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Abstract
Elastic metamaterials, which have huge potential in wave guiding and attenuation applications, can be built from
structures with periodic piezoelectric patch arrays. Passive shunts offer the benefits of simplicity and low cost. In this
paper, the effects of the magnitude and phase angle of the shunt impedance on the attenuation constant of a beam
with periodic piezoelectric patch arrays were studied in order to determine the optimal shunt that produces the widest
and most effective band gaps. The attenuation constants were found to be large when the phase angle is π

2 rad and
when the magnitude decreases exponentially with the excitation frequency. This corresponds to a negative capacitance
circuit, which is the optimal shunt for such systems. The attenuation constant of the system reduces significantly when
the impedance deviates from the optimal value suggesting other circuits are less effective. The impedance and band
structure of resistive-inductive (R-L), negative capacitance and resistive shunts were investigated. As expected, the
negative capacitance circuit produces a large band gap, while the R-L circuit only produces a band gap around its
natural frequency. The transmissibilities of a finite system with these circuits demonstrated that vibration transmissions
are low within the band gaps.

Keywords
Band gap, Bloch wave theory, band structure, phononic crystals, elastic metamaterials, periodic structures, piezoelectric
patches, passive shunt

Introduction
Piezoelectric patches have been widely considered in
vibration damping and control applications in structures
as they have the ability to convert electrical energy to
mechanical energy and vice versa (Hagood and von Flotow
(1991)). This allows the implementation of a variety of
control strategies to damp vibrations. The passive shunt
configuration, in which the piezoelectric patch is connected
to a passive circuit, is considered to be one of the
simplest control system because it avoids the need of
complex amplifiers and sensing equipment (Hagood and
von Flotow (1991)) required in active control strategies.
Several configurations of passive piezoelectric patches have
been proposed, for example the resistive-inductive (R-L)
circuit (Hagood and von Flotow (1991)) that acts as a
dynamic vibration absorber reducing vibrations at the tuned
frequencies. Later studies have introduced other circuits for
shunted piezoelectric patches that makes use of different
concepts, including multiple resonating circuits (Wu and
McDonnell (1996); Behrens et al. (2003)) and negative
capacitance shunts (Beck (2012)).

With increasing interest in elastic metamaterials, piezo-
electric patches arranged in periodic arrays (Thorp et al.
(2001); Spadoni et al. (2009); Airoldi and Ruzzene (2011);
Chen et al. (2013a,b); Casadei et al. (2012)) have been
studied in order to create elastic metamaterials with tun-
able band gaps, which is a desired property for this class
of materials (Hussein et al. (2014)). Unlike conventional
configurations for vibration attenuation, the periodic shunted
piezoelectric patch arrangement creates band gaps, which are

frequency ranges in which wave propagation cannot occur,
to attenuate elastic waves without targeting a given mode
of vibration (Spadoni et al. (2009)). This strategy results in
broadband vibration attenuation as opposed to damping at
specific frequencies typical of conventional systems. Two
common circuits used to introduce band gaps are the R-L
circuit (Spadoni et al. (2009); Airoldi and Ruzzene (2011);
Chen et al. (2013a)) and the negative capacitance circuit
(Tateo et al. (2014); Beck et al. (2012)). For the R-L circuit,
the band gaps are created via the local resonant mechanism
in elastic metamaterials proposed by (Liu et al. (2000))
with the periodic piezoelectric patches acting as the tuned
resonators. Negative capacitance shunts on the other hand
have been known to reduce vibrations over a large range
of frequencies. This is done by tuning the capacitance of
the shunt to values close to the capacitance of the shunt so
that the effective stiffness of the patch defined by Eq. (1)
(Hagood and von Flotow (1991)) is sufficiently large to
prevent motion from passing through. Hence, by using a
periodic piezoelectric patch with negative capacitance, large
mechanical impedance mismatch can be achieved to create
wide band-gaps for vibration attenuation.
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ESUp (ω) = EDp

(
1 − k231

1 + iωCεpZ
SU (ω)

)
(1)

where ESUp is the effective Young’s Modulus of the
piezoelectric patch, EDp is the Young’s Modulus of the
piezoelectric patch at constant electrical displacement, ω
is the excitation frequency, k31 is the electro-mechanical
coupling coefficient, Cεp is the capacitance and ZSU is the
impedance of the shunt.

Since the shunt parameters, which are the inductance, L,
capacitance, C, and resistance, R, will affect the vibration
attenuation performance of the periodic arrays, many studies
(Thorp et al. (2001); Spadoni et al. (2009); Chen et al.
(2013a)) have analysed the effects of these parameters on the
band gap width, location, and magnitude of the attenuation
constants for plates or beams with periodic piezoelectric
patches. However, in those studies, the shunting circuit was
selected prior to the analysis of the effects of the parameters
on the band gaps. This limits the analyses to the selected
circuit while neglecting the possibility that other circuit
configurations might have better performance. Regardless of
the selected circuit, the electrical impedance of the passive
shunt,ZSU , can be expressed in terms of only the magnitude,
a, and the phase angle, φ, using Eq. (2).

ZSU = a · eiφ (2)

Therefore, the wave attenuation characteristics of all
possible passive shunts can be studied by analysing only
a and φ. Hence, a map of the attenuation constant over
a range of frequencies and shunt impedances will provide
valuable information to the design of shunts for elastic wave
attenuation using periodic shunted piezoelectric patches. In
this study, the attenuation constants for a beam with periodic
piezoelectric patches will be calculated over a range of
magnitudes and phase angles of the shunt impedance. The
map of the attenuation constants will then be analysed to
devise design strategies for the passive shunts.

This paper is organised as follows. Firstly, the beam
and piezoelectric parameters, the models for the beam and
piezoelectric patches, and the method used to calculate the
attenuation constants will be described. After that, a map,
which is a volume visualisation of the attenuation constants
with respect to excitation frequency, magnitude and phase
angle of shunt impedances will be presented. Then, the
trends observed in the map and a suitable design strategy for
the passive shunt will be discussed. Additionally, the band
structure of the R-L and negative capacitance shunts will be
discussed with regards to the map, and the optimal shunt
configuration will be found.

Description of beam and models

Beam geometry
An infinite beam with piezoelectric patches, as seen in Fig. 1,
was studied. A beam was selected instead of a plate mainly
because the elastic wave in a beam only travels in a single
direction, which simplifies the study as only the attenuation
constant in one dimension needs to be considered. Maps for
plates that have additional dimensions can be found using the

same analysis and similar trends are expected to be found for
plates with similar configurations.

Figure 1. Infinite beam with periodic piezoelectric patch (a) A
structure with infinitely repeating unit cells (b) A single unit cell.

The properties of the piezoelectric patch and beam used in
this study are listed in Table 1 while the geometry of the unit
cell is listed in Table 2. The shunting circuits for the top and
bottom piezoelectric patch were set to be identical.

Beam and piezoelectric model
The model proposed by Ha (2001) was used to model the
beam and piezoelectric patch in this study. This model was
selected mainly because the Timoshenko beam model, which
takes into account rotational inertia, results in more accurate
predictions, especially at higher frequencies. Additionally,
the model proposed by Ha (2001) allows the piezoelectric
patch to be used as both sensor and actuator, which allows
the same model to be used in future studies involving active
control.

In the Ha (2001) model, the dynamic behaviour of the
piezoelectric patch and the beam, using the sign convention
shown in Fig. 2, is described by the transfer matrix in Eq. (3).

Aluminium beam

Top piezoelectric patch

Bottom piezoelectric patch

+-

+ -

Figure 2. Piezoelectric patch and beam model.

FNFF
I

 = D

UN

UF

V

 (3)

where the terms are described by Eqs. (4) to (10); the terms
within the dynamic stiffness matrix, D, in Eq. (4) are listed
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Table 1. Properties of piezoelectric patch and base beam.

Property Piezoelectric patch (PI Instruments (2014)) Base beam
Material PIC 155 Aluminium
Density, ρ (kg m−3) 7800 2700
Young’s modulus, E (GPa) 66.7 (Short circuit) 69.0
Shear modulus, G (GPa) 24.1 (Short circuit) 25.9
Shear coefficient, κ 0.85 0.85

Relative permittivity at constant stress, ε
T
33

ε0
2400 N/A

Piezoelectric voltage coefficient, d31 (×10−12 C N−1) -210 N/A

Table 2. Geometries of piezoelectric patch and base beam.

Dimension Piezoelectric patch Base beam
Height, h (mm) 0.5 3
Width, b (mm) 20 20
Length, L (mm) 20 20 (Portion without piezoelectric patch)

in the appendix.

D =

iωZN 0 PN
0 iωZF PF

−PTN PTF C

 (4)

FN =
[
−N(0) N(l)

]T
(5)

FF =
[
−M(0) −R(0) M(l) R(l)

]T
(6)

I =
[
It Ib

]T
(7)

UN =
[
u(0) u(l)

]T
(8)

UF =
[
θ(0) W (0) θ(l) W (l)

]T
(9)

V =
[
V t V b

]T
(10)

where 0 is a matrix of zeros, the superscript T denotes
transpose of a matrix, N are the axial forces, l is the length
of the component, M are the bending moments, R are the
transverse forces, I are the currents, the superscripts t and b
refers to the top and bottom patch respectively, u are the axial
displacements, θ are the angles of rotation due to bending,W
are the transverse displacements, and V are the voltages.

For the portion of the beam without piezoelectric patches,
the electrical components of the matrices in Eq. (3), which
are I, V, PN , PF , and C, were omitted. Furthermore, since a
passive shunt was used and the piezoelectric components are
not powered by an external voltage or current source, Eq. (3)
can be simplified to Eq. (11), so that only the mechanical
components are present as seen in Eq. (12).

V − IZSU = 0 (11)

[
FN
FF

]
= Dr

[
UN

UF

]
(12)

where

Dr =

[
iωZN 0
0 iωZN

]
−[

PN 0
PF 0

]([
C −1
0 ZSU1

]−1 [−PTN PTF
0 1

])
(13)

where 1 is the identity matrix.

Transfer matrix method to calculate band
structure and attenuation constant

In this study, the Floquet-Bloch theorem (Brillouin (1946)),
described by Eq. (14), was used to determine the wave
propagation characteristics of the beam with periodic
shunted piezoelectric patches.

U(x+ L) = λU(x) = eikLU(x) (14)

The term k in Eq. (14) is known as the wave vector
and it can be a complex value with imaginary, δ, and real,
µ, parts, which are commonly known as the attenuation
and propagation constants respectively. The propagation
constant, µ, describes the phase shift, while the attenuation
constant, δ, describes the amount of attenuation that the
elastic wave experiences as it passes through the unit cell.

The transfer matrix method described by Eq. (15) was
used to find the wave vectors in this study mainly because
it is capable of determining the complex wave vectors.
This capability is essential as the shunted piezoelectric
patches will provide intrinsic damping, which will lead to
the wave vectors being complex. Additionally, the vibration
attenuation performance of the piezoelectric patches are to
be evaluated using the attenuation constants. Eq. (15) is an
eigenvalue problem that can be easily solved. Furthermore,
since only the bending waves are of interest, the axial
components in Eq. (3) and Eq. (12) were ignored.

[
UR

−FR

]
= T

[
UL

FL

]
= λ

[
UL

FL

]
(15)

where T is the transfer matrix, U are the displacement
matrices, F are the force matrices and the subscripts L and
R denote the left end and the right end of the beam.

In this study, the portions of the beam with and without
the piezoelectric patches were treated as two separate beams,
each having its own dynamic stiffness, in which continuity
and dynamic equilibrium are enforced at the interface. An
effective dynamic stiffness, D̃, for the single unit cell can
then be found after simplifying and rearranging the matrix
into the form shown in Eq. (16).
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
FL
0
0
FR

 = D̃


UL

UI

FI
UR

 (16)

where the subscript I denotes the internal nodes.
Grouping the interface displacements and forces as a

single matrix, Eq. (16) can be written as Eq. (17).

FL0
FR

 = D̃

 UL

U,FI
UR


=

D̃L,L D̃L,I D̃L,R

D̃I,L D̃I,I D̃I,R

D̃R,L D̃R,I D̃R,R

 UL

U,FI
UR

 (17)

Using the steps taken by Spadoni et al. (2009), the transfer
matrix, T, in Eq. (15) can be found as follows.

T =

[
−α−1

L,R αL,L α−1
L,R

αR,R

(
α−1
L,RαL,L

)
−αR,L −αR,Rα

−1
L,R

]
(18)

where
αL,L = D̃L,L − D̃L,I

(
D̃−1
I,ID̃I,L

)
(19)

αL,R = D̃L,R − D̃L,I

(
D̃−1
I,ID̃I,R

)
(20)

αR,L = D̃R,L − D̃R,I

(
D̃−1
I,ID̃I,L

)
(21)

αR,R = D̃R,R − D̃R,I

(
D̃−1
I,ID̃I,R

)
(22)

A Matlab script was written to perform the required
calculations to find the wave vectors, k, from the equations
stated.

Map calculations
A common criterion used to quantify the effectiveness
of wave attenuation within a phononic crystal or elastic
metamaterial is the attenuation constant or the imaginary part
of the wave vector, δ. As there are 4 waves (2 incident and 2
reflected waves) that are present in the transverse bending of
a beam, there will be two sets of wave vectors and hence two
sets of attenuation constants, δ, that characterises the waves.
Here, the attenuation constant with the lowest magnitude will
be used to quantify the wave attenuation properties because
the waves with large attenuation attenuate more rapidly.

The attenuation constants, δ, for the beam configuration
described previously was evaluated for a range of frequencies
from 1 Hz to 15000 Hz, and shunting impedance defined
in Eq. (11), with magnitudes, a, from 1 to 5000 V A−1

and phase angle, φ, from −π to π rad. This enables the
attenuation constants for all possible shunting circuits to be
determined and the best possible shunt configuration can be
identified.

In order to conserve computing resources and time,
these attenuation constants were first evaluated at larger
intervals for the phase angle and magnitude, which are
π
10 rad and 10 V A−1. It is important to point out that
despite the large intervals taken for the magnitude and phase
angle, the number of points that were evaluated is still

very large (21 × 500 × 15000 = 1.575 × 108), where the
attenuation constants were evaluated at every 1 Hz frequency
interval. The attenuation constants in regions that have
interesting features were then evaluated at smaller intervals
of magnitude and phase angle.

Results for attenuation constant map

Volume plot of attenuation constant
A volume plot mapping the attenuation constant over a range
of frequencies, magnitudes and phase angle of the shunt
impedance is shown in Fig. 3. Due to the large intervals in
a and φ used in finding the attenuation constant, the plot in
Fig. 3 was generated by first smoothing the 3D data using the
smooth3 function, then plotting the data using the isosurface
function in Matlab (Mathworks (2014)).

In Fig. 3, each surface corresponds to a region with a
constant attenuation constant, and the colour of the surfaces
describes the magnitude of the attenuation constant for
the isosurface. One observation that can be made from
Fig. 3 is that there is a region from 4135 to 4375 Hz
that has attenuation constants of above 0.025 regardless
of the impedance of the shunt. The band gap produced at
these frequencies is a Bragg gap, which is a result of the
discontinuity in wave speed along the beam caused by the
addition of the piezoelectric patch.

Another interesting observation in Fig. 3 is that
there is a region centred around φ = π

2 rad with high
attenuation constant above 0.2, suggesting very effective
wave attenuation. This region will be referred to as the high
attenuation zone herein. Additionally, the frequencies of the
high attenuation zone appear to be decreasing exponentially
with increasing magnitude of shunt impedance. This trend
observed in Fig. 3 can be used to devise a strategy for
the design of passive shunts to create effective band gaps.
As seen in Fig. 3, the ideal passive shunt should have an
impedance (both magnitude and phase angle) that follows
the dark red region over the range of frequencies.

Bragg gap

Surface with equal
values of attenuation

constant

0.050

0.100

0.200

0.400

0.025

Figure 3. Isosurface plot of attenuation constant for different
values of a and φ over a range of frequencies.
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In order to investigate the trends further, a contour plot of
the attenuation constants at a constant frequency, selected to
be 6000 Hz, is plotted in Fig. 4 to deduce the optimal phase
angle for the shunt. As seen in Fig. 4 (a), the attenuation
constant is maximum at a phase angle of φ = π

2 rad. Since
large intervals of φ were used in the calculations for Fig. 4
(a), the analysis was repeated with smaller intervals of 0.01
rad around φ = π

2 rad in order to get a detailed representation
of the attenuation constant. The contour plot with smaller
intervals is shown in Fig. 4 (b) and the maximum attenuation
constant still occurs at a phase angle of φ = π

2 rad. The
phase angle of φ = π

2 rad suggests that the impedance of the
optimal shunt is purely imaginary and has a positive value as
described by Eq. (23).

ZOptimum = a(ω) · j (23)

where a is a positive value denoting the magnitude of the
impedance.

Additionally, as seen in Fig. 4 (b), the attenuation constant
is very sensitive to both the magnitude and phase angle of the
shunt impedance as the it decays rapidly from the optimal
value. After establishing that the optimal shunt will have a
phase angle of φ = π

2 rad, a contour plot of the attenuation
constant at φ = π

2 rad, as shown in Fig. 5, was investigated.
This is to determine the trend of the attenuation constant with
the magnitude of the shunt impedance. As seen in Fig. 5,
the frequencies of the high attenuation zone appear to be
decreasing exponentially with the magnitude of the shunt
impedance described by Eq. (24).

f =
1

2πB · an
(24)

where a is a positive value denoting the magnitude of the
impedance and B and n are constants.

Since the phase angle is φ = π
2 rad, the optimal shunt is

likely to follow the equation described by Eq. (25).

Z =
j

2πB̃
f−n (25)

where B̃ is a constant.
If the value of n is unity in Eq. (25), this becomes the

equation for the impedance of a negative capacitance circuit,
shown in Eq. (26), which is similar to the circuits studied in
(Chen et al. (2011); Tateo et al. (2014); Casadei et al. (2012)),
but without any resistors in the circuit,

Z =
1

2jπf(−Cp)
(26)

where Cp is the magnitude of the negative capacitance shunt.
The dashed line in Fig. 5 denotes the impedance of a

negative capacitance shunt with the capacitance of −15.5
nF, and it overlaps with the high attenuation zones. This
suggest that negative capacitance shunts are highly suitable
candidates to attenuate waves for periodic piezoelectric shunt
configurations. This result is consistent with Eq. (1) although
a different model for the piezoelectric patches was used.
Furthermore, based on the current analysis and Fig. 3 to
Fig. 5, the attenuation constants for the beams were found
to be sensitive to the shunt impedance and the attenuation
constant will reduce significantly when the impedance of

the shunt deviates from the optimal value. Therefore, for a
beam with periodic shunted piezoelectric patches, the ideal
strategy is to match the impedance of the shunts to the
values in the high attenuation zones across a large range of
frequencies. Based on the results from Fig. 5, the optimal
type of shunt will be that of a negative capacitance. In order
to demonstrate this, the band structure of a periodic beam
with piezoelectric patches using an R-L shunt and a negative
capacitance shunt will be compared.

Magnitude (V A-1)

0 1000 2000 3000 4000 5000

F
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14000

0.2
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0.6

0.8

1

1.2

1.4

1.6

1.8

2

2.2

Bragg gap

Figure 5. Contour plot of attenuation constant with varying
values of a over a range of frequencies at φ = π

2
.

Comparison between R-L shunt and
negative capacitance shunts
According to the findings in the previous section, the
shunting circuit should have impedance with a phase angle
of π

2 rad and a magnitude within the high attenuation zone
shown in Fig. 5 to attenuate elastic waves with band gaps.
In order to demonstrate that this is the case irrespective
of the type of shunting circuit, the band structure and the
transmissibilities of a finite periodic beam with different
circuits will be investigated: a resistive-inductive (R-L)
circuit, a negative capacitance shunt and a single resistor.
These circuits have been considered in previous studies to
generate band gaps with periodic piezoelectric patches.

The resistor for the R-L circuit was set to have a low
resistance of 0.1 mΩ, and the inductance was set to be 23.28
mH, to give a resonant frequency of 8000 Hz for the shunting
circuit according to Eq. (27) (Chen et al. (2013b)). For the
negative capacitance circuit, a low resistance of 0.1 mΩ was
set and the capacitance was set to be -15.5 nF to give the
impedance that overlaps with the high attenuation region in
Fig. 5. Lastly, the resistor only circuit was set to have a
resistance of 1 Ω.

fn =
1

2π
√
LCp

(27)

where fn is the natural frequency of the shunt and
piezoelectric patch circuit and L is the inductance.

Since the R-L and negative capacitance circuits have
negligible resistance, the phase angle of the impedance for
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Figure 4. Contour plot of attenuation constant with varying values of a and φ at 6000 Hz. (a) Results from coarse sweep (b)
Results from fine sweep.

the shunting circuits will be close to π
2 rad, while the phase

angle of the impedance of the resistive shunt will always be
0 rad. Since the phase angle of the resistive shunt is far from
the optimal value of π2 rad, it will not produce any band gaps
with the exception of the Bragg gap shown in Fig. 3. The
band structure of the resistive circuit plotted in Fig. 6 shows
that this is the case, where there is only a small band gap at
4151 to 4363 Hz.
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Figure 6. Band Structure of beam with 1 Ω resistor.

The magnitudes of the impedance for the R-L and negative
capacitance shunts are plotted along with the contours of
the attenuation constants in Fig. 7. As seen in Fig. 7, the
magnitude of the impedance of the negative capacitance
circuit is within the high attenuation zone at frequencies
above the Bragg gap and the impedance is on the boundary
of the high attenuation zone at frequencies below that. Based
on this result, the negative impedance circuit is expected to
produce band gaps across the entire frequency range, which
is the case as seen in the band structure shown in Fig. 8,
where the imaginary part of the wave vectors above 4151

Hz is large. It is important to note that the imaginary part
of the wave vectors at frequencies below 4151 Hz is very
low but not zero, indicating that there is effectively no band
gap at the lower frequencies. The negligible values of the
imaginary part of the wave vectors at lower frequencies is
a result of the impedance being close to the boundary of
the high attenuation zone and as discussed in the previous
section, the attenuation constants are very sensitive to the
impedance and decays rapidly when the impedance deviates
from the optimal value which is the case at lower frequencies.
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Figure 7. Contour plot of attenuation constants with varying
values of a over a range of frequencies at φ = π

2
with different

circuit configurations.

Furthermore, according to Fig. 7, the magnitude of the
impedance of the R-L circuit varies linearly with excitation
frequency. The impedance also overlaps with the high
attenuation zones at frequencies in between 8292 and 8572
Hz, which is around the tuned resonant frequency of 8000
Hz. In short, the impedance of the R-L circuit will overlap
with the high attenuation zone around the tuned frequency.
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Therefore, a band gap at this frequency range is expected
and this is confirmed by inspecting the band structure of the
periodic beam with the R-L shunt in Fig. 9. As seen in Fig. 9
there is a band gap in between frequencies of 8292 and 8572
Hz and a smaller Bragg gap at 4151 to 4319 Hz.
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Figure 9. Band Structure of beam with R-L shunt.

The transmissibility curve defined as the magnitude of the
ratio of the transverse displacements at the last node to that
of the first node, for a finite periodic beam with 10 unit cells
is shown in Fig. 10. The values calculated in Fig. 10 is for
a free-free beam with a transverse force applied at one end
of the beam. As seen in Fig. 10, there are no significant
attenuation observed at frequencies where the imaginary
wave vectors have very low values for all three circuits,
for example the transmissibilities are still high at 4151 to
4363 Hz although there is a Bragg gap present. However,
the transmissibilites are very low for regions where the
imaginary wave vectors are large, for example at frequencies
above 4151 Hz for the negative capacitance circuit and at
frequencies in between 8292 to 8572 Hz for the R-L circuit.
This result demonstrates the effectiveness of utilising the

band gaps produced with the periodic shunted piezoelectric
patches to attenuate elastic waves and vibrations.

The key finding from the analysis performed in this section
is that effective band gaps will only be present when the
phase angle of the shunt impedance is close to π

2 rad and
the magnitude must overlap with a region of high attenuation
constants. Since the only region with high attenuation
constant follows a trend where the magnitude decreases
exponentially with the frequency, the only method to produce
a band gap is to have the shunt impedance be in this region.
This applies to all types of shunting circuits, including
the R-L circuit that only produces the band gap when its
impedance is within the attenuation zone. Therefore, in order
to produce band gaps using periodic shunted piezoelectric
patches, one should always set the impedance of the shunt to
be within the high attenuation zone, which can be estimated
by the impedance of a negative capacitance circuit with the
magnitude of capacitance being approximately the value of
the piezoelectric patch. Furthermore, based on the trends of
the impedance of the R-L and negative capacitance shunts,
it can be deduced that the negative capacitance shunts are
capable of producing large band gaps compared to the R-L
shunts as observed in Fig. 7, where the R-L shunt only has a
small region of overlap.

Lastly, an important point to note is that the analyses
done in this study did not take into account other issues,
such as control system instabilities (Beck (2012)), the power
consumption of the shunts, the operational limitations of
the control system and circuits, and other factors that may
be present in the practical implementation of such systems.
Hence, care must be taken and some of these factors must
be considered before implementing the system in practice.
Despite the simplifications made in these analyses, the
findings in this study give an overview of the general trend of
the attenuation constants across all ranges of passive shunts
for beam structures with periodic piezoelectric patches and
the shunt design strategy described earlier can serve as a
general guide in selecting the optimal shunts.

Summary and conclusion
Piezoelectric patches arranged periodically across a structure
can be used to generate band gaps that are capable of
attenuating vibrations when an appropriate shunting circuit
is used. Since only two parameters, which are the phase
angle, φ, and magnitude, a, of the impedance, are required
to characterise the entire shunt, the optimal shunt can be
found by studying the attenuation constants across a range
of frequencies for a beam with periodic piezoelectric patches
across an entire range of φ and a.

Based on the volumetric plot showing the attenuation
constants for different values of the excitation frequencies,
phase angles and magnitudes of the shunt impedance, the
optimal impedance was found to have a phase angle that
is equal to π

2 rad and has a magnitude that decreases
exponentially with frequency. The optimal impedance was
found to be similar to a negative capacitance shunt with
a magnitude of capacitance that is approximately the
capacitance of the piezoelectric patch. Additionally, a Bragg
gap that is independent of the shunting circuit was found in a
frequency range of 4151 to 4363 Hz. Since the attenuation
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constant is very sensitive to the changes in impedance
and reduces significantly when the impedance of the shunt
deviates from the optimal value, a negative capacitance shunt
will give the largest band gap as it is similar to the trend of
the optimal impedance.

The band structures and impedances of several types of
circuits, which are the R-L shunt, negative impedance shunt,
and resistive shunt, have been studied. The resistive shunt
was found to not produce any significant band gap as the
phase angle of the resistor will always be constant at 0 rad.
Conversely, the R-L and negative capacitance circuits have
phase angles of π

2 rad as they have negligible resistance.
Therefore, these circuits are able to produce band gaps over
a range of frequencies.

The negative capacitance shunt was found to produce
a large band gap at frequencies above 4151 Hz as the
impedance of the shunt is near the optimal value, while at
frequencies below 4151 Hz the impedance is at the boundary
of the attenuation zone and the attenuation constant is
negligible in this case. On the other hand, the R-L circuit was
found to have impedances within the high attenuation zone
around the tuned resonant frequency of 8000 Hz. The band
gaps for the R-L circuits only appear within the frequency
range where the impedance of the shunt overlaps with the
high attenuation zones. This result suggests that regardless
of circuit, one should set the impedance of the circuit to
the values within the high attenuation zones to attain the
most effective elastic wave attenuation with periodic shunted
piezoelectric patches. Despite not taking into account some
practical limitations, such as control system instabilities, the
power consumption of the shunts, etc., the general trends of
the attenuation constant with respect to the shunt parameters
have been found and a strategy for designing the shunt for
periodic piezoelectric patches was devised.
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Appendix: Terms in the transfer matrix
The terms in the dynamic stiffness matrix, D, in Eq. (3) are
as follows (Ha (2001)).

ZU is a 2 × 2 symmetrical matrix with the non-zero terms
defined as follows.

Z
(1,1)
U = Z

(2,2)
U = A11

λ0 cos (λ0l)

jω sin (λ0l)
(28)

Z
(1,2)
U = −A11

λ0
jω sin (λ0l)

(29)

λ0 = ω

√
ρh
A11

(30)

ρh = ρthtbt + ρmhmbm + ρbhbbb (31)

where ρ is the density, h is the thickness, b is the width and
the subscripts t, m and b denote the top, middle and bottom
sections of the component.

A11 = EEt htbt + Emhmbm + EEb hbbb (32)

where E is the Young’s modulus and the superscript E
denotes that the values are evaluated in the short circuit
configuration.
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ZF is a 4 × 4 symmetrical matrix with the non-zero terms
defined as follows.

Z
(1,1)
F = Z

(3,3)
F

=

(
1

X

)
D11λaλb(λ

2
a + λ2b)(λbλ

2
1casb − λaλ

2
2cbsa)

(33)

Z
(1,2)
F = −Z(3,4)

F

=

(
1

X

)
D11ρD

[
λaλb(λ

2
1 − λ22)(cacb − 1)

−(λ22λ
2
a + λ21λ

2
b)(sasb)

]
(34)

Z
(1,3)
F =

(
1

X

)
D11λaλb(λ

2
a + λ2b)(λaλ

2
2sa − λbλ

2
1sb)

(35)

Z
(1,4)
F = −Z(2,3)

F

= −
(

1

X

)
D11ρDλaλb(λ

2
a + λ2b)(ca − cb) (36)

Z
(2,2)
F = Z

(4,4)
F

=

(
1

X

)
D11ρD(λ2a + λ2b)(λaλ

2
2casb − λbλ

2
1cbsa) (37)

Z
(2,4)
F =

(
1

X

)
D11ρD(λ2a + λ2b)(λaλ

2
2sb + λbλ

2
1sa)

(38)

X = jω
[
2ρDλaλb(cacb − 1) + sasb(λ

4
1λ

2
b − λ42λ

2
a)
]
(39)

ca = cos (λal) (40)

sa = sin (λal) (41)

cb = cosh (λbl) (42)

sb = sinh (λbl) (43)

λ21 = λ2a − ρS (44)

λ22 = λ2b + ρS (45)

λa =

√
1

2
(ρS + ρR) +

√
1

4
(ρS − ρR)

2
+ ρD (46)

λb =

√
−1

2
(ρS + ρR) +

√
1

4
(ρS − ρR)

2
+ ρD (47)

ρS =
ρhω

2

A55
(48)

ρR =
ρrω

2

D11
(49)

ρD =
ρhω

2

D11
(50)

ρr =
ρtbt

3

[(
hm
2

+ ht

)3

−
(
hm
2

)3
]

+
ρmbm

12
h3m+

ρbbb
3

[(
hm
2

+ hb

)3

−
(
hm
2

)3
]

(51)

where ρ are the densities.

D11 =
EEt bt

3

[(
hm
2

+ ht

)3

−
(
hm
2

)3
]

+
Embm

12
h3m+

EEb bb
3

[(
hm
2

+ hb

)3

−
(
hm
2

)3
]

(52)

A55 = κ
(
GEt btht +GEmbmhm +GEb bbhb

)
(53)

The electromechanical coupling matrices, PN and PF ,
are defined as follows.

PN =

[
d31,tE

E
t d31,bE

E
b

−d31,tEEt −d31,bEEb

] [
bt
bb

]
(54)

where d31 is the piezoelectric voltage coefficient.

PF =


−d31,tEEt −d31,bEEb

0 0
d31,tE

E
t d31,bE

E
b

0 0

[bt ztbt zb

]
(55)

The clamped admittance matrix, C, is defined as follows.

C = iωl

[
εT33,t − d231,tE

E
t 0

0 εT33,b − d231,bE
E
b

] [ bt
ht
bb
hb

]
(56)
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Abstract

Elastic metamaterials, which have huge potential in wave guiding and attenuation applications, can be built from

structures with periodic piezoelectric patch arrays. Passive shunts offer the benefits of simplicity and low cost. In this

paper, the effects of the magnitude and phase angle of the shunt impedance on the attenuation constant of a beam

with periodic piezoelectric patch arrays were studied in order to determine the optimal shunt that produces the widest

and most effective band gaps. The attenuation constants were found to be large when the phase angle is π
2 rad and

when the magnitude decreases exponentially with the excitation frequency. This corresponds to a negative capacitance

circuit, which is the optimal shunt for such systems. The attenuation constant of the system reduces significantly when

the impedance deviates from the optimal value suggesting other circuits are less effective. The impedance and band

structure of resistive-inductive (R-L), negative capacitance and resistive shunts were investigated. As expected, the

negative capacitance circuit produces a large band gap, while the R-L circuit only produces a band gap around its

natural frequency. The transmissibilities of a finite system with these circuits demonstrated that vibration transmissions

are low within the band gaps.

Keywords

Band gap, Bloch wave theory, band structure, phononic crystals, elastic metamaterials, periodic structures, piezoelectric

patches, passive shunt

Introduction

Piezoelectric patches have been widely considered in

vibration damping and control applications in structures

as they have the ability to convert electrical energy to

mechanical energy and vice versa (Hagood and von Flotow

(1991)). This allows the implementation of a variety of

control strategies to damp vibrations. The passive shunt

configuration, in which the piezoelectric patch is connected

to a passive circuit, is considered to be one of the

simplest control system because it avoids the need of

complex amplifiers and sensing equipment (Hagood and

von Flotow (1991)) required in active control strategies.

Several configurations of passive piezoelectric patches have

been proposed, for example the resistive-inductive (R-L)

circuit (Hagood and von Flotow (1991)) that acts as a

dynamic vibration absorber reducing vibrations at the tuned

frequencies. Later studies have introduced other circuits for

shunted piezoelectric patches that makes use of different

concepts, including multiple resonating circuits (Wu and

McDonnell (1996); Behrens et al. (2003)) and negative

capacitance shunts (Beck (2012)).

With increasing interest in elastic metamaterials, piezo-

electric patches arranged in periodic arrays (Thorp et al.

(2001); Spadoni et al. (2009); Airoldi and Ruzzene (2011);

Chen et al. (2013a,b); Casadei et al. (2012)) have been

studied in order to create elastic metamaterials with tun-

able band gaps, which is a desired property for this class

of materials (Hussein et al. (2014)). Unlike conventional

configurations for vibration attenuation, the periodic shunted

piezoelectric patch arrangement creates band gaps, which are

frequency ranges in which wave propagation cannot occur,

to attenuate elastic waves without targeting a given mode

of vibration (Spadoni et al. (2009)). This strategy results in

broadband vibration attenuation as opposed to damping at

specific frequencies typical of conventional systems. Two

common circuits used to introduce band gaps are the R-L

circuit (Spadoni et al. (2009); Airoldi and Ruzzene (2011);

Chen et al. (2013a)) and the negative capacitance circuit

(Tateo et al. (2014); Beck et al. (2012)). For the R-L circuit,

the band gaps are created via the local resonant mechanism

in elastic metamaterials proposed by (Liu et al. (2000))

with the periodic piezoelectric patches acting as the tuned

resonators. Negative capacitance shunts on the other hand

have been known to reduce vibrations over a large range

of frequencies. This is done by tuning the capacitance of

the shunt to values close to the capacitance of the shunt so

that the effective stiffness of the patch defined by Eq. (1)

(Hagood and von Flotow (1991)) is sufficiently large to

prevent motion from passing through. Hence, by using a

periodic piezoelectric patch with negative capacitance, large

mechanical impedance mismatch can be achieved to create

wide band-gaps for vibration attenuation.
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Table 1. Properties of piezoelectric patch and base beam.

Property Piezoelectric patch (PI Instruments (2014)) Base beam

Material PIC 155 Aluminium

Density, ρ (kg m−3) 7800 2700

Young’s modulus, E (GPa) 66.7 (Short circuit) 69.0

Shear modulus, G (GPa) 24.1 (Short circuit) 25.9

Shear coefficient, κ 0.85 0.85

Relative permittivity at constant stress,
ǫT
33

ǫ0
2400 N/A

Piezoelectric voltage coefficient, d31 (×10−12 C N−1) -210 N/A

Table 2. Geometries of piezoelectric patch and base beam.

Dimension Piezoelectric patch Base beam

Height, h (mm) 0.5 3

Width, b (mm) 20 20

Length, L (mm) 20 20 (Portion without piezoelectric patch)

in the appendix.

D =





iωZN 0 PN

0 iωZF PF

−P
T
N P

T
F C



 (4)

FN =
[

−N(0) N(l)
]T

(5)

FF =
[

−M(0) −R(0) M(l) R(l)
]T

(6)

I =
[

It Ib
]T

(7)

UN =
[

u(0) u(l)
]T

(8)

UF =
[

θ(0) W (0) θ(l) W (l)
]T

(9)

V =
[

V t V b
]T

(10)

where 0 is a matrix of zeros, the superscript T denotes

transpose of a matrix, N are the axial forces, l is the length

of the component, M are the bending moments, R are the

transverse forces, I are the currents, the superscripts t and b

refers to the top and bottom patch respectively, u are the axial

displacements, θ are the angles of rotation due to bending, W

are the transverse displacements, and V are the voltages.

For the portion of the beam without piezoelectric patches,

the electrical components of the matrices in Eq. (3), which

are I, V, PN , PF , and C, were omitted. Furthermore, since a

passive shunt was used and the piezoelectric components are

not powered by an external voltage or current source, Eq. (3)

can be simplified to Eq. (11), so that only the mechanical

components are present as seen in Eq. (12).

V − IZSU = 0 (11)

[

FN

FF

]

= Dr

[

UN

UF

]

(12)

where

Dr =

[

iωZN 0

0 iωZN

]

−

[

PN 0

PF 0

]

(

[

C −1

0 ZSU
1

]−1 [
−P

T
N P

T
F

0 1

]

)

(13)

where 1 is the identity matrix.

Transfer matrix method to calculate band

structure and attenuation constant

In this study, the Floquet-Bloch theorem (Brillouin (1946)),

described by Eq. (14), was used to determine the wave

propagation characteristics of the beam with periodic

shunted piezoelectric patches.

U(x+ L) = λU(x) = eikLU(x) (14)

The term k in Eq. (14) is known as the wave vector

and it can be a complex value with imaginary, δ, and real,

µ, parts, which are commonly known as the attenuation

and propagation constants respectively. The propagation

constant, µ, describes the phase shift, while the attenuation

constant, δ, describes the amount of attenuation that the

elastic wave experiences as it passes through the unit cell.

The transfer matrix method described by Eq. (15) was

used to find the wave vectors in this study mainly because

it is capable of determining the complex wave vectors.

This capability is essential as the shunted piezoelectric

patches will provide intrinsic damping, which will lead to

the wave vectors being complex. Additionally, the vibration

attenuation performance of the piezoelectric patches are to

be evaluated using the attenuation constants. Eq. (15) is an

eigenvalue problem that can be easily solved. Furthermore,

since only the bending waves are of interest, the axial

components in Eq. (3) and Eq. (12) were ignored.

[

UR

−FR

]

= T

[

UL

FL

]

= λ

[

UL

FL

]

(15)

where T is the transfer matrix, U are the displacement

matrices, F are the force matrices and the subscripts L and

R denote the left end and the right end of the beam.

In this study, the portions of the beam with and without

the piezoelectric patches were treated as two separate beams,

each having its own dynamic stiffness, in which continuity

and dynamic equilibrium are enforced at the interface. An

effective dynamic stiffness, D̃, for the single unit cell can

then be found after simplifying and rearranging the matrix

into the form shown in Eq. (16).
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ZF is a 4× 4 symmetrical matrix with the non-zero terms

defined as follows.

Z
(1,1)
F = Z

(3,3)
F

=

(

1

X

)

D11λaλb(λ
2
a + λ2

b)(λbλ
2
1casb − λaλ

2
2cbsa)

(33)

Z
(1,2)
F = −Z

(3,4)
F

=

(

1

X

)

D11ρD
[

λaλb(λ
2
1 − λ2

2)(cacb − 1)

−(λ2
2λ

2
a + λ2

1λ
2
b)(sasb)

]

(34)

Z
(1,3)
F =

(

1

X

)

D11λaλb(λ
2
a + λ2

b)(λaλ
2
2sa − λbλ

2
1sb)

(35)

Z
(1,4)
F = −Z

(2,3)
F

= −

(

1

X

)

D11ρDλaλb(λ
2
a + λ2

b)(ca − cb) (36)

Z
(2,2)
F = Z

(4,4)
F

=

(

1

X

)

D11ρD(λ2
a + λ2

b)(λaλ
2
2casb − λbλ

2
1cbsa) (37)

Z
(2,4)
F =

(

1

X

)

D11ρD(λ2
a + λ2

b)(λaλ
2
2sb + λbλ

2
1sa)

(38)

X = jω
[

2ρDλaλb(cacb − 1) + sasb(λ
4
1λ

2
b − λ4

2λ
2
a)
]

(39)

ca = cos (λal) (40)

sa = sin (λal) (41)

cb = cosh (λbl) (42)

sb = sinh (λbl) (43)

λ2
1 = λ2

a − ρS (44)

λ2
2 = λ2

b + ρS (45)

λa =

√

1

2
(ρS + ρR) +

√

1

4
(ρS − ρR)

2
+ ρD (46)

λb =

√

−

1

2
(ρS + ρR) +

√

1

4
(ρS − ρR)

2
+ ρD (47)

ρS =
ρhω

2

A55
(48)

ρR =
ρrω

2

D11
(49)

ρD =
ρhω

2

D11
(50)

ρr =
ρtbt

3

[

(

hm

2
+ ht

)3

−

(

hm

2

)3
]

+
ρmbm

12
h3
m+

ρbbb

3

[

(

hm

2
+ hb

)3

−

(

hm

2

)3
]

(51)

where ρ are the densities.

D11 =
EE

t bt

3

[

(

hm

2
+ ht

)3

−

(

hm

2

)3
]

+
Embm

12
h3
m+

EE
b bb

3

[

(

hm

2
+ hb

)3

−

(

hm

2

)3
]

(52)

A55 = κ
(

GE
t btht +GE

mbmhm +GE
b bbhb

)

(53)

The electromechanical coupling matrices, PN and PF ,

are defined as follows.

PN =

[

d31,tE
E
t d31,bE

E
b

−d31,tE
E
t −d31,bE

E
b

] [

bt
bb

]

(54)

where d31 is the piezoelectric voltage coefficient.

PF =









−d31,tE
E
t −d31,bE

E
b

0 0
d31,tE

E
t d31,bE

E
b

0 0









[

bt zt
bt zb

]

(55)

The clamped admittance matrix, C, is defined as follows.

C = iωl

[

ǫT33,t − d231,tE
E
t 0

0 ǫT33,b − d231,bE
E
b

]

[

bt
ht

bb
hb

]

(56)
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