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Abstract

This work presents a framework for updating an estimate of a probability dis-
tribution, arising from an uncertainty propagation using Non-intrusive Poly-
nomial Chaos (NIPC), with scarce experimental measurements of a Quantity
of Interest (Qol). In recent years much work has been directed towards devel-
oping methods of combining models of different accuracies in order to propa-
gate uncertainty, but the problem of improving uncertainty propagations by
considering evidence from both computational models and experiments has
received less attention.

The framework described here uses the Maximum Entropy Principle (MEP)
to find an updated, least biased estimate of a probability distribution by
maximising the entropy between the original and updated estimates. A con-
strained optimisation is performed to find the coefficients of a Polynomial
Chaos Expansion (PCE) that minimise the Kullback-Leibler (KL) divergence
between estimates, while ensuring that the new estimate conforms to con-
straints imposed by the available experimental measurements of the Qol.
In this work a novel constraint is used, based upon the Dvoretzky-Kiefer-
Wolfowitz inequality and the Massart bound (DKWM), as opposed to the
more commonly used moment-based constraints. Such a constraint allows
scarce experimental data to be used in informing the updated estimate of
the probability distribution.

Keywords: Data fusion, Uncertainty Quantification, Polynomial
Chaos Expansions, Maximum Entropy Principle
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1. Introduction

Engineers must frequently produce designs that can yield good perfor-
mance in a wide variety of operating conditions. For this reason, Uncer-
tainty Quantification (UQ) techniques are used to evaluate the performance
of candidate designs. To save both time and expense the performance of
these candidate designs are typically tested using complex computational
models. Non-intrusive Polynomial Chaos (NIPC) is a popular technique for
propagating the effect of aleatoric uncertainties through complex computa-
tional models. NIPC has been shown to yield results that are consistent with
the more established Monte Carlo (MC) sampling techniques but at a much
reduced computational cost, with NIPC requiring many times fewer model
evaluations than traditional MC methods (see, e.g. [1]).

In recent years there has been great interest within the field of UQ in
using multi-fidelity techniques to carry out uncertainty propagations. The
accuracy of uncertainty propagations are fundamentally limited by the accu-
racy of the computational model that is used, however more accurate models
are usually very computationally expensive. For instance, in fluid dynam-
ics a Direct Numerical Simulation (DNS) can give a highly accurate reso-
lution of a flow field but usually takes several days to run, making the re-
peated model evaluations necessary for U@ impractical. On the other hand,
Reynolds-Averaged Navier-Stokes (RANS) simulations are less accurate due
to assumptions made in the Reynolds stress closure but also far less compu-
tationally expensive and more suitable to repeated evaluations. This has the
led to the development of Machine learning [2] and Bayesian [3] approaches
which use RANS to leverage the results of DNS simulations. A bi-fidelity
approach for combining RANS models of different fidelities was introduced
by Doostan et al., in which the low-fidelity model is used to learn a reduced
basis, which is used together with an interpolation rule and a limited number
of high fidelity evaluations to approximate the high fidelity solution [4]. A
multi-fidelity extension to NIPC was introduced in Eldred et al. [5]. Methods
such as Multi-level Monte Carlo [6, 7, 8], co-kriging [9] and other Gaussian
processes [10, 11, 12] are used widely in the UQ community to leverage the
results of a small number of high-fidelity simulations with many low fidelity
model evaluations. A more comprehensive review of Multi-fidelity methods in
Uncertainty Quantification may be found in the review paper of Peherstorfer
et al. [13].

However, while there has been great interest in developing methods that



allow models of different fidelities to be combined, there has been relatively
little attention paid to combining the results of uncertainty propagations with
experimental data. This work introduces a framework by which the results
of an uncertainty propagation using a computational model may be adjusted
based on the evidence of a limited set of experimental measurements of a
Quantity of Interest (Qol). An example of where this problem is relevant
is in the design process of composite materials, where thousands of coupon
tests are required in order to authorise the use of a new composite mate-
rial. The material properties of composite materials can vary significantly
due to defects introduced in the manufacturing process [14], thus materials
are typically characterised by statistical quantities such as the b-basis [15].
A current topic of research is how computational simulations of composite
materials can be used to leverage the results of experimental coupon tests.
It should be noted that while relatively under researched in the Engineer-
ing sciences, the problem of combining evidence from different sources has
been treated in other disciplines. For instance, Dempster-Shafer theory has
been developed to combine evidence from multiple sources to reach a sub-
jective judgement [16, 17]. It has been applied in software failure detection
[18] and in Machine learning, where the accuracy of a decision is improved
by combining the evidence of multiple classifiers [19]. In econometrics and
weather forecasting density forecasts from different experts are frequently
combined directly [20, 21]. The earliest and most popular attempts at fore-
cast combination has been the ‘Linear Opinion Pool’, in which the resultant
forecast is simply the weighted sum of the individual forecasts [22]. For
more complete reviews of the probability distribution combining literature
see, e.g. [20, 23, 24, 25]. A drawback of the Linear Opinion Pool, shown
by Hora [26], is that if each predictive distribution is calibrated then any
non-trivial linear combination will itself be un-calibrated [27, 28]. To this
end, methods of non-linear combination have been developed in recent years.
Gneiting and Ranjan introduce the Beta calibrated linear pools, in which
the beta transform of the traditional linear pool is used to find the resultant
distribution [29]. Bassetti et al. placed the Beta calibrated linear pool in a
Bayesian framework [30] while Casarin et al. compared the performance of
linear, harmonic and logarithmic opinion pools in a Bayesian beta mixture
model but found the schemes to be substantially equivalent [31]. Kapetanios
et al. introduced Generalised density forecast combinations, in which the
weight functions of the Linear Opinion Pool are allowed to vary spatially
[32]. One of these schemes could well be an appropriate way to directly com-
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bine experimental and computational probability distributions of a Qol, but
this would assume that there was firstly a sufficient number of experimental
results to estimate a probability distribution with sufficient confidence and
secondly that some limitation in the design of the experiment meant that
it too was an abstract representation of the system being designed, in the
same way that a computational model is an abstract or idealised version of a
system. In this work it is assumed that the experimental data is too scarce to
meaningfully estimate a probability distribution when taken in isolation, but
that the experiment measures the Qol to a higher degree of accuracy than
the computational model. Additionally, we assume that there is insufficient
related evidence, for instance comparisons of experimental and simulation
results of previous test cases, to formulate belief functions that could be
combined according to Dempster-Shafer Theory.

A number of works in the literature that have addressed the problem of
updating a probability distribution based on additional sources of data have
done so using the Maximum Entropy Principle (MEP). First developed by
Jaynes for estimating a canonical ensemble distribution constrained by par-
ticle number and total energy [33, 34], the MEP states that the least biased
next estimate of a probability distribution is the distribution that maximises
the relative entropy between the old and new estimate of the distribution,
while at the same time conforming to a constraint imposed by the experi-
mental data. Typically, the maximum entropy approach involves finding a
set of Lagrange multipliers to reweight the initial estimate of the distribution
and the imposed constraint is usually the experimental mean. This is the
approach adopted in Cesari et al. to combine Molecular Dynamics simula-
tions with experimental results [35] and also in Lou and Cukier [36]. The
Maximum entropy approach was expanded in another paper by Cesari et al.
to allow experimental errors to be included in the formulation [37]. Such
an approach has a number of limitations. Firstly, the Lagrange multiplier
formulation makes it very difficult to change the modality of the new esti-
mate. Secondly, the use of moment based constraints is inappropriate for a
limited set of experimental results as the statistical moments are unlikely to
have converged, thus the approach taken in these works would force the new
estimate to converge to a set of statistical moments which are unlikely to
reflect the ‘true’ distribution. The limitations of moment based constraints
are also discussed in Baggenstoss, where the joint distribution of a set of
scalar measurements is used as a constraint, as opposed to the average val-
ues of each measurement [38]. In this work a p-box based constraint is used
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to update the results of an uncertainty propagation using NIPC. In this way
scarce experimental data can be used to inform the estimate of the Qol’s
probability distribution, without placing constraints which are harsher than
the weight of the experimental evidence implies.

2. Non-Intrusive Polynomial Chaos and Uncertainty Quantifica-
tion

Non-Intrusive Polynomial Chaos (NIPC) is a popular technique used
widely in Uncertainty Quantification to propagate aleatoric input uncertain-
ties through computational models (see e.g. [39]). A metamodel for the
stochastic response of a model, w(g), is constructed as a function of N in-
dependent stochastic input variables é’ =&1,&, .., &N w(g) is expanded into
a basis of orthogonal polynomials to give a spectral representation of uncer-
tainty:

w(@) = S AN (E), (1)

where W, refers to a multivariate orthogonal polynomial, given as the product
of a set of univariate, orthogonal polynomials 1. A single realisation of
the Polynomial Chaos Expansion (PCE) may be generated by sampling the
components of the input random vector é’ from probability distributions for
the N uncertain system inputs. For a PCE of order p, there are P = (NN—J,Z’,)!
linear combination terms and the multivariate orthogonal polynomial Iﬁdy
be calculated as:
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where the rows of the index matrix / contain the multi-index and the su-

perscript index () refers to the input random variable. The multi-index is

defined such that Z ) < P. In the case where N = 2 and p = 1 the
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with the third row, for instance, yielding the polynomial product VU3 =
w(()l) 52). Note that as a product of orthogonal polynomials, and due to
the statistical independence of the inputs, ¥, is itself orthogonal. There are
optimal choices for the univariate orthogonal polynomials that correspond
to the probability distributions from which the stochastic input variables are
drawn; Xiu and Karniadakis proved that members of the Askey scheme of
orthonormal polynomials are optimal for certain types of stochastic processes
such as the uniform, normal, and exponential processes [40]. Alternatively,
the orthogonal polynomials may be derived directly from the input data.
Arbitrary Polynomial Chaos (aPC) uses the statistical moments of the in-
put data to calculate the PCE. This is a useful formulation for engineering
purposes as it makes it possible to propagate uncertainties free of assump-
tions in the case that the input data is scarce [41]. The aPC method used
here calculates the orthogonal polynomial for each input by first forming the
Hankel matrix of moments:

Ho M1 e Hp
M- M'l 2 . Hp+1 (4)
Hp  Hp+1 - H2pt1

where p; represents the i'" statistical moment of the input data. Comput-
ing the Cholesky decomposition M = RTR and calculating the inverse of R
produces an upper triangular matrix, the elements of which form an orthog-
onal system of polynomials according to the Mysovskih theorem. Using the
analytical formulas of Rutishauser a three term recurrence can be found for
these polynomials in terms of the matrix elements R;;:

Vi1(§) = bj_1¥;-2(§) + az9;-1(§) + bj;(€), (5)
where:
Rj 1 Rj_1; Rjt1m
a: = LN ’ , b, = —77 6
7 Rj,j  Rjyal R; ©

and Rop = 1 and Ro; = 0 [42]. The roots of the polynomial of order p
may then be found by finding the eigenvalues of the symmetric, tri-diagonal
Jacobi matrix:
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More details on this aPC formulation may be found in [43, 44, 45]. Hav-
ing determined the orthogonal polynomials, the coefficients of the PCE are
found non-intrusively using evaluations of the computational model. These
coefficients may be found through the solution of the integral

he= g [ w@U@n(Ed Q
(7) Jeea

using either Galerkin projection, collocation or numerical integration [46] .

In the above integral p(&) = [T, pi(&) represents the tensor product form

of the joint probability density function, while the denominator, the squared

norm of the multivariate orthogonal polynomial, is defined as the product of

the square norms of the univariate orthogonal polynomials:

N
(T7) = Hwﬁj;),wﬁg». (9)
=1

As noted in Eldred (2009) there are simple, closed form expressions for the
univariate inner products if the univariate polynomials belong to the Askey
scheme [5, 47]. Alternatively, the coefficients may be found through a lin-
ear regression; the computational model is evaluated at each of Ny, sample
points, allowing the coefficients to be found through:

WA=V, (10)
where Y = [w(&), w(&), . .. ,w(gNSp)]T is a vector of function evaluations,
A= (A1, A2, ..., Ap]T, and the matrix ¥ is defined as:

) - Te()
U= : : . (11)
Ui(n,) oo UelEn,)



Note that collocation based approaches exploit the orthonormal properties
of the multivariate polynomials in their formulation, which is not the case in
linear regression. The cardinality of P is such that the number of PCE coef-
ficients grows exponentially with N, the so-called ‘curse of dimensionality’.
One strategy to mitigate this cost is to use Smolyak’s algorithm to generate
a sparse grid on which to sample w [43]. Other methods to exploit spar-
sity in high dimensions include: least angle regression [48], the alternating
Least squares scheme [49], compressive sampling [50, 51, 52], and variational
inference [53].

Having obtained a PCE, Monte Carlo simulation can be used to generate
a dataset of outputs by randomly sampling the N input distributions Ny;¢
times to create a dataset W e [w(&), w(&), . .. ,w(gNMc)]. A Probability
Density Function (PDF) for the Qol, f°(x), may then be estimated using a
Kernel estimation method to fit a kernel function to the dataset:

1 Nye z— W,
PO 2k () .

Possible choices for the kernel function K are discussed in Scott and Silver-
man [54, 55]. In this work Gaussian kernel functions are used, which is a
common choice of kernel function [56]. It is widely regarded that the estima-
tion of the bandwidth, A, is far more crucial than the choice of kernel function
[57] and as such a number of methods for performing bandwidth estimation
are available (for more details see the review by Jones et al. [58]). In this
work a strategy for bandwidth estimation based on cross validation using
the Kullback-Leibler divergence has been used [59]. The process of using
NIPC with collocation to propagate uncertainty from N input distributions
through a computational model to formulate a PCE for the Qol, which is
subsequently used to estimate a PDF for the Qol f°(z), is illustrated in
Figure 1.
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Figure 1: Schematic illustrating a forwards propagation of uncertainty with NIPC. Model
evaluations at the collocation points are used to derive the coefficients of the PCE, which
approximates the response surface of the model.

Qol distribution from PCE Scarce experimental Updated Qol distribution
o) measurements of the Qol Fu)
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I i based on a MEP

Figure 2: Having determined an initial estimate of the probability distribution for the Qol,
scarce experimental measurements of the Qol can be used to update the coefficients of the
PCE using a data fusion algorithm based on a MEP. The PCE can be then be resampled
to generate an updated probability distribution.

A\ 4

3. Algorithm for data fusion of Polynomial Chaos with experimen-
tal results

The algorithm proposed here allows an initial estimate of a probability
distribution to be updated through the fusion of an uncertainty propagation
with NIPC and the evidence of a scarce experimental dataset. The initial
estimate of the Qol probability distribution is arrived at by using an NIPC
method to derive a PCE to approximate the response surface of a computa-

—

tional model, w(§):
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w(&) =Y AN (E). (13)

p
k=1
A forwards propagation of uncertainty using NIPC is illustrated schemati-
cally in Figure 1. In a forwards uncertainty propagation, a probability distri-
bution for the outputs of a system is estimated based on its uncertain inputs.
Conversely, an inverse uncertainty propagation in which probability distri-
butions for a systems’ inputs are deduced based upon measurements of its
uncertain outputs. The algorithm introduced here is general can be applied
to a PCE arising from either a forwards or inverse propagation of uncertainty,
although only the forwards case is considered here. Having estimated a PCE
for the Qol, Monte Carlo evaluations of this PCE are then used to generate
an initial estimate of the distribution. The algorithm updates the coeffi-
cients of the PCE such that the new estimate of the distribution maximises
the cross-entropy between the initial estimate and the new estimate, while
at the same time satisfying a constraint on the new estimate imposed by the
available experimental data. This is illustrated schematically in Figure 2.

The Kullback-Leibler (KL) divergence is used to quantify the statistical
distance between the updated PDF f“(z) and the initial estimate of the
PDF fO(x). For a continuous set of normalised probability distributions, the
Kullback-Leibler divergence is defined as:

f'()
fo(x)

where x refers to the space of the Qol [59]. The Kullback-Leibler divergence
is defined as the negative of the cross entropy, hence minimising the KL diver-
gence between two probability distributions is the equivalent of maximising
the cross-entropy. Minimising the KL divergence between the updated distri-
bution and the initial estimate produces a distribution which introduces the
minimum amount of new information with respect to the prior knowledge
[36, 37]. The steps of the data fusion algorithm are illustrated in Figure 3.
The initial estimate of the PCE coefficients in equation (13), A\) are then
replaced with the updated set of coefficients, A}, which are the solution of
the optimisation problem:

Daa(I8%) = [ fi)tog T (14)
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v = argmin Dy, (f*(z)||f°(z)) subjectto F(x) < F*(z) < F(x). (15)
Ak

In this paper a p-box placed around the experimental data is used to con-
strain the Cumulative Density Function (CDF) of the updated distribution
F"(x). It should be noted that the formulation is flexible and can admit a
range of user chosen constraints. For instance, moment based constraints
could be used such as the experimental mean or the experimental standard
deviation. However, given the scarcity of the experimental data the statis-
tical moments of the experimental data are unlikely to have converged to
the true distribution, making constraints based on the statistical moments of
the experimental data unsuitable. p-boxes themselves are discussed further
below. In general, a six sigma criterion is applied in reliability problems (see,
e.g. [61]). Montomoli and Massini demonstrated that for aerospace accidents
this criterion is not accurate enough and tends to underestimate the likeli-
hood of accidents [62]. Given the scarcity of the experimental data, accurate
estimation of the tails of the distribution tails is not possible using existing
methods in the literature (see, e.g. [63, 64]). In this paper we focus on a more
general case, where constraints are imposed that are likely to only affect the
first two or three statistical moments in order to make the experimental data
consistent with the probability distribution estimated from the PCE.

The manner in which the PCE coefficients are updated in the algorithm
will depend on the optimisation strategy used. The use of an inequality con-
straint such as a p-box, in addition to the lack of an analytical relationship
between the PCE coefficients and f“(x), precludes the use of Lagrange mul-
tipliers, which have been used in other works which use an MEP to update
a probability distribution. There are a number of optimisation techniques
in the literature with good global search properties such as particle swarm
optimisation [60] or genetic algorithms [65] that are appropriate. In this pa-
per an interior point algorithm was used, initialised at a point in PCE space
within the feasible region. It was found that the variation of Dk, in the P-
dimensional PCE parameter space was sufficiently smooth for the algorithm
to avoid becoming trapped in a local minima [66, 67].

3.1. p-bozes as a constraint on the optimisation
A p-box is defined by two curves F(z) and F(z) which act as upper and
lower bounds to the updated CDF F“(zx) respectively. The bounds are de-

fined such that the true but unknown CDF lies between F(x) and F(z), i.e.:
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Figure 3: Data fusion algorithm to adjust the coefficients based on an Maximum Entropy
Principle, subject to constraints imposed by the available experimental data

F(x) < F™e(z) < F(z) V. p-boxes may be non-parametric or parametric.
Parametric p-boxes arise from distributions which are known to conform to
a particular probability distribution (normal, exponential, Weibull, uniform,
etc.) but with parameters which are specified imprecisely as intervals. Non-
parametric p-boxes are distribution free and make no assumptions about the
form of a distribution and so are a more appropriate choice as a bound when
there is insufficient data to specify a family of distributions to which the
experimental data for the Qol belongs. In this work a non-parametric tech-
nique based upon the Dvoretzky-Kiefer-Wolfowitz inequality and the Massart
bound (referred to as the DKWM bound) is used to place a bound around
the experimental data for the Qol [68]. Bounds based on the DKWM bound
place a confidence interval around the Kolmogorov Smirnov statistic between
the unknown, true distribution F*“¢ and the distribution for the experimen-
tal data £ [69, 70]:
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P[sup|Fe*™(z) — F'™(z)| < 2¢72"] = . (16)

With a confidence level a the true CDF does not differ from the exper-
imental CDF by more than the error, e. Rearranging the RHS of equation
(16) yields an expression for € given a desired confidence a:

—log($)
€=\ ——==, 17
o (17)
where n is the number of experimental data points available. Note that
the inverse dependence on n means that the bound becomes tighter if more
experimental points are available. By translating the experimental CDF
vertically by +e¢, a p-box may be created, i.e.:

FeP(z) — e < F'"™¢(z) < FP(x) + €. (18)

The CDF of the updated distribution, F*“(z) is constrained such that it
lies within the p-box. As the p-box is created through a vertical translation of
FP it is defined only over the support of F**? and so does not constrain the
tails of F“(z) directly. As has been discussed, this is considered acceptable
as the intention is to place a constraint that affects the first two or three
statistical moments of the updated probability distribution. The tails of a
distribution are typically determined by higher order statistical moments.

4. Carbon fibre composite test case

The algorithm for the fusion of simulations and scarce experimental mea-
surements of a Qol was tested using a dataset comprised of laboratory mea-
surements of carbon fibre composites and a computational model based on
the equations of classical laminate theory. A carbon fibre composite is con-
structed of layers of unidirectional carbon fibres held together by a resin,
referred to as the matrix. A single layer is referred to as a laminae or ply.
Note that there are two sets of co-ordinates in a composite, (x,y) co-ordinates
refer to global co-ordinates of the laminate as a whole, while the local co-
ordinates (1,2) refer to directions parallel with the fibres and transverse to
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the fibres in each laminae. A rotation is needed to move from global to local
co-ordinates, which will depend on the orientation of the fibres in the laminae.
For more details on carbon fibre composites see, e.g. [71, 72, 73]. As has been
discussed above, significant variance is observed in the material properties of
composite materials when measured in coupon tests due to the complexity
of the manufacturing process [14]. Certifying a new composite material can
require thousands of coupon tests, which is both expensive and time consum-
ing, providing motivation to replace physical tests with simulations wherever
possible. Previous works have attempted to reduce the computational cost of
these simulations using non-intrusive polynomial chaos approaches (see e.g.
(74, 75, 76]).

The stacking of individual, unidirectional plies to form a composite is
illustrated in Figure 4. The figure also illustrates the directions in which the
loads N, and N,, are applied. A rotation of 6 degrees must be applied to
move from the global co-ordinates (x,y) to the local co-ordinates (1,2).

il

o

i

Figure 4: A schematic illustrating how a carbon fibre composite is constructed from lay-
ers of unidirectional plies (left). The directions of the global co-ordinates are indicated,
together with the directions of the compression load N, and shear load N, (top right).
The angle 6 defines the rotation necessary to move from global co-ordinates (z,y) to the
local co-ordinates of the ply (1,2) (bottom right)

A deterministic model, based on the equations of classical laminate the-
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ory, was used as a computational model of the physical coupon tests. The
coupons themselves consisted of 48 laminae in a (([45/90/ —45/0]2)s)s stack-
ing sequence. The applied stresses N, and N,, were incremented in ratio
until a failure criterion was met at any of the laminae:

1. Initialise IV, and N,

2. Apply loads N, and N, (N, = 3.33N,)

3. Find the mid surface strains €,,¢, and 7y,

4. Apply rotations to find the local strains in each ply (e1,€2,712)

5. Evaluate the Yamada-Sun failure criterion f(f1, fi2, 01, T12) for each ply

6. If the failure criterion is met at any of the plies then the laminate is
considered to have met the first failure stress, otherwise increment the
applied load and return to step 2

The relationship between the mid surface strains and the local stresses in a
given ply is represented using the reduced stiffness matrix @), the components
of which are determined by the material properties of the laminate:

01 Qu Q12 0 €1
02| = le Q22 0 € |, (19)
Ti2 0 0 Qe [2

where o is refers to tension/compression in the principal fibre direction,
09 is the tension/compression in the transverse direction and 75 the shear
stress. The elements of the reduced stiffness matrix are dependent on the
material properties of the ply, determined by the following relations:

Ey Oy = vi2Es . vo1 Ey

1 —viavy 1 — 1909

Qll = 9 QGG - G127 (20>

- 9
1 — 1909

where F; represents the Young’s modulus in the fibre direction, F5 the
Young’s modulus in the transverse direction, G135 the shear modulus, and v
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Figure 5: Histograms for the four stochastic material properties in the dataset
(E1, f1,G12, f12) and the compression and shear loadings responsible for first failure of
the laminate(V, and N, ). Note that the data for N, and N, is particularly scarce

Poisson’s ratio. A linear strain distribution is assumed through the thickness
of the laminate:

€ 62 Koy

— 0
€ | = e8 +2 | Ky |, (21)
Vay /ny Ray

where €}, €, and 7)), represent the mid-surface strains and k,, iy, and g

the curvature in the laminate. The applied loads (N,, N,, N,,) and moments
(M,,M,, M,,) are related to the mid-surface strains and curvatures through:

v o
Ny 62
Ney| _ [IA] [B]] |7,
M| = [[B] D] | m | (22)
My Ky
| My | | Ry |

where the elements of the ABD matrices depend on a summation across all
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n plies in the laminate:

n n

A= Z(ng)k(zk — 2-1), Bij

k=1 k=1 k=1

(23)

where Qij represents the ij'" element of the reduced stiffness matrix of the
k'™ ply when it has been rotated to lie in the (z,y) co-ordinate system. It is
possible to greatly simplify equation (22) through symmetry considerations,
for instance [B] = [D] = 0 and A = Ass = 0 due to the symmetrical layup
of the laminate. In the test case only horizontal and shear loads are applied,
meaning there is no curvature due to the applied moments. This allows a
further simplification of equation (22):

N Ny Apn A 0 €x
Ny e 0 e A12 AQQ 0 €y (24)
ny Nacy 0 0 A66 VzlY

The Yamada Sun failure criterion was used to determine whether failure had
occurred in an individual laminae [77]. Equations (19), (20) and (24) were
used to relate the applied load to the mid surface strains and in turn the
local stresses in each ply. The laminate was considered to have reached first

failure when the condition:
o\ 2 N
1 12
(fl) (f) (25)

was met in any ply. Note that each of these linear transformations is depen-
dent on the material properties of the laminate.

Experimental measurements were available for four material properties
of a batch of carbon fibre composite coupons: the in plane longitudinal and
shear strengths of the composite (f; and fi2), the shear modulus (Gi2), and
the Young’s modulus in the fibre direction (£;). The Young’s modulus trans-
verse to the fibre direction (F5) was treated as a constant. The Quantities of
Interest (Qol) of the experiment were the first failure stresses of the laminate,
N, and N,,, where N, refers to the stress in compression and /V,, the stress
in shear. In addition to experimental measurements of the material prop-
erties, the dataset also included a limited number of measurements of the
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first failure stresses. Histograms of the experimental dataset are displayed in
Figure 5.

An aPC formulation was employed to propagate the uncertainties in the
material properties to produce probability distributions of the first failure
stresses of the laminate, N, and N,,. As discussed above, an orthogonal
set of polynomials was calculated from the statistical moments of the input
data. In addition, 4 one-dimensional quadrature rules were derived from
the data, from which a sampling grid was formed using a level 1 Smolyak
quadrature. The computational model was evaluated at each of the Ny,
sample points in the Smolyak quadrature and the coefficients of the PCE
numerically approximated as:

V0 _ it wi) V()0 26)
SN

where 7; and 6; represent the sparse grid collocation points and weights [45].
As the compression and shear stresses are increased in ratio, a single PCE
can be used to generate both distributions. An initial estimate for the shear
load probability distribution, f°(N,,), was generated from 10° Monte Carlo
realisations of this PCE.

The data fusion algorithm was then used to adjust the coefficients of
the PCE based on the evidence of the available experimental measurements
of the failure stresses. Given the relative simplicity of the computational
model used, we expect the model error to result in a discrepancy between
the estimate of the failure stress distribution and the ‘true’ but unknown
distribution, which we assume can only be found with many experimental
tests. The aim of the data fusion algorithm is to find improve the initial
estimate provided by NIPC, based on the evidence of a small number of
experiments.

The results of the uncertainty propagation and subsequent data fusion
are displayed in Figure 6. The blue line in the left panel represents the CDF
of the initial estimate of the probability distribution from propagating the
uncertainties in the material properties with aPC, F°(N,,). The green line
indicates the CDF of the 6 available experimental results, F**?(N,,). The
DKWM bound was used to place a p-box around F**?(N,,) with a 95% con-
fidence. An interior point algorithm was used to find a set of updated PCE
coefficients which minimised the KL divergence between the initial and up-
dated estimate of the probability distribution of IV,,, while at the same time
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ensuring that the updated probability distribution lies within the bounds set
by the p-box. The algorithm was initialised at a point in the PCE parameter
space that satisfied the bounds and was found to converge quickly, requir-
ing only 74 function evaluations. The CDF of the updated distribution is
represented in red in the left panel of Figure 6. The right panel of Figure 6
illustrates the kernel density estimates of the initial estimate of the probabil-
ity distribution f°(N,,) and the updated probability distribution f“(N,,).
Kernel density estimates were made for f°(N,,) and f“(N,,) based on 10°
Monte Carlo realisations of the PCE. As can be seen the updated distribution
is weighted more heavily to the left, giving a more conservative estimate of
the failure strength distribution. The potential of the data fusion algorithm
to adjust the modality of the updated distribution is demonstrated, with
some peaks in f°(N,,) becoming smoothed out in the updated estimate as
a result of the MEP. These peaks likely arise due to the effect of the scarce
input data on the uncertainty propagation using aPC.
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Figure 6: A plot showing the CDF's of the original estimate of the probability distribution
arising from the aPC (blue); the available experimental data (green) and the updated es-
timate of the probability distribution (red). The p-box, generated by the DKWM bound,
is shaded in grey (left subplot). Kernel density estimates of the original and updated
estimates- note how the maximum entropy estimator has smoothed the peaks in the orig-
inal estimate arising from the scarce input data (right subplot)

5. Conclusion

In recent years much attention has been paid to developing methods of
combining models of different accuracies in order to propagate uncertainty,
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but relatively little attention has been paid to improving uncertainty prop-
agations by considering evidence from both computational models and ex-
periments. The growing accuracy of computational models offers industries
the possibility of reducing the amount of physical testing needed in the de-
sign phase of a product by supplementing physical tests with simulations,
making this research problem increasingly relevant. Data fusion allows for
evidence from multiple sources to be considered in order to estimate a prob-
ability distribution. The framework introduced here is intended for cases
where a probability distribution must be estimated based on the evidence
of simulations, which are relatively plentiful but are considered less reliable
than experimental measurements as a result of the epistemic uncertainties
present in the models (model error). The experimental data, while more re-
liable, is expensive or time consuming to obtain and as a consequence there
are not enough points to fit a probability distribution to the data without
making significant assumptions. The principle of Maximum Entropy is a key
aspect of the framework. This assumption, together with the data driven
NIPC formulation used to propagate uncertainties, means that the method
is non-parametric as no assumptions are made as to the family to which the
underlying distribution belongs. This makes the framework well suited to
handling scarce data. As can be seen from Figure 6, the Maximum Entropy
Principle tends to have a smoothing effect in practice and can eliminate spu-
rious peaks which arise in the original estimate of the probability distribution
due to the scarcity of the input data. The use of a p-box as a constraint, as
opposed to moment based constraints, is another feature of the framework
which allows it to handle scarce data efficiently. Scarce experimental data
can be used to inform the updated estimate of the probability distribution,
without placing a set of onerous moment based constraints on the estimate
which are unlikely to reflect the moments of the true distribution. The use of
the DKWM to construct the p-box allows the experimental data to impose
a non-parametric constraint, however, it should be noted that this does not
preclude the use of a parametric method to construct the p-box should that
be considered more appropriate. An extension to the method could be to
include estimates of the bounds in the p-box. In this work it was assumed
that the experimental data was too scarce for maximum likelihood methods
of tail estimation such as Generalized Pareto Tails to be appropriate, however
the addition of constraints on the tail of the updated distribution could be
an interesting extension of the framework. In this work we did not place too
much emphasis on the optimisation aspect of the framework, this is another
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area that could be explored further in the future.
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