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ABSTRACT. 

Unitarity and Ward identities in the massless Yang Mills 

theory and the mass zero limit of the massive theory are discussed. 

It is shown in perturbation theory that the modified version of the 

massive theory constructed using the approach of Fradkin and Tyutin 

is neither unitary nor has the same analytic structure as the original 

theory. The modified version obtained using the approach of Fadeev 

and Popov is shown to lead to the same absorptive parts for amplitudes 

as does the original theory. Problems encountered with derivatively 

coupled theories when considered in the nonpolynomial field theory 

approach are then discussed. A new method is developed for treating 

these theories on the basis of analytic renormalisation. The method is 

shown to resolve the problems met with previously and to lead to physically 

acceptable results. In particular, the Adler condition in chiral 

theories is obtained. 
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CHAPTER I. 	INTRODUCTION. 

It has been appreciated for a long time that a deep 

understanding of the conservation of electric charge can be obtained 

from the notion of gauge invariance. The equation for the conservation 

of the electric current follows as an identity because of the structure 

of Maxwell's equations which are gauge invariant. 

In analogy, in order to understand the symmetries like 

isosopin which are observed in strong interactions, the nucleon fields 

are coupled to charge carrying vector fields in a gauge invariant 

way
(1)

. The theory corresponding to the gauge invariant Lagrangian 

for these vector fields has come to be known as the Yang-Mills theory. 

Both electrodynamics and the Yang Mills theory are gauge 

theories
(2)

. These are obtained whenever the invariance group of 

the basic system is extended by making the parameters of the group 

functions of space and time. The theory of gravitation is also such 

a theory. 

Nature therefore seems to prefer to realise the physical 

symmetries through the gauge theories. However unlike electrodynamics 

and gravitation which are believed to be complete theories for the 

description of these phenomena the Yang Mills theory can only be 

considered as a first step towards understanding the strong interaction 

symmetries. 

For the Lagrangians of the gauge theories to be invariant, 

under the gauge transformations, these fields must have zero mass. 

They therefore give rise to static long range forces. The 
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electromagnetic and gravitational forces are observed to have 

long range. We observe in nature an apparently exact conservation 

of electric charge and energy-momentum and furthermore we also 

observe massless photons. It seems probable that massless gravitons 

also exist, though the chances of their detection is extremely small 

because of their very weak coupling with all matter. 

In contrast however, the isospin forces are seen to have 

the range of the strong interactions and the conservation of isospin 

is only approximately satisfied. Moreover in nature we find no zero 

mass isospin, spin one multiplets to realise this symmetry. The 

strength of the isospin forces is also very large compared with the 

strength of either the electromagnetic or the gravitational forces. 

Thus in nature the isospin symmetry manifests itself in a 

way considerably different from the symmetry of either the electric 

charge or energy-momentum. Despite all these differences it is interesting 

to inquire whether it is in any way possible to associate a gauge field 

with an approximate symmetry so that the qualitative feature of the 

theory provide, through comparison with experiments and other 

theoretical models, some understanding of the dynamics of the strong 

interactions. 

The observation of approximate symmetries and multiplets of 

massive vector fieldshas led people to include a mass term in the 

Lagrangian and the resulting theory, the so called massive Yang-Mills 

theory has also been studied for the reasons given above. It has found 

use at the phenomenological level in strong interaction physics
(3) 
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and also in the theory of Weak interactions( 
4) 

 where the intermediate 

vector bosons are often assumed to be fields of the Yang-Mills type. 

Understandably efforts are made to study these theories as actual 

field theories to see if the radiative corrections do lead us towards 

a better description of nature. 

While the need to understand symmetries in nature has 

inspired the:stUdy of the Yang-Mills theories, one very compelling 

reason for the study of the massless theory stems from the belief 

that the classical theory of gravitation should also be quantized.( 5) 

The massless Yang-Mills theory lies between electrodynamics and 

gravitation in both its structure and the complexity of the corresponding 

quantization problem. In the understanding of how to resolve some of 

the problems that are encountered and in testing the methods employed 

in constructing a quantum theory of gravitation, quantization of the 

massless Yang Mills theory is expected to play a very prominent role. 

The difficulty in quantizing the massless Yang Mills theory 

arises from the existence of the infinite dimensional invariance 

group which implies that not all the field variables are independent. 

Over the years this problem has been approached in many ways and the 

methods employed in electrodynamics have obviously found use here. 

The radiation gauge method in which the independent field 

variables are identified and quantized, has been applied by Schwinger( 
 6) 

and Fradkin- Tyutin(7). The main difficulty with this method is the 

lack of manifest covariance. It is necessary, having quantized the 

theory, to show that it really is covariant. But with the problem of 

operator ordering this becomes a hard task algebraically. In order to 
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avoid these problems Schwinger(8) has devised the extended operator 

fromalism by which the construction of quantities like the energy 

momentum tensor can be greatly simplified and covariance of the 

theory made to follow in a simple way. 

The Lorentz gauge method has been employed by Fradkin and 

Tyutin(7)  within a functional integration approach. The basic idea 

of the method consists of choosing the Lagrange multiplier term 

(13A  so that the Lagrange multiplier field 	N satisfies the free field 

equations. If one chooses in analogy with electrodynamics 

L = 	171C A v09 Al (x)] 	Tv C 4(x) bp. At(x)-1 

where 	Pr (%) are defined in equation (2.A.1), then the variational 

equations lead to 

ctb 
b 	w(c ) = 0 

and 

A, (x) = 0 

where 	

V/ 
	is the covariant derivative given in equation (2.A.3). 

As +(X),,, -do not satisfy the free field equations, the subsidiary 

condition 	cr)  I physical subspace > = o is not meaningful. 

However with the choice (9)  

L = 	Pre Arco A"6,)] 4' TY Diu A P4h041014903463 
4 

ab 
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it can be shown that 
	

43°64) satisfy free field equations so 

that the subsidiary condition is meaningful, and 	P69 satisfy 
the Yang-Mills field equations on the physical subspace. With the 

introduction of the functional integration methods Fradkin and Tyutin 

obtain a generating functional from which Vhhas.been.transformed away 

so that the S-matrix for the Yang Mills field can be easily 

calculated. 

Quantization of the massless theory has also been carried out 

by Mandelstam(10 using the path dependent formalism. In this formalism 

gauge independent quantities are constructed and quantized and the 

equations for the Green's functions are written down. In order to 

evaluate these in perturbation theory, gauge dependent fields need to 

be introduced. The method reproduces the results obtained by Fadeev-

Popov
Oa)

, Fradkin-Tyutin(7) and De Witt
(12) by using the functional 

methods. 

The functional method of quantizing the massless theory appears 

to be much simpler and more useful. In this method the gauge condition 

can be imposed very simply and the Feynman rules for evaluating amplitudes 

in the perturbation theory can also be easily obtained. 

All these quantization procedures lead to the additional rules 

for including the fictitious scalar quanta which appear in closed loops. 

These, as was first pointed out by Feynman,
(13) are necessary if 

unitarity is to be satisfied in perturbation theory. The nonphysical modes 

of the field, which are introduced in a covariant development of the 

theory, give contribution to all the scattering amplitudes. The 

fictitious quanta loops nullify these contributions. 
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Starting from the requirement of gauge invariance of an 

n-particle scattering amplitude on mass shell, we show precisely 

how the nonphysical modes of the field give a nonvanishing contribution 

to the absorptive parts of the amplitudes. It is seen form the analysis 

that the usual Ward identities, ie identities of the type 

k °12 	(k s,It3) = 611'4 	3/A7a1  pt3  04) 5.41A3(k1)J t`' to-pi 	L,  

which relate n-point Green's function to the lower order Green's 

function, do not hold in general for every gauge. Besides the terms 

appearing in the usual Ward identities there appear extra gauge dependent 

terms. This is because the source current and the conserved current 
(14) 

are related to each other by additional gauge dependent terms. There 

is however a choice of gauge for which the additional terms -are equal.to 

zero so that the usual Ward identities hold. 

In contrast to the massless Yang Mills theory,because of the 

presence of bare mass, the massive theory can be quantized in the usual 

fashion, and the Feynman rules for evaluating diagrams in perturbation 

theory can also be easily obtained. The difficulty in this theory 

arises from the longitudinal modes in the free particle propagator 

(k) =-(9p1M--kpi nl)W-071971  Conventional power counting 

arguments classify this theory as non-renormalizable
(15) 

The functional methods of quantizing the massless theory 

and in particular the methods used by Fadeev-Popov and Fradkin-Tyutin 

have created some hope that the renormalization problem of the massive 

theory may be treated more effectively. This is because the generalizations 

6f-these methods provide a means of modifying the Feynman rules in such 
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a way that the problem of renormalization appears to be tractable. 

These generalizations are easily achieved for the following 

reason. The method of imposing the gauge condition in the massless 

theory effectively alters the free particle propagator of the field and 

can therefore be employed in the massive case to obtain modified 

perturbation theories for which the propagator of the massive field 

is altered. The effect of altering the propagator is absorbed in some 

new factors which arise in the functional integrals. Using the Fadeev-

Popov approach(1647)for implementing the gauge it is possible to write 

down the theory in such a way that the massive field has the propagator 

(96W - kp, Jc v/ki)  (tt- rn'I' while using the Fradkin-Tyutin approach(18)  

it is possible to obtain theories such that the propagator is either 

(91,w - 	kv V) (lc-1- 01-Or CJ/Lv (1c2.- 

If this is done, it is at once apparent that the theories 

obtained by the two approaches are strikingly different. In both 

it-I 
theories with propagator (91,vv--19A.14:141e..)(1(21-rn-) , one obtains 

the usual coupling of the Yang Mills fields and the coupling of the 

zero mass fictitious quanta with the Yang Mills fields. However using 

the Fadeev-Popov approach there appear extra couplings of zero mass 

longitudinal modes, the so called gauge degrees of freedom, which 

parameterise the gauge group. Thus the analytic structure of the S-matrices 

in the two theories are expected to be different. A question naturally 

arises as to which of the S-Matrices is going to have the same analytic 

structure as the original theory with the propagator(Jwkp k.19( 1)(0:i111)-1  
rn 
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It appears that the theory obtained using the Fradkin-

Tyutin approach has a mass zero limit and coincides in this limit 

with the massless theory. For this to be so the contributions of 

the longitudinal modes for the massive theory should go to zero in 

the zero mass limit. What we observe in perturbation theory is that 

this cannot happen. We show that if in both massive and massless 

theory, the M-functions satisfy the property given by equation (2.A.9) 

which is obtained by demanding gauge invariance of the amplitude, 

then unitarity of the massive theory and the massless theory obtained 

in the limit are incompatible. 

This is precisely the reason why the theories obtained by the 

Fradkin-Tyutin procedure, as we show in perturbation theory, do not 

satisfy unitarity. Neither does the analytic structure of these theories 

agree with the original massive theory. The theory obtained by the 

Fadeev-Popov approach however does give the same absorptive part for 

the amplitudes as obtained from the original theory. 

In addition to showing different analytic structures, these 

modified theories also exhibit different ultraviolet behaviour. The 

leading divergences are transformed away in the theories constructed 

using the Fradkin-Tyutin approach and consequently the ultraviolet 

behaviour of these theories is improved. The leading divergences in 

the Fadeev-Popov approach appear in the interactions of the gauge degrees 

of freedom which are represented by nonpolynomial chiral Lagrangians. 

In the conventional perturbation theory framework the theory is 

unrenormalizable. One obtains the two basic features shared by all the 

nonrenormalizable theories - unacceptable high energy behaviour 

and infinite number of types of infinity, the removal of which would require 



an infinite number of counter terms. Therefore in the conventional 

perturbation theory framework the theory has little physical interest. 

(A20) 
However the nonpolynomial approach 	' to field theories 

offers a method in which the infinities of the theory in the Fadeev-

Popov version, may be tractable. The chiral Lagrangians in particular 

are well suited for this approach. As a first step towards a treatment 

of the massive theory, it is necessary to consider the chiral 

interactions in this frame-work. 

Recently some doubts have been expressed by B.W. Lee 

(22) 
and W.K. Chan et. al. 	regarding the usefulness of the nonpolynomial 

approach to chiral theories. They claim that this approach does not 

satisfy the symmetry requirements like the Adler consistency condition. 

In particular it has been shown by Chan et. al. that the pion self energy, 

when computed to second order in the major coupling constant, is 

nonvanishing on mass shell. This nonvanishing contribution is quartic 

divergent and may be associated with the splitting of the Lagrangian 

into free and interaction parts. 

These analyses are incorrect for two reasons. Firstly 

the results are based on naive Feynman rules. For derivative theories 

given by Lagrangians of the form 

it is well known(23) that the surface dependent terms appearing in 

the interaction Hamiltonian and in the time order product of the field 

variables cannot be ignored as they can be in theories where only one 

derivative of the field is involved. In the analysis of Chan et. al. the 

15. 

(21) 



surface dependent terms have not been taken into account. 

16. 

Secondly in their 

not been treated properly. 

DO() = 
4TT2  

meaning to amplitudes like 

Alta 
a 21 'by") /CI) /4.  

analysis, the derivative terms have 

Ordinary differentiation of the propagator 

, in the region is employed to give 

5 

where 
	i0)) 	is a superpropagator. This procedure for 

treating the derivatives we show to be ambiguous and to lead to 

inconsistencies. 

One of the basic problems of these theories when considered in 

the nonpolynomial approach is how the contributions from the surface 

dependent terms should be taken into account. This problem is intimately 

linked with the problem of treating the derivatives. One could follow Salam 

Strathdee(17)  and Gerstein et. al.
(2) 

 , and take the contribution from 

the surface dependent terms into account by using the functional methods. 

S = T 	Lf[Lt (4) 	gto) t-y Q. 9c- (k)Jdx 
2. 

The polynomial techniques can then be used to evaluate the amplitudes. 

This procedure, under certain assumptions, leads to amplitudes satisfying 

the Adler condition
(25)

. It is however unsatisfactory for two reasons: 

(a) one needs to put in the tadpole ])(0) 0 and (b) the derivative 

terms need to be treated inconsistently. 

We therefore develop a method, for treating the derivative terms, 

27) 
which is based on the analytic renormalization technique( -

26; 
 . The 

procedure we adopt is a natural one for the nonpolynomial theories as the 

analytic renormalization structure appears to be built into these theories. 

The essence of our method is to replace the terms ),41 	"a1;/ by 11)41....24/1 1 4' tun 

This makes possible the -use of ordinary differentiation in some region of 

the z-plane and also the ordinary multiplication with distributions of the 

By this procedure one obtains 
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same kind. The result is then analytically continued to include 

the value z = 1. Usually it shows a pole at this point and its 

renormalized value is defined, in the manner introduced by Speer
(26) 

in his analytic renormalization method, by subtracting off the pole. 

This is definedonly up to finite renormalization constants. 

If, however, there is no pole at z = 1 there is no freedom 

to include finite renormalizations. This is precisely the situation 

which arises when one employs this procedure to give meaning to 

the tadpoles which appear in formal identities that can be obtained 

by requiring manifest covariance. The result so obtained for the 

tadpoles is momentum dependent and furthermore leads to inconsistencies 

among these various formal identities. The straightforward application 

of the analytic method therefore fails. 

In order to remedy this defect we give., an alternative definition 

for the limit z41. Amongst other things, this leads to identically 

vanishing tadpoles. To achieve a greater insight into the correct 

limiting procedure we consider spinor and scalar electrodynamics. We find 

that the alternative procedure applied to these cases is essentially 

equivalent to finite renormalization in the sense of Speer
(26) 

and leads 

automatically to gauge-invariant results. This procedure generalized 

to nonpolynomial theories leads to amplitudes satisfying the Adler 

condition. 

We begin Chapter II by discussing unitarity and Ward identities 

in the massless Yang Mills theory. We explain why the fictitious particles 

are required in order that unitarity be satisfied and proceed to show 

that the usual well-known Ward identities are not satisfied in a general 

gauge. A gauge is thervidevel9pedhere the usual Ward identities hold. 
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In section B of Chapter II we discuss the questions regarding the 

zero mass limit of the masive theory by using a property that the 

M-functions of both the massive and the massless theory apparently 

satisfy in perturbation theory. We show that if the zero mass lithit 

exists for the S-matrix of the massive theory then the requirement 

of unitarity of both the massive and the massless theory obtained from 

it in the limit cannot be met. It is argued that conjecture of Khriplovich 

and Vanishtein(28) that the scattering of n longitudinal modes behave 

- 
in general as PI 

ti+2. 
 as tY140  may not be correct. In Chapter III, 

using Feynman path integral techniques we construct the modified 

perturbation theories for the massive field using the approaches of 

Fadeev-Popov and Fradkin-Tyutin. Using the Feynman rules obtained from 

the functional integrals we consider the absorptive part of the 4th. order 

scattering amplitude for 2 particle - 2 particle scattering. We conclude 

that the theories obtained by the Fradkin-Tyutin approach are neither 

unitarity by themselves nor do they lead to amplitudes having the same 

analytic structure as the original massive theory. The theory obtained 

using the Fadeev-Popov method gives the same absorptive part for the 

amplitude as the original theory. We reach the same conclusion by 

considering the 4th. order self energy amplitude which involves two loop 

diagrams. In this analysis we make contact with the work of Veltman(29) 

and Veltman-Rieff
(30) 

and we explain why the Fadeev-Popov approach gives, 

for one loop diagrams, the same result as Veltman's approach. 

In Chapter IV we point out in detail the problems associated 

with the treatment of derivative terms in field theories when considered 

in the nonpolynomial approach. These we exemplify by considering the self 

energy amplitude for pions in stereographic coordinate systems for the chiral 

group. 
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In Section C of the chapter we develop a new method for treating 

the derivatives and show that for scalar and spinor electrodynamics 

it leads to gauge invariant answers and that it is essentially 

equivalent to the finite renormalization prescription of Speer(26) 
 
• 

Generalising the prescription obtained for the polynomial theories 

to the nonpolynomial theories we develop new Feynman rules for 

evaluating diagrams to second order in theuajor coupling constant. 

Using these we show that the Adler condition is satisfied for the 

self energy amplitude of the pions. Finally we comment on a problem 

that would be encountered if the Yang Mills interactions are included 

in this framework for calculating amplitudes in Yang Mills theory given 

by the Fadeev-Popov approach. 
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CHAPTER II 

SECTION A: UNITARITY AND WARD IDENTITIES IN THE MASSLESS YANG MILLS THEORY. 

The action integral for the massless Yang Mills theory 

is 

klyti 	1.06 Lytt  (b.) 

aX 	E ArV(X) IN w(() 	 (2.A.1) 

where 	i\ry (X) = 	Ptv 	-'by Att(x) - t E Ar.(x) Av603 

and 
	= 	X4 

the corresponding gauge group.  

, X.A. being the generators of 

VIyid (N) is invariant under the transformation 

A 0c) --> P11169 	 Q. Arn: - 1 AD 
f 	 • 	 tk 

Infinitesimally this transformation is 

(2.A.2) 

AIJO(K) 	Ati,(X) 	VrE)644 

where 	cr.  = 	- C3 ad ( kr,) 	is the covariant derivative 

and 
0.4 (A, ) (e) = E 	e3 t  

Since 	kiNti(A) is invariant under the infinitesimal transformations 

it follows that 

f
ax E WYn  (A) [ ar, 04.60 - ec54‘, Ck) 0`69] v.. 0 

A (x) 
(2.A.4) 

(2.A.3) 



As 1169 is arbitrary we obtain 

" 8 W/H N 
A -t  (x) tt. 

=O 	 (2.A.5) 

21. 

C3) From (2.A.4) by functional differentiation with respect to 

we get 

111'4 81WvK (A) 	
ae:A.04 

0 
6 AZ(K) Auk  (II 

191=o 

2 4 yet  (A) Thus we see that is singular satisfying 

(2.A.6) 

sA "(x, S Av (3) 
0 

81 IVIN44 (h) 0 (2.A.7) 

EA'(c) 6Av(1) 
r 	 Aft: 0 

As shown in appendix I, where we discuss the functional 

methods as used in this and the next chapter, if the perturbation 

series is developed using the functional integrals then the 

inverse of the operator EP4Vd(A) 	appears as the free particle 
6V.(-7V1()fteitwo 

propagator. This operator is however singular and therefore it is 

necessary to introduce a gauge condition so that the operator 

v V' pt  (A) 	is effectively altered and rendered non-singular. 

rA,,t09 6 At 6) Ap,C4= 
The implementation of the gauge condition using either the method of 

Fadeev-Popov(7 ) or of Fradkin-Tyutin
(11) 

leads Automatically to the 

appearance of extra couplings involving the so called fictitious particles. 

These quanta only appear in closed loops and have the Fermi statistics. 

That these additional quanta should appear in the theory of 

(13) 
the massless Yang Mills field was first pointed out by Feynman 	. 



22. 

He showed that if the amplitudes in the theory of gravitation or of 

the massless Yang Mills field are computed naively by using a 

covariant propagator i 	and those couplings as given by the Lagrangian, 
141446. 

then unitarity is violated. In order to restore unitarity he 

demonstrated that it is necessary to introduce additional diagrams with 

fictitious quanta propagating in closed loops. These additional quanta, 

are vector particles for the theory of gravitation and scalars for the 

Yang Mills theory. 

The reason why the fictitious quanta appear in these theories 

is very simple. In a manifestly covariant theory of massless spin one or 

spin two fields it is necessary to include the non-physical modes 

of the fields(31). In quantum electrodynamics, for example, the 

effect of these non-physical modes can be shown to cancel 'as the 

field is coupled to a conserved current which contains no contribution 

from the field itself. In the Yang Mills theory and gravitation however, 

this cancellation does not occur and it is therefore necessary that there 

appear other interactions which nullify these contributions. These 

extra interactions are precisely the ones which include the fictitious 

quanta. Since the contributions of the non-physical modes affect 

unitarity, the fictitious quanta appear only virtually and in closed 

loops. 

To see this more clearly, let us first consider an amplitude 

for the scattering of n Yang Mills field 

ACKX13......)knXY1) =2  k ) 	 €14"  (kn ) " E' ".-- xpi 	
(2.A.8) 

where the external particles are transversely polarised. 



Gauge invariance of the amplitude on mass shell (i.e. 

invariance under the transformation 4,00 --P Cp. (It) kr.0 ) 

requires that 

(k1.... kr%) = 	(1(1.1c") +  
i=1 	 19';412".. 11:91'7 

where 	M 	k 	vanishes on mass shell and f 
	

is some 

permutation of the label i's. Pe, 
	is such that the gauge invariance 

of the total amplitude on mass shell is assured by the contraction 

of the momentum factors on the right hand side of eqn. (2.A.9) 

with either the transverse polarisation vectors carrying the same 

momenta or with the same momenta when simultaneous transformations 

are made on the external line wave functions. In general the terms 

may not vanish even on mass shell. They do vanish 

identically on mass shell for electrodynamics, but not for the Yang 

Mills theory. 

Thus we see that in general the amplitude for the scattering 

of virtual longitudinal modes with the ttansverse modes is non zero. 

It is expected that they will therefore give contributions to all the 

scattering amplitudes and in particular to their absorptive parts. 

Since the terms 	in 'the equation (2.A.9) may not 

vanish on mass shell, we expect that the contribution of the non-

physical modes to the absorptive parts of the amplitudes will be given 

in terms of them. This is easily illustrated by considering a typical 

expression that occurs on the right hand side of the unitarity equation 

glarn7=TTt  . Corresponding to two particle exchange we 
consider : 

23. 



q) 
E = 

(2) , g(„, ext(c.) ev,kk.) C;:,(e) Efa) 

24. 

Transvene, 
pot. A, N.' (2.A.10) 

(Q.) 

where 	and Boro  are complete amplitudes for the scattering 

of many particles computed to a particular order in the coupling 

constant. The indices corresponding to other particles in the 

amplitudes have been contracted with their appropriate wave functions. 

The superscript (Q ) indicates that these amplitudes are for the 

massless theory and has been introduced here only for later 

convenience. 

The amplitudes 

gauge invariance in the 

ft  01) 	 n  
k. Art, = 04 xixr 

A6) 	(t) 
Ne and 	vv, 	are assumed 

sense of equation (2.A.9). Thus, 

n pile) 	°co) k.  
t 	 r- 

to satisfy 

  

, (e) 
,e)  avg• kv  (2.A.11) 

 

Bvv ,  

 

Writing 

 

A e,/ 
E

xf 	X/  
ge (e) 

  

and transforming to the special frame 

(2, 0, 0, 0 ' E..r (Q)   jc O'0 

11  
1  Co,0,t,o) 

we obtain :1.33 

From equation (2.A.11) it follows that 

A 	
0 

and in this special frame therefore 

VO 11. 

E = 	ejitZ 	()Qv ) A X  k 	)'(k NA a )" - 
ry 	r 

4"-Q° -`33 

E,:(k) (k) T/4V  
>. 



However; the equation (2.A.11) now implies 

and 
	

kd -11"= g") 	1<* . 
Ic 	 1) 

= 64 
(!)e)kv 

 

• 
• 
• 

• 

25. 

Similarly,transforming to the frame 
	

k14 = Ck 0" 0 k) 	we 

obtain 
"Q.)  

= 	— T" + T 33  

• 
• I T"r T33  = 	2  g(t) 

(21(t) 

We thus obtain 

pi(e) ,61•21,1  e:(k)  clot.) 	e ),:o2) 
x tv tlA  

A
ce 
11) , 	giwg t`ivi - 	oec (Q) 

(2.A.12) 

When integrated over the phase space of the two particles 

with momenta k and P. , the left hand side of equation (2.A.12) 

is equal to the contribution of the transverse modes to the absorptive 

part of the amplitude 

The first term on the right hand side of the equation gives the 

absorptive part across the two particle singularity of this amplitude 

if it were evaluated in the Feynman Gauge. As expected the mismatch 

between the two, which is a measure of the contribution from the non- 

(t) D.ct p 

Clearly the contribution arising from the fictitious quanta 

) 01 
= 	= 0 

contribution arising from the longitudinal modes vanishes and unitarity 

is satisfied. 

physical modes, is given by the term 

must cancel this. In electrodynamics so that the 



It follows that 

mC10240.3 

14.111.11.1 kr1  

26. 

On examining equation (2.A.12) we see that the contribution 

of the longitudinal modes should depend on the choice of gauge. Since 

this equation has been derived using the equations (2.A.11), it 

follows that the terms in equation (2.A.11) and therefore those in 

equation (2.A.9) may also in general be different for different choices 

of gauge. The Ward identities are therefore expected to be gauge 

dependent. 

That this conclusion is correct for the massless Yang Mills 

theory is easily checked by considering the lowest order three point 

vertex 

ictifti, }Li 

„ cL3 Act2agh 	A  + 	q (k3-k,), 
IvItLithiA3 	 1414'3 	1424" 

ka,a3 41/2 
	

(2.A.13) 

5  e'°""c̀3  C C3ty.3 	)— 	ic..„672] r 	 14#13 	r  

(2.A.14) 

where denotesthe Fourier transform of St  WYK 	which is 

15T6T5T1)1 a 
it 	 zro 

ik 



singular and n is the dimension of the Lie Algebra. 

Thus the usual Ward identity i.e. 

4,403  
k 	 _ 1-1  ow] m ititt,./A1 	ecti3 1.1' 

3  

cannot be satisfied in any covariant gauge whatsoever unless the 

lowest order three point vertex is modified. In particular we 

see that in the Feynman gauge 	besides the terms in the usual 

Ward identity we have the extra-term k3pskap3 — kap, k1.13  For 

other choices of gauge for which the three point vertex is not 

modified, this extra term will be different. 

In the following we demonstrate the gauge dependence of the 

Ward identities in general and go on to construct a model in which 

the usual Ward identities do hold.
(14) 

Consider the generating functional for the S-Matrix for the 

massless Yang Mills theory 

= 	A) 	[Wym 	+ fdx Tt (T/4(x) Fie(x)) 

(2.A.15) 

Here and in the following we choose not to write the 

normalising factor for the functional integral by demanding 	[0] = 

Following Fadeev and Popov let us implement the gauge by 

introducing in the integrand of equation (2.A.15) the identity  

27. 
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1= fCcin.) exp Wq  (AA) 	
(2.A.16) 

Here 010 is the invariant volume element on the group 

manifold, A is an element of the gauge group and A ja 	is given by 

equation (2.A.2). 

The choide of WO) depends on the gauge in which one wants 

to evaluate the perturbation theory. For example, one choosesfor the 

Landau Gauge 

W (A--) 	[ AL(A) i(ciX) 	iifax Ty Ot(x)-eAlt4.11(x))] 
(2.A.17) 

and for the Feynman Gauge 

(A) = 	eTt,  F(k) iia-X -Fr ( a. A rt )2.  

 

(2.A.18) 

These identities define E^.1.( A) the so called determinant 
F 

factor, which gives the rules for including the fictitious particles. 

Since the gauge group is assumed to be compact, its volume can be 

normalised to one 

(2.A.19) 

Therefore introducing the identity (2.A.16) into the integrand 

of equation ( 2 A .15 ) and letting A/1.69 	1-Itt (X) 	we obtain 
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= f(dn) (1(1)€ f [ WY  A)W(a) fcbc Tr Up Ar) J 

(2.A.20) 

The on mass-shell S-matrix obtained from g[33 is given 

by 

ey.r(Lidx A(x)  
Frit'309 

C31 
4= 0 

 

6%ck 

where 	PilA (X) are free field operators describing the system at t = -de) 

r.n  The term 	therefore has the form 

fax Ais  .69 '.16 f xr,  .4  Otri pt(9) 	in the expression for the S-matrix. In terms of 
-1 

	A. 6 diagrams Q 	operating on 	tt 	means 	operates on the  

external line FitSlo plus various vertices in the expansion of Alf 1  

.1  The external line has a pole dv LI 	which cancels the Cl operator. 

The vertices on the other hand have no such pole and these terms can 
the. 

be integrated by parts so as to operate on 01/4 64) . On the mass-shell 

therefore these terms vanish. Hence one can make the replacement of 

.rf ( Tr, 69 A;(3 ) by 
	

(7?4,69 e(K) ) 	in the 

equation (2.A.20) and obtain a generating functional which will give 

the same on shell S-matrix as Cali. Doing this replacement we 

obtain 

Q1D3 fcl A exp  [ Wym (A) s Wy (A ) fax TY (3-14 (X) A it(K) 
(2.A.21) 

Although the generating functionals q[3.3 and 	" 4' '''' 

lead to the same on mass shell S-matrix, the off-shell behaviour, 
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in particular the Ward identities, will be different for the Green's 

functions evaluated using the two generating functionals. 

The equation (2.A.16) imposes a condition on the choice of 

WO) . This condition ensures that the on-shell amplitudes are 
independent of it. There is however some degree of freedom in this 

choice. By demanding a particular off shell behaviour, for example 

that the usual Ward identities hold, it is possible to obtain 

additional constraints on 14349. 

Let us first define the source current 

theory determined by y 

in the 

1  4 ck. 1 	b 
Cx) = 	Lwymo)two 	Dm, o3 - 	AA) ay 

SA°.  09 
(2.A.22) 

where the second term on the right hand side is the collection of all 

the terms linear in Ap., 69 . Clearly this definition agrees with the 

usual one when the equations of motion are satisfied. 

It follows from equation (2.A.22) that 

1)/A,9 (x)1) [1404(R) wA(A)1 
ocluvh J) 	 p°'= o (2.A.23) 

i,A, 
-lab 

Therefore 	vCx,3) is the inverse of the free particle 

propagator in this gauge. We obviously assume that the choice of gauge 

is such that this is non-singular. 



From equation (2.A.22), (2.A.23) it follows that 

31. 

)P#6  [Wypt(A) + wq09.1 - er (141.0f0v+ WC cig Au%) dy 

t Act  69 15(91,46) 
Fla = 6 

ab r  
1- 	Vit. a WG (A) 

FA ‘69 ik 

(2.A.24) 

6c. I, . ij C  A/A.69a LWyti(A) + W6  (A)1 

rAc6,, r 

'Pie wG(A) 	1 Ay  (,) cti  

6P1/169"!6) A41=0 14  
The last equation is derived using equations (2.A.5) and (2.A.7). Writing 

the last two 1,460) dependent terms in the equation (2.A.24) as 	(A)  IALa , 

we see that 

et< e( jl'ot) Aft"; (xi) 	 A, 60) > 

= 10.A) 2 j'69 11;1  (xi) 	 At% 640 e)9 i Nym(A) + W A  (A)] 

C 
0.60s 	c%, 

- 9 	aft) At  C(4) 	 A4" (Xe) .  
A  b 	r  
ri 69 0 4)0 t: Lwyti (A) +Wq(k)i 14- —. 1  6A 60 

t 

+ 	 (pIN 1;41:(A) Aa,  Cx 	Act" 	. [ V/ ( 	3 iAi 	0 ...., tin  (xti) el!) t 	yri  A)  ÷ W 4 (A)  

emIN, Oa 
011.• 

abc,L) a . 
ica.  < 'CZ 1), 

	Aq 
x) A/ It 	1  ' 5  C 	L 8 (t•••)(E) 	 Api ( 	41( 1) ... A 4L(t.X).4. 

i 7. i 
ng" 41 64,4 ) 

1 	< T*  14 (A) A;t: (x,) 	 A4
n 
 Ow )> 
	(2.A.25) 



'Ca. 

j 09 which generates the usual The conserved current 
p. 

where 	IA") means it is deleted in the expression. 

The first term in the equation above provides the terms 

that appear in the usual Ward identities whereas the second term 

gives extra terms which clearly depend on the choice of gauge. 

32. 

Ward identities is thus identified to be 

wym  (A)  AY 	0:13 c obt)  = E 	Wyti (F9 	
t,(j) AQ.0 4r 	8 Atak: (x) 	 ip  

It satisfies using (2.A.5) and (2.A.7) 

la P41(7) 	13 Ca la I 	W fts, (x) - 	(A, 
6Act 

(2.A.26) 

(2.A.27) 

Thus the conserved current and the source current in the 

theory given by tiLIJ are related to each other by gauge dependent 

terms : 	There exists however a choice of gauge 

for which the two currents coincide and the usual Ward identities hold. 

From equation (2.A.24) it follows that this choice of gauge corresponds 
eJ 4 

to 	LAN (A) = o 	i.e. 

V
at, 

8 Wq  (A) 
r rpi;, 

   

NC!) ay 

Atta  o 
(2.A.28) 

 

At this stage it is proper to comment on quantum electrodynamics. 

Starting from the equation for the generating functional in electrodynamics 
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(analogous to equation (2.A.15)), it is possible to develop an 

analysis similar to the one we have just carried out. For this 

theory as can be easily seen most of the gauges of interest are 

obtained by choosing Wq (A) s SAitclo KjAv (X,I) Ay (y) 4X  dy 

ie. a quadratic function of km  . Thus 	WG(4) automatically 

satisfies the equation 

itsw4o) = datticti  it  woo 
& A (x) EA 69 S AA) 

  

Av(j) 

A11 o 
(2.A.29) 

  

which is the condition analogous to (2.A.27) for the conserved and 

the source currents to coincide. Thus we obtain the usual Ward 

identities in electrodynamics for most of the gauges of interest. 

For the Yang Mills theory, 1440) needs to satisfy equations 

(2:A.16) and (2.A.28) in order to obtain the usual Ward identities. 

lekk (A) =7170- (A/460 A/tic)) 2 fdx 
as both sides of the equation reduce to "aP(11.,(x) . From equations 

(2.A.5) and (2.A.7) it follows that any invariant .1(4)  will 

also satisfy the equation (2.A.28). We therefore obtain as the 

solution of (2.A.28) 

1#.1(A) 	s fax TY (A (x) A ."(x) 	 j (A) r (2.A.30) 

•4(A) can now be determined by using equation (2.A.16). Thus 

= 	 (ci.n.) ex r•o [1(4) t i S ctx TY (A; oc) A (x) ) 3 

A particular solution of (2.A.28) is 
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p[-L5 (A)] = Pio exp, 1:1 ids TY [5A,A1A-Ii Alt,(441-1) —V 2J tt/11  

Hence 

ev,i) 	WG(A)3 = kslio exr 	Scix 	•'• A - 	(ifia".0.) -1  OL-VAill 
L.9  /4 

:. In 	= i Qn [ kla) eA0 is ichc  Ti 	 - (4.-,A )2 .] 
I a: 	(.3 3 

(2.A.31) 

By choosing a parameterisation of the gauge group this 

expression can be solved for WOK Various new couplings between 
A, 

the field At  will now be obtained and these will depend on the 

parameter C. In particular, from our previous discussion we expect 

that the lowest order three point coupling will now be modified. 
eg BA 

Indeed choosing the exponential parameterisation 	e 

the generating functional (OW , given by the equation (2.A.21), 
i(to(loWest order in 3  )is 

, 

GIC33 = 14A) (de) exr id% Ty pi  (aefiv _avAtot 	(aim 02' 

I
Av 	Att.) [At4. Avl + x A/4 a% 

	
(2.A.32) 

irCei,a141] 
2. 

where we have chosen C = > 	• 
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Now letting 660 	B60 - Era Kat. (x) we obtain 

Gt33 = j(cla)(cits) exp z fax Ty 	e(5tot a -ajav -1-Malay El`) A/  

i9(.AV-(.1v Ar.) [A/,A i1 + Z  (.13/.410 - 	e CB, bp, 83 

+ 9 ?t Alit 6)  fir. a-lay/iv] 	!;s.  Ap, 	eed 
2. 

C9 XIAIL  [ 	 0-1  ar Ae] + s At̀  •••••••• •. 3 
(2.A.33) 

It therefore follows that in this gauge 

C A7,4 6to Aittc4  (4))+) = 

Ottira 4e41,32a 

(2.A.34) 

../.4;bi4L1)(xi-x3)) )(x1-x1) 

which in momentum space gives 

TT
ab 	tab f 

(k) = 0 	 t./ l*Lev 	kLtv /Ay 

(2.A.35) 

The lowest order three point vertex can also be easily evaluated from 



1(3,4344 

equation (2.A.32). In momentum space we obtain 

36. 

cticiaa3  
5 C 	[Oci- k2.1p3 	— 	kifru, kly.2) 

I 
Z.  kjk: 

+ (Iq" k3 )1,11(5).12,tt3 -1%; karl k3frti 
kt 

(k3,- ic.,)tiz(d3p,00.3  ?1,2  kle,„ 143),$1  )1 
a 	k; 

(2.A.35) 

The three point vertex has, as expected, been modified 

in this gauge and it is straight forward to show that the usual Ward 

identity also holds. 

In this gauge, the gauge degrees of freedom which parameterise 

the gauge group appear instead of the so called fictitious particles. 

They give rise to X-dependent couplings. Clearly on mass shell this 

dependence should disappear from the amplitudes and the amplitudes 

'should agree with those obtained by using other gauges. 

We have therefore seen that unlike electrodynamics, the conserved 

current and the source current in the Yang Mills theory are related by terms 

depending on the gauge condition which is introduced in order to evaluate 

amplitudes in perturbation theory. Thus all Ward identities evaluated in 

perturbation theory contain extra gauge dependent terms. There is however 

a choice of gauge for which the usual Ward identities hold. 
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SECTION B: 	ZERO MASS LIMIT OF THE MASSIVE YANG MILLS THEORY. 

In this section we would like to show, using the property of 

the M-functionsas expressed by the equation (2.A.9), that if the 

zero mass transition limit exists for the S-Matrix of the massive 

theory then unitarity of the massive theory and of the massless 

theory obtained in the limit, are incompatible. It is crucial for 

the argument that the M-functions of both massive and the massless 

theory satisfy equation (2.A.9). In the next chapter we shall see that 

the M-functions of the massive theory have this behaviour which for 

the massless theory was derived by demanding gauge invariance of the 

amplitudes on mass shell. 

Let is start by assuming that the zero mass limit exists 

for the S-Matrix of the massive theory and that a massless theory 

is obtained in this limit. We again consider a typical term for the 

absorptive part across the two particle singularity of an amplitude 

of the massive theory. 

E = 	A , 	ext(k) €;,(k)e);;(12) ql(e.) 	
(2.B.1) 

where App.' and 8101,1  are on mass-shell amplitudes in the massive 

theory and satisfy equations (2.A.11) with 0
:0!)

, 
 (!) 

replaced by al 

andP respectively. In the zero mass limit, according to our 
 

assumption 

4e) Art., iipt,  • 

(e) 
Bvv- avv- ot oc") 	 p 



Using the well known formula EGt14400C-!(k)..20/Av -k kv we 
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obtain 

E = 3r3IA"""Aitii., 	 (2.B.2) 

In the limit tft-00 we therefore get 

E 	3  r,v,. 
J 
 ..•,, (12) 	(e) 	(0) (I) 
r' Arr. 6vv• - 

(2.B.3) 

which is clearly in contradiction with equation (2.A.12). 

It is very easy to see where the trouble lies if the calculation 

is performed in a manner analogous to that of the last section. If 

the summation is carried out over the transverse modes and the longitudinal 

modes separately, it can be seen that the summation over the transverse 

polarisation for the massive expression gives in the zero mass 

limit the equation (2.A.12). The contribution arising from the 

longitudinal part however is.equal to 	which does not vanish when 

this limit is taken. Only if this were zero would one expect to obtain 

a unitary massless theory from the unitary massive theory in the limiting 

transition to zero mass. Thus for electrodynamics we see that if the 

zero mass limit exists,the unitary massive theory will give in the limit 

a massless theory which is also unitary. 

We wish to stress that the arguments we have given are not 

perturbation theory dependent but crucially depend on the assumption that 

the M-functionsof the Yang Mills theories satisfy equation (2.A.9). We 
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have checked that this behaviour is exhibited in perturbation theory 

and we expect that the behaviour may be displayed by the complete 

theory also. 

Recently Khriplovich and Vainstein(28) have made some 

conjectures about the zero mass limit and renormalisability of the 

massive Yang Mills theory. We show the conjectures and their validity 

by assuming that equation (2.A.9) is satisfied by the M-functions 

in the massive theory. 

Let us consider the on-mass shell amplitude in the massive 

theory for scattering of n longitudinal modes with m transverse 

modes. 

?Li  ..... Anon 	L = 	 oc) e- (k.) 	(khfi) 	Et„ ck„+in) ill 	1 11.. 	t4„ 	 +ni (2.B.4) 

where (k) = 
In. ft  

in the frame 

and 	z(i 0 0 0 ) 

Equations (2.A.9) implies that 

lip•-• 	rn An+ 
ki  M 	eLel.(kt) 	 erh+In Ckni.m) tN 0 

ph+m, 
ett3 (k3)....elLinckw+tn) 

ce3.1"itn+P4 eLt3  k 



Air  

[

0,03  rtlapa..pwitn 	02.635  
M1.I 	11'2. 7;7 

eL (k) 
/43 3  

etc. 

• 
. • 

where 

A A 

E31  ta 

ft, feta, 

40. 

3r3 
 
M 

	ttri+nl. 	oci 	eiTtn+ril oth+m  ) 

= 0(11,1 tr PlPt--)4-Nn ka 
t1/4 (bry4.. k y114-44+09 

atia. 

x Eitt(kg) 
	

rh+tn 
(knt,„) 	

(2.B.5) 

to, 03,03  

  

EL  CSI X 	ti4. 	• • • • • • E  Tiltrit(k4L+ 

It is easily seen that in the zero mass limit the leading behaviour of A 

arises from AI which in the limit 

0( 	k 	ir eT  Oche rh+ , 	Pn+m I . 	 LZIN.  

• • • • ft ).6 
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Therefore the amplitude for the scattering of n-longitudinal 

modes at worse behaves like111"" 
	

in the zero mass limit. The 

limit could however be much less singular depending on the on-shell 

icA   tv" 141M 	t411.14 	P"In 

If this behaviour is correct, then clearly the zero mass limit does not 

exist. From dimensional arguments it follows that the amplitudes will 

grow with momenta and so would the cross sections. This in turn would 

mean that the massive theory is non-renormalisable. It is clear that 

these conclusions reached by Khriplovich and Vanishtein could well be 

incorrect. 

01.3r belief is that the zero mass limit of the S-Matrix may 

exist. However if it does exist and the M-functions satisfy 

equation (2.A.9) then the massless theory obtained in the limit will 

not be unitary. 

0233Y 
Fradkin and Tyutin hold slightly different views about this ' 

They believe that in the complete theory both a and 	terms 

would be identically zero and therefore a unitary massless theory would 

follow in the limit. The arguments given by them are purely qualitative. 

What they attempt to show in their analysis is that the perturbative 

expansion in the coupling constant may be singular in mass and therefore 

perturbation theory is not a good guide in the-analysis of this question. 

behaviour of the term 

• 



42. 

CHAPTER III. 	THE MASSIVE YANG MILLS THEORY IN MODIFIED VERSIONS. 

SECTION Al: 	The Approach of Fradkin and Tyutin(18)  

The treatment of Fradkin-Tyutin(7)  and Fadeev-Popov( 11)  

for the massless theory has led to two approaches for constructing 

different Feynman rules for the massive theory so that the amplitudes 

evaluated using these rules have tractable infinities. The methods 

are based on functional techniques, the use of which we discuss 

in appendix I. 

The procedure of imposing the gauge condition in the massless 

Yang Mills theories proves useful in altering the free particle 

propagator of the massive theory. In the approach of Fradkin and 

Tyutin to the massless theory, a Lagrange multiplier field 4,44 
which must be considered as an independent dynamical variable, is 

introduced in order to get the gauge condition to appear as a dynamical 

equation. The physical observables should be independent of the field 

ON and its dynamics. This is achieved by requiring that 4) and 

the Yang Mills field A;469satisfy in the physical subspace satisfying 

4
:01)

physical) 0 	, free field equation and the Yang Mills 

field equations respectively. It is expected that this will lead to the 

n, 
correct S-Matrix for the fields miAN. 

Similarly for the massive theory, a Lagrange multiplier 

field +469 is introduced such that in the physical subspace, the field 

J c4  , 
equations of the massive Yang Mills theory are realised and 1'69 satisfies 

the free field equation of motion. The 'gauge condition' so introduced 

then leads to a modified propagator for the massive Yang Mills field. 

By this method it is possible to construct the theory so that the 
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modified propagator is either the Landau propagator 0 k k )( on.T 
14.  - Ica or the Feynman propagator jpoo(k.klii171  

The Lagrangian of the massive theory is 

L 	( A ) = Lym  (R) 	tell' [ Aax) 	 )J 
	

(3.A.1) 

M 
The field equations for ALM  which follow from this 

Lagrangian are 

V 	 rf12. AvN) 
r" 

0 
(3.A.2) 

and 

0 

O 	 (3.A.3) 

Consider two other systems of Lagrangians which in addition 

to terms in (3.A.1) contain the Lagrange multiplier field 4U. 

LIE  (A) = Lr(A) t b AArch- 09 .19Sr"(x, j 5 A) +j) dy 	(3.A.4) 

and 

Lm (A) = LI (A) + ZIA'Art,60i en  fix, 3 5 A) +1(3) 

A)flt) ct, Cf144-(X,zi A ) fc(x) citi 
(3.A.5) 

In the following, for convenience we shall write 

(01LOci.(x) = 141%) A) 4(J) 4j 3 L  " 

The variational equations of LT (A) are 
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b 	 , 	„ 

	

V 	v0c) + 	0c) )y Off 'Pr(*) + 	Ap.(4 6 Olt) (a) 4* L.) 1A4v 

	

r 	 (3.A.6) 

	

and 
	

fat ItAi+.12 	2:tg".C )1( 3 A) = 0 	 (3.A.7) 

mi 
If there exists an operator for which cbg (X,1 	is 

the inverse, then from equation (3.A.7) it follows that 

'611A1, (x) = 0 	
(3.A.8) 

from (3.A.6) we obtain 

ab 
iwt P5114)) 	= 0 	 (3.A.9) 

ab 

choosing gig(X)1j A) ••••• 
•••• (vpyll txp j) 03 -prz) (3.A.10) 

1-tl.?L) f(X) = 0 

equation. On the physical subspace 	
(1)0449 

physical space) = 0, 

we obtain from (3.A.6) the Yang Mills field equations (3.A.2). 

Similarly for 1.101), the variational equations are 

4:46 b r 	b 
V, V A voot rft' A„ (x ) 	Off  $) (X) 	(tAt( o+A(1/2f )wp...00)(e) 

= 0 	 (3.A.11) 

and 
b 	 b 	be 

Ft* 	AIL(*) +1.x ff[ii) (A)) 	(*, x j A) = 0 (3.A.12) 

gives 0  ie 	 fix. satisfies a free field 
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0,6 

3  Again assuming that the inverse of 	(x,y A) 	exists, from 

above we get 

Att,a" 	+ aX (Ziff +)6Cx) = 0 	 (3.A.13) 

Using (3.A.11) we obtain ( 	+ otrft,s") (2)11 066()  ° 

Choosing 
	ab 	

2.r1 Cal  (x,, 5 A) = (VI+ a.A 	Ocy)
/ 

 Ltj  + ) 
	

(3.A.14) 

again gives a free field equation for Cr , and the variational 

equation of L1(A) are obtained on the physical subspace. 

The generating functionals corresponding to the three systems 

of Lagrangian are 

giC31 = (aA) exp J [ Li  (A) + J1,700 AIA.c‘ 	clx 	.(3.A.15) 

Gm. 	=fah) 610 exp [ L r (A) + eAilo9 (zit 4)c'9 ItAv A1('91 cA`. A . 16 ) 

G Cs] .10a) (*exp..J [ Li (A) + 	+X (rT4)((t) ON# + 3";o9Atocactx 
(3.A.17) 

The generating functional (I [3] leads to the usual perturbation 

theory solution with the free particle propagator ^ lea;  _ kr,kvittp)(kzre) 

For 	(III Cl and QEL 	, defining 41'(x) = (x) = (2 L ) 69 and 
iQ  

doing the integration with respect to 4  (4) we obtain 
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qlttli = 140 S (el; ) 1 act %Er ocp LIE k(a) + rµ(x)  B °71. (x4 3 a X 

(3.A.18) 

and 

q at  [1] =fail) I aet Zm rex') Z IC Li (A) — Com'AtiSAN + Iii,c40c) A78,003 cix 
(3.A.19) 

The 04) dependence thus appears to be transformed away 

in the generating functionals. However from equation (3.A.l0) and 

-14Xttr 	41 
(3.A.14) we notice that both 0411 4.4$1.) A ) and 	t , Ajj /0 	depend 

on IA,  , the mass of the Lagrange multiplier which is quite arbitrary. 

The physical S-Matrix must not depend on this parameter and we therefore 

expect that this dependence should cancel. 

To see this let us consider the factor 
	it( x , y ) A ) 

From equation (3.A.l0) we obtain 

1 ara %IL 6411 3 PO I-I= ctet [ (11„ - i9  act, (Att(x))a/xxl 3 1.4,)] 

aet l5(x.1) - c3  ca(RIA.09)A(*-3314,) - tit b(x131,4)] 

(3.A.20) 

Writing 0 : -1.5 acl, (Ati,(x) ) el(,-,3  tA) 

and - . 1  D (x-y3 (A) _ 14, we get 

1 deb Z6 ii(x,j) A) r = clef Ci+V eta 0 + a (1+ 1)-1  ) 
(3.A.21) 
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Now 
_ II  to 	r  1 

0(04  t))A  = _4,9 ad 	Z (til)idx,....cigh  i(x-x, '44) ...,. I) (x t,_3 1  /4) 
nr.o 	 (3.A.22) 

.  
which follows from writing 0+0

1 
 in a power series expansion. 

The expression in the integral can be computed easily by turning to 

momentum space. For the series one obtains 

-1 	-1 2. -1 
+  

121141 	PIS 

Hence 	
•I 

0(0+P = 43 0,1CA/4 (x))1PL  ii(x-j 3 p=°) 

Therefore absorbing the factor in equation (3.A.21) 

in the normalising coefficient of the functional integral we obtain 

IclAt4n.6(115F91' = ciet [ax-y) _1:3  ad,(Firoweloc-3;t4=0)1 
(3.A.23) 

Similarly, one could put f" in the expression for 
Thus choosing )0: 1 and putting /.4=0 gives 

1  
ctetA (m3 A)1

-
=olet[b(x-3)-(.3ad,(1114,00)16(xlip=0)+mllgx-ntivod 

(3.A.24) 

Following the arguments given above which show the non-dependence 

of the generating functional %pion w , 
 it can be shown that 

1 cLet ' 1,T  (x,j3 A) 1.1  -.: clet [S (c-5) — es att Olekolb't  Mx - 509] 
(3.A.25) 

+ 	a lllll 
1°1141  

...1 

PI  



G1  C1] = Ittto 1(a"A1 ) ex' ifictx [1400 + 7/:`( t) Apx)] 

+i.trZ69) r 
A 	x 

t•••• 	tt 	I 	) 	****" ApOca 	(x„) 1D(x -; • p-o) 
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engx 	cs) 
1th 	it I 314: 

(3.A.26) 

where 
6 	act) 

Ap,69 	= C AC C 

and Q .1  [3] =PA) ext•iiiax x. L (A) — 	Att(x))2.  4 tile() MVO 

n  
+itr Z6:3) 	tAttiXt)... Al4Xit) lts(X0C2  ;10. 

11=1 It 
44.1)0,1,-xm,)] 

(3.A.27) 

Thus Qiilleads to perturbation series with the free particle propagator 

to perturbation theory with Feynman propagator 	(k117)2)-1  . In 
equal to OFIO —IC.46V...10 ) ( 1T4 

 . Qmg] with the choice 	= i leads 

both the cases the determinant factors in the equations (3.A.23) 

and (3.A.25) give rise to the so called couplings of the fictitious 

quanta. It is easily seen from the expansion of these factors as given 

in the equations (3.A.26) and (3.A.27) that these quanta propagate' 

in closed loops only. 

It should be pointed out that the generating functionals have 

been constructed in the same way as was done for the massless theory. 
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It appears that the mass zero limit exists for these expressions and 

in the limit they coincide exactly with the generating functionals 

of the massless theory constructed in the Landau and Feynman gauge. 

A2: 	The approach of Fadeev and Popov
(11) 

This approach has been developed by Boulware(16), Salam and  

Strathdee
(17)

, and is a direct generalisation of the Fadeev-Popov 

analysis of the massless theory. 

Starting with the generating functional for the massive 

theory given by equation (3.A.15): 

= kcIA) ex [ W ypi  (A) + fix It 021  A/4) 0(v 4. i%(o:1 e69) 

introduce into G=Cs  ) the identity given by equation(2.A.16) 

1 = 	(d.a) ext a WC14A) 

which is used to implement the gauge condition in the massless theory. 

Al  
Letting pljo-om we obtain 

f 	Acl A- 1 

QI[J] = jaA)tifij exr [ Wyd) + W4(A) + Sag-re (2.1  (Alt Ahs, )+Tit 
IL 

 
2 	(3.A.28) 

Using the arguments given following equation (2.A.20) in 

.111)the last chapter, we can make the replacement of TrOpki, 	by 

—1714310and obtain another generating functional (4[7] which gives 
the same on mass shell S-Matrix as G/[31. 
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Qi(z) jklA) (k) Ex p 1W yei  (A) + WG(s) +fax Ty (12,4;44 3-1,69A Pt) 
(3.A.29) 

It is now necessary to solve for Wq(A) using (2.A.16) 

and either of (2.A.17) or (2.A.18) depending on the form of the free 
L 	F 

particle propagator which is required. The choice of 14400 and WG(A) 

(9I — 	(k,2- 	and 

respectively. 

Corresponding to the choice of V40) , as we show in 

appendix I,it is possible to solve for the determinant factor 

We obtain 

AL(a) r. I det Z(x) y;  NI-i= ciet [S(x-1) 	(P)t. 69P''D 	P=01 
(3.A.30) 

A similar closed form solution for 	AF (A)is not easy to 

evaluate and therefore a simple set of Feynman rules may not be readily 

obtained. It should be noted that the difficulty in solving for the 
.-1 

determinant factor for the Stuckelberg gauge (propagator Ilimp (V  Y112  -t) ) 

persist in the massless case, and it is not easy to see if the determinant 

factors for the Landau and Feynman gauge for the massless theory will 

work out to be the same as they did in the Fradkin-Tyutin approach. 

From equation (3.A.30) it follows that for the massless theory the 

Landau gauges in Fradkin-Tyutin and Fadeev-Popov approaches agree, 

however there is doubt as to whether or not the Feynman gauge in the two 

approaches are going to agree as well. 

leadSto the propagators 
-1 

314v Oc.A— 



Corresponding to the choice WG(A):-. 1r (a) (a) we obtain 

51. 

G;[1= fatactiv Ott ) exP i{ictx [LICA) + Pit Ti (49 A4C:0 - A bc firh  ))  

.6 
-p 	(x) A r(x))2 + CP Z 	4x„ " 

(3.A.31) 

Comparing equation (3.A.26) and (3.A.31) we see that the 

perturbation theory constructed using the Fadeev-Popov approach gives 

rise to additional couplings of the so called gauge degrees of 

freedom which parameterise the gauge group. It is clear therefore 

that the theories given by the generating functionals 	Gil D1 and 

%ES] may give different answers for scattering amplitudes,ancrLin 
particular the analytic structures of the S-Matrix of the two theories 

may be different. 

From the renormalization point 45f view, the theories given by 

(11p11 and Gm  DI have a much better ultraviolet behaviour than that 
obtained using In the Fadeev-Popov approach (ie 

the leading divergences make their appearance in the interactions of 

the gauge degrees of freedom. In particular the chiral interactions 

contained in the term nit Tv 	 contain the leading infinities. 
1 



A3:. 	Feynman rules for the massive theories. 

We briefly list the Feynman rules which emerge from the 

generating functionals we have just considered. 

1. 	The usual theory given by the generating functional (ii D3. 

(a) The free particle propagator 

= 	( 9fial — 1(4 ) (k2— rolii  

(b) Vertices 

ki,ct,,,,A, 	kt,ct.a,r2  
N 	/ 

52  [Calaza Ca.o..34,4  Oro/Ora/Ail  — 5li40itzti3) 

+C4,0,39. Caqz  44  (Sti,r23/ 3r4  — 9 y,,, Siiztt3) 

+ CQ, al  ci Caqz  43  (9p,p, 9p3fati  — 9iiiti38/4414)] 

52. 



2. 	The Stuckelberg Gauge given by (i/01. 

k 	3tAv ( rnlri  (a) Propagator 

(b) and (c) as in 1. 

(d) Propagator for the fictitious quanta 	=LK -14 

(e)  
I 
• 

coupling of fictitious quanta to the 

Yang Mills field. This coupling is 

the same as the one which appears in 

the massless theory in Landau Gauge. 

 

3. 	Theory given by 44L(0]  

(a) Propagator 

 

= Opv- k4v) 

 

(b) and (c) as in 1. 

(d) Propagator for fictitious quanta v. 
	

14,1 

(e) as in 2. 

53. 



4. 	Theory given by G(J). 

(a) to (e) as in 3. 

I 
(f) Propagator for gauge degree of freedom irso"..."~ = ---. 

le 

(g) Coupling of the gauge degrees of freedom arising from 

4 Ty (Aix(*) .n.)ti n.") - m'Y TyKrapet] 
1/43 	i 

It should be pointed out that all the variants of massive 

theory give the same couplings between the Yang Mills field themselves 

and between the Yang Mills fields and the fictitious quanta. These 

couplings are the same for the massless theory as well. Therefore 

corresponding to any amplitude, the diagrams involving only the 

fictitious quanta and Yang Mills fields will have the same topology 

and the same associated combinatorics. We shall make use of this fact 

in our analysis of the amplitudes in the next section where we consider 

the absorptive parts of certain amplitudes to determine which of the 

variants of the massive theory are unitary or have the same analytic 

structure as the original theory. 

54. 



SECTION B: 	Two particle scattering to 4th. order in the coupling  

constant. 

For the analysis that follows, we shall introduce the 

following notations : 

55. 

     

5 and 

 

61 represent 

      

the contribution to the nth. order amplitude arising from the diagrams 

which contain the Yang Mills fields only in respectively the usual 

(9p,V - Hko /1719 OA inii! 
representation with propagator 	giAv (pt mil and in the theory with 
the propagator ( 9µy - Ntpvir)(ri_pla):1  

Ci 
represents the contribution to the nth. order amplitude 

from the diagrams including the fictitious quanta and the Yang Mills field. 

For the superscript G we shall appropriately use F or L according 

to whether it has been evaluated using the propagator $.4,v (p1-170.)-1  

or the propagator (e/AV - Pr•Pv  /PI)  ( 121  in2)-1 for the Yang Mills 

field. 

In the analysis there arise certain factors which are similar 

for all the theories. These shall also carry the script F or L 

as the amplitudes above. They shall carry script E if they have been 

evaluated for the massless theory. The amplitudes in the massless theory 

shall also carry script go . 

theory with propagator in the Stuckelberg 



56. 

denotes the contribution to the nth. order amplitude arising 

from the diagrams containing the gauge degrees of freedom and the 

Yang Mills field. 

All the external lines in the amplitudes we consider are assumed 

to be transversely polarised. Diagrams contributing to the two 

particle scattering amplitude to 4th. order in the coupling constant 

in the various theories are given in Figure la and lb. 

The canonically quantized theory of the massive Yang Mills 

field satisfies unitarity. The massless theory developed in Fadeev-Popov 

approach or the Fradkin-Tyutin approach also satisfies unitarity( 35) 

Thus across the two particles cut in the s-channel we obtain 

c.3 N ei3(133) 	(p3) e 	Gtti pel IA1 4 le 

Here and in the following for convenience by i the triplet 

(pi, ai,)which labels a line. 113*  corresponds to the two particle 

phase space with p
3 

and p
4 on mass shell. This equation fixes all the 

combinatorics for the similar amplitudes in the other perturbation theories. 



For the massless theory in the Feynman gauge, diagrams 

with fictitious particles also make a contribution, hence across 

the two particle singularity forthis amplitude in the massless 

theory we get 

57. 

(3.B.2) 

Carrying out the sum over polarizations (equation 2.A.12) 

we obtain 

1 -> 	e  

	+101 	 
l7 	 2-p 

IM 
4 -4 

e 	e 
cl 	, 

tV2. 

(3.B.3) 

where 	
C/41/"2 
	is defineddefined by the equation 

DPI   
F. X 1 3  = Ottl aripl  with all momenta on mass shell 

3 

(3.B.4) 



NMEN• 
%Mow 

A—) 

58. 

Evaluating (3.13.4) gives 

goo Ccota, Caa3aq  Cllyz cpq-p3). 44) 4- til)41,4, 	}),f i1/21] 
cr,+ pz  

L 

 (1)1+ 1707- 	(1"13)2  

CmAct  a (141403  t4p, Py .. Gigaaa. COALC4 

( 3 . B . 5 ) 

it follows that a-, Using Cutkosky rules to evaluate Iflt 

11.3q °(/'I1 	tt  ai• (3.B.6) 

The amplitude containing the contribution from the fictitious particles 
G 

in the other perturbation theories i.e. is evaluated 

using the rules derived from the determinant factor which is the same 

for both the massive and the masless theories (apart from the propagator 

of the fictitious quanta). The zero mass limit exists for these factors 

and when explicitly calculated we obtain 

6 

in the mass zero limit. 

We now turn to consider the amplitude for the two particle 

scattering in the theories obtained by Fradkin-Tyutin and Fadeev-Popov 

approaches. 



as obtained by using equation (3.B.1) 

4-3 	ES 

Writing 
2-, 	 E4 

it 

59. 

B.l 	Perturbation theory in Stuckelberg representation-Fradkin-Tyutin  

approach.  

The condition for the absorptive part across the 2-particle 

cut of the amplitude in this theory to agree with that of the original 

theory is that 	
(3.B.7) 

IM 

 

214 

 

(3.B.8) 

is easy to show that 

1
03/43 	 Caaaaq tip, Nig&  + eqsgsaeocilAi  rh4/4  br3j12, 1111 	

[cp, + r3  )2.- in' 	p4  t_1+11.1 
(3.B.9) 

 

 

  

where all momenta are on mass shell and 1 and 2 are transverse. 

Thus we obtain 



I 	l 
'2J. 	.4. I 

In  (.G1, + PI 

- ila 
2, 	34 IN 

4-4 
N4 1)34)  OW NI& re 	tn. 	44- 

3' 

The last equation follows since satisfies 

I —, 

60. 

- 1 	0.- _ j at+  
a 

—
F F 

0  • /hi fitc(  Po•  es 

(3.B.10) 

I-, 	 - 4 i.e.  

	

gauge invariance in the sense of equation (2.A.9) 	with all 

momenta on mass shell and 1 and 2 transverse 

143  
1)3 	

-- c( 	b — 	/44/.42 F 4144  

_- fc4141koc"13  Lco 	c  
E(pitra  )1-1„1] 

 

_ Cas444C44143  b b 	
t‘0.10.3Q, rQQ1Q4 

14/41 I 3/A1    1)3141  rgitta  
[ cri +p4)2•m23 	[(f•+?3)1 ri121 	(3.B.11) 



. Thus 

Therefore the condition that the absorptive parts of the 

amplitude in the two theories agree, reduces to 

P 	F 
I X 34 -‘ttir,1 0( pittz 

(3.B.12) 

From equation (3.3.11) and (3.3.5) it follows that the 

condition above has a mass zero limit and by (3.B.6) the condition 

becomes 

61. 

Tm 

 

T P't 

 

 

in the limit of 

zero mass. 

This cannot however be satisfied since 
1-4 

has a zero mass limit and goes into IA 
2.4 	2'-.. 

neither can one satisfy the initial dondition demanding the agreement 

between the absorptive parts of the usual Yang Mills theory and the 

modified theory. The transformed theory therefore has a different 

analytic structure from the original one. 

It is natural to ask if this theory is unitary by itself. 

Because of its better ultraviolet behaviour ariejcould if it were unitary, 

employ this theory as a model theory in physical calculations. It 

turns out that the theory is not unitary by itself. Unitary demands 

that 
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Iht 
2-3 

= 1...11134E 
X,X' 

3 
g 

Ey Cwro Ei.„(rdc,,,,v54P0 

 

4-41 

(3.B.13) 

On summation over polarisation we obtain equation (3.B.10) 

which as we have just seen cannot be satisfied. That the modified 

theory is not unitary is a reflection of the result we have 

derived in Chapter II that if the zero mass limit exists for the S-matrix 

of the massive theory leading to a S-Matrix for the massless theory 

then unitarity of the two S-Matrios are incompatible. 



0 
2-* 2"-* 

(c) Ivy) + TM  (3.B.16) 

MI•1111 
•••••• + 	1)3 1)41.4  P 4 

63. 

Perturbation theory with the propagator (5r,v 1/Ap.v /pa.) (r-1113)1  

- Fradkin-Tyutin approach. 

The free particle propagator in this theory has poles at 

both P=.0 and p = M Therefore corresponding to two particle 

exchange in the s-channel, singularities are obtained at S=0, 5=M:1  

and Sr. 4roi For the amplitude we are considering the fictitious 

particle loops give a contribution to the S=0 singularity only. 

Thus for the absorptive parts of the amplitude in the original 

theory and this theory to agree, it is required that 

(a) 1M (3.B.14) 

    

(b ) 
S= 1.  rn 

O (3.B.15) 

    

The contribution to the singularity at S=41111  comes from 

the pinching of poles at p=rn 	where 	) ev (9ItV - Pth. 
trp. 

Thus with 1 and 2 on mass-shell and transverse, and writing 



1aP3 	014/14 — !tl
t12-

139-1 41  
tip='  

2-, F4 1)4P4 

Ccii0.40. Coal%  1)4p. 1:13/Az  
(e,+foi 	 (N-i-p3)1 1 

— Ccl icksa,C0414 4  f3iii  1)41.12. 	( 3 . B. I g ) 

where 

1. 	-ail  Coo:4a, Ca, ay1)3/A1 104)4z  ema 	M ga& 14:13 kMINA IL NAL Tn2. 
(Pt 1-  P3 ) 2. 	 (R + POI  

(3.3.17) 

and 123,  134  correspond to the momenta of the exchanged particles, it 

is easily seen that condition (a) is satisfied. 

Condition (b) is also satisfied. 

64. 

where 	1134. is the two particle phase space with pil= 0 	and pc'ix=rni 

With 1 and 2 transverse, p1
2=p2

2
=p4

2
=m
2 
and p3

2=o 

where 

(31 ],41- 	f  Cal  Q#2.0. Cut3ao (FA  43). (I; 	+421)4141 1)3,42. 	P3iO4/42.1 
ECpi+ 1)2)2.— in23 



1)3/41 1)3/43.'  P4p4 lop  
PO. 

= 1. 
2. t4 

E-3 

(3.B.20) 
Fq 	—) 

1-) 	214 

atiLttli  

(3.B.22) 

• im 

Hence 

65. 

  

1. 

 

   

S= r11  
Now consider condition (c) 

19 	1-4 

Im 
S=o 

where !la 4 	is the two particle phase space with 	p32. 
Nil  With 1 and 2 transverse and on mass shell and P3= 	= 0 

be shown that 

it can 

1)P3 Ply+ 
m3- 

14 	3E- 

1..3 	94- 

L 

NAL 

(3.B.21) 

where 	011.11/U2. 	is given by equation (3.B.19) 

s=0 

Condition (c) therefore implies that 



Tm 
1—> 	tf_), 

2.1.4 

i f 	L 	L 
- 	a  34 	pith.  pi  lAt  

66. 

(3.3.23) 

Using the same argument as that following equation (3.B.12) 

we conclude that this equation cannot be satisfied. Condition (c) 

therefore does not hold and this theory also gives a different absorptive 

part from the original one. This modified theory is not unitary 

either. Unitarity would demand no singularity at 	S=0 	but as we 

have seen the absorptive part along this cut does not vanish. 



0 

S=0 

+ Im 
L 

0 
1-) 

(3.B.25) 

67. 

B.3. 	Perturbation theory with propagator 

- Fadeev-Popov approach. 

(91.4v _i).pv1p1) (P111)2)-1  

    

As we have seen in section A of this chapter, in the 

Fadeev-Popov approach there arise extracouplings involving the 

gauge degrees of freedom which are given by the term 

1  Lint (A) = tni  Ty C a, A - A ftttj 
2 

17; C [( — 	Tv 11.-Op_ir s ) (ie4.4.9) r - 
19 

The latter interactions are the nonpolynomial chiral Lagrangians 

and contain the leading divergences of the theory. In the exponential 

parameterisation 	42)( 	Bign, we obtain 

Lint Cr L) = t Ty (Ati,11413) + ig Tr  (AP' CD/AB, 6])+ ..... -14Trei464+... 

For the amplitude that we are concerned with, only the lowest order 

coupling of 14)1  with B 	contributes, and like the fictitious 

particles this interaction gives contribution only to the cut at S=0 

Thus for the absorptive part of the amplitude in this theory to be the 

same as that in the original theory we require that conditions (a) 

and (b) of the previous section B.lb and condition (c) 

(3.B.24) 



should be satisfied. 

The previous arguments showing that conditions (a) and (b) 

of the last section are satisfied hold in this case also . Instead 

of equation (3.B.23), the condition (c) now reads 

68. 

 

L 

 

, L 	L _ I 
2, 1-1134 41411,42.° 1,fi ffAi 

(3.B.26) 
Tm .1•1•• MOW 

 

2-) 

 

L 

There exists a simple relation between and 

when the latter includes only the contributions from the lowest order 

coupling of At, and B. This is because the topology of the 

diagrams involved in these amplitudes is identical; only the combinatonics 

differs slightly. We shall evaluate this relationship for diagrams 

involving one closed loop of fictitious quanta and the gauge degrees 

of freedom because these are the ones that contribute in equation (3.B.26). 

For diagrams involving only one closed loop of fictitious 

quanta the contribution to the generating functional comes from the term 

(see equation (3.A.31)) 

	

oQ 	n 

M (A) = 	G.9)  jet ct  xtt. Ty 	) 	cx )) a Dr 	gn p, 	h 	—X1) 3fcnb()Cri.41) 

	

h=1 	in 

A o.b 
where 	All (X) 

QC!) G 
C 	At  (K)  (3.B.27) 



2.-, 

Thus condition (c) becomes 

I 	L 	1.4 

2f 

oittLitta oiLe,14  

Contributions to , which has one 
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closed loop of the gauge degrees of freedom ,arises from the 

coupling i 	1 ( 1h r Z$ 48, 83) 
2. 

. This is effectively 

obtained from 

fkieo ex 	rck 	[ btt13 ei 	P.Pt'atte, 81] 

On integrating over B we obtain the one loop contributions 

ap 

M /09 = 	(le fax din T 	C 	A 	) 	2 
141 

	

n. Y 	 3(xn-xt) 
11=1 VL 	

Xn 

(3.B.28) 

combinations of the P 	give As the combinatorics arising from 

the same contribution to both 

by comparing (3.B.27) and (3.3.28) 

and we obtain 

111.S 
IMO -4 

(3.B.29) 

(3.B.30) 
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Following the same argument as before we see that this condtion (c) 

is satisfied and the absorptive part of the amplitude obtained in the 

Fadeev-Popov approach agrees with that of the original theory. 

From equation (3.B.29) we see that for the amplitudes which 

involve only one closed loop diagrams of the fictitious quanta and 

the gauge degree of freedom 

The effective generating functional for which is 

r  
Q%CZ] =.14A) ENO) I (Let ezirl 	Ljcil [LL(A) + T:(x)Al...fic)] 

(3.B.31) 

These just correspond to the rules for the ghost particles that Veltman
(9) 

has developed. Our analysis shows the validity of these rules when 

only one closed loop diagrams are involved. In the next section where we 

consider two loop diagrams we make further contact with the work of 

Veltman and Rieff(30). 
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(b) Irn (3.C.2) 
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S r...41111  

0 	( 3  .c • 3  ) (c)  

3=0 

(d) D 

The self-energy amplitude to order g
4
.  
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SECTION C: 

In this section we would like to show that the perturbation 

theory obtained by the Fadeev-Popov approach yields the same absorptive 

part as the original theory for an amplitude having two loop diagrams. 

The simplest such amplitude is the self-energy amplitude to order g
4
, 

the diagrams contributing to which are given in figure 2. 

We shall consider the singularities due to three particle 

exchange in the s-channel. It is easily seen that the fictitious 

quanta and the gauge fields give contributions to the cut at 

and $=W11. For the absorptive part of the self-energy to agree with 

that of the original theory the following conditions must be satisfied 

We shall again keep the external lines transversely polarised 

and on mass shell. 



(I) 
+ Att./43114 pap,. + tA) Ip2444 kik; 

4- 2- 	 4- 2, 

E1 

Using Cutkosky rules we see that 

72. 

(9ttitti - 

KOttq-hic31:314)(3)1/4p — 
(3.C.5) 

where n134 is the three particle phase space with 
p22= 

 p3
2_ 
- p42 _ - m2. 

With all momenta on mass shell and 1 transverse we can write 

(3) 
4- 	A r,t,zp.3  

(3.C.6) 

P" 	A(1)  The full expressions for 
tLI  /43/14  

and 
(3) A itill1/43  

are unimportant and for completeness are given in the appendix III. 

We therefore immediately see that condition (a) is satisfied. 

Condition (b) is similarly satisfied. Using Cutkosky rules we 

obtain 

4rol 

4 — 

(3.C.7) 
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where 143/ is the three particle phase space with 
p22=0,p32= p42= m2. 

 

With 1 transverse and p
1
2=p

3
2
=p4

2
=m
2 

and p2
2
=0 we obtain 

E- 4,14,44104 	,Lctia342.44.1 
1 )3/13 tLi a CP1' e4' N P3) 4-rikt4akfrhill (P434144) tt  

Nt.3 1'4'4 

(3.0.8) 

_1  aiala3 a4 
where pc ttipz (pi, FL, r3, IN) z 
and 	Br , is given in the appendix III. 

Thus condition (b) is also satisfied. 

Let us consider the condition (c). We obtain 

is-given in equation (3.A .19 ) 

 

= _ il,a3n. (914214, PLIA2  
tr12. S=. 

  

1 3/L3 1 3/'3'  Plita 1)4114' 
m 2- 

where p
3
2=p

4
2= 0 and p

2
2
=m
2 

in the three particle phase space. 



is o and where 1 is transverse , p1
2
=p2

2
=m
2 

and P3
2 =
P4
2 

 

given by equation (3.B.19). 

(CIA1  is given in the appendix III) 

LM oc, 	(9frtika.. p2p.2  7, 	43+ 	 r. 
suers 	 n%2' 

(3.C.10) 

r laa34 0y1111 k9/11$ 

for 

in1  

L 

t C4(14  )4  + 1)2  Pa Cm 
Using 

we obtain from (3.C.9) 

Thus condition (c) reads 

(3 .0 .11 ) 

Set (a) of diagrams in Figure 2 contribute to 

whereas set (b) and diagram (c) contribute to 

Contributions to the singularity at s = m2 

and (b) only. These contributions are again related by equation (3.3.29). 

They are also related to the s=o singularity of 

the two particle scattering amplitude. Noticing for example that 

74. 

comes from set (a) 



S= m1  
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it-, CG*)  = irkr, 	(pt
%  (jiti  

S Mt  

L 

(3.C.12) 

it follows that 

t.+ L 

dps s("( F21-019(9payl -1)2•}41171p.i,  )1r4  
24 	S=0 re 

L 

= 	fil 234 (511214  - 	r214)  °I/AIIAL o(ftfik 
(3.0 .13 ) 

_ 
where 112.34 is the three particle phase space with p1

2. 
.1"2

2.m2 
 LJ3 	

2=0. 
 

Condition (c) is therefore seen to hold. 

That condition (d) is also satisfied is proved by Veltman and Rieff 

who were looking at the 3 ghost contribution to the self-energy amplitude. 

With zero mass for the ghost particle the diagrams contributing to this 

amplitude in their analysis are 



It 
1.,1. 

1de+ 
—P. — 

v. 

I 

71. X 	
vic 

1.5‘ 
(A) 	 ( ) cj) 

s 
trjr  

(f) (9) 
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(a) 	 (e) (e) 	(et) 	 ce) 

where xxxxxx 	correspond to the ghost lines. They find that the 

three ghost singularity (the singularity at s=o) from these diagrams 

1.* X x 
does not vanish and it is necessary to include the diagram---4;xAxior......- 

k ir  

Ck) 

In terms of our analysis, the three ghost contribution 

to obtain a zero contribution. 

from diagrams (a) to (e) precisely equals IM 
1 Sr. 0 

The contribution of the diagrams (f) to (j) equals the contributions 

of set (a) and set (b). The diagram (k) gives the same contribution 

as diagram (c) in figure 2. Thus we see that condition (d) is 

satisfied as well. 

We therefore have verified for two different amplitudes, one 

involving one loop diagrams and the other 	two loop diagrams that the 

rules for perturbation theory obtained by using the Fadeev-Popov approach 

lead to the same absorptive parts as the original massive theory. The 

modified theories obtained by the Fradkin-Tyutin approach are neither 

unitary nor in agreement with the original theory. 
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CHAPTER IV 	NONPOLYNOMIAL APPROACH TO THE MASSIVE YANG MILLS  

THEORY AND THE CHIRAL THEORIES.  

SECTION A: 	THE PROBLEMS ASSOCIATED WITH THE DERIVATIVE COUPLED THEORIES. 

In the conventional perturbation theory framework both'the 

massive Yang Mills theory and the chiral theories are non-renormalizable. 

(20) 
The non-polynomial approach however has an inbuilt infinity suppression 

mechanism and appears to be well suited for treating the chiral 

interactions and thus also the variant of the massive Yang Mills theory 

obtained by the Fadeev-Popov approach. Most of our considerations 

in this chapter are limited to the chiral interactions and the analysis 

of derivative interactions. Towards the end of the chapter we 

shall consider the problems that arise when the interactions of the 

Yang Mills field are included. 

The nonpolynomial approach has been criticised in:the past

as being unsuitable for the chiral theories. It has been claimed that 

the amplitudes evaluated in this approach do not satisfy the symmetry 

requirements like the Adler concistency condition. However these 

conclusions are based on analysis carried out using incorrect Feynman 

rules. Moreover in these analysis the derivative terms are not 

carefully treated. 

For Lagrangian field theories given by 

L (4) =ceiTae* 	
(4.A.1) 

it is well known that the surface dependent terms in the Hamiltonian 



and in the time ordering of field operators cannot be ignored as 

they can be for the interactions where only one derivative of the 

field occurs. Using the functional techniques it has been shown by 

Salam-Strathdee(17) and Gerstein et. al.
(24) 

that if the T -products 

are used, the contribution arising from the surface dependent terms 

can be taken into account by including into the interaction Lagrangian 
.r. 

the term 	S.(0) ity Qvii (3ejtc19) 	It is important that the 

Lagrangian is not normally ordered for these considerations to hold. 

Having neglected to take into account the contribution from 

the surface dependent terms, Chan et. al. claimed that the Adler 

condition is violated in the nonpolynomial approach. The term in their 

analysis which violates the Adler condition is precisely quartic 

divergent. That the inclusion of such contributions is absolutely 

necessary for the Adler condition to hold has been evident since the 

(2 
analysis of Charap.

3) 
 In fact this analysis which was carried out in the 

conventional perturbation theory framework has demonstrated that when the 

additional term 
3. 

&11(0);,Ct(9.:i (41) is included in the interaction 

Lagrangian, the leading singularities ( 6(0)-type singularities) cancel. 

The cancellation of these singularities is shown to be both necessary 

and sufficient for the Adler condition to hold. 

In the non-polynomial approach the question clearly arises as 

to how the surface dependent terms should be taken into account. One 

procedure is to adopt the rules obtained by the use of functional 

methods and proceed to apply the nonpolynomial techniques for evaluating 

the amplitudes. However using this procedure, which we shall call the 

usual treatment of derivatives, problems are soon encountered. 

78. 
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Since the Lagrangian is not normally ordered all the tadpoles 

have to be included. The tadpoles arising from the contraction of 

the non-derivative lines are very difficult to take into account because 

of the nonpolynomial form of the interactions. On the other hand, 

the tadpoles arising from the contraction of the derivative lines 

can easily be shown to give a contribution to the 15(9-singularities 

and partially cancel the contribution of the additional term proportional 

to b(o) in the interaction Lagrangian. 

If the convolution representation (i.e. the usual integrations 

over loop momenta) is used to

t 

 define the amplitudes with the derivative 

/A 
terms, terms of the form Itt,40 ) give rise to additional b(0) — 

singularities. These together with the tadpole contributions can be 

shown to lead to a complete cancellation of the N-singularities. 

Definition of the derivative terms by the convolution integrals, 

however, is very unsatisfactory. For one the convolution method will 

generate all the infinities associated with the derivatives. It will 

also make a distinction between the derivative and the nonderivative 

lines. In the nonpolynomial approach the convolution integrals are 

not employed to define the products of Feynman propagators and therefore 

we should not us.e it to define the products of derivatives of the 

propagator. In any case it can be shown that the results obtained by 

the convolution procedure are ambiguous and depend on the order of the 

loop integrations. 

To avoid these problems the amplitudes should be defined in 

the configuration space. There are many possible definitions that can 

be employed. Preliminary attempts were made by ordinarily differentiating 

the propagator MK) in the region xa.+0  and hopefully continuing 



the definition to f•'""D . This treatment of the dei,ivative 

terms has been prominant in almost all the analysis of derivatively 

coupled theories that have been carried out in the past. 

If this procedure is adopted for defining the amplitudes then 

one cannot show the cancellation of the 664-singularities, since 

the 6(0)- singularities can, it appears, only be generated by the 

(2B) 
convolution method. However, if the brvbrieD terms are defined 

by convolution and ordinary differentiation is employed to define 

the other derivative terms and further if the lb) are equated to 

zero then it can be shown using the momentum space methods of Volkov-

Salam-Strathdee that the ati)- singularities cancel and the Adler 

condition follows. But this is clearly very unsatisfactory. 

The functional techniques seem to have inbuilt into them 

the Feynman convolution procedure. The nonpolynomial approach 

however, has a built in structure of the analytic renormalization 

techniques. Thus accepting from the start the rules obtained by the 

functional methods and then using the nonpolynomial methods to evaluate 

the amplitudes could, it appears, lead to these problems. 

It therefore seems necessary to abandon the rules obtained 

by the functional techniques and construct a new scheme for treating 

the derivatives, so that starting from the Hamiltonian one can show 

manifest covariance for the amplitudes and also obtain the Adler 

concistency condition. 

80. 
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The correct method to treat the derivatives is to 

extend the method of analytic renormalization. This is a natural 

procedure to adopt as an analytic renormalization structure is built 

into the nonpolynomial approach. The prescription which evolves from these 

considerations should, if possible, be suitable for the usual polynomial 

theories. We find, the direct extension of the analytic renormalization 

method to the derivatively coupled polynomial theories, leads to 

physically unacceptable results. 

The method we present in the later section was developed 

in collaboration with G. Lazaridis. For polynomial theories, it is 

essentially equivalent to the finite renormalization prescription of 

the analytic renormalization method and leads to consistent results even 

where the analytic method fails. For nonpolynomial chiral theories 

it leads to the Adler condition. 



SECTION B: 	THE USUAL TREATMENT OF DERIVATIVES. 

In this section we elucidate the previously mentioned problems 

which are encountered if the derivatives are treated in the usual 

fashion. We start by considering the Lagrangian given by the equation 

(4.A.1). The S-operator as obtained by the functional techniques 

is given by 

S = r*z,? dx[ j ()a/A.04i 	fly (61+ vy (10] 
3. 

82. 

where (4.B.1) 

First we would like to show how the 0)-type singularities 

cancel for the amplitudes evaluated to second order in the major 

coupling constant (by which we mean a)0)). As we have shown in 

the appendix I, any arbitrary m-point function can be obtained from 

the vacuum-vacuum amplitude by differentiation with respect to the 

propagators. Thus in the following we indicate how the 6(o)-type 

singularities for this amplitude cancel. Using the Hori representation 

for the T"products and employing the Laplace integral representation 

for it is easy to show that the second order vacuum-vacuum 

expectation value is given by 

I
ctx, ctxt  <01S1  (x,,xi) 1 0> = fax, 

where 
(4.13.2) 
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8k  e 	1) /41.4 	+ Iltii(Xv. XI)3"  N3I "23:311(O1 
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(4.B.3) 

where the labels p,o  V 

to differentiation with respect to X, and Xi respectively and 

D OCC"")(3.) is defined by 3) X 	(Xi — XI acx,- xi) 

zi 
on the propagators 1012. = 6 I) (X,-xi ) refer 



Employing the identity 

a Op Dix 11*) = 2 3tw D v 	÷ I SO* 8(xi-xx)ii.  

2-1 
+ /frafr‘Vb_vl_ 1(z_l) at4),/ly Z-2 
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(4.B.4) 

it is easy to see that the 16q terms will cancel for this amplitude 

and any other amplitude generated from it. The same result would be 

obtained if the momentum space convolution integral was used. 

Since the 661 -singularities cancel it might be expected 

that the Adler condition will follow. To see if does we consider the 

self-energy amplitude in the stereographic coordinate system: 

47 
	= bej (I +x1+2.  )-1 	

(4.13.5) 

Following the method given in reference( 22-3 ' ,
5) 
 it is easy to 

show that the contribution to the self-energy amplitude is given by 

(1) 
S 	= 	(1)(ell gel) 

4)(1,)+((2.): 

•-• ars'i 	4:illovs4v,0] 
.Av c,ili 

- as " otry 
(4.13.6) 

where the amplitudes are given by 
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(4.B.7) 
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„ 	an) 

V( 
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z+141 1.4)1041 	z-ein 
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o 2 

(4.B.8) 

with 

v($) = 	+ xl V)" - 

In attempting to explicitly evaluate the amplitude in (4.B.7) 

a major technical complication arises. Since the Lagrangian was not 

normally ordered it is necessary to take the tadpoles 	D(0) 	into account. 

But because the interaction is nonpolynomial this is extremely 

difficult to do. 

From Charap's analysis it is known that the Adler condition 

follows once the cancellation of the st1(0)  singularities is assured, 

regardless of the value assigned to 	360) 	. Anticipating that this 

result is also true in the nonpolynomial approach one could take 3(0)::  

If this is done then one obtains(35) 
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(4.B.9) 

where Li CD) is the divergent series defined by 
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IM  (D)(an+m)! X4" en  
11=e 	 (4.B.10) 

In Chan's analysis the term which violated the Adler 

condition arose from the amplitude Sa 0 	. Explicitly this was 

given by 	b/w 11)4.4.V , (the corresponding term proportional 

to 	Ro) was missing since the 	S (0) tY 	i;  (0) 	term 

had not been included in the interaction Lagrangian). As obtained 

by ordinary differentiation of the propagator its contribution was 

calculated to be of the form 

60 

f 4 	4 
a x (x) 	 -r 3  

0 

which exhibits quadratic divergence but clearly has an ambiguous 

coefficient as is seen by writing ir..401. . 

In order to show the cancellation of this singularity  

with the '5(0) singularity, the singularity needs to be fixed precisely. 

This is done by using the identity (4.B.4). 	_ It is clear that 

equation (4.B.4) is inconsistent with the ordinary differentiation 

of thepropagator for ›ewo. If however equation (4.B.4) is used to 

express the terms DpirDpv 	and if the other terms are represented 

by ordinary differentiation as done by Chan et. al., then using the 

methods of Volkov-Salam and Strathdee for finding the Fourier transform 

it can be shown that the self energy vanishes on mass shell hence 

respecting chiral symmetry. This procedure is Very unsatisfactory. 

In short therefore if the Feynman rules as given by the 

functional technique are used then two problems arise (i) the problem 



of the inclusion of the tadpoles NO) (ii) the inconsistent 

treatment of derivatives. 

Finally we would like to remark that if the derivatives 

are treated in the fashion above then the self-energy amplitude, 

Dr 	
ej 

in particular (the term S 	vre  9,4 v ) in the amplitude S31tvloct 

exhibits a quadratic divergence. This however vanishes on the mass 

shell. 
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SECTION C: 	AN APPROACH TO DERIVATIVELY COUPLED LAGRANGIAN  

FIELD THEORIES. 

-(36) 
C.1. 	Distribution theoretic aspects.  

Throughout the following analysis we deal with massless 

theories and make the Euclidicity postulatec37)  

% 
The massless propagator in the Euclidean space is O9=  

The function 3) 	, Zee 	, is locally summable for ReiE4:a, 

and therefore defines a regular distribution in this region which is 

also analytic in at:. By analytically continuing j) 	beyond this 

range one obtains for ?I'll <RAtt‹/".1 	Vt=2-)3,•••-• 

ex boc) (4)(x) -4(o) - +frtv(ooxv-- 

... t 	+ 	(0) K 
• 

,cpt.„_1460.)) 

	

(Q11 -4-) 1 	ttan-LI  

11.-1 
lra   (g) 4)(0) 

ri(n)r(n..0 	11_1 

(1)ass cl) 	irt 	( 11) 09 L. 
r(n)0 4 

(4.C.1) 

where + is a test function in K 
(36) 

 and 



eel.) =1 er 11"‘ 

f*".  > I where 
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The distribution J) is therefore meromorphic in 	with 

simple poles at i!=11  , 1'1= 213).... 	. Equation (A.3.1) defines 
,Tt 

the associated function .Uctss , in the neighbourhood of the pole 

z=n, in the range 11 -1010141 	Therefore for n_ 11  < Reit61+1, 
n = 2,3... 	we can write 

.h 	-1‘71 	 11-1 
ass 	-I- it 2' 	( ) 6(x) -I— 

r(r) r(n-0 (4.C.2) 

,JE 
A definition of .1) on the poles at z = n is required as these are 

precisely the points of physical interest. It is natural to propose, 

as has been proposed already in the analytic renormalization method(27), 

-0 
that it be taken as the value of .1/0,ts  at z = n. To include finite 

e, b-1 
la renormalization, one has to add the term b 	, where b is 

in principle an arbitrary constant. We therefore define the finite 
I 

limit of j) by 

+ b CI"-2s69 (4.C.3) 

.D The Fourier transform of 	exists in the range a < R2 Z < 2. 

and can be evaluated as 

z-z 
J-(3)') 	(t) 

	

4 / 	r(z) 

.1X 
which has the same analytic structure as .1) 

(4.C.4) 
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Using the Laurent expansion of r(1)  around Z, = 

r() = co" 
71! 

('r1+1) 1- 

 

 

(4.C.5) 

we obtain the Laurent expansion of g-(D1)in the neighbourhood of 

the pole z = n, n = 2,3,..., 

h-1 

(.1 +60 + +0-0 - 	C . 6 ) 

rm, r(t1-0 	n- 	
4 

Comparing equation (4.C.6) with (4.C.2) we obtain the Fourier transform 

of the associated function 

(Dnass = 	(-(')n-1 [4-(yo 47(v1-1 ) - elt (4.c.7) 
r&I)  

Given .1) 	, its derivatives to all orders are well defined 

as meromorphic distributions with simple poles at z = 2,3,... 	The 

region of regularity of 
	

la •• • •••wafritt 
	 is ae < 2 - C11/21 

where 	En/21 = the biggest integer 4. n/2. In this range they 

can be obtained by ordinary differentiation. 

In the next sections we shall be interested in multiplying 

merombiphic distributions ( L) 	and its derivatives). We shall adopt 

the following definition for the product. Given two meromorphic 



distributions ft(2,1) and flx(14,) regular for 	MI Er kit and 

11  e V2 	, respectively, where Ilc and 	V2, are two 

open sets in 4ID , the product of f (ei ) and f2.(Z2. ) 	shall 

be defined as the ordinary product in the intersection of Vr1)0V2 

with its region of regularity. This definition obviously accords 

with analytic renormalization. 

C.2. 	Development of the method.  

The ordinary differentiation of the propagator D69r.... 
X3' 

as has been used in the past in the analysis of derivatively coupled 

nonpolynomial theories, is ambiguous giving, for example, b).421)„1,3) =0 

rather than the correct result 	Diap, D = - iTrs  869 	• This 

wrong result manifests itself for example, in the analysis of the 

Feynman diagram 

93. 

S 	 

which appears as a sub-diagram of the self-energy amplitude of the 

electron in the gravity modified electrodynamics. Ordinary 

differentiation in the region r, 0 gives 

110tia bvi) = 	 Ca 	Y.) DI." 
(x+1)(x+ a) 	7; (4.C.8) 



which for z = 0 leads to 	D = 	 and hence 

r. 0 • 

Our resblution of this problem is the following. 

..... 	..„t 
Given 	.1) 	, 	'6 A211,4,1) is a well-defined distribution regular 

for 	RAIZ C 1 	. In this region it is unambiguously expressed 

by 

aar~ D 	4z(z-1)D ot 
P (4.C.9) 

Continuing this expression-to z = 1 and using Equation (4.C.2), one 

obtains the correct result -4.•Zik.b = -441(6) . 

The inconsistency in Eq. (4.C.8) is also resolved in a similar 

way. Dla a 3;EI v 	is given by the equation 

.1 
a)21frt.bv 	= 	(ei + 	pu.bv -- x.9141, Zal 1DX+2.

I (4.C.10) 

(i.+Et)(E+Rii- 1) 	201-1-0(24.*1-1) 

For the second term in the bracket in the above equation the 

limit R.40 and Zi-4P1 is ambiguous. If the limit z
1
-1).1 is 

taken prior to putting z = 0 we obtain Equation (4.C.8). The correct 

result is obtained only if the limit of z1 is taken in the end. 

The procedure we have outlined here appears to be the natural 

way of treating the derivatives and suggests that we should adopt as a 

prescription that the limit of zi associated with the derivative 
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factors should be taken at the very end of a calculation. 

However, if one naively applies this procedure, which is the 

direct extension of the analytic renormalization method, wrong 

physical answers are obtained. 

Let us consider the Lagrangian 

ea 

L(+) = 1:4+e-1) 	c„ 

 

(4.C.11) 

where Co  = 1. 

The corresponding interaction Hamiltonian is 

I-Lt. (4) 

00 

) 	ZA,44  it+ 	0* (1)'` 
h=1 

(V(I))  (E ery (I)  
h=1 (4.C.12) 

where /iris a unit time-like vector and as usual the propagators 

<-7.01,,,46oz•vcf(9)> = aj&  bv1(x-y) 	b("-1) (4.C.13) 

also have surface-dependent terms. 

It is required that the amplitudes evaluated in perturbation 

theory should be manifestly covariant. The surface-dependent terms 

95. 



D(0) 

goo. 
••••• 

(4.C.14) 

1v 

(4.C.15) 

IN 

contributing to any amplitude should therefore cancel. It can 

easily be seen from Equation (4.C.12) that for this cancellation 

to occur in the scattering amplitude to order C2
2  we must 

require 

96. 

lititi+ + 1 liv1v+ 
For the same amplitude to order C1

C3 we must require 

lAti' 4, 4, 1;01 

For many-particle scattering, clearly the requirement of manifest 

covariance leads to a number of such formal identities for the tadpoles. 

The right-hand side of Equations (4.C.14) and (4.C.15) can 

be given a meaning by the procedure we have outlined above for the 

derivatives. To this effect consider 
	

D Diu.ae, 1 	, which we define 



as 

97. 

D~a .44,1 = Lira t4 Er, 

_ 
1'..-P (Z-i• i ) (+Xr-1) 

(4.C.16) 

The limit in this case is well defined and we obtain 

0 	 for 7, 

—4Tc2- ( 	
r 

.1:2) uk,x) Tcri 1=1), h=c0,1,2.„. 

r(n+z) rot+ 0 

(4.C.17) 

In momentum space, therefore, we obtain for the tadpole 

different momentum-dependent answers according to which of the formal 

identities (4.C.14) or (1-.C.15) we use to d6fine it. This is clearly 

unacceptable. If the analytic method is to be used, it is necessary 

to define the lim z1
--> 1 in a different fashion. One such possible 

definition is 

"S+2. 
ia 

21-#1 



By using this definition we obtain 	D(0) = 0 and therefore 

automatically get consistency between all the formal identities 

defining the tadpole. 

To gain further insight into the procedure for taking the 

limit let us consider in spinor and scalar electrodynamics the photon 

self-energy to second order in the fine structure constant. In 

spinor electrodynamics, the relevant part of the amplitude is 

Trry --b, 1 Dv - giAliziorbr  

%.1 

"In 

1 
1 

 

Z2. 	[ aikbv  
I) 

-= 9wv la 
aCe-i) 

 

 

(4.C.19) 

where z = z1 + z2. 

As the symmetric limit in z1  and z2  leads to the same 

answer as the limit of one followed by the other, we write, without 

loss of generality, z1  = z2  = z/2 and 

2- 
TriAN 

VI 
Urn 	Tf v (2) 1L- Lim 	r a?  DV 'w...1„ 3/Avail (4.C.20) r 	 2,(14.1) L 	2(*-1) 

This limit, unlike the one in Equation (4.C.16) is singular. In 

the neighbourhood of z=2, the Laurent expansion of 11-ev (1) is 
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ljp,„ 	(Zia v —3t,tv 0)8(x) 	L it 'by - vo)(7)1au  TriS(x) 3 	IA   3 c -  

Tr 
	9tw 0 	+ oCe-a) 
	

(4.C.21) 

If the "lime is defined by subtracting the pole term, then clearly a 

gauge non-invariant answer is obtained. However, it could be said 

that there are ambiguities and one might define the limit by subtract-

ing both the pole term and the gauge non-invariant part. In principle 

one could add a gauge-invariant finite renormalization also. This is 

equivalent to defining 

Trr.v = LM 	r-a 
	

_ 2 	a] 	. 
—). 2, 1(1+   	sto---75914v ittrn 

2-72. 
(4.c.22) 

It is easy to see that this is the only definition which 

renders a gauge-invariant answer. 

In scalar electrodynamics the photon self-energy is given by 

the two diagrams 

ji.".0:1 ) 

(A) 	 (B) 

FIG.2. 



The relevant part of diagram (A) is 

(A) 
TreN  = 1 i,4,-a v  3 - ata av z 

and that of (B) is 

(a) 
/Ay 	= — 	3p,v 3) (o) 

(A) 	v 	0 

	

IT — 	
i 

— z tent 	( 21#a -av z a 	l'iz P- ) 

	

1
.4„v — 	 /4. 	 y. v 
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2z  
(Era 1, ) (X I  + hi- I ) 

X 
21  ) li  ---r I 

% 	[(13. - I 1  + 1) 2&4 	— 2., 	auv  1 1)20. 2. 
C, + Ix- 9 

(4.C.23) 

If the limit of either z
1 
 or z

2 
is taken first, then the limit is 

singular in the second variable. It is easy to see that if the limit 

is defined by subtracting the pole, then we obtain a longitudinal 

term whose explicit form depends on the order of the limits. In either 

vr(g)  
case if we expect the tadpole contribution flto cancel this 

tw  

longitudinal part, then the tadpole must be p
2
-dependent where p is 

the momentum of the photon. If a finite renormalization is made, 

) 
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subtracting off both the pole and longitudinal term, then the 

tadpole contribution must be equated to zero. In order to obtain 
...r(A) 

an answer for iltw which is independent of the order of the limits 

and a momentum-independent tadpole, the only consistent way of 

defining the limit is by 

coo 
lIA, 7= (tilft 	RI 	 (z2._ai +1)Zp.bv — It 	3frtv  ale 

ai,k ---)1 ((ct-,)(10-12+0 	 Cal+zz-I) 

x  ftim D''
1+13. 	 (4.C.24) 

kh-111 

which automatically takes into account the finite renormalizations. 

The tadpole must then be defined by Equation (4.C.18). 

In short, we have seen that the only consistent way of 

obtaining physically acceptable answers and including finite 

renormalizations is to adopt the prescription for taking the limit 

given in Equations (4.C.18) 31,(4.C.22) and (4.C.24). We shall refer 

to this as the hybrid limit and denote it by H limit. It should 

be strongly emphasised that in order to apply this limit it is essential 

that the equations should be written in such a form that the number of 

derivatives on both sides of the equation is the same. This has been 

called in Ref. (20) the law of conservation of derivatives. 

In general, therefore, we postulate the following prescription 

for the polynomial derivatively coupled theories. Given a product of 
1 

the form 	1) Dp,i 	(Dtt.q....... 'arr.:aria.? 	we shall define it as 



H Lin 	lta 	 3:4 	.ts 
P 

tttA 	(z, , 
21,11..---/ Ih•••• ?nit 	

v. 	-1,  

(4.C.25) 

where (7. 	Z) carries the same number of derivatives fp, n " 

as the left-hand side of the equation. Clearly the order of limits 

of zi  is not important. 

It is natural to generalize this prescription to include the 

nonpolynomial case as follows. For a superpropagator which has the 

formal series representation 

41.0)) = 	(-0" 
711 

and the Mellin transform representation 

c+1.0) 
I r(--A) cw D

any 
c- i. co 
C<0 

(4.C.26) 
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a product of the form should be 

defined as 

CDC a 	 arum?) 	 .... N.? 

c4ico 

H Lin r 	dR. r(vcwt 
L 	. c-too 

e<0 



Httm. .L f a% rc-A) cc 	(gift ,A„-a) 7:12.1• 7i 
.41  any frti•-• ?floc. 

g=43 

(4.0.27) 

The contour libs parallel to the imaginary axis in such a way as to 

tZ include all the poles of 11(1) and jp i 	whilst Re 	is 

chosen to be sufficiently large to exclude the poles and zeros from 

CE,ze z ) f14-1••••*t.. 	• 
. The value 	= 0 is to be substituted after 

evaluating the Mellin integral. The hybrid prescription in the 

polynomial theory effectively demands a non-interference of the poles and 

zeros of 	(Z., X• 14) with the poles in 41;  t . The f /.41.•.• Ne  1.• 

parameter that is introduced in the above prescription serves the same 

purpose. 

In the nonpolynomial theories the concept of an f limit is 

not necessary because such a limit is built into the Mellin transform. 

More precisely, the poles in 	automatically disappear in the 

limit z. .41 after the integral has been evaluated. In fact, 

evaluating the integral (4.C.27) 

IF

and  taking the hybrid limit (i.e., 

directly substituting Zi:= 	1,11 	("*Zo:, 	), we obtain 

	 ft—aben? 
n  11+K-2. 

2-ir 	 fr_11) c(r) f 	61, 0)  u-y4) 
a.K.$11‹0 	 eniC 	r(rt.+IC) r(rit I ) 

71.+K 
(-1)V1  COI)  

ovi<a-K 	6  flk 
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co 
t 	C- 1  )11  C ) 	(an, cb) [  (13/43"(1)  (t(nti) - an)) 

c(11) n= max (2-t,c9 	 r(n-Fic) r(n+K -I) 

noe. 
lass (4.0.28) 

  

In momentum space we get 

5-(1CD) ap4, 	-aril? 	 /ate 	--acno 

   

n+ic. -a, 

ft
(n, -1,?) (e;) 

t ,.... 	14 
111 	(-4)4  C(n) r((-n- K) 

°$n<a-K r(n+o r(n+x) 
or 

ad-bc‘n<o 

(71)
n 

 C61)  fCn, 	(-1:01) 
r(n+i) i(n+K) 1(noc-1) 	 4- 

n.-z. max (a-x,o) 

{ 	 (n+10 + +(n+it-l) + +(n+i) - Qn r/ C(n)] 
4 — CO)) 

(4.0.29) 

In moving the contour C (4.0.27) to the left so as to include all 
z+r7i  

the poles from 
l 	

, it may happen that it crosses poles from C(z). 

If it does, then the contribution from these poles should be subtracted. 

The hybrid limit applied on the contributions gives a renormalized answer. 

In Ref. (20) such contributions are left infinite and are the so-called 

"sore thumb" effects. 



SECTION D: 	APPLICATION OF THE METHOD. 

Let us start by considering a product of the form RD) ail. ap.i 
where, as in the previous section, iit9 is the superpropagator 

which has a series representation with Co  = 1 and a Mellin transform 

representation. Then 

.1(Dyap,ap,I 

   

tivv I  fd r( R) c(z) 	21 (xi -  I) CI 
1 .- I 	11.̀  (k+ 	(t-qtzi  -I) 

  

 

(4.D.1) 

    

5=0 
Using (4.C.28) it is easily seen that 

'1(19 . 21/444,1 = - 4ir' 6(x) 	
(4.D.2) 

If, however, Co = 0 we would get zero for an answer. Thus we 

observe that for perturbation theory to second order in the major 

coupling constant : 

i) All tadpoles in the non-polynomial lagrangian theories 

are zero. 

ii) Whenever RX) appears in a loop diagram, the contribution 

from this diagram is zero. 

Therefore, for the Lagrangians of the form 
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LC+) IMMI• 
•••• + VCj(+)3 'att,C)1e-fi 

106. 

with 

Hc,„t (4)) = 	vt:i(+).ap,(`zri;) — i vic+) v,:k0)(7frtzu+3)(71v14+k) 

to second order in the major coupling constant, we see that the 

non-covariant part of the Hamiltonian gives a pure tadpole 

contribution which therefore vanishes. Similarly, the non-covariant 

part of the propagators, being proportional to ;()C-.3), also give a 

zero contribution. Thus manifest covariance for the amplitude is 

obtained almost trivially. 

In order to evaluate any amplitude to second order in the 

major coupling constant, one therefore obtains very simple Feynman 

rules : 

	

i) 	The Lagrangian should be treated as being 

normally ordered. 

Jr Linty):  

expressed in T* products should be used. 

	

iii) 	The prescription of the last section should be 

employed for treating the derivatives. 

If these rules are used for the chiral theories the Adler 

condition is easily seen to follow. We again consider the self-energy 

amplitude in the stereographic coordinate system. 
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The amplitudes contributing to self-energy are the same as 

those in the last section except that the 6(6) terms no longer 

appear. For simplicity we concentrate on one of the terms arising 

) in the amplitude .:3 r I
i
I ) 

	▪ Consider the term 

ci 
A - 	IpApAt [ II - s-I1  +31o1 - 8 	N4.13 

• OD 

&.1  gl  2: x44  lah+1  Cart+4.)! 1+(n+z) 01+0 • Dic4V 1)/AV 
% 	11=0 

(4.D.3) 

Using the Borel summation technique
(37) 

we obtain 

A= 
1i ,4 cis a  e 	 1)4 ii.0 	,n. 	 fri 2 0,4saliri- D47".14(n+a)NA-1).Dvltv 
2 

i 	rl   
7  

(4.D.4) 

Writing the series S((,V1) in terms of a Mellin transform, one obtains 

S(S,v1) 

/ = HUTA, 	al/(COS Trx'+ 6 stiv re) (1.4s21)7 10) 4(zi+a)(e+i) x 
4j2,--)1 C 

X 	Xi -Z2. (Alt  .Z2. + Zi  t +a) 021x 
g, (z+ 0 (01.2.21+ 2 -t• 6) 	 (4 .D .5 ) 



.= 2,Zit " I  -I- z+  II where 	and b is the so-called "signature 
(20) 

ambiguity". Evaluating the integral we obtain 

S 0',1) 

  

    

n. I n=0 	f 	(an +3) 01%1+ a.bn 4. ) 
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an+3 
pass 

4n+ I 
(g)  6(x)  

4 	Ran.+3) rOrt+Z) 

p(n+0 bw -Qn  (x411) 011+3) 
(1+2.)(11,+0,1 

a) 
z • ""1 

(-Or" r( - n+ 	( X 	 3 can+i) Tr2  
n=0 	 on+ 2)(4-e+ 9ft 

02 0  )211 6(x)  

71:1  r(att,+z) r(an+i) 
• 

(4.D.6) 
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Substituting this expression in (4.D.4), taking the Fourier 

transform and continuing to physical momenta, leads to 

1(A) = 	x4  (p2)2 1i x4n  44 (n+0 (n+a) 	(1);14111.1. x  
$ n=0  

['4 (an+3) '4' Can+1) 4/ (am+P) - 	V2, )1+3 
4 401+4)01+0 

CO 

+ 6 260" N411.631 	Rft+k) 
r1=;) 

31r1(an+i)(an+3) 
X 

(kn' + cin 

an 

4) r(an+i) 
(4.D.7) 

where the ambiguity arising from continuation in momenta is included 

in the arbitrary constant C. 

This contribution to S1,1 therefore vanishes on mass shell. 

Such an analysis can be carried out for all the terms given in Section B. 

In all the cases one has to consider expressions of the form 

2/p,...1)4..Z.11̂   41). Using the Mellin transform and the prescription 

developed above, one obtains overall derivative terms which in 

momentum space give series in p
2 multiplied by a factor (p

2
)
2
. This 

is precisely the factor which leads to the vanishing of the self-energy 

amplitude on mass shell and thus the Adler condition. 



The method we developed in the last section is 

limited to the calculation of amplitudes to second order in the 

major coupling constant. If a suitable analysis of higher- 

order graphs with superpropagators was available, our 

prescription could in principle be easy to extend. 

Our method for analysing the derivative theories 

is restricted to the massless theories as the massive 

superpropagator is difficult to handle. Moreover, the 

conservation of derivative formulas can be explicitly formulated 

for the massless theories only. For theories with mass, 

therefore, a new prescription needs to be derived. 

Finally, we would like to remark on one of the 

problems that may arise when the Yang Mills interactions and 

the interactions of the fictitious quanta are introduced in 

order to evaluate the amplitudes for the scattering of Yang 

Mills fields. The problem is regarding unitarity. The non- 

polynomial method would sum the interactions of the gauge 

degrees of freedom to all order in g while interactions 

of the Yang Mills fields can only be evaluated to orders in 

g since the couplings of the Yang Mills fields to themselves 

involve-no nonpolynomial interactions. Thus it remains unclear 

as to what collection of graphs contibuting to a particular 

amplitude would lead to an amplitude which has the correct analytic 
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structure i .e. for example, no singularity corresponding to the 

exchange of longitudinal modes. This problem is still outstanding 

and remains to be solved. 
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APPENDIX I: 	FUNCTIONAL METHODS. 

This appendix contains a brief review of the functional 

methods as used in the thesis. We start by considering a system 

of interacting fields so given by the Lagrangian 

L 	L .free (+) + Lint (4) 

where 	Lit* CO 	is the interaction Lagrangian. 

Introduce a c-number source field zr(K) so that the new 

interaction lagrangian is 

1" 

L1 c+ r: Limb () 	3-04  +69 

and the corresponding S-matrix is 

S I 	T te (1: fax 	CO))) 

(A.I.2) 

(A.I.3) 

where the superscript J indicates that it is evaluated in presence 

of the source field J(x) and the script (ip) mean that the field 

variables are in the interaction picture. 

Defining, 

C71 	<SI% = <01.41 :Vt' 



by functional differentiation we obtain 

	 GD1 = 
0.((,).....8*0  

(A.I.5) 

We therefore see that it is possible to generate all 

the Green's functions from the vacuum-vacuum amplitude evaluated 

in the presence of the external source. The Green's functions 

for the theory described by LC+) 	are defined by the limit 1.(440. 

Clearly the infinite set of coupled equations relating the 

various Green's functions can be embodied into a single equation for 

the generating functional QCS) . This equation is constructed using 

the equations of motion and the commutation relations of the fields. 

G Solving this equation for - - would provide the solution of the 

whole theory. Normally this solution can be written as a functional 

integral and corresponds exactly, as can be shown for simple theories, 

to the generalisation of the sum over histories expression, in quantum 

mechanics, for the propagation kernel between two states widely separated 

in time. 
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31.  

In the functional integral form one writes 



[33 = Nft4) el) ictIc [ 	4,  TOO 60 

(A.I.6) 

The normalization N is chosen so that the vacuum to vacuum 

amplitude is 1 

It is necessary first to define the functional integral. 

So far as mathematical questions about the integral are far from 

solved. In practice it is only possible to define and solve the 

(3 
integrals of the Gaussian type. Usually, the field is expanded into 

its 'normal modes' 1): E en9 	and the integral over 	is 

replaced by integrals over the 	011's as 

IF (+1 (44) 7. its:, 	 c, dc„ 
11—'60 (A.I.7) 

for example one defines 

  

 

P (- fax +269 40/50 

  

 

n 
e% D 	C 2)Tract 

k 	L=I 	tr.! ArTi 
(A.1.8) 

   

In such cases it is necessary to define the measure carefully for 

the integral to be meaningful. As for example, 

(Al" 41144) a (4 114iii) = titi4  1117/  leads to a meaningless 

results. 

Inspite of this drawback of the functional integral methods, 

it has found a wide usage. Formal rules have been devised for the 

114. 
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manipulation of these integrals by which the usual perturbation 

expansions can be recovered and with the help of which complicated 

combinatorial problems can some times be easily done. The 

commonly adopted formal rules are 

1) Functional integrals are translationally invariant 

jfc+lact)) = IF c++0a (4) 

2) Integrals satisfy 

Sc 	F Eta ext DA1C4)+14,3-6,do 

= F[41 f04) .12-x p Evi(4) + 

3) The integrand vanishes on the surface of the domain 

of integration. i.e. 

loisto b F Ct3 
is VA) 

(A.I.9) 

 

(A.I.11) 

As we shall see in the next section this rule is employed 

for generating Ward identities. 

4) Functional Fourier transform can be defined in analogy 

with the usual Fourier transforms as 

F Ccfra = TOP F CO -ex t(i• fdx (1)(x)4(x)) 

(A.I.12) 
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In particular, therefore, we obtain an integral representation 

of the functional delta-function 

[ 	= 1(1,x) ex 1)(Z fax ?t(x) 4(x)) 	
(A.I.13) 

5) In analogy with the usual Laplace transforms, 

the functional Laplace transforms can be 

defined by 

F [(VI =Cdr)   FIT] -el.( fax  c(x) 464)) 
(A.I.14) 

6) An important operation which is often performed 

is the change of variables in the functional 

integrals. It is therefore necessary to evaluate 

the Jacobian factor arising from the change of the 

measure of integration. To evaluate this, let us 

consider a transformation 

c(x) 	K cx, 4(1) 
(A.I.15) 

Assuming that K(x,y) is symmetric in x and y and 

expanding all the quantities in (A.I.15) in terms of 

their normal modes : 

'rho = z, c,1,,c9 	cr(x)  = E e;. TA 09 

and 

if4c, 4) = 	ICXY TOO 
A, XI 



we obtain 
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Thus 

(AO 
	

11014, 	1 kik 	irdc): 

I CU} ICXV I C4'0 	(A.I.16) 

Regarding K(x,y) as a continuous matrix in x and y, it follows 

that 

(a 	I bi-  v.6(1 1 )1 (af) 	(A.I.17) 

In the following we use some of these manipulations to 

show how the usual perturbation theory is reproduced. Henceforth, 

as we have done in our analysis, we shall drop the normalisation 

factor N in the equation (2.A.7) by demanding that G [(:)37: I . 

Let us begin by considering the expression 

E .11••• 
.1•10 10,0 Fr+i 	fct.cly 

(A.I.18) 

where K(x,y) is independent of 	X), symmetric in x and y and 

nonsingular. 

E = ig4) (4r) FEY] RA1)11- fax(1)04(x) + z14(6 t(x) k(x,) 4()1 

where we have formally employed equation (`A.I.14). 



E= C e, ifctxcui ii Om) i (A.I.19) 
2. 

t 1 (x) 	Z 
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Letting 4:069 —,), 49 —,...1 k,-1(3C, '%) (a) c( 	,where K-1(x,y) is the 

inverse of K(x,y), we obtain 

E .= c 1(4) FIM .€1) 

1.: ict%cti r(4.) 
 K 1(x,9) 1.(j) 

= 	c 	42-)c tiii  1 atx ay 14)(Itit 1(‘. 1)14 	 :t.$) F [0 ex ) - fax 46c)11x) 

where C= fk14)e)(1) ifcbcdy It6t)lcoi,j)(1)(vis 
2 	

a constant. 

Thus 

For a system of interacting fields given by the action 

W(4) = I fax al  4(x)  wx,y) ciC(y) 4. V(4) 	
(A.I.20) 

using equation (A.I.19) we obtain for the generating functional 

GM= .e..,4I) [ti fax cty I ItAx 1 ) i 1 elc p ,.. [v(+) + fax i(x)31)9}1 
' 1(x) 	6(1) I 

(A.I.21) 

4--c. 

1 
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It follows that 

V(0 
< TC+6(1) 	+6(0)> =ex R.16"LJ 14x1J) 6 	f(x1)....?(xvi) 6 tfix) 	ri) 	 D 

(A.I.22) 

which is precisely the Gell-Mann Low expansion. The free particle 

propagator 	appears as the inverse of the operator 

and the usual Feynman rules emerge for evaluating any arbitrary 

6114(19 
b 606) 4=O1 

amplitude in perturbation theory. The same result would also be 

obtained if instead the exponent of the interaction term were 

expanded out in terms of normal modes and the properties of the 

Gaussian integral used. 

From equation (A.I.22) it follows that the connected part of 

the n-point Green function is given by 

v(01 
r faxa 	e ) 	1„) 	.eAr Lis) 	,a,,,,K)( 

xi) 1  1 	
14(10 t'f(''')  

(A.I.23) 

Therefore we obtain the well known expression for the amputated 

Greens function 

: 4(19  S(?(1....x0 = 	 ex 	fax 	S 	10c, 	e 	
cb.

.. 
0 

	

6f(.40 6(kcis) 	Q69 	6lily 
(A.I.24) 



It is interesting to notice from this equation that it is 

possible to generate all the higher point functions from the lower 
A, 

ones simply by differentiating with respect to K veil) . 

120. 
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APPENDIX II. EVALUATION OF FADEEV-POPOV DETERMINANT FACTORS 

EVALUATION OF A (A) (EQUATION 2.A.17). 

A (A) is defined by the equation 

&LIN j(dA)(4) 	zict,, Ty oar  Ae.) 	
(A.II.l) 

where (c1n) is the invariant volume element over the group manifold. 

In a particular parameterization a= A(e), OA) m 0(e) Mg) 
where 1,0(6) is the weight function which depends on the chosen 

parameterisation and is given by(39) 

°let b eht 
SB14 /1B1=6J (A.II.2) 

where B
1, 
 B2, and B

12 
are defined by 

11.(81)-rx OW 7: I)  ((L) 
(A.II.3) 

Differentiating the equation above with respect to B
1
a 

and defining 

nAg) 	.a(r) Tx L.(3) 
(A.II.4) 

we obtain 
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-2 1012.) 47.. CIO n(R2-) = 	1)(g12) &2. 

e," 
	

(A.II.5) 

Defining 
	§0.(g) A b 	 (A.II.6) 

where Ab are generators of the group, and noting that 

Bra  I B,= 
	Ba 	§..6  Ca) L.= 	we get 

-0--103%) Aa. &a m) = b(11 ) Ac 61b2 
(Sgft.  61 ?-0 (A.II.7) 

RG. (62.) NcL 	(B1)& 612 
i:Sf". 	a,. 0  

where is a unitary matrix belonging to the adjoint 

representation of the group 

B'Asif3c,13 	be.12.6  
cgr- 

  

R I  0 
(A.II.8) 

 

03. 	Gle,t 	Cesi  ) 	 (A.II.9) 

This expresion can be easily related to the one given in terms of 
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the metric over the group space. Considering these transformations 

as isometric transformations over the group manifold it is easy 

to show that(143,41) 

90.603) = 	g: 	f eb(B) 	
(A.II.10) 

Thus 

wo) 	dee C50.6 003 	Air 	
(A.II.11) 

The measure in the functional integral is therefore 

= Tr ck,n.(x)  = T to(e,y(x)  0069 = Tr to (x) 13) 

To evaluate IT to (s) 69 define a continuous matrix W(B) by. 
VC 

	

< xt 	(3) I X) 	(B)(x) 11X  -X9 

then Tr (a) (x) 	cut- CW(8)1. -e%13 (9 fdx 	w(t) 

610 fax 

	

Cot.n 	(t)6(9 faX 	Ar5 
	

(A.II.13) 

Having established the form of the invariant measure we 

remark that solution (A.II.l) is expected to give the same answer for 

all the coordinate systems. In particular there exists a coordinate 
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system for which det g = 1 so that (dJ)) = (dB). 

A 0. 
We are interested in solving (A.II.1) for Itµ satisfying 

Aµ  = c, 	(ie for AJA) appearing in Gbc[Ti ) . We 

therefore obtain 

L 
1 , 

A (Po = t: fax Ty [ 	are e(x)  + 0314 
(A.II.14) 

Hence NrOcorresponds to the vacuum-vacuum expectation 

value for the system of fields X and B in presence of the 

a. 
external source Ar  . The propagator in this system is <T( X09 960))> 
and the possible couplings are of two kinds 

Po 	,,. 
(CO n.e%.".".r.„... 

B 

(6) 

It is easily seen that none of the couplings of type (b) 

contribute to the vacuum to vacuum amplitude. Thus 

1 
L(A) 	 (b.)(CLFS) .2)C. 4: fax Tr [\(x) (0 i3(x)_ (5 z'AgJ)] 

1(A.II.15) 

Writing (4+‘ crYri and we obtain 
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46' (A) { ft* RAI) faX TY  C+ (CI  "5 °A4-(At )1)(11  3 2  

I Act Ca- Cg met. Ott‘Se) 

By extracting the trivial factor det 13 we obtain 

6L(A) 	I Set (3E- 	j A) 
	

(A.II.17) 

A simple closed form for the determinant factor is obtained 

when the entire contribution to the integral (A.II.l) is 

considered to be essentially given by the neighbourhood of the identity 

of the group. The arguments we have given justifies such a procedure. 

These arguments do not apply when the corresponding equation for the 

Feynman gauge is evaluated. It is found that all the couplings give 

contribution to the integral. Thus evaluation of 	,6401) in a closed 

form is difficult and one has to resort to perturbation theory. 



cola- ccmicq 	(p14-P3T--m1 

[

Ca., 0.46. c  k asaa 

(24 

ttIr2114 = 

(3) 

cal  CI,/ (4, c 44:041 

M2  (ft+ Pa)2  

ccti  ct,s Ct, 	Ct. CA4 	p3.  ( pqra NAL, 	r21,12.  p21.14) 

142' 	p3 )2.  

(x, cut a•C  a, a.3. CIS 
P41A1 (1)314 ?3/13 Pittl  Patt3  
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1113).1* 
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pap., (p4 f3 1)14/A4 P3tL3 )3ttq) 

et 
[

c Clia3 Q. e Ct al. ail' 
4  i  1)31-1-1  

cri-tp3)] 

 

[clot+ 1)3f_ in3.] 

Cr., 

+ CcL1aya c
aaza3

rP1  /A. Pi II  
r(r,,102r,127 	(pH-  poi  

cctict'La  C "3" 2.  ) ( ti-1)2. 

(1)q  43)r' 	

p  

[(1),÷poa-m2.]] 



of the amplitudes 

at the cut corresponding to two particle singularities in Sy 

5 and , 

FIGURE la. 	Diagrams that contribute to the absorptive part 

127. 

are 

t same as above with 1 ++2 

We note that no diagrams with tadpoles contribute to the a]i'sorptive 

part of this amplitude to this order. 
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FIGURE lb: Diagrams that contribute to Tm are 

    

  

.. 

• 

 

Diagrams contributing to IM are the same except 

that instead of fictitious particle:: lines there now appear 

gauge particle lines. 



FIGURE lc. 	Diagrams that contribute to 

129. 
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FIGURE (2)  

-0- -0- -e- 	-e- 
(Ai) 	(A2) 	(N) 	(A4) 	(As) 
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Oa) 	(a.3 	(9.4) 

--CD- -0-- -.Q7?- 	-e- 
c 	(62) 	(b3) 	ON) 	OW 

CC) 

Set (A) 	Diagrams involving the Yang Mills field. 

Set (a) : Diagrams involving the fictitious quanta and Yang Mills field 

ie diagrams contributing to 

Set (b) and (c): Diagrams involving gauge degrees of freedom and 

Yang Mills field contribution to 
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Dear d—r A.A.Patani, 

We were very pleased to receive your interesting 

papers, the subject of which interests us very much. In 

answer tozryour question we would like to make the following 

remarks. 

1) About your paper. 

The existence ofrtTeTimit 001—)01 —matrix in 

(on the mass shell and taking into account the polariza— 

tion vectors), implies that the following limit exists: 

(o) 

IM ec , 77,4 , 649gA  = Ay Ef =7" e 1  v  

t44 

(6)  ry where "Tity is the limiting value of —Wili)and T  
the corresponding expression for massless fields.Moreover 

the matrix—elements for production of longetudinal partic— 

les in collisions 	of transversal particles must gar; 

to zero. But, for the S—matrix off mass shell such a limit 
is not necessarily equal to the corresponding expression 

for 	the massless case, that 
6* 
is: 

T (v.i) T * T v 
w14>o tA 	I" 	IA  

T 
to) 

wt.., 0 r 	wi 0 
In this way, the two unitarity relations (for the limit— 

ing and for the massless case) are correctly written 

in the following form: 
t 

Tr)/ TftV 	(7  

T (*) T - 2 ce)  + 144 =o 



It is clear that (1) and (2) can be in accordance with 

each other. Let us note also that you aid not prove that 

the continuation of the S—matrix off mass shell does 

not exist (in the complete theory, but not in perturbation 

theory),for which the equality oi(=ce==() is true. 

2) About your manuscript. 

We do not share your doubts about the non—unitarity 

of massless Yang—Mills fields in the Feynman gauge, because 

there exists a gauge transformation (its infinitesimal form 
comPteci,14% 

is given in the paper in Phys. Lett,1960, 30B, 562ythe 

matrix on mass shell for different of • 

Concerning massive Y.M. fields, we have obtained 2 

variants of the theory. The first variant is obtained from 

the usual expression for the S—matrix using group transforma— 

tion, proposed by Faddeev and Popov; this is a preprint 

Lebedev Institute, 1970, N 27, where the limit IN1 '40 

was investigated. 

The 2nd variant was proposed in Phys. Lett.,1969, 

306p62. 

The fact, that the last theory is not unitary in pertur— 

bation theory isknown to us and was nIticed in the preprint 

(see also the refs. given there). It is also very clear, 

that the off—shell S—matrix (Green's functions) depends on 

144 .An attempt of claryfylng the question, whether the 

on—shell S—matrix in perturbation theory depends onCi( l or 

not, does not appear to be useful or necessary, in our 



opinion, because there does not exist a physical object of 

investigation (i.e. a unitary S-matrix). All our hope is that 

unitarity and independence of 0( will be fulfilled in the 

complete theory, or in the framework of some modified 

method of perturbation theory, which unfortunately we don't 

know. The unitarity of the complete S-matrix could be 

proved, if one succeeded in finding a transformation which 

connects the S-matrix in different gauges (,tiis-1 is . of.  course 
only possible in the complete theory), because for C?-40cNO 

our variant goes over into the usual S-matrix of massive 

Y-M fields. Unfortunately until now we did not succeed in 

doing this. 

Finally we wish you a happy New year, and one of 

us (E.F.) would like to give also his best regards t , A.Sa-

lam and J.Strathdee. 

(This letter was translated by H.M.Nieland whom you might 

remember from Cargese, and who adds his very best wishes). 
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