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ABSTRACT 

This thesis is concerned with the analysis of single-phase 

shaded-pole induction motors. 

Chapter two develops an analytical technique which is derived 

from a multi-layer representation of the induction machine. The 

analysis is shown to be capable of taking into account the effects of 

any number of shading-rings and any form of stator winding asymmetry. 

The analysis is further shown to be able to consider the effects of 

peripheral variations of the radial airgap length of a general nature. 

Chapter three applies the varying-airgap analysis to an 

experimental machine in which the airgap varies linearly under the 

pole faces. The predicted performance characteristics of this 

ramp-gap machine are compared with the experimentally determined 

characteristics, to indicate the validity of the analysis. The 

machine with ramp-gap geometry is then theoretically compared with 

a similar machine in which the airgap length changes abruptly under 

the pole face. 

Chapter four introduces two-speed and three-speed change-

pole shaded-pole motors, once again comparing experimental characteristics 

with those obtained using a constant-gap version of the analysis of 

chapter two. An empirical method, which allows an apt choice of stator 

pole structure to be made, is introduced, and the theoretical 

characteristics of an optimised version of the two-speed machine are 

compared with those of the prototype to demonstrate the application 

and validity of this approach. 
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CHAPTER 1 

GENERAL INTRODUCTION  

The single-phase shaded-pole induction motor has enjoyed 

considerable popularity in the realm of fractional and sub-fractional 

horse-power drives since its invention at the end of the nineteenth 

century. Improvement of materials has enabled the rated power output 

for which shaded-pole motors are practical to be raised, and at present 

motors rated at up to 1/3 hp are manufactured. The reasons for their 

popularity are four-fold. In common with all squirrel cage machines, 

the shaded-pole motor requires no electrical contact to be made with 

the rotor, no external switching or additional electrical components 

are necessary to produce a starting torque, the construction is extremely 

simple, and the end-product is very robust and reliable. 

Despite the simplicity of their construction, however, 

shaded-pole motors are most difficult to analyse. Short-circuiting 

part of the salient pole tip with the shading ring, and the common use 

of magnetic slot wedges causes differential saturation, and the heavy 

skewing of rotor bars necessitated by the inherently high harmonic 

content of the stator mmf distribution causes axial redistribution of 

the flux, again producing differential saturation. Both of these 

effects introduce varying degrees of non-linearity into a system which, 

for the purposes of a practicable analysis, must be treated as linear. 

The first significant analysis of shaded-pole motors was due 

to Trickey11  whose two-axis approach allowed standstill performance to 

be predicted. Trickey later extended his analysis to include running 

2 
conditions . Trickey's approach, however, was somewhat cumbersome, 
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and a more manageable analysis was subsequently developed by Chang3. 
Chang's analysis formed the basis for a computer study of the effects 

Of parameter variation on the performance characteristics, by Sherer 

and Herzog4. More recently Butler and Wallace5 have published details 

of an analysis involving transformation of the primary windings into 

their equivalent tapped-quadrature windings, with subsequent application 

of two-phase rotating-field theory to complete the solution. This 

analysis was then used to extend the number of parameters which could 

be varied and studied theoretically.
6  
 Although Butler andliallace's analysis 

enabled any number of completely asymmetrical primary windings to be 

satisfactorily taken into account, it was effectively restricted to 

the analysis of machines with constant radial airgap length. 

Section 2 of this thesis presents an analysis which is readily • 

capable of considering stator winding asymmetry and at the same time 

will take into account variations in the airgap length due to asymmetrical 

pole structure. Such asymmetrical poles are commonly used by manu-

facturers in an attempt to enhance the starting torque, and to date the 

degree and shape of the variation has largely been decided empirically. 

The new analysis is used in section 3 to predict the performance 

characteristics of an experimental machine with a linearly decreasing 

airgap under the pole face, and the test results from the experimental 

machine are compared with those predicted. The analysis is then used 

to compare theoretically the efficacy of two possible airgap geometries, 

for three different sizes of shading ring in the same basic machine. 

Section 4 of this thesis is concerned with the design and 
analysis of two and three-speed shaded-pole motors. Prior to the 
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invention of these machines, speed variation of shaded-pole motors 

has been chiefly accomplished by using tapped stator windings or some 

means of supply voltage variation. Such techniques of speed control 

are by no means entirely satisfactory, due to the reduction of stability 

and pull-out torque, as well as the extra cost of regulation equipment 

or increased winding complexity. In section 4 the techniques of 

pole-changing, well-known in the domain of integral-horsepower induction 

machines, are applied to shaded-pole motors to obtain both two-speed 

and three-speed machines. These machines require only one and two 

reversing switches respectively. The analysis developed for varying-

airgap machines is used in a much simpler form to predict the performance 

characteristics of two experimental motors, and the calculated results 

compared with test results for verification purposes. Design criteria 

for the new change-pole machines are evolved, and the improved 

characteristics of the machines which result from the application of 

such criterea are compared theoretically wi•th•:those of the experimental 

machines. 
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CHAPTER 2 

DEVELOPMENT OF THE ANALYSIS  

2.1. The Mathematical Model  

The model which forms the physical basis for the analysis 

developed in this section, was first suggested by Cullen and Barton? 

and has since been used by numerous authors
8-11  . The model introduced 

by Cullen and Barton was adapted by Tipping8, and Tipping's model, 

modified to include a varying airgap length, is shown in fig.l. 

The stator excitation has been replaced by a surface current 

sheet, js, which is assumed to flow on the underside of a laminated 

block of infinitely permeable iron. The resistances and leakage 

inductances of the stator windings are treated as externally-connected 

impedances, so no provision for stator leakage fluxes is made in the 

model. 

The pseudo-stationary rotor has had its teeth and cage 

replaced by a conducting sheet which lies beneath an anisotropic 

leakage-layer, and on top of an infinitely permeable laminated block. 

The currents induced in the rotor cage thus become a surface current 

density distribution, jr, induced in the conducting sheet. The 

surface resistivityl pr, of the conducting sheet is calculated by 

comparing joule losses for the cage and sheet using the technique 

described in Appendix 6.1. The leakage layer has infinite permeability 

in the y-direction, but a variable permeability, 11,r(x), in the x-

direction, and is considered to have a constant depth, d. This 

variable permeability is a consequence of the airgap variation, and 
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its indirect calculation, in the form of a rotor surface leakage 

inductance, £T, is dealt with in Appendix 6.1. All the rotor 

leakage flux is assumed to leave the conducting sheet normally, and 

then pass peripherally along the machine by means of the leakage 

layer. 

The air-gap flux is assumed to cross the air-gap radially, 

i.e. normally in Fig.l. For a varying air-gap this last assumption 

is obviously not true, as the flux lines will be distorted by the non-

parallel surfaces. For machines with a continuously varying air-gap, 

such as that illustrated in Fig.2(a) it is unlikely that the change of 

air-gap over the pole face will be much more than a factor of five or 

so. For typical ratios of pole pitch to minimum air-gap length, the 

angle of inclination will be of the order of only a few degrees. 

Clearly then, the distortion of flux lines will be minimal and the 

simplifying assumption may be regarded as valid. For machines with 

steps in the stator surface such as that shown in Fig.2(b) the flux 

lines will be bent round by 900, to enter the face of the step normally. 

Such a perturbation, however, will be localized in the vicinity of the 

discontinuity and will extend on either side of it to a distance of 

about one gap length. The assumption, therefore, is not strictly 

valid over only a small fraction of the air-gap surface, and in the 

light of the other assumptions that are commonly made in the one-

dimensional analysis of machines, it is thought that the errors intro-

duced by the model assumptions can be tolerated. 

The effects of saturation and slotting of rotor and stator 

surfaces are assumed to be fully accounted for by the usual techniques 
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Fig.2(a). Ramp-Gap Machine 

Fig.2(b) Step-Gap Machine 
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of applying a saturation factor and Carter's coefficients respectively. 

All quantities vary in the x-direction only, so no account is taken of 

the axial re-distribution of flux due to skewing of the rotor bars. 

Further, all time-dependent quantities vary at the stator-impressed 

frequency only measured in the reference frame of the stator. 

2.2. Formulation of the Differential Equations 

With the assumptions of Section 2.1, and referring to Fig.l, 

the system equations can be formulated. Firstly, the flux, b, leaving 

the rotor normally divides into two components, 

b = b
g 
 + bn 	 . . . .(2.1) 

where bg  is the component crossing the air-gap normally, and bi is the 

leakage-layer component. 

Applying Ampere's Law to loop 1 of Fig.l, gives, 

-bx  = r (x)jr 	
. . .(2.2) 

Now, as the permeability of the leakage layer is infinite in 

the y -direction, 

abx 
b = d Q 	ax 

aj 
b = -11 (x) d r  

e 	r 	ax 
• 

• • 
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Eqn. 2.3 can-be re-written as 

aj 
bt  _ - -e (x) r  r . . . .(2.4) 

wheretr(x) is the rotor surface leakage inductance, which can be 

calculated from the properties of the rotor as shown in Appendix 6.1. 

kr(x) is the inductance per square metre of the rotor surface. 

Ampere's Law may now be written for the main air-gap (loop 

2 in Fig.1) to give;  

ab 
{bg  + 	Ax {g + 	Ax l - g b = 	r + j ax 	ax 	o 	

S i 
Ax 

which, when Ax--->0 becomes/  

ax (g b ) = 	(j r  + j s) 	 . . . .(2.5) 

Finally, Faraday's Law is applied to an elementary loop, 

lying in the plane of the rotor, to give: 

c) 	= v 	+ ab 	ab 
ax 	ax 	at . . . .(2.6) 

Next, advantage is taken of the assumption that all quantities 

vary at supply frequency, and eqns. 2.1, 2.4, 2.5 and 2.6 are re-

written as complex phasors in the form shown below, to form the basis 

for the solution. 



B = B + B 
g 	e 

dJ 
B i(x) r  e = - r 	dx 

d (g B ) = o  (Jr  + J
s) 

dx 

	

v dB 	jwB =4) djr 

	

dx 	ir  dx 
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To avoid confusion with nomenclature, the names of the different 

types of flux density will be stated here. Bg  relates the component 

of flux which crosses the air-gap, linking both the stator and the 

rotor, and is referred to as the 'air-gap flux density'. Be is the 

'leakage flux density' as it relates the leakage flux of the rotor. 

Finally, B is called the 'rotor flux density' and it relates the flux 

which links the rotor surface. In particular it must be appreciated 

that the rotor flux density contains both rotor-driven and stator-

driven components, and is not merely the component of flux produced 

by the rotor current distribution. 

2.3. Basis of the Harmonic Solution  

Tipping
8 

solved equations 2.7 - 2.10 by considering the 

machines he analysed as consisting of discrete peripheral sections. 

Each section was characterised by a constant air-gap length and 

specified stator conditions. The stator sections which he used in 

his study were left completely blank, fitted with a shorting grid, or 

excited with a single space harmonic distribution of surface current 

density. Equations 2.7 - 2.10 were then solved for B, Bg, Be, and 
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Jr, resulting in a steady-state solution plus three space transients 

per section. The amplitudes of the transients were determined by 

matching boundary conditions at the interfaces between adjacent sections. 

Tipping's technique of solution, as it is stated above, is not used 

in this thesis for two reasons. Firstlyl a continuously varying air-

gap, such as that illustrated in Fig.2(a), could only be tackled if 

it was replaced by an approximate stepped profile. Secondly the 

space transients set up by different harmonics of stator excitation 

require different values of Pr  and 12,
r 
which cannot be easily calcu-

lated, except on a harmonic basis. As a consequence a method of 

solving the system differential equations, based on harmonic analysis, 

has been developed. The fundamental principles underlying this new 

technique of solution will now be outlined. 

It is shown in sections 3 and 4 of this thesis that if an 

nth harmonic distribution of rotor flux density, described by) 

4IMX 

B = Bn e 	 . . . .(2.11) 

is to be set up, linking the rotor surface, then it is possible to 

kJS"  coefficients k 2JS
n 
 such that the stator surface current 

density spectrum, required to establish the postulated flux density 

wave, is given by 

=Inc 

	

+CO 	2-7 M,21 

J
s 	J

s 
	1 
m=-00 

. . . .(2.12) 



m n = km,
S
n Bn where 	J

s 
1  

J 
. . . .(2.13) 
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Section 3 shows that the coefficients are non-zero for values of m 

other than m=n when air-gap variation is present, and section 4 deals 

with constant airgap cases, for which only k
nIJS
n is non-zero. The 

coefficients in both instances are functions of r 
andiD

r 
 . Since 

equation 2.11 relates the flux which is seen by the homogeneous rotor, 

it follows that the rotor current density must also consist of a 

single n
th harmonic distribution, as expressed mathematically in eqn. 

2.10. The values of er and° which are used to calculate the i-r 

coefficients km'JS
n are therefore those which correspond to an nth 

harmonic distribution of currents in the rotor cage of the physical 

machine. This allows harmonic-dependant effects such as end-ring 

resistance, skew leakage reactance, and overhang leakage reactance 

to be more correctly considered. 

It is now possible to determine the stator excitation 

spectrum required to establish a rotor flux density distribution given 

byj  +co 	.nnx 

B = 	Bn  e - . . . .(2.14) 

n=-co 

Applying the principal of superposition to equation 2.12 

gives the required current density distribution as, 

	

+00+Co 	.
P

nmx 

J 
I N\ 	i 

km'n Bn  e 
3"--- 

s = 	JS 
	i 

m= -co n= -co 

. . . .(2.15) 

 



. . . .(2.16) 

where 3  +00 
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which may be written as;  

+co.nnx I 	J-- 

\2 	

-- 
J = 	Jn  e P  

n= 

jn 	kn m  Bm  JS 

O 	 . . . .(2.17) 

Equation 2.17 is most easily handled in matrix notation, as 

(J ) = (Kjs) (B) 	 . . . .(2.18) 

(KJS JS ) is a square matrix containing the coefficients k'
n 
' and (1

s
) and 

(B) are column vectors containing the harmonic amplitudes. In equations 

2.14 - 2.17 the full infinite range has been specified. Naturally the 

whole range cannot be considered practically and summations will be 

from -q to +q say. This means that the matrix (KJS  ) will be dimensioned 

(2q x 2q), whilst matrices (Js) and (B) are dimensioned (2q x 1). 

Harmonics of B which lie outside this range will naturally require 

stator current density harmonics which lie within, and.these contributions 

must be ignored. Such an approximation is justifiable if the range 

-q to +q is large enough. In practice the analysis will be performed 

on a digital computer, and the adequacy of the chosen range can then 

be tested simply by extending the range until successive results show 

insignificant changes. For the ramp-gap analysis of section 4 the 

value q = 12 was found to be entirely satisfactory, enabling odd 
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harmonics in the range -23 to +23 to be considered, even harmonics 

being entirely absent. 

Pre-multiplying equation 2.18 by the inverse of (Kjs) gives:- 

(B) 	(Ka )-1  (Js) 	 . . . .(2.19) 

Equation 2.19 allows the rotor flux density harmonic 

spectrum set up by any stator harmonic flux density spectrum, to be 

found. 

In the same way that equation 2.18 was formed, relating 

stator currents and rotor fluxes, it is possible to calculate further 

matrices, defined by the equations 

(B g) = (KBG)  (B) 	. . . .(2.20) 

(Be)  = ( BL)  (B) 	. . . .(2.21) 

(J
r
) = (KuR) (B) 	. . . .(2.22) 

All three K-matrices are of dimension (2q x 2q). For the 

reasons stated above the matrix (KJR  ) will have non-zero elements down 

the leading diagonal only, and zero elements elsewhere for both constant 

and varying airgaps. The matrices (KBG) and (K BL), however, are 

diagonal only in the special case of constant air-gap length. Despite 

the apparently cumbersome process of having to calculate four 

potentially large matrices for each speed examined, it should be 

pointed out that the elements of (Kji), (KBL) and (KBG) are calculated 

en route to those of (KJS  ). The details of the step-by-step calcu-

lation of all these matrices is given in sections 3 and 4 of this 

thesis. 
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In order to use eqns. 2.19 to 2.22 to complete the analysis, 

the stator windings must be resolved into harmonic conductor dis-

tributions, using Fourier series. This is done using the techniques 

of Robinson12 and Saunders13. The relevant fdrmulae are developed 

in Appendix 6.2,where it is shown that the conductor distribution per 

metre of stator surface, for a given winding, may be written as 

+ OD 	.RMX 

N => Nm e 	• 

m=- 03 	 . . . .(2.23) 

in which, of course 	Nn  = 	
n) 

 

If the nth winding is excited by current In, then the 

resulting stator surface current density distribution, assuming all 

other windings to be open-circuited, is given by 

	

+cx 	mx 

J 	 I Nm  e s = n n 

	

M= 	 . . . .(2.24) 

	

03 	4CRIXi 	a--- 
Jm  e P 

TR= — 03 
. . . .(2.25) 

where 

Jm = I Nm s 	n n 
. . . .(2.26) 

With In = 1, equation 2.26 shows that the amplitude of the 

mth harmonic of stator surface current density due to a given winding, 

when that winding is excited with unit current and all other windings 
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open-circuited, is equal to the amplitude of the m
th  harmonic complex 

conductor distribution for that winding. Therefore it is a simple 

matter to calculate the elements of the vector (Js
) for unit current 

in the nth  winding. Application of equations 2.19 and 2.20 then 

solves for the air-gap flux density distribution for these conditions. 

Knowledge of the air-gap flux density distribution permits calculation 

of the emf induced in all other stator windings and with the nth  winding 

itself. These emf's are in effect coupling impedances between the 

stator windings due to the airgap flux. By exciting each stator 

Winding in turn with unit current the coupling impedancesIdesignated 

z ) can be calculated for all values of m and n. The formula used mn 

to calculate these coupling impedances is derived in section 2.4.1. 

To each value of z a component z' must be added. z' mn 	mn 	mn 

is the mutual impedance between windings m and n, calculated for flux 

which does not cross the air-gap. For m n, therefore, z' will be 

imaginary. In the case m = n, i.e. for the leakage inductance of the 

Ath winding, the winding resistance may conveniently be included as a 

real component in z' . We may now write the system of equations., 

V1  = 
(z11 zil)I1 (z12 Zi2)12 Se" 	(z1W ziW)IW 

V2 = (z21 	z21)I1 	6666  

• • • • 

VW  = (zw, + q111) I1  + 
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where we have assumed a total of W stator windings. Reverting, 

once again, to matrix notation:- 

(V) . (z)(I) 
	. . . .(2.27) 

It will be appreciated that once the coupling impedances between 

winding sets have been calculated for the special case of a non-

uniform air-gap the treatment essentially follows that of Brown and 

Jha14. 

Inversion of the matrix (z) now gives 

(I) 	(z)-1(v) 	 . . . .(2.28) 

Matrix (I) contains the currents flowing in each of the W windings. 

Having solved for the actual stator currents it is a simple 

matter to calculate the elements of a new vector (Js) which represents 

the whole stator excitation. Application of the principal of 

superposition to equation 2.26 reveals that the element of (Js) which 

gives the amplitude of the m
th 

harmonic component of stator excitation, 

can be calculated from the formula:- 

JS = 	+ mm 	I NW 
	. . . .(2.29) 

Now that the complete excitation distribution is known, by 

using equation 2.19, followed by equations 2.20, 2.21, and 2.22, the 

total distributions of air-gap flux density, rotor flux density, 

rotor leakage flux density, and rotor surface current density can be 

calculated. Once these distributions have been determined the 

solution can be completed by calculating the output torque and the 

rotor joule loss. The formulae which are used to calculate these 

quantities are developed in sections 2.4.2 and 2.4.3. 
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In the above description of the method of solution, it 

has been tacitly assumed that the rotor speed is constant. In 

order to determine full output characteristics, therefore, it is 

necessary to repeat the process for all required values of rotor 

speed. This is thought to present no problem, as it is certain 

that the analysis will only be used on a digital computer, for which 

such cyclic operations are commonplace. A simple flow chart, 

showing how the operations described above can be successfully 

translated into computer form, is given in Fig.3. 

2.4. The Calculation of Induced E.M.F's, Torques, and Losses 

for the Harmonic Solution  

2.4.1. Induced E.M.F. 

In section 2.3, the idea of coupling impedances between 

stator windings was introduced. 	In order that these coupling 

impedances can be calculated, it is necessary to derive formulae for 

the e.m.f. induced in a space harmonic distribution of winding 

conductors by a space harmonic distribution of airgap flux density. 

Section 2.3 explained how the air-gap flux density distribution due 

to a single stator winding excited with unit current, could be 

calculated as a harmonic distribution, given here by 

q i 	.itnx 
3-7-  B = > B

yi 
 e 

n=-q 
. . . .(2.30) 

If the nth backward and forward - rotating components of 

Bg  are picked out from equation 2.30, and designated, 
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„ a77— 	-n --37-  E = L)E. B-  e ' - B e p z nn g 	g 

.nnx 	.nnx • 

• . . .(2.34) 

29 

max 	.nnx 

BR  = B n  e-3-17-  + Bn  e 	. . . .(2.31) 
g g 

then the electric field induced in the stator surface by this 

distribution is given by Faraday's Laws  

curl E = - dB 
	. . . .(2.32) 

dt 

In the co-ordinate system of Fig 1, and with the assumptions of 

section 2.1, equation 2.32 becomes, 

aEz = aBN = jwBN 	. . . .(2.33) 
ax 	at 

Substituting from equation 2.31 into 2.33, and integrating gives3  

Ez 
is the induced e.m.f. per square metre of stator surface. 

Consider now a stator winding, given by)  

+q 	;nix 
N = 

> I 
N

m 
e P 

m=-q 
. . . .(2.35) 

The e.m.f. induced in this winding by the flux of equation 

2.31 is given by 

en = w Ez Ndx 

o 	 . . . .(2.36) 
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Substituting from equations 2.34 and 2.35 into equation 2.36, gives., 

	1 

_in(n-m)x  p N +q 	 .n(n+m)x 

- B-n Nm e 
e
n 
= wimf 	"Bh  N-

m 
 e 

nn 

o m=-q 

. . . .(2.37) 

Integration of equation 2.37 yields;  

n - 	- n 
e
n 
= wa2Nr  Bg  N 

n 
 - B

n  
g

N 

nn 11 . . . .(2.38) 

For any physical stator winding N 32  = (Nn)*, so the total 

e.m.f. induced in the winding of equation 2.35 by the flux density 

distribution of equation 2.30 may be written conveniently as 

+q 
	 „ 

E = wwp2N 	
i 

> 	(14-) 

n=-q . . . .(2.39) 

If the flux density distribution defined in equation 2.30 

is due to unit current in the m
th 

winding, and the conductor distribution 

of 2.35 is that of the nth  winding, then equation 2.39 gives the 

coupling coefficient zmn, for..?  

zmn 
I 
 m 
 + 

n 
 =0 

. . . .(2.40) 
z = - E 

n
, for I

m 
= 1 

mn 	. 
• 

• • 
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2.4.2. Rotor Torque  

The output torque is calculated when the solution for the 

stator winding currents has been completed. The harmonic distri-

butions of B, B 2 Bc, and Jr
, which have been calculated for unit 

current in each winding, are then multiplied by the actual winding 

currents, and components with the same harmonic number summed to 

give a total harmonic spectrum due to the actual excitation. The 

interaction between the total nth harmonic of rotor current and the 

total nth harmonic of rotor flux density, to produce torque, will now 

be examined. 

The force produced by these nth harmonic distributions is 

given by 

 

{PN 
P 

Fn  = -w ReI B J*  dx r 

 

 

. . . .(2.41) 

• 

With the usual notation 9 

;max 

B = Bn  e 

J = Jn  e r 
 

we have:- 

Fn = -vrpN Re 	j { Jr 
Bn 

} . . . .(2.42) 

. . . .(2.43) 

The total force on the rotor can now be determined. Summing terms 

like 2.43 for all n, and expressing the torque in synchronous watts, 

gives; 
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-wcop
2 
 N 	

+q 
) 	Bn  Jn  

n=..q 

. . . .(2.44) 

2.4.3. Rotor Copper Loss  

Rotor copper lciss is calculated at the same stage as the 

rotor output torque, above. If the total nth harmonic of current 

if given by equation 2.42, then: 

piN 2 

loss = Pr w 	ljr1 dx 

0 
• • • • 2.45) 

2 

loss - Prw p Np 1-rl 
. . . .(2.46) 

For a complete rotor surface current density spectrum, the 

rotor copper loss can be obtained by summing terms such as 2.46, 

giving 

loss 	 Np  
. . . .(2.47) 
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2.5. The Calculation of Stator Leakage Reactances for Shaded-

Pole Machines  

2.5.1. Stator Harmonic Leakage  

Although harmonics which lie outside the range +q to -q 

are neglected in so far as the effect they have on the rotor, they 

must be taken into consideration on the stator. This is because 

the shading-rings are usually excessively short-pitched, and present 

a significant winding factor to such flux distributions. The 

reactance due to these harmonics is usually termed 'harmonic leakage 

reactance', and for machines with more than one stator winding, such 

as a shaded-pole motor, will consist of both self and mutual terms. 

In the present analysis the harmonic leakage reactance is calculated 

by Summation of harmonic terms outside the range +q to -q. 

Consider, for example, the nth harmonic conductor distribution 

of winding A, given by, 

nnx 	 = -3 AT--- 

NNA  = N
n
A  e P  + NA-n  e . . . .(2.48) 

Foi. In I )Iq I the rotor currents induced due to the nth harmonic of 

stator current density may be ignored, and equation 2.9, becomes, 

f

gBgi 	= 110  Js 	
• • • • 2.1+9) 

For such secondary terms as are now being considered, the effects of 

gap variation will also be ignored, and equation 2.49 further modified 

to, 

B = dx 
o 	s 

av . . . .(2.5o) 



• • BN =Op 
g 

,nnx 	irtaKI 

- Nn  A e 

Dag. . . . .(2.52) 
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where gav  is the average air-gap length. Exciting winding A with 

unit current, and substituting from equation 2.48 into 2.50 gives, 

..nnx 	.nnx 

Bg = PoA  e . P  +  

gay 	 . . . .(2.51) 

The formulae of section 2.4.1. may now be used to determine the 

e.m.f. induced in a second winding, winding B, for equations 2.38 

and 2.52 give, 

NA -B  n + -n NB 
n p, N eA,B 	j = 	wmp 	NA  N  

22 nngav 

NA n  +Nn n 	n n 	{N  j* li NA  NB 	{.1\i 	nll  A NB  =N A B + A B 

n **} = 2 Re NA  fNi31 f 

Now 

• • • • 2.53) 

. . . .(2.54) 

. . . .(2.55) 

Substituting equation 2.55 into 2.53 allows the total 

harmonic leakage impedance between two stator windings, m and n, 

to be written 

  

Re fkir  n m) 

 

zhmn
arm  = 2 jp,owmp3Np 

n2 gav . . . .(2.56) 
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Once again the theoretical range of summation is impossible, 

practically, but the contributions contain a 
1/
r
2 term and sufficient 

accuracy can be obtained over an approximate range. For the machines 

considered in sections 3 and 4 of this thesis the range q + 1 to 2q 

was found to be satisfactory. 

2.5.2. The Component of Leakage due to Non-Airgap Flux  

The stator leakage paths of a shaded pole motor for flux 

which does not cross the air-gap have received much attention 

elsewhere3'5, but for the sake of completeness will be re-examined 

here. 	Figures 4(a) to 4(c) illustrate the different types of 

leakage flux paths which must be taken into account. To avoid 

confusion only the barest details have been shown on the developed 

diagrams. 

The main winding self leakage flux consists of main slot 

and tooth-tip components. For the sake of brevity the main winding 

slots will be referred to as main slots and the slots which house only 

the shading rings as shading slots. 	The main slot specific 

permeance can be calculated using the method of Waldschmidt
15, 

following the recommendations of Butler and Wallace5. The tooth-tip 

permeance must take into account the presence of any magnetic slot 

bridge, and of possible differences in tooth-tip depth on the two 

sides of the slot. If a magnetic bridge is present then the problem 

becomes most difficult, as the slot permeance is then governed by the 

extent to which that bridge is saturated. Trickey
I 

suggested a 

cut-and-try method, with reference to saturation curves, and this 

still appears to be the only simple answer. When no slot bridge is 

present the calculation is much simpler, the suggested approximation 
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(a) Main winding self-leakage paths 

(b) Shading-ring self-leakage paths 

(c) Mutual leakage paths 

Fig.4. Stator leakage flux paths 
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being the ratio of mean tooth tip depth to the slot opening5. If 

the main slot permeance is Priis, and the tooth-tip permeance is P221  

then the total effective permeance per pole for the main winding 

is, 

P
1 
 = 4PTT  + 2Pms + PME 	 . . . .(2.57) 

where PME  is the end-winding permeancelcalculated using well-

established formulae. The coefficient 4 for the tooth-tip leakage 

accounts for the fact that the mmf. from two adjacent poles acts across 

the slot opening, and also two tooth-tip paths are magnetically in 

parallel for each pole. Equation 2.57 also pre-supposes that the 

slots on either side of the polar projection are equal. When this 

supposition is not valid equation 2.57 must be ammended tos  

P = ITT + PL + PR + P 
1 TT mS ms ME . . . .(2.58) 

where the superscripts L and R refer to the slots on the left and the 

right of the pole. The self leakage inductance of the main winding 

due to flux which does not cross the airgap, is therefore given by,, 

zstator =jurp. wN P N2 
11 	o p 1 M . . . .(2.59) 

where NM  is the number of turns per pole. In the event of a completely 

asymmetrical stator structure, in which adjacent poles do not carry 

the same number of turns and slots are of different dimensions 

equation 2.59 no longer holds. The principals of calculation out-

lined above, however, still apply and this most general case will not 

be treated in detail. 
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The shading-ring leakage flux paths are illustrated in Fig.4(b). 

The component quantities are main slot leakage flux, tooth tip leakage 

flux, and ring slot leakage flux. The. main slot leakage permeance may 

be calculated using Waldschmidt's method, as can the ring slot leakage 

permeance. If the main slot specific permeance is Pte, and that 

the ring slot Pm, then the total leakage permeance per shading ring is, 

P =P  +P 	+P+ P 2 RS RMS TT RE . . . .(2.6o) 

where P is the shading ring specific end-turn leakage permeance. RE 

If all the poles of the motor are identical, then the 

shading rings can be regarded as being connected in series, and the 

stator self leakage inductance for the series equivalent is given by, 

stator z2 2 	= jwuow Np 
P
2 . . . .(2.61) 

When stator asymmetry is the case, then each shading ring 

must be treated as a separate winding, and the self leakage inductance 

due to stator flux for each of these rings calculated separately. 

In that event, 

zstator = jwu w P r r 	o r . . . .(2.62) 

where the subscript r indicates that the permeances of equation 2.60 

are calculated specifically for the rth ring. 

Figure ii(c) illustrates the paths which leakage flux can 

take to link both main windings and shading rings. The mutual slot 

leakage permeance can be calculated by once again using Waldschmidt's 

method, and the tooth-tip permeance is as above. The total specific 

mutual permeance in this case is given by, 
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P 	= P 	2P 
12 	SM • 	TT . . . .(2.63) 

where PSM 
 is the main slot mutual leakage permeance, and the coefficient 

2 arises because the tooth-tip leakage flux links windings of two 

adjacent poles. The mutual leakage impedance due to stator flux is 

therefore given by, 

stator 	stator 
Z7.. 2 	= z2 1 	= jugw o N  p NM P12 . . . .(2.64) 

where again it is assumed that all the poles are identical. For 

an asymmetrical stator, terms such as 2.63, which take into account 

the differences of the number of turns between stator poles, must be 

calculated, and a mutual term between each shading ring and the main 

winding separately evaluated. 

All the machines considered in this thesis have only one 

shading ring per pole. For machines which have more than one ring 

per pole the principles outlined above can be extended to account for 

the ring mutual leakage flux. The paths taken by such flux are 

discussed in ref. 5. 

2.5.3. The Total Stator Leakage.  Impedances  

The total stator leakage impedances, which were added to 

the air-gap impedances in section 2.3. can now be formulated. 

These impedances consist of the sum of two components discussed in 

sections 2.5.1. and 2.5.2 above. 



z' = z harm + zstator- 
mn mn mn . . . .(2.65) 
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As pointed out in section 2.3, the special case of zi:In  

when min, can conveniently contain the resistance of the nth winding. 

Thus:- 

= z 1-mrm + z stator nn 	nn 	nn 
	r  . . . .(2.66) 

The winding resistance and shading-ring resistances are 

calculated using well-established formulae, and corrected for 

temperature by assuming a running temperature equal to that of an 

existing machine of comparable dimensions. For the machines 

analysed in this thesis a running temperature of 80°C was always 

assumed. 



CHAPTER 3 

SHADED-POLE MOTORS WITH VARYING AIRGAPS  

3.1. Introduction  

If the airgap of a single-phase induction motor is varied 

under the pole faces, in such a manner that the reluctance of the gap 

under one half of the pole is less than the reluctance of that under 

the other half, a travelling field is produced and the machine is self-

starting. The field always travels from the high-reluctance side to 

the low-reluctance side, so the sense of rotation is fixed by the geometry. 

Reluctance-start single-phase induction motors are the simplest single-

phase motors to make, with no auxiliary winding of any sort required. 

The starting torques available, however, are relatively low, and many 

manufacturers prefer to use the reluctance-start principle to enhance 

the starting performance of shaded-pole machines. Possible geometries 

which illustrate the pole structure of a hybrid machine are illustrated 

in figs. 2(a) and 2(b). 

Although many authors have presented analyses for conventional 

shaded-pole machines, (an extensive list of references is given by 

Butler and Wallace5), relatively few have considered machines with 

varying airgaps. Baum16 developed a lengthy analysis for reluctance 

start machines with no shading-rings by extending Trickey's two-axis 

method. He concluded that the starting torque arises from two sources :— 

(1) The difference in leakage inductance of the rotor bars 

at one side of the pole from that on the other causes a different current 

to flow on one side, producing a resultant torque, as in a repulsion motor. 

(2) The difference in mutual reactance on the two sides of 

the poles gives the rotor current under the two sides some difference 

in phase, which also produces a resultant torque. 

1+1 



Poloujadoff17  analysed varying-gap shaded-pole motors by 

treating the squirrel-cage as a series of pseudo-stationary loops, and 

numerically solving for the loop currents by an iterative technique. 

Altenbernd et al18 analysed the varying-gap machine but 

did not include the effects of a shading-ring. Their analysis was 

performed by using permeance and excitation harmonics, to obtain a 

solution which required the inversion of a matrix, as does that of this 

thesis. In their solution, however, the effect of the variation of 

rotor leakage reactance due to the airgap variation was totally ignored. 

More recently Ooka19  has combined the analyses of Chang3  and 

Baum16 to produce a three axis solution for a stepped-gap machine with 

one shading-ring per pole. 

It is the object of this section of the thesis to show how 

the analysis of section 2 can be directly applied to performance 

calculations for a varying airgap shaded-pole motor. The analysis is 

verified by comparison with the experimental results obtained from a 

machine with the air-gap profile illustrated in fig.2(a), and a study 

is made of the comparitive efficacy of the geometries of figs.2(a) and 

2(b). 

3.2. Analysis  

3.2.1. Outline of Sequential Solution 

The calculation of the K-matrices, intorduced in section 2.3, 

requires the sequential solution of equations 2.7 - 2.10. As indicated 

in section 2.3, the starting point in this sequence is the assumption 

1+2 
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of a single nth space-harmonic distribution of rotor flux density. Since 

the rotor 'sees' only this rotor flux, then the currents induced in the 

rotor must also consist of a single nth harmonic distribution. Because 

the zig-zag leakage flux is gap-dependent, the rotor leakage reactance 

must be a function of air-gap length, and therefore the single nth 

harmonic of current in the rotor will drive a whole spectrum of leakage 

flux through the leakage layer. The flux crossing the air-gap 

consequently consists of a dominant nth harmonic component which links 

with the rotor surface, and a spectrum of other harmonics which pass along 

the leakage layer. This airgap flux is driven across the airgap by 

the stator surface current density distribution. 

The variation in airgap length means that the airgap permeance 

also varies, so that a single harmonic of flux density crossing the 

gap requires a harmonic spectrum of current density on the stator. 

The presence of harmonics of current density on the stator, other than 

the nth harmonic postulated on the rotor, can therefore be attributed 

to two causes. Firstly, the variation in rotor leakage under the pole 

faces requires a spectrum of flux to cross the airgap, and all this 

flux links the stator. Secondly the variation in airgap permeance 

results in a single harmonic of flux requiring a spectrum of stator 

surface current density to drive it across the airgap. It is seen 

that these two effects are exactly the same as those which were 

attributed by Baum (see section 3.1) to the production of starting 

torque in reluctance-start single phase induction motors. 



3.2.2. Details of Sequential Solution  

A single nth harmonic space distribution of rotor flux 

density may be considered. This is givenlas in equation 2.11, by, 

AMX 

B = Bn  e 
3--- 

 

Faraday's Law, equation 2.10, re-stated is)  

dJ v dB + ja =pr% r 
dx 	dx 

. . . .(3.1) 

. . . .(3.2) 

Now t 	= 	-s) 	 . . . .(3.3) 

where s is the fractional slip calculated with respect to the synchronous 

speed of the fundamental forward-travelling mmf wave. The rotor current 

density which must co-exist with the flux distribution of equation 3.1, 

is determined by substituting from equations 3.1 and 3.3 into 3.2, 

giving :- 
jEEE dJ 

 
jolBn(1 + n(1 - 6))e P  - Pr dx 

Integrating: 

2-  J
r 

= 2213 - (1 + n(1 - s)) e P  + A 

. . . .(3.4) 

. . . .(3.5) 

where A is an arbitrary constant. 

For any practical squirrel-cage rotor, we require, 

p N 

u/IP  

Jr dx = 0, and hence A = 0 
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Thus we have: 

.nnx 	 .nnx 
X-7-  

Jr = Jr e  T = conB
n 

1 + n(1 - s)) e 	
1 

 
ft 

. . . .(3.6) 

whered F  e, as calculated in Appendix 6.1, can be more correctly used for 

this single harmonic. 

With reference to the K-matrices of section 2.3, it is apparent that 

kn/n  = 19.11 (1 + n(1 - s)) JR - 
nn Fr 

. . . .(3.7) 

where knIJR
n is a diagonal element of (KJR  ). Substituting from 

equation 3.7, into equation 3.6, gives, then, 

.nnx 

3-  Jr  = Bn  kJRnln  e 75  . . . .(3.8) 

Equation 2.8, relates the rotor leakage field to the rotor 

current distribution, as : 

Bt = -/r(x) djr 
dx 

. . . .(3.9) 

Again, as Jr is a single harmonic, the value of/r 
appropriate 

to the nth harmonic (i.ein) can be used, as calculated in Appendix 6.1. 

Substituting for Jr  from equation 3.8, into equation 3.9, gives: 

1 	

.nnx 
3-  

B1 = -In(x) ii-cc  BnkT 	
1 

e P  r 

nu -. n A [ n n = -j —p B11 K 4r  (x) e  P 

. . . .(3.10) 

. . . .(3.11) 
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As shown in the notatianin  (x), the brackets contain terms 

which are functions of x, and can therefore be resolved into a complex 

Fourier series. 

oo 
max 	mnx 

in  (x) e 	

N) 	
m 377 
At'n  e 

3---  

m=  — c0 
. . . .(3.12) 

It can be easily shown (Appendix 6.3) that as thetn  are functions of 

period equal to the fundamental pole pitch of the stator (i.e. p), then 

m for n odd the factors yn  only exist for m odd and non-zero. 

Substituting equation 3.12 into equation 3.11, gives)  

+ 	 7tIIIX 

Bn n n 	m,n Bt = *la B kji 	A t 'n 

m=oo 

. . . .(3.13) 

which may be written as, 

+op 
1 
, 	nmx 

BQ  = 	B
m
'
n 
 e 
J7- 

111=-00 

• • • .(3.14) 

where 1 
m n 	n.nn mn Bi' = 	B kat  Ael . . . .(3.15) 

Comparison between equation 3.15 and the matrix equation 2.21 reveals 

that equation 3.15 may be re-written as ;  

Bm'n = n Bn 	. . . .(3.16) 

1+6 



m where kEin  is the element in the mth row and nth column of matrix 

(KBL). Clearly then, 

0  111  
-BL = - 	

n  n ja.  k, Anyi 
JR . . . .(3.17) 

Substitution of equation 3.17 into equation 3.14, allows the leakage 

flux density to be given by., 

+ CO 
.nmx 

33-0 - 	
3---- n 	m n 	P e 	1 ilia 

m=- co 
. . . .(3.18) 

Equations 3.18 and 3.1, can now be used to substitute for B and Bt 

into equation 2.7, to give 

	

nnx 	+ co 	ATIMX 

	

a--- 	a77- 
B = B - 	= Bn e 	- B 	. kmEL  n e '  

47 

where 3  m,n (min) 

n n k.EA = 1 

cO 

ms  The kEGn  of equation 3.21, are therefore the elements of 

matrix (KEG) of equation 2.20. 

In order to calculate the elements of matrix (KJS  ) the 

final system differential equation must be utilised. Integrating 

equation 2.9 gives, 



*Co 

g(k) B = Bn  

m=-00 

r=-00 

 

• + c0 
.itmx 

e P g (x) Bg  = 

+CO 

m n 

4.co 
.itrx 

Arlin  e 
	 g 

g (x) Bg  = 

g(x) Bg  =(Jr  + J
s
) dx . . . .(3.22) 
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Writing B
g 
 in the form of equation 3.20, gives •— 

Malg(x) e P . . . .(3.23) 

The bracketed term of equation 3.23, may be resolved into complex 

Fourier series, writing)  

+co 
xmx \/ 	itrx J-77 

g(x) e 	Ar
g
l 	e . . . .(3.24) 

Again, for a periodic air-gap variation, the terms Ar /m exist only for 

odd r, given m odd. Substituting from equation 3.24, into equation 

31.23, gives 

. 	. .(3.25) 

. . . .(3.26) 

where . . . .(3.27) 

m n The coefficients 	can conveniently be stored in a matrix 

(KGB), although such a matrix is not used directly in any of the 

matrix equations. If the required stator excitation wave is given by, 



c0 .nmx 
3---  jm,n e  p 
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. . . .(3.28) 

 

M= — CO 

then equations 3.28, 3.26 and 3.8 can be substituted into equation 

3.22 to yield 

.1-o0 	 .nmx 

Bn 	m n 
kaG e  

m=-0o 

{ 	

+co  .nnx . 3-- 	min 3 nmx--- 
Bnk11211  e 	P  JR 	+ 	Js e P 

	1 
• . . .(3.29) M=— c0 

Integrating the right-hand side of equation 3.29 gives )  

  

+co 
.nmx 	 arnx 3--- 

irm,n pn,nn 
	7GBG e 	= - jvLop ..anj,k e P 
m=- co 

.nni 
J 

>  M  

+o M n 
x 

. 	.(3.30) 

M=— 0=0 

Equating harmonic coefficients in equation 3.30 gives )  

jm,n 	m n n = 	IcaLG  B (mOn) 

. . . .(3.31) 

jn,n = „ma  

//oP  
kn

1
n] B  JR 
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Re-writing equation 3.31, as  

jm,n _ kmln Bn 
JS . . . .(3.32) 

then 

mn
JS 	

m,n 
= 	IsGBG 

ILO 

• • . .(3.33) 

nn knS
n = 'stn LiBG n 	- kJ  ' J R

n 
 

IL0P 

The km'n calculated according to 3.33, are the elements of JS 

the matrix (KJS  ) which was introduced in section 2.3. 

The above analysis has assumed that the 'leakage' and 

'airgap' Fourier coefficients, introduced in equations 3.12 and 3.24 

respectively, are known. It is these coefficients that depend upon 

the geometry of the stator, and must be calculated for each configuration 

considered. 	Once these coefficients have been calculated, equations 

3.7, 3.17, 3.21, 3.27 and 3.33 are used in sequence to calculate the 

elements of the K-matrices of section 2.3. The method of solution 

then follows the general method of section 2.3. 
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3.3. Experimental Verification of Variable Gap Analysis  

3.3.1. The Test Machine and Experimental Procedure, 

The validity of the foregoing analysis was tested using 

a ramp-gap machine, with an airgap profile shown in its developed form 

in fig.2(a). The ramp-gap geometry was chosen for an experimental 

machine prior to the development of the analysis, and in the belief 

that a gradual, rather than abrupt, change of airgap length would be 

most benificial. It will be appreciated that such an airgap profile 

is inherently more difficult to analyse than a stepped-gap version. 

Two identical commercially-manufactured machines, each having four 

poles and a rated output of 70W were used in the experiments. The 

first was tested as supplied and the second modified to produce a 

linearly varying airgap length under the pole faces. The maximum 

to minimum airgap ratio was 3 : 1. 

The tests were carried out by coupling the test machine 

to a dynamometer. In order to measure the true electrical torque on 

the rotor, the stator of the test machine was mounted in separate 

bearings, concentric with the machine shaft, and a suitable constraining 

mechanism used to prevent stator rotation. The temperature was kept 

as close to constant as possible by switching off between measurements, 

and with reference to a contact thermometer placed in the stator case. 

In practice the temperature varied typically from 8100 to about 88°C, 

and these variations were thought to be tolerable. 

The predicted performance curves were obtained using the 

a analysis of this thesis in computer program form. The formulae 

for Am'n and Am'n for use in equations 3.17 and 3.27 above are derived 

for a ramp-gap geometry in Appendix 6.3. 
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3.3.2. Comparison of Test Results with Computed Results  

The measured and predicted output torques plotted in synchronous 

watts are shown in fig.5. The agreement between theory and practice 

is thought to be reasonable in view of the degree of approximation 

necessary to calculate the parameters, and also in view of the rather 

low accuracy achieved in the profile milling process necessary to 

convert the existing machine. Table 1 shows the load performance of 

the machines. The accuracy achieved in prediction is again thought 

to be acceptable. 
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TABLE 1 

Speed 

min/ 
V 

I (A) 
Intake 
powe
(W)

r  
Output 
powe
(W)

r  
Effi- 
cienc
(%)

y  Power 
factor 

STANDARD 
MACHINE 

Predicted 1350 110 3.65 200 70.8 35.4 .50 

Measured 1350 110 3•94 242 70.6 29.2 •56 

VARIABLE 
GAP 
MACHINE. 

Predicted 1280 110 5.32  299 57.3 19.2 .51 

Measured 1280 110 6•24 350 70 20 .52 

Predicted and Measured Load Performance Characteristics for  

Standard and Ramp-Gap Machines. 
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3.3.3. Flux measurements at Standstill  

The flux measurements taken at standstill are interesting 

in that they indicate that the usual explanations of the torque- 

producing mechanism are somewhat dubious. Usually it is assumed 

that no travelling field exists under the pole face of a constant- 

gap machine, if the shading-ring is absent. This is a fallacy. 

Local travelling fields are produced, directed as shown in fig.6. 

It must be emphasised that these are true local travelling sections 

of field, so that if search coil measurements are taken, the phase 

will change progressively as the search coil moves in towards the 

pole centre. This effect is shown in fig.7. curve (a) in which 

the flux phase is plotted against position. It will be observed 

that the phase change is considerable and that the field is 'travelling' 

over most of the pole area. 

The curve is symmetrical about the centre line, indicating 

that equal and opposite travelling fields exist. This means that the 

local forces produced on the rotor, balance to give no net torque. 

The effect must not be confused with the twin rotating-field explanation 

of single-phase machine action in which forward and backward fields 

exist simultaneously over the whole of the machine periphery, to yield 

a resultant pulsating uni-phase field and no net travelling field at 

any point. Fig.7, also shows at curve (c) the flux phase results for 

the variable-gap experimental machine, and it is apparent that the 

combined action of the gap-shaping and shading-ring is to tilt the 

phase plot so that the rotor forces produced are no longer in balance 

and a net forward torque is produced. The computed flux phase values 

are shown on fig.71  at curves (b) and (d). It will be observed that 
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'Fig. 6. The travelling field components under the 
poles of a single-Phase motor 
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the correlation between theory and practice is reasonable in view of the 

fact that the mathematical model is one-dimensional. This is, of 

course, only partially true in practice in view of the heavily skewed 

rotor bars of the machine. Whilst the effect of skew may be allowed 

for on a parameter basis so that the calculated output characteristics 

of the machine are acceptable, clearly in considering the precise 

flux distribution the skew effect is not properly accounted for. 

3.4. Comparison of Step-Gap, Ramp-Gap and Constant-Gap Geometries  

3.4.1. Basis of Comparison  

The results shown graphically in fig.5, require some 

interpretation. This is because the machines were artificially kept 

at a suitable operating temperature by switching the supply on and off 

throughout testing. In practice the temperature rise that would be 

suffered by the ramp-gap machine would make continuous operation 

without risk of damage to the winding insulation impossible. 

It would be necessary, therefore, to reduce the rated 

voltage of operation or to increase the number of turns of the stator 

winding, until an acceptable running temperature was obtained. In 

order to compare constant-gap and variable-gap machines of different 

geometry the method suggested by Butler and Wallace6 has been adopted. 

Following their recommendations the computed characteristics 

are scaled to a fixed total loss at rated speed. As no provision is 

madd in the analysis for iron losses this tacitly assumes that such losses 

are negligible. Friction and windage, however, although ignored 

in the body of the analysis, can be thought of as being considered in 

the scaling process, as they are functions of speed, for the same 
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physical machine size. Under these conditions the rate at which 

heat is generated electrically, and the rate at which it is dissipated 

by the fan, are both constant. Any two machines must naturally 

run at the same steady-state temperature under these conditions, and 

therefore a true comparison can be made. 

The geometry-variation results presented in this section 

assume all other parameters are held constant. The 'basic' test 

machine particulars were as follows:- 240V, series connected, 

50H
z
, 4 poles, 180 main-winding turns per pole, rotor skew 60°  

electrical. The results presented are all scaled to produce a total 

loss of 150 Watts at 1400 r.p.m. 

3.4.2. Ramp-Gap Machines 

Figure 8 shows the computed variation of starting torque 

with the ratio of maximum to minimum airgap lengths. This latter 

quantity is henceforward called the 'gap-ratio'. Figure 8 gives curves 

for three possible sizes of shading-ring, producing 20%, 25% and 3C% 

shading.. 	The shading-ring variations are included in order that the 

generality of results obtained can be established. It should be 

appreciated that the percentage shading is measured by the ratio of 

distance between the centre of the shading-slot and the centre of the 

main slot to the pole pitch, measured at the pole face. 

The results indicate that a ramp-gap will always improve on 

the starting torque for gap ratios of up to 4 : 1. For maximum 

possible starting torque a gap ratio of about 1.75 : 1 appears to be 

the most effective, the increases in starting torque with such a gap 

ratio being 11%, 8% and 7.5% for shading - fractions of 3Q%, 25% and 

206 respectively. 
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In order to examine the effects of gap-ratio variation on 

the complete characteristics, fig.9, has been drawn. Figure 9 gives 

the torque-speed and current-speed curves for various gap ratios and 

a constant shading angle of 20%. It can be seen from figure 9 that 

the increased starting torque has been obtained largely at the expense 

of the running performance. Pull-out torque reduces rapidly with gap 

ratio, and the advantage of the reduced current required on starting is 

soon lost as the machine runs up to speed. 

Furthermore, the running efficiency of the ramp-gap version 

was found to worsen progressively as the gap-ratio increases. It is 

evident, therefore, that the ramp-gap geometry is not a good one, the 

price to be paid for improved starting torque is too high. Attention 

was, therefore, turned towards an investigation of a step-gap machine, 

such as the one shown in profile in fig.2(b). 

3.4.3. Step-Gap Machines  

The formulae for Ag  and At  for step-gap machines are derived 

in Appendix 6.3. Figures 10 and 11 give the variation of starting 

torque with step length and height for shading fractions of 2C and 

25% respectively. It is immediately evident that the step-gap geometry 

can improve the starting torque far more than the ramp-gap, with 

increases of 19i% and 19% possible for 20% shading and 25% shading 

respectively. Figures 10 and 11 show that the increased starting 

torque is a genuine result of the geometry variation, and not a result 

of the increased mean airgap length. This is apparent from the fact 

that the torques available for a=0, which correspond to a simple 

increase in airgap length, decrease as the airgap length increases. 

The two figures further indicate that for maximum increase in starting 
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torque, gap ratios of the order of 1.5 - 2.5 appear to be called for. 

It also appears that the step should be placed in such a 

position that it divides the un-shaded portion of the pole-face into 

two equal halves. 

In order to study the effect of a stepped airgap on the 

running performance of the machine, figures 12 and 13 have been 

drawn. Figure 12 illustrates the effect of increasing the gap 

ratio for a machine with 30% shading and 30% of the pole at the 

increased airgap (corresponding to a = 0.7 on fig.10). It is seen 

that the increased starting torque is achieved once again at the 

expense of the pull-out torque. The penalties which must be paid, 

however, are not as severe as those for a ramp-gap machine. For 

example with a gap-ratio of 1.5 thestarting torque is increased by 

13i% for a pull-out torque reduction of only 12%. This compares very 

favourably with the equivalent ramp-gap machine, which improves starting 

torque by only GI% for a massive 24% reduction in pull-out torque. 

The reduction in starting current is not considered to be a significant 

advantage, the running currents being virtually the same for step-gap, 

ramp-gap and constant-gap machines. Fig.13 has been drawn to illustrate 

the effect of changing the step length for the 20% shading machine of 

fig 12, with a fixed gap ratio of 1■5. Fig. 13 shows the typical reduc-

tion of pull-out torque as the mean airgap length increases that 

has been indicated by figures 9 and 12. No current variation curves 

have been included as the conclusions drawn are the same as those from 

the previous curves. Any advantage of reduced current on starting 

is soon lost when the machine is running. 
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3.5. Conclusions to Section 3 

The experimental results presented in this section of 

the thesis are thought to indicate that the variable-airgap analysis 

developed in section 2 is valid. The new analysis is therefore 

believed to represent a significant advancement in the field of 

performance prediction of shaded-pole motors, enabling a whole range 

of machines to be brdught within the realms of analysis. 

Improved starting torque is shown to be produced by suitable 

airgap variation. The improvement in starting torque, however, is 

always at the expense of a reduction in pull-out torque. 

The step-gap profile has been found to be the more preferable 

of the two examined, giving significant improvement in starting torque 

for tolerable reduction in pull-out torque, when an appropriate choice 

of step length and gap ratio is made. For the theoretical machines 

examined, gap ratios in the range 1.5 to 2.5 appear to be advantageous 

excessive gap ratios producing intolerable reduction of pull-out torque 

and also degrading the starting performance. The preferred position 

of the step in the step-gap machine is further seen to be approximately 

at the centre of the un-shaded portion. 
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' CHAPTER 4 

CHANGE-POLE SHADED-POLE MACHINES  

4.1. Introduction 

Variation of the speed of shaded-pole motors is usually 

achieved by using tapped windings or some external method of voltage 

regulation. These methods are not entirely satisfactory, however, 

due to increased cost and complexity. Furthermore, the performance 

characteristics of a machine which has its speed reduced by either 

of these two methods also deteriordtes. The stability of the operating 

point is adversely affected, and only torque/speed curves which do not 

have significant harmonic dips are acceptable. The operating speed 

becomes notably more load dependent, so that speed changing machines 

which rely only on voltage regulation or tapped windings must be 

designed for a specific application if speed is to be name-plated. 

One method of ensuring the right shape of characteristic is to provide 

the machine with a high-resistivity rotor, but this will reduce 

efficiency and increase the tendency for the speed to fluctuate 

'noticeably with a fluctuating load, such as that presented by a fan 

that is subjected to draughts. If a limited number of speeds is 

acceptable, rather than continuous speed control, then pole-changing 

provides an answer to the problem of speed variation without necessarily 

incurring the penalties mentioned above. 

Pole-changing is achieved by varying the amplitude of the 

space-harmonic mmf distributions produced by the stator of the machine, 

so that at one setting a given harmonic dominates and at a second 

setting a different harmonic is predominant. The techniques of pole-

changing, as applied to polyphase and slotted-stator single-phase 



70 

induction machines have received a great deal of attention, but 

change-pole shaded-pole  machines have seldom been considered. An 

excellent bibliography and resume of the techniques of .pole changing 

is given by references 20A and 20B. 

An early change-pole shaded-pole motor was described by 

Eastham21, who had applied the technique of step-phase modulation 

to obtain a two-speed machine. This machine forms the basis for the 

study of the first half of the present chapter. The harmonic analysis 

of section 2 is used in its simpler constant gap form to analyse the 

machine and later to test the validity of a design procedure that 

is developed. 

A three-speed motor, which is thought to be entirely novel 

is described, and the test results of a prototype compared with those 

predicted by computer program. A technique is described which 

enables some design critera to be applied, and the machines which 

result from the application of these criteria are theoretically compared 

with the prototype, to show the extent to which improvements can be made. 

4.2. Analysis  

For constant airgap geometry, as assumed in this section of 

the thesis, the analysis of section 2 becomes greatly simplified. 

As the airgap length is no longer a function of x, (see fig.1, for co-

ordinate system), the equation 2.9, becomes 

g dB =
o 
 (J

r  Js) 
	. . 	.(4.1) 

dx 
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Indeed equation 4.1, is the form which Amperes law for 

airgap flux has appeared in previous publications8.-11 

The first steps in the sequential solution are identical 

to the varying airgap case, exmnined in section 3.2.2. A single nth 

harmonic space distribution of rotor flux density is considered, 

given by, 	
max 

B = Bn e 	 . . . .(4.2) 

As equation 4.2 defines the flux 'seen' by the rotor, the 

rotor flux density distribution which must co-exist with the postulated 

wave is given exactly as in section 3.22 by, 

r-  
Jr = B 0JR1n e 	. . . .(4.3) 

where 

kJRn  = wP n  (1 n(1 - s)) 

nrLIFIr 

. . . .(4.4) 

Next, the leakage equation is used to calculate n 
nL
n 
 

We have from equation 2.8. 

dJ r r . . . .(4.5) 

 

dx 

 

Now for constant airgap machinesir  is no longer a function of x, 

so direct substitution for Jr from equation 4.3, into equation 4.5, 

gives, 

MIX 

= 	e 
	. . . .(4.6) 

p 
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%/rnx 
3--  

B-Bil  23312n  e P  . . . .(4.7) 

72 

where ki/312n  L  = -j nn.e knIRn  r J . . . .(4.8) 

     

p 

Equation 2.7 may now be used to determine the airgap flux 

density, Bg, for, 

B = B + 13)2 

. • 	B = B - Bi 

• 
• • 	B = B 

Thus Bg  may be written, 

Atnx 

B = Bn n n 

. . . 

• • • .(4.10) 

• • • .(4.11) 

. • • .(4.12) 

n 

where 	= 1 - kBLn 
	

. . . .(4.13) 

Finally the required stator excitation is obtained from equation 4.1, 

which on rearrangement gives, 

J
s 

= 	{ dB 3- Jr 
 

o dx 

• . . .(4.14) 

dB 
Substituting for Jr  from equation 4.3, and 	from equation 4.12 

differentiated, gives) 



J
s 
=ij 	nn 

// 	
JR 

n Bn 

o p 

 

hence) 	Js 	JS = k'n  Bn  e P  

kn1  where) 	JSn  =  
nn,n - kjR  

.13_121.1C 
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Equations 4.4, 4.8, 4.13, and 4.17 define the coefficients 

knIn 1  kin, 
 n n, and kjAn  , respectively, for direct substitution into JR

n   

the matrix solution of section 2.3. Inspeetion of the above analysis 

shows that only nth harmonic distributions are present, so that coefficients 

m 
such as kB1,

n 
 for m/n are all zero. For a constant airgap solution, 

therefore, storage space can be saved by storing only the non-zero 

diagonal elements of the K-matrices in a column vector, with suitable 

ammendments made to the matrix algebra. The method of solution, 

however, still follows the basic principles of Section 2.3. 

In applying the variable-gap analysis all the poles were 

assumed to be identical, whereas for a change pole machine, it will be 

seen that this is not so. This asymmetry has two consequences as 

far as the above analysis is concerned. Firstly the fundamental pole-

pitch, p, of the machine must be considered to be equal to half the 

machine circumference,- measured at the airgap. This means the motor 

is treated as a two-pole machine, and can cope with the dominant pole 

numbers on each setting as being integral harmonics. In this way a 
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six-pole machine requires a dominant third harmonic and a four-pole 

requires a dominant second. Secondly the shading-rings can no 

longer be treated as a single series connected winding. Each ring must 

be considered as a separate winding and treated as such, unless 

the pole structure and connection configuration produces symmetry about 

a diameter, for reasons of harmonic elimination, in which case 

diametrically opposed rings can be treated in pairs. 

4.3. Two-Speed Machines  

4.3.1. Step-Phase Modulation Approach  

The two-speed shaded pole motor will be described in terms 

of the step-phase modulation technique, which has been discussed in 

detail elsewhere23-26,20 

This approach has been chosen because it is the one which 

was used by Eastham to design the first two-speed machine21. The 

technique is ideally suited to the design of close-ratio machines, in 

which the pole numbers differ by two. As shaded-pole machines are 

commonly constructed with four or six poles, the work presented below 

is concerned with a four/six machine, although two/four, and six/eight 

machines could equally well be designed by this technique. 

In applying the method of step-phase modulation to close-

ratio machines, an original wave whose pole number lies between the 

two wanted pole numbers is step-phase modulated in a first direction 

at two diametrically opposed positions to produce a first pole number. 

The second pole number is provided by step-phase modulations in the 

opposite direction at the same points. So far this method has mainly 

been applied to windings which produce sinusoidally-distributed 

travelling fields; the technique is illustrated in fig.14. 
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Fig.14(a) shows an original 5-pole wave, and fig.14(b) shows that the 

effect of n/2 step-phase modulations is to provide a wave with dominant 

6-pole pattern. Similarly, if the step-phase modulations are n/2, 

then the configuration of fig.14(c) is produced, which has dominant 

4-pole pattern. It will be observed that whilst the waves are phase-

modulated in each condition, the pattern of fig.14(c) may be obtained 

from that of fig.14(b) by reversing section 2 of the excitation with 

respect to section 1. 

In order to produce a shading-ring version2 1  the sections of 

sinusoidal travelling wave shown in figs.14(a) - 14(c) must be replaced 

by pulsating square-wave. The appropriate excitation can be provided 

by a winding having as many coils as there are poles on the higher pole-

number, arranged in a suitable non-uniform slotting. This is illustrated 

in figs.14(d) and 14(e) for a 4/6 pole machine using six coils. Figure 

14(d) shows the ampere-conductor distribution in the 6-pole setting, 

whilst fig.14(e) shows the distribution after reversing the coils of 

the second half of the winding to produce the 4-pole setting. The 

non-uniform slotting, referred to above, takes the form of poles, as 

shown by the lamination drawing for the prototype two-speed machine, 

fig.15. 

4.3.2. Alternative Approaches to Two-Speed Machines 

The stator pole structure of the two-speed version, illustrated 

in fig.15, resembles the field structure of the change-pole synchronous 

machine described by Sano
27. Sano's approach to pole-changing of d.c. 

fields was as follows. 

Fig.l6(a) represents the pole structure of a regular six-pole 

field, with polarity marked to show the sense in which the windings are 
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Fig. 15. Lamination Brawing for prototype 
two-speed machine 
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connected, and fig.16(b) similarly represents a four-pole structure. 

Superposition of the structures of figs.16(a) and 16(b) results in 

the structure of fig.16(c) which enables both regulak six-pole and 

regular four-pole fields to be set up. The top row of polarity 

markings relate to the six-pole field, and the bottom row relate to 

the four-pole field. Pole-changing simply involves the reversal of 

the windings around poles B with respect to those around poles A. 

Sano's next step was to reduce the number of pole-pieces by 

amalgamation. This was done by marking-in the lines of symmetry, as 

shown in fig.16(c & d) and combining the two pairs of small poles 

(i.e. 2 & 3 and 6 & 7). The composite poles were then reduced in 

width and the adjacent poles enlarged, to give the type of structure 

illustrated in fig.16(d). Throughout the process, symmetry is 

maintained about the lines marked on fig.16(c). Pole-changing is 

now achieved by reversing the polarity of the poles marked D with 

respect to those marked E. Figure 16(e) illustrates the excitation 

flux-form that would result on the six-pole setting, and fig.l6(f) 

illustrates that for the four-pole setting. 

The pole structure represented by figure 16(d) is seen 

to be very similar to that of fig.14(a) which resulted in the stator 

lamination design of fig.15, and, as in the previous case pole-chahging 

is accomplished by switching one half of the machine with respect to 

the other. In his paper, however, Sano26 did not consider the relative 

widths of the poles, and gave no indication of how these pole widths 

might be decided. A later work, by Fong et a128  considered the same 

type of machine as Sano, but again failed to present any theory concerning 

relative pole widths. 

• V9 



One further work, by Rao Sastry and Rao29 attempted to 

deal with two-speed shaded-pole induction motors, but confined its 

attention to non-salient machines with wound, distributed shading coils. 

The Experimental Machine and Test Results  

Following the logic implied by figure 14, the experimental 

machine was constructed with six salient poles, two of which were half the 

span of the remaining four. In. order to facilitate some form of 

comparison the prototype was made with the same frame size as a 

commercially-manufactured four-pole machine, rated at 50W. The 

shading rings, too, were chosen so that the same proportion (50%) 

of the poles was shaded in both motors, and tests were made using the 

rotor supplied with the commercial machine. The resulting pole 

structure is illustrated by the lamination drawing of fig.15. 

The prototype machine was tested in the same rig as the 

ramp-gap machine of section 3, and was also analysed using a computer-

programme version of the analysis used in this thesis. 

The experimental variations of torque, input current, and 

input power with speed for the machine, tested at 240V, 50Hz, are given 

in figs.17-20, in which the computed variations of these same quantities 

are also shown. In the computer programme all harmonics from the -10th 

to the +10th were taken, into account. Figures 18-20 also include the 

measured characteristics for the•commerical four-pole. machine. 

The performance characteristics show that the four-pole 

torque/speed curve for the two-speed machine compares favourably with that 

of the conventional four pole machine, improving the starting torque but 

reducing the pull-out torque and running speed for*a fan-type load. At 

8o 
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1400 r.p.m., for example, the single-speed machine output is 35 watts, 

whereas the two-speed machine produces 28 watts. Under these 

conditions the input powers to the machines are 132 and 142 watts 

respectively, so the extra loss to be dissipated as heat is 17 watts. 

This represents an extra 17i% heat loss for the change-pole machine 

compared with the commercial model, indicating a higher running 

temperature and lower efficiency. For machines of this size the 

low efficiency is not critical, but an increase in running temperature 

might be insufferable. In this case a reduced voltage or increased 

number of turns would be the remedy. However, the six-pole performance 

of the change-pole machine is the redeeming feature,- a reduced output 

for the four-pole machine being the price to pay for two-speed 

operation. 

The computed curves of figs 17-20 indicate that the analytical 

technique gives agreement which is typical of the results obtained by 

othe shaded-pole analyses, and is therefore thought to be acceptable 

for use in the prediction of performance characteristics. 

4.3.4. Pole Spacing Design for Two-Speed Machines  

It was stated at the beginning of section 4.3.3. that the 

pole structure of the prototype machine was inferred from the logic of 

the step-phase modulation technique. No other criterion for pole-

spacing was applied, as,- to the best of the author's knowledge, none 

exists. If a fully-optimized two-speed shaded-pole motor had to be 

designed, the engineer has many new parameters to consider. For 

example, each pole may be wound with a different number of turns, and 
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be furnished with a shading-ring of different span and resistance. 

Once stator asymmetry, in the form of unequal pole arcs, is introduced, 

then, it can be argued all other stator 'quantities' can assume 

asymmetry. An investigation into the effects of varying all the 

stator quantities independantly between poles would be both lengthy 

and complex, and so only the pole-arcs will be allowed to assume 

asymmetry. 

The approach is based on the premise that an appropriate 

pole-spacing will result in torque/speed characteristic which have 

minimum harmonic content. In an attempt to keep the choice of pole-

spacings as general as possible, the optimisation took no account of 

the shading-rings, which were treated as if open-circuited. This was 

done in the hope that improved designs would be produced for any ring-

size rather than for a specific size of shading ring. 

One method of reducing the harmonic content of the torque 

characteristics for the two settings which lends itself to a mathematical 

treatment, is to minimise the sum of the peak torques produced by the 

unwanted forward-travelling harmonics. On the four-pole setting the 

unwanted harmonica are the fourth, sixth, eighth etc., whilst on the 

six-pole setting the unwanted harmonics are lhe fifth, seventh, ninth 

etc. If the peak torque for the rth harmonic is designated Tax  then 

a suitable choice of pole-spacing will minimise the function S, where 

S = T 	+ T5  + T6  max max max . . . .(4.18) 
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The peak torques for the odd harmonics in equation 4.18, are calculated 

for the six-pole configuration, whilst those of the even bsrmonics are 

calculated for the four-pole configuration. 

Despite its apparent suitability, the function S defined 

by equation 4.18, does not necessarily produce a good machine, and may, 

in fact, produce a poor one. The reasons for this are two-fold. 

Firstly it is the relative amplitudes of the peak torques that are 

important, not the absolute values. That is to say, a harmonic peak 

torque of 15 synchronous watts on the four-pole setting may represent 

only 10G of the peak torque produced by the fundamental, whereas a 

harmonic peak torque of 10 synchronous watts might amount to same 15% 

of peak fundamental torque on the six-pole setting. If this were the 

case, then in the interests of harmonic purity, the harmonic on the 

six-pole setting should be minimised in preference to the harmonic 

on the four-pae setting, but the function S contains no built-in 

preferences other than absolute values. Secondly, no allowance is made 

in equation 4.18,for the amplitudes of the fundamental peak torques which 

should be naturally be made as large as possible. 

A second function S', which overcomes both of these objections, is given 

by, 

S' = ax  - TMax.- TMaxT ax 

+ 11 	
+ 

T2 3  T2 +  T3  
max max 	max 	max . . . .(4.19) 

Minimisation of S' can be seen to be fully consistent with the 

ideas of harmonic purity and peak-torque maximisation. 



88 

The peak torques used in equation 4.19 are calculated using 

the harmonic rotor branches of the conventional induction machine 

equivalent circuit. It is assumed, for this purpose, that the machine 

operates on a constant-current basis, an assumption that is thought to 

be justifiable by the current/speed curves of fig;20, and that harmonic 

dependant effects such as skin-effect, end-ring resistance and leakage-

reactance, and skew can be neglected. It is shown in Appendix 6.5, 

that with these assumptions the torque ratios used in equation 4.19, 

may be given by, 

2 

max = 

max 

1 + n2x  

1 + m2  x -  
• • • .(4.20) 

where 	x = X2 

m 

X
2 
and X

m 
are referred rotor leakage and magnetising reactances respectively, 

calculated for a two-pole machine of the same dimensions as the one 

currently under investigation. Calculation of x therefore introduces 

some loss of generality, but as it is not a vital factor in the design 

of the machine, it may be approximated to using known values for typical 

machines. For the size of machine currently being optimized the value 

x=0•04 was used. 

Equation 4.20, also introduces winding factors, 21,17. It is 

in the calculation of these winding factors that the stator asymmetry 

is mathematically introduced into the optimisation process. Fig.21(a) 

depicts a developed two-speed stator and introduces the nomenclature 

used in the analysis below. Figures 21(b) and 21(c), illustrate the 

winding configurations on the six-pole and four-pole settings respectively. 
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It is assumed that the pole-spacing repeats over the two switched 

halves of the machine, as Shown, because such a configuration eliminates 

all the even harmonics on the six-pole setting, and all odd harmonics 

on the four. Fourier analysis of the windings for the two settings 

gives the conductor harmonic distributions :- 

+co 

	

	
-3 

innw 
N  
	

}. I sin —5 	- 3 .7tnor, 	inn 	
- 
.743 o 	AU1X -  

	

N4 	2p  	nnw 	 (e 	+ 1)(1 - e 	) e -  
—s} n=- oo 	 p 

. . . .(4.21) 
for the four-pole setting, and 

N 
+co  [nnw [ sin —s 

P 
	inn 

 - 	-3 
.nn(m+P) _37E= 

-37-  
N = 

	

6 	2p 	 (e - -1)(1 + e nnw 	 -e 	) e 

n=-0o 	P 

. . . .(4.22) 

for the six-pole setting (see Appendix 6.2) 

The two terms (e inn  + 1) and (e inn  - 1) in equation 4.21, 

and 4.22 indicate that only even harmonics occur on the four-pole setting, 

and only odd harmonics on the six-pole setting, which is a consequence of 

repeating the pole pattern, as was assumed above. Equations 4.21, and 

4.22 can be used to define a distribution-factor, which arises because of 

the finite width of the slot mouth, and is defined by the equation 

nnw sin 
E_ kd - nnw 

I P 	• • • .(4.23) 
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The winding factors can now be derived from the complete harmonic 

distribution formulae by isolating the terms containing n, a, and p 

which determine the harmonic amplitudes, thus, 

.n-rc 13 n 	-3 	
(n even) kn = 1 —kd  1-e 2  

. .(4.24) 
..mn(a+b) 	.71/1a 	(n odd) -3 1 - e 	-e-3 

The two fractions 1/2 
and 1/

3 are introduced into equations 

4.24, to give winding factors in the range 0 ‘. w < 1 for both pole 

numbers, to facilitate comparison between settings. As the winding 

factors are used only in ratio their normalisation as shown in 

equation 4.24, has no affect on the accuracy of the formula used in 

equation 4.20. 

All the torque ratios of equation 4.19, can now be calculated, 

but the problem of minimising S' still remains. Use is made of the 

fact that there are numerous numerical techniques for minimising sums 

of squares, and writing equation 4.19, as, 

n 	2 
S' = 	f

r 
/ 	I 
r=i+ 

. . . .(4.25) 

where 

kr  f 	212 11+4x 
k2 r 1+r2x 

(r even) 

. .(4.26) 

kn - 1 kn 3 d 

f 	 La- f 1+9x } 
r 	k3 r l+r2x 

(r odd) 
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enables one of these techniques to be used to minimise S'. The 

mathematical method that was adopted is due to M.J.D. Powell30, and 

is capable of minimising the sum of the squares of M functions of N 

variables, where M>. N. 

Here, N = 2,(i.e. % and p) and M is the number of f-functions 

considered in the sum for S'. All relevant details of the minimisation 

technique are given in Appendix 6.4. 

The values of a and p which minimised the sum of squares 

produced a macbine with pole-spacings in the ratio 

0.282 : 0.436 : 0.282 

The winding factors which result when the optimised pole-spacing is 

adopted, are given in table 2. 
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TABLE 2  

Winding Factors for Optimised Two-Speed Machine  

Six-Pole Setting Four-Pole Setting 

Harmonic 
Number 

Winding 
Factor 

Harmonic 
Number 

Winding 
Factor 

1 

3 

5 

7 

9 

0.089 

0.920 

0.518 

0.325 

0.395 

2 

L. 

6 

8 

10 

0.979 

0.385 

0.817 

0.699 

0.526 
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4.3.5. Comparison of the New Design with the Prototype  

The original two-speed motor was constructed with shading-

rings which shaded 30$ of the pole face. To facilitate a fair 

comparison the optimised machine was analysed as if it too had 3% 

shading. The computed speed torque characteristics for the prototype 

and optimised machines are given in figs.22 and 23. Figure 22 shows 

that the eight-pole harmonic dip on the four-pole torque/speed curve has 

been smoothed to a large extent, and that the pull-out torque has been 

increased. These improvements have been at the expense of the starting 

torque, however, which has been reduced by some 8%, but the improvement 

of starting torque was not one of the features that the optimisation 

process was designed to incorporate. Figure 23 indicates that the 

peak torque and harmonic purity of the six-pole characteristic have 

both been enhanced, too, but in this case an improved starting torque 

results. Figures 24 and 25 respectively give the input current and 

input power variations with speed, and show that the improved torque 

characteristics are not gained at the expense of the over-all performance. 

Indeed, the predicted current and power characteristics of the machines 

indicate that slight reductions in both input current and input power 

may be expected from the optimised design, with an associated lower 

running temperature. 

4.4. Three Speed Machines  

4.4.1. Original Approach 

The idea for a three speed shaded-pole motor occurred during 

the contemplation of a possible four/eight two-speed machine. Figure 

26(a) depicts the instantaneous idealised flux wave-form produced by a 
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regular eight-pole salient-pole single-phase machine, with no shading-

ring and an open-circuited rotor. If adjacent poles are considered in 

pairs, labelled A B C D, then the configuration of fig.26(a) can be 

described as A B C D. Reversal of pole-pairs B and D, giving the 

configuration ABC  D, can be seen to produce the idealised four-pole 

wave-form illustrated in fig.26(b). Both the four-pole and the eight-

pole fields are seen to be regular, and it was thought that a four/eight 

two-speed machine might be a particularly good one. However, it was 

noticed that reversal of pole-pairs B and C would give to the irregular 

six-pole distribution shown in fig.26(c) and designated A B C D. 

Hence a four/six/eight pole three-speed machine can be made, using 

eight pole-pieces. Figure 26(d) represents a three-speed machine in 

which the sections have been marked to indicate that in its un-switched 

condition it is a six-pole machine. Four-pole operation is achieved 

by reversing all the stator coils above the horizontal diameter, whilst 

eight-pole operation results when all the coils on one side of the. 

vertical diameter are reversed. Pole-changing therefore requires a 

four-position four-pole switch. So far, only four/six/eight-pole three-

speed machines have been mentioned, but it will be appreciated that 

two/four/six-pole machines, for example, could equally well be obtained. 

The rule is that the machine requires as many pole-pieces as there are poles 

on the higher pole number, so that a two/four/six machine would require 

only six pole-pieces. FUrthermore, a 2/4/6/8-pole four-speed machine 

could be constructed using the same pole structure as the.4/6/8 machine 

but a slightly more complicated six-pole five-position switch. The 

two-pole setting would be obtained from the four-pole condition by reversing 

the polarity over half the machine defined by a diameter at 45°  to the 

two diameters drawn in fig.26(a). 	It is thought, however, that 



101 

the 4/6/8 machine described above is the version which is most likely 

to be practically useful, and all further discussion is restricted to 

that pole combination. 

4.4.2. Alternative Approaches to the Three-Speed Machine  

It was indicated, at the start of section 4.4.1. that the 

possibility of a three-speed machine was realised more by chance than 

by design, and it will be shown here that either the technique of step-

phase modulation or Sano's method could equally as yell have been used 

to deduce a three-speed configuration. 

To use the technique of step-phase modulation a regular 

distribution of the same order as the middle pole number must first be 

considered. A regular six-pOle square-wave, which represents an 

instantaneous distribution of stator-driven flux is illustrated in 

fig.27(a). To produce four and eight-pole fields from the six-pole 

field of fig.27(a), the switching process must be made to add or 

subtract two poles, or 360°. To do this the waveform of fig.27(a) 

is considered in four blocks. Switching ± 360°  therefore requires 

switching - 90°  between blocks. Figure 27(b) illustrates the process 

of +90°  switching between blocks, to produce an irregular eight-pole 

distribution. The switching angles marked beneath the block sections 

represent total switching angles, block 2 is switched +90°  with respect 

to block 1, block 3 is switched +90°  with respect toblock2, and so on. 

Similarly figure 27(c) illustrates the effect of -90°  switching between 

blocks, to produce a perfectly regular four-pole distribution. 

Naturally, for a single phase machine the only type of switching available 

is 180°, which involves simple coil reversal, but the effect of 90° 
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switching can be achieved by employing the ten pole-piece stator 

configuration depicted in fig.27(d). The switched state of the 

coils around each of the salient poles is indicated in fig.27(e) 

in which a 1 denotes forward connection and a 0 denotes reverse 

connection. The flux forms of figs.27(a) - (b) are not the best 

that can be achieved, however, and perfectly regular distributions 

are possible if the start of block 1 in fig. 27(a) is phase shifted 

by 45
0  prior to switching. This is shown in fig.28(a) which 

represents the instantaneous distribution of stator driven flux in 

the six-pole condition. Switching by +90°  and -90°  will now produce 

regular distributions of eight and four-pole fields respectively, as 

indicated by figs 28(b) and 28(c). The improved field forms, however, 

are at the expense of an increase in the complexity of the stator 

structure. Twelve pole pieces of three different sizes are now 

required, as indicated by fig.28(d). The switching logic for the 

new machine is given in fig.28(e). For a single-phase machine it is 

most likely that it will be desirable to reduce the number of pole 

pieces to a minimum. Clearly, for a 4/6/8-pole machine the minimum 

number of poles that will be acceptable is eight. If a datum machine 

of eight poles is taken as the starting point, then-four and six poles 

are obtained by switching -720°  and -360°  respectively. With a four 

block machine this is accomplished by switching -180°  and 90°  between 

blocks. Reference to fig.26, reveals that this is in fact what was 

done to form the first three-speed machine. Fig.26(a) depicts a four-

block machine of eight poles in the un-switched state. Switching by 

-180°  produces the four-pole machine of fig.26(b), whilst -90°  switching 

produces the six-pole machine of fig.26(c). 
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Just as was found in the case of two-speed machines, the 

technique developed by Sano27 for pole-changing salient pole synchronous 

machines, can be used to deduce an equivalent three-speed structure 

for a single-phase machine. Figures 29(a), 29(b) and 29(c) represent 

the pole structures of a eight, four, and six-pole d.c. fields, and 

are marked with polarity signs to indicate the sense of the excitation. 

Figure 29(d) illustrates the pole structure that would be capable of 

producing all three pole numbers, and lists the polarity of each pole-

piece for each connection. It will be immediately obvious that the 

pole-structure of Figure 29(d) is identical to that of fig.28(d), once 

again showing the close relationship between the two techniques. Sano's 

next step is to reduce the number of pole-pieces to a minimum, whilst 

maintaining symmetry about the existing lines of symmetry, shown dashed 

in fig.29. This is done by combining pole-pieces in pairs, and 

adjusting the resulting pole spans. Figure 29(e) depicts a possible 

three-speed machine configuration, employing only eight pole-pieces 

of two different kinds. Figure 29(e) also indicates the polarity of 

each pole-piece for each pole setting. The pole structure of fig.29(e) 

is identical to that implied in fig.26, which in turn has been Shown 

to be identical to that deduced for a eight-pole datum machine with -90°  

and 180°  switching. 

The same configuration has, therefore, been shown to result 

from considering the pole-changing from Sano's point of view or from 

the step phase modulation point of view both techniques, however, say 

nothing about the pole-spacing, and the techniques described in the 

two-speed machine section of this thesis had to be applied to obtain 

a suitable design. 
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(a)  

(b)  

(c)  

(d) 

Eight Poles 

Four Poles 

Six Poles 

(e)  

Eight Poles 

Four Poles 

Six Poles 

Fig. 29. Sano's Method for 4/6/8 Poles 

(a) Regular eight-pole machine 

(b) Regular four-pole machine,  

(c) Regular six-pole machine 

(d). Three- speed pole structure for regular four, six, and eight 
pole settings. 

(e) Compromise three-speed pole structure. 



107 

4.4.3. Design of a Three-Speed Machine  

Section 4.3.4, above, described a method of determining a 

stator pole structure that would minimise the harmonic content of 

the torque/speed characteristics, and a three-speed stator can be 

designed using the same process. The function S' which must be 

minimised now takes the form :- 

	

T4'2 	T5'3 	T6,2 	T6'4 
S' 	max 	max 	max 	max 

T2'2 T3'3 T2'2  T42
4 + 

	

max 	max 	max 	max . . . .(4.27) 

The double superscript notation is introduced into equation 4.27 to 

indicate the setting for which the torque must be calculated. Thus 

T 22 is the peak eight-pole torque on the four-pole setting, and so on. max 

Figure 30(a) represents the general stator pole structure of a 

four/six/eight-pole three-speed machine, in which the pole-spacing 

repeats over the two halves of the machine for purposes of harmonic 

elimination. The ampere-conductor configurations for the eight, six, 

and four-pole settings are given in figs. 30(b) - (d) respectively. 

These ampere-conductor distributions can be resolved into complex 

Fourier series, exactly as in the two-speed case and winding factors 

deduced from the harmonic amplitudes. With nomenclature marked on 

fig.30(a), the winding factors are given by, 

ir nroa, 	m(a+P ) 	 13 xm(m++19 I .  
k'4  =

4  k
n  1 - e 3 	+e 	-e  d 

. . . .(4.28) 
4nm(a413+ 1r ) xam 

013  - 1  0 1 - e 3 	+e w 	d 1 	• . . .(4.29) 
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(a) Pole-piece configuration 

+2IN -2IN +2IN -2IN +2IN -2IN +2IN -2IN +2IN 

(b) Eight-Pole Setting 

(c) Six-Pole Setting 

0 	-21N 	0 	+2IN 	0 	-2IN 	0 	+2IN 

(d) Four-Pole Setting.  

Fig. 30. Conductor configuration and Pole Structure for 
4/6/8 machine. 
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_n12 _ 1 _n _ 	e jnm(P+T) 

kd . .(4.30) 

where the double subscript notation, introduced into equation 4.27, 

has once again been used to denote the setting for which the winding 

i factor is valid, and the distribution factor kd  is calculated according 

to equation 4.23. 

The values of a, f3, andr which were found to minimise S' 

indicated pole-spacings of 

0.286 : 0.214 : 0.214 : 0.286 

across the two halves of the machine, and the winding factors for such 

a pole-spacing are given in Table 3. 

4.4.4. -The Experimental Machine and Test Results  

A three-speed machine with the pole ratios produced using 

the optimisation procedure was designed. The drawing for the stator 

lsminations is whown in Fig.31. It will be seen from Fig.31, that the 

pole ratios are not exactly those of the optimised machine, some 'rounding-

off' being necessary to facilitate construction. The unusual shape of the 

stator slots, producing parallel-sided rather than tapering pole -tips, was 

also introduced as an aid to rapid construction, and it is appreciated 

that a commercial version would most likely have tapering pole-tips, 

as is normal. The shading-ring slots, shown in Fig.31, were positioned 

with a view to the 'bottleneck' of flux produced because of the unusual 

slot shape, and the proportions of the poles that are shaded are 
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Four-Pole 	- 
Setting 

Six-Pole 
Setting 	I 

Eight-Pole 
Setting 

Harmonic 
Number 

Winding 
Factor 

Harmonic 
Number 

Winding 
Factor 

Harmonic 
Number 

Winding 
Factor 

2 

4 

• 6 

8 

10 

12 

0.9735 

0.4321 

0.7716 

0.7615 

0.4176 

0.9277 

1 

3 

5 

7 

9 

11 

0.0822 

0.9312 

0.4770 

0.3277 

0.4693 

0.8950 

2 

4 

6 

8 

10 

12 

0.1113 

0.9451 

• 0.3083 

0.1846 

0.4355 

0.5805 

Table 3 	Winding factors for optimised three-speed machine 
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Fig.31. Lamination Rrawing for three-speed machine 
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accordingly somewhat higher than usual. All these peculiarities of the 

prototype three-speed machine are thought to be unimportant, however, 

as it is the principal of operation and application of the analysis that 

are being studied here. 

The machine was tested using the same technique as previously. 

The rotor used was that of a commercial four-pole machine, having 22 

bars skewed 30 mechanical degrees. The stator was wound with 175 turns 

per pole, and fed from a 200V supply. The case temperature was 

maintained at 400C, 600C, and 800C for the eight, six and four-pole 

settings respectively, by switching the supply on and off. 

The torque/speed characteristics for the three settings are 

shown in Figs. 32, 33, and 34, which also include the characteristics 

that were predicted using the analysis of chapter 2. Figures 33 and 

34 indicate that on the six and eight-pole settings the machine exhibits 

torque characteristics that are almost entirely harmonic-free, whilst on the 

four-pole setting an excessive fourth-harmonic torque is present. The 

presence of this harmonic torque is disappointing, as it detracts from 

the otherwise acceptable performance and indicates that for certain fan-

type loads the prototype machine would have to be run up on the six-pole 

setting and switched to the four-pole in order to prevent crawling in 

the harmonic trough. Furthermore, the torque/speed curve of Fig.32 

indicates that the approximations made in the optimisation process are 

too severe, and for true harmonic elimination effects of the shading 

rings and the full harmonic response of the rotor must be taken into 

account. 
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The agreement between predicted and experimental torque/speed 

curves is also somewhat disappointing, when compared to the success of 

previous constant-gap predictions. The discrepancy is most notable on 

the four-pole setting. In order to establish the reason for the error, 

the program was modified to include calculations of pole fluxes, and 

yoke fluxes. The results showed that for the change-pole machines of 

the type being examined, the fluxes at starting can differ considerably 

from those at speeds approaching synchronism, and that each pole and 

yoke has a different flux density, because of the stator asymmetry. In 

particular, half the- yokes are fully-fluxed on the four-pole setting, 

whilst others carry very little flux. Such different levels of 

saturation would imply that different poles require different saturation 

factors, to produce an effectively stepped structure. The predicted 

curves of figures 32-34 all employed a constant saturation factor, and 

as such represent the level of accuracy that can be expected from the 

analysis in its present form, when applied to such a complex magnetic 

structure as the three-speed machine. 

The predicted input power/speed and input current/speed 

characteristics are also shown with those that were experimentally 

determined, in Figs.35 and 36. In contrast with the torque/speed 

characteristics the power and current curves show very good agreement 

between experimental and predicted results. 
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4.5. Conclusions to Chapter Four  

The work presented in this chapter of the thesis has demonstrated 

that two-speed and three-speed change-pole shaded-pole motors can be 

constructed, and will operate satisfactorily. The analysis developed 

in chapter 2 has been shown to be a valuable tool for the analysis of 

these new machines. 

Pole-change machines will most definitely require an asymmetrical 

stator pole structure, and an empirical:  method for determining generally 

apt pole arc sizes has been developed. This method has been successfully 

applied to theoretically improve the two-speed machine, and was used as an 

aid to the design of the three-speed version. The disappointingly high 

harmonic content of the three-speed machine torque characteristic for 

the four-pole setting has highlighted the weaknesses of the empirical 

approach. These weaknesses are believed to be in the neglect of the 

shading-rings and only partial account of the rotor. The -empirical 

approach, is thought, however, to represent a sound basis for an improved 

optimisation technique which could couple the harmonic torque minimisation 

with the shaded-pole machine analysis program. Such a combined program 

could furthermore be made to allow true stator asymmetry, with all stator 

parameters being individually varied between poles. 

The three-speed machine has also brought a weakness in the 

present analysis to light. This weakness lies in the fact that an 

asymmetrical pole structure can produce drastically varying flux with 

both speed and position around the stator, and for such the adoption 

of a single constant saturation factor is not accurate enough. Despite 

this highly complex situation, however, the present analysis has produced 

results which, though not entirely satisfactory, give an approximation 

sufficiently close to be of use for most purposes. 
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CHAPTER 6 

APPENDIX  

6.1. Calculation of Rotor Parameters  

6.1.1. Rotor Surface Resistivity,K 

The rotor surface resistivity for a given nth harmoniclpr, 

is calculated by equating rotor copper losses in the squirrel cage and 

the homogeneous conducting sheet by which it is replaced. 

If an nth harmonic of rotor surface current density is 

considered, given by, 

n  
= Jr sin(wt + nom)  . . . .(6.1) 

integrating over a tooth pitch to determine the current flowing in a 

single bar gives, 

X+ Zr  
it  = 	j

r 
dx 1  for a bar at x = X 

X- 

Hence :- 
nnXr . Jr . 	 nnX 	An . . nnX)  it  = J 	sin 	sin(wt + 	) = Ib sin(wt + r nn 	2p 

Clearly, then, 

• 

A
n 

b 

	nn 	
J 22  sin 	n  

nn 2p r . . . .(6.2).  

Well-known formulae exist (e.g. Ref.311  p.340) which allow 

the effective resistance of a squirrel-cage bar to be written: 

2Nb 
nbar = bar n  2n  2_ 

R
er . . . .(6.3) 
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for an nth harmonic current distribution. 

An  
For a peak bar current of Ib  and Nb  bars in the rotor cage, the 

total copper loss in the cage is given by, 

= 	R N 
A,2  

' 
cage 	b bar Nb . . . .(6.4) 

For the conducting sheet of the model, the copper loss is given by, 

n2  nt  
sheet = 2  7r Pr w Np P  

. . . .(6.5) 

n' i 
whereeIDr 

 is used as skin-effect has not yet been considered. 
1-  

Equating the power loss in the cage and sheet, using equations 
An  

6.4 and 6.5 and substituting for Ib  from equation 6.2, gives, 

4Nb p 
2  

	

Pr 	
sink flq9

/' 	w Nn2n
2 	bar 	• • • .(6.6) 

Substituting for E.Lar  from equation 6.3 gives, 

2N 
1 N sin molt. 1- 2b 	ReI

) 

	

= 4Nbp 	bar 
2p 1 	n n-N 

2N n2n2 	P  
P 	 . . . .(6.7) 

To correct for the effect of frequency upon resistance, the 

method of Lewschitz-Garik32  can be used, as recommended by Butler and 

Wallace5. The correction is in the form of a multiplicative factor JI!. 

the calculation of which is outlined in Appendix 6.1.4. for the sake of 

completeness. The equation for the corrected value of1D r  is - 

n'  r'r -Pr . . . .(6.8) 
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611.2. Rotor Surface Leakage Inductance, C1 

The rotor surface leakage inductance for a given nth 

harmonic, Arn , is calculated in a way entirely analagous to the 

calculation of 	above, by equating the mean magnetic energy stored 

in the fields set up by cage and conducting sheet. 

If the effective specific leakage permeance of a single 

squirrel-cage bar is Pinoar  for the nth harmonic, then the bar leakage 

inductance on that harmonic is given by, 

Ln 
 = Po w Pbar 

Using the results of the previous section gives, 

4PoP Nb  sin2 silt.r pn 
in  

n r 	2 
nn  
2_ 	2p 	bar 
P. 

. . . .(6.9) 

Phan is calculated by summing the contributions from three components, bar 

slot, zig-zag, and end-turn. 

A 	Slot permeance: Ps  

The specific slot permeance may be calculated using well-

established techniques or by reference to the formulae of Trickey.
1 

This component is corrected for skin-effect, by multiplying the 'slot constant' 

by a skin-effect factor q.  , as described in Refs: 32 and Appendix 6.14. 
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B Zig-zag permeance: P 

Most authors quote formulae for referred zig-zag reactance. 

The formgla for specific zig-zag permeance, however, can be deduced 

from the formulae for slot and zig-zag impedance, given by Chang3, 

which is 

P 
ZZ  

4
f 
 

It is the zig-zag permeance that makes Q rgap-dependent, and 

it is likely to be the dominant component in 21".  for shaded-pole machines. 

C End-ring permeance: P
ER 

End-ring permeance is the only harmonic-dependent component of 

an 
r. Its calculation is similar to that of PZZ  in as much as it is 

deduced, from the formulae given by Chang3, to be, 

PER  

p Nb  

12.76 w N n2 

The total permeance may now be written as :- 

= P+ P + PPhan S  PER  P ZZ . . . .(6.10) .  

by summing the separate components. Substituting this into equation 

6.91  gives an expression which may be written as :- 

= a(s) 	+ 
n 1) 

to show the various components and their dependence on slip, harmonics, 

ZZ 

and gap. 
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6.1.3. Correction for skew of the Rotor Bars  

In an attempt to keep the analysis as simple as possible, by 

restricting it to one dimensions, the method of Butler and Birch33  was 

adopted to take skew into consideration. The equivalent circuit 

derived in the above paper is used to modify the values off4 andt,  Qn, 

as calculated in Sections 6.1.1. and 6.1.2. above. 

Fig. 39(a) shows the nth harmonic branch of the conventional 

equivalent circuit of the unskewed rotor, and Fig. 37(b) shows the same 

branch, modified for skew by the method of Butler and Wallace. 

It can be shown that22 :- 

	

xn 	ars2.  
m = 
Rn2 2 n n n prg r 

Xn w 

	

r 	 'r 

	

Rn 	n 
r rjr 

. . . .(6.11) 

. . . .(6.12) 

If we leti r 
An  be the effective value of in, when skew is taken into 

account, and Xn' the corresponding effective value of Xn, we have by 

inspection, 

Xn 
= x(  1 	1) 	r 

m  k2 	k2  skn 	skn  . . . .(6.13) 

Xn Xn  Rn  
Writing —m   = 	x r , and substituting from equations 6.11 and 

Xn  Rn  Xn  
r 	r 	r 

6.12 we can divide equation 6.13 throughout by Xl; to get, 
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(a) 
	

(b) 

Fig. 3 	The nth harmonic branch of .a conventional 
induction motor equivalent circuit 



Xn' 
P
2
11o 	f 1 	1) + - 	1 

2 Xn 	n-2n2 fin 	k2 k 
5 % skn 	aim . . . .(6.14) 

130 

Xn' 

Clearly, 	 Xn# n 

Therefore substituting into equation 6.14, gives, 

2 
P 1-Lo 	1 fin' 	 Pi; - 1G r  2 2 	2 	 2 n g ksim 	kskn . . . .(6.15) 

n 0 is modified more simply by inspection, to give, r r 

Nr 2 kski]. . . . .(6.16) 

n A' Equation 6.15 shows that e r  has a gap-dependent component due to skew, so 

that if we substitute for e l from Appendix 6.1.1, we can finally write, 

2 
1 	 1 	 P 

2 	(a (s) + 	+ 7-c) k2 	n2°  n2 (k21 - 1) 
skn  skn 	skn 

. . . .(6.17) 

An' where the dependence of er  on harmonic number, skew, slip and gap 

variation is illustrated. 
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6.1.4. Correction for Skin Effect  

Skin-effect correction is applied using multiplicative factors 

calculated by the method of Lewschitz-Garik32. For the sake of 

completeness the relevant formulae will be stated here. 

The a.c. bar resistance and slot leakage inductance are 

related to their respective d.c. counterparts by the relationship 

. . . .(6.18) rac = 	rdc 

Lac = T(P 

where 

() = 	sink 2 	+ sin  

i cosh 2 - cos 1; 

. . . .(6.19) 

. . . .(6.2o ) 

and 
	() 	sixth 2t - sin  

	

2 cosh 2,P - cos 	. . . .(6.21) 

is a factor defined by the equation, 

. . . .(6.22) 

Where h = total slot depth 	(mm) 

f = frequency of supply 

= bar resistivity (chm-m) 
. 	I 

sn = fractional slip of rotor. 
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The subscript n has been used because the skin-effect is frequency dependent 

and therefore harmonic dependent. 

When calculating and T for the nth harmonic the value 

of sn is given by, 

sn 
= 1 + n (1 - s) 	 . . . .(6.23) 

where s is the rotor fractional slip calculated with respect to the 

fundamental forward-rotating field. The plus sign arises in equation 

6.23 because throughout the analysis of section 2 the standard form 

of notation that was adopted gave harmonic distributions of the form, 

max 
n 

e 	 . . . .(6.24) 

Positive values of n therefore produce backward-rotating 

fields, and negative values of n produce forward-rotating fields. The 

fundamental forward-rotating harmonic therefore has harmonic number 

-1, and substituting n=-1 into equation 6.23 shows that equation 6.23 

is fully consistant with the definition of s. 

6.2 Fourier Analysis of Windings  

The method employed to resolve the stator windings into complex 

harmonic conductor distributions closely follows the work of Saunders. 

Figure 38 depicts the conductor distribution around the 

periphery of the machine, due to the sth slot, which is assumed to 

carry nslr  conductors of winding r. It is assumed in Tig.38 that 

the conductors contained in a semi-closed slot can be regarded as being 



Conductors/metre 

2w
s  

n 	conductors 
s,r 

n 
s,r 
2ws  

x=0 
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Fig.38. Conductor Distribution for winding r in slot s 



sintIc  s 	s 
mw 	umX 

Cm  = r,s 

p 

2p 	lumws . . . .(6.29) 
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evenly distributed in an infinitely thin layer across the slot mouth. 

Denoting the mouth width of the sth slot as 2ws, the conductor 

distribution of fig.38 can be mathematically described by the equation, 

r
n 

= EAL A 
Nr s , 	// 2ws 

	XS  w 	“ s‘< x s 
+ w 

s 

0 	asewhere 	. . .(6.25) 

The distribution of equation 6.25 can be resolved into complex Fourier 

series, thus:- 

co 	Jtmx 

AN 
	 m  

r,s 	r,s 
co 

. . . .(6.26) 

where Cm 	1 
r,s - 2p 

junx 
-J- 

AN 	e p dx r,s . . . .(6.27) 

Substituting from equation 6.25 into equation 6.27 gives, 

X +w s s mx 

rls = 21 
- 	ir n

sr e dx p  

X -w 
S S 

2w 

. . . .(6.28) 

Integrating equation 6.28 gives 
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Now, equation 6.25 relates to the sth slot only, and if the total harmonic 

conductor distribution of the rth winding is to be determined, then all 

the slot contributions for all S slots must be summed. Therefore:- 

S , 

Nr  = 	
fir, 

s=11  

. . . .(6.3o) 

Substituting for 

gives, 

Co 

ANrls  from 

rls 

r,s le 

mmx 

> 

equation 6.26 into 

.7LIIIX 

equation 6.30 

. 	. 	. 	.(6.31) 

. 	. 	. 	.(6.32) 

. 	. 	. 	.(6.33) 

. 	. 	. 	.(6.34 ) 

Nr = 
) 	/ 

.11111X 

s=1 m=- co 

S 

• . N
r 	

= 

m=-co 

Equation 6.32 may be written 

CO 

s=1 

e 

r,s 

N
r 	Cm r 

m=-oo 

S 

where 	Cr  = > 

s=1 

Equation 6.34 states that the total mth harmonic conductor 

distribution of a winding is calculated by summing together all the 

mth harmonic contributions for the individual slots. 
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In calculating the coefficients Cm the value of n 
r,s 	slr 

used must take account of the sense of connection of the conductor. 

Thus a 'return' conductor is assigned a minus sign. In the above 

analysis an arbitrary zero and 2p have been used. In fact the period 

will be determined by the nature of the machine, a symmetrical machine 

having p equal to the fundamental pole pitch and an asymmetrical machine 

having p equal to half the machine periphery, measured at the airgap. 

This has been discussed at length in section 4.2. The zero of x 

co-ordinates will then be taken as the centre of convenient sector 

of the periphery of the machine, of length 2p. 

6.3 Calculation of the Coefficients Amin  and AT'n  for Ramp-Gap 

and Step-Gap Machines  

6.3.1. General Considerations 

The pole-pieces of the varying-gap machines considered in 

this thesis have all been symmetrical, in so far as adjacent poles are 

identical. When this is the case the semi-period p , used in all 

Fourier analyses and harmonic series, is. equal to the distance between 

the centres of adjacent poles, measured along the centre of the airgap. 

Alternate poles are wound with coils in the opposite sense, so that 

only odd harmonic distributions of flux and current are produced. 

With these considerations in mind certain simplifying 

conclusions can be deduced for the calculation of Am'n  and Amin.  • 

Equations 3.12 and 3.24 mathematically express the definitions of 

m n Amln and At' as, 



co 

X= 	 it MIK 
J-----  

.( x )) 	P = i n x e 	
m 

r 	
) i Pi.el,

n  e P 

m=-  co 
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. . . .(6.35) 

cC 

and, 

g(x) e .nnx 

	
) 	

A
min  e 

:max 

	

. . . .(6.36) 

in= -CO 

It was shown in appendices 6.1.2. and 6.1.3. that en (x) is given by 

the relationship, 

r11  (x) 	
- 	Eas) 
k
2 
skn 

) -F L- 1-t
2
oP  - 1) 

k  
skn 

g x 	k
2 

skn 
2 

n n 

. . . .(6.37) 

For the sake of brevity equation 6.37 will be written as, 

(x) = U V 

7(x) 
	 . . . .(6.38) 

where U and V are obtained from equation 6.37 by inspection. 

Now, the formula for A.111,en  can be written as, 

co 

)  

	 Amin  (111 + V je e 

g(x) 
m=- co . . . .(6.39) 

Consideration of equations 6.36 and 6.39 reveals that the 

m 
Fourier analysis involved in the calculation of Ae

n 
 and A

m
'
n 

requires integrations of the type, 
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p 	 .n(n-m)x 

I = 	f(x) e 	dx 	. . . .(6.40) 

-p 

where V f(x) = U + —7 gt-x) % 	for Ae 

. . . .(6.41) 
and 	f(x) = g(x) 	for Am2n  

Now as.g(x) is of period p (because all the pole-pieces are 

identical) we have, 

g(x) = g(x+p) 	. . . .(6.42) 

m Therefore, f(x)1  as defined for either Am'n or A2n  by 

- equations 6.1+1, is also periodic and of period p. The general 

integration of equation 6.40 can now be considered in two halves, 

thus, 

0 

I = 1 LI- f(x) e 

-P 

x(n-m)x 	p 	..n(n-m)x 
1 dx +  2p 	f(x) e 	dx  

0 

. . . .(6.43) 
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Substitution of x y + p into equation 6.43 yields, 

ol-m)Y  71:(n-m) 
jrp  

. 	
f(y+p) e 1 	 1 

I = 710  e 	 dy + 

0 

f(x) e 

.n(n-m)x • 

dx 

. . . .(6.44) 

Now f(x) is of period p, therefore, 

f(y + p) = f(y) 	. . . .(6.45) 

Substituting for f(y+p) from equation 6.45 into equation 6.44, and changing 

the variable back to x to combine the integrals under the same sign 

of integration, gives, 

I = 71-0. 	( e 1 
.n(n-m)x  

dx + 1 	f(x) e 

0 . 	. 	. 	.(6.46) 

.n(n-m) 
(n-m) + 1) 

Now, 	(e 	+ 1) . 	. 	. 	.(6.47) 

Equation 6.47 reveals that, 

-.P 	.n(n-m)x 
1 I = P — 

o1 /4-• 

P f(x) 	e 	dx (n-m) even 

. 	. 	. 	.(6.48) 
I 	= 	0 (n-m) odd 
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I is therefore non-zero only for n and m being either both odd or 

both even. If an even harmonic of rotor flux density B, is assumed 

as the starting point of the analysis of section 3.2.2., then it follows 

that only even harmonics of B
g  Be 

 and J
r 
will arise. These can 

only be set-up by even harmonics of excitation on the stator. It 

has already been pointed out that only odd harmonics of stator 

excitation are possible, from considerations of symmetry, and therefore 

only odd harmonics of B need be considered in the analysis. 

6.3.2. Ramp-Gap Machines  

The airgap profile under one pole of the ramp-gap machine is 

represented by fig.39(a). The stator slot mouth is of width 2ws, 

and the airgap varies linearly from go  to kgo  across the pole-face. 

The airgap length opposite the stator slots is assumed equal to the 

maximum airgap length, as shown in fig.39(a). With the co-ordinate 

system marked on fig.39(a), we have :- 

g(x) = kgo  

go(k-1)(x-ws) g(x) = kgo  

I

ws.' x < p - ws  . . .(6.49) 
(p - 2ws) 

0 	x < ws 

g(x) = kgo 	p - ws< x 	p 

A The Evaluation of Amen  

  

 

From equations 6.48, 6.40 and 6.41, 
P 	.7c(n-m)x 

P dx Amln 	ir { U + V 1 e e - - p 1 	7,(x) 
0 

. . . .(6.50) 
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Fig.39(a) Airgap profile of ramp-gap machine 

Fig.39(b) Airgap profile of step-gap machine 
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P 	n(n-m)x 	p 	A(n-m)x 

	

1 	P 	V 	e 	P e 

	

	 dx dx + T Jr -i7s.)  

o 	o 

. . . .(6.51) 

= Im'n  + VIm'n  1 	2 . . . .(6.52) 

The first integral of equation 6.51 is given by, 

In'n  1 

Imln = 0 1 
n/in 

. . . .(6.53) 

as would have been expected from the consideration of equation 6.39. 

The second integral requires more attention. Substituting for g(x) 

from equation 6,49, gives, 

w 	.n(n-m)x 
m n 1 ,1 s 3 1-77—  12' = 	- 	dx +-- 

P P  kgo 0  

n(n-m)x ws 

go(Iv-1)(x-ws
) dx 

kgo  
(p - 2ws) 

p 	.n(n-m)x 

4.  1 	
kgo 
	dx 

P-ws 

. . . .(6.54 ) 
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The first and third integrals of equation 6.54 are straightforward 

enough, but the second requires recourse to exponential integrals. 

The solution to equation 6.54 is 

sin  n 

P 	
T07077 

w (n-m) 	(p -- 2w ) eg°  
= 2 

t s 	
f) 	E1 0 	 [- Ti7777) 

(6.55) 

n  'n 	
2ws 	(p-2ws)loge  k 

I2 	pkgo 	pgo(k - 1) 

where El  denotes an exponential integral which may be evaluated using 

the formulae given in Ref.34, and 13' and a' are given by equation 6.56. 

n(n-m) (3' = p 1777){ k(p - w ) - w 

. . . .(6.56) 
,t(n-m) 
77:7) 	2w s) 

The coefficients Air can now finally be written, 

2 
Am,n 	oP  1 

2 - 1) ImIn 	(m X n) 
= 
kkn 

- 
 n
2
n
2

k skn 
. . . .(6.57) 

2 .r , 	u p 
At 'n 	

n2 
+ 	 + 	1 - 

At '
n  = 	(a(s) + il 	0  

- k2 	k2 	n2n2 
( 
k2 skn 	skn 	skn 

In
2I
n  

where I2In and In2
n are given by equations 6.55 and 6.56. 



A
n n 
g 

= gok 	 2p 

go(k - 1)(p - 2ws) . . . 

(6.59) 
• • • 
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m,n 
B The Evaluation of A 

g 

From equation 6.41 f(x) = g(x) is taken, for substitution 

into equation 6.48. 

Thus:- 

.n(n-m)x 
m n 	1 A 1  = 	

p 

 g(x) e 	dx 	. . . .(6.58) 

0 

Substituting for g(x) from equation 6.49, and integrating 

gives, 

 

 

ar(n-m)ws  -3 	2p  s 
 n(n-11  

+ , 
ua-m)n(p - 2w) sin  

jg (k-1) 
Am'n(m/n) = 71-77317 

 

6.3.3. The Step-Gap Machine  

The air-gap profile under one pole of the step-gap machine is 

given in fig.396). As for the ramp-gap version the stator slots are 

assumed to be of width 2ws, and the airgap length opposite the stator 

slots is assumed equal to the maximum airgap length. With the co-ordinate 

system of fig.39(b) the variation of airgap length with x is given by 

g(x) = kga 	0 	(1-a) p - ws  

g(x) = g0. 	(1-a) p - ws< x < P ws 	. . . .(6.6o) 

g(x) = kgo  P -w“P 



pcif

.n(n-m)x 
1 	e  

p 

di 	. . . .(6.64) 
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A 	The Evaluation of Amin  

The first steps in the evaluation of Amin  for a step-gap 

profile are identical with those from the ramp-gap, above. The integral 

6.50 is split into two integrals, such that, 

= Imin  + V Im'n  1 	2 	. . . .(6.61) 

where, Il'n  = U 

ImIn  - 0 - 	mn 	
. . . .(6.62) 

p 	it(n-m)x 

and, 2 
_mon = 1 f 

p 	dx 	. . . .(6.63) 
ax) 

0 

Substituting for g(x) from equations 6.60 allows lin  to be written 

as the sum of three integrals. 

Thus:- 

(1-1m)p-ws  .n(n-m)x 	Prs 	.n(n-m)x 

Imin  = 1  2 	e 	dx p 	d+ 1 — 	dx 
kgoo 	 (1-0p-w go 

p-ws 
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Integration of equation 6.64 gives the result, 

n 	1 _nl  12  = 	1 I- mk - 
6po 

JE(T-m)ws 	./0(11-m)a 
'min  - - -L-(h=1) 	p {1 - e 	. 

0 - -Talim) e 

The final formulae for Amin  are therefore given by equation 6.57, 

m n where the I2 are calculated according to equation 6.65. 

B The Evaluation of AmIn  
g 

m To evaluate As In  the substitution f(x) = g(x) is made 

into equation 6.40, where g(x) is as defined by equation 6.60 

• • 

(l-m)p-ws.n 	P- (n-m)x 	ws 	_n(n-,131)x 

AM'n1 
 

kgo  e 	dx - 	go e 

o 	 (1-m)p-ws  

dx 

4. 1 kgo e dx 
. . . .(6.66) 

p-w • 
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Integration of equation 6.66 is very straightforward, 

the end result being. 

An'n  = g (k a - mk) 
g 

6.67 

n(n-m)w .n(n7m)a 
Am'n 	= jg (k-1) e -3 	s  (1 - e -3  

g(1411) 	7i372777 

6.4. The Sum of Squares Minimisation Technique  

The method which was used to minimise the sum of squares, 

defined in section 4 above, was due to M.J.D. Powell30 and is 

described as 'A compromise between three different algorithms for 

minimising a sum of squares, namely Newton-Raphson, Steepest Descent 

and Marquardt, which automatically obtains and improves the first 

derivitive matrix following the ideas of Broydon'. It was chosen 

by the authors because of its adaptability to the problem in hand, 

and because it does not require a sub-routine for the calculation of 

derivitives. Furthermore, being readily availablein Fortran IV 

sub-routine form it could be used without an unnecessary study of the 

mathematical theory involved. 

Some difficulty arises because the problem involves 

constrained minimisation. That is to say, the pole spans have a 

minimum (and therefore a maximum) permissible value based on engineering 

considerations such as saturation and mechanical strength, and hence 

measures have to be taken to prevent the minimum being looked for 

outside the desirable ranges. This was simply done by giving each 
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of the f-functions, defined in equation.425,a large value whenever 

the variables (i.e. a and p for the two-speed machine, and cc p and 14  

for the three-speed machine) strayed outside the range of their permitted 

values. In the two-speed case there are-three pole pieces per 	 

machine, giving an average pole size of 0.33p. It was thought that 

pole widths of less than 0.10p would be unsuitable, producing the 

constraint 

cc,13 	0.7 	 . . . .(6.68) 

Similarly for the three-speed case there are four pole-pieces per 

half-machine, and the constraint adopted was 

0.075 < a l p,1q06785 	 . . . .(6.69) 

This method of introducing a 'penalty function' as applied here is 

mathematically very crude, but proved to be perfectly satisfactory in 

practice. 

At first it was thought that the sub-routine might be 

detecting global, rather than local, minima. In order to check this 

the program for the two-speed machine was repeatedly run using different 

starting values of a and 3. For almost every starting point that'was 

tried, the same answer was arrived at, but one answer differed 

considerably. The starting point in question was very close to the 

boundary of permitted values, and produced a solution which was also 

close to the boundary. This solution, as it turned out, produced 

a mathematically superior machine, with S' smaller than the 'correct' 
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answer. However, the pole-pieces which resulted had ratios of 

approximately 1:6:13 making this machine a much leas attractive 

proposition than the original solution. It appears, therefore, 

that the sub-routine will detect a minimum at the bottom of a valley 

in the locality of the starting point. This, in itself, is not 

considered to be any disadvantage, as it means that if the equal-poles 

point is taken as the starting point, then-Ithe local minimum in the 

vicinity of this point is determined. In this way machines which are 

practically more desirable are produced, subject to the condition of 

harmonic purity. As a consequence the equal-poles point was used 

as the starting point for the optimisation for both the two-speed and 

the three-speed machines. 

6.5 Harmonic Torque Ratios 

Figure 37(a) shows the nth forward rotor harmonic branch 

of the conventional induction machine equivalent circuits. If the 

input current is I amps then the power output, in synchronous watts 

for the nth harmonic, is given by, 

Rn 

 

 

2 
 

Tnwn  = I2 	(Xn) 
s
n 	m . . . .(6.7o) 

2 

[RI) 	(Xn2  + X31)2  
sn 	 m 

  

For constant current operation, the peak nth harmonic torque 

occurs when, 

Rn  

n 
= xn 

2 m s ) which on substitution into equation 6.70 

gives, 
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Tn 	= I
2 	(Xn)2 

	

max  — 		 
2u (Xn  + Xn  ) 2 m . . . .(6.71) 

If the winding factor for the nth harmonic is 21,11, then the nth harmonic 

values used in corresponding two-pole counterparts, by the equations, 

n = w 	 . . .(6.72) 
n 

2 

w 	m 
k
n  X 

. . . .(6.73) 

2 
- Xn 	(kw) X 2 - w 2 . . . .(6.74) 

Equations 6.73 and 6.74 both assume that the harmonic effects 

of skew can be neglected, as well as those of end-ring leakage and skin--

effect. These assumptions are obviously only approximations, but they 

are thought to be sufficiently accurate for the problem in hand to be 

justifiable. Substituting from equations 6.72 - 6.74 into equation 6.71, 

with some re-arrangement gives 

2 

max = ±2xm 	(0w  )  - 1 
2wn 	l+ .+ 2 n x . . . .(6.75) 

where 

X = X2/X 	 . . . .(6.76) 
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It must now be.assumed that the machine acts as a constant 

current device. This is, of course, not true, but reference to any 

of the current/speed curves in the main body of the thesis reveals that 

the approximation can once again be regarded as sufficiently accurate for 

the purpose in hand. With this assumption, and the formula of equation 

6.71, the ratios of peak torques for the mth and nth forward-travelling 

harmonics is given by, 

2 
Tm 	km  
max = 
T4 	kn  
max 	w 

 

. . . .(6.77) 

  


