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Abstract

Hypothesis: Transport of suspended colloids in heterogeneous porous me-
dia is a multi-scale process that exhibits anomalous behavior and cannot be
described by the Fickian dispersion theory. Although many studies have doc-
umented colloids’ transport at different length scales, a theoretical basis that
links pore- to core-scale observations remains lacking. It is hypothesized that
a recently proposed pore-scale statistical kinetic theory is able to capture the
results observed experimentally.

Experiments: We implement a multi-scale approach via conducting core-
flooding experiments of colloidal particles in a sandstone sample, simulating
particles flowing through a sub-volume of the rock’s digital twin, and develop-
ing a core-scale statistical theory for particles’ residence times via upscaling
the pore-scale kinetic theory. Experimental and computational results for
solute transport are used as benchmark.

Findings: Based on good agreement across the scales achieved in our in-
vestigation, we show that the macroscopically observed anomalous transport
is particle-type dependent and stems from particles’ microscopic dispersion
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and deposition in heterogeneous flow fields. In particular, we reveal that
residence-time distributions (i.e., breakthrough curve) obey a closed-form
function that encompasses particles’ microscopic dynamics, which allows in-
vestigations of a whole transition from pre-asymptotic to asymptotic behav-
ior. The physical insights attained could be useful for interpreting experi-
mental data and designing colloidal tracers.

Keywords: colloid, porous media, multi-scale approach, anomalous
transport, digital rock

1. Introduction

The behavior of colloidal particles (diameter 10 nm 1pm) in heteroge-
neous porous media has important implications for particulate control in
varied processes, such as deposition of microbes in sewage filtration sys-
tems [IL 2], passage of metal nanoparticles through soils [3], fines migration
through rocks [4], permeation of nanoparticle tracers for geohydrological sur-
veys [9] [6], exclusion of aerosol particles by air filters [7], and capture of fine
plastics through granular media [, 9].

Despite the vast importance of colloidal transport through porous me-
dia, macroscopic experimental observations are interpreted on the basis of
the macro-scale Advection-Dispersion Equation (ADE), with its numerous
modifications [I0} I11, 12} 13]. The ADEs predict colloids’ behavior based on
a mean dispersivity of the colloids ensemble. It has been shown that this
approximation does not always apply because colloids transport in heteroge-
neous pore networks often involves transient and spatially localized phenom-
ena [I41 [15].

It is expected that such microscopic features give rise to a plethora of
macroscopic ‘anomalies’; such as long tailing of residence time distributions
(RTDs) at late residence times [16]; power-law scaling of the mean-square-
displacement (MSD) of particles with time (MSD t where 6 1) [17];
probability density function (PDF) of displacement (propagator) that indi-
cates particles’ stagnation [I8]; power-law tailing of transition time distri-
butions (probability of late transition times t ! where < 2) [19] 20].
Experimental observations that feature these phenomena are referred to as
‘anomalous’ to emphasize that the classical ADE fails at describing them [21].
It is recognized that extended ADE expressions with modifications (e.g., for
dual mass transfer processes, irreversible and reversible attachment, detach-
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ment, straining, and size exclusion, which have been extensively reviewed
[11]) can reproduce many of the anomalous experimental observations, but
this is achieved using several parameters, which are often manipulated to t
the data.

Said anomalies have been documented in association with the presence of
non-Gaussian distributions of incremental displacement [21], intermittently
transitioned particle velocities [22], wide uid ow velocity distributions [23],
and high pore Reclet numbers[24] (de ned aP e = hv,il=D,, [12],] being the
characteristic length for uid transport, hv,i the mean uid velocity, D,, the
molecular di usivity). These phenomena are direct manifestations of pore-
structural and hydrodynamical heterogeneities, under which conditions non-
equilibrium hydrodynamic dispersion processes prevail, leading to a highly
heterogeneous particle concentration eld in the pore spade [25].

Addressing multi-scale nature of transport and deposition processes re-
guires a systematic, multi-scale investigation. Indeed, many studies at-
tempted to understand colloidal dispersion and deposition (retention) mech-
anisms at di erent observation length scales. Techniques used at the micro-
scale include pore-scale particle tracking simulation5]26,127, 28], confocal
microscopy [14, 29, 30], and 3-D patrticle tracking velocimetry [31,115]; at the
macro-scale (core to eld) techniques include ADE modeling32,133], contin-
uous time random walks modeling [34, 17], core- ooding column experiments
[35,[36, 37] and eld tracer ow tests [38, 39]. Although these contributions
provide important insights of colloids' dynamics in heterogeneous porous me-
dia (e.g., advection, self-di usion, dispersion [36], electrostatic attachment
and detachment [40], straining [41], hopping [30], colloidal aggregation [42]),
our ability to link theoretical modeling of microscopic dynamics (e.g., dis-
persion) to macroscopic observations (e.g., RTDs) is still limited. For recent
extensive reviews on colloidal transport in porous media we refer to Ref.
[43, 44]. Despite this large body of work, cross-scale studies have only been
recently conducted via experiments [8, 14].

Here, we conduct a multi-scale study to compare the cross-scale trans-
port of colloids against solutes through a sandstone medium. We rst doc-
ument macroscopic breakthrough behavior (e.g., RTDs) for colloids from
core- ooding experiments on a sandstone sample. To nd the mechanism
that drives the anomalous behavior observed experimentally, we conduct
microscopic particle-tracking numerical simulations through the sandstone
sample's 3D sub-volume, the image of which was extracted via X-ray mi-
crotomography. The simulation results for microscopic particle dynamics
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Figure 1. Colloidal particles and rock materials. (A) a Scanning Transmission Electron
Microscope (STEM) image of the colloidal particles (silica particles with uorescein isoth-
iocyanate isomer incorporated in the silica matrix, mean diameter of 150 nm), used in
core- ooding experiments. (B) The core plug of the Bentheimer sandstone rock, used in
the core- ooding experiments and core-scale numerical simulations. The arrow denotes
the ooding direction. (C) A 3-D digital rock image, reconstructed via X-ray microtomog-
raphy of the core plug presented in (B). The color bar denotes local porosity. (D) The pore
space geometry of the simulated sub-volume, generated from the image in (C), is used for
the particle-tracking simulations. The pore space image is coupled with two bu er zones
in the longitudinal direction to facilitate the implementation of periodic boundary condi-
tions, where uid and particles exiting downstream reenter upstream. The arrow denotes
the ow direction.

have been described via a patrticle velocity distribution function [45]; the lat-
ter function has been up-scaled to derive the macroscopic RTD function. We
show that the derived RTD is able to predict breakthrough curves of colloidal
particles in our experiments and can aid in identifying and quantitatively
correlating microscopic factors, responsible for dispersion and deposition of
colloids, to macroscopic anomalous observables.

2. Materials and Methods

2.1. Colloids Characterization

Fluorescent colloidal particles (Fig. 1A) were prepared using a sol-gel
methodology [46]: tetraethyl orthosilicate, (3-aminopropyl) triethoxysilane
and Fluorescein isothiocyanate isomer (FITC) were mixed together in ethanol,
with a later addition of 32 wt% ammonium hydroxide solution and milliQ
H,O (MQ) to produce the uorescent silica particles. These particles under-
went a functionalisation reaction with 3-(Trihydroxysilyl)propyl methylphos-
phonate (THPMP, CAS: 84962-98-1) [47, 48]. The detailed synthesis proce-
dure can be found in Supplementary Material (SM), Text S1. The parti-
cles were 150 nm in diameter (scanning transmission electron microscopy

5
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(STEM) and LUMIiSizer) with a negative zeta potential (Zetasizer Nano,
Malvern Panalytical) of -43.4 mV ( 10 mV). They were prepared as a sus-
pension in MQ at a concentration of 500 ppm for experiments.

2.2. Rock Sample Characterization

The core- ooding experiments were conducted using a 10 cm-long, 5 cm-
diameter cylindrical sample of Bentheimer sandstone (Kocurek Industries
Inc., Caldwell, USA), as shown in Fig. 1B. This sandstone is well sorted and
can be regarded as monomineralic (95% quartz, 4% feldspar, and 1% clay
[49]). The rock sample has an average porosity of 25%, with no apparent
bedding planes. The pore-throat radius distribution is largely unimodal with
a single distinct peak at 15 um [16].

2.3. Generation of the Digital Pore Space Image

To simulate transport through the Bentheimer rock, we constructed a 3-D
digital pore space image for a sub-volume of the experimental core plug, via
the following algorithm. Pore images were rst extracted from the core plug
sample by using a Xradia Versa 500 micro-CT scanner; these images were
processed in a core imaging analysis tool (AviZoFire 9.2, Thermo Fisher
Scienti ¢, USA) to achieve a reconstructed 3-D digital rock image with a
voxel resolution of 10 10 10 pum?, as shown in Fig. 1C. We generated a
sub-volume of the sample pores for a 3-D element of dimensiohs ( wq
wo) = (1:3 0:3 0:3) mm®, wherel, and w, represent its longitudinal
and transverse lengths, respectively. The segmentation was performed by
a threshold algorithm based on the Otsu's method [50], as available in the
"Auto-Threshold' module in Avizd® Fire 9.2. The work ow for the digital
model generation is presented in SM, Fig. S1. We coupled the pore space
with two cuboid bu er zones, each of dimension:@ 0:3 0:3 mm?, which
were placed at two longitudinal ends of the pore space, respectively. These
zones are used to introduce periodic boundary conditions in our numerical
simulations. The nal pore volume for simulations includes the pore space
and the bu er zones, as shown in Fig. 1D.

2.4. Experimental Setup

The core- ooding experiments were conducted in the set-up depicted in
SM, Fig. S2 (a detailed description of the experimental procedure can be
found in a previous study [16] using the same apparatus). In brief, prior
to assembly, the rock core was dried at 6G for 48 hours and subsequently
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wrapped in a 50.8 mm bore polyole n heat-shrink tube (RS Pro Clear Heat
Shrink Tubing, Shrink ratio: 2:1). The sample was sandwiched between two
aluminum endcaps and a second polyole n heat-shrink sleeve was heated
to achieve a tight annular seal around the sample and the nitrile o-rings
(Barnwell, UK) mounted on both endcaps. The entire set-up was placed
within the core-holder barrel. Once assembled, a constant annular con ning
pressure of 30 bar - maintained with water via a high-pressure syringe-pump
(Teledyne ISCO, model 1000D) - was applied to ensure the colloidal particles
did not bypass the rock core during injections. To achieve complete uid
saturation, the rock core was ushed with gaseous CCat 1.5 bar pressure,
before injecting a minimum of 8 pore volumes of carrier solution (tap water)
using a second high-pressure syringe-pump (Teledyne ISCO, model 1000D).
The following procedure was repeated to carry out each particles-injection
test: (i) the system was allowed to equilibrate at the desired ow rate (2, 4,
or 8 mL/min in this study); (ii) the particles injection loop (2 mL) of the six-
port two-position valve was lled with the particles solution (concentration
500 ppm), which had previously undergone sonication for 1 min; (iii) the
particles were injected into the owing carrier uid (tap water) by switching
the valve position; (iv) the in uent and e uent concentration of the ow-
ing suspension was monitored with two ow-through uorescent transducers
(Cyclops-7F with Fluorescein optics by RS Aqua, UK) and logged via a
desktop computer. The linear calibration of the detectors was carried out by
correlating the saturation readings of the two detectors to the concentration
of the colloidal particles suspensions used in the experiments. At least four
repeated injections were carried out at each ow rate (see SM, Fig. S3) to
demonstrate the reproducibility of the measured breakthrough curves.

2.5. Core-Scale Simulation Setup

We simulate continuum-scale transport of particle suspensions through
the core via solving the Advection-Dispersion Equation (ADE) on a 5 cm-
diameter, 10 cm-long cylindrical geometry with uniform porosity (24%),
using the software COMSOL Multiphysic§ . The longitudinal dispersivi-
ties of particles were adopted from experimental measurement for solutes
( L =0:041 cm) [16] and 150-nm colloids { = 0:29 cm) [36], respectively;
transverse dispersivities were neglected because the longitudinal dispersion
dominates under the ow rates considered. Free tetrahedral meshes were
generated on the continuum core geometry in which the mesh size ranges
from 10 4 m to 10 * m, the maximum element growth rate is 1.35, curvature

7



155

156

157

158

159

160

161

162

163

164

165

167

168

169

170

171

172

173

174

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

factor is 0.3, resolution of narrow regions is 0.85. We assess the adequacy
of the mesh resolution (i.e., 10* m to 10 3 m) via comparing the simulated
mean ow rate against the simulation results implementing mesh sizes in
the order of 10°> m. Based on literature observations, it was not expected
that the classical ADE would be able to describe the colloids transport [11].
However, the model is useful for providing a reference case to model uid
and solute transport through the digital twin of our experiments.

2.6. Pore-Scale Simulation Setup

We simulate incompressible steady viscous uid ow, representing tap
water, at temperature T = 293.15 K through the Bentheimer pore image
(Fig. 1D) by solving the Navier-Stokes equations with no-slip uid-pore-wall
boundary conditions (using the software COMSOL Multiphysic® (version
5.3a)). Periodic boundaries are speci ed on the faces of the bu er zones
in the longitudinal direction. A constant pressure downgradient ( P) is
imposed along the longitudinal direction for each simulated ow rate. Dif-
ferent pressure gradients yield the desired ow rates of 2, 4, and 8 mL/min,
respectively. For the three cases, the maximum Reynolds number is 1,
and therefore our calculations are conducted below the laminar regime limit
in porous media [51]. The meshes in the pore domain are generated as free
tetrahedra (details about mesh generation can be found in SM, Text S2).

Following the methodology described in details elsewhere [45], we simu-
late the transport of two types of particles, i.e., 3 1C° colloidal particles
(of diameter 150 nm) and 3 10° solutes (5 nm), respectively, within the
uid ow eld at the ow rates of 2, 4, and 8 mL/min, respectively. The
Lagrangian particle-tracking simulation method is applied, where the instan-
taneous particle position vectorq, is obtained by solving Newton's second

d . . .
law over the net forceF pe = % mp% ; My is the mass of a single particle.

Each colloidal particle is subject to hydrodynamic drad- prag, self-di usion

F Brownian (Di usivity D, = ks T=3 \d, wherekg is the Boltzmann constant,

T is absolute temperature, ,, is the dynamic viscosity of the carrier uid, d,

is particle diameter), gravity G and buoyant forcesF gyoyant , particle-pore-
wall interactions F , pw = F vaw + FepL + F gom (described as the synergy of
van der Waals attractionsF g, electrical double layer interactionsF gp, ,
and short-ranged repulsions due to the overlap of the electron clouds, i.e.,
Born repulsionsF gom ), i.€., F net = F prag + F grownian + G+ F gugyant + F p pw-
For each colloid particle,F yqw ; F epL , and F gorn Values at each timestep are
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calculated by Egs. (S6) and (S7) in SM, respectively; the separation distance
is assessed between the center of mass of the particle of interest and all the
pore surfaces in the sub-volume. As opposed to colloidal particles, each so-
lute particle, because of its molecular size, is only subject to hydrodynamic
drag and molecular di usion, i.e.,F net = F prag* Fagrownian ; We consider no
DLVO interactions between solutes and the wall surfaces, as considered in
many prior studies of solutes [17, 19].

Although the mean uid velocity in the simulated pore sub-volume can
be used to describe the permeability of the rock sample, the sub-volume may
be too small to observe asymptotic dispersion of particles. This calls for the
implementation of periodic boundaries on the sub-volume to allow particles
to travel long distances until reaching quasi-steady states of particle ows,
in which particle velocity distributions become stable. The long distance
is realized via letting particles repetitively re-enter the pore space from the
upstream bu er zone after their existing the downstream along the pressure
downgradient.

In our analysis, the times required for uid, solute, and colloidal particles
to reach steady states are di erent. We note that solute and colloidal particles
may not reach ergodicity at all when their velocity distributions or residence-
time distributions reach steady states (More discussion about characteristic
lengths of dierent phases is presented in the Discussion). Based on the
analysis of particles velocity distributions evolving with time, we nd that
the time for particles to reach asymptotic dispersion is approximately the
time required for the carrier uid takes to travel ten characteristic lengths
for uid transport, i.e., 10 ,, (More discussion about characteristic lengths
of di erent phases is presented below). ,, is the characteristic advection
time for the carrier uid transporting through the characteristic length for
uid transport, i.e., = I=hw,i, | being a characteristic length for uid
transport and hv,,i being the mean uid velocity. We discuss both transient
(tsm < 10 ) and quasi-steady statest(,, 10 ) below.

3. Results

3.1. Core-Scale Residence Time Distribution Curves

Via conducting core- ooding experiments of colloidal particles owing
through the Bentheimer sandstone sample and comparing them to prior data
of solutal ow [16] using the same core- ooding apparatus and core sample,



Figure 2: Core-scale Residence Time Distribution (RTD) curves (also the breakthrough
curves). (A) Normalized RTD curves at increasing ow rates (2, 4, 8 mL/min) from
our core- ooding experiments of colloids, published experimental data of solutes [16],
and the core-scale numerical simulations (by solving the ADE). We recorded the evolu-
tion of e uent concentrations ( CeXR) with experimental time (tep), calculated the nor-
mahzengunctlon E (texp) = Cexp= 3 Cexpdtexp and experimental mean residence time
exp = o texpE(texp)dtexp, as well as their counterpart values from the core-scale simula-
tions. The coe cients of determination ( R?) calculated between the core-scale simulated
E (tcore sim) core sim and experimental E (texp) exp Of colloids transport are R2 =
0.921, 0.930, 0.935 at 2, 4, and 8 mL/min, respectively; of solutes transportR? = 0.983,
0.989, 0.990 at 2, 4, and 8 mL/min, respectively.

10



	Introduction
	Materials and Methods
	Colloids Characterization
	Rock Sample Characterization
	Generation of the Digital Pore Space Image
	Experimental Setup
	Core-Scale Simulation Setup
	Pore-Scale Simulation Setup

	Results
	Core-Scale Residence Time Distribution Curves
	Pore-Scale Flow and Particles Behavior
	A Probability Distribution Function of Particles' Velocity
	Theoretical Core-Scale Residence Time Distributions

	Discussion
	Comparison to Classical Power-Law Transition Tailing
	Convergence to Asymptotic Dispersion
	Drivers of Anomalous Behavior

	Conclusions

