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3. 

ABSTRACT 

In this thesis, new iterative techniques are 

developed for determining optimal control of non-linear 

systems. A Dynamic Programming approach is used in 

preference to the Calculus of Variations and the Lagrange 

Multiplier Rule. 

Unlike conventional Dynamic Programming where the 

optimal cost is considered globally as a function of the 

state variables, the Dynamic Programming Technique is 

applied to the non-optimal cost in the neighbourhood of 

a nominal or reference trajectory. Provided that 

deviations from the nominal trajectory are kept small, 

this non-optimal cost can be described adequately by a 

low-order power series in the state variables measured 

with respect to the nominal trajectory. 	Storage re-

quirements of the parameters of this truncated power series 

are modest. 

A second-order successive approximation method is 

developed for the solution of unconstrained, free end- 

point control problems. 	It is somewhat different from 

existing second-order and Second-Variation methods. 

These methods are studied in detail and it is shown that 

the existing algorithms are special cases of the new one. 

One of the algorithms emerges as a useful computational 

technique. 
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Global variations in the control variables are 

introduced into the second-order analyses and a new second-

order algorithm is developed which has certain compu-

tational advantages over the existing methods. A new 

first-order algorithm emerges as a special case. 	The 

analysis is extended to fixed end-point and control in-

equality constrained problems and again new computational 

algorithms are developed. 

The Bang-bang control, free end-point problem is 

studied next and it is demonstrated that Dynamic Pro-

gramming can be used to analyse this problem even though 

the partial derivatives of the optimal cost function 

with respect to the state variables are not continuous 

throughout the state space. 	New second- and first-

order algorithms result from this treatment. 

End-Point constraints are introduced into the 

bang-bang problem and again it is shown that Dynamic 

Programming can be applied to this problem. A new 

second-order algorithm is developed for this class of 

problem. 	A new interpretation for Pontryagin's 

multipliers X emerges from this analysis. 

An attempt is made to illustrate the usefulness 

of the proposed algorithms by the computation of a number 

of control problem examples. 

In the final chapter of the thesis, some possible 

extensions of the work are described. 
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15. 

PRINCIPAL SYMBOLS AND NOTATION 

Unless otherwise stated, vectors are assumed to 

be in column form. A component of the n-dimensional 

vector x, say, is denoted xi. (i refers to the i-th 

component of x; 1 <i < n) 

n-dimensional vector function of time 

representing the state of the dynamical 

system at time t. (The whole function 
19 

of time on the interval [toltf] is 

denoted by x(t); t(Cto,tf]. Where the 

meaning is clear, this is occasionally 

written as x. Similar remarks apply to 

the other time functions) 

x,x(t) 	Total time derivative of, say, x at 

time t. 

u,u(t) 	m-dimensional control vector at time t. 

f,f(x1u;t) 	n-dimensional vector function representing 

the dynamic structure of the system. 

to ,tf 
	Initial and final times respectively. 

V,V(flt) 	Performance Index or Cost functional - 

a scalar. Is the cost of running the 

dynamic system from state x at time t. 

to the final time tf' using some 

control function u(T) ; TECt tf] 
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L,L(x,u;t) 

F,F(x(tf );t1) 

alG(x(tf)°,tf) 

g,g(u°,t) 

01,01(x,u.,t) 

02,0a(xyb 

Scalar integrand of the cost functional. 

Scalar function costing the end-point 

state x(tf). 

s-dimensional vector function describing 

end-point equality constraints. 

p-dimensional vector function describing 

control inequality constraints. 

q-dimensional vector function describing 

control and state variable inequality 

constraints. 

r-dimensional vector function describing 

state variable inequality constraints. 

Hamiltonian Function - scalar. 

time dependent, auxiliary vector multipliers. 

s-dimensional time independent vector 

multiplier. 

a scalar in the range o < ( < 1. 

Lagrangian Function - scalar. 

Nominal values of x and u at time t. 

Control u determined by min 

Control u determined by min H(5-c lu,Vx,t) 
UEU 

where U is the set of allowed controls. 

HIH(x,u,Vx;t) 

X,X(t),h,h(t) 

k 

J,j(x,k) 

R1U',R(t),U(t) 

u*lu*(t) 

u u(t) 



Partial derivatives are denoted by subscripts as in 

the following examples: 

fx= of ; H 	aH 9  vx= av 	f-af 
ox 	ax 	ax 	au 

	

fxx= a f 	Iftlx  . a 	; XX = a
2V and so on. 

	

ax2 	auax 	ax2  

The following notation is used to denote the inner product. 

of two n dimensional vectors x ana y. 
n 

<xly> = E xiyi  
i.1 

The following notation is used to denote a power series 

expansion, to second-order, of a scalar v(x) about R.. 

(x an n-vector). 

v(R+6x) = v(R) + <vx,6x> + 1<bx,vXX3x> 
2 

where vx av evaluated at I. Similarly for v xx ax 

v is an n-dimensional column vector and VXX is an 

n x n symmetric matrix. 

The following notation is used to denote a power 

series expansion, to second-order, of an n dimensional 

vector function f(x) about R. (x an n-dimensional vector) 

f(x+Sx) = f(x) + fxbx + lfxx6x6x 
2 

2 . 



18. 

where fx = of evaluated at x. Similarly for fXX ax 

fx is annxnmatrix and fXX is an n x n x n array. 

Sincefxx is a three dimensional array, we write 

fXX6x6x when we really mean 

n 	n 
E 	E 	f 	bx.bx 
j=l k=1 	xjxk j k 

Notice that f xxbxbx is an n-dimensional vector. 

Also, we write kexx  where k is an s-dimensional vector 

when we really mean 

E 	k. e. iXX i=1 

kexx is an n x n matrix. (9 an s-dimensional vector 

function of the n-dimensional vector x) 

Further notational details are described in the 

text, when required. 

The following abbreviations are used in the text: 

D.D.P. 	Differential Dynamic Programming. 

P.D.E. 	Partial Differential Equation. 

L.Q.P. 	Control Problem with linear dynamics and 

quadratic performance criterion. 

R.H.S. 	Right hand side. 

L.H.S. 	Left hand side. 

w.r.t. 	with respect to 
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CHAPTER 1 

INTRODUCTION 

1.1 A Class of Control Problems  

In recent years, much interest has centered on the 

problem of determining optimal control for dynamic 

systems described by non-linear ordinary differential 

equations of the following form: 

x 	f(x,u;t) 	x(to) = xo 

The criterion of optimality is the minimization of 

the performance index or so called 'cost functional' 

tf  
V(x0;t0) 	ft  L(x,u;t)dt 	F(x(tf); tf) 

0 

x(t) is an n-dimensional vector function of time 

describing the state of the dynamic system at any time 

t(Cto,tf]. (The symbol .x is also taken to mean x(t).) 

u(t) (or u) is an m-dimensional vector function of time. 

At any time tqtotf], u represents the control variables 

available for manipulation. 

L and F are non-linear scalar functions of their arguments. 

f is an n-dimensional vector function of its arguments. 

It describes the dynamic structure of the system. 

The final time tf may be given explicitly or implicitly. 

The notation f(x,u;t) should be understood in the 

following way: 'f is a function of x, u and, maybe 

explicitly, of time. At a particular time t(Cto,tf], 

(1.2) 
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f is a function of x and u'. The semi-colon is used to 

separate t from the other arguments. Some of these 

arguments may be time invariant parameters. (Some of the 

u's may be control parameters, say.) 

Similar remarks apply to V, F and L. 

Sometimes it is required that x and u satisfy some 

or all of the following constraints. 

g(u;t) 	< o 	 (1.3) 

01(x1u;t) < o 	 (l.'-) 

02(x;t) 	< o 	 (1.5) 

e(x(tf);tf) =o 	 (1.6) 

where g is a p < m-vector function of u at time t. 

01  is a q < (m+n) - vector function of x and u 

at time t. 

02 is an r < n - vector function of x at time t. 

e is an s < n - vector function of x at time tf. 

All functions are assumed to be continuously differen- 

tiable in each argument up to any order required. 

The object of the control problem is to choose 

u(t) 	t([to,tf] such that (1.3) - (1.6) are satisfied 

and V, given by (1.2), is minimized. 

Similar formulations have been studied in the 

Classical Calculus of Variations literature [1] - [6] 

for many years. However, the quantity x appears as the 

choice variable, and no specific control variables u, 

are considered. In addition, constraints of the form 
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(1.3) - (1.6) are not usually included in the formu-

lation of the problem since they are not easily handled 

using classical arguments. 

The modern formulation of the problem outlined above 

has been studied by a great many researchers, probably the 

most important ones being [7] -[34]. 

Pontryagin [10] and Halkin [18], [19], [20] have given 

necessary conditions of optimality for the case where 

control and end-point constraints (1.3) and (1.6) are 

present. Pontryagin's approach is close to the Classical 

Calculus of Variations except that his use of strong 

variations in the x trajectory allows the inclusion of 

control constraints (1.3). Halkin uses the seemingly 

powerful concept of reachable sets to prove similar 

results. 

The state constrained problem (i.e. (1.4) and (1.5) 

included) has been studied mainly by Berkovitz and Dreyfus 

[27], [28], [34] and Chang [30]. A useful contribution in 

this area is due to Dreyfus C34] who, using Dynamic 

Programming, manages to convey a great deal of geometric 

meaning and insight along with the mathematical derivation 

of necessary conditions of optimality. 

Bellman's Principle of Optimality E7], [8] would 

appear to be very general in concept. Bellman and Kalaba 

[9] and Dreyfus [25], [27], [28], [34] and Kalman [11], [12] 

are a few who have used Dynamic Programming (The Principle 
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of Optimality) to derive necessary conditions of 

optimality, though Kalman is more strongly influenced by 

Caratheodory's work [6]. 

It is surprising that Mathematicians and Engineers 

have not used Dynamic Programming more freely. Some, 

[54], [55] argue that the Classical Approach and Reachable 

Set Theory are preferable since they produce mathematically 

rigorous results without the strong smoothness requirement 

on the optimal cost V°  demanded by Dynamic Programming. 

This, they believe, is especially true of bang-bang 

control, fixed end-point problems. 

Halkin [35] has this to say when reviewing the 

Chapter on Linear Minimum Time Problems in Dreyfus' book 

[34]:'Chapter VI (Problems with Special Linear Structures) 
presents a real challenge to the devoted dynamic 
programmer.' 

In this thesis we shall show that Dynamic Programming 

can be used effectively to study these problems, though 

we do not pretend that our derivations are as rigorous 

as Halkin's. 

Conditions of optimality are useful to the Engineer 

if he can use them to suggest methods for actually 

determining the optimal control. Hellman, Dreyfus and 

Kalaba [7], [8], [9], [28] have considered some compu-

tational aspects of Dynamic Programming. Kelley [36] 

and Bryson and Denham [37] are well known for their work 

in applying the gradient or steepest descent method to 

control problems. 
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In fact, many different computational algorithms 

have appeared; the most important we shall describe briefly 

in the next Section. 

1.2 Brief Description of Existing Methods of Solution 

1.2.1 The Problem  

For the purpose of this Section it is assumed that 

in addition to (1.1), (1.2), constraints (1.3) and (1.6) 

only are Present. 

In addition to requiring the optimal control function 

u°(t) 	tE[to'tf] for x(to) = xo
, the Engineer would often 

like a function G such that 

o o. u (x It) = G(xt) 	 (1.7) 

i.e. an optimal feedback controller which would enable 

him to calculate u°  at time t for any particular x°  at 

that time. 

1.2.2 Solution by Conventional Dynamic Programming 

From (1.2); 

V°(x,t) = min [ft
f L(x,u;T)dT ± F(x(tf); tf)] (1.8) 

u(T) 
TE[t,tf] 

Applying the Dynamic Programming Technique [8] to eauation 

(1.8), the well known Bellman Partial Differential Equation 

results. 

—air°  (x°;t) = min [I,(x°,u;t)f <e(x°;t), f(x°,12,0>1 
at 	u(t) 	 (1.9) 

(Superscript 	denotes optimal values) 
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The above P.D.E. for V°(x°,t) is in general 

unsolvable analytically. Its solution would, however, 

not only supply us with u°(t)°, t(Cto,tf] for x(to) = xo 
but also the desired feedback controller (1.7). 

The difficulty of numerical solution of (1.9) is in 

general, enormous, primarily due to the high dimensionality 

of the equation which means that storage and computing 

time requirements are immense. 

(There are n - x variables at any time tE[to,tf]) 

At this point it is important to note that the 

,Bellman Equation (1.9) can be derived only if the optimal 

cost V°  is assumed to have continuous partial derivatives 

w.r.t. x and t. 

Bellman and others [8], [9] have used polynomial 

approximations for V°(x,t) in order to reduce computing 

time and storage requirements. Larson [38] has indicated 

a method whereby fast storage requirements are reduced 

greatly. However, the computational solution of (1.9) 

remains a formidable task for problems where the 

dimensionality of the state vector x is greater than say 2. 

1.2.3 Solution Using the Canonical Equations and 
Pontryagin's Principle  

Define H(x1u,Vx°,t) = L(x0.4t) 	<Vx,f(x,14t)> (1.10) 

Assume that the minimization w.r.t. u has been done in 

(1.9) and that u°  has been found as a function of x°  

and V° 
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(We write Vx without its arguments. It is understood 

that V°  is a function of x°  and time.) 

Using (1.10), (1.9) becomes; 
-,DV°(x°;t) = H(xo,uo,uo.,,c) 	(1.11) vx at 

By straight-forward differentiation of (1.11) it can be 

shown [24] that the following pair of ordinary differential 

equations results: 

x0 	f(x0,,(x0 

,v 
,r0o

)  

t\ o 

 t) , 

o = Hx(x°,c(x°,vx)t) 
	vx ' 

(1.12) 

(1.13) 

x(to) = xo 	G(x°(tf) 	tf) = o are mixed boundary 

conditions. i.e. (1.12), (1.13) constitute a two-point 

boundary value problem whose solution yields u°(t);t([to,tf] 

for x(to) = xo. 	
We have thus lost the feedback 

representation of (1.9) and must be content with an 'open 

loop' answer. 

The coupled equations (1.12), (1.13) are referred to 

as the Canonical Equations. 

Equations (1.12), (1.13) are derived with the 

assumption that the partial derivatives of V°(x;t) 

exist and are continuous up to and including the second. 

In some problems (typically bang-bang control problems 

with end-point constraints) these derivatives are dis-

continuous in certain regions of the state space. 

However, Pontryagin's Principle [10], [12] remains valid 

for these cases. The principle is written as 
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o 	 . x = f(xo  10(xoolt) ;t) 

= 	(xOlc(x01A..0;t) , NO t) (1.14) 
Where the partial derivatives of V°(x;t) are continuous, 
o
(t) can be identified as Vx(t). In portions of the state 

space where they are discontinuous, (1.14) still holds, 

but X°(t) cannot be interpreted as the partial derivative 

of V°  w.r.t. x. This point has been studied by Pontryagin 

[10], Kalman [12], Shapiro [21], Fuller[31] and Rozonoer[13]. 

Shapiro attempts to give X°(t) a clear geometric meaning. 

The above gives the impression that Pontryagin's 

Principle is, in some way, more powerful than Dynamic 

Programming. We shall show in this thesis that Dynamic 

Programming can be used even when V°(x,t) does not 

possess continuous partial derivatives everywhere in the 

state space. 

Levine [39],  [40], Breakwell, Speyer and Bryson [41] 

and Jazwinski [42] have developed computational procedures 

for solving the two-point boundary -value problem (1.14). 

Basically, the missing boundary conditions at one end of 

the interval [to f] are guessed, their values are then 

successively changed, in an organised fashion, until the 

given boundary conditions at both ends are satisfied. 

Neustadt [43], [44], Paiewonsky [45] and Knudsen [46] 

are some who have presented algorithms for the solution 

of the so called 'minimum time' problem. 

A disadvantage of the above techniques is that they 

require the integration of the coupled equations (1.14) 
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Since the equations are integrated in the same direction 

in time, it is found that one set is integrated in the 

unstable direction of motion. This can lead to numerical 

difficulties if the equations are ill-conditioned and/or 

the time interval [to,tf] is 

written an interesting paper 

in control problems. 

large[44]. Kalman [47] has 

on computational difficulties 

1.2.4 Solution by Successive Approximation to the 
Optimal Control Function  

The main advantage of this approach over the boundary-

value iteration method described above, is that all the 

differential equations involved are integrated in the 

stable direction of motion if the dynamical system under 

consideration is stable. 	Severe numerical instabilities 

are thus unlikely to arise. 

a) Gradient Method in Function Space: 

In this type of method [36], [37], [28] a nominal 

control sequence U(t) ; tE[to,tf] is chosen and the 

dynamic equations (1.1) are integrated from to to tf to 

yield a nominal trajectory (t). The nominal cost 

\I-(x o  ;t o) is calculated using (1.2) 

The equation 	= Hx  is then integrated backwards along 

this nominal trajectory from tf  to to. 	A change in 

control bu(t) = -(1.1u(t) is made, and provided E is small 

enough ((>0) it can be shown that an improvement in 

the cost V is obtained on the application of 

u(t) = u(t) 	ou(t) 	t([to,t ] 



Control constraints (1.3) may be handled directly by 

ensuring that g(TIA-5u ;t) < o: Alternatively they may be 

approximated by using penalty functions [50]. 

The rate of convergence of the method is rapid, 

initially, when the nominal trajectory is far from the 

optimal; but in a certain neighbourhood of the optimum, 

convergence becomes intolerably slow. 

New life has been given to the gradient type of 

method by the advent of the Conjugate Gradient Method [48], 

which has much improved convergence on some types of 

control problems while retaining the relative simplicity 

of the original gradient algorithm. A disadvantage is 

that control constraints can no longer be incorporated 

directly. Allwright [49] has studied these and related 

methods in depth. 

b) Second-Variation Methods: 

In 1960 the L.Q.P. problem (Linear dynamics with 

quadratic performance index) was elegantly solved [11] 

and this stimulated research into Second-Variation type 

methods. Merriam [51], Mitter [52], McReynolds and 

Bryson [53] and Noton [54] have developed algorithms that 

converge to the optimal solution in one step when applied 

to the L.Q.P. problem. On non-linear problems convergence, 

if it occurs, is rapid. 

These methods require the backwards integration of 

certain differential equations additional to the usual 
• 
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Disadvantages of these Second-Variation algorithms are: 

1) Vastly increased programming effort compared 

with the gradient method. 

-1 2) Huu  - the inverse matrix of second partial- 

derivatives of the Hamiltonian w.r.t. u - is 

required to be positive - definite along 

non-optimal trajectories. This requirement 

is very often violated in non-linear problems 

with resultant failure of the methods to 

converge to an optimal solution. 

3) Control Constraints (1.3) cannot be 

incorporated directly. 

c) Method of Convex Ascent: 

Halkin's method [57], based on reachable set theory 

is basically a first-order method, though no linearisation 

of the dynamics and cost function is made w.r.t. u. 

The method will be discussed in some detail in Chapterg, 

since it has certain similarities to our algorithms. 

It has the advantage that control (1.3) and end-point 

(1.6) constraints can be handled directly. 

It should be noted that none of the above methods are 

able to handle state constraints (1.4), (1.5) directly. 

They are best included by using penalty functions[50]. 

d) Solution by Differential Dynamic Programming: 

Unlike conventional Dynamic Programming where the 

optimal cost Vc)(x;t) is considered globally, the 
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Dynamic Programming Technique is applied to V(R4-6x,t), 

which describes the non-optimal cost in a neighbourhood 

of the nominal trajectory. Provided that the changes in 

the state variables, bx, are kept small, v(R-Fox;t) 

can be described adequately by a low-order power series 

in ox about R;t. 	Storage requirements of the defining 

parameters of the truncated series are modest. Iterative 

techniques result, that determine a new control. function 

71(t)4-bu(t) and thus a new trajectory Tc(t)+Epx(t);t(Cto'tf] 

such that the new cost V(x o o ;t ) obtained using this new 

control is less than the old cost V(x o  ;t o) obtained using 

u(t) 	tE[to,tf]. 

Mayne [55] has previously used a similar approach to 

discrete-time free end-point problems. Westcott[58] has 

referred to it as Differential Dynamic Programming. 

Bernholtz and Graham [59] have applied similar notions 

to economic scheduling. 

The second-order algorithm described by Mayne has 

the same disadvantages as those mentioned in b) above, 

but it requires the integration of one set of vector 

differential equations less than C52] and [53]. 

Some extensions to the Differential Dynamic Approach 

have been outlined in [56]. These, together with further 

research results, are considered in detail in this thesis. 

1.3 Definition of 'Non-Linear Problem' and 

'Relative Minimum'. 

In this thesis, we shall refer to a control problem 
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as 'non-linear' if it does not belong to the class of 

problems where:. 

1) The dynamics f are linear in x and u 

and 2) The functions L(x,u,t), 1P(x(y) are quadratic in 

state x and control u. 

and 3) The final time tf is given explicitly. 

and 4) There are no constraints on state x and/or control u. 

and 5) Any end-point constraints that are present, are 

linear. i.e. of the from ex + b = o 

i.e. any control problem that is not an L.Q.P. problem 

(Linear dynamics with quadratic criterion and, maybe, 

linear end-point constraints) is considered to be non-

linear. We define non-linear in this way since it is 

known that, for the L.Q.P. problem, the optimal control u°  

can be found as a linear function of the state variables x0. 

In this thesis, unless otherwise stated, we define 

a relative minimum of a function Y(x) in the following way: 

At x = x0, we say that Y(x) takes on a relative 

minimum w.r.t. x iff, for an (>0 and for all x such that 

ix-xl<E, 

Y(x) > Y(x°) ; x/x° 
	(1.15) 

Necessary and sufficient conditions for this to be so, are: 

Yx(xo) = o 

yXX(x°) is positive definite 
	(1.16) 

1.4 Outline of the Thesis  

In this thesis the notion of Differential Dynamic 
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Programming is used to develop computational algorithms 

for the solution of the control problem formulated in 

Section 1.1. The approach is one of successive approxi-

mation to the optimal control function. Further, 

second-order methods are primarily considered for the 

following reasons: 

1) They arc generally more rapidly convergent than 

first-order methods. 

2) A local, linear, time varying, feedback controller 

is a by-product of most of these methods. In some cases 

this controller can be used for on-line feedback control, 

provided that disturbances on the system remain small. 

Chapter 2: The Basic notion of Differential Dynamic 

Programming (D.D.P.) is introduced. 

Chapter 3:  A second-order Differential Dynamic Programming 

analysis is developed. Only small variations in the 

control function are allowed. A second-order algorithm 

is derived. Mayne's second-order algorithm is deduced 

by making certain assumptions and conditions to guarantee 

a reduction in cost at each iteration are obtained for 

both algorithms. 

The Differential Dynamic Programming algorithms are 

compared with the Second-Variation methods of Mitter [52] 

and McReynolds and Bryson [53] and it is shown that the 

Second-Variation algorithm is not truly second-order in 

the sense of D.D.P. In fact, it is only an approximation 

to Mayne's algorithm. Reasons are given as to why the 
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D.D.P. algorithm is superior and a simple, illustrative, 

numerical example is presented. 	A first-order algorithm 

emerges as a special case of the second-order one. 

The last Section of Chapter 3 is devoted to discussing 

the major restrictions of the Second-Variation and the 

D.D.P. methods described in the Chapter. 

Chapter 4: In order to overcome the restrictions pointed 

out in the last Section of Chapter 3, global variations 

in control are introduced, A New second-order algorithm 

for free end-point problems is derived and its advantages 

enumerated. A New first-order algorithm emerges as a 

special case. Computational examples are given that 

compare numerically these methods with those of Chapter 3. 

The advantages of the new methods become clear. 

End-Point constraints are next introduced into the 

control problem. Static, constrained minimization is 

considered in some detail, using the Lagrange Multiplier 

Technique. It is shown that a similar approach can be 

used to the constrained end-point problem. A second-

oraPr algorithm is developed and again conditions to 

guarantee an improved trajectory at each iteration, are 

found. 	The method's relationship to existing Second-

Variation procedures is discussed. The case where the 

final time tf is given implicitly is studied also. The 

effectiveness of the new algorithm is demonstrated 

numerically, using a non-linear example. 

Control Inequality constraints are introduced next 
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and second and first-order algorithms are derived for 

free end-point problems. Conditions to guarantee an 

improved trajectory at each iteration, are given. A 

computational example, illustrating the second-order 

algorithm, is given. 

Finally, a new second-order algorithm for fixed-

end point, control constrained problems is developed. 

Again conditions to guarantee an improved trajectory at 

each iteration are obtained. 

Chapter 5: A class of non-linear free end-point problems 

is studied, in which the structure of the optimal control 

function is bang-bang.. It is shown that D.D.P. 

(Differential Dynamic Programming) can be applied piece-

wise between switch times of the control function. 

Matching conditions at these switch points are obtained 

readily. An example, which has an analytic solution, is 

used to illustrate these points. New second-order and 

first-order algorithms are derived. 	Conditions to 

guarantee an improved trajectory at each iteration, are 

obtained. 	The procedures are illustrated by numerical 

examples. 

End-point constraints are introduced into the 

bang-bang problem and it is shown that the problem can 

be studied using Dynamic Programming if the end-

constraints are adjoined:to the cost functional using 

Lagrange Multipliers. 
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Second-order algorithms are developed and conditions 

to guarantee an improved trajectory at each iteration are 

obtained. 	The case where the final time tf is given 

implicitily, is studied also. The procedures are 

.illustrated by numerical examples. 	Some of the results 

of this Chapter are compared with Pontryagin's 

Minimum Principle and a new interpretation for his 

multipliers X(t), emerges. 

Chapter 6: Advantages and disadvantages of allowing 

global variations in control are discussed. Halkin's 

method of Convex Ascent is studied in some detail since 

it has certain similarities to the D.D.P. methods. The 

remainder of the Chapter is concerned with suggesting 

some possible extensions of the work. 

1.5 Contributions of this Thesis  

The Major contributions of this thesis, believed to 

be original, are the following: 

1) In this thesis a second-order algorithm is 

derived from first principles, care being taken to 

justify the various approximations introduced. The 

algorithm is somewhat different in form from that 

developed by Mayne [55. Mayne's algorithm is deduced 

from this result, and the approximations involved are 

studied. These aproximations, and their effect, do 

not appear to have been treated fully in [55]. 

Mayne, in his paper, mentioned that his algorithm 
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appeared to be different in form from the available 

Second-Variation method of Titter [52] and McReynOlds and 

Bryson [53]. 	In this thesis it is shown that the 

Second-Variation method is not truly second-order, in the 

-sense of D.D.P., due to the implicit neglect of some 

non-negligable quantities in the derivations of [52], 

[55]. In fact, the method is only an approximation 

to Mayne's. 

This does not appear to have been appreciated pre-

viously (Chapter 3). 

2) The notion of global variations in control 

(strong variations in the x(t) trajectory) is introduced 

into the D.D.P. approach. 	New algorithms, both first -

and second-order, are derived for free and fixed end-

point problems. They have much more general application 

than exisWig ones. 	In particular, the positive - 

definiteness of Huu-1  along non-optimal trajectories is 

required no longer. In addition, control inequality 

constraints can, for the first time, be directly handled 

by second-order algorithms (Chapter 4). 

• 3) Second - and first-order successive approximation 

methods are developed for the solution of a class of 

'bang-bang' control, free end-point problems. Certain 

special conditions at switch points of the control 

function are studied in detail. It is believed that 

such problems have not been studied hitherto in this way 

(Chapter 5). 
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4) The bang-bang control problem with constrained 

end-point is studied, and it is demonstrated that Dynamic 

Programming can be used for the solution of this problem 

even though the optimal cost function V°  does not have 

continuous first partial - derivatives w.r.t. x throughout 

the state space. The new approach to this problem allows 

of a new interpretation for Pontryagin's Multipliers 

X(t) (Chapter 5). 

5) It is believed that this is the first time 

that Dynamic Programming has been used to. derive 

successive approximation methods for the solution of such 

a large class of non-linear control problems. 

An attempt has been made to illustrate the useful-. 

ness of the proposed algorithms by the computation of 

a number of control problem examples. 



CHAPTER 2 

DIFFERENTIAL DYNAMIC PROGRAMMING. 

2.1 Introduction  

In this Chapter we shall consider the following 

control problem. 

Given the system; 

x = f(x,u;t) 	x(to) = xo 	(2.1) 

and the cost functional; 
tf  

V(xo  ,t0) 	t f, L(x,u;t)dt 	F(x(tf)) 
0 

(2.2) 

determine u(t) 	tE[to,tf] such that the cost, as 

given by (2.2), is minimized. 

The final time tf is assumed to be given explicitly. 

There are no contraints present. 

x is an n-vector, u an m-vector. 

The functions f, L and F are assumed continuously 

differentiable in x, u and t to any order required. 

2.2 The Bellman Equation 

From (2.2) we may write; 

tf 
= ft 1,(x,14T)d-u 	F(x(tf)) 	(2.3) 

V(x.,t) is the cost to go, starting in state x at 

time t and using the control u(T) 	TE[t,tf]. 

Splitting the integral into two parts we have 

G 
Lt 

V(x*,t) = ft 	1,(x 1.4T)dT 	ft
f

L(X,11.,T)dT 

F(x(tf)) 	 (2.4) 
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Using (2.3), (2.4) becomes 

t+At 
V(x;t) = ft  L(x1u;T)dT + V(x+Ax 	t+At) 	(2.5) 

Now let us suppose that u(T) 	TE[t+At,tf] has been 

chosen optimally, then (2.5) becomes 

t+At 
V(x.,t) = ft  L(x,u;T)dT + V°(x+Ax 9 t+At) 	(2.6) 

where the superscript 	denotes optimal values. Now 

choosing u(T) optimally; t<T<t+At we get: 

ti-At 
V°(x,t) = min 	[f

t 
L(x,u,T)dT + V°(x+Ax 	t+At)] 

u(T) 
t<T<t+At 	 (2.7) 

Now let us make At a small time interval and keep 

u(T) constant, with value u(t), over the interval. 

V°(x,t) = min[L(x,u,t).At + V°(x+Ax 	t+At)] 	(2.8) 
u(t) 

At this stage, let us make the fundamental 

assumption that V°  can be expanded in a power series 

about the point x;t. 

V°(x;t) = min [1,(x,u9t).At + V°(x;t) + de(x;t).At 
u(t) 	 -57 

2 
+ <Vx  (x,t), f(x,u;t)›.At + (o)At 

(2.9) 

Noticing that Vo, av
o are independent of u(t), and 

TT 

dividing by At and allowing At to tend to zero, we 

obtain. 
0 

-av°(x,t) = min[L(x,u;t) + <Vx (x;t), f(x,11°,.0)-] 
TT 	 (2.10) 
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Equation (2.10) is the Bellman partial differential 

equation [8], [34] in n+l variables x;t. (In the above, 

one should realise that x is an optimal quantity and 

so should be written with superscript 0. However, 

for simplicity of presentation, we use superscript 0 

on 'V quantities' only.) 

2.3 A Nominal or Reference Trajectory. 

Let us assume that we do not have the optimal 

control u°(t) ; tE[t0,tf] for the problem of Section 

2.1, but that we do have a nominal control U(t) ; 

tE[t0,tf] 

On application of this control, a nominal state 

trajectory X(t) 	tE[t0,tf] is produced by (2.1). 

The nominal cost V(x o  ;to  ), is calculated using (2.2). 

Note that x(t0) = xo 
Xo 

2.4 The Bellman Equation in Terms of the Nominal 
Trajectory. 

We may write the Bellman equation (2.10) in terms 

of the nominal trajectory by setting 
0 
X 	bx 

u = u 	bu 	 (2.11) 

6x and bu are the state and control variables 

respectively, measured relative to the nominal 

quantities R,U. They are not necessarily small 

quantities. 
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.Equation (2.1) becomes 

(5-c+bx).  = f(R+6x, 5+6u; t) 	(2.12) 

(R+6x), at t=to  equals xo, since we shall set 

bx(to) = o 

tf - Vo (xo'to) = ft L(x+bx, 5+bu; t)dt + F(R(tf) + bx(tf)) 

(2.13) 

Equation (2.10) becomes 

-aV°0c+6x;t) = min EL(R+6x,5+6u,t) 
at 	u+bu 

+ <V°(5E+6x;t), f(R+bx,5+6u;t)>] 

minimizing w.r.t. 5+6u is the same as minimizing 

w.r.t. 6u, so 

-.5V°(.-R+6x;t) = min[L(R+Ox,a+6u;t) 
TT 	bu 

+ <V°(7+6x;t), f(R+6x15+6u;t)>] 	(2.14) 

Equation (2.12) is exactly equivalent to (2.1) as 

(2.14) is to (2.10) since no approximations have been 

introduced. We have made the nominal trajectory our 

reference. 

2.5 Power Series Expansion for the Optimal Cost V°  

We assume that the optimal cost V°(5c-+6x,t) is 

smooth enough to allow of a power series expansion 

about R. 

e(R4-5x;t) = V°(79t) -1-<v°,8x> 	1 <8x,V°  8x> x 7 	xx 

higher- order terms in bx 	(2.15) 
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Now the optimal cost V°(x;t) = V(R.,t) 	a°(R;t) (2.16) 

where a°(7C,t) is the difference between the optimal 

cost at R;t using the optimal controls 

u°(T) = u(ti) + 6u(T)°, TE[t,tf] 

and the nominal cost at R;t using nominal controls 

a(T); TE[t,tf] 

So from (2.15), (2.16), 

o - V (x+6x,t) = V(R;t) + ao + <Vx16x> 

+ l<6x,V
o 6x> 

7 	xx 

+ higher order terms in 6x 	(2.17) 

Now we may substitute (2.17) into (2.14) to obtain 

—a7 	oa°  - <aV°16x> - l<6x' av°xx 6x> 
TaT at 	—7f— 

+ higher order terms 

• min[L(R+bx,a+bu,t) + <v°  - v ox xx 

+ higher order terms, 

f(R+6x,17+6u,t)>] 	(2.18) 

The above equation is still valid globally since we 

have not yet introduced any approximations. 

2.6 The Bellman Equation in the Neighbourhood of the 
Nominal Trajectory 

Equation (2.18) is generally impossible to solve 

numerically due to the possibly infinite storage 

required for the parameters of the power series 

expansion of V°. However, we may truncate the power 

series provided that we ensure that the truncated terms 
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are negligable. In order to ensure this, we must limit 

the size of bx. That is, we must keep our trajectory 

R(t) 	bx(t), tECtoltf] in the neighbourhood of the 

nominal trajectory. Now let us assume that we do 

keep bx small. (Methods of doing this are discussed 

in detail in the thesis. At this point it is 

sufficient to note that, because 6x(to) = o, the 

bx's produced in the interval [t
o,tf] are due to the 

bu's acting through Equation (2.12)) 	Assume further, 

that the bx's produced are small enough such that 

an expansion up to quadratic terms only in bx, is 

sufficient to represent V°  adequately in the neigh-

bourhood of the nominal trajectory. (Reasons why 

higher - order expansions are not considered will 

become apparent in later chapters) 

Equation (2.18) becomes 

- as 	<avx,(5x> - 1<bx,i5VXX bx> 7 7 77 at 	at 

min[1_,(+6x15+Em;t) + <v +v bx,f(5E+ox,iii-ou,t)>] (2.19) au 	x xx 

where V(5-bx;t) = 17+a+<Vx,15x> + l<Eoc,Vxxbx> 	(2.20) 
7 

We have dropped the superscript ° for the following 

reason: 

The expansion of the cost to second-order only 

is made possible by keeping bx small. So the cost 

described by the truncated power series (2.20) is 

optimal, subject to the constraint that bx remains  

small. 
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It is, therefore, not the truly optimal cost given 

that any size of 6x is allowed. 

Explained differently; V(RA-6x;t) given by (2.20) 

is the cost to go from state X-F6x at time t, given 

that: 

1) the cost to go at times T9  t<Ttf have been 

similarly expanded. 

2) the controls 6u(T) have been chosen in such 

a way that the ox's produced in the interval (t,tf] 

are small. 

V is the optimal cost to go from R+6x at time t 

if: 

1) the nominal trajectory is sufficiently close 

to the optimal one. i.e. if U(T) is close to u°(T); 

t<T<tf'  then the minimizing 6u will be small and 

from (2.12), the resulting 6x(T) will be small and 

so the size of the Ox's need not be restrained 

artificially. 	The expansion up to second-order will 

thus be adequate to describe the true optimal cost V°  

in the neighbourhood of the optimal trajectory. 

2) In the L.Q.P. problem [11], the optimal cost 

Vo can be shown to be a quadratic function of Ox, 

globally. 	Our expansion to second-order is thus 

sufficient to describe V°  completely, and so Ox need 

not be restrained in magnitude regardless of the degree 

of non-optimality of the nominal trajectory. 
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We shall use equation (2.19) to develop methods 

for determirt the optimal trajectory x°(t); t(Cto,tf] 

by successively improving our current nominal 

trajectory ii(t). 
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CHAPTER 3 

DIFFERENTIAL DYNAMIC PROGRAMMING - 

SNALL VARIATIONS IN CONTROL 

3.1 A Free End-Point Problem - Second -Order  Algorithms  

In E55], Mayne derived a second-order algorithm 

for continuous time, unconstrained, free end-point problems 

by allowing a discrete time formulation to tend to the 

continuous time description. In this Section a second-

order algorithm is derived by considering directly the 

continuous time system described in Section 2.1. 

Mayne's algorithm is deduced from this result. In 

addition, sufficient conditions to guarantee an improved 

trajectory (reduction in cost) at each iteration of the 

procedures, are obtained. 

It is believed that the derivations arc more complete 

than Mayne's in that the neglect of certain terms during 

the development is justified by adequate reasons. 

Similar reasons do not appear to have been given, satis-

factorily, in [55]. 

Equations (2.12), (2.19) and (2.20) are repeated 

here for convenience. 

(RA-bx).  = f(X-Fbx,71-1-bu,t) 	x(to) = xo, bx(to) = o 

(3.1) 

—8V -aa-<aV ,bx> - 1<bx,aV bx> 
7 	

xx 
at at at 	at 



min 	[L(R+6x,a-pbu;t) 	<Vx +Vxx  6x,f(24,6x111-1-bu*,t)>] 
bu 	 (3.2) 

where V(546x,t) = 	l<6x,VXX8x> 7 

(Vla,Vx,Vxx  are evaluated at 5-c;t) 

(3.3) 

We define H(x,u,Vx;t) = L(x,u,t) 	<Vx,f(x,u°,t)> (3.4) 

The R.H.S. of (3.2) becomes 

min H(Ri-bx,a+6u,Vx+Vxxbx;t) 	(3.5) 
bu 

Firstly consider (3.5) with bx = o 

min H(R,714-bu,Vx;t) 	 (3.6) 
bu 

We may obtain a second-order estimate of the minimizing 

u .1771+bu* by expanding H to second-order in bu, about 

and differentiating w.r.t. 6u and equating to zero i.e. 

H(5,,U+6u,Vx;t) H(2,a,Vx;t) <Hu(071,Vx;t)16u> 

1<bu,H uu(5E,U,Vx,t)bu> 

whence 

Hu(x,5,Vx, t) + Huu  (x,a,vx;t)ou* = 0 	(3.7) 

whence 6u* = -Haul  (5E171,Vx;t) Hu(R,E,Vx°,t) 	(3.8) 1  

This is the Newton-Raphson minimization method, which 

produces a good estimate of the minimizing 6u* if: 

1) 17 is not far from u*.(i.e. bu* is small) 

2) Huu1  (RITI,vx;t) is positive-definite 

Substituting (3.8) into (3.6) we obtain 

H(X,U+bu*,Vx;t) 
	

(3.9) 

49. 
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Now let us re-introduce the variation bx in x. We 

obtain 

min H(R+bx,a+bu*+bu,V±VXXbx;t) 6u 
(3.10) 

The min is re-introduced since bu* was chosen only for 
bu 

x = 

where bu is now measured w.r.t. Ti+bu* 

From (3.7), (3.8) we have that 

Bu(R,a+bu*,Vx,t) = o 	(3.11) 

(if the second-order prediction for bu* is valid) 

We should like (3.11) to hold even when bx is non- 

zero, as this is a necessary condition for the minimality 

of the quantity H in (3.10). i.e. we require 

Hu(R+bx,a+bu*+bu,vx +Vxx  Ox,t) = Hu(R,171+bu*,Vx;t) = o (3.12) 

In order to obtain a second-order prediction for Su we 

expand (3.10) about Roa+bu* to second-order in bu 

min[E+<H__+Vxx  f,6x> bu 
+ <Nul bu> <15u'(Hux +fu Vxx)bx>  

+1<6u,Huu  bu> + 1<bx,(llXX +fX
TVXX+VXXfX)6x>  

+ higher-order terms in bx and bui 	(3.13) 

(all quantities evaluated at R071+6u*,Vx;t) 
iat 1 eiR 

Now different 	w.r.t. bu and equating to 

Hu(R,a+bu* ,Vx;t), as in (3.12) 

we obtain 

(Huu 	 - +higher order terms in bx)bu + (ITux  +f u 
TVxx )6x 

+ higher-order terms in bx = o 	 (3.13b) 
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Now as we said in (3.11), Hu = a, so the terms involving 

bu in (3.13) are 

1<bu,H bu> + <bu,(H +f T  V )6x> uu 	ux u xx 

+ higher-order terms in 6x and 6u. 

The L.H.S. of (3.2) is expanded to second order only, 

in 6x, so in view of the above expression, there is no 

point in finding a relationship between bu and bx which 

is higher than linear since terms of order higher than 

the 2nd are going to be neglected in (3.13). 

We thus require a relationship 

ba = 06x (Recall that bu is measured w.r.t. ii+bu*) 

where {3 is chosen to satisfy (3.13b) 

Substituting bu = pbx into (3.13b) we obtain 

H 	Bbx + higher order terms in bx + (Hux +fuT   Vxx )6x = o 

Since equality holds for all bx's sufficiently small, we 

may equate coefficients of bx to obtain 

1 (H +f TV ) 0 = -Huu 	ux u xx 

i.e. bu= -Huu 
 -1(Hux  +f u TV  xx)6x (3.14) 

(all quantities evaluated at R,171+bu*) 

If Hu-1  is positive-definite we are sure that we 

are indeed minimizing the quantity H in (3.10). 

Recall that the bx's produced in the interval 

[toItf
I are due only to the effect of bu*+bu acting 

through (3.1), since bx(to) = o 

Now bu*+bu given by (3.8), (3.14) may be so large 

that it 



1) invalidates (3.8), (3.14) which hold only for 

small enough 6u*,bx and bu 

2) Causes bx's so large that the expansion for 

V(3.3) is invalid. 

In order to overcome these difficulties we introduce 

(; o<(<1 into (3.8). i.e. 

611*. -(Hual(R,a,vx°,t) Hu(X,a,V,t) 	(3.15) 

If bu* = 0, then F.,  _x = bu = o, tECto,tfJ, so an E can 

be found, in the range zero to 1, that will limit the 

size of bu*,Ox and bu to suitable values. Note, from 

(3.15), (3.7), that now 

IHu( 1-Ti+bu* I Vx*It)1=1Hu(Roa,Vx*,t)1(1-0>o 	(3.16) 

However, (3.14) still ensures that 

Hu(Tc+Ox,a+bu*+Elu,Vx +Vxx  bx,t) = Hu(R,Ta+bu*,Vx;t) (3.17) 

We have that (3.10) becomes 

H(5E+bx,a+bu*-1-bu,Vx+Vxxbx.,t) 	(3.18) 

where bu* and bu are given by (3.15) and (3.14) 
EKIP4Exp-and 

Del4;en (3.18) is, of course, equal to the L.H.S. 

of (3.2). 	The L.H.S. of (3.2) is expanded to second- 

order only in bx, so let us expand (3.18) to second- 

order about R,U+6u*,Vx;t. 

Equation (3.18) becomes: 

H+<ll ,bx>+<Vxx  f,bx>1-<Hulbu>+<bu,(Hux  +fu 
TVxx )5x> 

+1<bx,(11 x  fx TVxx +Vxx fx  )6x> 	l<612,Huu  (Du> 7  
(3.19) 
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the quantities in (3.19) are evaluated at 5.i..,a+6u* Vx;t 

e do not expand (3.19) further than second-order 

in bx and 5u since ou is, by virtue of.(3.14), of the 

same order as 6x and so terms higher than 6x6u or 6u2 

are third-order in 6x and are negligible. 

Substituting (3.14) into (3.19) we obtain 

H + <Hx'  bx>+<VXXf,bx>+<p
THuOx> 

+ <6x,pT(Hux+fuTV=d6x>+1<6x1(Exx+fxT Vxx 4-Vxxfx)Ox>  

+ l<6x OTHuuP6x> 	 (3.20)  7 

Using the expression for t in (3.20) 

H + <Hx +Vxx  f+p
THu 15x>+1<6x,[11....x  +fx 

TVxx  +V f x 	xx x 

_(H
ux u 

Tv
xxi - 
)TT_

Tuu  
-1(H 

ux 
 +I. 

 u  T
v  xx)15x> 	(3.21) 

`  

Expression (3.21) equals the R.H.S. of (3.2) equals the 

L.H.S. of (3.2). Since equality holds for arbitrary 6x, 

we may equate coefficients of like powers of bx to obtain 

-67 - as = H 
TT at 

—av'3( = HX+VXXf+p
THu 

at 

f Tv 	f 	f  Tv )T14  1( 	f  TIT  ) 
-6Vxx 	"xxxx-x-(Hux+-u "xxi -uu -̀ux-F-u "xxi 

at 	 (3.22) 

all quantities evaluated at R,5-1,6u*,vx9t. 

Now V,a,Vx,Vxx  are functions of x and t so 
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d (V(5-c;t)+a(R;t)) = a (V(R,t)+a(5E,t))+<Vx  R;t),f(x,i7,t)› ciTt-   
(3.23) 

(This relationship is true since (Ct+a) = v) 

i.e.(V+a)*.MTFaa+<v„,f(R,71;t)> 
at 	' 

similarly Vx  =avx+Vxxf(R,a;t) 

TT- 

and VXX avxx , since higher order terms in the expansion 
at 

for V, have been truncated. 	(3.26) 

moreover, from (2.2), -V =1,(7,.171°,t) 	(3.27) 

In view of (3.24) - (3.27), equations (3.22) become 

-a 	= H-H(R,U,Vx,t) 	 (3.28) 

• -Vx 	= H x  d-p
TH u +Vxx (f-f(iE,5;t)) 	(3.29) 

-V 	= H +f TV +V f -(H +f TV 	H 1(H +f TV xx 	xx x xx xx x ux u xx
)T 

uu ux u xx)  

(3.30) 

All quantities evaluated at 5E,a+6u* unless otherwise stated. 

u = 'CH-Ea.-05x 	 (3.31) 

- - where a = -Huu  (x,u,Vx;t) Hu(R,a,Vx;t) 	
(3.32) 

p 	-Huu1  (R,E+Ou*  ,Vx;t)CHux  (Tc'  1-71+bu*,Vx 

+fuT(R,1714.5u*;t)Irxxl  

(3.33) 

and bu* = 	 (3.34) 

(3.32), (3.33). 

This is because of the absorption of the constant control 

change bu* into H. 

At t = tf' we have from Equation (2.2). 

Note the difference in arguments in 



V(X;tf) = F((tf)) 

whence a(tf) = o 

Vx(tf) = Fx(R(tf)) 

Vxx(tf) = Fxx(R(tf)) 

(3.35) 

(3.36) 

5.. 

Equations (3.36) are boundary conditions for the 

differential equations (3.28) - (3.30). Since these 

boundary conditions are given at t = tf' (3.28) - (3.30) 

must be integrated backwards in time from tf to to along 

the nominal 57,-, trajectory. In reverse time, the negative 

signs in front of a,Vx  and Vxx  are changed to positive. 

Equation (3.30) may be recognised as a Matrix Riccati 

equation which has been studied by Kalman [11],[12]. 

At t = to 	Ox(t) = o so from (3.3) 

	

V(x0;t0) = V(x0;t0) + a(x0;t0) 	(3.37) 

From (3.28), a(x0;t0) 

t 
- ftf

o 
 D-1(7,71,Vx,T) 	H(R,iii-Ou*,Vx,T)]dT 

which is the change in cost. 

For the new trajectory, generated by u(equation 3.31), 

to be an improvement on the nominal one we require 

a(x0°,t0)<o. 	(On the optimal trajectory a o'uo) is 

required equal to zero, by definition) 

Conditions to guarantee a(x0;t0)<Q, and hence a 

reduction in cost at each iteration if ( is small enough, 

will be given later. Now we consider the computational 

procedure. 

(3.38) 



3.1.1 The Computational Procedure  

1) Using a nominal control a(t); tECto,tf] run a 

nominal trajectory R(t) using (2.1). Calculate the 

nominal cost V(x0°,t0) using (2.2). 

2) Guess a value for r,o<E<1 1  and using boundary 

conditions (3.36) integrate equations (3.28) - (3.30) 

backwards in time from tfto to all the while storing 

a(t),[3(t) given by equation (3.32), (3.33). 

3) Apply control u(t) given by (3.31) and compute 

a new x trajectory using (3.1) and corresponding cost 

using (2.2). If the cost is less than the current nominal 

cost, repeat step 2) after replacing the old nominal 

trajectory by the new one. If the cost is greater or 

equal to the nominal cost set E = E and re-do step 2) and 

step 3) with this E. Repeat this procedure until a 

reduction in cost is obtained. Then replace the nominal 

trajectory by the new one and go to step 2). 

4) At the end of each step 2) check the value of 

la(x0,t0)1 and stop if it is less than a pre-determined, 

small, positive quantity, 11. n is chosen from numerical 

stability considerations. 

3.1.2 Characteristics of the Algorithm  

1) The procedure exhibits one step convergence for 

the L.Q.P. problem since the expansion to second-order 

for Vo  is valid globally [11]. Also the local linear 

controller (3.14) is valid globally. (By 'one step 
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convergence' we mean that, for any nominal trajectory, 

E can be set equal to unity and the resultant control 

u(t) given by (3.31) is the optimal control u°(t).) 

2) On non-linear problems convergence should be 

rapid since the procedure is 'second-order', in that: 

a) V has been expanded to second-order. 

b) The changes in u of bu*-1-bu are found from 

second-order expansion of H. 

3) In the derivation, it was necessary to assume 

that Huu-1  (X,U,Vx;t) and Huu-1(x,71.+bu*,Vx;t) are positive 

definite. In non-linear problems, along non-optimal 

trajectories, these requirements are often violated with 

resultant failure of the method. 

4) The procedure is complicated by the fact that, 

if E is guessed too large, the backwards differential 

equations have to be re-integrated along the same nominal 

trajectories with a smaller E. 

3.1.3 Mayne's Second-Order Algorithm  

We shall now indicate how the drawback mentioned 

in 4) above can be overcome. The resulting algorithm is 

equivalent to that described by Mayne [55]. 

Let us assume that, instead of using the relationship 

(3.14) for bu in terms of bx, we use 

bu = -Huu 
 -1
[Hux u 

T
Vxx ]bx 	(3.39) 

where the quantities in (3.39) are evaluated at 37,5 and 

not 5E,7+Ou*. This is tantamount to assuming that: 



58. 

1) Higher order derivatives than those in (3.39) 

are small and/or 

2) bu* is small; implying ( is small and/or 

Hu(R,a,Vx;t) is small. 

So bu = p(R,U,Vx,Vxx;t)bx (bu measured w.r.t. la+bu*) 

(3.40) 

(where(3 is given by the coefficient of Sx in (3.39)) 

(It will be seen that using (3.39) instead of (3.14) 

still causes a(x o  ,t o) to be less than zero, and hence a 

reduction in cost occurs if bx,bu and bu* are small enough) 

Expression (3.20) becomes 

- 	 T - - 11+<H__.+Vxx 	T (x9 u,vX,vxx;t)11 l bx>+<oxl[p (xlulv,vXX,t) 

- - (H 	±f TV )+1H 	T 	1-1V f -apT  (x u v v 't)11 p(5c ux u xx 7  xx 7  x xx 7  xx x 7 	x,  xx ,  uu 

la,VXIVXX;t)Jbx> 

(3.41) 

The quantities in (3.41) are, unless otherwise stated, 

still evaluated at Tc,iii_ou*,vx;t. Let us now expand these 

quantities to second-order about R,Til vx;t. We neglect 

-terms higher than bxbu* or (bu*)2  in view of 1), 2) above. 

Expanding (3.41) we obtain 

H-1-<Hu,bu*>+1<bu*,Huu 	113(  bu*>+ <1,V f-l-p Hu  1-(Hxul-Vxxfu)bu* 

,jilxx  uubu*6x>+1<ox 
7 	

-1-fxTvxx+xxxfx-PTHuuP]bx>  

(where all the above quantities are evaluated at R,U) 

Substituting in the values for bu* and p we obtain: 
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H 	 u C(1.-E)<H  ,Huu  -1Hu  > + <Hx+Vxxf+OTH11,5x> 2 

T 	T1.r;  -1 +1<6x,[1&x+f_TV 	 +f TV )]8x> 
7 	x - xx+Vxxfx-(Hux+-u vxxi "uu 	ux u xx 

(3.42) 

(where all quantities are now evaluated at 5-(0-1) 

As before (3.42) equals the L.H.S. of (3.2). Carrying 

out the same sort of analysis as in Section 3.1 we obtain: 

-a= 	-E(1-E)<FLII,H._ -1Hu  > 7 	uu  

-V= H TH x x u 

-Vxx = Hxx  +fx TVxx +Vxx . fx ux +fu 
T
Vxx )THuu(Hux +fu 

T
Vxx ) 

(3.43) 

u = 71+6u*+5u = ii+Eoc+Ox 	(3.WI) 

where o. = -H 	H uu
-1 
 u 

R = -Huu 
 -1(Hux  +fu 

TVxx  ) (3.45) 

where all the above quantities are evaluated at R07 

Equations (3.43) - (3.45) constitute Mayne's algorithm. 

The computational procedure of Sub Section 3.1.1 is 

modified in the following way. 

If E is guessed too large so that no improvement 

in cost results, the backwards equations do not have to 

be re-integrated along the same nominal trajectory for a 

smaller E since the backwards equations are now independent  

of E. (This is not true of the a equation, but 

a(t) = -E(l-E) f <11_,H 	la.>dT so a(t) is calculated 
7 	u uu u 
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easily for different E's.) 

The above simplification is tremendous since the 

backwards integration of the Vx, Vxx  equations is, in 

general, very time consuming. (There are n-Vx equations 

and n(n+l)/2 - VXX equations to be integrated 

simultaneously.) 

It should be noted that as Hu(R,a,Vx°It) 	o (i.e. 

as an optimal trajectory is approached, so Mayne's 

algorithm tends to ours. One might expect that our 

algorithm should have an improved convergence rate over 

Mayne's, when the nominal trajectory is far from 

optimal, since Mayne's is an approximation to our algorithm. 

In practice this is found to be marginally true, but 

Mayne's algorithm is simpler to use than ours since his 

backwards equations are independent of E, as described 

above. 

For the L.Q.P. problem, Mayne's algorithm also 

exhibits one step convergence. This is because the 

higher derivatives mentioned in 1), Section 3.1.3, are in 

fact zero. Thus no approximations are introduced in 

changing -171+6u* to Ti in (3.41). (It is important to note 

that, in general, as ( 	o so Mayne's algorithm tends 

to ours) 

3.1.4 Sufficient Conditions to Guarantee a Reduction 
in Cost at Each Iteration 

For the algorithm of Section 3.1 it is required that, 

for tc[toltf] and for ( sufficiently small and positive: 
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1) H(R,Ti-F5u*,V;t) < H(R,a,Vx;t) , 6,12V o 

which implies Huu-1(k,a,Vx;t) positive-definite. 

2) Huu 
 -1(7,11-5u*,Vx,t) positive-definite 

3) The solutions of equations (3.28) - (3.30) be 

bounded. 

For Mayne's algorithm it is required that: 

H u-1(7,7,Vxe,t) be positive-definite. 

5) The solutions of equations (3.43) be bounded. 

Sufficient conditions for the Riccati equation (vxx) to  
have a bounded solution for t (Ct

oltf] are that: 

6) H uu1  (R,U 1 Vx,t) is positive definite 

7) H (R,a,v ,t)— HuTc(R,T1 ,vx;t)Hu;1(5E,u,vx;t) xx 

Hux(.x x
*It) 

be positive semi-definite. 

8) Fxx(x°(tf)) be positive semi-definite. 

9) Vx(t) be bounded; t(Ctoltf] 

3.15 Proof of Conditions 3.1.4 

From (3.38) 

t 
a(xoo) = 	

,

x°It) - H(R,U+5u*,Vx;t)]dt 	(3.46) 
f 

Now for an improvement in cost to result, for ( sufficiently 

small and positive, we require a(x0;t0) to be negative. 

From (3.46), a sufficient condition for a(xo  ;t o)<c) 

is that: 

H(7,171+Ou* I Vx;t) < H(37,71,Vx,t) ; Ou*/.o 	(3.47) 



Now H(R,a+bu*,Vx;t)=H(R,a,Vx;t)-1-<Hu(RITI,Vx;91 bu*> 

+1<bu*IH (R 	v ..5u*> uu a " x,t)  7 

(to second-order in bu*) 

and, from (3.15) bu* 	-(HualHu  

(where the arguments Roal vx;t have been dropped for 

convenience) 

From (3.48),(3.49) 

(3.48) 

(3.49) 

H(R,a+bu*I Vx,t) = H-E(1-E) <H 1 H 	IH > u uu u (3.50) 

For bu*/ o (Hu/ o) we require, from (3.50) and (3.47), 
that E > o and Huu-1  be positive-definite. 

Huu (R171-Fbu*,V*,t) is required positive-definite since 

this guarantees that the contents of the square bracket 

in (3.13) is minimized w.r.t. bu and further, that 13  may 

be calculated using (3.33). 

It is necessary that the various quantities manipulated 

above, be bounded on the interval [toff] in order that 

a bounded bu*(t) and p(t); tE[to,tf] result. The solutions 

of the differential equations (3.28) - (3.30) must, therefore, 

be bounded. 

Sufficient Conditions for Mayne's algorithm follow 

from the above proofs. 

Kalman [11] has shown that 6), 7) and 8) of Sub 

Section 3.1.4 are sufficient conditions for the 

boundedness of the solution of the Riccati equation. It 

should be noted that for non-linear systems, the R.H.S. 
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of the Riccati depends on Vx  and so Vx  must be bounded 

also, for the Riccati equation to have a bounded solution. 

(On an optimal trajectory -Vx  = Hx  and so Vx is the solution 

of a linear differential equation, which is bounded on 

the finite time interval [to,tf]) 

3.2 The Second-Variation Method  

In this Section we derive the second-variation 

method of Mitter[52] and McReynolds and Bryson [53]. Our 

derivation follows that of [53]. We have previously 

considered a similar approach to Mitter's in [56]. 

The purpose of re-deriving the second-variation 

results, is so that we may compare them closely with the 

second-order results of Section 3.1. 

Along an optimal trajectory necessary conditions of 

optimality are known to be: 

= Hx°, X(t f)Fx(x (tf)) (3.51) 

Hu = o (3.52) 

where H(x,u,X:t) = L(x,u;t) 1-<(t),f(x,u:t)> (3.53) 

x = f(x,u;t), x(to) = xo  (3.54) 

and X(t) is an n-vector function of t. 

Consider a nominal trajectory R(t) generated by a 

nominal control U(t) °,te[to,tf]. In general (3.52) will 

not be satisfied (Hu(Rlia,M,t)/ o). We can, however, 

integrate (3.51) backwards from tf to give X(t);tE[to
,tf]. 

Now consider perturbations about the nominal 

trajectories R(t),U(t),X(t). 
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a = fxbx+fubu 

-bX = HXXbx+f 
Tb?\_+Hux  Tbu 

bHu = Hux  bx+Huubu+fu 
T 

bX(tf) = F (R(y)bx(tf) 

all quantities evaluated at R,5. 

(3.55) 

(3.56) 

(3.57) 

(3.58) 

The above equations describe a local, linear, two- 

point boundary-value problem. 

From (3.57) 

bu = -Huu -1[-OHu-  +Hux  bx+fu  TbX1  

and since we are trying to reduce Hu  to zero 

bu = -Huuu -1CH,.+Hux  bx+fu  T6X] 
	

(3.59) 

Equations (3.55), (3.56) become 

bk = fx  ox-f u Huu-1 CHu +Hux bx+fu  TbX] 	(3.60) 

= HXXbx+fXTbX-Hux THuu 
 -1CHu +Hux  bx+fu  T6X] 	(3.61) 

Since these are linear differential equations we may 

assume the inhomogeneous transformation 

bX(t) = P(t)bx(t)+h(t) 	 (3.62) 

The transformation (3.62) can be shown to exist if 

(sufficient; conditions) 

Hxx -Hux THuu 1Hux is positive-semi-definite 

uu-1 is positive-definite 

is positive-semi-definite Fxx(R(tf))  

From (3.62) 
. 	0 	 0 

OX = Pbx+Pbx+h 	 (3.63) 



Substituting (3.60), (3.61) into (3.63) 

-HXXOx-f
T(Pbx+h)+Hux TH 	u uu 1CHI  +Hux  Ox+fu  T(pOx+h)j 

= POx+P(fx  Ox-fuu  H"u 1u  EH +Hux  Ox+fu 	11 T(Pox+h)])+ (  

Since (3.64) holds for arbitrary ox, we may equate co- 

efficients to obtain: 

-h = fx
Th-(Hux +fu 	uu TP)TH 1(I u  +fu  Th) .  (3.65) 

6r . 

(3.64) 

• 
-P = f 	TD Df(14- ux 

f TiovITT4  -1(T4 	T.p0)  
-uu `"ux-1--u - I (3.66) 

Boundary conditions at t = tf are, from (3.58): 

P= Fxx (5c(tf  )) 

h= 0 
	 (3.67) 

From (3.59),  (3.62) 

6u = -Huu
-1  EE(Hu  +fu  Th)+(Hux  +fu  T10)6x] 
	

(3.68) 

(We introduce E9o<(<1 to limit the size of Ou and Ox.) 

The relevant equations of the algorithm are (3.51), 

(3.65), (3.66), (3.67) and (3.68). 

The implementation of the algorithm, and sufficient 

conditions to guarantee an improvement at each iteration, 

are similar to those of Section 3.1.4. 

3.3 Differences Between the Methods of Sections 3.1 and 3.2  

There are some notable differences between the 

algorithms. 	Since we have decided in Section 3.1.3 

that Mayne's algorithm is simpler to implement than ours, 

though not quite as accurate, we shall compare it with 

the Second-Variation method. 
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1) The Second-Variation algorithm requires the 

integration of an extra set of differential equations - 

i.e. the h equations of (3.65) (n of them). This point 

was noted by Mayne in [55] 

2) The variable “t) is in general not equal to 

Vx(t) due to the different forms of the equations (3.51) 

and (3.43). 	This implies that 

H(R,U,M,t) / H(R,U,Vx°,t) 

3) The matrix equation for P (3.66), although of the 

same form as that for Vxx(3.43), produces a P(t)/Vxx(t) 

due to 2) above. 

4) The expression for bu (3.68) is not equivalent 

to (3.44), owing to 2) and 3) above. 

However, we note that on an optimal trajectory: 

5) Hu=0-3 h(t) = o (from (3.65),(3.67)) 

6) Heo 	?(t) = Vx(t) (from (3.51) and (3.43)) 

7) Point 6) 	P(t) = Vxx(t ) (from (3.66),(3.43)) 

8) The expressions for bu (3.68), (3.44) are identical 

This means that as the optimal trajectory is approached 

(i.e. as HU ()), the methods become identical. 

Further, we note that, for the L.Q.P. problem: 

9) Hxx' Hux' Huu  are not functions of Vx1  so the 

Riccati equation is independent of Vx. P=vxx,t(Eto'tf]  

10) Equation (3.51) plus equation (3.65) yields 

(3.43) i.e. Vx  = X+11. (This addition cannot be performed 

for a non-linear system since H uu
-1  and Ilex  are functions 

of Vx.) 
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11) In view of 9), 10) above the expressions (3.68), 

(3.44) for bu, are equivalent. 

The two algorithms are thus identical for the 

L.Q.P. problem. 

From the above, it would appear that the two methods 

are different on non-linear problems along non-optimal 

trajectories. 

In the next Section we re-derive the Second-Variation 

result using D.D.P. The reasons for, and the importance 

of the differences between the two methods becomes clear. 

3.4 Differential Dynamic Programming Derivation of the 
Second-Variation Method 

We return to equation (3.2), which we repeat here 

for convenience. 

—a-v—aa—<avx,E,x>-1<bx avXX6x>= 7 77 TT '37— 	at 

min[L(R+bx,5+bu;t)+<VXXXbx,f(R4-bx;a+bu;t)>] 
bu 

Let us set Vx = X+h and VXX = P. 

Equation (3.68) becomes 

—a"\r—aa—<a(l+h),ox>.— 1<bx,app5x> 
TT 7T at 	7 	at 

(3.68) 

(3.69) 

min[L(R-1-bx,a+bu,t)+<X+h+Pbx,f(R-Ebx,a+bu;t)>] 	(3.70) 
bu 

Now we define 

H(x,u12C1t) = L(x,u,t) + <X,f(x,u,t)> 	(3.71) 



The R.H.S. of (3.70) becomes 

min[H(R+bx,71+bul A °,t)+<h+Pbx,f(R+bx,a+bu,t)>] 	(3.73) 
8u 

First consider (3.73) with bx = o 

minEH(R,U+5u,X*,t)+<h,f(R,5+bu°,t)>], 	(3.74) 
bu 

Now we require a second-order prediction of the 

minimizing bu*. 

Expanding (3.74) to second-order in bu about Roli 

H+<Hulbu>+1
7
<bu ,Hulibu>+<h ,f+f u bu+lf uububu> 	(3.75) 

On an optimal trajectory, -N=Hx, so Vx=X, so h is zero. 

Now, although we are not on an optimal trajectory, let us  

assume that h is small. The term <h,lf uububu> can then 

be thought of as third-order and neglected. 

Neglecting the term <h,lf uububu>, we differentiate 

(3.75) w.r.t. bu and equate to zero (for a minimum). 

Hu +Huu bu+f u
Th = o 	 (3.76) 

bu*= -H 
-1CH +f Th] 	 (3.77) uu u u 

the quantities in (3.77) are evaluated at Roa. 

Substituting (3.77) into (3.74) we obtain 

H(R,Ti+bu*OC,t) + <hlf(R lia+bu**,t)> 	(3.78) 
ExPa5smow 

We now re-introduce bx. N..letiae-44trn (3.78) becomes 

min[H(R+bx,a+bu*+bu,M,t)+<h+Pbx,f(5E+bxlia+bu*+bu,t)>] 
bu 	 (3.79) 

(The min is re-introduced because bu* was chosen only 
bu 

for x = R. bu is measured w.r.t. Ta+bu*) 
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Now we choose 6u to minimise the contents of the square 

bracket by equating its derivative 	bu to zero. 

Huuu ux bu+H 6x+fu
T(h+P6x) = o 	 (3.80) 

(quantities evaluated at R,a+bu*.) 

We expand Hu  to first-order only since we are going 

to keep bx small. (Alternatively, see the argument in 

Section 3.1, equations (3.10)-(3.14)) 	Notice that we 

are still treating h as a small quantity of order bx, and 

so terms in h6x,h6u are effectively second-order. 

From (3.80) 

bu. 	-H uu 
-1

CHuxu
TP]bx 	 (3.81) 

We have made the assumptions that:. 

1) h is small 

2) bu* is the true minimizing control. 

These assumptions may be invalid so in order to ensure 

that bu*,bx,bu remain small, we introduce C,o<(<1 

into (3.77) 

We write bu*_,_  (Huu-1(71 U,M,t)CHu(Roa l t)-1-fuT(R lii,X;t)h] 
(3.82) 

and bu = -Huu -1[Huxu 
T

Vxx jox 	(3.83) 

(all quantities evaluated at R,T17-4-bu* unless otherwise 

stated.) 

Expression (3.79) becomes 

H(34.6x02-1-bu*-1-bu,2\_0+<h+Pbx,f(iii-bx,71-1-6u*+bu;t)› 	(3.84) 

Now the bu in (3.83) involves quantities evaluated at 

)7,54,6u*. In the same way as in Section 3.1.3, let us 
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replace (3.82), (3.83) by 

bu*-(H uu -1(Hu  +fu  Th) 

bu-H uu 
 -1(Hux  +fu  TP)5x = pbx 	(3.85) 

where all quantities in (3.85) are now evaluated at R,Ti. 

(This is done under the same assumptions 1), 2) of Sub 

Section 3.1.3) 

As before, (3.84) equals the L.H.S. of (3.68). 

Since L.H.S. of (3.68) is expanded to second order only 

in bx, let us expand (3.84) about R lia+5u* to second-order 

in 5x,5u. We consider terms in bx and 5u up to bx5u only, 

since bu is of the same order as bx(by (3.85)). In 

addition, we must not forget that h is being treated as 

if it were small (i.e. of same order as bx). So 

terms higher than &cal, hbx, hbu are third-order and 

are negligible. 

We obtain 

- - H+<h,f>+<Hx+Pf+fx 11.0
T  (xuX,P,t)(Hu  +fu 

Th ,bx> 

- - ±<5x,[pT  (x,u,X,P,t)(Hux  +fu  TP)+1(Hxx  +fx  TP+Pfx) +1 7 

P(-)-1- T 	 1 9- u 	p* (3.86) 

Quantities in (3.86) are, unless otherwise stated, still 

evaluated at R,71+5u*. Let us, as in Section 3.1.3, 

expand these quantities to second-order about R,U. 

We neglect terms higher than bxbu*, bubu*, hbu* since 

we assume that bu* is small. 
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We obtain 

H+<hlf>+<Hulbu*>+<Ou* 'Huu611*>+<fu 11,611  

+<Hx+Pf+fxT11-FpT(Hu+fuTh)+E(Hux+fuTP)TOu*+PT Huuall*J'15x>  

[r3T(H ux u Tp) +1(H
xx  +fx  TP+Pfx+pTHuup)]Ox> 

	
(3.87) 

Substituting the values for ou*I p from (3.85) into (3.87) 

H+<hlf>-((1-()<(H +f Th),H 7 	u 	u 	uu 
l(H  u uTh)› 

i..<1.1.x+Pf+fxTh+p,T(Hu+fuTh),Ox>+1<bx,[Hxx+fxTP+Pfx 
7 

-(HUX-hfU 1j) MUU (HUX-hfUTP)MX> 
	

(3.88) 

Equation (3.88) equals the L.H.S. of (3.68). 	Since 

equality holds for arbitrary bx, we may equate coefficients 

of like powers of ox to obtain: 

-817-8a=H+<h,f>-((1-()<Hu  +fu  Th,Huu  ▪ 77-   

—ax—ah = Hx  +fx  Th-1-3
T(Hu  +fu  Th)+Pf ▪ Tf  

Hu  +fu  Th)> 

—ap = H_ +fx  TP+Pfx-(Hux  +fu  TP)
T 

uu 
 -1(Hux  +fu  TP) 

now 

d  (X+h) = d 	
x 

(V,) 	6 V + VXXf(RIU;t) 
dt 	af  

Using (3.92) and (3.69) we obtain 

d (X,+h) = a (27,+h) -Fpf(Tc lia;t) 
Tr 

(TT+a).  = a (7q+a) + <(X+h),f(R,TC,t)> 

P = 8P 
"R.  

(3.89) 

(3.9o) 

(3.91) 

(3.92) 

(3.93) 

(3.94) 

(3.95) 



Using (3.93) - (3.95) in (3.89) (3.91) and recalling 

that V = -L(R,U;t), we obtain 

72 

-a = -((1-()<H +f Th,H -1(H +f Ih)> u u uu u u 

-X-h = Hx  +fx 	u 
Th+pT(H +f u

Th) 

• 
-P = HXX+fX

TP+Pf -(H +f TP)H -1 
x ux u uu ux+fu 

Now if we set -X = H x 
we obtain the following set of equations 

,, -a.-((1-()<Hu  +fu  Th,Huu
-1 >,a(tf) = o \
(H 

u+
f 
uTn)  

(3.96) 

(3.96) 

(3.98) 

(3.99) 

-X.Hx 	;X(tf ) = Fx(tf) 

-h=fx
TT  (Hu  +f uTh) 
	

;h(t f) = o 

-1311xx+fx P+Pc-(Hux+fu
T P)T H

uu
-1 
 (Hux+fuTP);P(tf)=Pxx(tf)  

(3.100) 

and u = ii+5u*+5u = 5+(a+p5x 
	

(3.101) 

where a, (3 are given by (3.85). 

These equations are identical to those of Section 3.2. 

i.e. we have succeeded in deriving the Second-Variation 

algorithm via D.D.P. 

3.5 Discussion on Sections 3.1, 3.2, 3.3, 3.4  

In Section 3.4, in order to derive the Second-

Variation method, we had to assume h(t) small; 

t([to,tf] along non optimal trajectories. As this is 

only true in the neighbourhood of an optimal trajectory, 

we see that the Second-Variation method is not truly 
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second-order in the sense of D.D.P. The fact that h may 

be very large indeed, on a non-optimal trajectory, means 

that the correction in control bu*+bu is not as accurate 

(to second-order) as that given by Mayne's method. 

(A reduction in cost will still occur, however, if 

uu  -1 is positive-definite, as a(to) is <o). Moreover, 

the extra set of differential equations for h must be 

integrated. 

We thus have the interesting situation that an 

approximate second-order method (i.e. the Second-Variation) 

actually requires more differential equations than the 

full second-order D.D.P. method! 

Notice further that as Eio, the Second-Variation 

algorithm does not tend to our algorithm of Section 3.1., 

but Mayne's does. As Hu  i>o all three methods become 

equivalent. 

From the analysis of the preceeding pages one would  

expect the D.D.P. algorithms to give improved convergence 

over the Second-Variation method when the nominal trajectory 

is non-optimal and the problem is non-linear. 

As mentioned earlier, the methods are identical 

for the L.Q.P. problem since all higher derivatives than 

the second are zero. The neglect of terms of order higher 

than hbx, hbu, hbu*  thus introduces no approximations. 

It is interesting to see just how the Second- 

Variation result happens to be non-second-order in the 
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in the sense of D.D.P. Recall that both in Sections 3.2 

and 3.4 we set -X = H. 	(3.102) 
In fact -X = Hx 	auTHu 	(3.103) 

ox 

Now on an optimal trajectory (3.102) holds, since Hu = o 

On a non-optimal trajectory (3.102) holds only if no  

feedback au is present, since Hu / o aX 

We notice that in the Second-Variation Analysis, 

we do introduce feedback via equations (3.59) and (3.85) 

(au = F)) and so the neglect of the second-term of (3.103) 
73T 

introduces an error. In the L.Q.P. problem this error 

is nullified by introducing the variable h, since 

= V . 	However, this addition is no longer valid 

for non-linear problems and so an error is introduced. 

One can show easily that if (3.103) is used in the 

derivation of Section (3.2) that h = o and h = o. i.e. 

Mayne's D.D.P. result is obtained. 

The very subtle points arising in the derivations 

of this chapter, and the consequences thereof, seem to 

have been overlooked by D.D.P. and Second-Variation 

enthusiasts in the past. It is believed, with 

reference to the Second-Variation method, that the 

points raised are rather important; since, by taking 

account of them, a simpler, more accurate algorithm 

results. 
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In this chapter we have considered only free-end-

point problems. We have previously extended Mayne's 

algorithm to handle fixed end-point problems.[56] 

We shall not discuss this algorithm here since it 

is a special case of a much more powerful algorithm 

which we shall develop in Chapter 4. 

(Similar comparisons can be done between this D.D.P. 

method and the Second-Variation method. Once again the 

D.D.P. algorithm emerges as a simpler, more accurate 

method.) 

3.6 Computed Examples  

In this Section we consider a very simple non-linear 

example which, in spite of its simplicity, illustrates 

well the points raised in previous Sections. 

x = - .2x+10 Tanh u x(to) = 5 	(3.105) 

choose u(t) 	tE[o,.5] to minimize 

v = 45  (10x24.112)dt-I-10x2(tf) 	(3.106) 

where Tanh u = eu  -e-u  

e u 	-u 
	 (3.107) 

Equation (3.107) describes a saturation type non-linearity 

which is depicted in Fig.l. 

Equation (3.106) can be interpreted to mean that 

we require x(t) to be driven as close as possible to 

zero, without using too much control effort u(t). 

The problem, although simple, is a good illustrative 



1.0 	Z.0 

1.0 

TFI N (U.) 

0.5 

a5 

-1.0 

76. 

FIG 1 



77, 

example since it is non-linear in control. The 

differences in the methods of Chapter 3 are largely due to 

different ways of choosing control. 

In this example fuu. -20 Tanh u(1-Tanh2u)/ o 	(3.108) 

A nominal control a(t) 	-.5 ; t(To,.5] was chosen. 

Both the D.D.F. algorithms of Gection 3.1 and 3.1.3 and 

the Second-Variation method of Section 3.2 were tried 

on this problem. For comparison purposes ( was set as .7 

throughout the experiment. 

For simplicity, let us refer to the method of 

Section 3.1 (Jacobson's) as A, that of Sub Section 3.1.3 

(Mayne's)as B and that of Section 3.2 (Second-Variation) 

as C. 

The following results were obtained: 

Iteration Cost(method A) Cost(method B) Cost(method C) 

0 123.0 123.0 123.0 

1 56.4 60.7 71.3 

2 46.0 47.0 53.7 

3 42.9 43.0 46.5 

4 41.9 41.9 43.5 

The optimal cost is 41.9. As expected A and B do not 

differ markedly, and then only when the current nominal 

trajectory is very non-optimal. (The assumption that 

bu* is small is then not really valid unless ( is very 

small indeed) A and B are somewhat superior to C. 
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This is because the assumption that h is small, is 

invalid. (Also the extra equation for h has to be inte-

grated in C.) 

As the optimal cost of 41.9 is approached, the three 

methods become equivalent. 

Method B (Mayne's) emerges as a good compromise 

between A and C, both of which are more difficult to 

implement. 

3.7 A First-Order Algorithm and its Relationship to 
the Gradient Method 

Let us assume that we expand V(X-1-bx;t) to first-order 

only. 

V(R4-bx;t) = V(R;t) 	a(R;t) 	<Vx,bx> 
	

(3.109) 

Equation (3.2) becomes 

-eT-aa-<8Vxlbx> = min[L(54bx,ii-t-bu;t)-1-<Vx,f(X-1-5x,71+bu,t)>] 

at 	bu 7T a:"  (3.110) 

Define H(x,u,Vx,t) = L(x,14t)-1-<Vx,f(x,u°,t)> 	(3.111) 

The R.H.S. of (3.110) becomes min H(R-1-bx,71-1-bul Vx;t)(3.112) 
bu 

Since we have expanded V to first-order only, let us obtain 

a first-order estimate of the minimizing bu. 

For bx = o a first-order estimate of bu is 

bu* = 	(X,U,Vx°,t) 	 (3.113) 

where (>0 

Substituting (3.113) into (3.112) we obtain 

ii(RA-bx,5-1,6u* Vx;t) 
	 (3.114) 
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(We do not determine a bu in terms of bx as this requires 

a second-order expansion of H, which involves Vxx  which 

we have assumed to be zero) 

Expression (3.114) is equal to the L.H.S. of (3.110). 

Expanding to first order in bx we obtain 

H + <Hxlbx> 	 (3.115) 

(The quantities in (3.115) are evaluated at X,i1+bu*) 

Expanding the quantities in (3.115) to first-order about 

R15 we obtain 

H -E<HulHu> + <HxIbx> 	 (3.116) 

(The quantities in (3.116) are now evaluated at R,17) 

Using (3.116) and (3.110): 

-aV -aa = H -(<11 ,H > u u 8t 

and -8Vx  = Hx  
at 

Now (V+a)°- a (-V+a) + <Vx,f cwt 

(3.117) 

(3.118) 

and Vx avx , since higher order terms in the expansion 

at 

for V have been neglected. 

Using (3.118) in (3.116) and recalling that 

-V = L(7,17,t), we obtain 

-a = -E<H I H > u u 

-Vx = Hx 

a(tf) = o 

; Vx(tf) = Fx(x(y) 	(3.119) 

u = a - (Hu 	 (3.120) 

The equations (3.119), (3.120) constitute a first-

order D.D.P. algorithm which can be recognized as the 
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well known Gradient Method of Kelley or Bryson and Denham. 

The equations are relatively easy to implement but 

the choice of c is difficult since ( does not necessarily 

lie in the interval (o,1]. As optimality is approached 

Hu >o and the rate of convergence becomes intolerably 

slow. The reason for this behaviour is the following: 

In the neighbourhood of the minimum of H w.r.t. u 

second-order terms in its Taylor series expansion dominate, 

since the first-order coefficient, Hu, is tending to zero. 

This means that a first-order (linear) approximation to H 

in the neighbourhood of its minimum is poor, in the sense 

that it is valid for only very small changes, bu. 

The expansion-of V to first-order in bx is not 

usually so poor since Vx  is often not near zero even in 

the neighbourhood of the optimal trajectory. This 

suggests that it might be worthwhile using a higher -order 

expansion for H in terms of bu, but still retain a first-

order expansion for V in terms of bx. 

3.8 Summary  

In this Chapter we derived a second-order algorithm 

for solving the free end-point, unconstrained, control 

problem. 

!e showed that Mayne's algorithm is an approximation 

to our algorithm, and that the Second-Variation Method 

is an approximation to Mayne's algorithm. Mayne's 

algorithm emerged as a good compromise between ours and 
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the Second-Variation. 

All the algorithms have the following drawbacks: 

1) Huu-1(7,71,Vx;t) must be positive-definite; 

t(Cto,t f]  
This restriction is very severe since it implies that 

a is strictly convex, globally, w.r.t. u. In many 

problems one finds that H is non-convex globally w.r.t. u, 

although it is strictly convex in the neighbourhood of its 

minimum w.r.t. u (i.e. Huu-1  (x,uo  ,Vx;t) is often positive-

definite) 

In other words, the requirement that H uu-1 be 

positive-definite along non-optimal trajectories is very 

severe, while along optimal trajectories the requirement 

that Huu-1  be positive-definite is quite a weak restriction. 

2) Inequality constraints on control variables 

cannot be handled directly. They have to be approximated 

by penalty functions. 

3) Requirement 1) excluded the 'bang-bang' type of 

control problem where Huu o.  

In the next chapter, instead of allowing only small 

variations in control, (i.e. weak variations in x(t)) 

we make large, or global, changes in control. i.e. strong 

variations in x(t). We find that difficulties 1), 2) 

above can be overcome using this approach. We extend 

the approach in Chapter 5 to solve the bang-bang problem 3). 
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CHAPTER 4 

DIFFERENTIAL DYNAMIC PROGRAMMING - 

GLOBAL VARIATIONS IN CONTROL 

4.1 Introduction 

From Ec,uation (2.19) we have the Denman P.D.E. in 

the neighbourhood of the nominal trajectory as 

—451T—aa—<avx78x> -1<bxl aVXXbx> = 

-5-f 7f 77- 	au 

min[L(Tc+bx,71+bu;t)+<VX+VXX6x,f(R+bx,a+bu;t)>] bu 

where 

V(R4-6x;t)=V+a-F<Vx,bx>+1<bx,VXXbx> 7 

and (R-1-.6x)° = f(R-E6x,Ti+bu;t) 	R-1-6x at to  =xo 

(4.1) 

(4.2) 

(4.3) 

At any time te[toltf], Equation (4.1) is valid locally 

w.r.t. 6x, but valid globally w.r.t. bu. That is, at 

time t, bx must be sufficiently small such that the 

expansion for V to second-order in 6x is adequate. 

However, the only quantities depending on bu are L and 

f and no expansion of these quantities w.r.t. 6u has yet 

been undertaken. In other words; at time t we may make 

global changes in bu since the non-linearity of L and f 

w.r.t. 6u is still preserved. (Changing bu at time t has 

no effect on Ox at time t. Only d (R-F6x) is affected) 
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Let us consider Equation (4.1) at time t and let us set 

bx(t) = o. The R.H.S. of (4.1) becomes 

min[L(R,a+bu°,t) + GAT ,f(X,15+bu*,t)>1 	(4.4) 
bu 	x  

Now instead of using a second-order prediction of the 

minimizing bu*, let us completely minimize the contents 

of the square brackets in Equation (4.4) w.r.t. bu. 

(We may do this either analytically or numerically) 

Assume that the minimizing u is 

u* = u+bu* 
	 (4.5) 

Expression (4.4) becomes 

L(R,u**,t) + <Vx,f(5c l u",t)> 
	

(4.6) 

Now let us re-introduce bx. i.e. consider variations bx 

about R. 

In order to maintain minimality of the R.H.S. of 

equation (4.1) the min must be re-introduced. Note, 
bu 

however, that bu is measured now with reference to u*. 

-0V-Da-<0Vx,bx: -1<bx,aVXXbx>= 

Tf 

min[I,(54bx,u*+bu°,t) +<Vx+Vxx5x,f(5c+bx,u*+bu,t):] 	(4.7) 
bu 

Of course, by allowing these global (large) changes in 

control u, we shall introduce large bx's via Equation 

(4.3). The bx's must in some way be restrained in size, 

in order that the expansion for V, to second-order, shall 

be valid. We shall discuss this point later, in Section 

4.2. 
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4.2 A New Second-Order Algorithm for Free End-Point Problems 

Define H(x,u,Vx,t) = L(x,u;t) 	<Vxf(xlu*It)> (4.8) 

The R.H.S. of Equation (4.7) becomes 

min[H(R4.6x,utbu,VX4.VXXbx*,t)] bu 

Since u* has been chosen to minimize E, 

necessary condition 

Hu(x,12;Vx°,t) = o 

we have the 

(4.9) 

(4.10) 

Now that the variations ox are present, we should like 

to minimize the contents of the square brackets in 

Expression (4.9) w.r.t. bu 

Expanding (4.9) in bx and bu we obtain 

min C 	 u,bu> 	<Hx,6x> -1-<VXXf,Ox> bu 

• 	<6u,(Hux  d-fu 
TVxx  )6x> 4-1<bu,Huu  bu> 

• l<6x,(11._xxx TVxx 4.Vxx f x)6x> 

2 

• higher order terms] 
	

(4.11) 

All quantities in (4.11) are evaluated at 5i,u* 

Now from Equation (4.10), Hu  = 0, 

involving bu in (4.11) are: 

<6u,(Hux+fuT Vxx)6x>+1<611,Huubu>4-higher-order terms (4.12) 
7 

If bu is of the same order as bx then these terms are 

quadratic in bx + higher-order terms in Ox. So there is 

no point in finding a relationship between bu and bx 

which is of order higher than linear, since terms higher 

so the terms 
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than second-order in bx are neglected (Since the L.H.S. 

of (4.7) is expanded only to second-order in 6x) 

We thus require a relationship 

bu = pbx 
	

(4.13) 

where p is chosen such that the contents of the square 

brackets in (4.11) is minimum. 

A necessary condition for minimality in (4.11) is 

(differentiating w.r.t. bu and equating to zero) 

Hu  =0 
+Huu bu+(Hux  +fu 

TVxx  )bx higher order terms in 

bx and bu = o 	(4.14)  

Substituting (4.13) into (4.14) we obtain 

Huu pbx+(Hux  +fu 
TVxx  )5x+ higher order terms in bx = 0(4.15) 

Since we have said that p is independent of bx (equation 

4.13) and since (4.15) is required to hold for all bx 

sufficiently small, we may equate coefficients of bx to 

obtain 
-1 

= —Huu (Hux+fu Vxx)  

(all quantities evaluated at 5c,u*. ) 

(4.16) 

So we have the linear feedback relationship 

bu = -Huu  -1(Hux +fu 
TVxx )bx 

= pbx 	 (4.17) 

This is the optimal linear feedback controller relating 

small changes bx to small changes in control, 6u and 

ensures that Hu(R+bx,u*+bu,Vx+Vxxbx°,t) = o for bx 

sufficiently small. 

Substituting (4.17) into (4.11) and neglecting terms 
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of order higher than the second. 	We obtain 

H+<Hx+Vxxf-0THulbx>+1<bx,(Hxx+fx
TVxx+Vxxfx-PTHuuP)5x> 

7 	 (4.18) 

Expression (4.18) equals the L.H.S. of (4.7). Since 

equality holds for all ox, we may equate coefficients of 

like powers of Ox to obtain 

-8V-8a = 
at at 

—av = H +V f+5. x 	x 	xx 	11 u 

at 

r Tv 	v f (TT 	
f Tv )Tr_l_ 1 +f TV ) -8VXX = Hxx+-x "xx-F vxx-x\-ux+-u wxx1 -uu 	x' u xx 

at 	 (4.19) 

(all quantities evaluated at R lu*.) 

V,a,Vx,Vxx  are functions of x and t along the nominal R 

trajectory so: 

	

d (V(R;t)+a(R;t)) = a (V-1,a) 	<vxf(R,Ti;t)> 

Similarly: 
• 
Vx = avx + Vxx f(R,a;t) 

at 

vXX = avXX 
since higher-order terms of V have been 

truncated 0-.20) 

Using (4.20) in (4.19) 
• 

-V-a = H-<Vx,f(R,ii°,t)> 

and since -V = 11(5E,74t) 

-a = H-H(R ITI,Vx;t) (4.21) 

a-f 

at 
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-Vx 	Hx +Vxx  (f-f(R,a;t)) 4-pTElu=° 
	

(4.22) 

-v 	= Hxx  +_f x TVxx +Vxx f  x (Hux +fu TVxx )THuu -1(Hux +fu TVxx ) xx  
(4.23) 

(unless otherwise stated, all quantities evaluated at 

)7,u*) 

At t = tf 	Y(X;tf) = F(R(tf)) 

whence a(tf) = o 

Vx(tf) = FX(x(tf)) 

Vxx(tf)  = Fxx(R(tf)) 
	

(4.24) 

Equations (4.24) are boundary conditions for the differen-

tial equations (4.21) - (4.23). 

Equations (4.21) - (4.23) are the same as (3.28) -

C3.30) except that u*  is the control that minimizes H 

w.r.t. u at time t.pTHu in (4.22) equals zero. 

We note that the above equations assume that if 

we apply u = u* +136x ; t(Cto,tf] 	(4.25) 

to the system (4.3), then the ox's generated will be 

small enough to justify the expansions in Ox to second-

order only. 

If bx(t) becomes too large we cannot simply place 

o<(<1 	in front of u* since u* is imbedded in the 

reverse differential equations (4.21) - (4.23). In 

the next Section we shall describe a new method for 

keeping Ox 'small enough'. 

[Note that for the L.Q.P. problem there is no 

difficulty since immediate application of (4.25) yields 
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the optimal solution. i.e. u°(t) = u*(t)-0(t)bx(t)] 

Observe that whereas (4.14) is a necessary condition 

for minimality of (4.11) it is, together with 

Huu-1 (x04vx;t) positive-definite, necessary and sufficient. 

Since we are at a relative minimum of H(R,u,Vx;t) 

w.r.t. u, the condition that Huu 
 -1(R,u*,Vx°,t) be positive-

definite is not severe. That is, the requirement that 

uu
1  (R,u,vx  °It) be positive-definite at u = u* is far 

less restrictive than requiring it positive-definite for 

any u = u (See Section 3.8) 

4.2.1 A 'Step-Size Adjustment' Method  

From equation (4.3) 

(7-1,5x).  = f(374.6x,a+bu;t) 9 bx(to) =o 	x(to) = xo (4.26) 

From (4.25) 

ii+Ou = u*-143bx 	 (4.27) 

Substituting (4.27) in (4.26) 

(R-4-6x)' = f(X.-1-6x,u*-Fpbx;t) 	 (4.28) 

Since Ox(to) = o, the ox's produced by (4.28) for 

tE[to,tf] are due to the driving action of u*. 

For example, at t = tf,bx(tf) is dependent on 

1) The size of u*(T);TE[toltf] 

2) The length of the time interval tf - to. 

In Chapter 3 we limited the size of the new control 

u = ia+bu*-FErn by using a scale factor E. (See Section 3.1) 

We kept the time interval tf-to  unchanged. Limiting the 
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size of 6u*-1-6u over this time interval ensured that the 

6x's, including 6x(tf), remained small enough. 

Now, as stated at the end of the previous Section, 

we cannot simply use an c scale factor since u* is 

imbedded in the backwards differential equations which 

have already been integrated. Moreover, H is often non-

convex w.r.t. u, which precluded this type of linear 

interpolation between la and 171-1-6u*4-6u. 

Assuming that we leave u = u*-1-p6x, we find that the 

only way in which we can control the size of the 6x's is 

by altering the time interval over which equation (4.28) 

is integrated. 

Consider the time interval [t1,tf]  where tt1f 

Let us assume that we run along the nominal trajectory 

X(t) (the solution of i = f(X,U,t) 	X(to) = xo) 

from to  to ti. At time t = tl, x(t1) = X(t1) since 

we have come from to to t1 along the nominal trajectory. 

i.e. 6x(t)*, tE[to,ti] are zero. 

Now let us integrate (4.28) over the interval 

Ettf1. 	Since 6x(t) = o, the bx's produced in this 

interval are due to the integrated effect of u* acting 

through the dynamics f. 

If we make t1  = tf, then 6x(t) = o;tc[to,tf] 

since we ran all the way from to to t, along the 

nominal trajectory. If ti<tf  and tf-ti  is small, then 

the 6x's produced by (4.28) in the interval [t1,tf] will 
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be small since there is very little time over which to 

integrate the differential equation 

(R-1-5x)° = f(R+6x 1u*+(35x;t) 	x(t1)=X(t1);bx(t1) = o(4:.29) 

So by making t1 near tf we can force the bx's to be as 

small as we please. This is true, provided that f is 

bounded on the interval of concern. 

We summarise the above description in the following 

statement: 

There exists a tl, sufficiently close to tf(to<tl<tf) 

such that if we run along the nominal trajectory 5-c(t); 

tE[to,ti] and then integrate (4.29) from t, to tf, the 

non-zero bx's produced by (4.29) in the interval [tl,tf] 

will be small enough for the expansions of V, L and f, to 

second-order in 6x and 5u, to be valid. 

The following questions should be answered: 

1) How does one decide if the bx's are 'small enough'? 

2) How does one choose a t1 
such that the bx's are 

small enough? 
t, 

1) Recall that -a(t1) = -f [11-H(7,71,Vx;t)]dt is the 
tf  

predicted improvement in cost when starting at the point 

Tc(ti),t1 and using u(T) = u*(T)-113(T) 5x(T), ti<T<tf. 

Assume for the moment that we consider t1=to(i.e. 

the whole time interval [to,tf]). Let us integrate (4.29) 

and calculate the cost V. The actual improvement in cost 

is 	AV = -17-(7;t0) - v(R;t0) 
	

(4.30) 
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Now if this actual improvement in cost is 'near' to the 

predicted value of -a(5C,t1), then we consider the 6x's 

produced by the new control acting through (4.29) are 

small enough for the expansions to be valid. 

We have found it convenient in practice to define 

'near' in the following way. 

If the following inequality is satisfied, we consider 

AV to be near -a(t1) 

AV 	> c 
-a(t1) 
	 (4.31) 

In practice we set c = .5. There are no hard and fast 

rules for setting c. Certainly it should be greater than 

zero since -a(t
1
) is greater than zero and a negative ,V 

is, of course, inadmissible. c should not be greater than 

unity since one should not expect improvements greater 

than predicted if the expansions for V, L and f are valith 

MoreoverI c should be somewhat less than unity so that 

any decisions based on (4.31) are not influenced by 

round off and other extraneous errors in the computation. 

2) If test (4.31) is passed with ti.to  , all is 

well, and we may proceed to the next iteration with the 

knowledge that we have made a reasonable improvement 

in cost of AV. If (4.31) is not satisfied then we set 

tl  = tf-to  + to  = tol say 	
(4.32) 

2 

We now run a trial trajectory by running along the 
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nominal from to to 1  and then integrating (4.29) from 

t1  to t,. 	We again check our criterion (4.31). If it 

is satisfied we proceed to the next iteration. If not, 

we set 

t 	
0 

+tol = to2 say 
	(4.33) 

2 

and compute a new trial trajectory and test (4.31) with 

this new fl. 

Subdividing tf -to in this way there will come a 

time t1 when our criterion (3.31) is satisfied. i.e. 

there will come a time t1, sufficiently close to tf, such 

that (4.31) is satisfied. This implies that we have a 

new trial trajectory which produces a reasonable reduction 

in cost of AV. 	We make this trial trajectory our new 

nominal trajectory and proceed to the next iteration of 

the algorithm. 

In general, t/ =tf -tor 	tor = tor+1 	
say (4.34) 

2 

where r = o, 1 ... and too  = 2to-tf  

Notice that the new nominal trajectory generally has 

a corner at t1 since a(t1) is generally different from 

u*(t1). (On an optimal trajectory there are no corners 

since u* = 5 and t1  = to) This introduces no difficulty 

provided that the numerical integration routine used for 

integrating (4.29) and the backwards equation (4.21) 

(4.23) is capable of handling differential equations with 
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discontinuous right hand sides. An example of such a 

method is the fourth-order Runge-Kutta routine which we 

use for all our numerical integration in this thesis. 

It may happen that the nominal trajectory x(t) is 

optimal on an interval [t2,tf] but non-optimal on the 

interval Eto,t2). If t1  is being found in the way out-

lined above (i.e. by subdivision of [to'tf])  then tI may 

land in the interval [t2,tf]. The ox's generated in the 

interval [tl,tf] would then be zero (since u* =71;t(Et2,tfl, 

t21<tf) and no reduction in cost would occur even though 

the whole trajectory R(t);tc[toltf] is non-optimal. 

We must ensure therefore, that if the nominal trajectory 

is optimal on an interval [t2,tf] then ti  will never 

fall in this interval. The condition is ensured easily 

in the following way: 

At t=tf'a(t) = o. Now, when integrating the backwards 

equations, let us monitor -a(t). We record the time 

t = teff when-a(t) becomes different from zero. (or in 

practice when it becomes greater than lb; -01  a small, 

positive Quantity) The trajectory between teff  and tf 

satisfies a necessary condition of optimality, viz;(4.35)  

a(t) = o 	t((toff,tf] 

Now if on the forward run a time t1  / to  needs to 

be found, then the time interval teff - to  is subdivided 

as described earlier and not tf  - to. As the overall 



trajectory becomes more and more optimal (from iteration 

to iteration) so tef1  >to. Finally, on an optimal 

trajectory-a(t)<Ill 	t(Cto,tf] and toff  = to  and the 

computation is stopped. 

When programming algorithms on a digital computer 

it is generally necessary to use a numerical integration 

routine to integrate the differential equations. This 

means that the interval tf -to is subdivided into N-1 

time steps. (i.e. t going from 1 to N). The subdivision 

of tf  - to, used for determining t1, must now be done 

with respect to the discretised time scale 1 to N 

i.e. N1  = N-N 	+ N 	= N or 	or 	or+1 

2 

where Noo  = 2-N 

It should ba)appreciated that since there are a 

finite number N-1 of discrete time steps, this subdivision 

can only be done a finite number of times. The smallest 

possible non-zero time interval is tf-to and this will 

   

be attained if N1  = N-1 (or N1  = Neff-1) 

It is clear that we have to assume that N is large enough 

such that the bx's produced during this basic time 

interval tf - to 
are always small enough for the expansions 

N - 1 

for V, L and f to be valid. This restriction is a 

practical one, brought about by the discrete time nature 

(4.36) 
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of the digital computations. 

(If the differential equations could be integrated 

ideally, then the subdivision of tf  - to  (or teff  - to  

as the case maybe) could continue until the time interval 

tf  - t1  were so small that the ox's produced in this 

interval were certainly small enough for the expansions 

to be valid) 

When AV and-a(t1) are small (but >711) the criterion 

(4.31) may be too severe with c = .5, due to round off 

errors. i.e. there may come a stage where (4.31) remains 

unsatisfied even when N1  = Neff-1. If this happens we 

set c = o and repeat the procedure for determining N1. 

c = o is a much less stringent test since it asks only 

that AV>o. If once again (4.31) is unsatisfied even with 

N1  = Neff-1, then we stop the computation since no further 

reduction in cost is possible. This implies that either 

we have converged to the optimal (in which case-a(to)<T11) 

or N is not large enough and hence tf  - to  is too large 

N-I 
a basic time interval. Usually however, the N needed for 

accurate integration of the differential equations is 

large enough. We have only encountered the contrary, in 

some problems that are near singular and hence extremely 

sensitive to changes in u. 	In these cases it may prove 

desirable to use a very simple integration routine 

(Euler) and a large number of steps,N. 



We summarise the 'step-size adjustment method': 

1) When integrating the backwards equations (4.21) - 

(4.23) note Neff'  the time at whicIK)becomes greater than 

pl.  (n1 is chosen from numerical stability considerations) 

2) On the forward run try applying u = u*A-pbx on 

the whole time interval [to,tf]. Calculate the cost, and 

hence the improvement AV. Check whether criterion (4.31) 

is satisfied. If it is, then proceed to the next iteration 

of the main algorithm. If not, go to 3) 

3) Use (4.36) and (4.31) to subdivide the time 

interval tf - to in order to find a time N1 
such that 

(4.31) is satisfied. If no N1  can be found that satisfies 

the criterion with c = .5, then replace it by c = o and 

try again. If still no N1  can be found this implies that 

the cost cannot be decreased further, so halt the 

computation. 

The above procedure is just one way of finding t1. 

There may be many other ways. One alternative is to 

choose tI experimentally in order to maximize AV. This 

could also be done in the algorithms of Chapter 3, where E 

could be chosen experimentally. 

We have found, however, that the procedure described 

in this Section is very simple to implement and succeeds 

in the numerical examples that we have attempted. Some 

difficulty was encountered on a near singular problem. 

This is discussed when describing the numerical results. 
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In general it is difficult to propose a step size 

adjustment method that succeeds perfectly in all non--

linear problems. It must be appreciated that although 

the algorithms developed in this thesis are very general 

in nature, it is often necessary - to 'tune' them to the 

particular problem being-solved. In particular, this 

is true of step size adjustment methods. 

Since the step size adjustment procedure described 

in this Section produces a corner into the new nominal 

trajectory, we are in fact introducing the notion of 

strong variations. 

We define a weak variation in the followin way. 

If we have a nominal trajectory x(t) = x(t) 9  t([to
,t
f
] 

then 5x(t) is a weak variation of x(t) iff 

145x1 < E 	 (4.37) 

I(/46x)t- ( 	 (4.38) 

where ( is greater than zero. 

A strong variation is when only condition (4.37) holds. 

It should be recognised that the variations 5x(t) 

introduced in Chapter 3 are in fact weak. In this 

Chapter we introduce a corner into the trajectory so 

(4.38) may be violated although (4.37) remains true. 

Strong variations have been used in theoretical 

studies of optimal control problems. In fact Pontryagin's 

Minimum principle is proved using such variations. Halkin 

[18] also allows strong variations. 
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To our knowledge this is the first time that the 

notion of strong variations has been introduced into 

second-order successive approximation procedures. 

It will be seen that this new second-order algorithm 

can handle a much larger class of non-linear problems than 

the algorithms of Chapter 3. 

4.2.2 The Computational Procedure for the Second-Order 
Algorithm 

1) Using a nominal control d(t) , tE[to,tf] run a 

nominal R(t) trajectory. Calculate the nominal cost. 

2) Using boundary conditions (4.24) integrate equations 

(4.21) - (4.23) backwards in time from t to to all the 

while minimizing H w.r.t. u to obtain u* and storing u*(t) 

and gt). Note also the time Neff  whenla(R;t)lbecomes 

greater than 	l chosen from numerical stability 

considerations. 

3) Apply control u(t) = u*(t)-0(t)ox(t) over the 

whole time interval [te,tf] and compute a new x trajectory 

and corresponding cost. If condition AV > c is satisfied 
-are-o) 

repeat step 2) after replacing the old nominal trajectory 

by the new trajectory. If the criterion is not satisfied 

apply the 'step size adjustment method' of Section 4.2.1. 

When a satisfactory trajectory is found go to 2) 

4) At the end of each step 2) Check the size of 

la(xe,t0)1 	and stop the computation if it is less than 
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One might think that minimizing H(R,u,Vx;t) 

w.r.t. u at each instant of time going backwards from 

tf to to is 'too much- work,. In practice, however, it 

is quite straight forward. There are two cases to consider. 

a) The minimization of H can be done analytically. 

In this case there are no difficulties. 

b) The minimization of H must be done using some 

sort of numerical method. 

During the past 10 years some very powerful hill-

climbing techniques (minimizing methods) have emerged 

[6l],[62]. In our opinion, the method described in [61] 

is a considerable advance over older methods (Newton- 

Raphson, Steepest Descent). 	The function to be 

minimized and its first derivatives are calculated and the 

inverse matrix of second derivatives is estimated from 

this data as the procedure progresses towards the minimum 

of the function. 	Thus, when the minimum is reached, an 

estimate of the inverse of the matrix of second derivatives 

evaluated at the minimum, is available. This estimate is 

constructed in such a way that it is always positive-

definite. 

Consider using the method described in [61] (The 

Fletcher and Powell method, abbreviated F and p) for 

minimising H w.r.t. u. 

At t=tf we use F and,P to minimize H. 
The procedure 

supplies us with an estimate of Huu-1  (x,u*,Vxf) 
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which we can use as our best estimate of Huu-1(tf-At) 

[we have dropped the other arguments for convenience.] 

Note that if u*(t) and H(t) are continuous, smooth functions 

of time then Hu  -1 changes little in an interval At. This 

means that Huu-1(tf) 
 
is a good estimate of Huu-1(tf-At) 

and u*(tf) is a good estimate of u*(-y-At) so that, at 

tf-At, the F and P routine has little difficulty in 

quickly attaining the minimum of H(tf-At). The argument 

holds also for any t([to,tf]. We note that Huu-1(t) 

generated by F and P is an estimate of Huu-1  at u*,t 

so that when we have finished minimizing H(t), we may 

use Huu-1(t) to calculate p(t). However, it is possible 

that the minimum of H(t) is reached and the resulting 

-1  H 	(t) is not a very good estimate of the true  Huu-1(t) 	 Huu-1(t)  

evaluated at the minimum, u*(t). The goodness of this 

estimate can be checked and updated readily, in the 

following way: 

We have that 

Huu Huu = 	
(4.39) 

where ( is a matrix which is a measure of thO difference 

between Huu-land Huu-1 Now if the elements of( are 

large, then Huu-1   is a poor estimate of Huu and so the 

best thing we can do is to invert Huu  and use it for 

determining p. If the elements of E are small, then we 

can do the following: 
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= CI-141H -1 

uu 

	

-1 ..
Huu 	C  = CI-E+ 2 

71 	uu-1  

If ( is quite small then 

	

uu 	. 

	

-1 . 
= 	 .1 

(4.40) 

	

H 	CI-E] uu 

Equations (4.39) and (4.40) may be used recursively 

to determine H 	from H 

	

uu
-1 	

uu 1 and H uu 

In many control problems one finds that there are 

relatively few control variables and so there is not much 

point in using Equations (4.39), (4.40), since Huu  can 

be inverted easily. Equations (4.39), (4.40) could be 

useful if there are more controls than, say, three. 

4.2.3 Characteristics of the Algorithm  

1) The procedure exhibits one step convergence for 

the L.Q.P. problem since the expansions to second-order 

for V°, L and f are valid globally. 

2) In a neighbourhood of the optimum, convergence is 

rapid for non-linear problems since the second-order 

expansions represent the functions well for small ox andou. 

3) Constraints on control and/or state and the end-

point cannot be treated directly. (We shall extend the 

method to take account of end-point and control inequality 

constraints.) 

4) The algorithm is very much more powerful than the 

methods of [52j, [53], E54] and E55] for the following 

reason: 

uu
-1  RIU,Vx;t) is not required to be positive-definite  

From (4.39) Huu-1  

whence 
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In this algorithm we minimize H(5-c l u,Vx*It) w.r.t. u and 

so require only that Huu-1  (R,u1 Vx,t)exists and is positive-

definite at the minimizing u = u*. i.e. we require 

that H(Tc l u,Vx;t) be strictly convex only in the neighbour-

hood of u*. This is a much less restrictive requirement, 

since functions are often largely quadratic in the 

neighbourhood of their minimum. We are thus able to 

handle a much larger class of non-linear problems than 

existing second-order successive approximation methods. 

5) On certain non-linear problems, convergence is 

likely to be more rapid than with the methods [52] - [55] 

for the following reason: 

In methods [52] - [55] small corrections in control, 

Ouuu 
-1
Hu  , are made. Now in some problems - non-

linear in u - it is quite possible (depending on the 

parameters of the system) that a step bu of this magnitude 

produces small ox's which are well within the limits 

required by the expansions of V, L and f w.r.t. bx, but 

the magnitude of the bu is just within the limit required 

by the expansions w.r.t. bu. 

Since almost all the computing effort has gone into 

determing Vx, Vxx  - the defining parameter of the 

expansion for V - and since from the above the maximum 

possible ox's will not be produced, we see that the 

methods may not make efficient use of the calculated 

Vx and VXX. 
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The new algorithm minimizes H w.r.t. u and so the 

Lc's produced are the maximum possible. We thus utilise 

the expansion for V, to the full. Of course, the 5x's 

may be too large, in which case we have to use the step 

size adjustment method: 

(Halkin [57], in a different approach to the control 

problem, has realised the importance.of not expanding 

L and f w.r.t. u about ri.) 

6) If the ox's are too large, as measured by criterion 

(3.31), then the 'step size adjustment method', described 

in Section 4.2.1, must be used. 

Assuming that the problem is very non-linear, we 

shall find that the step size adjustment routine must be 

used a number of times in order to determine tl' which 

will be close to tf. 	Each time the procedure is used 

we have to integrate equation (4.28). However, as ti  

tends to tf' 
we integrate (4.28) over smaller and smaller 

time intervals tf  - tl. This is in contrast with the 

step size adjustment method of Chapter 3 where, in order 

to determine E, the x equation has to be integrated over 

the whole time interval tf - to
. So in non-linear problems 

it is likely that the new algorithm will use less computing 

time in determing tl, than the other methods in deter-

mining E. 
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4.2.4 A Computational Trick that Improves Convergence Rate 

In the algorithm described in Section 4.1 the new 

control is computed using 

u(t) = u*(t) + p(t)bx(t) 	(4.41) 

Now it can happen, in non-linear problems, that p(t)bx(t) 

becomes too large and so invalidates the local expansions 

in bu. However, bx might still be small enough for 

Vx(R+bx;t) = Vx  ± VXXbx to be valid. we conclude that 

we could use the following alternative way of computing u(t). 

Instead of storing u*(t),J3(t), store Vx(t) and Vxx(t). 

When applying u(t) to the system, compute it directly 

by minimizing H(R+bx,u,Vx+V bx,t) w.r.t. u either 

analytically or using the F and P routine. In this way 

the radius of convergence of the algorith, (i.e. the 

maximum size of bx allowed) may be increased. Very often 

the min H operation can be performed easily. 

4.2.5 Sufficient Conditions to Guarantee a Reduction in 
Cost at Each Iteration 

In order that the cost decrease at each iteration, for 

bx's sufficiently small, a(R;t1) must be less than zero. 

Sufficient conditions for a(R*,t1)‹o are that, for t(fto,tf]: 

1) H(x,u*,Vx,t) < H(R,TI,Vx;t) 	u* / a 

Since u* minimizes H, 1) is equivalent to: 

Hu(x,u*,Vx;t) = o 

H -1(5c lu*I Vx;t) positive definite. uu 



L05. 

2) The solutions of equations (4.21) - (4.23) be 

bounded. 

4.2.6 Proof of Conditions 4.2..5 

t, 
a(R; 1) = -ft CH(x,u,Vx;t) - H(X,u*,Vx°,t)]dt 	(4.42) 

f 

For a(R,ti) < o it is sufficient that 

H(ii,U,Vx;t) > H(R,u*,Vx;t) 	u* t  u 	(4.43) 

Now u* is the control that minimizes H, so (4.43) is true 

for a ( u*. 

Since u* minimizes H we have that; 

Hu(5-c,u*,vx*,t) = o 

uu-1(x - H 	,u*,Vx,t) is positive-definite. 

As before, we require the various quantities to be bounded 

and so require the solutions of equations (4.21) - (4.23) 

to be bounded. 

4.3 A New First-Order Algorithm for Free End-Point Problems  

Let us assume that we expand V(x+bx,t) to first-order 

only. 

V(545x,t) = V+a-F<V ,E)x> 	(4.44) 

We obtain the following set of equations using Equation (4.1) 

-Vx  = Hx 	Vx(tf) = Fx(R(tf)) 	(4.45) 

= H-H(X,U,Vx;t) 	a(tf) = o 	(4.46) 

where the quantities are evaluated at R,u* unless other-

wise stated. u* is the u that minimizes H(R,u,Vx,t) 
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The new control that is applied is 

u(t) = u*(t) 	 (4.47) 

The step size adjustment routine of Section 4.2.1 is used. 

4.3.1 Characteristics of the Algorithm  

1) The algorithm is fundamentally different from that 

of Section 3.7 (i.e. the gradient method) in that (4.45) 

is integrated backwards along R,u* and that u(t) = u*(t) 

on the forwards run. 

2) Provided that the partial. derivatives Vx  are 

reasonably large compared with Vxx, the first-order 

expansion (4.44) will be adequate to describe V for small 

variations bx. One should expect this first-order algorithm 

to have quite a good convergence rate since, even though 

it is first-order in bx, global changes are made in u. 

This is in contrast to the gradient method where 

bu = -EHu °,c >0. 

3) The algorithm uses the 'step size adjustment 

method' of Section 4.2.1. Since V is expanded to first-

order only, it might be necessary to repeatedly use the 

step size adjustment method a number of times before a 

suitable t1 is found. However, as explained in Section 

4.2.3 point 6), the integration of the x equation is done 

over ever decreasing time intervals tf  - t1  and so, it 

is likely that the method will be faster than the 

gradient method where ( has to be chosen. Note also 

that ti(Ctoltf]. 	( is required to be greater than zero, 
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but we do not have an upper bound for it, so that the 

choice of ( might be quite tricky. 

4) Consider the problem: 

x = Ax + Bu°, x(to) = o 
	(4.48) 

min V = ft
tf  L(u,t)dt + <b,x(tf)> 
	

(4.49) 

If L is a convex function of u, it can be shown easily, 

that our first-order method solves this problem in one 

step since V°  is a linear function of x. This is not 

true of the gradient method where only a small change in 

control 6u, is made at each iteration. 

In Chapter 5 we test a similar first-order algorithm on 

a number of non-linear examples and show that the con-

vergence rate is acceptable. 

4.4 Computed Examples  

In this Section we describe some simple control 

problems which serve to illustrate numerically the most 

important difference between the new second-order algorithm 

of Section 4.2 and those of Chapter 3. That is, we 

illustrate point 4) of Section 4.2.3. 

I. We consider the same problem as in Section 3.6 namely: 

x . -.2x + 10Tanh u 	x(to) = 5 
	

(4.50) 

Choose u(t) 	t(ro,.5] to minimize 

V = 105(10x2  + u
2  )dt + 10x2(t ) 
	

(4.51) 

The problem, though simple, is a good illustrative one 
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- - since along certain non-optimal trajectories huu-1  (x,u,Vx,t) 

is not positive-definite. 

we have 

H(x,u,Vx,t) = 10x2+u24-Vx(-.2x+10Tanh u) 	(4.52) 

whence 

Hx  = 20x - .2Vx 

Hu = 2u + 10Vx(1-Tanh
2u) 	(4.53) 

uu = 2 -20VxTanhu(1-Tanh
2u) 	(4.54) 

Hux = 
HXX = 20 

Fx  = 20x(tf) 	FXX = 20 

Using the above expressions, the second-order 

algorithms of Section 3.1, 4.2 are programmed easily. 

In the experiment a fourth-order Runge-Kutta 

integration routine was used. The interval Co,.5] was 

divided into 100 steps. 

Let us examine the expression for Huu  along a 

nominal trajectory. 

H 	= 2-20Vx Tanh5(1-Tanh
2-  u) 

uu 	
(4.55) 

Now, depending on the relative values of Vx,a it is quite 

possible that Huuland hence Huu  will  be non-positive. 

i.e. there is no guarantee that H uu
-1(R,a,Vx;t)>o 

From the above it is clear that there is no 

guarantee that the methods of Chapter 3 will be able to 

solve this problem. 
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The new algorithm (Section 4.2) requires only that 

uu-1(x - ,u* I V I t)>o. 

At u = u* we have, from (4.53), (since Hu(R,u*,Vxe,t)=o) 

(4.56) 

= 1 ; if Vx  = o, since u* = o 	(4.57) 

Using equations (4.56), (4.57) in (4.54) 

Huu(R,u*,Vx,t) = 2+4u*Tanhu* 	(4.58) 

Now u*Tanhu* > o for all u* so, by virtue of (4.58), 

Huu (R,u*,Vx;t) > o regardless of the nominal trajectory 

We expect, therefore, that the new algorithm will not fail 

to find a solution to this problem. 

A nominal control u(t) = +1 ; t(Co,.5] was applied 

to the system (4.50) and an attempt was made to use the 

methods of Chapter 3 to improve this nominal, non-optimal 

trajectory. 

The following behaviour was observed. 

At tf  = .5 ; x(tf) = 8.15, whence Vx(tf) = Fx(tf) = 163.0 

From (4.54) Huu(x,u,Vx,t) = 2.0-20.0 .163.0.Tanhl.0. 
(1.0-Tanh21.0) 

= -1040.0 

i.e. Huu at tf is negative using this nominal trajectory. . 	0 
It was found that as the equations for VX,VXX were 

integrated backwards, Huu remained negative all the way. 

On the forward run no improvement in cost could be 

obtained, as a result the computation terminated. 

that (1-Tanh2u*) = -2u* ; if Vx / o 1-07; 
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Starting from the same nominal trajectory, the new 

algorithm was tried. By (4.58) above, Huu(R111*,Vx,t) 

remained positive on the interval Co 1.5]. (u* was 

determined by quadratic prediction C66]). On the 

forward run a reduction in cost was achieved and after two 

iterations, the optimal trajectory was reached. The 

progress of the algorithm is illustrated in Fig 2 which 

shows the cost V as a function of the iteration number. 

Fig 3 shows the nominal and optimal control functions. 

This simple example illustrates the failure of the 

second-order methods of Chapter 3 to find a solution to 

a control problem where the nominal trajectory is such 

that Huu-l(R'a'Vx;t) is  non-positive-definite. The new 

algorithm where H(R,u,Vx;t) is minimized w.r.t. 

easily finds the optimal trajectory. 

It should be noted that when using the new algorithm, 

the technique of minimizing H(R+Ox,u,Vx+Vxx5x;t) w.r.t. u 

was used on the forward run, as suggested in Section 4.2.4. 

The same problem was tried using (4.27) to calculate the 

new control; four iterations were required to reach the 

optimum. This is due to the fact that H is very non-

linear in u and so, u = u*-06x is valid only for very 

small variations bu from u*. An increased radius of 

convergence is thus obtained by choosing u by 

min H(345x,u,VX+VXX15x.,t) 

In all later computations u is determined by 
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minimizing H on the forwards run, unless otherwise specified. 

This is in order to achieve the greatest possible radius of 

convergence, given that V is expanded to second-order only. 

II The Dreyfus Rocket Problem 

In [28] Dreyfus used a first-order type of method 

to solve a rocket problem. Mitter [52] attempted the 

same problem using his Second-Variation method. 

The Problem is: 

Launch a rocket in fixed time, to a given altitute, 

with a given final vertical velocity component and 

maximum final horizontal velocity component. 

We shall assume that the rocket is governed by the 

following differential equations. (The approximations 

and assumptions necessary to arrive at these equations 

are given in [28]) 

= X3 
	

• 
5 Xl(t0) 

	
= 

x2  = 	o 

1 X2(t0) 

	= 0 

x
3 	

a cos u 
	o 

1 X3(to) 
	= 0 

x4= a Sin u - g 
	o 

1 x4(to) 
	= 0 
	(4.59) 

xl  is the horizontal range (feet) 

x2 is the altitude (feet) 

x3  is the horizontal velocity component (feet/sec) 

x4 
is the vertical velocity component (feet/sec) 

We are required to choose u(t) ° t(Co tf  to maximize 
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x
3
(t
f) subject to the constraint that 

x2(t1) = 100,000 feet 

x4(tf) = 0 feet/sec. 

The final time tf is given as 100 seconds. 

Notice that x1 does not enter into the control problem 

and so need not be considered. 

In order to change the problem from a maximization 

to a minimization, we minimize - x
3
(t
f
) 

So V = -x3 =
f-a cos u dt = fofL dt 

The relevant differential equations are: 
• 
X2  = X4  

x4 = a Sin u-g 

a is given as 64 feet/sec2 and g as 32 feet/sect  

(4.60) 

(4.61) 

In this Section, we approximate the end-point 

constraints by using a penalty function which artificially 

costs the end-point error. 	The end-point problem is thus 

conveniently avoided. (Later in the Chapter we re-consider 

this problem, and solve it directly by using an algorithm 

especially developed for end-point problems) 

2 V = Jof- a cos u dt 	r[(x2-100,000)2 ± x4] (4.62) 

It can be shown that by solving the problem for 

r = r1, r2, ...rn,(rn> 92  >r1  ), that as n > co 

and rn *Go , so the solution of the free end-point 

problem (4.62) tends to the solution of the end-point 

problem. 	Since we are interested only in illustrating 
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the free end-point algorithm of Section 4.2, we arbitrarily 

set r = .0002 and keep it at this value. 

Hitter, in [52], used a penalty function when 

attempting to use his Second-Variation method. 

For this problem we have 

= -a cos u + Vx x4 + Vx (a Sin u-g) 
2 	4 

Hu  - a Sin u + a V
x4 

cos u 

H 	= a Cos u - a V Sin u Huu 	x4 

F. (tf)= 2r(x2  - 100,000) 
2 

Fx  (t f)= 
4 

(4.63) 

(4.64) 

(4.65) 

(4.66) 

The algorithm of Section 4.2 was programmed easily. 

Three hundred integration steps were used. 

As with the previous example, we see that it is 

possible for H uu(R,U,vx;t) to be non-positive-definite 

along non-optimal trajectories. Mitter [52] was 

continually hampered by Huu  becoming either negative or 

zero, (which besides other effects, caused difficulties 

in integrating the Riccati equation) and had to resort 

to the ordinary gradient method to produce a trajectory 

sufficiently close to optimum before the Second-Variation 

algorithm could be used successfully. 

Now our new algorithm of Section 4.2 requires Hu=o 

so Hu = a Sin u*  + a Vx4 
cos u* = o 	(4.67) 

whence u* = Atan(-Vx4) 	 (4.68) 
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(in this example we are fortunate in being able to solve 

for u* analytically and so no numerical method is needed 

for minimizing H w.r.t. u) 

From (4.65) 

Huu = a cos u* - aVx Sin u* 4 

= a cos u* + a Sin u* . Sin u* (using (4.67)) 

Cos u* 

a  
cos u* 
	

(4.69) 

This quantity is always positive since u* given by (4.68) 

will lie between -90°  and +90°. So in this problem too, 

we find that Huu-l(R,u*,V;It)>o regardless of the 

nominal trajectory. 

The algorithm was started with a nominal control 

given by 

a(t) = 1.6 - 1.5 t 	 (4.70) 

This is the same nominal control as used by Dreyfus and 

Mitter. r was set as .0002. The results of the com-

putation are shown in Figs 4 and 5. Fig. 4 shows the 

cost V, as given by (4.62), as a function of the iteration 

number. Fig. 5 shows the nominal control of (4.70) to-

gether with the optimal control and an intermediate one. 

The nominal values of x2,  x4, V and x
3 

were: 
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The final values of x2' x4' 

x2(tf) = 99,920 feet 

V and x
3 

after 7 iterations are: 
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x2(tf) = 108,721 feet 

	

X4(tf) = 	1180 feet/sec 

	

V = 	11100 

	

x3(tf) = 	3574 feet/sec 

x4(tf). 	811 feet/sec 

V = -4040 

x3(tf) 4176 feet/sec 

It should be noted that we have not solved the rocket 

problem, since the end-point constraints are not satisfied. 

We have, however, determined the control that minimizes 

V given by (4.62). The new second-order algorithm has no 

difficulty in finding this optimal control whereas the 

Second-Variation method, described in [52], fails due to 

- - Huu-1 (x,u,X;t) being non positive-definite along some 

nominal trajectories. 	This true also of the D.D.P. 

methods of Chapter 3. 

The above two examples serve to illustrate that the 

new second-order algorithm for free end-point problems, 

derived in Section 4.2, is more powerful than existing 

second-order and Second Variation methods in that the 

- requirement that Huu1 (R,u* ,Vx
;t) be positive-definite 
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is much less restrictive than the requirement that 

uu-1 ,7 (x,U,Vx;t) be positive-definite. 

III The Rayleigh Equation  

In this example, the solution of the Riccati equation 

becomes unbounded when integrating backwards from tf  to to  

along some nominal trajectories. It is demonstrated that 

the new second-order algorithm is still able to achieve a 

reduction in cost at each iteration and moreover, reaches 

the optimal trajectory after 9 iterations. The methods 

of Chapter 3 fail to solve this problem. 

Consider the following control problem 

xi  = x2 	 , xl(to) 	-5. 

x2  = -x1  +1.4x2 	2 - .14x3 + 4u 	; x2(to) = -5. 

(4.71) 

Find u(t) 	t(Co,2.5] to minimize 

V = 
J.2.5 (xi u2)dt 
0 (4.72) 

Since the dynamics are linear in u and V is quadratic in u 

it can be verified easily that, except for the step size 

adjustment routines, the D.D.P. method of Section 4.2 is 

exactly equivalent to those of Sections 3.1, 3.1.3. 

H = x1  2+u
2+V x +V (-x1  +1.4x -.14x2

3+4u) x1 2 x2 	2 

Hu = 2u+4Vx2 
; whence u*  = -2Vx 2 

Huu = 2 > o 

(4.73) 
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2x1  - V
x2 

Vx 	1.4V
x2 	

. 2x2
2
V
x2 1 

(4.74) 

An arbitrary nominal control of 

a(t) = —.5 ; t(Co,2.5] 	(4.76) 

was chosen. 

One hundred integration steps were used. 	The methods 

of Chapter 3 were tried firstly. It was found that during 

the backwards integration of the Vx, VXX equations, their 

solutions became unbounded. The integration step—size 

was reduced by increasing the number of integration steps 

from 100 to 1000, but the same behaviour persisted. This 

meant that the methods could not be used. 

Since, for this problem, the Vx  equation is linear 

in Vx, its solution can be unbounded only if Vxx  becomes 

unbounded. i.e. if the solution of the Riccati equation 

becomes unbounded. 

Now, from Section 3.1.5, we have that sufficient 

conditions for the boundedness of the Riccati solution are 
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that: 

Tv  -1 
lixx - 

v 
-ux -u 

v  -ux is positive semi-definite 

Huu-1 is positive definite 

Fxx(R(tf)) is positive semi-definite 

The second and third conditions are satisfied since H uu.2, 

FXX = o. In addition H ux = o. 

It turns out that 	given by (4.75) is not positive 

semi-definite all along the nominal trajectory. i.e. the 

above sufficiency conditions for the boundedness of the 

solution of the Riccati equation are not satisfied. This 

could account for the observed unboundedness of the VXX 

solution. 

The new algorithm of Section 4.2 was tried next. 

Once again the solutions of the backwards equations 

became unbounded. (they are the same equations as in the 

method of Section 3.1) However, using the 'step size 

adjustment method' of Section 4.2.1 a t1  could be found; 

tb < tl < tf -(tb the time at which the solutions became 

unbounded.)- such that an improvement in cost resulted. 

As the method progressed from iteration to iteration, so 

tb became nearer and nearer to. 	
Finally the optimal 

trajectory was reached along which all the equations had 

bounded solutions. i.e. the new second-order algorithm 

was entirely successful. 

Fig 6 shows V, (t) for various iterations, illustrating 
"2 
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how the time tb moved backwards to to as the optimum 

trajectory was approached. Fig 7 shows the cost V as a 

function of the iteration number. 

The above example shows that the new algorithm is more 

powerful than existing one's in the sense that the 

boundedness of the solutions of the backwards equations is 

not required on the whole interval Eto,tf along non-

optimal trajectories. We require only that they have 

bounded solutions on the interval (tb,tf] 	tb<tf  and 

that x (t) ; t((tb,tf] be non-optimal unless tb  < to. 

If these conditions are fulfilled, then one can 

always find a tl' using the procedure of Section 4.2.1, 

such that the cost decreases. 

It should be clear from the above, that the conditions 

of Section 4.2.5 are 'over Sufficient'. 

4..5 A Fixed End-Point Problem  

Let us consider the following control problem 

x = f(x,u,t) ; x(to) = xo 
	(4.77) 

Find u(t) , t(Cto,tf] to minimise the cost functional 

V(x0;t0) = ft
fL(x,u;t)dt 	F(x(y) 
	

(4.78) 

In addition, the following end-point constraints must be 

satisfied. 

e(x(tf)) = o 	 (4.79) 

where e is an s<n dimensional vector function. It is 

assumed that tf is given explicitly. 
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Mitter [52] and McReynolds and Bryson [53]  have 

presented Second-Variation methods for the solution of 

this problem, but the Differential Dynamic Programming 

approach developed in this Chapter does not appear to 

have been attempted previously. 

The algorithm that we shall derive is somewhat 

different from those of [52], [53] and has a number of 

computational advantages over those existing methods. 

4.6 Static, Constrained Minimization 

Before attempting to solve the problem of Section 3.8 

we shall first consider a constrained, static minimization 

problem. 

Minimize V(x) w.r.t. x subject to the constraint 

G(x) = o 	 (4.80) 

V is a scalar function of the n dimensional vector x. 

e is an s<n vector function of x. 

we define the set Y = (x: G(x) = o) 	(4.81) 

Let us assume that x = xoEY, V has a constrained relative 

minimum. 

Expanding V to second-order about x°  assuming the existence 

of the required derivatives we obtain 

V(x°+,5x) = V(x0) 	<vx,5x> + 1<Ox1 VXX8x> 	(4.82) 
7 

Now if V has a constrained relative minimum at xo, then 

<Vx'bx> + 1<bx'vxxbx> >0 2 
xo+bx(Y.  (4.83) 



127. 
Necessary and sufficient conditions for (4.83) to hold 

are clearly: 

<Vx' bx> = o 
	

(4.84) 

<5x,vxxbx> > o , X
o 
 170XCI 
	 (4.85) 

i.e. we require the necessary condition (4.84) that V 

must be stationary, to first-order, for variations bx 

about x°  such that x°-1-bx(Y. 

Consider the Lagrangian function J: 

j(x,ko,k) = koV(x) 	<k,G(x)> 	(4.86) 

where ko is a scalar Lagrange Multiplier and k is a s-

vector of Lagrange Multipliers. 

Consider minimizing J w.r.t. x, ensuring that x(Y 

minj(x,k,k) 
x€Y 	° 

min[k V(x) 
x(Y 	° 

4- <k,G(x)>] (4.87) 

From (4.87) 

J(x°1ko,k) = koV(x°) <k09(x°)> (4.88) 

= koV(x°) since x°EY 
(4.89) 

4.6.1 Necessary Conditions for a Constrained Relative 
Minimum of J 

Expand (4.88) about x°  to first-order 

J(x 4-bx,k ,k) = J(x°,ko,k) 	ko<Vx,bx> 	<GxTk,bx> (4.90) 

where x°±OxEY 

From (4.90) a necessary condition for J to have a con- 

strained relative minimum is that 

k o  <V x,bx> 4-<9: 
Tk,bx> = o 
	(4.91) 

where x°4-bxa 
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(Equation (4.91) ensures that for all bx sufficiently 

small, such that x°+bx(Y, gx°1-bx,kolk) = J(x°,kolk) 

to first-order.) 

Equation (4.91) is not much use as a necessary condition, 

since it holds only for x°A-bx(Y. 

Let us assume that we relax the condition x°A-bxEY 

and suppose there exists multipliers ko,k°  such that 

(4.91) is valid for all bx. Then we have 

ko Vxx
Tko  = o 	 (4.92) 

(superscript ° on the vector of k's denotes 'optimal values ')) 
Now k°  and x°  can be found from (4.92), (4.80). 

k°  can be solved for uniquely in terms of ko using 

(4.92) iff: 

1) the rank of GxT  is s 

2) the rank of [9xT: V x] is s 

(Conditions 1), 2) are necessary and sufficient from 

linear equation theory.) 

Since k° may be obtained uniquely in terms of ko' we 

can set k = 1 without loss of generality. So, given 

1), 2) above, there exists a unique set of multipliers 

k°  such that (4.92) is satisfied. Satisfaction of (4.92) 

implies (4.91). 

We have, therefore, that the following conditions 

are necessary for J(x,k°) and hence from (4.87) - (4.89) 

for V(x) to have a relative minimum w.r.t. x at x=x°  

for x(Y. 
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DJ = V,
'  Gx

Tko 

77  

aJ = e(x°) = 
(4.93) 

i.e. conditions (4.93) are necessary for (4.87) - (4.89) 

to hold. 

If the rank of exT  is r<s and the rank of Ea T:vx  3 is r<s .  

then r of the k°'s can be found using (4.92). The 

remaining (s-r) ko's may be assigned arbitrary values. 

If the rank of [exT  .VId 	> s then no solution to (4.92) 

exists without setting 'co  = o. 

For our purpose, the only case of interest is when 

both conditions 1) and 2) above are fulfilled. This is 

known as the normal case. 

4.6.2 Necessary and Sufficient Conditions for a 
Constrained Relative Minimum of J 

Expand (4.88) about x°  to second-order 

j( x04.5x70)=J(x0 ,k0)+<vx+exTkO ,6,x>-1-1<bx,(Vxx+k °Gxx)6x> 
7 	(4.94) 

where x°4-bx(Y. 

Since the first order terms are zero by (4.93), we have 

that <bx '(Vxx+k°exx)6x> 	0; x°45x(Y, together with (4.93) 

forms necessary and sufficient conditions for a con-

strained relative minimum of J w.r.t. x and hence, from 

(4.87) - (4.89), are sufficient conditions for V to have 

a constrained relative minimum w.r.t. x at x0. 

= 0 



4.6.3 Conditions for an Unconstrained Relative Minimum 
of J - A Degenerate Saddle Point 

For J(x,k) to have an unconstrained relative minimum 

w.r.t. x at x°,k°  we have the same necessary condition 

Vx +9x 
Tko 	o 	 (4.95) 

However, since we wish to allow all variations ox and 

not only those for which x°+bx(Y, our sufficiency con- 

dition is that; 

VXX+k
o
XX must be positive-definite at x°,k°  (4.96) 

Conditions (4.95), (4.96) ensure that 

J(x,k°) > J(x°,k°) for all x : lx-x°1  < (, 

Observe also that 

gx0,k0) J(x°,k) for all k 	1 k-k°1 < ( 
	

(4.97) 

A function F(x,k) is said to have a saddle point at 

o o . x ,k if there exists an E>o such that for all 

x , lx-x°1<(, and allik-k1< E 

F(x,k0) 	 F(x° ,k0) 	F(x°,k) 
	

(4.98) 

From (4.97), J(x,k) has a degenerate saddle point at 

o  xo ,k if (4.95), (4.96) holds, since 

J(x,k°) J(x°,k°) J(x°,k) (4.99) 

This implies min J(x,k°) = mingx,k°) 	(4.100) 
x(Y 

4.6.4 A Max-Min Expression for V(x°)  

Let us expand (4.93) around x°,k°  

Vx  -1-GxT ko 
	(VXX-1-koeXX)oxi-ex

Tbk = o 
	

(4.101) 
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8 8px / o 

(Notice (4.102) that we allow bx's which violate 

e(x0-1-6x) = o) 

Assuming VxxTk = o, we have from (4.101) 

6x = - (Vxx +k°49xx' 
)-ln xTbk  

(4.102) 

(4.103) 

(The matrix is invertible by condition (4.96)) 

Now expanding J(x,k) to second-order about x°,k°  we obtain: 

J(x°+,6x,k°4-6k) = V(x°)+<k°  , 8(x°  )>+<Vx+GxTk°  ,6x> 

	

4.<94-€4 6x,bk> 	l<6x,Vxx o8xx 6x> (4.104) 

Now substituting (4.103) into (4.104) we obtain, since 

et(xo) = ol  

oeXx) 
-1e*Tbk,bk) = J(x°,k°) J(x -C7xx+k   

-1<bk,8 CVxLi-k°Gxx] -18*Tbk> 7 	x  

(4.105) 

Now we have assumed VXX4dc
o
XX to be positive-definite and 

eTto have full rank s, so G CVXX-1-k°8kx 
-i

nx 
 T is  
' 

positive definite. Thus the quadratic form on the R.H.S. 

of (4.105) is negative. i.e. if we change k°  by bk and 

hence x° by bx (by(4.103)) maintaining (4.101), then 

j(xo+ox,ko+ok)  < j(xo,ko) 	 (4.106) 

This implies that J(x°,k) is maximized w.r.t. k subject 

to constraint (4.101). So we may write: 

V(x°) = mix non 	J(x,k) 	(4.10?) 
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A similar treatment of constrained optimization is to 

be found in [60], but our derivations are more in the 

spirit of the dynamic problem which we treat in Sections 

4.7, 4.8. 

4.6.5 Solution of the Constrained Static Minimization 
Problem 

Many algorithms have been proposed for the solution 

of this problem, mainly in the field of Non-Linear 

Programming. The study of such algorithms is a major 

one and is beyond the scope of this thesis. 	We shall 

content ourselves with one possible method of solution 

and shall make use of it again when solving the dynamic 

problem in Section 4.7. (A similar technique has been used 

by Hildreth for solving quadratic programming problems. 

Ref. [60] pg. 234) 

Suppose that we do not have the optimal x,o ko  but 

only nominal values R,R. 

In general: 

VX+9X Tk o 
	 (4.108) 

e(R) o 	 (4.109) 

Let us expand the R.H.S. of (4.108), (4.109) about R,17 to 

first-order. 

T V +8 k + (VXX+ReXX)8x x
Tbk (4.110) 

x x 
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Equating (4.110), 

required bx and 

bx 	-( 

The matrix can 

VXX + a)XX 
and 8X  has full 

(4.111) to zero 

bk, we get: 

and 

-1 

solving for the 

(4.112) 

(4.113) 

(4.114) 

VXX + 2GXX 	Gx
T 

Gx 	O 

VX + G T X 
k 

8 

be shown to be invertible 

is positive-definite 

rank s. 

if 

E 	o<(<1 is introduced to ensure that bx and bk are 

small enough to justify the expansion of (4.108), (4.109) 

to first-order only. 

The restriction that VXX+kGXX be positive-definite 

at R,17 is severe. (Even at x°,k°  it is a strong require-

ment since it implies that J(x,k°) has an unconstrained 

relative minimum at x°,k°  w.r.t. x) 

Equation (4.112) may be used iteratively until 

conditions (4.93) are satisfied. 

If V is a strictly convex function of x and if 8 is 

a set of linear, independent constraints then 

VXX + k8xx = VXX which is positive-definite, by the 

strict convexity condition. 8X has full rank because of 

the linear independence of the constraints. These 

conditions ensure that bx and bk can be computed using 

(4.112) since the matrix is invertable. 

If V is not a strictly convex function of x, but if 
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J(x,k) has an unconstrained relative minimum w.r.t. x for 

any k, one can first satisfy the necessary condition 

VX+8X
T-  k = o using a powerful hill-climber [61]. Then 

one can satisfy 8 = o using (4.112). Vxx  4.17cGxx  will 

always be positive-definite since VX-FeX
T  k = o is 

maintained. (i.e. we keep J minimized w.r.t. x, and 

successively change k and x until 0(x) = o) 

4.7 Adjoining the End-Point Constraints to the Cost 
Functional 

Let us return to the control problem formulated in 

Section 4.5. 

tf  
V(x°,t) 	min)  Lft  L(x01°,t)dt 	F(x(tf))] uT 

t<T<t — — f 

e(x(tf )) = o 

In a similar fashion to the static problem discussed 

in Section 4.6, let us adjoin (4.116) to (4.115) using 

an s dimensional vector of Lagrange Multipliers k. 

Assume that the resulting functional has an unconstrained 

relative minimum w.r.t. the function u(t)*, tE[to,tf] 

for any set of multipliers k. 

Thus we may write 

V°(x,k°;t) 
tf  

= max min 	[ft  L(x,u,t)dt+F(x(y) + 
k u(T) 	<k,e(x(t.F.))>] 

t<T<t — — f 	 J- 	(4.11?) 
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4.8 A New Second-Order Algorithm for Fixed End-Point 
Problems 

Let us assume that we do not know the optimal control or 

the optimal multipliers k = k°. We only have a nominal 

control u(t) 	tE[to,tf] and a nominal set of multipliers 

k. 

The nominal control produces a nominal trajectory 

via equation (4.77). It is likely that this nominal 

trajectory will not satisfy the end-point constraint (4.79) 

In a similar fashion to that described in Sections 

2.6, 3.1 let us expand V(xt,t) to second-order about R,E. 

i.e. V(R+bx,E+bk;t) 
	

V(RIE;t) + a +<Vx,bx> + <Vkbk> 

+<bk,Vxx  bx>+1<bk,Vkkbk> 

1-1<bx,VXXbx> 7 
(4.118) 

So the Bellman equation, in the neighbourhood of the 

nominal trajectory, becomes 

- as - <aVx,bx> - <avklok> — <bk,aVkxbx> 

TE.  75T 7T- 	at 	at 

-1<bk,aVkkbk> - 1<bx,aVxxbx> = 
7 at 	7 "Ef- 

min[L(R+bx,a+bu;t) + <Vx+Vxxbx +vxkbk,f(X-hbx,a+bu;t)>] 
bu 	 (4.119) 

We define H(x,u,Vx,t) = L(x,u,t) 	<Vx,f(x,u,t)> 	(4.120) 
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Consider the R.H.S. of (4.119) with bx and 6k equal to zero 

WEL(7E,5+6u*,t) + <Vx,f(37,5:+bu.,t)>] 	(4.121) 

Determining bu to minimize the quantity in the square 

brackets we obtain 

L(R,u*,t) + <Vx,f(R,u",t)> 	(4.122) 

where u* = 1'46u* is the minimizing control. 

Now re-introducing bx and bk into (4.122) we obtain 

min[1.,(7(+6x1u*+6u,t)+<Vx +Vxk  bk+Vxx  bx,f(5E+Ox l u*+bu°,t)>] 
bu (4.123) 

(The min is re-introduced since u* was chosen for x.R only) 
bu 

(where bu is measured w.r.t. u*) 

Now let us expand the quantity in the square brackets in 

(4.123) in terms of 6x, 6k and bu about X,k,u*. 

minCH+<H,,bu>+<Hx +Vxx  f,bx> + <bu,(Hux  +fu 
TVxx  )6x> bu 

+1<bu,H uubu> + 1<bx,(IiXX+fXTVXX+VXXfX)6x> +  

<Vxk
Tf'6k> + <Vxk x 

 Tfbx ' 6k> + <6u,fuTVxkbk> 

+ higher order terms] 	 (4.124) 

(All quantities evaluated at 5E,R,u*) 

Now from (4.122), since u* is the minimizing u, we have 

Hu(5c,u*,Vx;t) = o 
	 (4.25) 

So the terms involving bu are: 

ux +f u 
TVxx )6x> + <6u,fu

TVxk6k> + 	uubu> 

+ higher order terms 	 (4.126) 
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Now if bu is found as a linear function of bx and bk, then 

these terms will be quadratic in bx and bk plus higher- 

order terms in bx and 5k. 	So there is no point in 

finding a relationship between bu and bx and 5k which is 

of order higher than linear, since terms higher than 

second-order in bx and bk are neglected. (Since the 

L.H.S. of (4.119) is expanded only to second-order in 

bx and 5k.) 

We thus require a relationship 

Si 	1315x + (325k26k 	 (4.127) 

where pi  and p2  are chosen such that the contents of the 

square bracket in (4.124) is minimized. 

A necessary condition for minimality in (4.124) is: 

(differentiating w.r.t. bu and equating to zero) 

Hu
- 0 + Huu 	- bu  +(Hux  +fu 

T
Vxx )6x+fu TVxk bk + higher order terms 

in bx and bu andbk = o 
(4.128) 

Substituting (4.127) into (4.128) we obtain 

Huu p1  bx+Huu  p2  bk+_(Hux  +f u 
T
Vxx )5x-Ff  u 

TVxk bk + higher order terms 

in bx and 5k 

(4.129) 

Since equality holds for all bx and bk sufficiently small, 

we equate the coefficients of 5x and 5k to obtain: 

-a 	f  Tv  ) 
P1 = -Huu (Hux+-u vxx' 

and B 2 = -Huu
-1 f

u
T V
xk 

(all quantities evaluated at R,R,u*) 

(4.130) 

(4.131) 
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So equation (4.127) is an optimal linear controller 

relating bu to small changes in bx and bk. (where 

and p2  are given by (4.130) and (4.131)) 

Substituting (4.127) into (4.124) and neglecting 

terms of higher order than the second in bx and bk 

we obtain 

114.<01  Hu,E0c>4.<p2THu,bk>+<Hx-I-Vxxf,i5x>4.<VxkTf,5k> 

+<Vxk
Tfxbx'bk>+1<bx,(H xx  +fx  v +Vxx  fx  —p1 

T 
-uu1 p)bx> xx  

-1<bk
' 
 p THuu 32_ bk>+<bx,131 

Tf u
TV -bk> 

2 

(4.132) 

Expression (4.132) equals the L.H.S. of (4.119). Since 

equality holds for arbitrary bx and bk we may equate co-

efficients of like powers of bx and bk to obtain: 

—aV —aa = H 
Tf TE 

—avx 	= Hx+Vxxf+131TH 

—avk 	= Vxk
T
f-Fp2

THu 
TT- 

-avxk = f TVxk1TfuTVxk 
7E--  

—ovkk 	= —132THulaP2 
at 

T 
-aVxx x x xx xx x = Hx  +f V +V f -p,T Huuk 

at 	 (4.133) 

call quantities evaluated at R,R,u*) 
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Now in a similar fashion to that described in Section 3.1 

we have 

(V+a)* 	= a (V+a) + <VxIf(Tc la,t)> 
77 

Vx 	= avXXXf( -c,u;t) 

77— 

Vk 	= OVk + Vxk f 

at 

Vxk 	= avxk 
at 

Vxx 	= aVxx 

 

at 

Vkk 	= avkk 
at (4.134) 

Using (4.134) in (4.133) and recalling that -V = L(R ITI;t) 

we obtain 

-a 	= H- H(R,a,t) 

-Vx 	= Hx 	Vxx(f-f(R'U't)) 	P1THu=c)  

-Vk 	= Vxk-(f-f(m,U,t)) + p2THu=o 

-Vxk 	= (fxT  P1TfuT)Vxk 

-Vkk 	- -VxkTfulluu
-1f

uTVxk 

7T -f-v
7T 	, \, -1 

xx 	-xx 4 Lx
T 
 vxxxx-L x-411ux-f-Lu

T 
 vxx)

T
uuu (Hux+fu

T
Vxx)  -Vxx 	= 

(In the equations for Vick  and Vxx  we have used the 

expressions for p and p2 - Equations (4.130), (4.131)) 



From (4.122), (4.127) 

u(t) = u*(t) + 01(t)olx(t) + 02(t)olk 

At t = t we have, from (4.117), that: 

= F(R(tf)) + <k,e(R(tf))> 

140. 

(4.136) 

(4.137) 

whence: 

a(tr) 	= 0 

Vx(tf) 	= Fx(R(tf)) 	GxT(5-c(tf))R 

Vk(tf) 	= G(R(tf)) 

Vxk(tf) 	= G T(17(t )) x 	f 
VIlk f (t ) 	= o 

(4.138) Vxx(tf) 	= F xx (5(tf))  + 1--t Gxx(7c(tf))  

These are boundary conditions for (4.135) at tf° 

At t = to: V(xo,Ii+bk;t0) = V + a + <Vk'bk>+1<bk,V bk> 

2 
	(4.139) 

= Vk(tf) + f*°[V. 
T 
 (f-f07,17*,t))+132THuldt wf  

(4.140) 
(from (4.135)) 

(Recall that Hu  is zero by (4.125)) 

Now if we ensure that a(to) = o this implies (under certain 

conditions) that u*(t) = a(t) 	t(Eto,tf] and so from (4.140): 

av(x0 IR;t 0) 	= vk(tf) 	49-(R(tf)) 
7E   (4.141) 

So the two conditions a(to) = o 
	

(4.142) 

-a-E 
av(x 0.-"E;t ) 	= Vk(to) 
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and 
77  
aV(x
° 
 ,k;t0) = 19(x(y) = o 
	

(4.143) 

are necessary conditions for V to be minimized w.r.t. u, 

subject to the constraint G(x(tf)) = o. 

Conditions (4.142) and (4.143) are analogous to conditions 

(4.93) for the static problem. 

Now let us consider a computational procedure on the 

lines of that suggested in Section 4.6.5 for the static 

problem. 

Firstly, let us set k = 2 and, using the computational 

procedure of Section 4.2, let us reducela(x0,E*,t0)Ito 

zero. 	i.e. let us solve the free end-point problem 

with k = R in (4.117) 

Having reducedla(x0,R*Ito)1 to zero, we have from 

(4.139) that 

V(x0,1c+bk,t 	) = V(x0,R,t0) 

Now from (4.143), (4.144) 

V 	+ Vkkbk = o k 

whence bk = kk 	VkI=  
t 

 

<Vk,6k> + l<5k,Vkk5k> 

we require 

-Irkk-1@()7(tf )) 

(4.144) 

(4.145) 

orn 
The bk given by (4.145)%now be used in (4.136) to produce 

a control u(t) which forces the end-constraint G(x(tf)) 

to zero. However, because the problem is in general non 

linear, we have to limit the size of the change in 

the parameters bk. 	This we do by introducing Clo<(<1 
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into (4.145) 

5k = -EVkk 1Vk 	= -(Vkk-149(5E(Y)  1
t  (4.146) 

(Notice that we are assuming Vkk  to be invertible at to) 

If 5k is small enough, then (4.136) will produce a control 

that: 	1) reduces Vkk t
o 

, and hence G(x(tf)) 

keeps a(xo,k;t0) = o 

By successive application of (4.146) we change the 

parameters R.  by amounts 5k until Vki 	= o which implies 
to 

G(x(y) = o. The resulting k°  is the optimal set of 

multipliers. 

Let us assume that we have a(xo,kto) = o 

and G(xN)) = o then from (4.144): 

V(x0,1P4-6k;t0) = l<6k,Vkkelk> 	(4.147) 
2 

Now if Vkk is negative-definite we have from (4.147) 

that V is maximized w.r.t. k. i.e. we do in fact have a 

max min problem as suggested in (4.117) (We shall study 

conditions under which Vkk is negative-definite) 

Equation (4.147) is analagous to (4.105) for the static 

problem. 

4.8.1 The Computational Procedure  

1) 	Using a nominal control iii(t) ; tdt olt,] run a 
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nominal trajectory R(t) using equation (4.77). Using a 

nominal set of multipliers k = R; calculate -17-(x0,,t0) 

2) Using boundary conditions (4.138), integrate . 

a,Vx,Vxx  backwards in time from tf  to to  all the while 

storing u*(t) and p1(t). If la(x0,R;t0) I < 11 then go to 

step 3). If not, then use the computational procedure of 

Section 4.2.2 to reduce1a(x0,E;t0)1. i.e. treat the 

problem as a free end-point problem by keeping k = R. 

When la(x0,R;t0)1< 11 replace the old nominal trajectory 

by the new one and go to step 3). 
. 	• 

3) Integrate the Vxk'Vkk equations backwards along 

this trajectory and store 132(t) for t(Cto,tf] (Notice 

that Vk  = o) 

4) 'Apply control given by (4.136) and (4.146) 

(( = 1 initially) and compute a new x trajectory and 

corresponding G(x(tf)). If there has been an improvement 

in the end point error as measured by IG 'repeat step 2) 

after replacing the present nominal trajectory by the 

new one. If the end-point error is not reduced set 

E = ( and repeat 4) 
7 

.5) When la(xo,k°,t0)1 < 11 and IG(x(tf))1< ill  stop 

computation. /1 and /11  are chosen from numerical stability 

considerations. 

4.8.2 Characteristics of the Algorithm  

1) For the L.Q.P. problem (See Section 1.3) u as 
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given by (4.136) can be applied immediately with E = 1. 

The resulting u is the optimal control u°(t)°,t([toltf]. 

i.e. the procedure exhibits one step convergence. This 

special problem has been treated recently by Dreyfus [63] 

2) 	The necessary condition that Huu-1  (Tc lu*,Vx,t) 

be positive-definite is not nearly as restrictive as the 

- - requirement that Huu-1  (x,u1 X,t) be positive-definite, 

demanded by [52] and [53]. 

3) 	Constraints on control cannot be treated directly. 

4.8.3 Sufficient Conditions to Guarantee an Improved 
Trajectory at Each Iteration  

Sufficient conditions to guarantee a(xog*Ito) < o 

(i.e. the free end-point problem) have been treated in 

Sub-Section 4.2.5. We repeat them here for convenience. 

For tE[to,tf] we require that: 

1) H(R,u*,\Tx1t) < H(R,U,Vx',t) u*/u 

Since u* minimizes H, 1) is equivalent to 

Hu(x,u*,Vx;t) = o 

Huu -1(R,u*,Vx
,t) positive-definite 

2) The solutions of the Vx and 	equations be 

bounded. 

For the end point problem we require that: 

3) 
Vkk(to) be invertable (Equation (4.146)) 
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Sufficient conditions for Vkk(to)  to be negative-definite, 

and hence investable, are that: 

-1 - 4) Huu  (x,u*,V ,t) be positive-definite 

5) Gx
T have full rank s 

• 
6) The linear system bx = (fx-pfupl)bx 	fuSu be 

completely controllable. 

(quantities in 6) evaluated at x,u*)  

4.8.4 Proof of Conditions 4.8.3  

Conditions 1) and 2) of Sub Section 4.8.3 have been 

treated in Sub Section 4.2.5. Condition 3) is required in 

order to calculate bk using equation (4.146). 

We consider now the proof of conditions 4) - 6) 

The linear differential equation for Vxk  is 

Vxk = -(fx+ful31)TVxk 1 Vxk(tf)  = exT (x(tf)) 
	

(4.147) 

The solution to this equation is 

Vxk(t)  = °T(tf't)Vxk(tf) 
	

(4.148) 

where 0(t,tf),is the solution of 

0(t,tf) = (fx+fuk) 0(tItf) 	0(tf,tf) = I (4.149) 

We show that (4.148) is the solution of (4.147) in the 

following way: 

Since 0 is the transition matrix for the linear system 

bx = (fx  f pi)bx we have 0(t,t) = I = 0(t,tf) 0(tf,t) 

whence O(tf,t) = 0-1(t,tf) 	 (4.150) 
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Substituting (4.150) into (4.148) we obtain 

Vxk(t) = [0-1(t,tf )1TVxk(tf) 

So OT(t,tf) Vxk(t) = Vxk(t f)

Differentiating (4.152) w.r.t. t yields 

+ OT(t,t ) 	= W(t,tf) Vxk(t) 	f Vxk(t)  

. 	-• i.e. Vxk(t) = -E0T(t/tf)]- 10T (t,tf) Vxk(t) 

Now using (4.149) in (4.153) 
• 
Vxk(t) = -(fx+fu1)

T Vxk(t) 

(4.151) 

(4.152) 

(4.153) 

(4.154) 

Equation (4.154) is the same as (4.147) so (4.148) is 

indeed its solution. 

Now 

T, -1 T -Vkk = -Vxk IuHuu fu Vxk 

Using (4.148) in (4.155) 

(4.155) 

,. 
-Vkk = -V 	(t f) 0(tf,t)fuHuu  

-1f  u T0TCt f  
T 	 't)Vxk(tf)  xk  

(4.156) 

tp  
re J-,

p
(/ So Vkk(tf) = V 

T(t  f,NiLJt
0

tflt)fu HUU -1f U 	fl 
T0T(t t)dt 3VXk(tf)  

+ V ( ) kk-to- 

Since Vkk(tf) = o we have 
tf, 

Vkk- (to- ) = -VxkT(tf)Lit'0(tflt)fuu  H,u 
 -1fuT0T(tf,t)dt]Vxk(tf) 

(4.156) 

Now assume that the following system is completely con-

trollable. 

6x = (fx+fu(31)6x + fu6u 
	 (4.157) 
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Then ft

t
f 0(tf't)ffu

T0(tf't)dt is positive-definite (This o 

is a necessary and sufficient condition for the rows of 

0(tf,t)fu(t) to be independent on the time interval 

[to,tf] References [11], [64], [65]) 

Since Huu-1  is assumed positive-definite, we see that 

the bracketed quantity in (4.156 ) is certainly positive- 

definite 
tf i.e. 	 fuBuu fto0(t,,t) 	

-1ft,T0(tf,t)dt is positive-definite -  (4.158) 

Now we make the further assumption that the matrix 

Vyk(tf) = GxT  has full rank s 	(4.159) 

Then from (4.156), (4.158), (4.159) 

= - a positive-definite quantity Vkk(to)  

i.e. Vkk(to) is negative-definite and is thus invertable. 

So we have proved conditions 4) - 6) of Sub Section 4.8.3. 

The fact that Vkk(to) turned out to be negative-definite 

should be no surprise since we are maximizing V w.r.t. the 

multipliers k. (cf. Sub Section 4.6.4) 

4.9 Relationship of the Second-Order Algorithm to 
Available Second-Variation Methods 

Mitter [52] and McReynolds and Bryson [53] have also 

considered the fixed end-point problem and have presented 

Second-Variation methods for its solution. 

The major differences between our new D.D.P. algorithm 

and those of [52], E53] are similar to those already 

mentioned in Sub section 4.2.3 for the free end-point 
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problem and will not be repeated here. 

However, the following few comments are pertinent: 

1) Due to the nature of our algorithm (i.e. first 

satisfying the condition a(xo,kal to) = o and then reducing 

the end point error) we do not have to integrate the Vk  

equation. So our algorithm requires the integration of 2 

vector differential equations fewer than the Second-

Variation method (i.e. in addition to not integrating Vic, 

we have no h equations) 

2) Mitter makes the a priori assumption that his 

matrix p (analogous to our Vim) is positive-definite. He 

thus concludes that the cost is reduced at each iteration. 

We have shown that Vkk is in fact negative-definite if 

certain conditions are satisfied. This brings out the 

max min nature of the problem and it can be shown that the 
k u 

cost does not necessarily decrease at each iteration if 

one attempts to reduce a(x0,1C1t0) and Vk(to) simultaneously. 

Our algorithm overcomes this dilemma by solving the milin 

part of the algorithm and then the max. 
k 

3) Due to the Dynamic Programming approach, we find 

that our Vx, V 	Vxk' Vkk' Vk 
 have a definite geometric 

meaning as the partial derivatives of the cost functional 

w.r.t. x and k at time t. 	This interpretation is lacking 

in the Second-Variation approach since the quantities 
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analogous to those above are thought of only as multipliers 

and linear transformations. (This point is important 

when attempting the solution of the bang-bang problem 

Chapter 5)) 

4.10 Final Time tf Given Implicitly 

In some control problems, the duration over which 

control is to be applied is not fixed a priori. That is, 

the interval [to,tf] is not fixed. For a given to  this is 

equivalent to tf  being unknown. 

The unknown final time tf offers us an extra degree 

of freedom and we may make use of it by choosing tf  

optimally. i.e. we may choose tf so that the cost is 

minimized. 

To be more explicit, consider the following control 

problem. 

x = f(x,u;t) 	x(to) = xo 
Find u(t) 	t([toltf] to minimize 

tf  
V(xo 	-G ;t0) = f- L(x04t)dt + F(x(tf);tf) o  

subject to the constraints 

e(x(tf) ltf) = o 

The final time tf is not given explicitly so we can 

consider the cost V to be a function of tf. i.e. we treat 

tf as a parameter which is to be determined optimally. 

(4.160) 

(4.161) 

(4.162) 
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We may write 

o. 
V
o
(xo,k,

o  tflt_)=max min min[ft
f  L(x0f,t)dt+F(x(tf)°,tf) 

k t u(T) o 
tof 	+<kle(x(tf);tf)> ] 

(1+.1.63) 

Now let us assume that we do not know the optimal 

control or the optimal k° or the optimal time tf
o
° 

	

We have only a nominal control Ti(t) 	tCEt It 3 a o f ' 

nominal set of multipliers R and a nominal final time Tf. 

In a similar way to that descrited in Section 4.8, 

equation (4.118) we expand V(x,k,tf,t) about R,17,-Ef  to 

second-order in bx, bk and btf. 

V(Tc+bx,R+bk,Tebtf,t) = V+a+<Vx,bx> + <Vk,bk> 

+ Vt btf + <bk,Vkxbx> + <V_F  ,bx>btfl-<Vkt  ,bk>btf  

+1<bk,Vkkbk> + 1<bx,Vxxbx> + 1V, t  bt,2 

7_ 	 uf f 

whence 

aV(R+bx,R+bk,febyt) = Vx+Vxxbx+Vxkbk+Vxt btf 	(4.165) 

If these enuations are substituted into the Bellman 

P.D.E. then, in a similar way to that demonstrated in 

Section 4.8, the following equations result. 

• 
-a 	= 11-H(R,71,Vx;t) 

-VX 	= Hx+Vxx(f-f(R'74t)) 4-  P1
T H
u
=0  

-Vk 	= Vxk
T(f-f(Tc la;t))+ p2TH: 

(4.164) 
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-Vt 

xk 

-Vxt f  

= Vxt 
T(f-f(R117°,t)) + =o 

LI-11 

(fx+fuP1)TVxk 

= (fx+fuP1)TVxtf  

VxkTfulluu lfuTVxt 

-Vkk 
T-1 T = -Vxk fuhuu fu Vxk 

-VXX +f T +V f -(H + TV )TH -1( xx 	x xx 	 x ux f  u xx uu H  ux 	xx)  

-Vt t 	-1 
f f 	= -Vxtf fuHuu fu

T V
xtf 

u = u*-Ep15x+p2bk+rytf  

where 

-1 -H 	+f TV ) [31 	uu ux u xx 
-1 T 

132 =  -Huu fu Vxk 

-Huu
-1f

uTVxt f  p3  = 

(4.166) 

(4.167) 

all quantities evaluated at R,R,Ef,u*. 

Let us set k=rc and tf=76f and solve the free end-point 

problem using the algorithm of Section 4.2. i.e. 

we first reduce a(x0,K,-Ei,to)to zero 

This causes the Vk and Vt 
Vk(to) = G(x(Ef);Ef)f  

equations to be zero, so 

 

V
tf
(t0)= V

tf
(Ef) 

 

(4.168) 
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Now we require 8(x(tf)stf) = o = Vk(to) 

Ai 
and, for V to be mi4ed w.r.t. tf, we require the 

necessary condition V+  (%) 	 (4.169) uf  

At t=to: V(x0,R+bk,--Ef+btf,t0) = V + a=°+<Vk'bk> +V bt tf  f 

From 

i.e. 

+ <Vkt ,bk>btf f 

(4.169), 

Vk+Vkkbk+Vktf
btf 

Vt,+‹Vktf'
bk>+Vtftf

btf 

+ 1 
7 

(4.170) 

-( 

<bk'Vkkbk> + 7 

we require 

o 

0 

ufLf 

-1 

„. bt,2 

-L  

Vk  

Vt  

(4.170) 

(4.171) 

(4.172) 

bk 

btf  

Vkk 

Vt Vt f- 	ft  f 

Equation (4.172) allows us to solve for the improvement 

bk and btf  . ' (° o<(<1 ensures that these improvements are 

not too large. 

In order that the cost be minimized w.r.t. tf we 

require. also that: 

Vt t > o at t=to 	 (4.173) 
f f 

Vkk(to) is negative (Sub Section 4.8.5) and if (4.173) is 

satisfied it can be verified that the matrix in (4.172) is 

indeed investable. 

As yet we have not determined boundary conditions 

for (4.166) 
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Now we have 

V(x,k,tf,t) = fttf  L(x01.,t)dt +F(x(tf);tf)-1-<k,G(x(tf)°,tf)> 

(4.174) 

Recall that V is a function of the parameters x,k,tf  at 

time t. 

Let us evaluate (4.174) in terms of the nominal x,k and-Tf. 

E +bt 
V(R+Ox1R+Ok,-Tebtf;t)=ftf fL(x,u;t)dt+F(R+Ox+Ax;Tebtf) 

-1-<174-ok l e(Ri-bx+Lx;Ef -I-btf )> 

where Ax is the change in the x trajectory over the time 

interval Ef-Fatf-t. (R+bx is x at time t) 

Now we require boundary conditions at t=-Tf, so let us 

observe the above equation at t=Tf. 

+bt 
V(R+6x,E+Ok,Tf +btf' f)

f 	fL(x,14t)dt+F(R+Ox-FAx;Tebtf) tf 

+<E+bk,G(5c-pbx+Ax;Eebtf )> 	(4.175) 

i.e. we are observing the cost at t=r6f  having allowed 

variations ox in x, bk in k and btf  in tf  about R,E and tf. 

We expand now the R.H.S. of (4.175) up to second-order 

in 6x,Ok and btf. 
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Consider the integral: 

+bt 
f 
f 	fli(x,u;t)dt=L(X+bx,u*+bu,-Tf)bteldL(R+bx,u*-1,bu,r6f)btf2 

tf 	 2dt 

(4.176) 

The R.H.S. of (4.176) becomes: 

ai(2,11*;17f)4-.<1x  ,bx>4.‹L buox>+higher-order termsIbtf 
ax 

+1 d f)-1- higher—order terms]bt 2  7 77 

=[1,+<Lx ,6x>+<Lu ,au bx>]btfyLt+<Lx1f>+<Lu ,u>jbtf2  (4.177) 

Equation (4.177) is accurate to second-order. All 

quantities evaluated at R,u*,Tf. 

Now consider the second term on the R.H.S. of (4.175) 

F(X+bx+Ax*I Tebtf ) = F(5-c,ff )+<Fx(bx+Ax)>+Ftbtf  

2 
,(bx+Ax)›btf+1<bxAx,Fxx(bx+Ax )› 1Fttbtf +<Fxt 	7 

-F 	
7 	(4.178) 

where px=f(7+6x,u*A-bu,-Ef)bt,+1 df(Tc+bx,u*+bu,Ef) t,- 
2 

7 a 	1(4.179) 

(to second-order in btf) 

From (4.179) 

Ax=[f+f x bx+fu  aubx]ot +1[f +f f+f auf+fu 	f au ]bt 2 
f 7  t x u-- ax 	ax 	at 

(4.180) 

(to second-order in 6x, btf. Quantities evaluated at 

R,Eflu*) 
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So using (4.180) in (4.178) we have, to second-order in 

6x and btfl that the R.H.S. of (4.178) is 

F+<Fx,bx+fbt f  +fx 	f bxbt +fu  au bxbtelftbtf
2 

-- ax 	7 

+lf 	au fbtf  2+Ifu 	f - au bt 2+1fx f — fbt 2>+ Ft5ti ,+<Fxtlbx+fbt,>bt u ax  	-R. 	 f 

+1<bx'Fbx> + <bx F f>bt + 1<flF f>bt 2+ IF bt 2 xx ' xx 	f 7 	xx 	f 7  tt f 

(4.181) 

Now consider the third term of the R.H.S. of (4.175) 

<R+Sk,e(R+sx+Ax;r61.4-15tf)> <17+okle(R,Ef) ex(Sx+,6x) 

eext(Ox+Ax)stele (Ox+Ax)(bx+Ax) + le St 2  +Gtbt 7  xx 	tt f 

=<17,49+9x(bx+fettefxbxbtefu  au bxbt,+lf-btlfx f  fbt 2 7  t  

2 
f +Gxt 	f f +lf11 au fbt,2+1f11  au btf  +Gtbt 	(bx+fbt )5t +1Gxx  bxbx     

+Gxx 	f - fbxbt + 1 exx 	f ffbt a + 1 ett f bt 2  ,  
2 

<sic, e 	ex(8x4-fotf) 	etstf> 
	

(4.182) 

(to second-order) 

Adding (4.177), (4.181) and (4.182) 
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F + <R,G> [L+<Fx+9xTR f> + Ft+ <E,GObtf  

+<Fx' +9. -k'  6x> + <0-,6k> + <LX+f (FX+9.  K)
TLu ax 

+auTfu  T(Fx  +4 
TR) + Fxt. + 9xt

T- k + (Fxx+R9kx)f,6x>btf ax 

+<bk,9x6x> + <6k,9t  + exf>btf  

+1[4<9/Ti,ft>+<Lx+fxT(Fx+9xTR),f> + <Lu+fuT(Fx+9xTR),u› 
7 

T 
' +2<Fxtxt  k f> + Ftt 

 +<R,ett>4-<f (Fxx+1leXx)f>]btf
2 

+1<bx,(FXX+17c9XX)6x> 	 (4.183) 
7 

Now the L.H.S. of (4.175), expanded to second-order, is: 

V(,R,7Ef °,if )+<Vx ,6x>+<Vk ,bk>+Vtf btf+<bx,Vxtf>btf  

+<bx,Vxkbk>+<bk,Vktf>btf+i<bx,Vxx6x>+<6k,Vkkbk> (4.184) 

+17V tftfbt f2 

Now (4.183) equals (4.184). Equality holds for all bx, 

bk, btf  sufficiently small, so we may equate coefficients 

of like powers to obtain: 
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Vx 	= FX + GX

T-  k 

Vk 	
. 9 

- Vt 	= L + <Fx  +8x
Tk,f> + Ft + <R,et> 

Vxk 	
= Gx

T 

VXX 	= FXX + TiGXx 

Vkk 	. o 

T- 	- 	au  T Vxtf 	
= Fxt +8xt k+Lx  +fx  T(Fx  +0x

T  k)+ 	ELu  +fu  T(Fx  +Gx
T  k)] ,-  ox 

+ (Fxx  + R8• )f 
xx 

Vkt 	= Gt + Gxf 

FX+GX
T  k 

Vtft 

	

	lft> + <LX+fX
T F +8x k)lf> 

f 

+<Lu  +fu  T(Fx  +8x
T-  k),u> + 2,<Fxt+49xt

T-  k'f> 

+F -F<I7 G > + <f (F 	)f> tt tt 	xx xx (4.185) 

Now since Vx 	FX + 8X 

VXX = FXX + XX 

We have 	H(5-c l u*,Vx,Ef) = L + <Fx  + exTRIf> 	(4.186) 
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In view of (4.186), (4.185) becomes 

Vx = Fx  + G 
TR 

Vk = G 

Vt  = H + Ft  + <R,9t> 

V 	=T xk 	x 

Vxx =  FXX 	9XX 

Vkk o 

- Vxt 	= Fxt + Gxt
T  k + Hx  + auTHu

=o + VXXf ax 

Vkt = Gt + 9xf 

V tftf= Ht  + Ftt  <R,8& + <H,f> + <Hu=o lu> 

+2<Fxt + Gxt
T  k'f> + <f,VXXf> 

(all quantities evaluated at R,R,-Evu*) 

(4.187) 

Equations (4.187) provide boundary conditions for the 

differential equations (4.166) 

Although the derivation of these boundary conditions 

is rather tedious, we feel that this Dynamic Programming 

approach is still more direct, and easier to follow, than 

the Second-Variation Transversality derivations in [52] 

and [53] 
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4.10.1 The Computational Procedure  

The procedure is much the same as that of Sub Section 

4.8.1. However, in this case we have an extra parameter 

tf in addition to k. 	This means that the extra 
• 

differential equations for V 4_ , V7,1_ , V4_ 4_ 	must be xuf 	ufvf  

integrated. At t=to  changes 5k and Stf  are computed using 

(4.172.) and u(t) on the forwards run is given by (4.167). 

4.10.2 Characteristics of the Algorithm 

1) The algorithM requires the integration of 3 sets of 

differential equations fewer than the Second-Variation 
• 	• 

Methods. (There are no h equations and Vk' Vt 	are zero 

due to the way in which the algorithm is implemented) 

--c 2) The necessary condition that H uu 
1(5,u*,V ;t) 

be positive-definite is much less restrictive than 

- - requiring Huu-1  (x,u,Vx;t)positive-definite as demanded 

in [52], [53]. 

3) The necessary condition Vt t > o may be quite 
f f 

restrictive since, even with an L.Q.P. problem and linear 

end-constraints, it is unlikely that Vt t  > o will be 
f f 

satisfied for any R07,76f. 

4.10.3 Sufficient Conditions to Guarantee an Improved 
Trajectory at Each Iteration  

In addition to the conditions of Sub Section 4.8.3 
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t t f f 
(4.188) 

B11 	B12 

B21 	B22 

-1 

160. 

we require 

1) Vtftf(x0,R,Ef°,t0) > 0 

This is a sufficient condition, in conjunction with those 

of Sub Section 4.8.3, to ensure that the matrix in 

(4.172) is invertable. 

4.10.4 Proof of Conditions 4.10.3  

The proof that Vkk Vkt 

   

is invertable at to if 

   

Vt  
f f 

  

        

condition 1) of Sub Section 4.10.3 is fulfilled, follows: 

We have proved previously that Vkk  is negative- 

definite at to. 	Now the Matrix Partition Lemma states: 

where 

1-1 	-1 
B11 = Vkk 	Vkk Vkt z-1VtfkVkk 

B12 	= -Vkk
-1

Vkt z
-1 

-1 
B21 	= -z 1Vt kVkk 

= z-1 B22 
T -1 T z 	= V

tf tf - 
Vkt Vkk Vt k (4.189) 



161. 

(where Vkk  is sxs V 	is sxl Vt k  is lxs; Vt t  is lxi) -ktf 	f 	f f 

Since V is invertable, we require only that z be in- 
kk 

vertable for (4.188), (4.189) to hold. 

Since Vkk
-1 is negative-definite, -V,, TV  -1, T Ktf  kk vtfk 

is a scalar > o. Now if Vt t is > o then z is certainly 
f f 

non zero and hence is invertable. 

4.11 Computed Examples  

In this Section we solve the :Dreyfus Rocket Problem 

(see Section 4.4 Problem II) using the second-order 

algorithm of Section 4.8. We briefly compare the results 

with those obtained by Dreyfus using a first-order method 

and by flitter using a Second-Variation method. 

We repeat the problem hete for convenience. 

Choose u(t) ; tdo,100] to minimize 

V = -x3  = -fl0
00  a cos u dt 

subject to the constraints x2(100) = 100,000 feet 

x4(100) = 0 feet/sec 

The system Equations are 
• 
X2  = X4 
	x2(°) = 

x4  = a Sin u-g 
	

x4(°) = 
	 (4.193) 

We adjoin constraints (4.192) to (4.191) using Lagrange 

Multipliers k1  and k2 
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V(x,k;t0) = 0
100 
 - a cos u dt + ki(x2-100,000)+k2x4  

At t=tf V(x,k,tf) = k1(x2-100,000) + k2x4 

For this problem we have 

H' 	-a cos u + Vx x4+ Vx (a Sin u-g) 
2 	4 

Hxx  = o 

(4.194) 
(4.195) 

ux = o 	 (4.196) 

From (4.195) Vx(tf) k1  

k2  

Vks (tf  ) x2 - 100,000 

x4 

Vxk(tf)  

Vxx(tf) 0  

Vkks (tf- ) o 	 (4.197) 

Now consider the free end-point problem (4.194) with k.R. 

The relevant equations for this problem are, from (4.135), 

-a = H - H(R,ii,Vx;t) 

-Vx  = Hx  + Vxx(f-f(R,Ti;t)) 

+fu 
T
Vxx ) = 	f 	f -(Hux u xxuu  Vxx 	Hxx+ xT Vxx+Vxx x   
(4.198) 

Now in view of (4.196), (4.197) we make the observation 

that 

VXX(t) = a ; tE[to,tf] 
	

(4.199) 
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So, for this problem, (4.198) reduce to 

-a = H - H(R,E,Vx1t) 

-Vx = H 

From (4.136), u(t) = u*(t) since (p1  = o) 	(4.200)  

(It should be noted that only one iteration of the free 

end-point algorithm (i.e. equations (4.200)) is needed to 

find the optimal control for k=li. This is because VXX is 

zero on the whole time interval [to,tfJ) 

Having solved this free end-point problem we now 

integrate Vxk  and Vkk  backwards using boundary conditions 

(4.197). 

Starting with nominal multipliers k1  = 0.1 and R2=1.0 

and using the same nominal control as in Section 4.4, the 

procedure of Section 4.8.1 was applied and the optimal 

trajectory was obtained in 6 iterations. ( 1 minute of 

IBM 7090 time.) 

The progress of the algorithm is illustrated in 

Figs 8, 9, 10 and 11. Fig 8 shows the cost V (equation 

(4.194)) as a function of the iteration number. Notice 

the initial fall in cost at the first iteration. This is 

due to the minimization of V with k1=R1  and k2= 2. 

Thereafter, the cost rises as kl  and k2  are changed. 

(This is the 'max-min' nature of the problem) 

Fig 9 shows the control function as time for various 

iterations. Figs 10 and 11 are plots of x2  and x4 



/ 64. 

 

3 	4, 	5 	6 

ITERATION 

       

      

- 4 0 

      

-6%0_ 
	I 

FIG-. 8 



1.0 

CONTRO  

U. 
<RAnts.) 

165, 

3.0 

2.0 

NOMZN AL 

?'t--OPTIMAL : ITER. 6 

ITER. 3 

  

JO 20 30 40 50 
TIME (SECS.) 

70 	9'0 too 

—to] 

 

   

FIG 



1.4.0 

1.2.0 
ALTZTUI'E 

Xa  Ct.° 

1.00 
x 10 J 

0. SO 

-e— -0 

0 6 3 
ITERATION  

b‘i 

FIG. 1O 



I67. 

ITE RATION 

l.o 
VERT.  

V E L. 
4  MO 

0.5 

FIG-. I 



168. 

versus the iteration number. 

At the 6th iteration, x2  is within .1 foot of 

100,000 feet and x4  is within .1 foot/sec of zero. 

-V=x3=3508.0 feet/sec and k1° 	.0632°, k2°  = 1.4900. 

The analytic solution for this problem is known to be 

x
3 
 = 3507.9 feet/sec. 

Dreyfus obtained results of similar accuracy but 

required 29 iterations of a first-order method which used 

3 minutes of IBM 7090 time. 

Nitter_ used the penalty function approach mentioned 

'in Section 4.4, problem II when attempting to solve this 

problem using the Second-Variation algorithm. As men-

tioned in Section 4.4 Mitter found that convergence was 

hampered by Huu 
 -1(R,a,Vx;t) not being positive-definite 

along the nominal trajectories. In addition great 

difficulty was encountered in satisfying the end constraints. 

(See [52] PP 163 - 165) 

The second-order algorithm of Section 4.8 had little 

difficulty in solving this problem. Adjoining the end 

constraints to the cost functional by means of the 

Lagrange Multipliers kl  and k2 actually simplified the 

problem sinceVxx turned out to be zero on the interval 

[to,tf]. 

4.12 Control Inequality Constraints - A New Second-Order 
Algorithm for Free End-Point Problems 

In this Section we shall consider a class of non-linear 
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control problems where constraints of the form (1.3) are 

present i.e. 

g(u,t) < o 	 (4.200) 

where g is a p < m vector function. 

In the past, it has not been obvious how to develop 

second-order algorithms for solving this problem. 

The following is quoted from Ref. [54] page 61: 

'While the steepest ascent method presents no 
difficulty when upper and/or lower limits are 
present on the forcing signals (e.g. lug < 1), 
any iterative procedure based on expansions 
does not appear to be applicable in such cases. 

We show in this Section that constraints of the form 

(4.200) can be included in our second-order analyses. 

We shall treat the following problem. 

x = f(x,u,t) 	, x(to) = Xo 
	(4.201) 

V(xo  ;to  ) = ftfL(x,u,t)dt 	F(x(tf)) 
	

(4.202) 

g(u,t) < o 
	

(4.203) 

There are no end-point constraints, and tf is given 

explicitly. 

We make the following assumption: 

The optimal control function -Litt) is continuous on the 

whole interval [to,tf]. 	That is, if and when a control 

hits or leaves a constraint, it does so without a sudden 

jump. This is illustrated in Fig 12. 	Times to and t. 3_ 

are times at which the constraint becomes active and 
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inactive, respectively. 

Referring to equation (4.1) we have 

-aV - as - <ay,,5x> - 1 <ox lavXX6x> = 

dt 77 at 

Min[L(x+.5X,U+Eal;t) + <V7+VXXEoc,f(xi-bx,71-1-bu;t)>] bu 
(4.204) 

The R.H.S. of (4.204) is: 

min [H(R+bx,a+bu,V ;t) + <V bx,f(R+bx,a+bu;t)>] 	(4.205) 
bu 	x 	xx 

Now as in Section (4.2) let us consider the case where 

bx = o. 

We must now carry out the minimization subject to the 

constraint (4.203) 

Define the set U = (u: g(u) < o) 
) 

Then (4.205) becomes 

min [H(R,a+bu,Vx;t)] 
bu 

Ti+bu (U 

Let u be the control that minimizes H w.r.t. u subject to 

u (U. 

Expression (4.207) becomes 

H(R,u,Vx,t) 
	

(4.208) 

(The constrained minimization operation in (4.207) is in 

general a difficult non-linear programming problem. We 

shall assume that it can be solved. A useful method 

(4.206) 

(4.207) 
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^ 	T A 
u(5c,u,Vx;t) 	gu (ue,t)A, = o 

aJ = g(u;t) = 0 
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appears to be that of Fiacco and McCormick E67]. In 

control problems it often happens that there are only a 

few controls and a few simple constraints on u; the 

minimization is then performed easily) 

If the minimization in (4.207) is performed and it 

turns out that no constraints are active (i.e. strict 

inequality holds in (4.203) for u = u, so u = u*) then 

the algorithm is the same as that of Section 4.2. 

Assume that p of the constraints (o<p<p) are active. 

Let us refer to them as g(u;t) 

So g(u;t) = o 	 (4.209) 

Now let us adjoin (4.209) to (4.208) using a vector 

Lagrange multiplier X of dimension p. 

i.e. J = H(R,u,Vx,t) + <X,g(u;t)> 	(4.210) 

Under certain assumptions on H and g, given in Section 4.6, 

we have the following equations as necessary for determining 

u and X. 

Now assume that we allow small variations bx in x 

at time t and that all the constraints g(u+bu;t) remain 

active. (i.e. we assume that constraints g are well and 

truly active)**This will be true at all times t except 

* * 	
i.e. Xi l >> o; i=1....p 
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those at which a constraint gi, say, is just becoming 

active or inactive. (In Fig 12 such times are to  and 

t.) We ignore such 'boundary points' for the moment. 

Now re-introducing 6x into (4.210) we obtain 

A 	 A A 

min[H(R+6x,u+6u,V,°,t) + <X+6X,g(u+6u;t)> 
6u 

+ <VXXOx, f(5-c+bx,u+Ou',t)>] 
	 (4.215) 

67. is present also, on the re-introduction of 6x, since 

we assume that the constraints g at u+6u remain active 

and so 2 must change 1\+6k to preserve conditions (4.211), 

(4.212) at 5-cd-Ox. (6u is measured w.r.t. u) 

We obtain the following two necessary conditions. 

Ci+6x,U+6u,V .1t)+f T(X-F6x01+6u.,t)V 	T(U+614t)(k+620=o Hu 	 xx 

A A 

and g(u+614t) = o 	 (4.214) 

Expanding to first-order about x,u we obtain 

Hu(R,U,Vx*,t)-1-g u . TX+(H.... +kg )6u+(H +f TV )6x+gu
T6X. = o uu uu 	ux u xx 

(4.215) 

(4.216) 

(All quantities evaluated at x,u) 

(Reasons for expanding to first-order only are similar to 

those discussed in detail in Section 4.2) 

Using (4.211), (4.212) in (4.215), (4.216) we obtain 

uu 	Xguu)8u  guT 8X  = -(Rux+fu Vxx)8x 
	(4.217) 

gu'u = 
	 (4.218) 

g 	gu6u = o 
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From the above equations we obtain 

" 	 ^ bu = -(Huu +Xguu )-1 [gu
T  OX+(iiux  +f u  v )5x] (4.219) 

We assume 11_uu +Xguu to be positive-definite in order that 

the minimization of (4.213) be guaranteed. 

(If there is only one control variable, then bu = o from 

(4.218) if gu  / o) 

Using (4.219) in (4.218) we obtain 

-  OX= -Cg (H +Xg )-1  g T J-1" g (H +Xg )-1  (H +f TV )bx 

	

u` uu uu 	u 	u uu uu 	ux u xx 

Using (4.220) in (4.219) 
	 (4.220) 

"  Em=- (Huul-Xguu
)-1 

 ( Im-gu
T  Egu(H__ g)-1g -uTi-1 - -g u(Huu+-guu) l) 

	

'(Hux+fuTVxx)6x 	 (4.221) 

where Im is the unit matrix of dimension m (number of 

controls) 

Expanding (4.213) to second-order we obtain 

H; -x+Vxxf ,bx>+<HU+guT  X,Ou>+<bu,(Hu_ u -Vxx )bx> 

▪ <g,bX>+<bu,gu
T  bX>+1 <bu,(H +Xg )bu> uu uu 

+1<ox,(HXX-Ef TVXX+VXXfX)bx>  7 

(All quantities evaluated at ii,U) 

(4.222) 
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Substituting (4.220),(4.221) into (4.222) and noting that 
A 	A 
g = 0 , Hu+guTX = o we obtain 

H + <Hx+Vxxf,bx> + 1<bx, 7 [14xx+fxTVxx+vxxfx 

-(H +f TV )TzT(H +7,g ) lz(11 +f TV )Jbx> ux u xx 	uu uu 	ux u xx (4.223) 

T 	T -1^ (p 	?,^ )-1(4.224) where z 	Im-gu  [gu(11. 	g ) g uu+X-uu- -u 3  gu•-uu+-guu 

Equating (4.223) to the L.H.S. of (4.204) we have, in the 

usual way, that: 

-a = H - H(RIU,Vx:t) 

-VX. HX + VXX(f-f(i,TI",t)) 

-V =H +f TV +V f -(H +f TV )TzT(H 	)-1z(H +fV ) xx xx x xx xx x ux u xx 	uu uu 	ux u xx 

(4.225) 

A 

u + pbx 	 (4.226) 

where p 	-( -Huu -1 
	 TV ')Duu) 	(H ux+f  u xx) 	(4.227) 

u chosen by min H(R,u,Vx.,t) which yields also the g(11,t).o u 
u(U 	 (4.228) 

and X is chosen using (4.211), (4.212) 

(Unless otherwise stated, all quantities evaluated at 5-(071) 
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Boundary conditions for (4.225) are as usual: 

a(tf) = o 

Vx(tf) = Fx(R(tf)) 

Vxx(tf) = Fxx(R(tf)) 
	

(4.229) 

At times when no constraints are active the above equations 

reduce to those of Section 4.2. (i.e. z = I). When some 

constraints g are active, the above equations apply. 

The requirement that 

H. 	(R,u,Vx,t) 	Xguu  (u;t) be positive-definite is uu  

rather restrictive. It implies that J (Equation (4.210) 

has an unconstrained relative minimum w.r.t. u at u=u. 

If H is strictly convex in u and the g's are linear 

constraints, then the requirement is automatically 

satisfied. Moreover, if there is only one control, then 

from (4.217), (4.218) bu = o if gu  / o and z = o even 

if H +Xg is not positive-definite. uu uu 

At boundary points where a constraint ceases to be 

active or inactive, z will change discontinuously. 

However, u will be continuous by assumption. (The assumed 

continuity of u(t) follows from the condition that 

Huu (R,u,Vx;t) 	Xguu (u;t) is positive-definite where the 

g are p of the constraints (4.203); o<p<p) 

So only Vxx  suffers a discontinuity. 

From (4.226), (4.227) note that when running forwards 

and generating the new trial trajectory, u(t) will be 
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discontinuous at times of boundary points of u(t) due to 

the presence of the discontinuous z. However, this dis-

continuity does not affect the cost to second-order. (This 

is intuitively so, but we shall demonstrate it at an 

opportune moment in Chapter 5) The discontinuity in the 

forwards u(t) can be overcome easily by using the com-

putational trick of Section 4.2.4. Namely, compute u(t) 

by min H(R-1,5x 1u,Vx+Vxx5x;t). 
u(U 

Since Vx  , Vxx  are continuous, 

the u(t) so generated is continuous. On an optimal 

trajectory u = u°  = u which is continuous by assumption. 

4.12.1 The Computational Procedure  

The procedure is the same as that for the unconstrained 

problem (Section 4.2.2) except that the minimization of H 

w.r.t. u must be done for u(U. This produces u and 

= o. Using (4.211) (4.212), X is then calculated, 

which enables z and p to be calculated using (4.224) and 

(4.227). 

4.12.2 Characteristics of the Algorithm 

1) Control constraints of the type g(u;t) < o can 

be handled provided u(t) is continuous in time. i.e. 

provided the control function is continuous on hitting or 

leaving a constraint. The algorithm is, to our knowledge, 

the only second-order method available that can treat 

inequality constraints on control. 
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2) The procedure does not exhibit one step convergence 

for the L.Q.P. problem with linear control constraints 

since the optimal cost V°(x;t) for that problem is non-

quadratic. 

3) In the neighbourhood of the optimum, convergence 

is likely to be rapid both for L.Q.P.'s and non-linear 

systems because the method is fully accurate to second-order. 
A 	A 	_ A 

4) The requirement that Huu.(x,u,Vx;t) 	Xguu(x,u V.x.,t) 

be positive-definite is rather restrictive. In Chapter 5 

we shall consider the control problem where this matrix 

is identically zero. (i.e. the bang-bang problem) 

4.12.3 Sufficient Conditions to Guarantee a Reduction in 
Cost at Each Iteration 

(In this and the next Sub Section it should be 

remembered that gu(u;t) = o and a(U) 

Sufficient conditions to guarantee a(R;t1) < o 

and hence a reduction in cost for ox's sufficiently small 

are that for t([to,tf]; 
A 

1) H(R,171- ,Vx;t) < H(R,a,Vx,t) ; u / a 

(u is obtained by minH(R,u,Vx;t) which also determines 
uEU 

k171;t) = o) 

T ". 2) gu  (u,t) has full rank ; and Eg T  u(11;t): (711:1,Vx;t)] 

has rank p. 

3) EHuu" u  vx'  t) + Xguu'  (u't)]-1  be positive-definite. 



4) The solutions of equations (4.225) be bounded. 

4.12.4 Proof of Conditions 4.12.3  

From (4.225) 

a(xo  ;to  ) = f cqH(7 „, -a Vx't) 	H(R15,V ;t)]dt tf  

A sufficient condition for .9(xo  :to  ) to be negative is 
A 	 A 	A 

H(C,U,Vx;t) < H(RITI,Vx;t) ; u X a", u and ia(U. 

From Section (4.6.1), necessary and sufficient conditions 

for X to be determined from 

- " 	" T . 
Hu 	" (x u Vx'  t) 	gu  (u,t)X= o ; g(u;t) = o 

are that: 

^ 	A 
guT  (u;t) have full rank p and the matrix 

T [gu (14t) . Hu  (Tc lu,Vx;t)] have rank p. 

where g are the active constraints among the g constraints of 

(4.203). 

For H(R,u,Vx;t) + Xg(u,t) to have an unconstrained relative 

minimum w.r.t. u at u = u, a necessary condition is, 

from Section 4.6.3; 

Huu (Tc lu,Vx;t) + Xg uu(u;t) be positive-definite. This 

allows the calculation of 13 using (4.227) and, together 

with gu
T  (u;t) having rank p, allows the calculation of 

z using (4.224). 

Again we require the differential equations to have 

bounded solutions on the interval [to,tf]. 

A A 
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4.13 Control Inequality Constraints - A New First Order 
Algorithm for Free End-Point Problems 

As in Section 4.3, a first-order algorithm emerges 

as a special case of the second-order one. 

-Vx  = Ex  ; Vx(tf) = Fx(x(tf)) 
	

(4.230) 

-a = H - E(R,U,V ;t) 
x 

where all quantities are evaluated at x,u unless otherwise 

stated. 

u is given by min H(R,u,Vx,t). The liew control that is 
u(U 

applied is u(t) = u(t) 	t(Eto,tf] 

The 'step size adjustement method' of Section 4.2.1 is 

used. 

4.13.1 Characteristics of the Algorithm  

Except that the minimization is carried out such 
a 

that uEU the algorithm is identical to that of Section 4.3. 

4.14 Computed Examples  

Consider again the Rayleigh Equation, Example III 

of Section 4.4. 

Let us introduce the following control constraint: 

I

ul < 1 	 (4.231) 

Note that Huu  = 2, and that g(u,t) is of the form 

u - 1 < o if u > o (4.232) 

u 	1 > o if u < o 
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we have, therefore, that Huu andHuu 	guu  are positive 

for all u. 

It is seen easily that when the constraint is inactive 

z = 1 and when it is active z = o. So in regions where the 

constraint is active, the Riccati equation does not have 

any feedback terms; also 13 = o. In regions where the con-

straint is active the equations are unchanged from those 

of Section 4.4. 

Starting from the same nominal trajectory generated 

by u(t) = -.5 	t([0,2.5] the method of Section 4.12 

found the optimal trajectory in 3 iterations. The progress 

of the algorithm is illustrated in Figs 13 and 14. Fig 13 

shows the cost as a function of iteration number and Fig 14 

shows the control as a function of time for various 

iterations. Note the jumps in the control along non-

optimal trajectories and observe that they disappear when 

the optimal trajectory is reached. 

It should be noted that the Riccati Equation now 

has a bounded solution on the whole interval [to,tf] 

even along non-optimal trajectories. This is because, when 

z = p = 0, it becomes a linear matrix equation which 

cannot have an unbounded solution. The time interval over 

which z = 1, p 	o is too small for the Riccati equation 

to produce an unbounded solution. 
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4.15 Control Inequality Constraints - A New Second-Order 
Algorithm for Fixed End-Point Problems 

Here we consider problems where the following end-

point constraints are present. 

e(x(y) = o 	 (4.233) 

and g(u;t) 	< o 
	

(4.234) 

We assume that the final time is given explicitly. 

Extension to the case where tf is given implicitly is 

straight-forward but tedious. 

The solution to this problem is obtained by combining 

the approaches of Section 4.8 and 4.12. 

We adjoin (4.233) to V using a vector Lagrange 

Multiplier k and treat (4.234) as in Section 4.12. 

t 
V(xo,kto)= max min 	

f. 
Ef -L(x,u,t)dt+F(x(tf)) 

k u(t) 
t <t<t, 

	

o- - 	+<k0(x(tf))>3 
u(U 	 (4.235) 

The following results are obtained easily. 

-a = H - 1-1(7,5,Vx;t) 

-VX = HX + VXX(f-f(R,T4t)) 

-Vk = Vxk
T(f-f(R,a;t)) 

(f, 	

+ 
T 	Tf, T\IT  

-Vxk= -̀x 	P1 -u ivxk 

-Vkk= -Vxk
Tfuz

T(Huu+ X.guu) zfu
T V
xk 

-V = H +f TV +V f -(HTV )TzT(1, 	b ) 
-1z  

xx 	xx x xx xx x ux u xx i 	uu uu)  

.(Huxu 
TVxx ) (4.236) 
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-1z(Huxu TVxx ) P1 	= 	Xgu uu  

= 
-- 
( 
Huu+ Xguuriz  f  uTVxk 

A 	A 

u 	= u 	pi5x p2bk 

5k 	= -EVkk
-1Vk to  

X is given again by (4.211), (4.212) 	(4.237) 

4.15.1 The Computational Procedure 

The computational_ procedure is the same as that of 

Sub Section 4.8.1 except that H is minimized w.r.t. u for 
A 

uEU, which yields g(1 1  ,t) and u.. X is calculated using 

(4.211), (4.212). 

4.15.2 Sufficient Conditions to Guarantee an Improved 
Trajectory at Each Iteration  

Sufficient conditions for a(R;t1) < o for k = 2 

are the same as those of Sub Section 4.12.3 for the 

free end-point problem. 

In addition, we require V k(to) to be invertable. 

Sufficient conditions are, from Sub Section 4.8.3 

1) ( 1 
- 	Huu -guu)-1  be positive-definite. 

1. 
2) gu  has full rank p 

3) the linear system 5x = (fx-Ffup1)5x+fuzT5u be 

completely controllable. 
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4.15.3 Proof of Conditions 4.15.2 

The proofs of these conditions are similar to those 

of Sub Section 4.8.5. 

4.15.4 Characteristics of the Algorithm 

In addition to the points listed in Sub Section 4.12.2, 

the following is important. 

A necessary condition for invertability of Vkk(to) 

is that the following linear system be completely con- 

trollable. 

ok = (fx  fjl)bx fuzTou 	(4.238) 

Note that the linear system (4.238) is a linearisation 

about x,u of the non linear system. Now we make the 

following statement: 

The controllability condition on (4.238) may be very 

restrictive, depending on the type of constraints present 

and the non-optimality of the nominal trajectory. 

Take for example a scalar control u with constraint 

lul < 1. Obviously z = 1 when the constraint is inoperative 

and z = o when it is operative. Now let us assume that for 

the particular nominal trajectory and the particular 

system u = 	1 ; t(Cto,tf]. 	Then z = o on the whole 

time interval and the system (4.238) is clearly uncon-

trollable. Vkk(to)  is in fact zero 
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In this case one cannot use the algorithm since 6k cannot 

be found and moreover, u(t) = u(t), which is independent of 

5k: 
One can overcome these difficulties in the 

following way: 

1) Use a first-order expression to compute 5k. 

i.e. 5k = EVk  where (>0 

2) Compute u(t) using 

min H(R-F6x,u 	,Vx+Vxx6x+Vx0k;t) 
u(U 

After a few such iterations Vkk(to)  may be invertable, 

at which stage one can return to the original algorithm. 

The interested reader should refer to Neustadt's 

Computational Methods C45]. These are first-order. 

Note that our suggested method above is only first-order 

in the choice of 6k = (Vk 
	The second-order quantities 

Vxx,  Vxk are still used to relate AVx 
to 5k and 5x. 
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CHAPTER 5 

BANG - BANG CONTROL PROBLEMS 

5.1 A Free End-Point Problem 

In the previous Chapter we showed some advantages 

which could be gained by allowing global variations in 

control.. In particular, control constrained problems of 

a certain class were solved. 

This Chapter deals with the rather special class 

of bang-bang control problems. (i.e. the optimal control 

function is piecewise constant and switches between its 

upper and lower bound at a finite number of times, 

t, 	i = 1....9) .  

Consider the system described by the following set 

of ordinary differential equations. 

x = fl(x;t) 	f2(x;t)u ; 	(to) = xo 	(5.1) 

where f1 
is an n dimensional vector function of x and t, 

and f2 
is an nxm matrix function of x and t. u is an m 

dimensional control vector. 

We assume that the controls u„ j = 1....m are 

constrained in the following way: 

u
j  uj  uj  

a ; 	j = 1...m 	(5.2) 

where the u.b and u.a are constants. 
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The problem is to choose u to satisfy (5.2) and 
t 

minimize V(x0;t0) = it L(x)dt + F(x(tf)) o   (5.3) 

Forming the Hamiltonian, we have: 

H(x,u,Vx.,t) = L(x) ± <Vx,f1(x,t) + f2(x,t)u> 

= L(x) + <Vx  fl(x;t)> + <f2T(x;t)Vx,u> (5.4) 

H is minimized w.r.t. u if: 

U. = U.a  (f TV ) 	< o 	j 	1...m 
3 	2 x j 

= u. b 	
(f2Tvx)j > 
	 (5.5) 

We shall assume that (f2TVx)j 	j = 1...m 	is not 

zero on a finite time interval as this would mean that 

we could not determine the minimizing uj  from (5.4) 

since H would be insensitive to u.. 	We refer to such 

problems as 'singular' and do not consider them. 

Some work has been done on this type of problem [68],[69] 

but general computational algorithms are lacking. 

The control law (5.5) is called 'bang-bang' since 

the uj  switch between their upper and lower limits de-

pending on the sign of (f2TVx)j. 

The following question arises when attempting to 

study the above problem using Dynamic Programming: 

Do the partial derivatives of V°  w.r.t. x and t 

In equations (5.3), (5.4) L(x) should read L(x;t). 
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exist everywhere in the x space and if not, how does one 

use the Bellman P.D.E. which is derived on the assumption 

that the optimal cost V0  has continuous partial 

derivatives w.r.t. x and t? 

Consider (5.3) and assume uj  = uja for the whole 

time interval [to,tf] 	j = 1...m. 	i.e. assume constant 

controls throughout this time interval. V(x;t) will 

surely have continuous partial derivatives w.r.t. x and t 

since the form of the problem is now precisely identical 

to that considered in earlier Chapters (See Section 2.2) 

All we have done, in fact, is to set uj(t) = u a  

;tC[to,tf] 

,j = 1...m. 

Now consider the case where the controls u are 

determined by (5.5). At times when (f2TVx)j, say, 

changessignthecontrolu.will jump discontinuously 

from u a  to u 	(or vice versa). Such times are called 

switch times ts. 
(where i refers to the particular switch 

time). Now it is not clear that V (x,t) will have con-

tinuous partial derivatives w.r.t. x and t at such points 

of discontinuous control. 

In view of the above we can conclude that, if the 

u. are constant then Bellman's P.D.E. is valid since 

V(x,t) has continuous partial derivatives. If there are 

switch times present (ts  ) where the uj  change 
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discontinuously, we must investigate further to discover 

exactly what happens to V(x;t) and its partial derivatives 
at these times. 

5.2 Piecewise Differential Dynamic Programming  

Assume that we have a nominal control a(t) which 

produces a nominal trajectory X(t) ; tc[toltf] 

71(t) satisfying constraints (5.2). 

As in previous Chapters, the Bellman P.D.E. in the 

neighbourhood of the nominal trajectory is: 

—aV -Da —<avx,Ox> - 1<bx,DVXXox> 
at 776 at 	at 

min[L(R+bx;t) <VX+VXXbx,f(Tc+bx,a+bu,t):] bu 
(5.6) 

where f(Tc+bx,a+bu;t) = fl(x+bx,t) + f2(7c+bx;t)(71+bu) 
(5.7) 

Setting bx = o in (5.6), its R.H.S. becomes 

min[L(R;t) + <Vx1f1(5E;t)+f2(R,t)(ii+bu)>] 	(5.8) 
bu 

Now let us carry out the minimization in (5.8) using the 

rules of (5.5). Let us assume that the minimizing u* is 

u* = u+bu* = u+ 
	

(5.9) 
(where the components of u+  are given by (5.5)) 

Substituting (5.9) into (5.8) we obtain 

L(TC,t)+<Vx ,f1(79t) + f 2(5-4t)e> 	 (5.10) 
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Now let us re-introduce bx into (5.10). We shall assume 

that the minimizing u* for x = Si+bx still remains as lit 

So, from (5.6): 

—aV — aa —<avx,ox> — i<ox,avXXox> 
7 TT TT ate- - 	at 

1,(X+Ox.,t) + <Vx+Vxxbx,f(5-c+bx,u+,t)› 	(5.11) 

Expanding the R.H.S. of (5.11) to second-order in bx about R 

H+<H,bx>+<Vxxf,bx>+1<bx'('-T4xx+--V  xxfx+f  x "xx)bx>  2 
(5.12) 

Using (5.11) and (5.12) we obtain 

—aV — as 

—avx 	= Hx + V f xx 

—avXX 	= Hxx fx vxx vxxfx 
at 	 (5.13) 

Now as usual: 

(V+a).  = a (+a) + <VxIf(5c071;t)> 

vx 	= avX + vXXf(R IE;t) 

at 

vxx 	= avXX 
at 

and -V = L(R;t) 
	

(5.14) 
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Using (5.14) in (5.13) 

-a = H - H(X,U,Vx;t) 

-VX = HX + VXX(f  --f(R,U;t)) 

-Vxx = Hxx  + fX
T
VXX + VXXfX 
	

(5.15) 

(A11 quantities evaluated at R,u+  unless otherwise stated) 

At t=tf we have from (5.3) that: 

a(tf) = o 

Vx(tf) = Fx(R(tf)) 

V (tf) = Fxx(x(tf)) 	 (5.16) 

Equations (5.16) can be integrated backwards from tf using 

boundary conditions (5.16) and assuming that u* = u+. 

Now there will probably come a time is such that 

one or more components of u change, 	discontinuously 

(i.e. 'switch') from 	to u. This will occur when 

(f2
T
(Tc,t)vx)i  goes through zero; (where j belongs to 1..m) 

We must now study conditions at is  in order to determine 

what happens to a, V . and VXX 

5.3 Conditions at Switch points  

Using (5.15) and (5.16) calculate a, VX, VXX for 

t(Cts,tf]. So for t > is  we have 

V+(x46x°,t) = 0-0c;t)+a++<V1-,6x>+1<6x,V+  6x> 
2 	xx 	(5.17) 
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where the superscript + denotes quantities for t > ts  

Now for the general control problem we have 

V(x.,t) = ft
tf 

 L(x,u;t)dt 	F(x(tf);tf) 
	

(5.18) 

So V(x;t) = ftsL(x,u;tylt- e(x;ts) 	(5.19) 

Equation (5.19) is an expression for the cost V(x;t) for 

t < ts.We can consider (5.19) as a cost function for a 

problem defined on the interval Et o  ,t s  ], where the end- 

point costing is F(x(ts) 	ts) = V+(x;ts) and the 

final time ts is given implicitly. (See equations (4.161), 

(4.163)). 	Since V(x.,t) is a function of this time ts, 

let us consider ts to be a parameter of V and write it 

explicitly as such. (As we did for the implicit end-time 

problem of Section 4.10) 

So 
t 

V-(x,ts;t) = ft
s 
 L(x,u-;t)dt 	V-1-(x;ts) 	(5.20) 

where the superscript - denotes the cost for time t < ts 

Note that the control u in L(x,u;t) is u = u since this 

is the control for time t < ts 
	(Recall that the control 

for t > ts is II+) 

Now let us allow the time ts 
at which the control switches 

from u to u+  to change to ts 	bts. 

t +bt 
V-(RA-bx,ts+5ts;t ).fts 	s_ L(x,u-,t)dt+e(R-F5x-FAx;ts+bts) 

(5.22) 
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Where Ax is the change in the x trajectory over the time 

interval is + bts - t and R bx is x at time t. 

Notice that u in L(x,u;t) is still u since the switch time 

is now at is + bts Notice further that bx at time 

t < is is the difference between the x(t) trajectory 

generated using u(T) , T < t and the nominal trajectory 

R(t) generated using ii(T). 

Now we wish to study conditions at the time t = is 

so let us observe V(Tc+bx'  t s' +bts' °t) at t = is 
	(5.23) 

t +bt 
V-(R+bx,ts+bts,t )„„its 	(x,u- ;t)dt+V+(27+bx+Ax;ts+bts) 

(5.24) 

The notation on the L.H.S. must be understood clearly. 

v(R-1-OxIts+6ts  ;t s) is the cost at time t = is as a function 

of the parameters Tc+bx and ts + bts. 	The semi-colon 

separates the parameters from the actual time t = is at 

which we are observing V. 

The derivatives Vx(R,t s  ,t) , V-  (R,ts  ;t) are partial xx  

derivatives of V w.r.t. x at time t. Thus V-(R,t ;t s s 

is the first partial derivative of V-  w.r.t. x at time 

t = ts° The derivatives Vt  (x,ts  ;t) 	Vt t  - 	' ts' °t) s  s s 

are the partial derivatives of V w.r.t. the parameter is  

at time t. Thus 147(RIts;ts) is the first partial 

derivative of V w.r.t. the parameter is  at time t = ts. 
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On the otherhand the derivatives V;(5F,ts,t),V;t(SE,t;t ) 

are partial derivatives of V w.r.t. the time t. Thus 

V; (X,ts;ts) is the first partial derivative of V w.r.t. 

the time t at time t = ts. 

Equation (5.23) is precisely the same form as (4.175) 

which describes the cost as a function of the parameter 

tf  + Otf., The only difference Is that V(R+6x+Ax;ts+6ts) 

replaces F(R+6x+Lx;-6f+6tf)+<R+6k,0-(7+,5x+Px;Ef+6tf)> 

and TE+6k is absent from (5.23) 

(In our bang-bang problem L is independent of u, but 

we leave L as a function of x,u;t in (5.24) for greater 

generality.) 

Expanding the R.H.S. of (5.24) up to second-order in 

6x and Sts we obtain the following: (the expansion pro- 

cedure is precisely that of Section 4.10 and is not 

repeated here, therefore) 

V1-(5C,ts)+CL-+<q,f>+Vt]bts  

+<V4- ,6x>+<L+f-TV++(bu)T(L-+f TV-1.)-1-V4-  xx x (-57  ) uux xt 

+Vxx f ' 6x>6ts 	' +1[L-+<V+  f->+<Lx-+f-Te f> x 	 ' 7 

+<Lu  + u  V
+,u >4-2<V+xt ' f 	t>+V+t  +<f x ,V1-x  f->]6ts

2 
x  

+1<6x'  V
+
xx6x> 7 (5.25) 
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Define H(5E,u,V;F:,t) = L(R,u °,t)+<V-31-c,f(X,u;t)> 	(5.26) 

Using (5.26) in (5.25) 

1-(-c:ts) + CVt + HThts  + <11-11-0bx> 

+<11: + (au 	x )TH-  + V+x  f + Vxt' bx>bts ' 	(TT ) u  

+1[H7t  + Utt 	 1/x  + <H—,f > + 	+ <2 1-t'  f> 7  

<f-,qxf->]bts2  + 1<ox,qxbx> 	(5.27) 
2 

Expanding the L.H.S. of (5.24) to second-order in bx and 

bts 

v-(5E-1-5x,ts+Ots;ts) = v-(x,t s  ;ts  )+<V—,bx>+V,_ bt s s , 

+<Vxt 'bx>bt +1<bx,V-  bx>+1V- t bts2 s  xx ,t  s s 
(5.28) 

Now (5.28) equals (5.27) and since equality holds for 

arbitrary bx and bts, we may equate coefficients of like 

powers of bx and bts to obtain: 

u(5c,ts;ts ) = IT1- (x;ts) 

V 	= Vx 

V 	= V+ XX XX 

Vt 	= Vt + H s 
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V 	+ 	+ = Hx +Vxt + Vxx + (au)TH: xts 	(ax ) 

vt t = Ht+Vtt +<Hx,f >+<H_ ,u >+2<Vxt s s 

+<f-,qxf> 	 (5.29) 

Now from (3.22) (we use these equations in preference to 

(5.13) since we are considering the generalcase and not 

the particular bang-bang case) 

Vt 	= 	 (5.30) 

-H+ 	f+-(au+)Te xt x 	xx 	(T5E. ) u 	(5.31) 

Differentiating (5.30) w.r.t. t: 

d (V + 	= o u 
dt 

(5.32) 

8 (vL+W) ± <a (v:+ 
ax 

+<a (v+H+),u+> = o 
au 

-1-)1e> 

Whence 

Vtt -Ht 2<liXt'e> <HX'e> ‹e'VLe>  

+ + -<Hu,u > (5.33) 

Substituting (5.30) - (5.33) into (5.29) we obtain 
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Vxt 	= H 	Ht + 11-1-  (f=f+)±(3u-)TH-(3u1-)Te 
s 	 ax 	ax x x xx 

Vt t = Ht - H-1-t +<Hx'  f >-<H
+,f+>+<Hu,u_ > s s 

+ °  Hu  ,u+  >+<I ,VXXf  >-<f+,Vxx  f
+> 

+<2Vxlf>-2<V e> xt' (5.34) 

Consider the last two terms of (5.34) 

<V+  2(f-f+)> <-4 - 	- (au+)Te, , 2(f -f+)> xt' 	
) " 

Whence V; t  = 11;-4-<H;(1(f--f+)>+<f 	x IH--H-1-> x s s 

+<(f-f+),11XX  (f-f +)>+<H11 ,u>-<4 -E  1u> (5,35) 

The Vt , Vxt ' Vt t are the sensitivities of V w.r.t. the 
s s 

parameter is up to second-order at time t = is 

(Recall that in Section 4.12 we stated that if there is 

no discontinuity in u when u either leaves or hits a 

constraint, at is say; then the cost V is unaffected, to 

second-order, by changes in ts. Consider a scalar control 

u in the above expressions and let u+  = u. Now at such 
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a boundary point, we have from Section 4.12 that 

Hu = H = o and au+  ? au. 	Substituting these facts into 
u 	ax ax 

the above expressions we see that Vt  =V-  =Vt t = o. s xt  s 	s s 

So V is indeed unaffected, to second-order, by a change in 

the time at which a constraint becomes active or inactive 

provided that there is no discontinuity in the control at 

such a point. 	The same conclusion is valid for u a 

vector) 

Now let us consider our bang-bang problem 

Here au = au+  = o Tr( ax 
So we obtain the following expressions 

= H- HA- 

1-14-x  +V+  (f-f+) xx 

= Ht- Ht - 	f+)> 	<f,(11;-11;li)> 

f+), 	f+)> 

Now Vt 	= H- H-1-= <VxIf2(u- u+)> 

V xts 

V7 t t s s 

(5.36) 

(5.37) 

(5.38) 

now (5.38) is E (f2TVx)j 	u-ot) 
j=1 

"ichiszerosinceeitheri or  (f 
2  Tvx 

 ) j = 

i.e. V ts 
= 0 (5.39) 
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Equation (5.39) is a necessary condition for V-to be 

minimized w.r.t. the switch time 's A further necessary 

condition is 11-; t 	 (5.40) 
S S 

From (5.28) 

TT
aV-(7+,5xIts+bts*Its) = Vt  - + <V:t  ,bx> + Vt 

s 
t sbts  

s  
(5.41) 

Since Vt =o is a necessary condition for minimality 

we require the quantity in (5.41) equal to zero even if 

bx is present. i.e. we require 

<Vxt ' bx> + Vt t bts 	o (Since Vt =o) s  s s 

<V;ct  ,bx> 
s 

 

Notice that (5.43) is a local linear feedback controller 

relating the required change in switch time bts  to the bx 

appearing at ts. If we substitute (5.43) back into 

(5.28) to eliminate bts, we obtain: 

V(5-c+bx,ts- 	1 	<V;ct  ,bx>;ts) = V(R,ts,ts) + <V;Ox> 

V t S S 
+1<bx,(v;x—v;t sV; x)5x> 

    

V t t 
S S 

(5.44) 

- +• - + Now from (5.29) VX,=VX, VXX=VXX, V - (x,ts 	+(x;ts) 

(5.45) 

whence bts = -  1 

V 
S S 

(5.42) 

(5.43) 
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V-(R+Ox,ts-  1 	<V:-.:t  ,Ox>,ts) = V-4-(TC,ts) 	<V+16x> 
V- tsts 

+1<bx,(Vxx-1- -Vxt  Vt x )bx > 
s s 

(5.46) 

 

V - t t 
0 S 

  

Re-naming the L.H.S. of 5.46 as V(x+bx;ts) we obtain 

Vx  = V 

VXX = Vxx  - Vxt V tsx 

V t t 
S S 

Dropping the superscripts + and for convenience we have 

Vx 	= Vx 	 (5.47) 

-1 VxX 	= VXX - Vxt s Vt  s s Vt x t 	.(5.48) 

also V(R,ts) = VO-C,ts) 	 (5.49) 

We obserire the following: 

At t = is (i.e. at a switch point) the first derivative 

Vx is continuous, but the second derivative VXX 

experiences a jump given by - Vxt Vt t 
-1 
 Vtx 

	

s s s 	s 

Also, from (5.49), a is continuous since 

(5c°,ts).1707;ts 	v(5,;-b
s) 
 = v(5,;t

s
)+a (5.50) 



205. 

At a switch point we can compute readily the jump in Vxx  

using (5.48) and (5.37) and can use (5.47), (5.48) and 

(5.50) as new boundary conditions for (5.15). We can then 

continue to integrate (5.15) backwards noting that now 

u* = u-. 

The procedure can handle any finite number of switch 

points in this way. Finally to  will be reached and we 

will have a(t), Vx(t), Vxx(t) and u*(t) for the whole 

interval [to,tf] . a and Vx  will be continuous functions of 

time, while 	experiences jumps at switch times 

is of u*. (i = 1...ns where ns is the total number of i  

switchings on the time interval [to,y) 

The above theory was developed for 7c,i17 non-optimal. 

On an optimal trajectory, a special case of the above, 

all the expressions are the same except that u*=7.1=u°. 

5.4 An Example  

Consider the following control problem. 

X1  = x2 	xl(to) = X10 

x2 = u 	x2(to) = x • 20 

lul < 1 

2 minimize IT = /too  x1  dt a  

(5.51) 

(5.52) 

Fuller [31], [32] has studied this problem in great 

detail and has succeeded in obtaining analytic expressions 

for Vo(xl,x2) (V is independent of t since tf  =co) 
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Let us see whether our predictions, that Vx  is continuous 

at a switch point and Vxx  experiences a jump, are correct. 

In fact we shall show that the analytic expressions for 

Vo(xl' x2'  ) when differentia do indeed confirm our pre- 

dictions and in addition, the jump in V° 	(call it xx 

AVxx) given by (5.48), is correct. 

For this problem H(x,u,Vx°,t)-=x12+Vx1x2-4-Vx2u (5-53) 

The minimizing u* = -sign V x2 
	 (5.54) 

(We drop the 'optimal superscript' ° for convenience) 

Fuller has obtained the following expressions for V: 

VN(xl,x2) = cost surface when u = -1 
5 

= x1
2x2 4- 2x x

3 	2 x 5  ▪ .764(xl  ▪ lx2 
2)2 7  2 	T5  2  

(5.55) 

VP(xx2) = cost surface when u = +1 

5 
= -X1  2X2  + 2x1x2

3  - 2 x25  , 15 	
+ .764(-x1+1x22)7  

2 
(5.56) 

On the snitch curve x1 = -.L;446x2
2 	x2 > o 

= .4446x2
2 	

; x2 < o 
	

(5.57) 

We shall consider only the case where x2 < o 
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Substituting (5.57) into (5.55) 

VN(.4446x22 ' x2) = VP(.4446x 2 5 
x2) = -.035x25 

	

(5.58) 

i.e. V is continuous at a switch point. 
3 

V 	2xix2  t 2x23 m 5 	.764 x (x1  + 1x22)7 (5.59) xi  3 	7 

3 
= -2x1  x2  + 2x2  3  - 5 x .764 x (-xl  + 1x22)7 	(5.60) 

3 	2 
	

2 

• vx 	= VP = - .2x23  on the switch curve 	(5.61) 
1 	xi  . 

i.e. Vx is continuous at a switch point. It can be shown 
1 

 

easily that Vx is also continuous. 
2 

Vx x = 2x2 + 15 x .764 x (x1  + 1x
22)2  

1 	7- 	7 

= -.79x2 on the switch curve 

2 1  VP 	-2x2  -4- 15 x .764 x (-x,I.  + lx, )2 X1X1 = 

. -2.67x2 on the switch curve 

(5.62) 

(5.63) 

So crossing the switch curve from N to P (- to +) (optimal 

trajectories are known to cross from N to P in the region 
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x2 < o) vX1X1 experiences a jump. 

VX X Vxx  = 1.88x2 1 1 	11 
(5.64) 

Now consider the expressions 

= VP  (fN 	fP) Vxt 	xx 

So Vxt 	Vt x = 4 s 	s 

	

P 	N 	fP)  
= -HP (f - Vt t s s 

= 2qc
1 	4Vx2x2 

From (5.66), 	(5.67) 

AV 	- Vp 	2 
xixi= 	X1X2 

for Vxt , 

-2 x VP  xx 

(-x1 

Vt t  
s s 

V. X1X2 

V2 x2x2  

J_ 	7  , 

- equation (5.38) 

(5.65) 

(5.66) 

(5.67) 

(5.68) 

(5.69) 

V2 X1X2 

Vx2x2 	
VX 1X 2 

N    <(f 	_  fP), xx`' 

V 	X X 2 2 

1 

2)2  

VP 1VP  x2x2  

Now 

VX1X2 = -2x1 	2x2
2 

= 1.785x2
2 on 

2  xi  

- .764 x 15 	x 

the switch curve 
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and 

VP

1  

4x1x2 - 8x23  + 764 x (-x1  yc2
2) x22 

2x  2 3   

3 2 5 x .764 x (-x1  + lx-
2)- 

-1.59x23  on the switch curve 	(5.70) 

Substituting these values into (5.68) we obtain 

AV X1X1 
_(1.785x22)2 

 

= 1.7852x2  

1.69 

 

-1.59x23  - .1x23  

= 1.88x2 	 (5.71) 
The predicted jump given by (5.71) is the same as the 

actual jump given by (5.64). 

Similar results may be obtained by considering 

the other elements of VXX. It can be verified also that 

the predicted jumps are correct in the part of the state 

space where x2  > o. 

The important point about this example is that it 

confirms our predictions of a continuous Vx  and a jump in 

VXX when a switch point occurs. 

5.5 A New Second-Order Algorithm  

Our second-order analysis of Section 5.2, 5.3 can 

be used to construct a second-order algorithm for 
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determining the optimal bang-bang control. 

Using (5.15), (5.16) and (5.37) we are able to com- 

pute a(t), Vx(t) and Vxx(t)  ; tE[to,tf] along the nominal 

x trajectory. We require now a method of using this 

data to improve the current nominal trajectory'. 

A procedure that comes immediately to mind is the 

following: 

On the forward run compute 

ui(t) 	-sign Cf2T(R+5x.,t)(Vx+VxxOx)]i 	(5.72) 

j= 1...m 

Apply this control using the step size adjustment method 

of Section 4. 

The following difficulty arises: 

VXX(t) experiences a jump at each switch time of u*(t). 

(u*determined backwards in time using (5.5)) Now on the 

forwards run, the position of the switch times of u(t) 

will not coincide with those of *(t) (unless u*(t) is 

optimal). We thus find that 

f2
T  (x+OxIt)(VX+VXXOx) experiences jumps at switch 

times of u*(t) and this can cause u(t) to switch spuriously. 

Since spurious switchings affect the trajectory 

R(t) + 5x(t), we see from (5.72) that unwanted switchings 

might occur later on in time due to these earlier mistakes. 

We shall overcome this difficulty in the following way: 
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Recall that (5.43) describes a local linear 

feedback controller between the bx appearing at the switch 

time is of u* and bts the change in switch time. 

We repeat the relationship here for convenience 

bts  = -V;
1
t (5.73) <Vxt bx> 

1 	s s. 	si  

= <ps ,bx> i = 1...ns i  

Recall (immediately below equation 5.22)) that the bx at 

time t = is in formula (5.73) is the difference between the 

x(t) trajectory generated using u*(T) ; t < is  and the 

nominal trajectory R(t) generated using U(T). 

We run forwards in time using u..(t) = ut(t);j=1...m. 

when a switch point of uk(t) = q(t), say, is reached 

( 1 < k < m) We measure bx(ts ) and calculate bts 

using (5.73). If bts  > o we hold uk(t) = ucc(ts ) 

(superscript - denotes the time instant immediately before 

s) for the time interval bts. After that we once again 

set uk(t) = u(t) and continue. If bts < o then we back-

space our integration routine by the amount bts  and, 

starting at this time is  - bts, we set uk(T) = u14. (ts-1-) ; 

t -bt <T<t s 	s - - s 

and integrate forwards again. 	After time t = is we once 

again set uk(t) = 1.1;(t) and continue. If bts  = o 

then of course we continue with uk(t) = uk(t) since 
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the switch point of uk(t) coincides with that of uk(t) 

The above procedure effectively changes the switch time 

is of u*(t) by the amount bts computed using (5.73) 

The procedure thus implements formula (5.73) directly. 

(There are no problems of discontinuities appearing where 

there should be none, as happens if the first suggested 

procedure is used i.e. equation (5.72)) 

Applying this procedure on the whole interval 

[to,tf] may produce bx's that are toc large. 	The 'step 

size adjustment' routine of Section4.2.1 is used to 

ensure that this does not occur. 

5.5.1 The Computational Procedure  

1) Using a nominal control ii(t),t([to,tf], run 

a nominal Si(t) trajectory using (5.1). Calculate the 

nominal cost V(x0.,t0) using (5.3) 

2) Using boundary conditions (5.16) integrate (5.15) 

backwards in time from tf to to,  j  ut being calculated using 

(5.5)- At switch points of u*, calculate ps  using (5.37), i   

(5.73) and calculate also the jump in Vxx  using (5.48). 

Store ts. Rs 	i = 1...ns. 	Note also the time teff 

whenla(R;t)lbecomes greater than 11. 	chosen from 

numerical stability considerations. 

3) Apply control u(t) in the manner described in 

Section 5.5. If necessary, use the step size adjustment 
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method of Section 4.2.1to keep the ox's small. When an 

improved trajectory is obtained go to 2). 

4) At the end of each step 2) check the size of 

l
a(x0,t0)1 and stop computation if it is less than 

5.5.2 Characteristics of the Algorithm 

1) It is believed that a Dynamic Programming 

approach to the bang-bang problem has not been attempted 

previously in the manner outlined in Section 5.5. The 

algorithm makes use of the bang-bang control structure 

to find a local linear feedback controller between switch 

time changes and differences in state from the nominal. 

Moreover, it is shown that the cost function, for such 

problems, has continuous partial derivatives w.r.t. x 

except at switch points where the second-derivative 

experiences a jump. 

2) If a nominal control is given whose switch 

times are sufficiently close to the optimal ones, then 

convergence is quadratic, in the sense that equation (5.48) 

is locally, truly valid. 

3) The jumiwin vxx  are calculated easily using (5.48). 

5.5.3 Sufficient Conditions to Guarantee a Reduction 
in Cost at Each Iteration 

We assume in the next two Sub Sections that 5 

satisfies (5.2). 



For tE[to,tf] 

1) [f2T(xt)Vx]i  / o on a finite time interval 

for j = 1...m 

2) H(5c,u;Vx;t) < H(X,5,Vx;t) ; u*/ U. 

3) Vt t (X,ts  ,ts  ) > o 	i = 1...n 
s s 	i 	i 

4) The solutions of the equations (5.15) must be 

bounded. 

5.5.4 Proof of Conditions 5.5.3  

In order that u* be determined by (5.5), 

[f2
T  (x;t)Vx]j must be non—zero on a finite time interval 

for j = 1...m. If this condition is not satisfied then 

one cannot use (5.5) to determine u* since H is insensitive 

to u if [f2
T  (x;t)Vx]j is zero on a finite time interval. 

(i.e. the problem would be singular) 

In order that the jump in VXX at ts. i = 1...ns 

be bounded it is necessary, by inspection, that .e 

Vt t (5E,ts  'ts  ) / o. Further, since V is to be minimized . '. s s 

w.r.t. the switch times is  , it is required that 

Vt t (x,ts  ,ts  ) > o (See (5.40)) s s 

The solutions of the differential equations (5.15) must 

be bounded. 
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Notice that the equation for Vyx  is a linear matrix 

differential equation between switch points. It is easy 

to show that such an equation has a bounded solution on 

a finite time interval if its boundary conditions are 

bounded. Similar remarks apply to the Vx  equation. 

From (5.15) 

(x0;t0) = ft°H(71 -elvx,t) - H(RIalvx;t)dt 
f 

A sufficient condition for a(xo  °Ito  ) to be negative is 

clearly that H(5-c lu*,Vy;t) < H(R,U,Vx;t) 	u*/ a. 

5.6 A New First-Order Algorithm 

As in Chapter 4, a first-order algorithm emerges 

as a special case of the second-order one. 
• 

-Vx = Hx 
	Vx(tf ) = Fx(tf ) 

-a = H - H(R,U,Vx°,t) 	 (5.76) 

where the quantities are evaluated at 5i,u* unless other- 

wise stated. 

u* is given by the rule 

ut 	= u. a 	• rf2 v  117,-xN). < o 	
; j=1...m 

= u .
b 	

(f2 Vx)j 
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The step size adjustment method of Section 4.20 is used 

to ensure that the bx's produced are not so large that 

the expansions to first-order in bx are violated. 

5.6.1 Characteristics of the Algorithm  

1) The algorithm is of the same type as those 

described in Sections 4.3, 4.13 where H is minimized 

w.r.t. u and the time step size adjustment method of 

Section 4.2.1 is used. 

5.7 Computed Examples  

In this Section a number of numerical examples are 

described which illustrate the algorithms of Sections 5.5 

and 5.6. 

5.7.1 Problems Solved Using the Second-Order Algorithm 

I 	The first example is that considered in Section. 5.4. 

xl  = x2 

 

1 

x2 = 

 

= 0 

 

I u I < 1 

minimize 1 f x12  dt 
2. 

to (5.78) 

In Section 5.4 the infinite time problem (tf  = co) 

was considered. 	This problem is embarrassing from a 

computational point of view for two reasons: 
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1) One cannot compute the backwards equations on 

an infinite time interval. 

2) It can be shown that the optimal control function 

u°(t) is bang-bang but, as tf 	Co , the switchings become 

increasingly many and close together. i.e. the problem is 

very near singular since Vx is very nearly identically 2  

zero in the rapid switching region. (u°  = - sign Vx2) 

One can confirm readily that the optimal cost for 

this problem with tf  = a)is .382. (Using the analytic 

expressions given in Section 5.4) Most of this cost is 

incurred within the first three seconds and the rest of 

the time is spent in rapid bang-bang action near the 

origin of the state space. To avoid singular behaviour, 

a final time tf = 3 seconds. was chosen. 

500 integration steps were used with the fourth 

order Runge-Kutta Integration Routine. 

A nominal control of u(t) . +1, t(Co,3] was used, 

which produced a cost of 12.1. 

Fig 15 illustrates the cost as a function of iteration 

number. The reduction in cost from 12.1 to the optimal 

value of .383 was accomplished in 5 iterations. 	Fig 16 

shows the phase plane portrait for some iterations. 

Notice how close the cost of .383 is to the optimal 

cost of .382 for the infinite time problem. 

II The second problem chosen is one tried by Athans [71]. 
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He considered the problem of hitting the unit sphere 

centered on the origin of the state space of a linear 

system, in minimum time. The minimum time problem is 

considered later in this Chapter. Here it is convenient 

to consider the following problem formulation. 

u I < 1 

minimize V. <x,x> at t = tf 	 (5.79) 

i.e. minimize the norm of x at the final time tf' 

The time tf was chosen as 4.2 seconds. Three hundred 

integration steps were used. 

A nominal control U(t) 	+1 ; t(Co 74.2] was used, 

and this produced a V of 4.12. The second-order algorithm 

reduced this cost to the minimum value of .996 in 2 

iterations. 	There were a number of switchings in the 

optimal control function. This is because the system has 

complex eigenvalues. 

Fig 17 shows the cost V as a function of iteration 
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number. Fig 18 shows the control functions for a number of 

iterations. 

At this point we remark that Plant and Athans [71] 

quote the minimum time to hit the unit sphere as 4.4 seconds. 

Posed as a minimum norm problem, one should expect to 

have a minimum norm of 1 after 4.4 seconds. In fact we 

find a minimum norm of .996 in 4.2 seconds. The problem 

was re-run with tf = 4.4 seconds and the minimum norm was 

found to be .772. 

Thus the results do not agree with those quoted in 

[71]. In fact, the form of their 'optimal' control is 

different from ours in that theirs has a number of rapid 

switchings which are not present in our results. (See 

Fig 19). We conclude that the results, as stated in [71], 

are not correct. 

The very rapid convergence of the second-order 

algorithm on this problem can be attributed to a number of 

points: 

1) The system is stable and, if left as a free 

running system without control, moves in such a way 

that the norm <x,x> is a decreasing function of time. 

2) The control u does not have a dominant effect 

on x when x is large. 

Because of 1), 2) above, the nominal trajectory 

R(t) is not 'very far' from the optimal solution. By 

not 'very far' we mean that the ox's required to change the 
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nominal trajectory to the optimal one are not large. 

Note the remarkable difference in form between the 

nominal control and the optimal one. With this in mind, 

we stress the following feature of our type of algorithm: 

By allowing global variations in control we obtain 

immediately the bang-bang form of the optimal control. 

This is not done in, say, the gradient method. In fact 

one should expect the gradient method to converge slowly 

on this problemsince the optimal control function con-

tains many switchings and only small changes in control 

are made at each iteration. 

In view of the above one should expect the first-

order algorithm of Section 5.6 to converge quite rapidly. 

This is shown to be true in Sub Section 5.7.2. 

III A Seven state-variable, three control distillation 

column. 

Dr. G. Pollard of the Chemical Engineering Department, 

Imperial College, has kindly allowed the author to use 

the following mathematical model of a binary distillation 

column to experiment with. Further, the author is indebted 

to Dr. Pollard for making the results of some of his own 

optimal control experiments available for comparison 

purposes. 

The model of the column was developed by Dr. Pollard 

at Imperial College, and the simplifying assumptions 

necessary to arrive at the model, together with further 
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details, are to be found in his thesis [72]. 

x1= .0025[-1.6x1(ul+u2-u3)-xiu3-1-x2(u14-u2)]; xi(o) = .55 

x2= .01.11.6(xl-x2)(ul+u2-u3)+(x3-x2)(u14-u2)];x2(o). .55 

x3= .01[(1.6x2-.4x3-.6)(ul+u2-u3)+(x4-x3)(ul+u2)];x3(o)=•55 

x4= .01.1.4(x3-x4)(uli-u2-u3)-x4(ul-Fu2)+x5u1+xFu2] ;x4(o)=.55 

x5= .01(.4(x4-x5)(uli-u2-u5)+(x6-x5 )ul] 

X6-.*001[04(X5X6)(U1.4-112U3)-1- (X7X6)1113 

x7= . 005 ( .4x6-x7+.6) (ur÷u2-u3) 

where xF = .55 

;x5(0 )=•55 

;x6(0)=.55 

;x7(0 )=•55 

(5.80) 

It is required to choose ul, u2  and u3  as functions of time 

such that after 25 minutes x(tf) will be close, in some 

sense, to the following required end-point. 

x1(tf) 	= 0.2761 

x2(tf) 	= 0.3880 

x3(tf) 	= 0.5090 

;4(t  f) 	= 0.6325 
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x5(tf ) 	= 0.8023 

X6(tf) 	= 0.9021 

c7(tf) 	= 0.9608 
	

(5.81) 

The deviation of x(tf) from the above desired values is 

measured and costed by 

7 , 
V(x;t) = E [xi(tf) 	xi(tf)] -̀ 	1  tf 	25 mins 

1=1 

The controls u1, u2 and u3 
must obey the following 

constraints. 

(5 .82) 

5 < u < 25 

o < u2  < 20 

0< U
3 

< u2 (5.83) 

So the control problem is: 

Choose u1(t), u2(t) and u5(t); t([0,25] in order to 

minimize the cost given by (5.82) subject to the constraints 

(5.83). 

Since the dynamics are linear in u and the cost 

function is independent of u it can be demonstrated 

readily that H (the Hamiltonian) is of the form 

H(X11.1.1Vx ;t) 	Hlul  + H2u2  + H3u3 
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Ordinarily, in order to minimize H, we would set 

u* 	= 25 if H < o 

o if H > o 

= 20 if H-2  < o 

o if H;)  > o 

= its upper limit if H2  < o 

o if H2  > o 

However, the constraints on u2  and u3  are coupled. 

We can set u*1  = 25 if H, < o 

= o if H, > o 

(5.84) 

(5.85) 

but the following set of rules must be used for determining 

u*2  and 

If H2  < 0, H3  < o : 	= u3 = 20 

If H2  < 0, H3  > o : q=20, 

If H2 > o, H3 
> o • * * : u-,u3  =o 

If H2  > o H3 
 < o . we have the following possibilitiffi 

If 1 H2  1 > 1 H3  1 	: u*2=u*3=o 

If I 1H31 u*2=u*3=20 
(5.86) 

  

It is verified easily that these rules ensure that H is 

minimized w.r.t. u. 
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From (5.86) we see that the controls u2  and u
3 

may switch even though H2  and H3  are not going through zero. 

This is in contrast to the case where the constraints are 

uncoupled. However, no theoretical difficulties are 

introduced since vt in (5.39) is still zero. 

H- 111-  = H2(11- 	+ 

From (5.86) 	2  = 	u+
3  and H. = -H3' 

so 

Vt = o as required in the theory. 

The second-order algorithm was programmed. One 

hundred integration steps were used. 

The jumpsin Vxx  at switch points were calculated 

using equation (5.48). The expressions for the various 

quantities were found easily, though the analytical work 

involved is lengthy. The details are not discussed here 

as they are not central to the purpose of this Section. 

We set the nominal controls as 

u1(t) 17  t(Co,25] 

u2(t) = 20 

713(t) = 12 (5.87) 

These are the same nominal controls used by Pollard and 

are in fact, the steady state controls corresponding to 
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the required steady state values of (5.81). The 

corresponding nominal end - point R(tf), and difference 

x(tf) - 17(t f) are: 

5c(tf): 0.326 

0.414 

0.500 

0.588 

0.693 

0.786 

0.877 

X(tf)-R(tf): -0.050 

-0.026 

0.009 

0.043 

0.109 

0.116 

0.084 (5.88) 

The nominal cost using (5.87) is .375 x 10-1 	(5.89) 

After 5 iterations the cost was reduced to .458 x 10-2 

and the algorithm stopped. 	The new end-point and 

difference 	x(tf) - Tc(tf) were: 

R(tf): 0.277 ;(td-R(tf ): -0.001 
0.393 -0.005 

0.516 -0.007 

0.642 -0.010 

0.777 0.025 

0.860 0.042 

0.916 0.045 (5.90) 

The corresponding controls as functions of time are 

shown in Fig 20. The cost as a function of iteration 
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number is shown in Fig 21. 

Pollard used the following approach to this problem: 

Firstly, the Gradient Method was used. After 80 

iterations a cost of .43 x 10-2 was obtained. Pollard 

then constructed a bang-bang solution from this gradient 

method solution and 'hill-climbed' on the switch times 

using [61] to achieve an optimum cost of .4226 x 10-2 

after 37 iterations. The resulting control functions are 

They cause the following data: 

X(tf)-x°(tf): 	0.004 

0.001 

-0.002 

-0.010 

0.019 

0.040 

0.044 (5.91) 

Further details of Pollards experiments are to be found in 

[72]. 	It should be appreciated, even from the above 

brief description of Dr. Pollard's efforts, that a 

considerable amount of ingenuity is displayed in his 

approach, albeit that many iterations were required to 

reach the optimum. 	Notice the difference between our 

controls and Pollards. 

As mentioned above we reached a cost of .458 x 10-2  

after 5 iterations. Pollard required 30 iterations to 
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reach this figure, but it must be remembered that the 

gradient method is considerably simpler to programme and 

implement than our second-order algorithm. 

We now ask the question; Why did our second-order 

algorithm stop at a cost of .458 x 10-2 which is non 

optimal? 

The answer to this question follows: 

Recall that we are allowing global variations in 

control u and that we keep bx small by limiting the time 

interval [t11tf]  over which we use our new control 

(Section 4.2.1). Now we are using a Runge-Kutta 

numerical integration routine to integrate the various 

differential equations, so that there is a finite time 

interval AT (the integration step size) beyond which we 

cannot reduce [ti,tf]. It can happen, however, that the 

bx's produced, even in this small interval AT, are too 

large and so no decrease in cost results. The procedure 

then stops. 

In this problem one finds that the coefficients of 

the Hamiltonian H (i.e. H1,  2 H and H3) are very nearly 

zero on a large sub interval of [to,tf]; and even small 

changes in bx are sufficient to change their signs, which 

causes switching of the controls. i.e. large changes 

in the switch times appear. These large changes invalidate 

the linear relationship (5.43) and so no improvement in 

cost results. The above implies that the problem is very 
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sensitive, and so the bxis must be kept very small indeed 

for there to be an improvement in cost. In fact this 

problem is very near singular in the sense that 

H1, H2 and H3 (and also H2+H3) are very nearly zero on 

a large portion of the time interval [o,25]. The sen-

sitive nature of the problem is brought out also by 

Pollards gradient solution which took 80 iterations. 

For sensitive (near singular) problems of this 

nature we should really like to be able to make [ti,tf] 

as small as we please. This can be done only if we have 

meal continuous time integration using, say, an analogue 

computer. 

On a digital computer all we can do is to keep 

reducing the integration step size AT. Now it can 

happen (it does in this near singular problem) that the 

AT required is very small in comparison with that demanded 

for successful integration of the differential equations. 

In such cases one can use a simpler numerical integration 

routine - an Euler, say - which does not require as many 

R.H.S. evaluations of the differential equations and still 

gives acceptable results because of the very small step 

size AT. 

The problem was re-run with 300 integration 

steps and an Euler Integration routine. The following 

resultts were obtained: 
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After 7 iterations the cost was reduced to 

.446 x 10-2 at which stage the procedure stopped. 

(Pollard required 35 iterations to reach a similar figure) 

Fig 23 shows the controls as functions of time. 

)7(t f): 0.275 cc(tf )-5-c(tf ): 0.001 

0.390 -0.002 

0.512 -0.003 

0.643 -0.011 

0.777 0.025 

0.861 0.041 

0.916 0.045 (5.92) 

This solution is really close to the actual optimum 

found by Pollard. (Compare (5.92) with (5.91)). State 

variable x5  is the troublesome one. It appears to be 

difficult to control this particular state. 

Computing time for the 7 iterations was small (only 

about 1.4 mins on the I.B.M. 7090). This is because the 

Euler method of integration requires 1 of the number of 
7 

function evaluations required by the Runge-Kutta. 

We summarise the above experiments in the following 

points: 

1) The second-order algorithm was used in its 

straight-forward form to produce a trajectory, in 

iterations, which is very close to the optimal trajectory 
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found by Pollard using a combined gradient cum Pletcher 

and Powell method which required some 80 + 37 iterations. 

(The control functions, which do not have as many 

switchings as Pollard's, are probably quite attractive 

from the practical point of view since they are easier to 

implement in practice, and produce a trajectory which is 

quite close to the optimal one.) 

a) The extreme sensitivity of the problem is 

brought out both by the experiments described above and 

by Pollard's large number of iterations. In fact, the 

problem is near singular since the coefficients of the 

Hamiltonian are very nearly zero on a finite time interval. 

By singular, one means that the optimal control function 

is not necessarily bang-bang on the whole time interval 

[to,tf]. 	
This interpretation is supported by the fact 

that the steady state controls (5.87) are not on the con-

straints and hence do not have the bang-bang form. 

Moreover, Pollards truly optimal results have a number of 

switchings close together, in the controls u2 and u3, 

which is a characteristic of some near singular problems. 

3) It is felt that this problem is worthy of 

further study since such a study might yield some ideas 

for computing control. for singular and (perhap•s more 

important) near-singular control problems. 
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5.7.2. Problems Solved Using the.  First-Order Algorithm 

The problems in this Sub Section were solved using 

`the first-order algorithm of Section 5.6. 

I We consider firstly the 4 dimensionnl min norm problem 

of Section 5.7.1 (problem II). 

As in Section 5.7.1, three hundred integration 

steps were used. A final time tf = 4.4 seconds was used. 

In 7 iterations the cost was reduced from 3.14 to 0.786. 

Cost as a function of iteration number is shown in Fig 24. 

Control as a function of time is shown in Fig 25. The 

cost of .786 achieved is soemwhat higher than that 

found using the second-order algorithm. (opt. cost = .776) 

This is due to the fact that, because of the discrete 

nature of the programming, varying any single one switch 

time does not cause a reducd*oction in cost. However, 

with the second-order algorithm 6ts  = 36x, which 

effectively couples the changes in switch times. Thus 

one may be able to reduce the cost further using the 

second-order algorithm. Of course if the equations 

could be integrated ideally, this difficulty would not 

arise. 

The low number of iterations, namely 7, is rather 

good for a simple first-order method. It should be 

interesting to try this problem using the gradient method. 
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II Here we consider again the distillation column described 

in Sub Section 5.7.1 (Problem III). 

Using the first-order algorithm a cost of .457 x 10-2  

was obtained in 8 iterations. 500 integration steps were 

used because of the decreased radius of convergence of the 

first-order algorithm compared with that of the second-

order one. An Euler integration routine was used. 

Fig 26 shows the cost as a function of iteration number. 

Fig 27 shows the controls as functions of time for 

iteration 8. 

The performance of the algorithm is rather good 

really when compared with Pollard's results using the 

gradient method. The gradient'methai required 30 

iterations to reach the same cost value. It has, however, 

not been possible to make meaningful comparisons of 

actual computing time since the methods were programmed 

by different people. 

5.8 A Fixed End-Point Problem 

We have shown that, for the free end-point bang-

bang problem, the optimal cost V has continuous partial 

derivatives in regions of the state space where there 

are no switchings in control. At switch points Vx 

was shown to be continuous and VXX to experience a 

jump. 

We consider now the following system. 
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V = t 	,t)dt F(x( y) 

a u. < u. < u. 	; j = 1...m 

(5.94) 

(5.95) 

We introduce the added requirement that the 

following end-point constraints must be satisfied. 

8(x(tf)) = o 	an s < n vector function 
	

(5.96) 

Let us assume, for argument sake, that we set 

u- 	j = 1...m for the whole time interval 

[toltf], and further, that 9(x(tf)) = o using this control. 

In Section 5.1 we asserted that for the free 	
a

end-

pointproblem,withu..u., that V(x;t) had continuous 

Partial derivatives w.r.t. x and t. Now, however, we 

have the constraint 9(x(tf)) = o and so there may be some 

variations bx at time t, say,which are not allowed since 

they cause violation of this constraint. This is the 

same as saying that the partial derivatives of V w.r.t. x 

may not be defined everywhere in the state space even for 

the case where the control is held constant and there 

are no switchings. 

We can, however, convert this problem to a'free end-

point type in the manner described in Section 4.7. i.e. 

let us adjoin the end-point constraints to the cost 

functional using a vector Lagrange Multiplier. 
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5.9 Adjoining the End-Point Constraint to the Cost 
Functional 

From (5.94), (5.96), and using a vector Lagrange 

Multiplier k of dimension s, we may write 

t2  
v(xocyb) = ft  1,(x.,t)a-b 	F(x(tf)) 1c7,49(Y---(tf))> 	(5.97) 

for a nominal k = 7, this is a free end-point problem 

which, we assume, has a solution. It may be solved in 

the manner described in Sections 5.1 - 5.5. 

5.10 A New Second-Order Algorithm 

In the same way as in Section 4.8 we consider the 

cost V to be a function of the parameters k and we 

assume a second-order expansion for V about the nominal 

trajectory R(t) and the nominal multipliers 7. 

V(R+Ox,7+bk,t) = V(X,7;t) + a + <Vx,5x> + <V0k> 

+ <bx,Vxkbk> + 1 <bk,Vkkbk> + 1 <6x,Vxybx> 

2 	2 

(5.98) 

The Bellman P.D.E. becomes 

    

—aV — as — <aVy,bx> - <avklbk> — <bx l avx0k> 

 

-37 	 at 

  

-1 <6k,aVkkbk> - 1 <oxl aVxxox> = 
7 

at 	at 
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minEL(R+bx,t) + <V +V bk+V bx,f(Tc+bx ii+bu;t)>] 6u 	x xk xx 

where 

f(R+bx1U+bu;t) = f/(R+Ox;t) + f2(ii-bx;t)u 

Let us set bx=bk.o in (5.99). Its R.H.S. becomes 

minEL(R;t) + <Vx,f(R,U+bu;t)>] 	(5.101) 
bu 

Carrying out the minimization as in Section 5.2 we obtain 

the minimizing u* a+bu*=u+  by the following rule. 

ut = ubi  if [f21(x;t)Vx]i  >o 

a = u. if Ef2 	' T(ft)Vx a I. < o • 	j = 1... (5.102) 

As in Section 5.2 we make the assumption that 

[f2T(x,t)Vx]j t  o on a finite time interval. j = 1...m 

Expression (5.101) becomes 

L(I;t) + <Vx ,f1(7;t) + f2(R;t)u-k> 	 (5.103) 

Now let us re-introduce the variations bx and bk and 

assume that, on the introduction of these variations, the 

minimizing u remains unchanged as u+. So (5.103) becOmes: 

L(5c+bx;t) + <vx+Vxkbk+Vxxbx1f(R+bx,u+;t)> 
	

(5.104) 

Expanding the R.H.S. of (5.104) about R.  we obtain: 

(5.99) 

(5.100) 
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11-4-<11x,bx>+<Vxx  , fbx>4-1<bx,(H____+f x TVxx +Vxx fx  )bx> 
2 

+.<f V bk> <bx 'fxTVxk6k> 
	

(5.105) 

(where the above quantities are evaluated at 7,u+) 

Expression (5.105) equals the L.H.S. of (5.99). We may 

equate coefficients of like powers of bx and 5k since 

equality holds for all bx and 5k, sufficiently small. 

— as 
	

H 
at 7T 

—aav
tx 
	 Hx VxXf 

—avk 	= V f ' xk 
at 

= f TV —avxk 	x xk 
at 

--aVXX 	= Hxx fxTvxx 	Vxxfx 
at 

—av kk 
	= 0 

at 

Now as usual: 

(V+a)' = a (7+a) 	<Vx,f.(5E,71*,t)> 
at 

L(R;t) 

vx 	 = av- + vXXf(R,U;t) 

(5.106) 
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T - 
" = k + Vxk  f(x u t) 

77-  
= avXX x x 

at 

Vxk 	= avxk 
at 

Vkk 	= avkk 
at 

Using (5.107) in (5.106) we obtain 

-a 	= H - 11(5cl a,Vx°,t) 

x 	= HX +-Vxx(f-f(07,t)) 

-Vk 	= Vxk (f-f(R,17;t))  

xk 	= f V x xk 

kk 	= o 

T -VXX 	=Hxx + fXVXX + VXXfX 

(5.107) 

(5.108) 

(All quantities evaluated at 7,u+  unless otherwise specified) 

At t = tf we have, from (5.97), that: 

a(tf) 

Vx(tf) 

Vxx(tf)  

Vk(tf) 

Vxk(tf)  

Vkk  ( ) -tf- 

= 0 

• Fx(R(y) exT(57(y)R 

• Fxx(x(tf)) + Rexx(7(y) 

• e(7(y) 

= exT(R(tf)) 

= 0 (5.109) 
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Using (5.109) we may integrate (5.108) backwards from tf  

until a time is  is reached such that one or more of the 

controlau. switches. 	Once again we must examine 

conditions at such switch points. (Notice that up till 

the time that we hit the first switch point of the con-

trol, Vkk(t) = o). 

We assume that at t, u4- changes to u (i.e. one or 

more of the components. u. switches). 

5.10.1 Conditions at Switch points  

We may study conditions at switch points in the 

same way as described in Section 5.3. Now, however, we 

have V as a function of x and k and is at time t. 

In a similar way to that described in Section 5.3, 

equation (5.24), we may write: 

t +Eb 
V-07-Fbx1R-Ebk,t. +bts;ts 	tssL(x;t)dt+e(R-Fbx-FAx1R+bk 

a 
;t 4.bt,) (5.110) 

Equation (5.110) describes V at time is as a function of 

the parameters R+bx,R1-bk,ts4,bts 	ThiS is precisely the 

same form as equation (4.175) which describes the cost 

as a function of the implicitly given end time tf. 

Let us expand the L.H.S. of (5.110) up to second-

order in the parameters bx, bk and bts  about R IR and ts. 
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V-(c+bx,R+bk,ts+bt5°,ts) = V(R11-c lts;%) + <V3-c,bx> 

+V; bts+<VT.c ,bk>+<bx,Vxk  bk>+<vxt - bx>bts s 

+<Vkt  ,bk>bts  +1<bk V-k  bk>+1<bx,V-  bx> s 	k 	xx 7 

+1
7 tV-sts 

bts  2  

The R.H.S. may be expanded in the same way as in Sections 

4.10, 5.3. The expansion is tedious but straightforward. 

We present below the results obtained after expanding and 

equating the L.H.S. and R.H.S. coefficients of like powers 

of bx, and bk and bts. 

v—(5E I R l ts ,ts ) = Ar+(x1E;t,) 

v; 	v+ 

= v  xx 	"XX 

Vt 

V-  xts 

Vt t 

= 

= 

=- 

H 	- 	1-14.  

e + V+  (f x 	xx 

11;-4-<4,(f- 

- 	f4-) 

f+)>+<f,(1-1;c74)> 
s s 

+<(f- f+), Vxx  (f- f+)> 

V- = Vk 
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V- 	= + xk 	Vxk 

Vkt - 	= Vxk 
T(f-_ f+)  

s 

= + Ack 	Vkk 
(5.112) 

Now as shown in Section 5.3, Art = o. This is a necessary 
s 

 

condition for V to be minimized w.r.t. the switch time ts 

FrOm (5.111) 

V (i+5x,R+5k,t 4,6t ;t 4- ts 	s 	s<v xt'ox>+<vkt sk>+vt t ots s 	s  s s 

(5.113) 

Since Vt is a necessary condition for minimality of V 
 

w.r.t. ts, we should like this condition to hold also 

when variations bx in x and 5k in k are present. 

So from (5.113) we have 

+<Vxt ' bx>+- <Vkt 'Ec> + Vt t bts = o s 	s  s s 
(5.114) 

Using the fact that V-  = o we have 

bts  = 
1  

V; t s s 

[<Vits,edc> + <V;t ,Eix>] s   (5.115) 

As before, for V to be minimized w.r.t. s, we require 

also that 	 t V-t 	> o 	 (5.116) 
s s 
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Equation (5.115) is a local_ linear controller relating 

the change in switch time bt to the changes bx and bk. a 
Substituting (5.115) into (5.111) to eliminate bts we 

obtain 

b - x,k+bk,ts 	- kt <V-  ,bk>+<Vxt ,Ox>], is  s  

V-1- (R i li,t,;t)+<q lbx>4.<1(14c-Ibk>-4-bx,(qk-V;t  V; k)bk> 
s s 

Vt 

4,1<bk,(Vitck-ViTt  V; k)bk>41<bx,(V)-t-cx  
7 	s s 	-V V  xts tsx b > 	(5.117) 

 

Vt 	 V t 
S
t 

S 	 S
t 

 S 

 

(Notice that VAT = o) 
's 

Renaming the L.H.S. of (5.117) as iT(RA-bx,R-Fak;ts) 

and dropping superscripts and for convenience we obtain: 

v(R12;ts) = v(,2,-bs) 

vx 	= vx 

Vk 	= Vk 

1  Vxk 	= Vxk - Vxt s Vt  stsVt sk 

-1 
Vkk 	- Vkk -- Vkts  Vt st s Vt sk 

—1v Vxx 	= 	- Vxx 	Vxts  Vt sts  t sx (5.118) 

Vt t S S 
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So we see, from (5.118), that Vxk, Vxx  and Vkk  

experience jumps at switch points. As in Section 5.3, 

any finite number of switch points may be handled in 

this way. 

Now let us assume that we set k = R and integrate 

a, Vx, Vxx  backwards in time, calculating the jump in 

VXX at each switch point. Suppose that we then solve this 

free end point problem with k = R using the procedure 

described in Section 5.5. From (5.108) we have that, on 

an optimal trajectory for this *free end-point problem: 

-a 	= o 

-Vx = Hx 

-Vk  = o 

-Vxk = fxTVxk 	 (5.119) 

-V 	= o 	 (5.120) kk 

-1-f TV +V f -VXX = -xx 	x xx xx x 	(5.121) 

We may integrate (5.119) and (5.120) backwards along this 

optimal trajectory for k = R. The equation (5.120) is 

zero so Vick  is piecewise constant between switch points 

and experiences a jump given by (5.118) at these switch 

points. (5.119) is a piecewise linear differential 

equation which is integrated easily between switch points. 

At t = to: V(x01R-F5k'Ito) = V(X01R;t0)-1,<Vklbk> 

-1,1<5k,VkkOk> 
	

(5.122) 

2 



254., 

Now from (5.109))  Vk(tf) = G(R(tf)) and using the fact that 

Vk  = 0 and (5.118) we have: 

Vk(to) = e((tf)) 	(5.123) 

In order to reduce Vk(to) and hence e(x(tf)) to zero, we 

differentiate (5.122) w.r.t. bk and equate to zero. 

Vk. + Vkkbk = o 
	 (5.124) 

whence 
	

bk  =-(Vkk-1 (to)Vk(to) 
	

(5.12.5) 

As usual, 	o < E < 1 is present to ensure that bk is not 

so large that it invalidates the expansions. 

Substituting (5.125) into (5.115) we obtain 

bts 	-Vts s t
1 E<vkt ' -fVkk

-1 (to)Vk(to)>  <Vxts 
 bx>] 

(5.126) 

and using (5.125) in (5.122) 

V(x0,17- (Vkk- 1(to)Vk(to);t0) = V(x0,E;t0) 

-E(1-()<Vk(to), 
2 	

"kk-1 (to)Vic(to)> 

(5.127) 

If Vkk(to) is negative definite then (5.127) predicts an 

increase in cost. 	This brings out the max-min nature 
k u 

of these end-point constrained problems, mentioned pre-

viously in Section 4.8. 
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Equation (5.126) can be used to calculate Ots  on 

the forwards run in the manner described in Section 5.5. 

For E sufficiently small and Vkk(to) invertable, a de-

crease in end-point error (5.123) is assured. 

5.10.2 The Computational Procedure  

1) Using a nominal control ii(t) ; t(Cto,tf] run a 

nominal trajectory R(t) using equation (5.93). Using a 

nominal set of multipliers k = R calculate the cost 
V(x0 IR;t0  ) using (5.97) 

2) Using boundary conditions (5.109) integrate the 
• 
a, Vx and VXX equations backwards to to, computing 

(j = 1...m) from (5.102) and computing the jump in VXX 

at switch times ts (i = 1...ns) using (5.118). Store the i 
 

switch times is and Vt t and  Vxt 	. If 
i 

 
s si 	.  

la(x01R;t0 )1 < 11/ 	then go to step 3). If not, then 

use the computational procedure of Section 5.5.1 to re-

ducela(x0,17;t0) i.e. treat the problem as if it were a 

free end-point one be keeping k = R. Whenl a(x0,Eelto)1< 

go to step 3). 

3) Integrate the *rxk  equation backward, computing 

the jumps in Vxk  and Vkk  at switch times of u* using 

(5.118). Store Vkt 	(i=1...ns). Compute Vkk-1(to) and 
s. 

Vk(to) = e(R(tf)). 	Go to step 4). 

111 
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4) Apply control u*(t) 	tE[to,t±] and compute bts  

with (5.126) and use bts  as described in Section 5.5 

(( = 1 initially). Compute the new x(t) trajectory and 

corresponding end-point error Vk(to). If I Vk(t0)1 is less 

than it was previously, repeat 2) after replacing R by 

k+bk and the current nominal trajectory by the new one. 

If IVk(t0)1 is greater or equal to the previous value 

set E = c and repeat 4). 
2 

5) Each time step 3) is completed check whether 

a(xo,k;t0)1 < X11 and IVk(t0)1 < 712. If so, stop computing. 

and 11 are chosen from numerical stability considerations. 

5.10.3 Characteristics of the Algorithm 

In addition to the points listed in Section 5.5.2, 

the following is important: 

As we shall show in Section 5.10.5, we require that 

there be ns > s switchings in u*(t); t(CtoItf] as a 

necessary condition for Vkk(to) to be invertable. 

This is quite a strict condition. It can happen depending 

on the nominal set of Lagrange Multipliers, that this 

condition is violated. 	The algorithm will then fail, 

since bk cannot be calculated using (5.125). 
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5.10.4 Sufficient Conditions to Guarantee an Improved 
Trajectory at Each Iteration 

Sufficient conditions to guarantee a(x0,R;t0) < o 

and hence a reduction in cost for k = R and bx's 

sufficiently small, have been given in Section 

They are repeated here for convenience. 

For t([talts] 

1) [f2T(X;t)VX]i  / o on a finite time 

interval for j = 1...m 

2) H(x,u*,vx;t) < H.(7 171,vx;t) 	u* / U 

5.5.3. 

3) vt t  (R,R,ts ;ts ) > 0 
i 

 i=1...ns 

4) The solutions of the differential equations 
• 

a, Vx, Vxx  be bounded. 

In addition, for this end point problem it is required that: 

5) Vkk(x01E;t0) be invertable. 

Sufficient conditions for Vkk(x01R; 	to be invertable 

are that: 

6) There must be at least s switchings of the con-

trol u*(t) in the interval [to,tf]. i.e. ns  > s. 

7) Vt t (X,E ts ;ts ) > o; i = 1...n 
s s 	1 	a. 

8) The vedbrs Vkt (R'R'ts ;ts  ), s of them, must 1 1 

be linearly independent, where 1(0 	n ) . ...  s) 
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5.10.5 Proof of Conditions 5.10.4 

ns 

Vkk(R,R;t
o
)=- E Vkt (5c''ts.;-us.)Vt t 	(x9E9tss) 

i=1 	s s

-1 	

a. 	I 

v 	(Tc " t °t ) (5.128) t ks 	s ' s. 

Let us assume that Vt t (7c''ts.s.) > o 	i=1...ns s s 	i 

(This is required anyway to ensure that V is minimized 

w.r.t. ts  - See equation (5.116)). Then Vkk(5E,2'Ito) 

is at worst, a negative semi-definite matrix since the 

dyads Vkt *Vt k are, by definition, positive semi-definite. -
s 

 

If we can ensure that Vkk(±-  ,17-C,t0) is in fact negative- 

definite then it will be invertable. 

In order for Vkk(7c 11C,t0) to be negative-definite 

it must have full rank s since it is an s x s matrix. 

We require, therefore, that s < ns linearly independent 

dyads are present in the summation in (5.128). 

i.e. ns 	s and the vectors. Vkt'E,ts  ;ts ), s of them, .s 	1 	1 

must be linearly independent. 1((i...n ) s) 

Similar conditions have been discussed in Section 

5.5.5. 	Here we shall prove only the conditions 6), 7) 

and 8) required for Vkk(x0,R;t0) to be invertable. 

From (5.108), (5.118): 
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5.11 A Problem with Special Linear Structure  

Consider the system 

x = A(t)x 	b(t)u 	x(to ) = Xo 	(5.129) 

NI< 1 

minimize x
n(tf) subject to the end-point constraints 

G1  x(tf) = o 	 (5.130) 

where xis an n-vector, u a scalar and G1, an sxn 

matrix of rank s which has its last column all zeros. 

We construct the cost function 

V(x,k;t) = xn(tf) 	<k,Gx> 	(5.131) 

Where G is the s x (n-1) matrix obtained by deleting the 

last column of G
1
, andx is the n-1 dimensional vector 

For this problem L(x,t) 	o and Vxx(tf) 
	

0 (5.132) 

This implies that Vxx(t) and Vxt (x,k;ts ) i = 1...ns, s 	i   

tE[to,tf] are zero. (Using equations (5.112) and (5.118)) 

(5.133) 

From (5.108), (5.109) the relevant equations are: 

-a 	= H H-(R,5_,Vx;t) 	a(tf) = o 

-Vx 	Hx = A
TVx 
	; Vx(tf). Gik 

-Vk 	= VxkTb(u*-a) 
	

; Vk(tf)= Gx 

-V 	= AT xk 	xk 
	

' Vxk(tf)=GT 
	

(5.134-) 
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u* = -sign[blVx] 

Using (5.133) in (5.118) we see that the only quantity that 

experiences a jump at switch times,isVkk  . This means that 

V and Vxk  are solutions of simple linear equations. Note 

that their differential equations are of the same form. 

Their solutions are calculated easily as: 

Vx(t) 	= OT(tf,t)Vx(tf) 

Vxk(t) 	= 0T(tf ,t)Vxk(tf ) 

where 0-(t,,tf) is the solution of 

0(t ly = AO(t,tf) 9 	0-(tf,tf) = I 	(5.135) 

Note that the solution of the free end-point problem 

with k = R is one step using our algorithm since 

Vxx(t) E o; t(Cto,tf]. 	Note, further, that since 

Vxk(t) is a continuous function of time on the interval 

[to,td, we may compute u(t) 	-sign bT(Vx+Vxkbk) (5.136) 

going forwards in time. 	In general we cannot do this 

since Vxk and 	have jumps at switch points of u*(t) 

tE[toItf] and this complicates matters. (See Section 5.5) 

In the next Section we describe a numerical example 

that illustrates the procedures of Sections 5.10 abd 5.11. 

5.12 Computed Examples  

Let us consider the same 4 dimensional linear plant 

as described in Section 5.7.1 Problem II. 

Choose u(t) ; t([to,tf] to minimize x4(tf) subject 
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to the end constraint 

xl(tf) 
	

2.3 

x2(tf) 
	

2.4 

x3(tf) = 1.5 
	

(5.137) 

The final time tf  was set as 2.5 seconds andlthe initial 

state conditions as x(to) = 10. 	
(5.138) 

The nominal control was chosen as a(t) = 	t(E0,2.5] 

and the nominal multipliers as cc, = 17c2  = 17c3  = 0.50. 

Using the above nominal control it was found that 

xl(tf) = 2.81; x2(tf) = 3.06; x3(tf) = 1.99; x4(tf) = 2.51 

(5.139) 

After 7 iterations of the procedure the following data 

was obtained: 

xl(tf) = 2.30; x2(tf) = 2.40; x3(tf) = 1.50; x4(tf) = 2.31 

(5.140) 

The optimal values of the Lagrange multipliers were 

k1 = 1.07 	k2 = .98 	k
3 	

.99 
	(5.141) 

The optimal control u°(t) 	t(Ctoltf] had 6 switchings 

i.e. n = 6 > s = 3 

Throughout the experiment the matrix Vkk(5-c°7;to) 

remained invertable. Fig 28 is a graph of the quantity 

(xl(tf)-2.3)2  (x2(tf)-2.4)2 	_, (x3(tf)-.5)2  

vs. iteration number. 



242, 

FIG-. 29 
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5.13 Final Time tf Given Implicitly 

we shall consider this case briefly. It has been 

dealt with in great detail in Section 4.10. 	As in 

Section 4.10 we treat tf as a parameter and write V as 

a function of it. 

i.e. 
tf  

V(xlkItf,t)=-ft  L(x',t)dt+F(x(tf)°,tf)+<kle(x(tf);tf)> 

(5.142) 

If we carry out the analysis in a similar way to that in 

Section 5.8 - 5.10 we find that, in addition to equations 

(5.108), we have 

-Vt 	= Vxt 
T(f-f(R,71,t)) 

-Vxt 	= fx
TVxt 

-Vkt 	= o 

= 0 
(5.143) 

Boundary conditions are: (See Section 4.10) 

Vt  (tf) = H + Ft  + <R,Gt> 

Vxtff) = Fxt  + ext
T- k + Hx + VXXf 

V ( ktf -tf-)  = 9t exf  

V tftf(tf)=Ht 

	

	lf>+2<Fxt+extTIR'f> -111'tt-E<IGtt>4-<Hx 
(5.144) 

+<f'Vxxf> 
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all. the above quantities evaluated at R 1R,Ef,Vx,u",tf. 

On passing through switch points of u*; V - xtf'Vtftf'Vktf  

experience jumps given by 

-111.  AVxt 	= -Vxt vtsts tstf 

AVkt = = -Vkt Vtsts:
V
tstf 

AVt t 	= -Vt t Vt t Vt t 
f f 	fsss 	sf 

where 

Vkt 
	= Vxk  T(f-f+) 

Vt t f s 
	f 

and bt = 4t  1  - [V 	btf +<Vkt ' bk>+<Vxt  ,5x>] s 	sts tfts 	s s  

(5.145) 

(5.146) 

In order that the final time tf be chosen optimally 

we require Vtf(x0,R,tf;t0) 	o 

f /  
t 
f 	_ 	- 
(3ColEltf.t 

 0'  
) > 0 (5.147) 

We first solve the free end-point problem with k 

and tf = f 

The differential equations for Vk  and Vt  are then zero 
f 

and so 
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Now 

Now 

and 

From 

Vt  (x0,R,Ef;t0) 

vk(x0 ,E,Ef ;t0) 

V(x0 ,R+bk,f f+bt 

Vk+Vkkb.k+ 

V
tf

+<Vkt 

at t = 

for e<x(tf) 

for (5.147) 

(5.150) 

-4 

bk 

btf  

= Vt  

= v 

to 

; tf) 

Vktf Stf  

to hold 

'bk>+Vt f 	f 

and (5.151): 

- 

)=V(R I E,Ef ;t0 )+<Vkl bk> 

(xlElEf;Ef) 

(x,R IEf ;-E 	) 	= 	e.(5i(Ef );76f ) 

+Vt  Stf + <Vkt 	bk>btf  f 	'f  

+1<5k,Vkkbk>+1Vt t  
f 2 	2 	f  

o we require 

= o 

t btf 	o 
f 

btf2 

Vk 

(5.148) 

(5.149) 

(5.150) 

(5.1.51) 

(5.152) V kk 	Vkt 

V tftf 

-1 
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If the matrix is invertable and if ( 	o< E < 1 is small 

enough, then (5.152) gives the changes 5k in k and 

6tf  in tf  that will reducelVk(to)landiVt  (to)#. 	These 
f 

may then be used in the expression for the linear controller 

between Sts and 6x, 5k and 6tf. 

Ots = -Vt t 
-1  [vtfts8tf <vkts'8k>+<vxts''x>] (5°153)  s s 

5.13.1 The Computational Procedure  

The procedure is very similar to that described 

in Section 5.10.2 except that some extra equations (5.143) 

have to be integrated backwards from boundary conditions 

(5.144). 	Also some extra jump conditions at switch 

points (5.145), (5.146) and 6k and Stf  must be calculated 

at to using (5.152). 	The linear controller for deter- 

mining Sts  ; i=1...ns the required changes in the switch 

times of u*(t) ; tE[to,tf], is given now by equation 

(5.153). 

5.13.2 Characteristics of the Algorithm 

1) 	When the nominal control a(t) ; t([to,tf] is 

close to the optimal and the nominal multipliers R 

and nominal final time tf are close to the optimal values, 

the procedure exhibits quadratic convergence since the 

relationship (5.153) is tpl.,n'Y valid. 



must be invertable at to 

   

•••1•0•,..1.4 

   

5) Vkk 	Vkt 

 

 

Vt k 	Vt t f f 
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2.) The algorithm will fail if u*(t);tE[to  f] does 

not contain at least s-1 switchings, (See Section 5.13.3) 

because the matrix in (5.152) will then be non-invertable. 

Neustadt's methods for finding the minimum time control 

of linear systems do not suffer from this drawback, but 

they are first-order methods and, in addition, require 

the integration of the coupled canonical equations in 

the same direction in time. 	This can cause severe 

sensitivity problems. See for example,[45]. 

5.13.3 Sufficient Conditions to Guarantee an Improved 
Trajectory at Each Iteration  

For t(Ctoltl] 

1) Cf2T(x;t)Vx]i  / o on a finite time interval 

for j = 1...m. 

2) H(Tc l u*,V3jt) < H(R,TI,Vx°,t) 	u* / a 

3) Vt t (R,R,Ef,ts ;ts ) > o i = 1...n 
s s 

4) The solutions of the differential equations be 

bounded. 

In addition 
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6) V, 	(x ,R,T ;t ) > o tiuf  o f o 

Sufficient conditions for the matrix to be invertable 

at to are: 

7) There must be at least s-1 switchings of the 

control u*(t) in the interval [toItf] 

8) vtt (.5E,R,Tflts ;tsi ) > o 	i 	1...ns  s  s 	1 

9) The vectorsVkt (37'2'76f' 	;t, ) 1  s-1 of them 
s - 1 '1 

1E( 
( 

..ns  ) must be linearly independent of each other and ) 

of V 	(x R T 't ). ktf o" f' o 

x 	't 10) 	Vtftf  (, 0 k,,tf, 0) > o 

5.13.4 proof of Conditions 5.13.3  

Conditions 1) - 4) have been discussed previously. 

Point 5) is required in order to be able to use (5.152) 

for determining 6k and 6tf. Vtftf(x0,R,Ef;t0) > o 

is required in order that V be minimized w.r.t. 6tf. 

(See equation (5.147)) 

The conditions that guarantee the matrix invertable 

(7) - 10)) are discussed now. 

By the Matrix Partition Lemma 

-1 
Vkk Vkt B11 B12 (5.154) 

V tTk V t ft f B21 B22 
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where B11 = kk - Vkt Vt t 
-1

Vt ki
-1 

 
ffff 

B1.2 = -B-1  V V 12 	11 ktf t 
-1 

B21 	= -Vt 
f tf Vt f kB11 

-1 	-1 	-1 B2 	= 	+ Vtftf VtfkB11  VktfVtftf 
(5.155) 

It is seen easily that if Vkk  has rank s-1 and if Vkt 
 f 

is Ilnearly independent of the columns of Vkk  and if 

V
tftf

(x0,2, ;t ) > o 	then B11 is certainly calculable. 

So also are B12, B21  and B22. 	Conditions 7), 8) and 9) 

follow easily from these requirements. (cf. Section 5.10.5) 

5.14 Computed Examples  

We shall consider the same 4 dimensional linear 

plant as described in Section 5.7.1 problem II and 

Section 5.12. 

Consider the following problem. (Plant and Athans 

[71]) 

Choose u(t) ; tf[toltf] 
	

I u 
< 1, in order to steer 

the state x from x(to
) = 10 to the surface (ball around 

the origin of the state space) <x,x>-1=o 	(5.156) 
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in minimum time. 

We form the cost functional 

V(x,k,tf,t) = tf  +k(<x,x>-1) 	(5.157) 

where k is a scalar Lagrange Multiplier. 

This problem falls into the class considered in 

Sec-bion 5.13 since: 

1) It is a bang-bang problem. 

2) There is an end-point constraint. 

3) tf is given implicitly. 

Consider the boundary condition Vt  (tf) from (5.144) 
f 

Since L(x,t) 	o, Gt 	o, e = <x,x> -1, f = Ax + bu 

we have 

Vt (ti) = 1 + 2k<x l Ax + bu> 
f 

Also, at tf; u = -sign[bTVx] = -sign[2kbTx] (5.158) 

So Vt  (tf) 
f 

= 1 + 2k<x,Ax-b sign[2kbTx]> (5.159) 

1 + 2k<x,Ax> - 2k<x,b>sign[2kbTx] 

= 1 + 2k<x,Ax> - 2k<b,x> (5.160) 

Let us consider the class of linear systems where A is 

negative-definite, (this is the class considered in [71]) 

then <x,Ax> <o ;x/ o 	 (5.161) 

We require Vt  (tf) = o for V to be minimized w.r.t. tf 



271. 

so from (5.160) 

k= 	-1 	 (5.162) 

2<x,li> -2 <b,x> 

k is always > o by (5.161) and (5.162) 

Now consider minimizing (5.157) with tf  = tf  and k = R. 

This is just a minimum norm problem (i.e. min <xlI>at tf) 

and is solved easily using the free end-point algorithm of 

Section 5.5. When it is solved, set k = R where 2 is 

determined using (5.162). 	This ensures that Vt = o. 
f 

 

Now it is necessary only to integrate the backwards 

equations for determining bk, since btf  is determined 

readily by 

btf = -Vt t 
-1<VX ,bx> at t tf f f 	tf (5.163) 

Eliminating btf  at the end time Ef  (in a similar way to 

equation (5.117) for ts) gives new boundary conditions 

for the Vx).c' Vxk and Vkk equations. 

(In general, when there is more than one end- constraint, 

one cannot so easily choose R that ensures vt o and 
f 
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so also the equations for determining otf  must be 

integrated backwards) 

The fourth-order Runge-Kutta integration routine 

was used with a step size of 4.4/300. secs.. 

The following initial data was used. 

x(to) = 10 ; U(t) = +1 ; t(Eto,t1.1 	tf  = 4.4 secs. 

The above initial data gave rise to 

<x,x> -1 = 2.14 at t = tf 	(5.164) 

After 7 iterations a control function was found that 

yielded <x°,x°> -1 = .022 	 (5.165) 

(No further reduction was possible because of the finite 

integration step size which places a finite lower bound 

on the obtainable bts , the changes in switch times) 

The optimal final time was tf = 4.19 seconds. 

This optimal time agrees with the results presented in 

Section 5.7.1, Problem II, where a minimum norm of .996 

was achieved in 4.2 seconds. 

Fig 29 shows tf as a function of iteration number 

and Fig 3.0 shows <x,x> -1 as a function of iteration 

number. 

The optimal control function had exactly the same 

structure as for the min. norm problem of Section 5.7.1 

and once again differed from Plant and Athans result. 
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FIG. 29 
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FIG: 30 
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This reinforces our opinion that the results as presented 

in [71], are incorrect. 

5.15 Dynamic Programming and Pontryagin's Minimum 
Principle 

Consider the cost functional: 

V(x0,k°;t0)= ft
tf 

 L(x
0 

 lu
0 s
,t)+F(x°(tf))+<k°,8(x°(tf))> 

(5.166) 

Equation (5.166) describes the optimal cost for the 

free and-point problem obtained by adjoining the end 

constraints e to 

tf ft  L(x04t)dt + F(x(y) using a vector Lagrange 
0 

Multiplier k. 	The superscripts 	on x, u and k in 

(5.166) denote optimal values. (i.e. V is minimized 

w.r.t. u, and e(x°(tf)) = o) 

Consider also the following cost functional: 

V°(x0.110) = ft-"L(x°,u°  t)dt 	F(x°(tf)) 
	(5.167) 

G(x°(tf)) = o 
	 (5.168) 

Equation (5.167) describes the optimal cost for the same 

process subject, however, to the constraint e(x°(tf)) = o. 

i.e. if variations in x are made at t = tl' say, they 

can be made only if it is ensured that e(x(tf)) = o 

remains satisfied. 

(In this Section superscript ° on V denotes optimal cost 

for the problem with fixed end-point. No superscript 
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denotes optimal cost for the problem where the end-

constraints have been adjoined by Lagrange Multipliers 

k, to the cost functional) 

Dynamic Programming, in its continuous form, requires 

the optimal cost surfaces V(x,k,t) and V°(x,t) to have 

continuous partial derivatives w.r.t. x, k and t for the 

derivation of the Bellman P.D.E. to be valid. (Chapter 2). 

We have shown that V(x,k;t) has continuous partial 

derivatives except at switch points of the control function 

where special jump conditions have to be investigated 

(Chapter 5). 

It has been known for many years that, in problems 

with bang-bang control and fixed end-points, the cost 

surface is non-smooth across some switching surfaces in 

.the state space. In fact, V;)c  the first partial derivative 

of V°  w.r.t. x is not continuous across such switching 

surfaces. 	([12], [21], [24], [32], [34] and [46] are 

some references of direct interest.) It so happens that 

the optimal trajectory never crosses these switching 

surfaces (where Vo is not defined) but travels along them 

[34]. In view of the above, the Bellman P.D.E. is invalid 

for V° on these surfaces since free variations in the 

state variables are not permitted. 	However, Pontryagin's 

Principle remains valid in such cases but we cannot inter-

pret A. as Vo , since Vx is not defined. (In regions where 



277. 

the cost surface is smooth, X can be identified as 1/.;D 

Recall that earlier in this chapter we showed that 

Vx for the free end-point problem (5.166),was continuous 

and that only the second derivatives experienced jumps 

at'switch points of the control function. 

we can convert the free end-point problem (5.166) 

into the fixed end-point problem (5.167), locally, in the 

following way. 

On an optimal trajectory we had, to second-order, 

that 

V(x°4-6x,k°+6k,t)=V(x°,k°°,t)+<Vx,6x>+<Vk,6k>+<6x,Vxkok> 

+1<6k,Vkk6k> + 1<bx,Vxx6x> 	(5.169) 
2 	2 

Now since the trajectory is optimal, Vk(xo  ,ko  ,t),o (5.170) 

Equation (5.170) implies e(x°(tf)) = o (See (5.123)). 

Now let us eliminate 6k from (5.169) in such a way that 

Q(x°(tf) + 6,x(tf)) = o. 

From (5.169), (5.170) we require: 

Vk(x
o+6x,k°+6k,t) = Vxk

T6x + VkkSk = o 

i.e. 6k 	= -Vkk
-1V

xkT6x  

Substituting (5.172) into (5.169) we obtain 

. 
V(xo+6x1ko -Vkk

-1V
x0x;t)  = V(x0 ,k

0  ,t) + <Vx,6x> 

+1<6x,(V___-V V -1V )6x> xx xk kk kx 
(5.173) 
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Equation (5.173) is the expression for the optimal cost 

for the fixed end-point problem. i.e. with 

G(x°(tf) 	bx(tf)) = o. 	So in view. of (5.167), (5.168), 

which represent just this problem, we may write (5.173) as 

vo(xo±,x  o 	*,t)=V°(x°°,t)+<V,Ox>i-l<6x,Vxx- VxkVkk- 1Vkx5x>  
2 	(5.174) 

Notice that Vx for this optimal cost function is the same 

as the Vx for the optimal free end-point problem but that 

Vxx = VxxxkVkk 1Vkx 
0 

However, equation (5.175) holds only if Vkk(xo  ,k
o  ,t) is 

invertable. Now we have shown that Vkk is invertible only 

after s switchings of the control function. (s-1 in the 

implicit end-time problem). So the transformation (5.172) 

cannot be done if less than s switchings have appeared. 

(Together with other conditions which we have discussed 

earlier) This means that in such regions we cannot 

transform (5.169) into (5.173), (5.174), since Vex  (5.175) 

is not defined. This means that we cannot convert from 

description (5.166) (free end-point) to description (5.167), 

(5.168) (fixed end-point). i.e. V°(x°+bx;t) cannot be 

represented, to second-order, everywhere in the state 

space by the power series expansion (5.174). 

It is important to note that the optimal cost 

V(x°1k°;t) for the free end-point problem (5.166) has 

(5.175) 
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continuous partial derivatives everywhere (except at 

switch points, where jumps occur in Vxx,Vxk  and Vkk) 

even if Vkk(x°,k°,t) is not invertable for all tE[toltf] 

Since the equations for Pontryagins X are exactly 

the same as those for Vx for this free end-point problem 

(and also the same for v(2), when (5.173), (5.174) are valid 

we have the following simple interpretation for X 

In regions where Vkk  is invertable, X = Vx = Vx 

since -V°,_ = Vx, as shown above. (equations (5.173),(5.174)) 

In regions where Vkk  is not invertable, X = Vx but X is 

not equal to the first partial derivative of the optimal 

cost function V°  (x",t) w.r.t. x, since V°(x°+ox,t) 

cannot be represented by (5.173), (5.174) and so 

Vx / Vx. 

The above Section does, it is believed, close the 

'conceptual gap' between Dynamic Programming and 

Pontryagin's Principle by showing the results obtained 

by either method agree , even in cases where the optimal 

cost function V°  does not possess continuous partial 

derivatives w.r.t. x, everywhere in the state space. 

The difference in approach between our study of ? 

and that of others (notably [21]) is that we identify X 

with a quantity Vx  which is the partial derivative of a 

free end-point cost functional w.r.t. x. 	The usual 

approach is to try and identify X with a quantity 
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associated with the optimal cost functional V°. This is 

difficult. 	Dreyfus, in [34] Pg 204, (Problems with 

Special Linear Structure), has this to .say: 

'the classical multipliers cannot be interpreted as 
partial derivatives of the optimal value function. 
In fact, the classical multipliers apparently 
have no physical or geometric meaning.' 

It has been shown, in this Section,that X does have 

a simple physical and geometric meaning. 
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CHAPTER 6 

DISCUSSION AND POSSIBLE EXTENSIONS OF THE WORK 

6.1. Advantages and Disadvantages of Allowing Global 
Variations in Control u (Strong Variations in. 3.0 

We showed in Chapter 3 that existing second-order 

algorithms possess a number of major drawbacks. 

Notably: 

1) Huu x,t)  is required to be positive- 

definite along non-optimal trajectories. 

2) Control constraints cannot be included directly. 

3) Bang-bang type problems cannot'be solved. 

1) is certainly a very restrictive requirement since non-

linear systems often exhibit H functions which are non-

convex globally w.r.t. u. 2) is quite restrictive since 

invariably controls are required to satisfy certain con- 

straints. 	3) is a basic drawback of the methods and 

implies that a whole class of non-linear problems 

cannot be solved using the algorithms. 

By introducing the notion of global variations in 

control (strong variations in x) we overcome 1), 2) and 

3) in Chapters 4 and 5. 	The positive gains introduced 

by using global variations in control are, therefore, 

obvious. 
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On the debit side we seem to have only the 

following point: 

Owing to the necessity for numerical integration 

we have to employ a finite integration step size. If 

this basic step size is 'too large' (See Section 4,2.1) 

then no improvement in the trajectory can be obtained. 

This is a programming difficulty and not a theoretical 

one, since if we could integrate the differential 

equations ideally, no such problem would arise. 

No real difficulty has been experienced in the 

above regard with the exception of the 'Distillation 

Column' (Section 5.7.1) which is;, however, a very nearly 

singular problem. 

The very positive gains mentioned earlier in this 

Section appear to outweigh this difficulty in theoretical 

importance and practical usefulness. 

6.2 Halkin's Method of Convex Ascent (Descent)  

Halkin's method [57], is considered in some detail 

here since it is an interesting method which has some 

similarities to the algorithms described in this thesis. 

Moreover, it is a method which does not appear to be 

widely understood. 

Let us consider the following control problem. 



x = f(x,u;t) 

V = ft
tfL(x01;t)dt o 

 

e(x(tf) ; tf) = b 

x(to) = xo 
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(6.1) 

(6.2) 

(6.3) 

x is an n-vector, u an m-vector and G an s dimensional 

vector function. 

Halkin changes the form of the problem in the 

following way: 

He sets 	x  

= GxT  (x,t)f(x,u;t) + et  

xn+s 

and 
	xn+s+1 	= L(x,u;t) 

i.e. = f(x,u;t) 	; x(to) 	xo 

xn+1 
= 8f(X,U;t)d-Gt; 

xia+1(to)'--  "s xn+s
(t) = o 

xn+s 

xn+s+1 	
= L(x,u;t) 	x

n+s+1(to) = o 

(6.4) 



••••••••••••• 

xn+1(tf) 

• 
• 

xn+s(tf) 
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The control problem is now to choose u(t); t(Cto,tf3 

in order to minimize xn+s-E1(tf) and satisfy the constraint 

= b 	 (6.5) 

Let us re-write (6.4) as 

(6.6) 

n+S+l dimensional vector and F is the 

f(x,u;t) 

exf(x,u;t) +et  

L(x,u;t) 

• x = F(x,u,t) 

where x is now an 

vector function 

F(x,u;t) 

(6.7) 

Halkin now linearises (6.6) w.r.t. x along a nominal 

trajectory 5c(t), a(t); t(Eto,tfi but retains the non- 

linearity of u. 

bX = Fx(5-coa;t)bx + F(R,u;t) 	
F(7,71;t) 
	

(6.8) 

bx(to) = o 	 (6.9) 

For u(t) = a(t) , t(Eto,tf] we have bx(t) = o from 

(6.8), (6.9). 

The end constraints are now 
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Rni_1(tf ) 	6x11+1(tf) 

xn-Fs(tf) 	bxn+s(tf) 
	= bs 
	(6.10) 

We 	are required to minimize x n+s-1-1(tf)=5cn+s+1(tf) 

bxn+s+1(  f)  

(6.11) 

Notice that (6.8) - (6.11) constitute a linear 

dynamic system (linear in bx but not in u) with linear 

end-point constraints and linear performance index. We 

can readily find the control u*(t); t([to,tf] which pro-

duces an optimal trajectory for this linear sub-problem. 

(We may use our methods or, as Halkin does, the firt-order 

methods of Neustadt and Paiewonsky [45], [44], [45]) 

Now if the nominal control ii(t); t([to,tf] is 

sufficiently close to the optimal control u°(t) for the 

original problem (6.4) - (6.5), then the u*(t) determined 

using (6.8) to (6.11) will be a good approximation to this 

optimal control. This is so, since the bx's produced by 

(6.8) will be sufficiently small to justify the lineari-

sation w.r.t. x. i.e. if U(t) is sufficiently close to 

u°(t); tqto,tf] 	then the non-linear system (6.4), (6.5) 

is well represented by its linearised version (6.8)-(6.11) 
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If u(t) is not close to u°(t) 	tE[to,tf] then 

the u*(t) obtained by solving (6.8)-(6.11) may cause 

5xis so large that the linearisation w.r.t. x is invalid. 

We have thus to introduce some sort of step size adjust-

ment method which will limit the size of the ox's when 

u*(t) is applied to the non-linear system (6.4), (6.5). 

We first solve the problem (6.8)-(6.11) and find 

u*(t) ; tE[to,tf]. 	We will then have 

n+1(tf) 	5x*n+1(tf)  = bl 
• 
• 
• 
• 
• 

xn+s(tf) + bx*n+s(tf 	= bs  

(6.12) 

and the minimum value of the performance index as 

xn+s+1(tf)  = Rn+s+1 (tf) 	5x*n+s+I(t  ) = xl)..4.s_i_1(tf)(6.13) 

We must find now a way of determining a control function 

u**(t) ; tqto,tf] such that: 

1) The Ox's produced by this control, when applied 

to the system (6.4), (6.5), will be 'small enough'. 

2) The error in the end-point constraints is reduced. 

3) The performance criterion xn+s+1(tf) is reduced. 

So for the linearised system (6.8) - (6.11), let us 

determine a u**(t) 	tECto,tf] such that 
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Rn4.1(tf) + bx;'1:1  (t ).(-b  I (1+  -(') xn+I(tf)  
0 
• 
• 

• 

n+s (tf  ) + bxn**+s  (tf  ) .(bs+(1-E)(tf) 

(6.14) 

and Rn+s+1(tf) + bx**n+s+1  (tf  )=E-xn+s+I* 	(tf) -̀ +(1-())7n+s+1(tf) 

(6.15) 

where ( is a scalar ; o< E< 1 

Moreover, the control u**(t) must ensure that bx(t) 

remains 'small enough' for t(Cto,tf]. 

Consider the following backwards differential 

equation for X(t), where X(t) is an n+s+1 dimensional 

vector function of time. 

° 	 - -N= Fx
T  (R 1u,t)A ; X(t f)unknown, but of unit (6.16) 

length i.e. <X(tf),X(tf)> = 1 

The solution for this equation is 

X(t) = OT(tflt)X(tf) 	 (6.17) 

where 0(t,tf) obeys the following differential equation. 

(t,tf) = Fx(R,U;t) 0(t,tf) 	0(tf,tf) = I 	(6.18) 

Now define H(x1u1X;t) 	<X,F(x,u;t)> 	(6.19) 
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So H(7c,u*,X.,t) - H(R,TI,X;t) = 

<X,F(x,u*.,t) - F(R,T4t)> 
	

(6.20) 

= <X(tf)10(tf,t)[F(R,u*;t)-F(R,74t)]> from (6.17) 

= <X(ts), a(t)> 

where a(t)= 0(tf,t)[F(R,u",t) - F(R9a;t)] 

Consider the scalar B(X(tf);t) where 

B(X(ts) ;t) = <X(ts) 	a(t)> 

<a(t) , a(t)> 

and the scalar 

P(PIX(tf);t) where 

P(P,X(tf);t).min[1,max(olpB(X(tf),t))] 

(6.21) 

(6.22) 

(6.23) 

(6.24) 

and p is a negative scalar. (Halkin sets p > o, but he 

is maximizing while we are minimizing xn+si-1(tf))  (6.25) 

Now with u = u**, (6.8) is: 

sx**.Fx0c,i71;t)6x**+F07,u**;t)—F(7,171.;t) 
	

(6.26) 

Let us set 

F(X lu**;t) = pF(ic l u*;t) + (1-p)F(x1-74t) 
	

(6.27) 
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Then (6.26) becomes 

bx**=Fx(Roa;t)bx**-1-p(p,k(tf );t)EF(R,u*;t)-F(R,74t)1(6.28) 

Now p(p1X(tf);t) is by (6.22), (6.24) and (6.25) a 

scalar function of time in the range o < 13 < 1 depending 

on the size of p. 

If p were set to zero then by (6.24), (6.28), Ox**(t)=o; 

tE[to,tf]. 

If p < < o then 6x(t) is the same a that given by (6.8) 

with u = u* (if X(tf) = 0(tf) is the optimal boundary 

condition for problem (6.8).) 

This is so since p = 1. (<0(tf),0(tf,t)CF(R,u*.p) 

-F(7,11°,t)]> 

is negative. It is, in fact, H-H(R,U,X;t)) 

Sb there definitely exists a p which guarantees that 

6x(t) ; tc[to,tf] remains"small enough'. 

Note that p(t) is a function of X(tf). 	So we may 

now. choose X(tf) (using Neustadt's methods, say0 

such that Tc(tf) 	ox**(tf), given by (6.28), is as close 

as possible to x*(tf). (i.e. we determine X(tf), for a 

particular p, such that the end-point 7(tf)+6x**(tf) 

is as near as possible to x*(tf). 	That is, we determine 

X.(tf
) so that c, in (6.14), (6.15), is as near as 

possible to unity). It is clear that we can choose X.(t ) 
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for each p in this way. For p sufficiently small we 

are guaranteed the maximum change in the end-point, bx**(tf), 

subject. to the constraint that bx(t); tf[to,tf] remains 

small. 	u**-(t); tc[to,tf] can then be calculated using 

(6.27) (Note that u**(t) is not necessarily unique.) 

The fact that X(tf) can be chosen for a particular 

p, so as to guarantee that c is in the range o < E < 1 

in (6.14), (6.15) is true, since the reachable set at 

t = tf  is convex for the linear system (6.8)-(6.11) 

under consideration. (See Neustadt [44]) 

So we can find a p < o and ?(tf) such that (6.14) and 

(6.15) hold for some E 	o < E < 1 and bx(t) 	tE[to,tf] 

is 'small enough'. 	The corresponding u**(t) is given 

by (6.27). 	This u**(t); t(Ctoltf] can then be appTMed 

safely to the non-linear system (6.4) - (6.5). 
The procedure is used iteratively until H(R,u*,X;t) 

-H(X1-71 12;t) is zero on the whole time interval [to„tf]. 

This is a necessary condition for the control 

a(t) ; tE[toItf] to be optimal. 

6.2.1 Comparison of Halkin's Method with Differential 
Dynamic Programming 

The following points are intended to outline 

some similarities, and differences between Halkin's work 

and ours. 	No actual numerical comparisons have been made. 
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1) The major similarity to the Differential 

Dynamic Programming methods developed in this thesis is 

that Halkin does not linearise w.r.t. u. This is 

analogous to the 'global variations in control' 

introduced in Chapter 4. 

2) Halkin's method is first-order in bx since 

F(x,u;t) is expanded only to first-order in bx. Further, 

his linearisation is about R,U. (See (6.8)) whereas the 

derivatives in the Differential Dynamic Programming 

methods (Chapters 415) are evaluated at 5-c,u*. (u* the 

control that minimizes H(R,u1Vx;t) w.r.t. u.) Thus the 

methods are fundamentally different.. 

3) Halkin relies on known, boundary iteration 

methods [44], [45], [46], to solve his linear control 

problem. 	These methoda are first-order and so the time 

taken to solve this sub-problem may be large indeed. 

Further., certain numerical sensitivity problems have been 

reported using these methods [44]. 

4) Halkin's 'step size adjustment routine' 

appears to be quite complicated. 	The step size adjustment 

method developed in Section 4.2.1_ is easy to implement 

and use, being conceptionally simple. 

One possible extension of the work described in 

this thesis would be to carry out a more detailed 

theoretical and computational comparison between the 
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Differential Dynamic Programming methods and Halkin's 

method. 	Computational comparisons on non-linear 

problems should be interesting. 

6.3 Compromise Between First- and Second-Order Methods  

Second-order algorithms are generally more rapidly 

convergent than first-order algorithms, especially in the 

neighbourhood of an optimal trajectory. 	When far from 

the optimal, first-order algorithms perform rather well 

and slow down only when in a neighbourhood of the 

optimal trajectory. 	However, second-order algorithms 

are very much more complicated to programme for the 

following reasons: 

1) Second-derivatives are required, and analytic 

expressions must be obtained for them by repeated 

differentiation of f and L w.r.t. u and x. If f and L 

are complicated functions, the task is arduous and the 

risk of error, high. 

2) In the general vector case f 1  f and f xx ux uu 

are three dimensional arrays of size n x n x n, 

nxmxnl nxmxmrespectively, where n is the dimen- 

sionality of x,and m, that of u. 	Storage must be pro- 

vided for these functions and this might be considerable 

if the dynamics are complicated. In addition, the com-

putation of Hxx, Hux  and Huu  involves handling these 

large arrays. 
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In view of the above difficulties it seems 

reasonable to enquire whether the handling of the 

second derivatives of f and the running of the Matrix 

Riccati equation for VXX can be circumvented. 

One naive method in which Vxx  is estimated by 

repeated running of the 	differential equations has 

been described in [56]. 	The method is outlined in 

the Appendix of this thesis. 

more detailed look at the similarities and 

differences between first- and second-order methods 

might yield more subtle and useful compromise methods 

which would retain the relative simplicity of the first-

order methods but still exhibit reasonable convergence 

rates. 

6.4 Necessary and Sufficient Conditions of Optimality  

In this thesis little has been said about conditions 

of optimality and no derivation of these conditions has 

been attempted. However, the second-order analyses 

undertaken in this thesis have allowed us to deduce 

sufficient conditions to guarantee improved trajectories 

at each iteration of the algorithms. It is the author's 

view that these second-order analyses will, on closer 

study, yield second-order necessary and sufficient con-

ditions of optimality for the large:class of problems 

considered in this thesis. 
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Necessary and sufficient conditions of optimality 

should be stated and proved as Theorems since they are 

of fundamental mathematical importance. Such proofs 

are beyond the scope of this thesis, but it is intended 

that this line of research be followed in the near future. 

At this stage we shall content ourselves with a 

sketch of a proof of second-order necessary and sufficient 

conditions of optimality for the free end-point, uncon-

strained problem of Section 2.1. 

From Chapter 3, we have that: 
• 
-a. H-H(R,U,Vx;t) 	a(tf) 	o 

-vx=lixi-vxx(f-f(R,a;t)) 	v.(tf) = Fx(to 

-Vxx = Hxx x +f TVxx +Vxx x -u_x u f -(ET +f TVxx  )
T
H_u 	u u 	̀  

1(
H_x  +f TVxx  ) 

(tf)=Fxx(tf) (6.29) 

quantities evaluated at R117+bu* unless otherwise stated. 

bu* 	= -Huu  -1(R,5,Vx  ;t) Hu(R,71,Vx;t) 

u 	= a+,512* 	p5x 

--H  = 	—1(uu --H  ux+fuT "
v 
 xx) 

 

At t=to 

a(x0;t0) = ft°[H-H(R,5,Vx;t)]dt 

(6.30) 

(6.31) 
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We shall assume that: 

1) All the functions. F, L, f and V are twice 

continuously differentiable with respect to their 

arguments on the interval [to,tf]. 

2) The functions u and x belong to bounded, open 

regions of their respective spaces. 

3) Only weak variations of the control function 

are permitted. 

Let us suppose that we have an optimal trajectory 

x°(t), u°(t); tE[to,tf]. By definition the cost must 

not be able to decrease further, so a(x oo ;t ) must be zero. 

Further, by our definition of relative minimum (Section 1.3) 

a(x0;t0) > o for all u(t) / u°(t); t(Cto,tf] . 

We now state that for 	a(x(:) ;t0) to be zero along the 

optimal trajectory and greater than zero for any other 

neighbouring control it is necessary that: 

H(x
0,u01-6u*,Vx;t) = H(x°,u°,Vx;t) 

and 	H(x°1u°4- u,Vx;t) > H(x°,u°,Vx;t) ; 6u / 6u* (6.32) 

and tE[to,tf] 

Necessary and sufficient conditions for (6.32) to hold,are: 

Hu(x 112°1Vx;t) = o 

Huu (x°11101 Vx,t) positive-definite 
	(6.33) 
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The proof of (6.32), (6.33) follows: 

Since ii(x°,u°4,5u*,vx;t) is, by definition, the minimum 

of H(xo,u,V ,t) w.r.t. u, we have that 
xl 

H(x°,u°4-5u*,Vx;t) < H(x°1110 9 vx;t) 

So 	H(x°,u°4,5u*,V ,t) - H(x°  u°1 Vx,t) < o 
	

(6.34) 

However, if inequality holds in (6.34) for some finite 

time interval then a(x o  ;to  ) < o. 
	But on an optimal 

trajectory a(x0;t0) = o by defn. so it is necessary that 

H(x°,u°-1,8u*,Vx;t) = H(x°,u°,Vx;t) 	tE[to,tf]. 

Further, by defn., for any other control than 

u°(t); tE[to,tf], a(x0;t0) must be greater than zero so 

it is necessary that 

H(x°,u°+bu,Vx,t) > H(x°,u°,Vx;t) 	ou / Su* ; t(Cto,tf] 

(6.35) 

If (6.35) did not hold over a finite time interval then 

there would exist a control u°-1-bu over that finite time 

interval such that 

11-(x07120+._5u,V ;t) < H(x°,u°1Vx
,t) over that time interval 

(6.36) 
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But (6.36) would contradict our demand that a(xo  ;t o) > o 

for all u(t) not equal to u°( t.) 	tE[toltf], so 

(6.35) is necessary. 

Conditions (6.33) are now proved. 

For the class of problems we are considering we 

assume that H is sufficiently smooth in u to allow of 

a power series expansion about u°  to second-order, locally, 

w.r.t. 114 

i.e. ll(x01u°+bu,Vx;t) = H(x°  ,u°1vx;t) + <ll-11(x°,u°,Vx;t),bu> 

+1<bu,guu  (x
0  ,uo  1Vx,t)bu> 	(6.37) - 

2 

From (6.32), (6.37) it is necessary that 

bu*> + 1<bu* 'Huubli*>  = 	 (A1,0154) 
2 

and 

<H' bu> + uubu> 	> o bu/bu* 	(6.38) 

2.  

(the arguments: have been dropped for simplicity) 

Now we know from (6.30) that bu*. - Huu-allu 

so (6.38) becomes 

-1<lkoRtiu  illu> = o 

2 

and 

<11,bu> + 1<bulHuubu> > o bu/bu* 	(6.39) 
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Necessary and Sufficient conditions for (6.39) to 

hold are easily seen to be: 

Hu = 

uu positive-definite 

(The proof of these conditions is straightforward) 

Thus. bu* = o ; tclto,tfI 

We have thus shown that. (6.33) are necessary con- 

ditions of optimality. 	We shall show now that they are 

also sufficient. 

Assume that H(xo  ,uo  -hbu*,Vx ) = H(x°1u°,Vx,t), then 

from (6.31), for a(t) = u°(t) 	t([to,tI] it is clear 

that a(x0;t0) = O. 
	 Assume further that 

H(x°1111Vx;t) > H(x°,u°,Vx;t) , u(t) t u°(t); tc[bb,tf]. 

Again from (6.31), it is clear that a(x0;t0) 	e 

This concludes the sufficiency proof. 

We have the following result: 

The conditions below are second-order necessary and 

sufficient conditions for u°(t) ; tc[to,tf] to be an 

optimal control, in that it corresponds to a relative 

minimum of V w.r.t. u. (In fact a weak relative minimum 

since we allow only weak variations in control u in this 

Section) 

For tE[toltf]: 

1) IIII(x°11101 Vx;t) = o 

o 
/11  o  7Vx;t) is positive-definite. 2)  Huu(x  
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The above conditions are necessary and sufficient conditions 

of optimality given the a priori assumption that V has 

continuous partial derivatives w.r.t. x up to and including 

the second. 	(See assumption 1) earlier). 	Now we may 

include this condition to form a set of sufficient 

conditions in the following way. 

For t(Eto tfl: 

1) (xoluolvx,t) 
= 0 

2) Huu(x0,u0  ,VX;t) be positive-definite. 

3) Vx(t), V (t) must exist. 

The above conditions have been shown previously 

to be necessary and sufficient conditions of optimality 

(for the class of problem considered) using classical 

arguments [4]1  [52]. 	The proof outlined above is only 

a proof of sufficiency, since it has not shown that 3), 

above, is necessary. 	Such a proof should be possible. 

In a similar fashion to that outlined in this 

Section, it should be possible to obtain second-order 

(necessary and ) sufficient conditions of optimality 

for all the classes of problem considered in this thesis. 

Again we point out that the proof given above is 

an outline proof and no pretence at rigour is made. 

A mathematically rigorous approach to such proofs 

should be attempted. 
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6.5 Singular. Problems  

 

 

Consider the following problem. 

x = f (x;t) + f2(x,t)u ; x(to) = xo  (6.40) 

For simplicity consider u to be a scalar. lui < 1 (6.41) 

Choose u(t), t([to,tf] in order to minimize 

tf  
V(x,t) = ft  L(x;t)dt 	F( (t );tf) 	(6.42) 

subject to 49(x(tf);tf) = o 	 (6.43) 

For such problems the Hamiltonian is linear in u. and the 

optimal control is given by (See Chapter 5). 

u* = —sign <Vx,f2(x;t)> 	(6.44) 

if <vx' f2' 
(xet)> / o on a finite time interval. 

Problems in which <Vx1f2(x.,t)> is zero on a finite time 

interval are called 'singular'. 	They are named thus, 

since H=L(x;t) + <Vx,fi(x;t) + f2(x;t)u> 

is independent of u if <Vx,f2(x;t)> = o on a finite time 

interval. 	u* cannot, therefore, be determined directly 

from H using (6.44). 

Some work has been produced on the subject 

of singular control problems [68], [69], but general 
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computational algorithms are lacking. 	To the best of 

our knowledge a Differential Dynamic Programming approach 

to this class of problems has not been attempted. 	It 

should be possible to use such an approach to yield com-

putational algorithms for handling these problems. 

6.6 State Constraints  

Inequality constraints of the form 

951(x u;t) < o 

02(x,t) 	< o 	 (6.45) 

have not been considered in this thesis. At present, 

problems in which these constraints appear are best 

solved using a penalty function approach [50]. 

Dreyfus [28] has suggested a first-order direct 

method of solving state constrained problems, but the 

algorithm does not appear to be easy to use in general. 

Dreyfus and Berkovitz [25], [26], [27], [28] and [34] 

have, however, developed necessary conditions of 

optimality for such problems and these works (particularly 

[34]) together with the notion of Differential Dynamic 

Programming, could suggest directions of research which 

would produce efficient computational algorithms for 

solving these problems.. 



6.7 Stochastic Control Problems  

Stochastic control problems are ones in which 

random variables enter into the system. 

x = f(xl uoll;t) 
	

(6.46) 

where ni  may be noisy estimates of certain system 

parameters. 

In addition, the state variables may be unobservable 

directly, only noisy output quantities y being able to 

be measured. 

y = y(x1112;t) 	 (4.47) 

where r)2  may represent the measurement noise appearing 

non—linearly in the observation y. 

The control problem is to choose u(t); t(Etolt 	in order 

to minimize 
t. 

V(xc)  ,t(:) ) = Ef fL(x u.t)clt 
t 	' ' 0 

(6.48) 

(where E denotes mathematical expectation) 

Problems that have a structure of the above type are, 

in general, difficult to analyse. 	Moreover, computing 

optimal control for them is no easy task. 

Differential Dynamic Programming, being conceptually 

simple, is probably more likely to yield algorithms for 

solving stochastic control problems than classical 

approaches which deal only with Lagrange Multipliers 

h(t) which are not given any physical or geometric 

meaning. 
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Mayne has realised, previously, the intuitive advantage 

of Dynamic Programming in this respect, and the 

interested reader is referred to his research work [73], 
[74] on stochastic control problems. See also Dreyfus' 

work on Stochastic Systems [34]. 



304. 

APPENDIX 

A.1 A Suggested Procedure for the Numerical Estimation 
of Second-Order Quantities  

In Section 4.2 we derived a powerful second-order 

algorithm for free end-point, unconstrained control 

problems. The relevant equations are repeated here for 

convenience. 

-a 	= H-11(7,71,Vx;t) 	a(tf) = 0 
	(A.1) 

-Vx = Hx  + Vxx(f-f(X,a;t)+pTH-1. °  ; Vx(tf)=Fx(x(y)(A.2) 

• 
-Vxx = Hxx - +fx 

T Vxx +Vxx fx -(Hux +fu TVxx )
T
Huu -1(Hux  +fu TVxx  ) 

Vxx(tf)=Fxx(x(Y)  
(A.3) 

Unless otherwise specified, all quantities evaluated at 

xl u* where u* is given by min H(R lu Vx;t) 	(L.4) 

On the forwards run the new control is computed 

from min H(R-4-6x,u1Vx+Vxxbx;t) 	(A.5) 

In order to derive this method we expanded v(R-1-6x;t) to 

second-order in bx. 

V07:+bx;t)=-7(3T;t)+a-IXVx,elx>.-1-1<bx 1 VXXOx> 
	

(A.6) 
2 
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whence Vx(5-(45x;t) = Vx 	VXXbx 
	(A.7) 

If we knew. Vxx(t); tE[to,tf] we could integrate Vx  

backwards in time all the way from tf  to to  to yield 

Vx(R;t) 	tE[to,tf]. 

Let us assume that we allow Vxx(R;t) to remain 

constant for a time interval T. 	(Assume we are at tf 

where Vx and VXX are known) We can now minimize H w.r.t. 

u to get u*(tf) and then integrate (A.1) and (A.2) 

backwards one step to tf-ti to get Vx(R;tf-T). 

Now if we make a variation bx in x at tf-T about R and 

integrate (5-c+bx).  = f(5E+bx,71;t) forward to tf' using 

initial condition R(tf-T)-i-bx(tf-T), we will get 

x(tf) = R(tf) 	bx(tf) 

Now. using (A.7); Vx(Ri-bx;tf)=Vx(R;tf)+Vxx(R;t0ox(tf) 

(A.8) 

We now minimize H(R-pbx,u,Vx+Vxxbx;tf) w.r.t. u to obtain 

u*(tf) at 57]-1-bx. 	Using (A.2), (A.8) we obtain 

Vx(R.-1-bx;tf -T). 	(Hx,f,f(x,a;t) are all evaluated 

along the perturbed trajectory xi-5x) 

If we repeat the above procedure for ra independent 

bx's at tf-T then we can solve for VXX(2;tf-T) using (A.7). 
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Having obtained Vxx(R*Itf-T) we can repeat the procedure 

starting at tf-2T and so on. 	Ultimately we arrive at 

to  having computed a(t), Vx(t), Vxx(t)°, te[toltf]. 

By taking the 6x's orthogonal at t=tf-rT., r=1...N, 

say, the computation ofVxx  (7C,t) using (A.7) is simple. 

Using the above technique of repeated running of 

(A.2) we circumvent the calculation of 11:77_, Hux  and 

Huu 1 and the integration of the Matrix Riccati equation 

(A.3). 
Of course, the integration of (17+8x)'=“54bxla;t) 

is required n times and that of (A.2) n+1 times, over 

each sub interval T of [to,tr] 

A.2 Similarities to Boundary Value Adjustment Methods  

Here we point out certain similarities of the 

procedure described in Section Al. to the boundary value 

adjustment methods of [41], [42]. 	In these methods the 

linearised coupled Pontryagin equations are integrated 

n+l times in order to determine changes in the initial 

conditions that will improve the terminal condition error. 

Since one set of these equations is integrated in the 

unstable direction of motion, numerical stability 

difficulties may arise. 	In our method we are also 

integrating certain adjoint equations n+l times, but our 
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integrations are in the stable direction of motion of the 

equations. 	In addition, our method does not require 

—1   dcx' Hux and  Huu  explicitly. 	This is because we also 

integrate (Xd-Ox)° 	f(RA-bx,i4t) n times over each sub 

interval T of Eto' f t ]. 
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