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ABSTRACT

This thesis is concerned with the analysis of single-phase
shaded-pole induction motors.

Chapter two develops an amnalytical technique which is derived
from a multi-layer representation of the induction machine. The
analysis is shown to be capabie of taking into account the effects of
any number of shading-rings and any form of stator winding asymmetry.
The analysis is further shown to be able to consider the effects of

peripheral variations of the radial airgap length of a general nature.

Chapter three applies the varying-airgap analysis to an
experimental machine in which the airgap varies linearly under the
pole faces. The predicted performance characteristics of this
- ramp-gap machine are compared with the experimentally determined
characteristics, to indicate the validity of the analysis. The
machine with ramp-gap geometry is then theoretically compared with
a similar machine in which the airgap length changes abruptly under

the pole face.

Chapter four introduces two-speed and three-speed change-
pole shaded-pole motors, once again comparing experimental characteristics
with those obtained using a constant-gap version of the analysis of

chapter two. An empirical‘method, which allows an apt choice of stator
pole structure to be made, is introduced, and the theoretical
characteristics of an optimised version of the two-speed machine are

compared with those of the prototype to demonstrate the application

and validity of this approach.
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CHAPTER 1

GENERAL INTRODUCTION

The single-phase shaded-pole induction motor has enjoyed
considerable popularity in the realm of fractional and sub-fractional
horse-power drives since its invention at the end of the nineteenth
century. Improvement of materials has enabled the rated power output
for which shaded-pole motors are practical to be raised, and at present
motors rated at up to_l/3 hp are manufactured. The reasons for their
popularity are four-fold. In éommbn with all squirrel cage machines,
the shaded-pole motor requires no electrical contact to be made with
the roter, no external switching or additional electrical components
are necessary to produce a starting torque, the construction is extremely

simple, and the end-product is very robust and reliable.

Despite the simplicity of their construction, however,
shaded-pole motors are most difficult to analyse. Short-circuiting
paft of the salient pole tip with the shading ring, and the common use
of magnetic slot wedges causes differential saturation, and the heavy
skewing of rotor bars necessitated by the inherently high harmonic
content of the stator mmf distribution causes axial redistribution of
the flux, agéin producing differential saturation, Both of these
effects introduce varying degrees of.non-linearity into a system which,

for the purposes of a practicable analysis, must be treated as linear.

The first significant analysis of shaded-pole motors was due
to Trickeyl, whose two-axis approach allowed standstill performance to
be predicted. Trickey later extended his analysis to include running

- 2 .
conditions . Trickey's approach, however, was somewhat cumbersome,
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3

and a more manageable analysis was subsequently developed by Chang~”,.
Chang's analysis formed the basis for a computer study of the effects
of parameter variation on the performance characteristics, by Sherer

5

and Herzogq. More recently Butler and Wallace” have published details

of an analysis involving transformation of the primary windings into

their equivalent tapped-quadrature windings, with subsequent application

of two-phase rotating-field theory to complete the solution. This

ana%ysis was then used to extend the number of parameters which could

be varied and studied theoretically? Although Butler and Wallace's amalysis
enabled any number of completely asymmetrical primary windings to be

satisfactorily taken into account, it was effectively restricted to

the analysis of machines with constant radial airgap length.

Section 2 of this thesis presents an analysis which is readily -
capable of considering stator winding asymmetry and at the same time
will take into account variations in the airgap length due to asymmetrical
pole structure. Such asymmetrical poles are commonly used by manu-
facturers in an attempt to enhance the starting torque, and to date. the
degree and shape of the variation has largely been decided empirically.
The new analysis is used in section 3kto predict the performance
characteristics of an experimental machine with a linearly decreasing
airgap under the pole face, and the test results from the experimental
machine are compared with those predicted. | The'analysis is then used
to compare theoretically the efficacy of two possible airgap geometries,

for three different sizes of shading ring in the same basic machine.,

Section 4 of this thesis is concerned with the design and

analysis of two and three-speed shaded-pole motors. Prior to the



12

invention of these machines, speed variation of shaded-pole motors

has been chiefly accomplished by using tapped stator windings or some
means of supply voltage variation. Such techniques of speed control
are by no means entirely satisfactory, due to the reduction of stability
and pull-out torque, aé.well as the extra cost of regulation equipment
or increased winding complexity. In section 4 the techniques of
pole-changing, well-known in the domain of integral-horsepower induction
machines, are applied to shaded-pole motors to obtain both two-speed

and three-speed machines. These machines require only one and two
reversing switches respectively. The analysis developed for varylng-
airgap machines is used in a much simpler form to predict the performance
characteristics of two experimental motors, and the calculated results
compared with test results for verification purposes. Design criteria
for the new change-pole machines are evolved, and tﬁe improved
characteristics of the machines which result from the application of
such criterea are compared theoretically with-those of the experimental

machines.



CHAPTER 2

DEVELOPMENT OF THE ANALYSIS

2ele The Mathematical Model

The model which forms the physical basis for the analysis
7

developed in this section, was first suggested by Cullen and Barton ,
and has since been used by numerous authors8—11. The model introduced
by Cullen and Barton was adapted by Tipping®, and Tipping's model,

modified to include a varying airgap length, is shown in fig.l.

The stator excifation has been replaced by a surface current
sheet, js, which is assumed to flow on the underside of a laminated
block of infinitely permeable iron. The resistances and leakage
inductances of the stator windings are treated as externally-connected
impedances, so no provision for stator leakage fluxes is made in the

model.

The pseudo-stationary rotor has had its teeth and cage
replaced by a conducting sheet which lies beneath an anisotropic
leakage-layer, and on top of an infinitely permeable laminated block.
The currents induced in the rotor cage thus become a surface current
density distribution, jr, induced in the conducting sheet. The
surface resistivity,fjr, of the conducting sheet is calculated by
comparing joule losses for the cage ana sheet using the technique
described in Appendix 6.1. The leakage layer has infinite permeability
in the y-direction, but a variable permeability, pr(x), in the x~
direction, and is considered to have a constant depth, d. This

variable permeability is a consequence of the airgap variation, and

13



Fig.l. The system model
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its indirect calculation, in the form of a rotor surface leakage
inductance, XT’ is dealt with in Appendix 6,1, All the rotor
leakage flux is assumed to leave the conducting sheet normally, and
then pass peripherally aloné the machine by means of the leakage

layer.

The air-gap flux is assumed to cross the air-gap radially,
i.es normally in Fig.l. For-a varying air-gap this last assumption
~ is obviously not true, as the flux lines will be distorted by the non-
parallel surfaces. For machines with a continuously varying air-gap,
such as that illustrated in Fig.2(a) it is unlikely that the change of
air-gap over the pole face will be much more than a factor of five or
so. For typical ratios of pole pitch to minimum air-gap length, the
angle of inclination will be of the order of only a few degrees.
‘Clearly then, the distortion of fluk lines will be minimal and the
simplifying assumption may be regarded as valid. For machines with
steps in the stator surface such as that shown in Fig.2(b) the flux
lings will be bent round by 900, to enter the face of the step normally.
Such a perturbation, however, will be localized in the vicinity of the
discontinuity and will extend on either side of it to a distance of
about one gap length. The assumption, therefore, is not strictly
valid over only a small fraction of the air-gap surface, and in the
lightAof the other assumptions that are commonly made in the one-
dimensional analysis of machines, it is thought that the errors intro-

duced by the model assumptions can be tolerated.

The effects of saturation and slotting of rotor and stator

surfaces are assumed to be fully accounted for by the usual techniques



Fig.2(a).

" Ramp~Gap Machine

A\

Fig.2(b)

Step-Gap Machine

16



of applying a saturation factor and Carter's coefficients respectively.
A1l quantities vary in the x-direction only, so no account is taken of
the axial re-distribution of flux due to skewing of the rotor bars.
Further, all time-dependent quantities vary at the stator-impressed

frequency only, measured in the reference frame of the stator.

2.2. Formulation of the Differential Equations

With the assumptions of Section 2.1, and referring to Fig.l,
the system equations can be formulated. Firstly, the flux, b, leaving
the rotor normally divides into two components,

b = bg + bR‘ o o o 0(201)

where bg is the component crossing the air-gap normally, and bQ is the

leakage-layer component.

Applying Ampere's Law to loop 1 of Fig.l, giVes,
-bx = ']J.r(X)Jr " e o 0(2.2)

Now, as the permeability of the leakage layer is infinite in

the y-direction,

abx
b= e
ajr
-.c be = ‘-'}lr(x) d'aT e o o 0(2.3)

17
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Eqn. 2.3 can-be re-written as,
3]
T
bt, = —zr(x) P s o @ 0(2.1-})
where Qr(x) is the rotor surface leakage inductance, which can be

calculated from the properties of the rotor as shown in Appendix 6.1.

ﬂr(x) is the inductance per square metre of the rotor surface.

Ampere's Law may now be written for the main air-gap (loop

2 in Fig.1l) to give,

X o ¥r ¥ Js ax
which, when Ax—> 0 becomes,
<) . .
X (g bg) = uO(JI' + JS) * e o .(2.5)

Finally, Faraday's Law is applied to an elementary loop,

lying in the plane.of the rotor, to give:

2] ) )
r 3b ab
PI' P = v % + Bt * o @ -(206)

Next, advantage is taken of the assumption that all quantities
vary at supply frequency, and eqns. 2.1, 2.4, 2.5 and 2.6 are re-
written as complex phasors in the form shown below, to form the basis

for the solution.
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B = B, +3B oo o o(2.7)
Z dJr
Be = - r(X) 'E" e o o .(2.8)
d_Jd_c. (g Bg) = p-o (Jr + JS) o o @ 0(2.9)
. aJ
\2 dB + JCI)B = __r_ « o @ .(2.10)
ax fz ax

To avoid confusion with nomenclature, the names of the different

types of flux density will be stated here. Bg relates the compopent

of flux which crosses the air-gap, linking both the stator amd the

rotor, and is referred to as the 'air-gap flux density'. Be is the
'leakage flux density' as it relates the leakage flux of the rotor.
Finally, B is called the 'rotor flux density' and it relates the flux
which liﬁks the rotor surface. In particular it must be appreciated

that the.rotor flux density contains both rotor-driven and stator-

driven components, and is not merely the component of flux produced

by the rotor current distribution.

2e%, DBasis of the Harmonic Solution

Tipping8 solved equations 2.7 - 2.10 by considering the
machines he analysed as consisting of discrete peripheral sections.
Each section was characterised by a constant air-gap length and
specified stator conditions. The stator sections which he used in
his study were left completely blank, fitted with a shorting grid, or
excited with a single space harmonic distribution of surface current

density. Equations 2.7 - 2.10 were then solved for B, Bg’ Be, and
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Jr’ resulting in a steady-state solution plus three space transients
per section. The amplitudes of the transients were determined by
matching boundary conditions at the interfaces between adjacent sections.
Tipping's technique of solution, as it is stated above, is not used
in this thesis for two reasonse. Firstly,a continuously varying air-
gap, such as that illustrated in Fig.2(a), could only be tackled if
it was replaced by an approximate stepped profile. Secondly}the
space transients set up by'different harmonics of stator excitation
require different values of’F&,and.Qr which cannot be easily calcu-
lated, except on a harmonic basis. As a consequence a method of
solving the system differential equations, based on harmonic analysis,
has been developeds The fundamental principles underlying this new

technique of solution will now be outlined.

It is shown in sections 3 and 4 of this thesis that if an

nth harmonic distribution of rotor flux density, described by,
NX
o
n P '
B = B e e o o 0(2011)

is to be set up, linking the rotor surface, then it is possible to
calculate coefficients K?én such that the stator surface current

density spectrum, required to establish the postulated flux demnsity

men 3 P )
J = Jd e o o o -(2.12)
S E S

wave, is given by,



where J = k. } B"

< = .« (2.13)

Section 3 shows that the coefficients are non-zero for values of m
other than m=n when air-gap variation is present, and section 4 deals
with constant airgap cases, for which only kgén is non-zero. The
coefficients in both instances are functions of zb andf?r. Since
equation 2.11 relates the flux which is seen by the homogeneous rotor,
it follows that the rotor current density must also consist of a
single nth harmonic distribution, as expressed mathematically in egn.

2.10. The values of Qr andf?r which are used to cal.culate the

Rares th

coefficients 7g  are therefore those which correspond to an n
harmonic distribution of currents in the rotor cage of the physical -
machine. This allows harmonic-dependant effects such as end-ring
resistance, skew leakage reactance, and overhang leakage reactance

to be more correctly considered.

It is now possible to determine the stator excitation
spectrum required to establish a rotor flux density distribution given
by +00 X
B = Bn e p * o n(2011+>

n=«00 .

Applying the principal of superposition to equation 2,12

éives the required current density distribution as,

+0O0 +00 TTmX
J_oo= ) Kt B e P e o o o(2.15)



which may be written as,

+ LINX
J = Jne P
s ; s :

==

e o o o(2.16)
'wherg,. + 30
mEmeR | ’ e o . W(2a7)
Equation 2.17 is most easily handled in matrix notation, as
() = (K;g) (B) e o o o(2.18)

(KJS) is a square matrix containing the coefficients k?én,‘and (Js) and
(B) are column vectors containing the harmonic amplitudes. In equations
2,14 ~ 2,17 the full infinite range has been specified. Naturally the
whole range cannot be considered practically and;summatipns will be

from -q to +q say. This means that the matrix (KJS) will be dimensioned
(2q x 2q), whilst matrices (JS) and (B) are dimensioned (2q x 1).
Harmonics of B which lie outside this fange will naturally require

stator current density harmonics which lie within, and-these contributions
must be ignored. Such an approximation is justifiable if the range

-q to +q 1s large enough. In practice the analysis will be performed -
on a digital computer, and the adequacy of the chosen range can then

be tested simply by extending the range until successive results show
insignificant changes. For the ramp-gap analysis of section 4 the

value g = 12 was found to be entirely satisfactory, enabling odd
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harmonics in the range -23 to +23 to be considered, even harmonics

being entirely absent.
Pre-multiplying equation 2.18 by the inverse of (KJS) gives:—
® = &0 @) . (2.19)
- JS s * L ] .

Equation 2.19 allows the rotor flux density harmonic
spectrum set up by any stator harmonic flux density spectrum, to be

found.

In the same way that equation 2.18 was formed, relating
stator currents and rotor fluxes, it is possible to calculate further

matrices, defined by the equations

(B = (Kgy) (B) e o o +(2.20)
(Be) = (K ) (B) ' e o o W(2.21)
(7.0 = (Kzp) (B) . o o o(2.22)

All three x-matrices are of dimension (29 x 29). For the
reasons stated above the matrix (KJR) will have non—zero'éiements down
the leading diagonal only, and zero elements elsewhere for both constant
‘and varying airgapse. The matrices (KBG) and (KBL)’ however, are .
diagonal only in the special case of constant air-gap length. Despi te
the apparently cumbersome process of having to calculate four
potentially large matrices for each speed examined, it should be
pointed out that the elements of (KJﬁ), (KBL) and (KBG) are calculated
en route to those of (KJS). The details of the step-by-step calcu-
lation of éll these matrices is given in sections 3 and 4 of this

thesise.



In order to use eqnse. 2.19 to 2.22 to complete the analysis,
the stator windings must be resolved into harmonic conductor dis-
tributions, using Fourief seriese. This is done using the techniques
of Robinsonl2 and SaunderslB. The relevant formulae are developed

in Appendix 6,2,where it is shown that the conductor distribution per

metre of stator surface, for a given winding, may be written as

+0 X
N = e P
n n
== e oo o(2.23)
in which, of course Ni = (N-g)*

If the nth winding is excited by current In’ then the
resulting stator surface current density distribution, assuming all

other windings to be open-circuited, is given by

+0o0, JmX
J = I Nm e P
s é n n
| m=-0 e oo W(2.20)
+® ’ X
;:E::: :
= Jd e p
s
= -0
e o o .(2.25)
where
J* - 1 N%
s n n
. [ ] » .(2.26)
With In =1, equation 2,26 shows that the amplitude of the
th

m~ harmonic of stator surface current density due to a given winding,

when that winding is excited with unit current and all other windings

2L
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open~circuited, is equal to the amplitude_of the mth hérmonic complex
conductor distrigution for that wihding. Therefore it is a simple
matter to calculate the elements of the vector (JS) for unit current
in the nth winding. Application of equations 2.19 and 2.20 then
solves for the air-gap flux density distribution for these conditions.
Knowledge of the air-gap flux density distribution permits calculation
of the emf induced in all other stator windings and with the nth winding
itself. These emf's are in effect coupling impedances between the
stator windings due to the airgap flux. By exciting each stator
winding in turn with unit current the coupling impedances,designated

2 1 ycan be calculated for all values of m and n. The formula used

to calculate these coupling impedances is derived in section 2.4.l1.

To each value of 2z a component z' must be added. z!
mn Cmn mn
is the mutual impedance between windings m and n, calculated for flux
which does not cross the air-gap. For m # n, therefore, Z&n will be
imaginary. In the case m = n, i.e« for the leakage inductance of the
nth winding, the winding resistance may conveniently be included as a

real component in Zﬂn' We may now write the system of equations,

<
n

(z11 + Zil)Il + (z12 + Ziz)Ig + eees + (zlw + ZiW)IW

— 1
V2 = (2121 + ZZl)Il + eeese

<}
n

(ZWl + Z‘I'Jl)Il + esee



where we have assumed a total of W stator windings. Reverting,

once again, to matrix notation:-
(V) = (2)(I) o o . W(2.27)

It will be appreciated that once the coupling igpedances between
winding sets have been calculated for the special case of a non-
uniform air-gap the treatment essentially follows that of Brown and

Jhalq.

Inversion of the matrix (Z) now gives
(1) = @7y o o(2.28)
Matrix (I) contains the currents flowing in each of the W windings.

Having solved for the actual stator currents it is a simple
matter to calculate the elements of a new vector (Js) which represents
the whole stator excitation. Application of the principal of
superposition to equation 2.26 reveals that the element of (Js) whiéh

th

gives the amplitude of the m  harmonic component of stator excitation,

can be calculated from the formula:-

J[sn = I Nm + I Nm + eves -+ I Nm e o o a(2.29)

171 22 wow

Now that the complefe excitation distribution is known, by
using equation 2,19, followed by equations 2.20, 2.21, and 2,22, the
total distributions of air-gap flux density, rotor flux density,
rotor leakage flux density, and rotor surface current density can be
calculated. Once these distributions have been determined the
solution can be completed by calculating the output torque and the
rotor joule loss. The formulae which are used to calculate these

quantities are developed in sections 2.4.2 and 2.4.3.

26



In the above description of the method of solution, it
has been tacitly assumed that the rotor speed is constant. In
order to determine full output characteristics, therefore, it is
necessary to repeat the précess for all required values of rotor
speed. This is thought to present no problem, as it is certain
that the analysis will onl& be used on a digital computer, for which
such cyclic operations are commonplace. A simple flow chart,
showing how the operations described above can be successfully

translated into computer form, is given in Fig.3.

2s4. The Calculation of Induced E.M.F's, Torques, and Losses

for the Harmonic Solution

2.)-}-.1. Induced E.M.F.

In section 2.3, the idea of coupling imﬁedances between
stator windings was introduced. In order that these coupling
%mpedances can be calculated, it is necessary to derive formulae for
the e.m.f. induced in a space harmonic distribution of winding
conductors by a space harmonic distribution of airgap flux density.
Section 2.3 explained how the air-gap flux density distribution due
to a single stator winding excited with unit current, could be

calculated as a harmonic distribution, given here by,

+q JNX

n=-q
. o o o(2.30)

If the nth backward and forward - rotating components of

Bg are picked out from equation 2.30, and designated’
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- J J .
Bg:Bne p +Bne p 0000(2031)

then the electric field induced in the stator surface by this

distribution is given by Faraday's Law,

curl E = - Eﬁ e o o .(2.32)

In the co-ordinate system of Fig 1, and with the assumptions of

section 2.1, equation 2.32 becomes,

N .
i B [ ] [} L] [ ] »
JuB,, (2.33)

:
'

Substituting from equation 2.3l into 2.33, and integrating givesg

JNX Jinx

_wpjp TP _pn U
'EZ— ey Bge Bg e o o o -(2.34)

EZ is the induced e.m.f. per Equare metre of stator surface.

Consider now a stator'winding, given byy

+q UMK
N -_-§ N'e P
m=-q

e o o o(2.35)

The e.m.f. induced in this winding by the flux of equation

2.3l is given by,

e o .(2.36)

o
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Substituting from equations 2.34 and 2.35 into equation 2.36, gives,

2(n-m)x
p N, +g alom)x ) o
n ., n.m Y P -B "N e
€ = wip B Ne g dx
nn &

o} m=-q
s e o 0(2.37)
Integration of equation 2.37 yields,

n ..-n -n .n
N

n
& = wgmaNp B - B N

nn

e o o o(2.38)

For any physical stator winding N = (Nn)*, so the total
eelsfs induced in the winding of equation 2.35 by the flux density

distribution of equation 2.30 may be written conveniently asg

+q A
n,n\¥
E = wopN B2 (°)
T n'-'——q n e o o -(2.39)

If the flux density distribution defined in equation 2.30
is due to unit current in the mth winding, and the conductor distribution
of 2.35 is that of the nth winding, then equation 2.39 gives the

coupling coefficient 2 n for,

[ L [ ] .(2.40)



2.4.2. Rotor Torque

The output torque is calculated when the solution for the
statof winding currents has been completeds The harmonic distri-
butions of B, Bg’ B@’ and Jr’ which have been calculated for unit
current in each winding, are then multiplied by the actual winding
currents, and components with the same harmonic number summed to
give a total harmonic spectrum due to the actual excitation. The
interaction between the total nth harmonic of rotor current and the
total nth harmonic of rotor flux density, to pfoduce torque, will now

be examined.

The force produced by these nth harmonic distributions is

given by
PNp .
F;n = -W Re B Jr dx e« o o 0(2.41)
o)
With the usual notation’
Co.mnx W
B = Be P
e o o o(2.42)
>
TOX
J = Jn e P
r r
J
we have:-
*
Fn = "'WPNP Re {JI; Bn} « o o -(201'*3)

The total force on the rotor can now be determined. Summing terms
like 2.43% for all n, and expressing the torque in synchronous watts,

gives,
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e e o .(2.’-{-’4—)

2e4e3. Rotor Copper Loss

Rotor copper 1ldss is calculated at the same stage as the
rotor output torque, above. If the total nth harmonic of current

if given by equation 2.42, then:

Y
n n
Plo.<3.<3 = Prw ng dx
© e oo o(2.45)
. PR R e 2
. o loss ~ Pr P P r

e oo o(2.46)

For a complete rotor surface current density spectrum, the

rotor copper loss can be obtained by summing terms such as 2.46,

+
j n

Plo.<3.~:~: = WP Np Pr
—y
n=—q

giving,

2
%]

o o o 0(2047)
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2+5. The Calculation of Stator Leakage Reactances for Shaded-

Pole Machines

2.5.1l. Stator Harmonic Leakage

Al though harmonics which lie outside the range +q to —-q
are neglected in so far as the effect they have on the rotor, they
must be taken into consideration.on the stator. This is because
the shading-rings are usually excessively short-pitched, and present
a significant winding factor to such flux distributions. The
reactance due to these harmonics is usually termed 'harmonic leakage
reactance', and for machines with more than one stator winding, such
as a shaded-pole motor, will consist of both self and mutual terms.
In the present analysis the harmonic leakage reactance is calculated

by summation of harmonic terms outside the range +q to -q.

Consider, for example, the nth harmonic conductor distribution

of winding A, given by,

e o o o(2.48)

For ,n ] )lq\ the rotor currents induced due to the nth harmonic of

stator current density may be ignored, and equation 2.9, becomes,

d .
-d_x- {ng} = 1“'0 JS e o o 0(201-}9)

For such secondary terms as are now being considered, the effects of
gap variation will also be ignored, and equation 2.49 further modified

to,

g ko)

gav e« o o 0(2050)
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where 8oy is the average air-gap length. Exciting winding A with

unit current, and substituting from equation 2.48 into 2.50 gives,

C.nx _Lmnx
_ n P =N , P
Bg = EQ NA e. + NA.e dx
g
av e o o -(2051)
LJnx 7wnx
o.o BN - Jpop Nn e P - ﬁn e P
g A
nng

e o o -(2.52)
The formulae of section 2.4.1. may now be used to determine the

esMef. induced in a second winding, winding B, for equations 2.38

and 2.52 give,

en = II =N n..n .
A’B -_5—-2 A"B A B e o o 0(2053)

v e e o(2.54)

* e o o(2-55)

1l
no
2v)
)
=
=8
=
[soli=)
e

Substituting equation 2.55 into 2.53 allows the total
harmonic leakage impedance between two stator windings, m and n,

to be writtens

+OD

' ¥
harm . . r r
G = 2 gy =< feita [N}
2 r

T By r=g+l e o o o(2.56)



Once again the theoretical range of summation is impossible,
practically, but the contributions contain a l/r2 term and sufficient
accuracy can be obtained over an approximate range. For the machines

considered in sections 3 and 4 of this thesis the range q + 1 to 2q

was found to be satisfactory.

2.5.2. The Component of Leakage due to Non-Airgap Ilux

The stator leakage paths of a shaded pole motor for flux
which does not cross the air-gap have received much attention
elsewhereB’s, but for the sake of completeness will be re-examined
here. Figures 4(a) to 4(c) illustrate the different types of
leakage flux paths which must be taken into account. To avoid
confusion only the barest details have been shown on the developed

diagrams.

" The main winding self leakage flux consists of main slot
and tooth-tip components. For the sake of brevity the main winding
slots will be referred to as main slots and the slots which house only
the shading rings as shading slots. The main slot specific
permeance can be calculated using the method of Waldschmidtls,
following‘the recommendations of Butler and Wallaces. The tooth-tip
perméance must take into account the presence of any magnetic slot
bridge, and of possible differences in tooth-tip depth on the two
»sides of the slot. If a magnetic bridge is present then the problem
becomes most difficult, as the slot permeance is then governed by the
extént to which that bridge is saturated. Trickeyl suggested a
cut-and-try method, with reference to saturation curves, and this

still appears to be the only simple answer. When no slot bridge is

present the calculation is much simpler, the suggested approximation
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(a) Main winding self-leakage paths

(v)

Shading-ring self-leakage paths

(c)

Figel,

Mutual leakage paths

Stator leakage flux paths
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being the ratio of mean tooth tip depth td the slot opening5. If
the main slot permeance is Pms, and the tooth-tip permeance is PTT’
then the total effective permeance per pole for the ﬁain ﬁinding
isy

P, = LPp, + 2P+ Py e oo o(2.57)

where PME is the end-winding permeance,calculated using well-
established formulae. The coefficient 4 for the too£h—tip leakage
accounts for the fact that the mmf. from two adjacent poles acts across
the slot opening, and also two tooth-tip paths are magnetically in
parallel for each pole. Eqguation 2.57 also pre-supposesthat the
slots on either side of the polar projection are equal. When this
supposition is not valid equation.2.57 must be ammended tog,

L R

Pl = L}PTT + Pm's * Pms * Pm o o o 0(2058)

where the superscripts L and R refer to the slots on the left and the
right of the pole. The self leakage inductance of the main winding

due to flux which does not cross the airgap, is therefore given by,

A R ! & e oo o(2.59)
where NM.is the number of turns per pole. In the. event of a completely
ésymmetricaistator structure, in which adjacent poles do not carry

the same number of turns and slots are of different dimensions

equation 2.59 no longer holds. The'principals of calculation out-
lined above, however, still apply and this most general case will not

be treatéd in detail.
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The shading-ring leakage flux paths are illustrated in Fig.4(b).

The component quantities are main slot leakage flux, tooth tip leakage
flux, and ring slot leakage flux. The - main ﬁlot leakage permeance may
be calculated using Waldschmidt's method, as can the ring slot leakage
permeance., If the main slot specifip permeance is PRMS’ and that

‘the ring slot PRS’ then the total leakage permeance per shading ring is,

P, = FPpg + Ppyg + Pyp + Prg e o o o(2.60)

where PRE is the shading ring specific end-turn leakage permeance.

If all the poles of the motor are identical, then the
shading rings can be regarded as being connected in series, and the

stator self leakage inductance for the series equivalent is given by,

Zstator _ . wN P
2 2 - on P 2 « o o 0(2.61)

When stator asymmetry is the case, then each shading ring
must be treated as a separate winding, and the self leakage inductance

due to stator flux for each of these rings calculated separately.
In that event,

stator _ . P
“r p = Jupgw L, e o o o(2.62)

where the subscript r indicates that the permeances of equation 2.60

are calculated specifically for the rth ring.

Figure 4(c) illustrates the paths which leakage flux can
take to link both main windings and shading rings. The mutual slot
leakage permeance can be calculated by once again using Waldschmidt's
method, and the tooth-tip permeance is as aﬁofe. The total specific

mutual permeance in this case is given by,



SM T o o o o(2.63)

where P
2 arises because the tooth-tip leakage flux links windings of two
adjacent poles. The mutual leakage impedance due to stator flux is

therefore given by,

e o o J(2.64)

- where again it is assumed that all the poles are identical. For

an asymmetrical stator, terms such as 2.63, which take into account

the differences of the number of turns betweeﬁ stator poles, must be
calculatea, and a mutual term between each shading ring and the main

f

winding separately evaluated.

A1l the machines considered in this thesis have only one
shading ring per pole. For machines which-have more than one ring
per pole the principles outlined above can be extended to account for
the ring mutual leakage flux. The paths taken by such flux are

discussed in ref. 5.

2e 5,3. The Total Stator Leakage.Impedances

The total stator leakage impedances, which were added to
the air-gap impedances in section 2.3%. can now be formulated.
These impedances consist of the sum of two components discussed in

sections 2.5.1. and 2.5.2 above.

aM is the main slot mutual leakage permeance, and the coefficient
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' Zharm ; Zstator-
mn mm m e« o o o(2.65)

As pointed out in section 2.3, the special case of Zén
when m=n, can conveniently contain the resistance of the nth winding.

Thus:-
' harm stator
= z + zZ

m "~ oo n e . o(2.66)

The winding resistance and shading-ring resistances are
calculated using well-established formulae, and corrected for
teﬁperature by assuming a running temperature equal to that of an
existing machine of comparable dimensions. For the machines
analysed in this thesis a running temperature of 80°C was always

assumed.

0
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CHAPTER 3

SHADED~POLE MOTORS WITH VARYING ATIRGAPS

3.1e Introduction

If the airgap of a single-phase induction motor is varied
under the pole faces, iﬁ such a manner that the reluctance of the gap
ﬁnder one half of the pole is less than the reluctance of that under
the other half, a trévelling field is produced and the machine is self-
starting. The field always travels from the high-reluctance side to
the low-reluctance side, so the sense of rotafion is fixed by the geometry.
Reluctance-start single~phase induction motors are the simplest single-
rhase motors to make, with no auxiliary winding of any sort required.
The starting torques available, however, are relatively low, and many
manufacturers prefer to use the reluctance~start principle to enhance
the starting performance of shaded-pole machines. Possible geometfies
which illustrate fhe pole structure of a h&bfid machine are illustrated

in figs. 2(a) and 2(b).

Although many authors héve yresented analyses for conventional
shaded—poie machines; (an extensive 1list of references is given by
Butler and Wallace5), relatively few have considered machines with
varying airgaps. Baum16 developed a lengthy anaiysis for reluctance
start machines with no shading-rings by exténding Trickey's two-axis

methods He concluded that the starting torque arises from two sources :—

(1) The difference in leakage inductance of the rotor bars
at one side of the pole from that on the other causes a different current
to flow on one side, producing a resultant torque, as in a repulsion motor.
(2) The difference in mutual reactance on the two sides of
the poles gives the rotor current under the two sides some difference

in phase, which also produces a resultant torqué.



Poloujadoffl7 analysed varying-gap shaded-pole motors by
treating the squirrel-cage as a series of pseudo-stationary loops, and

numerically solving for the loop currents by an iterative technique.

18 analysed the varying-gap machine but

Al tenbernd et al
did not include the effects of a shading-ring, Their analysis was
performed by using permeance and excitation harmonics, to obtain a
solution which required the inversion of a matrix, as does that of this

thesise In their solution, however, the effect of the variation of

rotor leakage reactance due to the airgap variation was totally ignored.

More recently Ooka19 has combined the analyses of Chang3 and
Baum16 to produce a three axis solution for a stepped-gap machine with

one shading-ring per pole. -

It is the object of this section of the thesis to show how
the analysis of section 2 can be directly applied to performance
calculations for a varying airgap shaded~pole motof. The analysis is
verified by comparison with the experimental results obtained from a
machine with the air-gap profile illustrated in fig.2(a), and a study
is made of the comparitive efficacy of the geometries of figs.2(a) and

2(b).

3e2. Analysis

3e2ele Outline of Sequential Solution

The calculation of the K-matrices, intorduced in section 2.3,
requires the sequential solution of equations 2.7 - 2.10. As indicated

in section 2.3, the starting point in this sequence is the assumption
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of a single nth space-harmonic distribution of rotor flux demsity. . Since
the rotor 'sees' only tﬁis rotor flux, then the currents induced in the
rotor must also consist of a Sinéle ﬁth harmonic distribution. Because
the zig-zag leakage flux is gap-dependent, the rotor leakage reactance
must be a function of aingap length, and therefore the single nth
harmonic of current in the rotor will drive a whole spectrum of leakage
flux through the leakage layere. The flux crossing the air-gap
consequently consists of a dominant nth harmonic component which links
with the rotor surface, and a spectrum of other harmonics which pass along
the leakage layer. This airgap flux is driven across the airgap by

the stator surface current density distribution.

The variation in airgap length means that the airgap permeance
also varies, so that a single harmonic of flux density crossing the
gap requires a harmonic spectrum of current density on the stator.
The presence of harmonics of current density on the stator, other than
the nth harmonic postulated on the rotor, can therefore be attributed
to two causes. Firstly, the variation in rotor leakage under the pole
faces requires‘a spectrum of flux to cross the airgap, and all this
flux links the stator. Secondly the variation in airgap permeance
results in a single harmonic of flux requiring a spectrum of stator
surface current density to drive it across the airgap. It is seen
that these two effects are exactly.the same as those which were
attributed by Baum (see séction %,1) to the production of starting

torque in reluctance-start single phase induction motors.



3e.2e2+. Details of Sequential Solution

A single nth harmonic space distribution of rotor flux

density may be considered. This is given,as in equation 2.11, by,
JENX .
B = B e P . e o 0(3.1)

Faraday's Law, equation 2.10, re-stated is

aJ

v ‘@ + :_]U.)B =y T
dx Prdx e oo o(3.2)
NOW) v = 2)2(1-5) 3 . o » -(303)
T .

iy

where s is the fractional slip calculated with respect to the synchronous

speed of the fundamental forward-travelling mmf wave. The rotor current

density which must co-exist with the flux distribution of equation 3.1,

is determined by substituting from equations 3.1 and 3.3 into 3.2,

giving :-
n 'n;X dJI‘
j(l)B (1 + 11(1 - 5))9 =Pr€"x— e o @ 0(3-)-1-)
Integrating:
n JINX
J = QRB— (1 + n(l - S)) e P +A e o » .(305)

r nnf%
where A is an arbitrary constant.
For any practical squirrel-cage rotor, we require

)

Jr dx = O, and hence A =0
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Thus we have:

nx n Janx
J_ = J;le P =QP-B— (L+n(l-s8)e P
T r
0000(3.6)

where F);l, as calculated in Appendix 6.1, can be more correctly used for
this single harmonic.,

With reference to the K-matrices of section 2.3, it is apparent that,
n,n _ _
kip = _u_)p_n (1 + n(1 - s)) e oo o(3.7)
wp,

where kl;l,{n is a diagonal element of (KJR). Substituting from

equation 3.7, into equation 3.6, gives, ‘then ,

Jnx
_ n .,n.n r
Jr = B k.JR e e o o .(3-8)

Equation 2.8, relates the rotor leakage field to the rotor

current distribution, as :

| daJd
Bﬂ = —ﬁr(x) E'X‘I; s o o .(3.9)

Again, as Jr is a single harmonic, the value of ﬁr appropriate

to the nth harmonic (i.eﬁi) can be used, as calculated in Appendix 6.l.

Substituting for J  from equation 3.8, into equation 3.9, gives:

JNX
o
oo a5

B
2 . e . o (3.10)

aNX
= -ngBnkgénig (x) e P e oo o(3.11)



As shown in the notationwgi (x), the brackets contain terms

which are functions of x, and can therefore be resolved into a complex

Fourier series.

+c0

JNX UMK

Pwe ? - > gn e TP
M==c0

e o o o(3.22)

It can be easily shown (Appendix 6.3) that as the.ﬂg are functions of

period equal to the fundamental pole pitch of the stator (i.e. p), then

for n odd the factors A?’n only exist for m odd and non-zero.

Substituting equation 3.12 into equation 3.l11, gives,

+ 00 AMX
Bl - _.gn Bn kgﬁn A?'n e p
m= =0
which may be written as,
+00 JIMX
_ m,n P
M=~ O
where, B?’n = =jnn Bnkgﬁn A?’n
p

e o o o(3.13)

e o o 0(3.1’-})

e oo o(3.15)

Comparison between equation 3,15 and the matrix equation 2.21 reveals

that equation 3.15 may be re-written as,

n

m,n mn

£ T TBL

¢« o o 0(3016)
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where kgin is the element in the mth row and nth column of matrix

(KBL)' Clearly then,

e o o 0(3017)

MmN . Nn.nN m.,n
kg, = - l%’lkJﬁ A

Substitution of equation 3.17 into equation 3,14, allows the leakage

flux density to be given by,
+00 jEEE
By = B" ZE:::kgin e P e oo +(3.18)
M=~ cO

Equations 3.18 and 3.1,'can now be used to substitute for B and Bd

into equation 2.7, to give ;-

+ cO

LJINX Jmx
B-B =B*e P _gt M, " P
g LT L

M=-— 0 s o o 0(3019)
+ . 171108
R . myn J P
e Bg B : :kBG €

where , kgén' - kgﬂn (mén)

B

e o o +(3.20)

TR

e o o 0(3.21)

The kgén §f equation 3.2;, are therefore‘the elements of
matrix (KBG> of equaﬁion 2.20.
’ In order to calculate the elements of matrix (KJS) the
final system differential equation must be utilised. Integrating

equation 2.9 gives,

L7



g(x) 'Bg = g, [T+ T) ax e e e o(3.22)

Writing Bg in the form of equation 3.20, gives 2 -

*0 [ Tmx
j._—-
g(x) Bg = BY E kgén{ gx) e P e oo o(3.23)
M= 0

The bracketed term of equation 3.23, may be resolved into complex

Fourier series, writing,

4 €O
LN Z JUIX
g(X) e p = A;,m e p e & o 3(3024)
==

Again, for a periodic air-gap variation, the terms AZ’m exist ohly for
odd r, given m odd., Substituting from equation 3.24, into equation

2:23, gives -

+ cO + €O
;——( T JTX
_ph m,n I'ym p
g(x)Bg_B =kBé @:Ag e
M=-0c0 ==C0 : . e o o 0(3¢25)
. +e0 ,
JUIX
..o g (X) Bg = Bn E k(n}lle‘; e ' p
=m0 e o« o(3.26)
+ 00
where kgég = E lilgén A:'r « o o 0(3.2?)
I'=—c0

The coefficients kgég can conveniently be stored in a matrix
(Kgpg)s although such a matrix is not used directly in amy of the

matrix equations. If the required stator excitation wave is given by,
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+ 0 JUNX
= E My 2 P
JS = JS e e o @ l(3‘28)
M==00

then equations 3.28, 3.26 and 3.8 can be substituted into equation

3.22 to yield ’

+C0 Imx
n myn J P
B BG e
== co
+00
X m.n Tmx
— n,n Y ! P
= By B TR © + g Js e dx
=m0 1 e e . o(3.29)

400
MX Inx
n E mpn Y . n,n. 9
B / kG]%Ge p:-gp,op_]iJéi.e Py
n
== o0 n
JOmX
0 JI:,n e P
o e« o +(3.30)
M== cO

Equating harmonic coefficients in equation 3.30 gives ,

m,In N MeN n
I = jmm kA, B (mgn)

o -
$ e o o o(3.31)

"
E
s
=
]
o
o
t

gon
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Re-writing equation 3,31, as,

m,n _ .,mn -n
I = k;3" B e o .(3.32)
then :-
R
R S WP (mgn)
Jgs - A& “gpg
1P

? e oo o(3.33)

n,n . n,n _ . n,n
kKjg = umB Kgpe - Kyp
BP

The kgén calculated according to 3.33, are the elements of

the matrix (KJS) which was introduced in section 2.3.

The above analysis has assumed that the 'leakage' and
'airgap' Fourier coefficients, introéuced in equat;ons 3,12 aﬁd 3.24
respectively, are known. It is these coefficients that depend upon
the geometry of the stator, and must be calculated for each configuration
considered, Once these coefficients have been calculated, equations
3.7y 3417, 3421, 3.2? and 3%.33 are used in sequence to calculate the
elements.of the K-matrices of section 2.3. The method of solution

then follows the general method of section 2.3.

LA
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3e3. Experimental Verification of Variable Gap Analysis

%.3.1s The Test Machine and Experimental Procedure

The validity of the foregoing analysis was tested using
a ramp-gap machine, with an airgap profile shown in its developed form
in fig.2(a). The ramp-gap geometry was chosen for an experimental
machine prior to the development of the analysis, and in the belief
that a gradual, rather than abrupt, change of airgap length would be
most benificial. It will be appreciated that such an airgep profile
is inherently more difficult to analyse than a stepped-gap version.
Two identical commercially-manufactured machines, each having four
poles and a rated output of 7OW were used in the experiments. The
first was tested as supplied and the second modified to produce a
linearly varying airgap length under the pole faces. The maximum

to minimum airgap ratio was 3 : 1.

The tests were garried out by coupling the test machine
to a dynamometer., In order to measure the true electrical torque on
the rotor, the stator of the test machine was mounted in separate
bearings, concentric with the machine shaft, and a suitable constraining
mechanism used to prevent stator rotation. The temperature was kept
as close to constant as possible by switching off between measurements,
and with reference to a contact thermometer placed in the stator case.
In practice the temperature varied typically from 81°C to about 88°C,

and these variations were thought to be tolerable.

The predicted performance curves were obtained using the

a anglysis of this thesis in computer program form. The formulae

for Ag’n and AZ’n for use in equations 3.17 and 3.27 above]are derived

for a ramp-gap geometry in Appendix 6.3.
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Je%e2e Comparison of Test Results with Computed Results

The measured and predicted output torques plotted in synchfonous
watts are shown in fig.S. The agreement between theory and practice
is thought to be reasonable in view of the degree of approximation
necessary to calculate the parameters, and also in view of the rather
low accuracy achieved in the profile millingrprocess necessary to
convert the existing machine. Table 1 shows the load performance of

the machines. The accuracy achieved in prediction is again thought

to be acceptable.
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TABLE 1
Speed T Intake | Output Effi- Power
rev/ v power power ciency
min (A) (W) (W) (%) factor
rpagp | Predicted | 1350 | 110 | 3465 | 200 | 70-8 | 35k | .50
MACHINE | weosurea | 1350 | 120 | 3e94 | 2u2 90e6 | 29e2 .56
VARTABIE | Predictea | 1280 | 110 | 532 | 299 5743 192 .51
GAP
MACHINE . | Measured 1280 | 110 | 6.2 | 350 90 20 52

Predicted and Measured Load Performance Characteristics for

~

Stendard and Ramp-Gap Machines.
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%.%.%s Flux measurements at Standstill

The flux measurements taken at standstill are interesting
in that they indicate that the usual explanations of the torque-
producing mechanism are somewhat dubious. Usually it is assumed
that no travelling field exists under the pole face of a constant-
gap machine, if the shading-ring is absent. This is a fallacy.
Local travelling fields are produced, directed as shown in fig.6.

It must be emphasised that these are true local travelling sections

of field, so that if search coil measurements are taken, the phase

will change progressively as the search coil moves in towards the

pole centre. This effect is shown in fig.7. curve (a) in which

the flux phase is plotted agaiﬁst positions It will be observed

that the phase change is considerable and that the field is 'travelling'

over most of the pole area.

The curve is symmetrical about the centre line, indicating
that équal and opposite travelling fields exist. This means that the
local forces produced on the rotor, balance to give no net torque._ |
The effect must not be confused with the twin rotating-field explanation
of single-phase machine action in which forward and backward fields
exist simultaneously over the whole of the machine periphery, to yield
a resultant pulsating uni-phase field and no net travelling field at
any point. Fig.7, also shows at curve (c) the flux phase results for
the variable-gap experimental machine, and it is apparent that the
combined action of the gap-shaping and shading-ring is to tilt the
phase plot so that the rotor forces produced are no longer in balance
and a net forward torque is produced. The computed flux phase values

are shown on fig.?7, at curves (b) and (d). It will be observed that
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Ty

'Fig. 6. The travelling field components under the
poles of a single-phase motor ‘
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the correlation between theory and practice is reasonable in view of the
fact that the mathematical model is one-dimensional. This is, of
course, only partially true in practice in view of the heavily skewed
rotor bars of the machine, Whilst the effect of skew may be allowed
for on a parameter basis so that the calculated dufput characteristics
of the machine are acceptable, clearly in considering thé precise-

flux distribution the skew effect is not properly accounted for,.

%elte Comparison of Step-Gap, Ramp-Gap and Constant-Gap Geometries

3.4ele Basis of Comparison

The results shown graphically in fig.5, require some
interpretation. This is because the machines were artificially kept
at a suitable operating temperature by switching the suppljlon and off
throughout testing. Iﬁ practice the temperature rise that would be
suffered by the ramp-gap machine would make continuous operation

without risk of damage to the winding insulation impossible.

It would be necessary, therefore, to reduce the rated
voltage of operatioﬁ,-or to increase the number of turns of the stator
winding, until an acceptable running temperature was obtained. Ih
order to compare constant-gap and variable-gap machines of different

geometry the method suggested bvautler and Wallace6 has been adopted.

Following their recommendations the computed characteristics

are scaled to a fixed total loss at rated speeds As no provision is

madé in the analysis for iron losses this tacitly assumes that such losses

are negligible. Friction and windage, however, although ignored
in the body of the analysis, can be thought of as being considered in

the scaling process, as they are functions of speed, for the same

58



59

physical machine size. Under these conditions the réte at which
heat is generated-electrically, and tﬂe rate at which it is dissipated
by the fan, are both constant. Any two machines must naturally

run at the same steady-state temperature under these conditions, and

therefore a true comparison can be made,

The geometry-variation results presented in this section .
assume all other parameters are held constant. The 'basic! tesf
machine particulars were as follows:— 240V, series connected,
50Hz’ L poles, 180 main-winding turns per pole, rotor skew 600
electrical. The results presented are all scaled to produce a total

loss of 150 Watts at 1400 r.p.m.

Z.te2e Ramp-Gap Machines

Figure 8 shows the computed variation of starting torque
with the ratio of maximum to minimum airgap lengths. This latter
quantity is henceforward called the 'gap-ratio'. Figure 8 gives curves
for three possible sizes of shading-ring, producing 20%, 25% and 30%
shad;ng.‘ The shading-ring variations are included in order that the
generality of results obtained can be established., It should be
appreciated that the percentage shading is measured by the ratio of
distance between the eentre of the éhading—slot"and the centre of the

main slot to the pole pitch, measured at the pole face.

The results indicate that a ramp-gap will always improve on
the starting torque for gap ratios of up to 4 : 1. For maximum
possible starting tqrque a gap ratio of about 1«75 : 1 appears to be
the most effective, the increases in starting torque with such a gap
ratio being 11%, 8% and 7+5% for shading - fractions of 30%, 25% and

20% respectively.
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In order to examine the effects of gaé-ratio variation on
the complete characteristics, fig.9, has been drawn. Figure 9 gives
the torque-speed and current-speed curves for various gap ratios and
a constant shading angle of 20%. It can be seen from figure 9 that
fhe increased starting torque has been obtained largely at the expense
of the running performance. Pull-out torque redﬁces rapidly with gap
ratio, and the advantage of fhe reduced current regquired on starting is

soon lost as the machine runs up to speed.

Furthermore, the running efficiency of the ramp-gap version
ﬁas found to worsen progressively as the gap-ratio increases. It is
evident, therefore, that the ramp-gap geometry is not a good one, the
price to be paid for improved starting torque is too high. Attention
was, therefore, turnéd tbwards an investigation of a step-gap machine,

such as the one shown in profile in fig.2(b).

3elteB. Step-Gap Machines

The formulae for Ag anarAz for step-gap machines are derived
~in Appendix 6.3. Figures 10 and 11 give the variation of starting
torque ‘with step length and height for shading fractions .of 20% and
-25% respectively. It is immediately evident that the step-gap geometry
“can improve the starting forque far more than the ramp-gap, with
increages of 193% and 19% possible for 20% shading and 25% shading
respectively. figures 10 and 11 show that the increased starting
éorque is '‘a genuine result of the geometry variation, and not a result
of the increased gggg airgap length. This>is apparent from the fact
that the torqﬁes available for 0.=0, which correspond to a simple
increase in airgap length, decrease as the airgap length increases.

‘The two figures further indicate that for maximum increase in starting
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torque, gap ratios of the order of 15 - 2+5 appear to be called for.

-

It also appears that the stép should be placed in such a
position that it divides the un-shaded portion of the pole-face into

two equal halves.

In order to study the effect of a stepped airgap on the
runniﬁg performance of the machine, figures 12 and 13 have been
drawn. Figure 12 illustrates the effect of increasing the gap
ratio for a machine with @0% shading and 30% of the pole at the
increased airgap (corresponding to a = 0+7 on fig.l1l0). It is seen
that the increased starting torque is achieved once again at the
expense of the pull-out torque. The penalties which must be paid,
however, are not as severe as those for a ramp-gap machine. For
example ,with a gap-ratio of 1«5 thestarting torque is increased by
133% for a pull-oﬁt torque reduction of only 12%. This compares very
favourably with the equivalent ramp-gap machine, which improves starting
torque by only 63% for a massive 24% reduction in pull-out torque.
The reduction in starting current is not considered to be a significant

advantage, the rumning currents being virtually the same for step-gap,

65

ramp-gap and constant-gap machines. Fig.l3 has been drawn to illustrate

the effect of changing the step lengthvfor the 20% shading machine of

fig 12, with a fixed gap ratio of le5, ‘ Fig. 13 shows the typical reduc-
tion of pull-out torque as the mean airgap length increases that

has been indicated by figures 9 and 12. No current variation curves
have been included as the conclusions drawn are the same as those from
the previous curves. Any advantage of reduced current on starting

is soon lost when the machine is running.
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%.5. Conclusions to Section 3

The experimental results.presented in this section of
the thesis are thought to indicate that the variable-airgap analysis
developed in section 2 is valid. The new analysis is therefore
believed to represept a significant advancement ip the field of
performance prediction of shaded-pole motors, enabling a whole range

of machines to be broﬁght within the realms of analysis.

Improved starting torque is shown to be produced by suitable
airgap variation. The improvement in starting torque, however, is

always at the expense of a reduction in pull-out torque.

The s?ep—gap profile has been found to be the more preferable
of the two examined, giving significant improvement in starting torque
for toler;ble reduction in pull-out torque, when an app}opriate choice
of step length and gap ratio is made. TFor the theoretical machines
examined,'gap ratios in the range 1.5 to 2.5 appeér to be advantageous
excessive gap ratios broducing intolerable reduction of pull-out torgue
and also degrading the starting performance. The preferred position
of the step in the step-gap machine is further seen to be approximately

at the centre of the un-shaded portion.
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" CHAPTER 4

CHANGE-POLE SHADED-POLE MACHINES

4,1, Introduction

Variation of the speed of shaded-pole motors is usually
achieved by using tapped windings or some external method of voltage
régulation. These methods are not entirely satisfactofy, however,
due to increased cost and complexity. Furthermore, the performance
characteristics of a machine.which has its speed reduced by either
of these two methods also deteriorates. The stability of the operating
point is adversely affected, and only torque/speed curves which do not
have significant harmonic dips.are acceptable. The operating speed
becomes notably more load depeﬁdent, so.that speed changing machines
which fely only on voltage regulation or tapped windings must be
designed for a specific application if speed is to be name-plated.

One method of ensuring the right shape of characteristic is to provide
the machine with a high-resistivity rotor, but this will reduce
efficiency and increase the tendency for the speed to fluctuate
‘noticeably with a fluctﬁating load, such as that presented by a fan
~that is subjedted to draughts. If a limited number of speeds is
écceptable, réther than continuous speed control, then pole-changing
provides an answer to the problem of speed variation without necessarily

incurring the penalties mentioned above.

Pole-changing is achieved by varying the amplitude of the
space-harmonic mmf distributions produced by the stator of the machine,
so that at one setting a given harmonic dominates and at a second
setting a different harmonic is predominant. The techniques of pole-

changing, as applied to polyphase and slotted-stator single-phase
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induction machines have received a great deal of attention, but
change-pole shaded-pole machines have seldom been considered. An
excellent bibliography and resume of the téchniques of .pole changing

is given by references 20A and 20B,

An early change-pole shaded—ﬁole mofor was described by
Easthale, who had applied the technique of étep-phase modulation
to obtain a two-speed machine. This machine forms the basis for the
study of the first half of the present chapter. The harmonic analysis
of section 2 is used in its simpler constant gap form to analyse the
machine and later to test the validity of a deéign procedure that

is developed.

A three-speed motor, which is thought to be entirely novel
is described, and the test results of a prototype compared with those
predicted by computer programe A technique is described which
enables some design critera to be applied, and the machines which
resuit from the application of these criteria are theoretically compared

with the prototype, to show the extent to which improvements can be made.

Le2. Analysis

For constant airgap geometry, as assumed in this section of
the thesis, the analysis of section 2 becomes greatly simplified.
As the airgap length is no longer a function of x, (see fig.l, for co-

ordinate system), the equation 2.9, becomes

g = 'p,o (JI' -+ JS) e o o .(l-l-.l)

dB
-
dx



Indeed, equation 4.1, is the form which Amperes law for

alrgap flux has appeared in prev1ous publlcatlons§ =11

The first steps in the sequential solution are identical
to the varying airgap case, examined in section 3.2.2. A single nth
harmonic space distribution of rotor flux density is considered,

given by,
r
B = Bn e p o o o Q(Ll'oa)

As equation 4,2 defines the flux 'seen' by the rotor, the
rotor flux density distribution which must co-exist with the postulated

wave is given exactly as in section 3.22 by,

JNX
I ., NyN P
JI‘ =B kJR e e s @ 0(403)
where
k?ﬁn = QR n (l + n(l - S)) e o o O(LI'OLI')

nnPr
Next, the leakage equation, is used to calculate ™

We have from equation 2.8.

By = -Qr al, ' e o(B)

1

Now, - for constant airgap machines.zr is no longer a function of x,
so direct substitution for Jr from equation 4.3, into equation 4.5,

gives,

J—
= -J%‘ n k ,n P e o .(4.6)
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... BE = Bn lﬂ-gin e P s o s O(Ll'.,?)

where kgin = =] nnﬁr kgén e o o o(4.8)
P |

Equation 2,7 may now be used to determine the airgap flux

density, Bg’ for,

B = Bg + B£ e o o -(4-9) ‘
* = Bg = B - BE o o o(Ll-olO)
snx
* : 2 b
. o Bg = Bn (l - }%Ln) e e o o o (L}.ll)

Thus Bg may be written’

3—
B = Bn k‘é-:.rn e p » e @ O(Ll-olZ)
where : k%én = 1 - kfgin ¢ o o -(’-i-.lj)

Finally the required stator excitation is obtained from equation 4.1,

which on rearrangement gives,

JS = E d_B.E_ -— JI‘ * o = .(Ll-olL})
Yo | &

dB
Substituting for Jr from equation 4.3, and 'EEE from equation 4.12

differentiated, gives,
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INX
s n,n,n _ on,n,n P
JS =J] _s. _TLE B k.BG B kJR e o o o 0(11‘015)
uo P
nnx
L Ry p
hence, Js =k B e e o o of(l416)
nyn _ . n,n _ .n,n
where | kKia = i Sng kpd Kp e o o o(le17)
)

Equations 4ok, 4.8, 413, and 4.17 define the coefficients

n,n ,n,n ,n,n

k Ipi®y kpd', and k2", respectively, for direct substitution into

JR ?
the matrix solution of section 2.3. Inspection of the above analysis

shows that only nth harmonic distributions are present, so that coefficients
such as kgin for mgn are all zero. For a constant airgap solution,
therefore, storage space can be saved by storing only the non-zero

diagonal elements of the K-matrices in a column vector, with suitable

ammendments made to the matrix algebra. The method of solution,

however, still follows the basic principles of Section 2.3.

In applying the vériable—gap analysis all the poles were
assumed to be identical, whereas for a change pole machine, it will be
seen that this is not so,. This asymmetry has two consequences as
far as the above analysis is concerned. Firstly the -fundamental pole-
pitchy p, of the machine must be considered to be equal to half the
machine circumference, measured at the airgap. This means the motor
is treated as a two-pole machine, and can cope with the dominant pole

numbers on each setting as being integral harmonics,. In this way a



six=-pole machine requires a dpminant third harmonic and a four-pole
requires a dominant second. Secondly the shading-rings can no

longer be treated as a single séries connected winding. TFach ring must
be §onsidered as a separate winding and treated as such, unlessv

the pole sfructure and connection configuration produces symmetry about
a diameter, for reasons of harmonic elimination, in which case

diametrically opposed rings can be treated in pairs.

L .3, Two—-Speed Machines

L,%.), Step-Phase Modulation Approach

The two-speed shaded pole motor will be described in terms
of the step-phase modulation technique, which has been discussed in

detail elsewhere23-26’20.

This»approach has been chosen because it is the ome which
was used by Eastham to design the first two-speed machineal. The
_ technique is ideally suited to the design of close-ratio machipes, in
which tﬁe pole numbers differ by two. As shaded-pole machines are
commonly constructed with four or six poles, the work presented below
‘is céncefned with a foﬁr/six machine, although two/four, and six/eight

machines could equally well be designed by this technique.

In applying the méthod of step-phase modulation to close-
ratio machines, an original wave whose pole number lies between the
two wanted pole numbers is step—phase'modulated in a first direction
at two diametrically opposed positions to produce a first pole number.
The‘second pole number is provided by step-phase modulations in the
opposite direction at the same points. So far this method has mainly
been applied to windings which produce sinusoidally-distributed

travelling fields; the technique is illustrated in fig.lk.
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Fig.14(a) shows an original 5-pole wave, and fig.14(b) shows that the

effect of n/2 steﬁ-phase modulations is to provide a wave with dominant

6-pole pattern. Similarly, ifrﬁhé sfép;pﬁase mé&ﬁlations éréh;i/é,
then the:configuration of figell(c) is produced, which has dominant
L-pole pattern.’ It will be observed that whilst the waves are phase-
‘modulated in each condition, the pattern of fig.1h4(c) may be obtained
from that of fig.ll(b) by reversing section Zrof the excitaﬁion with

respect to section 1.

In order to produce a shading-ring versional the sections of
sinusoidal travelling wave shown in figs.ll4(a) - 14(c) must be replaced
by pulsating square-wave. The appropriate excitation can be provided
by a winding having as many coils as there are poles on the higher pole- '
number, arranged in a suitable non-uniform slotting. This is illustrated
in figs.14(d) and 14(e) for a 4/6 pole machine using six coils. Figure
14(d) shows the ampere-conductor distribution in the 6-pole setting,
whilst fig.ll4(e) shows the distribution after revérsing the coils of
the second half of the winding to produce the L4-pole setting. The
non-uniform slotting, referred to above, takes the form of poles, as
shown by the 1aminatioﬁ drawing for the ppototype two-speed machine,

fig.lso

4,3.2. Alternative Approaches to Two-Speed Machines

The stator pole structure of the two-speed version, illustrated
in fig.l5, resembles the field structuré of the change-pqle sypchronous
machine described by Saﬁ027, Sano's approach to pole-changing of d.c.
fields was as follows,

Fig.16(a) represents the pole structure -of a regular six-pole

field, with polarity marked to show the sense in which the windings are
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connected, and fig,16(b) similarly represents a four-pole structure.
Superposition of the structures of figs.16(a) and 16(b) results in
the structure of fig.16(c), which enables both regulaf six-pole and
regular four-pole fields to be set up. The top row of polarity
markings relate to the six-pole field, and the bottom row relate to
the four—poie field. ©Pole-changing simply involves the reversal of

the windings around poles B with respect to those around poles A.

Sano's next step was to reduce the number of pole—piecés by
amalgamation. This was done by marking-in the lines of symmetfy, as
shown in fig.l6(c & d) and combining the two pairs of small poles
(ieee 2 & 3 and 6 & 7). The composite poles were then reduced in
width and the adjacent poles enlarged, ta give the type of structure
illustrated in fig.16(d). Throughout the process, symmétry is
maintained about the lines marked on fige16(c). Pole-changing is
now achieved by revefsing the polarity of the poles marked D with
respect to those marked E. Figure 16(e) illustrates the excitation
flux-form that would resﬁlt on the six-pole setting, and fig.l6(f)

illustrates that for the four-pole setting.

The pole structure represented by figure 16(d) is seen
to be very similar to that of fig.l4(a) which resulted in the stator
lamination design of fig.l5, and, as in the previous case pole-changing

is accomplished by switching one half of the machine with respect to

the other. In his paper, however, San026 did not consider the relative

widths of the poles, and gave no indication of how these pole widths

might be decideds A iater work, by Fong et al28 considered the same

" %9

type of machine as Sano, but again failed to present any theory concerning

relative pole widths.
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One further work, by Rad,-Sastry and Rao29

attempted to
deal with two-speed shaded-pole induction motors, but confined its

attention to non-salient machines with wound, distributed shading coils.

4,3.,3., The Experimental Machine and Test Results

Following the logic imﬁlied by figure 14, the experimental
machine was constructed with six salient poles, two of which were half the
span of the remaining four. In.érder to facilitate some form of
comparison the prototype was made Qith the same frame size as a
commercially-manufactured four-pole machine, rated at 50W. The
shading rings, too, were chosen so that the same proportion (30%)
of the poles was shaded in both motors, and tests were made using the
rotor supplied with the commercial machine. The resulting pole

structure is illustrated by the lamination drawing of fig.l5.

The .prototype machine was tested in the same rig as the
ramp-gap machine of section 3, and was also analysed using a computer-

‘programme version of the analysis used in this thesis.

The experimental.variations of torque, input current, and
input power with speed for the machine, tested at 240V, 50Hz, are given
in figs.l?-ZQ; in which the computed variations of these same quantities
are also shown. 1In the computer programme 211 harmonics from the -10th .
to the +10th were taken, into account. 'Figures 18-20 also include the

measured characteristics for the commerical four-pole machine.

The performance characteristics show that the fbur-pole
torqug/speed curve for the two-speed machine compares'favourably with that
of the conventional four pole machine, improving the starting torque but

‘reducing the pull-out torque and running speed for a fan-type load. At
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1400 repem., for exaqple, the single-speed machine output is 35 watts,
whereas the two-speed machine produces 28 watts. Under these
conditions the input powers to the machines are 132 and 142 watts
respectively, so the extra loss to be dissipated as heat is 17 watts.
This represents an extra 173% heat loss for the change-pole machine
compared with the commercial mo&el, indicating a higher running
temperature and lower efficiency. For machines of this size the

low efficiency is not critical, but an increase in running temperature
might be insufferable. In this case a reduced voltage or increased
number of turns would be the remedy. However, the six-pole performance
of the change-pole machine is the redeeming feature, a reduced output
for the four-pole machine being the price to pay for two-speed

operation.

The computéd curves of figs 17-20 indicate that the analytical
technique gives agreement which is typical of the results obtained by
othe shaded-pole analyses, and is therefore thought to be acceptable

for use in the prediction of performance characteristics.

Le3.ts Pole Spacing Design for Two-Speed Machines

It was stafed at the beginning of seétion L,3%.3. that the
pole structure of the prototype machine was inferred from the logic of
. the step-phase modulation technique. No other criterion for pole-
spacing was applied, as, to the best of the author's lkmowledge, none
exists. If a fuilyhoptimized two-speed shaded-pole motor had to be
designed, the engineér has many ﬁew parameters to consider. TFor

example, each pole may be wound with a different number of turns, and
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be furnished with a shading-ring of different span and resistance.
Once stator asymmetry, in the form of unequal pole arcsy is introduced,
then, it can be argued all other stator 'quantities' can assume
asymmetry. An investigation into the effects of varying all the
stator quantities independantly between poles would be both lengthy

and complex, and so only the pole-arcs will be allowed to assume

asymmetrye.

The approach is based on the premise that an appropriate
pole-spacing will result in torque/speed characteristic which have
minimum harmonic content. In an attempt to keep the choice of pole-
spacings as general as possible, the optimisation took no account of
the shading-rings, which were treated as if open-circuited. This was
done in the hope that improved designs would be produced for any ring-

size, rather than for a specific size of shading ring.

One method of reducing the harmonic content of the torque

characteristics for the two settings which lends itself to a mathematical

treatment, is to minimise the sum- of the peak torques produced by the
unwanted forward-travelling harmopics.  On the four-pole setting the
unwanted harmonics are the fourth, sixth, eighth etc., whilst on the
six-pole setting the unwanted harmonics are the fifth, seventh, ninth
etce I.i‘ the peak torque for the rth harmonic is designated T:a.x" then

a suitable choice of pole-spacing will minimise the function S5, where

&

oo 6 ‘
S =4 TmaJC + TZ.&X + TmaJC ‘ e o o 0(4118)
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The peak torques for the odd harmonics in equation L4.18, are calculated
for the six-pole configuration, whilst those of the even harmonics are

calculated for the four-pole configuration.

Despite its apparant suitabiiity, the function S defined
by equation 4.18,does not neceésarily produce a good machine, and may,
in fact, broduce a poor one. The reasons for this are two-fold.
Firstly it is the relative amplitudes of the peak torques that are
important, not the absolute values. That is to say, a harmonic peak
torque of 15 synchronous watts on the four-pole setting may represent
only 10% of the peak torque produced by the fundamental, whereas a
harmonic peak torque of 10 synchronous watts might amount to same 15%
of peak fundamental torque on the six-pole setting. If this were the
case, then, in the interests of harmonic.purity, the harmonic on the
six~-pole setting should be minimised in preference to the harmonic
on the four-pfle setting, but the function S contains no built-in
preferences other than absolute valuess Secondly, no allowance is made
in equation 418, for the amplitudes of the fundamental peak torques which

should be naturally be made as large as possible.

A second function S', which overcomes both of these objections, is given

by,

st = o i ° ¥4
T “max ; max -; max ; max
Tiax Tiax Tiax Tiax e o o o(l},19)

Minimisation of S' can be seen to be fully consistent with the

ideas of harmonic purity and peak~torque maximisation.
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The peak torques used in equation 4.J9are calculated using

the harmoqic”rqurvbranc§§sm9f the conventional inauction machine
equivalent circuit. It is assumed, for this purpose, that the machine
operates on a constant-current basis, an assumption that is thought to
be justifiable by the current/speed curﬁes of iig;aQ,and that harmonic
dependant effects such as skin—effect, end-ring resistance and leakage-
reactance, and skew can be neglected. It is shown in Appendix 6.5,

that with these assumptions the torque ratios used in eguation 4.19,

may be given by,

2
m .
max = .EE n/l+ n2x
n m 20
nax kW 1 +mx o o O(LP-ZO)
X
2
where x = 7
m

X2 and Xm are ;eferred rotor leakage and magnetising reactances respectively,
calculated for a two-pole machine of the same dimensions as the one
currently under investigation. Calculation of x therefore introduces
some loss of generality, but as it is not a vital factor in the design

.éf the machine, it may be approximated to using kmown values for typical

machines. For the size of machine currently being optimized the value

x=00L was used,

Equation 4.20, also introduces winding factors, kﬁ. It is
in the calculafion of these winding factors that the stator asymmetry
is mathematically introduced into the optimisation process. Fig.2l(a)
depicts a developed two-speed stator, and introduces the nomenclature
used in the analysis below. Figures 21(b) and 21(c), illustrate the

winding configurations on the six-pole and four-pole settings respectively.



89

i
.

%: P Priea— P -

I
| | I | | !
| : Bp ap Bp 4 ap
| fﬂ“ rrt :i r&—————————ﬂhfdr——————h-
| N | | ! | |

|
1 SN | P I Il N1
| 2u |
P s 1 :
-p _(Q+B)p op 0] (l—(or.+[3)) P (l—OL)P b
(a) Pole-spacings
:/(7®
+2IN ~2IN +2IN _2IN +2IN —2IN +2IN

(b) Six Pole Ampere-conductor configuration

e

-{¢) Four-Pole Ampere~conductor configurations

24
0

+2IN

Fig.El; Pole structure and conductor configuration for
a general L4/6 machine.



It is assumed that the pole-spacing repeats over the two switched
halves of the machine; as shown, because such a configuration eliminates
all the even harmonics on the six-pole setting, and all odd harmonics

on the four. TFourier amnalysis of the windings for the two settings
gives the conductor harmonic distributions :-

. .tn 0 NX
N -3 B =3

4+ o0 . nnW}~ .
S111 =5 NG,
g {p LY, )
NL& = 2—p' T‘F} e e + 1)1 - e e
A==
nN=—o00 P

L] [ ] » .(4.21)
for the four-pole setting, and
+ 00, . fnnw i
| n S N nlo+ .Teno, JTNX
Ns 1 S1 l ) ] Jn . -3 (a B) -3 - 5
N6 = 2—p' Tn-w—}(e 1)1 + e -e ) e
—s
N=—00 P

o o o o(L4o22)
for the six-pole setting (see Appendix 6.2)

n

The two terms (e 9™ + 1) and (e V™ - 1) in equation 4,21,

Q0

and 4,22 indicate that only even harmonics occur on the four-pole setting,

and only odd harmonics on the six-pole setting, which is a consequence of
repeating the pole pattern, as was assumed above., Equations 4.21, and
L,22 can be used to define a distribution~factor, which arises because of

the finite width of the slot mouth, and is defined by the equation

sin{——snnw }
kz' - L N

{%} e oo o(B23)
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The winding factors can now be derived from the complete harmonic
distribution formulae by isolating the terms containing n, a, and B

which determine the harmonic amplitudes, thus,

N

NP

n l.n .=

k, = 5ky |1-e (n even)

(i) Voo o(he2h)

nlo+b LTENG,

S N R % _ed \ (n odd)

W 37d

-/

The two fractions 1/é and 1/5 are introduced into equations
4.2L, to give winding factors in the range O & k € 1 for both pole
pumbers, to facilitate comparison between settings. As the winding
factors are used only in ratio their normalisation as shown in
equation L.24, has no affect on the accuracy of the formula used in

equation 4,20,

All the torque ratios of equation 4.19, can now be calculated,
but the problem of minimising S' still remains. Use is made of the
fact that there are numerous numerical techniques for minimising sums

of squares, and writing equation 4.19, as,

0 2
st = § fr s o @ 0(4025)

r=4

where
~N.
fr = (r even)
F L ] L ] .(4.26)

f = (I‘ Odd)
r .
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enables one of these techniques to be used to minimise S'. The
mathematical method that was adopted is due to M.J.D. PowellBO, and

is capable of minimising the sum of the squares of M functions of N

variables, where MY N.

Here, N = 2,(i.e. o and B) and M is the number of f-functions
considered in the sum for 8's All relevant details of the minimisation

technique are given in Appendix 6.4.

The values of oo and B which minimised the sum of squares

produced a machine with pole-spacings in the ratio

0282 : 0e436 : 0282

The winding factors which result when the optimised pole-spacing is

adopted, are given in table 2.



TABLE 2

Winding Factors for Optimised Two-Speed Machine

Six-Pole Setting ' Four-Pole Setting
Harmonic Winding Harmonic Winding
Number Factor Number Factor
1 0089 2 0979
3 02920 I 0+385
5 0-518 6 04817
7 0325 8 0+699
9 0395 10 0.526
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Le3.5. Comparison of the New Design with the Prototype

The original two-speed motor was constructed with shading-
rings which shaded 30% of the pole face. To facilitate a fair
comparison the optimised machine was analysed as if it too had 30%
shadinge The computed speed torque characteristics for the prototyﬁe
and optimised machines are given in figs.22 and 23. Figure 22 shows
that the eight-pole harmonic dip on the four-pole torque/speed curve has
been smoothed to a large extent, and that the pull-out torque has been
increased. These improvements have been at the expense of the starting
torque, however, which has been reduced by some &%, but the improvement
of starting torque was not one of the features that the optimisation
process was designed to incorporatee. .Figure 2% indicates that the
peak torque and harmonic purity of the six-pole characteristic have
both been enhanced, too, but in this case an improved starting torque
resultse Figures 24 and 25 respectively give the input current and
input power variations with speed, and show that the improvéd torque
characteristics are not gained at the expense of the over-all performance.
Indeed, the predicted current and power characteristics of the machines
indicate that slight reductions in both input current and input power
may be expected from the optimised design, with an associated lower

running temperature.

Lol Three Speed Machines

Loli,1la Original Approach

The idea for a three speed shaded-pole motor occurred during
the contemplation of a possible four/eight two-speed machine. Figure

26(a) depicts the instantaneous idealised flux wave-form produced by a
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regular eight-pole salient-pole single-phasé machine, with no Shading-

ring and an open-circuited rotor. If adjacen£ poles are considered in
pairs, labelled A B C D, then the configuration of.fig.26(a) can be
descriﬁed as A B C D. Reversal of pole-pairs B and D, giving the
configuration A'§ C'5, can be seen to produce the idealised four-pole
wave-form illustrated in fig.26(b). Both the four-pole and the eight- -
pole fields are seen to be regular, and it was thought that a four/eight
two—sﬁeed machine might be a particularly good one. HoWever, it was
noticed that reversal of pole-pairs B and C would give to the irregular
six-pole distribution shown in fig.26(c) and designated & B C D.

Hence a four/six/eight pole three-speed machine can be made, using

eight pole-pieces. Figure 26(d) represents a three-speed méchine in
which the sections have been marked to indicate that in its un-switched
condition it is a six-pole machine. -Four-pole operation is achieved

by reversing all the stator coils above the horizontal diameter, whilét‘.
eight-pole operation results when allrthe coils on one side of fhe
vvertical diameter are.reversed. Polé-changing therefore requires a
four-position four-pole switch. .So far, only four/éix/eight;pole three-
speed machines have been mentioned, but it will be appreciated fhat
two/four/six-pole machines, for example, could equally well be obtained.
The rule is that the machine requires as many pole-pieces as there are poles
on the higher pole number, so that a two/four/six machine would require
only six pole;pieces. Furthermore, a 2/4/6/8-pole four-speed machine
could be constructed using the same pole structure as the .1/6/8 machine

but a slightly more'poﬁplicated six-pole five-position switch. The
two-pole setting would be obtained from the four-pole condition by reversing
the polarity over half the machine defined by a diameter at 45° to the ‘

two diameters drawn in fig.26(a). It is thought, however, that
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the 4/6/8 machine described above is the version which is most likely
to be practically useful, anq all further discussion is restricted to

that pole combination.

Leke2s Alternative Approaches to the Three-Speed Machine

It was indicated at the start of section 4.4.1l. that the
possibility of a three-speed machine was realised more by chance than
by design, and it will be shown here that either the technique of step-
phase modulation or Sano's method could equally as well have been used

to deduce a three-speed configuratiocn.

To use the technique of step-phase modulation a regular
distribution of the same order as the middle poie number must first be
considgred. A regular six-pdle square-wave, which represents an
instantaneous distribution of'stator-driven flux is illustrated in
fig.27(a). To produce four and eight-pole fields from the six-pole
field of fig.27(a), the switching process must be made to add or
subtract two poles, or 3600. To do this the wéveform of:fig.27(a)'
is considered in four blocks. Switching ha 360o therefore requirés
switching ha 90o between blocks. Figure 27(b) illustrates the process
of +90o switching between blocks, to produce an irregular eight-pole
distribution. The switching angles marked beneath the block sections
represent total switching angles, block 2 is switched +90o with respect
to block 1, block 3 is switched +90° with respect toblock2, and éo on.
Similarly figure 27(c) illustrates the effect of -90o switching between
blocks, to produce a perfectly regular four-pole distribption.
Naturally, for a single phase machine the only type of switching available

is 1800, which involves simple coll reversal, but the effect of 90°
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switching can be achieved by employing the ten pole-piece stator
configuration depicted in £ig.27(d). The switched state of the

coils around each of the salient poles is indicated in fig.27(e)

in which a 1 denotes forward connection and a O denotes reverse
connection. The flux forms of figs.27(a) - (b) are not the best

that can be achieved, however, and perfectly regular distributions

are possible if the start of block 1 in fig. 27(a) is phase shifted

by 45° prior to switching, This is shown in fig.28(a) which
represents the instantaﬁeous distribution of stator driven flux in

the six-pole condition. Switching by +90o and -90o will now produce
regular distributions of eight and four-pole fields respectively, as
indicated by figs 28(b) and 28(c). The improved field forms, however,
are at the expense of an increase in the complexity of the stator
structure. Twelve pole pieces of three different siées are now
required, as indicated by fig.28(d). The switching logic for the

new machine is given in fig.28(e). For a single-phase machine it is
most likely that it will be desirable to reduce the number of pole
pieces to a minimum. Clearly, for a 4/6/8-pole machine the minimum
number of poles that will be acceptable is eighte If a datum machine
of eight poles is taken as the starting point, then’four and six poles
are obtained by switching -720° and -360° respectively. With a four
block machine this is accomplished by switching -180° and 90° between
blocks. Reference to fig.26, reveals that this is in fact what was
done to form the first three-speed machine. Fig.26(a) depicts a four-
block machine of eight poles in the un-switched state. Switching by
-180° produces the four—pole machine of fig.26(b), whilst -90° switching

produces the six-pole machine of f£ig.26(c).
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Just as was found in the case of two-speed machines, the
technique developed by San027.for pole-changing salient pole synchronous
machines, can be used to deduce an equivalent three-speed structure
for a single-phase machine. Figures 29(a), 29(b) and 29(c) represent
the pole‘structures of a eight, four, and six-pole d.c. fields, and
are marked with polarity signs to indicaté the sense of the excitation.
Figure 29(d) illustrates the pole structure that would be capable of
producing 21l three pole numbers, and lists the polarity of each pole-
pieée for each connection. It will be immediately obvious that the

pole-structure of Figure 29(d) is identical to that of fig.28(d), once

again showing the close relationship between the two technigues., Samo's

next step is to reduce the number of pole-pieces to a minimgm,‘Whilst
maintaining symmetry about the existing lines of symmetry, shown dashed
in fig.29. This is done by combining pole-pieces in pairs, and
adjusting the resulting pole spans. Figure 29(e) depicts a possible
three-speed machine configuration, employing only eight pole-pieces

of two different kinds. Figure 29(e) also indicates the polarity of
each pole-piece for each pole settinge The pole structure of fig.29(e)
is identical to that implied in fig.26, which in turn has been shown

o

to be identical to that deduced for a eight-pole datum machine with =90

and 180° switching.

The same configuration has, thérefore, been shown to result
from considering the pole-changing from Sano's point of view or from
the step phase modulation point of view both techniques, however, say
nothing about the pole-spacing, and the techniques described in the
two-speed machine section of this thesis had to be applied to obtain

a suitable design.
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L.4.3. Design of a Three-Speed Machine

Secfion Le3.l4y above, described a method of determining a
stator pole structure that would'minimise the harmonic content of
the torque/speed characteristics, and a three-speed stator can be
designed using the same process., The function S' which muét be

minimised now takes the form :-

e |, Tw , T, T
t -— — e
St = T2’2 + T3,3 + T2,2 + T4’4 +

max max max max e o o o(L4e27)

The double superscript notation is introduced into equation 4.27 to
indicate the setting for which the torque must be calculated. Thus
Tﬁ;i is the peak eight-pole torque on the four-pole setting, and 50 on.
Figure 30(a) represents the general stator pole structure of a
four/six/eight-pole three-speed machine, in which the pole-spacing
repeats over the two halves of the machine for purposes of harmonic
elimination. The ampere-conductor configurations for the eight, six,
and four-pole settings are given in figs. 30(b) - (d) respectively.
These ampere-conductor distributions can be resolved into complex
Fourier series,‘exactly as in the two-speed case and winding factors
deduced from the harmonic amplitudes. With nomenclature marked on
fig.30(a), the winding factors are given by,

U jnm(oc+|3) jnm(a+B+¢)_l

gla -% 2 [1-e9 +e -e

w
e o o o(4.28)
jnm(oc+|3+ )

"

W

W+
b

' e o o o(4.29)
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am(p+7)
n,2 _ 1l.n -e J
Kk = 3 kd 1 e

LI BN ] 0(4030)

where the double subscript notation, introduced into equation 4,27,
has once again been used to denote the setting for which the winding
factor is valid, and the distribution factor kg is calculated according
to equation L.23.

The values of a, B, and ¥ which were found to minimise S'
indicated pole-spacings of

00286 : 0s214 : 0214 : 04286

across the two halves of the machine, and the winding factors for such

a pole~spacing are given in Table 3.

LoLt,lt, - The Experimental Machine and Test Results

A three-speed machine with the pole ratios produced using
the optimisation procedure was designed. The‘drawing for the statdr
laminations is whown in Fig.3L. It will be seen from Fig.3l, that the
pole ratios are not exacfly those of the optimised machine, some 'rounding-
off' being necessary to facilitate construction. The unusual shape of the
stator slots, producing parallel-sided rather than tapering pole -tips, was
also introduced as an aid to rapid construction, and it is appreciated
that a commercial version would most likely have tapering pole-tips,
es is nqrmal. The shading-ring slots, shown in Fig.3l, were positioned
with a view to the 'bottleneck' of flux produced because of the unusual

slot shape, and the proportions of the poles that are shaded are



Four-Pole _Six-Pole . Eight-Pole
Setting Setting Setting
Harmonic Winding Harmonic Winding Harmonic Winding
Number Factor Number Factor Number Factor
2 049735 1 00822 2 041113
L 04321 3 0.9312 L 09451
6 07716 5 Qe4770 6 0+3083
8 07615 7 0-3277 8 0+1846
10 04176 9 04693 10 04355
12 0+9277 11 0-8950 12 05805

Table 3

Winding factors for .optimised three-speed machine
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accordingly somewhat higher than usual. All these peculiarities of the
prototype three-speed machine are thought to be unimportant, however,
as it is the principal of operation and application of the analysis that

are being studied here.

The machine was tested using the same technique as previously.
The rotor used was that of a commercial four-pole machine, having 22
bars skewed 30 mechanical degrees. The stator was wound with 175 turns
per pole, and fed from a 200V supply. The case temperature was
maintained at 40°C, 60°C, aﬁd 80°C for the eight, six and four—pole

settings respectively, by switching the supply on and off,.

The torque/speed characteristics for the three settings are
shown in Figs. 32, 33, and 34, which also include the characteristics
that were predicted using the analysis of chapter 2. Figures 33 and
34 indicate that on the six and eight-pole settings the. machine exhibits
torque characteristics that are almost entirely harmonic-free, whilst on the
four-pole setting an excessive fourth-harmonic torque is present. The
Presence of this harmonic torque is disappointing, as it detracts from
the othefwise acceptable performance and indicates that for certain fan-
type loads the prototype machine would have to be run up on the six-pole
setting and switéhed to the four-pole in order to prevent crawling in
the harmonic trough. Furthermore, the torque/speed curve of Fig.32
indicates that the approximations made in the optimisation process are
too severe, and for true harmonic elimination effects of the shading
rings and the full harmonic response of the rotor must be taken into

account.,
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The agreement between predicted and experimental torqge/speed
curves is élso somewhat disappointing, when compared to the success of
previous constant-gap predictions. The discrepancy is most notable on
the four-pole setting. In order to establish the reason for the error,
the program was modified to include calculations of pole fluxes, and
yoke fluxess The results showed that for the change-pole machines of
the type being examined, the fluxes at starting can differ considerably
from those at speeds approaching synchronism, and that each pole and
yoke has a different flux density, because of the stator asymmetry. In
particular; half the'yokes are fully-fluxed on the four-pole setting,
whilst others carry very little flux. Such different levels of
séturation would imply that different poles require different saturation
factors, to produce an effectively stepped structure. The predicted
curves of figures 32-34 all employed a constant saturation factor, and
as such represent the level of accuracy that can be expected from the
analysis in its presépt form, when applied to such a complex magnetic

structure as the three-speed machine.

The prédicted inpﬁt power/speed and input current/speed
characteristics are also shown with those that were experimeﬁtally
determined, in Figs.35 and 36. In contrast with the torque/speed
characteristics the power and current curves show very good agreement

between experimental and predicted results.
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L.5., Conclusions to Chapter Four

The work presented in this chapter of the thesis has demonstrated
that two-speed and three~-speed change-pole shaded-pole motors can be
constructed, and will operate satisfactorily. The analysis developed
in chapter 2 has been shown to be a valuable tool for the analysis of

- these new machines.

Pole-change machines will most definitely require an asymmetrical

stator pole structure, and an gmpirical: method for determining generally

apt pole arc sizes has been developed. This method has been successfully
applied to theoretically iﬁprove the two-speed machine, and was used as an
aid to the design of the three-speed version. The disappointingly high
harmonic content of the three-speed machine torque characteristic for

the four-pole setting has - highlighted the weaknesses of thel empirical f

approachs These weaknesses are believed to be in the peglect of the
shadipg—rings and only partial account>of the rotor. Thel«empirical ;
approach, is tﬁought, hoﬁe&er, to represent a sound basis for an improved
optimisation technique which could couple the harmonic torque‘minimisation
with the shaded-pole machine analysis prograﬁ. Such a combined program
could_furthermofe be made to allow true stator asymmetry, with all stator

parameters being individually varied between polese

The three-speed machine has also brought a weakness in the
present analysis to light. This weakness lies in the fact that an
asymmétrical pole structure can produce drastically varying flux with
both speed and-position around the stator, and for such the adoption
of a single constant saturation factor is not accurate enoﬁgh. Despite
this highly complex situation, however, the present amalysis has produced
results which, though not entirely satisfaqtory, give an approximation

sufficiently close to be of use for most purposes.
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CHAPTER 6

APPENDIX

6.1l. Calculation of Rotor Parameters

6.1.1. Rotor Surface Resistivity,Fg

The rotor surface resistivity for a given nth harmonic,f)?,
is calculated by equating rotor copper losses in the squirrel cage and

the homogeneous conducting sheet by which it is replaced.

If an nth harmonic of rotor surface current density is

considered, given by,

. An . TNX
i, = d, sin(wt + - )

- L] . .(6.1)

integrating over a tooth pitch to determine the current flowing in a

single bar gives,

2
lb:f)\r erx,forabar?.tx=x
X2
. ' ‘. n 2p _. “nkr . o nnX An nnX
Hence := i, = Jr nnv51n D sin(wt +-—5— ) = Ib 51n(mt +-—5—)
Clearly, then, gn _ 2p si nnﬁr gn
b T nn 2p | "r e oo o(6.2)

Well-known formulae exist (e.ge Ref.3l, p.340) which allow

the effective resistance of a squirrel-cage bar to be written:

2Nb
Rﬂar = Rbar + n2n2N Rer e o o o(6.3)
_ p A .
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for an nth harmonic current distribution.

A
For a peak bar current of Ig and Nb bars in the rotor cage, the

total copper loss in the cage is given by,

Pcage - Ib Ri)ar Nb e« o o .(6.’-})

For the conducting sheet of the model, the copper loss is given by,

2
Al I .
Psh.eet = % Ir Pr' w NP p e o o 0(605)

1
wherefj? is used as skin-effect has not yet been considered.

Equating the power loss in the cage and sheet, using equations

A
6.4 and 6.5 and substituting for I% from equation 6.2, gives,

' LN. p >\
n b .. 2)ruA _
Pr = w N nana sin { 2pl:}R‘;)ar e o o 0(606)
' Y

Substituting for Réar from equation 6.3 gives,

ot L ﬁ\‘ .
n .2 ' b
fbr = uNbP sin '%EZ Rbar + 2 QN Rer
_—2 2 P ! Tn D
ENPn n

o o o 0(6-7)

To correct for the effect of frequency upon resistance, the
method of Lewséhitz-Garik.B2 can be used, as recommended by Butler and
Wallace5. The correction is in the form of a multiplicative factor di}
the calculation of which is outlined in Appendix 6.l.4s for the sake of

completeness. The equation for the corrected value OffDr is

P =P§' ¢ | oo 2(6.8)
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6%21.2. Rotor Surface Leakage Inductance, Q,;l

The rotor surface leakage inductance for a given nth
harmonic, ﬂ?, is calculated in a way entirely analagous to the
calculation of P;l above, by equating the mean magnetic energy stored

in the fields set up by cage and conducting sheet.

If the effective specific leakage permeance of a single
squirrel-cage bar is PI‘;ar for the nth harmonic, then the bar leakage

inductance on that harmonic is given by,

Using the results of the previous section gives,

ﬂ,n _ Lﬂ"op l\Ib s_i.nz nn)\l- po
r nZnE.N 2P bar e o o 0(609)
p.
Pgar is calculated by summing the contributions from three components,

slot, zig-zag, and end-turn,

A Slot permeance: Pg

The specific slot permeance may be calculated using well-
Established techniques or by reference to the formulae of Trickey.l
This component is corrected for skin-effect, by multiplying the 'slot constant'

by a skin-effect factor \U s as described in Refz 32 and Appendix 6.lk.
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B Zig-zag permeance: P

zZ7

Most authors quote formulae for referred zig-zag reactance.

The formyla for specific zig-zag permeance, however, can be deduced

from the formulae for slot and zig-zag impedance, given by ChangB,

which is

T
P = f
27 m

g
It is the zig-zag permeance that makesAQ§ gap-dependent, and

it is likely to be the dominant component in‘e? for shaded-pole machines.

C  End-ring permeance: PER

End-ring permeance is the only harmonic-dependent component of
_@?. Its calculation is similar to that of PZZ in as much as it is

deduced, from the formulae given by ChangB, to be,

pr

12476 w N _n>

p

The total permeance may now be written as :-

n

Pbar

= Pt Pgp+ Py e oo o(6.10)

by summing the separate components. Substituting this into equation

6.9, gives an expression which may be written as :-

o _ als) == 4 T
b = e+ +

to show the various components and their dependence on slip, harmonics,

and gape.



6e.le3. Correction for skew of the Rotor Bars

In an attempt to keep the analysis as simple as possible, by

restricting it to one dimensions, the method of Butler and Birch33 was
adopted to teke skew into consideration. The equivalent circuit
derived in the above paper is used to modify the values ofroi and@l;,

as calculated in Sections 6.l.l, and 6.1l.2. above.

Fig. 39(a) shows the nth harmonic branch of the conventional
equivalent circuit of the unskewed rotor, and Fig. 37(b) shows the same

branch, modified for skew by the method of Butler and Wallace.

It can be shown that22 L

X; = mpzp,o
R]IJ: nanapf:g s o -(6.11)
n
. and Ez. _ m.Qr
n - n
RI‘ PI‘ e o o 0(6012)

. 4

If we let Qi be the effective value ofﬂai, when skew is taken into
]

account, and Xi the corresponding effective value of Xﬁ, we have by

inspection,

n, 1 T
X, = xm(kZ -1+ 2
skn skn * o @ .(6.13)

- R
Writing = = x == , and substituting from equations 6.11 and
X %

6.12 we can divide equation 6.13 throughout by X2 to get
N T 9
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Xn P
T (o} 1 1
& - 2z (ka 'l)+k2
T n rg skn skn
n' n'
X ﬂr

Clearly,

2 n
ﬁn' _ Y 'P-o 1 1 +&—
r n2n2 k2 k2

& skn skn

e o o o(6.1Y)

e o o o(6.15)

e o o o(6.16)

150

' .
Equation 6.15 shows that Q: has a gap-dependent component due to skew, so

that if we substitute for Q;l from Appendix 6.1l.1, we can finally write,

2
n' _ 1 By .1 L
l; = 2 (als) + na) e 2 T 2.2 = 1)
skn skn " skn

e o o o(6s17)

] :
where the dependence of é?, on harmonic number, skew, slip and gap

variation is illustrated.
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6.l.4. Correction for Skin Effect

Skin-effect correction is applied using multiplicative factors

-

calculated by the method of Lewschitz—Garil«:}a. For the sake of

completeness the relévant formulae will be stated here.

The a.c. bar resistance and slot leakage inductance are

related to their respective d.c.v counterparts by the relationship

dek) x, c e (628)

H
n

ac

ac ‘P(E) ﬁdc e o o o(6.19)

=
]

where

§(§) =§ sinh 28 + sin‘zg

cosh 2§ - cos Zg e o o o(6.20)

and }p(;) =

sinh 2
cosh 2} - cos 25 e oo o(6.21)

I
:
[=]

wif

3
°5

§ is a factor defined by the equation,

§ = 1+975n | £ f s ]
10

e o o o(6.22)

= total slot depth (mm)
= frequency of supply

Where

bar resistivity (chm-m)

= fractional slip of rotor.

0 0w &
i
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The subscript n has been used because the skin-effect is frequency dependent

and therefore harmonic dependent,

When calculating@ and }I/ for the nth harmonic the value

of s, is given by,

Sn = 1 + n (1 - S) s o @ 0(6.23)

where s is the rotor fractional slip calculated with respect to the
fundamental forward-rotating field. The plus sign arises in equation
6.23 because throughout the analysis of section 2 the standard form

of notation that was adopted gave harmonic distributions of the form,
F .
J = Jn e P' e o o 0(6024)

Positive values ;)f n therefore produce backward-rotating
fields, and negative values of n produce forward-rotating fields. The.
fundamental forward-rotating harmonic therefore has harmonic number
-1, and substituting n=-1 into equation 6.23 shows that equation 6.23

is fully consistant with the definition of s.

6.2 Fourier Analysis of Windings

The method empioyed to resolve the stator windings into complex

harmonic conductor distributions closely follows the work of Saunders.

Figure 38 depicts the conductor distribution around the
periphery of the machine, due to the sth slot, which is assumed to
carry n_ conductors of winding r. It is assumed in fig.38 that

9
the conductors contained in a semi-closed slot can be regarded as being
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evenly distributed in an inffi.nitely thin layer across the slot mouth.
Denoting the mouth width of the sth slot as ZWS, the conductor

distribution of fig.38 can be mathematically described by the equation,

A =2l - <
Nr,s ZWS Xs ws\< N xs Vg
0 élseWhere v e ® 0(6025)

The distribution of equation 6.25 can be resolved into complex Fourier

series, thus:-

0 MK
AN = ¢ e P
Ta8 Ta8 e oo o(6.26)
M= O
+P _ X
m 1 P
where Cr,s = Zp ANI‘,S e dx e o o 0(6.27)
-p

Substituting from equation 6.25 into equation 6.27 gives,

X 4w
A _j X
m -1 n P
rs = Bp 5,r € dx e« o o o(6,28)
2w
X ~w S
5 s
Integrating equation 6.28 gives
sin {nmws} ' -3 nme
m n —

o o .(6.29)
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Now, equation 6.25 relates to the sth slot only, and if the total harmonic
conductor distribution of the rth winding is to be determined, then all

the slot contributions for all S slots must be summed. Therefore:-

o _
Nr = E ANr,s e o o o(6.30)

Substituting for AN _ from equation 6.26 into equation 6.30
9

gives,
S © , JUIX
]
N =Z > ¢ e P
r . , TyS
] |
. s=l  m==co « o . o(6.31)
0 S
171104
. o N = Cm (<] P
r : : T'yS
M==00 s=1 e o o .(6.32)

Equation 6.32 may be written

0

S JUIX
= E T
NI‘ = CI; e e e o .(6033)
m m
where C. = E Gr’S o o o o(6.34)

Equation 6.34 states that the total mth harmonic conductor
distribution of a winding is calculated by summing together all the

mth harmonic contributions for the individual slots.
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In calculating the coefficients Cg,s the vélue of ns’
used must take account of the senée of connection of the conductore.
Thus a 'return' conductor is assigned a minus sign. In the above
analysis an arbitrary zero and 2p have been used. In fact the pefiod
will be determined by the nature of the machine, a symmetrical machine
having P equal to the fundamental pole pitch and an asymmetrical machine
having P equal to half the machine periphery, measured at the airgép.
This has been discussed at length in section 4.2. The zero-of x
co~ordinates will then be taken as the centre of convenient sector
of the periphery of the machine, of length 2p.

-

6.3 Calculation of the Coefficients A‘;'n and A‘él’n for Ramp-Gap

and Step-Gap Machines

6eBele General Considerations

The pole~pieces of the varying-gap machines considered in
this thesis have all been symmetrical, in so far as adjacent poles are
identicals When this is the case the'semi—period P used in all
Fourier analyses and harmonic series, is. equal to the distance between
the centres of adjacent poles, measured along the centre ;f the airgap.
Alternate poles are wound with coils in the opposité Senée; so that

only odd harmonic distributions of flux and current are produced.

With these considerations in mind certain simplifying
conclusions can be deduced for the calculation of Ag’n and Ag’n.
Equations 3,12 and 3.24 mathematically express the definitions of

A™™ ang A" as,
g ¢
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o
UMK MK
Q? (x) e P = Ané’n e P
== oo e o o o(6.35)
o0
and, X JnX
gx) e P = AT o P
g e oo «(6.36)
I=- cO

It was shown in appendices 6.1.2. and 6.1l.3. that 21; (x) is given by

the relationship,

\M)

k n k 22

r 2 o
ﬁ? x) = % ‘ii(s) + E%l + ':é'(x) _g_ + b (k% -1
skn skn T o

« o @ 0(6037)

For the sake of brevity equation 6.37 will be written as,

‘ﬂn'(x5 = U +'1
r g(X) « o o ¢(6o38)

where U and V are obtained from equation 6.37 by inspection.

Now, the formula for AIZ’D can be written as,

0
ENX JX
5 § =
U + ¥ e P _ sz,n e P
g(x) .

e o o f(6‘39)

Consideration of equations 6.36 and 6.39 reveals that the
Fourier analysis involved in the calculation of Amé’n and}l‘.lgn’n

requires integrations of the type,
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P J(n-m)x
1 T
I = = -[ £f(x) e dx e o o +(6.40)
-p

where £(x)

v myn
U + 'a‘x) fOI‘ Aa, |
' ” e o o o(6.141)
and £(x)

g(x) for Ag’n

J

Now as.g(x) is of period p (because all the pole-pieces are

identical) we have,

g{x) = glx+p) o o o o(6.42)

Therefore, f£(x), as defined for either Ag’n or Ai?n'by
equations 6.41, is also periodic and of period p. The general

integration of equation 6.40 can now be considered in two halves,

thus,
© g({n-m)x P n(n-m)x
- 1 P 1 : D
I = 5 £f(x) e dx + 2 2(x) o dx
-p (6]

o o o o(6.143)
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Substitution of x Q v + p into equation 6.43 yields,

j1r(n-rn) s{n~-m) gl{n-m)x
_L P 1 P
I= p © f(y+p) e dy + 35 f(x) e dx
0 0

. e (Bl

Now f£(x) is of period p, therefore,

N

f(y 4o p) = f(y) .. . o 0(6-1“1'5)

Substituting for f£(y+p) from equation 6.45 into equation 6..44, and changing
the variable back to x to combine the integrals under the same sign

of integration, gives,

qaln-m) Y\ a{n~m)x
1 J - J——jg'_'
I= % (e + 1 ) £f(x) e dx

o} | « o -(6046)

q{n-m)
NOW, (e + 1) = (-1 (n-m) + 1) : s o 0(601-]-7)

Equation 6.47 reveals that,

n{n-m)x -

I = % f(x) e Poax (n-m) even

$ L . . .(6.48)

I =0 (n-m) odd




I is therefore non-zero only for n and m being either both odd or

both even. If an even harmonic of rotor flux density B, is assumed
as the starting point of tﬁe analysis of section 3.2.2., then it follows
that only even harmonics of Bg, BQ and Jr will arise. These can

only be set-up by even harmonics of excitation on the stator. It

has already been pointed out that only odd harmonics of stator
excitation are pogsible, from consideyations of symmetry, and therefore

only odd harmdnics of B need be considered in the analysis.

6e3e2+ Ramp-Gap Machines

The airgap profile under one pole of the ramp-gap machine is
represented by fig.39(a). The stator slot mouth is of width 2v s
and the airgap varies linearly from 8 to kgo across the pole-face.
The airgap length opposite the stator slots is assumed equal to the
maximum airgap length, as shown in fig.39(a). With the co-ordinate

system marked on fig.39(a), we have :-

glx) = kg 0{(x<ws )
g (k-1)(x-w_)
glx) = kg, - (()p =) = w { x s P-W_ he . (6.49)
s

glx) = kg, p-ws<x\<p

o
A  The Evaluation of A%’n

From equations 6.48, 6.40 and 6.41,

o ) P .n(n;m)x

Ae’ = -p' U +V e dx e o o 0(6050)

g(x)

140



1

. Fig.39(a) Airgap profile of ramp-gap machine
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Fig.39(b) Airgap profile of step-gap machine



P gt(n-m)x 7 (n-m)x
U 3—5—— v = p
= - e dx + — > dx
0 0 ‘
e o o o(6.51)
m,n MmN
= Il’ + VIZ, * & @ .(6'52)

The first integral of equation 6.51 is given by,

o= v
e o o 0(6053)
T0y0 = 0 nfém
1

as would have been expected from the consideration of equation 6.39.
The second integral requires more attention. Substituting for g(x)

from equation 64,49, gives,

W a(n-m)x paw_ .n(n;m)x
myn _ ;_ P J; o
RN k; "D g, (1) G ) dx
o] kg- -
° s o (p ZWS)
P a{n-m)x
p
1 e
+ 3 — dx
[
P—Ws

e o o 0(6054)

142



143

The first and third integrals of equation 6.54 are straightforward
enough, but the second requires.recourse to exponential integrals.

The solution to equation 6.54 is,

" =__2 S S A =) E (ju'k) - E (Jo!
(m%n) kgonZn—m) M P8, k-1) 1 Jg E; Lo

? (6.55)
o0 2ws (p—aws)loge k
2 pkg, ~ pg lk - 1)

’ ~J
where E1 denotes an exponential integral which may be evaluated using
the formulae given in Ref.34, and B' and a' are given by equation 6.56.

= p(k-1) s° s .
) e o o +(6.56)
, n(n-m) ( ) S
o = Bri:i) P - 2ws J
The coefficients Aﬁ’n can now finally be written,
2
up 1
Am’n = 'X\ = 2 ( - 1) Im’n (mié Il)
¢ 2 P2 2
skn : skn
e o @ 0(605?)
2
u p
At o (a(e) + £ 4 7“ + — (=— - )| 2
) 2 2 2 22 2 2
' skn skn skn
where.Ig’n and Ig,n are given by equations 6.55 and 6.56.
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myn
B The Evaluation of A

From equation 6.41 f(x) = g(x) is taken, for substitution

into equation 6.48.

Thus: -

.n(n—ﬁ)x
- % gx) e P oax c .. o(6.58)

Substituting for g(x) from equation 6.49, and integrating

gives,

. .n(n—m)w
Jgo(k—l) -j s 2p n(n—m)wS

m,n —— ) .
Ag’ (mfn) = TR P + oemn (o - ZWS? sin -—p——

go(k - l)(P - 2WS) * e o
A = g k - ‘

6+3+%. The Step-Gap Machine

The air-gep profile under one pole of the step-gap machine is
given‘in fig.39(b). As for the ramp-gap version the stator slots are
assumed to be of width 2w , and the airgap length opposite the stator
slots is assumed equal to the maximum airgap 1éngth. With the co—ordinate'

system of fig.39(b) the variation of airgap length with x is given by

g(x) = kg, O&x{(1-a) p-w,
glx) = g, (1-a) p - LRETS IR . o o <(6.60)
g(x) = kgo P - ws\< X \<P




A The Evaluation of A™™

The first steps in the evaluation of A™? for a step-gap
profile are identical with those from the ramp-gap, above. The integral

6.50 is split into two integrals, such that,

myn _  m,n m,n
Apm = LT+ VI, . e o o o(6.61)
where, Ii’n = T
m n e o o .(6-62)
]:l’ = 0 m;én
P z(n-m)x
m,n 1 J P v
a.n.d, :[ ! = - E dx o o o .(6-63)
: . B\X
2 @ (x)
o
Substituting for g(x) from equations 6.60 allows Inal’n to be written

as the sum of three integrals.

Thus: -
(1-a)p-w e —— LS a(n-m)x
myn 1 : b 1 p
12' = ‘I')' . £ dx + -1; < &
. ' kgo go
o) (l—a)p—w
s
aln-m)x -
1 e P -
o+ - — d_X e o o o 6.6
E e, (6.64)
=W
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Integration of equation 6.64 gives the result,

nyn 1 ' -
12 = 13 {l + ok a}
o
n(n-m)w a(n-m)a
=J -J

mn g (k=1) =)
IZ = _j__(_kg‘o 7 Comn) e p {1l-¢€

(m#n) .

The final formulae for Ané’n are therefore given by equation 6.57,

where the Ig’n are calculated according to equation 6.65.

B The Evaluation of Ag’n

To evaluate A‘;’n, the substitution £(x) = g(x) is made

into equation 6.40, where g(x) is as defined by equation 6.60

(1"'& )P-WS .n(n-m) % p—ws
* Ame L kg e Poax + &
* g Tp o p go ©
o (l—a.)p-ws
L a{n-~m)x
+ L kg e B dx
P 0
P-w

7 (6465)

.n(n-m)x
g

o o o «(6466)
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Integration of equation 6.66 is very straightforward,

the end result being.

AMt - e (k + o - ak) \
g 9 L
6467
. . a(n-m)w (n-m)o
m,n o _ - s =3
Agz = Jgo(k 1) e 5 (1-e ]

n(n—mi

6elte  The Sum of Squares Minimisation Technique

The method which was used to minimise the sum of squares,
defined in section L4 above, was due to M.J.D. Powell30 and is
described as 'A compromise between three different algorithms for
minimising a sum of squares, namely Newton-Raphson, Steepest Descent
and Marquardt, which automatically obtains and improves the first
derivitive matrix following the ideas of Broydon', It was chosen
by the authors because of ité adaptability to the problem in hand,
and because it does not reéuire a sub-routine for the calculation of
derivitivess Furthermore, being readily availablein Fortran IV
sub-routine form it could be used without an unnecessary study of the

mathematical theory involved,.

Some difficulty arises because the problem involves
constrained minimisation. That is to say, the pble spans have a
minimum (and therefore a maximum) permissible value, based on engineering
considerations such as saturati;n and mecharical strength, and hence
measures have to be taken to prevent the minimim being looked for

outside the desirable ranges, This was simply done by giving each
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of the f-functions, defined in equation 4.25,a large value whenever

the variables (i.e. o and B for the two-speed machine, and o, B and ¥
for the three-speed machine) strayed outside the range of their permitted
valuese In the two-speed case there are-three pole pieces per half-
machine, giving an average pole size of O¢33p. It was thought that

pole widths of less than 010p would be unsuitable, producing the
constraint

0.1$ a,Bs 0.7 e o o 0(6.68)

Similarly for the three-speed case there are four pole-pieces per

hal f-machine, and the constraint adopted was
0.075 § ,8,¥{0785 e oo o(6.69)

This method of introducing a 'penalty function' as applied here is
mathematically very crude, but proved to be perfectly satisfactory in

practice.

At first it was thought that the sub-routine might be
detecting global, rather than local, minima. In order to check this
the program for the two-speed machine was repeatedly run using different
starting values of o and B. For almost every starting point that was
tried, the same answer was arrived at, but one answer differed
considerably. The starting point in question was very close to the
boundary of permitted values, and produced a solution which was also
close to the boundary. This solution, as it turned out, produced

a mathematically superior machine, with S' smaller than the 'correct!'



149

answer. However, the pole~pieces which resulted had ratios of
approximately 1:6:13 making this machine a much less. attractive
proposition than the original solution. It appears, therefore,

that the sub-routine will detect a minimum at the bottom of a valley
in the locality of the starting point. This, in itself, is not
considered to be any disadvantage, as it means that if the equal-poles
point is taken as the starting point, thennthe local minimum in the
vicinity of this point is determined. .In this way machines which are
practically more desirable are produced, subject to the condition of
harmonic puritye As a consequence the equal-poles point was used

as the starting point for the optimisation for both the two-speed and

the three-speed machines.

6.5 Harmonic Torque Ratios

Figure 37(a) shows the nth forward rotor harmonic branch
of the comventional induction machine equivalent circuitse If the
input current is I amps then the power output, in synchronous watts

for the nth harmonic, is given by,

' R> 2
™t = {2 o
S ) * o o 0(6-70)

e %
+
~
s
+
4

For constamt current operation, the peak nth harmonic torque

occurs when,

R; .
== Xg + XE , which on substitution into equation 6,70
5

gives,
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e o o o(6.71)

If the winding factor for the nth harmonic is kﬁ, then the nth harmonic

values used in correéponding two-pole counterparts, by the equations,

o o s o(6s72)

e o o 0(6-73)

e o o .(6074)

N
u
=

=
)\ —
b

Equations 6.73 and 6.74 both assume that the harmonic effects
of skew can be neglected, as well as those of end-ring leakage and skin--
effects These aééumptions are obviously only approximations, but they
are thought to be sufficiently accurate for the problem in hand to be
justifiable. Substituting from equations 6,72 - 6.74 into equation 6.71,

with some re-arrangement gives

o 2
n
Tzax = I2Xm (kw ) -1
20 o l:;:nzx . « o 0(6-75)

where

X = Xz/xm e o o 0(6.76)
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It must now be.assumed that the machine acts as a constant
current device. This is, of course, not true, but reference to any
of the current/speed curves in the main body of the thesis reveals that
the approximation can once again be regarded as sufficiently accurate for
the purpose in hand. With this assumption, and the fprmula of equation
6.71, the ratios of peak torques for the mth and nth forward-travelling

harmonics is given by,

m 2
max kw m/) 1+ m2x
“].,n n 2 '
mnax kW 1 +nx e e @ 0(6077)



