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Abstract

Let p be a prime, F' be a totally real field in which p is unramified and p :
Gal(F/F) — GLa(F,) be a totally odd, irreducible, continuous representation.
The geometric Serre weight conjecture formulated by Diamond and Sasaki can
be viewed as a geometric variant of the Buzzard-Diamond-Jarvis conjecture.
They introduce the notion of geometric modularity in the sense that p arises
from a mod p Hilbert modular form, and algebraic modularity in the sense that
p arises in the mod p cohomology of a Shimura curve. Diamond and Sasaki
conjecture that p being geometrically modular of weight (k,[) € Z§2 x 7> is
equivalent to p being algebraically modular of the same weight, if k lies in
the minimal cone, where ¥ is the set of embeddings from F into Q. In this
thesis, we prove that geometric modularity implies algebraic modularity for
real quadratic fields F' in which p > 5 is inert, and for totally real fields F' in
which p > max{5, [F' : Q]} totally splits.
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Chapter 1

Introduction

1.1 Serre’s conjecture

Let p be a rational prime. Fix an algebraic closure Q of Q and an algebraic
closure @p of Q,. Fix embeddings Q < @p, and Q — C. Let p: Gal(Q/Q) —
GLo (ﬁp) be a continuous, odd, irreducible representation. Serre conjectured
in [Ser87] that such a mod p representation p is modular in the sense that it
is isomorphic to the mod p representation attached to a modular eigenform.
Moreover, under the assumption that p is modular, Serre predicted the minimal
weight k(p) > 2 and level N(p) prime to p such that p arises from an eigenform
of weight k(p) and level N(p). In particular, the description of the minimal
weight k(p) is given by an explicit recipe in terms of the restriction of p to the

inertia subgroup at p. This is called the weight part of Serre’s Conjecture.

Edixhoven reformulated the weight part of Serre’s conjecture in [Edi92], where
he also included the weight one modular forms by considering mod p modular
forms as sections of certain line bundles on the modular curves in characteristic
p, and hence involving the weight one mod p modular forms that do not lift to

characteristic zero.

The weight part of Serre’s conjecture and its refinement were proved by Edix-
hoven in [Edi92] for p > 2, building on the work of Ribet [Rib90], Gross [Gro90],
and Coleman-Voloch [CV92|. The modularity part of Serre’s conjecture and
the remaining case of the weight part of Serre’s conjecture for p = 2 was proved
by Khare and Wintenberger [KW09a; KW09b|, completed by a result of Kisin
in [Kis09].



1.1.1 The description of Serre’s minimal weight

We recall Serre’s description of k(p) in [Ser87| (cf. [Wie21]). For simplicity, we

assume p > 2.

Let e, denote a fundamental character of level n and e denote the mod p
cyclotomic character, i.e. the fundamental character of level 1. Let I, C Gg,
be the inertia group at p and I,; (resp.Ip,,) be the tame (resp.wild) inertia

subgroup.

(i) Suppose p|gg, is irreducible. We can write

b—a
€y 0
~e?® “a |
p|1p ( 0 E}Q)(b a))

where 0 < a < b <p—2. Then k(p) = pa + b+ 1.
(ii) Suppose p|gg, is reducible.

(a) If p|g,,, is trivial, then we can write

‘ 6a® sb—a 0
Pity 0 1)’

where 0 < a < b < p—2. Then k(p) = p if a = b = 0, otherwise
k(p) =pa+b+1.

(b) If pl1,,,, is nontrivial, then we can write

b—a
€ *
plr, ~e*® ,
‘[p ( 0 1)

where 0 <a<p—2and 1 <b<p-—1. Then

(p min{a, b} + max{a,b} + 1, ifb#a+1,
2 4+ alp+1), if plag, is peu ramifice
k) = and b=a+1,
if is trés ramifiée
p+1+a(p+1) Plag,
and b=a+1,

where peu ramifiée (resp. trés ramifiée) is in the sense of Serre in
[Ser87].1

"We say an extension of € by the trivial character is peu ramifiée if the extension class



1.1.2 Serre weights

Under an algebraic reinterpretation of the weight, we revisit the weight part

of Serre’s conjecture in terms of the cohomology of arithmetic groups.

Let Sym"ﬁi be the n-th symmetric power of the standard representation of
GLy(F,) on ﬁi and det : GLa(FFp) — T’ be the determinant character. The

irreducible algebraic representations of GLg are given by
det! ® Sym*~2,
where k£ > 2, and the resulting E)—representation

Vig = det! ® Symk_Qﬁi,

of GLa(F)) is irreducible if and only if 2 <k <p+ 1.
Definition 1.1.1. A Serre weight is an irreducible F,-representation of GLa(F)).

Let N > 0 be an integer prime to p and
Di(V) = {(25) € STa(@) | (25) = (33) mod N}

We say p is modular of weight £ > 2 and level N if p >~ p, for some Hecke
eigenform f of weight k(> 2) and level I'; (), where p; is the mod p reduction

of the Galois representation associated to f.

Let V be an F,-representation of GL2(F,). We have a natural action of the
Hecke algebra of I'1(N) on HY(I';(N), V), where I'1(N) acts on V via projec-
tion to SLg(F,). The Eichler-Shimura isomorphism implies that p is modular
of weight k and level N if and only if the Hecke eigensystem of p appears in
H! (Fl(N),Symk_QFZ). We further deduce that p is modular of weight k if
and only if the corresponding Hecke eigensystem appears in H*(I'y(N), V), for
some Jordan-Hélder factor V' of Symk_2ﬁ§.

Definition 1.1.2. Let W (p) be the set of Serre weights such that the Hecke
eigensystem of p appears in H'(T1(N),V) for some N prime to p.

To determine all the weights k(> 2) such that p is modular of, it suffices to work
out the finite set W(p). As in [BDJ10, Theorem 3.17], W(p) is determined

lies in Z; /(Z) )P under H'(Gq,,w) ~ Q) /(Q;)? by the Kummer isomorphism; otherwise,
it is called trés ramifiée.



by the local Galois representation as follows. Up to a twist, p[;, has the

b
form (? 8&,) (if plag, is irreducible) or (é‘g ) (if plag, is reducible), where
2

1<b<p-1.

e 0

(i) Suppose p|f, ~ (O pr> , where 1 <b<p-—1. Then
2

Wi(p) = {Symb_lﬁi, detb_lsym”_bﬁi}.

b
(ii) Suppose P|G@p ~ (g :) and plr, ~ <2 i) , where 1 < b <p-—1
Then

— if 1 <b<p-1and
{Sym"'F, posrepm o
P|GQP is non-split,
— _ if 1<b<p—2and
{Symb_llﬁ';, detbSymp_Q_bIE‘;}, ' .p . o
p|GQp is split,
ifb=p—2,p>3 and
p|(;@p is split,

=2
{SymP~2F 1, ifb=p—1,p> 2,
W(p) = P

{Symp_g’?z, detp_2Symp_1E2,, detP—2},

{SympleQ} if b= 1’ X =¢€ and
pJo . s, n,
p|GQp is trés ramifiée,
ifb=1,p> 3 and
P|GQP is split,
ifb=1,p=3 and
p|GQp is split,
{Sym? _1E2), 1}, otherwise.

{Symp_lﬁi, 1,det! Symp_?)ﬁi},

{ SmeE%, 1,det! Smeﬁi, det!},

Moreover, we have V' € W(p) if and only if det®* ® V € W(c* ® p) for any
a € 2.

1.1.3 Edixhoven’s refinement

Let $ be the upper-half plane and N > 5 be an integer coprime to p. Let
Yi(N) :=T1(N)\$ be the modular curve of level I'y (V). Define a functor F
from Z[1/N]-schemes to sets as follows: for a scheme S over Z[1/N], let F

be the set of isomorphism classes of pairs (E, P), where E is an elliptic curve



over S and P is an element of E(S) of order N. Then F is representable by
a smooth scheme ) (N) over Z[1/N]. If S = C, we have a natural bijection
Vi(N)(C) = Yi(N). We have a canonical compactification Vi (NN) of Yi(N)
defined using generalised elliptic curves. Let £ be the universal generalised

elliptic curve, e : Y;(IN) — & be the zero section and w = e*Q}f/yl*(N)'

For a Z[1/N]-algebra R, we define the space of modular forms of weight k£ > 1
and level I'1 (V) over R to be

My (N, R) = HO(V; (N) g, wg").

In particular, we call My(N,F,) the space of mod p modular forms of weight

k and level I'1(N). If k > 2, we have a natural surjective map
My(N,Zp) @ Fy — My(N,Fp),

i.e. every mod p modular form of weight £ > 2 can be lifted to characteristic 0.
Moreover, it is known that there exists non-liftable weight one mod p modular
forms (such non-liftable example first found by Mestre in [Edi06, Appendix
Al).

The Galois representation associated to a mod p eigenform of weight one and
level prime to p is unramified at p and the converse holds when p > 2, by
the work of Coleman and Voloch [CV92], Gross [Gro90], and Wiese [Wiel4].
Therefore, we make the refinement to k(p) by replacing k(p) with 1 if p is

unramified at p.

1.2 Generalisation of the weight part of Serre’s con-

jecture

There has been a significant amount of work on the generalisations of the
weight part of Serre’s Conjecture based on an algebraic reinterpretation of the

weight.

e The generalisation of the weight part of Serre’s Conjecture in the con-
text of Resp/g GLg was formulated by Buzzard, Diamond and Jarvis in
[BDJ10] under the assumption that p is unramified in F', where F is a
totally real field. It was then generalised to the case when p is ramified
in F' by Schein in [Sch08|, and Gee in [Geell].



e In another direction, the formulation of the conjecture in the context of
GL,, over Q was initiated by Ash and Sinnott in [AS00|, and also by
Ash, Doud and Pollack in [ADP02], where they focused on GL3. It was
then generalised to tame n-dimensional Galois representations by Herzig
in [Her09]. Herzig and Tilouine also formulated the conjecture for GSp,
over Q in [HT13]. The most general formulation to date was given by
Gee, Herzig and Savitt in [GHS18| on connected reductive groups over

Q unramified at p.

Now we focus on the formulation given by Buzzard-Diamond-Jarvis. Let
p: Gal(F/F) — GLy(F,)

be a continuous, totally odd, irreducible representation. Let V be an Fp—
representation of GLo(Op/pOF), where Op is the ring of integers of F'. There
is a notion of p being modular of weight V' in [BDJ10| in the sense that p
arises in the étale cohomology of a certain quaternionic Shimura curve over F
with coefficients in a lisse sheaf associated with V. It was proved in [BD.J10]
that p is modular of weight V if and only if p is modular of some Jordan-
Holder factor of V. Then to determine the weights V' for which p is modular,
it suffices to consider the weights V' that are irreducible as representations of
GL2(Op/pOr) which we call Serre weights.

Buzzard, Diamond and Jarvis defined a set WBP7(p) of Serre weights in terms
of the restriction of p to the inertia groups at primes of F' above p, and conjec-
tured that the weights contained in WPBPJ(p) are the Serre weights for which
p is modular, under the assumption that p is modular of some weight. Un-
der mild Taylor-Wiles hypotheses, the Buzzard-Diamond-Jarvis conjecture was
proved for p > 2 in [BGG13] and [GLS14] for a version of the conjecture for
unitary groups, in [GK14] and [New14] for the case of indefinite quaternion
algebras, where [GK14| also treated the case of definite quaternion algebras,
and in [GLS15| which included the case when p is ramified in F'.

Theorem 1.2.1. (BDJ conjecture, [GLS14; GLS15; GK14; Newl/]) Let p be
an odd prime and F a totally real field in which p is unramified. Let p : Gp —

GL2(F,) be a continuous representation that is modular of some weight. If p

is modular of a Serre weight o, then o € WBPJI(p).

Now assume that p|GF(Cp) 1s irreducible, and when p = 5, further assume that
the projective image of p in PGL(F5) is not isomorphic to As. If o € WBPI(p),

then p is modular of weight o.



While the description for the predicted set WBPJ(p) in [BDJ10] is explicit, it
is not practical for computations when p is a non-split extension of characters,
where the description for WBPJ(p) is in terms of the reduction modulo p of
certain crystalline extensions of characters. An alternative recipe was given in
[DDR16], where they defined a more computable set WAH(p) in terms of local
class field theory and the Artin-Hasse exponential. They conjectured that it
agrees with WWBPJ(p), which was later proved by [Cal +17].

1.3 Geometric Serre weight conjecture

It is also natural to consider a generalisation of Edixhoven’s refinement conjec-
ture for a totally real field F' of degree d > 1. However, the geometric variant
on the weight part of Serre’s Conjecture generalizing Edixhoven’s refinement is
much less studied than the algebraic versions. Viewing mod p Hilbert modular
forms as sections of certain line bundles on Hilbert modular varieties in charac-
teristic p, Diamond and Sasaki formulated a geometric Serre weight conjecture
for p unramified in F in [DS22|, and generalised it to the ramified case in their

forthcoming paper |DS].

We have the notion of p being geometrically modular of weight (k,l) in the
sense that p arises from a mod p Hilbert eigenform of such weight, where
(k,1) € Z¥ x Z* and X denotes the set of embeddings of F' < Q. In this

geometric setting, Diamond and Sasaki conjectured the existence of a minimal

weight lying in the cone E:gm of which p to be geometrically modular, where
=t = B NZE
—min —min >0

Emin = {k € Zgo | pkr > k-1, forall T € B},

oT?

and being minimal is in the sense of a partial order given by the weights of

partial Hasse invariants.

Conjecture 1.3.1 (Diamond-Sasaki). Let p : G — GLo(F,) be irreducible

and geometrically modular of some weight. For anyl € Z*, there exists kpyin =
_l’_

min”

Emin(p, 1) € = such that the following are equivalent for any k € =
e p is geometrically modular of weight (k,1);
® k >Ha Kkmin;

® plgy, has a crystalline lift of Hodge-Tate type (k; +1r,lr +1)7ex, for all

10



vlp.

_l’_

The appearance of knin € =,

+

min’

in the conjecture is necessary. In particular,
without assuming ki, € = Robin Bartlett pointed out a counterexample

to the p-adic Hodge-theoretic implications.

1.4 Relation between algebraic modularity and geo-

metric modularity

In this thesis, we discuss the conjectural relation between the two notions of
modularity in [BDJ10] and [DS22], under the assumption that p is unramified
in F', which allows one to transfer the results on the weight part of Serre’s Con-

jecture in Buzzard-Diamond-Jarvis to the geometric Serre weight conjecture.

We say p is algebraically modular of weight (k,l) € ZgQ x Z* if it is mod-
ular of weight Vi _x_; in the sense of [BDJ10], where Vj,,, denotes the F,-
representation of GLa(Op/pOF) of the following form

@ (detff]f ® Symﬁ_QF;) ,

where GL2(Op/pOr) acts on the factor indexed by 7 via the homomorphism
to GLa(F,) induced by 7. Our definition for algebraic modularity is different
from [DS22, Definition 7.5.1] by a twist by determinant because our convention
for Hecke action does not include the Tate twist as in [DS22, §4.3].

Conjecture 1.4.1 (Diamond-Sasaki). Let p : Gal(F/F) — GLy(F,) be an
irreducible, continuous, totally odd representation and (k,l) € ZgQ x 7>, If
p is algebraically modular of weight (k,1), then it is geometrically modular of
weight (k,1); the converse holds if in addition k € =

min*

When k; > 2 has the same parity for all 7, it has been proved in [DS22] that
p being algebraically modular of weight (k,[) implies geometrically modular of
the same weight, and the result was generalised to non-paritious weight in [DS].
The other direction of the conjecture is much harder and very little result has
been established. In this thesis, we focus on the harder direction and prove the
following result when p totally splits in F' (see Theorem 4.2.4), which (under
a mild hypothesis) proves Conjecture 1.4.1 in the case p > min{5, [F' : Q|}
totally splits in F.

11



Theorem A. Let p > d, p > 3 and F be a totally real field in which p
totally splits. Let p : Gp — GLa(Fp) be an irreducible, continuous, totally
odd representation. If p = 5, assume that the projective image of p is not
isomorphic to As. If p is geometrically modular of weight (k,l), where k. > 2

for all T, then p is algebraically modular of weight (k,1).

We also treat the quadratic inert case (see Theorem 4.3.4), which (under a
mild hypothesis) proves Conjecture 1.4.1 in the case p > 3 and F' is a real

quadratic field in which p is inert.

Theorem B. Let p > 3 and F be a real quadratic field in which p is inert. Let
(ko, k1) € 5. NZ2, and (lo, 1) € Z2. Let p: Gp — GL2(F,) be an irreducible,

min >
continuous, totally odd representation. If p = 5, assume that the projective
tmmage of p is not isomorphic to As. If p is geometrically modular of weight

((ko, k1), (lo,11)), then p is algebraically modular of weight ((ko, k1), (lo,11)).

As an application, we can use Theorem B to prove the partial weight one
geometric Serre weight conjecture (see Corollary 4.3.7) in the inert quadratic
case, which strengthens [DS22, Theorem 11.4.1].

Theorem C. Let p > 3 and F be a real quadratic field in which p s inert.
Suppose 2 < k1 < p and p : Gp — GLa(F,) is irreducible and modular. Assume
that p|GF(Cp) 1s irreducible, and when p =5, further assume that the projective
image of p in PGL(F5) is not isomorphic to As. Then p is geometrically
modular of weight ((1,k1),(—1,—1)) if and only if P’Gpp has a crystalline lift
of Hodge-Tate type ((0,k; — 1),(0,0)).

We now give an outline of our approach for Theorem A and Theorem B. Let p
+

be geometrically modular of weight (k, ), where (k, 1) € ZgQ xZ¥ and k € =, .
If (k,1) is a paritious weight in the sense that k, + 2l is independent of 7 for
all 7 € X, to prove p being algebraically modular of weight (k, ), it suffices to
show the liftability of mod p Hilbert cusp forms of weight (k, ) to characteristic
zero. However, if (k,1) is non-paritious, there does not exist a Hilbert modular
form of this weight in characteristic zero, so we cannot talk about liftability.
The way around it was specified in |DS|, where they consider twisting by a
non-algebraic character £ which exists in characteristic p but not necessarily
in characteristic 0. For any mod p Hilbert modular form of weight (k,1), there
is a twisted form of weight k& whose Hecke action is twisted by £ o det (as in

(2.17)) and there are forms of such weight in characteristic zero.

The cohomology vanishing has been discussed in [LS11| for parallel weights

12



over the special fibre of PEL type Shimura varieties, and they improved the
result to the weights that are not far from being parallel (different from parallel
weights by a “p-small” part) in [LS13]. We adapt the method in [LS11]| and
then prove a cohomology vanishing result (Theorem 2.6.5) for not necessarily
parallel weights over the special fibres of Hilbert modular varieties. The key
ingredients are the vanishing theorem of Esnault-Viehweg and the ampleness
result of the line bundles over the special fibres of Hilbert modular varieties
proved by Deding Yang in [Yan23]|. Then the liftability for weight k forms is
directly given by the cohomology vanishing, if k satisfies

p(kr —2) > k-1, — 2, forall 7 € X. (1.1)

Suppose k satisfies the above numerical condition. The Hecke eigensystem of
the twisted mod p representation £®p can be lifted to characteristic zero, which
corresponds to the Hecke eigensystem of some definite quaternionic automor-
phic forms or the cohomology of some Shimura curves by Jacquet-Langlands
correspondence, then we take the mod p reduction and twist by €1, hence we

obtain p algebraically modular of weight (k,1).

We now treat k € . NZZ, that does not satisfy (1.1) with a weight shift-
ing method. Let Ha, denot_e the partial Hasse invariants and ©., denote the
partial Theta operators, where 7 € 3. Suppose p arises from a mod p Hilbert
modular eigenform f of weight (k,1). We consider another eigenform f' =
[I,cs Hal" O!r f with same Hecke eigensystem, where s,,t, > 0, and in partic-
ular, we choose s, and t; such that f’ has weight (k’,1"), where k' satisfies (1.1).
Note that we can choose f so that f’ is non-zero by [DS22, Lemma 10.4.1].
Then p is algebraically modular of weight (k’,1’) by the liftability result, and
hence is modular of a Jordan-Holder factor of Vi _j . Similarly, we can
take another eigenform f” = [ .y, HaZ O f by wisely choosing u,,v; > 0,
so that weight (k”,1") of f” satisfies (1.1) and Vi _pr_p» has some Jordan-
Holder factors that are not given by those of Vis _j/_y. Using the Grothendieck
group relation in [Red15|, we can compute the set of Jordan-Hélder factors
JH(Viy _pr—r) and JH(Vjy _gw— ) explicitly. By Buzzard-Diamond-Jarvis con-
jecture WBPI(p) N JH(Viy _pr—p) # @ and WBPI(p) N JH(Vir _pr_n) # @,
which allows us to compute all the possibilities of WBP7(p) by the explicit
recipe in [DDR16]. We observe that for the case when p totally splits, we always
have JH(V _x—;) N WBPI(p) £ & for any of these possibilities of WEPI(p).
When p is inert in the real quadratic field F', we also have the observation
JH(Vi—g—1) NWBDPI(p) £ & if k; < p for all 7 € X. Then p is algebraically

13



modular of weight (k,[) by Buzzard-Jarvis-Diamond conjecture if it satisfies a
mild Taylor-Wiles hypotheses; otherwise, p is an induction of a character of a
quadratic extension F’/F that is ramified at p, and a further analysis gives al-
gebraic modularity of weight (k,1) if p > 5. We remark that the weight shifting
method encounters a difficulty for weight £ = (2,p + 1) in the inert quadratic
case, where the obstruction comes from a common Jordan-Hoélder factor con-
tained in both JH(Vys _p—y) and JH(Vjr _gr_y) which is not in JH(Vy _p—;)

and we don’t know how to rule it out.

We treat the remaining weights in the inert quadratic case by restricting the
Hilbert eigenform f that gives rise to p to a stratum of the mod p Hilbert
modular variety. We recall the Goren-Oort stratification on mod p Hilbert
modular varieties described by Tian and Xiao in [TX16], which identifies a
stratum with a P'-bundle over the quaternionic Shimura variety associated to
a quaternion algebra B over F. In particular, B is a definite quaternionic
algebra in the case when p is inert in the real quadratic field F. Assume
k = (ko k1) € 1., where k1 > ko > 2. By restricting f to the zero locus
of the partial Hasse invariant Ha,,, we obtain a definite quaternionic form f?
whose Hecke eigensystem also gives rise to p. It shows that p is algebraically
modular of another weight (k?2,17), where the weight (k”,7) can be computed
explicitly by the description of Goren-Oort stratification. If k is relatively big
in the sense that pkg > ki > p + 1 (note that (2,p + 1) satisfies it, but
the weights dealt by weight shifting method don’t), the Grothendieck group
relation shows that Vs _;5_;5 is a subquotient of Vi _j_, which proves that

p is algebraically modular of weight (k,1).

For an arbitrary totally real field F' in which p does not split, we expect the
above two methods: weight shifting and restricting strata would also work (at
least to give partial results), but some amount of work might be needed. For
the weight shifting method, we require explicit computations of the Jordan-
Hélder factors of Vi and of the set WBPJ(p), while the way they are done
now is kind of ad hoc, so we want a more systematic way to do it. For the
method using the description of stratifications, we expect an induction process
on the number of infinite places where the quaternion algebra is ramified,
which can lead to a generalisation of the geometric modularity with respect to

an arbitrary quaternion algebra over the totally real field F'.
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Chapter 2

(Geometric Hilbert modular

forms

In this chapter, we recall the definition of Hilbert modular varieties and their
minimal and toroidal compactifications, the description of Goren-Oort stratifi-
cation on mod p Hilbert modular varieties, and the definitions and properties
of Hilbert modular forms in characteristic zero and characteristic p. We also

discuss the liftability of Hilbert cuspforms in characteristic p.

2.1 Hilbert modular varieties of level prime to p

Let p be a rational prime. We fix an algebraic closure Q of Q and an algebraic
closure @p of Qp. Fix embeddings Q— @p and Q — C.

Let F(# Q) be a totally real field in which p is unramified, Op be the ring
of integers of F', 0 be the different of F' over Q. Let Op, be the p-adic
completion of O and OF ;) be the localization of F' at p. Let O r denote the
profinite completion of O and @Ef) denote the prime-to-p completion. We let
Apg = @F ® Q denote the finite adeles of F', and Ag} = @g) ® Q denote the

prime-to-p finite adeles. Let d := [F : Q).

We identify the set of embeddings ¥ = {F — Q} with X, = {F — R},
Yp = {F = Q,} and ¥, = {Op — F,}. For a prime v in F above p, let
F, = Op/v, f, = [Fy, : F,], and %, be the subset of embeddings {F, — F,},
which can be identified with the set of embeddings in X, that factor through

Op/v. Then ¥ =3, = [ 2o We will use bold font for a tuple in 7>

15



with same numbers, for example, 0 := (0,0,---,0). For (k1) € Z* x Z* and
€ OF, we denote pF+2 =[] s 7(p)kr+2r.

Let L be a finite extension of Q, in @p that is sufficiently large to contain the
image of F' under every embedding in X. Let O be its ring of integers, w a

uniformiser and E its residue field.

Let U = UPU, be an open compact subgroup of GLa(Ag¢) such that UP C
GLQ(A;?)f) and U, = GL2(Op,;). Moreover, we assume U? is sufficiently small
in the sense that |[DS22, Lemma 2.4.1] holds for U, which will guarantee the

action of
2
(O .+ /UNOF))

is free on Y77, as we will see below.

Let Y77/O be the fine moduli scheme of level U defined as in [Dia23, §2.2].!
More specifically, we consider the functor which associates to a locally Noethe-

rian O-scheme S the set of isomorphism classes of tuples (4, ¢, A, n) such that
(i) s: A— S is an abelian scheme over S of relative dimension d;

(ii) ¢ : O — Endg(A) is an embedding such that 5*9114/5 is a locally free
OFr ®z, Os-module of rank one;

(iii) A is an Op-linear quasi-polarisation of A such that for each connected
component S; of S, A induces an isomorphism ¢;0 ®p, Ag, — AY% for
some prime-to-p fractional ideal ¢; of F'; where 0 is the different of F' over
Q;

(iv) nisalevel UP structure on A. More precisely, we choose a geometric point
s; on each connected component S;, 77 is a collection of 1 (.S;, s;)-invariant
UP-orbits of @g)—linear isomorphism 7; : (@gj))Q = 0 ®op T(p)(Asi),
where T() denotes the product over ¢ # p of the f-adic Tate modules,

and g € UP acts on 7; by right multiplication by g~!.

As explained in [Dia23|, if UP is sufficiently small, then

e If o is an automorphism of a triple (A,¢,n) over a connected scheme S,
then o = «(p) for some p € U N OF;

!The Pappas-Rapoport model in [Dia23] is for more general cases where we allow ram-
ification of p. It includes a datum F* of a collection of Pappas-Rapoport filtrations which
is an increasing filtration Orp @w (0 /p),» Os-submodules of (5.2} ,5)-, where p[p and
7:Op/p < Fp. In the case when p is unramified in F, (S*Qi‘/s)f is a locally free O ® Os-
module of rank one, so the Pappas-Rapoport filtrations are automatic.
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e If in addition —1 ¢ UNQO3, then the functor above is representable by an
infinite disjoint union of quasi-projective schemes of relative dimension

d over O, which we denote by ?U.

The scheme Yy admits an action of O;(p)Jr, such that ¥, - (A,.,,\,n) =

(A, v, u),n) for p € OF ®) Note that (Uﬁ(’);)2 acts trivially. Since U

L
is sufficiently small, the resulting action by the quotient O ()t /(UN (’);)2 is

free on f’U, by [DS22, Lemma 2.4.1].

Definition 2.1.1. We define the Hilbert modular variety of level U to be

Yy = (O;,(p)7+/(U N O;)Z)\?U'

Let € € (Agf)f)x/ (detUp) (Z(p))x and 175 denote the open and closed sub-
scheme of Yy which consists of isomorphism classes of (A4, ¢, A\, n) satisfying the

following commutative diagram as in

0 (OF) x (OF))? —L— aff)
M Xﬂii l€®C
TO(A,,) x (0 x0, TP(A,,)) AR (2.1)

1x )\l lTrF/Q

T()(A,,) x (Q @ TW(AY)) WL, AP)(1),

where ¢ : Z(p) = Z(p)(1) is a fixed isomorphism. Note that }75 is a PEL
Shimura variety associated to the preimage of G, under det : Resp/g GL2 —
Resp/qg Gm. Then Yy is an infinite disjoint union of PEL Shimura varieties

Yo =[]
for e € (A} /(detU?) (Z®)) "
Considering the action of (’); ()4 Ve have {/U is a union of the orbits of finitely

many 17[} and the stabiliser of each Y5 is the finite group
Gy = (0F, Ndet(U))/(UNOF)>.
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Let € be a finite set such that Yy = [Hece (O o)) (}75) Then

Yy =[] Gu\Y5.

ec&

Although Hilbert modular varieties Yy are of abelian type, not PEL type,
each of its connected components admits a finite étale projection from a PEL

Shimura variety. Therefore, Yy is smooth and quasi-projective over O.

Remark 2.1.2. The relation between }75 and the model constructed in Lan’s
thesis is explained in [Dia24]. The scheme }75 is isomorphic to My o in [Lani3/
with O = {p}, L and H as in [Dia24, §2.4].

The definition for Yz in Definition 2.1.1 coincides with the definition in [DS22],
where Yy is defined to be the disjoint union of the finite quotient of c¢-polarised
Hilbert-Blumenthal moduli schemes (to be specified below), for prime-to-p

ideals ¢ run through the representatives of the narrow ideal class group.

Let ¢ be a fractional ideal of F' and N > 3 be an integer prime to p. A ¢-
polarised Hilbert-Blumenthal abelian variety with level N structure over an
O-scheme S is a tuple (A, 7, \,n) such that

(i) A/S is an abelian scheme of relative dimension d;
(ii) ¢: Op — Endg(A) is a ring homomorphism;

(iii) A : (e cq) =~ (Sym(A/S),Pol(A/S)) is an Op-linear isomorphism such
that the induced map A®o, ¢ — A is an isomorphism, where Sym(A/S)
denotes the étale sheaf whose sections are symmetric Op-linear mor-
phisms A — AY and Pol(A4/S) the subsheaf of Op-linear polarisations;

(iv) n: (Op/N)? ~ A[N] is an Op-linear isomorphism.

The functor which associates to a O-scheme S the set of isomorphism classes

of the tuples above is representable by a smooth O-scheme denoted by Y, n.

Let U(N) := ker(GLg(@F) — GL2(Op/NOF)). Suppose N is prime to p.
Then Y; y can be identified with the disjoint union of finitely many }N/[j( N) for €
whose corresponding fractional ideal is ¢, where € € (A(P{z)f) */(det(U(N)P)) (2@)) .
Let O}X,Hr act on Yy by sending (4, ¢, A, 1) to (A, ¢, v\, n) for v € O§7+. Let T

be a set of representatives of the narrow ideal class of F' consisting of prime-to-p
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fractional ideals. Then we can identify Y7y with the finite disjoint union

H Yen/Guny-

ceT

Let GLQ(@F) act on Y n through the projection GLQ(@F) — GLo(Op/NOp),
where GL2(Op/NOpr) acts by sending (A,¢,A,n) to (A,¢,\,nor,-1) where
u € GLa(Op/NOF) and r,-1 denotes right multiplication by v~!. The action
of V2 € OPXPr on Yjn coincides with the action of v, € GLQ(@F), where

v € Of and Iy is the two-by-two identity matrix.

Choose an integer N > 3 coprime to p such that U(N) C U. Denote

Gun = (Of, % U)/{(*u) | ve O uecUu=puly mod N},

)

which is a finite group. Then we can identify Y with

[ Yen/Gue)-

ceT

By [DS22, §2.6], there is a bijection between the set of geometrically connected
components of Yy and (Ap¢)*/Fdet(U). In particular, if U = Uy (n) for some
ideal n prime to p, then detU = @; and the set of connected components of

Yy is in bijection with the strict class group CI(F)™* of F, where

c

b _ _ .
Ui(n) = {(a d) € GLy(Op) | c € nOp,d—1 € nop}.

2.2 Toroidal and minimal compactifications

The toroidal and minimal compactifications of the Hilbert-Blumenthal moduli
spaces have been discussed in [Rap78| and [Cha90]. The arithmetic compact-
ifications of Hilbert modular varieties of level I'; (¢, n) are studied in [Dim04].
A general theory for compactifications of Shimura varieties of PEL type is
studied in [FC90| and more recently in [Lanl3].
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2.2.1 Cusps

Definition 2.2.1. Let U = UPU, C GLa(Ap¢) be a sufficiently small open
compact subgroup such that U, = GL2(OFyp). We define the set of cusps Y7°
(resp. 17(?0) of Yu (resp.Yy) as in [Dia23, §7.1]. Let

Y5 := P(F)+\ CLa(Arg)/U = P(Op )+ \ GLa(AE}) /UP

be the set of cusps of Yy, where P denotes the subgroup of GLo consisting of
upper-triangular matrices and + denotes those with totally positive determi-

nant. Let
V% = Pi(Op )\ GLa(AL)) /U7

be the set of cusps of ?U, where Py denotes the subgroup of GLgy consisting of

upper-triangular matrices with determinant one.

Remark 2.2.2. The natural surjection }750 — Y5° identifies Y7° with the the
quotient of Yi7° by the left action of P(Op p)+/P1(OF,p)) = (’)X’(p)’Jr,
(OFNU)? acts trivially, but O}, ®) L/(OFN U)? does not necessarily act freely
on 37[30 (cf. [Dia23]).

where

As explained in [Dia23, §7.1], we have a natural bijection between Y;7° and the

set of isomorphism classes of tuple (H, I, [\], [n]), where
(i) H is a projective Op-module of rank two;
(ii) I is an invertible submodule of H such that J := H/I is invertible;

(iii) [A] is a prime-to-p orientation of /\%FH ~I®o,J =1J,ie. an OIX?,(p),—i—_

orbit of isomorphisms

~

A2
A /\OF,(p)H(P) — OF,(P)'

(iv) [n] is a level UP-structure on H, i.e. a UP-orbit of @Ef)—linear isomor-
phisms

~

n: ((’)}@)2 = @g}) ®op H.

We also have an OIX,( -equivariant bijection between }750 and the set of

p)+
isomorphism classes of tuple (H, I, \,[n]), where H, I, \ and 7 are defined as
above. Moreover, such a bijection is compatible with the bijection describing

o
Y5° above.
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Remark 2.2.3. (cf. [Dia23, §7.1]) If U = U(1) = GLy(Op), then there is a
bijection between the set of cusps Yﬁ?l) and Clj x Clp, where Clg and CIJIS
are the ideal class group and narrow ideal class group of F, respectively. In
particular, there are only finitely many cusps for any open compact subgroup

U, since the projection
Y = P(F)4\ GLo(Aps) /U — P(F)3\ GLa(Apg)/ GLa(OF) = Y5

gives a finite to one map.

2.2.2 Toroidal embeddings

We recall some definitions and properties of toroidal embeddings (cf. [Kem-+73],
[Lan13, §6.1]).

Let T = Gg@,s be a torus over a scheme S. We let
X :=Homs(T,Gn,3)

be the character group of .S, which is an étale sheaf of finitely generated abelian
groups. Let
X" :=Homg (G, T)

be the group of cocharacters of .S, which is an étale sheaf of finitely generated

(free) abelian groups. There is a perfect pairing
(,): XxX*"—Z.

Denote X := X* ®z R and X@ = X*"®z Q.

Definition 2.2.4. We define the (nondegenerate, rational polyhedral) cones in
Xg as follows.

1) A cone in X35 is a subset that is invariant under the natural action o
R
Ryg.

(ii) A cone in X3 is nondegenerate if its closure does not contain any nonzero

R-vector subspace of Xg.
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(111) A rational polyhedral cone in X is a cone o of the form

n
0 = E IR>Ov’i7
=1

where v; € X@.

Definition 2.2.5. A supporting hyperplane H of o is a hyperplane in Xy such

that o lies entirely on one side of H.

Definition 2.2.6. A face of o is a rational polyhedral cone o' such that o' =
a N H for some supporting hyperplane H of o, where & denotes the closure of

g.

Definition 2.2.7. Let o be a rational polyhedral cone in Xg. Define & to be
g:={reX|(x,y) >0,Vy €0}

Definition 2.2.8. Let I' be a group acting on X and hence on X*. We have

the following definitions.

(i) A T'-admissible rational polyhedral cone decomposition of a cone o in Xg

is a collection ¥ = {0;};c) (where J is an index set) such that
(a) Every oj is a nondegenerate rational polyhedral cone;

(b) 0 =1l;e,0), and for every j € J, the closure of o in o is a disjoint

union of some oy’s for k € J.

(¢) X is D-invariant (i.e. T'-X = X ) and there are only finitely many
I'-orbits.

(it) A rational polyhedral cone o in Xg is smooth if

n
o = E IR>0Ui7
=1

where vy, -+ ,Vn 18 a part of a Z-basis of X*.

(i) A T'-admissible rational polyhedral cone decomposition ¥ = {o;}cy of a

cone o in Xy is smooth if o is smooth for every j € J.

Let M be an T-torsor over a scheme Z. As in [Lanl3, §6.1.2], we have a
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decomposition of Oy

OM = @xeXoM,x,
where Oy, is the invertible sheaf of y-eigenspaces under 7T-action with iso-
morphisms
OMx ®0; Ormy = OMx+x' (2.2)

which gives the structure of Oy as an Oz-sheaf of algebras.

Definition 2.2.9. ([Lanl13, Definition 6.1.2.3]) For any rational polyhedral
cone o in X}, the affine toroidal embedding M(o) over Z along o is defined

to be the relative affine scheme

M(o) = Specoz< EB OM,X)7

x€onX

where Byesnx Om,y has the structure of an Oz-sheaf of algebras given by the

isomorphisms in (2.2).
Hence, the T-action on M extends naturally to M(o).

Lemma 2.2.10. ([Kem+73, Theorem 3], [Lanl3, Lemma 6.1.2.4]) If o’ is a
face of o, then there is a canonical T -equivariant embedding M(c') — M(o)

defined by the natural inclusion of structural sheaves.

Let ¥ = {0j};7cy be a I'-admissible rational polyhedral cone decomposition
of a cone . Then we can glue the affine toroidal embeddings M(c;) by
Lemma 2.2.10. We denote the resulting scheme by My, which is called the
toroidal embedding of M defined by X.

As in [Lan13, Theorem 6.1.2.8], My has the following properties:

(i) My is separated and locally of finite type over the base scheme Z and

contains M as an open dense subscheme.

(ii) My contains M as an open dense subscheme and the 7T-action extends

to My which makes M < My being T-equivariant.
(iii) T acts on My by sending M(c;) to M(yo;) for v € T.

(iv) If the cone o; is smooth then M(c;) is smooth over Z; if the cone

decomposition ¥ is smooth, then My is smooth.
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2.2.3 Toroidal compactification

We recall the explicit construction of toroidal compactification due to Rapoport

[Rap78] (see also [Cha90]).

For simplicity, we assume U = U(N) in this section, where N > 3 is an integer

prime to p. We also assume O contains the Nth roots of unity.

Let C := (H, I, )\, [n]) be a cusp of Yy. Recall that J := H/I. We denote

Me :=Homp, (I,07'J) =011,
M} = Hom(M,Z) = Homp,, (J,I) = J I,

We have the positivity on M¢ induced by the orientation of I ®p, J.

By |Rap78, Lemme 4.2|, we can choose a collection ¥ = {U]C}Cef,oo el of
U k2

rational polyhedral cones such that

(i) =€ .= {J]C}je je is a smooth V32-admissible rational polyhedral cone de-
composition for (Mg @ R), U {0} for each cusp C, where

VN = ker((’)f, — (OF/NOF)X)
(ii) The assignment C + ¢ is compatible with the isomorphisms C = C’ of

the cusps.

Remark 2.2.11. Due to [Dim0/, Corollaire 7.5, we can choose ¥C to be a
smooth T -admissible rational polyhedral cone decomposition for each cusp C,

for any subgroup T' of OF .

Let C:= (H,I,\,[n)]) € }7(})0 be a cusp and J := H/I. Define
Mey =N 'r'g=N"M,

whose positivity induced by M¢. Define

RS = Ol¢™;m € Mc N,
S, := SpecR§.

For each cone O'jC where j € J¢, let Sy (O']C) be the corresponding affine toroidal
embedding of S§,. Let S N({O'JC-}) denote the toroidal embedding defined by ¢
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and

Sn({o§31)> = Sn({o5 H\SK.

Let SN({UJC})/\ be the formal completion of SN({UJC}) along SN({O']C})OO. We

have

r (SN({U]C})Aa OSN({O']C})/\> = Olq" e .4 U{0} (2.3)

and S N({O']C-})/\ JVZ is a formal scheme whose support is of finite type and

proper over O.

Lemma 2.2.12. (/Cha90, §3.4.4]) We have a canonical isomorphism
F<SN({U]’ 1) /VNvOsN({aJC})A/v]g) = (O[[q ]]mEMC,N,JrU{O})

= Z Tmq"

meMe,n,+U{0}

(2.4)
To2m = Tm,Va € Vy,m € M N+

Theorem 2.2.13. (due to [Rap78], see also [Dia23, §7.1]) There is a toroidal
compactification }N/(}Or (compactified in the sense that its infinitely many con-

nected components are proper over Q) of ?U such that
(i) Yy < ?Lt,or is an open immersion.

(ii) The set of geometrically connected components of the reduced closed sub-
scheme Do = ?ﬁor — Yy is identified with 17(?0

(iii) The completion of f’&or along the component corresponding to a cusp C

is identified with Sy ({o$})"/ V3.

(iv) The construction of the toroidal compactification also extends the univer-

sal abelian scheme A to a semi-abelian scheme A™*.

In particular, ?Lt,or depends on the choice of the rational polyhedral cone de-

compositions {X¢}¢.

Let C = (H,I,\[n]) € Yg°, J = H/I and S := Sy({o§})". We denote
& S - }N/U the natural morphism of formal schemes and Fg the field of
fractions of F(g, Og). Let ¢ : 0°1J — Fg ® 97'I be the homomorphism

corresponding to the tautological element under the canonical isomorphism
Hom(Me, F) = Homo, A F3).
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The pullback of A% to S is identified with the pullback of the Tate semi-

abelian scheme
Try=0""T0G)/7 . (2.5)

We also have the dual abelian scheme AY extends to a Tate semi-abelian scheme

(AV)tr whose pullback to S via ¢ is associated to T} J-1o1-1-

We now recall the convexity conditions on cone decompositions (cf.|[Lanl3,
Definition 7.3.1.1]).

Definition 2.2.14. Let C be a cusp of 575 Let ¢ = {o}}jey be an H-
admissible rational polyhedral cone decomposition of (Mj®@R)U{0}, where H
is a subgroup of O , . An (invariant) polarization function on (M} @R)U{0}
for the cone decomposition ¥C is an H-invariant continuous piecewise linear
function

polg : (Mg @ R)+ U{0} — Rx>o

such that
(i) pole is linear on each cone o in LC.
(11) pole(z) > 0, if x is nonzero.

111) Any rational polyhedral cone o' in ®R)L U on which pols s
A I polyhedral ! M; ®R 0 hich pole

linear is contained in some cone o; € ¥C.
(iv) pole(x + y) = pole(x) + pole(y) for any x,y € (Mg ® R)4 U {0}
We say X is projective if a polarization function pols as above exists.

The toroidal compactifications for general PEL type Shimura varieties were
considered in Lan’s thesis [Lan13]. We can apply the construction in [Lan13| for
}75 to obtain a toroidal compactification ?é’tor fore € (Ag)f) */ (detUP) (Z(P)) x
where }N/ﬁ is defined by (2.1). If we let

Y(}OY — H Y(;,tor
€

be the toroidal compactification of ?U, where € € (Agf)f)x/ (detUp) (i(p))x,
then the construction coincides with the construction due to Rapoport. We
recall the properties of 175’“” as follows (cf.|Lan13, §6.4.1, §7.3.3|):

(i) Let ¥ = {Z}¢ be a compatible choice of rational polyhedral cone de-
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composition data, where Y€ is a Ox -admissible rational polyhedral
cone decomposition for each cusp C and C runs through all the cusps of
175 We have a toroidal compactification 375’“” = )75,2 depending on the

choice of ¥ and an open immersion from 7 : }N/(j — }N/(j’tor.
(ii) If X¢ is smooth for all C, then EN/UGZ is smooth.

(iii) If € is projective (where the projectiveness is defined below Defini-

tion 2.2.14), then 1752 is projective.

(iv) There exists a compatible choice ¥ = {¥¢}¢ of Oy -admissible smooth

rational polyhedral cone decomposition data that is projective.

(v) Let X a compatible choice Oy , -admissible rational polyhedral cone de-
composition data that is both smooth and projective. The reduced closed
scheme of the complement DS, = V5" — Y is a relative Cartier divisor

with simple normal crossing.

(vi) The universal abelian scheme A® — Y5 extends to a semi-abelian scheme
e,tor y€,tor
ASYT 5 Y

We can also define the toroidal compactification of fo as
i}ctfor — H i}[;,tor’
€

which admits universal semi-abelian scheme A", where € € (A%)f) ) (detU?) (i(m) .
Such a definition is compatible with the definition of toroidal compactification
due to Rapoport. Furthermore, 1500 =11, f)go is a simple normal crossing

divisor.

Definition 2.2.15. We define the toroidal compactification (depending on the
choice of smooth projective rational polyhedral cone decompositions at cusps)
of Yy to be
vier =[] Gu\Y5,
eeE
where € is a finite set such that Yy = Heeg(ofx«“,(p),+) -(Y5) and Gy acts via
o,

Then Y}}°" is a projective and smooth scheme over O. We have an open immer-
sion 7 : Yy < Y°" and the complement Dy := Y** — Yy is a simple normal

crossing divisor that can be identified with the quotient of Do by Gy.
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2.2.4 Minimal compactification

We recall the construction of minimal compactifications of Hilbert modular
varieties due to Chai [Cha90|. We continue to assume in this section that

U = U(N) for some sufficiently large N prime to p.

Let
~._ Ad : tor /vyt _
w:=A 7-[0771(917&0r (CZG(A or /yter), Oy&or)-

Taking the global sections of W over each component of ?Lt,or yields a projective
scheme over O containing the corresponding component of EN/U as an open

subscheme.

In particular, we have the following results due to Lan’s construction of minimal

compactifications of PEL-type Shimura varieties.

(i) The minimal compactification Y;;™™ of Y5 is independent of the choice

of X. We can identify the normal projective scheme 375’““ with

Proj ( & r(?g“”,aﬁ’@")),
n>0

where

¢ = AHomo (Cie(Ae’tor/Y/é’tor), O?e,tor) .
U

o€, ,tor
Yu

(ii) We have a canonical morphism 7 : ;7' — Y™™ and an open immer-
sion 7 : Y5 < Y7™" such that 7 =7 0.

}“}e,tor

- U
L
Y© o 7
}“}e,min

U

(iii) There is a 7-relatively ample line bundle O}'}E,tor(_ﬁl’e) on Y5*, for
U

s /€ e
some divisor D"¢ supported on D¢ .

Define the minimal compactification of ?U to be
?&nin _ H ?[jJnin,
€
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where ¢ € (A}) ™/ (detUP) (Z(®) "

The action of Gy on }75 extends uniquely to an action on }75’min and the

morphism 7 : Yé’tor — Y 7™ is Gy-equivariant.

Definition 2.2.16. Let the minimal compactification of Yy be

Ygfnin _ H GU\}’}[;,min.
e

(Recall that € is a finite set such that Yy = HSES(O;,(p),—i-) . (175))

We have an induced morphism 7 : Y} — Y[}nin and an open immersion
1Yy — Y(I]nin such that + = jom:

min
YU

Let D' := [].c¢ GU\f)”E. Then D’ is a divisor whose support is the simple

normal crossing divisor D, and OYIEOr(_D/ ) is m-relatively ample.

2.3 Automorphic line bundles

Recall that we identify the set of embeddings ¥ = {F — Q} with ¥, = {F —
R}, 3, = {F — Q,} and X, = {Op — F,}. For a prime v in F above p, let
F, = Op/v, f, = [Fy : Fp], and &, be the subset of embeddings {F, — F,},
which can be identified with the set of embeddings in 3, that factor through
Op/v. Then ¥ =3, =[[,, Zv-

vlp

Let S := fo and A be the universal abelian scheme over S. Let s: A — S be
the structure morphism and e : S — A be the identity section. We have the

decomposition

Or ® Og =~ @Tezos

as a coherent sheaf of Og-algebras. Note that Lie(A/S) and its Og-dual
6*9,14/5 ~ S*QL/S are locally free of rank one over O ® Og. Hence, we

have the decomposition
1 ~
S*QA/S - @7620077
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where each w, is a line bundle on S. Similarly, we can also decompose
Lie(A/S) = @rex Lie(A/S),. There is an isomorphism

wr = Homog(Lie(A/S)r, Og)
for 7 € 3. We also have an exact sequence of locally free O ® Og-modules
0 = 5.0/ = Hir(A/S) = R's.04 =0

where H1n (A/9) is a locally free Op @ Og-module of rank two. We have the

decompositions

MHir(A/S) = P Hir(A/9)-,

TEX

NHir(A/S) = P o

TEX

Remark 2.3.1. In fact, the line bundle 5~T are free over Og, not just locally
free, as explained in [DS22, §3.4]. Let S. := Y.y and A be the universal

abelian scheme over S.. We have canonical isomorphisms

R's,04, ~ Lie(AY)S.) ~ Lie(Ac/S:) @0, ¢
~ Homog, (S*th/sc, Os,) ®o, ¢

o~ H0m0F®Osc (8*9}4(/55, ca_losc).
Therefore,
Nopaos, Hir(Ac/Se) = 8.2 5. ®0pe0s, R'$:04, = @' © Og,

is free of rank one over Op @ Og,. Hence 0, is free of rank one over Og,.

Definition 2.3.2. Let k = (k;);ex € Z* and | = (I;),ex € Z”. We denote

~Qk .__ ~Qkr O ._ S®lr
- Qa5 = @i
TEY TEY
ARt = 5%k g 6%

Let Stor .= }7[}‘” and AY™" be the semi-abelian scheme over S%' that extends

the universal abelian scheme A. The sheaf Lie(A*"/S™") is locally free over
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Or ® Ogtor, hence it admits similar decomposition as Lie(A/S). We denote

~tor

G = Homo ,,, (Lie(A™ /5*7) -, Ogror),

Stor

which is locally free Ogtor-module of rank one that extends w,. We also have
R's,04 = Lie((AY)/S) extends to Lie((AY)!r/S%r) which is locally free of

rank one over O ® Ogtor hence admits a similar decomposition. We denote

Stor .__ ~tor . V\tor ; gtor
57 = Wwr ®Ostor EZ@((A ) /S )Tv
which extends gT and is in fact a free line bundle.

Definition 2.3.3. Let k = (k;);ex € Z* and | = (I;),ex € Z”. We denote

ator,@k — ® ((’f‘;);:_or)@ﬂ%—7 gtor,(g)l — ® (gqt_or)@)h—’

TEX TEY
Ator,k,l — C~ut0r7®k’ ® 5t0r,®l'

Let C = (H,I,),[n]) € Yg° be a cusp, J := H/I and S := Sy({o§})" as in
Section 2.2.3. Let Tj ; be a Tate semi-abelian scheme as in (2.5), which is
associated to A" and Tp ;-1 571 is associated to (AY)'". We have canonical

isomorphisms as in [Dia23, §7.1]

Hom(Lie(Tr,7/S), Og) = Hom(d'1,04) = "1 © O,
Lie(Tyy17-1/8) = J 1 @ Og.

Let & : S - }7U. Then we have canonical identifications

g*a)‘tror ~ (Ifl)’r R0 O§’
&8 = (1)), ®o O

Therefore, we obtain the following trivialization of §*.Zt°r’k’l.

Lemma 2.3.4. ([Dia23, (20)]) We have a canonical trivialization of £* Ator#:l
é-*AVtOr,k’,l >~ Dk,l ®O Og’ (26)

where

Dyri= @ (172 @o (11)7)2"), (2.7)
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(Note that Dy, is free of rank one over O.)

Proposition 2.3.5. [Dia23, Proposition 7.1.1] Let U = U(N) and O con-
tain the Nth roots of unity. Let C € }7(})0 be a cusp. Due to the canon-
ical trivialization (2.6) of &*A*"*L and the isomorphism (2.3), we identify
T ((Y)e, (AfRHA) with

Z bR rmq™ | Ta2m = oFrp VYo € Vy,m e Mec N+
meMec, n,+U{0}

where b is a basis for Dy and o := [] o5 7(a)k".

Recall that Yy admits an action of (’);’(p)’Jr, such that ¥, - (4,0,A,n) =
(A, 1, uA,m) for p € O;’(p)#, and we choose the cone decomposition so that
the action extends to Y*" (due to Remark 2.2.11), which we denote by LZJZ
Let A be the universal abelian scheme of S = Yy. The identification of ;A

with A induces an Op ® Og-linear isomorphism
U HaR(A/S) = Har(A/S)
which satisfies o, = oy, 0 9y, (ayr). We hence have an isomorphism
ay - w;jk’l = Ak

which compatible with the action of O ()4 O1 Yo Similarly, we also have an

+
isomorphism

t . t\* ftor,k,l ~.  ftor,k,l
a, (1%) A — A )

Recall that the action of O ()4 O Yy factors through O o)+ /(U NOR).
The isomorphism A — zbZzA is defined by «(u™!) for p € U N O} and the
induced isomorphism a2 of Hjp(A/S) is multiplication by 7(x) and that on

AR is multiplication by p*+2,

Let R be an O-algebra. If pFt2 is trivial in R for all p € Op NU, then the
line bundle j’;l (resp. .,Zggr’k’l) descends to a line bundle .Al;%’l (resp. .Zggr’k’l) on

Yu r (resp. Y[}?ﬁz)? where the subscript R denotes the base change.

Remark 2.3.6. Assume U is sufficiently small. If k-+2l; = w is independent
of T, we call such weight (k,l) paritious, in which case we can always define
AR over O. For non-paritious weights, we will restrict to the case when R has

characteristic p.
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Proposition 2.3.7. We have the Kodaira-Spencer isomorphisms on ?U and
}N/(}"r [Dia24, §5.1], hence also on the quotient schemes Yy and Y°*:

d _Ad 1 ~ 421
QYU/O - /\OYUQYU/O = A b (28)
d d 1 ~ r,2,—1
o )0 (Do) = /\Oyém (QY&M /O(log(Doo))) >~ gtor2-1(9.0)

Now we consider the sheaves on the minimal compactifications. Recall the
open immersion 7 : fo — ?&nin and the morphism 7 : 17[}“ — EN/,}nin. The
Famin = 7O = 7.0 , and by [Lanl6,

Theorem 2.5, we have 7, A0kl =7, AR

Koecher Principle implies that O Ttor Vi
U

If U = U(N), then we have the identification of (5*./Zkl)é\ with

Z b ® T To2m = &Frm,Ya € Viy,m € Me y .+
meMe, n,+U{0}

as modules over O%}“i“,c’ by |Dia23, (22)].

Remark 2.3.8. The sheaf T AR on i}nin 18 coherent, but not necessarily in-
vertible. If we take the level U sufficiently small such that p*+2' and p! are
trivial in R for all p € U N OF, then iv AR is a line bundle on 17[?3]‘%“ In
particular, when R = E, we can choose U sufficiently small that n = 1 mod p
for all p e UNOF.

k+21

We choose U sufficiently small so that pu' and pu is trivial in E for all

p € UNOF. Denote @f}g = 1, Wg, 5;“271 = i*gT,E and ./Zgin’k’l = 5*./1%’1 The
line bundle .ergin’k’l descends to Agin’k’l on Y[}T"g’, where Agm’k’l is also a line
bundle by [Dia23, Proposition 7.2.1.]. By Koecher Principle, we have a natural

min,k,l

isomorphism W*Ator’k’l 5 A
p E E

Lemma 2.3.9. Let U = U(N) be sufficiently small such that both p*+? =1
and pt =1 in E for u € O, NU (as in Remark 2.3.8). Then the natural

map of sheaves on Y%,
T ARl Atk (2.10)

is an isomorphism.

Proof. Note that the natural map W*W*At]gr’k’l — .Atgr’k’l is an isomorphism
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on Yy . By the faithful flatness of the completion (see for example [Sta24,
Lemma 00MC]), to prove the isomorphism (2.10), we only need to show the
isomorphism of completions at each closed point on the cuspidal divisor D,
and it suffices to show the isomorphism of completions along each component
C of Do. Let ¢ be the image of C under 7 : Y1 — Y. (Then c is a point
whose preimage in Y is C.) Let 7 : (Y%5)¢ — (Y[}?El)é\ be the completion
along the cusps. Note that 7* and 7, are compatible with completion (the
latter by the theorem on formal functions), so it suffices to prove that the

natural map
R ) (AHOE = (A0

is an isomorphism. Let C € 1750 be the cusp corresponding to C' € Y;5° and
S = SN({O'JC»})/\. Recall there’s a trivialization as in (2.6) that &*Aforkl o
Dy ©00Og, where £ : S — Yy Also, recall (Y/*")s = S/Vg. Since ¢ = {jS}j
is a smooth V]\zf—admissible rational polyhedral cone decomposition, we can

descend the trivialization of §*¢2{tor’k7l to the trivialization
Ator,k,l ~
(Ator, N )é\ = Dk,l %) (O?{;Dr)é\

Since p# 2 is trivial in E for y € O, NU, it further descends to the trivial-
ization
tor,k,INA A A
(A" = Dy @ (OYI}‘“,E)C'

Since p! is trivial in E for p € OF 4+ NU, we have the trivialization

in,k,l ~
(Agln, s )é\ = Dk,l X (OY&nin,E)é\7

by the description of (z*A%l)é\ in [Dia23, §7.2] and W*A?r’k’l = z*A’;jl. Hence,
we have

s e 7k7l ~ s o

)R- (AL = Dy © (7) (7). Oy )0

Therefore, we only need to prove the result for the structure sheaf
~vk (o A A
(W)*(W)*(Oy,gor,E)c - (OYlgor,E)Ca

where the isomorphism is given by the Koecher principle 7, OYl}ory E— OYll}qin7 B
O

2As explained in [Dia23, §7.2], (1..A%")2 is identified with {ZmeN—1M+U{O} b® rmq™ |
Tyt = V'rm, Vv € VN4, m € N™'M.} for an O-algebra R, where M = Mc =2~ 'I"J
and b is a choice of basis for Dy ;.
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2.4 Hilbert modular forms

Definition 2.4.1. Let (k,1) € Z* x Z*. Let U be a sufficiently small open

compact subgroup of GLQ(@F) containing GLa(Op,). Assume pF+2 is trivial

in the O-algebra R for all p € OpNU. We define the space of Hilbert modular
forms over R of weight (k,1) and level U to be

Mk:,l(U; R) = HO(Y&O}%, Aggr,k,l)
and the subspace of cusp forms to be
Sia(Us R) o= HO(Y{Sh, AR (= Do),

In particular, if R = E, we call it the space of mod p Hilbert modular (resp. cusp)

forms.

By Remark 2.3.6, we can talk about Hilbert modular forms of paritious weights
over O, but for non-paritious weights, we will only consider forms over R, where

R has characteristic p.
Remark 2.4.2. By Koecher Principle,

HOW R, AR = HO (Yo, AR,

Definition 2.4.3. Let C € Y;5° be a cusp. For f € My;(U; R), we define the
g-expansion of f at C to be the image of f in the natural map

HO Yy p, A = HO(YVPR 0, AR — (. ABDR.

The g-expansion Principle shows that Hilbert modular forms are characterized

by their g-expansions.

Proposition 2.4.4. (q-expansion Principle)[Dia23, Proposition 7.2.2] If € C
Y5° is any set of cusps containing at least one on each component of Yy, then

the natural map

Mia(Us R) = HO(Y 0. AR — @D (A (2.11)
Cee

18 injective.
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When U = Uj(n) for some ideal n prime to p, the set of connected components
of Yy is in bijection with the strict class group CI(F)* of F. Then g-expansion
principle tells us the following g-expansion® map is injective (cf. [DS22, (19)])

M (Ui(n); R) — @ Z Pmq™ | Tm € RyTym = v b, Vv € O,
ceClU(F)*T | mecyrU{0}

(2.12)

For f € My, (Ui(n); R), we write r;,(f) to be the coefficient of g™ in the
J-component of its g-expansion in (2.12), for any J € CI(F)*.

2.4.1 Hecke operators

We follow the convention in [DS] to define the Hecke operators, which is dif-
ferent from [DS22] by a twist.

Let U and U’ be sufficiently small open compact subgroups of GLQ(@ ) con-
taining GL2(OF,). Suppose g~1U’g C U, where g € GL2(Af¢) satisfying g, €
GL2(OFp). Then for any O-algebra R, we have a morphism pg : Yir p = Yy g

defined as in [DS22, §4.1] and an isomorphism p;AZ’l = A;];’l by [DS22, §4.2].

Suppose that Uy, Us and Us are open compact subgroups of GLQ(@F) such
that gflUlgl C Uy and gglUggg C Us where g; € GLa(Apy¢) satisfying (g;)p €
GL2(OF,p) for i = 1,2. Then py, : Yy, = Yu,, pg, : Yu, = Yy, and pgq, :
Yy, — Yy, satisfy that pg, g, = pg, © pg; -

We define the R-linear map [U'gU] : My ;(U;R) — My (U';R) to be the

composite
H(Yyp, A — H (Y g, p2 A = HO(Yor gy AR, (2.13)

Suppose that Uy, Us and Us are open compact subgroups of GLQ(@F) such
that gl_lUlgl C Uy and g2_1U2g2 C Uz where g; € GLa(Apy¢) satisfying (gi)p €
GL2(OFp) for i = 1,2. Then [U1g192U3] = [U1g1Us] o [U2g2Us].

Let My (R) := @U My (U; R) and Si(R) := liﬂU Sk1(U; R). We have the
action of GLQ(A%}») on Mj,;(R) and S (R).

3This g-expansion depends on a choice of basis for the free R-module Dj; ® R of rank
one, where Dy ; is given in (2.7).
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Remark 2.4.5. The definition of GLg(Agf)f)—action on My(R) is different
from the one in [DS22, §4.2], where they have a twist by ||det(g)|| for g €

GLQ(A%}) s0 as to be consistent with classical setting.

For sufficiently small compact open subgroups U; and Us, let U’ = U;NgUxg™ .
We define
[U1gUs] : M1 (Us; R) — M1 (Un; R)

to be [U11U'] o [U’gUs), where [U’gUs] is defined by (2.13), and [U;1U’] is the

product of the index [U; N O : U’ N O] with the following composite:
H(Yyr g, A ) = HY (Yo g, pF AT ) — HO (Yo, AR ),

where the last map is the trace map.

For a place v of F such that v { p and GL2(OF,) C U, we define the Hecke
operators T, and S, on My, ;(U; R) by
» 0
U <w ) U
0 wy

vl(® %\ v
0 1

where w, is a uniformiser of Op,. (Our definitions of T, and S, different
from [DS22, §4.3] by omitting their twist by Nmp/g(v) ™' and Nmpq(v) 2,

respectively.)

Tv: 7Sv:

9

For v | p and weight (k,[) such that > s min{l +1, k- +1;} > 0, we define
the Hecke operators T, as in [Dia25, §5.4], with p~—/v4)* replacing 1* so as to

adapt to our convention.

2.4.2 Weight-shifting operators

In this section, we recall the weight-shifting operators (partial Hasse invariants

and partial Theta operators) on Hilbert modular forms in characteristic p.

Partial Hasse invariants

In the following, we define the partial Hasse invariant Ha, for any 7 € ¥ as in
[DS22, §5.1].

Let Fr denote the absolute Frobenius on Fp, Frg the absolute Frobenius on

a scheme S of characteristic p and A® the pull-back of the abelian scheme
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A over S along the the absolute Frobenius morphism Frg. The Verschiebung
isogeny Very : AP — A is defined to be the dual of the relative Frobenius
morphism AY — (AY)®),

Let § = }7(]7 g and A be the universal abelian scheme over S and s: A — S be
the structure morphism. The pull-back of Verschiebung defines an O ® Og-
linear morphism

8*9114/5 — S*Qz(m/s = Frgs*Q}L‘/S.

Note that the 7-component of Fr’gs*Q}L‘/S is canonically isomorphic to C}?ip,loﬂE,

where Fr can compose with 7 by the identification ¥ 2 ¥,,. Hence we have an

induced morphism

®p

i wFrfloT,E’

and therefore obtain a section Hay, of AFnar 0 gyer Yu e, where ky,, € Z> is

as follows:
o if Fror =, then ki, » = p — 1 and kg, v = 0 for 7/ # 7;

o if Fror ?é T, then kHaT,T = -1, k‘lHaL,—,Frf1

T # T, Frlor,

= p and kg, ~ = 0 for

oT

Note that the line bundle A*Har-0 is defined for any level U such that Y is
defined, because p*iar =1 mod w for all u € OF.

By the compatibility of the Verschiebung with basechange and isomorphisms,
the section I‘/ELU,T descends to define a mod p Hilbert modular form Hay » €
My, o(U; E). Moreover, if we have g~ 1U1g C U for some g € GLo(Ap¢) that
gp € GL2(OF)), we have

[U1gUs|Hay, » = Hay, -,

by the compatibility of Verschiebung with isogenies (cf. [DS22, §4.2]). There-

fore,
HaU:T = MkHaT,O(E) = li3‘7\4-]€Ha-r70(U; E)
U

is independent of U, so we will denote it simply by Ha, and call it the partial

Hasse invariant (associated to 7).

Proposition 2.4.6. [DS22, Proposition 5.1.1.] For any (k,1) € Z* x Z*, we

have an injective map by multiplying by Ha,
My (U; E) = Mpyypy, 1(U; B),
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which is Hecke-equivariant in the sense that it commutes with T, and S, for
v{p and GL2(OF,) C U.

Moreover, as explained in [DS22; §9.3|, the g-expansion of Ha, at the cusp
C = [H,I,[\],[n] € Y% is the constant ¢, ® 1, where tr € Dy, o is defined
by the canonical isomorphism (07 '717!'® E), = (01! ® E)i?rp,lw

partial ©-operators

Now we follow the construction in [DS22, §8| to define the partial ©-operators.

Assume U is sufficiently small and also p-neat in the sense that O N U is
contained in the kernel of reduction modulo p. Let Z be the sheaf of ideals of

SymOYU - (Bresw, }E) generated by the following sheaves of Oy;, ,-submodules:

(Ha, — 1)w§;p pfor 7€ X,

oT,

( H Ha, — 1)( ® wiFEp> for v|p.

1
TGE’U TGZ’U
Define

Y[}g = Spec (Sym@YU’E (@ wT_}E) /I> .

TEY

We have an action of (O /pOr)* on Yég over Yy g by letting u € (O /pOp)*

act on the structure sheaf of Y[}g as the Oy, ;-algebra automorphism defined

1

by multiplication by 7(u)~" on wT_}E, which is well-defined since the action is

trivial on Ha,. By [DS22, Proposition 8.1.1], Y[}g is normal, and we have a

finite and flat projection
T YeE = Yo
that identifies Yy g with the quotient of Y(}g by the action of (Op/p)*.

On Y(}g, we have fundamental Hasse invariants h, for 7 € 3 defined as follows.

The inclusion wT_}E C SymOYUE (®Tegw;};) induces an injective morphism
Thw L — O
U%rE Y[I]g
and hence gives section of w("]w;}z which we denoted by h;.
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Recall the Kodaira-Spencer isomorphism (2.8). We have

1 2 -1
QYU,E - @ <wT:E ®OYU,E 5T,E>
TEX

Composing it with the projection to the 7-component, we obtain

.0l 2 —1
KST . QYU,E — (J),7_7E ®OYU,E 5T,E'

Let Fir be the sheaf of total fractions on Yy, g and .F(I}g := 7r;rFu the sheaf of
total fractions on Yég. Note that

* 1 ~ —* Ol Ig . 0l Ig
7TU(KZY—UVE/E ®OYUE fU) - 7TU§2YU E/E ®Oylg fU - QYUIvg/E ®Oylg fU :
’ ’ U U
Then we have a morphism

Ig . o1 Ig « [ 2 1 Ig
KSp - QYég/E ®OY§§ Fu =T (WT’E ®OYU,E 57,}2) ®OYLIIg P

Definition 2.4.7. [DS22, Definition 8.2.1] Suppose that f € My (U; E). Let
g be a trivialisation of 8, g. Denote h* := [[_h* and ¢' := ], gi. Define

OF(f) = hhmiy (9" Har )KS™(d(h~F (97 1)) € HOOVE, mir AL 2o ) FiF,
U

where
o iffror =7, thenk, =k, +p+1 and k., = ky for 7/ # 7.

o ifFror # 7, thenkr =ky + 1, k1 = kp-1,, +p and ki, = ks for

47, Frlor.
ol =l —1andl, =1y if T #.

In particular, ©#(f) is independent of the choice of g,. Moreover, ©15(f) is

invariant under the action of (Op/p)*, hence descends to a section ©,(f) of
/71/

AE ®OYU,E FU

Theorem 2.4.8. [DS22, Theorem 8.2.2] Let (k,1) € Z=xZ* and f € My (U; E),
We have ©,(f) is a section ofAlg’l/, i.e. ©:(f) € My y(U; E), where k',I" are
as in Definition 2.4.7. Moreover, ©,(f) is divisible by Ha, if and only if f
is divisible by Ha or plk;, where f being divisible by Ha, in the sense that
f =Ha, g for some g € Mk,kHaTJ(U;E).

Theorem 2.4.9. [DS22, Corollary 8.2.4] For and (k,1) € Z* xZ* and T € %,
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O, defines a map
My (U E) = My (U E),

which is Hecke-equivariant in the sense that it commutes with T, and S, for
v{p and GL2(Op,) C U.

Proposition 2.4.10. [DS22, Proposition 9.4.1.] Let f € My (U; E) and C €
Y be a cusp. If the g-expansion of f at C is > (b&1m)q™, where b is a basis
for Dy ®o E, then g-expansion of ©(f) at C is

> (L7 (m)b @ rim)g™

2.4.3 Hilbert modular forms over O

For any k € Z*, we follow [DS] to define a line bundle £* on Yy such that L%,
is twist of A];;’O by a free line bundle. (We will see that £* is defined over O
for arbitrary k € Z*.)

From now on, we also assume L is sufficiently large so that it contains 7(u)'/? €
Qc @p for any u € (’)f7 ()t and 7 € X. Recall we defined the action of «a,

on AR and it extends to af, on AR for p e O;

u Consider a twisted

(p),+

action of O;’,(p),+ on A% defined by o, = p k20, for p e (');7(p)7+, where the
square root always means the totally positive one. The action aL extends to

Atrk0 and coincides with ok Qaz. Under such action, the line bundle L
(resp. A"F:0) descends to a line bundle £F (resp. £°7%) on Yy (resp. Yio).

Recall
Y&or

min,k | k _ tor,k
Let L =uLlh=m Ly

When U is sufficiently small such that y*/2 = 1 in F for p € U N Oy, then
E%ﬁn’k is a line bundle by checking g-expansion (cf. [DS]). Moreover, the natural
map

t
W*W*ﬁgr’k — E‘gr’k

is an isomorphism for the same reason as Lemma 2.3.9, and hence we identify

% pmin,k __ . tor,k
T Ly " with L5,
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Definition 2.4.11. Let R be an O-algebra. Define
My(U; R) == H°(Yu,r, L)
Se(Us R) = H (Y%, L3 (~Dwx))

We have the GLQ(A;{)})—aCtiOn on My(R) := lin, My (U; R) similarly as how
we define its action on My ;(R), as well as the Hecke operators T, and S, on
My(U; R), for v{p and GL2(Op,) C U

Let [ € Z*. Suppose U is sufficiently small such that x/™%/2 = 1 in R for
TS OIXW,(p),Jr' (o)1 OO (’);,U’R defined by p!**/2q,
for u € O;’(p)’ .- Under such action, O;,UE descends to a line bundle Ny on
Yy which extends to N on Y{°'. Let N2t := 4, N. The line bundles N,
Npin - and NPT are free (not just locally free) line bundles over Yy, Y™ and

Consider the action of (’);

Y°r, respectively. We have the following identifications

k,l
A=k @ N,
min,k,l __ ,Hmink min
Aminkl _ pmink o prmin

tor,k,l __ ptor,k or
AR = L @ N

Remark 2.4.12. We can define LF over O, but we only consider N for R
with characteristic p, unless k; + 21 = w is even and independent of T for all

T.

We have the g-expansion Principle for M (Ui(n); R) as well (cf. [DS]). Let
U = U;(n) for some n prime to p and ¢ € CI(F)" be a cusp. Then we have an

injective map

My (Ui(n); R) — @ Z FmG™ | T € Ry Tym = U, Yo € Or .
ceCl(F)+ | mecyrU{0}

2.4.4 Definite and indefinite quaternionic settings

We define the quaternionic forms for definite quaternion algebras and consider
the first cohomology of Shimura curves associated with indefinite quaternion
algebra that is unramified at only one infinite place (cf. [GK14], [DS]).

Let B be a quaternion algebra over F' that is split at primes above p. Assume
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B is either ramified at all infinite places (definite case), or B is ramified at
all but one infinite place 7y (indefinite case). Let =2 be the set of places of
F where B is ramified and X2 (resp. ¥2) be the set of finite (resp. infinite)
places where B is ramified. Fix a maximal order Op of B and fix isomorphisms

(OB)y =~ M2(OF,) for v ¢ X8, In particular, we fix (’)g’p = GL2(OFp).

Denote By := B&Ap, Bys = B Apg, BY := Bo AP} and By, := B®R.
Let U = UPU, be an open compact subgroup of By such that U, = (’)Ep and
UP C (Bép))x. Let @ be an O-module with a smooth action of Op .

Definite quaternionic forms over (O-algebras

Suppose now B is a totally definite quaternion algebra unramified at all primes

of F' dividing p.

Definition 2.4.13. We define
MB(U,Q) = {f: B = Q| f(bau) :uglf(x) forbe B*,x € B,ue€ BXU}
> {f: (B§z7))X —Q | f(bg-p):xu) =bf(z) forbe B*NUp,z € (B§P))X,u e UP}.
Let Y(}B be the finite set

BX\B)/BXU = B\B /U = (B* NU,)\(B{")* /U”.

Suppose U is sufficiently small such that B* NU acts trivially on (). We have
a locally constant sheaf Fg 7 on Yf defined by

Fou = B*\Bf xQ/U,

where the action of B* and U is given by b(z,q)u = (bgzu,u,'t). Then we

have the identification

MB(Uv Q) = HO(YUBa]:Q,U)'

We have a natural action of (Bi(,p ))X on

lim M (U, Q)
U
for open compact U containing O3 "
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Let S be a set containing E’fg , the finite places above p and primes v such that
(Opw)* ¢ U,. We define Hecke operators T, and S, on MP(U,Q), for v & S,

via double cosets
ul(® Yo o™ Y\ul.
0 1 0 w,

Let R be an O-algebra. Let Sym™R? be the n-th symmetric power of the stan-
dard representation of GLa(R), and det : GLa(R) — R* be the determinant

character.

T, = .S, = (2.14)

Let k € Z%, and [ € Z*. For an O-algebra R such that p¥ R = 0 for some
N > 0, we define

ViR = ® detl[;] QR Symﬁff?Rz7
TEY

where the subscript [7] means it admits a GLa(OF,)-action given by the ho-
momorphism GL(Of,) — GL2(O) induced by 7, for v|p and 7 € £,. We
then define the action of OE,p = GL2(Orp) = [1, ), GL2(OFw) on Vi g such
that GL2(OF,) acts on the [r]-part for 7 € 3,.

Definition 2.4.14. Let U C By be an open compact subgroup containing
ng. Let R be an O-algebra such that p R = 0 for some N > 0. Define

ME(U; R) := MP(U,Vig11,1) = MP(U, Q) det(7! @p Sym!7R?).
TEY

We have a natural action of (Bt("p ))X on
lez(R) = MMIEZ(U;R)
U
for open compact U containing O ,- We have a commuting family of Hecke
operators T, and S, on MJ,(U; R) for v ¢ S.

Recall that we assume L contains 7(u)'/? for every p € Or ()t and 7 € X.
For an O-algebra R and k € ZgQ, we define

—kr L
Vior = Q) det " @ Symf 2 R?,
TEY

which admits an O , .-action.
B,(p)
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Definition 2.4.15. Let U C B} be an open compact subgroup such that U, =
Og,p’ R an O-algebra and k € Z§2. We define

MP(U;R) == {f : (BY")" = Vil f("wu) = v/ (), for ally € O @ € (BI"),
and u € UP}.

We have a natural action of (Bﬁp ))X on
MP(R) = liy MP (U: R),
U
where MP(U; R) = MP(R)Y" admits a commuting family of Hecke operators
T, and S, for v ¢ S.

By definition, we have Mf_l(U; R) = MP(U; R) for R such that p’¥ R = 0 for
some N > 0.

Cohomology of Shimura curves over (O-algebras

Now suppose B is an indefinite quaternion algebra unramified at one infinite

place and at all the primes of F' dividing p.

Definition 2.4.16. Let $) is the complex upper half-plane. We let YI}B denote

the compact Riemann surface
BY\(5 x BY)/U
For U is sufficiently small, we define
Fou = BX\(® x BY x Q)/U = (BX NU)\(5 x (B)* x Q)/U

be the locally constant sheaf on Y2, where the actions of B3 and U are given

by b(z, 2z, q)u = (boo(2), bezu, uy 't), and b(z,z, q)u = (boo(z),bgp)a:u, byt), re-

spectively. Define
MBU,Q) = H'(YZ, Fou).
Let g € (Bﬁp))x. For compact open subgroups U, U’ C B ; such that g~ 'U’g C

U, we have a covering map pf : YL% — Y[jg induced by right multiplication by
g, and isomorphism (pf)*]:Q,U — Fou-
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Define [U'gU] : MB(U,Q) — MB(U’, Q) to be the composite
HY\Y?, Fou) = H' (Y3, (o)) Fou) = H' (Y, Fou).
Define the double coset operator [UgU] on MB(U, Q) to be the composite
H'(Y{, Fou) = H' (Y, Fou) — H'(Y(, Fou) (2.15)

where U’ = U NgUg™!, the first map is [U’'gU] as above, and the second map
is the trace map relative to p; : Y(f, — YUB. We define the Hecke operators T,
and S, by the double cosets as in (2.14) for v ¢ S.

Definition 2.4.17. Let U C B} be an open compact subgroup such that U, =
(’)gp. Let R be an O-algebra such that pN R = 0 for some N > 0. Define

MPE(U; R) = MP(U,X) det"™ ®@p Symgr*R?),
TEYN

on which we have the double coset operators [UgU] for g € (B§p))x. Then we

have a commuting family of operators T,, and S, on M,fl(U; R) forv ¢ S.

Let R be an O-algebra and k € ZgQ. Recall Vi g = @, cx det[lgkfm ®Rr

SymlfTTQR2 admits a O (py-action. For U = UpUP such that Uy = Opp» we
define

Frv = 0F )\ x (BF)* x Vi p) /UP,

which is a locally constant sheaf on V2. Let g € (BEP ))X. For compact
open subgroups U, U’ such that ¢7'U’g C U, we also have an isomorphism
(P2 Feu = Frur-

Definition 2.4.18. For R and U as above, define
MP(U;R) == H'(YZ, Frv)-

We define the double coset operators [UgU] on MP(U; R) as (2.15) for g €
(Bt(np))X and then obtain a commuting family of operators T, and S, on ME(U; R)
forv ¢ S.

By definition, we also have My’ , (U; R) = M3 (U; R) for R such that p" R = 0
for some N > 0.
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The Jacquet-Langlands Correspondence

We recall the Jacquet-Langlands correspondence over C (cf. [DS, §2.3]).

Let B be a non-split quaternion algebra over F' and %8 := EJfB U X2 denote
the set of places of F' where B is ramified, where =F (resp. £Z) is the subset
of finite (resp.infinite) places where B is ramified. Denote B, := B ® F), if
v is finite, and B, := B®p, Rif 7 € 3. For 7 € 8 fix an isomorphism
B; @r C = My (C).

Let D,, be the irreducible unitary (limit of) discrete series representation of
GL2(R) of weight n € Z>;. If k € Zgl, let Ci, be the set of cuspidal automor-
phic representations m = &/ m, of GLa(Ap) such that 7, ~ Dj_ for any infinite
place 7. If moreover k, > 2 for 7 € £5 | let C}? be the set of all automorphic
representations m = ®,m, of (B ® Ap)* of dimension greater than one such
that 7, 2 det>7F)/2 @ Sym*=—2C2 for 7 € 8 and 7, = Dy, for 7 € -5

Theorem 2.4.19. (Local Jacquet-Langlands correspondence) For any v € ©5,

there is a bijection JL, between the following two sets of isomorphism classes:

smooth irreducible repre- discrete series represen-
JLU : —_—

sentations of B tations of GLqa(F))

In particular, if T € £8 and n > 2, then JL,(det® /2 @ Sym"2C?) = D,,.

Theorem 2.4.20. (Global Jacquet-Langlands correspondence) Let I1 = Q! 11, €
CP. Then there is an injection JLP : CB < Cy, such that JLP(II) = 7 = @),
where 7, =11, for v & ©B, and m, = JL,(IL,) for 7 € £B. The image is

{m =& 7, | 7, is a discrete series representation of GLa(F,),Yv € £BY.

2.5 Twisting by characters

Following [DS22, §4.6] and [DS], we discuss how twisting by a character affects
the [ for the space of weight (k,1) € Z* x Z*.
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2.5.1 Twisting Hilbert modular forms by characters

Let R be an O-algebra. Let I’ € Z* and

&1 (AZD* — R
be a continuous character such that &(u) = ! for u € Or ()4 In particular,
when R = FE, the characters & exists.

For a sufficiently small U = UP GL2(OF,) C GL2(Ag¢) such that det(U?) C

ker(§), we have £ o det defines an eigenspace

{F € Mou(R)]gf = €(det(9))f,¥g € GLa(AF}) }

free of rank one over R, by [DS22, Lemma 4.5.1]. Multiplying by a basis e¢

gives an isomorphism
e
Mo (U3 R) = M1 (U3 R) (2.16)

such that T, (e f) = &(wy)eeTo(f) and Sy(ee f) = &(wy)2eeSy(f) for v f p such
that GL2(OF,) C U.

Now let ¢ : (As‘tf)f)X — R* be a continuous character such that &(p) = pl+*/2,

for p € (’)Zﬂ’(p)’_'_. Recall we have A’E’l = E’f% ® Ng, where Ny is a free line

bundle over Yy .

When U is sufficiently small, we can find e; € hﬂy H O(YU7 r,NR) defined by
£ odet. We obtain

M(U; R) = M (U; R) (2.17)

by multiplying e¢ and we also have T, (e¢f) = {(wy)ecTy(f) and Sy(ecf) =
&(wy)?eeSu(f) for v p such that GLe(Op,) C U.

2.5.2 Twisting definite quaternionic forms by characters
Suppose B is a definite quaternion algebra unramified at all primes of F' di-
viding p.

Let & : (Agf’)f)x — R* be a continuous character such that &(u) = p! for

JINS O; ()47 where I! € Z*. Let U = UPU, be an open compact subgroup of
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By such that Uy, = Op  and U? C (Bﬁp )}, Assume U is sufficiently small
such that det(UP) C ker(§).

Recall that

l/
M$,_(U;R) = MP(U, ®det[;]R2) =
TEYD

{F - (B = Q) detyr B[ £ (b xu) = bf(2),b € BX N Up,x € (BY)*,ue U},
TEL

We have an element e = § o det € MZBZ,_I(R) and an isomorphism given by
the multiplication by eg for sufficiently small U:

ef : MP2(U; R) = M,le,(U; R) (2.18)

such that Tv(eff) = §(wv)e§BTv(f) and Sv(egf) = {(wv)%gSv(f) forv ¢ S,

where S contains £, primes v above p, and primes v such that (Opw)* ¢ U.

Now let ¢ : (As‘tf)f)X — R* be a continuous character such that &(u) = p!t%/2,

for p € OF, ()4 We have an element egB =¢odet € MzBlT+kT/2—1(R)' Multi-
plying e? gives an isomorphism
e : M (U;R) = MJ(U; R) (2.19)

with similar behavior of Hecke operators as (2.18).

2.5.3 Twisting cohomology of Shimura curves by characters

Now suppose B is an indefinite quaternion algebra unramified at one infinite

place and at all the primes of F' dividing p.

Let & : (Aﬁf)f)X — R* be a continuous character such that &(u) = u¥ for

n € Okt
ef € HO(Y2, ®,det

and a sufficiently small U as in §2.5.2. We have an element

?;] R) decided by & o det. In particular, the operator

[U'gU] : H*(YZ, Vay g) — H (Y, Vo r)

sends e? to £(det(g))eé3 for g and U’ such that ¢g~'U’g C U. Hence, we have

an isomorphism by taking the cup product with e?:

ef : MP2(U; R) = M,le,(U; R) (2.20)
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such that Tv(e? ) = f(wv)egTv(f) and Sv(eéB ) = f(wv)Qe?Sv(f) forv & S,
where S contains E?, primes v above p, and primes v such that (Op,)* ¢ U.

If we let £ : (Agf)f)x — R* be a continuous character such that &(u) = pt+*/?
for p € O ()t then we similarly have an element ef € HO(YUB, ®Tdet€;]+k7/2R)
decided by & o det, the cup product with whom gives an isomorphism

e : M (U;R) = MJ(U; R) (2.21)

with the behavior of Hecke operators similar to (2.20).

2.6 Liftability of mod p Hilbert cusp forms

In this section, we adapt the method in [LS11] to prove a cohomology vanishing
result (Theorem 2.6.5) for not necessarily parallel weights and hence obtain a

liftability result for mod p Hilbert cusp forms.

Recall we defined the moduli space ?U and Hilbert modular variety Yy over O
in §2.1 and described the toroidal (resp.minimal) compactifications 17[}“ and
YO (resp. Y0 and YP") in §2.2.3(resp. §2.2.4).

The ampleness of line bundles on Hilbert modular surfaces has been discussed

in [AGO04] and later generalised to Hilbert modular varieties in [Yan23|.

Theorem 2.6.1. [AG04, Thm. 8.1.1, Prop. 8.2.4][Yan23, Thm. 20] The line
~min

bundle Wy, Gk om 17[‘]“51 is ample if and only if pkr > kp.—1,. for all T € X. It
is nef if and only if pkr > kp.—1,. for all T € X.

Recall that Agin’k’l is a line bundle on Y[}ng if U is sufficiently small. We have

the following ampleness result for A%ﬂn’k’l.

Corollary 2.6.2. Let U be sufficiently small. The line bundle Agin’k’l on Y[}’jgl
is ample if and only if pky > kp.—1,, for all T € ¥. It is nef if and only if
pkr > kp—1,, for all T € X.

Proof. Recall in §2.1, we have
Yy =[]Y5
€
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for € € (AP})”/(detU?) (Z®))* and

YU = HGU\}A;E?

ec€

where £ is a finite set of elements in (A%)f) /(detUP) (Z(p)) . Also, recall in
§2.2.4, we have
len _ H ?[;,min

€

for e € (Ag’)f) X/(detUp) (2@)) * and

mln € min
YoE = H GU\YUE :
ec&

The projection 176 — Y5 is finite and there are only finitely many cusps, so

we obtain YU6 gm — Y is proper and quasifinite, hence finite. Therefore,

_Argm ki ample (resp. nef) on Y[}T"g‘ if and only if .ngin’k’l is ample (resp. nef)
on ?5’?“, for all € € £. We also note that A™™0! ig a free O¢min-module of
s U

rank one. Hence the numerical condition follows from Theorem 2.6.1. O

Corollary 2.6.3. Let U be sufficiently small. The line bundle Emm k on Ymln
is ample if and only if pkr > kp—1,,. for all 7 € X. It is nef if and only if
pkr > kp-1,, for all T € X.

Proof. Recall in §2.4.3 we have a free line bundle N }Enin over Yg‘g’ such that
Amm kol — L’Ein’k ® N2t Then we obtain the result directly by the previous
corollary. O

We now recall the vanishing theorem for projective smooth variety in charac-

teristic p proved by Esnault and Viehweg in [EV92, Proposition 11.5].

Theorem 2.6.4 (Esnault-Viehweg). Let X be a proper smooth variety over a
perfect field k of characteristic p > 0, E a simple normal crossings divisor on
X, and L a line bundle on X. Assume X has dimension d < p. Also assume

the following conditions:
(i) (X,E,L) lifts to (X, E, L) over Wa(k).

(ii) There is an integer vy and an effective divisor E' supported on E such
that LWtV (—E'Y is ample for every integer v > 0.
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Then we have

HY(X, ¥ (log E) ® LYY =0 fori+j < d. (2.22)

We use the vanishing theorem to prove the following result:

Theorem 2.6.5. Let p > 2. Suppose p > [F : Q] =d and
p(kr —2) > kp-1,, — 2, forall T € ¥. (2.23)
Then we have

HY(Y{%, L2 (~Doo)) = 0, for all i > 0. (2.24)

Proof. Recall in §2.2.4 we have the morphism 7 : Y}** — Y{,nin and there is
a divisor D’ supported on the simple normal crossing divisor Dy, and —D’ is

w-relatively ample. By Corollary 2.6.3, Egin’k_z is ample over Yé?gl, hence
(E;er’k_2)®V(_D/) — (ﬂ_*ﬁgin,k—z)@y(_D/)

is ample over Y&?ﬁ for v sufficiently large. Recall that Y/* and Lrork—2
are defined over O (Note that O can be taken to be unramified at p so that
O/p* = Wo(E), since p is unramified in F). Therefore, (Y[}?E,Doo,ﬁgr’kfﬁ
satisfies the conditions in Theorem 2.6.4. Let j = 0 in (2.22), together with

Serre’s duality and Kodaira-Spencer isomorphism, we have

H(YE5, L2772 @ AP (~Dy)) = 0, for i > 0.

By the construction of £F, which is the descent of Atork0 with O; ) -action
defined by p~*/ Qaz for p € O, ()4 We have an isomorphism

Etor,k—2 ®.Ator,Z,—l ~ ﬁtor,k

Hence we obtain (2.24). O

Corollary 2.6.6. Assume p > d. The natural map
Sk(U; O) ®o E — Sk(U; E)
is surjective if k satisfies (2.23).
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Proof. Let £ = L*"*(—D4,). Consider the short exact sequence
0L L Lp—0.

It induces the long exact sequence

0 — HOY, L) = HO (Y™, £) — HO(Y{%h, L) —
HY (Y, L) —» HY (Y, L) = H (Y%, L) — -+

Note that Hl(Y[}O‘“,E) is of finite rank over 0. By Nakayama’s lemma, to
prove H!(Y/}°r, £) = 0, it suffices to show Hl(Y(}?}%, Lg) = 0, which is given by
Theorem 2.6.5. ]

The advantage of using the line bundle £F is that we are able to deal with
non-paritious weights. By Corollary 2.6.2, we can also prove a variant of The-
orem 2.6.5 for paritious weights (k,l) such that k satisfies (2.24), and hence

obtain the liftability of cusps forms of paritious weights.

Theorem 2.6.5°. Let (k,l) be a paritious weight. Suppose p > [F : Q] = d

and
pkr —2) > kp-1,, — 2, forall T € X.
Then we have
H(YE, A2 (~ Do) = 0, for all i > 0.
Therefore, the natural map
Ska(U; 0) @0 Fp = S (U; E)

18 surjective.

2.7 Goren-Oort stratification

We recall the description of the Goren-Oort stratification on mod p Hilbert
modular varieties established by Tian-Xiao in [TX16].
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2.7.1 Unitary and quaternionic Shimura varieties

We first recall the relations between Hilbert modular varieties, unitary Shimura

varieties and quaternionic Shimura varieties (cf. [DKS23]).

Let F'/F be a quadratic CM extension such that prime v splits in F’, for all
vlpin F, and ¥ = Y := {F’ — Q}. Let S C ¥ be a subset of places of F
with even cardinality, Bs be the quaternion algebra over F ramified at exactly
the places in S and Dg := F' ® Bs. If S = &, then By = GLy(F). Choose

S C ¥’ that contains exactly one element extending each element of S.

Let Gg be the algebraic group over Q defined by Gs(R) = (Bs ® R)* and G§
be the algebraic group defined by G§(R) = {g € Ds ® R | gg € (F ® R)*},
where g — g is the anti-involution on Ds. We denote T := Resp g Gy, and
Tpr := Respryg G We can identify Gg with the quotient (Gs x Tp)/Tr,
where TF is embedded in Gg x T via x + (z,271). We denote the projection
map k : Gs X T — G§.

Unitary Shimura varieties

Let U’ = (U")PU,, be a sufficiently small open compact subgroup of Gig(A¢) that
is maximal at p in the sense that Uy = k(O , x O, ). We follow [DKS23,
§2.2] to define the unitary Shimura variety ?é(G’s)

Denote D = Dg, Op be an order of D such that Op, = O ®o, Op,), for a
maximal order Op ), of By, and (5([1))) =0p® 7).

Let S := Resc/r G and [hs] be the Gs(R)-conjugacy class of the homomor-

phism hg : S — G defined by sending x+1y to (_‘Ty Z) Letig:S — Tp g

T¢S’
such that ig(R) : C* — Tr r(R) is the composite of a diagonal map, an iso-
morphism sending (z;)res to (7¢(z))res (Where 7 € S is a lift of 7), and lastly

the natural inclusion:

= [[C = [[(F @r-R)* = [[(F ®@p,R).

TES TES TEY

Define hé‘ :S = G5 to be the composite

S (hs,i3)

GS,R X TF’,R H—R> GISJR.
Consider the Shimura data (Gs, [hs]) and (Gg, [hg]). Let Ls be the reflex field
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of the Shimura datum (Gs, [hs]) and Lz be that of (G, [hg]). Enlarging O
if necessary so that it contains the localization of O  at the prime over p
determined by the fixed embedding Q, — @p.

Let u — @ be the anti-involution on D defined by ¢®¢, where ¢ is the standard
anti-involution. Define v : G§ — Tr by g — gg. Choose an element 6 € D
such that

e lc (’)Bp;
e J=—0;

e the bilinear form on D ® R given by

(v,w) = Trpp o(trpp(vhg(i)ws))
is positive definite.

Let u — u* be an anti-involution on D defined by u* = §~!ué. Define a pairing
@DFI:DXD—)F/by

Y (v,w) = trp e (vwd) = trp,p(véw”).

Hence, we have ¢¥p (w,v) = —¢p (v, w)¢ and Yp (uv,w) = Ypr (v, u*w) for

u, v, w € D.

We now define ?U/(G’S) to be the representing scheme of the moduli problem
in [DKS23, §2.2.2]. In particular, we consider the functor that associates to an

O-scheme S the set of isomorphism classes of tuples (A, ¢, A, 1, €), where
(i) A is an abelian scheme over S of dimension 4[F : Q).

(ii) ¢: Op — End(A/S) such that for any a € O%, the characteristic poly-
nomial of ¢(a) on Lie(A/S) is

[ @—7'(a)* € O],

ey
where
o sy =1if7|p ¢S;
e s, =0if 7 €8;

e s =2if (7')° €S.
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(iii) A is a prime-to-p quasi-polarization whose associated Rosati involution

is compatible with the anti-involution [ — [* on D.

(iv) (n,e€) is a level U'-structure on (A4,¢,\), i.e., a m1(S;, $;)-invariant (U')P-
orbit of pairs (1;,€;) for a geometric point 5; on each connected compo-
nent S; of S, where 7; : (/O\g) — 7@ (As,) is an (/Q\g))—linear isomorphism
and €; : A%} — A%)f(l) is a A%)f—linear isomorphism such that the fol-

lowing diagram commutes:

(OB)2 x (OR)? — 7 A}

i X"h’l lﬁi

T®)(A,,) x T®(A,,) A1)

1x/\l lTrF/Q

T (A,) x (Q x TW(AY)) e, AP (1),

The functor is representable by an O-scheme which we denoted by ?I’J(G’s), if
U’ is sufficiently small. Moreover, similar as Yy (defined in §2.1), 57[}(@/5) is

an infinite disjoint union of smooth quasi-projective schemes over O.

We have an O -action on Yur (Gg) defined by

(p),
au(Aa L, A 7, 6) = (Aa 2 :U’)‘z m, ME)

for p € OF, (p).- Define Yy (Gh) to the quotient of Yy (G%) by (@)s (). The
scheme Yy/(G%) is smooth and quasi-projective over O and it is the inte-

gral model for the unitary Shimura variety associated to Gg. We have a
Gg(Agp))—action on lim,, Y/ (G%) (defined as in [DKS23, §2.2.2|) such that for

g € Gs (Agp )) and sufficiently small open compact groups g~ 1Ujg C U}, we have
Ps,g * Yur(Gs) — Yy, (Gg); and if in addition h=tULh C U} for U} sufficiently
small and h € Gs(AY), we have g, 0 ps 5 = pls 1.

Now consider the automorphic line bundles on Y/ (Gg) g as in [DKS23, §3.1.2].
Recall E is a sufficiently large finite field of characteristic p. Let S’ = Yy (GY)E
and s : A — S’ the pull-back of universal abelian variety. We have an exact

sequence of right Op; ® Og-modules
0= $:Qa1/50 = Hir(A'/S") = R's,.04 — 0.
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Fix an isomorphism Opj; = M3(OFy). Then we have Op, , = My (Opr ;) and
Ops ® Ogr = P 5y M2(Ogr). We hence have corresponding decompositions

Hin(A'/S") = B Hi(A'/S")r,

T'ed!
S*QA’/S’ = Wr,

T'ed!
RIS*OA/ = [

resy

where Hig(A'/S); is a locally free Og-module of rank four, @, is locally
free of rank 2s,, and 0,/ is locally free of rank 2s(;/c. Denote eg := ().
Let Hig(A'/S")2 = Hig(A'/S")e0, then it is of rank two. If 7 ¢ S, then
G is locally free of rank two; if 7/ € S, then @, is of rank zero; otherwise,
(7)¢ € S and then @, is of rank four. Let @2 := @y ep and 02, = Dreq.
The vector bundle Hlg (A'/S"), (resp. Hig(A'/S")°,, @2, and ©2,) descends
to Vo (resp. V2, w?,, and v2,) on Yy (Gg)g if U’ is sufficiently small. Denote
Opr 1= /\ZV;),.

For sufficiently small Uj, U5 C Gg(Ag) such that g~'1Ujg C Uj, we have the
isomorphisms (o5 4)*Vy/, — Vi) and (pg ) 07, — 07, for any 7/ € ¥
and we have isomorphisms (pg)*wy, o, — wy, | and (pgg)*v3 o — v, for
7" such that 7’| ¢ S; all of these isomorphisms we denote by mg ,. If in

addition h=1USh C U} for U} sufficiently small and h € GS(Agp )), we have

(Ts,gn)" = (s,9)" © (P5,)" (75 4)")-

Quaternionic Shimura varieties

We recall the construction of the quaternionic Shimura variety associated to

Gs in [DKS23, §2.3]

Let 7" be the abelian quotient of G§, which can be identified with the quotient
(Tr x Tpr)/Tr where Tr is embedded in Tr x Tpr via z + (22,271, Let
V' Gy — T’ be the natural projection. Let Vi = V&, }X;,’p C Axl’f be
an open compact subgroup and Vp = VEOr  C Ag. be an open compact
subgroup. Let V' c T’ (Agp )) be an open compact subgroup containing the
image of OEP X OIX?’,p‘ We have zero-dimensional Shimura varieties Yy, (Twr),
Yy, (Tr) and Yy/(T") over O associated to the tori Tr/, Tp and 1", whose

geometric points are canonically identified with the finite sets Cy,,, Cy; and
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Cy, respectively, where

Cvpr = (BF ) OF, VB = (F)\AS, ¢/ Vi,
Cvy = (AED) /OF, ) L VE = FX\AG o/ Ve,
Cyr =T (Q)+\T"(Ag)/V",

T(Q)+ 1= (F < (F))/ ™.

Let U C Gs(Af) be an open compact subgroup containing O iy Take Vi
sufficiently small relative to U so that [DKS23, Lemma 2.3.2.1] holds and let
U’ = k(U x V). Define

YU (Gs x Tpr) := Yy (Gs) Xy, 0 (1) Yatero) (Tr) ®0 Vv, (Tp7)),

which is smooth and quasi-projective over O. There is a free Cy,,-action
on Yyxv,, (Gs x Tps) defined in [DKS23, §2.3.3]. We define Y7(Gs) as the
quotient of Yy«v,,(Gs X Trr) by the Cy,,-action, which is also smooth and
quasi-projective over O. Moreover, Y7(Gs) is independent of the choice of V.
We have the GS(Agp))—action on lim,, Yy (Gs) such that for g~1U1g C Us, we
have ps ¢ : Y7, (Gs) = Yu,(Gs).

Lemma 2.7.1. [DKS23, Lemma 2.3.5.1] For Vi is sufficiently small relative
to U and U" = k(U x Vi), we have a Cartesian diagram

YW(Gswe,) — Yw(Gswe,)

| |

Caet(vy — Cuy)

where Cyer(rry = F{\AR/det(U), Cp(U') = T(Q)+\T"(Ag)/V/(U'). It in-
duces an identification of YU(GS)W(FP) as an open and closed subscheme of
Y(}(Gg)W(Fp)’ which is compatible with the Hecke action in the sense that we

have a commutative diagram

Y0,(G)wr,y) — Yui(Gs)w,)

ﬂS,gJ' lﬁé,g

Y0,(G)wr,y) — Yoy (Gs)we,)

for g~ 'Ug C Us, g € Gs(Agp)) and U} = k(U; x V) fori=1,2.
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In particular, we have an inclusion
7 YU<GS)FP — YU'(G/S)FP

that is compatible with the Hecke action.

We consider the automorphic vector bundles on YU(GS)ED- Choose a prime v of
F’ dividing v for each prime v of F' that divides p. Let Xpr 5 C {Op — Fp} be
the set of the embeddings that factor through Op /0, and let Y= H'U|p Yy C
. Define VB :=i*V2 for 7 € & and its extension 7 € . Then VF is locally
free of rank two on YU(GS)E. Similarly we define 62, w? and vB as pullback
of 02, wz and v2 respectively for 7 € 3. Note 68 is a always a line bundle; and
if 7 ¢ S, then w? and v? are line bundles. If g~'Ug C U for g € Gs(Agp)), we
have the isomorphisms pggVEQ — Vfl and p;g(SEQ — (551 for any 7 € ¥; and
we have the isomorphisms pgigw% — wfl and pagv% — vfl for 7 ¢ S; we
denote these isomorphisms all by 7g ;. If in addition we have sufficiently small
Us satisfying A~ 'Uzh C Uy for h € Gs(AP), then 73, = 73, © p§ 4(72,)-

When S = @, we have the isomorphism between canonical models of the Hilbert
modular variety Yy and the quaternionic Shimura variety Yy (Gg) associated
to Gy = Resp)g GLa (cf. [DKS23, §2.3.4])

L YU:Fp 1) YU(GZ)FP’

that is compatible with Hecke action in the sense that, for ¢~'U1g C U, the

following diagram commutes

YU1,EO — Y’U1 (G@)ﬁp

Pgl lpg ,9

YU2fp E— YU2 (G@)Fp.

Recall that the vector bundle H (A/ ?Ufp)f over ?U,Fp descends t0~ Yy, for
U sufficiently small, where A is the universal abelian scheme over YUva and
we denote such descent by V. Under the isomorphism 2, we can also identify
the vector bundles V, and +*VZ, hence 6, = +*§8 and w, = 1*w? (see [DKS23,

§3.1.3]). Furthermore, these isomorphisms are compatible with Hecke actions.
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2.7.2 Stratification

We now recall the results proved in [TX16], where they show the Goren-Oort
stratum YU’(G/S)E,,T is a (P')"-bundle over some quaternionic Shimura variety
and some integer N depending on the set T C ¥ — (SNX). We will let S = &.
We first describe the result when T = {7}. (Please note our G§ is denoted by
G" in [TX16], and their G’ is a subgroup of Gg defined as the preimage of Gy,
under the morphism Nmp,p x Nmp/ /g : (Gs x Tpr) /Tr — TF.)

Let 7 € ¥ extend 7 and hs € T'(Yir(Gl)p, (w2)2D @ (we )®P) be the

Fr—1lo7
T-partial Hasse invariant which arises from the pull-back of Verschiebung.

We have an isomorphism Gg(Af) = Gp-1, 1 (Af) since G and Gp—1

o7, T}

are unramified at the finite places, and similarly we have GL;(Af) = G,

Theorem 2.7.2. [TX16, Corollary 5.9] Let U’ be a sufficiently small open
compact subgroup of G'y(Ag) mazimal * at p. Let Zi%} C Yu(Gy)E be the
vanishing locus of hz. Assume Fr~' o1 # 7. Then we have an isomorphism
o Zi%} — P, which identifies Zfﬁ_} with the projectivization of the locally free
rank two vector bundle Vg _, . over Y = YU;(GEH_%%’%})
sponds to U’ under Gi;(Ag) = G’ (Ag). The isomorphism is compatible

{Fr~1lo7,7}
with Hecke action in the sense that, for g € G%(Agp)) ~ G (Agp)) such

{Fr—to7 7}
that g~1Ujg C U}, we have the following commutative diagram

B, where UL corre-

1
S Py

’
plg,gl lp{Fr_lo%,%},g

1
Loy — Py

where Z! # C Yu:(Gg)E is the zero locus, Y/ is the corresponding unitary

2

Shimura variety whose P*-bundle isomorphic to the zero locus fori = 1,2, and
the right downward arrow in the diagram is induced by p'{Fr,lo%’%}’g Y —

/ . . / . / *))70 o
Yy and the isomorphism TR tor 7)g (p{Fr,loi%},g) Vi-1or2 = Virtozi:

/ /. 1 !
(') Vi, 1.2, where ' @ Py, — Y7 s

Q

1

Moreover, we have @iVﬁ_lo%\Ziﬂ
the natural projection. We also have cpfkw;r,lo%u%} = /\2((77’)*]/%,10%)(—1),
which s the tautological line bundle on IP’%/,, and both isomorphisms are Hecke-

equivariant.

4The level U = UPU, C G(Ar) maximal at p means that the U, is the maximal compact
subgroup of G(F,). For G = G, Uy, is conjugate to (GL2(Or,p) x O, )/OF ,; for quaternion

algebra D splitting at p, U} is conjugate to GL2(OF,)
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The stratification result over the special fibre of Hilbert modular variety and
the comparison of vector bundles will follow from the unitary case, as in [TX16,
Theorem 5.2]. The details of the proof can be found in [Mic25, §6.6.2], using
the method explained in [DKS23, §5.3, §5.4].

Theorem 2.7.3. [TX16, Theorem 5.2/[Mic25, §6.6.2] Let U = UP GLa(OFp)
be a sufficiently small open compact subgroup of GLa(Ap¢). Let Ziy C YU,F,,
be the vanishing locus of the partial Hasse invariant Ha,. Assume Fr—' ot #
7. Then we have an isomorphism ¢ : Zi;y — IP’%/B, which identifies Zyry
with the projectivization of the locally free rank two vector bundle Vg,lw over
Y8 = Yys(Gip=tor,r))F, » where UB corresponds to U under Gim—torry(Af) =
Gz(Af). The isomorphism is compatible with Hecke action in the sense that,
for g€ GLQ(Ag)f) such that g~'Uyg C Us, we have the following commutative
diagram

Zygry — Pyp

pgl lp{Frflo‘r,‘r},g

Zyry — Pyp,

where Z; -y C Yy, F, is the zero locus and Y; is the corresponding unitary
Shimura variety whose Pl-bundle isomorphic to the zero locus for i = 1,2.
Moreover, we have SO*VFr—lo—r|Z{T} = 7T*VFB;,10T, where T : P;B — YB s

~Y

the natural projection. We also have pswp-1o|7., = AQ(W*Vlﬁ,lOT)(—l),

1

v B, and both isomorphisms are Hecke-

which is the tautological line bundle on P

equivariant.

Remark 2.7.4. (General statement for Goren-Oort strata, see [TX16, §1.5.4])
Suppose p is inert in F. For a subset T C X, the stratum Zt is isomor-
phic to a (PY)"-bundle over the special fiber of the quaternion Shimura variety

Yy (GS(T))E, for some level structure UP | where r and S(T) are as follows:

o IfT#X, we construct S(T) as follows: if 7 ¢ T and Fr—tor,--- ,Fr ™o
reT, weput Frlor, .- ,Fr_ﬂm/ﬂ o into S(T), and r is the cardinality
of 8(T) — T;

o IfT=2X, thenr =0 and S(T) depends on the parity of [F : Q]:
— If [F : Q] is odd, then S(T) = X U {p};

— If [F : Q] is even, then S(T) = ¥ and U® is an Iwahori level at p.
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Chapter 3

Weight part of Serre’s

conjecture

In this chapter, we recall the Buzzard-Diamond-Jarvis conjecture, which is a
generalisation of the weight part of Serre’s Conjecture based on an algebraic
reinterpretation of the weights. We also recall its geometric variant, the ge-
ometric Serre weight conjecture formulated by Diamond-Sasaki, which is a

generalisation of Edixhoven’s variant of the weight part of Serre’s Conjecture.

We have the following conventions. Suppose K is a finite extension of Q. Let
G denote the absolute Galois group of K, Ik be the inertia subgroup of G
and Wg be the Weil group of K. Let Artyg : K* — Wf}b be the isomorphism
given by local class field theory, and we normalise it such that uniformisers
map to geometric Frobenius elements. For each finite place v of F, we fix a
uniformiser w, of F), and a lift Frob, € GF, of the geometric Frobenius element

at v.

Suppose V is a de Rham representation of G over @p. Denote X the set
of embeddings from K into @p. For any ¢ € X, define HT (V) to be the set

consisting of integer ¢ with multiplicity

~

dimg (V @ K(0)9",

where %(z) is the Tate twist of the completed algebraic closure of K. For
example, HT((xcye) = {—1} for ¢ € ¥k, where ycye is the p-adic cyclotomic
character. If V' is a crystalline representation of rank 2, define the Hodge-Tate
type of V to be (A1, A\2) € (Z¥K)?% where A ¢ > g are the integers contained
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in HT (V) for ¢ € ¥k.

3.1 BDJ Conjecture

Let p : Gp — GLa(F,) be a continuous, irreducible representation and V a
finite dimensional F,-representation of GLa(Op/p). For v | p, let F, = Op /v,
fo = [Fy : Fp), and X, be the subset of embeddings {F, — F,}. Recall we have

E - H’U'p E’U'

Let (k,l) € ZgQ x Z* and we call such weights algebraic weights. Let Vi be
the representation of GL2(Or/p) =[], |, GL2(Fy) of the form

= _9—=2
Vg = Vi g @F, = ® detﬁ_} & Symf; QFp,
TEY

where GLo(F,) acts on [r]-part through the homomorphism GLy(F,) — GLa(F,)
induced by 7 for every v|p and 7 € %,.

The irreducible representations of GL2(Op/p) over F,, which we call Serre
weights, are of the form Vj,; with 2 < k. <p4 1. Two Serre weights V; and

f‘r l/

Vi i are isomorphic if and only if & = &’ and sz;o lpio D' = D007, Frio‘rpi

mod p/m — 1 for every 7 € &, where f, = f, for the prime v such that 7 € ¥,,.

Let B be a quaternion algebra over F' that is split at all finite places. Assume
B is either ramified at all infinite places (definite case), or B is ramified at all
but one infinite place 7 (indefinite case). Let U = UPU, be an open compact
subgroup of By such that U, = O and UP C (Bép))x. Let MP/(U;F,) =
H(Y?,Vii41) (definite case), or HY(Y;?, Fy, ,.,) (indefinite case). We have
a commuting family of Hecke operators T;, and S, for v & ZfB such that v { p
and Op, CU.

Let p : Gp — GLa(IFp) be a continuous representation. Let T" be a finite set
of finite places of F' consisting of primes v above p, the primes where p or B
is ramified and primes v such that GLy(OF,) ¢ U. Let ']I‘%“i" = O[Ty, Sv]vgr-

Let m, C T%ﬂi" be the maximal ideal generated by the following elements
T, — tr(p(Froby)), Nmp/g(v)S, — det(p(Frob,))

for all v & T'. Its residue field is F.

Definition 3.1.1. Let B be a quaternion algebra over F that is split at all
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finite places and assume B is either definite or ramified at all but one infinite
place. We say an irreducible representation p : Gg — GL2(F,) is modular for
B of weight Vi if

M (U, Fp)[mpv )] # 0,

for some open compact subgroup U such that U, = Og,p'

We say p is modular of weight Vi ; if p is modular for B of weight Vi, ; for some

definite or indefinite quaternion algebra B as above.

Remark 3.1.2. Our definition for being modular of weight o is different from
[BDJ10] because of the different conventions for the mazimal ideals. The max-
imal ideal mEDJ in [BDJ10, §4] is generated by

T, — Sytr(p(Froby,)), Nmpg(v) — Sydet(p(Frob,))

for allv & T. Hence, meJ =my,v(_1). Our convention is also different from
the one in [GK14], as we will see that the fundamental characters we take are

the inverse of the ones in [GK14].

Lemma 3.1.3. Let p : Gp — GLo(F,) be continuous, irreducible and totally
odd. Then p is modular of weight V if and only if p is modular of weight W
for some Jordan-Hélder factor W of V.

Proof. By [BDJ10, Proposition 2.5| for indefinite case and [DR18, (4)] for
definite case (note that the groups I'; there are trivial if U is sufficiently small),
we have p is modular of weight V if and only if p is modular of weight W for
some Jordan-Hélder factor W of V. O

In [BDJ10], they define a set WPBPJ(p) of Serre weights and predict that p is
modular of a Serre weight o if and only if o € WBP(p). We now recall the
definition of WBP7(p) in [BDJ10]. Let &, denote the fundamental character
on Ir, corresponding to 7, which is the composite of the maps induced by 7

and Art™! in local class field theory:
Er IFU — O;’v —>Fp.

. 1 o . .
In our convention-, HTEEU €r = €, where ¢ is the mod p cyclotomic character.

Let Serre weight V. ; = ®U|ka(zl}), where Vb(z) = Qex, det‘[j;] ® Sylrnl[’;}_2

'In [GK14], their convention is [les, e = et
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Definition 3.1.4. Let WBPJ(p) := [L,;, Wo(p), where Wy(p) are defined as
follows for any vl|p.

(i) Suppose plgy, is reducible. Then

(i)

X1 ¢
p|GFv = < > ) (3.1)
0 x2

where c € HY(GF,,Fp(x1x5 ")) is an extension class. We define W (x1, x2)
to be the set of pairs (%EZ), J) such that

_ br—1 dr _ br—1 d-
X1’1Fv - HET H Er and X2|IFU - HET H €y

TeJ TE Y TZJ TEYD,

where J C ¥,. Let x1,x2 : Gp, — Z; be crystalline lifts of x1, X2,
respectively such that HT-(x1) = {br +dr — 1} if 7 € J and {d;} if
T ¢ J; HT - (x2) = {d;} if 7 € J and {b, +d — 1} if 7 ¢ J. Let
Ly ; C HY(GF,,Fp(x1x5 ")) be the set of extension classes associated to
reductions of crystalline extensions of X2 by x1. Define Ly j = L’VJ

except in the following two cases:

e,V =Q, ey, det? sym@f, and J = %, then Ly, =

o if Xle_1 7]

HY(Gr,,Fpy(xaxa ));

o if X1X2_1 is the trivial character and J # ¥, then Ly ; = L/V,J +
Ly, where Ly, is the one-dimensional space of unramified classes
in HY(Gr,;Fp(x1x3 ")) (i-e. the set of unramified homomorphisms
Gp, — F,).

Then, we define V€ Wy (p) if and only if (V,J) € W) (x1,x2) and ¢ €
Ly, j for some J.

Suppose plg, is irreducible. Let K be a quadratic evtension of F in
which v is inert. Let X be the set of embeddings of the residue field of
K, into F,. Then Vk(qz) € Wy(p) if and only if there is a subset J' C X,

containing exactly one element extending each element of X, such that

| 0
oy, = Hal;< eJ PR PR TR

0 Megred

For any v|p and continuous representation p, : Gg, — GL2(F,), we can define
Wy (py) in the way as in Definition 3.1.4.
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By definition, WPBP7(p) is non-empty and only depends on p| 15, for all v|p.

Remark 3.1.5. Let p be an odd prime and v | p. Suppose p]GFv ~ (’8 ;2) and
(V,8,) € W'(x1,x2). Then Lys, = HY(GF,,Fp(x1x3 ")) unless x1x53* = ¢
and V is trivial up to a twist, in which case Ly s, has codimension one. Thus,
we have V€ Wy(p) unless V = Q) s, detfl;] for some d € Z*v, in which case

Res, det‘[i;]Symﬁ1 € Wy(p).

There is an explicit description of a subspace L ¢ HY(Gp,,Fp(x1x3 ")) de-
fined using class field theory in [DDR16], which can be viewed as an alternate
description of Ly, ;. Dembélé-Diamond-Roberts conjecture that L“}vH can be
identified with the one above defined by p-adic Hodge theory in [BDJ10], and
this is later proved in [Cal+17]. Let 3, = {Ti}zflal, where we label the em-
beddings in the way that Fro7; = 7;,1. We have a set of classes {cz}{ o=L of
HY(Gp,, Xle_l) which forms a basis together with ¢y, if X1X2_1 is trivial and
cyp if Xlxgl is cyclotomic (see [DDR16, §5.3] for definitions).

Let X1X2_1|IFU = Hzflal €2, where (ag,---,ayf,—1) is the tame signature of

X1X5 - For any subset J C Z/ f,Z, define a subset pu(.J) as follows (cf. [Cal +17]?).
Let p(J) = J, unless there is ¢ ¢ J such that (with the convention a; =

aimodf)
® ait1=p,aip2=p—1,-+ ,aiys =p— 1;ai4s4+1 #p— 1 and,
e at least oneof i + 1,7+ sisin J,

in which case we let x be maximal such that ¢ +x € J and we consider the set
obtained from J by replacing ¢ + x with ¢, Then p(J) is the set obtained by
simultaneously making all such replacements (i.e. making these replacements

for all possible 7).

There is a unique Jyax C Z/ f,Z defined as in [DDR16, §7.2| and that (V, Jynax) €
W/ (x1,x2). We define L to be the subspace of H'(Gr,, x1X5 ') spanned by
the classes ¢; for i € p(Jmax), together with the class cyy if Xlxgl is trivial,
and the class ¢ if x1x5 Lis eyclotomic, J = £, and V = Res, detfl;] Sym’ﬁl.
Then we have LéH = LV, jpex = Uy Lv,s, where we take the union for J such

that (V,J) € W’(x1, x2).

Under the assumption that p is modular of some weight, it is conjectured by
Buzzard-Diamond-Jarvis that a Serre weight o belongs to WBPJ(p) if and
only if p is modular of weight o, which we refer to as BDJ conjecture. BDJ

2Note our ordering is the opposite of [Cal-+17], since their convention is Fr o 7341 = 7
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conjecture holds if ' = Q (¢f. [BDJ10, Theorem 3.17|). For general totally real
fields, BDJ conjecture was proved by a series of works, with a mild Taylor-Wiles

assumption.

Theorem 3.1.6. (BDJ conjecture, [GLS14; GLS15; GK14; New1j]) Let p be
an odd prime and F' a totally real field in which p is unramified. Let p : Gp —

GL2(F,) be a continuous representation that is modular of some weight. If p

is modular of a Serre weight o, then o € WBPI(p).

Now assume that p]GF(Cp) 1s irreducible, and when p = 5, further assume that
the projective image of p in PGL(Fs) is not isomorphic to As. If o € WBPI(p),

then p is modular of weight o.

Remark 3.1.7. The technical condition on p in the second part of Theo-
rem 3.1.6 is slightly relazed than the adequacy condition (see [BGG13, Propo-
sition A.2.1]). Also, note that we do not require this technical condition for
one of the directions of the BDJ conjecture to hold.

Definition 3.1.8. Let (k1) € Z§2 x Z*. We say a continuous, irreducible,
totally odd representation p : Gg = GLy(F,) is algebraically modular of weight
(k,1) if it is modular of weight Vi, __; in the sense of Definition 3.1.1. Equiv-
alently, there is a definite or indefinite quaternion algebra B and an open
compact subgroup U such that M,fl(U, Fp)[m,] # 0.

Remark 3.1.9. To reconcile our convention with [DS22] (which has a nor-
malised factor ||det(g)|| in the definition of Hecke actions), we use Vi _p_;
instead of Vi 1—k—; as in [DS22, Definition 7.5.1].

3.2 Geometric variant

3.2.1 Associated (Galois representations

It was proved in [DS22] that we can associate Galois representations to mod
p Hilbert modular eigenforms of arbitrary weight (without any parity assump-

tion).

Theorem 3.2.1 (|DS22, Theorem 6.1.1], [DS]). Let S be a finite set containing
primes v in F' such that v|p or GLa(OFy) ¢ U. Let f € My, (U;E) be an
eigenform for T, and S,, v € S. Let T,f = auf and Sy,f = d,f, where
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ay,dy, € E. Then there is a Galois representation® pr: Gr — GLo(E) that is
unramified at v € S and the characteristic polynomial of pg(Frob,) is

X2 —a,X + dyNmp/q(v).

Definition 3.2.2. Let (k1) € Z* x Z*. We say a continuous, irreducible,
totally odd representation p : Gp — GLa(F,) is geometrically modular of weight
(k,1) if there is an open compact U C GLQ(@F) and an eigenform form [ €
My (U, E) such that p is equivalent to the extension of scalars of py.

We also consider the Galois representation associated to a twisted eigenform.
For any ideal 9 C OF, we denote Vay := ker(O% — (Op/9M)*). Let k,1,I' €
Z* and m,n be ideals of O prime to p such that m|n.

Definition 3.2.3. [DS22, Definition 10.3.1] We say a character
¢ {A}s | ap € OF } Vi — EX,
is a character of weight I if £(a) = @’ for every a € F* N Og -

We define
I A;/FXF;#VW — B~

by ¢(aza) = ‘f(a)&;ll, where a € F*,2 € F | ,a € A;f with a, € O;‘,p' Let

pe be the corresponding character by class field theory and that pe (Frob,) =
&(wy), for vfmp. Let

5;11 : 6}? — (’)F/m — E*
be a character induced by ¢! such that £;%(a) = 0 if a is not prime m.

Suppose f € My (Ui(n); E) is an eigenform for T, and S,, v { pn. Recall we
let mn. We have ec € My (U(m); E) and then we obtain a form e; ® f €
M 110 (U(n); E) (see §2.5). By applying a (normalising) operator to e ® f as
in [DS22, §10.3], we obtain a form f{ € My v (Ui(mn); E) such that

1 Bw—ordvmv
fe=ecw Y f(b)<0 (“1 )>f

bE((’)F/m)X

3Due to the difference in the convention of Hecke operators, the Galois representation
here is the one in [DS22, Theorem 6.1.1] twisting by the inverse of the mod p cyclotomic
character.
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where b is any lift of b to Of o

Recall we write 7 (f) for the coefficient of ¢™ in the .J-component of its g-
expansion in (2.12). We can further apply a normalising functor to fé to obtain

fe € My 14Uy (nm?; E) as in [DS22, (30)] whose g-expansion coefficients satisfy

E((tm) ™) (f), if tm is prime to m,

0, otherwise

rh(fe) = (06 (tm)r (f) = {

(3.3)

where t € Aj ¢ such that ¢, € O, J = (t), and (tm)™ denotes the projection

of tm to the components prime to m.

Lemma 3.2.4. [DS22, Lemma 10.5.2] If f € My ;(Ui(n); E) and & is a char-
acter of weight ' and conductor m, then fe € My 1y (Ui(nm?); E) has g-
expansion coefficients as in (3.3). In particular, if i}, (f) # 0 for somem € J*
with mJ prime to m, then fe¢ # 0, in which case if f is an eigenform, then

fe is also an eigenform whose associated Galois representation py, satisfies

Pfe = per @ pf, i€

pf. (Froby,) = £(wy)p(Froby) for v { pnm

pf§|IFv = ( H 5;17) ® pflig, forv|p.
TGZv

3.2.2 Normalised eigenform

We recall the definition of (stabilised, strongly stabilised) normalised eigen-

form.

Definition 3.2.5. [DS22, Definition 10.5.1] Let (k,l) € ZgQ x 7>, We say
f € M (Ui(n); E) is a normalised eigenform if

(i) r{E(f) = 1;
(ii) f is an eigenform for T, for vt p and S, for v{pn;

(i) For any character & of weight —l — 1 and conductor m prime ot p, fe is

an eigenform for T, for all v|p.

In particular, if f is a normalised eigenform, then ©,(f) # 0 for all 7 € X.
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Proposition 3.2.6. [DS22, Lemma 10.4.1, Proposition 10.5.2] If p is ge-
ometrically modular of weight (k,l), then p arises from an eigenform f €
My 1(Ui(n); E) for some n prime to p, such that ©-(f) # 0 for all T € 3. If
in addition that kr > 2 for all T, then we can take the eigenform f to be a

normalised eigenform.

Definition 3.2.7. [DS22, Definition 10.6.1] Let (k,l) € Zgz x 7*. We say a
normalised eigenform f € My (Uy(n); E) is a stabilised eigenform if ri},(f) = 0
for all (m, J) such thatm € J;l and mJ not prime ton. Equivalently, T,,f =0
for all vjn.

Definition 3.2.8. [DS22, Definition 10.6.4] Let (k,l) € ZgQ x 7>. We say a
stabilised eigenform f € My (Ui(n); E) is strongly stabilised if v),(f) = 0 for
all (m, J) such that m € J;" U {0} and mJ not prime to p.

Lemma 3.2.9. Let (k1) € ZgQ x Z>. If p is geometrically modular of weight
(k,1), then p arises from a stabilised eigenform f € My (Ui(n); E) for some n

prime to p.

Proof. By Proposition 3.2.6, we have p arises from a normalised eigenform
[ € My;(Ui(n); E) for some n prime to p. We can choose n’ C n so that n’
and n satisfies the conditions in [DS22, Lemma 10.6.2]. In particular, we can
let n' =], pfi“ if n = [],p;". Then p arises from a stabilised eigenform in
My (Ui (n'); E) by [DS22, Lemma 10.6.2] (enlarging E if necessary). O

Suppose k; > 2. If p arises from a mod p eigenform f of weight (k, —1) with
non-zero eigenvalue at v for any v|p, then ps has a very explicit form, which

suggests p has a crystalline lift of Hodge type (k — 1,0).

Theorem 3.2.10. [DS22, Corollary 10.7.2] Let (k,l) € Zgz x Z>. Suppose
U is an open compact subgroup of GLz(@p) containing GL2(OFpp) and S is
a finite set of primes containing v|p and v such that GLa(OFyp) ¢ U. Let vg
be a prime in F over p. Suppose f € My (U; E) is an eigenform for T,, and
Sy for all v & S. Suppose there is a character & of weight —l — 1 such that
Too fe = Qoo fe with ay, # 0. Then (after adapting to our convention)

kr—1
~ _kT_lT HTEE’U 87—7— *
pf‘]FvO = | | Er ( 8 1) ‘

TEE’UO

Definition 3.2.11. Let (k,l) € ZgQ x 7. We say p is ordinarily geometri-
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cally modular at vy of weight (k,1), if p ~ py for some f € My;(U; E) as in
Theorem 3.2.10.

Corollary 3.2.12. Let (k,l) € ZgQ x Z*. Suppose ky < p+1 forallT € ¥
and k # 2. If p is ordinarily geometrically modular at vy of weight (k,l) for
some vg|p, then Vk(f)f,)%l € Wy, (p).

Proof. This is directly by Theorem 3.2.10 and Remark 3.1.5. O

3.2.3 Geometric Serre weight conjecture

Let <a a partial ordering on Z* defined by k' <, k if and only if k — k' =
> res NrkHa, , for some ny > 0. It is shown in [DK17] that if p is geometrically
modular of weight &, then p is geometrically modular of a weight k' <g, k and

k' lies in a certain cone, which is called the minimal cone.
Definition 3.2.13. Define the minimal cone in Z* be
Emin i= {k € Z% | pky > kp-1,,, for all T € T},

and let =%

min

— = . b
«— —min ﬂ Zzl'

Theorem 3.2.14. [DK17, Theorem 5.1] Let k € Z* such that pk; < k-1,

for some T € . Then we have a Hecke-equivariant isomorphism
My, gy, 1(U, E) = My (U, E)

induced by multiplication by Ha.

Let f € My, (U,F,) be non-zero. There is a unique maximal element in the

following set by the partial ordering <g, (cf. [AGO5])

{n = (n;) € Zgo | f=g H Ha’" for some g € Mk—ZnTkHaT,l(Uan)} .
TEY

Definition 3.2.15. Define
O(f) =k — X n-kia,
for the mazimal element n = (n;) as above.
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Then Theorem 3.2.14 immediately implies the following result.

Theorem 3.2.16. [DK17, Corollary 8.2] For f € M (U, Fp) non-zero, we
have ®(f) € ZEmin-

In the forthcoming paper [DS], it is shown that if f is a non-zero cuspform,
then ®(f) € ZF.  (essentially due to [DDW24, Proposition 1.15]).

~min

For anon-zero f € My ;(U,F,), k = ®(f)+>. n,kma, for some integers n, > 0.
Then we have the following corollary in [DK17|, which is also independently
proved in [GK18|.

Corollary 3.2.17. [DK17, Corollary 1.5]|GK18, Theorem D] If My (U, F,) #
0, then k € CHasse  yhere CHasse .— {ZT Trka, € Q¥ |z >0 forallT €
s}

Conjecture 3.2.18 (Diamond-Sasaki). Let p : Gp — GLy(IF,) be an irre-
ducible, continuous, totally odd representation. For any | € 7>, there exists
kmin - kmin<p7l) € E+

min

if and only if k >Ha kmin. Furthermore, if k € ZF. | then k >Ha kmin if and

min’

such that p is geometrically modular of weight (k,1)

only if play, has a crystalline lift of Hodge-Tate type (k; + 1+, 1y + 1)7ex, for
all v|p.

Considering a character § such that {1, = [[,cx, €7'7, We see that the con-
jecture holds for the representation p and I € Z* if and only if it holds for the
twisted representation p ® £ and I —m € Z*, by (2.16) and the computation

of reductions of crystalline characters (cf. [Con, Proposition B.4]).

This conjecture can be viewed as a geometric variant of the weight part of
Serre’s conjecture formulated in [BDJ10|. The first statement is suggested by
Theorem 3.2.14 and the second is suggested by the Breuil-Mézard Conjecture.

If we assume the existence of ki, then Conjecture 3.2.18 reduces to the

following.

Conjecture 3.2.19. [DS22, Conjecture 7.5.2] Let k € =}, . Suppose that
p: Grp — GLy(F)y) is irreducible and geometrically modular some weight. Then
p is geometrically modular of weight (k,1) if and only if p|ay, has a crystalline

lift of Hodge-Tate type of (kr + L7, + 1)rex, for all v|p.

Remark 3.2.20. /DS22, Remark 7.3.3] The condition k € = is necessary.
In particular, Robin Bartlett pointed out (for p inert case) local Galois repre-

sentations with crystalline lifts of Hodge-Tate type of (k+ 1,1+ 1), but none of
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type (K" + 1,1+ 1), where k' =k + kpa, € Zgl does not lie in = .
Example 3.2.21. (Robin Bartlett) Let p be inert in the real quadratic field F'.
Let ¥ = {F — Q} = {F, = Q,} = {r0,m1}. Then there exists p : Gp, —

GLy(F,) such that

e it has crystalline lifts p such that HT,,(p) = {0,1} and HT,, (p) = {0, 2}
(i.e. Hodge-Tate type ((1,2),(0,0)));

e it has no crystalline lifts p such that HT,,(p) = {0,0} and HT, (p) =
{0,2 + p} (i.e. Hodge-Tate type ((0,2+ p),(0,0))).

The existence of such local representation can be shown explicitly using p-adic
Hodge theory. Alternatively, one can more naturally see it by the fact that
the locus of two-dimensional mod p representations having a crystalline lift
of a given weight in the moduli space of mod p Galois representations has
dimension equal to the number of embeddings where the weights are distinct (see
[EG23, Theorem 4.8.14]), so the locus with crystalline lifts of weights {0,1},
and {0,2},, is two-dimensional, while the locus with crystalline lifts of weights
{0,0},, and {0,2 + p},, is one-dimensional, hence there exist representations

in the former locus that are not in the latter.
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Chapter 4

Algebraic modularity and

geometric modularity

4.1 Relation between algebraic modularity and geo-

metric modularity

In this section, we discuss the relation between the algebraic and geometric

modularity for not necessarily paritious weights.

Conjecture 4.1.1. [DS22, Conjecture 7.5.2] Let p : Gal(F/F) — GLa(F,) be
an irreducible, continuous, totally odd representation and (k,l) € ZgQ x 7. If

p is algebraically modular of weight (k,l), then it is geometrically modular of
weight (k,1); the converse holds if in addition k € =

min”

The necessity of the condition k € Ef{lin for the converse to hold is suggested
by Remark 3.2.20. More directly from modular representation-theoretic con-
sideration, if k = k' + kpa, ¢ Er‘;in, where k' € Z§2 then it is possible
that JH(Vjy ;) € JH(V4,), and we can construct a representation p such that
WBDI(p) = {o} where ¢ € JH(Vjr;) — JH(Viy) (ie. p is algebraically and
geometrically modular of weight (k’,1), hence geometrically modular of weight

(k,1), but p is not algebraically modular of weight (k,1)).

Example 4.1.2. Let F' be a real quadratic field and p > 2 inert in F. Let
¥ = {m, 7}, where Fromy = 71 and From = 79. Denote Symy := Symy,; and
Symyy := Symy,,|. There exists p algebraically modular of weight ((2,2), (1,0))
such that WBPJ (p) = {det_3_2pSym?0]Sym[0H,det_3_2”Sym’[)OTlSymﬁTl}. Then
p is geometrically modular of weight ((2,2), (1,0)) by [DS22, Proposition 7.5.4].
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Note that

1 1 0 0 2 0 1 -2

0 2 2 0 1 —2
Then p is algebraically and geometrically modular of weight ((3,p + 2),(0,0)),
geometrically modular of weight ((2,2p + 2),(0,0)), but not algebraically mod-
ular of weight ((2,2p + 2),(0,0)).

Remark 4.1.3. In fact, E:;in HZ§2 seems not the optimal area where geomet-
rically modular and algebraically ;re equivalent, at least in the quadratic inert
case. Let p > 3 inert in the quadratic real field F'. Follow the notations in Ez-
ample 4.1.2 and assume p satisfies the assumptions in Theorem 4.5.4. Suppose
p is geometrically modular of weight ((n,pn + 1),(0,0)), where n € Z>3. By
Theorem 3.2.14, p is geometrically modular of weight ((n+1,pn—p+1),(0,0)).
As we will see in Theorem 4.3.4, this implies p is algebraically modular of weight

((n+1,np—p—+1),(0,0)). By [DR18, Lemma 2.5/, we have

Syt symy 7] < [Symiy sy ™

since p(n — 1) > pn —p — 1. Then p is algebraically modular of weight
((n,np + 1),(0,0)). Therefore, together with Theorem /.3.4, we can obtain
that if p is geometrically modular of weight ((ko, k1), (lo,11)), then p is alge-
braically modular of weight ((ko, k1), (lo,11)) for (ko, k1) € Z'N 2222, where

= ={kcZ” | pk, +1 > kp 1., }.

The direction from algebraic modularity to geometric modularity has been

discussed by previous works of Diamond-Sasaki.

Proposition 4.1.4 (|DS22; DS|). Let p : Gal(F/F) — GL2(F,) be irreducible,

continuous, totally odd.

(i) If p is geometrically modular of some weight, then it is algebraically mod-

ular of some (algebraic) weight.

(ii) Let (k1) € Zgg x 7. If p is algebraically modular of weight (k,1), then

p is geometrically modular of the same weight (k,1).

We focus on the direction from geometric modularity to algebraic modularity

in the Conjecture 4.1.1. First, we show that we can reduce to the case when p
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is geometrically modular of weight (k,0) by the following lemma.

Lemma 4.1.5. Let k € Zgl and 1,I' € Z*. Let p : Gp — GLa(Fp) be
an irreducible, continuous, totally odd representation. Let £ : Agf)f — ﬁ;

be a continuous character such that {(a) = a’ for a € O;(p)+. Let & :

AL/FXFZ, — F; such that {’(oaza)iz §(a)a;l/, wherea € F*, 2 € F ,,a €
Agf with ap € O;ﬂp, and pgr : Gp — F; be the corresponding character by class
field theory. Then

(i) p is geometrically modular of weight (k,1) if and only if p ® per is geo-
metrically modular of weight (k,1+1").

(i1) if kr > 2 for all T € X, then p is algebraically modular of weight (k,1) if
and only if p @ per ts algebraically modular of weight (k,1+1").

Proof. (i) If p ~ py for some eigenform f of weight (k, 1), then p® pgr =~ py,,
where f¢ (as in §3.2) is of weight (k,1+1"). On the other hand, if p® pgr ~
pg, for some eigenform g of weight (k,l+1"), then p =~ p, ®p€_,1 ™ Pgiery-1»
where the eigenform g -1 has weight (,1).

(ii) Let U be sufficiently small. Recall we have an element e? determined by

€ odet and an isomorphism (see (2.18) and (2.20)) by multiplying ef:
egB : lez(U;ﬁp) = M,le/(U;E)

such that Tv(e?f) = f(wv)egBTv(f) and Sv(e?f) = §(wv)2e?5’v(f) for
v & S, where S consists of 2, primes above p, and v such that (Ow)* ¢
U. Note that pg (Frob,) = £(w,) for v € S. Therefore, M,fl(U; R)[m,] #
0 if and only if MI?,!H’(U; R)[mpgp,, ] # 0.

O]

Suppose k € EF. N ZgQ and p is geometrically modular of weight (k,[l). By
the previous lemma, to show that p is algebraically modular of weight (k,1),
it suffices to show that p ® pg is algebraically modular of weight (k,0), where

& Ag’)f — E* is a character such that ¢'(a) = a™!, for a € Ox )t

We also note that algebraic modularity is closely related to the liftability of
mod p Hilbert cuspforms due to Jacquet-Langlands correspondence. Using the
liftability result Corollary 2.6.6, we can show the direction from geometric to

algebraic modularity for the weights in (2.23).
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Theorem 4.1.6. Assume p > d. Let p : Gp — GLao(F,) be an irreducible,
continuous, totally odd representation and (k,l) € 7> x Z*. Assume p is
geometrically modular of weight (k,1). If k satisfies p(ky —2) > kp,-1,, —2 for
all T € X, then p is algebraically modular of weight (k,1).

Proof. Let & : Agf)f — E* be a continuous character such that &(u) = p!#/?

for p € (’);(p) Let p ~ py for some eigenform f € Si;(U;E), where U

L
is sufficiently small. Recall we have a free line bundle Ng over Yy g such
that A’Bl = /J]fg ® Ng. Let e be a basis of the one-dimensional eigenspace
in H(Yy g, NEg) such that GLQ(A;{%) acts by £ o det. As in §2.5, we have an

isomorphism given by multiplying e¢
Si(U; B) = Sk (U B),

such that T, (ec f) = &(wy)eeTy(f) and Sy(eef) = E(wy)2eeSy(f) for v { p that
GL2(OFy) C U. Let the eigenform f_ € Si(U; E) be the preimage of f in
the above isomorphism. Then f_ can lift to an eigenform f_ € Si(U;O) by
Corollary 2.6.6 and Deligne-Serre lifting lemma (enlarging O if necessary). By
Jacquet-Langlands correspondence, the Hecke eigensystem of ]~”_ appears from
the Hecke eigensystem of M kB (U_; O) for some quaternion algebra B and open
compact subgroup U_ C Bf as in §3.1. (If [F : Q] is even, we can take B
to be a definite quaternion algebra that is split at all finite places; if [F' : Q]
is odd, we can take B to be an indefinite quaternion algebra that is ramified
at all but one infinite place and is split at all finite places.) We can take U_
sufficiently small, so that we have an isomorphism given by the multiplication
by ef as in §2.5:

M (U-;0) = MG(U-;0)

such that Tv(e?f) = f(wv)eéBTv(f) and Sv(eff) = §(wv)26§5v(f) forv{p
such that GL2(Op,) C U and v € %8, where e? € HO(Y[?,@Tdetl[;rkT/gR)
defined by & o det. Therefore, the Hecke eigensystem of f appears from
M,fl(U_;(’)) ® F,, which shows p ~ py is algebraically modular of weight

(K, 1). O
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4.2 Weight shifting

Let p be irreducible and geometrically modular of weight (k,1), then p ~ p;
for some eigenform f of weight (k,[). If k satisfies (2.23):

p(kr —2) > kp-1,, — 2, forall 7 € &,

we proved the direction from geometric to algebraic modularity in Theorem 4.1.6.

by

However, it does not include the weights k € =t N L34 that are “near the

min

boundary". We can deal with such weights by the weight shifting method.

Let v|p. Let Go(F,[GLa(F,)]) be the Grothendieck group on finite dimensional
representations of GLa(F, ) over F,,, on which we have a natural partial ordering
< defined by R < R’ if R'—R is in the submonoid of Go(F,[GL2(F,)]) consisting
of classes of F-representations of GLy(F). We denote the isomorphism class
of V' in the Grothendieck group by [V]. Suppose 7 € ¥,. By convention we
let [Sym[_lF%] =0. If n < —1, we define

7]

[Sym’fﬂ] =— {detﬁrlsym[;?d} .

Moreover, we have the following Grothendieck group relation by [Red15, (1.0.3)]

Sy o] - [detsmiytom ]
n+1 m—p 1 n m—2p ’
= [Sym Sym_ " ] - [det[T]SymmSym J

[7] [Fr—1or] [Fr—tor

for m,n € Z.

Let p be geometrically modular of weight (k,1), where k € Zf. N Z%, and
does not satisfy (2.23). Consider f/ = []_Hal Ol f of weight (k',1’), for some
srytr > 0. Note that we can choose f so that f’ is non-zero by Proposi-
tion 3.2.6. Choose s, and t, such that the weights k¥’ satisfies (2.23), then p is

algebraically modular of weight (k’,1"). Then we have
WPP (0) N IH (Vi _pr—1r) # 2,

hence we get some information of p| Iy, for v|p, and compute the possible
WBDJ(p). Our goal is to show that JH(Vy _x—;) "WBPI(p) £ @, which implies
p algebraically modular of weight (k,l) if we further assume p|GF( ) satisfies

the condition in Theorem 3.1.6.
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4.2.1 Split case

Let F be a totally real field of degree d in which p totally splits. Now we write
Sym for Symy, and det for det;. Note that detP~! is the trivial character.

Lemma 4.2.1. Suppose p > d. Let p be geometrically modular of weight (k,1).
If kr > 3 for all T, then p is algebraically modular of weight (k,1).

Proof. 1t is directly given by Theorem 4.1.6. O

Theorem 4.2.2. Suppose p > d is an odd prime. Let p be geometrically
modular of weight (k,1). If k; > 2 for all 7, then JH(Vy, __) NWEDPI(p) £ &.

Proof. If k; > 3 for all 7, it follows from the previous lemma and Theo-
rem 3.1.6. Now assume the set S = {7 € ¥ | k; = 2} is nonempty. Suppose p
arises from a normalised eigenform f € Mj,;(U;(n); E) as in Proposition 3.2.6.
Let f':= [[,cgHa;f. Then f’is a non-zero normalised eigenform of weight
(K',1) such that py ~ py, where k. = k; for 7 ¢ S and k, =k, +p—12>3
for 7 € S. Let m := —k — [ and m’ := —k' — I. Note det?! = det’, so we
have det™r = det™". By Lemma 4.2.1, p is algebraically modular of weight
(K',1). Then p is modular of a Jordan-Holder factor of Vi, by Lemma 3.1.3,
ie. WBPI(p) N JH(Vi.n) # @. Recall WBDI(p) = [L,;, Wo(p). For any
T € 3, let v; be the unique prime above p determined by 7. If 7 ¢ S, then
we have JH(detmTSymk7_2) NW,, (p) # @ since k. = k,. If 7 € S, we have
det™ SymP~! € W,_(p), which implies the following possibilities of W,_(p)
(cf. [BDJ10, Theorem 3.17]):

(i) {det™ SymP~'}, or

(ii) {det™ SymP~!, det™  Sym®, det™ T1SymP~3} (p > 3), or
(iii) {det™ Sym?,det™ Sym?, det™  t1Sym?, det™ T'Sym°} (p = 3), or
(iv) {det™ SymP~! det™ Sym"}.

In the above possibilities, we observe that det™Sym® € W,,_(p) unless W,,_(p) =
{det™ SymP~11.

On the other hand, by Lemma 4.2.3 we obtain that p is geometrically modular
of weight (k”,1"), where k! = k;, I/ =1, for 7 ¢ S, and k! = k; +p + 1,
I!/ =1, —1for 7 € S. Then p is algebraically modular of weight (k”,1"”) since
k" > 3 for all 7. In particular, we have JH(det™ ~'SymP*1)NW,_(p) # @. In
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the Grothendieck group Go(F,[GL2(Fp)]) on finite dimensional representations
of GLy(F,) over Fp, we have

[det™'SymPT™] = [Sym°] 4+ [det™'Sym?] + [det®* PSymP~3],

by [Red15, (1.0.3)]. If W, (p) = {det™  SymP~1}, then JH(det™ ~!SymP*!) N
W,.(p) = @ gives a contradiction (this is true even when p = 3, since det™" ~!Sym?
JH(det™ ~1SymP*1) but det™ Sym? does not). Therefore, we must have
det™Sym" € W, (p) for any 7 € S, and hence we conclude that JH(V},) N
WP (p) £ 2. O

Lemma 4.2.3. Let p be geometrically modular of weight (k,l) € Z§2 x 7>,
Let S = {1 € X | k; =2}. Then p is geometrically modular of weight (k" 1"),
where kKl = k;, I/ =1; fort ¢S, and k! =k, +p+ 1, Il =1, -1 forT € S.

Proof. Let S = {7y,---,7;}. There is a normalised eigenform f € My ;(U;(n); E)
as in Proposition 3.2.6 such that p arises from f. If f is a normalized eigen-
form, then so is O, (f) for any 7 € ¥. Therefore, O, --- O, (f) is a normalized
eigenform that gives rise to p with the desired weight. O

Theorem 4.2.4. Let p > d, p > 3 and F be a totally real field in which p
totally splits. Let p : Gp — GLa(Fp) be an irreducible, continuous, totally
odd representation. If p = b, assume that the projective image of p is not
isomorphic to As. If p is geometrically modular of weight (k,l), where k. > 2

for all T, then p is algebraically modular of weight (k,1).

Proof. By Theorem 4.1.6, we only need to prove the case when S = {7 €
Y | k; = 2} is non-empty. Without loss of generality, we may assume p is
geometrically modular of weight (k, —k) using Lemma 4.1.5. By Theorem 4.2.2,
we have Vo € WBDI(p). If p|GF(Cp) satisfies the condition in Theorem 3.1.6,
then we obtain p is algebraically modular of weight (k, —k). Therefore, by our

assumption, we only need to consider the case when p|GF( ) is reducible.

Suppose plc ¢,y 18 reducible. Then there is a quadratic extension F'/F in
F((p) and a continuous character § : Gpr — F; such that p ~ Indg,g . Since
pis split, p = [[;ex b in F and F, = Q, for all 7 € X. Note that F'/F is
totally ramified at p, for every 7 € X. Let 19 € S (i.e. kr, =2). Let p,, = v2
for a prime v of F'. Denote K := F, = Q, and K’ := F,. Let ¢ be the

mod p cyclotomic character, €2 be the fundamental character of level 2, which
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-1
is Ig = 1 Art, 7>, — F%,. Let ex be the fundamental character on
Q2 P P

I induced by Art™!, respectively. Note that 612)+1 = ¢ and we also have the

commutative diagram

EK - IK’ O;(, > F;;
| [om o
e: Ig, . FX.

We have {7, = €% for some n € Z>g. Depending on the parity of n, we get
the form of p|r,:

n/2 n/2+(p—1)/2 ; :
eV de , if n is even
p|IK = { (4'2)

ed @b, if nis odd
where a = n(p+ 1)/2. On the other hand, Sy]rn/EiTOOf2
that p|r, as the following form as in (3.1) and (3.2),

chro—1 .
plre >~ . reducible case,

€ W) (p), so we know

0

frg—1
plre ~ ©2 0 irreducible case
K 0 2::;27(lc.,-()—1)

Comparing the form of p|;, in (4.2) and (4.3), we obtain:
(i) If n is even, then p|g, is reducible and kr, = (p+1)/2.
(ii) If n is odd, then p|g, is irreducible and k., = (p + 3)/2.

When p > 3, we have k;, > 3, which contradicts k;, = 2. Therefore, we have
the algebraic modularity of such weight. O

We have the following result including the partial or parallel weight one cases.

Corollary 4.2.5. Suppose p > d and p > 3. Let p be geometrically modular
of weight (k,1) € Z§1 x 7. If p =5, assume that the projective image of p is
not isomorphic to ;15. Then p is algebraically modular of weight (k',1) where
k.=kr ifkr >2 and k. =p if k; = 1.

Proof. Let p arise from a normalised eigenform f of weight (k,l). Let T :=

{r € ¥ |k = 1}. We consider the eigenform g := [], .y Ha,f, which is of
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the weight (k’,1). Then p is geometrically and hence algebraically modular of
weight (k’,1) by Theorem 4.2.4. O

4.2.2 Inert quadratic case

Let F be a real quadratic field in which p is inert. Let ¥ = {79, 71}, where
71 = From, and 1o = Fro 7. Let (k‘,l) = ((ko,k‘l), (lo,ll)) € 7> x ZE, where
k€ 2l ie. pko > ki > ko/p. Note that det” ' = det” and dety,, = det?

We denote Symp := Symy,;, Symp; := Symy,; and e := det,;. We also
denote Ha,, by Ha; and ©;, by ©; for ¢ =0, 1.

Altering our choice of 7y if necessary, we assume that 2 < kg < k1. By Theo-
rem 4.1.6, geometric modularity of weight ((k,[)) implies algebraic modularity
of weight ((k,1)), if p(ko —2) > k1 — 2. Now we consider the weights such that
plko —2) < ky — 2 < pko — 2

We will use the weight shifting technique to prove V4, ; € WBDI () for relatively
small &k such that 2 < kg < k1 < p (see Theorem 4.2.14). We will deal with
bigger weights k in §4.3, using the description of stratification on the special

fibre of Hilbert modular variety given in |[TX16].

Lemma 4.2.6. Let (k,1),(K',l') € Z§2 x Z* where ki = ko, ki = k1 — 2, and
Iy =1lo, Iy =11+ 1. Suppose p is geometrically modular of weight both (k1)
and (K',1"). If p is not ordinarily modular at p of weight (k,l), then either p is

also geometrically modular of weight (k' — kpa,,l'), or p|k}.

Proof. By Lemma 3.2.9, p arises from a stabilised eigenform f of weight (k, 1)
and a stabilised eigenform f’ of weight (k',1’). Let & be a character of weight
—l. Then pg ® p arises from f¢ of weight (k, (0,0)) and f{ of weight (£, (0, 1)).
Since f is not ordinary, we have f¢ is a strongly stabilised eigenform, and
hence so is Hay f¢ (note k; > 4 by our assumption). Also, @1(f€’) is a strongly
stabilised eigenform by [DS22, Proposition 9.4.1]. By g-expansion principle
([DS22, Lemma 10.6.5]), we obtain

Hay fe = ©1(fp)-

If p 4 K}, then by Theorem 2.4.8, we have Ha | fé, hence pgr ®p is geometrically
modular of (k' — kpa,, (0,1)), and then p is geometrically modular of weight
(K" — kpay, U). O
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Lemma 4.2.7. For this lemma, we assume F is a totally real field of arbitrary
degree in which p > 2 is inert. Let | € 7. If Vp+1, € WBDI(p), then either
Vai € WBPY(p), or WPPY(p) = {Vp i1}

Proof. 1t is explained in the last paragraph of the proof of [Car+24, Lemma
A.4] that, if Vi1, € WBPI(p) and Vo, € WBPJ(p), then plcy, is trés ramifice,
in which case WBP(p) = {V},11,} by the definition in [BDJ10, §3.2]. O

Remark 4.2.8. We can also use the explicit definition of LéH in [DDR16] to

prove Lemma 4.2.7.

(i) Suppose P’Gpp is irreducible. By Definition 3.1.4(ii), Vo114 € WBPI(p)
is equivalent to Vo, € WBDPI(p).

0 Xxo
and ¢, € Ly, .5 for some J C X. Since eby = €5 and €, = e, we

have (Vpy1,,J) € Wy(x1, x2) is equivalent to (Va,, Fr(J)) € Wi(x1, x2)-

(i) Suppose plG,, =~ (Xl cP) is reducible. Then (Vpi11,J) € Wy(xa1, x2)

(a) If J =X and x1x5 - = €, then by definition, Ly,..,s = H'(GE,,Fy(e))
and Ly, s is a codimension one subspace. Suppose V' € WBDPI(p)
for some V' # Vi1, then ¢, € Ly j for some J' # X. By defini-
tion of LAY, we have

L = Span{e, |7 € ()} C Span{er|r € £} = L

Then by [DDR16, Conjecture 7.2] (proved in [Cal+17]), we obtain
AH AH
Lyi g © Ly gy, = Lyi" € Ly,, = Ly, . =

Therefore, ¢, € Ly, and hence Va3 € WBPY(p).

(b) Assume we are not in the case that J = % and x1x5 ' = &. With-
out loss of generality, we may assume J = Jyax. By definition,
we have Lé}iu = Span{c;|T € u(J)}, where u(J) = J, since
x1xs ' = [Lese? [lres 272 Also we have L{g{l = Span{c;|T €
w(Fr(J))}, where p(Fr(J)) = Fr=Y(Fr(J)) = J, since x1x5' =

-2
|| ey [rem e?™".  Therefore, L{ZHJ = L{};{HJ and hence
Cp € LV2,l72‘

Lemma 4.2.9. If p is geometrically modular of weight (k,1) = ((2,2),(0,0)),
then V(5,9) (—2,—2) € WP (p).
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Proof. Let p >~ py for some normalised eigenform f € M9y (0,0)(U1(n); E) as
in Proposition 3.2.6 so that ©1(f) # 0. Consider the eigenforms HagHaq (f)
and HagO1(f). Then p is geometrically hence algebraically modular of weight
(p+1,p+1),(0,0)) and (p+ 1,p+ 3),(0,—1) by Theorem 4.1. 6. Let M =
—2—2pand V' := eM_pSym[O} Symﬁrl Then e Sym[ 0 Sym[l] c WBPI(p)
and WBPI (p) n W (V') 7& . By Lemma 4.2.7, V(g 9y (—2,—2) € WEBDJ(p) unless
WBDPI(p) = {eM Sym[o] Sym 1. By Grothendieck group relation [Red15,
(1.0.3)], we have

[e_pSymZ[’OTSymﬁTl} =2 [el_p SymefSym[lu] + [Sym?O}Sym?l]} +

[e_p Sym[[)O}Sym[zl]} + [ep Sym’[’OTISymﬁ_ﬂ .

If WBPI(p) = {eMSym[O} Sym 1}, then WBPJ(p) N JH(V') = @, which is a
contradiction. Therefore, 1/'(272)7(_27_2) c WBPJ(p). O

Remark 4.2.10. For an arbitrary totally real field F' (of degree d) in which p
is inert, we can also show a similar result as Lemma 4.2.9. Let ¥ = {1;} for
1=0,---d—1, where we choose the label that FroT; = 7,41 and Frory_1 = 79.
Suppose p is geometrically modular of weight (k,1) = (2,0). Let p ~ py where
f € Mao(Ui(n); E) as in Proposition 3.2.6 so that O, (f) # 0 for all i. Con-
sidering Hf:_& Ha., (f), we have p is geometrically modular and hence alge-
braically modular of weight (k,l1) = (p+1,0) by Theorem 4.1.6. To prove
Va o € WBPI(p), it suffices to show the case when WBPI(p) = (V11 -2} by
Lemma 4.2.7. On the other hand, considering ©,, H?;ll Ha,, f, p is geomet-
rically modular hence algebraically modular of weight ((p +3,p+ 1,--- ,p +

1),(-1,0,---,0)). Hence eM_ISymZ[’OTlsymm '-Symj[od 11} NWBPI(p) £ &,
where M := =2(1+p+ - D). By Grothendieck group relation,

pdil]] -

[ e~ Symiy Sym?, Sym’[’il -~ Symf,_ 1}] - [elSym‘ﬁiSSym[ﬂ Symfi --'Symfd__lu} :

1 +1 1 1 1
[e Symfo] Symm Sym[d 1]} [p Sym[O]Symm Sym[] --Sym[

Comparing the dimension of the following F,-representations:
. dimﬁp Sym[ 0 Sym[d =P
° dimﬁp e_ISym[lo}Symﬁ]Sym[ Tl

. elsymfo?SSymm Symm --Syml[)dill} = (p—2)pt!



we conclude that
1 -1 _
[Symﬁ)] -~-Sym’[)dild £ [e 1Sym[0] Sym[] Sym[d 1

which leads to a contradiction if WBPY(p) = {Vi1._2}. Therefore, Vo _o €
WBDJ(p).

Lemma 4.2.11. Suppose p > 3. If p is geometrically modular of weight (k1) =
((2,3),(0,0)), then Vig3) (—2,—3) € WBEPI(p).

Proof. Let p >~ py for some normalised eigenform f € M 3 (0,0)(U1(n); E) as
in Proposition 3.2.6 so that ©1(f) # 0. Consider the eigenforms HagHa; f and
©1(f). The representation p is geometrically hence algebraically modular of
weight ((p+1,p+2),(0,0)) and (p+2,4), (0, —1). Let M = —2—3p. We have
the Grothendieck group relations

Sy Sy, | = 2 [e!Symfy "Symfy | + [Symfy Symfy| + [erSyumfy syt ]
e syufySymd, | = [SymfySymiy | + [e7Symfy sy | + [o! 7Sy Sy, |

Since p is modular of weight e Sym[o] Sym[l] it is modular of at least one of
eMHSym[O] Symm, e Sym[ }Symm and e +pSym[O] Symm .

Suppose eMHSym[ Sym[ 1 € WBDPI(p) = W, (p). Since W(p) C Wi((plGr,)™),

SSs

0
the semlslmphﬁcatl(])n (plcr, )™ of play, has four possibilities up to isomor-
phism, by Definition 3.1.4 (or we can see this in the point of view of Emerton-
Gee stack: P‘Gpp lies on the eM +1Sym[ 0] Sym[ 1j-component of the Emerton-
Gee stack, where there are four semisimple representations). Let p1, p2, p3, p4
be the four possible semisimple representations of G, that isomorphic to

e_M(p|GFp )*. Then they are of the following forms:

N elel 0
pl‘IFp— 0 1)

(i) p1 is reducible and

(ii) pe is reducible and



(iii) ps is irreducible and

-1
Ef, 51, 0
p3lrg, = | 1
Fp 0 5?*161 ’
A

where 7}, 7" are the embeddings of K, into Q, such that ik, 7 |E, = 70

for j = 0,1, where K is a quadratic extension of F' in which p is inert.

(iv) p4 is irreducible and

where TJ,TJ are as above for j =0, 1.

By definition, we have

Wy(p1) = {elSymH Symm Sym[O]Symm epSymH SymH e? Sym[] Symm }

3 2
Wy(p2) :{ep+1Sym[O] Sym[l] ,€e Sym[o] Sym[l], Sym[O]Sym[l] ,epSym[O} Symm 1
W(ps) = {e"Symfy “Symfy), e~ Symly Symf;; *, Symfy Symfyy, e+ Symf “Symf, #},
Wy(ps) = {ep_lsym[lo]SymﬁTl,epSym[ 0 Symm ,elSymI[‘aQSym?l]}.
We observe that e*pSym([)O}Symf’l], - Sym[o] Sy]rn[1 & Wy(pi) fori=1,2,3,4.

Then, by Wy(p) € Wy ((pla,)*), if p is modular of weight eM+1Syrn[0] Symm,
then either eMSym[[)O}Sym[ll] € WBPI(p) or WBPI(p)nJH (M~ pSym[ ]Symm)

&, the latter of which leads to a contradiction.

Similarly, if p is modular of weight e +I’Sym[o] Symm 2, we can also compute
the possibilities of WBPI(p) C Wy((plGg,)™). Suppose eM“’Sym[O] Symm €
WBDPI(p). Then e=M (plcg, )™ has three possibilities p1, p2, p3 up to isomor-
phism and W), (p;) are the following sets for i = 1,2, 3, respectively.

) {ePSym? SymH 1SymH Sym[] eP~ Sym[O]Sym[l] , HSymI[JOTgSym’E?},

[0]
(ii) {elsymﬁiQSym?l],epSym’[JOfSym’mQ,Sym?O]Sym[ll},e%Sym Sym 4,
(iii) {ep_18ym[10}Sym[1] ,epSym[ ]1Sym1[0112,elsymﬁiZSymﬂ}},

We observe that e_pSym?O]Sym‘E’l],el_pSymﬁiQSymfu & Wy(pi) for i =1,2,3,
then either eMSym[[)O}Sym[ll] € WBPJ(p) or WBDJ(p)ﬂJH(eM_pSym[O] Symm)
2. Therefore, we must have V(g 3y (_o _3) € WBDI(p), O
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One can use the results in [DDR16, §8| to work out all the possibilities for
WBDPI(p) precisely. As we see in Lemma 4.2.11 (and in Lemma 4.2.13), a
list of possible Wy((p|cy,)*) is sufficient for our proof. In some cases (for
example, Remark 4.2.12 case (i), Theorem 4.2.14 case (ii) when k; = p and

Remark 4.2.17), a more carefull computation for WBPJ(p) is needed.

Remark 4.2.12. When p = 3, the result in Lemma 4.2.11 also holds. Let
p = 3 and p be geometrically modular of weight (k,l) = ((2,3),(0,0)). We
follow the steps in the proof of Lemma 4.2.11 and get p is algebraically modular
of weight ((4,5),(0,0)) and ((5,4),(0,—1)). Consider

[Sym%O]Symf’H] =2 [elsym[lo}Sym?l]} + [Sym?O]Sym[lu] + [e?’Sym[QO] Sym[ll]} ,

[e_gsymf’o] Sym[?”} =2 [Sym?O]Sym[lu] + [e_3Sym[10]Sym([)1]} + [e_2Sym[10}Sym[21]} .

Let M = —2 — 3p. A computation on WBP(p) shows that, if elsym[lo] Sym?l]
or e3Sym[20] Sym[ll} € e MWBDI(p), then

(i) e MWBDI(p) C {elSym[lo] Sym[[)l}, SymOSym[ll],e3Sym[20}Sym[11],e_QSym[lo] Sym[21]},
and e*ZSym[lo] Symﬁ] € e MWBDI(p) only when e MWBPI(p) contains
all four elements (cf. [DDR16, §8.2]); or

(ii) e~ MWBPI(p) C {e4Sym?0] Syrn[ll},elSymlSym?l],eQSym[lo}Sym[Ql],e3Sym[20}Sym[11]};

or

(iii) e MWBDI(p) = {eISym[lo] Sym?”,e_?’Sym[lo]Sym?l], Sym?O]Sym[ll], e4Sym?O]Sym[11]};

or
(iv) e MWBDPI(p) = {eZSym[IO] Sym[Ql},e‘gSym%O] Sym[ll},elSym[lo] Sym[[)l]}; or
(v) e MWBDI(p) = {egsym[Qo] Sym[ll},e_QSym[lo]Sym[zl], Sym?o],Sym?O] Sym[ll]}.

We have either Sym?O]Sym[ll] € e MWBDI(p) or e_MWBDJ(p)ﬁJH(e_?’Symf’O]Symﬁ]) =
. Therefore, we obtain V(g3) (—2,_3) € WBDJI(p). Hence we can also extend
the result in Theorem 4.2.14 to p > 3. To include the case when p = 3 for
Theorem 4.2.18, we need to assume ’O‘GF3(43) 1s irreducible. Moreover, we will
see Corollary 4.2.16(ii) also holds when p = 3 assuming P|GF3(<3) is irreducible
(see Remark 4.2.17). Hence, we can actually conclude that the geometric mod-
ularity implies algebraic modularity of the same weight for p > 3, if we assume

P|GF3(C3) 1s irreducible in addition to the assumptions in Theorem 4.3.4.

Lemma 4.2.13. Suppose prime p > 3. If p is geometrically modular of weight
(k7l) = ((274>7 (070))7 then ‘/’(2,4),(72,74) € WBDJ(ﬂ)'
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Proof. If p is ordinarily geometrically modular of weight ((2,4), (0,0)), then
by Corollary 3.2.12, we have V(g 4) (_2 _4) € WEBDPJ(p). Now we only need
to prove the result when p is non-ordinarily geometrically modular of weight
((2,4),(0,0)). By Lemma 4.2.6, p cannot be geometrically modular of weight
((2,2),(0,1)), otherwise p is also geometrically modular of weight ((3,2 —
p),(0,1)), and Corollary 3.2.17 gives a contradiction. Let m; = —k; for

= 0,1 and M = mg + pmi. We know p cannot be modular of weight
eM+p Sym([)o] Sym?l], otherwise p is geometrically modularity of weight ((2,2), (0, 1))
by Proposition 4.1.4. Let p =~ p; for some normalised eigenform f € M3 4) (0,0)(U1(n); E)
as in Proposition 3.2.6 so that ©1(f) # 0. Denote V := eMSym[O] SymﬁT1
and V' := eM*pSym[O]

then we know p is modular of weights V and V' by Theorem 4.1.6 (we do

Sym[ 1. Consider the eigenforms HagHay f and 01(f),

not use Haj f because Theorem 4.1.6 does not apply to its weight). We have

Grothendieck group relations

[Sym[ 0] Symﬁ“l} = [Sym?]Sym[zH] [epSym[o} Symm} +2 [e Sym[ 0] Sym[l]}

[egpSym[O} Sym[] } ,

[e—PSymﬁ)]Symf’l]} = [Sym([)o]Sym[?IJ + [e_pSym?O]Symﬁ]] [e pSymH Sym[lﬂ .

Since p is modular of weight V and not geometrically modular of Weight
((2,2),(0,1)), it is modular of at least one of eMSym?O]Sym[Ql], 1Sym[ 0] Sym[ 1]
and eM+2pSym[O] Symm .

If eMHSym[O] Symm c WBPI(p) C Wp((plGg,)™), then we have the five
possibilities for e~ W, p((plag,)™):

i) {e! SymeTQSym[ll] e Symz[a ! Sym’[)ﬂ?’, Sym?o] Sym[Ql] , e3P Sym’[a ! Symz[)ﬂ5 }, or

(ii) {epSymf] 1Symm e Sym[O]Sym[l],e Sym[] Sym[1]7 1Sym[10]Symf’ﬁ2,
2p+1sym[O]SSymﬁ} }, or

(iii) {e3pSym[ 0] Sym[1]5,e pSym[ 0] Symm ,Sym[O]Sym[l] e Sym[ ]2Sym[11]}, or

(iv) {elsym[] Sym, e 1Sym[10]sym’[’ﬁ 7Sym?o]sym[Ql],e2p+1SymfofgSymfﬁS}’

or
(v) {epSym[O] SymH elsym” Symm epSym[O]Sym[l] e? Sym Sym }

where the first three cases may happen when p|g Py is reducible and last two

when pla,,, is irreducible.
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If eM Jr211’Syrn[m Sym[ }3 € WBDPI(p), then we have the four possibilities for
MWy ((plar, )*):

(i) {eZPSymH Sym[

or

3
1€ Sym[] Sym[l] e Sym[O}Sym[l],e p+1 Sym[o] Sym ] ,

(ii) {eISymH Symm,e SymH SymH Sym[O]Sym[I],e Sym[ Sym } or

(iii) {e*Symfy'Symf};”, ¢! PSymfy “Sym?,;, Symfy Sym?;, e¥Symfy ' Symf);

or
(iv) {epSym[O] SymH eISymH Sym[l] epSym[O]Sym[l] e? Sym Sym 1

where the first two cases may happen when P|GFp is reducible and last two

when pla,,, is irreducible.

Note that WPPI(p) = W(p) C Wp((plcF,,)ss), and W(p) = ((pIGF,,)SS) if
plGy, is irreducible. Therefore, if eM HSym[O} Symm or eM+2 pSym[O] Symm =
WEBDJI(p), we have either eMSym?O}Sym[Ql] € WBPI(p) or WBPI (p)nJH(V') =
@. The latter case gives contradiction since p is also modular of weight V’.

Therefore we must have e Sym([)ol Sym[Ql} c WBDPI(p). O

Theorem 4.2.14. Suppose p > 3. Let k = (2, k), where 2 < ky < p. If p is
geometrically modular of weight (k, (0,0)), then Vi i, € WBDPI(p).

Proof. Let’s assume p is not algebraically modular of weight ((2, k1), (0,0)),
and prove by contradiction. By Lemma 4.2.9, Lemma 4.2.11, Lemma 4.2.13,
and Corollary 3.2.12, it is sufficient to prove for p > k; > 5 and p is non-
ordinarily geometrically modular of weight ((2, 1), (0,0)). Let m; = —k; for
i = 0,1 and M = mg + pmi. Suppose p ~ py for some normalised eigen-
form f € M z,),0,0)(Ui(n); E) as in Proposition 3.2.6 so that ©1(f) # 0.
Consider the eigenforms Hay f and ©1(f). Then p is modular of weight V' =
P

Symkl_l. We have Grothendieck re-

eMSym[O}Symﬁ 3 and V' = eM-PSym ]

[0]
lations

[SYm[ ]Sym[ } 3} — [ePSym?O]SYmﬁl}—ﬂ " [Sym?o]Symﬁl}_Q} N

[eIS mP > 2Sym*— 3} (44)
Yoy =YW |
_ k1—1 - 0 k
[e pSymI[’O]Sym[ll] } [Sym[ ]Sym[l] } + [e PSym[o]Sym[l}] + (45)
1— ki—1 ’
[e pSym[O] Sym[l] }
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By (4.4) and our assumption that p is not algebraically modular of Weight
4

and hence geometrically modular of weight ((2,k — 2),(0,1)) by PI‘OpOSl—

((2,k1),(0,0)), we have p is modular either of weight eM*PSym O]Sym

: M -3
or of weight e HSym[O] Sym[l]

If p is modular of eM“’Sym[O]Sym
tion 4.1.4(ii), then Lemma 4.2.6 shows that p is geometrically modular of
((2 —p,k1 —1),(0,1)), which is a contradiction by Corollary 3.2.17. There-
fore, p is modular of weight eM HSymm Symﬁl}_g, i.e. algebraically modular
of weight ((p, k1 —1),(1,0)), and hence it is geometrically modular of weight
((p, k1 —1),(1,0)) by Proposition 4.1.4(ii). By (4.5) and our assumption that p
is not algebraically modular of weight ((2, k1), (0,0)), we have p is algebraically

modular either of weight ((2, k1 +2), (0,—1)), or of weight ((p, k1+1), (1,—1)).
(i) Suppose p is algebraically modular of weight ((2, k1 + 2), (0, —1)).

(a) Suppose k1 < p — 1. If p is non-ordinarily geometrically modu-
lar of weight ((2, k1 + 2),(0,—1)), then together with p being ge-
ometrically modular of weight ((2,%1),(0,0)) and p 1 k1, we ob-
tain p geometrically modular of weight ((2 — p, k1 + 1),(0,0)) by
Lemma 4.2.6, which gives a contradiction by Corollary 3.2.17. On
the other hand, suppose p is ordinarily geometrically modular of

weight ((2,%1 + 2),(0,—1)), then p[;, has a particular form as in

Theorem 3.2.10:
i El+(k1+1)p .
Plig, ~ &5 0 ok

by e;, = b,. The form of p| Ir, enables us to compute the possible
WBDPI(p) as follows by Definition 3.1.4(i).

o If k1 <p—2, then

e MWBPI () C {e” Sym[O]Sym[l], eP 1_1Sym[10}Symz[’ﬁk1_2,

¢! 2 Syml 2 Sym it e Symdy SSym#] 4T,

o If ki =p— 2, then

e MwBDI () C {e_pSym?O] Sym][of, e_2pSym[1 ]Sym?l}

el 2pSymH Symm ) 2pSymH Sym[ 1 1}.
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e If k1 =p—1, then

e MwBDI(p) C {e*pSym?O]Symfﬁl,e*pflSym[QO]Symel,

e 2pSymH Sym[l], SymH Sym[ ]2}.

For all the cases above, we have eMHSym]E’OfSymkl_?’ ¢ WBDJI(p),

(1]

which is a contradiction.

(b) Suppose k1 = p. We have
_ —92 _
e PSym?O]SymﬁJ = [Sym?O}Symﬁ] } + [e pSym[lo]Sym?u] .

Since we assume p is not algebraically modular of weight ((2, k1), (0,0)),
we have p is modular of weight e _pSym[lo} Sym([)l]. Then there are
four possibilities for e*MWp((p\GFp)SS):

i. {e7? Sym[lol Sym([)ll e ! Sym[QO] Syml[ol]f2 ,e272p Symfof’Sym[ll] ,e? SymeTLSymz[’i3 1

or

ii. {Sym[O]Symm , Sym[O}Sym[l], Sym[] Sym[] e? pSym[ Sym n

or

iii. {e” Sym[O]Sym[l],e Sym[] Sym[] ,e2 21"SymH Sym[l],Sym[o}Sym (] 1

or
. {el‘PSymefSymﬁf e Sym[QO] Symﬁ?, e P Sym[lo] Sym?ﬂ ,eXP Symﬁ‘*Symﬁf b

where the first two case may happen when /’|Gpp is reducible and
last two when p|g,, is irreducible. Since WEBDJ(p) C Wy((plag, )™)
and WBDJ(p) = Wy((plcp,)*) when p|g,, is irreducible, we obtain
that either eMSym([)O] Symﬁ] 2 € WBPI(p) or eMHSym[O] Symm S
WBPI(p), both of which give contradictions.

(ii) Suppose p is algebraically modular of weight ((p, k1 + 1), (1,—1)). If p
is non-ordinarily geometrically modular of weight ((p, k1 + 1), (1,—1)),
then together with p being geometrically modular of weight ((p, k1 —
1),(1,0)) and p { k1 —1, so we obtain p is geometrically modular of weight
((0, k1), (1,0)) by Lemma 4.2.6. However, (0,k;) —m(p, —1) —n(—1,p) is
never in Zn,in for m,n > 0 and k1 < p, which contradicts Theorem 3.2.16.

If p is ordinarily geometrically modular of weight ((p, k1 + 1), (1, —1)),
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then p|7,, has a particular form as in Theorem 3.2.10:

1+pk1
2 0 1)’

We can compute the possible WBP7(p) by form of p| Ir,-
o If ki <p—2, then

e~ MwBDI(p) C {elfpSym[O] Symm ,e*pSym?O]Symﬁ

epkl_pSYm[o] Sym[l] klfl,epkl_lsym[o] Sym[ —3- kl}.

e If k1 =p— 2, then

ewaBDJ( ) C {el pSym[] Sym[l] ) pSym?O]Sym[pIT27

el_3pSym[OT Sym[l],e _2pSymeTZSymfﬁl}.

o If ky =p—1, then

e MWBDPI () C {el_pSym[O] Sym[ }2,el_szymeTISym[Ou,e_pSym[[)O}SymﬁIl}.

e If k1 = p, then

e MwBDI(p) C {el_pSym[O} Sym[ 1 Sym([)]Symﬁf,
el 2pSym[O] Symm,e Sym[] Sym i }

Moreover, by [DDR16, §8.2], if elsym[o] Symm € e MWBDI(p),

then e =MW BPI(p) contains all four items above.

We observe that either e Sym?o] Symf”f}_2 € WBDPI(p) or eM +1Sym[0] Symm 3

WBDJI(p), which gives contradictions.

Therefore, we conclude that p is algebraically modular of weight ((2, k1), (0,0)).
O
Remark 4.2.15. In the proof of Theorem 4.2.14, we split the ordinary and

non-ordinary cases to simplify the argument, but it is not strictly necessary.

Corollary 4.2.16. Letp > 3 and p be geometrically modular of weight ((1, k1), (0,0)),
where p > k1 > 3.
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(i) If p > k1 > 4, then p is algebraically modular of weight ((p + 1,k1 —
1),(0,0)).

(ii) If ky = 3, then Vipy1 g —1)(—1,—k1) € WP (p).

Proof. Let p ~ py for some normalised eigenform f € M 1) 0,0)(U1(n); E)
as in Proposition 3.2.6 so that ©1(f) # 0. Consider the eigenform Ha; f and
then we see that p is geometrically modular of weight ((p + 1,k; — 1),(0,0)).
By Theorem 4.1.6, we have p is algebraically modular of weight ((p + 1,k —
1),(0,0)) if p > k1 > 4.

Now let k&1 = 3 and M = —1 — 3p. Consider HagHa; f and ©1f, we have
p geometrically hence algebraically modular of weight ((p,p + 2),(0,0)) and
((p+1,4),(0,—1)) by Theorem 4.1.6 and p > 3. Then p is modular of weights
Vi=eM SymﬁiZSym’[’l] and V' = eM *pSymf’oTISym[Ql]. We have Grothendieck
group relation

_9 -3 -1 -2 -2
Symfo} Symﬁ}] = [elSyme] Sym?l}] + {Syml[)o] Sym?l]] + [epSym’[)O] Symﬁ] )

Since V! € WBDPJI(p), we compute the possible WBDPJI(p) by [DDR16, §8] and

find that either eMSymI[’OTlSym?l] c WBP(p) or WBPI (p)nJH(V) =2. O

Remark 4.2.17. Let p = 3. Assume P|GF3<<3) is trreducible. Then Corol-
lary 4.2.16(ii) also holds.

Let p = 3 and p be geometrically modular of weight ((1,3),(0,0)). By weight
shifting, p algebraically modular of weight ((4,4), (0, —1)) and ((6,4), (0,0)) (we
use HagHa? f because the weight of HagHay f does not satisfy Theorem 4.1.6).

Consider

Sym?O]Sym[Ql]} =2 [egsym[lo} Sym[ll]} + [eISym?O]Sym?l]} +

[Sym%o] Sym[[)l}] + [eQSym([)O} Sym%l]} .

Let M = —1 — 3p. Since eM_?’Sym[QO]Sym[QO} e WBPI(p) C Wp((pler,)™), we
have the following possibilities for (—:'_MVV]D((p|GF3 )%):

(i) {e*3Sym[20} Sym[Qll , e*3Sym([)0] Sym([]l} ,e ! Sym[lo} Sym[lll ,e3 Sym[lo} Sym[lll ,
el Sym([)o} Sym?l] el Sym[zo} Sym%l] }, or

(1) {e”SymiySymfy;, e~ Symiy Symdy), e=*Symyg Symyy, Symfy Sympy;}, or

(1ii) {e_3Sym[20]Sym[21], e_lsym[lo] Sym[lu , e_3Sym?0]Sym?l] ) e_QSym([)O] Sym[zl} }, or
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(iv) {e—3Syrn[20} Sym%l] ,e3 Sym[lo] Sym[ll] e 3 Sym?o] Sy m([]l} 7 Sym[QO] Sym?l] }’

where the first two may happen when P‘GFS 1s reducible and the last two when

plcp, is irreducible.

If plG, is irreductble, WBPI(p) = Wy((plar,)™), then either eMSym[zO}Sym?l] €
WEBDI(p) or WBDJ(p)ﬂJH(eMSymﬁ)]Symﬁ]) = &, where the latter gives a con-
tradiction. Now suppose p|c , is reducible. Since TWBbJ (p)ﬂJH(eMSymf‘O] Sym[zl}) #
&, we have either eMSym%O}Sym?l] c WBPI(p) or e_MWp((p|GF3)SS) is as in
case (i). Suppose we are in case (i). By [DDR16, §8.3/, we can work out the
explicit possibilities of WBPJ(p), then we obtain

—MWBDJ (

{e_?’Sym[Qo] Sym[Ql} , e_3Sym?O} Sym?l] , e3Sym[10] Sym[ll]} Ce )

—M+3

and &

Plip, = (51), where x € Ly, which is a one-dimensional sub-
space of H°(Gp,,F3(g)). We show that in this case, p cannot be geomet-
rically modular of weight ((1,3),(0,0)). Assume p is geometrically modular
of weight ((1,3),(0,0)). Let p ~ py¢, where f is a stabilised eigenform of
weight ((1,3),(0,0)). Then O1(f) is a strongly stabilised eigenform of weight
((4,4),(0,—1)) that gives rise to p. Since eM*3Sym([)0] Sym([)l} c WBPI(p), p is
algebraically modular of weight ((2,2),(0,—1)) by Theorem 3.1.6. Any parallel
weight 2 lift of p must be ordinary by its shape and p unramified in F. Then,
by local-global compatibility, the corresponding Hilbert eigenform in character-
istic zero is also ordinary. Therefore, p is ordinarily geometrically modular
of weight ((2,2),(0,—1)) and hence ordinarily geometrically modular of weight
((4,4),(0,—1)) by weight shifting by HagHay. Let p ~ py for some stabilised
eigenform g of weight ((4,4),(0,—1)) such that T fe # 0, where § is a charac-
ter of weight (1,—2). Then ©O1(f) — g is non-trivial and lies in the kernel of
©; for i = 0,1, and therefore in the image of V-operator by [DS22, Theorem
9.8.2] (V is denoted by ®3 in [DS22]). We have ©1(f) — g = HagHalV (h)
for some integers a,b > 0 and Hilbert cuspform h of weight ((k}, k%), (0,—1)),
where (K}, k) € Et. . The weight of V(h) is ((3kb, 3k}), (0,—1)). However,
there is no such integers that (4,4) = a(—1,3) + b(3, —1) + (3k}, 3k}), which
is a contradiction. Hence, the above p cannot be geometrically modular of
weight ((1,3),(0,0)). Therefore, case (i) cannot happen and we must have

eMSym[QO]Sym?l] € WBPI(p).

We can then also extend Corollary 4.2.19 to p = 3, if in addition assume

PlG gy, i irreducible.

Theorem 4.2.18. Letp > 3 and F be a real quadratic field in which p is inert.
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Let p: Gp — GLa(Fp) be an irreducible, continuous, totally odd representation.
If p = 5, assume that the projective image of p is not isomorphic to As. Let
(ko k1) € =h. and 2 < ko, k1 < p. If p is geometrically modular of weight
((ko, k1),(0,0)), then p is algebraically modular of weight ((ko, k1), (0,0)).

Proof. Without loss of generality, we may assume kg < k1. If kg > 3, the result
follows from Theorem 4.1.6, so we may assume kg = 2. By Theorem 4.2.14, if p
is geometrically modular of weight (k, (0,0)), then Vi _x € WBDPI(p). pr‘GF(CP)
satisfies the mild Taylor-Wiles condition in Theorem 3.1.6, then we obtain p
is algebraically modular of weight (k,—k). Therefore, by our assumption, we

only need to consider the case when p|GF( ) is reducible.

Suppose p\gﬂ &) is reducible. Then there is a quadratic extension F'/F in
F((p) and a continuous character ¢ : Gpr — F; such that p ~ Ind%, €. Since F
is a real quadratic field in which p is inert, we have Fj, = Q,2. Note that F'/F
is totally ramified at p (in fact F' = F(\/p) if p =1 mod 4 and F' = F(\/—p)
if p =3 mod 4). Let p = v? in F’ for a prime v in F’ and denote K’ := F’.
Let exr denote the fundamental character on Iy induced by the Art~t We

—1
also let g9 : Ip =2 I Ar, 7., — T, be the fundamental character of level
P Q2 P P

-1
2 and g4 : Ip, = IQp4 Art Z;l — IF‘;A1 be the fundamental character of level

2
4. Note that &} 1 — £, and we also have the commutative diagram

EK! . IK/ OIX{/ > F;Z
\[ le l()Q
er: Ip, VA » .

We have &|;,., = €, for some n € Z>(. Depending on the parity of n, we get

the form of pl,, :

M2 En/2+(p2_1)/2, if n is even
Pl = { 2 2 (4.6)

B e @ el if n is odd
where a = n(p? 4+ 1)/2. On the other hand, Vi 1, € WBPJ(p), so pli, has an
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explicit form described in (3.1) and (3.2),

p*(ki—1)
—ko— cj€ * .
P‘IF,, ~ ¢, ko—pk1 (HneJ 2 pi(k-—1)> reducible case
3
0 HT¢€J €9
m(5) L
p (kw(j) 1)
—ko—pk1 HT{EJ’ €4 0 . .
P|1Fp ™~ gy Y 2™ (k1) irreducible case
0 HT,&J, €4 w(4)
J

(4.7)

for some J C ¥ = {r9, 71} and J' C ¥ = {7, 71,75, 7%}, where ¥’ is the
set of embeddings of an inert quadratic extension of Fj, into @p(which can
be identified with the set of embedding of F,4 into Fp), T]’-H = Fro T]'», J’
containing exactly one element extending each element of ¥, and 7 (j) := 7 if
T]/"Fp 27 fori=0,1and j =0,1,2,3. Comparing the form of p\]Fp in (4.6)
and (4.7), we obtain:

(i) If n is even, then p|g,, is reducible, and
(a) when J =3 or &, then kg = k1 = (p+1)/2;
(b) otherwise, ko = k1 = (p+ 3)/2.
(if) If n is odd, then p|g,, is irreducible, ko = (p+1)/2, k1 = (p + 3)/2.

When p > 3, we have kg > 2 which contradicts our assumption kg = 2. ]

Corollary 4.2.19. Let p > 3 and F be a real quadratic field in which p is
inert. If p =5, assume that the projective image of p is not isomorphic to As.
If p is geometrically modular of weight ((1,k1),(0,0)), where 3 < ki < p, then
p is algebraically modular of weight ((p + 1,k — 1),(0,0)).

Proof. By Corollary 4.2.16, we only need to prove the case when k; = 3,
in which case we have Vi, 1 1, _1),(—1,-k,) € WBDI(p). If p]GF(Cp) satisfies the
condition in Theorem 3.1.6, then we obtain p is algebraically modular of weight
((p+1,2),(0,0)). Therefore, by our assumption, we only need to consider
the case when p|GF( ) is reducible using the same method as in the proof of
Theorem 4.2.18. In fact, we prove the following statement in Theorem 4.2.18:
if p is the induction of a character of a ramified quadratic extension and V;,; €
WBDPI (o), then k has to be one of the following weights, ((p+1)/2, (p+1)/2),
((p+3)/2,(p+3)/2), (p+1)/2,(p+3)/2), or ((p+3)/2,(p+1)/2). None
of the above weights can be equal to (p + 1,2). Therefore, we conclude p is
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algebraically modular of weight ((p + 1, k1 — 1), (0,0)). O

Remark 4.2.20. The weight shifting method does not work for weight k =
(2,p+ 1). Suppose p geometrically modular of weight ((2,p + 1),(0,0)). We
use Hay and ©1 to obtain p algebraically modular of weights ((p + 2,p), (0,0))
and ((p+2,p+2),(0,-1)). Let M = -3 — p. We have

[Sym[o}Symm ] = {Sym?O}Sym’[)ﬁl]+[epSym?0]Symﬁ } [e Sym[] Symm 2]

[e_pSym[O]Sym[l]} = [Sym([)o]Symfﬁl] + {e_p Sym[lo]Sym[ll]} [epSym[o]Symm }
+ [elfpSymefSym?H] [ Sym[ 0 Symm] + [elsym[o] Sym[ }2} )

We can’t rule out the case that WBPI(p) = {eM~ pSym[ 0] Sym 2}. We will
deal with this weight using another method in §4.3.

4.3 Restricting to strata

In this section, we assume F' to be a real quadratic field in which p is inert.
Suppose p =~ p; is geometrically modular of weight (k,1), for some cuspidal
eigenform f € Sk o(U;F,) and sufficiently small U. We restrict f to a stratum
of the Hilbert modular variety to obtain an eigenform on the quaternionic
Shimura variety of certain weight whose associated Galois representation is

isomorphic to p.

Let (k,1) = ((ko, k1), (lo,11)) € Z§2 x Z*. Without loss of generality, we may

assume k1 > ko > 2. Let hg = (—1,p) be the weight of Hag. Let YV := YUIFp

Denote @F = A%’O and 0 = .A%’l. Let Zy be the vanishing locus of Hag.
p P

Consider the short exact sequence on Y:
0w 5ok 5 Fo,

where the first map is multiplication by partial Hasse invariant Hag and F is

supported on Zy. We have a long exact sequence
0— HYY,wr M) » HOY,@") —» HY(Zy,@"|z,) — HY(Y,wF ho) — ...
We also note that Zj is disjoint from the cusps, because the g-expansion of
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Hag at any cusp is the constant 1 (cf.[DS22, §9.3]). If a cuspidal eigenform
f € H(Y,@") is not in the image of HO(Y,@*~"0), then f|z, € H(Zy,@"|z,)

is non-trivial.

Let ZN be the universal abelian scheme over ? = ?UF,,' Let V, denote the

descent of H éR(Z/?)T to Y. As in the proof of [DK17, Lemma 4.3], we have

the Verschiebung morphism

=) =
H&R(A/Y%'o — H&R(A /Y)Tov

®P_ We consider its descents to Y and obtain

whose image is isomorphic to w F
T1,Lp

Verg : V,, — w‘?’“ . The vanishing of Hag is equivalent to g being the kernel of

Verg. Then we have a short exact sequence on Zy:
0 — @o — Vyy — @2F — 0.
Hence we have
wO|Zo = /\QVTO ®wt§>—p’20 = 30 ® w?_p|Z0'
Since 8g = &y, we get HO(Zo,@F|z,) = HO(ZO,E?MO@?_WO”LM]ZO).

Recall the result on the stratification Theorem 2.7.3 that we have a Hecke-
equivariant isomorphism ¢ : Zy — IP’%B which identifies Zy with the projec-
tivization of the locally free rank two vector bundle Vf{ over ?B, where B

is a definite quaternion algebra over F', and vP = Y(}BB 7 18 the associated
»wp

Shimura variety over F,, of some level UP away from p. Under such isomor-

. . . . B .
phism, we identify ¢.V; |z, with 7*VE, where n : IP’%B = IP’?B(VTI) — Y is
the natural projection. We also identify ¢, with the tautological line bun-
dle J on IP’%B. In particular, J = /\QVE(—l) because of the following exact

sequence
0—>j—>V§—>O(1)—>O.
Hence ¢, (w1]z,) = A*VE(—1). Considering the pushforward via ¢, we have

H(Zy,w") = HO(P%B, (/\2V,,].31’)®pk0 ® (AQVE(_l))®*pk0+kl)

= H(P_s, (NV7)®™ @ O(pko — k1))
The isomorphism 7,O(n) = Sym%?B V:, is Hecke-equivariant in the sense that
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the diagram (4.8) below commutes. More precisely, for sufficiently small open
compact subgroups Uy, Us and g € GLa(Afp) such that gUig~! C Us, we let

Vr.,i be the locally free sheaves over ?ZB = Ul'jfp and Pl?B = IP’?ZB(VTM). Let
Pg - ?{3 — ?5, then p;(Vr, 2) = V;,.1. We denote T; IP’I?B — ?? the natural

projection for ¢ = 1,2 and p, : IP’IYB — IP’IYB the induced morphism. We have
the following commutative diagranll: ’

P
IP’1?B — 5 PL,
1 2

ml lm

—B —B
Yi 5 Y

We use «; to denote the isomorphism «; : (m;)«O(n) = Sym"™V;, ; for i = 1,2.

Then the commutativity of the following diagram can be checked locally:

Py(a2)

pE((m2)-0(n)) pE(Sym™Vy, )
(1) (P50 (n)) Sym™(p5Vr, 2) - (4.8)
(m1)+O(n) —a Sym"Vr, 1

Hence, we have
HO(Zo,@") = HO(Y?, (A2VB)%k1 @ SymPho—F1pB)
which is Hecke-equivariant. Assume f|z, # 0. Then we have
HOT” (A28 @ SymPRoF1y Yim,] # 0.

Let YUB = Y[fo be the Shimura variety associated to B of level U over O
and let U, = (’)Ep. Then it is zero-dimensional. Note we have Y2 (C) =
Ogj(p)\(Bép))X/Up and a bijection between Y;?(C) and Y;Z(F,). Recall

MPU,Q) = {f : (BP) = Q| f(b zu) = bf () for be O} .z € (BYY)*,u e U},

(»)

We can identify MZ (U, Q) with HO(Y{(C), Fq), where Fg = O  \(Bf")* x
Q/UP and (9]§7(p) acts on @ via Op = GL2(OFp). Also, recall that VE is
defined by the pullback of the vector bundle VZ over a unitary Shimura va-
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riety Y/',F Y/ (G (ro,m})F,» Where V2 s Ehe descent of Hqgr(A'/S")s, for
the universal abelian variety A’ over S’ = Y(},(Gf{m n})F , Har(A'/S)3, =
HdR(A//S/)%leO and ’HdR(A//S/)ﬁ is the [%1}—Component of HdR(A//S/)h un-

der the decomposition. Note

I

HO(Ys . (AVH®m @ sym"VE) = ) ((W*V5)®" @ Sym"Vy)
[a]eY (Fy)

{f Y2 (F,) — |_| ((A2VE) ®m®Sym”VE)[x | f(z) € (A VB)®m®Sym"fo)[x]},

[z]

where [z] denotes the point Corresponding to OE’(p)a:Up under the bijection
between Y? (F,) and O} By )\( )X/Up. We can choose a basis for (V5)
to get an isomorphism o : Iﬁ‘p — (fo)[l] that is compatible with Og,p_
action, where we let (9;4} acts on Ez) via 71. For [z] € YP(F,) — Y/ (Fp),
we have a prime-to-p quasi-isogeny 3, : A[ ] A,[1] (cf. [DKS23, §2.2.3]),
which gives an isomorphism (V5 ) — — (VB )], and we obtain an isomorphism

F % )] For 2 —’)/f(-)l'UWIth’YEO ()andueUp, we have a
prime-to-p quasi-endomorphism ¢(7) : A’[ | A’m = A[x,] and an isomorphism
v()* : (VE) ) = (VE) (- Note Bz = By 0 t(y). Then we have the following
commutative diagram:

—=2 gt
F, —= (V)

| o]

IF *> (VB)M

Hence, we have an isomorphism

MP(U, detf}} ® Symﬁ]F ) = HO(YUBF ,(NVEYO™ @ Sym™ VD)

given by sending O} Bao) ot 4 (z,0)UP to a,(v), which is well-defined by the above

commutative diagram. It is Hecke-equivariant in the sense that the following
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diagram commutes:

2 n
(Ug,det[l] ® Symy k) —— HO(YB%FP (A2VBYo™ @ Sym"VE)

! !

m n T2 * m n
MB(Ul,detm ® Symf)F)) HO(Y£7Fp,pg((A2VE)® ® Sym"V5))

:l l:

m n 2 m n
MB(Ul,detm ® Symp k) —— HO(Yi X , (N2VBYO™ @ Sym"VE)

where g~'U;g C Us. Therefore, we have a Bﬁp )’X—equivariant isomorphism

lﬂM (U, detfj; @ Sym 1]IE‘) ngO( UF, ,(NVEYO @ Sym™ VD)

for open compact subgroups U C By such that U, = Oj » Hence we have
HO(YB, (A2V,,)®F1 @ SymPRo—F1) Y[m,] # 0 is equivalent to

MP(UP Vi pro—kr+2),0,k)) [Mp] # 0,
which is
M3 gty 42),(— 1o —1) (U5 Fp)[mp] # 0 (4.9)
by the definition M,fl(U;Fp) = MB(U, Vi 131).
Lemma 4.3.1. Suppose pky > k1 > p+ 1. Then

[epkl*p*lSym’[’ﬁo_kl} < [Symf%o]_28ymﬁl]_2} ) (4.10)

Proof. Let pko — ki = tp+r, where t,r € Z>p and r < p—1. Since k1 > p+1,
ko —t — 2 > 0, we have the following,

Sy Sy ] = [ Piymy Symay ]

(4.11)
> {ek()—t—lsym[o] Sym[ 1] ] + [epkl—p—lsym'[fo]Symﬁ]} .

The first inequality uses kg —t — 2 applications of [DR18, Lemma 2.3|, and the
second inequality is by (4.1). Using an induction argument on ¢, we can show

for any t € Z>¢ and r € Z, we have
t+r T T — —r—2
Sym([)o] Sy]rn][)l]Jr ] = [Symfo] Symm} + [ep +pSym€O]ISymﬁ] . (412)
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If t = 0, then (4.12) is true for any r by the convention [Sym[?ﬂ = 0. Now
let n > 1, and assume (4.12) is true for any ¢ < n and r > 0. Then, by the
induction assumption and (4.1), we have

0 (n+1)+r| 0 n+p+r
[Sym[O]SymI[’” ] = [Sym[O}Symﬁ] P ]

= [Sym%]SymEp] + [ep’"“*pSym’[&_lSymﬁ_Q]

- s o o

Therefore, we prove (4.12). Together with (4.11), we obtain (4.10). O

m

Proposition 4.3.2. Let (ko, k1) € Ef. and pko > k1 > p+ 1. If p ~ py, for
some f € My 1.),0,0) (U1 (n),F,), where n is prime to p and f is not divisible
by Hayg, then p is algebraically modular of weight ((ko, k1), (0,0)).

Proof. By (4.9) and Lemma 4.3.1, we have

MG 0.0y (U7 Bp)[my] # 0

for some compact open subgroup UB. By definition, p is algebraically modular
of weight ((ko, k1), (0,0)). O

Remark 4.3.3. Let 2 = ko < ki < p and p > 3. If p >~ py, for some
[ € Mg k1), 0,0 (U1 (n),Fp), where n is prime to p and f is not divisible by
Hag, we can obtain algebraic modularity of weight ((2,2p—k1+2), (—1,k1—1)).
Together with weight shifting by partial Hasse invariants and the computation
of WBPI(p), we can also obtian algebraic modularity of weight ((2,k1), (0,0))
(assume mild Taylor-Wiles assumption when p = 5). However, for weight
k = (1,3), the information obtained by restricting to the stratum Zy and weight
shifting by partial Hasse invariants would not be enough to conclude the alge-
braic modularity of weight ((p+1,2),(0,0)), so we indeed need the information

obtained by weight shifting by partial Theta operators.

Theorem 4.3.4. Let p > 3 and F be a real quadratic field in which p is
inert. Let (ko,k1) € EX. NZ%, and (lo,l1) € Z*. Let p : Gp — GLo(F,)
be an irreducible, continuous, gotally odd representation. If p = 5, assume
that the projective image of p is not isomorphic to As. If p is geometrically
modular of weight ((ko, k1), (lo,11)), then p is algebraically modular of weight

((ko, k1), (lo, 1n))-
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Proof. By Lemma 4.1.5, we can assume (lo,l1) = (0,0). Let p ~ py for a
normalised (cuspidal) eigenform f € M(ko,kl),(o,o)(Ul(n)aﬁp)- Let (Ko, k1) =
®(f) defined as in Definition 3.2.15. Then (ko, k1) <ma (ko, k1) and (ko, k1) €
. C Z2,. Also, by the definition of ®(f), we have p is geometrically
modular of weight ((ko, k1), (0,0)). Altering 79 and 7 if necessary, we can

assume K9 < K.

(i) Suppose (Ko, K1) € Z222. Then by Theorem 4.2.18 and Proposition 4.3.2,
p is algebraically modular of weight (£’, (0,0)), where k' = (ko, k1).

(ii) Suppose kg = 1 and k1 > 3. Then by Corollary 4.2.19, p is algebraically
modular of weight (&', (0,0)), where k' = (ko+p, k1 —1). Since (ko, k1) €
7%, and (ko, k1) >ma (Ko, k1), we get (ko, k1) >ma K.

(iii) Suppose ko9 = 1 and k1 < 2. Then by Theorem 4.1.6, p is algebraically
modular of weight (£, (0,0)), where k' = (ko +p — 1,k1 +p — 1). Since
(ko, k1) € ZE, and (ko, k1) >Ha (Ko, k1), we get (ko, k1) >ma K.

In all the cases k' <ua (ko,k1). If &' # (2,2), then Lemma 4.3.5 shows that p
being algebraically modular of weight (¥, (0,0)) implies that p is algebraically
modular of weight (k, (0,0)). Suppose k' = (2,2), then either we have k =
(2,2), in which case the result follows from Theorem 4.2.18, or we have k >y,
(p+ 1,p+ 1), in which case p is algebraically modular of weight ((p + 1,p +
1),(0,0)) by applying weight shifting method on (&', (0,0)) and the desired

result follows from Lemma 4.3.5. O

Lemma 4.3.5. Let k, k' € Zgz NEL and k' <pa k. Suppose k' # (2,2).
Then [Vk/,o] S [ka()].

Proof. Let Co = {k € Z%, | p(ko —2) > k1 —2 > 0} and Cy = {k € ZZ, |
p(ky — 2) > ko — 2 > 0}. Note that Co U Cy = ZZy — {(2,2)}. Let h; = kia,
be the weight of partial Hasse invariant Ha; for § = 1,0. If kK € Cj, then
[Vi,0] < [Vith, 0] by [DR18, Lemma 2.5|.

Let k = k' + tohg + t1h1, where to,t; > 0. We prove the lemma by induction
on s =tyg+1t1 € Z>p. If s =0, then the result follows directly. Assume for
s < N we have the result. Now let s = N(> 0). Without loss of generality,

assume tg > 0.

e Suppose k' € CoNEL. . Then [Viro] < [Viraneo] by [DR18, Lemma

—min"

2.5]. If k' + ho € L. NZE,, then [Virine o] < [Vko] by the induction
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min
Then, k >pa k' + ho + h1 >na K. Since k' + hg + hy € ELH N Z§2,
[Vir+ho+h1.0] < [Vio] by the induction assumption. Note we have k' +
ho € C1 by k' € CoNEL. (K € Cp shows k) —3 > 0 and k' €

shows p(k] +p —2) > k{, — 3). We obtain [Vir] < [Virsno] < [Vir+ho+hi.0)

by [DR18, Lemma 2.5|, and therefore conclude [Vi o] < [Vi o).

assumption, therefore [Viy o] < [Vi0]. Now suppose &'+ hg & =+ HZ%.

o If k' & Cp, then k' € C; and t; > 0 (otherwise k = k' + toho € = ),

min

then similarly as above, we have [Viy o] < [Virn, 0] < [Viol-

O

Corollary 4.3.6. Let p > 3. If p =5, assume that the projective image of p is
not isomorphic to As. If p is geometrically modular of weight ((ko, k1), (0,0)),
where (ko, k1) € 2., then p is algebraically modular of weight ((k}, k}), (0,0)),

where
o (ko ky) = (ko, k1), if ko, k1 > 2;
o (koyKy) = (p+ 1k —1), ifko=1,k1 > 3;
o (ko,ky) = (ko —1,p+1), if k1 =1,ko > 3;

o (ki k)= (ko+p—1k1+p—1), if 1 < ko kg <2.
Proof. This is explained in the proof of Theorem 4.3.4. ]

As an application, we can use our result on the relation between algebraic
and geometric modularity to strengthen [DS22, Theorem 11.4.1| for p > 3 and
under mild hypotheses.

Corollary 4.3.7. Let p > 3. Suppose that 2 < k1 < p and that p : Gp —
GLy(F,) is irreducible and modular. Assume that p|GF(<p) is irreducible, and
when p = 5, further assume that the projective image of p in PGL(F5) is not
isomorphic to As. Then p is geometrically modular of weight ((1, k1), (=1, —1))
if and only if P‘GF,, has a crystalline lift of Hodge-Tate type ((0,k1 —1),(0,0)).

Proof. We follow the proof of [DS22, Theorem 11.4.1] and replace [DS22, Con-
jecture 7.5.2| in their proof with the relation between algebraic and geometric
modularity proved in [DS] and Theorem 4.3.4. (Note [DS22]’s convention of p
being geometric modularity of weight (k,1) is that of (k,! — 1) in our conven-

tion.)
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Suppose first that P’Gpp has a crystalline lift of Hodge-Tate type ((0,k; —
1),(0,0)). Then [DS22, Lemma 11.2.6] implies that p|c,, has crystalline lifts of
Hodge-Tate type ((p, k1—2), (0,0)) (resp. ((p—1,p), (0,0))) if k1 > 2 (resp. k1 =
2) and ((p, k1),(0,—1)), and that p|c,, has no subrepresentation on which
Ig, acts as e,. By Theorem 3.1.6, we get p is algebraically modular of the
corresponding weights, and hence geometrically modular of these weights by

[DS]. Then [DS22, Lemma 11.3.1] shows p is geometrically modular of weight
((1’ kl)a (_17 _1))

Now suppose that p is geometrically modular of weight ((1,%;),(—1,—1)). By
considering Haj (resp. HagHap) if k1 > 2 (resp.k; = 2) and O4, we obtain
p is geometrically modular of weight ((p + 1,k1 — 1), (-1, 1)) (resp. ((p,p +
1),(=1,-1))) if k1 > 2 (vesp.k; = 2) and ((p + 1,k 4+ 1),(—1,—2)). Then
p is algebraically modular of above weights by Theorem 4.3.4, and hence has
crystalline lifts of the corresponding weights by Theorem 3.1.6. Then [DS22,
Lemma 11.2.6, Remark 11.2.7] shows p|g y has a crystalline lift of Hodge-Tate

type ((Oa k1 — 1)7 (070)) u

Remark 4.3.8. An ongoing work of Kalyani Kansal, Brandon Levin and
David Savitt establishes more results on the geometric Serre weight conjec-
ture in partial weight one case for totally real fields of arbitrary degree using

Emerton-Gee stacks and the description of stratification.

Remark 4.3.9. (Case when p = 3) As explained in Remark 4.2.12 and Re-
mark 4.2.17, we can extend Theorem 4.5.4 to p = 3, if we in addition assume

p|GF3(C3) 1s irreducible. Hence, we can also extend Corollary 4.5.7 to p = 3.
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