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approximate the variation In the Y direction can then 
be seen. The exact solution Is of course given by the 
first term of (3-5).

The results of assuming a solution of the form*

substituting into (3.3) and performing the Galerkln 
procedure* are shown in figs 3.2 and 3.3. The series 
was evaluated at x«L/2. The error was measured as the 
difference in the displacements of the actual and 
approximate solutions* and has been
non-dlmenslonallzed by dividing by the displacement at 
(x=L/2,y=B/2), the point of largest deflection.

Considering first fig 3.2, it can be seen that the 
one mode analysis forces the structure to bend as a 
uniform beam and consequently over predicts the 
displacement at the centre of the flange. Along the 
boundaries y=-B/2,B/2, it is noticeable that there is 
a far smaller error in the displacement. The weighted 
residual balancing of the work done at the boundary 
and in the plate means that the work done above the 
zero line should equal that done below. A quick look 
at the rigidities of the problem (fig 3.1 )« reveals 
that the bending rigidity of the web in the x 
direction is 105 that of the flange; consequently it 
is to be expected that a smaller error will occur in 
the displacement at the web/flange Junction.

Allowing some variation in deflection across the 
flange width, with the introduction of a second mode, 
results in a large decrease in the relative error.
This is further illustrated in fig 3.3 where 
additional terms of the series are taken.

n=0
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The oscillatory nature of a weighted residual 
solution can also be clearly seen. This illustrates 
that while the overall error in the displacement may 
be small, the accuracy of the corresponding bending 
moments, which require the evaluation of the second 
derivatives of w may be poor.

3.1*3 Global Solution

Two schemes will be compared in the following. 
Firstly, extending the solution used in the preceding 
section for the ordinary differential equation, w is 
given by.

From symmetry considerations, m must be odd. Fig 3. 4 
shows the global error (as defined in preceding 
section), for two modes (m=l,n=2), eight modes 
(m=s3.n=3) and eighteen modes (m=5.n=5). Some numerical 
data concerning the maximum absolute errors in the web 
and flange is given in table 3.1.

The two mode solution (in fig 3.4) clearly shows 
that the weighted residual balancing also takes place 
along the boundary. There is an obvious increase in 
accuracy for the next two analyses. However, the eight 
mode analysis seems to be more accurate than the 
eighteen mode analysis. This is contrary to the 
crucial assumption that the greater the number of 
terms that are taken, the better the solution. This 
apparent anomaly is easily explained by considering 
the error along the flange/web boundary. Fig 3.5 
shows that a better solution is obtained from the 
higher mode analysis, but at the cost of larger errors

Cos
m=l n=0
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arising in the flange.

The second scheme Is based on the observation that 
the bending stiffness of the web is far greater then 
that of the flange and that the displacement along the 
beam consequently dominates the solution.

The solution wb, of a simply supported beam 
subjected to a uniform lateral loading is easily 
calculated as.

EJw k * .4
Zk

PL
12

PL
Zk (3.8)

Therefore a new solution is assumed in the form.

1 f P w = —  I —ei L zh
PL
12 51-]£>■(=?)

n=0
(3.9)

From both table 3.1 and fig 3.6, it can be seen that 
the series converges very rapidly. Note that the error 
at the boundary is small, even for the two mode 
solution.



Fig 3.6 Global Convergence Across Plate (S2)
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Table 3.1 Maximum Absolute Errors in Solution of
Equation 3.1
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Scheme 1 (SI) Sin/Cos series
No Modes |Max Error Flannel (Max Error Web|

2 1.147E-2 U,306E-3
8 3.111E-U 3.71ZE-U

18 1.914E-3 1.lllE-a

Scheme 2 (S2) Poly/Cos series
No Modes (Max Error Flanee| IMax Error Web I

2 1.097E-2 U.758E-5
3 3.118E-3 2.633E-5
U 2.346E-3 2.9&8E-5
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ft.O Solution of Nonlinear Equations

Application of Galerkin's method to nonlinear 
equilibrium equations reduces them to a set of coupled 
nonlinear algebraic equations. It is possible that 
more than one real solution to these equations may 
exist, but for a large number of problems the real 
solution will be unique. In these circumstances the 
solution methods derived from the linearization of the 
nonlinear equations are generally successful in 
obtaining a solution.

ft.1 Predictor/Corrector Methods

The initial displacement of the unloaded structure 
should always be known and consequently gives the 
first point on the solution curve. To obtain a second 
point, a load increment may be applied and the 
solution sought using the zero state of the structure 
as the first estimate. Successive iterations are then 
evaluated until the solution is considered to have 
converged with sufficient accuracy. The next load 
Increment can then be applied, this time the initial 
displacement is taken from the second point on the 
solution curve, and so the process is continued.

The application of the load Increment and its 
corresponding correction is known as the predictor 
stage. The succeeding Iterations are then known as the 
corrector stage.

The numerical solution obtained, consists of a 
series of discrete points on the load path. It is 
assumed that no serious detail is missing from the 
solution of the path at segments which lie between the 
known points. It will be shown in chapter 8 that 
certain phenomena can be detected from changes in the 
characteristic ’stiffness matrix* of the nonlinear
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equations. However, for the moment, the analysis will 
be restricted to regular solution points for which no 
difficulties are encountered in their evaluation.

ft.2 Newton-Raphson (NR) Solution of 
Nonlinear Equations

Define a set of functions g(x,P),

g(x.P> « f(x) - P (ft.l)

known as the out-of-balance forces, f(x) represents a 
linear or nonlinear system of functions of the 
displacements x, which are referred to as the internal 
forces, and P is the external load. When g is zero 
the system is in equilibrium.

Now expand about a point x, which is close to the 
solution x+dx. P, for the time being. will take 
a constant prescribed value.

g(x+dx,P) = g(x,P) dg(x.P)—  ~ . dxdx ~
(ft.2)

d2g(x,P) 
dx2

dx2
2 1

0

Truncating after the linear term and rearranging gives.

dx % - [K] 1 •g(x,P) (ft.3)

where.

dg(x.P)[K] ~ 1 “ ------~ dx

Note that the expansion of (ft.2) is about the
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point x where ®(x,P)*0 and that it Is evaluated at 
the point x+dx where g(x+dx,P)=0. that is, at the 
sought solution. This will only be a good 
approximation if the distance separating the points, 
dx, is small. Correspondingly, the Newton-Raphson 
method will only converge if x lies within the ’bowl 
of convergence* about x+dx.

The following sequence defines the Newton-Raphson 
iteration for a given load P. Guess a vector x^, 
calculate CK(x^)] and the out-of-balance forces 
g(xltP) (4.1). Calculate the approximate correction 
dxi from (4.3), and finally calculate the new vector 
£i-+ i •

2i+i = + d*i ( 4 . A )

The process is repeated until fif(X£+ j,P) lies within 
a given tolerance. Fig 4.1 Illustrates the procedure 
for a one degree of freedom structure.

4.3 The Stiffness Matrix

In the previous section, use is made of the first 
partial derivative of the out-of-balance forces 
function g(x,P). For a single equation, 4.3 can be 
evaluated directly, but for a system of nonlinear 
equations, [K] implies a matrix whose elements are the 
first derivatives of the space variable x, with [K]"1 
being its inverse. In a structural analysis context 
[K] is known as the stiffness matrix and it can be 
written as.
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Fig 4.1. 
NR Solution
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af, af,

ax, a x 2 a x n

a f  2 a f 2

ax. a x 2 a*n
{ • 2
: : 2

ax, a x 2 axn

The stiffness matrix can be given a physical 
interpretation. When it is evaluated on the 
equilibrium path, it relates an incremental change in 
load to an Incremental change in displacement.

If the structure is on the equilibrium path the 
out-of-balance forces must be zero and ( a . l )  can be 
written.

P » f(x) ( A . 6 )

Again expanding as a Taylor Series gives.

df(x) d2f(x) dx2f(x+dx) = f(x) + —  ~ . dx --r ~ + ....“ dx dx2 2!
( a . 7 )

For small dx, the series can be truncated after the 
linear term and rearranged to give,

dP * [K].dx ( a .  8 )

where,

dP = P(x+dx) - P(x) * f(x+dx) - f(x)

In addition to the stiffness matrix [K] defined above



an augmented stiffness matrix [K'3 will also be 
defined as*

** l af, af, af,
ax, a x 2 ax„ ap
a f 2 af 2 a f 2 a f 2
dx. a x 2 ax„ dP
2 2 •a a2 •• 2 2

af„ afn
ax. a x 2 ax„ ap

**m a*m a*«
dx, a x 2 ax„ ap

where [K] has been augmented by an extra column 
containing the derivative of the equilibrium equations
with respect to the load. Another equation fm , the 
choice of which will be discussed in section ft.5* has 
also been added to the equilibrium equations so that
there are n+1 equations to solve for the n+1 unknowns.

ft.ft Determinants and Negative Pivots

Some of the the terminology* which will be used 
later* referring to determinants and pivots may now be 
explained. The stiffness matrix may be factorized into 
three matrices, one an upper trlagonal* the second a 
lower triagonal and the third a diagonal. Owing to the 
symmetry of [K], the lower diagonal matrix is the 
transpose of the upper diagonal matrix*

K = LDLt (ft.10)
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where.
• - -

1 1 L1 2 Ll 3
L2 1 1 LT = 1
L3 I 1*32 1 1

-

D u

D2 2

Dj 3

This symmetry is lost if the augmented stiffness 
matrix is factorized, since klm*kw;1 (1=1,.,n.m), where 

are the individual elements of the augmented 
stiffness matrix. The matrix may still be factorized 
into an upper and lower triangular matrices however.

The determinant |K|, of the system can be calculated by 
multiplying the terms of D together,

n
IKI * n Dti (4.11)

i = l

Negative pivots arise when some of the individual 
elements Du* take negative values. The consequence of 
this is discussed in section 8.1.

4.5 Choice of Path Parameter

The system of n coupled equilibrium equations 
involves n unknown displacement coordinates and the 
load. The system is therefore underdetermined with 
more unknowns than independent equations.

An extra equation is therefore Introduced which 
controls the selection of solution points on the 
equilibrium path [84}. When load control is used this 
equation is written.
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P « rj (ft. 12)

whilst for displacement control,

x A * v  ( 8 . 1 3 )

where P and x^ are variables which take the prescribed 
value 77* The above equations can be introduced 
directly into the equilibrium equations without 
recourse to addins an additional equation to the 
Newton-Raphson solution. Problems will arise with this 
simple approach if a turning point in the prescribed 
variable is encountered.

An alternative method is to draw a n+1 dimensional 
sphere around the current solution point, which may be 
expressed as,

S 2 = Ax2 + AP2 (8.lft)

where the components of Ax are (x^-x-^0 ) (i=l,..,n) and 
of AP are (P-P°) and where S is the arclength. The 
superscript 'o* denotes the solution components at the 
last conversed position. The vector [Ax, AP] is 
therefore an incremental vector emanating from the 
last solution point.

For a one dimensional problem the spherical 
constraint equation (8.18) reduces to a circular 
constraint. Fis 8.2 shows the out-of-balance force 
s(x,P) for such a problem, which has been plotted for 
various combinations of load and displacement. The 
intersection of the base plane s(x,P)»0 with s(x,P) is 
the equilibrium path. The solution for various choices 
of constraint equation is also shown. For the case of 
load control the sought solution is the intersection 
of the equilibrium path with a line running parallel
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to the x displacement axis, whilst for displacement 
control the solution is the intersection of the 
equilibrium path with a line runnlne parallel to the P 
axis- The equilibrium path is single valued with 
displacement but is multivalued if the load is 
prescribed; consequently for this problem it would be 
better to use displacement control. Also shown is the 
arclength constraint. For a regular path there will 
always be two intersections with the path.

k. 6 Arclength Solution Procedures

There are several approaches to the application of
(4.1&), two of which are given in [82] [83], which
either retain the stiffness matrix in its original 
form [K], or which add a constraint equation to the 
existing equilibrium equations and use the augmented 
stiffness matrix [K1]. The latter formulation is 
applied in this thesis.

Multiplying the last row of the augmented stiffness 
matrix, which comprises the derivatives of (U.lU), by 
the Incremental Newton correction gives,

0 = 2 ( (x|~x,° ) (x2-x2°) ... (P-P°)

U.15)

<5*1

<5x 2
:

SP

or
0 * 2  AT. AT

where the vector T has been Introduced,

T — C x |, x2 , . . . , P ]

0 is the error in the constraint equation (tt.l4)
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which approaches zero as the solution converses. 
Instead of applying the restraint in this form, the 
correction vector <5T will be assumed to be orthogonal 
to the incremental vector AT, so that 0 is set to zero 
and the constraint is added directly to the augmented 
stiffness matrix as.

AT.*T ■ 0 (ft.16)

After the correction iteration ST is calculated, it is 
added to the current estimate of the incremental 
vector ATj and the resulting vector scaled so that 
(ft.lft) is exactly satisfied.

S T * ) (ft.17)

where.
S * 2 = ( ATj +ST$ ) . (ATj +<5T-j )

This ensures that the updated incremental vector 
always lies on the constraint surface. The advantage 
of applying the constraint in this way is that the 
stiffness matrix is nonsingular at a limit point of 
the load, (see section 8.3).

ft.7 Convergence Criterion

The Newton-Raphson iterations are considered to 
have converged once the correction vector is less 
than a certain proportion of the incremental vector.

tol > (ft.18)

For the elastic problems the tolerance is set at le-7
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and for the plastic problems at le-3.

4.8 Scaling the Load

The displacements of the structure are all 
essentially of the same order of magnitude whilst the 
(unsealed) load may be of a different order [113]. In 
fact it may totally dominate the incremental solution 
vector so that (4.18) effectively becomes,

I <5P |tol > ----  (4.19)|AP|

To circumvent this problem, the load is scaled by a 
suitable factor, usually the critical or limit load of 
the system. This is easily Implemented since the load 
appears linearly in the equilibrium equations.

4.9 Modified Newton-Raphson (M-NR)

The modified Newton-Raphson procedure is the same as 
the full Newton-Raphson procedure except that the 
stiffness matrix is calculated at the beginning of each 
step and retained throughout the solution for that 
particular loadstep. The method is illustrated in fig
4.3 for a system with one variable under load control.

Since the systems dealt with in this thesis Involve 
only a few unknowns, the full Newton-Raphson is used 
for all the elastic problems, but the modified 
Newton-Raphson is used for the elasto-plastic problems 
where there is difficulty in calculating the true 
tangential stiffness matrix, (see section 6.10).
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Fiff 4  3
M-NR S o lu tio n



5.O Nonlinear Elastic Example

The inplane loading of an imperfect, rectangular 
plate will be used to illustrate the application of 
Galerkln's method to a nonlinear problem. The effect 
of premature truncation of the expansion series for u 
and v after the prescription of w will also be 
examined.

5-1 The von Karman Plate Equations [85]

The best known equations describing plate behaviour 
are the von Karman large deflection equations. They 
make the assumption, among others, that the Inplane 
displacements are small, whilst the out-of-plane 
displacement may be of the order of the plate's 
thickness. Thus the middle surface strain equations 
are linear in u and v and nonlinear in w.

They are supplemented, in the following, with an 
imperfection in the measurement of w. w is still 
measured from the perfect state, but if the unloaded 
structure is to be unstrained, the structure must have 
and initial displacement of w=wQ,

The formulation is different to the well known 
equations of Maguerre [86]• in which the strain is 
measured from the initial imperfect state, so that w=0

(5.1)

exym ■ ay
d u av aw aw awQ awQ

ax ax*ay ax *ay
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corresponds to the unloaded, unstrained, state.

Making the usual assumption that plane sections 
remain plane during loading, the inplane strains 
measured away from the middle surface are given by.

ex

exy

exm

eym

exym

Z

Z

2Z

(

(

(

a 2w a 2w0 'i
a x 2 a x 2 J
a 2w a 2w0
a y 2 a y 2 J
a 2w a 2w0  
a x a y  a xd y

( 5 - 2 )

where Z is the distance measured from the middle 
surface. Substituting the Incremental form of the 
8train equations (5*2), into (1.1) and proceeding as 
In section 1.1.3, generates the equilibrium equations 
plus the boundary conditions. For the rectangular 
plate In question the equillbrulm equations are.

3NV--— + aNxy
ax ay

aNj, + O^xy

ay Ox

(5.3a)

(5.3b)

DV*w ' " 2Nxy- a zw

a x a y
- Ny

a zw
a y 2 - p.

dw aw+ Pv . —  ♦ ax py  —  y ay 0

(5. 3c)
and the boundary conditions are given by.

Nx = Sx u = u (5.. 4a)
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Uy = Ny or >u> (5* lib)

dMv--— +dx
3M«v flw 2.--“  + Nv.--ay x ax

dw ■* Qx or w = w
(5.He)

ay
aMvv aw2.--^ + Ny. -- +ax y ay

dw
“yx — * Qy or w = w

(5.Hd)

Mx * Mx or dW dW
ax dx (5.He)

II or dw dw 
dy dy ( 5. Hf )

where the bar indicates a prescribed Quantity. 
Additional terms from those considered in the first 
chapter (eqs 1.1-1.8), have arisen from the inclusion 
of the rotations 5w/flx and flw/ay in the strain 
definitions. The inplane forces now contribute to the 
vertical equilibrium and also to the Kirchhoff shear 
force boundary conditions (5*Hc,d).

5-2 Assumed Series Solutions 

5*2.1 Symmetry and Asymmetry

The origin of the coordinate system is at the centre 
of the plate as shown in fig <5*la) and the symmetries 
and asymmetries of u,v and w which govern the 
selection of the approximating series for this 
problem* are shown in fig (5*lb). From consideration 
of the geometry of the problem, w is symmetric about 
both the x and y axes, u is symmetric about the x axis 
and asymmetric about the y axis, whilst v is symmetric 
about the y axis and asymmetric about the x axis.

These conditions may be satisfied by assuming 
series for the displacements in the form,
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w E
m

ilTx dIT yCos --- Cos ---a b
1=0 d*0

u
o p lTTx dTTy--- Cos ---a b

i = l  d = 0

E E u i d sin

v E E iTTx d TTy
v i d  C o s  -----  s i n  ------

1 = 0  d = l

(5.5)

5.2.2 Prebuckle Solution

Although the current problem Is concerned with 
analysing an imperfect plate, it is convenient at this 
point to present the initial (fundamental) solution of 
a perfect plate, which will be considered later.

During the initial loading of the perfect plate 
there is no lateral deflection w, and the governing 
equations (5*3) reduce to the following two equations 
in u and v only.

a 2u a 2v ( 1 - v ) [ a 2u a 2v
? vax* a xd y 2 Lay2 axay.

a 2v a 2u ( 1 - v ) —i cu to < a 2u— - + V---- + ----- --  + -----
a y z dxdy 2 1Lax* axay.

To simplify the solution of the above equations it 
is assumed that u is uniquely a function of x and that 
v, likewise, is uniquely a function of y. The 
prebuckle equations above then become.

d2u
dx2

d2 v 
dy2o and 0 (5.7)



The first integration of (5.7) shows that du/dx and 
dv/dy are constant. These gradients are evaluated from 
the applied inplane compressive stresses Nx=-P/B, My=0 
and N^yg0,

du P and dv VP
dx EBt dy EBt

Integrating: again and setting the inplane rigid body 
displacements to zero gives the following solutions 
for the prebuckle displacements.

P VPu ------ x and v = ----  y (5.9)Ebt Ebt

The initial lnplane displacements are consequently 
assumed to be of the form -UjX and v ty. Note that 
these equations also satisfy the required symmetries 
of the problem.

5.2.3 Satisfying Boundary Conditions

The plate is simply supported with no shear stresses 
on its boundaries. Rigid platens are used to apply the 
load, so that the loaded edges are constrained to 
remain straight as they displace in plane.

The two remaining, unloaded edges will be 
constrained, initially, to remain straight, in the 
same manner as the loaded edges; they will then be 
released, so that they are free to pull in and the 
system reanalysed. In the following, the two 
problems will be referred to as ’case a* and ’case b ’, 
respectively.
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The simply supported boundary conditions of w=0 
and Mx-My-0 are identically satisfied by restricting 
the w expansion to odd terms only.

5-2.3.1 Case a - Fixed Edges

ya

n m 

i = i  1 = 1

ilTx iTTyCos --- Cos ---a b (i.1 =1.3,-.)
(5.10)

The restriction that the edges are held rigid means 
that the series expansion of u must vanish on the 
boundaries x=-a/2,a/2 and similarly that of v must 
vanish on y=-b/2,b/2. Again this can be achieved by 
appropriately restricting the approximating series to.

u
n  m
r-x r-v ilTx iTTy (i=2,4,..,
c  i  Ui ^  s i n  T  C o s  " T T 1 = 0 , 1 , . . )

i = 2  1 = 0

(5.11)
n m
rs r-\ iTTx iTTyS  >- v̂ jj Cos --- Sin ---a

( 1 = 0 , 1 , . . .

1=2,4... )
i=0  1=2

5.2.3.2 Case b - Free Unloaded Edges

To allow the unloaded edges to displace Inplane the 
full expansion for v is used.

v =
n m
p  r—' iTTx i7Ty (1 = 0,1, . • ,
2 ,  l  c o s  — s i n

1= 0  1=1
1 = 1 , 2 .  . . )

(5.12)

The satisfaction of the Inplane boundary conditions



(5.4a and b), will be examined after considering the 
truncation of the approximating series.

5.2.4 Association of u,v and w Modes

By assuming the inplane prebuckle solution to be 
given by the two linear variations -UjX and Vjy, the 
harmonic series must then describe the postbuckllng 
solution. To decide the point of truncation of the 
series, the modes of the various series must be 
related. To do this the virtual work of the system is 
examined.

Substituting the series expansions of (5.10) and
(5.11) into the definitions of lnplane strain Ex
(5.1)t gives.

n m
e x = - u ,  -

r-'  i u  m :

d .  d .  “ i d —  CoB —

iir iirx airyCos ---
1 = 2  d = 0  

o p q r
1  TT 

8 a‘ £  £  £  ^ W i k w a # - 1 ^ *

i=l J=1 k=l 1=1

r (i-d)I Cos -----
L a

( i  + d )  , ^x - Cos----- X  I *
' ]

(k+1)Cos ----- y Cos

(5.13)

The quadratic terms generated from the multiplication 
of aw/dx*dw/dx have been linearized. Since the 
coefficients of the w expansion (5.10) are odd, the 
coefficients of the linearized series must be even; 
thus the first few terms of cosine expansion of w can 
be written as.
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if dw "1 2 2TTx 2TTy 2TTx 2lTy— I —  I s c. + C,Cos--- + C.Cos--- •+• C.Cos--- Cos---2l flx J 1 2 a 3 b a b

( 5 . 1 4 )

where are constants.

Returning to the virtual work equation (1.1) and the 
constitutive relations (1.11), it is easy to see that 
the virtual work is a function of the stresses, which 
in turn are functions of the strains. Now, given the 
freedom to apply any virtual perturbation to the 
middle surface of the plate, if the series solutions 
are not balanced, it will be possible due to the 
orthogonality of the series, for the corresponding 
amount of virtual work to comprise only a u,v or w 
component. For Instance, if the internal virtual work 
<p, is given solely by.

(P
w

Nx ^ e x

Area
dArea (5-15)

and Nx is a function of £x only, then (5.15) can be 
written using (5.13) as,

<P * j i r  -
Area

E
i = o

n
S - i a

J = 2

ITT
a Cos iTTx--- Cosa

jTTy
b +

w, 2 i  it2 r

8  a H 1

21Tx 21TyCos--- + Cos---a b
2TTx 21Ty 1- Cos--- Co b--- I dAreaa b JJ x

(5.16)

where w has been restricted to first term only. If
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<5ex is now chosen to bev

2TTx<sev = cos---
a

(5.17)

the corresponding virtual work <Pzo» can be evaluated 
as.

^ 2  0
Et abf

------ 5* —  u 2 01-v2 2 L w
l  ir2 *| 

8  a j
( 5 . 18 )

If u£ o was missing from the series expansion of u, 
the virtual work from the above perturbation would 
correspond to the plate undergoing pure bending 
without any Inplane displacement. This restriction on 
the lnplane displacements should make the plate 
correspondingly stiffer. Using this approach it is 
possible to relate the various modes together and to 
predict which modes in u and v provide the 
strongest coupling with the buckling modes w.

In choosing the u and v functions, not only should 
the out-of-plane coupling with w be considered but 
also the relation between the lnplane strains due to 
Poisson's effect. Corresponding degrees of freedom in 
u and v should be Introduced in both series 
expansions.

5.2.5 Final Form of u.v and w

Accepting the restriction that the u and v series 
are to match the postbuckllng solution only, the final 
form and size of the series can be calculated.



99

For the first case with the rigid, unloaded sides, 
the harmonic components of u and v which are 
associated with the buckling modes w are.

5.2.5.1 Case a - Fixed Edges

n m
r-' f—x iTTx dTTyw * E wiJ Cos ‘ Cos - a b (i. d =1.3...)
i=l d=i

2n 2m
r-' iTTx dTTy ( i= 2,A,... )u = E Sin --- Cosa b ( d = ••(M♦O

i = 2 oII*r»
2n 2m

r-' 17Tx dTTy (i= 0,2,...)V = E 2, vid Cos --- Sina b (d = •••aCM

1 = 2 d=0
(5.19

above series not only contain the terms which
provide the strongest coupling with the buckling modes 
but they also exactly satisfy the shear stress 
boundary conditions. Substituting (5.19) into (5.2), 
the shear strain £Xy is found to be zero along all the 
plate boundaries. Also it is required that the 
inplane stress Ny vanish, whilst Nx must equal P/b, 
where P is applied compressive load. These conditions 
are fulfilled in the average sense of a weighted 
residual, and are Imposed by adding the following 
equations to the appropriate equilibrium equations,

* H/Z a/2
(Nx-P/b)<Su dy

.-b/2 -a/2

Yz b/2
Ny£v dx = 0

-a/2 -b/2

(5.20)
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To allow the unloaded edges (y=-b/2,b/2) to deform, 
the restriction that v vanish on these boundaries is 
removed. Similarly, a corresponding displacement in u 
must be allowed, as an inplane strain in one direction

5.2.5.2 Case b - Free Unloaded Edges

generates an inplane strain in the orthogonal
direction due to Poisson’s effect . w, u and v are now
given by.

n m
£

r—* lTTX lITyw = C o s  a  1Cos b (i,1 =1,3...)
i = l 1=1

2n 2m
r-v lTTX iTTy (i= 2.a,.. )u = £ Z, Sln a Cos b (1= 0,1. . . )

i = 2 1=0
(5.21

2n 2m
i——v iTTx iTTy (i= 2.ft,.. )v = £ Z. VU  Cos a Sin b (1= 0,1... )

i=2 1=0

Relaxing the restrictions on v means that exy is now 
non-zero on the boundaries y=-b/2,b/2, and 
consequently the requirement that Nxy is zero can only 
be satisfied in an average sense. Therefore evaluating 
the work done along the boundary gives,

r
*
Nxy^u dx

L-a/2

b/2

- b / 2

0 ( 5 . 2 2 )

which must be added to the appropriate equilibrium 
equation.
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5.3 Comparison with other results

To verify the nonlinear solution( the results 
obtained using the equations and series outlined above 
are compared with Yamaki's [87] analysis. Yamaki used 
a stress function to eliminate the u and v components 
of displacement, with Galerkln's method to calculate 
the final coefficients of w, which he restricted to 
the first four terms of (5.19, 5.21). The cases 
discussed above correspond to Yamaki's analyses ’la’ 
and ’lb*, which are plotted on fig 5.2, (where the 
loading parameter A, is defined as X=Pa/‘lT2Et3). Also 
shown are the 'full analysis' based on complete 
matching of modes. The results are identical, which is 
to be expected since both analyses take the same 
approximation for w.

To reduce the amount of computation, the inplane 
stress terms corresponding to the surface loads Px and 
Py .

Px

Py

QNX aNx y

dx dy

6Ny 8
ay  a x

(5.23)

which are known to be zero, were omitted from the 
equilibrium equation (5-3c).

It is intended to reanalyse the example with the 
free edges, case b, incorporating the effects of 
plasticity. Since the full analysis requires all the 
modes upto the sixth coefficient in u and v, which in 
this case involves 51 modes, it is proposed to 
re-evaluate the problem with a truncated series in u 
and v in order to reduce the amount of space and time 
required for the analysis. In the following, the
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*orderf of the terms of a series will refer to the 
coefficient of the last term of the truncated series 
expansions.

The terms used are listed below. Note that the total 
number of modes Includes the linear polynomial terms 
-UjX and Vjy. Only the i,d coefficients are listed; 
reference should be made to equations (5-10, 3*11) for 
the corresponding sine and cosine functions.

5-3.1 Case a- Fixed Edges

7 "  " ---------------------------------

W Modes U Modes
-------------------------------------------------------

V Modes
30 mode analysis

1 1, 1 3. 3 1
3 3

2 0, 2 2, 2 4 
2 6. 4 0, 4 2 
4 4. 4 6. 6 0 
6 2, 6 4. 6 6

0 2, 2 2, 4 2 
6 2, 0 4, 2 4 
4 4, 6 4. 0 6 
2 6. 4 6, 6 6

18 mode analysis
1 1, 1 3. 3 1 2 0. 2 2. 2 4 02, 22, 4 2
3 3 4 O, 4 2, 4 4 0 4, 2 4, 4 4
10 mode analysis

1 1. 1 3. 3 1 2 0, 2 2 O 2, 2 2
3 3
7 mode analysis

1 1
V  , ■ -  , ------ ------  - . .  ,

2 0, 2 2, O 2, 2 2

The results obtained from each of these series 
expansions are plotted on fisc 5-3* The 30 mode and 18 
mode analysis initially differ little from one 
another, with no problems converging onto the 
solution. However, as the compression is Increased, 
the solution reaches a point at which it reconverts 
onto the path already traversed and sets off bock to 
the origin. Using a smaller stepsize at this point 
does not improve matters. Further consideration is
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required if a solution beyond this point is to be 
calculated.

Only terms up to the second order in u and v are 
retained in the ten mode analysis; consequently, 
there is no link between the u and v modes and the 
hisher w modes. This results in a path which 
initially follows the solution path but diverges as 
the compression is increased.

The final series expansion is again a full expansion 
with only one term in w, which is fully coupled with u 
and v. A stable path is found which deviates from the 
higher order solution as the compression is Increased. 
The difference between these solutions indicates that 
the hisher order terms in w are increasing in 
Importance compared to the first term, as loadlns 
progresses. From fls 5*3 it can be seen that the 
Increase in the contribution of hisher order terms 
corresponds with the 10 mode solution falllns below 
the correct solution.

5.3.2 Case b - Free Unloaded Edges

Asaln the mode count Includes the prebuckle 
displacements -UjX and v ty. The solution series are 
listed below and the correspondins solutions plotted 
on fis 5.4.

Also shown is Little’s *15 mode* solution £88], 
although in fact it is a 16 mode solution by the 
preceding countins procedure. Little's solutions for 
the elasto-plastic plate in compression will be taken 
as representlve of a selection of numerical analyses 
compared in a paper by Bradfield [89], which all give 
essentially the same results. Little's results will 
be compared in section 7, with those obtained from our 
formulation. Firstly, the modes used in the elastic 
analyses are listed below,
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Considering the 28 and 33 mode solutions first, it 
can be seen that they are little different to the full 
51 mode solution. Again at a compression outside the 
range of the graph, the paths reversed back on 
themselves. The omission of the fifth order terms in
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the 28 mode solution, which contribute to the 
displacement at the boundaries y=-b/2,b/2, has no 
discernable effect when compared to 33 mode solution. 
Beyond the plotted ranee, however, a slight divergence 
between the two solutions develops for the hleher 
compression.

The other two solutions involvine four modes of w 
follow the same trend as seen in 'case a'. The single 
w mode solution has also been plotted and from 
comparison with the higher order solution, it is clear 
that again the divergence of these other solutions is 
associated with the Increase in importance of the 
higher order w terms.

It is Interesting to note the effect of the 1 1 and 
1 2 terms included in Little's expansion of v. These 
have been excluded from our analysis as they introduce 
a corresponding shear strain on the edges x*-a/2,a/2; 
the resulting shear stresses then violate the assumed 
shear boundary condition. From the plot, it can be 
seen that these terms have stiffened up the response 
of plate with a higher load being carried for any 
given load compared to the 16 mode analysis.

5.3.3 True Rayleigh-Ritz/Galerkin Analysis

The paths described above contradict the expectation 
that the analyses provide an upperbound to the true 
load displacement behaviour. This is an expected 
attribute of a Rayleigh-Ritz analysis which should be 
carried over to the Galerkin analysis if they are 
equivalent.

The analyses have been recomputed with the inclusion 
of the surface load factors (Px ,Py) which were 
initially excluded as they were known to be zero.
Figs 5.5 and 5.6 show the results. This time the 
results are as would be expected, with the different
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analyses providing an upperbound to the true 
behaviour.

It appears that the variations of stress 
corresponding to the zero surface tractions can not 
be omitted from the Galerkln analysis unless the w 
modes are fully coupled with u and v.
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6.O Elasto-Plastic Model

6.1 Introduction

In the preceding chapters, the structural material 
was assumed to remain elastic, with stress related to 
strain via Hooke's law. Material yielding takes place 
In many structures, destroying the linearity 
between stress and strain, as a consequence of which a 
more sophisticated material model has to be used.

The wide variety of engineering materials, each with 
Its own, sometimes unique, load deformation behaviour 
has led to a correspondingly wide array of material 
models. For Instance, for some materials kinematic 
strain hardening Is relevant, for cyclical loading: the 
Bauschinger effect is important, while others may 
require the formation of a corner in the yield 
surface.

The actual Implementation of any of the models 
follows the same general principles, so that the 
selection of one set of constitutive relations in 
preference to another is purely a matter of matching 
the most appropriate model to the particular problem 
in question. Previous authors £^3,88] have 
successfully applied the elastic-perfectly plastic 
model, based on an incremental (flow) theory of 
plasticity, to similar problems to those considered In 
this thesis. This model has the prime advantage of 
being simple *to formulate.

The model is developed on a point level, that Is the 
stresses and strains are calculated for a point within 
the structure. Numerical integration is then required 
to calculate the overall equilibrium equations from 
these stresses. This Is by no means an easy ,task 
because of the problems associated with the 
integration of discontinuous functions. As an
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alternative to integrating through the thickness, 
Ilyushin [90] proposed a full section yield criterion 
written in terms of the Inplane forces and bending 
moments. However, no account is taken of the loss of 
strength due to the Initial spread of plasticity 
through the thickness, the section being either 
elastic or plastic.

Firstly, the equations describing the point 
behaviour are presented, with further sections 
considering aspects of the numerical Integration.

6.2 The Yield Function

Two distinct regimes of material behaviour are a 
consequence of this theory; a point may be elastic or 
plastic. Points may transfer freely between the two 
states but in general there will be some residual 
plastic deformation left after a point returns to the 
elastic state. For the plane stress case the limit of 
the elastic stresses is given by the following form of 
the von Mises yield criterion,

F — 2 ^  ̂ Oy^Oy + 3crVy ̂ jj (6.1)

where aQ is the yield stress in uniaxial tension. If 
the combination of current elastic stresses exceeds 
F=1 then the material has yielded. Further 
consideration is then required to evaluate a 
permissible combination of stresses which satisfy F«l; 
that is the point must lie on the yield surface 
defined by (6.1).

6.3 Returning to the Yield Surface

During loading a point may cross the yield surface
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(6.1). It is then assumed that during the load 
increment the stresses increase linearly, (though this 
is not necessarily correct); thus the point of contact 
is obtained by solving for the intersection of the 
yield surface with this linear load path.

Defining,

°y = R l<<rx“orx°> ay° (6.2a)

= JR 2 ( ) + CTxy0 (6.2b)

V ’ - V ’ and R2
a n__ o °xy °xy (6.2c,d)1 cxn-ax° °xn"°x°

Where the superscripts fo f and ’n' refer to the 
initial and final stress values. Substituting for the 
CTy and cxy using (6.2a) to (6.2d) into (6.1) results 
in a quadratic in ctx.

3 1 <rx 2 + 3 2 c x + $ 3  = 0  ( 6 . 3 )

where,

3 1 = 1 + Rj(Rj-1) ♦ 3R22

3 2 = ffx ° ( R i ( 1 - Z R j  ) - 6 R 2 2 ) + a y ° ( 2 R j - l )  + 6crXy ° R 2

3 3 = 2 (R j 2 +3R 2 2 ) — crx° (2<Xy°R j+6crXy°R2 )
+ O y ° ] 2 + 3  O x y 0 ) 2 -  o0 Z

which can be solved for o-x , after which and oXy 
may then be calculated.

6.U Equivalent Elastic Yield Surface

The von Mises yield criterion can be expressed in 
terms of elastic strains using Hooke’s law as,



115
tF ) ( 1 - v + v 2 ) e x ey ( i - 4 v + v 2 )

( l - v 2 ) 6 x y 2 ]
( 6 . a )

The elastic strains are constrained to lie on or 
within this surface In the same way as the elastic 
stresses are forced to stay within (6.1). In writing 
the yield equation in this form, a more natural 
description of the incremental process of plastic flow 
can be developed.

6.5 Calculation of Plastic Strain Multiplier A

6.5.1 Quadratic Evaluation

Once a material has yielded, the elastic 
relationships between stress and strain are 
supplemented by the Prandtl-Reuss equations [91]. 
which relate the incremental plastic strain to the 
current stresses. They state that the plastic flow is 
directly proportional to the applied deviatoric 
stresses,

— ASjj 

A£yP = ASy

A e x y P = 2 ^ a x y

where,

A 3 F 
3
A 3F 
3  d a y

A 5 F 
3*acXy

(6. 5)

Sx = “ ( 2<tx “ °y) and Sy = — (2ory - crx ) 3

are the deviatoric stresses and A is a constant of
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proportionality. This Is equivalent to differentiating 
the yield function with respect to each of its stress 
components. (The factor of 1/3 can be absorbed into 
X.) Hence, the total plastic strain Increment AEP, is 
orthogonal to the yield surface, which is shown in fig 
6.1a. (It was assumed, as will be the case for all 
the diagrams concerning the yield surface, that
a X y = 0 , )

The plastic strain vector is now transferred to 
the strain space, where the yield surface has been 
written in terms of limiting elastic strains (6. A).

The total strain ET , is represented by the vector 
OB, in Fig 6.1b. This strain is conventionally 
considered to be composed of an elastic component Ee, 
and a plastic component Ep, which correspond to the 
vectors OA and AB, respectively.

Now, if the strain is Increased by a small amount 
AE^, the vector BC on the plot, the central question 
is then- what are the incremental changes in the 
elastic and plastic components AEe and AEP? The 
problem is uniquely solvable, given firstly that the 
plastic strain vector's direction is known to be 
orthogonal to the yield surface (6.1), and secondly 
that any change in the elastic strain vector must 
result in the point remaining on the yield surface 
(6.A).

Discarding the previous plastic strain, attention is 
now focused on the incremental strains, which are 
illustrated in Fig 6.1c. Obviously, the calculation 
of the magnitude of the plastic strain multiplier X is 
all that is needed to solve the problem.

The Incremental change of the elastic strain vector
is given by.

= AEt - AEPAEe ( 6 . 6 )
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From which the Incremental changes in the elastic 
stresses can be written as,

A c X

A cty

A ax y

E

(1-v2) 

E
(l-v2)

E
( 1 - V 2 )

[

[

[

A E X + VAEy

A E y  + v a e x  -

( 1 - V
A E x y

\ ( S x + v S i , ) l

\ ( S y * V S X ) j

2XCTx y )]

(6.7)

To solve for the only unknown \ (since the strain 
increments are assumed to be given), it is required 
that the new stress combination lies on the yield 
surface. Thus

(  a x  + A<Jx  )  2 + (  CTy+Affy )  2 — (<TX + A ffx  )  (  f f y + A f f y  )

+ 3(oXy+Affxy^ = ®o (6.8)

Substituting for the incremental stresses (6.7) and 
multiplying out, generates a quadratic equation in X,

8 j X 2 + 6 2 ^  + ^3 = ® ( 6 . 9 )

where,

3, = ^(1-v-v2)(Sx2+Sy 2) +(8v-l-v2)SxSy +3(l-v)2oxy2j
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e2 = -Sx2 - 2vSxSy - Sy2 - 2axy2(l-v) +

~j^<AexT-2AeyT ) (Sy (l-»-V2 )+2vSx )

+ (AEyT-2AexT ) (Sy(l + V2 )+2VSx ) -3(l-v)2AexyT<JXy j

3  3 «  A £ x T ( S x + V S y ) + A 6 y T ( S y + v S x ) + crXy ( l - v ) A e Xy T

+ 3  ̂ ( [AexT] 2 + [AEyT ] 2 ) ( 1-V+V2 ) ■«- ( Av-l-v2 )AexTAEyT

* I d - v j ^ A e x y T ] 2 j

Eand or = --- —1 -V 2

The two roots of X correspond to the intersection of 
plastic strain vector with the near and far side of 
the yield surface. Of course the smaller root should 
be taken. If the roots are complex* that is the 
plastic strain vector does not intersect with the 
yield surface, the total strain increment must be 
subdivided until a real solution is obtained. The 
remaining portion of the initial strain increment is 
then applied or further subdivided as necessary.

6.5.2 Linear Evaluation

The commonly quoted linear value for X, (see for 
example [92]), is calculated from (6.9) by dropping 
all the terms containing; or. Thus,

X
A6xT (Sx +VSy) + A£yT (Sy+VSx ) 

Sx 2 + 2VSxSy Sy2 +
* qxy(l~~v )Aexy**> 

2<*xy2 ( l - v )
( 6 . 1 0 )

In the standard presentation, X is calculated by
setting the incremental variation of the yield
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function (6.1), due to the small variations in stress 
to zero.

3F 3 F 6FAF = ---Aay + ---Aav -*■ ----Affjy, = 0 (6.11)
a<rx flay flffxy

Since the yield surface is convex this linearization 
will always result in a final position with (F°+AF)>1, 
where F° is the original position on the yield 
surface. This error is known as ’drift from the yield 
surface *.

The solution of (6.9) can toe related to the above 
approach by examining the Taylor series expansion of 
F,

a F  A c 2 a 2 F
F (ff+ A c) = F ( o )  Ao----  + - = ~ . ---- r  ( 6 . 1 2 )

~ ~  ~ “ 3  a  2  da*5

where a is a vector containing the three component 
stresses ox , Oy and a ^ .  Since F ( a ) is a polynomial of 
decree two the above expansion is exact. Rearranging
(6.12) elves.

aF Act2 d 2FAF = F(a+Aa) - F(o) = Ao-- + ~ --r (6.13)~ ” ~3a 2

The right-hand side of (6.13) shows that drift is 
introduced because the second order term of the Taylor 
expansion is neglected.

6.6 Verification of Material Model

Recent benchmark tests, specifically formulated to 
test material nonlinearity, have been produced by 
the UK National Agency for Finite Elements Methods and
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Solutions (NAFEMS) [93]• These provide the Ideal means 
of assessment of the above solution, with two of the 
tests directly applicable to the preceding analysis.

6.6.1 Prescribed Uniaxial Displacement Test

The model Is tested by prescribing a series of 
Incremental strain vectors AE^, and evaluating the 
resulting stresses cr-̂.

No exact solution exists for the Integration of the 
Prandtl-Reuss equations. However, as the Incremental 
strain vector becomes vanishingly small. Its 
decomposition Into elastic and plastic parts becomes 
Increasingly accurate. Thus a 'target solution* with 
100 subincrements for every Incremental strain vector 
was deemed to be sufficiently accurate to be 
considered the correct numerical solution.

Of course, in actual usage the calculation of 100 
subincrements would be prohibitively expensive. The 
loss of accuracy In using less subincrements or even 
no subincrements at all is therefore of primary 
Importance. Thus further data is provided for both 
1 and 10 subincrements.

The following material constants are set,

E=250000.0, V = 0. 25* <rQ=5.0, Eo=0.2080126e-A

where E0 is the strain at first yield. The four 
Incremental strain vectors are then defined by.

Step 1 
Step 2 
Step 3

AEjT = { eo*
a e 2t - { eo*
a e 3t = {"eo»
a e 4t = {-Eo»

0  > 

0  > 

0  >

Step H 0 ,  0  >
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where the Incremental strain vector Is defined as,

AEi T = [ A 6X# AEy . ACx y  ]

The resulting stresses and the 'Target Solution' are 
plotted on fie 6.2, with the exact numerical data 
presented In Appendix 3. Essentially the values for 10 
and 100 subincrements agree, but the movement around 
the yield surface is over estimated by the single step 
solution.

This error is larger than the standard methods [9&] 
for correcting drift, in which 'returns' to the yield 
surface are calculated along either a line emanating 
from the origin, or along the normal to the expanded 
yield surface, both returning vectors crossing the 
yield surface at an earlier point than the above exact 
solution. All the methods converge to the same 
solution as the number of subincrements approaches 
infinity.

6.6.2 Won-proportional Prescribed Biaxial
Displacement Test

In this test the material properties defined In
6.6.1 are retained. The incremental strain vectors 
are now defined as.

Step 1 A§JT = i e0, o. 0
Step 2 A§2T EX < e0. o, 0
Step 3 A e 3T = { o. 0
Step A A E 4T as { o. 0
Step 5 A6 5 T = {-e0. o. 0
Step 6 Ae*T — <-e0 * o. 0

AE7 T » Eft •

>

>

>

)

>

>

Step 7 { 0 0 >



Fig 6.2 Benchmark Test (1) of Plasticity Model
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Step 8 A08t " * 0, -0O, 0 >

Again good agreement Is found between the 10 and 
100 Increment solutions, with the single increment 
solution consistently over-predicting the movement 
around the yield surface, as shown on fig 6.3*

From the above tests, it may be concluded that the 
quadratic evaluation of X (6.9) can be used with some 
degree of confidence, if the subincrements of strain 
are restricted to one tenth the value of the yield 
strain.

6.7 Integration of Stresses Through the Thickness

6.7.1 Problems of Integrating a Disjoint function

The evaluation of both the bending moments and the 
inplane forces requires the integration of the 
stresses through the thickness. For a totally elastic 
system, an unique relationship exists between stress 
and strain, the integration can be performed exactly 
and need only be done once. With the introduction of 
plasticity, this relationship between stress and 
strain is replaced by an incremental relationship 
which has to be constantly updated as the deformation 
path is followed. The interface of an elastic point to 
a plastic point Introduces a break in the continuity 
of the variation of the stresses, which adversely 
affects the accuracy of numerical integration schemes.

The numerical integration of a function is 
accomplished by fitting a polynomial of some form to 
the known values of the function requiring 
integration. In one dimension, a polynomial of degree 
(n-1) can be uniquely defined by n points. Once a 
polynomial has been fitted to the points, the 
numerical integral of the function is approximated by
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the Integral of the polynomial. The accuracy of the 
replacement integral depends on the closeness of fit 
of the approximating polynomial to the function.

Consider Fig 6./la. which shows the stress 
distribution at a cross section where yield has 
occurred. Decomposing the stress distribution through 
the section into an elastic component and a modifying 
plastic component, the corresponding polynomial 
approximation may be considered with respect to each 
part in turn.

Using a five point Newton-Cotes formula for the 
Integration of the inplane stresses gives.

which when applied to the decomposed system becomes.

integration stations.

A five point polynomial has been fitted to each of 
these functions in Fig 6./lb. from which it can be seen 
that elastic evalution is exact but the approximation 
to the plastic function results in a stress 
distribution with approximating plastic stresses lying 
beyond the limit of the actual plastic stresses. This 
is the core of the problem of accurate integration.

where = cre  ̂- and h is the separation of the

The following numerical integration schemes have 
been adopted by various researchers. Simpson's rule
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has proved popular [&3#88*953 as It Is the lowest 
order of approximating polynomial which is capable of 
integrating the elastic bending stresses correctly.
The use of the trapezoidal rule is proposed by Trueb 
[96], who concluded that it provided a 'more reliable 
and robust' means of integration. Gaussian 
integration, though more accurate than the 
corresponding Newton-Cotes formulas, suffers by not 
having integration points at the surface of the 
structure. Since this is the point of first yield, 
Gaussian integration formulas are slower to register 
the onset of plasticity. Also if data is required 
about these outer points, additional Information must 
be recorded as well as that recorded for the numerical 
integration.

The following scheme seeks to integrate the elastic 
and plastic sections separately, with the plastic 
Integral only being evaluated at points where plastic 
flow is occurring.

6.7.2 Calculation of Yield Surface in the Structure
Thickness

It is possible if the structure being analysed does 
not unload, to calculate the position of the yield 
surface. For the problems considered in this thesis 
this is the case, but in general it may not be 
assumed and only data evaluated at the integration 
points, where the plastic strains have been evaluated, 
should be used.

Given that one of the integration stations has 
yielded and an adjacent one is still elastic, the 
yield surface must lie between them. The variation of 
elastic strain and hence stress la linear through the 
thickness. Thus equation (6.3), which evaluates the 
intersection of a straight line with the yield 
surface, can be used. In this case the stress vectors
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an and a° are the elastic stresses at the yielded 
station erj , and the elastic station az, respectively. 
Thus R| and R2 of (6.2c.d) are given by,

R, = ~— aXl r2 = gxyi - g x y . 2 (6>1?)
°xi °x2 axl ” ffx2

(6.3) may then be solved for <rx on the yield surface. 
The distance dZ of the yield surface through the 
thickness from the elastic station, can then be 
calculated front the ratio of one of the stress 
components; for example.

CT y  CT u  2dZ = — ----h (6.18)
ffX l ~ <Tx 2

where h is the separation of the two integration 
stations.

6.7.3 Approximate Integration of Plastic Stresses

Using the stresses at the point of first yield 
calculated in the preceding; section, and the stresses 
of the adjacent yielded integration station, the 
trapezodial rule is the only numerical integration 
that can be applied directly. However, this makes the 
assumption that the stress distribution between the 
two points is linear, effectively meaning that the 
intervening stresses are elastic, which is not the 
case. This is shown on fig 6.5 by the line 'ab*.

To improve on this state of affairs, the line ’ab* 
is split into quarters. Lines are then passed from the 
origin, through ’ab* at the quarter points and then on 
to intersect the yield surface. These intersections 
are used to approximate the stress distribution. The 
Intervening stresses are assigned to quarter points
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through the thickness z, which separates the two known 
points 'a' and vb'.

Since the variation of the stresses on the yield 
surface Is Quadratic, this coupled with a linear 
variation of Z through the thickness, (If the bending 
moments are being calculated), results In a polynomial 
that Is at least a cubic. The method of selection of 
the points may Increase the order of this polynomial, 
as they are not calculated from equally spaced points 
along the connecting arc. Thus a five point 
Integration rule has been used In preference to a four 
point rule.

Now the stresses being evaluated all lie on the 
yield surface, thus increasing the accuracy of the 
Integration. This Is examined In more detail In the 
following chapter when some numerical examples are 
tested.

6.8 Integration of Inplane Forces and Moments

The arguments given in the preceding section are 
also directly applicable to the integration of the 
inplane forces and moments across the solution domain. 
Now however, there Is no possibility of calculating 
the location of the yield surface, as the strain is a 
function of the solution modes, which in turn vary 
nonllnearly with the space coordinates x and y.

To minimise the effect of integrating across the 
yield surface, the domains should be kept small, 
thus localizing the error In the Integral to dust the 
section of the structure which Is in transition 
from an elastic to a plastic form.
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6.9 Incremental Virtual Work Equation

The change from an elastic strain formulation, where 
the stresses can always be directly related to 
displacement, to a plastic strain formulation, where 
the stresses are related to the strains by an 
incremental relation derived from the current stress 
state, necessitates the reformulation of the 
Newton-Raphson solution method (which was described in 
Chapter 4).

Rather than working directly with the full 
equilibrium equations, an incremental form of the 
virtual work equation (1.1) will be used. It is to be 
remembered that the virtual work Is calculated from 
current stresses and infinitesimal variations of 
strain evaluated at the current displaced position, 
and is valid resardless of whether the material has 
yielded or not. Incrementally (1.1) Is given by.

where P = Pc -*■ AP

The subscript ’o ’, refers to the last conversed 
position and will retain this meanlns for the 
remalnlns sections of this chapter. Aa is the 
variation in stress which develops as a further 
loadins Increment AP Is added. The virtual strain 
variation 6E Is evaluated at the new equilibrium 
position.

It is possible to separate the above equation Into 
two parts, one containlns the variables u and the 
second containing the load and constants from the last 
conversed position. Firstly, spllttlns the virtual 
strain into linear and nonlinear components.

dVol - PSu = 0 (6.19)
Vol
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S C  m S E l  ( 6 . 2 0 )

where the subscripts of L and NL refer to the linear 
and nonlinear components. The incremental change in 
strain AE is then given by*

“ Cv -  E0 ( 6 .2 1 )

where Ev is the total strain. The Incremental 
relationship between stress and strain is written in 
the form, (see Appendix 4 for plane stress case),

Aa = [D)AE * tD](ev-E0) (6.22)

Finally substituting (6.20) and (6.22) into the 
virtual work equation (6.17) and rearranging gives.

mVol
( CD] EV<5E <2o“t£l®o>AeNL) dVol

*= PSU JJJ  (2o“ t53§o><5§L>
Vol

dVol
(6.23)

where the left-hand side contains only terms which are 
function of the displacement vector u, whilst the 
right-hand side is a function of the load and the 
non-varying components from the last converged 
position.

6.10 Solution of Nonlinear Elasto-plastic Equations

6.10.1 Consistent Equations

Before attempting to evaluate the stiffness matrix
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required by both the Newton-Raphson and modified 
Newton-Raphson methods, it is necessary to consider 
the exact form of the elasto-plastic equation (6.19)* 
The separation of (6.19) into variable and constant 
components in (6.23) is possible because of the 
assumption of an Incremental relationship between 
stress and strain (6.22). If the rlehthand side of 
(6.23) is evaluated, a set of consistent equations is 
developed in the total displacement variables u. 
However, these equations contain an inconsistency in 
that the Incremental stress relationship is based on a 
linearized calculation of X, which during a finite 
step, leads to a violation of the yield function
(6.1). To remove this error in calculating the 
out-of-balance forces during equilibrium iterations it 
is common to use subincrements. This ensures that the 
virtual work is correctly evaluated but destroys the 
direct correlation between the residuals and the 
expanded equations.

The question of consistent equations and 
consequentially consistent tangents revolves around 
the precise formulation used to represent the relation 
of the stresses to the strains.

6.10.2 Modified Newton-Raphson Method

One of the first methods used to solve (6.19) is 
based on the use of the stiffness matrix evaluated at 
the last known equilibrium position [97]. as discussed 
in section 4.9* This method will be used in the 
solution of all the elasto-plastic examples given in 
the next chapter. Differentiating (6.19) with respect 
to the displacement variables u gives,
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c * 3  - III i i T - * 5 2  * £  ]  d V 0 1Vol
( 6 . 2 U )

- JJJ [ ■•■S’1-'* * = ] dVol
Vol

where the first term of the Integral Includes the 
linear stiffness and the Initial displacement matrices, 
whilst the second term Is the Initial stress or 
geometric stiffness matrix. In finite element 
terminology.

The geometric stiffness matrix is not a function of 
Aa since It is evaluated at the equilibrium position 
£v=J~o* Also to note Is that the incremental correction 
£ut which is calculated using one of the Newton 
methods. Is added to the total displacement vector u 
and not to the incremental displacement vector Au, 
which Is used In Bathe [97] and other finite element 
formulations.

The solution procedure follows the standard 
Newton-Raphson method of Initially guessing a 
displacement vector, calculating the stresses using 
subincremention, and substituting into (6.19) from 
which the out-of-balance forces can be calculated.
The stiffness matrix is not altered through the 
Iterations and Is only updated once the solution has 
converged.

6.10.3 Newton-Raphson Method and Quadratic
Convergence

As In the standard Newton-Raphason method, the 
elasto-plastlc stiffness matrix Is updated at every 
iteration, although now the quadratic convergence of 
Newton's Method is In question.
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The separation of (6.19) into functions containing 
variable and constant terms resulted In equation 
(6.23)* This equation could have been explicitly 
expanded and an explicit stiffness matrix evaluated. 
The stiffness matrix and the equilibrium equation 
would be consistent and the Newton-Raphson method 
would have quadratic convergence.

However, as was briefly mentioned earlier, the 
actual calculation of the virtual work equation is 
not the direct evaluation of (6.19) but in fact uses 
a process to correct for violation of yield criterion 
during the iterations. Further, points which may have 
been elastic can become plastic and vice versa.

In updating the stiffness matrix at every iteration 
the associated equation (6.19) is constantly varying; 
thus the method is not a true Newton-Raphson 
iteration. In some respects though, it can be argued 
that the residual of the virtual work equation is more 
directly associated with the updated stiffness matrix 
which accounts for the spread of yield during the 
iterations. But the calculation of the stiffness is 
now history-dependent and there is no reason to 
suppose that quadratic convergence will be maintained.

The question as to whether convergence is improved 
is not answered here, but previous experience with 
elastic problems show that the true NR method is more 
efficient than the mNR, requiring fewer iterations for 
convergence. But there is a balance to be struck 
between the cost of recomputing the stiffness matrix 
and the extra number of residual calculations needed 
for the mNR method, which, given the fact that the 
true method is not being used, means that the choice 
is debatable.

It should be emphasised that only the stiffness 
matrix has a history/path dependence and not the
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solution itself, provided the strain increments- used 
to calculate the updated stresses are measured from 
the last convergence position.

6.10.6 Consistent Stiffness Matrix

Recent research[98,99] has now started to question 
the necessity of using the subincrement process. In 
section (6.5*1) an explicit expression for X is given. 
From this it is possible to expand an equation which 
would be similar in form to (6.23) and which is exact 
in the sense that there no violation of the yield 
criterion. Obviously a consistent stiffness matrix 
could be calculated and the solution process would 
have quadratic conversance, provided that real 
solutions existed for X, and that all points which 
were initially plastic stay plastic and those which 
were elastic stay elastic.

From the benchtests described in section (6.6), it 
was seen that the quadratic evaluation for X resulted 
in larger steps around the yield surface than the 
'exact integration *. Consequently, subincrementation 
is used when evaluating the stresses. Since the 
correlation between the equilibrium equations and the 
stiffness matrix has now been destroyed, there is no 
point in differentiating the quadratic evaluation of 
X; for simplicity, the stiffness matrix is evaluated 
using the linear form of X.

Other methods of calculating the elastic/plastic 
strains utilizing a single explicit step are becoming 
popular. Instead of integrating the Prandtl-Reuss flow 
rules exactly, an alternative approach, in which the 
stresses are initially calculated elastically and then 
returned to yield surface along a plastic strain 
vector, is used. The plastic vector is perpendicular 
to the yield surface and passes through the point 
defined by the total stresses. The advantage of using
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a single explicit step lies in the evaluation of a 
consistent stiffness matrix so that quadratic 
convergence of the Newton-Raphson method is assured.

For the full 3 dimensional case* the yield surface 
is circular and the plastic vector Is simply a radial 
return. For the plane stress case a nonlinear 
equation must be solved. The error associated with the 
radial return method is described by Krelg and Krieg
[98] • and that of the plane stress case by Jetteur
[99] . As mentioned earlier (section 6.7). there are 
errors not only in calculating stresses but also in 
integrating them. There is no point in evaluating the 
stresses exactly if there are large errors in the 
integration. The errors Introduced by this 
approximation may be considered acceptable* 
particularly when weighed up against the quadratic 
convergence of the solution and the associated 
reduction in computing costs.

6.11 Brief Note on Implementation

The evaluation of the input equations follows 
closely that of sections 2.1 to 2.5* The key 
difference being that Instead of integrating the 
equations analyticallyt they are evaluated at the 
Integration points so that they can be used in the 
numerical integration at a later stage.

The equilibrium equations are not evaluated directly 
as in the elastic analysis, but the equivalent virtual 
work form, an example of which is given by equation
(1.1). is used instead.
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7.0 Elasto-Plaetic Examples

The performance of the through-thickness Integration 
scheme, which was proposed In the previous chapter, Is 
next compared to an similar analysis which uses the 
same stress evaluation routines, but which calculates 
the corresponding integration using Simpson's Rule.
The first proposed method will be known as scheme A, 
whilst the latter will be referred to as scheme B.

7.1 Cylinder Under Internal Pressure Loading

This first example compares the experimental results 
obtained by Ohashi and Okouchl [100], of a cylinder 
subject to internal pressure, to the predicted 
behaviour given by the analysis of the preceding 
chapter. Ohashi and Okouchl have additionally 
analysed the problem using a deformation theory of 
plasticity. They found good agreement between 
experiment and theory, which justified their 
assumptions concerning material properties and the use 
of linear equilibrium equations. Therefore these same 
assumptions are adopted In the following.

7.1.1 Strain and Equilibrium Equations

From the symmetry of the problem only a single axial 
slice at constant 6 need be analysed. This is shown in 
fig 7 .1 , along with the problem data and boundary 
conditions.

For small deformations, the axial strain £x, and the 
circumferential strain 00, are given by [28],

6 x ” dU
ax

( 7 . 1 )



Fig 7.1 Data for Cylinder under Hydrostatic Loading
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And the corresponding virtual work equation Is,

JJ[
Area

N, 3 6 u
ax

a z <5w- M
x ax2

Ny <5w dArea

-IfPz£wdArea = 0Area
(7.2)

7.1.2 Solution Series

The w displacement Is symmetric and non-zero at the 
origin of the coordinate system, so the odd terms of a 
cosine series are used for w's approximation.

w
n
£

ITT
Wj_Cos——x

1= 1

(1=1,3.5...,n) (7.3)

u is asymmetric about the origin. From the diagram of 
the experimental apparatus [100], there appears to be 
no axial restraint to inplane movement; therefore Nx 
Is assumed to be zero. The u series approximation can 
therefore be taken as the odd terms of a sine series,

m
r-> !1T

u = ^  U j S i n — x  ( 1 = 1 , 3 .  5t . . , m) ( 7 . 4 )

1 =1

7.1.3 Results

The first five terms of each series (7.3) and (7.4), 
were taken. The solution domain was split into four 
equally sized subdomains, in which a five point 
Gaussian quadrature formula was used to Integrate the
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inplane stresses and moments.

Both integration schemes were applied, the results 
of which are plotted on figs 7.2 and 7*3. The two 
analyses produced Identical results over the plotted 
range. They were slow to pick up the rapid change In 
the circumferential strain which preceded collapse of 
the cylinder and lacked the sensitivity of the 
original experimenter*s analysis which was able to 
accurately follow this trend.

7.2 Simply Supported Plate under Lateral Pressure

The title problem has been analysed by Trueb [96] 
using his finite element program FINAS. The problem 
geometry, material data and boundary conditions are 
set out in fig 7*4.

7.2.1 Strain and Equilibrium Equations

The strain equations for the simple bending of a 
plate are given by [28]•

a*w
x ax2

a*wCy = “ r and Syy = 2.
y  ay2 w

a*w
axay (7.5)

and the corresponding virtual work equation.

-litArea
M

a 2 aw
x ax2 2Mxy

a2 aw 
axay

a 2 aw

- jjPzaw dArea

(7.6)

= 0

Area

7.2.2 Solution Series

The lateral displacements can be described by the



,0
00

3 
,0

00
6 

,0
00

9 
.0

01
2 

.0
01

5
Fig 7.2 Cylindrical Shell under Pressure (Scheme A)

£V
X



,0
00

3 
.0

00
6 

.0
00

9 
.0

01
2 

.0
01

5
Fig 7.3 Cylindrical Shell under Pressure (Scheme B)

P N / m m 2



Fig 7.4 E lasto-p lastic  Analysis of a Plate (1)
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odd terms of a cosine series. The simply supported 
boundary conditions are exactly satisfied; therefore w 
Is given by.

n m
(7.7)

1=1 d=l
( 1 , d = i , 3 ♦ ♦ • )

7.2.3 Results

The results of various runs are shown on figs 7.5,
7.6 and 7-7. Fig 7.5 illustrates that Simpson's 
integration (scheme B) is, stiffer than the 
alternative integration scheme (A), with a smaller 
deflection for a given load. This is to be expected as 
no account is taken of material yield at points 
between the integration stations. Little difference 
is detected between the four and nine mode analyses 
for both integration schemes, which is illustrated for 
scheme A, in fig 7.6.

The FINAS results were computed with eight 
integration stations through the thickness. The 
deflections are slightly more than for scheme A. To 
check whether this difference was due to the finite 
element analysis using more integration points across 
the domain, the number of integration stations was 
increased from 6ll to lftft. No appreciable differences 
occurred from the use of more stations; thus the 
solution plot8 in fig 7.7 should be considered to have 
converged. Note that the collapse loads are almost 
identical for all the analyses.

7•3 Inplane Compression of a Plate

The governing equations are the same as those 
extensively discussed for the corresponding elastic



Fig 7.5 Simply Supported Plate under Uniform Lateral Loading (l)
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Fig 7.6 Simply Supported Plate under Uniform Lateral Loading (2)
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Fig 7.7 nply Supported Plate under Uniform Lateral Loading (3)
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problem In chapter 5* with the strain equations given 
by (5-2). The problem data is set out in fig 7.8. and 
the virtual work form of equations (5.3) and (5**0 is 
given below (where the imperfection has been omitted)*

[ r a iu  aw a £w 1 r a <5v aw a aw 1
Nx L ax + ax'ax J + N y [  ay * ay‘ay J

Area
[ aw a aw aw a aw i

ax 'a y  * ay*ax J J

-jjt -■Area
a 2 aw 
ax2 2 Mxy a2 aw

dxdy

dArea

(7.8)
M. a 2 aw 

ay2 dArea

f  p—au dBoundary = 0
J  bBoundary

The solution series are the same as those presented 
in chapter 5. Because of a shortage of memory* only 
the first term from the w expansion can currently be 
handled. This restriction could be overcome by 
converting the data storage associated with the 
integration stations and equilibrium equations from 
double precision to real, which would release enough 
space for a 30 mode elasto-plastlc analysis including 
four modes in w.

Two sets of results are shown in fig 7*9. Those from 
a 10 mode analysis and from Little [88], who analysed 
the problem using a Rayleigh-Ritz formulation. The 
critical loads from the two analyses for the thiner 
plates are in reasonable agreement with Little's 
analyses. However Little predicts a less stiff 
response after this point. For the thickest plate, 
Little's solution consistently lies below the 10 mode
analysis.



Fig 7.8 Elasto—plastic Analysis of a Plate (2)
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Only one w mode was Included In the 10 mode 
analysis. From the previous elastic solutions It 
was seen that the Inclusion of more terms In w 
produces a softer response (see fis 5*6), so that 
these results are not altogether unexpected.

Unfortunately the modified Newton-Raphson Iterations 
did not converse when, using scheme A. This was 
attributed to the fact that the variation of the load 
and the lateral displacement were found to be very 
sensitive to the exact location of the yield surface. 
Uslns Simpson*s rule reduced the volatility of the 
yield surface, so that a solution could be calculated.

7. U Comments on Elasto-plastic Solutions

The results presented above are, on the whole, 
rather disappointlns as there appears to be no real 
advantage to be sained from exactly calculatlns the 
position of the yield surface.

The first example was Included to demonstrate the 
applicability of the elasto-plastic solution procedure 
to an actual problem. It was hoped that the variations 
which occurred In practice could be monitored more 
effectively by lncreaslns the sensitivity of the 
lntespatlon scheme. Unfortunately both analyses were 
slow to detect the loss of stiffness as the cylinder 
yielded.

The second problem demonstrates the difference 
between the two schemes and shows that scheme A 
produces more accurate results than scheme B.
However, this sain was wiped out by the difficulties 
encountered In the solution of the compressed plate.
It may be possible to obtain a solution by uslns a 
scheme which increments the mode which Is exhlbitlns 
the largest variation, rather than uslns the arclength 
procedure. In this particular case, the prescription
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of the end-shortening has been used without undue 
difficulty by Little [88].
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8.0 Introduction to Stability Phenomena

The buckling of plates and shells under Inplane 
loading has proved to be a perplexing: problem which 
has stimulated researchers for the past 40 years. The 
response can be considered In two stages. Initially 
the structural system Is stiff with small 
displacements Inplane and out-of-plane. At a certain 
critical value of load this regime becomes unstable 
auid the structure buckles: stiffness Is reduced with 
large out-of-plane deflections now dominating.

To the engineer, the sudden loss of stiffness 
presents design problems, particularly If the 
postbuckllng behaviour Is unstable. To the academic, 
the problem of finding and analysing limit and 
bifurcation loads, pre and postbuckllng paths, both 
analytically and numerically, has proved a taxing 
problem.

The following sections seek to present some of the 
facets of the problem from an engineering point of 
view, specifically considering the numerical 
difficulties which may be encountered In analysing a 
general system.

The first few sections consider stability from a 
linear point of view. Certain information can be 
extracted from the stiffness matrix but this Is 
necessarily limited: a complete picture of the 
phenomena can only be revealed by considering a fully 
nonlinear analysis.

Before developing a nonlinear approach, a simple 
description of the behaviour of a structure at a 
critical point Is given. This Is then followed by a 
means of correctly distinguishing a bifurcation point 
from a limit point. An eigenvector analysis is then 
considered, which exposes the cause of the failure of
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Newton-Raphson based solutions at a critical point. 
Some of the current methods of solution are then 
discussed and finally a full nonlinear analysis Is 
developed to solve for the paths emanatlns from a 
bifurcation point.

Einstein's notation Is used In the following* A 
repeated sub or superscript in an expression implies 
summation.

8.1 Characteristics of a Critical Point

The two forms of critical point considered in the 
following are limit points, at which the load reaches 
a maximum or minimum, and bifurcation points, at which 
two or more paths intersect. They are non-regular, 
with the general Newton-Raphson procedure described in 
section ft.2 sometimes encountering difficulties in 
converging onto a solution, at or close to the point. 
These numerical difficulties stem from the stiffness 
matrix [K] becoming singular.

At a critical point xc, the equilibrium equations 
must still be satisfied,

fi(xc) “ piC - 0 (1=1.2....n) (8.1)
where,

xe * [ x,c, x2c,..., xne 3

is the displacement vector of the structure.

The stiffness matrix [K] can be evaluated even 
though it is singular. Also, the linear incremental 
relationship between load and displacement calculated 
from the Taylor expansion (section ft.3)» Is still 
valid.

dP = [K(xc)]•dx ( 8 . 2 )
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Thus, given a set of Incremental displacements dx, the 
corresponding Increment of load dP, can be calculated. 
Of course, since [K] is singular it is not possible to 
reverse the process.

The equilibrium equations can then be written for a 
vanishingly small displacement increment as,

fi(xc+dx) - (Pc1+dPi) = 0 (8.3)

Now consider the eigenvalue problem,

[K(xc)).dxj ■ AjdXj (no sum over j) (8.4)

At a critical point one or more of the eigenvalues Ak, 
are zero, so.

[K(xc)].dxe = 0.dxe (8.5)

where dxe is the corresponding eigenvector. If there 
are more than one zero eigenvalues, say m, then the 
m-dlmensional elgenspace is defined by specifying m 
components.

The structure has no initial resistance to 
displacements defined within the elgenspace x8. 
Similarly from (8.2), the associated load Increments 
dP, are zero. Equilibrium at the critical point is 
still satisfied when a vector from the elgenspace is 
added to the current displacement position xc,

*1^ *c **■ dxe ) - piC “ 0 (1=1..n) (8.6)

Any vector lying in the elgenspace can be added to the 
critical displacement in any proportions; thus the 
adjacent equilibrium paths associated with the vector
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are not uniquely defined. In the special case where 
ra=l. the eleenspace reduces to an eigenvector with 
only one arbitrary component and it Is possible to 
obtain an estimate of the initial direction of the 
postbuckllng path.

As progress is made alone a path leading away from a 
critical point, the modulus of the determinant of the 
stiffness matrix Increases and it is possible to apply 
a standard numerical solution procedure to calculate 
further points on the path.

8 .2 Distinction Between Limit and Bifurcation Points

The distinction between bifurcation and limit points 
can be determined from the Jacobean of the equilibrium 
equations and an additional constraint equation. The 
analysis in this section follows closely that of Rlks 
[8 1 ], with further observations about its consequence 
with regard to the stiffness matrix [K] .

The set of n equilibrium equations of (8.1) can 
conveniently be written as a single function Involving 
the displacement and load.

fi(x.P) = 0  i = 1.2 , . . . n (8.7)

where the vector argument

x [ x , . x 2

describes the deformed geometry and P is the load
parameter

In addition to the equilibrium equations a 
constraint equation will be defined as.

f m < 2 » p > ~ n  = 0 ( 8 . 8 )
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where as before 17 is a path parameter that traces a 
series of Intersections of the surface defined by 
(8.8) with the equilibrium equations (see section 
ft.5). The particular solution points are therefore 
functions of the prescribed 77. Differentiating (8.7) 
and (8.8) with respect to 7? gives.

a x j  a 77

df4 «p
— -  —  * 0
dp a 77

«£m +

dXj a77 dP 3 t)
1

(8.9)

The Jacobian of the these equations can be written.

1 1 f 1 2 • * • f in f lm
X •• •« :•• •• a♦ •••• •• •a ••
ni fflZ • • • fnn fnm
**1 r 2 • • • *n rm

( 8 . 1 0 )

where,

' i d  - a f i / a x j 1 , 1 = 1 , 2 , . . . n

f  I r a “ a f A/ a p i s

r ^  = 8 f n / a x l i = 1 | 2 « • • f H

r m - a f n / a p

Dropping the mth row, corresponding to the constraint 
equation, and removing an arbitrary column o, from G 
gives.
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11 f  1 2 • “ f l a - 1 f la+l • • ^ i n * i »
: i •• : : ••
•• •a •a • • 3
: t 3 • •• 3

ni f n 2 • * ^nor- 1 f n o +  1 * • ^ n n ^ n m

( 8 . 1 1 )

The determinants of these matrices are defined as,

J * det(Q), D a  m det(Ba ) 

where J can be expressed in terms of Da as,

m

J = ^  (-l)°f+n+! (ra.Da ) (8 .1 2 )
0 * 1

or in vectorial form.

J ■= (rT.d ) ( 8 . 1 3 )

where.
d I i . ^ 2 *  ^  3 * • • • d m ^

and
d a  = ( - l ) a+ ri +1D a

If Q is now considered without the constraint 
equation, relationships between the minors of G and 
the rate of change of the displacement and load 
variables with respect to the path parameter may be 
established. From Cramer’s Rule, the variable tg may 
be solved for in terms of ta as.

t 8
( _ ! ) ( « - & + i ) E &  t (a*$, Da*0, no sum over a)

( 8 . 1*0

where the vector t, with components tg has been
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defined.

t  ■ [ a x /a r* . ap/an ] ( 8 . 1 5 )

(8 .1 ft) can be rearranged to give.

-  * > . t e (8.16)
where

( a - 3 + l )
D,
t
or

a )  <no sum over or)

The value of the determinant Dp, le fixed for a 
particular choice of 77, therefore to be Independent of 
the choice of or. <p must always be of the same sign and 
magnitude.

Now, at a limit point tm*aP/dr7s 0 and from (8.16),
Dm must also be zero. Similarly, for the turning 
points of the displacement variables ta (or=l, 2 ,. . , n) 
with respect to the path parameter. It Is required 
that the determinant of the associated minors 3 at must 
also be zero.

For the special case of a limit point, the minor Bm , 
Is also the stiffness matrix [K3 of the equilibrium 
equations. On passing the limit point ap/arj changes 
sign and consequently Dm must also change sign. This 
assuming that <p does not change sign, which would 
require that Da/ta reverses sign for all or. The 
change of sign of the determinant Dm results In a 
negative pivot appearing during the factorization of 
the stiffness matrix [K3 £1013.

The next consideration must be effect of the 
negative pivot on the determinant of the Jacobean of 
the full system of equations, J.

From (8.12), J has been calculated by expanding
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alone the row comprising the first derivatives of 
the constraint equation. Taking for instance the 
arclength constraint.

n
£  <Xi-Xi° ) 2 (P-pO) 2 - S2 > O (8.17)
i = l

where the superscript o refers to components of the 
displacement at the last conversed position. The 
squared arclensth parameter S2, can be associated with 
the path parameter 77. Differentiating with respect to 
77 then gives.

~ d x a(xa-xa°) ---a n -*• (p -p°) ap
3 t 7

* 1 (8 .1 8 )

Of most interest is the final component (P-P°). If a 
limit point has been passed, for further steps (P-P°) 
will be negative and J will consequently remain the 
same sign, with two negative pivots appearing during 
the factorization of G. The passing of turning points 
in other variables also has no effect on the 
determinant J, as Da (a=l..n) changes sign so does the 
corresponding incremental component xa-xa°.

It is possible that solutions may be found on either 
side of a limit point and for the load to have risen 
in value. To be certain that a limit point has been 
passed a further step must be taken. Bergen*s 
stiffness parameter [1 0 2 ] provides an additional clue 
as to whether a limit point has Indeed been passed, as 
it tends to zero when a limit point is approached.

At a bifurcation point J, the determinant of the 
augmented stiffness matrix is zero. From (8.13) this 
occurs if (rT.d)=o. For non-zero da this represents
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a turning point with respect to the direction r which 
can always be avoided by the selection of a different 
constraint equation. Alternatively* all the components 
da (or«=l,2,..n,m) may be zero. This is the case when 
the rows or columns of G are linearly dependent and is 
Indicative of the presence of multiple paths; that is 
G has been evaluated at a bifurcation point.

8 .3 Eigenvector Solution of Linear Equations

The contamination of a NR solution with large 
components of the buckling modes at a bifurcation 
point is shown in the following analysis.

Let [A] be a n*n matrix and u and b be n*l column 
vectors, where b is known. The solution of the 
following linear system of equations is sought*

[ A] u = b ( 8 . 1 9 )

Given that e*- are the n eigenvectors of [A] * the 
vectors u and b can be expressed as a sum of these 
eigenvectors,

u = u i e 1 , b - b1^1. 1 - 1 , 2 , . . . n  ( 8 . 2 0 )

where u*- and b* are unknown and known coefficients, 
respectively. The linear equations (8.19) can then be 
rewritten as*

u l CA3eA = b^e*J ( 8 . 2 1 )

Remembering the definition of an eigenvector,

[A]e* = Aiei (no sura over i) (8.22)

(8 .2 1 ) becomes,
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* b ^ e ^ ( 8 . 2 3 )

If £A] Is symmetric then its eigenvectors are 
orthogonal and.

( e i ) T . e ^  = ( 8 . 2ft)

where ^i^ is the Kronecker delta. (If the matrix Is 
nonsymmetric, a set of orthogonal vectors to the 
eigenvectors can always be found, so for the sake of 
simplicity symmetry will be assumed.) Therefore, 
multiplying (8.23) by the transpose of each 
eigenvector in turn gives an unique solution for the 
unknown coefficients u*.

For a singular matrix one or more, say m, of the

coefficients u*J (8 .2 6 ) are infinite and the solution 
will contain infinitely large components of these 
eigenvectors. With the solution In Its present form 
It is possible to extract these eigenvector components 
and write an alternative solution.

u ^ - A - ^ e ^  ) T . e *  = b k ( e ^ ) T . e k ( 8 . 2 5 )

u^ = b ( n o  sum over 1 ) ( 8 . 2 6 )

eigenvalues A.3 are zero so that the corresponding

Cl®1  Aa=0) (8.27)

3 = 1 , 2 , .
1  = n-m+ 1

,•.,n-m
, • • « n

where the coefficients need further consideration.
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8 . ft Methods Based on Eigenvector Analysis 

S.ft.l Location of Critical Points

Having described the basic properties of the 
stiffness matrix, its eigenvectors and determinants, 
some of the related methods to be found in 
literature will now be discussed.

The location of critical points has attracted the 
attention of mathematicians. The most recent methods 
seek to make critical points regular but at the 
expense of requiring the solution of an extended set 
of equations [103]. This approach is not pursued 
further as the current system of equations requiring 
solution is large enough, without complicating matters 
further by adding extra equations.

Outside of mathematical literature, the location of 
critical points can be evaluated in two ways. Firstly 
and most obviously, the structure can be loaded and 
the leading diagonal monitored. The appearance of one 
or more negative pivots during factorization of the 
stiffness matrix Indicates that the properties of the 
solution have changed. If a single negative pivot has 
appeared, the two known solutions, between which the 
change was detected, bracket the critical point, and 
interpolation techniques can be used to obtain better 
estimates of its location. The obvious choice is to 
Interpolate using the displacements, although the 
difference in stiffness between the two points has 
also been used [1 0 ft].

The direct approach above requires the solution of 
the governing equations but has the advantage of 
accurately finding critical points on initially linear 
or nonlinear fundamental paths. To avoid having to 
trek up the fundamental path, a linear eigenvalue 
problem may be formulated as [9 6],
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( tKL 3 -  M K g ] ) x « O (8.28)

where the stiffness matrix has been decomposed into 
its linear and geometric components. A represents the 
proportional increase in stress and consequently load, 
needed to reach the critical point.

8.11.2 Eigenvector Approach to Bifurcation Points

For the case of a stiffness matrix with a single 
zero or near-zero eigenvalue it is possible to add a 
component of the corresponding eigenvector to the 
displacement solution to pick up the postbuckllng 
path. This has been found to be a successful technique 
[1053. Similarly Kroplin et al. have used an energy 
perturbation technique to search for bifurcation paths 
away from the fundamental path [106]. The perturbation 
was chosen as the eigenvector corresponding to the 
lowest eigenvalue.

Eriksson proposed a technique based on the 
decomposition of the stiffness matrix given in section
8.3 [1073* He selectively damped components of the 
load vector acting in the direction of the buckling 
mode during the Newton-Raphson iterations, which 
increased the stability of the solution around 
singular points.

The direct calculation of the postbuckllng paths, as 
such, from a bifurcation point requires that higher 
order derivatives of the Taylor expansion are retained 
in the analysis. Recent work has revolved around the 
introduction of a transformed set of Incremental 
coordinates,

Axi = A idAyj (8.29)
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where the choice of the transformation matrix [A] 
distinguishes the particular method. Nishlno et al. 
[108] selected [A] to be composed entirely of the 
eigenvectors of the stiffness matrix [K]. The 
analysis may briefly be described as follows.

The Taylor expansion about a critical point can be 
written.

A P i ££±

a x j A x d

a 2 f i

a x j * x k
AxjAxk/2! ( 8 . 30 )

Substituting the new coordinates (8.29) into the 
Taylor expansion and multiplying by [A]T, diagonalizes 
the stiffness matrix. The leading diagonal is composed 
of the matrix eigenvalues, one or more of which must 
be zero, as the expansion was evaluated at the 
critical point. For each zero eigenvalue, the next 
term in the Taylor series is then used to provide the 
additional equation required to define the solution. 
These nonlinear equations are then solved with an 
arclength constraint. The incremental variations are 
added to the displacements at the critical point to 
provide an initial guess to the postbuckling path for 
a Newton-Raphson solution.

For a single zero eigenvalue, the resulting 
nonlinear equation is quadratic in one of the 
coordinates and presents few difficulties in solving 
with the arclength constraint. The authors in fact 
solve for multiple bifurcation points but do not give 
any indication of how the solutions were obtained. A 
reduction method for the solution of these equations 
will be presented in section 8 .5 .3 . which will extract 
all the roots, both real and complex.

The big drawback to the above approach is the need
to calculate all the eigenvalues and vectors of the 
stiffness matrix. Thurston et al. [109] adopted a 
transformation matrix comprising the eigenvectors
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corresponding: to the lowest eigenvalues and a 
permutation of the remaining variables. Multiplication 
of the stiffness matrix by the transpose of this new 
[A], elves a stiffness matrix which Is essentially 
unchanged, except for the appearance of the 
eigenvalues corresponding to the eigenvectors on the 
leading diagonal. The transformation thus replaces a 
small number of variables with the critical modes of 
deformation of the structure.

Rather than calculating the second order terms of 
the Taylor expansion* an extra column carrying the 
first derivative of the load vector was found to be 
sufficient representation of the truncation error for 
cases involving a single zero eigenvalue. The 
amplitude of the eigenvector was prescribed and the 
load varied to ensure that the Newton Incremental 
correction for the buckling mode was zero.

The above techniques for finding postbuckling paths 
have been found to be successful for evaluating 
bifurcation points involving a single, zero 
eigenvalue. It seems that the straight forward 
addition of the eigenvector corresponding to the zero 
eigenvalue and the use of Newton-Raphson iterations, 
perhaps with damping* Is sufficient to converge on to 
a secondary path. The systematic treatment of multiple 
critical points involving more than one zero 
eigenvalue is not explicitly dealt with, although is 
implied in ref. [108]. For the case of a plate with two 
coincident critical points, five pre and postbuckllng 
paths exist [110]. Whether ad hoc addition of 
eigenvectors will prove sufficient to cope with this 
situation has not been demonstrated. In the next 
section a systematic method will be presented for the 
solution of bifurcation points, which in theory can 
automatically handle multiple critical points.
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5 Asymptotic Bifurcation Analysis

The method proposed by Thompson and Hunt C6 ]( for 
the reduction of the set of discrete governing 
equations to the minimum number required to 
accurately approximate the structural behaviour 
contained in the full equations* is presented in the 
subsequent sections. A method of extracting all the 
solutions, both real and complex* to these simpler 
equations is then considered. The resulting paths are 
then continued using the Newton-Raphson method.

Thompson and Hunt's original technique and results 
were applied to the potential function. However, the 
principle is still valid for use with the equilibrium 
equations which are generated by the application of 
Galerkin's method. Note also that Thompson and Hunt 
assume that the prebuckling path is known. In the 
following analysis this restriction is removed, the 
only requirement being that the Taylor expansion is 
calculated at a point on the equilibrium path.

8.5*1 Elimination of Passive Coordinates

Using the terminology of Thompson and Hunt, the n 
unknowns of the problem are split into two groups, 
namely, the r active coordinates which will be 
designated by q^ and the n-r passive coordinates qa. 
The number of active coordinates must as a minimum 
equal the number of zero eigenvalues of the stiffness 
matrix. Thompson and Hunt make the distinction 
between the general coordinates of the problem and the 
loading parameter P. However, in the following 
presentation it is convenient loosely to Incorporate 
this variable under the active coordinate label 
thus there are n - 1  equilibrium equations rather than 
the usual n.

The choice of the actives and passives is not
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totally arbitrary. The elimination process seeks to 
write the variation or the passive variables with 
respect to the active variables in the form of a 
Taylor series, which if a rapidly varyins coordinate 
is written in terms of a slowly varying coordinate 
presents convergence problems.

The Taylor expansion of the n-r passive coordinates 
in terms of the r active coordinates can be written.

=
a<3 q

3 q £
A q A

2  d Q i d q - j
Aq^. Aq-j

(8.31)

1 , 2 , . . n - r . i.d 1 . . r

This expansion is only locally valid, but if truncated 
at the appropriate derivative will be adequate to use 
in the analysis of the Initial postbuckllng path.

The next step is to calculate the coefficients of 
the expansion. Returning to the original equilibrium 
equations, a subset of number n-r are selected, which 
will be labelled fa (q£(<li) • Qi> * To Proceed, these 
equations are differentiated with respect to each of 
the active variables q^ in turn and evaluated at the 
critical point. Remembering that the passive 
coordinates are now functions of the active 
coordinates, gives via the chain rule.

af<x + ££s.£2 & = o 
d q ^  3 q p  8<Ji

(8.32)

From each differentiation of the passive equations 
fa, with respect to an active coordinate q^, a 
consistent set of equations arise, which can be solved 
for the required differential coefficients of the 
Taylor expansion. Therefore for the first term.
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a<ae

d Q i

d f or (8 .33)

Differentiating (8.32) asain with respect to the 
active coordinates qj . sives.

aztg + a 2f a  a q e + a zta  aqa  ̂ a 2 f a
a q ^ a a - «  S q ^ d q ^ S q ^  f l q ^  S q ^ ^ o

a f g  a 2qfl
a q ^ " a q ^ f l q j  “  °  ( 8 . 3 ^ )

which rearraneins and solving gives,

[ « g r ' r  a 2f 0  , a » f a  a q p
aqidqj L dq3 J L aq^flqj dq^dq^ aqj

a 2f g  a q 6 a 2f a  a q 6 aqy 1
a q ^ a q ^ ’ a q i  aq^aq* a q A a q j  J

(8.35)

where the terms in the brackets are either known from 
the previous calculation or can be calculated by 
differentiating the equilibrium equations. Obviously, 
each subsequent differentiation will generate the 
coefficients of the next terms in the Taylor Series 
(8 .3 1 ), the process continuing for as Ions as fa is 
differentiable.

8.5.2 Expansion of Reduced Equations

Having evaluated the expansions (8.31) for the 
passive coordinates, the final reduced form of the 
equilibrium equations may be determined. The 
remaining unused information of the problem is 
contained in the r - 1  equilibrium equations associated
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with the active coordinates. Expanding these 
equations about the critical point, and Incorporating 
the coefficients for the passive coordinates lust 
calculated, results In a set of coupled nonlinear 
equations written exclusively In terms of the 
Increments of the active coordinates. For example the 
first term of the Taylor expansion can be calculated 
from.

L i s

a<ai

££s ££s a<a3
dqA aq^ aq^ s=n-r+l, . n - 1

( 8 . 3 6 )

The second term on the right hand side is the 
contribution from the passives which now have 
components in each of the active coordinates. 
Similarly, subsequent differentiation generates higher 
order terms of the Taylor Series.

The final form of the expansion of the active 
equilibrium equations is.

where,

= ! £ s  + a<a«  
s *1 a q A a q a a q ± (8.37)

s, 1 1  =
a 2f s  + 8 2f g a q g 

aq^aq^ a q t a q 3 aqj

a f , a 2q e a z f , a q ^ a 2f s  a q e a q y

aq^* aq-j^aq-j a q 3 a q d ’ a q ± *<a**<a* a q ± a q d

In order to allow the system its full degree of 
freedom, the load has been included as a variable in 
the analysis. As before, either the load must be
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prescribed or an additional constraint must be Imposed 
on the system of equations to obtain a solution.
Again the arclength constraint Is used,

AqrAqr = S2 r»l,2,..,n (8 .3 8 )

The contribution of the passive coordinates to 
(8.38) Is obtained by squaring the corresponding 
Taylor expansions (8.31) in the active coordinates. 
Only linear and quadratic terms are retained.

The reduction process has developed r coupled 
nonlinear algebraic equations in r unknowns. The 
final stage of the analysis is the exact reduction of 
these equations to a single polynomial, whose roots 
can be calculated by a standard method.

8 .5 . 3  Exact Reduction of Coupled Equations [111]

Arbitrarily chose one of the active coordinates Aq^ 
and then search each of the equations f^ in turn for 
the highest power Pji of Aq^ present in each equation.

Aqin  ̂Dj(Aqk ) j + Nj(Aq^,Aqk ) * 0
( 8 . 3 9 )

where n = Nj(Aq^,Aqk ) is a polynomial containing
terms involving the other variables Aqk and also lower 
powers of Aq^, whilst D^(Aqk) is a polynomial 
containing terms which have been factored by Aq^n .

From the set of powers Pji* the lowest power, P*Vi» 
is selected to eliminate the higher ones from the 
remaining equations. Thus,

A q ^ m
Nr (AqifAqk ) *
------ —— —------  m = r  y*iDr (Aqk ) ( 8 . U O )
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and substituting Into the remaining equations. (d*r). 
slves.

-  A q ^ n-m r Hr <A<»l»A q fel ] (D (A qk )) + NjCAqi.AqH)
L D_(Aqk ) J

or
Aqin-m N^CAq*. Aqk )D-j (Aqk )

N-j 'A<3i* Aqk )Ds?(Aak ) * 0
(8.A1)

resulting in expressions of a lower order in Aq^. The 
process is continued until only one equation contains 
Aq^, which is then set aside from the elimination 
procedure. The remaining equations are then used to 
eliminate the outstanding active coordinates. On 
completion of the process an unique polynomial 
equation in one coordinate remains, which can be 
readily solved using any of the standard techniques. 
The other active coordinates are then extracted from 
the remaining: equations by backsubstltutlon. Sometimes 
another polynomial may have to be solved when 
calculating these other coordinates.

As raieht be expected there is a drawback to this 
apparently simple solution of a difficult problem. 
After each elimination, the order of the other 
variables, which are not under going elimination, 
Increases. This can ultimately result in a large 
governing polynomial of high order which then has to 
be solved. For a few equations the problem is not too 
severe, but it is Impractical to utilize this 
procedure on larger systems of equations.
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S.5.& Schematic Representation of Bifurcation
Analysis

In an effort to clarify the above procedure, the 
process will be presented In a dlagramatlcal form, 
which will then be followed by an example using the 
same format in section 9-1*

It is assumed that there are n-1 displacement 
coordinates and that the full system of equilibrium 
equations can be totally described using two active 
coordinates, one a system displacement and the second 
the load. Therefore the coordinates can be 
partitioned into n-2 passive coordinates and two 
active coordinates. As before, the equilibrium 
equations are given by.

P) = 0 k.m = 1, 2,..,n-1 (8. tl2)

The stiffness matrix [K], which has been augmented by
the derivative of the load • can then be written.

•*
••

:
I

aq^ :
•

aq± j a<jd
CK) = •• : (8.113)

afi
•
••:i
»•

a£i : afi
•

aq^ aq± : a»d • „

where ( a , 3 = 1 » 2 , . , n - 2 ) ,  ( i = n - 1 ) ,  (;J=n).

In the above a f / a q ^  * a f / a p ,  so that for comparison 
with equations (8.31-8*37). component terms can be 
more readily identified. The load is included as an 
active coordinate to allow the system its full degree 
of freedom.

The process of the elimination of passives may now
be represented as
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- 1 . r : : 1

a a t *  1 ata a* a * t a  j a zta  S a*t„
: aq-j
:•

aq^2 : dq^dqj : 8q-j2
: t
t :

I I I I
\ /

££« } ] 
aqA : aqj J

f * a2qg . a2qa-|
l  aq*2 * aq̂ dQj t aq-j2J

( 8 . 4 4 )

The first coefficients of the Taylor expansion of the 
passives can be obtained by rearranging the 
appropriate columns of the augmented stiffness matrix. 
The second order terms require further differentiation 
of the equilibrium equations. The bars over the second 
derivatives of the equilibrium equations in (8.44), 
represent the operation of separating the second-order 
passive coefficients and evaluating the remaining: 
terms using the first-order passive coefficients 
calculated in the previous step, (see equation 8.35).

The final stage of the process generates the Taylor 
expansion of the remaining: equilibrium equation about 
the critical point. This may represented by the 
following:.
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r  £ £ i  : a £ i  1

L dQi * dqj J
I I

\ /

r i i ^  iL Sq*/ : dq̂ dq̂  : dq.jz J....
I I

\ /

f ( q ± . P )  - C ±A Q ± + C-jAP ciiA<ai2 + cldA^iAP + cjJAp2 ■*■•••

where AP=*Aqj
( 8 . t t 5 )

The coefficients of the Taylor expansions of the 
passive coordinates are now known and can be 
substituted into the Taylor expansion of the final 
equilibrium equation as required.

The explicit differentiation of the individual 
elements of the equilibrium equations is performed in 
Appendix 5*

8.5.5 Solution of Polynomial Equation in One Variable

Equation (8*&5) can then be solved by prescribing AP 
or by solving with the constraint equation (8 .3 8 ) 
using the method set out in section 8.5-3. Using 
either method, a polynomial in one variable must 
ultimately be solved.

The method adopted in this thesis for the solution 
of the polynomial is that of Laguerre [112]. The 
method is cubically convergent for simple roots which 
may be real or complex. For the problems encountered, 
the polynomial will only have real coefficients and
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consequently if a complex root Is found, its conjugate 
must also be a root. Using root suppression It Is 
possible to extract all the roots of the equation and 
consequently all the paths emanating from the 
bifurcation point will be located.

Laguerre'8 Method defines the following Iteration 
sequence,

zk+ i “ zk
______ np(Zk )_______
P * C Zk ) ♦ tH(Zk )],/2

( 8 . 4 6 )

where,

H(Zk ) = (n-l)£ (n-1).(pf(Zk))2 - np(Zk )pM(Zk )

and,

n Is the degree of the polynomial p. Zk Is the current 
estimate of the root and p* and p” are the first and 
second derivatives of the polynomial respectively. The 
sign of H Is chosen so that the denominator has the 
larger modulus.

The converged roots are factored out and the 
Iteration process continued using a new polynomial 
g(Z) which replaces the original polynomial p(Z). The 
new polynomial and Its derivatives are given below.
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*(Z) P(Z)

n  (Z-Z1) 
i - 1

(Z) g(Z) f  ’ (z)
f (Z) -  £  ( Z - Z l  

1-1

e"(z) g(z) f»(Z)
f  (z) ( z - z 1 )

l - i

(8.47)

where Zi 1-1 to 8, are the 8 roots already calculated.

8.5.6 Evaluation of Postbuokllng Paths

The coupled polynomials generated by the elimination 
of passive coordinates accurately describe the Initial 
postbuckllng paths In the vicinity of the bifurcation 
point. In order to extract numerical data from these 
equations, a further reduction is necessary which 
allows for the exact evaluation of all the roots of 
the equations. By backsubstltutlng through the 
equations Involved in the final elimination (8.37-38) 
and the Taylor series expansions of the passives 
(8.31)» the final solution points can be established. 
The Newton-Raphson method can then be used to extend 
the path beyond the range of validity of the asymtotlc 
expansion.

8.6 Other Asymptotic Methods

It is not possible in discussing the solution of 
bifurcation points and general stability not to 
mention the work of W.T. Koiter. Starting from the 
principle of stationary potential energy, he provided 
the foundation of a general method for the analysis of
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bifurcation problems In nonlinear elasticity [113]. In 
a similar fashion to the above analysis, a power 
series expansion Is assumed and Its coefficients 
evaluated at the bifurcation point, thus constructing 
the bifurcation paths. Budiansky [75] showed the 
equivalence of Kolter's work to an alternative 
approach based on virtual work.

Several specialist programs have been developed to 
use the results of Koiter. Haftka et al. [lift] 
correlated the nonlinear pre-limit point behaviour of 
a structure with the Imperfect behaviour of a 
structure which bifurcates under a given loading.
Rlks [81] and Carnoy [115] have also written 
specialist programs. Their greatest restriction, which 
prevents their general application, is the requirement 
of the evaluation of higher order derivatives.

8.7 Incorporation of Bifurcation Analysis into Standard
Packages

The most accessible source of Information in a 
general numerical package regarding the state of the 
solution, is the stiffness matrix. Consequently, 
methods which work directly with it are the most 
likely to be adopted.

To move onto a postbuckllng path at a simple 
critical point, the addition of the critical 
eigenvector, (which is easily calculated from the 
stiffness matrix), in conduction with Newton-Raphson 
Iterations, seems to be simplest way of tackling the 
problem; there is no guarantee, however, that the 
iterations will converge.

For the case of multiple critical points a higher 
order analysis will be required. Thurston’s approach 
[109] looks promising. He suggested that the higher 
order terms of the Taylor expansion, in terms of the



181

eigenvector coordinates, be calculated using finite 
differences. For several eigenvectors the cost of 
computation is not severe.
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9 .O Example! of Postbuckling Analysis

9 .l Postbuckling of a Perfect Plate Under Uniaxial
Compression

To Illustrate the use of the elimination of passive 
coordinates and the calculation of the postbuckling 
path* the bifurcation of a simply supported plate 
under uni-axial compressive loading, will be analysed. 
Taking only seven input basis function terms the 
problem is amenable to solution by hand. The 
application of the method to larger problems using the 
computer program will be looked at in the final 
example (see section 9*2).

Several differences occur in this analysis to a 
corresponding one using Thompson and Hunt's [93] 
original method. The results obtained are identical to 
a corresponding Rayleigh-Ritz analysis. Por brevity, 
the working for this analysis will not be given. Note 
that the prebuckle path is not eliminated as would be 
required by Thompson and Hunt's method and 
consequently the analysis is more flexible. It can be 
used directly to calculate bifurcation branches from 
nonlinear paths, provided a good estimate of the 
bifurcation point can be obtained.

Consider a plate, of width b and length a, subject 
to an inplane compressive load of P, similar to that 
shown in fig (5.1). The sides are held rigid; thus 
the problem corresponds to 'case a* in Chapter 5- The 
von Karman equations, which were set out in section 
5*1* are used to model the plate's behaviour; now 
though, the imperfection wQ is set to zero. The 
vertical equilibrium equation (5*3c) has been 
simplified, with Px and Py set to zero. This destroys 
the symmetry of the corresponding discrete equilibrium 
equations leading to a nonsymmetric stiffness matrix. 
Since the stiffness matrix is not assumed to be
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symmetric this causes no problems, the solution being 
Identical to one obtained using the full equation of 
(5.3c).

9 . 1 . 1  A s s u m e d  D i s p l a c e m e n t s

From the discussion in chapter 5, the following set 
of displacement functions are consistent, with w 
being fully coupled with u and v.

mirx ITw  = q , S i n ----. S i n — y1 a b

2mTTx
u = - Q 3x  ♦ q 4S l n -----

2mlTx q 5S i n ----- 2TT
C o s — y  b (9.1)

2mTTy 2mTTx 2 IT
v  * Q fty  + q 4S i n -----  +  q 7C o s ----- . Si n — y

9 . 1 . 2  E q u i l i b r i u m  E q u a t i o n s

Substituting (9.1) into the equilibrium equations
(5.3) and applying Galerkin's Method to the resulting 
expressions, generates the following equilibrium 
equations,

for qj,

DTT 4 a
T 3”

<*l
TT2 a
2 b

(1+v)kq|Qj ir3a  TT3a-r-. (1+v)kqjq4 -rkq,q52 b 2 * 2 b z

1T*a

2b :. ( H - v ) k q j Q a
ir3a

• Cl+ v)kq,<i<
IT3

2b ^ k q i q  7

i r ’. (l+2v)q, 3 016b3 (9.2a)
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for Q3

---. (l-v)kQf2 - airaK<34 0

And,

-  ^ f . U - v ) k < a , 2 -  air2-K<JK -  0  
a b 2 t>

where q#=q4 for q4, and q^=qt f ° p *
And,

(9.2b)

(9 .2 c)

TT3a
a b

k q  |2 ( 1 + v ) q ^ IT2- .  ( 3 - v ) k q ^  b
0 (9.2d)

where,
q*=q5 • q^=q7 for qj 
q^=q7 . q^=q5 tor q 7

And finally for Qg ,
TT2 a
a b

( 1 - v ) k q | 2 a i r a k q * 0 (9 .2e)

where K Et
2 ( 1 —V2 )

For ease of calculation, m » a/b Is assumed. To 
complete the calculation of the equilibrium equations, 
the virtual work done at the boundaries must be 
Included. The non-zero boundary Integrals are then 
added to the corresponding equations calculated above.

J (N*-
. 0

P/b) <5Q3 (-x> dy = 0 (9.3)
J 0

and similarly along the boundary y*=0 ,b.
aJ Ny «5Qs y dx = o (9 .a)
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The final equilibrium equations are therefore, 
for Q 3 ,

TT2

6 b
(l+v)kq, 2 2abkQ3 + 2vabkQ0 + Pa = 0 (9.5)

and for Q 0,

IT2 a 
Ub ( l + v ) k q j  2 2abkQa ♦ 2vabkQ3 0 (9.6)

9.1.3 The Stiffness Matrix

To obtain the solution for the buckline load and 
Initial postbuckline path, it is necessary to evaluate 
the Jacobean and then examine its components.
Assuming that Q 3 and Q 0 are non-zero on the 
fundamental (prebuckle) path, the Jacobean J, is 
expressed as follows.

CK]

a • a l 4 • • •

a2 2 • • • •

• a 3 3 • • a 3 4 a

•• a 4 4 • # •

• • • a 5 5 • •

. a< s « • a 4 4 •

• • • • • a 7 7

(9.7)

where the non-zero elements are.

s ll “ a 4 4 = -2abk aj4 = a4| = 2 vabk

*nr2ak
a 2 2 ■  a s 5

a 3 3 - a 4 6 =  ~ “ • (3 - V ) k  a 3 6 = a *3
D

TTZ a (l+v)k

DTT4a TT2a
a 77 -  - 7 T 2b (l+v)k(Q3-vQft)
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9.1.ft The Fundamental Path

Solving “the equations by the Newton—Raphson Method 
(section ft.2 ), for the Increments Aq gives,

Aq « - [K]“1.F (9.8)

w h e r e ,

A q T  = [ A Q 3 . A q 4 , A q s , A Q a , Aq*, A q 7 , A q , )

and,

F t  * [ Pa, 0, 0, 0. 0, 0, 0 )

and.

[K]

bj i . « b14 . . .
• b£ 2 • • • • •

• • b3 3 . . b 3 *
b41 # . b44
. . . .  b 5 5 . •

. . . . . .  b 7 y

where.

b ll = b 44
1

Ebta b I 4 -  b 4 l
V

Ebta

b 2 2 *  b 5 5
b

ftlT2 ak

b 3 3 * b 4 4
(3 -v)b (1 +v)b

8TT2ak(l-v) ~ b * 3 " 87T2ak(l-v)

__________  1_________________

D1T + a tr2a
T 3 — • (l+v)k(Q3-vQ8)

M u l t i p l y i n g  (9.8) o u t  g i v e s  t h e  s o l u t i o n  f o r  t h e
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fundamental path.

P VPAQ3 «= --- and AQ8 « --- (9.9)Ebt Ebt

This solution exactly satisfies the equilibrium 
equations; thus AQ3 and AQS can be replaced by the 
full Q 3 and Q g. As might be expected the solution Is 
the same as calculated In section 5*2.2. for the 
prebuckle solution of a perfect system.

9.1.5 The Buckling Load

The critical load Is attained once the Jacobean 
becomes singular. For this example. It Is easy to see 
by expanding out along the bottom row. that the 
determinant of the Jacobean Is zero If a77 also goes 
to zero. Thus substituting for Q3 and Q e, given by 
(9*9)« Into a77 and evaluating, gives the critical 
load Pc as.

ADTT2 pc = ----
b ( 9 . 1 0 )

9.1.6 Calculation of the Postbuckllng Paths

9.1.6.1 Elimination of Passives

Now that the critical load Is known. It is possible 
to calculate the postbuckling path as follows. 
According to the method set out In section 8.5* the 
passive coordinate expansions must be calculated 
first. In general the critical equation will not be 
decoupled and the singularity will only appear during 
the inversion of the Jacobean. For this particular 
case, the active equilibrium equation Is that 
associated with lateral displacement q ( and the
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remalnine equations are passive.

The first-order passive coefficients are calculated 
by differentiatine the passive equilibrium equations 
with respect to active coordinates. To give the system 
its full ranee of variation, the load is now included 
as one of the active variables. Thus from (8 .3 3 ),

’ a o ^  a o ^  ‘ 

a q ,  a p  

a q 4 a q 4 

dq 1 a p  

a q 5 a q s 

a q  j a p  

a o a  a Q a 

a q ,  a p  

a q 4 a q 4 

a q , a p  

a q 7 a q 7 

a q  1 a p

from which the non-zero first-order passives are.

1 1

4 1

. b 1 4

’ 2 2

°3 3 *
. b 44

. . b 5 5

b < 3

'3 t

(  6

0 -a 
0  0

( 9 .  I D

a Q j  = 1

a p  E b t
and a Q a ____v _

a p  "  E b t
( 9 . 1 2 )

Continuine the process as prescribed, the second-order
passives are then calculated 

a 2 g *3 3 2 Q3 a 2 Q3 "1 r

a q ,  2 a q , a p a p 2

a z q 4 a 2 q 4 a 2q 4

a q , 2 a q  , a p a p 2

a z q 5 a 2q 5 a 2q 5

a q ,  2 a q  j a p a p 2

a 2Qa a 2 Q a a 2Q B

a q , 2 a < j i a p a * 2

a 2q , a 2 q« a 2q*

a q , 2 a q  , a p a p 2

a 2 q 7 a 2 q 7 a 2 q 7

a q , 2 a q , a p a p 2

from equation (8 .3 5 ),

l-----••

a

•• C , 0 0

2 2 *  • • • c 2 0 0

♦ *>33 • • b 34 C 3 0 0

. * b 44

OO’«■0

. . . b 55 c 5 0 0

• b «3 • • b «< c 4 0 0

(9.13)
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where.

c l = - c 4 =

c2 = c5

Cj =

ir2a- ---. (l-*-v )k
2 b

ir3a— (l-v)k 2b2
lT3ak
2b2

from which the non-zero, second-order passives are 
found to be.

a 2Qj I IT2
aq i2 4 b 2
a 2q 4 
a q , 2

TT
-  — . ( 1 —V ) 

8b
a 2q 5 TT
a q j 2 8b
a 2Q8 IT2
a q ! 2 4 b 2
a 2q* 
a q t 2

tr
-  — . ( 1 —v ) 

8b
a 2q 7 IT
aqj 2 8b

(9.14)

The third-order terms are all zero. Therefore the 
final Taylor Expansions of the passive coordinates 
are.

AQ3

A  Q 4

Aqs 2

(9-15a)

(9.1 5 b)

(9.15c)
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AQa

Aq<

Aq7

(9*15d)

<9.15e)

(9.15f)

9*1*6.2 The Governing Equilibrium Equation

The last staee In the elimination process is to 
expand the active equilibrium equation In conjunction 
with the passive coefficients, calculated previously, 
to give,

If 3TT4aEt *1
6L 1 6 b 3 J Aq | 3 TT2aT— rAPAq | = 0 4b2 ( 9 * 1 6 )

9*1*6.3 The Fundamental Path Solution

One of the solutions of (9.16) is Aqt=0. 
Substituting Aq j back into (9.15). extracts the 
fundamental path from the non-zero components of 
(9*15a, 9*15d).

9.1.6.4 The Postbuckling Paths

Alternatively Aqj is non-zero and given by.

Aq ] (9*17)

which is the solution for the stable postbuckling 
path. Fig 9.1 compares the above solution with that 
obtained in section 5*3*1. in which an initial



Fig 9.1  C om parison of P e rfe c t an d  Im p e rfe c t P a th s
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imperfection In the buckling node. , was Introduced. 
It can be seen that the paths approach asymptotically.

It Is convenient to stop the analysis at this stage. 
The computer program* however* goes on to solve the 
Intersections of the paths given by the various 
solutions* with a n+1 dimensional spherical 
constraint which encompasses the bifurcation point.
The next example will utilize the program In solving 
the postbuckllng paths off a nonlinear fundamental 
path associated with the axial compression of a 
perfect cylinder.

9-2 Axial Compression of a Cylinder

This last example examines the postbuckling 
behaviour of an axially compressed cylinder. A recent 
book by Yamakl [116] has 'pooled' together his results 
from 17 years of experimental and theoretical research 
Into various aspects of cylinder buckling.

Of particular interest are his experiments on 
polyester cylinders which have a Young's modulus of 
E=5560 N/mm2 and a Poisson's ratio of v*0.3« end which 
remain completely elastic well Into the postbuckllng 
range. This property of the test cylinders reveals a 
surprising facet of the cylinder's behaviour; as the 
compression of the buckled cylinder is Increased* a 
dynamic snap occurs at which the number of waves In 
the circumferential direction is decreased by one. and 
the load drops to a lower path* indicating either a 
snapback or secondary bifurcation.

The primary objective of this analysis is to 
demonstrate the calculation of the post-bifurcation 
paths. But at the same time it highlights the 
weakness of many approximate methods of solution* 
when the inherent nature of the problem is highly 
nonlinear.
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The crux of the problem Is the Increase in 
processing required to calculate the nonlinear cubics. 
Suppose a single term Is added to a six term series, 
127 additional cubic terms will be generated, each of 
which Is reduced to 64 linearized terms. These terms 
must then be further multiplied by Galerkln weighting 
functions and integrated. Consequently the cost of 
calculation, crucially limits the effectiveness of the 
method when a large number of nonlinear terms need to 
be Included In the analysis.

A compressed perfect cylinder has a plethora of 
postbuckllng paths, which cascade down from 
bifurcation points strenched out along the fundamental 
path. It is impossible to incorporate all the paths at 
once; therefore in selecting the modes, behaviour of 
the cylinder is restrained to the chosen path. As 
mentioned earlier, experimental evidence shows that a 
cylinder will dynamically snap between these different 
solutions as it Is compressed; using a modal type 
solution these particular paths are essentially 
Independent, as there are no direct cross terms 
because of the orthogonality of Cos(ny/R) and 
Cos((n-l)y/R), which model the circumferential 
displacements. But they are Indirectly connected by a 
Cos((2n-l)y/R) or Cos(y/R) term. Because of the cost 
of obtaining a solution, these passive modes are 
excluded, along with the possibllty of modelling this 
particular aspect of postbuckling behaviour.

Owing to the cost mentioned above, only those W 
modes which are directly connected to the buckling 
mode can be Included; similarly the associated u and v 
terms are also restricted. The results presented later 
show that the compromises between terms that could and 
could not be Included have severely restricted the 
accuracy of the solutions.
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9*2.1 The Donnell Equations

The Donnell equations £117] differ from the von 
Karman plate equations (see section 5*1) by a single 
term in the circumferential strain definition, -w/R, 
where R is the radius of curvature; as R tends to 
infinity, a curved plate becomes a flat plate. Hence, 
the strain (9*18) and equilibrium equations (9.19) 
are.

e. du
ax

i f  aw 1
2 1 ax J -  z-a ^ w

a x 2
(9*18a)

av
ay

i f  _ ! ! _  ( 9 .l8 b )
2 1  ay J R ay2

*xy
du av aw aw
ay ax ax* ay

(9*18c)

dN,
ax

dN
ay Px = 0 (9*19a)

dN
a y

aN,
dx

(9*19b)

ax2
a 2Mvv a 2My  
axay ay41

5 *  + — f  Nx —» ax L ax

ay
r aw aw 1
[ Nxyax * Nyay J

aw ]
Nxyay J

(9*19c)
p , = o

with the corresponding boundary conditions,

Nx - Nx or w = w

Nxy = Nxy or u = u

aMxy + 2— ~  ay
dw

Nx-- ♦Xax
aw

Nxyay
= Qx or

(9* 20a) 

(9 * 20b)

w = w
dx ( 9 *  2 0 c )
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— aw awMv « Mv or —  = -- (9- 20d)
ax  a x

where the bar indicates prescribed values.

9*2.2 Assumed Series Solution

The test cylinder described by Yamaki [116] had 
essentially encastre boundary conditions, but some 
effects were observed which were attributed to a lack 
of rigidity of the loading mechanism. With this 
proviso, the boundary conditions which Yamaki assumed 
for his theoretical analysis at x=0 and L (see fig 
9*2) are,

and

aw du
w  = —  = ----- «  V ■ 0

a x  ay

2TTR 2TTR
| Nxdy — P, | Nyydy

(9* 21a)

(9* 21b)

He also used the additional assumptions that.

a 2u av
3y2 dy ( 9 *  2 1 c )

In keeping with these boundary conditions, the 
following series expansions for u,v and w are assumed.

m p
« -  £  E u u

i = i  d=o

iirx JnySin--- Cos---L R
( i = l , 2 , . . ,  

d = 0 , l , 2 .

(9* 22a)

)



Fig 9.2 Cylinder in C om pression

Material Data 
E=5560N/mm2, v = 0 .3

Geometric Data 
L=71.9mm, R= 100mm, 
h=0.247mm

1
9

6
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m p
i-1 )x/L - Cos(1+1 ) JnySin---

Ri = i  d = i
( 1 , 3 = 1 , 2 . . . )

(9.22b)
m p

w = ^  ^  wijj |coa(
1 = 1  3 = 0

1-1)x/L - Cos(1+1 'I 3ny )x/L I Cos---
R

( 1 = 1 , 2 , . .
1 = 0 , 1 , 2 . . )

( 9 . 2 2 e )

9.2.3 Choice of w terms

Hunt et al [118] show that the difference between 
the stable postbucklins behaviour of a plate and the 
unstable postbuckline behaviour of a cylinder. Is 
because of the destablizine interaction between 
components of the w modes derived from the quadratic 
and w/R components in the strain equations. Therefore 
since there Is a restriction on the number of modes 
which can be analysed, the choice of w modes Is 
eoverned by the requirement that terms which interact 
with the buckling mode are Included In the assumed 
series. Similarly u and v are chosen to couple with 
these w modes.

9.2.U Results

From Yamakl's experiment the initial postbuckling 
shape was dominated by the w mode w 2j, where n=lft; 
consequently the following modes were assumed.
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A— -----------------
W Modes U Modes

----------------------------------------------------- -
V Modes

35 mode analysis
1 0, 3 0, 5 0
2 1
12, 3 2. 5 2

2 0, ft 0, 6 0
1 1. 3 1. 5 1
2 2, ft 2. 6 2
1 3. 3 3. 5 3
2 ft, ft ft. 6 ft

2 1, ft 1. 6 1
1 2. 3 2, 5 2
2 3. ft 3. 6 3 
1 ft. 3 ft. 5 ft

—  >

In addition to the above modes, -ujx was Introduced.

The corresponding solution Is plotted in flff 9*3* The 
cylinder buckled at 1.0ftPc,where Pc is the classic 
buckline load.

P c
2TTEh 2

(3(1-v2))1/2 (9.23)

and reached a minimum at 0.ft93Pc. before increasing. 
In order to try to reduce the mimimum, two addition w 
modes were added to the calculation. It was not 
possible because of space limitations to add the 
appropriate u and v terms thoueh. The modes used are 
listed below.

r—  .....
W Modes U Modes

••• 1 • • v 
V Modes

37 mode analysis
1 0, 3 0, 5 0
2 1, ft 1, 6 1 
12, 3 2, 5 2

■>»....  — .. ' ■

2 0, ft 0. 6 0
1 1. 3 1. 5 1
2 2, ft 2, 6 2
1 3. 3 3. 5 3
2 ft, ft ft. 6 ft

2 1, ft 1, 6 1 
1 2. 3 2. 5 2 
2 3. ft 3. 6 3 
1 ft. 3 ft. 5 ft

*
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Fig 9.3 E xp erim en ta l and  T h eo retica l 
Load—en d sh o rten in g  P lo ts  ( l )

o
o
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The additional modes have the effect of reducins the 
critical load to 0.955PC* but conversely raise the 
minimum postbuckllne load to 0.501. Oddly thoueh, the 
paths diverse as the endshortenlne is Increased. Figs
9.4 and 9.5 show the deflected shape of a 1T/14 sector 
at various points on the loadine path* (the details of 
which are given in tables 9*1 and 9.2). To enhance 
the buckle form the lateral displacements have been 
scaled by a factor of 5.

Additionally, the out-of-balance stresses have been 
plotted. These stresses have been calculated by 
substltutine the modal solutions for u*v and w and the 
corresponding coefficients back into the equilibrium 
equations (9*19). The longer the vector, the greater 
the Imbalance in the internal stresses. Note that the 
vectors in *cf have been scaled by 1/4.

As the compression Increases, so do the imbalances - 
the 37 mode more than the 35 mode, which indicates 
that the extra modes do not Improve the accuracy of 
the solution. Data of the absolute maximum residuals 
is given in the tables below, alone with the applied 
inplane stress.

Table 9.1 Residuals of 35 Mode Solution
P
(N)

P/2TTRh 
(N/mm2) Rx , (N/mm2) (N/mm2) Rz(N/mm2)

a 937.2 6.0388 0.1059 0.0468 0.0396

b 635.8 4.0971 0.3051 0.0995 0.0723

c 1323. 8.5283 1.5305 0.9420 0.2417
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Table 9.2 Residuals of 37 Mode Solution
P
<N)

P/2TTRh 
(N/mm2 ) Rx ,(H/mmz ) Ry 2(N/mm2) (N/mm2)

a 883.6 5.6938 0.1275 0.053/1 0.0567

b 6/17.6 /l. 1727 0. 3/197 0 . 1 1 7 1 0.1021

c 128/1. 8.2788 1.5/1/11 0.9/15/1 0.3665

To allow the edges to pull In non-uniformly, the 
35 mode analysis was supplemented by the following 
modes in u,

u
2

E
d=o,  l

KTTx d nySin--- Cos---2L R (k=l,3> (9.24)

This corresponds to one end being held rigid, as the 
other applies the end displacement.

The resulting solution (ill modes) is compared to the 
previous 35 mode analysis on fig 9*6. The release of 
the inplane displacements reduces the buckling load 
from 1.0/IPC to 1.02PC and the minimum postbuckllng 
load to 0.&67PC.

9.2.5 Comments on Analysis

The lack of agreement between the experimental and 
theoretical analyses, as clearly shown in figs 9.3 and
9.6, is attributable to the inability to Include 
enough terms to model accurately the postbuckllng 
paths. Yamaki [116] solves the problem using the 
stress function. For the problem analysed above he 
obtained reasonable agreement by including 20 modes in 
his expansion of w, this is obviously impractical if u
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Fig 9.6 E x p er im en ta l and T h eo retica l 
Load—e n d sh o rten in g  P lo ts  (2)

o
o
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and v are to be included as well. But even taking 
advantage of the stress function, the analysis breaks 
down for longer shells. In this case as L is increased 
to 500mm, Yamaki admits that the analysis 'is some 
what insufficient for large deformations of long 
shells'.
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10.0 Concluding Remarks

This study has examined the application of 
Galerkin's method to various linear and nonlinear 
structural problems. Particular attention has been 
focussed on the solution of the von Karman and Donnell 
equations, for which alternative solutions derived 
from a stress function are available.

The use of the stress function is possible owing to 
the linearity of the u and v components of 
displacement in the strain equations. The shallow 
shell assumptions, which make this simplification 
possible, limit the range of reliable application of 
this method. For some problems the full shell 
equations derived by Sanders may need to be solved.

For a well conditioned problem with one nonlinear 
displacement variable, the calculations are tractable. 
If the other displacement variables are to be modelled 
nonlinearly as well, then the calculations become 
nearly Impossible. Further, the cylinder example shows 
that in some cases it is not enough Just to Include 
modes which model or instigate the initial 
deformation, as the nature of the solution may evolve, 
drawing in more and more modes. To properly include 
these effects, the nature of the interaction must be 
understood. If not, a blanket approach of throwing in 
full series of harmonics must be used, the 
effectiveness of which is limited by the number of 
terms that can be Included.

This approach is not possible unless a selective 
integration policy is adopted. Most of the higher 
order terms are only important because of their 
interaction with dominant modes; yet if Galerkin’s 
method is fully implemented their interaction with all 
other modes must also be calculated. This poses an 
interesting challenge*
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Whilst trying to obtain a solution to the cylinder 
buckling problem, certain modes were excluded on 
a trial and error basis, depending on the magnitude of 
their coefficients in previous solutions. The results 
obtained by omitting some modes and including others 
were, to say the least, unpredictable. If the 
significant contributions of these modes could be 
Included without having to evaluate them fully, then a 
solution to the fully nonlinear shell equations could 
realistically be attempted.

The task of matching u and v modes with w modes, 
will be easier for these equations. Additional modes, 
which are produced from the linearization of w, will 
also appear from the linearization of u and v; 
consequently the imbalance between the numbers of 
terms in u and v will be removed.

If this problem is successfully overcome, then there 
are possibilities of applying the method to various 
shapes of shell using methods currently available from 
linear shell analysis [119]. In its present form, it 
is possible to add other mechanisms such as the 
elasto-plastic stringer model derived by Ronalds [120] 
to model the failure of a stringer stiffened shell, 
for example.

The direct application of Galerkin's method to the 
equilibrium equations, as was originally intended, is 
not a very efficient way of proceeding in the solution 
of nonlinear equations. It is far more effective to 
work directly from the virtual work form of the 
equilibrium equation. This reduces by half the amount 
of computational effort required to calculate 
nonlinear terms, and also removes the uncertainty as 
to whether or not a boundary integral has been 
correctly included. The number of integrations 
evaluated can be further reduced by taking account of 
the symmetry guaranteed by use of the virtual work 
equation.
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One facility which was incorporated into the program 
was the ability to mix harmonic and hyperbolic series, 
with the objective of including the complementary 
solution of the governing homogeneous equation, if it 
is known. Complex arthimetic has to be used to 
integrate mixed functions, which is very costly in 
computation and storage. A single multiplication 
requires four individual multiplications and involves 
the storage of two complex coefficients. This is very 
inefficient as a standard means of solution and should 
be replaced by a method for the solution of purely 
harmonic functions.

The stress function has proved very useful. There 
is no reason why it cannot be implemented as a 
weighted residual method, with the introduction of 
series for both the stress function and the lateral 
displacement function w. It would then be possible to 
introduce enough terms to evaluate realistic solutions 
to the cylinder buckling problem. But it has its 
limitations. As mentioned before, if solutions are to 
be sought to an extended class of problems, u,v and w 
will have to be considered together. This is also true 
of any elasto-plastic problem. In deriving the 
compatibility equation, it is assumed that the middle 
surface strains can be related to the inplane 
stresses, which is only valid if the structure is 
elastic.

In this thesis, the limitations of Galerkin’s method 
have been exposed, without an extended attempt to 
assess its performance over a wide range of problems. 
The examples chosen have been used to illustrate 
different characteristics of both the method and the 
solution of nonlinear equations. It is likely that 
for problems dominated by a single mode of deformation 
the results will be reasonably reliable.
Unfortunately the evidence presented in this thesis 
has not been able to totally champion the cause of



Galerkin's method, as Initially hoped, nor does it 
condemn it as an utter failure. Therefore the verdict 
eiven for its further application must be limited.
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Gauss's theorem may be stated as follows* 'If the 
functions f(x,y) and g(x,y) are continuous and have 
continuous derivatives in a region R bounded by a 
sectionally smooth curve C, then the formula.

Appendix 1

JJ[ 3f(xsy)
ax

flg(x,y)
ay dxdy =

f(x.y)dy g(x,y)dx

(l)

holds, where the integral on the right is a line 
integral round the closed boundary C, of the region, 
taken in the positive sense of description, ie in 
such a way that the interior of the region R remains 
on the left as the boundary is described [93•*

Consider f(x,y) = Nx<5u and g(x,y)=0, then (1) is 
written.

6 u + Nx
R

d 6 u  "I----  Idxdyax J j Nx«5u dy ( 2 )

Fig Al.la shows a rectangular domain over which the 
integration is to be evaluated. The line Integral 
along the boundary, can be split into four sections,

1) (0.0) -> (a,0)
2) (a.0) ~> (a.b)
3) (a.b) -> (0, b)
4) (o.b) -> (0.0)

Since dy is zero along sections '1)' and '3)*» the 
line integral in (2) becomes.



Fig A 1.1 O rder of In te g ra tio n  a ro u n d  
D om ain B o undaries

y y

TT
Z
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4 Nx<5u dy
(a. b)
| Nx<5u dy 
(a, O)

(a, b)
| Nx<5u dy 
(a, O)

( O . O )

| Nx<5u dy
(O.b)

(O.b)
| Nx6u dy

( 0 . 0 )

[ [ "*<u ]o ] dy (3)

Therefore (2) can be written using (3) as.

JJ[ hr ]dxdy ■ - JJ[ 5? *u ]dxdy * (hiu ]5dy
(A)

where the virtual work integral has been transformed 
into a component of the final equilibrium equation and 
a boundary integral from which the natural boundary 
conditions can be deduced.

Now consider f(x,y)=0 and g(x,y)=Ny£v, the process 
may be repeated, substituting into (1) gives,

III? £v + Ny a <5v 
ay j dxdy Ny£v dx (5)

Fig Al.lb shows the rectangular domain over which the 
integration is to be evaluated. The line integral 
along the boundary, can be split into four sections,

1 )  ( 0 , 0 )  - >  ( a , 0 )

2) (a,0) -> (a, b)
3) (a,b) -> (O.b)
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a)  ( o . b )  - >  ( o . o )

Since dx is zero alone sections *2)* and •ft)', the 
line inteer&l becomes,

- Ny«5v dx = - J N(a, 0)
£v dxy

( 0 , 0 )

(0, b)
$v dx{  N y

(a, b)

■-J"
( a, 0)

iv dxy
( 0 . 0 )

(a, b)
rS v dx 

(0,b)
J Nv ‘

a

[ [ N̂ v ]o ) 4X ( 6 )

Therefore (5) can be written usine (6) as.

III it - ]*** - - IH 2*iv Vxay * llHy£v 13-
R

(7)

where aeain the virtual work equation has been 
transformed into a more amenable form.

The above integrals are greatly simplified since the 
line integrals are performed along the coordinate 
axes. Similar results hold for arbitrarily bounded 
domains. For example see Timoshenko and 
Woinowsky-Krieger [28] who apply the method to an 
arbitrarily shaped plate.



Appendix 2

Coefficients for the Solution of equation 3 .U

[ DxDy ~ H2 3 1 7 2 Cosyb •» 2 0 ^  tanhnb SinyB 
[ DxDy - H2 ] 17 2 tanhnb Sin^b - 2 0 ^  Cos^b

= 0A2

fmlfj 3 f mTTxA2 1 —  I Sin I —~  J Cosh^b

^[DxDy ]172(0rj-r2) - Dj(0rj+r2)J tanhi?b Cos^b 

^[DxDy ] 1 7 2 (r |-»-0r2 ) - Dj(r1-0r2)J Sinvb

mTT fEl— |0Cos?>b tanhnb Slnpb
l L ) -  P,

where*

b = B/2

Pf = Fourier coefficient of load

TJ
m7T 1[ -  Ir £x *i ,/a* i H 1 1 /2
L L 2 1L Dy .J 2 i
mTT r i r Dx 'st/2 1 H 1 172

■ r  L 5 l D y  .J - 2 J
See ref 80 for further details.

mTTr | 
L

m7Tr2
L
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This appendix contains the numerical performance of 
the Quadratic evaluation of the plastic strain rate 
multiplier A, (see section 6 . 5  and 6 .6 ), compared to a 
set of prescribed benchmark tests [9 3 ].

Appendix 3

Data for Bench Mark Test (1)

’Exact• Soln. 1 Sub. Inc. 10 Sub. Inc.
CTx °y s CTx ay : cx °y

5.54700 
5.74747 
0.20046 
5.19174

1.38675 
2.39930 
1.01255 

-0.40824

5.54700
5.77253
0.225524

-4.95991

1 . 3 8 6 7 5
2 . 9 7 8 1 7
1.59142
0 . 0 7 9 2 3

5.54700 
5.75022 
0 . 2 0 3 2 1  

-5.18078

1.38675 
2.42648 
1.03973 

-0 . 3 8 3 6 6

100 Sub. Inc.

CTx ay
5.54700 
5.74745 
0.20046 
5.19158

1.38675 
2.39930 
1.01255 

-0.40817
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Data for Bench Mark Test (2)

* Exact * Soln. 1 Sub. Inc. 10 Sub. Inc.

CTx ay  i ax ay  : ax
5.54700 1.38675 5.54700 1.38675 5.54700 1.38675
5.74747 2.39930 5.77253 2.97817 5.75022 2.42648
4.32623 5.47413 3.50267 5.72607 4.23818 5.51444
3.30808 5.75194 2.71560 5.77018 3.25054 5.75752
1.92219 3.75366 -3.22677 2.53282 -1.98067 3.70623
4.75710 0.45474 -5.60044 -1.62122 -4.81507 0.35133
5.31455 -4.61091 -3.88557 -5.64100 -5.25823 -4.69389
3.66784 -5.69530 -2.54860 -5.76078 -3.58069 -5.71259

100 Sub. Inc.

ax
5.54700
5 . 7 4 7 4 5  
4.32623 
3.30806 

- 1 . 9 2 2 2 2  

-4.75711 
-5.31454 
-3.66783

1.38675
2.39930
5.47413 
5.75190 
3.75364 
4.54719 

-4 . 6 1 0 9 2  
-5.69530
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This appendix details the material matrix [D] which 
relates the incremental stress Aa vector to 
incremental strain vector AE,

Appendix k

• • “
Aax D l1 D 1 2 D 13 AEX
A<Ty = D2 1 D2 2 D2 3 AEy

Affxy» - D3 1 D3 2 D3 3 Aexy

where the elements of CD] are,

D, j =* ^(l-aS,VSj)

D 22 * v(l-arS2 2/S3)

D 33 = E/2(l-*-v)*[l-2a(l-v)<rxy2/S3]

D j2 ® <P ( V-aS | S 2/S 3 ) = D2 j

D | 3 = —ot( 1—V ) S | o‘xy//S3 ) = D 3 |

D 2 3 = 1 — V ) S 2crXy / S 3 ) = D 3 g

and.

<P = E/(l-v2),

Q it o when strain increments are elastic
a=l when strain increments are plastic
s ,  - Sx ■+■ VSy S 2 55 Sy + VSjj

W <*> II Sx2 + 2VSxSy + Sy2 •*- 2(1~ v >CTxyZ
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This appendix contains the derivatives of the 
individual terms of the equilibrium equations. The 
explicit differentiation of these terms is implied in 
equations (8.32)-(8.37). The simplest and surest 
method of performing the differentiation is to program 
it explicitly. The maximum power of the polynomial 
terms of the discrete equilibrium equations is three, 
correspondingly the coefficients of the Taylor 
expansions will also be restricted to the third order.

Appendix 5

1 Differentiation of linear Term

Firstly consider the differentiation of Just one of 
the coordinates q0 . The first differential is.

a

8 q ^
(<10> C . ^

a q i
(i)

1 if 0 is a passive coordinate 
where C = 1 if 0 = i

0 if 0 = i and 0 is an active coordinate

Differentiating again gives.

d q ^ d q - j
<Q0) = C d 2 <l0

d q ^ d q - j

1 if 0 is a passive coordinate
where C =

0 if 0 is an active coordinate

(2)

And finally differentiating a third time gives
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a

aqiaqdaqk (Q 0 >  = c .
fl3q0

a q ^ a q - j a q R

1  if 0  is a passive coordinate
where C *

0 if 0  is an active coordinate

(3)

2 Differentiation of a Quadratic Term

Differentiating the quadratic terra q0 .q^ generates 
the following, where the first order differentials 
are defined in *1 * above.

dqjL

3 q 0
q ^

a q ^

a q i
Q 0 <*>

and differentiating a second time gives,

a- 2_ .  < ? ^ ) =  . a Q v , +  a q 0  
a q ± a q . j  a q ^ q - j  v  a q ^ a q ^

a q 0  aq^ aq0

aqi*aqj a<*i aqj

from which the last terms will be defined,

L 2 ( 0 . ^ ) . i ^
a g 0  a q ^  + a q ^  a q g  

a q i ' a q j  ^ < i i  a<ad

( 6 )

And finally differentiating a third time giv

------------------  ( q 0 q ^ )
d q ^ d q - ^ a q ^

a 3 q 0

a q i a q j a q k

.its*— . < , 0
a q ^ a q j a q k

3Q0 a*** + 3Q0' a2<JV' +

a q ^  a q - j a q k  a q j  a q ^ a q ^

a q 0  a 2 **# 

a q R * a<3 i a q d

a q ^  a 2 q 0  a 2 q 0  + £ 2 ^ . —̂ —2 ^ -

^ a g . ^  * a g d ' a g k a g ± a « K « « i a « J

(7)
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from which the last terms will be defined.

L j ( 0 .  ¥ 0  . i i K  *
a q #  a 2 <*^

* Q i  a q d 3 q k

* 2 q 0 -  +
a q ± aq^aq^

a q 0  a 2 q ^  

a q j  a q k a q ^

a g ^  a 2g 0
a q d a q k a q i

a q 0  a 2 q ^

a q K a « i a q i

( 8 )

a q ^  a 2 q 0  _

aqK aqiaqd
+  ^

3 Differentiation of a Cubic Term

The first derivative of Q0 . q-#,. q© is.

a
a q A

( q 0 q ^ q e )
a q 0

a q i
• Q-^q© £ 2 *

a q ± • q0 q©
aq©
a q ±

• Q 0 q e

And the second derivative is,

aq-^aq-j
( Q 0 Q ^ q e ^  “

a 2 q 0

a q i d q d
Q<^q©

( 9 )
a 2 q ^ a 2q e

• q 0 q © + ------------ . < 30q^
a q i a q j  a q ±a q d

+ q0L2 (V'# ©) t ii q^L2 (0,©) , id + qQL2 (0* ¥0 •

And finally the third derivative is,
a 3

a q i a q d a q k
( Q 0 Q ^ < ie  )  *

a 3 q 0 a 3 9i

aq1 aq.(aqk '<,,f’<,e a<iia<>ja<ik '<,0 q6 + aq1 aq.)aqk ',,0<Jv'(1 0 )

| | ^ . L 2 ( * , e ) , i J  + i ^ - L2 < 0 . e ) . i d  * ~ S . L 2 (0 , K ' ) . i J

+ q 0 L 3 <¥%©> * + q^L3 ( 0 , © )  # i j K  + qe L ( 0 ,  -#) , i ^ k
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The process can be continued indefinitely. For the 
examples considered in this thesis, all the higher 
order terms are in fact zero.
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