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ABSTRACT.

Unitarity and Ward identities in the massless Yang Mills
theory and the mass zero limit of the massive theory are discussed.
It is shown in perturbation theory that the modified version of the
massive theory constructed using the approach of Fradkin and Tyutin
is neither unitary nor has the same analytic structure as the original
theory. The modified version obtained using the approach of Fadeev
and Popov is shown to lead to the same absorptive parts for amplitudes
as does the original theory. Problems encountered with derivatively
coupled theories when considered in the nonpolynomial field theory
approach are then discussed. A new method is developed for treating
these theories on the basis of analytic renormalisation. The method is
shown to resolve the problems met with previously and to lead to physically
acceptable results. In particular, the Adler condition in chiral

theories is obtained.
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CHAPTER I. INTRODUCTION.

It has been appreciated for a long time that a deep
understanding of the conservation of electric charge can be obtained
from the notion of gauge invariance. The equation for the conservation
of the electric current follows as an identity because of the structure

of Maxwell's equations which are gauge invariant.

In analogy, in order to understand the symmetries like
isosopin which are observed in strong interactions, the nucleon fields
are coupled to charge carrying vector fields in a gauge invariant
way(l). The theory corresponding to the gauge invariant Lagrangian

for these vector fields has come to be known as the Yang-Mills theory.

Both electrodynamics and the Yang Mills theory are gauge
(2)

theories Thesd are obtained whenever the invariance group of
the basic system is extended by making the parameters of the group
functions of space and time. The theory of gravitation is also such

a theory.

Nature therefore seems to prefer to realise the physical
symmetries through the gauge theories. However unlike electrodynamics
and gravitation which are believed to be complete theories for the
description of these phenomena the Yang Mills theory can only be
considered as a first step towards understanding the strong interaction

symmetries.

For the Lagrangians of the gauge theories to be invariant,
under the gauge transformations, these fields must have zero mass.

They therefore give rise to static long range forces. The



electromagnetic and gravitational forces are observed to have

long range. We observe in nature an apparently exact conservation
of electric charge and energy-momentum and furthermore we also
observe massless photons. It seéms probable that massless gravitons
also exist, though the chances of their detection is extremely small

because of their very weak coupling with all matter.

In contrast however, the isospin forces are seen to have
the range of the strong interactions and the conservation of isospin
is only approximately satisfied. Moreover in nature we find no zero
mass isospin, spin one multiplets to realise this symmetry. The
strength of the isospin forces is also very large compared with the

strength of either the electromagnetic or the gravitational forces.

Thus in nature the isospin symmetry manifests itself in a
way considerably different from the symmetry of either the electric
charge or energy-momentum. Despite all these differences it is interesting
to inquire whether it is in any way possible to associate a gauge field
with an approximate symmetry so that the qualitative feature of the
theory provide, through comparison with experiments and other
theoretical models, some understanding of the dynamics of the strong

interactions.

The observation of approximate symmetries and multiplets of
massive wector fieldshas led people to include a mass term in the
Lagrangian and the resulting theory, the so called massive Yang-Mills
theory has also been studied for the reasons given above. It has found

(3)

use at the phenomenological level in strong interaction physics



and also in the theory of Weak interactions(l+) where the intermediate
vector bosons are often assumed to be field; of the Yang-Mills type.
Understandably efforts are made to study these theories as actual

field theories to see if the radiative corrections do lead us towards

a better description of nature.

While the need to understand symmetries in nature has
inspired the. study of the Yang-Mills theories, one very compelling
reason for the study of the massless theory stems from the belief
that the classical theory of gravitation should also be quantized.( 5)
The massless Yang-Mills theory lies between electrodynamics and
gravitation in both its structure and the complexity of the corresponding
quantization problem. In the understanding of how to resolve some of
the problems that are encountered and in testing the methods employed

in constructing a quantum theory of gravitation, quantization of the

massless Yang Mills theory is expected to play a very prominent role.

The difficulty in quantizing the massless Yang Mills theory
arises from the éxistance of the infinite dimensional invariance
group which implies that not all the field variables are independent.
Over the years this problem has been approached in many ways and the

methods employed in electrodynamics have obviously found use here.

The radiation gauge method in which the independent field

(6)

variables are identified and quantized, has been applied by Schwinger
and Fradkin- Tyutin('7). The main difficulty with this method is the
lack of manifest covariance. It is necessary, having quantized the

theory, to show that it really is covariant. But with the problem of

operator ordering this becomes a hard task algebraically. In order to
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avoid these problems Schwinger(s) has devised the extended operator
fromalism by which the construction of quantities 1like the energy
momentum tensor can be greatly simplified and covariance of the

theory made to follow in a simple way.

The Lorentz gauge method has been employed by Fradkin and

Tyutin(7)

within a functional integration approach. The basic idea
of the method consists of choosing the Lagrange multiplier term

a
so that the Lagrange multiplier field (POQ satisfies the free field

equations. If one chooses in analogy with electrodynamics

L = -{r« [A/,w(x) AT + L T Ldto 0p M)

where Ayxv(!q are defined in equation (2.A.1), then the variational

equations lead to

ab, B b

(SZ?»Z) ) d>(*) =0
and
a
rOP'A/.., (x» =o
ob

where ‘7 is the covariant derivative given in equation (2.A.3).

L]
As 4’6K)d¢do not satisfy the free field equations, the subsidiary

a(t)
condition (b l physical subspace >> = o is not meaningful,

(9)

However with the choice

L e -1 (oAt AT+ T [90|tup 0 enlie)
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it can be shown that Q;Ek) satisfy free field equations so

that the subsidiary condition is meaningful, and fi;k(&) satisfy

the Yang-Mills field equations on the physical subspace. With the
introduction of the functional integration gsthods Fradkin and Tyutin
obtain a generating functional from whicrnq?x)hhas.beenutransformed away
so that the S-matrix for the Yang Mills field can be easily

calculated.

Quantization of the massless theory has also been carried out
by Mandelstam(lo) using the path dependent formalism. In this formalism
gauge independent quantities are constructed and quantized and the
equations for the Green's functions are written down. In order to
evaluate these in perturbation theory, gauge dependent fields need to
be introduced. The method reproduces the results obtained by Fadeev-
Popov(ll), Fradkin—Tyutin(7) and De Witt(lQ) by using the functional

methods.

The functional method of quantizing the massless theory appears
to be much simpler and more useful. In this method the gauge condition
can be imposed very simply and the Feynman rules for evaluating amplitudes

in the perturbation theory can also be easily obtained.

All these quantization procedures lead to the additional rules
for including the fictitious scalar quanta which appear-in closed loops.
These, as was first pointed out by Feynman,(ls) are necessary if
unitarity is to be satisfied in perturbation theory. The nonphysical modes
of the field, which are introduced in a covariant development of the

theory, give contribution to all the scattering amplitudes. The

fictitious quanta loops nullify these contributions.
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Starting from the requirement of gauge invariance of an
n-particle scattering amplitude on mass shell, we show precisely
how the nonphysical modes of the field give a nonvanishing contribution
to the absorptive parts of the amplitudes. It is seen form the analysis

that the usual Ward identities, ie identities of the type
A P g2 0n 0,043 ¢ i -1
kl Ml"l r'?-"'ﬁ (kn k‘a- ) k3) = 3 C ‘ [D/Lz}j.s (k;) - Dlu;’xs(ka)]

which rélate n-point Green's function to the lower order Green's
function, do not hold in general for every gauge. Besides the terms
appearing in the usual Ward identities there appear extra gauge dependent
terms. This is because the source current and the conserved current

are related to each other by additional gauge dependent termsgu+%here

is however a choice of gauge for which the additional terms "are -equal .to

zero so that the usual Ward identities hold.

In contrast to the massless Yang Mills theory.because of the
presence of bare mass, the massive theory can be quantized in the usual
fashion, and the Feynman rules for evaluating diagrams in perturbation
theory can also be easily obtained. The difficulty in this theory
arises from the longitudinal modes in the free particle propagator

blu.v (k) = (9 I;,v -k};.kv/mz) (k,".m’).-' Conventional power counting
(15)

arguments classify this theory as non-renormalizable

The functional methods of quantizing the massless theory
and in particular the methods used by Fadeev-Popov and Fradkin-Tyutin
have created some hope that £he renormalization problem of the massive
theory may be treated more effectively. This is because the generalizations

6f+these methods provide a means of modifying the Feymman rules in such

‘
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a way that the problem of renormalization appears to be tractable.

Theése generalizations are easily achieved for the following
reason. The method of imposing the gauge condition in the massless
theory effectively alters the free particle propagator of the field and
can therefore be employed in the massive case to obtain modified
perturbation theories for which the propagator of the massive field
is altered. The effect of altering the propagator is absorbed in some
new factors which arise in the functional integrals. Using the Fadeev-

(16,17 )f

Popov approach or implementing the gauge it is possible to write

down the theory in such a way that the massive field has the propagator
2 2l
@fb\l - k},{, kv/kj") (k. - ) while using the Fradkin-Tyutin approach( 18)

it is possible to obtain theories such that the propagator is either

(9’.&\/ - k’L kv /k")(k"—- m")-or 9,,1.\1 (k.z— m )-' .

If this is done, it is at once apparent that the theories
obtained by the two approaches are strikingly different. In both
theories with propagator (wa_ k/-\.kv /k") (k;'—m;)-', one obtains
the usual coupling of the Yang Mills fields and the coupling of the
zero mass fictitious quanta with the Yang Mills fields. However using
the Fadeev-Popov approach there appear extra couplings of zero mass
longitudinal modes, the so called gauge degrees of freedom, which
parameterise the gauge group. Thus the analytic structure of the S-matrices
in the two theories are expected to be different. A question naturally
arises as to which of the S-Matrices is going to have the same analytic

-1
structure as the original theory with the propagator (9”,\, -k/.\,kv m,,)(k’-'- ym )



1y,

It appears that the theory obtained using the Fradkin-
Tyutin approach has a mass zero limit and coincides in this limit
with the massless theory. For this to be so the contributions of
the longitudinal modes for the massive theory should go to zero in
the zéro mass limit. What we observe in perturbation theory is that
this cannot happen. We show that if in both massive and massless
theory, the M-functions satisfy the property given by equation (2.A.9)
which is obtained by demanding gauge invariance of the amplitude,
then unitarity of the massive theory and the massless theory obtained

in the limit are incompatible.

This is precisely the reason why the theories obtained by the
Fradkin-Tyutin procedure, as we show in perturbation theory, do not
satisfy unitarity. Neither does the analytic structure of these theories
agree with the original massive theory. The theory obtained by the
Fadeev-Popov approach however does give the same absorptive part for

the amplitudes as obtained from the original theory.

In addition to showing different analytic structures, these
modified theories also exhibit different ultraviolet behaviour. The
leading divergences are transformed away in the theories constructed
using the Fradkin-Tyutin approach and consequently the ultraviolet
behaviour of these theories is improved. The leading divergences in
the Fadeev-Popov approach appear in the interactions of the gauge degrees
of freedom which are represented by nonpolynomial chiral Lagrangians.

In the conventional perturbation theory framework the theory is
unrenormalizable. One obtains the two basic features shared by all the
nonrenormalizable theories - unacceptable high energy behaviour

and infinite number of types of infinity, the removal of which would require
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an infinite number of counter terms. Therefore in the conventional
perturbation theory framework the theory has little physical interest.
(19,20)

However the nonpolynomial approach to field theories
offers a method in which the infinities of the thegry in the Fadeev-
Popov version, may be tractable. The chiral Lagrangians in particular
are well suited for this approach. As a first step towards a treatment
of the massive theory, it is necessary to consider the chiral
interactions in this frame-work.

(21)

Recently some doubts have been expressed by B.W. Lee

(22)
and W.K. Chan et. al.

regarding the usefulness of the nonpolynomial
approach to chiral theories. They claim that this approach does not
satisfy the symmetry requirements like the Adler consistency condition.

In particular it has been shown by Chan et. al. that the pion self energy,
when computed to second order in the major coupling constant, 1is
nonvanishing on mass shell. This nonvanishing contribution is quartic

divergent and may be associated with the splitting of the Lagrangian

into free and interaction parts.

These analyses are incorrect for two reasons. Firstly
the results are based on naive Feynman rules. For derivative theories

given by Lagrangians of the form

£($) = L 9 ($) ’(),LCP;?”‘P

it is well known(23)

that the surface dependent terms appearing in
the interaction Hamiltonian and in the time order product of the field
variables cannot be ignored as they can be in theories where only one

derivative of the field is involved. In the ahalysis of Chan et. al. the
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surface dependent terms have not been taken into account.

Secondly in their analysis, the derivative terms have

not been treated properly. Ordinary differentiation of the propagator

:DG(): -..'_ ) _'- , 1n the region xa'+ Qa is employed to give
ar* x?*
meaning to amplitudes like ar,,a,,'b 'a’k'bv'b §CD) R
where aé(ll) is a superpropagator. This procedure for

treating the derivatives we show to be ambiguous and to lead to

inconsistencies.

One of the basic problems of these theories when considered in
the nonpolynomial approach is how the contributions from the surface
dependent terms should be taken into account. This problem is intimately
linked with the problem of treating the derivatives. One could follow Salam -

(17) (2%)

Strathdee* and Gerstein et. al. , and take the contribution from

the surface dependent terms into account by using the functional methods.

By this procedure one obtains S =Tfe,x’> Lj.l:ﬁmt(.‘b +§S(°) & Q" 9«.’ (4’)]4"
The polynomial techniques can then be used to evaluate the amplitudes.

This procedure, under certain assumptions, leads to amplitudes satisfying

the Adler condition(gs). It is however unsatisfactory for two reasons:

(a) one needs to put in the tadpole D(0) =0 and (b) the derivative

terms need to be treated inconsistently.

We therefore develop a method, for treating the derivative terms,
. . . . . . (26,27
which 1s based on the analytic renormalization technique . The
procedure we adopt is a natural one for the nonpolynomial theories as the
analytic renormalization structure appears to be built into these theories.
2
The essence of our method is to replace the terms 3P'BP"® by 3}1|ajtn3

This makes possible the-use of ordinary differentiation in some region of

the z-plane and also the ordinary multiplication with distributions of the
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same kind. The result is then analytically continued to include
the value z = 1. Usually it shows a pole at this point and its
renormalized value is defined, in the manmer introduced by Speer(26)

in his analytic renormalization method, by subtracting off the pole.

This is definedonly up to finite renormalization comstants.

If, however, there is no pole at z = 1 there is no freedom
to include finite renormalizations. This is precisely the situation
which arises when one employs this procedure to give meaning to
the tadpoles which appear in formal identities that can be obtained
by requiring manifest covariance. The result so obtained for the
tadpoles is momentum dependent and furthermore leads to incomnsistencies
among these various formal identities. The straightforward application

of the amalytic method therefore fails.

In order to remedy this defect we give:. an alternative definition
for the limit z-Y1. Amongst other things, this leads to identically
vanishing tadpoles. To achieve a greater insight into the correct
limiting procedure we consider spinor and scalar electrodynamics. We find
that the alternative procedure applied to these cases is essentially
equivalent to finite renormalization in the sense of Speer(QB) and leads
automatically to gauge-invariant results. This procedure generalized

to nonpolynomial theories leads to amplitudes satisfying the Adler

condition.

We begin Chapter II by discussing unitarity and Ward identities
in the massless Yang Mills theory. We explain why the fictitilous particles
are required in order that unitarity be satisfied and proceed to show
that the usual well-known Ward identities are not satisfied in a general

gauge. A gauge is thenddevélopéd-iwhere the usual Ward identities hold.



18.

In section B of Chapter II we discuss the questions regarding the

zero mass limit of the massive theory by using a property that the
M-functions of both the massive and the massless theory apparently
satisfy in perturbation theory. We show that if the zero mass limit
exists for the S-matrix of the massive theory then the requirement

of unitarity of both the massive and the massless theory obtained from

it in the limit cannot be met. It is argued that conjecture of Khriplovich

and Vanishtein(28) that the scattering of n longitudinal modes behave
-N32
in general as M as M=>QO nay not be correct. In Chapter III,

using Feynman path integral techniques we construct the modified
perturbation theories for the massive field using the approaches of
Fadeev-Popov and Fradkin-Tyutin. Using the Feymman rules obtained from
the functional integrals we consider the absorptive part of the 4th. order
scattering amplitude for 2 particle - 2 particle scattering. We conclude
that the theories obtained by the Fradkin-Tyutin approach are neither
unitarity by themselves nor do they lead to amplitudes having the same
analytic structure as the original massive theory. The theory obtained
using the Fadeev-Popov method gives the same absorptive part for the
amplitude as the original theory. We reach the same conclusion by
considering the Yth. order self energy amplitude which involves two_loop

diagrams. In this analysis we make contact with the work of Veltman(QB)

(30)

and Veltman-Rieff and we explain why the Fadeev-Popov approach gives,

for one loop diagrams, the same result as Veltman's approach.

In Chapter IV we point out in detail the problems associated
with the treatment of derivative terms in field theories when considered
in the nonpolynomial approach. These we exemplify by considering the self

energy amplitude for pions in stereographic coordinate systems for the chiral

group.



In Section C of the chapter we develop a new method for treating
the derivatives and show that for scalar and spinor electrodynamics
it leads to gauge invariant answers and that it is essentially
equivalent to the finite renormalization prescription of Speer(zs).
Generalising the prescription obtained for the polynomial theories

to the nonpolynomial theories we develop new Feymman rules for
evaluating diagrams to second order in themjor coupling constant.
Using these we show that the Adler condition is satisfied for the
self energy amplitude of the pions. Finally we comment on a problem
that would be encountered if the Yang Mills interactions are included

in this framework for calculating amplitudes in Yang Mills theory given

by the Fadeev-Popov approach.

19.
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CHAPTER II

SECTION A: UNITARITY AND WARD IDENTITIES IN THE MASSLESS YANG MILLS THEORY.

The action integral for the massless Yang Mills theory
is

Wy = [dx LyuGa)

galx —'}E;'T' L Apv(®) P\}w(")] (2.A.1)

Wwhere P\rw (x) BF Ay (x) - v P\}:.(X) - “5 C Af;(") Av(x)]

a
and HIA C"‘) = A,&Cx) Ao- . )\a being the generators of

the corresponding gauge group.

NYN(A) is invariant under the transformation

Alqu) —> A;:CX) = -flAr-(f‘ - %3 ‘“'a/*n"‘ (2.A.2)

Infinitesimally this transformation is

(-\},.(x) —> A}u.CK) + Vr@(“) (2.A.3)
where vll, = a}“ - ":5 OC‘CA,;.) is the covariant derivative
and
ad(A)(e) = LA, el
r
Since W\m (ﬂ) is invariant under the infinitesimal transformations

it follows that

a be ¢
(dx _S__V_\IVN(“) [a,k@(“) - '53 Ca A/E(*) 9(’"]-: o (2.A.4)
SAR ()
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¢
As 6(&) is arbitrary we obtain

o.b
Vr. §_l:_\“fﬂo‘) = O (2.A.5)
b
§ An G
* b
From (2.A.4) by functional differentiation with respect to F\UCB)

we get

1 o
[d« 0 NYH.(“)& Drecm = 0
5A;;.Cx) AL (2.A.6)

Ah=o
W
2
Thus we see that X NYN(A’ is singular satisfying
5‘9/‘:6:) 8@\3(3) a
Fy~=c
1
) & Wy ) = 0 (2.A.7)

F XA;.:(n §Av(y) 0

,&20

As shown in appendix I, where we discuss the functional
methods as used in this and the next chapter, if the perturbation
series is developed using the funetional integrals then the

3
inverse of the operator §!ﬁxg§ﬂ% appears as the free particle
EA;:(‘) 1A0G) Q;:o

propagator. This operator is however singular and therefore it is
necessary to introduce a gauge condition so that the operator

e
6 0dYﬂ (A) is effectively altered and rendered non-singular.
b aQ
LAY MO TEWTS

The implementation of the gauge condition using either the method of

(7)) (11)

Fadeev-Popov or of Fradkin-Tyutin leads automatically to the

appearance of extra couplings involving the so called fictitious particles.

These quanta only appear in closed loops and have the Fermi statisties.

That these additional quanta should appear in the theory of

13
the massless Yang Mills field was first pointed out by Feynman( “).
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He showed that if the amplitudes in the theory - of gravitation or of
the massless Yang Mills field are computed naively by using a

covariant propagator i and those couplings as given by the Lagrangian,

k2rie
then unitarity is violated. In order to restore unitarity he
demonstrated that it is necessary to introduce additional diagrams with
fictitious quanta propagating in closed loops. These additional quanta,

are vector particles for the theory of gravitation and scalars for the

Yang Mills theory.

The reason why the fictitious quanta appear in these theories
is very simple. In a manifestly covariant theory of massless spin one or
spin two fields it is necessary to include the non-physical modes
of the fields(al). In quantum electrodynamics, for example, the
effect of these non-physical modes can be shown to cancel as the..
field is coupled to a conserved current which contains no contribution
from the field itself. In the Yang Mills theory and gravitation however,
this cancellation does not occur and it is therefore necessary that there
appear other interactions which nullify these contributions. These
extra interactions are precisely the ones which include the fictitious
quanta. Since the contributions of the non-physical modes affect

unitarity, the fictitious quanta appear only virtually and in closed

loops.

To see this more clearly, let us first consider an amplitude

for the scattering of n Yang Mills field

A (kl)‘l). §k“ )\"‘) = Mf"““ﬂ" (k..... kn) Eﬁ: G ... 6}:: (k“) (2.A.8)

where the external particles are transversely polarised.
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Gauge invariance of the amplitude on mass shell (i.e.
invariance under the transformation G,A,(k-) -7 G’k (k') + k’}"-e )

requires that

1 ~ f L _ kf"'

AR
v

where M}L,_’,Ln(klkh) vanishes on mass shell and f is some
permutation of the label i's. f‘ is such that the gauge invariance
of the total amplitude on mass shell is assured by the contraction
of the momentum factors on the right hand side of eqn. (2.A.9)
with either the transverse polarisation vectors carrying the same
momenta or with the same momenta when simultaneous transformations
are made on the external line wave functions. In general the terms
d"'ii"'ﬁ'%(k'“" kh) may not vanish even on mass shell. They do vanish

identically on mass shell for electrodynamics, but not for the Yang

Mills theory.

Thus we see that in general the amplitude for the scattering

of virtual longitudinal modes with the transverse modes is non zero.
It is expected that they will therefore give contributions to all the
scattering amplitudes and in particular to their absorptive parts.
Since the terms O(P"'f""'ij(k . Ig.,,) in ‘the equation (2.A.9) may not
vanish on mass shell, we expect that the contribution of the non-
physical modes to the absorptive parts of the amplitudes will be given
in terms of them. This is easily illustrated by considering a typical
expression that occurs on the right hand side of the unitarity equation

:QJ:IMT'-‘- TT.l— . Corresponding to two particle exchange we

consider :



2y,

¢ @ )
e'= Y A Bl do ooy

Transverse
pol A, X (2.4.10)

() (3]
where Fvyr and BVW' are complete amplitudes for the scattering
of many particles computed to a particular order in the coupling
constant. The indices corresponding to other particles in the
amplitudes have been contracted with their appropriate wave functions.
The superscript (e ) indicates thaf these amplitudes are for the
massless theory and has been introduced here only for later
convenience.

@) (3]
The amplitudes AH,,' and B‘W are assumed to satisfy

gauge invariance in the sense of equation (2.A.9). Thus,

’ @
k‘P' ;f; o(U-) Q’&' .Q'L A/l/"; = OC(Uk/,-.

, £) U
K 8(1!::' ea) 0y 2% Bvv’ - lev

\

(2.A.11)

2.2 ’ x'
Woiting @ s T e/’;.(z) €ve (2)

and transforming to the special frame
2.
Q},q, = (‘ql 9,90, Q) é;\ (Q) = ':7: (O, 1, 0,0 ) ) G’L(‘e) = .‘i C0,0' I,O)
)

we obtain @ ,‘—IA Loo N 33

E = , /"' - , + T
From equation (2.A.11) it follows that

A 'vf P
0 TF < Qo T

’Vl

roo a3
and in this special frame therefore ’T’ = 7'

s I Z & Mg e (o A 8O Zér(k)é‘(k)T""
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Similarly,transforming to the frame k,‘ = (k ,0,0, l\‘.) we

obtain
E\ T T°° T 3

v @ @ v
Howevery the equation (2.A.11) now implies l(rTF = &« F k

L
k\) T,Ml= o((l) L kP-

and

. TDO - TSB - 2.0‘«') P@J

We thus obtain
Z A pre BW: Gi:(k) E‘;(I«.) et‘,(c) c-,‘,:,'(!z)

) Q) Voa wtu? 0 (2.A.12)
va' Sr 9’“’ - Q.o{&) PU

= PApp

When integrated over the phase space of the two particles
with momenta l( and Q , the left hand side of equation (2.A.12)
is equal to the contribution of the transverse modes to the absorptive
part of the amplitude
. k
D —
AC Be

-—

) -

The first term on the right hand side of the equation gives the
absorptive part across the two particle singularity of this amplitude
if it were evaluated in the Feynman Gauge. As expected the mismatch
between the two, which is a measure of the contribution from the non-

(ONL)
physical modes, is given by the term £L &

Clearly the contribution arising from the fictitious quanta
D((Q) 0_
must cancel this. In electrodynamics p so that the
contribution arising from the longitudinal modes vanishes and unitarity

is satisfied.
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On examining equation (2.A.12) we see that the contribution
of the longitudinal modes should depend on the choice of gauge. Since
this equation has been derived using the equations (2.A.11), it
follows that the terms in equation (2.A.11) and therefore those in
equation (2.A.9) may also in general be different for different choices
of gauge. The Ward identities are therefore expected to be gauge

dependent.

That this conclusion is correct for the massless Yang Mills

theory is easily checked by considering the lowest order three point

l !(I)Q'I » ”“I
0,0, a3 0,04
TS (ORI AL
)\
k,,n,.}t,, “'3,"‘3;)*3 (2.A.13)

It follows that

LT 7Y .a,q
hes L g c *[Gup 3 - ko) = €3, - k;/‘kgr,)]

Q,q; Q.
= 9 c' 3[ SN\M ’ )(“3)" (6 Wyn (k ab
8 (t) Y M) ’(x)8a3(3: Auso
(2.A.14)
1
where j}' denotesthe Fourier transform of §_E!v" which is

6A (") XAV (3)
a f“
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singular and n is the dimension of the Lie Algebra.

Thus the usual Ward identity i.e.
Qa aa,Q -| -1
k,F' M gc 3 DM‘&(I:&) ) f"/‘-’»(kz)]

cannot be satisfied in any covariant gauge whatsoever unless the

lowest order three point vertex is modified. In particular we

see that in the Feymman gauge besides the terms in the usual

Ward identity we have thé extrd term ka kg - hl kz . For
fa 3y T Ty T2

other choices of gauge for which the three point vertex is not

modified, this extra term will be different.

In the following we demonstrate the gauge dependence of the
Ward identities in general and go on to construct a model in which

(1)
the usual Ward identities do hold.

Consider the generating functional for the S-Matrix for the

massless Yang Mills theory

GL7] = J-(JA) exp i [NYM(M + fdx'ﬁ(:’}t(x)ﬁf‘(x))]

(2.A.15)

Here and in the following we choose not to write the

normalising factor for the functional integral by demanding G[o:l = 1

Following Fadeev and Popov let us implement the gauge by

introducing in the integrand of equation (2.A.15) the identity
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= J-(dn) exp i We Ca™)

(2.A.16)

Here (JJI) is the invariant volume element on the group
O
manifold, £} is an element of the gauge group and A/; is given by

equation (2.A.2).

The choice of qu(h) depends on the gauge in which one wants
to evaluate the perturbation theory. For example, one choosesfor the

Landau Gauge

L
Nq (3% = -iln [ ALR) f(c\x ) exp j dx Tv (X(xn"‘A;:(x))]

(2.A.17)

and for the Feynman Gauge

F
We (%) = -iln Be(y) -Ydx Te (eat)”

(2.A.18)

These identities define A&L(A) the so called determinant
F
factor, which gives the rules for including the fictitious particles.
Since the gauge group is assumed to be compact, its volume can be

normalised to one
ie f@'-’l) =1 (2.A.19)

Therefore introducing the identity (2.A.1§) into the integrand

of equation (2.A.15) and letting A};(") —_— A,q ) we obtain
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GL7T = [dm @y exp i [, + W + fxTe (548"

(2.A.20)

The on mass-shell S-matrix obtained from GEJ] is given

by

ma
where Q’u X) are free field operators describing the system at t = -0

The term fde-r(T n}u therefore has the form

fdx Ql"?*) ﬁ(g/“ (,)) in the expression for the S-matrix. In terms of
dlagrams a operating on A;,r‘ means a operates on the
external line A/._(x) plus various vertices in the expansion of A/J,-‘
The external line has a pole & U which cancels the [l operator.
The vertices on the other hand have no such pf)le and these terms can
be integrated by partsso as to operate on Q;:”(L*) . On the mass-shell
therefore these terms vanish. Hence one can make the replacement of
'Fr(ll',g(ﬁ) H;-&x») by T (3};&) Alx) ) in the
equation (2.A.20) and obtain a generating functional which will give

the same on shell S-matrix as GI[:’] . Doing this replacement we

obtain

G171 = [y expi [y ®) + Wal® + fox T (Gutw i) ]

(2.A.21)

/
Although the generating functionals G[I] and q e |

lead to the same on mass shell S-matrix, the off-shell behaviour,
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in particular the Ward identities, will be different for the Green's

functions evaluated using the two generating functionals.

The equation (2.A.16) imposes a condition on the choice of
Nq(ﬂ) . This condition ensures that the on-shell amplitudes are
independent of it. There is however some degree of freedom in this
choice. By demanding a particular off shell behaviour, for example
that the usual Ward identities hold, it is possible to obtain
additional constraints on Nﬁ(ﬂ)
i3Q
Let us first define the source current Jfb €3] in the

/
theory determined by G [31 :

e 2 ab b
o= & THy®ewem] - SDI“:: (xy) Avdy
8AP(&) (2.4.22)

where the second term on the right hand side is the collection of all
a
the terms linear in HP,(") . Clearly this definition agrees with the

usual one when the equations of motion are satisfied.

Tt follows from equation (2.A.22) that

- ab 82.

D,.&V (X,ﬂ) = bEWYM(ﬁ) + NG(A)]

Q
59,&(‘95“"(.‘)) 9;'=o (2.A.23)

-1ab
Therefore b,.,v (*,3, is the inverse of the free particle
propagator in this gauge. We obviously assume that the choice of gauge

is such that this is non-singular.
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From equation (2.A.22), (2.A.23) it follows that

a']s?x) = ILS [Nyn(ﬂ) + Wq("\)] 3 5 [Nvu(a)+We(ﬂﬂ Fl\,(y 0‘7
¢ Bﬂ ® 3(}.6&)30\'(3) a
N Auzo
/
- C ‘A (*)S [w (A)+We(6)] + Y 5 Ns(a)
9 L I =
®) EH (3
r ?
- V(s Walr l Av(ﬂ)d_‘j (2.A.24)

§A0 (%) aﬂv )
M Ay=o
The last equation is derived using equations (2.A.5) and (2.A.7). Writing
~a
the last two l’\l@(ﬂ) dependent terms in the equation (2.A.24) as WG (ﬂ)

we see that

aP’<T (J ) g ("t) ......... H}anﬁn))>
g(otﬂ) BJ,‘, (x) ﬁf.,(’%) ..... A;L:‘ (xn) Qr)‘r [Nyn(ﬂ)-l- Nq(‘\)]
da) B Gr)...... A Gy A (*)X expi [ Wy @ + We®]
J A o F 305 Cx )P

,t

~a a, an
+ j‘(d A) WG (R) A}l, (X,) canen Q/An ("n) eXP ¢ EWYﬂ (A) + wq(ﬂ)]

abec n

=-9C 23wl

ca;

! .
QUG W)

(2.A.25)

+ (T (WG(ﬂ)ﬁ,(x,) ﬁ;'.',(*»))>
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Aas
where F»Ai(x;) means it is deleted in the expression.

The first term in the equation above provides the terms
that appear in the usual Ward identities whereas the second term
gives extra terms which clearly depend on the choice of gauge.

ca

The conserved current JfL(k) which generates the usual

Ward identities 1s thus identified to be

1 b
J;‘a(x) = 5__ N\{m » - J NYM OREMCT d_lj
EHFG‘) Eﬂ;(x)ﬂag(y) Bﬁ=o (2.A.26)

It satisfies using (2.A.5) and (2.A.7)

¢ bd
3“Jr(:}= 63 ¢ (-\;_ €Y @_ﬂvn M)

SAF =)

(2.A.27)

Thus the consérved current and the source current in the
theory given by (iﬁ:f] are related to each other by gauge dependent
terms . . .m0l L. There exists however a choice of gauge
for which the two currents coincide and the usual Ward identities hold.

From equation (2.A.24) it follows that this choice of gauge corresponds

~
to N:G\)=O i.e.

VL Wew = V5 Wew | alray
Kﬁ;:,(*) 86;1(:;393(9) . (2.A.28)
ﬂ/.,=o
At this stage it is proper to comment on quantum electrodynamics.

Starting from the equation for the generating functional in electrodynamics



33.

(analogous to equation (2.A.15), it is possible to develop an
analysis similar to the one we have just carried out. For this
theory as can be easily seen most of the gauges of interest are
obt:itined by choosing NQ (A) s jﬂr.C%) K’,w (x,\j) ﬂv(j) dx dy
ie. a quadratic function of A"" . Thus Wq(ﬂ) automatically

satisfies the equation

p 5 2 _
? 8“@, C)) - ) dy 17 We@ Av (y)
5 An(x) §A, 00 §Avly) (2.A.29)
' r Au=o
,t
which is the condition analogous to (2.A.27) for the conserved and
the source currents to coincide. Thus we obtain the usual Ward

identities in electrodynamics for most of the gauges of interest.

For the Yang Mills theory, NQ(A) needs to satisfy equations
(2.A.16) and (2.A.28) in order to obtain the usual Ward identities.
A particular solution of (2.A.28) is NQ(A) = C Idx T (F\/;.(x) ﬂ’t’x))
as both sides of the equation reduce to ‘OPQ“(") 1. From equations
(2.A.5) and (2.A.7) it follows that any invariant \g(ﬂ) will
also satisfy the equation (2.A.28). We therefore obtain as the

solution of (2.A.28)

NG(R) = %J-olx T (ﬂr(x)t‘-’l”&)) + .4(9) (2.4.30)

g(ﬂ) can now be determined by using equation (2.A.16). Thus

1= JEJ,J).) exp [9(a) + Si_fdx'Fr (Ao AR o) ]
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exP[-LS(A)] = j(dn) exp ig fdx T [“ﬁﬂ"? % Auatr) - gl_i (™)' ]
Hence

e”‘F [-¢ We@®] - j@la ) exp i% de T [%é Al" (a'd*a) - g.z(n"a“n)‘]

" Wg () = ¢ Cu [I@la) exr c_ci fd* " [%-3 q}t(ﬁnn) -3%(“"”"“)’]
(2.A.31)

By choosing a parameterisation of the gauge group this
expression can be solved for WQ(“). Various new couplings between
Q.

the field H/A will now be obtained and these will depend on the

parameter @. In particular, from our previous discussion we expect

that the lowest order three point coupling will now be modified.
i98/x

Indeed choosing the exponential parameterisation N=¢e s

the generating functional Q’f,j‘] , given by the equation (2.A.21),

{toflowest order in ) )is
’ . L 2
G [3] = “‘(dﬂ) (de) ex')t‘(dxﬁ[-%(bﬂﬂv-bvﬂﬁ) + L (u8)
-t (W Ay -vAL) [Ay Av] + AA 2”8 (2.4.32)
2o pILTp B s

- L__Q. H"'EBJa’;&] + J}..B’L+ av ey ]
2

where we have chosen C= Xn'
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~i
Now letting B(ﬁ) —> B0 - AD BRH/&(") we obtain

6N =J'(dn)cds) exp efdef [—!i a"(ﬂr, 0 -2udv +X'2udy ')A’
-t v-  +L @) -0 A8 2.0

+i2 "8, %u0%n]  + i ha. Loy, o]
2 2

It therefore follows that in this gauge

Q,q,;

< (Aa:(m B;': o))y = Dp,}x; (i, %)

(2.A.34)

(3}‘4 , + ’aﬂl_aﬁz - 3,4,3 2 D ("rh)) D(x,-x,)
"

qua’-

which in momentum space gives

ab ab '
Iyuv (kJ s 5 ( 3Fna - !&3%; - E?igg ) ]Z;

(2.A.35)

The lowest order three point vertex can also be easily evaluated from
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equation (2.A.32). In momentum space we obtain

Lkl )Qu,’h

_ ¢ kel g (A = 2 K kapa )
= [( s ‘J;wr _Lk.‘k;’i

/ X & Cas e (paps -};kzr_\zz kig;)
kl . Q2 '}h. \(3 %3 ,P3

Qe Gpoy - ¥ ; bl )
(2.A.35) 3

The three point vertex has, as expected, been modified
in this gauge and it is straight forward to show that the usual Ward

identity also holds.

In this gauge, the gauge degrees of freedom which parameterise
the gauge group appear instead of the so called fictitious particles.
They give rise to An—dependent couplings. Clearly on mass shell this
dependence should disappear from the amplitudes and the amplitudes

'should agree with those obtained by using other gauges.

We have therefore seen that unlike electrodynamics, the conserved
current and the source current in the Yang Mills theory are related by terms
depending on the gauge condlition which is introduced in order to evaluate
amplitudes in perturbation theory. Thus all Ward identities evaluated in
perturbation theory contain extra gauge dependent.terms. There is however

a choice of gauge for which the usual Ward identities hold.
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SECTION B: ZERO MASS LIMIT OF THE MASSIVE YANG MILLS THEORY.

In this section we would like to show, using the property of
the M-functionsas expressed by the equation (2.A.9), that if the
zero mass transition limit exists for the S-Matrix of the massive
theory then unitarity of the massive theory and of the massless
theory obtained in the limit, are incompatible. It is crucial for
the argument that the M-functions of both massive and the massless
theory satisfy equation (2.A.9). In the next chapter we shall see that
the M-functions of the massive theory have this behaviour which for
the massless theory was derived by demanding gauge invariance of the

amplitudes on mass shell.

Let B start by assuming that the zero méss 1imit exists
for the S-Matrix of the massive theory and that a massless theory
is obtained in this limit. We again consider a typical term for the
absorptive part across the two particle singularity of an amplitude

of the massive theory.

E =2 A Bw elleitetmelo
AW ,7"

(2.B.1)

where A/A,/A, and By’ are on mass-shell amplitudes in the massive

(4 (9]
theory and satisfy equations (2.A.11) with &« ) P( replaced by &

and P respectively. In the zero mass limit, according to our

assumption

(e) @ &

e Bpe | B B a @
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A A
Using the well known formula %e,;,(k) Gv(k)=(gfh v 'S)%‘l'c;v )

obtain

E = 419N A B — ap

(2.B.2)
In the limit M-20 we therefore get
") N @ ©@ @ @
E— jr 3," ﬂr/,,: Bys - & P
(2.B.3)

which is clearly in contradiction with equation (2.A.12).

It is very easy to see where the trouble lies if the calculation
is performed. in a manner analogous to that of the last section. If
the summation is carried out over the transverse modes and the longitudinal
modes separately, it can be seen that the summation over the transverse
polarisation for the massive expression gives in the zéro mass
1imit the equation (2.A.12). The contribution arising from the
longitudinal part however is .equal to NF which does not vanish when
this limit is taken. Only if this were zero would one expect to obtain
a unitary massless theory from the unitary massive theory in the limiting
transition to zero mass. Thus for electrodynamias we see that if the
zero mass 1imit exists,the unitary massive theory will give in the limit

a massless theory which is also unitary.

We wish to stress that the arguments we have given are not
perturbation theory dependent but crucially depend on the assumption that

the M-functionsof the Yang Mills theories satisfy equation (2.A.9). We
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have checked that this behaviour is exhibited in perturbation theory
and we expect that the behaviour may be displayed by the complete
theory also.

Recently Khriplovich and Vainstein(28)

have made some
conjectures about the zero mass limit and renormalisability of the
massive Yang Mills theory. We show the conjectures and their validity

by assuming that equation (2.A.9) is satisfied by the M-functions

in the massivé theory.

Let us consider the on-mass shell amplitude in the massive
theory for scattering of n longitudinal modes with m transverse

modes.

H = MP’]-----/“’HM e/l;' (k')"“ e;“ (kn) e;;l'lﬂ (ku-“) e e;;m(""cm-m)

(2.B.4)

where e;; (k) = T!.- ( %‘t.'_- % - 'Vl’,, _El__) in the frame k = (w)o‘o’&)

Equations (2.A.9) implies that
k"ﬁ MP’I-..-F“-I-M el,;l(kz) rses G};,Mm (k'l-rm) = 0

P1f%-"-}‘h+nb

kap, €py (k). B, (bram)

: o o fram ¢l (ks),,,,_e;,,,m (knem)
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I“3;*a MV‘: ---- pnsm el.4 (ky) G;Mm (lenim)
_ @) flaflpssirsem (b o i, PaPinem
= (k'/-'q + k‘ﬁz? + knlu. k17.| Y )
L T
X eh(kq)...... ef‘hm(k"“") .
A = AI + AE

0, Wa d"&----- "Lh-l-'ﬂ e;"s (k3) e e;n*m (kn.ﬂn)

Ag = im [‘Sﬁs P( - T Sa F’@M ™

m

+ w.::ms Y !L’“'M m’lr,’[ﬁ,_’lfgm “/1 +m]x

X e}';+(lc4) e;nm(kw) ,

It 1s easily seen that in the zero mass limit the leading behaviour of A

arises from AI which in the limit

H3..... }1 n+m ka

~N Wy, WOn | ol g kth GF” Skh+')--- e;mquh)
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Therefore the amplitude for the scattering of n-longitudinal
modes at worse behaves like i;azl in the zero mass limit. The
1imit could however be much less singular depending on the on-shell

Paofinem a7 knei) .. " (k m
ol }l e}hws ... g“hgn?+ )

behaviour of the term

s g

If this behaviour is correct, then clearly the zero mass limit does not
exist. From dimensional arguments it follows that the amplitudes will
grow with momenta and so would thé cross sections. This in turn would
mean that the massive theory is non-renormalisable. It is clear that
these conclusions reached by Khriplovich and Vanishtein could well be

incorrect.,

Our belief is that the zero mass limit of the S-Matrix may
exist. However if it does exist and the M-functions satisfy
equation (2.A.9) then the massless theory obtained in the limit will
not be unitary.

Fradkin and Tyutin hold slightly different views about thisez’as?

They believe that in the complete theory both A and 0(@) terms

would be identically zero and therefore a unitary massless theory would
follow in the 1limit. The arguments given by them are purely qualitative.
What they attempt to show in their analysis is that the perturbative

expansion in the coupling constant may be singular in mass and therefore

perturbation theory is not a good guide in:the-analysis of this question.
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CHAPTER III. THE MASSIVE YANG MILLS THEORY IN MODIFIED VERSIONS.

SECTION Al: The Appréach of Fradkin and Tyutin 18

The treatment of Fradkin—Tyutin(7 ) and Fadeev—Popov(ll)
for the massless theory has led to two approaches for constructing
different Feynman rules for the massive theory so that the amplitudes
evaluated using these rules have tractable infinities. The methods
are based on functional techniques, the use of which we discuss

in appendix I.

The procedure of imposing the gauge condition in the massless

Yang Mills theories proves useful in altering the free particle
propagator of the massive theory. In the approach of Fradkin and
Tyutin to the massless theory, a Lagrange multiplier field 1%
which must be considered as an independent dynamical variable, is
introduced in order to get the gauge condition to appear as a dynamical
equation. The physical observables should be independent of the field
4%&) and its dynamics. This is achieved by requiring that 4%&9 and
the Yang Mills field %:QQSatisfy in the physical subspace satisfying

4fao’physical> =0 , free field equation and the Yang Mills
field equations respectively. It is expected that this will lead to the

Q
correct S-Matrix for the fields F»u@9-

Similarly for the massive theory, a Lagrange multiplier
field ¢§30 is introduced such that in the physical subspace, the field
equations of the massive Yang Mills theory are realised and ‘PQX) satisfies
the free field equation of motion. The 'gauge condition' so introduced
then leads to a modified propagator for the massive Yang Mills field.

By this method it i1s possible to construct the theory so that the
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modified propagator is either the Landau propagator (j )( ki- 'a.

or the Feynman propagator 3"'.‘, (k" m)
The Lagrangian of the massive theory is
LI (A) = LYM () + %.‘M‘LT'; [ Ar.(*) H“(x)]

(3.A.1)

Q
The field equations for Alu(t) which follow from this

Lagrangian are

n
o

BY .
VF A" m* A7) (3.A.2)

S Aex)

1]
o]

"
0

(3.A.3)

and 3,.\. AP‘(&)

Consider two other systems of Lagrangians which in addition

Q
to terms in (3.A.1) contain the Lagrange multiplier field ‘P(x}.

LI(A) = L(a) + DFA;(x)J%;b(x,\Jg A) Cf)b(J) dy (3.A.1)

and

o ob
L_]T_] (ﬁ) = LI (ﬂ) + aPA,;,(‘A)‘S %!II (x,g 3 R) ’#(3) d.j

+A [P;L(x,jj n)‘{:"q) dy] [[@;_:(x,z, ny{zcz) dz]

(3.A.5)

In the following, for convenience we shall write

a ab
(0'6“1)) x) = IAL(’(’.:JS A) ¢L(u) Olj 3 L=Tor T

The variational-equations of L]II (ﬂ) are
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ob 2,0 2 o
% — . A 2 -
Vy, ﬂ,w(x) ¥t Av (x) = 3y ( I¢)().+J3}L Mz):m,((x#)@ dz = (3 o

b b
and Idi ’3""]\,‘(&)%;'&’,(5 A) = O (3.4.7)

a
If there exists an operator for which bg (x,}, 3R) is

the inverse, then from equation (3.A.7) it follows that

a
EPA,L(X) = 0

(3.A.8)

*. from (3.A.6) we obtain

b b
V,: ¥ (%]14’) (x) = 0O (3.4.9)
ab -1ab -
*. choosing %ﬂ(*,v) A) = (VP3M)| (x,ﬂ) (Uﬂa‘ft") (3.A.10)

Y Q o
gives (u +’,l- ) +(X) = 0 ie (*®) satisfies a free field
)
equation. On the physical subspace (P 'phys:.cal space) =0,

we obtain from (3.A.6) the Yang Mills field equations (3.A.2).

Similarly for Lm(ﬂ), the variational equations are

—

ab

Vo Avicke i By () =y (%ﬂ) ™ + fdz(a" (&)+1\(3mf)(¢)8 (%m%)cz;
r i A(n)
= 0 (3.A.11)

b b
jdi('bul\;(z) + 2 (&mq’) (2)) QT_r: (E,X3 R)=0 (3.4.12)
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ab
Again assuming that the inverse of %m’ (x’ﬂj A) exists, from
above we get
-7 o
.()F’A},,(X) + A (:’bﬂd’) x =0 (3.4.13)
L

NEPSE )(‘.Dm‘#)(x) =0

o
. Using (3.A.11) we obtain ( V.

)«l-
ab B 2 -lab , -~ a
Choosing mﬂ(x,%l’-\) = (VF,B + dAm )(x,g)([]j-l-,,p) (3.A.14)

aQ
again gives a free field equation for (®) , and the variational

equation of LI(R) are obtained on the physical subspace.

The generating functionals corresponding to the three systems

of Liagrangian are

G-_[[J] = ‘(CJA) exp _“:L;(A) +J',f(x) A;(")] cx (3.A.15)

Ga (7] =Iﬂﬂ) (df) exp S 3uA;°‘)(°°It4’ﬁ") + Juohutldx, |

G‘Iﬂ 1] jﬂﬁ) CM)QXP J [Lz®)+ (bnA};,(x) +A (anr‘f)@ (-Dﬂ‘f’)@) + F(&)Af*@]dx

(3.4.17)

The generating functional GI[J'] leads to the usual perturbation

theory solution with the free particle propagator (Q’W - k’,_ky /mz) (k’;ma)-—.l

I
For Gn L-T] and Gm [J] , defining é%x) =(2L¢)QCX) and
/,

Q
doing the integration with respect to ‘P (x) we obtain
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Gyl] = [ S("A) et 2ul expifC Lz + 3% Areo] d

(3.A.18)
and
- . 2
Gul- fan) |det Jg] 'exr .,j[ Ly (@) - ("An) Ju + J;f(nA;i(n] dx
(3.A.19)
\3
The x) dependence thus appears to be transformed away

in the generating functionals. However from equation (3.A.10) and
(3.A.14) we notice that both a;s(‘.‘j')n) and 9&;"(*.53 A) depend
on Pv , the mass of the Lagrange multiplier which is quite arbitrary.
The physical S-Matrix must not depend on this parameter and we therefore

expect that this dependence should cancel.

ab
To see this let us consider the factor mn_ ("aﬂj )

From equation (3.A.10) we obtain

| det B Gysm Vs det [ (0, - ig ad (hut)?ixy s )]

= det [5(*“1) -ig m&(ﬂ}a,(t))hpb(x-g 3}») - r" D(x-9, ;&)J

(3.4.20)

Wreiting o = -1,3 a.d' (a’h(x}) b”b ("'35 r")
and F = - /Ll D(x-ﬂ) P') we get

\deb Bglxy; N r' = debt (l-!-?) det (1+o<(|+p)")

(3.A.21)
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Now

0((|+ F)-‘ - _“9 O,C\«(Afl-(x))x;: nz_ (Pl)“jd,xl....din :D(x-x, ’P) ..... D(x..-:' 3 [L)

(3.A.22)

. - -l . . .
which follows from writing ("!"5) in a power series expansion.
The expression in the integral can be computed easily by turning to

momentum space. For the séries one obtains

-l -1 2 = =

L 2
e Y

Hence

A48z -ig ad (Ap)Y Dix-yy p=o )

Therefore absorbing the d’et (H' P) factor in equation (3.A.21)

in the normalising coefficient of the functional integral we obtain

ldﬁt“u (x,45M) \.‘ = deb [5(*-5) —»'3 ao"(ﬁr(")) b”.b(x-gsruo)]

(3.A.23)

Similarly, one could put ’,I=O in the expression for Gm[-:r]

Thus choosing X: and putting ,r\.:O gives

1
2

|det B3 w7 det [6x-y) -9 Ml(ﬁp(x)ﬂp’b(x—j yp=0) +m Dlx-y -,,u=o)]

(3.A.24)

Following the arguments given above which show the non-dependence

of the generating functional Gnrj]on r& , i1t can be shown that

|det g Gy3m 17 = det [$6-y) - igad (oo Dix-y3m ]

(3.A.25)
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', Ggldl = X«h) S(D“A,‘t) exp L[fdx (L@ + T n,i(x)]

A A He
N Z(f_@_)h [clx....olx. Kr?‘.'?.. A’.N(X..)'BK.D (% }I=°)......

Nzl M "
been a.‘. D(xh-X.”l:q) ]

(3.A.26)

A ab ch) ¢
where ( AP(t) ) = C AF (x)

and GE (31 :I@\ﬂ ) e.xPide Lz - g(’dﬁ Ap(x))’- + ff@',;(x) M‘(x))]

2 .m A A i, Hy
+i.l?’ Z("_s_) Iolx,...dx,,, Ars*u)... A’l“("h) Q‘D(".‘x: ym) ?‘n -D(Xn‘xl') m)]

nzin (3.A.27)

Thus Gnrﬂleads to perturbation series with the free particle propagator
2 -1 1

equal to (ﬂrw..kﬁkv) (k-m") . Gm[ﬂ with the choice A:',_‘ leads
. k2 2 ayal

to perturbation theory with Feynman propagator SPW (l( -Mm ) . In

both the cases the determinant factors in the equations (3.A.23)

and (3.A.25) give rise to the so called couplings of the fictitious

quanta. It is easily seen from the expansion of these factors as given

in the equations (3.A.26) and (3.A.27) that these quanta propagate»

in closed loops only.

It should be pointed out that the generating functionals have

been constructed in the same way as was done for the massless theory.
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It appears that the mass zero limit exists for these expressions and
in the 1limit they coincide exactly with the generating functionals

of the massless theory constructed in the Landau and Feynman gauge.

A2:. The approach of Fadeev and Popov(ll).
This approach has been developéd by Boulware(ls), Salam and
17

Strathdee( ), and is a direct generalisation of the Fadeev-Popov

analysis of the massless theory.

Starting with the generating functional for the massive

theory given by equation (3.A.15):
G.9] = j’(dh) exp i [Wym(p) + j‘cl,z'l"v('_;:"L ﬂ).(x)h"(x) +3}‘(x)ﬁ"(*))]
introduce into GI[S] the identity given by equation(2.A.16)
1= f(dn) expi We(h®)
which is used to implement the gauge condition in the massless theory.

'n."‘
Letting (-\F‘(")—? RF(X) we obtain

ot
. te ol ot A ]
G; 51 =j{dn@m expi [NY,,,(A) + We(®) +_Yo\x'ﬂ(.'; (A,l A,(; )::5‘?,, )
3.A.28
Using the arguments given following equation (2.A.20) in
-1
the last chapter, we can make the replacement of TY(U}‘ A;: ) by
-F((J}J, A,t) and obtain another generating functional G',I[J] which gives

the same on mass shell S-Matrix as GIEJ'].
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G;[J] = [‘d-a) (J-n ) Q%Pi, [NYﬂ (ﬂ) + “ ch) +Idx T (.',2‘1.A ;(;;A ;(;+ J}’ﬁw\ %’) ]

(3.4.29)

It is now necessary to solve for qu(n) using (2.A.16)
and either of (2.A.17) or (2.A.18) depending on the form of the free
particle propagator which is required. The choice of bdz(h)and bd;kﬂ)
leadsto the propagators (arv -k kV) (k,z- lfn:).l and 3’W (kz_ mi)-|
k?.

respectively.

L
Corresponding to the choice of Nc, (ﬂ) , a@s we show in
appendix IJ,it is possible to solve for the determinant factor lxlﬁﬂ)

We obtain

A= 1debGey; M7= deb [56c-y) -igad (Ao D6y p=02]

(3.A.30)

A similar closed form solution for lsF(Q) is not easy to
evaluate and therefore a simple set of Feynman rules may not be readily
obtained. It should be noted that the difficulty in solving for the
determinant factor for the Stuckelberg gauge (propagator Sf‘v (ki_ m?)'l )
persist in the massless case, and it is not easy to see if the determinant
factors for the Landau and Feynman gauge for the massless theory will
work out to be the same as they did in the Fradkin-Tyutin approach.

From equation (3.A.30) it follows that for the massless theory the
Landau gauges in Fradkin-Tyutin and Fadeev-Popov approaches agree,
however there is doubt as to whether or not the Feynman gauge in the two

approaches are going to agree as well.
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Corresponding to the choice W@(A)= W(:; (ﬂ) we obtain
! (LK 'Id'& U. @+MT (an:oﬁa(i)-ﬂ )Aa)
GIKS] = dﬂ)@-ﬂ) P XP I 3 00 O i
* Te @r(") ﬁr(“))‘l +iF Z @hjdx.m. d\x,, %
| TR

A A ™ fin
* P}“. ()... Aft..(*n) 3,‘1 D(¥-xu3p=9)...3 D (*ﬁ".',f:o)]

(3.A.31)

Comparing equation (3.A.26) and (3.A.31) we see that the
perturbation theory constructed using the Fadeev-Popov approach gives
rise to additional couplings of the so called gauge degrees of
freedom which parameterise the gauge group. It is clear therefore
that the theories given by the generating functionals Gn: EJ] and

Q;:[:f] may give different answers for scattering amplitudes:andiin
particular the analytic structures of the S-Matrix of the two theories

may be different.

From the renormalization point 6f view, the theories given by
GEEI] and Gm [-T ] have a much better ultraviolet behaviour than that
obtained using G;L'T] In the Fadeev-Popov approach (ie G]’:,:J'])
the leading divergences make their appearance in the interactions of
the gauge dégrees of freedom. In particular the chiral interactions

-t a-!
contained in the term m"";(A/f' A,u.) contain the leading infinities.
2
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A3:. Feynman rules for the massive theories.

We briefly list the Feynman rules which emerge from the

generating functionals we have just considered.

1. The usual theory given by the generating functional GI [3]
(a) The free particle propagator
-k

— = (arw-_ﬁhr) (k:-"")-'
me

(b) Vertices

Lkl i

a.ala3 [

(k.- AN " +(k-kody, Gpaps* +(kz-k,) /,/,]

= 32 [C“u“z“ C“%“'q (3]'.}133;*:['\« - Sﬂyﬂ'qgﬂng)

AN R

k4»a"'f'4 "3,9-3,,13 +Cq'°'3“'c“°2°cq (8}1.,!23,43]‘« - /hrq 9}4,};3)

+ Ca.aqa Caqzq3(3,a,rzg’a3}xq —9/4.,,.33/42’;“)]
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The Stuckelberg Gauge given by Gm[ﬂ.

Propagator ——

-1
(a) —k = 3}4\1 (k% m2)
(b) and (c) as in 1.

k- i .12 )
(d) Propagator for the fictitious quanta ...:_.':..... =(k"m )

coupling of fictitious quanta to the

(e)

oo nne

Yang Mills field. This coupling is
the same as the one which appears in

the massless theory in Landau Gauge.

Theory given by GII, 6]

(a) Propagator . . = gv_k kv (kz_mz)'l
. (p-tae)

(b) and (c¢) as in 1.

1"
~<
=

(d) Propagator for fictitious quanta ee=eee==--s

(e) as in 2.



y, Theory given by G(J).

(a) to (e) as in 3.

|
(f) Propagator for gauge degree of freedom eAAANANS = 1:1

(g) Coupling of the gauge degrees of freedom arising from

T (At 23?) - gt T(aa)]

9

It should be pointed out that all the variants of massive
theory give the same couplings between the Yang Mills field themselves
and between the Yang Mills fields and the fictitious quanta. These
couplings are the same for the massless theory as well. Therefore
corresponding to any amplitude, the diagrams involving only the
fictitious quanta and Yang Mills fields will have the same topology
and the same associated combinatorics. We shall make use of this fact
in our analysis of the amplitudes in the next section where we consider
the absorptive parts of certain amplitudes to determine which of the
variants of the massive theory are unitary or have the same analytic

structure as the original theory.

54,
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SECTION B: Two particle scattering to 4th. order in the coupling

constant.

For the analysis that follows, we shall introduce the

following notations :

g : E ) E and E represent

the contribution to the nth. order amplitude arising from the diagrams
which contain the Yang Mills fields only in respectively the usual

theory with propagator (a,‘,v- P’,\.P‘; / m") (P'; m‘).: in the Stuckelberg

representation with propagator ngv (PE mﬁ)-' and in the theory with
12y
the propagator (9pv - P}A- Pv/‘)z) (P-m )
G

E represents the contribution to the nth. order amplitude

from the diagrams including the fictitious quanta and the Yang Mills field.
For the superscript G we shall appropriately use F or L according

to whether it has been evaluated using the propagator 9 pv (Pz- m‘)-'

or the propagator (SF'V‘ P}"PV/P") ( ‘)2— m’)" for the Yang Mills

field.

In the analysis there arise certain factors which are similar
for all the theories. These shall also carry the script F or L
as the amplitudes above. They shall carry script € ir they have been
evaluated for the massless theory. The amplitudes in the massless theory

shall also carry script (’.
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E denotes the contribution to the nth. order amplitude arising

from the diagrams containing the gauge degrees of freedom and the

Yang Mills field.

All the external lines in the amplitudes we consider are assumed
to be transversely polarised. Dilagrams contributing to the two
particle scattering amplitude to 4th. order in the coupling constant

in the various theories are given in Figure la and 1b.

The canonically quantized theory of the massive Yang Mills
field satisfies unitarity. The massless theory developed in Fadeev-Popov
(35)

approach or the Fradkin-Tyutin approach also satisfies unitarity

Thus across the two particles cut in the s-channel we obtain

1s 15
In ol nqu E c/*s(l’”ef"s (ﬁ)%p&%h}ﬂ

AN 20 (3.5.1)

Here and in the following for convenience by i the triplet
(pi, a;s Pﬁ) which labels a line. 1134- corresponds to the two particle
phase space with Pqy and p, On mass shell. This equation fixes all the

combinatorics for the similar amplitudes in the other perturbation theories.
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For the massless theory in the Feynman gauge, diagrams

with fictitious particles also make a contribution, hence across

the two particle singularity for.this amplitude in the massless

theory we get

1> 2 45 15 & 4,
In _V(G,,i +1Im TFL
- 2~ a-» 2/~

<3

1 € o3 A ’ ’ e
- 1 2 I A A A I I

Tvansverse
AN

r'd
t—>

(3.B.2)
Carrying out the sum over polarizations (equation 2.A.12)
We obtain
9 0 4 1 Q4
In @) +In__() _
2y 2% 2-» b S
) ¢ &1 &3 e 4
:lfﬂsl# (::) 3 j = Qo(e de
) : I;I - ‘ug
22 €4 ﬂlfl‘; FQ/‘II «q 2’y ,’l'ﬂl /uil“l
(3.B.3)
e
where dﬂ,/&z is defined by the equation
i» ¢ 3
RONTLE NN
= < xrs s rlf q /."l'lz with all momenta on mass shell (3.B.4)
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Evaluating (3.B.4) gives

A
0( = QBJQ,_Q, Ca.a a [ | d C q—P ). ( ,-Pz).h‘)_ -3
F‘l}"l (FH.P: 5 344 3"}‘2 2 F 3 P P414-, Ef‘z sta, P‘-l/u,:]

~Caaya Caaza3 "4!3, P"!!'- - Caaza Caa,_qq [3;_1. E“Ez
cfu-l-f’q)z (F'+P3)1

(3.B.5)
!
j '
Using Cutkosky rules to evaluate Im it follows that
- -
> & 45 0 .
IM. z:z = - | Q4 ol n/us (3.B.6)
a-> 2%y 34 B PP

The amplitude containing the contribution from the fictitious particles
G

in the other perturbation theories i.e. Z: i is evaluated

using the rules derived from the determinant factor which is the same
for both the massive and the massless theories (apart from the propagator
of the fictitious quanta). The zero mass limit exists for these factors

and when explicitly calculated we obtain

G e
In __(F) -0 (F)

in the mass zero limit.

We now turn to consider the amplitude for the two particle
scattering in the theories obtained by Fradkin-Tyutin and Fadeev-Popov

approaches.
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B.1 Perturbation theory in Stuckelberg representation-Fradkin-Tyutin

approach.

The condition for the absorptive part across the 2-particle

cut of the amplitude in this theory to agree with that of the original

theory is that

(3.B.7)
1 15 - F o 1 1o
Im i:i + Im § : § = In (:}
2 sy L ¥y a- 23

4

2o B G b o G

as obtained by using equation (3.B.1)

1-» <3 ) 3 13 43
19 €q 2 €4 249 PR

is easy to show that

i &3
2
= :_;95. F3[’-3 }’q/,(q Coaaga.Caaaaq ﬁ/.., qu,‘q.Ca.n;a.caqlq; P‘% P3}Ja
[Pt psr®-m?] [CPspay-m*]
(3.B.9)

where all momenta are on mass shell and 1 and 2 are transverse.

Thus we obtain
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' -’ LS -v"
Im ! + Im (: )
i’ ~>q’ iﬁr -’1'

L, «3 . e .*‘,
= %‘-J-Q- 3% EI (3}13#3" P’&s i3&3') (31"41"‘47 &4‘2&') I@: ’
2 w4 m? mt 4 >

1= <3 3¢ >V F F
(] — "
SRS ORIy o TV
& <y 4& 2

(3.B.10)
1> < 3

The last equation follows since i::’ satisfies
15 - %

gauge invariance in the sense of equation (2.A.9) i.e. with all

momenta on mass shell and 1 and 2 transverse

I 4 3

n3 F
a_,EI,.,, = % Pap,

Ps
and

F Q,Q;0,02;30, '
dP'P’" = {C Ca “[SF‘F?(fq‘Ps)-(B-Pz) +QP4F'F3/";-&B qul‘
[(Pl"'fz) -m?]

CQ'%“ Cm; ay

830 QG2
P‘%ﬁ.‘ rB)u = Cu " ¢ -
[ (P. + Pq):'- m‘] [ ( P. + P; )z- m;.l

|’ By Papa }

(3.B.11)

]

2
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Therefore the condition that the absorptive parts of the

amplitude in the two theories agree, reduces to

- F 1o
| F F
Iﬁn = = 1134 O( o( ’ 0
" 2 f‘ﬂ*z /*UPZ
From equation (3.B.11) and (3.B.5) it follows that the
condition above has a mass zero 1limit and by (3.B.6) the condition
becomes
1+ F % s € %
|
-_— Tdm ( : )
Im @ e — in the limit of
< 2 25
Zero mass.
1-» F 1o
This cannot however be satisfied sinie IM
29 ¥
1= =y
has a zero mass limit and goes into IJn . Thus
29 2~

neither can one satisfy the initial condition demanding the agreement
between the absorptive parts of the usual Yang Mills theory and the
modified theory. The transformed theory therefore has a different

analytic structure from the original one.

It is natural to ask if this theory is unitary by itself.
Because of its better ultraviolet behaviour dmeicould if it were unitary,
employ this theory as a model theory in physical calculations. It
turns out that the theory is not unitary by itself. Unitary demands

that



-3 lﬁa
Im
2- 2%
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+ Im

«3 -
:—__;_— Q.34.Z E P3(F3)€}43(r.’.)€q 1)914([’4) &3 PN
(3.B.13)

On summation
which as we have just
theory is not unitary
derived in Chapter II
of the massive theory

then unitarity of the

over polarisation we obtain equation (3.B.10)

seen cannot be satisfied. That the modified

is a reflection of the result we have

that if the zero mass limit exists for the S-matrix
leading to a S-Matrix for the massless theory

two S-Matiic¢s are incompatible.
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: -1
B.2; Perturbation theory with the propagator (ﬂgv - Pp.b-"/‘).") ('71‘"11)
I S S .
- Fradkin-Tyutin approach.

The free particle propagator in this theory has poles at
x 2 .2 . .
both P;o and P=m. Therefore corresponding to two particle
exchange in the s-channel, singularities are obtained at $=0 ., S= m*
and S= ‘lmzi For the amplitude we are considering the fictitious
particle loops give a contribution to the $=0 singularity only.
Thus for the absorptive parts of the amplitude in the original

theory and this theory to agree, it is required that

1 1> 1> >
@ Im 1")——- ["" Lm K (3.B.14)
2 V-y 2o L=y
S=4m*
1> 1
(b) Im = O (3.B.15)
2 2>
S=rn1
{-» 1 1 L 1
) Lm IZ + Im I =0 (3.B.16)
2 2oy S=o 2. 25

. . . . S- L"n:'
The contribution to the singularity at = comes from

the pinching of ples at P’-:'- MQ_ where (Sl’w- Pﬂ&) ~ (SFV—P_EB_\_I)
P'I. m:-

Thus with 1 and 2 on mass-shell and transverse, and writing

I~ &3 1> €3
B O A
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where

L = -9 {Cau.;a,Cm;__ s Pay. + Ca,nqa Ca0,04 Pq Ps ,_}
P (P +ps)? PPPF P+Pa)* A

(3.B.17)

and F&-Pq correspond to the momenta of the exchanged particles, it

is easily seen that condition (a) is satisfied.

Condifdion (b) is also satisfied.

{-> |{;
T
2> 2=y s=m°’

Jﬂ34' I’Z Ps 3|’3 3(3,, wy =P 4Pq ,) f@,ﬁ

4 Y
(3.B.18)

. 2 2
where .ﬂ.3q, is the two particle phase space with P32= 0 and Pq: m

2=m2 and p32=o

With 1 and 2 transverse, p12=p22=pL+

Co > &
P3 L L
% 2 = C(
PS ;.L‘_“ P4 Fa NP
where

. ,L
dIA'Pz ‘:{ Q0 CO.G;Clq [gr . & (rq Pa) (P Pz) 4-3-})4}4, P3’.|?_ QP3F|?4'}|;‘]
LCPiepad*-m*]

~ Ca,a40 Caaia; "4/1. PS}J, Cq|q3aCo.a;Gq P3 P"}Jz,} (3.B.19)
(PH'F") (PH- PS) .
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Hence
1> vy
Im = 0
1> 2%
S=m?
Now consider condition (c)
> (A
Im : C}
a Yy 4
” v S=0
1 &3 <3 >
- |
. '5_“"9'34- z:z P?'F?' P3B' P4F4 P‘*}M-’ z'-’-s (3.B.20)
2. €y m2 m: €4 T 2

2 2
where -0-34 is the two particle phase space with P3 = Pq =0
With 1 and 2 transverse and on mass shell and Pé‘: Pq%: o it can

be shown that

1 3& L
r3!‘3 P“’}"fl- (Ll) = & Piia
m* 25 4¢
(3.B.21)
L

where dp,l]z is given by equation (3.B.19)

1> 1% L L
S Im - ] -Q. ’

_GY | =g e e i

2 27 (3.B.22)

S=o0

Condition (c) therefore implies that
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- L

(3.B.23)

g

Using the same argument as that following equation (3.B.12)
we conclude that this equation cannot be satisfied. Condition (c)
therefore does not hold and this theory also gives a different absorptive
part from the original one. This modified theory is not unitary
either. Unitarity would demand no singularity at S=0 but as we

have seen the absorptive part along this cut does not vanish.
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-1
B.3. Perturbation theory with propagator (9‘}-\1/ - ?H- P\’/ Pl) (P:!'. mi)

- Fadeev-Popov approach.

As we have seen in section A of this chapter, in the
Fadeev-Popov approach there arise extracouplings involving the

gauge degrees of freedom which are given by the term

Lint (@) = m* Tr [ ATAY - AwAL]
2

1

m* T [Acaztar ] -m* Tl(avua)aa™)]
(9 29*
(3.B.24)

The latter interactions are the nonpolynomial chiral Lagrangians

and contain the leading divergences of the theory. In the exponential

arameterisation = ex o8 M we obtain
P

For the amplitude that we are concerned with, only the lowest order
coupling of A),L with B contributes, and like the fictitious
particles this interaction gives contribution only to the cut at S=0
Thus for the absorptive part of the amplitude in this theory to be the
same as that in the original theory we require that conditions (a)

and (b) of the previous section B.1b and condition (c)

’

J 1 s v 15 15 12
In +In () +In_(5) = 0O

1 o 3 2’ 2 2.
2 ? i i (3.B.25)

3=0
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should be satisfied.

The previous arguments showing that conditions (a) and (b)

of the last section are satisfied hold in this case also . Instead
of equation (3.B.23), the condition (c) now reads
1+ L 15 s 1% L L
- <L 0.
Im II +Im E = 2 j-n'% o(/*cpz.dl"-)“z
2> 25 29 25 (3.B.26)

L
There exists a simple relation between g : E and g : E

when the latter includes only the contributions from the lowest order
coupling of AF’ and B. This is because the topology of the

diagrams involved in these amplitudes is identicalj; only the combinatévics
differs slightly. We shall evaluate this relationship for diagrams
involving one closed loop of fictitious quanta and the gauge degrees

of freedom because these are the ones that contribute in equation (3.B.26).

For diagrams involving only one closed loop of fictitious
quanta the contribution to the generating functional comes from the term

(see equation (3.A.31))

ol n
: A f n
M (A) = Z - CL:-B fixl....dxn T‘f (R ,(“l)..... A/A,..(Xh)) ?‘lb<xl'x3)....;b:b<xn-&)

h=1

A ab ach .
wheve A/“ x)y = C A,‘(x) (3.B.27)
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Contributions to g: E , which has one

closed loop of the gauge degrees of freedom.arises from the
. ’

coupling ':_9_ T+ (A,ﬂ- L2 8; 83) . This is effectively
2

obtained from

ds) exp _gfdx T [ 280"8 +ig AFLU0,81]

On integrating over B we obtain the one loop contributions

2. A A i n
M ,(R) = Z (_'2?_“ [d&t,.., (l.)(n T‘Y (A/J,("l).... A/J,.(x'n)) "):‘,1’ (*i=%2)..... b:D(xn-x.)

n=1 an

(3.B.28)

q

As the combinatorics arising from comblnatlons of the give

the same contribution to both i : i gii i we obtain

by comparing (3.B.27) and (3.B.28)

HONEEINON

(3.B.29)

Thus condition (c) becomes

> L 5 L L
%.Im ;@ = _'EJ"“'?A- o‘/“l}h o‘}":)li

(3.B.30)
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Following the same argument as before we see that this condtion (c)
is satisfied and the absorptive part of the amplitude obtained in the

Fadeev-Popov approach agrees with that of the original theory.

From equation (3.B.29) we see that for the amplitudes which
involve only one closed loop diagrams of the fictitious quanta and

the gauge degree of freedom i: E + E - _‘. .
p | :::z:::i::

The effective generating functional for which is

Ge]q[:r] =J(:lA) 3(2.A%) | det ;onl‘!i exp LId.x [Le(@ + J‘,f’(x) A';’., (x)J

(3.B.31)

(29)

These just correspond to the rules for the ghost particles that Veltman
has developed. Our analysis shows the validity of these rules when
only one closed loop diagrams are involved. In the next section where we
consider two loop diagrams we make further contact with the work of

Veltman and Rieff(so).



SECTION C: The self-energy amplitude to order gq.

In this section we would like to show that the perturbation
theory obtained by the Fadeev-Popov approach yields the same absorptive
part as the original theory for an amplitude having two loop diagrams.
The simplest such amplitude is the self-energy amplitude to order gq,

the diagrams contributing to which are given in figure 2.

We shall consider the singularities due to three particle
exchange in the s-channel. It is easily seen that the fictitious
quanta and the gauge fields give contributions to the cut at §$=0
and S=m?. For the absorptive part of the self-energy to agree with

that of the original theory the following conditions must be satisfied

71.

(a)Im = Im —@'— (3.Cc.1)

S=9m*

(b) Im _@_, = 0 (3.C.2)
S=4m*

() Im _@_[ _®_[ _@_' (3.C.3)

S=mt S-m?

@ In () [+In @ I,,,_@_l (3.C.4)
=0

$S=0

We shall again keep the external lines transversely polarised

and on mass shell.
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Using Cutkosky rules we see that

Im Y fﬂ-zalc- @ (3{41’1,_ P_l%t’;&i-) X
<(rt-brsb) O tuh) HD
(3.C.5)

where 11234 is the three particle phase space with p22= p32= P, =m.

With all momenta on mass shell and 1 transverse we can write

&2 (2)
2 LS = —@_E + A}‘«x}-ta}l-q Pape + Apipapy Pops
Ny
Pipizps Papg (3.C.6)
L @ ®
The full expressions for AP' P3F'4 AP'F’"’“’ and A F"“'"F—’t

are unimportant and for completeness are given in the appendix III.
We therefore immediately see that condition (a) is satisfied.
iCondition (b) is similarly satisfied. Using Cutkosky rules we

obtain

Tm 1> . 1%

=4m | .m:-
(S ~Pusa o) ol

(3.C.7)
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where Ilg;q is the three particle phase space with p22=o,p32= p42= m?

With 1 transverse and pl2=p32=p,+2=m2 and p22=0 we obtain

b S aca asnsas
P 12 (W = Psps O(}M}M CPuba,pe, B) +Pap, ,./u:(f.,rs,pz pe)
* Pops Papa By
(3.c.8)
La.a,,a.; a4
where ”"}‘1 (P' P’-,PB F,_') = 0()1,},\,_ is-given in equation (3.A.19)

and BTL' is given in the appendix III.
Thus condition (b) is also satisfied.

Let us consider the condition (c). We obtain
t

T 2 @ | = & [oon 2O (Spupt - PP
S=m2 m

,‘Psﬁdl%UEQI Ptu4faﬂq’ 5;;{::);:&: (3.C.9)

m* m

where p32=p42= 0 and p22=m2 in the three particle phase space.
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&2 L
Using ngskq"{! I :: = d}“l}‘z + Pz'a,,_ C}J.

mz
L
where 1 is transverse , p 2:p 2=m2 and p 2=p 2= o and d is
> P1 P2 3 Py Pipa
given by equation (3.B.19).

(qFl is given in the appendix III)

we obtain from (3.C.9)

Im 1o s _tla A (92 EH:E!!')OIL"
T3 234 F"f""‘“";:" fapa

S=m
(3..10)
Thus condition (c) reads
L t
Im .'.:L@'L-o-l-m .':)_@_"—_v I
S=m? l$=m1
e dL ( { = Pap EE')dL’
= -3 234 M ﬂP"ZP»z -r2 2.11 2 /"-I}li
h
(3.C.11)

L

Set (a) of diagrams in Figure 2 contribute to -——(::)———
whereas set (b) and diagram (c) contribute to ___(::)___

Contributions to the singularity at s = m? comes from set (a)

and (b) only. These contributions are again related by equation (3.B.29).
L

They are also related to the s=o singularity of g : E for

the two particle scattering amplitude. Noticing for example that
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(3.C.12)
it follows that
1> /L\J'-—) @, 2 =
Im —HF) l - f dps 87 ) Gpagst -t 0 ) |
S=m=' mrl 29 |'~) S=0

L L
= - fﬂ134 (3}12}1{ - Fltz Pl_}::f) o‘[—hf&z O(P:fli
m™

(3.C.13)

. . \ 2_ 2
where fl:aq is the three particle phase space with Py =P, =m2 ) p32=p42=o.

Condition (c¢) is therefore seen to hold.

That condition (d) is also satisfied is proved by Veltman and Rieff
who were locking at the 3 ghost contribution to the self-energy amplitude.
With zero mass for the ghost particle the diagrams contributing to this

amplitude in their analysis are



*@O—@—Q——@—

(o) )

) * Xx XX X

L - * N X
* :—‘- ‘—Kx P —if ‘—— L l‘ .
Ly x> xdy* Kyt

) (9) &) ) )

where Xxxxxyx correspond to the ghost lines. They find that the

three ghost singularity (the singularity at s=o) from these diagrams

R M

does not vanish and it is necessary to include the diagram -—15auxxna__
. *Q“
to obtain a zero contribution. ks

In terms of our analysis, the three ghost contribution

from diagrams (a) to (e) precisely equals Im (Eg)vv

S=0
The contribution of the diagrams (f) to (j) equals the contributions

of set (a) and set (b). The diagram (k) gives the same contribution
as diagram (c) in figure 2. Thus we see that condition (d) is

satisfied as well.

We therefore have verified for two different amplitudes, one

involving one loop diagrams and the other "~ two loop diagrams that the

rules for perturbation theory obtained by using the Fadeev-Popov approach

lead to the same absorptive parts as the original massive theory. The
modified theories obtained by the Fradkin-Tyutin approach are neither

unitary nor in agreement with the original theory.

76.
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CHAPTER IV NONPOLYNOMIAL APPRQACH TO THE MASSIVE YANG MILLS
THEORY AND THE CHIRAL THEORIES.

SECTION A: THE PROBLEMS ASSOQCIATED WITH THE DERIVATIVE COUPLED THEORIES.

In the conventional perturbation theory framework both'the
massive Yang Mills theory and the chiral theories are non-renormalizable.
The non-polynomial approacﬁQggwever has an inbuilt infinity suppression
mechanism and appears to be well suited for treating the chiral
interactions and thus also the variant of the massive Yang Mills theory
obtained by the Fadeev-Popov approach. Most of our considerations
in this chapter are limited to the chiral interactions and the analysis
of derivative interactions. Towards the end of the chapter we
shall consider the problems that arise when the interactions of the
Yang Mills field are included.

The nonpolynomial approach has been criticised in:the past(21;22)
as being unsuitable for the chiral theories. It has been claimed that
the amplitudes evaluated in this approach do not satisfy the symmetry
requirements like the Adler concistency condition. However these
conclusions are based on analysis carried out using incorrect Feynman
rules. Moreover in these analysis the derivative terms are not

carefully treated.

For Lagrangian field theories given by

L(‘M = ;‘ ﬂtj (-4’) qujar‘#’j

(4.A.1)

it is well known that the surface dependent terms in the Hamiltonian
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and in the time ordering of field operators camnot be ignored as
they can be for the interactions where only one derivative of the
field occurs. Using the functional techniques it has been shown by

24
a7) and Gerstein et. al.( )

Salam-Strathdee that if the T"—products
are used, the contribution arising from the surface dependent terms
can be taken into account by including into the interaction Lagrangian

. ;
the term % S(o)Tr eﬁ (9;“, (é)) . It is important that the

Lagrangian is not normally ordered for these considerations to hold.

Having neglected to take into account the contribution from
the surface dependent terms, Chan et. al. claimed that the Adler
condition is violated in the nonpolynomial approach. The term in their
analysis which violates the Adler condition is precisely quartic
divergent. That the inclusion of such contributions is absolutely
necessary for the Adler condition to hold has been evident since the
analysis of Charaé?s)ln fact this analysis which was carried out in the
cqpveptional perturbation theory framework has demonstrated that when the
additional term % 8"(°).F’£h(3|‘j (4’) ) is included in the interaction
lagrangian, the leading singularities ( 6(t’)-'!:ype singularities) cancel.
The cancellation of these singularities is shown to be both necessary

and sufficient for the Adler condition to hold.

In the non-polynomial approach the question clearly arises as
to how the surface dependent terms should be taken into account. One
procedure is to adopt the rules obtained by the use of functional
methods and proceed to apply the nonpolynomial techniques for evaluating
the amplitudes. However using this procedure, which we shall call the

usual treatment of derivatives, problems are soon encountered.
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Since the Lagrangian is not normally ordered all the tadpoles
have to be included. The tadpoles arising from the contraction of
the non-derivative lines are very difficult to take into account because
of the nonpolynomial form of the interactions. On the other hand,
the tadpoles arising from the contraction of the derivative lines
can easily be shown to give a contribution to the aeg—singularities
and partially cancel the contribution of the additional term proportional

to 6(0) in the interaction Lagrangilan.

If the convolution representation (i.e. the usual integrations
over loop momenta) is used to define the amplitudes with the derivative
k3
terms, terms of the form b,,,wbﬁvb give rise to additional 6(0) -
singularities. These together with the tadpole contributions can be

shown to lead to a complete cancellation of the 8&0-singularities.

Definition of the derivative terms by the convolution integrals,
however, is very unsatisfactory. For one the convolution method wi}l
generate all the infinities associated with the derivatives., It will
also make a distinction between the derivative- and the nonderivative
lines. In the nonpolynomial approach the convolution integrals are
not employed to define the products of Feynman propagators and therefore
we should not use it to define the products of derivatives of the
propagator. In any case it can be shown that the results obtained by
the convolution procedure are ambiguous and depemnd on the order of the

loop integrations.

To avoid these problems the amplitudes should be defined in
the configuration space. There are many possible definitions that can
be employed. Preliminary attempts were made by ordinarily differentiating

the propagator D(x) in the region Xz+° and hopefully continuing



80.

2
the definition to X®©0 | This treatment of the derivative
terms has been prominant in almost all the analysis of derivatively

coupled theories that have been carried out in the past.

If this procedure is adopted for defining the amplitudes then
one cannot show the cancellation of the Ebﬂ-singularities, since
the 6“”- singularities can, it appears, only be generated by the

, (25) 3 2 _
convolution method. However, if the /&v b’AV b terms are defined
by convolution and ordinary differentiation is employéa to define
the other derivative terms and further if the D(O) are equated to
zero then it can be shown using the momentum space methods of Volkov-

Salam-Strathdee that the 5k0- singularities cancel and the Adler

condition follows. But this is clearly very unsatisfactory.

The functional techniques seem to have inbuilt into them
the Feynman convolution procedure. The nonpolynomial approach
however, has a built in structure of the anmalytic renormalization
techniques. Thus accepting from the start the rules obtained by the
functional methods and then using the nonpolynomial methods to evaluate

the amplitudescould, it appears, lead to these problems.

It therefore seems necessary to abandon the rules obtained
by the functional techniques and construct a new scheme for treating
the derivatives, so that starting from the Hamiltonian one can show
manifest covariance for the amplitudes and also obtain the Adler

concistency condition.
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The correct method to treat the derivatives is to
extend the method of analytic renormalization. This is a natural
procedure to adopt as an analytic renormalization structure is built
into the nonpolynomial approach. The prescription which evolves from these
considerations should, if possible, be suitable for the usual polynomial
theories. We find, the direct extension of the analytic renormalization
method to the derivatively coupled polynomial theories, leads to

physically unacceptable results.

The method we present in the later section was developed
in collaboration with G. Lazaridis. For polynomial theories, it is
essentially equivalent to the finite renormalization prescription of
the analytic renormalization method and leads to consistent results even
where the analytic method fails. For nonpolynomial chiral theories

it leads to the Adler condition.
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SECTION B: THE USUAL TREATMENT OF DERIVATIVES.

In this section we elucidate the previously mentioned problems
which are encountered if the derivatives are treated in the usual
fashion. We start by considering the Lagrangian given by the equation
(4.A.1). The S-operator as obtained by the functional techniques

is given by

S = Thexp i[dx [£ 95 Buufpe’ - BT b Gavg)]
where 'pa.'j (¢) = 3‘3 (4) - Etj ' (4.B.1)

First we would like to show how the 609—type singularities
cancel for the amplitudes evaluated to second order in the major
coupling constant (by which we mean 1%5(49). As we have shown in
the appendix I, any arbitrary m-point function can be obtained from
the vacuum-vacuum amplitude by differentiation with respect to the

propagators. Thus in the following we indicate how the Sﬁo-type
singularities for this amplitude cancel. Using the Hori representation
for the T*-products and employing the Laplace integral representation
for TAj (%) it is easy to show that the second order vacuum-vacuum

expectation value is given by

.
$a6e, )| ) =de. d 6" Ty Gen, e o))

(+.B.2)

dx, dx, <0

where
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v,k ;
@,’ = - 8(0) 8(x-x2) §i0 §jk Ls_(ﬁ(o)) 25 ’J
4

.—i DPP(O) byv(o} 6'.36

_‘z Dfu.)u, (o) :l)wn.o(v‘.--xa.)TDv(m-—u;)&"J J e

D, (o)

k¢ §
- Dvvlo) :Dl.n.(xu-xz) D,.t_("wxz) & o )
4 8D,

. . ‘k
-1 D’A.v (x.-xz)br\.v (X.—Xz) (Gtké JQ+ 8 Q&’ )
3

- l Dr\,v (x|"‘x1) D’).(x| -X:.)‘Dv("r'xz) 6 ®
3 ,;°

@{Stk617683+ 51k6£760$+ 6" 651’6"1 B’QJ CTJ.“}

l D’L(X'-x;) Dlu.(x.-)(a.)])v(x.-)(z’ DV(x|-x3) 6‘k __e
§D,, 0 D
+ ;'_i(:) Bke [ d“’ D'A'P'(o) + 13,&(%.-!3) Dﬁ;("c'xz) § ¢ }
3 3d, (o)

4+ L8 5‘5{ Jkeﬁvv(o) + 2 Dv (%=%2) Dv(%i-%a) O }
8 53;(0)

(4.B.3)

where the labels rl,.v on the propagators :Dn_ 8 D(xl'xl) refer

to differentiation with respect to X; and X2 vrespectively and

D(x|~i1) is defined by DX. Dlx-%X2) = ¢ 8(*.-%1)
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Employing the identity

D (DPD,.; }i) = abr,v :DI‘“' D* 4+ 28(0) 8(*."xz)hi
2-1 -2
+ 42 u DuvdvD +2(2-) Dpdpudvdvd (4.B.4)

it is easy to see that the 5(0) terms will cancel for this amplitude
and any other amplitude generated from it. The same result would be

obtained if the momentum space convolution integral was used.

Since the S(b) -singularities cancel it might be expected
that the Adler condition will follow. To see if does we consider the

self-energy amplitude in the stereographic coordinate system:

9i;(9) = bij C1aX¢)”

(4.B.5)

Following the method given in reference( 2 3,5)11: is easy to

show that the contribution to the self-energy amplitude is given by

(z)
fdi dz, <g>(iu‘.)‘l’(i.) [Sao ~20 Sar ° +3”° gz,xv o]

+: ‘F(%,)‘P(%;)l {S':I -2 Sl}t,l Slrvu ] }

(4.B.6)

where the amplitudes are given by
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.. ; ;
S:‘jnj = 4)——-@__*;
(tjd)

W)
(-28@8G-%) - D,wa,w) Vi) =% D Iude Vg,

(Codet)
-1 22D Visae
‘3 4’ $1 D L 3,0, o
e @t - LW 3
9 ¢|- ¢J ' 83 v L33 V(l:.)
gl}).,\v = Y. = /uw -3 Jpdv Y
S:?o = % 3 8(0) 8(% 23_) - 3 Dlu_v D/.q,u) V
(J o) (L]d'()
': D/L)/uv )V v(d} - D/L}/J, )V bv V(Pf)

N (10(0()
S-‘l ,0 = % = -1 ])/.wbv V())"":DF.:DV:DVV@)
¢ “)
4/ \4

¢4 ) Q)
Sapro * /% = 80 %2 Y
VAN

(4.B.7)
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and where

= exr[';. D.(O)?:. .+ '-D:(O)i .+ Dni ]

(Broe-s fm) o, > g o4t o4

2 .
2

1. g. 0 ) VC*:)‘v(éz)
LA T T\

(4.B.8)

with

v(g) = ] (1+RE)T -1

In attempting to explicitly evaluate the amplitude in (4.B.7)
a major technical complication arises. Since the Lagrangian was not
normally ordered it is necessary to take the tadpoles D(o) into account.
But because the interaction is nonpolynomial this is extremely

difficult to do.

From Charap's analysis it is known that the Adler condition
follows once the cancellation of the 6(0) singularities is assured,
regardless of the value assigned to 'D(ﬁ) . Anticipating that this
result is also true in the nonpolynomial approach one could take D(°)= 0

If this is done then one obtains(35)
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S 'J = % (D,.w},.w "’8(0)5&"2’;)) [I?_ 51| + 310]

3Mp?

+ 8 Dududv [T, -T2 #2381, - 1257
12 A Dpe

+§_‘." 3.0y Dy [I,, 1313 + 811, =14 T, +30L.]
48 N'D

glr, 1 v 31 Duvdy [Ia_ SI.+3I°]+8LJD’.|.D\’DV (1, -91,+181, - -¢I.]
2 A pd 24

= SJDﬁv)\ D [1:-T,] *50_1*___ [I.-51,+3L.]

'l" voE 2, A3
Y
S 2,0 = %)3( 4w :b/.w +80) 8@ -%,)) EI3 31;]
- 5.‘)'#(3,;\0 Duv + 6(0) 5(2,-?3.))" %.; D&:g‘fbba" [Iq -9I3+ ‘fIa.]

8') Du dn dvdv [Ts - 15Ty +60L 3-6°Tz]
43 N4

‘9 Y 2
31/-\ o= -2}3.3',\\' 'DCD(, [I3-31,] - 89 X D :Deﬂ,w

(4.B.9)

Load
where -LM (D) is the divergent series defined by
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T.(D) = T (anem)! XD

n=
© (4.B.10)

In Chan's analysis the term vzl"lich violated the Adler
condition arose from the amplitude S;,’o . Explicitly this was
given by -X‘éij D,W D,u.v _ (the corresponding term proportional
to 8(0) was missing since the _::S(g)‘ty LH(S"J(*)) term
had not been included in the interaction Lagrangian). As obtained

by ordinary differentiation of the propagator its contribution was

calculated to be of the form

J.d,qx Dq(X) ~ jdf 1"3
0

which exhibits quadratic divergence but clearly has an ambiguous

coefficient as 1s seen by writing Y-polT .

In order to show the cancellation of this singularity
with the 8(0) singularity, the singularity needs to be fixed precisely.
This is done by using the identity (4.B.4). . It is clear that
equation (#.B.4) is inconsistent with the ordinary differentiation
of the propagator for )(1$0. If however equation (4.B.4) is used to
express the terms D/Av Dp.v b% and if the other terms are represented
by ordinary differentiation as done by Chan et. al., then using the
methods of Volkov-Salam and Strathdee for finding the Fourier transform
it can be shown that the self energy vanishes on mass shell hence

respecting chiral symmetry. This procedure is very unsatisfactary.

In short therefore if the Feynman rules as given by the

functional technique are used then two problems arise (i) the problem
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of the inclusion of the tadpoles :D(o) (ii) the inconsistent

treatment of derivatives.

Finally we would like to remark that if the derivatives
are treated in the fashion above then the self-energy amplitudgg
in particular (the term S‘J »Drhc S’W ) in the amplitude S;.}Jw,o
exhibits a quadratic divergence. This however vanishes on the mass

shell.
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SECTION C: AN APPROACH TO DERIVATIVELY COUPLED LAGRANGIAN
FIELD THEORIES.

36)

C.1. Distribution theoretic a§pecté€

Throughout the following analysis we deal with massless

‘theories and make the Euclidicity postulate(.37)

}
The massless propagator in the Euclidean space is D(")= ’ii
Z
The function D . 2eC , is  locally summable for R&E(g\v
and therefore defines a regular distribution in this region which is

Zz
also analytic in % By analytically continuing 3 beyond this

range one obtains for N={< ReZL{n+1 » h=23, ...

2
(d*4) = | dx Do (d60 - - H B @x

L Gy kP xF2n-4g(r)
(an-4)) +)“"""F1n-q ¢ )

+ T (Q)n_z by L

F(N)r(n-i) 4 n-%
= (Dass, §) +*__ .U.M— (o) L.
® ,{: P(n) "(n-1) ( 4) 4) n-%

(+.C.1)

(36 )

where + is a test function in X and
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@(") =1 fof i
o {-\o’(‘\')l where "= '\!;-"

1

The distribution :Di is therefore meromorphic in 2 with

simple poles at Z=WM , = 2,3 e . Equation (A.3.1) defines

the associated function D:SS s in the neighbourhood of the pole

z=n, 1in the range- h-l(ﬂﬂZ(ﬂ‘H . Therefore for n-1 < ReZ (v+1,

n = 2,3.,. we can write

])£= ﬁna.ss + Tt (.U.)“.;(x) s
r(‘n)['(n-.) 4 n-z (4.C.2)

2

A definition of :b on the poles at z = n 1is required as these are
precisely the points of physical interest. It is natural to propose,
as has been proposed already in the analytic renormalization method( 27),
n
that it be taken as the value of DOAS at z = n. To include finite
h-2
renormalization, one has to add the term Lﬂ S(X) , where b is

in principle an arbitrary constant. We therefore define the finite

2
limit of ]) by

z -
‘Him d = :Dho,gs‘ + b D" z'S(}‘) (4.C.3)
i->n

A
The Fourier transform of D exists in the range o0& Rez <2

and can be evdluated as

Z-2
9’(:DE) = T _P_z P(a-2) (4.C.1)
4 o(z)

z

which has the same analytic structure as D .
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Using the Laurent expansion of r'(Z) around £ = =W

Mz) = (—__t_)_" [ L ‘l’('n-\-t) +oorennn ]

nl n+z (4.C.5)

. 2
we obtain the Laurent expansion of 9—(D )in the neighbourhood of

the pole z = n, n = 2,3,..., _

h-1

40Y.- T (’Jf) [ 7‘;3 o Y + %n-.)_ﬂnp/:..m.]w.c.s)

P(n) P(n-1) 4

Comparing equation (4.C.6) with (4.C.2) we obtain the Fourier transform

of the associated function

$0s) = T (£ [ v - 0

CeryP(m-1) \ 4

Given D% , its derivatives to all orders are well defined
as mepromorphic distributions with simple poles at z = 2,3,... . The
region of regularity of 6},.,'.. . ..'a).l,“ :Dz is R&i {2-[M/2]
where [n/2] = the biggest integer \< n/2. In this range they

can be obtained by ordinary differentiation.

In the next sections we shall be interested in multiplying
z
merombrphic distributions ( D and its derivatives). We shall adopt

the following definition for the product. Given two meromorphic



distributions 'F'(2|) and ‘F:_(i,_) regular for Z ¢ V, and
239 Vz , respectively, where V, and Vz are two
open sets in (L , the product of f;(i,) and 'Fa_(Z;) shall
be defined as the ordinary product in the intersection of V, % V,
with its region of regularity. This definition obviously accords

with analytic renormalization.

c.2. Development of the method.

The ordinary differentiation of the propagator D(%) = -‘-‘{1
as has been used in the past in the analysis of derivatively coupled
nonpolynomial theories, is ambiguous giving, for example, bf,b};) =0
rather than the correct result D}L—ap. D= -4m*d(x) . This
wrong result manifests itself for example, in the analysis of the

Feynman diagram

which appears as a sub-diagram of the self-energy amplitude of the
electron in the gravity modified electrodynamics. Ordinary

differentiation in the region r P 0 gives

z a
D0 =__2 (3.3 -1 9uv? ) D*"
@o(zaa) 3P

(4.c.8)
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which for z = 0 leads to ’Bﬁ,avb = (D,.,bv —-'4-3"\,31)3 and hence
Wdpd=o

Our resblution of this problem is the following.
Z z
Given D ) ’()PDF'D is a well-defined distribution regular

for Qez < | . In this region it 1s unambiguously expressed

by

'bﬁ,b,,. D% = Lz(@-1) DZH

(4.C.9)

Continuing this expressiontto 2z = 1 and using Equation (4.C.2), one

obtains the correct result 3,»3/.;,3 = -‘Hl'té(x) .

The inconsistency in Eq. (4.C.8) is also resolved in a similar

z 2,
way. D ap.bvb is given by the equation

:Dia,,q,av Di' = % (2+)) [3}.\.3\1 - ng.v 31 Di*'i-' (4.C.10)
(i"'in) (1‘+2,+|) 2(2,+t)(z+ Z,-1)

For the second term in the bracket in the above equation the
limit 20 and 11-—> 1 is ambiguous. If the limit zl-yl is
taken prior to putting =z = O we obtain Equation (4.C.8). The correct
result is obtained only if the 1limit of zy is taken in the end.

The procedure we have outlined here appears to be the natural

way of treating the derivatives and suggests that we should adopt as a

prescription that the limit of z, associated with the derivative
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factors should be taken at the very end of a calculation.
However, if one naively applies this procedure, which is the
direct extension of the analytic renormalization method, wrong

physical answers are obtained.

Let us consider the Lagrangian

L{$) = ‘-;_-a,*t‘}bu'f i Cnd" (4.C.11)

where C° = 1.

The corresponding interaction Hamiltonian is

e 00
P n W, 2 "
Hunt (#) = "iaﬁ'«+3 ¢ Z C"'d) —-.::_-(1’[}.,3 $) (hz 'C., ¢“) (4.C.12)
Nz | =
where 11,»:13 a unit time-like vector and as usual the propagators

(T (R dedvd®))D = 3u0vDle-y) - iy 8ecy) (416

also have surface-dependent terms.

It is required that the amplitudes evaluated in perturbation

theory should be manifestly covariant. The surface-dependent terms
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contributing to any amplitude should therefore cancel. It can
easily be seen from Equation (4.C.12) that for this cancellation

to occur in the scattering amplitude to order Cg we must

: (x) :
(4.Cc.14)
'

MY

require

D(o)

Wt Y Yy e

For the same amplitude to order ClCS we must require

¢ D(x)
4>©——Lva¢ (4.C.15)
W

For many-particle scattering, clearly the requirement of manifest

D(o)

WL Y %

covariance leads to a number of such formal identities for the tadpoles.

The right-hand side of Equations (4.C.14) and (4.C.15) can
be given a meaning by the procedure we have outlined above for the

. . 2 3 -
derivatives. To this effect consider :D BF,DF,D ,» Which we define
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as

DZ20D = Llim D*2,2.D%
o Op R

= bm 2@E-n g™

27 (242,) (@ +2,-)

(4.C.186)

The limit in this case is well defined and we obtain

D%'b,,tap.D = 0 for 240,12,

=  -k4x* (U)" §() for Z=m, n=0,1,2...
4

Cla+2) F(m+1) 4,

(4.C.17)

In momentum space, therefore, we obtain for the tadpole
different momentum-dependent answers according to which of the formal
identities (4.C.14) or (4.C.15) we use to define it. This is clearly
unacceptable. If the analytic method is to be used, it is necessary
to define the 1lim z; —> 1 in a different fashion. One such possible

definition is

2 +1'

z ) n
DD = lim D UWD o lm _ mG-D g flin D

Z - S 2~ Z~1
t (i+2,)(2+ 1 ') ,(1{-.0.]_8)
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By using this definition we obtain ])(o) = Q and therefore
automatically get consistency between all the formal identities

defining the tadpole.

To gain further insight into the procedure for taking the
limit let us consider in spinor and scalar electrodynamics the photon
self-energy to second order in the fine structure constant. In

spinor electrodynamics, the relevant part of the amplitude is

-”-fw = lbf&bavb - 3}1.\)3(033(»1)

W {
= lim 2222 [900 - 2 g,, ,3]
Z, % > 2(z+1) 9.(2-4)

(4.C.19)

As the symmetric limit in z; and Z, leads to the same

answer as the limit of one followed by the other, we write, without

loss of generality, z) =2, = z/2 and

—”-’A.V =“ li.m v n'rw(i) l- ’

Indy -~ 2
222 o ﬂp.vU] (4.C.20)

=52 a.(i-o-l)[ 2(z-1)

This limit, unlike the one in Equation (4.C.16) is singular. In

the neighbourhood of z=2, the Laurent expansion of T’/..w (z ) is
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29

TY,W(z) = 1 (22 -9 0)560 + L (9w - 90 0) (D - n‘étx))

3(1 -2)

- I:.; 9pv 0% + O(G-2) (4.C.21)

If the MLim" is defined by subtracting the pole term, then clearly a
22

gauge non-invariant answer is obtained. However, it could be said

that there are ambiguities and one might define the limit by subtract-

ing both the pole term and the gauge non-invariant part. In principle

one could add a gauge-invariant finite renormalization also. This is

equivalent to defining

Maw=lim 2 To00- 2 lim DF
P 7s I@_:.)[’,, a,(z. - F“’ [[J Flm (4.C.22)

It is easy to see that this is the only definition which

renders a gauge-invariant answer.

In scalar electrodynamics the photon self-energy is given by

the two diagrams

Av

(4) (B)

FIG.2.



100,

The relevant part of diagram (A) is
(A)
rr,w = DI -2

and that of (B) is

Y
1H;LV = fzpnl ])(Cﬂ

w .,
Moy = lim” (%2002 - 2D 2D )
i,.i)_ =
- lim Z2 X

z,. % > @E+22)(F %)

% |(Za-2,41) 9udv - 2 v D] :th*'zz.
(%"l'z;")

! (4.Cc.23)

If the limit of either z, or z, is taken first, then the limit is
singular in the second variable. It is easy to see that if the limit
is defined by subtracting the pole, then we obtain a longitudinal

term whose explicit form depends on the order of the limits. In either
case if we expect the tadpole contribution ngg, to cancel this

longitudinal part, then the tadpole must be p2-dependent where p is

the momentum of the photon. If a finite renormalization is made,
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subtracting off both the pole and longitudinal term, then the

tadpole contribution must be equated to zero. In order to obtain
A)

an answer for v which is independent of the order of the limits

and a momentum-independent tadpole, the only consistent way of

defining the limit is by

)

v = lim %2 (2a-Z+0%d - 2 9., U
2,521 (3,42,) (3 +22+1) (2,4+2,-1)
x Limm :Dz""'i" (4.C.24)
2%;*;‘94

which automatically takes into account the finite renormalizations.
The tadpole must then be defined by Equation (4.C.18).

In short, we have seen that the only consistent way of
obtaining physically acceptable answers and including finite
renormalizations is to adopt the prescription for taking the limit
given in Equations (4.C.18) 3r(4.C.22) and (4.C.24). We shall refer
to this as the hybrid limit and denote it by H limit. It should
be strongly emphasised that in order to apply this limit it is essential
that the equations should be written in such a form that the number of
derivatives on both sides of the equation is the same. This has been

called in Ref. (20 ) the law of conservation of derivatives.

In general, therefore, we postulate the following prescription
for the polynomial derivatively coupled theories. Given a product of

F -
the form :D 3/.,1"__.’3,‘,“'20.....,, 'aﬁ,,,,,'af‘"nm we shall define it as
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. 2 2
) 2,‘;‘:9!3 Por Yo s Yo Dpn D
2 z
o lim (2.2,.2) flim D EF
Z 2.7 PP, 2,2,

(4.C.25)

where fP" e ('a‘., 'ia'a) carries the same number of derivatives
ten e ”
as the left-hand side of the equation. Clearly the order of limits

of zs is not important.

It is natural to generalize this prescription to include the
nonpolynomial case as follows. For a superpropagator which has the

formal series representation
n n
(™= Y v cud
ni

and the Mellin transform representation

C+io
@CD) = "L"J’ dz [(-z) c(®) D> (4.C.26)
QML

c-L00
¢<o

a product of the form §(D)9,L|----a}ln'vb-... ae._m'bfﬂn:b should be

defined as

300 ... gD U D

C+L0
= Hlim [ dz TEHC®D™ 12, 20D %30 D
2,1 Lami c-ic J AR A (R Lh

C<o
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eri:iza

=Hlim L | dz [Cz) CG.)J[(:H; 20D
Z: 51 ame e P P

(4.Cc.27)

The contour lies parallel to the imaginary axis in such a way as to
include all the poles of r'( %) and )2 t2 whilst Re f is
chosen to be sufficiently large to exclude the poles and zeros from
f}"l"" (i 2 3) . The value § = 0 is tp be substituted after
evaluatlng the Mellin integral. The hybrid prescription in'the
polynomial theory effectively demands a non-interference of the poles and
zeros of f ""Q (i it’bj with the poles in Dz*.gz.c The

parameter that is 1ntroduced in the above prescription serves the same

purpose.

In the nonpolynomial theories the concept of an £ limit is
not necessary because such a limit is built into the Mellin transform.
More precisely, the poles in ZE; automatically disappear in the
limit zi-) 1 after the integ;al has been evaluated. In fact,
evaluating the integral (4.C.27) and taking the hybrid limit (i.e.,

directly substituting 2": I tn f (”,2;" 3) ), we obtain
,le. ”
|

SO ... oDy Upm D

NeK=-2
ST ) e c(n))f & (%) s

2-k<n<o P B P(n+1c) F(n+i-1)

+ Z " c('n)f (n,1,2) :DM‘c

ognca-i PO
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0 +ic-
+ C:L)n C(n )f (n,1,2) [Tl'z(n/@n 35(:) (1l’(n+|) - C,(n))
M —

n' sase
n=max (2.~.ch°) . en"" C(n+1e) T(ntr-1) ¢(n)

n+K
+ .DGSS ] (4.C.28)

In momentum space we get

e -2
= T E V<) Pa-m-xy [ (n,1,-ip) (PF)M
/:\

ognca-k  [(+) M(n+x) e P
oY
A&~k <n<o
2 — n 2\ NFR-2
+T Ly ety (n,1,-Cp) (—L) .
F(n+1) T(n+k) T(n+k-1) f‘"'"("‘n 4

n=max(a-%,o)

c(n)

, ¢(n+1c) + +(n+4c-l) + ‘l’(nu) /A ])Z - ":,f'l’]

(4.C.29)

In moving the contour C (4.C.27) to the left so as to include all

TE;
the poles from D**’i ¢ , it may happen that it crosses poles from C(z).

If it does, then the contribution from these poles should be subtracted.
The hybrid 1imit applied on the contributions gives a rencrmalized answer.
In Ref. (90) such contributions are left infinite and are the so-called

"sore thumb" effects,
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SECTION D: APPLICATION OF THE METHOD.

Let us start by considering a product of the form §(D) a’ta}l)
where, as in the previous section, §(D) is the superpropagator
which has a series representation with CO =1 and a Mellin transform

representation. Then

3(D) 2D

= Hlim | dz M(2) c®) Z(x-) o _po
25 AW c (R+E+%,) (R+ErE,-1) (4.D.1)

Using (4.C.28) it is easily seen that

é@).'b,{()p.-b = 4wk (4.D.2)

If, however, CO = 0 we would get zéro for an answer. Thus we
observe that for perturbation theory to second order in the major

coupling constant :

i) All tadpoles in the non-polynomial lagrangian theories

are zero,

ii) Whenever Slx) appears in a loop diagram, the contribution

from this diagram is zero.,

Therefore, for the Lagrangians of the form
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LGy = L0859 9w 5w,

Hout () = =L V52801 = L () varlh(ud*4)003'9")

to second order in the major coupling constant, we see that the
non-covariant part of the Hamiltonian gives a pure tadpole
contribution which therefore vanishes. Similarly, the non-covariant
part of the propagators, being proportional to 3(2131 also give a
zero contribution. Thus manifest covariance for the amplitude is

obtained almost trivially.

In order to evaluate any amplitude to second order in the
major coupling constant, one therefore obtains very simple Feynman

rules :

i) The Lagrangian should be treated as being

normally ordered.

ii) The S-operator, S= T#* exp i;(.dx : Lint(X):

expressed in T#® products should be used.

iii) The prescription of the last section should be

employed for treating the derivatives.

If these rules are used for the chiral theories the Adler
condition is easily seen to follow. We again consider the self-energy

amplitude in the stereographic egordinate system.



107,

The amplitudes contributing to self-energy are the same as
those in the last section except that the 6(9) terms no longer
appear. For simplicity we concentrate on one of the terms arising

. . ') .
in the amplitude S N . Consider the term

A = §_82 :DE:}%V [Iz "SI. +3Io]
ATD

. 20
= 8IN 2 A" D™ Ganeayl wCnray (nan) . Dy Dpav
]

n=o (4.D.3)

. . . 37 .
Using the Borel summation technlque( ) we obtain

o -(3+1), & "
A= fgl Y f d$ ahl e ’?gq Z ﬁs;ll ?Dan+'4(n+z)(n+l)-])ﬂv])pu
3 n=o ™.

(4.D.4)

Writing the series S (S,Vl) in terms of a Mellin transform, one obtains

S(5m)

H lim jdi’(us T2 +bsinwz’) ()\l”‘s"q)z FCE) B(z%a) (R+1) x
2,,1)_""' c

zliz (33132 + % +2;,_+2,) D:L :Dz
% (2+1)(a2*+2+6) (4.D.5)
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=22 R 2y 4

(20)
ambiguity'. Evaluating the integral we obtain

where and b 1is the so-called "signature

S5
= i Ot )u 12 (n+1) D‘ «
nzo ™! (an+3)(3n*+26n +23)
an+l \ an+i
x{ Dass + 3 (Q_ L1eY) ®
4 Man+3) P(an+a)

@["P(nu) -bw - En(#§"1) -~ (dn+3) J}

(m+2)(n+t)

L |
+ b Z O Mened) (M)W T 3@ne T
&

00
n=0 @n+2)(4n*+9n+3)

2 an
x O (iE!:) §(x)
47 ran+2) C(an+r)

(4.D.6)
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Substituting this expression in (4.D.4), taking the Fourier

transform and continuing to physical momenta, leads to

3(n) = _g_.’ )\A(P')z i A" aa (na) (nea) (p" )an-rl' x

// ——
nzo (gm*+aén+a) 4 C@an+2)

x| V(ans3) + V(an+a) - Y(@an+5) - La pPA* _anes _
4 A+

«Q
+ _h. Z(—’n.‘ Y r(‘“"'.i) F(n+;';) 3Tl"(an+n)(an+3)
2 e (Ant+qn +3)

]

RO
* (% C@an+)

(4.D.7)

where the ambiguity arising from continuation in momenta is included
in the arbitrary constant C.
)

This contribution to ssbl therefore vanishes on mass shell.
Such an analysis can be carried out for all the terms given in Section B.
In ali the cases one has to consider expressions of the form
'a’.t..b av--.:D--.ZCnD'.‘ Using the Mellin transform and the prescription
developed above, one obtains overall derivative terms which in
momentum space give series in p2 multiplied by a factor (p2)2. This
is precisely the factor which leads to the vanishing of the self-energy

amplitude on mass shell and thus the Adler conditionm.
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The method we developed in the last section is
limited to the calculation of amplitudes to second order in the
major coupling constant. If a suitable analysis of higher-
order graphs with superpropagators was available, our

prescription could in principle be easy to extend.

Our method for analysing the derivative theories
is restricted to the massless theories as the massive
superpropagator is difficult to handle. Moreover, the
conservation of derivative formulas can be explicitly formulated
for the massless theories only. For theories with mass,

therefore, a new prescription needs to be derived.

Finally, we would like to remark on one of the
problems that may arise when the Yang Mills interactions and
the interactions of the fictitious quanta are introduced in
order to evaluate the amplitudes for the scattering of Yang
Mills fields. The problem is regarding unitarity. The non-
polynomial method would sum the interactions of the gauge
degrees of freedom to all order in g while interactions
of the Yang Mills fields can only be evaluated to orders in
g since the couplings of the Yang Mills fields to themselves
involvé-no nonpolynomial interactions. Thus it remains unclear
as to what collection of graphs contributing to a particular

amplitude would lead to an amplitude which has the correct analytic
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structure i.e. for example, no singularity corresponding to the
exchange of longitudinal modes. This problem is still outstanding

and remains to be solved.
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APPENDIX I: FUNCTIONAL METHODS.

This appendix contains a brief review of the functional
methods as used in the thesis. We start by considering a system

of interacting fields +(x) given by the Lagrangian

L(‘t’) = Lfvee(é) + Linb (é)

(A.I.1)
where Liht (“’) is the interaction Lagrangian.

Introduce a c-number source field J (&) so that the new

interaction lagrangian is

T .
Le@ = Lit(d) + T dlx)

(A.1.2)

and the corresponding S-matrix is

7= Tenp (i fax 24M)

(A.I.3)

where the superscript J indicates that it is evaluated in presence
of the source field J(x) and the script (ip) mean that the field

variables are in the interaction picture.

Defining,

J
GLT] = <5°) = Cout|in) -
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by functional differentiation we obtain

GlI] - <T(+ Ex.) ‘f (%n) S ))
T (‘k"-)-----#(x»)) liw >:r

|-

d
5

n
JXp)veee 8T (¢n)

{out

(A.I.5)

We therefore see that it is possible to generate all
the Green's functions from the vacuum-vacuum amplitude evaluated
in the presence of the external source. The Green's functions

for the theory described by L(.+) are defined by the limit J(%)=0,

Clearly the infinite set of coupled equations relating fhe
various Green's functiomscan be embodied into a single equation for
the generating functional Ci[:r] . This equation is constructed using
the equations of motion and the commutation relations of the fields.
Solving this equation for GU] would provide the solution of the
whole theory. Normally this solution can be written as a functional
integral and corresponds exactly, as can be shown for simple theories,
to the generalisation of the sum over histories expression, in quantum
mechanics, for the propagation kernel between two states widely separated

in time.

In the functional integral form one writes
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G[7] = N[M) Cx? L IO\* [L(@)+ J(x)(f(x)]
(A.1.6)

The normalization N dis chosen so that the vacuum to vacuum

amplitude is 1

It is necessary first to define the functional integral.
So far as mathematical questions about the integral are far from
solved. In practice it is only possible to define and solve the
integrals of the Gaussian type bsually, the field is expanded into
its 'nmormal modes' += ze“?,‘ and the integral over 43 is
n

replaced by integrals over the Cﬂ's as

(A.I.7)

SF[‘F] (d4) = L. S‘F(C.....en) de,.....den

Ny

for example one defines

--I C.,)'[Lilrc_‘r

(A.1.8)

o_xF( Idx (x)) d(4fmw) =

n-—>°°

= 1

In such cases it is necessary to define the measure carefully for
the integral to be meaningful. As for example,
2 . T .
Sexr(.'isclx 4:“)) o‘,(ém/di'ﬁ-) = le m leads to a meaningless
N—oe

results.

Inspite of this drawback of the functional integral methods,

it has found a wide usage. Formal rules have been devised for the
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manipulation of these integrals by which the usual perturbation
expansions can be recovered and with the héelp of which complicated
combinatorial problems can some times be easily done. The

commonly adopted formal rules are

1) Functional integrals are translationally invariant

[rrgrae = [rrdea @)

(A.1.9)

2) Integrals satisfy

[iddy FOFL exp ¢ WEh + St o]

= F [-'T g—.:] f@»4) 2xp i[W(+)+ [Cﬁb&)T(x) dx]

3) The integrand vanishes on the surface of the domain

of integration. 1i.e.

j@@_&_ FI41 = o
81’(") (A.I.11)

As we shall see in the next section this rule is employed

for generating Ward identities.

4) Functional Fourier transform can be defined in analogy

with +he usual Fourier transforms as

F[$1 = j@}) F [47 ex T(t fdx +(x)*|'(x))

(A.1.12)
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In particular, therefore, we obtain an integral representation

of the functional delta-function

4] = f(dx) exp fax A0 $60)

(A.I.13)
5) In analogy with the usual Laplace transforms,
the functional Laplace transforms can be
defined by
F $
FOP1 = | FIrd expl fax so0 d6o)
(A.I.14)

6) An important operation which is often performed
is the change of variables in the functional
integrals. It is therefore necessary to evaluate
the Jacobian factor arising from the change of the
measure of intepgration. To evaluate this, let us

consider a transformation

$lo = [dy Kexn) $p

(A.I.15)
Assuming that K(x,y) is symmetric in x and y and

expanding all the quantities in (A.I.15) in terms of

their normal modes :

ﬁL@K):: 2513311(8) <#2*):= '25‘3;‘?A(k)

and

K(xy) = Z)‘, SN NS AUY
N,



117.

/
we obtain C A\ = 2 K’)u): C)(
x‘

Thus

(0‘"#') = TIO\C; = |det kawl '“;JC,:

= \6‘4’—" K l(d'” (A.I.16)

Regarding K(x,y) as a continuous matrix in x and y, it follows

(Cl'?") = |cULl’ K(x"’) l (Af) (A.I.17)

In the following we use some of these manipulations to
show how the usual perturbation theory is reproduced. Henceforth,
as we have done in our analysis, we shall drop the normalisation

factor N in the equation (2.A.7) by demanding that G[O]:' i

Let us begin by considering the expression

E = J@Lnf) FE‘P] 9—"" éfd*dy 4’(") Ky +(‘3) (A.I.18)

where K(x,y) is independent of 756&), symmetric in x and y and

nonsingular.

 FE = j@(f) (_d{) F[S 1 ex l)[- I&x+(&)f(x) +§_ ded_x, f(x) K(xy) q{(’)]

where we have formally employed equation (A.I.1H),
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Letting +(x) - 4()‘) -ifl{'(*,i) ((2) dz ,where K_l(x,y) is the

inverse of K(x,y), we obtain

E=2C j@f} F[K] ex‘; ¢ Idxdj T Ky S(y)

= C e-x?[ fandyE, Ko H] [l Frs1 - exp-fandootes

where C = f@.(k) QXP ‘-ij‘d* dg %(ﬂ) k(",j) ¢(‘1) is a constant.

Thus

= dxdy & K (e b FC
E=C ex f x 1&*&) 3)65‘(5) ?] ’(} (A.1.19)
=0

For a system of interacting fields given by the action

W($) = %de&-j Cf(x; K(xy) iﬁ(y) + V@)

(A.T.20)

using equation (A.I.19) we obtain for the generating functional

GL7] = ex‘)[% de aly K(x 3)5 ] exf V(~|>)+fdx 4’(*)](’9]/

Yo

v
.—

(A.T.21)
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It follows that

V()
CT(PE... $6w)) = &xp I‘b‘dj 19(*'3)5 __\ %(*.)...f(*n)e

(A.I.22)

which is precisely the Gell-Mann Low expansion. The free particle

-l b 8
propagator K(“‘.‘j) appears as the inverse of the operator ) N(4)

P00 8P (9 \tf:o

and the usual Feynman rules emerge for evaluating any arbitrary

amplitude in perturbation theory. The same result would also be
obtained if instead the exponent of the interaction term were
expanded out in terms of normal modes and the properties of the

Gaussian integral used.

From equation (A.I.22) it follows that the connected part of

the n-point Green function is given by

"[dy..dy Ko Kong) & 8 exp[Efdedy§ it ]e”“’f
K&EY) K Yn) 3 . 0 £xp|3)ax Ky
t j ’_”1 Hn ] )34(\31) &#’n) P 9& foo tﬁl‘j) #=°

(A.I.23)

Therefore we obtain the well known expression for the amputated

Greens function

- tVG)
S(Xi-.Xw) = 6?(*;) . g%‘“ I)(c_z Idxd1 68‘6(: Gy d d ‘9)] L‘,a

(A.I.24)
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It is interesting to notice from this equation that it is
possible to generate all the higher point functions from the lower

-1
ones simply by differentiating with respect to K ("u\j) .
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APPENDIX II. EVALUATION OF FADEEV-POPOV DETERMINANT FACTORS
EVALUATION OF AL(A) (EQUATION 2.A.17).

AL(A) is defined by the equation

A-:.(‘“ = J(o\!l) (dn) &xp inx Te (th. Al

(A.II.1)

where (C‘n-) is the invariant volume element over the group manifold.
In a particular parameterization N= ﬂ(ﬁ)’ @-ﬂ-) = 0(8) Cds)

where UD(G) is the weight function which depends on the chosen
(39)

parameterisation and is given by

(8 - «let(b 5-:)
Br‘b

&B.b (A.II1.2)
where Bl’ B2, and B12 are defined by
nB)n() = 2(Ra)
(A.11.3)

a

Differentiating the equation above with respect to Bl

and defining

a'®y § a®®) = $a(8)

8@“ (A.IT.4)

we obtain
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-Q.-'CB:.) §a.(6l) a(R.) = §[,(8.z) é_B_',T?-
68,“’ (A.II.5)

b
Defining §G- (8) = §G. (8) AL (A.II.8)
where Ab are generators of the group, and noting that

b
Bu , = Bz ) §o.b CQ) 'B:: 8“ we get

B,: (+]

b
'(B2) Aa (B2) = Eu(B2) Ae 8802 )
6B ' B,=0 (A.II.7)

d b
R,a (Bg) AA. = E: (Bz) /\C. 8-&;
§BY

B'=°

where RrD-(B) is a unitary matrix belonging to the adjoint

representation of the group

| b b
Rfac: (Bi) Eg- (Bz)]c, = 68!‘1
§B~

A.II.8
=0 ( )

W(B,)= det [{o} (8,)] (A.I1.9)

This expressSion can be easily related to the one given in terms of
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the metric over the group space. Considering these transformations

as isometric transformations over the group manifold it is easy

to show thatmO’Ql)

Gob () = T €. (8) §1(B)

(A.II.10)

Thus

we) = det d Ejak (8] = Af?

(A.11.11)

The measure in the functional integral is therefore

o) = "IIOLQ(*) = T w@® dlix) - T 6@ 6 dB8)

To evaluate T’[h)(g)(x) define a continuous matrix W(B) by

(x| WB XY = @B)(» dx-x)
da} [IN(] - £x|> §(o) _rdx a ()

then 'l;r D(B)(*)

= Lxl) §(o) J.dx Q\n g (A.T1.12)

(A.II.13)

;o (@dn) = (dB) exP 8) fdx A N9

Having established the form of the invariant measure we
remark that solution (A.II.1l) is expected to give the same answer for

all the coordinate systems. In particular there exists a coordinate
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system for which det g = 1 so that (df) = (dB).

We are interested in solving (A.II.1) for AI.,\, satisfying
bl.l. Ar. = (ie for A (A) appearing in QIEI] ). Ve

therefore obtain

5y (A = J.@le.)(clx) exp i J;‘x T D\(x)(vr.n" B +0(8Y)]

(A.II.1Y)

Hence AL(N c:orresponds to the vacuum-vacuum expectation
value for the system of fields )\ and B in presence of the
&
external source Ar, . The propagator in this system is <T(>‘(") 8(9))>

and the possible couplings are of two kinds

Ap e

(o) M/V\'\ )

It is easily seen that none of the couplings of type (b)

contribute to the vacuum to vacuum amplitude. Thus

K (A) = X(d»(otw ex fdev [ (086043 L'}“ »&.11 15>

Writing B = (‘++" 4>*)/ﬁ and )\ = ((*"'4*)/\1-2: we obtain
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2
A‘:_(A) z { d$) exp % {ax T [$(a-cq aJ—CH/-)'b”)H

-\
- | det (O-igad (A1)

(A.I1.16)

By extracting the trivial factor det I] we obtain

- -]
A;_(A) = 'J.et @I ("-Uj A) ' (A.I1.17)

A simple closed form for the determinant factor is obtained
when the entire contribution to the integral (A.II.1) is
considered to be essentially given by the neighbourhood of the identity
of the group. The arguments we have given justifies such a procedure.
These arguments do not apply when the corresponding equation for the
Feynman gauge is evaluated. It is found that all the couplings give
contribution to the integral. Thﬁs evaluation of Z&Foﬁ)in a closed

form is difficult and one has to resort to perturbation theory.
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FIGURE 1la. Diagrams that contribute to the absorptive part

of the amplitudes . -E and , EI

at the cut corresponding to two particle singularities in s‘(P'*'P‘)z

ar

We note that no diagrams with tadpoles contribute to the abbkorptive

part of this amplitude to this order.
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FIGURE 1b: Diagrams that contribute to Im

t \ i'
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Diagrams contributing to IME are the same except

—x,
Sod,

that instead of fictitious particle:s lines there now appear

gauge particle lines.
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FIGURE lc. Diagrams that contribute to
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FIGURE (2)
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Set (A) + Diagrams involving the Yang Mills field.

Set (a) : Diagrams involving the fictitious quantaLand Yang Mills field

ie diagrams contributing to —@——

Set (b) and (c): Diagrams involving gauge degrees of freedom and

Yang Mills field contribution to -—@—
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Dear d-r A.A.Patani,

We were very pleased to receive your interesting
papers, the subject of which interests us very much. In
answer toyyour question we would like to make the following
remarks. _

1) About your paper,

The existence ofﬁshe limit M—)O‘L S -matrix inJ

(on the mass shell and taking into account the polariza-

tion vectors), implies that the following Limit exists:

(o)
éiuu '70; (m ) f‘ 2}'5; =:7c;v %%JEV
m-20
where —I;(v is the 1limiting value of -,l:'vﬁ")and Tr(:)—‘
the corresponding expression for massless fields.Moreover
the matrix-elements for production of longetudinal‘partic—
les in collisions of transversal particles must goi
tb zero. But, for the S-matrix off mass shell such a limit
is not necessarily equal to the corresponding expression

for the massless case, that 1s.

pvﬁ") -Z;v qb-7-
Giw 16, Tyt = &w.eoc(w) O,k £€,d -K,. ot

w=0
In this way, the two unltarlty relations (for the limit-
ing and for the massless case) are correctly written

in the following form:

Trv-,}w‘f'_o(o('r, M_»,O (L
(o) T(O) Zo((o) (o)-!-) m=0 (2)
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It is clear that (1) and (2) can be in accordance with
each other. Let us note also thét you did not prove that
the continuation ofﬁ the S-matrix off mass shell does
not exist (in the complete theory, but not in perturbation
theory),for which the equality o(:o(‘O;:O is true.

2) About your manuscript.

We do not share your doubts about the non-unitarity
of massless Yang-~Milis fields in the Feynman gauge, because
there exists a gauge transformation (its infinitesimal form

cOnnecting
is given in the paper in Phys. Lett,1960, 30B, 562)Vthe S-
matrix on mass shell for differemt o3, _

Concerning massive Y.M. fields, we have obtalned 2 _
variants of the theory. The first variant is obtained from
the usual expression for the S-matrix using group transforma-
tion, proposed by Faddeev and Popov; this is a preprint
Lebedev Institute, 1970, N 27, where the limit W <>
was investigated.

The 2°9 variant was proposed in Phys. Lett.,1969,
30Bp62.

The fact, that the last theory is not unitary in pertur-
bation theory isiknown to us and was phticed in the preprint
(see also the refs. given there). It is also very clear,
that the off-shell S-matrix (Green's functions) depends on

A .Anp attempt of claryfying the question, whether the

on-shell S-matrix in perturbation theory depends on®& ,or

not, does not appear to be useful or necessary, in our
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opinion, because there does not exist a physical object of
investigation (i.e. a unitary S-matrix). All our hope is that
unitarity and independence of & will be fulfilled in the
complete theory, or in the framework of some madified
method of perturbation theor&, which unfortunately we don't
know. The unitarity of the complete S-matrix could be
proved, if one succeeded in finding a transformation which
connects the S-matrix in different gauges (fﬁfgrigﬁgficourse
only possible in the complete theory), because tfor of —» o
our variant goes over into +the usual S-matrix of massive
I-M fields. Unfortunately until now we did not succeed in
doing this,

Finally we wish you a happy New year, and one of
us (E.F.) would like to give also his best regards to A.Sa-
lam and J.Strathdee.
(This letter was translated by H.M.Nieland whom you might

remember from Cargése, and who adds his very best wishes).

Hes
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