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Causality in the presence of stacked shockwaves
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Relativistic causality constrains the S-matrix both through its analyticity, and by imposing lower bounds
on the scattering time delay. These bounds are easiest to determine for spacetimes which admit either a
timelike or null Killing vector. We revisit a class of pp-wave spacetimes and carefully determine the
scattering time delay for arbitrary incoming states in the eikonal, semiclassical, and Born approximations.
We apply this to the effective field theory of gravity in arbitrary dimensions. It is well-known that higher-
dimension operators such as the Gauss-Bonnet term, when treated perturbatively at low energies, can
appear to make both positive and negative contributions to the time delays of the background geometry. We
show that even when multiple shockwaves are stacked, the corrections to the scattering time delay relative
to the background are generically unresolvable within the regime of validity of the effective field theory so
long as the Wilson coefficients are of order unity. Phrased the other way, this can be read as a bound on the
Wilson coefficient from infrared causality which are consistent with positivity/bootstrap bounds.
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I. INTRODUCTION

Causality is known to be a powerful constraint on
relativistic quantum theories. For scattering in Minkowski
spacetime, it is well known to lead to powerful analyticity
properties which have been put to significant use in deriving
positivity/bootstrap bounds in recent years, while relativistic
causality also constrains correlation functions with similarly
fruitful implications [ 1-24]—for a recent review see [25]. A
closely related result, which has an equally long history, is
that causality should impose lower bounds on the time delay
incurred during a scattering process [26,27]. This has been
well studied in nonrelativistic theories [28] and has, more
recently, been applied particularly to pp-wave spacetimes
[29]. One of the advantages of computing time delays is that
it does not require analyticity and is therefore potentially
applicable to generic spacetimes and field theory
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backgrounds. In this regard, it has recently been shown that
imposing a lower bound on scattering time delays [30,31]
can either be complementary to or reproduce many of the
positivity bounds previously obtained by a subtle combi-
nation of analyticity and crossing symmetry arguments
[11,15,16,19-21]. Causality in gravitational theories is well
known to be more subtle, where already positivity/bootstrap
bounds are known to be weakened [12,24,30-52]. This is in
part because, in a gravitational effective field theory (EFT),
the low-energy light cones of different species are known to
be affected by the background, including for gravitational
waves themselves [53—69] Nevertheless, consistent low-
energy EFTs which emerge from fundamentally Lorentz-
invariant UV completions should still respect relativistic
causality in some form—even with gravity. A minimal
requirement that seems to satisfy this is the asymptotic
causality requirement of [29,70-76], which imposes pos-
itivity of the total time delay experienced by propagating
states relative to the asymptotic Minkowski geometry—
more precisely any negativity should be within the confines
of the uncertainty principle.

A. Time delay

On a spacetime with a timelike Killing vector d, and
associated conserved energy E, such as in the stationary
black hole background considered in [44], the Eisenbud-
Wigner time delay [26,27,77,78] can be identified with the
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E-derivative of the asymptotic scattering phase shift: AT =
206/0E. In what follows, we shall instead be interested in
pp-wave spacetimes, where d,, is a Killing vector for the
null time » and the associated conserved quantity is
momentum in the null v-direction k,. It is then natural
to define the analog null time delay via Av = 206/0k,,
although we will give a more formal definition of both,
applicable to arbitrary incoming states, in Sec. III. In both
cases we shall formally define a time delay operator which
is the quantum conjugate variable to the conserved energy
operator and explain how this is not in contradiction with
Pauli’s theorem.

B. Asymptotic causality

In a gravitational theory all species couple to gravity, so
the generic form of the time delay has a contribution from
the Shapiro delay due to the spacetime metric and an
additional delay due to local nongravitational interactions.
When working at tree-level in a low-energy EFT, this may
be split as

AT = AT spapiro + AT gt (L.1)
with an analogous split for the null time delay Awv. The
causal properties of an EFT operator can be inferred from
its contribution to the time delay experienced by propa-
gating metric perturbations. Asymptotic causality is the
statement that AT, the total time delay relative to a flat
Minkowski geometry is positive, or more precisely is never
resolvably negative

AT Z —-E'. (1.2)
The allowed negativity is simply the reflection of the usual

uncertainty principle and is explicitly built into the bound
of Eisenbud and Wigner [26,27].

C. Infrared causality

A more precise proposal, dubbed infrared causality in
[44], is that consistent EFTs should further require

ATger % —E7". (1.3)
This is motivated in the introduction of [67], and the
introduction and Sec. 2.5 of [44], and was demonstrated for
FLRW spacetimes in [66,67] and spherically symmetric
black hole spacetimes in [44,69]. In the latter case, it was
shown in [44] that infrared causality is the requirement that
reproduces known positivity/bootstrap bounds, while
asymptotic causality leads to weaker bounds. In the present
work we will extend the discussion to pp-wave spacetimes
which can be stacked to add multiple negative contributions
to the time delay.

D. Stacking unresolvable contributions

Many authors impose strict positivity AT > 0 on the
grounds that, if a setup were found which can give even a
perturbatively small negative contribution to the time delay,
it would be possible to stack these to make a negative and
arbitrarily large and hence resolvable time delay. A
common argument for this is that given in [79]:
Consider a sequence of N scattering events separated by
times sufficiently large that we can safely assume the nth
scattering has taken place between 7, and ¢,.;. The total
unitary evolution in interaction picture may be split into a
time-ordered product

Ulty. to) = Uty ty-1) Ulty-r. ty—a)-..

= I]:é, n’n l

Given the assumption that the times ¢, —t,_; are suffi-
ciently long relative to the scales of interactions, the
states approach asymptotic states and we may regard
U(t,.1,_;) as the S-matrix for the nth scattering event:
S, = U(t,.1,_1). Then, the total S-matrix is

(1.4)

N
Stotal :THSn' (15)

n=1
Assuming each scattering event is identical, S, =8,

then we have S = (5,)V

is simply

so that the total time delay

ATy = NAT). (1.6)
On first sight, this may seem to naively suggest that one
could make any small (unresolvable) time advance as large
(and hence resolvable) as we like by simply making N
arbitrarily large. If correct, this argument would indicate
that a resolvable (and hence physically observable) time
advance can be produced by accumulating a large number
of unresolvable (unphysical) effects. This is basis for a
series of subsequent work placing causality constraints on
various theories [80—88].

As we shall see, there are multiple issues with the
previous arguments. First of all, the previous result (1.6) is
only true over the time period for which we can neglect the
process of quantum diffusion, i.e., the dynamics of the free
Hamiltonian H,. As we shall show explicitly in what
follows, the key point is that, e. g, even when the interaction
Hamiltonian A, (¢) = H(t) — H, takes the form

N

H\(1) = 25(f_a — ty_)K,

n=1

(1.7)
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with 0 < a < 1, — t,_; for fixed K, the S-matrix for each
scattering (being defined in interacting picture) is

S‘n — eiﬁlo(a+t,,_1)e—ike—iflo(a+tn_])_

(1.8)

Given K and H, necessarily do not commute, each
scattering event cannot be regarded as identical and
Sl # (S1)Y. The physical effect of the free evolution

eflolattin) g to diffuse the incoming state, and it is due to
this diffusion that each scattering event is not identical to
the previous one. The quantum diffusion builds up,
eventually putting a limit on the total time delay that
can be accumulated [89]. We shall see later precisely how
to account for the effect of the quantum diffusion.

E. Null time delay in stacking configurations
and main result

One of the central virtues of pp-wave geometries is that it
is easy to superpose them, thereby allowing the construc-
tion of exact solutions which describe the previously
discussed sequence of scattering events. In this paper we
shall be primarily concerned with these stacked shock-
waves or, more generally, smooth pp-wave geometries. In
what follows we give a precise definition of the null time
delay appropriate for arbitrary initial states and pp-wave
spacetimes, which is more general than the approximate
impact parameter expression whose applicability is
restricted to eikonal scattering, and show how to compute
this in the eikonal, semiclassical, and Born approximations.
We use this to investigate the background configurations
for the gravitational EFTs considered in [29] and carefully
account for the regime of validity of the EFT. In physically
sensible situations, we find that, in addition to asymptotic
causality being satisfied, the generically stronger condition
of infrared causality is also satisfied, provided we remain in
the regime of validity of the EFT and assuming the
Wilsonian coefficient of the Gauss-Bonnet (GB) term is
bounded |cgg| < O(1) [90]. This statement does not rely
on a specific UV completion, say string theory or a weakly
coupled tree-level completion. It also holds despite the
superficial device of being able to stack multiple shock-
waves together to accumulate time advances. It is the
combined effect of diffusion and scattering which is
responsible. We highlight in particular how, in the balanc-
ing shockwaves case (for which, classically, scattering is
absent), the two effects combine in a nontrivial way to
render any would-be time advance unresolvable.

F. Outline

The rest of this work is organized as follows: In Sec. II,
we review pp-wave spacetime solutions in the EFT of
gravity in arbitrary dimensions. While pp-waves are exact
vacuum solutions of any EFT of gravity independent of
their precise shape, the same no longer holds once metric

fluctuations (i.e., gravitational waves) are considered.
Ensuring that the EFT of gravity remains under control
in the presence of small infinitesimal fluctuations leads to a
precise regime of validity beyond which the EFT can no
longer be trusted. With the EFT under control, we then
introduce the standard Eisenbud-Wigner-Smith time delay
in Sec. III and its null analog. We emphasize the role of
scattering and quantum diffusion, and the relation with the
standard eikonal approximation, which is typically con-
sidered in the literature. With this clarification in hand, we
start by computing the time delay in the eikonal approxi-
mation in Sec. IV, establishing the scattering from a single
source before considering a (possibly continuous) succes-
sion of point sources. Then we show that, within the regime
of validity of the EFT, the time advance remains unresolv-
able so long as the coefficient of the GB-term is at most
of order unity. In Sec. V, we turn our attention to the
engineered situation where sources are carefully positioned
so0 as to balance each other, leading to a local extremum in
the potential between two sets of pp-waves. In this case, the
instability of the potential leads to a maximum time
advance which we prove is always either unresolvable or
indistinguishable from the general relativity (GR) contri-
bution within the regime of validity of the EFT. We then
move beyond the eikonal approximation and consider
scattering in the semiclassical approximation in Sec. VI,
highlighting features that would be impossible to diagnose
in the eikonal limit. For completeness, we also compute the
time delay in perturbation theory in Sec. VII. The diffusion
and scattering are identified in this limit and we show how
they compete with one another, leading to an unresolvable
time advance in the regime of validity of the EFT.
Section VIII provides a summary of our main results.
Technical details on the perturbations are left to the
Appendixes A-F.

G. Conventions

We work in units where 72 = ¢ = 1, and in mostly-plus
signature (—,+,---,+). The pp-wave metric g,z in so-
called Brinkmann coordinates is given by

gaﬂdx"dx/’ = 2dudv + H(u,x)du? + &;;dx’'dx/,  (1.9)
where x are coordinates on the d = (D — 2)-dimensional
Euclidean transverse subspace. Tensors of the full D-
dimensional manifold are indexed with letters from the
Greek alphabet {a, 3, ...}. The Laplace-Beltrami operator
is written as (] = g% V, V. It will also be useful to define
the Laplace-Beltrami operator as it would act only on a
scalar, written as [ = ¢*9,0; = 20,0, — HO? + 9,0;.
Tensors on the d-dimensional transverse Euclidean
space are usually indexed with letters from the middle
of the Roman alphabet {i,j,...} when expressed in
Cartesian coordinates. No distinction is made between
upper and lower indices on the transverse space in these
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coordinates. The Laplacian on the transverse space
is V3 = §70,0; = 0,0;.

On occasion, we will discuss a particular pp-wave
solution which is spherically symmetric in the transverse
directions H(u,x) = H(u,r). In that case, we will use
spherical coordinates,

§,jdxidx/ = dr* + r’y,,d6"de", (1.10)
with 7> = x? and y,, the metric on the (d — 1)-sphere.
Tensors on the (d — 1)-sphere are indexed with letters from
the start of the Roman alphabet {a,b,...}, with the
covariant derivative represented by D, and the Laplace-
Beltrami operator by A,_; = y**D,D,.

II. PP-WAVES IN THE EFT OF GRAVITY

Every metric, with a choice of null geodesic, can be
associated to a pp-wave metric via the Penrose limit process
[91]. This means that they can be used as analogs to study
the physics of systems where the exact metric is unknown.
For example, a pp-wave metric (1.9) with appropriately
localized singularities in H(u, x) is analogous to a multi-
black-hole spacetime via an Aichelburg-Sexl boost [92]. By
this association, the (a)causality of an EFT operator on a pp-
wave metric is actually reflective of its (a)causality in a
much broader class of situations. The pp-wave metric is an
exact solution not only in GR but also to all orders in the
EFT of gravity, since all higher curvature invariants vanish
[93]. Remarkably this is true even for the Aichelburg-Sexl
shockwaves despite their delta function singularity. Since
all irrelevant operators vanish, there is naively no constraint
on the amplitude or shape of a pp-wave in order to be
consistently treated within a given EFT.

However, this is no longer true as soon as the pp-wave
metric is perturbed. A wave of arbitrarily small amplitude
traveling in the opposite direction can potentially lead to an
arbitrarily large curvature once it hits the wavefront of the
shockwave, at which point it can no longer be described
within the EFT. This fact is enough to constrain not only the
energy of gravitational perturbations, but also the energy of
the background pp-wave metric on which they propagate.
In this section, we will describe some properties of the
background pp-wave metric before introducing perturba-
tions and their dynamics. In a similar fashion to [44], these
can then be used to ascertain the constraints from requiring
that a given EFT is under control, which in turn will impose
restrictions on the form of the pp-wave metric. These
constraints will play a crucial role in our later discussion of
scattering time delays.

A. Properties and examples of the pp-wave metrics

In what follows we shall exclusively be concerned with
pp-waves of the form

Japdx®dx? = 2dudv + H(u,x)du? + §;;dx’'dx/.  (2.1)
Up to symmetry, the only nonzero component of the
Riemann tensor associated to the pp-wave metric are

1

——0,0;H.

Ruiuj = ) (22)

It follows that the only nonzero component of the Ricci
tensor is R, = — % V2H and the Ricci scalar automatically
vanishes because the inverse metric component g“* is
zero. The metric (1.9) is thus a solution to the vacuum
Einstein equations if H is harmonic in transverse space
V2H (u,x) = 0. More generally, we will be interested in
spacetimes sourced by point particles (analogous to black
holes) for which the Laplacian of H is nonzero only at a
discrete set of points {b,}:

~V3H(u.x) = %Zﬁ(uﬁ(”’)(x b). (23)

r(

the solution to which is

HWJ)—E:Et%%Z. (2.4)

The functions of the u-coordinate f;(u) must be positive for
such a source to satisfy the null energy condition, but are
otherwise unspecified at this time. Example functions
which will be useful in what follows are given in Fig. 1.
In addition to the different configurations of shockwaves
we will consider—situations which are captured through
different choices of functions f(u)—we also have the
freedom to choose different sets of singular points {b,}.
Throughout this paper, we will consider two simple cases:
(1) Point sources: A single or set of point sources
located at the origin with spherical symmetry in

the transverse directions,

(2.5)

which will be discussed in detail in Sec. IV, and

(2) Balancing case: Two equal (sets of) sources located
at =b, which we shall refer to as the “balancing”
case

Hae) =10 (1) 29

to be considered in Sec. V.
For the most part, the arguments in this paper apply for
arbitrary functions f(u). There are however some specific
examples we will refer to for illustrative purposes:
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Point Source
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FIG. 1.

(a) The single “shockwave,”

(2.7)

corresponds to a point particle moving ultrarelativisti-
cally in the v-direction with momentum P, [93—-105].
This features prominently in the discussion on cau-
sality in [29].

(b) The “sequence of shockwaves,”

N-1
fssw(”) = Zfsw(u - un)’ (28)
n=0

corresponds to series of shockwaves which occur one
after another in the u-direction. This is the situation
one would typically refer to as “stacking” or surfing on
a multitude of shockwaves, carefully placed one after
the other in the “hope” of accumulating time delay/
advance.

(c) A constant f(u) = f, which can be seen as the limit of
fssw as the number of shocks grows very large N — oo
while the u-distance between them goes to zero
u, —u,, 1 — 0. In terms of optimizing the amount
of time delay/advance, this situation is typically more

An illustration of the pp-wave sources referred to in the text. Each dot represents a Dirac delta function in the u-direction.

optimal than the previous one, but can easily be
considered within the same formalism.

B. EFT of gravity

Schematically, the D-dimensional low-energy EFT of
gravity is of the form

SEFI‘:/dDX —gMgl_z

1 V\ ™ (Riemann "
X<§R+A2 Z Cmn (X) <T> ), (29)

m>0,n>2

where A < Mp, is the cutoff energy and the Wilson
coefficients c,,, are dimensionless. Terms of the form
shown in the sum may arise either from tree-level effects,
for instance of higher-spin (s > 2) states with mass/energy
scale, or from loop corrections involving any spin with
mass/energy scale < A with suppressed c,,,. Prototypical
examples of these are weakly coupled string theory and
QED on curved spacetime respectively [53,106—-110]. The
nuanced difference between these two possible origins is,
e.g., discussed in [66], but is unimportant from a low-
energy perspective aiming to remain agnostic to the precise
details of the UV completion.
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In D > 5, the leading-order EFT in vacuum is

Sprr = /de,/—M <R+C/€5RZB+...>, (2.10)

where Rgp = R, — 4R%; + R* is the GB-term. In spe-

cific UV completions cgp may vanish, but cgp is generi-
cally nonzero and the entire discussion of this paper
assumes cgg # 0. If it does vanish, then the cubic curvature
terms will be leading corrections whenever supersymmetry
is broken. These are, e.g., discussed in [107], the causality
properties of which are considered in [68,69,73].

The vacuum Einstein-Gauss-Bonnet (EGB) equations
are

2CGB

gaﬁ = Gaﬁ +— A2 Baﬁ = 0, (211)
where
Bos = 4R 505y R + 2R, " Ryspc — 4Ry R°
1
+ ZRRaﬂ - ERGBga/?" (212)
For the pp-wave metric (1.9) with Riemann

tensor (2.2), B,z =0. The solutions discussed in the
previous Sec. (2.4)—(2.6) are thus also solutions to EGB-
theory, as expected.

C. Metric perturbations and their dynamics

We will now introduce metric perturbations /4 on top of
background pp-waves. It is their dynamics which will
determine the causal properties of the GB-operator in
Secs. IV-VIIL. Perturbations spoil the exactness of the
pp-wave metric to any order in the EFT. We will soon
see how this gives rise to constraints on both the energy of
the perturbations and the profile of the background function
H(u,x) [captured by the function f(u)]. This will play an
important role for causality.

The field equations for the metric perturbations 7, in
this EFT are given by

043 =0 (2.13)
The full set of equations is given in Appendix A. In light
cone gauge,

(2.14)
the 6&,, equations reduce to two constraint equations
(2.15)

Taking the trace of the 6&;; equation and applying the above
two constraints produces a third constraint,

d- 2CGBaaHah

61/.h,m + aihiu =—4 d A2 ijs

(2.17)

so that the #,, and h,; components are all specified in
terms of h;; as long as d,h,s # 0. This leaves only the
D(D -3)/ 2 components of the traceless 4;; as the dynami-
cal degrees of freedom. Their equatlon of motion is
given by

Oohy; — 8= 02X, = 0.

Xl] - 5 (h,kﬁjakH + h]kalakH)

1
~ 0,00 H (2.18)

Unlike the background solution, the equation for the
perturbations is modified by the GB-operator in the action.
In fact, it will generically receive corrections from any
effective gravitational operator. Demanding that these
corrections are under control will define the regime of
validity of the EFT in the next section.

The decoupled “master variables” are linear combina-
tions of the %;; depending on the form of H(u,x). In the
case of the point source (2.5), spherical symmetry means
the Eq. (2.18) are all immediately decoupled when
expressed in spherical coordinates. The single caveat is
that not all of the diagonal components of 4;; are inde-
pendent because of the tracelessness condition (2.15).
Choosing hpp as the dependent component, the master
variables are

®oe{h,, hy hy fora# b, h,, —hpp (no sum)}, (2.19)

where {a, b, ...} label the angular directions. Their master

equations are

D(I) ACGBaH
A?

D=0,

(2.20)

where A is an integer depending on the master variable
under consideration

Ae{8(d-2),4(d-2),-8,-8}.

In the balancing source case (2.6), it is less straightforward
to identify the master variables. Some details are given in
Appendix B but are not crucial for what follows. Suffice to
say, the master equations will take a similar form to (2.20).
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D. The EFT regime of validity

We follow the procedure in [44,67] to establish the regime
of validity of the EFT (2.9) on pp-wave backgrounds.

The GB-term in the EGB effective theory (2.10) under
consideration is just the lowest-order term in an infinite
series of effective operators (2.9). Generically, any number
of these terms could be present when UV degrees of
freedom are integrated out to obtain a low-energy action.
The full EFT action is an expansion in powers of the
spacetime curvature (“Riemann”) and its derivatives, com-
pared to the EFT cutoff energy A. The expansion is only
under control in regions where that ratio is small. In other
words, the EFT is only valid in the regime where

V\ " /Riemann * <1
A A2 ’

What is meant by this schematic expression on the left-
hand side is all possible scalar contractions built out of m
covariant derivatives and n powers of the Riemann tensor.
The background pp-wave metric seemed to evade validity
constraints by exactly solving the EFT to any order, so that
the left-hand side of (2.21) simply vanishes. However, in
the perturbed spacetime, the “Riemann” tensor in (2.21)
refers to the sum of the background Riemann tensor and its
perturbation. The perturbed Riemann tensor has a much
richer structure than the background Riemann tensor, with
none of its nontrivial components vanishing. Hence there is
a nontrivial EFT regime of validity for the pp-wave
spacetime as soon as metric perturbations are allowed to
propagate.

The perturbations to the Riemann tensor are given by
second derivatives of the metric perturbations /4.
Considering perturbations of momentum k%, we may
represent the contribution of the derivatives acting on the
perturbations by powers of k*. To establish the regime of
validity, it is then sufficient to consider all possible scalar
invariants of the form

V\™ ( R\"[k\? .

() () (3) =

where R represents the background Riemann tensor (2.2).
There are a number of contractions which would render the
left-hand side of (2.22) trivially zero, or lead to a much
weaker constraint. These are discussed in Appendix C. The

upshot is that the strongest EFT validity bounds come from
contractions of the form

(2.21)

(2.22)

(k-V)"(k-R- k)2 < A28 (2.23a)

(V-V)"(k-R- k)™ < A2m+8n, (2.23b)

A nontrivial example of (2.23a) with m = n = 1, written in
terms of components, is

ko Vo (KPR 3,50 KOk RE1PK ) < ALO.

Similarly, k, may be replaced with V, to obtain an example
of (2.23b). Taking the n — oo limit of (2.23) gives us our
first EFT regime of validity bound:

A4
0,0,H < 5.

v

(k,0;0;Hk,)* < A8, or (2.24)

In particular, for the spherically symmetric point source, it
can be written as

o.H A*

0*H ~ < —.
r k%

(2.25)

This represents a bound on the strength of the source at any
given distance from its singularity in transverse space.
Taking the m — oo limit of (2.23) gives

K"V, < A2, (2.26)
where V is understood to be acting on a scalar. In particular,

for nonzero momentum in the v-direction k,, we obtain a
bound on the u-derivative of H

o,H N
—_— <. 2.27
0<% (2.27)
Lastly, taking the m — oo limit of (2.23b) gives
0 < A2, (2.28)

where [ is understood to be acting on a scalar. Isolating the
transverse Laplacian results in a distance-resolution scale
(say, for the point source),
r> AL (2.29)
Below we gather the three EFT regime of validity bounds.
On the left, they are written in their generic form as they
would apply without specifying a background pp-wave
metric. In the middle, they are specialized to the point-source

metric (2.5). On the right-hand side, they are further
specified for a particular impact parameter x = b = bb.

General  PointSource(s) x =b = bb
O< A r> A7 b>aAT  (230)
GoH < H<n Ldah (230b)
a J,H 2 f(u 2
KV, <A AE < féu)) < (2.30c¢)

The top line (2.30a) is relatively intuitive and represents the
lower limit on the distance scales we may probe before
exiting the regime of the validity of the EFT. As mentioned
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previously, the middle line (2.30b) represents a bound on the
strength of the pp-wave source at a given distance from the
source. Here the bound on f(u) should be understood not in
a point-wise sense but rather in an averaged sense,

uta, A4p\ P
[ iran < (55°)
u—A2, v

for any positive power p and where 1, = P! is the wave-
length integrated over in the u-direction. The last line (2.30c)
bounds how quickly f(«) may vary in u-time and should
also be understood in its averaged sense,

u+A, AZP u+Ay,
[ @<y [ @
u u=2,

-1 v

u

(2.31)

(2.32)

The latter two bounds depend not only on the EFT cutoff A,
but also on the energy k,, of the gravitational wave probing
the spacetime. This underlines the role that metric pertur-
bations play in establishing an EFT regime of validity on a
pp-wave spacetime.

Notably, shockwaves (or sequences therefore) lead to
divergences in the profile f(u) and its derivative, and are
hence object that cannot be probed within the regime of
validity of the EFT without smoothing out as we discuss in
Sec. IID 2.

1. Regime of validity by explicit example

The above arguments to establish a regime of validity
rely only on generic assumptions about the EFT series
expansion, but were largely schematic. In this section, we
will consider an explicit example of a truncated EFT
expansion. Demanding that the higher-dimension operators
in the expansion are subdominant to the GB-operator will
concretely reproduce the pp-wave regime of validity given
in (2.30).

Consider the following effective action which contains
(2.10) as its leading-order part supplemented by generic
dimension-6 and —8 curvature operators:

SEFT:/dDX\/ M ( R"’CffRz

CR3
+ F R a[)’yﬁR WSG/}R op o

C
+ 2 RepysR7% R 5y RV + > . (2.33)

A6

The full field equations for the background and perturba-
tions are provided in Appendix D. The pp-wave metric
(1.9) of course remains an exact (background) solution to
(2.33). Choosing light cone gauge as before, the traceless
components of the metric perturbations in the transverse
directions /;; remain the dynamical degrees of freedom.
With the addition of the new operators, it is less

straightforward to decouple the equations of motion and
identify the master variables. In the case of the spherically
symmetric point source, one can perform a scalar-vector-
tensor (SVT) decomposition on the transverse space with
the result that the tensor modes ®; are immediately
decoupled. For our purposes, it is enough just to consider
their master equation up to corrections of O(A™8):

~ K2 42 cgp 0,H
0=00;, -1 "p, -8 7
g r2 r A2
0.H D 0,0.H

+24C“ja%,[ <a @ + T) }

A 2 r

Crq4 — 126GBCR3 c) H
+16T< p 04<I>T, (2.34)

where k2 is the eigenvalue of the tensor spherical harmonic
on the (d — 1)-sphere. This equation can be expressed in
v-momentum space by replacing 9, — ik,. For the
GB-operator to truly be the leading-order term in the EFT
expansion, the contributions of the higher-order operators
to this equation of motion (e cg3, cr4), specifically to the
potential, should be subdominant to the contribution from
the GB-operator itself (x cgg). Assuming that the Wilson
coefficients cg3 and cgy4 are O(cgg), then control of the
EFT amounts to

cr30-H ceeO-H -
Oy < 8— 2O, = r<A! 2.35
A3 T < e T=7r ( )
16@ 0 H a4 CGB 0 H 0 H A; ,
A\ r k2
(2.36)
0,0.H 0.H 0,H A?
24 RT3, « 85BI g, = T
A A? H k,
(2.37)

which is exactly the regime of validity of the EFT (2.30)
obtained in the previous section. Note, it was not strictly
necessary to include the dimension-8 operator ~Riemann*
since the subleading correction from the dimension-6
operator produced the same term. Its inclusion illustrates
that there is nothing particular about our choice of higher-
dimension operators in reproducing the regime of validity.
There are many possible higher-dimension operators whose
presence in the EFT of gravity would constrain the
parameters of the spacetime in the same way.

2. Regulating the shockwave in the EFT of gravity

The main result from the previous two sections is that
any calculation performed within the effective theory of
gravity should only be trusted within the regime in which
the set of bounds (2.30) are satisfied. The pp-wave
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solutions provided in Sec. II A need to be revisited in light
of this. In particular, the singular shockwave solution
fsw(u) (2.7) is clearly against the spirit of the bound
(2.30c), or rather its average (2.32), on f'(u)/f(u). To
bring it within the remit of the EFT, the shockwave may be
regulated by expressing it as a Gaussian,

() = — 2 _ex v (2.38)

sw\) = —F——= ey I .
V2rL? P 2L2

where a =4I'((d —2)/2)/z4"2/2GP,.  Interpreting

(2.30c) in an averaged sense, as indicated in (2.32), we
then infer a bound on the width of the pp-wave that can be
considered

L> % (2.39)
This means that the more peaked the source (smaller L), the
“slower” the GW needs to be (smaller k,) in order to probe
the spacetime within the regime of the validity of the EFT.
To be clear, this does not mean that k,/A? is the width of
the wave in the UV completion. We should interpret this in
the following sense: When we construct a low-energy
EFT in the Euclidean we naturally coarse-grain over modes

with momenta larger than Vk? ~ A, so that no correlation
function can resolve distances smaller than A~!. In the
Wilsonian picture of renormalization, this scale is our
choosing and need not correspond to the actual scale of
new physics. The arguments of the previous section
similarly imply that we cannot resolve distances in u
smaller than k,/A”. It could well be that in the UV
completion, the shockwave is actually more localized/
peaked than this (i.e. has a width shorter than k,/A?).
However, it will always be perceived to a low-energy
observer as having a width of at least k, /A

The sequence of shockwaves may be regulated in an
analogous way as fgw = >, fsw (4 —u;). Since each
regulated shock now has a finite spread ~L and height
~aL~!, they become indistinguishable as the distance
between them shrinks, and approach a constant source
f(u) = f ~aL~!. Conversely, if they are to remain dis-
tinguishable, there must be a minimum u-separation
between them Awu ~u; | —u; > L.

III. SCATTERING TIME DELAY

In this section, we review the formal definition of
scattering time delays and derive expressions for it in
various representations that will be useful for future
calculations. In particular we give a generic semiclassical
expression to complement the more familiar eikonal
expression which is frequently used in the analysis of
pp-wave spacetimes.

A. Eisenbud-Wigner-Smith time delay

In the elastic scattering region, the eigenvalues of the
single-particle S-matrix S define the asymptotic phase
shifts e*°. For example, in the case of spherically sym-
metric nonrelativistic scattering, the S-matrix diagonalizes
into partial waves and each partial wave phase shift 5,(E),
which is a function of the incoming energy FE, determines
an eigenvalue of the S-matrix. Eisenbud and Wigner
[26,27] proposed that for nonrelativistic scattering, asso-
ciated with each partial wave, we can define the Eisenbud-
Wigner time delay

(3.1)

by differentiating the partial wave phase shifts with respect
to the energy. Qualitatively, this describes the delay of a
scattering wave packet which is peaked around an energy
E. In situations with less symmetry, it is in general difficult
to construct the eigenvalues and eigenstates, so it is
preferable to have a more general definition of what we
mean by the time delay. This is provided by the Hermitian
time delay operator, known as the Wigner-Smith operator
[77,78], which is defined in terms of the S-matrix as

i .08 i0S.

AT = —-8" =4+ -3

2 0E 20E (32)

Connection can be made with the Eisenbud-Wigner def-
inition of the time delay by considering the elastic region,

for which 87§ = 1, and considering the expectation value
of AT on an eigenstate of S. Denoting these by |5), then
differentiating §|6) = ¢*°|5) we have

A

. a|5) a(e*?)

aS ) )
=15 _ i\ 171 =26 7N 5 .
from which we infer
— 26
O|AT|6) =2 —, 34
(3IAT1) =27 (34)

which is exactly the Eisenbud-Wigner time delay.

The operator (3.2) can be formally extended to the full
Fock space/QFT Hilbert space as follows: Since the full
S-matrix § commutes with the asymptotic Hamiltonian A,
for time-translation invariant systems, we may write it in
terms of its spectral decomposition

§= / AES |E W, (E)E T, (35)

1J

where |E, I) denote a complete set of multiparticle energy
eigenstates of I:IO
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:ia < ’

,J> :5(E_E/>5IJ

/

The time delay operator defined on the full Fock space is
then

(3.6)

—~ 0 n
AT=-_ [ dEY ST|E.I)— ((I.E|S
5 [ ES S VED) (0.9
/dEZ (&

—i [ dEY = |§TE-S I(E+<

’/ Z@e[ =g DiETS

)1, E|S

d

Given that A, commutes with § and Hy|E +¢/2.1) =
(E+¢/2)|E £+ ¢/2,1) then formally we have

€ € |a
E——1)(E+=,1
S (E+509]

which shows that the time delay is the operator appro-
priately conjugate to H,. Note that this expression
only holds at a formal level since, according to Pauli’s
theorem [111], there can be no self-adjoint operator
conjugate to a Hamiltonian with an energy spectrum
bounded below. In short, if there were then it would be

e=0
(3.7)

pu— i’
e=0

(3.8)

A~ 0 ~
Hy, AT]=i | dE— |eST
[o ] l/ 66[6

possible to construct a unitary operator e~2eAT which
|

wI&TIg) = [ dEZ{—(

which is manifestly Hermitian. Now since

o) = [ AEY ()|

which amounts to y;(E) — Ew;(E), it is easy to see that

could translate energy eigenstates to arbitrarily negative
energies e AFAT|E) = |E — Ap).

However, it has long been known that is possible to
construct non-self-adjoint operators which have the above
commutation relation, see for example [112,113]. These
operators are mildly singular (usually requiring an
inverse) and are Hermitian, but not self-adjoint due to
the need to exclude singular points. For a review of these
and related issues see [114—121]. A more formal way to
deal with this is to introduce positive-operator-valued
observables [122—-125]. Nevertheless, the allowed domain
contains all the scattering states of interest and so we can
nevertheless compute expectation values of these oper-
ators. Concretely this can be achieved as follows: Let
|A;(E)) denote a Fock space eigenstate of S which is also

an eigenstate of A, with eigenvalue E normalized such
that <A[(E)|AJ(E/)> - 51]5(E - El), and

|A(E)).

The full S-matrix may be written in spectral form as

S|A/(E)) = e2itiE (3.9)

§= [TarY e i@ 310
A generic state is similarly written as
ly) —A dEZl//l )A(E (3.11)

with y;(E) = (A;(E)|y). The matrix elements of the time
delay (3.7) are explicitly

o, 5T) =~ [ dEZ[ 04”,5:)
=i A dEZy/,

= i{yle),

6<.1761](5 ) dlllgéE) o,(E )> +2d£?11//7¢1} (3.12)
(3.13)

AEVED 4 ) — iy ) "EOUED | WiE) (g ()
(3.14)

which confirms we have the correct definition of the time delay.
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For the squared operator, we naively have

(w|AT|g) = / *4ES (| &T|A (B))(A/(E) AT|g)

+ dEZ —+— (0)5(E) % | 1 $1(0)8(E) ).
0E ' 2

[ (4 - 2

(3.15)

(3.16)

The singular delta functions reflect the problem of defining integrals on the half line. However these expressions are well-
defined for all states for which ¢;(0) and y;(0) vanish. Since states of zero energy are not of concern in scattering questions,

we may define for all intents and purposes,

| AT |p) = /OdEZK )V/1¢1

which is again manifestly Hermitian. With this definition,
we note that
T e
(w|[Ho. AT ]|¢p) = 2i{w|AT|¢), (3.17)
which confirms the tenor of the commutation relations. We
can repeat this procedure at higher orders, finding (with
sufficient constraints on the behavior of the wave functions

at £ =0) well-defined expressions for the expectation
values. However, due to the increasing constraints, it is

clear that there is no formal unitary operator e’2#A7 that can
be defined on the full Hilbert space, and this is how we
evade the implications of the Pauli theorem [122-125].
In the literature, the time delay is often associated only
with the phase factor that occurs in the impact parameter

representation of scattering amplitudes AT ~ 2’)‘5(1’ £)

a6(b.k,)
2 ok,

or

equivalently Av ~ We stress that this is only an

approximation since the S-matrix does not diagonalize in
impact parameter basis. Further, this definition fails to
connect with the well-understood situation for small multi-
poles, which was the original interest of Eisenbud and
Wigner [26,27]. By contrast, the Wigner-Smith operator is
meaningful and matches precisely with the Eisenbud-
Wigner definition for partial waves and the impact param-
eter definition when the latter is a good approximation.

B. Null time delay

Given the symmetries of pp-wave spacetimes, it is
natural to generalize the usual concept of a time delay to
that of a null time delay conjugate to the conserved null
|

lim ®(u, v, x)

u——0oo

A~ k- N —i
}(n kelk,l/ 1K-x— leL +a m Te ik,v

- / dk, /ddk
“ Jo 27 2k,

dAI( .09 dy; )

op; oyp aWI 0({)1
dE

YiIoE ™ oF OE OE

momentum IA’U. We aim to define an operator AV which
acts on the asymptotic states and is conjugate to the
asymptotic null momentum PY.

In Heisenberg picture, the quantized free-field metric
fluctuations satisfy the master equation (2.20). Given the
null Killing vector it is natural to split the Hermitian fields
into creation and annihilation operators

(u,v,x) / Z ay, 1™y (u, x)

+ &y, ey (. x)),

(3.18)

with k, > 0 by definition. The complex single-particle
wave functions y;(u, x) satisfy the master equation (2.20)
obtained from performing a Fourier transform in the
v-coordinate 0, — ik,. This takes the form of a non-
relativistic Schrodinger equation

i (%) = w(x) + V() (wx),  (3.19)

ou 2k d
where the u-coordinate plays the role of time, Vfl = 0,0 is
the Laplacian on the d-dimensional transverse Euclidean
space, and the potential term arises from the curvature of
the spacetime. In this language, we can treat the metric
perturbations as a particle of mass k, being scattered off a
potential V sourced by the pp-wave metric. For instance,
assuming the potential vanishes asymptotically, we can
label the incoming states by the incident transverse
momenta k, and so the incident field may be written as

2

. K

—ik-X+iz—u
2ky

e v

(3.20)
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with a similar expression for the outgoing field

lim ®(u, v,x) = /
U—00 0

277 \/2k

The relation between the in- and out-fields is given by the
full Fock space S-matrix S

a §%a,. S, (3.22)
and the normalization is
[ . a7 = (27)%6 9 (k — K')(27)6(k, — k). (3.23)

In writing (3.22) we understand that (3.20) and (3.21) apply
also to the fully interacting Heisenberg fields in the LSZ
sense. One of the central virtues of the pp-wave spacetimes
is that, despite being “time-dependent,” the equations for
fluctuations are first-order in (null) time. This means we do
not need to worry about the pair-creation characteristic of
time-dependent spacetimes [126] and since k,, is conserved,
the S-matrix diagonalizes on states of definite k,, so the
vacuum satisfies S|vac) = |vac). In the elastic limit, in
which we neglect particle creation, the S-matrix projected
onto single-particle states is then simply the naive S-matrix
S inferred from the nonrelativistic Schrédinger equation,

(vac|ap™, ag fvac) = (vac|ay k,Sak «|[vac)

= (K'|S|k)(2m)8(K, — k,),  (3.24)
with normalization (k’|k) = (27)?6(/)(k —k’). In other
words, in the absence of particle creation, we may view the
entire dynamics from the perspective of the single-particle
Hilbert space. More generally, single-particle unitarity
holds in the sense
§'§=1=8§8<1. (3.25)
To define the null time delay we repeat the derivation of

the Wigner-Smith time delay almost verbatim. Formally,
given the full S-matrix

@:A dk, Z|kL,I W, (k) (ko J|, (3.26)

with |k,, I) a complete set of P! eigenstates with eigenvalue
k,, we define the null time delay operator as

=i [ a3 5 [ =5 (k58]

(3.27)

aout lkLUelkX l,,\ “ia Aout Te—tkL,Ue

d"k
ap x€

. k2
—ik Xty

(3.21)

[

This operator is automatically conjugate to the asymptotic
null momenta

(PO AV] = i. (3.28)

Projected onto the single-particle Hilbert space this is then

—~ i.. 0SS ioS".
Ap = ——8F - 2
V=05 ok T2k, (329)
for which
— 95
(8|Av|s) =2 (3.30)

ok,

Like the S-matrix, the time delay operator should be
understood as acting on the asymptotic states. Generic
asymptotic states are not eigenstates of the S-matrix, but the
expectation value of the Wigner-Smith operator can always
be used as a measure of the time delay.

C. Delay of wave packets

To understand why the Eisenbud-Wigner-Smith operator
(3.7) and its null extension (3.27) physically corresponds to
a time delay, consider a generic incoming one-particle state,
which can be written as a superposition of eigenstates of the
single-particle S-matrix with a given k, [127]

dk,
g.in) / Zgl ak Jvac)
o~ dk,
=[5t

Here, &' ;" is the creation operator for a single-particle

)|6;(k,)). (3.31)

S-matrix eigenstate |6;(k,)) and the wave packet is encoded
in the profile function g;(k,). Consider the same state with
an additional null time delay Aw, which can be inferred
from translating (3.18) by v - v — Av [76]

g.out) = P57 g in)

/de

) ik,Av 2 1n ‘|vac>

(3.32)

Given

(vac|alh ,Sal flvac) = 2a6;p ek 5(k, — k,), (3.33)
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then

. o dk,
,out|S|g,in) = .
(g, out|S|g, in) A o

Z |gl (kﬁ) |282i5,(kv)—ik(,.Av'

I

(3.34)

If we assume the incoming state is peaked at some value &,
and that further g;(k,) is dominated by a single S-matrix
eigenstate /, then the amplitude will be maximized when
the phase is stationary—this is precisely when

206, (k)

Av = -
ok,

(3.35)

and we recover the pp-wave generalization of the Eisenbud-
Wigner time delay. In this sense, the outgoing state S g,in)
is well-approximated by an asymptotic state close to
indistinguishable from the incoming state were it not for
the presence of the time delay. The expectation value of the
Fock space Wigner-Smith operator is

S\ © dk1; 2 2061(k1/)
wim) = [0S otk

which is the appropriately weighted average of the
Eisenbud-Wigner time delay for each S-matrix P,
eigenstate.

More precisely, given a distribution which, near its peak,
is well-approximated as a Gaussian of width Ak, < k, for
a single S-matrix eigenstate

(g, in| AV

(3.36)

1 _ﬁ(kv_kv)z

g91(k,) ~ yzy vy R ; (3.37)

expanding the phase around k,, the magnitude of the
amplitude may be approximated as

|<g,0ut|§

g.in)|

1
T+ 18 (k) ARZ2) A

lAk%(Z&’[ (kyp)—Av)2
TEO (k) 622

_1 2 /(T \_ 2
e ~ e HARE(26) (k) =A0)?

(3.38)

assuming &) (k,)Ak? < 1. Although, mathematically, the
amplitude is peaked at Av = 28)(k,), in practice, the
amplitude is order unity over a range of width 1/Ak—
this is the resolvability criterion coming from the uncer-
tainty principle. Thus a more precise statement is that the
time delay is

2651 (]_Cv>

Avy =221
TR,

+ O(AK;Y). (3.39)

Given that Ak, < k, in order to trust the saddle point
approximation, the strongest statement of causality we can
infer from this argument is

Av; 2 =k, (3.40)

D. Uncertainty of time delay

A generic incoming state is not an eigenstate of the
S-matrix or time delay operator. Indeed, normalizable
scattering states are always wave packets. Since naively
[A\A/, ﬁg] =i, there is an inevitable uncertainty relation
between the time delay and the asymptotic null energy. We
may define this uncertainty in the usual way

Agv? = (g, in|AV? ({g.in|AV|g,in))*. (3.41)

g,in) —

Evaluating the expectation value on the single-particle
wave packets (3.31) gives
)

(g.in| AV?|g.in)
7z £\ 9 ok, ok,

(3.42)

and so
= (52 =G+ [y 2
(3.43)

where (X, ) = [ %=, |g,(k,)?X,(k,). The last term is
the usual uncertainty due to the fact that we are considering
wave packets in k,, while the first two terms are contri-
butions to the uncertainty which come directly from the
scattering and vanish in the limit of no scattering. We thus
have the bound

Au? > /

Although &, > 0, we may view f ( ) as a wave function
that happens to vanish for k, < 0, and so by the usual
reasoning we have

a91‘76)

(3.44)

A vAk, > 1/2, (3.45)
with

(Ak,)? = (kD) — (ko).

This was explicit in the wave packets considered above.
The contribution to the uncertainty from scattering at fixed

(3.46)
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k, can be expressed in terms of the single-particle Hilbert
space time delay as

5o = \/ (in| &0’ fin) — (in|Avfin?,  (3.47)
with
—~ oS" a8
in|Av”fin) = (i in). 4
(in]Av”in) <m|0k7,0kv |in) (3.48)

We shall make crucial use of this fact later.

E. Asymptotic time delay in Schrodinger picture

Consider the Schrodinger-like equation of the form

0 1

iaw(u,x) T V2 (u,x) + V(u,x)y(u,x),  (3.49)
or more abstractly, in first-quantized language,
2 ly) = Alw) (350
i—ly) = , .
ou v v

where H = H, + H, with Hy=p?/(2k,) and H, =V (u,%).
Let us assume without loss of generality that interactions
vanish for u < u; and u > uy, with the usual case recovered
in the limit |u;|, |us| — co. Then, the S-matrix is the time-
evolution operator in interacting picture

A A~ —i [*fd ﬁi|1l

S=U(up.u)=Te Ju ™ )
= eiflouy Uluy, u;)e~ifou, (3.51)

where AM(u) = efouff,e=ov is the perturbation in

. . . ~ =i [ dufl(u) .
interacting picture and U(ug,u;) = Te 'f“i M s the
Schrodinger-picture evolution operator. To determine the
time delay we need

0 . 0 —if"f duB™ (u)
S=—7Te¢ Ju
ok, ok, ¢
us fyint - (up g, frint
_ —l/ f du'T [aHalk(u/) e—l fu[f duH'™ (u)

u . aﬁint AWN
:—i/ fdu’U(uf,u’)%U(u’,u,-), (3.52)

from which we can infer

—~ o 08
Ay = —iS"
v i ok,
u . R aHth N
:—/ fdu’U(uf,ui)TZ/{(uf,u’)%U(u’, u;)
u R _Laﬁint AN
:—/ ! du'U(u’,ui)'%U(u',ui). (3.53)

Now let us convert this into Schrodinger picture. First note
0H,
akv ’
interacting picture Hamiltonian, we have

from the definition of the

since H, commutes with

O () 0P (1)
ok, ok,

. ol (u . oH, 7
= eiflou (%L)—F lu[ak:,Hl(”)}>eﬂHou- (3-55)

" 0H, ..
e~ Hou 4y {ﬁ,H‘l‘“(u)} (3.54)

Denoting the time delay operator with finite initial and final
times as

e Ue R . al’_\lint AN
Av:—/ fdu’bl(u’,ui)‘&b{(u’, u,), (3.56)

u; akv

this becomes, in terms of Schrodinger picture quantities,

—~ us oA .
Av = —/ " du e o {7 (u, ;)
Ui
ol oH, . .
N < 1) + iu{ 0 Hl(u)] > U(u, u;)e=Houi,

ok, ok,
(3.57)
At the level of the expectation value this is
N otr uy A
Ao = (infofin) = = [ duw()Q@lwlu). (.59
where
N 0H | (u _[oH, -
Ou) = 0;<(v ) + iu {01{,? ; Hl(u)], (3.59)
and
v (u)) = U(u, u;)e= 0% im), (3.60)

which we recognize as the solution to the Schrédinger
equation with initial condition

W) = i in). (3.61)

The u in the second term in (3.59) is specific to the
convention that states in the Heisenberg picture are defined

024066-14



CAUSALITY IN THE PRESENCE OF STACKED SHOCKWAVES

PHYS. REV. D 111, 024066 (2025)

as Schrodinger states evaluated at u = 0, and interacting
picture states are referred to similarly. A different choice
u — u — u, can be absorbed by a unitary transformation in
lw), so (3.58) is universal when considering the set of all
possible states |y).

In the situation in which all interactions vanish for
u <0, ie. u; =0, the time delay can be written simply
in terms of Heisenberg operators and the Heisenberg state

lw(0)) = lin),

Av = - / " duly(0)|0n(@ly(0).  (3.62)

0

with
On(u) = U(u,0)"Q(u)U(u,0).

We may view Q 1 (u) as the operator version of the classical
quantity that determines the rate of increase in the v-time
delay per unit u-time

(3.63)

_dAv(u)

o) = -1 (3.64)

F. EFT time delay in Schrodinger picture

In the previous section, we defined the total time delay.
This is typically a combination of the GR time delay and
corrections that come from interactions which, in the EFT,
are captured by contributions suppressed by inverse powers
of the cutoff. More precisely, the form of the Hamiltonian

the Hamiltonian that come from the two- (and lower)
derivative part of the action, while Hgpr are those terms that
arise from higher-derivative (irrelevant) operators. Given
this split, we may give a more local definition of the time
delay which encodes the effect of the EFT interactions
relative to the GR background. To do this, we choose the
map from Schrodinger to interacting picture by

() = Te I By ). (3,67
Then we may define the EFT S-matrix via
A A —i | uAim u
§ = Wiupu) = Te S/ @0 (368
with now
Higir(u) = K(u,0)" Hyrr (u)K(u, 0),  (3.69)
and
R, ) = Te 0 Fontet) (3.70)
The EFT time delay is then
e u R La['_\lint AR
AUEFT:—/ fdu’lC(u’,u,»)'Fé%(u)lC(u’,uu). (3.71)

i

can be split as Using
. . , 0 - “ oo oHcr (1) »
H(u) = Hgg(u) + Hgpr(u), (3.65)  —K(u,0) ——i/ du’K(u,u’)MK(u’,O)
ok, 0 ok,
for which w o, oH " . .
. :—i/ du'lC(u,u’)MlC(u,u’)TIC(u,O),
lim Hpgr = 0. (3.66) 0 ok, )
o 3.72
In many situations, the cutoff A must be necessarily below
the Planck scale, so one should also take the limit this then becomes
Mp; — oo. Note that, since shockwaves are exact solutions,
we can always appropriately scale f in that limit so as to I 2
maintain a nontrivial background. Averr = “ duu(y ()| Qprr () yr (w)), (3.73)
Alternatively, a more pragmatic (and generally appli-
cable) definition of the split is that Hgi denotes the termsin ~ where now
|
A oH w T OHgr () , -
Oprr(u) = OHerr(u) | i/ du’ | K (u, u’)MK(u, ')t Hggr(u) | (3.74)
ok, 0 ok,
and
lw(u)) = K (. 0)A(u, u;)|in). (3.75)

For most purposes, it is sufficient to determine the EFT time delay to first order in Hgpr and so we just directly compute

5 ur . i .
Mgy~ — o / du{in| Btk (1) in).

(3.76)
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G. Time delay from Wigner functions

In practice, the exact formula for the scattering time
delay (3.58) is difficult to determine other than by means of
an approximation or by numerical evolution. It is also
relatively straightforward to infer the time delay in pertur-
bation theory (Born series), and we shall do so in Sec. VII.
Our main tool will however be the eikonal and semi-
classical approximations. It proves useful to rewrite (3.58)
in terms of Wigner functions since they are most closely
tied to a (nearly) classical interpretation of the scattering.
Denoting the density operator as

Iy (u)) (r ()],

then the total time delay is

plu) = (3.77)

Av— - / Yatpow).  (78)

Denoting the Wigner phase-space function by

W(x,p.u) = /ddae—fw<x+a/z|ﬁ(u)|x _a/2), (3.79)
and the associated phase space representation of Q(u) by
Q(x,p,u) = /ddae‘i““p<x +a/2|0(u)|x—a/2), (3.80)

then the asymptotic/total time delay can be rewritten as

d
P W(x,p,u)0(x.p,u).
(3.81)

llf d
du | d%x

A similar expression holds for the EFT time delay

du d9x

Avgpr=-— W(x.p.u)Qgpr(X.p.u).

(3.82)

In both cases, the operator  as a function of its constituent
operators can be replaced with the phase-space function as

~fon

Xp,

a function of the phase-space versions of the same, with
operator products replaced by the Moyal product, denoted
by *. Similarly, the equation for the density operator in
Schrodinger picture

.0p(u) N

= —[p(u), H], 3.83
i L =~ [p(u), B (3.:83)

is replaced by the quantum Liouville equation

aW L
i(’si’”‘) — —[W(x,p,u)*H(x,p, u)
u

—H(x,p,u)*xW(x,p,u)l. (3.84)
These expressions may appear unwieldy, but they

prove to be the most useful for deriving the semiclassical
approximation.

H. Semiclassical approximation

In the semiclassical approximation, we intuitively expect
the dynamics to be dominated by that of the classical
particle trajectories. This is most straightforwardly derived
by reintroducing # in the conventional places within the
Schrodinger equation, and taking the limit 2 — 0. In this
limit, the Moyal product reduces to the ordinary product

}lin(l)A(x,p, u)xB(x,p,u) > A(x,p,u)B(x,p,u), (3.85)
and the expression for Q = —dAwv/du is given by its classical

version with commutators replaced by Poisson brackets

OH|(x,p,u OHy(x,p,u
O(x.p.u)= lgk )—u{ ng ),Hl(x,p,u)}
(3.86)
0 p
= ok, V(u,x) —uk—%-VV(u,X). (3.87)

Finally, at leading order in the semiclassical approximation,
the dynamical equation for the Wigner function reduces to the
Liouville equation

0

QW(X,I’, u) H(x,p,u)}.

The solution of this linear equation is straightforward

= —{W(x,p,u), (3.88)

o(Xo. P0)5 (X — X1 (X0, Pos ”))(2”)d5(d)(P — Pa(Xo. Po. 1)),

where Wy (Xg, pg) is the Wigner function at time u = 0, and (X (Xg, Po, @), Pai (X0, Po, 1)) denotes the solution of the

classical equations of motion in phase space, given the initial data (X, p¢;)

= (Xo,po) at u = 0.

Substituting into the expression for the time delay, we finally obtain at leading order in the semiclassical approximation,

(Av)semlclasslcdl / dd / (2

uy
X()vPo)/ duQ (X (Xo. Po. 1), Per(Xo. Po. ), ).

(3.89)
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The classical approximation would further neglect the
effect of uncertainty and quantum diffusion

us
(Av)classical = _/ du Q(XCI(XO’ Po> M), pcl(XO’ Po> u)’ M).
Ui

(3.90)

Stated in words: In order to determine the semiclassical
scattering time delay, we first infer the classical time delay
(3.90) associated with an arbitrary classical initial condition
(X0, Pg) in phase space. We then perform the average of
those classical initial conditions according to whatever the
initial wave function and hence initial Wigner distribution
is. The latter step automatically incorporates the effects of
the uncertainty principle and quantum diffusion into the
calculation of the time delay. It is clear that the classical
approximation can only be trusted when most of the time
delay is built up well before the diffusion time, for which
we can no longer neglect the quantum induced spread.

I. Quantum diffusion

A crucial fact which is embedded in the above discussion
so far, is that a generic initial wave function y, can never be
perfectly localized both in position and momenta by virtue
of the uncertainty principle Ax - Ak > 1/2. Thus, generic
initial wave packets have some spread in transverse space.
Viewed as a field in a low-energy EFT, its spatial extent
o ~ |Ax| is additionally bounded below by the EFT cutoff
as 6> A~! (see Appendix E). Even in the absence of a
potential, this initial uncertainty grows with time due to
quantum diffusion and limits the amount of time delay that
can be built up. Consider a spherically symmetric Gaussian
initial profile

1 |x — b|?
wolx) = (276?) /4 N Iy

}, (3.91)

centered at b with width ¢ much smaller than the distance
to the source(s) o < b. The associated Wigner function at
the initial time is

[xo — b|? Py’
WO(XO’pO) = 2d exp [—T‘z exXp _2Ap2 . (392)

with
1
cAp = 7 (3.93)

After a time u under free evolution, the Wigner function
will be peaked around the straight-line trajectory

—pu/k, —b|? 2
W(x,p,u) =2%xp ——|X pu/k, |]exp{ P },

262 _2Ap2
(3.94)

and the wave packet will diffuse to one with an effective
width of 62 (u) = 6 + (u/2k,0)>.

This diffusion inevitably provides a cutoff on the
scattering process and the build-up of the time delay/
advance. For example, if we consider the scattering of two
localized objects of impact parameter b, we no longer
expect a significant contribution to the time delay once the
diffusion of the wave packet is comparable to the impact
parameter. This occurs at the “diffusion time” for which

Oett (Uaitr) ~ b = ugige ~ 2k,0V b* — 6%, (3.95)
The maximum diffusion time is then seen to be
gite ~ kb, (3.96)

However, if the initial wave packet is well-localized, it may
be even smaller uy;¢ ~ k,0b. Either way, the wave function
w(u, x) can no longer be considered localized after a finite
time ug;ep. We shall confirm this explicitly by more detailed
calculations below.

J. Eikonal approximation

Having written everything in terms of the Schrodinger
picture makes it easier to compare with the standard eikonal
approximation for the Schrodinger equation. Let us first do
this for the S-matrix describing scattering from states of
momenta k to k’. In order to maintain symmetry between
the incoming and outgoing state, we define the average
momenta n = (k' + k)/2. The eikonal approximation is
derived by first factorizing out the free evolution at the
average momenta

W= ein~x€—in2u/2k:%, (3.97)

so that the Schrodinger equation becomes

= —ik£ - Vy(x, u)

v

.0
lal(?ﬁ u)

1
- EV%}((X, u) + V(u, x)y(x, u).

(3.98)
At leading order in the approximation, we neglect the
Laplacian term, meaning that one of the conditions for
the approximation to be valid is that the momentum transfer
is small, which is achieved for small scattering angles.
Then, changing variables to x =y + nu/k,, the resulting
equation
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.0
i 2 (o) 2 V(uy +nu/k,)y(y.u).  (3.99)
can be exactly integrated
—i f”f duV(uy+nu/k,)
2youg) e e 2yow).  (3.100)
The S-matrix between initial state y; = /XY and final
state y; = e'®™)¥ is then
I de —ia-y —if"_f du V(u,y+nu/k,)
(K'|S|k) = [ dlye"4Ve Ju . (3.101)

with momentum transfer ¢ = k’ — k. In the familiar case,
for which V is independent of u with |u; ;| — oo, we may
further define y = b + fiz, where n-b = 0. Then, by
shifting u — u — |n|z, the S-matrix becomes

(k'|S|k) = 275(q - i) / di1 emiabe [ duVima/k),
(3.102)

which we recognize to be the familiar eikonal approxima-
tion for scattering off a time-independent potential.

To determine the scattering time delay for an incoming
state which is peaked at incoming momentum p, it is
|

uy 0
(A)eikonal ® —/ du/ddy/ddeWO(y, Po) Lk

0 ur
ok, A[_ du/dd)’/ddeWO(yypo)V(u,y+ .

~
~

Identifying y = X as the classical position at u = 0, we
recognize the leading-order eikonal approximation to
simply be the semiclassical approximation evaluated such
that the trajectories of the particles are taken to be straight
lines, which would be expected to be valid for small angle
scattering. As such, it neglects certain higher-order effects
of scattering, which cause the mean trajectory to depart
from a straight line.

If we further neglect the effect of quantum uncertainty/
diffusion then this reduces to the “classical” eikonal form

0 ur Pou
(Av)eikonalz—a—hli duV(u,xO+ p ) (3.107)

v

In realistic situations, the potential vanishes at large
distances, so this integral will be maximized for p, as
small as possible. At the impact parameter x, = b, the
eikonal time delay reduces to

convenient to further approximate (3.101) by replacing n
by po

n . —i [ duV(u, u/k,
(k'|8[K) z/ddye_’q'ye Ju anviey k) s o3
so that

S ik’ —i [“ duV(u, u/k,
mmw~/wwﬂwmeLdWwa'
(3.104)
This allows the integrals to be performed, giving

0 .
S
ok )

R R
— =i [l S (€S

v

us 0
X — d d? 2
/ u/ ylw(y)l L?kv

Po Pou
—up-VV<u,y+ . ﬂ

v v

Av = —i(y|ST

Pout
V k)
<u y+ k.,

)

(3.105)

Given the Wigner function will be similarly peaked at p,
we can rewrite the eikonal scattering time delay as

Pou Po Pol
V(wr+ ) vy (s + )

Po“)
v

(Av)eikona.l ~ =

(3.106)

0 us
akUA duV(wb),  (3.108)

which is the expression considered in [29]. This result may
be obtained more directly by neglecting scattering in the
transverse directions from the outset. This amounts to
ignoring the Laplacian-term in (3.19) so that the particle
deviates from its initial configuration only by a phase.
Setting up our initial conditions at time u# = 0 with initial
particle displacement x = b = bb, then the approximate
solution at a later time is

w(u,b) = woexp[2i5(u, b)],

26(u, X) = —Audu’V(u’,x), (3.109)

from which the time delay is easily obtained
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35(u, b) 9

Av) .. =2 —
( v)elkonal 0kb akv

/udu’V(u’,b). (3.110)
0

It is clear from our previous derivations that (3.110) can
only be trusted when the integral is taken over a range of u
for which the effects of diffusion and scattering are
neglected.

IV. SHOCKWAVE SCATTERING IN THE
EIKONAL APPROXIMATION

As outlined above, there are two physical effects which
limit the maximum time delay/advance that can be built up
in a given experiment: (i) quantum diffusion and (ii) scat-
tering. In this section we shall consider the maximum time
delay/advance that can be obtained by a sequence (or
continuum) of shockwaves, each of which may be viewed
as a point source in the transverse direction. In this case it
will turn out that the main limitation on an accumulation of
time delay is from (ii) the scattering, and so we shall neglect
the quantum diffusion.

A. Warm-up: Scattering due to a single point source

Before proceeding to the case of multiple (or a con-
tinuum of) shockwaves, let us consider the simplest
scenario of a particle scattering off a single point shock-
wave. An idealized shockwave describing a boosted black
hole/particle of null momentum Pf,z) takes the form

ds? = 2dudv + ad(u)du® + dx?, (4.1)
with a = 4T'((d —2)/2)/742/2GPP . As discussed in
Sec. I D 2, this solution is singular from the point of view
of the EFT, and to be treated within the EFT it must be
smoothed out over a null distance L ~ k,/A* to, for
example,

u?

1
V2rL? P [ 2L2

If L is taken to be too large then we need to account for the
evolution of the trajectory through the Gaussian which we
do in the next section. For now we choose it to be the
smallest possible consistent with the EFT. Since the
potential lasts only for a short u-time, the eikonal approxi-
mation is good, and including the EFT correction, this is

ds? = 2dudv + «a

]dbﬂ +dx2 (4.2)

a CGB @

Av A2 254

(4.3)

to a good approximation. It is easy to see that the GR/
Shapiro contribution can be made arbitrarily large and
resolvable without contradicting the validity of the EFT.
This is of course as it should be, since the GR effects are
experimentally observable. By contrast, in this situation,
the EFT contribution to the time delay is bounded. The EFT

bound on the Riemann curvature applied at the impact
parameter amounts (2.30b) to

kKo B AN ka
Lv?  k,b?

< A, (4.4)

which simplifies to

k,a
bd

< A2, (4.5)

from which we see

ky|Avger| < legl- (4.6)
Thus, the EFT contribution to the time delay, meaning the
contribution from the GB-term, is only resolvable if |cgp| is
taken to be larger than unity,

Demanding k,|Avgpr| < O(1) in all physical situations

= legn| < O(1). (4.7)
which is consistent from expectations of the EFT, and from
expectations of positivity/bootstrap bounds—for Gauss-
Bonnet gravity this is explicitly discussed in [51]. The same
conclusion for scattering off a single shockwave is reached
at the beginning of Sec. 3.3 in [29]. The same argument
does not apply to the GR/Shapiro contribution because it is
larger by a factor of (Ab)? and there is no constraint on how
large b can be.

B. Scattering due to a set of point sources

We now want to extend the argument in the previous
section to multiple shockwaves or extended (not localized)
pp-wave configurations, including a continuum. For now,
we continue to consider just the point source (2.5) with
arbitrary u-profile for the function f(«) and hence H. This
captures the main physics at play except for the possibility
of an equilibrium point in the potential, which will be
addressed in Sec. V. The point source potential is

cgp 0,H (u, r)

k
V(u,r) = —%H(u, r) —I—Akyﬁ (4.8)

The eikonal time delay, with diffusion and scattering
neglected, accumulated up until time u is

(Av)eikonal (I/t)
3}

_ " /
= ak”[) du'V(u',b)

1 [u u 0.H(u,
_/ du'H(u!', r>_ACLf dulw
2 Jo A= Jo
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If we consider N copies of the previous shockwave
solution, stacked together and sufficiently spaced in null
time to be distinguishable, it would at first sight appear that
we can generate a contribution arbitrarily large in magni-
tude from the GB-term and still remain consistent with the
EFT validity constraints (2.30). This is however not the
case, because in such a stacked shockwave configuration,
the approximations used to obtain (4.9) do not hold for all
time. As we have discussed, there are two effects that limit
this: One is diffusion and the second is scattering in the
transverse directions. In the present case scattering in the
transverse directions is the main constraint. As such, we
need only concern ourselves with the magnitude of the time
delay accumulated by some time u,,, when the eikonal
approximation breaks down.

1. Scattering time estimate

A simple estimate for this time can be obtained by
considering the classical trajectory a particle of mass k,
experiencing a force due to the potential V(u,x) would
follow:

d2x

L Ex
" du?

= —VV(u,x). (4.10)

Since the main contribution to the potential is from the GR
term, we will neglect the GB-term to get an estimate on
Umax- The amount scattered in the transverse direction is
thus approximately

1 u u'
Ar(u)N—k—A du’A du”0,V(u",r)

u u
~— / du/ / du"o0,.H(u",r)
0 0

When the amount scattered becomes comparable to the
impact parameter b, we can no longer trust the eikonal
approximation, and so u,,,, is defined by the condition

r=b

(4.11)

r=b

Ar(itgy) ~b = /"‘ du / du’f(bf;) ~O(1).  (4.12)
0 0

b

The above form of the time delay (4.9) can only be trusted
for null times less than this scattering time. Imposing this
upper bound, the maximum EFT time delay generated by
time iy, 18

legp| [ f(u)
AZ 0 du bd ’

|AUEFT(umax)| ~ (4'13)

and making the judicious choice to express f(u) as the
integral of its derivative,

lcga
A2

|AUEFT(umax)| ~ (4-14)

Umax du /M du/ f/(u/)
0 0 b

If we now apply the EFT validity bound (2.30c), or rather
its averaged version (2.32), we find that

f()
bd

Mmax u
o  Avgrr (tmes)| < || / du / T < eyl

(4.15)

That is, the EFT time delay is unresolvable for any
lcga] < O(1). We stress that this argument not only applies
to a single extended shockwave, but any number of shocks
stacked together.

Special situation: Sequence of shockwaves. Let us run this
argument in more detail for the sequence of N shockwaves,
illustrated in Fig. 2 and described by the metric function

N-1

fssw(u) = Z aé(u - nAu)

n=0

(4.16)

The time delay is now N times larger than (4.3) and so,
returning to the argument of the introduction, we may think
that by making N large enough, we can make the EFT
contribution resolvable. The total EFT time delay is

CGB @
Avgpr ~ —NA(d - 2) ——. 4.17

b~ —NAW=2) S5 (@17)

Au> L

v 7 Uu
N
7/
/
7/
//
/
/

FIG. 2. Illustration of the time delay accumulated by scattering

off a pp-wave with N sources.
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The key observation is that the total time N Au, over which
we can trust the eikonal approximation, is bounded by the
scattering time. Identifying u,,, = NAu, then (4.12)
amounts to

a

Ay 2
The scattering time is
bd
Upax = Ug = [ —, 4.19
\V e (4.19)

with fy = @/Au being the mean value of f(u) during the
period of the shocks. Substituting in (4.17) we obtain

k,
k,|Avggr| = |CGB‘ﬁ'
A

(4.20)

However, to trust the EFT, the spacing between the shocks
must satisfy (2.30c) and (2.30b) both of which amount to

U, > —=

3 (4.21)

which is just the statement that we cannot meaningfully
consider null times smaller than the EFT cutoff k,/A”.
Putting this together we obtain

k

o|Averr| < el (4.22)
regardless of N. Thus, the superficial gain from multiple
shocks of the same amplitude is more than compensated by
the increased scattering they induce. We may, of course,
think to compensate this by repositioning the location of
each source to track the scattered state. A configuration

which effectively does this will be considered in Sec. V.

2. Breakdown of eikonal

For a more sophisticated argument, we can account for
the leading corrections to the eikonal approximation. This
may be done by directly computing the corrections in
(3.90) which depart from (3.107). A more immediate way is
to follow [29] and write the wave function in WKB form

w(u, x) = woexp[2i6(u, x)], (4.23)
for which the WKB phase must obey

205(u,x)
ou

5 .
= —[Vo(u.x)]* - kivf,a(u, X) + V(,x).

v

(4.24)

The leading-order solution 6 (1, x), obtained by neglect-
ing gradient terms, is the eikonal expression already given

by (3.109). The first correction 8(!)(u, x) is obtained by
substituting the leading term back into (4.24),

as() 2 '
2PN 21950 1) - L0300 ). (029

ou » »

Given that V is harmonic, the solution is simply

1 u
d /
41«0/0 !

and so the leading correction to the eikonal time delay is

(1) O (L ["aw 2
Av)!| == .
( U)elkonal(u) akv (2]@% du )

(4.27)

2

s (u,x) = — . (4.26)

/u du"VV(u", x)

0

/ AWV (i, b)

0

This result can be obtained directly from (3.107), or more

precisely (3.90), by accounting for the leading correction to
(1

eikonal ( u) becomes

the straight line trajectory. When (Av)

comparable to (Av)i?ﬁonal(u), we can clearly no longer trust

the leading-order eikonal result.

In a situation with repeated shocks, the integral in (4.26)
continues to grow, meaning that there is inevitably some
time u,,, at which the eikonal approximation breaks down.
At the level of the phase equation (4.24), we may ask when
their partial-u derivatives become comparable, i.e.,

2

1
~ V(umax’ b)‘

2k,

(4.28)

/ " duVV (u, b)
0

For our spherically symmetric pp-wave this condition for
Upax 18

f( umax)
bd ’

(4.29)

see Eq. (4.12). The left-hand side of (4.29) can be directly
replaced by the right-hand side in the expression for the
EFT time delay (4.13) to give

| CGB | f(umax)
A? bt

|AUEFT(umax)| ~ (4-30)

We can now deploy a second EFT validity bound (2.30b),
in the form

fw) A
<« —, 431
bd k1; ( )
to arrive again at the key result
kv|AvEFT(umax)‘ < |CGB|' (432)
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We thus see that, provided |cgp| < O(1), the EFT con-
tribution to the time delay computed in the eikonal regime
is necessarily unresolvable.

Neither of the above arguments required a specific
choice for the time-dependence of the background space-
time, or in particular f(u), and are confirmed by the explicit
choice of constant the f(u) = f, used in Sec. VI, in both
the eikonal and semiclassical approximations.

V. SCATTERING BYPASS BY BALANCING
SHOCKWAVES

It should now be clear that the main obstruction to
generating an observably large EFT time advance within
the regime of validity of the EFT is scattering in the
transverse directions. This scattering is the result of an
attractive gravitational potential pulling waves propagating
in the v-direction toward the source.

Naively, it may seem like this fate could be avoided by
engineering an equilibrium point in the potential at which
the v-moving-waves could sit without deviation. However,
point-particles should be understood as limits of highly, but
crucially not perfectly, localized wave packets—these do
feel the gravitational pull toward the sources.

A. Surfing on an extremum

In order to see why it is not possible to indefinitely
accumulate time delay even when the potential possesses
an equilibrium point, we need to understand this setup
within the semiclassical approximation, as discussed in
Sec. I H.

The prototypical example of such a configuration with an
(unstable) equilibrium is associated to the balanced metric
function (2.6), which sets up a symmetric potential sourced
by two pp-waves located at x = £b. The GR-term in the
potential is

V(u,x) =—

kyf(u) 1 1
2 (e ) o

We refer to this scenario as “balancing” pp-waves, because
there is an unstable equilibrium at x = 0 at which the forces
are perfectly balanced VV = 0 (see also [65]). An ideal
point-particle, perfectly localized at the origin in transverse
space, could in principle move in the v-direction without
fear of scattering into a gravitational well.

At first glance, since a classical trajectory initially at the
equilibrium can remain there indefinitely, it would seem
reasonable to suppose that the only cutoff on the time delay
is the quantum diffusion which occurs by ugyy = k,b%.
Indeed, if this were the case, it is easy to see that it would be
possible to generate a resolvable EFT time delay within the
regime of validity of the EFT

ki f
A*b?

k,
ky|Avgpr| ~ A2—bdf X ugge ~ (Ab)? < (Ab)%. (5.2)

However, with the potential being unstable along the b-
direction, any small perturbation will lead to an instability
on a timescale associated to the second derivative of the
potential in that direction. More precisely, if we consider a
wave packet initially localized near the equilibrium point
x = 0, then the potential may be approximated as a time-
dependent unstable harmonic oscillator

k,f(u) 1k, f(u x-b)?
V(u,x)~— bJ;Ez) 5 ?;(l )(d_2)<X2_d(b—2)>
(5.3)
oKW IR o)~ 1), (59

where we split the position vector in the orthogonal and
parallel directions x =x | +x, withx, -b =x, - x| =0.
In order to determine the semiclassical time delay, we need
to solve the classical equations of motion for arbitrary
initial data. These are unstable in the direction parallel to b
and stable in the direction perpendicular, and take the form

d2X“ dZXJ_ .

du? :Qﬁ(u)xu, du> i

-7 (u)x;, (5.5)

with

020 =L @-2)(a-1), w2 =" (a-2)

(5.6)

Since x| = xb/b is the unstable direction, it sets the
maximum null time over which the time delay can be built
up. In particular, once the expectation value of xﬁ becomes
comparable to b?, we can no longer trust the harmonic
approximation to the potential and hence rely on the
symmetry of the balancing sources to neglect scattering.

Assuming, for simplicity, that the source varies slowly so
that we may use the WKB approximation (or more
precisely that, averaged over several shockwaves, the
source may be taken to vary slowly), then for the solution
in the parallel direction we have

g—gcosh (Au du/Q(”/))
i Q <:>sz o ([ aeosco).

Classically, it is possible to tune p;(0) = 0 and x;(0) = 0,
so that the particle remains at x(u) = 0—quantum
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mechanically, this is not possible due to the inevitable
spread in phase space. This can be captured by the parallel
part of the Wigner distribution, which, assuming the initial
Gaussian state considered previously, is

5 (0)
Wia( 01, py(0) = 2exp | =1 | exp 262 0)]

(5.7)
Using this Wigner distribution to compute the expectation

value of x| (u)?, and that cosh(x) ~ sinh(x) ~27'e* once
the instability has kicked in, we find

A 1 1
Wl W)~ 4 o (0-29«)) + m)

X eXp (2 / ’ du’Q(u’)). (5.8)
0
This expectation value is minimized for
o L (5.9)
2k, (0)° )

so that

W) 2 g e (2 [ weyw). 510

Clearly, we can no longer trust the harmonic treatment of
the potential when this is comparable to b2, and so the
maximum null time over which the balancing time delay
can be accumulated is estimated by

1 umax
—_— 2 "Q(u) ) <b? A1
kyQH (umax> eXp ( A du H <u )) - b ' (5 )

so that

A " 'y (') < In (b, Q) (). (5.12)

We can again use this to bound the maximum achievable
EFT time delay. The master equations in the balancing
potential are very similar to the point source potential and
can be found in Appendix B, so the parameter dependence
of the EFT-induced time delay is still given by (4.13).
Therefore,

¢ Jeanl [ g 1@)

kv|AUEFT(”max)| ~ A2, u bd (5-13)
k Umax
SA—Z|CGB|max{\/%}A du\/%. (5.14)

Then, using the expression for the instability timescale
(5.12), we arrive at:

ki f (u)
A*p?

In (b2k, Qmax).

kv|AvEFT(umaX)| < |CGB|1’nax Il

(5.15)

The combination bzk,/.Qﬁ’a" is parametrically of order
ugigs/uy, where ug is the scattering time defined later
(6.3) and may be regarded as the (inverse of the) scale
which controls quantum corrections §! = ugr/u,—see
Egs. (6.5) and (6.6) and discussions in Sec. VI. Using the
EFT validity bound (2.30b) f(u)/b? < A*/k2, we infer

k| Avgrr (tmax)| << |eg| In(67"). (5.16)
Provided fj is tuned to be exponentially small to minimize
the quantum diffusion as much as possible, it appears to be
possible in the balancing case to generate a resolvable EFT
time delay. In fact this is not the case, since we have tacitly
assumed the time delay has a small intrinsic uncertainty,
which is not always the case.

B. Time delay uncertainty

The Gaussian localized on the equilibrium point chosen
to generate a large time delay/advance is not an eigenstate
of the S-matrix, and there is an intrinsic uncertainty in the
time delay associated with this, as discussed in Sec. III D.
To determine this, we consider

—~, 05" a8
Ayt =2
YTk, ok,

(5.17)

Following the discussion of Sec. IIIE, we can write its
expectation value in Schrodinger picture as

(in| Av?[in)
= [ [ aw ) QD) 00w,
(5.18)

or equivalently in Heisenberg picture as

(in|Av’[in) = / f du/ " (yr(0)| O () 01y (1) | (0)),
(5.19)
so that the uncertainty is

5v* = (in|Av”|in) — (in|Avlin)> (5.20)
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/ du / 4u (1 (0)| 010 (1) Qe (1) (0))
(1(0)] Q1210 (0)) (0| Q1 (o) (0.

The main contribution to the uncertainty will come from
the unstable direction along x|, SO we neglect motion in the
perpendicular direction x;. In the near-equilibrium
approximation (5.4), the expression for 0 is then

(5.21)

P(d=2)(d~1)
(5.22)

which may easily be translated into Heisenberg picture.
The first term, which is the main contribution to the Shapiro
delay, will drop out of the uncertainty. By the time the
instability has kicked in, we may use the approximation

Nk one u)xtt X (5.23)
so that
u) 1f(u
QHN‘%‘E%M_Z)(‘Z—I)U—2MQH(M))(5C‘I\1(”))2’
(5.24)
where
o Q)(0)  py(0) !
xit(u) == | x(0
|5 x0) QW & Q) (1)< (0)
< exp <Au du/Q“(”/))' (5.25)

Assuming u; = 0 without loss of generality, a straightfor-
ward calculation gives

Au" du(1 - 2u () (1) exp <2Audu’9(u’)> ’

OV

X 2—3/29” (0) ( m> (5.26)
and from extremizing over ¢ we infer the bound
k60> 2732 A”’ du(1 = 2u (1)) (u)
X exp (2 Au du’Q(u’)) ’ (5.27)

If u; is taken to be such that exp (2 [ du'Q(u')) S 1,
then the right-hand side is of order unity or less, and in this

situation k,|Avgpr (e )| < |cgel- In order to make the
EFT contribution to the time delay large, we must take u,
such that exp (2 [, du'Q(u’)) > 1. But then the integral
on the right-hand side (rhs) of (5.27) is exponentially large,
and grows faster than k,|Awvggr|. Thus, precisely at the
point where it appears we can generate a resolvable EFT
time delay, the uncertainty in the GR contribution to the
time delay swamps it.

VI. SHOCKWAVE SCATTERING IN THE
SEMICLASSICAL APPROXIMATION

The considerations of Sec. IV showed that, from a
single or a stack of point source shockwaves, it was
impossible to generate a resolvable EFT time delay within
the regime in which the eikonal approximation can be
trusted. The limitation comes from scattering, which
necessarily takes us outside of the eikonal limit, where
it is assumed that the deflection angle is small. However,
we already know that the semiclassical approximation
automatically incorporates the effects of scattering, and so
we should further address the question of what happens
when we take this into account.

Let us consider a sequence of closely spaced shockwaves
of separation Au

Fssu( (6.1)

ZfOAué(u — nAu).

Naively, the maximal time delay/advance will be obtained
by having the largest number of shocks over the diffusion
time scale, which would amount to Au as small as
possible. Thus a reasonable estimate of the scattering
of the classical trajectories is obtained by replacing f(u)
by a constant

fu) ~ fo0(u). (6.2)

In fact, it is easier to consider a constant continuum
f(u) = f, for all u so that the system regains a Killing
vector in the u-direction. Then, the S-matrix commutes
with the asymptotic null Hamiltonian P9 and it is
sufficient to analyze the system in the same manner as
a time-independent Schrodinger equation. We shall fur-
ther restrict to the case of spherically symmetric shock-
waves, so that angular momentum squared (¢ + (d — 2))
is additionally conserved. Since the classical time delay is
uniquely determined by the energy and angular momen-
tum, there is no uncertainty for any partial wave in-state
which has definite energy, so the semiclassical time delay
(3.89) reduces to the classical one (3.90).

Consider the redefinition of variables x = r,z and
u = uyp, with
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g

. (6.3)

u.Y =

which is the scattering time scale. Here, r, is the turning
point, which is generically similar to the impact parameter
b defined via

(4 (d-2)/2)
V Zk'UPLt
Under this change of variables and with f(u) = fy,

the Schrodinger equation (ignoring EFT contributions)
becomes

b= (6.4)

o , 2 1
,ﬁ% = -T9.) - YD, (69

where we have defined an effective A or loop counting
parameter

" " /22
S R R — 6.6
f Ugiff kvri ku\/f_o ( )

and we have now identified the diffusion time as
ugge = k,r2. The semiclassical approximation is expected
to be valid when fj <« 1, which requires that the diffusion
time is longer than the scattering time. We see that this
leads to a very different condition on the impact parameter
for d <4 and d > 4. In fact, it is well known that the
nonrelativistic Schrodinger equation has very different
properties depending on whether lim,_q r*V(r) vanishes,
is finite, or diverges. The situation d < 4 corresponds to a
regular potential, d = 4 to a transition potential, and d > 4
to a singular potential. Singular potentials and strongly
attractive transition potentials can have undetermined
S-matrices due to an ambiguity in the solutions near
r =0, and without further conditions may have bound
state energies unbounded below [128]. However, any
reasonable solution to these issues is expected to match
the semiclassical phase shift in the appropriate region.
The classical equation of motion takes the dimensionless
form
d’z (d-2) z

— = —, 6.7
dp? 2 |z (6.7)

with dimensionless initial conditions. On dimensional
grounds, the GR contribution to the time delay is of the
form

ust

AUGR = WAﬂGR’ (68)
Iy

where A7 is the time delay computed with dimensionless

initial conditions with what amounts to the dimensionless

equation (6.7).

The EFT corrections are further suppressed by (Ar,)~2,
so schematically

(6.9)

Mst ~
Avgpr & AZpd cGBADEFT,
*

where, typically, Abger ~ (AD)SR. | . is the dimension-
less form of the EFT corrections. Whence

d
I k k ’0
k,Avgpr & | [—f0 - CeBATErT & —5 | | —7¢GBADEFT-
' fo' A A\ rd

*

(6.10)

Thus, applying the EFT bounds (2.30b) at the turning point
r., we infer that

k,Avgrr| < |egp||ADger]- (6.11)

The question now is whether it is possible to generate a
large dimensionless time delay A#gpy for classical trajec-
tories dominated by (6.7).

Given the assumed spherical symmetry, the time delay is
best determined for partial waves and states of definite IA’M,
i.e., classical trajectories of definite angular momenta and
energy, for which the S-matrix is diagonal. Rewriting the
equation (6.7) in radial form we have

dzzr _ _aveff(zr) (6 12)
dp? 0z, '

where the effective potential includes the centrifugal term

L 11

Veff(Zr) =

Here, L is the dimensionless form of the angular momen-
tum, which is related to the partial wave ¢ (including the
Langer correction [44,67,129]) via

12 :52<f+%<d—z)>2. (6.14)

The classical trajectory is determined by the energy
conservation equation

dz,\2 L*> 1 5

r

(6.15)

with the turning point z, = 1.

Following the standard WKB treatment of Eq. (6.5), the
semiclassical scattering phase shift, including the Langer
correction and ignoring EFT corrections, is
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1 [ L2 1
ol [ ¢(_ L) - v

—%Jrg(h%(d—z)).

The EFT corrections to the phase shift are

5EFT ACGB d 2 / '
2 2 _ L2 1
L zT B f"z)

A2
(6.17)

(6.16)

In deriving these expressions, we use the WKB matching
formula. To do so, we assume that the forbidden region
barrier is sufficiently large, that the solution to the left of the
turning point may be well approximated by the WKB mode
which decays exponentially as z decreases. A more precise
treatment includes both modes leading to an additional
exponentially suppressed imaginary contribution to the
phase shift, associated with tunneling across the barrier.
This term plays no significant role in determining the phase
shift. From these scattering phase shifts we may directly
infer the time delays.

A. Recovery of eikonal

It is helpful at this point to compare the above result with
the eikonal expectation. In eikonal scattering, the trajectory
is assumed to not depart significantly from a straight line,
which will be true for large L > 1. The GR phase shift can
then be approximated as

1
dz,— .
%" 2§ / @2 iy

To translate back into more familiar language, we may
perform the change of variables z2 = 1 + pju®/(k,b)? and
use r, ~ b for L > 1 to get

(6.18)

LI gl fo
GR ~ _ _ 1 "
6f ~ 2 /_oo du 2 (b2 _|_ p%uz/k%)(d_z)/z ) (619)

with py = +/2k,P,. We recognize this to be precisely the
eikonal phase shift that leads to (3.107) with the
assumption that x, = b and p, is orthogonal to b. In
the same limit the EFT time delay reduces to

5EFT__ACGB<d_2)/°°du kyfo
‘ W) e

(6.20)

which is again consistent with the EFT correction
to (3.107).

B. Beyond eikonal

Returning to the semiclassical WKB form, it is clear that
the magnitude of the EFT phase shift and hence the time
delay is determined by the properties of the dimensionless
integral

(6.21)

g

o0 1 1
) = [Taz |
1 r \/L2 1= (L_z 1 )

Furthermore, the time delay is also sensitive to the integral

- dly(L)
Iy(L) = -L=5—

/Ood L2 (l 1) 1
= Z _— _—— .
1 rd 72 (Lz—l— (é_gz_zgl_z)y/z

(6.22)

The properties of these integrals are dimension-dependent,
being strongly sensitive to whether d is less than, equal to,
or greater than d = 4 (D = 6). We therefore consider the 3
different cases separately below.

1. Case D < 6

The particular choice d = 2 corresponds to D = 4, for
which the GB-term makes no contribution to the equations
of motion and does not need to be considered. For d = 3
(D =5), the integrals (6.21) and (6.22) converge at z, = 1
and at z, = oo, and direct evaluation confirms that both
I5(L) and I5(L) are at most of order unity for all L? > 1
(which is necessary for scattering states) and fall of as 1/L
at large L. Specifically

7 _ _ L
2LVL 1 + 7 — 2arccot < \/L2—_1)
213 ’

I(L) = (6.23)

and so I5(1) = z/2 and I5(1) = 3z/2. Thus, generically
Adggr ~ O(1), implying that

ky|Avgpr| < |cgpl- (6.24)
2. Case D=6

The case d = 4 requires more care. The integrals are
easily evaluated to give
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Generically, these integrals are of order unity or less.
However, it appears they can be made arbitrarily large
by tuning L close to 1. This reflects the cancellation
between the centrifugal repulsion and the gravitational
attraction.

In fact, for d =4, the Schrodinger equation may be
solved exactly for the pure GR potential, giving the exact
GR phase shift

SR=T(r11)=2\ /(¢ +1)

— k2 fo, (6.27)

NSNS

which happens to be the exact WKB result (with Langer
correction). This is associated with the partial wave
scattering state

1 Ve 1
l//f(x_‘]l/( Lz_lp)oc_‘,l/(\/zkvpur)’

p r
with v = /(7 + 1) = k2f,. The GR time delay is then

”kvf() T 1
AUGR = = — s
(+1)72-kfy k

(6.28)

(6.29)

which, as anticipated, can be made arbitrarily large by
sending L — 1.

However, crucially, this only makes sense if k2f, < 1. If
k2f, > 1, then this phase shift is not well-defined for small
¢, and this is a familiar result for transitionary potentials
[128]. It arises because the wave function of both modes are
finite as r — 0 and so the phase shift is ambiguous. An
additional consequence is that the system admits an infinity
of bound states with arbitrarily negative energies [128]
suggesting it is unstable. Either way, this implies that the
phase shift is strongly sensitive to the UV physics that
regulates the 1/7? potential. Indeed, this aspect will occur
for essentially any field with energy k, in this given pp-
wave background. Since the monopole (£ = 0) of essen-
tially all fields are explicitly UV sensitive, we cannot trust
the spherically symmetric background solution we started
with, and while it may not be unstable, it cannot be
described within the remit of the EFT. Consequently we
regard the case k2f, > 1 outside of the regime of validity of
the EFT at least as long as the source is pointlike. We shall
consider extended sources below.

Case k>f, < 1. The phase shift of the EFT S-matrix defined
in Sec. III' F can be computed in the Born approximation
using the known exact GR partial wave states, and takes the
form

1 N
SEFT = _§<Pw l’ﬁ|HEFT|Pu’ l’ﬂ>

skifo 1 ST
NCGB\/O AZZ 2(.]1/( 2k1)P }" .

(6.30)

which should in general be more accurate than (6.17). Since
J,(p) x p* as p — 0, this perturbative computation of the
EFT time delay is only valid for v > 1, and for 0 <v < 1
we must remember that the EFT only makes sense for
r > A~'—this will regulate the divergence.

Let us first consider v > 1, for which the integral is

kKfo 2k,P K2 f, v
SEFT vJ 0 viu v/ 0 . 6.31
s hyvaryr s S ey LR
For generic v > 1, this scales as
k2fol kT 1
EFT fJO 2 v o -
o7 €GB A2 CGB NP2 VPl (6.32)

which is consistent with our estimate (6.10). Restricting
to the physical region k2f, < 1 and imposing the EFT
condition Ar, > 1 is sufficient to render this effect
unresolvable

k,|Avggr| < |cga] (6.33)

for generic v. However, it still appears that we can enhance
this effect arbitrarily by sending v — 1. As we tune L — 1,
or equivalently v — 0, we are sending the GR effective
potential to zero. But at some point the approximation that
the EFT potential can be treated perturbatively breaks
down. By comparing terms in the effective potential, we
require the scattering state to be valid in EFT perturbation
theory

l/z kva
>

w). (6.34)

Imposing this condition on the EFT time delay we have

k |MEFT|<<|CGB|/ arr; 2(JD(\/2k P (639)
o [ 1 ) 1
< |egply dx—J,(x)* = |cgp|zv.  (6.36)
0 X 2
When (6.36) is combined with (6.34) we find
k,|Avgpr| < |egal- (6.37)

Extended sources: Case k2f, > 1. As already noted, for
k2fo > 1 the singular nature of the potential leads to an ill-
defined S-matrix for low multipoles. However, if the source
is extended of width w > A~! then we may replace the GR
potential by something of the form
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_ kvf() - kzsz (638)

272 2(rr +w?)’

In this situation, the centifugal term will win out at small r,
leading to a well-defined S-matrix. The monopole will
scatter at r = ro < w for which

kufo 1

P, 4o L
“t o2 2k,r}

(6.39)

which implies, given P, > 0, fo > 0
ro S i .
Vkifo

Using (2.30b) applied at ry implies

V k%f 0 w?

< 5.
A? ki fo

(6.40)

(6.41)

Then, returning to high multipoles, to trust our previous
expression (6.32) we require w < r, and so

k2fo 1
Aw?y

kifol

w2y < Il
*

k,|Avgpr| ~ |cgp]

1
—— < gl
kifoV

< |CGB| (642)

Thus for fixed k, and P,, demanding that the monopole
scattering lies in the regime of validity of the EFT ensures
unresolvability of the high multipole scattering.

3. Case D > 6

For the general case d >4 (D > 6), the attractive
gravitational potential dominates over the centrifugal
repulsion at small z,, so that the effective potential has a
maximum. Scattering states will be those whose energy is
less than the maximum, which means there is a minimum
impact parameter. States with energy above this spiral into
the center and do not reach infinity. For the scattering
states, in general, the integral on the rhs of (6.21) is of order
unity, consistent with expectations. However it is possible
to make it arbitrarily large for d > 5 by tuning the energy
close to the maximum of the potential. This maximum
occurs when 21274~ = (d - 2), i.e. for

(d-2)

L2 =
2

(6.43)

For this choice, by construction, the function A(z,) entering
the square root in (6.21) satisfies 2(1) = A'(1) = 1, imply-
ing that the integral is logarithmically divergent near
z, = 1. If we tune L to be exponentially close to the
maximum

(d-2)

L? = 5 T e, (6.44)
then we expect
AT}EFT ~ N, (645)
or that
ky|Avgpr| < |cgp|N. (6.46)

Thus, it naively appears that, by making N large enough,
we can generate an arbitrarily large EFT contribution to the
time delay. Once again, there is a caveat to this argument. In
this case, the validity of the WKB approximation for the
phase shift requires there to be sufficient exponential
damping in the forbidden region that we may ignore the
solution on the left of the barrier. This requires

1 [1 |L? 1
Ty r r

where z, is the turning point on the left-hand side of the
maximum. This sets the maximum N in terms of fj such that
N ~1In(f7!). The same condition can be obtained by
demanding the WKB approximation to be valid at the
maximum of the effective potential V;(zp.x) =0

0,0

(6.48)

with

1 /L? 1

Putting this together, the maximum time delay generated in
the regime of validity of the EFT is

ky|Avger| < |egp| In(67"). (6.50)
Thus, at best, we are forced to tune the quantum hierarchy fj
to be exponentially small, e.g. fj ~ 1% ~ 107**, to have an
observable EFT contribution to the time delay. This result is
closely analogous to the balancing shockwave result in
(5.16). This is no surprise since, in both cases, the time
delay is being maximized by engineering an equilibrium
point in the effective potential—in the present case due to
the balancing of the centrifugal force and the gravitational
attraction. In the case of the balancing shockwaves, we
argued in Sec. V B that the uncertainty in the time delay
necessarily becomes larger at precisely the point that the
logarithm becomes large. In the present case, since we are
considering P, eigenstates of definite partial wave, there is
no scattering uncertainty év = 0 and so we cannot rely on
that argument.
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Balancing Potential
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FIG. 3. Snapshot at time u = 0 of the point-source and balancing potentials and the wave function which probes the spacetime.

The issue in the present case is closely analogous to the
D =6 case. To tune N to be large, say 100, we need
fj ~ ¢71% in order to trust the WKB approximation. At the
same time, we are tuning L? = (d —2)/2 which means
¢ ~ ' However, for all lower multipoles of the same
energy, the centrifugal barrier is too low, meaning such
states fall into the origin—more precisely, they have an
underdetermined S-matrix due to the ambiguity in the wave
functions at r = 0, which can only be resolved by the actual
UV completion. This situation is in fact worse than D = 6,
since it is now an exponentially large number of low
multipoles which are ill defined. To avoid this pathology,
and to have the background under control within the regime
of validity of the EFT, we need the monopole £ = 0 to be
scattered. To do that within the above framework requires
f~1 and so we obtain

ky| Avger| < [cggl- (6.51)

Extended sources. As previously discussed, the situation is
improved if the source is extended, for example in the
manner

_ kaO - — kaO
2rd—2 2(,,.2 + W2)(d—2)/2 ’

(6.52)

so that the S-matrix is well defined for low multipoles.
Assuming we have tuned L? = (d —2)/2, the monopole
will pass over the barrier and scatter at the point r = r( for
which the centrifugal term dominates

kufo ((d=2)/2)
Pt ™ g 8P
Given P, >0 and f, >0, this implies r, 5W”;if.
vJ 0
Imposing (2.30b) at r = r, implies
2 1/d (d-2)/2
o) T v : (6.54)
A Vkifo

Returning to the high multipoles, to trust our previous
formulae for the phase shift we require r, > w and so

< (r*A)ﬁ.

2 1/d £d—2)/2 K2
( UfO) r Lf() (655)

Ad L—=

From (6.9) and (6.45) we estimate the time delay to be

1 [iGf kf
k1/|AvEFT| ~ |CGB| (Ar )2 rd“(‘) ln(rd_z?> (6-56)

1
< |egg| =z In(r.A), (6.57)
(Ar*)(d+2)
which  combined with (2.30a), ie., Ar,>1

implies kU|AUEFT| < |CGB|.

VII. SHOCKWAVE SCATTERING
IN THE BORN APPROXIMATION

In this section we compute the scattering time delay in
perturbation theory, identifying the first few terms in the
Born series. In general, the Born series has a smaller regime
of validity than either the eikonal or semiclassical approx-
imations, and so we do not draw any major conclusions
from its results. However, we include it because the
calculation may be performed more precisely and it is
informative in terms of demonstrating the distinction
between the single source and balancing shockwaves. It
is also worth emphasizing that almost all treatments of the
eikonal approximation in the literature rely on resumming
the Born amplitude, and the leading Born approximation to
the time delay is identical to the eikonal result. The
exponential eikonal resummation is implicit in the defi-
nition of the time delay operator.

The physical scenario for the two types of potential we
have in mind is illustrated in Fig. 3. Then the potential is
generated by either a single point source located at x = —b
or balancing sources at X = +b
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- kvf(u) ®ba1 1
Vi x)=-—=3 <x—b|d—2+|x+b|d—2>’ 1)

where we have introduced the notation

6 0, point source
bal — .
1, balancing sources.

Note that, in order to accommodate the point source case and balancing source case simultaneously, the location of the point
source is shifted relative to the discussion of Sec. II. The interaction picture potential is

d iq-b —igq-b N
At — — 27 d%g 7 + Opue™ g (sisk) 79
1 kyf(u 4 2

F(%) (27) q

which is conveniently rewritten as

g 21t dlq [ d'% b | @, e
) == <) [0 [ 55 a0
r(42) (2m)* ) (2n) q

X exp [ix-(q+k)+z—iq- <g+k>}|||x><k|. (73)

Denoting the terms in the Dyson series as

~ +oo ~ +oo u ~ .
S=1+ (—i)/ du H™(u) + (—i)z/ du/ du' HM™(w)HM (W) + ..., (7.4)
§@

S

|
the first three terms in the series expansion for the time  Without ambiguity we denote the corresponding nth order

delay are term in the expectation value for the in-state (3.91) simply by
! " T ) s
o0 _ia;i ) ’ (1.5) Av™ = (in|Ap™ [in). (7.8)
. ! . We consider interactions over a finite time 0 < u < U,y TO
~@ (087 080 first order, the GR time delay is
Av = =i ——+ ST (7.6)

Av) (u) = /dulf(ul)(l—ul(;zt])l((')(ul). (7.9)

_ 0s® _98@ 55D
Av“)—i( + 50 = 4§t ) (7.7)

ok, ok, ok, The second order GR time delay is given by

A (u) = &, (H/"du,-f(u,.)> {e(ul )<1—ul ai) — O(uy — u )(1 —uzazzﬂK@)(ul,uz), (7.10)

and the third order one by

AUGR = k2 (H /u dlhf(’/h‘)) |:9(M1 - Mz)lg(llz - u3)< — U azl Uy azz U3 0_23>

0 0 0
- 9(“2 - M3) <2 - Mza—uz — U3 au3> + 9(142 - 141) (1 — Uz au3>] K(B)(Mla U, Ma)a (7~1 1)
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where 6(u) is the Heaviside step function and

d

2 ddq e‘qu—l-@ e~iab
K™ (uy, ... = (=) ——— .
o) = | (ll/
2

X exp |: g {
2
i=1

2
+ ’ %0 ; uiq;

} - 211'% ; (= )a q/} : (7.12)

=1

. P ap o . . 1 u
A. The classical llmlt..Identlfylng diffusion and lim Avé ]% () = —— / duy V(g b)(1 + Opy).  (7.13)
scattering effects classical ky 0

The effects of uncertainty and diffusion are captured, at  which is exactly the eikonal expression of (4.9). This is to
every order in Aw, by the term in curly brackets in  be expected since the leading-order eikonal phase can be
the exponential of each K™ in (7.12). In the classical  identified with the leading-order Born approximation.

limit, where this term is neghglble, the first-order term After some manipulation, the classical limit of the second-
becomes order term in the time delay expansion can be written as
2
5 d d iq;-b —iqr'b ,iqyb —iqy'b
@) 27> u g d“q, dq; €M7 + Opye + Opae
A =—|-—— k, d d
i OR r(+2) o) [ duasten | CEIPTI ™ ¢
. 1 uy 1
X | sin 2k, (U —ur)q; - q2 _Z_k,,ql " oS 2%, (U —u3)q; - qa| |- (7.14)

In the balancing case, ®, = 1, itis easy to see that the integrand of (7.14) is odd under q; — —q; (or q; — —q,) and thus
the integral vanishes. In the point source case, there is no such antisymmetry so the integral does not vanish.
The classical limit of the third-order term in the time delay expansion can be written as

3
d

22 u u " d’q, dq; d’qs
AvGR(u) _F(%> k%A du1f(”1)¢ d“zf(”z)A d”3f(”3)/(2”)2 (27)? (27)?

b | @ e~itihoixb | @ o—itb yigzb @ o—iasb 9
¢ - 2ba1€ O 1 Feure [9(141 - Mz)e(uz - M3) (1 — U —)
q7 Q2 Q3 ouy

clasqcal

0= )0 = ) (1= 52 00, = )0 = ) (1= )|

Us

i
X exp Lk ((uy —u2)qy - qo + (uy — uz)qy - qs + (2 — u3)qp - %)} : (7.15)

The vanishing of this in the balancing case is less straightforward. First note that, as the eigenvalue of an Hermitian operator,
the expression (7.15) should be real. We can verify that it is real by simultaneously exchanging

Uy < us and q; < Qqs, (716)

in the integrand to retrieve its complex conjugate. Thus, the exponential factor at the bottom of (7.15) may be replaced by its
real part, a cosine. Then, in the balancing case only, we have the following situation
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classical

lim Avgﬁ(u) = Au duyduydus f(uy) f(uy) f(us) [H(Lt] — uy)0(uy — u3) <1 —u; i)

aul

—ﬂ@—uﬂﬂ@—uﬁ(l—@il)+9w2—mww3—ww?—uyEJ]GWhmJQ, (7.17)

0u2 6u3

where G(u, u,, u3) is a function that is invariant under any permutation of the u;’s. For example, the exchange u; <> u, in
G, may be offset by the exchange of the integration variables q; <> q, and the change of variables q; — —q3 to leave it
invariant. With this in mind, the first and third terms in the square brackets give the same contribution overall (by exchange
of u; <> u3). Merging these terms and additionally exchanging u; <> u, in the second term, we obtain

classical

Now, note that

and since the integrand is invariant under the exchange of
u, < us, the whole integral in (7.18) is zero.

It is expected that all higher-order corrections to the
leading term (7.13) in the balancing-source time delay
vanish in the classical limit. Again, let it be stressed that this
is a reflection of the fact that there is, classically, no
scattering from the unstable equilibrium point in the
balancing potential. Thus, outside the classical limit, the
higher-order terms Av(">!) may be regarded as the result of
diffusion-induced scattering in the quantum problem.

B. Perturbative regime of validity

The requirement that the higher-order scattering-induced

terms Avgll:l)(u) are under control compared to the
(1)

leading-order GR term Awgg(u) imposes a time cutoff
J

2

ddql eiq]-b+®bale—iq1-b

u uy Uy uy a
Avgl)z(“) :A dulf(“l)% duzf(u2)<2/) du3—A du3>f(u3)<l —ula—m>G(u1,u2,u3). (7.18)

/ul dll2<2/uz dl/l3 —/u] du3> = /ul du2</u2 du3 _/“' du3>
0 0 0 0 0

U
u 7 u i3
:/ duz/ dl/tg—/ du3/ du2,
0 0 0 0

(7.19)

|
Umax beyond which we may no longer trust perturbation
theory. Below, we will determine the parameter “¢” which
controls the series expansion of Avgg(u). As we will see,
this parameter will grow with time u itself—at early times,

the series expansion is under better control and Avgﬁ(u)
represents a good approximation for Avgg (), but at late
times that approximation begins to fail. The scattering
timescale u,e; will be defined as the time at which it
becomes large, €(Uper) ~ 1.

As a concession to simplicity, consider the limit of a
large number of closely spaced shockwaves for which we
may approximate f(u) = f, as a constant. With this
simplification, the u-derivative-terms in expressions
(7.9)—(7.11) may be integrated by parts. For u < u,,,
we therefore get, explicitly, at first order

d
Moga(u) = =2 ~—=
d-2
F(2>
at second order,

2

Avi(u) = =2 -

2

X exp —7|Q1+Q2| —W|M1Q1+M2Q2| sin

and at third order

foludm/(z”

)¢ qi

_o'qi  uiqy
2 8kle?|’

ddq1 ddq2 eiql-b +®bale—iq1-b eiqz-b +®bale—iq2-b

2t kfz/ud d /
’ u du
F<ﬂ> “Jo T

27)! (27)¢ ai @

(U1 —uz)qs Qa2 |, (7.20)

2k,
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3
d

ot
Avip(u)=2 -

(%)

r
0
X exp 3‘11+Q2+Q3| 8k2 —5 5l qy g+ usqs

1
X COS k —ur)qy Qo+ (uy —u3)qy - q3+(

While the cross terms mean these expressions are not
readily integrated, we can estimate the parameter depend-
ence of each Avgl%(u) as long as we make the following
assumptions:

o< b, (7.22)

u < k,ob. (7.23)
Physically, (7.22) corresponds to the requirement that the
width of the initial Gaussian wave packet ¢ is much smaller
than the distance to the source b. The second assumption
(7.23) is that the timescale under consideration u is smaller
than the diffusion time wug;; ~ k,0b [see (3.95)]. We also
need to distinguish between the two possible cases where
scattering is before diffusion and vice versa.

1. Scattering before diffusion
By switching to dimensionless integration variables w; =

u;/u and p; = bq;, the parameter dependence of Avgg(u)
can be extracted to leading order in ¢/b and u/k,cb:

fu

1
Avgp () ~ =R (7.24a)
2.3 2 2
2 fu o* u
o ~1g {1+@bdl< l+a()b2+a(2)k2b262)],
(7.24b)

Kf3u? o’ u?
3 v ~
AUE]I){(M) ~ 30— |:1 + Opa (-1 +a<3)ﬁ+a(3>m>} )

(7.24c¢)

where a™ and @™ are numbers expressed in terms of
n(d + 1) dimensionless integrals (given in Appendix F).

The ratio of one term Avgl%( ) to the next Avggl)( ) is

not the same for all n. The even terms AvéR>(u) are

artificially suppressed by the presence of an odd sine in
their integrands, compared to the even cosine in odd terms

ke fy /udulduzdug/ dqy dg; d?gs e P+ By e TP e P 4 By e TP NP 4 By e P
vJ 0 d d
(2m)* (2m)* (2x

) q Q0 Q3

Uy —3)q ‘Q3]> [20(u; —12)O(uy — uz) —O(uy — 1) )O(uy — u3)].

(7.21)

Avggﬂ)( ). In other words, the third-order term Avgl){(u)
is not necessarily subdominant to the second-order term

Avg&(u), and so on. This means that the ratio which truly

controls the expansion is not the ratio of one term to the

(n+1)

next Avgg (u) /Avg’R( ) but instead it is of even (or

equally, odd) terms Avgl;” 2 (u)/ Avg'ﬁ(u).

Although the explicit parameter dependence of the
generic nth term is not given here, it is apparent from
the general expression (7.12) and the examples (7.24) that
the series expansion of the time delay is controlled by

Avgli(u) N <k1/,fu) 2

A () \b

e(u) ~ (7.25)

The S-matrix expansion is under control when e(u) < 1
and so we may identify the time at which perturbation
theory breaks down as

1 bd—2
kl/' f

Unlike the estimates (4.12), (4.29) and (5.12), this estimate
for the cutoff timescale depends on the v-momentum k,,

which is a property of the test wave itself and not of the
background. In fact

1 = Uper ~ (7.26)

e(upert)

Hpert | Us (7.27)
U Ugifr

and so for u,; < ugy the Born series breaks down before the
eikonal approximation, which is why we regard it as less
informative.

Using the expressions for the two timescales, (3.95) and
(7.26), and the approximation for the leading-order time
delay (7.24a), we find

1
Upert <K Ugiff < ku|AU(Gl)z(”diff)| > 1. (7.28)
In other words, the assumption that perturbation theory

breaks down before the diffusion time is consistent, as long
as the GR time delay generated by ug;; is resolvable.
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In this formalism, the EFT contribution to the time delay
can generally be estimated as

fu

~ CGB PINZ"

1 Ca 1
Avlir(u) ~ B vy (u)

~ (7.29)

The total EFT time delay by the time at which perturbation
theory breaks down is

CGB 1
b’AN’k,’
and, given the EFT-validity bound bA > 1, satisfies

Avg (tpen) ~ (7.30)

1
ko | A v (tper)| <€ [CG). (7.31)

2. Diffusion before scattering

We have already seen that the assumption ug, < Ug 1S
self-consistent, and we will now show that it is actually the
only regime of interest. Assuming that we can trust the
expressions for Avgﬁ(u) given in (7.24) all the way up until
U ~ Uggs, WE can write

k 3
A”g)z (ugige) ~ k3 (A”é}l])z (ugifr))

2
x{1+®bal(—1+a<3)%+&(3>>} (7.32)

Of the parts that are exclusive to the balancing case, a)

will dominate over a®® (6/b)?, so we can write off the
totality of the square brackets as an O(1) number plus
suppressed corrections. If the scattering time comes after
the diffusion time then, by definition, the first-order term

Av(Gll)z(u) should still dominate the series expansion by
u = ugy. However, asking for the third-order term to be
subdominant, |Avg}){(udit~f)| < |Av81>{(udiff)| leads to the
conclusion

3
K2 (A5 (ugise))’| < |Avi (aie)] = kol Avi (i) < 1,
(7.33)

i.e., the first-order GR time delay itself is unresolvable. As
hinted at previously, we see that if we try to slow down the
effects of scattering for long enough such that diffusion
takes hold first, then the price to pay is a potential so weak
(i.e. f so small) that even the leading-order GR time delay
cannot be resolved. Since the EFT contribution is further
suppressed by 1/b*A? < 1 compared to the GR contribu-
tion, it will certainly not be resolvable.

VIII. CONCLUSIONS

In this paper, we reviewed the formal definition of the
scattering time delay appropriate to spacetimes with a null
Killing vector (namely pp-wave geometries), showed how
to compute the time delay for arbitrary initial states in the

eikonal, semiclassical, and Born approximations, and dis-
cussed their validity and connections between them. We
considered the generic EFT of gravity in arbitrary dimen-
sions D > 4, focusing on the Gauss-Bonnet term as the
leading correction. Assuming a generic weakly coupled
(A < Mp) Wilsonian EFT expansion (2.9), we carefully
computed the regime of validity necessary to determine
scattering amplitudes in a general pp-wave background. We
saw that, while it is straightforward to engineer background
configurations for which there is an arbitrarily large gravi-
tational (Shapiro) time delay, the corrections due to the
GB-term that can be consistently inferred in the regime of
validity of the low-energy EFT are bounded in the manner

k,|Avger| < lecal- (8.1)
In particular, this remains true for the rather special
balancing shockwave solutions considered in Sec. V, for
which scattering is minimized. To this end, one must choose
highly-localized wave packets which are far from S-matrix
eigenstates. As such, the quantum mechanical uncertainty in
the time delay grows, swamping any potentially observable
contribution.

These conclusions may be read in two ways: (1) Assuming
that |cgg| < O(1), which is expected for gravitational EFTs
with consistent UV completions based on positivity/boot-
strap bounds [51] as well as by EFT power counting
arguments, the time delay induced by the GB-term is
generically unresolvable, or (2) Demanding infrared causal-
ity (namely causality with respect to the locally inertial
metric) Avger = —k;! and accounting for the fact that the
Gauss-Bonnet term can lead to time advances for scattering
of specific polarizations, then we infer |cgg| < O(1). Finally,
we note that asymptotic causality in the form AT > 0 is
automatically satisfied, since the magnitude of the EFT
correction is |cgg|/(Ab)? suppressed relative to the GR/
Shapiro delay and the validity of the EFT requires Ab > 1.
While satisfied, it does not provide much insight.

Either way, these results indicate a close connection
between causality via time delays and positivity/bootstrap
bounds previously observed in [1-3,30,44]. Further, they
show that, while asymptotic causality is automatically
satisfied, it is generically too weak a condition. This
confirms the findings of [69] and that, in EFTs with a
consistent UV completion, causality is maintained with
respect to the local metric, which defines the local inertial
frame and to which at least one field couples to (taking care
of field redefinition ambiguity, see [66] for more details on
that point).

ACKNOWLEDGMENTS

C.d.R.and A. J. T. are supported by STFC Consolidated
Grants No. ST/T000791/1. C.d.R. is also supported by a
Simons Investigator Award No. 690508. C.Y.-R.C. and
A. M. are funded by a President’s Scholarship.

024066-34



CAUSALITY IN THE PRESENCE OF STACKED SHOCKWAVES

PHYS. REV. D 111, 024066 (2025)

APPENDIX A: EFT FIELD EQUATIONS FOR METRIC PERTURBATIONS

In light cone gauge, where h,, = 0, the EFT field equations for the metric perturbations

2c
55w3::5GWT+_X%ESBW3::O9 (Al)

are explicitly given by
_26E,, = Phy;, (A2a)
_2551714 = _ljhii + ai:auhii + ai(avhiu + ajhij)’ (A2b)
—2551”' = avalhﬂ - 00(01)h,~u + 0jh,/), (AZC)

- ~ 1 1
-26&,, = Uh,,, —20,(0,h,, + 0;h;,) + 0;HO,h;, — 0;(0;Hh;;) + d%h;; — HOhy; + EajHajhii - EauHavhii

4

+ H0;(0,hiy, + 0jh;;) + HO,(0,hyy + 0;hiy) + %aiajl_](avaihju — 0,0;h;, + 0k0kh;; — 0;0ihji

— 0;0chix + 0:0;hyy), (A2d)

- 1
~26€,i = Ohyi + 0;H0,hij = 0,0,y + Osh) = 0, (b + Oyhij) + 00,5 5 OiHO,

4CGB
——50,[0:0;H (0 — Oxhji) + 0,0 H (0;hji — 9;hix)], (A2e)

A2

—26&;; = ljhij —0;(0ph, + 0kh i) = 0;(0, hyy + Ophig) + 0,0y — 5ijmhkk + 80k (0 I + 01 hyy) + 6150, (0, Iy + O hy,)

4CGB
AZ

+

These equations are satisfied with the constraints (2.15)—
(2.17) and the equation of motion for A;; (2.18).

APPENDIX B: MASTER VARIABLES IN
BALANCING SOURCE BACKGROUND

Identifying the master variables for the metric perturba-
tions on the point-source background was a straightforward
procedure described above equation (2.20). When a second
source is introduced (to “balance” the first, as discussed in
Sec. V), spherical symmetry is lost and the previous
decomposition is no longer suitable. Without loss of
generality, assume the two sources are aligned along the
z-axis. Then, we can write the transverse-space metric in
cylindrical coordinates as

§ydxidx/ = dz? 4 dr? + r2dQ7_,. (B1)
For this appendix only, y,;, will refer to the metric on the
(d — 2)-dimensional sphere. In these coordinates, the har-
monic condition on the metric function is

0? 0? 10
a—zzH(u, rz) = —WH(M, r,z)—(d-— 2);$H(u, r,z).

(B2)

0%(0,0;Hhyy. — 0:0, Hh j, — 0,0, Hhyi + 5,00, Hhy).

(A2f)

While most of the components of the metric perturbations—
hy., h.., h,, h.,, h, and the diagonal components of
h,,—are coupled in a complicated way via (2.18), it
happens that the off-diagonal components of £, are
completely decoupled from the rest and evolve independ-
ently. These account for (D —5)(D—4)/2 of the
total D(D — 3)/2 propagating modes. Their equation of
motion is

~ cgg 0,H

Dy, — 8% —0hap =0,
which has the same format as the equations for the
modes in the spherically-symmetric background (2.20).

a#b,  (B3)

APPENDIX C: DETERMINING THE EFT
REGIME OF VALIDITY

In Sec. I D, we argue that the EFT regime of validity is
given schematically by

VA" (RN (k) <1
A A? A )
In this appendix, we will explain why only the particular

contractions given in (2.23) lead to nontrivial bounds on the
energy of the perturbations and the background parameters.

(C1)
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First, contracting two momentum vectors together will
lead to a weaker bound than if they had been contracted
with other components. The reason for this is that the
gravitational wave momentum is a null vector in GR, so its
norm vanishes k,k% =~ 0 up to EFT corrections.

Second, any contractions of indices on the same Riemann
tensor produces a Ricci tensor (or scalar) which is zero in
vacuum. Therefore, each of the four indices on a Riemann
tensor need to be contracted with either a momentum vector
k,, a covariant derivative V, or a different Riemann tensor.
Also, it can be checked that the divergence of the Riemann
tensor vanishes in vacuum

VRu55 =0 when VIH = 0. (C2)
Finally, by symmetry, the Riemann tensor may only enter via
contractions with at most two k’s, at most two V’s and at
most two other Riemann tensors.

The expressions in (2.23) represent the only cases where
no covariant derivatives have been contracted with an index
on a Riemann tensor. The remaining options are to contract
one covariant derivative with a Riemann tensor index,

(R-V)¥Pk* < AP (C3)

or two covariant derivatives with Riemann tensor indices,
(R-VV)¥k* <« A2, (C4)

Both cases produce weaker bounds, which follow from
those already given in (2.30).

8B,y = —4R(,", PV, V ghy' + 2R, POy + V5V k) + 4R 1, V7V 1

APPENDIX D: HIGHER-DIMENSION
EFT FIELD EQUATIONS

In Sec. IID 1, we show that control over the higher-
dimension EFT action (2.33) amounts to exactly the regime
of validity found by generic arguments in Sec. II D. In this
appendix, we provide the field equations for that action and
also identify the tensor-type master variable and its asso-
ciated master equation.

The background equation is

GB CR4
5(1/3 = Ga/)’ +2—5 A2 a[)’ + 2 A4 C{lﬂ +2—¢ A6 (l/i = 07 (Dl)
where
ap = dR;app R + 2R, Rpgpe — 4Ry R
1
+ 2RRaﬁ - E R%}Bgaﬂv (DZ)
1
Caﬁ = _Egaﬂ(R3) + 3(R3)a6ﬂ0 + 6V6Vp (Rz)a(’/;’p’ (D3)
1
Daﬁ = _Egaﬁ(R4) + 4(R4)rx0'ﬁ6 + Svavp(R?’)a”ﬂp’ (D4)
and
(R") apop = RapysR7”"...R™ Ry, (D5)
(R") = (R") 5. (D6)

The vacuum pp-wave metric is again a solution to (D1).
The perturbations of these tensors are

4R(M|paﬁvpvﬁh‘v)“ + ZgﬂyRapﬁGV"Vph“ﬂ

(D7)

oC,, = 12R paﬂVPDVﬁm — 12R eV’ VAV o Viyh™ =12V R paﬂVPVﬂVMh“" + 12V,,R(MpaﬂVPV"Vﬁh|y)“
+ 3(R”M“RM"/3 + R//’“Rff)vpvghaﬁ (D8)
8D, = —16R (43R 1) VIV VAVERP — 32V R (1R 1) VPV VAR — 16VOR (P VR, 0s, VVERP . (DY)

In light cone gauge, the presence of the R3-operator modifies the v-component perturbation equations

—26€,, = 0%h;;, (D10a)
—26€,, = =P hy; + 0,0,hi; + 0:(0,hyy, + d;h;;) — 2l352 0;[0;0,H(0,h;, + Oxhjy) 4 0,0;0,Hh ], (D10b)
—=26E,; = 0,0;h;; — 0,(0,h;y, + 0;hy;) + 12%363 [0,0;H(0,h, + Ophji) + 0;0,0,Hh ], (D10c)

such that, while the traceless condition 4;; = 0 is unchanged, the second constraint equation (2.16) becomes
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C
0yl + 0jhy; = 12%0% [0:0;H(0,hj, + O¢hyy) + 0:0,0Hhj,). (D11)

The 6&;; is also modified by both new operators

—26&;; = Ijhij = 0;(0,hjy, + 0khji) — 0;(0,hiy + Oxhix) + 00 — 5ij|jhkk + 80k (0 I + Ot hyy) + 610, (0, Iy + Oichy,)

4CGB
/\2

- 12%0’5‘, (0,0, HOh ;, + 0,0, HOh jy + 0,,0,0, HO, h jy, +0,,0;0, HO, hyy — 0,0, H0; (0, 1y, + 0y

_|_

0%(0,0;Hhyy— 0,0, Hh j — 0,0, Hhyy + 5,0,0,Hhy, )

—0;0,H0;(0,hy, + 01hy) — 0:0,0,H (0;hy; — Oihjy) — 0;0,.01H (0, — O hiy) | + 16%0iakHajalHa§hkl~ (D12)

The final constraint will again come from the trace of this equation. However, the process is complicated by the presence of

the R3-operator. In EGB theory, the second constraint (2.16) allowed us to exactly remove the h;, components, which

appeared in the ij-equation. But now, the /;, components also appear on the right hand side of (D11). As a result, they may

only be replaced perturbatively in inverse powers of the cutoff inside 6&;;. Up to corrections of O(A™?), the third constraint
equation is

d—2CGB 24CR3 ~ d-—2
o,hy, + 0;h;, = -4 A 0;0;H0,h;; + T 0, |0;0;HUh;; + 0,0;0;H0,h;; — — 0;0;0;HO;h

16 ¢ R4

776 0,0,H0;0,HO3h . (D13)

As before, we see that the dynamical degrees of freedom are contained within the metric perturbations in the transverse

directions h;;. Applying the three constraint equations, their equation of motion becomes [up to corrections of O(A7¥)]

= CGB CR3 CR4
where
1 1
Xij= B (hix0;0H + hjy0;0,H) — EéijhklakalH? (D15)

1 = ~ | B 1 1
Yii= 2 (Uh;0;0H + Uh 0,0, H) — ZiéithklﬁkalH + 3 (0,hix0,0,0,H 4 0,h.0,0,0,H) — Eéijévhklauak(),H

1 1

|
1 decomposition with each type of perturbation (scalar,
Z;j = —hy0,0,Ho;0,H + y 0iihim0k0/H00,,H. (D17)  vector or tensor) evolving independently of the other types.
The simplest of them are the tensor modes, which are
parametrized by

— _ _ 2
1. Tensor modes hyr = hyg =0, hap = r°®@1Tap, (D18)
The perturbation equations (D14) couple all components
of h;; in anontrivial fashion when cg3 # 0. Even in the point
source case, the identification of master variable used in
Sec. I1 C for EGB theory no longer works when the R3- A 2
- 4 . . 1 +k7)T, =0, D19a
operator is included. For illustrative purposes, we consider (A1 +7) Ty ( )
just the spherically symmetric point source case. Due to the
symmetry, we may perform a scalar-vector-tensor (SVT)

where T, is a tensor spherical harmonic on the (d — 1)-
sphere and satisfies

Te, =0, DT, =0. (D19b)
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We used x% to represent the eigenvalue of T,
instead of the traditional k> to avoid any possible con-
fusion with the momentum of the perturbations (k,, k., k)
used elsewhere. There is one tensor mode ®; for each

|

- 242 0.H
0 =00, - T 20, CGB
r
T 16CR4 - 126CGBCR3 <0 H> a4q)T
A r

In arriving at this equation, the [1h,, terms present in Y,
have been replaced perturbatively using the lower-order
equation of motion, giving rise to the cross term « cggCg3-
Once again, this equation is valid up to corrections of order
O(A73).

APPENDIX E: EFT VALIDITY BOUND ON WAVE
FUNCTION SPREAD

In Sec. 1T I, we discuss how a generic initial quantum
state has a nonzero spread ¢ in transverse space and thus
cannot be perfectly balanced at an unstable equilibrium
point. As a state in a low-energy EFT, this spread is in fact
also bounded below by A~!. To demonstrate this, we must
bound a Lorentz-invariant quantity dependent on o [as we
did for H(u,r), k, and b in Sec. IID]. The spread in
momentum space is inversely related to the spread in real
space, |Ak| ~ 67!, so we would like to bound the inner
product of two opposing wave vectors k* = k® + Ak,
where k° is some central momentum. However, to con-
struct a scalar quantity, they must first be embedded in
D-vectors on the full D-dimensional pp-wave spacetime

CR3 (32 |: 0 H <a q)T (DT>
r

tensor spherical harmonic on the (d — 1)-sphere. They all
share a master equation, which can be derived from the
(a, b)-components (with a # b) of (D14)

(D20)

with the condition that k* is null due to the GR equations of
motion,

Pk -2

ﬁkiki =0 ki
a = T

(E2)

For a fixed “mass” k =k, = k,, the inner product

reduces to

k* k- = —2AK2. (E3)
With the Lorentz-invariant bound k* - k= < A%, we get the
desired result |Ak| < A, or 6A > 1.

APPENDIX F: EXPANSION OF THE
WIGNER-SMITH TIME DELAY

The expressions (7.24) give the parameter dependence of
the first three orders of the Wigner-Smith time delay
expanded in (1) S-matrix perturbation theory, (2) small
Gaussian width, and (3) early times. Four dimensionless
numbers {a®,a®, a®,a®)} feature in these equations
and are given below in terms of integrals, where b = b/b is

(koit) = (kujE ki, ki)’ (E1) the unit vector in the direction of b.
|
) 2
2r2 d? d
a® =2 __ / dwldw2® 2)/ pl Pz
)
2
ePrb L@ omiprb yipb | @ e P b
X D’ b 1 b (P1 +P2)* (W —wa)py - P (Fla)
1
o\ 2
27t 1 d?p, d¢
a? =2 -2 / dw, dw,©(w, )/ P % P2
F(%) 0 (27)? 27)?
ePib L @ omibrbimb | @ o—iprb
>l o2l (wip1 + wop2)* (Wi —w2)p1 - Pa. (F1b)

pi 3
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3

a® =2 - -
F(%

et 1 @y, e
2
P3

3

275 /1 dw1dW2dW3/ ddpl ddp2 ddp3 eiP1b + @bale—im'f) eiP2b + @bale—ipz-f)
) 0 ") @2n)! 2n)! (27) pi P>

(P1 + P2+ P3)*(20(w) — w)O(wy —w3) — O(wy — wy)O(wy —ws)), (Flc)

d’p, d’p, dp;

- F(d?z) Al dwdw,dws

" ePP L @ e b eiPb @ oD pipsh @ emiPsb

(2m)! (2z)* (27)*

P’ P;

p? (wip1 + wops + w3ps3)?
3

X (20(w) —wp)O(wy —w3) — O(wy —w;)B(w, —ws3)). (F1d)
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