
























































































































































67

approximate the variation in the Y direction can then
be seen. The exact =molution isg of course given by the
firat term of (3.5).

The results of assuming a solution of the form,

~
w

(+)]
~

r
1 { Tx ] E: c [ nTy ]
W = nf — wnhCos o
L n B
n=0

substituting into (3.3) and performing the Galerkin
procedure, are shown in figs 3.2 and 3.3. The series
was evaluated at x=L/2. The error was measured asg the
difference in the displacements of the actual and
approximate solutions, and has been
non-dimensionalized by dividing by the displacement at
(x=L/2,y=B/2), the point of largest deflection.

Considering first fig 3.2, it can be seen that the
one mode analysis forces the structure to bend as a
uniform beam and consequently over predicts the
displacement at the centre of the flange. Along the
boundaries y=-B/2,B/2, it is8 noticeable that there ie
a far smaller error in the displacement. The weighted
residual balancing of the work done at the boundary
and in the plate means that the work done above the
zero line should equal that done below. A quick look
at the rigidities of the problem (fig 3.1), reveals
that the bending rigidity of the web in the x
direction is 10° that of the flange; consequently it
is to be expected that a smaller error will occur in

the displacement at the web/flange Jjunction.

Allowing some variation in deflection across the
flange width, with the introduction of a second mode,
results in a large decrease in the relative error.
Thie is further illustrated in fig 3.3 where

additional terms of the series are taken.



Fig 3.2. Convergence onto Reduced PDE Solution (1)
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Fig 3.3. Convergence onto Reduced PDE Solution ()
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The oscillatory nature of a weighted residual
solution can also be clearly seen. This illustrates
that while the overall error in the displacement may
be small, the accuracy of the corresponding bending
moments, wWhich require the evaluation of the second

derivatives of w may be poor.

3.1.3 Global Solution

Two schemes will be compared in the following.
Firstly, extending the solution used in the preceding
section for the ordinary differential equation, w is

given by,

Q r
1 m
w = E: EwmnS:ln[E-S] Cos [E_Bi] (3.7)

m=1 n=0

From symmetny coneiderations, m must be odd. Fig 3.4
shows the global error (as defined in preceding
section), for two modes (m=1,n=2), eight modes
(m=3.n=3) and eighteen modes (m=5,n=5). Some numerical
data concerning the maximum absolute errors in the web

and flange is given in table 3.1.

The two mode solution (in fig 3.4) clearly shows
that the welghted residual balancing also takes place
along the boundary. There isg an obvious increase in
accuracy for the next two analyses. However, the eight
mode analysis seems to be more accurate than the
eighteen mode analysis. This is contrary to the
crucial assumption that the greater the number of
terms that are taken, the better the solution. This
apparent anomaly is easily explained by considering
the error slong the flange/web boundary. Fig 3.5
ghows that a better solution is obtained from the

higher mode ansalysis, but at the cost of larger errors
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Fig 3.5 Error in Displacement at Beam/plate Boundary
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arieing in the flange.

The second scheme ig based on the observation that
the bending stiffneass of the web is far greater then
that of the flange and that the displacement along the

beam consequently dominates the solution.

The solution w,, of a simply supported beam
subjected to a uniform lateral loading is easily

calculated as,

£ P, PL , pL? (3.8)
Wp = —_ X - — X + — X .
b 24 12 24

Therefore a new solution is assumed in the form,

r
1 [ P PL , pL? ] nmy
W = — —_— x* - — x + — x E:Cos _—
EI 24 12 24 B
n=0

(3.9)

From both table 3.1 and fig 3.6, it can be seen that
the series converges very rapidly. Note that the error
at the boundary is small, even for the two mode

solution.



Fig 3.6
. Glob
al Convergence Across Plal
ate (SR)
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Table 3.1 Maximum Absolute Errors in Solution of
Equation 3.1

Scheme 1 (S1) Sin/Cos series

No Modes |Max Error Flangel {Max Error Web|
2 1.147E-2 4.306E-3
8 3.111E-4 3.712E-4
18 1.914E-3 1.111E-4

Scheme 2 (S2) Poly/Cos series

No Modes |{Max Error Flangel {iMax Error Web|
2 1.097E-2 4.758E-5
3 3.118E-3 2.633E-5

4 2.346E-3 2.948E-5
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4.0 Solution of Nonlinear Equations

Application of Galerkin's method to nonlinear
equilibrium equations reduces them to a set of coupled
nonlinear algebraic equations. It is possible that
more than one real solution to these equations may
exist, but for a large number of problems the real
solution will be unigue. In these circumstances the
solution methods derived from the linearization of the
nonlinear equations are generally successful in

obtaining a solution.

4.1 Predictor/Corrector Methods

The initial dieplacement of the unlocaded structure
should always be Known and consequently gives the
first point on the solution curve. To obtain a second
point, a load increment may be applied and the
solution sought using the zero state of the structure
as the first estimate. Succeesive iterations are then
evaluated until the solution is considered to have
converged with sufficient accuracy. The next load
increment can then be applied, this time the initial
displacement is taken from the second point on the

solution curve, and sc the process is continued.

The application of the load increment and 1its
corresponding correction is known as the predictor
stage. The succeeding iterations are then Khown as the

corrector stage.

The numerical soclution obtained, consists of a
series of discrete points on the load path. It is
assumed that no serious detall is missing from the
solution of the path at segments which lie between the
known points. It will be shown in chapter 8 that
certain phenomena can be detected from changes in the

characteristic 'stiffness matrix' of the nonlinear
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equations. However, for the moment, the analysis will

be restricted to regular solution points for which no

difficulties are encountered in their evaluation.

4.2 Newton-Raphson (NR) Solution of

Nonlinear Equations

Define a set of functions g(x,P),

g(x,P) = £(x) - P (4.1)

known as the out-of-balance forces. f(X) represents a
linear or nonlinear gsystem of functions of the
displacements x, which are referred to as the internal
forces, and P is the external load. When g is zero

the system is in equilibrium.
Now expand about a point X, which is close to the

solution x+dx. P, for the time being, will take

a constant prescribed value,

g(x+ax,P) = g(x,P) +

ax -
(4.2)
a2g(x,P) ax?
+ —_———-0'—':—— 4+ ecececace =0
ax? 21

s

Truncating after the linear term and rearranging gives,

d_’s 2 4 —[5]—1.2(5.2) (11.3)
where,
a P
[K]-! = g(x.P)
o dax

Note that the expansion of (U4.2) 1s about the
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point x where g(x,P)#0 and that it is evaluated at
the point x+dx where g(x+dx,P)=0, that is, at the
sought solution. This will only be a good
approximation 1if the distance separating the points,
dx, iz small. Corresgpondingly, the Newton-Raphson
method will only converge if x lies within the 'bowl

of convergence' about x+dx.

The following sequence defines the Newton-Raphson
iteration for a given load P. Guess a vector Xxj,
calculate (K(x4)] and the out-of-balance forces
g2(x4.P) (4.1). Calculate the approximate correction
dxy from (4.3), and finally calculate the new vector

Xi+go
X141 = X3 + dXy (4.4)

The process is repeated until g(xj,:,P) lies within
a given tolerance. Fig 4.1 illustrates the procedure

for a one degree of freedom structure.

4.3 The Stiffness Matrix

In the previous section, use is made of the first
partial derivative of the out-of-balance forces
function g(x,P). For a single equation, 4.3 can be
evaluated directly, but for a system of nonlinear
equationeg, [K] implies a matrix whose elements are the
first derivatives of the apace variable x, with [K]™!
being its inverse. In a structural analysie context
[K] is known as the gtiffness matrix and it can be

written ase,



Applied Load P

Fig 4.1.

NR Solution

dx=—-Kg(x,P)
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ag, af, af,
“5—)“—1 ;’;‘: o 6 0 2 00 axn
ag, af, af,
(X1 = ax, ax; 7 ax,
H : H
e H H
ag,  afy afy,
"a:_x_‘_' ‘;-;('2‘ * 6 6 0 0 e '6—;";' ‘I

The stiffness matrix can be given a physical

interpretation. When it is evaluated on the

8o

(4.5)

equilibrium path, it relates an incremental change in

lcad to an incremental change in displacement.

If the structure is on the equilibrium path the

out-of-balance forces must be zero and (4.1) can be

written,

Again expanding as a Taylor Series gives,

af(x) azg(x) ax?
F(x+dx) = f(x) + — = .dAx + T | e+
== = ax = ax 21

For small Adx, the series can be truncated after

linear term and rearranged to give,

dP ~ [K].ax

where,

P = P(x+dx) - B(x) = £(x+dx) - £(x)

In addition to the stiffness matrix [5] defined

(4.6)

. o 0o a

(4.7)

the

(4.8)

above,
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an augmented stiffness matrix [K'] will also be

defined as,

ag, af, ag, af,
;{"; Sx_z" ..--co-a‘;;’ 'a;—
ag, af, ag, ar,
an, 8w T m, 8P
1. | S T
ag, afy ag, af,
;{"; —a_;; o----cs;;' "a-_P—"
3fy  Ofy af, O8fy
-a";:' axz ..A.QO-a—x: -a—-P—_J

where [K] has been augmented by an extra column
containing the derivative of the equilibrium equations
with respect to the load. Another equation f,, the
choice of which will be discussed in section 4.5, has
also been added to the equilibrium equations so that

there are n+l equations to solve for the n+l1 unknowns.

4.4 Determinantg and Negative Pivots

Some of the the terminology, which will be used
later, referring to determinants and pivots may now be
explained. The stiffness matrix may be factorized into
three matrices, one an upper triagonal, the second a
lower triagonal and the third a diagonal. Owing to the
symmetry of [K], the lower diagonal matrix is the

transpose of the upper diagonal matrix,

K = rpLT (4.10)
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where,
' 1 le Ll!
L =1Lz 12 LT - 1 Ly
Ly; L2 i 1
Dy,
D = D,
|_ Dy,

This symmetry is lost if the augmented stiffness
matrix is factorized, since ki, #kny (1=1,.,n,m), where
ky4y are the individual elements of the augmented
stiffness matrix. The matrix may still be factorized

into an upper and lower triangular matrices however.

The determinant (K|, of the system can be calculated bY

multiplying the terms of D together,

n
IKf = 1T Dyy (4.121)
i=1

Negative pivots arise when some of the individual
elements Dy4, take negative values. The consequence of

this is discussed in section 8.1.

4.5 Choice of Path Parameter

The system of n coupled equilibrium equations
involves n unknown displacement coordinates and the
load. The system is therefore underdetermined with

more unknowns than independent equations.

An extra equation is therefore introduced which
controle the selection of solution points on the
equilidrium path [84]. When load control is used this

equation is written,
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P = (4.12)
whilet for displacement control,

X3 = n (4.13)

where P and xj are variables which take the prescribed
value 7. The above equations can be introcduced
directly into the equilibrium equations without
recourse to adding an additional equation to the
Newton-Raphson solution. Problems will arigse with this
gimple approach if a turning point in the prescribed

variable isg encountered.

An alternative method is to draw a n+1 dimensional
sphere around the current solution point, which may be

expressed as,

s? = ax? + ap? (4.28)

where the components of Ax are (x3-x%x3°) (i=1.,...n) and
of AP are (P-P°) and where S is the arclength. The
superscript 'o' denotes the solution components at the
last converged position. The vector [Ax, AP] is
therefore an incremental vector emanating from the

last soclution point.

For a one dimensional problem the spherical
constraint equation (4.14) reduces to a circular
constraint. Fig 4.2 shows the out-of-balance force
g(x,P) for such a problem, which has been plotted for
various combinations of locad and displacement. The
intersection of the base plane g(x,P)=0 with g(x.P) is
the equilibrium path. The solution for various choices
of constraint equation is also shown. For the case of
load control the sought solution is the intersection

of the equilibrium path with a line running parallel



g
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to the x displacement axis, whilst for displacement
control the solution is the intersection of the
equilibrium path with a line running parallel to the P
axig. The equilibrium path is sgingle valued with
displacement but is multivalued if the load is
prescribed; consequently for this problem it would be
better to use displacement control. Also shown is the
arclength constraint. For a regular path there will

always be two intersections with the path.

4,6 Arclength Solution Procedures

There are several approaches to the application of
(4.12), two of which are given in [82] [83]. which
either retain the stiffness matrix in its original
form [K], or which add a constraint equation to the
existing equilibrium equations and use the augmented
stiffness matrix [K']. The latter formulation is

applied in this thesis.

Multiplying the last row of the augmented stiffness
matrix, which comprises the derivatives of (4.14), by

the incremental Newton correction gives,

[ T
g = 2 [ (Xl—X|°) (XZ"XZO) PRI (P_PO) ] é'xl
6)(2
:
éP
L a
(4.15)
or

g = 2 AT.ST

where the vector T has been introducedq,

3
]

[xi. xz..... P]

@ is the error in the constraint equation (4.14),
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which approaches zero as the solution converges,
Instead of applying the restraint in this form, the
correction vector 6T will be assumed to be orthogonal
to the incremental vector AT, so that @ is set to zero
and the constraint is added directly to the augmented

stiffness matrix as,

After the correction iteration ST is calculated, it is
added to the current estimate of the incremental
vector ATy and the resulting vector scaled so that

(L.14) i exactly satisfieaq,

S

where,

S'2 = (AT4+5T4).(AT§+8T4)

This ensures that the updated incremental vector
alwaye lies on the constraint surface. The advantage
of applying the constraint in this way 1s that the
stiffness matrix ie nonsingular at a limit point of

the load, (see section 8.3).

4.7 Convergence Criterion

The Newton~Raphson iterations are considered to
have converged once the correction vector is less

than a certain proportion of the incremental vector,

S8T.6

172
—————} (4.18)

tol > [
AT.A

s Rls]
- i

For the elastic problems the tolerance isg set at 1le-7
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and for the plastic problems at le-3.

4.8 Scaling the Load

The displacements of the structure are all
essentially of the same order of magnitude whilst the
(unscaled) load may be of a different order [113]. In
fact i1t may totally dominate the incremental solution

vector so that (4.18) effectively becomes,

(4.19)

To circumvent this problem, the load is scaled by a
suitable factor, usually the critical or limit load of
the gyestem. Thig is easily implemented since the load

appears linearly in the equilibrium equations.

4.9 Modified Newton-Raphson (M-NR)

The modified Newton-Raphsonh procedure is the same as
the full Newton-Raphson procedure except that the
stiffness matrix is calculated at the beginning of each
step and retained throughout the solution for that
particular loadstep. The method is illustrated in fig

4.3 for a system with one variable under load control.

Since the systems dealt with in this thesis involve
only a few unknowns, the full Newton-Raphson 1is used
ffor all the elastic problems, but the modified
Newton-Raphson is used for the elasto-plastic problems
where there is difficulty in calculating the true

tangential stiffness matrix, (see section 6.10).
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Fig 4.3.
M—NR Solution
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5.0 Nonlinear Elastic¢ Example

The inplane loading of an imperfect, rectangular
plate will be used to illustrate the application of
Galerkin's method to a nonlinear problem. The effect
of premature truncation of the expansion series for u
and v after the prescription of w will also be

examined.

5.1 The von Karman Plate Equations [85]

The best known equations describing plate behaviour
are the von Karman large deflection eqguations. They
make the assumption, among others, that the inplane
displacements are small, whilst the out-of-plane
displacement may be of the order of the plate's
thickness. Thug the middle surface strain equations

are linear in u and v and nonlinear in w.

They are supplemented, in the following, with an
imperfection in the measurement of w. w is still
measured from the perfect state, but if the unloaded
structure is to be unstrained, the structure must have

and initial displacement of w=wg,,

du 1 aw Y2 1[aw°‘2
Exm = T+ T = - 21 ae
a 1( aw }? 1( own )2
Eym = — + =| — --[——9 (5.1)
oy 20 dy J 2\ gy
au av aw Iw W, awo
E:xym=———+——+-—-—.———"‘"—.——

ay ax ax ay ax oy

The formulation is different tc the well known
equationa of Maguerre {86], in which the strain is

measured from the initial imperfect state, so that w=0
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corresponds to the unloaded, unstrained, state.
Making the usual assumption that plane gections

remain plane during loading, the inplane strains

measured away from the middle surface are given by.

r a2 2 B
8w 8w,

L ax? ax? )

r 82w 8%wg )

-Z. —_— -

\ayz ayz /

(5.2)

2 2
4w 8wy ]

e = B - 22. -
Xy xym [ axay axay

where Z 18 the distance measured from the middle
gurface. Substituting the incremental form of the
strain equations (5.2), into (1.1) and proceeding as
in section 1.1.3, generates the equilibrium equations
pPlus the boundary conditions. For the rectangular

plate in question the equilibruim equations are,

+ = 0 (5.3a8)
ax ay
aN aN!g:
__2 -’ -+ P = O (5-35)
P a v
v x
. 2 82w a%w
P aw P aw o
+ . + R =
x ax 4 oy
(5.3¢)

and the boundary conditions are given by,

Ny = ﬁx or u=u (5.4a)
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Ny = Ny oxr v =V (5.4p)
aM,, oM ow aw - -
—— + 2.———-& * N ._ -" N ._—-' =
P 8y x Py xy oy = Qx or w w

(5.48¢)
aMm aM aw ow - -
— 2.~—15 + N,.—/@™ =+ — or W =w
ay ax Y:ay yx-ge = W

(5.4a)

- ;' aw 6;1 (5.4e)
= or —_—= — Lbe

x x ax ax

M, = M o _ aw (5.4f)
= or —_— = — .
o 4 dy ay

where the bar indicates a prescribed quantity.
Additional terms from those considered in the firet
chapter (eqs 1.1-1.8), have arisen from the inclusion
of the rotations 8w/9x and 9w/dy in the strain
definitions. The inplane forces now contribute to the
vertical equilibrium and also to the Kirchhoff shear

force boundary conditions (5.4c¢,d).

5.2 Assumed Seriesg Solutions

5.2.1 Symmetry and Asymmetry

The origin of the coordinate system is at the centre
of the plate as shown in fig (5.1a) and the symmetries
and asymmetries of u,v and w which govern the
selection of the approximating series for this
problem, are shown in fig (5.1b). From consideration
of the geometry of the problem, w is symmetric about
both the x and y axes. u is symmetric about the x axis
and asymmetric about the y axis, whilst v is symmetric

about the y axis and asymmetric about the x axis.

These conditions may be satisfied by assuming

series for the displacements in the form,



Compressed Plate and Symmetries

Fig 5.1
Boundary Conditions Plate Data

x=+a/2, w=0, &8w/8x’=0, N,=P/b, =0 E=207KN/mm?® v=1/3
y=1b/2 w=0, 8w/8y’=0, N,=0, N,.=0 t=0.0lmm, a/b=1, I=t/10

Imperfection
wo=I1.Cos(nx/a).Cos(my/b)

26
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n m
1 Iny
= C — C —_—
w E Ewi;’ os " os 5
i=0 J=0
© P
iwx Iny
u = E E ug4 Sin —-—-. Cos ———-b (5.5)
i=1 3=0
Q r
iTx iny
v = E E vij Cog —— n ——
i=0 J=21

5.2.2 Prebuckle Solution

Although the current problem is concerned with
analysing an imperfect plate, it is convenient at this
point to present the initial (fundamental) solution of

a perfect plate, which will be considered later.

During the initial loading of the perfect plate
there is no lateral deflection w, and the governing
egquations (5.3) reduce to the following two equations

in u and v only,

a2u alv (1-v)[azu azv ]
+ Vv + + =0
ax? axoy 2 lay? o9xay
(5.6)
asv a2u (1-v)[azv a%u ]
+ vV <+ + = 0
ay? Axay 2 Lax? axay

To simplify the solution of the above equations it
is assumed that u is uniquely a function of x and that
v, likewise, 12 uniqQuely a function of y. The

prebuckle equations above then beconme,

d2u atv
— =0 and z;? = 0 (5.7)



o4

The first integration of (5.7) shows that du/dx and
dav/dy are constant. Thege gradients are evaluated from
the applied inplane compressive stresses Ny=-P/B, N =0

and Ny.,=0,

du P av vP
—_ e - — and —_— —— (5.8)
ax EBt ay EBt

Integrating again and getting the inplane rigid body
diesplacementeg to zero gives the following solutions

for the prebuckle displacements,

P vP
= -——x and V= —y (5.9)
Ebt Ebt

The initial inplane displacements are consequently
assumed to be of the form -u;x and v,;y. Note that
these equations also satisfy the required symmetries

of the problem.

5.2.3 Satisfying Boundary Conditions

The plate is simply supported with no shear stresses
on its boundaries. Rigid platensg are used to apply the
load, so that the loaded edges are constrained to

remain straight as they displace in plane.

The two remaining, unloaded edges will be
congtrained, initially, to remain gtraight, in the
same manner ag the loaded edges; they will then be
releagsed, so that they are free to pull in and the
system reanalyse&. In the following, the two
problems will be referred to as 'case a' and 'case b',

respectively.
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$5.2.3.1 Case a - Fixed Edges

The simply supported boundary conditions of w=0
and sznyso are identically satisfied by restricting

the w expangion to odd terms only,

n m
imx Iny
w = EZ E:wi Cog —— Cog —— (1,3 =1,3,..)
3 a b

1i=1 d=1 (5-10)

The restriction that the edges are held rigid means
that the series expansion of u must vanish on the
boundaries x=-8/2,8/72 and similarly that of v must
vanish on y=-b/2,b/2. Again this can be achieved by

appropriately restricting the approximating series to,

n m
inx dﬂy (i=2.a,...
u = E E uy 4§ sin — Cog —

a b j=°.1v00)
i=2 J=0
(5.11)
n m
iwx Jwy (1i=0,1,..,
= Cog —— 8in ——
v 2 o vig 8 b j=2.0,..)
1=0 Jj=2

§.2.3.2 Cage b - Free Unloaded Edges

To allow the unloaded edges to displace inplane the

full expansion for v is used,

n m
1mx Iy (1=0010-o0
= C — S8Sin ——
v E E vig ~o8 a n b J=1,2,..)
i=0 J=1
(5.12)

The satiesfaction of the inplane boundary conditions
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(5.4a and b), will be examined after considering the

truncation of the approximating series.

5.2.4 Association of u,v and w Modes

By assuming the inplane prebuckle solution to be
given by the two linear variations -u;x and v,;y, the
harmonic series must then describe the postbuckling
golution. To decide the point of truncation of the
series, the modes of the various series must be
related. To do this the virtual work of the system i=s

examined.

Substituting the series expansions of (5.10) and
(5.11) into the definitions of inplane strain €,
(5.1)., gives,

n m
in i17x Iny
€, = -u -+ ugy4— Cog — Cog —
x ! EE EE id a a b
i=2 3J=0

[ (R+1) (k-1) ]
Cog ——;——V + COB——;—-V

(5.13)

The quadratic terms generated from the multiplication
of 9w/ax¥*dw/0x have been linearized. Since the
coefficients of the w expansion (5.10) are odd, the
coefficients of the linearized serieg must be even;
thus the first few terms of cosine expansion of w can

be written as,
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1( aw )2 2mTx 2Ty 2mx 27y
-1 — = Cy; + C,Cos— + C4Cos— + C,Cos Cos
20 9x a b a b
* ® o o
(5.14)

where ci are constants.

Returning to the virtual work equation (1.1) and the
congtitutive relations (1.11), it is easy to see that
the virtual work is a function of the stresses, which
in turn are functions of the strains. Now, given the
freedom to apply any virtual perturbation to the
middle surface of the plate, 1f the series solutions
are not balanced, it willlbe possible due to the
orthogonality of the series, for the corresponding
amount of virtual work to comprise only a u,v or w
component. For instance, if the internal virtual work

¢, is given solely by,

@ = IJ Nyé€E, dArea (5.15)

Area

anda N, is a function of £, only. then (5.15) can be
written using (5.13) as,

m n
Et iw irx bif
P = Jf{ -uy + E E“id'—" Cos Cose Jny +

1-v2 a a b
Area i=0 J=2
2 1 ﬂz[l c 2mx 27y
w —— - Cos + Cog—
1 8 a? a
27MTx 2My
- Cose Cos 58, dArea
a b x

(5.16)

where w has been restricted to first term only. If
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5Ey i8 now chosen to be,

27Tx
8€, = COST (5.17)

the corresponding virtual work ¢,;,, can be evaluated

as,

Et ab[ » 1 we ] (5.18)
@ = -1 u - w —_— — .
20 1-v: 2 20 1" 3 a

If u,, was missing from the series expansion of u,
the virtual work from the above perturbation would
correspond to the plate undergoing pure bending
without any inplane displacement. Thie restriction on
the inplane displacements should make the plate
correspondingly stiffer. Using this approach it is
posesible to relate the various modes together and to
predict which modees in u and v provide the

gtrongest coupling with the buckling modes w.

In choogsing the u and v functions, not only should
the out-of-plane coupling with w be considered but
also the relation between the inplane strains due to
Poisson's effect. Corresponding degrees of freedom in
u and v should be introduced in both series

expansions.

5.2.5 Final Form of u,v and w

Accepting the restriction that the u and v series
are to match the postbuckling solution only, the final

form and size of the series can be calculated.
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5.2.5.1 Case a - Fixed Edges

For the first case with the rigid, unloaded sides,
.the harmonic components of u and v which are

assocliated with the buckling modes w are,

n m
iTx Jwy
W = [od _— - I— (i' =1—y )
E Ewid os . Y- o 3 3 )
i=1 J=1
2n 2nm
irx vy (4= 2, 8,...)
u = u Sin — Cos —
EE E; 13 =Sin T tes (3= 0,2,...)
i=2 3=0
2n 2m
inrx Jmy (1= 0,2,...)
= C —_—Sin —
v E; E; Vig Fos a n b (3= 2,4,...)
i=2 3=0
(5.19)

The above sgeries not only contaln the terms which
provide the strongest coupling with the buckling modes
but they also exactly satisfy the shear stress
boundary conditions. Substituting (5.19) into (5.2),
the shear strain Ey,, is found to be zero along all the
plate boundaries. Also it is required that the
inplane stress N, vanigh, whilst N, must equal P/b,
where P is applied compressive load. These conditione
are fulfilled in the average sense of a weighted
residual, and are imposed by adding the following

equations to the appropriate equilibrium equations,

b/2 a/2
(Ny-P/b)éu Ay = 0
-b/2 -a/2
(5.20)
a/2 b/2
I Nyév dx = Q0

-a/2 -b/2
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5.2.5.2 Case b - Free Unloaded Edges

To allow the unlocaded edges (y=-b/2,b/2) to deform,
the restriction that v vanish on these boundaries is=s
removed. Similarly, a corresponding displacement in u
must be allowed, as an inplane strain in one direction
generates an inplane strain in the orthogonal
direction due to Poisson's effect. w,u and v are now

given bDY,

n m
iwTx Iy
w = Cog —— Cos i, =1, P
e 2 v a o (1.4 3,..)
i=1 J=1

2n 22m
117x ;lﬂ'y (i= 2.“..- )
u = sSin — Cos —
E E u13 =% s b (j= 0.1.-- )
i=2 J=0
(5.21)
2n 2m
iwx Iy (i= 2,4,.. )
= C —— Si —_—
v 2 2 vig Cos a "o (4= 0,1,.. )
i=2 3=0

Relaxing the restrictions on v means that €y, is now
non-zero on the boundaries y=-b/2,b/2, and
consequently the requirement that Nyy is zero can only
be satisfied in an average sense. Therefore evaluating

the work done along the boundary gives,

a/2 b/2
I Nyydu dx =0 (5.22)
~-a/2 -b/2

which must be added toc the appropriate equilibrium

equation.
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5.3 Comparison with other results

To verify the nonlinear solution, the results
obtained using the equations and series outlined above
are compared with Yamaki's ([(87] analysis. Yamaki used
a stress function to eliminate the u ana v components
of displacement, with Galerkin's method to calculate
the final coefficients of w, which he restricted to
the first four terms of (5.19, 5.21). The cases
discussed above correspond to Yamaki's analyses 'la'
and '1b', which are plotted on fig 5.2, (where the
loading parameter A, is defined as A=Pa/N?Et?). Also
shown are the 'full analysis' based on complete
matching of modes. The results are identical, which is
to be expected since both analyses take the same

approximation for w.

To reduce the amount of computation, the inplane

stress terms corresponding to the surface loads P, and

Py,

px=_ﬂ‘5_.".’_"_zsz
ax ay
(5.23)
p. = - 9Ny | 9Myy
y

which are Known to be zero, were omitted from the

equilibrium equation (5.3¢).

It is intended to reanalyse the example with the
free edges, case b, incorporating the effectz of
plasticity. Since the full snalysis requires all the
modes upto the sixth coefficient in u and v, which in
thie case involves 51 modesg, it is proposed to
re-evaluate the problem with a truncated series in u
and v in order to reduce the amount of epace and time

required for the analysis. In the following, the
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torder' of the terms of a series will refer to the
coefficient of the last term of the truncated sgeries

expansions.

The terms used are listed below. Note that the total
number of modes includes the linear polynomial terms
-uyx and v;y. Only the 1,3 coefficients are listed;
reference sghould be made to equations (5.10, 5.11) for

the corresponding sine and cosine functions.

5.3.1 Case a- Fixed Edges

4 N
W Modes U Modes V Modes
30 mode analyeis
11'13.31 20,22;2“ 02‘22.02
33 2 6, 4 0o, 4 2 6 2, o4, 2 1
4 4, 4 6, 6 0 4 4, 6 4, 0 6
6 2, 6 4, 6 6 2 6, 4 6, 6 6
18 mode analysis
11, 13, 31 2 0, 2 2, 2 o2, 2 2,
3 3 4 o, 4 2, 44 o4, 2 4, 4
10 mode analysie
112, 13, 31 2 0, 2 2 02, 22
33
7 mode analysis
| 11 | 20, 2 2, Jo2, 22 j

The resulta obtained from each of these series
expangions are plotted on fig 5.3. The 30 mode and 18
mode analysis initially differ 1little from one
another, with no problemsg converging onto the
solution. However, as the compression is increased,
the sgolution reaches a point at which it reconverges
onto the path already traversed and sets off back to
the origin. Using a emaller stepsize at this point

does not improve matters. Further consideration is
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required if a solution beyond this point is to be

calculated.

Only terms up to the second order in u and v are
retained in the ten mode analysis; conseqQuently,
there is no link between the u and v modes and the
higher w modes. This results in a path which
initially follows the solution path but diverges as

the compression is increasedq.

The final series expansion is again a full expansion
with only one term in w, which is fully coupled with u
and v. A stable path is found which deviates from the
higher order solution as the compression is increased.
The difference between these solutions indicates that
the higher order terms in w are increasing in
importance compared to the first term, as loading
progresses. From fig 5.3 it can be seen that the
increase in the contribution of higher order terme
corresponds with the 10 mode soclution falling below

the correct solution.

5.3.2 Case b - Free Unloaded Edges

Again the mode count includes the prebuckle
displacements -u;x and v,;¥. The solution series are
listed below and the corresponding solutions plotted
on fig 5.4.

Also shown is Little‘'s '15 mode' solution ([88],
although in fact it is a 16 mode solution by the
preceding counting procedure. Little's solutions for
the elasto-plastic plate in compression will be taken
as representive of a selection of numerical analyses
compared in a paper by Bradfield ([(89], which all give
essentially the sgame results. Little's results will
be compared in section 7, with those obtained from our
formulation. Firgtly. the modes used in the elastic

analyses are listed below,
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W Modes U Modes V Modes
51 mode analysis
11,13, 31 20, 21, 2 2 01, 02, 03
33 2 3, 24, 2 5 o4, 05, 06
2 6, 4 0, 4 1 21, 22, 2 3
4 2, 4 3, b 4 2 4, 25, 2 6
45, 46, 60 4 1, 4 2, 4 3
€ 1, 62, 61 4 4, 4 5, 4 6
64, 65, 66 61, 6 2, 6 3
6 4, 6 5, 6 6
33 mode analysis
11, 1 3, 31 2 0, 21, 2 2 01, 02, 03
33 2 3, 24, 25 o4, o5, 2 1
4 o, 4 1, a4 2 22, 2 3, 24
4 3, 4 4, 4 5 25, 4 1, 42
4 3, 4 4, 4 5
28 mode analyeis
11, 13, 31 20, 21, 2 2 01, 02, 03
33 2 3, 24, 840 ou, 21, 22
4 1, 4.2, 4 3 23, 28, 41
4 4 h 2, 4 3, 0 4
16 mode analysis
11, 13, 31 20, 21, 2 2 0o 1, 2, 0 3
33 2 3 21, 2 2, 2 3
Little's 15 mode analysis
*F1, 23, 31 20, 21, 2 2 o1, 02, 112
33 2 3 12, 21, 2 2
10 mode analysis
11 2 0, 21, 2 2 01, 02, 2 1
2 2
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the 28 mode solution, which contribute to the
displacement at the boundaries y=-b/2,b/2, has no
discernable effect when compared to 33 mode solution.
Beyond the plotted range, however, a slight divergence
between the two solutions develops for the higher

compression.

The other two solutions involving four modes of w
follow the same trend as seen in ‘case a'. The single
W mode solution has also been plotted and from
comparison with the higher order solution, it is clear
that again the divergence of these other solutions is
associated with the increase in importance of the

higher order w terms.

It is interesting to note the effect of the 1 1 and
1 2 terme included in Little's expansion of v. These
have been excluded from our analysis as they introduce
a corresponding shear strain on the edges x=-a/2,a/2;
the resulting shear stresses then violate the assumed
shear boundary condition. From the plot, 1t can be
seen that these terms have stiffened up the response
of plate with a higher load being carried for any

given load compared to the 16 mode analysis.

5.3.3 True Rayleigh-Ritz/Galerkin Analysis

The paths described above contradict the expectation
that the analyses provide an upperbound to the true
load displacement behaviour. This is an expected
attribute of a Rayleigh-Ritz analysis which should be
carried over to the Galerkin analysis if they are

eguivalent.

The analyses have been recomputed with the inclusion
of the surface load factors (Py,Py) which were
initially excluded as they were Kknown to be zero.

Figs 5.5 and 5.6 show the results. This time the

resulte are as would be expected, with the different
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Fig 5.6 Reduced Analyses of Plate in Compression (1b.2)
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analyses providing an upperbound to the true

behaviour.

It appears that the variations of stress
corresponding to the zero surface tractions can not
be omitted from the Galerkin analyeis unless the w

modes are fully coupled with u and v.

111
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6.0 Elasto-Plastic Model

6.1 Introduction

In the preceding chapters, the structural material
was assumed to remain elastic, with stress related to
strain via Hooke's law. Material yielding takes place
in many structures, destroying the linearity
between stress and gtrain, as a consequence of which a

more sophisticated material model has to be used.

The wide variety of engineering materials, each with
its own, sometimes unique, load deformation behaviour
has led to a correspondingly wide array of material
models. For instance, for some materials kinematic
strain hardening 1is relevant, for cyclical loading the
Bauschinger effect is important, while others may
require the formation of a corner in the yield

surface.

The actual implementation of any of the meodels
follows the same general principles, so that the
selection of one set of conatitutive relations in
preference to another is purely a matter of matching
the most appropriate model to the particular problem
in question. Previous authors ([(43,88] have
succeegsfully applied the elastic-perfectly plastic
model, based on an incremental (flow) theory of
plasticity, to similar problems to those considered in
this thesis. This model has the prime advantage of

being simple to formulate.

The model 1is developed on a point level, that is the
stresses and strains are calculated for a point within
the structure. Numerical integration is then required
to calculate the overall equilibrium equations from
these stresses, This is by no means an easy ,task
because of the problems associated with the

integration of discontinuous functions. As an
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alternative to integrating through the thickness,
Ilyushin [90] proposed & full section yield eriterion
written in terms of the inplane forces and bending
moments. However, no account is taken of the loss of
strength due to the initial spread of plasticity
through the thickness, the section being either

elastic or plastic.
Firstly, the equations describing the point

behaviour are presented, with further sections

considering aspects of the numerical integration.

6.2 The Yield Function

Two distinct regimes of material behaviour are a
conseqQuence of this theory: a point may be elastic or
plastic. Points may transfer freely between the two
states but in general there will be some residual
plastic deformation left after a point returns to the
elastic state. For the plane stress case the l1limit of
the elastic stresseeg is given by the following form of

the von Mises yield criterion,
F = — [ cxz + ayz - axoy + 3axyz ] (6.1)

where o, is the yield stress in uniaxial tension. If
the combination of current elastic stresses exceeds
F=1 then the material has yielded. Further
congideration is then required to evaluate a
permiseible combination 6f stresses which satisfy F=1;
that ie the point must lie on the yield surface
defined by (6.1).

6.3 Returning to the Yield Surface

During loading a point may croegs the yleld surface
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(6.1). It is then assumed that during the load
increment the stresses increase linearly, (though this
i8 not necessarily correct); thus the point of contact
ig obtained by solving for the intersection of the
vield surface with this linear load path.

Defining,
oy = Ryloy-ay®) + o,° (6.2a)
Oyy = Raloy-ay®) + oyy® (6.2b)
n_, © n o
o, -a o -o
R; = ~—¥-  and R, = —F—"2—  (6.2¢,d)
axn-axo Ty ~CTy

Where the sgupersgcripts 'o' and 'n' refer to the
initial and final stress values. Substituting for the
oy and gy, using (6.28) to (6.2d) into (6.1) results

in a quadratic in oy,

Biox? + Bpay + By = O (6.3)
where,
By = 1 + R;(R;-1) + 3R,?
B, = ax®(R;(1-2R;)-6R;2) + 0,°(2R;~-1) + 60y,°R;
By = [0xC1%2(R;2+43R,2) - 04°(20y,°R;+60xy,°R;)

+ [ayo]z + 3[°xy°]2 - aoz

which can be solved for oy, after which oy, and oyy

may then be calculated.

6.4 Equivalent Elastic Yield Surface

The von Mises yield criterion can be expressed i1n

terms of elastic strains using Hooke's law as,
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1 (E Y2
F = ———[ ] (8x2+€y2)(1—v*v2) - exey(1—uv+vz)

3
(6.4)

The elastic strains are constrained to l1ie on or
within this surface in the same way as the elastic
stresses are forced to gtay within (6.1). In writing
the yield equation in this form, a more natural
description of the ineremental process of plastic flow

can be developed.

6.5 Calculation of Plastic Strain Multiplier A

6.5.1 Quadratic Evaluation

Once a material has yielded, the elastic
relationships between stress and strain are
supplemented by the Prandtl-Reuss equations ([91],
which relate the incremental plastic strain to the
current stresses. They state that the plastic flow is
directly proportional to the applied deviatoric

stresses,

A 8F
B.aax
p AS A 8F (6 )
AE = = —.— .
v v 3" 9ay, 5
A OF
3 aoxy

P .
AEyy = 2Aoxy

k 1
Sy = ;(Zax - ay) and Sy = E(ZGy - oy)

are the deviatoric stresses and A is8 a constant of
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proportionality. This is equivalent to differentiating
the yield function with respect to each of its stress
components. (The factor of 1/3 can be absorbed into
X.) Hence, the total plastic strain increment AgP, is
orthogonal to the yield surface, which is shown in fig
6.1a. (It was assumed, as will be the case for all
the diagrame concerning the yield surface, that

axy=0,)

The plastic strain vector is now transferred to
the strain space, where the yield surface has been

written in terms of l1imiting elastic strains (6.4).

The total strain gT. is represented by the vector
OB, in Fig 6.1b. This strain is conventionally
considered to be composed of an elastic component €€,
and a plastic component gp. which corresgpond to the

vectors OA and AB, respectively.

Now, 1if the strain is increased by a small amount
AgT. the vector BC on the plot, the central qQquestion
is then- what are the incremental changes in the
elastic and plastic components Ag® and AeP? The
problem is uniquely solvable, given firstly that the
plastic strain vector'e direction is Known to be
orthogonal to the yield surface (6.1), and secondly
that any change in the elastic strain vector must

result in the point remaining on the yield surface
(6.4).

Discarding the previous plastic strain, attention is
now focused on the incremental strains, which are
illustrated in Fig 6.1c. Obviously, the calculation
of the magnitude of the plastic strain multiplier A is
all that is needed to golve the problem.

The incremental change of the elastic strain vector

is given by,

ag® = AeT - agP (6.6)
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From which the incremental changeg in the elastic

stresses can be written as,

E
Ac = ——————1 AE,, + VAE,, - A(S.+VS,)
* (1—v2){ x v (Sx+VvSy ]
A E [ AE AE S )] 6
oy = T + v - A(Sy+V .
Y (1-v2) v pY (S, +VSy (6.7)

E (1-v)
Acyy = (1-\,2)[ | ey ~ 2ray ]]

To solve for the only unknown A (gince the sgtrain
increments are assumed to be given), it ie required
that the new stress combination lies on the yield

surface. Thus

(ayx+Bay)? + (oy+Bay)? - (ay+Aay) (ay+Aay)

+ 3(oxgy*haxy)? = a5? (6.8)

Substituting for the inecremental etresses (6.7) anaq

multiplying out, generates a quadratic equation in A,

ByA? + BaA + By = O (6.9)

where,

B, = g[(l‘v’vz)(sxz*syz) +(uv—1—vz)SxSy +3(1—v)2cxy2]
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By = -5,% - 2vSy8, - S,% - 20,,%2(1-v) «+
%[(AEXT—eryT)(sy(1+v2)+2vsx)
+ (A, T-248,T) (S, (1+v2)+2v8,)  -3(1-v)2aEyyTay,, ]
By = AE,T(Sy+VvSy) + AE,T(S,+VSy) + oxy,(1-v)ag,,T
+ g[ ([ae,T12+[aE,T1%) (1-v+v?) + (Uv-2-vZ)ae,Tag,T

+ %(1-v)2[AexyT]2 ]

The two roots of A correspond to the intersection of
plastic strain vector with the near and far side of
the yield surface. Of course the smaller root should
be taken. If the roots are complex, that is the
plastic strain vector doesg not intersect with the
vield surface, the total strain increment must be
subdivided until a real solution is obtained. The
remaining portion of the initial strain increment is

then applied or further subdivided as necessary.

6.5.2 Linear Evaluation

The commonly quoted linear value for A, (see for
example [92]). is calculated from (6.9) by dropping

all the terms containing o. Thus,

A, T(Sy+vSy) + A T(S,+vSy) + ayy (1-V)AE,,T

Sy? + 2VSySy, + Sy? + 2axy?(1-v)
(6.10)

!

In the standard presentation, A is calculated by

setting the incremental variation of the yileld
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function (6.1)., due to the small variations in stress

to zero,

oF éF oOF
AF = —Agy, * ———Aay +
da,, Bay aaxy

Ay, = O (6.11)

Since the yield surface is convex this linearization
will always result in a final position with (FC+AF)>1,
where F© is the original position on the yield
surface. This error is known as 'drift from the yield

surface'.

The solution of (6.9) can be related to the above
approach by examining the Taylor series expansion of
F,

aF Acg? 3°%F
F(o+Aoc) = F(og) + Ao + =, 3 (6.12)
- - - -1 2 Jdo

where o is8 a vector containing the three component
stresses oy, oy and gyy. Since F(g) is a polynomial of
degree two the above expansion is exact. Rearranging

(6.12) gives,

ar Ac? 3cF
AF = F(o+Ac) - F(og) = Ac— + ~=iu——? (6.13)
== = ~ag 2 8g

The right-hand side of (6.13) shows that drift is
introduced because the second order term of the Taylor

expansion is8 neglected.

6.6 Verification of Material Model

Recent benchmark testse, specifically formulated to
test material nonlinearity, have been produced by

the UK National Agency for Finite Elements Methods and
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Solutions (NAFEMS) {[{93]. These provide the ideal means

of assessment of the above solution, with two of the

teats directly applicable to the preceding analysis.

6.6.1 Prescribed Uniaxial Displacement Test

The model 18 tested by prescribing a series of
incremental strain vectors AEy, and evaluating the

resulting stresses g4.

No exact solution exists for the integration of the
Prandtl-Reuss eguations. However, as the incremental
strain vector becomes vanishingly esmall, its
decomposition into elastic and plastic parts becomes
increasingly accurate. Thus a 'target solution' with
100 subincrements for every incremental strain vector
was deemed to be sufficiently accurate to be

considered the correct numerical solution.

Of course, in actual usage the calculation of 100
subincrements would be prohibitively expensive. The
lose of accuracy in using less subincrements or even
no subincrements at all is therefore of primary
importance. Thus further data is provided for both

1 and 10 subincrements.

The following material constantsg are set,

where €, 18 the strain at first yield. The four

incremental strain vectors are then defined by,

Step 1 Ag,T = { €5, 0, O }

Step 2 AEg,T

{ €6, 0, 0}
Step 3 Ag;T = (-e5., 0, O }

step 4 ae,T = {(-€_, o, 0}
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where the incremental strain vector is defined as,
T
AEs " = [ AEy,  AE,, AE,, ]

The resulting stresses and the 'Target Solution' are
plotted on fig 6.2, with the exact numerical data
presented in Appendix 3. Essentially the values for 10
and 100 subincrements agree, but the movement around
the yield surface is over estimated by the single step

solution.

This error is larger than the standard methods ([94]
for correcting drift, in which 'returns' to the yiela
surface are calculated along either a line emanating
from the origin, or along the normal to the expanded
yvield surface, both returning vectors crossing the
vield surface at an earlier point than the above exact
solution. All the methods converge to the game
solution as the number of subincrements approaches

infinity.

6.6.2 Non-proportional Prescribed Biaxial

Displacement Test

In this test the material properties defined in
6.6.1 are retained. The incremental strain vectors

are now defined as,

Step 1 Ag,T = { e,. o, 0}
Step 2 Ag,T = { €5, O, 0}
Step 3 AE;T = { 0, €5 0}
step 8 A, T =1 o, e,, 0}
Step 5 AggT = {-&,, O, O }
step 6 AgsT = {-E,, O, 0 }

Step 7 4€;T = { O, -€5, O }



Fig 6.2 Benchmark Test (1) of Plasticity Model
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step 8 agy,T = ¢ o, g5, 0}

Again good agreement ie found between the 10 and
100 increment solutions, with the single increment
solution consistently over-predicting the movement

around the yield surface, as shown on fig 6.3.

From the above teegts, it may be concluded that the
Quadratic evaluation of A (6.9) can be used with some
degree of confidence, 1if the subincrements of strain
are restricted to one tenth the value of the yiela

strain.

6.7 Integration of Stresses Through the Thickness

6.7.1 Problems of Integrating a Disjoint funetion

The evaluation of both the bending momentg and the
inplane forces reqQuires the integration of the
stresses through the thickness. For a totally elastic
system, an unique relationship existas between stress
and streain, the integration can be performed exactly
and need only be done once. With the introduction of
plasticity, this relationship between stress and
strain is replaced by an incremental relationship
which has to be constantly updated as the deformation
path is followed. The interface of an elastic point to
a plastiec point introduces a break in the continuity
of the variation of the stresses, which adversely

affects the accuracy of numerical integration schemes.

The numerical integration of a function is
accomplisghed by fitting a polynomial of some form to
the Kknown values of the function requiring
integration. In one dimension, & polynomial of degree
(n-1) can be uniquely defined by n points. Once a
polynomial has been fitted to the points, the

numerical integral of the function is approximated by
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the integral of the polynomial. The accuracy of the
replacement integral depends on the closenesgs of fit

of the approximating polynomial to the function.

Consider Fig 6.0a, which shows the stress
distribution at a cross section where yield has
occurred. Decomposing the stress distribution through
the section into an elastic component and a modifying
plastic component, the corresponding polynomial
approximation may be considered with respect to each

part in turn.

Using a five point Newton-Coteg formula for the

integration of the inplane stresses gives,

2h
If(a)dz ® Eg[ S(ag+a,) + 12(oy+0,) + 320, ] (6.15)
which when applied to the decomposed system becomes,

2h
Jf(a)dz ~ Eg{ 5(a€o+a®,) + 12(0®;+0®,) + 320%; ]

2h
- zg[ 5(aPy+aP,) + 12(oP;+aP;) + 324P, ]
(6.16)

where a4 = ¢®y - aPy ana h is the separation of the

integration stations.

A five point polynomial has been fitted to each of
these functions in Fig 6.4b, from which it can be seen
that elastic evalution is exact but the approximation
to the plastic function results in a stress
distribution with approximating plastic stresses lying
beyond the 1imit of the actual plastic stresses. This

is the core of the problem of accurate integration.

The following numerical integration schemes have

been adopted by variocus researchers. Simpson's rule
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has proved popular [43,88,95] as it is the lowest
order of approximating polynomial which is capable of
integrating the elagtic bending stresses correctly.
The uge of the trapezoidal rule is proposed by Trueb
[96], who concluded that it provided a "more reliable
and robust' means of integration. Gaussian
integration, though more accurate than the
corresponding Newton-Cotes formulas, suffers by not
having integration points at the surface of the
structure. Since this is the point of first yield,
Gaussian integration formulas are slower to register
the onset of plasticity. Also if data is required
about these outer points, additional information must
be recorded ag well as that recorded for the numerical

integration.

The following scheme seeks to integrate the elastic
and plastic sections separately, with the plastic
integral only being evaluated at points where plastic

flow is occurring.

6.7.2 Calculation of Yield Surface in the Structure

Thicknesgs

It is8 possible if the structure being analysed does
not unload, to calculate the position of the yield
surface. For the problems considered in this thesis
this 18 the case, but in general it may not be
assumed and only data evaluated at the integration
pointe, where the plastic strains have been evaluated,

should be used.

Given that one of the integration stations has
yielded and an adjacent one is still elastic, the
vield surface must lie between them. The variation of
elastic strain and hence stress is linear through the
thicknesse. Thus equation (6.3), which evaluatesg the
intersection of a straight 1ine with the yield

surface, can be used. In this case the gtress vectors
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n

o" ana ¢°

are the elastic stregges at the yielded
station og,, and the elastic station g,., respectively.

Thus R; and R, of (6.2c,d) are given by,

o - O ag - g
Rl = __‘V______L_l 2 RZ = '—XL———"&I 2_ (6.17)
Ox1 — Ox2 It T Ox2

(6.3) may then be solved for g, on the yield surface.
The distance dZ of the yield surface through the
thickness from the elastic station, can then be
calculated from the ratio of one of the stress

components; for example,

o - &
az = X TX2 (6.18)
Oxy ~ Ox2

where h is8 the separation ¢of the two integration

stations.

6.7.3 Approximate Integration of Plastic Stresses

Using the stresses at the point of first yield
calculated in the preceding section, and the stresses
of the adjacent yielded integration station, the
trapezodial rule is the only numerical integration
that can be applied directly. However, this makes the
assumption that the stress distribution between the
two points 1is linear, effectively meaning that the
intervening stresseg are elastiec, which is not the

case. This is shown on fig 6.5 by the line 'ab'.

To improve on this state of affairs, the line ‘'ab‘
is split into Quarters. Lines are then passed from the
origin, through 'ab' at the qQuarter points and then on
to intersect the yield surface. These intersections
are used to approximate the stress distribution. The

intervening stresses are assigned to quarter points
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through the thickness z, which separates the two known

points 'a' and 'b'.

.8ince the variation of the stresges on the yield
surface ie qQuadratic, this coupled with a linear
variation of Z through the thickness, (if the bending
moments are being calculated), results in a polynomial
that is at least a cubic. The method of selection of
the points may increase the order of this polynomial,
ag they are not calculated from equally spaced points
along the connecting arc. Thus a five point
integration rule has been used in preference to a four

point rule.

Now the gtresses being evaluated all lie on the
yield surface, thus increasing the accuracy of the
integration. This is examined in more detail in the
following chapter when some numerical examples are

tested.

6.8 Integration of Inplane Forces and Moments

The arguments given in the preceding section are
also directly applicable to the integration of the
inplane forces and moments across the solution domain.
Now however, there isg no possibility of calculating
the location of the yield surface, as the strain is a
function of the solution modes, which in turn vary

nonlinearly with the space coordinates x and y.

To minimise the effect of integrating across the
vield surface, the domains should be kept small,
thus locsalizing the error in the integral to just the
gection of the structure which is in transition

from an elastic to a plastic form.
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6.9 Incremental Virtual Work Equation

The change from an elastic strain formulation, where
the stresses can always be directly related to
displacement, to a plastic strain formulation, where
the stresses are related to the strains by an
incremental relation derived from the current stress
state, necessitates the reformulation of the

Newton-Raphson soclution method (which was described in

Chapter 4).

Rather than working directly with the full
equilibrium equations, an incremental form of the
virtual work equation (1.1) will be used. It is to be
remembered that the virtual work is calculated from
current stresses and infinitesimal variations of
strain evaluated at the current diaplaced posgition,
and is valid regardless of whether the material has

yielded or not. Incrementally (1.1) is given by,

JJI (oo + Ag)SE AVol - PSu = O (6.19)
Vol

where P = P, + AP

The subscript 'oc', refers to the last converged
position and will retain this meaning for the
remaining sections of this chapter. Agc is the
variation in stress which develops as a further
loading increment AP is added. The virtual strain
variation 6£ is evaluated at the new equilibrium

position.

It ie possible to separate the above equation into
two parts, one containing the variables u and the
second containing the load and constants from the last
converged poegition. Firstly, splitting the virtual

strain into linear and nonlinear components,
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6 = 6€y + SENL (6.20)

where the subscripts of L and NL refer to the linear
and nonlinear components. The incremental change in

strain AE is then given by,

A€ = &y - Eo (6.21)

where E, is the total strain. The incremental
relationship between stress and strain ig written in

the form, (see Appendix 4 for plane stress case),
Agc = [D]aE = [D]l(g,-Ey) (6.22)

Finally substituting (6.20) and (6.22) into the

virtual work equation (6.17) and rearranging gives,

[[[ciprevee + (ao-tR1E0r6ENL) aver
Vol
(6.23)

- pou - [[[(eo-tmrg0r08L) aver
Vol

where the left-hand side contains only termes which are
function of the displacement vector u, whilst the

right-hand side is a function of the load and the
non-varying componentsg from the last converged

position.

6.10 Solution of Nonlinear Elasto-plastic Equations

6.10.1 Consistent Equations

Before attempting to evaluate the stiffness matrix
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required by both the Newton-Raphson and modified
Newton-Raphson methode, it is necessary to consgider
the exact form of the elasto-plastic equation (6.19).
The separation of (6.19) into variable and constant
components in (6.23) is possible because of the
assumption of an incremental relationship between
stress and strain (6.22). If the righthand side of
(6.23) 1is evaluated, a set of consistent equations is
developed in the total displacement variables u.
However, these equations contain an inconsistency in
that the incremental stress relationship is based on a
linearized calculation of A, which during a finite
step, leads to a violation of the yield function
(6.1). To remove this error in calculating the
out-of-balance forces during equilibrium iterations it
is common to use subincrements. This ensures that the
virtual work is correctly evaluated but destroys the
direct correlation between the residuals and the

expanded equations.

The Question of consistent equations and
consequentially consigtent tangents revolves around
the precise formulation used to represent the relation

of the stresses to the strains.

6.10.2 Modified Newton-Raphson Method

One of the first methods used to solve (6.19) ig
based on the use of the stiffness matrix evaluated at
the last known equilibrium position [97]., as discussed
in section 4.9. This method will be used in the
golution of all the elasto-plastic examples given in
the next chapter. Differentiating (6.19) with respect

to the displacement variables u gives,
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[ ”J["A_"ae, ié_E_n_L]d\,ol
K} = du = “8u
Vol
(6.24)
= JJJ [ (0128, 5 .9—6&] avol
-~ du - é8u
Vol

where the first term of the integral includes the
linear stiffness and the initial displacement matrices,
whilst the second term is the initial stress or
geometric stiffness matrix, in finite element

terminoclogy.

The geometric stiffness matrix is not a function of
Ag since it is evaluated at the equilibrium position
Ey=Eqg. Als0 to note is that the incremental correction
éu, which is calculated using one of the Newton
methods, is added to the total displacement vector u
and ‘not to the incremental displacement vector Au,
which is used in Bathe [97] and other finite element

formulations.

The solution procedure follows the standard
Newton-Raphson method of initisally guessing a
displacement vector, calculating the stresses using
subincremention, and substituting into (6.19) from
which the out-of-balance forces can be calculated.
The stiffness matrix is not altered through the
iterations and i1es only updated once the solution has

converged.

6.10.3 Newton-Raphson Method and Quadratic

Convergence

Ag in the standard Newton-Raphason method, the
elasto-plastic stiffness matrix is updated at every

iteration, although now the quadratic convergence of

Newton's Method is in question.
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The separation of (6.19) into functions containing
variable and constant terms resulted in equation
(6.23). This equation could have been explicitly
expanded and an explicit stiffness matrix evaluated.
The stiffness matrix and the equilibrium equation
would be consistent and the Newton-Raphson method

would have qQuadratic convergence.

However, as was briefly mentioned earlier, the
actual calculation of the virtual work equation is
not the direct evaluation of (6.19) but in fact uses
a procesgs to correct for violation of yield criterion
during the iterations. Further, points which may have

been elastic can become plastic and vice versa.

In updating the stiffness matrix at every iteration
the associated equation (6.19) is constantly varying:
thus the method is not a true Newton-Raphson
iteration. In some respects though, it can be argued
that the residual of the virtual work equation is more
directly associated with the updated stiffness matrix
which accounts for the spread of yield during the
iterations. But the calculation of the astiffness is
now history-dependent and there is no reason to

suppose that quadratic convergence will be maintained.

The Question ag to whether convergence ig improved
is not answered here, but previous experience with
elastic problems show that the true NR method is more
efficient than the mNR, requiring fewer iterations for
convergence. But there is a balance to be struck
between the cost of recomputing the stiffness matrix
and the extra number of residual calculations needed
for the mNR method, which, given the fact that the
true method is not being used, means that the choice
is debatable.

It should be emphasised that cnly the stiffness
matrix has a history/path dependence and not the
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. solution itself, provided the strain increments used

to calculate the updated stressesg are measured from

the lagt convergence position.

6.10.4 Consistent Stiffness Matrix

Recent research(98,99] has now started to question
the necessgity of using the sgubincrement proceses. In
section (6.5.1) an explicit expression for A ie given.
From this it is possible to expand an equation which
would be similar in form to (6.23) and which is exact
in the sense that there no violation of the yield
criterion. Obviously a consistent stiffness matrix
could be calculated and the solution procegs would
have qQuadratic convergence, provided that real
solutions existed for A, and that all points which
were initially plastic stay plastic and those which

were elastic stay elastic.

From the benchtests described in section (6.6), it
was seen that the quadratic evaluation for A resulted
in larger steps around the yield surface than the
'exact integration’. Consequently, subincrementation
is8 used when evaluating the stresses. Since the
correlation between the equilibrium equations and the
stiffness matrix has now been destroyed, there is no
point in differentiating the quadratic evaluation of
A3 for simplicity, the stiffnese matrix is evaluated

uging the linear form of A.

Other methods of calculating the elastic/plastic
strains utilizing a single explicit step are becoming
popular. Instead of integrating the Prandtl-Reuss flow
rules exactly, an alternative approcach, in which the
stresses are initially calculated elastically and then
returned to yield surface along a plastic strain
vector, is used. The plastic vector is perpendicular
to the yield surface and passes through the point

defined by the total stresses. The advantage of using
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a single explicit step lies in the evaluation of a
congistent stiffness matrix so that Quadratic

convergence of the Newton-Raphson method is assured.

For the full 3 dimensional case, the yield surface
is circular and the plastic vector is simply a radial
return. For the plane stress case a nonlinear
equation must be solved. The error associated with the
radial return method is described by Kreig and Krieg
[98], and that of the plane stress case by Jetteur
[{99]1. As mentioned earlier (section 6.7), there are
errors not only in calculating stresses but also in
integrating them. There is no point in evaluating the
stresses exactly if there are large errors in the
integration. The errore introduced by this
approximation may be considered acceptable,
particularly when weighed up against the quadratic
convergence of the solution and the associated

reduction in computing costs.

6.11 Brief Note on Implementation

The evaluation of the input equations follows
closely that of sections 2.1 to 2.5. The key
difference being that instead of integrating the
equations analytically, they are evaluated at the
integration points so that they can be used in the

numerical integration at a later stage.

The equilibrium equations are not evaluated directly
as in the elastic analysis, but the egquivalent virtual
work form, an example of which is given by eqQuation

(1.1), 1is used instead.
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7.0 Elasto-Plastic Examples

The performance of the through-thicKness integration
scheme, which was propoesed in the previous chapter, is
next compared to an similar analyeis which uses the
same stress evaluation routines, but which calculates
the corresponding integration using Simpson's Rule.
The first proposed method will be Kknown as scheme A,

whilst the latter will be referred t6 as scheme B.

7.1 Cylinder Under Internal Pressure Loading

This first example compares the experimental results
obtained by Ohashi and Okouchi [100], of a cylinder
subject to internal pressure, to the predicted
behaviour given by the analysis of the preceding
chapter. Ohashi and Okouchi have additionally
analysed the problem using a deformation theory of
plasticity. They found good agreement between
experiment and theory, which Justified their
assumptions concerning material properties and the use
of linear equilibrium equations. Therefore these sgame

assumptions are adopted in the following.

7.1.1 Strain and Equilibrium Equations

From the symmetry of the problem only a single axial
slice at constant © need be analysed. Thig is shown in
fig 7.1, along with the problem data and boundary

conditions.

For small deformations, the axial strain €,, and the

circumferential strain €g, are given by [28],

du atw
€y = —— -~ Z.——5
ax ax

(7.1)



Fig 7.1 Data for Cylinder under Hydrostatic Loading

Problem Data
R=154mm, E=207791N/mm?’
h=7mm, L=90mm

v=0.276

~Smm-

Boundary Conditions
x=+L/2
w=0, 0*w/0x*=0, Ny=0

ont
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And the corresponding virtual work equation is,

X

8 Su at &w N,
Ny — - M Ty - ow dArea
ax ax R

Area
- JIPzéwdArea = 0

Area

(7.2)

7.1.2 Solution Series

The w displacement is symmetric and non-zero at the
origin of the coordinate system, so the odd terms of a

cosine series are used for w's approximation,

n
iw
w = wiCOB_Lx (13‘103'500-0“) (7-3)
i=1
u is asymmetric about the origin. From the diagram of

the experimental apparatus [100], there appears to be
no axial restraint to inplane movement; therefore Ny
is assumed to be zero. The u series approximation can

therefore be taken as the odd terms of a sine series,

m
u = EUJSing—Ex (:"_‘10305'-"1”) (7-“)
J=1

7.2.3 Results

The first five terms of each series (7.3) and (7.4),
were taken. The solution domain was split into four
equally sized subdomains, in which a five point

Gaussian quadrature formula was used to integrate the
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inplane stresses and moments.

Both integration schemes were applied, the resulte
of which are plotted on figs 7.2 and 7.3. The two
analyses produced identical results over the plotted
range. They were gslow to pick up the rapid change in
the circumferential strain which preceded collapse of
the cylinder and lacked the sensitivity of the
original experimenter‘'s analysis which was able to

accurately follow this trend.

7.2 Simply Supported Plate under Lateral Pressure

The title problem has been analysed by Trueb [96]
uging his finite element program FINAS. The problem
geometry, material data and boundary conditions are

set out in fig 7.4.

7.2.1 Strain and Equilibrium Equations

The strain equationg for the simple bending of a

plate are given by [28],

aw 82w 2w
e, = ——Mm, e, = ——= and € = -2. (7.5)
x ax? 4 ay? xy axay
and the corresponding virtual work equation,
8% 6w a¢ éw . 82 &w ]dA
- M, —m + 2M + —_— rea
IJ[ X ax? XY axoy Y ay?
Aresa (7.6)

- IIPzéw dArea = 0

Area

7.2.2 Solution Series

The lateral displacements can be described by the
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Fig 7.4 Elasto—plastic Analysis of a Plate (1)

Material Properties
- E=68950N/mm”* v=0.27
L 0,=248.22N/mm"*

Geometry
L=10.0mm, t=0.05mm

Boundary Conditions
=L/2, =L/2

xw=/0, 6'*w// 8x*=0
=L/2, —L/2

T oL oy =0

1R 3
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odd terms of a cosine series. The simply supported
boundary conditionse are exactly satisfied; therefore w

is given by,

n m
iwm in
w = E; Cos—x, Cogs—y (7.7)
L L
i=1 3=1

.3000)

~~
7S
[T
fl
[

7.2.3 Results

The results of various rune are shown on figs 7.5,
7.6 and 7.7. Fig 7.5 illustrates that Simpson's
integration (echeme B) is, stiffer than the
alternative integration scheme (A), with a smaller
deflection for a given load. This 1is to be expected as
no account is taken of material yield at points
between the integration stations. Little difference
is detected between the four and nine mode analyses
for both integration schemes, which is illustrated for
scheme A, in fig 7.6.

The FINAS resulte were computed with eight
integration stations through the thickness. The
deflections are slightly more than for scheme A. To
check whether this difference was due to the finite
element analysis using more integration pointeg across
the domain, the number of integration stations was
increased from 64 to 144. No appreciable differences
occurred from the use of more stations; thus the
solution plote in f£1ig 7.7 should be considered to have
converged. Note that the collapse loads are almost

identical for all the analyses.

7-3 Inplane Compression of a Plate

The governing equations are the same as those

extensively discussed for the corresponding elastic
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problem in chapter 5, with the strain equations given
by (5.2). The problem data is set out in fig 7.8. and
the virtual work form of equatione (5.3) and (5.4) is

given below (where the imperfection has been omitted),

ax ax ax J L a8y 4y Jy
Area
ow 8 6w ow 9 éw
+ Nyy —_— + —,— dArea
ax oy dy aIx

(7.8)

”[ M 82 éw oM a2 &w m a2 bw
- - * + - dArea
X gx? XY axay Y gyt

Area

P
- J gau dBoundary = 0

Boundary

The solution geries are the same as those presented
in chapter 5. Because of a shortage of memory, only
the first term from the w expansion can currently be
handled. This restriction could be overcome by
converting the data storage associated with the
integration stations and equilibrium equations from
double precision to real, which would release enough
space for a 30 mode elasto-plastic analysis including

four modes in w.

Two sets of results are shown in fig 7.9. Those from
a 10 mode analysis and from Little [88], who analysed
the problem using a Rayleigh-~Ritz formulation. The
critical loads from the two analyses for the thiner
plates are in reasonable agreement with Little's
analyses. However Little predicts a less sgtiff

resgponse after this point. For the thickest plate,
Little's solution consistently lies below the 10 mode

analysis.



Fig 7.8 Elasto—plastic Analysis of a Plate (2)

Material Pro?erties
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Fig 7.9

Inplane Compression of Plate
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Only one w mode was included in the 10 mode
analysis. From the previoug elastic solutione it
was geen that the inclusion of more terme in w
produces a softer response (gee fig 5.6), so that

these results are not altogether unexpected.

Unfortunately the modified Newton-Raphson iterations
aid not converge when using scheme A. Thig was
attributed to the fact that the variation of the load
and the lateral diesplacement were found to be very
sensitive to the exact location of the yield surface.
Using Simpson's rule reduced the volatility of the

yield surface, 8o that a solution could be calculated.

7.4 Comments on Elasto-plastic Solutions

The results presented above are, on the whole,
rather disappointing as there appears to be no real
advantage to be gained from exactly calculating the

position of the yield surface.

The first example was included to demonstrate the
applicability of the elasto-plastic solution procedure
to an actual problem. It was hoped that the variations
which occurred in practice could be monitored more
effectively by increasing the sensitivity of the
integration scheme. Unfortunately both analyses were
slow to detect the loss of stiffness as the cylinder

vielded.

The second problem demonstrates the difference
between the two schemes and shows that gscheme A
produces more accurate results than scheme B.

However, this gain was wiped out by the difficulties
encountered in the golution of the compressed plate.
It may be possible to obtain a solution by using a
scheme which increments the mode which i1is exhibiting
the largest variation, rather than using the arclength

procedure,. In this particular case, the prescription
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of the end-shortening has been used without undue

difficulty by Little [88].
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8.0 Introduction to Stability Phenomena

The buckling of plates and shells under inplane
loading has proved to be a perplexing problem which
has stimulated researchers for the past 40 years. The
response can be considered in two stages. Initially
the structural system is stiff with small
displacements inplane and out-of-plane. At a certain
critical value of load thies regime becomes unstable
and the structure buckles; stiffness is reduced with

large out-of-plane deflections now dominating.

To the engineer, the sudden loss of stiffness
presents design problems, particularly if the
postbuckling behaviour ig unstable. To the academic,
the problem of finding and analysing limit anad
bifurcation loads, pre and postbuckling paths, both
analytically and numerically, has proved a taxing

problem.

The following sections seek to present some of the
facets of the problem from an engineering point of
view, specifically considering the numerical
difficulties which may be encountered in analysing a

general system.

The first few sections consider stability from a
linear point of view. Certain information can be
extracted from the stiffness matrix but this is
necessarily limited; a complete picture of the
phenomena can only be revealed by considering a fully

nonlinear analysis.

Before developing a nonlinear approach, a simple
description of the behaviour of a structure at a
critical point is given. This is then followed by a
means of correctly distinguishing a bifurcation point
from a 1imit point. An eigenvector analysis is then

considered, which exposes the cause of the fallure of
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Newton-Raphson based soclutions at a critical point.
Some of the current methode of soclution are then
discussed and finally & full nonlinear analysis 1is
developed to golve for the paths emanating from a

bifurcation point.
Einstein's notation is used in the following. A

repeated sub or superscript in an expression implies

summation.

8.1 Characteristics of a Critical Point

The two forms of critical point considered in the
following are 1imit points, at which the load reaches
a maximum or minimum, and bifurcation points, at which
two or more paths intersect. They are non-regular,
with the general Newton-Raphson procedure described in
section 4.2 sometimes encountering difficulties in
converging onto a solution, at or close to the point.
These numerical difficulties stem from the stiffness

matrix (K] becoming singular.

At a critical point x©, the equilibrium equations
must still be satisfied,

fi(ac) - Pic = 0 (11.2..-.3‘1) (8.1)
Where'

§c = [ xlc' xchcob. Xne ]

is8 the displacement vector of the Btructure.

The stiffness matrix [K] can be evaluated even
though it is singular. Also, the linear incremental
relationship between locad and displacement calculated
from the Taylor expansion (section 4.3), is still
valida,

aP = [K(x€)].ax (8.2)
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Thus, given a set of incremental displacements dax, the
corresponding increment of load dP, can be calculated.
Of course, since (K] 18 singular it is not possible to

reverse the process.

The equilibrium equations can then be written for a

vanishingly small displacement increment as,

£4(x%+ax) - (PS4+aPy) =0 (8.3)
Now consider the eigenvalue problem,

[K(x®)]1.axy = Ajaxy (no sum over 3) (8.4)

At a critical point one or more of the eigenvalues Ay,

are zero, so,
[K(x®)].axe = 0.4dx%, (8.5)

where dx, is the corresponding eigenvector. If there
are more than one zero eigenvalues, say m, then the
m-dimensional eigenspace is definea by specifying m

components.

The structure has no initial resistance to
displacements defined within the eigenspace xg.
Similarly from (8.2), the associated load incremente
dP, are zero. EqQuilibrium at the critical point is
still satisfied when a vector from the eigenspace is

added to the current displacement position x°©,
£4( xC + axe ) - P3¢ =0 (1=1..n) (8.6)

Any vector lying in the eigenspace can be added to the
critical displacement in any proportions; thus the

adjacent equilibrium paths associated with the vector
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are not uniguely defined. In the special case where
m=1, the eigenspace reduces to an eigenvector with

only one arbitrary component and it is possible to
obtain an eastimate of the initial direction of the
postbuckling path.

As progresgs is made along a path leading away from a
critical point, the modulus of the determinant of the
stiffness matrix increases and it is possible to apply
a standard numerical solution procedure to calculate

further points on the path.

8.2 Distinction Between Limit and Bifurcation Points

The disgtinction between bifurcation and l1limit points
can be determined from the Jacobean of the equilibrium
equations and an additional constraint equation. The
analysis in this section follows closely that of Riks
{81], with further observations about its consequence

with regard to the stiffness matrix [K].
The set of n equilibrium equations of (8.1) can

conveniently be written as a single function involving

the displacement and load,

£4(x,P) = O 1 =1,2,...n (8.7)
where the vector argument,

—xv= [X1.x2.....xn ]T

describes the deformed geometry and P is the load

parameter.

In addition to the equilibrium equations &

constraint equation will be defined as,

fm(i'P) -_n = 0 (8.8)
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where as before n is a path parameter that traces a

series of intersections of the surface defined by

(8.8) with the equilibrium equations (see section

4.5%5). The particular solution points are therefore

functions of the prescribed €.

and (8.8) with respect to n gives,

By Gxd
axd an

8fy axi
— -+
axj on

T}

apP

an

af, 8P

an

Differentiating (8.7)

(8.9)

The Jacobian of the these equations can be written,

where,

Dropping the mth row,

equation,

gives,

2 00 50 e
[}

se 00 00 -

ry r2

£44 = afy/axy
fim = 0£4/8P
ry = 9fy/9xy

rm = 9f,/8P

and removing an arbitrary column o,

lgzoﬂlin

1.2....“

1,2,..4+0n

(8.10)

corresponding to the constraint

£from G
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0 80 00

fn1 fn2z -« fpa-1 fhpa+t -+ fnn fom

(8.11)
The determinantes of these matrices are defined as,

J = det(G), D, = det(B%)

where J can be expressed in terms of D, as,

m

3 =3 (-1)@* 1 (p,.D,) (8.12)

a=1
or in vectorial form,

J = (eT.a) (8.13)

where,
d = [ dl' dz. da.-odn. dm ]
and

da = (~1)a+n+lpa

If G is8 now congidered without the constraint
equation, relationships between the minors of G and
the rate of change of the displacement and load
variables with respect to the path parameter may be
established. From Cramer's Rule, the variable tg may

be solved for in terms of ty as,

D
tg = (—1)(“‘5*‘)62 to (a#B, DL#0, no sum over o)
i (8.14)

where the vector t, with components tg has been
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definedq,

t = [ ax/8n, 8P/an ] (8.15)

(8.14) can be rearranged to give,

Dg = ®.tg (8.16)

where,

D
@ = [(—1)(°‘3*‘) = ] (no sum over a)
ta

The value of the determinant Db’ is fixed for a
particular choice of 7€, therefore tq be independent of
the choice of a, ¢ must always be of the game sign and

magnitude.

Now, at a 1limit point tj=8P/an=0 and from (8.16),
Dp must also be zero. Similarly, for the turning
points of the displacement variablee t, (a=1,2,..,n)
with respect to the path parameter, it is required
that the determinant of the associated minors B must

also be zero.

For the special case of a limit point, the minor BM™,
is also the stiffness matrix [K] of the equilibrium
equations. On passing the limit point 8P/dn changes
sign and consequently D, must also change sgign. This
asauming that ¢ does not change sign, which would
require that D, /t, reverses sign for all a. The
change of sign of the determinant D, results in a
negative pivot appearing during the factorization of
the stiffness matrix [K] ([101].

The next consideration must be effect of the
negative pivot on the determinant of the Jacobean of

the full system of equations, J.

From (8.12), J has been calculated by expanding
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along the row comprising the f£irst derivatives of
the constraint equation. Taking for instance the

arclength constraint,

n
S (xg-%4°)% + (P-PO)2 - 8% = 0 (8.17)
1=1

where the superscript o refers to components of the
digsplacement at the last converged position. The
squared arclength parameter S2, can be associated with
the path parameter n. Differentiating with respect to

n then gives,

ax ap
(Xg-%°) —= + (P-P°) — = 1 (8.18)
on on

Of most interest ig the final component (P-P°). If a
1imit point has been passed, for further steps (P-P°)
will be negative and J will conegeqQuently remain the
same sign, with two negative pivots appearing during
the factorizetion of G. The passing of turning points
in other variables also has no effect on the
determinant J, as D, (a=1..n) changes sign so does the

corresponding incremental component xa-xa°.

It is possible that solutions may be found on either
seide of a 1imit point and for the lcsd to have risen
in value. To be certain that a limit point has been
passed a further step must be taken. Bergan's
stiffness parameter [102] provides an additional clue
ag to whether a 1limit point has indeed been passed, as

it tends to zero when a limit point 1is approached.

At a bifurcation point J, the determinant of the
augmented stiffness matrix is zero. From (8.13) this

occurs 1if (gT.g)=o. For non-zero 4, this represents
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a turning point with respect to the direction r which
can always be avoided by the selection of a different
constraint equation. Alternatively, all the components

d. (a=1,2,..n,m) may be zero. This is the case when

o
the rows or columns of G are linearly dependent and is
indicative of the presence of multiple paths; that is

G has been evaluated at a bifurcation point.

8.3 Eigenvector Solution of Linear Equations

The contamination of a NR solution with large
components of the buckling modes at a bifurcation
point is shown in the following analysis.

Let (A] be a n*n matrix and u and b be n¥*1 column

vectors, where b is known. The solution of the

following linear system of equations is sought,
(AJu = b (8.19)

Given that gi are the n eigenvectors of [A]. the
vectors u and b can be expressed as a sum of these

eigenvectors,
_\.! = Uiei. E = bigio i=1,2,..,n (8.20)

where ul and bl are unknown and known coefficients,
respectively. The linear equations (8.19) can then be

rewritten as,

uifalel = bled (8.21)
Remembering the definition of an eigenvector,
(Alel = Aisi (no sum over 1) (8.22)

(8.21) becomes,
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ulrlel = pied (8.23)

I1f [A] is symmetric then ite eigenvectors are

orthogonal and,
(et)T.ed = 644 (8.28)

where 515 is the Kronecker delta. (If the matrix is
nonsymmetric, a set of orthogonal vectors to the
eigenvectors can always be found, so for the sake of
simplicity symmetry will be assumed.) Therefore,
multiplying (8.23) by the transpose of each
eigenvector in turn gives an unique solution for the

unknown coefficients ui.

ud = pI Al (no sum over 3) (8.26)

For a singular matrix one or more, sgay m, of the
eigenvaluee AJ are zero so that the corresponding
coefficiente ud (8.26) are infinite and the solution
will contain infinitely large components of these
eigenvectors. With the solution in ite present form
it is possible to extract these eigenvector components

and write an alternative solution,

u= -—ed + cyel (Adz0, Al=0) (8.27)

J = 1'2.0..n"‘m
i = n-m+s1,...,n

where the C4 coefficients need further consideration.
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8.4 Methods Based on Eigenvector Analysis

8.4.1 Location of Critical Points

Having described the basic properties of the
stiffness matrix, its eigenvectors and determinants,
some of the related methods to be found in

literature will now be discussed.

The location of critical points has attracted the
attention of mathematicians. The most recent methods
seek to make critical points regular but at the
expense of requiring the solution of an extended set
of equations [103]. This approach is not pursued
further as the current system of equations requiring
solution is large enough, without complicating matters

further by adding extra equations.

Outside of mathematical literature, the location of
critical points can be evaluated in two ways. Firstly
and most obviously, the structure can be loaded and
the leading diagonal monitored. The appearance of one
or more nhegative pivots during factorization of the
stiffness matrix indicates that the properties of the
solution have changed. If a single negative pivot has
appeared, the twe known solutions, between which the
change was detected, bracket the critical point, and
interpolation techniques can be used to obtain better
estimates of ite location. The obvious choice is to
interpolate using the displacements, although the
difference in stiffness between the two points has

also been used (104].

The direct approach above regquires the solution of
the governing equatione but has the advantage of
accurately finding critical pointeg on initially linear
or nonlinear fundamental paths. To avoid having to
trek up the fundamental path, a linear eigenvalue

problem may be formulated as [96],
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([KL] + AlKgl)x = © (8.28)

where the stiffness matrix has been decomposed into
ite linear and geometric components. A represents the
proportional increase in stress and consequently load,

needed to reach the e¢ritical point.

8.4.2 Eigenvector Approach to Bifurcation Points

For the case of a stiffnees matrix with a gingle
Zero or near-zero eigenvalue it is possible to add a
component of the corresponding eigenvector to the
displacement solution to pick up the postbuckling
path. This has been found to be a guccessful techniqgue
f{105]. Similarly Kroplin et al. have used an energy
perturbation technique to search for bifurcation paths
away from the fundamental path [106]. The perturbation
wag chosen as the eigenvector corresponding to the

lowest eigenvalue.

Eriksson proposed a8 technigque based on the
decomposition of the stiffness matrix given in section
8.3 [107]. He selectively damped components of the
load vector acting in the direction of the buckling
mode during the Newton-Raphson iterations, which
increased the stability of the solution around

singular points.

The direct calculation of the postbuckling paths, as
such, from a bifurcation point requires that higher
order derivatives of the Taylor expansion are retained
in the analysis. Recent work has revolved around the
introduction of a transformed set of incremental

coordinates,

Axy = Aj3Ayy (8.29)
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where the choice of the transformation matrix [A]
distinguishes the particular method. Nishino et al.
[108] selected [A] to be composed entirely of the
eigenvectors of the stiffness matrix (K]. The

analysis may briefly be described as follows.

The Taylor expansion about a critical point can be

written,
ary a%ey
APy = —= Axy + ——— AXjAXR/2! + .... (8.30)
axy axd axy

Substituting the new coordinates (8.29) into the
Taylor expansion and multiplying by [é]T. diagonalizes
the stiffness matrix. The leading diagonal 1is composed
of the matrix eigenvalues, one or more of which must
be zero, as the expansion was evaluated at the
critical peoint. For each zero eigenvalue, the next
term in the Taylor series is then used to provide the
additional equation required to define the solution.
These nonlinear equations are then solved with an
arclength constraint. The incremental variations are
added to the displacements at the critical point to
provide an initial guess to the postbuckling path for

a Newton-Raphson solution.

For a single zero eigenvalue, the resulting
nonlinear equation is qQuadratic 1n one of the
coordinates and presents few difficulties in solving
with the arclength constraint. The authors in fact
solve for multiple bifurcation points but do not give
any indication of how the solutions were obtained. A
reduction method for the solution of these equations
will be presented in section 8.5.3, which will extract

all the roots, both real and complex.

The big drawback to the above approcach isg the need
to calculate all the eigenvalues and vectors of the
stiffness matrix. Thurston et al. [109) adopted a

trangformation matrix comprising the eigenvectors
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correaponding to the lowest eigenvalues and a
permutation of the remaining variables. Multiplication
of the Btiffness matrix by the transpose of this new
[A]l, gives a stiffness matrix which is essentially
unchanged, except for the appearance of the
eigenvalues corresponding to the eigenvectors on the
leading diagonal. The transformation thus replaces a
small number of varisbles with the critical modes of

deformation of the structure.

Rather than calculating the second order terms of
the Taylor expansion, an extra column carrying the
first derivative of the load vector was found to be
sufficient representation of the truncation error for
cases involving a single zero eigenvalue. The
amplitude of the eigenvector was prescribed and the
load varied to ensure that the Newton incremental

correction for the buckling mode was zero.

The above techniquee for finding postbuckling paths
have been found to be successful for evaluating
bifurcation points involving a single, zero
eigenvalue. It seems that the straight forward
addition of the eigenvector corresponding to the zero
eigenvalue and the use of Newton-Raphson iterations,
perhaps with damping, is sufficient to converge on to
a secondary path. The systematic treatment of multiple
critical points involving more than one zero
eigenvalue is not explicitly dealt with, although is
implied in ref. {108]. For the case of a plate with two
coincident critical points, five pre and postbuckling
paths exist [110]. Whether ad hoc addition of
eigenvectors will prove sufficient to cope with this
situation has not been demonstrated. In the next
section a systematic method will be presented for the
solution of bifurcation points, which in theory can
automatically handle multiple critical points.
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8.5 Asymptotic Bifurcation Analysis

The method proposed by Thompson and Hunt [6]}, for
the reduction of the set of discrete governing
equations to the minimum number required to
accurately approximate the structural behaviour
contained in the full equations, is presented in the
subsequent sections. A method of extracting all the
aolutions, both real and complex, to these simpler
equations is then considered. The resulting paths are

then continued using the Newton-Raphson method.

Thompson and Hunt's original technique and results
were applied to the potential function. However, the
principle ie still valid for use with the equilibrium
equations which are generated by the application of
Galerkin's method. Note also that Thompson and Hunt
assume that the prebuckling path is known. In the
following analysis this restriction is removed, the
only requirement being that the Taylor expansion is

calculated at a point on the equilibrium path.

8.5.1 Elimination of Passive Coordinates

Using the terminology of Thompson and Hunt, the n
unknowns of the problem are sgplit into two groups,
namely, the r active coordinates which will be
designated by Qi and the n-r passive coordinates q,.
The number of active coordinates muet as a minimum
egqual the number of zeroc eigenvalues of the stiffness
matrix. Thompson and Hunt make the distinction
between the general coordinates of the problem and the
loading parameter P. However, in the following
presentation it is convenient loosely to incorporate
this variable under the active coordinate label qq:;
thus there are n-1 equilibrium equations rather than

the usual n.

The choice of the actives and pasgives 1is not
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totally arbitrary. The elimination process seeks to
write the variation of the passive variablee with
respect to the active variables in the form of a
Taylor series, which if a rapidly varying coordinate
is written in terms of a slowly varying coordinate

presentg convergence problems.

The Taylor expansion of the n-r passive coordinates

in terms of the r active coordinates can be written,

3q, 1 82q,
AQ, = ;;— Agy + 5 ;;—;;— Aqi.AQJ * L.
i 199y
(8.31)
@ = 1.2...!‘1-‘1‘. i.d = 100!’

This expansion is only locally valid, but if truncated
at the appropriate derivative will be adequate to use

in the analysis of the initial postbuckling path.

The next step is to calculate the coefficients of
the expansion. Returning to the original equilibrium
equations, a subset of number n-r are selected, which
will be labelled fa(qa(qi)°qi)' To proceed, these
equations are differentiated with respect to each of
the active variables qj in turn and evaluated at the
ceritical point. Remembering that the passive
coordinates are now functions of the active

coordinates, gives via the chain rule,

fa , 9%4 99 _ , (8.32)
8qy 8Qg 9Q4

From each differentiation of the passive equations
for With respect to an active coordinate qy, &
consistent set of equations arise, which can be solved
for the required differential coefficients of the

Taylor expansion. Therefore for the first term,
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Differentiating (8.32) again

active coordinates qy. gives,

2 2 2
8%¢, | _8%f, 8ap  _8°f,
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-1
99p _ _[ ™ ] 8fa (8.33)

aqi

with respect to the

99g | 8%°fa 99p 2%

dqjday 8ajday aqy ﬂQaéqj.

2
L 2%a 673p
9qp 94938qy

which rearranging and solving g

+ . .
aqy aqp83% 2931 293
=0

(8.34)

ives,

d%ag [ asg,, ]“[ 3%¢, , 3%z, aap
9Q19Qy dap 8q9318Qy 8q38qQg 949y
. ale, aaqp . a%f, adg 49y ]
8qpday 9qy 3qgday 34y 99y
(8.35)

where the terms in the brackets
the previous calculation or can
differentiating the equilibrium
each subgequent differentiation
coefficients of the next terms
(8.31), the process continuing
differentiable.

8.5.2 Expansion of Reduced Equa

are either Known from
be calculated by
equations. Obviously,
will generate the

in the Taylor Series

for as long as £, 1is

tions

Having evaluated the expansio
passive coordinatesg, the final
equilibrium equations may be de

remaining unused information of

ns (8.31) for the
reduced form of the
termined. The

the problem is

contained in the r-1 equilibrium equations associated
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with the active coordinates. Expanding these
equations about the critical point, and incorporating
the coefficients for the passive coordinates just
calculated, results in a set of coupled nonlinear
equations written exclusively in terms of the
increments of the active coordinates. For example the
firast term of the Taylor expansion can be calculated

from,

9 f af afg 84
__B = 8 -+ ._._B....__Q- 8=n_r+1' PR n-1
Q4 0q4 8Qpg 994

(8.36)

The second term on the right hand side is the
contribution from the pasgsives which now have
components in each of the active coordinates.
Similarly, subsequent differentiation generates higher

order terms of the Taylor Series.

The final form of the expansion of the active

equilibrium egquations 1is,

fg(Qk) = fB.iAqi + 1/2{8.13AQiAQJ 4+ ceesee

where,
¢ atg 9fg 94q
8,1 5‘“
29 9= 29 (8.37)
8¢ ae aq
s _ 8 _ g
e, 13 89419Qy 8q38qg 99y
2 2 dap 9Q
, s a%ag  _9°fg 239 3%fy g.a ¥
dqp 991993 9qp34dy 9qy4 dqpdqy 941 99y

In order to allow the system its full degree of

freedom, the load has been included as a variable in

the analysis. As before, either the load must be
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prescribed or an additional congtraint must be imposed
on the sys=tem of eQquations to obtain a golution.

Again the arclength constraint is useqd,

Aqpaq, = s? r=1,2,..,n (8.38)

The contribution of the passive coordinates to
(8.38) is obtained by squaring the corresponding
Taylor expansions (8.31) in the active coordinates.

Only linear and quadratic terms are retained.

The reduction process has developed r coupled
nonlinear algebraic equationeg in r unknowns. The
final stage of the analysis is the exact reduction of
these equations to a single polynomial, whose roots

can be calculated by a standard method.

8.5.3 Exact Reduction of Coupled Equations [111]

Arbitrarily chose one of the active coordinates AqQj
and then search each of the equations £4 in turn for.

the highest power Pdi of AqQj present in each equation,

Aqin[ DJ(AQK) ] + "j(Aqi‘Aqk) = 0
(8.39)

where n = P43, Nj(Aq4,AqQKk) 18 a polynomial containing
terms involving the other variables AQg and also lower
powers of AQ4y, whilst D4(Aqk) is a polynomial

containing terms which have been factored by AqyP.

From the set of powers Pjy4. the lowest power, PLri'
is selected to eliminate the higher ones from the

remaining equations. Thue,

Aq __ Np(aqy,4qy) m = pL

ri (8.40)
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and substituting into the remaining equations, (J=r),

gives,
_ aqyn-m [ Nyp(AQqy,84Qk) ](DJ(AQR)) + Nj(2q4,Aqy)
= 0
or
AQy N~ N, (AqQq.AQg)Dgy(AQg) -
N;(AQ;.AQy)DR(Aqr) = O
(8.41)

resulting in expressions of a lower order in AQy. The
process is continued until only one equation contains
A@4, which is then set aside from the elimination
procedure. The remaining equations are then used to
eliminate the outstanding active coordinates. On
completion of the process an unique polynomial
equation in one coordinate remains, which can be
readily solved using any of the standard technigues.
The other active coordinates are then extracted from
the remaining equations by backsubetitution. Sometimes
another polynomial may have to be solved when

calculating these other coordinates.

As might be expected there is a drawback to thie
apparently simple solution of & difficult problem.
After each elimination, the order of the other
variables, which are not under going elimination,
increases. This can ultimately result in a large
governing polynomial of high order which then has to
be solved. For a few equations the problem is not too
severe, but it is impractical to utilize this

procedure on larger systems of equations.
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8.5.4 Schematic Representation of Bifurcation

Analysis

In an effort to clarify the above procedure, the
procegs will be presented in a diagramatical form,
which will then be followed by an example using the

same format in section 9.1.

It is assumed that there are n-1 displacement
coordinates and that the full system of equilibrium
eQquations can be totally described using two active
coordinates, one a system displacement and the second
the load. Therefore the coordinateas can be
partitioned into n-2 passive coordinates and twe
active coordinates. As before, the equilibrium

equations are given by,

fk(quP) = O k'm = 1.2.0-.""1 (8-“2)

The stiffnese matrix (K]. which has been augmented by

the derivative of the load, can then be written,

[ H : 1
ae, : af, : af,
an g 0Q4 i aqd

[K] = : : (B.43)
.;‘.C“..;......

of4 ¢ o9f4 ¢ 9fy
aqp : a9qy : dqy

L ¢ : d

where (a,Bp=1,2,.,n-2), {(i=n-1), (3=n).

In the above 8£/8qy = 8£/0P, so that for comparison
with equations (8.31-8.37), component terms can be
more readily identified. The lcad is included as an
active coordinate to allow the system its full degree

of freedom.

The process of the elimination of passives may now

be represented as,
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H H H
s > ¢ > : -
. 4 z .
| afq x| 3fa i 08 | | 3%fa ate,, : ate,_
aqg gy : aqy 3q4° t 89409y i dqy?
: : :
H 4 H

<
<

a%q, 82q ]
8Q38q3 t 8942

” o0 20
0 o0

8a, ] ( 92q_

(2
aqy aqy

~N
e o0 00
4

(8.44)

The first coefficients of the Taylor expansion of the
passives can be obtained by rearranging the
appropriate columns of the augmented stiffness matrix.
The second order terms require further differentiation
of the equilibrium equations. The bars over the second
derivatives of the equilibrium equations in (8.44),
represent the operation of separating the second-order
passive coefficients and evaluating the remaining
terms using the first-order paseive coefficients

calculated in the previous step, (see equation 8.35).

The final stage of the process generates the Taylor
expansion of the remaining equilibrium equation about
the critical point. This may represented by the
following,
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( 8q,, h
aqi
8Q, aq, 9Q,
aq4 aqd aqd
[ aqa)[ aq, ] alq, a2q, alq,
aq4 dqy aq 2 9Q49Q4/ aqdz
N Hl N I Hi
A4 A4 AV AV A4
[afy & afy ] [ atey : a%gy : aley ]
o— r—— —— — ¢ e ———
l aqy : 9qy J aqiz : 8q4dqy aqdz csee
| Ll
A4 A4

£(a3.P) = C4AQq + CjAP + Cy48Q4% + Cy4AQ AP + C44AP? +...

(8.45)
where AP=AQ3

The coefficientg of the Taylor expansions of the
passive coordinates are now known and can be
substituted into the Taylor expansion of the final

equilibrium equation as required.
The explicit differentiation of the individual

elements of the equilibrium equations is performed in

Appendix 5.

8.5.5 Solution of Polynomial Equation in One Variable

Equation (8.45) can then be solved by prescribing AP
or by solving with the constraint equation (8.38)
using the method set out in section 8.5.3. Using
either method, a polynomial in one variable must

ultimately be solved.

The method adopted in this thesis for the solution
of the polynomial is that of Laguerre [112]. The
method is cubically convergent for simple roots which
may be real or complex. For the problems encountered,

the polynomial will only have real coefficients and
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consequently if a complex root is found, its conjugate
must also be a root. Using root suppression it is
possible to extract all the roots of the equation ang
congequently all the paths emanating from the

bifurcation point will be located.

Laguerre's Method defines the following iteration

sequence,
Zk,,‘ = Zk - (8-“6)
P'(2Zy) ¥ [H(Zy))I'/?
where,
H(ZK) = (n-l)[ (n-1).(p'(ZK))% - np(ZK)DP"(2y) ]
and,

n is the degree of the polynomial p. Zy ie the current
estimate of the root and p' and p" are the first and
second derivatives of the polynomial respectively. The
sign of H is chosen so that the denominator has the

larger modulus.

The converged rootsg are factored out and the
iteration process continued using a new polynomial
2(Z) which replaceg the original polynomial p(2Z). The

new polynomial and its derivatives are given below,
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g(2) Lz

m (z-2z1)

£(2) 1
£'(2) = (2| T 121@ -z

~

ATCA SN IR USSR .
e"(2) - “‘Z’l £(2) rz ) " le@ E (z-2%)

(8.47)

where Zi i=2 to 8, are the & roots already calculated.

8.5.6 Evaluation of Postbuckling Paths

The coupled polynomials generated by the elimination
of passive coordinates accurately describe the initial
postbuckling paths in the vicinity of the bifurcation
point. In order to extract numerical data from theese
equations, a further reduction is necessary which
allows for the exact evaluation of all the roots of
the equations. By backsubstituting through the
equations involved in the final elimination (8.37-38)
and the Taylor series expansions of the passgives
(8.31), the final solution points can be established.
The Newton-Raphson method can then be used to extend
the path beyond the range of validity of the asymtotic

expansion.

8.6 oOther Asymptotic Methods

It i8 not possible in discussing the solution of
bifurcation points and general stability not to

mention the work of W.T. Koiter. Starting from the
principle of stationary potential energy, he provided

the foundation of a general method for the analysis of
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bifurcation problems in nonlinear elasticity [113]. In
a similar fashion to the above analysis, a power
series expansion is assumed and its coefficients
evaluated at the bifurcation point, thus constructing
the bifurcation paths. Budiansky [75] showed the
equivalence of Koiter's work to an alternative

approach based on virtual work.

Several specialist programs have been developed to
use the results of Koiter. Haftka et al. [11i4]
correlated the nonlinear pre-limit point behaviour of
a structure with the imperfect behaviour of a
structure which bifurcates under a given loading.

Riks [81] and Carnoy [115] have alsoc written
specialist programs. Their greatest restriction, which
prevents their general application, is the requirement

of the evaluation of higher order derivatives.

7 Incorporation of Bifurcation Analysis into Standard

Packages

The most accessible source of information in a
general numerical package regarding the state of the
solution, is the stiffness matrix. Consequently,
methode which work directly with it ere the most
likely to be adopted.

To move onto a postbuckling path at a simple
critical point, the addition of the critical
eigenvector, (which is easily calculated from the
stiffness matrix), in conjuction with Newton-Raphson
iterations, seems to be gimplest way of tackling the
problem; there is no guarantee, however, that the

iterationg will converge.

For the case of multiple ceritical points a higher
order analysis will be required. Thurston's approach
{109] looks promising. He suggested that the higher

order terms of the Taylor expansion, in terms of the
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eigenvector coordinates, be calculated using finite
differences. For several eigenvectore the cost of

computation is not severe.
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9.0 Examples of Postbuckling Analysis

9.1 Postbuckling of a Perfect Plate Under Uniaxial

Compression

To illustrate the use of the elimination of passive
coordinates and the calculation of the postbuckling
path, the bifurcation of a simply supported plate
under uni-axial compressive loading, will be analysed.
Taking only seven input bagis function terms the
problem is amenable to solution by hand. The
application of the method to larger problems using the
computer program will be looked at in the final

example (see section 9.2).

Several differences occur in this analysis to a
corresponding one using Thompson and Hunt's [93]
original method. The results obtained are identical to
a corresponding Rayleigh-Ritz analysis. For brevity,
the working for this analysis will not be given. Note
that the prebuckle path is not eliminated as would be
required by Thompson and Hunt's method and
consequently the analysis is more flexible. It can be
used directly to calculate bifurcation branches from
nonlinear paths, provided a good estimate of the

bifurcation point can be obtainead.

Congider a plate, of width b and length a, subject
to an inplane compressive load of P, similar to that
shown in fig (5.1). The sides are held rigid; thus
the problem corresponds to ‘'case a' in Chapter 5. The
von Karman equations, which were set out in section
5.1, are used to model the plate's behaviour; now
though, the imperfection w, is set to zero. The
vertical equilibrium equation (5.3c) has been
simplified, with Py and P, set to zero. This destroys
the symmetry of the corresponding discrete equilibrium
equations leading to a nonsymmetric stiffness matrix.

Since the stiffness matrix is not assumed to be
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symmetric this causes no problemg, the solution being

identical to one obtained usging the full equation of

(5.3¢).

9.1.1 Assumed Displacements

From the discussion in chapter 5, the following set
of displacement functione are consistent, with w

being fully coupled with u and v,

mux n
W= q;Sin—.Sin—y
a b
2mmTx 2mux 27
u = -Q3x + q,Sin + ggSin .COB-;V (9.1)
2mny 2mmuUx 27
vV = Qay + Q4 Sin + Q;Cos8 .Sin—;y

9.1.2 Egquilibrium Equations

Substituting (9.1) into the equilibrium equations
(5.3) and applying Galerkin's Method to the resulting

expressions, generates the following equilibrium

equations,

for qy.

prta m2a mda n3a
b’ .ql - é—;.(l*V)kquj - ’é_b'i‘-(l*V)kq1Q4 + -z’gz‘kq!qs

+ ‘—_2 (1+v)k Q - 3—' (1+v)k + '_""‘3 K
2b 178 2pn? 156 2p2 77

wta

;.—6—1;5.. (1+2v)q,’ =0

(9.2a)
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for Q3
1"2& 2 a = 0
- ——.(1-v)kqg ? - 4makds (9.2b)
4b
And,
‘“33 2 aﬂzgkqﬁ = 0
- oz (1-Vikay? - B (9.2¢)
where qQy=q, for q,. and qy=q; for 9e-
Ang,
m3a a a
-2 2 _ g22 — 2=, (3-V)Kqy =
s KQ, w b.(1+v)qx w 5 v (9.24)
where,
Q¥=Qs » Qy=49; for qg
Q¥=497 + Qy=9s for q,
And finally for Q,,
Uil (1-v)kaq,? 4makq o
- -V - a =
4b a1 ¢ (9.2e)
Et
where K = T 2
2(1-v°©)
For ease of calculation, m = a/b is assumed. To

complete the calculation of the equilibrium equations,
the virtual work done at the boundaries must be
included. The non-zero boundary integrals are then

added to the corresponding equations calculated above,

b a
- J (Ny-P/D) 6Q3 (-x) ay =0 (9.3)
0 (o]
and similarly along the boundary y=0,b,
a b
- I Ny 6Qs ¥ ax = 0 (9.4)

0 0
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The final equilibrium equations are therefore,
for Q3 .
Tla

E;—.(1+v)kq,2 - 2abkQ, + 2vabkQ, + Pa = 0 (9.5)

and for Q,.

wta

4o

.(1+v)Kq,? - 2abkQ, + 2vabkQ,; = O (9.6)

9.1.3 The Stiffness Matrix

To obtain the solution for the buckling locad and
initial postbuckling path, it is necessary to evaluate
the Jacobean and then examine its components.

Assuming that Q3 and Q, are non-zero on the
fundamental (prebuckle) path, the Jacobean J, is

expressed as follows,

[ 1
agy . . By . . .
. az; . . . . .
. . a3y . . a3 .

(Kl = | a4, . 844 - . . (9.7)

. . . . ass . .
. . agy . . 855 .

- . . . . . a3y ]

a;1 = 844 = —-2abk B4 = 84,y = 2vabk
4m?ak

a = 8 = -
22 $S b

2 m2a

Q34 = B“ = - ;.(3-\’).( 33‘ = a‘s = - T.(1+\’)k
prta nia
a;, = - _—'-(1"'V)k(Q3-VQ3)

bl 2b
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9.1.4 The Fundamental Psath

Solving the equations by the Newton-Raphson Method

(section 4.2), for the increments Aq glves,

Aq = -[K1"l.F (9.8)

where,

AqQT = [ AQ,. AQ,. AQs. AQy. AQg. AQ;, AQ; )

and,
FT = [ Pa, O, O, O, O, O, O ]
and,
- -
Byy - - by - . .
. bzz - . - - .
. . b33 . . bs‘ L3
[5]_‘ = by . - b4y . . .
- . . Y bss . .
.« bgy . . bgg .
. . Y Y Y - b;?
where,
b b b § \Y
) = = - b = b = -
11 44 Ebta 14 41 Ebta
b
b = b = e ——
22 Ss lur'"ak
b b (3-v)b b b (1+v)db
33 = 66 = ~ = S A
8m2ak(1-v) 3¢ €3~ 8mtak(1-v)

1

b =
77 pTta nwig
- s (1+V)K -
o? Py ( YR(Qy~-vQy)

Multiplying (9.8) out gives the solution for the
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fundamental path,

P VP
aQ, = — and AQ, = — (9.9)
Ebt Ebt

This solution exactly satisfies the equilibrium
equations; thus AQ,; and AQ, can be replaced by the
full Qy and Q. Asc might be expected the solution is
the same as calculated in section 5.2.2. for the

prebuckle solution of a perfect system.

9.1.5 The Buckling Load

The critical load is attained once the Jacobean
becomes singular. For this example, it is easy to see
by expanding out along the bottom row, that the
determinant of the Jacobean 1is zero if a,, also goes
to zero. Thus subsgtituting for Q, and Q,, given by
(9.9), into a;; and evaluating, gives the critical

locad P© as,

(9.10)

9.1.6 Calculation of the Postbuckling Paths

9.1.6.1 Elimination of Passives

Now that the critical load is known, it is possible
to calculate the postbuckling path as follows.
According to the method set out in section 8.5, the
passive coordinate expansions must be calculated
first. 1In general the critical equation will not be
decoupled and the singularity will only appear during
the inversion of the Jacobean. For this particular

case, the active equilibrium equation is that

associated with lateral displacement Q; and the



remaining equations are passive.
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The first-order passive coefficlents are calculated

by differentiating the passive equilibrium equations

with respect to active coordinates.

ag one of the active variables.

89, 89
3q, a°p
aqy 221
#a, o8P
dqs 9Qg =
aq, o8P
Qg ESA
aa, oP
93y 9Q¢
aq,; oP
aq;y _59_7_
aa, P |

and

To give the system
its full range of variation, the load 1s now included

Thue from (8.33),

Continuing the process as prescribed,

O O 0O o o o

-a

© 0o 0o o o

(9.11)

the second-order

passives are then calculated from equation (8.35),

a2q,
aq,3
a%q,
8q,?
azqs
aq?
a2Q,
aq,z
a2qq
aq,z
azq7
9q,?

3%Q,; 82Q,
8q,8P a8pP?
6294 aZQ4
8q;9P @aP?
82qg a%qg
3q 9P 4ap?
8%qQ, 32Q,
2
82qy a%qg
8q,9P ap?
62Q7 azQ7
aq,9p ap?

c
C2
Cs
C4
¢s

| ¢

O O 0O 0O O O

(9.13)

0 © 0 0O 0o O
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where,
s
ey = —¢;, = - ——.(1+V)k
2b
c c s (1-v)k
2 = = _—. -
> 2b?
o w3ak
= Q = -
3 é sz

from which the non-zero, second-order passives are

found to be,

a%qQ, ] [ w? 1
8q,? ap?
62Q4
- T (1'\,)
azQS ™
8q,% | = 8b
azQa we (9.18)
aq,? Y'Y
azq‘
- —.(1-v)
aqlz 8
6207 w
aqlz 8b
L J " d

The third-order terms are all zero. Therefore the
final Taylor Expansions: of the passive coordinates

are,

AQ AP 1[ﬁ2 ]A 2 (9.1
- ———— + — c—— -
3 EBt zlup2z )" >8)
A 1[ L (1 v)]A 2 (9.15b
W = 2| 8o a1 -15b)

’ ifw 2
AQg = E E; AQy (9.15¢)
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VAP a[ w? 2
AQO = —_— bt -"_2 AQ‘ (9.154)
Ebt 2 Lb
a i r (1 )]A 2 (9.15e)
= —_y- -V Q9 . e
s 2l &b !
A [T ]A z (9.15¢)
Q = —|—I|aq .
7 2l8pl !

9.1.6.2 The Governing Equilibrium Equation

The last stage in the elimination process 1is to
expand the active equilibrium equation in conjunction
with the passive coefficients, calculated previously,

to give,

1[ 3T4aEt ] A, ﬂzaAPA o (9.16)
6L 16b3 a1 apz. o :

9.1.6.3 The Fundamental Path Solution

One of the solutions of (9.16) is Aq;=0.
Substituting AqQq; back into (9.15), extracts the
fundamental path from the non-zero components of
(9.15a, 9.154).

9.1.6.4 The Postbuckling Paths

Alternatively AqQ,; is non-zero and given by.

8b 172
Aq, = + { AP] (9.17)
- m2et

which is the solution for the stable postbuckling
path. Fig 9.1 compareg the above soclution with that
obtained in section 5.3.1, in which an initial
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imperfection in the buckling mode, q,, was introduced.

It can be seen that the paths approach asymptotically.

It is8 convenient to stop the analysis at this stage.
The computer program, however, goes on to solve the
intersections of the paths given by the various
solutions, with a n+1 dimensional spherical
constraint which encompasses the bifurcation point.
The next example will utilize the program in solving
the postbuckling paths off a ncnlinear fundamental
path associated with the axial compreseion of a

perfect cylinder.

9.2 Axial Compreseion of a Cylinder

This last example examines the postbuckling
behaviour of an axially compressed cylinder. A recent
book by Yamaki [116] has 'pooled' together his results
from 17 years of experimental and theoretical research

into various aspects of cylinder buckling.

Of particular interest are his experiments on
polyester cylinders which have a Young's modulus of
E=5560 N/mm? and a Poisson's ratio of v=0.3, and which
remain completely elastic well into the postbuckling
range. This property of the test cylinders reveals a
surprising facet of the cylinder's behaviour; as the
compression of the buckled cylinder ie increased, a
dynamic snap occurs at which the number of waves in
the circumferential direction is decreased by one, and
the load drops to a lower path, indicating either a

snapback or secondary bifurcation.

The primary objective of this analysis is to
demonstrate the calculation of the post-bifurcation
pathse. But at the same time it highlights the
weaknesgs of many approximate methods of solution,
when the inherent nature of the problem is highly

nonlinear.
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The crux of the problem is the increase in
proceseing required to calculate the nonlinear cubics.
Suppose a single term is added to a s8ix term series,
127 additional cubic terms will be generated, each of
which 1s reduced to 64 linearized terms. These terms
mugt then be further multiplied by Galerkin weighting
functions and integrated. Consequently the cost of
calculation, crucially limits the effectiveness of the
method when a large number cof ncnlinear terms need to

be included in the analysis.

A compressed perfect cylinder has a plethora of
postbuckling paths, which cascade down from
bifurcation points strenched out along the fundamental
path. It is impossible to incorporate all the paths at
once; therefore in selecting the modesg, behaviocur of
the cylinder is restrained to the chosen path. As
mentioned earlier, experimental evidence shows that a
cylinder will dynamically snap between these different
solutions as it 18 compressed; using a modal type
solution these particular paths are essentially
independent, as there are no direct cross terms
becauge of the orthogonality of Cos(ny/R) and
Cos((n-1)y/R), which model the circumferential
displacements. But they are indirectly connected by a
Cos((2n-1)y/R) or Cos(y/R) term. Because of the cost
of obtaining a solution, these passive modes are
excluded, along with the possibilty of modelling this

particular aspect of postbuckling behaviour.

Owing to the cost mentioned above, only those W
modes which are directly connected to the buckling
mode can be included; similarly the associated u and v
terms are also restricted. The results presented later
show that the compromises between terms that could and
could not be included have severely restricted the

accuracy of the solutions.



9.2.1

The Donnell EqQuations

iol

The Donnell equations [117] differ from the von

Karman plate equations (see section 5.1) by a single

term in the circumferential strain definition,
where R is the radius of curvature; R tende to

infinity.

a curved plate becomesg a flat plate.

"'W/R'

Hence,

the strain (9.18) and eqQquilibrium equations (9.19)

are,
2 2
du 1( dw 8w
€y = — + —[ _— ] - Z——? (9.188)
ax 20 ax ax
2 w d%w
gy = av ., i[ v ] -2 z— (9.18b)
ay 2 8y R ay
w aw
e, = 2,0y, A (9.18¢)
X T gy 8x 8x a8y
MNx , Mxy |, p, =0 (9-19a)
ax ay
Ny , Mxy , p, =0 (9.19b)
8y ax
2 2 2 a aw aw
a2M, aZMy, aM!+£¥+-—[Nx——+ny;;]
ax? axay ay? R ax ax
9.19c)
a ow ow P 0 (
a8y X oy
with the corresponding boundary conditions,
- - .20a
Ny = Ny op w=w (9-20a)
- - (9.20b)
Nyy = Nxy or U =u
aw - -
aM aM ow aw  _ W= W
X, XY, Ny— + nyay Q, or
ax ay ax (9.20¢)
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- aw 8w ( 204)
M, =M or —_—= - 9.
x x ax  8x

where the bar indicates prescribed values.

9.2.2 Assumed Series Solution

The test cylinder described by Yamaki [116) had
essentially encastre boundary conditions, but some
effects were observed which were attributed to a lack
of rigidity of the loading mechanism. With this
proviso, the boundary conditions which Yamakil assumed

for his theoretical analysis at x=0 and L (see fig

9.2) are,
aw du
w == — = Vv = 0 (9. 218)
ax oy
2MTR 27TR
o 0

He also used the additional assumptions that,

au av

—— =0 (9.210)
ay?

In Keeping with these boundary conditions, the

following series expansions for u,v and w are assumed.

m P
imx (9.22a)
u = E E ujy Sin—L— Cosd—:—g

i=1 3J=0 (1=1,2,...,
J=0,1,2..)



Fig 9.2 Cylinder in Compression

RN

Material Data
E=5560N/mm? v=0.3

Geometric Data

L=71.9mm, R=100mm,
h=0.247mm

96T
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m P
Iny
v = E Evid [Cos(i—l)x/L - Cos(i+1)x/L ] Sin—R—-
i=32 J=1
(ioj=102'-0)
(9.22b)
m ) =
W = E Ew [Coa(i-l)x/L - Cos(i+1)x/L ] COB-;I—n—!
i3 R
i=1 3=0
(i=1929¢.

J=0,1,2, -)

(9.22¢)

' 9.2.3 Choice of w terms

Hunt et al [118) show that the difference between
the stable postbuckling behaviour of a plate and the
unstable postbuckling behaviour of a cylinder, is
because of the destablizing interaction between
components of the w modes derived from the quadratic
and w/R components in the strain equations. Therefore
eince there isg a restriction on the number of modes
which can be analysed, the choice of w modes is
governed by the requirement that terms which interact
with the buckling mode are included in the assumed
series. Similarly u and v are chosen to couple with

these w modes.

9.2.4 Results

From Yamaki'se experiment the initial postbuckling

shape was dominated by the w mode w,;, where n=1l4;

consequently the following modes were assumed,
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/ =\
W Modes U Modes V Modes

35 mode analysis

10, 30, 50 20, 40, 60 21, 41, 61

2 1 11, 31, 51 12, 32, 52

12,32, 52 22, 42, 62 23, 43, 63
13, 33, 53 14, 34, 504
2 4, 4 4, 6 &

In addition to the above modes, -u;x was introduced.

The corresponding solution is plotted in fig 9.3. The
cylinder buckled at 1.04P,,where P, is the classic
buckling load,

b - 2WEh?2 (9.23)
¢ 7 (3(1-v2))t/2 )

and reached a minimum at 0.493P,, before increasing.
In order to try to reduce the mimimum, two addition w
modes were added to the calculation. It was not
possible because of space limitations to add the
appropriate u and v termsg though. The modes used are

listed below,

' W Modes U Modes V Modes )
37 mode analysis
i10, 30, 50 2 0, 40, 60 21, 4 1, 6 121
21, 4 1, 6 1 11, 31, 51 i2, 3 2,
12, 32, 52 22, 4 2, 62 23, 4 3,
13, 33, 53 14, 34, 5
i 24, 4 8, 64 ]
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Fig 9.3 Experimental and Theoretical
Load—endshortening Plots (1)
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The additional modes have the effect of reducing the
ceritical load to 0.955P,, but conversely raise the
minimum postbuckling load to 0.501. 0Oddly though, the
paths diverge as the endshortening is increased. Figs
9.4 and 9.5 show the deflected shape of a W/1U sector
at various pointe on the loading path, (the details of
which are given in tables 9.1 and 9.2). To enhance
the buckle form the lateral displacements have been

scaled by a factor of 5.

Additionally, the ocut-of-balance stresses have been
pPlotted. These stresses have been calculated by
substituting the modal solutions for u,v and w and the
corresponding coefficients back into the equilibrium
equations (9.19). The longer the vector, the greater
the imbalance in the internal stresses. Note that the

vectors in 'c¢' have been scaled by 1/4.

Ag the compression increases, so do the imbalances -
the 37 mode more than the 35 mode, which indicates
that the extra modes do not improve the accuracy of
the solution. Data of the absoclute maximum residuals
is8 given in the tables below, along with the applied

inplane stress.

Table 9.1 Regiduals of 35 Mode Solution

P P/2WRh Ry Ry, Ry

(N) (N/mm?) (N/mm?) (N/mm?) (N/mm?)
a 937.2 6.0388 0.1059 0.0468 0.0396
b 635.8 4.0971 0.3051 0.0995 0.0723

c 1323. 8.5283 1.5305 0.9420 0.2417



Fig 9.4 Displacements and Stress Residuals (1)
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Fig 9.5 Displacements and Stress Residuals (2)
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Table 9.2 Residuals of 37 Mocde Sclution

P P/2WRh R R R,

2 X ¥

(N) (N/mm2)  (N/mm?)  (N/mm?)  (N/mm?)
a 883.6 5.6938 0.1275 0.0534 0.0567
b 647.6 4.1727 0.3497 0.1171 0.1021
[ 1284. 8.2788 1.5441 0.9454 0.3665
To allow the edges to pull in non-uniformly, the

35 mode analysis was supplemented by the following

modeg in u,

2
KRTx Jny
u = u Sin c k=1, .24)
S uy st ol a3y o
J=0.,1

This corresponds to one end being held rigid, as the

other applies the end displacement.

The resulting solution (41 modesg) is compared to the
previous 35 mode analysis on fig 9.6. The release of
the inplane displacements reduces the buckling load
from 1.04P, to 1.02P, and the minimum postbuckling
locad to 0.467P,.

9.2.5 Comments on Analysis

The lack of agreement between the experimental and
theoretical analyses, as clearly shown in figs 9.3 and
9.6, is attributable to the inability to include
enough terms to model accurately the postbuckling
pathe., Yamaki [116] solves the problem using the
streaga function. For the problem analysed above he
obtained reasonable agreement by including 20 modes in

his expansion of w, this is obviously impractical if u
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and v are to be included as well. But even taking
advantage of the stress function, the analysis bresks
down for longer shells. In this case as L is increased
to 500mm, Yamsaki admits that the analysis 'is some
what insufficient for large deformations of long

shells'.
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10.0 Concluding Remarks

This study has examined the application of
Galerkin's method to various linear and nonlinear
gtructural probleme. Particular attention has been
focussed on the solution of the von Karman and Donneil
equations, for which alternative solutions derived

from a stress function are available.

The use of the stress function is possible owing to
the linearity of the u and v components of
displacement in the strain eqQuatione. The shallow
shell assumptions, which make this simplification
possible, 1limit the range of reliable application of
this method. For some problems the full shell

egquations derived by Sanders may need to be solved.

For a well conditioned problem with one nonlinear
displacement variable, the calculations are tractable.
If the other displacement variables are to be modelled
nonlinearly as well, then the calculations become
nearly impossible. Further, the cylinder example shows
that in some caseg 1t i8 not enough Just to include
modes which model or instigate the initial
deformation, as the nature of the solution may evolve,
drawing in more and more modes. To properly include
these effects, the nature of the interaction must be
understood. If not, a blanket approach of throwing in
full sgeries of harmonice must be used, the
effectiveness of which is8 limited by the number of

terms that can be included.

This approach 1is not possible unless a selective
integration policy is adopted. Most of the higher
order terms are only important because of their
interaction with dominant modes; yet if Galerkin's
method is fully implemented their interaction with all
other modes must also be calculated. This poses an

interesting challenge.
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whilst trying to cobtain a solution to the cylinder
buckling problem, certain modes were excluded on
a trial and error basis, depending on the magnitude of
their coefficients in previous sclutions. The results
obtained by omitting some modes and including others
were, to say the least, unpredictable. If the
significant contributions of these modes could be
included without having to evaluate them fully, then a
solution to the fully nonlinear shell equations could

realistically be attempted.

The task of matching u and v modes with w modes,
will be easier for these equations. Additional modes,
which are produced from the linearization of w, will
also appear from the linearization of u and v;
conseguently the imbalance between the numbers of

terms in u and v will be removed.

If thies problem is successfully overcome, then there
are poseibilities of applying the method to various
shapes of shell using methods currently available from
linear shell analysis [119]. In its present form, it
is possible to add other mechanisms such as the
elasto-plastic stringer model derived by Ronalds [120]
to model the failure of a stringer stiffened shell,

for example.

The direct application of Galerkin's method to the
equilibrium equations, as was originally intended, 1is
not a very efficient way of proceeding in the solution
of nonlinear equations. It is far more effective to
work directly from the virtual work form of the
equilibrium equation. This reduces by half the amount
of computational effort required to calculate
nonlinear terms, and also removes the uncertainty as
to whether or not a boundary integral has been
correctly included. The number of integrations
evaluated can be further reduced by taking account of
the symmetry guaranteed by use of the virtual work

equation.
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One facility which wags incorporated into the program
wag the ability to mix harmonic and hyperbolic series,
with the objective of including the complementary
solution of the governing homogeneoug equation, 1f it
is known. Complex arthimetic has to be used to
integrate mixed functions, which is very costly in
computation and storage. A single multiplication
requires four individual multiplications and involves
the storage of two complex coefficients. This is very
inefficient as a standard means of solution and should
be replaced by a method for the solution of purely

harmonic functions.

The stress function has proved very useful. There
is8 no reason why it cannot be implemented as a
weighted residual method, with the introduction of
series for both the stress function and the lateral
displacement function w. It would then be possible to
introduce enough terms to evaluate realistic solutions
to the cylinder buckling problem. But it has its
limitations. As mentioned before, if solutions are to
be sought to an extended class of problems, u,v and w
will have to be considered together. This 1s also true
of any elasto-plastic problem. In deriving the
compatibility equation, it is assumed that the middle
surface strains can be related to the inplane
stresses, which is only valid if the structure is

elastic.

In thie thesgis, the limitations of Galerkin's method
have been exposed, without an extended attempt to
assess 1ts performance over a wide range of problems.
The examples chosen have been used to illustrate
different characteristics of both the method and the
solution of nonlinear equations. It is likely that
for problems dominated by a single mode of deformation
the results will be reasonably reliable.

Unfortunately the evidence presented in this thesis

has not been able to totally champion the cause of
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Galerkin's method, as initislly hoped, nor does it
condemn it asg an utter failure. Therefore the verdict

given for 1its further application must be limited.
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Appendix 1

Gauss's theorem may be stated as follows, 'If the
functions £(x,y) and g(x,y) are continuous and have
continuous derivativesg in a region R bounded by &

sectionally smooth curve C, then the formula,

II[ 8f(x.v) dg(x,¥)
2Tl BT

]dxdv =
ox oy

R
é [f(x.v)dy - z(x.y)dx]

(1)

holds, where the integral on the right is a line
integral round the closed boundary C, of the region,
taken in the positive sense of description, ie in
such a way that the interior of the region R remains

on the left as the boundary is describea [9].'

Consider £(x,y) = Ny éu and g(x,y)=0, then (1) is

written,

8N, a du
—= &u + Ny, axdy = N, du ay (2)
oax ax

R

Fig Al.l1a shows a rectangular domain over which the
integration is to be evaluated. The line integral
along the boundary, can be gplit into four sections,

1) (ooo) -> (aco)

2) (a,0) -> (a,b)

3) (acb) -> (0.b)

4) (o,b) -> (0,0)

Since Ay is zero along sections '1)' and '3)'. the
l1ine integral in (2) becomes,
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(a,b) (0,0)
fﬁ Nxéu ay = J Nxéu dy «+ J Nxéu ay
(a,0) (o,b)
(a,b) (0,b)
= I Nxéu ay - J Nxéu ay
(a,0) (0,0)
b

I3k

Therefore (2) can be written using (3) as,

0

b

[ me 222 Jaxay = - [[[ 52 ou Jaxav « [[reen ]2)es

o

(a4)

where the virtual work integral has been transformed
into a component of the final equilibrium equation and
a boundary integral from which the natural boundary

conditions ¢can be deduced.

Now consider f£(x,¥y)=0 and z(x.y)=Ny6v. the process
may be repeated, substituting into (1) gives,

oN a9 év

—_ = -
I”: oy év + Ny P ]dxdy = é Nyév dx (5)
R

Fig A1.1b shows the rectangular domain over which the
integration is to be evaluated. The line integral
along the boundary, can be split into four sections,
1) (0,0) -> (a,0)
2) (a,0) -> (a,b)

3) (a,b) -> (0,b)
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u) (0o.b) -> (0,0)

Since dx is zero along sections '2)' and '4)', the

line integral becomes,

(B.O) (ocb)
- é NycSv dx = - J Ny5V dax - .[ Nyév dax
(0,0) (a,b)
(a,0) (a,b)
= - J Nyav ax «+ J Nyav dax
(0,0) (0,b)
a
[ [ N6V ]b ] ax (6)
y o
(o]

Therefore (5) can be written using (6) as,

a

[Em 555 Jomar = - [I[ 5% o Jomow « |([wev JJox

o

(7)

where again the virtual work equation has been

transformed into a more amenable form.

The above integrals are greatly simplified since the
line integrals are performed along the coordinate
axes. Similar results hold for arbitrarily bounded
domains. For example see Timoshenko and
Woinowsky-Krieger [28] who apply the method to an
arbitrarily shaped plate.
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Appendix 2

Coefficients for the Solution of equation 3.4

[ DD, - H21'/2 Cogyb + 2D,, tanhnb SineB

Xy
[ DxDy - H21'/2 tanhnb Singb - 2Dy, Cos¢b

Al =
= -gAZ
mm] 3 mwx
Ay |—| Sin| — Coshgb
L L
+ [[Dxny]"Z(zr,-rz) - n,(gr,+rz)] tanhnb Cos¢b

+ [[onyll’z(r,+znz) - D,(p,-zrz)] Sineb

m1
+ EI—Z[¢Cos¢b + tanhnb Singb ] - P =20
where,

b = B/2
Pp = Fourier coefficient of load

mm [ 1 ( Dy ]"2 1 H !'/2 myr
n = p - * > o =

L L2 (b, 2 Dy | L

mm [ 1 [ Dy ]"2 1 H J!/2 mTr,
Qe = — - L - - = =

L L2 LD, 2 Dy, L

See ref 80 for further details.
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Appendix 3

This appendix contains the numerical performance of
the qQuadratic evaluation of the plastie strain rate
multiplier A,

(see section 6.5 and 6.6), compared to a

set of prescribed benchmark tests [93].

Data for Bench Mark Test (1)

*Exact'! Soln. 1 Sub. Inc. 10 Sub. Inc.

Ix %y S % : Tx Sy
5.54700 1.38675 5.54700 1.38675 5.54700 1.3867s
S. 74747 2.39930 5.77253 2.97817 5.75022 2.42648
0.20046 1.0125K5 0.225524 1.59142 0.20321 1.03973

-5.19174 -0.40824 -4.95991 0.07923 -5.18078 -0.38366

100 Sub. Inc.

Ix Sy
5.54700 1.38675
5.74745 2.39930
0.20046 1.0125%

-5.19158 -0.40817



Data for Bench Mark Test (2)
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'Exact' Soln. 1 Sub. Inc. 10 Sub. Inc.

a‘x oy ax Gy ax ay
5.54700 1.38675% 5.54700 1.38675 5.54700 1.38675
5.74747 2.39930 5.77253 2.97817 5.75022 2.42648
4.32623 5.47413 3.50267 5.72607 4.23818 5.5ah44
3.30808 5.75194 2.71560 5.77018 3.25054 5.75752

~1.92219 3.75366 -3.22677 2.53282 -1.98067 3.70623
~-4.75710 O.4547h -5,60044 -1.62122 -4.81507 0©0.35133
-5.31455 -U4.61091 -3.88557 -5.64100 -5.25823 -U4.69389
~-3.66784 -5.69530 -2.54860 -5.76078 -3.58069 -5.71259

100 Sub. Inc.

ax ay
5.54700 1.38675
5.74745 2.39930
h.32623 5.47413
3.30806 5.75190

-1.92222 3.75364
-5.31454 -4.61092
-3.66783 -5.69530
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increment

where the

Dyy Dy Dy, A€y
= Doy Dzz Dzs A€,
D D D AE
] i 31 32 39 | | A8y |

Appendix 4

pendix details the material matrix [g]
he incremental stress Ag vector to

al strain vector A€,

elements of (D] are,
®(1-a8,%/8;)

@(1-aS,2/8,)
E/2(1+V)*[1-2a(1-V)axy,2/S,]
@(v-aS;S,/8S,5) = Dy,

@(~a(1-V)S 0yy,/Sy)

|
=]
w

¢(—d(l—V)Sszy/83)

L

o
w
N

P = E/(l-vz)v

a=0 when gtrain increments are elastic

a=1l W

2]
f

hen strain increments are plastic
Sx+VSy S; = Sy+VSy

Sx? + 2VSy,Sy, + Sy? + 2(1-v)ayy?

217

which
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Appendix 5

This appendix contains the derivatives of the
individual terms of the equilibrium equations. The
explicit differentiation of these terms is implied in
equations (8.32)-(8.37). The simplest and surest
method of performing the differentiation is to program
it explicitly. The maximum power of the poclynomial
terms of the discrete equilibrium equations iz three,
correspondingly the coefficients of the Taylor

expansions will also be restricted to the third order.

1 Differentiation of linear Term

Firstly consider the differentiation of Jjust one of
the coordinates Q4+ The first differential is,

a aq
9qQ4 @ gy £

1 if & is a passive coordinate

where C = 1 if g = 4
0 if & = 1 and & ies an active coordinate

Differentiating again gives,

a2 a2
39.59. (ag) = c.—2. (2)
19Q3 9q94dqQy

1 if & is a passive coordinate

where C =
0 if & is an active coordinate

And finally differentiating a third time gives,
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8l 63Qg

(ag) = cC. (3)
4qQ48q948ak

8Q318Q49qQy,

1 if & is a passive coordinate
where C =
0 if &g 12 an active coordinate

Differentiation of a Quadratic Term

Differentiating the quadratic term qgy.ay generates
the following, where the first order differentials

are defined in '1' above,

d 83g 8dy (4)
-— ) = .Q + -q
aay P 8ay ¥ aay 2

and differentiating a second time gives,

2 2
8% (agay) _3%dg . . 279w _ ,q,
aqiaqd 8qQ49qy 99399 (5)

from which the last terms will be defined,

dq
_ 8ag day 99y 249g (6)
Lz(goV’).id = aQi aqd aqi aqd

es
And finally differentiating a third time gives.

3
a? : ) a’ag ay *+ __3_323——.qg
Axq = . 8q9Q494dk

aag d%ay , 995 9°%v.

aag 9%ay .

aqy 9Qjdqyg

+

(7)

2
2 ddy aqu 4ay 974
+ Bqﬁ‘_..a qg_ + d . + J ————Jg—_

‘aq4949
dq4 9Q49qyg 8q4 9ak9ay dai 9494993
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from which the last terms will be defined,

2
day 8%ay  dag 8%ay 83 9 dy
L,(ﬁo“')-iﬂk = . + . + 'a aa
8qy 8Qjdak 9q34 9q9Kaqy aqQy 924993

(8)
L d%ag  day a%qy ., 29y 3%ag
8ay 8ay8qK  Adqy dayday  day 99199y
3 Differentiation of a Cubic Term
The first derivative of Q- Ay o is=s,
a dag aq ddg
— (qQgQyqg) = + Ay + —‘2-Q Q + —.Qx9
aay gAyde aay vie aay & 2ay g4e
And the second derivative is,
a2 ( , a%q
— (QgayQ = «Quq
9q4dqQy giv=e 9Q419qy ¥vee
(9)
azqw azqe
+ <dgqde + . Qgay
aqiaqd 691303

+ QgLy (¥,©).13 + quL,(F,0),13 « qeLz(g.w).id

And finally the third derivative ig,

63
(agayde) =
dajdajaq, 2V
3
?igg‘— ayde * ‘“—2‘3!—— Axae + aaqe
9238Q4aqy 3218338q)," 278 BQiGQJan.ngw

(10)

8a 33y dq
+ gaf-Lz(w.e).id + aqk-Lz(ﬁ-e).id + SEQ,Lz(g,w),ij

+ ngLs(w.e).idk + Qng(ﬁ.e).idk + qeLg(IZf.\l').iJK
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The process can be continued indefinitely. For the

examplesg congidered in this thesis, all the higher
order terms are in fact zero.
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