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Relativistic causality constrains the S-matrix both through its analyticity, and by imposing lower bounds
on the scattering time delay. These bounds are easiest to determine for spacetimes which admit either a
timelike or null Killing vector. We revisit a class of pp-wave spacetimes and carefully determine the
scattering time delay for arbitrary incoming states in the eikonal, semiclassical, and Born approximations.
We apply this to the effective field theory of gravity in arbitrary dimensions. It is well-known that higher-
dimension operators such as the Gauss-Bonnet term, when treated perturbatively at low energies, can
appear to make both positive and negative contributions to the time delays of the background geometry. We
show that even when multiple shockwaves are stacked, the corrections to the scattering time delay relative
to the background are generically unresolvable within the regime of validity of the effective field theory so
long as the Wilson coefficients are of order unity. Phrased the other way, this can be read as a bound on the
Wilson coefficient from infrared causality which are consistent with positivity/bootstrap bounds.

DOI: 10.1103/PhysRevD.111.024066

I. INTRODUCTION

Causality is known to be a powerful constraint on
relativistic quantum theories. For scattering in Minkowski
spacetime, it is well known to lead to powerful analyticity
properties which have been put to significant use in deriving
positivity/bootstrap bounds in recent years, while relativistic
causality also constrains correlation functions with similarly
fruitful implications [1–24]—for a recent review see [25]. A
closely related result, which has an equally long history, is
that causality should impose lower bounds on the time delay
incurred during a scattering process [26,27]. This has been
well studied in nonrelativistic theories [28] and has, more
recently, been applied particularly to pp-wave spacetimes
[29]. One of the advantages of computing time delays is that
it does not require analyticity and is therefore potentially
applicable to generic spacetimes and field theory

backgrounds. In this regard, it has recently been shown that
imposing a lower bound on scattering time delays [30,31]
can either be complementary to or reproduce many of the
positivity bounds previously obtained by a subtle combi-
nation of analyticity and crossing symmetry arguments
[11,15,16,19–21]. Causality in gravitational theories is well
known to be more subtle, where already positivity/bootstrap
bounds are known to be weakened [12,24,30–52]. This is in
part because, in a gravitational effective field theory (EFT),
the low-energy light cones of different species are known to
be affected by the background, including for gravitational
waves themselves [53–69] Nevertheless, consistent low-
energy EFTs which emerge from fundamentally Lorentz-
invariant UV completions should still respect relativistic
causality in some form—even with gravity. A minimal
requirement that seems to satisfy this is the asymptotic
causality requirement of [29,70–76], which imposes pos-
itivity of the total time delay experienced by propagating
states relative to the asymptotic Minkowski geometry—
more precisely any negativity should be within the confines
of the uncertainty principle.

A. Time delay

On a spacetime with a timelike Killing vector ∂t and
associated conserved energy E, such as in the stationary
black hole background considered in [44], the Eisenbud-
Wigner time delay [26,27,77,78] can be identified with the
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E-derivative of the asymptotic scattering phase shift: ΔT ¼
2∂δ=∂E. In what follows, we shall instead be interested in
pp-wave spacetimes, where ∂v is a Killing vector for the
null time v and the associated conserved quantity is
momentum in the null v-direction kv. It is then natural
to define the analog null time delay via Δv ¼ 2∂δ=∂kv,
although we will give a more formal definition of both,
applicable to arbitrary incoming states, in Sec. III. In both
cases we shall formally define a time delay operator which
is the quantum conjugate variable to the conserved energy
operator and explain how this is not in contradiction with
Pauli’s theorem.

B. Asymptotic causality

In a gravitational theory all species couple to gravity, so
the generic form of the time delay has a contribution from
the Shapiro delay due to the spacetime metric and an
additional delay due to local nongravitational interactions.
When working at tree-level in a low-energy EFT, this may
be split as

ΔT ¼ ΔTShapiro þ ΔTEFT; ð1:1Þ

with an analogous split for the null time delay Δv. The
causal properties of an EFT operator can be inferred from
its contribution to the time delay experienced by propa-
gating metric perturbations. Asymptotic causality is the
statement that ΔT, the total time delay relative to a flat
Minkowski geometry is positive, or more precisely is never
resolvably negative

ΔT ⪆ −E−1: ð1:2Þ

The allowed negativity is simply the reflection of the usual
uncertainty principle and is explicitly built into the bound
of Eisenbud and Wigner [26,27].

C. Infrared causality

A more precise proposal, dubbed infrared causality in
[44], is that consistent EFTs should further require

ΔTEFT ⪆ −E−1: ð1:3Þ

This is motivated in the introduction of [67], and the
introduction and Sec. 2.5 of [44], and was demonstrated for
FLRW spacetimes in [66,67] and spherically symmetric
black hole spacetimes in [44,69]. In the latter case, it was
shown in [44] that infrared causality is the requirement that
reproduces known positivity/bootstrap bounds, while
asymptotic causality leads to weaker bounds. In the present
work we will extend the discussion to pp-wave spacetimes
which can be stacked to add multiple negative contributions
to the time delay.

D. Stacking unresolvable contributions

Many authors impose strict positivity ΔT > 0 on the
grounds that, if a setup were found which can give even a
perturbatively small negative contribution to the time delay,
it would be possible to stack these to make a negative and
arbitrarily large and hence resolvable time delay. A
common argument for this is that given in [79]:
Consider a sequence of N scattering events separated by
times sufficiently large that we can safely assume the nth
scattering has taken place between tn and tnþ1. The total
unitary evolution in interaction picture may be split into a
time-ordered product

ÛðtN; t0Þ ¼ ÛðtN; tN−1ÞÛðtN−1; tN−2Þ…

¼ T
YN
n¼1

Ûðtn; tn−1Þ: ð1:4Þ

Given the assumption that the times tn − tn−1 are suffi-
ciently long relative to the scales of interactions, the
states approach asymptotic states and we may regard
Ûðtn; tn−1Þ as the S-matrix for the nth scattering event:
Ŝn ¼ Ûðtn; tn−1Þ. Then, the total S-matrix is

Ŝtotal ¼ T
YN
n¼1

Ŝn: ð1:5Þ

Assuming each scattering event is identical, Ŝn ¼ Ŝ1,
then we have Ŝtotal ¼ ðŜ1ÞN so that the total time delay
is simply

ΔTN ¼ NΔT1: ð1:6Þ

On first sight, this may seem to naïvely suggest that one
could make any small (unresolvable) time advance as large
(and hence resolvable) as we like by simply making N
arbitrarily large. If correct, this argument would indicate
that a resolvable (and hence physically observable) time
advance can be produced by accumulating a large number
of unresolvable (unphysical) effects. This is basis for a
series of subsequent work placing causality constraints on
various theories [80–88].
As we shall see, there are multiple issues with the

previous arguments. First of all, the previous result (1.6) is
only true over the time period for which we can neglect the
process of quantum diffusion, i.e., the dynamics of the free
Hamiltonian Ĥ0. As we shall show explicitly in what
follows, the key point is that, e.g., even when the interaction
Hamiltonian Ĥ1ðtÞ ¼ ĤðtÞ − Ĥ0 takes the form

Ĥ1ðtÞ ¼
XN
n¼1

δðt − a − tn−1ÞK̂; ð1:7Þ
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with 0 < a < tn − tn−1 for fixed K̂, the S-matrix for each
scattering (being defined in interacting picture) is

Ŝn ¼ eiĤ0ðaþtn−1Þe−iK̂e−iĤ0ðaþtn−1Þ: ð1:8Þ

Given K̂ and Ĥ0 necessarily do not commute, each
scattering event cannot be regarded as identical and
Ŝtotal ≠ ðŜ1ÞN . The physical effect of the free evolution
eiĤ0ðaþtn−1Þ is to diffuse the incoming state, and it is due to
this diffusion that each scattering event is not identical to
the previous one. The quantum diffusion builds up,
eventually putting a limit on the total time delay that
can be accumulated [89]. We shall see later precisely how
to account for the effect of the quantum diffusion.

E. Null time delay in stacking configurations
and main result

One of the central virtues of pp-wave geometries is that it
is easy to superpose them, thereby allowing the construc-
tion of exact solutions which describe the previously
discussed sequence of scattering events. In this paper we
shall be primarily concerned with these stacked shock-
waves or, more generally, smooth pp-wave geometries. In
what follows we give a precise definition of the null time
delay appropriate for arbitrary initial states and pp-wave
spacetimes, which is more general than the approximate
impact parameter expression whose applicability is
restricted to eikonal scattering, and show how to compute
this in the eikonal, semiclassical, and Born approximations.
We use this to investigate the background configurations
for the gravitational EFTs considered in [29] and carefully
account for the regime of validity of the EFT. In physically
sensible situations, we find that, in addition to asymptotic
causality being satisfied, the generically stronger condition
of infrared causality is also satisfied, provided we remain in
the regime of validity of the EFT and assuming the
Wilsonian coefficient of the Gauss-Bonnet (GB) term is
bounded jcGBj≲Oð1Þ [90]. This statement does not rely
on a specific UV completion, say string theory or a weakly
coupled tree-level completion. It also holds despite the
superficial device of being able to stack multiple shock-
waves together to accumulate time advances. It is the
combined effect of diffusion and scattering which is
responsible. We highlight in particular how, in the balanc-
ing shockwaves case (for which, classically, scattering is
absent), the two effects combine in a nontrivial way to
render any would-be time advance unresolvable.

F. Outline

The rest of this work is organized as follows: In Sec. II,
we review pp-wave spacetime solutions in the EFT of
gravity in arbitrary dimensions. While pp-waves are exact
vacuum solutions of any EFT of gravity independent of
their precise shape, the same no longer holds once metric

fluctuations (i.e., gravitational waves) are considered.
Ensuring that the EFT of gravity remains under control
in the presence of small infinitesimal fluctuations leads to a
precise regime of validity beyond which the EFT can no
longer be trusted. With the EFT under control, we then
introduce the standard Eisenbud-Wigner-Smith time delay
in Sec. III and its null analog. We emphasize the role of
scattering and quantum diffusion, and the relation with the
standard eikonal approximation, which is typically con-
sidered in the literature. With this clarification in hand, we
start by computing the time delay in the eikonal approxi-
mation in Sec. IV, establishing the scattering from a single
source before considering a (possibly continuous) succes-
sion of point sources. Then we show that, within the regime
of validity of the EFT, the time advance remains unresolv-
able so long as the coefficient of the GB-term is at most
of order unity. In Sec. V, we turn our attention to the
engineered situation where sources are carefully positioned
so as to balance each other, leading to a local extremum in
the potential between two sets of pp-waves. In this case, the
instability of the potential leads to a maximum time
advance which we prove is always either unresolvable or
indistinguishable from the general relativity (GR) contri-
bution within the regime of validity of the EFT. We then
move beyond the eikonal approximation and consider
scattering in the semiclassical approximation in Sec. VI,
highlighting features that would be impossible to diagnose
in the eikonal limit. For completeness, we also compute the
time delay in perturbation theory in Sec. VII. The diffusion
and scattering are identified in this limit and we show how
they compete with one another, leading to an unresolvable
time advance in the regime of validity of the EFT.
Section VIII provides a summary of our main results.
Technical details on the perturbations are left to the
Appendixes A–F.

G. Conventions

We work in units where ℏ ¼ c ¼ 1, and in mostly-plus
signature ð−;þ; � � � ;þÞ. The pp-wave metric gαβ in so-
called Brinkmann coordinates is given by

gαβdxαdxβ ¼ 2dudvþHðu;xÞdu2 þ δijdxidxj; ð1:9Þ

where x are coordinates on the d ¼ ðD − 2Þ-dimensional
Euclidean transverse subspace. Tensors of the full D-
dimensional manifold are indexed with letters from the
Greek alphabet fα; β;…g. The Laplace-Beltrami operator
is written as □ ¼ gαβ∇α∇β. It will also be useful to define
the Laplace-Beltrami operator as it would act only on a
scalar, written as □̃ ¼ gαβ∂α∂β ¼ 2∂u∂v −H∂

2
v þ ∂i∂i.

Tensors on the d-dimensional transverse Euclidean
space are usually indexed with letters from the middle
of the Roman alphabet fi; j;…g when expressed in
Cartesian coordinates. No distinction is made between
upper and lower indices on the transverse space in these
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coordinates. The Laplacian on the transverse space
is ∇2

d ¼ δij∂i∂j ≡ ∂i∂i.
On occasion, we will discuss a particular pp-wave

solution which is spherically symmetric in the transverse
directions Hðu;xÞ ¼ Hðu; rÞ. In that case, we will use
spherical coordinates,

δijdxidxj ¼ dr2 þ r2γabdθadθb; ð1:10Þ

with r2 ¼ x2 and γab the metric on the (d − 1)-sphere.
Tensors on the (d − 1)-sphere are indexed with letters from
the start of the Roman alphabet fa; b;…g, with the
covariant derivative represented by D̂a and the Laplace-
Beltrami operator by Δ̂d−1 ¼ γabD̂aD̂b.

II. PP-WAVES IN THE EFT OF GRAVITY

Every metric, with a choice of null geodesic, can be
associated to a pp-wave metric via the Penrose limit process
[91]. This means that they can be used as analogs to study
the physics of systems where the exact metric is unknown.
For example, a pp-wave metric (1.9) with appropriately
localized singularities in Hðu;xÞ is analogous to a multi-
black-hole spacetime via an Aichelburg-Sexl boost [92]. By
this association, the (a)causality of an EFToperator on a pp-
wave metric is actually reflective of its (a)causality in a
much broader class of situations. The pp-wave metric is an
exact solution not only in GR but also to all orders in the
EFT of gravity, since all higher curvature invariants vanish
[93]. Remarkably this is true even for the Aichelburg-Sexl
shockwaves despite their delta function singularity. Since
all irrelevant operators vanish, there is naïvely no constraint
on the amplitude or shape of a pp-wave in order to be
consistently treated within a given EFT.
However, this is no longer true as soon as the pp-wave

metric is perturbed. A wave of arbitrarily small amplitude
traveling in the opposite direction can potentially lead to an
arbitrarily large curvature once it hits the wavefront of the
shockwave, at which point it can no longer be described
within the EFT. This fact is enough to constrain not only the
energy of gravitational perturbations, but also the energy of
the background pp-wave metric on which they propagate.
In this section, we will describe some properties of the
background pp-wave metric before introducing perturba-
tions and their dynamics. In a similar fashion to [44], these
can then be used to ascertain the constraints from requiring
that a given EFT is under control, which in turn will impose
restrictions on the form of the pp-wave metric. These
constraints will play a crucial role in our later discussion of
scattering time delays.

A. Properties and examples of the pp-wave metrics

In what follows we shall exclusively be concerned with
pp-waves of the form

gαβdxαdxβ ¼ 2dudvþHðu;xÞdu2 þ δijdxidxj: ð2:1Þ

Up to symmetry, the only nonzero component of the
Riemann tensor associated to the pp-wave metric are

Ruiuj ¼ −
1

2
∂i∂jH: ð2:2Þ

It follows that the only nonzero component of the Ricci
tensor is Ruu ¼ − 1

2
∇2

dH and the Ricci scalar automatically
vanishes because the inverse metric component guu is
zero. The metric (1.9) is thus a solution to the vacuum
Einstein equations if H is harmonic in transverse space
∇2

dHðu;xÞ ¼ 0. More generally, we will be interested in
spacetimes sourced by point particles (analogous to black
holes) for which the Laplacian of H is nonzero only at a
discrete set of points fbig:

−∇2
dHðu;xÞ ¼ 2π

d
2

Γ
�
d
2

�X
i

fiðuÞδðdÞðx − biÞ; ð2:3Þ

the solution to which is

Hðu;xÞ ¼
X
i

fiðuÞ
jx − bijd−2

: ð2:4Þ

The functions of the u-coordinate fiðuÞmust be positive for
such a source to satisfy the null energy condition, but are
otherwise unspecified at this time. Example functions
which will be useful in what follows are given in Fig. 1.
In addition to the different configurations of shockwaves
we will consider—situations which are captured through
different choices of functions fðuÞ—we also have the
freedom to choose different sets of singular points fbig.
Throughout this paper, we will consider two simple cases:
(1) Point sources: A single or set of point sources

located at the origin with spherical symmetry in
the transverse directions,

Hptðu; rÞ ¼
fðuÞ
rd−2

; ð2:5Þ

which will be discussed in detail in Sec. IV, and
(2) Balancing case: Two equal (sets of) sources located

at �b, which we shall refer to as the “balancing”
case

Hbalðu;xÞ¼ fðuÞ
�

1

jx−bjd−2þ
1

jxþbjd−2
�

ð2:6Þ

to be considered in Sec. V.
For the most part, the arguments in this paper apply for
arbitrary functions fðuÞ. There are however some specific
examples we will refer to for illustrative purposes:
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(a) The single “shockwave,”

fswðuÞ ¼
4Γ

�
d−2
2

�
π

d−2
2

GPuδðuÞ; ð2:7Þ

corresponds to a point particle moving ultrarelativisti-
cally in the v-direction with momentum Pu [93–105].
This features prominently in the discussion on cau-
sality in [29].

(b) The “sequence of shockwaves,”

fsswðuÞ ¼
XN−1

n¼0

fswðu − unÞ; ð2:8Þ

corresponds to series of shockwaves which occur one
after another in the u-direction. This is the situation
one would typically refer to as “stacking” or surfing on
a multitude of shockwaves, carefully placed one after
the other in the “hope” of accumulating time delay/
advance.

(c) A constant fðuÞ ¼ f, which can be seen as the limit of
fssw as the number of shocks grows very large N → ∞
while the u-distance between them goes to zero
un − unþ1 → 0. In terms of optimizing the amount
of time delay/advance, this situation is typically more

optimal than the previous one, but can easily be
considered within the same formalism.

B. EFT of gravity

Schematically, the D-dimensional low-energy EFT of
gravity is of the form

SEFT¼
Z

dDx
ffiffiffiffiffiffi
−g

p
MD−2

Pl

×

�
1

2
RþΛ2

X
m≥0;n≥2

cmn

�∇
Λ

�
m
�
Riemann

Λ2

�
n
�
; ð2:9Þ

where Λ≲MPl is the cutoff energy and the Wilson
coefficients cmn are dimensionless. Terms of the form
shown in the sum may arise either from tree-level effects,
for instance of higher-spin (s ≥ 2) states with mass/energy
scale, or from loop corrections involving any spin with
mass/energy scale ≪ Λ with suppressed cmn. Prototypical
examples of these are weakly coupled string theory and
QED on curved spacetime respectively [53,106–110]. The
nuanced difference between these two possible origins is,
e.g., discussed in [66], but is unimportant from a low-
energy perspective aiming to remain agnostic to the precise
details of the UV completion.

FIG. 1. An illustration of the pp-wave sources referred to in the text. Each dot represents a Dirac delta function in the u-direction.
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In D ≥ 5, the leading-order EFT in vacuum is

SEFT ¼
Z

dDx
ffiffiffiffiffiffi
−g

p
MD−2

Pl

�
1

2
Rþ cGB

Λ2
R2
GB þ…

�
; ð2:10Þ

where R2
GB ¼ R2

αβσρ − 4R2
αβ þ R2 is the GB-term. In spe-

cific UV completions cGB may vanish, but cGB is generi-
cally nonzero and the entire discussion of this paper
assumes cGB ≠ 0. If it does vanish, then the cubic curvature
terms will be leading corrections whenever supersymmetry
is broken. These are, e.g., discussed in [107], the causality
properties of which are considered in [68,69,73].
The vacuum Einstein-Gauss-Bonnet (EGB) equations

are

Eαβ ≔ Gαβ þ
2cGB
Λ2

Bαβ ¼ 0; ð2:11Þ

where

Bαβ ¼ 4RσαβρRσρ þ 2Rα
σρκRβσρκ − 4RασRβ

σ

þ 2RRαβ −
1

2
R2
GBgαβ: ð2:12Þ

For the pp-wave metric (1.9) with Riemann
tensor (2.2), Bαβ ¼ 0. The solutions discussed in the
previous Sec. (2.4)–(2.6) are thus also solutions to EGB-
theory, as expected.

C. Metric perturbations and their dynamics

Wewill now introduce metric perturbations hαβ on top of
background pp-waves. It is their dynamics which will
determine the causal properties of the GB-operator in
Secs. IV–VII. Perturbations spoil the exactness of the
pp-wave metric to any order in the EFT. We will soon
see how this gives rise to constraints on both the energy of
the perturbations and the profile of the background function
Hðu;xÞ [captured by the function fðuÞ]. This will play an
important role for causality.
The field equations for the metric perturbations hαβ in

this EFT are given by

δEαβ ¼ 0: ð2:13Þ

The full set of equations is given in Appendix A. In light
cone gauge,

hvα ¼ 0 ∀ α; ð2:14Þ

the δEvα equations reduce to two constraint equations

hii ¼ 0; ð2:15Þ

∂vhiu þ ∂jhij ¼ 0: ð2:16Þ

Taking the trace of the δEij equation and applying the above
two constraints produces a third constraint,

∂vhuu þ ∂ihiu ¼ −4
d − 2

d
cGB
Λ2

∂i∂jH∂vhij; ð2:17Þ

so that the huu and hui components are all specified in
terms of hij as long as ∂vhαβ ≠ 0. This leaves only the
DðD − 3Þ=2 components of the traceless hij as the dynami-
cal degrees of freedom. Their equation of motion is
given by

□̃hij − 8
cGB
Λ2

∂
2
vXij ¼ 0;

Xij ¼
1

2
ðhik∂j∂kH þ hjk∂i∂kHÞ

−
1

d
δijhkl∂k∂lH: ð2:18Þ

Unlike the background solution, the equation for the
perturbations is modified by the GB-operator in the action.
In fact, it will generically receive corrections from any
effective gravitational operator. Demanding that these
corrections are under control will define the regime of
validity of the EFT in the next section.
The decoupled “master variables” are linear combina-

tions of the hij depending on the form of Hðu;xÞ. In the
case of the point source (2.5), spherical symmetry means
the Eq. (2.18) are all immediately decoupled when
expressed in spherical coordinates. The single caveat is
that not all of the diagonal components of hij are inde-
pendent because of the tracelessness condition (2.15).
Choosing hDD as the dependent component, the master
variables are

Φ∈ fhrr; hra; hab for a ≠ b; haa − hDD ðno sumÞg; ð2:19Þ

where fa; b;…g label the angular directions. Their master
equations are

□̃Φþ A
cGB
Λ2

∂rH
r

∂
2
vΦ ¼ 0; ð2:20Þ

where A is an integer depending on the master variable
under consideration

A∈ f8ðd − 2Þ; 4ðd − 2Þ;−8;−8g:

In the balancing source case (2.6), it is less straightforward
to identify the master variables. Some details are given in
Appendix B but are not crucial for what follows. Suffice to
say, the master equations will take a similar form to (2.20).
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D. The EFT regime of validity

We follow the procedure in [44,67] to establish the regime
of validity of the EFT (2.9) on pp-wave backgrounds.
The GB-term in the EGB effective theory (2.10) under

consideration is just the lowest-order term in an infinite
series of effective operators (2.9). Generically, any number
of these terms could be present when UV degrees of
freedom are integrated out to obtain a low-energy action.
The full EFT action is an expansion in powers of the
spacetime curvature (“Riemann”) and its derivatives, com-
pared to the EFT cutoff energy Λ. The expansion is only
under control in regions where that ratio is small. In other
words, the EFT is only valid in the regime where�∇

Λ

�
m
�
Riemann

Λ2

�
n
≪ 1: ð2:21Þ

What is meant by this schematic expression on the left-
hand side is all possible scalar contractions built out of m
covariant derivatives and n powers of the Riemann tensor.
The background pp-wave metric seemed to evade validity
constraints by exactly solving the EFT to any order, so that
the left-hand side of (2.21) simply vanishes. However, in
the perturbed spacetime, the “Riemann” tensor in (2.21)
refers to the sum of the background Riemann tensor and its
perturbation. The perturbed Riemann tensor has a much
richer structure than the background Riemann tensor, with
none of its nontrivial components vanishing. Hence there is
a nontrivial EFT regime of validity for the pp-wave
spacetime as soon as metric perturbations are allowed to
propagate.
The perturbations to the Riemann tensor are given by

second derivatives of the metric perturbations hαβ.
Considering perturbations of momentum kα, we may
represent the contribution of the derivatives acting on the
perturbations by powers of kα. To establish the regime of
validity, it is then sufficient to consider all possible scalar
invariants of the form�∇

Λ

�
m
�
R̄
Λ2

�
n
�
k
Λ

�
p
≪ 1; ð2:22Þ

where R̄ represents the background Riemann tensor (2.2).
There are a number of contractions which would render the
left-hand side of (2.22) trivially zero, or lead to a much
weaker constraint. These are discussed in Appendix C. The
upshot is that the strongest EFT validity bounds come from
contractions of the form

ðk ·∇Þmðk · R̄ · kÞ2n ≪ Λ2mþ8n; ð2:23aÞ

ð∇ ·∇Þmðk · R̄ · kÞ2n ≪ Λ2mþ8n: ð2:23bÞ

A nontrivial example of (2.23a) withm ¼ n ¼ 1, written in
terms of components, is

kα∇αðkβRβγδσkδkκRκγρσkρÞ ≪ Λ10:

Similarly, kα may be replaced with∇α to obtain an example
of (2.23b). Taking the n → ∞ limit of (2.23) gives us our
first EFT regime of validity bound:

ðkv∂i∂jHkvÞ2 ≪ Λ8; or ∂i∂jH ≪
Λ4

k2v
: ð2:24Þ

In particular, for the spherically symmetric point source, it
can be written as

∂
2
rH ∼

∂rH
r

≪
Λ4

k2v
: ð2:25Þ

This represents a bound on the strength of the source at any
given distance from its singularity in transverse space.
Taking the m → ∞ limit of (2.23) gives

kα∇α ≪ Λ2; ð2:26Þ

where∇ is understood to be acting on a scalar. In particular,
for nonzero momentum in the v-direction kv, we obtain a
bound on the u-derivative of H

∂uH
H

≪
Λ2

kv
: ð2:27Þ

Lastly, taking the m → ∞ limit of (2.23b) gives

□̃ ≪ Λ2; ð2:28Þ

where □̃ is understood to be acting on a scalar. Isolating the
transverse Laplacian results in a distance-resolution scale
(say, for the point source),

r ≫ Λ−1: ð2:29Þ

Belowwe gather the three EFT regime of validity bounds.
On the left, they are written in their generic form as they
would apply without specifying a background pp-wave
metric. In themiddle, they are specialized to the point-source
metric (2.5). On the right-hand side, they are further
specified for a particular impact parameter x ¼ b ¼ bb̂.

General Point SourceðsÞ x ¼ b ¼ bb̂
□ ≪ Λ2 r ≫ Λ−1 b ≫ Λ−1 ð2:30aÞ

∂i∂jH ≪ Λ4

k2v
∂rH
r ≪ Λ4

k2v

fðuÞ
bd

≪ Λ4

k2v
ð2:30bÞ

kα∇α ≪ Λ2 ∂uH
H ≪ Λ2

kv
f0ðuÞ
fðuÞ ≪

Λ2

kv
ð2:30cÞ

The top line (2.30a) is relatively intuitive and represents the
lower limit on the distance scales we may probe before
exiting the regime of the validity of the EFT. As mentioned
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previously, themiddle line (2.30b) represents a bound on the
strength of the pp-wave source at a given distance from the
source. Here the bound on fðuÞ should be understood not in
a point-wise sense but rather in an averaged sense,Z

uþλu

u−λu
jfðũÞjpdũ ≪

�
Λ4bd

k2v

�
p

λu; ð2:31Þ

for any positive power p and where λu ¼ P−1
u is the wave-

length integrated over in theu-direction. The last line (2.30c)
bounds how quickly fðuÞ may vary in u-time and should
also be understood in its averaged sense,Z

uþλu

u−λu
jf0ðũÞjpdũ ≪

Λ2p

kpv

Z
uþλu

u−λu
jfðũÞjpdũ: ð2:32Þ

The latter two bounds depend not only on the EFT cutoffΛ,
but also on the energy kv of the gravitational wave probing
the spacetime. This underlines the role that metric pertur-
bations play in establishing an EFT regime of validity on a
pp-wave spacetime.
Notably, shockwaves (or sequences therefore) lead to

divergences in the profile fðuÞ and its derivative, and are
hence object that cannot be probed within the regime of
validity of the EFTwithout smoothing out as we discuss in
Sec. II D 2.

1. Regime of validity by explicit example

The above arguments to establish a regime of validity
rely only on generic assumptions about the EFT series
expansion, but were largely schematic. In this section, we
will consider an explicit example of a truncated EFT
expansion. Demanding that the higher-dimension operators
in the expansion are subdominant to the GB-operator will
concretely reproduce the pp-wave regime of validity given
in (2.30).
Consider the following effective action which contains

(2.10) as its leading-order part supplemented by generic
dimension-6 and −8 curvature operators:

SEFT ¼
Z

dDx
ffiffiffiffiffiffi
−g

p
MD−2

Pl

�
1

2
Rþ cGB

Λ2
R2
GB

þ cR3
Λ4

RαβγδRγδσρRσρ
αβ

þ cR4
Λ6

RαβγδRγδσρRσρκλRκλαβ þ…

�
: ð2:33Þ

The full field equations for the background and perturba-
tions are provided in Appendix D. The pp-wave metric
(1.9) of course remains an exact (background) solution to
(2.33). Choosing light cone gauge as before, the traceless
components of the metric perturbations in the transverse
directions hij remain the dynamical degrees of freedom.
With the addition of the new operators, it is less

straightforward to decouple the equations of motion and
identify the master variables. In the case of the spherically
symmetric point source, one can perform a scalar-vector-
tensor (SVT) decomposition on the transverse space with
the result that the tensor modes ΦT are immediately
decoupled. For our purposes, it is enough just to consider
their master equation up to corrections of OðΛ−8Þ:

0 ¼ □̃ΦT −
κ2T þ 2

r2
ΦT − 8

cGB
Λ2

∂rH
r

∂
2
vΦT

þ 24
cR3
Λ4

∂
2
v

�
d
∂rH
r2

�
∂rΦT þΦT

r

�
−
∂u∂rH

r
∂vΦT

�
þ 16

cR4 − 12cGBcR3
Λ6

�
∂rH
r

�
2

∂
4
vΦT; ð2:34Þ

where κ2T is the eigenvalue of the tensor spherical harmonic
on the (d − 1)-sphere. This equation can be expressed in
v-momentum space by replacing ∂v → ikv. For the
GB-operator to truly be the leading-order term in the EFT
expansion, the contributions of the higher-order operators
to this equation of motion (∝ cR3; cR4), specifically to the
potential, should be subdominant to the contribution from
the GB-operator itself (∝ cGB). Assuming that the Wilson
coefficients cR3 and cR4 are OðcGBÞ, then control of the
EFT amounts to

24d
cR3
Λ4

∂rH
r3

∂
2
vΦT ≪ 8

cGB
Λ2

∂rH
r

∂
2
vΦT ⇒ r≪Λ−1; ð2:35Þ

16
cR4
Λ6

�
∂rH
r

�
2

∂
4
vΦT ≪ 8

cGB
Λ2

∂rH
r

∂
2
vΦT ⇒

∂rH
r

≪
Λ4

k2v
;

ð2:36Þ

24
cR3
Λ4

∂u∂rH
r

∂
3
vΦT ≪ 8

cGB
Λ2

∂rH
r

∂
2
vΦT ⇒

∂uH
H

≪
Λ2

kv
;

ð2:37Þ

which is exactly the regime of validity of the EFT (2.30)
obtained in the previous section. Note, it was not strictly
necessary to include the dimension-8 operator ∼Riemann4

since the subleading correction from the dimension-6
operator produced the same term. Its inclusion illustrates
that there is nothing particular about our choice of higher-
dimension operators in reproducing the regime of validity.
There are many possible higher-dimension operators whose
presence in the EFT of gravity would constrain the
parameters of the spacetime in the same way.

2. Regulating the shockwave in the EFT of gravity

The main result from the previous two sections is that
any calculation performed within the effective theory of
gravity should only be trusted within the regime in which
the set of bounds (2.30) are satisfied. The pp-wave
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solutions provided in Sec. II A need to be revisited in light
of this. In particular, the singular shockwave solution
fswðuÞ (2.7) is clearly against the spirit of the bound
(2.30c), or rather its average (2.32), on f0ðuÞ=fðuÞ. To
bring it within the remit of the EFT, the shockwave may be
regulated by expressing it as a Gaussian,

fregsw ðuÞ ¼ αffiffiffiffiffiffiffiffiffiffiffi
2πL2

p exp

�
−

u2

2L2

�
; ð2:38Þ

where α ¼ 4Γððd − 2Þ=2Þ=πðd−2Þ=2GPu. Interpreting
(2.30c) in an averaged sense, as indicated in (2.32), we
then infer a bound on the width of the pp-wave that can be
considered

L ≫
kv
Λ2

: ð2:39Þ

This means that the more peaked the source (smaller L), the
“slower” the GW needs to be (smaller kv) in order to probe
the spacetime within the regime of the validity of the EFT.
To be clear, this does not mean that kv=Λ2 is the width of
the wave in the UV completion. We should interpret this in
the following sense: When we construct a low-energy
EFT in the Euclidean we naturally coarse-grain over modes
with momenta larger than

ffiffiffiffiffi
k2

p
∼ Λ, so that no correlation

function can resolve distances smaller than Λ−1. In the
Wilsonian picture of renormalization, this scale is our
choosing and need not correspond to the actual scale of
new physics. The arguments of the previous section
similarly imply that we cannot resolve distances in u
smaller than kv=Λ2. It could well be that in the UV
completion, the shockwave is actually more localized/
peaked than this (i.e. has a width shorter than kv=Λ2).
However, it will always be perceived to a low-energy
observer as having a width of at least kv=Λ2.
The sequence of shockwaves may be regulated in an

analogous way as fregssw ¼ P
i f

reg
sw ðu − uiÞ. Since each

regulated shock now has a finite spread ∼L and height
∼αL−1, they become indistinguishable as the distance
between them shrinks, and approach a constant source
fðuÞ ¼ f ∼ αL−1. Conversely, if they are to remain dis-
tinguishable, there must be a minimum u-separation
between them Δu ∼ uiþ1 − ui ≫ L.

III. SCATTERING TIME DELAY

In this section, we review the formal definition of
scattering time delays and derive expressions for it in
various representations that will be useful for future
calculations. In particular we give a generic semiclassical
expression to complement the more familiar eikonal
expression which is frequently used in the analysis of
pp-wave spacetimes.

A. Eisenbud-Wigner-Smith time delay

In the elastic scattering region, the eigenvalues of the
single-particle S-matrix Ŝ define the asymptotic phase
shifts e2iδ. For example, in the case of spherically sym-
metric nonrelativistic scattering, the S-matrix diagonalizes
into partial waves and each partial wave phase shift δlðEÞ,
which is a function of the incoming energy E, determines
an eigenvalue of the S-matrix. Eisenbud and Wigner
[26,27] proposed that for nonrelativistic scattering, asso-
ciated with each partial wave, we can define the Eisenbud-
Wigner time delay

ΔTl ¼ 2∂δl
∂E

; ð3:1Þ

by differentiating the partial wave phase shifts with respect
to the energy. Qualitatively, this describes the delay of a
scattering wave packet which is peaked around an energy
E. In situations with less symmetry, it is in general difficult
to construct the eigenvalues and eigenstates, so it is
preferable to have a more general definition of what we
mean by the time delay. This is provided by the Hermitian
time delay operator, known as the Wigner-Smith operator
[77,78], which is defined in terms of the S-matrix as

cΔT ¼ −
i
2
Ŝ†

∂Ŝ
∂E

þ i
2

∂Ŝ†

∂E
Ŝ: ð3:2Þ

Connection can be made with the Eisenbud-Wigner def-
inition of the time delay by considering the elastic region,
for which Ŝ†Ŝ ¼ 1, and considering the expectation value

of cΔT on an eigenstate of Ŝ. Denoting these by jδi, then
differentiating Ŝjδi ¼ e2iδjδi we have

∂Ŝ
∂E

jδi þ ðŜ − e2iδÞ ∂jδi
∂E

¼ e−2iδ
∂ðe2iδÞ
∂E

jδi; ð3:3Þ

from which we infer

hδjcΔTjδi ¼ 2
∂δ

∂E
; ð3:4Þ

which is exactly the Eisenbud-Wigner time delay.
The operator (3.2) can be formally extended to the full

Fock space/QFT Hilbert space as follows: Since the full
S-matrix Ŝ commutes with the asymptotic Hamiltonian Ĥ0

for time-translation invariant systems, we may write it in
terms of its spectral decomposition

Ŝ ¼
Z

dE
X
I;J

jE; IiWIJðEÞhE; Jj; ð3:5Þ

where jE; Ii denote a complete set of multiparticle energy
eigenstates of Ĥ0
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Z
dE

X
I

jE;IihI;Ej¼ 1̂; hE;IjE0;Ji¼δðE−E0ÞδIJ:

ð3:6Þ

The time delay operator defined on the full Fock space is
then

cΔT ¼ −
i
2

Z
dE

X
I

Ŝ†jE; Ii ∂

∂E
ðhI; EjŜÞ

þ i
2

Z
dE

X
I

∂

∂E
ðŜ†jE; IiÞhI; EjŜ

¼ −i
Z

dE
X
I

∂

∂ϵ

�
Ŝ†jE −

ϵ

2
; IihEþ ϵ

2
; IjŜ

�				
ϵ¼0

:

ð3:7Þ

Given that Ĥ0 commutes with Ŝ and Ĥ0jE� ϵ=2; Ii ¼
ðE� ϵ=2ÞjE� ϵ=2; Ii then formally we have

½Ĥ0; cΔT �¼ i
Z

dE
∂

∂ϵ

�
ϵŜ†

				E−
ϵ

2
;I


�
Eþ ϵ

2
;I

				Ŝ�				
ϵ¼0

¼ i;

ð3:8Þ

which shows that the time delay is the operator appro-
priately conjugate to Ĥ0. Note that this expression
only holds at a formal level since, according to Pauli’s
theorem [111], there can be no self-adjoint operator
conjugate to a Hamiltonian with an energy spectrum
bounded below. In short, if there were then it would be
possible to construct a unitary operator e−iΔEΔ̂T which

could translate energy eigenstates to arbitrarily negative
energies e−iΔEΔ̂T jEi ¼ jE − ΔEi.
However, it has long been known that is possible to

construct non-self-adjoint operators which have the above
commutation relation, see for example [112,113]. These
operators are mildly singular (usually requiring an
inverse) and are Hermitian, but not self-adjoint due to
the need to exclude singular points. For a review of these
and related issues see [114–121]. A more formal way to
deal with this is to introduce positive-operator-valued
observables [122–125]. Nevertheless, the allowed domain
contains all the scattering states of interest and so we can
nevertheless compute expectation values of these oper-
ators. Concretely this can be achieved as follows: Let
jΔIðEÞi denote a Fock space eigenstate of Ŝ which is also
an eigenstate of Ĥ0 with eigenvalue E normalized such
that hΔIðEÞjΔJðE0Þi ¼ δIJδðE − E0Þ, and

ŜjΔIðEÞi ¼ e2iΔIðEÞjΔIðEÞi: ð3:9Þ

The full S-matrix may be written in spectral form as

Ŝ ¼
Z

∞

0

dE
X
I

jΔIðEÞie2iΔIðEÞhΔIðEÞj: ð3:10Þ

A generic state is similarly written as

jψi ¼
Z

∞

0

dE
X
I

ψ IðEÞjΔIðEÞi; ð3:11Þ

with ψ IðEÞ ¼ hΔIðEÞjψi. The matrix elements of the time
delay (3.7) are explicitly

hψ jcΔT jϕi ¼ Z
∞

0

dE
X
I

�
−
i
2

�
ψ�
I ðEÞ

∂ϕIðEÞ
∂E

−
∂ψ�

I ðEÞ
∂E

ϕIðEÞ
�
þ 2

dΔI

dE
ψ�
IϕI

�
; ð3:12Þ

which is manifestly Hermitian. Now since

Ĥ0jψi ¼
Z

∞

0

dE
X
I

Eψ IðEÞjΔIðEÞi; ð3:13Þ

which amounts to ψ IðEÞ → Eψ IðEÞ, it is easy to see that

hψ j½Ĥ0; cΔT �jϕi ¼ −
i
2

Z
∞

0

dE
X
I

�
ðEψ�

I ðEÞÞ
∂ϕIðEÞ
∂E

−
∂ðEψ�

I ðEÞÞ
∂E

ϕIðEÞ − ψ�
I ðEÞ

∂ðEϕIðEÞÞ
∂E

þ ∂ψ�
I ðEÞ
∂E

ðEϕIðEÞÞ
�

¼ i
Z

∞

0

dE
X
I

ψ�
I ðEÞϕIðEÞ ¼ ihψ jϕi; ð3:14Þ

which confirms we have the correct definition of the time delay.
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For the squared operator, we naïvely have

hψ jcΔT2jϕi ¼
Z

∞

0

dE
X
I

hψ jcΔT jΔIðEÞihΔIðEÞjcΔT jϕi ð3:15Þ

¼
Z

∞

0

dE
X
I

��
2
dΔI

dE

�
2

ψ�
IϕI −2i

dΔI

dE

�
ψ�
I
∂ϕI

∂E
−
∂ψ�

I

∂E
ϕI

��
þ
Z

∞

0

dE
X
I

�
∂ψ�

I

∂E
þ1

2
ψ�
I ð0ÞδðEÞ

��
∂ϕI

∂E
þ1

2
ϕIð0ÞδðEÞ

�
:

ð3:16Þ

The singular delta functions reflect the problem of defining integrals on the half line. However these expressions are well-
defined for all states for which ϕIð0Þ and ψ Ið0Þ vanish. Since states of zero energy are not of concern in scattering questions,
we may define for all intents and purposes,

hψ jcΔT 2jϕi ¼
Z

∞

0

dE
X
I

��
2
dΔI

dE

�
2

ψ�
IϕI − 2i

dΔI

dE

�
ψ�
I
∂ϕI

∂E
−
∂ψ�

I

∂E
ϕI

�
þ ∂ψ�

I

∂E
∂ϕI

∂E

�
;

which is again manifestly Hermitian. With this definition,
we note that

hψ j½Ĥ0; cΔT 2�jϕi ¼ 2ihψ jcΔT jϕi; ð3:17Þ

which confirms the tenor of the commutation relations. We
can repeat this procedure at higher orders, finding (with
sufficient constraints on the behavior of the wave functions
at E ¼ 0) well-defined expressions for the expectation
values. However, due to the increasing constraints, it is
clear that there is no formal unitary operator eiΔEΔ̂T that can
be defined on the full Hilbert space, and this is how we
evade the implications of the Pauli theorem [122–125].
In the literature, the time delay is often associated only

with the phase factor that occurs in the impact parameter
representation of scattering amplitudes ΔT ∼ 2

∂δðb;EÞ
∂E or

equivalently Δv ∼ 2
∂δðb;kvÞ

∂kv
. We stress that this is only an

approximation since the S-matrix does not diagonalize in
impact parameter basis. Further, this definition fails to
connect with the well-understood situation for small multi-
poles, which was the original interest of Eisenbud and
Wigner [26,27]. By contrast, the Wigner-Smith operator is
meaningful and matches precisely with the Eisenbud-
Wigner definition for partial waves and the impact param-
eter definition when the latter is a good approximation.

B. Null time delay

Given the symmetries of pp-wave spacetimes, it is
natural to generalize the usual concept of a time delay to
that of a null time delay conjugate to the conserved null

momentum P̂v. We aim to define an operator cΔV which
acts on the asymptotic states and is conjugate to the
asymptotic null momentum P̂0

v.
In Heisenberg picture, the quantized free-field metric

fluctuations satisfy the master equation (2.20). Given the
null Killing vector it is natural to split the Hermitian fields
into creation and annihilation operators

Φ̂ðu; v;xÞ ¼
Z

∞

0

dkv
2π

X
I

½âkv;Ieikvvψ Iðu;xÞ

þ â†kv;Ie
−ikvvψ�

I ðu;xÞ�; ð3:18Þ

with kv > 0 by definition. The complex single-particle
wave functions ψ Iðu;xÞ satisfy the master equation (2.20)
obtained from performing a Fourier transform in the
v-coordinate ∂v → ikv. This takes the form of a non-
relativistic Schrödinger equation

i
∂

∂u
ψðu;xÞ¼−

1

2kv
∇2

dψðu;xÞþVðu;xÞψðu;xÞ; ð3:19Þ

where the u-coordinate plays the role of time, ∇2
d ¼ ∂i∂

i is
the Laplacian on the d-dimensional transverse Euclidean
space, and the potential term arises from the curvature of
the spacetime. In this language, we can treat the metric
perturbations as a particle of mass kv being scattered off a
potential V sourced by the pp-wave metric. For instance,
assuming the potential vanishes asymptotically, we can
label the incoming states by the incident transverse
momenta k, and so the incident field may be written as

lim
u→−∞

Φ̂ðu; v;xÞ ¼
Z

∞

0

dkv
2π

1ffiffiffiffiffiffiffi
2kv

p
Z

ddk
ð2πÞd

�
âinkv;ke

ikvveik·x−i
k2
2kv

u þ âinkv;k
†e−ikvve−ik·xþik

2

2kv
u
�
; ð3:20Þ
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with a similar expression for the outgoing field

lim
u→∞

Φ̂ðu; v;xÞ ¼
Z

∞

0

dkv
2π

1ffiffiffiffiffiffiffi
2kv

p
Z

ddk
ð2πÞd

�
âoutkv;k

eikvveik·x−i
k2
2kv

u þ âoutkv;k
†e−ikvve−ik·xþik

2

2kv
u
�
: ð3:21Þ

The relation between the in- and out-fields is given by the
full Fock space S-matrix Ŝ

âout ¼ Ŝ†âinŜ; ð3:22Þ

and the normalization is

½âinkv;k; âink0v;k0
†� ¼ ð2πÞdδðdÞðk − k0Þð2πÞδðkv − k0vÞ: ð3:23Þ

In writing (3.22) we understand that (3.20) and (3.21) apply
also to the fully interacting Heisenberg fields in the LSZ
sense. One of the central virtues of the pp-wave spacetimes
is that, despite being “time-dependent,” the equations for
fluctuations are first-order in (null) time. This means we do
not need to worry about the pair-creation characteristic of
time-dependent spacetimes [126] and since kv is conserved,
the S-matrix diagonalizes on states of definite kv, so the
vacuum satisfies Ŝjvaci ¼ jvaci. In the elastic limit, in
which we neglect particle creation, the S-matrix projected
onto single-particle states is then simply the naive S-matrix
Ŝ inferred from the nonrelativistic Schrödinger equation,

hvacjâoutkv;k0 âinkv;k
†jvaci ¼ hvacjâinkv;k0 Ŝâinkv;k

†jvaci
¼ hk0jŜjkið2πÞδðk0v − kvÞ; ð3:24Þ

with normalization hk0jki ¼ ð2πÞdδðdÞðk − k0Þ. In other
words, in the absence of particle creation, we may view the
entire dynamics from the perspective of the single-particle
Hilbert space. More generally, single-particle unitarity
holds in the sense

Ŝ†Ŝ ¼ 1̂ ⇒ Ŝ†Ŝ ≤ 1̂: ð3:25Þ

To define the null time delay we repeat the derivation of
the Wigner-Smith time delay almost verbatim. Formally,
given the full S-matrix

Ŝ ¼
Z

∞

0

dkv
X
I;J

jkv; IiWIJðkvÞhkv; Jj; ð3:26Þ

with jkv; Ii a complete set of P̂0
v eigenstates with eigenvalue

kv, we define the null time delay operator as

cΔV ¼ −i
Z

∞

0

dkv
X
I

∂

∂ϵ

h
Ŝ†

			kv − ϵ

2
; I
ED

kv þ
ϵ

2
; I
			Ŝi			

ϵ¼0
:

ð3:27Þ

This operator is automatically conjugate to the asymptotic
null momenta

½P̂0
v; cΔV � ¼ i: ð3:28Þ

Projected onto the single-particle Hilbert space this is then

cΔv ¼ −
i
2
Ŝ†

∂Ŝ
∂kv

þ i
2

∂Ŝ†

∂kv
Ŝ; ð3:29Þ

for which

hδjcΔvjδi ¼ 2
∂δ

∂kv
: ð3:30Þ

Like the S-matrix, the time delay operator should be
understood as acting on the asymptotic states. Generic
asymptotic states are not eigenstates of the S-matrix, but the
expectation value of the Wigner-Smith operator can always
be used as a measure of the time delay.

C. Delay of wave packets

To understand why the Eisenbud-Wigner-Smith operator
(3.7) and its null extension (3.27) physically corresponds to
a time delay, consider a generic incoming one-particle state,
which can be written as a superposition of eigenstates of the
single-particle S-matrix with a given kv [127]

jg; ini ¼
Z

∞

0

dkv
2π

X
I

gIðkvÞâinkv;I†jvaci

¼
Z

∞

0

dkv
2π

X
I

gIðkvÞjδIðkvÞi: ð3:31Þ

Here, âinkv;I
† is the creation operator for a single-particle

S-matrix eigenstate jδIðkvÞi and the wave packet is encoded
in the profile function gIðkvÞ. Consider the same state with
an additional null time delay Δv, which can be inferred
from translating (3.18) by v → v − Δv [76]

jg; outi ¼ eiP̂vΔvjg; ini

¼
Z

∞

0

dkv
2π

X
I

gIðkvÞeikvΔvâinkv;I†jvaci: ð3:32Þ

Given

hvacjâink0v;I0 Ŝâinkv;I†jvaci ¼ 2πδII0e2iδIðkvÞδðk0v − kvÞ; ð3:33Þ
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then

hg; outjŜjg; ini ¼
Z

∞

0

dkv
2π

X
I

jgIðkvÞj2e2iδIðkvÞ−ikvΔv:

ð3:34Þ

If we assume the incoming state is peaked at some value k̄v
and that further gIðkvÞ is dominated by a single S-matrix
eigenstate I, then the amplitude will be maximized when
the phase is stationary—this is precisely when

Δv ¼ 2∂δIðk̄vÞ
∂k̄v

; ð3:35Þ

and we recover the pp-wave generalization of the Eisenbud-
Wigner time delay. In this sense, the outgoing state Ŝjg; ini
is well-approximated by an asymptotic state close to
indistinguishable from the incoming state were it not for
the presence of the time delay. The expectation value of the
Fock space Wigner-Smith operator is

hg; injcΔV jg; ini ¼ Z
∞

0

dkv
2π

X
I

jgIðkvÞj2
2∂δIðkvÞ

∂kv
; ð3:36Þ

which is the appropriately weighted average of the
Eisenbud-Wigner time delay for each S-matrix P̂v
eigenstate.
More precisely, given a distribution which, near its peak,

is well-approximated as a Gaussian of width Δkv ≪ k̄v for
a single S-matrix eigenstate

gIðkvÞ ≈
1

π1=4Δk1=2
e
− 1

2Δk2v
ðkv−k̄vÞ2

; ð3:37Þ

expanding the phase around k̄v, the magnitude of the
amplitude may be approximated as

jhg;outjŜjg;inij

∼
1

ð1þ½δ00I ðk̄vÞΔk2v�2Þ1=4
e
−1
4

Δk2vð2δ0I ðk̄vÞ−ΔvÞ
2

ð1þ½δ00
I
ðk̄vÞΔk2v �2Þ ∼e−

1
4
Δk2vð2δ0Iðk̄vÞ−ΔvÞ2 ;

ð3:38Þ

assuming δ00I ðk̄vÞΔk2v ≪ 1. Although, mathematically, the
amplitude is peaked at Δv ¼ 2δ0Iðk̄vÞ, in practice, the
amplitude is order unity over a range of width 1=Δk—
this is the resolvability criterion coming from the uncer-
tainty principle. Thus a more precise statement is that the
time delay is

ΔvI ¼
2∂δIðk̄vÞ

∂k̄v
�OðΔk−1v Þ: ð3:39Þ

Given that Δkv ≪ k̄v in order to trust the saddle point
approximation, the strongest statement of causality we can
infer from this argument is

ΔvI ≳ −k̄−1v : ð3:40Þ

D. Uncertainty of time delay

A generic incoming state is not an eigenstate of the
S-matrix or time delay operator. Indeed, normalizable
scattering states are always wave packets. Since naïvely
½ΔV̂ ; P̂0

v� ¼ i, there is an inevitable uncertainty relation
between the time delay and the asymptotic null energy. We
may define this uncertainty in the usual way

Δunv2 ¼ hg; injcΔV2jg; ini − ðhg; injcΔV jg; iniÞ2: ð3:41Þ

Evaluating the expectation value on the single-particle
wave packets (3.31) gives

hg; injcΔV2jg; ini

¼
Z

∞

0

dkv
2π

X
I

�
jgIðkvÞj2

�
2∂δIðkvÞ

∂kv

�
2

þ
				∂gIðkvÞ

∂kv

				2�;
ð3:42Þ

and so

Δunv2¼⟪

�
2∂δI
∂kv

�
2

⟫−⟪
2∂δI
∂kv

⟫
2þ

Z
∞

0

dkv
2π

X
I

				∂gIðkvÞ
∂kv

				2;
ð3:43Þ

where ⟪XI⟫ ¼ R∞
0

dkv
2π

P
I jgIðkvÞj2XIðkvÞ. The last term is

the usual uncertainty due to the fact that we are considering
wave packets in kv, while the first two terms are contri-
butions to the uncertainty which come directly from the
scattering and vanish in the limit of no scattering. We thus
have the bound

Δunv2 ≥
Z

∞

0

dkv
2π

X
I

				 ∂gIðkvÞ
∂kv

				2: ð3:44Þ

Although kv ≥ 0, we may view fðkvÞ as a wave function
that happens to vanish for kv < 0, and so by the usual
reasoning we have

ΔunvΔkv ≥ 1=2; ð3:45Þ

with

ðΔkvÞ2 ¼ ⟪k2v⟫ − ⟪kv⟫2: ð3:46Þ

This was explicit in the wave packets considered above.
The contribution to the uncertainty from scattering at fixed
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kv can be expressed in terms of the single-particle Hilbert
space time delay as

δv ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
hinjcΔv2jini − hinjcΔvjini2q

; ð3:47Þ

with

hinjcΔv2jini ¼ hinj ∂Ŝ
†

∂kv

∂Ŝ
∂kv

jini: ð3:48Þ

We shall make crucial use of this fact later.

E. Asymptotic time delay in Schrödinger picture

Consider the Schrödinger-like equation of the form

i
∂

∂u
ψðu;xÞ¼−

1

2kv
∇2ψðu;xÞþVðu;xÞψðu;xÞ; ð3:49Þ

or more abstractly, in first-quantized language,

i
∂

∂u
jψi ¼ Ĥjψi; ð3:50Þ

where Ĥ¼ Ĥ0þ Ĥ1 with Ĥ0¼p̂2=ð2kvÞ and Ĥ1¼Vðu;x̂Þ.
Let us assume without loss of generality that interactions
vanish for u < ui and u > uf, with the usual case recovered
in the limit juij; jufj → ∞. Then, the S-matrix is the time-
evolution operator in interacting picture

Ŝ ¼ Ûðuf; uiÞ ¼ T e
−i
R

uf
ui

duĤint
1 ðuÞ

¼ eiĤ0uf Ûðuf; uiÞe−iĤ0ui ; ð3:51Þ

where Ĥint
1 ðuÞ ¼ eiĤ0uĤ1e−iĤ0u is the perturbation in

interacting picture and Ûðuf; uiÞ ¼ T e
−i
R

uf
ui

duĤðuÞ
is the

Schrödinger-picture evolution operator. To determine the
time delay we need

∂

∂kv
Ŝ ¼ ∂

∂kv
T e

−i
R

uf
ui

duĤint
1 ðuÞ

¼ −i
Z

uf

ui

du0T
�
∂Ĥint

1 ðu0Þ
∂kv

e
−i
R

uf
ui

duĤint
1 ðuÞ

�
¼ −i

Z
uf

ui

du0Ûðuf; u0Þ
∂Ĥint

1 ðu0Þ
∂kv

Ûðu0; uiÞ; ð3:52Þ

from which we can infer

cΔv ¼ −iŜ†
∂Ŝ
∂kv

¼ −
Z

uf

ui

du0Ûðuf; uiÞ†Ûðuf; u0Þ
∂Ĥint

1 ðu0Þ
∂kv

Ûðu0; uiÞ

¼ −
Z

uf

ui

du0Ûðu0; uiÞ†
∂Ĥint

1 ðu0Þ
∂kv

Ûðu0; uiÞ: ð3:53Þ

Now let us convert this into Schrödinger picture. First note

since Ĥ0 commutes with ∂Ĥ0

∂kv
, from the definition of the

interacting picture Hamiltonian, we have

∂Ĥint
1 ðuÞ
∂kv

¼ eiĤ0u
∂Ĥ1ðuÞ
∂kv

e−iĤ0uþ iu

�
∂Ĥ0

∂kv
;Ĥint

1 ðuÞ
�

ð3:54Þ

¼ eiĤ0u

�
∂Ĥ1ðuÞ
∂kv

þ iu

�
∂Ĥ0

∂kv
; Ĥ1ðuÞ

��
e−iĤ0u: ð3:55Þ

Denoting the time delay operator with finite initial and final
times as

cΔv ¼ −
Z

uf

ui

du0Ûðu0; uiÞ†
∂Ĥint

1 ðu0Þ
∂kv

Ûðu0; uuÞ; ð3:56Þ

this becomes, in terms of Schrödinger picture quantities,

cΔv ¼ −
Z

uf

ui

du eiĤ0uiÛðu; uiÞ†

×

�
∂Ĥ1ðuÞ
∂kv

þ iu

�
∂Ĥ0

∂kv
; Ĥ1ðuÞ

��
Ûðu; uiÞe−iĤ0ui :

ð3:57Þ

At the level of the expectation value this is

Δv ¼ hinjcΔvjini ¼ −
Z

uf

ui

duhψðuÞjQ̂ðuÞjψðuÞi; ð3:58Þ

where

Q̂ðuÞ ¼ ∂Ĥ1ðuÞ
∂kv

þ iu
�
∂Ĥ0

∂kv
; Ĥ1ðuÞ

�
; ð3:59Þ

and

jψðuÞi ¼ Ûðu; uiÞe−iĤ0ui jini; ð3:60Þ

which we recognize as the solution to the Schrödinger
equation with initial condition

jψðuiÞi ¼ e−iĤ0ui jini: ð3:61Þ

The u in the second term in (3.59) is specific to the
convention that states in the Heisenberg picture are defined
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as Schrödinger states evaluated at u ¼ 0, and interacting
picture states are referred to similarly. A different choice
u → u − u0 can be absorbed by a unitary transformation in
jψi, so (3.58) is universal when considering the set of all
possible states jψi.
In the situation in which all interactions vanish for

u < 0, i.e. ui ¼ 0, the time delay can be written simply
in terms of Heisenberg operators and the Heisenberg state
jψð0Þi ¼ jini,

Δv ¼ −
Z

uf

0

duhψð0ÞjQ̂HðuÞjψð0Þi; ð3:62Þ

with

Q̂HðuÞ ¼ Ûðu; 0Þ†Q̂ðuÞÛðu; 0Þ: ð3:63Þ
Wemay view Q̂HðuÞ as the operator version of the classical
quantity that determines the rate of increase in the v-time
delay per unit u-time

QðuÞ ¼ −
dΔvðuÞ

du
: ð3:64Þ

F. EFT time delay in Schrödinger picture

In the previous section, we defined the total time delay.
This is typically a combination of the GR time delay and
corrections that come from interactions which, in the EFT,
are captured by contributions suppressed by inverse powers
of the cutoff. More precisely, the form of the Hamiltonian
can be split as

ĤðuÞ ¼ ĤGRðuÞ þ ĤEFTðuÞ; ð3:65Þ

for which

lim
Λ→∞

ĤEFT ¼ 0: ð3:66Þ

In many situations, the cutoff Λ must be necessarily below
the Planck scale, so one should also take the limit
MPl → ∞. Note that, since shockwaves are exact solutions,
we can always appropriately scale f in that limit so as to
maintain a nontrivial background.
Alternatively, a more pragmatic (and generally appli-

cable) definition of the split is that ĤGR denotes the terms in

the Hamiltonian that come from the two- (and lower)
derivative part of the action, while ĤEFT are those terms that
arise from higher-derivative (irrelevant) operators. Given
this split, we may give a more local definition of the time
delay which encodes the effect of the EFT interactions
relative to the GR background. To do this, we choose the
map from Schrödinger to interacting picture by

jψðuÞi ¼ T e−i
R

u

0
du0 ĤGRðu0Þjψ IðuÞi: ð3:67Þ

Then we may define the EFT S-matrix via

Ŝ ¼ Ŵðuf; uiÞ ¼ T e
−i
R

uf
ui

duĤint
EFTðuÞ; ð3:68Þ

with now

Ĥint
EFTðuÞ ¼ K̂ðu; 0Þ†ĤEFTðuÞK̂ðu; 0Þ; ð3:69Þ

and

K̂ðu; uiÞ ¼ T e
−i
R

u

ui
du0 ĤGRðu0Þ: ð3:70Þ

The EFT time delay is then

cΔvEFT¼−
Z

uf

ui

du0K̂ðu0;uiÞ†
∂Ĥint

EFTðu0Þ
∂kv

K̂ðu0;uuÞ: ð3:71Þ

Using

∂

∂kv
K̂ðu;0Þ¼−i

Z
u

0

du0K̂ðu;u0Þ∂ĤGRðu0Þ
∂kv

K̂ðu0;0Þ

¼−i
Z

u

0

du0K̂ðu;u0Þ∂ĤGRðu0Þ
∂kv

K̂ðu;u0Þ†K̂ðu;0Þ;

ð3:72Þ

this then becomes

ΔvEFT ¼ −
Z

uf

ui

duhψðuÞjQ̂EFTðuÞjψðuÞi; ð3:73Þ

where now

Q̂EFTðuÞ ¼
∂ĤEFTðuÞ

∂kv
þ i

Z
u

0

du0
�
K̂ðu; u0Þ ∂ĤGRðu0Þ

∂kv
K̂ðu; u0Þ†; ĤEFTðuÞ

�
; ð3:74Þ

and

jψðuÞi ¼ K̂ðu; 0ÞŴðu; uiÞjini: ð3:75Þ
For most purposes, it is sufficient to determine the EFT time delay to first order in ĤEFT and so we just directly compute

ΔvEFT ≈ −
∂

∂kv

Z
uf

ui

duhinjĤint
EFTðuÞjini: ð3:76Þ
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G. Time delay from Wigner functions

In practice, the exact formula for the scattering time
delay (3.58) is difficult to determine other than by means of
an approximation or by numerical evolution. It is also
relatively straightforward to infer the time delay in pertur-
bation theory (Born series), and we shall do so in Sec. VII.
Our main tool will however be the eikonal and semi-
classical approximations. It proves useful to rewrite (3.58)
in terms of Wigner functions since they are most closely
tied to a (nearly) classical interpretation of the scattering.
Denoting the density operator as

ρ̂ðuÞ ¼ jψðuÞihψðuÞj; ð3:77Þ

then the total time delay is

Δv ¼ −
Z

uf

ui

duTr½ρ̂ðuÞQ̂ðuÞ�: ð3:78Þ

Denoting the Wigner phase-space function by

Wðx;p;uÞ¼
Z

ddae−ia·phxþa=2jρ̂ðuÞjx−a=2i; ð3:79Þ

and the associated phase space representation of Q̂ðuÞ by

Qðx;p;uÞ¼
Z

ddae−ia·phxþa=2jQ̂ðuÞjx−a=2i; ð3:80Þ

then the asymptotic/total time delay can be rewritten as

Δv¼−
Z

uf

uI

du
Z

ddx
Z

ddp
ð2πÞdWðx;p;uÞQðx;p;uÞ:

ð3:81Þ

A similar expression holds for the EFT time delay

ΔvEFT¼−
Z

uf

ui

du
Z

ddx
Z

ddp
ð2πÞdWðx;p;uÞQEFTðx;p;uÞ:

ð3:82Þ

In both cases, the operator Q̂ as a function of its constituent
operators can be replaced with the phase-space function as

a function of the phase-space versions of the same, with
operator products replaced by the Moyal product, denoted
by ⋆. Similarly, the equation for the density operator in
Schrödinger picture

i
∂ρ̂ðuÞ
∂u

¼ −½ρ̂ðuÞ; Ĥ�; ð3:83Þ

is replaced by the quantum Liouville equation

i
∂Wðx;p; uÞ

∂u
¼ −½Wðx;p; uÞ⋆Hðx;p; uÞ
−Hðx;p; uÞ⋆Wðx;p; uÞ�: ð3:84Þ

These expressions may appear unwieldy, but they
prove to be the most useful for deriving the semiclassical
approximation.

H. Semiclassical approximation

In the semiclassical approximation, we intuitively expect
the dynamics to be dominated by that of the classical
particle trajectories. This is most straightforwardly derived
by reintroducing ℏ in the conventional places within the
Schrödinger equation, and taking the limit ℏ → 0. In this
limit, the Moyal product reduces to the ordinary product

lim
ℏ→0

Aðx;p; uÞ⋆Bðx;p; uÞ → Aðx;p; uÞBðx;p; uÞ; ð3:85Þ

and the expression forQ ¼ −dΔv=du is given by its classical
version with commutators replaced by Poisson brackets

Qðx;p;uÞ¼ ∂H1ðx;p;uÞ
∂kv

−u

�
∂H0ðx;p;uÞ

∂kv
;H1ðx;p;uÞ



ð3:86Þ

¼ ∂

∂kv
Vðu;xÞ − u

p
k2v

· ∇Vðu;xÞ: ð3:87Þ

Finally, at leading order in the semiclassical approximation,
the dynamical equation for theWigner function reduces to the
Liouville equation

∂

∂u
Wðx;p; uÞ ¼ −fWðx;p; uÞ; Hðx;p; uÞg: ð3:88Þ

The solution of this linear equation is straightforward

Wðx;p; uÞ ¼
Z

ddx0

Z
ddp0

ð2πÞd W0ðx0;p0ÞδðdÞðx − xclðx0;p0; uÞÞð2πÞdδðdÞðp − pclðx0;p0; uÞÞ;

where W0ðx0;p0Þ is the Wigner function at time u ¼ 0, and ðxclðx0;p0;uÞ;pclðx0;p0;uÞÞ denotes the solution of the
classical equations of motion in phase space, given the initial data ðxcl;pclÞ ¼ ðx0;p0Þ at u ¼ 0.
Substituting into the expression for the time delay, we finally obtain at leading order in the semiclassical approximation,

ðΔvÞsemiclassical ¼ −
Z

ddx0

Z
ddp0

ð2πÞd W0ðx0;p0Þ
Z

uf

ui

duQðxclðx0;p0; uÞ;pclðx0;p0; uÞ; uÞ: ð3:89Þ
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The classical approximation would further neglect the
effect of uncertainty and quantum diffusion

ðΔvÞclassical ¼ −
Z

uf

ui

duQðxclðx0;p0; uÞ;pclðx0;p0; uÞ; uÞ:

ð3:90Þ

Stated in words: In order to determine the semiclassical
scattering time delay, we first infer the classical time delay
(3.90) associated with an arbitrary classical initial condition
ðx0;p0Þ in phase space. We then perform the average of
those classical initial conditions according to whatever the
initial wave function and hence initial Wigner distribution
is. The latter step automatically incorporates the effects of
the uncertainty principle and quantum diffusion into the
calculation of the time delay. It is clear that the classical
approximation can only be trusted when most of the time
delay is built up well before the diffusion time, for which
we can no longer neglect the quantum induced spread.

I. Quantum diffusion

A crucial fact which is embedded in the above discussion
so far, is that a generic initial wave function ψ0 can never be
perfectly localized both in position and momenta by virtue
of the uncertainty principle Δx · Δk ≥ 1=2. Thus, generic
initial wave packets have some spread in transverse space.
Viewed as a field in a low-energy EFT, its spatial extent
σ ∼ jΔxj is additionally bounded below by the EFT cutoff
as σ ≫ Λ−1 (see Appendix E). Even in the absence of a
potential, this initial uncertainty grows with time due to
quantum diffusion and limits the amount of time delay that
can be built up. Consider a spherically symmetric Gaussian
initial profile

ψ0ðxÞ ¼
1

ð2πσ2Þd=4 exp
�
−
jx − bj2
4σ2

�
; ð3:91Þ

centered at b with width σ much smaller than the distance
to the source(s) σ ≪ b. The associated Wigner function at
the initial time is

W0ðx0;p0Þ ¼ 2d exp

�
−
jx0 − bj2

2σ2

�
exp

�
−

p0
2

2Δp2

�
; ð3:92Þ

with

σΔp ¼ 1

2
: ð3:93Þ

After a time u under free evolution, the Wigner function
will be peaked around the straight-line trajectory

Wðx;p;uÞ¼ 2d exp

�
−
jx−pu=kv−bj2

2σ2

�
exp

�
−

p2

2Δp2

�
;

ð3:94Þ

and the wave packet will diffuse to one with an effective
width of σ2effðuÞ ¼ σ2 þ ðu=2kvσÞ2.
This diffusion inevitably provides a cutoff on the

scattering process and the build-up of the time delay/
advance. For example, if we consider the scattering of two
localized objects of impact parameter b, we no longer
expect a significant contribution to the time delay once the
diffusion of the wave packet is comparable to the impact
parameter. This occurs at the “diffusion time” for which

σeffðudiffÞ ∼ b ⇒ udiff ∼ 2kvσ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 − σ2

p
: ð3:95Þ

The maximum diffusion time is then seen to be

udiff ∼ kvb2: ð3:96Þ

However, if the initial wave packet is well-localized, it may
be even smaller udiff ∼ kvσb. Either way, the wave function
ψðu;xÞ can no longer be considered localized after a finite
time udiff . We shall confirm this explicitly by more detailed
calculations below.

J. Eikonal approximation

Having written everything in terms of the Schrödinger
picture makes it easier to compare with the standard eikonal
approximation for the Schrödinger equation. Let us first do
this for the S-matrix describing scattering from states of
momenta k to k0. In order to maintain symmetry between
the incoming and outgoing state, we define the average
momenta n ¼ ðk0 þ kÞ=2. The eikonal approximation is
derived by first factorizing out the free evolution at the
average momenta

ψ ¼ ein·xe−in
2u=2kvχ; ð3:97Þ

so that the Schrödinger equation becomes

i
∂

∂u
χðx; uÞ ¼ −i

n
kv

· ∇χðx; uÞ

−
1

2kv
∇2

dχðx; uÞ þ Vðu;xÞχðx; uÞ: ð3:98Þ

At leading order in the approximation, we neglect the
Laplacian term, meaning that one of the conditions for
the approximation to be valid is that the momentum transfer
is small, which is achieved for small scattering angles.
Then, changing variables to x ¼ y þ nu=kv, the resulting
equation
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i
∂

∂u
χðy; uÞ ≈ Vðu; y þ nu=kvÞχðy; uÞ; ð3:99Þ

can be exactly integrated

χðy; ufÞ ≈ e
−i
R

uf
ui

duVðu;yþnu=kvÞχðy; uiÞ: ð3:100Þ

The S-matrix between initial state χi ¼ eiðk−nÞ·y and final
state χf ¼ eiðk0−nÞ·y is then

hk0jŜjki ¼
Z

ddye−iq·ye
−i
R

uf
ui

duVðu;yþnu=kvÞ; ð3:101Þ

with momentum transfer q ¼ k0 − k. In the familiar case,
for which V is independent of u with jui;fj → ∞, we may
further define y ¼ bþ n̂z, where n · b ¼ 0. Then, by
shifting u → u − jnjz, the S-matrix becomes

hk0jŜjki ¼ 2πδðq · n̂Þ
Z

dd−1b e−iq·be−i
R

∞
−∞

duVðbþnu=kvÞ;

ð3:102Þ

which we recognize to be the familiar eikonal approxima-
tion for scattering off a time-independent potential.
To determine the scattering time delay for an incoming

state which is peaked at incoming momentum p0, it is

convenient to further approximate (3.101) by replacing n
by p0

hk0jŜjki ≈
Z

ddye−iq·ye
−i
R

uf
ui

duVðu;yþp0u=kvÞ; ð3:103Þ

so that

hk0jŜjψi ≈
Z

ddye−ik
0:yψðyÞe−i

R
uf
ui

duVðu;yþp0u=kvÞ:

ð3:104Þ

This allows the integrals to be performed, giving

Δv ¼ −ihψ jŜ† ∂

∂kv
Ŝjψi

¼ −i
Z

ddk0hψ jŜ†jk0i ∂

∂kv
hk0jŜjψi

≈ −
Z

uf

ui

du
Z

ddyjψðyÞj2
�
∂

∂kv
V

�
u; y þ p0u

kv

�
− u

p0

k2v
· ∇V

�
u; y þ p0u

kv

��
: ð3:105Þ

Given the Wigner function will be similarly peaked at p0,
we can rewrite the eikonal scattering time delay as

ðΔvÞeikonal ≈ −
Z

uf

ui

du
Z

ddy
Z

ddp0W0ðy;p0Þ
�
∂

∂kv
V

�
u; y þ p0u

kv

�
− u

p0

k2v
· ∇V

�
u; y þ p0u

kv

��
≈ −

∂

∂kv

Z
uf

ui

du
Z

ddy
Z

ddp0W0ðy;p0ÞV
�
u; y þ p0u

kv

�
: ð3:106Þ

Identifying y ¼ x0 as the classical position at u ¼ 0, we
recognize the leading-order eikonal approximation to
simply be the semiclassical approximation evaluated such
that the trajectories of the particles are taken to be straight
lines, which would be expected to be valid for small angle
scattering. As such, it neglects certain higher-order effects
of scattering, which cause the mean trajectory to depart
from a straight line.
If we further neglect the effect of quantum uncertainty/

diffusion then this reduces to the “classical” eikonal form

ðΔvÞeikonal ≈ −
∂

∂kv

Z
uf

ui

duV

�
u;x0 þ

p0u
kv

�
: ð3:107Þ

In realistic situations, the potential vanishes at large
distances, so this integral will be maximized for p0 as
small as possible. At the impact parameter x0 ¼ b, the
eikonal time delay reduces to

ðΔvÞeikonal ≈ −
∂

∂kv

Z
uf

ui

duVðu;bÞ; ð3:108Þ

which is the expression considered in [29]. This result may
be obtained more directly by neglecting scattering in the
transverse directions from the outset. This amounts to
ignoring the Laplacian-term in (3.19) so that the particle
deviates from its initial configuration only by a phase.
Setting up our initial conditions at time u ¼ 0 with initial
particle displacement x ¼ b ¼ bb̂, then the approximate
solution at a later time is

ψðu;bÞ ¼ ψ0 exp ½2iδðu;bÞ�;

2δðu;xÞ ¼ −
Z

u

0

du0Vðu0;xÞ; ð3:109Þ

from which the time delay is easily obtained
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ðΔvÞeikonal ¼ 2
∂δðu;bÞ
∂kv

¼ −
∂

∂kv

Z
u

0

du0Vðu0;bÞ: ð3:110Þ

It is clear from our previous derivations that (3.110) can
only be trusted when the integral is taken over a range of u
for which the effects of diffusion and scattering are
neglected.

IV. SHOCKWAVE SCATTERING IN THE
EIKONAL APPROXIMATION

As outlined above, there are two physical effects which
limit the maximum time delay/advance that can be built up
in a given experiment: (i) quantum diffusion and (ii) scat-
tering. In this section we shall consider the maximum time
delay/advance that can be obtained by a sequence (or
continuum) of shockwaves, each of which may be viewed
as a point source in the transverse direction. In this case it
will turn out that the main limitation on an accumulation of
time delay is from (ii) the scattering, and so we shall neglect
the quantum diffusion.

A. Warm-up: Scattering due to a single point source

Before proceeding to the case of multiple (or a con-
tinuum of) shockwaves, let us consider the simplest
scenario of a particle scattering off a single point shock-
wave. An idealized shockwave describing a boosted black
hole/particle of null momentum Pð2Þ

u takes the form

ds2 ¼ 2dudvþ αδðuÞdu2 þ dx2; ð4:1Þ

with α ¼ 4Γððd − 2Þ=2Þ=πðd−2Þ=2GPð2Þ
u . As discussed in

Sec. II D 2, this solution is singular from the point of view
of the EFT, and to be treated within the EFT it must be
smoothed out over a null distance L ∼ kv=Λ2 to, for
example,

ds2 ¼ 2du dvþ α
1ffiffiffiffiffiffiffiffiffiffiffi
2πL2

p exp

�
−

u2

2L2

�
du2 þ dx2: ð4:2Þ

If L is taken to be too large then we need to account for the
evolution of the trajectory through the Gaussian which we
do in the next section. For now we choose it to be the
smallest possible consistent with the EFT. Since the
potential lasts only for a short u-time, the eikonal approxi-
mation is good, and including the EFT correction, this is

Δv ¼ α

2bd−2
− Aðd − 2Þ cGB

Λ2

α

2bd
ð4:3Þ

to a good approximation. It is easy to see that the GR/
Shapiro contribution can be made arbitrarily large and
resolvable without contradicting the validity of the EFT.
This is of course as it should be, since the GR effects are
experimentally observable. By contrast, in this situation,
the EFT contribution to the time delay is bounded. The EFT

bound on the Riemann curvature applied at the impact
parameter amounts (2.30b) to

k2vα
Lbd

¼ Λ2k2vα
kvbd

≪ Λ4; ð4:4Þ

which simplifies to

kvα
bd

≪ Λ2; ð4:5Þ

from which we see

kvjΔvEFTj≲ jcGBj: ð4:6Þ

Thus, the EFT contribution to the time delay, meaning the
contribution from the GB-term, is only resolvable if jcGBj is
taken to be larger than unity,

Demanding kvjΔvEFTj < Oð1Þ in all physical situations

⇒ jcGBj < Oð1Þ; ð4:7Þ

which is consistent from expectations of the EFT, and from
expectations of positivity/bootstrap bounds—for Gauss-
Bonnet gravity this is explicitly discussed in [51]. The same
conclusion for scattering off a single shockwave is reached
at the beginning of Sec. 3.3 in [29]. The same argument
does not apply to the GR/Shapiro contribution because it is
larger by a factor of ðΛbÞ2 and there is no constraint on how
large b can be.

B. Scattering due to a set of point sources

We now want to extend the argument in the previous
section to multiple shockwaves or extended (not localized)
pp-wave configurations, including a continuum. For now,
we continue to consider just the point source (2.5) with
arbitrary u-profile for the function fðuÞ and hence H. This
captures the main physics at play except for the possibility
of an equilibrium point in the potential, which will be
addressed in Sec. V. The point source potential is

Vðu; rÞ ¼ −
kv
2
Hðu; rÞ þ Akv

cGB
Λ2

∂rHðu; rÞ
r

: ð4:8Þ

The eikonal time delay, with diffusion and scattering
neglected, accumulated up until time u is

ðΔvÞeikonalðuÞ

¼ −
∂

∂kv

Z
u

0

du0Vðu0;bÞ

¼
�
1

2

Z
u

0

du0Hðu0; rÞ − A
cGB
Λ2

Z
u

0

du0
∂rHðu0; rÞ

r

�				
r¼b

:

ð4:9Þ
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If we consider N copies of the previous shockwave
solution, stacked together and sufficiently spaced in null
time to be distinguishable, it would at first sight appear that
we can generate a contribution arbitrarily large in magni-
tude from the GB-term and still remain consistent with the
EFT validity constraints (2.30). This is however not the
case, because in such a stacked shockwave configuration,
the approximations used to obtain (4.9) do not hold for all
time. As we have discussed, there are two effects that limit
this: One is diffusion and the second is scattering in the
transverse directions. In the present case scattering in the
transverse directions is the main constraint. As such, we
need only concern ourselves with the magnitude of the time
delay accumulated by some time umax when the eikonal
approximation breaks down.

1. Scattering time estimate

A simple estimate for this time can be obtained by
considering the classical trajectory a particle of mass kv
experiencing a force due to the potential Vðu;xÞ would
follow:

kv
d2x
du2

¼ −∇Vðu;xÞ: ð4:10Þ

Since the main contribution to the potential is from the GR
term, we will neglect the GB-term to get an estimate on
umax. The amount scattered in the transverse direction is
thus approximately

ΔrðuÞ ∼ −
1

kv

Z
u

0

du0
Z

u0

0

du00∂rVðu00; rÞ
				
r¼b

∼ −
Z

u

0

du0
Z

u0

0

du00∂rHðu00; rÞ
				
r¼b

: ð4:11Þ

When the amount scattered becomes comparable to the
impact parameter b, we can no longer trust the eikonal
approximation, and so umax is defined by the condition

ΔrðumaxÞ ∼ b ⇒
Z

umax

0

du
Z

u

0

du0
fðu0Þ
bd

∼Oð1Þ: ð4:12Þ

The above form of the time delay (4.9) can only be trusted
for null times less than this scattering time. Imposing this
upper bound, the maximum EFT time delay generated by
time umax is

jΔvEFTðumaxÞj ∼
jcGBj
Λ2

Z
umax

0

du
fðuÞ
bd

; ð4:13Þ

and making the judicious choice to express fðuÞ as the
integral of its derivative,

jΔvEFTðumaxÞj ∼
jcGBj
Λ2

Z
umax

0

du
Z

u

0

du0
f0ðu0Þ
bd

: ð4:14Þ

If we now apply the EFT validity bound (2.30c), or rather
its averaged version (2.32), we find that

kvjΔvEFTðumaxÞj ≪ jcGBj
Z

umax

0

du
Z

u

0

du0
fðu0Þ
bd

≪ jcGBj:

ð4:15Þ

That is, the EFT time delay is unresolvable for any
jcGBj ≲Oð1Þ. We stress that this argument not only applies
to a single extended shockwave, but any number of shocks
stacked together.

Special situation: Sequence of shockwaves. Let us run this
argument in more detail for the sequence of N shockwaves,
illustrated in Fig. 2 and described by the metric function

fsswðuÞ ¼
XN−1

n¼0

αδðu − nΔuÞ: ð4:16Þ

The time delay is now N times larger than (4.3) and so,
returning to the argument of the introduction, we may think
that by making N large enough, we can make the EFT
contribution resolvable. The total EFT time delay is

ΔvEFT ∼ −NAðd − 2Þ cGB
Λ2

α

2bd
: ð4:17Þ

FIG. 2. Illustration of the time delay accumulated by scattering
off a pp-wave with N sources.
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The key observation is that the total time NΔu, over which
we can trust the eikonal approximation, is bounded by the
scattering time. Identifying umax ¼ NΔu, then (4.12)
amounts to

N2Δu
α

bd
¼ u2max

α

Δubd
∼ 1: ð4:18Þ

The scattering time is

umax ¼ us ¼
ffiffiffiffiffi
bd

f0

s
; ð4:19Þ

with f0 ¼ α=Δu being the mean value of fðuÞ during the
period of the shocks. Substituting in (4.17) we obtain

kvjΔvEFTj ≈ jcGBj
kv

Λ2us
: ð4:20Þ

However, to trust the EFT, the spacing between the shocks
must satisfy (2.30c) and (2.30b) both of which amount to

us ≫
kv
Λ2

; ð4:21Þ

which is just the statement that we cannot meaningfully
consider null times smaller than the EFT cutoff kv=Λ2.
Putting this together we obtain

kvjΔvEFTj ≪ jcGBj; ð4:22Þ

regardless of N. Thus, the superficial gain from multiple
shocks of the same amplitude is more than compensated by
the increased scattering they induce. We may, of course,
think to compensate this by repositioning the location of
each source to track the scattered state. A configuration
which effectively does this will be considered in Sec. V.

2. Breakdown of eikonal

For a more sophisticated argument, we can account for
the leading corrections to the eikonal approximation. This
may be done by directly computing the corrections in
(3.90) which depart from (3.107). A more immediate way is
to follow [29] and write the wave function in WKB form

ψðu;xÞ ¼ ψ0 exp ½2iδðu;xÞ�; ð4:23Þ

for which the WKB phase must obey

−2
∂δðu;xÞ

∂u
¼ 2

kv
j∇δðu;xÞj2 − i

kv
∇2

dδðu;xÞ þ Vðu;xÞ:

ð4:24Þ

The leading-order solution δð0Þðu;xÞ, obtained by neglect-
ing gradient terms, is the eikonal expression already given

by (3.109). The first correction δð1Þðu;xÞ is obtained by
substituting the leading term back into (4.24),

−2
∂δð1Þðu;xÞ

∂u
¼ 2

kv
j∇δð0Þðu;xÞj2− i

kv
∇2

dδ
ð0Þðu;xÞ: ð4:25Þ

Given that V is harmonic, the solution is simply

δð1Þðu;xÞ ¼ −
1

4kv

Z
u

0

du0
				 Z u0

0

du00∇Vðu00;xÞ
				2; ð4:26Þ

and so the leading correction to the eikonal time delay is

ðΔvÞð1ÞeikonalðuÞ¼−
∂

∂kv

�
1

2kv

Z
u

0

du0
				Z u0

0

du00∇Vðu00;bÞ
				2�:

ð4:27Þ

This result can be obtained directly from (3.107), or more
precisely (3.90), by accounting for the leading correction to

the straight line trajectory. When ðΔvÞð1ÞeikonalðuÞ becomes

comparable to ðΔvÞð0ÞeikonalðuÞ, we can clearly no longer trust
the leading-order eikonal result.
In a situation with repeated shocks, the integral in (4.26)

continues to grow, meaning that there is inevitably some
time umax at which the eikonal approximation breaks down.
At the level of the phase equation (4.24), we may ask when
their partial-u derivatives become comparable, i.e.,

1

2kv

				 Z umax

0

du∇Vðu;bÞ
				2 ∼ Vðumax;bÞ: ð4:28Þ

For our spherically symmetric pp-wave this condition for
umax is Z

umax

0

du
fðuÞ
bd

∼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðumaxÞ

bd

r
; ð4:29Þ

see Eq. (4.12). The left-hand side of (4.29) can be directly
replaced by the right-hand side in the expression for the
EFT time delay (4.13) to give

jΔvEFTðumaxÞj ∼
jcGBj
Λ2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fðumaxÞ

bd

r
: ð4:30Þ

We can now deploy a second EFT validity bound (2.30b),
in the form ffiffiffiffiffiffiffiffiffi

fðuÞ
bd

r
≪

Λ2

kv
; ð4:31Þ

to arrive again at the key result

kvjΔvEFTðumaxÞj ≪ jcGBj: ð4:32Þ
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We thus see that, provided jcGBj ≲Oð1Þ, the EFT con-
tribution to the time delay computed in the eikonal regime
is necessarily unresolvable.
Neither of the above arguments required a specific

choice for the time-dependence of the background space-
time, or in particular fðuÞ, and are confirmed by the explicit
choice of constant the fðuÞ ¼ f0 used in Sec. VI, in both
the eikonal and semiclassical approximations.

V. SCATTERING BYPASS BY BALANCING
SHOCKWAVES

It should now be clear that the main obstruction to
generating an observably large EFT time advance within
the regime of validity of the EFT is scattering in the
transverse directions. This scattering is the result of an
attractive gravitational potential pulling waves propagating
in the v-direction toward the source.
Naïvely, it may seem like this fate could be avoided by

engineering an equilibrium point in the potential at which
the v-moving-waves could sit without deviation. However,
point-particles should be understood as limits of highly, but
crucially not perfectly, localized wave packets—these do
feel the gravitational pull toward the sources.

A. Surfing on an extremum

In order to see why it is not possible to indefinitely
accumulate time delay even when the potential possesses
an equilibrium point, we need to understand this setup
within the semiclassical approximation, as discussed in
Sec. III H.
The prototypical example of such a configuration with an

(unstable) equilibrium is associated to the balanced metric
function (2.6), which sets up a symmetric potential sourced
by two pp-waves located at x ¼ �b. The GR-term in the
potential is

Vðu;xÞ ¼ −
kvfðuÞ

2

�
1

jx − bjd−2 þ
1

jxþ bjd−2
�
: ð5:1Þ

We refer to this scenario as “balancing” pp-waves, because
there is an unstable equilibrium at x ¼ 0 at which the forces
are perfectly balanced ∇V ¼ 0 (see also [65]). An ideal
point-particle, perfectly localized at the origin in transverse
space, could in principle move in the v-direction without
fear of scattering into a gravitational well.
At first glance, since a classical trajectory initially at the

equilibrium can remain there indefinitely, it would seem
reasonable to suppose that the only cutoff on the time delay
is the quantum diffusion which occurs by udiff ¼ kvb2.
Indeed, if this were the case, it is easy to see that it would be
possible to generate a resolvable EFT time delay within the
regime of validity of the EFT

kvjΔvEFTj ∼
kv

Λ2bd
f × udiff ∼ ðΛbÞ2 k2vf

Λ4bd
≪ ðΛbÞ2: ð5:2Þ

However, with the potential being unstable along the b-
direction, any small perturbation will lead to an instability
on a timescale associated to the second derivative of the
potential in that direction. More precisely, if we consider a
wave packet initially localized near the equilibrium point
x ¼ 0, then the potential may be approximated as a time-
dependent unstable harmonic oscillator

Vðu;xÞ≈−
kvfðuÞ
bd−2

þ1

2

kvfðuÞ
bd

ðd−2Þ
�
x2−d

ðx ·bÞ2
b2

�
ð5:3Þ

≈ −
kvfðuÞ
bd−2

þ 1

2

kvfðuÞ
bd

ðd − 2Þðx2⊥ − ðd − 1Þx2
kÞ; ð5:4Þ

where we split the position vector in the orthogonal and
parallel directions x¼x⊥þxk, with x⊥ · b ¼ x⊥ · xk ¼ 0.
In order to determine the semiclassical time delay, we need
to solve the classical equations of motion for arbitrary
initial data. These are unstable in the direction parallel to b
and stable in the direction perpendicular, and take the form

d2xk
du2

¼ Ω2
kðuÞxk;

d2x⊥
du2

¼ −ω2⊥ðuÞx⊥; ð5:5Þ

with

Ω2
kðuÞ¼

fðuÞ
bd

ðd−2Þðd−1Þ; ω2⊥ðuÞ¼
fðuÞ
bd

ðd−2Þ:
ð5:6Þ

Since xk ¼ xkb=b is the unstable direction, it sets the
maximum null time over which the time delay can be built
up. In particular, once the expectation value of x2k becomes

comparable to b2, we can no longer trust the harmonic
approximation to the potential and hence rely on the
symmetry of the balancing sources to neglect scattering.
Assuming, for simplicity, that the source varies slowly so

that we may use the WKB approximation (or more
precisely that, averaged over several shockwaves, the
source may be taken to vary slowly), then for the solution
in the parallel direction we have

xkðuÞ ≈ xkð0Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
Ωkð0Þ
ΩkðuÞ

s
cosh

�Z
u

0

du0Ωkðu0Þ
�

þ pkð0Þ
kv

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΩkðuÞΩkð0Þ

q sinh

�Z
u

0

du0Ωkðu0Þ
�
:

Classically, it is possible to tune pkð0Þ ¼ 0 and xkð0Þ ¼ 0,
so that the particle remains at xkðuÞ ¼ 0—quantum
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mechanically, this is not possible due to the inevitable
spread in phase space. This can be captured by the parallel
part of the Wigner distribution, which, assuming the initial
Gaussian state considered previously, is

Wk;0ðxkð0Þ; pkð0ÞÞ ¼ 2 exp

�
−
x2kð0Þ
2σ2

�
exp ½−2σ2p2

kð0Þ�:

ð5:7Þ

Using this Wigner distribution to compute the expectation
value of xkðuÞ2, and that coshðxÞ ∼ sinhðxÞ ∼ 2−1ex once
the instability has kicked in, we find

hψ jx̂2kðuÞjψi ≈
1

4ΩkðuÞ
�
σ2Ωkð0Þ þ

1

4k2vσ2Ωkð0Þ
�

× exp

�
2

Z
u

0

du0Ωkðu0Þ
�
: ð5:8Þ

This expectation value is minimized for

σ2 ¼ 1

2kvΩkð0Þ
; ð5:9Þ

so that

hψ jx̂2kðuÞjψi≳
1

4kvΩkðuÞ
exp

�
2

Z
u

0

du0Ωkðu0Þ
�
: ð5:10Þ

Clearly, we can no longer trust the harmonic treatment of
the potential when this is comparable to b2, and so the
maximum null time over which the balancing time delay
can be accumulated is estimated by

1

kvΩkðumaxÞ
exp

�
2

Z
umax

0

du0Ωkðu0Þ
�

≤ b2; ð5:11Þ

so that Z
umax

0

du0Ωkðu0Þ ≤ ln ðb2kvΩkðumaxÞÞ: ð5:12Þ

We can again use this to bound the maximum achievable
EFT time delay. The master equations in the balancing
potential are very similar to the point source potential and
can be found in Appendix B, so the parameter dependence
of the EFT-induced time delay is still given by (4.13).
Therefore,

kvjΔvEFTðumaxÞj ∼ kv
jcGBj
Λ2

Z
umax

0

du
fðuÞ
bd

ð5:13Þ

≤
kv
Λ2

jcGBjmax

� ffiffiffiffiffiffiffiffiffi
fðuÞ
bd

r 
Z
umax

0

du

ffiffiffiffiffiffiffiffiffi
fðuÞ
bd

r
: ð5:14Þ

Then, using the expression for the instability timescale
(5.12), we arrive at:

kvjΔvEFTðumaxÞj ≤ jcGBjmax

8<:
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2vfðuÞ
Λ4bd

s 9=; ln ðb2kvΩmax
jj Þ:

ð5:15Þ

The combination b2kvΩmax
jj is parametrically of order

udiff=us, where us is the scattering time defined later
(6.3) and may be regarded as the (inverse of the) scale
which controls quantum corrections ɧ−1 ¼ udiff=us—see
Eqs. (6.5) and (6.6) and discussions in Sec. VI. Using the
EFT validity bound (2.30b) fðuÞ=bd ≪ Λ4=k2v, we infer

kvjΔvEFTðumaxÞj ≪ jcGBj lnðɧ−1Þ: ð5:16Þ

Provided ɧ is tuned to be exponentially small to minimize
the quantum diffusion as much as possible, it appears to be
possible in the balancing case to generate a resolvable EFT
time delay. In fact this is not the case, since we have tacitly
assumed the time delay has a small intrinsic uncertainty,
which is not always the case.

B. Time delay uncertainty

The Gaussian localized on the equilibrium point chosen
to generate a large time delay/advance is not an eigenstate
of the S-matrix, and there is an intrinsic uncertainty in the
time delay associated with this, as discussed in Sec. III D.
To determine this, we consider

cΔv2 ¼ ∂Ŝ†

∂kv

∂Ŝ
∂kv

: ð5:17Þ

Following the discussion of Sec. III E, we can write its
expectation value in Schrödinger picture as

hinjcΔv2jini
¼
Z

uf

ui

du
Z

uf

ui

du0hψðuÞjQ̂ðuÞÛðu;u0ÞQ̂ðu0Þjψðu0Þi;

ð5:18Þ

or equivalently in Heisenberg picture as

hinjcΔv2jini ¼ Z
uf

ui

du
Z

uf

ui

du0hψð0ÞjQ̂HðuÞQ̂Hðu0Þjψð0Þi;

ð5:19Þ

so that the uncertainty is

δv2 ¼ hinjcΔv2jini − hinjcΔvjini2 ð5:20Þ
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¼
Z

uf

ui

du
Z

uf

ui

du0½hψð0ÞjQ̂HðuÞQ̂Hðu0Þjψð0Þi

− hψð0ÞjQ̂HðuÞjψð0Þihψð0ÞjQ̂Hðu0Þjψð0Þi�: ð5:21Þ

The main contribution to the uncertainty will come from
the unstable direction along xk, so we neglect motion in the
perpendicular direction x⊥. In the near-equilibrium
approximation (5.4), the expression for Q̂ is then

Q̂ ≈ −
fðuÞ
bd−2

−
1

2

fðuÞ
bd

ðd − 2Þðd − 1Þ

×

�
x̂2k −

u
kv

ðp̂kx̂k þ x̂kp̂kÞ
�
; ð5:22Þ

which may easily be translated into Heisenberg picture.
The first term, which is the main contribution to the Shapiro
delay, will drop out of the uncertainty. By the time the
instability has kicked in, we may use the approximation

p̂H
k ≈ kvΩkðuÞx̂Hk ; ð5:23Þ

so that

Q̂H≈−
fðuÞ
bd−2

−
1

2

fðuÞ
bd

ðd−2Þðd−1Þð1−2uΩkðuÞÞðx̂Hk ðuÞÞ2;
ð5:24Þ

where

x̂Hk ðuÞ ≈
1

2

0B@xkð0Þ
ffiffiffiffiffiffiffiffiffiffiffiffi
Ωkð0Þ
ΩkðuÞ

s
þ pkð0Þ

kv

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΩkðuÞΩkð0Þ

q
1CA

× exp

�Z
u

0

du0Ωkðu0Þ
�
: ð5:25Þ

Assuming ui ¼ 0 without loss of generality, a straightfor-
ward calculation gives

δv≈
				Z uf

0

duð1−2uΩkðuÞÞΩkðuÞexp
�
2

Z
u

0

du0Ωkðu0Þ
�				

×2−3=2Ωkð0Þ
�
σ2þ 1

4k2vΩ2
kð0Þσ2

�
; ð5:26Þ

and from extremizing over σ we infer the bound

kvδv≳ 2−3=2
				 Z uf

0

duð1 − 2uΩkðuÞÞΩkðuÞ

× exp

�
2

Z
u

0

du0Ωkðu0Þ
�				: ð5:27Þ

If uf is taken to be such that exp ð2 R uf
0 du0Ωkðu0ÞÞ≲ 1,

then the right-hand side is of order unity or less, and in this

situation kvjΔvEFTðumaxÞj≲ jcGBj. In order to make the
EFT contribution to the time delay large, we must take uf
such that exp ð2 R uf

0 du0Ωkðu0ÞÞ ≫ 1. But then the integral
on the right-hand side (rhs) of (5.27) is exponentially large,
and grows faster than kvjΔvEFTj. Thus, precisely at the
point where it appears we can generate a resolvable EFT
time delay, the uncertainty in the GR contribution to the
time delay swamps it.

VI. SHOCKWAVE SCATTERING IN THE
SEMICLASSICAL APPROXIMATION

The considerations of Sec. IV showed that, from a
single or a stack of point source shockwaves, it was
impossible to generate a resolvable EFT time delay within
the regime in which the eikonal approximation can be
trusted. The limitation comes from scattering, which
necessarily takes us outside of the eikonal limit, where
it is assumed that the deflection angle is small. However,
we already know that the semiclassical approximation
automatically incorporates the effects of scattering, and so
we should further address the question of what happens
when we take this into account.
Let us consider a sequence of closely spaced shockwaves

of separation Δu

fsswðuÞ ¼
X∞
n¼0

f0Δuδðu − nΔuÞ: ð6:1Þ

Naïvely, the maximal time delay/advance will be obtained
by having the largest number of shocks over the diffusion
time scale, which would amount to Δu as small as
possible. Thus a reasonable estimate of the scattering
of the classical trajectories is obtained by replacing fðuÞ
by a constant

fðuÞ ≈ f0θðuÞ: ð6:2Þ

In fact, it is easier to consider a constant continuum
fðuÞ ¼ f0 for all u so that the system regains a Killing
vector in the u-direction. Then, the S-matrix commutes
with the asymptotic null Hamiltonian P̂0

u and it is
sufficient to analyze the system in the same manner as
a time-independent Schrödinger equation. We shall fur-
ther restrict to the case of spherically symmetric shock-
waves, so that angular momentum squared lðlþ ðd − 2ÞÞ
is additionally conserved. Since the classical time delay is
uniquely determined by the energy and angular momen-
tum, there is no uncertainty for any partial wave in-state
which has definite energy, so the semiclassical time delay
(3.89) reduces to the classical one (3.90).
Consider the redefinition of variables x ¼ r�z and

u ¼ usρ, with
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us ¼
ffiffiffiffiffi
rd�
f0

s
; ð6:3Þ

which is the scattering time scale. Here, r� is the turning
point, which is generically similar to the impact parameter
b defined via

b ¼ ðlþ ðd − 2Þ=2Þffiffiffiffiffiffiffiffiffiffiffiffi
2kvPu

p : ð6:4Þ

Under this change of variables and with fðuÞ ¼ f0,
the Schrödinger equation (ignoring EFT contributions)
becomes

iɧ
∂ψðρ; zÞ

∂ρ
¼ −

ɧ2

2
∇2

zψðρ; zÞ −
1

2jzjd−2 ψðρ; zÞ; ð6:5Þ

where we have defined an effective ℏ or loop counting
parameter

ɧ ¼ us
udiff

¼ us
kvr2�

¼ rd=2−2�
kv

ffiffiffiffiffi
f0

p ; ð6:6Þ

and we have now identified the diffusion time as
udiff ¼ kvr2�. The semiclassical approximation is expected
to be valid when ɧ ≪ 1, which requires that the diffusion
time is longer than the scattering time. We see that this
leads to a very different condition on the impact parameter
for d < 4 and d > 4. In fact, it is well known that the
nonrelativistic Schrödinger equation has very different
properties depending on whether limr→0 r2VðrÞ vanishes,
is finite, or diverges. The situation d < 4 corresponds to a
regular potential, d ¼ 4 to a transition potential, and d > 4
to a singular potential. Singular potentials and strongly
attractive transition potentials can have undetermined
S-matrices due to an ambiguity in the solutions near
r ¼ 0, and without further conditions may have bound
state energies unbounded below [128]. However, any
reasonable solution to these issues is expected to match
the semiclassical phase shift in the appropriate region.
The classical equation of motion takes the dimensionless

form

d2z
dρ2

¼ −
ðd − 2Þ

2

z
jzjd ; ð6:7Þ

with dimensionless initial conditions. On dimensional
grounds, the GR contribution to the time delay is of the
form

ΔvGR ¼ usf0
rd−2�

ΔṽGR; ð6:8Þ

where Δṽ is the time delay computed with dimensionless
initial conditions with what amounts to the dimensionless
equation (6.7).

The EFT corrections are further suppressed by ðΛr�Þ−2,
so schematically

ΔvEFT ≈
usf0
Λ2rd�

cGBΔṽEFT; ð6:9Þ

where, typically, ΔṽEFT ∼ ðΔṽÞGRsemiclassical is the dimension-
less form of the EFT corrections. Whence

kvΔvEFT ≈

ffiffiffiffiffi
rd�
f0

s
f0

kv
Λ2rd�

cGBΔṽEFT ≈
kv
Λ2

ffiffiffiffiffi
f0
rd�

s
cGBΔṽEFT:

ð6:10Þ

Thus, applying the EFT bounds (2.30b) at the turning point
r�, we infer that

jkvΔvEFTj ≪ jcGBjjΔṽEFTj: ð6:11Þ

The question now is whether it is possible to generate a
large dimensionless time delay ΔṽEFT for classical trajec-
tories dominated by (6.7).
Given the assumed spherical symmetry, the time delay is

best determined for partial waves and states of definite P̂u,
i.e., classical trajectories of definite angular momenta and
energy, for which the S-matrix is diagonal. Rewriting the
equation (6.7) in radial form we have

d2zr
dρ2

¼ −
∂VeffðzrÞ

∂zr
; ð6:12Þ

where the effective potential includes the centrifugal term

VeffðzrÞ ¼
L2

2z2r
−
1

2

1

zd−2r
: ð6:13Þ

Here, L is the dimensionless form of the angular momen-
tum, which is related to the partial wave l (including the
Langer correction [44,67,129]) via

L2 ¼ ɧ2
�
lþ 1

2
ðd − 2Þ

�
2

: ð6:14Þ

The classical trajectory is determined by the energy
conservation equation�

dzr
dρ

�
2

þ L2

z2r
−

1

zd−2r
¼ 2ɧusPu ¼ L2 − 1; ð6:15Þ

with the turning point zr ¼ 1.
Following the standard WKB treatment of Eq. (6.5), the

semiclassical scattering phase shift, including the Langer
correction and ignoring EFT corrections, is
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δGRl ¼ 1

ɧ

Z
∞

1

dzr

264
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 − 1 −

�
L2

z2r
−

1

zd−2r

�s
−

ffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 − 1

p 375
−

ffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 − 1

p

ɧ
þ π

2

�
lþ 1

2
ðd − 2Þ

�
: ð6:16Þ

The EFT corrections to the phase shift are

δEFTl ¼ −
AcGBðd − 2Þ

ɧΛ2r2�

Z
∞

1

dzr
1

zdr

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 − 1 −

�
L2

z2r
− 1

zd−2r

�r :

ð6:17Þ

In deriving these expressions, we use the WKB matching
formula. To do so, we assume that the forbidden region
barrier is sufficiently large, that the solution to the left of the
turning point may be well approximated by the WKBmode
which decays exponentially as z decreases. A more precise
treatment includes both modes leading to an additional
exponentially suppressed imaginary contribution to the
phase shift, associated with tunneling across the barrier.
This term plays no significant role in determining the phase
shift. From these scattering phase shifts we may directly
infer the time delays.

A. Recovery of eikonal

It is helpful at this point to compare the above result with
the eikonal expectation. In eikonal scattering, the trajectory
is assumed to not depart significantly from a straight line,
which will be true for large L ≫ 1. The GR phase shift can
then be approximated as

δGRl ≈ −
1

2ɧ

Z
∞

1

dzr
1

zd−2r

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 − L2

z2r

q : ð6:18Þ

To translate back into more familiar language, we may
perform the change of variables z2r ¼ 1þ p2

0u
2=ðkvbÞ2 and

use r� ∼ b for L ≫ 1 to get

δGRl ≈ −
1

2

Z
∞

−∞
du

1

2

kvf0
ðb2 þ p2

0u
2=k2vÞðd−2Þ=2

; ð6:19Þ

with p0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2kvPu

p
. We recognize this to be precisely the

eikonal phase shift that leads to (3.107) with the
assumption that x0 ¼ b and p0 is orthogonal to b. In
the same limit the EFT time delay reduces to

δEFTl ¼ −
AcGBðd − 2Þ

2Λ2

Z
∞

−∞
du

kvf0
ðb2 þ p2

0u
2=k2vÞd=2

; ð6:20Þ

which is again consistent with the EFT correction
to (3.107).

B. Beyond eikonal

Returning to the semiclassical WKB form, it is clear that
the magnitude of the EFT phase shift and hence the time
delay is determined by the properties of the dimensionless
integral

IdðLÞ ¼
Z

∞

1

dzr
1

zdr

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 − 1 −

�
L2

z2r
− 1

zd−2r

�r : ð6:21Þ

Furthermore, the time delay is also sensitive to the integral

ĨdðLÞ ¼ −L
dIdðLÞ
dL

¼
Z

∞

1

dzr
L2

zdr

�
1 −

1

z2r

� 1�
L2 − 1 −

�
L2

z2r
− 1

zd−2r

��
3=2 :

ð6:22Þ

The properties of these integrals are dimension-dependent,
being strongly sensitive to whether d is less than, equal to,
or greater than d ¼ 4 (D ¼ 6). We therefore consider the 3
different cases separately below.

1. Case D < 6

The particular choice d ¼ 2 corresponds to D ¼ 4, for
which the GB-term makes no contribution to the equations
of motion and does not need to be considered. For d ¼ 3
(D ¼ 5), the integrals (6.21) and (6.22) converge at zr ¼ 1
and at zr ¼ ∞, and direct evaluation confirms that both
I3ðLÞ and Ĩ3ðLÞ are at most of order unity for all L2 ≥ 1
(which is necessary for scattering states) and fall of as 1=L
at large L. Specifically

I3ðLÞ ¼
2L

ffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 − 1

p
þ π − 2arccot

�
Lffiffiffiffiffiffiffiffi
L2−1

p
�

2L3
; ð6:23Þ

and so I3ð1Þ ¼ π=2 and Ĩ3ð1Þ ¼ 3π=2. Thus, generically
ΔṽEFT ∼Oð1Þ, implying that

kvjΔvEFTj ≪ jcGBj: ð6:24Þ

2. Case D= 6

The case d ¼ 4 requires more care. The integrals are
easily evaluated to give

I4ðLÞ ¼
π

4

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 − 1

p ; ð6:25Þ

Ĩ4ðLÞ ¼
πL2

4

1

ðL2 − 1Þ3=2 : ð6:26Þ

CHEN, MARGALIT, DE RHAM, and TOLLEY PHYS. REV. D 111, 024066 (2025)

024066-26



Generically, these integrals are of order unity or less.
However, it appears they can be made arbitrarily large
by tuning L close to 1. This reflects the cancellation
between the centrifugal repulsion and the gravitational
attraction.
In fact, for d ¼ 4, the Schrödinger equation may be

solved exactly for the pure GR potential, giving the exact
GR phase shift

δGRl ¼ π

2
ðlþ 1Þ − π

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ 1Þ2 − k2vf0

q
; ð6:27Þ

which happens to be the exact WKB result (with Langer
correction). This is associated with the partial wave
scattering state

ψl ∝
1

ρ
Jνð

ffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 − 1

p
ρÞ ∝ 1

r
Jνð

ffiffiffiffiffiffiffiffiffiffiffiffi
2kvPu

p
rÞ; ð6:28Þ

with ν ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ 1Þ2 − k2vf0

p
. The GR time delay is then

ΔvGR ¼ πkvf0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðlþ 1Þ2 − k2vf0

p ¼ π

kv

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 − 1

p ; ð6:29Þ

which, as anticipated, can be made arbitrarily large by
sending L → 1.
However, crucially, this only makes sense if k2vf0 < 1. If

k2vf0 > 1, then this phase shift is not well-defined for small
l, and this is a familiar result for transitionary potentials
[128]. It arises because the wave function of both modes are
finite as r → 0 and so the phase shift is ambiguous. An
additional consequence is that the system admits an infinity
of bound states with arbitrarily negative energies [128]
suggesting it is unstable. Either way, this implies that the
phase shift is strongly sensitive to the UV physics that
regulates the 1=r2 potential. Indeed, this aspect will occur
for essentially any field with energy kv in this given pp-
wave background. Since the monopole (l ¼ 0) of essen-
tially all fields are explicitly UV sensitive, we cannot trust
the spherically symmetric background solution we started
with, and while it may not be unstable, it cannot be
described within the remit of the EFT. Consequently we
regard the case k2vf0 > 1 outside of the regime of validity of
the EFT at least as long as the source is pointlike. We shall
consider extended sources below.

Case k2vf0 < 1. The phase shift of the EFT S-matrix defined
in Sec. III F can be computed in the Born approximation
using the known exact GR partial wave states, and takes the
form

δEFTl ¼ −
1

2
hPu;ljĤEFTjPu;li

∼ cGB

Z
∞

0

dr r3
k2vf0
Λ2r4

1

r2
ðJνð

ffiffiffiffiffiffiffiffiffiffiffiffi
2kvPu

p
rÞÞ2; ð6:30Þ

which should in general be more accurate than (6.17). Since
JνðρÞ ∝ ρν as ρ → 0, this perturbative computation of the
EFT time delay is only valid for ν ≥ 1, and for 0 < ν ≤ 1
we must remember that the EFT only makes sense for
r ≥ Λ−1—this will regulate the divergence.
Let us first consider ν ≥ 1, for which the integral is

δEFTl ∼ cGB
k2vf0
Λ2

2kvPu

4ðν3 − νÞ ∼ cGB
k2vf0
Λ2r2�

ν

4ðν2 − 1Þ : ð6:31Þ

For generic ν ≫ 1, this scales as

δEFTl ∼ cGB
k2vf0
Λ2r2�

1

ν
∼ cGB

kv
ffiffiffiffiffi
f0

p
Λ2r2�

1ffiffiffiffiffiffiffiffiffiffiffiffiffi
L2 − 1

p ; ð6:32Þ

which is consistent with our estimate (6.10). Restricting
to the physical region k2vf0 < 1 and imposing the EFT
condition Λr� ≫ 1 is sufficient to render this effect
unresolvable

kvjΔvEFTj≲ jcGBj
ν

4ðν2 − 1Þ ð6:33Þ

for generic ν. However, it still appears that we can enhance
this effect arbitrarily by sending ν → 1. As we tune L → 1,
or equivalently ν → 0, we are sending the GR effective
potential to zero. But at some point the approximation that
the EFT potential can be treated perturbatively breaks
down. By comparing terms in the effective potential, we
require the scattering state to be valid in EFT perturbation
theory

hψ j ν2

kvr̂2
jψi ≫ hψ j kvf0

Λ2r̂4
jψi: ð6:34Þ

Imposing this condition on the EFT time delay we have

kvjΔvEFTj≪ jcGBj
Z

∞

0

drr3
ν2

r2
1

r2
ðJνð

ffiffiffiffiffiffiffiffiffiffiffiffi
2kvPu

p
rÞÞ2 ð6:35Þ

≪ jcGBjν2
Z

∞

0

dx
1

x
JνðxÞ2 ¼ jcGBj

1

2
ν; ð6:36Þ

When (6.36) is combined with (6.34) we find

kvjΔvEFTj ≪ jcGBj: ð6:37Þ

Extended sources: Case k2vf0 > 1. As already noted, for
k2vf0 > 1 the singular nature of the potential leads to an ill-
defined S-matrix for low multipoles. However, if the source
is extended of width w ≫ Λ−1 then we may replace the GR
potential by something of the form
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−
kvf0
2r2

→ −
kvf0

2ðr2 þ w2Þ : ð6:38Þ

In this situation, the centifugal term will win out at small r,
leading to a well-defined S-matrix. The monopole will
scatter at r ¼ r0 ≪ w for which

Pu þ
kvf0
2w2

≈
1

2kvr20
: ð6:39Þ

which implies, given Pu > 0, f0 > 0

r0 ≲ wffiffiffiffiffiffiffiffiffi
k2vf0

p : ð6:40Þ

Using (2.30b) applied at r0 impliesffiffiffiffiffiffiffiffiffi
k2vf0

p
Λ2

≪
w2

k2vf0
: ð6:41Þ

Then, returning to high multipoles, to trust our previous
expression (6.32) we require w ≪ r� and so

kvjΔvEFTj ∼ jcGBj
k2vf0
Λ2r2�

1

ν
≪ jcGBj

k2vf0
Λ2w2

1

ν

≪ jcGBj
1ffiffiffiffiffiffiffiffiffi
k2vf0

p 1

ν
≪ jcGBj: ð6:42Þ

Thus for fixed kv and Pu, demanding that the monopole
scattering lies in the regime of validity of the EFT ensures
unresolvability of the high multipole scattering.

3. Case D > 6

For the general case d > 4 (D > 6), the attractive
gravitational potential dominates over the centrifugal
repulsion at small zr, so that the effective potential has a
maximum. Scattering states will be those whose energy is
less than the maximum, which means there is a minimum
impact parameter. States with energy above this spiral into
the center and do not reach infinity. For the scattering
states, in general, the integral on the rhs of (6.21) is of order
unity, consistent with expectations. However it is possible
to make it arbitrarily large for d ≥ 5 by tuning the energy
close to the maximum of the potential. This maximum
occurs when 2L2zd−4r ¼ ðd − 2Þ, i.e. for

L2 ¼ ðd − 2Þ
2

: ð6:43Þ

For this choice, by construction, the function hðzrÞ entering
the square root in (6.21) satisfies hð1Þ ¼ h0ð1Þ ¼ 1, imply-
ing that the integral is logarithmically divergent near
zr ¼ 1. If we tune L to be exponentially close to the
maximum

L2 ¼ ðd − 2Þ
2

þ e−N; ð6:44Þ

then we expect

ΔṽEFT ∼ N; ð6:45Þ
or that

kvjΔvEFTj ≪ jcGBjN: ð6:46Þ

Thus, it naïvely appears that, by making N large enough,
we can generate an arbitrarily large EFT contribution to the
time delay. Once again, there is a caveat to this argument. In
this case, the validity of the WKB approximation for the
phase shift requires there to be sufficient exponential
damping in the forbidden region that we may ignore the
solution on the left of the barrier. This requires

1

ɧ

Z
1

z�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
L2

z2r
−

1

zd−2r
− ðL2 − 1Þ

s
dzr ≫ 1; ð6:47Þ

where z� is the turning point on the left-hand side of the
maximum. This sets the maximumN in terms of ɧ such that
N ∼ lnðɧ−1Þ. The same condition can be obtained by
demanding the WKB approximation to be valid at the
maximum of the effective potential V 0

effðzmaxÞ ¼ 0				 ∂zωω2

				
z¼zmax

≪ 1; ð6:48Þ

with

ω2 ¼ −
1

ɧ2

�
L2

z2r
−

1

zd−2r
− ðL2 − 1Þ

�
: ð6:49Þ

Putting this together, the maximum time delay generated in
the regime of validity of the EFT is

kvjΔvEFTj ≪ jcGBj lnðɧ−1Þ: ð6:50Þ

Thus, at best, we are forced to tune the quantum hierarchy ɧ
to be exponentially small, e.g. ɧ ∼ e−100 ∼ 10−44, to have an
observable EFT contribution to the time delay. This result is
closely analogous to the balancing shockwave result in
(5.16). This is no surprise since, in both cases, the time
delay is being maximized by engineering an equilibrium
point in the effective potential—in the present case due to
the balancing of the centrifugal force and the gravitational
attraction. In the case of the balancing shockwaves, we
argued in Sec. V B that the uncertainty in the time delay
necessarily becomes larger at precisely the point that the
logarithm becomes large. In the present case, since we are
considering Pu eigenstates of definite partial wave, there is
no scattering uncertainty δv ¼ 0 and so we cannot rely on
that argument.
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The issue in the present case is closely analogous to the
D ¼ 6 case. To tune N to be large, say 100, we need
ɧ ∼ e−100 in order to trust the WKB approximation. At the
same time, we are tuning L2 ¼ ðd − 2Þ=2 which means
l ∼ e100. However, for all lower multipoles of the same
energy, the centrifugal barrier is too low, meaning such
states fall into the origin—more precisely, they have an
underdetermined S-matrix due to the ambiguity in the wave
functions at r ¼ 0, which can only be resolved by the actual
UV completion. This situation is in fact worse than D ¼ 6,
since it is now an exponentially large number of low
multipoles which are ill defined. To avoid this pathology,
and to have the background under control within the regime
of validity of the EFT, we need the monopole l ¼ 0 to be
scattered. To do that within the above framework requires
ɧ ∼ 1 and so we obtain

kvjΔvEFTj ≪ jcGBj: ð6:51Þ

Extended sources. As previously discussed, the situation is
improved if the source is extended, for example in the
manner

−
kvf0
2rd−2

→ −
kvf0

2ðr2 þ w2Þðd−2Þ=2 ; ð6:52Þ

so that the S-matrix is well defined for low multipoles.
Assuming we have tuned L2 ≈ ðd − 2Þ=2, the monopole
will pass over the barrier and scatter at the point r ¼ r0 for
which the centrifugal term dominates

Pu þ
kvf0

2wðd−2Þ ≈
ððd − 2Þ=2Þ2

2kvr20
: ð6:53Þ

Given Pu > 0 and f0 > 0, this implies r0 ≲ wðd−2Þ=2ffiffiffiffiffiffiffi
k2vf0

p .

Imposing (2.30b) at r ¼ r0 implies�
k2vf0
Λ4

�
1=d

≪
wðd−2Þ=2ffiffiffiffiffiffiffiffiffi

k2vf0
p : ð6:54Þ

Returning to the high multipoles, to trust our previous
formulae for the phase shift we require r� ≫ w and so�

k2vf0
Λ4

�
1=d

≪
rðd−2Þ=2� ffiffiffiffiffiffiffiffiffi

k2vf0
p ⇒

k2vf0
rd−4�

≪ ðr�ΛÞ
8

ðdþ2Þ: ð6:55Þ

From (6.9) and (6.45) we estimate the time delay to be

kvjΔvEFTj ∼ jcGBj
1

ðΛr�Þ2

ffiffiffiffiffiffiffiffiffi
k2vf0
rd−4�

s
ln

�
k2vf0
rd−4�

�
ð6:56Þ

≪ jcGBj
1

ðΛr�Þ
2ðd−2Þ
ðdþ2Þ

lnðr�ΛÞ; ð6:57Þ

which combined with (2.30a), i.e., Λr� ≫ 1
implies kvjΔvEFTj ≪ jcGBj.

VII. SHOCKWAVE SCATTERING
IN THE BORN APPROXIMATION

In this section we compute the scattering time delay in
perturbation theory, identifying the first few terms in the
Born series. In general, the Born series has a smaller regime
of validity than either the eikonal or semiclassical approx-
imations, and so we do not draw any major conclusions
from its results. However, we include it because the
calculation may be performed more precisely and it is
informative in terms of demonstrating the distinction
between the single source and balancing shockwaves. It
is also worth emphasizing that almost all treatments of the
eikonal approximation in the literature rely on resumming
the Born amplitude, and the leading Born approximation to
the time delay is identical to the eikonal result. The
exponential eikonal resummation is implicit in the defi-
nition of the time delay operator.
The physical scenario for the two types of potential we

have in mind is illustrated in Fig. 3. Then the potential is
generated by either a single point source located at x ¼ −b
or balancing sources at x ¼ �b

FIG. 3. Snapshot at time u ¼ 0 of the point-source and balancing potentials and the wave function which probes the spacetime.
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Vðu;xÞ ¼ −
kvfðuÞ

2

�
Θbal

jx − bjd−2 þ
1

jxþ bjd−2
�
; ð7:1Þ

where we have introduced the notation

Θbal ¼
�
0; point source

1; balancing sources:

Note that, in order to accommodate the point source case and balancing source case simultaneously, the location of the point
source is shifted relative to the discussion of Sec. II. The interaction picture potential is

Ĥint
1 ðuÞ ¼ −

2π
d
2

Γ
�
d−2
2

� kvfðuÞ
Z

ddq
ð2πÞd

eiq·b þ Θbale−iq·b

q2
eiq·ðx̂þ

u
kv
k̂Þ: ð7:2Þ

which is conveniently rewritten as

Ĥint
1 ðuÞ ¼ −

2π
d
2

Γ
�
d−2
2

� kvfðuÞ
Z

ddq
ð2πÞd

Z
ddk
ð2πÞd

Z
ddx

eiq·b þ Θbale−iq·b

q2

× exp

�
ix · ðqþ kÞ þ iu

kv
q ·

�
q
2
þ k

��
jjjxihkj: ð7:3Þ

Denoting the terms in the Dyson series as

Ŝ ¼ 1þ ð−iÞ
Z þ∞

−∞
du Ĥint

1 ðuÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Ŝð1Þ

þ ð−iÞ2
Z þ∞

−∞
du

Z
u

−∞
du0 Ĥint

1 ðuÞĤint
1 ðu0Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

Ŝð2Þ

þ…; ð7:4Þ

the first three terms in the series expansion for the time
delay are

cΔvð1Þ ¼ −i
∂Ŝð1Þ

∂kv
; ð7:5Þ

cΔvð2Þ ¼ −i
�
∂Ŝð2Þ

∂kv
þ Ŝð1Þ†

∂Ŝð1Þ

∂kv

�
; ð7:6Þ

cΔvð3Þ − i

�
∂Ŝð3Þ

∂kv
þ Ŝð1Þ†

∂Ŝð2Þ

∂kv
þ Ŝð2Þ†

∂Ŝð1Þ

∂kv

�
: ð7:7Þ

Without ambiguity we denote the corresponding nth order
term in the expectationvalue for the in-state (3.91) simply by

ΔvðnÞ ¼ hinjcΔvðnÞjini: ð7:8Þ
We consider interactions over a finite time 0 < u < umax. To
first order, the GR time delay is

Δvð1ÞGRðuÞ ¼
Z

u

0

du1 fðu1Þ
�
1 − u1

∂

∂u1

�
Kð1Þðu1Þ: ð7:9Þ

The second order GR time delay is given by

Δvð2ÞGRðuÞ ¼ kv

�Y2
i¼1

Z
u

0

duifðuiÞ
��

θðu1 − u2Þ
�
1 − u1

∂

∂u1

�
− θðu2 − u1Þ

�
1 − u2

∂

∂u2

��
Kð2Þðu1; u2Þ; ð7:10Þ

and the third order one by

Δvð3ÞGRðuÞ ¼ k2v

�Y3
i¼1

Z
u

0

duifðuiÞ
��

θðu1 − u2Þθðu2 − u3Þ
�
3 − u1

∂

∂u1
− u2

∂

∂u2
− u3

∂

∂u3

�
− θðu2 − u3Þ

�
2 − u2

∂

∂u2
− u3

∂

∂u3

�
þ θðu2 − u1Þ

�
1 − u3

∂

∂u3

��
Kð3Þðu1; u2; u3Þ; ð7:11Þ
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where θðuÞ is the Heaviside step function and

KðnÞðu1;…; unÞ ¼ ð−iÞnþ1

0B@−
2π

d
2

Γ
�
d−2
2

�
1CA

n�Yn
i¼1

Z
ddqi
ð2πÞd

eiqi·b þ Θbale−iqi·b

q2
i

�

× exp

�
−
σ2

2

�				Xn
i¼1

qi

				2 þ 				 1

2kvσ2
Xn
i¼1

uiqi

				2
þ i
2kv

Xn
i<j¼1

ðui − ujÞqi · qj

�
: ð7:12Þ

A. The classical limit: Identifying diffusion and
scattering effects

The effects of uncertainty and diffusion are captured, at
every order in Δv, by the term in curly brackets in
the exponential of each KðnÞ in (7.12). In the classical
limit, where this term is negligible, the first-order term
becomes

lim
classical

Δvð1ÞGRðuÞ ¼ −
1

kv

Z
u

0

du1Vðu1;bÞð1þ ΘbalÞ; ð7:13Þ

which is exactly the eikonal expression of (4.9). This is to
be expected since the leading-order eikonal phase can be
identified with the leading-order Born approximation.
After somemanipulation, the classical limit of the second-

order term in the time delay expansion can be written as

lim
classical

Δvð2ÞGRðuÞ ¼ −

0B@−
2π

d
2

Γ
�
d−2
2

�
1CA

2

kv

Z
u

0

du1fðu1Þ
Z

u1

0

du2fðu2Þ
Z

ddq1
ð2πÞ2

ddq2
ð2πÞ2

eiq1·b þ Θbale−iq1·b

q2
1

eiq2·b þ Θbale−iq2·b

q2
2

×

�
sin

�
1

2kv
ðu1 − u2Þq1 · q2

�
−

u1
2kv

q1 · q2 cos

�
1

2kv
ðu1 − u2Þq1 · q2

��
: ð7:14Þ

In the balancing case, Θbal ¼ 1, it is easy to see that the integrand of (7.14) is odd under q1 → −q1 (or q2 → −q2) and thus
the integral vanishes. In the point source case, there is no such antisymmetry so the integral does not vanish.
The classical limit of the third-order term in the time delay expansion can be written as

lim
classical

Δvð3ÞGRðuÞ ¼

0B@−
2π

d
2

Γ
�
d−2
2

�
1CA

3

k2v

Z
u

0

du1fðu1Þ
Z

u

0

du2fðu2Þ
Z

u

0

du3fðu3Þ
Z

ddq1
ð2πÞ2

ddq2
ð2πÞ2

ddq3
ð2πÞ2

×
eiq1·b þ Θbale−iq1·b

q2
1

eiq2·b þ Θbale−iq2·b

q2
2

eiq3·b þ Θbale−iq3·b

q2
3

�
θðu1 − u2Þθðu2 − u3Þ

�
1 − u1

∂

∂u1

�
− θðu2 − u1Þθðu2 − u3Þ

�
1 − u2

∂

∂u2

�
þθðu2 − u1Þθðu3 − u2Þ

�
1 − u3

∂

∂u3

��
× exp

�
i

2kv
ððu1 − u2Þq1 · q2 þ ðu1 − u3Þq1 · q3 þ ðu2 − u3Þq2 · q3Þ

�
: ð7:15Þ

The vanishing of this in the balancing case is less straightforward. First note that, as the eigenvalue of an Hermitian operator,
the expression (7.15) should be real. We can verify that it is real by simultaneously exchanging

u1 ↔ u3 and q1 ↔ q3; ð7:16Þ

in the integrand to retrieve its complex conjugate. Thus, the exponential factor at the bottom of (7.15) may be replaced by its
real part, a cosine. Then, in the balancing case only, we have the following situation
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lim
classical

Δvð3ÞGRðuÞ ¼
Z

u

0

du1du2du3fðu1Þfðu2Þfðu3Þ
�
θðu1 − u2Þθðu2 − u3Þ

�
1 − u1

∂

∂u1

�
− θðu2 − u1Þθðu2 − u3Þ

�
1 − u2

∂

∂u2

�
þ θðu2 − u1Þθðu3 − u2Þ

�
1 − u3

∂

∂u3

��
Gðu1; u2; u3Þ; ð7:17Þ

where Gðu1; u2; u3Þ is a function that is invariant under any permutation of the ui’s. For example, the exchange u1 ↔ u2 in
G, may be offset by the exchange of the integration variables q1 ↔ q2 and the change of variables q3 → −q3 to leave it
invariant. With this in mind, the first and third terms in the square brackets give the same contribution overall (by exchange
of u1 ↔ u3). Merging these terms and additionally exchanging u1 ↔ u2 in the second term, we obtain

lim
classical

Δvð3ÞGRðuÞ ¼
Z

u

0

du1fðu1Þ
Z

u1

0

du2fðu2Þ
�
2

Z
u2

0

du3 −
Z

u1

0

du3

�
fðu3Þ

�
1 − u1

∂

∂u1

�
Gðu1; u2; u3Þ: ð7:18Þ

Now, note that Z
u1

0

du2

�
2

Z
u2

0

du3 −
Z

u1

0

du3

�
¼

Z
u1

0

du2

�Z
u2

0

du3 −
Z

u1

u2

du3

�
¼

Z
u1

0

du2

Z
u2

0

du3 −
Z

u1

0

du3

Z
u3

0

du2; ð7:19Þ

and since the integrand is invariant under the exchange of
u2 ↔ u3, the whole integral in (7.18) is zero.
It is expected that all higher-order corrections to the

leading term (7.13) in the balancing-source time delay
vanish in the classical limit. Again, let it be stressed that this
is a reflection of the fact that there is, classically, no
scattering from the unstable equilibrium point in the
balancing potential. Thus, outside the classical limit, the
higher-order terms Δvðn>1Þ may be regarded as the result of
diffusion-induced scattering in the quantum problem.

B. Perturbative regime of validity

The requirement that the higher-order scattering-induced
terms Δvðn>1ÞGR ðuÞ are under control compared to the

leading-order GR term Δvð1ÞGRðuÞ imposes a time cutoff

umax beyond which we may no longer trust perturbation
theory. Below, we will determine the parameter “ϵ” which
controls the series expansion of ΔvGRðuÞ. As we will see,
this parameter will grow with time u itself—at early times,

the series expansion is under better control and Δvð1ÞGRðuÞ
represents a good approximation for ΔvGRðuÞ, but at late
times that approximation begins to fail. The scattering
timescale upert will be defined as the time at which it
becomes large, ϵðupertÞ ∼ 1.
As a concession to simplicity, consider the limit of a

large number of closely spaced shockwaves for which we
may approximate fðuÞ ¼ f0 as a constant. With this
simplification, the u-derivative-terms in expressions
(7.9)–(7.11) may be integrated by parts. For u < umax,
we therefore get, explicitly, at first order

Δvð1ÞGRðuÞ ¼ −2

0B@−
2π

d
2

Γ
�
d−2
2

�
1CAf0

Z
u

0

du1

Z
ddq1
ð2πÞd

eiq1·b þ Θbale−iq1·b

q2
1

exp

�
−
σ2q2

1

2
−

u21q
2
1

8k2vσ2

�
;

at second order,

Δvð2ÞGRðuÞ ¼ −2

0B@−
2π

d
2

Γ
�
d−2
2

�
1CA

2

kvf20

Z
u

0

du1du2

Z
ddq1
ð2πÞd

ddq2
ð2πÞd

eiq1·b þ Θbale−iq1·b

q2
1

eiq2·b þ Θbale−iq2·b

q2
2

× exp

�
−
σ2

2
jq1 þ q2j2 −

1

8k2vσ2
ju1q1 þ u2q2j2

�
sin

�
1

2kv
ðu1 − u2Þq1 · q2

�
; ð7:20Þ

and at third order
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Δvð3ÞGRðuÞ¼2

0B@−
2π

d
2

Γ
�
d−2
2

�
1CA

3

k2vf30

Z
u

0

du1du2du3

Z
ddq1
ð2πÞd

ddq2
ð2πÞd

ddq3
ð2πÞd

eiq1·bþΘbale−iq1·b

q2
1

eiq2·bþΘbale−iq2·b

q2
2

eiq3·bþΘbale−iq3·b

q2
3

×exp

�
−
σ2

2
jq1þq2þq3j2−

1

8k2vσ2
ju1q1þu2q2þu3q3j2

�
×cos

�
1

2kv
½ðu1−u2Þq1 ·q2þðu1−u3Þq1 ·q3þðu2−u3Þq2 ·q3�

�
½2Θðu1−u2ÞΘðu2−u3Þ−Θðu2−u1ÞΘðu2−u3Þ�:

ð7:21Þ

While the cross terms mean these expressions are not
readily integrated, we can estimate the parameter depend-
ence of each ΔvðnÞGRðuÞ as long as we make the following
assumptions:

σ ≪ b; ð7:22Þ

u ≪ kvσb: ð7:23Þ

Physically, (7.22) corresponds to the requirement that the
width of the initial Gaussian wave packet σ is much smaller
than the distance to the source b. The second assumption
(7.23) is that the timescale under consideration u is smaller
than the diffusion time udiff ∼ kvσb [see (3.95)]. We also
need to distinguish between the two possible cases where
scattering is before diffusion and vice versa.

1. Scattering before diffusion

By switching to dimensionless integration variableswi ¼
ui=u and pi ¼ bqi, the parameter dependence of ΔvðnÞGRðuÞ
can be extracted to leading order in σ=b and u=kvσb:

Δvð1ÞGRðuÞ ∼
fu
bd−2

; ð7:24aÞ

Δvð2ÞGRðuÞ∼
f2u3

b2d−2

�
1þΘbal

�
−1það2Þ

σ2

b2
þ ãð2Þ

u2

k2vb2σ2

��
;

ð7:24bÞ

Δvð3ÞGRðuÞ∼
k2vf3u3

b3d−6

�
1þΘbal

�
−1það3Þ

σ2

b2
þ ãð3Þ

u2

k2vb2σ2

��
;

ð7:24cÞ

where aðnÞ and ãðnÞ are numbers expressed in terms of
nðdþ 1Þ dimensionless integrals (given in Appendix F).

The ratio of one term ΔvðnÞGRðuÞ to the next Δvðnþ1Þ
GR ðuÞ is

not the same for all n. The even terms Δvð2nÞGR ðuÞ are
artificially suppressed by the presence of an odd sine in
their integrands, compared to the even cosine in odd terms

Δvð2nþ1Þ
GR ðuÞ. In other words, the third-order term Δvð3ÞGRðuÞ

is not necessarily subdominant to the second-order term

Δvð2ÞGRðuÞ, and so on. This means that the ratio which truly
controls the expansion is not the ratio of one term to the

next Δvðnþ1Þ
GR ðuÞ=ΔvðnÞGRðuÞ but instead it is of even (or

equally, odd) terms Δvðnþ2Þ
GR ðuÞ=ΔvðnÞGRðuÞ.

Although the explicit parameter dependence of the
generic nth term is not given here, it is apparent from
the general expression (7.12) and the examples (7.24) that
the series expansion of the time delay is controlled by

ϵðuÞ ∼ ΔvðnÞGRðuÞ
Δvðnþ2Þ

GR ðuÞ
∼
�
kvfu
bd−2

�
2

: ð7:25Þ

The S-matrix expansion is under control when ϵðuÞ ≪ 1
and so we may identify the time at which perturbation
theory breaks down as

ϵðupertÞ ∼ 1 ⇒ upert ∼
1

kv

bd−2

f
: ð7:26Þ

Unlike the estimates (4.12), (4.29) and (5.12), this estimate
for the cutoff timescale depends on the v-momentum kv,
which is a property of the test wave itself and not of the
background. In fact

upert
us

∼
us
udiff

; ð7:27Þ

and so for us < udiff the Born series breaks down before the
eikonal approximation, which is why we regard it as less
informative.
Using the expressions for the two timescales, (3.95) and

(7.26), and the approximation for the leading-order time
delay (7.24a), we find

upert ≪ udiff ⇔ kvjΔvð1ÞGRðudiffÞj ≫ 1: ð7:28Þ

In other words, the assumption that perturbation theory
breaks down before the diffusion time is consistent, as long
as the GR time delay generated by udiff is resolvable.
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In this formalism, the EFT contribution to the time delay
can generally be estimated as

Δvð1ÞEFTðuÞ ∼
cGB
b2Λ2

Δvð1ÞGRðuÞ ∼ cGB
fu
bdΛ2

: ð7:29Þ

The total EFT time delay by the time at which perturbation
theory breaks down is

Δvð1ÞEFTðupertÞ ∼
cGB
b2Λ2

1

kv
; ð7:30Þ

and, given the EFT-validity bound bΛ ≫ 1, satisfies

kvjΔvð1ÞEFTðupertÞj ≪ jcGBj: ð7:31Þ

2. Diffusion before scattering

We have already seen that the assumption uscatt < udiff is
self-consistent, and we will now show that it is actually the
only regime of interest. Assuming that we can trust the

expressions forΔvðnÞGRðuÞ given in (7.24) all the way up until
u ∼ udiff , we can write

Δvð3ÞGRðudiffÞ∼k2vðΔvð1ÞGRðudiffÞÞ3

×

�
1þΘbal

�
−1það3Þ

σ2

b2
þ ãð3Þ

��
: ð7:32Þ

Of the parts that are exclusive to the balancing case, ãð3Þ

will dominate over að3Þðσ=bÞ2, so we can write off the
totality of the square brackets as an Oð1Þ number plus
suppressed corrections. If the scattering time comes after
the diffusion time then, by definition, the first-order term

Δvð1ÞGRðuÞ should still dominate the series expansion by
u ¼ udiff . However, asking for the third-order term to be

subdominant, jΔvð3ÞGRðudiffÞj < jΔvð1ÞGRðudiffÞj leads to the
conclusion

jk2vðΔvð1ÞGRðudiffÞÞ3j < jΔvð1ÞGRðudiffÞj ⇒ kvjΔvð1ÞGRðudiffÞj < 1;

ð7:33Þ
i.e., the first-order GR time delay itself is unresolvable. As
hinted at previously, we see that if we try to slow down the
effects of scattering for long enough such that diffusion
takes hold first, then the price to pay is a potential so weak
(i.e. f so small) that even the leading-order GR time delay
cannot be resolved. Since the EFT contribution is further
suppressed by 1=b2Λ2 ≪ 1 compared to the GR contribu-
tion, it will certainly not be resolvable.

VIII. CONCLUSIONS

In this paper, we reviewed the formal definition of the
scattering time delay appropriate to spacetimes with a null
Killing vector (namely pp-wave geometries), showed how
to compute the time delay for arbitrary initial states in the

eikonal, semiclassical, and Born approximations, and dis-
cussed their validity and connections between them. We
considered the generic EFT of gravity in arbitrary dimen-
sions D > 4, focusing on the Gauss-Bonnet term as the
leading correction. Assuming a generic weakly coupled
(Λ ≪ MPl) Wilsonian EFT expansion (2.9), we carefully
computed the regime of validity necessary to determine
scattering amplitudes in a general pp-wave background. We
saw that, while it is straightforward to engineer background
configurations for which there is an arbitrarily large gravi-
tational (Shapiro) time delay, the corrections due to the
GB-term that can be consistently inferred in the regime of
validity of the low-energy EFT are bounded in the manner

kvjΔvEFTj≲ jcGBj: ð8:1Þ

In particular, this remains true for the rather special
balancing shockwave solutions considered in Sec. V, for
which scattering is minimized. To this end, one must choose
highly-localized wave packets which are far from S-matrix
eigenstates. As such, the quantummechanical uncertainty in
the time delay grows, swamping any potentially observable
contribution.
These conclusionsmaybe read in twoways: (1)Assuming

that jcGBj≲Oð1Þ, which is expected for gravitational EFTs
with consistent UV completions based on positivity/boot-
strap bounds [51] as well as by EFT power counting
arguments, the time delay induced by the GB-term is
generically unresolvable, or (2) Demanding infrared causal-
ity (namely causality with respect to the locally inertial
metric) ΔvEFT ≳ −k−1v and accounting for the fact that the
Gauss-Bonnet term can lead to time advances for scattering
of specific polarizations, thenwe infer jcGBj≲Oð1Þ. Finally,
we note that asymptotic causality in the form ΔT > 0 is
automatically satisfied, since the magnitude of the EFT
correction is jcGBj=ðΛbÞ2 suppressed relative to the GR/
Shapiro delay and the validity of the EFT requires Λb ≫ 1.
While satisfied, it does not provide much insight.
Either way, these results indicate a close connection

between causality via time delays and positivity/bootstrap
bounds previously observed in [1–3,30,44]. Further, they
show that, while asymptotic causality is automatically
satisfied, it is generically too weak a condition. This
confirms the findings of [69] and that, in EFTs with a
consistent UV completion, causality is maintained with
respect to the local metric, which defines the local inertial
frame and to which at least one field couples to (taking care
of field redefinition ambiguity, see [66] for more details on
that point).
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APPENDIX A: EFT FIELD EQUATIONS FOR METRIC PERTURBATIONS

In light cone gauge, where hvα ¼ 0, the EFT field equations for the metric perturbations

δEαβ ¼ δGαβ þ
2cGB
Λ2

δBαβ ¼ 0; ðA1Þ
are explicitly given by

−2δEvv ¼ ∂
2
vhii; ðA2aÞ

−2δEvu ¼ −□̃hii þ ∂v∂uhii þ ∂ið∂vhiu þ ∂jhijÞ; ðA2bÞ
−2δEvi ¼ ∂v∂ihjj − ∂vð∂vhiu þ ∂jhijÞ; ðA2cÞ

−2δEuu ¼ □̃huu − 2∂uð∂vhuu þ ∂ihiuÞ þ ∂iH∂vhiu − ∂jð∂iHhijÞ þ ∂
2
uhii −H□̃hii þ

1

2
∂jH∂jhii −

1

2
∂uH∂vhii

þH∂ið∂vhiu þ ∂jhijÞ þH∂vð∂vhuu þ ∂ihiuÞ þ
4cGB
Λ2

∂i∂jHð∂v∂ihju − ∂v∂jhiu þ ∂k∂khij − ∂i∂khjk

− ∂j∂khik þ ∂i∂jhkkÞ; ðA2dÞ

−2δEui ¼ □̃hui þ ∂jH∂vhij − ∂ið∂vhuu þ ∂jhjuÞ − ∂uð∂vhiu þ ∂jhijÞ þ ∂i∂uhjj −
1

2
∂iH∂vhjj

−
4cGB
Λ2

∂v½∂i∂jHð∂jhkk − ∂khjkÞ þ ∂j∂kHð∂ihjk − ∂jhikÞ�; ðA2eÞ

−2δEij¼ □̃hij−∂ið∂vhjuþ∂khjkÞ−∂jð∂vhiuþ∂khikÞþ∂i∂jhkk−δij□̃hkkþδij∂kð∂vhkuþ∂lhklÞþδij∂vð∂vhuuþ∂khkuÞ

þ4cGB
Λ2

∂
2
vð∂i∂jHhkk−∂i∂kHhjk−∂j∂kHhikþδij∂k∂lHhklÞ: ðA2fÞ

These equations are satisfied with the constraints (2.15)–
(2.17) and the equation of motion for hij (2.18).

APPENDIX B: MASTER VARIABLES IN
BALANCING SOURCE BACKGROUND

Identifying the master variables for the metric perturba-
tions on the point-source background was a straightforward
procedure described above equation (2.20). When a second
source is introduced (to “balance” the first, as discussed in
Sec. V), spherical symmetry is lost and the previous
decomposition is no longer suitable. Without loss of
generality, assume the two sources are aligned along the
z-axis. Then, we can write the transverse-space metric in
cylindrical coordinates as

δijdxidxj ¼ dz2 þ dr2 þ r2dΩ2
d−2: ðB1Þ

For this appendix only, γab will refer to the metric on the
(d − 2)-dimensional sphere. In these coordinates, the har-
monic condition on the metric function is

∂
2

∂z2
Hðu; r; zÞ ¼ −

∂
2

∂r2
Hðu; r; zÞ − ðd − 2Þ 1

r
∂

∂r
Hðu; r; zÞ:

ðB2Þ

While most of the components of the metric perturbations—
hrr, hrz, hzz, hra, hza and the diagonal components of
hab—are coupled in a complicated way via (2.18), it
happens that the off-diagonal components of hab are
completely decoupled from the rest and evolve independ-
ently. These account for ðD − 5ÞðD − 4Þ=2 of the
total DðD − 3Þ=2 propagating modes. Their equation of
motion is

□̃hab − 8
cGB
Λ2

∂rH
r

∂
2
vhab ¼ 0; a ≠ b; ðB3Þ

which has the same format as the equations for the
modes in the spherically-symmetric background (2.20).

APPENDIX C: DETERMINING THE EFT
REGIME OF VALIDITY

In Sec. II D, we argue that the EFT regime of validity is
given schematically by�∇

Λ

�
m
�
R̄
Λ2

�
n
�
k
Λ

�
p
≪ 1: ðC1Þ

In this appendix, we will explain why only the particular
contractions given in (2.23) lead to nontrivial bounds on the
energy of the perturbations and the background parameters.
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First, contracting two momentum vectors together will
lead to a weaker bound than if they had been contracted
with other components. The reason for this is that the
gravitational wave momentum is a null vector in GR, so its
norm vanishes kαkα ≈ 0 up to EFT corrections.
Second, any contractions of indices on the same Riemann

tensor produces a Ricci tensor (or scalar) which is zero in
vacuum. Therefore, each of the four indices on a Riemann
tensor need to be contracted with either a momentum vector
kα, a covariant derivative ∇α or a different Riemann tensor.
Also, it can be checked that the divergence of the Riemann
tensor vanishes in vacuum

∇αR̄αβγδ ¼ 0 when ∇2
dH ¼ 0: ðC2Þ

Finally, by symmetry, theRiemann tensormayonly enter via
contractions with at most two k’s, at most two ∇’s and at
most two other Riemann tensors.
The expressions in (2.23) represent the only cases where

no covariant derivatives have been contracted with an index
on a Riemann tensor. The remaining options are to contract
one covariant derivative with a Riemann tensor index,

ðR̄ ·∇Þ2pk4p ≪ Λ10p; ðC3Þ

or two covariant derivatives with Riemann tensor indices,

ðR̄ ·∇∇Þ2qk4q ≪ Λ12q: ðC4Þ

Both cases produce weaker bounds, which follow from
those already given in (2.30).

APPENDIX D: HIGHER-DIMENSION
EFT FIELD EQUATIONS

In Sec. II D 1, we show that control over the higher-
dimension EFT action (2.33) amounts to exactly the regime
of validity found by generic arguments in Sec. II D. In this
appendix, we provide the field equations for that action and
also identify the tensor-type master variable and its asso-
ciated master equation.
The background equation is

Eαβ ≔Gαβþ2
cGB
Λ2

Bαβþ2
cR3
Λ4

Cαβþ2
cR4
Λ6

Dαβ ¼ 0; ðD1Þ

where

Bαβ ¼ 4RσαβρRσρ þ 2Rα
σρκRβσρκ − 4RασRβ

σ

þ 2RRαβ −
1

2
R2
GBgαβ; ðD2Þ

Cαβ ¼ −
1

2
gαβðR3Þ þ 3ðR3Þασβσ þ 6∇σ∇ρðR2Þασβρ; ðD3Þ

Dαβ ¼ −
1

2
gαβðR4Þ þ 4ðR4Þασβσ þ 8∇σ∇ρðR3Þασβρ; ðD4Þ

and

ðRnÞαβσρ ¼ RαβγδRγδ••…R••κλRκλσρ; ðD5Þ

ðRnÞ ¼ ðRnÞαβαβ: ðD6Þ

The vacuum pp-wave metric is again a solution to (D1).
The perturbations of these tensors are

δBμν ¼ −4RðμανÞ
β∇λ∇βhαλ þ 2Rμ

α
ν
βð□hαβ þ∇β∇αhÞ þ 4Rðμjαβρ∇ρ∇jνÞhαβ − 4Rðμjραβ∇ρ∇βhjνÞα þ 2gμνRαρβσ∇σ∇ρhαβ

ðD7Þ

δCμν ¼ 12Rðμjραβ∇ρ
□∇βhjνÞα − 12Rðμjραβ∇ρ∇β∇σ∇jνÞhσα − 12∇σRðμjραβ∇ρ∇β∇jνÞhασ þ 12∇σRðμjραβ∇ρ∇σ∇βhjνÞα

þ 3ðRμ
ρλαRνλ

σβ þ Rμ
λραRν

σ
λ
βÞ∇ρ∇σhαβ ðD8Þ

δDμν ¼ −16RðμjρβλRjνÞσακ∇σ∇ρ∇λ∇κhαβ − 32∇σRðμjρβλRjνÞσακ∇ρ∇ðκ∇λÞhαβ − 16∇σRðμjρακ∇ρRjνÞσβλ∇λ∇κhαβ: ðD9Þ

In light cone gauge, the presence of the R3-operator modifies the v-component perturbation equations

−2δEvv ¼ ∂
2
vhii; ðD10aÞ

−2δEvu ¼ −□̃2
vhii þ ∂v∂uhii þ ∂ið∂vhiu þ ∂jhijÞ − 12

cR3
Λ4

∂
2
v∂i½∂i∂jHð∂vhju þ ∂khjkÞ þ ∂i∂j∂kHhjk�; ðD10bÞ

−2δEvi ¼ ∂v∂ihjj − ∂vð∂vhiu þ ∂jhijÞ þ 12
cR3
Λ4

∂
3
v½∂i∂jHð∂vhju þ ∂khjkÞ þ ∂i∂j∂kHhjk�; ðD10cÞ

such that, while the traceless condition hii ¼ 0 is unchanged, the second constraint equation (2.16) becomes
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∂vhiu þ ∂jhij ¼ 12
cR3
Λ4

∂
2
v½∂i∂jHð∂vhju þ ∂khjkÞ þ ∂i∂j∂kHhjk�: ðD11Þ

The δEij is also modified by both new operators

−2δEij¼ □̃hij−∂ið∂vhjuþ∂khjkÞ−∂jð∂vhiuþ∂khikÞþ∂i∂jhkk−δij□̃hkkþδij∂kð∂vhkuþ∂lhklÞþδij∂vð∂vhuuþ∂khkuÞ

þ4cGB
Λ2

∂
2
vð∂i∂jHhkk−∂i∂kHhjk−∂j∂kHhikþδij∂k∂lHhklÞ

−12
cR3
Λ4

∂
2
v½∂i∂kH□̃hjkþ∂i∂kH□̃hjkþ∂u∂i∂kH∂vhjkþ∂u∂j∂kH∂vhik−∂i∂kH∂jð∂vhkuþ∂lhklÞ

−∂j∂kH∂ið∂vhkuþ∂lhklÞ−∂i∂k∂lHð∂jhkl−∂khjlÞ−∂j∂k∂lHð∂ihkl−∂khilÞ�þ16
cR4
Λ6

∂i∂kH∂j∂lH∂
4
vhkl: ðD12Þ

The final constraint will again come from the trace of this equation. However, the process is complicated by the presence of
the R3-operator. In EGB theory, the second constraint (2.16) allowed us to exactly remove the hiu components, which
appeared in the ij-equation. But now, the hiu components also appear on the right hand side of (D11). As a result, they may
only be replaced perturbatively in inverse powers of the cutoff inside δEij. Up to corrections ofOðΛ−8Þ, the third constraint
equation is

∂vhuu þ ∂ihiu ¼ −4
d − 2

d
cGB
Λ2

∂i∂jH∂vhij þ
24

d
cR3
Λ4

∂v

�
∂i∂jH□̃hij þ ∂u∂i∂jH∂vhij −

d − 2

2
∂i∂j∂kH∂ihjk

�
−
16

d
cR4
Λ6

∂i∂jH∂i∂kH∂
3
vhjk: ðD13Þ

As before, we see that the dynamical degrees of freedom are contained within the metric perturbations in the transverse
directions hij. Applying the three constraint equations, their equation of motion becomes [up to corrections of OðΛ−8Þ]

e□hij − 8
cGB
Λ2

∂
2
vXij − 24

cR3
Λ4

∂
2
vYij − 16

cR4
Λ6

∂
4
vZij ¼ 0; ðD14Þ

where

Xij ¼
1

2
ðhik∂j∂kH þ hjk∂i∂kHÞ − 1

d
δijhkl∂k∂lH; ðD15Þ

Yij ¼
1

2
ð□̃hik∂j∂kH þ □̃hjk∂i∂kHÞ − 1

d
δij□̃hkl∂k∂lH þ 1

2
ð∂vhik∂u∂j∂kH þ ∂vhjk∂u∂i∂kHÞ − 1

d
δij∂vhkl∂u∂k∂lH

þ 1

2
ð∂lhik∂j∂k∂lH þ ∂lhjk∂i∂k∂lHÞ − 1

d
δij∂mhkl∂k∂l∂mH þ hkl∂i∂j∂k∂lH; ðD16Þ

Zij ¼ −hkl∂i∂kH∂j∂lH þ 1

d
δijhlm∂k∂lH∂k∂mH: ðD17Þ

1. Tensor modes

The perturbation equations (D14) couple all components
of hij in a nontrivial fashionwhen cR3 ≠ 0. Even in the point
source case, the identification of master variable used in
Sec. II C for EGB theory no longer works when the R3-
operator is included. For illustrative purposes, we consider
just the spherically symmetric point source case. Due to the
symmetry, we may perform a scalar-vector-tensor (SVT)

decomposition with each type of perturbation (scalar,
vector or tensor) evolving independently of the other types.
The simplest of them are the tensor modes, which are
parametrized by

hrr ¼ hra ¼ 0; hab ¼ r2ΦTTab; ðD18Þ

where Tab is a tensor spherical harmonic on the (d − 1)-
sphere and satisfies

ðΔ̂d−1 þ κ2TÞTab ¼ 0; ðD19aÞ

Ta
a ¼ 0; D̂aTab ¼ 0: ðD19bÞ
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We used κ2T to represent the eigenvalue of Tab

instead of the traditional k2 to avoid any possible con-
fusion with the momentum of the perturbations ðku; kv;kÞ
used elsewhere. There is one tensor mode ΦT for each

tensor spherical harmonic on the (d − 1)-sphere. They all
share a master equation, which can be derived from the
ða; bÞ-components (with a ≠ b) of (D14)

0 ¼ □̃ΦT −
κ2T þ 2

r2
ΦT − 8

cGB
Λ2

∂rH
r

∂
2
vΦT þ 24

cR3
Λ4

∂
2
v

�
d
∂rH
r2

�
∂rΦT þΦT

r

�
−
∂u∂rH

r
∂vΦT

�
þ 16

cR4 − 12cGBcR3
Λ6

�
∂rH
r

�
2

∂
4
vΦT: ðD20Þ

In arriving at this equation, the □̃hab terms present in Yab
have been replaced perturbatively using the lower-order
equation of motion, giving rise to the cross term ∝ cGBcR3.
Once again, this equation is valid up to corrections of order
OðΛ−8Þ.

APPENDIX E: EFT VALIDITY BOUND ON WAVE
FUNCTION SPREAD

In Sec. III I, we discuss how a generic initial quantum
state has a nonzero spread σ in transverse space and thus
cannot be perfectly balanced at an unstable equilibrium
point. As a state in a low-energy EFT, this spread is in fact
also bounded below by Λ−1. To demonstrate this, we must
bound a Lorentz-invariant quantity dependent on σ [as we
did for Hðu; rÞ, kv and b in Sec. II D]. The spread in
momentum space is inversely related to the spread in real
space, jΔkj ∼ σ−1, so we would like to bound the inner
product of two opposing wave vectors k� ¼ k0 � Δk,
where k0 is some central momentum. However, to con-
struct a scalar quantity, they must first be embedded in
D-vectors on the full D-dimensional pp-wave spacetime

ðk�α Þ ¼ ðk�u ; k�v ;k�Þ; ðE1Þ

with the condition that k� is null due to the GR equations of
motion,

gαβk�α k�β ¼ 0 ⇒ k�u ¼ Fðk�v Þ2 − k�2

2k�v
: ðE2Þ

For a fixed “mass” kþv ¼ k−v ¼ kv, the inner product
reduces to

kþ · k− ¼ −2Δk2: ðE3Þ

With the Lorentz-invariant bound kþ · k− ≪ Λ2, we get the
desired result jΔkj ≪ Λ, or σΛ ≫ 1.

APPENDIX F: EXPANSION OF THE
WIGNER-SMITH TIME DELAY

The expressions (7.24) give the parameter dependence of
the first three orders of the Wigner-Smith time delay
expanded in (1) S-matrix perturbation theory, (2) small
Gaussian width, and (3) early times. Four dimensionless
numbers fað2Þ; ãð2Þ; að3Þ; ãð3Þg feature in these equations
and are given below in terms of integrals, where b̂ ¼ b=b is
the unit vector in the direction of b.

að2Þ ¼ −2

0B@−
2π

d
2

Γ
�
d−2
2

�
1CA

2 Z
1

0

dw1dw2Θðw1 − w2Þ
Z

ddp1

ð2πÞd
ddp2

ð2πÞd

×
eip1·b̂ þ Θbale−ip1·b̂

p2
1

eip2·b̂ þ Θbale−ip2·b̂

p2
2

ðp1 þ p2Þ2ðw1 − w2Þp1 · p2; ðF1aÞ

ãð2Þ ¼ −2

0B@−
2π

d
2

Γ
�
d−2
2

�
1CA

2 Z
1

0

dw1dw2Θðw1 − w2Þ
Z

ddp1

ð2πÞd
ddp2

ð2πÞd

×
eip1·b̂ þ Θbale−ip1·b̂

p2
1

eip2·b̂ þ Θbale−ip2·b̂

p2
2

ðw1p1 þ w2p2Þ2ðw1 − w2Þp1 · p2; ðF1bÞ
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að3Þ ¼ 2

0B@−
2π

d
2

Γ
�
d−2
2

�
1CA

3 Z
1

0

dw1dw2dw3

Z
ddp1

ð2πÞd
ddp2

ð2πÞd
ddp3

ð2πÞd
eip1·b̂ þ Θbale−ip1·b̂

p2
1

eip2·b̂ þ Θbale−ip2·b̂

p2
2

×
eip3·b̂ þ Θbale−ip3·b̂

p2
3

ðp1 þ p2 þ p3Þ2ð2Θðw1 − w2ÞΘðw2 − w3Þ − Θðw2 − w1ÞΘðw2 − w3ÞÞ; ðF1cÞ

ãð3Þ ¼ 2

0B@−
2π

d
2

Γ
�
d−2
2

�
1CA

3 Z
1

0

dw1dw2dw3

Z
ddp1

ð2πÞd
ddp2

ð2πÞd
ddp3

ð2πÞd

×
eip1·b̂ þ Θbale−ip1·b̂

p2
1

eip2·b̂ þ Θbale−ip2·b̂

p2
2

eip3·b̂ þ Θbale−ip3·b̂

p2
3

ðw1p1 þ w2p2 þ w3p3Þ2

× ð2Θðw1 − w2ÞΘðw2 − w3Þ − Θðw2 − w1ÞΘðw2 − w3ÞÞ: ðF1dÞ
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