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1. ABSTRACT

This is one of two companion papers presenting new procedures for the efficient large-
displacement analysis of steel frames in the elasto-plastic range. Emphasis is given in this paper to
the development and improvement of a plastic hinge approach utilizing the concept of adaptive
mesh refinement. In the companion paper, such a concept is discussed in the context of a more
accurate approach accounting for the spread of plasticity. The proposed plastic hinge approach is
formulated through the extension of an earlier 3D elastic quartic element into the inelastic domain,
where a general surface is suggested for representing plastic interaction between the axial force
and the biaxial moments. The numerical problems associated with the formation of adjacent plastic
hinges as well as the case of pure axial plasticity are highlighted, and methods for dealing with
such problems are discussed. The efficiency of the proposed approach derives partly from the
ability of the quartic formulation to represent beam-columns using only one element per member,
but more significantly from the utilization of adaptive mesh refinement. The latter consideration is
shown to have particular advantages in elasto-plastic analysis of braced structures. The
methodology presented in this paper and implemented in the nonlinear analysis program
ADAPTIC, is verified in terms of robustness, accuracy and efficiency using a number of examples

including geometric as well as material nonlinearity effects.

2. INTRODUCTION

Whilst the underlying methods for elasto-plastic analysis of framed structures, namely the plastic

hinge and the distributed plasticity idealizations, have been extensively used in the past, the present
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papers (Part I: A Plastic Hinge Approach, and Part II: A Distributed Plasticity Approach) give a
rigorous and unified treatment in the context of the new concept of adaptive analysis. This is
proven, by the forwarded examples, to provide the desired levels of accuracy and economy that

render the use in design office practice feasible.

Previous work by the writers! presented a new method for modelling geometric nonlinearities in the
analysis of three-dimensional framed structures, including those due to very large displacements
and beam-column effects. The two present papers describe the extension of that approach to model
material nonlinearity effects in steel frames, with particular emphasis placed on computational

efficiency.

In the first of these papers (Part I), adaptive analysis of steel frames based on the plastic hinge
approach is described. The paper first discusses the required extensions to the earlier elastic quartic
formulation2, and highlights potential numerical problems as well as methods for overcoming such
problems. Adaptive mesh refinement is then presented in the context of plastic hinge analysis, and
the significant computational and modelling advantages of such a process are pointed out. Finally,
verification examples using the nonlinear analysis program ADAPTIC are undertaken, and
comparisons are made where possible with other solutions to demonstrate the accuracy and extreme

efficiency of the proposed method.

3. THE PROPOSED PLASTIC HINGE APPROACH

In the elasto-plastic analysis of steel frames, two main approaches have been widely adopted; the
first employing lumped plastic hinge idealization3-4:5.6,7, and the second based on distributed
plasticity modelling®.9:10,11,12 " Although the plastic hinge approach provides only an approximate
representation of steel frame behaviour, with its accuracy reducing as the spread of plasticity within
the section and along the member becomes important, it has a significant computational advantage

over the distributed plasticity approach.

In view of the considerable computational advantages of the plastic hinge approach, an earlier

elastic quartic formulation? has been extended to include plastic hinges at the element ends.



Contrary to the formulation proposed by Ueda et al®, the present formulation can be applied within
a general incremental-iterative procedure, and models the buckling behaviour through the inclusion
of geometric nonlinearities within the quartic formulation rather than the modification of the plastic

hinge interaction surface.

Although the inclusion of strain-hardening effects in the plastic hinges was contemplated, it was
eventually decided to ignore such effects for reasons reflected clearly in the previously referenced
works. Firstly, there is no guarantee of an improvement in accuracy commensurate to the significant
additional complexity in formulating plastic hinge behaviour with strain-hardening effects.
Secondly, the accuracy of a plastic hinge formulation is already questionable for cases where (i) the
spread of plasticity within the section depth is important, (ii) the spread of plasticity along the
member length is significant, and (iii) the material exhibits a response which cannot be represented
accurately by a bilinear curve, characteristic of high-strength steel or mild steel subjected to high
levels of cycling. Consequently, the plastic hinge formulation presented herein is based on elastic-
perfectly plastic modelling, and is therefore only intended for approximate yet efficient elasto-
plastic analysis of steel frames. Accurate modelling, including the effects of spread of plasticity,
strain-hardening, and general stress-strain relationships, is deferred to the companion paper (Part
II). The remainder of this paper is henceforth devoted to the discussion of the adaptive analysis

based on the plastic hinge approach.

4. PLASTIC HINGE QUARTIC FORMULATION

The new plastic hinge formulation is derived in a convected (Eulerian) system, in which the
element local displacements are always referred to the element chord in its deflected state. The
plastic hinge formulation is based on an elastic quartic formulation? which has eight local degrees
of freedom, as shown in Figure 1, and which is capable of modelling elastic beam-columns using
only one element per member. Rigid-perfectly plastic hinges are added to the elastic quartic
formulation to provide a simple yet effective method for analysis involving material plasticity. The
resulting formulation is intended for preliminary investigations, since the effects of spread of

plasticity and strain-hardening are not accounted for.



The element forces and stiffness are considered in a local convected system, in line with the
derivation of the elastic element. The local element displacements and forces, after static

condensation of the two midside freedoms, are hence represented by the following vectors,
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The effects of geometric nonlinearity in the plastic hinge formulation are included in the same
manner as discussed by the writers! for elastic formulations, where it was pointed out that the use

of element-based orientation vectors, as opposed to nodal triad vectors, permits the modelling of

large local displacements, which is an essential requirement for plastic hinge analysis.

4.1. Plastic hinge properties

Hinges of the rigid-plastic type are added at the two ends of the element, as shown in Figure 2. It is
assumed that the contribution of shear stresses to plasticity is negligible, consequently the effects of
the shear forces and the torsional moment on plastic behaviour are ignored. The formation of a

plastic hinge is hence governed by the interaction of the two principal moments and the axial force:
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Plastic displacement increments are allowed at the plastic hinges, and are assumed to obey the

associated flow rule:
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N represents the components of the normals to the interaction surface, while b contains positive
scalars for the two hinges. Also, the summation range variable "h" indicates only the hinges which
are plastic; that is:

Only hinge (1) plastic = h=1)
Only hinge (2) plastic = h =2
Both hinges plastc = h=1, 2 4)

A new representation has been developed for the plastic interaction surfaces of general symmetric
sections, which is based on the use of polynomial fitting to a selected number of interaction points.

Three curves determine the interaction surface, as shown in Figure 3:

M'ypz f1 (F): reducedy — axis plastic moment due to axial force

sz: f 2(F): reduced z — axis plastic moment due to axial force

My M
f |——, Z | = 0: biaxial moment interaction at zero axial force
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It is assumed that the biaxial moment interaction in the presence of the axial force is identical to
that at zero axial force, but with reduced plastic moments. Hence, the equation of the interaction

surface can be expressed as:
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Each of the interaction functions "fi" and "f" is composed of three polynomial functions

established over three adjacent intervals, as depicted in Figure 4. Conditions of continuity of values
and slopes at the two intermediate interaction points are used to establish the constants of the
polynomial functions, with the slopes chosen to satisfy the curve convexity. On the other hand,

function "f3" defines the non-dimensional biaxial moment interaction, and is assumed to have the

form:
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where "y" is a function defined by three polynomials established over three adjacent intervals of

bending direction, as shown in Figure 4. A constant function "y" (\V(Cb) - 1) corresponds to a

circular interaction curve between the biaxial moments.

4.2. Local forces

Since plasticity is lumped at the element ends, the local forces d can be directly obtained from the

€
elastic local displacements &', but an incremental approach is necessary due to the path-

dependence of the problem. To ensure that the local forces remain within the boundaries of the

p
interaction surface, the plastic hinges undergo incremental plastic deformation Ol 5o that only

part of the displacements increment U i elastic; that is:
e p
du=8uUu-ou (8)
Thus, for an increment of displacements o , d can be obtained using the elastic element
p
properties once O U s determined. If both hinges are rigid at the start of the current increment,

p p
Su is taken as zero. If at least one hinge is plastic at the start of the current increment, oM is

determined in accordance with section 4.2.1.

4.2.1. Increment of plastic deformation

The calculation of the plastic deformation must ensure that the forces at the plastic hinges do not
exceed the interaction surface. This condition can be expressed infinitesimally using the following

equation:

N.
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where N is defined in eq. (3), and "g" is identical to "h" in eq. (4):

Only hinge(1) plastic = g =1

Only hinge(2) plastic = g =2

Both hinges plastic= g= 1, 2 (10)
(4]
Also, §.f can be expressed infinitesimally as a function S.u,
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where K is the elastic local tangent stiffness of the element.

Hence, the combination of the flow rule in eq. (3) with egs. (8), (9) and (11), results in the

following system of equations with the scaling factors b as unknowns:

6 6
>D . b > X N. %k..du.
hoeh b0 e 0 (12.2)
where,
6 6 o
D =2 X N. k. .N.
h . . C h
20 i=1j=1 ET DD (12.b)

This represents one or two simultaneous equations, depending on the number of plastic hinges
n_n

which is reflected in the range variables "g" and "h". The solution to eq. (12.a) yields an estimate of

the scaling factors which can be expressed as:

C C
1j hg i, g i,j J (13)

||.Mo\

6
=2 ZD k. .5u.
g =

1

— 1
in which D is the inverse of the 1x1 or 2x2 part of the D matrix associated with plasticity.

If a scaling factor corresponding to a plastic hinge is negative, elastic unloading occurs. In this case,
the hinge is assumed rigid, and the scaling factor of the other plastic hinge, if present, is re-

calculated from eq. (13) after re-establishing the range variables "g" and "h".

p e
Once b is established, Su is obtained from eq. (3). Hence, o can be determined from eq. (8),

and d can be calculated using the elastic element properties. However, since eqs. (9) and (11)



apply only for infinitesimal increments, it is often necessary to correct the stress states at the plastic
hinges back to the interaction surface. This is performed by improving on the initial estimate of b
using an iterative procedure which accounts for the deviation p of the stress states from the
interaction surface, and which can be shown to have the form?2:
b,=b,+2 D,  (p 1)
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where again D is the inverse of the 1x1 or 2x2 part of the D matrix.

4.2.2. Scaling to the interaction surface

As previously mentioned, hinges which are rigid at the start of an incremental step are not allowed

to exert plastic deformation. It is therefore possible that stress states of rigid hinges exceed the

interaction surface after the application of an increment of displacements oM

violation of hinge strength, O U s scaled down by a reduction factor 'r' until convergence to the

. To remedy this

interaction surface is achieved.

Because of geometric and material nonlinearities within the element formulation, the relationship
between the interaction values p of rigid hinges and the reduction factor 'r' is nonlinear. Therefore,
the scaling procedure must be iterative, and proper allowance must be made for the case when both
element hinges are rigid and exceeding the interaction surface simultaneously.

In this work, an iterative procedure based on quadratic interpolation is employed, as demonstrated

f

in Figure 5 for hinge (1). For each iterative estimate of 't', the local forces ¢ corresponding to

r(S Cu) are calculated in accordance with section 4.2.1, and are employed in the interaction
equation to obtain p. Convergence to the interaction surface is assumed when the values of p lie

-6
within the interval [1 ,1+10 ]

Once convergence is achieved, the corresponding hinge is taken as plastic, before the rest of the

"(1-1)8 u"

increment is applied.

4.2.3. Sub-incrementation

p
The calculation of o according to section 4.2.1 is performed using the matrix of normals N at the

start of the incremental step. To allow for the continuous change in the normals due to the



interaction surface curvature, a process of sub-incrementation is employed, with the direction of

normals assumed constant within a sub-increment.

In this work, o is initially applied in one step, and the number of sub-increments is then
determined according to the relative position of the non-dimensional stress states of the plastic
hinges, as well as the relative orientation of the non-dimensional normals at the start and end of the

step. The mathematical expression for the number of sub-increments "n" is given in Appendix A.1.

4.2.4. Pure axial plasticity

Because the normal to the interaction surface is not uniquely defined at the point corresponding to

the full axial capacity (+F,), numerical difficulties arise if a stress state of a plastic hinge crosses

this point. To avoid this problem, the interaction surface is assumed to extend smoothly beyond
(+F},), and stress states are allowed to continue on the extended branch, as demonstrated in Figure 6
for bending in the x-y plane. Since this implies a violation of the hinge strength requirement, an
iterative scaling procedure, similar to that discussed in section 4.2.2, is employed to establish the

reduction factor 'r' needed to bring the stress states back to the point of full plastic axial capacity

(+Fp).

Once at the point (xFp), a further increment of displacements o will not cause any change in the
stress states if the components of plastic deformation lie within the boundary normals. This is
demonstrated in Figure 7 for stress states at (Fp), and assuming positive increment for the plastic

hinge rotations in the x-y plane:
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When biaxial hinge rotations are involved, a simple mathematical representation becomes more
difficult, since the boundary normals are now represented by a conical surface instead of two
vectors. However, if the boundary normal with components proportional to the hinge rotational

increments is established, the check for the change of stress states can be readily made. It is shown



in Appendix A.2 that for stress states at (Fp) the condition of no change in stress states can be

d.u
expressed in terms of the increment of displacements ¢ aS:
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where N is determined in Appendix A.2 for positive increments of rotations. Similar expressions

can be derived for different combinations of positive and negative increments of rotations, and for

the case of plasticity at (-F,).

If the condition of eq. (16) is not satisfied for an increment o U , then the stress states at the plastic
hinges either undergo elastic unloading or follow a loading path on the interaction surface. In the
p
latter case, difficulties arise because the normals are not uniquely defined at (Fp), hence, Su
cannot be estimated. To avoid this problem, the element is partially unloaded from the condition of
axial plasticity before applying ol . Upon reloading, the scaling to the interaction surface brings
p
d.u

the stress states at the plastic hinges to points different from (Fp), and can then be determined

as usual.
4.3. Local tangent stiffness

The local tangent stiffness matrix K must reflect the state of hinges at the element ends, whether
rigid or plastic. If both hinges are rigid, then X is taken as equal to the elastic element local

€
tangent stiffness K If at least one hinge is plastic, then & can be expressed as follows2:
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where | is a 6x6 identity matrix.

10



For the special case of axial plasticity at (+F,), the condition of no change in the hinges stress states

is assumed, hence, the local tangent stiffness is taken as:

Full axial plasticty at (i Fp) = \

(Cki,jzo for all (i, j) except (6, 6)\

Yy |
LJ(6,6_ L (18)

4.4. Global analysis

As previously pointed out, global structural analysis including geometric nonlinearity effects is
performed through the use of a new procedure developed by the writers!-2. The new procedure
involves three transformations on the element level between the local convected system and the
global reference system; namely, (i) a transformation from increment of global displacements to
increment of local displacements, (ii) a transformation from local forces to global forces, and (iii) a

transformation from local tangent stiffness to global tangent stiffness.

The first transformation is utilized to obtain the element local displacements corresponding to the
current increment of structural global displacements. Once the local displacements are known, the
local element forces are determined according to section 4.2. The global element forces are
obtained from the local forces by applying the second transformation, and are assembled in a vector
representing the overall structural resistance. The global structural tangent stiffness, required for the
iterative solution procedure, is assembled from global element contributions, each obtained by
applying the third transformation to the local element tangent stiffness determined in accordance

with section 4.3.

5. ADAPTIVE MESH REFINEMENT

Most plastic hinge formulations are based on the assumption that plastic hinges occur only at the
element ends. This implies that one plastic hinge element can model a whole uniform structural
member in the elasto-plastic range, provided (i) the member is not loaded within its length, and (i1)

plasticity is mainly due to bending action. For braced structures, plastic hinges may occur within the

11



lengths of a number of braces due to elasto-plastic buckling, and hence two plastic hinge elements
would be required for an adequate representation. In the context of conventional analysis, each
brace must be modelled using two plastic hinge elements, since the braces which undergo buckling
are not known a priori. Apart from the excessive computational requirements of such modelling,
since usually only a relatively small number of braces buckle during loading, the structural
idealization is complicated by the fact that the location of a plastic hinge within the brace length is
also not known a priori. The latter consideration is usually dealt with through the simplifying, but

potentially inaccurate, assumption that the plastic hinge occurs at the middle of the brace.

Ueda et al® addressed the inefficiency of conventional methods by suggesting that analysis should
be started with one element per member, and automatic subdivision of an original element into two

equal-length elements is performed if a plastic hinge is detected at mid-length.

The present work adopts the suggestion of Ueda et al®, and further extends it to address the
inaccuracies associated with a plastic hinge occurring within the element length but not necessarily
at mid-length. Essentially, adaptive mesh refinement utilizes the accuracy of the quartic formulation
in the elastic range, and starts the analysis using only one element per member. In the course of
analysis, each element, already modelling plasticity effects at the ends, is checked for plasticity
anywhere within its length. If a plastic hinge is detected, the element is automatically subdivided
into two elements, after which the analysis is continued with a finer mesh. Consequently, the
suggested process of adaptive mesh refinement provides significant computational savings, and
deals with the uncertainty of plastic hinge location, as discussed in more detail in the following

sections.
5.1. Plasticity check

The check for plasticity within the element length is performed at each load step after global
equilibrium has been achieved. To establish the stress state within the element length, the
calculation of the biaxial bending moments must allow for the effect of the axial force in the
presence of transverse displacements. This effect can readily be accounted for if the convected

system is employed (Figure 9):

12



(Mly— szj _(Mly +M,

My(x)= T y)x— F{ v(X) +Vi(X)}

M, (x) = [%) _ (wjx_ F{w(x) +w! (x)} (19)

. . i i . . .
in which V(X), W(x), vI(x) and W'(X) are the transverse displacements and imperfections,

respectively.

To determine the plasticity condition at a section, the plastic interaction formula is used, expressed

as:

CI)(My (x), M_(x), F) ~ 1 = section at (x) s plastic ) (20)

where "®" is the interaction formula given by (6).

The abscissa 'xq' along the element length with the highest interaction value "®" is first established.
For the 2D formulation, this can be performed analytically, since the maximum value of "®"
corresponds to the maximum value of bending moment which is a polynomial function of 'x'
according to equ. (19). For the 3D formulation, biaxial bending renders an analytical solution very

cumbersome. Therefore, a selected number of points along the element length are considered, with

'x4' chosen as the abscissa having the highest "®".

If the interaction value "®" corresponding to 'xq' satisfies the plasticity condition of equ. (34),

element sub-division is performed in accordance with section 5.2.

If none of the elements requires sub-division for the current load step, the solution proceeds to the
next step. Otherwise, the current load step is re-applied, so that global equilibrium corresponding to

the new mesh is established.

Plastic hinge elements which are the result of an earlier sub-division process are not allowed to
further sub-divide in the current load step, since the existence of more than one plastic hinge within
the member length leads to considerable numerical difficulties. Thus, the spread of plasticity within
the member length is neglected, and the buckling process is represented by two plastic hinge
elements only, where the location of the intermediate hinge is determined by the first occurrence of

plasticity.
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5.2. Element sub-division

The process of sub-division of a plastic hinge quartic element involves the addition of a new node

and two new quartic elements, as shown in Figure 10.

The only variables associated with the new node are global displacements. These are determined for
the last equilibrium configuration from the deflected shape of the original element and the global

displacements of its end nodes.

For each of the new elements, variables pertaining to the initial and last equilibrium configurations
must be established. These include initial direction cosines, initial imperfections, orientation of the
principal axes at both ends, local displacements, plastic hinge deformations, and local forces. The
determination of local displacements, hence local forces, must allow for the nonlinear distribution
of the axial displacement along the length of the original element, which is due to the nonlinear
effect of bending deformation on axial stretching. This proves to be an important factor for

convergence to be achieved when the current load step is re-applied.

6. VERIFICATION EXAMPLES

The methodology presented in this paper has been implemented in ADAPTIC!3, a general purpose
computer program for the nonlinear static and dynamic analysis of space frames. In this section,
four examples are presented to demonstrate the accuracy and efficiency of the proposed plastic
hinge formulation and its use in the context of automatic mesh refinement. All reported CPU times
are for ADAPTIC v2.1.2, running on a Silicon Graphics workstation with 24 Mb of physical

memory and rated at 30 mips, 4.2 mflops and 26 Specmarks.
6.1. Elasto-plastic buckling of beam-column

The beam-column shown in Figure 11 is subjected to an eccentric axial force, and is analysed using
the plastic hinge formulation with automatic mesh refinement. This example is intended to
demonstrate the importance of allowing the plastic hinge induced by buckling to occur at locations

other than the element mid-length. For that purpose, the problem was analysed using the previous
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approach® and the one suggested in this paper, and comparisons are made with the distributed

plasticity approach prsented in the compnion paper!4.

The results depicted in Figure 12 indicate that the previous approach fails to detect a plastic hinge
within the element length, since the generalized stress-state does not exceed the interaction surface
at mid-length, hence no buckling behaviour is exhibited. On the other hand, using the approach
proposed in this paper, a plastic hinge is detected in the leftmost quarter of the beam-column, and
favourable comparison is demonstrated with the distributed plasticity approach. It is worth-noting,
however, that there is a case for assuming the plastic hinge to occur closer to midspan. This is
supported by Figure 13, where it is shown that the yielding region predicted by the distributed
plasticity approach migrates towards the mid-length as more deformation is accommodated. The
most accurate location for the plastic hinge lies in a region between the initial point of plasticity and

midspan; however, since this depends on several factors, a separate study would be required.
6.2. Four-storey frame

The frame shown in Figure 14 is subjected to the static action of vertical and sway forces, which are
increased proportionally up to plastic collapse. Three cases of sway to vertical load ratios (r=0.1,
0.24 & 0.5) were considered by Kassimalil5, who employed a 2D plastic hinge formulation
neglecting plastic axial displacements, and assuming a bilinear interaction curve independent of the
section shape. The frame was later analysed by Kam!6, who accounted for the spread of plasticity

across the section depth and along the member length.

The results given by ADAPTIC are based on the plastic hinge quartic formulation, where
favourable comparison is demonstrated in Figure 15 with the predictions of Kassimali for the three
load cases. The slight disagreement in the region of ultimate capacity is mainly attributed to the
difference in the interaction surface used, since that of Kassimali does not allow for any reduction

in the plastic moment capacity until the axial force exceeds 15% of the plastic axial capacity.
6.3. Elasto-plastic buckling of jacket

A 3D tubular jacket structure, with parabolic imperfections of (L/500) in three of its compression

members, is loaded asymmetrically as shown in Figure 16. The structure is loaded beyond its

15



ultimate capacity, and the pre- and post-ultimate response is obtained using two approaches;
namely, the plastic hinge approach with automatic mesh refinement and the distributed plasticity

approach with an initially refined mesh!4.

The load-deflection curves of Figure 17 demonstrate good agreement between the two adopted
approaches up to the point of ultimate capacity. In the post-ultimate range, the slight disagreement
is mainly due to the inability of the plastic hinge approach to account for the spread of plasticity to

the mid-length of the top buckled brace.

With the plastic hinge approach, the analysis is started using 28 quartic elements, and automatic
subdivision of members into two quartic elements is performed when a plastic hinge is detected
within the member length. At the end of analysis, 32 quartic elements are employed, as shown in
Figure 18. With the distributed plasticity approach, the analysis is started with a refined mesh for all
members of the structure, since the locations of plasticity are not known a priori. This consisted of
using 280 elasto-plastic cubic elements which account for the spread of plasticity within the section

depth and along the element length.

In this example, the plastic hinge approach requires only 9.5% of the CPU time needed by the
distributed plasticity approach (1min 56sec for plastic hinge, 20min 16sec for distributed plasticity),
which demonstrates the efficiency advantage of the plastic hinge approach. However, as discussed
in the companion paper!4, the efficiency of the distributed plasticity approach can be significantly
improved, thus allowing the efficient and accurate elasto-plastic analysis of structures where the

spread of plasticity and the use of general stress-strain relationships are deemed important.
6.4. 3D jacket under earthquake loading

The 3D tubular jacket structure, depicted in Figure 19, is subjected at its supports to the transient
ground signal of Figure 20. The jacket supports a platform which is modelled as a superimposed
mass of 1000 tons, and is analysed using the plastic hinge approach with automatic mesh
refinement. In the dynamic analysis, the jacket mass has been included using distributed mass
elements2, and the weight of the platform has been applied as an initial static load. However, the

weight of the jacket has been ignored, although its inclusion in the analysis is straightforward.
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The analysis is started using one quartic plastic hinge element per member, facilitated by the
accuracy of the quartic formulation and its ability to model imperfect members with only one
element. During analysis, automatic mesh refinement is performed for six of the original elements,
which are subdivided into two elements each. The drift time-history for the jacket at the deck level
is shown in Figure 21, where a maximum lateral drift of 13.3 cm is predicted. Automatic
subdivision is performed first at t = 1.69 sec and last at t = 2.24 sec, with the deflected shapes and
subdivided members shown in Figure 22. With a total CPU time of 1hr 17min 43sec, this example
demonstrates the feasibility of nonlinear dynamic analysis of realistic structures using the proposed

plastic hinge approach combined with automatic mesh refinement.

7. CONCLUSIONS

This paper presented a treatment of adaptive space frame analysis based on the plastic hinge
approach. It was recognized that the efficiency of the plastic hinge approach can best be utilized
within an incremental-iterative solution procedure, since a purely incremental procedure would only
allow small load/time-steps. In that context, a new plastic hinge formulation based on an elastic
quartic element was proposed, and details of the interaction surface as well as the secant and
tangent stiffness were discussed. The numerical problems associated with adjacent plastic hinges

and the case of pure axial plasticity were pointed out, and remedial procedures were suggested.

It was also realized that the efficiency of the plastic hinge approach would be much enhanced by
adopting a process of automatic mesh refinement, comprising the subdivision of a plastic hinge
element into two elements if elasto-plastic buckling occurs during analysis. This process was
extended to provide a more realistic and accurate representation of member buckling by allowing
the plastic hinge to occur at any point within the member length. The proposed automatic mesh
refinement process not only provides an efficient solution where element subdivision is only
performed for the buckled members, but also relieves the analyst from having to assume a location

for the plastic hinge within the member length.

A number of examples using the nonlinear analysis program ADAPTIC demonstrated the accuracy

and efficiency of the proposed plastic hinge approach. However, it was noted that the accuracy is
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only reasonable for cases where the spread of plasticity is not significant, and where the material
stress-strain law is essentially elastic-plastic without strain-hardening. Otherwise, the distributed
plasticity approach must be used, which is outlined in the context of adaptive frame analysis in a

companion paper (Part II: A Distributed Plasticity Approach).
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APPENDIX A

A.1 Sub-incrementation

The requirements of section 4.2.3 are represented mathematically by:

\

{n?} Llnteger (100 X

1

T

Angle (zao, a C)j
+

} [Inte ger (l 00 x

_ d .a _d a
n—MaX.(nl,nl,nz,nz)

T

([Integer (100 X Dist.(ldo, 1d C)) + 1 1

Angle (1a ° a C)) . T

1

)
If hinge (1) plastic

If hinge (1) rigid

qlnteger (100 X Dist.(zd 0, 2d C)) +1 ]

b If hinge (2) plastic

]

If hinge (2) rigid

where, superscripts (0) and (c) denote start and end of step respectively,

0 T
M 0
d0: ly MIZ FO
1 Myp sz Fp
T

o_ o
@ _<MprN1,1’
C_ C
@ ‘<MprN1 1>

20

)

(21.a)

(21.b)

(21.0)

(22.a)

(22.b)



d :< B s T
2 My, ™ Mg, " Fy
M’ ¢ !
dc:< 2y MZZ F_c
2 Myp? Mg 7 Fp (22.c)
(6] (6] T \\
0_
R —<Mypr3’2,M ><N4’2,F ><N532>
C C C T
C_
A —<MypxNs,z’szXN4,2’FpXN5,2> (22.d)
and,
2 )

Angle (ja ° ja°) = cos™ ({1 ?1 a ja?) }/ {'ja1 |ja Om (23)

A.2 Pure axial plasticity

The suggested representation for the interaction surface in section 4.1 has an advantage in respect of

determining normals to the interaction surface with a specific orientation. It can be shown from egs.

(5)-(7) that the normals for a stress state at (F,)) are expressed in the positive rotations quadrant as:

: ([, 2 ) _ N
L e 0y C
L1 fl(FP) sz %2 1(Fp) MZP
“p1 'y
N2,1:MZp ’ N4,2:MZp
N - (cp1) * F2(Fp) N :‘V(Cbz)XFz Fp)
5, 1 M, » N5 9 M, (24)
where

21



f'l(Fp) : first derivative of f | (F) at (F = Fp)
f'z(Fp) : first derivative of f 2(F) at (F = Fp)
€ & €y - hON — dimensional bending direction cosines for hinges (1) & (2)

n n n "

o : c c ‘
The direction cosines bl and b2 are chosen such that the components of the corresponding
normals are proportional to the increments of hinge rotations at both ends. Hence,

p
L1 80,
Nyt sl

=

)

1z

b1~ ’ (o \2
(fz(Fp)j +L IYJ
' p
F(Fp) 80, 5.
Similarly,
[f'z(Fp)j
o f‘l(Fp)
b2 | 5 (Sep \2
(fz(Fp)] +t 2yJ
p
£i(Fp) 56, 5b)

" n n "

Once b1 and “b2 are determined, N can be established from (24), and a check similar to eq.

(15) can be performed. Thus,

p p
b ( (Sely 89?\ (892 69p \\ \
Z y 27z
If: 5A ZLN“XLN T J+N52XLN - U
’ 1,1 2,1 ’ 3,2 4,2
then : No change in stress states (26)

However, since the condition of no change in stress states implies a zero increment of elastic
rotations and axial displacement, this condition can be expressed in terms of the increment of

displacements 5 as:
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50, ) &L 56, N )

2y

SAZLN xL + J+N xL + U:
> N1,1 N2,1 %2 N3,2 N4,2
(P _ T

scu_(sely,aelz,sezy,se ,-84.0)

e T

5eu =(0,0,0,0,0,56.)

GJ !
§=(0.0.0.0.F (%o ) o

with similar expressions for different combinations of positive and negative increments of rotations,

and for the case of plasticity at (—Fp).
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NOTATION

- Generic symbols of matrices and vectors are represented by bold font-type with left side
a
u

subscripts or superscripts (e.g. s, 9 ). This rule also applies to three-dimensional matrices.

- Subscripts and superscripts to the right side of the generic symbol indicate the term of the vector
G. ., “u.
or matrix under consideration (e.g. s 1-J,k d 1)

Operators

c : right-side superscript, denotes current values during an incremental step.
0 : right-side superscript, denotes initial values during an incremental step.
T : right-side superscript, transpose sign.

) : incremental operator for variables, vectors and matrices.

0 . partial differentiation.

Zi: : summation over range variable (1).

[ ] : encloses terms of a matrix.

( ) : encloses terms of a row vector.

|a | : magnitude of vector 2 .

|a i| . absolute value of term 2 i.

Symbols

b : vector of plastic hinge scalars.

<y : cosine of the angle formed by the vector representing the non-dimensional

bending moments in the biaxial plastic interaction space.

D : 1x1 or 2x2 matrix defined in equation (12.b).
f ] : plastic moment in the local y direction function of axial force.
f 5 : plastic moment in the local z direction function of axial force.
f 3 : plastic interaction function between the local y and z direction moments.
Cf : element basic local forces
(Ml y’ M, .M, y’ M,,. F, MT)
F p : plastic axial force capacity.
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Kk : element local tangent stiffness matrix.

ik : element elastic local tangent stiffness
matrix

L : element length before deformation.

m : magnitude of the vector representing the non-dimensional bending moments in the

biaxial plastic interaction space.

M y : section moment in the local y direction.
M yp - plastic moment capacity in the local y direction.
M'yp : reduced plastic moment capacity in the local y direction due to axial force.
M, : section moment in the local z direction.
M 2 plastic moment capacity in the local z direction.
M'Zp : reduced plastic moment capacity in the local z direction due to axial force.
N : matrix of normals to the interaction surface.
p : plastic hinge interaction values at the two ends of quartic element.
r . step reduction factor.
U : element basic local displacements

<el y’ 6IZ’GZy’ eZZ’A’ eT)
iu : basic elastic local displacements of plastic hinge element.
By : plastic hinge displacements
C

p p p p p P

<91y, Olz, Gzy, 622, A, 6T>.

v(x) : centroidal displacement in the local y direction.

vi(x) : imperfection shape in local y direction for quartic element.
w(x) : centroidal displacement in the local z direction.

wi(x) :imperfection shape in local y direction for quartic element.
X : reference abscissa along the element chord.

d : plastic interaction surface function of (My .M, ,F)

CDI function at end (1)

o » function at end (2).
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. function of (c,)) used for plastic interaction between the biaxial moments.

26



Ay(-5) y(0) Ay(5

0
ly
- « At i
1 — Y 0 2
1 : Wi 2y
Imperfect
configuration
0
L 3 ‘ € ’ 3 ‘ \
L2 L2 A
L
A7) AzO) A2

i .
1
elz / tZ

Imperfect 0
L configuration ‘ 2z ‘ \
L/2 L/2 A

Figure 1. Local freedoms of the elastic quartic formulation
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