is observed to firstly decrease and then increase as the Weissenberg
number grows. However the degree of the increase of the pressure varies significantly with the position of the pocket.
If the pocket is located close to the entry (see Fig. 14a) the value of the maximal pressure at high Wi is still lower
than the Newtonian case, for all the other geometries the maximum for the pressure is obtained for Wi = 50 within
the range of values explored here. Particularly, the highest increase of pressure at high Wi is observed when the
pocket is located close to the exit (see Fig. 14c). The pressure profile of the multi-pocket configuration (see Fig. 14d)
shows multiple cavitation and reformation locations in the film. The effect of viscoelasticity on the pressure without
considering cavitation was shown to depend on the slope of the channel surface. An analysis on the effect of slope
on the pressure in viscoelastic flows was conducted by Tichy (1996), who reported a negative first order pressure
contribution when dh/dx was negative. At the inlet of the pocketed bearing the value of dh/dx is positive, whereas
at the end of the pocket dh/dx is negative. Consequently, we observe that the effect of viscoelasticity at the pocket
inlet has a positive contribution, whereas the opposite effect is observed at the pocket outlet section.

Furthermore, the size of the non-active region is influenced by viscoelasticity. In particular, the reformation po-
sition is strongly affected by the value of Wi, since the decrease in pressure can bring to a significant extension of
the cavitation region. If the pocket is located at the inlet section (front pocket), the region experiencing an increase in
pressure with viscoelasticity is much smaller than the region experiencing a decrease. For the configurations (such as
Wi = 25 and Wi = 50) where the effect of viscoelasticity is strong enough to lower the total pressure until reaching
the cavitation pressure, the non-active region is observed to extend beyond the pocket location. On the other hand,
although there is an observable pressure decrease for Wi = 10, the influence of viscoelasticity is not enough to enlarge
the non-active region.

Fig. 15a compares the load for different configurations at various values of the Weissenberg number. For a single
pocket located at the front section of the channel, there is an initial decrease in load as Wi increases. This trend is
reversed and a small but steady increase in load is observed beyond Wi = 20. The decrease in load observed at low
values of the Weissenberg number can be attributed to the pressure decrease and the consequent retardation of the film
reformation. However, the increase of the pressure, observed before the cavitation sections, results eventually in a load
enhancement once it is able to balance the pressure decrease occurring at the film reformation. For the center and
rear pockets, the load remains almost constant at lower values of the Weissenberg number as the two opposite effects
previously described balance each other. At larger values of Wi the contribution of the rising pressure dominates
causing the increase in the load carrying capacity. The negative effect of viscoelasticity for the front pocket is attributed
then to the fact that a negative (positive) contributions of p can occur in a larger (smaller) region with respect to the
other pocket profiles.
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Figure 14: The lubricant pressure distribution p in the pocketed slider with the texture located at the (a) front (b) middle
(c) rear location and in (d) multiple positions for Wi = 0 (yellow lines), Wi = 10 (green lines), Wi = 25 (red lines) and
Wi =50 (black lines).

Fig. 15b shows the normalized friction coefficient c£ as a function of the Weissenberg number. Since the total
0

friction F does not vary between Newtonian and viscoelastic cases, as already noticed for the profiles mimicking a
journal bearing (see section 3.2.4), the increase (decrease) of the friction coefficient has to be completely attributed to
the decrease (increase) of the load observed in Fig. 15a.

3.4. Oscillating squeeze film

The oscillatory squeeze flow of viscoelastic lubricants between two rigid parallel plates shown in Fig. 2 will be
analyzed in this section. The bottom plate is kept constant and the top plate moves only in the vertical direction. The
temporal evolution of the top surface is the same used in section 3.1 (see Eq. 25). The plates are brought together and
moved apart in an oscillatory manner, repeating periodically with period 7 = 0.5. We recall that the initial pressure
is constant and equal to p, = 0.1358.

The time evolution of the pressure profile for one cycle of the squeeze motion is shown in Fig. 16 for viscoelastic
lubricants. During the phase of separation of the plates, the cavitated region grows rapidly and there is no significant
influence of viscoelasticity as a large fraction of the film lies within the mixture region, see Fig. 16a att = 1. As the
plates are brought together, a gradual reformation of the film is observed (see Fig. 16b, for# = 1.2). The viscoelasticity
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Figure 15: (a) Load and (b) normalized friction coefficient in function of the Weissenberg number for the four different
surface textured configurations.

is seen to reduce the maximum pressure. Fig. 16c (at t = 1.22) shows that the polymer addition also has a significant
influence on the film reformation speed. As Wi increases the film reformation is much slower compared to a Newtonian
lubricant. At ¢ = 1.24 for low values of Wi, there is a brief period of complete film reformation before the cycle ends
while, interestingly, full reformation does not re-occur before the end of the cycle if viscoelastic effects are strong (see
Fig. 16d). Consequently, at large values of the Weissenberg number once the lubricant film has ruptured, a complete
reformation is not observed anymore in the oscillatory squeezing of a viscoelastic lubricant.

We define X, as the right boundary of the cavitated region. Fig. 17 shows the temporal evolution of X_,, for
different Wi values. Note that the dashed line represents the film height. We highlight the region between ¢ = 0.6 and
t = 0.8 where a complete reformation of the film is expected. In both Newtonian and viscoelastic lubricants, nucleation
begins at X, = 0.5 when ¢ = 0.25 (the time at which the surfaces begin to move apart). At a low Wi, the cavitation
boundary X,,, is always included 0.5 < X, < 0.97, if it does exist. At large Wi, X ,, does not disappear anymore
and it is always X,,, > 0.5 showing how a full-film reformation does not occur. In table 2 we report the (i) time
at which the film begins to reform during the first cycle and (ii) the minimum value of X, for several Weissenberg
numbers. At larger values of the Weissenberg number, there is an observable delay in the full-film reformation time
which consequently results in a larger right cavitation boundary (X ,,)-

Fig. 18 illustrates the load for different Weissenberg numbers for the oscillatory squeeze flow. There is a significant
variation in the load carrying capacity over time as a result of the phase transitions occurring within the lubricant film.
This is expected since the top surface oscillates resulting in positive and negative squeezing. More interestingly, the
total load decreases by increasing Wi. The maximum load is encountered just before negative squeezing begins, i.e
when the inception of cavitation occurs. At that moment the film thickness is minimum, the pressure is at its maximum
and, as a consequence we have the smallest non-active region. The load reduction reported in our proposed model can
be attributed to the delayed film reformation observed in Fig. 16. Experiments, however, have shown that there is an
increase in the load as viscoelastic effects are present (Tichy and Winer, 1978). The MPTT model presented by Phan-
Thien et al. (1987) shows an increase in load for transient single phase lubricant problems since it takes into account
the stress overshoot. We are able to show in Appendix A that the linearization of the MPTT constitutive equation
gives exactly the linearized Oldroyd-B model, i.e. Eqs. 8d-8f and Egs. 9d-9f for the leading and the first order terms,
respectively. Consequently, the model presented in this work is still the best option for linearized models, i.e. models
with a relatively easy implementation and a strong numerical stability.
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Figure 16: The time evolution of the pressure at (a) t =1, (b) t = 1.2, (c) t = 1.22, and (d) t = 1.24 for Wi = 0 (yellow
lines), Wi =25 (red lines), Wi =50 (black lines) and Wi =100 (blue lines).

Table 2
Cavitation data for the oscillatory squeeze flow for various Weissenberg numbers.
Weissenberg number | Time at initial reformation Minimum X_, (1)
0 0.366 0.50 (full reformation)
25 0.368 0.50 (full reformation)
50 0.370 0.51
75 0.372 0.59
100 0.374 0.64

4. Conclusions

In this paper, we propose a model for viscoelastic flows in lubricated contacts when cavitation is present. As
far as we know this is the first time that viscoelastic lubricants are analyzed in combination with mass-conserving
cavitation treatments. The viscoelastic model used is based on the Oldroyd-B constitutive relation. A linearization
approach has been followed by using Wi as the perturbation parameter following the footsteps of Tichy (1996). The
mass conserving Elrod-Adams algorithm has been used to introduce cavitation to our model. A new set of boundary
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conditions at the interfaces between active and non-active regions have been proposed to take into account how they
change by introducing viscoelasticity.

Wi =0
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Figure 17: The location of the right cavitation boundary X_,, for various Weissenberg numbers.

Two different slider profiles mimicking a journal bearing and a surface textured profile have been analyzed for
pure sliding configurations. In particular, it was shown that at higher Weissenberg numbers, the load carrying capacity
of the cosine and twin parabolic profiles increase while the cavitated regions shrink. In a surface textured bearing,
we observed that the influence of viscoelasticity on the lubricant properties depends on the location of the pocket.
The load was observed to rapidly decrease as viscoelastic effects grow for a pocket situated close to the bearing inlet,
whereas there is an increase, especially at large Wi, in the load capacity if (i) the pocket is located in the middle or
close to the exit and (ii) for a multi-pocketed profile. Furthermore, we have shown how the friction coefficient at several
values of Wi is dependent on the location of the surface texture. The most favorable condition is when the pocket is
situated further away from the inlet. It is important to note that viscoelasticity does not lead to frictional losses due to
interactions with the walls.

Two flat surfaces in oscillatory motion were considered to understand how the polymer additives influence the
squeezing. We observed a reduction in the maximum pressure of the lubricant. Moreover, the reformation of the
lubricant film was slower compared to the Newtonian case. At large values of the Weissenberg number, it was observed
that, after the initial rupture, the lubricant never returns to a complete liquid film configuration. The results also
indicate that the load carrying capacity of the squeeze flow problem reduces as the Weissenberg number increases.
The maximum load is observed to be occurring when the surfaces are at minimum separation.

Experiments have shown that the load carrying capacity in squeezing films should increase (Leider, 1974). While
previous works using Oldroyd-B (or upper convective Maxwell) model showed a similar trend of our model (Phan-
Thien and Tanner, 1983), a load increase was found by using MPTT in agreement with the experiments (Phan-Thien
etal., 1987). The reason for this difference is the fact that MPTT model takes into account the polymer stress overshoot,
while the Oldroyd-B model does not. However, a linearization approach is not suitable for MPTT as the second order
terms disappear and the model reduces to the linearized Oldroyd-B model (see Appendix A). The superiority of the
proposed model stems from its relatively easy implementation and strong numerical stability, particularly important in
presence of cavitation. It will be much more difficult to implement a numerically stable non-linearized approach able
to accurately predict the presence of cavitation. Nevertheless, the polymer stress overshoot in the MPTT model is an
important effect to take into account in transient problems. Perhaps the polymer stress overshoot can be introduced
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Figure 18: The load evolution in the squeeze film flow for different Weissenberg numbers.

by considering non-linearized approaches, such as the generalized Reynolds equation (Wolff and Kubo, 1996) or the
viscoelastic Reynolds equation, recently introduced by Ahmed and Biancofiore (2021). More in general it would be
very interesting to add cavitation to the latter model to describe viscoelasticity. Finally also considering models with
a finite extensibility of polymeric dumbbells (like FENE-P for instance, see Biancofiore, Brandt and Zaki (2017)) can
also shed further light on the viscoelastic behaviour in lubricants.

There is also the possibility of extending the modeling of viscoelastic effects on lubricants when cavitation is
present using computational fluid dynamics (CFD) models. Hartinger, Dumont, Ioannides, Gosman and Spikes (2008)
and more recently Hajishafiee, Kadiric, Ioannides and Dini (2017) developed a CFD solver for studying compressible
elastohydrodynamic lubrication in roller bearings including the presence of cavitation. In their recent work, Ahmed
and Biancofiore (2021) were able to develop a novel CFD model based on the finite volume method (Versteeg and
Malalasekera, 2007) suitable to study mildly viscoelastic lubricants. It would be interesting to couple the numerical
models developed by Ahmed and Biancofiore (2021) with the algorithms used by Hajishafiee et al. (2017) to describe
cavitation in viscoelastic films in a unique CFD solver.
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Appendix A Linearization of the MPTT model

The modified Phan Thien Tanner (MPTT) model was developed to account for the stress overshoot experienced
in squeeze flow problems (Phan-Thien et al., 1987). In this Appendix we will (i) introduce the MPTT model and (ii)
linearize it using eW'i as the perturbation parameter. The governing equations for the MPTT constitutive relation is

fr@)T+4 (‘;—: tu-Ve—(Vu)-t—7- (Vu)T> =21,,D, 31)
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where f (tr (t)) depends on the stress tensor, and can be defined either as an exponential function

£ r@) = exp (ﬁw (r>>, (32)
Mp
or the linear PTT model which will be used in this paper
A
far@)=1+ Z—Ir (@), (33)
P

where, g is inversely proportional to the extensional viscosity of the fluid and

1+¢Q2-0)A%7?

P+ T2p2)0=m/2 (34)

Mm =

Note that in Eq. 34, n is the power-law index, ¢ is the overshoot parameter, I" is a time parameter, and y2 = 2¢trD? is
the generalized shear rate. The constitutive equation can thus be written in the form
far@)t+ 4 <aa—: +v-Vi—-(Vv)-7—7- (Vv)T> =2u(l — p)nD, (35)

where
_ 1+ -9a%?
- a +l"2j,2)(1—n)/2'
Applying the thin film approximation with the non-dimensional parameters introduced in section 2.3, the constitutive
equations become expressed in the scalar form

(36)

2 2314 2
[ 0T, 0T, 0T, ou,, ou,, ou, , 1+20Q2 = {)e"Wi
Txx+€Wl< 5r "B T, T 2a_yTxy =2 T | =72 (1-h) ) '_T" .
<1 +2e2Wi2 % >
ox
(37a)
Wi or v, arxy ()Txy ou,, i %
0 * ox ) oy »” ox ¥
2 uy H
ou, o, N\ |1TAC-pEWR (L )
—(1-p (—" + _y€2> y Ho ,and (37b)
y  ox 9 217
1 +2e2Wi? <ay1-1; + aux I]{O> ]
0
ou, 2
ot ot ot ou ou ou, | 14202 = Wit~
yy yy yy y y y dy
Ty +€Wl< ot +MXW + I/lya—y - Za—yl'yy - ZETXY> = —2(1—ﬂ)a—y | (370)
<1+2e2Wi20ﬁ2> ’
dy

For € — 0, the term on the right side of Eq. 37a vanishes and reduces to the Oldroyd-B constitutive relation (Eq. 6d).
The zeroth and first order eWi terms of Eqs. 37a-37¢ are exactly equal to the terms derived from the Oldroyd-B model
(see section 2.4: Eqs. 8d-8f and Egs. 9d-9f). This means that if we neglect the second order terms in eWi, as done
in this work, the linearized thin film equations of the MPTT and Oldroyd-B models are exactly the same. Also, the
parameter { can only be present for higher order terms of eW i, agreeing that the effect of the polymer stress overshoot
cannot be described by the linearized model.

This formulation can be applied to other constitutive models by taking into consideration that for
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Newtonian model: n =1, A=0,¢=0, f=1and{ =0

Oldroyd-Bmodel: n=1, ¢=0,0<p <1, n=n,=n,and{ =0

upper-convected Maxwell model: n=1, ¢=0, f=0,n=n, =n,and{ =0
e PTTmodel: f=0,n=n, =n, n=1and{ =0.

Appendix B Thin film approximation

In this Appendix, a more detailed analysis on the reduction of the Oldroyd-B constitutive equation through lubri-
cation approximation, i.e. the parameter ¢ << 1. In order to do so, the non-dimensional parameters introduced in
section 2.3 are substituted into the Navier-Stokes equations (Eqs. 1 and 2) and the Oldroyd-B constitutive equations
(Eq. 3). The resulting non-dimensional set of equations are shown below

a0 0(0u) . 0 (6u,)

ot * ox oy =9 (382)
¢ Rep, <%‘+ux%+uy%> - a;;" + a;;y + ef;’z" + ﬁf;" + Z—i, (38b)
eRe0p1<%+ux%+uyaa—L;y>:e%+€aai;y+e%+€a;—:2y +g—§, (38c)
Ty + Wi <0g:x +uxag;x + uy();;X - 2%1’” - Q%Txx) = —2%€2ﬁ, (384d)
Ty, + Wi <d;,;y +uxa;;y + uya;;y - %Tyy - %rm> =-(1-p @iy" - %&), and  (38e)
7y, + Wi (% +ux% + uyaaL;y - 266—uyyryy - 2%rxy> = =2(1 —ﬂ)da—L;y. (38f)

Note that we have terms proportional to eWi. Due to our definition of the Weissenberg number (i.e. using H,,,
as reference scale), viscoelastic effects start to be relevant for large values of Wi. This means that we cannot neglect
the eW i-terms only because € << 1 (Akyildiz and Bellout, 2004). Furthermore this can also justify our linearization
using eW'i as a perturbation parameter since these terms are smaller than the O(1)-terms in e. Therefore, if € << 1, as
assumed in the thin film approximation, Eqs. 38 become Eqs. 6. It should be noted that the continuity equation (Eq.
38a) remains unchanged since € is not present.
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