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Abstract 

Model Predictive Control (MPC), also known as Receding Horizon Control (RHC), has 

received much academic attention over the last 20 years. In the process industries, 

where its ability to explicitly incorporate constraints made it attractive, MPC has gained 

widespread acceptance with numerous industrial applications having been reported. Initi- 

ated by application in the process industries in the 1970's, academic research on MPC has 

focused on the problem of stability, both nominal and robust. One approach used for the 

design of robustly stabilising MPC controllers is to employ a min-max objective function. 

This minimises the worst-case performance over a specified uncertainty set. This thesis 

proposes approaches to the design of MPC controllers using min max objective functions. 

The first part of this thesis presents an off-line min-max approach to tuning unconstrained 

model predictive controllers for optimal performance in the presence of model uncertainty 

and disturbances. The concept of dynamic economics (the economic deviation from the 

steady-state optimum required to accommodate disturbances and model errors without 

violating constraints) is used to measure the performance of the controller. Plant - model 

mismatch is described by a multi-model set and a combination of stochastic and filtered 

step disturbances can be used to describe the disturbances. A multi-objective problem 
formulation is used to optimise the worst case performance over a set of plant models. 

The second part of this thesis is concerned with the on-line minimisation of a min-max 

objective function, that which is used in linear 71,, control theory, in the presence of 

constrained inputs. Two new constrained MPC tracking algorithms for stable, linear time- 

varying systems are developed using discrete-time quadratic game theory. The proposed 
MPC optimisation problems minimise a worst-case finite-horizon performance index and 

use a finite terminal weighting matrix. Conditions on the terminal weighting matrix are 

given, under which the proposed control laws are asymptotically stable. The algorithms 
differ in the knowledge assumed to be available about the disturbance signal - one uses 

open-game theory and the other uses closed-loop game theory. The results extend existing 

receding horizon 'H,, theory to the case of systems with constrained inputs. 
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Chapter 1 

Introduction 

Control systems in the process industries are characterised by constantly changing perfor- 

mance criteria due to the changing demands in the marketplace. The processes are often 

non-linear and poorly modelled. Prett and Garcia (1988) define the fundamental control 

problem in the process industries as, 

On-line up date the manipulated variable to satisfy multiple changing perfor- 

mance criteria based on a process representation which includes a description 

of the uncertainties. 

Some of the performance criteria for control systems have been identified as (Foss 1973; 

Prett and Garcia 1988), 

9 Economic 

This is achieved by maintaining the process at the set-points or by dynamic min- 

imisation of a cost function. 

* Product quality 
The products must satisfy consumer specifications. 

4o Safety and Environmental 

Limits are placed on some variables to represent equipment and personnel safety 

limits (eg. concentration of toxic components to be below legal limits, temperature 

and pressure limits of vessels must not be exceeded). 

9 Operational and equipment constraints 
The physical limits of the equipment cannot be exceeded (eg. liquid levels must 
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remain between limits) and performance specifications for operation (eg. rise times. 

settling times or manipulated variable bounds) may be specified. 

Each of these criteria must be expressed as a mathematical expression in order that the 

controller takes them into account when calculating the control action. Consequently each 

of the criteria must be measurable. These criteria lend themselves to division into two 

categories, objectives and constraints. The objectives, such as economic criteria, are to 

be minimised by the choice of design parameters. The other criteria may be represented 
by inequality constraints of the form h(x) <0 where x are the process variables and h is 

the operational feasibility objective. Then the controller design process is specificed via 

the mathematical minimisation of an objective subject to satisfaction of the operating 

constraints. 

The constraints h(x) <0 are hard constraints and no violation is permitted at any 

moment in time. Design to prevent constraint violation are open to the criticism that the 

cost of violating a constraint is not infinite and such a method could, in principle, accept 

an arbitrarily large objective value in order to prevent a constraint being violated. It is 

the designers responsibility to decide if a control criterion is best represented as a hard 

constraint in the optimisation, or a by a soft constraint, whereby a weighted constraint 

violation term is added to the objective function. 

Dynamic systems in chemical engineering are be typically represented as systems of dif- 

ferential and algebraic equations (DAE systems) , 

(-i, x, z, d, p, 0) 0 

g(x, z, d, p, 0) 

where x is a vector of state variables, ý is the derivative of x with respect to time, z is a 

vector of algebraic variables, f (-) are the differential equations and g(-) are the algebraic 

equations. The parameters of the system are partitioned into the design variables p, the 

disturbance variables d and the uncertain parameters 0. In addition to consistent initial 

conditions, the values of p, d and 0 must be specified to take up the degrees of freedom 

of the system. The vector p includes all parameter values that may be specified by the 

designer, including fixed values such as vessel dimensions and values which may be varied 

such as controller tuning values. The vectors d and 0 are unable to be manipulated by 

the designer. Therefore the general integrated design and control problem may be posed 
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as a mixed-integer non-linear optimisation problem, 

min J(x, z, d, p, 0) 
P, X 

where J(. ) is the economic objective function and X is a vector of binary variables' Ný,, hich 

are used to define the controller structure. In addition, the following constraints must be 

satisfied: 

x, z, d, p, 0) =0 

g(x, z, d, pl 0) =0 

h (x, z, d, p, 0) <0 

p 
low <p< phigh 

Xe [0,1] 

x (0), jý(O) - known 

with the general time-varying disturbance and uncertain parameters bounded by the 

expressions 

d"' < d(t) <d high 

olow < O(t) < ohigh 

The time tC [0, tf ] where tf is the operating horizon for the process. The DAE set of 

equations f and g include the feedback relationships (control laws) between manipulated 

variables (a subset of p) and measured variables (a subset of z), and the controller tuning 

parameters (a subset of p) (Heath 1997). 

Once the design of the process has been fixed, the operating objectives are the maximisa- 

tion of the profit subject to satisfaction of the operating constraints. In order to simplify 

the controller design stage, Morari and Stephanopoulos (1980) suggest decomposing the 

problem into two levels, according to the frequency of the disturbances. The disturbance 

set is partitioned into stationary Idij and non-stationary jd2j disturbances, 

di E R"cFtE[O, T] Idil = di =0 
d2 ER M2 Et 

E [0, T] fd2 I `:::: (12 7ý 0 

'Variables that take on values of 0 or 1 
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where C is the expectation operator and di is the mean value of di. The non-stationarý- 
disturbances vary slowly, with their expected value over the optimisation length being 

non-zero and, consequently, their value affects the steady state optimum of the process. 
The operating point of the process should be continually adjusted for optimal economic 

operation as process conditions change (due to market conditions, disturbances etc. ) or 

more information (about the nature of disturbances or uncertainty) becomes available. 

The stationary disturbances are fast acting and have an expected value of zero over the 

process optimisation length considered. A regulatory control layer drives the process as 

close as possible to the steady state optimum calculated by the optimisation layer, and 

regulates the process in the presence of fast disturbances. In order to reject the fast 

disturbances, the time horizon of the regulatory layer is much shorter than that used for 

steady-state optimisation (0 < to < ti < T). 

Model predictive control (MPC) is a multivariable control method which has gained 

widespread acceptance in the process industries with numerous industrial applications 

reported (Prett and Gillette 1980; Cutler and Hawkins 1988; Qin and Badgwell 1996). 

MPC repeatedly solves an open-loop optimisation problem on-line. The motivation for 

use of MPC is its ability to explicitly incorporate hard constraints on controls and states 

into the controller calculation. This makes it particularly attractive in the process in- 

dustries, where the optimal economic operating point typically lies at the intersection of 

constraints and the processes are sufficiently slow enough to allow its implementation. 

Recent academic research has focused on the issues of stability and robustness of MPC. 

Robustness to modelling uncertainties and disturbances is not a simple issue in MPC 

theory due to the receding horizon nature of the control law and the fact traditional 

MPC schemes minimise a quadratic objective function, which has no robustness inter- 

pretation. The tuning of MPC controllers may also be complex as the large number of 

tuning parameters available may have overlapping effects on the closed-loop performance 

and robustness. 

1.1. Thesis aims 

This thesis aims to develop computational and theoretical methods for the design and 

tuning of linear model predictive controllers which address the performance/ robustness 

tradeoff inherent in all control system design. A key idea in this thesis is that better 
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control may be achieved by using more of the information available at the controller 
design stage. 

The computational methods of this thesis aim to extend MPC controller design using 
dynamic economics to an optimisation based tuning method. The method should be 

flexible and able to incorporate many, and possibly conflicting, design objectives into tile 

controller synthesis but be relatively simple such that, when new knowledge of process 

conditions or market requirements becomes available, the problem can be resolved. 

Another approach to the design of MPC controllers is to include more information in the 

constrained optimisation problem which is solved at each time step. This thesis also aims 

to extend the existing theory of constrained linear MPC. 

1.2. Thesis outline 

To achieve the aims stated above, this thesis is presented in three main areas; a review of 

current linear MPC literature, an optimisation based approach for tuning unconstrained 

MPC controllers and the development of new constrained-input MPC algorithms. 

Chapter 3 presents a review of linear model predictive control. A description of the 

algorithm and its basic elements is followed by a critical review of literature, focusing on 

methods for ensuring stability and robustness. 

Chapter 4 outlines the general approach used in this thesis for off-line tuning of uncon- 

strained MPC controllers. The MPC controller is manipulated into the instantaneous 

output feedback form to give a problem similar to those solved using parametric optimal 

control methods. Chapters 5 and 6 develop the method for the case when stochastic and 

step disturbances are considered, respectively, for multi-objective, constrained problems 

with time-domain performance criteria. The optimisation problem with a combined dis- 

turbance description is given in Chapter 6 and illustrative case studies are included in 

each chapter. 

The main theoretical contributions of this work are presented in Chapter 7. Two new con- 

strained MPC algorithms for stable systems, which are based on discrete-time quadratic 

game theory, are developed and stability results for the algorithms are derived. 
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Controller design using economics 

The term controllability has been given a range of definitions in the literature, such as 
Kalmans "state controllability" and functional controllability, which are properties of the 

model used. In this thesis, controllability is taken to mean "input-output controllability" 

where this is defined as, 

Definition 2.1. (Input-output) controllability 

The ability to achieve acceptable control performance, ie. keep outputs (y) within specified 
bounds from their set-points (r), in spite of variations in the plant (eg. disturbances (d) 

and model perturbations) using available inputs (u) and available measured outputs. 

Therefore "input-output controllability" is a property of the closed-loop process, which 
includes the controller. The main objectives of a control system are to track set-point 

changes and reject disturbances. Perfect control is achieved by a controller which is the 

inverse of the plant model. Four fundamental limitations to controllability, which prevent 

perfect control from being achieved, have been identified (Morari 1983), 

1. Right half plane (RHP) zeros (or unstable zero dynamics for the case of nonlinear 

systems). 

2. Time delays. 

Constraints on variables. 

4. Model uncertainty. 

Each of these factors prevents the stable inversion of the process model to form the 

controller and requires performance to be sacrificed. 
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2.1. Linear versus non-linear controllability 

17 

Physically based process models are generally non-linear with uncertain physical param- 

eters. This suggest that non-linear controllability methods should be used, however non- 
linear controllability analyses are computationally expensive. 

Linear controllability methods benefit from properties of linear systems such as super- 

position, which allows a wider range of possible mathematical techniques and simpler 

computation than the non-linear case. However, as non-linear models are not considered, 

the parametric uncertainty region associated with the linear model may need to be large. 

This imposes limitations on the achievable performance with linear controllability tech- 

niques. There is an evident tradeoff between the accuracy of the problem description and 

the computational effort required to solve it. The wide range of methods available and 

simpler computations makes linear methods attractive and therefore they will be used in 

this thesis. 

2.2. Optimisation based controllability 

Controllability analysis techniques in the literature may be classified into two broad cat- 

egories: analytical methods and optimal control/optimisation based methods. Many an- 

alytical controllability indicators have been developed for linear systems (Perkins and 

Wong 1985; Skogestad and Postlethwaite 1996). These indicators generally only con- 

sider one of the fundamental limitations to perfect control and often interpretation of 

the results is ambiguous (eg. what is too large a condition number? or too large an 

RGA element? ). Moreover their effect on the economics of the closed-loop system is not 

transparent (Morari and Perkins 1995). 

Optimal control techniques optimise the closed-loop performance of the specified system, 

subject to constraints, for a certain choice of control structure. Therefore these opti- 

misation based methods are well suited to controllability analysis. When an economic 

objective function is used, they provide a method for ranking structural alternatives and 

it is possible to incorporate the effect of all the fundamental limitations to perfect control 

simultaneously. 

The general integrated design and control problem of equation 1.1 is intractable and 

assumptions are required to restrict the problem to a computationally feasible form. If the 
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design variables, p, and the input-output structure, X, are assumed fixed, the achie\-able 
performance depends on the form of control law used and the model, disturbance and 
uncertainty representations. Optimal control approaches to assessing controllability may 
be classed as either optimal idealised control or optimal implementable control. Idealised 

control provides an optimistic bound on the possible performance (ie. a lower bound on 
the objective function value). Implementable control methods give a control law ýý, hich 

can be implemented between a set of measured and manipulated variables. Included in 
this class are PI and other forms of linear time-invariant (LTI) controllers, (eg. 7100, 
W2 and parametric optimal controllers). Because a structure is specified, these methods 
give a pessimistic bound on the possible control performance (ie. an upper bound on the 

objective function value) as the set of realisable controllers may not include the optimal 
controller. 

The following sections review optimisation based methods for assessing controllability, 
with particular emphasis on the linear case, as it is used in this thesis. After a re- 
view of single-loop and multivariable control techniques it is decided to consider the use 
of an MPC controller for controllability analysis. The method aims to capture time- 
domain performance requirements and disturbance descriptions, take account of as many 

of the fundamental limitations on controllability as possible and provide a computation- 

ally tractable method. 

2.3. Integrated design and control 

The overall objective of the integrated design and control problem for process plants is 

the maximisation of profit. It has been recognised (Perkins 1989; Morari 1992), that the 

consideration of process control at the earliest stages of process design is well motivated. 
Consideration of the interactions between the process design and control structure design 

is of increasing importance as, 

9 control difficulties can arise from the inherent characteristics of the process design, 

9 the reduction of plant inventories and increased recycles, to produce improved energy 

utilisation has resulted in tightly coupled plants which may be difficult to control 

and 

e the process dynamics may have a significant effect on the process economics. 
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A brief review of some optimisation based approaches for controllability analysis of non- 
linear systems is presented below. 

Grossmann et al. (1983) propose a feasibility problem in which the optimiser attempts 
to satisfy all constraints over a set of uncertain parameters. The optimisation problem 
solved is, 

max min m, ýx fj (d, z, 0) 
0E29 zCZ 3 

0c0= ý0101 <0< 0�ý 
ZEZ= ZIZ 1<Z<Zu 

where the process inequality constraints f (d, z, 0) < 0, d are design variables, z are the 

operating variables and 0 are the uncertain parameters. If T<0 the system is feasible. 
However the method only provides a yes/no answer to indicate feasibility. Swaney and 
Grossmann (1885) extend the work to give a measure of flexibility by maximising a scalar, 
called the flexibility index. The problem description is 

maxJ 

subject to 

max min max fj (d, z, 0) <0 
OEE)(J) zEZ i 

j>0 

E)(J) = 
ýOjonom 

_ 
jAol <0< onom + jAou 

--I 

(2.2) 

A value of J>I indicates that the design variables give feasible operation. Both of these 

measures consider feasibility and uncertainty for steady-state operation. Dimitriadis and 
Pistikopoulos (1995) present a framework for assessing the feasibility of dynamic systems 

under uncertainty. 

Mohideen et al. (1996) proposes a method for the integrated design and control problem 

which includes dynamic considerations explicitly at the synthesis stage of process design. 

Flexibility (the ability of the process to accommodate uncertainty at steady state), con- 

trollability (the disturbance rejection around steady state) and stability constraints are all 
incorporated explicitly in the problem. The matrix measure is used to provide a sufficient 

constraint for asymptotic stability of the combined process/control system design, which 
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may be very conservative. The solution of the resulting mixed-integer optimal control 

problem provides a systematic method of integrated process design, structure selection 

and tuning of multi-loop PI controllers. Non-linear models are used and uncertainty is 

represented by specified parameter scenarios over the optimisation length. However the 

solution procedure is complex. 

Walsh (1993) and Perkins and Walsh (1996) proposed a worst-case design procedure to 

deal with the integrated control and design problem for wastewater treatment systems. 
The control structure is assumed fixed (ie. X is specified) and the problem then simplifies 

to a non-linear program (NLP). The general form of problem to be solved is, 

min J(p, d, 0) (2.3) 

max hk(p, d, 0) VkEK 
dED, 0E E) 

The objective function J can represent nominal cost, the expected cost or worst-case cost. 

An outer approximation algorithm similar to those in (Grossmann et al. 1983; Swaney 

and Grossmann 1885) and (Polak 1982; Mayne et al. 1990)) is proposed. The continuous 

uncertain parameter space is approximated by a fixed, discrete set of models 0i. In 

general any continuous controller structure could be used for the feedback law, however 

PI controllers are used in the examples presented. 

The choice of PI controllers in the above methods gives an implementable control law 

however the performance is further limited by their use as they are single loop controllers. 

2.4. Decomposition of the integrated design problem 

Narraway (1992) makes several simplifications to the general integrated design and control 

problem in order to decompose it into a steady-state design stage and a dynamic analysis 

stage. 

2.4.1. The steady state economics 

It is assumed that the process is steady-state dominated with disturbances remaining 

at their nominal values (do) for long periods of time. The feedback equations are not 

included in the DAE problem and controller tuning parameters are removed from the 
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design vector. The optimal operating point is then determined by the solution of the 

open-loop steady state design problem which is independent of the control structure. The 

optimal value is known as the steady state economics of the process. 

DoF2 active constraints 

steady state 
optimum 

best feasible, steady-state 
dynamic economics 

improving objective 
function 

Figure 2.1: Concept of dynamic economics 

2.4.2. Dynamic economics 

It is well known that the optimal economic operating point of process units often lies at the 

intersection of constraints (Qin and Badgwell 1996). In general it is necessary to operate 

the process away from the steady-state optimum to maintain feasibility (ie. prevent 

constraint violations) in the face of disturbances and uncertainty and the distance from 

the constraints is referred to as the constraint backoff. The economics of this steady-state 

operating point which ensures feasibility while accommodating the regulatory dynamics 

of the process have been termed the dynamic economics of the process (figure 2.1). The 

steady-state economics provide a lower bound for the dynamic economics of the process. 

2.5. Control structure selection using dynamic economics 

Narraway (1992) then uses the concept dynamic economics to rank control structure 

alternatives. In this work it is assumed that the regulatory control structure will maintain 

operation sufficiently close to the steady-state optimum such that a linearised model at 
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this point is appropriate for the calculation of the dynamic economics. Each of the 
following methods is restricted to the case of linear plant models. 

2.5.1. Structure selection assuming perfect control 

Without assuming a particular control structure or controller form, the dynamic eco- 

nomics are calculated under the assumption of perfect control using a linear program 
(LP). In order to guarantee feasible operation a backoff, ), from constraints is intro- 

duced. The LP gives a linear estimate of the loss of performance due to implementing 

these backoffs: 

min AJ -- ax + bu + cp 
plu 

subject to 

0= Ax+Bu+Gp 

y= Cx+ Du+ Kp 

- c7o+o < Ex+Fu+Lp 

-guh, O + )u < -IU 

-uuilo + o', < Iu 

u 
low <U< Uhigh 

p 
low <p< phigh 

(2.4) 

The vector, ao, contains the values of the constraint slack variables at the non-linear 

steady-state optimum, ao =-h(. t, ft, _ý, p). The slack variable corresponding to active in- 

equality constraints is zero. Narraway (1992) assumes that all disturbances are amplitude 

bounded, with unknown phases and the same known frequency. Consequently the upper 

bound on the worst-case backoff is derived as, 

max Gik (jW) I dk, 
max) i 

U. 1 k 

where dk,,,,, is the maximum amplitude of the kth disturbance and Gik is the transfer 

function between the kth disturbance and the ith slack variable. Heath (1997) generalised 

this to consider independent disturbances of unknown frequencies and phases and derived 

the bound 

maxIGikl dk, 
max- 

k 
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The analysis is performed in the frequency domain by taking the Laplace transform of 
the linearised system. For each output to be perfectly controlled jy(jW)j =0 and for each 
manipulated variable not used for control Ju(jw) I=0. The remaining degrees of freedom 

are taken up by specification of the real and imaginary components of the disturbances and 
by a constraint making the number of perfectly controlled outputs equal to the number of 
manipulated variables in the structure. A linear lower bound on the complex magnitude 

of variables is introduced to retain the LP structure. 

To avoid the need for complete enumeration of each structural alternative, a mixed-integer 

approach is proposed. The binary integer variables X and Y are introduced to defined 

which potential manipulated and measured variables are in the control structure. 

Xi =0 manipulated variable i is not in structure 

=1 manipulated variable i is in structure 

Yj 0 measured variable j is not in structure 

1 measured variable j is in structure 

The branch and bound method (Beale (1977)) is used for solving the resulting MILP. An 

algorithm to select the global optimum solution is presented and may be surnmarised as: 

9 Solve the MILP until an integer solution with an objective function value AiMILP 

less than the entry cost AJO is found. 

9 For the current integer solution, calculate the exact constraint backoffs and corre- 

sponding objective function value AJI""'. 

e Add a constraint to prevent re-evaluation of this structure and set the entry cost 

to the minimum exact cost AJo = Repeat the process until no structures n 

satisfy the entry cost. 

The solution to the MILP is a lower bound on the exact economics for perfect control 

and the optimum solution does not necessarily correspond to the optimum for the ex- 

act solution. However updating the entry cost ensures that the optimum structure will 

occur in the generated set of structures. The assumption of perfect control is obviously 

optimistic, giving a controller which cannot be implemented in the presence of any of the 

fundamental limitations to perfect control. 
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2.5.2. PI control structure selection 

24 

The perfect control structure selection algorithm only gives sets of measured and manipu- 
lated variables but does not give information on interconnections as no specific controller 
is assumed. Narraway (1992) also posed the control structure selection problem as a 

mixed-integer non-linear optimal control problem for the selection of multi-loop PI con- 
trollers. A superstructure for all possible interconnections is generated and the analysis 

was restricted to the case of a single disturbance. This mixed-integer, dynamic optimisa- 
tion problem is limited as a structure selection technique due to long solution times and 

convergence problems. 

Heath et al. (1996) and Heath (1997) extend the linear structure selection approach 

of Narraway to the case of multi-loop PI controllers. The overall approach is to use 
the steady-state perfect control MILP detailed above as a screening tool to evaluate 

structural alternatives before a second MILP stage pairs and tunes the control loops and 
PI controllers. The second stage MILP incorporates constraints to ensure the stability of 

the PI structure and eliminates control structures which do not possess integrity'. The 

algorithm may be surnmarised as 

1. Solve the above steady-state perfect control problem to give a candidate set of 

inputs and outputs such that the economic cost AJI"' is less than the entry cost to 

the pairing and tuning MILP, AJ""Y. The procedure is independent of controller 

pairing and tuning. 

2. Solve the pairing and tuning MILP for candidate control structures, tuning param- 

eter values and corresponding lower bound on the exact cost of the control structure 
A ireal. 

b 

a. Check the stability and integrity of the current tuning/pairing solution. If these 

conditions are not satisfied, introduce a integer cut to prevent re-examination 

of the structure. 

b. The objective function value for the best pairing and tuning option is deter- 

mined as AJI""'. 

3. Update the entry cost to the MILP to AJ""Y = minlAJI"". Introduce an integer 

cut constraint to prevent the perfect control MILP re-examining this structure. 

'integrity is the ability of the process to maintain stability in the presence of loop failures 
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The algorithm involves the solution of MILP's which makes it implementable for large 

scale applications and has been shown to reduce the number of structural alternatives 
that must be considered. However it is restricted to multi-loop PI structures and does 

not include uncertainty in the plant model. 

2.5.3. A pseudo-economic objective function 

In many control design situations economic models of the form of (2.4) are not available. 
However, it is still desirable to use an objective which reflects the effect of accommodating 
the necessary constraint backoffs on the system economics. Consider the steady state NLP 
(Bazaraa 1979) of the form, 

min J(q) 
q 

hi (q) <0 

9.7, (q) =0 vi -- 11 
IM. 

(2.5) 

Given some differentiability and continuity conditions, the Kuhn-Tucker first order con- 
ditions for a local optimum are 

nI 

VJ(q) + AVhz (q)+ Vi V93- (4) 

3*=l 

At-hz(q) =0Vi= 11 ... n 

Ai 17 , 

where q are the process variables, Jo is the optimum and A is the vector of Lagrange 

multipliers associated with inequality constraints at the steady state optimum. -Non- 
zero Lagrange multipliers are associated with active inequality constraints. For small 

deviations 6 from the steady-state optimum, the linear first order estimate of the modified 

objective function is, 

Jo + Ai6i. 
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This objective function is valid if there is no change in the active constraint set for the 
chosen value of 6. Therefore the linear pseudo-economic objective function is, 

min Ajýi (2-6) 

which represents the weighted sum of variations in key process variables where the weights 

are given by the Lagrange multipliers at the steady state process optimum. Variations in 

this context mean the peak time-domain deviations. This form of objective function is 

easily obtained and will be used in this thesis. 

2.6. Multivariable controller design using dynamic economics 

Single-loop controllers such as PI and PID have gained widespread use in the process 
industries due to their simplicity and the fact their performance is good enough for most 

applications. However interactions in multivariable systems may cause the performance 

of decentralised controllers to be degraded (Seborg et al. 1989). The pairing of control 
loops is commonly performed using heuristics. The previously outlined methods propose 

computational methods for the input-output pairing of PI controllers, which results in a 

complex combinatorial problem. 

The issue of robustness under uncertainty is also a concern in the design of control systems. 

In single-input single-output (SISO) systems, the gain and phase margins are used as 

measures of the achievable performance and robustness of the closed-loop system. The use 

of SISO control loops for the control of MIMO plants limits the achievable performance 

and robustness. This provides the motivation for multivariable control design and the 

consideration of uncertainties at the controller design stage. The backoff optimisation 

problem, and other related optimal control problems, have been addressed for various 

multivariable controllers and a review of these approaches is presented below. 

The controllers are each LTI, which restricts the achievable control performance. Some of 

the approaches also do not consider all of the fundamental limitations to controllability 

in the optimal control problem, which will give an optimistic performance bound for LTI 

controllers of that form. 
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2.6.1.11 optimal control 
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A promising approach for controllability analysis is 11 optimal control. The use of 11 

control to optimise disturbance rejection was first introduced by Vidyasagar (1986) and 
extended to discrete-time MIMO systems by Dahleh and Pearson (198 1 ). 

Minimising the 11 norm, which is the maximum time domain deviation of the output 
variable for a class of magnitude bounded disturbances, is appealing as it lends itself to 
interpretation in an economic backoff framework. It also deals directly with time-domain 

performance specifications and constraints, optimises performance over a realisable class of 
LTI controllers and incorporates most of the fundamental limitations on controllability in 

the analysis (Dahleh and Diaz-Bobillo 1995). Chenery (1997) develops a linear (Chenery 

and Walsh 1998) and non-linear approach for optimising controllability of 11 controllers. 

However the methods are computationally demanding due to the large number of con- 

straints to enforce the time-domain norm criteria and ensure a stabilising controller. 
Model uncertainty is not considered in the problem formulation which means the result- 
ing control is an optimistic bound on the possible performance. 

2.6.2. LQG control 

Linear quadratic Gaussian (LQG) controllers (eg. Astrom and Wittenmark (1984), An- 

derson and Moore (1971)) minimise the 712 energy of the outputs subject to stochastic 
disturbance signals with known variance. The W2 norm is a good measure of performance 
for this class of disturbances (Makila et al. (1984)) and may be interpreted in an economic 
framework for optimising backoff from a set of active constraints. However controller de- 

sign for robustness is difficult as LQ optimality gives no robustness guarantees. This has 

motivated the introduction of parametric LQ controller. 

2.6.3.71,,, controllers 

71,,,, controllers optimise the worst-case performance (via the 00 norm ) and provide ro- 

bustness bounds simultaneously. However, as the infinity norm is a frequency domain 

measure and provides robustness bounds for time-varying uncertainties, it does not con- 

sider the optimisation of time-invariant parametric uncertainties. Pantas (1998) proposes 

a novel approach for optimising tuning weightings of a 71,, controller (constructed bly us- 
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ing the normalised left coprime factor synthesis method) for performance and robustness 

with parametric uncertainties. The objective function can be expressed as the maximi- 

sation of robustness or minimisation of a pseudo-economic objective, and incorporates 

time-domain performance criteria for the closed-loop plant. 

However the method suffers from the conservative nature of the infinity-norm bounds for 

real parametric uncertainty as the bounds are disks in the frequency domain which are 
difficult to transform to time-domain bounds. 

2.6.4. Parametric optimal control 

The standard LQ optimal controller design results in a controller which is the same order 

as the plant. This controller may be unnecessarily complex and does not account for 

robustness considerations or constraints on variables. For control design problems where 
the standard control design techniques do not suffice, numerical methods may be used. 

Parametric LQ control 

Parametric LQ control design is a numerical design method which allows a number of 

problems, for which a closed form solution does not exist, to be considered, eg. 

9 Robust LQ control (multi-modeo 

Design a single controller for stability and performance over a range of operating 

points, where it is assumed that each operating point can be represented by a LTI 

model (Davidson and Ferguson 1981; Ackermann 1980; Looze 1983). 

9 Constrained LQ control 
Design a single controller to optimise the performance of the plant subject to con- 

straints on the stationary covariances of certain channels (Makila et al. 1984). 

Parametric methods may also be used to design low-order controllers without the use of 

model reduction techniques and for the design of controllers with a prescribed structure. 

Convergence properties of parametric LQ methods are investigated in Makila and Toivo- 

nen (1987). Parametric methods optimise the elements of the state-space realisation of 

the controller directly. Aii arbitrary search over all matrix elements results in an over 

parameterised formulation. 
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Parametric 'H,, ) and 712/Woo control 
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Robustness is introduced into the LQ framework by considering a multi-model set to 

represent the plant. However, in general it is not sufficient to represent an uncertain 

plant by a finite set of models. 

This has motivated the development of parametric 'H,, and 712/Woo control design meth- 

ods. These techniques have been used to design reduced order controllers which consider 

stability to unstructured uncertainty, which is conveniently represented in the frequency 

domain (Pensar 1995; Pantas 1998). Robustness may therefore be ensured in the multi- 

model case by using a finite set of models with robustness bounds such that, 

P: =ufpi+ At: IlAilloo < 11 

The 71,,, design method maximises the frequency domain robustness bound subject to 

infinity-norm constraints on certain outputs. It is commonly recognised that 71" design 

may lead to conservative control as the oc-norm may not be a good measure of the 

expected performance as it optimises the worst-case performance. Combining the 712- 

norm as a measure of performance and the robustness properties of the W,, gives rise to 

the 712/71,,, design problem. A full review of these methods is beyond the scope of this 

work. 

2.6.5. Dynamic economics for MPC 

Model predictive control (MPC) has gained widespread acceptance in the process in- 

dustries, primarily in the petroleum industries where the slow plant responses allow its 

implementation. MPC solves an open-loop optimal control problem on-line at each time 

step. It allows the incorporation of input and state constraints directly in the control 

action calculation which makes it attractive as the optimum operating point of process 

units commonly lies at the intersection of constraints. 

However, the large number of tuning parameters available with an MPC controller and the 

unclear nature of their effects make tuning difficult. Currently, industrial MPC controllers 

are tuned using extensive closed-loop simulation over operating conditions of interest (Qin 

and Badgwell 1996). 
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Therefore, in the subsequent chapters, a method for optimising the tuning parameters 
of an unconstrained model predictive controller that minimises the dynamic economics 
of the control structure when subject to unmeasured disturbances, is proposed. The 

resulting numerical optimisation problem is able to incorporate time-domain performance 
and robustness considerations. 

Loeblein (1998) presents two approaches to the analysis of the dynamic economics of a 
given model predictive control scheme. The state-space model predictive controller with 
state estimates provided by a stationary Kalman filter is considered. The regulatory 
backoff from active constraints is calculated for a set of stochastic load disturbances and 
noise signals of known covariance. A brief description of the two approaches is given 
below. 

Constant set of active constraints 

The first method considers that the set of constraints that are active at the steady-state 

optimisation layer remains active over the prediction horizon of the model predictive 

controller. In general, the solution of the constrained QP for open-loop model predictive 

control gives a non-linear control law. However, with the assumption of a constant set of 

active constraints, a linear solution can be derived for the control law (de Oliveira and 
Biegler 1994). A solution to the QP is derived by considering a reduced space optimisation. 
This method would appear appealing as it maintains some of the constraint handling 

properties of MPC and the linear control law allows relatively simple calculations for the 

dynamic economics of the closed-loop system. However, it is observed that there are some 

serious drawbacks to this approach for determining the dynamic economics, due to the 

assumption of a fixed set of active constraints: 

9 The fixed set of active constraints resembles a perfect control law for the constrained 

variables. Therefore if the plant has RHP transmission zeros between unconstrained 
inputs and constrained outputs, the inversion will result in an unstable control law. 

The backoff calculated is shown to be independent of the input weightings. However 

weighting the inputs will give a loss of performance for the MPC controller and this 

manifests itself as an offset from the set-points in the unconstrained outputs if there 

are no remaining degrees of freedom. 
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Due to these limitations this method for determining backoffs from constraints for a -NIPC 
scheme was rejected. 

Unconstrained model predictive control 

An unconstrained MPC controller for a LTI nominal model may be represented as a LTI 

state feedback control law. Hence the closed loop mapping from the disturbances w(k) 
can be simply constructed and represented as: 

xcl(k + 1) = Aclxcl(k) + Bclw(k) 

y(k) = C, lx, l(k) 

where the state vector, xcl(k), contains states, disturbances, inputs and state-estimates 
from the open-loop representation. With the assumption that the disturbances w(k), are 
independent, the variance of x,, (k) may be determined as 

k-I 

(x, l (k) x, l (k)') =Ak EAk I+E Ac Bcl WBc', Aj (2.7) cl cl c cl 1 
3. =0 

where Wand E, are the variances of the disturbances and initial state value, respectively. 
As k --ý oc the infinite sums of the last term is given by the solution of the discrete time 
Lyapunov equation, 

A=B, j WB' ,+A, j A A'cl 

and the corresponding covariance of the outputs is 

e (YY') = C, 1 C, (X, 1 x, ci)ccl, = ccl/\cc�. c 
(2.8) 

Assuming a Gaussian distribution for the noise and disturbances, the distribution of the 

states and outputs, when determined by projection through a linear system, is Gaussian. 

Therefore the back-off required, for a given unconstrained model predictive controller, for 

feasible operation in the presence of these stochastic disturbances may be determined for a 

given confidence level. The backoff determined by the above method is incorporated into 

the controller by setting the set-point for the constrained variable away from the set-point 
determined by the real-time optimiser. This is the same approach taken to incorporating 

backoffs used in Heath (1997). The use of an unconstrained MPC controller for the backoff 
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calculations is shown to overcome the limitations of the constrained method. 

Conclusion 
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MPC is a widely used advanced control scheme in the process industries and its ability to 
incorporate state and input constraints in the on-line computations make it particularly 
attractive. However tuning MPC controllers is not straightforward as the large number of 
tuning parameters available may have overlapping effects on the closed-loop performance 
and robustness. Therefore the development of an optimisation based approach to tuning 
MPC controllers is well motivated. 

Loeblein (1998) developed an approach for calculation of the economic loss associated 
with accommodating active constraints in the presence of stochastic disturbances for 

unconstrained MPC. This method has several restrictions; 

1. The calculation has been performed for a fixed tuning of the MPC controller. The 

performance of the controller is improved by manual manipulation of the tuning 

parameters. 

No form of plant model mismatch or uncertainty is considered. 

3. The disturbance set considered is limited to stochastic disturbances. Other station- 

ary disturbances not included in this framework. 

4. No provision is made for required time-domain characteristics of the closed-loop in 

the analysis. The final controller may be required to have closed-loop rise-time, set- 
tling time and servo-response characteristics other than the regulation of stochastic 

disturbances. 

5. The unconstrained MPC controller is LTI, which restricts the achievable perfor- 

mance. 

This thesis presents an approach to the optimisation of performance using unconstrained 

MPC controllers and seeks to address the above restrictions. The method provides an 

implementable control law to satisfy the various performance objectives while considering 

many of the fundamental limitations on control performance. 

The use of the unconstrained MPC controller restricts the achievable control performance 

as only a subset of responses possible with the constrained controller may be generated. 
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However this is required to give a tractable optimisation problem. The tuning parameter 
values for the unconstrained MPC controller may be used as an initial point for the tuning 

of constrained MPC controllers. 



Chapter 3 

Linear model predictive control 

Model predictive control has gained widespread acceptance in the process industries with 

numerous industrial applications reported (Prett and Gillette 1980; Cutler and Hawkins 

1988; Qin and Badgwell 1996). The motivation for use of MPC is its ability to incorporate 

hard constraints on controls and states into the controller calculation explicitly. This 

makes it particularly attractive in the process industries, where the optimal economic 

operating point typically lies at the intersection of constraints and the processes are 

sufficiently slow enough to allow its implementation. 

In this chapter a review of linear model predictive control is presented. First (section 3.1) 

the basic elements, and the implementation of MPC, are outlined. This is followed (sec- 

tion 3.2) by a review of linear MPC literature, with particular emphasis on methods used 
for constructing robust MPC controllers. 

3.1. What is model predictive control? 

The defining feature of Model Predictive Control (MPC) is the repeated on-line solution 

of an open-loop optimal control problem. The chosen performance objective is minimised 

over a horizon length which extends from the current time into the future (figure 3.1). 

The -first element of the optimal control sequence is implemented and a measurement or 

estimate of the current state of the plant is then used as the initial condition to the next 

open-loop optimal control problem to be solved on-line. This procedure is repeated at 

each time step (figure 3.2). 

The mathematical description of the problem is, 



Chapter 3. Linear model predictive control 35 

Definition 3.1. MPC algorithm. 

At sampling time k, the control move Uk equals the first element, u(klk) of the sequence 
U(k) = [u(klk), u(k+llk) ...... u(k+Hp-llk)']' which is theminimiser of the optimisation 
problem 

Min 
u 

subject to 

U min < u(k + jlk) < Umax 

Au"' < Au(k + jlk) < Au"' 

y mzn < y(k + jlk) < ym" 

u(k+ ilk) = 

i= Hc -i 
i= 

Hp 

Hp, Hp+,,... 00 

(3.1) 

where Jk is the on-line controller objective function and u and y are the manipulated and 

controlled variables, respectively. The notation p(Ilm) is used to denote the predicted 

value of quantity p at time I using information available up to and including the time m. 

past future 

.4 pop target output or set-point 
------------------------------------------------- 0 ------ O_____ 

predicted 
000 future 0 

outputs 
0 

measured 
past 0 
outputs 

0 

0 

manipulated variable 
u(k+ilk), 

III1000111 
Sampling -v-- k k+I k+Hc-I k+Hp 
time 

prediction horizon Hp ---p- 

do control horizon if lop 

Figure 3.1: Basic philosophy of MPC: horizon lengths 

The three basic elements of a model predictive controller are the process model, the 

objective function and the disturbance model or feedback mechanism. In the following 

subsections each of these elements of the MPC controller is described and some of the 
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d 

controller 

Figure 3.2: Basic feedback structure of MPC 

basic theory of the linear model predictive controller are presented. 

3.1.1. The plant model 
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Predictive control uses a model to predict the future behaviour of the plant. Consider the 

discrete-time linear time-invariant system, 

Xk+l AXk + 

Zk ClXk + 

Yk C2Xk + 

XO known 

Bldk + B2Uk 

D12Uk 

D21 dk 
(3.2) 

with nu inputs u, ny feedback terms y, nz terms in the performance measure z, nd 

disturbances d and nx states in the vector x. 

The value of the performance measure, zk+3-, is then given, by recursive substitution of 

the above equations, as 

3.3. 

Zk+3' = C, A3 Xk + ECI A3-'-' B, dk+z' + EC, A3-'-' B2 Uk+Z* (3.3) 
i=0 2'=O 

The disturbance sequence d is unknown and in the standard open-loop MPC algorithm 
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it is assumed that 9 [d(k + j)] =0 Vi E (0, Hp - 1), where S denotes the expectation 

operator. Therefore the optimal i-step ahead prediction of z is given by, 

J-1 

z(k+31k) = E[z(k+j)] -- C, A3'Eýx(k)] +I: C, A3'-"-' B2u(k+ i). (3.4) 

i=O 

3.1.2. The objective function 

The MPC algorithm solves an open-loop optimal control problem on-line at each time 

step for the minimising sequence of future control actions. Constraints may be included 

in the optimal control problem such that the control u(*) and output y(e) (or state x(e)) 

must satisfy hard constraints. 
minu(o)Jk (Xki U(O)) 

subject to 

u(k) EU x(k) EX 

where usually U is a convex subset of R" and X is a convex subset of R". In this work 

the standard quadratic objective function with terminal state weighting is used for A, 

Hp-1 

(z(k + jlk) _ Zref (k + j))' (z(k +j Ik) -z 
ref (k + j)) (3-5) (X kiU 

3=0 

+ (x(k + Hplk) - aý)'Ax (x(k + Hplk) - jý) 

The performance objective is often constructed such that 

Zk -[ Yk 
(F�, (k)7uk)' 

(FAu(k)AUk)' ]' 

The weights F,, (9) and may then be chosen so the objective function takes the 

standard form, 

(X k, U 

Hp-1 

(y(k + ilk) -y 
ref (k + i))' (y(k + ilk) -y 

ref (k + i) (3.6) 

1=0 
H, -1 

+Eý (u(k + jlk) - ii(k + j))' ru(k + j) (u(k + jlk) - R(k + 

3'=O 

+Au'(k + jlk) r,, (k + j) Au(k + jlk)j 

+ (x (k + Hp I k) - t)' A, (x (k + Hp I k) - 
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Assuming that the values of the reference trajectory y"f (i) are available for all j. then a 
feasible x"f (j) may be calculated from 

Xref (k + j) =L yref (k + j) where L := C' I C2) 
2 

K2 

For simplicity of notation and computation of the control moves, it is convenient to define 

stacked time histories of the inputs, outputs and states over the appropriate horizon 

lengths. 

y(klk) 

y(k + Ilk) 

Y(k) 

y(k + Hp - Ilk) 

L y(k + Hplk) 

y ref (k) 

y ref (k + 1) 

yref 

y ref (k + Hp - 1) 

L91 

u(klk) 

U(k) 
u(k + Ilk) 

u(k + Hc - Ilk) 

Uk 

Uk+1 
U(k) 

L 
iik+H, 

-l J 

Au(k1k) u(klk) - Uk-1 

AU(k) 
Au(k + Ilk) u(k + Ilk) - u(klk) 

Au(k + H, - Ilk) u(k + H, - Ilk) - u(k + H, - 21k) 

-1 10... 
... 

0 Uk-1 

0 -1 u(klk) 

o u(k + Ilk) 

0 

00... 0L u(k + H, -Ilk) j 

W1 W2 
Uk-1 

U(k) 

(3.7) 

(3-8) 

As superposition holds for linear systems, it is possible to separate the contributions of 

the initial state and predicted future inputs to the output prediction vector. Y(k). The 
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contribution from the initial state is known as the free response of the system, denoted 
yfr, while that from the predicted future inputs is called the forced response, denoted 
Yf'. Therefore, 

Y(k) = yfr + yfo 

where 

and 

Yfo 

fo 
Yk 

fo 
Yk+l 

fo 
Yk+2 

fo 
Yk+Hp-1 

fo 
Yk+Hp 

fr 
Yk 

fr 
Yk+l 

yfr 

fr Yk+Hp-1 

fr 
L Yk+Hp 

C2 

C2A 

Xk; 

C2A k+Hp-1 

L 
C2A k+Hp 

I 

0 
... 

C2B2 0 

C2AB2 C2 B2 0 

0 

0 

0 

C2B2 

C2A Hp-2 B2 C2AHP -3 B2 
... ... 

C2A Hp-Hc-2 B2 

(3-9) 

(3-10) 

I 

L C2A H, - 'B2 C2A H, -2 B2 
... ... 

C2A Hp-H, - 'B2 

The final steady state values of the state and input are represented by jý and ; a- respectively. 

Suppose 

Xk+l AXk + BUk 

Yk CXk + DUk 

(3.11) 

and liMk-+oo Yk is a constant. Then the corresponding steady state values of t and ft 

come from 
I-A -B jý 0 

CD 
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and the least squares solution is 

I-A -B 0 

CD 
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Substituting the previously derived quantities into the expression for the objective func- 

tion (3.7), gives 

Jk(Xki U(k» = 
(OXk 

_ yref + G2U(k»'Fy (OXk 
_ yref +G2U(k» (3.12) 

+ (U(k) - U)'Fu (U(k) - U) 

+ Wý W2 
Uk-1 

U(k) 

where 

Uk-1 

U(k) 

Fy = diag tI, II... 
, 
Ayl 

Fu = diag tF� (0), F� (1), 
..., F� (H, - 1) 1 

FAU = diag IFA� (0), FA� (1), 
..., FA', (H, - 1) 

The objective function is therefore a quadratic program in terms of U(k). In the case that 

there are no state or input constraints which will become active, the controller is given 
by completing the squares argument for the quadratic program (see section 4.3.1). 

3.1.3. The disturbance model 

Model predictive control requires a process model for the prediction of the future output 

values, y, for changes in the manipulated variables, u. Similarly a disturbance model 

is required to predict the effect of disturbances on the future output values over the 

prediction horizon. Early variants of MPC used finite impulse or step response models 

for the prediction as they are easily identified from plant data. A plant and disturbance 

model of the form, 

y(k) = B(q-')u(k) + e(k) 

where e(k) is an independent zero mean disturbance and q is the shift operator, results 

in an open-loop estimation scheme. Future values of the output are unaffected by past 

values of w (as Ef ww'I = 0) and therefore there is no feedback. To introduce feedback, 
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and provide a controller with integral action, the disturbance may be modelled as an 
output step by introducing an integrator (eg. DMC; Cutler and Ramaker (19 1-9), MAC 
Rouhani and Mehra (1982)) giving a model of the form, 

y(k) = B(q-')u(k) + e(k) 
A 

where A=1 - q-'. The estimate of the disturbance magnitude is then given by e(k) = 
y(k) - y(klk - 1) where y(k) is the current measured value of the output. The expected 
future free response of the system yf, (k + ilk) = y(k) - y(klk - 1) Vi= 0, ..., Hp - 1. 
Despite being crude, this disturbance model has been applied successfully in the process 

industries. 

Generalised predictive control (GPC) uses an input-output model of the form (Clarke 

et al. 1987a) , 

y(k) = 
B(q-1) 

u(k) +e (k). 
A(q-1) A(q-1) 

The output step disturbance, is filtered through the denominator dynamics of the 

plant and flexibility is introduced by allowing the coefficients of C(q-') to be chosen for 

robustness and performance (Yoon and Clarke 1993). However this model representation 
is not really suitable for generalisation to the case of multivariable systems and does not 

allow for more flexible disturbance descriptions. 

Interpretation of model predictive control into the state-space framework (Li et al. 1989; 

Lee et al. 1994) has allowed the compact and general representation of plant and distur- 

bance models. The state-space representation is 

x(k + 1) = Ax(k) + Biw(k) + B2u(k) 

y(k) = Cx(k) + v(k) 

where x is a vector of the process states, w is a vector of independent, zero-mean distur- 

bance signals and v is a vector of independent, zero-mean noise signals. When w and v are 

assumed to have a Gaussian distribution with known covariances, a Kalman filter (sec- 

tion 4.3.2) may be used for estimating the current state of the system. The disturbance 

models above may be expressed in this framework and the direct-feed-th rough observer 

forms may be recovered by letting efww') 
-4 oc in the Kalman filter construction. ITFV V -, T 
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3.2. Historical review 
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Interestingly this form of control developed independently in the systems theory literature, 

where it is known as receding horizon control (RHC), and in the process control literature, 

where it is commonly known as model predictive control (MPC). Early research into 

MPC was driven by successful industrial application of different packages. The flexibility 

of the MPC formulation and ability to handle constraints, which made NIPC attractive 
in the process industries, also made it difficult to compare the methods in a unified 
framework. The relatively recent interpretation of MPC into the state-space optimal 

control framework has allowed a unified historical view of the literature and identification 

of the key issues in model predictive control (eg. Mayne et al. (1999), Xlayne (1997)). This 

section presents a historical review of developments in the field of linear model predictive 

control. 

3.2.1. Systems control literature 

The idea of controlling a system by the repeated solution of an open-loop optimal control 

problem existed in the systems control literature. Propoi (1963) introduced the concept 

the receding horizon by proposing "open-loop optimal control" and Lee and Markus (1967) 

state, in their optimal control book, 

One technique for obtaining a feedback controller synthesis from knowledge of 

open-loop controllers is to measure the current control process state and then 

compute very rapidly for the open-loop control function. The first portion of 

this function is then used during a short time interval, after which a new 

measurement of the function is computed for this new measurement. The 

procedure is then repeated. 

Kalman (1960) also states that optimality does not imply stability of the optimal control 

problem but, under conditions of stabilisability and detectibility of the system, an infinite 

horizon control law will be stabilising. 

The solution of an infinite horizon control law is not generally possible. However Kleinman 

(1970) showed that the finite receding horizon concept can be used to construct stabil- 

ising feedback gains for linear time-invariant (LTI) systems. Kwon and Pearson (1977b) 

generalised these results using a quadratic finite-horizon objective and prove stability for 
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linear time-varying (LTV) systems. The control is determined using a closed-loop feed- 

back gain computed using a Riccati equation. Stability is proven by requiring, either 

explicitly or implicitly, that x (t + HpIt) =0 by imposing an infinite terminal state weight- 
ing matrix and using the monotonicity properties of the Riccati equation. Constraints are 

not considered in these approaches which used closed-loop optimal control trajectories. 
Further developments in this field and discussion of the differences between open-loop 

and closed-loop optimal feedback laws are discussed in Chapter 7. 

3.2.2. Process control literature 

Descriptions of early MPC schemes were from successful applications in the process indus- 

tries. Importantly they solve an open-loop optimal control problem on-line, which allows 
the incorporation of constraints into the optimisation. The receding horizon nature of the 

MPC controller also allows knowledge of future inputs to the system (such as set-point 

changes or load disturbances) to be used in the calculation of the controller action. 

Early industrial applications of MPC which were reported in the literature include ID- 

COM" or "model algorithmic control" Richalet et al. (1978, Rouhani and Mehra (1982) 

and "dynamic matrix control" (Cutler and Ramaker 1979; Prett and Gillette 1980). These 

have been extensively reviewed (eg, Garcia et al. (1989)) and only a brief description will 

be given here. These early methods used finite impulse or step response models for the 

prediction of the future process outputs. Each of these methods recognised the possibility 

of incorporating hard constraints into the optimisation problem and the method of using 

input weights and horizon lengths to tune for performance and robustness is proposed. 

The feedback mechanism used in these early methods were simplistic (see previous section 

on disturbance models). 

Interpretation of MPC schemes into state-space representations (Lee et al. 1994) allowed 

simple generalisation of the methods to MIMO systems and the use of optimal state 

estimators. However, as indicated by Kalman, none of these schemes were guaranteed to 

be stabilising as optimality over a finite-horizon does not guarantee stability. It was shown 

that, for stable systems, by choosing the prediction horizon large compared to the rise time 

of the plant the stabilising properties of the infinite horizon are recovered. However the 

horizon length may have to be arbitrarily large and is not able to be calculated beforehand. 

Tuning heuristics were also proposed for linear unconstrained model predictive controllers 

thorough the choice of horizon lengths, weights and estimator models (Lee and Yu 1994: 
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Clarke et al. 1987b). 

Stability of MPC 

The analysis of the stability properties of the constrained model predictive control law 

proved more difficult as, even with a linear plant and prediction model, the control law 

is non-linear. Keerthi and Gilbert (1988) provided the primary technique for deriving 

stability conditions for constrained model predictive control. They prove stability for 

constrained, time-varying non-linear discrete-time systems by enforcing the constraint 

x(k+Hplk) =0 at the end of the prediction horizon. Importantly, they use the value of the 

objective function as a Lyapunov function to show that, under conditions of observability 

and controllability, the resulting MPC controller is globally asymptotically stabilising. 
However the use of end-point constraints which require that the current state should be 

brought to zero within a finite number of bounded control moves is likely to be stringent 

and restrict the feasible set of states for the control algorithm. 

The method of using a terminal cost (Rawlings and Muske 1993; Muske and Rawlings 

1993) also ensures the nominal stability of the MPC control law. These references show 

that an objective function with an infinite prediction horizon may be expressed as a finite 

horizon objective by the appropriate choice of terminal weighting, determined by the 

solution of an discrete-time Lyapunov equation. The algorithm requires observability and 

stabilisability of the plant so that any unstable modes may be brought to zero at the end 

of the finite horizon, as otherwise they will evolve uncontrolled. 

A key feature to the development of stabilising MPC is the use of terminal constraint sets 

to replace end-point equality constraints. The model predictive controller is required to 

steer the terminal state, x(k + HpIk), into some terminal region (invariant set), X, in a 

finite number of control moves. The invariant sets are determined for a locally stabilising 

controller, u= Kx, such that system state is required to remain in this set. This is 

sometimes referred to as dual-mode control (Sznaier and Damborg 1987; Michalska and 

Mayne 1993). 

The extension of nominal stability results to ensure robust stability of linear MPC schemes 

has proved difficult. In the presence of model uncertainties or disturbances the computa- 

tional burden increases dramatically. Three approaches for ensuring robustness of MPC 

algorithms are: 
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Genceli and Nikolaou (1995) and Vuthandam et al. (1995) give an approach to determine 

control and output weights in the objective function to ensure the robust stabilitv of 
SISO systems with an 11 objective and square MIMO systems with a quadratic objective. 

respectively. A series of constraints, in terms of the tuning parameters, are proposed which 
if satisfied ensure a monotonically decreasing Lyapunov equation. The model uncertainty 
is in the form of deterministic bounds bounds on the model impulse response coefficients. 
A DMC type step model for estimation of the effect of disturbances on future outputs is 

used. 

Stability constraint 

Another approach to the robust stability problem for MPC is to append a stability con- 

straint to the nominal MPC problem which, if satisfied, guarantees stability for all models 

in the uncertainty description. Potential advantages of the approach are that the nom- 

inal performance is optimised, meaning possibly better performance than the min max 

approach when close to the nominal model. 

Zheng (1995) presents an algorithm which uses a contraction constraint which, if satisfied, 

ensures that the terminal state contracts over the prediction horizon for all plant models in 

the uncertainty set. However this requires the selection of an arbitrary weighting matrix P 

such that maxOEO Ix (k + Hp I k) Ip- < Ix (k) If, subject to P>0. There is no simple method 

for choosing P and for an arbitrary choice the algorithm could be very conservative. 

Badgwell (1997b) appends a simple constraint to the on-line optimisation problem to 

ensure that the objective function value is monotonically decreasing. The approach is 

made simple by the characterisation of the model uncertainty using a multi-model set. 

min max approach 

The most commonly used method to develop robust MPC schemes is to modify the stan- 

dard objective function. A min max form of objective function is used (3.13), maximising 
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over the uncertainty set while minimising using the control sequence. 

Hp-1 

J(x, u, w) = min max 1(x, u) + F(x(Hp)) 
u wEW 

where F(x(Hp)) is the terminal cost term and W is the set of admissible disturbance 

sequences (eg. Michalska and Mayne (1993), Chen et al. (1997) in nonlinear _ýIPC litera- 
ture) - 

The introduction of the max,,,, Ew term in the objective means an explosion in the com- 
putational burden of the methods, as for continuous parameter sets an infinite number 
of possible parameter values must be considered, corresponding to an infinite number 
of state trajectories to steer to an terminal invariant set which satisfies the constraints. 
Therefore robust methods must capture the worst-case parameter values with a finite 

number of parametric realisations. 

Campo and Morari (1990) attempted to construct a robust stabilising controller for a set 
of LTI plants using a min-max, weighted oc-norm objective function of the form 

min max ly(k + ilk) - r(k + i)l. 
u(k+j) 3=1,..., H, GErl, i=l,..., Hp 

subject to control and output constraints. The resulting controller has been shown by 

counterexample (Zheng and Morari 1993) not to be robustly stabilising due to the as- 

sumption of the LTI model set. The temporal oc-norm may not provide a good measure 

of the performance of the system. 

Zheng (1995) reformulates this min max approach, using the objective function below, to 

ensure robust stability. 

H, -1 
Jk = min max JIFy [r(k + i) - y(k + ilk)] 11, +E ll]PA,, Au(k + jlk)lll 

AU(k) y(k+Z'lk), i=H . ..... 00 
3. =0 

Stable square LTV systems are considered and assumed to be represented by FIR models 

allowing the infinite horizon objective to be transformed to a finite horizon. Uncertainty 

is represented by maximum bounds on the FIR model coefficients, which enables the 

optimisation problem to be cast as a linear program. 

Min max approaches are subject to the criticism that they may give unacceptably con- 

servative control action because the worst-case performance is optimised at each step. 
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Following the form of conventional MPC, min max approaches have solved and open-loop 

optimisation problem on-line. The open-loop problem assumes no knowledge of the sys- 
tem is gained by feedback of information. This introduces conservatism as (Lee and 'i"u 

1997) 

* the optimisation does not account for the fact that onlY the first element of the 

control is implemented and the optimisation problem is repeated. In subsequent 

optimisation problems the worst case parameter values may change because of feed- 

back updates. For LTI systems, state measurements provide information on the 

constant parameters which can be used to update the uncertain model set. 

9 For LTI systems, the choice of control move affects the worst-case parameter set for 

future time steps in the stage optimisation horizon length. 

Therefore the min max method may be unacceptably conservative, especially for time- 

invariant systems. 

Recognising this Lee and Yu (1997) propose the use of a closed-loop algorithm to make 

use of feedback information at each step. However this results in an intractable recursive 

min max problem to be solved at each time step. In order to give a tractable problem 

restricted uncertainty and model forms need to be considered. 

Another form of closed-loop MPC is feedback model predictive control. In feedback MPC 

the standard control sequence U, which is a sequence of control actions, is replaced by a 

sequence of control laws ie. 

ýU(0)7 u1 (*) 
I..., UHp- 

1 (0) 1 

where u(O) is a single control action as the initial state is known. 

Kothare et al. (1996) proposes a form of feedback MPC for linear systems with parametric 
I 

uncertainty represented by a convex set defined by the convex hull f (At, Bz) IiE Ij. They 

show that the problem may be solved using linear matrix inequalities and an ellipsoidal 

invariant set. The method is potentially conservative as the control law is a linear, time- 

varying function which is state dependent (the control horizon H, is removed from the 

problem). If a solution to the initial problem exists, the controller generates a sequence 

which satisfies the terminal constraint for all time and parameter sequences. Kouvaritakis 

et al. (1999) have proposed a method which reintroduces the control horizon to increase 
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the set of initial states for which the controller will maintain feasibility. 

Scokaert and Mayne (1998) proposes a feedback algorithm for control of linear discrete- 

time systems subject to disturbances. Let ý wl (k) I denote the possible realisations of the 
disturbance w; IEC indexes the realisations. Then f ul (k) I denotes a control sequence 

associated with the Ith realisation, and x1(k + 1) represents the solution of the model 

equation, 

xl (k + 1) - Axl (k) + Bul (k) + wl (k) 

where the state, inputs and disturbances are convex, compact and contain the origin. In 

the finite horizon case, the following min-max objective is considered, 

Hp 

min maxY"J(xl(k+jlk), ul(k+ 'lk)) 
ul (k) cc /jI 1 

J= 0 

As the process is linear, and the constraints and cost function are convex, then it is 

necessary only to consider the extreme disturbance realisations in order to lead to a 

stabilising control that satisfies the constraints over all disturbances wE )/V. In the 

optimisation problem, an optimal control action is determined for each of the states 

resulting from different realisations of w such that, 

JU(O), fUj(l)lj E 1}, 
---, 

JUJ(Hp 
- 1)lj e lHp-111. 

The idea of dual mode control is employed for the stability proof. The outer MPC 

algorithm steers the system to a robust control invariant set in a finite number of moves, 

after which a predetermined control law u= Kx which maintains the system in this 

region in the presence of the bounded disturbances, is used. However the method is 

computationally intensive and applicable only for small scale systems. 

3.2.3. Conclusion 

The consideration of uncertainties in MPC laws results in a more complex optimisation 

problem to be solved at each time step. The most promising approach to handling the 

problem of ensuring robustness to disturbances and modelling uncertainties appears to 

be the use of a min max type objective function. 

This thesis presents two approaches for worst-case design of model predictive controllers. 

The first (chapter 4) uses the concept of dynamic economics to pose an optimisation 
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problem for the tuning of an unconstrained model predictive controller and estimator. 
Disturbances, modelling uncertainties and time-domain criteria may be represented in 

the problem description. 

The second approach (chapter 7) uses quadratic game theory to develop two neNý, MPC 

control laws. These control laws solve a min-max problem on-line at each time step. The 

theoretical results are a step towards solving the robust stabilitY problem for MPC'though 

further work is required to derive norm bounds for the closed-loop implementation of the 

receding horizon control laws. 



Chapter 4 

Backoff optimisation for MPC 

A central idea in optimising the performance of a control system is the incorporation of 
knowledge of changing process conditions or information about the nature of disturbances 

and model uncertainty, into the controller synthesis. 

A direct way of using this knowledge is by incorporating it in the on-line controller calcula- 
tions, as in min-max MPC schemes. Commonly uncertainty is described by deterministic 

bounds on the parameter space and the "worst case" cost is minimised on-line (eg. Campo 

and Morari (1990)) subject to the input and/or state constraints. Following the form of 

conventional MPC, the min-max MPC schemes solve an open-loop optimal control prob- 
lem, assuming that there is no information gained by the algorithm as the control moves 

are implemented. This provides the motivation for a method of optimising the closed-loop 

performance of model predictive control schemes in the presence of model uncertainty and 
disturbances. 

MPC is a widely used advanced control scheme in the process industries. However tuning 

MPC controllers is not straightforward as the large number of tuning parameters available 

may have overlapping effects on the closed-loop performance and robustness. This chapter 

presents an optimisation based approach to tuning unconstrained MPC controllers which 

extends the approach of Loeblein (1998) to consider model uncertainty and a more general 

disturbance representation. 

The objective function to be minimised, J, is chosen in this work to be the dynamic 

economics. This has been previously been defined as the loss of economic performance 

due to the introduction of the necessary constraint back-offs, which are required to ensure 

feasibility in the presence of disturbances. Robust n ess/st ability and time-domain perfor- 

mance objectives are considered in a multi-objective optimisation problem which may be 


