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It has recently been noted that deformations of extremal anti—de Sitter (AdS) black holes in four and
higher dimensions are generically nonsmooth or singular on the horizon. Further, it was found that certain
deformations of asymptotically flat extremal black holes are marginal, causing the nature of the horizon to
be strongly sensitive to UV corrections—in particular, Wilson coefficients associated with consistent UV
completions generically lead to worse behavior on the horizon. In this work, we extend the discussion of
deformed horizons in the presence of UV corrections to extremal charged black holes in AdS, where we
find a tower of marginal perturbations for different black hole masses. We argue that the apparent UV
sensitivity of marginal modes is, in fact, a feature of the UV theory, which is correctly reproduced by the
effective field theory (EFT), and illustrate this with explicit UV completions confirming the validity of the
EFT. We demonstrate that the same holds for a scalar-Maxwell EFT with known UV completion. In
the gravitational case, the sign of EFT corrections to marginal perturbations is generally connected with the
signs implied by positivity bounds, with UV completions generically leading to worse behavior on the
horizon. We conjecture that this result is more generic and use this to derive more general positivity bounds

motivated by the weak gravity conjecture, which we illustrate with further evidence.
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I. INTRODUCTION

Black holes (BHs) are one of the best studied objects in
general relativity (GR) that have provided the impetus
leading to a number of breakthroughs in our understanding
of gravity. Particularly striking is the prediction of its own
breakdown through the generic formation of curvature
singularities [1]. In practical terms, this means that in order
to understand dynamics at very high curvature (sometimes
qualified as high energies or small length scales), a UV
completion to GR, i.e., a theory of quantum gravity, is
necessary. An example of one such UV completion is string
theory—it is a UV finite theory that contains GR in its low-
energy effective field theory (EFT) and predicts specific
higher-order corrections to it [2]. More generically, we can
parametrize UV corrections to the low-energy description
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with generic higher-order corrections to the Einstein-
Hilbert action [3-8].

In more recent years, it was realized that EFT's also need to
satisfy constraints beyond symmetry and generic low-
energy consistency in order to have any chance to be
embeddable in a consistent UV completion, see [9] for a
review. For nongravitational theories, it is now well under-
stood that properties such as unitarity, locality, Lorentz
invariance, and causality are nontrivially retained under
renormalization group (RG) flow and put constraints on
possible low-energy physics [10,11]. For example, causality
leads to positivity constraints on derivatives of the scattering
amplitude through analyticity of the S-matrix [12-43] and
directly manifests itself within the low-energy theory
through the absence of superluminal propagation in the
form of a resolvable and negative time delay [44—59]. This is
not straightforward for gravitational theories, with one
of the key realizations being that known flat-space bounds
are at the very least weakened in the presence of dynamical
gravity [60-74]. Related to this, the so-called “swampland
program’ aims to delineate the boundary between the string
landscape and eponymous swampland—in other words, to
find qualitative restrictions directly on quantum gravity—
informed by explicit constructions in string theory [75-78].
Two of the strongest and most well known of these
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conjectures are the “no global symmetries” and ‘“weak
gravity” conjectures (WGC)—these were first discussed
in [79,80], respectively, but have regained significant
interest in recent years [62-64,81-91]. Qualitative argu-
ments for both of these conjectures crucially involve the
existence of extremal BHs and their ability to decay without
becoming (super)extremal. Extremal BHs and black branes
have also played a prominent role as nonperturbative states
in superstring theory for the microstate counting of BH
entropy, solitonic solutions preserving partial supersym-
metry in supergravity, or AdS/CFT [92-94].

The surprising feature of extremal BHs that we are
concerned with lies in (or rather on) their horizons.
Horizons of Schwarzschild BHs in D >4 and, in fact,
due to uniqueness all asymptotically flat and stationary BHs
in D = 4, have smooth horizons. However, the expectation
that this persists when any of these conditions is relaxed, i.e.,
for solutions in higher dimensions or less symmetry, turns
out to be wrong [95,96]. The simplest and most famous
counterexample to this is the Majumdar-Papapetrou solu-
tion, describing multiple extremal BHs, which have hori-
zons that have finite regularity class [97-99].

Recently, by studying particular deformations of
extremal anti—de Sitter (AdS) Reissner-Nordstrom (RN)
BHs, [100-102] established that this feature is generic to
“almost all” AdS BHs. These deformations are stationary
metric perturbations / that exhibit critical scaling of the
form

(1.1)

in an orthonormal frame with the horizon located at p = 0.
Physically these are tidal deformations induced by matter
sources external to the BH, and an explicit nonlinear
example is provided by the Majumdar-Papapetrou multi-
black hole as outlined in Appendix D 1. ForO <y # 1 < 2,
all scalar curvature invariants are finite but tidal forces
diverge. If y <0, then curvature invariants diverge,
although, in practice, we can only conclude the breakdown
of linear perturbation theory. It is possible that a stable, less
symmetric, near-horizon geometry emerges nonlinearly,
although this was explored in [101] and no such stable
solutions have been found. There is, however, no reason one
should necessarily expect the evolution to asymptote to a
static endpoint.

Further, [103] identified a marginal deformation of
asymptotically flat RN BHs in D =5, which opens up
the possibility for UV sensitivity: The GR contribution to y
vanishes and, as diagnosed in [103,104], since the EFT
corrections (which are governed by UV physics) determine
the sign of y and therefore the presence of singularities on
the horizon, these systems may appear to indicate a level of
UV sensitivity. Superficially this seems to undermine the
spirit of EFTs, namely that the low-energy physics should
be largely insensitive to the precise details of the UV

h~p?,

physics. Perhaps most interestingly, the higher-derivative
operators arising from Wilson coefficients satisfying the
expectations from the WGC lead to negative corrections
to 7.

In this work, we consider aforementioned deformations
to the near-horizon region of extremal charged BHs and
extend the analysis of deformed horizons in the presence of
UV corrections to AdS RN BHs and systematically study
the effect of UV physics on marginal deformations thereof.

Before proceeding, let us first describe the setup in more
detail and illustrate the argument with a concrete example.
In a theory of gravity, which includes GR and higher-
derivative EFT corrections, the effect of said corrections on
perturbations in the vicinity of extremal horizons resums
into the exponent of (1.1). These take the form of

(1.2)

such that y reduces to yggr, by which we mean the y implied
by the Einstein-Maxwell theory, in the absence of EFT or
higher-derivative corrections. Taken at face value, curvature
invariants blow up on the horizon when y < 0, but more
precisely perturbation theory breaks down. By contrast if
y > 0, then perturbation theory remains under control, and
the singularity is mild. So y := O constitutes a marginal
case or critical value for singular behavior.! When the GR
contribution is marginal, i.e., for ygg = 0, the EFT con-
tribution seems to dominate if nonzero, and the system
appears to be UV sensitive, in effect amplifying the UV
physics [103]. It turns out that for extremal AdS RN BHs,
there exists an infinite number of deformations to the near-
horizon geometry for which this is exactly the case.

Y =YGr + YEFT

A. Sign dependence

As a specific example to start with, we may consider
Einstein-Maxwell theory with zero cosmological constant
in D =5, described by the following EFT-corrected action:

1
R——F, F* + c—(F )2

SIRZ/dSX\/ { 4w

(1.3)

with k = M5’ and cutoff A. From the EFT perspective, this
theory is, of course, highly tuned since we anticipate
additional nonzero operators, but the specific EFT correc-
tion itself is generic and arises, for example, at loop level
from integrating out massive charged states and at tree
level from nonminimally coupled chargeless scalars.
Perturbatively in the Wilson coefficient c, the theory admits
asymptotically flat, static, and spherically symmetric back-
ground solutions with AdS, x S near-horizon geometry in

'For a discussion on the distinction between y<0Oandy <2,
see Sec. I[IC4.
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the extremal limit. On top of these, perturbations (para-
metrized by their respective multipole #) take the form of
scaling solutions in (1.1) with exponent (1.2), where

N c 6£(6+2)
PRI

1

and ry is the extremal BH horizon radius. As noted
in [103], the quadrupole (£ = 2) is a marginal deformation
for which

7= 7|yGR=0 =—48 (1.5)

Ary
This is negative when ¢ > 0, which is the sign expected
from nongravitational positivity bounds and the WGC, and
vice versa. More precisely, in the decoupling limit
Mp — o0, k — 0, we would still expect finite (F,,F*)*
corrections coming from loops with charged massive states.
If the lowest such state has mass A and charge ¢, then we
expect ck &~ g>A~2. Furthermore, Minkowski spacetime
positivity bounds coming from photon scattering ampli-
tudes would imply

c>0 (1.6)
in that decoupling limit. In other words, within our truncated
theory, we find that “consistent” low-energy physics is
associated with a definite sign for the correction 7.

When applied to gravitationally coupled theories, pos-
itivity bounds are weakened to allow a small (Planck scale
suppressed) amount of negativity [62—74], so we expect in
D dimensions Eq. (1.6) to be replaced by

c > —|O(K‘AD_2)|. (1.7)
Thus a more refined estimate of the bound is
O AD—2
y < 1OCAT] (1.8)

2,2
N1y

B. Apparent UV sensitivity

As discussed previously, some curvature invariants blow
up on the horizon when y < 0, so when the GR contribution
is marginal, i.e., for yggr = 0, the sign of the coefficient 7 is
set by the EFT corrections. It is tempting to view this
apparent sensitivity to UV physics as signaling a break-
down of the EFT.

1. Validity of the EFT

The validity of the EFT requires multiple checks.

(1) A first check on the validity of the EFT is to show
that higher-order corrections to y in the EFT ex-
pansion, namely those of order (rHA)‘4, are small as

compared to the leading ones. This is intrinsically a
check on the validity of the EFT at the background
level. With the naive expectation that the dimension-
less Wilson coefficients ¢ are of order unity, this will
be true provided ry > A~!, which is required to
trust the background solution. We shall construct
specific (partial) UV completions later that demon-
strate this in explicit examples. However, by itself
this statement is insufficient.

(i1) In addition, validity of the EFT should also be
accounted for at the perturbed level, and we also
need to check that the perturbations do not exit the
regime of validity. This occurs when curvature
invariants constructed within the deformed geom-
etry, including the perturbations, become large. For
y < 0, this inevitably occurs before we reach the
extremal horizon. For an EFT with a Lorentz-
invariant energy cut-off A on an extremal BH
background with horizon radius ry, we show that
this breakdown occurs when the metric perturba-
tions reach

h~ hop” ~ (Arg)*, (1.9)
in some orthonormal frame. As already noted, for
the EFT to be valid even at the level of the back-

ground, we also require that Argy > 1.

2. Validity of perturbation theory

On the other hand, metric perturbation theory itself
breaks down when the quadratic action in perturbations
no longer dominates over higher-order terms in the action.
We confirm that this happens when

h~hyp” ~ 1, (1.10)
as expected.

Evidently, for y < 0 metric perturbation theory breaks
down first’ whenever Ary > 1. In other words, we first lose
control over metric perturbation theory long before the EFT
is out of control, and we reach the horizon. In the related
D =5 example considered in [101], where y < 0 not via
EFT corrections but due to the asymptotic AdS boundary
conditions, the breakdown of perturbation theory is shown
to signal an instability of the IR fixed point and suggests that
RG flow leads to a different IR theory likely with less
symmetry.

C. (Partial) UV completion

To make the previous point more concrete, we may
consider the following action as an illustrative example,

*Whenever Ary < O(1), the BHs are so small that they lie
outside the regime of validity of the EFT in the first place
irrespectively of how charged and how close to extreme they are.
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1
SUV_/d%,/*[ R——e“‘f’F S

1
o (Vep)* - 2—Km2¢2} :

(1.11)
describing Einstein-Maxwell theory coupled to a (non-
canonically normalized) massive dilaton ¢ with mass
m in D = 5. It is a partial UV completion of the effective
action (1.3)—more precisely, when the dilaton is heavy
relative to the background curvature, i.e., m?r% > 1, this is
the tree-level effective action we obtain from integrating
out said massive dilaton in (1.11), with ¢ = a?/32
and A = m.

However, there is no reason we have to think of this as an
EFT correction as the theory is perfectly well behaved in
the UV—it is described by a two-derivative action which, at
least in form, universally arises as the bosonic sector in
string theory and its supergravity [105—107]. Perturbatively
in « this also admits AdS, x S® Robinson-Bertotti back-
ground solutions [108,109], on top of which perturbations
take precisely the form of the scaling solutions in (1.1) with
scaling exponent

4¢(3¢-5)
& 60(¢+2) e

32m2r%1 £—1

1
——(=1 1D =
r=5(-1+1£=1)

(1.12)

The leading term is what we would obtain as the uncor-
rected ygg in pure Einstein-Maxwell theory, so the O(a?)-
term is a correction to this. Let us make the trivial
observation that, depending on the parameters of the theory
(a,m) and the solution (¢, ry), the exponent y can take
either sign. As discussed, y < 0 leads to metric perturba-
tions blowing up at the horizon, rendering metric pertur-
bation theory out of control and possible signaling that the
near horizon will be replaced by a solution with less
symmetry.

The leading-order contribution itself vanishes when
¢ =2, in which case the marginal scaling takes the form

__8

. 3a? 1 3m?ry;
— T 5,22 8

2mory 14 s

~>

(1.13)

As expected, this agrees with (1.5) in the limit where
mry — oo and with appropriate identification of ¢ and A.
Having 7 positive, requires m?r%, < 8/3 which means we
cannot regard the massive dllaton as heavy, which means
we have changed the low-energy theory to Einstein-
Maxwell-Dilaton. By contrast, when 7 is negative, which
occurs when m?r?, > 1 for which the Einstein-Maxwell
low-energy theory is meaningful, we see that metric
perturbation theory already breaks down in the UV, and

the EFT in fact captures this effect perfectly. If it was the
EFT itself that had broken down, we would have expected
that details of the UV completion would be sufficient to
cure this. Since the singularity persists even in the UV,
validity of the EFT cannot be at blame.

For deformations of asymptotically flat RN BHs, the
combination of Wilson coefficients for four-derivative
EFT corrections entering the asymptotically flat extremal
charge-to-mass ratio also enters the scaling exponent 7 in
the marginal case. Therefore, Wilson coefficients satisfying
the asymptotically flat WGC lead to worse behavior on the
horizons of marginal deformations to asymptotically flat
extremal RN BHs. There is an infinite tower of marginal
deformations of extremal RN BHs in AdS, with different
combinations of Wilson coefficients entering the marginal
scaling exponent 7. On a speculative basis, we conjecture in
Sec. VI that EFTs with consistent UV completions also
lead to worse behavior on the horizons of these marginally
deformed AdS RN geometries. We explore the implications
of this so-called near-horizon negativity, along the lines of
other criteria and bounds within the EFT consistency
program [55,56,71,110].

D. Organization

The rest of the paper is organized as follows. We start in
Sec. II by reviewing the near-horizon deformations of
extremal BHs. A scalar toy model for the deformations of
interest is presented in Sec. III. In Sec. IV we take a closer
look at deformations of AdS RN BHs in the presence of UV
corrections, expanding on the examples from the
Introduction. We then study the breakdown of EFT and
metric perturbations near the deformed horizons of
extremal BHs in Sec. V. Finally, based on a previously
noted connection to the WGC, we investigate the conse-
quences of a speculative conjecture on four-derivative
corrections in Einstein-Maxwell theory in Sec. VI. We
end with a summary and potential implications in Sec. VIL

Details for the decompositions with respect to the sphere
and AdS, are given in Appendixes A and B, respectively.
Appendix C includes the details related to the EFT of a
massive scalar field nonminimally coupled to Maxwell.
Boundary conditions necessary to source the deformations
to BHs are discussed in Appendix D and the Majumdar-
Papapetrou multi-BH exact solution is used as an explicit
example illustrating nonlinearly how physical sources lead
to tidal deformations. The scaling exponents for the defor-
mations in GR and its extensions are given in Appendix E.
Explicit expressions for the Einstein-Maxwell action
expanded up to quartic order in perturbations are given in
Appendix F.

E. Conventions

We work in units where #=c¢ =1 and on D = d + 2-
dimensional spacetime manifolds in mostly-plus signature
(=, +, -+, +). Tensors of the full D-dimensional manifold
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are indexed with letters from the Greek alphabet {a, f3, ... }.
The Laplace-Beltrami operator is written as [J = ¢V, V.
Tensors on the d-dimensional transverse space are indexed
with letters from the middle of the roman alphabet
{i,J, ...}, while tensors on the two-dimensional orbit space
are indexed with letters from the beginning of the roman
alphabet {a,b,...}.

We will use tildes to denote the extremal limit of a
quantity and hats on coefficients to denote marginal cases,
1.e., for which the GR contribution vanishes.

For later convenience, we shall distinguish between
different classes of singularities:

(i) sp indicate scalar polynomial singularities,

(i) pp indicate parallel-propagated singularities.

The difference between these two classes of singularities is
discussed in more detail in Sec. II C 4. Essentially, in this
work we take the point of view that p p singularities lead at
most to a breakdown of the worldline approach and are not
necessarily signaling an apparent breakdown of the EFT.
On the other hand, sp singularities are potentially more
problematic, but also come hand in hand with a divergence
in metric perturbations (in any frame). This means that it is
essential to understand the nonlinear dynamics of the
system before drawing any conclusion on the relevance
of these classes of singularities.

II. DEFORMATIONS OF
EXTREMAL BLACK HOLES

In this section, we revisit deformations of extremal
charged BHs from [100]. We introduce the setup by
reviewing background solutions and the decoupling of
perturbations thereof in pure Einstein-Maxwell theory. The
solutions of interest are stationary deformations to the near-
horizon regions of extremal BHs, so we take particular care
to discuss the various subtleties and tensions of the
respective limits. We then solve for these deformations
explicitly and discuss some of their properties.

A. Reissner-Nordstrom black holes:
Background and perturbations

Consider Einstein-Maxwell theory in D = d + 2 dimen-

sions with cosmological constant A, ., described by the
following action:

1 1
S = / P /_—g[zk(R—2AC,C.)—4FWF”” @

In terms of the Planck mass Mp,, 1/x = M{,. For conven-
ience, we will concentrate on asymptotically AdS space-
times and write

(D-1)(D-2)

Nee. = —
o 217

, (2.2)

where L denotes the AdS radius. The asymptotically flat
and dS cases can be reached via the limit L — oo or
analytic continuation L? — —L?, respectively. In organiz-
ing the EFT expansion it can be useful to work with a
noncanonically normalized gauge field, Au =« 2Aw SO
that

1 1. .
KSEM = /dD.X\/—g |:§ (R - 2AC.C,) _ZFIWFWJ:| s (23)

such that the Planck scale factors out of the tree-level
action. With this normalization, assuming A is the cutoff of
the EFT, loop corrections will be suppressed by powers of

kAP~2 = <A> D_z.
My,

The general structure of the EFT is then schematically

(2.4)

i n 2m [\ 2P

() s

A A A
More explicitly, we mean to include every scalar operator
(up to field redefinitions) constructed out of appropriate
powers of the Riemann tensor, the field strength F,, and
covariant derivatives, and [ indicates the loop order at

which a particular term is expected to arise.

Returning to the leading two-derivative action (2.3), the
background equations of motion associated to this are

G+ Accgu=xT T,=F

1
s Hv ﬂaFya_ZFaiFaﬁgﬂw

(2.6)
and

VHE,, = 0. (2.7)
For convenience, we restrict ourselves to static and

spherically symmetric, and electrically charged background

solutions, which correspond to the following ansatz:

dr?

g, dxtdx’ = —A(r)d
G dox (r) +B(r)

+ Q3. (2.8a)

F=W¥(r)dt A dr, (2.8b)
where dQ? is the round metric on S$¢. The solution
to the Einstein-Maxwell equations (2.6) and (2.7) of this
form is the AdS RN solution, and it is given by
A(r) = B(r) = f(r), for

024056-5
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P 2M Q2

f(r) = 1+ﬁ—m+m, (2.98.)
9 2 (D—3)q21<
¥(=—p3 Q="fFH5— (2.9b)

To study perturbations on top of the D-dimensional
AdS RN backgrounds, we consider small perturbations
h:=g—gand 6F := F — F around the background solu-
tions and linearize the equations of motion (2.6) and (2.7)
in these. Following [111], it is natural to decompose
perturbations with respect to the background spherical
symmetry in terms of tensor, vector, and scalar harmonics.
Particular linear combinations of the gauge-invariant var-
iables known as “master variables,” which mix the gravi-
tational and electromagnetic (EM) perturbations, obey
Schrodinger-like “master equations,”

1
,®y —Upy®y =0, [Oy:= —?a% -+0,(fa,)), (2.10)

where Me{T,V,_,V_,S,,S_} labels the tensor, vector,
and scalar modes respectively—V . and S are mixtures of
the gravitational and gauge vector and scalar modes,
respectively. Further, U, (r) is a mode-dependent effective
potential containing the angular dependence, although the
details of the effective potential are irrelevant in the
upcoming discussions and we will drop the subscript M
for now. See Appendix A for more details.

We shall be interested in the near-horizon region, where
Schwarzschild-like coordinates are inconvenient. Instead
we employ ingoing coordinates (v, r, x') with

_dr

7
The perturbations now obey the master equation (2.10)
with

vi=t+r,, dr, : (2.11)

0,- = 20,0, - +9,(f9,"). (2.12)
Due to staticity of the background, we can use the Killing
vector k = d/dv to decompose the perturbations in terms of
its eigenfunctions @y, (z,r) = e™?¢h,,(r), so that (2.10)
reduces to the following master equation:

[y + (f —iw)dy = Undpy =0, (2.13)

on which we focus for the rest of this work.

B. The extremal limit

AdS RN has two real horizons r_, which are implicitly
defined by f(ry) =0, while the degenerate extremal
horizon ry is implicitly defined by f(ry)=0 and
f'(rg) =0 simultaneously. For asymptotically flat RN

BHs in D dimensions, this is explicitly given by

r£‘3 =M +\/M?*- Q% (2.14)
so the extremal limit is reached when
|0] = M. (2.15)

It will often be convenient to repackage dependence on the
AdS length scale L into the quantity o,

(D-2)(D-1)

=1
o + (D—3)2

r2
¢, with g:L—’g. (2.16)

Then, for the extremal solution, the near-horizon f(r) takes
the form

—3)2¢
f(r):(D 23)

(r—ry)*+....
T'n

(2.17)

C. Stationary black hole at its extremes

We are interested in the deformations considered in
[100,101,103,104]—these are stationary perturbations of
extremal BHs within the near-horizon limit. The extremal
limit is in tension with both the stationary limit and the
near-horizon expansion, and the order in which these
expansions are performed is subtle.

1. Near-horizon

In what follows we shall solely be interested in the near-
horizon limit and operate under the premise that additional
matter sources/boundary conditions can, in principle, easily
be considered to generate the tidal deformations of interest
while maintaining acceptable r — co behavior. Our main
concern is hence ensuring consistency at the horizon in the
stationary and extremal limits.

By stationary perturbations, we mean solutions to (2.13)
with @ = 0. As an ordinary differential equation, the master
equation (2.13) has singular points at the horizon(s) r = r.
(or r = ry in the extremal limit), and the classification into
regular and irregular singular points depends on whether
the stationary and/or extremal limits are taken. Note that
stationary perturbations are a very tuned subclass (of zero
measure) within the class of general perturbations. In fact,
the zero-frequency limit of dynamical perturbations behave
very differently from the actual static modes. However, as
we will see in Sec. VA, it turns out that nonstatic modes are
not within the regime of validity of the EFT for any finite
cutoff, i.e., even just in pure GR, at the horizon for extremal
solutions.

Physically, extremal BHs should be seen as the limit
of subextremal BH physics. More precisely, the near-
horizon dynamics of extremal BH perturbations are to
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be understood as the extremal limit of the near-horizon
dynamics of nonextremal BH perturbations. For singular
geometries, one motivation for this is the criterion estab-
lished in [112]. At its core, this states that zero-temperature
singular solutions are admissible if they can be reached as
the zero-temperature limit of nonsingular finite-temperature
solutions. The physical motivation for this is that for such
geometries, the would-be naked singularities at zero-tem-
perature would be shielded by the horizon of a regular
geometry in the finite-temperature case.

2. The near-horizon limit

In the subextremal case, it is convenient to parametrize
the departure from extremality with the positive dimension-
less coefficient e,

g:ﬁ’ (2.18)
ry+r_

and the distance to the horizon with the variable p defined
as p = r —r,. The near-horizon and near-extremal limits
then correspond to expansions in € and p/r., respectively,
and we shall make use of the expansion

F) = Frdp 5/ )+ (219)

within the near-horizon limit. Notably f'(r, ) = O(¢) and
vanishes in the extremal limit, so let us define f = %,
which is finite in the extremal limit. In the near-horizon
region, the master equation (2.13) can be approximated by3

(p* +efp)d” + 2p +p)g —U.p =0,  (2.20)

where U, :=2(U/f")|, . The solutions are Legendre’s
functions,

¢ = APa(Z) + BQa(Z)’ (221)
with integration constants A and B, and
1 2p
a=5(-1+1+40),  z=1 + o5 (2.22)
g

The combination p/ ¢ in the expression for z is symptomatic
of the tension between the extremal and near-horizon
expansions. In the strictly subextremal case, the near-
horizon limit corresponds to z — 1, and the nonextremal
solution (2.21) takes the form

The expansion is performed in a way to carefully account for
any potential divergence and orders of limits.

¢~A[1+%a(a— 1)(1—1)—1-..}

+B[c—%log(z—l)+..}, (2.23)

for some constant ¢ involving digamma functions. Finite
boundary conditions at the horizon require B = 0, and the
remaining solution is regular on the horizon. We will
discard the former branch of solutions even in the extremal
case, regardless of the behavior at the boundaries, as they
would not arise from regular nonextremal solutions.

3. Extremal limit

The horizon ceases to be analytic in the extremal limit as
z becomes large. Setting B = 0 from the outset for finite
boundary conditions at the horizon in the subextremal case,
the asymptotic expansion of the solution (2.21) in ¢ is

o r ()

I'(1+2a) [pe\—2

— | — e s 2.24
e G) 229
where @ is the extremal limit of a. The subleading terms
come in the form of a power series in &/p, so even fora € C
we can simply rescale the integration constants by the most
negative real power of &, respectively, in order to obtain

finite solutions in the extremal limit. What remains is
)= ¢0l’av

where ¢ is some constant. Had we not set B = 0 from the
outset, the other solution with exponent —(1 + &) could
have also survived. Note that these are precisely the
deformations from [100,103] of the form (1.1), obtained
by directly solving the extremal limit of the master
equation (2.13),

PP+ 2p¢ = U.p =0,

with U, the extremal limit of U, . In terms of their notation,
the scaling exponents are

1 1 1 / ~
:——:l: 0 — = — —1:': 1 4 * . 2-2
jan > <a+2> 2( +4U ) (2.27)

We can understand the critical scaling of the near-
horizon solutions from a holographic perspective [113].
The near-horizon limit of the extremal AdS RN metric,

(2.25)

(2.26)

2 1! 2 d 2
dsz:f”(rH) [—p2<f (zrﬂ)dt> +piz}+r%,d£2§, (2.28)

is the Robinson-Bertotti solution, i.e., AdS, x $¢ with
AdS, length scale L, = +/2/f"(ry). We expect this
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AdS, factor to be generic (under suitable assumptions)
to the near-horizon geometry of extremal BHs even in
theories with other matter fields and higher-derivative
corrections [114,115]—see [116] for a review on this.
This means that we expect to find such critical scaling
behavior of stationary perturbations in the near-horizon
limit even in such more general theories.

If we are only interested in finding the scaling dimensions
themselves (which is the case), it is more straightforward
to follow the procedure outlined in [100]. By using the
isometries of the near-horizon geometry, the problem is
reduced to finding AdS, x S¢ backgrounds and decompos-
ing the perturbations with respect to the enhanced isometries
thereof—details for this are given in Appendix B. The
resulting perturbation equations are easier to decouple and
will just be algebraic (quadratic) in y.

In Sec. Il we discuss a simple toy model of massive
scalar field on AdS RN that mimics the near-horizon
deformations of extremal BHs.

4. Singularities

In real terms, this translates to the following scaling for
the perturbed metric and Weyl tensors in Schwarzschild-
like coordinates:

h.~p", 5C... ~y(y —1)pr=2. (2.29)
Either by changing coordinates (z,p) — (t,z) withz = 1/p
or by going into an orthonormal frame, one sees that all
scalar invariants take the form
S=p", neNT, (2.30)
no matter the number of covariant derivatives acting on
tensors, so long as S is a scalar. Given a causal geodesic with
tangent vector u, normalized as u?€{—1,0}, one can
construct a parallel-propagated orthonormal frame by taking
eo" = u*, so that the component of the Riemann tensor
entering the geodesic deviation equation takes the form
R'o10 = (4?)*Roj01 D (u?)?p" 2. (2.31)
We therefore see that a timelike scalar polynomial (sp) or
parallel-propagated (pp) singularity, in the sense of [117],
occurs when y < 0 or 0 < y < 2, respectively.

At first sight, the presence of either type of singularity on
the extremal horizon might be concerning and prompt a
dismissal of the solution. However, (2.23) shows that all of
these singular solutions arise as nonextremal solutions that
are regular at the horizon, so they are “good” and hence
admissible singular solutions in the sense of [112]. For AdS
RN BHs, [101] takes the perspective that modes with y < 0
signal an RG instability in the IR of the dual field theory
and that the gravitational theory will nonlinearly deform to
a less symmetric near-horizon geometry.

In physical terms, pp singularities cause divergent tidal
forces for point-particle observers—in other words, they
lead to breakdown of the worldline EFT, as argued in [104].
In and of itself this is not necessarily problematic since it
may only point to a failure of the geodesic/geometric optics
approximation, and what is more relevant is whether wave
packets or, more precisely, quantum field evolution can be
made sense of past the singularity. It is also worth noting
that for certain singularities where the worldline EFT
breaks down, the propagation of strings may nevertheless
be well defined [118,119] for y > 1.

By contrast, sp singularities (if they exist) are clearly
dangerous even for quantum fields, as they would seem to
undermine the validity of the EFT. One crucial difference
between the two types of singularities is that for pp
singularities the metric perturbation remains small as we
approach the horizon, meaning we expect their properties
to be robust predictions valid even in the nonlinear theory.
For the would-be sp singularities, metric perturbations
blow up, and it would be necessary to understand the
nonlinear dynamics to understand the fate of the (potential)
singularity. From the holographic perspective, this corre-
sponds to thinking about how quantities behave as the
temperature of the dual theory 7 — 0. Although the tidal
forces become large as T — 0, this behavior is mild in
comparison to a potential sp—singularity.

In what follows we shall focus principally on y; = 0 as
the critical value that divides regular or mildly p p—singular
situations, for which metric perturbation theory is under
control, from the potentially truly singular behavior, for
which metric perturbation theory breaks down. We cer-
tainly do not preclude the possibility that breakdowns of
descriptions also occur in other cases and, in particular, for
0 <y < 2, viewing for instance y.; = 2 or v = 1/2 as
the marginal cases. However, the behavior one can identify
for y < 0 does signal a problematic class of singularities on
which we will focus.

ITI. MASSIVE SCALAR EFT ON ADS RN

The deformations of interest in the following section on
UV sensitivity are gravitational scalar modes. It is thus
natural to expect that we can obtain similar results with a
scalar field EFT which is decoupled from the scalar
gravitational perturbations.4 In this section we illustrate

*While we do expect the behavior of the scalar gravitational
mode to be captured by a particular class of scalar field EFTs, not
all scalar field EFTs are representative of the gravitational scalar
mode. This scalar example only serves as simple illustration on
how an EFT can correctly capture the behavior of the UV even at
the onset of an apparent singularity and how perturbations
breakdown before the EFT does, indicating a lack of evidence
for high UV sensitivity. However, we do not expect all parameters
of this scalar EFT to be representative of a fully-fledged
gravitational model.
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this with a concrete EFT example of a scalar EFT endowed
with a (partial) UV completion.

A. Spectator scalar nonminimally coupled
to Einstein-Maxwell

Consider a massive scalar field ¢» nonminimally coupled
to Einstein-Maxwell theory (2.3). We shall consider the
scalar field as a spectator so that its background solution is
¢ = 0 meaning we can neglect its self-interactions in the
analysis of perturbations and that it decouples from the
gravitational perturbations. Nevertheless, the scalar can still
interact with the background curvature and Maxwell field
with the leading operators being given by

Kﬁ(/, — 1 <g/w & uv %ng

ﬁ B pan, -2 “Fzgﬂ”)(v #) (V)

m2¢2<1—i52ﬁ‘2> + ...

in a generic EFT. We have not included R¢? interactions as
including them would mean we are no longer considering
the IR theory to be Einstein-Maxwell and a decoupled scalar,
and in addition, they can easily be removed by a field
redefinition. Due to the shift symmetry recovered in the
massless limit, we regard terms such as R’¢? as arising at
order m?/A* meaning they can be neglected in our analysis.
The particular interaction 3 arises at loop level [120] from
self-interactions of the scalar, and the ;- and f3,-interactions
can arise from loops of charged particles which couple to ¢.

When this theory is coupled to dynamical gravity, or
more precisely Einstein-Maxwell theory (2.3), we may
remove the 3, f, couplings by a field redefinition, where
they generate an additional contribution to the prototypical
Goldstone EFT operator £ D (V¢)* as well as additional
F2V V¢ interactions.” Ignoring the self-interactions of the
scalar, the relevant terms are therefore

(3.1)

Ps P

KLy =—= (g"” 2 e,

_§m2¢2< ﬁ5 F2)¢2

where the field redefinition invariant coefficients 5 and j3,
are given in Appendix C. We also discuss causality/
unitarity implications on the respective signs of these
coefficients. In particular, we show how By — ps <0
may be favored in some marginal cases.

Fzgfw) (V,0)(V.0)

(3.2)

5Additionally, we need to perform wave function and mass
renormalizations due to the cosmological constant.

B. Ciritical scaling y,=0

The action for the scalar field in the basis (3.2) on the
background of the AdS RN solution is

oo {82
(1 + (Bs + 2B4) “g)

—i<vsd¢>2( 27, ("‘")2)

2r? A?

2
efiem)e)

with y = W\/k and A,dx* = —¥(r)dz. For staticity and
spherical symmetry, we decompose the scalar field as

(3.3)

P(v.r.x") = P(r)S(x'). (3.4)
For a given multipole Z, in the near-horizon limit » — ry,

the static modes then satisfy

(D_3)20 2 4 / k% 1+2B4ﬂ
w=2)o 2 B i e A

A G e ) Y AN

B m2(1~+2/}5~/1) b=0. (3.5)

L+ (B3 +2f4)2
with k2 = £(£ + D - 3) and

N2 D=2
2 <"[’\2) :ﬁ[(D—ﬂ—i—(D—l)g]. (3.6)

We see that, as expected, the equation for the scalar
field (3.5) takes the form of (2.26) and so the solutions
take the form of scaling solutions (1.1) with critical
exponent

LY ST P S
) (D-3)%

Since we are working with a truncated EFT action, this
formula is only meaningful to first order in 4, so we write

(142B5A)r% + k3 (14+2p,44)
1+ (B3 +2B4)A '

(3.7)

Y =70+ VEFT: (3.8)

Yo = 7|/1=0,

then

Yo=

| =

4
—1+\/1+m(n’l rH+k2) (39)
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is the analogue of what we referred to as ygg in the
Introduction. Since we are considering D-dimensional
geometries, which are asymptotically AdSp, we may
consider negative m?> provided we satisfy the D-dimen-
(D-1)?
4% -
We may therefore make the mode marginal by choosing the
BH mass to be

sional Breitenlohner-Freedman (BF) bound m?2 > —

m?ry = —k. (3.10)

This requires considering BHs of size comparable or larger
than the asymptotic AdS” length scale. In this case

i 1 (D=2)[D=3+(D-1)glks
Pomtlmo= 20 g O

(3.11)

So for this choice we see that the sign of y for a marginal
mode is uniquely determined by the combination of Wilson
coefficient B, — fs. This simple example illustrates the
essential feature noted in [103,104], that the nature of the
singularity is strongly sensitive to the signs of EFT Wilson
coefficients. For 8, — f5 > 0, 7 is positive but generically
7 < 2—this corresponds to the pp-singularity in the
gravitational case. For Py—Ps <0, 7 is negative which
corresponds to a potential s p—singularity. Indeed, the scalar
perturbations diverge at the horizon and generic higher
derivative scalar EFT operators also diverge. At first sight,
this feature may seem to indicate a breakdown of the low-
energy EFT. However, as we shall see below, this feature is,
in fact, already present in the (partial) UV completion we
shall consider below. Hence, rather than signaling an EFT
breakdown, the EFT is, in fact, successful at capturing the
relevant behavior of the partial UV precisely.

C. Backreaction and validity of EFT

Although our scalar example does not couple to gravity
at the linear level, it will nonlinearly. Since ¢ ~ ¢op’, the
stress-energy tensor for the scalar scales as

kT ~rifdop™ K2TWT’“’ ~rtepY. (3.12)

This will source a gravitational perturbation h ~ ¢3p.
Thus, if y < 0 in the scalar sector, then this will inevitably
lead to metric perturbations going out of control, assuming
the EFT remains under control. Whether or not this is the
case depends on the structure of the scalar EFT. If we
assume that (i) ¢ is a Goldstone-like mode, so that its
interactions are dominated by derivative interactions, and
(i1) the EFT is that of a weakly-coupled UV completion
characteristic of string theory as in (2.5), then we expect

KSEFT:/de Z Cl,m,n,p,q<KAD_2)l

lLm,n,p.q

1 n 2m [\ 2P 2
() (0 () () o
A A A A

In this case, we expect the scalar EFT to breakdown when
(Vg)> ~ A%, which is when ¢gp* ~ A*r3. In order to
describe the BH within the EFT we require Ary > 1, and
so we see that if y <0, then perturbation theory will

necessarily breakdown before the EFT does.
If the scalar EFT is essentially nongravitational, then the

operator expansion can simply be generalized from the flat
space k — 0 scalar EFT promoted to a curved background,

Surr = / xS g

m,n,p.q
Riemann\ " (V\2" (F\2r (N¢, \ 2

() R R Gr) e

in terms of the canonically normalized field ¢,.. From this

expansion, we see that the EFT breaks down when
(Vo)* ~ AP or (Vg)? ~ A’xAP=2, which occurs when

PP~ A2 A D_z'
0 H\ My

If the cutoff A is well below the Planck scale, then for small
BHs the EFT may go out of control before perturbation
theory, but for large mass BHs perturbation theory always
breakdown before we can reach this conclusion. We cannot
regard y < 0 as indicating UV sensitivity, we can only infer
that in this case the fate of the near horizon solution must be
dealt with nonlinearly in the full EFT, and only once that
nonlinear solution is known can we ascertain if the EFT
also breaks down before reaching the horizon.

(3.15)

D. Critical scaling y,=1 and y,=2

In the gravitational case both y = 1 and y = 2 are regular
since A is analytic in p. In our scalar toy model we can
achieve this in the absence of EFT corrections by consid-
ering a scalar with mass m and tuning the BH mass to be

o =2f, x(D=3)*m*r} +k3), (3.16)
with f| = 1 or f, = 3. When EFT corrections are included,

we depart from regularity, in general, with marginal scaling
exponent given by

ey = Yeric = 2f ycmﬂ(/% +2p4 — 2Ps)

- k2
+2(Bs — Ps)A >

OO (3.17)
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E. Scalar-Maxwell UV completion

We now explore the extremal BH from a UV perspective.
We first provide an explicit example of partial UV
completion before pushing the BH to its extreme.

1. Example of UV completion

A partial UV completion of (3.1) is any theory whose
cutoff is parametrically higher than A which may be used to
capture physics at scales where the EFT (3.1) is certain to
break down. The simplest possibility is to imagine a tree-
level UV completion for which new states of mass A may
be integrated in, and the simplest realization of that is when
the new state is a scalar field.® With this in mind, consider a
heavy state H of mass A > L~' coupled to the photon and
the scalar ¢, described by the Lagrangian

1 1 1 1 N
L =_R—_ VH2__A2H2__ alHFZ
KL= R=3(VH) =3 4°¢
1 1
__eazH(v¢)2 _Eea3Hm2¢2'

5 (3.18)

Integrating out the heavy field H will generate interactions
of the form

L1 a1 LTt
KAL=—(-a;F*+=a,(V¢) —|—§a3m¢ +...

T2A%\4 2
(3.19)
which corresponds to a contribution
Py = ¥7 Ps = % (3.20)
The marginal perturbation has 7 < 0 when
a(a, —a3) < 0. (3.21)

At the level of this partial UV completion, we see no
obstruction to 7 being negative or positive assuming the
couplings @; and @, — a3 can be chosen to have opposite or
the same sign.

2. Extremality in the UV

We are now in a position to ask what exactly happens
in the (partial) UV theory. At the level of near-horizon
perturbations, the analysis is straightforward. Since F? is
constant in the near-horizon limit by symmetry, there
continues to be an AdS, x S¢ background solution with

%Such a simple example of UV realization is naturally not
expected to be representative to the fully fledged gravitational
case, however, our concern here is in the way in which the UV and
IR provide an equivalent description of the near-horizon physics,
and for this purpose this example illustrates well what happens in
gravitational situations.

¢ =0 and constant H = H, as long as

a sy

Hye @ Ho = — — F2 3.22
0¢ 4[\2 ( )
The decoupled scalar satisfies the equation

COgp — m?elw=@)Hogy = 0, (3.23)

which leads to the exact (in perturbation theory) scaling
exponent,

1 4
=3 +\/1*a)_%[e(“"“‘””°m2fi+’<§1
(3.24)

Tuning to the marginal mass m? = —k%/r3, which
to reiterate is allowed by the D-dimensional BF bound
provided

(D—1)r?
k<313 (3.25)
then
y :l 1+ 1_|_47k~29[1_e(“3—“2)[‘10] (3 26)
72 (D-3)% '

Givena, H, > 0(as F? < 0forelectrically charged BHs), Yé
is manifestly negative (positive) when (a3 —a,) > 0
(< 0), as expected. We thus see that the sign of the couplings
in the UV theory determine the fate of the marginal singular
modes, as anticipated by the EFT analysis. Far from breaking
down, the EFT is correctly capturing an essential feature of
the UV theory.

The new scalar H has perturbations which mix with the
scalar photon and graviton modes, but for (Ary)? > 1 the
mixing is negligible, and we have a largely decoupled
massive state with its own scaling exponent for static
perturbations,

1 4
Ty _1+\/1+m(A2r,%,+k§) >2. (3.27)

So the perturbation analysis of the UV theory is
almost perfectly captured by the EFT, at least for
BHs with Ary > 1, as expected. In the UV theory
we can, in principle, consider small BHs with Ary < 1.
However, in this particular UV realization, by writing
(3.22) as
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2
a 2

- Hy
(XlHoe 1 0__4[\2 .

(3.28)

we infer

2
72 < de\

(3.29)

ay

given F? < 0 for electrically charged BHs and xe™ < ¢!
This amounts to saying we only have the AdS, x S¢ back-
ground solution as long as Ary 2 |, |. For BHs with smaller
mass, the heavy field can no longer sit at its minimum, and its
perturbations will then become significant.

For Ary > 1, the perturbative analysis remains a good
approximation as long as we can neglect the backreaction
of the scalar field. Assuming «; are similar in magnitude,
when (V¢)? becomes comparable to 2 ~ 772 then H starts
to receive order unity departures from H. Given ¢p = ¢op’,
this occurs precisely when ¢yp” ~ 1, which is our naive
estimate of when perturbation theory breaks down in
Sec. III C. This regime is, however, still captured by the
EFT since it is simply when we need to account for the
higher order interactions in (3.19). The EFT only begins to
go out of control when the perturbative corrections to H are
such that the a;H reach order unity. Assuming all the «; are
comparable in magnitude, this is when

> (V) ~ A2, (3.30)
which (apart from the factors of @) is consistent with our
naive estimate of when the EFT breaks down, namely when

A
¢~ﬂ>>1.

ol

Again, this is necessarily after perturbation theory has
broken down.

(3.31)

IV. EXTREMAL ADS RN AND THE UV

Let us now turn to near-horizon deformations of
extremal AdS RN BHs in the EFT of gravity. In particular,
we will closely examine the critical exponents in GR and
identify a tower of marginal deformations subject to UV
sensitivity, before discussing corrections from extended
versions of the examples in the Introduction.

A. Critical exponents

The critical exponents for the tensor, vector, and scalar
deformations to extremal AdS RN in pure Einstein-
Maxwell theory (2.3) are given in (E1). They follow from
(2.27) with the effective potentials derived from the
spherical decomposition described in Appendix A and
explicitly given in [111]. These are functions of the horizon
size ry and the multipole moments £ € {2,3,...}.

]
o o~ N

=12

FIG. 1. The scaling dimension yg_ for gravitational scalar
modes in D =11 for various ¢ as a function of ¢ =1+
4512, /32L%. Physically, ¢ > 1 correspond to BHs in AdS,
o < 1 captures BHs in dS, while the line ¢ = 1 indicates the
asymptotically flat limit.

The tensor, vectors, and EM scalar modes all have
positive-definite critical exponents, so they are not asso-
ciated to sp singularities on the horizon and do not allow
for marginal cases—we shall therefore not focus on them.
However, the critical exponent for gravitational scalar
modes can become arbitrarily small in magnitude and even
negative, which is associated to sp singularities on the
horizon—this is exacerbated for larger BHs and in higher
dimensions. The explicit formula is

1 4k%

1 412[1 +(D-3)o
=t [ S —4y 1 5
==\ T b3y \/“L

)ol
(D-3)2(D—2)0>
(

4.1)

In D=4, the /=2 and Z =3 modes are always
pp-singular, and the larger the BH is, the more modes
with £ > 3 are also p p—singular. Deformations of extremal
AdS RN in D > 5 are always sp-singular for 2 <7 <
D — 3 and for sufficiently large BHs with # > D — 3. In
particular, the scaling is marginal with y.; =0, i.e.,
75— = 0 (and hence vulnerable to UV corrections) when

2 N D-2
D—-4 2(D-4)(D-3)?

o =

. (42)

This can be achieved for #> D —3 in D >5. As an
example, Fig. 1 shows yg_ as a function of the BH mass
here captured by o given in (2.16) for several Z-modes
in D =11. In the full nonlinear theory, generically all
modes will be excited, so deformations to extremal AdS
RN BHs in D =4 and D > 4 will generically be pp—and
s p—singular, respectively. This means that deformations to
extremal AdS RN BHs are generically singular [100,101].

"Note that # = 2 is only possible when D = 5.
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Analytic continuation to A > 0 is achieved by extending
the domain of ¢ from [l,00) to [0, 1). Modes with
¢ > D —3 on backgrounds with sufficiently large BHs
are still singular, but for £ < D — 3 only some BHs are.

The asymptotically flat limit is given by taking ¢ — 1
and is degenerate with the small BH limit. As before, the
critical exponents are positive-definite for the tensors,
vectors, and EM scalars for all physical modes, while
for the gravitational scalar modes

1 £ —DP=3
Vs :__+M

5 D_3 (4.3)

Similar to AdS RN, this can be arbitrarily close to zero and
even negative. In D =4, we find that y;_ €N, so the
perturbations are smooth on the horizon. However, in
higher dimensions yg_ is generally fractional, indicating
lack of smoothness on the horizon. For # < 3(D — 3) the
modes are pp-singular, and for £ < (D — 3) they are sp—
singular, with the marginal yg_ =0 achieved for
¢ = D —3, which requires D > 5 to be physical. Note
that for D > 5 there is always at least one mode which
is sp-singular at the horizon. For D =5 there are no
s p—singular modes, but there is always the marginal mode.

B. Corrections from the UV

A notable feature of the gravitational scalar modes is that
forevery £ > D — 3 in D > 5, there exists a ry/L (via o)
for which the near-horizon scaling is marginal, i.e.,
Ys— = Yert- As previously mentioned, we are particularly
interested in the case where y;; = 0, and we see from (4.3)
that the (¢,0) = (D — 3, 1) deformation of asymptotically
flat RN BHs is always marginal, while for higher £ it is just
a matter of finding a sufficiently large o.

This opens up an intriguing possibility for UV sensi-
tivity, generalizing the observation first noticed in [103] for
asymptotically flat RN backgrounds—a similar example
was discussed in [121].

Of course, generic external sources will not excite modes
with specific #/—rather they excite a combination of all
of them. Modes with different # will also be generated
nonlinearly, even though these will be suppressed in
perturbation theory. However, for the purpose of finding
configurations which are UV sensitive, switching on
specific modes is meaningful since it allows us to focus
on the special cases where UV sensitivity can be identified.
This is comparable to thinking about scattering in terms of
partial wave amplitudes. Each partial wave amplitude is
associated physically with a highly-tuned initial configu-
ration of a spherical partial wave at infinity incoming on the
center. Although a highly-tuned initial state, it is the correct
one to think about the partial wave amplitudes, which are
the eigenstates of the S-matrix in a spherically symmetric
scattering problem. In the same sense we would like
to think of the scaling exponent as a field-redefinition

invariant observable like the partial wave amplitudes,
which can be probed by a specific (if highly-tuned)
configuration. Furthermore, in talking about the static
deformations, we are already accepting some level of
tuning—truly generic matter perturbations will not lead
to static deformations of extremal black holes in the first
place, as dynamic modes will dominate the behavior.

With this in mind, we can now move to the question:
What do we actually mean by UV sensitivity? We generally
expect UV completions of GR to correct the action (2.3) by
higher-dimension operators including higher-derivative
terms as outlined in (2.5). The effect of these is to change
the effective potential (and possibly the effective propaga-
tion speed) of decoupled modes in (2.13), which show up as
a correction to the near-horizon scaling (1.1) that can be
resummed into the critical scaling exponents into the form
of (1.2). Schematically, given a collection of higher-
derivative operators O with mass dimension [O] supplied
with Wilson coefficients ¢y, we expect

¢
S_SEM"_/de\/_gZA[O—(]D_DO - }’EFT:ZCOYO-
0 0

(4.4)

Let us take 7 to denote the scaling exponent in the marginal
case, i.e., when ygr = 0. The existence of singularities on
the horizon of the deformed geometry is very sensitive to
the sign of this quantity 7 regardless of how small its
magnitude is. This in turn depends on the signs of the
coefficients cp», which could, in principle, depend on the
nature or field content of the UV completion—this is a form
of UV sensitivity and is superficially in tension with what
we would expect from EFT principles such as decoupling
and separation of scales.

1. IR modification: EFT correction

As a concrete example of corrections to the critical
scaling exponents coming from modifications within the IR
and the UV, let us revisit the example from the Introduction
in more detail. For these, it is convenient to make full use of
the near-horizon geometry symmetries following the pro-
cedure in Appendix B. We take the action to be

I A A
kS = KSEM +[\2/d5-x\/ _g(FﬂyF”U)29 (45)

where Sgy; is given in (2.3). It is a specific yet generic
correction that one would expect in a low-energy EFT,
which is parametrized by the Wilson coefficient c.

The theory admits spherically symmetric, static, and
electrically charged background solutions of the form (2.8)
with metric functions and electrostatic potential,
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3
4 e KT
Y(r)= . 16CA2 5

(4.6)

c 120
AZ 0

A(r)=B() = £(r) -

and f(r) given in (2.9). The extremal limit is reached when

0? 48
= =142 1+ 2¢)3,
rﬁ, * g+cA2r12L,< + g)
M 3 18
—=14+= —— (1 4+2¢)?, 4.7
2 =1 aet e (142 (4.7)
hence
10 6
=l 4.8
M- TN 48)

in the asymptotically flat limit. This is a special case of the
more general result from [122], that asymptotically flat RN
BHs subject to four-derivative corrections reach extremality
when

14 1
=
M +3A2r%,

o (4.9)
in D =5, where as we shall see in Sec. VI ¢ is ultimately
the field redefinition invariant combination that enters this
physical quantity and is given explicitly in terms of the EFT
coefficients in (6.2).

The fact that the charge-to-mass ratio at which extrem-
ality is reached receives corrections and has been sug-
gested as providing a resolution or explanation of the
WGC [82,84,122]. The idea is that BHs themselves are
the objects that allow Q/M > 1 with violations more
pronounced for smaller mass BHs, providing a decay
channel by which large charged BHs may radiate charge.
In other words, smaller mass BHs appear as superex-
tremal relative to large mass BHs (even though they are
protected by two horizons). Such an argument would
imply that ¢, > 0—in our simple example, this amounts
to ¢ > 0. More precisely, we may expect this to be true
only as long as the BHs are treated purely classically.
Since quantum corrections kick in at O(kA?), we can
arguably only require

c > —|O(kA3)|. (4.10)
This is precisely what we expect from positivity bounds
for gravitationally coupled theories [62-74]. Separate
arguments suggesting (approximate) positivity of correc-
tions to Q/M have been given in [82,84,122].

As discussed, stationary perturbations of these extremal
BHs exhibit critical scaling in the near-horizon region with
explicit exponents given in Appendix E. For the gravita-
tional scalar modes, these take the form of (1.2), with

YGr = rs— given in (E3). In D =5 the GR contribution
vanishes when ¢ = -2+ 3k%/8, where k} = ¢(¢ +2),
and hence

¢ T2KE(K:-4)?
A%r3; 15kE — 128k% + 256

y=- (4.11)

If ¢ > 0, then this is negative-definite for all £ > 2. In the
asymptotically flat limit, the marginal mode corresponds to
¢ = 2, in which case the expressions above reduce to the
ones given in the Introduction. This result can be easily
generalized to account for the complete set of four-
derivative EFT operators, which will be given in Sec. VI
as in (6.1), leading to

N 8¢y
Y= "33
3A2r%1

(4.12)
where, as previously mentioned, ¢ is expressed in terms of
the other Wilsonian coefficients as in (6.2).

2. Partial UV completion: Tower of massive spin-0

Next, consider Einstein-Maxwell-Dilaton theory in D
dimensions, with N scalars with masses m; fori € {1, ...N},
described by the following action:

1 1 P
KSEmMD = /de\/ -9 [E (R=2A..) —Zezjvz'ai(/)iFﬂuFW

N/ P B
+Z<—§Vﬂ¢iv ¢i_§mi¢i)]'

The number of fields can, in principle, be infinite N — oo,
and the mass spectrum can be taken to be continuous. We
want to treat the a; perturbatively and have chosen our
normalization such as to reproduce the Einstein-Maxwell
action (2.3) as m; — oo and the example (1.11) from the
Introduction for N = 1. This is a partial UV completion to
Einstein-Maxwell theory with higher-derivative corrections
when the dilaton masses m; are very large relative to the
background curvature. In this case, we can ignore the kinetic
term for the dilaton so the individual equations of motion for
the dilatons become

(4.13)

2 L fouv at2
mi¢,~ = —ZaiFle 1 + O W . (414)

i

At energies E < m;, we can find the tree-level effective
action by evaluating the full action on the stationary point for
the dilaton to give

1 A A 1 ~ A
KSEMD :)/de\/—g [_ZFﬂvF”y+32m2 (FMDFW)Z‘F---}
eff

(4.15)
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where we have defined the effective mass mg via
(4.16)

We identify this truncated effective theory with the
EFT-corrected theory (4.5) with Wilson coefficient

A2

C = ———
2 9
32m

(4.17)

and the Lorentz-invariant cutoff A = min{m,}. More gen-
erally, the low-energy dynamics of the massive dilatons are
captured by a F2"*1) term at order O(A~2") together with
higher derivative corrections.

Let us consider D =5 again from now on. The full
theory admits AdS, x S* background solutions given in
(E14), and we can use the decomposition (B3) to find the
critical scaling exponents. These take the form of

Y =7Yor + 07, (4.18)

with yggr as before and y given in (E15), respectively. The
notation dy is simply meant to imply that we are working
perturbatively in the coupling constants «;; this is, however,
not perturbative in the EFT sense as we are still fully
nonperturbatively in rym; and other relevant quantities. For
the marginal case, when the GR contribution vanishes, we
now find

3k% (k3 — 4)? . 1
- 7 2 0 =5
4(15K% — 12842 + 256) 2y

N 20
V= ! , 4.19
P=) i E (4.19)
which is non-negative when
megr i} < (4.20)

x
From the perspective of the UV theory, 7 does not have a
preferred sign. However, if we think of (4.15) as a partial UV
completion for the F*-correction and to be able to trust the
BH solutions within the EFT, then we require the dilaton
masses to be large relative to the background curvature.

When we are allowed to integrate out the massive dilaton the
leading-order term is

I OK2(K2 — 4)?
raymZ; 4(15k% — 128k + 256)

7= + O((megery)™).

(4.21)

This matches the expectation from the F*-contribution
in (4.12) and is manifestly negative. In this sense, the

EFT does have a preferred sign to be embeddable in this
class of UV completions. The marginal case in the asymp-
totically flat limit corresponds to £ = 2 and reproduces the
example from the Introduction. What is remarkable in
the AdS case is that this is negative for all £ modes,
whenever the BH mass is tuned to make ygr vanish. This
observation prompts a conjecture that the EFT corrections to
marginal perturbations are, in fact, always negative, or at
least bounded from above by a small number. That this
should be the case in gravitational theories is argued for
physically in Sec. VIbased on the WGC as well as on unitary
arguments using holographic considerations, and further
evidence is given in another situation.

V. BREAKDOWN OF BREAKDOWNS

In the previous sections, we saw that in the asymptoti-
cally AdS case, for every harmonic £ there exists a BH with
tuned size ry /L, deformations of the near-horizon geom-
etry which are marginal. The sign of the marginal scaling
exponent 7 depends on the signs of the Wilson coefficients,
so it seems that the nature of the singularities on the horizon
of deformed extremal BHs is strongly sensitive to the
details of the UV theory. This could be seen as suggesting a
breakdown of EFT near the horizon, but—as our previous
(partial) UV completion shows—this is not the case. This
section aims to address this more generally, by determining
when metric perturbation theory and EFT break down,
respectively. It will indeed turn out that for y < 0, metric
perturbation theory will have gone out of control by the
time EFT breaks down.

A. Effective field theory

Effective field theory breaks down when curvature
invariants of the geometry become large—this is when
the asymptotic expansion in higher-derivative interactions
goes out of control. For this, we have to consider both
curvature invariants of the unperturbed and the deformed
geometry.

At the level of the unperturbed background geometry,
this means that the EFT regime of validity is schematically

defined by
V\ 4 /(Rie\? <1
A A? '

where again we mean all scalar operators built out of the
prescribed number of derivatives and powers of the
Riemann tensor. It can happen that lower-order operators
are accidentally small, and so to ensure that the asymptotic
EFT expansion is meaningful we should impose this
criterion in the limit a, b — oo. For the sake of concrete-
ness, we can consider a curvature invariant evaluated on the
horizon such as

(5.1)
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1

m = om0
TH

(R") = R* , R™, ...RH (5.2)

which leads to the intuitive bound Argy > 1 on the back-
ground curvature. There are no other scales in the system,
so this is the strongest bound we expect to find on the
background.

However, it is also necessary to check that the perturba-
tions to the curvature invariants do not go out of control. To
obtain the strongest bound on /, we may consider operators
that vanish on the undeformed background, such as

R:=R-R, (5.3)
where R is the constant background value for the Ricci
scalar. At each order in perturbations we may construct the
following curvature invariant that is uniquely determined
by the linearized perturbations R”. Demanding that the
perturbations are under control implies

a0 h p}’ n h p}’ n Y
R ~(y(7+1)%> ~<y(}/+1)0—2> <A, (5.4)
2 Th

Treating y ~ O(1) and denoting r;, = min{L,, ry }, we see
that we require from the limit n — oo,

h~ hop? < (Arp)?, (5.5)
in order for EFT expansion to remain under control. For the

specific marginal mode ygg = 0, the regime of validity is
enhanced to

, 1
h~ hgpy <= (AI”L)z. (56)
/4

Assuming, as is expected from positivity bounds
[25,28,68,71], that the Wilson coefficients are of order
unity, then the EFT corrections to the marginal case ensure
that 7 ~ (Ary)~2. Putting this together, the bound on the
amplitude of the marginal perturbations to remain within
the validity of the EFT is

h~ hop? < (Arg)*. (5.7)
Since the EFT wvalidity of the background requires
Arg > 1, then the perturbations of all modes are in the
regime of EFT validity whenever 2 < O(1).

On a perturbatively constructed background geometry,
the dynamics of fields propagating on the background
geometry will also be restricted. The curvature invariants
which reflect this will be built out of covariant deriva-
tives acting on fields in addition to the ones present in
(5.1)—the effect of these are captured by the wave
vectors, k, = (k,.k,.k"), normalized such that k* = —m?.
Therefore, the EFT regime of validity for perturbations

propagating on top of the background will be given by

V\ ¢ (Rie\? (k¢ <1
A A? A )
The most stringent bounds on the perturbation k are

obtained by contractions for which (a + 2b)/c is mini-
mized. Defining B, :Rwyﬁkakﬂ and splitting Rie =

(5.8)

Rie + 6Rie, we have to linear order

TrB? D 6RM 4, 5 kKPR oy KKz R o, o KO P

amp3fa
~ho|k[Pk2y(y = 1)pr 2157 S + O(pr 1), b22.
(5.9)
When b =1,
SR, kMK ~ hok, |K|yrg'pr ™ + ..., (5.10)

as the leading order O(p’~?) contribution is proportional
to hy—we recognize this as pure gauge. However, in the
b — oo limit, this recovers the bound we previously
found for the background. One may consider similar
contractions with lower (a + 2b)/c. For instance, con-
sider C,,, = (R?),,5,k*k”, with which

TrCB" > 5(R2M g KK R g KPR K K
~y(y = D) hok2 K[ 22128,

n=b-2>1. (5.11)
In the limit b — oo, this leads to the bound
k| < A’ry. (5.12)
Next, we may consider contractions of the form
(k*V,)*6R ~ k$0,0R + ...
L fr+1) a5
Iy—a+1)"
y ho[12 = 3k% 4+ 2y(y + 1)(5 + 0)] s
18r2
+ O(pr—ath, a>?2. (5.13)
As a — oo, this leads to the bound
k, < A%p, (5.14)

for generic y. This is remarkable in and of itself—it tells
us that nonstatic modes exit the regime of validity of the
EFT as we approach the horizon. At finite temperature, or
equivalently for nonextremal black holes, the scaling in p
is replaced by the temperature, and the upper bound is
finite even as we approach the horizon. However, in the
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extremal limit, the description breaks down for any
perturbation with finite frequency. Since this occurs for
any finite A, this is not a statement about higher-derivative
corrections to the Einstein-Hilbert action per se. Take, for
instance, the tidal deformation caused by other extremal
black holes in the extremal multi-black hole configura-
tions. Even in the absence of intermediate scale A correc-
tions, loop corrections from gravitons, which are always
present, will induce UV corrections whose counterterms
will be of the above form. In D > 4, y is generically
noninteger, and the above bounds show us that we are
unable to describe nonstatic perturbations at the horizons as
soon as we consider quantum corrections.

B. Metric perturbation theory

Schematically, the expansion of the Einstein-Maxwell
action (2.3) in metric perturbations takes the form

KS[h}N/de\/—_ghaz[h+h2+...]. (5.15)

The quadratic action in perturbations is the part responsible
for linearized perturbation theory. It is clear that perturba-
tion theory breaks down when the action, as an asymptotic
expansion in perturbations, is no longer well defined. This
occurs when higher-order terms in the action dominate, so a
naive guess for when control over perturbations is lost is

h~ hop? ~ O(1), (5.16)
in an orthonormal frame.

We should be concerned that the actual coefficients of
individual terms in the actual action for perturbations (F1)
might vanish—in the worst case, all higher-order terms
vanish, and the quadratic term is trivially under control;
however, we can check that this is trivially not the case, for
instance, it suffices to explicitly evaluate the FEinstein-
Maxwell action on shell up to quartic order. By treating the
spherical harmonics as O(1) again, the integrands are
approximately

2

3 hp*" 4
K’C(n)-sheIIN ?,2 , and K‘C(n)-sheIIN - (5.17)
H

o o
H

even when ygr = 0. We see that as long as hpp” < 1, we

gi)-shen <S4

also have S on-shell®

estimate.

The threshold for a breakdown of metric perturbation
theory will have already been reached when the EFT is out
of control. Finding singular behavior on the horizon hence
only indicates a breakdown of metric perturbation theory.
This suggests that the configuration described above is
unstable, so we expect the near-horizon geometry to be
replaced by a different solution. This need not be static or
particularly symmetric in any sense, and it is generically

confirming our earlier naive

not clear that there should even be a static endpoint to this
evolution. This is consistent with the holographic perspec-
tive provided in [101], where new IR geometries stable
within a restricted class of perturbations were found, but
doubt is cast on more generally stable solutions being found.

This is supported by the examples in Sec. IV B, where
the deformations appear to suffer from singularities on their
horizons in both the IR theory (4.5) and its UV completion
(4.13). The fact that this effect persists even in the UV
therefore suggests that the EFT managed to accurately
capture the UV physics. In this sense, the apparent UV
sensitivity of 7 and the possibility of 7 < 0 are features
rather than bugs of the EFT. From this perspective—at least
based on what occurs around the marginal ygr = 0 case—
there appears, in fact, to be no evidence of UV sensitivity
that we can see. In reaching the marginal case, where the
contribution from GR vanishes and the leading EFT ones
would otherwise be left exposed (or amplified), in all the
situations we have witnessed, rather than to allow for this
possibility, the UV seems to “protect” itself pushing 7 to
slightly negative values where the symmetric black hole
solution can no longer be trusted and is likely replaced
nonlinearly by a less symmetric one, where the fate of the
EFT corrections are yet to be explored.

VI. UV SENSITIVITY: A CONJECTURE

We have seen in explicit examples for perturbations of
extremal BHs in asymptotically flat or AdS spacetimes,
both for gravitational perturbations and pure scalars, it is
possible to find BHs for which specific modes are marginal,
meaning that their fate is strongly sensitive to UV correc-
tions. In addition to corrections coming from the F*-term,
we can also consider corrections to the critical exponents
for deformations of AdS RN due to the full set of four-
derivative EFT corrections to the Einstein-Maxwell action,

(] C2 C3
KSEFT = /dsx\/—g |:PR2 + PR/“/R’MD + PRﬂypo.R/wpg
+ R 4 SR 4 SR, P
C N Ce » N N A
+ A—72 (F2)?2 + A—Sz VEPEEN. (6.1)

It was previously noted in [103] that these lead to
deformations of asymptotically flat RN with negative
marginal scaling exponent 7 < 0 when the Wilson coef-
ficients respect the signs expected for WGC and vice versa.
More specifically, the field redefinition invariant combi-
nation of Wilson coefficients,

1 11 31
co==C1+—=cy+—c3+3c4+6(cs+cg) +9(2¢7+c3),

2 2 2
(6.2)
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enters both the extremal charge-to-mass ratio (4.9) and 7
in (4.12) (for £ = 2) within the asymptotically flat limit,
with the sign satisfying the WGC and related entropy
bounds leading to a negative contribution to 7 [82,122]. Our
perspective in the rest of this section is that this is not a
coincidence. As discussed at the end of Sec. V, this could,
in fact, be seen as a way for the UV to protect itself in
situations where it could otherwise lead to a well-defined
EFT with exposed UV operators (i.e., where the leading
EFT operators would otherwise be amplified).

A. Near-horizon negativity

There are proposals for the WGC in AdS, but the status
of a definite statement is unclear [123—125]. It is, however,
notable that in our specific UV completions, there is a link
at the level of individual contributions. UV corrections are
seen to enter 7 in (4.11) of deformed extremal AdS RN with
a negative coefficient causing worse behavior on the
horizons of the deformed extremal AdS RN BHs. If we
consider the ratio of charge to mass designed to be unity in
the absence of EFT corrections,

_Q2(1+3g/2)2_ 12 (142)
M) == g N gy T

(6.3)

then we see that individual contributions push towards
satisfying the WGC in the sense of n(M,) > n(M,)
for M| < M,.

Our perturbation analysis was exclusively focused on the
near extremal horizon geometry, which is sufficient to
determine the scaling exponents y. Locality would suggest
that the near-horizon physics cannot know if the full higher-
dimensional spacetime is asymptotically AdS or flat. Let us
suppose that the general tenor of the WGC is true in the
above sense, namely that at tree-level ¢, 2 0 and that this
similarly implies that 7 < 0 for the marginal mode at tree-
level. It is reasonable to expect that there is a purely
holographic interpretation of this result in terms of a
putative dual theory to the near-horizon AdS, x S* back-
ground. Indeed, from the perspective of AdS, holography,
corrections pushing us towards more negative y (such as the
ones from known partial UV completions or with Wilson
coefficients obeying known bounds) are precisely the ones
trying to move further away from the unitarity bound on the
AdS, scaling dimension A.* Taken together, these obser-
vations suggest the following argument, which we dub
near-horizon negativity.

¥The fact that the scaling dimensions y contain nontrivial
information about physical UV completions should not come as a
surprise. The effective potential for perturbations around back-
grounds, in different limits, is also bounded by infrared and
quasinormal mode causality through the scattering time delay and
quasinormal mode frequencies, respectively [59,110,126].

Near-horizon negativity—-Whenever the bulk gravita-
tional mode is marginal, we expect tree-level corrections
to the scaling coefficient to be negative, regardless of the
asymptotics of the bulk geometry. If true, then this result
will apply to every #Z-mode, for which the BH mass is tuned
so that the GR mode is marginal. Accounting for the
familiar violations of strict positivity due to gravitational
interactions [62,64-66,68], i.e., possible loop corrections to
the previous argument, then our conjecture is that for
marginal modes in the gravitational sector

O(kAP2)

<+
Azr%i

(6.4)

We stress that whilst we do not have a rigorous proof
of this conjecture, we do have “experimental evidence,”
namely the particular partial UV completion (4.13) sat-
isfies this for every # mode as seen in (4.21). We provide
further evidence in the slightly more nontrivial example in
Sec. VIC below.

B. Constraints on four-derivative corrections

Let us now study the consequences near-horizon neg-
ativity has on the four-derivative corrections to the Einstein-
Maxwell action (6.1). For this, we must determine the EFT
corrections to the scaling exponent. There is, however, one
subtlety which is not encountered in the asymptotically flat
case. The generic EFT corrections from (6.1) modify the
background solution in such a way that the asymptotic AdS
length scale is corrected. It is only meaningful to compare
scaling exponents for theories with the same asymptotics. To
account for this, we must either account for the redefinition
of L when the EFT corrections are included, or work in a
form of the EFT action for which there are no corrections to
the asymptotic cosmological constant. The latter is most
easily done by performing the field redefinitions that put the
EFT corrections into the minimal Weyl tensor form from the
outset,

C C A
KSEFT = /dsx\/__g |:A_; CMW”)_C/W/JO' + A_62 Cﬂy/)o'F”pro.

¢
+ (B2 2

where we have defined the field redefinition invariant
combinations cj, cg, together with

7 19 1 1 1
C3T-C4—,C5——

6 6 4C6, (66)

C7=0C7 +%6‘1 —%Cz—ﬁ

4 4
Eg:C3+C2+—C3+C5 + = cq. (67)

3 3

The corrections to the critical scaling exponents in this
theory can then be determined from the general expressions
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given in Appendix E 2. From around (E11) it can be shown
that the marginal critical exponent takes the form of

1 64K
p o, 6.8
4 2256 12se y 5d 0 (68)
and
2o = 16(k2 4)? c0+64(k2 8)[(72 — 21k2)cs

+ 8(k3 — 4)cg). (6.9)
Since ¢, enters 7 with a negative coefficient, near-horizon
negativity would require ¢y 2 0. The asymptotically flat
limit corresponds to k% = 8 and reproduces the original
WGC bound,
¢o(¢=2)=1¢y20. (6.10)

The general bound ¢, 2 0 on AdS RN will give an infinite
tower of additional bounds. Concretely, the new bounds
beyond the asymptotically flat WGC come from £ > 2.

In particular, we note that if we assume near-horizon
negativity is valid in the limit kg — oo, meaning for large
BHs, then we infer

Zo(f
€= Jim Ok( ) =64l

deg—21c3+8cg) 2 —|O(kAP2)).

(6.11)

This conjectured positivity bound is quite independent of
the asymptotically flat case on cy.

C. Further evidence: Einstein-Maxwell-Dilaton

We have so far considered the IR gravitational theory to
be Einstein-Maxwell plus EFT corrections with (4.13) as an
explicit example UV completion. However, an obvious
extension is to consider the theory (4.13) and split the
N = N + Ny scalar fields into N, light dilatons and Ny
heavy ones, which may be integrated out. The extended IR
theory is now a particular Einstein-Maxwell-(Multi-)
Dilaton theory,

KSIR:/dDX\/—_g[ (R ZACC)—_eZ, I(lxl/’ Fyv
Ny 1 5 ) 1 S
+521:<_5( b:) _Emi¢i>:|’

which itself receives EFT corrections from integrating out
the heavy states. The scaling exponents can again be split
into

(6.12)

Y = YIR + YEFT- (6.13)

Since the dilaton affects the scaling exponents yr at order
a?, it is clear that the condition for marginality is modified
in a manner that depends on a; and m; for i = 1...N;.
Nevertheless, it remains the case that we can tune the BH
mass such that yjg = 0 for a given #. Once this choice is
made, the remaining correction ygpr comes entirely from
the heavy states i = (N, +1)...N. To order o? this
correction is determined from (E15), which keeping only
the leading terms in an expansion in 1/m? for the heavy
states gives

N
=N+

l

2
withz =1+ % —/1+ ”2" k% and with the overall coef-

ficient A defined as

A =—18k3(1 + 20)(~4z0 — 4 + K2)

+6(1 +20)?(=12(z = 2)z6 + k3(1 +32))  (6.15)
= —6k§(1+_26)<4(1 —0?)+36(26-1) H—%k%).
(6.16)

Given ¢ > 1 and /1 + 1+2" k% > 1, we infer that A is

always negative,

A< —6k2 (4(1-6%)+306(20-1))

(20 1)

1+20)
o

<—6k§( (3+2(c—1)+2(c—1)2) <0. (6.18)

A slightly more involved analysis shows that for £ > 2, the
prefactor A is positive for all 6 > 1. Putting this together,
we infer that

7<0, V22,

ry/L>0. (6.19)

Thus even though we have modified the IR theory to
include a set of light dilatons of arbitrary light masses,
and the condition for marginality is modified, the EFT
corrections coming from the heavy states which are
sufficiently massive to integrate out are universally neg-
ative, consistent with the near-horizon negativity conjec-
ture. Of course, we have only demonstrated that this holds
in this particular UV completion (at order a?), and it

would be interesting to explore other examples which
probe different EFT operators.
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VII. CONCLUDING REMARKS

In this work, we considered stationary deformations to
the near-horizon geometry of extremal BHs in AdS. We
think of these as background tidal deformations induced by
matter sources external to the BH. These tidal deformations
exhibit critical scaling near the extremal horizon, with
critical exponents y given by the scaling dimensions of dual
operators in the putative boundary of the near-horizon
AdS, factor. Due to the rigidity of this near-horizon
geometry, this applies universally to generic EFTs in the
presence of generic higher-derivative corrections. These
higher dimension operators show up as corrections to the
near-horizon perturbations that can be resummed into the
critical exponents. Metric perturbations are finite or non-
analytic, or appear to be divergent at the horizon, depend-
ing on the sign and magnitude of y. We have argued that
these singular extremal deformations arise as extremal
limits of regular nonextremal solutions, so they constitute
physical singular extremal geometries that are admissible in
the sense of [112].

These essential features are exhibited by a rather simple
scalar field effective theory. We show that the scaling
exponents of the scalar field may be tuned to be arbitrary
close to zero leading to an apparent UV sensitivity in that
the sign of the scaling exponents is uniquely determined by
higher dimension EFT operators. To clarify this we explore
one particular (partial) UV completion of this theory. An
analysis of both the UV and IR theory show that UV theory
exhibits all of the same features as the EFT and that the EFT
far from going out of control does an excellent job of
capturing the essential physics regardless of the scaling
exponents.

In the case of Einstein-Maxwell theory with a negative
cosmological constant, we identified a discrete tower of
marginal modes in the gravitational scalar sector, for which
the leading-order contribution to the critical exponents
vanishes and EFT corrections dominate, as in the scalar
example. In examples of EFT corrections with Wilson
coefficients derived from explicit UV completions or
satisfying known bounds, we saw that corrections lead
to worse behavior at the horizon. We showed that when
y < 0 these singularities are associated to metric perturba-
tion theory breaking down rather than the EFT breaking
down, and demonstrated that as in the scalar field example,
explicit UV completions have the same property confirm-
ing that this is not a failure of the EFT.

Motivated by these explicit examples, we conjecture a
set of speculative bounds motivated by the WGC that UV
corrections to marginal perturbations lead to universality
more singular behavior on the horizon. These near-horizon
negativity bounds are strictly stronger than the WGC. We
demonstrated that this conjecture holds for a more general
class of Einstein-Maxwell-Dilaton effective field theories
and argue that it would allow for the UV to protect itself
against UV sensitivity, or in other words against situations

in which EFT operators become “exposed” or physically
“amplified.”

Within the context of this current work, near-horizon
negativity remains a speculative conjecture. To explore it
further, it would be instructive to identify other situations,
for example, by considering loop level UV completions or
other more general UV completions and ascertain if more
concrete physical arguments can be made more robust.
Alternatively, it would be enlightening to explore the
existence of any gravitational counterexample (where the
scalar mode genuinely starts its life as a gravitational degree
of freedom in a UV embeddable theory) and better establish
what central physical properties are responsible for the
change in behavior.
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APPENDIX A: SPHERICAL SYMMETRY
DECOMPOSITION

In this appendix, we briefly summarize the spherical
decomposition of the EM and gravitational perturbations in
Einstein-Maxwell theory (2.3), most closely following [111]
and building on [127,128]. We focus on scalar perturbations
as only they can lead to marginal deformations. Explicit
expressions for the effective potentials are complicated and
of secondary relevance, hence omitted.

1. Scalar perturbations

The scalar harmonic S satisfies

(A+K3)S =0, (A1)

and we define from it scalar-derived vector and tensor
harmonics:

1 . 1 o A 1
Si - ——DiS, Sl] :—DlD/§+—7/”§,

A2
ks k% D-2 (A42)
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ki=¢(¢+D-3), £=0,1,... (A3)
However, £ = 0 has constant eigenmodes and therefore
corresponds to just a shift in the background parameters.
The # = 1 mode corresponds to S;; vanishing, and there-
fore needs to be treated carefully.

We parametrize our scalar metric and field strength

perturbations as

89ap =T avS: 69ai=rfSi. 89;;=2r(Hpy;;S+H7S;;).

(Ada)
1
5Fab:_k_€ab§DCBC’ 5Fai:€ab§iBb7 5Ft/:0’
s
(A4b)
and define the gauge-invariant variables by
F=H; + : H—i—lD X (ASa)
— LTy T ald", a
Fop=Far+ 2D(aXb)7 (ASb)
with
Xt =gl (fo+DyHr).  (A6a)
ks ks
Bb = (rEb + ksonb). (A6b)

There are two master variables satisfying the master
equation (2.10), the EM and gravitational scalar modes
®f and @y, respectively, that are related to the gauge-
invariant variables above via

F=a ®5+b_0,®; +a, & +b,0®f, (ATa)
Ey = c_ D5 + ¢, DL, (A7b)
£l = a_®5 +b_0,@5 + a,dF + b, 0,d,  (ATc)

for some constants a, b, a., l;i, and c,.. For Z = 1, only
the EM scalar mode is gauge-invariant and dynamical.

APPENDIX B: NEAR-HORIZON ISOMETRIES
DECOMPOSITION

In this appendix, we will briefly outline how to compute
the critical exponents by starting within the near-horizon
limit, following [100].

1. Background

First consider the background. In ingoing coordinates
(v,r,x") with dv = \/A/Bdt +dr/B, the most general

static and spherically symmetric ansatz (2.8) becomes

ds? = —Bdv? + 2dvdr + r2dQ2, (Bla)
B !
F = Z‘I‘ (r)dv A dr, (B1b)
so in the near-horizon limit

ds? = —Bygp*dv? + 2dvdp + r3,dQ3,  (B2a)

_ |Bnu
F = —FNHdU VAN dp, (B2b)

Ann

where ANH = %A”(r,.,), BNH = %BU(}’H), and FNH =
W (ry) are constants. This is the form of the AdS, x S¢
ansatz we will use. It is given in Gaussian null coordinates,
which are a natural and well-defined set of coordinates near
null surfaces.

2. Perturbations

Using the isometries of the AdS, factor in the near-
horizon geometry, we can decompose the metric and field
strength perturbations in the scalar sector as

[A
p}’ l BTNHf()OS ( ANHBNszdUZ + 2dl)dp
NH

p‘zdf'Z)

og =

1
+ -
VANuBNH

. 1
+ 2foS;dx’ (pdv + 7p_1dp>
’ VANuBNH

+ (hL}/US + hTSU)dx’dxf} (B3a)

SF = p’[aSdv Adp + peS;dv Adx + p~le; S;dp A dx'],
(B3b)

where foo, fo, 11, hr, a, €g, and e, are constants. In order
for 6F to be closed, we also need

__rtt
==

(B4)

3. Explicit solution in D=5

For concreteness, let us give explicit expressions for the
perturbations in Einstein-Maxwell theory (2.3) for D = 5.
The near-horizon ansatz solves the background equations
of motion for
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o
ANH = 2F§HK BNH = . s (BS)

o
14+26° %,

and the perturbation equations are solved by

hL =0 (B6a)
f hr (16 — 3k% + 28y (y + 1)o) (B6b)
O erh(r+ Dy +2) ’
hy K2
= - —12 B6
=i (701 120) .
y+1 kg hr 4—k3+4y(y+1)o
a=—"——ey=——¢€ = . (B6d
kg 0 r%_,}/ ! 442 KrH\/l—i——Za ( )

up to gauge transformations.

APPENDIX C: MASSIVE SCALAR FIELD
COUPLED TO A GAUGE FIELD

In this section we shall provide some of the details
related to the massive scalar field ¢, which is nonminimally
coupled to a Maxwell field, with the leading operators
being given by

1 v ﬂl v ﬁ2 v ﬂ3 a
K£¢:—§<gﬂ —PRM —PRQ# ”Fﬂ

b Fzgﬂ”> (V) (V)

1 Ps 22
—§m2¢2<1 —FF ),

as considered in Sec. III. Following field redefinitions as
well as wave function and mass renormalizations to
account for the presence of the cosmological constant,
we are led to the following action:

P

(C1)

cy= - (- B

1 Ps 2
—§m2<1 F>¢2

where scalar quartic self-interactions of the form (V¢)* are
ignored as they are irrelevant on a background where
(¢) = 0. The two field redefinition invariant quantities /3;
and 3, are given by

Fzgw) V)V, 0)

(C2)

1 (D—4)
2(D—2)ﬁ1+2(D—2)

By=ps+p. and By=p,— b
(C3)

If gravity is nondynamical, then there is a preferred
sign for f; based on positivity/causality arguments in

Minkowski spacetime. For instance, in the field basis
(3.2) we may consider positivity bounds applied to pho-
ton-scalar scattering in Minkowski. These imply /5 > 0, a
result which may easily be inferred by considering the
propagation of the scalar in the background field of a point
charge and demanding that the speed of propagation is
subluminal. When extended to the gravitational case, the
positivity bound is expected to be weakened to something
of the form

s > —O(kAP2), (C4)
as discussed in [59,62,65,66,68,71,126]. On the other hand,
causality does not immediately constrain 3, because it does
not change the light cone structure of the effective metric
for the scalar. It does, however, change the effective mass of
fluctuations. Consider the above theory on the AdS, x S¢
that describes the near-horizon geometry of an extremal
BH. The fluctuations may be viewed from the perspective
of the two-dimensional AdS, geometry. Each /-multipole
fluctuation can be viewed as a two-dimensional scalar of
mass Mg, which should respect the D = 2 BF bound,

1

mgff > —m (CS)
2

As can be seen from the master equation (3.5), the effective
mass is given by
e m*(14+26s0) k14254
ff — = = = =,
L (B 282 ri L+ (Bs +28)A

with A given in (3.6). Demanding that the monopole # = 0
satisfies the two-dimensional (2D) BF bound implies

m*(1 + 2f352) >__ L
(14 (Bs+2B4)0) — 4L3

If we consider a scalar of mass m which saturates the BF
bound for A = oo (i.e., A = 0), then for that same state to
respect the bound at finite 4 we require the denominator of
the lhs to be positive. This suggests the unitarity/positivity
bound

(€7)

B3 +2(By = Ps) 2 0 (C8)
More generally, the range of masses for which there are two
choice of boundary conditions in AdS, is

3
mgff < a2 (C9)
2

- <

413 =
Making a similar argument for a monopole state which is
chosen to saturate the upper bound for A = oo, i.e.,
m* = 3/(4L3), then to continue to have an interpretation

024056-22



DEFORMATIONS OF EXTREMAL BLACK HOLES AND THE UV

PHYS. REV. D 111, 024056 (2025)

as a state with alternative boundary conditions at finite A,
we would require

B3 +2(Ps—Ps) <0 (C10)
As can be seen from these arguments, (C8) and (C10) are in
conflict with each other and so in practice at the level of this
analysis, there are no direct known positivity bounds on
B4 — Ps. In particular, there seems to be no obstruction from
having the coefficient #, — 35 negative. In fact the only case
where both (C8) and (C10) are simultaneously satisfied is
when 3 + 2/, — 285 = 0. In this case, since 35 is mainly
positive [or only at most weakly negative as suggested by
(C4)], one would expect 5, — s to be mainly negative.

APPENDIX D: BOUNDARY CONDITIONS
AND MULTIBLACK HOLE SOLUTIONS

A stationary perturbation of a RN BH with appropriate
boundary conditions at the horizon and asymptotic infinity
constitutes a linearization of a BH solution that s close to the
original RN geometry and should be subject to uniqueness
theorems [129,130]. More explicitly, the effective potentials
and their so-called S-deformations given in [111] can be
used to show that extremal modes that are finite at the
horizon are inconsistent with the right fall-off conditions at
asymptotic infinity, establishing perturbative uniqueness.

This means that additional sources able to change the
asymptotic boundary conditions are required to support
near-horizon modes with the desired near-horizon scaling
and fall-off conditions at infinity. We can understand this
from the extremal limit of the subextremal solution (2.24)—
scaling in & will generically be different at asymptotic
infinity, so the extremal limit will produce non-normalizable
or trivial modes in the absence of external sources.
Physically, these deformations should therefore be thought
of as sourced by tidal deformations.

An explicit realization of this are multi-BH solutions,
which are known to be exact solutions in Einstein-Maxwell
theory. In practice a convenient way of realizing this is to
simply impose Dirichlet boundary conditions at finite
distance, which is particularly natural in asymptotically
AdS spaces.

1. Multiblack hole solutions

The Majumdar-Papapetrou solution is an illustrative
example of an explicit nonlinear realization of the defor-
mations above [131]. This is an exact solution to the
Einstein-Maxwell equations (2.6) and (2.7) given by the
metric

ds® = —H2d? + H%mdx"dx-" ,

1+Z

|D3’

and describes a static spacetime with N extremal BHs with
masses M; and horizons at x;. By linearizing this exact
solution around the horizon of any individual BH, we can
see how it is tidally deformed by the other ones.

For convenience, let us pick x; = 0 as the reference and
identify M, = M. Denoting r; = |x;| and p = |x|, and
defining 6; by X - X; = pr; cos 0, we can write

—1+/4+AQ/I3+<Z

where p is the monopole contribution induced by the
other BHs,

1 N M,
= lim — [ dQ — . D3
# x1|—m>oVSd/ d<Z|x —x,-|D‘3> (D3)

Denoting

LD% ﬂ) (D2)

then we have

H = Hy[1 + 9(p)).

with  g(p) =

H
m
Mz
[]s
=
>
—
IR
N——
w]
F
g

PP Hy 4= =

where m;;(0;) = M;C; ) (cos@;) and C( “ are Gegenbauer
polynomials. The monopole j=0is removed due to the
introduction of u.

In the vicinity of the horizon of the first BH p ~ 0 so we
have at leading order

M 1 N ® D-3+j
Ha (14 g(p) 2 Lm0 2(2).
P i=2 j=1
(D6)
Identifying
~AD-3 (D =3) D—4
D = rgp, D7
(' o7

then the near-horizon metric to first order in perturbations
takes the perturbed AdS, x S¢ form

ds2:—(1—29)(( )) p—ZH

2g ’”%1
(1 3)) D=3

+ 1% <1 ) dQ2,
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with

9(P)

1 (D=3) , %52 (p o
“M'zzzmij(ei)<(l+ﬂ) Tn “D3+j |

i j=1

We see that orthonormal perturbations to the background
metric scale as

h~p, (D9)

with

o

= l s
r=17tp_3

JEN. (D10)
Identifying j = £, we see that these are the EM scalar

modes yg, in (E1) (albeit written in a slightly different

multi-BH solutions in D =4 and D > 4 are smooth and
generically nonsmooth, respectively [95-99].

APPENDIX E: CRITICAL EXPONENTS FOR
EXTREMAL REISSNER-NORDSTROM

In this appendix, we collect the critical exponents of the
near-horizon scaling solutions (2.25) in GR and its IR and
UV modifications considered in the main text. We only
state the more regular power y, in (2.27), as the other
branch of the solutions can be switched off by finite
boundary conditions at the horizon in the subextremal case.

1. Pure GR

Let us first consider pure GR. We can use the effective
potentials in [111] to find the scaling for the tensor,

gauge). The monopole £ = 0 is absent, but the dipole Z = 1 1 1 4¢(¢ + D =3)
is physical. By contrast for the gravity scalar modes yg_, Yr = ) + 5 1+ W’ (E1)
¢ =1 is pure gauge, and £ = 2 is the first physical mode.
We see that in D > 4 y is not generally an integer, which
is merely a manifestation of the fact that horizons of  for the vectors,
|
11 4+ 1)(¢+D-4) 20+ 1)(+D—-4)[1+ (D-3)0]
=—=+=4|5 +44/1 , E2
A R\ g e * (D -3)c (E2)
and for the scalars,
1 1 4¢(¢ +D - 3) 4¢(¢ + D - 3)[1 + (D - 3)0]
=4\ |5+———5—F4/1 E3
e =T\t T3 \/ (D=32(D-2)2 (E3)
I
Note that (D —2)k% —4(D - 3)? (E6)

ym >0,  Me{T.V+, V- S+},  (E4)

for all 6€[0,00) and 7.
This is, however, not the case for the gravitational scalar
modes ys_. In D =4 we find that yg_ <2 for

£+ 1)

- 2+ +4
4 3¢+ 1)

For ¢ > 3, the right-hand side of the inequality takes values
in [1, 00) so this is never achieved for A > 0.In D > 5 this
is worse, and we even find yg_ <0 if

(ES)

T2 o D-#HD=-3)7

for £ > D -3 in 6 €0, 00). For modes with # <D -3
this also holds for all o € [1, 00) and some values of ¢ when
A > 0. This is illustrated for D = 11 in Fig. 1.

Further, note that yg_ > —1/2, and this is saturated for
£ =(D-3)/2 at 6 = 1. As is shown in Fig. 2, this is
possible only in odd D, although in even D, £ = | (D —
3)/2] will achieve y = —1 + ﬁ. An exception to this is
D =5, where the minimum is not attained since £ = 1 is
not physical for gravitational scalar modes.

2. IR: EFT correction

In this section, we will derive the critical exponents of
gravitational scalar perturbations in Einstein-Maxwell
theory with EFT corrections. We shall focus on the leading
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Vst

FIG. 2. The (more regular) scaling dimension y, for the most
singular mode with # = [(D — 3)/2] in various dimensions D.
For odd D, the minimum y = —1/2 is attained at o = 1.

four-derivative corrections given by the action

1
KSEFT = P/ dsx\/—g [Cle + CQRIMRIW

+ ¢3R,,pe R + c4,RF?

+ CsRﬂyﬁﬂiﬁyi + C6Rﬂypgﬁ‘ﬂ”f?{’”

+c7(F)? + F VF P F °F /). (E7)
To find the critical scaling exponents, we follow the
procedure in Appendix B and start directly within the
extremal near-horizon geometry. For simplicity, we restrict
ourselves to D = 5.

In particular, the ansatz (B2) satisfies the background
equations of motion for

Ay 2P {6 11
1+20 raA?2(1+20)
+86%)c) +2(1 =46+ 166%)c,
+2(1—406+320%)c3+4(1 —406+2406%)cy
+40(1+20)(—1460)(cs+2cq)

[2(=3+40)(—1+40

+4(1+20)*(-1 —l—4a)(2c7+c8)]} (E8)

4 1
BNH = E {6 +W[2(3 — 46)(71 + 2<C2 + C3)

+4(1 —40%)cy — 40(1 + 20)(cs + 2c6)

—4(1 4+ 206)%(2¢7 + c3)] } (E9)

Using the decomposition in Appendix B 2, we find that
perturbations on top of this background take the form of the
scaling solutions (1.1) with critical exponents in the form
of (1.2). More specifically, we find that

1 8
YEFT — Az—zAZCﬁ% (E10)
7 -
where
8yy = =576(z — 2)z(46 - 3)o
- 161{%[(—80‘2 —400 + 27)z — 200 + 5]
— 16k%(1 + 20) (Ella)

8y, = 576(z = 2)z(1 + 20 + 46%)o
— 16k2[(560% + 286 + 9)z + 486* + 800 + 31]
+ 40kE(1 + 20) (E11b)

8y3 =576(z—2)z(1 +40 +1606*)0
+ 16k3[—(25607 4200 +9)z — 14452 — 2800 — 47]

+64ki(—1+70) (Ellc)
Sys = —1152(z = 2)z(—1 + 46?)o
+96k2(1 + 20)[(106 — 3)z + 20 + 3]
—96k%(1 4 20) (E11d)

Sys = 576(z — 2)z0°[(z — 6)o — 2]
— 48k%[9z%6% — 12z6(1 + 40) — 4(06® + 60 + 2)]

— 36k§[(—3z +8)o + 2] — 9kg (Elle)
Srs = 2304(z — 2)z[(9z — 14) + 2]o?
—192k%[(9z2° =32z = 7)0* = (2 + 19)0 — 2]
+ 48k§[(9z —14)6 4+ 2] - 36kg (EL1f)
Sy7 = —2304(z — 2)z(1 + 26%)o
+192k%(1 + 20)[3z(1 4+ 606) + 26 + 13]  (Ellg)
—576k%(1 + 20) = 26y, (El1h)
and
1 2
A= §<7GR + ) (rer +2){-48(1 +7ar)
X (24 yor)*(—=1 + 2ycr)0”
+ 8k%[(6v&g + 10yGr + 3)o — 4yGr — 6]
+ 3k5(2yer +3)} 7 (E12)
For convenience we have also further defined
k? 1+ 20
=72 =1+-5—3/1+—="kk (El
Z=YGr T YGR + . + 352 1 (E13)
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The asymptotically flat limit is given by sending ¢ — 1 and
reproduces the expressions in [103].

3. UV: Einstein-Maxwell-Dilaton

In this section, we derive the critical exponents in
Einstein-Maxwell-Dilaton theory with action (4.13), treat-
ing everything perturbatively in a. We are only interested in
the critical exponents, so we follow the procedure in
Appendix B and start directly within the extremal near-
horizon geometry.

For simplicity, we restrict ourselves to D = 5. Then, the
ansatz (B2) satisfies the background equations of motion
for

Bk F2
b = %7 (El4a)
kF%. [414 3¢ 3
Ay = —MH | 1+4¢)|, (El4b
NH 2 314 2¢ + r%,mgff( +49) ( )
4 9 5
By = — (1 +3¢) = —— (1 +26)°%, (El4c)

2
TH Mgy

where m.g is defined in (4.16). Since each scalar is only
nonzero at order O(a), the corrections in the perturbation
equations will come in at O(a?). Thus the first nontrivial
corrections to the critical exponents will come in at O(a?).

In the end, we are only interested in the gravitational
scalar modes, as these are the ones that exhibit the singular
behavior we are interested in. The decomposition in
Appendix B2 then renders the perturbation equations
algebraic in the constants, and the critical exponent takes
|

1
31kl/2

the form (4.18) with ygr as given in (E1) and

1
Kéy =—9k3(1+20)(—4z0—4+k2)y

6
+—5—5 (1+20)*[-12(z—2)zo + k(1 4 32)],
Mt

(E15)

where

(E16)

N 202
){ =

2,2 2 :
' rym; + kg —4zo

APPENDIX F: EINSTEIN-MAXWELL
ACTION EXPANSION

An expansion of the Einstein-Maxwell action (2.3) in the
metric and field strength perturbations 4 and §F takes the
form

N=0
where S has N factors of the metric or field strength

perturbations in total. When evaluated on the background,
S© is just some constant and SV is a boundary contri-
bution at most. Furthermore, when evaluated on shell of
perturbations, the quadratic action S is also only a
boundary contribution.

The explicit form of the cubic action is

SC)[h, 6F] = / de,/——g{hw [hﬂ”vﬂv[uhp]ﬂ + h,"(VoV hg, + Y,V h,)°)

1
+ Vvhﬂf’v[ghp]" + V[th]ﬂvahpd + Vvh"LDV(,] hﬂp —+ Ehvphﬂf’vah,,"

1 |
— SV, gy, =5 VP,V

{1

1 1
“V hV. h——
+g ViV h = h

— K25\ o F, by, +

and that at quartic order,

1 3 o
=3 Vehy Vol =SV, 07,y

- 1
Ph,°R,, + §5F/’D5Fpﬂ}

1. _ -
Fpahﬂﬂhva] + KFﬂyha/lhv/{Fp(llha)ﬂ} (FZ)
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1
ESM) [h, 6F] = / dev _g{hﬂl/hﬂﬂhyd (—VAV[U}M]/, - vav[/lhﬂ]/I +

1

_ 1 _
5 h,"R,; + 3 h ‘RPW>

. 1
+ W R, P RO <—vﬂv[phg]y =V, Vo + 5 h Rupes + 5 h,,"RpMK>

+ hvh,p (-zv%t,uvp] hy? 4V ,hV = VoI VPh,, =V N by,

1 1 1
- Evuhg)pvihy - Zth< JV,h, — ZV(,hV hy,,)

+ Wppe (—2vbhﬂ[0vﬂhpﬂ + Yl Vohiy' + Vg h 'V by, = Voh, Y h

plu

1 1 1 1
+ EV[(,I’IV];LVPI’I//L - Zvihp[avlhﬂ]y + Zv,{l’lyo.vlh”p - 4Vphm,v,,h>

1 _ _
-3 R R, SF ,6F % — W h,,0F P 6F,° — K\/26F* [Freh, b hyp + FP by, hoyhy°)

I - - - 1-
- 5KFW [h,jhd(Fﬂ”hﬂ,,hf + F,h, h,*) + 3 Ff"’hﬂ"h,ﬂh,,,(hd] } (F3)

with R being the Riemann tensor evaluated on the background solution.
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