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Abstract

The well-known background flow method for finding bounds for time-
averaged characteristics of dynamical systems, proposed by Doering and
Constantin (Phys. Rev. E, 49:4087-4099, 1994, Phys. Rev. E, 51(4):3192,
1995) is a special case of the auxiliary functional method of Chernyshenko
et al. (Phil. Trans. R. Soc. B, 372:20130350, 2014). Chernyshenko (Phil.
Trans. R. Soc. A, 380: 20210044, 2022) proved that bounds obtained by
the direct method described by Seis (J. Fluid Mech., 777:591-603, 2015)
can be obtained also by the auxiliary functional method and, therefore, by
the background flow method when the auxiliary functional is quadratic.
This brief note outlines the technique by which the background flow and
more generally the auxiliary functional can be obtained when a proof of a
bound for infinite time average by the direct method is known, by applying
this technique to the case of the bound on the Nusselt number for infinite-
Prandtl-number Rayleigh–Bénard convection obtained by Otto and Seis
(J. of Math. Physics, 52(8):083702, 2011).

1 Introductory notes

Obtaining rigorous bounds for time-averaged characteristics of dynamical sys-
tems can be done in a variety of ways. This paper aims to contribute to the
understanding of the relationship between three of them: the famous back-
ground flow method of Doering and Constantin [1, 2, 3], and the more recently
proposed auxiliary functional [4, 5] and direct [6, 7] methods. The background
flow method is a special case of the auxiliary functional method in which the
auxiliary functional is quadratic [4]. In [8] it was shown that the direct method
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and the auxiliary functional method are essentially equivalent, in the sense that
a proof of a bound with one method can be reinterpreted as a proof of the same
bound with the other method. Moreover, since all the so far existing examples
of the application of the direct method correspond to quadratic auxiliary func-
tionals, these applications can be reinterpreted in the context of the background
flow method. A simple example of such interpretation was given in [8]. In the
present brief note we provide such an interpretation for a more involved case
of the bounds on heat transport for infinite-Prandtl-number Rayleigh–Bénard
convection considered in [6].

Although the present paper is closely related to [6] and [8], it is largely
self-contained. A limited part of the proofs of the results of the present study
require a detailed knowledge of [6]. This part is isolated in the appendix, and
is not required for understanding the stated results.

The rest of this introductory section briefly describes the three methods.
Section 2 derives the background flow corresponding to the direct method ap-
plication in [6]. It is followed by concluding remarks and an appendix.

1.1 The three methods

The references above provide a detailed description of the three methods we are
discussing. Here, we give only a brief outline, with both rigor and generality
sacrificed in favor of easiness of comprehension. Accordingly and in the spirit
of [8], all limits, functions, functionals and solutions involved are assumed to
exist where required and be regular enough for the operations performed.

1.1.1 The problem

Let T be an element of the phase space of a dynamical system governed by

dT

dt
= f(T), (1)

and F [T] be a functional, the infinite-time average of which is of interest. We
consider a problem of finding the bound for this time average, that is a value U
such that

⟨F [T(t)]⟩t := lim
t0→∞

1

t0

∫ t0

0

F [T(t)] dt ≤ U (2)

for any solution of (1). A lower bound can be defined similarly.

1.1.2 Auxiliary functional method

Let V [T] be a functional of the elements of the phase space of the dynamical
system considered. When T = T(t), V [T(t)] becomes a function of time. For
any V [T], from the fundamental theorem of calculus it follows that for bounded
and differentiable V [T(t)] the infinite-time average of dV [T(t)]/dt is zero. The
auxiliary functional method exploits this observation combined with a notion of
a Lie derivative.
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A Lie derivative of V with respect to (1) is defined as a functional LV [T] =
f(T) · ∇TV . Importantly for our case, even though the definition of a Lie
derivative refers to the expression for the time derivative given by the governing
equation (1), Lie derivative itself is defined for any T without any reference to
time. However, if T(t) satisfies (1) then LV [T(t)] = dV [T(t)]/dt. Let A be a set
such that it is a priori known that for all solutions of interest the instantaneous
values of the solution belong to A. Then if

F [T] + LV [T] ≤ U ∀T ∈ A, (3)

the infinite-time average of F [T(t)] is less or equal U, because the infinite-time
average of LV [T(t)] is zero.

Auxiliary functional method consists in finding the bound U and the auxil-
iary functional V [T] satisfying (3).

1.1.3 Background flow method

The background flow method applies to problems satisfying the following three
conditions:

1. f(T) is a sum of a quadratic term, a linear term and a constant:

f(T) = n(T) + l(T) + f0, (4)

where ‘quadratic’ means that n(T) = b(T,T) where b(·,·) is bilinear.

2. A homogeneous quadratic functional conserved by the nonlinear term of
(4) exists and is known. If it is denoted E[T], this condition means that
n(T) · ∇TE[T] = 0 ∀T ∈ A.

3. F [T] is also quadratic.

Then the background flow method amounts to the auxiliary functional method
with the auxiliary functional of the form

V [T] = αE[T] + ⟨T, τ ⟩, (5)

where ⟨·, ·⟩ is a suitably defined inner product, and the balancing parameter α ∈
R and the background flow τ are adjustable. Other, but essentially equivalent,
definitions of the background flow exist [3].

1.1.4 Direct method

The direct method was introduced as a set of examples [6, 7] rather than with a
general definition. The description below essentially coincides with the slightly
more general definition proposed in [8].

The function T(t) describes a trajectory of a point in the phase space of (1).
A trajectory might or might not be a solution of (1), but for many trajectories
that are not solutions of (1) the infinite-time averages of functionals of T exist.
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We will consider only such trajectories. If D[T] = LV [T] for some V [T], then
the infinite time average of D[T(t)] is zero for solutions but not necessarily
zero for general trajectories. This distinction will be reflected by using different
notation, with average of F over a solution denoted F but an average over an
arbitrary trajectory denoted, as in (2), ⟨F ⟩t. In this notation, LV [T] = 0 for
any V , but ⟨LV [T]⟩t might be nonzero. This difference is essential in what
follows.

The direct method exploits this difference. If Vi is a set of auxiliary func-
tionals, and Di = LVi are their Lie derivatives, the time average of the quantity
of interest F can be represented in a number of different ways, as F = Fi for
different values of i, and with Fi = F +Di. The functionals Fi are different, but
their time averages along the solutions are the same. Therefore, in proving the
bound there is a choice of the representation. The direct method uses several
representations at once. The method amounts to establishing a relationship
between the time averages of a selected set of Fi along arbitrary trajectories.
This relationship can be written in the form

s(⟨F ⟩t , ⟨D1⟩t , . . . , ⟨Dn⟩t) ≥ 0. (6)

In general, establishing relationships between averages of various functionals
along arbitrary trajectories might be more difficult than establishing relation-
ships between averages along solutions only. However, in a number of exam-
ples [6, 7] this disadvantage appears to be more than compensated by the ad-
vantage of the flexibility of using multiple representations.

For averages along the solutions (6) becomes

s(F , 0, . . . , 0) ≥ 0. (7)

Solving this inequality with respect to F gives the bound.

1.1.5 Reducing the direct method to auxiliary function method

In a practical application of the direct method explicit identification of Di and
Vi is not required. Dropping Di = 0 as soon as it is encountered is more
convenient. However, the Di-s can be recovered by inspection.

Finding the Di-s is the first step in reshaping a direct method proof of a
bound into the auxiliary functional method proof. One goes through the proof
by the direct method until notices a case when time averaging over the solution
leads to the average of some expression being zero. This expression is denoted
Di with a distinctive value of i. Then the auxiliary functional Vi is determined
such that its Lie derivative equals Di, and the inspection process continues to
the end. While cumbersome, this procedure is routine.

In the second step, time averaging over the solution is replaced with time
averaging over an arbitrary trajectory in the direct method proof. This adds
terms ⟨Di⟩t throughout the proof. Then the proof should be verified and if
necessary, modified to ensure that it remains valid with Di = 0 replaced with
⟨Di⟩t. The result will contain (6) with an explicit formula for the function s.
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The third step consists in deriving the specific form of the main relationship
of the auxiliary function method (3) from the specific form of (6) obtained in
the second step. In [8] it is proved that if the function s is concave then (3)
describes a separating or supporting hyperplane for the set defined by (6) and
the point (U, 0, . . . , 0) in Rn+1 space of (⟨F ⟩t , ⟨D1⟩t , . . . , ⟨Dn⟩t), thus giving
a way of deriving it. If s is not concave [8] provides only a non-constructive
proof that there is a relation of the form of (3) with the same Vi-s and the same
bound as that obtained by the direct method. In practice, the expression for s
is likely to be algebraic containing only elementary functions, and the derivation
requires only elementary mathematics.

Note that [8] considers a more general case when s is a vector, that is when
there are several relationships of the form of (6), but for the specific problem
considered in the next section a single function s is sufficient.

Finally, if possible, the background flow is obtained by rewriting the obtained
(3) in the form (5).

The next section describes an application of this procedure to the problem
considered in [6]. While references to [6] are made in that section for interested
readers, the section can be understood without reading [6], at the expense of
the proofs moved to the Appendix.

2 Rayleigh-Bénard convection for infinite Prandtl
number

In this section we will find the auxiliary functional and the background flow
corresponding to the bound found by the direct method in [6].

2.1 Problem formulation

We consider convection in incompressible fluid in a layer between two horizontal
flat plates heated from below. In Boussinesq approximation at infinite Prandtl
number the non-dimensional temperature T and velocity u are governed by the
system of equations

∂tT + u · ∇T −∇2T = 0,

∇ · u = 0,

−∇u+∇p = Te

(8)

with the boundary conditions

T = 1,u = 0 at z = 0,

T = 0,u = 0 at z = H.
(9)

The notation here coincides with the notation in [6]. In particular, z is the
wall-normal coordinate, and e is a unit vector along z axis. The solution is
assumed to be periodic in wall-parallel directions with period Λ.
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We introduce averaging over a horizontal plane z = const:

⟨g(t, x, y, z)⟩h =
1

Λ2

∫ Λ

0

∫ Λ

0

g(t, x, y, z) dx dy.

Often required averaging over wall-normal direction will always be treated ex-
plicitly. The instantaneous Nusselt number is defined as

Nu ins :=
1

H

∫ H

0

⟨(uT −∇T ) · e⟩h dz =
1

H

∫ H

0

〈(
wT − ∂T

∂z

)〉
h

dz

=
1

H

∫ H

0

⟨wT ⟩h dz +
1

H
.

(10)

Here, w is the z component of u. The Nusselt number is the infinite time average
of Nu ins(t) along the solution of (8,9):

Nu := Nu ins.

Note that Nu can be different for different solutions and is not defined on the
trajectories that are not solutions of (8).

The problem considered in [6] and here is to find an asymptotic upper bound
for Nu in the case H → ∞.

As it is pointed out in [6], in the physics literature the Rayleigh number Ra
is more commonly used as a parameter instead of H, and the Nusselt number
is also defined differently, so that H = Ra1/3 and Nuphys ∼ H Nu.

Theorem 2 of [6] states that Nu ≤ Const ln1/3 lnH for sufficiently large H.
We will describe its proof by the background flow method.

2.2 Bound by background flow method

2.2.1 Preliminaries

The instantaneous state of the dynamical system (8,9) is uniquely determined by
the instantaneous temperature distribution T (x, y, z), because for given T (x, y, z)
one can find u from the last two equations of (8) and the boundary conditions,
which do not involve time. Therefore, Nu ins = Nu ins[T ] is the functional of T ,
corresponding to F [T] of section 1.1. As described in that section, we need to
consider time averages along arbitrary trajectories, and not only along solutions
of (8,9). For example, an inequality valid for Nu ins might be invalid for ⟨Nu ins⟩t,
even though the inverse is always true. In [6] the trajectories are always assumed
to be solutions. However, the proofs of many intermediate results in [6] are also
valid for arbitrary trajectories.

In order to establish the relationship (6) for the specific case of the proof of
Theorem 2 in [6], we inspected this proof for parts that are valid for solutions
but not necessarily valid for arbitrary trajectories. It turned out that these
parts led only to equations (8), (9), (12), and (38-40) in [6]. We then modified
these equations to make them applicable for generic trajectories. In what follows
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these modified equations are denoted (OS 8′), (OS 9′), (OS 12′), and similarly
for (38-40). In all cases the modification involved two changes. First, Nu (which
is equal to Nu ins) was replaced with Nus = ⟨Nu ins⟩t + ⟨Ds⟩t, where subscript s
depends on the formula. In what follows the subscripts are chosen to indicate
the modified formula rather then being simply consecutive. The second, more
subtle, change was required because the inequalities in [6] are understood in an
asymptotic sense, so that asymptotically small terms are dropped as compared
to Nu or a function of Nu. However, unlike Nu, for certain trajectories Nus

might be uncontrollably large or small, so that the terms dropped in [6] have to
be kept here.

2.2.2 Modifications of [6]

We will now state the outcomes of these modifications in a self-contained form.
The justification of these results is given in the Appendix, since they have to be
considered in conjunction with the technical content of [6].

We introduce the following functionals of T :

V8(z)[T ] :=

∫ H

0

⟨τ8(z, ζ)T (ζ)⟩h dζ,

V9[T ] := −
∫ H

0

〈
T 2/2

〉
h
dz +

∫ H

0

⟨τ9(z)T (z)⟩h dz,

V12[T ] :=

∫ H

0

⟨τ12(z)T (z)⟩h dz,

VT2[T ] :=

∫ H

0

⟨τT2(z)T (z)⟩h dz,

where

τ8(z, ζ) = 1− ζ

H
−

{
1, ζ ≤ z,

0, ζ > z,

τ9(z) = 1− z

H
,

τ12(z) =
1

lnH

∫ H

1

τ8(ζ, z)

ζ
dζ = − z

H
+

0, z ≤ 1,
ln z

lnH
, z > 1,

τT2(z) = 1− z

H
−

{
1− z

δ
, z ≤ δ,

0, z > δ.

Here, δ ≪ 1 is a constant to be defined later.
Note that τ8 is discontinuous. However, V8(z) has only an intermediate role,

to be integrated over z to obtain other functionals. (In any case a background
flow need not necessarily be continuous.)
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Calculations of the Lie derivatives of these functionals is straightforward. In
what follows we need only the following expressions:

D8(z)[T ] := LV8(z)[T ] =

〈
wT − ∂T

∂z

〉
h

−Nu ins,

D9[T ] := LV9[T ] =

∫ H

0

〈
|∇T |2

〉
h
dz −Nu ins,

D12[T ] := LV12[T ] =
1

lnH

∫ H

1

D8(z)

z
dz,

DT2[T ] := LVT2[T ].

The Lie derivatives can be used to obtain Nusselt number representations

Nu8(z) := ⟨Nu ins⟩t + ⟨D8(z)⟩t =
〈
wT − ∂T

∂z

〉
ht

, (OS 8′)

Nu9 := ⟨Nu ins⟩t + ⟨D9⟩t =
∫ H

0

〈
|∇T |2

〉
ht
dz, (OS 9′)

Nu12 = ⟨Nu ins⟩t + ⟨D12⟩t , (11)

NuT2 = ⟨Nu ins⟩t + ⟨DT2⟩t . (12)

Here, ⟨.⟩ht = ⟨⟨.⟩h⟩t.
The modification of the proof of Theorem 2 of [6] (see Appendix) gives:

s (⟨Nu ins⟩t , ⟨D9⟩t , ⟨D12⟩t , ⟨DT2⟩t) := δ2S1 ln
[
(ln1/2 H) (⟨Nu ins⟩t + ⟨D9⟩t) + e

]
− S2 ⟨Nu ins⟩t +

1

lnH
S3 ⟨D9⟩t +

3

4
⟨D12⟩t − ⟨DT2⟩t +

1

δ
S4 ≥ 0, (13)

where the constants S1, S2, S3 and S4 are given by (A.20).
If the averaging was done along the solution, the averages of all D-s would

be zero, while the average of Nu ins would be equal to Nu. Further dropping the
terms that would be negligible as H → ∞ and δ → 0 if the averaging was done
along the solution reduces (13) to

δ2S1 ln
(
Nu ln1/2 H

)
+

1

δ
S4 − S2 Nu ≥ 0.

This is essentially the same inequality as the inequality in the middle of
page 13 in [6], from which the bound of Theorem 2 immediately follows with a
suitable choice of δ.

2.2.3 Auxiliary functional and the background flow

The function s in (13) is the particular case of (6) and of the function of the same
name in Lemma 2.4 in [8]. It satisfies the condition of this lemma because time
average can be interpreted as a convex combination. Therefore, the general
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theorems proven in [8] apply, and the same bound can be obtained by the
auxiliary functional method. In the present case this can be demonstrated
explicitly.

Since (13) is valid for any trajectory, it is valid for arbitrary constant T .
This allows to drop time averaging in (13). Then, since ln a ≤ ln b+ a/b− 1 for
any a, b > 0, (13) implies that

δ2S1 ln b+
δ2S1

b
[(ln1/2 H) (Nu ins +D9) + e]− δ2S1 − S2 Nu ins

+
1

lnH
S3D9 +

3

4
D12 −DT2 +

1

δ
S4 ≥ 0 ∀T ∈ A.

Choosing b large enough to ensure that δ2S1(ln
1/2 H)/b − S2 < 0, this can be

rearranged as

Nu ins +
−δ2S1(ln

1/2 H)D9 − b
lnHS3D9 − 3b

4 D12 + bDT2

bS2 − δ2S1(ln
1/2 H)

≤ 1

δ

S4 − δ3S1(1− ln b) + S1eδ
3/b

S2 − δ2S1(ln
1/2 H)/b

∼ 1

δ

S4 + S1δ
3 ln b

S2 − δ2S1(ln
1/2 H)/b

∀T ∈ A. (14)

Minimising (S4 + S1δ
3 ln b)/δ over δ gives δ3opt = S4/(2S1 ln b). This suggest

choosing b ∼ ln5/6 H and δ ∼ ln−1/3(lnH). For brevity, let us take b = ln5/6 H

and δ = ln−1/3(lnH). Then (14) can be written as

Nu ins +K9D9 +K12D12 +KT2DT2 ≤ U ∀T ∈ A, (15)

where

K9 = −S1(ln
−1/3 H) ln−1/3 lnH + S3 ln

−1 H

S2 − S1(ln
−1/3 H) ln−1/3 lnH,

K12 = −3

4
KT2 = −3

4

1

S2 − S1(ln
−1/3 H) ln−1/3 lnH,

U =
S4 − 5S1/6− S1 ln

−1 lnH + eS1(ln
−5/6 H) ln−1 lnH

S2 − S1(ln
−1/3 H) ln−1/3 lnH

.

Introducing V [T ] = K9V9[T ] +K12V12[T ] +KT2VT2[T ], (15) can be written
as Nu ins[T ] + LV [T ] ≤ U ∀ T ∈ A. This is the condition (3) of the auxiliary
functional method. Since V [T ] is quadratic, it is also the background flow
method. The background flow is τ = K9τ9 +K12τ12 +KT2τT2. The bound is
Nu ≤ U ∼ ln1/3 lnH, which is the same asymptotic bound as in [6].

3 Concluding remarks

The example considered here shows that reducing the proof by the direct method
to a proof by the background flow or auxiliary function method will lead to more
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cumbersome formulae. However, such reduction has certain benefits. First, the
expression for the Lie derivative of a functional is often more complicated than
the functional itself. To see this, compare the expressions for V given above with
(13). Second, equation (3) of the auxiliary function method can be rewritten as

dV [T]

dt
≤ U − F [T] ∀ solutions T(t) ∈ A. (16)

This provides a compact and specific information about the instantaneous be-
haviour of the system, and not only about the time averages of F .

Analysis of the auxiliary functional and the background flow we obtained
is beyond the scope of this note. However, it is interesting to observe that
the background flow obtained has a boundary layer at one wall only. Adding a
boundary layer at another wall will probably improve the prefactor in the bound,
but is unlikely to change its scaling. Background flows with one boundary layer
are of course known, see for example [9].

Note the role played by the admissible set A. The best bound obtained
in [6] could not be obtained without the use of the constraint 0 ≤ T ≤ 1 [10].
The present study showed that imposing this constraint does not prevent the
auxiliary functional to be of the form pertinent to the background flow method.
The improvement of the bound is nevertheless achieved thanks to the relaxation
of the constraint (3), which reduces the set A. Imposing additional constraints
in the framework of the background flow method are discussed in section 3c
of [3].

While finding the background flow for the case considered is of interest,
the main contribution of this note is a demonstration, made on a complicated
example, of the technique by which a background flow, and more generally an
auxiliary functional, can be obtained when a proof of a bound for infinite time
average by the direct method is known.
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A Appendix

Full justification of (13) amounts to a certain modification of the proof of The-
orem 2 in [6]. The required modification is relatively small as compared to the
entire proof. Instead of repeating a large part of the rather technical material,
this appendix includes only the modified part, and it has to be read together
with [6]. The notation used here is the same as in [6]. The only difference is
that we do not use ⟨.⟩, which denotes horizontal space and infinite time average
along the solution in [6]. In this appendix we use only those results from [6] that
are also valid for averaging along an arbitrary trajectory. Accordingly, ⟨.⟩ of [6]
are replaced with ⟨.⟩ht here. Majority of such replacements involve formulae
relating w and T . Numbered equations from [6] are referred to here by adding
‘OS’ before the number, and the modified equations are then numbered with an
added prime.

A.1 Modified Lemma 2

We modify Lemma 2 of [6] to state∫ H

0

⟨Tw⟩ht
z

dz ≤ (lnH)Nu ′
12, (OS 12′)
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where

(lnH)Nu ′
12 :=

3

2
(lnH)Nu12 +

(
9

8
C2

12 +
3

4

)
Nu9 +

3

4
(A.17)

and C12 is a suitably defined constant, see below.
The modified Lemma is proven similarly to the original lemma. In the proof

of Lemma 2 in [6] the integral from 0 to H is represented as the sum of the
integrals from 0 to 1 and from 1 to H. For the first integral the proof of the
modified lemma is the same as in [6] except that instead of equation (OS 9) we
use (OS 9′). This gives

∫ 1

0

⟨Tw⟩ht
z

dz ≤ C12 Nu
1/2
9

(∫ H

0

⟨Tw⟩ht
z

dz

)1/2

,

where C12 > 0 is the Poincare constant. Note that from Lemma 1, that is from
equation (11) in [6], it follows that∫ H

0

⟨Tw⟩ht
z

dz ≥ 0

not only on the solutions of (8) but on any trajectory T (t), as it is necessary
for the consistency of the above formula.

For the second integral, dividing (OS 8′) by z and integrating over (1, H)
yields∫ H

1

⟨Tw⟩ht
z

dz =

∫ H

1

⟨Nu ins⟩t
z

+

〈
D8(z)

z

〉
t

+

〈
1

z

∂T

∂z

〉
ht

dz

≤ (lnH) (⟨Nu ins⟩t + ⟨D12⟩t) +

(∫ H

1

1

z2
dz

)1/2(∫ H

1

〈(
∂T

∂z

)2
〉

ht

dz

)1/2

(11),(OS 9′)

≤ (lnH)Nu12 +Nu
1/2
9 .

Adding these inequalities gives

∫ H

0

⟨Tw⟩ht
z

dz ≤ C12 Nu
1/2
9

(∫ H

0

⟨Tw⟩ht
z

dz

)1/2

+ (lnH)Nu12 +Nu
1/2
9 .

(A.18)
At this point there is a certain deviation from [6]. In [6] the term with lnH
dominates. Here, since Nu9 can be arbitrary large (see (OS 9′)) while Nu12 can
be small or even negative (see (11)), it is less straightforward. Solving (A.18)
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exactly gives1∫ H

0

⟨Tw⟩ht
z

dz ≤ (lnH)Nu12 +Nu
1/2
9 +

1

2
C2

12 Nu9

+ C12 Nu
1/2
9

(
1

4
C2

12 Nu9 +(lnH)Nu12 +Nu
1/2
9

)1/2

.

(A.19)

This can be simplified. Using Young’s inequality gives

C12 Nu
1/2
9

(
1

4
C2

12 Nu9 +(lnH)Nu12 +Nu
1/2
9

)1/2

≤ C2
12

2
Nu9 +

1

8
C2

12 Nu9 +
lnH

2
Nu12 +

Nu
1/2
9

2

and

Nu
1/2
9 ≤ Nu9

2
+

1

2
.

Hence from (A.19)

∫ H

0

⟨Tw⟩ht
z

dz ≤ 3

2
(lnH)Nu12 +

(
9

8
C2

12 +
3

4

)
Nu9 +

3

4

(A.17)
= (lnH)Nu ′

12 .

This completes the proof of the modified Lemma 2.

□

A.2 Modified Proposition 2

We modify Proposition 2 of [6], which is expressed by (OS 38), to state

sup
z∈(0,1)

〈
|∇2w|2

〉
ht

≤ C ′
P2 Nu

′
12 +CP2 ln

2((ln1/2 H)Nu9 +e), (OS 38′)

where
C ′

P2 = 2C40C11, CP2 = 2(C40C40.3 + C2
39),

and C11 and C39 are constants defined below.
The proof of (OS 38′) is a modified proof of (OS 38). In that proof,

θ = T − ⟨T ⟩ht , so that
〈
|∇θ|2

〉
ht

≤
〈
|∇|T |2

〉
ht
,

the same as in the proof of Lemma 2 in [6]. We then get the inequality∫ L

0

〈
|∇θ|2

〉
ht

dz ≤
∫ L

0

〈
|∇T |2

〉
ht

(OS 9′)
= Nu9,

1Note that (A.18) is of the form x2 ≤ ax + b, with x2 =
∫H
0 ⟨Tw⟩ht/z dz, and a > 0,

b > 0, x > 0. Solving the quadratic equation x2
0 = ax0 + b for a positive root gives x0 =

a/2 +
√

a/2 + b, reducing the inequality to x ≤ x0 . Taking a square of this gives (A.19).

13



similar to the inequality implied in [6] but with Nu replaced by Nu9. As a result,
(OS 39) becomes

sup
z∈(0,L)

〈
|∇2wL|2

〉1/2
ht

≤ C39 ln(LNu9 +e). (OS 39′)

Here, e is kept because Nu9 cannot be guaranteed to be much larger than 1/L
for the trajectories that are not solutions of (8). The function wL is defined as
in [6] as the solution (in our notation2) of

∇4wL =
∂2θL
∂z2

−∇2θL for z ∈ (0, L) and wL =
∂wL

∂z
= 0 for z ∈ {0, L},

where θL = ηL(z)θ is a restriction of θ on 0 ≤ z ≤ L, with ηL(z) being a smooth
function for 0 ≤ z ≤ 1 such that ηL(z) = 1 for z ≤ L/2, η(z) = 0 for z ≥ L, and
sup ∥∂ηL/∂z∥ < const/L.

The remaining modifications of the proof involve unnumbered formulas fol-
lowing (OS 40) in [6]. Below, they are numbered consecutively. We have

1

L3

∫ L

0

〈
|∇w|2

〉
ht

dz =
1

L2

∫ L

0

z

L

〈
|∇wL|2

〉
ht

z
dz

z≤L

≤ 1

L2

∫ H

0

〈
|∇wL|2

〉
ht

z
dz

(OS 11)

≤ C11

L2

∫ H

0

⟨Tw⟩ht
z

dz
(OS 12′)

≤ C11

L2
(lnH)Nu ′

12 .

(OS 40.1′)

On the other hand, by Poincare’s inequality

1

L3

∫ L

0

〈
|∇wL|2

〉
ht

dz ≤ C40.2 sup
z∈(0,L)

〈
|∇2wL|2

〉1/2
ht

, (OS 40.2′)

and therefore (note (OS 39′))

1

L3

∫ L

0

〈
|∇wL|2

〉
ht

dz ≤ C40.3 ln
2(LNu9 +e), (OS 40.3′)

where C40.3 = C40.2C
2
39.

Following [6] we also introduce δwL := w − wL. From (OS 40.1′) and (OS
40.3′) by the triangle inequality

1

L3

∫ L

0

〈
|∇δwL|2

〉
ht

dz ≤ 2C11

L2
(lnH)Nu ′

12 +2C40.3 ln
2(LNu9 +e). (OS 40.4′)

Factor 2 is there because (OS 40.4′) involves norms squared.
Then (OS 40) gives

sup
z∈(0,L/16)

〈
|∇2δwL|2

〉
ht

≤ C40

(
C11

L2
(lnH)Nu ′

12 +C40.3 ln
2(LNu9 +e)

)
.

(OS 40.5′)

2In [6] ∇2 is denoted ∆, and ∆y = −∂2/∂z2 +∆.
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Combining this with (OS 39′) gives by triangle inequality, again with a factor
2 added:

sup
z∈(0,L/16)

〈
|∇2w|2

〉
ht

≤ 2C40
C11

L2
(lnH)Nu ′

12 +2(C40C40.3 + C2
39) ln

2(LNu9 +e).

(OS 40.6′)

In [6] choosing L = ln1/2 H ≫ 1 gives (OS 38). With the same choice, and
denoting

C ′
P2 = 2C40C11, CP2 = 2(C40C40.3 + C2

39),

we get (OS 38′).

□

A.3 Modified Theorem 2

Note that

NuT2 =
1

δ

∫ δ

0

Nu8 dz =
1

δ

∫ δ

0

⟨θw⟩ht dz + 1− ⟨Tz=δ⟩ht .

The same argument as in [6] gives

NuT2 ≤ δ2 sup
z∈(0,1)

〈
(∂2

zw)
2
〉1/2
ht

+
1

δ
.

Then (OS 38′) gives

NuT2 ≤ 2δ2
(
C ′

P2
1/2

Nu ′
12

1/2
+ C

1/2
P2 ln((ln1/2 H)Nu9 +e)

)
+

1

δ
.

By Young’s inequality

NuT2 ≤ 2δ4 +
Nu ′

12

2
+ 2δ2C

1/2
P2 ln((ln1/2 H)Nu9 +e) +

1

δ
.

Using (OS 9′,11,12,A.17) to express Nu9, Nu
′
12, and NuT2 in terms of ⟨Nu ins⟩t

and D-s we get

s = δ2S1 ln
[
(ln1/2 H) (Nu ins + ⟨D9⟩t) + e

]
− S2 ⟨Nu ins⟩t

+
1

lnH
S3 ⟨D9⟩t +

3

4
⟨D12⟩t − ⟨DT2⟩t +

1

δ
S4 ≥ 0,

where

S1 = 2C
1/2
P2 , S2 =

1

4
− 1

lnH

(
9

16
C2

12 +
3

8

)
,

S3 =
9

16
C2

12 +
3

8
, S4 = 1 +

3δ

8 lnH
+ 2δ5.

(A.20)

This concludes the proof of the modified part of Theorem 2.
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