
https://doi.org/10.1177/24725552211028142

SLAS Discovery
2021, Vol. 26(9) 1212–1224
© Society for Laboratory 
Automation and Screening 2021
DOI: 10.1177/24725552211028142
journals.sagepub.com/home/jbx

Original Research

Introduction

A proteolysis-targeting chimera (PROTAC) is a new drug 
modality that induces degradation of disease-causing pro-
teins. It is a molecule composed of two active domains and a 
linker and forms a complex consisting of the target, an E3 
ligase, and the PROTAC molecule. PROTAC molecules 
ubiquitinate their target proteins, thereby tagging them for 
degradation by the proteasome. Factors to consider when 
designing PROTACs include which E3 ligase to target, the 
required binding affinities between the target protein and E3 
ligase, the target protein basal turnover rate, and the E3 ligase 
expression level in the relevant tissue. Small molecules typi-
cally inhibit protein activity, but PROTACs completely 
remove the protein from cells. As the PROTAC molecule 
itself is not consumed during proteasomal degradation, it can 
be recycled and used many times. Catalytic knockdown of 
proteins in vivo has been shown in some studies.1 Precisely 
estimating parameters of concentration–response (CR) 

curves, such as potency and efficacy, is essential for robust 
drug development.

Traditional small-molecule screening for inhibitors typ-
ically yields sigmoidal monotonic CR curves, character-
ized by a plateau at high drug concentrations. In contrast, 
PROTAC CR curves can have a distinct profile, marked by 
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A proteolysis-targeting chimera (PROTAC) is a new technology that marks proteins for degradation in a highly specific 
manner. During screening, PROTAC compounds are tested in concentration–response (CR) assays to determine their 
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PROTAC data often exhibit biphasic and polyphasic relationships, making standard sigmoidal CR models inappropriate. 
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and sigmoidal CR curves without user input. Parameters such as the DC50, maximum effect Dmax, and point of departure 
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parameter uncertainty into the rankings, enabling us to confidently state if one compound is better than another. Hence, 
we used a flexible and automated procedure for PROTAC screening experiments. By minimizing subjective decisions, our 
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a loss of efficacy at higher doses. Accounting for such a 
“hook effect” in data analysis is essential to understand the 
underlying mechanism. A mathematical framework has 
been developed to understand the ternary complex equilib-
ria:2 it explains that the CR behavior of such a complex 
should form a hook. The theoretical model predicts a sym-
metric curve with respect to the point of the maximal effect. 
However, experimental data frequently display nonsym-
metric patterns. A common solution includes manually 
omitting points (the so-called masking step), allowing 
standard models to be used on the reduced data sets. This 
approach has several drawbacks. Due to its manual and 
subjective nature, it is time-consuming and may vary from 
scientist to scientist. Furthermore, even the same scientist 
at different time points might judge differently (due to their 
increasing expertise or more random factors). As a result, 
manual masking becomes a costly and nonreproducible 
procedure. There is therefore an unmet need for an auto-
mated method to fit models to experimental data allowing 
for nonsigmoidal shapes. Such a method should minimize 
subjectivity, increase reproducibility, and provide uncer-
tainty quantification to the ranking of compounds.

The challenge of nonsigmoidal fits can be addressed in 
several ways—either by adjusting parametric models or by 
nonparametric modeling. Parametric models are widely 
used in drug discovery as a tool to fit CR curves. They have 
a predefined functional form, such as a linear, exponential 
decay,3 or Hill model.4 The parameters governing these 
models often have a straightforward interpretation, such as 
the slope and intercept for a linear model, or the concentra-
tion that gives the half-maximal degradation (DC50) and the 
maximal effect (Dmax) for a sigmoidal model. Parametric 
models reduce an unknown and potentially complicated 
true function to a simple form with few parameters. Such 
models can produce consistent results when observations 
follow a predefined class of shapes but may not fit the data 
well when a pattern exhibited by data does not fall into that 
class. Then the simplicity of a parametric model might lead 
to erroneous estimates. Another price to pay for the simplic-
ity of parametric models is their global behavior; that is, a 
change in one parameter can change the shape of the whole 
curve.

Nonparametric models such as LOESS (locally esti-
mated scatterplot smoothing), splines, and Gaussian pro-
cesses (GPs) are more flexible and learn the shape of a 
curve from data. GPs have certain advantages over their 
nonparametric counterparts: the LOESS method is known 
to require fairly large amounts of data, while GPs can deal 
with small data sets, and splines can be viewed as a special 
case of GP regression.5 Additionally, the parameters of most 
nonparametric models are not directly interpretable, while 
such models are usually more computationally intensive 
and harder to implement. GPs are able to carry more inter-
pretable information than their nonparametric counterparts. 

For instance, their changepoint kernel can incorporate inter-
pretable parameters, such as point of departure (PoD). PoD 
has been proposed as an alternative to DC50 for measuring 
the potency of compounds. A few definitions of POD have 
been proposed in the literature.6 Here we define it as the 
changepoint in the changepoint GP model, that is, the con-
centration at which the curve changes shape from flat to 
flexible. DC50 measures half degradation, and POD mea-
sures the concentration where degradation starts. In addi-
tion, some parts of a curve can be fixed, while others 
modeled more flexibility. A parametric framework offers 
two approaches to fitting when the shape of a curve is not 
known in advance: model averaging7 and model selection. 
Both approaches start with a set of parametric models and 
then undergo two stages. At the first stage, models are fit to 
the data. At the second stage, either the models are averaged 
or one model is selected as the best. Both methods would 
not work well if the initial set does not contain a realistic 
model for the given data. Nonparametric approaches can 
avoid the two-stage process, while the necessary decision-
influencing parameters can still be derived from the fitted 
curves.

Established methods for estimating parameters of a sig-
moidal CR curve are based on minimization of least squares 
or maximization of the likelihood via such optimization 
algorithms as gradient descent, Gauss–Newton, and 
Marquardt–Levenberg.8 These methods produce results in 
the form of point estimates of parameters. Classical statisti-
cal models can communicate uncertainty in the form of con-
fidence intervals (CIs). However, they do not inform which 
values within the CIs are more or less probable, as they only 
show the range of values. On the contrary, in Bayesian 
inference, parameters are described by probability distribu-
tions. Bayesian credible intervals (BCIs) can also be 
extracted, but each value within BCI is also supplied with 
information about how probable it is. Additionally, the 
Bayesian inference method allows us to incorporate prior 
beliefs and take several sources of uncertainty into account. 
These features make the method a powerful and attractive 
tool to capture, model, and communicate uncertainty. 
Uncertainty in model parameters can be incorporated and 
propagated into the estimates of derived quantities. The 
Bayesian approach to dose–response curve fitting has 
started to gain recognition in the analysis of in vivo data.

The aim of this work is threefold: (1) to provide an auto-
matic method for fitting curves of nonstandard shapes to 
reduce subjectivity and improve reproducibility, (2) to sup-
ply parameter estimates and final ranking with uncertainty 
quantification, and (3) to demonstrate the usefulness of a 
Bayesian changepoint GP model for fitting PROTAC CR 
curves. The changepoint GP kernel can infer a PoD. It cap-
tures the biology such as a flat (negligible) effect at concen-
trations up to the PoD, and more flexibility at higher 
concentrations to capture the behavior of interest. An 
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advantage of a Bayesian framework is that the model can 
account for several sources of uncertainty and represents the 
parameter uncertainty in the form of a distribution, which is 
propagated to the uncertainty of the compound ranks. By 
minimizing the number of subjective decisions, our approach 
reduces time and cost and ensures reproducibility of the 
compound-ranking procedure. The process of compound 
ranking is summarized in Supplemental Figure S1.

Materials and Methods

Data

The data were collected in a set of two experiments for nine 
compounds as follows: 384-well plates (PE cell carrier ultra, 
PerkinElmer, Waltham, MA, USA, 6057308) containing 
12,000 cells per well in RPMI1640 medium (Sigma, R7638) 
supplemented with glutamine (Gibco, 25030) and 10% fetal 
calf serum [FCS] were dosed with an Echo 555 (Labcyte) at 
the indicated doses. Maximum effect and neutral control 
DMSO were also used. After 1 day of incubation, cells were 
fixed with paraformaldehyde (4% final concentration) for 
approximately 20 min, washed (3× phosphate-buffered 
saline [PBS] by using a BioTek plate washer), and subse-
quently stained with primary followed by secondary anti-
body for target detection and DRAQ5 (Abcam, Ab108410). 
Each staining step was followed by a washing protocol 
described above. The signal for the target antibody stain per 
well was measured by automated microscopy (Cellinsight, 
Thermo). Data were normalized by Genedata Screener soft-
ware using controls distributed at several positions across 
the plate to 0% (DMSO, neutral control) and –100% (maxi-
mal effect compound). The core formula for normalization is 
the expression (x – <cr>)/(<sr> – <cr>), where x is the 
measured raw signal value of a well, <cr> is the median of 
the neutral controls, and <sr> is the median of the mea-
sured maximal effect control compound.

Model

Bayesian Inference.  The Bayesian model formulation con-
sists of two parts: preliminary information, expressed as 
prior distributions, and a likelihood. Inference is made by 
updating the prior distributions of the parameters according 
to the data via the likelihood. The likelihood reflects the 
assumptions about the data-generating process and allows a 
model to be evaluated against the observed data. In the pro-
cess of inference, samples of parameters are drawn from 
posterior distributions. These samples can be consequently 
used to quantify the uncertainty of parameter estimates in 
the form of distributions, as well as to derive statistics.

The logic of the subsequent sections is as follows. First, 
we explain the likelihood of the model and how to account 
for different sources of variation in the “Measurement 

Model and Likelihood” section. After that, we give a brief 
introduction to the GP class of models and build on the ker-
nel proposed in the literature9 by generalizing it to a wider 
family of changepoint kernels in the “Changepoint Gaussian 
Processes” section. We round up the model formulation by 
explaining our prior choices in the “Priors for Model 
Parameters” section.

Measurement Model and Likelihood.  We assume that data for 
both treatments and controls are available. Data for controls 
consist of Ncontrol measurements of the response, corre-
sponding to the same (0) concentration. These measure-
ments therefore can be denoted as pairs (x0, ycontrol

c), where 
c = 1, .  .  ., Ncontrol. Treatment data are available for each 
concentration xi (i = 1, .  .  ., N) in several measurements. 
We denote such data as yrep,i

r (r = 1, .  .  ., Nrep), where index 
i corresponds to one of N concentrations and index r corre-
sponds to the replicate number. The aim of modeling is to 
build a curve y that captures the data trend in the best way. 
At this point, we do not need to make any assumption about 
the exact functional form of y; that is, it can be either para-
metric or nonparametric. Subsequently, we call y the “mean 
predicted curve.” The observed points, however, will not lie 
on curve y exactly. This observation can be attributed to the 
present sources of uncertainty. The model takes two sources 
of variation into account: curve uncertainty σ and replicate-
to-replicate variation σrep. Curve uncertainty explains why 
all observations do not lie exactly on the mean predicted 
curve, and replicate uncertainty explains why measure-
ments at the same concentration do not coincide with each 
other. These sources of variation are presented graphically 
in Figure 1. When only one replicate is available, the treat-
ment observations could be described as yi = yi + εi, where 
εi ~ N(0, σ2). Hence, it holds for y itself that it is distributed 
normally, is centered at y, and has standard deviation σ. 

Figure 1.  Sources of variation: curve uncertainty and replicate-
to-replicate uncertainty.
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Using vector notation (y is a vector with components yi, i = 
1, .  .  ., N) we get

	 y ~ N(y, ).σ 2I �

Variability in replicates for the same concentration yrep, i
r,  

r = 1, .  .  ., Nrep, is modeled with a Student t distribution 
with degrees of freedom v, centered on the mean response 
and replicate-to-replicate scale σrep: yrep, i

r ∼ tv (yi, σrep), 
where r = 1, .  .  ., Nrep. In vector notation this becomes

	
y t yrep v∼ ( ), , σ rep �

Here v is a parameter that is inferred from the data. The 
Student t distribution has heavier tails than the normal dis-
tribution and hence allows for more extreme observations. 
This choice makes the model less sensitive to outliers. The 
higher the estimate of v, the closer is the distribution to nor-
mal. Hence, the estimates of this parameter can diagnose 
the presence or absence of outliers in the data. To summa-
rize, treatment data are distributed as

	
y ~ t (N(yrep v , ), ).σ σ2I rep 

�

It would be hard to derive the analytical form of this distri-
bution. However, to fit a Bayesian model, the analytical 
form of the distribution is also not needed. What we can 
notice is that the total variation of the replicates approxi-
mately equals σ2 + σrep

2. Data for controls ycontrol
c, where  

c = 1, .  .  ., Ncontrol, have mean µ and the same two sources 
of variation: curve uncertainty and replicate-to-replicate 
uncertainty. That is why, to match the amount of modeled 
uncertainty in the treatments, heuristically, the likelihood 
for controls is derived as

	
y t c Ncontrol

c
v rep control∼ +( )





 =µ, σ σ2 2    , ,..,. .1

�

Distributions for yrep and ycontrol define the likelihood of the 
model. The computational graph, summarizing this logic, is 
presented in Supplemental Figure S2.

Changepoint Gaussian Processes.  The trend y as the depen-
dence of the outcome variable (protein degradation) on the 
concentration is modeled using a GP with a changepoint 
kernel. A composite GP kernel has been proposed in the 
context of dose–response curve fitting in Hatherell et  al.9 
The proposed covariance structure is a special case of a 
changepoint GP. Here we present a more general frame-
work of the changepoint kernel modeling and explain how 
Hatherell et al9 fits into it.

A GP defines a probability distribution over functions; 
that is, each sample from a GP is an entire function, indexed 
by a set of coordinates (concentrations). Evaluated at a set 
of given concentrations, a GP f is uniquely specified by its 
mean vector µ and covariance matrix K and follows a mul-
tivariate normal distribution: f ~ N(µ, K). Each element of 
the covariance matrix Ki,j is obtained as an evaluation of the 
covariance kernel—a function of two arguments k(., .) at a 
pair of points xi and xj. The kernel controls variance–covari-
ance structure: its value at a set of two points k(xi, xj) quanti-
fies the covariance of two random variables, f(xi) and f(xj). 
Kernel design is crucial for GP modeling since it describes 
the class of possible functions that can be captured: both the 
global shape and local properties, such as smoothness.10 
Most commonly used kernels, such as exponential η2exp 
(–d/ρ), squared exponential η2exp(–d2/ρ2), or Matern 
Cv,ρ(d), depend on the distance d = ||xi – xj|| between two 
points and hence are stationary. They are inappropriate for 
modeling CR curves and surfaces (e.g., drug–drug interac-
tion), which might display different behavior across the 
observed concentrations. Kernels derived from exponential 
and squared exponential kernels would have smooth shapes, 
while Matern kernels, under certain values of ν, result in 
curves with more local fluctuations and less smoothness. 
The length scale ρ, common for many kernels, governs the 
flexibility of the curves. Smaller length scales induce cor-
relations between points at smaller distances and hence 
more oscillatory behavior; such behavior, when exagger-
ated, can lead to overfitting. Too large length scales, on the 
other hand, make curve fits too inflexible and may lead to 
underfitting the data. The amplitude η, frequently applied to 
kernels as a constant multiplier, controls the expected varia-
tion in the output. The amplitude controls how strong the 
functions fluctuate and the length scale controls how rap-
idly they fluctuate. The dependence of the standard kernels 
on their parameters can be visually inspected in Görtler 
et al.11 The choice of priors of the GP parameters plays a big 
role in their identifiability.

Covariance functions can be scaled, multiplied, summed 
with each other, and further modified to achieve a desired 
effect. For instance, if it is known that a curve behaves dif-
ferently before and after concentration θ, a changepoint ker-
nel can be used to provide a reasonable model. If the curve 
before θ can be described by

	
f x GP k1 10( ) , ,∼ ( ) �

and the curve after θ can be described by

	
f x GP k2 20( ) , ,∼ ( ) 

�

then the desired global GP can be constructed as a weighted 
average of the two local models,
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f x w x f x w x f x GP k( ) = − ( )( ) ( ) + ( ) ∼ ( ): ( ) ,       1 01 2 �

and its kernel function can be composed as

	

k x x w x k x x w x

w x k x x w x

, ’ ( , ’) ’

, ’

  1  

  

1( ) = − ( )( ) − ( )( )
+ ( ) ( )

θ θ

θ θ

1

2 ’’ ,( )
�

where wθ(x) is a function with values between 0 and 1. The 
farther away is x from θ to the left, the closer is wθ(x) to 0 
(hence, k1 will dominate in that region). The farther away is 
x from θ to the right, the closer is wθ(x) to 1, and hence k2 
will dominate there. The standard choice of the weighting 
function is the sigmoidal w0(x) = σ(x), providing a smooth 
transition from f1 to f2, centered around 0. However, the 
weighting function can be modified to shift the transition 
point from 0 to θ, w0(x) = σ(x) → wθ(x) = σ(x − θ), or make 
the transition more rapid, wθ(x) → wθ,g(x) = σ(g* 
(x – θ)) (g > 1), or slower (g < 1). If parameter g is a very 
large number, the transition function can be substituted with 
a step function sθ(x) = 0 if x < θ and sθ(x) = 1 otherwise. 
In practice, if one opts to use the step function as a weight 
wθ(x), it is easier to formulate the changepoint kernel via an 
if–else statement. In our model formulation, g is a parame-
ter and is estimated from data. The dependence of GPs with 
standard kernels (exponential, squared exponential, Matern, 
linear) on the values of their parameters is well understood. 
The novelty of the proposed kernel is in parameter g. A 
qualitative change of behavior of a curve, depending on the 
value of g, is presented in Supplemental Figure S3. The 
figure shows how the values of g affect the shape of possi-
ble curves under such a kernel.

In the context of CR curve fitting, the data can be repre-
sented as a set of pairs (xi, yi), where i = 1, .  .  ., N. Here  
x = xi is the value of the unique input coordinate (concen-
tration), y = yi is the corresponding mean response, and N is 
the number of unique concentrations (Fig. 2). For 
PROTACs, it is assumed that the expected response is con-
stant at low concentrations up to a threshold concentration 
θ (the concentration threshold at which a chemical induces 
an effect, i.e., PoD). A linear kernel with no slope is appro-
priate to model such behavior (k1 = 0) of the model to the 
left from θ. For concentrations above θ, the expected 
response is assumed to vary smoothly as a function of con-
centration, and it can either grow or decline. Hence, expo-
nential or squared exponential kernels would make a 
reasonable choice for concentrations above θ. The kernel  
k2 = η2(xi – θ)2(xj – θ)2exp(–(xi – xj)

2/ρ2), defining the func-
tion to the right side of the threshold, is a product of the 
Gaussian and squared linear kernels. The Gaussian kernel  
η2exp(–(xi – xj)

2/ρ2) provides smoothness, and a squared lin-
ear kernel (xi − θ)2(xj − θ)2 allows the range of plausible 
values to increase together with the distance from the PoD θ.

As the weighting function, we use wθ,g(x) = σ(g*(x − θ)), 
where parameter g is inferred from data. Note that the ker-
nel used in Hatherell et al.9 is the special case of the above-
described kernel, as the weighting function chosen there 
equals sθ(x). By allowing g to be a parameter of the model, 
we allow more flexibility in the curve shapes.

GP Predictions.  Only evaluations of the GP at measured con-
centrations xi = xobs,i are used for inference, but we are 
interested in finding continuous curves. To calculate curve 
trajectories, we define a grid of points (concentrations) at 
which we want to make predictions and calculate the values 

Figure 2.  Prediction for one compound. The predicted curve, calculated estimates, and uncertainty intervals are shown. The PoD is 
estimated less precisely compared with the DC50 and Dmax. Controls are graphically overlaid at the lowest available concentration for 
treatments.
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of f at the selected locations xpred,i, where i = 1, .  .  ., Npred. 
Jointly, observed and unobserved values are distributed as a 
multivariate normal:

	

f

f
N

K K

K
obs

pred

obs

pred

obs obs, pred

ob
























~ ,
µ
µ ss, pred predK
















.

�

Due to the properties of the multivariate normal distribu-
tion, the distribution for the unobserved values given the 
observed values is given by N(m, Σ), with m = µpred + 
(Kobs,pred)

T*(Kobs)
−1*(fobs − µobs) and Σ = Kpred − (Kobs,pred)

T*
(Kobs)

−1*Kobs,pred. Here µpred = µ*[1, .  .  ., 1]T is a constant 
vector, Kobs is the covariance matrix evaluated at observed 
locations, Kpred is the covariance matrix evaluated at loca-
tions for predictions, and Kobs,pred is the covariance matrix 
evaluated at the pairs of observed and prediction locations.

Priors for Model Parameters.  Full Bayesian model formula-
tion requires specification of prior distributions for param-
eters µ, σ, σrep, η, ρ, and θ. Baseline response µ is assigned 
the weakly informative prior µ ∼ N(0, 0.1). Scale σ, gov-
erning the concentration-to-concentration variation, is 
assigned the inverse gamma prior σ ∼ InverseGamma(1,2), 
implying a mode of 1. Scale σrep, governing the replicate-to-
replicate variation, is assigned the inverse gamma prior σrep 
∼ InverseGamma(1,0.1), implying a mode of 0.05. In this 
way, we express our belief that replicate-to-replicate varia-
tion for the same concentration is smaller than the deviation 
of measurements from the mean curve. The length scale, ρ, 
should not be smaller than the minimal distance between 
concentrations (about 0.5 on the log10 concentration scale), 
and not larger than the range of concentrations (about 6 on 
the log10 concentration scale). We use a gamma prior ρ ∼ 
Gamma(50,20) which does respect the constraints and has a 
mode of approximately 2.5. This implies that for log10 con-
centrations between –10.5 and –4.5, correlations are non-
negligible at distances of about 40% of the total length of 
the concentration interval. For the amplitude η, we use a 
normal prior, η ∼ N(1, 1), and for the threshold θ, a uniform 
distribution between the lowest and highest concentrations, 
θ ∼ U(xmin, xmax). For degrees of freedom of the Student t 
distribution v, we use Gamma(2, 0.1). This prior has been 
proposed in Juárez and Steel 12 and is now widely adopted 
by the Stan community. With a mean of 20 and variance of 
200, it provides room for a wide range of values for v. Our 
prior for g is Gamma(10, 1), which has a mean of 10 and a 
variance of 10, and hence specifies a plausible range of val-
ues as informed by Supplemental Figure S3.

Different Baselines for Treatments and Controls.  The data nor-
malization procedure includes the transformation x →  
(x – <cr>), where x is the raw measured response and 

<cr> is the median value for controls. As the mean and 
median of controls may not coincide, the difference between 
them can be nonzero. That is why we keep the parameter µ 
in the model, even if we expect its estimates to be close to 
0. In data sets, where a lot of measurements of controls and 
only few measurements for each treatment dose are avail-
able, it can happen that µ would represent the mean of con-
trols stronger than the treatment. In cases when the observed 
treatment response at low concentrations is not close to the 
mean of the controls, using µ as a baseline (value at low 
concentrations) for treatments may bias the response curve 
in the low-concentration area. To avoid such an effect, mod-
ification of the model can be used, where the base level of 
the treatment is estimated by the parameter µ and the mean 
of controls is estimated by a different parameter, µc. In that 
case, the likelihood of the model takes the form

	

y t c N

y

control
c

v c rep control

rep

∼ +( )





 =µ , , ,..,. ,

,

σ σ2 2    1

  
2   

y    1   

i
r

vt∼ ( )( )
( ) = =

N y ,

GP K , r ,..,N i 1,

i rep

rep

σ σ, ,

~ , ,µ ...,N
�

Usually, there will not be many controls available, and the 
model with µc = µ would be more appropriate. If this is not 
the case, however, we suggest using the baseline for treat-
ment different from that of the mean of controls. For this 
version of the model, we suggest keeping the prior for µc as 
a normal distribution with mean 0 and standard deviation 
0.1, and to choose the prior for µ as a normal distribution 
with mean 0 and standard deviation 0.2.

Calculating Biologically Relevant Parameters and Ranks.  In the 
process of Bayesian inference, we collect samples of the 
model parameters and the mean GP curve, which form the 
posterior distribution. If Niter draws (i.e., Markov chain 
Monte Carlo [MCMC] samples) have been saved, each of 
the curves can be used to derive further statistics, such as 
biologically meaningful quantities: DC50, Dmax, or PoD. We 
perform the computations based on each drawn GP to create 
a sampling distribution of the quantities. These distributions 
reflect uncertainty of the estimates. A PoD is directly repre-
sented in the model by its parameter θ; Dmax is calculated as 
the maximal amount of degradation, that is, the minimal 
value on the y axis, and DC50 is calculated as the abscissa of 
the half-maximal degradation point. To find DC50 numeri-
cally, we first compute its ordinate yDC50 and then search for 
a point with the lowest x value on the predictive grid with 
the minimal difference between the GP and yDC50.

For each saved MCMC iteration i in this process, we cre-
ate a ranking of compounds based on the magnitude of 
DC50. If (DC50)

i
j is an estimate obtained from iteration i, i ∈ 

(1, Niter) for compound j, j ∈ (1, Ncpds) (here Ncpds is the total 
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number of compounds), then for a fixed i, the Ncpds esti-
mates can be sorted. The order of the sorting yields the 
ranking of compounds, and the final rank of a compound is 
its most frequent rank of this compound across all itera-
tions. This procedure is graphically presented in Figure 3. 
Fitting of the Bayesian model for each compound is taking 
place independently from other compounds. In the presence 
of a large number of compounds that need to be compared, 
this step can be parallelized and will not lead to increased 
computation time. Once all posterior samples have been 
collected, the sorting step is applied to each iteration i inde-
pendently and, again, can be parallelized.

Software.  The model was fit in Stan,13 which uses a Hamil-
tonian Monte Carlo sampler. We used RStudio14 to process 
the data and interface with Stan. The Bayesplot15 library 
was used to visualize convergence statistics. We used four 
chains of 10,000 steps each to produce draws from the pos-
terior. Convergence has been evaluated numerically using 
R-hat and effective sample size statistics. R-hat compares 
within-chain variation and between-chain variation, and 
effective sample size is an estimate of the number of inde-
pendent draws from the posterior distribution. There are no 
strict thresholds for both statistics, but general guidance is 
that R-hat should be close to 1 and an effective sample size 
should not be too small as compared with the total number 
of samples. Visual inspection of posterior distributions of 
model parameters (Suppl. Fig. S4 shows results for one 
compound) also demonstrated convergence as posterior dis-
tributions from different chains agree well. The mean 
elapsed CPU time (on a laptop with 2.3 GHz Intel Core i5 
and 8 GB memory) for four chains was 9.23 s with a 

standard deviation of 1.22 s. Estimates of model parameters 
for one compound are presented in Supplemental Table 
S1. Predictions were made on a regular grid of Npred = 1000 
points spaced between the minimal and maximal concentra-
tions. Produced estimates of biologically relevant parame-
ters are presented in Supplemental Table S2. The code for 
fitting the data to one compound using the logistic function 
as a weight function, wθ,g(x) = logit−1(g*(x – θ)), is avail-
able on GitHub: https://github.com/elizavetasemenova/
gp_concentration_response.

Results

First, we fit the model to one compound with 12 concentra-
tions (the dosage currently used in practice) and two repli-
cates and discuss the results in detail. Next, we analyze nine 
compounds with 18 concentrations. Data of the two experi-
ments were available, and each experiment contained two 
replicates. In this way, the combined data set provides four 
replicates per concentration for each of the nine compounds. 
We demonstrate uncertainty in the produced ranking based 
on DC50 and suggest extending this metric to also include 
Dmax. Finally, we fit the alternative model with different base-
lines for treatments and controls to all nine compounds.

Example of One Compound

This data set contains 12 concentrations with two replicates 
per compound. Figure 2 shows the mean prediction, which 
closely follows the main trend in the data, and the quantile-
based (95%) BCI16 (shaded region around the curve). 
Despite the nonsigmoidal shape, the model accurately 

Figure 3.  From raw data to compound ranks.

https://github.com/elizavetasemenova/gp_concentration_response
https://github.com/elizavetasemenova/gp_concentration_response
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detects the lowest part of the curve, which indicates the 
maximal effect (Dmax). In addition, the model automatically 
estimates a sensible value for the DC50—similar to where a 
person might draw a vertical line. The PoD is estimated 
with less precision but covers the range of concentrations 
where the curve is largely flat.

Uncertainty in Ranking of Compounds

The data in Figure 4 are from two experiments at 18 con-
centrations and with two replicates per experiment. This is 
a very high resolution and would be rarely available in a 
screening process, and hence they yield tight uncertainty 
bounds for log10(DC50). However, even low uncertainty in 
the estimates translates into uncertainty of the rankings for 
many compounds. Figure 5a displays posterior distribu-
tions for the log10(DC50) values, and Figure 5b displays the 
resulting ranks and their uncertainty. Figure 4 shows that 
for most of the compounds the model provides sensible 
fits. Compounds 2 and 5 display a similar pattern: there is 
a discontinuity in the trend of the data. The fitted curve 
does not exactly fit the points at lower concentrations or 
points at about –8.2 concentrations (on the log10 scale), but 
rather finds an average trend between the two extremes. 
While the model does not overfit, discontinuity in the data 
is reflected in the uncertainty of the curve estimates in the 
neighborhood of this concentration. Furthermore, the 
model behaves robustly with respect to the outlier of com-
pound 2 (at log10 concentration of 6). Compounds ranked 
as the best (ranks 1 and 2) and the worst (ranks 9 and 8) are 
very distinct, while uncertainty in the ranks is higher for 
the other compounds.

Decisions made solely on DC50 might overlook other 
important properties. Other estimated parameters of the 
model or the derived biologically meaningful quantities can 
be used for ranking. For instance, the maximal degradation 
Dmax carries important information about a compound. 
There is a multitude of ways to choose a ranking measure. 
Here we present how the combination of DC50 and Dmax can 
be used. Figure 6 displays the estimates and BCIs for both 
parameters. Compounds in the bottom left quadrant are 
preferable. This agrees well with the ranking of compound 
9—it has the lowest log10(DC50) and log10(Dmax); however, 
compound 7, confidently ranked second according to 
log10(DC50), shows less maximal degradation and poten-
tially would be de-prioritized if more information was taken 
into account. We suggest using a weighted combination of 
log10(DC50) and log10(Dmax): Dcomb = + −α αDC D

 

50 1( ) .max  

Here DC


50  and Dmax



 are log10(DC50) and log10(Dmax) res-
caled to the [0, 1] range, and α ∈ [0, 1] is the weighting 
coefficient, which can be chosen by a scientist to give more 
preference to DC50 (α close to 1), weight DC50 and Dmax 
equally (α = 1/2), or prioritize Dmax (α close to 0). Using 
the weighted metric, we recalculate ranks of the nine 

compounds according to different values of α (Table 1). We 
have performed the scaling by subtracting the minimal 
value of all samples and dividing by the difference between 
minimal and maximal values of all samples.

All nine compounds presented in Figure 4 are active 
compounds, that is, they respond to the increasing concen-
tration in a significant way. We have tested our model on 
simulated “flat” data to verify that it would deal with inac-
tive compounds appropriately. For this, we have simulated 
responses with a mean equal to the mean of controls and a 
standard deviation that equals 1.1 standard deviation of 
controls. Supplemental Figure S5 displays the fits of the 
Bayesian Hill model and the changepoint GP model to such 
data. Changepoint GP produces a nearly flat fit with Dmax 
estimates close to the mean of the simulated data.

Results of the model with different baselines for treat-
ments and controls are presented in Supplemental Figure 
S6. Uncertainty in µc is higher than in the model with equal 
baselines due to both a wider prior for µ and less data avail-
able for its estimation.

Discussion

We have used a changepoint GP CR model, coupled with 
Bayesian inference of its parameters, to flexibly fit PROTAC 
CR curves. A Bayesian approach is advantageous for small 
amounts of data and can represent uncertainty of the param-
eters and derived estimates in the form of distributions. A 
GP model does not require strong assumptions on curve 
shapes, as parametric models do. The model is stable to out-
liers due to use of a Student distribution. The presence of 
outliers can be diagnosed using the estimates of the param-
eter v. Nonidentifiability is a frequent problem for GPs; 
often, only one of the length scale or amplitude parameters 
can be identified, while the other parameter needs to be 
fixed for the analysis. We have used an informative prior for 
length scale and have not encountered problems under the 
specified settings.

We have demonstrated how uncertainty in the estimates 
of DC50 influences uncertainty in ranks and have proposed 
a single metric to capture both DC50 and Dmax. This metric 
involves a weighting parameter that allows a scientist to 
choose their decision-making approach and tackle ranking 
in a quantified manner. We have demonstrated that the ranks 
of the worst (rank = 9) and the best (rank = 1) compounds 
are fairly stable with respect to the varying weighting coef-
ficient, while the ranks of less clear leaders (e.g., com-
pounds 2 and 7) may change their ordering. Currently, 
decisions are mainly made based on DC50, which corre-
sponds to α = 1. The weighting can be extended to more 
parameters, for example, DC50, Dmax, and θ, if they all rep-
resent interest for screening; the combination metric would 
weight all three estimates α α α θ1 50 2 3DC D

∼ ∼ �+ +max  with α1 
+ α2 + α3 = 1, αk ∈ (0,1).
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Figure 5.  (a) Posterior draws of log10(DC50) values. (b) Resulting ranks of compounds together with their uncertainty.
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For parametric models, such as a sigmoidal or double 
sigmoidal, the area under the curve (AUC) can be used as a 
single measure of a compound’s potency. This approach, 
however, is less applicable to GP fits since such curves 
might experience local fluctuations. These fluctuations 
would have little influence on the estimates of parameters 
such as DC50, but cumulatively might contribute nonnegli-
gible amounts of AUC, leading to erroneous conclusions. A 
potential solution could be computing AUC for GPs only in 
the domain between the minimal concentration and the first 
concentration where the maximal effect Dmax is achieved. In 
our example, we have mapped DC50 and Dmax by scaling. 
Alternative approaches can be used, such as desirability 
functions.17

The proposed model has been used internally to answer 
a set of experimental design questions, such as “Is it better 
to have more concentrations or more replicates?” A series of 

comparisons has been done between four, three, two, and one 
replicate for 18 concentrations, and between different num-
bers of concentrations (9 and 18) for the same number of rep-
licates. An example of 18 and 9 concentrations (two replicates 
each), for the same compound as shown in Figure 2, is 
shown in Supplemental Figure S2. The plot shows slightly 
more uncertainty in the model fit produced using nine con-
centrations, while the general shape of the fit and DC50 esti-
mate remain close. Model fits based on four, three, and two 
replicates for the same compound are presented in 
Supplemental Figure S8. Both the curve shapes and 
amount of uncertainty are similar for all three fits. Our con-
clusion from this exercise, evaluating the trade-off between 
number of replicates and number of concentrations, was 
that more concentrations is preferred to more replicates, and 
that 12 concentrations with one replicate is sufficient to pro-
duce a robust ranking.

The changepoint kernel, used in this work, fits a flat 
curve to the data to the left side of the PoD and does not use 
the mechanistic understanding of the model otherwise. As a 
result of that, some GP fits might display minor local fluc-
tuations at higher concentrations, which a parametric model 
would not do. Nevertheless, these fluctuations would not 
have a major impact on the estimates of the estimated 
parameters and ranking. If it is important to capture more 
mechanics in the curve-fitting step, it can be done by further 
expansion of the changepoint kernel. For instance, in the 
case of PROTACs, one would expect the curve to flatten out 
after the hook. The changepoint kernel, in this case, would 
have three GP components (flat linear, smooth, and flat lin-
ear) and two inflexion points, θ1 and θ2. Derivations of the 
kernel in this case are provided in the Supplement. Another 
solution to the local fluctuations at high concentrations 
could be provided by a concentration-dependent length 
scale, such as ρ2(1 + (xi −θ)2)(1 + (xj − θ)2).18

GP models are computationally more involved than 
parametric models. Running MCMC samplers might take 
longer than applying traditional (frequentist) parametric 
methods. As a result, incorporating Bayesian GP models 
into workflows might be less straightforward. However, as 

Figure 6.  Two or more parameters can be used to rank 
compounds: compounds with low values of DC50



 (scaled 
log10(DC50)) and Dmax



 (scaled Dmax) are desirable as they 
indicate high potency and large effects. Compound 9 is 
distinguished as the best by these criteria. Error bars are 95% 
BCI.

Table 1.  The ranks of nine compounds and uncertainty are based on the combination metric α αDC D50 1
 

+ −( ) max  for different 
values of α.

Compound No.

α 1 2 3 4 5 6 7 8 9

Compound rank (relative frequency)

1 3 (0.97) 7 (0.94) 9 (1.00) 4 (0.95) 6 (0.88) 5 (0.91) 2 (1.00) 8 (1.00) 1 (1.00)
2/3 3 (0.83) 2 (0.84) 9 (1.00) 5 (0.78) 7 (0.48) 4 (0.92) 6 (0.50) 8 (0.70) 1 (1.00)
1/2 3 (0.89) 2 (1.00) 9 (1.00) 6 (0.63) 7 (0.77) 4 (0.81) 8 (0.99) 5 (0.68) 1 (1.00)
1/3 3 (0.47) 2 (1.00) 9 (0.99) 6 (0.59) 7 (0.59) 5 (0.42) 8 (0.99) 5 (0.37) 1 (1.00)
0 5 (0.63) 1 (0.62) 8 (0.70) 7 (0.52) 6 (0.60) 4 (0.61) 9 (1.00) 3 (0.94) 2 (0.62)
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computational tools evolve, this limitation will be gradually 
diminished. Furthermore, frequentist optimization tech-
niques have their own difficulties, such as subjective choice 
of initial values, and might have convergence issues.

The most time-consuming steps in the compound-ranking 
process are fitting of the Bayesian model and predicting the 
amount of degradation at unobserved concentrations. As the 
model can be fit to each of the compounds independently, it 
takes the same amount of time to fit all compounds as it 
takes to fit one compound. Fitting of one compound on our 
machine takes, on average, 9 s (with a standard deviation of 
1.2 s between four chains). As the model is fit to the data for 
each compound independently, the process can be parallel-
ized without additional time cost. The sorting procedure 
that provides the ranks is not specific to Bayesian methods 
and would be needed in a standard ranking procedure as 
well. The overall computation time is a trade-off with the 
number of iterations for Bayesian model fitting and the 
number of concentrations at which the response needs to be 
predicted.

Among the nine presented compounds, one of them 
(compound 3) could not have reached its Dmax. The esti-
mates produced by the changepoint GP model reflect the 
uncertainty in a wider BCI as compared with other com-
pounds. The fit of compound 3 does not have an asymptote 
at higher concentrations, as values at these concentrations 
keep declining monotonically. This is an issue of the range 
of observed concentrations, and not of the model. The width 
of the uncertainty interval for Dmax here is wider than for 
other presented compounds fitted by the changepoint GP 
model. For comparison, we have also produced Bayesian 
fits of the four-parameter (4PL) model to the data, account-
ing for the same source variation as described above, and 
the mean curve modeled as y = d + (a – d)/(1 + exp(–b(x 
– c))), where d denotes the amount of degradation at 0 con-
centration; a denotes Dmax,c, which stands for log10(DC50); x 
is log10 dose; and b is the Hill slope. More details and pro-
duced fits for all nine compounds are available in 
Supplemental Figure S9. For compound 3, the BCI of 
Dmax produced by the 4PL model is (–90.11, –85.93) and 
has the width 4.18; the BCI produced by the changepoint 
GP model is (–91.66, –82.49) and has the width 9.17; non-
Bayesian fit of the 4PL model (obtained using the drc 
R-package19) produces a CI of (–309.2, –67.86) of width 
242. While the width of the BCI by the changepoint model 
might be narrower than intuitively expected, the CI by the 
frequentist model is too wide: its upper limit of approxi-
mately –67 is much higher than the observed degradation at 
high concentrations (below –80). Additional quantities can 
be calculated to resolve this issue and verify whether Dmax 
has been attained. The derivative of the function approach-
ing Dmax should be nearing 0, and hence the absolute value 
of the slope of the curve should be small. The magnitude of 

this derivative can be incorporated into the estimation of 
uncertainty of Dmax. In this work, we have used data prepro-
cessed by GeneData via the normalization step. The shift x 
– <cr> moves raw data x up or down by the mean of the 
controls to make all curves start at the value of approxi-
mately 0. The distribution of neutral controls is tight, and its 
mean and median are not far from each other. The estimates 
of parameter µ confirm that this is a very small number (see 
Suppl. Table S1) and its credible interval includes 0. The 
entire transformation (x – <cr>)/(<sr> – <cr>) ensures 
that all data points lie approximately between 0 and –100. 
Hence, normalization affects curve-to-curve range and 
enables comparability of curves and produced estimates. 
For the case when treatment response at low concentrations 
is not close to the median of controls, we have suggested an 
alternative model with different baselines of treatments and 
controls. For compounds with lower base level µ than in a 
model with equal baselines, for example, compounds 2 and 
5, POD has shifted to the right; on the contrary, the POD of 
compounds with higher µ, for example, compounds 8 and 9, 
POD has shifted to the left.

Unlike parametric models, it is more difficult to link GPs 
to a mechanistic understanding. And sometimes models 
might display minor local fluctuations, which a parametric 
model would not have. Nevertheless, these fluctuations 
would not have a major impact on the parameter estimates 
and ranking. We believe that this approach has a lot of 
potential and can be used by pharmaceutical companies by 
taking steps toward its automation. If the assumption about 
possible curve shapes holds, important choices to make are 
the priors and the degrees of freedom in the Student t 
distribution.
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