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Abstract

It is our purpose to examine aspects of the theory of
univalent functions. The first half of the thesis is concerned with
the successive coefficients of functions I anzn of the class S.
For instance we prove that lim l!an+1| - |an|| < 1. The second

part of the thesis investigatesthe range of values for univalent functions

mapping into a surface D.
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0. Introduction

Suppose that £(z) is analytic on a complex manifold D.
Then f£f(z) 1is univalent in D 1if

/

£(z1) + £(zp)

whenever z),zp; are distinct points in D. The study of univalent
functions was initiated by Riemann and others in the secondhalf of the
nineteenth century. The fundamental problem was to prove that every simply
connected complex manifold may be mapped by some univalent function

into the complex sphere. This theorem was stated by Riemann and proved

by Poincaré and Koebe.

0.1 The class S.

Koebe [ 1907 ] introduced the class S of univalent
functions f(z) defined on the unit disk E = {z :Lz[ < 1} with
normalization conditions

(0.1) £(0) =0, £ (0) = 1.

These conditions ensure that S 1is a compact subset of
the space of analytic functions on E. Consequently the maximum
value of linear functionals on S 1is attained. In 1916 the cycle of

elementary distortion theorems, e.g.

was completed by Bieberbach. He also made the famous conjecture

(0.3) |an| <n,

for I anfles. The so called Koebe function z/(1 - z)2 is thought to
1

be extremal in (0.3). However the asymptotic result of Hayman [ 1955 ]

(0.4) |an| < m, n > N(f)
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is still the only sharp result of a universal nature.

When & a, _lZZn—l € S Littlewood and Paley [ 1932 ]
n=1 n
showed that
+
(0.5) la2n—1l-i A

Fekete and Szegd [1933] together with Schaeffer and Spencer [1943 ]
proved that 1 is not the best possible ceonstant in (0.5). Nevertheless

Hayman [ 1955 ] obtained

(0.6) |a <1, =n>N(.

2n—l|
The coefficient problem for S is related to the
question of finding bounds for the difference of successive
coefficients, i.e. d_ = ||a | - |a_|] for T a z" €S.
’ n n+l n'' ? 1 n

Goluzin [ 1946 ] showed' that

1
d <An®* logn, n>2,
n— —

which was improved by Biernacki {1956 ] to

dn < A(log n)3/2.

Finally Hayman [1963 ] proved that

(0.7) d < A.

The next problem was to obtain estimates of the absolute
constant in (0.7). Our remarks about odd functions show that A > 1.
Milin's method of quadratic inequalities has proved useful in this
regard. The value of A has been pushed down to 9 [Milin 1968 ],

4,18 [1'lina 1968 ] and finally 3.61 [ Grinspan 1976 ].

It is a natural question to ask for results like

+ Henceforth A denotes absolute constants, which are usually

not the same value.
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(0.4) and (0.6) for dn' We prove

Theorem 0.1 Suppose that ? anzn € S then

0.8) Tm ||a

n+l’ B |an|| < L

Several partial versions of (0.8) have already been obtained.
Let S;(a) be the subclass of S where

(0.9) 1im (1-1)2 M(r,f) = a > 0.7

r>1
Hayman [ 1955 ] showed that o < 1 except for £(z) = z/(1 - elez)z. Hayman

[ 1963 ] obtained

Theorem 1 : Suppose that b anzn'esl(a) then
Lheoréem ! then
(0.10) Ian+l| - Ian| > a.

Pommerenke [ 1963 ] studied the class St C. S such that £f(E) 1s

starlike with respect to 0. 3 He showed that for ? anzn € St

there exists 6 and & > O such that

ip _ -8
(0.11) |an+l e an] =0(n ),

except for z/(1 - zele)(l - zel¢). Consequently Theorem 0.1 holds for

starlike functions. Eke [1967b ] extended the Hayman asymptotic theory
to more general classes. Eke defined functions f£(z)e& S to have
maximal growth on two distinet rays arg z = 6,, (j=1,2), if there is a

j,
. . 9 .
positive constant C and a sequence of points rnel J.n (3 =1,2),

such that
K
- j,n

(1 rn) lf(rne ’ )l > C
and

9. > 8.,

J.n J
as r > 1. This subclass will be denoted by S5(8;,85) or just Sj.

+ M(r,f) = max If(rele

8

§ St was introduced by Alexander [1915].

) |



Functions satisfying (0.9) are said to have maximum growth on one

ray and one writes S; = \J  S;(a). Then Eke [1967b Jproved
O<a<l

Theorem 2: Suppose that I anzneS - (S{wuS8y), then
1

(0.12) dn + 0.

~

We shall show in Theorem 1.1 that 1im d_ <1l in Sj3.

This, together with (0.10) and (0.12),implies Theorem 0.1l.In Chapter 1

we also examine the case of equality in (0.8). One finds that

lim d =1
n
if f£(z) = z/(1 - zele)(l - zel¢). We conjecture that

limd_ < 1, n > N(f),

except for these functions.

The main result of Chapter 2 1s the extension of (0.11)
to the subclass C of close-to-convex functions, i.e. &€ - f£(E) is the

closure of a union of disjoint open half lines.t+

The next Chapter contains sharp inequalities
of the form (0.7) for various subclasses of S. For instance
. =S n
if £ a z e&C then

1]
_ 2 _ 2

(0.13) |n|an| m[amll < |n m?|,

which solves a conjecture of M.S. Robertson [ 1966, 1970 ]. Unfortunately

this stronger form of the Bieberbach conjecture does not extend to S

[ Jenkins, 1968 ].

t++Kaplan [1955], Lewandowski [1958].



0.2 Univalent functions mapping jnto Riemann surfaces.

Suppose that aeD is a fixed point and let
Sa(D) be the class of functions £f(z) which are univalent

on E, take values in D and satisfy
£(0) = a.

If D 1is simply connected and hyperbolic then the theory of
uniformization gives

Theorem 3 : We have that

(0.14) {£(x) : £€S (D)} = (F(2) : |z| < rl,

where F 1is the univalent function mapping E onto D with F(0) = a.

The left hand side of (0.14) defines the domain of
values of Sa(D). For surfaces of higher connectivity we find that
the domain of values may be very naturally considered to be a subset of
a covering space of D. We then investigate the domain of values on

general surfaces.

In Chapter 5 we examine the special case D = € - {0}
and a = 1. It is found that the range of values is given by an

elliptic mocular function.
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Chapter 1.

The asymptotic bounds for adjacent ccefficients

1.1. Introduction

We shall prove
Theorem 1.1. For ? anzn€>82,

(1.1) 1im Han+1| - Ja || < 1.
n-><

Our proof depends on certain approximation results for S,
due to Eke[1967b] combined with a special version of the Grunmsky
Inequalities [ Golusin 1946 ]. The seccnd part of the proof is
basically the method Hayman [ 1963 ] used to establish (0.10). This
method was used by Eke to obtain (0.12) and also by Lucas [ 1969 ] to

generalise (0.10) to more general classes. However we shall need the

method to treat special subsequences of n.

Firstly we give the S, theory of Eke and briefly describe
the proof of his fundamental approximation theorem. (These results of
Eke are not widely known). Then the proof of (l.1) is given. Next
we show that there exists a univalent function 2z + § anzn with
real coefficients such that

ie

Tm la,, - e%a | ==

for every ¢. Consequently the analogue of (0.11) fails for this class.
Also we examine the case when lim ||an+l| - lan|| =1 and find
that, in contrast to previous asymptotic results, the extremals consist

of more than just one function (and its rotatiomns).

1.2. The theory of Eke

Eke [ Thecrem 8,p. 150, 1967 b ] proved

Theorem 4. Suppose that £(z) = z + b anzne $5(81,8,). Now define
5 Low deline
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factors aj(n) (;j=1,2) (n=1,2,3,...) by

(1.2) o (m) = £1(1 - %) el 71,

Then if
£ =7 ——uil o3 o m
n j=1 (1 - ze 3) m=0 m
we have

(1.3) a =c +o (max (a1(n), az(n))).

This result is based on the classical technique of Hardy and Littlewood
used previously in this context by Hayman [ 1955]. We begin with the

formula

1-n
P i -i(n~
(1.6) na = S5 [T (pel®) 71Dy,

where p will be chosen as a function of r later. Choose & between

0 and 1 and let An 3 be the domain

b

{z :%< 1 - ze—iej| < aln , |arg (1 - ze—isj)l < % - e}.
The next step is to show that
(1.5) %i%%) +~ 1 and %%é%;) + 1, ag n -+~ o uniformly for
Z€A VA . Actually the proof also uses estimates for £(z) along

nl n2
the ray arg z = Sj derived from theorems similar to the Ahlfors'
distortion theorem [ Eke, Lemma 12, 1967 a]l We call Fj = {reiq ]e—ej| < B(l-r)} t
a major arc. The complementary minor arcs [reie & r'{uTl,} are denoted

by T. Now define r = (1 - %Q. Eke establishes (after 10 pages!) that

if n> 0 we may choose ¢ so that the major arcs TI';uT, & Anl(a)!J A
A

and for all large n

(1.6) ig ~[|f (rnele)| + |f; (rnele){} de < na_n,
<

re T

where @ = max (a;(n), ap(n)). To establish Theorem 4 (1.5),(1.6) are

+* B 1is a constant independent of r.
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applied to formula (1.4). [Eke p. 184-201, 1967b] . Actually if n/m
is bounded above and below by positive constants independent of n,m

then the Anj and AHU overlap. Thus the same approximating function

for A_. may be used for A_.. In particular
nj y mj P
a.n e L
fm( z)
as n,m + « ., Formula (1.7) shows that we may use the same function

fn to estimate a, and a Thus combining these results of Eke and

n+l’

calculating the e, in (1.3) we obtain

Lemma 1,1 With the above notation

—-in6i ioAx
(1.8) ag=ar(m e 4 ayn) & M2 4 0Ga)

-i(n+l)81 -i(n+l)e2

(L.9) a 1 a1(n) e + as(n) e

n+

+ O(an),

where

a = max (a1(n), as(n)).

1.3 The proof of theorem 1.1.

We shall consider subsequences n according to whether or
not
(1.10) o = 0(1).
& .
For a particular subsequence 0 such that a is bounded we show
(in section 1.5) that

(1.11) 1im |]|a b - a < 1.
g i 4= I, 11

The next few sections are concerned with the case a(nk) +~ o, We show

that
(1.12) Ia“k+1l - lankl >0
in this case. The proof of (1.1) is immediate, for if
Tim - = 1
W lla |- lall = 5>

there would be a subsequence o, such that

|ank+ll - ]a-nk| > 8
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However (1.11) and (1.12) tell us that « does not contain subsequences

which are bounded or temdto ». This is impossible. It remains to prove

our two assertioms.

1.4 The Golusin Inequality.

Suppose that f(z)€&S and define g(g) = 1/£(1/g) (|g] > 1).
The Grunsky coefficients are defined by

-4

(1.13) 1og BLE1) = 8(82) _ ¢ 2

-k

for !aj[ > 1. [ Grunsky 1939 ] . The bilinear form of the Grunsky

inequality [ Pommerenke 1975, p.64 ] states that

1 1
(1.14) | £z by My A ? < IEE I“k|2£ T kalz,

k 2
. 1
for arbitrary complex ug,Xk. If we set [51[ = |52| =C> 1,
2 2
M, = &1, A = & We deduce the chord distoxtion theorem of

Goluzin (1946).

Theorem 5: Suppose that £(z)é S and g(g) = 1/£(1/E).

Then
(1.15) (1 - r2) < |8z1) - 8(z)) |
- Z1 < 22
1
whenever |z;| = |z, =0 1.

1.5. The proof of (1.1) for bounded «

We assume the notation of the previous sections, supposing
@ n
f(z) = z + g a z €52(81,82) and a(n) =0(1).

We prove

Lemma 1.2 Suppose that |a2(nk)| §_|a1(nk)| for some subsequence =n, then

oz | = - 1

NI
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We substitute zj = e—lej/r into Theorem 5 to obtain

f(reiez) r
f(reiel) (L + r)

(l—r)[f(rei82| <|1-

Then put r =1 - % and note the definition (in theorem 4) of

a; and ap, i.e.

2(n-1) A

- - ; .
lelel - e182|(2n-l) k

|<12| =

This proves the lemma.

From lemma 1.1. we find that
e"i81| - |a2| le‘iez - e‘i81| + o(a),

a
nﬁl n
1 + o(l)

| A

from lemma 1.2 and as o = 0(l), thus proving equation (1.11).

1.6 The Hayman bounds for coefficient differences.

Biernacki [ 1956 ] introduced the following formula for

coefficient differences for f € S. T
(n-1)a - nzja_ = ._1_.. ! (Z"Zn])flgz )dz.
n-1 n 27 |z|=p z

We put r; =1 -~ , 21 = rlelcbl so that with this choice of arg z

1

el

lf(zl)[ M(rl,f).

Following Hayman [ 1963 ] we put M, M(ry,£f) and for v =1,2,3...

define

2 p2
M =2 Ml ’ and G = E\) R
AY) M\)Z + R2

Hayman makes use of Green's formula to establish

Theorem 6: With the above notation and R = |f(pele)[, we have
1-2/n
- £ : 2T i 1
(1.16) llan| |an—l|| hl Av=l { li3/n pdp é |pele— z1 |2 Gv(R) del}?.

+ Actually we prove |ank| - 0. In fact by (1.7) ‘ank+m—ﬂ -

- £ a fi i o impli o,
I 0 or any fixed any m since a - implies ank+m_*

|anfl l -
ta

nk+m X
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Further, if 1 - 3/n <p <1 - 2/n we have

2n

(117 7 pe®

- 212 G (R) dB < I;(v) + Ip(v),
where

2—(1/4)u n1/2 M 1/4

- 1
(1.18) I;(v) = & 27207 + )

and

(1.19) Ip(v) < 4ff |z - 2|2 |£ (2)]2 ¢ log (B) drdo

z|<p

the integral being taken over all =z = rele, such that |f(z)| < Mv'

To estimate I;(v) we note that £(z) does not have maximal
growth on one ray, i.e.
M; = M(f,1 - %) = o(n?),
and hence
(1.20) 1,(v) = 2= F/4vo0qy
The integral in equation (1.19) is estimated by the following result
of Hayman [1963].

Lemma 1. Suppose that T, = {|z] <o : |£(2)] < MU} , and

1- 3 <p <1 -2 then
n n —

[z = 212 |[£ (2)]2 ¢ 1og(%o drds < A n 9712

T
u
We also need a further result of Hayman [ 1963, p.234].

Lemma 2., Suppose that zj = rjel¢j(j =1,2), where 0 < rj <1 and

22| > |£C29) |, then

| £(zp) |14

A

3/4
|f(22)| < (l—fl)%ti—rz)lfzizl —zé
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1.7 The proof of (1.12)

For a small positive constant c¢ define
(1.21) a {ry,c) ={ z : ]zl <r), Iﬁ(z)l > My}
We choose v, by the condition

(1.22) 20 "l o<V,

Then from Lemma 1 and (1.19), (1.22) we have

v/2<A n(2c)1/4 2-v/4

(1.23) I,(v) <An 2

for v > v .
- o

Now if we can show that

1 L
(1.24) M@ -2 (L =-1r)? |z~ 21| = o(D),
for z = rel% a(rl’ c) as n =(T%;j) -+ o« then the following

argument establishes (1.12). From Lemma 1
(1.25) I5(v) <An 27Vol2 4 fflz = 2|2 |£(2)]2 ¢ log (%9 drds,

for v < Vs and where the integral is taken over {|z| < p : M §_|f(z)| < Mv}'

As f(z) €S, lim M(r,f) = =, hence there exists r, such that

1
M\) iM(ﬁsf)
o

for all r; > r, and therefore for all points 2z, which satisfy

|[£(z)| > M - Thus,we have o< lz] <1,
0

log.% = %—(r log %9 <2(p - 1) < 2(1L - 1)

and from (1.25) we obtain

Iz(v) < An Z-vo/z + 2 ff |Z - Zl|2|F (Z)|2(l_r) rdedr,
M <|[f(z)| <M
\Y) \Y)
o |z| <

1 £ (g2
<An (2¢)? + o (Mv <|f(%€|<M l—g—izll——-r drdB),
2] <

o oY M; (l-ryp)

for v < Vs M; > 2Vo M(i,£f), where we have used equations (1.,22) and

(1.24).
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Now as £(z) 1is univalent,

fr € (2)|?% rdrde < 7 My°
lf(z)]<Mv

Therefore
1
I,(v) < An (2c)? + o(n),
for v < vy and from (1.23)

L(v) < An (2014 2778

for v > as n=n -, Thus, as -+ ®
Z \’0’ k > nk ’

(1.26) § ¢ 17%/m I, (V) pdp}%

v=1l 1-3/n

< vO[A (ZC)% + o(l) ]% + A (2c)%

Also from (1.20),

(1.27) § ¢ si~2/m

1 o)
L 123/m I;(v) pdpl? = 0o(l) (£ 2
\)=

v=1
as n . Select n = no(c) so large that the
1

(1.26) and (1.27) are both less than c¢? for n > n.

Then for all n = o > s

) ~legall 20, (127"
<AT { fime/n I,(v) o do }
v=l 1-3/n
=V A 176 + A c% + A c%
<A (b = M 10g o),

N ™18

-v/4

V8,

1/2

3

o(l) terms in

1
[I;(v) + I2(v)]? pdp}

I 18

1-2/n

)
1-

3/n

from (1.26), (1.27) and Theorem 6. this completes the proof of the

second case as ¢ 1s an arbitrary positive number.

to prove equation (1.24).

It remains

I
I,(v) pdpl}?
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1.8 The proof of (1.24)

In the notation of the previous sections, we have

Lemma 3 ., [Eke 1967.p.210]. Suppose that rle1¢1 satisfies

|£¢e;e )| = M(ry,0) and 2z, = r, e P2€a(r),0).

Then

1 1
(1.28) cM; (L-rpD? (1 -1r)? <aM(l-s6,f) 6,

where

1
§= 5 |1 -¢2l > (1 -rp).

From this we prove

Lemma 1.3 Suppose that a(nk) > and z, = rzel¢2 belongs

to a (rj,c) as n, > =. Them, as mn >«

{61 = 92| =0,

Since zp€a(r;,c) substitution into Lemma 2 gives

(1.29) C3/4 Ml < A

~ (1=ty) |z1-25]|

as If(zl)| =Ml’ |f(22)| > CM]_ and |22| < Izl| =r;.

Now assuming o = a;, say, we have

M, z_lf(rleiel)|

and by hypothesis we have

(1.30) a(n) = (1 - ry) |f<r1ei91)| -+ @

with ry =1 - 1 , as W > =, From (1.29) we obtain

e

S
|Zl‘zz|

as n > . Hence |z; -z5| -~ 0 as o> This proves the lemma.
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1
Now define & = S |¢7 = ¢2| and compare & with

(L-1ry). If & < (1 - 1ry), then for r; > ro(s) say,
-2
(1.31) M; = [f(z))| <€ (L - ry)
as f(z) does not have maximal growth, see (.0.9),on one ray.

-2
(1.32) ¢ My < |f(z)] < ¢ (L - 13) .
Hence from (1.31) and (1.32)

3/4 1

(1.33) ¢7'" My <e (1~ rz)_%(l - rl)_%(l - 1ry)

and
(1.34) |z1 - 2z <2m8 + (1 - 12) < (2r + 1) (L -13).
Inequalities (1.33) and (1.34) imply (1.24).
If 6§ > (1 - rp), we have
|2y - z5] < (21 + 1)8,

and 8§ - 0 as o =1—%—-+ o in view of Lemma 1.3.
R

Now Lemma 3 gives

Also

L It
CM1 (1 = ].’1)2 (1 = 1’2)2 |Zl - Zzl iAM (1 - G,f) 52.

The right hand side tends to zero as n o= (1 - 1:1)-'1 + »', For by

Lemma 1.3 § = %% |61 42| » 0, and as £(z) does not have maximal

growth on one ray, we have 62 M (L - §8,f) =+ O.

This completes the proof of (1.24) and so of Theorem 1.1.

1.9. Some Counterexamples.

In this section we examine how the inequality

Tim ||an+1| - |an|| < 1 may be improved. Suppose that

5 ? k z - 2 sin k¢
1.3 a z = = = = ~sin ¢
( ) , & (1-ze *°1) (1-ze71%2) g=1 S ¢

1:
ezlszk

»
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where ¢ = -(8) + 95,), '¢ = (-8; + 0,)/2. Then

- L

Ian+1| - Ianl = oo (Isin (n+1) ¢ | - | sin n¢]).

If ¢ 1is a rational multiple of n, then Ian[ is

periodic and assumes only a finite number of values and so does

|an+1| - |an|. If sinn ¢ = 0, then a =0 and |an+1| =1,
so that |an+1| - |an| =1 for infinitely many n. On the other
hand if ¢/m is irrational then
sin gn F Lo < sig nd +1
sin ¢ sin ¢
so that ||an+1| - |an|| <1 for all n. This suggests that for
f(z) €S we have ||an+1| - |an|| <1 for n > N(f) wunless £f(z)

takes the form (1.35) with rational ¢/m or £(z) 1is a Koebe function.
We shall prove this conjecture for close-to-convex functions in the

next chapter. Notice that equality is attained in (1.1) for functions
of form (1.35). If ¢/m is irrational then for any 1, -1 <X <1,

la_ | - A. Consequently

agtl = 1o

the asymptotic coefficients difference theorem is unlike the previous

there is a subsequence n such that |a

results of Hayman in which there is only one extremal function (and
its rotations).
Hayman actually proved a somewhat stronger version of (0.10).

He showed that

(1.36) |a - e-iean| + a(f),

n+l

where © 1is the direction of maximal growth. In the mext chapter we

shall show that for each close-to-convex function £f(z),

i8
(1.37) |an+1 - et anl + A

for some 8 and A < 1. We now note that this is not true in S.
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Theorem 1.2 : There exists a function T akzk S with real coefficients
1

such that for every ¢,

lim |an+l e ta

= ™,

al

The basic idea depends on a result of Eke (1967b,p. 179). Let u(r) be a

positive decreasing function on (0,1) such that 1lim u(r) = 0. Eke

-0
constructed a function f£(z) in S,(o,m) with real coefficients
such that
ig;
_ - J
(1.38) Tim 208 (mp) fCre 1)
1 3

u(r) (lOg(T:;) )

for j = 1,2. Now let rn be a sequence, rnf 1, such that
(1.38) occurs for r = ro and j = 1. Let v, be a subsequence of
integers such that

1

1
(1.39) 1 —; < rni 1 -—(?)

n
We now define aj,a, as in section 1.2. Then from (1.39) and

Lemma 20 (Eke 1967 b, p 204) we may choose u(r) so that

(1.40) al(rn) + w
Lemma 2 and (1.40) implies az(rn) -+ 0. Hence from Lemma 1.1

i¢ |e—iel

|a eVa | = [aq]

- e 4 o) + 0(ay).
v |

n+l
v
Thus (1.40) implies

|antl - e n

for . ¢ + 6; (mod 2m). A similar result follows from ¢ + 8, (mod 2m)

and we deduce Theorem 1.2.

1.20 Applications

Hayman (1963) applied (0.7). to univalent functions with gaps

to obtain
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Theorem 7: Suppose that ? akzk S and that a =0 for a

subsequence satisfying LR <K then

la, | <AK.

Our result enables us to state a crisper asymptotic theorem.

kzke.S such that a =0 for a

Theorem 1.3: Suppose that Ta
- 1

subsequence satisfying lim (nk+l - nk)

ECHENIERE

Although we are unable to obtain the result that for £ &S,

[]an+1| - |an|| <1 for n > N(f) we do have

£ = dist (o,¢ - £(E)) then

Theorem 1.4: Suppose that ? akJ‘es and d

- la|l < 44,

for n > N(f).

This theorem is related to an old problem of Littlewood, i.e.

lanl < 4 df n.

The Koebe %- theorem (Pommerenke [ 1975 ], p.22 ) shows that
dg > 117

unless f(z) = z/(l-zeie)2 . From our results
ol - lall <

for n > N(f), unless f£(z) = z/(l—zele)z. This proves our statement.
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Chapter 2.

Asymptotic bounds for close-to-convex functions.

2.1 Introduction: It has long been known that by the addition of some

geometric property, interesting subclasses of S may be obtained. For
instance Alexander [1915] introduced the class St of functions such
that £(E) is starlike with respect to O. 1In recent years Brickman,
Sheil-Small et al. have developed an elegant theory of linear problems for

many of these classes (see Schober [1975], c¢hapters 1,2,3). 1In particular

the Bieberbach conjecture is true for these classes.

For nonlinear problems, like the question of bounds for
]Ian+l| - Ian]|, much less is known. In this chapter we improve
Theorem 0.1 and extend. (0.11) (Pommerenke [1963] )tothe class of close-

to-convex functions.

Theorem 2.1: Suppose that 2z + T akzk is close-to-convex in E. Then
=feorem 5 Lhen

there exist numbers X,6 such that

ig
(2.1) |an+l e an] + A, as n - .

Furthermore O < A < 1 with X =1 only for the functions (1.35).

In particular note that ]lan+l| - |an|| <1l for =n > N(f) with strict
inequality except for the functions given by z/(l-zeiel) (l—zeiez) with
rational (8; - 85)/m. We conjecture that N(f) = 1. This is known to

be true for odd close to convex functions (Pommerenke [1975], p. 55) and

starlike functions (Leung [1978]).

The final example of chapter 1 showed that (2.1) fails for
univalent functions with real coefficients. We shall prove that this

example is essentially the exceptional case.

Theorem 2.2: Suppose that f(z) = T akzke S and that a, is real
Lieoren ! arc that =5 real

(k = 2,3,...), f(2) has maximal growth on two rays arg z = ¥ @, where
0<8 <m, Then (2.1) holds. Equality occurs only for the functions

z/(1-2z cos 8 + z2), 0 < 6 < T.
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The class SR (Dieudonné [ 1931 ]) consists of the functions in §
with real coefficients. From Theorem 2.2 we deduce that for

- |an]| <1l for n > N(f).

© k
L az's sy - 5,00,m) [a ]

2.2. Preliminary Results

Suppose that g(z)efst, i.e. g(E) 1is starlike with respect
to 0. Thus we have t wef(E) (0 < t < 1) for all we€g(E).

i8 .. . .
Consequently arg g(re ) 1is increasing as @ increases. Hence

(2.2) Re(zg Yy > 0,

in E. We solve (2.2) to find that

z p(z)z— l] dz

g(z) =z exp [{
where p(z) =1+ pyz + ... is regular in E and has positive real
part in E. (Pommerenke [1975 ], p.40). By use of the Poisson integral
we find the Herglotz representation formula for p(z) (Hayman [1964],

p. 180 - 181). That is

1+2zx
1-zx

(2.3) p(2) =1 ( ) du(x)
T

for some probability measure u on the unit circle T = {|x| = 1}.
The class P of functions having form (2.3) is often used in connection
with moment problems such as in Chapter 3.- (Pommerenke [ 1975 ], p.40).

Substituting for p(z) we find

(2.4) g(z) = z exp -2 S log(l-zx) du.
T

The idea of close-to-convexity (Kaplan [1953]) 1is a
significant generalisation of starlike functions. For fe S is
close-to-convex i1f € - f(E) is the closure of the union of disjoint
open half lines (Lewandowski [ 1958 ]). The symbol C will denote the set
of such functions. For our purposes the analytic criterion of Kaplan[ 1953 ].

is more useful. For £(z)e C if there is a g(z)&-St and a constant
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elY such that

(2.5) . R«a{eiY (ijgsl——)}> 0

From the Herglotz formula (2.3) it is easy to deduce a representation
for univalent functions with real coefficients. For Im £(z) > O
when Im z > O and hence

£f(z)

Re(l - z2) -

> 0.

Therefore

(2.6) £(2) = iy s TE @

for some probability measure p on T. However we may rewrite (2.6) as

1
- zdp;
(2.7) £ = L o5+ 22)

where pj(cos t) = o(elt) is a probability measure on [ -1,1].

Given a probability measure u on T we define the

trigonometric moments as

= [ E.kdu.
T
The following fundamental result of measure theory plays a major part

M

in the proof of Theorem 2.1.

Theorem 8: (N. Wiener, 1924). Under the above conditions

(2.8) lin1;%{ n eik9}=u(£e‘ie}).

Hayman [ 1961 ] wused Theorem 8 to prove that for functions p(z)

defined by (2.3)

(2.9) lim (1-r) p(re® = 2u ({10,
r->1

Now this equation, with (2.5) and theorem 4 of chapter 1 could be used
to prove a somewhat weaker version of Theorem 2.1, however we prefer
to obtain a direct proof.

Finally we shall need a theorem of Paley and Littlewood

(Pommerenke { 1975], p. 131).
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Theorem 9: Suppose that £(z) = T akzke S and
k=1

M(r, £) = 0((1-1) 7y,

then

a-l)

|an| = 0(n (¢ > ).

2.2 Proof of Theorem 2.1.

Suppose that f(z)'= z + 2 akzke:C. Then (2.5) implies the
=2ivy
. +
existence of g(z)é€ St’ p(z)e P and a constant ¢, c = !Lj%f——— , such that

(2.10) zf' (2) = ( l%£—+ l%E p(z) ) g(z).

We now represent pP(z) and g(z) byprobability measures u and v
as in (2.3) and (2.4). For any finite positive measure p on the

unit circle T we define
a = a(p) = sup {p{x} : xe&T},

i.e. the mass of the largest atom of p. Our proof will then depend
on the representing measure v for the starlike function g. There

are 4 cases to examine.

(1) The representing measure Vv 1is supported by a single atom

x (L.e. v = 6x where § 1s the usual Dirac function).

)
o
(i1) The measure v 1is supported by two atoms of equal weight,
: el -1 N
il.e. v 3 (le dx2

Otherwise the proof depends on the value of a(v).

(iii) 1>a() >

\'
"—

v
o

(iv) 3> a(v) >

2.3 Proof for case (i)

As v = 6x (and without loss of generality X, = 1) we
o

deduce that

g(z) = z/(1 - z)2.
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Now suppose that X0= p({1})) then from (2.10) and (2.3)
(1-C)on (1—c)(1—X0)

_ (Q+o)z ,
(2.11) f(2) = - T T2 5 £1(2),
where
— d(u-A.8,)
1 1+zx 071
2.12) £y = ‘ ,
unless XO= 1, in which case £y = 0.

Lemma 2.1 Suppose that fl(z) =5 Anzn. Then
1

(2.13) |(n+1) An -n Anl o{n).

+1

From (2.12) we write (1-z) fl'(z) = % ann where
n-1 i-\,5

= R i 1o
H = 2 I qpg +1, q = S x T d =

k=0 T 0

Hence Theorem 8 implies

| (n+1) A —0D Anl = !Hn|= o(n).

1

Summing (2.13) we obtain from the lemma

!A - Anl = o(l),

n+1l

The coefficients of the other terms in (2.11) are easily estimated. Thus
!l - cl

> 7 o

la . -a

n+l nl

The next few sections show that maximal growth only occurs in case (i).

2.4 Proof of case (il)

Now we have g(z) z/ (1 - Eiz)(l - ;éz), and without lnss of

generality

and

u ({xz})

U({;l}) = A > Ao
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From (2.10) we obtain

(2.14) £ (2) = E?iééi%igﬁi¢27 + lgc {(1—A1-A25 £, (2)
. A1(1+2) + AL(_I_E&) }
(1-2)2(1-¢%2) (1-2) (1-e*2)2
where
£' (2) = é %—;'éé dul(x)/(l-Z)(l-ei¢2),
and

np = (p-»A8y - K2@;2 Y1 = Xy = A2),

provided that A; + Ap £ 1 : otherwise £, = 0. The coefficients in

the last terms are estimated by

Lemma 2.2. Suppose that A; > A; and

% kAk zk—l = __A (1+Z). + AZ(]- + zil‘b)
k=1 (1-2)2(1-e*%2)  (1-2) (1-e*%2)?2
then
-1
lAn+1 - Anl = 2Xz + 0(n )
We suppose that
LB 2" = /° ———é—-fll——- dz, & # 0,
k=1 (1-2)“(1-e1%2)
i¢
@ n_ .z (L+ze ")
kil ¢? T @ a-eitn? 4%
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Thus by computation

Bn = -—21-4)— + O(n-l)
(1-e™7) ’
and thus
_ -1

[Bep — Byl =0 ).
Also

|(n+l) C s -0 C | = (2n+l),
and

C = 0(1).
Thus

!An+l - An] = Xlan+1 " BnI * >‘ZICnH. -

which proves the lemma.

Lemma 2.3 Suppose that f,(z) = Dnz“ then

— ™8

|D - Dnl =0(l).

n+l

The proof is similar to Lemma 2.1 and is omitted.

Finally the first term of (2.14) ,

-] n-1 _ 1 .

il n an _(l-z)(l-zel¢)
yields

|Ln+l - Ln| = o(1).

Combining these results shows that

—al o+ |1-clr

|an+l n

oA
.

which completes the proof of (ii) as Ap <

c | =2x +0@™h,
n
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2.5 Proof for (iii) and (iv).

In case (iii) we may assume that

a(v) = v({1}h

| v
Ni=

Then if we define G(z) (1-z)g(z), (2.4) shows that

G(z) = z exp -2 [ log(l-zx) d(v - %L ).
T

A calculation shows
zG
ReG— > 3, zGE,
so that G(z) is starlike. We may apply Theorem 9 to estimate the

coefficients of G(z) wvia

Lemma 2.4: Suppose that v is a finite positive measure on T.

Define a function h(z) wvia (2.4) and let o = a({v}) such that

0<acx %u Then for every ¢ > 0,

M(r,h) = 0((l-r) 2(a*e)y,

Choose J = {elee'r : |e - eo[ < 8§} such that v(J) < a + €.

Then from equation (2.4)

< =27 log |1 - rei®0 X v

log ‘
J

-2 f log |1 - reieo x| dv .
T-J
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The first integral is bounded by 2(a

+ €) log(i%;) and the second by

v(D) loglsii 6[. We prove the Lemma noting that there exists 6 > o
such that v(J) < a + ¢ for all 60.

Thus by Theorem 9 the coefficients of G(z) are O(nB),
for some B<0. From (2.10)

z (1m2) £ (2) = (52 + L2502 (@,
and thus

(2.15) l(n+l) a . -~ o an( = O(nB+l),

where we noted

Lemma 2.5. (Pommerenke [1975], p 40). Suppose that 2 Py 2

is defined by (2.3) then lpkl < 2.

We now apply Lemma 2.5 and Theorem 9 to deduce that

if g(z) = ? bnzn then
= Y

|b_[ = 0(a")
for ¥ < 1. Hence by (2.11) |a I = O(nY) This, together with (2.15)
implies _ l

|a -2 | —-I(n+l)an+l n an[ . |a, |
n n (n+1) (n+1)
= O(ns), § < 0.

This completes the proof of case (iii).

In case (iv) the above arguments show that the coefficients

b

1 of g(z)

satisfy

=8

|bn| =0(n )

where 0 < § < 1, and hence we have

la, ] =

Thus the proof of Theorem 2.1 1is complete.

O(n
in view of (2.10).
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2.6 The proof of theorem 2.2

From chapter 1 the only open case is S,. From representation
(2.6) and (2.7) if f(z) has maximal growth on arg z = 0 pp must
have an atom at cos 8. Also pj; could not have any other atoms on

[-1,1], for as f(z) is univalent it can have growth like on

1
(1-r)
at most 2 rays (Hayman [1958 ], p 34). Now we use (2.6) and Theorem 7
(similarly to previous sections) to conclude that
Xetie>__
+ . ?
(1—e‘21e)
where A = p({cos 8}) . The method of Eke mentioned in chapter 1

(1-r) f(refie

) -

as r + 1,

gives

L

41T (1-e219

re— 18

Qs -~ .
(1-e 219)

The order of approximation is o(l) as max {|aj],|as|} = 0(1).
Substitution into Lemma 1.1 shows that

la_. . - eiean] + A.

n+l
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Chapter 3.

Exact bounds for the difference of adjacent coefficients.

3.1 Introduction: Suppose that A & S. In this chapter sharp bounds

for ||a ? akzkéfA, will be obtained. Milin and Lebedev

- all,

introduced a method of exponentiating the Grumsky inequality to obtain
good bounds for coefficient problems in S. The following inequality

is the basis for bounding ||a__ .| - lanllin S and in its subclasses.

n+1

Theorem 10: Suppose that (dk)lm , (Bk) are sequences of complex

©
(0]

numbers connected by the formal exponential relation

(3.1) b B, z = exp ( T a. z ).
k=0 © k=1 X
Then we define
z |8, 12 n
_k=2'"k 1 _k 2
(3.2) o = ===y exp 1§=1((k+1) k(-7 ) o 1®,
for n=0,1,2,... and find that
(3.3) 020,12 20, =1,
For @ = ck/k, Bk = ck (Icl = 1) we obtain inequality

This theorem is found in Milin's book [1977, p. 32]. It was used recently

by Grinspin [1976] to show that

l]an+1] - ]anll < 3.61,

For subelasses of § one expects sharp bounds. Pommerenke [1963 ]

showed that

3 .2

||an+1| - lanll i4

for starlike functions and conjectured that 1 is the correct bound.
Sheil-Small [ 1970 ] reduced the bound to 2. Finally Leung [ 1978 ] used

the Milin-Lebedev inequality, combined with an inequality of MacGregor, to
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deduce that Pommerenke's conjectureis correct,

A similar inequality for the class C of close—to-convex functions

was advanced by M.S. Robertson ([1966 ], [1970]). He conjectured that
.0 {na] - lmafl < |n? - w2,

for ? ak££€(L In 1978 the author obtained the proof of this

conjecture and a variety of other bounds for other sutcl asses (to appear

in the Journal of the London Mathematical Society). The method relied

on repeated use of Theorem 10, together with properties of probability
measures. Simultaneously Leung [ 1979 ] proved (3.4) by an inequality similar
to (3.3). In a letter to the author Leung wrote that he had conjectyred

the existence of generalised Milininequalities. It was easy to 'extract'
just such an inequality from the author's work on generalisatiomsof (3.4).

We shall present this formulation.

Now for each £(z) = T ak££&(L from section 2.2, there exists
k=1
g(z) starlike in E and q(z), satisfying Re q(z) > 0 in E, such that

(3.5) z £ (2z) = q(z) g(z).

Thus the class € 1is obtained from S, via certain multipliers q(z).

Schober [1976, p 22 ] conjectured that for each T b zkéfﬂ: there exists

k=1 X
8 such that
ig
(3.6) [b,, -e b | <1
for k =1,2,3,... Suppose now that q(z) = 2 qkzk is an arbitrary

multiplying function in (3.4). Then (3.6) implies that

.'6
(3.7) |(n+l)|an+l|— n|an|| :_I(n+l) a g~ e™’n a |

n

<% |
= Q__
k=0 n-k

n

AL L

<I
k=0 1%l
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For q(z) that satisfy Re q(z) > 0, we have (by Lemma 2.5) q, = 1
and ]qkl < 2. Thus Robertson's conjecture follows from Schober's if

m = n+tl and hence generally.

Unfortunately the author cannot prove Schober's inequality
butwe can prove (3.7), and for more general functions then g(z)E-St.

We shall consider g(z) defined by a representation of the form
(3.8) g(2) = zexp (8 [/ log (1 - 2zx) du)
T

where yu 1is a probability measure on the unit circle T.

. . =21 .
For instance if the parameter § = - (l+e O‘) we obtain

. L
(3.9) Re *° Eg > 0
in E. Equation (3.9) describes exactly those univalent functions which
have a range £(E) which is spiralike with respect to O, i.e. wé& £(E)
implies w exp (—e-hzt)& f(E) for t > 0. This subclass, Sp’ was

introduced by §pa5€k [1933].

Our first result is:

Theorem 3.1, Suppose that T anzn is equal to

n=1
-2ia
f(z) = z q(z) exp {- (l+e ) J/ log (l-zx) du(x)}
T
for som obability measure u on T and function q{z) which has

coefficients q, (qO = 1) dominated by (positive) coefficients Qn'

Then, provided that Q; > Q2 > ... > Q_ > ..., we have

n

(3.10) f log ]an+1 - x anl du(x) < log (1 +Qp + ... + Q).
T

The inequality is sharp and equality is achieved for pu =6, a = O.

We obtain immediately

Theorem 3.2, Suppose that ? anzn = q(z) g(z) for some g(z) spiralike

in E and q(z) as in Theorem 3.1.
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Then

(3.11) || an+1l - [anll S1+Qp+ ..+ Q.

The functions q(z) =1 + b ann and g(z) = z/(l-z)2 show that the
1

inequality is sharp.

The condition that Q; > ... z_Qn may not be best possible and so we

are unable to prove the most general possible version of (3.7). However
(3.10) cannot be true for general sequences - Qn as we show by a counterexample.

Theorem 3.2 contains Leung's result (extended to S_) and Robertson's conjecture
as special cases. © 0 P
Corgllary 3.1. Suppose that z + g az € Sp then llan+l| = lan| < L.

Corollary 3.2. Suppose that z + ? anzn& C then
Inla_| - mla || < [n% - m?].

We now return to the represantation (3.8). Suppose that

§ = -2(1-1), (A < 0). Then

’
Re 28 A,
g
and g(z) 1is said to be starlike of order A in E. Although such
functions are generally not univalent, Sheil-Smalland others (Keogh [ 1976 1)

have developed an elegant linear theory of convolution and extreme points

for the functions starlike of order A. Our techniques give

Theorem 3.3 Suppose that I az is starlike of order A < O.
Then
Ha | - |a|] < L¢=23+1n)
n+l n'' — T(1-2)) Tr'(n+l)

Equality holds for z(l-z)z(A - l).

"We begin by presenting a generalised Milin-Lebedev inequality.

The above results are then obtained.

3.2 A generalised Milin-Lebedev inequality

To prove Theorem 3.1 we require

Theorem 3.4 Suppose that o ,8  are related by (3.1) as_in Theorem 10.




Then 1f Q11Q2_>_...

n
(3.12) 1 Q _[8 ]2 =@ +Q,+ ... +Q) &
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> 0, and Qo = 1, we have

Now conclusion (3.3) of Theorem 10 may be written as

n-1
(3.14) exp [ &

j=1

<-—n—
— (n-k)

Let us define the left hand side of (3.14) to be

X
e’ > x + 1, we have

3.15) Tk

r
n

{

2
_ - (|82 + ..

1 ; R n-k-1
Gony T 30m Plegfr - 2
!BO|2+..-+|Bn—k—l|2
PAESESTNE
exp

k=0
where
n
= 2 .

£ exp {k=1 (Ak,n|ak| Bk,n)}
and Ak,n’ Bk,n are functions of (Ql,...,Qn) and k,n.
for =1 and a = L (N=1,2,...).
— "n — "n
We define sums

= 2 2

Ty |sn_l| RTINS L
for 1 <k < n. Then using partial summation we write

n

2 = 2

2 %k |Bk| IBn| ATt e AT
where the numbers Ak are defined by

Ak = Qk - Qk+1 (1 <k <n-1) and An = Qn'
The monotone property ensuresthat Ak > 0. Thus

2 2 y
(3.13) log (J8 |2 + Qul8 ;|2 + ..ov @)
2
= log T+ log ( lEnL + A1 El_+_..
n Fn

c B 112

(I8 12+ oo+ |8 1%

Equality holds

“n=1"T

{

K

r
o=l o,y ).
n

n

1

. j
e A=A L

Thus, using
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=k—(_n-_lis
n n k
Now the B are defined by
n . n
B=_Zka8_)
n n k=1 k' n-k
from which we deduce
NG n
(3.16) =—2— < — 1 K2|a |2,
T - n k
n k=1

via the Cauchy inequality. Also from (3.3)
' n-1 K ) 1
(3.17) log T < log n + kil {k(1- ;;)lakl "(Eiib}'

Substitution of (3.15), (3.16), (3.17) into (3.13) yields

log (|8 |2 + il ;% + ... + Q|8 1%

n-1 n 2
_k 2 __1_ k2[op |2 -
< {k@-2) o Gy |t Lo L — + kA ~(0-K)A §,)
k=1 k=1
n-1 Kk ) 1
Slog (L+ Qi+ ... Q) + I (k=D |? -7
k=1
n 2 2.
z {E—J&‘;J—l— - (n-k) Aksk}
, k=l .
(T +Q + ... +Q)
n
we use log (1 + x) < x and since I k Ak =Q + ... *+ Qn’
- 1

this proves the theorem. It is easy to check that inequality holds for

3.3 Proof of Theorem 3.1

' We have f(z) = % akzk = (1 + b q zk) g(z), where g(z)
k=1 1k

is defined by equations (3.8) and (3.9).
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We define

(3.18) (1 - zx) g(z)/z = & Bkzk.

k=0

The integral representation (3.8), with 6§ = - (1 + e-ZIG), implies

that
) Bkzk = exp (¢ akzk),
° k=1

the coefficient oy is given by

-2ia) k

(3.19) « %{(1+e b - %)

k:
k .
and W, are the moments [ y dp(y) of the probability measure u.
T

Now Theorem 3.4 implies that

n ~
(3.20) log ( L Qn_k|8k|2) Slog (1+Qp + .vv + Q)
k=0
: ML
+ I ( o - B )
k=1 Ak,n k k,n
Also
@ k
T (ak+l - xak) z = (1 - zx) f(z)
=]

k

1+ 8q290 -0 8
1

so that, setting q, = 1, we have

n
- X anl §_| z
k=0

la

n+l qn-k Bkl

Do b
S ||

n

n 1
(Z Q z 2):?
k:o —

| A

3
n-k) (k Qn—k IBk!

0

by Cauchy's inequality. Hence using (3.20) we deduce that

(3.21) 1log |a_,,- x an| <log (L +Q1 + ... +Q)

n+l n

n
1 2 -8
Tz kil(Ak,n|ak| k,n)'
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We now integrate both sides with respect to the measure u noting

1
Lemma 3.1. S |ak|2 du(x) = w2 -

T

The lemma follows from (3.19) as

(3.22) K2fo, |2 = |1+ e 2 [ |2 - 2Re (1 # PN T A 41
and
- k
b =/ x k du(x) = / x du(x) ,
T T

as u 1is a real measure. Consequently integrating (3.22) we obtain the

lemma from

11+ e %2 - g Re (1+ e 2% =0,
Thus
S log |an+l - x an| du(x) <log (1 +Qy + ... + Qn)
T n
siz 53%3 - B )
. k k,n’ °
k=1

The case of equality in Theorem 3.4 shows that the final sum is zero.
This proves Theorem 3.1.
Notice that equality is achieved for £(z)e& Sp’ i.e.

for a = 0 and q = Qk (k = 0,1,...,n) equality holds.

3.4 A counterexample

We show that Theorem 3.1 is not true for general Qk' Consider

the function
k

f(z) = $ az

22 < ad)
k=1 .

5,29
k=1
where g(z) = T b zk is starlike and € > 0. This has the form of

k
k=1 1
Theorem 3,1 with Q3 = = Qk =0 (k #3), and a = 0.
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Then
1
au—xa3=(b4—xb3)+ E‘.
1f Theorem 3.1 were true for this set of Qk we should deduce

/ log |ay - x a3| du(x) < log (1 + éﬁ,
T

S log |1 + e(by - x b3)| du < log (1 + €).
We let € Ttend to zero and note that

log |l + ewl = Re ew + 0(g2).
Thus

Re {by - by J x du} < 1.

T
However, as g(z) is starlike, we recall from (2.4) that

g(z) = z exp (-2 f log (1 - xz) du)
T
and thus
b2=2f x du.

T
Therefore

(3.23) Re (by - 4bgbgy) < 1.

Since e—ieg(eiez)é-st for all 8, (3.23) becomes
Re e3ie(bL+ - 3byb3) < 1,

for all 6. Hence
(3.24) |by = fbpbg| < 1.

Schober([ 1976 ], p. 22) writes that R. Barnard has noted that (3.24)
is false in St' As Shober neglects to include Barnard's argument
we shall now show that (3.24) is false in St' Consider the starlike
function z/(1 + z)E(l—z)z—E, € > 0. Its power series expansion is
z + b222 + b3z3 + byz* + ... where

by = 2 - 2¢,

by = 3 - 4e + 262,

20

by = 4 - = € + 0(e2),
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so that
1 - 20 2 2
by - ib,bj = (4—-f§ e + 0(e%)) = (1l-€)(3-4e + 0(e%))
=1 +—;-O + O(E?_))

which, for small positive ¢, contradicts (3.24). Thus also Theorem 3.1

cannot be true with the values of Qk given above.

3.5 The proof of Theorem 3.2 and of Corollaries 3.1, 3.2,

Theorem 3.2 is an immediate consequence of Theorem 3.1.

For equation (3.10) implies the existence of x & T such that

Qn + Qn—l + .00+ Q +1 3_[an+1 - X an|

n+1| - |an||’

proving the theorem., Corollary 3.1 is just the special case
Q= ... = Qn = 0. We intend to prove a more general version of

corollary 3.2.

Theorem 3.5 Suppose that f(z) = ¢ anzn satisfies
~neorem 3 sSatisries

(3.25) Re{eia( éﬁf— Vs> o0

for some g € Sp’ real @, A < 1. Then

(3.26) |G+ Dla_,,| -nla || < 1 +20-1)n.

n+l
The function éz l%%%§§§lz dz shows that (3.26) is sharp.

Remark: The class of functions satisfying (3.26) is the set of

close—-to-convex functions of type A. (Hamilton and Tuan [ 1978 1]).

We may write

zf' (z) = q(2)g(z)
where Re ela(q -~ A) > 0. Then we apply Lemma 2.6, noting that
(l_e-Zia (1+e—2ia)
Q@) = A+ (1 -0 FH— + ()],

for some function p(z) in the class P (of section 2.3). Consequently

the coefficients of q(z) are bounded by Qn =2(1-2).
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Thus we apply Theorem 3.2 and deduce our result.

If f(z) is close-to-convex, then ) = 0,and we have

Koyl = 1) Jay ] < D).

Therefore, using the triangle inequality we deduce for n > m

n
N e I [ [ N
n
< I (2k-1)
k=m+1
= (n2 - m2).

3.6 Proof of Theorem 3.3

The Milin-Lebedev inequality, Theorem 10, is a special case of

Theorem 11. (Milin [ 1970 ] pp 32-37). Suppose that a

by (3.1) as in Theorem 10. We define

n 2
(3.27) 8. (s) =1 (X - Ly, sso,
n s k
k=1
and coefficients dn(s) by
(3.28) ——y = F  d (s)2".
(1-z)S n=o0 n
Then for s >1
n

8
n

are related

(3.29) [8_| < d_(s) exp ('z‘ds_(s) I od_(sm1) 4, (s)).
n k=1

For functions g(z) = F a zk that are starlike of order

k=1 X

representation (3.8) with & = -2(1-1). Thus

(3.30) log gg—z) - ~2(1-)) [ log (l-xz) du
T

for some probability measure pu on the unit circle T.

for y & T,

(l-zy)-g%) =F g 25 ¥ k

k=0 k

A we have

As before we define
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o Bk are functions of 7y defined by

1 k
(3.31) C!k = '1; (2(1 A)Uk -y )’
and
B = %1 7Y
where W = kadu are the moments of yu. We apply Theorem 11 with

T
s =1 - 2 and obtain

n
_ (1-23) _
é log |3n| du < log d_(1-21) +,7 xe=2 d__ (-2}) éAk(l 23) du.
It suffices to show fAk(l—ZA) dy < 0. By Theorem 1l this is equivalent to
T
Lemma 3.2 _iPkJ__ L

- k
From (3.31) ]ak]2= ) {4(1-2)2 ]uklz = 4(1-2) Re wy + 1l}.
We now integrate with respect to wu. Thus
1
é|ak|2 du = 22(4(1‘A)2|Uk|2 - 4(1'A)|Ukl2+ D,

in view of W = fykdu. Consequently

_L“k_l_ ) du

(1 -23) 2 k

{41-2) Ju, [2¢(-2) + 1 - (1-22)2}
k(1-2x)4

4120w |2
k(1-2x)2

which is non positive as [uk|2-i 1 and A < 0. This completes the

proof of the Lemma.

Thus flog |a - x an| duij_log dn(l-ZA) from which we
T

n+1l
deduce the existence of XOE'F such that
|a

ne1” Fodal < d (1-20).
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Hence we have

Ha ] - la|] < la ., -xa | < {1z20m)
n+l n'l = p+1 o n' — I (1-20)T(n+l)
using the formulae for dn' This completes the proof of Theorem 3.3.

3.8 A result for odd spiral—-like functions

Robertson has conjectured the following inequality for odd
univalent functions (Pammerenke [1975], p. 39),

2 < n.

1+ Jag|2 + ... +|a2n_1| <

This is known to be true for odd starlike functions since all |an| = 1.

For spiral-like functions we prove the stronger

Theorem 3.7 Suppose that g(z) = g %ngnasp’ and g(z) is odd. Then

(k) _-[8 ]2+ ...+ |Bpg-1l
(3.42) ‘—= e 12 1
m B 17+ ...+ 181
where
18l = [ | = lageyh k= 0.1, 2

Let us define as in (3.18)

g Bmzm = (1-2zx) g(2)/z

=) n
= exp (% @z ).
Thus

= a - X a
8m m+1 m’

so that IBml has the value given in Theorem 3.7, since g 1s odd.

Then we use equation (3.14), 1.e.

mn-1 1 ; ) m~k~-1 1 5 )
jil { E:I = J(l"'E) ‘ajl } - jil { Ers j(1 - - ) lajl }
2 2
< tos (G Bl T Bl .

Te 12 + + 2
|5, | -+l
Next we integrate this inequality with respect to the measure yp in the

representation (3.8), with 6§ = -(1 + Elza). Then Lemma 3.1 implies
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that

s

Since Bn is independent of x we deduce Theorem 3.7.

Remarks.
(i) The function z/(l—zz) shows that the inequality is sharp.
(ii) The case that m-k=1, m=2n gives Robertson's inequality
for S
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CHAPTER 4

Covering theorems for univalent functions.

4.1. Introduction

The theory of Riemann surfaces (Ahlfors and Sario [ 1960])
has been extensively studied. Suppose that D 1is an open Riemann
surface and a & D. A great amount of work has been concerned with
functions f that are analytic on E and take values in D. 1Imn this
chapter we investigate the range of values of the class of such
functions f(z) that are univalent on E and normalised by the condition

f(0) = a. We denote this class by Sa(D).

If D 1is simply connected then Sa(D) is normal provided

that D 1is hyperbolic. In that case the problem of determining

the range of values, i.e.
(4.1) {f(x) : £ & Sa(D)},

is just an application of the uniformisation theorem and the principle
of subordination. For domains of connectivity 2 or greater these
questions are still opemn. At a recent conference at Durham and in a
paper of Duren andSchober [1980] the question of finding the range of
values of §; {0 < {w{ < o} was raised. The author [ 1980 ] was able

to announce preliminary results on this problem.

Theorem 4.1. Suppose that w = A(t) 1is the elliptic modular function 1

mapping t-points «,0,1 to w-points 1,=,0. Then

{£(r) : £ €S1(0 < |w| <)} ={A(x) : Im1 > 2v(n)},

ot dt L dt
where () = 4 ey /S SO

is the modulus of E -[O0,r].

See Ahlfors [1966 a ], p.269 or sectiom 5.2.
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In this chapter we give explicit results for doubly connected
domains D and partial results for other classes. Hence we assume
that D 1is conformally equivalent to a sphere with m holes and g handles.
Thus we are assuming that D has analytic curves or punctured holes

as boundaries. *
Problem (4.1) may be regarded as a generalisation of
(4.2) max {|£©)] : fes (D)},

i.e. the radius of mapping problem. This problem, for the case that

a=x and D € T, is the extremal problem of Gr¥tzsch-Pélya. (Schiffer

Tt

and Spencer { 1954 ] p.382). If D=0¢C€ - {wy,..., wn} then

Grdtzsch [ 1930 ] and Lavrent'ev [ 1934 ] showed that the extremal function

f(z) for (4.2) satisfies the quadratic differential equation

zf (2 b__q )™+ L+ bg

( f - a) (£(z) - wyp)...(f(2) - w

=1

However as the bm—l""’bo are unknown, this equation cannot be solved.

The other reason to study (4.1) is the point functionals on

Sa(D), i.e. we wish to maximise

(4.3) Re 3(£(2))
over Sa(D), where ¢ 1is analytic on some suitable cover of D, 1In the
following chapter a generalisation of Theorem 1 1is used to study
problems of the form (4.3). 1In fact (4.1) does not allow one to consider
the most generalpoint functionals, e.g. &(w) = i log w and
D= {0 < |w| < w} . TFor this reason, in section 4.2, we introduce the
range of values as a covering surface X of D. 1In section 4.3 we
characterise the range of values by a certain extremal problem. This
is solved by means of the Jenkins-Strebel differential. In section

4.4 the explicit answers are given for doubly connected regions.

+ 1In section 4.1 our results are for arbitrary surfaces.

++ Their book "Functionals on finite Riemann surfaces' will be
referred to as FRS.
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Next we apply the theory for Sa(O < |wl < 1) to solve a problem of
Huckemann, raised at a conference at Durham in 1976. The following section
gives the complete theory of the mnge of values of S;. This proves

to be useful for the following chapter. We conclude with a discussion

of the possibility of generalising our results to domains of higher

connectivity.

4.2 The Covering Space X.

Let Y be the universal covering surface of D - {a}. We
assume that Y is hyperbolic, i.e., there is a univalent mapping
y: {t : ImT > 0} > Y. The space X 1is obtained by "adding" the
point a to Y. We now briefly describe this process (see Chapter 1 of

Nevanlinna's book [1953] for a complete account).

First we normalise the map y(T). Without loss of generality
we assume that the winding operation T about a (considered as an
element of the fundamental group of D - {a}) corresponds to a
translation T : T > 1 +2 of the t-plane. The latter can always be
achieved by means of a bilinear transformation. The space X 1is then

defined to be (Y/T)w{a}. The normalisation of vy ensuresthat the map

z = exp(mit(y))
maps X univalently onto |z| < 1, i.e. this map is the uniformiser of X.
Hence X 1is a simply connected cover of D which covers the point a

once and every other point infinitely often.

Example: If D = {0 < |w| <=}, a =1 then the map y is the elliptic
modular function A(t) of Theorem 4.1. Here we do not distinguish

between the mappings A which map onto D - {1}, Y or X.

The space X arose long ago (Littlewood { 1944 ], p. 196) in another
context. It is the rangeof analytic functions £: E = D such that
f(0) = a and f£f(z) + a for =z + 0. From this point of view £(2)

has a position on X defined by the (endpoint) homotopy equivalence
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class of the arc

y(t) = £(tz), (0 <t <1).
The reader may recall that (homotopy) equivalence classes of arcs are used

to define the universal covering surface (Ahlfors and Sario [ 1960 ]).

Thus it 1s clear that each f & Sa(D) may be considered to
map into X : the homotopy class of £ [0,z ] defines £(z) & X. The
mapping is analytic, and note that £(E) is a proper subset of X which
has the property that distinct points do not lie over the same point
of D. Now the previous paragraph shows that each point of X is
essentially a homotopy equivalence class of ares vy : [0,1] = D of

the following type §
(4.4) Suppose that b& D and a % b then

(i) v() =a, v(1) =b

(Li)vy(t) + a, 0<t<l.

However, for each f & Sa(D), £fl0,z] is a simple arc. Our first

lemma shows that X 1is the correct carrier for the range of values.

Lemma 4.1: Suppose that y 1is an arc which satisfies (4.4). Then

y 1is homotopic to a simple arc vy;.

This exercise in topology is relegated to Appendix 4.l.Finally we note that
the Riemann mapping theorem ensures that each simple arc vy; is
homotopic to f£[0O,r ] for some f & Sa(D) and ¥ < 1. Thus we define

the range of values of Sa(D) to be

(4.5) {f(r) &X : f & Sa(D)}.

The extremal problem which defines (4.5) is

Problem 1. Let us call a simply connected domain A<D admissible if A

contains an arc homotopic to y;. Then f£(E) = A for some f & Sa(D)

§ Except for the trivial map vy : [0,1 1 - {al.
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and the problem is to determine
(4.6) min {|z| : £(z) = b},

over the class of admissible A.

The class Sa(D)lJ{a} is compact and hence there is a function
foe,Sa(D) that 1s extremal for (4.6). The solution depends on

b and v;.

4.3 The extremal problem.

The theory of extremal length combined with the variational
technique of Schiffer and Spencer (FRS,pp 273 - 396) provides the
solution to (4.6). Recall that D 1is a finite surface minus a finite

number of points wWiy,..., W -

Consider a family F of closed curves C in D such that
F 1s closed under homotopies. A measurable metric o is admissible
if
(4.7) S oldw| > 1
C

for all C &F. The module m of F 1is the quantity

(4.8) inf s S p? da,
p D

where p 1is admissible.

Jenkins [ 1957 ] used the technique of Schiffer and Spencer to
obtain

1
Theorem 12 The extremal metric p 1is equal to (Q|? for a quadratic

differential Q which satisfies

w_}

*y n -

(1) Q dw? is regular on D - {wy,..
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(ii) Q dw? has, at worst, simple poles at Wiy,..., Vo

(iii) Noncritical trajectories, i.e. those curves Q dw? >0

which do not originate at poles or zeros of Q, are members of F.

(iv) The boundary of D 1is a subset of the critical trajectories.

From this we prove

Theorem 13. Suppose that fo is extremal for the range of value problem

(4.6). Then there is a quadratic differential Q on D _with the

following properties:

(i) Q is regular on D except at isolated points and a,b.

(ii) Q has simple poles at a and b and, at worst, at

igolated points of the boundary of D

(iii) The critical trajectory T : Q dw? > 0 bounds fo(E)—fo( [O,rJ ),

where r is the minimum in (4.6).

Consider problem (4.8) for the surface Dy =D - {a,b}
and F the class of closed curves C of the following type.
A curve C 1is admissible if it is homotopic (in D;) to a

curve C; which has a simply connected subset of D which contains vy

in i1ts interior.

C 1is admissible —_———

c! is not admissible.—

Then with Theorem 12 we obtain a quadratic differential Q

defined on D . Furthermore the module of F is

m = ff |Q| da.
D

Now consider any doubly connected domain BE&D such that the separating
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curves of B are members of F. The modulus of B 1is given by

%%log( é-) if B is conformally equivalent to {s < |w| < 1}. However

the module of the family Fo of separating curves in B is equal to the

modulus (Ohtsuka [ 1970 ], p.148). Thus as FB C F (Ohtsuka [ 1970 ]1,p.77)

1
(4.9) 7 ]_Og

w =

< m.

In particular for £ e Sa(D))admissible for problem (4.6))we see that
B=f@® -t {0,z ])(f(z) = b% is an admissible doubly connected subset

of D. Now,(Ohtsuka {1970 ] p.l79% E -{0,r ] has modulus

sl dt
(4.10) v(r) = &4 9/(1-t2) (1-r2t2)
J§ dt

o0 Y(1-t) (1-(1-r4)t%)

Thus B has modulus wv(r) and by (4.9)

(4.11) v(r) < m.
The remainder of the proof is concerned with reversing (4.11).
First we show that the critical trajectories of Q bound a doubly
connected domain BO.
Let L be a noncritical trajectory of Q. From Theorem (12),(iii),
the interior of L 1is a simply connected subset of D which contains
a,b. Since trajectories only meet at zeros or poles then for any other
noncritical trajectory L' either L 1is interior to L or vice versa,
for the region between L and L is an amnular region (from (iii)

and the definition of F)

The only poles inside L' are also inside L. There can be no zeros of Q

between L and L', otherwise there would be a critical trajectory T
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between L and L . Such a critical trajectory is mot a simple curve
but branches at its zeros. However these branches cut off subregions R

which lie between L and 1 .

Suppose that ¢ bounds such a subregion. Then the trajectories interior
to & do not contain a,b in their interiors. Consequently these trajectories
do not belong to F, which contradicts Theorem 12, part (iii). Therefore

the region between L and L' contains no critical trajectories.

Now let B be the union of the regions between
noncritical trajectories. The above remarks show that this union
may be takén to be the wunion of increasing doubly connected sets.
Hence Bo is doubly connected and one component, I'j say,of D - Bo
lies in D. This is the compomnent which contains a,b. Also the boundary

of BO (in D) is the same as the set of critical trajectories of Q.

Next we 5how that the modulus of BO is equal to the module

m of F. The differential

(4.12) dH = YQ dw
is analytic on BO (as Q has no poles or roots in BO). dH has real
period w; along the cycle Jj separating T; from the other compoment
I, of D- B since Q dw? >0 on I'y. Hence for any separating curve

(o]

C of B
o

.

1 i
rlelt fawl > [ st aw | = |w
C C
Also on trajectories C,
1 1
|Q|? [daw| = Q%aw

and 1
2

1
lwy| = | f Q2 dw | = s [Q|* |aw].
C C
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Hence by (4.7) |w1| > 1 and by (4.8) and the extremal property of
|Q|% we have
|w1| = 1.
Thus, as dH = ¥Q dw is real on the boundary of Bo’ the

multivalued function

(4.12) H = //Q dw

maps Bo onto an infinite strip of the form
(4.13) £={0<ImB < 21

Remark 4.1 Note that we may have wup; > O by choosing the sign of

YQ correctly.

As H has period w; = 1 the function v = exp (-2wiH)

maps Bo univalently onto {1 < |v| < exp (wus)}. Thus Bo has modulus

%z . However

(4.14) %2 =/ 7 |Ql dA = m
D

as H maps Bo’ cut from TIj to T, ,onto a region of area %z .

Now let fb e Sa(D) map E onto BOL}PI, and fo(ro) = b.
Then it is well known (Ohtsuka [1970], p. 172) that E—fo_l(Fl)
has modulus less than or equal to the modulus of E - [O,rJ . Thus Bo
has modulus m f_v(ro). From (4.11) we deduce
m = v(ro).

Consequently fo_l(Fl) =0, r_ ] and thus

(4.15) T = fo [o, r, 1.
To complete the proof of the theorem we have only to note that Q does
have simple poles at a and b. However (4.15) shows that the
critical trajectory TI; has endpoints at a and b. The local
behaviour of quadratic differentials (Jenkins [1965], Chapter 2)

shows that Q dw? has simple poles. at a and b.
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Remark 4.2. As T; does not branch (by (4.15)) Q dw? has no zeros
on I;. We showed that Q dw? has mno zeros in BO.\ The only poles
are at a,b and isolated boundary points. Since Q dw? > O on the
analytic boundary curves of D then we may continue Q dw? to the

double of D, defining
Q (M d@?2 = (Qw)dw?)

where % 1is dual to w on the double. If o 1is a zero of Q omn the
boundary of D such that k trajectories in D begin at a, then
2k+2 trajectories originate at a in the double. Thus a 1s a zero

of even order. The only other zeros occur at the branch points of

D AT,

Remark 4.3. We have not shown the uniqueness of the extremal metric
Q and hence the uniqueness of fo. Actually we have shown that for

each extremal Q there is an extremal fo.

4.4 Results for doubly connected domains

Suppose that, without loss of generality, D 1s given by

(4.16) {s < {w| <11},

where 0 < s <1 and 0 < a < 1, or

(4.17) {0 < |w| < =},

1]
H

and a
In this section we provide unique representations for the
quadratic differential Q of section 4.3. We characterise vQ dw

as an analytic differential on a 4 sheeted cover of D. However first
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we prove
Lemma 4.2 (i) Q dw? has no zeros in D.

(ii) In case (4.16) Q dw? has one double zero on |w| =1,

and if s > O another on |w| = s.

(iii) In case (4.17) and in case (4.16), s = 0, Q dw? _has

a simple pole at O.

(iv) 1In case (4.17) Q dw? has a simple pole at .

As Q dw? > 0 on the boundaries then Q may be continued
into 0 < |w| < = as a meromorphic function. Theorem 13, (ii) shows

that in case (4.17) and case (4.16), s = 0,Q dw? has, at worst, a simple
pole at 0. Also Q dw? has, at worst, a simple pole at = ,for (4.17). This
together with Remark 4.2, reduces the proof to showing that T,AD is
a single .umbranched analytic curve running between the components of € - b.
Now in case (4.16), s > O, I',ND meets the boundary at zeros of order 2.
In the other case, O 1is the starting point of TI',AD. The local
property of trajectories shows that O 1is a simple pole. Similarly
in (iv).

However the maximal property of B0 =D - (TjuTly,) shows
that if T3 1is any subset T, which connects the components of D then
D - (TjuTl3) has modulus equal to D - (I;uTy). Hence T3 =T)

and Ty cannot branch.
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We now restrict our attention to case (4.16), s > O. The construction
of the covering surface D is as follows.
(1) Let D; be a two-sheeted cover of D with no

TN

branch points.

A

The curve vy), which defines our extremal problem, now appears as a pair
Yo Y_ on Dy.

(i1) We cut D; along Y, and y_ and join one side
of the upper curve Y, to the opposite side of y_, and vice versa.
Thus we obtain a two—sheeted cover D, of D with branch points at
a,b and with vy, as a branch line.

(iii) Finally we add the Schottky double D, of Dy
(FRS pp 29.~- 33), joining D, to D, at |w| =1, |w| =5s.

In appendix 4.2 it 1s shown that JD is a closed

orientable surface of genus 3.

Lemma 4.3 dH 1is an analytic differential on 5D

Certainly dH 1is an analytic differential on BO (and 1ts
three images which we constructabove). Let T, be the component of
I which joins the inner and outer boundary of D. Then by Lemma 4.2,
as we move across I, , dH remains analytic and changes sign. Also as
we move across I'; , which is homotopic to vy;, dH changes sign. At the
branch point a the local uniformiser p 1is defined by

w -~ a=p2,
Now

dH = VQ dw ~

dw = 2c¢ dp,
Y w~a

thus dH 1is analytic at a. Similarly dH 1is analytic near b. Thus
dH 1is analytic on Djy. Also Lemma 4.2 shows that Q has zeros of order 2

at exactly two polnts, e1¢ and sele say, where T, meets the boundary of D.
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Also Q dw? > O on the boundary of D. Thus dH is defined on‘fjby

reflection across the boundary, i.e.

(4.18) dH(B) = dH(p),

where P 1is a point 'dual' to p & Dy,. This shows that dH 1is analytic

. i i . .
on éa with zeros at re 6 and e ¢, and their two images on Dj.

We now wish to apply the following theorem of Riemann (FRS

PP.64-70).
Theorem 14 Suppose that P is a closed orientable surface of genus h,
with 2h base cycles Jj,.,Jpy . Then for any set of 2h real

numbers w, there exists a unique analytic differential dH on 9
et p— —

such that
e ——————

The diagram shows two base cycles for D . Cycle J, was introduced

in section 4.,3. Cycle J, begins on the upper sheet of D,, at P say,
crossing T, onto the lower sheet. Then J, crosses back to the upper
sheet by passing through T';. The cycles J3 and Jy are dual to

J; and Jp; on the double. Also there are cycles Js and J, which are

generated by the doubling of b,: For instance J5 consists of ?2 and

its double.
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We now calculate the periods W, = /S dH. In
J
k

section 4.3 we established that

Im wy 0

Im w

2 u, > 0

The other integrals, from (4.18), are

W3=fd =W1,w4=fﬁ=;2
I 1,
and since dH 1is real on r-,
Im w5 = Im W = 0.
Hence dH 1is uniquely determined by the 6 numbers (O,u;, 0,-us, 0,0). We first

obtain a solution dHO for the Riemann problem for numbers (0,1,-1,0,0,0)

Then u; is chosen by [ dHO = 1/uy, and dH = up dHO. Thus we have

J1
Theorem 4.2 Given D and Yl we construct é) and dHO
to solve the (0,1,0, -1,0,0) Riemann problem on éz) . Then

the least r such that f£f{0,r ] is homotopic to Y, for some f & Sa(D),

is given by

I S
2f dHO
J

(4.19) v(r) =

4,5 The solution of a problem of F.Huckemann

In this section we use the theory for §,(0 < |w] < 1)

to answer a question of F. Huckemann. Lemma 4.2 shows that Q dw?
has simple poles at a,b. Also Q dw? has a simple pole at 0 and
double zero e® on |w| = 1. By analytic continuation, Q has

poles at 1/5 and 1/6, hence

g .
c el (w - el‘b)2

(w-a) (w-b) (Fw-1) (bw-1) ’

(4.20) Q(w)

for some ¢ > 0.
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The parameters 6, ¢ may be determined by the condition that Q dw? > O

on |w] =1 and Im/ vQ dw = 0. In any case problem (4.5) is solved
J1

by v(r) = if /Q dw.
J1

The problem of Huckemann is as follows. Let us consider
the class G of continua C in E - {0} which join a and b,
such that E - C is connected. He called C a natural continuum

if there exists a quadratic differential ¢ on E - {0} such that

(i) 0 dw? >0 on C and |w| =1
(ii) O0,a,b are the only poles of ¢ in Iw| < 1.

Huckemann asked if each homotopy class of G contains a natural continuum.

We pose problem (4.6), as Y, &G, for the family
Sa(O < |w| < 1). Then the quadratic differential Q dw? of (4.15)
has the required properties, as the trajectory running from a to b
is homotopic to ¥y In fact we obtain the much more general

Theorem 4.3 Suppose that D 1is a finite Riemann surface minus

a number of points, WlseeosW . Then for each arc C; which satisfies

(4.4) there exists a quadratic differential Q on D such that

(1) Q dw? > 0 omn 3D

(ii) Q dw? has simple poles at a,b and perhaps at

Wisee oW (and nowhere else). At least one w, 1s a pole.

k

(iii) The trajectory g : Q dw? > 0 running from a to b

is homotopicto Cj.

Remark 4.4 The above questions arose in the context of solving a

problem of D. Gaier (see Huckemann [1977])
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4.6 The class 8,
From Lemma 4.2 we find that Q dw? has no zeros in D

but has simple poles at 0O and =, i.e.

(4.21) Q (w) =W(W_-l]<5_(w_—-b)

for some constant k. The value of Axg(k) 1is determined from

Im / V/Q dw = O.
J1
For the class S; our results are quite explicit. It is well known

(Ahlfors [1966 4, p. 269-274) that if wy; =S /Q dw and wy = f vQ dw, then
Jl Jz

(4.22) b = A (4

NS

W, -
) Im s 2v(r).

However, the elliptic modular function A(tr) uniformises the universal
covering space X of @ - {0,1} and hence, following 4.2, uniformises
the covering space X for S;. This, together with (4.17)implies the

following generalisation of Theorem 4.1.

Theorem 4.4 The range of values of S, 1is

A(r)eX : Imt > 2u(xr)}.

Remark We proved that the above theorem is equivalent to a
certainextremal length problem associated with the quadruple 0,1,=,b.
This problem has attracted considerable interest. Teichmiiller [1938 ]
gave applications to the Ahlfors' distortion theorem. Schiffer [ 1946 ]
solved the equivalent modulus problem. A simple proof may be found in
Ahlfors' "Lectures on Quasiconfo?mal Mappings" ([1966 b.]chapter 2).
Krzyz [1970 ] applied it to the question of Koebe sets of

univalent functions.

We conclude this section by giving a description of the
extremal functions fo(z)efh for point functional problems. The
omitted set

Pz =C-f£ (E)
is often studied in this context. The geometry of I, will now be described.
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Equation (4.21) defines T, as the solution of a
quadratic differential equation kdw?/w(w=1) (w~b) > O. The trajectories
of the quadratic differential dw?/w(w-1) are Pyperbolae with foci
at 0 and 1. Thus [, must meet each of these hyperbolae at w
with angle

(4.23) | arg% (w=b) .

In particular, at each point of the half line,

w=D>b + kt, t >0,

', 1s orthogonal to ellipses with foci at 0 and 1. From (4.21)
one sees that T, makes angle arg (—-% ) at 0.

The curves T, Ts display some symmetry. The module
problem (of section 4.3) shows that the domain'B = € - (T} UT,) is

invariant under linear maps

T, w=w

Ty w = %

e Y
Ty, w= g;%

and no others. Here we use the uniqueness of fo.
For instance T,(I';) = I';, and thus there is w T, such that
T5(w) = w. Then, choosing the sign correctly, vb éT,. Similarly -vbeT;.
Duren and Schober [ 1980 ] found that the extremal
functions for the problem min {Re f(r) : f &€ S;} exhibit many similar
properties. At the point on Re b = m, with minimum r such that
fo(r) =b, Iy is orthogonal to Re b =m, for TI; is fO[O,r ] which

is orthogonal to fo([zl < r), which is tangent to Re b = m,



1
" (1z1<¥)

N Tow T 3 20CR)

\( /) |

The earlier results of this section show that T; has angle
arg (b-1) + arg ( - b ) at b. Thus k may be taken to be b(b-1),.

k
dw
In general k has argument - Arg [

T %565:13?;:5) . Thus the

curve T of points b where Re b = min {Re £(r) : f &Sj} may be

found from

1 dw

O = Atgy moTy gl/w(w-l)(w-b)

It is of interest to know when f 1is elementary, i.e.

_ Ltz 2 -
—(1+CQ_Z)’ ICll—l,

(4.24) f(2)
or equivalently T» 1is a ray and TI; an arc of a circle. If
lbl =1 or b > 0, then uniqueness shows that £(z) has form (4.24).
For if [b[ = 1, then fo and 1/?;(2) 1s extremal. Thus w &
implies 1/ wé Ty, consequently Iy 1is the subarc of a circle. In this
ie

. _, 1+ ez 2
case uniqueness shows that £(z) = ( 17 o if; )

where 6 =mw-arc cos (} arg L) .

This also follows from results of Mori [1956] and Tiechmuller [1938].
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1+2z .2 1-z .2

If b >0 then £(z) = ( T ) d>D, (2 =() (b <D,

once again by uniqueness. This proves one side of

Theorem 4.5 The extremal functions have form (4.24) if and omnly if
Y1 is homotopic to [1,b], where b >0 or |b] =1.
k dwzr

The differential inequalityw?;:Ijza:gy

w = At , t>0
for some A gives
X

(4.25) 1Im (At-1) (At=-b) = 0.

Expanding (4.25) in powers of t and setting the coefficients equal to
0 dimplies.

(4.26) 1Im Ak = O,

(4.27) Imk (b+ 1) =0
and

(4.28) Im (bk/A) = O.

Now if A = a4 eiaé, b =8 eiBZ, k = éleiéz then (4.26) and (4.28)
imply

Bo + 28, = 0 [7m], respectively,
Substituting B, = -285 in (4.27) we obtain

8y - 1) sin £2 =,
and hence B, =1 or B, = 0. The other possibility, B, + 28, = m,
leads to (B; + 1) cos %Z =0, i.e. B, = m. Then &, = O which,

from (4.26), implies o, = 0. Thus T, {w>0} and 1 ¢ TI', which

is impossible. This completes the proof of Theorem 4.5.

>0 for T, which has the form
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4.7 Conclusions
It is interesting to consider if canonical solutions of
(4.5) can be obtained for surfaces of higher connectivity. Given an
. 4
extremal metric |Q] one may construct a four sheeted cover of D)
upon which dH 1is single valued. Unfortunately 2 will have branch points

at the zeros of Q dw?® and branch lines on the critical trajectories.

fig (1) fig (ii)
The above diagrams illustrate just what sort of problems can arise. In
fig (i) dH has opposite signs as we pass around J, while in fig (ii)
dH has the same sign. Thus even when Q dw? has no zeros in D the
locating of branch lines causes problems.
Actually given points al,...,apel) and a system of
cuts Fl,...,Fn such that D - {a,b,al,...,ap,Fl,...,Fn} is doubly
connected, then one may pose problems which give rise to quadratic differentials
Q dw? with roots at al,...,ap and branch cuts homotopic to Fl,...,Fn.
The idea is to consider families F as in Theorem 12 and relate them to

1

subclasses of Sa(D). Thus for each geometric condition "ay,...,a

P

and 'Fl,...,Fn" which is well posed, i.e. the construction of the
covering surface is well defined, there is a unique extremal Q and f.

In this case one constructs dH via Theorem 14,

This leaves the original problem as a question
of maximising //|Q| dA for families of admissible surfaces associated
with al,...,ap and Fl,...,Fn. Topological considerations similar.to the

proof of Lemma 4.2 showthat if, say, D 1is a finite surface of genus O
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bounded by m analytic curves then one may assume that p < (m-2).

It is not so easy to cut down the way in which the cuts T, may vary, e.g.

k

3
u
™

In any case (4.6) is reduced to a difficult problem in calculus of a

large number of complex variables.

Appendix 4.1 Proof of Lemma 4.1

We may suppose that D 1is a covering of the plane.
Furthermore it is enough to consider piecewise analytic arcs .
Let T be the set of s& (0,1 ] such that the sub-arc g of vy
running from a to «(s) 1is homotopic to a simple piecewise
analytic curve BS. We prove the lemma by showing that T 1is an

open/closed nonempty set.

For any disk A, centred at a, inside D , there is a
positive § such that the subarc g is contained in A for

s < 8. Thus as Y is homotopic to an interval [a,y(s) ] we have

(0,8)C T,

Suppose that S, eT. As Bs is a piecewise analytic simple
)

arc we may find a small disk A centred at Y(so) such that

a = A(\Bs is a simple path. Let us choose a positive & such that,
o

for any s, |s - so| < §, the subarc x of <y between y(so)
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and v(s) 1is contained inside A. Then avxﬁnis homotopic to the
interval [a{0),Y(s) ]. Consequently as Y is homotopic to Bs v oy
o
we have that Y is homotopic to (Bs -a) v{a(0),v(s) ]J. Thus
o
(so—(S, so+6)CT.
Finally we suppose that s_&T and s_- s . Let ¥
n n o n

be the subarc of vy running from Y(so) to Y(sn). Then we

choose a disk A of D, centred at y(sn) and with radius ¢,

such that for large fixed n, the subarc Xi is contained in a

disk of radius %— centred ?t y(sn). Now let o be the component of

. _ i E . _
A(\BSn which ends at y(sn) and d = min (3)d1st (y(sn), Bsn a)).

Next we define a homeomorphism h of D by

(1) h(w) =w, wea,

. d
e(e-d) € i F<r
2e~d * r25—d) 2

... ig, _ € 18 d
(iii) h(y(sn) + re ) = y(sn) + gre s, r= 5

(i) hy(s) + re'®) = y(s ) + (

The function h 1is chosen to be piecewise analytic (in its

real variables) and to map the disk of radius %-onto a disk of radius

(both centred at y(sn)). Thus Bs is homotopic to the piecewise
n

t

No|m

analytic simple arc h(Bs ). Furthermore h(Bs ) has a single component

n n

in the disk of radius %u We now use the later argument of "T is open'

to show that Y is homotopic to a piecewise analytic simple arc.
o)
This completes the proof of the Lemma.

Tav X denotes a followed by X

Tt Also we require that d is chosen so that Bs has a single component

d n
in |Y(sn) - w| <7 -
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Appendix 4.2 The genus of ®

We triangulate D - ¥” by a system of 6 vertices, 14 edges and 8
triangles. Each triangle may be orientated in a positive (anti clockwise)
direction. Then we see that D2 is orientable, and that it 1is triangulated
by 10 vertices, 28 edges and 16 triangles. Hence ~J is orientable and is
triangulated by 16 vertices, 52 edges and 32 triangles. The Euler formulae
shows that;o has genus g given by

g =1 +-%(52—16-32) = 3.

Thus L is equivalent to a sphere with 3 handles.

The theory of surfaces shbws that we have basis of 6 closed curves.
‘We now show that these can be taken as Jr,.., J6' However examination of
each of these cycles shows that each cycle is not equivalent to some

combination of the others. Thus the cycles are independent.
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Chapter 5

Nonzero univalent functions.

5.1 Introduction

In this chapter we use the techniques of the previous chapter

to investigate some point functional problems for the class S1 of

functions f£(z) =1 + a;z + a222 + ... urivalent and nonvanishing in

the unit disk. The sharp bound

2
LR HOTIENC N

(l-r 2
l+r

Izl =r, f & Sl’ is well known. (Hayman [ 1958 ]1p.95). Duren and Schober

[1980 ] have given some results for the minimum real part problem in

1-r

e for

Sl’ e.g. 1f m(r) = min {Re f(r) : £ & Sl} then m(r) = (

l + 2 2, .
T ) is extremal in these problems.

r<3- Y8. The function (
For r > { implicit results were obtained.

In the last chapter a complete answer to the range of
value problem was obtained in terms of the elliptic modular function.
This immediately gives implicit answers to all point functional problems.
The problem is to determine explicit bounds. The first question considered

is the argument problem in S,, i.e. to find

1’
¢(r) = sup {Arg £(xr) : £ ¢ Sl}.

For this the theory of the covering space X 1is essential. We show that

#(r) = 4 arcsin r,

for 0 <r <R where R 1is constant, R >/%. As r > 1 we find that
1
p(r) = 108(1:;5 + log 8 + o(l).

In section 5.10 we give applications to conformal'mapping. In the
final section we show that

m(x) =(TE%TZ (1+ oﬁl)), as r > 1,
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5.2 Elliptic modular functions.

We now state some properties of the function A(r) which
was introduced in 4.1 and 4.2. Let Ao be
{t :0<Ret <1, |t-14] >4}
Then w = A(tr) 1s to map Ao univalently onto the half
plane {w : Im w > O} such that the t points O,l,» map to the
w points ,0,1. Analytic reflection in circles and lines gives
a continuation of A throughout {Im t > O} and defines X\ as a

mapping onto the covering space X.

The process of partitioning {Im t > O} by the iImages

of Ao under reflection, for example, gives the fundamental triangles

A which are bounded by arcs of the circles C = {|t —-£—| = 5} and
n n,1l 2n 2n

Z _ 1 _ 1 C _ (20+1)
et = T =gy G2 0T | T i

Notice that Im (log w) is well defined on X, or equivalently Arg A(T)
has period 2. Actually the symmetry properties of A(r) show that
A maps {Re T = }} onto {|w|= 1}, and {0 < Re T < }} onto {|w| > 1}.

Symmetry also shows that

AL + s +it) =1/ A(f - s + 1t)
and thus
Afg A3+ s +1it) =Arg A (b - s +1it).
Consequently to find
max {Arg A(t) : Im T = t}
we may restrict ourselves to {0 < Re t < {} . In particular note that

1+i
A=) =
which shows that -1 corresponds to modulus f.

Finally there are the product representations

w 2n-1 8 .
(5.1) A(1) = (Liian-a—), q = e™T
) b 1 Pyl oy 1
and if T = py Kl(T ) A( ;7),
: 1 o 2n~1 8
5.2) A (7)) = — 1+ ,
(5.2) 1(T ) T6p ngl ('___lLTET-)

1-p



—71_
. t -
where p = elnT. These results may be found in Copson [1935,p 431 ].

5.3 The argument of nonzero univalent functions

Now we consider the problem
max {Arg f£(r) : f e 81,

denoting this quantity by ¢(r). Our first result is

Theorem 5.1 When r =R, where R 1is a constant in the range

(.901,. 913),

¢(r) = 4 arc sin (r)

i8 2
(=227, where
1 +e 'z

The extremal functions are

g =T - arc ¢os r.

Our proof depends on Theorems 4.1 and 4.4, for we consider the function
¢(w) = -1log w defined on the covering space X. Thus the solution to the
problem

max { Arg f(r) : f & Sl} = max {Arg A(s + it) : it = v(D)},
and the extremal functions are described in section 4.6.If ¢ <7
the simpler Theorem 4.1 is sufficient, however the full generality of

Theorem 4.4 is required for the case ¢ > 7.

Remarks 5.1 As special cases we deduce that for f eSi,

Re £(2) >0
if <|z| < 3Y2 - V2 =0.382. This result was given as Theorem 7 in

Duren and Schober [ 1980 ].

Remarks 5.2 Also we obtain fArg f(z)l <7m for [z|_i -%5. In fact

this is generalised to give

Theorem 5.2 f

n 1s a positive integer and r is defined by the
. 1
equation v(rn) = —
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From this we deduce

Corollary 5.1 o(r) = 1og(——%—;) + 0(1).

However this result may be refined to

Theorem 5.3 We have as r© =+ 1,
¢(r) = log Ll _ . log 8 + 0(1-1)
(1-r1r) ’

Remarks 5.3. The above results show a remarkable similarity to those for
the argument of the derivative of univalent functions. Suppose that
g(z) € S, Then
. 1
|arg g’ (z)| < 4 arsin |z| , |z ] o
and
2
' 4 1
larg g (2)| < + 10g(1J:Hz-|z), 2| > 5
(Golusin [ 1936 D. However since /% <R and log 8 < 7 - log 2 the two

bounds, though identical for = </% are different for r close to 1.

5.4. Proof of Theorem 5.1

Our proof follows from the discussion of sectiomn 5.3 together

with
Lemma 5.1 The function ¢(s,t) = Arg A(s + it) for fixed ¢, t 2-%,
has an absolute maximium at s = %u

The symmetry results of section 5.2 show that we may restrict our
attention to the region

Q={s +it : 0<s <4, |s+it - i o> 43,
for A maps 2 univalently onto {Imw > 0, |[w| > 1}.

Consequently it is enough to prove that

(5.3) g—i’ > 0

in Q. The minimum principle reduces this to showing that

3 Arg A

9s z 0

as s + it tends to the boundary of Q.
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Now A maps the line {it : t > O} into the line

{u: u>1}, also ¥ > 0 in the interior of Q. Thus

oY >0

ds — }

N

on {it : t > 0}. Similarly %%—3_0 on {3} + it : t >

and on the quarter circle {} + %elw : %—< w < m}. Finally we deal

with the behaviour of A near the singularities at 0 and .
. oY |
Lemma 5.2 As T+ (0) in Q §§-+ 0 (+=).

First we deal with uniform convergence in © to =. The product
/

representation (5.1) yields

2n-1

L 16 1% Re (2n-1)q
s T T R G-y
q = elﬂ(S+1t). If we write p = e_ﬂt then
oY ® (2n-l)pzn—l
< lé6mk 2=y s
[9s] =77 21 (1-p )

< 64T T n pZn—l’ p < 4.
n=1
Thus
4o
di f-l—p ) -0, as p > 0.
ds

This proves the first half of the lemma.
The behaviour of A 1in the cusp of Q near O
is best developed by introducing a transformation

] ’ o
T =s + it =-1/7,

which transforms Q onto a region
t

Q ={t : -1 <Re = <0, |7+ 1| > 1}.

However A(t(t )) is a modular function which maps the T points

0,1, to w points 1,0,o. From the product representation (5.2)

one finds
!

log (Al(r')) = -int - log 16 + O(e_t )
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and hence

!

%;. log A = (-im + 0(e T ))

r - r
as T =+ 1n @ . Hence

W dlog 3y 47
9s Im ( dt ds )

Im (-ri + 0™ x I

n(s' 2 - £ 4] PO )

+> + ®
as s + it' + © uniformly inside @ . This completes the proof
of lemma 5.2.

Thus we have shown (5.3) inside Q. By symmetry

one sees that

in {s +it : } <s <1, |s+ it - }| > }}. This completes the proof of
Lemma 5.1.
Now Theorem 5.1 , in the case r < /%, is proved

as follows. Firstly we note that A maps 1 + Ji to -1. Consequently

—

}

Lemma 5.1 applies to the case ¢ < w. In fact X maps {} + it : t >

. . i
to the semicircle {e**

: 0 <w < w}. Thus the extremal functions fO
are those associated with |w| = 1. Thearem 4.5 shows that £,

has the form

2
- (1l *+ 2
£ (2) (T—;jg;;)
for some ci, lcjl =1, j =1,2. A simple computation shows that
max {Arg (1 + cy2z) : |z| =1, |ey] =1} = arcsin r

with equality for ¢, =T - arccosr, z =T. Also

min {Arg (1 + c,2) : |z| =r, |c2| = 1} = - arcsin r,
with equality for c¢p = -m + arc cos ¥, 2z = r. This concludes the

proof of Theorem 5.1. for r < 1/VZ,
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5.5 Completion of the proof of Theorem 5.1.

Suppose that A; 1is the curvilinear triangle

e o =4l <4 Jo -4l >4 |0 -] > 1)

Now A(s + it) maps A, onto the half plane {Im w < O}.
e %

In 5.6 we prove that the points

-

1 1 .
* 7 and ! + éz are the points T,

satisfying Arg X(t) = 27, and O < Re 1

| A

1, with greatest imaginary part.

Consequently,with ro, defined by v(rs) g, there are two extremal
functions in §; for the argument problem. Thus somewhere between

T =/% and T, Theorem 5.1 breaks down.

We must examine the level set T : %%—= 0 in A,.
By symmetry {} + it : O < t < }} is part of T. Geometric

considerations, similar to those in Lemma 5.2, show that g%—i 0 for

3
(s-D2 +t2 =14, s<fand (s-D2+t2=— , s<}. This
is true for (s - )2 + t? Q-—%g , s <}
Otherwise on the boundary g%- < 0., Finally, %% has the

required properties near the cusps. Hence the maximum principle and

symmetry shows that T divides A; into 4 .regions. Also by geometric

considerations %%—= 0 at ! + %— and | + é%. Consequently

there 1s an analytic level curve FO of T which joins these two
points to some point } + iT;. For t < T; the maximum of

2
cannot occur on § = In fact for ¢t < Tl,%gg- > 0, while

3
32y

9s4 :

if £t > T; we have < 0, for s =1%. Thus T; 1is the unique
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zero of %é%-on s = }. In Appendix 5.1 we calculate T, to a high
degree of accuracy. Using (5.1) we also calculate the corresponding
value of ¢(R)) and hence R; itself wvia

R, = sin EL%LZ
Unfortunately we cannot show that Fo increases as it passes from
b+ %- to § + iT;. However in Appendix 5.1 we show that %%— >0

for t >Tp and s + it €A}, s < §. This is done by showing

2
that 2 <0 for } - VI + T,2 <s <}. Since Lemma 5.1 shows that
3s 2- 2= 2

Y
—= >0
as
. )
for (s - 12 + t2 =14, s < }, and also we know that 5%— =0, s =},
there cannot be a root of %%—on t =Ty, 3 =V} + Ty <s <}

Consequently Po lies below the line t = T,, once again by the minimum
principle

5.6 Proof of Theorem 5.2

Suppose that Ln = {1 : Arg A(t) = ar}, n = 1,2,3...,

then the previous results show that to find

r = inf {r : Arg £(r) = av, f € So}

¥s equivalent to finding

t =sup {t :s + it € L }.
n n
The connection between the two expressions is

_tn
v(rn) = 4
Hence to obtain Theorem 5.2 we prove

Lemma 5.3 sup {Imt : tT€L } = L
—_— n 2n

Consider the curvilinear triangles which arise in the definition of
A(t). Each such triangle is mapped univalently onto an upper or lower
half plane. Consequently %-Arg A(t) 1is an integer only on the
boundaries of these triangles. As before we restrict our attention

to {t: 0<Ret<1}. Let C;,; be the circle {|t - }| = }}.
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This is the first step of an inductive labelling of the boundary arcs.

At the second step we have circles

N
—~

oy = (r - 1] =

1]
-
—~

Casp = {]v - i

Ch 4

Cre Cs,3
The circles Cn j(j = 1,...,2n_1) determine the circles Cn ; of the
st .
(n+l) step as follows. Suppose that circles Cn,2j-1 and Cn,2j
together with Cn—l ; bound a fundamental triangle a,b,c.
c"“)j
Cm'l,#_j

b c a

Then we reflect C . and C . in C . to obtain
n-1,] n,2j n,2j-1
circles Cn+1,4j-3 and Cn+1,4j-2' Similarly we obtain Cn+1,4j—1
and C .. Now let the circle C_ . have radius X .. Then we find
n+l,4j n,j ’
that
P 2
(5.4) X . = }—{_111_2,]__1_,,, Xn,Zji
n+l,43-3 2 X .. ¥ 2% ..
n,2j n,2j-1
. 2
- %n,2j-1 - %n,23-1
G5 X 41452 5 X, %2

n,2j X, 25-1
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with similar formulae for X

and X

Now at the second

+1,43-1 n+l, 43"
step X, = Xz,é = 1 and —EZié- = 1. Equations (5.4) and (5.5) give
2
(5.6) *n+l,4j§-3 _ L. X, 25-1
X+, 452 X0, 23

We reflect circles about an axis through ¢ which is nermal

to the line a,b and interchanging in

dices we obtain

X . X .
(5.7) _o+l,4) =1 + ___Xn,ZJ
Xn+1,43-1 n,2j-1

Consequently we prove by induction that

(5.8) Lo« X,25 o

©D = 555

The inequality (5.8) clearly holds for

k-1) .

k=2 j=1, and (5.6), (5.7)

show that if they hold for k > 2, then they hold for k+l. We deduce

Lemma 5.4

We have with the above notation

=1 -
SR
The result is clearly true for k = 2.

that

1

1 = T 0 X2 T

which yields the upper bound in Lemma 5

n, 2 2n(n-1) °’

P

Next (5.4),(5.5) show by induction

1 n=2,3...

. &, Next assume that Lemma 5.4

holds for k = n. Then (5.4) and (5.5) show that
- -+ .
X <X =X . { Xn,2j-1* %, 2
n+l,45=2 = Tl 45=3 T, 2§-1 © X, 5371 + 2Xg, 24
1 1l + L
< == A1
— 2n 1 + i

in view of (5.8). Thus Lemma 5.4 holds

that Lemma is complete, and so that of

for n + 1 and the proof of

Theorem 5.2.
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5.7 Proof of Corollary 5.1

First we state

1 4 r?

Lemma 5.5 -

Suppose that A(R) 1is the modulus of € -[-1,0] - [R,»).

Then the following relations are known (Ahlfors [ 1973, pp 74-76])

16 R < 2™® < 5@+ 1)
Eoo= AR ACE)
and
v(r) = A (3 - D).
Hence
2 T
= 8 A ()
v(r) A('%z-l) 1-r
i.e,
1 =8 6 (—Io
L = o 1og 1 (Fz + O(l) ).
v(r)

This proves the lemma.

Suppose that r is defined by

_ 1
v( rn) " 4n
and r_ < r <r_ .. Then Theorem 5.2 implies that
n n+l
$(r) = om + 0(1).

From Lemma 5.5

1 1 'rizl
" TSy T ol s (ﬁr{“’(“)

- 1 1
= = 1og(1_r> + 0(1).

Hence

o(r) = 1og(1—1_-£) + 0(1).
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5.8 Preliminary results for Theorem 5.3

The problem in Theorem 5.1 for ¢ > m, is to show that the
curve T : %%—= 0 behaves in a nice manner. We now prove that if
¢ 1is a value with
or < ¢ < (n+l)m ,
n=2,3... then if Arg A(t) = ¢ we may restrict our attention to T

inside the curvilinear triangle An bounded by C, and Cn and

»1 +1,1

Cn+l,2.

It will be shown that if +t* is any value outside An such that

Arg A(t*) = ¢ then Im 1% Now since ¢ > nm then %

<L
2(n+l) "’
lies in a region bounded above by the circles of the nth step. If

% . .
T is bounded above by Cn,l or Cn+l,l’ there is nothing to show,

o

Consequently (in the notation of section 5.7) it suffices to show

. n-1 1
Lemma 5.6 mm{ij- l<g<2 }<§EFD .

Let us define pn =max {X_ . :1<]jc< 2n—l}'

b ]

The production of

circles Cn ; (n > 2) must be identical to the process of producing

’
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C2,l’ C3,l""’cm-l,l for some m, 2 <m < n, but differs at the

mth step.
/’ZL_- <m-2,1
Cm—q)l
\\
Cm,i < oy \
€ m1, N
Then X - L and X ——— Thus
m, 1 2m m,2 2m(m-1) °
Xm,2 - 1
Xm,l {m~1)
. Xn+l,4 1
Thus, from equation (5.7), ——2>— =1 +,—=
X (m-1)
m+1, 3
Consequently, for cirdéles Cn,2j—l and Cn,2j’ n > m+l, we have by equation
(5.6),(5.7) and induction that
X .
-1 . m2i-l a1
1 - X . - m—-1
n—m+ —= n,2j
m-1

Next we use equation (5.4) and the definition of Py to deduce

Pn-
< =L (1 : )
1+
(n—m-1+ 1)

(m-1)

1
(n—m-i-a:r)

p
n-1 1
(n-m+1 + =T )

Hence the induction hypothesis Po-1 _%r_{ implies that

1
L (n-m+ m-1 ) < 1

p_ = —_—
U 2(m+ D)
(n—m+l+m—_-—l- )
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for 2 <m < (n-1) +. This completes the proof of Lemma 5.6.

5.9 Proof of Theorem 5.3

The above results show that we may restrict ourselves to the

region

= . _1
(5.10) Rn = {TéAn :Im T > T(nrl) "

Consider the transformatiom

. 1
T =s + it = - —
T

which maps each A, onto a curvilinear triangle Dn with vertex at .

N\
)
? Jl ;2
_ 0
From equation (5.2) we deduce that
’
Arg Al(T') =~ 15 + 0(e tTS.

However the level curves of Arg Al(T') correspond to the level curves

of Arg A(t). That is if L¢ = {TGAn : Arg A(1) = ¢} then T maps

1
n-m+ —— + 1
L As n+l m—1 ,
TT pems 1
m-1
ie. + < 1 .
" (n-m+ —— )
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L$ to a curve L¢ which has equation

T () = - %— + it +0(e ™My

where t 1is a real parameter and mn < ¢ < w(n+l). The problem of

maximising Im t on L¢ 1is equivalent to finding the smallest positive

a such that the circle

' ia _ 4a
(5.11) |t = | = 5
touches the level curve L¢'. For

W=

max {Im 7 : T&L¢} =
. . 1 .
Notice that the line Im 1t = 2(n+l)’ maps to a circle
|T' - (n+l)i| = (n+l) 1in the r'plane. Hence the region Rn

. 14 > .
corresponds to a subregion Rn of Dn contained in

(n+l) - 2n+ < Im 17 < (n+l) + /2n+l .

(a+ai)

Y

Consequently the smallest circle, of form (5.11), which touches

L¢ is found to have radius

%
2

3 e

. O(E—nﬂ)
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Hence

1
29
= + 0(e

max {Im 1 : T & L¢f1Dn} = e

)

The extremal point T, corresponds to r in the unit disk related
by
v(r) =1 Im 1 .
)
Thus from Lemma 5.6 we conclude that

2 - 1 2
W—¢»+O(e N ey - %log 16 (== + 0(1) ).

Therefore, noting n = 0(¢/nw) + 0(1l) and thus O(e—n) = O(e_¢), we derive

2
29 by - 2 r
- + 0(e ) Wlog 16 (l—_?z— + 0(1)).
From this we obtain

o(x) = 1og(l—f?) + log 8 + 0(l-1),

which completes the proof of Theorem 5.3.

5.10 Applications to conformal mapping

In section 4.3 we noted that the range of value problem for Sl
is equivalent to an extremal length problem. We say that a\doubly connected
set B& D 1is admissible if one component of D - B contains a

continuum homotopic to y;. The class of separating curves in B is
admissible for the extremal length problem. Conversely the solution

of the extremal length problem gives a doubly connected domain Bo'
Consequently the extremal length problem is equivalent to the problem of

maximising the modulus of admissible B. The following theorem

is equivalent to the argument problem for Sl'
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Theorem 5.4 Suppose that T, T are disjoint continua in €

such that T; joins the ray Arg w = O to the ray Argw = ¢ (0 < ¢ < m)

and T, joins O to =. Then for these domains,

By=¢€ - {teicb/2 : t <0} - {eiw : 0 <w < ¢}

has maximum modulus.

Without loss of generality assume 1le&T;. The above
comments show that the extremal domain is fo(E) - fO [0,r ], where

¢

fO is extremal in Theorem 5.1 with r = sin-z.

Remark 5.4 Mori [ 1956] obtained the above result with the further
restriction that 1, ei¢e 1. This result has important applications
in the theory of quasiconformal mappings. [ Ahlfors 1966, b,p.47 ]

Remark 5.5 In particular for ¢ = m we infer the following result.
Suppose that a;b,c,d are ordered points on a line 2. Let T; and T»
be disjoint continua such that a,cel; and b,deTl,. Then € - (F;uT5)
has maximum modulus if a,b,c,d are harmonic conjugates and if the

. are semicircles orthogonal to %. As ) maps i + to -1

1

the maximum modulus l-.

A

Teichmiiller [ 1938 ] and Schiffer [ 1946] gave the extremal domain when

a,b €'y and c,d € Ty. In this case the extremal Fj are intervals.

Remark 5.6 Suppose that D 1is a connected domain in the u + iv plane.

Further suppose that each vertical line u = constant intersects D in
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a set of length at most 2m. Let d be the hyperbolic metric for D
(see Ahlfors [1973 ], chapter 1). Various authors (see Hayman [1958],
p.85) have considered the problem of minimising the hyperbolic distance
between the lines u = u; and u = uz. It is found that the strip,

]v] < m, is extremal. A similar problem is to minimise the hyperbolic
distance between the horizontal lines v; =0, say, and vy =6 .

For the special case where exp (D) is contained in a simply connected
set which omits O we obtain from the above

1+ sin-%

min d (s7, s, + 18) = lo
(s1, s2 ) g ( 1 - sin 8 )
4

for 6 5_90, where eo = 4 arcsin R. Notice that for large 6 the

strip is not extremal.
Remark 5.7 Suppose that g(z)é&S, and b é,g(E). A number of results
exist on the rotation of g(‘z| < r) about such points. Since f£(z) =1 -

we are interested in

Lemma 5.7 Suppose that £(z) & S; then

£(zy) 2r
(5.12) Arg £C2p) < ¢ ( (Ter)2 )
for |21| = Izzl <r and ¢ given in section 5.3.

For f(Z) &Sl define h(z) in Sl by
= f( 2t 22
h(2) = £CEEZ2 )/ £z

Then we define z by

Z]"'Zz
z =

so that

g(z)
b

as:



_87_

2r

Now if |21| = lzzl < r then |zO| f—(i—:_rz)' Thus
£(z1) _
Arg £(z,) Arg h(zo)

< o0 i)

The inequality is sharp. If ho(z) is extremal for the argument

problem max {Arg h ( %%%Z.) : heS;} then

£(2) = b (5= )/ (-1)

o'l-rz
is extremal in (5.12) for z, = -z} = r as
h (—2r )
Z 2
A‘rg EO_(EL) = Ar O—I:L_. = ( r 2) .
fo(zz) h(o) 1 +r
o

Consequently we deduce from Theorems 5.1 and 5.3 and Lemma 5.7

Theorem 5.5  Suppose that g(z) &S, and b#g(E) then

(5.13) sup { Arg %—5—%%2;% :lz1| = |2z;] = r} = 8 arctan (r)

for frrz <R, fo& some R.€ (.901, .91), and

b - g(z1) - = 1) = log 1o N
(5.14) sup { Arg A .Izll ]22| T} log(l_r) + log 16 + o (1)

as r » 1. The function 2/(1-2)2 is extremal in (5.13).

-

Suppose that A¢.€, let co A denote the convex hull of A,

Clunie has asked for the largest r such that

(5.15) co g (|z] < 1) e g(E),

for all g €8S. From Theorem 5.5 we deduce

Theorem 5.6 For r < ¥2 - 1 we have (5.15). The function z/(l-z)2

shows that this result is sharp.




-88~

For if |zy| = |zp| < r satisfy

t g(z1) + (1-t)g(za) = b#g(E)

for some 0 < t < 1 then

o b~ g(z1) | .
I Aro b - g(ZZ) l w

and by (5.13)

2r S 1
(I+r%) =2 °
Lee- r>v2 -1,
Remark 5.8 The same argument applied to Remark 5.6 shows that if D

is a doubly connected set with modulus m > } then

(coTP)NT2 = ¢,
where T;,T, are the bounded and unbounded components respectively of
€ - D. Ahlfors [1973, p.74 ] shows that if m >} then T;,T,

may be separated by a cirecle in D.

5.11. The asymptotic formulae for m(r)

We now turn to the minimum real part problem. Suppose
that fo is the extremal functiom. Without loss of generality we
assume that Im fo(r) > 0. Then Duren and Schober [ 1980, pp. 208 - 211 ]
show that Tp = € - fO(E) is confined to the lower half plane and
r; = f0 [0,r] is confined to the upper half.plane {Im w > 0}. Thus

I'y does not wind about O or 1. The results of section 4.2 show
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that b = fo(r) correspond to T points in the triangle

Ao ={t1:0<RtT<1, |t-14%>4%

The previous technique reduces the minimum real part problem to finding
(5.15) min Re X(s + it),

where s 1is real, s + ite Ao and t fixed, t = 2v(r).

Consequently
(5.16) 0 <s < } = /({ - t2) = t2 + 0(t*), t 0.

We use the transformation © =- %- and representation
(5.2) to obtain
;i
Re A(s + it) =7 Ree ™ (1+o(1),

as 0 <s < t2+ 0(t3), t~>o0.
Thus Tt
, e
(5.17) Re A(s + it) = (L + o<l))v(cos Es 5\ ) e(s o)
From (5.16) 1o (s%+ £5)
Tt 1 2
(sT+ £2) ECE
e =e
1

= (L+o(l)) e ™ ¢ >o.

Also
-1 = min {cos(ggé—fz): 0 <s < I - /(1 - 2},

with equality for s = ! - V(i - t2). Hence from (5.15) and
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(5.17) we obtain
T

1 t

(5.18) m(r) = - 16 © (1 + o(1)),

where t = 2v(r). Now from Lemma 5.6

1 _ 1 2 1
T T @ T 7 (oo *leg 8+ o).

Therefore by (5.18) we obtain

1 eZ(log(T%;) + log 8 + o(Ll))

m(r) = - 73

-4(1 + o(1))
(1-r)*

Remark 5.9 The maximum real part problem is of exactly the same

growth. In fact a similar analysis shows that for fixed &,

max {Re ei6 f£(r) : £e87} = ﬁﬁli%:%é%ll- R r > 1,
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Appendix 5.1

This appendix is divided into 2 parts. First we calculate
32y

the root T; of —

as s =} to a high degree of accuracy.

on
32y .
Secondly we show that 352 © O for t =Ty, s + 1t€&A;. The values

Tj are found to be

-6
.354731 = 10 ,

T,

.3617

and Tz

5.1.1 The calculation of T

From equation (5.1) we have

. o +qi0l in(s + it)
(1) ID(S + 1it) = 8 Im 10g ki3 (mﬁ:l—), q =¢ s
n=1
- 2n-1
and hence expanding  log(l % q ),
2 - - - -
-5 3 e m i en? (e g (D) 2oy
n=1 m=1
~ 1 . -7t
for s =3, q = ip where p = e and thus
2 © ® - -1
(2) L 3% 6% (-2 ¥ (2mel) (- Z@mm (207D (2amD)
T 9s _
n=1 m=1
. is T .
In general we write 7 = pe , 6 = ms ) and find
2 . @ © 2mn- 2m- -
-5 M imis i (22 § e p (20=1) (Zn=1)
n=1 m=1

l.e.
2 " ® -n- -1) (2n- .
3 -5 -1 F (2012 § (o)) (-1 20D o0 (2-1) (20-1) 6,

n=1 m=1

We truncate the power series in p after 15 terms (see overleaf) to
obtain

(4) A=z - 1223 + 3025 - 5627 + 117z% - 132z11 + 182713 - 360715,

Now for s =

[T

we use (2) only, and consider

Ay =1 - 12p2 + 300" - 56p6 + 11758 - 132p10 + 182512 - 360p1%.
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The coefficients of p(2m—l)(2n—l) in (3)
m 1 2 3 4 5 6 7 8
2mel

n 2n-~- 1 3 5 7 9 11 13 15
1 1 1 -3 5 =7 9 -11 13 15
2 3 -9 27 =45
3 5 25 =75
4 7 =49 The term in nth row, mth column is
5 9 81 (20-1)2(2m-1) (-1) (ZBR7@™)
6 11 -121
7 13 h 169
8 15 =225

The error term E; due to truncation is now calculated. We shall

assume (and it will be justified later) that p < .33. Let E;,p, be

the truncation error in the nth row.

® 2 _2
E; 4 < |3 (2u-1) B2 )™
s m=9
17016 2016 e
ST Y aen2 < 190
Ei,p < | 9% (oD o321
n=4
< 81p20

E1’3 < ].75()21+

The error in rows n = 4...8 is
’ m=2

< (me1)? 303201
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and for n > 9
= - -1)-1
El,n - (2n—l)2 [ % (zm_l)z(_l)m p(2n l)(2m l) I

< (2n-1)2 3, (2072)

Consequently the total error is
El < l9p16 + 81020 + 175p2k + 3E (zn_l)zp3(2n—l)—l

+ 3 g (2n-1)2 pZn—Z.

Also
o - - ' -1}~
: (2n—l)2 pB(Zn 1) < ¢ (2n—l)2 p3(2n -1
Ky N
< 49p20 F(2n+1)2 oo
o]
< 200p20/(1-p8)3
and

n-2 n

co o)
£ (2n-1)2 p2 < 172 plé g (2n+1)2 p2
9

< 1100 p16/(1-p2)3

We add these results together and obtain
E; < 1600 pl8,

recalling that p < .33 .

We also need to estimate the derivative, i.e. bound

T (2n-1)2 T (2m-1)((2m-1) (2n-1)-1) p
n=1 m=1

- - . .
n/2 <p<e /4. For if o 1is a lower

(2m-1) (2n-1)-2

for p 1in the interval e

bound for the derivative near the root p; Of the polynomial (4)
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then the true root is given by p;#* Ej/a. Hence T; may be calculated
to known accuracy.

We truncate the derivative after 7 terms 1.e. we use

(5) p(= 24 + 120p2 - 336p“* + 928pb).

The truncation error E, 1is calculated as above and one finds that

E, < 1000p°%, p < .33 .

5.1.2 Calculating T;.

(1) A few guesses show that the root of
1 - 128 + 3082 - 5663 + 1178% - 13285 + 1876° - 360687,
is given by

=7
.1076532 £ 10 .,

8§, =
Thus
=7
pp = /8§ = .32810547 * 10
(ii) Using the truncated series for the derivative and the
error E, we find that
[a] > 10.
Thus the true value of p; 1is given by
-6
.328105 + 10
(ii1) Then
1 1 -6
Ty = =log = + 10 = .35473 + 10 .
n pl
(iv) For s = {, expression (1) becomes
Yy = 16 i (_1)2n-l arctan pZn-l.
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Thus for p; we have

15 - -
v = (16 L -n" 1 arctan 012n l) + Eg
1
where
2n-1
w - © -6
Es < 16.57 ( 0,20l 4 E b))
17 2.1 _6
0]
<1000 ( A+
C (T2 (1-10~12)2 )
2
< 10
From Theorem 5.1 we have ¢ = ¢ = 4arcsin R, and thus R; = sin %l- = .,913 ¢+

5.1.3 Calculating T,

2
We have to show that %g% <0 for t=T,, or p =pj.

& 2% >0 o
éi:fy<:c9 g
g o & C
z

Ve : )\

We truncate (3) after 3 terms and consider
A =p cos 8 - 12 p3 cos 36 + 30 p> cos 58.

We divide the truncation error into 2 parts:
Eg = 56 p7 + 117 p% + 132 pll + 182 p!3 + 360 pl13

and let E, be the remaining terms. As in 5.1.1 we calculate that the
th

error in the n TOow 18

By1 < | £ oD 0P

m=9

(n=1)

< 18 pl5 | T o p2m|
m=1
< 18 pl7 < 23 pl7
(1-p2)2

as p < .32 .



Ey,2 <
<
<

Forn = 3,...,8

Eh’j <

<
and if n > 9
Bo,j <

The total error 1is
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1 9% (1) o3¢ D
m=4

18 15 | T m o™ | < l§_23i
m=1 (1-0°%)

19 p21.

(2n-1)2 | ¥ (2m-1) o
m=2

4(2n-1)2 530271

3(2n-1)2 (3D

(n=2)

2

(2n—l)(2m—1)|

By < 23017 + 19020 + § 4(20-1)2p° 071 £ 3(20-1)2
< 24017 + 64p21 7 n2p6(2n_1) + 243917 ? n2p2(n-1)
1
6 17 2
17 21 (1+p°) 243p 7 (1+p“<)
< 249 + 649 (l—pF)B (l - pz)j
< 450017 < ,000003 if p < .33
Now when o < .323, Ej3 < .025635. Thus
Eg + E, < .025638
for p < .323.
JA
A\ de
0 c;\\\\-’////’c, > c

2n-
9]

1
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We wish to consider Ae = (p cos 8 - 12p3cos 38 + 30p° cos 58)

where © 1is restricted by s + it€&4A;, i.e. (s2 -1)2 + t2 < .25
. 1 1 .. .
Since t = ;-log > this implies that

L2414
(5) 8 max = w(.25 - ( log ED )* rads.

1
T
Also without loss of genmerality 8 > 0. Thus we wish to find an

optimum p such that

(6) .026 < min {A : 0 2 8 < 0 max}.

Writing cos 8 = ¢, we have

A=pc - 1203(4c3 - 3¢) + 30p5(16c> - 20c3 + 5¢)
and we examine

% = % (240005) - c2(1800p° + 144p3) + (150p° +p )

to find the extrema.
The extreme values occur for

1
c2 - (1860p° + 114p3) + [ (1800p° + 114p%)2 - 96000%(150p5 + p) 1°

(7 h2 4800p°

The condition that the larger value of ¢ > 1 is equivalent to
9000p" - 136302 + 12 < O
i.e.

(8) .297 < p < .4667.

We found that p; = .3218 and suspect that pp 1is equal to or
slightly less than p;. Now in range (8), ¢ =1, i.e. 8 = 0, is the
local minimium. From (6) we find the largest p such that

026 < p = 12p3 + 30p°.

]

We compute that p» .321 is the optimum value. Now there are other
values 60 such that Ay is a stationary point. Equation (7) shows

that for p = p,

90 > 1.29 (rads),
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while on p = ps, from (5) we find that
8 max = 1.,09955 (rads).

Thus at p, the absolute minimum occurs at 6 = 0., As in 5.1.2 we have

Lo % = .3617

m 2

Ty
and calculate

R2 = ,901.
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