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ABSTRACT

The work described in this thesis is concerned with the

analysis of the steady-state performance of induction motors 1 using a

combined finite element and equivalent circuit approach.

The project develops a model described by Williamson and

Begg for the calculation of the impedance of closed rotor slots. This

model offers a potential improvement over conventional techniques

without the cost of a full finite element model. The method is

extended to solve open slots, (Chapter 2), and then the stator

(Chapter 3). The calculation of magnetising reactance is discussed

(Chapter 4), then the models are coupled via the equivalent circuit to

produce full performance predictions (Chapter 5).

The main novelty in the proposed solution method is the

use of circuit equations to decouple the models for the rotor and the

stator. This reduces the size of the mesh to be solved and hence

reduces the solution time. Only one slot pitch of the rotor and one

phase band of the stator are necessary, compared with at least one

pole-pitch in normal techniques. The solution also uses the Jco

formulation, (is complex variables), to avoid the necessity of time

stepping through a cycle of the input waveform to obtain a result.

In Chapter 6 four different machines are modelled to

demonstrate the consistency of the method.
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1. IIT2ODUCT 101

The squirrel cage induction motor has been in use since

the turn of the century. In fact the first paper detailing its design

was published by Jikola Tesla in 1886 (1). The induction motor is now

the basic workhorse of industry and is produced in a multitude of

sizes, from sub-kilowatt to multi-megawatt, for use in virtually any

environment. Its main advantages are the simple robust construction

and the absence of any electrical connection to the rotor. The

disadvantages are the small speed range obtainable and operation at a

lagging power factor. The former disadvantage can be removed by the

use of power electronic controllers, such as the cycloconverter, for

low speed work1 or the inverter for higher speed applications. However,

the lagging power factor operation does mean that these devices have

to be force commutated.

The design of three-phase induction motors has not changed

greatly since the classical analysis methods of Say, Liwschitz-Garik,

Trickey et al, (2,3,4,5,6) were first published in the 1940's. The

steady state per phase equivalent circuit is still as proposed by

Steinmetz (7) in 1897. This project does not try to redefine the

steady-state equivalent circuit of the induction motor, but It does

seek to Improve the calculation of the various parameters within the

circuit.

- 11 -



Present techniques for the modelling of the magnetic

circuit of the machine are based on simple models with empirical

correction factors. For example, the normal method of calculating the

slot leakage reactance makes several assumptions Involving a great

deal of approximation. These assumptions are -

I) The iron Is infinitely permeable. ie. All the leakage mmf Is

dropped across the slot. The calculation can be Improved using a

method described by Agarwal and Alger (12), which modifies the

calculated value of slot leakage to allow for the saturation in the

iron and the resultant )fl(f drop.

ii) The slot geometry is assumed to be very simple, although more

complex geometries can be dealt with using a ladder technique. (8)

iii) The flux crosses the slot in straigt lines. Deviation from

this, as in circular slots, is usually compensated for by empirical

factors (9). (Swann and Salmon take the curvature of flux lines in

circular slots into account using an analytical approach based on

Bessel functions (10).)

iv) The airgap is infinitely long. This approximation forces the

slot top to be a flux line. This assumption was shown to be adequate

for closed slots, but can cause error In open slots with small

airgaps, as some of the main flux can cross the airgap via the slot

opening (11).

- 12 -



It should be stressed that design using this kind of

approximation is perfectly adequate when the induction motor is only

slightly different from a previous design or when a large tolerance is

allowed on the output characteristics. In industry, the accuracy of the

basic design calculations is improved using modifications based either

on test results for similar machines or the experience of the

designer. The designer may know whether his design method

consistently overpredicts or underpredicts the various performance

criteria for a specific range of machine and adjust the final design

accordingly. Empirical factors are also used to modify calculation

techniques to produce better results. Empirical correction factors are

used in areas where existing theory is very weak, for example in the

calculation of endwinding leakage reactance.

In some situations a completely new product has to be

designed, or an existing product needs to be redesigned to maximise

output for a given frame size. The latter is becoming more important

as competition increases and profit margins are squeezed. In these

cases a more sophisticated modelling technique would be beneficial,

one which gave greater confidence in the accuracy of performance

predictions and thus allowed tolerances to be squeezed.

The advent of cheap, efficient computers, coupled with

mass storage facilities and improved graphics has made complex

computer models an attractive proposition. In particular, numerical

methods can now be used routinely to solve complicated sets of non-

linear equations. The finite element (fe) method uses these techniques

- 13 -



to allow a more sophisticated modelling of both the mechanical and

electrical non-linearities of materials (13). Finite elements have been

used for many years in civil and mechanical engineering applications

(14). However, it is only 15-20 years since they were applied to

basic electro-magnetic problems (15). The potential application to

general machines analysis was recognised even more recently (16,17),

and was followed shortly afterwards by the specific application of the

technique to induction motors (18,19).

The use of. finite elements allows the	 modelling of

magnetic non-linearities in the machine iron and the inclusion of

induced eddy currents in the rotor bar (20) and unlaminated iron (21).

The other main advantage of finite elements Is the ability to model

complex geometries. The fe model is made up of a mesh of elements of

varying size whose properties can be altered to represent those of the

material being modelled. The mesh can be thought of as representing

the smooth distribution of the field in the machine by a multi-

facetted surface.

At present, despite the decreasing cost of computing and

the increasing complexity of finite element modelling techniques, a

full three dimensional model of the steady-state performance of the

cage Induction motor is still out of reach. However, It is still

possible to improve the accuracy of prediction of machine parameters

without needing large computing resources to solve them. This means

restricting the finite element model to a two-dimensional radial slice

- 14 -



of the machine and incorporating the end-effects using conventional

techniques.

Two dimensional finite element models have been developed

for synchronous machines (16,22), dc machines (23), permanent magnet

machines (24), switched reluctance motors (25), shaded-pole induction

motors (18) and even polyphase induction motors (26,27). These models

improve the accuracy of predictions but are in general still expensive

in computer time and memory. They also involve the meshing of large

portions of the machine. In the case of the induction motor this

involves choosing a multiple of the pole number which contains an

integral number of rotor slots. This can be reduced to one pole pitch,

or even a phase band (28), if the number of rotor slots Is actually,

or can be modified to be, a multiple of the pole number (18), or phase

band (19). The combined meshing of rotor and stator also brings

problems in modelling the effects of the relative motion of the slots

upon the equivalent circuit parameters. This can be overcome by

rotating the two meshes with respect to each other and taking mean

values. Allied to this is the need to time step through a cycle of the

input waveform to accurately determine the magnetic properties of the

lamination iron from the D.C. magnetisation characteristics. These

factors combine to produce a slow and expensive modelling technique.

If a model could be developed which calculated the

necessary performance characteristics fast enough with greater

accuracy than conventional methods it would be invaluable as a design

office tool. The project was approached with this Idea in mind. A

- 15 -



model was developed which combined an improved, finite element based,

magnetic analysis with existing circuit theory (20,29). This method

should be able to produce more accurate predictions of performance

characteristics without the cost of either a full three dimensional fe

model or existing two dimensional models.

The basic technique that is used is based on a paper by

Williamson and Begg (29) which investigated the calculation of rotor

resistance and leakage reactance using a combined circuit and finite

element approach. The model described in the paper comprised of a

section of the rotor corresponding to a complete slot pitch. First

order finite elements were used, (ie. constant flux density within the

elements), due to the ease with which they can be modelled. The

iterative solution was performed with the Newton-Raphson algorithm to

solve for the complex magnetic vector potential (A). The need to time-

step through a cycle of the input voltage was removed by the

assumption of sinusoidal variation of input quantities and the

resultant application of the jca notation coupled with an 'AC'

magnetisation characteristic.

This paper dealt solely with closed slot machines, so the

work described in the first part of the thesis extends its use to open

slot machines. The model was also altered to incorporate modification

of the stator sheet to allow for rotor saturation which should improve

the accuracy of the results. The model and the proposed modifications

to it are described in detail in Chapter 2.
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Upon completion of the rotor work it was realised that it

was possible to model the stator in a similar manner and then link

the two to obtain a full machine model, which would include the

calculation of the magnetising reactance as well as the rotor and

stator Impedance parameters. All the equivalent circuit parameters

would then be obtained from the results of fe models. The development

of this model is described In Chapter 3

Restricting the model to the consideration of the

fundamental frequency components of current and voltage enables the

rotor and stator meshes to be connected purely through the equivalent

circuit and the application of the correct boundary conditions. The

meshes are reduced to the smallest component of each, across which a

recognisable periodicity condition exists. In the case of the rotor

this Is a slot pitch and for the stator only a phase band needed to

be considered. This compares favourably with a pole pitch or more,

which Is necessary for the modelling of machines with rotor and

stator connected. It should also be borne In mind that even if the

separate rotor and stator meshes contained in total the same number

of elements as a mesh with the rotor and stator connected, the

solution time would still be reduced. This Is a consequence of the

solution time of a set of non-linear equations rising to a power of

the number of unknowns.

Once the fe models had been developed the various end

effects were taken Into consideration using classical formulae,

(sometimes in conjunction with empirical correction factors ). These
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were obtained both from technical publications (30,31) and from the

manufacturers design manuals. The program was verified on four

machines of different rating, slot configuration, geometry, and pole

number to ensure the reliability of the model. The two smaller

machines, (4kw and 11kw), were tested in the laboratory at Imperial

College whilst the test results for the larger machines, (90kw and

150kw), were kindly furnished by the manufacturer accompanied by

their own performance predictions. The full set of results for the

four machines are presented in Chapter 6.
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2. ROTOR XODEL

2.1 Introduction

Rotor bar resistance and leakage reactance have long been

calculated using formulae based on simple field models of the slot. The

values obtained are then modified using skin effect correction factors to

account for frequency effects following the work of Alger and Liwschitz-

Garik (32,33). These methods are universally believed to work well when

the effects of saturation are not significant and for simple slot

geometries in which the leakage flux crosses the slot in straight lines.

If either or both of these conditions do not apply, the simple calculation

methods are regarded with some suspicion.

Improved calculation methods must, inevitably, rely on improved

field models. This improvement can be achieved using finite elements,

which allow for magnetic non-linearities and complex geometries. A recent

paper by Williamson and Begg (2) has proposed the use of a single slot

finite element model of the rotor for the calculation of the resistance

and leakage reactance of bars in closed slots.

This chapter reviews the theory developed by Williamson and

Begg, modifies it for use with open slots and then tries to remove some

of the assumptions inherent in the model in order to improve the accuracy

of the results. Three different rotor slots are investigated in detail, a

bucherot closed slot, chevron semi-closed slot and a rectangular open

- 19 -



slot. As far as possible all results have been verified using classical

theory.

The ultimate aim of the work described in this section is to

produce a stand alone rotor model. This model will be able to accurately

calculate the rotor bar impedance. The values produced could be tabulated

in a manner similar to that used by Veinott (4) and Trickey (6) to enable

the designer to obtain easily the required impedances for a given slot

geometry.

22 The Single Slot Jodel - Review of the work carried out by

Vllliaason and Begg

Fig. 2.1 shows the outline of a single slot model for a closed

Bucherot slot. The radial lines BD and AE pass through the centrelines of

the teeth either side of the slot. FC is the rotor surface and ED a

smooth stator surface facing it across the airgap. AB is the inside

surface of the rotor lamination. In order to model rotor saturation in a

realistic manneç it is necessary to take into consideration the effects

of the current in the other rotor bars, and the stator mmf. The former is

accounted for by enforcing fundamental frequency complex periodic

conditions between the radii AE and BD.

The stator mmf is included by placing an appropriate sinusoidal

current sheet along the boundary ED. The sheet is made up of two

components, one to balance the mmf in the rotor bars and the other to

- 20 -
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set up the airgap flux density necessary to induce the back emf in the

rotor. The value of airgap flux density necessary Is obtained from the

back emf using Faradays flux cutting rule -

E-Pwir	 (2.1)

The back emf Is obtained from the most recent value of rotor bar

impedance, (for the first solve the value is estimated), and the applied

rotor current (eqn. 2.2).

E- 1(+jwLb )
	

(2.2)

The required phase and magnitude of the stator current sheet are

obtained by performing Amperes law around the airgap. (eqn. 2.3 and

Appendix 1).

''C Il1Nb-'Zbl	 (2.3)
p0 oxIw J

AB is set to zero potential and assumed to be a flux line. All of

the finite element meshes were produced by hand using first order

triangular elements (i.e. constant flux density within the element).

The field In the solution domain (ie ABDE) is governed by the

Integro-differential equation (34).

ö1öA	 o 1 aA1	 -	 - -
vJ 

+ _4 
vj - - J +jwa(A - 140)	 (2.4)
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Equation 2.4 applies to the region defined by the bar

crossection in Fig. 2.1. Equation 2.4 still applies in the rest of the

model, with its right hand side set - to zero. Unfortunately, the

realisation of this equation in finite element terms produces an

unsymmetrical matrix which doubles the necessary storage space. However

the small area needing to be modelled and the use of both the 'Skyline'

profile technique (14) and a modified Gibbs, Poole and Stockmeyer

renumbering scheme (39) minimise any inconveniCnce caused. The iterative

field solution was performed using the Jewton-Raphson method.

The problem is formulated using complex variables as can be

seen ifl eqn. 2.4. The magnetic vector potential (A) is split into real and

imaginary components for the solution in order to avoid problems of

differentiability when calculating the gradient vector in the Newton-

Raphson solver (39). If the solution is not seperated the calculation of

the gradient vector involves the differentiati 	 of a real variable

(reluctivity) by a complex variable (A). This disobeys the Cauchy-Riemaun

condition for differentiability.

The necessary 'AC' flux density-reluctivity characteristic

was obtained from specific apparent power curves (35) using eqn. 2.5.

VA/kg = ' fffJ:J	
(2.5)

p

The curves are valid for fundamental frequency only, and

ignore hysteresis. The characteristic is modelled using cubic splines

- 23 -



although another more reliable interpolation technique was investigated

towards the end of the project (Appendix 4).

The problem is first solved iteratively with both the rotor

bar current and the stator current sheet present. The application of

both currents sets the local flux densities to the appropriate value.

When the values of magnetic vector potential In the system had converged

to within the prescribed error the reluctivity values are frozen. The

problem is then resolved linearly with only the rotor currents present.

The updated bar resistance and reactance are then readily obtainable from

the linear solution using the equations derived in Reference 29 which are

outlined below.

Resistance is determined by evaluating the power loss per

unit length in the bar

.i_-1 IA, t 2 !1 IAl 2 ds} 	(2.6)

Rb[ 
r	 2

LliJ	 S4JSb

The integral contained within equ. 2.6 is evaluated using a

summation over the bar elements -

fIAI 2 ds- 	ReA,4	 (2.7)
6	 ,_ij_i

Note - When analysing a real machine rotor the bar impedance should be

augmented by the effective end-ring impedance in the usual manner (See

Section 2.6).

- 24 -



The bar leakage inductance is calculated as the sum of three

components 1 slot leakage inductance, bridge leakage inductance and airgap

leakage inductance all of which are calculated from the finite element

mesh.

The slot leakage inductance is calculated by looking at the

energy stored in the magnetic field within the bar -

-	 1IThds
p01 2 IM

Which in finite element terms becomes

w Re(A) (.) (A))	 (2.9)4-

The airgap and bridge leakage compojients can be calculated

by the difference in magnetic potential between the top at bottom points

above the axis of symmetry of the bar, le PQ and QR on Fig. 2.1

respectively.

'ar=
	

(2.10)

Re(AQ-AR)	
(2.11)

I

(2.8)
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A classically calculated component of differential leakage

inductance is also added in to allow for the harmonics produced by rotor

slotting (3?).

,rdp0 w
4ff -	

(2.12)

The updated impedance value is then used to recalculate an

updated value for the stator current sheet. If this value has not

converged to the prescribed accuracy then the process is repeated until

convergance results. The flow chart for the model is shown in Fig. 2.2

2.3 Results for the Bouchirot Slot

The Bouchirot; slot is a multiple cage slot designed to make

best use of deep bar effect to give a 'square' torque speed

characteristic. The outline of a typical Bouchet.. slot is shown in Fig.

2.1.

The instantaneous flux distribution within a Bouchøxot slot

rotor can be seen in Fig. 2.3. In this plot both the rotor and stator

amfs are present. It is interesting to observe the 'rubber band' effect

with the flux lines appearing to be stretched to produce torque. The

machine would of course rotate anti-clockwise in this diagram. Fig. 2.3

also highlights the heavy saturation in the rotor slot bridge. This

saturation is essential to the correct operation of the machine. If the

- 26 -
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FIG 2.3 ROTOR FLUX DISTRIBUTION - BAR CURRENTS £11) STATOR

SHEET
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FIG 2.4 ROTOR FLUX DISTRIBUTIOI - BAR CURREITS OILY
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bridge did not saturate the stator flux would not link the rotor cage.

As a result no emf would be induced in the rotor and no torque would be

produced. Fig. 2.4 is a flux plot with rotor excitation only. The regular

pole distribution can clearly be seen. The two flux plots also show the

phase shift between the resultant magnetising flux (Fig. 2.3) and the

rotor flux (Fig. 2.4).

NOTE	 The flux plots that are presented in this chapter should be taken

as indications only. Although they present the instantaneous flux pattern

they are produced using the 'AC' values of elemental reluctivity.

The resistance and slot leakage values obtained from the FE

solve were compared with those obtained using a classical ladder

technique described by Bruges (8). The simpler classical methods outlined

by Alger and LiwscMtz-Garik (32,33) are unsuitable for the analysis of

this slot due to its complicated geometry.

The ladder technique consists of dividing the slot into a

number of segments horizontally. The impedance is calculated by starting

at the bottom most segment and then incrementing the value progressively

as one moves up the slot. The new value of impedance is calculated from

the value for the previous segment. The ability to divide the slot into as

many segments as required allows complicated geometries to be modelled

accurately. Deep-bar effect is also incorporated.
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The equation for the first segment is -

z1 = vJcoth(aLi)

	
(2.13)

The following segmenth increment the impedance using eqn.

2.14 -

z,. cosh(a,/)+	 sinl(a/j)-
sh(ab)+ush(a[,)

(2.14)

where a =

j-Ji
1= W/10CL)

b
pw

As can be seen from Fig. 2.5 there is very good correlation

between the slot resistance calculated using the two methods whièh is a

good Indication of the validity of both. The negligble effect of bai

current and subsequent saturation levels on resistance is highlighted.

Figs. 2.6-9 show the variation of the various leakage components with

frequency and current density. The lowering of total flux caused by

saturation in the iron can be seen from the decrease of all four

components, alrgap,bridge,slot and the total bar leakage inductance with

increasing current density. The agreement between the slot leakage values

obtained using Bruges and those obtained from the model is reasonable
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(Fig. 2.8). The discrepancy is probably due both to the ladder equations

having been developed for an open slot and to the simplifying

assumptions inherent in the conventional analysis. These assumptions are

outlined in the tntroduction.

2.4 Semi-Closed Slots

The finite element model outlined in Section 2.2 above was

originally developed to enable the impedance of bars in closed slots to

be calculated. The same field model must also be applicable to rotors

with open or semi-closed slots. FIg. 2.10 depicts a chevron shaped slot,

with a partially opened slot mouth. The chevron slot is another design

of slot used to maximise deep bar effect. The field solution techniques

used for the closed slot problem may be used without modification to

determine the field distribution. Bar resistance is calculated as before,

from the Joule loss distribution across the bar crossection. The computed

variation of bar resistance with frequency for the chevron bar Is

compared against the variation obtained with convential skin effect

correction factor in FIg. 2.11. The close agreement between these two

calculation methods Is taken as further evidence of the validity of the

finite element model.

The leakage reactance of the bar In the closed slot was

determined by summing component leakages - namely the slot, airgap and

bridge leakages. This summation of components follows the practice

normally used in industry. If the same procedure is adopted for the
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chevron slot, an erroneous result is obtained. This may be illustrated by

reference to Fig. 2.12, which shows the apparent variation of the slot

leakage with airgap length and frequency. The applied bar current density

in Fig. 2.12 is 4A/sqmm. This is the current density used to obtain all

results presented in this chapter unless the plots are labelled with a

different value. To obtain these curves, the slot leakage was calculated

from the energy stored In the slot below the slot mouth opening, ie below

line AB In Fig. 2.10. These results appear to show that the slot leakage

Is dependant upon the air-gap length, whilst experience dictates that

this is not the case. Airgap length may affect the slot leakage

Inductance but only as a second order effect by altering the saturation

of the main flux path. This variation of main path saturation will affect

the saturation of the leakage path as the two will coincide In certain

areas.

Clearly the slot leakage calculation is not correct. The

error derives from the fact that the traditional calculation methods

ensure that only the leakage field is calculated by forcing AB, in

Fig. 2.10, to be a flux line. The finite element model does not enforce

this condition. The finite element field solution gives the total field

produced by the rotor currents. It does not segregate the leakage and

main/magnetising fields. If the air-gap length is small when compared to

the slot opening, some of the flux leaving the side of the tooth-tips (Ie

AD and BC) will cross the airgap rather than the slot. Such flux

therefore contributes to the main air-gap field and should not be

included as part of the leakage. The calculation of energy in the slot,

used to generate the results given in Fig. 2.11 will include an erroneous
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contribution due to this fringing component of the main field, and the

results obtained must consequently be expected to be higher than those

derived from classical techniques. This difficulty has arisen from the

attempt to calculate the bar leakage reactance by summing components, a

procedure to which the finite element method is not suited, except for

the special case of closed slots. An alternative approach is to calculate

the bar leakage inductance from the difference between the total

inductance of the bar and the inductance due to the fundamentally

distributed airgap flux.

1-?ek = 'fol -
	 (2.15)

The total reactance of the bar is obtained from the energy

stored in the slot model.

40, = RefJtdS
	

(2.16)

The integration in eqn. 2.16 extends over the whole of the

model. The current density J is zero outside the conductor and is given

by

I- I0 +j,o(A0 -A)
	

(2.17)

inside the conductor. Substituting from eqns. 2.16 and 2.17 the following

equation 2.18 is obtained.

14Q1 - 3Rc(A)
	

(2.18
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The inductance due to the fundamentally distributed air-gap

flux is determined by equating the back eaf induced in the bar by the

fundamental flux distribution to an equivalent reactive volt drop, ie

w111 - Bw
	 (2.19)

This becomes

P4w
IwTi

(2.20)

The fundamental flux density in the airgap is best obtained

using discrete Fourier analysis as described in Smith (38)

Fig. 2.13 shows the variation of bar leakage inductance with

current density and frequency, at fixed air-gap length, showing the

effects of tooth-tip saturation as the current in the bar increases. The

drop in leakage inductance at low frequencies, which has been highlighted

by a reduction in the slot opening, can be explained by the considering

eqns. 2.1 and 22. At low frequencies, for a constant current the bar

reactance will be neg)igable, so combining eqns. 2.1 and 22 the

fundamental gap flux density is seen to be inversely proportional to the

frequency. As the gap flux density rises the saturation of the iron

increases, thus both the main and leakage fluxes are reduced and so is

the inductance. This effect does not appear in real machines, because in a

real machine the current drops off with decreasing slip frequency thus

negating the effect. Fig. 2.14 shows the effect on bar leakage of
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increasing the airgap length. The decrease of leakage inductance with gap

length may be explained in terms of the consequential decrease in tooth

tip saturation and in differential leakage. The classical characteristic

Is obtained from the summation of slot, slot top and differential leakage

calculated at the actual airgap length using conventional techniques.

2.5 Open Slots

The slot-pitch model of a typical open rotor slot is shown

in Fig. 2.15. Fig. 2.16 shows the variation of bar resistance with

frequency for different airgap lengths, along with the variations obtained

by multiplying the d.c. resistance by the skin effect correction factor.

The percentage deviation from the classical value at 50 Hz (locked rotor

in a real machine) is shown in Fig. 2.17 for different gap lengths. The

finite-element results show a significant departure from the classical

result at high frequencies and small gap lengths. This may once again be

explained In terms of the flux that emanates from a tooth side and

crosses the airgap twice to return to the adjacent tooth. Such flux will

not link all the current at the top of the conductor bar and will

therefore cause the current to concentrate at the top two corners of the

bar. This effect will be favoured by small airgaps for which the leakage

path via the stator is more favourable than straight across the slot, and

high frequencies for which the inductive effect becomes more important.

The author believes that the finite element model gives a more realistic

representation of the field conditions in the slot and therefore Improves

upon the classical method. It will be appreciated that the phenomenon did
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not appear in the results for the semi-closed slots, because the rotor

conductor is well below the slot mouth and the slot opening is narrower,

so that none of the flux leaving the sides of the tooth tips will link

with the rotor.

Fig. 2.18 shows the variation of bar leakage inductance with

airgap length of the open slot 1 calculated using the difference technique

described in Section 2.4. The increase in bar leakage with airgap length

arises from the corresponding increase in gap leakage reactance.

2.6 Rotor Bar Leakage by Suit ion and Difference Xethods

In Section 2.4 it is argued that for other than closed slots

rotor bar leakage should be calculated by subtracting the inductance due

to main airgap flux from the total bar inductance, rather than by summing

individual components of leakage. In this section the author will

demonstrate that under appropriate conditions, the two methods will give

the same result.

Fig. 2.19 shows the variation in leakage inductance of the

closed Bucherot slot as a function of airgap length, calculated at a

frequency of 50 Hz using both the summation and the difference methods.

The results show that the two techniques give closely the same result,

irrespective of the gap length. This is because the slot bridge

effectively segregates the main flux from the leakage flux, so that the

various components can be identified reliably.
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Fig. 2.20 repeats the above comparison for the chevron slot.

The effect of the main field fringing from the sides of the tooth tips,

producing an over-estimate of the slot leakage inductance, is now evident.

As the airgap length Increases the line AB in Fig. 2.10 more nearly

approximates a flux line boundary, so the summation method becomes more

accurate. This is evidenced In Fig. 2.20 by the convergance of the

'summation' curve with the 'difference' curve. The dimensions of the

chevron slot used for the calculations in this section were taken from

the rotor of a machine with a gap length of 0.63mm.

Fig. 2.21 shows the comparison between the two calculation

technique when applied to the bar in the open slot. The results show that

the summation technique will once again over-estimate the bar leakage

inductance, but in this Instance the error is even greater than for the

semi-closed slot. As before, the value given by the summation method

approaches that given by the difference method as the airgap length

Increases and the main field fringing from the teeth diminishes. The

dimensions of the open slot used for the calculations in this section

come from a machine with a gap length of 2.6mm.
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2.6 Rotor End Effects

The rotor model used to produce the results in this chapter

assumes that the endring is a short-circuit. However, when modelling a

real machine rotor, the endring resistance and inductance should be

incorporated into the rotor impedance when calculating the required back

emf (eqn. 2.2).

The following classically-calculated components were added to the

rotor impedance calculated from the finite element method for the full

machine model. The endring resistance is calculated using a method

proposed by Trickey (31) -

Ifr= 2,rD,p	
(2.21)

Where K,,, is a correction factor for wide endrings given by

K-f/I,,

Vol

The endring inductance is calculated using a formula

derived by Chang (30) which can be reduced to -

8
	 (2.22)

- 49 -



Both eqn. 2.21 and eqn. 2.22 give the impedance as a 'per

ring' value. To produce the impedance as a 'per bar' quantity the values

obtained should be divided by the following factor (39)

2Jbsin2 (fltp/Jb)

Itachines with copper rotor cages sometimes have bars which

extend out of the core. Additional correction factors are needed to

account for this. The 90kw and the 150kw machines tested in chapter 6

both had this feature. Skin effect was ignored when calculating the

extra bar resistance. The value used was the d.c value for that cross-

section. For the bar shapes considered this is a fair approximation

because they were not of large enough cross-section to experience

significant skin effect when surrounded by air. There will be an

intermediate stage of current distribution as the bar emerges from the

core. Unfortunately this could not be modelled using the present method

and so was also ignored.

The extra leakage inductance in this section of the cage was

modelled using an empirical formula -

= 0.32j(l - w)
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2.8 laprovements to the Rotor lodel

The rotor model described by Villiamson and Begg involves

several assumptions which could be improved upon. The main area of

approximation is in the calculation of the stator current sheet to

produce the correct airgap flux density for the particular operating

condition. Two assumptions are made in this calculation which can be

removed -

1) Saturation of the rotor iron is not incorporated into the

calculation. (Saturation in the stator iron is also neglected. Nothing

can be done to improve this in the present model. However it can be

incorporated in the full machine model - See Section 5.3.)

ii) The conversion of the rotor bar current distribution into

a fundamental frequency current sheet assumes that the current is

applied as a continuous sheet instead of being allocated at the surface

nodes as in the model. This approximation is not accurate enough at high

frequencies when the rotor mnif is very large compared with the

magnetising mmf.

In the existing model the shaft to lamination interface is

set to a zero potential assuming that no flux passes into the shaft. The

validity of this assumption is examined in Section 2.8.3.

Finally, the use of specific apparent power to obtain the B-H

characteristics of the lamination iron is not the most accurate method
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of modelling the material properties. Work by Luomi et al (41) has shown

that a more accurate representation of the non-linearity of the iron is

obtained using the time average value of the reluctivity. This problem

is examined in more detail in Chapter 5.

2.8.1 Incorporation of Saturation into the Calculation of the Stator AlP

Sheet

The calculation of the stator mmf wave necessary to counter the

rotor mmf and drive the magnetising flux around the circuit is

performed by applying Amperes law around the airgap (Appendix 1). One

of the assumptions inherent in this technique is that all the iron is

infinitely permeable and thus all the mmf is dropped in the airgap. This

means that surface current density distribution placed upon the stator

surface during the non-linear solution will be an under-estimate, so that

value of airgap flux density obtained during that solution is smaller

than the value required. As a result the saturation level in the iron

will be incorrect. This was felt to limit the accuracy of the model

unnecessarily. The major advantage of the finite element model is the

modelling of the non-linear behaviour of the iron in a more realistic

manner, so an improved method was sought.

The problem was set up as described in Section 2.2 and the

initial value of stator current sheet was calculated as before. The value

obtained is then treated as an initial approximation in much the same

way as the initial guesses at impedance.
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(2.23)

The local saturation levels were obtained, as before, by

performing a non-linear solution. Upon convergance, the saturation levels

were fixed and the impedance values updated. An additional linear

solution was then carried out with only the stator current sheet

present. Fourier analysis on the potentials in the airgap gives the

fundamental component of airgap flux density. The complex ratio of the

value of the current sheet (T to the value of airgap flux density

(R) provides a substitute for the factor used in eqn. 2.3 to relate the

required flux density to the current sheet. This ratio incorporates the

saturation of the rotor iron (eqn. 2.23).

A comparison of the required flux density and the values

obtained using both the original method and the new method are shown in

Figs. 2.22 and 2.23. The chevron slot is used as the test mesh. The

original method can be seen to diverge significantly from the required

flux density values at low frequencies when the flux density and thus

the iron saturation is large. The results still show some deviation at

higher frequencies. This deviation is discussed in Section 2.8.2.

2.82 Fundamental component of rotor current density wave

The relationship between the rotor bar currents and the

equivalent fundamental current sheet needs to be very precise. This is

especially true at higher frequencies when the gap magnetising maf is
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small compared to the rotor and stator components. This can be seen

from equ. 2.2

Any slight innaccuracy in converting the rotor bar current

distribution into a fundamental frequency current sheet can cause the

airgap flux density to become very inaccurate. Obtaining the correct

value of aix-gap flux density is very important to ensure the correct

saturation levels are produced within the machine. Inaccuracies were

found to occur at higher frequencies. Although the reason for their

occurance was not obvious it was felt that they probably resulted from

applying the sheet as discrete current values at the surface nodes,

instead of the ideal continuous dlstributiion. The situation is further

complicated by the spread of the conductor, which is incorporated using

a classical correction factor, and distortions due to the saturation of

the tooth tips.

The problem can be avoided by using a method which relates

the bar current to a gap flux density and then relates this to a stator

current sheet, using the factor calculated in Section 2.7.1. The ratio of

bar current (Ib), to gap flux density (B)is obtained by solving the

problem as before with the bar current and Ampre derived stator

current sheet to fix the saturation levels. The problem is then resolved

with only the bar current present to update the rotor impedance values.

At this stage, the aix-gap flux density can be obtained using Fourier

analysis and the complex ratio between this and the bar current obtained

(equ. 2.24).

CA'l- --h- 	 (2.24)
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Therefore, after the first set of non-linear solutions eqn.

2.2 becomes -

Is (Ib C,+4)C i
	

(2.25)

The value of the stator current sheet can now be completely

defined from the bar current and the bar impedance without any major

assumptions. The rest of the solution remains the same and the complex

correction factors are updated every time the stator current

distribution needs to be updated.

The result of including this modification to the model is

shown in Figs. 2.22 and 2.24 k where the required gap flux density is

compared to the values obtained with and without the updated ratio

(CR2). The improvement obtained with the incorporation of both C and

CR2 is highlighted by comparing Figs. 2.22 and 2.25. In Fig. 2.25 the

agreement is between required and predicted flux densities is excellent.

Fi8. 226 shows the variation of resistance with frequency for the

chevron bar giving results obtained from the model both with and

without the correction factors. The resistance does not change

perceptibly. The variation in bar leakage is shown in Fig. 227. At low

frequencies the two predictions diverge. This is due to saturation in the

rotor and can be seen at higher frequencies when the current density is

increased.
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2.8.3 Incorporation of Rotor Shaft

The rotor shaft is unlaminated and as a result has eddy

currents induced in it which act to oppose the source creating them and

thus remove the flux from the shaft. As a result, in the model proposed

by Villiamson and Begg the interface between the rotor lamination and

the shaft CAB in Fig. 2.1) was assumed to be a flux line and the

magnetic vector potential (A) was set to zero. This assumption is valid

at high rotor slips (Frequency > 10 Hz) as the skin depth In the shaft

Is so low that any flux trying to enter It will be forced out by eddy

currents. The flux plots, Figs. 2.26-2.28 show the flux being gradually

removed from the shaft as the slip frequency increases until at

standstill (Fig. 2.28) there is no flux In the shaft. The bar current

densities used at the various frequencies are approximately those that

would be found in a real machine at the appropriate slip frequency.

Assuming typical values for resistivity (5.e-7 ohm m) and a

shaft reluctivity of about 600 the skin depth at 10Hz is 3mm using

eqn. 2.26. This depth is small enough to imply negligable flux

penetration.

qia
	 (2.26)

At lower frequencies, however, some flux may penetrate the

shaft, and the general level of saturation in the rotor will be lower as

a consequence. These considerations lead to the conclusion that the
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FIG 2.29 ROTOR FLUI DISTRIBUTIOJ AT 2 HERTZ - BOUCHERDT SLQ

- 61 -



FIG 2.30 ROTOR FLUX DISTRIBUTIOJ AT 50 HERTZ - JOUCNEJT SLOT
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shaft should be modelled. Two alternative methods for including the

shaft were considered. The first was the use of surface impedances and

the second was the extension of the mesh to the shaft and the use of an

eddy current formulation for the shaft mesh. The former was discarded,

because it involves several assumptions which were not appropriate for

the full range of operation of the machine. To use a surface impedance

method a constant reluctivity had to be assumed within the iron, and all

flux is assumed to cross the boundary at 90 degrees to the interface

and then travel parallel to the boundary (21). When the skin depth is

small the final assumption is a fairly good approximation. However, when

the skin depth is large, i.e. close to synchronous speed, and in the case

of machines with small numbers of poles the flux will penetrate a long

way past the boundary and will not run parallel to it.

Continuation of the finite element mesh was therefore

chosen, because it is relatively easy to implement and because it readily

allows for varying saturation throughout the shaft. The major

disadvantage of using finite elements is the number of elements

necessary to model. the the eddy current distribution accurately at high

frequencies when the skin depth becomes very small. Silvester suggests a

minimum of two elements per skin depth should be used (42). However, as

the model does not require information concerning the eddy current

distribution but only the removal of the flux from the shaft at the

correct frequency 'the number of elements can be reduced. The governing

differential equation for the shaft is expressed as follows -
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a I aA l a I aA )	-
+	

V j; J = +jwaA	 (2.27)

The reluctivity of the steel In the shaft is higher than

that of the laminations because the primary function of the shaft steel

is mechanical, rather than magnetic. A separate magnetic characteristic

is therefore used to model the shaft steel. The eddy current formulation

is only included in the non-linear solution to ensure the correct

saturation conditions. It is removed in the linear solution used to

calculate the impedance.

The difference in rotor parameters between the two models is

Illustrated in Figs. 2.31 and 2.32 which pertain to the chevron slot.

The incorporation of the shaft is seen to make no noticeable difference

to the rotor resistance values and only a very small change to the

leakage inductance at low frequencies (about 1-2%), with no change at

high frequencies as expected. It was concluded that modelling the shaft

is unnecessary under normal machine operating conditions and the

assumption made In the original model was therefore found to be

satisfactory. If, however, the predictions of rotor parameters lead to

high bar current densities at low frequencies, then it may be necessary

to model the shaft. The shaft was also found to affect the no load

characteristic of the machine. This effect is investigated In Chapter 5.
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Ed - I1o/dJnewJ
Jold

(2.29)

2.9 Optimisation of the Convernce Criterion

The model uses two convergence criteria, one for the Newton-

Raphson algorithm and one for the convernce of the stator current

sheet. The value of these convergence parameters is very important as a

value too large will introduce large errors, whereas a value too small

will result in inefficient running of the program.

The values of the two parameters were determined by running a

series of tests on the rotor slots with various currents and frequencies

applied and altering the convergence factors.

The Newton-Raphson error is estimated by looking at the ratio of

the change in magnetic vector potential to the total magnetic vector

potential -

_ ztl

LIA1
(2.28)

The optimum value of convergence factor was set at 0.00 1

The current sheet error is gained by the ratio of the difference

between the old and new guesses of current sheet and the new estimate

of the current sheet.
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The optimum value of convergence factor was again found to be 0.001.

The use of these convergence factors operating on a model with

about 400-500 degrees of freedom gave typical solution times on a CDC

Cyber 855 maInframe of 5-10 cp seconds per point. The solution time

was longer for closed sloth and high bar current densities due to the

heavy saturation.
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3. STATOR JODEL

3.1 Introduction

The rotor model described in Chapter 2 has been shown to perform

accurately and reliably. It has the advantage over existing techniques

that it can model any shape of bar under sinusoidal excitation

conditions. Consideration of the method employed showed that a similar

model could be produced for the stator and from 'there an analysis

package for the whole machine developed.

This chapter describes the model used to calculate the stator

slot leakage reactance. The calculation of stator endwinding leakage

reactance is then investigated. Finally, the limitations of the model are

discussed.

3.2 The Stator Phase Band Jodel

Fig. 3.1 shows the outline of the phase band model for the open slot

stator of an induction motor. The particular motor shown in Fig. 3.1 has

4 poles and 48 slots giving a four slot phase band. This is the minimum

portion of the stator over which periodic symmetry of the fundamental

is exhibited. The radial lines AE and BD in Fig. 3.1 pass through the

centre lines of the teeth at the edge of the phase band. The vector

potentials along AR are related to those along BD by a 60 complex
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periodic boundary condition given in eqn 3.1, which accounts for the

presence of the rest of the stator windings. This condition is enforced

in the system equations and assumes that balanced three phase currents

flow in the windings.

ABDexp(----)
	

(3.1)

The airgap is modelled by the region ABCF in Fig. 3.1. The

boundary DE which represents the edge of the stator lamination is set to

zero potential, thus neglecting coreback leakage. The validity of this

assumption is discussed in Section 5.7.

The governing partial differential equation for the system Is

almost the same as eqn. 2.4. The right hand side of eqn. 2.4 is simplified

by the removal of the eddy current term, (jcw(Ao - k)),leaving only the

excitation current term (Jo). The eddy current term can be neglected for

all but the very largest machines, because the current in the stator

slots usually flows in a large number of discrete conductors, each with a

small cross-sectional area. This proves to be of considerable benefit

when assembling the finite element model. The resulting set of non-linear

equations produce a symmetrical matrix, so halving the storage necessary

for the same number of degrees of freedom when compared with the rotor.

The stator model is more extensive than that of the rotor and therefore

contains more nodes. The property of symmetry Is therefore advantageous.

The general field solution method is otherwise identical to that used for

the rotor.
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The stator of an induction motor is wound using either a

large number of turns of round copper wire, (sometimes with several

strands wound in parallel to produce one turn), or using a smaller number

of rectangular capper bars of larger cross-sectional area. Round wire

windings are normally used in smaller, low tension motors. The turns are

simply pushed into the slot to fill all the available space in the slot

above the slot wedge (Fig. 3.3a). This type of winding is modelled by a

continuous block of current filling the whole of the space available in

the slot.

In windings composed of rectangular conductors the actual

filling factor in the slot can be much lower than in the round bar case

(Fig. 3.3b). (The filling factor is the ratio of the total cross-sectional

area of copper In the winding to the total slot area.) These windings

tend to be used on larger, high tension machines where more insulation is

required between turns in the winding. As a result of the lower filling

factor, it was not satisfactory to model the winding as if it filled the

whole slot and so the windings are modelled as illustrated in Fig. 3.1.

However, even in this model the individual conductors are not meshed

seperately. If they were the number of nodes in the problem would have

become unacceptably large, so a compromise was reached with enough

elements being placed In the slot to model the leakage flux accurately.

The model is capable of representing short pitched double

layer windings. The phase band illustrated in Fig.3.1 incorporates a two

layer stator winding which is short-pitched by 2 slots. The seperate

phase windings are illustrated by shading in the stator outline of Fig.
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PIG 3.2 OUTLII OF THE STATOR OF A FOUR POLE XOTOR
(one phase winding is highlighted by shading)
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FIG 3.3a STATOR SLOT CONTAINING ROUND WIRE WINDING
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FIG 3.3b STATOR SLOT CONTAINING RECTANGULAR BAR VINDING
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3.2. Fractional slot windings on the other hand cannot be represented

using a phase band model, because they do not have an integer number of

slots per phase band. If the number of slots per pole and phase is

expressed as an irreducible fraction, le I/I where X and J are both

integers, then a stator model of the 'phase band' type can be formed

using any X adjacent slots. This model will then span I phase bands and

the 60 perlodicity condition will be replaced by a §01 periodicity. As a

result these windings require the use of larger meshes and thus solution

time is increased. Fractional slot windings are used as the exception,

rather than as the rule, so the work in this thesis is confined to

machines with integral slot windings (le machines for which 1=1).

It was argued by Williamson and Begg (29) that in order to

model the conditions of rotor saturation correctly it would be necessary

to apply a current distribution on the stator surface, (see SectIon 2.2).

If this current is not present the flux used to determine the saturation

of the main path on the rotor is driven by the rotor mmf, rather than

the magnetising mmf. which is the small difference between the rotor and

stator mmfs. The same principle holds for the stator model. When

determining the main flux path saturation it is important that the rotor

mmf is incorporated into the model.

In the rotor model it is comparatively easy to model the

opposing stator mmf as a fundamental frequency current sheet. This is

because the rotor bar currents only produce space harmonics fluxes of the

slot number and above. These harmonics are regarded as leakage, as they

do not link the stator windings. In the stator model the situation is
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less straight forward and consideration must be given to the influence of

the stator minf harmonics.

The excitation in a three phase machine sets up a whole

series of space harmonic mmfs and flux densities of order 6n ± 1,

(where n is a positive integer). These harmonics are opposed by space

harmonics generated In the rotor In much the same way as the fundamental

and so need to be included in the rotor surface current distribution. The

magnitude of the stator mmf harmonics is much lower than for the

fundamental and their effect is reduced even further because the flux

they produce is very heavily damped by the rotor (Fig. 3.4). The 6n-1

harmonics rotate backwards with respect to the fundamental, so their sup

is always greater than unity. For most of the operating range the 6n+l

harmonics are at a slip of less than - 1. This means that for both sets

of harmonics, the effective rotor resistance is very small throughout the

operating range of the machine. The harmonics only make a noticeable

difference to the performance of the machine around their own

synchronous speed and at starting, when all of the time-fundamental

fields are stationary. 	 The harmonic rotor branches will, therefore,

effectively short-circuit the magnetising reactances shown in Fig. 3.4

over most of the operating range. Careful design of the winding using

short-pitched coils reduces the effect of these harmonics even further.

slip for 6n+l harmonics

5(6.+1) - 1-(6n+IXI-sj)	 (3.2)

slip for 6n-1 harmonics

5(6a.1) - 1+(6n-1XI-si )	 (3.3)
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In the conventional design process the stator space

harmonics are normally ignored when calculating the performance of the

machine, but should be considered when the acceleration of the machine is

to be predicted. The motor may lock into one of the harmonic torque speed

curves during run-up and not reach full rated speed (3).

Nodelling the stator by a single phase band enforces +60'

periodicity between the edges of the mesh. This boundary condition

contradicts the phase requirements of the 6n-1 harmonics obtained from

the Fourier analysis of the winding current distribution. These harmonics

require a -60' periodicity between the same boundaries. As a result,

attempts to enforce a current sheet based on the Fourier analysis of the

current distribution gives erroneous results. So does the use of a purely

fundamental current sheet. Both of these methods cause the wrong

saturation levels to be set up in the stator laminations.

These problems meant that an alternative method of opposing

the stator mmf was chosen. The use of a continuous current sheet to

counter the stator winding current was replaced by the use of a set of

discrete current distributions opposite the slot openings. These currents

were chosen to be exactly equal and opposite to the currents in the slots

that they face across the airgap. The magnetising mmf was then provided

by a fundamentally-distributed current density distribution placed on the

rotor surface, in a manner similar to that employed in the rotor model

The magnitude and phase of this current distribution was determined by

an iterative procedure which is outlined below.
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The back emf is calculated from the most recant values of impedance as

in the rotor model -

- '- (1+jX,)
	

(3.4)

The calculation of the fundamental gap flux density from the

back emf uses the flux cutting rule as shown In Appendix 3.

I ph	 (3.5)b(O. 1) = Eexp(-jpa)	
-

where

4
N,1 wdK,u.,

Having obtained the required gap flux density the application

of Amperes law around the airgap gives a first approximation to the

required current sheet. Amperes law is applied in a similar manner to

that shown in Appendix 1, except that the bar current term is removed

from the equation. The local value of this current sheet is then

subtracted from the local value of the stator component distribution at

each node on the rotor surface. (The rotor mmf is equal to the vectorial

difference between the stator mmf and the magnetising mini.)

The stator impedance can be calculated from the model using

techniques similar to those used for the rotor. The resistance of the

(3.6)

- 78 -



stator windings may be determined accurately without recourse to finite

elements, because it has been assumed that skin effect is negligable. The

exact resistance of the wire used is known from the length used, the

cross-sectional area, winding arrangement and conductivity. This can be

fixed at the beginning of the model and not changed throughout the

performance calculation unless the winding temperature alters. If,

however, it was felt to be necessary to incorporate skin effect the

resistance of the winding could be calculated using Joule loss per unit

area as in the rotor model.

The stator leakage inductance is calculated by initially

solving the problem with both stator and rotor currents present as

described above and using this non-linear solution to fix the saturation

levels. The problem is then resolved as a set of linear equations with

only the stator currents present. The leakage inductance is obtained by

calculating the difference between the inductance due to the energy stored

in the whole system and the Inductance due to the fundamental field (le

magnetising inductance). The inductance equivalent to the total energy

stored in the stator Is calculated by applying eqn. 2.16 over the stator

windlngs. The value obtained has to be multiplied by the number of poles

to obtain a per phase value. 3 Is zero outside the stator windings and is

given by eqn. 3.7 inside the winding-

I/J3/N,1

Np

= number of windings per phase band

(3.7)
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If the stator has short-pitched windings the model will

contain currents from two different phases. The leakage calculation

should be performed over one complete phase winding only. This means

that one set of currents in the model need to be phase shifted in both

time and space to produce the correct winding distribution for one phase.

An actual phase winding Is illustrated by the shading In the full stator

outline shown in Fig. 32. When both the current and the magnetic vector

potential are shifted by 60 degrees in time and spacet, the solution of LA

is identical to that obtained with no shifting. The total energy in one

phase can thus be obtained by directly summing the contributions from

each winding in the model whether or not the machine is short-pitched.:

The magnetising inductance is calculated using flux cutting, as In eqn.

2.20, with the appropriate equation being equ. 3.8.

Bkk0 wd N,1
2Ip

The fundamental flux density is again obtained using Fourier

analysis as described by Smith (38). ko and k.. are derived in Appendix 2

The updated values of stator Impedance are then placed in eqn. 3.4 and

the procedure repeated until the magnetising component of the rotor

surface distribution has converged to a satisfactory accuracy.

In Chapter 2 the incorporation of situration into the

calculation of the necessary airgap flux density was discussed. The use

of Amperes law to determine the required opposing current sheet on the

(3.8)
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stator surface was shown to ignore saturation in the rotor iron. A more

accurate result was obtained by calculating the ratio between the applied

current sheet and the actual airgap flux density obtained from the

solution of the field model. This was then used to obtain the required

current sheet for the next solution. This method (which was described in

Section 2.8.1) was also used in the same way to modify the magnetising

component of the rotor current sheet. The other complex correction factor,

described in Section 2.8.2, which related the winding current distribution

to a current sheet was not necessary, because the current distributilon

used to balance the stator mmf was found to be accurate over the whole

operating range.

The stator model is of limited use In complete isolation

from the rotor because to establish the correct current sheet on the

rotor surface the phase and magnitude of the back emf has to be

considered (eqn. 3.4). If the rotor equivalent circuit parameters are not

known the only way to calculate the back emf Is to fix the phase and

magnitude of the Input current with respect to the applied voltage. For

the rotor model the only variable that has to be specified is the rotor

bar current density. From this the back emf can easily be obtained.

As a result of these considerations, it was decided to

develop a full machine model without investigating in great detail the

use of a stator model in isolation. However, Fig. 3.5 shows the variation

of the stator leakage inductance over the operating range for the model

illustrated in Fig. 3.1 using the manufacturers values of rotor impedance.

There is only a very small variation with frequency because there is no
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PIG 3.6 STATOR FLUX DISTRIBUTION - VIlDING CURRENTS AID ROTOR
SHEET

(150 KW MOTOR)
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skin effect. The value does drop slightly as the rotor speed increases.

This is due to the increased magnetising current and thus greater

saturation of the main flux paths. As the main paths are concurrent with

the leakage paths for part of their length, (most notably in the teeth),

saturation of one will affect the other. The leakage paths do not saturate

of their own accord, due to the large slot openings and wide slots

usually used in machine stators which makes reluctance of the leakage

pathvery large and thus reduces the amount of leakage flux. For the

purpose of parameter determination it was felt that in most cases the

model could be run at one approximately calculated excitation condition

and the value of leakage inductance obtained would be valid over the

whole speed range.

The classically obtained value of stator leakage less

eudwinding leakage for the machine used in Fig. 3.6 is 0.23 ohms. This

value is assumed to be constant over the speed range and does not

include saturation. Fig. 3.7 shows the instantaneous flux pattern on the

stator of the 10 Kw motor tested in Chapter 6 clearly showing the four

pole flux distribution.

3.3 Stator End Effects

As with the rotor, the two dimensional finite element model of

the stator assumes that the machine is infinitely long. This is obviously

not the case in a real machine and the equivalent circuit parameters have

to be modified to allow for the end effects. The stator resistance
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associated with the endwlndings is already incorporated in the value used

in the model and is easily obtained by looking at the gauge of the wire

and the length used. The stator endwinding leakage reactance causes more

problems, because it can be a significant proportion of the stator

leakage reactance. Indeed, in two-pole machines the endwinding leakage

reactance may be the dominant leakage term.

Several method of evaluation were considered including the

formulae given by Say and Alger. The formula given in Say (9) simplifies

to -

X	
I2fp0JV,dY	

(3.9)

k. is Say's own short-pitching factor.

Whilst the formula In Alger (32) is -

7fqN,d
(ppu-O.3)	 (3.10)

21o6

Where ppu is the per unit short pitching of the winding.

These	 expressions	 were used to calculate the endwinding

leakage reactance for the four machines tested in Chapter 6 and were

compared with the manufacturers estimates. It will be seen from Table 3.1

that these two methods gave values that differed not only from each

other but also from the manufacturers' calculations. Initially, it was felt

that the manufacturers values would be the most correct ones to use,
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because these values are based on accumulated experience over a very

large number of machines. Further investigation, however, revealed that

the manufacturers' calculation methods are usually modified empirically to

suit their specific design procedure. An expression similar to those given

in Alger and Say is typically used as a starting point, and this is

modified by comparing the total leakage obtained from standstill test

results to that predicted by the manufacturer's design formulae. None of

the manufacturers incorporated saturation effects in the slot leakage

paths into their calculation. This inferred that the value produced by

their formula would tend to be lower than the actual endwinding leakage

to compensate for the saturation of the leakage path.

It was decided that due to the variation in the various

semi-empirical calculations outlined above and the lack of a rigourously

proved method of calculation, the endwinding leakage would be determined

where possible from the test results at standstill as in industry. In

industry the standstill tests are normally performed as near to full

voltage as possible. However, in order to determine how accurately the

model could predict saturation effects n the machine, the endwinding

leakage was determined at low volts to avoid saturation of the leakage

paths as much as possible. The values of endwinding leakage that were

finally used for the test machines are given in Chapter 6. All the

leakage values used were within the bounds of the values given in Table

3.1. Where test results were not available the average of the three values

given below was used.
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RATING	 MANUFACTURERS	 SAY	 ALGER

	

(Kw)	 (Ohms)	 (Ohms)	 (Ohms)

	

4 Kw	 2.24	 4.50	 2.79

	

10 Kw	 1.30	 2.26	 1.40

	

90 Kw	 1.12	 3.04	 1.44

	

150 Kw	 0.12	 0.18	 .098

TABLE 3.1 COMPARISON OF VARIOUS ENDWINDING LEAKAGE CALCULATIONS

3.4 Limitations of the Model

A limitation of the phase band model is the need to enforce

60 periodicity across the radial boundaries. This boundary condition will

suppress the 6n-1 flux harmonics in the airgap. In practice the harmonic

fluxes are heavily damped by corresponding rotor currents at all speeds

of interest. As a result their omission from this model is not seen as a

serious source of error. If It is thought important that all harmonic flux

components be considered during the determination of stator saturation

this could be achieved by modelling a complete pole pitch of the machine.

It is the author's opinion that this would produce a significant increase

in computation cost for a marginal improvement In accuracy and so was

not felt to be a viable alternative. Modelling of a pole pitch would

treble the number of degrees of freedom (3 phase bands per pole pitch).

This would increase the solution time by a factor of approximately twenty
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seven, as the solution time of the LU factorisation used to solve the

Jacobian matrix rises with the number of degrees of freedom cubed (43).

Another problem is that the energy stored in the stator

space harmonic fields Is Included when the stator slot leakage reactance

is calculated. As the 6n-1 flux density harmonics have been suppressed

this leaves only the 6n+l harmonics. The remaining harmonic with the

largest magnitude is usually the seventh. The value of the magnetising

reactance associated with this harmonic can be obtained from eqn. 3.11.

(In equ. 3.11 In is the harmonic number).For a four slot fully pitched

winding the seventh harmonic magnetising reactance will be only 0.05% of

the fundamental.

Xmn - 
XDI2N

n k2 ,,
(3.11)

The stator slot leakage is normally between 2% and 5% of the

value of fundamental magnetising reactance. Ignoring the space harmonic

magnetising reactances will make a small difference to the stator leakage

reactance, but becomes insignificant when compared with the uncertainty

involved In the endwinding leakage calculation. If required, the energy

stored in the harmonics could be removed by subtracting them from the

total phase inductance at the same time as the fundamental magnetising

reactance.

In conclusion, the model is believed to perform

satisfactorily for sinusoidally excited machines, and the incorrect
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modelling of the stator space harmonics is thought to be an acceptable

price to pay for the large reduction in solution time it produces. The

effect of the space harmonics is believed to be small enough to be

negligjble throughout the operating range. If, however the harmonics need

to be modelled with greater accuracy this can be achieved by modelling a

pole-pitch of the machine, Instead of a phase band.
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4. CALCULAT 101 OF IAGIETISIJG REACTAICE

4.1 Introduction

The successful calculation of rotor and stator impedances

from the finite element models leaves the problem of how to calculate

the magnetlsing reactance of the induction motor. Components have

already been calculated in the seperate meshes as one step in the

calculation of the leakage inductance. However, these components do not,

in their present form, allow the saturation effects in the machine to be

Incorporated fully into the calculation.

The classical method of calculation as outlined in Alger (32)

was considered. (eqn 4.1)

42 - 3"b wd4u0

p2irglç

This technique equates an inductance to the energy stored in

the airgap by the fundamental field. The solution is based purely upon

the geometry of the machine. To obtain the correct gap length to allow

for the fringing at the slot openings the actual gap length should be

multiplied by the familiar Carter correction factors (eqn 42) for the

rotor and the stator (44). The main drawback of this calculation method

Is that no account is taken of the reduction in magnetising inductance

(4.1)
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due to saturation in the rotor and stator iron which acts to increase

the magnetic path length.

y-g
	 (4.2)

41
1 r2g	 2g	 12gJJJ

The method of calculation that was adopted, is based on

equating the emf induced by flux cutting to a volt drop across an

inductance. This method takes stator and rotor saturation into account

and is described in Section 4.3. In Chapter 6 the results from this

method at full voltage are compared with the results from the usual

design technique used in industry. Before explaining the finite element

based calculation, the design method used in industry is described. The

finite element method can be regarded as a logical development of this

technique.

42 Convential Design Approach

The design approach used in industry is not based on a

magnet is lug reactance but on an analogous magnetising current. The steps

used to calculate the no load and full load values of magnetising

current are derivatives of classical techniques described In Say (9) and
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Alger (32). The industrial design method does incorporate mmf drops due

to saturation in the iron.

Initially the approximate value of back emf should be

calculated at bath full and no-load. This is generally done using the

following guidelines.

i) At no load - E = 95%-100% of input voltage

ii) At full load - E = 90%-95% of input voltage

Once the back enif has been determined the flux per pole

(0) is calculated using the transformer equation.

E

4.44k1J104

From the flux per pole the peak airgap flux density (Ba) can

be derived -

Bi'!!
' 2a

This equation is normally modified as a result of saturation

in the teeth. This saturation produces a non-sinusbidal airgap flux

density by flattening the peak of the distribution. The flattening causes

large third harmonic	 components in the airgap flux density

(4.3)

(4.5)
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distribution. The usual way of incorporating this into the calculation is

to assume that the peak is reduced to the value at x/6 radians from the

peak, ie the paint where the third harmonic component has zero

magnitude. As a result of this the equation bcomes -

B, - 
dvrsin(3')	

(4.6)
2a

(Alger (32) suggests that when all the harmonics are considered the

position should be .643 radians from the peak and the correction factor

becomes 0.8)

From the airgap flux density and the flux per pole the

tooth and core densities can be calculated.

.LPooth 
_B,y	

(4.7)

B,, - +	 s&tion
	

(4.8)

The field strengths necessary to produce these flux densities

in the core and the teeth are then obtained from the appropriate B-H

characteristic. The field strength across the gap is calculated using the

usual equation relating flux and mmf -

mm!; - ___	 (4.9)
pa
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The total XXF drops in the teeth and the core are given

simply by the required field strength multiplied by the path length. In

the case of the tooth this is the total tooth depth. For the core, on the

other hand, an empirically modified mean core length is used.

Once the various components of UP drop have been calculated

they can be summed and the result used to calculate the required

magnetising current and from this the magnetising reactance, if

required. The magnetising current is obtained from -

6 kgimN,bkcSifl()	
(4.10)mmf(per pole) = ______________

f2p

The sin(t/3) term is to account for the flattening of the

fundamental flux distribution due to saturation in the teeth as explained

earlier. The 6ht term is because only the fundamental XXF is considered.

When the magnetising current has been calculated a

magnetising reactance can be obtained by dividing the back emf by the

current. In theory an iterative approach should be used. Once the other

equivalent circuit parameters have been calculated the back emf can be

recalculated and an updated value of nagnetising current and reactance

obtained. This can be continued until the reactance value has converged

to within a satisfactory error. In practice the initial result is usually

assumed to be accurate enough to make 	 an iterative approach

unnecessary.
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4.3 Finite Ele2ent Calculation

This calculation is based on the assumption that the back

emf is proportional to the airgap flux density at constant speed

(Faradays flux cutting law). Thus if the airgap flux density can be

obtained it is only a short step to obtain the back emf and, if the

magnetising current Is known, the magnetising reactance.

The magnetising path of the induction motor can be

visualised as a magnetic circuit composed of three reluctances (Fig.

4.1). These three reluctances are connected in series across an mmf

source. They represent the mmf drop in the stator iron (Rb-), the airgap

(R) and the rotor iron (R.q). If this circuit is transposed into its

electrical equivalent a parallel circuit of three Inductances Is obtained

connected across a voltage source (45) (Fig. 4.2). The consideration of

the rotor and stator of the machine seperately then presents no

conceptual difficulty. When looking at the rotor the stator which Is

represented as an infinitely permeable piece of iron in the F.E. model

has no mmf drop, i.e. the corresponding inductance component can be

assumed to be open-circuited, and the same applies for the rotor

inductance when modelling the stator.

The starting point of the magnetising reactance calculation

is the evaluation, using finite elements, of the saturation levels in the

rotor and stator meshes. The current sheet on the unmeshed member (i.e.

stator if looking at rotor mesh) is assumed to have converged to a
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XmR 
XmFOT. X,,

(X,jG X 1) (4.11)

satisfactory accuracy. The reluctivities are stored and the excitation

conditions changed.

To calculate the rotor component a linear solution is

performed with only the bar currents present as in Chapter 2. The

fundamental airgap flux density is then determined using Fourier

analysis. From this the magnetising inductance (]Lroi- in eqn. 4.11) is

calculated using flux-cutting (eqn. 2.20)

The fundamental component of the airgap flux density is that

which links the rotor and produces the useful work in the machine. It

is described as the magnetising flux. Strictly speaking, therefore, the

magnitude of the rotor bar current should equate exactly to the

magnetising current as this would set up the correct airgap flux

density. However, the saturation levels have been fixed. This linearises

the model which permits the use of any value of current because it is

the flux per amp that is required.

The magnitude of the magnetising reactance component due to

energy stored in the airgap, (L) has already been evaluated

classically (eqn 4.1). This enables the component of magnetising

reactance in the rotor iron to be determined from.

(all quantities were referred to the stator before summation)
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The procedure can then be repeated for the stator mesh to

obtain the stator iron component of magnetising reactance. The three

components of the magnetising reactance are now known and are updated

iteratively along with the other circuit components. They are expressed

as a single impedance for use in the standard equivalent circuit using

the parallel circuit of Fig. 4.2. The airgap component of magnetising

reactance stays constant over the speed range, independant of the

saturation levels in the lamination Iron.

Figs. 4.3-5 shows the variation of the magnetising reactance

components with speed for the 11kw motor tested in Chapter 6. The

details of this motor are given in Table 6.2 and Figs 6.11-6.12. In Fig.

4.3 the component due to saturation of the stator iron is illustrated. As

the machine approaches synchronous speed the level of saturation

increases rapidly due to the Increase in the airgap flux density, so the

corresponding reactance component falls.

Fig. 4.4 shows the corresponding variation of the rotor iron

component of magnetlsing reactance. The saturation is seen to increase

both near to synchronous speed and at standstill. The former is again

due to the increase In magnetising flux while the latter Is a result of

heavy saturation of the leakage paths at low speed. The cross-saturation

of the main flux path by the leakage flux is more pronounced in the

rotor than the stator because of the lower reluctance of the rotor

leakage paths. The rotor slot has a closed bridge and is narrower than

the stator slot. This increases the amount of leakage flux per unit mmf

and means that the Iron portion of the circuit is more heavily
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saturated. From these figures it is also interesting to note that at, or

near, synchronous speed the rotor saturation has not increased by as

great a proportion as the stator saturation. This Is probably because

the eddy currents in the shaft disappear at synchronous speed allowing

flux to penetrate the shaft, thus reducing the reluctance of the rotor

path. This counteracts the increase in airgap flux density.

Fig. 4.5 shows the variation of the total magnetising

reactance with speed. This plot shows that the varying degree of

saturation in the iron components Is noticeable, even though the airgap

component of reactance is the dominant term throughout the speed range.

The plot indicates that it may not be satisfactory to assume a constant

value of magnetising reactance for the whole speed range because of the

variation in saturation levels in the machine as the speed varies. The

use of the no-load characteristic to verify the accuracy of the

magnetising reactance prediction, which is the usual approach adopted in

industry, is therefore open to doubt if a constant value of magnetising

reactance is used In the design procedure. Although the saturated value

of magnetising reactance will be appropriate for full-load calculations,

it may be Inaccurate at other speeds.

4.4 DiscussIon

Although both of the methods described above incorporate

allowances for saturation the finite element calculation of the

magnetising reactance is much more sophisticated than the method at
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present used in industry. The most important improvement in the

calculation is the ability to model local saturation effects with great

accuracy and thus calculate the mmf drops accurately. Empirical

approximations such as the reduction of the fundamental flux density

wave by sirz(rf6) are removed. The iterative approach to the calculation

also allows exactly the right back emf to be used in the separate finite

element models, via the application of the correct fundamental airgap

flux density distribution. As mentioned in Section 4.2 the conventional

technique could also be solved iteratively, but in general it is not.

The results illustrated in Figs. 4.3-5 illustrate that it is

advisable to recalculate the components of magnetising reactance due to

saturation at each load point.
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5 FULL uGh hR IODEL

5.1 Introduction

Separate rotor and stator models have been developed in

Chapters 2 and 3. This chapter describes a method for coupling the

rotor and stator models together through the equivalent circuit. This

is followed by an investigation of other effects within the machine and

their incorporation into the model where appropriate

52 Full Jodel

Joint solution of the two machine models requires the use

of the normal per-phase equivalent circuit to determine the rotor and

stator currents. In order to obtain initial values for these currents

the equivalent circuit parameters are estimated using conventional

techniques. This gives a good starting point for the solution. Space

harmonics can be included in the equivalent circuit for completeness,

although they are believed to make very little difference to the

results. They are neglected in this model for the reasons described in

Chapter 3.

The procedure starts with a solution of the equivalent

circuit at the specified operating point to obtain initial estimates of

current necessary for the finite element models.
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The referred rotor current calculated using the equivalent

circuit is converted Into an actual bar current, which Is then used in

the rotor model as described In Chapter 2. The rotor model allows the

rotor resistance and leakage reactance to be recalculated as well as

the component of inagnetising reactance due to rotor saturation and the

complex factors Cc and CR2 which modify the value of stator current

sheet to produce the required airgap flux density (See Section 2.6.2).

The finite element model for the stator is then used as

shown in Chapter 3 with the stator current obtained from the equivalent

circuit model. This enables the stator leakage Inductance to be

calculated, together with the component of magnetising reactance due to

stator saturation and the complex factor CRi which incorporates stator

saturation Into the calculation of the magnetising component of the

rotor current sheet.

The three components of magnetising reactance are combined

as described in Chapter 4 to obtain an updated value.

All the equivalent circuit components have now been

recalculated and can be checked against their previous values. If they

have not converged to a specified accuracy the new components are used

to obtain updated values of current. The finite element part of the

solution is then repeated until an acceptable accuracy is achieved. An

error of 1% was found to give satisfactory convergence.
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When the equivalent circuit impedances have converged

they may be used in the calculation of torque, input current and power

in the usual manner.

The predicted performance values are stored and the next

operating condition is considered. The equivalent circuit components

from the most recent solution are used for the initial estimates. The

values of magnetic vector potential from the previous solutions are

also saved to give the Newton-Raphson solver a good initial

approximation, which speeds up solution time.

5.3 lodification to the Calculation of the Rotor and Stator Impedances

The calculation of the rotor and stator impedances is

satisfactory when both meshes have to be solved separately. When the

two meshes are solved in parallel, however, the model can be improved.

The initial non-linear solution is correct, because the current

distribution placed on the unmeshed member is calculated in order to

induce the appropriate emf in the bar or winding. Once saturation has

been set, the linear solution with only the bar or winding current is

performed. At this stage it is assumed that the unmeshed portion of the

machine is infinitely permeable and therefore has no mmf dropped In It.

This assumption may be removed by using information contained In the

complementary model. When the rotor model is In use the Information

provided by the most recent stator solution can be used to correct for
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the miuf dropped in the stator iron, and vice versa. The rotor model is

used to describe the derivation of a suitable correction factor.

The model can be represented as a simple magnetic circuit

consisting of the bar mmfs and several reluctances (Fig. 5.1). The

reluctance of the stator (Re in Fig. 5.1) is replaced by a short-circuit

for the existing model. Jeglecti.ng this reluctance causes the mmf drop

across the leakage path to fail. This lowers the leakage flux and, with

it, the leakage inductance. The stator model can be represented by a

similar magnetic circuit.

When performing a combined solution the level of saturation

in the unmeshed member can be determined after the first update of the

equivalent circuit parameters. The components of magnetising reactance

resulting from saturation in both the rotor and stator have been

calculated (Section 3.3). These components give the proportion of the

total mmf dropped in the unmeshed member.

The reluctance, Re in Fig. 5.1, may be modelled by an mmf

source, RØ, just as in a linear resistive circuit a resistance R

carrying a current I can be replaced by a voltage source of magnitude

RI. In the rotor solution this mmf source is calculated as a proportion

of the bar current and modelled by a current sheet on the stator

surface. In the stator solution the mmf is also calculated as a

proportion of the applied current, but is represented by a discrete

current distribution placed on the rotor surface opposite the stator

slot opening.
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The addition of the surface current sheet means that a

further linear solution has to be performed without the sheet in order

to calculate the magnetising reactance component and the factors C

and C€1 which relate the gap flux density to the value of current

sheet.

The increase in leakage inductance using this method Is

demonstrated in Figs. 5.2-3, which give results for the 11Kw motor

tested In Chapter 6. The magnitude of the correction is small compared

to the total leakage reactance and it may not be worthwhile

incorporating the correction in future solutions.

5.4 Incorporation of Losses

At present the only losses that are included in the model

are the copper losses In the rotor bar and the stator windings. This

leaves a whole series of other losses In the machine which need to be

investigated and where possible incorporated into the model.

One of the largest components of additional loss Is the

fundamental frequency core loss. This is a result of two different

effects, the eddy currents induced In the lamination Iron and the

hysteresis losses. This loss is normally represented by a resistance

which shunts the magnetIsing reactance, known as the iron loss

resistance (Rm in Fig 3.4). The fundamental frequency core losses can

be calculated from the finite element models using the curves of
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specific total loss per kg versus flux density which are given in the

steel manufacturer's catalogue (35). The specific total loss is the

summation of the hysteresis and eddy current losses in the lamination

iron.

The values of flux density in the iron elements from the

converged non-linear solutions are used. From these and the loss

curves, the loss per element for the particular grade of lamination

material at 50Hz can be calculated. The total loss is obtained by

summing the elemental contributions. The rotor loss is then scaled by

the p.u. sup because iron loss is frequency dependant. Iron loss does

not in fact scale directly with frequency because although hysteresis

loss is approximately proportional to frequency, eddy current loss is

proportional to frequency squared. However, this was felt to be a

satisfactory Initial approximation.

From the total loss an equivalent resistance can be

calculated to be placed in parallel with the magnetising reactance.

El2

wR+w'c.

Several other core losses are present in the machine (46).

One set, surface and pulsation losses are hysteresis and eddy current

losses caused by time harmonics in the flux wave which are produced by

the relative motion of the rotor and stator teeth. These losses are

very difficult to predict with confidance and are normally calculated

(5.1)
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using empirical methods based on test results from similar machines.

They were not incorporated in the model. The remaining core losses are

what Spooner and ICincaid (46) refer to as 'illegitimate losses' caused

by burrs short-circuiting laminations and local stresses induced in the

lamination during the manufacturing process. These losses are again

very difficult to evaluate and vary from machine to machine depending

upon the manufacturing technique. No reliable method was found of

calculating these losses so they were also ignored.

The other main group of electromagnetic losses in the

machine are the 'load losses'. These losses are described in some detail

by Christofides (47) and consist of various harmonic losses, skew

losses and losses due to interbar currents. The calculation of these

losses again appeared to be very empirical and so they are neglected.

(The normal industrial design procedure is to lump all of

the losses which cannot easily be calculated into a single 'stray loss'.

This is simply calculated as a fixed proportion, usually about 0.5%, of

the output of the motor.)

An attempt was made to model inter-bar currents using

finite elements and thus evaluate interbar losses. The attempt had to

be abandoned when it was realised that the contact resistance between

the bar and the lamination was both variable and much • larger than the

lamination resistance. This meant that - .. the results

from the model could not be used with any degree of confidence. The
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(5.3)

(5.4)

only value of contact resistance that could be found in the literature

was given in Reference 44 and this was only a general value.

All machines are subject to mechanical losses due to

friction in the bearings and the windage of the machine. These losses

can either be incorporated into the model directly, or they can be

subtracted from the output of the model. The friction and windage

losses can be thought of as exerting an additional load torque and can

be obtained when the machine is on test. The model predicts the actual

electromagnetic torque produced by the machine whereas the torque

required is that which Is available at the shaft of the motor. The

friction and windage losses should be subtracted from the prediction of

electromagnetic torque.

5.5 Skew

Skewing of the rotor cage is incorporated into the model

using the equivalent circuit modifications proposed by Birch and Butler

(48) and verified by Williamson and Smith (37). The equivalent circuit

they propose modifies the rotor branch as follows.-

x2s - x2[r+x4(' 
.1]	 (5.2)

R2

R2 - (A)2

sm()

2
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Although more rigourous methods of incorporating the skew

into the model have been suggested (26), they were felt to be

uDecessary. This is because the effects of skew at the fundamental

frequency are very small. As all higher harmonics are neglected in the

present model the approach outlined above was felt to be satisfactory.

5.6 Jodelling of Jtagnetic Properties

It is implicitly assumed in the formulation of the

electromagnetic model that all of the magnetic field quantities vary

sinusoidally in time. Nagnetic saturation is a non-linear effect which

prevents this from being possible. This allows a variety of different

definitions of reluctivity to be adopted. The definition that was

initially chosen was obtained from the manufacturer's specific apparent

power characteristics for the laminati on iron using eqn. 2.5. Initial

comparisons of predictions with test results indicated that the use of

magnetic characteristics based on specific apparent power cause the

model to saturate too quickly. This was most noticeable at no-load. As

a result other definitions of reluctivity were considered.

A literature search revealed that the problem had been

addressed in a paper by Luomi (41). Luomi tests a number of various

definitions of re].uctivity for use in a sinusoidal model and finally

chooses the definition shown in equ. 5.5. This equation represents the

time average value of the reluctivity assuming a sinusoidal variation

of flux density. A comparison of the two flux density squared versus
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(5.5)

(5.6)

reluctivity characteristics for Hewcor 1000 is shown in Fig. 5.4. The

heavier saturation obtained from the specific apparent power model is

evident. It should be noted that the two methods give virtually the

same reluctivity when the iron is linear, is when a sinusoidal flux

density is being related to a sinusoidal field strength. Fig 5.4 extends

only as far as 2.5 Tesla squared, because B-H data was not available

for peak flux densities greater than 2.15 Tesla. Outside this range the

characteristic is modelled by a constant gradient of reluctivity versus

flux density. Fig 5.5 shows the effect of the two different reluctivity

definitions on the no-load characteristic of a four pole machine. The

motor used is an 11 Kw, 4-pole machine, which will be discussed in

detail in Chapter 6.

V =	 dt

which is equivalent to -

u_fT1t) dt2)o B sinct

5.7 Coreback Likiige Flux

In the model of the stator phase band the outer edge of the

lamination, (BE In Fig. 3.1) was assumed to be a flux line, fixed at

zero potential. In practice, some of the flux will leak out of the
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lamination core into the air or frame surrounding it. To examine

whether this effect is large enough to necessitate meshing the region

surrounding the stator, the most heavily saturated of the test motors,

the 11kw 4-pole motor, was remeshed with several layers of air

elements outside the laminations, These elements were bounded by a

Neumann boundary. This is equivalent to surrounding the stator core

with a cylinder of infinitely permeable iron, which is seperated from

the core by a very large airgap (60mm in this case). The no-load

characteristics for the machine were then computed with the original

flux line boundary, (corresponding to no core-back leakage) and with

the boundary allowing core-back leakage. The addition of the air

elements made no noticeable difference, as shown in Fig. 5.6, but

increased the solution time by approximately 10%.

In many machines the laminations are surrounded by an

unlaminated frame in which eddy currents can be induced. Eddy currents

will prevent flux from leaving the core and so produce the effect of a

flux-line boundary. The assumption of zero potential on the lamination

outer surface was therefore used for all the results presented in the

next chapter.

5.8 lodelling the Rotor Shaft

In Section 2.8.3 the inclusion of the rotor shaft using a two-

dimensional eddy current formulation was discussed. Modelling of the

shaft was found to produce virtually no change in the rotor parameters
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in the normal operating range of frequencies. However, when considering

the full machine model the various tests normally carried out by the

manufacturer to verify the performance of the machine need to be

considered. One of these tests, involves the determination of the no-

load characteristic of the machine. This test Is carried out to give an

accurate measurement of the magnetising current. It is performed by

running the machine at close to synchronous speed, so that the

frequency of the rotor fluxe is virtually zero. This means that no

eddy currents are induced In the rotor and so flux is able to penetrate

right Into the shaft. The effect of the shaft on saturation levels will

therefore be enhanced and may be significant. In order to investigate

this possibility, no-load characteristics with and without the shaft

were computed and compared. The no-load curve for the 11kw four pole

motor is shown in FIg. 5.7 and the decrease in the saturation level

when the shaft is meshed can clearly be seen.

FIg. 5.8 shows predictions of the Input current versus rotor

speed around the full load point for the 11kw motor tested In Chapter

. The inclusion of the shaft can be seen to affect the current up to

the full load point (1450 rpm). The torque and input power

characteristics were also predicted, but were found to be virtually

insensitive to the modelling of the shaft and hence they have not been

shown.

The magnetising reactance over the whole speed range is

shown in Fig. 5.9, with and without the modelling of the shaft. The

increase in saturation produced by ignoring the shaft, when the motor
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is operating close to synchronous speed, is highlighted again. The

convergence of the two sets of predictions, as the rotor slip increases,

confirms that the eddy currents force the flux out of the shaft. This

convergence is shown even more clearly in Fig. 5.10, which illustrates

the variation of the rotor component of magnetising reactance with

rotor speed.

The difference between the two models is significant

enough to warrant the inclusion of the shaft in future calculations.

5.9 Airgap at the Shaft Lamination Interface

Incorporation of the rotor shaft into the full machine model

means that the possibility of a small airgap between the shaft and the

lamination should alsp be investigated.

The rotor laminations of smaller induction motors are

usually pressed on to the shaft. This results in an uneven fit existing

between the laminations and the shaft which may cause gaps to appear

between the shaft and the laminations as shown in Fig. 5.11(a). The

average length of the airgap could be as large as twenty microns If

standard manufacturing tolerances are applied. This airgap will disrupt

the penetration of flux into the shaft at low frequencies. In order to

determine what effect such an airgap could have on the equivalent

circuit parameters, the shaft lamination gap was incorporated into the

model using a method described by Nakata (49). The model is illustrated
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in Fig. 5.11. The gap does not appear in larger machines as an over-

size shaft is cool ed and shrunk-fit into the lamination pack. When it

returns to normal temperature an interference fit is obtained.

In order to use the method proposed by Jakata, the gap

between the laminations and the shaft must be assumed to be uniform

(Fig. 5.11b). All points in the gap on the same radial line from the

centre of the shaft are assumed to have the same magnetic vector

potential. This is equivalent to requiring the flux to cross the narrow

gap iormally. The Newton-Raphson algorithm can be modified to

incorporate the energy stored in this gap (V in eqn 5.7) without

having to alter the mesh. The analysis produced by Jakata is for the

D.C. case and had to be modified before it could be used in the present

model.

-*

Re ic: 1 - '42 XA1 - A2)	
(5.7)w=

I	 2p0h12

Although energy is allocated to the gap, the assumption of

radial equipotentials, combined with the narrowness of the gap compared

with the rotor dimensions, allows the approximation that the gap

occupies no physical area within the mesh.

To illustrate the effect of modelling the gap, the

magnetising reactance values at no-load are predicted for the 11kw

motor with an increasing shaft lamination airgap length (Fig. 5.12).

The no-load magnetising reactance is illustrated as it shows the
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greatest sensitivity to the inclusion of the shaft in the mesh. The

variation of the component of magnetising reactance due to rotor

saturation is even more pronounced (Fig 5.13). A mean gap value of 20

microns can be seen to affect the penetration of flux into the shaft

and thus reduce the mnagnetising reactance for this particular motor by

1-2%. Increasing the gap length even further causes the magnetising

reactance values obtained from the model to converge to the value

obtained when the shaft is ignored, showing that a negligable amount of

flux leaves the rotor lamination and enters the shaft.

Although a gap does exist between the shaft and lamination

in smaller machines it is impossible to measure it. It was therefore

decided to ignore it in the predictions presented in Chapter 6. The

effect of the gap would also be extremely limited at all but the lowest

slips, because the eddy currents induced in the shaft will force the

flux out of the shaft (Section 5.8).

5.10 Computer time

This model was written in Fortran 77 for use on a CDC Cyber

855 mainframe computer. The calculation time for each point on the

torque speed curve is approximately 100-150 cp seconds. The time is

shorter if the point is one of a series and also if the rotor and

stator both have open slots. As there are normally at least three or

four slots in a stator phase band, the mesh will contain many more
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degrees of freedom than the rotor mesh. This results in the stator

solution time determining the solution time for the whole model.

The memory required to load and run this program is of the

order of 80,000 words for a four pole machine with three slots per

phase band. For the larger stator meshes this memory requirement is

increased dramatically and a virtual environment operating system had

to be utilised.
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6. VERIFICATIOJ

6.1 Introduction

The method of analysis developed in Chapters 2-5 of this

thesis has been verified using measurements made on four test motors.

These machines varied in size from 4Kw to 150Kw. Their name-plate

details are given In Tables 6.1-4. This chapter is concerned with the

presentation of the test results and comparison with the predictions

obtained from the model. Much of the information is displayed

graphically. Throughout the chapter the test results will be represented

using discrete symbols whilst the prediction are represented using

solid lines.

62 Test Equipment and Procedure

The 4Kw and 11Kw machines were tested using the same

equipment (schematic - Fig. 6.1). The test motor was coupled via a

torque and speed transducer to a dc dynamometer and both machines were

then mounted on a common bedplate. A 'Variac' was used to supply the

test motor with a three phase variable input voltage, Its output was

adjusted to ensure a balanced supply. The line voltage and current and

the input power were all metered. The dynamometer was used to apply a

load to the induction motor and was controlled via a Yard-Leonard

arrangement.

- 126 -



a

0
a

0

O.4

0

$4

I0

s-I

$4
0

0
E

0
-I.'
4.)
0

•1-4

C)

•rl
'-I

Cr)

C,

I-
crJ

('4
0

0

0
U)

'-I

C,
'-4
'LI

.	 a,
0J

4.	-4

(1

o
a, 0

0

-4

0 0
d	 4.'

+	 I

'.4

- 127 -



The torque transducer provided a reading of the load

applied and the speed of rotation of the machine. The torque measured

was the mechanical output torque of the machine, whereas the torque

predicted by the model is the electromagnetic torque. The effects of

friction and windage were incorporated by taking the difference between

the torque readings at a set speed both on load and with the

dynamometer running as a motor with the induction motor unexcited. The

loss torque was found to be virtually constant over the speed range

for both machines.

The tests undertaken include the no-load test, which was

performed by driving the motor at exactly synchronous speed using the

dynamometer and measuring the voltage versus current characteristic.

The load characteristics were measured around the operating point at

full voltage. Reduced voltage tests were performed. at a variety of

speeds including standstill for the 11Kw machine. The standstill

results were obtained by allowing the rotor of the test machine to

creep round at a very slow speed (< 10 rpm) and recording the average

reading obtained. The slow rotation is necessary to overcome slotting

effects and possible eccentricities, which cause the reading to be

dependant on the position of the rotor.

The two larger machines were tested by the manufacturer on

a rig similar to that described above. The manufacturers' test rig also

incorporated a disc brake which allowed standstill results to be

obtained at a much higher	 torqua than was possible using the

test equipment at Imperial College.
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6.3 4Kw Motor

This machine Is a standard small three phase induction

motor. The basic design details are shown in Table 6.1. The rotor slot

outline is illustrated in Fig. 6.2 and the stator slot Is shown In Fig.

6.3. The motor has a cast aluminium rotor with a closed slot bridge and

a simple slot shape. Closed slots are often used on small cast rotor

machines as they reduce the cost of construction. The aluminium was

metallurgically analysed and found to be 99% Aluminium with 0.7% Iron.

This is close to the specification for Alcan grade 10080 (50) which

has a conductivity about 54% that of Copper. The machine is totally

enclosed and has a cooling fan mounted on the end of the shaft. The

grade of steel used to produce the shaft is not known by the author

and so was assumed to be the same as for the other machines, ENS or

EN12, both of which have similar characteristics.

The stator has a single-layer concentric winding which is

composed of bundles of round wire conductors. The resistance of the

winding was measured both at cold and during the tests using a Kelvin

Bridge. This is to give an indication of the temperature rise within

the machine and also to obtain stator resistance values as input for

the model. The rotor temperature rise could not be measured. After

consultations with the manufacturer the rotor was assumed to be 20K-

30K higher than the stator. The value of endwindIng leakage reactance

used for this motor was 2.3 ohms and the loss torque was found to be

0.65Nm.
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6.3.1 Results

The no-load characteristic is shown in Fig. 6.4. The

correlation between the test results and the predictions can be seen to

be very good. The correct gradient for the initial linear part of the

characteristic (sometimes called the 'airgap line', as it indicates the

volts per amp obtained when all the mmf is dropped in the airgap)

indicates that the dimensions of the machine have been modelled

satisfactorily.

During the load tests for this motor, care was taken to

ensure that the machine reached a stable temperature at each load point

before the results were taken. This meant that the bar and winding

temperatures increased as the machine was loaded. In order to

incorporate this Into the model a simple thermal correction is

introduced into the resistance calculation.

The thermal correction was obtained by estimating the

temperature of the rotor and stator windings at the full load point.

The change in temperature between this point and the other load points

is then assumed to be related by the ratio of power loss in the bar

and winding, at each point, to the loss at full load. This implies that

the temperature rise above ambient Is In the ratio of the currents

squared. In practice this correction Is only valid over a limited speed

range, because it assumes constant cooling. It will therefore tend to

under-estimate temperature rises at speeds lower than rated, and to

over-estimate them at speeds higher than rated.
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(6.1)

An iterative procedure can now be adopted whereby an

initial winding resistance or bar resistivity is asswied and the rotor

and stator currents are then calculated from the equivalent circuit.

Using these currents a temperature rise is estimated and from this, an

updated resistance/resistivity value is obtained. Using the updated

value, new currents can be obtained from the equivalent circuit and the

calcuation is then be repeated until the resistance/resistivity values

converge.

The torque, current and power characteristics are shown in

Figs. 6.5-7. The agreement in all the graphs is very good.The effect of

temperature variation can clearly be seen. Instead of the normal linear

variation in torque around the operating point, which is associated

with constant t..purstr. the gradient of the characteristic drops with

increased load, and temperature.

In order to obtain results for a wider speed range, without

overloading the machine, tests were next performed at lOOv instead of

the rated 415v. The results from these tests is shown in Figs. 6.8-10.

Again there is good agreement between the measured and predicted

values.
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GENERAL

Rated Line Voltage 4 15v

4

Delta

152mm

0.46mm

Jewcor 800-65

0.0433

84mm

Number of poles

Connection

lean Airgap Diameter

Airgap Length

Lamination Xaterial

Full Load Slip

Gross Core Length

STATOR

Number of Slots

Number of Turns per Phase

Winding

Resistance (Hot)

Slot Geometry shown in Fig 6.3

36

342

Concentric

6.66 ohms

ROTOR - Closed Slot

Number of Slots

Type of Bar

Bridge Depth

Conductivity (Hot)

Skew (Rotor Slot Pitches)

Slot Geometry shown in Fig 6.2

28

Cast Aluminium

0.508mm

2.1e7 ohm'm'

1

Table 6.1 Detailz of 4 rw Jachine
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FIG 6.2 ROTOR SLOT OUTLINE - 4KV XOTOR
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FIG 6.3 STATOR SLOT OUTLIJE - 4KW XOTOR
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6.4 11 Kw lotor

This machine also has a cast aluminium rotor with closed

slots, but this time the rotor bar is of the Boucherot type (Fig. 6.11).

The basic design details are shown in Table 6.2 . The manufacturers'

conductivity value for the rotor cage Aluminium matches with Alcan

grade 17070, which is 99.9% pure Aluminium and has a conductivity

which is 59% that of copper. The shaft steel grade is EN8. The stator

winding has single layer concentric coils which are composed of

bundles of round wire conductors. The stator slot outline is shown in

Fig. 6.12. As in the 4kw machine a temperature differential of 201C-30K

differential between rotor and stator was assumed in the model and the

stator temperature was determined by resistance measurement.

The value of endwinding leakage reactance used in the model

was 2.1 ohms and the loss torque was measured at 1.6 Nm.

6.4.1 Results

The tests undertaken were similar to those for the 4kw

machine but some results wore also taken at standstill for this motor.

The no-load characteristic is shown in Fig. 6.13. The agreement is

excellent over the whole range. Figs. 6.14-16 show the performance of

the machine around the operating point. The results for this machine

were taken over a smaller speed range than for the 4kw motor and the

temperature was kept as close to constant as possible. The agreement

between test and predicted is very good, although the input power and
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current are under-estimated. This is probably explained by the losses

in the model being less than those in the actual motor as explained in

Chapter 5.

Figs. 6.17-19 show the behaviour of the motor at reduced

voltage. The temperature was intended to be constant throughout this

test, but the load varied so much that this proved impossible to

achieve. As a result, two sets of predictions were performed ; one at

constant temperature the other with variable temperature, as described

in Section 6.3. The test results for current and input power are

bounded by these results as expected. However, the torque recorded in

the test is lower than the predictions throughout the speed range. This

is once again thought to be a result of the model neglecting certain

components of loss.

Figs. 8.20-22 show the results of standstill tests performed

at reduced voltage. The correlation between test and predicted values of

torque is the only area of weakness in the results. This is believed to

be due to experimental error because the torque meter was operating at

the bottom end of its range. Loss torque was found to be impossible to

measure and was neglected even though the machine was rotating slowly.

This will have contributed to the error.
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48

224

Double Layer Conc.

1.4552 ohms

40

Cast Aluminium

0.192mm

2.279e7 ohmsm'

0.833

GENERAL

Rated Line Voltage
	

415v

Number of poles
	

4

Connection
	

Delta

Nean Airgap Diameter
	

128mm

Airgap Length
	

0.5588mm

Lamination laterial
	

Newcor 1000-65

Full Load Slip
	

0,033

Gross Core Length
	

123.8mm

STATOR

Number of Slots

Number of Turns per Phase

Winding

Resistance (Hot)

Slot Geometry shown in Fig 6.12

ROTOR - Bouchp,ot . Closed Slot

Number of Slots

Type of Bar

Bridge Depth

Conductivity (Hot)

Skew (Rotor Slot Pitches)

Slot Geometry shown in Fig 6.11

Table 62 DetaIls of 11 Kw Itachine

- 141 -



FIG 6.11 ROTOR SLOT OUTLIJE - 11KV XOTOR
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FIG 6.12 STATOR SLOT OUTLINE - 11KW MOTOR
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65 90 Kw Jotor

This motor has only two poles1 which makes the

predictions much more difficult as the endwinding leakage reactance is

a much larger proportion of total leakage than for higher pole number

machines. The motor was tested by the manufacturers because it is too

large to be tested at the university. The basic data concerning the

motor can be found in Table 4.3. The rotor cage consists of copper T-

bars which are insulated from the laminations to reduce losses. The

outline of the rotor slot is shown in Fig. 6.23, and the stat slot is

shown in Fig. 6.24. The shaft material is EN12 and the copper is the

standard grade. A double layer short-pitched winding composed of

round-wire conductors is used on the stator.

The loss torque used for this machine	 was the

manufacturers estimate of 4Nm and the endwindiitg leakage reactance

used in the model was 1.65 ohms.

65.1 Results

The no-load characteristic for this motor is given in

Fig.6.25. The agreement with the test result is very good except at low

voltages. Here the test results are inconsistent, since the gradient of

the airgap line is such that it does not pass through zero. Therefore

this result should be treated with caution. The manufacturers estimate

of the full voltage point is also shown in the diagram and is very

close to the computed value.
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The full load characteristics are shown in Figs.6.26-6.29.

Again there was a small problem with the test results as the gradient

of the torque-speed characteristic (Fig.6.26) was such that it did not

pass through zero at 3000 rpm. By performing a least-square fit on the

first few test points the zero crossing point was found to be 2996.3

rpm. There are two possible explanations for this. The first is that

the supply frequency was not exactly 50Hz and the second is the effect

of the loss torque which shifts the curve downwards slightly. As the

loss torque was only 4Nm and as the power and current characteristic

were also shifted the error was explained by a slight fluctuation in

the mains frequency. In order to obtain a synchronous speed of 2997

rpm the frequency would need to be 49.95Hz instead of 50Hz. This error

is well within the usual supply tolerances.

In order to Incorporate the suspected frequency offset, the

torque current and power characteristics were all shifted by 2.7 rpm to

give the results of Figs. 2.27-9, which show very good agreement between

test and the predictions of the model. An assumption of constant

temperature was used both for this machine and the fourth machine

because no information on the winding temperatures was available. The

gradient of the torque characteristic taken from test results falls off

slightly with increased load (decreasing speed). This is probably

caused by the temperature rising as the load Increases.

The performance of the motor over the full speed range Is

shown In Figs. 6.30-32, in which the manufacturer's predictions are

compared with the model as well as the test results. For the torque
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speed characteristic the model performs more accurately than the

manufacturer's predictions although both methods over-predict the pull-

out torque by a considerable amount. The finite element model over-

predicts it by about lO7. The input power and current predictions made

using the new model will also be seen to be an Improvement on the

manufacturers own calculations, although both models under-predict the

current around the pull-out region.
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54

108

2 Layer - Pitch .704

0.2316 ohms

46

Copper

4.67e7 ohms'm1

1.

GENERAL

Rated Line Voltage
	

1050v

Number of poles
	

2

Connection
	

Delta

Mean Airgap Diameter
	

290mm

Airgap Length
	

152mm

Lamination Material
	

Losil 450-50

Full Load Slip
	

0.0116

Core Length
	

292mm

STATOR

Number of Slots

Number of Turns per Phase

Winding

Resistance (Hot)

Slot Geometry shown in Fig 6.24

ROTOR - Open Slot

Number of Slots

Type of Bar

Conductivity (Hot)

Skew (Rotor Slot Pitches)

Slot Geometry shown in Fig 6.23

Table 6.3 Details of 90 Kw Jiachine
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FIG 6.23 ROTOR SLOT OUTLIJE - 90KW IOTOR
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FIG 6.24 STATOR SLOT OUTLINE - 90KV XOTOR
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6.6 150 1w lotor

This is the largest of the test motors. It is a four pole

machine again with double-layer short-pitched stator windings, which

are composed of rectangular bars. The outline of a stator slot is given

in Fig.6.34 and the sash bar rotor slot outline is given in Fig.6.33.

The rotor slots are again insulated to reduce losses. General design

information can be found in Table 4. Test results for this motor were

again provided by the manufacturer and all the predictions were made

assuming constant temperature. There was no test figure for loss torque

so the manufacturer's estimate of 101in was used. The endwinding leakage

reactance was assumed to be 0.16 ohms

6.6.1 Results

The no-load characteristic for this motor is shown in Fig.

6.35 and the agreement between test and prediction is again shown to

be good. There is a discrepancy in the gradient of the 'airgap line'

which can be attributed to manufacturing tolerances. The tolerance on

the airgap length is 10%, so this could very easily have caused the

small differences seen in Fig. 6.35. The model also predicts a lower

saturation level at the top of the characteristic. The reason for this

is not clear, however the error is felt to be small enough to be

acceptable. The predicted performance is very close to the measurements

at rated voltage (1050v). The manufacturer's prediction of the full

voltage point is also included and can be seen to be close to the test

results although the new model is closer.
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The motor characteristics around the operating point are

shown in Figs. 6.36-8 and the model's predictions will be seen to be in

good agreement with the test results.

Figs. 6.39-41 show the torque current and power over a

wider speed range with the manufacturer's predictions again being

included. The torque, shown in Fig.6.39 shows that the manufacturer

predicts the pull-out torque of the machine with greater accuracy than

the author's model which gives about 7% too much torque. However the

model produces better predictions of input power and input current.

Figs. 6.41-4 show the variation of torque,input current and

input power at standstill. The correlation between test and predictions

is again very good.
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GENERAL

Rated Line Voltage
	

105 Ov

Number of poles
	

4

Connection
	

Star

Mean Airgap Diameter
	

303mm

Airgap Length
	

1.5mm

Lamination Material
	

Lash 630-65

Full Load Slip
	

0.0166

Gross Core Length
	

450mm

STATOR

Number of Slots

Number of Turns per Phase

Winding

Resistance (Hot)

Slot Geometry shown in Fig 6.34

ROTOR - Open Slot

Number of Slots

Type of Bar

Conductivity (Hot)

Skew (Rotor Slot Pitches)

Slot Geometry shown in Fig 6.33

48

48

2 Layer - Pitch .833

0.458 ohms

38

Copper

4.096e7 ohms1m'

1.

Table 6.4 DetaIls of 150 Xv Machine
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FIG 6.33 ROTOR SLOT OUTLIJE - 150KV WOTOR
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FIG 6.34 STATOR SLOT OUTLIJE - 150KV XOTOR
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0.7 Discussion of Results for the Test Jotors

In general the results obtained from the finite element

model show good correlation with the test results. In particular the

prediction of the no-load characteristics of the motors give great

encouragement as to the validity of the model. The consistent over-

prediction of pull-out torque is a cause for concern and this was felt

to be partly a result of inadequate modelling of the losses within the

machine and partly due to the inability to determine the eudwinding

leakage reactance with complete confidence. The prediction of

performance around the operating point has also been shown to be good.

The variation of temperature of the machine during test makes it

difficult to match experimental and predicted results with complete

accuracy due to the resultant variation in resistance.

The results obtained from the model for the two larger

machines were at least as good as, and generally better than, the

manufacturer's predictions. This is very encouraging. The only empirical

factors used in the model are to account for end effects, this makes it

very versatile. The manufacturer uses several empirical factors other

than those used to incorporate the end-effects which reduces the

flexibility of the design procedure. For example, in the magnetising

current calculation the sin(x/3) term is incorporated to account for

the flattening of the flux wave due to saturation of the teeth. The

leakage inductances are augmented by empirically derived values for

airgap leakage, tooth leakage and, if the slot is closed, bridge leakage.
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7. cXJJCLUSIOIS

The main aim of this project was to improve the

calculation of the equivalent circuit parameters used to predict the

steady-state performance of induction motors. The usual methods of

parameter evaluation rely on simple field models which contain many

approximations. Existing finite element models give a much Improved

field solution, but are very expensive In both computer time and

memory. They solve for the whole machine Instead of being tailored to

the calculation of the individual circuit parameters. The model

presented In this thesis Incorporates an improved field solution

without using the large computer resources needed for most existing

finite element models. This is achieved by linking the finite element

analysis into a conventional steady-state equivalent circuit. The

results given In Chapter 2 and Chapter 6 illustrate that the new model

gives accurate predictions of machine performance.

The stand-alone rotor model described in Chapter 2 is

developed from an initial Idea published by Williamson and Begg (29).

The aim behind the development of this model was to produce a design

tool which could accurately predict slot impedance parameters for

reference use in a similar manner to those presented by Trlckey and

Velnott (6), (4). It Is believed that this aim has been successfully

achieved.
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The initial model was suitable only for the calculation of

rotor parameters for closed slot machines. It was shown in Chapter 2

that by altering the leakage inductance calculation the model could

also be used for open slot rotors. The model, as proposed by Williamson

and Begg, contained several assumptions which the author has

investigated. Calculation of the current sheet used to model the stator

winding current has been improved to incorporate rotor saturation and

to remove discretisation errorsin the current sheet.

Results from the model for the three chosen slot shapes

show close correlation between the conventional techniques and the new

model until saturation starts to effect the results. The new model was

felt to be as accurate as the old models for the solution of simple

problems and far superior for more complicated problems with higher

saturation levels and more complex geometry.

A separate single phase band finite element model was

developed for the stator. A phase band is the smallest portion of the

stator over which a periodic boundary condition can be applied. The

stator model has been used to calculate the stator leakage inductance

using estimated values of rotor impedance to allow the calculation of

the correct back emf. As expected, the stator leakage inductance had a

virtually constant magnitude over the complete rotor speed range

because the stator fluxes are at a constant frequency and the

conductors are small enough to make skin effect negligible.
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The finite element models of the rotor and stator are two-

dimensional and as a result assume that the machine is infinitely long.

The end-effects in the machine have to be incorporated using

conventional techniques. For the rotor this does not present any

s-'i- 4
difficulty, because the evaluation of endring parameters is sim-e and

the leakage inductance components are believed to be small. The same is

not true for the stator, as the numerous expressions available for the

calculation of the endwinding leakage reactance give significantly

different answers and appear to be semi-empirical. The uncertainty

involved In the calculation of the endwlnding leakage was felt to be

the major shortcoming of the model.

Coupling the rotor and stator models produced a full

machine model which allowed the performance of the machine to be

predicted and also facilitates the investigation of various secondary

effects within the machine.

Linking the two models allows the accurate calculation of

the magnetising reactance, to Include the saturation in both the rotor

and stator. The new model is thought to be a significant improvement

over existing techniques, because It models local saturation effects

much more accurately than conventional, lumped parameter technIques.

Using the new model, the effect of cross saturation between the main

and leakage paths has also been demonstrated (Chapter 4).

The Investigation of flux penetration Into the rotor shaft

indicated that modelling of the rotor shaft is unnecessary when
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calculating the rotor impedance parameters. However, in the full machine

model, the shaft was found noticeably to influence the no-load

characteristic of the motor. It also altered the predicted values of

magnetising reactance and input current around the load point, for the

'test' motor . The incorporation of a shaft to lamination airgap was

also found to affect the no-load characteristic. Although this gap is

present in small motors, it is difficult to measure so it has not been

incorporated into the results presented in this thesis.

The definition of the reluctivity in the sinusoidal

situation required further consideration. Initially, a reluctivity

characteristic which was based on the specific apparent power was used.

However, this was found to consistently overpredict saturation in the

machine. Therefore, the time average of the reluctivity over a cycle was

adopted as recommended by Luomi et al (41), and was found to produce

consistently improved results. This method in effect relates a

sinusoidal flux density to a non-sinusoidal field strength.

The model was found to produce good results which in many

cases were better than the manufacturers predictions. It still has

uncertainty associated with end effects and is more computer intensive

than existing design techniques. The model is probably still too

expensive to replace the everyday design program in industry at

present, but it could be very used as a development tool for the

analysis and production of new ranges of machines. It is a very useful

intermediate stage between a very expensive full machine finite element

model and the existing design techniques. However, the model may well
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become cost-effective in everyday design situations if the present

trend of decreasing computing costs and increasing computing power is

sustained. A continuation of the current shortage of machine designers

will also favour design techniques, such as this one, which require a

smaller amount of experience-based input.
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8. RECOXIEIDATIOJS FOR FURTHER VORK

The main achievement of the project has been to demonstrate

the coupling of	 finite element techniques with the steady-state

equivalent circuit to produce an accurate model of an Induction motor

without using vast amounts of computer facilities, or relying on

empirical correction factors based on previous experience. There are

still a number of areas, however, where further Improvement can be made.

The major uncertainty is undoubtedly in the prediction of the

end-effects of the machine, particularly the stator end-winding leakage

reactance. This Is the largest unknown component and a more accurate

method of calculating it Is a necessity. This is illustrated In Table

3.1 where the values obtained using two classical expressions are

compared with the manufacturer's calculation. The lowest and highest

estimates are found to vary by a factor of two.

Other three dimensional effects which need to be Investigated

are the calculation of the Impedance of sections of the rotor cage

which extend out of the lamination pack and the effect of axial

ventilation ducts on the bar current distribution.

In the present model the stator space harmonics can be either

Ignored, or treated as an extension of the fundamental field. Once the

saturation levels have been set within the machine it should be possible

to determine the harmonic ciruit parameters in their own right, not
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simply as functions of the fundamental parameters. This is also an area

where further work would be useful.

Another source of error within the model was the treatment of

losses within the machine. The present model incorporates only the

fundamental frequency core losses and the resistance losses which means

that a sizeable component of load and no-load losses are ignored. As a

first approximation the classical expressions for these losses may be

used, but in due course more reliable calculation techniques need to be

developed.

One of the main problems encountered when comparing test and

predicted results was the inability to calculate, or even to measure, the

rotor bar temperature at a given operating point. A very simple thermal

model of the machine was used to adjust temperature and is felt to be

less than adequate. The problem is compounded as most test results

appear to be taken somewhere between constant temperature over the

operating range and stable temperature at each operating point. The

model could be improved by the incorporation of a more sophisticated

thermal model.

The analysis could be extended to include double cage rotors

with both shared and separate endrings. The incorporation of the rotor

shaft as an extra branch in the equivalent circuit could also be

investigated. In the present model the eddy currents induced in the

shaft were included only to set the correct saturation levels within the

machine, their effect on the machine torque was ignored.
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APPEJDJI 1 TEE APPLICLTIOJ OF AXPERBS LAY LROUID THE AIRGAP

Amperes Law was used initially to determine the correct

value of stator current sheet necessary to produce the required airgap

flux density. Several assumptions are required to simplify the

calculation -

1) The stator and rotor surfaces are parallel and concentric. An

airgap length (g), which has been corrected by the Carter coefficient,

is used.

ii) The rotor and stator iron are infinitely permeable.

iii) Flux crosses the airgap in straight lines.

Initially, consider a 2p-pole flux density wave rotating In

the airgap -

b(O,t) Re(JEexpXwt-pO))	 (Al.!)

The rotor and stator windings are assumed to produce

sinusoidal mmf waves which can be represented by surface current

density distributions

j(O, 0 - Re 1jJsexpj(ct- p6fl	 (Al.2)

j(O, 0 - Re 1JI,expj(ct- pOfl	 (Al.3)
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- NbI
- -;i

(AI.7)

If Amperes Law is applied aorund a closed loop which

crosses the airgap twice (Fig Al .1), the following equation is obtained

-
I	 RelJç+J,)expj(cti-pO)dO
Je

-	 -Re1üexpj(tPpO) - expj(t-p(O+AO))	 (AI.4)
p0d

e(Js+ii)expi(ci%.pO)—'-i
•jpL

--Re1Bexpj(-pO)- expj(üi-p(O+1O)}	 (A1.5)
/10

This simplifies to -

js+jR_ -	 (Al .6)
•jP	 /10

The rotor current distribution can be expressed as the

fundamental component of the bar current distribution. -

J	
2jpB	 (Al.8)
p9d	 JTd
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impedance using flux cutting -

B-	 1Zh
wdw

(Al. 10)

In the case of the rotor model described in Chapter 2 it is

useful to express the required stator current distribution to the bar

impedance (Z) and current. The back eaf induced in a rotor bar is

given by -

5 - IZb - 1(14+jwlo)	 (A1.9)

The fundamental airgap flux density is related to the bar

Inserting eqn. Al.1O and eqn. Al.9 into eqn. A1.8 gives the

final result -

I - 
i I4jp2g2rib - 

Nb]	 (Al.!!)
rd I wdwp0
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FIG A1.1 APPLICATION OF AMPERES LAW AROUND THE MOTOR AIRGAP

FIG A2.1 CURRENT DISTRIBUTION DUE TO ONE COIL IN THE STATOR

WINDING
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A1'rEJPII 2 - Evaluation of the Stator winding Current Density

Distribution

The current distribution in the stator winding of a 2p -

pole induction machine can be modelled by initially investigating one

pole pitch of one winding. (Fig. A.2) Assume that the slot opening is 1,

and that the winding is short-pitched by a mechanical degrees.

The current sheet can be expressed as a wave of the form -

J(y) =	 nexp()	 (A2.1)
a- -

Initially the m'' winding in the phase band is examined. Expressing the

current distribution in Fig A1.1, as a complex Fourier series (40), the

following expression is obtained

	

- P1

1I'),'+! -

	 (2JnPY) 
d

	

Hg 21	 N, 2(p-Q')21	 ___
'	

2TLj I (M-l)Z1 -
	 .	 -	

r 
c,(2JflPY) .dYI(A2.2)

1.	 N,	 2	 N,	 2-)2

Vhere I is the total winding current and is equal to 3.I1.N1./N

Evaluating the first integral (I,) -

,Ja-I)2 7

I -U N, • 1I	 ___
rd	 d '

N,,
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p I d	 f2jn(m-1),rp1	 ___
jcxP(	

N,	
j.(exp(!!)cxp(11T))

pid	 _____- __________
,rd r 2jnp sin('!).
	 [2inl:m- 1)rpJ

The distribution of the current across the slot opening (0 is

represented by the factor k where,

- smQtj)

nFl

The integral becomes -

-	 f2jn(m- 1),ip')
,rd	 N,	 J	

(A2.3)

Now look at the second integral (12) - Note that the current is of the

same magnitude but different phase giving -

aa-t),_!.d_.!

I
2 ; (a-flRd	

,_e(2J7Y).dy- 
pJ 

N, 2(p-o2	 ___

N,

2jn(m- 1)np)-	 *0.	
N,	

cxp(jn(,r- pa))	 (A2.4)

Only odd harmonics are found In a sinusoidally fed induction motor so

exp(jn,r) - -1
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the total result is

l2jn(m- 1)jr,-	 (1+ cp(-jpa )) exP[	
N	 )

-	 k0 .cos(?)	
I2jn(m- 1),i' pa 1

,rd	 2	 exPL	 N,	 - i J	 (42. 5)

Note - as (!) is the pitch factork,

Having solved for one winding now sum this over one phase band (Red

phase) of a double-layer winding

f N,

k0. 1ç0.	-!	 I'	 I2jn(m- l)np

2 ) • i . 'i	 N,
1m1

-	 I2in(m- 1),rp
N, -'1m --,12,

The two summations can be seen to be Geometric Progressions whose sum

is given by -

a(1 -
	

(A2.7)
(1-r)

Yhere -

a = first term
r = common ratio
c = number of terms to be summed
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Applying eqn. A2.7 to equ. A2.6 gives -

-	
Slfl(y) 

k,Jc CXp( LE ).cx4if!	 (A2.8)
" ,rd sin()

The sine terms in equ. £2.8 can be related to the distribution factor kd

by a simple factor of §p/l.. Substituting k, into the equation gives -

I Ii pU
1= 2IN k, k,,kd.exp(-jpa). exIvTj -Rn

Now the total current distribution Is given by the summation of the

three phase currents -

JS17 = 'ii, +	 + 'Ydi

2w	 2w2w
=JRn[1+ e J u -T pe+!))+e\Jl+T .P0T))}

- 3.J,,7

21N
Ic,. k,. k.exp(-jpa) .	

- 1]yrd

(A2.9)
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APPEJDII 3 - EVALULT 101 OF THE FLUX DEIS ITT VATE II THE AIRGAP

Assume a flux density wave, (fundamental only), which is

moving round the airgap of the machine in the positive 8 direction.

b0,t) = Ecos(ii-p0+ir)	 (A3.1)

is the phase angle of the wave which is to be evaluated

with respect to the phase angle of the back EMF which is obtained from

the equivalent circuit.

First look at an elementary arc in the airgap which

subtends an angle d8

d4' b(0,i)wddO
	

(A3.2)

The flux linking an arbtrary coil displaced by an angle

from the 8=0 point is obtained by integration -

as (ti- p0+ r)d0	 (A3.3)
- wdBfl

- wd b(- . &t-pO+w)1	 £43.4)
2p

wd. (Ps) . (
	

(a
- —Bccs - sin (+p

2p	 2	
(A3.5)

Where cos (p&2) is defined as the pitch factor kç
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