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A B S T R A C T

Saline intrusion (SI) in coastal aquifers is a global problem with the potential to contaminate groundwater
used by over a billion people. Numerical modelling of SI in coastal aquifers is a key tool for risk assessment,
aquifer management and resource regulation, but is extremely challenging because the mixing zone across the
saline front is often very narrow, extending over metres or 10’s metres, yet the saline front itself may extend
laterally over a large (i.e. many km) three-dimensional (3D) domain. Moreover, the aquifer may be highly
heterogeneous, further complicating the movement and geometry of the front. We test here the use of dynamic
mesh optimization (DMO) in a parallel computational framework to simulate SI with higher accuracy and lower
computational cost compared to fixed-mesh approaches. The framework uses a double control-volume-finite-
element (DCVFE) method and is implemented in the open-source Imperial College Finite Element Reservoir
SimulaTor (IC-FERST), but could be implemented in other FE-based simulators. We confirm accuracy and
convergence using test cases based on the classic ’Henry’ SI problem, demonstrating that solutions obtained
using DMO require significantly fewer elements and therefore have much lower computational cost compared
to equivalent fixed mesh solutions. We apply the framework to a realistic 3D case study simulating saline
intrusion in a heterogeneous chalk aquifer, demonstrating simulation speed-up in excess of 120×. We suggest
that parallelized DMO offers significant advantages over existing methods to simulate SI.
1. Introduction

Groundwater is the primary source of water for human consump-
tion in most countries (Arfib and Charlier, 2016; Bakalowicz, 2015).

emand is particularly high in coastal regions (Custodio, 2010); over
.2 billion people live within 100 km of a coastline and population den-
ities in these areas are around three times the global average (Small
nd Nicholls, 2003). Increased groundwater abstraction in response to
rbanization (Uddameri et al., 2014; Boretti and Rosa, 2019), com-
ined with natural phenomena such as rising sea levels due to climate
hange (Masciopinto and Liso, 2016; Ketabchi et al., 2016) or storm
urges (Cardenas et al., 2015; Klassen and Allen, 2017), can affect
he balance between freshwater discharging to the sea and the in-
and movement of saline water (Ferguson and Gleeson, 2012). This
mbalance typically results in saline intrusion (SI): a dynamic, inland
ovement of saline water that can lead to contamination of freshwater

esources with major economic, health and social consequences (Arfib
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and Charlier, 2016; Morgan and Werner, 2015). SI can be particu-
larly pronounced in fractured or highly permeable or heterogeneous
aquifers (De Filippis et al., 2016), especially when subject to marked in-
creases in groundwater abstraction, or sudden and substantial changes
in sea level such as storm surges (Klassen and Allen, 2017). Such condi-
tions can lead to highly dynamic changes in the sharp saline–freshwater
interface (Graham et al., 2018), with important consequences for the
management of coastal groundwater resources.

Monitoring SI using, for example, measurements of groundwater
level and electrical conductivity (as a proxy for salinity) requires mul-
tiple boreholes, while geophysical monitoring requires surface and/or
borehole equipment that can be logistically challenging to install
and/or prohibitively expensive (MacAllister et al., 2018). Monitoring
alone shows only the current extent of the intruding seawater and
cannot predict future SI or its response to changes in abstraction or sea-
level. Consequently, risk assessment, aquifer management and resource
vailable online 20 April 2022
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regulation, are typically based on the predictions of computational
groundwater models that solve the coupled density-dependent flow
and solute transport equations. Numerical simulation of SI, however,
is extremely challenging, particularly where the mixing zone is very
narrow (Huyakorn et al., 1996; Younes et al., 2009; Isa-Abadi et al.,
2020) and dynamic (Graham et al., 2018). In such cases, the transition
from saline to freshwater may occur over metres or 10’s of metres,
whereas the saline front and associated aquifer may extend inland
and along the coast over several km. High grid or mesh resolution is
essential to resolve accurately the location and movement of the saline
front, but the combination of high resolution and large model domain
is computationally challenging (Voss and Souza, 1987; Souza and Voss,
1987; Huyakorn et al., 1996; Roy and Datta, 2018).

One of the key constraints on accurately modelling dynamic saline
intrusion is the use static or fixed meshes, whether structured (e.g. SEA-
WAT Langevin et al., 2007) or unstructured (e.g. FEMWATER (Lin
et al., 1997); SUTRA (Voss and Provost, 1984); HydroGeoSphere (Ther-
rien et al., 2010); PFLOTRAN (Lichtner et al., 2015); MIN3P-HPC (Su
et al., 2021); COMSOL (Koohbor et al., 2019)). Although some of
these codes make use of parallel processing that can speed up the
computation process (e.g. HydroGeoSphere; PLOTRAN; MIN3p-HPC;
COMSOL) many do not (Hwang et al., 2014). As a result, fixed mesh
constraints are such that many SI simulations are simplified to two-
rather than three-dimensions (3D). This can significantly reduce their
practical applicability and predictive capabilities for tackling real world
problems (Kerrou and Renard, 2010; Rajabi and Ataie-Ashtiani, 2014;
Graham et al., 2018; Koohbora et al., 2019).

Here we test the use of dynamic mesh optimization (DMO) in
conjunction with parallel computing to increase the speed and accuracy
of groundwater flow and transport modelling with specific application
to SI. DMO allows the geometry and resolution of an unstructured
mesh to change during a simulation, typically to place higher, and
often anisotropic, mesh resolution in parts of the domain where there
are steep gradients in the solution, and lower resolution elsewhere.
DMO allows solutions with high accuracy to be obtained at lower
computational cost compared to using a fixed mesh and has been
widely applied in other areas of CFD (Alauzet and Loseille, 2016; Xie
et al., 2014; Hu et al., 2018). There are, however, very few applications
of DMO in porous media flow modelling, because extension to hetero-
geneous porous media is non-trivial given the requirement to include
and preserve the spatially complex material properties associated with
geologic heterogeneity (Jackson et al., 2014, 2015; Jacquemyn et al.,
2019; Osman et al., 2021).

The DMO algorithm reported here allows elements within an un-
structured mesh to be split or amalgamated (h-adaptivity), or element
vertices to be moved (r -adaptivity). It differs significantly from the re-
lated concept of adaptive grid refinement (AGR), which has previously
been applied to model reservoir flows, although not to the specific prob-
lem of SI. AGR utilizes only h-adaptivity and Cartesian grids: grid cells
are split by adding cell boundaries (Schmidt and Jacobs, 1988; Dahle
et al., 1990, 1992; Hornung and Trangenstein, 1997; Trangenstein,
2002; Wolff et al., 2013) (Fig. 1). Early applications of h-adaptivity
n reservoir modelling neglected geologic heterogeneity (Schmidt and
acobs, 1988; Dahle et al., 1990, 1992). Later studies included het-
rogeneity but started with a fine-scale geologic model as input. Grid
efinement in such models is straightforward as daughter cells simply
nherit the hydrological properties of the parent cell. However, the
inimum grid resolution remains fixed by the initial fine-scale model,
hich means the computational cost can only increase as new cells
re added. Coarsening the initial grid to reduce cost requires the hy-
rological properties such as porosity and permeability to be upscaled
nto the coarser grid (Hornung and Trangenstein, 1997; Trangenstein,
002; Wolff et al., 2013). This upscaling of permeability can impose
significant computational cost (Trangenstein, 2002; Gerritsen and
2

ambers, 2008; Wolff et al., 2013).
In an attempt to circumvent this problem, some studies upscaled
he fine-scale hydrological properties to a range of pre-selected coarse
rid cell sizes prior to simulating flow (Trangenstein, 2002; Wolff et al.,
013). The pre-calculated values were then assigned to the adaptively
ized coarse cells during simulation. However, the flexibility of h-
daptivity is compromised by the requirement to pre-select a range of
ell sizes. Moreover, extension of such approaches to the more complex
esh geometries required to represent many geologic heterogeneities is
on-trivial: no general methods for upscaling permeability on arbitrary
eshes have yet been developed. Finally, most published studies de-
loying AGR for reservoir flows consider 2D models only (Trangenstein,
002; Gerritsen and Lambers, 2008; Wolff et al., 2013). The approach
dopted here allows DMO to be applied in 3D numerical simulations of
low and transport in complex geologic porous media, and is computa-
ionally efficient because it does not require the hydrological properties
o be up-, cross- or downscaled each time the mesh is optimized, or to
e calculated a-priori.

Efficient application of DMO for aquifer and reservoir modelling is
facilitated by use of surface-based geologic modelling (SBGM) (Jackson
et al., 2014; Jacquemyn et al., 2019; Salinas et al., 2021). SBGM
is an approach whereby all geological heterogeneity, whether it is
structural, stratigraphic, sedimentological or diagenetic in origin, is
represented by surfaces that enclose discrete rock volumes termed geo-
logical domains (Jackson et al., 2014). Hydrogeological properties are
homogeneous within these geological domains; models can therefore be
created without reference to an underlying grid or mesh (Jackson et al.,
2014). Previous work has shown that the correlated heterogeneity
captured by these domains, and by similar concepts such as lithofacies
modelling, has the most significant impact on flow; the element-to-
element or cell-to-cell scale variability in hydrogeological properties
often produced by point or cell-based reservoir modelling approaches
can be neglected (Willis and White, 2000; Feyen and Caers, 2006;
Bianchi and Zheng, 2016; Osman et al., 2021).

An initial mesh is created only when required for numerical calcu-
lations; this mesh is as coarse as possible whilst preserving the geologic
surface architecture within a target error. The initial mesh defines
’master nodes’ that represent the surfaces and cannot be modified
by DMO. SBGM is therefore compatible with DMO because surfaces
are preserved during mesh adaptivity through the use of the master
nodes; moreover, because petrophysical properties are defined with
domains, there is no need to up-, cross- or downscale hydrogeological
properties such as permeability onto the new mesh after it has been
modified by DMO (Jackson et al., 2015). New elements simply inherit
the hydrogeological properties of the parent domain.

To quantify the benefits of DMO in conjunction with parallel com-
puting for SI modelling, we extend an existing framework for porous
media flow with DMO to include, for the first time, salt transport
and associated density-driven flows, and demonstrate DMO for het-
erogeneous porous media flow in a parallel computational framework.
The framework is implemented in the open-source Imperial College
Finite Element Reservoir SimulaTor (IC-FERST; see http://multifluids.
github.io/) but the approach we report could be implemented in other
codes using the control-volume finite-element method (CVFEM). Previ-
ous work using our framework, without the parallel implementation
reported here, includes simulation of two-phase flow in petroleum
reservoirs (Jackson et al., 2015) and during viscous fingering (Kampit-
sis et al., 2020), the related problem of heat transport and asso-
ciated density-driven flow in geothermal reservoirs (Salinas et al.,
2021) and solid–fluid coupling for flow in fractures (Obeysekara et al.,
2018). There are no previous applications of DMO to the coupled
density-dependent flow and solute transport problem of interest here.

We begin by outlining the framework and its extension to solute
transport and parallel DMO. We then demonstrate accuracy and conver-
gence of the extended framework against benchmark solutions based on
the classic ‘Henry’ SI problem (Henry, 1964). We finish by demonstrat-

ing practical application of the framework, including parallel scaling

http://multifluids.github.io/
http://multifluids.github.io/
http://multifluids.github.io/
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Fig. 1. Adaptive grid refinement (AGR) employing h-adaptivity to represent a saline front in (A) and (B), compared to the dynamic mesh optimization (DMO) approach used
here, that employs hr -adaptivity to represent a saline front in (C) and (D). (A) and (C) show the initial mesh or grid; (B) and (D) show the grid or mesh adapted or optimized to
the saline front shown as grey shading. AGR adds new cells (refining using h-adaptivity) to capture the front; DMO moves existing nodes and adds new nodes (hr -adaptivity) to
apture the front.
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erformance, to a realistic 3D case study simulating saline intrusion in
heterogeneous chalk aquifer modelled using SBGM. The main aim of

he work is to test the hypothesis that DMO in a parallel framework
an yield significant computational speedup when simulating SI in
ealistic 3D models. The novelty lies partly in the extension of an
xisting computational framework for porous media flow and DMO to
nclude salt transport in a parallel framework, but primarily in the first
pplication of DMO to the problem of modelling SI in heterogeneous
D aquifers.

. Methodology

.1. Governing equations

For a density-dependent flow in porous media, the water flux is
iven by Darcy’s equation, which for single phase flow, where depth
s positive, is written as

= −𝐤
𝜇

(∇𝑃 − 𝜌𝐠) (1)

Combining this with the conservation of mass (i.e. continuity) equation
gives
𝜕(𝜙𝜌)
𝜕𝑡

+ ∇ ⋅ (𝜙𝜌𝐯) = 0 (2)

here 𝐪 is the Darcy velocity vector [m/s], defined as 𝐪 = 𝜙𝐯 in which
is the effective porosity [-] and 𝐯 is the mean pore water velocity

ector [m/s]. 𝐤 denotes the intrinsic permeability tensor of the porous
edium [m2]. 𝜇 and 𝜌 denote dynamic viscosity [Pa s] and fluid density
kg∕m3], respectively, 𝑃 is fluid pressure [𝑃𝑎] and 𝐠 is the gravitational
ield tensor [m∕s2].

The effect of fluid and porous medium compressibility can be com-
ined into a single parameter, the specific storage coefficient 𝑆0 [m−1],
iving
𝑆0
|𝐠|

𝜕𝑃
𝜕𝑡

+ ∇ ⋅ (𝜙𝜌𝐯) = 0 (3)

For saline intrusion modelling, a transport equation for the salt mass
s also required
𝜕(𝜙𝐶)
𝜕𝑡

+ ∇ ⋅ (𝜙𝐯𝐶) = ∇ ⋅ [𝜙(𝐷𝑚𝐈 + 𝐃) ⋅ ∇𝐶] (4)

where 𝐶 is the solute (contaminant) concentration [kg∕m3], 𝐈 is the
identity tensor [-], 𝐷𝑚 is the molecular diffusion coefficient [m2∕s] and
𝐃 is the mechanical dispersion tensor [m2∕s].

The typical solute concentration of seawater (𝐶𝑠) is around 35
kg∕m3 (Croucher and O’sullivan, 1995), which gives a fluid density
3

o

of 1025 kg∕m3. A linear relationship is assumed between density and
concentration (Croucher and O’sullivan, 1995; Fahs et al., 2016),

𝜌 = 𝜌0(1 + 𝛽𝐶) (5)

where 𝜌0 [1000 kg∕m3] is the corresponding reference density at 𝐶 = 0
and 𝛽 = 0.7143×10−3 [m3∕kg]. This means Eqs. (3) and (4) are coupled
and must be solved simultaneously. We express results in terms of
solute mass fraction relative to seawater (𝑐), defined as:

𝑐 = 𝐶
𝐶𝑠

(6)

An isotropic representation is assumed to approximate the mechan-
ical dispersion component of the salt transport. Thus, 𝐃 is a symmetric
tensor defined as

𝐃 =
⎡

⎢

⎢

⎣

𝐷𝑥𝑥 𝐷𝑥𝑦 𝐷𝑥𝑧
𝐷𝑦𝑥 𝐷𝑦𝑦 𝐷𝑦𝑧
𝐷𝑧𝑥 𝐷𝑧𝑦 𝐷𝑧𝑧

⎤

⎥

⎥

⎦

(7)

where 𝐷𝑥𝑦 = 𝐷𝑦𝑥, 𝐷𝑥𝑧 = 𝐷𝑧𝑥 and 𝐷𝑦𝑧 = 𝐷𝑧𝑦. The diagonal components
in Eq. (7) are defined as

𝐷𝑥𝑥 = 1
|𝑣|2

(𝑑𝑙𝑣2𝑥 + 𝑑𝑡𝑣
2
𝑦 + 𝑑𝑡𝑣

2
𝑧) (8)

𝑦𝑦 =
1

|𝑣|2
(𝑑𝑡𝑣2𝑥 + 𝑑𝑙𝑣

2
𝑦 + 𝑑𝑡𝑣

2
𝑧) (9)

𝐷𝑧𝑧 =
1

|𝑣|2
(𝑑𝑡𝑣2𝑥 + 𝑑𝑡𝑣

2
𝑦 + 𝑑𝑙𝑣

2
𝑧) (10)

here |𝑣| denotes the magnitude of the velocity vector and 𝑣𝑥, 𝑣𝑦 and
𝑧 represent the magnitude of the velocity components in the 𝑥, 𝑦 and
directions, respectively. 𝑑𝑙 and 𝑑𝑡 are longitudinal and transverse

ispersion coefficients [m2∕s], respectively. The off-diagonal elements
n (7) are

𝑖𝑗 =
𝑑𝑙 − 𝑑𝑡
|𝑣|2

(𝑣𝑖𝑣𝑗 ) (11)

here 𝑖 ≠ 𝑗 and 𝑖, 𝑗 = 𝑥, 𝑦, 𝑧. The dispersion coefficients are dependent
n the absolute magnitude of the local velocity and are defined as

𝑙 = 𝛼𝑙|𝑣| (12)

𝑡 = 𝛼𝑡|𝑣| (13)

here 𝛼𝑙 and 𝛼𝑡 are the longitudinal and transverse dispersivities [𝑚]
f the porous medium, respectively.
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Fig. 2. 𝑃0(𝐷𝐺)𝑃1(𝐶𝑉 ) element pair in 2D. Finite-elements are represented by triangles;
control-volumes are formed around nodes (solid circles) located at the element
corners by connecting the barycentres of the elements. Velocity is evaluated at the
centre of each finite-element (open circles); concentration and, unusually, pressure are
represented in the control-volumes formed around the nodes.

2.2. Discretization

The double control-volume finite-element method (DCVFEM) used
here is discussed in detail elsewhere (Salinas et al., 2017b) so we pro-
vide only a brief summary. The method is applied on fully unstructured
triangular and tetrahedral (2D and 3D) meshes. Velocity is discretized
conventionally using discontinuous Galerkin (DG) finite elements (FE)
in the element mesh but, unlike conventional CVFEM, pressure is
discretized using control volumes (CVs) in the dual mesh created by
connecting the barycentres of the elements (Fig. 2). The DCVFEM
was specifically developed to improve convergence rate and success in
models with poor quality meshes (typically containing elements with
large internal angles) that are easily created in models of heterogeneous
aquifers containing high aspect ratio geological features. Extending the
approach to solute transport, concentration is discretized using CVs.
Rock porosity and permeability are piecewise constant within FEs,
while fluid density and viscosity are piecewise constant within CVs.

Here, we use the element pair 𝑃0(𝐷𝐺)𝑃1(𝐶𝑉 ) in which velocity is
discontinuous and is represented element-wise with a discretization
order of 0 (constant within elements) while pressure and concentration
are continuous and are represented CV-wise with a discretization order
of 1 (linear variation within elements; Fig. 2). Space and time are
discretized using higher order methods to increase solution accuracy.
Stabilization methods are implemented to ensure monotonic solutions
when dealing with high Courant–Friedrichs–Lewy or Peclet numbers.

The flux at the interface between two control volumes (𝐶𝑉𝑖 and
𝐶𝑉𝑗) sharing the same edge is computed as

𝐯̃ = 𝜎̃−1
[

1
2

(

𝜎
𝑖
𝐯𝐢 + 𝜎

𝑗
𝐯𝑗
)]

, (14)

here 𝜎 = 𝜇𝐤−1 and the tilde symbol ( ̃ ) denotes the value at the
interface of 𝑖 and 𝑗. To compute a high-order approximation of the
flux at the interface, the limited value of the concentration at the
interface 𝐶̃ is first computed using central differences and limited using
a normalized variable diagram (NVD) scheme following the upwind
direction. Then 𝐶̃ is used to compute 𝜎̃ using a second-order Taylor
xpansion series

𝜎̃ = 𝜎 +
(

𝐶̃ − 𝐶𝑘
)

( 𝜕𝜎

𝜕𝐶

)

𝑘

+ 1
2
(

𝐶̃ − 𝐶𝑘
)2

⎡

⎢

⎢

⎢

⎢

⎣

(

𝜕𝜎

𝜕𝐶

)

𝑘
−
(

𝜕𝜎

𝜕𝐶

)

𝑙
(

𝐶𝑘 − 𝐶𝑙
)

⎤

⎥

⎥

⎥

⎥

⎦

, (15)

here 𝑘 and 𝑙 swap the control-volumes they represent (either 𝑖 or 𝑗
epending on the velocity direction). Thus, if 𝐧 ⋅ 𝐯 > 0 then 𝑘 = 𝑖, 𝑙 = 𝑗;

conversely, if 𝐧 ⋅ 𝐯 < 0 then 𝑘 = 𝑗, 𝑙 = 𝑖. Finally, 𝐯̃ ⋅𝐧 is bounded by 𝐯𝑖 ⋅𝐧
and 𝐯𝑗 ⋅ 𝐧. The same flux is used for both control-volumes sharing the
interface, ensuring local conservation of mass.

Time is discretized using an implicit 𝛩-method, where 𝛩 varies
between 0.5 (Crank-Nicholson) and 1 (implicit Euler). 𝛩 is controlled
by a total variation diminishing (TVD) scheme to ensure that the time
integration is stable regardless of the time-step size (Gomes et al.,
4

2017).
2.3. Numerical solution

A Picard iterative method (Anderson, 1965) is used to solve the cou-
pled system of discretized equations as described by Salinas et al. 2017a.
The Picard solver iterates the coupled solutions for pressure and con-
centration until the concentration field has converged within a user-
defined tolerance between two consecutive non-linear iterations:

1. Pressure is calculated by combining Eqs. (1) and (3) considering
the solute concentration to be fixed.

2. An updated velocity field is obtained from Darcy’s Law, Eq. (1).
3. From the updated pressure and velocity fields, an updated solute

concentration is computed using Eq. (4).
4. Density is recomputed with the updated solute concentration

using Eq. (5).

When this is done, time advances by one time-level until the final
time is reached. In the examples shown here, the convergence criteria is
the infinite norm of the concentration field is < 0.03, with a maximum
of 15 non-linear iterations per time-level for the Henry problem test
cases, and 50 non-linear iterations for the SI example case.

The system of linear equations to be solved at each step (pressure
or concentration) is solved using the PETSc framework (Balay et al.,
1997). A Generalized Minimal Residual (GMRes) method, with 30
restart iterations and a multigrid-based preconditioner (Hypre; Falgout,
2005), is used to reduce the initial residual by ten orders of magnitude.
Use of this solver, in combination with the DCVFE formulation, ensures
that the system can be solved regardless of the time-step size and mesh
quality.

To reduce computational time, a Proportional–Integral–Derivative
(PID) adaptive method is used to control the time-step size depending
on the number of non-linear iterations and the error in the non-linear
solver (Akakpo and Gildin, 2017)

𝑑𝑡𝑛+1 = ( 1
𝐸𝑛

)𝐾𝑖

(

𝐸𝑛−1
𝐸𝑛

)𝐾𝑝
(

𝐸2
𝑛−1

𝐸𝑛𝐸𝑛−2

)𝐾𝑑

, (16)

where n denotes the time-level, 𝐾𝑖, 𝐾𝑝 and 𝐾𝑑 are constants controlling
the behaviour of the PID controller (with values 1.34, 0.001 and 0.01,
respectively, taken from Akakpo & Gilden, 2017). The PID controller
minimizes the overall error function 𝐸, defined as:

𝐸 =
𝐸𝑒 + 𝐸𝑖

2
+ 𝑚𝑎𝑥(𝐸𝑒, 𝐸𝑖), (17)

here 𝐸𝑖 is the ratio between the target number of non-linear iterations
nd that required by the non-linear solver to converge for the time
evel 𝑛, and 𝐸𝑒 is the ratio of the target error and the error of the non-
inear solver (𝐸𝑟), which is defined as the infinite norm of the difference

between two non-linear iterations:

𝐸𝑟 = ‖𝐶𝑚 − 𝐶𝑚−1
‖𝑖𝑛𝑓 , (18)

in which 𝑚 is the non-linear iteration number and 𝐶 is the concentra-
tion field. The PID controller adjusts the time-step size to minimize 𝐸,
thus minimizing the discrepancy between the target error and the target
number of non-linear iterations. Once a new time-step is obtained, its
increase or decrease is limited to less than x1.5 or x2.0, respectively,
the previous time-step.

2.4. Dynamic mesh optimization

An advanced anisotropic DMO approach is used which allows mesh
elements to be split or amalgamated, element edges swapped, or ele-
ment vertices moved (Pain et al., 2001). The DMO procedure starts by
calculating the 𝐿2 norm of the local interpolation error introduced by
the FE representation, using the weighted norm of the Hessian matrix
(𝐇) of the specified field(s). Any CV-based solution fields are interpo-
lated into the FE mesh using a conservative Galerkin projection (Farrell
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et al., 2009; Adam et al., 2016). The quality of the mesh (𝐼) is defined
as

𝐼 =
∑

𝑖∈𝑒𝑑𝑔𝑒𝑠
[𝑒𝑇𝑖 𝐄𝑒𝑖 − 1]2, (19)

𝐸𝑖𝑗 = det(𝐇)(
1

2𝛾𝛿 )
|𝐻𝑖𝑗 |

𝜖
, (20)

n which 𝐄 is a matrix composed of entries 𝐸𝑖𝑗 , 𝑒𝑖 denotes the edges
onnecting the vertices of the mesh, 𝜖 is a user-defined adaptivity
olerance to the chosen solution field(s), 𝛾 is the polynomial degree of
he norm used and 𝛿 is the problem dimension (Salinas et al., 2018).

DMO applies the mesh operations sequentially to create a new
mesh with an approximately uniform quality while honouring a set of
user-defined criteria, such as maximum number of elements, maximum
and minimum edge length, mesh gradation and mesh anisotropy. The
master nodes defining the architecture of the SBGM remain fixed.
Once the new mesh is generated, the solution fields from the old
mesh are interpolated to the new mesh using the conservative Galerkin
projection (Adam et al., 2016). Here, DMO adapts the mesh to the salt
concentration field for the Henry problem test cases, and to the salt
concentration and pressure fields for the SI example cases. DMO adapts
the mesh to minimize error metrics defined for both fields in this latter
case, maintaining solution quality for both but at the cost of using a
larger number of elements if the fields are only loosely coupled such
that high resolution is required in some parts of the domain for one
field but not the other and vice-versa.

2.5. Parallel implementation

Parallelization during DMO is based on the well known distributed
memory paradigm using the message passing interface (MPI) library.
Halos containing duplicate nodes at the interface between two pro-
cessor domains are generated to ensure a consistent communication.
Parallel implementation of DMO requires additional steps compared to
a fixed mesh. To balance the computational cost across different pro-
cessors, dynamic domain decomposition is required in which balanced
domains are created each time the mesh is adapted (Gorman et al.,
012). The approach involves the following steps:

1. The given mesh is partitioned into sub-domains using a paral-
lel graph partitioner. In this case, ParMetis is used (Schloegel
et al., 2002). The partitioning is performed with the objective of
minimizing memory exchange between processors.

2. The mesh is adapted within each sub-domain while locking the
nodes in the halos at the boundaries with the neighbouring sub-
domains (Fig. 3A). Locking the boundary nodes yields a globally
conforming mesh. The resulting mesh, however, is sub-optimal
because the locked nodes have not been optimized by DMO.

3. The mesh is repartitioned to create new sub-domains (Fig. 3B)
with different locked boundary nodes, so previously locked
nodes can be optimized.

4. The process is repeated a number of times, typically three, to
ensure that all nodes are optimized.

Applying DMO in parallel computations and heterogeneous porous
edia introduces additional constraints on the DMO algorithm by

equiring the master nodes and the halo nodes to remain fixed. This
an sometimes mean that the DMO algorithm fails to create a new mesh
ith a higher quality than the old mesh. If this happens, the old mesh is

e-used for the next timestep and DMO is re-applied to the new solution.

. Method evaluation

We begin by verifying that the numerical framework produces
ccurate results for salt transport and SI modelling by comparing results
gainst theoretical and numerical studies. The Henry problem (Henry,
5

964) considers the steady-state location of a dispersive saline wedge
Fig. 3. Dynamic domain decomposition and DMO. Shaded and white areas denote two
parallel sub-domains. (A) Partitioned mesh before DMO. Locked nodes in the halos
between the two parallel sub-domains are shown as filled black circles. (B) Mesh after
DMO and repartitioning. Locked nodes in halos between the new sub-domains are
shown as open black circles. Previously locked nodes can now be optimized by DMO.
Repeated application of this process allows all nodes to be optimized and yields parallel
sub-domains on the optimized mesh.

in a confined aquifer. Henry reduced the saline intrusion problem to
a 2D rectangular geometry with sealed (no flow or transport) upper
and lower boundaries (Fig. 4A; for model properties, see Table 1).
Hydrostatic pressure along with a Dirichlet condition for transport
(𝑐 = 1) is imposed at the right (seawater) boundary, while freshwater
discharge with salt mass fraction of zero (𝑐 = 0) is imposed on the left
(inland) boundary. Initially, the domain is filled with freshwater. This
configuration leads to a ‘saline intrusion wedge’ penetrating towards
the freshwater boundary along the lower boundary of the aquifer
(e.g. Fig. 4).

Henry provided a semi-analytical solution involving a double set
of Fourier coefficients, which needed to be truncated to obtain a so-
lution (Zidane et al., 2012). Due to numerical issues with this method,
an additional numerical solution reported by Held et al. (2005) and the

ore recent semi-analytical solution of Fahs et al. (2016) for velocity-
ependent dispersion are used here for comparison. We examine and
erify the performance of the method using the original Henry problem
Case 1, with no mechanical dispersion) and five variants with different
alues of diffusion, longitudinal and transverse dispersion, permeability
nd permeability anisotropy (Table 1).

A minimum element edge length of 8.0 mm is used for all test cases,
ompared to the domain dimensions of 1 × 2 m (Fig. 4). Where applied,
MO imposes an absolute error tolerance of 𝜖 = 0.001 for the salt mass

raction. The dynamic time stepping has an initial time step of 𝛥𝑡 = 0.01
and a maximum time step of 𝛥𝑡 = 300 s. The time step quickly reached

ts maximum value with relatively limited fluctuation around this value
or all test cases.

.1. Comparison against benchmark solutions

Isolines of salt mass fraction (𝑐 = 0.1 – 0.9) for all test cases
Table 1) simulated with and without DMO show a good match with
he published benchmark results (Fig. 4B - G). For the original Henry
roblem (Case 1), a relatively diffuse interface with a wide mixing zone
𝐿𝑠 as defined in Fig. 4B) is formed between the freshwater and salt-
ater, consistent with earlier observations (Croucher and O’sullivan,
995; Held et al., 2005). Increasing the aquifer permeability in Case
results in a deeper intrusion of saline water (Fig. 4C), because the

altwater can move further towards the freshwater side driven by
he fixed hydrostatic seawater boundary pressure (Held et al., 2005).
onsequently, Case 2 has a longer wedge toe length (𝐿𝑡𝑜𝑒 as defined in
ig. 4B) compared to the original Henry case 1 (Fig. 5A).

Reducing the diffusion coefficient but adding velocity-dependent
ispersion in Cases 3 and 4 reduces the width of the mixing zone while
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Fig. 4. Method verification using the Henry problem. (A) shows a schematic of the computational setup. (B) - (G) show solutions of all test cases plotting isolines of steady-state
salt concentration compared against a computational study (Held et al., 2005) and a semi-analytical solution (Fahs et al., 2016). Case 1 (B) is the original Henry problem. Case
2 (C) has a higher permeability; Cases 3 (D) and 4 (E) have significantly lower diffusion coefficient but include velocity-dependent dispersion. Case 4 also has an anisotropic
permeability. Cases 5 (F) and 6 (G) highlight the effect of dispersion (see Table 1 for model properties). The saltwater wedge toe, 𝐿𝑡𝑜𝑒 and the mixing zone, 𝐿𝑆 , are defined as
the distances along the x-axis between the sea boundary and 𝑐 = 0.5 isoline and between the 𝑐 = 0.1 and 𝑐 = 0.9 isolines, respectively, as illustrated in (B).
increasing the wedge toe length (Fig. 5A). Case 4 has a longer wedge
toe length compared to Case 3 because the former has anisotropic per-
meability. Fig. 4 shows our approach captures the salt concentration in
cases with velocity-dependent dispersion and anisotropic permeability
with good accuracy, with and without DMO, compared to the numerical
predictions of Held et al. (2005).

Reducing further the diffusion coefficient in Case 5 and then re-
ducing the longitudinal and transverse dispersivities by two orders of
magnitude in Case 6 yields an increase in the wedge toe length (Fig. 5a)
and a narrower mixing zone, which becomes extremely narrow for the
lowest dispersivities tested in Case 6 (Fig. 4G). These observations are
in very close agreement with those of Fahs et al. (2016). In addition,
the parameter values chosen for Case 6 are comparable with and, for
longitudinal dispersivity the same as, those used by Robinson et al.
(2015) to simulate observations of saline intrusion obtained from a
benchtop-scale experimental representation of the Henry problem.

The salt concentration (Fig. 4) and wedge toe length results (Fig. 5a)
demonstrate that simulations with DMO produce comparable results to
6

those obtained using a fixed mesh and reported in the literature. How-
ever, DMO requires significantly fewer elements so the computational
cost is much lower (Fig. 5b). All test cases with DMO start from an
extremely coarse initial grid with only 44 elements, because there is no
geological heterogeneity that must be captured (Fig. 6). As the saline
front moves into the domain, the mesh refines to capture the front, and
then moves with the front, coarsening behind it where high resolution
is no longer required.

Fig. 6 shows the time evolution of Case 6, which is of particular
interest since its relatively narrow (‘sharp’) mixing zone is comparable
to those typically observed in real-life saline intrusion problems, where
𝐿𝑠 ≪ the scale of the aquifer domain. As a result, the elements in
the mixing zone become highly anisotropic, to capture the interface
geometry and associated steep gradients in salt concentration. The
DCVFEM formulation used here ensures very good numerical accuracy
and avoids spurious oscillations despite the presence of these highly
anisotropic elements.



Advances in Water Resources 164 (2022) 104189A. Hamzehloo et al.
Table 1
Parameters for the Henry problem test cases.

Case 1 Case 2 Case 3 Case 4 Case 5 Case 6

Molecular diffusion coefficient [m2/s] 1.88571 × 10−5 5 × 10−7 9.43 × 10−8

Longitudinal disp. [m] 0 0.075 0.1 0.001
Transverse disp. [m] 0 0.015 0.01 0.0001
Permeability × 10−9 [m2] 1.01936 1.67539 1.01958 𝑘𝑥𝑥= 1.29119

𝑘𝑦𝑦= 0.79272
1.0204

Porosity [m3/m3] 0.35
Freshwater density [kg/m3] 1.0 × 10−3

Saltwater density [kg/m3] 1.025 × 10−3
Fig. 5. (a) SI toe length for each of the test cases, for both fixed and DMO mesh cases. (b) Maximum number of elements, and ratio of DMO to fixed mesh simulation times, for
each of the test cases.
3.2. Convergence and speedup

The comparisons between our simulation results and the benchmark
solutions shown in the previous section were qualitative. Here we
provide a quantitative convergence test for the most challenging test
(Case 6) with the sharpest saline front. All simulations here were
conducted for a duration of 3600 s with a fixed Courant number of
0.9 to allow direct comparison between cases with different spatial
resolution. The solution error is measured using the Relative L2 Norm
𝑅𝑁 , defined as

𝑅𝑁 =

√

√

√

√

√

∑𝑛𝑝
𝑛=1(𝑐0(𝑛) − 𝑐(𝑛))2
∑𝑛𝑝

𝑛=1 𝑐0(𝑛)
2

(21)

where 𝑛𝑝 denotes the number of test points and ‘0’ denotes the reference
value of the salt concentration at a given test point, obtained from a
very fine, fixed mesh simulation using triangular elements with an edge
length of 4 mm.

Fixed (i.e. static) mesh cases show approximately linear conver-
gence (reduction in error with increasing resolution), similar to that
found previously for the DCVFEM applied to other problems (Salinas
et al. 2017) (Fig. 7A). DMO, however, shows much more rapid conver-
gence and an equivalent simulation error using a much lower number
of elements than required with a fixed mesh. The use of fewer elements
with DMO yields a reduction in simulation time, with speed-up of order
5× for the finest mesh (Fig. 7B). The offset between the ratio of cell
numbers and simulation times in Fig. 7B represents the cost of DMO,
and is of order 10 percent of the cost of the equivalent fixed mesh case.
The cost of DMO is significantly outweighed by its benefit, even though
we generate a new mesh and new matrices. It is clear that DMO is more
effective in reducing the simulation time when the domain contains a
larger number of elements, which suggests DMO will yield even better
speed-up for 3D cases.

4. Application: saline intrusion modelling

This section demonstrates the value of DMO for modelling SI in
large (kilometre) scale groundwater models with realistic boundary
7

conditions and heterogeneous geology. The test case is based on the
UK Chalk aquifer, an important groundwater resource for southern and
eastern England, including London. The area of interest is located on
the south coast of the UK, where the Chalk provides groundwater to the
city of Brighton and surrounding area. The data used in the modelling
were obtained from the Saltdean Observation Borehole (OBH), which
is located approximately 1.8 km from the coast. A map of the Saltdean
study area and schematic of the Saltdean OBH can be found in Graham
et al. (2018).

The Saltdean OBH is now used only for observation. The borehole
extends to around 60 m below ground level and intersects a series of
chalk, marl and hardground layers within the Cretaceous Seaford and
Lewes Nodular Chalks (Fig. 8(a)). The strata dip towards the coast at
an angle of approximately 5 ◦ (Graham et al., 2018). The hydraulic
conductivity in the aquifer generally decreases with depth. Recharge
estimates given by Graham et al. (2018) for the Saltdean area are about
490 mm/year.

Here, we make use of two years’ monitoring data acquired by MacAl-
lister et al. (2018). Vertical profiling of fluid electrical conductivity in
the borehole over several tidal cycles during a period of SI showed
upwards and downwards movement of a sharp saline interface, with
saline water interpreted to be entering and leaving the borehole via
a high permeability zone at its base (MacAllister et al., 2018). This
high permeability feature most likely reflects the presence of a fracture
horizon (Jones and Robins, 1999; MacAllister et al., 2018; Graham
et al., 2018).

Measured self-potential (SP) in the borehole could only be matched
by models with a very sharp saline interface and, overall, the borehole
data are consistent with the presence of a sharp saline interface in
the vicinity of the borehole (MacAllister et al., 2018; Graham et al.,
2018). Graham et al. (2018) conducted numerical simulations using a
widely applied code but the inability to simulate at high resolution in
a large domain meant that they were not able to produce a saline–
freshwater wedge that was sharp enough to match the data. The
interface had to be artificially sharpened in a post-processing step; es-
sentially, the numerical model results were adjusted to give the desired
concentration field in the vicinity of the interface (Graham et al., 2018).
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Fig. 6. Snapshots of the time evolution of the DMO mesh of Test Case 6 from (a) 𝑡=0 s to (g) 𝑡=20,000 s. Plot (h) shows the corresponding salt mass fraction at 𝑡=20,000 s.

Fig. 7. Metrics for mesh adaptivity in Test Case 6. (a) Relative L2 Norm as a function of number of elements for static (i.e. fixed) mesh and DMO simulations with varying mesh
resolution as defined by the minimum edge length. (b) Corresponding ratio of element numbers and simulation times between fixed and DMO cases with the same minimum edge
length. Timings are for serial runs on 1 CPU and a simulation (model time) duration of 3600 s with a fixed Courant number of 0.9.
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Table 2
Geological and hydrodynamic model parameters for the Saltdean SI model. Modified from Graham et al.
(2018).

Parameter Seaford Chalk Lewes Chalk, marls
& hardgrounds

Porosity 0.39 0.39
Permeability (m2) 𝑘𝑥𝑥 = 3 × 10−10 𝑘𝑥𝑥 = 3 × 10−11

𝑘𝑦𝑦 = 3 × 10−10 𝑘𝑦𝑦 = 3 × 10−11

𝑘𝑧𝑧 = 1 × 10−11 𝑘𝑧𝑧 = 1 × 10−12

Longitudinal disp. (m) 0.05 0.05
Transverse disp. (m) 0.005 0.005
Fluid viscosity (Pa s) 0.001
Molecular diffusion coefficient (m2/s) 5 × 10−10

Freshwater recharge (m/s) 1.553 × 10−8

Freshwater density (kg/m3) 1000
Saltwater density (kg/m3) 1025
Such an approach has little value for prediction or management of the
aquifer response to SI.

We consider two models of the Saltdean OBH and associated saline
interface, based on the model presented by Graham et al. (2018).
The first is a pseudo 2D model in the 𝑥 (horizontal) and 𝑧 (vertical)
directions, as there is only one element (of 20 m) in the 𝑦 (orthogonal
horizontal) direction and no variation of any parameter or variable in
that direction. This model is small enough that DMO can be bench-
marked against fixed mesh cases. The second is a fully 3D model and
is computationally tractable only through use of DMO and/or parallel
computation.

A simple implementation of SBGM was used to create the models.
The chalk, marl and hardground layers penetrated by the Saltdean OBH
are interpreted to be laterally extensive and the model captures their
interpreted seaward dip (Jones and Robins, 1999; MacAllister et al.,
2018; Graham et al., 2018) (Fig. 8(a)). There are known to be other
heterogeneous layers present in the stratigraphy above and below the
interval penetrated by the Saltdean OBH, but these were not included
by Graham et al. (2018) because the model was designed to focus on
the movement of the saline front in the vicinity of the Saltdean OBH.

Surfaces were created using the SBGM approach of Jacquemyn
et al. (2019) to represent the boundaries between the modelled layers.
Petrophysical properties, based on core and well data, were assigned to
each layer ( Table 2). The permeability tensor in each geological layer
is anisotropic with vertical permeability 30× lower than horizontal
permeability (MacDonald and Allen, 2001; Butler et al., 2009). The
upper boundary condition comprises freshwater recharge with a salt
mass fraction of zero (𝑐 = 0) imposed along the top right of the
domain (dotted line in Fig. 8a) while the top left boundary (continuous
line) is a hydrostatic pressure distribution of the overlying seawater
with a Dirichlet condition for transport (𝑐 = 1). The left (seaward),
right (inland) and bottom boundaries are zero flux for both flow and
transport. Initially, the model is filled with seawater.

4.1. Pseudo 2D model of saline intrusion

The effect of fixed and DMO mesh resolution was tested in the
pseudo 2D model using three different minimum edge lengths (1.5 m,
1 m and 0.5 m). The initial mesh used in the DMO cases contains
1 378 elements and defines the master nodes that represent the geologic
surfaces. DMO was applied every two time steps with an absolute
tolerance of 𝜖 = 0.001 for salt concentration and a relative tolerance
of 𝜖 = 50 000 Pa for pressure. Dynamic time stepping was used with
no minimum or maximum time step enforced; typical values were
approximately 45 min and 200 days, respectively. The model was run
for a simulation (model) time of 1 000 years; pseudo equilibrium was
obtained after approximately 350 years.

Fig. 8b shows salt mass fraction isolines for both fixed and DMO
meshes, simulated using a minimum edge length of 𝑧𝑚𝑖𝑛 = 0.5 m. The
mixing zone (here defined as the distance between c = 0.1 and c =
9

0.9 normal to the slope of c = 0.5) has a width of just 4 m, consistent
in both the fixed and DMO simulations, confirming the challenge of
resolving such a sharp saline front in a large (km-scale) domain. A
slight change in the width of the mixing zone occurs at the boundary
between the Seaford Chalk and the Lewes Nodular Chalk, consistent
with the change in permeability across these units (Table 2). The results
with and without DMO are in close agreement. The accuracy of the
match is demonstrated in Fig. 8c, which shows the variation of the
mean proportional absolute error 𝐸 between fixed and DMO simulation
results versus the minimum edge length. 𝐸 is defined as

𝐸 = 1
𝑛𝑝

𝑛𝑝
∑

𝑛=1

|𝑐0𝑛 − 𝑐𝑛|
𝑐0𝑛

(22)

where 𝑛𝑝 denotes the number of test locations and the ‘0’ subscript de-
notes the reference value of the salt concentration. The reference values
are taken from the finest static grid simulation with 𝑧𝑚𝑖𝑛 = 0.5 m. The
saline wedge is captured by DMO with high accuracy when compared
to the high resolution fixed grid, as the maximum error (obtained for
𝑧𝑚𝑖𝑛 = 1.5 m) remains below 3%. This accuracy is achieved using
significantly fewer elements compared to the equivalent fixed mesh,
yielding a simulation speed-up in excess of 11× for the most accurate
(finest mesh) case (Fig. 8d).

4.2. 3D model of saline intrusion

Here we test the use of DMO in 3D modelling of saline intrusion.
The pseudo-2D model is extruded into the 3rd dimension so the model
width becomes 50 m. We also explicitly model the Saltdean OBH and
associated adit (see schematic of the Saltdean OBH in Graham et al.
(2018)). The borehole domain is modelled using a porosity of 1 and a
permeability of 7.92 × 10−6 m2, following Graham et al. (2018).

Only DMO simulations were conducted for this 3D case because,
even with DMO, the number of elements required was approximately
260 000. A fixed mesh with the resolution required to deliver compa-
rable solution accuracy contains over 9 000 000 elements; numerical
simulation of this case would require several 100s of cores and a sim-
ulation time of order weeks. In common with many groups modelling
saline intrusion, we did not have access in this research to the high
performance computing facilities required to run such a large, long
time varying 3D case on a fixed mesh. The value of DMO in facilitating
numerical simulation of such a case is clear. All model settings were
the same as in the pseudo-2D case, except DMO was triggered every 10
time steps and the minimum time step was 𝑡 = 86 400 s (1 day). The
minimum edge length was 𝑧𝑚𝑖𝑛 = 1 m in the vertical direction, in the
middle of the range tested in the pseudo-2D model. The initial mesh
contained approximately 51 000 elements. The simulation was run in
parallel on 30 cores, thus demonstrating the use of DMO in conjunction
with parallel processing. We discuss the parallel scaling performance in
the next section.

Fig. 9 shows the time evolution of salt concentration along with

the adapting mesh during the early stages of wedge growth (𝑡 = 0 s
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Fig. 8. (a) Schematic of the pseudo 2D Saltdean model, including boundary conditions. The inclined layers represent different marl and hardground layers. Numbers in brackets
denote coordinates in metres: the seaward-to-inland extent of the model is 4 km, and the vertical extent is 84 m at the seaward end and 144 m at the landward end. A 15×
vertical exaggeration is used on the vertical scale. (b) Simulation results showing concentration isolines at 𝑡 = 350 years, for both fixed and DMO cases with a minimum edge
length of 𝑧𝑚𝑖𝑛 = 0.5 m. (c) Error (as defined in Eq. (22)) between DMO simulations and the finest fixed mesh simulation as a function of the minimum edge length used in the
DMO simulations. (d) Corresponding ratio of simulation times between fixed and DMO mesh cases with the same minimum edge length. Timings are for serial runs on 1 CPU.
to 𝑡 = 40 years). DMO captures the steep concentration gradient at
the moving saline–freshwater interface, but maintains a coarse mesh
elsewhere. The narrow and highly dynamic saline front has a width of
ca. 5 m consistent with the value obtained in the pseudo-2D model for
the same minimum edge length. The front is, therefore, well captured.
We discuss the computational cost in the next section.
10
4.3. Parallel performance

The parallel computing capability of the computational framework
was tested using the same 3D SI model presented in the previous section
(Fig. 10). Purely to compare the scaling on a consistent number of
elements, the model was discretized using 2.5M elements for both fixed



Advances in Water Resources 164 (2022) 104189A. Hamzehloo et al.

a
2
T
r
p
t
s
w
s

𝜂

d

g
o
D
s
e
r
b
b
t
t

Fig. 9. (a)–(d) Time evolution of the dynamic grid of 3D SI simulation from 𝑡 = 0 s to 𝑡 = 40 years. Small and highly anisotropic elements are constructed by DMO at the vicinity
of the freshwater–saltwater interface as well as near the borehole. The vertical exaggeration is 15×.
nd DMO cases. The scaling was tested against a reference case with
cores (CPU) to account for the added cost of distributed memory.

he number of elements per core is always larger than the minimum
equired for good parallel performance, which is of order 15k. The
arallel performance was tested by executing 10 time-steps with a fixed
ime step of 1 month, with DMO applied every two timesteps. All other
ettings were the same as in the previous section. The strong-scaling
as tested, with the number of cores increasing from two to 30. The

caling performance was evaluated using:

=
𝑤𝑟𝑒𝑓 ×𝑁𝑟𝑒𝑓

𝑤𝑛 ×𝑁𝑛
(23)

where 𝑤𝑟𝑒𝑓 and 𝑁𝑟𝑒𝑓 are the walltime of the reference simulation
and the reference number of cores used (here 𝑁𝑟𝑒𝑓 = 2); likewise, 𝑤𝑛
enotes the walltime using 𝑁𝑛 cores.

The scaling in both fixed and DMO cases is very similar and shows
ood performance, falling to 0.7 at 30 cores (i.e. the speed-up is x0.7
f the ideal (perfect) speed-up). The results confirm that application of
MO does not compromise the efficiency of parallel scaling. In these

caling results, DMO is used to change the mesh, but the number of
lements remains fixed to ensure a fair comparison with the fixed mesh
esults. In ‘‘real-world’’ simulations, the DMO performance varies more
ecause the number of elements varies, so the parallel partitioning may
ecome more challenging as the mesh changes owing to changes in
he size of the halos, and the element size varies which impacts on
he dynamic time-stepping. We tested the ‘‘real-world’’ scaling of the
11
Fig. 10. Strong scaling results for the 3D Saltdean model for a fixed mesh and DMO,
both with a fixed number (2.5M) of elements, and the ‘‘real world’’ scaling using DMO
in which the number of elements varies. The ideal strong scaling performance is a fixed
value of 1. Non-ideal behaviour is always observed.

Saltdean model using DMO and allowing the number of elements to
vary over a simulation period of ten years. As expected, the scaling
is less stable (oscillates more) than the cases with a fixed number of
elements, but the overall scaling performance is comparable, showing
that DMO in parallel yields significant speed-up compared to using a
fixed mesh in serial.
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5. Discussion

We demonstrate here practical use of dynamic mesh optimization,
in a parallel computational framework, to reduce simulation cost while
maintaining solution accuracy in modelling saline intrusion. DMO al-
lows key solution features such as the saline front to be resolved at
high resolution, in a large 3D model domain, at much lower computa-
tional cost than fixed mesh simulations with comparable accuracy. We
measure the computational advantage of DMO by comparing against
equivalent fixed mesh solutions. Here we could do this only in 2D
models. In the 3D example shown, we could not simulate the equivalent
fixed mesh case at sufficient resolution because of the high computa-
tional cost. We can, however, estimate the computational advantage of
simulating this 3D model in parallel and with DMO, versus a single core
and a fixed mesh with the same resolution.

We obtained a 11.5× speed-up in the 3D model through use of
ultiple cores and DMO (Fig. 10). In the equivalent 2D model, we

btained 10.75× speed-up using DMO compared to an equivalent fixed
esh (Fig. 9d). It is reasonable to assume that use of DMO yields a

imilar speed-up in the 3D model compared to the equivalent fixed-
esh; indeed, the advantage of DMO is typically greater in 3D, as the

olume of the model domain (and hence the total number of fixed-mesh
lements required) scales as 𝐿3 (where 𝐿 is the model size), but the
rea of the saline front where DMO is required scales as 𝐿2. Combining
hese two speed-ups suggests that DMO and parallelization yielded a
eduction in computational cost in excess of 120× for the 3D saline
ntrusion problem tested here, compared to a fixed mesh case with
quivalent resolution simulated on a single core, as is typical in current
I intrusion models. This clearly demonstrates the significant computa-
ional opportunities that the parallelized adaptive meshing framework
resented here can bring to the field of groundwater modelling.

We tested the parallel scaling of DMO only to 30 cores. We are
ware that high performance computing (HPC) allows access to many
ore cores, and the parallel scaling of numerical codes that use fixed or

daptive meshes has been tested to many more cores (Hammond et al.,
014; Wei et al., 2015), although we are not aware of any studies that
ave tested the parallel scaling of numerical methods and codes used
or SI. We restricted the scaling to 30 cores because, as we show here,
MO for SI modelling provides similar accuracy to fixed mesh codes us-

ng of order 10× fewer elements. A DMO model with sufficient elements
o merit parallel simulation on several thousand cores would require
everal tens of millions of elements, and yield similar accuracy to a
ixed mesh simulation with several hundreds of millions of elements.

e do not anticipate a demand for such large models of SI. Rather, we
rgue that DMO enables practitioners to simulate heterogeneous, 3D
I problems on a desktop multi-core machine, which would otherwise
equire hundreds of millions of fixed elements on a HPC facility.

We have demonstrated DMO in parallel using a 3D model of a
eterogeneous chalk aquifer containing laterally extensive marls and
ardgrounds that are just a few metres in thickness. The layers have
ery high aspect ratio and contrasting permeability; hence, this is
challenging example case. We have also demonstrated benefits of

MO for flow problems (although not SI) in other aquifer types, using
BGM to model geological features such as inclined, intersecting faults,
rowth faults, folded strata and complex stratigraphy, and complex in-
ersecting fractures (Jackson et al. 2015; Jacquemyn et al. 2019; Salinas
t al. 2021). In the models presented here, smaller scale variability
ithin the layers is neglected, but this is not essential to SBGM and
MO: it is possible to include, for example, finer-scale stratigraphy in
BGMs (Jacquemyn et al. 2019). DMO works efficiently in SBGMs that
eglect the cell-to-cell scale variability often observed in pixel- or grid-
ased models, but this has been shown to have a negligible impact on
low (Osman et al. 2021). It is capturing and preserving the spatially
orrelated heterogeneity and connectivity of geological flow zones and
low barriers that is key to predict accurately flow and transport. Note
12

hat this does not mean that SBGMs must be deterministic; surfaces
representing key correlated heterogeneity can be created stochastically
(Jacquemyn et al. 2019) and conditioned to borehole data (Titus et al.,
2021).

We see significant value in DMO for modelling SI in reducing
simulation cost such that computational resources can be used to run
many models or cases. Simulations of many models or cases are often
required to explore and quantify the impact of uncertain aquifer archi-
tecture and hydrological properties on SI, to optimize well placement,
completion depth and operation in aquifers at risk of SI, and for model
calibration against measured data (Kerrou et al., 2013; Rajabi and
Ataie-Ashtiani, 2014; Rajabi et al., 2015; Koohbora et al., 2019; Yang
et al., 2021). DMO can also ensure sufficient resolution is maintained
in models irrespective of the dynamics of the saline front: when the
aquifer architecture or properties change in a sensitivity analysis or
optimization process, the saline front geometry or thickness may vary
such that a fixed mesh resolution previously identified to have sufficient
resolution may no longer be appropriate.

6. Conclusions

Groundwater is an increasingly important water resource but its
long-term viability is under threat due to over extraction, contamina-
tion or both. In many cases, these threats are being exacerbated by cli-
mate change. Understanding of subsurface geological structures, along
with their parameterization and associated uncertainties, is steadily
improving due to the plethora of geophysical tools now available
and there is a need to maximize the benefits these additional data
provide. To achieve this, a new generation of numerical models, which
can readily accommodate geological complexity in a highly efficient
computational framework, is required. Here we present a framework
for use of dynamic mesh optimization (DMO), which respects geological
heterogeneity, to simulate complex flow and transport problems in a
parallel framework, exemplified here through saline intrusion mod-
elling, in a highly efficient manner. We suggest that parallelized DMO
provides opportunities for ultra-high resolution modelling of complex
contaminant transport problems with sufficient rapidity that multiple
3D realizations to assess and quantify model and data uncertainty are
not only desirable but also achievable.
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