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Abstract

This paper presents an isogeometric (IGA) solver for time-dependent,
incompressible magnetohydrodynamics (MHD). In this paper, a com-
bination of inf-sup stable mixed discretisations is considered to discre-
tise the hydrodynamic pair (i.e. velocity and pressure) and magnetic
pair (i.e. magnetic field and magnetic pressure). The one step 6-
method is used for the temporal discretisation. Manufactured and
analytical solutions are considered to assess convergence, accuracy
and performance of the IGA solver. Moreover, benchmark problems
involving a MHD flow over an obstacle and MHD flow under non-
uniform magnetic field are considered to examine the effect of the
magnetic field on the flow behaviour.
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1 Introduction

Magnetohydrodynamic (MHD) systems are governed by a systems of cou-
pled equations representing the velocity/pressure fields (Navier-Stokes) and
the electromagnetic fields (Maxwell’s). One of the characteristics of MHD
is a potentially strong force opposing the flow, known as the Lorentz force,
which can have profound effects on the flow behaviour, within the core flow
and in boundary layers. The boundary layers are the key features that de-
termine pressure drop and heat transfer and for that reason, the need to
represent the geometry accurately and to resolve boundary layers is pivotal
in any numerical simulation of MHD flows. There are a number of stud-
ies which focus on the development of solvers for MHD flows in complex
geometries. These include the use of unstructured grids [1, 2, 3] and body-
fitted grids [4, 1]. In general, as with the majority of numerical methods,
mesh generation (either using a body-fitted grid or an unstructured grid) for
complex geometries can be costly and difficult. In [5], the potential of the
isogeometric analysis solver in the application of the incompressible MHD
was examined and a combination of inf-sup stable mixed discretisations was
assessed. The isogeometric analysis (IGA) was introduced as a bridge be-
tween finite element analysis (FEA) and computer-aided design (CAD) [6],
effectively eliminating the explicit mesh generation process. IGA employs
B-splines, Non-Uniform Rational B-splines (NURBS) or T-splines, which are
building blocks of geometry in the CAD to construct the domain as well as
the functional spaces central to any finite element method. This has several
advantages including the construction of spaces with higher regularity and
increased smoothness. This has demonstrated substantially improved accu-
racy for problems, e.g. [6, 7, 8, 9], in comparison with conventional finite
element methods. In this paper, an isogeometric analysis solver for the time-
dependent, incompressible MHD problems is presented. The steady-state
solver in [5] is extended to time-dependent MHD flows. In [5], a combination
of inf-sup stable mixed discretisations was considered, namely TH-CURL and
DIV-CURL. These were based on related studies for the Navier-Stokes prob-
lem using divergence-conforming B-splines [10, 11] and using TH B-splines
[12] and Maxwell’s using curl-conforming B-splines [13, 14]. TH-CURL was
a combination of Taylor-Hood (TH) B-splines for Navier-Stokes equations
and curl-conforming B-splines (CURL) for Maxwell’s equations. Similarly,
DIV-CURL was a combiation of divergence-conforming (DIV) B-splines for
Navier-Stokes and CURL for Maxwell’s. The main difference between the two



discretizations is that DIV-CURL produces exactly divergence-free approxi-
mations for the velocity field. Both TH-CURL and DIV-CURL are consid-
ered in this paper for comparison. We also consider the one step #-method
for the temporal discretisation using both fully-implicit and semi-implicit
schemes. Solving the time-dependent MHD system can be challenging due to
the coupling between the time-dependent Navier-Stokes and time-dependent
Maxwell’s equations. There have been several studies on the numerical solu-
tion for the time-dependent MHD system including [15, 16, 17]. From these
examples, it is shown that the fully-implicit and semi-implicit schemes for
the MHD system are unconditionally stable and converging. In this paper,
the application of the IGA solver for time-dependent, incompressible MHD
problem is to be assessed using manufactured solutions and benchmark prob-
lems. The paper is structured as follows: In section 2, for completeness, a
brief introduction to the IGA, notably B-splines and NURBS, is given. In
section 3, the governing equations and their variational formulation for time-
dependent, incompressible MHD are presented. In section 4, spatial and
time discretisations for time-dependent, incompressible MHD equations are
presented. A detailed convergence study is carried out in section 5 to verify
the convergence and accuracy of the solution for certain benchmark cases.
Finally, a number of examples of MHD problems are considered in section 6.

2 Preliminary

A more complete description of the foundations of IGA can be found in
(6, 18, 14], but the key concepts of B-splines and NURBS are introduced
here for completeness and to define notation. First, a univariate B-spline is
considered. A knot vector contains elements (or knots) are in an ascending
order, i.e. & < & < ... < &,4py1 and is written as follows:

E =&, & Sntpr] (1)

where n is the number of basis functions and p the polynomial degree. The
first knot, &; is 0 and the last knot, &,4+,11 is equal to 1. The knot vector
is therefore a set of coordinates in a parametric space spanning the interval
[0,1]. A knot span is defined as an interval between two unique knots and it
is equivalent to an element in FE. In general, open knot vectors where the
first knot and the last knot are repeated p + 1 times are employed, unless
otherwise specified. A knot (other than the first and the last) can also be
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repeated in a knot vector. In this case, this knot has the multiplicity of
m and its continuity is CP~" for a polynomial degree p. Let ¢ denote a
vector of unique knots in =. The b-spline basis functions of degree p then
have o; = p — m; continuous derivatives at the knot ¢(;. The maximum
multiplicity allowed in this case is m; = p + 1 and at each such knot (; a
discontinuity is observed. Let a be a vector consisting of the regularity of
the knots in ; o = [ay, ag, ..., 1, ], with ay = oy = —1 at boundaries
and «a; > 0 for all internal knots 2 < ¢ < [—1 where [ is the number of unique
knots. Given the knot vector, =, the basis functions for univariate B-splines
are calculated recursively using the Cox-de Boor recursion formula. Starting
with the piecewise constant function (when p = 0):

B?(f):{ 16 <8< & 2)

0 otherwise

the basis functions of degree p > 1 are defined as follows:

B (¢) = %B ©+ f—_‘fB (©) 3)

Note that when ;, —¢&; is zero, g_ifg_ig is set to zero. Similarly when &1 —
i+p 7
, % = 0. The space of B-splines spanned by the univariate
i+p 7
basis functions BY is defined as follows:

&1 18 zero

Se. = span{ B }i_, (4)

The derivatives of the functions in S? are also splines for p > 1.

Xz

d
{d—v:UESZ}ZSZ_ll (5)

The definitions for the univariate B-spline can be extended to the gen-
eral multi-dimensional case using a tensor product as follows. Given inte-

gers p; and n; with j = 1,...,d, knot vectors Z; = [£15,82,5, -+ nj4p,+1.]
are introduced and vectors associated with given knot vectors are defined
as ¢; = [C1,C2y, -+ Gy ,5), With multiplicities [my 5, maj, ..., my, ;] and o =

[, g5, ..., au; 5]. The corresponding multivariate B-spline basis functions
and B-spline spaces are given as follows:

Bl =Bl @ B, ® .. @ B, (6)

2150052d 11, 2,
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where i; =1,...,n; for j =1,...,d.

Stit, = Sy (Qn) = span{ B YR ™

..... og T geees X 7,1,...,’L'd 1,1—1,‘..,211—1

A Cartesian parametric mesh associated with these vectors which partition
the parametric domain is defined as follows:

On =1{0Q = ®j=1,..a(Gi; 4> Gij+1,45), 1 <1 <1y — 1} (8)

For each element () € 9y, a parametric mesh of size hg = diam(Q)) can be
determined. The equation (7) shows that the space is fully characterized by
Qn, p; and o with j = 1,...,d. The mapping of the mesh in the parametric
domain to the physical domain is achieved via a B-spline/NURBS geometric
mapping F : O — Q.

F = Z Bl (§)P; 9)

where P; are the control points. Note that it is assumed that the mapping
F is invertible, with smooth inverse on each element.

3 Variational Formulation

3.1 Governing Equations

For time-dependent, incompressible MHD flow problems considered in this
study, the following governing equations are considered: Given the initial
velocity and magnetic field (ug, bg), find (u, b, p) such that

%—1; — V- 2usVu) + (u-V)u+ Vp — k(V x b) x b ={, (10a)
ob

/ia—i—Vx(z/m/fob)—Fan(uxb)+V7":fb (10b)

V-u=0 (10c)

V.b=0 (10d)

for (x,t) € QxT where Q C R% d =2, 3. In (10), u = (u1(x,1), ..., ug(x, 1)) is
the velocity field, p = p(x, t) the hydrodynamic pressure, b = (by(x, 1), ..., ba(x, ))
the magnetic field and r = r(x,t) the Lagrange multiplier or the magnetic



pressure. Additionally, v; denotes the fluid kinematic viscosity, £ denotes

the coupling parameter defined as pfﬁ and v, denotes the magnetic dif-

1

fusivity defined as where py is the fluid density, p,, the magnetic

permeability and afurtnhé electrical conductivity of the fluid. The functions
on the RHS of (10) f, and f;, are source terms for the momentum and in-
duction equations respectively. The source in the induction equation f, is
solenoidal. The symmetrized gradient operator V* in (10) is defined as
Viv = % (Vv + VTV). If the kinematic viscosity vy is constant and V-u = 0,
V - (2v4V*u) = vsAu. The initial conditions of the velocity and magnetic
fields denoted by ug = u(x,0) and by = b(x,0) respectively need to satisfy
the divergence-free conditions, i.e. V-uy =0 and V-bg = 0. For the bound-
ary conditions, the domain boundary I' = 0f2 may be partitioned into two
parts; one for the hydrodynamic problem denoted by the sub-script f and the
other for the magnetic problem denoted by the sub-script m. The sub-scripts
D and N indicate Dirichlet type and Neumann type boundary conditions re-
spectively. In the case of the hydrodynamic problem, the following boundary
conditions may be considered:

u=up onlyp

[—pI +2u¢ (Vu + VTu)] ‘n=g; onlyy

where up represents the velocity on the domain boundary, g the normal
stress, n the normal vector on I' and ji¢ the fluid dynamic viscosity. Similarly,
the boundary conditions for the magnetic problems can be written as follows:

nxb=nxbp, r=0 onl,,p

n-b=n-by, nx(Vxb)=jr onl,n

where bp and by represent the magnetic field on the boundary and jr denotes
the electrical current density on the boundary; it should be noted that n-jr =
0. It is evident that (10) is over-determined without the Lagrange multiplier
r due to the divergence-free constraint on the magnetic field. If the Lagrange
multiplier is not included, there may be at least one solution to (10); this

can be observed by applying V- to equation (10b) from which it follows that
d(V-b)
ot

= 0. This implies that the divergence-free constraint on the magnetic
field (10d) will always be satisfied if the initial magnetic field satisfies V-by =
0. However, this cannot be guaranteed for the discrete formulation of (10).
For this reason, the divergence-free constraint (10d) is explicitly enforced by
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introducing the Lagrange multiplier or the magnetic pressure. The system
(10) can be characterised by the following non-dimensional parameters: the
Reynolds number Re = %, the magnetic Reynolds number Rm = %, the

ReRm’
where u¢, bo and [¢ are the characteristic velocity, magnetic field and length
respectively.

Hartmann number Ha = bole /Z—; and the coupling parameter S = Ha®

3.2 Variational Form

In order to determine the variational formulation of (10), the following func-
tional spaces are introduced:

V =H;(Q) = {v € H(Q);v = 0 on 0Q}
C =Hy(curl; Q) = {c € L*(Q); V x c € L*(Q);n x ¢ = 0 on 90}

Q=L5() ={qe LZ(Q);/qux =0in Q}

S=H}(Q) ={s € H(Q);5s=0on 0N}
They are equipped with the following norms:

1 1

2 2
IvIlv = (IIVIEe + 1191320 llello = (llellZz + 1V % ellfzq )

1
llalle = llall @) 1slls = (IIsllz2) + [1Vs]|z2(@)

The variational formulation of (10) can then be written as follows: Find
(u,b,p,r) € V. x C x @ x S such that

at( n+1 )—I—A(n+1 )+N(”+1u+1,v)

11
OB, ) + G, 070 = i e
Ours(b™, )+ Ap(b™ 1, €) +Cy(b" i u™ ) + Gy (1" e) = (', ¢) (11b)
Du(a, u”“) =0 (11c)
Dy(s,b") =0 (11d)
for all (v,c,q, s) €V XCxQ xS forae. (0,7). where
Ay(u,v) = [, 2v,Vou : Vivdx; Ap(b,c) = [, vmkV x b -V X cdx
N(auv Jo3@-Viu-v—3(a-V)v-udx
C’u(dvb — Jo s( be x d - vdx; Cy(d;u,c) = — [ k(uxd)-V x cdx
Gu(p,v) = — [PV - vdx; Gb(r c) = J,Vr-cdx
Dy(q,u) = [,V - ugdx; Dy(s,b) = — [, b Vsdx



Note that G, = —DI G, = =D} and C, = —C[". The problem is assumed
to be well-posed if the following inf-sup conditions are satisfied:

(q’v : V)

inf sup > By >0 (12a)
120 vevlallzo) Ve =
\Y
inf sup ( ik C) > Bm >0 (12b>

s€5 cec||s]|m @) llelmeurto)

as well as the Poincaré-Friedrichs inequalities [19, 20]:
VIl < GilIVV|] v eH (Q) (13a)

lel[aeurre) < Cof[V xcf| ¢ € X() (13b)

where X(Q2) = H(curl; Q) N H(div0;2) and H(div0; Q) is the sub-space of
H(div; Q) with divergence-free functions. The well-posedness of the problem
(11) is proven in [21].

4 Discretisation

4.1 Spatial discretisation

For the problem in (10) to be well-posed, the inf-sup conditions (12a) and
(12b) need to be satisfied both at continuous and discrete levels. One of the
simplest way to satisfy this is to employ inf-sup stable elements. In this case,
suitable B-spline or NURBS spaces (see Section 2) need to be employed.
These discretisations for the steady MHD problems are studied in [5, 22].
For completeness, the inf-sup stable spline spaces considered in this paper
are given in following sections.

4.1.1 Taylor-Hood B-splines

The Taylor-Hood B-splines, one of the inf-sup stable spaces for the hydrody-
namic problem can be written as follows [23, 12]:

th _ Sp1+17p2+17p3+1(Qh) X Sp1+1’p2+1’p3+1(Qh) % Sp1+1,p2+1,p3+1(Qh) (14)

«a1,02,03 a1,02,03 a1,02,03
Ath __
h — Sﬁi:ﬁi{z}f’g(gh) (15)



Using the standard geometrical mapping F : Q0 — Qin (9), the discrete spaces
for velocity and pressure in the physical domain are defined as follows.

Vi ={v, :v,oF ¢ Véflh (16)
Qi ={gn: g oF € QY (17)

It should be noted that NURBS can be used instead of B-spline basis func-
tions.

4.1.2 Divergence-Conforming B-splines

The divergence-conforming B-spline spaces can be constructed based on the
De Rham diagram as follows [14, 10, 11]:

ng _ GPup2—lps—1 (Qn) x gpr—Lp2,p3—1 (Qn) x SpL— P2l (Qn) (18)

aj,az—1,a3—1 a;—1,as,a3—1 a1—1,as—1,a3

Zw — Spl*LpQ*LpS*l (Qh) (19>

a;—1,as—1,a3—1

The discrete velocity and pressure spaces can be defined on the physical space
using the following pull-back operators:

ta(v) = det(DF)(DF) *(vo F), Vv € Hy(div,Q) (20)

1p(q) = det(DF)(qo F), Vg e L3(Q) (21)

The operator (20) is known as the Piola transformation. This transformation
preserves the divergence-conforming property of the velocity and therefore
preserves the inf-sup stability. For this velocity-pressure pair, the following
statement holds:

Vv =aqn
for v, € VI and ¢, € Q. This implies that the inf-sup condition for the
hydrodynamic problem is satisfied.
4.1.3 Curl-Conforming B-splines

The curl-conforming B-spline spaces can be similarly constructed based on
the De Rham diagram as follows [14, 13, 24]:

Cp, = SHITT (Qn) X ST (Qn) x STt (Qn)  (22)

ar—laz,a3 aj,ae—1,a3 ai,ag,a3—1
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S), = SPLPPs (O, (23)

1,002,003

The discrete magnetic pressure space can be defined on the physical space us-
ing the standard geometrical mapping defined in (9). The discrete magnetic
space, on the other hand, employs the following pull-back:

w(c) = (DF)"(coF), Vc e H(curl;) (24)
In this case, the following statement is true for ¢, € C;, and s, € S},
Vsh = Cp

and therefore the inf-sup condition for the magnetic sub-problem can be
satisfied.

4.2 Time discretisation

In this study, the one step #-method is considered for the purpose of the tem-
poral discretisation. It is assumed that the time interval (0,7") is uniformly
discretized into N elements. A time step size is then defined as 0t = % For
the O-discretisation, the following definitions are employed.

un+9 :eun+l + (1 . e)un
5un+1 :un—H —u”
(Sun—i-l
Y
The problem (10) is modified as follows: Given (u”, b"), find (u™*!, b+l prtt pntl)
such that

un—‘rl

W — v Aum 4 (2T V)umt — k(V x bT) x A" 4 Vpt = £770 (25a)
Kb 4 1, kY X (V x b)) — kY x (u™? x d"*f) + Vr* = £779  (25b)
V-u =0 (25¢)

V-b* =0 (25d)

for a.e. 0 <t < T and 0 € [0,1]. As there are no time derivatives of the
pressure and the magnetic pressure, the superscript * is set to n + 1 for
simplicity. If § = 1, it is a first-order scheme, and if § = %, it is a second-
order scheme. There are two ways to solve the non-linear terms in (25). One
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way is to solve the system via a sequence of non-linear iterations at each
time step. This method is denoted as a fully-implicit (FI) scheme where
we employ a"t? = u"*? and d"*? = b"*?. Another way is to employ time
extrapolations to approximate u™*? and b™*? in the non-linear terms. This
method is denoted as a semi-implicit (SI) scheme. In case of the first order
scheme (e.g. 0 = 1), we set a"™ and d"*? to u" and b" respectively. In
case of the second order scheme (6 = %), we employ a"t? = 2u” — u"*! and
d"t? = 2b™ — b"*!. While the FI scheme may be more accurate than the SI
scheme, it can be less efficient due to the iterations at each time step.

4.3 Discrete System

Given the spaces defined in the previous sections, the two discretisations are
constructed. The first (TH-CURL) is a combination of Taylor-Hood (TH) B-
spline elements and curl-conforming (CURL) B-spline elements and the sec-
ond (DIV-CURL) is a combination of divergence-conforming elements (DIV)
and CURL. The discrete formulation of (11) for the TH-CURL discretisation
can then be written as follows: Find (up, by, pn, ) € VI x C, x Qih x S,
such that

1
EMu,h(uZ-Ha Vi) + Aun(W vy + Nys(ar s ult? vy,)
+ Cun(bp s v, di ™) + Gup(pp ™ vi) = (26a)

1
(£170 vi) + aMu,h(uﬁf? Vi)

K
EMb,h(bZH, cn) + Ab,h<bz+9; ch)

+ Cbﬁ(dZH_G; u2+6, Ch) + Gth(T;LH_l, Ch) = (26b)

K
(£ cp) + aMb,h(b;;, cr)
Du,h(qm uz+1) =0 (26C>
Dyp(sp, b)) =0 (26d)
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for all (vy,, ch, qn, sn) € VI x Cp, x Qi x S),. where

Mu7h(uh,vh) = fQ uy - Vth
(bh, Ch) = fQ bh . Cth

Au,h(uh,vh = [ 20, Vi, : Vivydx
Ab,h(bh, Ch fQ umnV X bh -V x Cth
Nup(@n;up, viy) = [ 2(an - V)uy, - vy, — 3(ay, - V)vy, - updx
Cun(dp; vy, by) = —fQ (V x b) xdj, - vpdx
Con(dp;up, i) = —fQ uy X dh V X cpdx
Gu,h(]?h,Vh = _prhv v dX;

Gyp(rn, c fQ Vry, - cpdx
D h(([h fQ V- uhqhdx
Dy (sn,br) = — [ br - Vspdx

The discrete formulation based on the DIV-CURL discretisation is similar,
except that the terms A, and N, are modified, as the tangential Dirichlet
boundary conditions are not satisfied in the divergence-conforming spaces.
For that reason, the Nitsche’s method is used to weakly enforce the Dirichlet
conditions [18, 25]. The bilinear term A, is accordingly modified as follows:
For uy, v, € Vv,

AZZZ(Uh, vy) = Ay n(ap, vi)—

Z/2uf( )n) - w, + ((Viuy)n) - h_%uh'vh> s 27

Fel'y

where C,, is a positive penalty constant, p the polynomial degree of the veloc-
ity space and hp the mesh size at a boundary. Additionally, as the divergence-
conforming velocity is considered, there is no need to use the skew-symmetric
representation for the convection term:

NIV (ap;up, vi) = /(ah -V)uy, - vpdx (28)
Q

5 Convergence Analysis

In this section, some benchmark results of the isogeometric analysis are pre-
sented. The results are validated against analytical solutions and manufac-
tured solutions, allowing a detailed study of the convergence and stability of
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the method. In some cases, a comparison is made with conventional FE where
available. When the fully-implicit scheme is used, the tolerance (defined as
the ratio of current residual to the initial residual) is set to 1.07* for the
non-linear iterations. The L? norms of errors defined as |le|| = ||u —us||12(),
where u is the manufactured (or analytical) solution and uy, is the numerical
solution are determined to assess the convergence of solutions. In this paper,
a direct solver (MUMPS) has been employed to demonstrate the capabil-
ity of the proposed method. This however may not result in an optimised
performance of the proposed solver. In order to reduce the computational
cost for larger problems, it may be necessary to build a problem-specific
preconditioner [26, 27, 28].

5.1 Example 1: Manufactured Solution

In this example, different time discretisations are employed to compare the
accuracy and convergence rates of a number of schemes: fully-implicit 1st
order (FI1) scheme, fully-implicit 2nd order (FI2) scheme, semi-implicit 1st
order (SI1) scheme and semi-implicit 2nd order (SI2) scheme. In this exam-
ple, a two-dimensional domain Q = (0,1)? with 'y = {(1,y) : y € (0,1)} and
['p =00\ T'y is considered. The time interval of this example is ¢ € [0, tepnal,
where .,;=10.0. The source terms and inhomogeneous boundary conditions
are determined such that the solution for this example is given as follows:

u(z,y,t) = { ysin(%)

b(z,y,t) = { ysin({s)

The fluid properties, v¢, v, and k are all set to 1.0. In this example, the
error norms are computed at the end time, e.g. ||e,|| = ||u(t = teng) — un(t =
tend)||22(0)- In order to examine the convergence with respect to the time step
size 6t, the mesh size is fixed at 274 and only the DIV-CURL mesh scheme is
considered (TH-CURL results are identical in this context). Figure 1 shows
the convergence rates with respect to different time discretisation schemes.
It is evident that for all schemes, the rate of convergence is optimal. In
general, the second order scheme obtains a smaller error than the first order
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scheme for a given time step size, as would be expected. Notably, in Figure
la, the differences between the FI and SI schemes are more noticeable in
the hydrodynamic solutions, for the second order scheme. In this case, for a
velocity error of 1076, the time step size required is approximately 0.2 and
0.05 for the FI and SI schemes respectively. The differences between the FI
and SI schemes are almost negligible for the magnetic solutions. Figure 2

llell

—e—Fit:lle ||
@ FILI Vel
—e-Flt:lle |l
——Sit:lle I
g SIT: || Ve |
—e=Sit:lle I
—q—Fl2:|le ||
g FI2: ) Vel
-<--Fizlle |l
——si2:]le I
o S22 || Ve |
—--Si2:|le 1|

- = =Slope=1

- = -Slope=2

(a) Convergence of hydrodynamic solutions at t = teq

10!

—o—Fit:lle |
@ FIL|| Vxe ||
—o-Fit:lle ||
-@-Flt:|| Ve |
—e—Sit:le ||
et I Vxe |l
—%--Slt:le |l
-4 =S|l Ve ||
——Fl e |l
e FI2: || Vxe ]
-g--Fiz e ||
—g-Fl2| Ve Il
——si2 e ||
o SI2: || Vxe ||

Ilell

=Sk le |
—4 -S| Ve |l
- = -Slope=1

- - -Slope=2

10—10 L
102 10" 10°
5t

(b) Convergence of magnetic solutions at ¢t = tenq

Figure 1: Convergence analysis of example 1
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shows the computational time taken to reach the end time of a simulation.
For a given time step size, the difference between the first and second order
schemes (semi- or fully-implicit) is almost negligible - however the solution for
the second order scheme will be more accurate. In short, there is negligible
computational overhead as a result of the use of a second order scheme for a
given step size. However, for a given time step size, the fully-implicit schemes
require more than twice the time required by the corresponding semi-implicit
schemes. These results suggest that a second-order semi-implicit scheme is

Time (s)

——Fi1
—¥—FI2
@ SH
e SI2

10° '
1072 107" 10°
5t

Figure 2: Computational time for example 1

likely to be the most effective in terms of cost vs. accuracy.

5.2 Example 2: Dissipative System

In this section, a dissipative MHD system is considered to examine the stabil-
ity of the solver. Here, a two-dimensional domain Q = (0, 1)* with I'p = 9Q
is considered. The source terms are set to zero. The fluid properties are
assumed to be constant and uniform; vy = 0.01, v, = 1 and x = 10. The
initial conditions of the velocity and magnetic field are given as follows:

SR

Do = { 0l ]
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1

The system energy which is defined as F = <||u(t)||%2(ﬂ) + /@||b<t)||%2(9)> 2
is recorded at each time step and the evolution of F is shown in Figures 3
and 4. Four different time step sizes are considered for comparison; dt = 0.5,
0.1, 0.05 and 0.01. Figures 3 and 4 show the evolution of the system energy
for the TH-CURL and DIV-CURL schemes respectively. It shows that the
rate of dissipation in the system energy increases with decreasing time-step
size. In general, the first order schemes dissipate faster than the second
order schemes. It also shows that there is a negligible difference between
the system energy obtained using different time discretisation schemes for
a given order. This suggest that the solver may be unconditionally stable.
Figure 5 shows the computational time spent to reach the end time of a

25 25
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T

(a) First order schemes (b) Second order schemes

Figure 3: Evolution of the system energy obtained using TH-CURL scheme

simulation. In this case, it demonstrates that the SI schemes require less
than half the time required for the FI schemes to reach the end state. For
the time step size 6t < 0.1, the difference between the first order and second
order schemes appear negligible. The example 1 and example 2 show that
the SI schemes generally require less than half the time required by the FI
schemes to reach the end state for a given time step size. The difference
in the computational cost is almost negligible between the first and second
order schemes. However, the second order schemes in general achieve higher
accuracy for a given time step size. While the accuracy in the magnetic
solutions seems unaffected by different implicit schemes, the accuracy in the
hydrodynamic solutions deteriorates, if a semi-implicit scheme is employed
for a given time step size. However, it appears that the computational time
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Figure 4: Evolution of the system energy obtained using DIV-CURL scheme
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Figure 5: Computational time of example 2

of the FI and SI schemes for a given error in the velocity solution appears
to be comparable. The FI schemes, however, involve solving a linear system
multiple times per time step, thereby increasing the numerical work. For
that reason, the second-order SI scheme is used in the following sections.

5.3 Example 3: Shercliftf’s Case

In this example, we consider Shercliff’s case [29], which is a canonical MHD
problem, and focus on the effect of spatial discretisation. In this problem,
a steady-state, incompressible, laminar and fully-developed MHD flow in a

17



rectangular duct is considered and the equations are solved until a steady
state is reached. A relatively large time step size of 6t = 10.0 is considered,
as it is a steady-state problem and the time interval of the simulation is
t € [0,500t]. For this example, the computational domain is considered
to be a slice of a rectangular duct. A periodic boundary condition is then
prescribed at both inlet and outlet to enforce fully-developed flow conditions.
Moreover, to enforce fully-developed conditions, the external body force f,
is set to the following pressure gradient:

dp KB
dz piviRe
where K = 1_0.825Hff0,5_Ha,1 [30]. The source term in (10b) f, is set to 0. The

external applied magnetic field denoted by b is assumed to be uniform and
constant. The fluid properties vy, v,,, and x are set to 1, 1 and 1 respectively.
Two values of the Hartmann number are considered for this example: Ha =
10 and 100. In the rectangular duct, there are two quantitatively different
behaviours at walls. Two are called Hartmann walls which are perpendicular
to the external magnetic field, and the other two are called side which are
parallel to the external magnetic field. In Shercliff’s case, both the Hartmann
and side walls are insulating. The boundary conditions for Shercliff’s case
can then be prescribed as follows. No-slip condition is applied at walls for
velocity, i.e. u = up = 0. At insulating walls, the following Dirichlet type
boundary condition is applied for the magnetic problem.

nxb=nxbp
r=20

where n is the outward pointing unit normal vector and bp = (0, by), where
by = 10 and 100 for Ha = 10 and 100 respectively. One characteristic of MHD
flow in a duct is that the thickness of the boundary layers depends on the
Hartmann number. In Shercliff’s case, the thickness of the boundary layer at
a Hartmann wall (Hartmann layer) scales as O(Ha™!), while the thickness of
the boundary layer at a side wall (side layer) scales as O(H a’%). This means
that a very fine boundary layer is observed at higher Hartmann number. In
order to resolve this without excessive mesh discretisation, a graded mesh
(see Figure 6b) can be employed. For that reason, the non-uniform mesh is
employed for the case with Ha = 100, while the uniform mesh (see Figure 6a)
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Figure 6: Mesh configuration for Shercliftf’s problem

is employed for the case with Ha = 10. In this example, a reference solution
obtained using the TH-CURL scheme with C%-continuity across the element
boundary is included for comparison. This can be assumed to be equiva-
lent to a conventional finite element solver. Figure 7 shows the convergence
of both hydrodynamic and magnetic solutions for the case with Ha = 10
with respect to the number of unknowns (Ny). In the case with Ha = 10, a
uniform mesh configuration is used. This shows the L? error in the hydrody-
namic and magnetic solutions and their spatial derivatives. It is evident that
lower errors and a higher convergence rate in the hydrodynamic solutions are
produced, as the polynomial degree of the velocity space, p, increases. The
differences between the spatial discretisation schemes are also demonstrated
in Figure 7, which includes the the reference solution (denoted by 'REF’)
obtained using the TH-CURL discretisation with C°-continuity across the
element boundaries. Figure 7a shows that for a given p, and error, a smaller
N, is required by the DIV-CURL scheme. For instance, for p, = 4 and ||e, ||
= 1.0E-6, the DIV-CURL scheme requires approximately 5.0E3 unknowns,
while the TH-CURL and the REF require approximately 1.0E4 and 4.0E4
unknowns respectively. This demonstrates that the DIV-CURL scheme can
reduce the computational cost as well as produce divergence-free velocity so-
lutions. Figure 7b similarly demonstrates the advantage of the DIV-CURL
scheme, as lower Ny is needed for a given polynomial degree of the magnetic
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pressure space, p, and error. The case with Ha = 10 is also used to present
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Figure 7: Convergence of solutions at Ha = 10

the computational cost. For some schemes, the computational time is ex-
trapolated, as the error is outside the limits considered in Figure 7. Figure 8
shows the computational cost per step for all the schemes. It is important to
consider the performance of the IGA scheme. The principal cost is the ma-
trix solution using the solver MUMPS [31], which has been used previously
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in IGA. As stated in [31], the MUMPS algorithm has a serial performance
in 2D of O(N'*p?) and in 3D of O(N?p?). This means that for the same
number of degrees of freedom, high order (p) IGA is very much more expen-
sive than low order or the REF case. This is confirmed in the timings shown
in Figure 8. However, as indicated earlier, such a comparison is misleading.
As discussed above, Figure 7 shows that the number of degrees of freedom
needed for a given error are much lower for high order IGA. Indeed, in any
given case, it is the error that determines our discretization requirements. In
order to compare the performance of different schemes, we consider the cost
for a given error. If we fix the error (||e,||=1.0E-6), then we can estimate
the degrees of freedom required (from Figure 7) and consequently the cost
(Figure 8). Table 1 presents the computational cost per step for each scheme.

10°

Time (s)

—»—REF, p =2
—©—REF,p =3
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Figure 8: Computational cost

The advantage of high order (irrespective of scheme) is clear, however, it is
not self-evident that the high order continuity of IGA is of practical benefit
in this case. That said, it would be unwise to conclude this generally. The
Shercliff case does not take advantage of the ability of IGA to accurately
model more complex geometries, where there may be considerable perfor-
mance benefits. Parallelization is also a potential route to increasing the
performance. MUMPS can be applied to multicore/multiprocessor systems
and, with sufficient cores, exhibits performance in 2D of O(Np?) and in 3D of
O(N*3p?) [31]. This reduced scaling can further improve the computational
efficiency of IGA, but requires a detailed study considering the dependence
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on platform and implementation, and is outside of the scope of the present
work. Figure 9 shows the convergence of both hydrodynamic and magnetic

Table 1: Computational cost for ||e,||=1.0E-6

Scheme Nd | Time (s)
REF, p,=2 1.8E5 | 2.3E2
REF, p,=3 | 8.3E4| 3.9E1
REF, p,=4 3.6E4 | 1.9E1
TH-CURL, p,=2 | 1.8E5 | 1.5E2
TH-CURL, p,=3 | 2.8E4 | 2.9E1
TH-CURL, p,=4 | 9.9E3 | 2.7E1
DIV-CURL, p,=2 | 8.0E4 | 1.3E2
DIV-CURL, p,=3 | 1.7E4 | 4.8E1
DIV-CURL, p,=4 | 6.8E3 | 4.4F1

solutions for the case with Ha = 100 with respect to Ny. In the case with
Ha = 100, a non-uniform mesh configuration is employed. Similar to the
case with Ha = 10, Figure 9 demonstrates that for a given error and ap-
propriate polynomial degree, the DIV-CURL requires a smaller number of
unknowns, in comparison with the TH-CURL scheme. From this example,
it is found that a large reduction in number of unknowns can be achieved
by the DIV-CURL scheme and a higher-order scheme. Further improvement
in the performance of the solver through different routes such as optimised
algorithm and parallelization could be considered as future work. However,
in the following sections where more complex geometries are considered, the
DIV-CURL scheme is to be used, as well as the second-order semi-implicit
time stepping scheme.

6 Results

6.1 Benchmark Case 1

In the following sections, some benchmark problems are considered. In par-
ticular, flow past an obstacle is considered. In the case of a hydrodynamic
flow, the obstacle can induce turbulence even at low to intermediate Reynolds
number, i.e. Re ~ O(10') —O(10%). Within this range of Reynolds numbers,
the hydrodynamic flow starts to become unstable and vortices shed from the
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Figure 9: Convergence of solutions at Ha = 100

obstacle. This behaviour continues to the downstream and a periodic solu-
tion is observed [32]. It is however known that the effects of turbulence can
be suppressed when a magnetic field is applied to the system in (10) [33],
thereby eliminating the transient response and the periodic solution. This
example is therefore employed to demonstrate the effect of the magnetic field
on the flow over an obstacle and assess the capability of the proposed solver.
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The computational domains considered for this example are shown in Figures
10 and 16. Both square and circular obstacles are considered. The charac-
teristic length of an obstacle is denoted by D, while the height and length of
the overall domain are denoted by H and L respectively. The values of H
and L are sufficiently large so that they do not affect the solution past the
obstacle [32]. In this example, the dimensions are set such that D = 1, H
= 31 and L = 62. For the transient response, the Strouhal (St) number is
determined as follows:

_ D

U,

St

where f is the frequency of the vortex shedding and w,, the mean velocity.
The time interval of these examples is set to ¢ € [0.0,300.0]. In case of low
Hartmann cases (Ha ~ O(1)), where the effect of magnetic field is minimal,
the Strouhal number is to be evaluated and compared to the experimental
and numerical results involving a conventionally hydrodynamic flow [34, 35,
36, 37, 38]. In the case of the circular obstacle, the Strouhal number is
compared to the result obtained from a finite element solver [39], which
solved a problem involving MHD flow over a circular obstacle. For these
examples, the second order semi-implicit DIV-CURL scheme with p, = 2 is
employed. The computational domains in Figures 10 and 16 are generated via
the multiple patch configuration. Additionally, a graded mesh is employed
near the obstacle. The boundary conditions for the hydrodynamic problem
are prescribed as follows. At the inlet (the L.H.S. of the domain), an inlet
velocity w;, = (1,0) is prescribed. At the outlet (the R.H.S. of the domain),
the zero Neumann boundary conditions are applied. At the lower, upper
boundaries and the obstacle, the no-slip boundary conditions are applied.
On the other hand, for the magnetic problem, the Dirichlet type boundary
conditions i.e. b x n = bp X n and r = 0 where bp = (0,b¢) are applied
at every boundary and bo = Ha in this example. The fluid properties are
assumed to be uniform and constant; vy = 0.01, v, = 1 and k = 1. This
sets the Reynolds number (Re) to 100. In order to evaluate the effect of the
magnetic field on the flow behaviour, the following Hartmann numbers are
considered: Ha =1, 5 and 10. In case of Ha = 1, the mesh convergence study
is carried out to determine the optimal number of degrees of freedom. The
case with a square obstacle is used as an example to present the divergence
of the magnetic field and the computational cost.
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6.1.1 Flow over Square Obstacle

The computational domain for the example with the square obstacle is shown
in Figure 10. Figure 11 shows the convergence of the Strouhal number with
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Figure 10: Mesh configuration for the domain with square obstacle

respect to the number of unknowns (N;) for the case with Ha = 1. The
minimum number of unknowns required to solve this example is determined
to be approximately 2 x 10*. The numerical results presented in this section
are obtained using the most fine mesh. The Strouhal number obtained for
the example with the square obstacle is approximatley 0.139. This value is
similar to those obtained in [34, 35], i.e. ~ 0.138. In the following section,
the solutions of this example are presented. Figure 12 shows the divergence
of the magnetic field with respect to the number of unknowns. The diver-
gence of the magnetic field decreases with increasing number of unknowns.
The rate of reduction is proportional to N, -5 Figure 13 shows the compu-
tational cost of this example with respect to the number of unknowns. On
the left axis, it shows the time taken to solve a single time step, while on the
right axis it shows the time taken to solve a transient problem. Figure 14
shows the effect of the magnetic field on the velocity distribution at t=200.0.
In case of Ha = 1, the periodic behavior of the velocity past the obstacle is
noticeable. However, this behavior is eliminated, as the Hartmann number
and therefore the magnetic field increases. When Ha = 5, the periodic solu-
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Figure 12: Divergence of magnetic field

tions are completely eliminated. Figure 15 shows the effect of the magnetic
field on the pressure distribution in the domain at t=200.0. Similar to the ve-
locity distribution, the pressure exhibits a periodic behavior at Ha = 1 past
the obstacle and this behavior is removed as the Ha increases. Moreover, it
shows that as Ha increases, the pressure drop across the obstacle increases.

6.1.2 Flow over Circular Obstacle

The computational domain and the mesh configuration of this example are
shown in Figure 16. Similar to the example with the square obstacle, the
mesh convergence study is carried out to determine the minimum number of
unknowns required to solve this example (see Figure 11). In this case, the
minimum N, required for this example is approximately 3 x 10*. The results
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Figure 14: Velocity vector plot for flow over the square obstacle in the region

(14,14) x (30,17)

presented in this section are based on the most fine mesh. The Strouhal
number (St) determined for this example with Ha = 1 is approximately
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Figure 15: Pressure distribution for flow over the square obstacle in the region
(14,14) x (30,17)

0.169. This value is compared to that obtained in [39] which investigated
the stability and long-term dissipativity of the time integration algorithms
for the incompressible MHD problems. The study in [39] found that St was
approximately 0.167 for Ha = 0 and 1. For the hydrodynamic cases, similar
values for St are obtained in the other works, where St varies between 0.166
and 0.172 [36, 37, 38]. Figure 17 shows the effect of the magnetic field on
the velocity distribution in the domain with a circular obstacle at ¢t=200.0.
Similar to the square obstacle, a periodic behaviour is observed at Ha =
1. This behaviour is removed, as the Hartmann number, and therefore the
magnetic field, increase. Figure 18 shows the effect of the magnetic field on
the pressure distribution in the domain with a circular obstacle. Again, a
periodic behavior is observed at Ha = 1. As the Ha increases, the periodic
behavior is removed and the pressure drop across the obstacle increases.
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Figure 16: Mesh configuration for the domain with circular obstacle

6.2 Benchmark Case 2

The following section considers the effect on non-uniform magnetic field on
liquid metal flow in a duct. Liquid metal flow in liquid metal blankets and
divertors of fusion reactors can be three-dimensional due to the presence of
a strong, non-uniform magnetic field [40, 41, 42]. In this section, the study
in [41] is considered. In this study, a three-dimensional MHD flow in an
insulating circular duct with the fringing magnetic field is investigated. The
external magnetic field is applied in the y-direction, i.e. b = ByB(z)§y, where
By is the characteristic magnetic field. Its profile with respect to the flow
direction is determined as follows:

B(z) = %(Bd + B, + %(Bd _ B, tanh(y2) (29)

where B, = 1, By = 0.2 and 7 = 0.8 in this study. The magnetic field is
uniform in the upstream region (B = B, for z — —o0) and the downstream
region (B = By for z — o0) (see Figure 19). In this study, the flow in
the duct is considered to be laminar and inertialess. The inertialess flow
requires N >> Ha%, where Ha = aBO(Z—;)% is the Hartmann number, N =

2
% the interaction parameter, By the characteristic magnetic field, a the

characteristic length, oy the fluid electrical conductivity and gy the fluid
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Figure 17: Velocity vector plot for flow over the circle obstacle in the region
(14,14) x (30,17)

viscosity. The study showed that the three-dimensional MHD effects due to
the non-uniform magnetic field can be significant, as the three-dimensional
length (d3p) which depends on the three-dimensional pressure drop (Apsp)
was determined to be very high. The three-dimensional pressure drop, Apsp
is defined as follows:

3
A =Ap— —nL(B,— B

psp = Ap — 1 mL(Bu — Ba) (30)
where Ap is the pressure drop between z = —% and z = % The three-

dimensional length dsp is then defined as follows:

Apsp 8Ha

dory = — = A 31
3D dp/dz|, 3 P3D (31)
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Figure 18: Pressure distribution for flow over the circle obstacle in the region
(14,14) x (30,17)

In order to simulate this case, the following three-dimensional computational
domain is considered (see Figures 20 and 21). The cross section of the duct
is on the (z,y)-plane and this is extended in the z-direction. The compu-
tational domain on the (z, z)-plane is shown in Figure 20. The length of
the computational domain is set to L = 100, while the characteristic length
a is the radius of the circular pipe; ¢ = 1. In numerical simulations, the
computational domain in Figure 21 is extended in the z-direction and is gen-
erated via the multiple patch configuration. A graded mesh is employed near
the walls. For this example, the DIV-CURL scheme with p,=1 is employed.
For comparison, the Hartmann number Ha=100 is selected. The boundary
conditions for the hydrodynamic problem are prescribed as follows: At the
inlet (i.e. z = —Z), an inlet velocity, u;, = (0,0, 1) is prescribed, where

2
ug is the characteristic velocity. At the outlet, the zero Neumann boundary
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Figure 20: Computational domain on the (z, z)-plane

conditions are applied. No-slip conditions (u = 0) are applied at the walls.
For the magnetic problem, the Dirichlet type boundary conditions are ap-
plied at the walls, while the Neumann type boundary conditions are applied
at the inlet and the outlet. The mesh convergence is carried out to ensure
the convergence of the solution. Figure shows the mesh convergence study.
It shows that the three-dimensional pressure drop is converged to approx-
imately 3.7E-2 after 2.0E5 unknowns. This value is close to that found in
[41], i.e. ~4.0E-2. Figure 23 shows the axial pressure and core velocity dis-
tribution at * = 0 and x = 0.84. The three-dimensional pressure drop in the
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Figure 22: Mesh convergence

region near z = 0 is observed due to the change in the magnetic field. The
corresponding velocity change in the region z = 0 is also observed. Figure
23 shows the distribution of pressure and core velocity on the (z,y)-plane.
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Figure 23: Axial distribution of pressure and core velocity
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Figure 24: Distribution of pressure and core velocity on the (z,y)-plane at
z=0

7 Conclusion

In this study, the numerical results of an IGA solver applied to the time-
dependent, incompressible MHD equations are presented. Here, two suitable
pairs of inf-sup stable discretisations are considered. Convergence studies
are carried out to verify and validate the solver using both manufactured
and analytical solutions. The problem of flow past an obstacle is also con-
sidered. The convergence with respect to the time step size is investigated
using a manufactured solution. It is flexible to incorporate both the fully-
implicit and semi-implicit time discretisation schemes to the solver presented
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in this paper. The differences between the fully-implicit and semi-implicit
schemes appear more apparent in the hydrodynamic solutions, whereas they
are almost negligible in the magnetic solutions. A dissipative MHD system
is considered to examine the energy stability of the proposed solver. This
example indicates that the solver may be unconditionally energy stable for
all of the spatial and time discretisation schemes considered in this study.
Both examples show that for a given time step size, the computational time
of the semi-implicit schemes is generally less than the half the computational
time of the fully-implicit scheme for the same accuracy. The classic Shercliff
problem is then considered to investigate the convergence of the solution with
respect to the spatial refinement for both stable discretisations. In this case,
it is observed that the accuracy and convergence rates of solution improve as
mesh size decreases and polynomial degree increases. It is also shown that
the IGA solver generally requires a fewer degrees of freedoms in comparison
with the conventional FE. It is concluded that the second-order semi-implicit
scheme with DIV-CURL spatial discretisation is the optimal scheme of those
studied. However, smooth basis functions from the IGA can lead to higher
computational cost, particularly when employing a direct solver. As future
work, strategies to optimise the performance of the solver need to be taken
into account. In the numerical example, a problem involving the flow past
an obstacle is considered. The Strouhal number determined for both the
square and circular obstacles at Ha = 1 is similar to the results from the
available literature. The IGA solver is capable of representing the periodic
behaviour of the solution at low Ha and the laminarisation at higher Ha.
A benchmark case which studies the effect of non-uniform magnetic field on
liquid metal flow in a circular pipe is also considered. The three-dimensional
pressure drop and length determined via the simulations agreed well with
the available literature. However, there are some limitations to the discreti-
sation schemes considered in this paper. In case of the spatial discresation,
it may unnecessarily increase the computational cost, particularly for a large
problem due to their tensor-based meshes. This may be improved by imple-
menting some splines which allow a local refinement; for example, T-splines
[43], LR B-splines [44] and hierarchical B-splines [45]. Additionally, solving
the time-dependent MHD system can be costly due to its coupling between
Navier-Stokes and Maxwell’s. There are more sophisticated time discretisa-
tion schemes that may improve the performance of a solver; e.g. fractional
step methods [46], problem-specific preconditioners [47] and projection meth-
ods [48]. In order to improve the performance of the solver and to reduce the
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computational cost, these may be considered in the future work.
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