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ABSTRACT

In this thesis, new iterative techniques are
developed for determining optimal control of non-linear
systems. A Dynamic Programming approach is used in
preference to the Calculus of Variations and the Lagrange
Multiplier Rule.

Unlike conventional Dynamic Programming where the
optimal cost is considered globally as a function of the
state variables, the Dynamic Progrsmming Technigue is
applied to the non-optimal cost in the neighbourhood of
a nominal or reference trajectory. Provided that
deviations from the nominal trasjectory are kept small,
this non-optimal cost can be described adequately by a
low~-order power series in the state variables measured
with respect to the nominal trajectory. Storage re-
quirements of the parameters of this truncated power series
are modest.

A second-order successive approximation method is
developed for the solution of unconstrained, free end-
point control problems. It is somewhat different from
existing second-order and Second-Variation methods.

These methods are studied in detail and it is shown that
the existing algorithms are special cases of the new one.
One of the algorithms emerges as a useful computational

technique.



Global variations in the control variables are
introducedvinto the second-order analyses and a new second-
order algorithm is developed which has certain compu-
tational advantages over the existing methods. A new
first—-order algorithm emerges as a special case. The
analysis is extended to fixed end-point and control in-~
equality constrained problems and again new computatioﬁal
algorithms are developed.

The Bang-bang control, free end-point problem is
studied next and it is demonstrated that Dynamic Pro-~
gramming can be used to analyse this problem even though
the partial derivatives of the optimal cost function
with respect to the state variables are not continuous
throughout the state space. New second- and first-
order algorithms result from this treatment.

End-Point constraints are introduced into the
bang-bang problem and again it is shown that Dynamic
Programming can be applied to this problem. A new
gsecond-order algorithm is developed for this class of
problem. A new interpretation for Pontryagin's
multipliers A emerges from this analysis.

An attempt is made to illustrate the usefulness
of the proposed algorithms by the computation of a number
of control problem examples.

In the final chapter of the thesis, some ﬁossible

extensions of the work are described.
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15.

PRINCIPAL SYMBOLS AND NOTATION

Unless otherwise stated, vectors are assumed to

be in column form. A component of the n-dimensional

vector x, say, is denoted X4 . (i refers to the i-th

component of x5 1 < i < n)

x,x(t)

X, ()

u,u(t)
f,f(x,u’,t)

V,V(x3t)

n—dimensional vector function of time
representing the state of the dynamical
system at time t. (The whole function
of time on the interval [to,tf§ is
denoted by x(t)); te[to,tf]. Where the
meaning is clear, this is occasionally
written as x. Similar remarks apply to

the other time functions)

Total time derivative of, say, X at

time T.

m-dimensional control vector at time t.
n-dimensional vector function representing
the dynamic structure of the system.

Initial end final times respectively.

Performance Index or Cost functional -
a scalar. Is the cost of running the
dynamic system from state x at time t
to the final time tf, using some

control function u(t)  Telt,t,]



L,L(x,u’t)
P, PC(6,)50,)

GWG(X(tf);tf)

g,g(ust)

¢ls¢l(xau;t>

BB (%3)

H,H(X,H,Vx;t)

AsA(E)5h,h(b)
k

€

JsJ(x,k)
X,u3x(t),u(t)
u*,u*(t)

A a

u,u(t)

l6.

Scaiar integrand of the cost functional.
Scalar function costing the end-point
state X(tf).

s—-dimensional vector function describing
end-point equality constraints.
p~-dimensional vector function describing
control inequality constraints.
g-dimensional vector function describing
control and state variable inequality
constraints.

r—-dimensional vector function describing
state variable inequality constraints.

Hamiltonian Function - scalar.

time dependent, auxiliary vector multipliers.
s—dimensional time independent vector
multiplier.
a scalar in the range o < ¢ < 1.
Lagrangisn Function - scalar.
Nominal values of x and u at time t.
control u determined by m%n H(%,u,VX;t)
Control u determined by min H(X,u,V5t)

uey

where U is the set of allowed controls.
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Partial derivatives are denoted by subscripts as in

the following examples.

fo=df 5 Ho=9H 5 V.= 8V  H.=38H ; f,=3f

X 3% Hxsz N H“'S‘G 3%

L™ in s Hyp = 3°H Ve = 3%V and so on.
3x< duox %2

The following notation is used to denote the inner product
of two n dimensional vectors x ana y.
n
XK,y> = & XV
121 ivi
The following notation is used tc denote a power series
expansion, to second-order, of a scalar v(x) about X
(x an n-vector).

v(X+6x) = v(X) + <V, 0x> + %<6X,VXX6X>

where v. = 0v evaluated at x. Similarly for v
X 5z XX

V. is an n-dimensional column vector and VXX is an

n x n symmetric matrix.

The following notation is used to denote a power
gseries expansion, to second-order, of an n dimensional
vector function f(x) about X. (x an n-dimensional vector)

f(x40x) = £(x) + £ 0% + %fxxéxéx
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where f_ = 3f evaluated at X. Similarly for T
X -6-}-5 XX

fX is an n x n matrix and fxx is an n X n X n array.
Since fxx is a three dimensional array, we write

fxxéxéx when we really mean

k

5
J:

n
Y f bx .6x

1 k=1 S Y

Notice that fxxéxéx is an n-dimensional vector.

Also, we write kexx where k is an s-dimensional vector

when we really mean

1 T tyx
keXX is an n x n matrix. (& an s-dimensional vector

function of the n-dimensional vector x)

Further notational details are described in the

text, when required.

The following abbreviations are used in the text:

D.D.P. Differential Dynamic Programming.
P.D.E. Partial Differential Equation.
L.Q.P. Control Problem with linear dynamics and

quadratic performance criterion.
R.H.S. Right hand side.
L.H.S. Left hand side.

w.r.t.,  with respect to
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CHAPTER 1

INTRODUCTION

1.1 A Class of Control Problems

In recent years, much interest has centered on the
problem of determining optimal control for dynamic
systems described by non-linear ordinary differentiel
equations of the following form.

x = f(x,ust) | X(tO) = X (1.1)

0
The criterion of optimality is the minimization of
the performance index or so called 'cost functional!'

t
. hif . .
V(Xo,to) = fto L(x,uyt)dt + F(X(tf), tf) (1.2)
x(t) is an n-dimensional vector function of time
describing the state of the dynamic system at any time

te[to,tf]. (The symbol x is also taken to mean x(t).)

u(t) (or u) is an m-dimensional vector function of time.

At any time t([totf], u represents the control variables
available for manipulation.

L and T are non-linear scalar functions of their arguments.

f is an n-dimensional vector function of its arguments.

It describes the dynamic structure of the system.

The final time tf may be given explicitly or implicitly.
The notation f(x,u;t) should be understood in the

following way. 'f is a function of x, u and, maybe

explicitly, of time. At a particular time telt ,t:l,
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f is a function of x and u'. The semi-colon is used to
separate t from the other arguments. Some of these
arguments may be time invariant parameters. (Some of the
u's may be control parameters, say.)
Similar remarks apply to V, F and L.

Sometimes it is required that x and u satisfy some

or all of the following constraints.

g(ust) <o (1.3)
¢1(X,u§t) <o (1.4)
@, (x36) <o (1.5)
e(x(tp)3t,) =0 (1.6)

where‘g is a p < m-vector function of u at time t.
g, is a g < (m+n) - vector function of x and u
at time t.
¢2 is an r < n - vector function of x at time t.

@ is an s < n - vector function of x at time tf.

All functions are assumed to be continuously differen-
tiable in each argument up to any order required.

The object of the control problem is to choose
u(t) 5 te[to,tf] such that (1.3) - (1.6) are satisfied
and V, given by (1.2), is minimized.

Similar formulations have been studied in the
Classical Calculus of Variations literature [1] - [6]
for many years. However, the quantity % appears as the

choice variable, and no specific control variables u,

are considered, In addition, constraints of the form



o
W

(1.3) - (1.6) are not usually included in the formu-
lation of the problem since they are not easily handled
using classical arguments.

The modern formulation of the problem outlined above
has becn studied by a great many researchers, probably the
most important ones being [7] -[34].

Pontryagin [10] and Halkin [18], [19], [20] have given
necessary conditions of optimality for the case where
control and end-point constraints (1.3) and (1.6) are
present. Pontryagin's approach is close to the Classical
Calculus of Variations except that his use of strong
variations in the x trajectory allows the inclusion of
control constraints (1.3). Halkin uses the seemingly
powerful concept of reachable sets to prove similar
results.

The state constrained problem (i.e. (1.4) and (1.5)
included) has been studied mainly by Berkovitz and Dreyfus
(273, [28], [34] and Chang [30]. A useful contribution in
this area is due to Dreyfus [34] who, using Dynamic
Programming, manages to convey a great deal of geometric
meaning and insight along with the mathematical derivation
of necessary conditions of optimalivy.

Bellman's Principle of Optimality [7], [8] would

appear to be very general in concept. Bellman and Kalaba
[9] and Dreyfus [25], [27], [28], [34] and Kalman [11], [12]

are a few who have used Dynamic Programming (The Principle
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of Optimality) to derive necessary conditions of
optimality, though Kalman is more strongly influenced by
Caratheodory's work [6].

It is surprising that Mathematicians and Engineers
have not used Dynamic Programming more freely. Some,
[34], [35] argue that the Classical Approach and Reachable
Set Theory are preferable since they produce mathematically
rigorous results without the strong smoothness requirement
on the optimal cost v° demanded by Dynamic Programming.
This, they believe, is especially true of bang-bang
control, fixed end-point problems.

Halkin [35] has this to say when reviewing the
Chapter on Linear Minimum Time Problems in Dreyfus' book
[34]:'Chapter VI (Problems with Special Linear Structures)

presents a resl challenge to the devoted dynamic
programmer. '

In this thesis we shall show that Dynamic Programming
can be used effectively to study these problems, though
we do not pretend that our derivations are as rigorous
as Halkin's.

Conditions of optimality are useful to the Ingineer
if he can use them to suggest methods for actually
determining the optimal control. Bellman, Dreyfus and
Kalaba [7], [8], [9], [28] have considered some compu-
tational aspects of Dynamic Programming. Kelley [36]
and Bryson and Denham [37] are well known for their work
in applying the gradient or steepest descent method to

control problems.



In fact, many different computational algorithms
have appeared, the most important we shall describe briefly

in the next Section.

1.2 Brief Description of Ixisting Methods of Solution

1.2.1 The Problen

TFor the purpose of this Section it is assumed that
in addition to (1.1), (1.2), constraints (1.3) and (1.6)
only are present. |

In addition to requiring the optimal control function

uo(t) 5 te[to,tf] for x(to) = X the FEngineer would often

O’
like a function G such that
0,0 .
WP (x°3t) = a(x°3%) (1.7)
i.e. an optimal feedback controller which would enable

him to calculate u® at time t for any particular x° at

that time.

1.2.2 Solution by Conventional Dynamic Programming

Trom (1.2)5

b,
vO(x,6) = min [/ 0 L(x,wyT)dT + F(x(p)3 5501 (1.8)

Applying the Dynamic Programming Technique [8] to equation
(1.8), the well known Bellman Partial Differential Equation

results.

~ov°(x%3t) = min [L(x%,u3t) + <vO(x736), £(x°,u3t)>]
o u®) (1.9)

(Superscript © denotes'optimal values)
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The above P.D.E. for VO(XO;t) is in general
unsolvable analytically. Its solution would, however,
not only supply us with u®(t); t([to,tf] for X(to) = X5
but also the desired feedback controller (1.7).

The difficulty of numerical solution of (1.9) is in
general, enormous, primarily due to the high dimensionality
of the equation which means that storage and computing
time requirements are immense.

(There are n - x variables at any time te[to,tf])

At this point it is important to note that the
‘Bellman Equation (1.9) can be derived only if the optimal
cost V° is assumed to have continuous partial derivatives
w.r.t. x and t.

Bellman and others [8], [9] have used polynomial
approximations for VO(XZt) in order to reduce computing
time and storage requirements. Tarson [38] has indicated
a method whereby fast storage requirements are reduced
greatly. However, the com@utational solution of (1.9)
remains a formidable task for problems where the

dimensionality of the state vector x is greater than say 2.

1.2.% Solution Using the Canonical Equations and
Pontryagin's Principle

Define H(X,u,VX;t) = L(x,u3t) + <VX,f(X,u;t)> (1.10)
Assume thet the minimization w.r.t. u has been done in
(1.9) and that u® has been found as a function of x°

o _
and VX

u®(x,V25%) = O(x°,VR5t)
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(We write V; without its arguments. t is understood
that V; is a function of x° and time.)
Using (1.10), (1.9) becomes,

—%%O(Xoit} = 1(x%,u%,v25t) (1.11)

By straight-forward differentiation of (1.11) it can be
shown [24] that the following pair of ordinary differential

equations results.

x® = £(x%,0(x%,V55t) 3 t) (1.12)
: 0 0. .
._V; = H (x ,C(Xo,vx,t) , V; © ) (1.13)
X(té) = X, ) G(Xo(tf) 5 tf) = o are mixed boundary

conditions. i.e. (1.12), (1.13) constitute a two-point
boundary value problem whose solution yields uo(t);te[to,tf]
for X(to) = X» We have thus lost the feedback
representation of (1.9) and must be content with an 'open
loop!' answer.

The coupled equations (1.12), (1.1%) are referred to
as the Canonical Fquations.

Equations (1.12), (1.13) are derived with the

assumption that the partial derivatives of VO(X;t)

exist and are continuous up to and including the second.

In some problems (typically bang-bang control problems
with end-point constraints) these derivatives are dis-
continuous in certain regions of the state space.
However, Pontryagin's Principle [10], [12] remains valid

for these cases. The principle is written as
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L = £1(x°,0x%,2%8) 5%)
=A% = H (x%,0x%,2%58) , A% 5 ©) (1.14)

Where the partial derivatives of Vo(x;t) are continuous,
Ao(t) can be identified as Vg(t). In portions of the state
space where they are discontinuous, (1.14) still holds,

but Ao(t) cannot be interpreted as the partial derivative

of v° w.r.t. x. This point has been studied by Pontryagin
[10], Kalman [12], Shapiro [21], Fuller[31] and Rozonoer[l3].
Shapiro attempts to give Ao(t) a clear geometric meaning.

The above gives the impression that Pontryagin's
Principle is, in some way, more powerful than Dynamic
Programuning. We shall show in this thesis that Dynamic
Programming can be used even when VO(X;t) does not
possess continuous partial derivatives everywhere in the
state space.

Tevine [39], [40], Breakwell, Speyér and Bryson [#41]
and Jazwinski [42] have developed computational procedures
for solving the two-point boundary -value problem (1.14).
Basically, the missing boundary conditions at one end of

the interval [t f] are guessed, their values are then

020
successively changed, in an organised fashion, until_the
given boundary conditions at both ends are satisfied.
Neustadt [43%], [44], Paiewonsky [45] and Knudsen [46]
are some who have presented algorithms for the solution
of the so called 'minimum time' problem.
A disadvantage of the above techhiques is that they

require the integration of the coupled equations (1l.14)
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Since the equations are integrated in the same direction
in time, it is found that one set is integrated in the
unstable direction of motion. This can lead to numerical
difficulties if the equations are i1ll-conditioned and/or
the time interval [to,tf] is largel[#44]. Kalman [47] has
written an interesting paper on computational difficulties

in control problems.

1.2.4 Solution by Successive Approximation to the
Optimal Control Function

The main advantage of this approach over the boundary-
value iteration method described above, is that all the
differential equations involved are integrated in the
stable direction of motion if the dynamical system under
consideration is stable. Severe numerical insteabilities
are thus unlikely to arise.

a) Gradient Method in Function Space:

In this type of method [36], [37], [28] =2 nominal
control sequence u(t) te[to,tf] is chosen and the
dynamic eqguations (l.1) are integrated from t, to t, to
yield a nominal trajectory x(t). The nominal cost
V(Xo;to) is calculated using (1.2)

The equation -A = HX is then integrated backwards along
this nominal trajectory from tf to to. A change in
control du(t) = -¢H,(t) is made, and provided ¢ is small
enough (¢>0) it can be shown that an improvement in

the cost V is obtained on the applicaticn of

u(t) = u(t) + du(t) | te[to,tf]



50.

Control constraints (l.%) may be handled directly by
ensuring that g(U+bu jt) < ot Alternatively they may be
approximated by using penalty functions [50].

The rate of convergence of the method is rapid,
initially, when the nominal trajectory is far from the
optimal) but in a certain neighbourhood of the optimum,
convergence becomes intolerably slows

New life has been given to the gradient type of
method by the advent of the Conjugate Gradient Method [48]7,
which has much improved convergence on some types of
control problems while retaining the relative simplicity
of the original gradienf algorithm. A disadvantage is
that control constraints can no longer be incorporated
directly. Allwright [49] has studied these and related
methods in depth. |

b) Second-Variation Methods:

In 1960 the L.Q.P. problem (Linear dynamics with
quadratic performance index) was elegantly solved [11]
and this stimulated research into Second-Variation typé
methods. Merriam [51], Mitter [52], McReynolds and
Bryson [53] and Noton [54] have developed algorithms that
converge to the optimal solution in one step when applied
to the L.Q.P. problem. On non-linear problems convergence,
if it occurs, is rapid.

These methods require the backwards integration of

certain differential equations additional to the usual

_?\ = HX‘
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Disadvantages of these Sceccond-Variation algorithms are:

1) Vastly increased programming effort compared
with the gradient method.

2) Huu_l - the inverse matrix of second partial-
derivatives of the Hamiltonian w.r.t. u - is
required to be positive - definite zlong
non-optimal trajectories. This reguirement
is very often violated in non-linear problems
with resultant failure of the methods to
converge to an optimal solution.

32) Control Constraints (1.3) cannot be

incorporated directly.

¢) Method of Convex Ascent.

Halkin's method [57], based on reachable set theory
is basically a first-order method, though no linearisation
of the dynamics and cost function is made w.r.t. u.

The method will be discussed in some detail in Chapter®,
since it has certain similarities to our algorithms.

It has the advantage that control (1.3%) and end-point
(1.6) constraints can be handled directly.

It should be noted that none of the above methods are
able to handle state constraints (1.4), (1.5) directly.

They are best included by using penalty functions[50].

d) Solution by Differential Dynamic Programming.
Unlike conventional Dynamic Programming where the

optimal cost vO(x3t) is considered globally, the
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Dynamic Programming Technique is applied to V(X+6x3t),
which describes the non-optimal cost in a neighbourhood
of the nominal trajectory. Provided that the changes in
the state variables, dx, are kept small, V(x+dx3t)
can be described adequately by a low-order power series
in &x about xX5t. Storage reguirements of the defining
parameters of the truncated scrics are modest. Iterative
techniques result, that determine a new control function
ﬁ(t)+6u(t) and thus a new trajectory i(t)+6x(t);t€[to,tf],
such that the new cost V(Xo;to) obtained using this new
control is less than the o0ld cost V(xo;to) obtained using

f]o
Mayne [55]1 has previously used a similar approach to

u(t) 5 t([to,t

discrete-time free end-point problems. Westcott[58] has
referred to 1t as Differential Dynamic Programming.
Bernholtz and Graham [59] have applied similar notions
to economic scheduling.

The second-order algorithm described by Maynec has
the same disadvantages as those mentioned in b) above,
but it requires the integration of one set of vector
differential equations less than [52] and [53].

Some extensions to the Differential Dynamic Approach
have been outlined in [56]. These, together with further
research results, are considered in detail in this thesis.
1.% Definition of 'Non-Linear FProblem' and

'Relative Minimum'.

In this thesis, we shall refer to a control problem
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as 'mon-linear' if it does not belong to the class of
problems where. .
1) The dynamics f are linear in x and u
and 2) The functions L(x,u5t), F(X(tf)) are quadratic in
state x and control u.

eand %) The finsl time t. is given explicitly.

f

and 4) There are no constraints on state x and/or control u.

and 5) Any end-point constraints thaﬁ are present, are

'1inear. i.e. of the from 6x + b = 0

i.e. any control problem that is not an L.Q.P. problem

(Iinear dynamics with quadratic criterion and, maybe,

linear end-point constraints) 1is considered'to be non-

linear. We define non-linear in this way since 1t is

known that, for the L.{.P. problem, the optimal control u°

can be found as a linear function of the state variables x°.
In this thesis, unless otherwisc stated, we define

a relative minimum of a function Y(x) in the following way.
At x = xo, we say that Y(x) takes on a relative

minimum w.r.t. x iff, for an ¢>o0 and for all x such that

‘X—xﬁ<e,

Y(x) > v(x°%) x#x° (1.15)
Necessary and sufficient conditions for this to be so, are.
0
Y. (x7) =0
YXX(XO) is positive definite (1.16)

1.4 Qutline of the Thesis

In this thesis the notion of Differential Dynamic
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Programming is used to develop computational algorithms
for the solution of the control problem formulated in
Section 1.1. The approach is one of successive approxi-
mation to the optimal control function. Further,
second-order methods are primarily conéidered for the
following reasons.

1) They arc generally more repidly convergent than
first-order methods.

2) A local, linear, time varying, fecdback controller
is a by-product of most of these methods. In some cases
this controller can be used for on-line fecdback control,
provided that disturbances on the system remain small.
Chapter 2. The Basic notion of Differential Dynamic
Programming (D.D.P.) is introduced.

Chapter %. A second-order Differential Dynamic Programming
analysis is developed. Only small variations in the
control function are allowed. A second-order algorithm

is derived. Mayne's second-order algorithm is deduced

by making certain assumptions and conditions to guasrantece
a reduction in cost at each iteration are obtained for

’

both algorithms.

The Differential Dynamic Programming algorithms are
compared with the Second-Variation methods of Mitter [52]
and McReynolds and Bryson [53] and it‘is shown that the
Second-Variation algorithm is not truly sccond=-order in
the sense of D.D.P. In fact, it is only an approximation

to Mayne's algorithm. Reasons are given as to why the
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D.D.P. slgorithm is superior and a simple, illustrative,
numerical example is presented. A first-order algorithm
emerges as a spcclal case of thie second-order one.

The last Sectlon of Chapter % is devoted to discussing
the major restrictions of the Second-Variation and the
D.D.P. methods described in the Chapter.

Chapter 4. In order to overcome the restrictions pointed
out in the last Scction of Chapter 3, global variations
in contrél are introduced. A New second-order algorithm
for free end-point problems is derived end its advantages
enumerated. A Ncw first-order zlgorithm emerges as a
special case. Computational exémples are given that
compare numerically these methods with those of Chapter 3.
The advantages of the new methods become clear.

End-Point constreints are next introduced into the
control problem. Static, constrained minimigzation is
considered in some dctail, using the Lagrange Multiplier
Techniqﬁe° It is shown that a similar epproach can be
used to the constraincd end-point problem. A second-
order algorithm is developed and again conditions to
guarantec an improved trajectory at each iteration, are
found. The method's relationship to existing Sccond-
Variation procedurcs 1s discussed. The case where the
final time tf is given implicitly is studied also. The
effectiveness of the new algorithm is demonstrated
numerically, using a non-linear exXample.

Control Inequality constraints are introduced next
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and second and first-order algorithms are derived for
frec end-point problems. Conditions to guarantee an
improved trajectory at cach iteration, are given. A
computational example, iliustrating the second-order
algorithm, is given.

Finally, a new second-order elgorithm for fixed-
end point, control constrained problems is developed.
Again conditions to guarantee an ilmproved trajectory at
cach iteration are obtained.

Chapter 5. A class of non-linecar free end-point problems
is studied, in which the structure of the optimal control
function is bang-bang. It is shown that D.D.P.
(Differential Dynamic Programming) can be‘applied piece-
wise between switch times of the control function.
Matching conditions at these switch points are obtained
readily. An example, which has an analytic solution, is
used to illustrate these points. New second-order and
first-order algorithms arc derived. Conditions to
guarantee an improved trajectory at each iteration, are
obtaincd. The procedures are illustrated by numerical
examplecs.

End-point constraints are introduced into the
bang-bang problem and it is shown that the problem can
be studied using Dynamic Programming 1f the end-
constraints are adjoincd. to the cost functional using

Lagrange Multipliers.
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Second-order algorithms are developed and conditions
to guarantee an improved trejectory at cach iteration are
obtained. The case where Tthe final time tf is given
implicitily, is studied also. The procedures are
illustrated by numerical examples. Some of the results
of this Chapter are comparcd with Pontryagin's
Minimum Principle and a new intcrpretation for his
multipliers A(t), cmergés.
Chapter 6. Advantages and disadvantages of allowing
global variations in control are discussed. Halkin's
method of Convex Ascent is studied in some detail since
it has certain similarities 0 the D.D.P. methods. The
remainder of the Chapter is concerned with suggesting
some possible extensions of the work.

1.5 Contributions of this Thesis

The Major contributions of this thesis, belicved to
be original, are the following.

1) In this thesis a sccond-order algorithm is
derived from first principles, care being taken to

Justify the various approximations introduced. The

algorithm is somewhat different in form from that
developed by Maync [557. Meyne's algorithm is deduced
from this result, and the approximations involved are
studied. These aporoximations, and their effect, do
not appear to have been treated fully in [55].

Mayne, in his paper, mentioncd that his algorithm
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appeared to be differcnt in form from the available
Seccond-~Variation method of Mitter [52] and McReynolds and
Bryson [53%]. In this thesis it is shown that the
Second-Variation method is not truly second-order, in the
sense of D.D.P., due to the implicit neglect of some
non-negligable quantities in the derivations of [52],

[53]. 1In fact, the method is only an approximation

This does not appear to have been appreciated pre-
viously (Chapter 3%).

2) The notion of global variations in control
(strong variations in the x(t) trajectory) is introduced
into the D.D.P. approach. New algorithms, both first -
and second-order, are derived for frec and fixed end-
point problems. They have much more general application

than exis%;ng Oones. In particular, the positive -

definitencss of Huu—l along non-optimal trajectories is
required no longer. In addition, control inequality
constraints can, for the first time, be directly handled
by sccond-ordcer algorithms (Chapbter 4).

3) Second - and first-order successive approximation
methods are developed for the solution of a class of
'bang-bang' control, free end-point problems. Certain
special conditions at switch points of the control
function are studicd in detail. It is believed that

such problems have not been studicd hitherto in this way

(Chapter 5).
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43y The bang-bang control problem with constrained
end-point is studied, and it is demonstratcd that Dyneamic
Programming can be used for the solution of this problem
even though the optimal cost function v° does not have
vcontinuous first partial - derivatives w.r.t. x throughout
the state spacce. The new approach to this problem allows
of a new inbterpretation for Pontryagin's Multipliers
A(t) (Chapter 5).

5) It is believed that this is the first time
that Dynamic Programming has been used to derive
successive approximation methods for the solution of such
a large class of non-linear control problems.

An attempt has been made to illustrate the useful-—
ness of the proposed algorithms by the computation of

a number of control problem examplcs.



40.
CHAPTER 2

DITFERENTIAL DYNAMIC PROGRAMMING.

2.1 Introduction

Tn this Chapter we shall consider the following
control problem.

Given the system,

x = f(x,uyt) | x(to) = X (2.1)
and the cost functional]
t
L] 2 f a
V(Xoato) = /to L(x,u5t)dt + F(X(tf)) (2.2)

determine u(t) | te[to,tf] such that the cost, as
given by (2.2), 1is minimized.

The final time t,. is assumed to be given explicitly.

hil
There are no contraints present.
¥ is an n-vector, u an m-vector.
The functions f, I and I' are assumed continuously

differentiable in x, u and t to any order required.

2.2 The Bellman Equation

From (2.2) we may write)

t

vet) = syt

L{x,u5t)dTt + F(X(tf)) (2.3%)

V(x5t) is the cost to go, starting in state x at
time t and using the control u(t) T([t,tf].

Splitting the integral into two parts we have

t + ot tf .
V(x3t) = /. L@uit)dr o+ S . AtL(X’u’T)dT

+ P(x(b,)) (2.4)



Using (2.3), (2.4) becomes

t+At
V(x,t) = I L(x,uyt)dT + V(x+4Ax § t+AL) (2.5)

Now let us suppose that u(z) | T([t+At,tf] has been

chosen optimally, then (2.5) becomes

t+At - o
V(x,t) = S L(x,ust)dT + V (x+Ax ; t+At) (2.06)

where the superscript © denotes optimal values. Now

choosing u(7t) optimally) t<t<t+At we get.

t+AL
VO(X;t) = mi§ [ft L(x,ust)dt + VO(X+AX 5 t+At)]
u(T

t<T<E+AL (2.7)

Now let us make At a small time interval and keep

u(t) constant, with value u(t), over the interval.

vo(x,t) = %in[L(X,u;t),At + VO (x+Ax 5 t+nb)] (2.8)
u(t)

At this stage, let us make the fundamental
assumption that v° can be expanded in a power series
about the point x,t.

CvO(x3t) = min [L(x,u5t).At + VO(x3t) + %%O(X;t).At

u(t)
o 2
£ Ty (K58, £(X,u3E)> 08 ¢ ()4t ]
(2.9)
Noticing that VO, av° are independent of u(t), and
ot

dividing by At and allowing At to tend to zero, we
obtain.

0
~avo(x5t) = min[T(x,u}t) + <V, (x3t), f(x,ust)>]
3t u : (2.10)

41.



Equation (2.10) is the Bellman partial differential

equation [8], [34] in n+l variables x3t. (In the above,

one should realise that x is an optimal quantity and
so should be written with superscript °, However,
for simplicity of presentation, we use superscript °

on 'V quantities' only.)

2.3 A Nominal or Reference Trajectory.

Let us assume that we do not have the optimal
control uo(t) . te[to,tf] for the problem of Section
2.1, but that we do have a nominal control ult) |
Gelt ,t5]

On gpplication of this control, a nominal state
trajectory x(t) ; te[to,tf] is produced by (2.1).

The nominal cost V(Xo;to), is calculated using (2.2).

Note that X(to) =X = X

2.4 The Bellman Eguation in Terms of the Nominal
Trajectory.

We may write the Bellman equation (2.10) in terms
of the nominal trajectory by setting
X = X + OX

+ du (2.11)

c
]
cl

6x and du are the state and control variables
respectively, measured relative to the nominal
quantities X,u. They are not necessarily small

guantities.



Bquation (2.1) becomes

(x+06x%)° = £ (X+6x, U+du; t) (2.12)
(%+0x), at t=t_ equals x_, since we shall set
bx(to) = 0

t
o f ognd - o - '
VO(XO,tO) = ftoL(X+6X, T+bul £)At + F(X(tg) + 6x(tp))

(2.13)
Equation (2.10) becomes

~ovO(R+6x3t) = min [L(X+6x,0+6u;t)

d u+du
+ <V (R+bx3), £(F+0%,0+0056)>]
minimizing w.r.t. U+du is the same as minimizing
w.r.t. Ou, so

-3V° (Z+6x5t) = min[T(X+6x,0+0ust)
3t du

¢ <UQ(E+0X36), £(R+bx,U+buit)>]  (2.14)
Equation (2.12) is exactly equivalent to (2.1) as
(2.14) is to (2.10) since no approximations have been
introduced. We have made the nominal trajectory our

reference.

2.5 Power Series Expansion for the Optimal Cost V°

We assume that the optimal cost VO (X+bx'%t) is
smooth enough to allow of a power series expansion
about X.

VO(Z+6x5t) = VO(R3t) +<vo,6x> + 1 <6x,Vo 6x> «+
X ? XX

higher- order terms in ©0x (2.15)

45-
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Now the optimal cost VO(R3t) = T(F3t) + al(F3t) (2.16)
where ao(i;t) is the difference between the'optimal
cost at x5t using the optimal controls
u®(1) = () + du(w); Telt,t,]
and the nominal cost at x,t using nominal controls
u(t)s Te[t,tf]
So from (2.15), (2.16),
7O (R+6%5t) = G(EZt) +a° 4+ <V§,5X>

0
+ %<6X,VXX ox>

+ higher order terms in 6x (2.17)
Now we may substitute (2.17) into (2.14) to obtain
-7 - 28° - <3v2,6x> - 1<6x,dV2 6x>
g X 5 XX
9t 9T ot 0t
+ higher order terms

. = - . o} 0
= mgﬁ[L(x+6x,u+6u,t) + <V + VXX6X
+ higher order terms,
£ (x+6x,u+dust)>] (2.18)
The above equation is still valid globally since we

have not yet introduced any approximations.

2.6 The Bellman Equation in the Neighbourhood of the
Nominel Trajectory

Equation (2.18) is generally impossible to solve
numerically due to the possibly infinite storage
required for the parameters of the power series
expansion of ve. However, we may truncate the power

series provided that we ensure that the truncated terms
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are negligable. 1In order to ensure this, we must limit
the size of &x. That is, we must keep our trajectory
x(6) + 8x(t); te[to,tf] in the neighbourhood of the
nominal trajectory. Now let us assume that we do
keep 6x small. (Methods of doing this are discussed
in detail in the thesis. At this point it is
sufficient to note that, because bx(to) = 0, bthe

dx's produced in the interval [to,tf] are due to the
bu's acting through Equation (2.12)) Assume further,
that the dx's produced are small enough such that

an expansion up to quadratic terms only in 6x, is
sufficient to represent v° adequately in the neigh-
bourhood of the nominal trajectory. (Reasons why
higher - order expansions are not considered will
become apparent in later chapters)

Equation (2.18) becomes

-3V - da - <OV, ,0x> - %<5X’5Vxx ox> =

9t 9T ot 0%

min{L(x+0x,u+bu’t) + <V 4V, 0x,f(x+06x,&-bust)>] (2.19)
ou

where V(x+6x3t) = V+a+<V,,0x> + %<6X,VXX6X> (2.20)

We have dropped the superscript © for the following
reason.

The expansion of the cost to second-order only
is made possible by keeping 6x small. So the cost
described by the truncated power series (2.20) is

optimal, subject to the constraint that 0x remains

small.

45,
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It is, therefore, not the truly optimal cost given

that any size of 6x is allowed.

Explained differently; V(X+6x3t) given by (2.20)
is the cost to go from state x+06x at time t, given
that.

1) the cost to go at times f, t<T§tf have been
similarly expanded.

2) the controls du(t) have been chosen in such
a way that the 6x's produced in the interval (t,tf]
are small.

V is the optimal cost to go from X+6x at time b
ife

1) the nominal trajectory is sufficiently close
to the optimal one. i.e. if u(tT) is close to u®(7);
t<T§tf, then the minimizing du will be small and
from (2.12), the resulting ox(t) will be small and
so the size of the 0x's need not be restrained
artificially. The expansion up to second-order will
thus be adequate to describe the true optimal cost v°
in the neighbourhood of the optimal trajectory.

2) In the L.Q.P. problem [11], the optimal cost
v° can be shown to be a quadratic function of 0x,
globally. Our expansion to second-order is thus
sufficient to describe V° completely, and so 0x need

not be restrained in magnitude regardless of the degree

of non-optimality of the nominal trajectory.



We shall use eqguation (2.19) to develop methods

in
for determiqg the optimal trajectory xo(t); te[to
by successively improving our current nominal

trajectory x(t).

,tf]

L

y

i
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CHAPTER 5
DIFFERENTIAL DYNAMIC PROGRAMMING -

SMALL  VARIATIONS IN CONTROL

3.1 A Free End-Point Problem - Second ~Ordcr Algorithms

In [55], Mayne derived a second-order algorithm
for continuous time, unconstrained, free end-point problems
by allowing a discrete time formulation to tend to the
continuous time description. In this Section a second-~-
order algorithm is derived by considering directly the
continuous time system described in Section 2.1.

Mayne's algorithm is deduced from this result. In
addition, sufficient conditions to guarantee an improved
trajectory (reduction in cost) at each iteration of the
procedures, are obtaincd.

It is believed that the derivations erc more complete
than Mayne's in that the neglect of certaln terms during
the development is Justified by adequate reasons.

Similar reasons do not appear to have becn given, satis-
factorily, in [55].

Equations (2.12), (2.19) and (2.20) arce repeated
here for convenicnce.

(x+0x)' = £(X+0x,0+bult) 5 x(t,) = x,, 0x(¥,) = ©
(3.1)

-3V -02-<0V,,0x> - 1<0%,0V, 0x> =

B) ?3t % 2 0%
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min [L(X+0x,u+dujt) + <VX+VXX6X,f(E+6x,ﬁ+6u;t)>]
du (3.2)

wvhere V{(x+éx5t) = Vea+<V, ;65> + %<6x,VkX6X> (3.3)

(V,a,VX,VXX are evaluated at X3t)

We define H(x,u,V_3t) = L{x,u3t) + <V_,f(x,ut)>
X X (5°4)

The R.H.S. of (5.2) becomes

gin H(X+0% ,0+dU, V +V, 8X5t) (3.5)
u

Firstly consider (%.5) with 0x = o

gin H(X,0+bu,V, 3t) (3.6)
u

lie may obtain a sccond-order cestimate of the minimizing
u*=u+du* by expmnding H to sccond-order in du, about u,
and differenticting w.r.t. du and cqucting to zero i.e.

H(’;’:,ﬁ+6u,VX;t) = H(}Eaaav}c;t) + <Hu(i’ﬁ’vx;t)’6u>

+ %<6u,Huu(i,ﬁ,VX§t)6u>

whence

B, (X,u,V, 5t) + H  (X,0,V 5t)du* = o (3.7)
I R - = e

whence du* = ~H, (X,u,VX,t) Hu(x,u,Vx,t) (3.8)

This is the Newton-Raphson minimization method, which
produces a good estimate of the minimizing &u* if.
1) U is not far from u*.(i.e. Ou* is small)

2) Hual (i,ﬁ,vx;t) is positive-definite

Substituting (3.8) into (3.6) we obtain

H(i,ﬁ+6u*,vk;t) (3.9)



Now let us re-introduce the variation &x in x. Ve
obtain

gin H(§+6X,ﬁ+6u*+6u,VX+VXX6X;t) (3.10)

The min is re-introduced since du* was chosen only for
du

X = X
where du is now measured w.r.t. U+du*
From (3.7), (3.8) we have that

Hu(i,ﬁ+6u*,VX;t) = 0 | (3.11)
(if the second-order prediction for ou™ is valid)

We should like (3.11) to hold even when dx is non-
zero, as this is a necessary condition for the minimality
of the quantity H in (3.10). i.e. we require

Hu(§+6x,ﬁ+6u*+6u,Vﬁ+VXX6X;t) = Hu(i,ﬁ+6u*,VX;t) = 0

(3.12)
In order to obtain a sccond-order prediction for du we
expand (3.10) about X,u+du* to sccond-order in du

. T
mln[H+<HX+VXXf,6X> + <H,,0u> + <bu,(H, +f ~V )ox>

du

Ty v £ )ox>

+%<6u,Huu6u> + %<6X,(HXX +fX wxt Vex T x

+ higher-order terms in Ox and 6uj (3.1%)
(21l quentities ovaluated abt X,u+bu*,V,5t)
o
Now differentis w.r.t. 6u and equating to

Hu(i,ﬁ+6u*,VX;t), as in (5.12)

we obtain

(Huu+higher order terms in 6x)du + (HuX+fuTka>6X

+ higher-order terms in ox = 0 (3.13b)
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Now as we said in (3.11), Hu = 0, so the terms involving
du in (%.13) are

T

%<6u sH ,0u> + <du,(H VXX) ox>

ux Ty
+ higher-order terms in 0x and du,.

The L.H.S. of (3.2) is expanded to second order only,
in ®&x, so in view of the zbove expression, there is no
point in finding a relationship between du and dx which
is higher than linear since terms of order higher than
the 2nd are going to be neglected in (3.13).

We thus require a relationship

& = pdx (Recall that du is measured w.r.t. u+du*)
where f; is chosen to satisfy (3.1%b)

Substituting du = B6x into (3.13b) we obtaln

H,,P0% + higher order terms in &x + (Hux+fuT VXX)bx = 0
Since equallity holds for all 0x's sufficiently small, we
may equate coefficients of d&x to obtain

V)

. T )
AT )0 (3.14)

o -1
6 = -Hyy (Hux+fu

. _ -1
i.e. du= ~H.4 (Hu

(all quantities evaluated at X,u+du*)
If Hu;1 is positive~definite we are sure that we
are indeed minimizing the quantity H in (3.10).
Recsll that the dx's produced in the interval
[to,tf] are due only to the effect of du*+du acting

through (3.1), since &x(t ) = o

Now du*+du given by (3.8), (3.14) may be so large

that 1t
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no

1) invalidates (3.8), (3.14) which hold only for
small enough du*,0x and du

2) Causes dx's so large that the expansion for
V(3.%) is invalid.

In order to overcome these difficulties we introduce

€5 0<¢<l into (3.8). i.e.
du*= -eﬁual(i,ﬁ,vxzt) Hu(i,a,vk;t) (3.15)

If du* = o, then 6x = du = o, te[to,tf], SO an ¢ can
be found, in the range zero to 1, that will limit the
size of 6uf,6x and du to suitable values. Note, from
(3.15), (3.7), that now

[Hu(;z,amu*,vx;t){.—. 'Hu(i,ﬁ,vx';t) |(1-¢)>0 (3.16)

However, (3%.14) still ensures that

Hu(§+6x,a+6u*+6u,VX+VXX6x;t) = Hu(i,ﬁ+6u*,vx;t) (%.17)
We have that (3.10) becomes

H(§+6X,ﬁ+6u*+6u,VX+VXX6X3t) (%.18)

where du* and du are given by (3.15) and (3.14)

EXPRESSTON
Tepebeon (3.18) is, of course, equal to the L.H.S.

of (3.2). The L.H.S. of (%.2) is expanded to second-
order only in &x, so let us expand (3.18) to second-
order about X,u+du*,V,;t.

Equation (3.18) becomes:

c T
H+<HX,6X>+<VXXf,6x>+<Hu,6u>+<ou,(Hux+fu VXX)6x>

+%<6x,(HXX+fXTVXX+VXXf 16> + %<6u,Huu6u> (3.19)



the quantities in (3.19) are evaluated at X,0+0u%,V 5t
e do not expand (3.19) further than second-order
in &6x and du since 6u is, by virtue of.(3.14), of the
same order as O0x and so terms higher than 0xdu or 6u2
are third-order in 0x and are negligsble.
Substituting (3.14) into (3.19) we obtain
H o+ <HX,6X>+<VXXI,6X>+<BTHU,6X>

‘ T T
+ 0%, BT (Hyp+ Ly VXX)6X>+%<6X’(H X+fX Vot Vyx L) 0%>

N %<6X,BTHuu56X> (3.20)
Using the expression for R in (3.20)

T
H + <H +V, f+p Hu,6x>+%_<6x,[HXX+fy VootV Lo

-1 T
_(Hufou VXX) Hou (Hux+£u VXX)]6X> (3.21)

Ixpression (3.21) equals the R.H.S. of (5.2) equals the
L.H.S. of (3.2). §Since equality holds for arbitrary ox,

we may equate coefficienté of like powers of ©®x to obtain

-9V - 8a = H
9% ot
-9V, = H_+V__f+pTH
X X XX u
7 3Ty L
-0 VXX = XX+:EX V.KX XX:E.K (HL1X+ fu VXX Huu ( HU.X U. XX )
3t (3.22)

all quantities evaluated at X,u+du*,V_5t.

Now V,a, VsV, are functions of x and t so
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%E (VEE)+alxit)) = 3 (T(XI6)+a(X36))+<V (X36),£(X,u3t)>
at )
(3.23)
(Thig relationship is true since (V+a) = V)
ioe. (V+a) " =0V+0a+<V , £(X,U56)> (3.24)
ot o
similerly V_ =6Vk+VXXf(§,ﬁ;t) (3.25)
ot
and %XX = aVXX , since higher order terms in the expansion
3t
for V, have been truncated. (3.26)
moreover, from (2.2), -V =L(X,u3t) (3.27)

In view of (3.24) - (3.27), equations‘(5.22) become

-8 = H-H(X,T,V.5b) (3.28)
- T _- B

—VX = HX+B Hu+VXX(f—f(X,u,t)) (3.29)
iy _ T . T 7. -1 . T

“Vex = Hxx+fx XX+VXXfX_(HuX+fu VXX) Hyu (Hux+fu VXX)

(3.30)

411 quantities evaluated at x,u+du* unless otherwise stated.

u = U+€o+pox (3.31)
where o = —Huu'l(i,ﬁ,vx;t) Hu(i,ﬁ,Vi;t) (%.32)
B = ‘Hual(i’a+6u*’Vx;t)[Hux(i’ﬁ+6u*aVX$)
+fuT(§,ﬁ+6u*;t)VXX]
(3.23)
and du* = -gd (3.34)

Note the difference in arguments in (3.32), (3.33).
This is because of the absorption of the constant control
change 6u™ into H.

At t = tp, we have from Equation (2.2).
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It

F(x(te))  (3.35)

@)

£)

whence a(t

&)
V() = B (R(t.))

Vo (Bp) = B (X(t:)) (3.36)
Equations (3.36) are boundary conditions for the
differential equations (3.28) - (3.30). Since these
boundary conditions are given at t = tf, (3.28) - (3.%0)
must be integrated backwards in time from ty to to along
the nominal x trajectory. In reverse vime, the negative

signs in front of a,VX and Vs 8Te changed to positive.

Iquation (3.%0) may be recognised as a Matrix Riccati
equation which has been studied by Kalman [11],[12].
At = G y 0x(t) = o so from (5.3)

V(x3t,) = T 3b.) + a(x 3by) (3.37)

From (3.28), a(xo;to) =

T
- 7.0 [H(R,T,V,,7) - H(R,T+bu*,V,,1)]1dT

t (5.28)
which is the change in cost.
For the new trajectory, generated by u(equetion 3.31),
to be an improvement on the nominal one we require

a(x,,t,)<o. (On the optimal trajectory a(x,3t,) is

required equal to zero, by definition)

Conditions to guarantee a(xo;to)<o, and hence a
reduction in cost at each iteration if ¢ is small enough,
will be given later. Now we consider the computational

procedure,
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3.1.1 The Computational Procedure

1) Using a nominal control u(t); te[to,tf] run a
nominal trajectory X(t) using (2.1). Calculate the

nominal cost V(Xo;to) using (2.2).

2) Guess a value for ¢;0<¢<l, and using boundary
conditions (3.%6) integrate equations (3.28) - (3.30)
backwards in time from tfto to all the while storing
a(t),B(t) siven by equation (3.32), (3.33).

3) Apply control u(t) given by (3.31) and compute
a new X trajectory using (3.1) and corresponding cost
using (2.2). If the cost is less than the current nomihal
cost, repeat step 2) after replacing the old nominal
'trajectory by the new one. If the cost is greater or
equal to the nominal cost set ¢ = ¢ and re-do step 2) and
step 3) with this ¢. Repeat this procedure until a
reduction in cost is obtained. Then replace the nominal
trajectory by the new one and go to step 2).

43) At the end of each step 2) check the value of
]a(xozto)l and stop if it is less than a pre-determined,
small, positive quantity, n. n 1s chosen from numerical

stability considerations.

5.1.2 (Characteristics of the Algorithm

1) The procedure exhibits one step convergence far
the L.Q.P. problem since the expansion to second-order
for V° is valid globally [11]. Also the local linear

controller (3.14) is valid globally. (By 'one step



convergence' we mean that, for any nominal trajectory,
¢ can be set equal to unity and the resultant control
u(t) given by (3.31) is the optimal control uo(t).)
2) On non-linear problems convergence should be
rapid since the procedure is 'second-order', in that.
a) V has been expanded to second-order.
b) The changes in u of du*+du are found from
second-order expansion of H.

3) In the derivation, it was necessary to assume
that Hﬁu_l(i,ﬁ,vxzt) and Hﬁu—l(i,ﬁ+6u*,vx;t) are positive
definite. In non-linear problems, along non-optimal
trajectories, these requirements are often violated with
resultant failure of the method.

4) The procedure is complicated by the fact that,
if ¢ is guessed too large, the backwards differentiai
equations have to be re-integrated along the same nominal
trajectories with a smaller ¢.

%2.1.3 Mayne's Second-Qrder Algorithm

We shall now indicate How the drawback mentioned
in 4) above can be overcome. The resulting algorithm is
equivalent to that described by Mayne [55].

Let us assume that, instead_of using the relationship
(3.14) for du in terms of Ox, we use

dbu = “Huu—l[Hux’ffuTVxx] ox (3.329)

where the quantities in (3.39) are evaluated at X,u and

not X,u+du*. This is tantamount to assuming that:
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1) Higher order derivatives than those in (3.39)
are small and/or
2) ou* is small) implying ¢ is small and/or
Hu(i,ﬁ,vxit) is small.

So du = B(E,E,VX,VXX;t)éx (du measured w.r.b. u+du*)

(32.40)
(wheref is given by the coefficient of &x in (3.39))

(It will be seen that using (3%.39) instead of (3.14)
still causes a(xolto) to be less than zero, and hence a
reduction in cost occurs if 6x,0u and du* are small enough)

Expression (3.20) becomes

Ha<H 4V, £+BT (2,0, , U,y s E)H ,0x>4<0x, [T (2,0, V,,V,_ }t)

xx?

- T T T,— - . =

( HUX+fu VXX) +%HXX+%:EX VXX+%VXX:EX+%B (X 1y VX * VXX ? t )HUU_B (X ’
G;vX,VXX;t)]6x>
(3.41)

The quantities in (3.41) are, unless ctherwise stated,
still evaluated at i,ﬁ+6u*,VX;t. Let us now expand these
quantities to second-order about E,E,VX§t. We neglect
terms higher than dxdu* or (6u*)2 in view of 1), 2) above.
Expanding (3.41) we obtain

H+<Hﬁ’6u*>f%<6u*’Huubu*>+ <HX+Vka+BTHu+(qu+vxxfu)6u*

T
+BTHuu6u*,6X>+%<6X,[HXX+fXTVXX+VXXfX—B H,,Biox>

(where all the above gquantities are evaluated at X4U)

Substituting in the values for du™* and B we obtain.
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-1

. . ‘ T
H 6(1~%)<Hu,Huu H > + <H 4V f+8 Hﬁ,6X>

f%<6x [Hy +£ VXX+VXXfX—(HUX+fu VXX)T l(H <ty vyx)]6X>

(3.42)
(where sll quantities are now evaluated at X,u)
As before (3.42) equals the L.H.S. of (3.2). Carrying

out the same sort of snalysis as in Section 3.1 we obtain.

—a= —e(l—é)<Hu,Huu'lH >

v - H+pTH,
V- HXX+fXTVXy+VXXfX GRS DT el ¢: e S A
(3.43)
u = u+du*+du = ﬁ+(u%86x (3. 44)
where o = _Huu_lHu
B8 = (HuX+fu V) (3.45)

where all the above quantities are evaluated at X,u

Equations (3.43) - (3.45) constitute lMayne's algorithm.
The computational procedure of Sub Section %.1.1 is
modified in the following way.
| If ¢ is guessged too large so that no improvement
in cost results, the backwards equations do not have to
be re-integrated along the same nominal trajectory for a

smaller ¢ since the backwards equatlons are now independent

of ¢. {This is not true of the a equation, but

a(t) = _((l_é) J <Hu,Huu_lHu>dT so a(t) is calculeted
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easily for different ¢'s.)

The above simplification is tremendous since the
backwards integration of the ﬁx’ Vxx equations is, in
general, very time consuming. (There are n—ﬁx equations
and n(n+l)/2 - %XX equations to be integrated
simultaneously. )

Tt should be noted that as Hu(;c,ﬁ,VX",t) >0 (i.e.
as an optimal trajectory is approached, so Mayne's
algorithm tends fo ours. One might expect that our
algorithm should have an improved convergence rate over
Mayne's, when the nominal trajectory is far from
optimal, since Mayne's is an approximation to our algorithm.
In practice this is found to be marginally true, but
Mayne's algorithm is simpler to use than ours since his
backwards equations are independent of ¢, as described
above.

For the L.Q.P. problem, Mayne's algorithm also
exhibits one step convergence. This is because the
higher derivatives mentioned in 1), Section %.1.3, are in
fact zero. Thus no approximations are introduced in
changing U+6u* to U in (3.41). (It is important to note
that, in general, as ¢ 3 o so Mayne's algorithm tends
to ours)

2.1.4 Sufficient Conditions to Guarantee a Reduction
in Cost at FEach Iteration

For the algorithm of Section 3.1 it is reguired that,

for t([to,tf] and for ¢ sufficiently small and positive.
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1) H(i,ﬁ+6u*,Vk;t) < H(E,E,VXQt) , du*# o
which implies Huu—l(i,ﬁ,Vk§t) positive-definite.

2) B TT(X,3+bu*,V 3t) positive-definite

%) The solutions of equations (3.28) - (3.30) be
bounded. |

For Mayne's algorithm it is required that.

4) H,7'(F,3,7,36) be positive-definite.

5) The solutions of equations (3.43) be bounded.
Sufficient conditions for the Riccati equation (%XX) to
have a bounded solution for t e[to,tf] are that:

6) Hu;l(i,ﬁ,vx;t) is positive definite

7Y H o (a8, V 5 6) =1 I (F, 0,V 5 6)H TH(E, T,V 5)

. Hux(i,ﬁ,vx;t)
be positive semi-definite.

8) F (Xo(tf)) be positive semi-definite.

TXX
9) VX(t) be bounded; te[to,tf]

%2.15 Proof of Conditions %.1.4

From (3.38)
to o o
a(x,5t,) = —ftf[H(X,u,Vi;t) - H(X,u+bu*,v_;t)1dt (3.,46)
Now for an improvement in cost to result, for ¢ sufficiently

small and positive, we require a(XOLto) to be negative.
From (3.46), a sufficient condition for a(xo;to)<o
is that.

H(X,u+du*, v, 56) < H(X,U,V,.t) 5 du*# o (3.47)



Now H(X,U+bu*,V_56)=H(¥,0,V, 36)+<H (X,0,V_ 3t),6u*>

+%<6u*,Huu(§,ﬁgvx;t)6u*> (3.48)

(to second-order in &u*)

and, from (3.15) du* = -¢H, glH, (3.49)

]

(where the arguments i,ﬁ,VX;t have been dropped for
convenience)

From (3.48),(3.49)

H(E,ﬁ+6u*,vx;t) = H—é(l—%) <Hu,Huu“lHu> (3.50)

For Su*¥ o (Hu% 0) we require, from (3.50) and (3.47),
that ¢ > o and Huu—l be positive-definite.
Huu(ﬁ,ﬁ+6u*,vx;t) is required positive-definite since
this guarantees that the contents of the square bracket
in (3.1%) is minimized w.r.t. du and further, that f may
be calculated using (3.3%%).
It is necessary that the various quantities manipulated
above, be bounded on the interval [toxf] in order that
a bounded du*(t) and B(t); t([to,tf] result. The solutions
of the differential equations (5.28) - (3.30) must, therefore,
be bounded.
Sufficient Conditions for Mayne's algorithm follow
from the above proofs.
Kalman [11] has shown that 6), 7) and 8) of Sub
Section %.1.4 are sufficient counditions for the
boundedness of the solution of the Riccati equation. It

should be noted that for non-linear systems, the R.H.S.
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of the Riccati depends on VX and so VX must be bounded
also, for the Riccati equation to have a bounded solution.
(On an optimal trajectory —&x = H, and so V  1s the solution
of a linear differential equation, which is bounded on

the finite time interval [to,tf])

5.2 The Second-Variation Method

In this Section we derive the second-variation
method of Mitter[52] and McReynolds and Bryson [53]1. Our
derivation follows that of [52]. We have previously
considered a similar approach to Mitter's in [56].

The purpose of re-deriving the second-variation
results, is so that we may compare them closely with the
second~-order results of Section %.1.

Along an optimal trajectory necessary conditions of

optimality are known to be.

A= H A(e) = Fo(x (54)) (3.51)
H, = © (3.52)
where H(X,u,A.t) = L(x,ut) +<A (%), £(x,uyt)> (3.5%)
% = f(x,ust), X(to) = X (3.54)

and A(t) is an n-vector function of *¥.

Consider a nominal trajectory x(t) generated by a
nominal conbtrol u(t) seelt ,tel. In general (3.52) will
not be satisfied (Hu(i,ﬁ,x;t)% o). Ve can, however,
integrate (3.51) backwards from %, to give x(t);té[to,tf].

Now consider perturbations about the nominal

trajectories x(t),u(t),A(t).
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& = f bx+f bu (3.55)

: T T
—6}\ = HXX6X+fX 67\+Hux 61.1 (3n56)
oM, = fqu6x+Huu6u+fuT6?\ . (3.57)
6?\.(‘[31.) = FXX(}_C(tf))&X(tf) (5-58)

all gquantities evaluated at x,u.
The above equations describe a local, linear, two-
point boundary-value problem.
From (3.57)
bu = ~-H _l[—bH +H, _ 0x+f Ték“
uu uux o u ot

and since we are trying to reduce H, to zero

-1 _
du = ~H.y [Hu+HuX6X+fuT6A] (3.59)
Equations (3.55), (%3.56) become
o -1 T
6% = £ 6x-f H " [H +H _ 8x+f “6A] (3.60)
. T T -1 . T
_6A = HXX6X+fX 6A-HuX . [Hu+HuXOX+fu 5}] (3.61)

Since these are linear differential equations we may
assume the inhomogeneous transformation

OA(t) = P(E)ox(t)+h(t) (%3.62)
The transformation (3.62) can be shown to exist if
(sufficieunt conditions)

T -1 . ‘s . ‘s
Hxx'HuX Huu Hyx 1S positive-semi-~definite

g "1 is positive~-definite
uu
FXX(E(tf)) is positive-semi-definite
From (3.62)
&\ = POx+POX+h (3.63)
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Substituting (3.60), (3.61) into (3.63)

T, =lq.. T
ux Hgu | CHE +H 0%+ = (POx+h)]

—Hxxéx—fXT(P6X+h)+H
” ) . '
= PORB(E bx-L Ry [Hu+HuX6X+fuT(P6X+h)J%+h (3.64)

Since (%.64) holds for arbitrary dx, we may equate co-

efficients to obtain:

~h

it

T T_\T -1 7
fx h—(Hqufu P) Hou (Hu+fu h) (5-65)

. T
~-P Hxx*fx

A T
P+PL ~(H_ _+f “P)"H_ " (H_ -+ "P) (3.66)

Boundary conditions at t = tf are, from (3%.58):

P = Fxx(i(tf))

h = o (3.67)
From (3.59), (3.62)
dbu = —Huu_lfe(Hu+fuTh)+(HuX+fuTP)6X] (3.68)

(We introduce ¢50<¢<l to limit the size of du and 0x.)
The relevant equations of the algorithm are (3.51),
(3.65), (3.66), (3.67) and (3.68).
The implementation of the algorithm, and sufficient
conditions to guarantee an improvement at each iteration,
are similar to those of Section 3.1.4.

35,3 Differences Between the Methods of Sections 3.1 and 3.2

There are some notable differences between the
algorithms. Since we have decided in Section 3.1.3
that Mayne's algorithm is simpler to implement than ours,
though not quite as accurate, we shall compare it with

the Second-Variation method.
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1) The Second-Variation algorithm requires the
integration of an extre set of differential equainns -
i.e. the 5 equations of (3.65) (n of them). This point
was noted by Mayne in [55]

2) The variable A(t) is in general not equal to
Vx(t) due to the different forms of the equations (3.51)
end (3.43), This implies that

H(Z,T,A5%) # H(X,T,V,5%)

3) The matrix equation for P (3.66), although of the
same form as that for VXX(5.45), producés a P(t)%VXX(t)
due to 2) above.

4) The expression for du (3.68) is not equivalent
to (3.44), owiné to 2) and 3) above. |
However, we note that on an optimal trsjectory.

5) Hy=0- h(t) = o (from (3.65),(3.67))

6) H,=0 > A(t) = V() (from (3.51) and (3.43))

7) Point 6) » P(t) = V() (from (3.66),(3.43))

8) The expressions for du (3.68), (3.44) are identical

This means that as the optimal trajectory is approached
(i.e. as Huéo), the methods become identical.

Turther, we note that, for the L.Q.P. problem.

%) Hyyoo Hypo Hy, are not functions of V_, so the

Riccati equation is independent of V. P:ka,te[to,tf]
10) Equation (%3.51) plus equation (5.65) yields

(3.43) i.e. V= A+h. (This addition cannot be performed

. . -1 .
for a non-linear system since Huu and HUX are functions

of VX.)
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11) 1In view of 9), 10) above the expressions (3.68),
(3.44) for du, are equivalent.

The two algorithms are thus identical for the
L.Q.P. pfoblem.

From the above, it would appear that the two methods
are different on non-linear problems along non-optimal
trajectories.

In the next Section we re-derive the Second-Variation
regult using D.D.P. The reasons for, and the importance
of the differences between the two methods becomes clear.

3.4 Differential Dynamic Programming Derivation of the
Second-Variation Method

We return to equation (3.2), which we repeat here
for convenience.
—3V-08-<dV._ ,0x>-1<6%,dV. 6X>=
3t 3t 70T ot

min[L(i+6x,ﬁ+6u;t)+<vx+vxxéx,f(§+6x;ﬁ+6u;t)>] (%3.68)
ou

Let us set V, = A+h and V., = P. (3.69)

Equation (3.68) becomes

~3V-02-<3 (X +h),0x>m— 1<6X,3P0X> =
z 3%

dt 3t TE
min[ L(X+0x,0+06ujt ) +<A+h+Pdx, L (X+0x% ,u+du’t)>] (3.70)
du

Now we define

H(x,u,A36) = L(x,uit) + <A,f(x,ujt)> (3.71)



The R.H.S. of (%.70) becomes

gin[H(i+6X,ﬁ+6u,K;t)+<h+P6X,f(i+6x,ﬁ+6u;t)>] (3.73)
u

First consider (3.73) with o0x = o

gin[H(i,ﬁ+6u,K;t)+<h,f(i,ﬁ+6u§t)>] (3.74)
u

Now we require a second-order prediction of the
minimizing du*.
Txpanding (3.74) to second-order in du about X,u

H+<H,, , 6u>+%,<6u R }qu5u>+<h s f+fu6u+%fuu6u6u> (3.75)

On an optimal trajectory, ~A=HX, SO szk, so h is zero.

Now, although we are not on an optimal trajectory, let us

assume that h is small. The term <h,lfuu6u6u> can then
2

be thought of as third-order and neglected.

Neglecting the term <h,lfuu6u6u>, we differentiate
2

(3.75) w.r.t. du and equate to zero (for a minimum).
Hu+Huu6u+fuTh = 0 (%.76)
su*= —H " [H +f Th] (3.77)
the quantities in (3.77) are'evaluatedvat Xy U
Substituting (3.77) into (3.74) we obtain

H(X,0+6u*,A5t) + <h,f(X,0+du*3t)> (3.78)

. EXPRESS TON
We now re-introduce 6x. Eeuetreon (5.78) becomes

min[H(X+6%,0+6u*+6U, A}t )+<h+PdX, £ (X+0x,u+du*+6u;t)>]
o (3.79)

(The min is re-introduced because du* was chosen only
du

for x = X. ©bu is measured w.r.t. u+du™*)



69.
Now we choose du to minimise the contents of the square
bracket by equating its derivative‘w.r,t. du to zero.
H +H,, 8usH  6x+f T(hapox) = o (3.80)
(quantities evaluated at X,u+du*.)

We expand H# to first-order only since we are going
to keep dx small. (Alternatively, see the argument in
Section 3.1, eguations (%.10)-(3.14)) Notice that we
are 8till treating h as a small quantity of order &x, and
so terms in hdx,hdu are effectively second-order.

From (3.80)

bu= -H_“[E _+f TPIéx (3.81)

uu ux ' “u

Ve have made the assumptions that..

1) ﬁ is small

2) bdu* is the true minimizing control.

These assumptions may be invalid so in order to ensure
that du*,d6x,dbu remain small, We introduce ¢;0<¢<1
into (3.77)

We write 6u*=—eHuu_l(i,ﬁ,A;t)[Hu(i,E,A;t)+fuT(i,ﬁ,h§t)h]
(3.82)

Ty qex (3.8%)

-1
and du = -H u [HuX+fu o

u
(all quantities evaluated at X,u+bu* unless otherwise
stated. )

Ixpression (3.79) becomes
H(X+6x,0+0u*+0u,At ) +<h+Pox , £ (X+6x,u+du*+ou,t)> (3.84)

Now the du in (%.83) involves quantities evaluated at

X,u+du*. In the same way as in Section 3.1.3, let us
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replace (3.82), (3.8%) by

1

¥ _ _ - T .
du* = ¢Hou (Hu+fu h) = ¢

bu = ~H_ “U(H _+f TP)ex = pox (3.85)

where all quantities in (3.85) are now evaluated at X,u.
(This is done under the same assumptions 1), 2) of Sub
Section 3.1.3%)

As before, (3.84) equals the L.H.S. of (3.68).
gince L.H.S. of (3.68) is expanded to second order only
in &x, let us expand (%.84) about x,u+du* to second-order
in ox,%u. We consider terms in 6x and ou up to &xdu only,
since du is of the same order as &x(by (3.85)). 1In
~addition, we must not forget that h is being treated as
if it were small (i.e. of same order as 06x). So
terms higher than 6x6u, hdéx, hdu are third-ordexr and
are negligable.

We obtain
H+<h,f>+<HX+Pf+fXTh+BT(§,ﬁ,h,P;t)(Hu+fuT11,6X>

T

T,= = T -
+<0x,[B (X,u,h,P,t)(HuX+fu P)+%(HX P+Pfx) f%

X+fx
BT (%82, Pyt )H,, B(E TN, Py1) 18> (3.86)

Quantities in (3.86) are, unless otherwise stated, still
evaluated at x,u+bu*. TLet us, as in Section %.1.3,
expand these quantities to second-order about X,u.

We neglect terms higher than dxdu™, dudu*, hou* since

we assume that du* is small.
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Ye obtain
T
H+<h,f>+<Hu,6u*>+<6u*,Huubu*>+<fu h,du*>

T, T i T_\T
+<H+PE+E The T (H +F, Th)+[ (i +£, TP) Tour4pTH  bu*],ox>

+<6X,[BT(H +f T

wxct iy p+PE_+pTH B)16x>

T
P)+1(H, +f
z X (3.87)

Substituting the values for ou*,B from (3%.85) into (3.87)

-1
H+<h,f>—((l—%)<(Hu+fuTh),Huu (H,+£,Tn)>

T

’ p T T T
+<H +Pf+f “h+p (Hu+fu h),6x>+%<6x,[HXX+fX P+Pfx

-(H __+f T

T -1 L
uxctiy B) Hyy T (H e TP)16x> (3.88)

ux o u
Equation (3.88) equals the L.H.S. of (3.68). Since
equality holds for arbitrary 0x, we may equate coefficients

of like powers of &x to obtain.

-%geg%;ﬂ+<h,f>-e(1-%)<Hu+fuTh,Hu;‘1(Hu+fuTh)> (3.89)
-9A-3h - £, et (3 +£, Th)+PE (3.90)
-2 - B, +f TPeprx-(H _+f TP)TH “l(E .2, TP) (3.91)
now

a h) = d (V) = 8V, V. £(,550) (3.92)
Using (3.92) and (3.69) we obtain

a_(uh) = 9 (A+h) +PE(X,05t) (3.93)
(V+a)*' = gE(V+a) + <(A+h),f(X,ust)> (3.94)
P - op (3.95)

9t



Using (52.935) - (3.95) in (3.89) (3.91) and recalling
that T = -L(x,ust), we obtain

° T -1 p
-a = —eA(l—§)<Hu+fu hyH oy (Hu+fu h)> (%.96)
o m M. T
-A-h = H +f “hep” (H +£,7h) (3.96)
—f = H 4T TP+Pf -(H T TP;% _l(H f TP) (3.98)
TotxxTTx X uxttu uu uxtu *
Now if we set —i = H (3.99)

X
we obtain the following set of eqguations

. T -1 - T .
—a=—€(l_é><Hu+fu hH L (Hu+fu h)>,a(tf) =0
A=l A (Ep) = Fy(tp)
—ﬁ—f T+BT(H +f Th) sh(t,) = o
X uu ? £/
: T T,\T -1 Ton .
~P=Hy Tty P+P€x_(Hux+fu P) " Hau (Hux+fu P>’P(tf>=Fxx(tf)
(3.100)
and u = u+du*+du = U+€o+POX (3.101)

where o, are given by (3.85).

These equations are identical to those of Section 5.2.
i.e. we have succeeded in deriving the Second-Veriation
algorithm via D.D.P.

3.5 Discussion on Sections 3.1, 3.2, 3.3, 3.4

In Section 3.4, in order to derive the Second-
Variation method, we had to assume h(t) small]

te[to,t along non optimal trajectories. As this is

£l
only true in the neighbourhood of an optimal trajectory,

we see that the Second-Variation method is not truly
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second~order in the sense of D.D.P. The fact that h may
be very large indeed, on a non-optimal trajectory, means
that the correction in control du*+du is not as accurate
(to second-order) as that given by Mayne's method.

(A reduction in cost will still occur, however, if
Huu_l is positive-definite, as a(to) is <o). Moreover,
the extra set ofdifferential equations for h must be
integrated.

We thus have the interesting situation that an
approximate second-order method (i.e. the Second-Variation)
actually requires more differential equations than the
full second-order D.D.P. method!

Notice further that as ¢> o, the Second-Variation
algorithm does not tend to our algorithm of Section 3.1.,
but Mayne's does. As Hu = o0 all three methods become
equivalent.

From the analysis of the preceeding pages one would

expect the D.D.P. algorithms to give improved convergence

over the Second-Variation method when the nominal trajectory

is non-optimal and the problem is non-linear.

As mentioned earlier, the methods are identical
for the L.Q.P. problem since all higher derivatives than
the second are zero. The neglect of terms of order higher
than hdx, hdu, hdu* thus introduces no approximations.

It is interesting to see Jjust how the Second-

Variation result happéns to be non-second-order in the
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ia—tke sense of D.D.P. Recall that both in Sections 3.2
and 3.4 we set -\ = HX (3.102)

In fact -\ = H, + auTH (%.103)
-6-}—511

Now on an optimal trajectory (3.102) holds, since H, = 0

On a non-optimal trajectory (%.102) holds only if no

feedback du is present, since H, # 0
0xX

We notice that in the Second-Variation Analysis,

we do introduce feedback via equations (3.59) and (3.85)

(du = B) and so the neglect of the second-term of (3.103)
10X :
introduces an error. In the L.Q.P. problem this error

is nullified by introducing the variable h, since

h+\ = Vy. However, this addition is no longer valid

for non-linear problems and so an error is introduced.

One can show easily that if (%.103) is used in the
derivation of Section (%.2) thdt h = o and ﬁ = 0. 1l.e.
Mayne's D.D.P. result is obtained.

The very subtle points arising in the derivations
of this chapter, and the conseguences thereof, seem to
have been overlooked by D.D.P. and Second-Variation
enthusiests in the past. It 1s believed, with
reference to the Second-Variation method,.that the
points raised are rather important| since, by taking

account of them, a simpler, more accurate algorithm

results.



In this chapter we have

5.

considered only free-end-

point problems. e have previously extended Mayne's

algorithm to handle fixed end-point problems.[56]

Ve shall not discuss this algorithm here since it

is a special case of a much more powerful algorithm

which we shell develop in Chapter 4.

(8imilar comparisons can be done between this D.D.P.

method and the Second-Variation method. Once again the

D.D.P. algorithm emerges as a simpler, more accurate

method. )

5.6 Computed Examples

In this Section we consider a very simple non-linear

example which, in spite of its simplicity, illustrates

well the polnts raised in previous Sections.

X = - .2%+10 Tanh u , x(t,) = 5 (%.105)

choose u(t) § te¢lo,.5] to minimize

V= /27 (L0xPeut)dbelox”
where Tanh u = e% —g%
u -u
e’ te

Equation (3.107) describes a

which is depicted in Fig.l.
Equation (3.106) can be

we reqguire x(t) to be driven

zero, without using too much

(t (3.106)

£)

(3.107)

saturation type non-linearity

interpreted to mean that

as close as possible to

control effort u(t).

The problem, although simple, is a good illustrative
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1.0 _

TANH (W)

0.5




i

example since it is non-linear in control. The
differences in the methods of Chapter 3 are largely due to
different ways of choosing control.

In this example £ -20 Tanh u(l—Tanh2u)% o (%.108)

- A nominal control u(t) = -.5 5 t¢[o0,.5] was chosen.

Both the D.D.P. algorithms of Section 3.1 and 5;1.5 end
the Second-Variation method of Section 3.2 were tried

on this problem. TFor comparison purposes ¢ was set as .7
throughout the experiment.

For simplicity, let us refer to the method of
Section 3.1 (Jacobson's) as A, that of Sub Section %.1.3
(Mayne's)as B and that of Section 3.2 (Second-Variation)
as C.

The following results were obtained.

Iteration Cost(method A) Cost(method B) Cost{method C)

0 123.0 123.0 123.0
1 56.4 60.7 71.3
2 46.0 47.0 53.7
3 42,9 4%,0 46,5
4 41.9 41.9 43,5

The optimal cost is 41.9. As expected A and B do not
differ markedly, and then only when the current nominal
trajectory is very non-optimal. (The essumption that
du* is small is then not really valid unless ¢ is very

small indeed) A and B are somewhat superior to C.
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This is because the assumption that h is small, is
invalid. (Also the extra equation for h has to be inte-
grated in C.)

As the optimal cost of 41.9 is approached, the three
methods become equivalent.

Method B (Mayne's) emerges as a good compromise
between A and C, both of which are more difficult to
implement.

3.7 A Pirst-Order Algorithm and its Relationship to
the Gradient Method

Let us assume that we expand V(X+6x3t) to first-order
only.
V(x+0x53t) = T(X3t) + a(x:t) + <V, ,0x> (%3.109)
Equation (3.2) becomes ’
~37-0a-<0dV,,6x> = min[L(i+6x,ﬁ+6u;t)+<VX,f(}+6x3ﬁ+6u;t)>]
ot 9% BT o (%.110)
Define H(x,u,V 3t) = L(x,u;t)+<VX,f(x,u;t)> (3.111)

The R.H.S. of (3.110) becomes min H(X+dx,u+bu,V_3t)(3.112)
du

Since we have expanded V to first-order only, let us obtain
a first-order estimate of the minimizing ou.
For ox = o a first-order estimate of du is

du* = —¢H (X,0,V,5%) (3.113)

where ¢>o0
Substituting (3.11%3) into (%.112) we obtain

H(R+6X,T+6u*,V, 3t) (%.114)
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(We do not determine a du in terms of &x as this requires
a second-order expansion of H, which involves Vi which
we have assumed to be éero)

Expression (%.114) is equal to the L.H.S. of (3.110).
EBxpanding to first order in 0x we obtain

H + <H_,0x> (%.115)
(The quantities in (3.115) are evaluated at X,u+du*)
Expanding the quantities in (3.115) to first-order about
X,1 we obtain

H —€<H_,H,> + <H_,0x> ~ (3.116)
(The quantities in (3.116) are now evaluated at X,0)

Using (%.116) and (3.110):

-3V -0a = H —¢<H_,H >
CiA e
and -0V, = H
% (3.117)
Now (V+a)'= 3 (V+a) + <V_,f(X,u3t)>
3T ' (3.118)
and VX = avx » Since higher order terms in the expansion

T

for V have been neglected.
Using (3.118) in (3.116) and recalling that

-V = L(X,ut), we obtain

-a = —6<Hu,Hu> 5 a(tf) = 0
-V, = H, 5 T (tp) = Fo(x(te)) (3.119)
u=u - ¢H, (%3.120)

The equations (3.119), (3.120) constitute a first-

order D.D.P. algorithm which can be recognized as the
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well known Gradient Method of’Kelley or Bryson and Denham.

The equations are relatively easy to implement but
the choice of ¢ is difficult since ¢ does not necessarily
lie in the intervel (o0,1]. As optimality is approached
H, > o and the rate of convergence becomes intolerably
slow. The reason for this behaviour is the following.

In the neighbourhood of the minimum of H w.r.T. u
second—opder terms in its Taylor series expansion dominate,
since the first-order coefficient, Hu’ is tending to zero.
This means that a first-order (1inearj approximation to H
in the neighbourhood of its minimum is poor, in the sense
that it is valid for only very small changes, Ou.

The expansion-of V to first-order in 0x is not
usually so poor since Vo is often not near zero even in
the neighbourhood of the optimel trajectory. This
suggests that i1t might be worthwhile using a higher -order
expansion for H in terms of du, but still retain s first-
order expansion for V in terms of OX.

3,8 Summary

In this Chapter we derived a second-order algorithm
for solving the free end-point, unconstrained, control
problem.

We showed that Mayne's algorithm is an approximetion
to our slgorithm, and that the Second-Variation Method
is an spproximation to Mayne's algorithm. Mayne's

algorithm emerged as a good compromise between ours and
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the Second-Variation.

All the algorithms have the following drawbacks:

i) Huu_l(i,ﬁ,vx§t) must be positive~definite;
telt],t,]
This restriction is very severe since it implies that
H is strictly convex, globally, w.r.t. u. In many
problems one finds that H is non-convex globally w.T.t. u,
although it is strictly convex in the neighbourhood of its

minimum wer.t. u (i.e. H u_l(i,uo,vx;t) is often positive-

u
definite)

L be

In other words, the requirement that H, =~
positive-definite along non-optimal trajectories is very
severe, while along optimal trajectories the reguirement
that Huu—l be positive-definite is quite a weak restriction.

2) Inequality constraints on control variables
cannot be handled directly. They have to be gpproximated
by penalty functions.

3) Requirement 1) excluded the 'bang-bang' type of

control problem where Hou

O.
In the next chapter, instead of allowing only small

variations in control, (i.e. weak variations in x(t))

we make large, or global, changes in control. 1i.e. strong

variations in x(t). We find that difficulties 1), 2)

above can be overcome using this approach. We cxtend

the approach in Chapter 5 to solve the bang-bang problem %).



CHAPTER &4

DIFFERENTIAL DYNAMIC PROGRAMMING -
GLOBAL VARIATICNS TIN CONTROL

4,1 Introduction

Trom Louation (2.19) we have the Bellman P.D.E. in

the neighbourhood of the nominal trajectory as

-aV—aa-<avX,5x> —l<6x,aVXX6x> =

3T I IE B
min[L{x+0x,u+dut)+<V_4+V__0x,f(X+0x,u+dust)>] (4.1)
54 X xx
where
V(X+0% 35)=V+a+<V_, 0x>+1<0x,V,, 6x> (4.2)

z
and (X+46x)° = f£(X+0x,u+dust) ; x+0x at t =x_ (4.3)

At eny time t¢lt_,t.1, Equation (4.1) is valid locally
w.r.t., 0x, but valid globally w.r.t. du. That is, at
time t, d5x must be sufficiently small such that the
expansion for V to second-order in d6x is adequate.
However, the only gqguantities depending on du are L and

f and no expansion of these quantities w.r.%t. du has yet
been undertaken. In other words; at time t we may make
global changes in du since the non-linearity of L and f
w.r.t. du is still preserved. (Changing du at time t has

no effect on 6x at time t. Only 4 (x+0x) is affected)
dt
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TLet us consider Equation (4.1) at time t and let us set

ox(t) = o. The R.H.S. of (4.1) becomes

min[L(x,u+dust) + <VX,f(§,1—J_+6u;t)>] (4.4)
du

Now instead of using a second-order prediction of the
minimizing 6u™, let us completely minimize the contents
of the square brackets in Equation (4.4) w.r.t. Ou.
(We may do this either analytically or numerically)
Assume that the minimizing u is
u* = u+du® (4.5)
Ixpression (4.4) becomes

L(X,u*5%) + <V, T(X,u*38)> (#.6)

Now let us re-inbtroduce b6x. l.e. consider variations 6x
about X.
In order to maintain minimality of the R.H.S. of

equation (4.1) the min must be re-introduced. Note,
du

however, that du is measured now with reference to u*.
-3V-0a-<3V_ ,0x> -1<6x,0V__ ox>=

X = XX
7t 3% 3T a3t

min[L(X+0x,u*+dust) +<VX+VXX6X,f(§+6x,u*+6u;t)>] (4.7)
ou

Of course, by allowing these global (large) changes in
control u, we shall introduce large 6x's via Equation
(4.3). The dx's must in some way be restrained in size,
in order that the expansion for V, to second-order, shall
be valid. We shall discuss this point later, in Section

4‘2.
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4.2 A New Second-Order Algorithm for Free End-Point Problems

Define H(X,u,VX;t) = L(x,ut) + <VXf(X,u;t)> (4.8)

The R.H.S. of Equation (4.7) becomes

min[H(X+6x,u%du, V4V, OX5 ,6) ] (4.9)
du

Since u* has been chosen to minimize H, we have the
necessary condition

Hu(z'c,u*,vx;t) = 0 (4.10)
Now that the variations 0x are present, we should like
to minimize the contents of the square brackets in
Ixpression (4.9) w.r.t. du

Expanding (4.9) in 8x and du we obtain

m1n[H+<H ,0U> + <H s OX> +<V f ox>
bu

T

+ <6u’(HuX u Vxx

Y6x> +1<bu, H 6u>
2

+ 1<6%, (H +fx VotV o ) B>
2

+ higher order terms] (#.11)
All quantities in (4.11) are evaluated at x,u*

Now from Equation (4#.10), H, = o, so the terms
involving du in (4.11) are.

T

<OU, (Hyy+Lyy Vyy ) 0x>+1<0u, Hj  du>+higher-order terms (4.12)
2

If du is of the same order as b0x then these terms are
quadratic in 6x + higher-order terms in 6x. So there is
no point in finding a relationship between du and 0Ox

which is of order higher than linear, since terms higher
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than second-order in 0x are neglected (Sihce the TL.H.S.
of (4.7) is expanded only to second-order in 65x)

We thus require a relationship

du = PBoOX (&.13)
where R 1s chosen such that the contents of the square
brackets in (4.11) is minimum.
A necessary condition for minimality in (4.11) is
(differentiating w.r.t. du and equating to zero)

=0 T . .
H, +Huu6u+(HuX+fu V. )0x + higher order terms in

0x and ou = © (4. 14)
Substituting (4.13) into (4.14) we obtain

& £ I
HU.U.B X+<HU.X+ u

VXX)6X+ higher order terms in dx = 0(4.15)
Since we have sald that B is independent of 0x (equation
4.1%3) and since (4.15) is required to hold for all ox
sufficiently small, we may equate coefficients of &x %o
obtain

B = —Huu-l<HuX+fuTVXX) (4.16)
(all quantities evaluated at X,u*. )

So we have the linear feedback relationship

ou = _Huu-1<HuX+fuTVXX)6X

= Box (&.17)

This is the optimal linear feedback controller relating
small changes dx to small changes in control, du and
ensures that Hu(§+6x,u*+6u,VX+VXX6XZt) = o for dx

sufficiently small,

Substituting (4.17) into (4.11) and neglecting terms
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of order higher than the second. We obtain

H+<HX+VXXf+BTHu,6X>+%<6X,(HXX+fXTVXX+VXXfX—BTHuuB)6?1 18)

Lxpression (4.18) equals the L.H.S. of (4.7). Since
equality holds for all &6x, we may equate coefficients of
like powers of 0x to obtain

-3V-3a - H
3% 3%

_ T
aCA HX+VXX:€'+B.Hu

——

at

T T T -1 T
—0Vyy = Hpxtfy Vxx+vxxfx_(Hux+fu Vxx) B (Hyxtfy Vxx)

0% (4.19)

(2ll guantities evaluated at X,u*.)

V,a,VX,VXX are functions of x and t along the nominal X

trajectory so.

%E(V(E;t)+a(£;t)) = %E(V+a) + <V E(X,u5t)>

Similarly.
VX = avX + VXXf(i,ﬁ;t)
VXX = aVXX since higher-order terms of V have been
0T

truncateca4 20)

Using (4.20) in (4.19)
-V-a = H—<Vx,f(§,a;t)>
and since -V = L(X,u)t)

-a = H—H(E,ﬁ,vX;t) : (4.21)
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: - o T =Q

-V, = H, +Vxx(f—f(X,U,t)) +BTH, (4.22)
— T ~ T T =1 M

~Vex= HX§fX VXX+VXXfX—(HuX+fu VXX> Huu (Hux+fu VXX>

(4.23)

(unless otherwise stated, all quantities evaluated at
X,u*)

Mt o=t V(EiEp) = F(E(E))

whence a(tf) = 0
VX(tf> = FX(-}—C(tf)>
VXX(tf) = FXX(i(tf)) » (4.24)

Equations (4.24) are boundary conditions for the differen-
tial equations (4.21) - (4.23).

Equations (4.21) - (4.23) are the same as (3.28) -
(3.30) except that u* is the control that minimizes H
Ww.r.t. u at time t.BTHu in (4.22) equals zero.

We note that the above eguations assume that if
we apply u = u* +pdx | te[to,tf] (4.25)
to the system (4.3), then the dx's generated will be
small enough to justify the expansions in 0x to second-
order only.

If 6x(t) becomes too large we cannot simply place
¢ 5 o<¢<l in front of u* since u* is imbedded in the
reverse differential equations (4.21) - (4.23). In
the next Section we shall describe a new method for
keeping Ox 'small enough'.

[Note that for the L.Q.P. problem there 1s no

difficulty since immediate application of (4.25) yields
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the optimal solution. i.e. wo(t) = u*(B)+p(L)dx(t)]

Observe that whereas (4.14) is a necessary condition
for minimality of (4.11) it is, together with
Huunl(i,ufvx;t) positive-definite, necessary and sufficient.

Since we are at a relative minimum of H(i,u,VX;t)
w.r.t. u, the condition that Huu"l(i,u*,VX;t) be positive-
definite is not severe. That is, the requirement that
Huu-l(i,u,vx;t) be positive-definite at u = u* is far
less restrictive than requiring it positive—définite for
any u = u (See Section 3.8)

4.2.1 A 'Step-Size Adjustment' Method

From equation (4.3%)

(x+06x)" = £(X+0x,u+dust) | dx(t ) =0 5 x(t ) = x, (4.26)
From (4.25)

T46U = u*+pdx (4.27)
Substituting (4.27) in (4.26)
(x+6x)° = f(X+bx,u*+BoOx,t) (4.28)

Since 6x (%) - o, the &x's produced by (4.28) for
te[to,tf] are due to the driving action of u*.
Tor example, at t = tf,éx(tf) is dependent on
1) The size of u*(T);Ie[to,tf]
2) The length of the time interval %, - t_.
In Chapter 3 we limited the size of the new control

u = U+dbu*r+4+bu by using a scale factor ¢. (See Section 3.1)

We kept the time interval t.-t unchanged. Limiting the
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size of du*+du over this time interval ensured that the
6x's, including bx(tf), remained small enough.

Now, as stated at the end of the previous Section,
we cannot simply use an ¢ scale factor since u* is |
imbedded in the backwards differential equations which
have already been integrated. Moreover, H is often non-
convex w.r.t. u, which precluded'this type of linear
interpolation between u and u+du*+du.

Assuming that we leave u = u*4+pdx, we find that the
only way in which we can control the size of the dx's is
by altering the time interval over which equation (&4.28)
is integrated.

Consider the time interval [tl,tf] where toftlftf
Let us assume that we run along the nominal trajectory
%(t) (the solution of X = £(X,U36) 5 %(t,) = x,)

from t  to t At time t = &), x(t) = i(tl) since

1°
we have come from to to tl along the nominal trajectory.
i.e. 8x(%), te[to,tl] are zero.

Now let us integrate (4.28) over the interval
[tl,tf]. Since 6X(tl) = 0, the 6x's produced in this
interval are due to the integrated effect of u* acting
through the dynamics f. |

If we make tl = tf, then 6x(t) = o;t€[to,tf]
since we ran all the way from to to tf along the

nominal trajectory. If tl<tf and tf—tl is small, then
the 6x's produced by (4.28) in the interval [tl,tf] will
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be small since there is very little time over which to
integrate the differential equation

(x+6x)° = £(X+0x,u*+BOX3t) x(tl)=i(tl);6x(tl) = o(4.29)

So by making tl near tf we can force the 6x's to be as
small as we please. This is true, provided that f is
bounded on the interval of concern.

We summarise the above description in the following
statement.

There exists a tl, sufficiently close to tf(t0§t1<tf)
such that if we run along the nominal trajectory x(t);

té[to,tl] and then integrate (4.29) from t, to te, the

1
non-zero 6x's produced by (4.29) in the interval [tl,tf]
will be small enough for the expansions of Vv, L and f, to
second-order in ox and du, to be valid.

The following questions should be answered.

1) How does one decide if the 6x's are 'small enough'?

2) How does one choose a tl such that the o6x's are

small enough?

t
1) Recall that —a(tl) = -f l[H-H(i,ﬁ,Vx;t)]dt is the
t
kil

predicted improvement in cost when starting at the point

X(t1),t1 and using u(t) = u*(1)+p(7) Ox(7), t1<1<tr.
Assume for the moment that we consider tl:to(i.e.

the whole time interval [to,tf])° Iet us integrate (4.29)

and calculate the cost V. The actual improvement in cost

is AV = T(X3t,) - V(X3t,) (4.30)
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Now if this actual improvement in cost is 'near' to the
predicted value of —a(iZtl), then we consider the b6x's
produced by the new control acting through (4.29) are
small enough for thelexpansions to be valid.

We have found it convenient in practice to define
'near' in the following way.

If the following inequality is satisfied, we consider

AV to be near —a(tl)

& >
—a(t > (4°51>
1
In practice we set ¢ = .5. There are no hard and fast

rules for setting ¢ . Certainly it should be greater than

zero since —a(tl) is greater than zero and a negative AV

is, of course, inadmissible. ¢ should not be greater than

unity since one should not expect improvements greater

than predicted if the expansions for V, L and f are wvalid.

IMoreover, ¢ should be somewhat less than unity so that

any decisions based on (4.31) are not influenced by

round off and other extraneous errors in the computation.
2) If test (#.%1) is passed with tl=t0 , all is

well, and we may proceed to the next iteration with the

knowledge that we have made a reasonabie improvement

in cost of AV. If (4.31) is not satisfied then we set

B o= temt, + b, =ty say (&4.32)
e

We now run a trial tfajectory by running along the



92.

nominal from to to tl and then integrating (4.29) from

t, to tf‘ We again check our criterion (4.3%1). If it

1
is satisfied we proceed to the next iteration. If not,
we set

ty = tp-t oy 4ty = o Say (&4.23)

2

and compute a new trial trajectory and test (4.31) with
this new tl.
Subdividing tf —to in this way there will come a

time tl when our criterion (3.31) 1s satisfied. i.e.
there will come a time tl, sufficiently close to tf, such
that (4.31) is satisfied. This implies that we have a
new trial trajectory which produces a rcasonable reduction
in cost of AV. We make this trial trajectory our new
nominal trajectory and proceed to the next iteration of

the algorithm.

In general, tl =tf “top tor = tor+1 say (&4.34)

—

where r = 0, 1 ... and too = 2to—tf

Notice that the new nominal trajectory generally has
a corner at tl since ﬁ(tl) is generally different from
u*(tl). (On an optimal trajectory there are no corners
since u* = U end t; = t_) This introduces no difficulty
provided that the numerical integration routine used for
integrating (4.29) and the backwards equation (4.21) -

(4.2%) 1s capable of handling differential equations with



discontinuous right hand sides. An example of such a
method is the fourth-order Runge-Kutta routine which we
use for all our numerical integration in this thesis.

It may happen that the nominal trajectory x(t) is
optimal on an interval [t2’tf] but non-optimal on the
interval [to,tz). If t, is being found in the way out-
lined above (i.e. by subdivision of [to,tf]) then tl may
land in the interval [tg,tf]. The 0x's generated in the
interval [tl,tf] would then be zevo (since u* =ﬁ§t€[t2,tf];
t25t1<tf) and no reduction in cost would occur even though
the whole trajectory X(t)3t¢[t_,b.] is non-optimal. |
We must ensure therefore, that if the nominal trajectory
is optimal on an interval [tg,tf] then % will never
fall in this interval. The condition is ensured ecasily
in the following way.

At t:tf,a(t) = 0. Now, when integrating the backwards
equations, let us monitor -a(t). We record the time
t o= toep when-a(t) becomes different from zero. (or in
practice when it becomes greater than nf Ny 2 small,
positive cuantity) The trajectory between teff and tf

satisfies a necessary condition of optimality, viz)|

a(t) = 0 3 te(b pprby] (&.35)

Now if on the forward run a time tl # to needs to
be found, then the time interval teff - to is subdivided

as described earlier and not tf - to. As the overall
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trajectory becomes more and more optimal (from iteration
to iteration) so tefi > to. Tinally, on an optimal
trajectory-a(t)<nl y te[to,tf] and t_rp = t_  and the
computation is stopped.

When programming al gorithms on a digital computer
it is generally nccessary to use a numerical integration
routine to integrate the differential equations. This
means that the interval tf —to is subdivided into N-1
time steps. (i.e. t going from 1 to N). The subdivision
of tf - to’ used for determining tl, must now be done
with respect to the discretised time scale 1 to N

1 or
2

or+l

where Noo = 2-N

It should be: appreciated that since therc are a
finite number N-1 of discrete time steps, this subdivision
can only be done a finite number of times. The smallest

possible non-zero time interval is tf—to and this will
N_!

be attained if N; = N-1 (or N, = Neff_l)
It is clear that we have to assume that N is large enough
such that the dx's produced during this basic time

interval tf - to are always small enough for the expansions
N _— l

for Vv, L and £ to be valid. This restriction is a

practical one, brought about by the discrete time nature
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of the digital computations.

(If the differcntial e@uations could be integrated
ideally, then the subdivision of tf - to (or teff - to
as the case maybe) could continue until the time interval
tf - tl were so small that the dx's produced in this
interval were certainly small enough for the expansions
to be valid)

When AV and—a(tl) are small (but >nl) the criterion
(4.%1) may be too severe with ¢ = .5, due to round off
errors. i.e. there may come a stage where (4.31) remains
unsatisfied even when Nl = Neff—l' If this happens we
set ¢ = 0 and repeat the procedure for determining Nl'
¢ = 0 is a much less stringent test since it asks only
that AV>o. 1If once again (4.31) is unsatisfied even with
N, = Neff—l, then we stop the computation since no further
reduction in cost is possible. This implies that either
we have converged to the optimal (in which case-a(to)<nl)

or N is not large enough and hence tf - to is too large
N_.l

a basic time interval. Usually however, the N needed for
accurate integration of the differcential equations is
large enough. We have only encountered the contrary, in
some problems that are near singular and hence cxtremely
sensitive to changes in u. In these cascs 1t may prove
desirable to use a very simple integration routine

(Euler) and a large number of steps,N.
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We summarise the 'step~-size adjustment method'.

1) Vvhen integrating the backwards equations (4.21) —
(4.23) note Nopp> bhe time at whicqﬁb'becomes greater than
Nq- (nl is chosen from numerical stability considerations)

2) On the forward ruh try applying v = u*+po0x cn
the whole time interval [to’tf]° Calculate the cost, and
hence the improvement AV. Check whether criterion (4.31)
is satisfied. If it is, then proceed to the next iteration
of the main algoritim. If not, go to 3)

%) Use (4.36) and (4.31) to subdivide the time
interval t, - t_  in order to find a time N, such that
(4.%31) is satisfied. If no Nl can be found that satisfies
the criterion with ¢ = .5, then replace it by ¢ = o and
try again. If still no N, cen be found this implies that
the cost cannot be decreased further, so halt the
computation.

The above procedure is just one way of finding tl.
There may be many other ways. One alternative is to
choose tl experimentally in order to maximize AV. This
could also be donec in the algorithms of Chapter 3, where ¢
could be chosen experimentally.

we have found, however, that the procedure described
in this Section is very simple to implement and succeeds
in the numerical examples that we have attempted, Some

difficulty was cncountered on a near singular problem.

This is discussed when describing the numerical results.
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In general it is difficult to propose a step size
adjustment method that succeeds perfectly in all non-
linear problems. It must be apprecilated that although
the algorithms devcloped in this thesis are very general
in nature, it is often necessary to 'tune' them to the
particular problem being solved. In particular, this
is truec of step size adjustment methods.

Since the step size adjustment procedure described
in this Section produces a corner into the new nominal
trajectory, we are in fact introducing the notion of
strong variations.

We define a weak varlation in the followingz way.

If we have a nominal trajecctory x(t) = x(t) te[to,tf]
then 0x(t) is a weak variation of x(t) iff
| #uox| < ¢ | (4.37)
| arx) < ¢ (4.38)
where ¢ 1s grcater than zero.
A strong variation is when only condition (4.37) holds.

It should be recognised that the variations dx(t)
introduced in Chapter % are in fact weak. In this
Chapter we introduce a corner into the trajectory so
(4.38) may be violated although (4.37) remains true.

Strong variations have been used in theoretical
studies of optimal control problems. In fact Pontryagin's
Minimum Principle is proved using such variations. Halkin

[18] also allows strong variations.
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To our knowledge this is the first time that the
notion of strong varlations has becn introduced into
second-order successive approximation proccdures.
It will be scen that this new sccond-order slgorithm
can handle a much larger class of non-lincar problems than
the algorithms of Chapter 3.

4.2.2 The Compubational Procedure for the Second-Order
Algorithm

1) 7Using a nominal control u(t) , te[to,tf] run a
nominal x(t) trajectory. Calculate the nominal cost.
2) Using boundary conditions (4.24) integrate equations

(4.21) - (4.23) backwards in time from t. to to all the

T
while minimizing H w.r.t. u to obbtaln u* and storing u*(%t)
and B(t). Note also the time Neff when‘a(igt)lbecomes
greater than N1+ Mg chosen from numerical stability
considerations.

3) Apply control u(t) = u*(t)+p(t)0x(t) over the

whole time interval [to,tf] and compute a ncw X btrajectory

and corresponding cost. If condition AV > ¢ 1s satisfied

—d(fo)
repeat step 2) after replacing the old nominal trajectory
by the new trajectory. If the criterion is not sabisfied

apply the 'step size adjustment method' of Section 4.2.1.
When a satisfactory trajectory is found go to 2)
4y At the end of each step 2) Check the size of

‘a(Xo;tO)l and stop the computation if it is less than

UER



One might think that minimizing H(i,u,VX;t)
w.r.t. u at each instant of timc going backwards from
tf to to is 'too much work'. In practice, however, 1t
is quite straight forward. There are two cases to consider.

a) The minimization of H can be done analytically.

In this case therc are no difficulties.

b) The minimization of H must be donc using some
sort of numerical method.

During the past 10 years somc very powerful hill-
climbing techniques (minimizing methods) have emerged
[61],[62]. In our opinion, the method described in [61]
is a considerable advance over older methods (Newton-
Raphson, Steepeét Descent). The function to be
minimized and its first derivatives are calculated and the

inverse matrix of second derivatives is estimated from
this data as the procedure progresses towards the minimum
of the function. Thus, when the minimum 1s reached, an
estimate of the inverse of the matrix of second derivatives
evaluated at the minimum, is available. This estimate is
constructed in such a way that it is always positive-
definite.

Consider using the method described in [61] (The
Fletcher and Powell method, abbreviated F and P) for
minimising H w.r.t. U.

At t=t, we use T and P to minimize H. The proccdure

T
supplies us with an estimate of Huu_l(i,U*,VX;tf)
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which we can usec as our best estimate of Huu_l(tf—At)
[we have dropped the other arguments for convenience.]
Note that if u*(t) and H(t) are continuous, smooth functions
of time then H "' changes little in an interval At. This
means that Huu~l(tf) is a good estimate of Huu_l(tf—At)
and u*(tf) is a good estimate of u*(%-At) so that, at
tf—At, the T and P routine has little difficulty in
gquickly atteining the minimum of H(tf—At). The argument
holds also for any t([to,tf]. We note that ﬁﬁu—l(t)

1

generated by I and P is an estimete of Huu— at u*,t

so that when we have finished minimizing H(t), we may
use Huu_l(t) to calculate B(t). However, it is possible
that the minimum of H(t) is reached and the resulting

”~

Huu_l(t) is not a very good estimate of the true Huu—l

(t)
evaluated at the minimum, u*(t). The goodness of this
estimate can be chcecked and updated readily, in the
following way.

We have that

~

-1
Hyy  Hgg = I+€ (4.29)

where ¢ is a matrix which is a measure of the difference
~ =1 -1 . » )

between Huu and Huu . Now if the elements of ¢ arc

large, then Huu_l is a poor estimate of Huu—l and so the

best thing we can do is to invert H,u and use it for

determining B. If the clements of ¢ are small, then we

can do the following.
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From (4.39) ﬁuu'l = [I+€]Huu—l
whence Huu—l = [I—e+§.,,.]ﬁw‘l
If ¢ is quite small then
& T ) (4.40)

Equations (4.39) and (4.40) may be used recursively
to determine Huu—l from ﬁuu—l and H

In many control problems onc finds that there are
relativel& few control variables and so there is not much
point in using Equations (4.3%9), (4.40), since H,, can
be inverted ecasily. ZEquations (4.3%9), (4.40) could be

uscful if there are more controls than, say, threec.

4.2.% Characteristics of the Algorithm

1) The procedure exhibits one step convergence for
the L.Q.P. problem since the expansions to second-order
for VO, L and f are valid globally.

2) In 2 neighbourhood of the optimum, convergence is
rapid for non-lincar problems since the second-order
expansions rcpresent the functions well for small 6x anddu.

3) Constraints on control and/or state and the cnd-
polnt cannot be treated directly. (We shall extend the
method to take account of chd—point and control incquality
constraints.)

4) The algorithm is very much more powerful than the
methods of [52], [53], [54] and [55] for the following

reason.

Huu_l(i,ﬁ,vx;t) is not required to be positive-definite
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In this algorithm we minimize H(E,u,vx;t) w.r.t. u and
so require only that Huu-l(i,u,vx;t)exists and is positive--
definite at the minimizing u = u*. i.e. we require
that H(E,u,vx;t) be strictly convex only in the neighbour-
hood of u*. This is a much less restrictive requirement,
since functions are often largely quadratic in the
neighbourhood of their minimum. We are thus able to
handle a much larger class of non-linear problems then
existing second-order successive approximation methods.

5) On certain non-linear problems, convergence is
likely to be more rapid than with the methods [52] - [55]
for the following reason.

In methods [52] -~ [55] small corrections in control,
du = —eHuu“lHu, are made. Now in some problems — non-
linear in u - it is quite possible (depending on the
parameters of the system) that a step 6u of this magnitude
produces small dx's which are well within the limits

required by the expansions of V, L and f w.r.t. dx, but

the magnitude of the du is Jjust within the limit required

by the expansions w.r.t. du.

Since almost all the computing effort has gone into

determing VX, V ~ the defining parameter of the

XX
expansion for V - and since from the above the maximum
possible 8x's will not be produced, we see that the
methods may not make efficient use of the calculated

VX and VXX.
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The new algorithm minimizes H w.r.t. u and so the
dx's produced are the maximum possible. e thus utilise
the expansion for V, to the full. Of course, the &x's
may be too large, in which case we have to use the step
size adjustment method!

(Halkin [57], in a different approach to the control
problem, has realised the importance of not expanding
I and f w.r.t. u about u.)

6) If the 6x's are too large, as measured by criterion
(%3.31), then the 'step size adjustment method', described
in Section #4.2.1, must be used.

Assuming that the problem is very non-linear, we
shall find that the step size adjustment routine must be
used a number of times in order to determine tl, which
will be close to tf. Tech time the procedure is used
we have to integrate equation (4.28). However, as tl
tends to tf, we integrate (4.28) over smaller and smaller
time intervals tf - tl. This is in contrast with the
step size adjustment method of Chapter 3 where, in order
to determine ¢, the % equation has to be integrated over

the whole time interval t,. - to. So in non-linear problems

bl
it is likely that the new algorithm will use less compubting
time in determing tl’ than the other methods in deter-

mining ¢.
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4.2.4 L Computational Trick that Improves Convergence Rate

In the algorithm described in Section 4.1 the new
control is computed using

u(t) = u*(t) + B(L)ox(t) (4.41)
Now it can happen, in non-linear problems, that B(t)dox(t)
becomes too large and so invalidates the local eXpansions
in du. However, Oox might still be small enough for
VX(§+6X;t) =V, + VXX6X to be valid. We conclude that
we could use the following alternative way of computing u(t).

Instead of storing u*(t),p(t), store VX(t) and VXX(t)c
When applying u(t) to the system, compute it directly
by minimizing H(§+6X,u,VX+VXX6X;t) w.r.t. u either
analytically or using the F and P routine. In this way
the radius of cbnvergence of the aglgorith, (i.e. the
maximum size of &x allowed) may be increased. Very often
the m%n H operation can be performed easily.

4,2.5 Sufficient Condi tions to Guarantee a Reduction in
Cost at Fach Iteration

In order that the cost decrease at each iteration, for
5x's sufficiently small, a(i;tl) must be less than zero.
Sufficient conditions for a(i;tl)<o are that, for te[to,tfji

1) H(S‘c,u*,vX;t) < H(:’c,ﬁ,vX‘;t) su* £ u
Since u* minimizes H, 1) is equivalent to:

Hu(i,u*,vx;t) = 0

-1

Hoy (i,u*,VX;t) positive definite.
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2) The solutions of eguations (4.21) - (4.23) be
bounded.

4.2.6 Proof of Conditions 4.2.5

t
e l - - o - °
a(x,tl) = "ftf[H(X:oU-aVXat> - H(X,U.*,Vx,t>]dt (4.42)

For &a(X,t;) < o it is sufficient that

H(i,a,vx;t> > H(X,u*,V, 5t) 5 u* #u (4.43)

Now u* is the control that minimizes H, so (4.43) is true
for u # u*.
Since u* minimizes H we have that.

Hu(i,u*,VX;t} = 0

Huu—l(i,u*,VXQt) is positive-definite.

As before, we require the various guantities to be bounded
and so require the solutions of equations (4.21) - (4.23)

to be bounded.

4.% A New Pirst-Order Algorithm for Free End-Point Problems

Let us assume that we expand V(X+dxit) to first-order

only.
V(X+0%56) = T+a+<V,,0x> (4. 44)

Ve obtain the following set of equations using Equation (4.1)
-V = Hy P VX(tf} = FX(E(tf}} (4. 45)
-8 = H-H(X,1,V3t) ; a(ty) = 0 (4.46)

where the guantities are evaluated at X,u* unless other-

wise stated. wu* is the u that minimizes H(X,u,V,.5t)



106.
The new control that is applied is
u(t) = u*(t) (4.47)

The step size adjustment routine of Section 4.2.1 is used.

4.%.1 Characteristics of the Algorithm

1) The algorithm is fundamentally different from that
of Section 3.7 (i.e. the gradient method) in that (&.45)
is integrated backwards along X,u* and that u(t) = u*(t)
on the forwards run.

2) Provided that the partial derivatives v, are
reasonably large compared with VXX, the first-order
expansion (4.44) will be adequate to describe V for small
variations ®x. One should expect this first-order algorithn
to have quite a good convergence rate since, even though
it is first-order in 6x, global changes are made in u.
This 1s in contrast to the gradient method where
du = - €H € >0.

%) The algorithm uses the 'step size adjustment
method' of Section 4.2.1. Since V is expanded to first-
order only, it might be necessary to repeatedly use the
step size adjustment method a number of times before a
suitable tl is found. However, as explained in Section
4.2.% point 6), the integration of the i equation 1is done
over ever decreasing time intervals tf - tl and so, it
is likely that the method will be faster than the
gradient method where ¢ has to be chosen. Note also

that tle[to,tf]. ¢ is required to be greater than zero,
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but we do not have an upper bound for it, so that the
choice of ¢ might be quite tricky.

43) Consider the problem.

X = AX + Buj x(t ) = % (4.48)

0

min V

It

t
7 IL(uyt)at + <b,x(tp)> (4.49)
0

If L is a convex function of u, it can be shown easily,
that our first-order method solves this problem in one
step since v° is a linear function of x. This is not
true of the gradient method where only a small change in
contrcl du, is made at each iteration.

In Chapter 5 we test a similar first-order algorithm on
a number of non-linear examples and show that the con-

vergence rate is acceptable.

4.4 Computed Examples

In this Section we describe some simple control
problems which serve to illustrate numerically the most
important difference between the new second-order algorithm
of Section 4.2 and those of Chapter 3. That is, we
illustrate point 4) of Sectioﬁ 4,2.3.

T. We consider the same problem as in Section 3.6 namely.

X = =.2X + 10Tanh u X(to) =5 (4.50)

Choose u(t) , +t¢lo,.5] to minimize

v = £22(10x7 4+ u)dt + 10x2(tf) (4.51)

The problem, though simple, is a good illustrative one
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since along certain non-optimal trajectories Huu_l(i,ﬁ,vxgt)

is not positive—definite.

ve have
H(X,u,VX;t) = lOX2+u2+VX(—.2X+lOTanh u) (4.52)
whence
HX = 20% - °2Vx
H, = 2u + 10V, (1-Tanh®u) (4.5%)
_ 2

Huy = 2 —EOVXTanhu(l—Tanh u) (4.54)
Hyx = ©
Hep = 20

F, = 2OX(tf) 5 oy = 20

Using the above expressions, the second-order
algorithms of Section 3.1, 4.2 are programmed easily.

In the experiment a fourth-order Runge-Kutta
integration routine was used. The interval [o0,.5] was
‘divided into 100 steps.

T.et us examine the expression for Hiy along a
nominal trajectory.

H,, = 2-20V, Panhi (1-Tanh=5) | (4.55)
Now, depending on the relative values of VX,ﬁ it is quite
possible that Huu,and hence Huu_l,will be non-positive.
i.e. there is no guarantee that Huu~l(§,ﬁ,vx;t)>o

From the above it is clear that there is no

guarantee that the methods of Chapter 3 will be able to

solve this problem.
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The new algorithm (Section 4.2) requires only that
7 - l = a
Hiy (X,u*,VX,t)>o.
At u = u* we have, from (4.53%), (since Hu(i,u*,vx;t)=o)

2 .
that (1-Tanh™u*) = -2u* | if V_ # o (4.56)
Tov, X

1 5 if Ve = 0, since u* = o (4.57)
Using equations (4.56), (4.57) in (4.54)
Huu(i,u*,VX;t) = 2+4u*Tanhu* (4.58)

Now u*Tanhu* > o for all u* so, by virtue of (4.58),

Huu(i,u*,vx;t) > o regardless of the nominal trajectory

We expect, therefore, that the new algorithm will not fail
to find a solution to this problen.

A nominal control u(t) = +1 § te¢lo,.5] was applied
to the system (4.50) and an attempt was made to use the
methods of Chapter 3 to improve this nominal, non-optimal
trajectory.

The following behaviour was observed.

At t; = 5 X(tf) = 8.15, whence Vx(tf) = Fx(tf) = 16%.0

200_2000 .165-0-:'1‘&111'11.0.
(1.0-Tanh

From (4.54) Huu(x,u,vx,t)

21.0)

-1040.0

i.e. H at ©

uu £ is negative using this nominal trajectory.

It was found that as the equations for Vo Vyy Were
integrated backwards, Huu remained negative all the way.
On the forward run no improvement in cost could be

obtained, as a result the computation terminated.



110.

Starting from the same nominal trajectory, the new
algorithm was tried. By (4.58) above, Huu(i,u*,VX,t)
remained positive on the interval [0,.5]. (u* was
determined by quadratic prediction [66]). On the
forward run a reduction in cost was achieved and after two
iterations, the optimal trajectory was reached. The
progress of the algorithm is illustrated in Fig 2 which
shows the cost V as a function of the iteration number.
Fig % shows the nominal and optimsal control functions.

This simple example illustrates the failure of the
second-order methods of Chapter 3 to find a solution to
a control problem where the nominal trajectory is such
that Huu—l(i,ﬁ,VX;t) is non-positive-definite. The new
algorithm where H(E,u,vx;t) is minimized w.r.t. u
easily finds the optimal vrajectory.

It should be noted that when using the new algorithm,
the technique of minimizing H(§+6X,u,VX+VXX6X§t) w.r.t. U
was used on the forward run, as suggested in Section 4.2.4.
The samc problem was tried using (4.27) to calculate the
new contrel) four iterations were required to reach the
optimum. This is due to the fact that H is very non-
linear in u and so, u = u*™+pdbx is valid only for very
small variations du from u*. An increased radius of
convergence is thus obtained by choosing u by

min H(§+6X,u,VX+VXX6X§t)

In all later computations u is determined by
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minimizing H on the forwards run, unless otherwise specified.
This is in order to achieve the greatest possible radius of

convergence, given that V is expanded to second-order only.

IT The Dreyfus Rocket Problem

In [28] Dreyfus used a first-order type of method
to solve a rocket problem. Mitter [52] attempted the
gsame problem using his Second-Variation method.

The Problem is.

Launch a rocket in fixed time, to a given altitute,
with a given final vertical velocity component and
maximum final horizontal velocity component.

We shall assume that the rocket is governed by the
following differential equations. (The approximations
and assumptions necessary to arrive at these equations

are given in [28])

[ 4

X = Xz o ox () =0
X5 = X, yox(8,) =0
X, = a cos u R Xa(to> = 0
X, = asin u - g o ox,(5) o (4.59)

Xy is the horizontal range (feet)
Xo is the altitude (feet)
X5 is the horizontal velocity component (feet/sec)

is the vertical velocity component (feet/sec)

°

We are required to choose u(t) 5 t([o,tf] to maximize
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Xa(tf) subject to the constraint that
Xg(tf)
X4(t

100,000 feet

f) 0 feet/sec.

The final time tf is given as 100 seconds.
Notice that X, does not enter into the control problem
and so need not be considered.

In order to change the problem from a maximization
to a minimization, we minimize - Xa(tf)

t s
SoV = Xz = jof-a cos u dt = fOfL dt (4.60)

The relevant differential equations are.

X5 = X
§4 = a S8in u-g (4.61)
a is given as 64 feet/se02 and g as 32 fect/sec2
In this Section, we approximate the end-point
constraints by using a penralty function which artificially
costs the end-point error. The end-point problem is thus
conveniently avoided. (Later in the Chapter we re-consider
this problem, and solve it directly by using an al gorithm
especially developed for end-point problems)

t
vV = fof— a cos u dt «+ r[(X2—lOO,OOO)2 +: Xi] (4.62)
It can be shown that by solving the problem fbr

r =1y, Iy .oorn,(rn> ,.=>r5>r2>rl), that as n > @

and r, »wo , SO the solution of the free end-point
problem (4.62) tends to the solution of the end-point

problem. Since we are interested only in illustrating



the free end-point algoriﬁhm of Section 4.2, we arbitrarily
set r = .0002 and keep it at this wvalue.

Mitter, in [52], used a penalty function when
attempting to use his Second-Variation method.

For this problem we have

H = -a cos u + VX2X4 + VX4 (a Sin u-g) (4£.63)
H, = & Sin u + = VX4 cos u (4.64)
Hy = @ Cos u - a VX4 Sin u (4.65)

Fxg(tf)= 2r(x2 -~ 100,000)

FX4(tf)= 2ry, (4.66)

The algorithm of Section 4.2 was programmed casily.
Thrce hundred integration steps were used.

As with the previous cexample, we see that 1t is
possible for Huu(i,ﬁ,vx;t) to be non-positive~definite
slong non-optimal trajectories. Mitter [52] was
continually hampered by Hou becoming either negative or
zero, (which besides other effects, caused difficulties
in integrating the Riceati cquation) and had to resort
to the ordinary gradient method to produce a trajectory
gsufficiently close to optimum before the Second-Variation
algorithm could be used successfully.

Now our new algorithm of Section 4.2 requires H,=0
so H, = a Sin u* + a Vv, cos u* = o (4.67)

4
whence u* = Atan(-V, ) (4.68)
I
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(in this example we are fortunate in being able to solve
for u* analytically and so no numericsl method is needed
for minimizing H w.r.t. u)

From (4.65)

1]

H

* 3 *
cos u* -
uu a co aVX Sin u

4

a cos u* 4+ a 8in u* . S8in u* (using (&4.67))

Cos u*
= a
cos u* - (4.69)

This quantity is always positive since u* given by (4.68)
will lie between -90° and +90°. So in this problem too,
we find that Huu'l(i,u*,vx;t)>o regardless of the
nomlinal trajectory.

The algorithm was started with a nominal control
given by

u(t) = 1.6 - 1.5 ¢ (4.70)

Te

This is the same nominal control as used by Dreyfus and
Mitter. 1 was sct as .0002. The results of the com-
putation are shown in Tigs 4 and 5. Fig. 4 shows the
cost V, as given by (4.62), as a function of the iteration
number. Fig. 5 shows the nominal control of (4.70) to-
gether with the optimal control and an intermedlate one.

The nominal values of X5y Xy V and X5 were.
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Xe(t ) = 108,721 feet
£ ;

x,(bs) = 1180 feet/sec
vV = 11100

X3<tf> = 3574  feet/scc

The final values of X5y ¥, V and X after 7 iterations are.

% (tp) = 99,920 feet

X4(tf)= 811 feet/sec
V = -4040
Xa(tf) = 4176 fect/sec

It should be noted that we have not solved the rocket
problem, since the end-point constraints are not satisfied.
We have, however, determined the control that minimizes
V given by (4.62). The new second-order algorithm has no
difficulty in finding this optimal control whereas the
Second-Variation method, described in [52], fails due to
Huu_l(i,ﬁ,x;t) being non positive-definite along some
nominal trajectorics. This true also of the D.D.P.
methods of Chapter 3.

The ahove two examples serve to illustrate that the
new second-order algorithm for free end-point problems,
derived in Section 4.2, is more powerful than existing

second-order and Sccond Variation methods in that the

requirement that Huu_l(i,u*,V?;t) be positive-definite
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is much less restrictive than the requirement that

Huu_l(i,ﬁ,VX§t) be positive-definite.

ITII The Rayleigh Equation

In this example, the solution of the Riccati equation

becomes unbounded when integrating backwards from tf to to

along some nominal trajectories. It is demonstrated that
the new second-order al gorithm is still able to achieve a
reduction in cost at cach iteration and morcover, rcaches
the optimal trajectory after 9 iterations. The methods
of Chapter 3 fail to solve this problem.

Consider the following control problen

Xl - X2 .7 Xl(t0> = =5,
x, = =xpl.lx, = .14%0 + 4u ) %y (6,) = 5.
(4.71)

Find u(t) § te¢lo0,2.5] to minimize
_ 2.5,.2 2
V= fo (x5 + uS)dt (.72

Since the dynamics are linear in u and V is quadratic in u
it can be verified easily that, cexcept for the step size
adjustment routines, the D.D.P. method of Section 4.2 is

exactly equivalent to those of Sections 3.1, 3.1.3.

2 2
H = x,"+u +vX1x2+vX2(-xl+1.4x2—.14x25+4u) (4.73)
H, = 2u+4Vx 5 whence u* = —EVX
2 2
H =2 >0

uu



HX = 2X1 - ng
V, o+ 1.4V, - L4225y (4. 78
] 2 2 |
My = O
He . = 2 o}
(o] hadt .84VX2X2 (4°75)
An arbitrary nominal control of
was chosen.
One hundred integration steps were uscd. The methods

of Chapter 3 were tried firstly. It was found that during

the backwards integration of the Voo V

5 .
¥ equations, their

solutions became unbounded. The integration step-size
was reduced by increasing the number of integration steps
from 100 to 1000, but the same behaviour persisted. This
meant that the methods could not be used.

Since, for this problem, the %X equation is linear
in Vs its solution can be unbounded only if Vex becomes
unbounded. i.e. if the solution of the Riccati cquation
becomes unbounded.

Now, from Section %.1.5, we have that sufficient

conditions for the boundedness of the Riccati solution are
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that:
~ 5 "n g is posits i-definit
Hey Hx uy  Hyy 1S positive semi-definite

Huu—l is positive definite

F o (X(ts)) is positive scmi-definite
The second and third conditions are satisfied since Huu=2,

FXX = O, In addition HuX = O.

It turns out that H_ given by (4.75) is not positive
semi~definite all along the nominal trajectory. i.e. the
above sufficicency conditions for the boundcdness of the
solution of the Riccatl equation are not satisfied. This

could account for the observed unboundedness of the VXX

solution.
The new algorithm of Section 4.2 was tried next.
Once again the solutions of the backwards equations
became unbounded. (they are the same equations as in the
method of Section 3.1) However, using the 'step size

adjustment method' of Sectlon 4.2.1 a t, could be found,;

1

t, < t, <% —(tb the time at which the solutions became

b 1 hil
unbounded.)- such that an improvement in cost resulted.
As the mcthod progressed from.iteration to iteration, so
tb became nearer and nearer to. Finally the optimal
trajectory was reached along which all the cquations had
bounded solutions. i.ce. the new second-order algorithm

was entirely successful.

Fig 6 shows V, (t) for various iterations, illustrating
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how the time tb moved backwards to ﬁo as the optimum
trajectory was approached. Tig 7 shows the cost V as a
function of the iteration number.

The above cxample shows that the new algorithm is more
powerful than existing onc's in the sense that the
boundedness of the solutions of the backwards equations is
not required on fhe whole interval [to,tfj, along non-
optimal trajectorics. We rcquire only that they have
bounded solutions on the interval (tb,tfj 5 tb<tf and
that x () | t((tb,tf] be non-optimal unless By <t

If these conditions are fulfilled, then one can
always find a tl, using the procedure of Section 4.2.1,
such that the cost decrcasecs.

It should be clear from the above, that the conditions

of Scction 4.2.5 are 'over sufficient'.

4.5 A Fixed End-Point Problem

Let us consider the following control problem
x = £(xuyb) 5 x(by) = xg (4.77)

Find u(t) , te[to,tfj to minimise the cost functional

t
V(x,3b,) = Sy L(x,ust)dt + Fx(tp)) (4.78)
(0]

In addition, the following cnd-point constraints must be
satisfied.

8(x(t.)) = o (4.79)
where @ is an s<n dimensional vector function. It is

assumed that tf is given explicitly.
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Mitter [52] and McReynolds and Bryson [5%] have
presented Second-Variation methods for the solution of
this problem, but the Differential Dynamic Programming
approach developed in this Chapter does not appear to
“have been attempted previously.

The algorithm that we shall derive is somewhat
different from those of [52], [53] and has a number of

computational advantages over those existing methods.

4.6 Static, Constrained Minimization

Before attempting to solve the problem of Section %.8
we shall first consider a constrained, static minimizafion
problem.

Minimize V(x) w.r.t. x subject to the constraint

6(x) = o (4.80)
V is a scalar function of the n dimensional vector x.
© is an s<n vector function of x.

We define the set Y = (x. 6(x) = 0) - (4.81)
( )

Let us assume that x = XoeY, V has a constrained relative
minimum.

IExpanding V to second-order about x° assuming the existence
of the required derivatives we obtain

V(X0+6X) = V(Xo) + <V,0x> + %<6X,VXX6X> (4.82)

) . . .. o)
Now if V has a constrained relative minimum at x~, then

<V ,0%> + 1<bx,v__0x> >0 5 X°4+0x¢Y (4.83)
X o XX _
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Necessary and sufiicient conditions for (4.83) to hold
are clearly.
<VX76X> = 0 (4084‘)
<6X’VXX6X> >0 5 xC 0%y ' (4.85)

i.e. we require the necessary condition (4.84) that V
must be gstationary, to first-order, for variations dx
about x° such that x°+b6x¢Y.
Consider the Lagrangian function J.

J(X,ko,k) = kOV(X) + <k,0(x)> (4.86)
where ko is a scalar Lagrange Multiplier and k is a s-
vector of Lagrange Multipliers. -

Consider minimizing J w.r.t. x, ensuring that x¢Y

minJ(x,ko,k) = minlk V(x) + <k,8(x)>] (4.87)
xe¢Y XeY ©

From (4.87)
J(x%,k k) = & V(x°) + <k,0(x°)> (4.88)

kOV(XO) since x%¢Y (4.89)

4.6.1 Necessary Conditions for a Constrained Relative
Minimum of J

o

Txpand (4.88) about x~ to first-order

T

. 0
J(XO+6X,KO,k) = J(x ,ko,k) + kO<VX,6x> + <9X k,0x> (4.90)

where XO+6X€Y
From (4.90) a necessary condition for J to have a con-
strained relative minimum is that
T _
ko<vX,6x> +<@, k,0x> = o (4.91)

where XO+6X€Y
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(Egquation (4.91) ensures that for all 6x sufficiently
small, such that XO+6X(Y, J(xo+6x,k0,k) = J(xo,ko,k)

to first-order.)

Equation (4.91) is not much use as a necessary condition,
since it holds only for x°46x¢Y.

Let us assume that we relax the condition x°+6xeY
and suppose there exists multipliers ko,ko such theat
(4.91) is valid for all &x. Then we have

k V. +0, kO = o (4.92)

(superscript © on the vector of k's denotes 'optimal values'))

Now k° and x° can be found from (4.92), (4.80).
k° can be solved for uniquely in terms of ko using
(4.92) iff:

i the rank of GXT is s

2)  the rank of (o T: V1 is s
(Conditions 1), 2) are necessary and sufficient from
linear equation theory.)

Since k° may be obtained uniquely in terms of ko’ we
can set ko = 1 without loss of generality. So, given
1), 2) above, there exists a unique set of multipliers
x° such that (4.92) is satisfied. Satisfaction of (4.92)
implies (4.91).

We have, therefore, that the following conditions
are necessary for J(x,k°) and hence from (4.87) - (4.89)
0

for V(x) to have a relative minimum w.r.t. X at x=x

for x¢Y.
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_ 7,0 _
%% = Vx + GX kW = o0
37 = 8(x°) = o |
0k (4.93)

i.e. conditions (4.9%) are necessary for (4.87) - (4.89)
to hold.

If the rank of GXT is r<s and the rank of EGXTSVX] is r<s
then r of the k°'s can be found using (4.92). The
remaining (s-r) k%'s may be assigned arbitrary values.

If the rank of EGXTZVX] > s then no solution to (4.92)

I

exists without setting ko 0.
For our purpose, the only case of interest is when
both conditions 1) and 2) above are fulfilled. This is

known as the normal case.

4.6.2 Necessary and Sufficient Conditions for a
Constrained Relative Minimum of J

Expand (4.88) about x® to second-order

J(XO+5X,kO)=J(XO,ko)+<VX+9XTkO,6X>+%<6X,(VXX+kO@XX)6X>
(4.94)

where x°+6x¢Y.

Since the first order terms are zero by (4.93), we have

that <6, (V. +k 0, )6X> > 0} x%1+6x¢Y, together with (4.93)

forms necessary and sufficient conditions for a con-

strained relative minimum of J wer.t. x and hence, from

(4.87) — (4.89), are sufficient conditions for V to have

. . . . O
a constrained relative minimum w.r.t. X at x .



4.6.3 Conditions for an Unconstrained Relsastive Mininmunm
of J — A Degenerate Saddle Point

For J(x,k) to have an unconstrained relative minimum
w.r.t. x at Xo,ko we have the szme necessary condition

v, +e, k% = o | (4.95)
However, since we wish to allow all variations dx and
not only those for which XO+6XEY, our sufiiclency con-
dition is that)

0 i - 0 .0
Vi k6, must be positive-definite at x7,k (4.96)

Conditions (4.95), (4.96) ensure that
J(x,k%) > J(x°,k°) for all x : 'X—xol~<(3
Observe also that

J(x°,k°)= 3(x°,k) for all k : 'k-koi < ¢ (4.97)

A function P(x,k) is sald to have a saddle point at
xo,ko if there exists an ¢>o0 such that for all -
X 5 lx-xo|<€, and all'k-kﬂ< €

r(x,k%) > r%,k%) > p.k) (4+.98)

From (4.97), J(x,k) has a degenerate saddle point at
%°,%% if (4.95), (4.96) holds, since

3(x,k%) > J(x°,k%) = 3(x°,k) (4.99)
This implies min J(x,k°) = mind(x,k°) (4.100)
XeY X

4.6.4 A Max-Min Expression for V(xo)

Tet us expand (4.93) around Xo,ko

T,.0 o} T _
V46, K" + (VXX+k GXX)6X+9X bk = o (4.101)



1351,
8 + 80x # © (&4.102)
(Notice (4.102) that we allow &x's which violate

0(x°+6x) = o)

T, 0

Assuming Vo +6, k- = o, we have from (4.101)

_ o -1. 7
bx = —(ka+k GXX) 8, ok (4.10%)

(The matrix is invertible by condition (4.96))

Now expanding J(x,k) to second-order about x°,k° we obtain:

J(Xo+6X,kO+6k) = V(XO)+<kO,G(xo)>+<VX+9XTkO,6X>
+<6+6_ 6%, 6k> + %<6X,Vxx+koexxéx> (4.104)

Now substituting (4.103) into (4.104) we obtain, since
e(x°) = o,

3(x°-(v +k%. _)7te Tok,6x) = 3(x°,k%)

o) -1
-%gék,e [V, +k 8,y

T
X XX O Ok>

(4.105)

Now we have assumed ka*koexx to be positive-definite and
eénto have full rank s, so ex[vxx+koekxj—lexT is

positive definite. Thus the quadratic form on the R.H.S.
of (#.10%) is negative. 1.e. 1if we change k° by 6k and
hence x° by &x (by(4.103)) maintaining (4.101), then
J(x%+6%,k%4+8k) < J(x°,k°) (4.106)
This implies that J(Xo,k) is meximized w.r.t. k subject

to constraint (4.101). So we may write.

V(XO) = mgx mgn J(x,k) (4.107)
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A similar treatment of constrained optimization is to
be found in [60], but our derivations are more in the
spirit of the dynamic problem which we treat in Sections

4.7, 4.8.

4,6.5 Solution of the Constrained Static Minimization
Problem

Many algorithms have been proposed for the solution
of this problem, mainly in the field of Non-Linear
Programming. The study of such algorithms is a major
one and is beyond the scope of this thesis. We shall
content ourselves with one possible method of solution
and shall make use of it again when solving the dynamic
problem in Section 4.7. (A similar technique has been used
by Hildreth for solving quadratic programming problems.
Ref. [60] pg. 234)

Suppose that we do not have the optimal i%ko but
only nominal values X,k.

In general:

T..
V40, Kk # o (4.108)

8(%X) # o (4.109)
Tet us expand the R.H.S. of (4.108), (4.109) about X,k to
first-order.

T = T
V46, K + (VXX+kGXX)6X + 6,70k (4.110)

8 + 6,0x | (4.111)



Equating (4.110), (4.111) to zero and solving for the

required 0x and 0k, we get:

6x = -¢ | V.. + K6 o. Tt v, + e k| (s.112)

The matrix can be shown to be invertible if

Ve + K6, 1s positive-definite (4.113)
and 6] has full rank s. (4.114)

¢ 5 0<¢<1l 1is introduced to ensure that 6x and Ok are
small enough to justify the expansion of (4.108), (4.109)
to first-order only.

The restriction that ka+kexx be positive-definite
at %,k is severe. (Even at x°,k° it is a strong require-
ment since it implies that J(X,ko) has an unconstrained
relative minimum at x°,k° w.r.t. x)

Equation (4.112) may be uséd iteretively until
conditions (4.93) are satisfied.

If V is a strictly convex function of x and if € is
a set of linear, independent constraints then

Vg + keXX = Voy which is positive-definite, by ﬁhe
strict convexity condition. ex?has full rank becausé of
the linear independence of the constraints. These
conditions ensure that 6x and &k can be computed using
(4.112) since the matrix is invertable.

If V is not a strictly convex function of x, but if
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J(x,k) has an unconstrained relative minimum w.r.t. x for
any k, one can first satisfy the necessary condition
VX+GXTK = 0 using a powerful hill-climber [61]. Then

one can satisfy & = o using (4.112). VXX+EGXX will
always be positive-definite since VX+9XTE = 0 is
maintained. (i.e. we keep J minimized w.r.t. x, and
successively change k and x until 6(x) = o)

4,7 Adjoining the End-Point Constrainte to the Cost
Trunctional

Let us return to the control problem formulated in

Section 4.5.
t
V(x3E) = giny [/ T0us8)aE + F(e(ty))] (4.115)
tSTﬁtf
e(x(tf)) = 0 ' (4.116)

In a similar fashion to the static problem discussed
in Section 4.6, let us adjoin (4.116) to (4#.115) using
an s dimensional vector of Tagrange Multipliers k.
Assume that the resulting functional has an unconstrained
relative minimum w.r.t. the function u(t)) t([to,tf]
for any set of multipliers k.
Thus we may write
o} o] . tf
V (x,k 3t) = max min -[ft L(X,u,t)dt+F(X(tf)) +

k
Eéiétf <k’e(x<tf))>%u.117)
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4,8 A New Second-Order Algorithm for IMixed EFnd-Point
Problems

Let us assume that we do not know the optimal control or
the optimal multipliers k = k%, we only have a nominal
control u(t) tel[t ,tp] and e nominel set of multipliers
k.
The nominal control produces a nominal trajectory
via equation (4.77). It is likely that this nominal
trajectory will not satisfy the end-point constraint (4.79)
In a similar fashion to that described in Sections

2.6, 3.1 let us expand V(xk3t) to second-order about X,k.

ice. V(X+6x,E+0k5t) = V(X,kit) + a +<V_,0x> + <V, 6k>

+<6k,VkX6x>+%<6k,ka6k>
+%<6X,VXX6x> (4.118)
So the Bellman equation, in the neighbourhood of the

nominal trajectory, becomes

-8V - 8a - <9V, ,0x> - <@V, ,8k> - <bk,dV bx>
3t 3T 3T 3T T

72 e 2

min[L(x+06x,0+0u5t) + <VX+VXX6X+VXk6k,f(i+6x,ﬁ+6u;t)>]
ou (4.119)

We define H(X,u,vx;t) = IL(x,uyt) + <szf(x,u;t)> (4.120)
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Consider the R.H.S. of (4.119) with 6x and &k equal to zero
g%n[L(i,ﬁJ,éu‘;t) + <VX,f(5i,ﬁ+6u',t)>] (4.121)

Determining 6u to minimize the quantity in the square
brackets we obtain

L(X,u*5t) + <VX,f(§,u*;t)> (4.122)
where u* = U+0u* is the minimizing control.

Now re-introducing 6x and 6k into (4.122) we obtain
min[L{X+0x,u*+dust)+<V_+V k6k+v 6% , £ (X+6x ,u*+duit)>]
5u XX XX

| (4.123)

(The niin is re-introduced since u* was chosen for x=x only)
du

(where du is measured w.r.t. u*)
Now let us expand the quantity in the square brackets in

(4.123) in terms of ox, 0k and du about X,k,u*.

Ty Yox>

min[H+<H ,0u>+<H 4V, T,0x> + <bu,(H +f "V

du
T

+%<6u,Huu6u> + %<6x,@1xx+fx VXX+VXXfX)6X> +

LTk, 0k> + <Bu,f T

<V TE,6k> 4 <V, TfE

ka6k>

+ higher order terms] (&4.124)
(A1l quantities evaluated at X,k,u*)
Wow from (4.122), since u* is the minimizing u, we have

Hu(;{7U*sVX;t) = 0 (&4.25)

8o the terms involving 6u are:

T LT
V.. )0x> + <6u,fu ka6k> + %<6u,Huu6u>

<ou,(HUX+fu x

+ higher order terms (4.126)
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Now if ®&u is found as a linear function of 6x and 0k, then
these terms will be quadratic in 6x and 6k plus higher-
order terms in 0x and Ok. So there is no point in
finding a relationship between du and 0x and 0k which is
of order higher than linear, since terms higher than
second-order in 0x and Ok are neglected. (Since the
TeHseS., of (4.119) is expanded only to second-order in
5x and dk.)

We thus require a relationship

ar = Blbx + 526k (4.127)
where B, and B, are chosen such that the contents of the
square bracket in (&4.124) is minimized.

A necessary condition for minimality in (4.124) is?
(differentiating w.r.t. du and equating to zero)

o

= T T .
H,  + H,,5u +(HuX+fu Vy) 0%+T V. 0k + higher order terms

in &x and 6u anddk = o
(4.128)

Substituting (4.127) into (4.128) we obtain

T AT .
Huu516X+Huu326k*<HuX+fu VXX)6x+fu kaék + higher order terms
in 6x and 0k

(4.129)
Since equality holds for all &x and 0k sufficiently small,
we'equate the coefficients of dx and 0k to cobtain:

-1 T
B, = -H (et Ty Vo) (4.130)

-1, T

(all quantities evaluated at X,k,u*)
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So equation (4.127) is an optimal linear controller

relating ou to small changes in &x and 0k. (where By

and By are given by (4.130) and (4.131))

Substituting (4.127) into (4.124) and neglecting
terms of higher order than the second in &x and 0k
we obtain

H+<BlTHu,6x>+<52THu,6k>+<H +V L 6x>+<V ka Ok>

T T
<V T 6X’6k>+%<éx’(ﬂxx+fx Vi XXfX Bl Hu Bl)6X>
T .
~1<8k, 52 Hyyy BpOk>+<8%, By T2 TV, 6k> (4.1%2)
2

Ixpression (4.132) equals the IL.H.S. of (4.119). Since
equality holds for arbitrary 6x and 0k we may equate co-

efficients of like powers of dx and dk to obtain.

-9V ~3a = H
9t 9T
- T
—GVX = HX+VXXf+Bl Hu
_ T T
ot
T T
Vi T fx VextPy fu Vik
ot -
3 = -p,TH
=0V = —Bo HyyPp
ot
~3V = H 4+ TV, 4V, f P B
XX X XX XX X l uu 1 )
LI (#.13%3)

(all gquantities evaluated at x,k,u*)
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Now in a similar fashion to that described in Section 3.1

we have

(V+a)*

Vi

I

%E (V+a) + <V_,f(x,u3t)>

= AV, + VXXf(i,ﬁ;t)
3T

=9V, + V Te

xk
ot

= EVXk

0T

= 0V,

= aka
ot (4.134)

Using (&4.1%4) in (4.1%33) and recalling that -V = L(X,u3t)

we obtain

xk

ik

—

XX

= H- H(X,1t)

- =, m_ =0
HX + VXX(f—f(X,u,t)) + Bl Hu

=V T(E-£(,T,1)) + By H, P

- (fXT + BleuT)vXk

= -kaTquuu_lfuTVXk

= Hxx +fxTVXx+VXXfx'(Hux+fuTVxx)THuu-l(Hux+fuTVXX)
(4.135)

(In the equations for V ., and V . we have used the

expressions for B; and B, - Equations (4.150), (4.131))
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From (4.122), (4.127)

u(t) = u*(t) + By (6)6x(b) + B,(6)0k (4.136)
At © = tf we have, from (4.117), that:

V(EEb) = F(R(b,)) + <E,0(Z(6,))> (4.137)
whence.

a(t.) - o

Ve (te) = B (R(5p)) + 6 T(R(b.))E

V() = 8(R(t,))

Ve (be) = 0, T(R(,:))

Vi (Bp) =0

Ve (Fe) = B (R(b0)) + E 0 (R(t,)) (4.138)

These are boundary conditions for (4.135) at to.
At % = 60 V(xO,E+6k;to) =V +a+ <Vk,6k>f%<6k,vkk6k>
(4.1%9)

%(Xoaksto) = chto)

Vi (bp) + /Ez[vka(f-f(i,a;t))+BETHu]dt
(4.140)

(from (#.135))

(Recall that H, is zero by (4.125))

Now if we ensure that a(to) = o this implies (under certain

conditions) that u*(f) = u(t) te[to,tf] and so from (4.140).

%%(xo,ﬁ;to) =V (6p) = 6(F(t.)) (4.141)

So the two conditions a(to) = 0 _ (4.142)
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and %%(xo,k;to) = 8(x(tp)) = o ' (4.143)

are necessary conditions for V to be minimized w.r.t. u,
subject to the constraint e(x(tf)) = O,

Conditions (4.142) and (4.143) are analogous to conditions
(4.93) for the static problem.

Now 1let us consider a computatlional procedure on the
lines of that suggested in Section 4.6.5 for the static
problem. -

Firstly, let us set k = k and, using the computational
procedure of Section 4.2, let us reducela(xo,Eito)lto
zZero. i.e. let us solve the free end-point problem
with k = k in (4.117)

Having reduced‘a(xo,E;to)lto zero, we have from
(4.139) that
V(XO,K+6k;to) = V(xO,E;tO) + <V, ,0k> + %<6k,vkk6k>

(o144)
Now from (4.143), (4.1l44) we require
Vk + kaék = 0
whence 8k = =V TV, - V. te(E (B ,)) (4.145)
o]

The 6k given by (4.145)[ggw be used in (4.1%6) to produce
a control u(t) which forces the end-constraint 6(x(t;))
to zero. However, because the problem is in general non
linear, we have to limit the size of the change in

the parameters dk. This we do by introducing ¢j0<¢<l
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into (4.145)

1

0k = =€Vyy "V

=~V e (L)) O (4.146)

t
o

(Notice that we are assuming Vi to be invertible at to)
If 0k is small enough, then (4.1%6) will produce a control

that: 1) reduces Vkl , and hence e(x(tf))
T
0

2) keeps a(xo,k;to) =0

By successive application of (4.146) we change the

parameters k by smounts &k until V = 0 which implies

Kl
(o]

0(x(tp)) = 0. The resulting k° is the optimal set of
multipliers.
Let us assume that we have a(xo,ko;to) = 0

and e(f%tf)) = o then from (&4.144):

o o
V(xo,k+6k,to) = _:2L.<6k’vkk5k> (4.147)
Now if Vi is negative-definite we have from (4.147)

that V is maximized w.r.t. k. 1i.e. we do in fact have a
maX min problem as suggested in (4.117) (We shall study
conditions under which Vy, is negative~definite)

Iquation (4.147) is analagous to (4.105) for the static

problemn.

4.8.1 The Computational Procedure

1) Using a nominal control u(t) t¢lt _,t,] run a
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nominal trajectory X(t) using equation (4.77). Using a
nominal set of multipliers k = k, calculate V(XO,E;tO)

2) Using boundary conditions (4.138), integrate .
é’&x’%xx backwards in time from tf to to all the wvhile
storing u*(v) and B,(%t). If la(XO,E;to)l < 1 then go to
step 3). If not, then use the computational procedure of
Section 4.2.2 %o reduce!a(xo,E;to)|. i;e. treat the
problem as a free end-point problem by keeping k = k.
When a(XO,E;tO)'< n replace the old nominal trajectory
by the new one and go to step 3).

3) Integrate the %Xk’%kk equations backwards along
this trajectory and store Bg(t) for t([to,tf] (Notice
that %k = 0)

4)  hApply control given by (4.1%6) and (4.146)

(¢ = 1 initially) and compute a new X trajectory and
corresnonding e(x(tf)). If there has been an improvement
in the end point error as measured by ’e 'repeat step 2)
after replacing the present nominal trajectory by the

new one., If the end-point error is not reduced set

¢ = ¢ and repeat 4)
2

5) When a(Xo’k;to)l < 1 and ‘e(x(tf))’< N, stop
computation. 1 and n, are chosen from numerical stabiliTy
considerations.

4.,8.2 Characteristics of the Algorithm

1) For the L.Q.P. problem (See Section 1.3) u as



144,

given by (4.136) can be applied immediately with ¢ = 1.
The resulting u is the optimal control uo(t)§t([to,tf].
i.e. the procedure exhibits one step convergence. This
special problem has been treated recently by Dreyfus [63]

2) The necessary condition that Huu_l(i,u*,vx;t)
be positive-definite is not nearly as restrictive as the
requirement that Huu_l(i,ﬁ,h;t) be positive-definite,
demanded by [52] and [53%].

%) Constraints on control cannot be treeted directly.

4.8.3 Sufficient Conditions to Guarantee an Improved
Trajectory at Fach Iteration

gufficient conditions to guaréntee a(xok;to) < o
(i.e. the free end-point problem) have been trected in
Sub-Section 4.2.5. We repeat them here for convenience.

For te[to,tf] we require that:
1) H(X,u*,V,b) < HE,u,V,5t) 5 u*fu
Since u* minimizes H, 1) is equivalent to
Hu(i,u*,VX;t) = 0
B TT(X,u*,U,5t) positive-definite

2) The solutions of the V, and V equations be

bounded.
For the end point problem we require that.

3) ka(to) be invertable (Equation (&4.146))
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Sufficient conditions for ka(to> to be negative-definite,

and hence invertable, are that:

wy =2 THE,ur,v

- X;t) be positive-definite

5) QXT have full rank s

6) The linear system Ox = (fx+fu61)6x + £ 5u be
completely controllable.

(quantities in 6) evaluated at x,u*)

4,8.4 Proof of Conditions 4.8.3

Conditions 1) and 2) of Sub Section 4.8.% have been
treated in Sub Section 4.2.5. Condition 3) is required in
order to calculate dk using equation (&4.146).

Ve consider now the proof of conditions 4) - 6)

The linear differential equation for Vik is

- N T . _ T '
Vyk = _(fx'fu61> Vek ka(tf> = O (X(tf>) (4. 147)
The solution to this equation is

T

where ﬁ(t,tf),is the solution of

ﬁ(t,tf> = (fx+fuBl> g(t,tf) " ﬁ(tf,tf> =1 (4.]_49)
We show that (4.148) is the solution of (4.147) in the
following way:
Since @ is the transition matrix for the linear system

6% = (£,+4,p,)0% we have §(t,t) = I = P(t,t.) B(tpsb)

whence @B(t.,t) = @ T(t,t,) (4.150)
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Substituting (4.150) into (4.148) we obtain
Ve (B) = [g_l(tstf)]TVXk(tf) (4.151)
S0 @l (bat,) Vg (8) =V, (£) (4.152)
Differentiating (4.152) w.r.t. © yields

Q (t, Lf) \ 1<t) + Q (t, tf) k(t)
iee Vo (8) = =087 (5,517 0T (5,50) V0 () (4.153)

Now using (4.149) in (4.153)
Vo (8) = (£ £, 807 V. (8) (4. 154)

Equation (4.154) is the same as (4.147) so (4.148) is
indeed its solution.

Now

= o . -1, T
Vi = ~Vxx luﬂuu fu Vik (4.155)

Using (4.148) in (4.155)

_%kk = _kaT(tf) ¢(tf,t)quuu—l T¢ (tf,t)V k(tf)

(4.156)

So Voo (t.) = Vo T(t )[ftfg(t $)f 0. TTr BT (b, )atIv,, (B,

50 Vi) = Ve (Fplblg PA0ea %02 ay £ xk(Up

+ ka(to)

Since ka(t ) = 0 we have

Vi (B5) = XchGf)r.fJG GO S N I CIN LU N A CIY
(4.156)

Now assume that the following system is completely con-
trollable.
= (fX+fuBl)6X + £ 6u (4.157)
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t

f
Then ﬁt
0

B(t0rt)E f TP(to,t)dt is positive-definite (This
is a necesgsary and sufficient condition for the rows of
ﬁ(tf,t)fu(t) to be independent on the time interval
[t,,tp] References [111, [64], [65])

Since Huu—l is assumed positive-definite, we see that

the bracketed gquantity in (4.156 ) is certainly positive-

definite
e -1, T
i.e. ft gctf’t)quuu fu ¢(tf,t)dt is positive~definite
o (4.158)

Now we make the further assumption that the matrix
T

ka(tf) = &y

Then from (4.156), (4.158), (4.159)

has full rank s (4.159)

ka(to) = — a positive-definite quantity
i.e. ka(to) is negative-definite and is thus invertable.
So we have proved conditions 4) - 6) of Sub Section 4.8.3.
The fact that ka(to) turned out to be negative-definite
should be no surprise since we are maximizing V wfr.t. the

multipliers k. (cf. Sub Section 4.6.4)

4.9 Relationship of the Second-Order Algorithm to
Available Second-Vsriation Methods

Mitter [52] and lMcReynolds and Bryson [53] have also

considered the fixed end-point problem and have presented
Second-Variation methods for its solution.

Tﬁe mejor differences between our new D.D.P. algorithm
and those of [52], [53] are similar to those already

mentioned in Sub ¥ection #4.2.3 for the free end-point
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problem and will not be repeated here.

However, the following few comments ere pertinent.

1) Due to the nature of our algorithm (i.e. first
satisfying the condition a(xo,k;to) = o0 and then reducing
the end point error) we do not have to integrate the %k
equation. So our algorithm requires the integration of 2
vector differential equations fewer than the Second-
Variation method (i.e. in sddition to not integrating V.,
we have no ﬁ equations)

2) Mitter makes the a priori assumption that his
matrix P (analogous to our ka) is positive-definite. He
thus concludes that the cost is reduced at each iteration.
We have shown that ka is in fact negative—definite if
certain conditions are satisfied. This brings out the

max min nature of the problem and it can be shown that the
k u

cost does not necessarily decrease at each iteration if
one attempts to reduce a(xo,k;to) and Vk(to) simultaneously.

Qur algorithm overcomes this dilemme by solving the m%n

part of the algorithm and then the max.
k

%) Due to the Dynamic Programming approach, we find
that our VX, VXX, ka’ ka, Vk have a definite geometric
meaning as the partial derivatives of the cost functional

w.T.t. x and k at time *t. This interpretation is lacking

in the Second-Variation approach since the quantities
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analogous to those above are thought of only as multipliers
and linear transformations. (This point is importent
when attempting the solution of the bang-bang problem

Chapter 5))

4.10 Pinal Time tf Given Implicitly

In some control problems, the duration over which
control is to be applied is not fixed a priori. That is,
the interval [to,tf] is not fixed. For a given to this is
equivalent to te being unknown.

The unknown final time tf offers us an extra degree
of freedom and we may make use of it by choosing tf
optimally. d1.e. we may choose tf so that the cost is
minimiged.

To be more explicit, consider the following control

problem. |
x = f(x,u3t) ; X(to) = X (4.160)
Pind u(t) t([to,tf] to minimize
t
. f o .
V(Xo,to) = ftoL(X,u,t)dt + F(X(tf),tf) (4.161)

subject to the constraints
0(x(tr)its) = © (4.162)
The final time tf is not given explicitly so we can
consider the cost V to be a function of tf. i.e. we treat

tf as a parameter which is to be determined optimally.
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We may write

t
VO (x,»k3 056 )=nax min min[fth(x,u;t)dt+F(x(tf);tf)
k u(t) ‘o
f
toSTStf +<k,e(X(tf);tf)> ]
(4.163)

Now let us assume that we do not know the optimal
control or the optlmal k° or the optimal time tfo.
We have only a nominal control u(t) | t([to,tf], o
nominal set of multipliers k and a nominsl final time %f.
In a similar way to that descrited in Section 4.8,
equation (4#.118) we expand V(x,k,t.}t) about E,E,%f to

second-order in ox, bk and 6tf.

V(X+6%,E+8k,To+0t,58) = V+a+<vx,6x> + <V ,0k>

+ thétf + <6k,VkX6X> + <thf,6x>6tf+<vktf,6k>6tf
2
+1<8k,V, . 0k> + 1<6x,V__0Ox> + 1V, ot (4.164)
2 ? klﬁ. E ? XX 2 Uftf .f
whence
%%(X+6X,E+6k,tf+6tf;t) = VX+VXX6X+VXK6K+Vth6tf (4.165)

TIf these equations are substituted into the Bellman
P.D.E. then, in a similar way to that demonstrated in

Section 4.8, the following equations result.

v = H_+V, (£-£(%,056)) + Py H, 0
X = HytVsyx L + Py Hu

it

V. T (E-E(E,T30))+ By ~O
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— _ T _ oo T =0Q
th = Vth (f-£(x,ut)) + 55 H,
-V = (f.+f )Ty
xk x Tu¥l xk
_{/Xt - (fX+fuBl)TV .
£ g
s _ 4 T -1, T
thf - ka quuu fu th
f
. g Te o =1, T
Yk = Vo Tufau Ty Ve
o o T . T T -1 .
Vax - HXX+fX VXX+VXXfX_(HuX+fu VXX) Hiu (Hux+lé%xx)
-V o T ~1. T
Gebp - thf Toluu Ty thf (4.166)
gk
u=u +Blbx+526k+556tf
where
_ -1 T
By = -Huu (Hyaet Ty Vi)
_ ~1. T
B = ~Hyy Ty Yk
-1, T
B, = -H_ _~Tf Vv
5 uu Tu Xt (4.167)

all quantities evaluated at i,E,Ef,u*.

Let us set k=k and tfz'f and solve the free end-point
problem using the algorithm of Section 4.2. i.e.
we first reduce a(XO,E,Ef;tO)to zZero

This causes the Vk and Vt equations to be zero, so0
-~  Bred f
Vk<t0) = G(X(tf),tf)

th<to)= vtf(Ef) (4.168)
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Now we require G(X(tf);tf) = 0 = Vk(to) = 0

mi
and, for V to be miny&ed Wel'ato tf, we require the

necessary condition Vi (to) = 0 (4.169)
f
At 6=t 1 V(XO,E+6k,Ef+6tf;to) =V + a=o+<Vk,6k> +th6tf
2
+ <V, . ,0k>0%. 1 <6k,V,,0k> 1 ot
Kkt £ ¥z SN F SV g O (4.170)
From (4.169), (4.170) we require
Vk+ka6k+thf6tf = 0
Ve +<Vip 5Bk>+V, . 86, = 0 (4.171)
T f £ f
i e._w%k = = -—; v Loy
¢ kk ktf k
(4.172)
ot V. 5 v

Equation (4.172) allows us to solve for the improvement
ok and 6tf . €, 0<¢<1l ensures that these improvements are
not too large.

In order that the cost be minimized w;r.t. tf we

require. also that:

>0 at t=t (4.17%)

v o}

Tpby

Vxx(ty) 1s negative (Sub Section 4.8.5) and if (4.173) is
satisfied 1t can be verified that the matrix in (4.172) is
indeed invertable.

As yet we have not determined boundary conditions

for (4.166)
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Now we have

V(X,k,tf;t) = fEfL(X,u§t)dt +F(X(tf);tf)+<k,e(x(tf)2tf)>
(4.174)

Recall that V is a function of the parameters x,k,tf at

time €.

Let us evaluate (4.174) in terms of the nominal X,k and%f.

tf+6t

— - - .. £
V(X+6X,k+6k,tf+6tf,t)=ft

L(X,u§t)dt+F(i+6x+Ax;ff+6tf)

+<E+6k,9(i+6x+dx;%f+6tf)>

where Ax is the change in the x trajectory over the time
interval Tp+6t,-t. (X+6x is x at time t)

Now we require boundary conditions at tsz, so let us
observe the above equation at tsz.

tf+6t

— — p— . = f
V(X+6X,k+6k,tf+6tf,tf)=jff

L(X,u;t)dt+F(§+6X+AX§Ef+6tf)
+<k+b6k ,e(§c+6X+AX',Ef+6tf)> (4.175)

i.e, we are observing the cost at t=ff having allowed

variations 6x in x, 6k in k and 6t in t; about X,k and ff.

We expand now the R.H.S. of (4.175) up to second-order

in dx,0k and 6tf.
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Consider the integral:

t.+6%
f—f
Te

T

2dt
(4.176)

The R.H.S. of (4.176) becomes.
[L(i,u*;%f)+<LX,6x>+<gjg§éx>+higher—order terms]étf

*‘ . 2
+% %E[L(X,u ,ff)+ higher-order terms]ét,

= [Ty, x4,y , 00 6x>]6tf+%[Lt+<LX,f>+<Lu,u>]6tf2 (4.177)

Equation (4.177) is accurate to second-order. All

quantities evaluated at i,u*,ff,
Now consider the second term on the R.H.S. of (4.175)

F(i+6x+Ax;ff+6tf) = F(i;Ef)+<FX(6x+Ax)>+Ft6tf

2
+<FXt,(6X+Ax)>6tf+%§6x+AX,FXX(6X+AX)> + %Fttétf

(4.178)
where Ax=f(Z+5%,u*+6u}E )0 +1 Af(F+bx,u*+ou;E)ot,"
2 & (4.179)
(to second-order in 6tf)
From (4.179)
px=[4£, 6%+ L, Qubx]6t 411 L, +5, T4f dur+f, du 165"  (4.180)

o0x 2 o0x ot

(to second-order in o&x, 6tf. Quantities evaluated at

i,ff,u*)

L(x,u;t)dt=L(§+6X,u*+6u;ff)6tf+ldL(i+6x,u*+6u;ff)6tf

2
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So using (4.180) in (4.178) we have, to second-~order in

ox and 6tf, that the R.HeS. of (4.178) is

2
F+<FX,6X+f6tf+fX6X6tf+fu ou 6X6tf+%ft6tf

0x

2 2

2
+1f  ou fot.7+1f_ o0u Ot,."+1f FfOL. ™ >+F, 6t .+<F Ox+£6t .>6%
U Az f 5 U =% f 5 X T t7°f xt? T f

2 2

+%§6X,FXX6X> + <6X,FXXf>6tf + %<f,FXXf>6tf + %Ettﬁtf

(4.181)
Now consider the third term of the R.H.S. of (4.175)

<E+6k,9(§+6X+AX;Ef+6tf)> = <E+6k,9(i;ff) + 0, (bx+Ax)

+Gt6tf+ext(6X+AX)6tff%eXX(6x+AX)(6X+AX) + %ettatf2

- 2 2
=<K,0+6, (8%+£6b 4£ 6XBt . +T %§ 6x6tf+%ft6tf +%fxf6tf

+1f du £6L.°+1f du 6.2

+0,0t+6_, (0x+f0t.)0t+10, Oxdx
ZUF}-E f -211-6-_-5- f t f xt f szX

2. 2

+6,, £8xBt, + 1 @ FF66.5 + 1 6,,85.~>
2 2
+ <Bk, © + Oy (dx+fdbp) + OLBte> | (4.182)

(to second-order)

Adding (4.177), (4.181) znd (4.182)
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F o+ <k,0> + [L+<FX+9XTE5f> + B+ <E,9f35tf

T | i
+<B, 40, "K, 00> + <0,6k> + <L+, T(F,+0,TE) + ou'r

0x

T T T= T =
+0u fu (Fx+9x k) + Fxt.+ Opt K *+ (Fxx+kexx>f’6x>6tf

0x

+<6k,ex6x> + <6k,et + GXf>6tf

m

T .

T T T T T
+%[L%<@£§k,ft>+<Lx+fX (Fy+0, E),f> + <L+, (FX+GX k) ,u>

2

T...
+2<F, 1 +8, Tk, > + F +<E,9tt>+<f,(FXX+EekX)f>]6tf

tt

+%<6x,(FXX+ReXX)6x> (4.183%)

Now the I,.H.S8. of (4.175), expanded to second-order, is:

>0t

V(E,E,Ef;ff)+<Vk,6x>+<Vk,6k>+V £

f)‘i:f-i-<f)}c,VX_b

Tp £

+<6X,V'Xk6k>+<6k,vkt >0t

- f+%<6x,VXX6X>+%<6K,ka6k> (4.184)
2
A

Now (4.183) equals (4.184). ZEquality holds for all dx,

6k, 0t, sufficiently small, so we may equate coefficients

f
of like powers to obtain:
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_ T+
VX = Fx + GX k
Vk = e
th =L + <FX+GXTE,f> + Fy o+ <E,9t>
T
ka - ex
Vix = Fyy + KOyy
ka = 0
_ T T T— T T T=
Vet = P+, K+l +f (FX+9X k)+ du [Lu+fu (FX+GX k)]
f X
. ke )Hf
+ (FXX + GXX)
FX+GX k
v = T +</kf > + <L_+f T(F +0 TE) £>
tftf e v [ XX xXTUX ?

T Ty . T
+<Lu+fu (FX+9X k), u> + 2<Fxt+ext k,f>

+Fpr<k, 00> + <L, (Ty KO, ) I> (4.185)
Now since V =F_ + © Tg .

X x x

Vex = Fxx *+ KOyq

e have  H(Z,u*,Vy}Bp) = L + <By + 6, K,f> (4.186)
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In view of (4.186), (4.185) becomes

v, =F, +6, kK

v, =6

th = H + F + <E,Gt>

ka = GXT

Ve = Foy ke

ka = 0

Vet = Pxt * O K + H_ o+ uwH ™" & vV,
ox

thf = Gt + GXf

v _ ' = =0

T._
FR<T , + O K0 + <E,V, > (4.187)
(all quantities evaluated at i,E,%f,u*)

Equations (4.187) provide boundary conditions for the
differential equations (4.166)

Although the derivation of these boundary conditions
is rather tedious, we feel that this Dynamic Programming
approach is still more direct, and easier to follow, than

the Second-Variation Transversality derivations in [52]

and [53]



4,10.1 The Computational Procedure

The procedure is much the same as that of Sub Section
4.8.1. However, in this case we have an extra parameter

t. in addition to k. This means that the extra

£

differential equations for VXt Y must be

vV
?
ktf t.t

f £°fr
integrated. At tzto changes 0k and 6tf are computed using

(4.172) and u(t) on the forwards run is given by (4.167).

4.10.2 Characteristics of the Algorithm

1) The algorithm requires the integration of 3 sets of
differential eguations fewer than the Second-Variation

e

Methods. (There are no h eguations and %k’ th are zero
due to the way in which the algorithm is implemented)

2) The necessary condition that Huu_l(i,u*,vx;t)
be positive-definite is much less restrictive than
requiring H_ ' (%,1,V, 5t)positive-definite as demanded
in [52]7, [53].

%) The necessary condition Vt > o may be quite

Gp

f
restrictive since, even with an L.Q.P. problem and linear

end-constraints, it is unlikely that Vt £ >0 will be
£

satisfied for any E,E,Ef.

4,.10.% Sufficient Conditions to Guarantee an Improved
Trajectory at Each Iteration

In addition to the conditions of Sub Section 4.8.3
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we require

l = T L]
) Vot (x K8 ,058,) > o

This is a sufficient condition, in conjunction with those
of Sub Section 4.8.3, to ensure that the matrix in

(4.172) is invertable.

4,10.4 Proof of Conditions 4.10.3

4 . - .
The proof thgt ka thf is invertable at to if
v
t.k v
f tftf

condition 1) of Sub Section 4.10.3 is fulfilled, follows.

e have proved previously that ka is negative-

definite at to. Now the Matrix Partition TL.emma states.
——iv v ] -_; ]
ke Kt _ 11 B1o
v v B (4.188)
A bt 21 Bos
where
B -1 -1 -1 -1
By = Vi T+ Vg thfz thkvkk
-1 -1
Bip = ~Vix thfz
-1 -1
Byy = 7% thkvkk
a1
Bop =2
_ T, -1, T
Z = Vo b, T Ykt Vkk Ut x (4.189)
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(where Vi s sxs 5V is 1x1)

Kt 18 sxl | VJG x 1S 1xs) ‘\/‘JG &

£ £ £t

Since V is invertable, we require only that z be in-
kk

vertable for (4.188), (4.189) to hold.

. -1 . . .. T -1 T
Q —-— —
Since V]] is negative-definite, thf ka thk
is a scalar > o. Now irf Vt £ is > 0 then z is certainly

£°'f
non zero and hence is invertable.

4,11 Computed Ixamples

In this Section we solve the Dreyfus Rocket Problem
(see Section 4.4 Problem II) using the second-order
algorithm of Section 4.8. We.briefly compare the results
with those obtained by Dreyfus using a first-order method
and by Mitter using a Second-Variation method.

\le repeat the problem here for convenience.
Choose u(t) ; t¢[o0,100] to minimize

V = —X5 = _féOO a cos u dt (4.191)

Il

subject to the constraints x,(100) 100,000 feet

X4(100) = 0 feet/sec (&#.192)
The system Equations are
Xy = Xy 3 ¥5,(0) = 0
x, = a Sin u-g 5 X4(O> =0 (4.193%)

We adjoin constraints (4.192) to (4.191) using Lagrange

Multipliers kl and k2
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V(xskyt ) = /599 — a cos uat + k 1 (%5=100,000)+k,%,,

0
(4.194)
At b=l V(x,k3b.) = ky(x,-100,000) + kyx, (4.195)
For this problem we have
H = -a cos u + VX2X4+ v, (a Sin u-g)
4
HXX = 0
H . =0 (4.196)
From (4,195) VX(tf) =| ky
| *o_
Vi (b:) =|x, - 100,000
Xy
VXk(tf) =TI
VXX(tf) =0
Vi (Bg) = © (4.197)

Kow consider the free end-point problem (4.194) with k=k.
The relevant equations for this problem are, from (4.135),
~e = H - H(X,T,V,5t)
SV, = H, o+ U, (E-£(F,T3E)

. T

Vo™ Byt Ty Vet Vine Ty (Hux+fu Vxx) H (Hﬁx+fu Vxx)
(4.198)

Now in view of (4.196), (4.197) we make the observation
that.
Ve (B) = 0 5 telt ,t,] (4.199)
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So, for this problem, (4.198) reduce to

-a = H - H(E,E,VXZt).
_.VX = HX
From (4.136), u(t) = u*(t) since (B = 0) (4.200)

(It should be noted that only one iteration of the free
end-point algorithm (i.e. equations (4.200)) is needed %o
find the optimal control for k=k. This is because V. 1s
zero on the whole time interval [to,tf])

Having solved this free end-point problem we now
integrate %kk and %kk backwards using boundary conditions
(4.197).

Starting with nominal multipliers El = 0.1 and E2=1°O
and using the same nominal control as in Section 4.4, the
procedure of Section 4.8.1 was applied and the optimal
trajectory was obtained in 6 iterations. ( 1 minute of
IBM 7090 time. )

The progress of the algorithm is illustrated in
Figs 8, 9, 10 and 11. TFig 8 shows the cost V (egquation
(4.194)) as a function of the iteration number. Notice
the initial fall in cost at the first iteration. This is

due to the minimization of V with ky=k; and kp=k,.
Thereafter, the cost rises as kl and k2 are changed.

(This is the 'max-min' nature of the problem)

Fig 9 shows the control function as time for various

iterations. Figs 10 and 11 are plots of X5 and Xy
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versus the iteration number.

At the 6th iteration, X, is within .1 foot of

100,000 feet and x, is within .1 foot/sec of zero.

0] ° 0]
1 = 08323 k,° = 1.4900.

The analytic solution for this problem is known to be

—V=X5=55O8.O feet/sec and k

Xy = 3507.9 feet/sec.
Dreyfus obtained results of similar accuracy but
required 29 iterations of a first-order method which used

5 minutes of IBM 7090 time.

Mitter used the penalty function approach mentioned
'in Section 4.4, Problem II when attempting to solve this
problem using the Second—Variation algorithm. As men-
tioned in Section 4.4 Mitter found that convergence was
hampered by Huu_l(i’a’vx;t) not being positive-definite
along the nominal trajectories. In addition great
difficulty was encountered in satisfying the end constraints.
(see [52] PP 163 - 165)

The second-order algorithm of Section 4.8 had little
difficulty in solving this problem. Adjoining the end
constraints to the cost functional by means of the
Lagrange Multipliers kl and k2 actually simplified the
problem since Vex turned out to be zero on the interval
[to,tf]°

4,12 Control Inequality Constraints - A New Second-0Order
Algorithm for I'ree End-Point Problems

In this Section we shall consider a class of non-linear
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control problems where constraints of the form (1.3) are
present i.e.
g(uyt) <o (&4.200)
where g is & p < m vector function.
In the pest, it has not been obvious how to develop
second-order algorithms for solving this problem.
The following is quoted from Ref. [54] page 61l.
'While the steepest ascent method presents no
difficulty when upper and/or lower limits are
present on the forcing signals (e.g. luj < 1),

any iterative procedure based on expansions
does not appear to be applicable in such cases.'

We show in this Section that constraints of the form

(4.200) can be included in our second-order analyses.

We shall treat the following problem.

.

x = f(x,u,t) 5 X(to) = X, (4.201)
t,

V(x,3t,) = fth(X,u;t)dt + P(x(t4)) (4.202)
O .

g(uit) <o (4.203)

There are no end-point constraints, and tf is given
explicitly.

We make the following assumption.
The optimal control function ﬁ%t) is continuous on the
whole interval [to,tf]. That is, if and when a control
hits or leaves a constraint, it does so without a sudden

jump. This is illustrated in Tig 12. Times t_ and t,

are times at which the constralint becomes active and
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inactive, respectively.
Referring to equation (4.1) we have

-3V - da - <OV, ,0x> ~ 1 <&x,dV,  0x> =

¥ T 2w
gin[L(§+6x,ﬁ+6u;t) + <V¥+VXX6X,f(§+6X,ﬁ+6u;t)>] (4.204)
u .

The R.H.S. of (4.204) is:

gin [H(§+6x,ﬁ+6u,vx;t) + <VXX6X,f(§+6X,ﬁ+6u§t)>] (4.205)
u

Now as in Section (4.2) let us consider the case where
ox = o.

We must now carry out the minimization subject to the
constraint (4.20%) |

Define the set U = (u: g(u) < o)
( )

(4.206)
Then (4.205) becomes
min [H(i,ﬁ+6u,vx;t)] (4.207)
u+du ?%

Let ﬁ be the control that minimizes H w.r.t. u subject to
u €U.
Expression (4.207) becomes

H(ivﬁ,vx',t) (4.208)

(The constrained minimization operation in (4#.207) is in
general a difficult non-linear programming problem. e

shall assume that it can be solved. A useful method
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appears to be that of Fiacco and McCormick [67]. 1In
control problems it often happens that there are only a
few controls and a few simple constraints on uj the
minimization is then performed easily)

If the minimigation in (4.207) is performed and it
turns out that no constraints are active (i.e. strict
inequality holds in (4.203) for u = ﬁ, so u = u*) then
the algorithm is the same as that of Section 4.2.

Assume that ; of the constraints (ofﬁgp) are active.
Let us refer to them as é(u;t)

So g(ult) = o (4.209)
Now let us adjoin (4.209) to (#.208) using a vector
Lagrange multiplier A of dimension 5.

ice. J = H(E,u,VX;t) + <A,g(uit)> (4.210)

Under certain assumptions on H and g, given in Section 4.6,

we have the following equations as necessary for determining

-~

u and A.

83 = H,(X,0,V,56) + g, T (W3t)A = o (4.211)
u

87 = g(ut) = o (4.212)

oA

Now assume that we allow small variations 6x in x
at time t and that all the constraints g(u+duit) remain
active. (i.e. we assume that constraints g are well and

truly active)**This will be true at all times t except

~

* %k
i.e,| Ail >> 0% i=l....D
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those at which a constraint Bi» Say, is Jjust becoming
active or inactive. (In Fig 12 such times are 5, and
ti) We ignore such 'boundary points' for the moment.

Now re-introducing dx into (4.210) we obtain

min[H(i+6x,a+6u,Vx;t) + <x+6x,g(a+6u;t)>
bu

+ <V, 6%, £ (R4+0%, 040U 5)>] (4.21%)

6A is present also, on the re-introduction of 0x, since
we assumé that the constraints é at a+6u remain active
and so A must change A+d\ to preserve conditions (4.211),
(4.212) at xX+06x. (du is measured w.r.t. ﬁ)

We obtain the following two necessary conditions.

Hu(i+6x,u+6u,Vk;t)+fuT(i+6X,u+6u;t)VXX6X+guT(u+6u;t)(K+6K)=o

and g(usdust) = o (4. 214)

Expanding to first-order about x,u we obtain

= o - - T ST
Hu(x,u,Vk,t)+guTA+(Huu+xguu)6u+(HuX+fu VXX)6X+gu dA = o
(#.215)
g + éuéu =0 (4.216)

(All guantities evaluated at X,u)

(Reasons for expanding to first-order only are similar to
those discussed in detail in Section 4.2)

Using (&4.211), (&4.212) in (4.215), (4#.216) we obtain

b ABuy )OU + B, 6N = =(H o+ TV V6% (4.217)

(H ux "u XX

uu

~

gu6u

o (4.218)
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From the above equations we obtain

_ - =12 7 T
du = —(Huu+Aguu) [gu 6A+(Hux+fu VXX)éx] (&#.219)

We assune Huu+héuu to be positive-definite in order that
the minimization of (4.21%) be guaranteed.

(If there is only one cantrol variable, then du = o from
(£.218) if g_ # o)

Using (4.219) in (4.218) we obtain

T

-1% T.-12 - -1
) : gu<Huu+hguu) <Hux+fu Vxx)6X

oA = —[gu<Huu+Aguu By

Using (4.220) in (4.219) (4.220)

A -1 ~ o A =10 ma-14 ~ -1
bu=- (Huu-"?\guu) EIm-guT [gu<Huu+?\guu) guT] gu<Huu+;\guu) %

T

.(HuX+fu

VXX)éx (4.221)

where I is the unit matrix of dimension m (number of
controls)

Ixpanding (4.213) to second-order we obtain

) ~ oA T
Ht <A 8> +<H, +V, £ BX>4<H 48 A, Bud>+<bu, (H  +f "V, . )0x>
+ <g,6h>+<6u,guT6h>+% <ou, (I, +A6,,, ) Ou>

. T
+%<6x,(ﬂxx+fx VXX+VXXfX)6X> (4.222)

(411 guantities evaluated at x,u)
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Substituting (4.220),(4.221) into (4#.222) and noting that

~
.

g =0 Hu+guTx = 0 we obtain

T
H + <HX+Vxxf’6X> + %<6X’[Hxx+fx Vaext Vst x

T

T T - -1 T
_(Hux+fu V) 27 (i) T2 (Hypper £, 7V, ) 183> (4.223)

A pen RN R s ~ -1
where z = I_-g, [gu(Huu+Aguu) 8y 1 T8, (HytA8,y) (4. 224)

Equating (4.223) to the L.H.S. of (4#.204) we have, in the
usual way, that:

-a = H - H(%,u,V_}t)

—V,= Hy + V, (£-£(%,03%))

Ho +f TV 4V f_—(H. _+f TV )TZT(HudMguu)—lz(H +£T7. )

Vo™ By s V¥ Vet e = Wl ety Ve ux’ u'xx

(4.225)

u o= u o+ X (4.226)
- -1 ~ -1 T

where § = -(H,, = + AELu) Z(Hux+fu Vo) (4.227)

ﬁ chosen by min H(E,u,vx;t) which yields also the g(u;t)=o0
u ,

u¢y (4.228)
and A is chosen using (&4.211), (&4.212)

(Unless otherwise stated, all gquantities evaluated at i,ﬁ)



Boundary conditions for (4.225) are, as ususal:

a(tp) = o
Vx(tf) = Fx(i(tf))
Vo (bp) = B (R(6.)) (4.229)

At times when no constraints are active the above equations
reduce to those of Section #4.2. (i.e. 2 = I). When some
constraints é are active, the above equations apply.

The requirement that

HUu(i,u,VX;t) + Ag,,(uit) be positive-definite 1is

rather restrictive. It implies that J (Equation (4.210)
has an unconstrained relative minimum w.r.t. u at u=a.
If H is strictly convex in u and the g's are linear
constraints, then the requirement is automatically
satisfied. Moreover, if there is only one control, then
from (4.217), (4.218) du = o if g, # 0 and z = o even
if Huu+Aéuu is not positive-definite.

At boundary points where a constraint ceases toc be
active or inactive, z will change discontinuously.
However, & will be continuous by assumption. (The assumed
continuity of u(t) follows from the condition that
H_ (%,0,V,36) + Ag,,(u3t) is positive-definite where the
é are 5 of the constraints (4.203)] ofﬁfp)

So only %XX sufiers a discontinuity.

From (4.226), (4.227) note that when running forwards

and generating the new trial trajectory, u(t) will be
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discontinuous at times of boundary points of ﬁ(t) due to

" the presence of the discontinuous z. However, this dis-
continuity does not affect the cost to second-order. (This
is intuitively so, but we shall demonstrate it at an
opportune moment in Chapter 5) The discontinuity in the
forwards u(t) can be overcome easily by using the com-
putational trick of Section 4.2.4. Namely, compute u(t)

by 3%3 H(x+6x,u,Vk+VXX6X,t). Since Vs Vo, are continuous,

the u(t) so generated is continuous. On an optimal

. o] ~ . . . .
trajectory u = u” = u which is continuous by assumption.

4,12.1 The Computational Procedure

The procedure is the same as that for the unconstrained
problem (Section 4.2.2) except that the minimization of H
wer.t. u must be done for u¢U. This produces ﬁ and
g(13t) = o. Using (4.211) (4.212), A is then calculated,
which enables z and é to be calculated using (4.224) and
(4.227).

4,12,2 Characteristics of the Algorithm

1) Control constraints of the type g(uit) < o can
be handled provided ﬁ(t) is continuous in time. 1i.e.
provided the control function is continuous on hitting or
leaving a constraint. The algorithm is, to our knowledge,
the only second-order method available that can treat

inequality constraints on control.
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2) The procedure does not exhibit one step convergence
for the L.Q.P. problem with linear control constraints
since the optimal cost Vo(x;t) for that problem is non-
guadratic.

3) In the neighbourhood of the optimum, convergence
is likely to be rapid both for IL.Q.P.'s and non-linear
systems because the method is fully accurate to second-order.

¥) The requirement that H, (X,u,V 5t) + Ag,, (X,u,V 5t)

be positive-definite is rather restrictive. In Chapter 5
we shall consider the control problem where this matrix

is identically zero. (i.e. the bang-bang problem)

4.12.% Sufficient Conditions to Guaranbtee a Reduction in
Cost at Fach Iteration

(In this and the next Sub Section it should be
remenbered that g (uit) = o and uey)

Sufficient conditions to guarantee a(i?tl) < o0
and hence a reduction in cost for dx's sufficiently small
are that for te[to,tf]. |

1) H(i,u,VXQt) < H(i,ﬁ,vx;t) yu#u

(u is obtained by minH(i,u,VX;t) which also determines
- uey ’

g(ust) = o)
2) guT(u;t) has full rank p and [guT(u;t)SHu(E,u,Vk;t)]

has rank p.

3) [Huu(i,u,vx;t) + Aguu(u;t)]_l be positive-definite.
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43 The solutions of equations (&4.225) be bounded.

4.12.4 Proof of Conditions 4.12.3%

From (4.225)
b . L
a(Xoato) = ftf[H(X,uavx;t) - H(X,u,VK,;t)]dt
A sufficient condition for a(xozto) to be negative is

H(i,u,VXZt) < H(x,u,V_5t) 53 u # 1, u and ueU.

From Section (4.6.1), necessary and sufficient conditions
for A to be determined from

H,(F,0,7,3t) + g, (WA = o 5 g(ust) = o

are that:

guT(u;t) have full rank p and the matrix

[guT(u§t) . Hu(i,u,vx;t)] have rank p.

”~

where g are the active constraints among the g constraints of

(L". 205)-
For H(i,u,VX;t) + Ag(uit) to have an unconstrained relative

~

minimum w.r.t. u at u = u, a necessary condition is,
from Section 4.6.3,

Hﬁu(i,u,vx;t) + Aguu(u;t) be positive-definite. This
allows the calculation of B using (4.227) and, together

T(a;t) having rank p, allows the calculation of

with 84
z using (&4.224).
Again we require the differential equations to have

bounded solutions on the interval [to,tf].
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4.1% Control Inequality Constraints - A New First Order
Algorithm for Free End-Point Problems

As in Section 4.3, a first-order algorithm emerges
as a special case of the second-order one.

He ) T(be) = B (x(tp)) (#.230)

- %

-8

H - H(X,u,V %)
X
where all quantities are evaluated at X,u unless otherwise

stated.

u is given by min H(i,u,vx;t), The anew control that is
uey

applied is u(t) = u(t) te[to,tf]
The 'step size adjustement method' of Section 4.2.1 is

used.

4.,1%.1 Characteristics of the Algorithm

Except that the minimization is carried out such
that u¢U the algorithm is identical to that of Section 4.3.

4,14 Computed Examples

Consider again the Rayleigh Equation, Example IIT

of Section 4.4.

Let us introduce the following control constraint.

lutg 1 (4.231)
Note that Hou = 2, and that g(u,t) is of the form

u - 1

A

o} if u > o0 (4.232)

u + 1 o) if u < o

Iv
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4

We have, therefore, that Huu and Huu + Aguu are positive
for all u.

It is seen easily that when the constraint is inactive
z = 1 and when it is active z = 0. £o in regions where the
constraint is active, the Riccati equation does not have
any feedback terms, also é = 0. In regions where the con-—
straiﬁt is active the eguations are unchanged from those
of Section 4.4.

Starting from the same nominal trajectory generated
by u(t) = -.5 3 t¢[0,2.5] the method of Section 4.12
found the optimal trajectory in 3 iterations. The progress
of the algorithm is illustrated in Figs 1% and 14. TFig 13
shows the cost as a function of iteration number and Fig 14
shows the control as a function of time for various
iterations. Note the jumps in the control along non-
optimal trajectories and observe that they disappear when
the optimal trajectory is reached.

It should be noted that the Riccati Equation now
has a bounded solution on the whole interval [to’tf]
even along non-optimal trajectories. This is because, when

z = = 0, 1t becomes a linear matrix equation which

cannot have an unbounded solution. The time interval over
which z = 1, é # o0 is too small for the Riccati equation

to produce an unbounded solution.



100_,
AN
75 )
cosT |
Y N\
: \
50_1 \v
25
O ' l ‘
O | l 5 5
ITERATION

FIG I3

| 82,



I 83,

'-o (\ Fon o
{
1
W'
LTTER.S
| (OPTIMAL)
CONTROL ‘
w
0.0 \ =
o T 7
1.0 2.0 2.5
TIME(SECS)
B\’\Nm«::n\ur\:.
—1.0_]

FLG 14



181‘[‘0

4.15 Control Inequality Constraints - A New Second-QOrder
Algorithm for Fixed End-Point Problems

Here we consider problems where the following end-

point constraints are present.
O(x(t5)) = o (4. 233)
and g(ust) <o (&4.234)

We assume that the final time is given explicitly.
Extension to the case where tf is given implicitly is
straight-forward but tedious.

The solution to this problem is obtained by combining
the approaches of Section 4.8 and 4.12.

We adjoin (4.23%) to V using a vector Lagrange
Multiplier k and treat (4.234) as in Section 4.12.

t

v(x k906 )= max min L/ fL(X,u;t)dt+F(X(tf))
© °7 kx u(t)
6, SE<t, +<kO(x(t5))>]
uey (4.235)

The following results are obtained easily.

i
e
il

H - H(X,U,V,5b)
SV, = H 4V, (E-E(F,T38))
—%k = Vo (E-£(E,T36))
—%sz(fxT + éleuT>ka
—%kkz _kaTfuZT(Huu+ kéuu>_lquTka

-% = H__+F TV +V,  f —-(H _+f TV )TZT(H +Ké )_12
XX UxxTx UxxTUXXTX o vuxTu XX uu” uu

T
. (Hux+f v

W) (#.236)
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1 - _(Huu+ Aguu) Z(Hux+fu VXX>
B2 - (Huu+ Aguu> 2 fu ka
u = u + By0x + POk
-1
bk = —(VKK VK N
o)
A is given again by (4.211), (4.212) (4.237)

4.15.1 The Computational Procedure

The computational procedure is the same as that of
Sub Section 4.8.1 except that H is minimized w.r.t. u for
u¢U, which yields g(uit) and u. A is calculated using

(4.211), (4.212).

4,15.2 Sufficient Conditions to Guarantee an Improved
Trajectory at Fach Iteration

Sufificient conditions for a(igtl) <o fork =k
are the same as those of Sub Section 4.12.3 for the
free end-point problem.

In addition, we require ka(to) to be invertable.
Sufficient conditions are, from Sub Section 4.8.3

~ -1 _ <.
D (Huu + Aguu) be positive-definite.
~ ". ~
2) 8y has full rank p
. : - T
3) the linear system 6x = (fX+fu61)6x+fuz du be

completely controllable.
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4,15.3 Proof of Conditions 4.15.2

The proofs of these conditions are similar to those

of Sub Section 4.8.5.

4.15.4 Characteristics of the Algorithm

In addition to the points listed in Sub Section 4.12.2,
the following is important. |

A necessary condition for invertability of Vi (55
is that the following linear system be completely con-
trollable.

8% = (f, + £ B,)6x + £ 2 6u (4, 2%8)

Note that the linear system (4.238) is a linearisation
about i,a of the non linear system. Now we make the
following statement.

The‘controllability condition on (4.238) may be very
restrictive, depending on the type of constraints present
and the non-optimality of the nominal trajectory.

Take for example a scalar control u with constraint
|sf< 1. Obviously z = 1 when the constraint is inoperative

and z = o when it 1s operative. Now let us assume that for

the particular nominal trajectory and the particular

-~

system u = + 1 § t([to,tf]. Then z = 0 on the whole
time interval and the system (4.238) is clearly uncon-

trollable. ka(to) is in fact zero!
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In this case one cannot use the algorithm since 0k cannot
be found and moreover, u(t) = a(t), which is independent of
bkl
One can overcome these difficulties in the
following way.
1) Use a first-order expression to compute b&k.
i.e. 0k = €V where ¢>o0
2) Compute u(t) using
min H(X+0x,u s Vo # Vo Ox 4V, Bk E)
uey ,
After a few such iterations ka(to) may be invertable,
at which stage one can return to the original algorithmnm.
The interested reader should refer to Neustadt's
Computational Methods [45]. Thése are first-order.
Note that our suggested method above is only first-order
in the choice of dk = €Vye The second-order quantities

V. are still used to relate AVX to 8k and &x,

xx? ka
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CHAPTER 5

BANG - BANG CONTROL PROBLEMS

5.1 A Free End-Point Problem

In the previous Chapter we showed some advantages
which could be‘gained by allowing global variations in
control. In particular, control constrained problems of -
a. certain class were solved.

This Chapter deals with the rather special class
of bang-bang control problems. (i.e. the optimal control
function is piecewise constant and switches between its

upper and lower bound at a finite number of times,
ts ’i:l--nc@
Consider the system described by the following set

of ordinary difierential equations.

x = £(x38) 4 L,(e36)u 5 x(E) = x, (5.1)

where fl is an n dimensional vector function of x and t,

and f2 is an nxm matrix function of x and t. u is an m

dimensional control vector.

We assume that the controls uj sy J = leoo.m are

constrained in the following way.

b a . .
. < . < - =ln-0m 02
us < uJ < uy y  J (5.2)
where the ujb and uJ.a are constants.
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The problem is to choose u to satisfy (5.2) and
G
minimize V<Xo;to) = fth(X)dt +_F(X(tf)) (5.3)
0

Forming the Hamiltonian, we have.

H(X,U,VX;t)

L(x) + <V,,f(x3t) + £5(xit)u>

LG + Uy, £ (30)> + <Oy (X38)Ty5u> (5.4)

H is minimized w.r.t. u if.

_ a . T -
ug = uy y (f2 VX)j <o J=1l...m

- u” (), > o (5.5)

We shall assume that <f2TVx)j 5y d=11...m 1is not

zero on a finite time intervael as this would mean that
we could not determine the minimizing uj from (5.4)
since H would be insensitive to uj, We refer to such
problems as 'singular' and do not consider them.

Some work has been done on this type of problem [681,[69]
but general computational algorithms are lacking.

The control law (5.5) is called 'bang-bang' since
the uj switch between their upper and lower limits de-—
pending on the sign of <f2TVX)j’

The following question arises when attempting to
study the above problem using Dynamic Programming.

Do the partial derivatives of v w.r.t. x and t

In equations (5.3), (5.4) L(x) should read L(x}t).



]:.90 s

exist everywhere in the x space and if not, how does one
use the Bellman P.D.TL. which is derived on the assumption
that the optimal cost v° has continuous partial
derivatives w.r.t. x and t?

Consider (5.%) and assume ug = uja for the whole
time interval [to,tf] 3 = l...ma i.e. assume constant
controls throughout this time interval. V(x3it) will
surely have continuous partial derivatives w.r.t. x and ©

since the form of the problem is now precisely identical

to that considered in earlier Chapters (See Section 2.2)
a

d
yoelty,ty]

A1l we have done, in fact, is to set uj(t) = u

.’j = l--omo

Now consider the case where the controls uj are

determined by (5.5). At times when (fETVY)j’ say,

changes sign the control uj will jump discontinuously
from uja to ujb (or vice versa). Such times are called
switch times ts (where i refers to the particular switch

time). Now it is not clear that v (x,t) will have con-
tinuous partial derivatives w.r.t. x and t at such points
of discontinuous control.

In view of the above we can conclude that, if the
uj are constant then Bellman's P.D.E. 1is valid since

V(x3t) has continuous partial derivatives. If there are

switch times present (ts )} where the uj change
i
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discontinuously, we must investigate further to discover

exactly what happens to V(x,t) and its partial derivatives

at these times.

5.2 Plecewise Differential Dynamic Programming

Assume that we have a nominal control u(t) which
produces a nominal trajectory x(t) 3 t([to,tf]
TU(t) satisfying constraints (5.2).

As in previous Chapters, the Bellman P.D.E. in the

neighbourhood of the nominal trajectory is:

-3V -0da —<6VX,6X> - l<6x,aVXX6X> =

I I T SR
min[L{x+dx5t) + <VX+VXX5X,f()-(+6x,l_)_+6u',t)>] (5.6)

'6u

where f(x+0x,u+bust) = £, (X+0x5t) + £,(X+dx5t)(u+du)
' c (5.7

Setting 6x = o in (5.6), its R.H.S. becomes

min[L(x3t) + <VX,fl(§;°,t)+f2(i‘;t)(1—1+5u)>] (5.8)
du

Now let us carry out the minimization in (5.8) using the
rules of (5.5). ILet us assume that the minimizing u* is

u* = a+dbu* = u’ (5.9)

-+

(where the components of u” are given by (5.5))

Substituting (5.9) into (5.8) we obtain

L(E56)+<V, 21 (F3b) + £5(F36)u™> (5.10)
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Now let us re-introduce &x into (5.10). We shall assume
that the minimizing u* for x = x+6x still remains as u’,

So, from (5.6):

-3V - da ~<0V,,0x> - 1<6x,3V, 0x> =

T T 2
L{(X+8x%3t) + <VX+VXX6X,f(i+6x,u+;t)> (5.11)

Expanding the R.H.S. of (5.11) to second-order in 6x about X

AV T 4f Ty Yox> (5.12)

H+<HX,6X>+<VXXf,6X>#%<6X,(HXX S SIS S A

Using (5.11) and (5.12) we obtain

-3V - da
3T TT

H

1
ey
<
1
jan
+
<
H

0t (5.13)

Now as usual.

(V+a)* = 9 (V+a) + <v_,f(x,u3t)>
-6-_5 X
v, =V, + vin(i,a;t)
Vi = OVpx
and -V = L(X,t) (5.14)



Using (5.14) in (5.13)
-2 = H - H(E,ﬁ,vx;t)

|
e
i

o = B + Vo (£ - £(X,038))

_ T
“Vyx™ Hyx + fx Ve + VXXfX (5.15)

(A1l gquantities evaluated at X,u’ unless otherwise stated)
Jyr t:tf we have from (5.3) that:

a(tf) o)

VX(tf) = Fx(i(tf))
Vg (Pp) = Ty (X(£)) (5.16)

Equetions (5.16) can be integrated backwards from te using
boundary conditions (5.16) and assuming that u* = u”.

Now there will probably come a time ts such that
one or more components of u change, discontinuously

T to u”. This will occur when

(i.e. 'switch') from u
T -

(f2 (X;t)vx)j goes through zero;, (where j belongs to 1..m)

We must now study conditions at ts in order to determine

what happens to a, V

X and VXX'

5.3 Conditions at Switch Points

Using (5.15) and (5.16) cslculate a, V,, V, _ for

te[ts,tf], so for t > ts we have

VH(X4+0x5t) = v+(§;t)+a++<V;,5X>+%<6X,V;X5X> (5.17)
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where the superscript * denotes quantities for t > ts

Now for the general control problem we have

t
V(x36) = SoTTOouit)ar + Fe(g) Thg) (5.18)
tS
So V(x36) = S L(x,ult)at VI(x3t,) (5.19)

Equation (5.19) is an expression for the cost V(xit) for
t < ts‘ We can consider (5.19) as a cost function for a
problem defined on the interval [to,tsj, where the end-

point costing is F(X(ts)_§ ts) = V+(X;ts) and the

final time ts‘is given implicitly. (See equations (4.161),
(4.163)). Since V(x,t) is a function of this time ts,

let us consider ts to be & parameter of V and write it
explicitly as such. (As we did for the implicit end-time
problem of Section 4.10)

So

t
VT(x,t56) = S SLGe,uTit)dt + VI (xSEY) (5.20)

where the superscript = denotes the cost for time t < ts.

Note that the control u in L(x,u3t) is u = u since this

is the control for time t < ts. (Recall that the control
for t > &, is ™)
Now let us allow the time ts at which the control switches

from u- to u* to change to t, o+ Ot

_ T .+6t _
VO (R+0%,6 465 _36)=/L° L0 6)ats VT (Redxadx b 408 )

(5.22)
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Where Ax 1s the change in the x trajectory over the time
interval ts + 6ts - t and § + 00X 1s x at time t.

Notice that u in L(x,u%t) 1s still u  since the switch time
is now at ts + 6ts. Notice further that dx at time

t < ts is the difference between the x(t) trajectory

generated using u (T) , T <t and the nominal trajectory

x(t) generated using u(T).

Now we wish to study conditions at the time t = t

s
so let us observe V (X+0x,t_+0t_5¢) at t = t_ (5.23)
o ts+6ts _ b=
v (X+6x,ts+6tsgt)=jts L(x,u 36)At+V (X+0x+AX5t +0t )
(5.24)

The notation on the L.H.S. must be understocd clearly.

V'(i+6x,ts+6ts;ts) is the cost at time t = t_ as a function

of the parameters X+06x and t, o+ Ot . The semi-colon
separates the parsmeters from the actual time t = ©_ at
which we are observing V .

The derivatives V;(i,ts;t) , V;X(i,tsit) are partial
derivatives of V_ w.r.t. x at time t. Thus V_(X,t,53t;)

is the first partial derivative of V w.r.t. x at time

t = t . The derivatives Vgs(igts;t) , Vgsts(i,ts§t)

are the partial derivatives of V© w.r.t. the parameter ts
at time t. Thus q;(i,ts;ts) is the first partial
S

derivative of V. w.r.t. the parameter t_ at time t = t_.
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On the otherhand the derivatives VE(E,tS;t),VEt(i,tét )

are partial derivatives of V w.r.t. the time t. Thus

VE (i,ts;ts) is the first partial derivative of V w.r.t.
the time t at time t = b

Equation (5.25) is precisely the same form as (4.175)
which describes the cost as a function of the parameter

te + 0% The only difference is that V(i+6x+Ax;tS+6tS)

£

replaces F(§+6X+AX;Ef+6tf)+<E+6k,O(§+6X+Angf+6tf)>
and k+dk is absent from (5.23)

(In our bang-bang problem I, is independent of u, but

we leave I, as a function of x,u3t in (5.24) for greater

generality.)
Expanding the R.H.S. of (5.24) up to second-order in

dx and 6tS we obtain the following. (the expansion pro-

cedure is precisely that of Section 4.10 and is now

repeated here, therefore)

v*(i;ts)+[L‘+<v;,f’>+V;]6ts

T

+ =T o= =Tt +
VX+(Ou ) (Lu+fu VX)+VXt

+<V x> +<T_+£ du
X X X (aX )

+ o= 5 - + o - o Tt -
+VXXf ,6x>ots+%[Lt+<VX,ft>+<LX+fX Vx,f >

- - - - - 2
+<Lu+1uTv;,u S42<VE S £V 4<E T, VL £7> 108

+1<8x,VE ox>
> X (5.25)
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Define H™(X,u”,Vijt) = L(X,u”56)+<v, £(X,u736)> (5.26)

Using (5.26) in (5.25)

VIESE) + [V o+ B8t + <vi,6x>

—_— II\ — + —— -—
u % H, + VXXf + th,6x>6ts

E

+<H_ + Ea

(@)

- + - - - - Y
fyﬂt+vﬁ3+<%Uf>-yq%ﬂl>+<gkyf>

<7, vE £7>166 5 + 1<ox, V) ox> (5.27)
: 5

Expanding the L.H.S. of (5.24) to second-order in dx and

6ts.

VO (X40x, b +0t 36 ) = VO (X, b3 0 )+<V_, 0x>4VL bt
S .

2

+<Voi ,6X>6ts+%$6X,V§X6x>f%VE & Ot (5.28)
S

s’s
Now (5.28) equals (5.27) and since equality holds for
arbitrary 0x and 6ts, we may equate coefficients of like

powers of 6x and 6ts to obtain.

VT (X,tg3tg) = V' (Xibg)
- _ ot

VX - VX
— _ _‘_

VXX VXX
— + —



- -— — _T_
A = HD 4V, + vE £ 4 (8uT)'H

xts X Xt X3 (Ei j u

— _ — —— — m— — .-— + -
VJG £ = HJG+V_EJG +<HX,f >+<Hu,u >+2<th,f >

—-— + —
+<f ’Vxxf >

1980

(5.29)

Now from (3.22) (we use these equations in preference to

(5.13) since we are considering the generalcase and nov

the particular bang-bang case)

+ _ ot
Vt = =H
+ + + ot 4Tt
v = ~H =V__f"-(du g H
Xt X XX (5? u

Differentiating (5.30) w.r.t. ©.

a (Vi +HD =o0

at
=0 (Vi+H') + <@_(Vi+H"),f">
ot ox
+<0_(Vi+ET),u™> = o
Ju
Whence
+ + + + + ot + gt et
—<H§,u+>

gubstituting (5.30) - (5.33) into (5.29) we obtain

(5.30)

(5.31)

(5.32)

(5.33)
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- o +
V_b - H - H
S
VD, = HD - B 4 v (eZH)a(ou )T -(out) Tat
xts X X XX 3% u 3% u
- - g - gt - eyt ot - -

—<E! ,ut>4<T, VI £To<e v et
+ _— + + ' .
+<2VL £ >=2<V ] £ 7> (5.34)

Consider the last two terms of (5.34)

<V;Et,2(f——f+)> = <—H;; - V;;XfJ“ - Eg_uJ“%THE , 2(£7-H)>
X

Whence Vi . = HE—H€—<H;,(f——f+)>+<f—,H;—H;>
S 8

+<(f“_f+),V;X(f‘—f+)>+<ﬂa,ﬁ‘>—<ﬁg,&+> (5.35)

The VES, Vth, Vgsts are the sensitivities of V w.r.t. the

parameter ts up to second-order at time t = ts

(Recall that in Section 4.12 we stated that if there is

no discontinuity in u when u either leaves or hits a
constraint, at ts say, then the cost V is unaffected, to
second-order, by changes in ts. Consider a scalar control

u in the above expressions and let ut = u”. Now at such
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a boundary point, we have from Section #4.12 that

H; = H = o0 and aut # au”. Substituting these facts into
X Bx
the above expressions we see that VtS: XtS=VtStS = Oe

So V is indeed unaffected, to second-order, by a change in
the time at which a constraint becomes active or inactive

provided that there is no discontinuity in the control at

such a point,. The same conclusion is valid for u a

vector)

Now let us consider our bang-bang problem.

Here ggf = %E+ =0 (5.36)
X X

So we obtain the following expressions

- [
V% = H H
S
- oo wt Lyt e—_pt
ths = Hp= Hy +Vl (£7-7)
R GRS e s
+<(£7- £y, Vi (£7- £7)> | (5.37)
Now V; = H - 5= <VX,f2(u-- u+)> (5.38)
s
< z T - -+
now (5.38) is jgl (f2 VX)j (uj - uj)
which is zero since either ug = ug or (szVx)j = 0

i.e. VES = 0 (5.39)
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Equation (5.39) is a necessary condition for V~to be

minimized w.r.t. the switch time ts. A further necessary

condition is V; g >0 (5.40)
s’'s

Trom (5.28)

%%S(X+6X’ts+6ts;ts) = Vts+ <ths,6x> + Vtstséts (5.41)

Since V;:zois a necessary condition for minimelity
<}
we require the guantity in (5.41) ecual to zero even if

b6x is present. 1i.e. we reqguire

t 2]

<V;CJG 0x> + V. L &t = o (S8ince V_ =0) (5.42)
s s’s s

whence 6t = - _ 1 <V;;JGS ,0%> (5.43)

—
tStS

Notice that (5.43) is a local linear feedback controller
relating the required change in switch time 6ts to the ox
appearing at ts. If we substitute (5.43%) back into

(5.28) to eliminate 6ts, we obtain.

v‘(i+6x,ts- 1 <v;ts,6x>;ts) = V(X636 ) + <V, 6x>

Vi tg _
#2<0%, (Ve ory, Vo 5 )0%>
—
tStS
(5.44)
Now from (5.29) V,,= v+; Vo ~VE s V(655 )=V (x55,)

(5.45)



VT (%46%, % - V% UL, SBx>it ) = VH(EIL) + <vE,6x>
£t t S
S s
Vs %

Re-naming the L.H.S3. of 5.46 as V(§+6X;ts) we obtain

" _ +
VX - Vx
- i+ - -
Vex = Vix ~ iy Vtsx
Vi ¢
S

Dropping the superscripts * and T for convenience we have

”~

Ve o =V (5.47)

- -1

Vex T Vax T Vxt. Vo v Viox (5.48)
s 's’s S

also V(Z3b.) = V(E3t,) (5.49)

We observe the following.
At b = b (i.e. at a switch point) the first derivative
Vx is continuous, but the second derivative Vxx

-1

experiences a jump given by - Vet Vit Vi«
s s S

Also, from (5.49), a is continuous since

V(EB)=T(E 5 )4a 5 V(ESL) = T(X3b, )+ (5.50)
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At a switch point we can compute readily the jump in VXX

using (5.48) and (5.37) and can use (5.47), (5.48) and
(5.50) as new boundary conditions for (5.15). Ve can then

continue to integrate (5.15) backwards noting that now

The procedure can handle any finite number of switch
points in this way. Finally to will be reached and we
will have a(t), vV (t), V. (t) and u*(t) for the whole
interval [to,tf] . a and V_ will be continuous functions of
time, while VXX experiences jumps at switch times
tsi of u*., (i = 1...ns where ng is the total number of
switchings on the time interval [to,tf])

The above theory was developed for X,u non-optimal.
On an optimal trajectory, a special case of the above,

all the expressions are the same except that u*=0=u°.

5.4 An Example

Consider the following control problem.

Xy = Xy o X (Bg) = X4
X, = u » o X (T) = X
'ul < 1 (5.51)
minimize V = fﬁoxlgdt
o (5.52)

Fuller [31], [32] has studied this problem in great
detail and has succeeded in obtaining analytic expressions

for Vo(xl,xg) (V is independent of t since t, =®)
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Let us see whether our predictions, that V. is continuous
at a switch point and Vs experiences a ;jump, are correcle.
In fact we shall show that the analytic expressions for
Vo(xl,xz), when differentiaiml do indeed confirm our pre-
dictions and in addition, the jump in V. (call it

AVEX) given by (5.48), is correct.

" ° 2
For this problem H(x,u,V, ;t)=x; +Vle2+VX2u (5.53)

The minimizing u* = -sign VX2 (5.54)

(We drop the 'optimal superscript' ° for convenience)

Fuller has obtained the following expressions for V.

VN(X yX~) = cost surface when u = -1
1272 5
= X12X2 + 2X1X25 + g_X25 + 768 (x) + lX22)2
E 15 2
(5.55)
VP(Xl,Xz) = cost surface when u = +1
2
- Pxy 4 2Hy%,0 - 2 %y 764 (~xp +1%,°)
-3 15 2
(5.56)
On the switch curve X, = —.4446X22 5 X5 > 0
= JA446x 2 5 x5 <0 (5.57)
-t 2 » T2 :

e shall consider only the case where X5 <o
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Substituting (5.57) into (5.55)

e e

U a6, %,) = VE(L4886x,, x,) = —.035%,” (5.58)

l.e. V is continuous at a switch point.

2
N 3 2.2
% = 2X-Xn + OX + 5 x o764 x (xq + 1x,7) .
xq 1% Z 2 2 1 52 (5.59)
. : 3
= EEpEp s 2¢,° = 5 x 764 x (=x; + 1x,2)°  (5.60)
- 3 2 2
Vg = v S .2X25 on the switch curve (5.61)
1 *1 -

i.e. ¥ is continuous at a switch point. It can be shown

1
easily that Vx is also continuous.
2 1

N 2.2

v = 2%~ + 15 x 764 x (x, + 1x.7)

Xy 2 = 1 = 2

= ~.79%, on the switch curve (5.62)

vP 2%, + 15 %X 764 x (=%, + 1x 2)%

= -2.67x, on the switch curve (5.63)

So crossing the switch curve from N to P (- to +) (optimal

trajectories are known to cross from N to P in the region



X5 < 0) VXle experiences a Jjump.

N P
XXy X 2

Now consider the expressions for VXJG ) Vt £+ - equation (5.38)
S 5°S

P LN Py P
LA v (£8 —£F) = 2 x v, [i]

1 (5.65)
B8O Vop Vg x = 8 Vi X VX x~ * Vx x
S s 172 172 272
\'s .V (5.66)
Xo¥p L ¥y g2
272
P N N P N P
Vtsts = —H (£ £F) 4 <2 - £5), V(e 1>
P P
= 2V + 4V
X Xo%p ‘ (5.67)
From (5.60), (5.67)
P 2
AV .~V
%17 %1% | (5.68)
P P
v + 1V
XXy X
Now v 1
P 2 2.2
v = =2%, + 2X,7 - 764 x 15 x (-x; + 1x,7)

1.785X22 on the switch curve (5.69)



and 1
P 3 , , 2.2 2
v = 80X Xq = 8X57 + L7064 X (=%, + 1x57)7 x.
X2X2 172 ? 2 1 = 2 2
2
2.2

+ %’X 764 x (—xl + %xg )

_1.59x25 on the switch curve | (5.70)

Substituting these values into (5.68) we obtain

My, = - (1.785%,%)2 - 1.785°x,
—l.59x2 - ,1x2
= 1-88%; (5.71)

The predicted jump given by (5.71) is the same as the
actual Jjump given by (5.64).

Similar results may be obtained by considering
the other elements of Voo It can be verified also that
the predicted Jumps are correct in the part of the state
space where Xo > 0.

The important point about this example is that it
confirms our predictions of a continuous Vy and a Jump in

VXX when a switch point occurs.

5.5 A New Second-Order Algorithm

OQur second-order analysis of Section 5.2, 5.5 can

be used to construct a second-order algorithm for
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determining the optimal bang-bang control. |

Using (5.15), (5.16) and (5.37) we are able to com-
pute a(t), Vx(t) and VXX(t) 5 té[to,tf] along the nominal
X trajectory. We require now a method of using this
data to improve the current nominal trajectory.

A procedure that comes immediately to mind is the
following.

On the forward run compute

uj(t> = —sign [f2T(i+6X§t)(VX+VXX5X)]j (5.72)
Jg=1l...m

Apply this control'using,the step size adjustment method
of Section 4.

The following difficulty arises.
VXX(t) experiences a Jump at each switch time of u*(%t).
(u*determined backwards in time using (5.5)) Now on the
forwards run, the position of the switch times of u(t)
will not coincide with those of u*(t) (unless u*(t) is
optimal). /e thus find that

f2T(§+6X;t)(VX+VXX6X) experiences Jjumps at switch

times of u*(t) and this can cause u(t) to switch spuriously.
Since spurious switchings affect the trajectory

x(t) + 8x(t), we see from (5.72) that unwanted switchings
might occur later on in time due to these earlier mistakes.

We shall overcome this difficulty in the following way.
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Recall that (5.43) describes a local linear
feedback controller between the 0x appearing at the switch
time t, of u* and 6ts the change in switch time.

We repealt the relstionship here for convenience

_ _o1
6tsi_ _Vtsts Ve 0X> (5.73)
i i
= <Bsi,6x> i=1...n

s

Recall (immediately below equation 5.22)) that the 0x at
time t = t_ in formula (5.73) is the difference between the
x(t) trajectory generated using u*(1) ; 7 < t, and the
nominal trajectory X(t) generated using u(t).

We run forwards in time using uj(t) = uS(t)?j:l...mu
When a switch point of uk(t) = uﬁ(t), say, is reached

(1 <k<m) wWe measure ox (T ) and calculate Ot
. — * -
using (5.7%). If 6ts > o we hold uk(t) = uk(ts )

(superscript - denotes the time instant immediately before
ts) for the time interval 6ts. After that we once again
set u, (&) = u, (t) and continue. If 6t < o then we back-
space our integration routine by the amount 6ts and,
starting at this time t_ - 6ts, we set uk(r) = uﬁ(ts+) H

t -0t <1<t
S s ="="s

and integrate forwards again. After time t = t_ we once

S
again set u, (%) = up(t) and continue. If 0t =0

then of course we continue with u, (¥) = uf(t) since
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the switch point of uk(t) coincides with that of uﬁ(t)

The above procedure effectively changes the switch time

tS of uﬁ(t) by the amount 6ts computed using (5.73%)

The procedure thus implements formﬁla (5.73) directly.
(There are no problems of discontinuities appearing where
there should be none, as happens if the first suggested
procedure is used i.e. equation (5.72))

Applying this procedure on the whole interval
[to’tf] may produce 0x's that are toc large. The 'step
size adjustment' routine of Section4l.] is used to

ensure that this does not occur.

5.5.1 The Computational Procedure

1) Using a nominal control ﬁ(t);te[to,tf], run

a nominal X(t) trajectory using (5.1). Calculate the
nominal cost V(x,3t,) using (5.3)

2) Using boundary conditions (5.16) integrate (5.15)
backwards in time from tf to to, ug being calculated using
(5.5). At sWitch points of u*, calculate Bsi using (5.3%7),

(5.73) end calculate also the jump in V,  using (5.48).

Store tsi, Bsi y 1 = 1l..wng. Note also the time ¥ ..

whenla(i;t)|becomes greater than n. 1 chosen from
numerical stability considerations.
3) Apply control u(t) in the manner described in

Section 5.5. If necessary, use the step size adjustment
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method of Section 4.2l6o keep the 06x's small. When an
improved trajectory is obtained go to 2).
4) At the end of each step 2) check the size of

|a(xo;to)* and stop computation if it is less than 7.

5.5.2 Characteristics of the Algorithm

1) It is believed that a Dynamic Programming
approach to the bang-bang problem has not been attempted
previously in the manner outlined in Section 5.5. The
algorithm makes use of the bang-bang control structure
to find a local linear feedback controller between switch
time changes and differences in state from the nominsl.
Moreover, it is shown that the cost function, for such
problems, has continuous partial derivatives w.r.t. X
except at switch points where the second-derivative
experiences a Jjump.

2) If a nominal control is given whose switch
times are sufficiently close to the optimal ones, then
convergence is quadratic, in the sense that equation (5.48)
is locally, truly valid.

3) The jumps in V., are calculated easily using (5.48).

5.5.% Sufficient Conditions to Guarsntee a Reduction
in Cost at TFach Iteration

We assume in the next two Sub Sections that u

satisfies (5.2).



S
‘ )
o

Tor t([to,tf]
! [fgm(x§t)VX]j # o on a finite time interval
fOI‘ j = loo.m
2) H(D—C,U.tVX;t) < H(}Esasvx;t) yout# .
3) Vv (x,t_ 3t ) >0 5 1i=1...n
tsts si’ Sy ? S
4) The sclutions of the equations (5.15) must be

bounded.

5.54 Proof of Conditions 5.5.3%

In order that u* be determined by (5.5),
[f2¢(§;t>vx]j must be non-zero on a finite time interval
for j = 1l...m. If this condition is not satisfied then
one cannot use (5.5) to determine u* since H is insensitive
to u, if [fET(i;t)ijj is zero on a finite time interval.

(i.e. the problem would be singular)

; i=lot-n L3

In order that the Jump in Vex at © s

S-
1

be bounded it is necessary, by inspection, that %

Vi (i,ts [ ) # o. Purther, since V is to be minimized
5°8 i i

w.r.t. the switch times ts , 1t is required that

i
v (x,t_ 5t ) > o (See (5.40))
tsts S;’ 8y

The solutions of the differential equations (5.15) must

be bounded.
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Notice that the equation for Vg is a linear matrix

differential equation between switch points. It is easy
to show that such an equation has a bounded solution on
a finite time interval if its boundary conditions are

bounded. Similar remarks epply to the Vo equation.

From (5.15)

t
4 ° (0] = [ - = °
a(xo,to) = ftfH(x,u*,VX,t) - H(x,u,V_;t)dt

A sufficient condition for a(xo§to) to be negative is

clearly that H(i,u*,VX;t) < H(i,ﬁ,vx;t) T u¥*# U

5.6 A New First-Order Algorithm

As in Chapter 4, a first-order algorithm emerges

as a special case of the second-order one.

Ve = He 5 Vi(tp) = Ty ()

-a

]

H - H(i,a,vx';t) (5.76)

where the gquantities are evaluated at X,u* unless other-

wise stated.

u* is given by the rule

ug = uja 5 (fETVX>j <o § j=l...m

b . T
Uy , (f2 Vx>j > 0

]



The step size adjustment method of Section 4.21 is used
to encure that the dx's produced are not so large that

the expansions to first-order in 6x are violated.

5.6.1 Characteristics of the Algorithm

1) 7The algorithm is of the same type as those
described in Sections 4.3, 4.13% where H is minimized
w.r.t. u and the time step size adjustment method of

Section #.2.1 is used.

5.7 Computed Ixamples

In this‘Section a2 number of numerical examples are
described which illustrate the algorithms of Sections 5.5
and 5.6.

5.7.1 Problems Solved Using the Second-Order Algorithm

I The first example is that considlered in Section 5.4.
Xy o= Xy 5 xl(o) = 1
X, = U B X2(o) = 0
lu' < 1
. br L2
minimize 1 jt xq< 4t
2. Yo (5.78)

In Section 5.4 the infinite time problem (tf = ® )
was considered. This problem is embarrassing from a

computational point of view for two reasons.
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1) One cannot compute the backwards equations on
an infinite time interval.

2) It can be shown that the optimal control function
uo(t) is bang-bang but, as t, >0, the switchings become
increasingly many and close together. i.e. the problem is
very near singular since VXE is very nearly identically
zero in the rapid switching region. (u° = - sign Ve )

One can confirm readily that the optimal cost for

this problem with t, = ®wis .382. (Using the anslytic

£
expressions given in Section 5.4) Most of this cost is
incurred within the first three seconds and the rest of

the time is spent in rapid bang-bang action near the

origin of the state space. To avoid singular behaviour,

a final time tf = % geconds was chosen.

500 integration steps were used with the fourth
order Runge-Kutta Integration Routine.

A nominal control of u(t) = +15 telo,3] was used,
which produced a cost of 12.1.

Fig 15 illustrates the cost as a function of iteration
number. ihe reduction in cost from 12.1 to the optimal
value of .38% was accomplished in 5 iterations. Tig 16
shows the phase plane portrait for some iterations.

Notice how close the cost of .383 is to the optimal

cost of .382 for the infinite time problem.

IT The second problem chosen is one tried by Athans [71].
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He considered the problem of hitting the unit sphere
centered on the origin of the state space of a linear
system, -in minimum time. The minimum time problem is
considered later in this Chapter. Here it is convenient

to consider the following problem formulation.

Xp o= =%y o+ 5eXy 5 Xl(o) = 10
Xy = =De¥y - .5X2 + u 5 Xg(o) = 10
Xz = —~.6X5 + 10.x, 5 XB(O) = 10
Xy = —lO,X5 - .6}{,+ 5 Xq(o) = 10

’u' <1

minimize V= <x,x> at t =+

f (5.79)

i.e., minimize the norm of x at the final time tf.

The time tf was chosen as 4.2 seconds. Three hundred
integration steps were used.

A nominal control G(t) = +1 5 telo,4.2] was used,
and this produced a V of #4.12. The secondforder algorithm
reduced this cost to the minimum value of .996 in 2
iterations. There were a number of switchings in the
optimal control function. This is because the system has
complex eigenvalues.

Fig 17 shows the cost V as a function of iteration
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number. Fig 18 shows the control functions for a number of
iterations.

At this point we remark that Plant and Athans [71]
quote the minimum time to hit the unit sphere as 4.4 seconds.
Posed as a minimum norm problem, one should expect to
have a minimum norm of 1 after 4.4 seconds. In fact we

find a minimum norm of .996 in 4.2 seconds. The problem

was re-run with tf = 4.4 seconds and the minimum norm was
found to be .772.

Thus the results do not agree with those quoted in
[711. 1In fact, the form of their 'optimal' control is
different from ours in that theirs has a number of rapid
switchings which are not present in our results. (See
Fig 19). We conclude that the results, as stabed in [71],
are not correct.

The very rapid convergence of the second-order
algorithm on this problem can be attributed to a number of
points.

1) The system is stable and, if left as a free
running system without control, moves in such a way
that the norm <x,x> 1is a decreasing function of time.

2) The control u does not have a dominant effect

°

on x when x 1is large.

Becasuse of 1), 2) above, the nominal trajectory
x(t) is not 'very far' from the optimal solution. By

not 'very far' we mean that the 0x's required to change the
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nominal trajectory to the optimal one are not large.

Note the remarkable difference in form between the
nominal contrél and the optimal one. With this in mind,
we stress the following feature of our type of algorithm.:

By allowing global variations in control we obtain
immediately the bang-bang form of the optimal control.
This is not done in, say, the gradient method. In fact
one should expect the gradient method to converge slowly
on this problemsince the optimal control function con-
tains many switchings and only small changes in control
are made at each iteration.

In view of the above one should expect the first-
order algorithm of Section 5.6 to converge quite rapidly.

This is shown to be true in Sub Section 5.7.2.

IITI A Seven state-variable, three control distillation
column.

Dr. G. Pollard of the Chemical Engineering Department,
Imperial College, has kindly allowed the author to use
the following mathematical model of a binary distillation
column to experiment with. TFurther, the author is indebted
to Dr. Pollard for making the results of some of his own
optimal control experiments available for comparison
purposes.

The model of the column was developed by Dr. Pollard
at Imperial College, and the simplifying assumptions

necessary to arrive at the model, together with further
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details, are to be found in his thesis [72].

x, = L0025 [~1. 63y (uy +uy=g ) =% Uz, (ug 40515 Xy (0) = .55

X .01£1.6(Xl-x2)(ul+u2-u5)+<35-x2)(ul+u2)];x2<0)= .55

£5= LOLL (106, Bz me 6) (g 4=tz )+ (3, =25 ) (Ug +05) 1335 (0)=2 55

x,= +OLL.4(x 57, ) (U +uy=uz ) =3y (Ug +uy ) +Xg Uy +xpus ] 5%, (0)=.55

£5= .01[. 4(X4—X5)(ul+d —u5)+(x 5)u1] ;x5(o)=.55
§6=.Ol[.4(x5-x6)(ul+u2—u5)+(x7—X6)ul] 1xg(0)=.55
%7= .005(.4X6—X7+.6)(ul+u2-u5)' §x7(o)=-55

(5.80)
where XF = +55

It is required to choose Uqs Uy and Uz as functions of time
such that after 25 minutes x(t,) will be close, in some

sense, to the following reguired end-point.

%, (2) = 0.2761
%, (t ) -~ 0.3880
x5 (%) - 0.5090
%, (tg) - 0.6325
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% (Bp) = 0.9021

The deviation of X(tf) from the above desired values is

measured and costed by

7

V(x3t) =1§1 [x; (b5) = x5 (6£)]° 5 t, = 25 mins
(5.82)

The controls U s Uy and u5 must obey the following
constraints.

5< u < 2

0 < Uy < 20

< <
0= % = % (5.8%)

So the control problem is.

Choose ul(t), ug(t) and uB(t); t¢lo,25] in order to
minimize the cost given by (5.82) subject to the constraints
(5.83).

Since the dynamics are linear in u and the cost
function is independent of u it can be demonstrated

readily that H (the Hamiltonian) is of the form

H(X,U.,VX;”G) = Hlul + H2u2 + HBuB
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Ordinarily, in order to minimize H, we would set

u{ = 25 if Hy < 0
= o0 if Hy >0 \
ué. = ZQ if H2 <0
= o if Hy > 0
ug = its upper limit if H2 < 0
= o if Hy, > o (5.84)

However, the constraints on Us and u5 are coupled.

A * = i
We can set uy 25 if Hl < 0

o if Hy > o (5.85)

but the following set of rules must be used fordetermining

*

*
u2 and uB.

. ¥ _ 9% _
If H2 < o, H5 <o us = u5 = 20

*_ ook
If H2 > 0, H5 >0 . E_uB"O

If Hy > 0, H3 < 0o . we have the following possibilitiles
M * ¥
If ‘H2* > |8 D uj=ui=o

If 'Hg‘ < ‘HEI P ub=uz=20 (5.86)

It is verified easily that these rules ensure that H is

minimized w.r.t. u.



From (5.86) we see that the controls Uy and uz

may switch even though H2 and H5 are not going through zero.

This is in contrast to the case where the constraints are
uncoupled. However, no theoretical difficulties are

introduced since V. in (5.39) is still zero.
s

H - gt = Hg(ué_ ug) + HB(u%— u;)
‘ - =k _ “
From (5.806) Up= Uy = Uz=— Uz and H2 = HB’ g0

Ve = 0 as required in the theory.
S

The second-order algorithm was programmed. One
hundred integration steps were used.

The Jjumpsin Ve at switch points were calculated
using equation (5.48). The expressions for the various
quantities were found easily, though the analytical work
involved 1s lengthy. The details are not discussed here
as they are not central to the purpose of this Section.

We set the nominal controls as

(t) = 17 te[0,25]
uy(t) = 20
Uy (t) =12 (5.87)

These are the same nominal controls uged by Pollard and

are in fact, the steady state controls corresponding to



N
\S)
0

the required steady state values of (5.81). The

Corresponding nominal end - point i(tf), and difference

£(tp) - (v,p) ave!

R(tp)l 0,326 X(6.)-E(t,): =0.050

O. 414 -0.026

0.500 0.009

0.588 0.04%

0.693 0.109

0.786 0.116

0.877 0.084 (5.88)
The nominal cost using (5.87) is .375 x 107T (5.89)
After 5 iterations the cost was reduced to .458 x lO_2
and the algorithm stopped. The new end-point and
difference %(tf) - i(tf) were.
R(tp):  0.277 x(t,)-%(b,): ~0.001

0.%93 -0.005

0.516 -0.007

0.642 ~0.010

0.777 0.025

0.860 0.042

0.916 : 0. 045 (5.90)

The corresponding controls as functions of time are

shown in Pig 20. The cost as a function of iteration
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number is shown in Tig 21.
Pollard used the following approach to this problem.
Firstly, the Gradient Method was used. After 80

iterations a cost of .43 x 1072

was obtained. Pollard
then constructed a bang-bang solution from this gradient
method solution and 'hill-climbed on the switch times
using [61] to achieve an optimum cost of .4226 x 10—2
after 37 iterations. The resulting control functions are

plotted in Fig 22. They cause the following datas

x°(6,): 0,272 x(t,)-x°(6,):  0.004
0.387 0. 001
0.511 . ~0.002
0.643 ~0.010
0.783 0.019
0.862 0. 040
0.916 0. 04l (5.91)

Turther details of Pollards experiments are to be found in
[72]7. It should be appreciated, even from the above
brief description of Dr. Pollard's efforts, that a
considerable amount of ingenuity is displayed in his
approach, slbeit that many iterations were required to
reach the optimum. Notice the difference between our
controls and Pollards.

As mentioned above we reached a cost of 458 x 10_2

after 5 iterations. Pollard required 30 iteratione to



reach this figure, but it must be remembered that the
gradient method 1s considerably simpler to programme and
implement than our second-order algorithm.

We now ask the question), Why did our second-order
algorithm stop at a cost of .458 x 1072 which is non
optimal?

The answer to this question follows:

Recall that we are allowing global varistions in
control u and that we keep 0x small by limiting the time
interval [tl,tf] over which we use our new control
(Section 4.2.1). Now we are using a Runge-Kutta
numerical integration routine to integrate the various
differential equations, so that there is a finite time
interval AT (the integration step size) beyond which we
cannot reduce [tl,tf]. It can happen, however, that the
ox's produced, even in this small interval AT, are too
large and so no decrease in cost results. The procedure
then stops.

In this problem one finds that the coefficients of
the Hamiltonian H (i.e. Hy» Hy and H5> are very nearly
zero on a large sub interval of [to,tf]3 and even small
changes in ®&x are sufficient to change their signs, which
causes switching of the controls. 1i.e. large changes

in the switch times appear. These large changes invalidate

the linear relationship (5.4%) and so no improvement in

cost results. The above implies that the problem is very



sensitive, and so the 0x's must be kept very small indeced
for there to be an improvement in cost. In fact this
problem is very near singular in the sense that

H

H, and H5 (and elso H2+H5) are very nearly zero on

1 72
a large portion of the time interval [o0,25]. The sen-
sitive mnature of the problem is brought out also by
Pollards gradient solution which took 80 iterations.

For sensitive (near singular) problems of this

nature we should really like to be able to make [tl,tf]

as small as we please. This can be done only 1f we have
real continuous time integration using, say, an analogue
computer,

On a digital computer all we can do 1s to keep
reducing the integration step size AT. Now 1t can
happen (it does in this near singular problem) that the
AT required is very small in comparison with that demanded
for successful integration of the differential equations.
In such cases one can use a simpler numerical integration
routine - an Fuler, say - which does not require as many
R.H.8. evaluations of the differential equations and still
gives acceptable results because of the very small step
size AT.

The problem was re-run with 500 integration
steps and an Fuler Integration routine. The following

resulits were obtainecd:



After 7 iterations the cost was reduced to
J46 x 107 et which stage the procedure stopped.
(Pollard reqguired 35 iterations to reach a similar figure)

Fig 23 shows the controls as functions of time.

R(tp): 0.275 x(bo)-E(t,):  0.001
0.390 ~0.002
0.512 ~0.003
0.643 ~0.,011
0.777 0. 025
0.861 0.041°
0.916 0. 045 (5.92)

This solution is really close to the actual optimum
found by Pollard. (Compare (5.92) with (5.91)). gState
variable x5 is the troublesome one. It appears to be
difficult to control this particular state.

Computing time for the 7 iterations was small (only
about 1.4 mins on the I.B.M. 7090). This is because the

EBuler method of integration requires 1 of the number of
pi

function evaluations reéuired by the Runge-Kutta.

We summarise the above experiments in the following
points.

1) The second-order algorithm was used in its
straight-forward form to produce a trajectory, in 7

iterations, which is very close to the optimal trajectory



237,

found by Pollard using a combined gradient cum Fletcher
and Powell method which required some 80 + 37/ iterations.
(The control functions, which do not have as many
switchings as Pollard's, are probably guite attractive
from the practical point of view since they are easier to
implement in practice, and produce a trajectory which is
quite close to the optimal one.)

2) The extreme sensitivity of the problem is
brought out both by the experiments described above and
by Pollard's large number of iterations. In fact, the
problem is near singulmsr since the coefficients of the
Hamiltonian are very nearly zero on a finite time interval.
By singular, one means that the optimal control function
is not necessarily bang-bang on the whole time interval
[to,tf]. This interpretation is supported by the fact
that the steady state controls (5.87) arc not on ﬁhe con-
straints and hence do not have the bang-bang form.
Moreover, Pollards truly optimal results have a number of
switchings close together, in the controls Uy and ua,
which is 2 characteristic of some near singular problems.

3) It is felt that this problem is worthy of
further study since such a study might yileld some ideas
for computing control for singular and (perhaps more

important) near-singular control problems.



5.7.2 Problems Solved Using the First-Order Algorithm

The problems in this Sub Section were solved using
" the first-order algorithm of Section 5.6.
I We consider firstl§ the 4 dimensional min norm problem
of Section 5.7.1 (Problem II),A

As in Section 5.7.1, threc hundred integration
steps were used. A final time tf = 4.4 seconds was used.
In 7 iterations the cost was reduced from %.14 to 0.786.
Cost as a function of iteration number is shown in Fig 24.
Control as a function of time is shown in Fig 25. The
cost of .7/86 achieved is soemwhat higher than thet
found using the second-order algorithm. (opt. cost = .776)
This is due to the fact that, because of the discrete
nature of the programming, varying any single one switch
time docs not cause a reduceémetion in cost. However,
with the sccond-order algorithm 6ts = Béx, which
effectively couples the changes in switch times. Thus
one may be able to reduce the cost further using the
second-order algorithm. Of course if the cquations
could be integrated ideally, this difficulty would not
arise.

The low number of iterations, namely '/, is rather
good for a simple first-order method. It should be

intercsting to try this problem using the gradient method.
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II Here we consider again the distillation column described
in Sub Section 5,7.1 (Problcm III).

Using the first-order algorithm a cost of 457 x 1072

was obtained 1in 8 iterations. 500 integration steps were
used becausc of the decreased radius of convergence of the
first—order algorithm compared with that of the second-

order one. An Fuler integration routine was used.

Fig 26 shows the cost as a function of iteration number.
Fig 27 shows the controls as funcitions of time for
iteration 8.

The performance of the algorithm is rather good
really when comparcd with Pollard's results using the
gradient method. The gradicnt method required 30
iterations to reach the same cost value. It has, however,
not been possible to make meaningful comparisons of
actual computing time since the methods were programmed

by different people.

5.8 A Fixed End-Point Problem

Wie have shown that, for the frce end-point bang-
bang problem, the optimal cost V has continuous partial
derivatives in regions of the state space where there
are no switchings in control. At switch points Vo
was shown to be continuous and Vex to experlience a
Jjump.

We consider now the following system.
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t.
Vo= PTGt + B(x(E,)) (5.9%)
%]

u, < u. < u? vy J=1...m (5.9%)

We introduce the added requirement that the
following end-point constraints must be satisfied.

e(x(tf)) = 0 5 6 an s < n vector function (5.96)

Let us assume, for argument sake, that we set

u, =u% 3 j = l...m for the whole time interval

dJ J
[t ,t:], and further, that €(x(t;)) = o using this control.

In Section 5.1 we asgserted that for the free end-
a
j’
partial derivatives w.r.t. x and t. Now, however, we

point problem, with uj = u that V(x3t) had continuous
have the constraint e(x(tf)) = 0 and so there may be some
variations 0x at time t, say,which are not e2llowed since
they cause violation of this constraint. This is the
same as seying that the partial derivatives of V w.r.t. x
may not be defined everywhere in the state space even for
the case where the control is held constant and there
are no switchings.

We can, however, convert this problem to a’free end-
point type in the manner described in Section 4.7. i.e.
let us adjoin the end-point constraints to the cost

functional using a vector Lagrange Multiplier.
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5.9 AdJjoining the End-Point Constraint to the Cost
Functional

From (5.94), (5.96), and using a vector Lagrange

Multiplier k of dimension s, we may write
Oy
V(x,k5t) = f‘t L(x5t)dat + F(X(tf)) + <k,9<x(tf))> (5-97)

for a nominal k = k, this is a free end-point problem
which, we assume, has a solution. It may be solved in

the manner described in Sections 5.1 - 5.5,

5.10 A New Second-Order Algorithm

In the same way as in Section 4.8 we consider the
cost V to be a function of the parameters k and we
assume a second-order expansion for V about the nominal

trajectory X(t) and the nominal multipliers k.

V(x+0x,k+dk3t)

il

T(x,k36) + a + <V, ,0x> + <V, 8k>

+ <6X,VXk6k> + 1 <6k,ka6k> + 1 <6X,VXX6X> (5.98)
2

V]

The Bellman P.D.E. becomes

-7 - da - <OV,,0x> - <3V, ,0k> - <bx,dV,, 0k>
9t 0% 9t 2t ot

-% <Bk 8V, Ok> - % <bx, 0V, OX> =
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gin[L(X+6x,t) + V4V, Ok+ V0%, £ (X+0%,U+bu’t)>] (5.99)
where
f(x+0x,u+dust) = fl(§+6x;t) + f2(§+6x;t)u (5.100)

Tet us set 0x=0k=0 in (5.99). Its R.H.S. becones

gin[L(i;t) + <Vx,f(X,u+duit)>] (5.101)
u

Carrying out the minimization as in Section 5.2 we obtain

the minimizing u* = T+du*=u’ by the following rule.
+ _ . b . T, .
uy o= ug if [f2 (X,t)VX]j >0

a . T ° ° .
uj if [f2 (X,t)VX]j <o 5 J=1l...m (5.102)
As in Section 5.2 we make the assumption that
[ng(X,t)Vk]j # o on a finite time interval. j = l...m
Expression (5.101) becomes

L(E3t) + <V, £, (X38) + fg(i;t)u+> (5.103)

Now let us re-introduce the varistions 0x and 0k and
assume that, on the introduction of these variations, the

minimizing u remains unchanged as ut. so (5.103) becomes:
L(R+0x3t) + <v+V_, 6k+V__ 6%, (X+6x,u”3t)> (5.104)

Expanding the R.H.3. of (5.104) sbout X we obtain:
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T
H+<HX,6X>+<VXXf,6X>f%<6x,(H AT VXX+VXXfX)6X>

<8,V B> 4 <6x,E_TV_, 6k (5.105)

k
(where the above quantities are evaluated at i}u+)
Expression (5.105) equals the L.H.S. of (5.99). VWe may

equate coefficients of like powers of &x and 0k since

equality holds for all &x and bk, sufficiently small.

0t 0t
—@VX = H, + VXXf
3t
_ T
L
T
ot
T
—OV i = Hpp + I, Ve # p—
ot
-3V = 0
Now as usual.
(V+2)" = 3 (V+a) + <V, f(X,u3t)>
ot
-V = L(X3t)
v, = 0V, + kaf(i,ﬁ;t)

ot
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Vi = 0V + Vik¢f(i,ﬁ3t)
0%
XX = 0V,
gt
Vik = Vg
at
Vi = OV
ot (5.107)
Using (5.107) in (5.106) we obtain
-8 = H - H(i,ﬁ,vx;t)
v, = H, + V,_ (£-£(%,15t))
[ 2 T — -
~Vy = Vo (£-£(x,u3t))
: _ T
“Vyk B fx ik
y i T
Vex = Hey + fx VXX + Vxxfx (5.108)

(A1l quantities evaluated at X,u” unless otherwise specified)

At t = tf we have, from (5.97), that:
a(te) " =0
V() = P(R(t.)) + 0, (R(+,))E
Vo (B6) = B (R(tp)) + Ko (F(ts))
Vk(tf) = 9(§(tf))
Ve (Bg) = 6 T(Z(t,))

Vi (Bg) =0 (5-109)



Using (5.109) we may integrate (5.108) backwards from t

until a time ts is reached such that one or more of the
controls‘uj switches. Once again we must examine
conditions at such switch points. (Notice that up till
the time that we hit the first switch point of the con-
tI‘Ol, ka(t) = O)o

+

We assume that at t_ u” changes to u (i.e. one or

more of the components,uj switches).

5.10.1 Conditions at Switch Points

We may study conditions at switch points in the
same way as described in Section 5.3%. Now; however, we
have V as a function of x and k and ts at time t.

In a similar way to that described in Section 5.3,
equation (5.24), we may write.

_ t 46t _ B
V(§+6x,E+6k,ta+6ts;ts)=fts SL(x3t)at+ VT (X+0x+Ax , E+6k
= s

36,+86.) (5.110)

Equation (5.110) describes V  at time ts as a function of
the parameters §+6X,E+6k,ts+6ts. This is precisely the
same form as equation (4.175) which describes the cost

ag a function of the implicitly given end time tf.

Let us expand the L.H.S. of (5.110) up to second-

order in the parameters 6x, 0k and 0t about X,k and T
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V‘(§+6X,E+6k,ts+ats;ts) = V (x,k, 030 ) + <v,0x>

+Vt86ts+<vk’6k>+<6x’ka6k>+<vkts’6X>6ts

+{ths,6k>6ts+%<6k,ka6k>+%<6X,VXX6X>

2
+1V 6ts

7 sty (5.111)

The R.H.S. may be expanded in the same way as in Sections
4.10, 5.3. The expansion is tedious but straightforward.
We present below the results obtained after expanding and
equating the L.H.S. and R.H.S. coefficients of like powers

of 0x, and &k and 6ts.

VOGHLE,B38,) = VH(ELEE)

- I
Vx - Vx

- _ ut

VXX - VXX
V. = H - gt

ts

- _ - + + - _ et

— - + . o — -—
vtsts = Hp-Hy—<Hy,(£7- £7)>4<87, (H-H7)>

+<(£7= £, VI (£7- £7)>

- _ oyt
= VL



xk xk

- _ gt Trem +

Vit _ = Ve (£ - 17)

Vi = Vi, (5.112)

Now as shown in Section 5.5, Vt = 0. This is & necessary
g ,
condition for V to be minimized w.r.t. the switch time t_.

From (5.111)

VtS<X+6X’k+6k’tS+6ts’ts>=vts+<VXtS’6X>+<ths’6k>+vfstséts

(5.113)

Since Vg is a necessary condition for minimality of vV
S

WeTaTo ts, we should like this condition to hold also
when variations &x in x and 0k in k are present.

So from (5.113) we have

Ve o+ <vXt LOxX> + <Vt ,0k> + Vi ¢ 6tS = 0 (5.114)
s s s s's
Using the fact that V; = o we have
S
bty =~ L [<Vip 0> <v;ts,6x>] (5.115)
v
Tebys

As before, for V to be minimized w.r.t. ts, we require

also that V_ > o (5.116)
S S
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Egquation (5.115) is a local linear controller relating
the change in switch time &ts>to the changes 0x and ok.
Substituting (5.115) into (5.111) to eliminate 6ts we
obtain

v”(i+6x,E+6k,tS— _; [<v1“{ts,6k>+<v;cte
V =)
tS.tS

s 0x>] 5 t'S) =

v*(i,E5tq;ts)+<v;,6x>+<V§,6k>+6x,(V§k-v;t VL ) 0k>
= s 8

+%<6k,(v th t k)6k>+l<6y (VXX Xt t %

Yox> (5.117)
=
1:StS S S

(Notice that V. = o)
S ”~
Renaming the IL.H.S. of (5.117) as V(i+6X,E+6k§tS)

+

and dropping superscripts and - for convenience we obkain:

v, =V,

Vk = Vk

v =V v, ~ly

Vax = Vi xt_ Vb btk

- -1

Vik = Vix = Vi Vtst Vtsk

v - v. v, . Yy

XX XX xt 't t tsx (5.118)



So we see, from (5.118), that Vo Vyyx 304 Vi
experience Jjumps at switch points, As in Sectlon 5.3,
any finite number of switch points may be handled in
this way.

Now let us assume that we set k = k and inbegrate

8y Voo Voo backwards in time, calculating the Jjump in

Vxx at each switch point. Suppose that we then solve this
free end point problem with k = k using the procedure
described in Section 5.5. From (5.108) we have that, on

an optimal trajectory for this free end-point problem.

Vy =
_Vk = 0
v, =f %y
xlk x ‘xk (5.119)
“Vppe = O (5.120)
: _ T
Vax T Mg T Vot Vo fy (5.121)

We may integrate (5.119) and (5.120) backwards along this
optimal trajectory for k = k. The equation (5.120) is
Zero S0 Vi is piecewise constant between switch points
and experiences a Jjump given by (5.118) at these switch
points. (5.119) is a plecewise linear differential
equation which is integrated easily between switch points.

AL B o= bt V(XO,E+6k;tO) = V(XO,E;tO)+<V ?6k>

+1<8k, V4 Ok> (5.122)
2
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Now from (5.109), V, (t;) = e(i(tf)) and using the fact that
%k = o and (5.118) we have.
T (6)) = O(Z(t5)) (5.123)
In order to reduce Vk(to) and hence e(x(tf)) to zero, we
differentiate (5.122) w.r.t. &k and equate to zero.

V, + Vi 0k = o (5.124)

k.
whence Bk =— €V, (b, )Vy () (5.125)

As usual, ¢35 o < ¢ <1 is present to ensure that &k is not

so large that it invalidetes the expansions.

Substituting (5.125) into (5.115) we obtain
-1 . -1
8 = Vo g Vg0 Ve T (Pl Vie(8)> + Vg 0>

(5.126)
and using (5.125) in (5.122)
Vs BV (B IV () 58,) = V(K3 )
- (1-)<v (5D,

2
-1
Vi (to)Vk(to)>

(5.127)
If Vi (t,) is negative definite then (5.127) predicts an
increase in cost. This brings out the max-min nature
k u

of these end-point constrained problems, mentioned pre-

viously in Section 4.8.
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Equation (5.126) can be used to calculate 6ts on
the forwards run in the manner described in Section 5.5,
For ¢ sufficiently small and ka(to) invertable, a de-

crease 1n end-point error (5.123) is assured.

5.10.2 The Computational Procedure

1) Using a nominal control u(t) | te[to,tf] run =
nominal trajectory x(t) using equation (5.93). Using &
nominal set of multipliers k = k calculate the cost
T(xy,E3t,) using (5.97)

2) Using boundary conditions (5.109) integrate the

A L]

a, Vi and Vo equations backwards to to, computing
ug (j = 1...m) from (5.102) and computing the jump in V__

at switch times t_ (i =1..on ) using (5.118). Store the
i ) .
switch times ts. and Vtsts 'and VXJG . 1If

1 . S.
1 1

|a(xo,E;to)| < nq then go to step 3). If not, then
use the computational procedure of Section 5.5.1 to re-

duce‘a(XO,E;to) |i,e. treat the problem as if it were a

free end-point one be keeping k = k. Wheni a(x .kt )< ull

go to step 3).
3) Integrate the ¥V, equation backward, computing

the Jjumps in Vot and Vi at switch times of u* using

. -1
(5.118). Store Yy (1:1...ns). Coppute Vi (to) and

S.
1l

Ve (t,) = e(i(tf)). Go to step 4).
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43y  Apply control u*(t) | te[to,tf] and compute 6ts

with (5.126) and use éts as described in Section 5.5

(¢ = 1 initially). Compute the new x(t) trajectory and
corresponding end-point error Vk(to). If |Vk(to)l is less
than it was previously, repeat 2) after replacing k by
k+8k and the current nominal trajectory by the new one.

If lvk(to)‘ is greater or equal to the previous value

set ¢ = ¢ and repeat 4).
2

5) Each time step 3) is completed check whether

{a(xo,k§to)| <mn; and ‘Vk(to)l < mn,. If so, stop computing.

nl’and N, are chosen from numerical stability considerations.

5.10.% Characteristics of the Algorithm

In addition to the points listed in Section 5.5.2,
the following is important.
As we shall show in Section 5.10.5, we require that

there be n_ > s switchings in u* (%), t([to,tf] as a

necessary condition for ka(to) to be invertable.

This is quite a strict condition. It can happen depending
on the nominal set of Lagrange Multipliers, that this
condition is violated. The algorithm will then fail,

since bk cannot be calculated using (5.125).
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5.10.4 Sufficient Conditions to Guarsntee an Improved
Trajectory at Fach Iteration

Sufficient conditions to guarantee a(XO,E;tO) < o0

and hence a reduction in cost for k = k and &x's
sufficiently small, have been given in Section 5.5.3%.
They are repeated here for convenience.

For telt ,te]

1) [ng(i;t)VX]j # 0 on a finite time
interval for j = l...m

2) H(EUT, V) < HEE,T0) 5wt A §

5) Vt t (iyﬁ‘)ts..’tS.) > 0 ., i:l,..ns
g & i i

4) The solutions of the differential equations

a, VvV be bounded.

x? Vxx
In addition, for this end point problem it is required that:

5) ka(XO,E;tO) be invertable.

Sufficient conditions for ka(XO,E;tO) to be invertable

are that.
6) There must be at least s switchings of the con-

trol u*(t) in the interval [t ,tp]l. i.e. ng > s.
7y V. . (XK, 6, 3t ) >0 1i=1...n
tsts 7 sy’ 84 S

6. ), s of them, must

8) The vecbrs V (x,k,t
kts 5178

be linearly independent, where 1l¢ (41 ...ns)

( )
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5.10.5 Proof of Conditions 5.10.4

Similar conditions have been discussed in Section
5.5.5. Here we shall prove only the conditions 6), 7)

and 8) required for ka(xo,E;to) to be invertable.

From (5.108), (5.118):
S

Vi (XLK38 J=— T V. (X,E,6_ 36, DV o
Q i=1 S i

Let us assume that Vtsts(x,k,tsi;tsi) >0 i=l...nS

(This is required anyway to ensure that V is minimized

W.T. T, tsi - See equation (5.116)). Then ka(i,E;to)

is at worst a negative semi-definite matrix since the

dyads Vit .VJG x &re, by definition, positive semi-definite.
S S

If we can ensure that ka(i,E;to) is in fact negative-
definite then it will be invertable.

In order for ka(i,E;to) to be negative-definite

it must have full rank s since it is an s X s matrix.
We require, therefore, that s < ng linearly independent
dyads are present in the summetion in (5.128).

i.e. n_ > s and the vectors ths(i,ﬁ,tsl;tsl), s of them,

must be linearly independent. l((L.,.nS)

( )



5.11 A Problem with Special Iinear Structure

Consider the system

x = A(B)X + b(tlu 5 x(t)) = x (5.129)
lu'f 1
minimize xn(tf) subject to the end-point constraints
Gy x(tf) = 0 (5.1%0)
where xis an n-vector, u a scalar and QU an sxn
matrix of rank s which has its last column all zeros.
e construct the cost function

V(kE) = x (Bp) + <k,Gx> (5.131)

Where G is the s x (n~-1) matrix obtained by deleting the
last column of qf andggis the n-1 dimensional vector

Xll LI ) .Xn—l.

For this problem L(x3t) - o and VXX(tf) = o (5.132)

This implies that V__(%t) and VXtS(X,k;tSi) i=1...n,

te[to,tf] are zero. (Using equations (5.112) and (5.118))
(5.133)

From (5.108), (5.109) the relevant equations are.

A= BEGETLTGE) L alty) = o
_ _ 4T . _ ol
~Vx = Hye = A7V, ? Vx<tf)_ Gl
. T _ .
Ty = Ve PP » Ty (bp)= Gx
v, = ATy V. (te)=GT
xk ~ 7 Txk P UxkNTET (5.134)
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u* = —sign[bTVX]
Using (5.13%) in (5.118) we see that the only quantity that
experiences a jump at switch times,is Ve This means that
Vi and Vi 8re solutions of simple linear equations. Note
that their differential eQuationS are of the same form.,
Their solutions are calculated easily as.

v, (%) BT (b o)V, (bp) |

Tac(8) = 8 (b, )V (Bp)

where Q(t,tf) is the solution of
Q(t,tf) = Aﬁ(t,tf) 's Q{tfvtf) =1 (5-155)

Note that the solution of the free end-point problem
with k = k is one step using our algorithm since
VXX(t) = o} te[tb,tf]. Note, further, that since
ka(t) is a continuous function of time on the interval

: T

[to,tf], we may compute u(t) = -sign b7 (V_+V_, 0k) (5.136)
going forwards in time. In general we cannot do this
since V., and V.. have jumps at switch points of u*(t)
te[to,tf] and this complicates matters. (See Section 5.5)

In the next Section we describe a numerical example

that illustrates the procedures of Sections 5.10 abd 5.11.

5.12 Computed Examples

Let us congider the same 4 dimensional linear plant
as described in Section 5.7.1 Problem IT.

Choose u(t) | t([to,tf] to minimize x4(tf) subject
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to the end constraint

Xl(tf) = 2.3
X, (te) = 2.4
xz(bp) = 1.5 (5.137)

The final time tf was set as 2.5 seconds andl the initial
state conditions as X(to) = 10. (5.138)

The nominsl control was chosen as u(t) +15 telo,2.5]

and the nominal multipliers as kl = E2 = EB = 0.50,
Using the above nominal control it was found that

xy(bp) = 2.81% x5(6p) = 3.063 x5(bg) = 1.995 x,(tg) = 2.51

(5.129)
After 7 iterations of the procedure the following data
was obtained.

x) (6p) = 2.305 x(b;) = 2.40% xz(bp) = 1.505 x,(by) = 2.31
(5.140)

The optimal values of the Lagrange multipliers were

0 . 0 e
ky = 1.07 5 k5 = .98 5 ky = .99 (5.141)

The optimal control uo(t) y t([to,tf] had 6 switchings
i.e. ng = 6 >s8 =53

Throughout the experiment the matrix ka(i,ﬁ§to)

remained invertable. Tig 28 is a graph of the quantity

(3, (6)=2.3)° + (xp(bp)-2.4)° + (x5(tf)-1.5)2

vs. iteration number.
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5.13 Final Time t, Given Implicitly

T

We shall consider this case briefly. It has been
dealt with in great detail in Section 4.10. As in

Section 4.10 we treat t,. as a parameter and write V as

f
a function of it.

T
: L] f [ L] o
i.e. V(X,k,tf,t)=ft L(x,t)dt+F(X(tf),tf)+<k,e(x(tf),tf)>

(5.142)

If we carry out the analysis in a similar way to that in

Section 5.8 - 5.10 we find that, in addition to equations

(5.108), we have

-%tf = Wy FET(RTIED)

'%th - fxTvxtf

'%ktf =0

—%tftfz - ° (5.143)

poundary conditions are. (See Section 4.10)

T—-
Vth(tf) = Tup + Ot kK + H, + VT

v . = gy
Gt (T p)=H 4T +<K,0,  >+<H, , I>42<F, +6, "k, >
+<E 5 Vo I> (5. 144)
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all the above quantities evaluated at E,E,Ef,vx,u*;tf.

- . - *‘
On passing through switch pointg of u*| <t ’Vt + ,th
il £ °f il
experience Jjumps given by
-1
AV _ v v
th B ths tsts tstf
Mg = = =y Vo g Wy 4
f g 8 & s f
AV -, v, TNy
tetbe tety Tty tTr (5.145)
where
i - v Term-fh
kt_ xk
m —
Ve 4 = Vo L™=t (5.146)
f s il
-1
and 8t = -V [v O (+<V. . ,0K>+<V_ . ,6%>]
s tsts tfts f kts th

In order that the final time t,. be chosen optimally

il
we require Vg (XO,E,tf;to) = 0
pil
thtf(XO,E,tf,to) > o (5.147)

We first solve +the free end-point problem with k = k

L
The differential equations for Vi and vV, are then zero

i

and so



th(x k tf"to) = th(X k tf,‘tf)
Vk(Xo’ fst ) = Vk(.X,k,tf?tf) = G(X(tf);tf) (5.148)
Now at © = t &

v(x, ,K-ir@lc,ff-k()tf;-to):V(i,E,Ts.f’,to)—i-<vk,6k>

+VJG ot -+ <th 30k>0t

g T £ £
+1<0k,V, , Ok>+1V ot 2
kk tet. f (5.149)
£°f
2 2
Now for e(x(t.) } tf) = 0 we require
Vk+ka6k+thf6tf = 0 (5.150)
and for (5.147) to hold
V, +<V SK>+V ot,. = O (5.151)
tf ktf’, tftf £
From (5.150) and (5.151).
ek | - v, A ] —v ]
= T Uy Kt k (5.152)
ot ' '
kil Ttk A t
hil tftf f
L - N — L
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If the matrix is invertable and if ¢ | o< ¢ < 1 is small
enough, then (5.152) gives the changes &k in k and
8t, in t, that will reduce‘vk(to)|and|vtf(toq. These
may then be used in the expression for the linear controller

between 6ts and ox, 0k and 6tf.

-1
bty = -V, o LV,

s & E>ch+<kaG 2 Ok>+<V_ o ,0x>1 (5.153)
58 f's S S

5.1%.1 The Computetional Procedure

The procedure is very similar to that described
in Section 5.10.2 except that some extra equations (5.143)
have to be integrated backwards from boundary conditions
(5.144). 4lso some extra Jjump conditions at switch
points (5.145), (5.146) and §k and 6tf must be calculated
at to using (5.152). The linear controller for deter—
mining 6ts; i=l...nsthe required chenges in the switch
times of u*(t) | te[to,tf], is given now by equation

(5.153).

5.13.2 Characteristics of the Algorithm

1) when the nominal control u(t) | t([to,tf] is
close to the optimal and the nominal multipliers k
and nominal final time Ef are close to the optimal values,
the procedure exhibits quadratic convergence since the

relationship (5.153) is tesy valid.
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2) The algorithm will fail if u*(t);ts[to,tf] does

not contain at least s-1 switchings, (8See Section 5.13.3)
because the matrix in (5.152) will then be non-invertable.
Neustadt's methods for finding the minimum time control
of linear systems do not suffer from this drawback, but
they are first-order methods and, in addition, require
the integration of the coupled canonical equations in

the same direction in time. This can cause severe
sensitivity problems. See for ex=mple,[45].

5.13.5 sufficient Conditions to Guarentee an Improved
Trajectory at Each Iteration

For té[tb,tf]

1) [ng(XQt)VX]J # o on a finite time interval
fOI‘ j = locamo

2) H(}_C,U.*,VX',,'E) < H(}_C,I_J.,Vx;t) , U £ 1

3) v (%,k,85,.,6_ 35, ) >0 1 =1...n_
tsts f Sy Si S

4) The solutions of the differential equations be

bounded.
In addition
5) ka thf must be invertable at to
v v
tfk tftf
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Sufficient conditions for the matrix to be invertable
at to are.

7) There must be at least s-1 switchings of the
control u*(t) in the interval [to,tf]

8) V (x,k,T.,t_ 3t ) >0 51i=1...n
tsts hil sy’ 84

S

9) The vectors V. (i,E,Ef,tsl;tsl) , 8=1 of them
s

1€(L...ns) must be linearly independent of each other and

( )
of thf(xo,k,tf;to).

10) thtf(xo,k,tf,to) > 0

5.1%.4 Proof of Conditions 5.15.5

Conditions 1) - 4) have been discussed previously.
Point 5) is required in order to be able to use (5.152)

for determining 0k and 6tf. Vi tf(xo’k’tf’to) > 0

£
is required in order that V be minimized w.r.t., dt..
(See equation (5.147))

The conditions that guarantee the matrix invertable

(7) - 10)) are discussed now.

By the Metrix Partition Iemma

— -1
Vi Vit ., = | B2 12 (5.154)

v N
tfk Tp £

[ DN ——

t
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- -1 -1
where B = [v -V ' V' ]
11 kk kteo'tpt,  Ttok
-1 -1
B = -B1y Vo, V
12 11 kbbb,
Byy = Vg —th kP11
£Uf f
-1 -1 -1 -1
B =V, . + V V, . B> V,, V (5.155)
22 tebye tebe  tokT1L Ykttt

It is seen easily thset if ka has rank s-1 and if thf

is linearly independent. of the columns of V,, and if

Vt_tf(xO,E,ff;to) > o , then By is certainly calculable.

T
So also are Biss By and Bose Conditions 7), 8) and 9)

follow easily from these requirements. (cf. Section 5.10.5)

5.14 Computed Examples

We shall consider the same 4 dimensional linear
plant as described in Section 5.7.1 problem II and
Section 5.12.

Consider the following problem. (Plant and Athans
L711)

Choose u(t) 5 te[to,tf] s lu‘ <1, in order to steer

the state x from x(to) = 10 to the surface (ball around

the origin of the state space) <x,x>-1=0 (5.156)
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in minimum time.
We form the cost functional

V(X,K,5056) = tp +k(<x,x>-1) (5.157)

where k is a scalar Legrange Multiplier.

This problem falls into the class considered in
Section 5.13 gince?

1) It is a bang-bang problem.

2) + There is an end-point constraint.

3) te igs given implicitly.

Consider the boundory condition vy (tf) from (5.144)
f

Since L(x,t) = 0, © 0, 8 = <x,x> -1, f = AX + bu

%
we have

V, (t.) = 1 + 2k<x,AX + bu>
tf f

I\

Also, at o) u = -sign[b V] = —signl[2kbTx] (5.158)

1 4+ 2k<x,Ax-b sign[2kbTx]> (5.159)

fl

So th(tf)

1 4+ 2k<x,Ax> — 2k<x,b>sign[2kbrx]

]

u

1 + 2k<x,Ax> - 2k<b,x> (5.160)

Let us consider the class of linear systems where A is
negative-definite, (this is the class considered in [71])
then <x,Ax> < 0 4 X # O (5.1el)

We require Vi (tf) = o0 for V to be minimigzed w.r.t. tf
hil
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so from (5.160)

Kk = -1 (5.162)

2<x  Ax> -2 <b,x>

k is always > o by (5.161) and (5.162)
Now consider minimizing (5.157) with te = Ef and k = k.
This is Jjust o minimum norm problem (i.e. min <xx>at tf)

and is solved easily using the free end-point algorithm of

Section 5.5. VWhen it is solved, set k = k where k is

determined using (5.162). This ensures that V. = o.
T

Now it is necessary only to integrate the backwards

equations for determining &k, since 6tf is determined

readily by
& . = -1 5 _ ot
£ _vtftf <Vth,6 >att = bp (5.163)

Eliminating &t,. at the end time Ef (in a similar way to

equation (5.117) for ts) gives new boundary conditions

for the V,

xx’ VXk and V

Kk equations.

rS

V.o (ta) = Vv _(t.) — V (to) V
xx~ T xx> T th f tf £

~

-1 .
Vaae(Be) = Vage(p) = Ve (Bp) Vi 5. (Fp) Vi e (Bg)
~ -1
Tie(®e) =0 = Vi (Bp) Vg 5 (8) Vi k(Fg)

(In general, when there ig more than one end- constraint,

one cannot so easlly choose k that ensures Ve = 0 and
T
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s0 also the eguations for determining 6tf must be
integrated backwards)

The fourth-order Runge-Kutta integration routine
was. used with a step size of 4.4/300. secs..

The following initizl data was used.

x(t,) = 10 5 u(t) = +1 3 telt,,6.] 5 Bp = 4.4 secs,

The above initizl data gave rise to

<X,X> -1 = 2.14 at t = T (5.164)

f

After 7 iterations a control function was found that
vielded <x°,x%> -1 = .022 (5.165)
(No further reduction was possible because of the finite
integration step size which places a finite lower bound
on the obtailnable 6tsi, the changes in switch times)

The optimal final time was tg = 4,19 seconds.

This optimal time agrees with the results presented in
Section 5.7.1, Problem IT, where a minimum norm of .996
was achieved in 4.2 seconds.

Fig 29 shows tf gs a function of iteration number
and Fig 30 shows <x,x> -1 as a function of iteration
number.

The optimal control function had exactly the same
structure as for the min. norm problem of Section 5.7.1

and once again differed from Plant and Athans result.
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This reinforces our opinion that the results as presented

in [71], are incorrecl.

5.15 Dynamic Programming and Pontryagin's Minimum
Principle

Consider the cost functional.
v
V(o k%5 6 )= S L(x% ul )+ F (0 (5,) )+<k,0(x" (6,))>
© (5.166)
Equation (5.166) describes the optimal cost for the
free end-point problem obtained by adjoining the end

constraints € to
t

fth(X,u;t)dt + F(x(tf)) using a vector Lagrange
o

Multiplier k. The superscripts ° on X, u and k in

(5.166) denote optimal values. (i.e. V is minimized

w.r.t. u, and e(xo(tf)) = 0)

Consider also the following cost functional.

t
VOCry3t,) = Sy nx%u%e)at ¢ TG (b)) (5.167)
0

8(x°(t.)) = o (5.168)

Equation (5.167) describes the optimal cost for the same
process subject, however, to the constraint e(xo(tf)) = 0.
i.e. if variations in x are made at t = tl, say, they

can be made only if it is ensured that e(x(tf)) = 0
remsins satisfied.

(In this Section superscript © on Vv denotes optimal cost

for the problem with fixed end-point. No superscript
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denotes optimal cost for the problem where the end-
constraints have been adjoined by Lagrange Multipliers

k, to the cost functional)

' Dynamic Programming, in its continuous form, requires
the optimal cost surfaces V(x,k)t) and VO(X;t) to have
continuous partial derivetives w.r.t. x, k and t for the
derivation of the Bellman P.D.L. to be valid. (Chapter 2).

We have shown that V(x,k5t) has continuous partial
derivatives except at switch points of the control function
where special jump conditions have to be investigated
(Chapter 5).

It has been known for many years that, in problems
with bang-bang control and fixed end-points, the cost
surface is non-smooth across some switching surfaces in
.the state sﬁace. In fect, Vg the first partial derivative
of V¢ w.r.t. x is not cominuous across such switching
surfaces. (123, (211, [243, [32], [34] and [46] are
some references of direct interest.) It so happens that
the optimal trajectory never crosses these switching
surfaces (where V; is not defiﬁed) but travels along them
[(347. In view of the above, the Bellman P.D.E. is invalid
for VO on these surfaces since free variations in the
state variables are not permitted. However, Pontryagin's
Principle remains valid in such cases but we cannot inter-

pret A as V; , since V; is not defined. (In regions where
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the cost surface is smooth, A can be identified as Vg)

Recall that earlier in this chapter we showed that
Vo for the free end-point problem (5.166),was continuous
and that only the second derivatives experienced Jumps
at switch points of the control function.

e can convert the free end-point problem (5.166)
into the fixed end-point problem (5.167), locally, in the
following way.

On an optimal tréjectory we had, to second-order,
that
V(Xo+éx,ko+6k;t)=v(xo,kogt)+<VX,6X>+<Vk,6k>+<éx,ka6k>

Now since the trajectory is optimal, Vk(xo,ko;t)=o (5.170)

Equation (5.170) implies e(xo(tf)) = 0 (See (5.123)).

Now let us eliminate 0k from (5.169) in such a way that
o

6(x (tf) + éx(tf)) = O.

rrom (5.169), (5.170) we reguire.

Vy (%483, 6048k 3 1) Tox + vy, 0k = o (5.171)

ka

Ly Tex (5.172)

i.e. 0k —vkk~ Vi

Substituting (5.172) into (5.169) we obtain

@] (@] -l ° Q Ou
V(o +0%, b=V Vo 0%38) = V(x .k 3t) + <V ,0x>

2 (5.173)
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Equation (5.173) is the expression for the optimal cost

for the fixed end-point problem. i.e. with

6(x°(t,) + Bx(t.)) = o. So in view of (5.167), (5.168),

which represent just this problem, we may write (5.173%) as
0, 0 . 0,.0. o] -1

Vi(x +0x,t)=V (x ,t)+<VX,6X>+%<6X,VXX—VXkak VkX6X>

(5.174%)

Notice that V, for this optimal cost function is the same

as the Vy for the optimal free end-point problem but that

0 -1
Vex = Vax 7 VxxVex  Vkx (5.175)

However, equation (5.175) holds only if ka(xo,ko;t) is
invertable. Now we have shown fhat ka is invertable only
after s switchings of the control function. (s-1 in the
implicit end-time problem). So the transformation (5.172)
cannot be done if less than s switchings have appeared.
(Together with other conditions which we have discussed
earlier) This means that in such regions we cannot
transform (5.169) into (5.173), (5.174), since V... (5.175)
igs not defined. This means that we cannot convert from
description (5.166) (free end-point) to description (5.167),
(5.168) (fixed end-point). i.e. VO(XO+5X§t) cannot be
represented, to second-order, everywhere in the state
space by the power series expansion (5.174).

It is important to note that the optimal cost

v(x°,k°3t) for the free end-point problem (5.166) has
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continuoue partial derivatives everywhere (except at

switch points, where jumps occur in V and ka)

xx°’ xk

even if ka(xo,ko;t) is not invertable for all te[to,tf]
Since the equations for Pontryagins A are exactly

the same as those for Vy for this free end-point problem

(and also the same for Vg, when (5.173), (5.174) are valid )

we have the following simple interpretation for Al

In regions where Vi 1s invertable, A = V§ =V,

gince V; = V,, as shown above. (eguations (5.173%3),(5.174))

In regions where Viek is not invertable, A = vy, but A is
not equal to the first partial derivative of the optimal
cost function Vo(xo;t) w.r.t. x, since VO(XO+6x;t)

cannot be represented by (5.173), (5.174) and so
0

Ve # Ve

The above Section does, it is believed, close the
'conceptual gép' between Dynamic Programming and
Pontryagin's Principle by showing the results obtained
by either method agree , even in cases where the optimal
cost function V° does not possess continuous partial
derivatives w.r.t. x, everywhere in the state space.

The difference in approach between our study of A
and that of others (notably [21]) is that we identify A
with a quantity V. which is the pertial derivative of a

free end-point cost functional w.r.t. x. The usual

approach is to try and identify A with a quantity
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associated with the optimal cost functional v°. This is
difficult. Dreyfus, in [34] Pg 204, (Problems with
Speciel Linear Structure), has this to .say.
'the classical multipliers cannot be interpreted as
partial derivatives of the optimal value function.

In fact, the classical multipliers apparently
have no physical or geometric meaning.,'

It has been shown, in this Section,that A does have

a simple physical and geometric meaning.
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CHAPTER 6

DISCUSSION AND POSSIBLE EXTENSIONS OF THE WORK

6.1. Advantages and Disadvantages of Allowing Global
Variations in Control u (Strong Variations inx)

We showed in Chapter 3 that existing second-order
algorithms possess a number of mejor drawbacks.
Notably.

-] - -

1) Hou (x,u,VX;t) is required to be positive-

definite along non-optimal trajectories.
2) Control constraints cannot be included directly.

3) Bang-bang type problems cannot be solved.

1) is certainly a very restrictive requirement since non-
linear systems often exhibit H functions which are non-
convex globally w.r.t. u. 2) is quite restrictive since
invariably controls are required to satisfy certain con-
straints. %) is a basic drawback of the methods and
implies that a whole class of non-linear problems

cannot be solved using the algorithms.

By introducing the notion of global variations in
control (strong variations in x) we overcome 1), 2) and
3) in Chapters 4 and 5. The positive gains introduced
by using global variations in control are, therefore,

obvious.
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On the debit side we seem to have only the
following point.

Owing to the necessity for numerical integration
we have to employ a finite integration step size. IT
this basic step size is 'too large' (See Section 4.2.1)
then no improvement in the trajectory can be obtained.
This is a programming difficulty and not a theoretical
one, since if we could integrate the differential
equations ideally, no such problem would arise.

No real difficulty has been experienced in the
above regard with the exception of the 'Distillation
Column' (Section 5.7.1) which is, however, a very nearly
singular problem.

The very positive gains mentioned earlier in this
Section appear to outweigh this difficulty in theoretical

importance and practical usefulness.

6.2 Halkin's Method of Convex Ascent (Descent)

Halkin's method [57], is congidered in some detail
here since it igs an interesting method which has sone
similarities to the algorithms described in this thesis.
Moreover, it 1g a method which does not appear to be
widely understood.

et us consider the following control problemn.
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x = £f(x,u’t) B X(to) = X (6.1)
e

V= [ L(x,ut)ds (6.2)
o

O(x(ty) 5 o) = b (6.3)

x is an n-vector, u an m-vector and € an s dimensional
vector function.
Halkin changes the form of the problem in the

following way.

He sets Xn+l
: = 6L COBE(XUNE) + O
n+s
and X .
n+s+1 = L(x,ust)
ioeo X = f(X,u‘,t) ; X(to) = XO
*nel
m . .
= Q;f(x,u,t)+et,
xn+1(to)= cos Xn+s(to) = 0
Xn+s
*nts+l = L(x,u3%) 5 Xn+s+l(to> =9

(6.4)
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The control problem is now to choose u(t)) te[to,tf]

in order to minimize Xn+s+l(tf> eand satisfy the constraint

Xn+l<tf>
‘.:' — b (605)
Xn+S(tf>
Let us re-write (6.4) as
x = B(x,uyt) ' (6.6)

where x is now an n+8+1 dimensional vector and F is the
vector function

T(x,ult) =|f(x,u3t)

0% (X,u3t) +0,

I,(x,u5t) (6-7)

Halkin now linearises (6.6) w.r.t. x along a nominal

trajectory x(t), u(t); telt_,tp] but retains the non-

linearity of u.

OX = P (X,058)0x + F(X,u3t) - F(X,05%) (6.8)
6x(t,) = o (6.9)
For u(t) = u(t) 5 telt ,t.] we have 6x(t) = o from

(6.8), (6.9).

The end constraints are now
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Xn+l(tf> + 6Xn+l(tf> = bl
%5 (5p) + 6%, (5D = b, (6.10)
We are required to minimize Xn+s+l(tf):xn+8+l(tf)
+ 6Xn+s+l(tf>
(6.11)

Notice that (6.8) - (6.11) constitute a linear
dynamic system (linear in &x but not in u) with linear
end-point constraints and linear performance index. Ve
can readily find the control u*(t); te[to,tf] which pro-
duces an optimal trajectory for this linear sub-problem.
(We may use our methods or, as Helkin does, the firt-order
methods of Neusbadt and Paiewonsky [43], [44], [45])

Now if the nominal control u(t)} te[to,tf] is
sufficiently close to the optimal control u°(t) for the
original problem (6.4) - (6.5), then the u*(t) determined
using (6.8) to (6.11) will be a good approximation to this
optimal control. This is so, since the b0x's produced by
(6.8) will be sufficiently small to justify the lineari-
sation w.r.t. x. i.e. if U(t) is sufficiently close to
u (45 telt_,tp]  then the non-linear system (6.4)y (6:5)

is well represented by its linearised version (6.8)-(6.11)



If u(t) is not close to uo(t) 5 te[to,tf] then

the u*(t) obtained by solving (6.8)-(6.11) mey cause
0x's so large that the linearisation w.r.t. x is invalid.
We haVe thus to introduce some sort of step size adjust-
ment method which will limit the size of the 0x's when
u*(t) is applied to the non-linear system (6.4), (6:5).
We first solve the prpblem (6.8)-(6.11) and find

u*(t) | te[to,tf]. e will then have

+

_ . ]
Xp1(Fp) + 8x% 1 (Fg) =Dy

soo e
LI )

(6.12)

il
o’

e *
Xn+s(tf) + ox n+s(tf)< s

and the minimum value of the performance index as

— * _ *
Xn+s+l(tf) - Xn+s+l(tf) + bx n+s+l(tf> = Xn+s+l(tf)(6-15)

We must find now a way of determining a control function

u**(g) 3 te[to,tf] such that:

1) The 0x's produced by this control, when applied
to the system (6.4), (6.5), will be 'small enough'.
2) The error in the end-point constraints is reduced.

3) The performance criterion x f) is reduced.

n+S+l(t
So for the linearised system (6.8) - (6.11), let us

determine a u**(t) | te[to,tf] such that
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n+l(t )+ 6X (tf)=€bl+(l—€) §n+l<tf>

(6.14)

®» 0060
o2 s o0

X
n4s

+

(t dx2* (tp) =¢b +(1-¢) X

f> ‘ n+s (t

N+ f)

g hY - Y
and Xn s+l(tf) + 6}{1’1+Q+l(tf)—€Xn+s+l(tf/+(1 €)Xn+s+1(tf)

(6.15)

where ¢ is a scalar { o < ¢ <1

Moreover, the control u**(t) must ensure that dx(t)
remeins 'small enough' for te[to,tf],

Consider the following backwards differential
equation for A(t), where A(t) is an n+s+l dimensional
vector function of time.

-A= Fg(i,ﬁ;t)h 5 K(tf) unknown, but of unit (6.16)
length i.e. <h(tf),h(tf)> =1

The solution for this equation is

M(E) = BT (5, s tIA(Ey) (6.17)
where ¢(t,tf) obeys the following differentiel equation.
B(t,b,) = B (X,836) B(b,b.) 5 Blbpst,) = I (6.18)

Now define H(x,u,A3t) = <A,F(x,ut)> (6.19)
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S50 H(X,u*,A5t) — H(X,U,A}t) =

ALF(x,u*it) - F(x,ust)> (6.20)

<A(tf),ﬁ(tf,t)[F(E,u*;t)—F(i,ﬁ;t)]> from (6.17)

il

<A(tf), a(t)> (6.21)

where a(t)= @(tp,t)[F(x,u*;t) - F(x,Ui%)] (6.22)
Consider the scalar B(A(t;)5t) where

BOA(Ep) 31) = <A(bg) 5 alt)> (6.23)

<a(t) , a(t)>
" and the scaslar
B(p,A (tf) »t) where
B(p,x(tf);t)=mintl,max§o,pB(x(tf);t>%3 (6.24)
and p is a negative scelar. (Halkin sets p > o, but he
is maximizing while we are minimizing Xn+S+l(tf)) (6.25)
Now with u = u**, (6.8) is:
6X**=FX(§,ﬁ;t)6X**+F(§,u**;t)—F(i,ﬁ§t) (6.26)

Iet us set

F(Z,u**36) = BR(X,u*3t) + (1-B)P(E,I5t) (6.27)
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Then (6.26) becomes

6%**=FX(§,ﬁ§t)6X**+B(p,A(tf);t)[F(iau*;t)~F(iaa§t)](6-28)

Now B(p,A(tp)5t) is by (6.22), (6.24) and (6.25) &
scelar function of time in the range o < 8 < 1 depending
on the size of pe

If p were set to zero then by (6.24), (6.28), dx**(t)=0}
Telt ,ted.

If p < < 0 then &x(t) is the same as that given by (6.8)

with u = u* (if A(tp) = A°(t;) is the optimal boundary

condition for problem (6.8).)

This is so since B8 = 1. (<Ko(tf),Q(tf,t)[F(i,uf¢)
"F(iaﬁ;t)]>

is negative. It is, in fact, H-H(X,U,A5%))

So there definitely exists a p which guarantees that
ox(t) t([to,tf] remains"small enough'.

Note that B(t) is a function of A(tf)° So we may
now. choose A(tf) (using Neustedt's methods, saye)
such that i(tf) + 8x**(t;), given by (6.28), is as close
as possible %o X*(tf). (i.e. we determine K(tf), for a
particular p, such that the end-point X(te)+0x**(bg)
is as near as possible to X*(tf). That is, we determine
A(tg) so that ¢, in (6.14), (6.15), is as near as

possible to unity). It is clear that we can choose A(tg)
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for each p in this way. For p sufficiently small we
are guoranteed the maximum change in the end-point, 6x**(tf),
subject to the constraint that ox(t); te[to,tf] remains
small., u** ()} te[to,tf] can then be calculated using
(6.27) (Note that u**(t) is not necessarily unique.)

The fact that k(tf) can be chosen for a particular
Ps S0 as to guarantee that ¢ 1s in the range o < ¢ <1
in (6.14), (6.15) is true, since the reachable set at
t = t, 1s convex for the lineer system (6.8)-(6.11)
under consideration. (See Neustadt [44])
S0 we can find 2 p < o and A(t.) such that (6.14) and
(6.15) hold for some ¢ § o < ¢ <1 and ox(t) 3 té[to,tf]
is 'small enough'. The corresponding u**(t) is given
by (6.27). This u**(t); te[to,tf] can then be appllied
safely to the non-~linecar system (6.4) - (6.5).

The proccedure is used iteratively until H(i,u*,xgt)
~H(x,u,A3t) is zero on the wholc time interval [t tede

This ieg & necessary condition for the control

U(t) 3 telt ,te] to be optimal.

6.2.1 Comparison of Halkin's Method with Differential
Dyrcmic Programming

The following points are intended to outlinec
some similarities and differences between Halkin's work

and ours. No actucl numerical comparisons hove been made.
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1) The major similarity to the Differential

Dynamic Programming methods developed in this thesis is
that Halkin does not linearise w.r.t. u. This is
analogous to the 'global variations in control'
introduced in Chapter 4.

2) Halkin's method is first—order in &x since
F(x,u3t) is expanded only to first-order in &x. Further,
his linearisation is about x,u (See (6.8)) whereas the
derivatives in the Differentisl Dynamic Programming
methods (Chapters 4,5) are evaluated at x,u*. (u* the
control that minimizes H(X,u,V 5t) w.T.t. u.) Thus the
methods are fundamentally different.

%) Halkin relies on known, boundary iteration
methods [44], [45], [46], to solve his linear control
problemn. These methods are first-order and so the time
taken to solve this sub-problem may be large indeed.
Further, certalin numericsl sensitivity problems have been
reported using these methods [44].

4) Halkin's 'step size adjustment routine’
appears to be quite complicated. The step size adjustment
method developed in Section 4.,2.1 is easy to implement

and use, being conceptionally simple.

One possible extension of the work described in
thig thesis would be to carry out a more detailed

theoretical and computational comparison between the
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Differential Dynamic Programming methods and Halkin's
method. Computational comparisons on non-linear

problems should be interesting.

6.3 Compromise Between First- and Second-QOrder Methods

Second—order algorithms are generally more rapidly
convergent than first-order algorithms, especially in the
neighbourhood of an optimal trajectory. When far from
the optimal, first-order algorithms perform rather well
and slow down only when in a neighbourhood of the
optimal trajectory. However, second-order algorithms
are very much more complicated to programme for the
following reasons.,

1) Second-derivatives are required, and analytic
expressions must be obtained for them by repeated
differentiation of f and L wer.t. u and x. If f and L
are complicated functions, the task is arduous and the
risk of error, high.

2) 1In the general vector case fyx’ fuX and fu

u
are three dimensional arrays of size n x n X n,
nxmxmn, n xmxm respectively, where n is the dimen-
sionality of x,and m, that of u. Storage must be pro-
vided for these functions and this might be considerable
if the dynsmics are complicated. In addition, the com-
putation of Hy oo Hyx and L involves handling these

large arrays.



29%.

In view of the above difficulties it seems
reasonable to enquire whether the handling of the
second derivatives of f and the running of the Matrix
Riccatl equation for V,y can be circumvented.

One naive method in which VXX is egstimated by
repeated running of the %X differential equations has
been described in [56]. The method 1s outlined in
the Appendix of this thesis.

# more debailed look at the similarities and
differences between first- and second-order methods
might yield more subtle and useful compromise methods
which would retain the relative simplicity of the first-
order methods but still exhibit reasonable convergence

rates,

6.4 Necessary and Sufficient Conditions of Optimality

In this thesis little has been said about conditions
of optimality and no derivation of these conditions has
been attempted. However, the second-order analyses
undertaken in this thesis have allowed us to deduce
gsufficient conditions to guarantee improved trajectories
at each iteration of the algorithms. It is the author's
view that these second-order analyses will, on closer
study, yield second-order necessary and sufficlent con-
ditions of optimality for the large: class of problems

consgidered in this thesis.
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Necessary and sufficient conditions of optimality
should be stated and proved as Theorems since they are
of fundamental mathematical importance. Such proofs
are beyond the scope of this thesis, but it is intended
that this line of research be followed in the near future.

At this stage we shall content ourselves with a
sketch of a proof of second-order necessary and sufficient
conditions of optimality for the free end-point, uncon-
strained problem of Section 2.1,

From Chapter 3%, we have that.

-a= H-H(X,u,V ;%) ; a(t;) =o

° - "=ga T .

o T T 7. =1 T
“Vyex™ Hxx+fx VXX+VXXfX—(HuX+fu Vxx) Hau (Hux+fu Vxx)

W, (5p)=F, (b,) (6.29)

quantities evaluated at x,u+du* unless otherwise stated.
_l o - o - - L

dbu* = ~H,u (Xauavxst) HU(X,H,VX,t>

u o= u+dn* 4 Bdx

B = _Huuﬂl(Hux+fuTVXX) (6.30)
At t:tO:
£ .
8(x,3t,) = ftf[H—H(X,u,VX;t)]dt (6.31)



We shall assume that:

1) All the functions Fy; L, £ and V are twice
continuously differentiable with respect to their
arguments on the interval [to,tf],

2) The functions u and x belong to bounded, open
regions of thelir respective spaces.

2) Only weak variations of the control function
are permitted.

Let us suppose that we have an optimal trajectory

x°(t), uo(t); telt,,t.]. By definition the cost must

not be able to decrease further, so a(xo;to) must be zero.
Further, by our definition of relative minimum (Section 1.3%)

a(x,5%,) > o for all u(t) # u® (%)} telt ot o

We now state that for-éra(xo;to) to be zero along the
optimal trajectory and greater than zero for any other

neighbouring control it is necessary that.

H(x",u +bu*,V_3t) = H(x",u",V_5%)
e .0 . - o .0 . . x 7
and  H(x ,u +6u,VX,t) > H(x ,u SV, 58) 5 bu # bu (6.32)
and t{[to,tf]
Necessary and sufficient conditions for (6.32) to hold,are.
o .0 .
Hu(X ,U_ 9VX1t) = 0

Huu(xo,uo,vx;t) positive~definite (6.33)



The proof of (6.32), (6.33) follows:
Since H(Xo,uo+6u*,VX;t) is, by definition, the minimum

of H(xo,u,v st) w.r.t. v, we have that
X3

H(Xo,uo+6u*,VX;t) < H(Xo,uo,VX;t)

So H(Xo,uo+6u*,Vk;t) - H(Xo,uo,vx;t) <o (6.34)

However, if inequality holds in (6.34) for some finite

time interval then a(xo;to) < 0, But on an optimal

trajectory a(xo;to) = 0 by defn. so it is necessary that

H(x7,uCwdu*, v 5t) = HE,u®, v, 38) 3 telt ,t,e].

Further, by defn., for any other control than

uo(t); te[to,tf], a(xo;to) must be greater than zero so
it is necessary that

B(xO,u0+bu, v, 36) > HGO,u®,V,58) 3 bu # du* § telt ,t,]

(6.35)
If (6.35) did not hold over a finite time interval then
there would exist a control u®4+6u over that finite time

interval such that

H(xo,uo+6u,vx;t) < H(Xo,uo,vx;t) over that time interval

(6.36)



But (6.3%6) would contradict our demand that a(xO;tO) > 0

for 211 u(t) not equal to u°(t) | te[to,tf], Yo}

(6.35) is necessary.
Conditions (6.33) are now proved.

For the class of problems we are considering we
assume that H is sufficiently smooth in u to allow of
a power seriles expansion about u° to second-order, locally,

WeleTse U

ice. H(x,u’+0u,v 3t) = B(x,u’,v 5t) + <H, (x°,u”,V,3t),6u>

+£<6u,Huu(Xo,uo3VX;t)6u> (6.37)
2

From (6.32), (6.37) it is necessary that

<;H_;uv,6u*> + ;L_<6u*,Huu6u*> = Q | EE)
2

and

<H,,0u> + £<6u,Huu6u> > o dufdu* (6.38)
2

(the argurents have been dropped for simplicity)

Now we know from (6.30) that du*= ’Huu_lHu

so (6.3%8) becomes

L B > < o
2
and

<Hﬁ,6u> + }<6u,Huu6u> > o du#du* (6.39)
2
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Necessary and Sufficient conditions for (6.39) +to
hold are easily seen to be:
Hu = 0

Huu positive-definite
(The proof. of these conditions is straightforward)

Thus. du* = o | t{[to,tf]

We have thus shown that (6.33) are necessary con-
ditions of optimality. We shall show now that they are
also sufficient.

Assume that H(Xo,uoféu*,vxt) = H(Xo,uo,vx;t),.then

from (6.31), for u(t) = u’(t) , te[to,tf] it is clear

that a(xo;to) = 0. Assume further that

HGED»u,Vy5t) > H(x®,u®,U58) 5 uls) # u®(); telt,,tpl

Again from (6.31), it is clear that a(xo;to) > 0.

This concludes the sufficiency proof.

We have the following result.
The conditions below are second-order necessary and
sufficient conditions for u®(t) telt,,t,] to be an
optimal control, in that it corresponds to a relative
minimum of V wer.t. u. (In fact a weak relative minimum
since we allow only weak variations in control u in this
Section)

For tG[to,tf]Z

1) H(x7,u’,v 3t) = o

2) H (x°,u°,V 3t) is positive-definite.
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The ebove conditions are necessary and sufficient conditions
of optimality given the a priori assumption that V has
continuous partial derivatives w.r.t. x up to and including
the second. (See assumption 1) earlier). Now we may
include this condition to form a set of sufficient
conditions in the following way.

For te[to,tfjf
1) m,(x%u®,v,5) = o

2) Hﬁu(xo,uo,Vi§t) be positive-definite

3) Vx(t), VXX(t) must exist.

The sbove conditions have been shown previously
to be necessary and sufficient conditions of optimality
(for the class of problem considered) using classical
arguments [4], [52]. The proof outlined above is only
a proof of sufficiency, since it has not shown that 3),
above, is necessary. Such & proof should be possible.

In a similar feshion to that outlined in this
‘Section, it should be possible to obtain second-order
(necessary and ) sufficient conditions of optimality
for‘all the classes of problem considered in this thesis.

Again we point out that the proof given above 1s

an outline proof and no pretence at rigour is madee.

A mathematicelly rigorous approach to such proofs

should be attempted.
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6.5 Singular Problens

Consider the following problem.

x = £,0(538) + £,G58)u 5 x(6,) = X, (6.40)

For simplicity consider u to be a scalar. lul < 1 (6.41)

Choose u(t); te[tb,tf] in order to minimigze

t
V(x5t) = fth(x;t)dt'* F(x(tp) 3t p) (6.42)
e}
subject to e(x(tf);tf) = 0 (6.4%)

For such problems the Hamiltonian is linear in u and the
optimal control is given by (See Chapter 5).
u* = _'Sj.gn <VX,f2(X;t)> (6044)

if <VX,f2(x;t)> # o on a finite time interval.

Problems in which <VX,f2(X;t)> is zero on a finite time
interval are called t'singular’. They are named thus,

since H=L(x3t) + <VX,fl(X;t) + fe(xzt)u>

is independent of u if <V, ,f,(x;t)> = o on a finite time

interval. u* cannot, therefore, be determined directly
from H using (6.44).
Some work has been produced on the subject

of singuar control problems [68], [69], but general
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computational algorithms are lacking. To the best of
our knowledge a Differential Dynamlc Programming approach
to this class of problems has not been attempted. It
should be possible to use such an approach to yield com-

putational algorithms for handling these problems.

6.6 State Constraints

Inequality constraints of the form

ﬁl(X,u',’b) <o

B,(x36) <o (6.45)

have not been considered in this thesis. At present,
problems in which these constraints appéar are best
solved using a penalty function approach [50].

Dreyfus [2@] has suggested a first-order direct
method of solving state constrained problems, but the
algorithm doces not appear to be easy to use in general.
Dreyfus and Berkovitz [25], [26], [27], [28] and [34]

have, however, developed necessary conditions of

optimality for such problems and these works (particularly
[34]) together with the notion of Differential Dynamic
Programming, could suggest directions of research which
would produce efficient computational algorithms for

solving these problems.



6.7 Stochastic Control Problems

Stochastic control problems are ones in which
random veriables enter into the system.

X = f(x,u,nl;t) (6.46)

where Ny may be noisy estimates of certain system
parameters.

In addition, the stafe variables may be unobservable
directly, only noisy output quantities y being able to
be measured.

¥y = y(Ximsst) (4. 47)

where N, may represent the measurement noise appearing
non-linearly in the observetion y.

The control problem is to choose u(t)) t([to,tf] in order

to minimize
"

V(x,3t,) = Eftil,(x,u;t)dt (6.48)
(where E denotes mathematical expectation)

Problems that have a structure of the above type are,
in general, difficult to analyse. Moreover, computing
optimal control for them is no easy task. ’

Differential Dynamic Programming, belng conceptually
simple, is probably more likely to yield algorithms for
solvingrstochastic control problems than classical
approaches which deal only with Lagrange Multipliers
A(t) which are not given any physical or geometric

meaning.
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Mayne has realised, previously, the intuitive advantage
of Dynamic Programming in this respect, and the
interested reader is referred to his research work [73],

{747 on stochastic control problems. See also Dreyfus'

work on Stochastic Systems [34].
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APPENDIX

A.l A Suggested Procedure for the Numerical Estimation
of Second-Qrder Quantities

In Section 4.2 we derived a powerful second-order
algorithm for free end-point, unconstrained control

problems. The relevant equations are repeated here for

convenience.

-a = H-H(X,u,V_ 3t) y a(te) = o (A1)

V= H o+ Vo (E-T(E,T36)+pTHC0 3V, (t.)=F, (x(t))(1.2)
. . T T T =1 T .

~VXX = HXX+'£X VXX‘hVXXfX-(HuX+fu VXX) Huu (Hux+fu VXX> ?

VXX(tf)=FXX(X(tf>)
(fLoB)
Unless otherwise specified, all quantities evaluated at

x,u* where u* is given by min H(i,quX;t) (Lel)
u

On the forwards run the new control is computed

from min H(§+6X,u,VX+VXX6X§t) (h5)
u

Tn order to derive this method we expanded V(x+dx,t) to

second-order in ox.

V(X+0x35)=V(X}t)+a+<V,, 6x>+1<8x,V  bx> (Ae6)
2
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whence VX(§+6X;t) =V, + V0% (L)
If we knew V. (%)3 te[to,tf] we could integrate V_
backwards in time all the way from tf to to to yield

vV (X3t) 5 telt ,t.0.

Let us assume that we allow V_ _(X3t) to remain

constant for a time interval T. (Assume we are at te

where V and V. .y 2Te known) We can now minimize H w.r.t.
u to get u*(tf) and then integrate (L.1) and (L.2)
backwards one step to t.-T to get Vy(i;tf—r).

Now if we make a variation 6x in x at t,-7 about X and’

integrate (X+0x)" - f(x+0x,u5t) forward to tf, using
initial condition i(tf—1)+6x(tf—¢), we will get

x(te) = i(tf) ; ox (te)

Now using (h.7)% V (X+0x36p)=V (X0p)+V,  (X3tp)0x(te)
(.,3.08)
We now minimize H(§+6X,u,VX+VXX6x;tf) Wer.t. u to obtain

u*(te) at X+0X. Using (h.2), (ie8) we obtain

Vy (40X 55 p-T) (Hy»T,f(x,ujt) are all evaluated

along the perturbed trajectory X+0x)

If we repeat the above procedure for m independent

5x's at t.-7T then we can solve for VXy(E:tf—T) using (L.7).

£
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Having obtained ny(i§tf-1) we can repeat the procedure

starting at tf—QT and so on. Ultimately we arrive at

t, having computed a(t), VX(t), VXX(t); te[to,tf].

By taking the d6x's orthogonal at t=tf-r1; r=1...N,

say, the computation of VXX(i;t) using (f..7) is simple.
Using the above technique of repeated running of -

(£.2) we circumvent the calculation of K ., H, and

Huuhl'and the integration of the Matrix Riccati equation

(Le3).

Of course, the integration of (X+bx)’=f(X+dx,u’st)

is required n times and that of (A.2) n+l times, over

each sub interval T of [to,tf]

A.2 Similarities to Boundary Value /djustment Methods

Here we point out certain similarities of the
procedure described in Section A.l to the boundary value
adjustment methods of [41]1, [42]. In these methods the
linearised coupled Pontryzgin equations sre integrated
n+l times in order to determine changes in the initial
conditions thst will improve the terminal condition error.
Since one set of these equations is integrated in the
unstable direction of motion, numerical stability
difficulties may arise. In our method we are also

integrating certain adjoint equations n+l times, but our



307

integrations are in the stable direction of motion of the

equations. In addition, our method does not require
-1 . s . .

HXX’HuX and Huu explicitly. This is because we also

integrate (x+6x)° = f£(X+0x,U}t) n times over each sub

interval T of [to,tf].
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